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Abstract

Statistical Methods for Manifold Recovery and C'' Regression on Manifolds

Kitty Mohammed

Chair of the Supervisory Committee:
Dr. Hariharan Narayanan
Department of Statistics

High-dimensional data sets often have lower-dimensional structure taking the form of a
submanifold of a Euclidean space. It is challenging but necessary to develop statistical
methods for these data sets that respect the manifold structure. We present research from
two areas: manifold learning (i.e., support estimation) and smooth regression on manifolds.

First, we consider the problem of recovering a d-dimensional submanifold M of R™ when
provided with N samples from M. Ideally, the estimator of M should be a manifold of
a certain smoothness, and it should converge to M in Hausdorff distance as N increases.
Fefferman, Mitter, and Narayanan (2016) have developed an algorithm whose output is
provably a manifold. The algorithm relies on the definition of an approximate squared-
distance function (asdf) to M. As long as the asdf meets certain regularity conditions
(which can be difficult to verify), it can be used to define an estimator of M that has the
desired properties. We define two asdfs that can be calculated solely from the sample and
show that they meet the required regularity conditions. The first asdf is based on kernel
density estimation, and the second is based on the estimation of tangent spaces with local
principal components analysis.

Second, we analyze a structural risk minimization-based algorithm for the regression of
real-valued C''! functions defined on a manifold. (These are differentiable functions whose

derivative is Lipschitz.) We assume that we are provided with N sample points from M, a



d-dimensional C? submanifold of R", as well as noisy observations from a C'''(M) function
f*. We first present results of independent interest on sampling a C? atlas of M w.h.p. To
do this, we 1) show that the sample contains, w.h.p., a fine-enough net of M of bounded
size, 2) derive uniform convergence rates for the empirical measure indexed by particular
subsets of M, and 3) prove that tangent spaces estimated with local PCA are close in
angular distance to the true tangent spaces w.h.p. The estimated tangent spaces can be
used to define charts of M whose derivatives have a uniformly-bounded Lipschitz constant.
After sampling an atlas, we use CY(RY) regression to locally estimate the pullbacks of
f* to the estimated tangent spaces and then use a partition of unity to define the global
estimator of f*. The CM'(R?) regression algorithm was developed by our collaborators
(Gustafson, Hirn, Mohammed, Narayanan, and Xu, 2018), and it is closely related to a
CH1(R?) interpolation algorithm of Herbert-Voss, Hirn, and McCollum (2017). We use tools
from empirical processes to analyze the C1'1(R?) regression algorithm, and we combine these
results with properties of the C? atlas to derive risk bounds and convergence rates for our

CHH (M) regression algorithm.
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Chapter 1
INTRODUCTION

Often, high-dimensional data sets have lower-dimensional structure taking the form of
a manifold. Estimating the structure of such a manifold is desirable because it effectively
reduces the dimensionality of the data set. Of course, the end goal may be to perform some
other statistical analysis, such as regression or classification, with this data set. In this case,
it is necessary to develop statistical procedures that take the structure of the manifold into
account, either implicitly or by learning it in a separate, pre-processing step.

In this dissertation, we are interested in two major questions:

(Q1). Given N samples from M, a d-dimensional C? submanifold of R", devise a concrete
procedure that estimates M with a sufficiently-smooth submanifold M, that con-

verges to M in Hausdorff distance as IV increases.

(Q2). Assume that we have N samples from M, a d-dimensional C? submanifold of R",
as well as corresponding (noisy) samples from a C*'(M) function f*. (A CHYH(M)
function is a real-valued function defined on M that is differentiable and has a Lipschitz
Riemannian gradient.) Construct an algorithm that recovers f* in risk and sup norm

for increasing N.

(Q1) is a support estimation problem, and (Q2) is a smooth regression problem, with
the covariates lying on a manifold. We choose to include both of these problems in this
dissertation because our solutions demonstrate the interplay between support estimation and
additional statistical analyses in the manifold setting. For example, in both cases we locally
approximate the manifold using a particular class of charts that have a uniformly bounded

Lipschitz constant. (This class of charts is useful for constructing various uniform bounds



and is discussed in Section 2.2.1 and, in more detail, in Section 3.3.4.) This construction
can be used directly for support approximation, as a preliminary step for more sophisticated
support estimation procedures, or as a preliminary step for tasks where the manifold is
the domain. In general, we aim to provide concrete procedures that are also theoretically
justified. Our solutions for both (Q1) and (Q2) produce estimators that can be directly
calculated from the data set; we then use methods from differential geometry and empirical

processes to analyze convergence and other desired theoretical properties.
1.1 Outline of the Dissertation

In Chapter 2, we present two solutions to (Q1). They use key results from the work of
Fefferman et al. (2016), who introduce the concept of the approximate squared-distance
function (asdf) and use it to define an estimating manifold. An asdf is a function that meets
three specific regularity conditions relating to smoothness and curvature. If data is drawn
from M, a close estimate of M (in Hausdorff distance) can be defined that is locally a
sufficiently-smooth graph given implicitly in terms of the gradient and Hessian of the asdf.
In order for this procedure to produce a concrete estimate of M, it is required for the asdf
to be a function only of the data. We define two such asdfs using kernel density estimation
and local PCA and show that they meet the necessary conditions.

Section 2.2 contains the technical background required to read our main results and
proofs. This section starts off with background material on submanifolds, including key
definitions, conventions regarding coordinates and projection operators, and important geo-
metric results. Section 2.2.2 contains the model assumptions. Section 2.2.3 summarizes the
major theorems we use from Fefferman et al. (2016). In Section 2.2.4, we summarize the
algorithm from Ozertem and Erdogmus (2011) that we use to actually compute the putative
manifold. Section 2.2.5 lists a few key concepts from empirical process theory. We include
these because a few of our proofs are simpler when we work in the continuous setting and
then argue that a similar result holds for a finite sample from the manifold. Sections 2.3 and

2.4 contain the main results of this chapter. We provide the precise definition of the asdfs



and prove that they do indeed meet the conditions required to apply the theorems contained
in Section 2.2.3.

We present a solution to (Q2) in Chapter 3 that is based on sampling a C? atlas of M
and using a partition of unity to patch together local estimates of the pullbacks of f* to
the estimated tangent spaces. The local estimates are produced by a C'(R?) regression
algorithm created by our collaborators (Gustafson et al., 2018). Our contribution was to
analyze the sample complexity of the algorithm. We include these results in Section 3.2.

In Section 3.3, we present most of the background material on manifolds required to
understand this chapter, including definitions of the reach and the Hausdorff measure. In
Section 3.3.4, we discuss a particular class of local parametrizations of submanifolds, defined
as the preimages of orthogonal projections onto the tangent spaces, performed on regions
whose diameters are sufficiently small. In Lemma 35 we show that this class consists of
C? diffeomorphisms whose derivatives have operator norms and Lipschitz constants that are
uniformly bounded above. This is important to know because our algorithm requires the
projection of sample points onto estimated tangent spaces. Assuming for now that we know
the actual tangent spaces (a requirement that will be removed later), the functions that
must be analyzed are the compositions of f* with a local parametrization; thus, we need
analytic properties of these parametrizations. Although the results in this lemma are mostly
known, we include the proof because we derive slightly better constants and because our
proof technique is more easily followed by those familiar with the statistical literature.

In Section 3.4, we define a norm || - [| ;1,1pyy o0 the class C' (M), which is a generalization
to nonlinear manifolds of the norm on the class C1'1(R?) that was defined in Section 3.2. We
show in Lemma 40 that if || f*[[c11(ng) = M* < 0, the CH(R?) norm of its composition with
a local parametrization from Section 3.3.4 is finite, which is necessary to apply the C11(R?)
regression algorithm as an intermediate step. We also show that these C1(R?) norms are
uniformly upper bounded by a function of M*, which allows us to apply sample complexity
results for C11(RY) regression.

Of course, since we only sample points from M and not tangent spaces, we need to



estimate the latter, which we do using local PCA. In Section 3.5, we analyze the class of
local parametrizations defined as preimages of orthogonal projections onto the estimated
tangent spaces. If local PCA is performed in a sufficiently small region and if the sample is
large enough, the principal angles between an estimated tangent space and the true tangent
space are very small with high probability. This can be shown using matrix perturbation and
concentration theory. We use this result to prove Theorems 44 and 46, which are analogues
of Lemmas 35 and 40, respectively.

In Section 3.6, we show that our algorithm works to solve the desired minimization
problem, and we also give risk bounds. We do so by proving that w.h.p. the sample contains
a net with certain desirable properties and then combine this with the results of Section 3.5

and the C'1(RY) regression results.



Chapter 2

MANIFOLD LEARNING USING KERNEL DENSITY
ESTIMATION AND LOCAL PRINCIPAL COMPONENTS
ANALYSIS

2.1 Introduction

Manifold learning consists of algorithms that take a high-dimensional data set as input and
output a fit of a manifold structure. Many of these algorithms (such as Isomap, Lapla-
cian eigenmaps, locally linear embedding, etc.) are used in practice and have a theoretical

literature supporting them. Ma and Fu (2011) give a concise overview of these methods.

A drawback of most manifold learning algorithms is that if we are given data from
a manifold, their output is not an actual manifold that is close to the original manifold.
Fefferman, Mitter, and Narayanan (2016) develop an algorithm whose output is provably
a manifold of certain smoothness. They start by defining an approximate squared-distance
function (asdf) from the data in a manner that uses exhaustive search, utilizing the data only
indirectly. Thus, a very large number of potential asdfs are examined before an approximately
optimal one is chosen. In this chapter, we do away with the exhaustive search, albeit in
the specific case of noiseless data that is sampled uniformly from a manifold. Fefferman
et al. (2016) prove a key theorem that states that as long as we are able to define an asdf
meeting certain general conditions, their algorithm outputs a set that is a manifold with
bounded smoothness and Hausdorff distance to the original manifold. We demonstrate two
different methods of estimating the true manifold via asdfs that can be calculated from
the data. The two asdfs in our work are based on 1) kernel density estimation, and 2)
approximating the manifold using tangent planes which are in turn approximated with local

principal components analysis (PCA).



Ozertem and Erdogmus (2011) learn manifolds by forming a kernel density estimator
(KDE) from the data points and finding its d-dimensional ridges. We give a more precise
definition later, but a ridge is essentially a higher-dimensional analog of the mode and is
related to the output set from the algorithm of Fefferman et al. (2016). Ozertem and Er-
dogmus (2011) give a practical method for finding the ridges through a variant of gradient
descent where the descent is constrained to the subspace spanned by the largest eigenvectors
of the Hessian of the KDE. We state their algorithm in Section 2.5 and use it to produce
simulation results. Although they only apply subspace-constrained gradient descent to find
ridges of the KDE, the method is more general and can be used to find ridges of both of our
asdfs.

2.1.1 Related Work

Manifold learning has existed as an area of statistics and machine learning since the early
2000s. Some classical manifold learning algorithms are Isomap (Tenenbaum, De Silva, and
Langford, 2000), locally linear embedding (Roweis and Saul, 2000), and Laplacian eigenmaps
(Belkin and Niyogi, 2003). Many of these early algorithms rely on spectral graph theory
and start off by constructing a graph which is then used to produce a lower-dimensional
embedding of the data set. The theoretical guarantees are centered around proving that
asymptotically, certain values such as the geodesic distance can be approximated to arbitrary
precision.

More recently, there have been quite a few papers combining ridge estimation with man-
ifold learning (including the work of Ozertem and Erdogmus, 2011). Some early results on
ridge estimation are due to Eberly (1996), Hall, Qian, and Titterington (1992), and Cheng,
Hall, Hartigan, et al. (2004). Ridge sets can be constructed to estimate a probability den-
sity or an embedded submanifold. Theoretical guarantees in this setting have been given by
Genovese, Perone-Pacifico, Verdinelli, Wasserman, et al. (2012b), Genovese, Perone-Pacifico,
Verdinelli, and Wasserman (2012a), Genovese, Perone-Pacifico, Verdinelli, Wasserman, et al.

(2014), and Chen, Genovese, Wasserman, et al. (2015). Of these, the most relevant results for



us are from Genovese et al. (2014). They prove that as the sample size goes to infinity, their
ridge set gets arbitrarily close to an underlying manifold in Hausdorff distance. Fefferman
et al. (2016) also define a procedure related to ridge estimation methods that can be used
to estimate an underlying manifold. For our purposes, the major advances of their work are
twofold. First, their method is general; as long as a function meets a few conditions, it can
be used to define an estimator that can be made arbitrarily close to an underlying manifold
in Hausdorff distance. Furthermore, they show that this estimator is itself a manifold with
bounded reach (which measures how rough a submanifold can be). Second, their proofs
rely on using the implicit function theorem concretely, allowing them to make quantitative

statements about the bounds of interest.
2.2 'Technical Background and Assumptions

We now provide the definitions and major theorems that we rely on in the rest of this chapter.
The results we use the most often are Theorems 1, 2, 5, and 6; the rest of this section can

be referred to as necessary.

2.2.1 Manifolds

This subsection is adapted from Fefferman et al. (2016). In this chapter, we use the terms
manifold and submanifold interchangeably with compact imbedded d-manifold. A closed
subset M < R"™ is a compact imbedded d-manifold if the following conditions hold. First,
M is compact. Next, there exists r; > r9 > 0 such that for every z € M there exists a
d—dimensional subspace T, M of R" such that M n B(z,15) = I' n B(z,15) for a patch T
over T, M of radius rq, centered at z and tangent to T, M at z. A patch of radius r over
T.M is a subset I := {z + U(z) |z € By(r) = T.M} of R" where ¥(z) : By(r) » Tt M is a
C?-function that is zero at the origin.

The tangent space can be defined in the usual way (corresponding to 7, M) or by using
the following definition which applies to arbitrary closed sets A < R™. At a point a € A,

Tan’(a, A) is the set of vectors v such that for all € > 0, there exists b € A such that



b—a
|b—al

0 <|a—0b] <eand ‘v/\v|—

< €. Let the tangent space Tan(a, A) be the set of all z
such that » — a € Tan’(a, A).

The geometric quantities of a submanifold M that we are most concerned with are the
d-dimensional volume V' and the reach 7. The reach is the largest number such that all
points within 7 of M have a unique closest point on M. Intuitively, the reach governs how
“rough” an embedded submanifold is. For example, the reach of a line with a sharp cusp is
zero, and the reach of a linear subspace is infinite.

The following theorem due to Federer (1959) is useful for bounding the distance from a

point on a manifold to the tangent space at a nearby point.

Theorem 1 (Federer’s reach condition). Let M be an embedded submanifold of R". Then
reach(M) ™" = sup{2[b — a|7*|b — IL,b| | a,b € M, a # b}.

In this chapter, we assume regularity conditions on the manifold we draw samples from.
We assume it is in G, where G = G(d, Vinaz, Trmin) is the family of boundaryless C?-submanifolds

of the unit ball of R" with dimension d, volume less than or equal to V;,,.., and reach at least

Tmin-
Let the tubular neighborhood Ms: be the set of all points within a distance of 7 of M.

Now, for points z € M and y € M, denote the projection onto the tangent plane at z by
I, : R" - T, M.
A number of our proofs rely on defining the following sets:

Uz = {y | Iy =L@ <7 fy | | = TG < 7)
Az,’? = U; N M
Ay = UZ A TLM.

Uz is a cylinder centered at z, and ,sz and A, > are nearby regions of the manifold and

tangent space, respectively. A, - can also be defined as the projection of the cylinder onto



the tangent space; i.e., as I1,(UZ). These sets are especially useful because, as long as T < 7,
they allow us to work with a local parametrization of the manifold. As mentioned earlier,
manifolds can be defined locally as functions from the tangent space to the normal space.
The functions we are working with are in the class CM1; i.e., they are once continuously

differentiable and have a Lipschitz gradient. This is summarized in the next theorem.

Theorem 2. Let M € G(d, Vinaz, Tmin). Let z € M and y € Mz. When T is sufficiently

small, there exists a C*' function
FZ,U.% : Az,’? - HZ_I(HZ(O))
such that

{y+ Fous(y) | ye Acr} = Ao
Additionally, there exists a constant C' such that Lip(VF,y:) < C/T.

The next theorem is from Krantz and Parks (2012). It states that M has positive reach

as long as it is embedded in a Euclidean space with strictly higher dimension.

Theorem 3. Let M be a d-dimensional C*—submanifold of R*. If n > d, then M has

positive reach.

Now, suppose we want a discrete approximation of a manifold M at a certain resolution.
Let Y < M be an n-net for M if for every p € M there is a y € Y such that ||[p —y| < 7.
The following theorem states that the size of an n—net depends on the geometry of M.

Theorem 4. Let M € G(d, Vinaw, Tmin), and let M be equipped with the Fuclidean metric
from R"™. For any n > 0, there exists an n—net of M consisting of at most C’V(l/Td + 1/7]d)

points, where C is a universal constant.

How well a manifold approximates a point set {xz}f\;l can be quantified through the

empirical loss, which is defined as
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1 N
Lemp(M) := = > d(wi, M),
=1

where d(x;, M) is the length of the projection from x; onto M.
Given two subsets X and Y of Euclidean space, we can measure the distance between

them using the Hausdorff distance H(X,Y’). This is defined as
H(X,Y) := max{sup inf||z — y||, sup inf ||z — y||}
zeX YEY yeY reX

It can be shown that, given adequate sampling density, two manifolds that are close in em-

pirical risk to a given point set are also close in Hausdorff distance.

2.2.2 Model

We assume that we are provided with {yz}]lv noiselessly sampled from the uniform distribution
on M € G(d, Vinaz, Tmin). We take this approach to simplify calculations. The analysis would

be similar if the sample came from a (potentially Lipschitz) density bounded away from zero.

2.2.8  Approximate Squared-Distance Functions

For our purposes the most important results from Fefferman et al. (2016) are Theorem 13
and Lemma 14. We reproduce them below as Theorems 5 and 6, and give an adapted proof
of the latter. It is beyond the scope of this chapter to discuss the proof of Theorem 5. We
merely note that it relies on the implicit function theorem, so there are concrete bounds on
the constants cs, ..., c; and C' that control the geometry of the putative manifold.
Theorem 5 states that an approzimate squared-distance function can be used to recover a
manifold with arbitrary precision (with increasing sample size) as long as F'; a scaled version
of the asdf, meets three conditions related to smoothness and curvature. The notation 0“F'(z)
means that given a set of vectors a := {vl, e ,v|a‘}, the partial derivative is computed

successively in the directions v;. The third condition is the reason for the term asdf: for a
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small constant p, F' + p* is bounded both above and below by a multiple of |y|2 + p?, the
approximate squared distance to the manifold.

Note that the function F' always has as its domain the unit ball (or a ball whose radius is
not dependent on sample size). F is not the asdf itself, but a related function applied locally
after the coordinate system has been scaled up by a constant. This constant is usually a
kind of bandwidth parameter that we decrease in order to get a more precise estimate of the
manifold. For example, in Section 2.3, we have a scheme to decrease the bandwidth o of the
kernel density estimator, and F' is the KDE applied to coordinates scaled up by 1/o.

The output set from Theorem 5 is locally a smooth graph (z,U(x)) that lies within
a tubular neighborhood of the manifold. Theorem 6 uses bounds on the smoothness of
(x,¥(x)) to show that it lies away from the boundary of the tubular neighborhood, and so
it is itself a manifold. We show that it is in fact very close to the original manifold, giving a

bound on the HausdorfT distance in terms of a constant that can be made as small as desired.

Theorem 5. Suppose the following conditions hold for a function F':
1. F: B,(0,1) - R is C*-smooth.
2. 0g,F(x,y) < Co, where (z,y) € B,(0,1) and |a| < k.
3. Forx e RY, ye R and (x,y) € B,(0,1)
ar(lyl” + %) < Fla,y) + 0 < Ci(lyl” + %),

for 0 < p < ¢, where ¢ is an arbitrarily small constant depending only on Cy, cy,Ch, k,

and n.
Then there are constants co, . ..,c; and C' depending only on Cy,cq,Ch, k, and n such that:

1. For z € B,(0,¢3), let N(2) be the subspace of R™ spanned by the top n — d eigenvectors
of *F(z). Let ITy; : R® — N(z) be the orthogonal projection from R™ to N(z). Then
|0°T1i(2)| < C for z € B,(0,¢2) and |a| < k — 2.
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2. There is a map
U : By(0,¢4) = Br_a(0, c3)

such that [W(0)] < Cp and |0°¥| < O™ for 1 < |a] < k—2. The set of all z = (z,y) €
By(0, ) X Bn—a(0,c3) such that

{2 | W(2)0F(2) = 0} = {(2,U(x)) | # € Ba(0,c4)}
is a C*=2-smooth graph.

Theorem 6. Let ¢i,Cy, and Cy be the constants appearing in Theorem 5. Assume that Cp

1s sufficiently small compared to r. Define the putative submanifold
Mput = {Z € Mmin(03,C4)r ‘ th(z)ﬁF(z) = O}

Then, My is a submanifold of R™ which has a reach greater than cr, where ¢ depends only
on Cy, c1,Cy, k,d, andn. Furthermore, the Hausdorff distance H(M, M) is bounded above
by (C?* + O)p.

The statement of this theorem assumes that we are provided with the output set from
Theorem 5; that is, we are working in the scaled-up coordinates. In the original coordinate
system, M, is contained in M yin(cy cs)or, Where o is the bandwidth. In this case, the reach

is bounded below by cor, and H(M, M,y) is bounded above by (C? + C)op.

Proof. M is locally the graph of a C*~2-smooth function W. To prove that it is a manifold,
it is sufficient to show that it does not intersect the boundary of the tubular neighborhood
Min(es,eq)r- Since Theorem 5 gives bounds on ||[0W¥||, we can show by contradiction of the
mean value theorem that every point on My, is within min(cs, ¢4)7r/2 of M.

Suppose there exists a point Z on My, which is at a distance greater than min(cs, ¢4)7/2
from M. Let z :=II\42. By Theorem 5, there is a point 2 € M, such that ||z —Z|| < Cp.
Let & € T, M be the vector IL(2 —2). Let ¥ : [0, |3]]] — R*? define a curve on Mg

whose endpoints are z and Z. The existence and smoothness of U are guaranteed by ¥, the
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C*2-smooth function that locally defines M. The mean value theorem states that there

exists a point z € [0, ||7]|] such that

HE\II(x)H > WH\TJ(,Z) — Wz + U)H
N
7]
e e
Cp
min(cs, cq)r/2 — Cp
> :
Cp

Since Cp is sufficiently small compared to min(cg, cs)r/2, ||0¥(z)|| can be made as large as
desired. This contradicts the bound ||0¥(x)|| < C' and shows that M, lies away from the
boundary of M yin(es,eq)r- In fact, the expression in the third line above must be less than C,
which shows that ||z — Z|| < (C? + C)p. Theorem 5 states that every point on M is within
Cp of My, so we have the desired bound on the Hausdorft distance.

By Theorem 1, the reach of M, is defined as follows:

: |z = yl”
reach(Myy) = Inf ————.
Mow) = 80 3y —TLy]
T,yEMput

Let ¢ be a constant depending on Cy, ¢y, Cy, k,d, and n. If ||z — y|| = r/c, then
le—yl> _ (r/e)?
20|y — Iayll = 2(r/)
Now, suppose ||z —y|| < r/c. If z and y are close together, this quantity is controlled by

the second derivative of the C*=2 function locally defining M. That is, ||y — [Ly|| is on

the order of C2|z — y||*, implying that

N | G et
= 2
zyyzj/ll}put 2”‘1._1_[11'1"’ ZC”CZH.CI?—:UH
lz—yll<r/c

for some constant ¢”. Therefore,

. T 1
reach(./\/lput) = mll’l(z—cl, W) .
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2.2.4 Ridges and Gradient Descent

To actually find a putative manifold using an approximate squared-distance function F,
we can use a method introduced by Ozertem and Erdogmus (2011). Let 0F and 0*F be
the gradient and Hessian of F, respectively. At a point z € R", let {vy,...,v,} be the
eigenvectors of 0*F associated with the eigenvalues {\1,...,\,} (listed in decreasing order).
Let N(z) be the subspace of R™ spanned by the top n — d eigenvectors of 0°F(z). Recall
that TIy; : R® — N(2) is the orthogonal projection from R™ to N(z). Note that ITy; = VVT,
where V' is a matrix whose columns are [vy]|...|v,—q].

Ozertem and Erdogmus (2011) give an algorithm to compute the set
{z ‘ 1, (2)0F (z) = O},

which is termed the d-dimensional ridge of F. This is, of course, the local definition of
My from Theorems 5 and 6. In order to find a ridge, an initial set of points is chosen and
then iteratively shifted in the direction V'V TOF until a tolerance condition is met. This is

essentially a subspace-constrained variant of gradient descent.

2.2.5 FEmpirical Processes

In Section 2.3, we need to bound various quantities that are functions of the kernel density
estimator. This is difficult to do because they are empirical averages over a finite number
of samples. It is easier to bound the expectation of these quantities and then bound their
difference using results from empirical processes, which we summarize here.

Let G be a class of functions from R®™ — R. If G consists of bounded functions, the
empirical Rademacher average is given by

1 N
R (9) = Eo [S;elgp (Z} mg(%)) ] 7

where {z;}) is an ii.d. sample from the distribution P and ¢ := {oy,...,0n} is a vector

of Rademacher random variables. (Rademacher random variables take the values +1 with
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equal probability). Letting Py denote the empirical distribution on {:L’,}iv, the following
holds for 0 < 9 < 1:

P sugp|EpNg — Epg| < 2RN(G) +
ge

21og(2/0)
T] >1-4.

It is usually difficult to calculate Ry (G) directly from the definition. However, the next
theorem states an upper bound that is dependent on the size of G, which is often easy to
estimate. Let the covering number N(n,G,|-|) be the minimum number of elements in an 7-
net of G with respect to the norm || - ||. Let the metric entropy be defined as log N(n, G, || - ||)-
The Rademacher complexity can be bounded using a modified form of Dudley’s entropy

integral (Sridharan and Srebro, 2010):

Theorem 7 (Modified Dudley’s integral).

SuPgeg gl \/log N(na g, H . ||£2(7)N)) d'r]}

N

Y

R (G) < inf{47 + 1QJ
=0

2.3 Kernel Density Estimation

Consider the kernel density estimator

N

where G, (z; y) := Cpe lv=vI’/20* .= (2762)"? and z € M,, (the tubular neighborhood
of M with width ). The denominator of C, has 27o? raised to the power d/2 and not n/2
because we are trying to estimate a d-dimensional surface. In Theorem 16, we show that a

function based on py can recover a manifold M when we are given noiseless samples from

M.

2.3.1 Definition of the asdf

Recall that Theorem 5 must actually be applied in a coordinate system scaled by a bandwidth

parameter that becomes more precise with increasing sample size. For the kernel density
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estimator, this parameter is, of course, o. (If we do not scale by o, it is clear that |0*py]| is
bounded above by an increasing function of 1/0 instead of a universal constant Cj). To this

purpose, make the following transformations:

= z/(oV/2m)
Yi — yi/(U\/%)
o — 1/v/27.

Note that the geometric properties of M change in the obvious ways: the reach becomes
7/(0v/27) and the volume is O(V /o). In the transformed case, let 7, 7, and V denote the
analogs of the obvious quantities. For z the projection of xz onto M, let A, = flz; and

A, := A, ;. Recall that these are regions of M and T, M, respectively, which are near the

point z € M. Define the normalizing factor

N; = vol<,aL) / (VOI(AZ) x f/).

The appropriate estimator to analyze is any convenient function of py/Ny, where

1 2
i=1

We choose to work with —log py () +log Ny as our potential asdf. The first condition from

Theorem 5 follows immediately, as seen in the following lemma.
Lemma 8. —logpy(z) is C*-smooth.

Proof. Gl/m is C*-smooth, so by linearity, py () is C*-smooth. By the chain rule, — log py ()
is C*-smooth. [ |

In Lemmas 13 and 15 below, we show that —logpn(x) + log Ny also satisfies the second
and third conditions from Theorem 5 with high probability. Before detailing the proofs, we

briefly discuss our scheme for selecting ¢ and 7.
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2.3.2  Selecting the Bandwidth o

The procedure we assume is that a fixed value oy of ¢ is chosen by the experimenter as
well as a value of 7 that depends on 0. Without making any claims about optimality, we

choose 7 := ¢%/6

. We prove that there exists a lower bound K; for Epy(z) given o;. We
then use empirical processes to show that py(z) concentrates around Epy(z), and is within
g1 of Epy(x) with high probability. Since e is a decreasing function of the sample size N,
we can increase N until ; < K giving us a lower bound for py. This allows us to derive an
upper bound for 0%(—log py(z)). We also find an expression for p? in terms of o; and use

this to show that condition 3 of Theorem 5 holds. If p? is not small enough, we can repeat

this procedure using a fixed value 0,1 := G of o in each subsequent iteration.

2.3.8 Bounding py in Ezpectation

To prove the second and third conditions, we need upper and lower bounds for py. It is more
convenient to work initially in the continuous setting, which amounts to bounding Epy. This
is the Gaussian kernel integrated against pa, := %d\/ol(/\/l), the measure that is uniform
with respect to the volume form. Explicitly,

Ep(@) = | e ()

Points on M that are far away from x do not contribute very much to the value of this

integral. In fact, the value of —logEpy is very close to

~

2
&= —log JN e dp (),

where z is the projection of z onto M. Define its approximation

. _1ng e~ 1= N d L 4(y),

z

where L; is the d-dimensional Lebesgue measure on T, M.
Decreasing o corresponds to estimating M with greater precision. Even though this

expands the unit ball, leading to 7 — oo, the ratio 7/7 — 0. This implies that A, and A,
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are shrinking relatively closer and closer to z, and .,ZZ is very close to an affine space. Thus,
we expect F 4. and F 1. to grow closer together. To prove this, we first need to show that
the pushforward of the uniform measure on the manifold has a density p(y) that is close
to the uniform density on By (7:') Of course, we don’t want this to be a proper density on
By (%), we want it to have the same total measure as | . dim (¢'). In the following lemma,

we quantify how much p(y) can deviate from Ny on A,.

Lemma 9. Let z € M, and let y € T, M. The pushforward of upy to T,M has density p(y)
on A, with respect to Lq such that

fo(1+ Nj) <p(y)<<1+ AQT) X Ny.

T T

Proof. Assume that z is the origin and the first d coordinates lie in T, M. M is a submanifold
of R™ defined locally by the function G;Ug that maps (z1,...,24) — (351, e, T, FZ,U;_).
Recall from Theorem 2 that I, y: : R? — R" 4 ig a C! function whose Jacobian J € R(»—d)xd
has a Lipschitz constant bounded above by C'/7. J evaluated at z is 0 since R? is tangent to
M at z; this implies ||J||p < (CT)/T within a radius of 7, where || - | is the Frobenius norm.
We can find the desired bound on p(y) by finding the ratio of the volume elements of .4, and
.ZZ, normalizing this so it integrates to one over A,, and multiplying by Vol (/L) / (\7)

G,z has Jacobian [I|JT]T, allowing us to write

Vol (A ) det(I + J7J)

J v det(I + JTJ)dLy(y

Let )\; be the eigenvalues of JT.J. J'.J is positive semidefinite, so A; = 0. Then,

d 1/2
\det(I+ JTJ) = (H (1+X\) )
Zl 1/2
< (e 1)
i=1

o252\ ?
AREON
T

py) =
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Since the map from M to R? is a contraction, 1 < 4/det(l + JT.J). Clearly, we also have

272\
Vol(A f v det(I + JTJ)dLy(y) < Vol(A )(1+ =~ > ,
=

which is enough to show the lemma. [ |

We can use this bound on p(y) to simplify the integration of functions over M. As we
mentioned earlier, —logEpy is a function of an integral whose major contribution comes
from the region A.. (A crude bound suffices for the contribution from the region M\.A.).
In the following lemma, we show that Ia 7. and F 1. are very close together. By using the
pushforward we can perform both integrals over A, using Lebesgue measure. To do so we
need a bound on the ratio of p(y) to Ny (which we have) as well as a bound on the ratio
between the integrands. We find that F ;. and F 4, are within a constant C of each other.

By decreasing o, Cy can be made as small as desired.

Lemma 10. Let x € Mz, and let z be the projection of v onto M. Then, ‘ﬁﬁz — ﬁAz < O,

where

Cf =

272 T \® 7

dC*7? (%4 2@%3)
—= t m

Proof. Assume that z is the origin and T, M is identified with the first d coordinates. The
following chain of inequalities holds, where y € T, M, ' := y + F,y: is a point on the

manifold, and J is the Jacobian of F y::

f =3I N LdLo(y)
= |log e

J e g (y)
J e Ie = N0 (y)

f == p(y)dLa(y)

e—ﬂllw—yIIQNf
—rl|z—y'|?
[z—v| p(y)

= |log

N

sup log
yeA: e
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—(z -y + (@ —y)*|r.

< sup
yeAz

+ sup
yEAz

252\ 2
log(1+ = )

The first term in the last line comes from Lemma 9. A Taylor expansion (valid for |z| < 1)

shows that
de dz? do?
log (1 a2 — 22 7 4 7 Ot
og (1+x) 5 1 + 5 ()
Therefore,
2\ e
1 1 < —
(10 CE) 2

as long as 7/7 is smaller than a controlled constant. To bound the other term, we use the

law of cosines in conjunction with Theorem 1, which shows that

’ 2
r _ ,_Hz/ <||y _AZH
1V =yl = lly Vi< =5
~\ 2
_ (v
27

Let 0 be the angle between y — ¢ and z — y. Then, we have:

[y’ = 1 = lly = 21| = |lly = /I = 2lly = ¥'llly - 2] cos 6|

< <<§> 2 +2 (?) (ﬁ?)) .

Thus, ‘ﬁ i F .| < Cf, where Cf is defined in the statement of the lemma. [ |

To actually find the lower bound for py, we bound ﬁAz in the next lemma by using
a d-dimensional Gaussian concentration inequality. The upper bound is much simpler to
derive; we include it as well. These bounds are important in verifying the second and
third conditions of Theorem 5. The third condition essentially says that our function is an
approximate squared-distance function. That is, given a point z € M, , 5 and its projection

z € M, we should have upper and lower bounds that are close to ||z — ZH2 Since our putative
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asdf is —log py, we need bounds for py that are within a multiplicative factor of e lla=zlr
In the proof of the following lemma we find these pointwise bounds.

The second condition requires that we find an upper bound for 0%(—log py). This deriva-
tive consists of terms that have powers of py in the denominator and combinations of powers
of partial derivatives of py in the numerator. Thus, we need a uniform lower bound for py
over M, ja-; this follows by taking the infimum of the pointwise bound over the tubular
neighborhood. We also need bounds for [E0%py|, but we defer these to the proof of Lemma
13.

Lemma 11. py(z) is bounded in expectation. More precisely, infme/\/tl/m Epny(z) = K,

where

I

~ 2
Ky := Nye™'/? <1 9 (F/en) ”) e 1,

furthermore, Sup e Epn(z) < Ky, where

1/\/27

Ks = eCfo LT/,
Proof. Let z be the projection of z onto M, and let y € T, M.

EmN<x>>‘[N

A

> (J e””xy2Nfd£d(y))ecf,

where the second inequality is due to Lemma 10. By orthogonality, (z — 2)"(y — 2) = 0, so

7112
e dp(y')

we rewrite the integral over A, as follows:

J efwlleyHQNded(y) — NfelleIIQWf e*ﬂ\zfyllzdﬁd(y)

z z

= Nye Iy — 2 < 7],

where the probability is with respect to a d—dimensional multivariate Gaussian with covari-
ance %] . Letting z be the origin for simplicity, we know from standard Gaussian concen-

tration results (Boucheron, Lugosi, and Massart, 2013) that

—t2r
Pllllyll - Ellyll <t]=>1-2e"
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for t > 0. We can calculate E[|y]?] and then get a bound for E[||y||] by using Jensen’s
inequality.

Make the substitutions

i—1 d—2
{ZL‘l = 7" COS gbl, Togi<d—1 —> T COS ¢z 1_[ sin ¢j7 Tgtr—>T sin ¢d—1 1_[ sin ¢j },

j=1 Jj=1
and let
d—2 '
dV = ] [sin® 7 gydrdgy .. da-s.
j=1
We have

Bllyl"] = [ Il " dcato)

) d=2
2 e
:J rdtle=" T dr x | |f sin?=J 1¢jd¢j
j=10

0

27
. f A s
0

= 7~ GHDET(1 4 d/2) x

d

[ Val(d—)/2)
1+ (d—-j5—-1)/2)

X 27

j=1

<

d

o

The product in the third line telescopes to 7(4=2)/2 / ('(d/2)); simplifying yields the fourth

line.

It follows that El|y| < +/d/(27). Setting t := 7 — 1/d/(27) (and assuming that ¢ is small

enough so ¢t > 0), we see that
= 2
Plllyl| <7]=1- 9e~ (FV/dEm) =
Consequently,

~ 2
Epy(z) = Nyele==ln <1 9 (Fvaem) ”) e Cr.

The first part of the lemma follows by taking the infimum over M, ..
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To find an upper bound, first write the expectation as

Epy(z) = f e 1V Gy (o)

M
7112 R pe— 27r
= f eI dp () +J eI ().
A M\Az

The first term can be bounded as follows:

J S J eI N AL ()
A 2

< echfe_r_ZQWJ el ()

z

< O Nyele=elr

Now consider i € M\A,. Since ||z — /|| < ||z — /|| + ||z — 2| and ||z — z|| < 1/v/27 <
7 < ||z =y, we have (||z — z|| = 7)? < ||= — &/||*. This gives us the following bound for the

second term as long as 7T is large enough:

7112 212
f i e I (y') < e~ (l=217) f dpm(y')
M\A, M\A;

=2
_%2./9
<e T2

Thus, for x € My, /5,
Epx(x) < €Ny + 772,
|

Note that the values we chose for ¢ and 7 are appropriate given our calculations in this

section. For decreasing o, we would like for p(y) to grow closer to Ny in Lemma 9 and
~ 2

for C'y to tend to zero in Lemma 10; we also need (1 - 26_(7_ Vi) W), the Gaussian

5/6

concentration probability, to grow closer to 1 in the previous lemma. Our choice of 7 := o

~ 2
is appropriate given these constraints. For o small enough, <1 — 26_<T_ V/d/(zm) W) e Cral

and VOI(JZZ)/(VOI(AZ) X \A/) ~1/V ~ ¢?/V. Thus, K1 ~ ¢ Y20%/V and K, ~ 0¢/V.
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2.8.4  Finite Sample Bounds for py and 0*(—logpn(z))

In Lemma 11, we proved a statement about inf,e My, yom Epy(z) whereas we really need a
statement about infzen, N pn (). We can use methods from empirical processes to relate
these quantities. Let F consist of functions f : M — [0,1] where each f has the form
e=mlle=v'I” with y' € M. Here, x is fixed, and each x € Ml/m corresponds to a different f.
Note that py(z) is equivalent to Ey f and Epy(x) is equivalent to Ef. We have the tools to
prove that for 0 < < 1,

P[supme ~Ef| < ] o145
feF

where g7 is a function of 6 and N. We rewrite the form of the probability bound in part (a)
of Lemma 12 so that it is in terms of py and Epy.

In part (b) of Lemma 12, we prove a similar concentration bound for particular deriva-
tives of e“f”_zHQpN. Let Fp, consist of functions f : M — R where each f is of the form
o (ezm’Ty') eIV I with € My, ¥ € M, and v € B, (0,1). These functions are involved

in finding an upper bound for 0*(—log(pn(x))).

Lemma 12. Let F be the class of functions consisting of e~mle=v'I” indeved by xe My, 5.
For a given 3 and v € B,(0,1), let Fs., be the class of functions consisting of 0% (62“1T9'> e~ lIyIPx

indezed by x € My, /5.

(a) For0<§ <1,

P[ sup  |pn () — Epn () < 81] =1-4,

xEMl/\/ﬂ
where
24 (\/mn 2log(2/6)
= Y | ! —= 1 7
&1 \/N( 9 + Og0)+ N
and

¢ = V100 (2 27r/e)".
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(b) For0 <6 <1,
P sup ‘6’3 (ezmTy'> e~ Pr E[@ﬁ (ezmTy'> e_”y,”%} ‘ <eg| =1-9,
xEMl/m ! ! '

where

24 [y . 21log(2/6)
€18 = \/_N<T + logcﬁ) + T

and

™

-~ B+1 9 —(B+1)/2\ "
= CV100° 2(1+M) e(lzmmm(_) |

Proof. We can bound sup, |py(x) — Epy(z)| through a method from empirical processes by
first determining the covering number of F and then using Dudley’s integral. Since F is a
class of Lipschitz functions parametrized by points in Mz, we can relate its covering number
to the covering number of this parameter space.

From empirical process theory, we know that

P[sup|pN(:c) — Epy(z)| < 2RN(F) + 21%(2/5)] =>1-—0.
feF

Ry (F) is the Rademacher complexity of F, which can be bounded using Theorem 7. Let
N(n, F,|I]l) be the covering number at scale n with respect to norm ||-||. Then,

Supfe}'\/m ].Og-/\/’(n7f7 H”LQ(PN))
4e' + IQJ 5 dn

e’ /4

Supfe}‘/ﬁ logN 777‘7" H “ )

< inf < 4¢" + 12
e'=0 //4

The second inequality is well-known. Each f € F is parametrized by x € M, Jyzr and is at
most L-Lipschitz in this parameter. If we can calculate L, we can also bound the covering

number of F by relating it to the covering number of the tubular neighborhood.
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That is,

~ 1 "
< CV100d<— + 1) ,
n/L

where the second line follows from taking a 1/100-net of M, placing unit n-balls at each net
point, and then finding an n/L-net of those.

Now we find L. For simplicity, assume x has coordinates (z1,...,x,) that have been
centered around any point on the manifold. By the symmetry of ||z||, we only need to
consider one coordinate.

feF reM
0

—e
X1

2
—[la[|"r

< sup
zeRn”

.2
= 2¢ 1",

z1=1//21
2m
e
=: L.
Since 7 ranges between 0 and 1, L/n > 1. Define C” := C\A/lOOd(Z 27/e)™; then,
N0F ) <Cn

Using the monotonicity of log and the square root,

! log C" \/—nlogn
R <12 d
W<z ( B [T gy

12 [ \/mn ;
= \/_N(T+ IOgC)

Thus, with high probability,

21og(2/0)

sup [py(z) — Epn ()| < %(@ + +/log C’) + YR

feF 2
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which proves (a).
The proof of part (b) is nearly the same, with the only difference being in the covering

number of the parameter space. If each f € Fs, is at most Lg-Lipschitz, then
N, Fs, |Ill.o) < Chn ™,
where €% := CV100%(2Lg)". Since
a, («s>2’”'ny')ez*”y"'27r = 7V (21) (y To) e W,
we have

Lip(f) = sup [[V/]

E]:qu

< sup
reM 1/\/277,7/6]1%" ,vEB,(0,1)

V(e ) 2y (/7)Y

n
= sup (ZW)B}y'TvWe_“y,Hz” Z(27ry§eQmTy')2
zeMl/\/ﬂ,y’eR”,veBn(O,l) i—1
= sup (2m)° [y To| eI Framem vy |

xEMl/m,y’eR” ,EBR(0,1)

< sup (2m)P |y | e WPV YL

y/eRn
In the third line, {y],...,y,} are the components of y. The final line follows by the Cauchy-
Schwarz inequality, which shows that |y/Tv| < ||¢/||[lv]| < |||l and 272"y’ < 2|z ||y <
v27||y'||. Differentiating with respect to ||3/| and setting equal to zero shows that the
supremum is achieved at ||3/|| = (1 + /5 + 453)/(2v/27). We can substitute this back in to

set

—(B+1)/2
Lg:= (1 +4/5 + 45) 6“6(_1_25“5*45)/4(2) .
e

It follows directly that K1 —¢; < py < Ky + €1 with high probability. For large enough

N, K;/2 < py < 2K5. In the next lemma, we prove that a corresponding result holds for
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0“(—logpn(x)) (which is exactly the second condition from Theorem 5). The derivation is

more technical but the intuition is based on the arguments in Section 2.3.3.

Lemma 13. 0*(—logpn(z)) < Cy for x € B,(0,1/4/27), |a| < k, and Cy depending only on

n and k.

Proof. Start by defining

N

1 NP7 —2(z—2)T (z—y;)m
qN(x) — Nze_llz_yl” e 2( )T( yz) ,

i=1

where z is the projection of z onto M. Then,
2
0“(—logpn(x)) = 0* (— log (e’”“z‘l 7TqN(:E)>) :
A result due to Nemirovski (2004) shows that

sup
lvil<1

By - .. é‘%IF(x)‘ < sup | F(2)|

lv]<1

for C*-smooth F', implying that we do not need to bound mixed partials.

o (— log (e*”’“z”%)) ’ (The supremum is

It is straightforward to calculate Cp; := sup
also over |a] < k). To get an upper bound for ¢*(—log gy (z)), we first write it as an expres-

sion involving powers of gy (x) and partials of gy (x). For example, if o = {x1, 21, 21,21},

() () E) | ()
SUARNE AN a7/ 43

oxt - (QN(x))4( ) (éN(x); an(z)?
T e

Faa di Bruno’s formula is an explicit representation of this expression; the number of terms
and the coefficients depend on |a|. We can find a suitable Cj if we can calculate a lower
bound for gy and an upper bound for ‘dfqu‘ where 5 < |a|. The first bound follows from
two previous lemmas. Lemma 11 shows that Epy(x) = K;, and Lemma 12 shows that py

is within &; of its expectation with high probability. Since qy(z) = pn(x) and e; can be
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made smaller than K/2, qy = K;/2 with high probability for N sufficiently large. Kj is a
function of d, and £; is a function of n.
To bound the partials of gy, we start off by using the second part of Lemma 12, which

shows
|00 an| < [Ed)qn]| + €15

Let 2z be the origin and let the first d coordinates lie in T, M. We can write the expectation

as
S e e
M

<

| e enp () e )
A

+ ‘J . 627rzTy’(27T),8 (y/Tv)ﬂe—”y’HdeuM (y/)
M\A,

We first bound the integral over ./\/l\flz For 7 large enough, the local extrema of
ol (62”Ty'> e IWI°™ with respect to 3’ lie within UZ. Since

lim @7 (ezmTy,)e*”yI”Q” =0,

lly[|—c0

is decreasing with increasing ||3/|| in M\A.. The following holds, where

v

Yo € &ZZ:

o8 <ezmTy') P 74

mx 'y B Iy
U e 2m) (y ) e IV d/w(y’)‘
M\A,

<e?™ ' (27)° (yy U)ﬁe_”y“%f dppn(y')
M\A,
<627T||J?H||yoH(27T),3||y0||5HUHBe—HyOHQW

< (2\/571_;—:)66—2”?2—&-2\/777%'

The integral over A, can be bounded by relating it to the corresponding integral over

A.. Let y be the projection of y' € A, onto A,. Then,

JN 627TacTy’ (271’)/3 (y/Tv)ﬁe—Hy’Hde,uM (y/)
A
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- f emTy’(zw)ﬁ(y’Tv)ﬁey'Z”p(y)dﬁd(y)'

z

<
=

X Nf (1 + ,\;- )

J e27rmTy (yITU)Be—”yHQTrde(y)

z

T,/ 7 2_ 2
o2 (v —y) oIV IP=l1yl*)m

X sup x (27)5

x,y’

) 02’_\2 d/2

<‘f (y/TU)Be*HyH ﬂdﬁd(y) % Nf(l + ,\;— )
A. T

% e2V2ITA/(27) o omTH/FE (27r)ﬁ.

X sup
y/

The third line comes from relating p(y) and Ny (Lemma 9) and bounding the change in the
integrand due to projecting y’ onto A,. We do not project (y’ TU)B because it can equal zero.
The fourth line follows by noting that z7y = 0 by orthogonality and that ||y — y|| < 72/7
by Federer’s reach condition. The reach condition also shows that (y’TU)B is a polynomial
whose terms either lie in R? or have arbitrarily small coefficients. This can be used to
bound the integral. Starting off by applying the triangle inequality for integrals and then

the Cauchy-Schwarz inequality, we have

f (y'Tv)Be”y”Q”cwdy)\ ) JA 117l %e W dL (y)
< | ol + 1y o’ ac )

2
< | pole i)

P\(T Byl
D()(F) [ e
<2 e eac, ),

The second line holds because ||v|| < 1 and ||¢/|| can be bounded using the triangle in-
equality. The third line follows after expanding (||y|| + ||y — y||)?, substituting in the bound
for ||y’ — y||, and rearranging. Each term in the summation can be made arbitrarily small,
which gives the fourth line. This integral is a function of the moments (of order 5 or less)

of a d-dimensional Gaussian with covariance 1/(2m)I. We can calculate it using spherical
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coordinates, following the calculation of E[||y||2] in Lemma 11. We have

2 [ e iz <2 [ et
A Rd

x L dur
e BTdY T V/AL(d—j)/2)
= F(T) XJl:[lF(1+(d—j—1)/2) X e
o snl(Bd)2)
I'(d/2)
= C,B~

Therefore, for large enough 7,

’EaEQN‘ < 2(27T)5Nf0ﬂ + (2\/§7r7%)/36727r?2+2\/7?$

< 3(27m)° N4 Css.

If N is large enough, &, g will be smaller than (27)? N;Cj with high probability, implying that
|08qn| < 4(2m)?NyCps. Let 8 < |al be the value of § for which this is maximized. Each term
of |0%(—1log qn(x))| is bounded above in absolute value by a multiple of 4(27)% N;Cj /(K /2)
raised to a power less than or equal to |a|. Therefore, using the triangle inequality and letting
af <k, [0%(—1log qn(2))| < Coz, a constant. The factors of Ny in K and |07 qy| cancel each

other out, so Cy is a function of n and k. Setting Cy := Cp1 + Cp 2 yields the lemma. W

2.3.5 —logpn(x)+log Ny is an asdf

In the next two lemmas, we prove that the third condition of Theorem 5 holds. Recall from
the proof of Lemma 11 that Epy can be bounded above and below to within a multiplicative
factor of Nfe*”‘”*ZHQ’T. By taking logarithms and defining a suitable constant p, we show in

Lemma 14 that the third condition holds for —log Epy +log Ny. In Lemma 15, we show that
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this condition also holds for —logpy + log Ny as long as we modify p to take into account

the concentration bound from Lemma 12.
Lemma 14. For x € My, 5 and z the projection of x onto M,

o (| — Z|°m + p?) < —logEpy +log Ny + p* < Cy (||l — Z|Pr + 7’
for 0 < p < ¢, with ¢ depending on Cy, c1,C1, k,n.

Proof. Let x € My, s5: and let z be its projection onto M. Then we can bound Epy(z) by
calculating the expectation separately over .,ZZ and ./\/l\fL:

Epy(z) = f eI (y)

M
7012 —Nz—1" 271—
= [y - | ().
A M\A,

The first term can be bounded as follows:

J~ e—llx—y’llgﬂdﬂM(y') < ecff e—Hw—yIIQWNfdﬁd(y)
A z

< eCfoeIZQWJ eI ()

z

< 91 Nye oAl

Now consider 4/ € M\A,. Since ||z — /|| < |z —¢/|| + |z — 2| and ||z — 2| < 1/v27 <
7 < ||z — /||, we have (||z — z|| = 7)2 < ||z — ¢/||>. This gives us the following bound for the

second term:

f . €f||x7y/H2ﬂ-dluM(y/) < e—(HzL’—zH—;) ™
M\A,

Thus, letting
6—7:'27r+2’?7er—z||

Creo = N

we have

Epn(z) < e Nye =27 (1 4 C,,,,)
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1
<O Nye Il allin(—— )
d 1 — Chreg

The second inequality holds because C),4 is arbitrarily small for small o, so we can use the

Taylor expansion

1 Sy
T = Z x".
i=0
Next, we find a lower bound for Epy(z) as in Lemma 11.

Epy(2) = (1 = Chuy) L e 1V Gy o)

> (1-— C’neg)e_cff e_Hx_y|l2”Nfd£d(y)

z

> (1 = Choy)e OrNye lo—2ln J eI ()

z

=~ 2
> (1= Cpeg)e 7 Nye lo—2I%m (1 o= (F/a/2m) w).

Now, let a := —log(l — Cl,) and § := —log(l — 26_(7%_ r) 7r>. We have shown
the following:

—Cf + ||z — 2|7 — a < —logEpy () + log Ny < a + Cf + ||z — 2|7 + 5.

Since o, 8 > 0, we can add 2o + 2Cy + 3 to the left-hand side, 2a + 28 + 2C to the middle,
and 2a + 283 + 2C5 + 5|z — z|*7 to the right-hand side while preserving these inequalities.
Let p:= \/2(04 + B8+ Cy), 1 := %, and C] := % Then, we have

o (|| — R p?) < —logEpy +log Ny + p* < Oy (||lz — zZ|)Pr + 7).

Lemma 15. With high probability, for v € M, 5. and z the projection of x onto M,
c1(f|z — 2|*m + p?) < —logpy +1log Ny + p* < Ci(||lz — 2||*m + p°)

for 0 < p < ¢, with ¢ depending on Cy, cy,Ch, k,n.
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Proof. From Lemmas 11 and 12, w.h.p. for large enough N, inf,py(z) = K; — &1, or

sup,[—log pn(z)] < —log(K; — €1). By uniform continuity,

P[sum— log pw (x) + log Epx ()| < ] o114

feF
where &' := /(K] —&1). Thus, the statement of the lemma follows from Lemma 14 with
pi=/20+B+Cr+e), c1:= % and Cy = 3. =

We have proven all the conditions necessary in order to show that —logpy(z) + log Ny
is an asdf. We summarize this in the next theorem, which is the major result of this section.
We also prove that the constants we have defined are small enough to apply Theorem 6 and

state that My, is a manifold with desirable properties.

Theorem 16. —log py(z) + log Ny is an approzimate squared-distance function that meets

the conditions in Theorem 5. Consider the output set

Mpur = {Z € Muin(es.ca)opvan | Tni2)0F (2) = 0}

in the original coordinate system (i.e., the coordinates not scaled by 1/o, where o is the
bandwidth of the KDE). By Theorem 0, My is a manifold whose reach is bounded below
by co, where ¢ is a constant depending on Cy,c1,Ch,k,d, and n. My, converges to M in

Hausdorff distance for increasing N; more specifically, H(M, M) = O(c”%).

Proof. Since log Ny is a constant, the first two conditions from Theorem 5 hold by Lemmas
8 and 13. The third condition holds by Lemma 15. Thus, —log py(z) + log Ny is an asdf.
For M, to be a manifold, op must be sufficiently small with respect to min(cs, ¢4)o/v/ 2.

We will show that for a small enough o and large enough N, /2(ac + 8 + C} + €’) (our choice

of p) can be made as small as needed. Recall that 7 = 7/ and 7 = o~ /%, This implies

dC? 5/3 4/3 24/92
Cf = c + (U + \C_\/E)

272 T2 gk

which can be made as small as desired. « and 8 can be bounded by using the fact that

—log(1 — p) < 2p if p is sufficiently small. For a small enough o,

25/3 /(42
edC o3 /(41%) < Gcf,
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which gives the bound

a < 20,
26—0*1/37r/2
< dC255/3 2
edC20/3 /(4T )o-d/(QV)

—d _—o~1/3
<AV deo /A

Similarly,
b < de=o P2,

As o tends to zero, so do these quantities. Finally, for large enough N, e is sufficiently
small such that ¢’ = £, /(K — ¢;) is as small as necessary. For a small enough ¢ and a large
enough N, p = O(C}/ %) = O(c/4). This is sufficient to apply Theorem 6, which implies that
My is a manifold with bounded reach that converges to M in Hausdorff distance. The

Hausdorff distance H (M, M,y) is O(op), which is O(c%%). |
2.4 Local Principal Components Analysis

A manifold M can be approximated by a finite collection of tangent spaces centered at a
sufficiently dense set of points sampled from M. Fefferman et al. (2016) use this as motivation
to define the concept of a cylinder packet; they also define a function F° and show that it is an
asdf when coupled with a suitably constructed cylinder packet. In this section we show that
we can estimate tangent spaces directly from the data to create a cylinder packet; this leads
to the construction of an approximate squared-distance function that satisfies Theorems 5

and 6 and produces a putative manifold.

2.4.1 Definition of the asdf and Selection of the Bandwidth T

Let C, := {cyl;} be a collection of cylinders with centers {z;}. Each cylinder is isometric to
cyl := T(Bg x B,_4). We choose T so that it tends to zero but remains large compared to the
distance between a sample point and its nearest neighbors. Since we are assuming uniform

support on M, for large N we can choose 7 on the order of N=/(@+2) for a small value of ¢.
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Let U; be a proper rotation of cyl,, T'r; a translation, and o; a composition of a proper
rotation and translation that moves the origin to x; and rotates the d-dimensional cross-
section of cyl, to R%. Define

Fé(z) o chliaz ¢Cy1i (Oz_l(z))@(Hd(oz_l(z))/(Q?))
' Doyt - 0 (Ta(o; ' (2))/(27)) 7

where cyl; € Cp, 2z € |Jcyl;, ¢y, (2) is the squared distance from z to the d-dimensional

cross-section of cyl; and 6 : R? — [0, 1] is a bump function such that

L 0(y) = 0 for [yl ¢ (—1,1)
2. 0%0(y) =0 for o] < kand y =0 or ||y| ¢ (—1,1)
3. [0%0(y)| < C, a controlled constant for all y

4. O(y) =1 for [|y|| < 1/4.

Note that whether or not F°(z) satisfies Theorem 5 depends on our choice of Cy; for conve-
nience, we refer to the pair {F°, C,} as a putative asdf. F°(z) measures the squared distances
¢ey, to the central cross-section of each cylinder containing a given point z, and averages
them using the bump function 6. Let ﬁ’z : B,(0,1) — R be a related function defined by
F.(w) = F?(z + 70(w))/72, where O is an isometry that fixes the origin at z and identifies
the first d coordinates with T, M. ﬁz is essentially F° analyzed in a coordinate system scaled
up by 1/7. This is analogous to our analysis of the kernel density estimator in the previous

section, where we scaled the coordinate system by 1/c.

2.4.2  Cylinder Packets

In order for {F°, C,} to be an asdf, C, needs to be a cylinder packet, which is a collection
of cylinders that satisfies the geometric constraints given below in Definition 17. These

conditions ensure that a cylinder packet doesn’t contain pairs of cylinders that overlap too
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much or intersect at too great of an angle. This is motivated by our desire to estimate a

manifold with bounded reach.

Definition 17 (Cylinder packet). Let C, be a collection of cylinders as above. C, is a

cylinder packet if it satisfies the following conditions:

1. The number of cylinders is less than or equal to a constant factor times ;/—d

2. Consider the set S; := {cyll-l, ...,cyl } of cylinders that intersect cyl, and perform

s
the rigid-body motion o;. For each cyll-j, there exists a translation T'r;; and a proper

rotation Uy, fiving x;, so that
(a) For 1 < j < [S], Try;Us,cyl;; is a translation of cyl; by a vector with norm at
least T/3.

(b) {xi} U{Tri,Us,z;, | 1 < j <|Si|} (" eyl; forms a 7/2—net of the d-dimensional cross-

section of cyl,.

(c) For1<j<|S;| and veR",

v Uyl < 22ffo .|

(d) For1<j<|Si, ||Tr;0)| < Z.

In Lemmas 16 and 17 due to Fefferman et al. (2016), it is shown that F, satisfies Theorem
5 when C,, is a cylinder packet, meaning that {F°,C,} is an asdf. We include this towards
the end of this section as Theorem 23 and provide a sketch of the proof.

In the next lemma we construct a collection of cylinders Cg " whose central cross sections
are derived from the tangent planes of the manifold and show that it is indeed a cylinder
packet. The putative manifold actually has reach c¢7, so the right-hand sides of conditions

2(c) and (d) in Definition 17 can be within a constant factor of what is given above.

Lemma 18. First, construct a set {z;} of centers. Assume the sample size is large enough
to contain a T/2—net of M such that no two net points are within 7/2.9 of each other. Let
C'pTa” be the collection of cylinders with centers {x;} and central cross sections contained in

T,, M. Then, C’pT“” 18 a cylinder packet; we call it an ideal cylinder packet.
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Proof. We show that the conditions in Definition 17 hold. Fix an x; and consider the set
S; = {cyll L Cyli|5i|} of cylinders that intersect cyl,. Perform the rigid-body motion o;
so that we are working in a convenient coordinate system. For each z;, € S;, define Ui, as
a rotation fixing z;; and rotating the central cross section of Cyll-j so that it is parallel to
T, M. Also, define T'r;; as the translation that subsequently moves the central cross section
so that it lies in 7,, M. Lemma 4 implies the first condition.

Let p be the projection of x;; onto T, M. Federer’s reach condition implies that

i, = il”
2T

Condition 2(d) holds since the right hand side must be less than 472/7. Since Hx% — le =

|z — pl| = \/H% _%H H% sz

\/ 10072 250074
841 70728172
107 12572

~ 720 T 2438972

7/2.9, we also have

+0(7),

where the last line follows by a Taylor expansion. Since this can be made arbitrarily close to
7/2.9, ||lz; — p|| = 7/3 and Condition 2(a) is satisfied. Condition 2(b) follows from the fact
that we started off with a 7/2—net of the manifold; projecting {z;,,... ,xi‘si‘} onto T, M
contracts interpoint distances so we end up with a 7/2—net of the tangent space.

To show the bound in 2(c), we need an expression for the angle between two nearby
tangent spaces (in this case T,, M and Txij./\/l). In Lemma B.3 from a paper by Boissonnat,
Dyer, and Ghosh (2013), it is shown that the sine of the largest principal angle 6; between
T; M and T, M is less than or equal to 6||z; — ,||/7, which is 12¢/27/7 in our setup.
Now, translate the origin to z;; and translate T,,M so that it contains z;;. Without loss
of generality, let v € T, xij/\/l. Let {ei}f and {@}f be orthonormal bases for Txij_ and Ty,

respectively, so that the angle between e; and €; is the principal angle ¢;. Define U;; as the
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rotation that maps {e;}{ onto {&;}7. Let {v;}¢ be the components of v and Ui;v with respect

to the appropriate bases. Then we have the following:

d
< Z|Ui|||€z‘—€z‘||

< lex —el[jvlly

< Jler — &llvdlv]l.

Using the law of cosines, ||e; — ;]| < v/2 —2cosf;. From the bound on sin#, and a Taylor

expansion of cos arcsin(l?ﬁ?/T), we can show

28872
2 —2cosb; < 2T +O(7)
T
57672
<
2
for large enough N. Thus,
24+/d7
lo =Tyl < ol
which shows 2(c). [

Corollary 19. First, construct a set {x;} of centers. Assume the sample size is large enough
to contain a T/2—net of M such that no two net points are within 7/2.9 of each other. The
collection of cylinders with centers {x;} and central cross sections within O(T/T) of T,,, M in

operator norm is a cylinder packet; we call it an admaissible cylinder packet.

2.4.3 Constructing an Admissible Cylinder Packet with Local PCA

Usually we only have access to points sampled from the manifold and not their associated

tangent spaces. It is easy to see that we can also construct a cylinder packet if we can
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estimate the tangent spaces accurately enough (as stated in Corollary 19). Let C'pﬂ?” be
a collection of cylinders constructed by using the same net points as in Lemma 18 and
performing local PCA to estimate the d-dimensional cross-sections. In this section, we show
that Cpﬁ”\1 is an admissible cylinder packet. The d-dimensional cross-sections are estimated
as follows. Given a sample point z € M, we construct the PCA matrix N, 1YY T, where Y
has columns consisting of the N, sample points lying within 7(By X B,,_4). (We are using a
coordinate system centered at z whose first d coordinates lie in 7, M). Using the eigenvectors
of NIYYT, we can get an estimate T/Z./\\/l of the tangent space at z. We show that this is
close to the true tangent space by using the Davis-Kahan sin # theorem. The version stated
below is due to Yu, Wang, and Samworth (2015).

Let | - |r denote the Frobenius norm of a matrix. Suppose V.,V € R™? hoth have

sin (7, V)HF, where 0(V, V)

orthonormal columns. Theorem 20 gives an upper bound on
is the d x d diagonal matrix whose diagonal consists of the principal angles between the
column spaces of V' and V and sin 0(‘7, V) is defined entrywise. The principal angles are

given by {cos™1 (1, ..., cos™ ¢4}, where {(1, ..., (4} are the singular values of V7V,

Theorem 20 (Davis-Kahan sin @ Theorem). Let A, A e R™™ pe symmetric, with eigenvalues
A==\, and Xl == Xn respectively. Let 1 < d < n and assume \g — A\gi1 > 0. Let
Vo= (vi,...,00) € R and V = (By,...,5;) € R™? have orthonormal columns satisfying
Av; = \jv; and /A\@j = S\j?}j for j=1,....d. Then

~

2 -4
sing(V,V)|| < L

P VDV

HF

We also make use of the following concentration inequality due to Ahlswede and Winter

(2002). Let A < B mean that A — B is positive semidefinite.

Theorem 21. Let ay,...,a; be i.i.d. random positive semidefinite d x d matrices with

expected value Ela;] = M > ul and a; < I. Then for all € € [0,1/2],

r —e2uk
P iZlaigé[(l—e)M,(l—i-e)M]] <2Dexp{ ') }
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We now prove the key result of this section.

Theorem 22. Let z be a point sampled from M. Translate z to the origin, and let the first
d coordinates lie in T,M. LetY be a matriz whose columns consist of the N, sample points
{y:} lying within T(Bgq x By,_q4). Let X be a matriz whose columns are the projections {x;} of

{y:} onto T.M. Construct the matrices N XX " and N7'YY", and let V and V be their

respective matrices of eigenvectors. Then, w.h.p.,

T

(E+2§)(d+2)

sin 6(V, V)H <

F(l—er(+ ey

where € € [0,1/2].

Proof. Clearly, N, increases with N. We can assume the matrices in the statement of the
theorem can be defined. We apply Theorem 20 with N_1X X T and N, YY" corresponding
to A and /AX, respectively.

We start off by bounding the numerator [N;7'(YYT — XXT) This is easiest if we

|
consider Y as a perturbation of X by the matrix P since we can control P using Federer’s

reach condition. This gives:
YYT=(X+P)(X+P)"
= XX"+XP'+PX"+PP".
Therefore,

IN(YYT - XXT)|, < N'|XPT+ PXT + PP,
<N xPp+|PXT|+ PP )

< NZHIXT| P+ IPLel X+ 1PLR] P

Because each column of X has norm less than or equal to 7, || X|| < +/N,7. By Federer’s

reach condition, we have

2
Z—y;
|yi_$i|<%
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_ (2D

2r 7
which implies that ||P|| < +/N,7%/(72). Thus,
3 p—
N YT XX < S

T 1%

Now we need to bound Ay — A\gi1. Let Ay = --- = A, be the eigenvalues of N;lXXT, and
let 11 = ..., be the eigenvalues of M := E[N7?XXT|. We see that Agey = --- = X, =
far1 =+ = fp = 0. So, we only need a lower bound for A4, which we can get by relating its
value to g through a concentration inequality. Assuming the first d coordinates are aligned
with the eigenvectors of M, ug4 is the variance in the direction z,. M is the population
covariance matrix of the probability measure P on T, M n By(7) that is the pushforward of
the uniform measure on M N 7(By x B,,_4). From Lemma 9, we know P has a density p(x)
that is greater than or equal to (1 + C?72%/ 7'2)7d/ 2 multiplied by a normalizing factor, which
in this case is just Vol(B4(7))™!.

We have the following bound for p,:

r

Ha = J 23dP(x)
Bqy(7)

i 2@@)“
= x drl
Doy ™ Nel(Ba(ryy @)

_ c22) "2
L r<m¢d o) Cotay

:r(d/2+1zrg/27d f f J f d+1nsmd J+1¢jdrnd¢]_

The third line follows by a change of coordinates. Substltute

A\

i—1 d—2
{ml F— 7 COS 1, Taci<d 1 —> T COS @; n Sin @, xq > 18N Qg n sin ¢ },

j=1 j=1
and let

d—2
dV o=t ] [sin 7" gydrdey .. dga.
=1
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The integral in the fourth line can be evaluated by noting that f ritldr =

0

o " : I'((d—j+2)/2)

s 2 dda_ = ’ dJ sad—j+1 db. = ﬁ f
L sin® ¢g_1dpy_1 = w, an Osm ¢;do; i+ d=j+1)72)
can simplify (by telescoping)

|
el
QU
+
[\
I
Q,
_l’_
[\
:_/

TV (d—j+2)/2)  «2P
[ N1+(d—j+1)/2) T(1+d/2)

j=1

Therefore,

L, 07 —4/2
ud/d+27 * T2 ’

N_'XXT and M are zero outside the upper left d x d block. Call their nonzero blocks =
and =, respectively; clearly these matrices have eigenvalues {\;}¢ and {y;}¢. = can be written
as the empirical average N, Zivil »’Ci,dﬂﬁzd, where the {z; 4} are the first d coordinates of the
{z;}. Note that z; 4z, < H:L‘Z-,dxdeHFI < 7°1. For N, large enough, this implies z; ¢z, < I.
Additionally, since pg > 0 is the smallest eigenvalue of E, we have = > pal. This is sufficient

to apply Theorem 21. So, for all € € [0, 1/2],

Plz¢ [1- 02 (1+0E]| < 2dexp{—62“dNZ }

2log 2

The matrix interval is in terms of the positive semidefinite ordering, so = > (1 — e)i w.h.p.

This implies A\g = (1 — €) 1.
Now, applying Theorem 20,

A 2N (YYT - XXT)
sin (7, V)HF < N

d
(@ + Zif) (d+2)

(1-— e)?Q(l + @)_d/2

T2

I
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2.4.4 {Fa(z),C’pf%} is an asdf

In Theorem 23, we sketch a proof that {F°, C,} is an asdf for an arbitrary cylinder packet C,;
we also show that Theorem 6 applies. Since we showed that Cpﬁ?‘ is an admissible cylinder

packet, it follows immediately that {F °(2), Cf“\”} is an asdf.

Theorem 23. Assume that we are given a cylinder packet C,. {F° Cy,} is an approximate
squared-distance function that meets the conditions in Theorem 5. Furthermore, by Theorem

0, the output set (in the original coordinate system)
Moput = {2 € Munin(es e0)r ‘ I (2)0F (z) = 0}.

s a manifold whose reach is bounded below by cT, where ¢ is a constant depending on
Co, c1,Ch,k,d, and n. My converges to M in Hausdorff distance for increasing N; more

specifically, H(M, M) = O(7?).

Proof. }A?Z is C*-smooth by the chain rule and the smoothness of the projection, distance,
and bump functions. 6a(ﬁz(w)) < Cp for w € B,(0,1), || < k, and Cj depending only on
n and k. This is true by the chain rule since the bounds on the derivatives of the bump
function and the distance function can be directly calculated. After rescaling by 7, these
depend only on n and k.

The third condition is satisfied by setting p equal to ¢,7/7, where ¢, is a constant de-
pending on the geometry of C,. Let 2/ := z + 70(w). If C, is a cylinder packet, the
distance from Il 2’ to the central cross-section of any cylinder containing z’ is on the or-
der of 72/7. F.(w) is a rescaled convex combination of the squared distance between 2’
and the central cross section of the cylinders containing it. That is, ﬁz(w) is essentially
7202 — 2| + 72/7)°, where 1b; = 1 and the ¢; depend on C,,. Thus, setting p?
to 027_'2 /72 satisfies the third condition of Theorem 5 for appropriate values of ¢; and Ci:

2 — 22 ~ Oz — 27

T2
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where 0 < p < ¢, with ¢ depending on Cy, ¢, C, k, n.
For Theorem 6 to apply, 7p must be sufficiently small with respect to min(cs, c4)7. This

is clearly true because Tp/(min(cs, c4)7) = O(T/7), which can be made as small as desired.

The Hausdorff distance H (M, M) is O(Tp), which is O(72). |

Theorem 24. {Ff_’(z), CFL}, where CEEL s a cylinder packet constructed using local PCA
is an approximate squared-distance function that meets the conditions in Theorem 5. Fur-

thermore, by Theorem 6, the output set
Mput = {Z € Mmin(C3,C4)fF ‘ th(z)éF(Z) = 0}

is a manifold whose reach is bounded below by cT, where ¢ is a constant depending on

Co,c1,Cr, k,d, and n. My converges to M in Hausdorff distance for increasing N; more

specifically, H(M, Mpy) = O(72).
Proof. This is a direct consequence of Theorem 23, Corollary 19, and Theorem 22. [

2.5 Simulations

In this section, we present simulation results showing that the two asdfs considered in this
chapter can be used to find a discretized version of a putative manifold. All simulations were
performed using the following gradient descent algorithm based on subspace-constrained

mean shift (Ozertem and Erdogmus, 2011).

1. Initialize a mesh of points on which to perform gradient descent. They can be sample

points with or without added noise.

2. Perform the following for each mesh point x:

(a) Calculate the gradient g and the Hessian H of the asdf f.

(b) Let V' be a matrix whose columns are the eigenvectors corresponding to the largest

n — d eigenvalues of H.
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(c) Calculate VVTg and take a step in this direction.

(d) Go to step (a) until a tolerance condition is met.

We applied this algorithm to data points sampled from three different manifolds contained
in the unit ball of a Euclidean space: a circle embedded in R?, a closed curve embedded in
R3, and a sphere embedded in R3. We sampled 1000 points from each manifold and used
this data to construct asdfs based on KDE and local PCA. We then sampled 1000 additional
points and added Gaussian noise with a standard deviation of 0.05; these were used as the
starting mesh points. Finally, we ran the algorithm and took the final output to be points
lying on the putative manifold. Figure 2.1 shows an example of each of the three manifolds
for each asdf. To get a sense of the accuracy of this procedure, we found the RMS distance
of each putative manifold to a 10000 point sample (i.e., an approximate net) derived from

the original manifolds. The average RMS distance from 100 trials is given in Table 2.1.

Circle c R? Curve ¢ R* Sphere < R3
KDE 0.000433 0.000990 0.00221
Local PCA 0.000146 0.000453 0.000603

Table 2.1: Average RMS distance for subspace-constrained gradient descent on two asdfs

2.6 Discussion

In this chapter, we showed that if we are provided with data sampled from a manifold M,
we can use two different asdfs to construct an estimator of M. The asdfs are based on
kernel density estimation and local PCA, which are conceptually easy to understand and
mainstays of nonparametric estimation. The estimator is a manifold itself, and there are
concrete bounds on its geometry (for example, its reach). These bounds are derived from an

application of the implicit function theorem and are given in a key theorem of Fefferman,



Figure 2.1:
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Circle € R?, curve < R3, and sphere © R?® examples (top to bottom). Red
points are sampled from the manifold, blue points are sampled points with added
Gaussian noise (sd = 0.05), and black points are the output points obtained by
subspace-constrained gradient descent. The left column uses an asdf based on

KDE, and the right column uses an asdf based on local PCA.
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Mitter, and Narayanan (2016). Our contribution in this chapter was to create asdfs that can
be calculated directly from the data as well as to give bounds on the reach and Hausdorff
distance that depend on the sample size and properties of the asdfs. In the future, we aim
to work on several natural extensions of our results. It remains to be seen what can be said
about an estimator derived from a sample contaminated with noise (potentially bounded
or sub-Gaussian). Additionally, it would be of theoretical interest to see how precise we
can make the constants in our theorems, including the constants derived from the work of

Fefferman et al. (2016).
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Chapter 3

C''(M) REGRESSION VIA ESTIMATION OF CHARTS AND
LOCAL C''(R?) REGRESSION

3.1 Introduction

In this chapter, we are concerned with the regression of functions from the class C1'(M);
these are real-valued functions defined on a submanifold M < R" that are differentiable and
have a Lipschitz (Riemannian) gradient. This space of functions can be equipped with a
norm || - Hcl,l( ) defined as the maximum of the Lipschitz constant of the gradient and the
supremum of the Euclidean norm of the gradient and the modulus of the function values.
We make these notions more precise in Sections 3.3 and 3.4. When M is a Euclidean space,
this class is written as, for example, C»(R%), and M may or may not be embedded in a

higher-dimensional Euclidean space.

We place a few regularity conditions on M itself. We assume that it is a closed and
connected submanifold of the unit ball of R™ that is of smoothness class C? and has dimension
d, reach at least 7, and volume at most V. The smoothness class and dimension are defined
at the beginning of Section 3.3. The reach is a quantity that measures the curvature of
a submanifold, and it is defined in Section 3.3.3. The volume is measured through the
Hausdorff measure H¢(M), which is a generalization of the Lebesgue measure to lower-
dimensional subsets of a Euclidean space; we provide a more precise definition in Section
3.3.2.

As is standard in regression problems, we assume that we have access to a sample gen-
erated by an underlying function from the class of interest. Our model is as follows. We are
provided with a sample X x Y < M x R consisting of N points on M and a real-valued

observation associated with each point. We assume that X is drawn from a probability
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measure P supported on M, where P is absolutely continuous with respect to H¢(M) and
has density p bounded away from zero and bounded above. For each x; € X', we also have
y; € Y generated by a C*'(M) function and observed with additive Gaussian noise. That
is, y; = f*(2;) + &, where f* € CYH (M), [|f*[lcragay = M*, and & N0, 02).

Our objective is to construct an algorithm that finds an approximate empirical risk
minimizer from a particular class of functions defined more technically in Section 3.6. This
class consists of functions whose pullbacks to tangent spaces of M indexed by a suitably fine
net have C1*(R?) norms bounded by an increasing function of N. We derive risk bounds for
this procedure and show that it recovers f* for N — co.

In a paper due to Gustafson et al. (2018), co-authored by us, an algorithm for C-!(R?)
regression is constructed and analyzed. Here, we extend these results to the case where
M is not an open set in a Euclidean space, and we show that the sample complexity of
the algorithm also relies on geometric properties of M. A brief outline of our algorithm is
as follows. We start by finding a net of M consisting of sample points, and we use local
principal components analysis to estimate the tangent spaces to M at the net points. Then,
for each net point, we find an associated local estimator for f* by projecting the sample
points onto the estimated tangent space and performing C1(R?) regression within a ball
whose radius is chosen as a sufficiently small function of the reach. The final estimator is

formed by patching together the local estimators using a partition of unity.

3.1.1 Notation

In this section, we collect notational conventions; those specifically pertaining to manifolds
are deferred until Section 3.3.

Let £L(R™,R™) be the space of m x m' real-valued matrices. Let M e L(R™ R™).
The element of M in the i row and j™ column is written as M;;. The i™ column of M is
written as M;. We equip £(R™, R™) with || - ||, and || - || », the operator and Frobenius norms,
respectively. They are defined as follows: for v e R™, || M|, := supy, || Mv|; additionally,
| M|z := A/Tr(MMT), where the trace Tr : L(R™ R™) — R assigns M’ — ZM{Z We
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write id € L(R™,R™) as I or I,,. The singular-value decomposition allows us to write M =
UDV', where U'U = I,,, V'V = Iy, and D € L(R™,R™) has nonnegative real numbers
(called the singular values of M) on the diagonal and zeros everywhere else. The columns of
U and V are called left and right singular vectors, respectively. Let o; : L(R™ ,R™) — R be
the i*" singular value, where oy > -+ > Omin(m,m’)- 1he singular values are the square roots
of the eigenvalues of M " M. We define ); : L(R™,R™) — C to be the i*" eigenvalue, where

M| == Al

Given a d-dimensional linear subspace M < R", we write V); € L(R?, R") for a matrix
whose columns form an orthonormal basis of M; Vj,/V,} is the linear map that orthogonally
projects vectors from R™ onto M. We also denote the projection by II,;. The orthogonal
complement M" is the (n—d)-dimensional subspace of R™ consisting of the vectors orthogonal

to every vector in M. The projection onto M+ is written as Il3;.

We define the principal angles between two d-dimensional linear subspaces M, N < R" as
Zi(M, N) := arccos 0;(V}};Vy); we also write the largest principal angle as / (M, N). Write
O(M,N) € L(R? R?) (interchangeably, ©(Vys, V) for the diagonal matrix whose elements
are O(M, N),, := £;(M,N). They can also be defined recursively as

cos Z;(M, N) := sup sup u, v;,
u; €M v,eN
where ||u;|| = 1, ||vil| = 1, w; L w;,j < ¢, and v; L vj,j < i. Then, {u;} and {v;} are
called principal vectors and form orthonormal bases for M and N, respectively. The nonzero

principal angles of M+ and N are equal to Z;(M, N).

We use Cj to denote any constant that is either absolute or depends solely on d. If we
need to differentiate between multiple such constants, e.g., in the statement of a theorem,

we will write them as Cy 1, Cy2, and so on.

The indicator function of a set A is written as 14 or 1{A}. It assigns x — 1 if z € A and

z — 0 otherwise.
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3.2 CU“(RY) Regression

A function f:RY — R" is in the class CV1(R?, R") if it is differentiable and has a Lipschitz

gradient. We place the following norm on this class:

s ey = ma{ supll o) sup | D Lin ) .
zeRd weRd

The maximum is over a norm and two seminorms, respectively, which can also be written as
[ fllcowagnys [[fllenragnys and [ fll¢rigga gny- This notation is due to CO(R4,R") being the
class of continuous maps from R? to R and C*(R?, R™) the class of continuously differentiable
maps. This norm is undefined for f ¢ C1(R? R"); in general, if we write 1l ga gy it i
to be assumed that f € C»1(R? R"). When f is real-valued, the codomain is not specified;
e.g., we write f e CHH(RY).

Gustafson et al. (2018) consider the problem of recovering a C*'(R?) function from noisy
observations. They assume access to a sample X’ x )’ < R% x R, where X’ consists of N’
points in B4(0,1) = R? and )’ of corresponding real-valued observations. X is drawn from
a probability measure P’, which is absolutely continuous with respect to £¢ and has density
p’ bounded from above and bounded away from zero. For each z} € X’, there is also an
observation y; € ¥ such that y; = f*'(x}) + &, where f*' € CV'(R), [|f*||pragay = M*,
and & o (0,0%). A structural risk minimization approach is adopted to recover f*-—an
estimator is chosen by minimizing the empirical risk (based on squared error loss) over the
class of functions whose C L1(R?) seminorm is bounded above by a particular function of the
sample size. Later in this section, we will describe this algorithm and its analysis; we will
summarize our co-authors’ contributions and include our own in more detail as a part of this
dissertation. Before doing so, we first discuss the construction of a C*'(R?) extension from

noise-free observations, i.e., the interpolation problem.

8.2.1 Noiseless CY1(R?) Interpolation

Here, we provide some background on the question of extending a function defined on a

finite set (in this case, X’) to a C'(R?) function with minimal C*'(R%) seminorm. For
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now, we assume that the function values are noiselessly observed; the extension discussed in
this section passes through the observed function values instead of smoothing out presumed
noise.

Let f : X' — R be the function that we wish to extend. Let Df : X’ — R? be gradient

information; D f(z}) is written as D f

, to emphasize this fact. In most instances, gradients
are not sampled, but an interpolant can still be constructed. Let A(R%, R) be the space of
real-valued affine functions on R%. Let P : X’ — A(RY R) be the map assigning z} — Py,

where

:
Poa) = S) + (DI],) o =al), ale X' e RS

P is called a 1-field. Denote the first-order Taylor expansion of fe CH(R?) at 2’ € RY by
Juf. The classical Whitney’s extension theorem applied to C''(R¢) states that if X’ = R?
is closed and P satisfies particular conditions, there exists an extension f, € CY*(R?) for
which Jm; fuw = Px; for all 2} € X’. The following must hold for P: for some M < co and all
2,2l e X', 1) [Pu(al) - Py (x;)‘ < M(z)—2')? and 2) HVPx; ., — VP,

2Rl ) 2 J

| < M’x; —x;‘
Clearly, since X’ is not only closed but finite, Whitney’s extension theorem applies. Moreover,
f can be extended even when gradients are not sampled; any arbitrary Df can be used to
define a 1-field for which an extension exists.

More care must be taken when a minimal-seminorm extension is desired—Whitney’s
extension theorem does not make any claims about optimality. Instead, several results of
Le Gruyer (2009) are needed. The minimal C'(R?) seminorm of an extension defines two

closely-related seminorms on the spaces of 1-fields and functions with domain X”’. More

explicitly,
1Pl ¢s oy = i {Lip(vf) | Fe VY (RY, T, f = Py Vale X’},
and, when gradients are unknown,

Hf”C"lvl(X’) ;= inf {Lip(Vf) ‘ fe C’lal(Rd)’ N(x;) _ f(:L‘;)VZL‘; c X’}.



Le Gruyer (2009) proves that || P||z1.1(xn can be computed directly from the sample; || f|| 1. a1
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can be computed similarly after a preliminary convex optimization step to find an optimal

1-field. Thus, the lower bound on the C'(R?) seminorm of an extension can be determined

exactly. These results are summarized in the following theorem.

Theorem 25 (Le Gruyer, 2009). Let X' = R? be a finite set. Let f : X' — R, and let

Df : X' - R% Let P : X' — A(RYR) be the I-field corresponding to f and Df; i.e

(2

Py(x}) = f(z}) and VP =

o Jor all i € X'. Define the functionals

Px/_ (.’E) — Px/, (CC)
I''(P;X') :=2sup max — ! 5
weRd T #TGEX | ph — x| 4 ‘xé—x|

and
THf XY = inf{rl(ﬁ; E)| Pu(a}) = f(z}) Vo, e X’}.
Then, the following statements hold.

i) (Proposition 2.2) The value of TY(P; X") depends only on the sample. Specifically,

r'(pP;x") max \/A (P; 2}, ) —i—B(Px x) +|A(P; 2, )|,

) 79 3 79
£E #z ex’ J

where

Df

) @ =a) [l -
‘/|ac !

and

Bme

Y 77 ]

°)

i) (Theorem 2.6) There exists fip € CYYRY) with Lip(Vfip) = TYP;X') for which

Ju fr.p = Py for all x, € X'. Furthermore, this is a minimal extension; i.e.,

1Pllens iy = TH(P; &),
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i1) (Theorem 3.2) In the case where only f is known, there exists f; € CYHR?) with
Lip(Vfis) = TYf; X7) for which fi () = f(x}) for all 2} € X'. This is a minimal
extension; 1.e.,

£ lleraqen = TH(f5 &)

An interpolant can be explicitly defined by combining the work of Le Gruyer (2009) with
a construction due to Wells (1973); this is done in a paper of Herbert-Voss et al. (2017), who
also create and analyze efficient algorithms for implementation. The next theorem is key in

constructing an interpolant.

Theorem 26 (Wells’ Construction, Theorem 1, Wells, 1973). Let X' < R? be a
finite set. Let f - X' — R, and let Df : X' — R%. Let P : X' — A(R% R) be the 1-field
corresponding to f and Df; i.e., Py(x;) = f(x}) and VP, = Df| , for all ;€ X'. Let M

be a constant satisfying

1) <f($§)+%(Df x;)T(x;_x;) +¥‘x;—x;}2—ﬁ‘Df

s+ Df

x’_Df

’
x.
J

for all i,z € X'.

Then, there exists F : R — R such that F € CY'(R?), JyF = Py for all xj € X', and
Lip(VF) = M.

The proof is constructive. The procedure is technical, but the basic idea is to define
the interpolant piecewise on a partition of R? created from cell complexes whose geometry
depends on X', P, and M. A few preliminary sets and functions must be defined before F'

can be stated. For each x} € A, let xNQ =a,—Df x,_/M, and define d,, : R? — R by

2

o1,
TS Sy T

Given S < X', define dg : R? — R as the map assigning z ~— min {dx; (x),x} € S}, and let

§:={£§‘x;65}
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Sy := the smallest affine space containing S
S := the convex hull of S

Sg = {x e R | dy () = dxg(m)fo z e S}

1))

(i

S, = {x eR? | dy(2) = dy

/
J

(7) S dy (x)Vaj, 2% € S,a) € X'}
Sc =Sy n Sg.
For all S < X" for which there exists x € S, such that ds(z) < dang(x), define
Ts := {%(U—i—w) | ve S we S*}.

The collection {Ts} partitions R?. The extension F' is defined piecewise as F(x) = Fg(x),
where Fg : T — R assigns

x — ds(Sc) + % J{g@fHM —w|® — % 216%2|$ — 2%
The derivative of F' is piecewise linear.

I'Y(P; X') satisfies the inequality required for Theorem 26 to apply; thus, by Theorem
25, M can be taken to be || P[|¢1i(yry (or [[f||z11(4n, as the case may be). This means that
Wells’ construction can be used to define a minimal interpolant. Herbert-Voss et al. (2017)
compute || P|| ¢raary exactly, or, more efficiently when N’ is large, to within a dimensionless
constant. They use algorithms from computational geometry to make the calculation prac-
tical. Specifically, they rely on a decomposition of X’ known as the e-well separated pairs
decomposition, previously used in a similar context by Fefferman and Klartag (2009). When
Df is not observed, they additionally use methods from convex optimization to compute
[ fll¢ra(aery to within a dimensionless constant and an arbitrarily small additive error. They
also efficiently compute the interpolant of Wells” construction in part by employing practical

algorithms for the calculation of convex hulls.

8.2.2  Estimating a CYY(R?) Function from a Noisy Sample

In the regression setting, the function values as well as the gradients must be estimated.

Additionally, the sample is assumed to be generated by a particular function (in this case
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f*) that should be recovered asymptotically by the estimation procedure. Gustafson et al.

(2018) estimate f*' by a solution of the following constrained minimization problem:

7

1 ~ N2 N
inf FZ(yg — f(x;)) ., such that Hf‘

fecl’l(Rd) i=1

: <M
Cl,l(Rd)

Y

where M’ grows with N'. The precise rate of growth is chosen by appealing to properties
of the function class CV'(R?) and will be discussed later in this section alongside proofs
of convergence. The objective function is the empirical expectation of squared error loss,
i.e., the empirical risk. It will be denoted R and considered as a functional that can be
applied to either C'(R%) functions or 1-fields. The value of R(f) is determined entirely
by the values of f on &”, and, by Theorem 25 and the definition of the CLH(X') seminorm,
the constraint set is determined by the values of f and Df on X’. Thus, it is equivalent
< M’ and then use the solution

01,1( X
to construct an interpolant as discussed in Section 3.2.1. Finding a minimizing 1-field is a

to first minimize }A% over 1-fields P such that Hﬁ’ ‘

convex optimization problem—the objective can be written as a real-valued convex function

on REUTDN" “and the constraint is defined by a seminorm ball, which is a convex set.

The particular convex optimization algorithm used to solve this problem is due to Vaidya
(1996). This is a cutting-plane method, which requires the derivation of separation oracles,
i.e., hyperplanes separating any point not within a convex set of interest from all points

. < M’}
Cl,l(X/)

and {f) | R(P) — R(P¥) < 7}, where 7 is a tolerance parameter and P* is a minimizer of R.

within the set. Here, separation oracles are necessary for the sets {]5 ‘ HIB‘

The algorithm starts by finding a feasible point in the first set; then, fixing gradients, a set
of function values are found that yield a feasible point in the second set. Gustafson et al.
(2018) derive the desired separation oracles and prove that an empirical risk minimizer can

be found to arbitrary precision.

Theorem 27 (Gustafson et al., 2018). Let z}' # z3' € X' and z* € R? be values that
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mazimize TY(P; X'). Let v > 0 be a tolerance parameter. Let P* be an optimal solution to

7

1 ~ 2 N
mfﬁ Z(y; - P@(%)) , such that HP‘ < M.

Cl 1()(/

Assume that 0 < r < |x — ‘ R for all z} # x’; € X'. Define the constants

N NN
[ M [ S, (10D s
= VN’ , =V N’ - +4 ! +
P (8(1+r)> P2 N’ r 2
Choose
43"y
L> logg( ;y’ )

N'ypy

Then, the following statements hold.

i) Given Py ¢ {P ‘ HP‘ e < ]\7/}, a separating hyperplane is:
1,1 XI

Q(ﬁxf/(x*)_ﬁfl(x*)) = TY(Py; X')

|z — x*| —i—‘x*' x*‘g

Given Py ¢ {15 ‘ }A%(IS) — }A‘Z(P*) < 7}, a separating hyperplane is:

2
N

2

(Poss () = ) Plal) = <

> (Poar (@) = i) Poy ().

ii) (Theorem 12) Using the separation oracles from part i) of this theorem, Vaidya’s
algorithm yields an approzimate minimizer Py € {]5 | ]%(]3) — ]%(P*) < 7} inT =
O((d + 1)N'(L + log p2)) steps.

The output of Vaidya’s algorithm is a set of function values and gradients, i.e., a 1-field on
X'; the C LH(X") seminorm can be computed and then Wells’ construction applied to create
an estimator for f*. If a minimal interpolant is desired, the gradients can be discarded and
the gradients of the minimal interpolant computed through the algorithms of Herbert-Voss
et al. (2017); an application of Wells’ construction gives the estimator of f*'. Since the loss

function only depends on the function values, either estimator is acceptable.
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3.2.8  Sample Complexity of CY*(RY) Regression

Gustafson et al. (2018) show the convergence of their estimator by using methods from

empirical process theory to analyze the squared-error loss of the class Fg; := {f ‘ f €

CHYRY), || F - < ]\7’}, where M’ := N/ and d := max{d,5}. The supremum of
CLI(R

the difference between the empirical risk and its expectation (i.e., the true risk) is bounded

above by a function of the Rademacher complexity of F3;, which is itself a function of the
covering number of this class. The choice of M’ ensures that this supremum tends to zero
with high probability. Theorem 31 gives a precise statement of this result, and also gives
the rate of convergence of an empirical risk minimizer to f*' in sup norm. (Note that Fy,
is increasing in size; since M* < oo, f* € F3z eventually.) Its proof uses the empirical
processes methods described in Section 2.2.5. Before stating this theorem, we state three
preliminary results—McDiarmid’s inequality (Lemma 28), a concentration inequality for a
loss class when given a function class of interest (Lemma 29), and an upper bound on the
covering number of Fy;, with respect to the supremum norm (Lemma 30). We include the
proofs of Lemma 29 and Theorem 31 since this was our major contribution to the paper of

Gustafson et al. (2018).

Lemma 28 (McDiarmid’s inequality, McDiarmid, 1989). Let X;,..., Xy be inde-
pendent random variables that take values in a set A. Suppose the function f : AN — R

satisfies
sup  |f(z1,...,zn) — floeg, oo w2 i, an)| < ¢
T1,e TN TEEA
for every 1 < i < N'. Then, fort >0,

P[If(X1,..., Xn) = Ef(X1,..., Xu)| = t] < 2e7 2720l

Lemma 29. Let Fy, be a class of functions f : By(0,1) — R with Supfefm|f| < M.
Let L : [—]\7’,]\7’] XY — R be a bounded loss function with Lipschitz constant L and
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0 < L < Ly Then, the following is true for 0 <o < 1:

R(f) = R(f)| < ALLRNA(F57) + Thomaa M] >1-4.

feF 2N'

]P’[ sup
Proof. We provide a proof based on three results due to Bartlett and Mendelson (2003). We
begin by adapting their Theorem 8 to find a bound on the risk that depends on a probabilistic
term plus the expectation of the Rademacher average of the class of loss functions. We follow
the proof of Lemma 4 of Bousquet et al. (2004) for guidance. We apply the two-sided form of
McDiarmid’s inequality as we want bounds on the absolute value of R(f)— R(f), and appeal
to Theorems 11 and 12 of Bartlett and Mendelson (2003) to relate the expected Rademacher
average of the loss class to the empirical Rademacher average of Fy,.
Let L o F3 be the class of functions consisting of {(x,y) — L(f(z),y) — L(0,y)}. If
helo Fips then =Ly < h < Ly, For any f € Fgy, the triangle inequality shows that
R(f) = R(H)| < swp [Eh—Byoh

heLoF g,

+[EL(O,1) — EnL(0,1)|

McDiarmid’s inequality yields more favorable expressions for both terms on the right-hand
side as follows. The most that ]EN/L(O, y) can change by altering one sample is Ly,q./N’.
Since EEn/L(0,y) = EL(0,y), we have, with probability 1 — §/4,

~ L2,..10g8/6
EL(0,y) — Ex/L ‘ < [ Zmaz 08 S/0
‘ ( 7y) N (Ovy) IN'

The most that sup, ;. » ‘Eh ) ~h| can change with an alteration of one sample is 2L,,4. /N’
MI

Therefore, with probability 1 — 6/4,

~ 2
sup ‘Eh—EN/h < M/%jl\?,g%.

heio}'ﬁ,

_E sup ‘Eh _ Bk

hefofﬁ,

Now,

E sup |Eh—Enh

hefofﬁ,

<max{]E sup (Eh—IEN/h>,IE sup IEN/h—Eh>}.

heLoFr, heLoFy,
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Let S" := {(z1,v]), ..., (@%, yx/)} be a sample with the same distribution as S := X' x ).

!

Conditioning on the original sample,

E sup Eh—IEN,h)ZE sup E[N,Zh 2 y") — Bk

heLo]-—M, hELo]-—M,

<z (3 Detat) -

hELo]-—~

1
= Sup- Z oi(h(@7, y7) — h(zs, v7))
hELo]-—M, =1
N/
1 / /
sup Z oih(al,y!) + B sup  — > —oih(x}, )
heLo]-'M, heLo]-'M, N i=1

— 2ER (L o Fiz).

The second line follows by applying Jensen’s inequality to sup, which is convex. Note the

preceding argument is symmetric in Eh and IAEN:h. Therefore, Esup, ;. » ‘Eh — IEN/h has
M/

the same upper bound and, with probability 1 — /2,

log(8/9)

R(f) — R(f)| < 2ERx(L o Fi,) + 3Lmax v

Theorem 11 of Bartlett and Mendelson (2003) uses McDiarmid’s inequality to bound the
difference between the empirical and expected Rademacher averages, but assumes that we
are interested in the Rademacher complexity of a class of functions mapping to [—1, 1]. Since

F3p maps to [—]\7 ! M '], we rederive the analogous result here. The most that one sample

affects RN/(E o Fipr) 18 2Lpaq/N'. We have

=

PHRN,(Z o0 Frr)) —ERn(L o Fip)| =

t] < 26~ 2N'P/(ALR ).

Thus, with probability 1 — /2,

log(4

~—
=)
~—

QER (L o Fyp) < 2Rni(L o Fyp)) + 4Lomas
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The second line follows from part 4 of Theorem 12, which states that, for L:R->R
with Lipschitz constant L; and satisfying L(0) = 0, ERn(L o Fip) < 2L;ER N/ (Fzp)-
The reasoning from the proof also applies to the empirical Rademacher average, giving
Ry (L o Fip) < 2L Ry(Fzp). Since L has the same Lipschitz constant as L, we use the
notation Ly.

Finally, with probability at least 1 — ¢,

log(8/9)
2N’

R(f) - R(f)| < ALLRn(Fi)) + TLinaa
n

Lemma 30 (adapted from Theorem 2.7.1 of Van Der Vaart and Wellner, 1996).

There exists a constant K depending only on d such that, for every n > 0,

M/
log N (0, Fps ||+ o) < K(T) :

Theorem 31. Let M’ := N'VCD gpd d := max{d,5}. Let Fr;, be the class of functions whose
~ 2

CLY(R?) norms are no greater than M'. Define I' = (]\7’ +M* +04/21log 2N" + N’l/d> ,

L = 2(]\7’ + M* + o+/2log 2N’ + N’l/‘i), and

r

VE DA (4]\7/1d/4 _ 4(811/dK2/dM/N/—2/d> 1d/4>
d
(4 —d)vN'
NI

4(3@]\7’]\['—1/2) + 12*/5\%4 (log M —1log (3@]\7’]\['—1/2)) . d

4(811/dK2/dzT4”N’—2/d) 412

i) For ¢ € (0,1),

~

P| sup |[R(H) = B(f)| <&/ | > 1—g—e¥e,
TeFgn

where g’ 1= 4Z’L1§'—|—7INJ;M$4 /10g(8/5)/2N’. g’ is a monotonically-decreasing function of

~

a.s.

N' for large enough N' and limyr—o, €' = 0. Furthermore, supser_, R(f)— R(f)| —
0.

%4

=4.
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ii) Now let M' = NS The conclusions of i) still hold with this choice of M.
Assume that X' is sampled i.i.d. from a probability measure P’ absolutely continuous
with respect to L4 with density p' such that 0 < pl.. < p'(z) for all v € R Let
fre Fip be an empirical risk minimizer. Let 77 := (25'0/*211(1 + g)/p;mnwdQ) v and
o = N'-Y/(10d) Then, for § € (0,1),

IP[ sup

xEBd(O,l)

fi(@) = f*'(x)‘ < ﬁ’] ~1_§— e—NQ/‘i/(Qo'Q)’

where B’ = M7+ B is a monotonically-decreasing function of N' for large enough

F(@) = (@) = 0.

N' and limpr o 8" = 0. Furthermore, sup,cp, 1)

Proof. 1) Fs; is a sequence of function classes with increasing C'(R?) norm. We set the
rate M’ = N’l/(ﬁ), where d := max{d, 5}, so that f*' is a candidate for large enough N’.
We aim to use Lemma 29 to prove the desired probability statement, but our loss function
is unbounded since the elements of )’ can be arbitrarily large. To circumvent this, we also
let the maximum value of ¥} € ) increase with N’; samples violating this condition are part
of the error probability. Write ] = f*'(z!) + &/, where & " A/(0, 02). We condition on the
event H := {max1<i<N1|§;| < 04/2log 2N’ + N’l/g}. Theorem 7.1 of Ledoux (2005) gives the
following bound for suprema of Gaussian processes:
P[lggiwmﬂ < Elgig%ﬁﬂ + 7’] >1—e "/

The following is well-known (Boucheron, Lugosi, and Massart, 2013):

E max [£]] < o4/21og2N".

1<i<N/

Thus, P(H) > 1 — e N/20?

Since the loss function is bounded after conditioning on H, we can compute:

Lmax < Sup(f(x) - y)2
z,y,f
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< Sug(|f(«%’)| + ly))*

v %! ; 13\ 2
<|\M +M" +0+4/2l0g2N"+ N
X 2
_ (N'Wd) + M* 4 o4/210g 2N' + N’l/g)
=L

mazx*

We also find the Lipschitz constant as follows, where f1, fo € Fr:

sup |(fi(2) = 9)* = (fal2) = 9)°| = sup [(=2y + fi(x) + fo())(fi(2) = fo(2))]

z,Y,f1,f2 z,Y,f1,f2

< sup =2y + fi(2) + fa(2)[[f1 = fallo-
xvyaflvfé

This implies:

Ly < sup |fi(z) + fo(x)] + 2suply|
z,f1,f2 y

< 2(]\7’ + M* + 04/2log 2N’ + N’l/‘z)
_ Q(N'l/(ﬁ) + M* + 04/210g 2N + N’l/‘{)

Pyp— NI
- LL.

Next, we bound the Rademacher complexity using the entropy integral:

M, logNT]?‘FN/; ‘ 9 I/
R (Fzp) < infR 4y + 1QJ \/ (. Faps - e (PN))dn
=0 Py

NI
. M log N(nv]:j\\j/a H ’ HOO)
<£f0{47+1zﬁ \/ - dn
P
. K M'd/2

The second inequality is standard, and the third is from substituting the covering number
bound from Lemma 30. The integral is different for d # 4 and d = 4. In the first case,
VE M/ <4M/17d/4 _ 4717,1/4)

(4—d)VN' ’

Rni(Fzp) < }Ygg Ay 412
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and the infimum is achieved at v = 81Y4K40N['N'~%/?_ When d = 4,

KM = ~
W (10gM’—10g’}/)},

which is minimized at 7 = 3+ KM N'™2, Substituting in v and M gives us

R (Fip) < gg{m +12

AN/ (_%’K X 811/ddK2/dN172/d)
. i—1
6v/E N"YCD(2 1 log N’ — log 9 — log K)
VN

cd =4,

so that Ry (Fyp) < R

Set

2% 0w [log(8/0)
"= AL R + 7L .
e LR+ L0 =5

Each term goes to zero, so limy:_, &' = 0. Additionally, 0¢'/ON' = O(—N’_(ﬁﬂ)/(?@). If
N’ is sufficiently large, de’/ON’ < 0, and &’ is decreasing in N'. Finally, applying Lemma 29
yields the first part of the theorem.

To strengthen the result to almost-sure convergence, we appeal to the Borel-Cantelli

lemma. It is enough to show that

ZP[sup

N/ ‘fEJTjZ/

12/d
’H] + Ze*N 20% < op,
N/

where €” > 0 is an arbitrary, fixed value. The second series converges by comparison with

R(f) = R(f)| > "

the integral
X NP g2 2yd/2 5
f e VAN = (20%)770 (14 d)2).
0

Each term in the first series is bounded above by min{l,d}, with § satisfying &” =
AL RN (Fsp:) + Thimazy/l0g(8/0)/2N'. For a given £”, a solution does not exist if N’ is too
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small. When N’ is large enough, we have the following:

5 (€ — 4L Ry (Fi)\°
g = exp{—2N ( 7Lmam

e — 4E'L1§'> ;

7L

max

< exp —2N’<
=0

The second line follows because L, B’ — 0 and 5(E’L}~%’ ) JON' < 0. Eventually, 0 < 'R <

~ ~\2
e and (=" —4LLR) < ("~ AL Ry(Fip))

Asymptotically, log5~ = O(—N =44} Purthermore, its derivative is O(—N 14 J), S0 0

is decreasing for large N’. Since

LOO i (1 i 4-1/8) 1F{ (1 _ 4.1/07> 1},

the integral test shows the tail of )\, J is finite, proving

sup 2%50.

fEJ'—A‘/[/

R(f) — R(f)

ii) We again condition on the event H := {max1<i<N1|§§| < 04/2l0g2N’ + N’l/‘i}. How-
ever, we now set M’ = N'YOS®) The conclusions of the first part of this theorem still hold
with the appropriate modifications made to any constants depending on M'. To relate the
uniform risk bound to the difference between ]?, and f*, we start by decomposing the risk.

With probability at least (1 —4d)(1 —e ™V e 20%) over the sample,
7 &/ 2 7 */

B (7= )| = ) - ey

< |R(P) - R(T)

+| R = RO
<2 swp |R(f) - R(S)|
fe‘}—]q/

< 2¢.



67

Combining this with Chebyshev’s inequality, we have

[ - o) <[ (7= )| o

2
< 2’

R

for o/ > 0. In other words, f’ lies within a tube of radius o/, except on a set A < B,4(0,1)

such that P(A) < 2¢'a/ ™2,

~

f/ _ f*l

— o'. Because ]?’ and f*' are Lipschitz, h is constrained by the

Let h 1= sup,eu
inequality

(f*(x) + M*r + o +h) — (f*(z) + )

Y,
< M,

~

where z is on the boundary of A, and r is the inradius of A. This implies that h < M'r. We

can maximize this by taking A to be the d—dimensional ball of radius

o (e %))1”,

N p;ninﬂ-dm
where p/ .. is a constant bounding the density p’ away from zero. This shows

< M7 +d.

fr=r

sup
x€B4

Set o := N*"Y(19)  Then N7 = O(N'?) and 5(1\7’?’)/61\7’ = O(=N""""), where
—3/(50d) +1/400 :d <5
(5—59d)/(80d%)  :d > 5.

Now, defining 3’ := M + o gives the first part of the theorem.

Almost-sure convergence follows from a similar argument as the last part of i). It suffices

to show that, for arbitrary g > 0,

ZP sup > 3"
N’ ZL‘GBd(O,l)

R

/2/&
’H] + ZB_N f20% 0,
N/
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where we have already shown convergence of the second series. Let

"= (6”]\%,al>d<r(1czd/cj/2)) <O‘;)

be the solution when setting g” = M'% + o and solving for ¢’. For fixed 5" and large N’,

there is a corresponding £” > 0. Note that £” is not fixed, but decreasing in N'. In fact,
e = O(N/*(5d+165)/(800?2)). Since EILEI _ O(N/*119/400) for d < 5 and O(N/*(16d71)/(16d2))
for d > 5, eventually 0 < zj:}N%’ < &”. Therefore,

N o 2

- "_ ALl R

d = 8expy —2N’ EN—L
7L

max

is an upper bound for the tail of the first series. Observe that log (5/8) =0 (—N’l’d/(g‘ﬁ)*”/(@))
and é‘(log (5/8))/6]\7’ = O(—N'_d/(SJQ)_QQ/GJ)) Comparison with the integral

fo () 1/(1 — d/(8d%) —22.1/(5d) )
y F{ (1-a/(3%) —22.1/(5d) >_1}

is enough to give almost-sure uniform convergence of the empirical risk minimizer. |

Of course, the usefulness of the bounds in Theorem 31 depends on being able to find
an empirical risk minimizer in the class F=;,. In Section 3.2.2; an estimator is found whose
C’l’l(Rd) seminorm is controlled. The following theorem shows that with our assumptions
on P, for N’ large enough, this estimator is in F3;, and is the empirical risk minimizer of

this class.

Theorem 32. Assume that X' is sampled i.i.d. from a probability measure P’ absolutely
continuous with respect to L with density p' such that 0 < pl,,. < p'(z) < pl,.. for all

reRL Let K' < L2(X') be the closed convex set of all functions f: X' — R such that
[l < M,

where M' = o(N"*1). Let h be the projection of J' onto K' with respect to the Hilbert space
LA(X").
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i) (Theorem 13, Gustafson et al., 2018) Then when N' is sufficiently large, with probability
at least 1 — exp(—N"/100),

max[horcen, [Rlesgen ) < V2.

it) (Theorem 16, Gustafson et al., 2018) Let [|h|¢njan < M’ and max(|[hf cocary, [All g aen)
M'/2. Then, with probability at least 1—exp(—N"Y1) | any minimal C*! (RY)-seminorm

extension [ of h to the unit ball satisfies
maX(||f||CO(Rd)7 Hf”él(Rd)) < M.
3.3 Geometric Framework

In this section, we aim to collect the geometric background we will need for the rest of this
chapter. Most of the concepts below are fundamental to differential geometry and can be
found in standard references (Lee, 2018; Lee, 2012; Krantz and Parks, 2012); we will provide
specific sources for lesser-known results.

We use manifold and submanifold interchangeably. A C? submanifold of dimension d is a
subset M of R™ with the following differentiable structure. For every point x € M, there is
an open set U < R” containing z, a convex open set W < R?, and C? functions ¢ : U — W
and ¢ : W — U such that M nU = ¢(W) and ¢ op = id. (U, ¢) is known as a chart
and (W,v) as a local parametrization. (A C? function is a function whose second partial
derivatives all exist and are continuous). This is equivalent to other standard definitions of a
submanifold of R”; e.g., M can be regarded as a set that is locally the graph of a C? function
or as a subset of R" such that at each point there exists a C* chart ¢ : R® > U — R" of the
ambient space such that ¢(U n M) < R? x {0}.

If we have a collection of charts that form an open cover of M, we can define a partition
of unity subordinate to this cover. This is a collection of real-valued functions {r;} with
support lying in a single chart such that for each z € M, n;(x) = 0, there are only a finite

number of 7; that are nonzero, and ), n;(x) = 1. The {n;} can be chosen to be of the same

<

~
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smoothness class as M. Partitions of unity are useful for performing geometric calculations
on regions of M that span multiple charts.

At each point x of M, there exists a d-dimensional affine subspace of R™ tangent to
M; this is called the tangent space and is denoted by T, M. Its orthogonal complement is
known as the normal space and is denoted by T:> M. The elements of T, M are equivalence
classes of curves passing through x that have a particular tangent vector; this is equivalent to
considering them as elements of R¢ transformed to lie tangent to M at x. When we consider
T, M as embedded in R", the norm of an element of T, M is given by the standard Euclidean
norm. We denote an orthonormal basis of the tangent space T, M as V, and the projection
either by V,V.T or II,; the projection onto the normal space T:- M is written as II=. We can
also consider T, M as an abstract subspace or a subspace induced by a parametrization of
M; in this case, we denote the norm as || -|| ,, and calculate it by using the metric, which
we discuss below. The disjoint union of all the tangent spaces of M is a 2d-dimensional C*
manifold called the tangent bundle; it is denoted by T M. A C* vector field, also known as
a section of the tangent bundle, is a C* map from M — T'M assigning = — v, v, € T M.

We only consider Riemannian manifolds that satisfy particular geometric constraints;
specifically, we require that M be closed and connected and that its volume and curvature
not be too large. We describe the Riemannian structure of M in Section 3.3.1. The d-
dimensional volume can be defined in terms of the Hausdorff measure, which is discussed in
Section 3.3.2. The curvature of M is measured through a quantity known as the reach; we
define it and discuss its relationship to other geometric aspects of M in Section 3.3.3. We
end the background material on manifolds with Section 3.3.4, in which we discuss a special
class of charts consisting of orthogonal projections from M onto the tangent spaces; the

projections are performed within a ball of suitably small radius.

3.3.1 Metric and Connection

M inherits the Riemannian structure of R™ and has an induced metric gp(z) @ Tp M x

T,M — R varying C' smoothly with x € M. If (W,¢) is a local parametrization of
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M, and T is such that ¢ (Z) = z, the metric at x is represented by the positive-definite
matrix (Dw)T‘ti‘%. If v, € T,M, their inner product is given by v'guy(z)V, which
allows us to calculate quantities that depend on the length of tangent vectors and the angle
between two tangent vectors. Let ||-[|,, be the norm defined through this inner product;
Le., [[v]ly = (ngM(a:)v)l/Q. For a piecewise C! curve 7 : [to, t;] — M, its length L(7) is
defined as follows:
t1
L) = | I 0.

If v is not contained in the image of a single local parametrization, a partition of unity can
be used to define gy (z) in the desired region. M can be given a metric space structure

by considering the length of piecewise C! curves connecting two given points of M. The

distance da(z,y) between x,y € M is defined as:

dp(,y) = inf{Lp(y) |7 [to, t1] — M is piecewise C*,~(to) = 2,7(t1) = y}.

Unless stated otherwise, we assume that any curve is arclength-parametrized, in which case
its tangent vectors have unit length. Note that in the above we can also work directly with
the embedding of T, M in R™. In this case, the columns of D1 form a basis for T, M, and
(Dv)v gives the coordinates of v with respect to the standard basis of R™. Computations
can be performed using the standard inner product.

M also has an induced connection V : CY(T M) x CL{(T M) — C°(T M), where C*(T M)
is the space of C* smooth vector fields on M. A vector field is a function assigning an element
of the tangent space to each point of M; smoothness is measured componentwise. The
connection is represented by the Christoffel symbols I'};(x). If {x1,... x4} is the standard
coordinate system on R? > W,

d
1 Og(x)  Ogu(x)  0gij(x)
1—‘1? _ _} : kl J _ J
() 2~ g (x)( o0x; + ox; or; )’

where the elements of ga(x) are written with subscripts and those of gy, (z) are written

with superscripts. The connection can be used to find the covariant derivative of a vector
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field with respect to another vector field. Let e; be the basis vector in the direction of x;.
Let u with components {u1, ..., us} and v with components {v1, ..., v,} be two vector fields.

Then,

The connection is also used to define a procedure that allows the comparison of vectors
from different tangent spaces. In Euclidean space, this can be done directly by translating
two vectors to the same origin. However, this is not true in the general case: for two distinct
points x and y on M, T, M and T, M are different vector spaces. One way of comparing their
elements is by using parallel transport. For v € T, M, let v2* : v — CY(T'M) be the function
constructing a vector field along an arclength-parametrized curve v : [to, t;] — M connecting
x and y satisfying the following: vP*(y(tp)) = v, V;0*(v(t)) = 0 for all ¢ € [ty,#1], and
VP = P (~ (1)) € T, M. In other words, for a curve ~ starting at y and ending at x, V2
translates v to T, M along ~ so that it stays parallel to itself.

Geodesics are a special class of curves that parallel transport their own tangent vectors. In
other words, V»v'(t) = 0. Given z € M and v € T, M, differential equations existence and
uniqueness theorems show that there is a geodesic 7, , with 7,,(0) = = and v, ,(0) = v. The
exponential map exp, : T, M — M is the map assigning v — 7, ,(1). If exp, is defined on all
of T, M for all x € M, M is called geodesically complete. The Hopf-Rinow theorem states
that M is a complete metric space if and only if it is geodesically complete. (We assume
M is a compact subset of R", so it is complete). This can be shown to imply that any two
points x,y € M can be joined by a geodesic whose length is da(z,y). In general, there
can be multiple geodesics joining two points of M, not all of which are length-minimizing.
However, if the distance between two points is smaller than a quantity called the injectivity
radius, there is a unique length-minimizing geodesic connecting them. The injectivity radius
is the largest value such that the exponential map is a diffeomorphism on an open ball of this
size at each point of M. In Theorem 34 iii), we quote a result stating that the injectivity

radius is at least as large as the reach, which means that parallel transport along geodesics
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is well-defined within the charts that we are working in.

3.3.2 Volume

The d-dimensional volume of M can be computed through the volume form induced by
the metric. In this chapter, we do not use differential forms or explicitly define the volume
form. Instead, we use the Hausdorff measure H?, which is equivalent for d-dimensional
submanifolds of R™; additionally, H° is the counting measure and H" is equivalent to L£".
The Hausdorff measure of a set S is defined in terms of its covering by a countable union of
open sets. Let S < | J; A; and diamA; <e. Then,

d R TI ﬁ . \d
H(S) = lim {lif} o > " (diamA,)?,

where wq := 742 / I'(d/2 + 1) is the volume of the d-dimensional unit ball. If S is a subset of
a d-dimensional submanifold of a Euclidean space, we also write voly(S) for H4(S).

H¢ is a Borel measure, which means that Borel sets and continuous functions are H%
measurable. The standard measure-theoretic treatment of the integral suffices for the in-
tegration of real-valued functions with respect to the Hausdorff measure. The following

theorem is useful when M is parametrized by Lipschitz mappings.

Theorem 33 (Theorem 3.2.5, Federer, 1969). Let ¢ : R? — R™ be an injective Lipschitz
mapping, and let g : R™ — R. For S < R, if its preimage 1~ (S) is L%-measurable,

L o) M z) = f (g © ) (2')A/det DT DpdL(x').

Y=1(S)
3.3.3 Reach

Let IIo¢ : R™ — 2M be the function that assigns to y € R™ its nearest point(s) as a subset of
M. If y has a unique nearest point, we also use Iy, : R” — M to denote the projection onto
M. Due to the compactness of M and the continuity and boundedness of the FEuclidean

distance function, there exists at least one point in IIy4(y) for every y € R™. Define the
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tubular neighborhood of M of radius r € [0,00) as M, = | J,crs Bn(z,7). The reach is
essentially defined as the size of the largest tubular neighborhood whose points all have

unique projections onto M; that is,
reach(M) := sup{r’ | #Iu(y) = 1Vy € M, }.

The reach can arise from both global and local properties of M. If reach(M) = 7,
then one of the following is true: there exists z € R™ that is the midpoint of the line
connecting x,y € M(z) and ||z — y|| = 27; or, there exists a geodesic v on M such that
IIv"(t)|| = 1/7 at a point (t) € M (Aamari et al., 2017). The reach can also be used to bound
other geometric quantities associated with M, such as the difference between the geodesic
and Euclidean distances and the principal angles between two nearby tangent spaces. The

following theorem summarizes a few important observations.

Theorem 34. Let M be a d-dimensional C? submanifold of R™ with reach 7. Then, the

following statements hold.

i) (Federer’s reach condition, Theorem 4.18, Federer, 1959) The distance from a point
y on M to the tangent space at a point x € M can be bounded using the following

characterization of the reach:

ii) Let x € M and § € T, M such that ||z — 3| < 7. Let y € M be the preimage of § under
II,. Then,

-l <P lo = eyl < VB 7 -7 = e — o
iii) (Proposition A.1 i), Aamari et al., 2017) M has injectivity radius p = 7.

iv) (Lemma 2.5, Boissonnat et al., 2017) Let x,y € M such that ||x — y|| < 27. Then, the
geodesic distance between x and y is bounded as

= =y
—.

dym(x,y) < 27 arcsin
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v) (Lemma 3.5, Boissonnat et al., 2017) Let x,y € M such that ||x — y|| < 7. The largest

principal angle between the tangent spaces at x and y has the bound:

Z1(TeM, TyM) < M

T

Proof. The proofs of i), iii), iv), and v) are given in the cited sources. ii) is a consequence

of i) as follows. By Federer’s reach condition, ||y — 7| < ||z —y||*/(27). Then, since z, ¥,

and y form a right triangle, ||z — || > \/Hx —y|I> = ||z — y||*/(472). Solving this inequality
gives the bound for ||z — y||, and plugging back into the reach condition gives the bound for
Iy~ 31 .

3.3.4 Charts

The charts that we make the most use of are the projections onto the tangent spaces, which
are performed on regions with sufficiently small diameter. Assume that we are working in
a coordinate system where z € M is the origin and T, M lies in R?. Define the cylinder
U2 := By(x,7) x B,_q(z,7), where By(z,7) € T,M and B, _4(z,7) € TS M. Let A,z :=
U nT, M and /le,; = U n M. Let T < 19 := 7/Cy4, where Cy is a constant greater

Rl

than one. (Note that Theorem 34 iii) implies that we can parallel transport vectors between

the tangent spaces of any two points of .Zx;) The collection of charts (i.e., the atlas) that

we use is {G;}]f re M, T< 7'0}, where G;,l; : flx,; — A, » is the orthogonal projection
from M onto T, M restricted to ﬂm; There exists a C? function Fx,Ug Ay — T,j/\/l
such that G, s : Apz — j(x,; assigning y — (y, Fyus (y)) is a local parametrization of the
manifold. The existence of F, yz and G pe is guaranteed by the inverse function theorem;
this is discussed in detail in Claim 1 of Fefferman et al. (2016), which states that as long
as T is sufficiently small, the {Ffo} are C? functions with C*! norms uniformly bounded
above by Cy/T (i.e., SUpP,e 5«7, LiD (DFx,Ug) < Cy/7), where Cy depends at most on d. We
give a proof of this claim in Lemma 35 i) and ii) and show that Cj can be taken to be 3v/d.

The subspace angle bound from Theorem 34 v) can be used to show that Gz is ap-

proximately a local isometry. In parts iii) and iv) of the next lemma and Corollary 36, we
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bound the geodesic distance between two points contained in the same chart from the col-

lection {G;}]x reM,T< 7'0} as well as the volume of a region contained in a single chart.
Throughout this chapter, we will make repeated use of the fact that working in a subset
of M contained in U? is very close to working in By(x,7), thus justifying our treatment of

CH1 (M) regression as locally equivalent to C11(R?) regression.

Lemma 35. Let x € M, and assume T < 7/2. Let G;%]E : ./Tx,; — A, be the orthogonal
projection from M n U onto T, M. Then, the following statements hold.

i) G;%Jf is a bijection; in fact, it is a C? diffeomorphism. Its inverse, Gz @ Avz —
.,fo 1s a local parametrization of M that maps y € T, M to (y,FLUg (y)) e M fora
function Fx,U;? Az — Tj/\/l. Let OU.; : R" — R"™ be a rigid motion translating x
to the origin and rotating TyM to lie in R%. Decompose R™ as R? x R"™ and let
II; : R —» RY and II,,_4 : R® — R"9 be the projections onto the first and second
factors, respectively. Then, there exists a finite set U := {Q/Ji RESW,;, - U; < R"}
of parametrizations of M whose images cover M n UZ and where each domain W;
is an open set of R where the inverse of Il o Opz o G;}Jf o1 exists. Gpuz assigns
y — (1/} o (Hd o Opz o G;}Jf o @D) 1> (y), where ¢ € ¥ such that G;}]f o1 contains y

in its image. FI,U; can be defined as the C? function I, 4o OU;@ o Gx,U;_c.

i) Let o' € A,z and set &' := Gaue (x'). Then, the singular values of DG;}]@ 5 are
{cos Zi(Tw M, T, M)}, and those of DF, yz| , and DG yz| , are {tan Z;(Te M, T, M)}
and {sec Z;(Ty M, T, M)}, respectively. This leads to the following bounds:

Qf/

. T

0< inf O-d(DFx,U‘P ,) < sup o (DF;E,U? ,) <

FeM T TeEM T 6T
z'eA; 3 r'eA, >

and,

4972\ 12
1< inf o4(DG,y:| ) < DGyl ) < (1+ .
nf 0a(DCrpz|,) < sup 01(DGarel,) < 3672)

i
z GAGEJ\' I/EA;C’;-
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Uniform bounds on the operator and Frobenius norms follow immediately. Furthermore,

the Lipschitz constants of DF, = and DGy ye are equal, and

sup Lip(DFg;,U;) < M

reM T

ii1) Let 1,29 € .le,;, and let v : [to, t1] = M be a C' curve connecting x, and xo. Then,

1 C1(17'\—,2 12 1
LAx,% (G;,Ug o ’y) < Lm(y) < (1 + = ) LA;C,; (G;,Ug o fy).
iv) Let S © Ay such that G, p:(S) is L%measurable. For g : M — [0, 0),

| et Eicie) < | gwini)
G pz(S)

a:,U_Fz_ S

O\
< (H 2 ) J (9 © Grvg) (@)dL(a").
G;IU;:(S)

T

Proof. 1) G;}]g is the restriction of the C*® function V,V,' : R® — T, M to M; by composition
with a chart, G;}]g is seen to be C?. We actually apply the inverse function theorem to
a slightly different function. M is a C? submanifold of R™ so for any 7 € M we can
choose a set Uy; = R™ containing ¥, a set Wy < R? and C? functions ¢y : Wy — Uj

and ¢y : Uy — Wy such that M n Uy = ¢y(Wy) and ¢y 0 oy = id. For every y € A, 7,

g0 Op: o G;}]; oty : R — R? is a composition of C? functions and thus C?. Its derivative

has the same rank as DG;}J; 5 which is the projection of the derivative of V,V." onto
TyM. V,V.! is an orthogonal projection onto a linear subspace, i.e., a linear function,
so its derivative is V,V.T; therefore, DG;%]? ;= ViV VLVl Note that Vj € L(RY,R),
VI e E(R”,Rd), and rank(Vy) = rank(Vj) = d, so by the properties of rank we have

rank(VngTVng) = rank(VgTV}c), which is equal to d if oy (VgTV;C) > 0.

The singular value in question is the cosine of the largest principal angle between Vj and

V.., implying that DG;}Jgc is of full rank if the principal angles between T, M and the tangent

F

space to M at any § € fo are strictly less than /2. An application of Theorem 34 ii), iv),
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and v) shows that this must hold:

d ~
sup sup Zy(T, M, TyM) < sup sup 2450

zeM gevzﬂc,% zeM geﬂx,%

\/1 — /1 —=72/72
sup 2 arcsin

’F<To \/i

2
< .
3

N

With the choice of a vy for which 15(0) = ¥ and ¢5(J) is a fixed point, the hypotheses
of the inverse function theorem hold. Theorem 43 shows that (Hd o Ops o G;,lUg o wg)_l
exists within a neighborhood Wg c Wy of ¢5(y). Let (7@ = wg(Wg) so that {(7@} is an open
cover of (U? u 0UY) n M, which is a compact set. Let {‘Nfg} be the projections (which are
open sets) of the {ﬁg} onto T, M. We can choose a finite set {g;} such that {ﬁg} covers
.Zx,; and {‘7@} covers A, . GLU;; can be defined as a map with restrictions GI7U$|‘~/% =
Py, 0 (Hd o OUg o G;}Jg o w@.) _1. (This defines G%U;c uniquely). Gx,U%a- is well defined: inverses
are unique and it is well-known that G;}]g is bijective on all of Uf (Niyogi et al., 2008). G pz
is of smoothness class C? because the local inverses are composed of C? functions, and they
are defined on open sets and agree on the intersections of these open sets. We can also say
that M n U? is the union of a finite number of graphs (y, FI’U$|‘7§Z- (y)), where Fva$|‘7gi :
R — R™ ¢ assigns y +— TI,_q 0 Oyz 01y, o (Hd o Oyz o G;}]f o 1/1372.) _1(y). F, vz is defined as
the unique function with these restrictions. Clearly, F; ys is C?. Let U := {@/Jmmfv,yl} Our
convention will be to write F, ye and G, = without reference to the particular y;; instead,
we write 1, which can be any element of ¥ such that G;}Jg o1 contains y in its image.

ii) Gm,Ug and G;}];E can be viewed as maps between /Tx,; c Mand A, 7 < T, M considered

as submanifolds of R". Let &’ := G, yz(2'). Then, DG, pz| , and DG;}Jgc

~ are maps between
T, g/./zllx,; and T,/ A, . Note that G;lUf is the restriction to /Tx,; of the projection from R" —
A, that assigns y — V,V.Ty, where V, is a matrix whose columns form an orthonormal basis
for T, M. Since this is a linear function, its derivative is V$VJ; its projection onto Tguzl%;

(and therefore the derivative of G;}]z at 2') is Ve Vy V,V.". Then, DG;}U@ . T 5/.»135,; —

!
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T A, 7 is the map assigning v — (VQVJWVJ)T& and DG, ye

:LJ

is its inverse. F}, = is the
T

projection of G yz onto T+ M. Therefore, DF, ys

. isamap from Ty A, > — TFI,Ug (x/)TjM.

We now show that the singular values of DGx,Ug

are a function of the principal angles

x/

between T M and T, M. By the singular-value decomposition, we can write DG%U;

x/

VngfoT, where the columns of Vz and V, form orthonormal bases for Ty M and T, M,
respectively, and D¥ is a diagonal matrix whose diagonal consists of the singular values
of DGy uz o = %Dfl_l\/;. The singular
Vi = (Df);‘/}gyi. Since DG;’%@

CCI

. . . -1
in decreasing order. Correspondingly, DGLU;

values and vectors must satisfy DG 1, ., is a projection
z,U% Pl ;

%/

this implies that the columns of V, are the projections onto T, M of the columns of Vi,

il

normalized to be of unit length. The entries of Dfl_l are the factors by which DG;}U%z
contracts elements of the basis V,, i.e., the cosines of the angles between Vi ; and V, ;. It is
not hard to see that these are in fact the principal angles and vectors.

Recall the definition cos Z;(Tw M, T, M) := Sup,.er,, pm SUDy e, m u; v;, where we require
that {u;} and {v;} be orthonormal bases. Write the inner product using the decomposition

-1
v = DG, L,
T

2Vt Hivi. This shows that uiTvi is maximized when wu; is the normalized

projection of v; onto T, M; that is,

Uy

-1

Vi = HDG;%N

~ ~, Ui
! i 7

= COS LZ(T§/M7 wa./\/l)uz

Analogously, v; also must be the normalized projection of u; onto Ty M, which means
T

(DG;}]@ %,> u; = VaVy Vi Vilu = cos £;(Ty M, T, M)v;. The previous two equations char-

= cos Z;{(TyM,T,M). We can

acterize singular values; since they are unique, (Df);l
also (uniquely up to certain allowable transformations) take V. ; to be u; and Vi ; to be v;.
Clearly, this determines the singular values of DGy, ye

y H2 is equal to sec Z1 (T M, T, M). The singular values of DF, ye

~ as well; most importantly, the opera-

tor norm HDGx,U$

o also

‘||UH_1 ‘ v € V. }, which are the tangents of
‘ as H%VJ%—T)H for v := DG, uz| v

This is equal to ||7||sin Z;(Tw M, T, M), and since |[v|| = ||?]| cos Z;(Ty M, T, M), we have

have related expressions. They are {HDF:E,U;E

r’v

the principal angles. To see this, write ||DF3;7U§

:E’U
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g; (DF$,U$

x,) = tan Z;(Ty M, T,M). Of course, by the properties of sec and tan, each
1/2
x’) = (1 + O'i(DvaUg z’)Q) :

We will use the preceding discussion to bound the singular values of DF, y=

o
L G$,l)\
T

singular value of DGLU;; o satisfies o; (DGLU;;

and

, from above. However, we first note the lower bound

P [ M
inf il oa(DGegl,) = Inf if "]
vel 1 Ay
= in/\f/l ,inf H?”
z€ ge(;::z/\:[ DG;,Ux N,U‘

=1,

which holds because DG;}]@ ~ 1s a composition of projections. The bound is achieved when
TwM =T, M, in which case DFx,Ug m,) =
0.

= 0. This also gives inf, ¢\ infyrea, , 04 (DF:B,U@

x/

For the largest singular values of DF}, ye

. we have, using the bound on /(T M, T, M)

from Theorem 34 v),

sup sup oy (DF$7U§

x,) = sup sup ||DF$’U$ )

ZJ

zeEM x'€A, > zeEM x'€ A, »
[P vz |,
=sup sup —————F—
reM z'eA, > HUH
veT 1 Ay

= sup sup tan/Zy(TpyM,T, M)

reM €A, >
\/1 — /1 —=72/72
V2

< tan| 2 arcsin

T
<
67
The second-to-last line is due to Theorem 34 ii), iv), and v); the last line holds because

T/ < 1/2. Similarly, for DG, s,

sup sup ol(DGI7U§ w,) = sup sup HDGx,U;”

2
reM x'eA, > reMx'e A, >

xl
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= sup sup secZy(TpM, T, M)
reMa'eA, >

= sup sup (1+ tan®Zy(Tp M, T, M))
reM z'eA, >

4972\ /2
< |1+ .
( 3672>

Because the squared Frobenius norm is equal to the sum of the squared singular values,

1/2

we have:

a7 4972\ /2
WE v a1 gn)
-

0< sup ||DF,py=| ||, < < sup ||DGgu=|,
zeM H Fla' | F 2eM H 7 o 367-2
z'eA, 3 v'eA, z

The Lipschitz constant of DG,y is defined as

HDG%U; .. — DGy,
Lip(DG%Ugc) = sup L.
" x1,22€ A, 2 ||$1 - m2”
T1Fx2
thus, it is necessary to find an upper bound for oy (DGJC,U; o DG:(:,U$ m). (The lower

L
bound is, of course, zero). By partitioning DG, p= as [I|DF$T’U@] , it is clear that Lip (DF:,:,U;) =
Lip(DGx,U%z). Let 7, := G;v,Ug(%) and Ty = Gx7U7§_D(J}2). For v € T, M, let vz and vz,

be such that DG;}]@ L Vg, = DG;}J@

x1

3,Vz, = v. Note that both |[vz,| and [lvz,| are no

greater than [|v|| sup,ep eq, - 01 (DGLU;: ) We find an upper bound for the supremum of

HDG%U_% $1U - DGI’U;E

= |lvz, — vs,|| by projecting vz, onto Tz M, bounding the dis-

v
2
tance of this point from vz, and v,, and using the triangle inequality. Let ¥, := Vi, Vi vz, ;

1" xq

[0z, — Uz, || is no greater than ||Vz, Vil — Va, Vil ||, l|vz, || Note the following:

-1
o625

_ —1
- oe

~ 1
# Vg, — DGz,U?
s

~ 1
511)561 511}12 - DG:E,U;: 527]962

= [[VaVa (Va, Vs, = Vi,V Juaa|

2 T
< VeV [, 1Va Va) = Ve Vi, [l llv,
< vz, || sin £y (T, M, T3, M)

. dpm(Z, T
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Then,

-1
-1 ~ -1
51> HDGx,Ug 7 VT2 — DGm,Ug

4972\ ' Ay (%1, o)
< ~ i LN AT
< <1 + 367‘2) ||vz, || sin . :

I35, = vs. | < 0a( DG

~ Uz
T, T

Using the definition of the Lipschitz constant,

ﬂHDGwg
sup Lip(DGx’Uzc) < sup sup
zeEM i TeEM  vETM |21 — 22|
T1#T26A, > |jv]=1

x1v — DGQ:,Uf ‘mv

< sup sup \/a(”UaNn - 17%2” + ||1~)%2 - U%QH)

zeM  veTx M Hxl - $2||
T1#T26A, > |jv]|=1

4972 4972\ 2\ sin(d (31, &
< sup ﬂ(l Lo (14—#) S11'1< Mm(T1 IQ)/T)

veM 3672 |21 — 22|
x1¢x26A1,7‘-
< sup 5\/3(1/\4(1‘1,%‘2).
ceM 2T |z — x|
T1FT2EA, >

The fourth line holds because 7 < 7/2 and sin(d (%1, %2) /7) < (dwm(31,T2) /7). In Corollary
36 i), we show that the ratio between the geodesic distance and the distance between the
projections onto T, M is bounded from above. We only use the fact that G;lg has a C?
inverse whose derivative has bounded operator norm, which we have already proven, so we

apply the result here. This finally yields

sup Lip(DG, =) < sup —
ace/\Izl p( IE, T) 7~—<7I—?) 2T 367’2

<3

T

d 4952\ V2
5{(1+ 97)

i) Let ¥ : [fo,%1] — Az be a C' curve connecting G ye (1) and G} pe(22). Then,

Gz o ¥ is a C! curve on M lying within ,le,;, and

t1

t,

Li(Gose 07) = f

(G 07) (1)t

t
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< sup ||DGuuel, o (t)]|dt
eM,z/eA, » i
CaT ~
< (1497

Conversely,

L(Goyz 07) = inf mf ad (DF,pz|,

reM z'eA

f I3t

= LA,;,;— (,i)

iv) By Theorem 33, we have

[ swant - [ (gon,U@)(x')\/det(DGl el
s G uz(5) ’ o

The determinant in the above line is equal to the product of the squared singular values of

DG, e

DG;E’U;:

) dLi(z").

- The result follows by applying part ii) of this lemma. [ |

Corollary 36. Let x € M, and let T < 7/2. Then,

Z) ]f X1, X9 € Am,?;

HG;}J; (z1) — G;}Jg (z2)

CyT
<dutonen < (14 95) Yozt - Gty o))

ii) Let wq be the volume of the d-dimensional unit ball. Then, the Hausdorff measure of

A, is bounded as

N ¥ CA\ 2
Fhwg < HY (.Am;) < <1 + dQT ) 7hwq.
T
Proof. 1) Since T < p and M is geodesically complete, the distance between z; and x5 is
realized by a unique geodesic y*. Take v; < A, » to be the straight line connecting G;}]z (1)
and G;}]g (x2). Then, using Theorem 35 iii),

L (i) = _inf L, (3) < L, (Gabe 07)

oA,
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< Lpm(Y") = dp(g, 22)

O\
< Ly (Gapz 07s) < (1 + = > L, ,(7s)-

ii) Take g to be the constant function 1 in Theorem 35 iv). [
3.4 Norm of C*'(M) Functions

The smoothness class of a function f : M — R is defined in terms of its composition with
a chart. For example, f is in CH'(M) if, for any x € M and any chart (U, ¢) in our atlas
such that € U, the composition f o1 : R — R is CH(R?) on ¢(U). We write || - || o1y
for the norm of a C'(M) function. As in the CH'(R?) case, we start by writing || fll o1

as the maximum of a norm and two seminorms:

1l gagy = max {1 lcogay I llen aays 1 N uny -

In general, if we apply this norm to a function f, it is to be assumed that f € CHH(M).
Of course, we define | f[|cory 1= Supgen|f|- It is easy to see from first principles that
|- leragy and |- [[¢ri gy as defined below are seminorms and that |- [|cii(y is a norm.
Alternatively, it follows by comparison with C1*(R?) and noting that the calculations below
are independent of the choice of chart.

We can characterize the C (M) seminorm of f as an upper bound on directional deriva-
tives. Given a point x on M and an arclength-parametrized geodesic v, , such that v, ,(0) =
x and 7, ,(0) = v, the directional derivative of f is defined as (f ©7,,)'(0). At each point on
the manifold, this quantity is maximized in a particular direction; let gradf be the vector
field associating each x € M with this direction scaled by the maximum rate of change.
Then, we define:

1 llenagy = sup sup (f ©72.)'(0)

TeM vETL M
[lv]|=1

= sup [|grad f (z)]|.
TeEM
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Let ¢ be a chart whose domain contains x, and let 7 := ¢(z). Then, gradf(z) = gy (z)V(fo

w)‘z Writing the metric in terms of the parametrization, we have the following :

T 1/2

I llescan = sup (V07 00| ((00) D) 9 0w, )
xe
Additionally, because M is geodesically complete, we can express the Riemannian distance
as the length of a geodesic and use the second fundamental theorem of calculus to show that
the C'(M) seminorm of f is also equal to the Lipschitz constant

Lip(f) = sup M

ryeMary  Am(T,Y) ’
which is analogous to the Euclidean case.

It is a slightly more involved process to define the C*(M) seminorm of f. We want
this to measure the Lipschitzness of grad f, essentially bounding the amount that directional
derivatives of f can change from one point on the manifold to another. We can either use par-
allel transport or use the embedded version of the gradient. Let grad f2* (y) : v — C*(T'M)
be the parallel transport function constructing a vector field along an arclength-parametrized
geodesic v : [tg, 1] — M connecting z and y satisfying the following: grad P> (y)(v(t9)) =
grad f(y), Vsgrad f2*(y)(y(t)) = 0 for all t € [t, 1], and grad fP*(y) := grad fP* (y)(y(t1)) €
T, M. By Theorem 34 iii), this is a well-defined procedure within the charts that we are

working in. Then, the C'' (M) seminorm can be defined as the maximum of the local (within

the injectivity radius) Lipschitz constant

Lip,(gradf) :=  sup lgradf (z) — grad /2 (y)|

TAYeEM dM (377 y)
dpm(z,y)<p

and an upper bound on the Lipschitz constant for x,y € M such that da(z,y) > p; in the
second case, the geodesic connecting  and y is not necessarily unique so the upper bound
is crude and based on || f{|c1 (-

A simpler way to define the C''(M) seminorm of f is with respect to the embedding
in R™; this is the approach we will take. Let g,;adjf denote the embedded version of gradf.
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Using the same local coordinates as above,

aradf () = Dul, ((D0)'],Du],) V(F 0w,

We define || f ||z = Lip(g/ﬁf), where
7o) - st )|
Lip(gradf) := sup )

z,yeEM, x#Yy dM (377 y)

For our purposes, this is sufficient; to make this clearer, in the following lemma we bound
the parallel transport of vectors from nearby tangent spaces and show that Lip(@) and
the embedding of M determine an upper bound for the local Lipschitz constant of gradf.

Lemma 37. Let f be a function defined on M such that || fl|cragng < M™; i€, supyep f| <
M*, sup,e v llgradf(z)| < M*, and Lip(gradf) < M*. Forz € M and ¥ < Fpas, where
Tmaz = (max{l/To,S/T, SUP,erq Lip (DFI,U%) }>_1, define the local Lipschitz constant of
gradf over A,z as

grad f(z;) — grad f3" (x2)
Lipg . (gradf) := sup H H .
ZUl,J?QE./ZIJ‘—,.’Dl?émQ d./\/l (-Tb 332)

Then,

72

1nf LlpA (gradf) < <1 + Ca + CdT)M*

Proof. We work in the chart G:;IU” ; in this chart DG
Voz

07 ey = [1]0]", so, conveniently, the
first d coordinates of gradf(x1) are the d coordinates of grad f(z;) and the last n — d coordi-
nates are zero. We assume that 7 < T,,,qz, Where Tp,uz 1= (max{ 1/70,8/7, sup e Lip (D FI7U$/2> }) *1.
This ensures that 7 is small enough for x5 to be in a valid, geodesically convex chart centered
at z1 and also for Lemma 35 to guarantee d (w1, z2) < (1 + C472/7> ) ?(27) < p so that the
parallel transport of tangent vectors from 7, M to T, M along the geodesic joining x; and
xo is well-defined. We start by relating Lip 3 i, (grad f) to an upper bound consisting of three
components: the Lipschitz constant of grad f , the influence of the parametrization, and the

change in components due to parallel transport.

[Lr]o] aradf e1) — [1]0] arad /23" (o)
LlpA (gradf) x1,x2€./§rl,1:,x1 Fx2 dM (xh x2)
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= sup (dm(z, 1’2))_1 grad f(z1) — M(ﬂfz)

xl,xgeAx’;,xl #T2

+ gradf(zz) — [1|0] gradf(z»)

+ [I‘O]Tgradf(xg) — [I‘O]Tgrad par(xg)‘

HM(%) - M(%)H

< sup
xl,meﬂz,;,m;ﬁ@ dM (zla xQ)
‘ (DGm,U;l ‘Gfl . (@) [[‘O]T> gradf(l'z)
T1:Yaz
+ sup
131713264117;—,%‘1#2:2 d./\/l (‘7:17 :UQ)
|[7]0] grad f () — [I]0]Tgrad /2" (a»)||
+ sup ]
11,$26jx7+,11¢x2 dM (xla ZEQ)

The first term on the right-hand side of the inequality is less than or equal to Lip(éﬁ}),

which is bounded above by M* by assumption. We deal with the second term as follows.

- mw) grad f(z,)

o

H (DGM Ugd ‘G_l
E2)
sup

xl,xzeﬂzj,xl#xz d-/\/l (mh 'TQ)

T T
H QI‘DF%U; 6 (m)] — [1]0] )grad f(z2)
< Sup 27

1‘1,‘%26./1%,7:,119&332 dM (%171‘2)

71,226 Ag 7,01 #T2

X su rad f(z
dM(xlamQ) ng/I\)/ng f( 2)”

<Y
-

It remains to bound the difference between grad f(z,) and its parallel transport to T, M
along the geodesic . Let v be the vector field that is the parallel transport of gradf(xs),

and let (v!,...,v?) be the components of v with respect to the basis (ey, ..., eq) defined by

the columns of DG ;=1
$17U27‘} G 11 Ul (v(t)
T1oYox

4 have components (3!, ...,%%). Recall that v must satisfy Vv = 0, where V denotes the
Y Y ¥ ¥

) Assume that 7 is parametrized by arclength, and let
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covariant derivative with respect to the tangent vector field of 4. This means the following

must hold

fy’vjl“ er =0,

,M&
M-
M&

where Ffj are the Christoffel symbols of the connection V. In local coordinates, in terms of

the metric they are

d
1 091 . 99a 09y
k- = ki [ 09 it _ 0Yij
K 2 ; 9 ( 6@ * 5@ 838; ’

where the elements of gu(7(f)) in matrix form are written with subscripts and those of

g (7(1)) are written with superscripts. Note that supk,l| gkl| < H g/(/llH , < 1. Additionally,

@%‘z

DF
ox;

z1,U, }‘ -1
W67 ey ()

sup Lip (DF . Un)
7]’

Cy7/72. Since v is unit-speed, |[¥*| < 1. So, [|o]| < Cysup;|v’]sup, ;,|T5| <

il <

implying that sup; ; , | r
C4TM* /7% for any w5 in this chart. This implies that

1[2]0] " grad f (z2) — [1|0] " grad f22" (x2)]| 0]l dat (1, o)
sup < sup
1‘1,:1:26./111.,‘-,1‘1?5502 dM (.1'1, xZ) CC1,CC2€/TI’;—,CE17$Q?2 dM (:Ul, x2)
o
< —2m. n
-

Ifyé¢ A, Fmaws then dag(z,y) = Tiaz. Suppose da(z,y) < p. Then,
lgradf(z) — grad 2" (W)|| _ 2supsendlgradf(z)]]
< ~2 M*.

Tmaz

If dp(z,y) = p, there may not be a unique geodesic connecting x and y, but the same bound
holds regardless of the path because sup,c||gradf|| is finite. Writing 7,4, as Cy7, we have

the following corollary.

Corollary 38. Let [ be a function defined on M such that HfHClJ(M) < M*; then,

Lip(gradf) < max{ (1 + %) Ca }M*

T T
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If instead of assuming a bound on Lip (g;"a\d?) we had assumed that Lip(gradf) < M*,
we could have used identical arguments to those in Lemma 37 and Corollary 38 to show that
Lip (@) is less than or equal to the same constant times M*. This is summarized in the

following theorem.

Theorem 39. Let f be a function defined on M such that

max{sup\f(:c)\, supl!gradf(:c)ll} < M*.
reM xreM

Then, Lip(gradf) has a finite upper bound if and only if Lip (g/Ech) does.

3.4.1 Pullback to Tangent Spaces

Our algorithm for C1(M) regression relies on the ability to locally perform CU(RY) re-
gression on a real-valued function defined on subsets of specified tangent spaces. Given a
function f : ./Tw; — R, we can define its pullback to A, > along any local diffeomorphism be-
tween /Tx; and A, >. Projection onto the tangent spaces is one such diffeomorphism; denote
the pullback of f to A,z along G, = by G;,Ug (f) == foGepyz. It is a requirement of the
CH1(R?) regression algorithm that the sample is generated by a function with finite C1-!(R?)

norm. In the next lemma, we prove that HG;’U? (f)’

. is finite whenever || f{|cri(pq) is.

Lemma 40. Let f* : M — R be a CH (M) function such that [ leraany < M*. Let
v e M, and let 7 < 70. Let gi. : ToLM > Az — R be the function assigning y
(f* 0 Gouz)(y). Then, the CY(R?) norms of {gi . | © € M} are uniformly bounded above
by M -:

3vd 4977
+£+ T)M*

félﬁ”g;f\‘m@(w)g(l w367

Proof. Clearly, {

9ol cogzay < 1 looguey < M*.
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By the chain rule for maps between manifolds,

sup [[Vaz ) = sup [[(DGv) |, 95 (G )
yeAL = yeAy 7

(0Gei5)", |, % supl v/ @)l

< sup
yE.Axﬁ—

In the proof of Lemma 35, we showed that sup,engea, .|| DGruz

~ 1/2
il < (1+ca))”
for all 7 < 7p. Here, V f* is the embedded version of the Riemannian gradient, i.e., grad f*.

Therefore,

272\
192 llorgay < (1 ST e
The C*(R?) seminorm of gx» can be bounded as follows:

V- — Vg, -
Lip(Ver ) = sup Vg2 (1) = Vi ()|
y17#Yy2€ Az = ”yl - y2||

(DG.) ], 1 Goe)) = (DG) ], 1 G|
< sup
Y17Y26€ Az 7 Hyl - yQH
‘ (DGx,Ug)T‘ylvf*(Gx,Ug (y2)) — (DGa:,U%)T‘yQVf*(Gx,Ug (yz))‘
+  sup
Y17£Y26 AL, ly1 — 2|

Let 91 := Gppyz(y1) and o := Gue(y2). The first term on the right-hand side of the
inequality is bounded above by

| (0G| |erad 7 (G ) — grad (G 02 A (3, )
Uz X sup X sup @,
yrlle Y1#Y2€Az 7 dM (yla y2) y17Y26€ Az 7 Hyl - CUQH

which is no greater than (1 + Cy72/72)M* by an application of Lemma 35 ii), Corollary 36
i), and the assumption that Lip (é?df/*) < M*. The second term is less than or equal to
Lip (DG;U;C) X supe ||V ()], which is less than or equal to CyM* /7. Thus,

Cy;  Cyr?
Hg;,’?HC‘LI(Rd) < (1 + Td + dQT >M*

T

Since our arguments were uniform in x, the result follows. [ |
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3.5 Tangent Space Estimation for Charts

In Lemma 40, we rely on having knowledge of the true tangent spaces of M. More re-
alistically, we have access only to a sample of points from M and we must estimate other
quantities, including the tangent spaces. The simplest way of doing so is by using local PCA.
Start by forming the matrix X, whose columns are the N, 7 sample points B, (z,T) N X’;
then, the estimate of T, M is the subspace m with orthonormal basis given by the eigen-
vectors of N, 11X, X ; - corresponding to the d largest eigenvalues. This estimator is actually
very close to T, M. For fixed 7, Theorem 22 states a finite sample bound on the sines of the
principal angles between m and T, M. The proof assumes that the probability measure
on M is uniform with respect to H%(M). We restate this result in terms of the assumptions
we place on P. The only difference is in the derivation of a lower bound on the second

moment of the pushforward of P to T, M; in the present case, this needs to be adjusted by

a factor of pmin/Pmaz-

Theorem 41. Fix v € M and 7 < 7/2. Let m be the subspace with orthonormal basis

given by the eigenvectors corresponding to the d largest eigenvalues of N;%X%;XT where

T, T
X, is the matriz whose columns are the N,z sample points B, (x,7) n X. Let 171\; and V,
be matrices whose columns are orthonormal bases for m and T, M, respectively, and let

7 T
Siﬂ@(‘/;f, Vx> be a diagonal matriz with entries given by sin arccos o; (V}g,; Vx>. Then,
_ _o —o~ d/2
) <2(1+T_2)M(1+@_;) Pmaz
F T 12)(1—¢epa) T DPrmin

1 —2dexp ——5227 a7 Nas 1+ Car* ™" pin
2 log 2(d + 2) T2 Pmaz ’

P >

sin © (Vx\;, Vx)

for all e, €10,1/2].

This probability bound is enough to imply convergence in probability when m and
T, M are viewed as elements of the Grassmannian Grass(d, n), the space of all d-dimensional

linear subspaces of R™. Grass(d,n) can be given a manifold structure where the geodesic
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distance between m and T, M is H@(E\;, V;)

—T
‘ . Note that 0 < arccos ai(\/;f Vm) <
F

7/2, so by the monotonicity of sine on this interval, m 2 Ty M for 7 — 0 and Ny 7 — 0.

We now define the requisite sets and functions for parametrizing the manifold using the es-
timated tangent space. Let the cylinder (/]? = By(z,T)x B_4(x, T), where By(x,T) < m
and B,,_q4(z,T) C m Let .Zx\; = @5 r\m and .E; = 17? N M. Let G;%ﬁ : .Z; —

F

.Zx\f be the orthogonal projection of M onto m If the inverse of G’lﬁ is well-defined, let

F —: JZ; — T, M be a function such that G_ 5 : .Zx\; — “‘Txi assigning y — (y, F, 7 (v))

z,UZ

is a local parametrization of the manifold. We want to use {G’lﬁ; ‘ re M, T< ?max} as a
z,UZ
collection of approximately locally isometric charts for M; in Theorem 44, we prove that

as long as T < Tpaz 1= (max{1/70,96(\/§)d/2(d +2)/7, 5 sup e Lip (DFz,Uf_/Q) })

exist functions F = and G with the properties needed to do so. In the remainder of

T T

the text, although our results are stated in terms of m defined through local PCA, they

1
, there

apply to any tangent space estimation technique for which the sine of the largest principal
angle between m and 7, M is bounded above by a constant ¢, (preferably decreasing
in 7/7) with probability at least 1 — d,. Of course, for our purposes, we can take ¢, to be
the error bound from Theorem 41 and d,, the error probability. Before outlining the proof of
Theorem 44, we include a preliminary lemma relating the geometry of @” and U? followed

by a statement of the inverse function theorem.

Lemma 42. Let t € M and T < Tpps- Let m be the subspace with orthonormal basis

given by the eigenvectors corresponding to the d largest eigenvalues of N;%X%;XT where

Xy 7 is the matriz whose columns are the N, = sample points B,(x,T) n {x;}. Let €, be such
that sin /4 (W,Tx/\/l) < g, with probability at least 1 — 6,. Then, also with probability
at least 1 —0,,

i) The preimage of G_%; (.Zz\;) satisfies the following relationship with the preimage of
the projection onto T,M:

—

Aer Axf/ (1-epv2)’

~

Ax,%/(lﬁpx/?) <
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it) The largest principal angle between m and the tangent space to M at y € .Zw,; S

bounded as

o d
ya (Txf./\/l, Ty./\/l) < arcsin (sin M + sp) )

Proof. Assume that T and ¢, are small enough so that 7_'/(1—61,\/5) < 7p and sin (dM (x, y)/T) +
gp < L.

i) Let y € Z;, and let @@Ty be its projection onto m Note that its difference
VorVer y =V < ||[rr - v

from the projection of y onto T, M is very small: ‘

inequality to show that HVIVJyH <T / (1 — 5p\/§), implying that every point in JE; also

Iyl <

—T

Joll < <pllyll By the triangle mequality, [V.V,'y < 72775 o +
F

sin © (@\;, Vx)

o~~~
VerVor y= VaVTy|| < 7+ gyl Since llyll < v2I[VViTy

}, we can solve the preceding

lies within ./le */(1—5 3y

and reverse the roles of ||V1V;3Ty}| and ‘

To show the other side of the containment, let y € A / (1+2,3)
x,T D

o~
V;cﬁ-vx,f Yy

in the above argument.
ii) follows by applying the triangle inequality to the metric (X,Y) — |sin©®(X,Y)||,
defined on Grass(d,n) and using Theorem 34 v) to bound sin Z4(T, M, T, M). |

Theorem 43 (Inverse Function Theorem, Theorem 3.3.2, Krantz and Parks,
2012). Let W < RC be an open set and let G : W —R® be a mapping of class C* k > 1.

Let 2° be a fized point of W and assume that det DG(2°) # 0. Then there erists a
neighborhood W c W of 2° such that

i) The restriction G|w is univalent.
ii) The set V := G(W) is open.
iii) The inverse G=' of G|w is of class C*.

It is fairly easy to see that the inverse function theorem implies the invertibility of the

projection onto m in a small (nonspecific) neighborhood of any point of M where the
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tangent spaces are not orthogonal to m . However, we want invertibility on an explicitly
defined neighborhood; that is, we want to treat M as the graph of a C? function from
m — m on all of (/];” For this reason, the proof of Theorem 44 is slightly technical
in parts. In i), we show the existence of the inverse of G’;/ﬁ. We demonstrate both injectivity

T

and surjectivity by using the mean value theorem for vector-valued functions and showing

that a failure of either condition leads to a contradiction with the bounds on HDG%U; »

and Hsin @(@, V;;) H . This shows that G_%ﬁ is bijective and thus has a unique inverse on
F Uz

Uz.

T

In ii), we use the inverse function theorem to show that G’%E is a C? diffeomorphism. By

z,UZ2

the definition of a C? submanifold, for every 7 € j; there exist sets W < R? and U < R”,
the latter containing 7, and C? functions ¢ : W — U and ¢ : U — W such that 1 locally
defines M and ¢ o 1 is the identity. By composition with 1, we see that G~ 2 is C? since
it is the restriction of a smooth function on R™ to M. We show that its derlvatTlve has rank

d because of the small angular distances between T, M and m and between T, M and
TyM for all y e A, #. This implies the local invertibility of G on a neighborhood UcU

7_

of §. The neighborhoods U form an open cover of (Ug U 6U$> N M, which is compact; they

can be refined so that G 77 1s a union of a finite number of graphs.

Throughout most of this chapter, we do not strictly differentiate between R? and its
inclusion into R™ or its embedding as a tangent space to M. Here we will be more precise.
Let O@ : R™ — R"” be a rigid motion translating x to the origin and performing a rotation so
that m lies in R?. If R™ is decomposed as R? x R4 let II; : R® — R? be the projection

onto the first factor and II,,_4 : R® — R"“ the projection onto the second factor. At every

——

Je ﬂx,;, we apply the inverse function theorem to the function HdoOAoG 1,\01/1 RY — R4,
By the uniqueness of the inverse (up to coordinate changes on Rd), we can define the C?

function F L on Ux as I, g0 Ogz 090 (Hd o OA o G_A o @/)) ; then, G;c,UAg is the C?

function 1) o (Hd o OA o G_A o w) which assigns y — (y, F A(y)) The C'(R?, R"9)

z,UZ
and C (R4 R" ) norms of DF and the corresponding norms of DG, are not much

U$7 Uw’
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larger than the norms of DF, y= and DG, y=, respectively, and we end by deriving upper
bounds in iii).

Theorem 44. Fiz x € M and T < Tpaz- Let m be the estimator of the tangent space to
M at x resulting from principal components analysis within the ball B,(x,T). Specifically, if
Xo 7 has columns consisting of the N, » sample points B,(x,T)n{x;}, m has an orthonor-
mal basis given by the eigenvectors of N, 1X XTf corresponding to the d largest eigenvalues.

Let €, < 1/12 be such that, with probability at least 1 — J,, sin 2, (Tw M, T, ./\/l) . Let

G_ﬁ Am F— AmT be the orthogonal projection of M onto T, T./\/l Then, the following hold

on U‘” with probability at least 1 — 6,:

z) G! o is a one-to-one function. It possesses an inverse, fo,; : .Aw,; — Azi that can
Z Uz
e T

be written as a local parametrization of M; specifically, G = maps y € Tz M to
(y, Fwﬁ;(y)> e M for a function F = : .Zx\; — T M.

ii) Let O@ : R™ — R" be a rigid motion translating x to the origin and rotating m
to lie in R?. Decompose R as R? x R"™¢, and let II; : R® — R? and I1,,_4 : R —
R"=% be the projections onto the first and second factors, respectively. Then, there
erists a finite set W := {¢z RIoW, > U, < R"} of parametrizations of M whose
images cover M N lﬁ and where each domain W; is an open set of R% where the

inverse of Iy o OA oG~ %\ oy ewists. G is the C? diffeomorphism that assigns

2,U%
— (w o (Hd o OAE o G;%} o @/))7 )( ), where 1 € ¥ such that G o1 contains y

in its image. F &z can be defined as the C? function II,,_4 0 O © Gw G

i1) The derivatives of F, = and G 5= have operator norms bounded as follows:

1/2
8 (77 64 (77 2
DE, g, <5+ ) |p6, L], < (1+ 5 (= + |
—_ H N 5<5¢ 5”) sVl g ( 25(57 51’) >
:c’eAx,T a:’eAl,T

Furthermore, the Lipschitz constants of DF o and DG g5 are equal, and

sup Lip (DF ) 7\/@
xeM T
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Proof. We start the proof of i) by assuming G_%ﬁ is not injective and show through the
x,UZ

7

mean value theorem that this leads to a contradiction with the bound HDFx,U;i.”

F < Cd?/T.
Let x1,29 € M be two distinct points in the preimage of y € m under G_%@; by
Lemma 42 i), they are both contained in jx + ) met) Note that 7 < 7/ (96 (\/ﬁ)dﬂ (d+ 2)),
and so €, < (T/7) (8(\@) (d + 2)) < 1/12; which means ‘Ax,f/u—a,,\/i)

v [fo,?l] — T, M be the projection onto A, = of the geodesic connecting x; and 5. Then,

d/2 (e ,Zx’g;/7 . Let

¥ is an arclength-parametrized C' curve connecting G;lUg (1) and G;IU?I (x9), which, since
?/(1 — Epﬁ) < Ty, are shown by Lemma 35 i) to be two distinct points of T, M. G, = 0¥
is a C! curve on M lying within ./11187*—/7. The mean value theorem states that there exists
e (?0,’7;1) such that

Gouz ©7) (tNO) — (Gopz 07) (twl) ”
[t — | |

|G o3y @] 5 I

N

By Corollary 36 i) and the assumption that 7 < 7/(5Cy), sup,.

T, UZ |

il
877 2
4/20/19, showing ‘two — ?1‘ < «/20/19HG;}]% (1) — G;}J% (xQ)H On the left-hand side, we use
the chain rule and the fact that ‘H’ (1?) H = 1 to see that ’(G%Ug o 3)’(?} H < HDG%U% (%) H’V (%) H <
2

4/20/19. Thus,

20 5 |71 — 2]
197 Gt ) = G (o)

=secZ <£L‘1 — X, G;}]% (1) — G;}Jg (xg))

Note that G;}Jg (1) — G;}Jg (x2) is orthogonal to both z; — G;}]g (x1) and x9 — G;}]% (x2);
this means that £ (:L’l — X9, G;}Jg (1) — G;}]% (xg)) is in the interval [0, 7/2] and sec £ (xl =
72, Gy (1) = Gy (22)) = 1,

We now show that the bound on the principal angles between m and T, M implies
a lower bound on the secant that is greater than 20/19. Project G;}Jg (1) — G;}Jg (x2)
onto m through left-multiplication by @@T; this vector is orthogonal to x; — x5 by

construction. Using this together with the Cauchy-Schwarz inequality,

(w1 = 22)" (G (@1) = Gy (22)) = (2 = 2) " (Gbs (1) = G (2)
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—~—T

—VaiVarr (G;}ﬁ (1) = Go (962)))

e~ _—~T
ViV = VoV | |Gt (@1) = G 2)

< oy — o]

which yields

b o) = Gy (2)
(01— 22) (G (@1) = G (2)

-1

|21 — 2|

Y

sec L(xl — I, G;}]g (z1) — G, 1 (acg)) =

—~——T T
> |[Vv; -vv,
2
~ -1
> |[sin©(V, 1, V) > 12
F

with probability at least 1 — ¢, a contradiction. Thus, there cannot exist points z1, 9 € M

lying in the same normal fiber of m, and G’lﬁ; is one-to-one.

x,UZ2

We must also show that G’}/ﬁ is surjective. Suppose there exists y € m whose
z,UZ

7

preimage under G_%? is empty, and assume that the closure and connectedness of M are
z,

F

not violated. We will show that this contradicts the bounded curvature of M. Note that
{y} x By,_a(x,r) intersects M for some r < 7. To see this, construct the cylinder UZ,
where 7 := 27/(cosarcsine,) + 27¢, < 37; then, for every v € B, _q4(x,1), y + a,v €
(Ba(x,T) x 0By—q(z,7)) for some a, depending on v. Since the projection of M n UZ
onto T, M 1is the entire unit ball By(x,7), ({y} x Bu_a(x,r)) n M # & for some r €
|7, 7secarcsing,]. Let v € ({y} x B_a(z,7)) n M, v = (¢ —y) n ({y} x 0B,_alx,T)),
and 7' and §” be the projections of ¢ and y”, respectively, onto T, M. We see that

~I | |

ly" =" = Iy —yll = 17" —y

’ ~T T
Vap Var =V, Vo

= |y

gl -

> ?(1 — \/ﬁsp).

"
il

Similarly, identifying z with the origin, ||J" — z| < |ly — || + [ly — || < 7(1 + V11¢,). Let
3 : [to, t1] = ToM be the projection onto T, M of the geodesic connecting x and y”. Then,

7 is an arclength-parametrized C' curve connecting = and §”. G,z 07 is a C' curve on M.

)
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Since ¢, < 1/12, 7_'(1 + \/llep) < 4/3, and x,7" € Az 47/3. The mean value theorem states
that there exists ¢ € (tNO, t~1) such that

01>

~ o2y 1/2
(ly” = 5"I° + ll= = 3"II°)
vV 14/13][7" — |
1/2
§<1+ (1—\/1161,)2) _n

14 (1+/11g,)? ~ 10

A\

However, this contradicts

’(Gx,Ug o ﬁ)’(g} H < SUP e 4, 40 g { < 4/14/13. This

proves that every point in m has a point of M in its preimage under G o Therefore,

WUr

‘D z,UZ

G~L_ is a bijection, and its inverse G 7= is well-defined; furthermore, by decomposing
z,UZ 7

R™ as Tmf./\/l X Ti;./\/l, G 7#(y) can be written in the form (y,Fxﬁ(y)> for a function

FL@ : .Zx\; — Tx%;./\/l.

We now proceed to derive the smoothness properties stated in ii). E\;@T :R" — m
is an orthogonal projection onto a linear subspace, so, viewed as a function on the ambient
space, it is C'* with derivative @:Vx 7 G - is the restriction of this function to M, so it
is at most of the same smoothness class as /\/l. Specifically, M is a C? submanifold of R" so
for any § € M we can by definition choose a set Uy < R" containing 7, a set Wy = R, and C?
functions ¢ : Wy — Uy and ¢y : Uy — Wy such that M nUy = ¢5(Wy) and ¢501; = id. For
every y € .Z;, we can see that I1;00z oG ow~ R? — R?is C? because it is a composition
of functions that are all at least C2. Its derlvatlve has the same rank as DG%%}, which at a
point ¥ is the projection of the derivative in the ambient space onto T;M, i.e., VngTVx\;E\;T
Note that Vj € E(R{Rn)’ @T € E(Rn’Rd), and rank(Vy) = rank(@T) = d, so by the
properties of rank we have rank (%%TVZ\;‘Z\;) = rank (V;‘Z\;) ngm\; is of full rank
whenever oq (Vg@) > 0.

Recall that the cosines of the principal angles between Vj and Vx\; are defined as the

singular values of V;@ Hence, DG_%? has full rank on @” whenever the principal angles

T
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—

between 71\; and any tangent space from {Tg/\/l ‘ G .%T“} are strictly less than 7/2. Sup-

pose this does not hold and there does exist y' € /Txf such that sin /; (Ty/./\/l, m> =
Applying Lemma 42 ii), we see that

d /
sin /4 (T M, T, T./\/l) sin M +&p

.
1/2
8(1 + 640,72 / 4972) 7

7T
1 1 1

<_
%0 T12 1

< sin + &

with probability at least 1—d,. Thus, the hypothesized 3’ cannot exist, and rank (DG*%E> =

T

d on ./fo with the same probability. Although it appears that we are conditioning separately
—~T —~
on the event that rank (VI,; ) = d, the probabilistic bound on Hsin C) (Vx, V:Cf)

‘F from
Theorem 22 assumes that the d™ eigenvalue of the projection of N,. %Xx,;X:I - onto T, M is
bounded away from zero; this is also a sufficient condition to ensure that rank (V;T) =d.
We have shown that the hypotheses of the inverse function theorem hold. (Without loss

of generality we can choose 15 such that ¢3(0) = ¥ and ¢5(y) is a fixed point). We see
that (Hd o OAE o G_I/E o wg) - exists within a small neighborhood Wg < Wy of ¢5(y). Let
wy( 5); then, {(N]g} is an open cover of ((/]? v (9[/]?) N M, a compact set. Let {‘N/g}

be the projections of the {leg} onto m; these are clearly open sets as well. We can

—

choose a finite set {7;} such that {ﬁg} covers /Tzf and {‘N/g} covers .Zx\; Let G+ be

-1
the unique map with restrictions GG ﬁ;|f/ = 1y, © (Hd e OA o G_I/\ o wg.) Since G_1

T

is bijective on all of U ¥ and since inverses are unique, this is sufﬁ(nent to show that G+ o TF
is well-defined. It is also of class C?; the local inverses are C? by composition, and they
are defined on open sets and agree on the intersections of their domains, which preserves
differentiability. Note that this is equivalent to writing M n (7} as the union of a finite

: RY — R™ ¢ assigns

number of graphs (y, Fmﬁﬂf/\.(y))’ where the C? function F Uw|v

-1
y—1IL,_40 05 oq/;y (Hd o OA o G 1/\ oYy, ) (y). F 7+ 1s defined as the unique function

with restrictions F'

xUA:|\71,z Let ¥ := {wgi Wyz} In the remainder of the text, we write
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Fz,f@ and G’x’@ identically to their restrictions to {‘Nfg}, except we substitute ¢ for 1y,,

7

understanding ¢ to be any function from W such that the image of G_%ﬁ o 1 includes the
point of application. '

It is clear that Fx’@ and G%@ have bounded derivatives. To prove iii) we use largely the
same setup as Lemma 35 ii), which we summarize here, making the necessary changes for our
setting. These statements are justified by the same reasoning as in the earlier lemma, so we

do not restate the proofs here. Let 2’ € Z;, and let 2’ := G Uw( z'). Recall that by Lemma
42 1), xeAzTcA DG ,andDG

T e gl are maps between T/ AxT and
ZyUF z

7/ (1=epv2)’

= = T
Ty A,z Specifically, DG L|,, : Ty, — Ty A, - assigns ¥ v (vwav;ﬂ/xf ) %, and
DG

, is the inverse map. Since F is the projection of G > onto Tl M, DF

z,ﬁ? x
is a map from Tx/Am,; to the tangent space of T, i;./\/l at Fxﬁ(x’) The singular values
of DG gzl are {cos Z; (T;r/\/l,m) }, those of DG 2T | AT {sec Z; (T;x/\/l,m) },
and those of DFzﬁ o are {tan L (Tgf/\/l, m)} Because DG

7l is a composition of

pI’OJeCthnS, lnfxe./\/l lnfag/eAl.ﬂ—_ 04 <DG:1:76$ x!

> 1, and inf e mfx,ex; 04 (DFx@

) =0

The operator norm of DF | , is bounded above as

sup sup o (DF

- z,UZ |z
zeM '€l -

)zsup sup HD 07 |
xeMmE.A z

= sup sup tan Ll(Tng,m)
zeM JJ/E./X;;

< . . d/\/l (3:7 T )
< sup sup tanarcsin| sin ——— + &,
zeM e

- (T e
& taln arcsin £
972 7P
4
D\ 5T P

for 7/7 < 1/2 and ¢, < 1/12. This also implies

sup sup oy (DG
zEM E.A o

) = sup sup HDG
xeMzeA Z

= sup sup sec Ll(Tng,m)
zeM mfe_z;;

zUI :z:U'"”
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_ 9\ 1/2
<14 64 /7T N
~ - - 6
25\ 51 P

We now bound the Lipschitz constants of DFmU and DG, which are equal be-

U&C’

T ——
cause DG N [I‘DF;[/];] . Let x1,290 € Ay7, and let 7; = @ Uz(xl) and 7o =

G N ~(x). Let v e m Then, there exist vectors vz, vz, with norms no greater than

x,) satisfying DG~ A‘ vy, = DG™L.

G a1

1 = ]

Vd|lvg, — v, ||

||ff1 - 972||

5, Va2 = V. We have

A

”U” SUP e m SuPz/eZ; 01 (DGw,@ x, Ux

— DG

$UI

sup Lip (DG ) < sup sup
TEM xeM___ veTy, TM
T1#T2€EAL 7 lv]|=1

= sup sup

reM V€T, T 2 M
x1#x2€ AL 7 ||v|| 1

\/g(HU% — ﬁ%” + H%% — Uﬂ?z”)

|21 — 2|

< sup sup

reM VET TM
1 #22€AL 7 lv]|=1

?

where Uz, is the projection of vz, onto T3 M. Using the principal angle bound from Lemma 34

V)? HQNJ% _U52|| < ||V$1‘/;:T1 Vi VTH ”TJ%H < “U%” Sinél(TﬁMvazM) < HU52H Sin(dM(%lv%Q)/T)’

T2 " xo

We also have

||1~)52 — Uz || < 0y (DG%@ Il) DG:p lUT U@ - DG:B i 3, Vi
_ -1 —1
=0 (DGm 7 > DG - R ng — DG:): T 3,V
<o1(DG, g, ) [VerVer | V2 V2T = Vau VL e
d ~
< Hv@HsinM X sup oy (DGx 57 la )
T reM
x’eAz,;
Thus,
ddm(T,,7
sup Lip (DG ) < sup sup IMthH 1+ Sup o1 (DG 7 )
xeEM €M e, - M H‘Tl - x2|| ©

371?5-772€~A¢L T ”U” 1 T eA:c T

Vd

< — X sup O’l(DG ,) X sup o1 (DGx 2.
T reEM_ v

IEE.ATT xEArT

)
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x | 1+ sup al(DGzﬁ;
zeM_ o
IIEAL-T-

)
< M. L
-

Clearly, analogous statements to Lemma 35 iii) and iv) and Corollary 36 hold for the
maps {G;}/ﬁ ‘ reM, 7_'/(1 —5,\/2) < 7‘0}. In fact, a version of Corollary 36 i) was needed
for the bourzd on dp(T1, ¥2) /|1 — x2]| in the final part of the proof of Theorem 44 iii); this
ratio depends on the operator norm of DGL@ and not on its Lipschitz constant, so there
are no circular dependencies. We now prove a related lemma concerning the densities of the

pushforwards of P to the estimated tangent spaces.

Lemma 45. Let T < Tya2. Let Py, for x € M, be the pushforward of P to JZ; considered

as a probability measure. Then, it has density p, - with respect to L that is bounded as

—df2
64 (77 2 Pini
1 _ _ mwn 7177d < . f B 12
0< ( + 25(57_ —i—ap) ) pmaxwd T ;g//\ip“(x)
x’GAgg,i—
/2
64 (77 2\
o> [14+—=—+¢ S (2
( 25(57' p) > mian ’ m(g/\li/)t\p ’ (1:)
x’GAgg,i—

Proof. Note that, by Theorem 33, P,, = has density

DG

o
, -
x 2 7U‘F i

e\ —1

(after renormalizing) with respect to £¢. The determinant is the product of the squared sin-

1/2
» Which have a uniform upper bound of (1 + 64/25 (7?/57’ + 6p)2)

gular values of DGZ_ =

~

by Theorem 44 iii). By another application of these theorems, 0 < PrinwWaT® < infgeps P (AM>

—
~

df2
and sup,e v P (.Amj) < PmagwaT? (1 + 64/25 (77_'/57' + sp)2> < o0. This is enough to prove
the statement. [}
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3.5.1 Pullback to Estimated Tangent Spaces

In order to perform local C™1(IR?) regression on the estimated tangent spaces, we need a
result showing that we are estimating a function with finite C*!(R?) norm. In the following
theorem, we show that for f : A, — R with finite C*!'(M) norm, the C'(R%) norm
of the pullback G;@(f) = fo GL@ is bounded above by a multiple of ||f|o11(as- The
proof is similar to that of Lemma 40, with the appropriate operator norms substituted for

DG%U;E

SUPze M, yeAs, - yllo
Theorem 46. Let z € M, and Zetm be an estimate of T, M such that sin /4 (m, Tx/\/l> <
ep. Assume T/(1—eV/2) < 7. Let f* : M — R be a C*(M) function such that
[ lcragmy < M*, and let hy . - m - JZ; — R be the function assigning y —

(f* oG, [/]g> (y). Then, the CYY(RY) norm of h; - is bounded above by My _, a constant

. Vd 64 (77 2\
D 12 oy < (— (5 ) )M

—. *
=: My,

independent of x:

Proof. Clearly, < M*, and

h;,FHC’O(Rd)

x sup ||V f*(z)|
2  zEM

.
sup ||[Vh:-(y)| < sup H (DGx,ﬁE)
zeM. zeM. .

yE.Az,% ye'AZf

_ N 172
< <1+Od(f+ep) ) M*,
T

where the second line follows by Theorem 44 iii) and the fact that [[f*[|cii ) < M™. As

Y

we did for Lip(Vg; ;), we can use the triangle inequality to bound Lip(Vh} ;) by the sum
of a term depending on the norm of DG —; and the Lipschitz constant of V f* and another

z,UZ
term depending on the Lipschitz constant of DG 7 and the norm of V f*. This yields, for

~

Y1 = G%@(yl) and § = Gmﬁg(yz),

T - ~—— d Ut . U
sup Lip(Vhi,) < sup ||(DG,gz) | | x Lin(gradf™) x  sup (. B2)
zEM ’ zeM TS ly|lg TEM ___ 1 — w2l

yeAL 7 Y17Y26€ Az 7
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+ sup Lip(DGIﬁ;) x sup ||V f*(z)|]
rEM T xeM

— 2
CyM*
<<1+Cd(f+gp> )M*+ = n
T T

3.6 Analysis of CV'(M) Regression Algorithm

We begin by restating the regression problem. We are provided with /N i.i.d. samples from
M, a d-dimensional C? submanifold of R with reach 7; we are also provided with samples
from a real-valued function associated with each point. Let X x ) € M x R denote the
sample. We place minor restrictions on the probability measure P that X is drawn from — we
assume that P is absolutely continuous with respect to H4(M) and has a density p such that
0 < Pmin < () < Prae < o0 for all x € M. Y is drawn i.i.d from a Gaussian with mean
f* e CY(M) and variance 0 < co. f* is assumed to have bounded norm || f*[| 1.1y < M*.
The foregoing assumptions apply throughout this section, so we will not repeat them in the
statement of each result.

We will now describe the estimation procedure that we use and then prove that it recovers
f* in risk and sup norm as N — oo. Start by fixing 7 < 7,442, Which serves as a bandwidth

parameter. Then, proceed with the following steps to define the estimator f :

1. Construct a minimal 7/6-net Z of X. (A minimal 7-net is both an n-covering and
an n-packing.) We will locally estimate f* around each point of Z and then patch

together these estimators using a partition of unity.

2. For each z; € Z, estimate T,, M by performing local PCA within the region B, (z;, T) N
X. Let m be the estimator, and let Ij? := By(2;,T) X Bn_a(2;,7), where the

coordinate system has origin z; and m is identified with R?. Define JXZ\; =

[Ei N Tj;./\\/l, and /leﬁ = [j}z N M. Let G_lﬁz\_ : ./ZZ; — .ZZ\; be the orthogonal
Zis -7-1

projection of M onto W, and let GZ, e be its inverse, which is well-defined by

Theorem 44.
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3. Estimate the pullback of f* to each m By Theorem 46, the {hj; = f*o
G —=|z€eZ } are C(R?) and have uniformly bounded C'*'(R¢) norms. For each

2, UZ?
B*

2i,T)

CHH(R?) regression on X! x V., where X/ = G~ _ <.,ZZM N X) c T, Mand Y.,

use the methods of Gustafson et al. (2018) outlined in Section 3.2 to perform

Zi,U;L

is the corresponding subset of ). This involves finding a solution to

Z (yi — f(xi))za

(xivyi)exéi Xyzi

arginf ——
fef = N } Zi

2557,

where }N'Z?M = {f : Z; —-R ‘ |\f||01,1(Rd) < ]\7} M is increasing with NV, and is

chosen via metric entropy arguments, as in Theorem 31. Denote the estimator by h/z;

4. Define the function f : M — R through the assignment

T — Z azi('r) (h‘/zz\,‘r © Gz_lﬁﬁ) (l‘),

7

where {azi ‘ Zz € Z } is any suitable C? partition of unity subordinate to {fLM ‘ Zz € Z }

Before proving risk bounds and convergence properties of f , we need to show that Z can
be used to partition M in a favorable manner, which we do in Section 3.6.1. We start by
deriving bounds on the size of minimal n-nets of M (where < 7/2) in terms of 7 and the
volume of M. Then, we derive uniform convergence rates for the empirical measure indexed
by sets formed by intersecting M with an n-dimensional ball centered on M. We use these
results to derive an upper bound on the size of a 7/6-net Z of X and to prove that Z is a
7/2-net of M w.h.p. The latter fact implies that if f* can be locally estimated around each
point of Z, a partition of unity can be used to construct an estimator f whose domain is all
of M.

We use the convergence of the empirical measure to derive a uniform lower bound, in-
creasing in N, on the number of points of X within 7 of each point of Z. This leads to

uniform bounds for other quantities, such as the error probability of local PCA. Since we
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have a bound on |Z], we can apply the union bound to get the probability of the estimated
tangent spaces being close in angular distance to the true tangent spaces. From this, it
follows that charts based on orthogonal projection onto the estimated tangent spaces are C?
diffeomorphisms with uniformly bounded norms. One of the implications of this is that rates
can be set uniformly when locally performing C1(R?) regression. We also prove that the
preimages of the projections within a radius of 7 cover M when taken together, allowing us

to construct a C? atlas for M.

3.6.1 Sampling a C* Atlas for M

We will assume that minimal 7-nets for the metric space (K, dist) (with distance function
dist : K x K — R) are constructed using the following procedure. Choose k; € K. Choose
subsequent k; € K\ J; By (k;,m), where Br(k;,n) is the set of all points k € K such that
dist(k;, k) < n. Clearly this procedure terminates for compact K otherwise {k;} does not
contain a convergent subsequence. An 7-covering is guaranteed by the stopping condition.

Note that {k;} is also an n-packing by construction.

Lemma 47. (M, ||-|,) is a metric space where |||, is the standard norm of R™. For

ne (0,7/2), a minimal n-net S, of M has cardinality bounded as

d/2
5 LV LV
(;) Wdlﬁ < [Syl < 5d/2wdlﬁ‘
Proof. Let S, := {s,;} be a minimal n-net of M; at least one such net exists and can be

constructed according to the procedure outlined earlier in this section. We prove the bounds

on its size by noting that
> H (Bulsnin/2) 0 M) S HUM) < 3 H (Bulsyan) 0 M).

The first inequality holds because S, is an n-packing and {B,,(s,:,n/2) n M} are disjoint,
and the second inequality is true since M is covered by {B,,(s,.,n) n M}. From this we see

that

|S,| inf HY(B,(x,n/2) n M) <V < |S,| sup HY(B,(x,n) n M).
zeEM zeM
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Applying Lemma 35 iv) with g as the constant function 1 shows that

4 2 d/2
Sg/a Hd(Bn(x,n) NM) < <1 + %%) SBE ﬁd(Hx(Bn(:E, n) N M))
d
< <Z> /2w d
~ 5 dn 9

where the second line follows from the fact that II,(B,,(z,n) n M) < A, ,. Now, note that
Federer’s reach condition implies that IT,(B,(x,n/2) n M) contains a d-dimensional ball of
radius at least 1/24/1 — n?/(1672). Using the other side of Lemma 35 iv),

inf HY(B,(x,n/2) n M) = inf LYI1,(B,(z,1/2) n M))
zeM xeM
n d 7]2 d/2
> ;) (1 B 1672)

1\ %2
(5) ot
= 5 d77 .

Rearranging yields the lemma. [ |

Lemma 48. Let By := {B,(z,r) |z € M,0 <r <7/2}. Then, for sets of the form B n

M, B € By, the following uniform bound holds for the convergence of the empirical measure
to P:

1 1 7\ "2 T arp
P “|BnX|-P(B <—+ (L) pos (—+1) 2 =

N*I/(4’i)<r<7’/2
2(592)Vr Nt 15\ %2
1— ( ) exp —N1/4pmmwd(ﬁ) /3 .

Wq

With the same probability, supp, (, yepo.0<r<n-1/a) || B N X| = P(B M)| < N YA (7/5) wg N4,

Proof. Let Fp, := {]1{B N M} ‘ Be Bo}. Then, the supremum in the probability statement
¥ Yt f(@) —Ef

a countable subset Fp, from which a pointwise convergent sequence of functions can be

. Measurability is not an issue because Fp, contains

becomes sup sz,
0

constructed for any f € Fp,; that is, Fp, is pointwise measurable (Van Der Vaart and
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Wellner, 1996). Fp, can be taken as the indicators of the intersection of M with balls of
rational radii and whose centers have rational coordinates in charts centered at points of a
finite net of M.

We use a slightly different (finite) subset of Fp, to prove the finite sample bound stated
in the lemma. Choose 61,095,093 > 0 and sufficiently small with respect to 7. Construct a
minimal §;-net Sy, of M. Let By y 1= {By(z,7) | 2 € Ss,,7 € (03,7) " 02N}. Let Fg, , be the
class of indicator functions of the intersection of M with members of By . For any f € Fp,,
there exist f}, f, € Fp, , such that f; < f < f, for all z € M.

Fix fo := 1{M n B, (x¢,70)}. Then, we can take fo; := 1{M N B, (zo,,70,)} and fo,, :=
I{M N Bo(xou, rou)}, where xgy, xo, € S5, are within d; of zp and 79,70, € (93, 7) N &N
are within d; + 02 of 79. An upper bound for Ey fy — Efy can be obtained by adding and

subtracting fp, within the expectations:

IENfO - EfO = IEN[fO - fO,u] - E[f() - f07u] + IENfO,u - Ef(),u
< E[fou = foul + [Enfou — Efoul-

Similarly, Ex fo — Efo = —E[fou — foi]l — [Exfou — Efo]- Thus,

sup |Exf —Ef| < sup E[I{M n B,(z,19 + 261 4+ 202)} — I{M n B, (x,19)}]
Je 75, ngé\;t/Q

+ sup |Exf—Ef|.
fE]:BN72

We start by bounding the first term on the right-hand side, rewriting it as a probability
statement. For balls with radius less than d3, we have

sup P(M n By(x,rg+ 61 + d2)) = sup

TeEM TeM J B, 61+0
0<r<d3 0<r<ds3 MBn(@ro+01+62)

p(z")dH (')

/2
< Prnaz (—) sup /Jd(Hm(./\/l N By (x,rg + 01 + 02)))
5/ =M

o\ 42 )
< Pmag <g> wa(0s + 01 + d2)%.
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For balls with radius at least d3 the calculation is harder because we need a bound on the

volume of the intersection of M with an n-dimensional spherical shell. Letting 5= 201 4203,

sup 77(./\/1 A Bo(x, 10 + 0)\Bu(x, 7“0)) = sup J . p(2')dH(2")
53276/%/71_/2 632&&/2 MnBp(x,7040)\Bn(z,m0)
7\ 42 N
< Prnaz (5) sup (Ed (Hz (M N By (z, 7m0 + 5)))
reM
03<r<7/2

LI (Bua. 7“0))))

pm<> sup f f RO
reM

S3<r<r/2
where the last line is a spherical integral with © a vector of d — 1 angular variables and
V(©) the volume element. The radii 7y and 7; may be functions of ©. We need to bound
the variation in the radial distances of the projections of M n B, (x,ry + g) and M n
B, (x,ro), i.e., ™ — 7o, and relate it to 5. For a fixed set of angular values, consider a
line starting at z. Denote its intersection with the boundary of II,(M n B,(z,79)) by
x1 and with the boundary of II,(M n B,(z,r¢ + g)) by xs. For a given xi, the distance

||xa — 21| is maximized when x5 is chosen such that G, Uz, (x9) — G, Uz, (x1) lies parallel to

r1 —x and FLUf/ (xg)‘ < || Fy U, (x1)|]. In addition to the constraints HGx vz, (x9) — :UH =
ro + 0 and |G, vz, (1) = .T’ = rp, we also require HGI vz, (2) = Gopz , (21) Jllzs — a1 <
\/7/5 by Lemma 35 ii) and ’ Fous, (21 H r2/(27) by Federer’s reach condition. Let h :=
‘Fx Uz/2($1) by = ||xy — x|, t1 = ‘Fx7Uf/2($2) — Fx7Uf/2(x1)H, and ¢ := t1/ty. Then, we

have ty = \/(7"0 +0)% — (h — cty)? — A/r2 — h%; solving this for ¢, and optimizing subject to
the above constraints, we see that o achieves its maximum when i = 72/(27) and ¢ = 4/2/5.

A series expansion shows ty < 5/ 45. The desired integral can now be bounded as follows:

»MU\

1
sup JJ P V(O)dr'de = sup <(ro + 5) g) V(©)do
reM reM d

53<T‘<T/2 53<'I’<T/2

<oy (NG ()
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- d/ 5~
< — 1) -0 .
g+ (4 )
Finally, we show that sup ;. Fon |Exf — Ef| is bounded with high probability. For a fixed
[ € Fpy, (ie., afixed B € Byy), a two-sided Chernoff bound gives

P[||Bn X| - NP(B M) < N/*P(BAM)|=1-2exp(—N"?P(BnM)/3).
Note that infpep, , P(B n M) is bounded away from zero:

inf P(B M) = puin in/\f/t LY, (B, (x,03) n M))

BEB]\]VQ
/2
15

This, along with the bound on |Ss, | from Lemma 47 allows us to apply the union bound:

|B N X| 1 2| S5, |7 12
P —P(BAM)| < >1 -2l —~N'Y2 inf P(BAM)/3
[Bsegg,g (BaM) N1/ ) P Bé%N,'z (B )/
2(5%)Vr 15\
21— —— _N1/2 min 6d A /3 :
wadldy P Pmin®d%\ 16
Taking 6; := N1, §, := N~ ', and 3 := N~ /49 gives the bounds in the statement. [ |

Lemma 49. Fiz T < Tiaz2. Construct a minimal 7/6-net Z of X. Then,

v
(7/12)"

i) 2] < 57wy

497° > 2

i) sup{as€ 2| a € B, ) o )| 3091+ 2

Furthermore, with probability at least 1—2(5d/2) V7w N4 exp (—Nl/‘lpmmwd(15/16)d/2/3) ,
for N large enough,

iii) Z is a 7/2-net of M and

i) in2|Bn(z,~,7‘) NnX| = (15/16)d/2Npmmwd7_‘d/2.
Z;€
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Proof. Start by constructing a minimal 7/6-net Z := {z;} of X', where X has a metric space
structure from its embedding into R™. Note that Z is a 7/6-packing of X and therefore of
M. A 7/6-packing of a metric space has cardinality bounded above by that of any given
7/12-net. Otherwise, there would be two elements of the packing within 7/12 of a member
of the net, or within 7/6 of each other, which is a contradiction. In particular, using Lemma

47 to bound the size of a minimal 7/12-net of M, we have i):

2] < 5Pt
(7/12)

Next, in ii), we prove an upper bound on the number of z; € Z that are within 7 of any
point of M. Fix z € M. Note that {B,(z,7/12) n M | z; € B,(2,7) n £} are pairwise
disjoint, and by the injectivity of I, within a radius of 7, so are {II, (B, (2, 7/12) " M) | z; €
By, (z,7) n Z}. Note that By(IL,(z;), (1 + 4972 /367%)7127/12) < IL,(By (2, 7/12) n M), so
the maximum cardinality of a (1 +497%/367%)~"/7 /6-packing of By(z, 137/12) is the desired
upper bound. By Lemma 47, this is no greater than 309(1 + 4972 /367%)%2.

It remains to be shown that, w.h.p., M < J, Bu(2;,7/2) and |B,(2,T) n X| has a
uniform lower bound strictly greater than zero and increasing in N. (These are the statements
from parts iii) and iv), respectively). The latter is a straightforward application of Lemma
48, in which we proved a uniform bound on the number of points contained in any region that
is the intersection of M with an n-dimensional ball centered on M. In other words, with
high probability, inf,.ez|B,(z;, 7) N X| is not much smaller than inf,ep NP (B, (z,7) n M),
which has a lower bound of Np,,inwq (?M)d by an application of Lemma 35 iv). The
error bound in the probability statement from Lemma 48 is much less than this for large
enough N. (If an explicit bound is desired, we can set each term equal to 1/4 of the expected

number of points and solve for N). Thus,
P[mg |B,(2,7) 0 X| = (15/16) 72 Npppinwat® /2] >1-2(5"*) V5w, ' N
Zi€
X exp(—N1/4pmmwd(15/16)d/2/3).

We can demonstrate that {Bn(zi,?/Q) ‘ 2 € Z} is a cover of M by relating Z to any
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minimal 7/6-net of M. Consider one such net Srje = {s;/m-}. By another application

of Lemma 48, we see that inf By, (s7/6,i,7/6) N X| > 37‘d/2Npmmwd?d/2 with the

$7/6,i€5+/6

same probability as above. This shows that Z is a 7/2-net of M as follows. Any point of
M is within 7/6 of an element of Sz, which is within 7/6 of a point of X w.h.p. (since

inf

By (57/6,i,7/6) N X} > (), which is in turn within 7/6 of some element of Z. Thus,

5+/6,i€5+/6

every point of M is within 7/2 of a member of Z. |

Theorem 50. Let Z be a minimal T/6-net of X, where T < Toaza. For each z; € Z,
estimate T, M with m, the subspace with orthonormal basis given by the d largest
where X, » = Bp(z;,7) n X and N,, ; := |B,(z,7) n X]|.
Center the coordinate system at z; and let the first d coordinates lie in m Define

(j? := By(2i,T) X Bp_aq(zi,7), ZZ\; = (E A m, and ;4;; = (E N M. Let G’lAZi :

z2i,Uz

eigenvectors of N, =X, - X,

2,77

e
~

A, - — Z; be the orthogonal projection of M onto m Then, with probability no
less than 1 — 2(542) V7w, ' NO+1 x exp ( — NYpinwa(15/16)%2 / 3) — 5920V /(7/12) %
2d exp ( — (2/3)d/27"d+2]\/wdpgqm/12(d + 2)pmax) , the following statements hold.

i) Each member of {G%ﬁf\i

Z; € Z} is a well-defined local C* parametrization of M pos-
sessing a derivative whose operator norm and Lipschitz constant are uniformly bounded

above.

—=
Uzi
7

ii) The collection Cz := {(,LLM,G' ) ‘ 2 € Z} is a C? atlas for M.

Proof. This proof is conditional on the statements of Lemma 49, which hold w.h.p. Recall
from Theorem 41 that local PCA produces a subspace m such that H sin © (fm, TZZ../\/l) HF

is bounded above by ¢, where ¢, is O(T/7) with probability at least 1—2d exp (—(5/7)d/27_'2Nzi7;pmm/6(d +
By Lemma 49 iv), inf,.ez N,, 7 > (15/16)‘1/2Npmmwd?d/2, implying that the error probability

of local PCA is uniformly bounded for all charts of radius 7 (taken individually). The bound

on |Z| from Lemma 49 i), together with the union bound, gives the probability that the

domain of every chart in Cz is close in angular distance to its corresponding true tangent
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space and thus meets the assumptions required for the conclusions of Lemma 42 and The-
orem 44 to hold. Part i) of the present lemma follows immediately from the latter, which

shows that the {G_lﬁz\_ ‘ Z; € Z} are C? diffeomorphisms with derivatives that all have the
z;,UZ"

stated uniform bounds on their operator norms and Lipschitz constants.

For ii), we need to show that M < UziEZ .sz and that the charts in Cz are C? com-

patible with each other. The former is true because M < J, .z /Tzﬁ/g S U ez ,,éwl%c/; c

U.ez .ZZZ.,CN;, where ¢ 1= (1 + £,3/2)/2 and ¢" := 9/16. The first inclusion follows from
Lemma 49 iii) and the fact that II.,(B, (2, 7/2) n M) < By(2;,7/2). The second and third

are due to Lemma 42 i) and 7 being small enough such that ¢, < 1/12. Finally, compatibil-

ity of the charts follows from < G . 0o G

Zj L[
Zij-T-J ZZ,U;_

| zi,zj € Z ; being C? by

G_l/\ (-/ZZL 7 ﬁjzj 7;—)
2, U
composition. [ ]

3.6.2 Excess Risk and Convergence off

After sampling the net Z and constructing Cz, we carry out a structural risk minimization

procedure separately on each [7?, giving a collection of local estimators {h/z\; ‘ Z; € Z} We

then use a partition of unity {azi : ,Zzif — R ‘ 2 € Z } to define the estimator of f* as
Flo) = ¥ ano) (i 061 ) o).
2, €EZ
Besides having locally finite support, the partition of unity must also satisfy 0 < a,,(z) < 1
for all z; € Z,2 € M and ) _ ;. (v) = 1 for all x € M. These conditions are satisfied

when each a, is defined through the assignment

where @&, is a recentered and rotated version of a C? bump function & on B;(0,7). We will
not specify the exact form of &, but we will note that it can be chosen so that [|&| p1.1(ga) < 9

and infeepm D, oz Oz, © G—lﬁz(x) > 0, implying that sup, ez ||az || o1y < -

YT
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Define the class of functions F, _ 57 := {f M SR fer ‘Cl,l(Rd) < M, where flz) =

Z a,, (x) <f 2,7 © G_lﬁ) (x)} M is chosen as an increasing function of N. Define .7-"21 -~
Z,€EZ Uz .
similarly, but with the constraint on the C'*(R%) seminorm. Note that checking if a par-

ticular f is in either of these classes requires finding a suitable decomposition {f., -}, which

may not be unique. Now define 7, _ 5y ==,z F, 55 and F - 57 = [z F. Our

0T, M "
algorithm finds f € .7-"2?]\7 In the next lemma, we show that f € ]-"257]\7 as well, w.h.p.;
this is required for the derivation of risk bounds via the C*1(R?) case. We also show that
f*eF EE for large enough N, meaning that {hjf} are eventually candidate functions for
all z;. The results in this section are conditional on Section 3.6.1. Specifically, we assume
that Z is a minimal 7/6-net of X’ that is also a 7/2-net of M satisfying the conclusions of

Lemma 49. We also assume that Cz is a collection of charts forming a C? atlas for M and

satisfying the conclusions of Theorem 50.

Lemma 51. Choose M = 0(N2/d) and increasing in N. Then, the following statements hold

for large enough N.

) B[fe Fopm| 21— 25" exp <_((15/16)d/2Npmmwcz(87/9)d/ 2) 1/100)

V
(7/12)"
ii) f*e FZ,?,JTJ

Proof. 1) By Lemma 45, the pushforwards {Pzif ‘ Z; € Z} of P to {.Z; ‘ z; € Z} have
densities uniformly bounded away from zero and infinity. Thus, by Theorem 32, each h/z: has

CU(R?) norm no greater than M with probability at least 1 — 2exp(—(infzieg‘)(2’iDMOO),

i

where &) := G’lﬁ (fLm N X), as long as M = 0<’Xz’i|2/d). The setup of the present

Zi, Uz

lemma assumes the uniform bound of Lemma 48, which we can employ after noting that

e

T < Tmaz,2 implies €, < 1/12. Then, gzi78;/9 c -’Zzz-f c ﬁzi,g;ﬁ by Lemma 42 i), which gives

inf ‘le
ZZ'EZ v

> inf NP(B,(z,87/9) n M) /2

> (15/16)72 N ppinwa(87/9)" /2
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and

4972\ 12
sup})c'z'i‘ < sup 2NP (Bn (x, (1 + ) 87’/7) N M)
z

Zi€ TeM 367—2

4977
3672

d
< 2(1 + > NDmazwa(87/7)%

for large enough N. That is, Cy 1 N < |le‘ < CyaN for every z;, which is sufficient to show
that M can be chosen as O(N 2 d). Applying the union bound and then Lemma 49 i) yields

the statement.

ii) Clearly, f*(x) can be written as Z a,,(z) (h:m o Glﬁ) (x), and Theorem 46 shows
2, €EZ ouT

is uniformly bounded above by M; = o(M). |

Ed
Zi,?

that supzl_egﬂh }01,1(Rd)

Theorem 52. Let the function f: M — R defined as

be an estimator of f*, where each h,, 7 is a solution to the minimization problem

arginf —— Z (y; — f(x))°

fefzi’;,zq‘ Zil (@)Y )€XL, % Ve

carried out on its respective m lei = G’lﬁ (;lzm M X), V.. s the corresponding
subset of ), and :7};%1\71 = {f : ./TZ; —R| [l ray < M} {ov, | zi € Z} is a partition

e—

of unity subordinate to {.le |z € Z} with sup, ezl c; || cripgy < 0. Assume that f.fre

Fzrii Then, the following statements hold.

ah

< .
crH (M)

Let Nz pin, := (15/16)d/2Npmmwd(87_'/9)d/2. Let d := max{d,5}. Define Lonw 1= (]\7—1—
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M}, +0y2log 2N + Nl/d) Ly = 2(M 4 M + oy/2T0g2N + N, and
( /4 1—-d/4 _ 1/d pr2/d 2/a \ 1
gy VEMY <4M = a(SIVRNIN )
- 2/—d . d # 4
R =« NZ,min ’\/ Nz Jman
1(3VENNS ) + 12F (log M —1og (3VEMN, /%)) Ld = 4.
L me

i) Set M 1= NV, For ¢ € (0,1),

_ 2\ /2
P| R(f) — R(f*) < (27d)meax(1+%(;—T+€p)> el =

V _NQ/J X 20.2
(7/12)" (5 el ))’

where € 1= 4Ed§+7[imax\/log(S/d)/QNg,mm. € is a monotonically-decreasing function

1 — 5d/2w;1

of N for large enough N and limy_,e = 0.
iii) Set M := NYVASE) - The conclusions of ii) still hold. For § € (0,1),

Vv N2/ 5
su < > 1 — 5%2, ! <5 + e Nzmin/(20 ))
Leﬁ‘f )‘ 5] * (7/12)"

25\ 57 Prmin Zamin

decreasing function of N for large enough N and limy_o 8 =0

64 (77 2\ (oo Nssd) v
T Y4 max —
where B := | 1+ — (— + Ep) Mt —p> +N 1/10d) . B 1s a monotonically-

Proof. i) It holds that f € CLY(M). Since a,, € CYY(M), ha, - € CYL(RY), and G e

CHH (M) for every z; € Z, the linearity of the derivative and the product and chain rules
show that f is differentiable. Furthermore, DfA is the sum of products of Lipschitz functions

< 0. Theorem 44 shows that

and is therefore Lipschitz itself. It also holds that H f ’
cLi(Mm)

< o0, and by assumption, sup, .z o,
criMm)

are conditioning on the event that f € F; 35, which holds w.h.p. for large enough N and

crimy < 0. Additionally, we
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suitable M by Lemma 51 i), implying that sup, . < o0. Since |Z| < oo, it
follows that f has finite ' (M) norm.

- ~ 2
ii) By a standard decomposition of the risk, R(f) — R(f*) = E[(f - f*) ] After

Zi,T CL1(R%)

substituting the definition of f and writing f* in terms of its pullbacks to {m ‘ z€Z },

we can apply Jensen’s inequality pointwise to see that

E[(f— f*)z] —E _ <Z o, (z) ((h/\ e G_IUA> (@)2

| 2, €EZ g
[ 2
<E| S (- G-g)())]
;O& o ( ) ° 23, Uz* o
< S P(A) [ () ) o)
2, €EZ 2T
< 12]sup (A ) sup(ROT) - RO2,.)).
Zi€Z 2z €Z

e—

We have |Z|supziez77(ﬂzm) < 27demax(1 +64/25(77 /57 +5p)2)d/2 by Lemma 49 i)
and Theorem 33. sup, .z (R(hz ) — R(h% 7)) can be bounded above w.h.p. Let ]T"zﬁﬂ =
{f Azﬁ >R || fllc. LRty S } By assumption, f, f* € Fz x50 SO hle,th € .7?21_7?7]\7 for
all z. For fixed z;, R(hs, ) — R( hi ;) < 2squeﬁzmM‘R f)— f‘i(f)) < 2¢’ with probability
at least 1 — 0 — e~ NZmin/20° ). where § € (0,1) and &' is as in Theorem 31. Note that

e <AL R+ 7zmax\/log(8/6)/2]\fgﬁmm =: ¢ by comparison of each term, where INLL, Zmax,

and R are as defined in the statement of the present theorem. In Lemma 51 i), we proved
as an intermediate step that Cy N < |X;z| < CyoN for every z; this implies that the
asymptotics of ¢ and e are the same. The union bound over Z gives the result.

The random quantity SUDpey ‘R(f) — R(f)

is measurable because of the pointwise
measurability of ]T" i T his was implicitly assumed by Gustafson et al. (2018). Every
fe ]—" 37 18 Llpschltz continuous and defined on .AZZ -, a bounded subset of R?, so it can

be extended continuously to EAZ 7. Let .7-"@” L i be the class consisting of these extensions.

fzexi i o (Azz T), the space of continuous functions on AZ s CY (.Z;) equipped with
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the sup norm is separable by the Stone-Weierstrass Theorem, which can be used to show
that the space of continuous functions on a compact metric space has a countable dense

subset. As a subset of a separable metric space, Ft v, contains a countable dense subset
z

by

2i,T, M, ZiyT,

itself, which we denote F¢* o Clearly, { fi | fe Feat _ 0} c ]T"Zi _ 77 is countable and

can be used to construct a pointwise convergent sequence of functions for any f € fz, e
iii) The following holds because the partition of unity is a convex combination for

cach 5 50D, F0) = 10| = s0pss| Do) (7~ 12,.) 0 62 ) @)

i UF

<

———
*
hzz‘f_h i T

Zi,T

. For each z; € Z, thi,? —hi -
w b

supZiez‘ . < /', defined in Theorem 31 ii),

Z.,min

i 1/(5d) /(5 1/d ~1/(10d) . ~ . .
w.h.p. It holds that ' < M|(2eN (Pminwa) + N =: 5. Pmin 1S a uniform
lower bound on the densities of the pushforward measures {sz ‘ z €2 }; it can be taken as
the value given in Lemma 45. Substituting this for p,,;, and applying the union bound gives

the result. The asymptotic behavior of 3 is the same as that of 5. |
3.7 Discussion

In this chapter, we considered the problem of recovering a C'(M) function f* from noisy
observations. We described an approach based on local C'(RY) regression on estimated
tangent spaces (indexed by a fine-enough net of the sample) and showed that it does recover
f* as the sample size increases.

The CVH(R?) regression algorithm we used is due to our collaborators (Gustafson et al.,
2018) and extends previous work on C11(R?) function interpolation (Wells, 1973; Le Gruyer,
2009; Herbert-Voss, Hirn, and McCollum, 2017). They solve a convex optimization problem
to find the empirical risk minimizer within a C’l’l(Rd) seminorm ball whose diameter is
increasing with the sample size. Our contribution was to use empirical process methods to
bound probabilistically the difference between the empirical risk and the true risk and to use
this to derive the convergence rate of the estimator to the true function in sup norm. We
included these results in this chapter.

In order to extend this to a C1'' (M) regression algorithm, we proved that the sample con-
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tains enough information to define a suitable C? atlas of M w.h.p. We showed that tangent
spaces estimated with local PCA are sufficiently close to the actual tangent spaces w.h.p.,
allowing us to define charts for M whose derivatives have uniformly bounded Lipschitz con-
stants. We also proved several other facts about the sample; e.g., we found uniform bounds
for the convergence of the empirical measure indexed by sets of interest, and we showed that
the sample contains a suitably-fine net of M with bounded cardinality. We estimated f* by
using a partition of unity to combine local estimators (obtained via C''(R?) regression) of
the pullbacks of f* to the estimated tangent spaces. We used properties of the C? atlas along
with our C1(R?) regression sample complexity results to find risk bounds and convergence

rates for the estimator of f*.
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