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Statistics

We address three aspects of statistical methodology in the application of Exponential family

Random Graphs to modeling social network processes. The first is the topic of model de-

generacy in ERGMs. We show this is a lack-of-fit problem – a function of both the model

specification and the observed data – that can be diagnosed by exploiting the geometry of the

model space. We propose new specifications based on nonlinear transformation of degenerate

terms that are less vulnerable to degeneracy and retain the property of ”locality” needed for

interpretation. The second chapter focuses on methodology for estimating partnership dura-

tion models in the context of social network dependence. We develop a statistical framework

in which models with very different structures can be compared and evaluated. The third

chapter presents a new ERGM-based framework for modeling the co-evolution of ties and

vertex attributes (dynamic selection-influence models). The model extends the separable

temporal ERGMs developed by Krivitsky (2009), with a flexible framework for representing

hypothesized social mechanisms, and a corresponding likelihood-based inference framework.
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GLOSSARY

AGE (OF A NETWORK TIE): Amount of time (Number of time steps) that after the tie
formation to the observation point, e.g., age of the extant tie.

CONFIGURATION: A vector of ERGM specified sufficient statistics of a graph.

CONVEX HULL (OF SUFFICIENT STATISTICS): The set of all convex combinations of the
sufficient statistics.

DURATION: Amount of time (Number of time steps) that after the tie formation to the
tie dissolution.

DYAD: For directed network, it refers to an ordered pair of actors (with their attributes),
the connection between which may or may not exist. For undirected network, it is the
same except for an unordered pair.

HAZARD (OF A NETWORK TIE): The probability of a tie dissolving at certain time step.

HOMOGENEIOUS TIE: A non-empty dyad whose two vertices are of the same attributes,
as opposed to heterogeneous tie.

NETWORK: A graph structure of edges and vertices with corresponding attribute infor-
mation.

STABLE “+” OR “-”: A “+” or “-” vertex persists its attribute between two time steps
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Chapter 1

DEGENERACY IN ERGM AND RELATED MODELS

1.1 Introduction

The term “degeneracy” has been used to describe a range of phenomena that emerge when

ERGMs are used to represent dependence in complex systems. The topic has been addressed

in several disciplinary literatures, including mathematics, statistics and statistical physics.

In this chapter, we will review the approaches and objectives from these different fields,

with the goal of developing a procedure that can be used to identify model terms that are

vulnerable to degeneracy. Those terms that induce degenerate distribution are named as

unstable model terms or specifications in [Schweinberger, 2011].

Handcock’s classification into model vs. inferential degeneracy in ERGMs remains a

useful starting point [Handcock et al., 2003b]. Model degeneracy refers to a set of unde-

sirable properties that characterize certain model specifications. The canonical examples in

the field are the reduced homogeneous Markov specifications first proposed in [Frank and

Strauss, 1986]. The primary undesirable properties of these specifications are low entropy,

large regions of the parameter space where all probability is concentrated on a single model

configuration (typically, an empty or complete graph), bifurcations or symmetric breaking,

regions of the parameter space where the distribution of realizations from the model are

bimodal, and phase transitions (extreme sensitivity of behavior with a small change in pa-

rameter values). The statistical literature has focused on comparing the geometry of unstable

models under different parameterizations (e.g., the natural parameters vs. the mean value

parameters)[Handcock et al., 2003b, Rinaldo et al., 2009], and characterizing the instability

of the statistics for such models [Schweinberger, 2011]. Large deviation theory has been used

to derive asymptotic properties for subsets of the parameter space [Chatterjee and Varad-
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han, 2011, Yin, 2013, Radin and Yin, 2011]. And mean field theory has been used to study

the model properties analytically [Park and Newman, 2005]. Inferential degeneracy refers

to problems that emerge when estimating these models. The likelihood function contains

an intractable normalizing constant that is typically approximated using MCMC. MCMC

algorithms tend to fail when the configuration lie close to the boundary of the convex hull,

a condition Handcock et al. [2003b] defined as near degeneracy when the model contains

unstable sufficient statistics.

This distinction carries through to the perspectives on solving the problem of degen-

eracy: some focus on developing better model specifications [Snijders et al., 2006, Hunter

and Handcock, 2006, Krivitsky et al., 2011, Fellows and Handcock, 2012], while others focus

on constraining the MCMC sample space using Bayesian [Caimo and Nial, 2011] or other

approaches [Yuan et al., 2012, Krivitsky et al., 2011, Butts, 2011].

We will argue in the rest of the paper that ERGM degeneracy is, at its heart, a model

misspecification problem. We will explore the pattern of ERGM degeneracy in Section

1.2.2, followed by statistical and geometric properties in Section 1.2.3. With insights from

previous sections, we develop model terms that are less vulnerable to degeneracy in Section

1.3. Better specifications should also, in theory, avoid the problem of inferential degeneracy.

The applications to real network data are shown in Section 1.4, followed by a discussion in

Section 1.5.

1.2 Understanding ERGM Model Degeneracy

1.2.1 Exponential Random Graph Model

Let the random matrix Y represent the adjacency matrix of a graph (network) on n individ-

uals. We assume self-loops are not allowed, e.g., the diagonal elements of Y are 0. We use

Y to denote the set of all possible graphs on n individuals. The multivariate distribution of

Y can then be parametrized in the form:
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P (Y = y |θ) =
exp < θ,g(y) >∑

y∈Yn exp < θ,g(y) >
(1.1)

where θ ∈ Θ ⊂ Rq are the model parameters and f : Y → Rq are sufficient statistics

underlying the social processes of interest.

ERGM has been extended to modeling temporal networks [Hanneke et al., 2007, Krivitsky

and Handcock, 2010], valued networks [Krivitsky et al., 2011], and networks with random

nodal attributes [Fellows and Handcock, 2012]. All of these models are formulated based on

Equation (1.1), and are vulnerable to degeneracy in different degrees. Krivitsky et al. [2011]

had argued degeneracy is less significant, thought still exists, for valued ERGM when the

edge variable is extended from binary to finer ordinal categories, and Fellows and Handcock

[2012] showed that even homophily terms are vulnerable to degeneracy in models for random

ties and attributes.

1.2.2 Degeneracy

We start with an exploration of a classic example of ERGM degeneracy. Handcock in [Morris,

2007, p236] specified an ERGM with density and clustering terms to model a network with

4% density and 38% clustering, see Figure 1.1. The means of density and clustering coeffi-

cient approximately match with their observed values. This confirms the accuracy of MLE

estimation, as shown in Equation (1.5). However, simulated graphs from the distribution

are clustered in two isolated regions, one with relative high density and low clustering and

one with relative low density and high clustering. The observed graph (on the intersection

of two dashed lines) is far from either region. In other words, almost all of the simulated

graphs from the estimated model would be structurally different from the observed graph,

which suggests this is a lack-of-fit problem. We will show next the problem is limited to a

subset of ERGM specifications, that have certain statistical and geometric properties.
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Figure 1.1: Degeneracy plot of density + clustering coefficient model (Handcock, in [Morris,
2007, p236])
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1.2.3 Statistical and Geometric Properties of ERGM Degeneracy

Under ERGM parametrization, graphs with same values of sufficient statistics have the same

probability (thus are indistinguishable). For a given network size, the count of graphs with

the same configuration are known as the volume factor, denoted by w(x) in [Rinaldo et al.,

2009]. Equation (1.1) can be rewritten in the form of the distribution of the sufficient

statistics x:

P (X = x |θ) =
w(x) exp < θ,x >∑

x∈Pn w(x) exp < θ,x >
, (1.2)

The ERGM probability mass can then be decomposed into a product of a volume factor

(w(x)) and an exponent value (exp < θ,x >). Notice that the inference for w(x) is separable

from the model parameters θ, the latter only appears in the exponent value. Theorem 1.2.1

shows a property of the exponent value.

Theorem 1.2.1 [Lunga and Kirshner, 2011]: Suppose C ⊂ Rd is a full-dimensional bounded

convex polytopes with a finite set of vertices V = {x1, ..., xL}. Then for any θ ∈ Rd{0},

Mθ = argmaxx < θ,x >⊂ rbd(C),

where rbd(C) denotes the relative boundary of the convex hull C.

Applying Theorem 1.2.1 to Equation (1.1) shows that graphs with the highest exponent

value would lie on the boundary of the convex hull. To some extent, this fact coincides with

the idea of “near degeneracy” [Handcock et al., 2003b]. The latter concludes that observed

graphs near the boundary of the convex hull tend to have model estimates that place most

probability mass on the extremes.

From the distribution of w(x) and combinatorial theory, the configurations near or on

the boundary of the convex hull are usually coupled with smaller w values. Therefore, the

maximal probability mass lies in configurations that are not on the boundary of the convex

hull. If not, the model would be rendered useless.
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We narrow our focus on the set of probability distributions characterized by all possible

ERGM MLEs. Our goal here is not to develop better algorithms to approach the true

MLEs. We show that improvement on the accuracy of MLE estimation would not solve

the ERGM degeneracy problem, since even the true MLEs induce degenerate distributions.

That said, developing more advanced estimation algorithms, especially for large networks,

is still a promising research area, as better specifications can still benefit from more stable

estimation, see [Hunter, 2007, Hummel et al., 2012].

MLEs are chosen to maximize the likelihood function with respect to the observed graph

statistics,

θ̂mle = argmaxθ∈RL(θ|y) = argmaxθ∈RL(θ|x) (1.3)

It is also known that, for exponential family models (including ERGM), MLE will maxi-

mize the entropy of the distribution

Pθ̂mle
(Y) = argmaxPHP(Y), (1.4)

under the constraint that the expected sufficient statistics match the observed sufficient

statistics [Barndorff-Nielsen, 1978, Rinaldo et al., 2009]

EP (y|θ̂mle)g(y) = EP (x|θ̂mle)x = x∗. (1.5)

However, Pθ̂mle
(Y), the induced distribution from MLEs, is not necessarily symmetric pr

unimodal, and the mode of the probability mass,

x̃ = g(ỹ) = argmaxy∈YP (g(y)|θ̂mle), (1.6)

does not necessarily equal the expected value or the observed value.

This creates two types of behavior for ERGMs: given an observed graph, MLEs of some

ERGM specifications induce probability distribution centered on the observed configuration,
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hence one can recover the observed configuration through simulation from the estimated

model. MLEs of other ERGM specifications, however, induce probability distributions with

negligible mass on the observed configurations, hence can be regarded as mis-specified model

with respect to the observed graph. One ERGM specification, in particular, is well known

to cause degeneracy and is true of almost all studies in the literature: the Edges+Triangle

model. It has been extensively studied from different perspectives, e.g., statistical, graph

limiting, and phase transition theories [Jonasson, 1999, Park and Newman, 2005, Rinaldo

et al., 2009]. We will exam the same model, using the statistical geometry that pioneered by

[Handcock et al., 2003b]. We will show, however, that the decomposition into volume and

exponent terms provides some insight into the problem that leads to better specifications.

1.2.4 Exploring a Classic Unstable Specification: Edges+Triangle Model

An ERGM with edges and triangle terms induces the graph distribution

P (Y = y |θ) =
exp{θ1 · Edges + θ2 · Triangle}∑

y∈Yn exp{θ1 · Edges + θ2 · Triangle}
(1.7)

with the log odds of the tie

logitP (yij = 1|y−ij) =

 θ1 + kθ2 if yij completes k triangle(s), k = 1, . . . , n− 2

θ1 otherwise,
(1.8)

where y−ij denotes the network without ij dyad.

On 7-node Graphs

Our goal is to explore the origins of the degenerate distributions induced by MLEs of the

model. For graphs with less than 10 nodes, enumerating the graph space is possible. There-

fore, computing (exact) MLEs is a standard nonlinear optimization problem, and eliminates

the inferential degeneracy problem entirely. One can observe the difference between the
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observed configuration and the mean values from the induced probability distributions. Ne-

glectable difference would indicate the accuracy of the exact MLEs, according to Equation

(1.3).

We enumerate all possible graphs by permuting the adjacency matrix and projecting

the graph counts onto the two-dimensional Edges-Triangle feature space (see Figure 1.2

for details). All 2(7
2) graphs map to 110 unique configurations. The complete graph on

the upper right corner is coupled with the maximum edge and triangle counts (21 and 35

respectively). The empty graph on the bottom left corner contains zero edges and triangles.

Among 110 configurations, 22 are on the boundary of the convex hull where MLEs do not

exist [Barndorff-Nielsen, 1978, Handcock et al., 2003b], the remaining 88 configurations are

inside the convex hull and we can compute each corresponding (exact) MLE.

We next examine the probability distribution characterized by each exact MLE. Figure

1.3 shows that among 88 distributions induced from each exact MLE, graphs that mapped

to only three configurations are ever identified as the most probable graph. The rest of the

graph is never in the most probable region. This confirms Theorem 1.2.1, in that the set

of graphs with highest probability mass must lie on the boundary of the convex hull. It is

tempting to draw the conclusion that this is the inherent cause of the degeneracy. However,

the exponent value is not the only factor characterizes the probability distribution. Thanks

to the volume factor w(x), the high probable configurations may still lie in the convex hull.

To better elaborate this idea, imagine two extreme cases: 1. for some graph model

with an artificial model constraint that w(x) has the minimal effect on characterizing the

distribution, e.g., w(x) is a constant function of x, then the exponent value alone defines the

sufficient statistics distribution, and leads to the most probable configurations are on the

boundary. 2. for Bernoulli random graphs with equal tie/no-tie probability, the exponent

value is a constant function, hence each graph realization is equally possible. In this case, the

distribution of w(x) defines the distribution of graphs and the most probable configurations

are near the center of the sufficient statistics space.

Proceeding with the exploration, we examine all possible graphs with 10 edges, mapping
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Figure 1.2: Mean value plot of Edges+Triangle model

Each dot represents a unique combination of configurations. The sizes of the dots represent
the relative counts of the number of possible graphs across the model space mapping to the
corresponding configuration. The solid lines represent the convex hull of the configurations,
and the blue dots indicate the vertices of the convex hull.
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The counts represent the number of configurations (n=88) for which the maximum exponent
value occurs at this point.
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to 9 unique configurations (Figure 1.4). For each configuration, we compute the exact MLE

and obtain the MLE induced edge distribution (aggregating over the triangle counts). We

can see that the distributions of the exponent value are almost never centered at the observed

values. Instead, their modes have the tendency to move towards the complete graph as the

triangle count increases. Furthermore, the distribution of w(x) (which is the same for each

sub-graph) is roughly symmetric and has a mode in the middle. The resulting induced edge

distributions have a mean equal to the observed value, but the mode deviates from the

observed value, especially as the triangle count increases. In particular, (E,∆) = (10, 10) is

the most degenerate case: it is bimodal, and neither the most probable edge counts (E= 4

and E=22) from the induced distribution are close to the observed value (E=10).

Further analysis of the most degenerate case ((E,∆) = (10, 10)) is shown in Figure 1.5.

The probability mass distribution of the sufficient statistics is clustered around the “almost

empty” and the “almost complete” graphs, deviates from the observed configuration. From

the contour plot of the exponent values, we can see that points on or close to the empty and

the complete graph have the highest values. Although these points have relatively low w(x),

the relatively large exponent values dominate the behavior in this case.

Figure 1.6 shows that the degenerate behavior for (E, T ) = (10,10) extends to all of the

graphs on the upper boundary, where the triangle counts are maximal for a given number of

edges. By contrast, graphs on the lower boundary do not have the degeneracy problem (see

Figure 1.7).

To summarize our findings of degeneracy with Edges + Triangle ERGM, several factors

induce the degenerate distribution: 1. The convexity on the upper boundary of the sufficient

statistics space. The configurations with the highest exponent values are therefore either

almost empty or almost complete graphs (the most probable graphs under the model). 2.

The observed graph is in the low-density region of the space, characterized by the distribution

of w(x). Most of the social networks are sparse and fall in this low-density region. The first

issue is independent of the observed graph. However, the second issue is conditional on the

observed graph. This leads to a new concept of “conditional degeneracy” which we elaborate
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Figure 1.4: Edge distribution plot for Edges+Triangle

Theoretical edge distributions are induced from all possible sufficient statistics with 10 edges.
Each sub-figure corresponds to one configuration of the sufficient statistics, with the count
of edge triangle labelled under each plot.
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Figure 1.6: Induced edge distributions for all possible sufficient statistics that on the upper
boundary of the convex hull (i.e., maximal number of triangles given the number of edges)
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Figure 1.7: Induced edge distribution for all possible sufficient statistics that on the lower
boundary of the convex hull (i.e., minimal number of triangles given the number of edges)
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further in Section 3.6.

1.3 Stable ERGM Specifications

Various approaches have been proposed to reduce ERGM degeneracy. To assess the effec-

tiveness of these approaches, we need to clarify our purpose of social network modeling.

Roughly speaking, a proper model specification should include the terms that represent the

social mechanism of interests, and simulations from the estimated model should resemble the

observed graph (Goodness-of-Fit). The fit can be evaluated not only with reference to the

network structure represented in the model, but also with reference to key network struc-

tures not in the model, e.g., the full degree distribution, or the geodesic distance distribution.

Both can be evaluated through sampling networks under the MLE induced graph distribu-

tion using the MCMC algorithm) (and the latter has been included in the standard ERGM

Goodness-of-Fit [Goodreau et al., 2012b]. Note that the former is a necessary condition of

the latter.

We have shown that, to some extent, ERGM degeneracy is conditional on the properties of

the observed graph. However, in practise, if some model specifications fail to reproduce most

of the observed graphs from the fitted model, then we considered these model specifications

are vulnerable to degeneracy. In the remaining sections, we will use this as a starting point

to develop our intuition on how to specify less vulnerable ERGMs.

1.3.1 Geometric Weighted Shared Partner Specification

Hunter and Handcock [2006] had proposed a class of geometric weighted statistics inspired

from a class of statistics of alternating forms [Snijders et al., 2006]. Empirically, statistics in

these two classes are found to be less vulnerable to degeneracy. We will show that, as before,

this behavior is due to their statistical and geometric properties.

We use geometric weighted edgewise shared partner statistic (GWESP) as an example.

GWESP is an alternative to the triangle statistic, in that both terms represent a cluster-

ing effect that comes from the propensity to form triangles [Hunter and Handcock, 2006].
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GWESP takes the form,

GWESP(y, θs) = eθs
n−2∑
k=1

{1− (1− e−θs)k}EPk(y) (1.9)

where EPk(y) is defined as the number of unordered pairs {i, j} such that yij = 1 and

i and j have exactly k common neighbors (“edgewise shared partners”). θs represents the

effect of “declining marginal returns” to each additional shared partner. A positive coefficient

on ESP (or GWESP) corresponds to a positive propensity of having a shared partner (a

triangle).

The odds of an edge with k number of shared partners changing to k+1 number of shared

partners is,

pafter

pbefore

=
exp{θ · eθs({1− (1− e−θs)k}(EPk − 1) + {1− (1− e−θs)k+1}(EPk+1 + 1))}

exp{θ · eθs({1− (1− e−θs)k}(EPk) + {1− (1− e−θs)k+1}(EPk+1))}
(1.10)

with the log odds,

log(
pafter

pbefore

) = θ · {1− e−θs}k. (1.11)

When θs > 0, the log odds decreases as the k increases, and leads to a “declining marginal

return” effect on additional shared partners. When θs = 0, the number of shared partner k

lose its meaning, in which case GWESP changes to ESP,

ESP(y) =
n−2∑
k=1

EPk(y). (1.12)

ESP can be seen as a sparse version of GWESP. Only the first shared partner would

impact the odds of a tie; additional shared partners have no effect. Compared with GWESP,

ESP is less computationally intensive. Therefore we use it in the following.
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1.3.2 Edge + ESP Model’s Statistical and Geometric Properties

Following the analysis in Section 1.2.4, we examine the behavior of an ERGM with Edge

+ ESP. The mean value plot for this model in Figure 1.8 shows less convexity in sufficient

statistics space than the Edge + Triangle model. As the result, the induced edge distributions

of sufficient statistics with 10 edges (Figure 1.9) show much better behaviors than Edge +

Triangle (Figure 1.4): almost all the modes of the MLE induced edge distributions are close

to the observed values. For the graph that shown the most degenerate behavior for Edge +

Triangle ((E,T)=(10,10)), the Edge + ESP model produces the highest probable sufficient

statistics space (in the MLE induced distribution) centered at the observed configurations

(Figure 1.10).

1.3.3 New Specifications: Power Transformations

General Power Transformation

It is clear that one of the main causes of model degeneracy for the triangle term is the

convexity of the upper boundary of sufficient statistics, given the linearity of the exponent

value of the model. Hence, when fitting this model to observed graphs with maximal number

of triangles, the empty and the complete graph have relative higher exponent values, in

comparison to graphs below the upper convex boundary. One possible solution is to induce

a similar convexity to the exponent value by transforming model parameter(s).

h(θ,y) = exp(θ1e+ θ′2(t)t). (1.13)

Intuitively, θ′2(t) would penalize the exponent value for higher triangle counts. Therefore,

for simplicity, we define θ′2(t) = θ2√
t
, and gives,

h(θ,y) = exp(θ1e+ θ2

√
t). (1.14)

Since this is a one-to-one monotonic transformation of sufficient statistics, the resulting
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Figure 1.8: Mean value plot of Edges+ESP
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Figure 1.9: Edge distribution plot for Edges+ESP

Theoretical edge distributions are induced from all possible sufficient statistics with 10 edges.
Each sub-figure corresponds to one configuration of the sufficient statistics, with the count
of edge esp labelled under each plot.
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Figure 1.10: Graph distribution plot of Edges+ESP

The graph distribution is characterized by the exact MLE estimated for the model with 10
edges and 10 triangles. The convex hull is draw with a black curve. The upper bound of
sufficient statistics densities are draw with a blue line. The dashed black line divides the
region according observed graph’s exponent value. Each dot represents a possible sufficient
statistics. The sizes of the dots correspond to the scaled counts of graphs that mapped to the
sufficient statistics. The green dot represents the observed sufficient statistics. The number
labelled on the dots represents the percentage probability mass distributed over graphs. The
background color scheme denotes the exponent values. The exact MLE is labelled on the
top.
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ERGM specification still underlies a similar social mechanism. However, it now specifies a

“declining marginal returns” on the number of triangles rather than a linear model. Formally,

the log odds of a tie that introduces additional k triangles into the graph,

logit(P (yij = 1|y−ij)) = θ1 + θ2(
√
t+ k −

√
t). (1.15)

For fixed θ, the impact of adding triangles to the graph probability distribution decreases

with the number of triangles in the graph. To show the effect of introducing convexity to

the exponent value on the space of edge and triangle counts, we revisit the network with

10 edges and 10 triangles. Figure 1.11 shows the results of the changes in the convexity

through projecting exponent values of Edge +
√

Triangle model on the original Edge +

Triangle space. Essentially, the gradients of the exponent value curves now bend to match

the convexity of the sufficient statistics space. As the result, the distribution of exponent

values tends to spread more evenly across a majority of the configurations (and graphs).

Figure 1.12 plots the mean value space of Edges+
√

Triangle model. Compared with

Figure 1.2, the configurations of Edges+
√

Triangle are more evenly scattered over the space

of the convex hull, with much less convexity on the upper boundary, and high volume factors

are centered in the convex hull. The MLE induced edge distributions with 10 edge count

(Figure 1.13) confirm that this model will indeed reproduce the observed graphs. Similarly,

for the network (E,T)=(10,10), almost all the MLE induced probability mass are placed on

the observed value, as shown in Figure 1.14.

Locality and Local Power Transformation

While the power transform reduces model degeneracy, it does so at the cost of breaking

the rule of “locality”. Locality requires that every actor’s interactions with others, “micro”

activities, generate the higher-order “macro” properties of social networks: The formation

and dissolution of a partnership are only influenced by the neighborhood of the node, i.e., the

vertex attributes or the immediate connections of each partner. It is known as the “locality”
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Figure 1.13: Edge distribution plot for Edges+
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Theoretical edge distributions are induced from all possible sufficient statistics with 10 edges.
Each sub-figure corresponds to one configuration of the sufficient statistics, with the count
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Triangle labelled under each plot.
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Figure 1.14: Graph distribution plot for Edges+
√

Triangle

The graph distribution is characterized by the exact MLE estimated for the model with 10
edges and 10 triangles. The convex hull is draw with a black curve. The upper bound of
sufficient statistics densities are draw with a blue line. The dashed black line divides the
region according observed graph’s exponent value. Each dot represents a possible sufficient
statistics. The sizes of the dots correspond to the scaled counts of graphs that mapped to the
sufficient statistics. The green dot represents the observed sufficient statistics. The number
labelled on the dots represents the percentage probability mass distributed over graphs. The
background color scheme denotes the exponent values. The exact MLE is labelled on the
top.
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of social networks [Pattison and Robins, 2002, Snijders et al., 2006, Krivitsky et al., 2009].

The square root transformation of the triangle statistic does not meet this requirement:

the propensity of forming an edge (which would induce triangles) depends on the count of

triangles over the entire network, not just the additional triangles added locally.

This motivates a local power transformation of the triangle statistic. For example, when

the edge (i, j) induces k new triangles, the corresponding model terms and log odds are,

h(θ, α,y) = θ1

∑
ij

yij + θ2

∑
ij

yij · q(α ,
∑
k

yikyjk) (1.16)

and

logit(P (yij = 1|y−ij)) = θ1 + θ2 · q(α , k), (1.17)

where q(· , x) denotes the transformation function, e.g., square root, log, etc.

Figure 1.15 shows the changes in the mean value space for a set of model specifications

from Equation (1.17), with q(α , x) = xα, and α decreasing from 1 to 0.1. The first sub-figure

is identical to the mean value plot of Edges + Triangle in Figure 1.2. The last sub-figure, with

α = 0.1, has the lowest convexity, although in 7-node graphs, the differences are very small

for α < 0.5. To conclude, the local power transformation linearizes the upper boundary of

the sufficient statistics space, however, the general square root transformation has a stronger

impact, transforming the original boundary from convex to slightly concave.

It is tempting to estimate α as an additional parameter, i.e.,

h(θ, α,y) = θ1

∑
ij

yij + θ2

∑
ij

yij ·

(∑
k

yikyjk

)α

(1.18)

However, the model above is no longer a member of exponential family models, since

g(y, θ2, α) = θ2

∑
ij yij · (

∑
k yikyjk)

α cannot be factorized to some forms of a(θ2, α)b(y), i.e.,

a product of a function of the unknown parameters and a function of the sufficient statistics

[Casella and Berger, 2002, p256]. We will show next that this difference leads to the model

incompatible to existing ERGM estimation algorithms.
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The parameter estimation in ERGM uses a Newton-Raphson type iterative technique, at

k + 1 th iteration, k = 1, . . . , K,

θ(k+1) = θ(k) + [I(θ(k))]−15 l(θ(k))

Where

I(θ(k)) = 5η(θ(k))t[varη(θ(k))g(Y)]5 η(θ(k)) (1.19)

and

5l(θ(k)) = 5η(θ)t[g(yobs)− Eη(θ(k))g(Y)] = 0 (1.20)

However, evaluating both Eη(θ(k))g(Y) and varη(θ(k))g(Y) requires sampling from the

distribution characterized by η(θ(k)) at each iteration (when θ changes), which is com-

putationally expensive. Hunter and Handcock [2006] propose the Monte Carlo estimation

algorithm similar to [Geyer and Thompson, 1992], that substituting l(θ) with

l(θ)− l(θ0) = (η(θ)− η(θ0))t g(yobs)− logEη(θ0))

(
exp{(η(θ)− η(θ0))tg(Y)}

)
(1.21)

≈ (η(θ)− η(θ0))t g(yobs)− log

(
1

m

m∑
i=1

exp{(η(θ)− η(θ0))tg(Yi)}

)
,(1.22)

and substituting varη(θ)g(Y) with

m∑
i=1

(η(θ)− η(θ0))tg(Yi)g(Yi)
t−

(
m∑
i=1

(η(θ)− η(θ0))tg(Yi)

)(
m∑
i=1

(η(θ)− η(θ0))tg(Yi)

)t

in each iteration, where g(Yi) are sampling from the single distribution characterized by

η(θ0), thus reduces the computation cost. In practise, if θ0 are chose far from the MLE θ̂,
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the resulting performance would degenerate. Hence it requires another round of iteration,

that updates θ0 with the maximizer θ̃ from the previous iteration when the variance of the

log likelihood ratio in Equation (1.21) is too large.

Alternatively, the log likelihood approximation in Equation (1.21) can be replaced by the

log normal approximation. Assuming Z = (η(θ) − η(θ0)tg(Y) is approximately normally

distributed with mean µ = (η(θ) − η(θ0)tm0 and variance σ2 = (η(θ) − η(θ0)tΣ0(η(θ) −

η(θ0)t, then exp(Z) approximates a lognormal distribution, with logEη(exp(Z)) = µ+σ2/2.

Once replaced with the sampling mean m̃0 = 1
m

∑m
i=1 g(Yi) and sampling variance Σ̃0 =

1
m−1

∑m
i=1[g(Yi)− m̃0][g(Yi)− m̃0]t, Equation (1.21) becomes

l(θ)− l(θ0) ≈ (η(θ)− η(θ0))t [g(yobs)− m̃0]− 1

2
(η(θ)− η(θ0))tΣ̃0(η(θ)− η(θ0)), (1.23)

Hummel et al. [2012] proposed to improve the two algorithms above with the partial

step searching method, that moves toward the MLE from an arbitrary starting parameter

value in a series of steps based on alternating between the canonical exponential family

parameterization and the mean-value parameterization. The algorithm has shown improved

stableness in estimation.

All the estimation algorithms above requires the (curved) ERGM parametrization, where

the first and second derivatives of likelihood function can be written explicitly in the form of

Equation (1.20) and Equation (1.19). However, the parametrization in Equation (1.18) can-

not be factorized to a product of the parameter estimates and the sufficient statistics, hence

there is no explicit form of the first and second derivatives. Developing the corresponding

estimation algorithm for the new specification where some parameters are not factorizable

with respect to the sufficient statistics, is a subject for future research. Hereafter, we will fix

α as a constant.

Model fitting with ERGM Edges + Local
√

Triangle (α = 0.5), on (E,T)=(10,10) is shown

in Figure 1.16. Compared with Edges + Triangle, the improvement is significant. However,



30

still, the probability mass on graphs similar to the observed graph is small.

1.4 Application: Florence Business Data

The analysis of these small graphs allows us to clearly distinguish model from inferential

degeneracy by enumeration. In the following, we will explore what happens for larger graphs

when we cannot enumerate the space to obtain the exact MLEs. In this case, MLEs can

be approximated using MCMC-MLE algorithm [Geyer and Thompson, 1992, Hunter and

Handcock, 2006]. To ensure the insights from 7-node graphs can extend to real networks,

we explore the behavior of each of the previous ERGMs on the Florence Business Network

[Padgett and Ansell, 1994]. This is a network of business ties among Renaissance Florentine

families. The network has 16 nodes, still a small network, however, it has a sample space with

more than 1036 possible graphs. Figure 1.18 illustrates the degenerate behavior for Edges +

Triangle model. Ideally, the simulated graphs from the MLEs would resemble the observed

Florence Business Network. However, the results show a large portion of the simulated graphs

from the model are either empty or complete (the classic bimodal distribution on edge and

triangle counts). Overall, the result indicates Edge + Triangle model is a mis-specification

for the Florence Business Network. On the contrary, Edges + ESP, Edges +
√

Triangle, and

Edges+Local
√

Triangle are able to resemble the observe Florence Business network (Figure

1.20 to 1.24).

1.4.1 When Unstable Specifications Are Non-degenerate

The Edges + Triangle model is known to induce degenerate distributions for various networks

[Jonasson, 1999, Handcock et al., 2003b, Park and Newman, 2005, Rinaldo et al., 2009].

However, the Edges + Triangle model can be a good specification for certain networks. To

show this, we fit Edges + Triangle model to a graph with 16 nodes, with 68 edges and 101

triangles. In comparison to the Florence network, this graph is not on the convex boundary

of the sufficient statistics and has a high volume factor w(x). In this case, the MLE induced

graph distribution is not degenerate and is centered on the observed graph.
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Figure 1.15: Mean value plot of local power transformation

Each sub-plot denotes a mean value plot of ERGM with edges and local power transformed
triangle, with k decreases from 1 to 0.1 in q(α , x) = xα in Equation (1.17)
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Figure 1.16: Graph distribution plot of Edges+Local
√

Triangle

The graph distribution is characterized by the exact MLE estimated for the model with 10
edges and 10 triangles. The convex hull is draw with a black curve. The upper bound of
sufficient statistics densities are draw with a blue line. The dashed black line divides the
region according observed graph’s exponent value. Each dot represents a possible sufficient
statistics. The sizes of the dots correspond to the scaled counts of graphs that mapped to the
sufficient statistics. The green dot represents the observed sufficient statistics. The number
labelled on the dots represents the percentage probability mass distributed over graphs. The
background color scheme denotes the exponent values. The exact MLE is labelled on the
top.
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Figure 1.18: Edges+Triangle model for Florence Business Network

Edges+Triangle model for Florence Business Network. The green dot represents the con-
figuration of the observed graph. The area of the red circles represents the feature space
with high volume factors. The set of diagonal dashed black lines represents the gradient of
the exponent values, with “h” and “l” labels denoting the high and low direction. The esti-
mated MLE values are labelled on the top of the plot, and the configurations of the graphs
simulated from the MLE are labelled by blue triangles. The solid a black curve represents
the limiting sufficient statistics space when the size of the network increases to infinity. The
histograms show the edge and triangle distributions from the simulated graphs, with the red
lines denoting the observed values.
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Figure 1.20: Edges+ESP model for Florence Business Network

Edges+ESP model for the Florence Business network. The green dot represents the config-
uration of the observed graph. The area of the red circles represents the feature space with
high volume factors. The set of diagonal dashed black lines represent the gradient of the
exponent values, with “h” and “l” labels denoting the high and low direction. The estimated
MLE values are labelled on the top of the plot, and the configurations of the graphs simu-
lated from the MLE are labelled by blue triangles. The histograms show the edge and esp
distributions from the simulated graphs, with the red lines denoting the observed values.
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Figure 1.22: Edges+
√

Triangle model for Florence Business Network

Edges+
√

Triangle model for the Florence Business Network. The green dot represents the
configuration of the observed graph. The area of the red circles represents the feature space
with high volume factors. The set of diagonal dashed black lines represent the gradient of the
exponent values, with “h” and “l” labels denoting the high and low direction. The estimated
MLE values are labelled on the top of the plot, and the configurations of the graphs simulated
from the MLE are labelled by blue triangles. The histograms show the edge and

√
triangle

distributions from the simulated graphs, with the red lines denoting the observed values.
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Figure 1.24: Edges+Local
√

Triangle model for Florence Business Network

Edges+
√

Triangle model for the Florence Business Network. The green dot represents the
configuration of the observed graph. The area of the red circles represents the feature space
with high volume factors. The set of diagonal dashed black lines represent the gradient
of the exponent values, with “h” and “l” labels denoting the high and low direction. The
estimated MLE values are labelled on the top of the plot, and the configurations of the graphs
simulated from the MLE are labelled by blue triangles. The histograms show the edge and
Local

√
Triangle distributions from the simulated graphs, with the red lines denoting the

observed values.
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Figure 1.26:

Edges+Triangle model for the network with 16 nodes and 0.5 edge density. The green dot
represents the configuration of the observed graph. The area of the red circles represents the
feature space with high volume factors. The set of diagonal dashed black lines represent the
gradient of the exponent values, with “h” and “l” labels denoting the high and low direction.
The estimated MLE values are labelled on the top of the plot, and the configurations of
the graphs simulated from the MLE are labelled by blue triangles. The solid a black curve
represents the limiting sufficient statistics space when the size of the network increases to
infinity. The histograms show the edge and triangle distributions from the simulated graphs,
with the red lines denoting the observed values.
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1.5 Summary

We have shown that ERGM degeneracy is essentially a model misspecification problem. It

happens when the model is not a good representation of the data. Even if the parameter

estimates define the most likely model, the model does not reproduce the observed data.

Sufficient statistics derived from reduced homogeneous Markov dependence (e.g., Edges +

Triangle) can often induce degeneracy of this sort, especially for sparse social networks.

The Edges+Triangle model implies that completing two triangles is twice likely than

completing one triangle. The effect grows linearly with the number of potential triangles

that an addition of an edge could complete. This seems like an unrealistic model in most of

the social settings triangles may be valuable, but given you already have some, the value of

additional triangles may be less. If not, either the complete network (the empty network)

would always be the most probable state of any social networks with significant positive

(negative) clustering effects. Therefore, both geometric weighted statistics and the power

transformation methods, assuming the “declining marginal return” on the gains of forming

additional triangles, are promising.

It is tempting to conclude this chapter with an explicit classification of unstable ERGM

specifications. Indeed, ERGM statistics derived from reduced homogeneous Markov de-

pendence assumption are often regarded as stable models. However, as we also showed in

Section 1.4.1, ERGM model degeneracy is conditional on the data: a model induces degener-

ate distribution for one network may be perfectly well behaved for another. Given the wide

applications of ERGMs in different fields and the real data may range from sparse to dense

networks, or are inherently subject to different constraints, a more adaptive classification of

unstable specifications is still to be addressed in future works.

Our work improves the understanding of ERGM degeneracy. The statistical and geomet-

ric properties of ERGM specifications shed light on the cause of degeneracy, and provide a

valuable diagnostic tool. We also provide insights on power transformation of existing ERGM

statistics, a new class of ERGM specifications. These are motivated by having better model
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behaviors, without the loss of social interpretability. These also lead to a promising direction

for future research on statistical estimation of local power transformation parameters.
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Chapter 2

PARTNERSHIP DURATION ANALYSIS WITH DYNAMIC
SOCIAL NETWORK USING STERGM

2.1 Introduction

Recent developments in HIV transmission modeling have identified temporal overlap in part-

nerships (“concurrency”) as a factor that increases the potential for epidemic spread at the

population level. These findings are based on simulation studies that represent the dynamic

partnership networks and the spread of infection as two stochastic processes. As the goal

of these simulation studies moves from gaining intuition to more detailed and specific pro-

jections, the need for empirically based simulation approaches has grown. The recent devel-

opment of Separable Temporal Exponential Random Graph Models (STERGM) [Krivitsky

and Handcock, 2010] now makes it possible to estimate the underlying generative process

of partnership formation and dissolution from network data. The minimal requirements

are cross-sectional, “ego-centrically” sampled data, where the timing information is drawn

from retrospectively reported partnership dates. For cross-sectional data, estimation of the

formation parameters requires that we first estimate partnership duration (or dissolution).

These duration estimates are then used as offsets in the STERGM estimation process. This

chapter focuses on estimating dissolution rates for the partnerships observed in the “Know

Your Network” study in Kisumu, Kenya. The partnership sampling design in this study

leads to features in the data that must be considered in estimation. The KYN dataset and

exploratory analysis of partnership durations are described in Section 2.2.1. Different model

for partnership duration with associated estimation methods and simulation models are dis-

cussed in Section 3. Simulation results are shown in Section 4, followed by discussions in

Section 5.
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2.2 Data

2.2.1 Study Design

The KYN data contains partnership information from 811 adults from 7 villages in Kenya.

Respondents were asked 9 questions to establish the number of currently active partners,

and the dates of first and last sex with up to 3 partners in the last year. Partnerships

that ended before the last year are not recorded by design, introducing “left truncation”

into the sample of observed partnerships, and the reported ongoing partnerships introduce

“right censoring”. Respondents reported a total of 1125 partnerships that occurred within

the last year. This included 948 (84.27%) partnerships ongoing on the day of interview.

548 (48.71%) partnerships started before the last year. 371 (32.98%) partnerships started

before 12 years ago, so their exact starting times (recorded as 12 year+) are unknown,

among which 256 (27%) were extant partnerships whose ending times are unknown as well.

Figure 2.1 shows the types of partnership data that result from this design.

2.2.2 Descriptive Statistics: Empirical Survival Curves

Non-parametric survival analysis provides a way to describe the partnership durations. Part-

nership duration is of primary interest and is considered as the “time to event” variable in

survival analysis, with a “event” being defined as termination of a partnership. Partner-

ships were retrospective reported with different starting time. On the day of interview, the

durations of all extant partnerships and partnerships that started before 12 years ago are

considered as right censored (Type 1 random censoring or Type 3 censoring [Lee and Wang,

2003]): only lower bounds of the durations are known. Left truncation occurred at the begin-

ning of the last year and introduced “length bias”, e.g., partnerships with shorter durations

were less likely to enter the last year hence are missing not at random. Partnership informa-

tion is uniformly converted into weeks (1 month ≈ 4 weeks), otherwise the information on a

relatively large portion (10%) of partnership durations being left censored (shorter than one

month but recorded as one month) would be lost.
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Figure 2.1: Sampling design of the KYN partnership durations

The red lines indicate the dates of observed partnerships during sampling period. The green
lines indicate the dates of observed partnerships during truncation period. The gray lines
indicate unobserved partnership durations, due to either right censoring or left truncation.
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We consider the modified Kaplan Meier product limit estimator [Tsai, 1987] that adjusts

for both right censoring and left truncation. Let random variable X denote the lifetime

with associated survival function S, which assumed to be left continuous. Let (T,C) be the

random variables describing the random left truncation time and random right censoring

time respectively. (T,C) is independent of X, i.e., the selection of truncation and censoring

time is pre-determined and irrespective to the durations. Define Y = min(X,C). The

product-limit estimator of S with ascending ordered duration x(i) is

Ŝ(x(i)) =
∏

x(j)<x(i)

(
1−

d(j)

n(j)

)
(2.1)

for x > x(1), and Ŝ(x) = 1 for x ≤ x(1). Hence d(j) is the number of failures and n(j)

is the number in the risk set at time x(j); that is n(j) =
∑
I(x(j) ≤ y(i)), where I is the

usual indicator function and the sum is over the range i = 1, ..., n. Burington et al. [2010]

have discussed the significant difference in empirical survival curves when adjusting for left

truncation vs. not. As shown in Figure 2.2, not adjusting for left truncation tends to

overestimate the survival function in the KYN data.

2.2.3 Non-Parametric Estimation Methods

In contrast to standard survival analysis, some forms of estimation, and all of the good-

ness of fit analysis we will use here, requires simulating the dynamic network. Network

simulations are used for non-parametric estimation of the dissolution parameters, where the

methods typically rely on Kolmogorov-Smirnov optimization to obtain the best model fit

to the observed data. Our goodness-of-fit methods are based on comparing the survival

curves generated by the different model fits to the empirical survival curve. To simulate

the networks, we use STERGM. STERGM is a novel dynamic implementation of Expo-

nential Random Graph Model (ERGM), that allows modeling of the tie formation process

separately from the tie dissolution process at each time step, see Section 2.3. Here, we

borrow notation from [Krivitsky and Handcock, 2010]. Let N be the set of n = |N| part-
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Figure 2.2: Empirical survival curve of the KYN partnership durations (in week)

The green line denotes the survival curve without adjusting for left truncation, while the red
line denotes the survival curve adjusting for left truncation.
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ners, and let Y ⊆ N × N be the set of dyads (potential ties) among the actors, with

(i, j) ∈ Y if modeling directed relations and {i, j} ∈ Y for undirected networks. Then

Y+(yt−1) = {y ∈ 2Y : y ⊇ yt−1} be the set of networks that can be constructed by forming

zero or more ties in yt−1, and Y−(yt−1) = {y ∈ 2Y : y ⊆ yt−1} be the set of networks

that can be constructed by dissolving zero or more ties in yt−1. Then the network at time

t is Yt = yt−1 ∪ (y+ \ yt−1) \ (yt−1 \ y−) = y+ \ (yt−1 \ y−) = y− ∪ (y+ \ yt−1). Once a

complete dynamic network is simulated, partnerships with known duration information can

be sampled as the way did in the KYN data, and survival analysis of goodness of fit can be

conducted, see Section 2.4.

2.3 Theoretical Models for Partnership Dissolution

The causes of partnership dissolution in the KYN study is a “black box”. These may vary by

both the endogenous reasons, e.g., social customs, partners’ preferences, marriage, and ex-

ogenous reasons, e.g., existence of concurrent relations. We examine 4 models for partnership

dissolution, beginning with a simple homogeneous constant hazard, and then introducing dif-

ferent types of nodal and tie heterogeneity, with underlying non-constant hazard functions.

In each case, the model is first represented as a STERGM, and is followed by various survival

analysis techniques to estimate the required dissolution parameters, as shown in Table 2.1.

M1: Homogeneous M2: Social dependence M3: Latent nodal preference M4: Latent partnership type

Survival Partnership Duration homogeneous monogamy preferring long long relation

Estimation concurrent preferring short short relation

Non-parametric Estimation ks ks ks ks

Parametric Estimation impute impute

censored mle censored mle

STERGM Formation Model edges + b1degree(0) + b2degree(0) + nodematch(“village”, diff = F) + nodecov(“preference.type”) + edgecov(“relation.type”)

Goodness Dissolution Model offset(edges) offset(edges) offset(edges) offset(edges)

of Fit offset(b1degree(0)) offset(nodecov(“preference.type”)) offset(edgecov(“relation.type”))

offset(b2degree(0))

Table 2.1: Theoretical models for partnership dissolution
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2.3.1 Model 1: Homogeneous Dissolution Model

First, consider a simple STERGM model,

form.formula : ∼ edges + b1degree(0) + b2degree(0) +

nodematch(“village”, diff = F)

diss.formula : ∼ offset(edges).

The ERGM terms in the formation model capture the sufficient statistics of the number of

edges (“edges”), isolate bipartite nodes (“b1degree(0)”, “b2degree(0)”), and mixing between

different villages (“nodematch(“village”, diff = F)”). The mixing term is necessary in order

to balance the reported partnerships from both male side and female side across all villages

in the KYN study (balancing fails within some villages). The dissolution model is of primary

interest for modeling partnership duration. The log odds of partnership persistence in this

simple homogeneous model are,

ln
P (Yij,t+1 = 1|Yij.t = 1)

P (Yij,t+1 = 0|Yij.t = 1)
= θ × δ(yt → yt+1). (2.2)

where θ is the coefficient for ERGM term “edges” in dissolution model. δ(yt → yt+1),

called a “change statistic”, is a binary (0, 1) variable, counting the number of changes in

ERGM term “edges” between two consecutive time steps. If the dissolution model is time

homogeneous (the model is fixed over time), then we have θ = ln(D̄ − 1), where D̄ denotes

the mean duration (see [Goodreau et al., 2008] for details).

Parametric Estimation of M1 We start with a single exponential model for the part-

nership durations. Mean duration D̄ can be estimated with necessary adjustment for right

censoring and missing information at retrospective point t=576 weeks. The mean of extant

partnership ages on the day of interview is considered as an unbiased estimator of the mean

of all partnership durations, since both the downwards bias from using censored (incom-
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plete) durations and upwards bias from length bias censoring cancelled out exactly, for proof

details, see [Krivitsky et al., 2009]. Note that this unbiasness may not be true for other

duration distributions, for example, the normal distribution.

However, in our data, extant partnerships are also right censored if they began more than

12 years ago. That leads to 33% of the data heaped on the maximum value of 576 weeks. One

estimation method is to find an exponential distribution, that when it is also heaped, gives

the smallest Kolmogorov-Smirnov distance in density against the KYN partnership duration

distribution (β = 1/517, D̄imp = 517). Since the tail information is essentially imputed

through an exponential distribution, the resulting estimated called imputed estimate (imp).

Another approach is to use the maximum likelihood estimator of exponential distribution

with right censored data (mle.c),

D̄mle.c =

∑r
i=1 t(i) +

∑n
i=r+1 t

+
(i)

r
, (2.3)

where r is the number of uncensored cases, t(i)s are increasingly ordered durations for

uncensored cases and t+(i)s are current ages of extant partnerships on the day of interview.

For the KYN data, we have D̄mle.c = 554. Figure 2.4 shows the results of parametric

estimation. The clear deviations between the KYN data and the simulated data, especially,

in the two histograms (Figure 2.4), shows a clear lack of fit at the two tails of the distribution.

This suggests a single exponential distribution is not sufficient for modeling the observed

durations.

Non-Parametric Estimation of M1 For the purpose of comparison with the other mod-

els that follow, a non-parametric Kolmogorov-Smirnov optimization estimation method is

considered: at iteration k = 1, ..., K,

1. Simulate the dynamic network 20 times with D̄k.

2. In each simulation, plot the survival curves of simulated durations using the KYN

sampling design, and compute the Kolmogorov-Smirnov distance against the KYN
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survival curve, kski , i = 1, ..., 20. Compute the mean k̄s
k
.

3. Sample D̄k′ from N (D̄k,Σ), and repeat Step 1 to 2 to obtain k̄s
k′

.

4. Assign

D̄k+1 =

 D̄k′ with prob. min {1, k̄s
k

k̄s
k′ }

D̄k otherwise.

Define the initial value D̄1 = 100, after k = 1000 iterations, the final estimates, D̄KS =

arg min
D̄k

k̄s
k
, k = 1, . . . , K, after rounded to the nearest integer, D̄KS = 80. Essentially, the

algorithm above uses the stochastic model space exploration methods [Hans et al., 2007],

to avoid the pitfall of “local maximum”. Indeed, the algorithm is computation intensive.

However, since the goal is to obtain the global minimum of k̄s, running several instances in

parallel was used to expedite the process.

2.3.2 Heterogeneous Dissolution Model

Model 2: Partnership Durations With Social Dependence

One may suspect monogamous partnerships and concurrent partnerships have different risks

of dissolution. Partnerships that are concurrent with others may be more likely to terminate

earlier, a pattern sometimes called ”monogamy bias”. The following model considers this:

form.formula : ∼ edges + b1degree(0) + b2degree(0) +

nodematch(“village”, diff = F)

diss.formula : ∼ offset(edges)+offset(b1degree(0))+offset(b2degree(0)).
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Figure 2.4: Results of Parametric Estimation of M1

(a): Density plot of the KYN data (the black curve) and simulated data (the red dashed
curve) from imputed estimate (in green line).
(b): Histogram of the KYN data (in blue) and the simulated data from imputed estimate
(in pink), with the overlaps (in purple).
(c): Density plot of the KYN data (in histogram) and simulated data (the red dashed curve)
from censored MLE estimate (the green curve).
(d): Histogram of the KYN data (in blue) and the simulated data from censored MLE
estimate (in pink), with the overlaps (in purple).
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logit
Female

Monogamy (m) Concurrent (c)

Male
Monogamy (m) θ1 − θ2 − θ3 θ1 − θ2

Concurrent (c) θ1 − θ3 θ1

Table 2.2: Dissolution coefficients of M2

The log odds of the partnership persistence is,

ln
P (Yij,t+1 = 1|Yij.t = 1)

P (Yij,t+1 = 0|Yij.t = 1)
= θ1 × δ1(yt → yt+1) + θ2 × δ2(yt → yt+1) + θ3 × δ3(yt → yt+1).

(2.4)

with associate dissolution coefficients θ1, θ2, θ3 and change statistics δ1,2,3(yt → yt+1) =

(0, 1). The RHS of Equation (2.4) is shown in Table 2.2 for different types of partnerships.

Therefore,

θ1 = ln(D̄cc − 1), θ2 + θ3 = (ln(D̄cc − 1)− ln(D̄mm − 1)), (2.5)

and we assume θ2 = θ3 for simplicity. We use cc to denote the partnerships which both

partners are also involved with other partnerships (“concurrency”), mm for both partners

are monogamous, and mc for one partner is monogamous and the other is not. Note that

monogamy bias introduces “dyadic dependence” in the dissolution model: the dissolution of

one partnership depends on the state of other partnerships.

Non-Parametric Estimation of M2 With egocentrically sampled data, the estimation

of this partnership network model and durations is complicated by the fact that we do not

observe the partners’ concurrency status. In general, egocentrically sampled data cannot

provide information on dyadic dependent processes. The same non-parametric estimation

approach in M1 is considered, with estimates at iteration k, (D̄k
cc, D̄

k
mm). Define the initial

value (D̄1
cc, D̄

1
mm) = (50, 1000), after k = 1000 iterations, the final estimates are recorded as
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logit Short (s) Long (l)
Short (s) θ1 θ1 + θ2

Long (l) θ1 + θ2 θ1 + 2θ2

Table 2.3: Dissolution coefficients of M3

(D̄KS, cc, D̄KS,mm) = (15, 967).

Model 3: Latent Mixture of Nodal Preference

Alternatively, the formation of long or short type partnerships may be a function of personal

preferences (a nodal attribute): part of the population seeks short-term casual partnerships,

and the remaining seeks committed long-term partnerships [Goodreau et al., 2012a]. The

following model considers this type of process,

form.formula : ∼ edges + b1degree(0) + b2degree(0) +

nodecov(“preference.type”) + nodematch(“village”, diff = F)

diss.formula : ∼ offset(edges)+ offset(nodecov(“preference.type”))

with associate dissolution coefficient δ1,2(yt → yt+1) = (0, 1). The log odds of the partner-

ship persistence is,

ln
P (Yij,t+1 = 1|Yij.t = 1)

P (Yij,t+1 = 0|Yij.t = 1)
= θ1 × δ1(yt → yt+1) + θ2 × δ2(yt → yt+1). (2.6)

The RHS of Equation (2.6) is shown in Table 2.3 for different types of partnerships.

Hence we have

θ1 = ln(D̄ss − 1), θ2 =
1

2
(ln(D̄ll − 1)− ln(D̄ss − 1)) (2.7)
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In generating the dynamic network, we assign a specific portion (π) of people preferring

long partnership and the other part of people (1 − π) preferring short partnerships. Note

that this is still a dyadic independent model, since the partnerships are influenced by the

nodal attributes, not by other partnerships.

Non-parametric estimation Similar to M2, in M3 people’s preference and the proportion

with each preference are latent variables and cannot be estimated explicitly. Compared with

M2, the non-Parametric Estimation include one more parameter π for the proportion in each

preference. Define the initial value (π1, D̄1
ss, D̄

1
ll) = (0.5, 50, 1000). The sampling algorithm

in Section 2.3.1 is changed from normal distribution to discrete uniform distribution (grid-

based). The candidate values of (π, D̄ss, D̄ll) are rounded to each (0.1, 25, 50) respectively.

The resulting estimates after k = 1000 iterations are (πk, D̄k
ss, D̄

k
ll) = (0.5, 25, 650).

Model 4: Latent Mixture of Partnership Types

In the last model we consider a latent mixture of partnerships: they are either short-term or

long-term, influenced by some latent variables that do not influence the formation process.

For example, partnerships that lead to marriage may not be recognized as such when they

are first formed. We represent this as a latent mixture of two types of partnerships, long

duration and short duration, and the proportion of each type stays approximately constant

over time,

form.formula : ∼ edges + b1degree(0) + b2degree(0) +

edgecov(“type”)+ nodematch(“village”, diff = F)

diss.formula : ∼ offset(edges)+ offset(edgecov(“type”))
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logit Short (s) Long (l)
Partnerships θ1 θ1 + θ2

Table 2.4: Dissolution coefficients of M4

with associate dissolution coefficient δ1,2(yt → yt+1) = (0, 1), and the log odds of the

partnership persistence is

ln
P (Yij,t+1 = 1|Yij.t = 1)

P (Yij,t+1 = 0|Yij.t = 1)
= θ1 × δ1(yt → yt+1) + θ2 × δ2(yt → yt+1). (2.8)

The RHS of Equation (2.8) is shown in Table 2.4 for two types of partnerships. Hence

we have

θ1 = ln(D̄s − 1), θ2 = ln(D̄l − 1)− θ1, (2.9)

and each new partnership has probability η of being long type and 1−η of being short type.

Here, η denotes the incidence rate, which can be obtained from

[I]ncidence =
[P ]revalence

[D]uration
, and

Ilong
Ishort

=
Plong
Pshort

× Dshort

Dlong

, (2.10)

and denote Plong = π, Pshort = 1− π. The estimation of π, D̄s and D̄l is described next.

Parametric Estimation It is natural to consider a mixture of two exponential distribu-

tions,

f(di) = πfl(di) + (1− π)fs(di) (2.11)

f(di|βl, βs, π) = π
1

βl
exp

− di
βl +(1− π)

1

βs
exp−

di
βs , (2.12)
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where π is the probability of a partnership type with mean duration D̄l = 1/βl. To solve the

right censoring problem in extant partnership durations, assume the two partnership types

have very different mean durations, so the distribution with small mean parameter makes

little contribution to the tail for long durations. Then the missing data at right tail can be

recovered with the exponential distribution as in Section 2.3.1, that once heaped, matches

the tail weight (β = 0.0014). The resulting imputed duration distribution can then be fitted

with a mixture exponential model, for instance, using Bayesian method [Congdon, 2003].

with the following prior distributions placed on the three parameters,

p(π) = unif(0, 1) (2.13)

p(βl) = p(βs) = Inv Gamma(α = 0.3, β = 3), (2.14)

and posterior probability

P (β1, β2, π|data) =
∏
i

f(di|βl, βs, π)p(π)p(β1)p(β2) (2.15)

The resulting parameter estimates are πimp = 0.85, D̄imp, s = 1/βs = 30, D̄imp, l = 1/βl =

754.

Alternatively, instead of imputing the heaped tail distribution, we tried an EM algorithm

to directly approach the maximum likelihood estimators for censored data, [Bordes et al.,

2007]. A sequence of unknown parameter θk, k=1,2,... is simulated by iteratively maximizing

Q(θ|θk) = E[log f c(d, e, Z|θ)|d, e,Qk], (2.16)

where θ = (βl, βs, π) is the parameter of interest, d represents duration, e represents the event

status and Z represents candidate components. Calculating Q(θk+1|θk) requires calculation

of the following conditional probability



55

pkij = P (Zi = j|di, ei, θk) (2.17)

= πkj (
f(di|βkj )∑p

j=1 π
k
j f(di|βkj )

)ei(
1− F (di|βkj )∑p

j=1 π
k
j (1− F (di|βkj ))

)1−ei . (2.18)

Hence the iterative process is defined as,

1. E-step: Calculate the conditional probability pkij for all i = 1, ..., n and j = l, s.

2. M-step: Set

πk+1
k =

1

n

n∑
i=1

pkij for j = l, s (2.19)

βk+1
j =

∑n
i=1 p

k
ijei∑n

i=1 p
k
ijdi

for j = l, s. (2.20)

The algorithm stops when parameter differences between two consecutive steps are within

tolerance level. The resulting parameter estimates are πEM = 0.84, D̄EM, s = 1/βs = 28,

D̄EM, l = 1/βl = 711. The results of two parametric estimations are shown in Figure 2.6

Non-parametric estimation For comparing with other models, we also estimate the

parameters using the non-parametric approach. Define the initial value (π1, D̄1
s , D̄

1
l ) =

(0.5, 50, 1000). Similarly to Section 2.3.2, the sampling algorithm uses discrete uniform dis-

tribution (grid-based). The candidate values of (π, D̄s, D̄l) are rounded to each (0.1, 25, 50)

respectively. The resulting estimates after k = 1000 iterations are (πKS, D̄KS, s, D̄KS, l) =

(0.5, 25, 750) .
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Figure 2.6: Results of Parametric Estimation of M4

(a): Missing tail imputation with an exponential distribution (β = 0.0014) matching the tail
weight (the red curve).
(b): Bayesian mixture exponential fitting for imputed data, with imputed data (the red
curve) and the fitted (the green curve).
(c): Fitting the KYN data (plot by the histogram) using EM algorithm, with fitted (the
green curve) and density of data simulated from fitted curve (the red dashed curve).
(d): Histogram of the KYN data (in blue) and the simulated data from EM fitted curve (in
pink), with the overlaps (in purple)



57

2.4 Results

2.4.1 Comparison of Model Fits

As discussed in Section 2.1, our model framework allows for different assumptions on the

mechanisms of the partnership dissolution, including the dependence between partnerships

durations induced from the endogenous evolving network structures. This requires a principle

framework for dissolution model comparison, that uses the same goodness-of-fit method to

evaluation each model outcome, at the same time, with the adaptation to different sampling

methods.

We use STERGM to simulate the dynamic networks with the parameter estimates from

each methods, and compare the results to the empirical KYN survival curve, all adjusted for

left truncation. From each model described in Section 2.3, we simulate a dynamic network

with time steps = 10000, burn-in period = 4000. The input parameters include estimated

mean duration for different types of partnerships considered in M1 to M4, and additional

estimates controlling the different types of partnership proportions of M3 and M4. These

estimates are either estimated non-parametrically (M1 to M4), or parametrically assuming

the underlying distribution of durations are homogeneous exponential (in M1) or mixed

exponential (in M4).

All of these dissolution models are assumed to be fixed over time. For example, a shift of

dissolution mechanisms from homogeneous to monogamy biased is not considered, although

this could be a subject for future research. The same assumption is made for the formation

models (paired with each dissolution model) as well. The set of terms in formation models

in M1 to M4 are specified to couple with the terms used in each dissolution model. The

setting allows computing formation coefficients and therefore simulating dynamic network in

a simple way, which has been explored in [Krivitsky, 2012].

The estimates from each model are presented in Table 2.5. In general, the result of

simulation from M4 can best reproduce the observed KYN data. By comparison, simulation

from M1 to M3 with ks estimates fails to capture the KYN survival curve at the two tails
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Figure 6: Survival curve with right censoring and left

truncation adjustment.

The red lines are survival curves of the KYN data

with 0.95 confidence interval, the dotted green lines

are survival curves from 20 simulations, with the lowess

smooth curve in solid green line.
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Model Est Methods Mean Duration 1 Mean Duration 2 % of Type 2 (Prevelance)

M1
ks 80

imp 517
mle.c 554

M2 ks 15 967
M3 ks 25 650 0.5

M4
ks 25 750 0.97

imp 28 711 0.84
mle.c 29 752 0.83

Table 2.5: Results of partnership dis-
solution models
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(long durations), while simulation from imputed and censored MLE estimates in M1 fail to

capture the left tail fo the KYN data (short durations).

The survival curves simulated from these different dissolution models also display different

variance. Several factors could have contributed to this, including random edge dynamics,

different formation and dissolution models, etc. Systematic decomposition of the variance

on simulated survival curves is a subject for future research.

2.4.2 Evaluating Estimators for Partnership Mean Durations

Survey data of partnership durations are usually associated with different missing information

problems. The selection of a proper estimator of mean durations is important, especially

when the sampling design leads to a mixture of right censoring and left truncation data. Each

estimator we considered corresponds to the average of the durations from different sampling

methods: 1. the ages of extant partnerships; 2. the durations of uncensored partnerships; 3.

the durations uncensored partnerships with left truncation; 4. the durations of uncensored

partnerships and the observed durations (up to the length of the observation) of censored

partnerships. 5. the durations of uncensored partnerships and the observed durations (up

to the length of the observation) of censored partnerships, both with left truncation.

Therefore, we design the following simulation study to assess the accuracy (unbiasness

and variance) of these estimators for mean durations under the KYN sampling design. We

simulate the partnerships using M4 with Ilong = 0.5, D̄short = 25, D̄long = 750. The boxplots

in Figure 2.12 show the (complete) partnership durations among a single simulated dynamic

network (excluding the burn-in), broken down by long and short type. The means of simu-

lated durations are identical to the true parameter inputs, that confirms the accuracy of the

STERGM simulation.

Figure 2.10 evaluates the convergence of each estimator by sampling partnerships at

different starting times. This is also to ensure that the dynamic network is sampled from

the equilibrium distribution (burn-in period is sufficient). Figure 2.14 shows the different

estimators of partnerships duration evaluated at a randomly selected time point for a single
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replication (starting time =4000 week, length= 567 weeks), while Figure 2.16 plots the

averages over 20 replications. Overall, the mean ages of extant partnerships on the day of

interview (the one used in our model estimations) best approximates the true mean durations,

especially for long durations. Uncensored partnership durations within certain observation

window (case 2 and 3) tend to underestimate the overall mean durations, since the chance of

being censored are proportional to the durations, and uncensored durations are more likely to

be those shorter durations. Case 4 and 5 both consider the complete durations for all censored

and uncensored partnerships up to observation window (576 weeks), and overestimate the

mean durations. Length bias due to left truncation results differences between case 2 and 3,

as well as between case 4 and 5. Partnerships dissolved before entering the sampling period,

which presumably are those shorter durations, are ignored in case 3 and 5. Compared with

case 2 and 4, case 3 and 5 bias toward longer durations.

2.5 Summary

In this paper, we develop partnership duration estimation methods for egocentrically sampled

network data. The methods are based on non-parametric survival analysis for partnership

durations, adjusted for both both right censoring and left truncation. We explored 4 different

partnership duration models and estimate the dissolution coefficients of the corresponding

STERGM. We explore parametric estimation methods for homogeneous duration (M1) and

a two class latent mixture of partnership durations (M4). For monogamy bias (M2) and

latent mixture of personal preferences (M3), the sufficient statistics for mean duration are

not available from egocentrically sampled data. Therefore a non-parametric KS optimization

method is proposed (also implemented for M1 and M4 for comparison). We compare the

goodness of fit between the KYN data and simulated data from 4 models and conclude

that latent mixture of partnership model (M4) can best represent the observed partnership

durations in the KYN data. In the end, the simulation study compares different estimators

of mean durations from different sampling methods, on partnership durations generated from

the fitted STERGM. The results confirm with the statistical sampling theories with right
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Figure 2.10: Trace plot of mean parameters for different duration types

1. ages of long extant partnerships;
2. complete durations of only uncensored long partnerships;
3. complete durations of only uncensored long partnerships and with left truncation;
4. complete durations of all long partnerships intersect the observation period;
5. complete durations of all long partnerships intersect the observation period, with left
truncation;
6. ages of short extant partnerships;
7. complete durations of only uncensored short partnerships;
8. complete durations of only uncensored short partnerships and with left truncation;
9. complete durations of all short partnerships intersect the observation period;
0. complete durations of all short partnerships intersect the observation period, with left
truncation.
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Figure 2.12: Boxplot of partnership durations

The length of the durations are converted to log scale. The red lines denote the input mean
parameters.

censoring and left truncation data.
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Figure 2.14: Boxplot of different duration mean estimates

The plot is at log scale for one simulated dynamic network, with burn-in period=3000, length
of observation=576, truncation point=528. The red lines denote the input mean duration.
The boxplots in each figure from left to right are:
1. ages of extant partnerships;
2. complete durations of only uncensored partnerships;
3. complete durations of only uncensored partnerships and with left truncation;
4. complete durations of all partnerships intersect the observation period;
5. complete durations of all partnerships intersect the observation period, with left trunca-
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Figure 2.16: Boxplot of different duration mean estimates

The plot is at log scale for 20 replications. The red lines denote the input mean duration.
The boxplots in each figure from left to right are:
1. ages of extant partnerships;
2. complete durations of only uncensored partnerships;
3. complete durations of only uncensored partnerships and with left truncation;
4. complete durations of all partnerships intersect the observation period;
5. complete durations of all partnerships intersect the observation period, with left trunca-
tion.



64

Chapter 3

SEPARABLE TEMPORAL EXPONENTIAL RANDOM
GRAPH MODEL WITH COEVOLUTION OF TIES AND

VERTEX ATTRIBUTES

3.1 Introduction

In dynamically evolving networks, structural patterns like clustering and connectivity can

emerge from two different processes: partner selection and partner influence. Selection

refers to the process that underlies tie formation and dissolution; influence refers to the

process that underlies changes in vertex attributes (e.g., knowledge, attitudes or behaviors).

There is a tradition of studying these two processes in social analysis, sometimes only one

or the other process is studied independently [Marsden and Friedkin, 1993, Robins and

Pattison, 2001, Tang et al., 2009]; but there have also been attempts to model them jointly

[Cohen, 1977, Kandel, 1978, Billy and Udry, 1985, Fisher and Bauman, 1988, Ennett and

Bauman, 1994, Pearson and West, 2003, Kirke, 2004, De Vries et al., 2006]. One of the

latest statistical models that focus on the coevolution of selection and influence over time

is Actor-oriented Model with Behavior Coevolution [Snijders et al., 2007, 2010b, Steglich

et al., 2010]. The model is implemented with Continuous Time Markov Chain (CTMC), and

assumes augmented evolution trajectories of “micro steps”. At each step, actors compete

with each other, and the winner decides between either a tie change or a vertex attribute

change, thus are referred to as “actor-oriented” models.

The question motivating this chapter is whether these coevolution models can be ex-

pressed as a new type of temporal ERGM. The benefit would be a substantial addition

to the classes of social network processes that can be studied using ERGMs. ERGMs are

referred to as ”dyad-oriented” rather than “actor-oriented” models because it models the
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dependence structure of dyads in a more explicit way. ERGMs provide a flexible, principled

framework for the statistical analysis of network data. They have become one of the dom-

inant statistical frameworks for social network analysis, and are increasingly being used in

other disciplines as well.

This chapter builds on previous work in two primary areas: temporal extensions of

ERGMs (TERGM), and random vertex extensions of static ERGMs, which are reviewed

in Section 3.1.2. The framework of coevolution ERGMs is set out in Section 3.2. Separabil-

ity parametrization and the resulting each model space are shown in Section 3.3.1 to Section

3.3.2. A selection of derived model terms and interpretation are described in Section 3.3.3.

The applications with two real dataset are shown in Section 3.5, followed by the discussion

in Section 3.6.

3.1.1 Notation

We extend the notation used in Fellows and Handcock [2012]. Let N be the set of network

vertices, indexed {1, . . . , n}. Let Y ⊆ N×N be the set of possible ties among them, i.e., the

structure of the network, with ordered pairs (i, j) ∈ Y for directed networks and unordered

pairs, {i, j} ∈ Y for undirected networks. We assume there are two classes of attributes

associated with each vertex. Let X ∈ X be the set of random vertex attributes which

values are correlated with the network Y, i.e., both influence and influenced by the network

structure. Let Z be the set of fixed attributes between observations. Vertex attributes in Z

influence the network structure change as fixed covariates. Let U = X × Y be the set of

possible networks. Hereafter, “network” is referred to as both network structure (dyads) and

vertex attributes. It is possible to constraint the network space per different use case, e.g.,

bipartite networks. Let UT denotes the space of a series of networks observing at different

time points 1, . . . , t. Let θ ∈ Rq be a vector of q model parameters, let η(θ) : Rq → Rp

be a mapping from θ to natural parameters η ∈ Rp with q ≤ p. When η is nonlinear, the

resulting model class is a member of curved exponential family [Barndorff-Nielsen, 1978].
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3.1.2 Key development of ERGM in literature

An ERGM describes the distribution of dyad structures through a set of parsimonious suffi-

cient statistics (a.k.a., ERGM terms) using an exponential family distribution:

Pr
η,g

(Y = y|Z = z;θ) =
eη(θ)·g(y,z)

cη,g(θ,y,z)

, y ∈ Y , (3.1)

where the denominator cη,g(θ,y,z) is a normalizing constant. The sufficient statistics, g(y, z),

are often selected to represent social mechanisms of interests [Frank and Strauss, 1986,

Holland and Samuel, 1981, Wasserman and Pattison, 1996, Hunter and Handcock, 2006].

Complex social mechanisms would lead to the existence of a relationship may depend on the

existence of other relationships, i.e., Prη,g(y|z;θ) 6=
∏

ij Prη,g(yij|Z = z;θ), which requires

dyadic dependent modelling framework. This distinguishes ERGMs, that can represent

the dyadic dependence explicitly, from standard logistic regression models [Pattison and S.,

1999], that assumes the dyads (response variables) are independent. It is also likely that

a combination of each individual social mechanisms and their interactions may influence

the social networks as a whole. This raises issues for univariate models, e.g., Conditional

Uniform Graph (CUG), in that the result on a single factor can not fully explain the overall

generative process of networks. For instance, an observed transitivity effect in the network

may actually be the result of a strong homophily effect: vertices of the same attribute are

likely to be clustered (homophily → transitivity)[Goodreau et al., 2009]. Thanks to ERGM,

these issues can be addressed and interpreted with some proper parsimonious combinations

of terms.

Standard ERGMs model the prevalence of social mechanisms in static networks. Robins

et al. [2001] has described the possible extension of ERGM to model dynamic networks,

known as Temporal ERGM (TERGM). The model can be expressed as,
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Pr
η,g

(Yt = yt|Yt−1 = yt−1,Zt−1 = zt−1;θ) =
eη(θ)·g(yt,yt−1,zt−1)

cη,g(θ,yt−1,zt−1)

,

yt,yt−1 ∈ Y
(3.2)

Essentially, it applies ERGM to the distribution of dyad structures, conditional on the

network at the previous time. The sufficient statistics,

g(yt,yt−1, zt−1)

, represent the dependence structures among dyads and fixed vertex attributes between t−1

and t. Hanneke et al. [2007] has further formulated a discrete time modeling framework

of TERGM with estimation methods, called DTERGM. Krivitsky and Handcock [2010]

has proposed the separability on modeling the tie formation and the tie dissolution, and

assumes the two are independent within a time step (though dependent between steps).

This assumption improves the model flexibility of TERGM, that allows for the tie formation

mechanisms different from the tie dissolution mechanisms. The separable parametrization

of TERGM in [Krivitsky and Handcock, 2010] can be written as a product of two different

ERGMs, one for the formation mechanism (f) and one for the dissolution mechanism (d):

Pr
η,g

(Yt = yt|Yt−1 = yt−1,Zt−1 = zt−1;θ) = Pr
ηf ,gf

(Yf = yf |Yt−1 = yt−1,Zt−1 = zt−1;θf )×

Pr
ηd,gd

(Yd = yd|Yt−1 = yt−1,Zt−1 = zt−1;θd)

=
eη

f (θf )·g(yf ,yt−1,zt−1)eη
d(θd)·g(yd,yt−1,zt−1)

cηf ,gf (θf ,yt−1,zt−1)cηd,gd(θd,yt−1,zt−1)

yt,yt−1 ∈ Y

where yf = yt−1 ∪ yt, and yd = yt−1 ∩ yt. Therefore, statistics in STERGM can be
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written as cross-sectional ERGM statistics, i.e., gf (yf ) on yf , or gd(yd) on yd, where the

dependence on the previous time step’s network, yt−1, only through the constraints of dyads

changes in the formation network and the dissolution network: dyads are fixed in formation

networks if they are edges of the previous time network, and dyads are fixed in dissolution

networks if they are non-edges of the previous time network. Figure 3.1 shows an example of

the cross-sectional triangle statistic used in the formation process. The dyad {1, 2} is on in

t0, therefore it is conditional (fixed) in all candidates formation networks (networks on the

right side of Figure 3.1). Then, the triangle statistic counts the number of triangles in the

“static” formation network.

Retrospectively, given an incidence of a triangle in the formation network, the cross-

sectional triangle statistic cannot distinguish the exact generative process of the triangle,

as shown in Figure 3.2. With the triangle term only, the two types of triangle formation

are not differentiable (though can be differentiable after carefully adding other terms). One

can argue that the two processes indicate different tie formation mechanisms: the upper

one shows a new comer joins in a small social clique; the bottom one shows two strangers

are introduced by their common friend. Both processes lead to an incidence of a triangle,

therefore the triangle statistic increases by 1.

However, in STERGM, when the outcome of the changes (prevalence) can represent

the underlying social mechanisms, the cross-sectional statistics are sufficient. The temporal

information on the previous time, which the model is conditional on, is encoded with the

constraints made on the sub-model space (the change space of dyads), i.e., whether a tie can

change in either the formation or dissolution network is dependent on its existence at t0.

The extensions of ERGMs on modeling temporal networks have also been explored in

[Guo et al., 2007, Butts, 2008a, Almquist and Butts, 2013]. On the other hand, Fellows

and Handcock [2012] recently extended ERGMs to another dimension, that handles random

vertex attributes in a static network. The model can be expressed as a joint distribution

between dyads and vertex attributes,
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Figure 3.1: Candidate networks in formation process

t0 formation network
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Figure 3.2: Triangle formation in STERGM
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Pr
η,g

(Y = y,x = x|Z = z;θ) =
eη(θ)·g(y,x,z)

cη,g(θ,y,x,z)

,

y ∈ Y ,x ∈ X .
(3.3)

The notation can be compressed according to Section 3.1.1,

Pr
η,g

(U = u|Z = z;θ) =
eη(θ)·g(u,z)

cη,g(θ,u,z)

,

u ∈ U .
(3.4)

The sufficient statistics, g(θ,u, z), may include the random dyads and vertex attributes,

e.g., g(θ,u, z) =
∑

ij xiyijxj. Although the similar form has also been used in standard

ERGMs, e.g., g(θ,y, z) =
∑

ij ziyijzj, the difference in notation between

3.2 Discrete Temporal ERGM with Coevolution (CoTERGM)

The previous development of ERGM and extensions naturally leads to a temporal network

model with vertex attributes coevolution. The coevolution model provides a general frame-

work of modeling mechanisms of tie dynamics, vertex attributes dynamics, and more impor-

tantly, their interactions at the same time. For the purpose of illustration, the first-order

Markovian assumption is adopted, that conditional on the network at t− 1, the network at

t is independent of networks prior to t − 1, though this assumption is not required by the

model framework.

The model can be expressed as,

Pr
η,g

(Ut = ut|Ut−1 = ut−1,Zt−1 = zt−1;θ) =
eη(θ)·g(ut,ut−1,zt−1)

cη,g(θ,ut−1,zt−1)

,

ut,ut−1 ∈ U
(3.5)
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where

cη,g(θ,ut−1,zt−1) =
∑
u′∈U

eη(θ)·g(u
′
,ut−1,zt−1)

3.2.1 Types of Dependence

The formulation in Equation (3.5), in particular, the sufficient statistics g(·), allows for a

flexible framework of modeling dependence structures. We will distinguish four broad types

of dependence:

Structural dependence among dyads (or vertex attributes): Dyads (Vertex attributes)

at current time step are dependent on other dyads (attributes of other vertices) at cur-

rent time step

Temporal dependence among dyads (or vertex attributes): Dyads (Vertex attributes)

at current time step are dependent on other dyads (attributes of other vertices) at pre-

vious time step(s).

Structural dependence between dyads and vertex attributes Dyads (Vertex attributes)

at current time step are dependent on vertex attributes (dyads) at current time step

Temporal dependence between dyads and vertex attributes Dyads (Vertex attributes)

at current time step are dependent on vertex attributes (dyads) at previous time step(s)

Appendix A.1 shows how models in the existing literature map to this classification of

dependence types.
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3.3 Separable Temporal Exponential Random Graph Model with Coevolution
(CoSTERGM)

3.3.1 Separable Parametrization

In STERGM, tie formation is assumed to be independent of tie dissolution within time step

(though dependent between steps). In the CoSTERGM settings, the question of separability

must also be addressed for vertex attributes. The basic idea is the same: starting a behavior

or viewpoint may be associated with different factors than the ending one. For example, a

student may be introduced to binge drinking by his binge-drinking friends, hence a network

influence effect. But he may later quit due to health issues, which are independent of

his network connections. A separable assumption for vertex attribute change would allow

for more flexible model specifications that distinguishes between starting and ending of an

attribute.

3.3.2 Decomposition of Network Dynamic

If we want our models to be able to represent the dependence between ties and attributes

within time step, this leads to four separable processes. We assume the random vertex

attribute has two states (“+”,“-”), also the random edge has two states (0, 1). Table 3.1

illustrates this idea,

Vertex

+ -

Dyad
0 F+ F−

1 D+ D−

Table 3.1: Model space decomposition

Formally, F+ denotes the space of formation networks initiated by “+” actors, that can
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be expressed as,

Uf+ = {Yf+,X f+} (3.6)

Yf+ = {y0
i,j ∪ y1

i,j|((x0
i = −) ∩ (x0

j = −))c} ∪ {y0
i,j|(x0

i = −) ∩ (x0
j = −)} (3.7)

X f+ = {x1
i |x0

i = +} ∪ {x0
i |x0

i = −} (3.8)

Only the empty dyads that involve at least one “+” actor may form ties , and only the

“+” vertices may change their vertex attributes to “-”. The non-empty dyads and dyads

with two “-” vertices will stay fixed, and “-” vertices will fix at “-”. It gives the F+ network

distribution

Pr
ηf+,gf+

(Uf+|Ut−1 = ut−1,Zt−1 = zt−1;θf+) =
eη

f+(θf+)·gf+(uf+,ut−1,zt−1)

cηf+,gf+(θf+,ut−1,zt−1)

,

uf+,ut−1 ∈ Uf+

(3.9)

where

cηf+,gf+(θf+,ut−1) =
∑

u′∈Uf+
eη

f+(θf+)·gf+(u
′
,ut−1,zt−1)

On the other hand, D+ denotes the space of dissolution networks initiated by “+” actors,

that can be expressed as,

Ud+ = {Yd+,X d+} (3.10)

Yd+ = {y0
i,j ∩ y1

i,j|((x0
i = −) ∩ (x0

j = −))c} ∪ {y0
i,j|(x0

i = −) ∩ (x0
j = −)} (3.11)

X d+ = {x1
i |x0

i = +} ∪ {x0
i |x0

i = −} (3.12)

The space of dissolution networks initiated by “+” actors. Only the non-empty dyads

that involve at least one “+” actor may dissolve ties, and only the “+” actors may change
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their vertex attributes to “-”. The empty dyads and ties with two “-” vertices will stay fixed,

and “-” vertices will fix at “-”. It gives the D+ network distribution

Pr
ηd+,gd+

(Ud+ = ud+|Ut−1 = ut−1,Zt−1 = zt−1;θd+) =
eη

d+(θd+)·gd+(ud+,ut−1,zt−1)

cηd+,gd+(θd+,ut−1,zt−1)

,

ut,ut−1 ∈ Ud+

(3.13)

where

cηd+,gd+(θd+,ut−1) =
∑

u′∈Ud+
eη

d+(θd+)·gd+(u
′
,ut−1,zt−1)

The definition of F− and D− are in parallel with F+ and D+, except interchange of

“+” with “-”.

To summarize, we propose to decompose the network coevolution into 4 separable pro-

cesses. In F+, we look at the process of empty dyads that involve at least one “+” vertex,

conditioning on the vertices with “-” status and non-empty edges. The model will capture

the social mechanisms that operate on “+” vertices and their tie formations, but ignore the

effects from ties that dissolve at this step, “-” vertices that change to “+” vertices at this

step, and ties that are formed between two “-” vertices at this step. The process of tie

dissolution associated with “+” vertices will be captured in D+, and the processes for “-”

nodes will be captured in F− and D−.

The decomposition allows different model specifications for each process. Each model

specification consists of a vector of sufficient statistics. The selection (and interpretation)

of sufficient statistics is a challenging task for all ERG models. CoSTERGM, as we will see

below, is no exception.
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3.3.3 Statistics and Interpretation

As in STERGM separable parametrization, in CoSTERGM, the same statistic will have an

interpretation that depends on which of the four submodels it appears in. In STERGM, for

example, the edge count statistic represents the edge incidence in the formation model, but

the persistence of existing edges in the dissolution model. In addition to that, in CoSTERGM,

the statistics counting “+” vertex attribute represents the persistence effect of “+” attribute

in “+” processes, but it represents the rate of “-” changing to “+” in “-” process.

With this in mind, we will next derive a list of basic CoSTERGM statistics and their

interpretation in each corresponding process. The basic statistics are: overall edge counts and

edge counts broken down by attributes (“nodefactor”), by attribute matching (homophily),

and vertex attribute counts. Each will have an incidence (or change) and a persistence (or

dissolution) version, and represent trend, influence, selection, or coevolution depending on

the context.

Edges

edge count (incidence): gf ·(x,y) =


∑
{i,j}∈F+ yi,j in F+∑
{i,j}∈F− yi,j in F−

(3.14)

This statistic counts the number of edges in a F+ or F- network. The corresponding θ

coefficient is the log odds of forming a tie from at least one “+” (or “-”) vertex in the

previous time (regardless of whether the vertex changes status). A higher value of θ means

it is more likely to form ties from a “+” (or “-”) vertex. In practice, this statistic should

be in all formation models as a baseline factor, analogous to the intercept term in linear

regression model.
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edge count (persistence): gd·(x,y) =


∑
{i,j}∈D+ yi,j in D+∑
{i,j}∈D− yi,j in D−

(3.15)

This statistic counts the number of edges in a D+ or D- network. The corresponding θ

coefficient is the log odds of a tie persisting from a dyad with at least one “+” (or “-”)

vertex in the previous time (regardless of whether the vertex changes status). A higher

value of θ means ties are more likely to persist. This statistic should also be included in all

dissolution models as a baseline factor.

Vertex Attribute

vertex attribute count (change): g··(x,y) =



∑
i∈F− 1{xi = +} in F−∑
i∈D− 1{xi = +} in D−∑
i∈F+ 1{xi = −} in F+∑
i∈D+ 1{xi = −} in D+

(3.16)

This statistic counts the number of “+” vertices in a F- or D- network, or the number of “-”

vertices in F+ or D+ network. The corresponding θ coefficient is the log odds of an incidence

of “-” vertex (changed from “+”), or an incidence of “+” vertex (changed from “-”). The

higher θ value will produce a network having more “+” (or “-”) vertices from the previous

time network.
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vertex attribute count (persistence): g··(x,y) =



∑
i∈F+ 1{xi = +} in F+∑
i∈D+ 1{xi = +} in D+∑
i∈F− 1{xi = −} in F−∑
i∈D− 1{xi = −} in D−

(3.17)

This statistic counts the number of “+” vertices in a F+ or D+ network, or the number of

“-” vertices in F- or D- network. The corresponding θ coefficient is the log odds of a vertex

persisting its status. The higher θ value will produce a network with more stable vertex

attributes from the previous time point. Like the edge count terms, these terms should be

included as a baseline for vertex attribute change and persistence. However, the “change”

form and the “persistence” form cannot be included at the same time, otherwise will cause

collinearity.

Nodefactor

nodefactor (incidence):

gf ·(x,y) =


∑

i,j yi,j(1{x
t−1,f+
i = +}+ 1{xt−1,f+

j = +}) in F+∑
i,j yi,j(1{x

t−1,f−
i = −}+ 1{xt−1,f−

j = −}) in F−

This statistic counts the number of new edges in F+ (or F-) network made by stable “+” (or

“-”) vertices . Notice that it excludes the incidence of connections to “+” (or “-”) vertices
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resulted from “-” (or “+”) status change. The corresponding θ coefficient is the log odds of

a “+” (or “-”) vertex making a new tie, without change of status. A higher value of θ means

“+” (or “-”) vertices are more likely to form ties.

nodefactor (dissolution):

gd·(x,y) =


∑

i,j(1− yi,j)(1{x
t−1,d+
i = +}+ 1{xt−1,d+

j = +}) in D+∑
i,j(1− yi,j)(1{x

t−1,d−
i = −}+ 1{xt−1,d−

j = −}) in D−

This statistic counts the number of dissolved ties from “+” (or “-”) vertices in D+ (or D-)

network. Notice that it excludes the loss of “+” (or “-”) connections resulted from “+” (or

“-”) status change. The corresponding θ coefficient is the log odds of a “+” (or “-”) vertex

dissolving a tie. A higher value of θ means “+” (or “-”) vertices are more likely to dissolve

ties.

Homophily

social selection (incidence):

gf ·(x,y) =


∑
{i,j}∈F+ 1{xi = +}1{xj = +}yij, yt−1

ij = 0 in F+∑
{i,j}∈F− 1{xi = −}1{xj = −}yij, yt−1

ij = 0 in F−

This statistic counts the number of new ties between two “+” (or two “-”’) vertices in F+
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(or F-) network. The corresponding θ coefficient is the log odds of forming a tie between two

“+” (or “-”) vertices, as shown in Figure 3.3. The higher θ value means two vertices of “+”

(or “-”) status will be more likely to form a tie, which is a social selection effect.

Figure 3.3: “+” social selection

social selection (persistence):
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gd·(x,y) =


∑
{i,j}∈D+ 1{xi = +}(xj = +}(yij − 1), yt−1

ij = 1 in D+∑
{i,j}∈D− 1{xi = +}(xj = +}(yij − 1), yt−1

ij = 1 in D−

The negative of this statistic counts the number of stable “+” or “-” homogeneous ties

dissolve in D+ (or D-) network. The corresponding θ coefficient is the negative log odds of a

tie dissolving between a homophily stable pair of vertices, as shown in Figure 3.6. The higher

θ value corresponds to a lower propensity of tie dissolving between stable homogeneous pairs,

hence a persistence effect of social selection.

social influence (incidence):

gd·(x,y) =


∑
{i,j}∈D+ 1{xi = −}1{xj = −}yij, xt−1

i 6= xt−1
j in D+∑

{i,j}∈D− 1{xi = +}1{xj = +}yij, xt−1
i 6= xt−1

j in D−

This statistic counts the number of new “-” or “+” homogeneous ties in D+ (or D-) network.

The corresponding θ coefficient is the log odds of a heterogeneous tie changing to a “-” (or

“+”) homogeneous tie, as shown in Figure 3.4. The higher θ value corresponds to a higher

social influence effect on “+” (or “-”) vertex attribute change, i.e., a “+” (or “-”) vertex will

be more likely to change to “-” (or “+”) if it is tied with a “-” (or “+”) vertex.

social influence (persistence):
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Figure 3.4: “+” social influence

gd·(x,y) =


∑
{i,j}∈D+ 1{xi = +}1{xj = −}(−yij), xt−1

i = xt−1
j in D+∑

{i,j}∈D+ 1{xi = +}1{xj = −}(−yij), xt−1
i = xt−1

j in D−

The negative of this statistic counts the number of “+” or “-” homogeneous ties change to

heterogeneous ties in D+ (or D-) network. The corresponding θ coefficient is the negative log

odds of a “+” (or “-”) homogeneous tie changing to a heterogeneous tie, as shown in Figure

3.6. The higher θ value corresponds to a lower propensity of a homogeneous tie changing to

a heterogeneous tie, hence a persistence effect of social influence.
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social coevolution (incidence):

gf ·(x,y) =


∑
{i,j}∈F+ 1{xi = +}1{xj = +}yij, xt−1

i 6= xt−1
j , yt−1

ij = 0 in F+∑
{i,j}∈F− 1{xi = −}1{xj = −}yij, xt−1

i 6= xt−1
j , yt−1

ij = 0 in F−

This statistic counts the number of empty heterogeneous dyads change to homogeneous “+”

or “-” ties in F+ (or F-) network. The corresponding θ coefficient is the log odds of a “+”

(or “-”) vertex forming a tie with “-” (or “+”) vertex, at the same time changing to a “-”

(or “+”) vertex, as shown in Figure 3.5. The higher θ value corresponds to a higher “+”

(or “-”) social coevolution effect, i.e., higher propensity of “+” (or “-”) vertices forming ties

with “-” (or “+”) vertices, at the same time changing to “-” (or “+”) vertices.

Figure 3.5: “+” social coevolution
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social coevolution (persistence):

gd·(x,y) =


∑
{i,j}∈D+ 1{xi = +}1{xj = −}(yij − 1), yt−1

ij = 1 in D+∑
{i,j}∈D− 1{xi = +}1{xj = −}(yij − 1), yt−1

ij = 1 in D−

The negative of this statistic counts the number of “+” or “-” homogeneous ties dissolve in

D+ (or D-) network, at the same time one vertex attribute changes from “+” (or “-”) to

“-” (or “+”). The corresponding θ coefficient is the negative log odds of a homogeneous tie

dissolving and two vertices attributes diverging, as shown in Figure 3.6. The higher θ value

corresponds to a lower propensity of homogeneous ties dissolving, at the same time the pairs

of vertices attributes diverging, hence a persistence effect of social coevolution.

A selection of derived CoSTERGM statistics are summarized in Table 3.2.

3.4 Likelihood-based Inference for CoSTERGM

3.4.1 Conditional Maximum Likelihood Estimation (CMLE)

As discussed in Section 3.2, we assume first-order Markov dependence, that conditional on

Ut−1, Ut is independent of all previous time Ut−k−1, k > 1 and k is a finite number.

The likelihood function is

L(θ) =
T∏
t=1

Prη,g(Ut = ut|Ut−1 = ut−1,Zt−1 = zt−1;θ) (3.18)

=
T∏
t=1

eη(θ)·g(ut,ut−1,zt−1)

cη,g(θ,ut−1, zt−1)
(3.19)
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Baseline- -Trend
Attr(affected) Net statistics

Edges All
∑

i,j yi,j
Vertex Attribute change + F+ D+

∑
i 1{xi = −}

- F− D−
∑

i 1{xi = +}

Network- -Incidence
Attr(affected) Net statistics

Nodefactor formation + F+
∑

i,j yi,j(1{xi = +}+ 1{xj = +})
- F−

∑
i,j yi,j(1{xi = −}+ 1{xj = −})

Nodefactor dissolution + D+
∑

i,j(1− yi,j)(1{xi = +}+ 1{xj = +}), yt−1
ij = 1

- D−
∑

i,j(1− yi,j)(1{xi = −}+ 1{xj = −}), yt−1
ij = 1

Influence - D−
∑

1{xi = +}1{xj = +}yij, xt−1
i 6= xt−1

j

+ D+
∑

1{xi = −}1{xj = −}yij, xt−1
i 6= xt−1

j

Selection + F+
∑

1{xi = +}1{xj = +}yij, yt−1
ij = 0

- F−
∑

1{xi = −}1{xj = −}yij, yt−1
ij = 0

Coevolution - F−
∑

1{xi = +}1{xj = +}yij, xt−1
i 6= xt−1

j yt−1
ij = 0

+ F+
∑

1{xi = −}1{xj = −}yij, xt−1
i 6= xt−1

j yt−1
ij = 0

Network- -Persistence
Attr(affected) Net Statistics

Influence + D+
∑

1{xi = +}1{xj = −}(−yij), xt−1
i = xt−1

j

- D−
∑

1{xi = +}1{xj = −}(−yij), xt−1
i = xt−1

j

Selection + D+
∑

1{xi = +}(xj = +}(yij − 1), yt−1
ij = 1

- D−
∑

1{xi = −}(xj = −}(yij − 1), yt−1
ij = 1

Coevolution + D+
∑

1{xi = +}1{xj = −}(yij − 1), yt−1
ij = 1

- D−
∑

1{xi = +}1{xj = −}(yij − 1), yt−1
ij = 1

Table 3.2: CoSTERGM statistics
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Figure 3.6: Persistence of social effect

l(θ) = η(θ)(
T∑
t=1

g(ut,ut−1, zt−1))− log(
T∏
t=1

cη,g(θ,ut−1, zt−1)). (3.20)

We follow Hunter and Handcock [2006], Krivitsky [2012] to estimate the conditional MLE,

that maximizes the log likelihood function. Assume some value of model parameter θ0 as a

baseline parameter, then maximizing l(θ) is the same as maximizing

l(θ)− l(θ0) = (η(θ)− η(θ0)) · (
T∑
t=1

g(ut,ut−1, zt−1))− log(
T∏
t=1

cη,g(θ,ut−1, zt−1)

cη,g(θ0,ut−1, zt−1)
). (3.21)

The product of the ratios of the normalizing constant is of course hard to evaluate,

however, an approximation can be written as,
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T∏
t=1

cη,g(θ,ut−1, zt−1)

cη,g(θ0,ut−1, zt−1)
=

T∏
t=1

∑
u∈U

e(η(θ)−η(θ0))·g(u,ut−1,zt−1) e
η(θ0)·g(u,ut−1,zt−1)

cη,g(θ0,ut−1, zt−1)

=
T∏
t=1

∑
u∈U

e(η(θ)−η(θ0))·g(u,ut−1,zt−1) Pr
η,g

(U = u|Ut−1 = ut−1,Zt−1 = zt−1;θ0)

=
T∏
t=1

Eη,g(e(η(θ)−η(θ0))·g(u,ut−1,zt−1)|Ut−1 = ut−1,Zt−1 = zt−1;θ0).

Thus, the expectation can be approximated through sampling from the underlying dis-

tribution that is characterized by θ0, and Equation (3.21) becomes,

l(θ)− l(θ0) ≈ (η(θ)− η(θ0)) · (
T∑
t=1

g(ut,ut−1, zt−1))− log(
T∏
t=1

1

s

s∑
i=1

e(η(θ)−η(θ0))·g(u,ut−1,zt−1)).(3.22)

Now the remaining question is how to sample from the distribution of Prη,g(U = u|Ut−1 =

ut−1,Zt−1 = zt−1;θ0). Here we choose a Metropolis-Hastings algorithm for its better effi-

ciency in practise. A comparison of different network sampling algorithms is described in

[Hunter et al., 2012], and the discussion of the rate of convergence can be found in [Bhamidi

et al., 2008].

3.4.2 Metropolis-Hastings Sampling Algorithm

The pseudo code for the Metropolis-Hastings algorithm to sample from Prη,g(Ut = ut|Ut−1 =

ut−1,Zt−1 = zt−1;θ0) when the normalizing constant cη,g(θ0,ut−1, zt−1) is intractable is

shown in Algorithm (1).
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Initialization;

for l ∈ 1, . . . , L; do

x∗ ← xl−1,y∗ ← yl−1;

if Unif(0,1) < pdyad ; then

∀{i, j} , y∗i,j = 1− yl−1
ij ;

else

∀i x∗i = xl−1
i ;

end

∆g(u∗,ul−1, z) = g(u∗, z)− g(ul−1, z);

log ratio = log
(
P (ul−1|u∗,z)
P (u∗|ul−1,z)

)
;

a = θ ·∆g(u∗,ul−1, z) + log ratio;

if a > log(Unif(0, 1)) then

xl ← x∗,yl ← y∗

else

xl ← xl−1,yl ← yl−1

end

l← l + 1

end

Algorithm 1: Metropolis Hastings Algorithm for Sampling Networks

In practice, we use pdyad = 0.5, and log ratio = 0, with random toggling for dyads and

vertices. Other toggling methods we have considered include Tie-No-Tie (TnT) [Morris

et al., 2008] and Plus-or-Minus (PoM). TnT penalizes the probability of toggling empty ties,

that achieves a higher acceptance ratio with better mixing properties, especially for sparse

networks. PoM, similarly ensures an equal chance of proposing a change for both values

of a binary vertex attributes, and was found to have better mixing properties when the

majority of vertices take one attribute value. Note that this algorithm is known to suffer

non-convergence issue when η(θ) diverges from η(θ0) [Hummel et al., 2012]. In practice, the



88

baseline parameter η(θ0) will be updated towards the corresponding maximizer η(θ) in an

iterative fashion, until the sample mean vector converges to the observed mean vector.

3.5 Application

3.5.1 Example: Dutch Delinquency Dataset

These data come from the Dutch Social Behavior Study (1994/1995), a two-wave survey in

schools [Houtzager and Baerveldt, 1999]. A total of 990 intermediate level ‘MAVO’ pupils in

19 schools completed the survey in both waves. Only pupils who responded in both waves

are included in the present study. Delinquency is measured by a self-report questionnaire.

The respondents were asked how many times they had committed minor offences from a

list of 23 offences such as shoplifting, petty theft, vandalism, and unarmed fights over the

last twelve months. Many pupils had committed at least one minor offence. Note that the

delinquency rate of the population of MAVO pupils in urban schools is known to be relatively

high, though most offences are minor. We focus on the friendship network and delinquency

rates for School 8, which the number of participants (n=91) is the among one of the largest.

We convert the original delinquency rate

Descriptive plots are shown in Figure 3.7 and Figure 3.8, and the transition matrix of

dyads and vertex attributes changes are shown in Table 3.3 and Table 3.4. There is a fair

amount of turnover in friendships across the year, with 2/3 of ties in the second year are

newly formed, and 3/5 of ties in the first year are dissolved. Behavior change is also fairly

common, with about 2/3 of students with low delinquency changing to high delinquency and

1/7 of the students with high delinquency changing to low delinquency across the year.

We compare a baseline independent trend model (IT) with a network effect model (NE)

in Table 3.5. The IT model only includes edge terms and vertex attribute terms. It assumes

independence within and between dyads and vertex attributes. The edge term captures

the propensity of edge formation in formation models, and edge persistence in dissolution

models, while the vertex attribute change term captures the propensity for vertex attributes
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y0

F+

F−

D+

D−

y1

●

●

+
−

tie formed
tie dissolved
nodal status changed

Figure 3.7: Two observed network panels of 91 students in the Dutch Delinquency dataset,
with four sub-networks.

Students with high delinquency rate are colored red, and low delinquency rate are colored
black. New edges are colored green in the sub-networks and dissolved edges are colored grey.
Students who have changed delinquency rate are denoted as triangles in t1.
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edges t0 edges t1 delinq t0 delinq t1

0
50

10
0

15
0 tie persist

tie dissolve 
tie form
+ delinq persist
+ delinq change
− delinq change
− delinq persist

Figure 3.8: Barplot of the Delinquency network and delinquency rate changes.
+ (-) denotes the number of students with high (low) delinquency rate.

t0|t1 - -off - -on -+off -+on +-off +-on ++off ++on RowSum
- -off 26 2 50 1 72 1 111 3 266
- -on 0 0 2 2 0 0 6 0 10

-+off 36 1 250 3 87 2 523 21 923
-+on 2 0 6 0 0 0 6 4 18
+-off 32 0 52 0 192 3 341 14 634
+-on 1 0 1 2 5 5 12 7 33

++off 35 0 235 2 259 10 1555 40 2136
++on 1 0 2 2 6 6 30 28 75

ColSum 133 3 598 12 621 27 2584 117 4095

Table 3.3: Transition matrix of dyads in the Dutch Delinquency dataset
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t0|t1 - + RowSum
- 8 16 24

+ 9 58 67
ColSum 17 74 91

Table 3.4: Transition matrix of vertex attributes in the Dutch Delinquency dataset

F+ IT NE F- IT NE
edges -3.6(0.11)** -3.55(0.12)** edges -3.57(0.15)** -4.1(0.29)**
+ attr change -1.86(0.36)** -1.7(0.48)** - attr change 0.69(0.43) -0.24(0.7)
+ social selection -0.11(0.22) - social selection 1.47(0.74)**
+ social coevolution -0.7(0.59) - social coevolution 0.82(0.34)**

D+ IT NE D- IT NE
edges -0.28(0.17) -0.26(0.19) edges -0.7(0.29)** -0.94(0.39)**
+ attr change -1.83(0.38)** -1.75(0.4)** - attr change 0.66(0.42) 0.5(0.53)
+ social influence -0.43(0.69) - social influence 0.31(0.42)

Table 3.5: Results of model fitting for the Dutch Delinquency dataset

The results of the independent trend model and network effect model are compared for each
subprocess.

change. The network effect model adds social selection and social coevolution terms to the

formation models, and a social influence term in the dissolution models, denoting the joint

dynamic of dyad and vertex attribute changes.

Friendship networks are usually sparse (< 50% density), and that is also true here.

Despite many new ties at t1, the number of new ties formed is still small when compared to

all possible ties that could be formed, so θ is negative for edges terms in all formation models.

However, many ties at t0 are dissolved at t1, leading to a negative edge persistence effect,

captured by the negativity of θs for edges terms in all dissolution models. The negative

θ coefficients for “+” vertex attribute change indicates very little reduction in delinquency

rates, while positive θ coefficients of attr change -, though not significant, indicates some

weak tendency for pupils to become delinquient.

There is evidence of social selection (homophily) in these results, but it is not consistent.

The social selection term in the NE models (F+ and F-) is significant for low delinquency
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pupils (but not for high delinquency pupils). Finally, there is evidence of social coevolution

in one case: pupils who both become delinquent and make friends with other delinquent

pupils. The sequence of events is not observed, so this could either represent friendship first

(non-homophily) then influence of “+” on “-”, or it could represent a trend towards higher

delinquency, followed by friendship (social selection). But there is little evidence of social

influence in either direction: friendship do not have much impact on the change in starting

or ending delinquent behavior.

A study of model adequacy for each network are shown in Figure 3.9 (F+), 3.10 (F-), 3.11

(D+), and 3.12 (D-). For instance, in the model assessment for F-, we simulate 1000 networks

from three models, the NULL (random) model, the IT model, and the NE model. The IT

model captures the trends with high delinquency rate pupils making ties and the increase in

delinquency, but fails to captures the effects of social selection and social coevolution. The

latter two effects are captured by the NE model.
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3.5.2 Example: Scottish Alcohol Use Dataset

These data were collected in the Teenage Friends and Lifestyle Study [West and Sweeting,

1996, Michell, 2000, Pearson and West, 2003, Pearson et al., 2006]. Friendship network data

and substance use were recorded for a cohort of 129 pupils in a school in the West of Scotland.

The panel data were recorded over a three-wave study from 1995 to 1997. The friendship

networks were measured by asking the pupils to name up to twelve of their friends. Pupils

were also asked about behaviors involving alcohol consumption and substance use. Follows

[Steglich et al., 2010], we use the subset of the dataset for girls only (n=50) from wave 2 (year

1996) to wave 3 (year 1997), and focus on alcohol consumption. The frequency of alcohol

consumption is transformed into a binary variable, more than once a week (“+”) and less

than once a week (“-”).

Descriptive plots are shown in Figure 3.13 and Figure 3.14, and the transition matrix

of dyads and vertex attributes changes are shown in Table 3.6 and Table 3.7. There is

a moderate turnover rate in friendships across a year, with 1/3 of ties in the second year

are newly formed, and 2/5 of ties in the first year are dissolved. Behavior change is also

moderate, with about 1/3 of students with low alcohol consumption changing to high alcohol

consumption and 1/4 of the students with high alcohol consumption changing to low alcohol

assumption across the year. Compared with the Dutch Delinquency dataset, the rates of

changes in both dyads and vertex attributes are relatively low in this dataset, thus the

network effects that detected in the previous dataset may not be significant in this dataset,

which are confirmed in the fitting results in the following.

For each of the formation networks, we compare IT models and models that include

heterogeneous in the formation (IT-H) and different network effects (NE1, NE2). The results

are shown in Table 3.8. The edges terms in all formation models are coupled with negative θs

(as we expected from the discussion in the Dutch Delinquency dataset), and the trend of edge

persistence is not significant in all dissolution models. The attr change (“+” or “-”) terms

are coupled with negative θs in all models, and indicates the rate of alcohol consumption
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y0

F+

F−

D+

D−

y1

●

●

+
−

tie formed
tie dissolved
nodal status changed

Figure 3.13: Two observed network panels of 50 girls in the Scottish Alcohol Use dataset,
with four sub-networks.
Students with high alcohol usage are colored red, and low alcohol usage are colored black.
New edges are colored green in the sub-networks, and dissolved edges are colored grey.
Students who have changed alcohol usage are denoted as triangles in t1.
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edges t0 edges t1 alcol t0 alcol t1

0
20

40
60

80 tie persist
tie dissolve 
tie form
+ alcohol persist
+ alcohol change
− alcohol change
− alcohol persist

Figure 3.14: Barplot of the Scottish Alcohol Use network and vertex attributes changes.
+ (-) denotes the number of students with high (low) alcohol usage.

t0|t1 - -off - -on -+off -+on +-off +-on ++off ++on RowSum
- -off 210 6 114 3 69 1 32 1 436
- -on 3 12 3 5 1 2 2 1 29

-+off 38 2 114 0 7 0 31 0 192
-+on 1 3 3 3 0 1 0 2 13
+-off 65 0 37 0 177 5 82 1 367
+-on 1 0 0 0 3 3 7 3 17

++off 8 1 29 3 26 3 75 4 149
++on 0 1 1 1 3 4 6 6 22

ColSum 326 25 301 15 286 19 235 18 1225

Table 3.6: Transition matrix of dyads in the Scottish Alcohol Use dataset
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t0|t1 - + RowSum
- 22 9 31

+ 5 14 19
ColSum 27 23 50

Table 3.7: Transition matrix of vertex attributes in the Scottish Alcohol Use dataset

F+ IT IT-H NE1 NE2
edges -3.58(0.24)** -4.12(0.48)** -3.98(0.6)** -2.21(1.07)**
+ attr change -1.03(0.52)** -0.45(0.69) -0.52(0.73) -0.7(0.75)
+ nodefactor 0.53(0.41) 0.28(0.66) -1.4(1.09)
+ social selection 0.46(0.98) 2.01(1.31)
+ social coevolution -2.11(1.29)

F- IT IT-H NE1 NE2
edges -3.94(0.22)** -4.5(0.48)** -4.6(0.73)** -3.57(1.01)**
- attr change -0.89(0.4)** -0.47(0.5) -0.49(0.49) -0.54(0.51)
- nodefactor 0.51(0.35) 0.65(0.78) -0.35(1.03)
- social selection -0.27(1.02) 0.71(1.2)
- social coevolution -1.49(1.36)

D+ IT IT-H NE1
edges 0.09(0.27) 0.1(0.51) 0.14(0.57)
+ attr change -0.99(0.53) -1.13(0.97) -1.08(0.94)
+ nodefactor 0.04(0.39) 0.06(0.45)
+ social influence -0.05(0.58)

D- IT IT-H NE1
edges 0.38(0.27) 0.12(0.42) -0.32(0.58)
- attr change -0.82(0.39)** -0.57(0.67) -0.45(0.64)
- nodefactor -0.26(0.31) -0.52(0.4)
- social influence 0.67(0.63)

Table 3.8: Results of model fitting for the Scottish Alcohol Use dataset
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change is not significant. As expected, none of the network effects are significant. However,

the graphical assessment plots in Figure 3.15, 3.16, 3.17 and 3.18 indicate edges, attr change,

nodefactor, social selection and social coevolution terms, once included, can describe each

corresponding observed network structures. The NE2 models in formation and NE1 models

in dissolution can best represent the network structures.
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3.6 Summary

We have developed the CoSTERGM, an ERGM-based framework for modeling the coevo-

lution of dyads and vertex attributes. It allows for very flexible hypothesizing of social

mechanisms, and the statistical inference framework and model assessment are similar to

ERGM. The set of CoSTERGM statistics we described are only a small subset of available

statistics for ERGM, with an open API to incorporate additional user-specified terms that

is similar to R package ergm-userterm [Hunter et al., 2008a, 2009].

Furthermore, in CoSTERGM, the modeling framework assumes separable processes on tie

formation and dissolution, as well as on the starting and ending of attributes. This adds the

flexibility on proposing different combinations of hypothesized social mechanisms for each

process, and opens up the potentials in exploring more complicated social process. This

flexibility is not at no cost: it incurs limitations on modeling a small subset of simultaneous

social dependence, when the dependence between each process is necessary. For instance, “

I will be your friend when you break up with someone”, or “I will move to Los Angeles only

if you can move to Seattle for the house exchange”.

For now, we only consider the evolution of a single edge variable and a single vertex

attribute, and assume the rest of edge variables or vertex attributes are fixed covariates.

It may be possible to adopt the valued-ERGM methods from [Krivitsky et al., 2011] to

incorporate ordinal edges and vertex attributes, this is a subject for future study.

The model setting of CoSTERGM belongs to the class of discrete time temporal models,

where the continuous changes are aggregated at each discrete time steps. Hence, our model

essentially captures the network structural and vertex attributes change from one observa-

tion point to the next, allowing for simultaneous changes when the unobserved sequential

information is doubtful. The settings is appropriate when relations evolve at time scales

that are long relative to the observation interval [Butts, 2008a], and provides much straight-

forward interpretation when the observation intervals are also discrete and constant. For

applications when the unobserved changes between observations are of interest, or the ob-
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servations intervals are non-homogeneous, we refer to continuous time modeling approaches

[Butts, 2008a, Steglich et al., 2010].

CoSTERGM is built with a combination of R [R Core Team, 2014] and C language, and

will be included in statnet, the suite of R packages for network analysis [Handcock et al.,

2003a]. Coevolution processes that are modeled by CoSTERGM can aslo be graphically

visualized using R package networkDynamic [Butts et al., 2015] and ndtv [Bender-deMoll,

2014].
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Appendix A

APPENDIX FOR CHAPTER 3

A.1 Dependence Structures for Current ERGMs in The Literature

Xi: Nodal attributes of vertex i

Yij: Binary variable of dyads ij

A.1.1 Structural Dyad Independence

Bernoulli model (possibly non-homogeneous)

t t-1

t Xi Xj X\{i,j} Yij Y\{ij} Xi Xj X\{i,j} Yij Y\{ij}

Xi

Yij X X

A.1.2 Structural Dyad Dependence

ERGM

t t-1

t Xi Xj X\{i,j} Yij Y\{ij} Xi Xj X\{i,j} Yij Y\{ij}

Xi

Yij X X X* X

*:Yij can depend on the number of shared partners with specific attributes.
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A.1.3 Joint Vertex Attributes and Dyads

Exponential Random Network Model (Fellows 2012)

t t-1

t Xi Xj X\{i,j} Yij Y\{ij} Xi Xj X\{i,j} Yij Y\{ij}

Xi Xyij = 1 X*1 X X*2

Yij X X X*3 X

∗1: Xi can depend with other Xs that reachable to Xi.

∗2: Xi can depend with other edges reachable to Xi.

∗3: Yij can depend on the number of shared partners with specific attributes

A.1.4 Structural Dyad Independence & Temporal Dyad Dependence

DTERGM(Hanneke and Xing 2010)

t t-1

t Xi Xj X\{i,j} Yij Y\{ij} Xi Xj X\{i,j} Yij Y\{ij}

Xi

Yij X X

A.1.5 Structural Dyad Dependence & Temporal Dyad Dependence

STERGM (Krivitsky and Handcock, 2014)

t t-1

t Xi Xj X\{i,j} Yij Y\{ij} Xi Xj X\{i,j} Yij Y\{ij}

Xi

Yij X X X* X X X

*:Yij can depend on the number of shared partners with specific attributes
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A.1.6 Markov Separable Social Selection and Social Influence

t t-1

t Xi Xj X\{i,j} Yij Y\{ij} Xi Xj X\{i,j} Yij Y\{ij}

Xi Xyij = 1 X*1 X Xyij = 1 X*2 X X*3

Yij X X X X*4 X X

*1 :Xi can depend with other Xs that reachable to Xi.

*2 :Xi can depend with other Xs (lagged) that reachable to Xi.

*3 :Xi can depend with other (lagged) edges reachable to Xi.

*4 :Yij can depend on the (lagged) number of shared partners with specific attributes

A.1.7 Markov Joint Coevolution of Dyads and Vertex Attributes

Coevolution TERGM

t t-1

t Xi Xj X\{i,j} Yij Y\{ij} Xi Xj X\{i,j} Yij Y\{ij}

Xi X X*1 X X X X X*2 X X*3

Yij X X X*4 X X X X*5 X X

∗1: Xi can depend with other Xs that reachable to Xi.

∗2: Xi can depend with other Xs (lagged) that reachable to Xi.

∗3: Xi correlates with other (lagged) edges reachable to Xi.

∗4: Yij can depend on the number of shared partners with specific attributes

∗5: Yij can depend on the (lagged) number of shared partners with specific attributes

A.1.8 Model Space Reduction

One of the well-known problem in the class of ERG models is the intractable normalizing

constant. The coevolution settings will lift up the model space one more dimension and make

the problem even harder. Fellows and Handcock [2012] has succeeded in sampling networks



141

network size (undirected) 10 20 30 40 50
TERGM 19.5 82.5 188.9 338.7 Inf

CoTERGM 23.9 91.2 201.9 356.1 Inf
STERGM 10.2 41.7 94.9 169.8 266.4

CoSTERGM 10.4 36.2 78.2 136.6 211.2

Table A.1: The number of distinct realizations in log10 scale

*:for networks with 0.5 edge density and 0.5 positive vertex status density

from the joint model space for ERNM estimation. CoTERGM settings in Section 3.2 would

result in a similar model space with ERNM. In addition, separable parametrization helps

to reduce the model space of network evolution, hence reduces computational cost. Table

A.1 shows the model space (the number of distinct network realizations) of some temporal

ERG models, assuming the candidate network is roughly half density and the number of

vertices of each attribute value is approximately the same. Note that the model space of

CoSTERGM is even less than STERGM. It is because the additional separable assumption

for the random vertex attribute in CoSTERGM.
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