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Abstract

Statistical Methods for Manifold Recovery and C1,1 Regression on Manifolds

Kitty Mohammed

Chair of the Supervisory Committee:
Dr. Hariharan Narayanan
Department of Statistics

High-dimensional data sets often have lower-dimensional structure taking the form of a

submanifold of a Euclidean space. It is challenging but necessary to develop statistical

methods for these data sets that respect the manifold structure. We present research from

two areas: manifold learning (i.e., support estimation) and smooth regression on manifolds.

First, we consider the problem of recovering a d-dimensional submanifoldM of Rn when

provided with N samples from M. Ideally, the estimator of M should be a manifold of

a certain smoothness, and it should converge to M in Hausdorff distance as N increases.

Fefferman, Mitter, and Narayanan (2016) have developed an algorithm whose output is

provably a manifold. The algorithm relies on the definition of an approximate squared-

distance function (asdf) to M. As long as the asdf meets certain regularity conditions

(which can be difficult to verify), it can be used to define an estimator of M that has the

desired properties. We define two asdfs that can be calculated solely from the sample and

show that they meet the required regularity conditions. The first asdf is based on kernel

density estimation, and the second is based on the estimation of tangent spaces with local

principal components analysis.

Second, we analyze a structural risk minimization-based algorithm for the regression of

real-valued C1,1 functions defined on a manifold. (These are differentiable functions whose

derivative is Lipschitz.) We assume that we are provided with N sample points from M, a



d-dimensional C2 submanifold of Rn, as well as noisy observations from a C1,1pMq function

f�. We first present results of independent interest on sampling a C2 atlas of M w.h.p. To

do this, we 1) show that the sample contains, w.h.p., a fine-enough net of M of bounded

size, 2) derive uniform convergence rates for the empirical measure indexed by particular

subsets of M, and 3) prove that tangent spaces estimated with local PCA are close in

angular distance to the true tangent spaces w.h.p. The estimated tangent spaces can be

used to define charts of M whose derivatives have a uniformly-bounded Lipschitz constant.

After sampling an atlas, we use C1,1pRdq regression to locally estimate the pullbacks of

f� to the estimated tangent spaces and then use a partition of unity to define the global

estimator of f�. The C1,1pRdq regression algorithm was developed by our collaborators

(Gustafson, Hirn, Mohammed, Narayanan, and Xu, 2018), and it is closely related to a

C1,1pRdq interpolation algorithm of Herbert-Voss, Hirn, and McCollum (2017). We use tools

from empirical processes to analyze the C1,1pRdq regression algorithm, and we combine these

results with properties of the C2 atlas to derive risk bounds and convergence rates for our

C1,1pMq regression algorithm.
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F ōpzq, CzTanp

)
is an asdf . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.5 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

i



Chapter 3: C1,1pMq Regression Via Estimation of Charts and Local C1,1pRdq Re-
gression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.1.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.2 C1,1pRdq Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2.1 Noiseless C1,1pRdq Interpolation . . . . . . . . . . . . . . . . . . . . . 52

3.2.2 Estimating a C1,1pRdq Function from a Noisy Sample . . . . . . . . . 56

3.2.3 Sample Complexity of C1,1pRdq Regression . . . . . . . . . . . . . . . 59

3.3 Geometric Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.3.1 Metric and Connection . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.3.2 Volume . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.3.3 Reach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.3.4 Charts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.4 Norm of C1,1pMq Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.4.1 Pullback to Tangent Spaces . . . . . . . . . . . . . . . . . . . . . . . 89

3.5 Tangent Space Estimation for Charts . . . . . . . . . . . . . . . . . . . . . . 91

3.5.1 Pullback to Estimated Tangent Spaces . . . . . . . . . . . . . . . . . 103

3.6 Analysis of C1,1pMq Regression Algorithm . . . . . . . . . . . . . . . . . . . 104

3.6.1 Sampling a C2 Atlas for M . . . . . . . . . . . . . . . . . . . . . . . 106

3.6.2 Excess Risk and Convergence of pf . . . . . . . . . . . . . . . . . . . . 113

3.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

ii



ACKNOWLEDGMENTS

I would like to express my gratitude to my advisor, Hariharan Narayanan. I have learned

so much from him over the course of the last few years. Apart from the actual statistical

knowledge I’ve gained from him, he taught me how to select original research questions to

work on and how to see the light at the end of the tunnel when your research is really

abstract. The reason I was able to complete this dissertation is due to him being such a

patient mentor, including weekly calls after he moved to TIFR to let me pick his brain. Even

more than his academic mentorship, I would like to thank him for being a really kind and

caring advisor. I had some personal things going on during my time in grad school, and he

was very understanding and let me work at my own pace when I needed to. I would also like
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Chapter 1

INTRODUCTION

Often, high-dimensional data sets have lower-dimensional structure taking the form of

a manifold. Estimating the structure of such a manifold is desirable because it effectively

reduces the dimensionality of the data set. Of course, the end goal may be to perform some

other statistical analysis, such as regression or classification, with this data set. In this case,

it is necessary to develop statistical procedures that take the structure of the manifold into

account, either implicitly or by learning it in a separate, pre-processing step.

In this dissertation, we are interested in two major questions:

(Q1). Given N samples from M, a d-dimensional C2 submanifold of Rn, devise a concrete

procedure that estimates M with a sufficiently-smooth submanifold Mput that con-

verges to M in Hausdorff distance as N increases.

(Q2). Assume that we have N samples from M, a d-dimensional C2 submanifold of Rn,

as well as corresponding (noisy) samples from a C1,1pMq function f�. (A C1,1pMq
function is a real-valued function defined onM that is differentiable and has a Lipschitz

Riemannian gradient.) Construct an algorithm that recovers f� in risk and sup norm

for increasing N .

(Q1) is a support estimation problem, and (Q2) is a smooth regression problem, with

the covariates lying on a manifold. We choose to include both of these problems in this

dissertation because our solutions demonstrate the interplay between support estimation and

additional statistical analyses in the manifold setting. For example, in both cases we locally

approximate the manifold using a particular class of charts that have a uniformly bounded

Lipschitz constant. (This class of charts is useful for constructing various uniform bounds
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and is discussed in Section 2.2.1 and, in more detail, in Section 3.3.4.) This construction

can be used directly for support approximation, as a preliminary step for more sophisticated

support estimation procedures, or as a preliminary step for tasks where the manifold is

the domain. In general, we aim to provide concrete procedures that are also theoretically

justified. Our solutions for both (Q1) and (Q2) produce estimators that can be directly

calculated from the data set; we then use methods from differential geometry and empirical

processes to analyze convergence and other desired theoretical properties.

1.1 Outline of the Dissertation

In Chapter 2, we present two solutions to (Q1). They use key results from the work of

Fefferman et al. (2016), who introduce the concept of the approximate squared-distance

function (asdf) and use it to define an estimating manifold. An asdf is a function that meets

three specific regularity conditions relating to smoothness and curvature. If data is drawn

from M, a close estimate of M (in Hausdorff distance) can be defined that is locally a

sufficiently-smooth graph given implicitly in terms of the gradient and Hessian of the asdf.

In order for this procedure to produce a concrete estimate of M, it is required for the asdf

to be a function only of the data. We define two such asdfs using kernel density estimation

and local PCA and show that they meet the necessary conditions.

Section 2.2 contains the technical background required to read our main results and

proofs. This section starts off with background material on submanifolds, including key

definitions, conventions regarding coordinates and projection operators, and important geo-

metric results. Section 2.2.2 contains the model assumptions. Section 2.2.3 summarizes the

major theorems we use from Fefferman et al. (2016). In Section 2.2.4, we summarize the

algorithm from Ozertem and Erdogmus (2011) that we use to actually compute the putative

manifold. Section 2.2.5 lists a few key concepts from empirical process theory. We include

these because a few of our proofs are simpler when we work in the continuous setting and

then argue that a similar result holds for a finite sample from the manifold. Sections 2.3 and

2.4 contain the main results of this chapter. We provide the precise definition of the asdfs
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and prove that they do indeed meet the conditions required to apply the theorems contained

in Section 2.2.3.

We present a solution to (Q2) in Chapter 3 that is based on sampling a C2 atlas of M

and using a partition of unity to patch together local estimates of the pullbacks of f� to

the estimated tangent spaces. The local estimates are produced by a C1,1pRdq regression

algorithm created by our collaborators (Gustafson et al., 2018). Our contribution was to

analyze the sample complexity of the algorithm. We include these results in Section 3.2.

In Section 3.3, we present most of the background material on manifolds required to

understand this chapter, including definitions of the reach and the Hausdorff measure. In

Section 3.3.4, we discuss a particular class of local parametrizations of submanifolds, defined

as the preimages of orthogonal projections onto the tangent spaces, performed on regions

whose diameters are sufficiently small. In Lemma 35 we show that this class consists of

C2 diffeomorphisms whose derivatives have operator norms and Lipschitz constants that are

uniformly bounded above. This is important to know because our algorithm requires the

projection of sample points onto estimated tangent spaces. Assuming for now that we know

the actual tangent spaces (a requirement that will be removed later), the functions that

must be analyzed are the compositions of f� with a local parametrization; thus, we need

analytic properties of these parametrizations. Although the results in this lemma are mostly

known, we include the proof because we derive slightly better constants and because our

proof technique is more easily followed by those familiar with the statistical literature.

In Section 3.4, we define a norm ‖ � ‖C1,1pMq on the class C1,1pMq, which is a generalization

to nonlinear manifolds of the norm on the class C1,1pRdq that was defined in Section 3.2. We

show in Lemma 40 that if ‖f�‖C1,1pMq �M�   8, the C1,1pRdq norm of its composition with

a local parametrization from Section 3.3.4 is finite, which is necessary to apply the C1,1pRdq
regression algorithm as an intermediate step. We also show that these C1,1pRdq norms are

uniformly upper bounded by a function of M�, which allows us to apply sample complexity

results for C1,1pRdq regression.

Of course, since we only sample points from M and not tangent spaces, we need to
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estimate the latter, which we do using local PCA. In Section 3.5, we analyze the class of

local parametrizations defined as preimages of orthogonal projections onto the estimated

tangent spaces. If local PCA is performed in a sufficiently small region and if the sample is

large enough, the principal angles between an estimated tangent space and the true tangent

space are very small with high probability. This can be shown using matrix perturbation and

concentration theory. We use this result to prove Theorems 44 and 46, which are analogues

of Lemmas 35 and 40, respectively.

In Section 3.6, we show that our algorithm works to solve the desired minimization

problem, and we also give risk bounds. We do so by proving that w.h.p. the sample contains

a net with certain desirable properties and then combine this with the results of Section 3.5

and the C1,1pRdq regression results.
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Chapter 2

MANIFOLD LEARNING USING KERNEL DENSITY
ESTIMATION AND LOCAL PRINCIPAL COMPONENTS

ANALYSIS

2.1 Introduction

Manifold learning consists of algorithms that take a high-dimensional data set as input and

output a fit of a manifold structure. Many of these algorithms (such as Isomap, Lapla-

cian eigenmaps, locally linear embedding, etc.) are used in practice and have a theoretical

literature supporting them. Ma and Fu (2011) give a concise overview of these methods.

A drawback of most manifold learning algorithms is that if we are given data from

a manifold, their output is not an actual manifold that is close to the original manifold.

Fefferman, Mitter, and Narayanan (2016) develop an algorithm whose output is provably

a manifold of certain smoothness. They start by defining an approximate squared-distance

function (asdf) from the data in a manner that uses exhaustive search, utilizing the data only

indirectly. Thus, a very large number of potential asdfs are examined before an approximately

optimal one is chosen. In this chapter, we do away with the exhaustive search, albeit in

the specific case of noiseless data that is sampled uniformly from a manifold. Fefferman

et al. (2016) prove a key theorem that states that as long as we are able to define an asdf

meeting certain general conditions, their algorithm outputs a set that is a manifold with

bounded smoothness and Hausdorff distance to the original manifold. We demonstrate two

different methods of estimating the true manifold via asdfs that can be calculated from

the data. The two asdfs in our work are based on 1) kernel density estimation, and 2)

approximating the manifold using tangent planes which are in turn approximated with local

principal components analysis (PCA).
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Ozertem and Erdogmus (2011) learn manifolds by forming a kernel density estimator

(KDE) from the data points and finding its d-dimensional ridges. We give a more precise

definition later, but a ridge is essentially a higher-dimensional analog of the mode and is

related to the output set from the algorithm of Fefferman et al. (2016). Ozertem and Er-

dogmus (2011) give a practical method for finding the ridges through a variant of gradient

descent where the descent is constrained to the subspace spanned by the largest eigenvectors

of the Hessian of the KDE. We state their algorithm in Section 2.5 and use it to produce

simulation results. Although they only apply subspace-constrained gradient descent to find

ridges of the KDE, the method is more general and can be used to find ridges of both of our

asdfs.

2.1.1 Related Work

Manifold learning has existed as an area of statistics and machine learning since the early

2000s. Some classical manifold learning algorithms are Isomap (Tenenbaum, De Silva, and

Langford, 2000), locally linear embedding (Roweis and Saul, 2000), and Laplacian eigenmaps

(Belkin and Niyogi, 2003). Many of these early algorithms rely on spectral graph theory

and start off by constructing a graph which is then used to produce a lower-dimensional

embedding of the data set. The theoretical guarantees are centered around proving that

asymptotically, certain values such as the geodesic distance can be approximated to arbitrary

precision.

More recently, there have been quite a few papers combining ridge estimation with man-

ifold learning (including the work of Ozertem and Erdogmus, 2011). Some early results on

ridge estimation are due to Eberly (1996), Hall, Qian, and Titterington (1992), and Cheng,

Hall, Hartigan, et al. (2004). Ridge sets can be constructed to estimate a probability den-

sity or an embedded submanifold. Theoretical guarantees in this setting have been given by

Genovese, Perone-Pacifico, Verdinelli, Wasserman, et al. (2012b), Genovese, Perone-Pacifico,

Verdinelli, and Wasserman (2012a), Genovese, Perone-Pacifico, Verdinelli, Wasserman, et al.

(2014), and Chen, Genovese, Wasserman, et al. (2015). Of these, the most relevant results for
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us are from Genovese et al. (2014). They prove that as the sample size goes to infinity, their

ridge set gets arbitrarily close to an underlying manifold in Hausdorff distance. Fefferman

et al. (2016) also define a procedure related to ridge estimation methods that can be used

to estimate an underlying manifold. For our purposes, the major advances of their work are

twofold. First, their method is general; as long as a function meets a few conditions, it can

be used to define an estimator that can be made arbitrarily close to an underlying manifold

in Hausdorff distance. Furthermore, they show that this estimator is itself a manifold with

bounded reach (which measures how rough a submanifold can be). Second, their proofs

rely on using the implicit function theorem concretely, allowing them to make quantitative

statements about the bounds of interest.

2.2 Technical Background and Assumptions

We now provide the definitions and major theorems that we rely on in the rest of this chapter.

The results we use the most often are Theorems 1, 2, 5, and 6; the rest of this section can

be referred to as necessary.

2.2.1 Manifolds

This subsection is adapted from Fefferman et al. (2016). In this chapter, we use the terms

manifold and submanifold interchangeably with compact imbedded d-manifold. A closed

subset M � Rn is a compact imbedded d-manifold if the following conditions hold. First,

M is compact. Next, there exists r1 ¡ r2 ¡ 0 such that for every z P M there exists a

d�dimensional subspace TzM of Rn such that M X Bpz, r2q � Γ X Bpz, r2q for a patch Γ

over TzM of radius r1, centered at z and tangent to TzM at z. A patch of radius r over

TzM is a subset Γ :� tx�Ψpxq |x P Bdprq � TzMu of Rn where Ψpxq : Bdprq Ñ TK
z M is a

C2-function that is zero at the origin.

The tangent space can be defined in the usual way (corresponding to TzM) or by using

the following definition which applies to arbitrary closed sets A � Rn. At a point a P A,

Tan0pa,Aq is the set of vectors v such that for all ε ¡ 0, there exists b P A such that
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0   |a� b|   ε and
∣∣∣v{|v|� b�a

|b�a|

∣∣∣   ε. Let the tangent space Tanpa,Aq be the set of all x

such that x� a P Tan0pa,Aq.
The geometric quantities of a submanifold M that we are most concerned with are the

d-dimensional volume V and the reach τ . The reach is the largest number such that all

points within τ of M have a unique closest point on M. Intuitively, the reach governs how

“rough” an embedded submanifold is. For example, the reach of a line with a sharp cusp is

zero, and the reach of a linear subspace is infinite.

The following theorem due to Federer (1959) is useful for bounding the distance from a

point on a manifold to the tangent space at a nearby point.

Theorem 1 (Federer’s reach condition). Let M be an embedded submanifold of Rn. Then

reachpMq�1 � sup
 
2}b� a}�2}b� Πab}

�� a, b PM, a � b
(
.

In this chapter, we assume regularity conditions on the manifold we draw samples from.

We assume it is in G, where G � Gpd, Vmax, τminq is the family of boundaryless C2-submanifolds

of the unit ball of Rn with dimension d, volume less than or equal to Vmax, and reach at least

τmin.

Let the tubular neighborhood Msτ be the set of all points within a distance of sτ of M.

Now, for points z PM and y PMsτ , denote the projection onto the tangent plane at z by

Πz : Rn Ñ TzM.

A number of our proofs rely on defining the following sets:

U zsτ :�  
y
�� ‖y � Πzpyq‖ ¤ sτ(X  

y
�� ‖z � Πzpyq‖ ¤ sτ(rAz,sτ :� U zsτ XM

Az,sτ :� U zsτ X TzM.

U zsτ is a cylinder centered at z, and rAz,sτ and Az,sτ are nearby regions of the manifold and

tangent space, respectively. Az,sτ can also be defined as the projection of the cylinder onto
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the tangent space; i.e., as ΠzpU zsτ q. These sets are especially useful because, as long as sτ   τ ,

they allow us to work with a local parametrization of the manifold. As mentioned earlier,

manifolds can be defined locally as functions from the tangent space to the normal space.

The functions we are working with are in the class C1,1; i.e., they are once continuously

differentiable and have a Lipschitz gradient. This is summarized in the next theorem.

Theorem 2. Let M P Gpd, Vmax, τminq. Let z P M and y P Msτ . When sτ is sufficiently

small, there exists a C1,1 function

Fz,Ux
sτ

: Az,sτ Ñ Π�1
z pΠzp0qq

such that

 
y � Fz,Uz

sτ
pyq �� y P Az,sτ( � rAz,sτ .

Additionally, there exists a constant C such that Lipp∇Fz,Uz
sτ
q ¤ C{τ .

The next theorem is from Krantz and Parks (2012). It states that M has positive reach

as long as it is embedded in a Euclidean space with strictly higher dimension.

Theorem 3. Let M be a d-dimensional C2�submanifold of Rn. If n ¡ d, then M has

positive reach.

Now, suppose we want a discrete approximation of a manifoldM at a certain resolution.

Let Y �M be an η-net for M if for every p PM there is a y P Y such that ‖p� y‖   η.

The following theorem states that the size of an η�net depends on the geometry of M.

Theorem 4. Let M P Gpd, Vmax, τminq, and let M be equipped with the Euclidean metric

from Rn. For any η ¡ 0, there exists an η�net of M consisting of at most CV
�
1{τ d � 1{ηd�

points, where C is a universal constant.

How well a manifold approximates a point set txiuNi�1 can be quantified through the

empirical loss, which is defined as
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LemppMq :� 1

N

Ņ

i�1

dpxi,Mq2,

where dpxi,Mq is the length of the projection from xi onto M.

Given two subsets X and Y of Euclidean space, we can measure the distance between

them using the Hausdorff distance HpX, Y q. This is defined as

HpX, Y q :� max

"
sup
xPX

inf
yPY
‖x� y‖, sup

yPY
inf
xPX
‖x� y‖

*
.

It can be shown that, given adequate sampling density, two manifolds that are close in em-

pirical risk to a given point set are also close in Hausdorff distance.

2.2.2 Model

We assume that we are provided with tyiuN1 noiselessly sampled from the uniform distribution

onM P Gpd, Vmax, τminq. We take this approach to simplify calculations. The analysis would

be similar if the sample came from a (potentially Lipschitz) density bounded away from zero.

2.2.3 Approximate Squared-Distance Functions

For our purposes the most important results from Fefferman et al. (2016) are Theorem 13

and Lemma 14. We reproduce them below as Theorems 5 and 6, and give an adapted proof

of the latter. It is beyond the scope of this chapter to discuss the proof of Theorem 5. We

merely note that it relies on the implicit function theorem, so there are concrete bounds on

the constants c2, . . . , c7 and C that control the geometry of the putative manifold.

Theorem 5 states that an approximate squared-distance function can be used to recover a

manifold with arbitrary precision (with increasing sample size) as long as F , a scaled version

of the asdf, meets three conditions related to smoothness and curvature. The notation BαF pxq
means that given a set of vectors α :�  

v1, . . . , v|α|
(
, the partial derivative is computed

successively in the directions vi. The third condition is the reason for the term asdf: for a
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small constant ρ, F � ρ2 is bounded both above and below by a multiple of |y|2 � ρ2, the

approximate squared distance to the manifold.

Note that the function F always has as its domain the unit ball (or a ball whose radius is

not dependent on sample size). F is not the asdf itself, but a related function applied locally

after the coordinate system has been scaled up by a constant. This constant is usually a

kind of bandwidth parameter that we decrease in order to get a more precise estimate of the

manifold. For example, in Section 2.3, we have a scheme to decrease the bandwidth σ of the

kernel density estimator, and F is the KDE applied to coordinates scaled up by 1{σ.

The output set from Theorem 5 is locally a smooth graph px,Ψpxqq that lies within

a tubular neighborhood of the manifold. Theorem 6 uses bounds on the smoothness of

px,Ψpxqq to show that it lies away from the boundary of the tubular neighborhood, and so

it is itself a manifold. We show that it is in fact very close to the original manifold, giving a

bound on the Hausdorff distance in terms of a constant that can be made as small as desired.

Theorem 5. Suppose the following conditions hold for a function F :

1. F : Bnp0, 1q Ñ R is Ck-smooth.

2. Bαx,yF px, yq ¤ C0, where px, yq P Bnp0, 1q and |α| ¤ k.

3. For x P Rd, y P Rn�d and px, yq P Bnp0, 1q

c1

�|y|2 � ρ2
� ¤ F px, yq � ρ2 ¤ C1

�|y|2 � ρ2
�
,

for 0   ρ   c, where c is an arbitrarily small constant depending only on C0, c1, C1, k,

and n.

Then there are constants c2, . . . , c7 and C depending only on C0, c1, C1, k, and n such that:

1. For z P Bnp0, c2q, let Npzq be the subspace of Rn spanned by the top n� d eigenvectors

of B2F pzq. Let Πhi : Rn Ñ Npzq be the orthogonal projection from Rn to Npzq. Then

|BαΠhipzq| ¤ C for z P Bnp0, c2q and |α| ¤ k � 2.
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2. There is a map

Ψ : Bdp0, c4q Ñ Bn�dp0, c3q

such that |Ψp0q| ¤ Cρ and |BαΨ| ¤ C |α| for 1 ¤ |α| ¤ k� 2. The set of all z � px, yq P
Bdp0, c4q

�
Bn�dp0, c3q such that 

z
�� ΠhipzqBF pzq � 0

( �  px,Ψpxqq �� x P Bdp0, c4q
(

is a Ck�2-smooth graph.

Theorem 6. Let c1, C1, and C0 be the constants appearing in Theorem 5. Assume that Cρ

is sufficiently small compared to r. Define the putative submanifold

Mput �
 
z PMminpc3,c4qr

�� ΠhipzqBF pzq � 0
(
.

Then, Mput is a submanifold of Rn which has a reach greater than cr, where c depends only

on C0, c1, C1, k, d, and n. Furthermore, the Hausdorff distance HpM,Mputq is bounded above

by pC2 � Cqρ.

The statement of this theorem assumes that we are provided with the output set from

Theorem 5; that is, we are working in the scaled-up coordinates. In the original coordinate

system,Mput is contained inMminpc3,c4qσr, where σ is the bandwidth. In this case, the reach

is bounded below by cσr, and HpM,Mputq is bounded above by pC2 � Cqσρ.

Proof. Mput is locally the graph of a Ck�2-smooth function Ψ. To prove that it is a manifold,

it is sufficient to show that it does not intersect the boundary of the tubular neighborhood

Mminpc3,c4qr. Since Theorem 5 gives bounds on ‖BΨ‖, we can show by contradiction of the

mean value theorem that every point on Mput is within minpc3, c4qr{2 of M.

Suppose there exists a point pz onMput which is at a distance greater than minpc3, c4qr{2
from M. Let z :� ΠMpz. By Theorem 5, there is a point rz PMput such that ‖z � rz‖   Cρ.

Let rv P TzM be the vector Πzppz � rzq. Let rΨ : r0, ‖rv‖s Ñ Rn�d define a curve on Mput

whose endpoints are pz and rz. The existence and smoothness of rΨ are guaranteed by Ψ, the
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Ck�2-smooth function that locally defines Mput. The mean value theorem states that there

exists a point x P r0, ‖rv‖s such that∥∥∥BrΨpxq∥∥∥ ¥ 1

‖rv‖∥∥∥rΨpzq � rΨpz � rvq∥∥∥
� ‖pz � rz‖
‖rv‖

¥ ‖z � pz‖� Cρ

Cρ

¡ minpc3, c4qr{2� Cρ

Cρ
.

Since Cρ is sufficiently small compared to minpc3, c4qr{2, ‖BΨpxq‖ can be made as large as

desired. This contradicts the bound ‖BΨpxq‖   C and shows that Mput lies away from the

boundary ofMminpc3,c4qr. In fact, the expression in the third line above must be less than C,

which shows that ‖z � pz‖   pC2 � Cqρ. Theorem 5 states that every point on M is within

Cρ of Mput, so we have the desired bound on the Hausdorff distance.

By Theorem 1, the reach of Mput is defined as follows:

reachpMputq � inf
x�y

x,yPMput

‖x� y‖2

2‖y � Πxy‖
.

Let c1 be a constant depending on C0, c1, C1, k, d, and n. If ‖x� y‖ ¥ r{c1, then

‖x� y‖2

2‖y � Πxy‖
¥ pr{c1q2

2pr{c1q .

Now, suppose ‖x� y‖   r{c1. If x and y are close together, this quantity is controlled by

the second derivative of the Ck�2 function locally defining Mput. That is, ‖y � Πxy‖ is on

the order of C2‖x� y‖2, implying that

inf
x�y

x,yPMput

‖x�y‖ r{c1

‖x� y‖2

2‖x� Πyx‖
¥ ‖x� y‖2

2c2C2‖x� y‖2

for some constant c2. Therefore,

reachpMputq ¥ min

�
r

2c1
,

1

2c2C2



.

�
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2.2.4 Ridges and Gradient Descent

To actually find a putative manifold using an approximate squared-distance function F ,

we can use a method introduced by Ozertem and Erdogmus (2011). Let BF and B2F be

the gradient and Hessian of F , respectively. At a point x P Rn, let tv1, . . . , vnu be the

eigenvectors of B2F associated with the eigenvalues tλ1, . . . , λnu (listed in decreasing order).

Let Npzq be the subspace of Rn spanned by the top n � d eigenvectors of B2F pzq. Recall

that Πhi : Rn Ñ Npzq is the orthogonal projection from Rn to Npzq. Note that Πhi � V V J,

where V is a matrix whose columns are rv1| . . . |vn�ds.
Ozertem and Erdogmus (2011) give an algorithm to compute the set

 
z
�� ΠhipzqBF pzq � 0

(
,

which is termed the d-dimensional ridge of F . This is, of course, the local definition of

Mput from Theorems 5 and 6. In order to find a ridge, an initial set of points is chosen and

then iteratively shifted in the direction V V JBF until a tolerance condition is met. This is

essentially a subspace-constrained variant of gradient descent.

2.2.5 Empirical Processes

In Section 2.3, we need to bound various quantities that are functions of the kernel density

estimator. This is difficult to do because they are empirical averages over a finite number

of samples. It is easier to bound the expectation of these quantities and then bound their

difference using results from empirical processes, which we summarize here.

Let G be a class of functions from Rn Ñ R. If G consists of bounded functions, the

empirical Rademacher average is given by

RNpGq � Eσ
1

N

�
sup
gPG

�
Ņ

i�1

σigpxiq
��

,

where txiuN1 is an i.i.d. sample from the distribution P and σ :� tσ1, . . . , σNu is a vector

of Rademacher random variables. (Rademacher random variables take the values �1 with
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equal probability). Letting PN denote the empirical distribution on txiuN1 , the following

holds for 0   δ   1:

P

�
sup
gPG

|EPNg � EPg|   2RNpGq �
c

2 logp2{δq
N

�
¡ 1� δ.

It is usually difficult to calculate RNpGq directly from the definition. However, the next

theorem states an upper bound that is dependent on the size of G, which is often easy to

estimate. Let the covering number Npη,G, } �}q be the minimum number of elements in an η-

net of G with respect to the norm } � }. Let the metric entropy be defined as logNpη,G, } � }q.
The Rademacher complexity can be bounded using a modified form of Dudley’s entropy

integral (Sridharan and Srebro, 2010):

Theorem 7 (Modified Dudley’s integral).

RNpGq ¤ inf
γ¥0

#
4γ � 12

» supgPG }g}8

γ

c
logNpη,G, } � }L2pPN qq

N
dη

+
.

2.3 Kernel Density Estimation

Consider the kernel density estimator

rpNpxq :� 1

N

Ņ

i�1

Gσpx; yiq,

where Gσpx; yq :� Cσe
�‖x�y‖2{2σ2

, Cσ :� p2πσ2q�d{2, and x PMσ (the tubular neighborhood

of M with width σ). The denominator of Cσ has 2πσ2 raised to the power d{2 and not n{2
because we are trying to estimate a d-dimensional surface. In Theorem 16, we show that a

function based on rpN can recover a manifold M when we are given noiseless samples from

M.

2.3.1 Definition of the asdf

Recall that Theorem 5 must actually be applied in a coordinate system scaled by a bandwidth

parameter that becomes more precise with increasing sample size. For the kernel density
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estimator, this parameter is, of course, σ. (If we do not scale by σ, it is clear that |BαrpN | is

bounded above by an increasing function of 1{σ instead of a universal constant C0). To this

purpose, make the following transformations:

x ÞÑ x{pσ
?

2πq
yi ÞÑ yi{pσ

?
2πq

σ ÞÑ 1{
?

2π.

Note that the geometric properties of M change in the obvious ways: the reach becomes

τ{pσ?2πq and the volume is OpV {σdq. In the transformed case, let psτ , pτ , and pV denote the

analogs of the obvious quantities. For z the projection of x onto M, let rAz :� rAz,psτ and

Az :� Az,psτ . Recall that these are regions of M and TzM, respectively, which are near the

point z PM. Define the normalizing factor

Nf :� Vol
� rAz	N�

VolpAzq � pV 	.
The appropriate estimator to analyze is any convenient function of pN{Nf , where

pNpxq :� 1

N

Ņ

i�1

e�π‖x�y‖
2

.

We choose to work with � log pNpxq � logNf as our potential asdf. The first condition from

Theorem 5 follows immediately, as seen in the following lemma.

Lemma 8. � log pNpxq is Ck-smooth.

Proof. G1{?2π is Ck-smooth, so by linearity, pNpxq is Ck-smooth. By the chain rule, � log pNpxq
is Ck-smooth. �

In Lemmas 13 and 15 below, we show that � log pNpxq � logNf also satisfies the second

and third conditions from Theorem 5 with high probability. Before detailing the proofs, we

briefly discuss our scheme for selecting σ and sτ .
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2.3.2 Selecting the Bandwidth σ

The procedure we assume is that a fixed value σ1 of σ is chosen by the experimenter as

well as a value of sτ that depends on σ. Without making any claims about optimality, we

choose sτ :� σ5{6. We prove that there exists a lower bound K1 for EpNpxq given σ1. We

then use empirical processes to show that pNpxq concentrates around EpNpxq, and is within

ε1 of EpNpxq with high probability. Since ε1 is a decreasing function of the sample size N ,

we can increase N until ε1   K1 giving us a lower bound for pN . This allows us to derive an

upper bound for Bαp� log pNpxqq. We also find an expression for ρ2 in terms of σ1 and use

this to show that condition 3 of Theorem 5 holds. If ρ2 is not small enough, we can repeat

this procedure using a fixed value σi�1 :� σi
2

of σ in each subsequent iteration.

2.3.3 Bounding pN in Expectation

To prove the second and third conditions, we need upper and lower bounds for pN . It is more

convenient to work initially in the continuous setting, which amounts to bounding EpN . This

is the Gaussian kernel integrated against µM :� 1pV dVolpMq, the measure that is uniform

with respect to the volume form. Explicitly,

EpNpxq �
»
M
e�π‖x�y‖

2

dµMpyq.

Points on M that are far away from x do not contribute very much to the value of this

integral. In fact, the value of � logEpN is very close to

pF rAz :� � log

»
rAz e

�π‖x�y‖2dµMpyq,

where z is the projection of x onto M. Define its approximation

pFAz :� � log

»
Az
e�π‖x�y‖

2

NfdLdpyq,

where Ld is the d-dimensional Lebesgue measure on TzM.

Decreasing σ corresponds to estimating M with greater precision. Even though this

expands the unit ball, leading to psτ Ñ 8, the ratio psτ{pτ Ñ 0. This implies that Az and rAz
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are shrinking relatively closer and closer to z, and rAz is very close to an affine space. Thus,

we expect pF rAz and pFAz to grow closer together. To prove this, we first need to show that

the pushforward of the uniform measure on the manifold has a density ppyq that is close

to the uniform density on Bd

�psτ�. Of course, we don’t want this to be a proper density on

Bd

�psτ�; we want it to have the same total measure as
³ rAz dµMpy1q. In the following lemma,

we quantify how much ppyq can deviate from Nf on Az.

Lemma 9. Let z PM, and let y P TzM. The pushforward of µM to TzM has density ppyq
on Az with respect to Ld such that

Nf �
�

1� C2psτ 2pτ 2


�d{2
¤ ppyq ¤

�
1� C2psτ 2pτ 2


d{2
�Nf .

Proof. Assume that z is the origin and the first d coordinates lie in TzM. M is a submanifold

of Rn defined locally by the function Gz,Uz
p
sτ

that maps px1, . . . , xdq ÞÑ
�
x1, . . . , xd, Fz,Uz

p
sτ

	
.

Recall from Theorem 2 that Fz,Uz
p
sτ

: Rd Ñ Rn�d is a C1,1 function whose Jacobian J P Rpn�dq�d

has a Lipschitz constant bounded above by C{pτ . J evaluated at z is 0 since Rd is tangent to

M at z; this implies ‖J‖F ¤
�
Cpsτ�{pτ within a radius of psτ , where } � }F is the Frobenius norm.

We can find the desired bound on ppyq by finding the ratio of the volume elements of Az andrAz, normalizing this so it integrates to one over Az, and multiplying by Vol
� rAz	N�pV 	.

Gz,Uz
p
sτ

has Jacobian rI|JJsJ, allowing us to write

ppyq �
Vol

� rAz	pV �
a

detpI � JJJq»
Az

a
detpI � JJJqdLdpyq

.

Let λi be the eigenvalues of JJJ . JJJ is positive semidefinite, so λi ¥ 0. Then,

a
detpI � JJJq �

�
d¹
i�1

p1� λiq
�1{2

¤
�

d¹
i�1

�
1� ∥∥JJJ∥∥

F

��1{2

¤
�

1� C2psτ 2pτ 2


d{2
.
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Since the map from M to Rd is a contraction, 1 ¤a
detpI � JJJq. Clearly, we also have

VolpAzq ¤
»
Az

a
detpI � JJJqdLdpyq ¤ VolpAzq

�
1� C2psτ 2pτ 2


d{2
,

which is enough to show the lemma. �

We can use this bound on ppyq to simplify the integration of functions over M. As we

mentioned earlier, � logEpN is a function of an integral whose major contribution comes

from the region rAz. (A crude bound suffices for the contribution from the region Mz rAz).
In the following lemma, we show that pF rAz and pFAz are very close together. By using the

pushforward we can perform both integrals over Az using Lebesgue measure. To do so we

need a bound on the ratio of ppyq to Nf (which we have) as well as a bound on the ratio

between the integrands. We find that pF rAz and pFAz are within a constant Cf of each other.

By decreasing σ, Cf can be made as small as desired.

Lemma 10. Let x PMpsτ , and let z be the projection of x ontoM. Then,
∣∣∣ pF rAz � pFAz

∣∣∣ ¤ Cf ,

where

Cf :� dC2psτ 2

2pτ 2
�
�psτ 4pτ 2

� 2
?

2psτ 3pτ


π.

Proof. Assume that z is the origin and TzM is identified with the first d coordinates. The

following chain of inequalities holds, where y P TzM, y1 :� y � Fz,Uz
sτ

is a point on the

manifold, and J is the Jacobian of Fz,Uz
sτ
:

∣∣∣ pF rAz � pFAz

∣∣∣ �
∣∣∣∣∣∣∣∣log

»
Az
e�π‖x�y‖

2

NfdLdpyq»
rAz e

�π‖x�y1‖2dµMpy1q

∣∣∣∣∣∣∣∣
�

∣∣∣∣∣∣∣∣log

»
Az
e�π‖x�y‖

2

NfdLdpyq»
Az
e�π‖x�y

1‖2ppyqdLdpyq

∣∣∣∣∣∣∣∣
¤
∣∣∣∣∣sup
yPAz

log
e�π‖x�y‖

2

Nf

e�π}x�y
1}2ppyq

∣∣∣∣∣
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¤ sup
yPAz

∣∣∣∣∣log

�
1� C2psτ 2pτ 2


d{2∣∣∣∣∣� sup
yPAz

∣∣∣�px� yq2 � px� y1q2
∣∣∣π.

The first term in the last line comes from Lemma 9. A Taylor expansion (valid for |x|   1)

shows that

log p1� xqd{2 � dx

2
� dx2

4
� dx3

6
�Opx4q.

Therefore, ∣∣∣∣∣log

�
1� C2psτ 2pτ 2


d{2∣∣∣∣∣ ¤ dC2psτ 2

2pτ 2

as long as psτ{pτ is smaller than a controlled constant. To bound the other term, we use the

law of cosines in conjunction with Theorem 1, which shows that

‖y1 � y‖ � ‖y1 � Πzy
1‖ ¤ ‖y

1 � z‖2

2pτ
¤

�?
2psτ�2

2pτ .

Let θ be the angle between y � y1 and x� y. Then, we have:∣∣∣‖y1 � x‖2 � ‖y � x‖2
∣∣∣π � ∣∣∣‖y � y1‖2 � 2‖y � y1‖‖y � x‖ cos θ

∣∣∣π
¤
��psτ 2pτ


2

� 2

�psτ 2pτ


p
?

2psτq�π.
Thus,

∣∣∣ pF rAz � pFAz

∣∣∣ ¤ Cf , where Cf is defined in the statement of the lemma. �

To actually find the lower bound for pN , we bound pFAz in the next lemma by using

a d-dimensional Gaussian concentration inequality. The upper bound is much simpler to

derive; we include it as well. These bounds are important in verifying the second and

third conditions of Theorem 5. The third condition essentially says that our function is an

approximate squared-distance function. That is, given a point x PM1{?2π and its projection

z PM, we should have upper and lower bounds that are close to ‖x� z‖2. Since our putative
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asdf is � log pN , we need bounds for pN that are within a multiplicative factor of e�‖x�z‖2π.

In the proof of the following lemma we find these pointwise bounds.

The second condition requires that we find an upper bound for Bαp� log pNq. This deriva-

tive consists of terms that have powers of pN in the denominator and combinations of powers

of partial derivatives of pN in the numerator. Thus, we need a uniform lower bound for pN

over M1{?2π; this follows by taking the infimum of the pointwise bound over the tubular

neighborhood. We also need bounds for |EBαpN |, but we defer these to the proof of Lemma

13.

Lemma 11. pNpxq is bounded in expectation. More precisely, infxPM1{?2π
EpNpxq ¥ K1,

where

K1 :� Nfe
�1{2

�
1� 2e

�
�psτ�?d{p2πq

	2
π



e�Cf ;

furthermore, supxPM1{?2π
EpNpxq ¤ K2, where

K2 :� eCfNf � e�psτ2π{2.
Proof. Let z be the projection of x onto M, and let y P TzM.

EpNpxq ¥
»
rAz e

�π‖x�y1‖2dµMpy1q

¥
�»

Az
e�π‖x�y‖

2

NfdLdpyq


e�Cf ,

where the second inequality is due to Lemma 10. By orthogonality, px� zqJpy � zq � 0, so

we rewrite the integral over Az as follows:»
Az
e�π‖x�y‖

2

NfdLdpyq � Nfe
�‖x�z‖2π

»
Az
e�π‖z�y‖

2

dLdpyq

� Nfe
�‖x�z‖2πP

�
‖y � z‖ ¤ psτ�,

where the probability is with respect to a d�dimensional multivariate Gaussian with covari-

ance 1
2π
I. Letting z be the origin for simplicity, we know from standard Gaussian concen-

tration results (Boucheron, Lugosi, and Massart, 2013) that

Pr|‖y‖� E‖y‖| ¤ ts ¥ 1� 2e�t
2π
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for t ¡ 0. We can calculate Er}y}2s and then get a bound for Er‖y‖s by using Jensen’s

inequality.

Make the substitutions#
x1 ÞÑ r cosφ1, x2¤i¤d�1 ÞÑ r cosφi

i�1¹
j�1

sinφj, xd ÞÑ r sinφd�1

d�2¹
j�1

sinφj

+
,

and let

dV :� rd�1
d�2¹
j�1

sind�j�1 φjdrdφ1 . . . dφd�1.

We have

E
�
‖y‖2

� � »
Rd
‖y‖2e�‖y‖2πdLdpyq

�
» 8

0

rd�1e�r
2πdr �

d�2¹
j�1

» π

0

sind�j�1 φjdφj

�
» 2π

0

dφd�1

� π�p2�dq{2Γp1� d{2q �
d�2¹
j�1

?
πΓppd� jq{2q

Γp1� pd� j � 1q{2q � 2π

� d

2π
.

The product in the third line telescopes to πpd�2q{2
N
pΓpd{2qq; simplifying yields the fourth

line.

It follows that E}y} ¤a
d{p2πq. Setting t :� psτ �a

d{p2πq (and assuming that σ is small

enough so t ¡ 0), we see that

P
�
‖y‖ ¤ psτ� ¥ 1� 2e

�
�psτ�?d{p2πq

	2
π
.

Consequently,

EpNpxq ¥ Nfe
�‖x�z‖2π

�
1� 2e

�
�psτ�?d{p2πq

	2
π



e�Cf .

The first part of the lemma follows by taking the infimum over M1{?2π.
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To find an upper bound, first write the expectation as

EpNpxq �
»
M
e�‖x�y1‖2πdµMpy1q

�
»
rAz e

�‖x�y1‖2πdµMpy1q �
»
Mz rAz e

�‖x�y1‖2πdµMpy1q.

The first term can be bounded as follows:»
rAz e

�‖x�y1‖2πdµMpy1q ¤ eCf
»
Az
e�‖x�y‖2πNfdLdpyq

¤ eCfNfe
�‖x�z‖2π

»
Az
e�‖z�y‖2πdLdpyq

¤ eCfNfe
�‖x�z‖2π.

Now consider y1 P Mz rAz. Since ‖z � y1‖ ¤ ‖x� y1‖ � ‖x� z‖ and ‖x� z‖ ¤ 1{?2π ¤psτ ¤ ‖z � y1‖, we have p‖x� z‖� psτq2 ¤ ‖x� y1‖2. This gives us the following bound for the

second term as long as psτ is large enough:»
Mz rAz e

�‖x�y1‖2πdµMpy1q ¤ e�p‖x�z‖�psτq2π �
»
Mz rAz dµMpy1q

¤ e�psτ2π{2.

Thus, for x PM1{?2π,

EpNpxq ¤ eCfNf � e�psτ2π{2.

�

Note that the values we chose for σ and sτ are appropriate given our calculations in this

section. For decreasing σ, we would like for ppyq to grow closer to Nf in Lemma 9 and

for Cf to tend to zero in Lemma 10; we also need

�
1� 2e

�
�psτ�?d{p2πq

	2
π



, the Gaussian

concentration probability, to grow closer to 1 in the previous lemma. Our choice of sτ :� σ5{6

is appropriate given these constraints. For σ small enough,

�
1� 2e

�
�psτ�?d{p2πq

	2
π



e�Cf � 1

and Vol
� rAz	N�

VolpAzq � pV 	 � 1{pV � σd{V . Thus, K1 � e�1{2σd{V and K2 � σd{V .
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2.3.4 Finite Sample Bounds for pN and Bαp� log pNpxqq

In Lemma 11, we proved a statement about infxPM1{?2π
EpNpxq whereas we really need a

statement about infxPM1{?2π
pNpxq. We can use methods from empirical processes to relate

these quantities. Let F consist of functions f : M Ñ r0, 1s where each f has the form

e�π‖x�y
1‖2 with y1 PM. Here, x is fixed, and each x PM1{?2π corresponds to a different f .

Note that pNpxq is equivalent to ENf and EpNpxq is equivalent to Ef . We have the tools to

prove that for 0   δ   1,

P
�

sup
fPF
|ENf � Ef | ¤ ε1

�
¥ 1� δ,

where ε1 is a function of δ and N . We rewrite the form of the probability bound in part (a)

of Lemma 12 so that it is in terms of pN and EpN .

In part (b) of Lemma 12, we prove a similar concentration bound for particular deriva-

tives of e‖x�z‖
2

pN . Let Fβ,v consist of functions f : M Ñ R where each f is of the form

Bβv
�
e2πxJy1

	
e�‖y1‖2π with x PM1{?2π, y1 PM, and v P Bnp0, 1q. These functions are involved

in finding an upper bound for Bαp� logppNpxqqq.

Lemma 12. Let F be the class of functions consisting of e�π‖x�y
1‖2 indexed by x PM1{?2π.

For a given β and v P Bnp0, 1q, let Fβ,v be the class of functions consisting of Bβv
�
e2πxJy1

	
e�‖y1‖2π

indexed by x PM1{?2π.

(a) For 0   δ   1,

P

�
sup

xPM1{?2π

|pNpxq � EpNpxq| ¤ ε1

�
¥ 1� δ,

where

ε1 :� 24?
N

�?
πn

2
�
a

logC 1


�
c

2 logp2{δq
N

and

C 1 :� C pV 100d
�

2
a

2π{e
	n
.
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(b) For 0   δ   1,

P

�
sup

xPM1{?2π

∣∣∣Bβv�e2πxJy1
	
e�‖y1‖2π � E

�
Bβv
�
e2πxJy1

	
e�‖y1‖2π

�∣∣∣ ¤ ε1,β

�
¥ 1� δ,

where

ε1,β :� 24?
N

�?
πn

2
�
b

logC 1
β



�
c

2 logp2{δq
N

and

C 1
β :� C pV 100d

�
2
�

1�
a

5� 4β
	β�1

ep�1�2β�?5�4βq{4
�

2

π


�pβ�1q{2�n

.

Proof. We can bound supx|pNpxq � EpNpxq| through a method from empirical processes by

first determining the covering number of F and then using Dudley’s integral. Since F is a

class of Lipschitz functions parametrized by points inMpsτ , we can relate its covering number

to the covering number of this parameter space.

From empirical process theory, we know that

P

�
sup
fPF
|pNpxq � EpNpxq| ¤ 2RNpFq �

c
2 logp2{δq

N

�
¥ 1� δ.

RNpFq is the Rademacher complexity of F , which can be bounded using Theorem 7. Let

N pη,F , ‖�‖q be the covering number at scale η with respect to norm ‖�‖. Then,

RNpFq ¤ inf
ε1¥0

$''&''%4ε1 � 12

» supfPF
?

Êrf2s

ε1{4

gffe logN
�
η,F , ‖�‖L2pPN q

	
N

dη

,//.//-
¤ inf

ε1¥0

$&%4ε1 � 12

» supfPF1
?

Êrf2s

ε1{4

d
logN

�
η,F , ‖�‖8

�
N

dη

,.-.
The second inequality is well-known. Each f P F is parametrized by x PM1{?2π and is at

most L-Lipschitz in this parameter. If we can calculate L, we can also bound the covering

number of F by relating it to the covering number of the tubular neighborhood.
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That is,

N
�
η,F , ‖�‖8

� ¤ N �
η{L,M1{?2π, ‖�‖2

�
¤ C pV 100d

�
1

η{L � 1


n

,

where the second line follows from taking a 1/100-net ofM, placing unit n-balls at each net

point, and then finding an η{L-net of those.

Now we find L. For simplicity, assume x has coordinates px1, . . . , xnq that have been

centered around any point on the manifold. By the symmetry of ‖x‖, we only need to

consider one coordinate.

Lippfq � sup
fPF
‖∇f‖ ¤ sup

xPM

∥∥∥∇�e�‖x‖2π
	∥∥∥

¤ sup
xPRn

∣∣∣∣ BBx1

e�‖x‖2π
∣∣∣∣

� 2e�x
2
1πx1

����
x1�1{?2π

�
c

2π

e

�: L.

Since η ranges between 0 and 1, L{η ¡ 1. Define C 1 :� C pV 100dp2a2π{eqn; then,

N
�
η,F , ‖�‖8

� ¤ C 1η�n.

Using the monotonicity of log and the square root,

RNpFq ¤ 12

» 1

0

�c
logC 1

N
�
c
�n log η

N

�
dη

� 12?
N

�?
πn

2
�
a

logC 1


.

Thus, with high probability,

sup
fPF

|pNpxq � EpNpxq| ¤ 24?
N

�?
πn

2
�
a

logC 1


�
c

2 logp2{δq
N

,
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which proves (a).

The proof of part (b) is nearly the same, with the only difference being in the covering

number of the parameter space. If each f P Fβ,v is at most Lβ-Lipschitz, then

N
�
η,Fβ, ‖�‖8

� ¤ C 1
βη

�n,

where C 1
β :� C pV 100dp2Lβqn. Since

Bβv
�
e2πxJy1

	
e�‖y1‖2π � e2πxJy1p2πqβ�y1Jv�βe�‖y1‖2π,

we have

Lippfq � sup
fPFβ,v

‖∇f‖

¤ sup
xPM1{?2π ,y

1PRn,vPBnp0,1q

∥∥∥∇�e2πxJy1
	
p2πqβ�y1Jv�βe�‖y1‖2π

∥∥∥
� sup

xPM1{?2π ,y
1PRn,vPBnp0,1q

p2πqβ∣∣y1Jv∣∣βe�‖y1‖2π

d
ņ

i�1

�
2πy1ie2πxJy1

�2

� sup
xPM1{?2π ,y

1PRn,vPBnp0,1q
p2πqβ∣∣y1Jv∣∣βe�‖y1‖2π2πe2πxJy1‖y1‖

¤ sup
y1PRn

p2πqβ�1‖y1‖β�1
e�‖y1‖2π�?2π‖y1‖.

In the third line, ty11, . . . , y1nu are the components of y1. The final line follows by the Cauchy-

Schwarz inequality, which shows that
∣∣y1Jv∣∣ ¤ ‖y1‖‖v‖ ¤ ‖y1‖ and 2πxJy1 ¤ 2π‖x‖‖y1‖ ¤

?
2π‖y1‖. Differentiating with respect to ‖y1‖ and setting equal to zero shows that the

supremum is achieved at ‖y1‖ � p1 � ?
5� 4βq{p2?2πq. We can substitute this back in to

set

Lβ :�
�

1�
a

5� 4β
	β�1

ep�1�2β�?5�4βq{4
�

2

π


�pβ�1q{2
.

�

It follows directly that K1 � ε1 ¤ pN ¤ K2 � ε1 with high probability. For large enough

N , K1{2 ¤ pN ¤ 2K2. In the next lemma, we prove that a corresponding result holds for
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Bαp� log pNpxqq (which is exactly the second condition from Theorem 5). The derivation is

more technical but the intuition is based on the arguments in Section 2.3.3.

Lemma 13. Bαp� log pNpxqq ¤ C0 for x P Bnp0, 1{
?

2πq, |α| ¤ k, and C0 depending only on

n and k.

Proof. Start by defining

qNpxq � 1

N

Ņ

i�1

e�‖z�yi‖2πe�2px�zqJpz�yiqπ,

where z is the projection of x onto M. Then,

Bαp� log pNpxqq � Bα
�
� log

�
e�‖x�z‖2πqNpxq

		
.

A result due to Nemirovski (2004) shows that

sup
|vi|¤1

∣∣∣Bv1 . . . Bv|α|F pxq∣∣∣ ¤ sup
|v|¤1

∣∣B|α|v F pxq∣∣
for Ck-smooth F , implying that we do not need to bound mixed partials.

It is straightforward to calculate C0,1 :� sup
∣∣∣Bα�� log

�
e�‖x�z‖2π

		∣∣∣. (The supremum is

also over |α| ¤ k). To get an upper bound for Bαp� log qNpxqq, we first write it as an expres-

sion involving powers of qNpxq and partials of qNpxq. For example, if α � tx1, x1, x1, x1u,

B4p� log qNpxqq
Bx4

1

� 6

�
BqN
Bx1

	4

qNpxq4 � 12

�
BqN
Bx1

	2�B2qN
Bx21

	
qNpxq3 � 3

�
B2qN
Bx21

	2

qNpxq2

� 4

�
BqN
Bx1

	�
B3qN
Bx31

	
qNpxq2 �

�
B4qN
Bx41

	
qNpxq .

Faa di Bruno’s formula is an explicit representation of this expression; the number of terms

and the coefficients depend on |α|. We can find a suitable C0 if we can calculate a lower

bound for qN and an upper bound for
∣∣Bβv qN ∣∣ where β ¤ |α|. The first bound follows from

two previous lemmas. Lemma 11 shows that EpNpxq ¥ K1, and Lemma 12 shows that pN

is within ε1 of its expectation with high probability. Since qNpxq ¥ pNpxq and ε1 can be
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made smaller than K1{2, qN ¥ K1{2 with high probability for N sufficiently large. K1 is a

function of d, and ε1 is a function of n.

To bound the partials of qN , we start off by using the second part of Lemma 12, which

shows ∣∣Bβv qN ∣∣ ¤ ∣∣EBβv qN ∣∣� ε1,β.

Let z be the origin and let the first d coordinates lie in TzM. We can write the expectation

as ∣∣EBβv qN ∣∣ � ∣∣∣∣»
M
Bβv
�
e2πxJy1

	
e�‖y1‖2πdµMpy1q

∣∣∣∣
¤
∣∣∣∣» rAz e2πxJy1p2πqβ�y1Jv�βe�‖y1‖2πdµMpy1q

∣∣∣∣
�
∣∣∣∣»

Mz rAz e
2πxJy1p2πqβ�y1Jv�βe�‖y1‖2πdµMpy1q

∣∣∣∣.
We first bound the integral over Mz rAz. For psτ large enough, the local extrema of

Bβv
�
e2πxJy1

	
e�‖y1‖2π with respect to y1 lie within U zpsτ . Since

lim
‖y1‖Ñ8

Bβv
�
e2πxJy1

	
e�‖y1‖2π � 0,∣∣∣Bβv�e2πxJy1

	
e�‖y1‖2π

∣∣∣ is decreasing with increasing ‖y1‖ inMz rAz. The following holds, where

y0 P B rAz: ∣∣∣∣»
Mz rAz e

2πxJy1p2πqβ�y1Jv�βe�‖y1‖2πdµMpy1q
∣∣∣∣

¤e2πxJy0p2πqβ�yJ0 v�βe�‖y0‖2π
»
Mz rAz dµMpy1q

¤e2π‖x‖‖y0‖p2πqβ‖y0‖β‖v‖βe�‖y0‖2π

¤p2
?

2πpsτqβe�2πpsτ2�2
?
πpsτ .

The integral over rAz can be bounded by relating it to the corresponding integral over

Az. Let y be the projection of y1 P rAz onto Az. Then,∣∣∣∣» rAz e2πxJy1p2πqβ�y1Jv�βe�‖y1‖2πdµMpy1q
∣∣∣∣
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�
∣∣∣∣»

Az
e2πxJy1p2πqβ�y1Jv�βe�‖y1‖2πppyqdLdpyq

∣∣∣∣
¤
∣∣∣∣»

Az
e2πxJy�y1Jv�βe�‖y‖2πdLdpyq

∣∣∣∣�Nf

�
1� C2psτ 2pτ 2


d{2

� sup
x,y1

∣∣∣e2πxJpy1�yq
∣∣∣� sup

y1

∣∣∣ep‖y1‖2�‖y‖2qπ∣∣∣� p2πqβ

¤
∣∣∣∣»

Az

�
y1Jv

�β
e�‖y‖2πdLdpyq

∣∣∣∣�Nf

�
1� C2psτ 2pτ 2


d{2

� e2
?

2πpsτ2{p2pτq � eπ
psτ4{pτ2 � p2πqβ.

The third line comes from relating ppyq and Nf (Lemma 9) and bounding the change in the

integrand due to projecting y1 onto Az. We do not project
�
y1Jv

�β
because it can equal zero.

The fourth line follows by noting that xJy � 0 by orthogonality and that ‖y1 � y‖ ¤ psτ 2{pτ
by Federer’s reach condition. The reach condition also shows that

�
y1Jv

�β
is a polynomial

whose terms either lie in Rd or have arbitrarily small coefficients. This can be used to

bound the integral. Starting off by applying the triangle inequality for integrals and then

the Cauchy-Schwarz inequality, we have∣∣∣∣»
Az

�
y1Jv

�β
e�‖y‖2πdLdpyq

∣∣∣∣ ¤ »
Az
‖y1‖β‖v‖βe�‖y‖2πdLdpyq

¤
»
Az
p‖y‖� ‖y1 � y‖qβe�‖y‖2πdLdpyq

¤
»
Az
‖y‖βe�‖y‖2πdLdpyq

�
β̧

i�1

�
β

i


�psτ 2pτ

i »

Az
‖y‖β�ie�‖y‖2πdLdpyq

¤ 2

»
Az
‖y‖βe�‖y‖2πdLdpyq.

The second line holds because ‖v‖ ¤ 1 and ‖y1‖ can be bounded using the triangle in-

equality. The third line follows after expanding p‖y‖� ‖y1 � y‖qβ, substituting in the bound

for ‖y1 � y‖, and rearranging. Each term in the summation can be made arbitrarily small,

which gives the fourth line. This integral is a function of the moments (of order β or less)

of a d-dimensional Gaussian with covariance 1{p2πqI. We can calculate it using spherical
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coordinates, following the calculation of E
�
‖y‖2

�
in Lemma 11. We have

2

»
Az
‖y‖βe�‖y‖2πdLdpyq ¤ 2

»
Rd
‖y‖βe�‖y‖2πdLdpyq

� 2

» 8

0

rβ�d�1e�r
2πdr �

d�2¹
j�1

» π

0

sind�j�1 φjdφj

�
» 2π

0

dφd�1

� π�pβ�dq{2Γ

�
β � d

2



�

d�2¹
j�1

?
πΓppd� jq{2q

Γp1� pd� j � 1q{2q � 2π

� 2π�β{2
Γppβ � dq{2q

Γpd{2q
�: Cβ.

Therefore, for large enough psτ ,

∣∣EBβv qN ∣∣ ¤ 2p2πqβNfCβ � p2
?

2πpsτqβe�2πpsτ2�2
?
πpsτ

¤ 3p2πqβNfCβ.

If N is large enough, ε1,β will be smaller than p2πqβNfCβ with high probability, implying that∣∣Bβv qN ∣∣ ¤ 4p2πqβNfCβ. Let β1 ¤ |α| be the value of β for which this is maximized. Each term

of |Bαp� log qNpxqq| is bounded above in absolute value by a multiple of 4p2πqβ1NfCβ1{pK1{2q
raised to a power less than or equal to |α|. Therefore, using the triangle inequality and letting

|α| ¤ k, |Bαp� log qNpxqq| ¤ C0,2, a constant. The factors of Nf in K1 and
∣∣Bβv qN ∣∣ cancel each

other out, so C0,2 is a function of n and k. Setting C0 :� C0,1 � C0,2 yields the lemma. �

2.3.5 � log pNpxq � logNf is an asdf

In the next two lemmas, we prove that the third condition of Theorem 5 holds. Recall from

the proof of Lemma 11 that EpN can be bounded above and below to within a multiplicative

factor of Nfe
�‖x�z‖2π. By taking logarithms and defining a suitable constant rρ, we show in

Lemma 14 that the third condition holds for � logEpN� logNf . In Lemma 15, we show that
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this condition also holds for � log pN � logNf as long as we modify rρ to take into account

the concentration bound from Lemma 12.

Lemma 14. For x PM1{?2π and z the projection of x onto M,

c1

�
‖x� z‖2π � rρ2

� ¤ � logEpN � logNf � rρ2 ¤ C1

�
‖x� z‖2π � rρ2

�
for 0   rρ   c, with c depending on C0, c1, C1, k, n.

Proof. Let x PM1{?2π and let z be its projection onto M. Then we can bound EpNpxq by

calculating the expectation separately over rAz and Mz rAz:
EpNpxq �

»
M
e�‖x�y1‖2πdµMpy1q

�
»
rAz e

�‖x�y1‖2πdµMpy1q �
»
Mz rAz e

�‖x�y1‖2πdµMpy1q.

The first term can be bounded as follows:»
rAz e

�‖x�y1‖2πdµMpy1q ¤ eCf
»
Az
e�‖x�y‖2πNfdLdpyq

¤ eCfNfe
�‖x�z‖2π

»
Az
e�‖z�y‖2πdLdpyq

¤ eCfNfe
�‖x�z‖2π.

Now consider y1 P Mz rAz. Since ‖z � y1‖ ¤ ‖x� y1‖ � ‖x� z‖ and ‖x� z‖ ¤ 1{?2π ¤psτ ¤ ‖z � y1‖, we have p‖x� z‖� psτq2 ¤ ‖x� y1‖2. This gives us the following bound for the

second term: »
Mz rAz e

�‖x�y1‖2πdµMpy1q ¤ e�p‖x�z‖�psτq2π.

Thus, letting

Cneg :� e�psτ2π�2psτπ‖x�z‖
Nfe

Cf
,

we have

EpNpxq ¤ eCfNfe
�‖x�z‖2πp1� Cnegq
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¤ eCfNfe
�‖x�z‖2π

�
1

1� Cneg



.

The second inequality holds because Cneg is arbitrarily small for small σ, so we can use the

Taylor expansion

1

1� x
�

8̧

i�0

xi.

Next, we find a lower bound for EpNpxq as in Lemma 11.

EpNpxq ¥ p1� Cnegq
»
rAz e

�‖x�y1‖2πdµMpy1q

¥ p1� Cnegqe�Cf
»
Az
e�‖x�y‖2πNfdLdpyq

¥ p1� Cnegqe�CfNfe
�‖x�z‖2π

»
Az
e�‖z�y‖2πdLdpyq

¥ p1� Cnegqe�CfNfe
�‖x�z‖2π

�
1� 2e

�
�psτ�?d{p2πq

	2
π



.

Now, let α :� � logp1 � Cnegq and β :� � log

�
1� 2e

�
�psτ�?d{p2πq

	2
π



. We have shown

the following:

�Cf � ‖x� z‖2π � α ¤ � logEpNpxq � logNf ¤ α � Cf � ‖x� z‖2π � β.

Since α, β ¡ 0, we can add 2α� 2Cf � β to the left-hand side, 2α� 2β � 2Cf to the middle,

and 2α � 2β � 2Cf � 1
2
‖x� z‖2π to the right-hand side while preserving these inequalities.

Let rρ :�a
2pα � β � Cf q, c1 :� 1

2
, and C1 :� 3

2
. Then, we have

c1

�
‖x� z‖2π � rρ2

� ¤ � logEpN � logNf � rρ2 ¤ C1

�
‖x� z‖2π � rρ2

�
.

�

Lemma 15. With high probability, for x PM1{?2π and z the projection of x onto M,

c1

�
‖x� z‖2π � ρ2

� ¤ � log pN � logNf � ρ2 ¤ C1

�
‖x� z‖2π � ρ2

�
for 0   ρ   c, with c depending on C0, c1, C1, k, n.
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Proof. From Lemmas 11 and 12, w.h.p. for large enough N , infx pNpxq ¥ K1 � ε1, or

supxr� log pNpxqs ¤ � logpK1 � ε1q. By uniform continuity,

P
�

sup
fPF
|� log pNpxq � logEpNpxq| ¤ ε1

�
¥ 1� δ,

where ε1 :� ε1{pK1 � ε1q. Thus, the statement of the lemma follows from Lemma 14 with

ρ :�a
2pα � β � Cf � ε1q, c1 :� 1

2
, and C1 :� 3

2
. �

We have proven all the conditions necessary in order to show that � log pNpxq � logNf

is an asdf. We summarize this in the next theorem, which is the major result of this section.

We also prove that the constants we have defined are small enough to apply Theorem 6 and

state that Mput is a manifold with desirable properties.

Theorem 16. � log pNpxq � logNf is an approximate squared-distance function that meets

the conditions in Theorem 5. Consider the output set

Mput �
!
z PMminpc3,c4qσ{

?
2π

�� ΠhipzqBF pzq � 0
)

in the original coordinate system (i.e., the coordinates not scaled by 1{σ, where σ is the

bandwidth of the KDE). By Theorem 6, Mput is a manifold whose reach is bounded below

by cσ, where c is a constant depending on C0, c1, C1, k, d, and n. Mput converges to M in

Hausdorff distance for increasing N ; more specifically, HpM,Mputq � Opσ5{4q.

Proof. Since logNf is a constant, the first two conditions from Theorem 5 hold by Lemmas

8 and 13. The third condition holds by Lemma 15. Thus, � log pNpxq � logNf is an asdf.

ForMput to be a manifold, σρmust be sufficiently small with respect to minpc3, c4qσ{
?

2π.

We will show that for a small enough σ and large enough N ,
a

2pα � β � Cf � ε1q (our choice

of ρ) can be made as small as needed. Recall that pτ � τ{σ and psτ � σ�1{6. This implies

Cf � dC2σ5{3

2τ 2
�
�
σ4{3

τ 2
� 2

?
2
?
σ

τ



π,

which can be made as small as desired. α and β can be bounded by using the fact that

� logp1� pq   2p if p is sufficiently small. For a small enough σ,

edC
2σ5{3{p4τ2q ¤ eCf ,
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which gives the bound

α ¤ 2Cneg

¤ 2e�σ
�1{3π{2

edC2σ5{3{p4τ2qσd{p2V q
¤ 4V σ�de�σ

�1{3π{4.

Similarly,

β ¤ 4e�σ
�1{3π{2.

As σ tends to zero, so do these quantities. Finally, for large enough N , ε1 is sufficiently

small such that ε1 � ε1{pK1 � ε1q is as small as necessary. For a small enough σ and a large

enough N , ρ � OpC1{2
f q � Opσ1{4q. This is sufficient to apply Theorem 6, which implies that

Mput is a manifold with bounded reach that converges to M in Hausdorff distance. The

Hausdorff distance HpM,Mputq is Opσρq, which is Opσ5{4q. �

2.4 Local Principal Components Analysis

A manifold M can be approximated by a finite collection of tangent spaces centered at a

sufficiently dense set of points sampled fromM. Fefferman et al. (2016) use this as motivation

to define the concept of a cylinder packet; they also define a function F so and show that it is an

asdf when coupled with a suitably constructed cylinder packet. In this section we show that

we can estimate tangent spaces directly from the data to create a cylinder packet; this leads

to the construction of an approximate squared-distance function that satisfies Theorems 5

and 6 and produces a putative manifold.

2.4.1 Definition of the asdf and Selection of the Bandwidth sτ
Let Cp :� tcyliu be a collection of cylinders with centers txiu. Each cylinder is isometric to

cyl :� sτpBd�Bn�dq. We choose sτ so that it tends to zero but remains large compared to the

distance between a sample point and its nearest neighbors. Since we are assuming uniform

support on M, for large N we can choose sτ on the order of N�1{pd�εq for a small value of ε.
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Let Ui be a proper rotation of cyli, Tri a translation, and oi a composition of a proper

rotation and translation that moves the origin to xi and rotates the d-dimensional cross-

section of cyli to Rd. Define

F ōpzq :�
°

cyliQz φcyli

�
o�1
i pzq�θ�Πdpo�1

i pzqq{p2sτq�°
cyliQz θ

�
Πdpo�1

i pzqq{p2sτq� ,

where cyli P Cp, z P �
cyli, φcylipzq is the squared distance from z to the d-dimensional

cross-section of cyli and θ : Rd Ñ r0, 1s is a bump function such that

1. θpyq � 0 for ‖y‖ R p�1, 1q

2. Bαθpyq � 0 for |α| ¤ k and y � 0 or ‖y‖ R p�1, 1q

3. |Bαθpyq|   C, a controlled constant for all y

4. θpyq � 1 for ‖y‖   1{4.

Note that whether or not F ōpzq satisfies Theorem 5 depends on our choice of Cp; for conve-

nience, we refer to the pair tF ō, Cpu as a putative asdf. F ōpzq measures the squared distances

φcyli to the central cross-section of each cylinder containing a given point z, and averages

them using the bump function θ. Let pFz : Bnp0, 1q Ñ R be a related function defined bypFzpwq � F ōpz � sτΘpwqq{sτ 2, where Θ is an isometry that fixes the origin at z and identifies

the first d coordinates with TzM. pFz is essentially F ō analyzed in a coordinate system scaled

up by 1{sτ . This is analogous to our analysis of the kernel density estimator in the previous

section, where we scaled the coordinate system by 1{σ.

2.4.2 Cylinder Packets

In order for tF ō, Cpu to be an asdf, Cp needs to be a cylinder packet, which is a collection

of cylinders that satisfies the geometric constraints given below in Definition 17. These

conditions ensure that a cylinder packet doesn’t contain pairs of cylinders that overlap too
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much or intersect at too great of an angle. This is motivated by our desire to estimate a

manifold with bounded reach.

Definition 17 (Cylinder packet). Let Cp be a collection of cylinders as above. Cp is a

cylinder packet if it satisfies the following conditions:

1. The number of cylinders is less than or equal to a constant factor times V
τd

.

2. Consider the set Si :�
!

cyli1 , . . . , cyli|Si|

)
of cylinders that intersect cyli and perform

the rigid-body motion oi. For each cylij , there exists a translation Trij and a proper

rotation Uij fixing xij so that

(a) For 1 ¤ j ¤ |Si|, TrijUijcylij is a translation of cyli by a vector with norm at

least sτ{3.

(b) txiu
� 

TrijUijxij
�� 1 ¤ j ¤ |Si|

(�
cyli forms a sτ{2�net of the d-dimensional cross-

section of cyli.

(c) For 1 ¤ j ¤ |Si| and v P Rn,
∥∥v � Uijv

∥∥   2 sτ
τ

∥∥v � xij
∥∥.

(d) For 1 ¤ j ¤ |Si|,
∥∥Trijp0q∥∥   sτ2

τ
.

In Lemmas 16 and 17 due to Fefferman et al. (2016), it is shown that pFz satisfies Theorem

5 when Cp is a cylinder packet, meaning that tF ō, Cpu is an asdf. We include this towards

the end of this section as Theorem 23 and provide a sketch of the proof.

In the next lemma we construct a collection of cylinders CTan
p whose central cross sections

are derived from the tangent planes of the manifold and show that it is indeed a cylinder

packet. The putative manifold actually has reach csτ , so the right-hand sides of conditions

2(c) and (d) in Definition 17 can be within a constant factor of what is given above.

Lemma 18. First, construct a set txiu of centers. Assume the sample size is large enough

to contain a sτ{2�net of M such that no two net points are within sτ{2.9 of each other. Let

CTan
p be the collection of cylinders with centers txiu and central cross sections contained in

TxiM. Then, CTan
p is a cylinder packet; we call it an ideal cylinder packet.
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Proof. We show that the conditions in Definition 17 hold. Fix an xi and consider the set

Si :�
!

cyli1 , . . . , cyli|Si|

)
of cylinders that intersect cyli. Perform the rigid-body motion oi

so that we are working in a convenient coordinate system. For each xij P Si, define Uij as

a rotation fixing xij and rotating the central cross section of cylij so that it is parallel to

TxiM. Also, define Trij as the translation that subsequently moves the central cross section

so that it lies in TxiM. Lemma 4 implies the first condition.

Let p be the projection of xij onto TxM. Federer’s reach condition implies that

∥∥xij � p
∥∥ ¤ ∥∥xij � xi

∥∥2

2τ
.

Condition 2(d) holds since the right hand side must be less than 4sτ 2{τ . Since
∥∥xij � xi

∥∥ ¥sτ{2.9, we also have

‖xi � p‖ ¥
d∥∥xij � xi

∥∥2 �
∥∥xij � xi

∥∥4

4τ 2

¥
c

100sτ 2

841
� 2500sτ 4

707281τ 2

� 10sτ
29

� 125sτ 2

24389τ 2
�Opsτ 4q,

where the last line follows by a Taylor expansion. Since this can be made arbitrarily close tosτ{2.9, ‖xi � p‖ ¥ sτ{3 and Condition 2(a) is satisfied. Condition 2(b) follows from the fact

that we started off with a sτ{2�net of the manifold; projecting txi1 , . . . , xi|Si|u onto TxiM

contracts interpoint distances so we end up with a sτ{2�net of the tangent space.

To show the bound in 2(c), we need an expression for the angle between two nearby

tangent spaces (in this case TxiM and TxijM). In Lemma B.3 from a paper by Boissonnat,

Dyer, and Ghosh (2013), it is shown that the sine of the largest principal angle θ1 between

TxiM and TxijM is less than or equal to 6
∥∥xi � xij

∥∥{τ , which is 12
?

2sτ{τ in our setup.

Now, translate the origin to xij and translate TxiM so that it contains xij . Without loss

of generality, let v P TxijM. Let teiud1 and tpeiud1 be orthonormal bases for Txij and Txi ,

respectively, so that the angle between ei and pei is the principal angle θi. Define Uij as the
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rotation that maps teiud1 onto tpeiud1. Let tviud1 be the components of v and Uijv with respect

to the appropriate bases. Then we have the following:

∥∥v � Uijv
∥∥ ¤ ∥∥∥∥∥ ḑ

i�1

viei �
ḑ

i�1

vipei
∥∥∥∥∥

¤
ḑ

i�1

‖viei � vipei‖
¤

ḑ

i�1

|vi|‖ei � pei‖
¤ ‖e1 � pe1‖‖v‖1

¤ ‖e1 � pe1‖
?
d‖v‖.

Using the law of cosines, ‖ei � pei‖ ¤ ?
2� 2 cos θi. From the bound on sin θ1 and a Taylor

expansion of cos arcsin
�
12
?

2sτ{τ�, we can show

2� 2 cos θ1 ¤ 288sτ 2

τ 2
�Opsτ 4q

¤ 576sτ 2

τ 2

for large enough N . Thus, ∥∥v � Uijv
∥∥ ¤ 24

?
dsτ

τ
‖v‖,

which shows 2(c). �

Corollary 19. First, construct a set txiu of centers. Assume the sample size is large enough

to contain a sτ{2�net of M such that no two net points are within sτ{2.9 of each other. The

collection of cylinders with centers txiu and central cross sections within Opsτ{τq of TxiM in

operator norm is a cylinder packet; we call it an admissible cylinder packet.

2.4.3 Constructing an Admissible Cylinder Packet with Local PCA

Usually we only have access to points sampled from the manifold and not their associated

tangent spaces. It is easy to see that we can also construct a cylinder packet if we can
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estimate the tangent spaces accurately enough (as stated in Corollary 19). Let C
zTan
p be

a collection of cylinders constructed by using the same net points as in Lemma 18 and

performing local PCA to estimate the d-dimensional cross-sections. In this section, we show

that C
zTan
p is an admissible cylinder packet. The d-dimensional cross-sections are estimated

as follows. Given a sample point z PM, we construct the PCA matrix N�1
z Y Y J, where Y

has columns consisting of the Nz sample points lying within sτpBd �Bn�dq. (We are using a

coordinate system centered at z whose first d coordinates lie in TzM). Using the eigenvectors

of N�1
z Y Y J, we can get an estimate zTzM of the tangent space at z. We show that this is

close to the true tangent space by using the Davis-Kahan sin θ theorem. The version stated

below is due to Yu, Wang, and Samworth (2015).

Let } � }F denote the Frobenius norm of a matrix. Suppose V, pV P Rn�d both have

orthonormal columns. Theorem 20 gives an upper bound on
∥∥∥sin θppV , V q∥∥∥

F
, where θppV , V q

is the d � d diagonal matrix whose diagonal consists of the principal angles between the

column spaces of V and pV and sin θppV , V q is defined entrywise. The principal angles are

given by tcos�1 ζ1, . . . , cos�1 ζdu, where tζ1, . . . , ζdu are the singular values of pV TV .

Theorem 20 (Davis-Kahan sin θ Theorem). Let Λ, pΛ P Rn�n be symmetric, with eigenvalues

λ1 ¥ � � � ¥ λn and pλ1 ¥ � � � ¥ pλn respectively. Let 1 ¤ d ¤ n and assume λd � λd�1 ¡ 0. Let

V � pv1, . . . , vdq P Rn�d and pV � ppv1, . . . , pvdq P Rn�d have orthonormal columns satisfying

Λvj � λjvj and pΛpvj � pλjpvj for j � 1, . . . , d. Then

∥∥∥sin θppV , V q∥∥∥
F
¤

2
∥∥∥pΛ� Λ

∥∥∥
F

λd � λd�1

.

We also make use of the following concentration inequality due to Ahlswede and Winter

(2002). Let A ¨ B mean that A�B is positive semidefinite.

Theorem 21. Let a1, . . . , ak be i.i.d. random positive semidefinite d � d matrices with

expected value Erais �M © µI and ai ¨ I. Then for all ε P r0, 1{2s,

P

�
1

k

ķ

i�1

ai R rp1� εqM, p1� εqM s
�
¤ 2D exp

"�ε2µk
2 ln 2

*
.
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We now prove the key result of this section.

Theorem 22. Let z be a point sampled from M. Translate z to the origin, and let the first

d coordinates lie in TzM. Let Y be a matrix whose columns consist of the Nz sample points

tyiu lying within sτpBd�Bn�dq. Let X be a matrix whose columns are the projections txiu of

tyiu onto TzM. Construct the matrices N�1
z XXJ and N�1

z Y Y J, and let V and pV be their

respective matrices of eigenvectors. Then, w.h.p.,

∥∥∥sin θppV , V q∥∥∥
F
¤

�
2sτ3
τ
� 2sτ4

τ2

	
pd� 2q

p1� εqsτ 2
�
1� C2sτ2

τ2

��d{2 ,
where ε P r0, 1{2s.

Proof. Clearly, Nz increases with N . We can assume the matrices in the statement of the

theorem can be defined. We apply Theorem 20 with N�1
z XXJ and N�1

z Y Y J corresponding

to Λ and pΛ, respectively.

We start off by bounding the numerator
��N�1

z

�
Y Y J �XXJ���

F
. This is easiest if we

consider Y as a perturbation of X by the matrix P since we can control P using Federer’s

reach condition. This gives:

Y Y J � pX � P qpX � P qJ

� XXJ �XPJ � PXJ � PPJ.

Therefore,��N�1
z

�
Y Y J �XXJ���

F
¤ N�1

z

��XPJ � PXJ � PPJ��
F

¤ N�1
z

���XPJ��
F
� ��PXJ��

F
� ��PPJ��

F

�
¤ N�1

z

�}X}F ��PJ��
F
� }P }F

��XJ��
F
� }P }F

��PJ��
F

�
.

Because each column of X has norm less than or equal to sτ , ‖X‖ ¤ ?
Nzsτ . By Federer’s

reach condition, we have

|yi � xi| ¤ |z � yi|2
2τ
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¤
�?

2sτ�2

2τ
,

which implies that ‖P‖ ¤a
Nzsτ 4{pτ 2q. Thus,��N�1

z

�
Y Y J �XXJ���

F
¤ sτ 3

τ
� sτ 4

τ 2
.

Now we need to bound λd�λd�1. Let λ1 ¥ � � � ¥ λn be the eigenvalues of N�1
z XXJ, and

let µ1 ¥ . . . µn be the eigenvalues of M :� E
�
N�1
z XXJ�. We see that λd�1 � � � � � λn �

µd�1 � � � � � µn � 0. So, we only need a lower bound for λd, which we can get by relating its

value to µd through a concentration inequality. Assuming the first d coordinates are aligned

with the eigenvectors of M , µd is the variance in the direction xd. M is the population

covariance matrix of the probability measure P on TzMXBdpsτq that is the pushforward of

the uniform measure onMX sτpBd �Bn�dq. From Lemma 9, we know P has a density ppxq
that is greater than or equal to p1� C2sτ 2{τ 2q�d{2 multiplied by a normalizing factor, which

in this case is just VolpBdpsτqq�1.

We have the following bound for µd:

µd �
»
Bdpsτq x

2
ddPpxq

¥
»
Bdpsτq x

2
d

�
1� C2sτ2

τ2

	�d{2
VolpBdpsτqq dLdpxq

¥
» sτ

0

» π

0

. . .

» π

0

» 2π

0

�
r sinφd�1

d�2¹
j�1

sinφj

�2
�

1� C2sτ2
τ2

	�d{2
VolpBdpsτqq dV

�
Γpd{2� 1q

�
1� C2sτ2

τ2

	�d{2
πd{2sτ d

» sτ
0

» π

0

. . .

» π

0

» 2π

0

rd�1
d�1¹
j�1

sind�j�1 φjdr
d�1¹
j�1

dφj.

The third line follows by a change of coordinates. Substitute#
x1 ÞÑ r cosφ1, x2¤i¤d�1 ÞÑ r cosφi

i�1¹
j�1

sinφj, xd ÞÑ r sinφd�1

d�2¹
j�1

sinφj

+
,

and let

dV :� rd�1
d�2¹
j�1

sind�j�1 φjdrdφ1 . . . dφd�1.
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The integral in the fourth line can be evaluated by noting that

» sτ
0

rd�1dr � sτ d�2

N
pd� 2q,» 2π

0

sin2 φd�1dφd�1 � π, and

» π

0

sind�j�1 φjdφj �
?
πΓppd� j � 2q{2q

Γp1� pd� j � 1q{2q for 1 ¤ j ¤ d� 2. We

can simplify (by telescoping)

d�2¹
j�1

?
πΓppd� j � 2q{2q

Γp1� pd� j � 1q{2q �
πpd�2q{2

Γp1� d{2q .

Therefore,

µd ¥ 1

d� 2
sτ 2

�
1� C2sτ 2

τ 2


�d{2
.

N�1
z XXJ and M are zero outside the upper left d� d block. Call their nonzero blocks Ξ

and rΞ, respectively; clearly these matrices have eigenvalues tλiud1 and tµiud1. Ξ can be written

as the empirical average Nz
�1 °Nz

1�1 xi,dx
J
i,d, where the txi,du are the first d coordinates of the

txiu. Note that xi,dx
J
i,d ¨

��xi,dxJi,d��F I ¨ sτ 2I. For Nz large enough, this implies xi,dx
J
i,d ¨ I.

Additionally, since µd ¡ 0 is the smallest eigenvalue of rΞ, we have rΞ © µdI. This is sufficient

to apply Theorem 21. So, for all ε P r0, 1{2s,

P
�
Ξ R

�
p1� εqrΞ, p1� εqrΞ�� ¤ 2d exp

"
�ε

2µdNz

2 log 2

*
.

The matrix interval is in terms of the positive semidefinite ordering, so Ξ © p1� εqrΞ w.h.p.

This implies λd ¥ p1� εqµd.
Now, applying Theorem 20,

∥∥∥sin θppV , V q∥∥∥
F
¤ 2

��N�1
z

�
Y Y J �XXJ���

F

λd

¤

�
2sτ3
τ
� 2sτ4

τ2

	
pd� 2q

p1� εqsτ 2
�
1� C2sτ2

τ2

��d{2
� O

�sτ
τ



.

�
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2.4.4
!
F ōpzq, CzTanp

)
is an asdf

In Theorem 23, we sketch a proof that tF ō, Cpu is an asdf for an arbitrary cylinder packet Cp;

we also show that Theorem 6 applies. Since we showed that C
zTan
p is an admissible cylinder

packet, it follows immediately that
!
F ōpzq, CzTanp

)
is an asdf.

Theorem 23. Assume that we are given a cylinder packet Cp. tF ō, Cpu is an approximate

squared-distance function that meets the conditions in Theorem 5. Furthermore, by Theorem

6, the output set (in the original coordinate system)

Mput �
 
z PMminpc3,c4qsτ

�� ΠhipzqBF pzq � 0
(
.

is a manifold whose reach is bounded below by csτ , where c is a constant depending on

C0, c1, C1, k, d, and n. Mput converges to M in Hausdorff distance for increasing N ; more

specifically, HpM,Mputq � Opsτ 2q.

Proof. pFz is Ck-smooth by the chain rule and the smoothness of the projection, distance,

and bump functions. Bαp pFzpwqq ¤ C0 for w P Bnp0, 1q, |α| ¤ k, and C0 depending only on

n and k. This is true by the chain rule since the bounds on the derivatives of the bump

function and the distance function can be directly calculated. After rescaling by sτ , these

depend only on n and k.

The third condition is satisfied by setting ρ equal to cρsτ{τ , where cρ is a constant de-

pending on the geometry of Cp. Let z1 :� z � sτΘpwq. If Cp is a cylinder packet, the

distance from ΠMz1 to the central cross-section of any cylinder containing z1 is on the or-

der of sτ 2{τ . pFzpwq is a rescaled convex combination of the squared distance between z1

and the central cross section of the cylinders containing it. That is, pFzpwq is essentiallysτ�2
°
bip‖ΠMz1 � z1‖� cisτ 2{τq2, where

°
bi � 1 and the ci depend on Cp. Thus, setting ρ2

to c2
ρsτ 2{τ 2 satisfies the third condition of Theorem 5 for appropriate values of c1 and C1:

c1

�
‖ΠMz1 � z1‖2sτ 2

� ρ2

�
¤ pFzpwq � ρ2 ¤ C1

�
‖ΠMz1 � z1‖2sτ 2

� ρ2

�
,
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where 0   ρ   c, with c depending on C0, c1, C1, k, n.

For Theorem 6 to apply, sτρ must be sufficiently small with respect to minpc3, c4qsτ . This

is clearly true because sτρ{pminpc3, c4qsτq � Opsτ{τq, which can be made as small as desired.

The Hausdorff distance HpM,Mputq is Opsτρq, which is Opsτ 2q. �

Theorem 24.
!
F ōpzq, CzTanp

)
, where C

zTan
p is a cylinder packet constructed using local PCA

is an approximate squared-distance function that meets the conditions in Theorem 5. Fur-

thermore, by Theorem 6, the output set

Mput �
 
z PMminpc3,c4qsτ

�� ΠhipzqBF pzq � 0
(

is a manifold whose reach is bounded below by csτ , where c is a constant depending on

C0, c1, C1, k, d, and n. Mput converges to M in Hausdorff distance for increasing N ; more

specifically, HpM,Mputq � Opsτ 2q.

Proof. This is a direct consequence of Theorem 23, Corollary 19, and Theorem 22. �

2.5 Simulations

In this section, we present simulation results showing that the two asdfs considered in this

chapter can be used to find a discretized version of a putative manifold. All simulations were

performed using the following gradient descent algorithm based on subspace-constrained

mean shift (Ozertem and Erdogmus, 2011).

1. Initialize a mesh of points on which to perform gradient descent. They can be sample

points with or without added noise.

2. Perform the following for each mesh point x:

(a) Calculate the gradient g and the Hessian H of the asdf f .

(b) Let V be a matrix whose columns are the eigenvectors corresponding to the largest

n� d eigenvalues of H.
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(c) Calculate V V Jg and take a step in this direction.

(d) Go to step (a) until a tolerance condition is met.

We applied this algorithm to data points sampled from three different manifolds contained

in the unit ball of a Euclidean space: a circle embedded in R2, a closed curve embedded in

R3, and a sphere embedded in R3. We sampled 1000 points from each manifold and used

this data to construct asdfs based on KDE and local PCA. We then sampled 1000 additional

points and added Gaussian noise with a standard deviation of 0.05; these were used as the

starting mesh points. Finally, we ran the algorithm and took the final output to be points

lying on the putative manifold. Figure 2.1 shows an example of each of the three manifolds

for each asdf. To get a sense of the accuracy of this procedure, we found the RMS distance

of each putative manifold to a 10000 point sample (i.e., an approximate net) derived from

the original manifolds. The average RMS distance from 100 trials is given in Table 2.1.

Circle � R2 Curve � R3 Sphere � R3

KDE 0.000433 0.000990 0.00221

Local PCA 0.000146 0.000453 0.000603

Table 2.1: Average RMS distance for subspace-constrained gradient descent on two asdfs

2.6 Discussion

In this chapter, we showed that if we are provided with data sampled from a manifold M,

we can use two different asdfs to construct an estimator of M. The asdfs are based on

kernel density estimation and local PCA, which are conceptually easy to understand and

mainstays of nonparametric estimation. The estimator is a manifold itself, and there are

concrete bounds on its geometry (for example, its reach). These bounds are derived from an

application of the implicit function theorem and are given in a key theorem of Fefferman,
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Figure 2.1: Circle � R2, curve � R3, and sphere � R3 examples (top to bottom). Red

points are sampled from the manifold, blue points are sampled points with added

Gaussian noise (sd = 0.05), and black points are the output points obtained by

subspace-constrained gradient descent. The left column uses an asdf based on

KDE, and the right column uses an asdf based on local PCA.
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Mitter, and Narayanan (2016). Our contribution in this chapter was to create asdfs that can

be calculated directly from the data as well as to give bounds on the reach and Hausdorff

distance that depend on the sample size and properties of the asdfs. In the future, we aim

to work on several natural extensions of our results. It remains to be seen what can be said

about an estimator derived from a sample contaminated with noise (potentially bounded

or sub-Gaussian). Additionally, it would be of theoretical interest to see how precise we

can make the constants in our theorems, including the constants derived from the work of

Fefferman et al. (2016).
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Chapter 3

C1,1pMq REGRESSION VIA ESTIMATION OF CHARTS AND
LOCAL C1,1pRdq REGRESSION

3.1 Introduction

In this chapter, we are concerned with the regression of functions from the class C1,1pMq;
these are real-valued functions defined on a submanifoldM � Rn that are differentiable and

have a Lipschitz (Riemannian) gradient. This space of functions can be equipped with a

norm ‖ � ‖C1,1pMq defined as the maximum of the Lipschitz constant of the gradient and the

supremum of the Euclidean norm of the gradient and the modulus of the function values.

We make these notions more precise in Sections 3.3 and 3.4. WhenM is a Euclidean space,

this class is written as, for example, C1,1pRdq, and M may or may not be embedded in a

higher-dimensional Euclidean space.

We place a few regularity conditions on M itself. We assume that it is a closed and

connected submanifold of the unit ball of Rn that is of smoothness class C2 and has dimension

d, reach at least τ , and volume at most V . The smoothness class and dimension are defined

at the beginning of Section 3.3. The reach is a quantity that measures the curvature of

a submanifold, and it is defined in Section 3.3.3. The volume is measured through the

Hausdorff measure HdpMq, which is a generalization of the Lebesgue measure to lower-

dimensional subsets of a Euclidean space; we provide a more precise definition in Section

3.3.2.

As is standard in regression problems, we assume that we have access to a sample gen-

erated by an underlying function from the class of interest. Our model is as follows. We are

provided with a sample X � Y � M � R consisting of N points on M and a real-valued

observation associated with each point. We assume that X is drawn from a probability
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measure P supported on M, where P is absolutely continuous with respect to HdpMq and

has density p bounded away from zero and bounded above. For each xi P X , we also have

yi P Y generated by a C1,1pMq function and observed with additive Gaussian noise. That

is, yi � f�pxiq � ξi, where f� P C1,1pMq, ‖f�‖C1,1pMq �M�, and ξi
i.i.d.� N p0, σ2q.

Our objective is to construct an algorithm that finds an approximate empirical risk

minimizer from a particular class of functions defined more technically in Section 3.6. This

class consists of functions whose pullbacks to tangent spaces ofM indexed by a suitably fine

net have C1,1pRdq norms bounded by an increasing function of N . We derive risk bounds for

this procedure and show that it recovers f� for N Ñ 8.

In a paper due to Gustafson et al. (2018), co-authored by us, an algorithm for C1,1pRdq
regression is constructed and analyzed. Here, we extend these results to the case where

M is not an open set in a Euclidean space, and we show that the sample complexity of

the algorithm also relies on geometric properties of M. A brief outline of our algorithm is

as follows. We start by finding a net of M consisting of sample points, and we use local

principal components analysis to estimate the tangent spaces toM at the net points. Then,

for each net point, we find an associated local estimator for f� by projecting the sample

points onto the estimated tangent space and performing C1,1pRdq regression within a ball

whose radius is chosen as a sufficiently small function of the reach. The final estimator is

formed by patching together the local estimators using a partition of unity.

3.1.1 Notation

In this section, we collect notational conventions; those specifically pertaining to manifolds

are deferred until Section 3.3.

Let LpRm1
,Rmq be the space of m � m1 real-valued matrices. Let M P LpRm1

,Rmq.
The element of M in the ith row and jth column is written as Mij. The ith column of M is

written as Mi. We equip LpRm1
,Rmq with ‖ � ‖2 and ‖ � ‖F , the operator and Frobenius norms,

respectively. They are defined as follows: for v P Rm1
, ‖M‖2 :� sup‖v‖�1‖Mv‖; additionally,

‖M‖F :� a
TrpMMJq, where the trace Tr : LpRm,Rmq Ñ R assigns M 1 ÞÑ

∑
M 1

ii. We
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write id P LpRm,Rmq as I or Im. The singular-value decomposition allows us to write M �
UDV J, where UJU � Im, V JV � Im1 , and D P LpRm1

,Rmq has nonnegative real numbers

(called the singular values of M) on the diagonal and zeros everywhere else. The columns of

U and V are called left and right singular vectors, respectively. Let σi : LpRm1
,Rmq Ñ R be

the ith singular value, where σ1 ¥ � � � ¥ σminpm,m1q. The singular values are the square roots

of the eigenvalues of MJM . We define λi : LpRm,Rmq Ñ C to be the ith eigenvalue, where

|λ1| ¥ � � � ¥ |λm|.

Given a d-dimensional linear subspace M � Rn, we write VM P LpRd,Rnq for a matrix

whose columns form an orthonormal basis of M ; VMV
J
M is the linear map that orthogonally

projects vectors from Rn onto M . We also denote the projection by ΠM . The orthogonal

complementMK is the pn�dq-dimensional subspace of Rn consisting of the vectors orthogonal

to every vector in M . The projection onto MK is written as ΠK
M .

We define the principal angles between two d-dimensional linear subspaces M,N � Rn as

=ipM,Nq :� arccosσipV J
MVNq; we also write the largest principal angle as =pM,Nq. Write

ΘpM,Nq P LpRd,Rdq (interchangeably, ΘpVM , VNq) for the diagonal matrix whose elements

are ΘpM,Nqii :� =ipM,Nq. They can also be defined recursively as

cos=ipM,Nq :� sup
uiPM

sup
viPN

uJi vi,

where ‖ui‖ � 1, ‖vi‖ � 1, ui K uj, j   i, and vi K vj, j   i. Then, tuiu and tviu are

called principal vectors and form orthonormal bases for M and N , respectively. The nonzero

principal angles of MK and NK are equal to =ipM,Nq.

We use Cd to denote any constant that is either absolute or depends solely on d. If we

need to differentiate between multiple such constants, e.g., in the statement of a theorem,

we will write them as Cd,1, Cd,2, and so on.

The indicator function of a set A is written as 1A or 1tAu. It assigns x ÞÑ 1 if x P A and

x ÞÑ 0 otherwise.
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3.2 C1,1pRdq Regression

A function f : Rd Ñ Rn is in the class C1,1pRd,Rnq if it is differentiable and has a Lipschitz

gradient. We place the following norm on this class:

‖f‖C1,1pRd,Rnq :� max

"
sup
xPRd
‖fpxq‖, sup

xPRd

∥∥Df ��
x

∥∥
F
,LippDfq

*
.

The maximum is over a norm and two seminorms, respectively, which can also be written as

‖f‖C0pRd,Rnq, ‖f‖ 9C1pRd,Rnq, and ‖f‖
9C1,1pRd,Rnq. This notation is due to C0pRd,Rnq being the

class of continuous maps from Rd to Rn and 9C1pRd,Rnq the class of continuously differentiable

maps. This norm is undefined for f R C1,1pRd,Rnq; in general, if we write ‖f‖C1,1pRd,Rnq, it is

to be assumed that f P C1,1pRd,Rnq. When f is real-valued, the codomain is not specified;

e.g., we write f P C1,1pRdq.
Gustafson et al. (2018) consider the problem of recovering a C1,1pRdq function from noisy

observations. They assume access to a sample X 1 � Y 1 � Rd � R, where X 1 consists of N 1

points in Bdp0, 1q � Rd and Y 1 of corresponding real-valued observations. X 1 is drawn from

a probability measure P 1, which is absolutely continuous with respect to Ld and has density

p1 bounded from above and bounded away from zero. For each x1i P X 1, there is also an

observation y1i P Y 1 such that y1i � f�1px1iq � ξ1i, where f�1 P C1,1pRdq, ‖f�1‖C1,1pRdq � M�1,

and ξ1i
i.i.d.� N p0, σ2q. A structural risk minimization approach is adopted to recover f�1—an

estimator is chosen by minimizing the empirical risk (based on squared error loss) over the

class of functions whose 9C1,1pRdq seminorm is bounded above by a particular function of the

sample size. Later in this section, we will describe this algorithm and its analysis; we will

summarize our co-authors’ contributions and include our own in more detail as a part of this

dissertation. Before doing so, we first discuss the construction of a C1,1pRdq extension from

noise-free observations, i.e., the interpolation problem.

3.2.1 Noiseless C1,1pRdq Interpolation

Here, we provide some background on the question of extending a function defined on a

finite set (in this case, X 1) to a C1,1pRdq function with minimal 9C1,1pRdq seminorm. For
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now, we assume that the function values are noiselessly observed; the extension discussed in

this section passes through the observed function values instead of smoothing out presumed

noise.

Let f : X 1 Ñ R be the function that we wish to extend. Let Df : X 1 Ñ Rd be gradient

information; Dfpx1iq is written as Df
��
x1i

to emphasize this fact. In most instances, gradients

are not sampled, but an interpolant can still be constructed. Let ApRd,Rq be the space of

real-valued affine functions on Rd. Let P : X 1 Ñ ApRd,Rq be the map assigning x1i ÞÑ Px1i ,

where

Px1ipxq � fpx1iq �
�
Df

��
x1i

	J
px� x1iq, x1i P X 1, x P Rd;

P is called a 1-field. Denote the first-order Taylor expansion of rf P C1,1pRdq at x1 P Rd by

Jx1 rf . The classical Whitney’s extension theorem applied to C1,1pRdq states that if X 1 � Rd

is closed and P satisfies particular conditions, there exists an extension fw P C1,1pRdq for

which Jx1ifw � Px1i for all x1i P X 1. The following must hold for P : for some M   8 and all

x1i, x
1
j P X 1, 1)

∣∣∣Px1ipx1iq � Px1jpx1iq
∣∣∣ ¤M

�
x1i � x1j

�2
and 2)

∥∥∥∇Px1i ��x1i �∇Px1j ��x1i∥∥∥8 ¤M
∣∣x1i � x1j

∣∣.
Clearly, since X 1 is not only closed but finite, Whitney’s extension theorem applies. Moreover,

f can be extended even when gradients are not sampled; any arbitrary Df can be used to

define a 1-field for which an extension exists.

More care must be taken when a minimal-seminorm extension is desired—Whitney’s

extension theorem does not make any claims about optimality. Instead, several results of

Le Gruyer (2009) are needed. The minimal 9C1,1pRdq seminorm of an extension defines two

closely-related seminorms on the spaces of 1-fields and functions with domain X 1. More

explicitly,

‖P‖
9C1,1pX 1q :� inf

!
Lip

�
∇ rf	 �� rf P C1,1pRdq, Jx1i rf � Px1i @x1i P X 1

)
,

and, when gradients are unknown,

‖f‖
9C1,1pX 1q :� inf

!
Lip

�
∇ rf	 �� rf P C1,1pRdq, rfpx1iq � fpx1iq @x1i P X 1

)
.
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Le Gruyer (2009) proves that ‖P‖
9C1,1pX 1q can be computed directly from the sample; ‖f‖

9C1,1pX 1q

can be computed similarly after a preliminary convex optimization step to find an optimal

1-field. Thus, the lower bound on the 9C1,1pRdq seminorm of an extension can be determined

exactly. These results are summarized in the following theorem.

Theorem 25 (Le Gruyer, 2009). Let X 1 � Rd be a finite set. Let f : X 1 Ñ R, and let

Df : X 1 Ñ Rd. Let P : X 1 Ñ ApRd,Rq be the 1-field corresponding to f and Df ; i.e.,

Px1ipx1iq � fpx1iq and ∇Px1i � Df
��
x1i

for all x1i P X 1. Define the functionals

Γ1pP ;X 1q :� 2 sup
xPRd

max
x1i�x1jPX 1

Px1ipxq � Px1jpxq
|x1i � x|2 � ∣∣x1j � x

∣∣2
and

Γ1pf ;X 1q :� inf
!

Γ1p rP ;Eq �� rPx1ipx1iq � fpx1iq @x1i P X 1
)
.

Then, the following statements hold.

i) (Proposition 2.2) The value of Γ1pP ;X 1q depends only on the sample. Specifically,

Γ1pP ;X 1q � max
x1i�x1jPX 1

b
A
�
P ;x1i, x

1
j

�2 �B
�
P ;x1i, x

1
j

�2 � ∣∣A�P ;x1i, x
1
j

�∣∣,
where

A
�
P ;x1i, x

1
j

�
:�

�
2
�
fpx1iq � fpx1jq

�� �
Df

��
x1i
�Df

��
x1j

	J�
x1j � x1i

�
N∣∣x1i � x1j
∣∣2

and

B
�
P ;x1i, x

1
j

�
:�
∣∣∣Df ��

x1i
�Df

��
x1j

∣∣∣N∣∣x1i � x1j
∣∣.

ii) (Theorem 2.6) There exists fl,P P C1,1pRdq with Lipp∇fl,P q � Γ1pP ;X 1q for which

Jx1ifl,P � Px1i for all x1i P X 1. Furthermore, this is a minimal extension; i.e.,

‖P‖
9C1,1pX 1q � Γ1pP ;X 1q.
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iii) (Theorem 3.2) In the case where only f is known, there exists fl,f P C1,1pRdq with

Lipp∇fl,f q � Γ1pf ;X 1q for which fl,f px1iq � fpx1iq for all x1i P X 1. This is a minimal

extension; i.e.,

‖f‖
9C1,1pX 1q � Γ1pf ;X 1q.

An interpolant can be explicitly defined by combining the work of Le Gruyer (2009) with

a construction due to Wells (1973); this is done in a paper of Herbert-Voss et al. (2017), who

also create and analyze efficient algorithms for implementation. The next theorem is key in

constructing an interpolant.

Theorem 26 (Wells’ Construction, Theorem 1, Wells, 1973). Let X 1 � Rd be a

finite set. Let f : X 1 Ñ R, and let Df : X 1 Ñ Rd. Let P : X 1 Ñ ApRd,Rq be the 1-field

corresponding to f and Df ; i.e., Px1ipx1iq � fpx1iq and ∇Px1i � Df
��
x1i

for all x1i P X 1. Let M

be a constant satisfying

fpx1jq ¤ fpx1iq �
1

2

�
Df

��
x1i
�Df

��
x1j

	J�
x1j � x1i

�� M

4

∣∣x1j � x1i
∣∣2 � 1

4M

∣∣∣Df ��
x1i
�Df

��
x1j

∣∣∣2
for all x1i, x

1
j P X 1.

Then, there exists F : Rd Ñ R such that F P C1,1pRdq, Jx1iF � Px1i for all x1i P X 1, and

Lipp∇F q �M .

The proof is constructive. The procedure is technical, but the basic idea is to define

the interpolant piecewise on a partition of Rd created from cell complexes whose geometry

depends on X 1, P , and M . A few preliminary sets and functions must be defined before F

can be stated. For each x1i P X 1, let rx1i :� x1i �Df
��
x1i

M
M , and define dx1i : Rd Ñ R by

x ÞÑ fpx1iq �

∣∣∣Df ��
x1i

∣∣∣2
2M

� M

4

∣∣∣x� rx1i∣∣∣2.
Given S � X 1, define dS : Rd Ñ R as the map assigning x ÞÑ min

!
dx1ipxq, x1i P S

)
, and let

rS :�
!rx1i �� x1i P S)
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SH :� the smallest affine space containing rSpS :� the convex hull of rS
SE :�

!
x P Rd

�� dx1ipxq � dx1jpxq @x1i, x1j P S
)

S� :�
!
x P Rd

�� dx1ipxq � dx1jpxq ¤ dx1kpxq @x1i, x1j P S, x1k P X 1
)

SC :� SH X SE.

For all S � X 1 for which there exists x P S� such that dSpxq   dX 1zSpxq, define

TS :�
"

1

2
pv � wq �� v P pS,w P S�

*
.

The collection tTSu partitions Rd. The extension F is defined piecewise as F pxq � FSpxq,
where FS : TS Ñ R assigns

x ÞÑ dSpSCq � M

2
inf
wPSH
|x� w|2 � M

2
inf
zPSE
|x� z|2.

The derivative of F is piecewise linear.

Γ1pP ;X 1q satisfies the inequality required for Theorem 26 to apply; thus, by Theorem

25, M can be taken to be ‖P‖
9C1,1pX 1q (or ‖f‖

9C1,1pX 1q, as the case may be). This means that

Wells’ construction can be used to define a minimal interpolant. Herbert-Voss et al. (2017)

compute ‖P‖
9C1,1pX 1q exactly, or, more efficiently when N 1 is large, to within a dimensionless

constant. They use algorithms from computational geometry to make the calculation prac-

tical. Specifically, they rely on a decomposition of X 1 known as the ε-well separated pairs

decomposition, previously used in a similar context by Fefferman and Klartag (2009). When

Df is not observed, they additionally use methods from convex optimization to compute

‖f‖
9C1,1pX 1q to within a dimensionless constant and an arbitrarily small additive error. They

also efficiently compute the interpolant of Wells’ construction in part by employing practical

algorithms for the calculation of convex hulls.

3.2.2 Estimating a C1,1pRdq Function from a Noisy Sample

In the regression setting, the function values as well as the gradients must be estimated.

Additionally, the sample is assumed to be generated by a particular function (in this case
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f�1) that should be recovered asymptotically by the estimation procedure. Gustafson et al.

(2018) estimate f�1 by a solution of the following constrained minimization problem:

infrfPC1,1pRdq

1

N 1

N 1∑
i�1

�
y1i � rfpx1iq	2

, such that
∥∥∥ rf∥∥∥

9C1,1pRdq
¤ �M 1,

where �M 1 grows with N 1. The precise rate of growth is chosen by appealing to properties

of the function class C1,1pRdq and will be discussed later in this section alongside proofs

of convergence. The objective function is the empirical expectation of squared error loss,

i.e., the empirical risk. It will be denoted pR and considered as a functional that can be

applied to either C1,1pRdq functions or 1-fields. The value of pRp rfq is determined entirely

by the values of rf on X 1, and, by Theorem 25 and the definition of the 9C1,1pX 1q seminorm,

the constraint set is determined by the values of rf and D rf on X 1. Thus, it is equivalent

to first minimize pR over 1-fields rP such that
∥∥∥ rP∥∥∥

9C1,1pX 1q
¤ �M 1 and then use the solution

to construct an interpolant as discussed in Section 3.2.1. Finding a minimizing 1-field is a

convex optimization problem—the objective can be written as a real-valued convex function

on Rpd�1qN 1
, and the constraint is defined by a seminorm ball, which is a convex set.

The particular convex optimization algorithm used to solve this problem is due to Vaidya

(1996). This is a cutting-plane method, which requires the derivation of separation oracles,

i.e., hyperplanes separating any point not within a convex set of interest from all points

within the set. Here, separation oracles are necessary for the sets

"rP �� ∥∥∥ rP∥∥∥
9C1,1pX 1q

¤ �M 1
*

and
! rP �� pRp rP q � pRpP �q ¤ γ

)
, where γ is a tolerance parameter and P � is a minimizer of pR.

The algorithm starts by finding a feasible point in the first set; then, fixing gradients, a set

of function values are found that yield a feasible point in the second set. Gustafson et al.

(2018) derive the desired separation oracles and prove that an empirical risk minimizer can

be found to arbitrary precision.

Theorem 27 (Gustafson et al., 2018). Let x�i
1 � x�j

1 P X 1 and x� P Rd be values that
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maximize Γ1pP ;X 1q. Let γ ¡ 0 be a tolerance parameter. Let P � be an optimal solution to

infrP
1

N 1

N 1∑
i�1

�
y1i � rPx1ipx1iq	2

, such that
∥∥∥ rP∥∥∥

9C1,1pX 1q
¤ �M 1.

Assume that 0   r ¤ ∣∣x1i � x1j
∣∣ ¤ R for all x1i � x1j P X 1. Define the constants

ρ1 :�
?
N 1

� �M 1r2

8p1� rq

�
, ρ2 :�

?
N 1

��∑ y12i
N 1 � 4

�
10p∑ y12i q1{2

r
� 5�M 1

2

�2
�
1{2

.

Choose

L ¥ log2

�
4
∑
y12i

N 1γρ1



.

Then, the following statements hold.

i) Given P0 R
"rP �� ∥∥∥ rP∥∥∥

9C1,1pX 1q
¤ �M 1

*
, a separating hyperplane is:

2
� rPx�i 1px�q � rPx�j 1px�q	
|x�i 1 � x�|2 � ∣∣x�j 1 � x�

∣∣2 � Γ1pP0;X 1q.

Given P0 R
! rP �� pRp rP q � pRpP �q ¤ γ

)
, a separating hyperplane is:

2

N 1
∑�

P0,x1ipx1iq � y1i
� rPx1ipx1iq � 2

N 1
∑�

P0,x1ipx1iq � y1i
�
P0,x1ipx1iq.

ii) (Theorem 12) Using the separation oracles from part i) of this theorem, Vaidya’s

algorithm yields an approximate minimizer pPT P
! rP �� pRp rP q � pRpP �q ¤ γ

)
in T �

Oppd� 1qN 1pL� log ρ2qq steps.

The output of Vaidya’s algorithm is a set of function values and gradients, i.e., a 1-field on

X 1; the 9C1,1pX 1q seminorm can be computed and then Wells’ construction applied to create

an estimator for f�1. If a minimal interpolant is desired, the gradients can be discarded and

the gradients of the minimal interpolant computed through the algorithms of Herbert-Voss

et al. (2017); an application of Wells’ construction gives the estimator of f�1. Since the loss

function only depends on the function values, either estimator is acceptable.
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3.2.3 Sample Complexity of C1,1pRdq Regression

Gustafson et al. (2018) show the convergence of their estimator by using methods from

empirical process theory to analyze the squared-error loss of the class F�M 1 :�
! rf �� rf P

C1,1pRdq,
∥∥∥ rf∥∥∥

C1,1pRdq
¤ �M 1

)
, where �M 1 :� N 11{p2 rdq and rd :� maxtd, 5u. The supremum of

the difference between the empirical risk and its expectation (i.e., the true risk) is bounded

above by a function of the Rademacher complexity of F�M 1 , which is itself a function of the

covering number of this class. The choice of �M 1 ensures that this supremum tends to zero

with high probability. Theorem 31 gives a precise statement of this result, and also gives

the rate of convergence of an empirical risk minimizer to f�1 in sup norm. (Note that F�M 1

is increasing in size; since M�1   8, f�1 P F�M 1 eventually.) Its proof uses the empirical

processes methods described in Section 2.2.5. Before stating this theorem, we state three

preliminary results—McDiarmid’s inequality (Lemma 28), a concentration inequality for a

loss class when given a function class of interest (Lemma 29), and an upper bound on the

covering number of F�M 1 with respect to the supremum norm (Lemma 30). We include the

proofs of Lemma 29 and Theorem 31 since this was our major contribution to the paper of

Gustafson et al. (2018).

Lemma 28 (McDiarmid’s inequality, McDiarmid, 1989). Let X1, . . . , XN 1 be inde-

pendent random variables that take values in a set A. Suppose the function f : AN
1 Ñ R

satisfies

sup
x1,...,xN 1 ,x

1
iPA
|fpx1, . . . , xN 1q � fpx1, . . . , xi�1, x

1
i, xi�1, . . . , xN 1q| ¤ ci

for every 1 ¤ i ¤ N 1. Then, for t ¡ 0,

Pr|fpX1, . . . , XN 1q � EfpX1, . . . , XN 1q| ¥ ts ¤ 2e�2t2{°N 1i�1 c
2
i .

Lemma 29. Let F�M 1 be a class of functions f : Bdp0, 1q Ñ R with supfPF
�M 1 |f | ¤ �M 1.

Let L : r��M 1,�M 1s�Y Ñ R be a bounded loss function with Lipschitz constant LL and
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0 ¤ L ¤ Lmax. Then, the following is true for 0   δ   1:

P

�
sup
fPF

�M 1

���Rpfq � pRpfq���   4LLRN 1pF�M 1q � 7Lmax

c
logp8{δq

2N 1

�
¡ 1� δ.

Proof. We provide a proof based on three results due to Bartlett and Mendelson (2003). We

begin by adapting their Theorem 8 to find a bound on the risk that depends on a probabilistic

term plus the expectation of the Rademacher average of the class of loss functions. We follow

the proof of Lemma 4 of Bousquet et al. (2004) for guidance. We apply the two-sided form of

McDiarmid’s inequality as we want bounds on the absolute value of Rpfq� pRpfq, and appeal

to Theorems 11 and 12 of Bartlett and Mendelson (2003) to relate the expected Rademacher

average of the loss class to the empirical Rademacher average of F�M 1 .

Let rL � F�M 1 be the class of functions consisting of tpx, yq ÞÑ Lpfpxq, yq � Lp0, yqu. If

h P rL � F�M 1 , then �Lmax ¤ h ¤ Lmax. For any f P F�M 1 , the triangle inequality shows that���Rpfq � pRpfq��� ¤ sup
hPrL�F

�M 1

���Eh� pEN 1h
���� ���ELp0, yq � pEN 1Lp0, yq

���.
McDiarmid’s inequality yields more favorable expressions for both terms on the right-hand

side as follows. The most that pEN 1Lp0, yq can change by altering one sample is Lmax{N 1.

Since EpEN 1Lp0, yq � ELp0, yq, we have, with probability 1� δ{4,

���ELp0, yq � pEN 1Lp0, yq
��� ¤c

L2
max log 8{δ

2N 1 .

The most that suphPrL�F
�M 1

���Eh� pEN 1h
��� can change with an alteration of one sample is 2Lmax{N 1.

Therefore, with probability 1� δ{4,����� sup
hPrL�F

�M 1

���Eh� pEN 1h
���� E sup

hPrL�F
�M 1

���Eh� pEN 1h
�������� ¤

c
4L2

max log 8{δ
2N 1 .

Now,

E sup
hPrL�F

�M 1

���Eh� pEN 1h
��� ¤ max

#
E sup
hPrL�F

�M 1

�
Eh� pEN 1h

	
,E sup

hPrL�F
�M 1

�pEN 1h� Eh
	+

.
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Let S 1 :� tpx21, y21q, . . . , px2N 1 , y2N 1qu be a sample with the same distribution as S :� X 1 � Y 1.
Conditioning on the original sample,

E sup
hPrL�F

�M 1

�
Eh� pEN 1h

	
� E sup

hPrL�F
�M 1

E

�
1

N 1

N 1¸
i�1

hpx2i , y2i q � pEN 1h

����S
�

¤ E sup
hPrL�F

�M 1

�
1

N 1

N 1¸
i�1

hpx2i , y2i q � pEN 1h

�

� E sup
hPrL�F

�M 1

1

N 1

N 1¸
i�1

σiphpx2i , y2i q � hpx1i, y1iqq

¤ E sup
hPrL�F

�M 1

1

N 1

N 1¸
i�1

σihpx2i , y2i q � E sup
hPrL�F

�M 1

1

N 1

N 1¸
i�1

�σihpx1i, y1iq

� 2ERN 1prL � F�M 1q.

The second line follows by applying Jensen’s inequality to sup, which is convex. Note the

preceding argument is symmetric in Eh and pEN 1h. Therefore, E suphPrL�F
�M 1

���Eh� pEN 1h
��� has

the same upper bound and, with probability 1� δ{2,���Rpfq � pRpfq��� ¤ 2ERN 1prL � F�M 1q � 3Lmax

c
logp8{δq

2N 1 .

Theorem 11 of Bartlett and Mendelson (2003) uses McDiarmid’s inequality to bound the

difference between the empirical and expected Rademacher averages, but assumes that we

are interested in the Rademacher complexity of a class of functions mapping to r�1, 1s. Since

F�M 1 maps to r��M 1,�M 1s, we rederive the analogous result here. The most that one sample

affects RN 1prL � F�M 1q is 2Lmax{N 1. We have

P
����RN 1prL � F�M 1q � ERN 1prL � F�M 1q

��� ¥ t
�
¤ 2e�2N 1t2{p4L2

maxq.

Thus, with probability 1� δ{2,

2ERN 1prL � F�M 1q ¤ 2RN 1prL � F�M 1q � 4Lmax

c
logp4{δq

2N 1

¤ 4LLRN 1pF�M 1q � 4Lmax

c
logp8{δq

2N 1 .
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The second line follows from part 4 of Theorem 12, which states that, for rL : R Ñ R

with Lipschitz constant LrL and satisfying rLp0q � 0, ERN 1prL � F�M 1q ¤ 2LrLERN 1pF�M 1q.
The reasoning from the proof also applies to the empirical Rademacher average, giving

RN 1prL � F�M 1q ¤ 2LrLRN 1pF�M 1q. Since rL has the same Lipschitz constant as L, we use the

notation LL.

Finally, with probability at least 1� δ,���Rpfq � pRpfq��� ¤ 4LLRN 1pF�M 1q � 7Lmax

c
logp8{δq

2N 1 .

�

Lemma 30 (adapted from Theorem 2.7.1 of Van Der Vaart and Wellner, 1996).

There exists a constant K depending only on d such that, for every η ¡ 0,

logNpη,F�M 1 , } � }8q ¤ K

��M 1

η

�d{2

.

Theorem 31. Let �M 1 :� N 11{p2 rdq and rd :� maxtd, 5u. Let F�M 1 be the class of functions whose

C1,1pRdq norms are no greater than �M 1. Define rL1max :�
��M 1�M�1�σ?2 log 2N 1�N 11{ rd	2

,rL1L :� 2
��M 1 �M�1 � σ

?
2 log 2N 1 �N 11{ rd	, and

rR1 :�

$'''''&'''''%
4
�

811{dK2{d�M 1N 1�2{d
	
� 12

?
K�M 1d{4

�
4�M 11�d{4 � 4

�
811{dK2{d�M 1N 1�2{d

	1�d{4

p4� dq?N 1 : d � 4

4
�

3
?
K�M 1N 1�1{2

	
� 12

?
K�M 1
?
N 1

�
log �M 1 � log

�
3
?
K�M 1N 1�1{2

		
: d � 4.

i) For δ P p0, 1q,

P

�
sup
fPF

�M 1

���Rpfq � pRpfq���   ε1
�
¡ 1� δ � e�N

12{ rd{p2σ2q,

where ε1 :� 4rL1L rR1�7rL1maxclogp8{δq
M

2N 1. ε1 is a monotonically-decreasing function of

N 1 for large enough N 1 and limN 1Ñ8 ε1 � 0. Furthermore, supfPF
�M 1

���Rpfq � pRpfq��� a.s.ÝÝÑ
0.
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ii) Now let �M 1 :� N 11{p16 rd2q. The conclusions of i) still hold with this choice of �M 1.

Assume that X 1 is sampled i.i.d. from a probability measure P 1 absolutely continuous

with respect to Ld with density p1 such that 0   p1min ¤ p1pxq for all x P Rd. Letpf 1 P F�M 1 be an empirical risk minimizer. Let rr1 :�
�

2ε1α1�2Γ
�
1� d

2

�M
p1minπ

d{2
	1{d

and

α1 :� N 1�1{p10 rdq. Then, for δ P p0, 1q,

P

�
sup

xPBdp0,1q

��� pf 1pxq � f�1pxq
���   β1

�
¡ 1� δ � e�N

12{ rd{p2σ2q,

where β1 :� �M 1rr1�α1. β1 is a monotonically-decreasing function of N 1 for large enough

N 1 and limN 1Ñ8 β1 � 0. Furthermore, supxPBdp0,1q
��� pf 1pxq � f�1pxq

��� a.s.ÝÝÑ 0.

Proof. i) F�M 1 is a sequence of function classes with increasing C1,1pRdq norm. We set the

rate �M 1 :� N 11{p2 rdq, where rd :� maxtd, 5u, so that f�1 is a candidate for large enough N 1.

We aim to use Lemma 29 to prove the desired probability statement, but our loss function

is unbounded since the elements of Y 1 can be arbitrarily large. To circumvent this, we also

let the maximum value of y1i P Y 1 increase with N 1; samples violating this condition are part

of the error probability. Write y1i � f�1px1iq � ξ1i, where ξ1i
i.i.d.� N p0, σ2q. We condition on the

event H :�
!

max1¤i¤N 1 |ξ1i| ¤ σ
?

2 log 2N 1 �N 11{ rd). Theorem 7.1 of Ledoux (2005) gives the

following bound for suprema of Gaussian processes:

P
�

max
1¤i¤N 1

|ξ1i|   E max
1¤i¤N 1

|ξ1i| � r

�
¡ 1� e�r

2{2σ2

.

The following is well-known (Boucheron, Lugosi, and Massart, 2013):

E max
1¤i¤N 1

|ξ1i| ¤ σ
a

2 log 2N 1.

Thus, PpHq ¡ 1� e�N
12{ rd{2σ2

.

Since the loss function is bounded after conditioning on H, we can compute:

Lmax   sup
x,y,f

pfpxq � yq2
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  sup
x,y,f

p|fpxq| � |y|q2

 
��M 1 �M�1 � σ

a
2 log 2N 1 �N 11{ rd	2

�
�
N 11{p2 rdq �M�1 � σ

a
2 log 2N 1 �N 11{ rd	2

:� rL1max.
We also find the Lipschitz constant as follows, where f1, f2 P F�M 1 :

sup
x,y,f1,f2

��pf1pxq � yq2 � pf2pxq � yq2�� � sup
x,y,f1,f2

|p�2y � f1pxq � f2pxqqpf1pxq � f2pxqq|

¤ sup
x,y,f1,f2

|�2y � f1pxq � f2pxq|}f1 � f2}8.

This implies:

LL ¤ sup
x,f1,f2

|f1pxq � f2pxq| � 2 sup
y
|y|

  2
��M 1 �M�1 � σ

a
2 log 2N 1 �N 11{ rd	

� 2
�
N 11{p2 rdq �M�1 � σ

a
2 log 2N 1 �N 11{ rd	

:� rL1L.
Next, we bound the Rademacher complexity using the entropy integral:

RN 1pF�M 1q ¤ inf
γ¥0

$&%4γ � 12

» �M 1

γ

d
logNpη,F�M 1 , } � }L2pP 1

N 1 qq
N 1 dη

,.-
¤ inf

γ¥0

#
4γ � 12

» �M 1

γ

c
logNpη,F�M 1 , } � }8q

N 1 dη

+

¤ inf
γ¥0

$&%4γ � 12

» �M 1

γ

d
K�M 1d{2

N 1ηd{2
dη

,.-.
The second inequality is standard, and the third is from substituting the covering number

bound from Lemma 30. The integral is different for d � 4 and d � 4. In the first case,

RN 1pF�M 1q ¤ inf
γ¥0

$&%4γ � 12

?
K�M 1d{4

�
4�M 11�d{4 � 4γ1�d{4

	
p4� dq?N 1

,.-,
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and the infimum is achieved at γ � 811{dK2{d�M 1N 1�2{d. When d � 4,

RN 1pF�M 1q ¤ inf
γ¥0

#
4γ � 12

?
K�M 1
?
N 1 plog �M 1 � log γq

+
,

which is minimized at γ � 3
?
K�M 1N 1�1{2. Substituting in γ and �M 1 gives us

rR1 :�

$''''&''''%
4N 11{p2 rdq��12

?
K?
N 1 � 811{ddK2{dN 1�2{d

	
d� 4

: d � 4

6
?
KN 11{p2 rdqp2� logN 1 � log 9� logKq?

N 1 : d � 4,

so that RN 1pF�M 1q ¤ rR1.

Set

ε1 :� 4rL1L rR1 � 7rL1maxc logp8{δq
2N 1 .

Each term goes to zero, so limN 1Ñ8 ε1 � 0. Additionally, Bε1{BN 1 � O
�
�N 1�p2 rd�1q{p2 rdq	. If

N 1 is sufficiently large, Bε1{BN 1   0, and ε1 is decreasing in N 1. Finally, applying Lemma 29

yields the first part of the theorem.

To strengthen the result to almost-sure convergence, we appeal to the Borel-Cantelli

lemma. It is enough to show that

∑
N 1

P

�
sup
fPF

�M 1

���Rpfq � pRpfq��� ¡ ε2
�����H

�
�
∑
N 1

e�N
12{ rd{2σ2   8,

where ε2 ¡ 0 is an arbitrary, fixed value. The second series converges by comparison with

the integral » 8

0

e�N
12{ rd{2σ2

dN 1 � �
2σ2

� rd{2
Γ
�

1� rd{2	.
Each term in the first series is bounded above by mint1, δu, with δ satisfying ε2 �

4LLRN 1pF�M 1q � 7Lmax
a

logp8{δq{2N 1. For a given ε2, a solution does not exist if N 1 is too
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small. When N 1 is large enough, we have the following:

δ

8
� exp

#
�2N 1

�
ε2 � 4LLRN 1pF�M 1q

7Lmax


2
+

¤ exp

$&%�2N 1
�
ε2 � 4rL1L rR1

7rL1max
�2

,.-
:� rδ

The second line follows because rL1L rR1 Ñ 0 and B
�rL1L rR1

	LBN 1   0. Eventually, 0   rL1L rR1  
ε2 and

�
ε2 � 4rL1L rR1

	2

¤ �
ε2 � 4LLRN 1pF�M 1q

�2
.

Asymptotically, log rδ � O
�
�N 11�4{ rd	. Furthermore, its derivative is O

�
�N 1�4{ rd	, so rδ

is decreasing for large N 1. Since» 8

0

e�N
11�4.1{ rd

dN 1 �
�

1� 4.1{rd	�1

Γ

"�
1� 4.1{rd	�1

*
,

the integral test shows the tail of
∑

N 1 rδ is finite, proving

sup
fPF

�M 1

���Rpfq � pRpfq��� a.s.ÝÝÑ 0.

ii) We again condition on the event H :�
!

max1¤i¤N 1 |ξ1i| ¤ σ
?

2 log 2N 1 �N 11{ rd). How-

ever, we now set �M 1 :� N 11{p16 rd2q. The conclusions of the first part of this theorem still hold

with the appropriate modifications made to any constants depending on �M 1. To relate the

uniform risk bound to the difference between pf 1 and f�1, we start by decomposing the risk.

With probability at least p1� δqp1� e�N
12{ rd{2σ2q over the sample,

E
�� pf 1 � f�1

	2
�
� Rp pf 1q �Rpf�1q

¤
���Rp pf 1q � pRp pf 1q���� ��� pRpf�1q �Rpf�1q

���
¤ 2 sup

fPF
�M 1

���Rpfq � pRpfq���
  2ε1.
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Combining this with Chebyshev’s inequality, we have

P
���� pf 1 � f�1

��� ¡ α1
�
  E

�� pf 1 � f�1
	2
�N

α12

  2ε1α1�2

for α1 ¡ 0. In other words, pf 1 lies within a tube of radius α1, except on a set A � Bdp0, 1q
such that P pAq   2ε1α1�2.

Let h :� supxPA
��� pf 1 � f�1

���� α1. Because pf 1 and f�1 are Lipschitz, h is constrained by the

inequality

pf�1pxq �M�1r � α1 � hq � pf�1pxq � α1q
r

¤ �M 1,

where x is on the boundary of A, and r is the inradius of A. This implies that h ¤ �M 1r. We

can maximize this by taking A to be the d�dimensional ball of radius

rr1 :�
�

2ε1α1�2Γ
�
1� d

2

�
p1minπd{2

�1{d

,

where p1min is a constant bounding the density p1 away from zero. This shows

sup
xPBd

��� pf 1 � f�1
���   �M 1rr1 � α1.

Set α1 :� N 1�1{p10 rdq. Then �M 1rr1 � OpN 1ρq and B
��M 1rr1	{BN 1 � Op�N 1ρ�1q, where

ρ :�

$'&'%�3
Lp50dq � 1

L
400 : d ¤ 5

p5� 59dqLp80d3q : d ¡ 5.

Now, defining β1 :� �M 1rr1 � α1 gives the first part of the theorem.

Almost-sure convergence follows from a similar argument as the last part of i). It suffices

to show that, for arbitrary β1 ¡ 0,∑
N 1

P

�
sup

xPBdp0,1q

��� pf 1 � f�1
��� ¡ β2

�����H
�
�
∑
N 1

e�N
12{ rd{2σ2   8,
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where we have already shown convergence of the second series. Let

ε2 :�
�
β2 � α1�M 1


d�
cπd{2

Γp1� d{2q

�

α12

2



be the solution when setting β2 � �M 1rr1 � α1 and solving for ε1. For fixed β2 and large N 1,

there is a corresponding ε2 ¡ 0. Note that ε2 is not fixed, but decreasing in N 1. In fact,

ε2 � O
�
N 1�p5d�16 rd q{p80 rd 2q	. Since rL1L rR1 � O

�
N 1�119{400

	
for d   5 and O

�
N 1�p16d�1q{p16d2q	

for d ¥ 5, eventually 0   rL1L rR1   ε2. Therefore,

rδ :� 8 exp

$&%�2N 1
�
ε2 � 4rL1L rR1

7rL1max
�2

,.-
is an upper bound for the tail of the first series. Observe that log

�rδ{8	 � O
�
�N 11�d{p8 rd2q�22{p5 rdq	

and B
�

log
�rδ{8		{BN 1 � O

�
�N 1�d{p8 rd2q�22{p5 rdq	. Comparison with the integral» 8

0

e�N
11�d{p8 rd2q�22.1{p5 rdq

dN 1 � 1

N�
1� d{

�
8rd 2

	
� 22.1{

�
5rd		

� Γ

"�
1� d{

�
8rd 2

	
� 22.1{

�
5rd		�1

*
is enough to give almost-sure uniform convergence of the empirical risk minimizer. �

Of course, the usefulness of the bounds in Theorem 31 depends on being able to find

an empirical risk minimizer in the class F�M 1 . In Section 3.2.2, an estimator is found whose

9C1,1pRdq seminorm is controlled. The following theorem shows that with our assumptions

on P 1, for N 1 large enough, this estimator is in F�M 1 and is the empirical risk minimizer of

this class.

Theorem 32. Assume that X 1 is sampled i.i.d. from a probability measure P 1 absolutely

continuous with respect to Ld with density p1 such that 0   p1min ¤ p1pxq ¤ p1max for all

x P Rd. Let K1 � L2pX 1q be the closed convex set of all functions f : X 1 Ñ R such that

}f}
9C1,1pX 1q ¤ �M 1,

where �M 1 � opN 12{dq. Let h be the projection of Y 1 onto K1 with respect to the Hilbert space

L2pX 1q.
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i) (Theorem 13, Gustafson et al., 2018) Then when N 1 is sufficiently large, with probability

at least 1� expp�N 11{100q,

max
�
}h}C0pX 1q, }h} 9C1pX 1q

	
  �M 1{2.

ii) (Theorem 16, Gustafson et al., 2018) Let }h}
9C1,1pX 1q ¤ �M 1 and maxp}h}C0pX 1q, }h} 9C1pX 1qq ¤�M 1{2. Then, with probability at least 1�expp�N 11{100q, any minimal 9C1,1pRdq-seminorm

extension f of h to the unit ball satisfies

max
�
}f}C0pRdq, }f} 9C1pRdq

	
¤ �M 1.

3.3 Geometric Framework

In this section, we aim to collect the geometric background we will need for the rest of this

chapter. Most of the concepts below are fundamental to differential geometry and can be

found in standard references (Lee, 2018; Lee, 2012; Krantz and Parks, 2012); we will provide

specific sources for lesser-known results.

We use manifold and submanifold interchangeably. A C2 submanifold of dimension d is a

subset M of Rn with the following differentiable structure. For every point x PM, there is

an open set U � Rn containing x, a convex open set W � Rd, and C2 functions φ : U Ñ W

and ψ : W Ñ U such that M X U � ψpW q and φ � ψ � id. pU, φq is known as a chart

and pW,ψq as a local parametrization. (A C2 function is a function whose second partial

derivatives all exist and are continuous). This is equivalent to other standard definitions of a

submanifold of Rn; e.g.,M can be regarded as a set that is locally the graph of a C2 function

or as a subset of Rn such that at each point there exists a C2 chart φ : Rn � U Ñ Rn of the

ambient space such that φpU XMq � Rd � t0u.
If we have a collection of charts that form an open cover ofM, we can define a partition

of unity subordinate to this cover. This is a collection of real-valued functions tηiu with

support lying in a single chart such that for each x PM, ηipxq ¥ 0, there are only a finite

number of ηi that are nonzero, and
∑

i ηipxq � 1. The tηiu can be chosen to be of the same
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smoothness class as M. Partitions of unity are useful for performing geometric calculations

on regions of M that span multiple charts.

At each point x of M, there exists a d-dimensional affine subspace of Rn tangent to

M; this is called the tangent space and is denoted by TxM. Its orthogonal complement is

known as the normal space and is denoted by TK
xM. The elements of TxM are equivalence

classes of curves passing through x that have a particular tangent vector; this is equivalent to

considering them as elements of Rd transformed to lie tangent toM at x. When we consider

TxM as embedded in Rn, the norm of an element of TxM is given by the standard Euclidean

norm. We denote an orthonormal basis of the tangent space TxM as Vx and the projection

either by VxV
J
x or Πx; the projection onto the normal space TK

xM is written as ΠK
x . We can

also consider TxM as an abstract subspace or a subspace induced by a parametrization of

M; in this case, we denote the norm as ‖ � ‖M and calculate it by using the metric, which

we discuss below. The disjoint union of all the tangent spaces of M is a 2d-dimensional C1

manifold called the tangent bundle; it is denoted by TM. A Ck vector field, also known as

a section of the tangent bundle, is a Ck map from MÑ TM assigning x ÞÑ vx, vx P TxM.

We only consider Riemannian manifolds that satisfy particular geometric constraints;

specifically, we require that M be closed and connected and that its volume and curvature

not be too large. We describe the Riemannian structure of M in Section 3.3.1. The d-

dimensional volume can be defined in terms of the Hausdorff measure, which is discussed in

Section 3.3.2. The curvature of M is measured through a quantity known as the reach; we

define it and discuss its relationship to other geometric aspects of M in Section 3.3.3. We

end the background material on manifolds with Section 3.3.4, in which we discuss a special

class of charts consisting of orthogonal projections from M onto the tangent spaces; the

projections are performed within a ball of suitably small radius.

3.3.1 Metric and Connection

M inherits the Riemannian structure of Rn and has an induced metric gMpxq : TxM �
TxM Ñ R varying C1 smoothly with x P M. If pW,ψq is a local parametrization of
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M, and rx is such that ψprxq � x, the metric at x is represented by the positive-definite

matrix pDψqJ��rxDψ��rx. If v, rv P TxM, their inner product is given by vJgMpxqrv, which

allows us to calculate quantities that depend on the length of tangent vectors and the angle

between two tangent vectors. Let ‖ � ‖M be the norm defined through this inner product;

i.e., ‖v‖M � �
vJgMpxqv�1{2

. For a piecewise C1 curve γ : rt0, t1s ÑM, its length LMpγq is

defined as follows:

LMpγq :�
» t1

t0

‖γ1ptq‖Mdt.

If γ is not contained in the image of a single local parametrization, a partition of unity can

be used to define gMpxq in the desired region. M can be given a metric space structure

by considering the length of piecewise C1 curves connecting two given points of M. The

distance dMpx, yq between x, y PM is defined as:

dMpx, yq :� inf
 
LMpγq �� γ : rt0, t1s ÑM is piecewise C1, γpt0q � x, γpt1q � y

(
.

Unless stated otherwise, we assume that any curve is arclength-parametrized, in which case

its tangent vectors have unit length. Note that in the above we can also work directly with

the embedding of TxM in Rn. In this case, the columns of Dψ form a basis for TxM, and

pDψqv gives the coordinates of v with respect to the standard basis of Rn. Computations

can be performed using the standard inner product.

M also has an induced connection ∇ : C1pTMq�C1pTMq Ñ C0pTMq, where CkpTMq
is the space of Ck smooth vector fields onM. A vector field is a function assigning an element

of the tangent space to each point of M; smoothness is measured componentwise. The

connection is represented by the Christoffel symbols Γkijpxq. If tx1, . . . , xdu is the standard

coordinate system on Rd � W ,

Γkijpxq �
1

2

d∑
l�1

gklpxq
�Bgjlpxq

Bxi � Bgilpxq
Bxj � Bgijpxq

Bxl



,

where the elements of gMpxq are written with subscripts and those of g�1
M pxq are written

with superscripts. The connection can be used to find the covariant derivative of a vector
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field with respect to another vector field. Let ei be the basis vector in the direction of xi.

Let u with components tu1, . . . , udu and v with components tv1, . . . , vdu be two vector fields.

Then,

∇vu �
�

d∑
j�1

vj
Buk
Bxj �

d∑
i�1

d∑
j�1

d∑
k�1

uivjΓ
k
ij

�
ek.

The connection is also used to define a procedure that allows the comparison of vectors

from different tangent spaces. In Euclidean space, this can be done directly by translating

two vectors to the same origin. However, this is not true in the general case: for two distinct

points x and y onM, TxM and TyM are different vector spaces. One way of comparing their

elements is by using parallel transport. For v P TyM, let vpar
x : γ Ñ C1pTMq be the function

constructing a vector field along an arclength-parametrized curve γ : rt0, t1s ÑM connecting

x and y satisfying the following: vpar
x pγpt0qq � v, ∇

9γv
par
x pγptqq � 0 for all t P rt0, t1s, and

vpar
x :� vpar

x pγpt1qq P TxM. In other words, for a curve γ starting at y and ending at x, vpar
x

translates v to TxM along γ so that it stays parallel to itself.

Geodesics are a special class of curves that parallel transport their own tangent vectors. In

other words, ∇γ1ptqγ1ptq � 0. Given x PM and v P TxM, differential equations existence and

uniqueness theorems show that there is a geodesic γx,v with γx,vp0q � x and γ1x,vp0q � v. The

exponential map expx : TxMÑM is the map assigning v ÞÑ γx,vp1q. If expx is defined on all

of TxM for all x PM, M is called geodesically complete. The Hopf-Rinow theorem states

that M is a complete metric space if and only if it is geodesically complete. (We assume

M is a compact subset of Rn, so it is complete). This can be shown to imply that any two

points x, y P M can be joined by a geodesic whose length is dMpx, yq. In general, there

can be multiple geodesics joining two points of M, not all of which are length-minimizing.

However, if the distance between two points is smaller than a quantity called the injectivity

radius, there is a unique length-minimizing geodesic connecting them. The injectivity radius

is the largest value such that the exponential map is a diffeomorphism on an open ball of this

size at each point of M. In Theorem 34 iii), we quote a result stating that the injectivity

radius is at least as large as the reach, which means that parallel transport along geodesics
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is well-defined within the charts that we are working in.

3.3.2 Volume

The d-dimensional volume of M can be computed through the volume form induced by

the metric. In this chapter, we do not use differential forms or explicitly define the volume

form. Instead, we use the Hausdorff measure Hd, which is equivalent for d-dimensional

submanifolds of Rn; additionally, H0 is the counting measure and Hn is equivalent to Ln.

The Hausdorff measure of a set S is defined in terms of its covering by a countable union of

open sets. Let S � �
iAi and diamAi ¤ ε. Then,

HdpSq :� lim
εÑ0

inf
tAiu

ωd
2d

∑
i

pdiamAiqd,

where ωd :� πd{2
M

Γpd{2� 1q is the volume of the d-dimensional unit ball. If S is a subset of

a d-dimensional submanifold of a Euclidean space, we also write voldpSq for HdpSq.
Hd is a Borel measure, which means that Borel sets and continuous functions are Hd-

measurable. The standard measure-theoretic treatment of the integral suffices for the in-

tegration of real-valued functions with respect to the Hausdorff measure. The following

theorem is useful when M is parametrized by Lipschitz mappings.

Theorem 33 (Theorem 3.2.5, Federer, 1969). Let ψ : Rd Ñ Rn be an injective Lipschitz

mapping, and let g : Rn Ñ R. For S � Rn, if its preimage ψ�1pSq is Ld-measurable,»
S

gpxqdHdpxq �
»
ψ�1pSq

pg � ψqpx1q
a

detDψJDψdLdpx1q.

3.3.3 Reach

Let ΠM : Rn Ñ 2M be the function that assigns to y P Rn its nearest point(s) as a subset of

M. If y has a unique nearest point, we also use ΠM : Rn ÑM to denote the projection onto

M. Due to the compactness of M and the continuity and boundedness of the Euclidean

distance function, there exists at least one point in ΠMpyq for every y P Rn. Define the
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tubular neighborhood of M of radius r P r0,8q as Mr :� �
xPMBnpx, rq. The reach is

essentially defined as the size of the largest tubular neighborhood whose points all have

unique projections onto M; that is,

reachpMq :� sup
 
r1
�� #ΠMpyq � 1 @y PMr1

(
.

The reach can arise from both global and local properties of M. If reachpMq � τ ,

then one of the following is true: there exists z P Rn that is the midpoint of the line

connecting x, y P ΠMpzq and ‖x� y‖ � 2τ ; or, there exists a geodesic γ on M such that

‖γ2ptq‖ � 1{τ at a point γptq PM (Aamari et al., 2017). The reach can also be used to bound

other geometric quantities associated with M, such as the difference between the geodesic

and Euclidean distances and the principal angles between two nearby tangent spaces. The

following theorem summarizes a few important observations.

Theorem 34. Let M be a d-dimensional C2 submanifold of Rn with reach τ . Then, the

following statements hold.

i) (Federer’s reach condition, Theorem 4.18, Federer, 1959) The distance from a point

y on M to the tangent space at a point x P M can be bounded using the following

characterization of the reach:

1

τ
� sup

x,yPM
x�y

2
‖y � Πxy‖
‖x� y‖2 .

ii) Let x PM and ry P TxM such that ‖x� ry‖   τ . Let y PM be the preimage of ry under

Πx. Then,

‖y � ry‖ ¤ τ �
b
τ 2 � ‖x� ry‖2; ‖x� y‖ ¤

?
2

c
τ 2 �

b
τ 4 � τ 2‖x� ry‖2.

iii) (Proposition A.1 ii), Aamari et al., 2017) M has injectivity radius ρ ¥ πτ .

iv) (Lemma 2.5, Boissonnat et al., 2017) Let x, y PM such that ‖x� y‖   2τ . Then, the

geodesic distance between x and y is bounded as

dMpx, yq ¤ 2τ arcsin
‖x� y‖

2τ
.
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v) (Lemma 3.5, Boissonnat et al., 2017) Let x, y PM such that ‖x� y‖   τ . The largest

principal angle between the tangent spaces at x and y has the bound:

=1pTxM, TyMq ¤ dMpx, yq
τ

.

Proof. The proofs of i), iii), iv), and v) are given in the cited sources. ii) is a consequence

of i) as follows. By Federer’s reach condition, ‖y � ry‖ ¤ ‖x� y‖2{p2τq. Then, since x, ry,

and y form a right triangle, ‖x� ry‖ ¥b
‖x� y‖2 � ‖x� y‖4{p4τ 2q. Solving this inequality

gives the bound for ‖x� y‖, and plugging back into the reach condition gives the bound for

‖y � ry‖. �

3.3.4 Charts

The charts that we make the most use of are the projections onto the tangent spaces, which

are performed on regions with sufficiently small diameter. Assume that we are working in

a coordinate system where x P M is the origin and TxM lies in Rd. Define the cylinder

Uxrτ :� Bdpx, rτq � Bn�dpx, rτq, where Bdpx, rτq � TxM and Bn�dpx, rτq � TK
xM. Let Ax,rτ :�

Uxrτ X TxM and rAx,rτ :� Uxrτ XM. Let rτ   τ0 :� τ{Cd, where Cd is a constant greater

than one. (Note that Theorem 34 iii) implies that we can parallel transport vectors between

the tangent spaces of any two points of rAx,rτ ). The collection of charts (i.e., the atlas) that

we use is
!
G�1
x,Ux

rτ

�� x PM, rτ   τ0

)
, where G�1

x,Ux
rτ

: rAx,rτ Ñ Ax,rτ is the orthogonal projection

from M onto TxM restricted to rAx,rτ . There exists a C2 function Fx,Ux
rτ

: Ax,rτ Ñ TK
xM

such that Gx,Ux
rτ

: Ax,rτ Ñ rAx,rτ assigning y ÞÑ �
y, Fx,Ux

rτ
pyq� is a local parametrization of the

manifold. The existence of Fx,Ux
rτ

and Gx,Ux
rτ

is guaranteed by the inverse function theorem;

this is discussed in detail in Claim 1 of Fefferman et al. (2016), which states that as long

as τ0 is sufficiently small, the
 
Fx,Ux

rτ

(
are C2 functions with C1,1 norms uniformly bounded

above by Cd{τ (i.e., supxPM,rτ τ0 Lip
�
DFx,Ux

rτ

� ¤ Cd{τ), where Cd depends at most on d. We

give a proof of this claim in Lemma 35 i) and ii) and show that Cd can be taken to be 3
?
d.

The subspace angle bound from Theorem 34 v) can be used to show that Gx,Ux
rτ

is ap-

proximately a local isometry. In parts iii) and iv) of the next lemma and Corollary 36, we
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bound the geodesic distance between two points contained in the same chart from the col-

lection
!
G�1
x,Ux

rτ

�� x PM, rτ   τ0

)
as well as the volume of a region contained in a single chart.

Throughout this chapter, we will make repeated use of the fact that working in a subset

of M contained in Uxrτ is very close to working in Bdpx, rτq, thus justifying our treatment of

C1,1pMq regression as locally equivalent to C1,1pRdq regression.

Lemma 35. Let x PM, and assume rτ   τ{2. Let G�1
x,Ux

rτ
: rAx,rτ Ñ Ax,rτ be the orthogonal

projection from MX Uxrτ onto TxM. Then, the following statements hold.

i) G�1
x,Ux

rτ
is a bijection; in fact, it is a C2 diffeomorphism. Its inverse, Gx,Ux

rτ
: Ax,rτ ÑrAx,rτ is a local parametrization of M that maps y P TxM to

�
y, Fx,Ux

rτ
pyq� PM for a

function Fx,Ux
rτ

: Ax,rτ Ñ TK
xM. Let OUx

rτ
: Rn Ñ Rn be a rigid motion translating x

to the origin and rotating TxM to lie in Rd. Decompose Rn as Rd � Rn�d, and let

Πd : Rn Ñ Rd and Πn�d : Rn Ñ Rn�d be the projections onto the first and second

factors, respectively. Then, there exists a finite set Ψ :�  
ψi : Rd � Wi Ñ Ui � Rn

(
of parametrizations of M whose images cover M X Uxrτ and where each domain Wi

is an open set of Rd where the inverse of Πd � OUx
rτ
� G�1

x,Ux
rτ
� ψi exists. Gx,Ux

rτ
assigns

y ÞÑ
�
ψ �

�
Πd �OUx

rτ
�G�1

x,Ux
rτ
� ψ

	�1


pyq, where ψ P Ψ such that G�1

x,Ux
rτ
� ψ contains y

in its image. Fx,Ux
rτ

can be defined as the C2 function Πn�d �OUx
rτ
�Gx,Ux

rτ
.

ii) Let x1 P Ax,rτ , and set rx1 :� Gx,Ux
rτ
px1q. Then, the singular values of DG�1

x,Ux
rτ

��rx1 are

tcos=ipTrx1M, TxMqu, and those of DFx,Ux
rτ

��
x1 and DGx,Ux

rτ

��
x1 are ttan=ipTrx1M, TxMqu

and tsec=ipTrx1M, TxMqu, respectively. This leads to the following bounds:

0 ¤ inf
xPM
x1PAx,rτ

σd
�
DFx,Ux

rτ

��
x1
� ¤ sup

xPM
x1PAx,rτ

σ1

�
DFx,Ux

rτ

��
x1
� ¤ 7rτ

6τ
;

and,

1 ¤ inf
xPM
x1PAx,rτ

σd
�
DGx,Ux

rτ

��
x1
� ¤ sup

xPM
x1PAx,rτ

σ1

�
DGx,Ux

rτ

��
x1
� ¤ �

1� 49rτ 2

36τ 2


1{2
.
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Uniform bounds on the operator and Frobenius norms follow immediately. Furthermore,

the Lipschitz constants of DFx,Ux
rτ

and DGx,Ux
rτ

are equal, and

sup
xPM

Lip
�
DFx,Ux

rτ

� ¤ 3
?
d

τ
.

iii) Let x1, x2 P rAx,rτ , and let γ : rt0, t1s ÑM be a C1 curve connecting x1 and x2. Then,

LAx,rτ

�
G�1
x,Ux

rτ
� γ

	
¤ LMpγq ¤

�
1� Cdrτ 2

τ 2


1{2
LAx,rτ

�
G�1
x,Ux

rτ
� γ

	
.

iv) Let S � rAx,rτ such that G�1
x,Ux

rτ
pSq is Ld-measurable. For g :MÑ r0,8q,»

G�1
x,Ux

rτ
pSq

�
g �Gx,Ux

rτ

�px1qdLdpx1q ¤ »
S

gpxqdHdpxq

¤
�

1� Cdrτ 2

τ 2


d{2 »
G�1
x,Ux

rτ
pSq

�
g �Gx,Ux

rτ

�px1qdLdpx1q.
Proof. i) G�1

x,Ux
rτ

is the restriction of the C8 function VxV
J
x : Rn Ñ TxM toM; by composition

with a chart, G�1
x,Ux

rτ
is seen to be C2. We actually apply the inverse function theorem to

a slightly different function. M is a C2 submanifold of Rn so for any ry P M we can

choose a set Ury � Rn containing ry, a set Wry � Rd, and C2 functions ψry : Wry Ñ Ury
and φry : Ury Ñ Wry such that M X Ury � ψrypWryq and φry � ψry � id. For every ry P rAx,rτ ,
Πd �OUx

rτ
�G�1

x,Ux
rτ
�ψry : Rd Ñ Rd is a composition of C2 functions and thus C2. Its derivative

has the same rank as DG�1
x,Ux

rτ

��ry, which is the projection of the derivative of VxV
J
x onto

TryM. VxV
J
x is an orthogonal projection onto a linear subspace, i.e., a linear function,

so its derivative is VxV
J
x ; therefore, DG�1

x,Ux
rτ

��ry � VryV Jry VxV J
x . Note that Vry P L�Rd,Rn

�
,

V J
x P L�Rn,Rd

�
, and rankpVryq � rank

�
V J
x

� � d, so by the properties of rank we have

rank
�
VryV Jry VxV J

x

� � rank
�
V Jry Vx

�
, which is equal to d if σd

�
V Jry Vx

� ¡ 0.

The singular value in question is the cosine of the largest principal angle between Vry and

Vx, implying that DG�1
x,Ux

rτ
is of full rank if the principal angles between TxM and the tangent

space toM at any ry P rAx,rτ are strictly less than π{2. An application of Theorem 34 ii), iv),
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and v) shows that this must hold:

sup
xPM

supryP rAx,rτ
=1pTxM, TryMq ¤ sup

xPM
supryP rAx,rτ

dMpx, ryq
τ

¤ suprτ τ0 2 arcsin

b
1�a

1� rτ 2{τ 2

?
2

  2

3
.

With the choice of a ψry for which ψryp0q � ry and φrypryq is a fixed point, the hypotheses

of the inverse function theorem hold. Theorem 43 shows that
�

Πd �OUx
rτ
�G�1

x,Ux
rτ
� ψry

	�1

exists within a neighborhood �Wry � Wry of φrypryq. Let rUry :� ψryp�Wryq so that
!rUry) is an open

cover of pUxrτ Y BUxrτ q XM, which is a compact set. Let
!rVry) be the projections (which are

open sets) of the
!rUry) onto TxM. We can choose a finite set tryiu such that

!rUryi) coversrAx,rτ and
!rVryi) covers Ax,rτ . Gx,Ux

rτ
can be defined as a map with restrictions Gx,Ux

rτ
|rV
ryi

:�
ψryi�

�
Πd �OUx

rτ
�G�1

x,Ux
rτ
� ψryi

	�1

. (This definesGx,Ux
rτ

uniquely). Gx,Ux
rτ

is well defined: inverses

are unique and it is well-known that G�1
x,Ux

rτ
is bijective on all of Uxrτ (Niyogi et al., 2008). Gx,Ux

rτ

is of smoothness class C2 because the local inverses are composed of C2 functions, and they

are defined on open sets and agree on the intersections of these open sets. We can also say

that M X Uxrτ is the union of a finite number of graphs
�
y, Fx,Ux

rτ
|rV
ryi
pyq

	
, where Fx,Ux

rτ
|rV
ryi

:

Rd Ñ Rn�d assigns y ÞÑ Πn�d �OUx
rτ
�ψryi �

�
Πd �OUx

rτ
�G�1

x,Ux
rτ
� ψryi

	�1

pyq. Fx,Ux
rτ

is defined as

the unique function with these restrictions. Clearly, Fx,Ux
rτ

is C2. Let Ψ :�
!
ψryi |�W

ryi

)
. Our

convention will be to write Fx,Ux
rτ

and Gx,Ux
rτ

without reference to the particular ψryi ; instead,

we write ψ, which can be any element of Ψ such that G�1
x,Ux

rτ
� ψ contains y in its image.

ii)Gx,Ux
rτ

andG�1
x,Ux

rτ
can be viewed as maps between rAx,rτ �M andAx,rτ � TxM considered

as submanifolds of Rn. Let rx1 :� Gx,Ux
rτ
px1q. Then, DGx,Ux

rτ

��
x1 and DG�1

x,Ux
rτ

��rx1 are maps between

Trx1 rAx,rτ and Tx1Ax,rτ . Note that G�1
x,Ux

rτ
is the restriction to rAx,rτ of the projection from Rn Ñ

Ax,rτ that assigns y ÞÑ VxV
J
x y, where Vx is a matrix whose columns form an orthonormal basis

for TxM. Since this is a linear function, its derivative is VxV
J
x ; its projection onto Trx1 rAx,rτ

(and therefore the derivative of G�1
x,Ux

sτ
at rx1) is Vrx1V Jrx1 VxV J

x . Then, DG�1
x,Ux

rτ

��rx1 : Trx1 rAx,rτ Ñ
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Tx1Ax,rτ is the map assigning rv ÞÑ �
Vrx1V Jrx1 VxV J

x

�Jrv, and DGx,Ux
rτ

��
x1 is its inverse. Fx,Ux

rτ
is the

projection of Gx,Ux
rτ

onto TK
xM. Therefore, DFx,Ux

rτ

��
x1 is a map from Tx1Ax,rτ Ñ TFx,Ux

rτ
px1qTK

xM.

We now show that the singular values of DGx,Ux
rτ

��
x1 are a function of the principal angles

between Trx1M and TxM. By the singular-value decomposition, we can write DGx,Ux
rτ

��
x1 �

Vrx1Drx1x V J
x , where the columns of Vrx1 and Vx form orthonormal bases for Trx1M and TxM,

respectively, and Drx1x is a diagonal matrix whose diagonal consists of the singular values

of DGx,Ux
rτ

��
x1 in decreasing order. Correspondingly, DG�1

x,Ux
rτ

��rx1 � VxD
rx1
x

�1
V Jrx1 . The singular

values and vectors must satisfy DG�1
x,Ux

rτ

��rx1Vrx1,i � �
Drx1x

��1

ii
Vx,i. Since DG�1

x,Ux
rτ

��rx1 is a projection,

this implies that the columns of Vx are the projections onto TxM of the columns of Vrx1 ,
normalized to be of unit length. The entries of Drx1x �1

are the factors by which DG�1
x,Ux

rτ

��rx1
contracts elements of the basis Vx, i.e., the cosines of the angles between Vrx1,i and Vx,i. It is

not hard to see that these are in fact the principal angles and vectors.

Recall the definition cos=ipTrx1M, TxMq :� supviPT
rx1M supuiPTxM uJi vi, where we require

that tuiu and tviu be orthonormal bases. Write the inner product using the decomposition

vi � DG�1
x,Ux

rτ

��rx1vi � ΠK
x vi. This shows that uJi vi is maximized when ui is the normalized

projection of vi onto TxM; that is,

DG�1
x,Ux

rτ

��rx1vi � ∥∥∥DG�1
x,Ux

rτ

��rx1vi∥∥∥ui
� cos=ipTrx1M, TxMqui.

Analogously, vi also must be the normalized projection of ui onto Trx1M, which means�
DG�1

x,Ux
rτ

��rx1	Jui � Vrx1V Jrx1 VxV J
x ui � cos=ipTrx1M, TxMqvi. The previous two equations char-

acterize singular values; since they are unique,
�
Drx1x

��1

ii
� cos=ipTrx1M, TxMq. We can

also (uniquely up to certain allowable transformations) take Vx,i to be ui and Vrx1,i to be vi.

Clearly, this determines the singular values of DGx,Ux
rτ

��rx1 as well; most importantly, the opera-

tor norm
∥∥DGx,Ux

rτ

��
x1
∥∥

2
is equal to sec=1pTrx1M, TxMq. The singular values of DFx,Ux

rτ

��
x1 also

have related expressions. They are
 ∥∥DFx,Ux

rτ

��
x1v
∥∥‖v‖�1

�� v P Vx(, which are the tangents of

the principal angles. To see this, write
∥∥DFx,Ux

rτ

��
x1v
∥∥ as

∥∥VxV J
x rv � rv∥∥ for rv :� DGx,Ux

rτ

��
x1v.

This is equal to ‖rv‖ sin=ipTrx1M, TxMq, and since ‖v‖ � ‖rv‖ cos=ipTrx1M, TxMq, we have
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σi
�
DFx,Ux

rτ

��
x1
� � tan=ipTrx1M, TxMq. Of course, by the properties of sec and tan, each

singular value of DGx,Ux
rτ

��
x1 satisfies σi

�
DGx,Ux

rτ

��
x1
� � �

1� σi
�
DFx,Ux

rτ

��
x1
�2
	1{2

.

We will use the preceding discussion to bound the singular values of DFx,Ux
rτ

��
x1 and

DGx,Ux
rτ

��
x1 from above. However, we first note the lower bound

inf
xPM

inf
x1PAx,rτ

σd
�
DGx,Ux

rτ

��
x1
� � inf

xPM
inf

x1PAx,rτ
vPTx1Ax,rτ

∥∥DGx,Ux
rτ

��
x1v
∥∥

‖v‖

� inf
xPM

inf
x1PAx,rτrvPT

rx1M

‖rv‖∥∥∥DG�1
x,Ux

rτ

��rx1rv∥∥∥
¥ 1,

which holds because DG�1
x,Ux

rτ

��rx1 is a composition of projections. The bound is achieved when

Tx1M � TxM, in which case DFx,Ux
rτ

��
x1 � 0. This also gives infxPM infx1PAx,rτ σd

�
DFx,Ux

rτ

��
x1
� ¥

0.

For the largest singular values of DFx,Ux
rτ

��
x1 we have, using the bound on =1pTrx1M, TxMq

from Theorem 34 v),

sup
xPM

sup
x1PAx,rτ

σ1

�
DFx,Ux

rτ

��
x1
� � sup

xPM
sup

x1PAx,rτ

∥∥DFx,Ux
rτ

��
x1
∥∥

2

� sup
xPM

sup
x1PAx,rτ
vPTx1Ax,rτ

∥∥DFx,Ux
rτ

��
x1v
∥∥

‖v‖

� sup
xPM

sup
x1PAx,rτ

tan=1pTrx1M, TxMq

¤ tan

��2 arcsin

b
1�a

1� rτ 2{τ 2

?
2

�

¤ 7rτ

6τ
.

The second-to-last line is due to Theorem 34 ii), iv), and v); the last line holds becauserτ{τ   1{2. Similarly, for DGx,Ux
rτ
,

sup
xPM

sup
x1PAx,rτ

σ1

�
DGx,Ux

rτ

��
x1
� � sup

xPM
sup

x1PAx,rτ

∥∥DGx,Ux
rτ

��
x1
∥∥

2
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� sup
xPM

sup
x1PAx,rτ

sec=1pTrx1M, TxMq

� sup
xPM

sup
x1PAx,rτ

�
1� tan2

=1pTrx1M, TxMq�1{2

¤
�

1� 49rτ 2

36τ 2


1{2
.

Because the squared Frobenius norm is equal to the sum of the squared singular values,

we have:

0 ¤ sup
xPM
x1PAx,rτ

∥∥DFx,Ux
rτ

��
x1
∥∥
F
¤ 7

?
drτ

6τ
;

?
d ¤ sup

xPM
x1PAx,rτ

∥∥DGx,Ux
rτ

��
x1
∥∥
F
¤
?
d

�
1� 49rτ 2

36τ 2


1{2
.

The Lipschitz constant of DGx,Ux
rτ

is defined as

Lip
�
DGx,Ux

rτ

�
:� sup

x1,x2PAx,rτ
x1�x2

∥∥∥DGx,Ux
rτ

��
x1
�DGx,Ux

rτ

��
x2

∥∥∥
F

‖x1 � x2‖
;

thus, it is necessary to find an upper bound for σ1

�
DGx,Ux

rτ

��
x1
�DGx,Ux

rτ

��
x2

	
. (The lower

bound is, of course, zero). By partitioningDGx,Ux
rτ

as
�
I|DFJ

x,Ux
rτ

�J
, it is clear that Lip

�
DFx,Ux

rτ

� �
Lip

�
DGx,Ux

rτ

�
. Let rx1 :� Gx,Ux

rτ
px1q and rx2 :� Gx,Ux

rτ
px2q. For v P TxM, let vrx1 and vrx2

be such that DG�1
x,Ux

rτ

��rx1vrx1 � DG�1
x,Ux

rτ

��rx2vrx2 � v. Note that both ‖vrx1‖ and ‖vrx2‖ are no

greater than ‖v‖ supxPM,x1PAx,rτ σ1

�
DGx,Ux

rτ

��
x1
�
. We find an upper bound for the supremum of∥∥∥DGx,Ux

rτ

��
x1
v �DGx,Ux

rτ

��
x2
v
∥∥∥ � ‖vrx1 � vrx2‖ by projecting vrx2 onto Trx1M, bounding the dis-

tance of this point from vrx1 and vrx2 , and using the triangle inequality. Let rvrx2 :� Vrx1V Jrx1vrx2 ;
‖vrx2 � rvrx2‖ is no greater than

∥∥Vrx1V Jrx1 � Vrx2V Jrx2
∥∥

2
‖vrx2‖. Note the following:∥∥∥DG�1

x,Ux
rτ

��rx1rvrx2 �DG�1
x,Ux

rτ

��rx1vrx1∥∥∥ � ∥∥∥DG�1
x,Ux

rτ

��rx1rvrx2 �DG�1
x,Ux

rτ

��rx2vrx2∥∥∥
� ∥∥VxV J

x

�
Vrx1V Jrx1 � Vrx2V Jrx2

�
vrx2
∥∥

¤ ∥∥VxV J
x

∥∥
2

∥∥Vrx1V Jrx1 � Vrx2V Jrx2
∥∥

2
‖vrx2‖

¤ ‖vrx2‖ sin=1pTrx1M, Trx2Mq

¤ ‖vrx2‖ sin
dMprx1, rx2q

τ
.
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Then,

‖rvrx2 � vrx1‖ ¤ σd

�
DG�1

x,Ux
rτ

��rx1	�1∥∥∥DG�1
x,Ux

rτ

��rx1rvrx2 �DG�1
x,Ux

rτ

��rx1vrx1∥∥∥
¤
�

1� 49rτ 2

36τ 2


1{2
‖vrx2‖ sin

dMprx1, rx2q
τ

.

Using the definition of the Lipschitz constant,

sup
xPM

Lip
�
DGx,Ux

rτ

� ¤ sup
xPM

x1�x2PAx,rτ

sup
vPTxM
‖v‖�1

?
d
∥∥∥DGx,Ux

rτ

��
x1
v �DGx,Ux

rτ

��
x2
v
∥∥∥

‖x1 � x2‖

¤ sup
xPM

x1�x2PAx,rτ

sup
vPTxM
‖v‖�1

?
dp‖vrx1 � rvrx2‖� ‖rvrx2 � vrx2‖q

‖x1 � x2‖

¤ sup
xPM

x1�x2PAx,rτ

?
d

�
1� 49rτ 2

36τ 2
�
�

1� 49rτ 2

36τ 2


1{2�sin
�
dMprx1, rx2q

L
τ
�

‖x1 � x2‖

¤ sup
xPM

x1�x2PAx,rτ

5
?
d

2τ

dMprx1, rx2q
‖x1 � x2‖

.

The fourth line holds because rτ   τ{2 and sin
�
dMprx1, rx2q

L
τ
� ¤ �

dMprx1, rx2q
L
τ
�
. In Corollary

36 i), we show that the ratio between the geodesic distance and the distance between the

projections onto TxM is bounded from above. We only use the fact that G�1
x,Ux

rτ
has a C2

inverse whose derivative has bounded operator norm, which we have already proven, so we

apply the result here. This finally yields

sup
xPM

Lip
�
DGx,Ux

rτ

� ¤ suprτ τ0
5
?
d

2τ

�
1� 49rτ 2

36τ 2


1{2

¤ 3
?
d

τ
.

iii) Let rγ : rrt0,rt1s Ñ Ax,rτ be a C1 curve connecting G�1
x,Ux

rτ
px1q and G�1

x,Ux
rτ
px2q. Then,

Gx,Ux
rτ
� rγ is a C1 curve on M lying within rAx,rτ , and

LM
�
Gx,Ux

rτ
� rγ� � » rt1

rt0
∥∥∥�Gx,Ux

rτ
� rγ�1ptq∥∥∥dt

�
» rt1
rt0
∥∥∥DGx,Ux

rτ

��rγptqrγ1ptq∥∥∥dt
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¤ sup
xPM,x1PAx,rτ

∥∥DGx,Ux
rτ

��
x1
∥∥

2

» rt1
rt0 ‖rγ1ptq‖dt

¤
�

1� Cdrτ 2

τ 2


1{2
LAx,rτ prγq.

Conversely,

LM
�
Gx,Ux

rτ
� rγ� ¥ inf

xPM
inf

x1PAx,rτ
σd
�
DFx,Ux

rτ

��
x1
� » rt1
rt0 ‖rγ1ptq‖dt

¥ LAx,rτ prγq.
iv) By Theorem 33, we have»

S

gpxqdHdpxq �
»
G�1
x,Ux

rτ
pSq

�
g �Gx,Ux

rτ

�px1qcdet
�
DGJ

x,Ux
rτ

��
x1DGx,Ux

rτ

��
x1

	
dLdpx1q.

The determinant in the above line is equal to the product of the squared singular values of

DGx,Ux
rτ

��
x1 . The result follows by applying part ii) of this lemma. �

Corollary 36. Let x PM, and let rτ   τ{2. Then,

i) If x1, x2 P rAx,rτ ,∥∥∥G�1
x,Ux

rτ
px1q �G�1

x,Ux
rτ
px2q

∥∥∥ ¤ dMpx1, x2q ¤
�

1� Cdrτ 2

τ 2


1{2∥∥∥G�1
x,Ux

rτ
px1q �G�1

x,Ux
rτ
px2q

∥∥∥.
ii) Let ωd be the volume of the d-dimensional unit ball. Then, the Hausdorff measure ofrAx,rτ is bounded as

rτ dωd ¤ Hd
� rAx,rτ	 ¤ �

1� Cdrτ 2

τ 2


d{2rτ dωd.
Proof. i) Since rτ   ρ and M is geodesically complete, the distance between x1 and x2 is

realized by a unique geodesic γ�. Take γs � Ax,rτ to be the straight line connecting G�1
x,Ux

rτ
px1q

and G�1
x,Ux

rτ
px2q. Then, using Theorem 35 iii),

LAx,rτ pγsq � infrγ�Ax,rτ
LAx,rτ prγq ¤ LAx,rτ

�
G�1
x,Ux

rτ
� γ�
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¤ LMpγ�q � dMpx1, x2q

¤ LM
�
Gx,Ux

rτ
� γs

� ¤ �
1� Cdrτ 2

τ 2


1{2
LAx,rτ pγsq.

ii) Take g to be the constant function 1 in Theorem 35 iv). �

3.4 Norm of C1,1pMq Functions

The smoothness class of a function f : M Ñ R is defined in terms of its composition with

a chart. For example, f is in C1,1pMq if, for any x PM and any chart pU, φq in our atlas

such that x P U , the composition f � ψ : Rd Ñ R is C1,1pRdq on φpUq. We write ‖ � ‖C1,1pMq

for the norm of a C1,1pMq function. As in the C1,1pRdq case, we start by writing ‖f‖C1,1pMq

as the maximum of a norm and two seminorms:

‖f‖C1,1pMq :� max
!
‖f‖C0pMq, ‖f‖ 9C1pMq, ‖f‖ 9C1,1pMq

)
.

In general, if we apply this norm to a function f , it is to be assumed that f P C1,1pMq.
Of course, we define ‖f‖C0pMq :� supxPM|f |. It is easy to see from first principles that

‖ � ‖
9C1pMq and ‖ � ‖

9C1,1pMq as defined below are seminorms and that ‖ � ‖C1,1pMq is a norm.

Alternatively, it follows by comparison with C1,1pRdq and noting that the calculations below

are independent of the choice of chart.

We can characterize the 9C1pMq seminorm of f as an upper bound on directional deriva-

tives. Given a point x onM and an arclength-parametrized geodesic γx,v such that γx,vp0q �
x and γ1x,vp0q � v, the directional derivative of f is defined as pf � γx,vq1p0q. At each point on

the manifold, this quantity is maximized in a particular direction; let gradf be the vector

field associating each x P M with this direction scaled by the maximum rate of change.

Then, we define:

‖f‖
9C1pMq :� sup

xPM
sup
vPTxM
‖v‖�1

pf � γx,vq1p0q

� sup
xPM
‖gradfpxq‖.



85

Let φ be a chart whose domain contains x, and let rx :� φpxq. Then, gradfpxq � g�1
M pxq∇pf �

ψq��rx. Writing the metric in terms of the parametrization, we have the following :

‖f‖
9C1pMq � sup

xPM

�
∇pf � ψqJ��rx�pDψqJ��rxDψ��rx	�J∇pf � ψq��rx
1{2

.

Additionally, because M is geodesically complete, we can express the Riemannian distance

as the length of a geodesic and use the second fundamental theorem of calculus to show that

the 9C1pMq seminorm of f is also equal to the Lipschitz constant

Lippfq :� sup
x,yPM,x�y

|fpxq � fpyq|
dMpx, yq ,

which is analogous to the Euclidean case.

It is a slightly more involved process to define the 9C1,1pMq seminorm of f . We want

this to measure the Lipschitzness of gradf , essentially bounding the amount that directional

derivatives of f can change from one point on the manifold to another. We can either use par-

allel transport or use the embedded version of the gradient. Let gradfpar
x pyq : γ Ñ C1pTMq

be the parallel transport function constructing a vector field along an arclength-parametrized

geodesic γ : rt0, t1s ÑM connecting x and y satisfying the following: gradfpar
x pyqpγpt0qq �

gradfpyq, ∇
9γgradfpar

x pyqpγptqq � 0 for all t P rt0, t1s, and gradfpar
x pyq :� gradfpar

x pyqpγpt1qq P
TxM. By Theorem 34 iii), this is a well-defined procedure within the charts that we are

working in. Then, the 9C1,1pMq seminorm can be defined as the maximum of the local (within

the injectivity radius) Lipschitz constant

Lipρpgradfq :� sup
x�yPM

dMpx,yq¤ρ

‖gradfpxq � gradfpar
x pyq‖

dMpx, yq

and an upper bound on the Lipschitz constant for x, y PM such that dMpx, yq ¡ ρ; in the

second case, the geodesic connecting x and y is not necessarily unique so the upper bound

is crude and based on ‖f‖C1pMq.

A simpler way to define the 9C1,1pMq seminorm of f is with respect to the embedding

in Rn; this is the approach we will take. Let �gradf denote the embedded version of gradf .
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Using the same local coordinates as above,

�gradfpxq � Dψ
��rx�pDψqJ��rxDψ��rx	�1

∇pf � ψq��rx.
We define ‖f‖

9C1,1pMq :� Lipp�gradfq, where

Lipp�gradfq :� sup
x,yPM,x�y

∥∥∥�gradfpxq � �gradfpyq
∥∥∥

dMpx, yq .

For our purposes, this is sufficient; to make this clearer, in the following lemma we bound

the parallel transport of vectors from nearby tangent spaces and show that Lipp�gradfq and

the embedding of M determine an upper bound for the local Lipschitz constant of gradf .

Lemma 37. Let f be a function defined onM such that ‖f‖C1,1pMq ¤M�; i.e., supxPM|f | ¤
M�, supxPM‖gradfpxq‖ ¤ M�, and Lipp�gradfq ¤ M�. For x P M and rτ   rτmax, whererτmax :�

�
max

!
1{τ0, 8{τ, supxPM Lip

�
DFx,Ux

τ{2

	)	�1

, define the local Lipschitz constant of

gradf over rAx,rτ as

Lip rAx,rτ pgradfq :� sup
x1,x2P rAx,rτ ,x1�x2

∥∥gradfpx1q � gradfpar
x1
px2q

∥∥
dMpx1, x2q .

Then,

inf
xPM

Lip rAx,rτ pgradfq ¤
�

1� Cd
τ
� Cdrτ

τ 2



M�.

Proof. We work in the chart G�1
x1,U

x1
2rτ

; in this chart DG
x1,U

x1
2rτ

��
x1
� rI��0sJ, so, conveniently, the

first d coordinates of �gradfpx1q are the d coordinates of gradfpx1q and the last n� d coordi-

nates are zero. We assume that rτ   rτmax, where rτmax :�
�

max
!

1{τ0, 8{τ, supxPM Lip
�
DFx,Ux

τ{2

	)	�1

.

This ensures that rτ is small enough for x2 to be in a valid, geodesically convex chart centered

at x1 and also for Lemma 35 to guarantee dMpx1, x2q   p1� Cdrτ 2{τ 2q1{2p2rτq ¤ ρ so that the

parallel transport of tangent vectors from Tx2M to Tx1M along the geodesic joining x1 and

x2 is well-defined. We start by relating Lip rAx,rτ pgradfq to an upper bound consisting of three

components: the Lipschitz constant of �gradf , the influence of the parametrization, and the

change in components due to parallel transport.

Lip rAx,rτ pgradfq � sup
x1,x2P rAx,rτ ,x1�x2

∥∥rI��0sJgradfpx1q � rI��0sJgradfpar
x1
px2q

∥∥
dMpx1, x2q
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� sup
x1,x2P rAx,rτ ,x1�x2

pdMpx1, x2qq�1

�����gradfpx1q � �gradfpx2q

� �gradfpx2q � rI��0sJgradfpx2q

� rI��0sJgradfpx2q � rI��0sJgradfpar
x1
px2q

����
¤ sup

x1,x2P rAx,rτ ,x1�x2

∥∥∥�gradfpx1q � �gradfpx2q
∥∥∥

dMpx1, x2q

� sup
x1,x2P rAx,rτ ,x1�x2

∥∥∥∥∥
�
DGx1,U

x1
2rτ

��
G�1

x1,U
x1
2rτ

px2q � rI��0sJ�gradfpx2q
∥∥∥∥∥

dMpx1, x2q

� sup
x1,x2P rAx,rτ ,x1�x2

∥∥rI��0sJgradfpx2q � rI��0sJgradfpar
x1
px2q

∥∥
dMpx1, x2q .

The first term on the right-hand side of the inequality is less than or equal to Lipp�gradfq,
which is bounded above by M� by assumption. We deal with the second term as follows.

sup
x1,x2P rAx,rτ ,x1�x2

∥∥∥∥∥
�
DGx1,U

x1
2rτ

��
G�1

x1,U
x1
2rτ

px2q � rI��0sJ�gradfpx2q
∥∥∥∥∥

dMpx1, x2q

¤ sup
x1,x2P rAx,rτ ,x1�x2

∥∥∥∥∥
��

I

����DFJ
x1,U

x1
2rτ

��
G�1

x1,U
x1
2rτ

px2q

�
� rI��0sJ�gradfpx2q

∥∥∥∥∥
dMpx1, x2q

¤ Lip
�
DFJ

x1,U
x1
2rτ

	
� sup

x1,x2P rAx,rτ ,x1�x2
‖x2 � x1‖
dMpx1, x2q � sup

x2PM
‖gradfpx2q‖

¤ Cd
τ
M�.

It remains to bound the difference between gradfpx2q and its parallel transport to Tx1M

along the geodesic γ. Let v be the vector field that is the parallel transport of gradfpx2q,
and let pv1, . . . , vdq be the components of v with respect to the basis pe1, . . . , edq defined by

the columns of DGx1,U
x1
2rτ

��
G�1

x1,U
x1
2rτ

pγptqq. Assume that γ is parametrized by arclength, and let

9γ have components p 9γ1, . . . , 9γdq. Recall that v must satisfy ∇
9γv � 0, where ∇

9γ denotes the
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covariant derivative with respect to the tangent vector field of γ. This means the following

must hold

9v �
d∑
i�1

d∑
j�1

d∑
k�1

9γivjΓkijek � 0,

where Γkij are the Christoffel symbols of the connection ∇. In local coordinates, in terms of

the metric they are

Γkij �
1

2

d∑
l�1

gkl
�Bgjl
Bxi �

Bgil
Bxj �

Bgij
Bxl



,

where the elements of gMpγptqq in matrix form are written with subscripts and those of

g�1
M pγptqq are written with superscripts. Note that supk,l

∣∣gkl∣∣ ¤ ∥∥g�1
M
∥∥

2
¤ 1. Additionally,

sup
i,j,l

∣∣∣∣BgjlBxi

∣∣∣∣ ¤
∥∥∥∥∥DFx1,Ux12rτ

��
G�1

x1,U
x1
2rτ

pγptqq

∥∥∥∥∥
F

Lip
�
DFx1,Ux12rτ

	
,

implying that supi,j,k
∣∣Γkij∣∣ ¤ Cdrτ{τ 2. Since γ is unit-speed, | 9γi| ¤ 1. So, ‖ 9v‖ ¤ Cd supj|vj| supi,j,k

∣∣Γkij∣∣ ¤
CdrτM�{τ 2 for any x2 in this chart. This implies that

sup
x1,x2P rAx,rτ ,x1�x2

∥∥rI��0sJgradfpx2q � rI��0sJgradfpar
x1
px2q

∥∥
dMpx1, x2q ¤ sup

x1,x2P rAx,rτ ,x1�x2
‖ 9v‖dMpx1, x2q
dMpx1, x2q

¤ Cdrτ
τ 2

M�. �

If y R rAx,rτmax , then dMpx, yq ¥ rτmax. Suppose dMpx, yq   ρ. Then,

‖gradfpxq � gradfpar
x pyq‖

dMpx, yq ¤ 2 supxPM‖gradfpxq‖
dMpx, yq

¤ 2rτmaxM�.

If dMpx, yq ¥ ρ, there may not be a unique geodesic connecting x and y, but the same bound

holds regardless of the path because supxPM‖gradf‖ is finite. Writing rτmax as Cdτ , we have

the following corollary.

Corollary 38. Let f be a function defined on M such that ‖f‖C1,1pMq ¤M�; then,

Lippgradfq ¤ max

"�
1� Cd,1

τ



,
Cd,2
τ

*
M�.
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If instead of assuming a bound on Lip
��gradf

	
we had assumed that Lippgradfq ¤ M�,

we could have used identical arguments to those in Lemma 37 and Corollary 38 to show that

Lip
��gradf

	
is less than or equal to the same constant times M�. This is summarized in the

following theorem.

Theorem 39. Let f be a function defined on M such that

max

"
sup
xPM
|fpxq|, sup

xPM
‖gradfpxq‖

*
¤M�.

Then, Lippgradfq has a finite upper bound if and only if Lip
��gradf

	
does.

3.4.1 Pullback to Tangent Spaces

Our algorithm for C1,1pMq regression relies on the ability to locally perform C1,1pRdq re-

gression on a real-valued function defined on subsets of specified tangent spaces. Given a

function f : rAx,rτ Ñ R, we can define its pullback to Ax,rτ along any local diffeomorphism be-

tween rAx,rτ and Ax,rτ . Projection onto the tangent spaces is one such diffeomorphism; denote

the pullback of f to Ax,rτ along Gx,Ux
rτ

by G�
x,Ux

rτ
pfq :� f � Gx,Ux

rτ
. It is a requirement of the

C1,1pRdq regression algorithm that the sample is generated by a function with finite C1,1pRdq
norm. In the next lemma, we prove that

∥∥∥G�
x,Ux

rτ
pfq
∥∥∥
C1,1pRdq

is finite whenever ‖f‖C1,1pMq is.

Lemma 40. Let f� : M Ñ R be a C1,1pMq function such that ‖f�‖C1,1pMq ¤ M�. Let

x P M, and let sτ   τ0. Let g�x,sτ : TxM � Ax,sτ Ñ R be the function assigning y ÞÑ�
f� �Gx,Ux

sτ

�pyq. Then, the C1,1pRdq norms of
 
g�x,sτ

�� x PM(
are uniformly bounded above

by M�
g,sτ :

sup
xPM

∥∥g�x,sτ∥∥C1,1pRdq ¤
�

1� 3
?
d

τ
� 49sτ 2

36τ 2

�
M�

�: M�
g,sτ

Proof. Clearly,
∥∥g�x,sτ∥∥C0pRdq ¤ ‖f�‖C0pMq ¤M�.
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By the chain rule for maps between manifolds,

sup
yPAx,sτ

∥∥∇g�x,sτ pyq∥∥ � sup
yPAx,sτ

∥∥∥�DGx,Ux
sτ

�J��
y
∇f�pGx,Ux

sτ
pyqq

∥∥∥
¤ sup

yPAx,sτ

∥∥∥�DGx,Ux
sτ

�J��
y

∥∥∥
2
� sup

xPM
‖∇f�pxq‖.

In the proof of Lemma 35, we showed that supxPM,ryPAx,rτ
∥∥∥DGx,Ux

rτ

��ry∥∥∥2
¤ �

1� C2
drτ 2

L
τ 2
�1{2

for all rτ   τ0. Here, ∇f� is the embedded version of the Riemannian gradient, i.e., gradf�
:

.

Therefore,

∥∥g�x,sτ∥∥C1pRdq ¤
�

1� C2
dsτ 2

τ 2


1{2
M�.

The 9C1,1pRdq seminorm of g�x,sτ can be bounded as follows:

Lipp∇g�x,sτ q � sup
y1�y2PAx,sτ

∥∥∇g�x,sτ py1q �∇g�x,sτ py2q
∥∥

‖y1 � y2‖

¤ sup
y1�y2PAx,sτ

�����DGx,Ux
sτ

�J��
y1
∇f�pGx,Ux

sτ
py1qq �

�
DGx,Ux

sτ

�J��
y1
∇f�pGx,Ux

sτ
py2qq

����
‖y1 � y2‖

� sup
y1�y2PAx,sτ

�����DGx,Ux
sτ

�J��
y1
∇f�pGx,Ux

sτ
py2qq �

�
DGx,Ux

sτ

�J��
y2
∇f�pGx,Ux

sτ
py2qq

����
‖y1 � y2‖

.

Let ry1 :� Gx,Ux
sτ
py1q and ry2 :� Gx,Ux

sτ
py2q. The first term on the right-hand side of the

inequality is bounded above by

∥∥∥�DGx,Ux
sτ

�J��
y1

∥∥∥
2
� sup

y1�y2PAx,sτ

∥∥∥gradf�
:pGx,Ux

sτ
py1qq � gradf�

:pGx,Ux
sτ
py2qq

∥∥∥
dMpy1, y2q � sup

y1�y2PAx,sτ

dMpry1, ry2q
‖y1 � y2‖

,

which is no greater than
�
1� Cdsτ 2

L
τ 2
�
M� by an application of Lemma 35 ii), Corollary 36

i), and the assumption that Lip
�

gradf�
:	

¤ M�. The second term is less than or equal to

Lip
�
DGJ

x,Ux
sτ

	
� supxPM‖∇f�pxq‖, which is less than or equal to CdM

�{τ . Thus,

∥∥g�x,sτ∥∥ 9C1,1pRdq ¤
�

1� Cd
τ
� Cdsτ 2

τ 2



M�.

Since our arguments were uniform in x, the result follows. �
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3.5 Tangent Space Estimation for Charts

In Lemma 40, we rely on having knowledge of the true tangent spaces of M. More re-

alistically, we have access only to a sample of points from M and we must estimate other

quantities, including the tangent spaces. The simplest way of doing so is by using local PCA.

Start by forming the matrix Xx,sτ whose columns are the Nx,sτ sample points Bnpx, sτq X X ;

then, the estimate of TxM is the subspace Tx,sτM
�

with orthonormal basis given by the eigen-

vectors of N�1
x,sτXx,sτXJ

x,sτ corresponding to the d largest eigenvalues. This estimator is actually

very close to TxM. For fixed sτ , Theorem 22 states a finite sample bound on the sines of the

principal angles between Tx,sτM
�

and TxM. The proof assumes that the probability measure

onM is uniform with respect to HdpMq. We restate this result in terms of the assumptions

we place on P . The only difference is in the derivation of a lower bound on the second

moment of the pushforward of P to TxM; in the present case, this needs to be adjusted by

a factor of pmin{pmax.

Theorem 41. Fix x PM and sτ ¤ τ{2. Let Tx,sτM
�

be the subspace with orthonormal basis

given by the eigenvectors corresponding to the d largest eigenvalues of N�1
x,sτXx,sτXJ

x,sτ , where

Xx,sτ is the matrix whose columns are the Nx,sτ sample points Bnpx, sτq X X . Let Vx,sτ
�

and Vx

be matrices whose columns are orthonormal bases for Tx,sτM
�

and TxM, respectively, and let

sin Θ
�
Vx,sτ
�

, Vx

	
be a diagonal matrix with entries given by sin arccosσi

�
Vx,sτ
�J

Vx

	
. Then,

P

�∥∥∥sin Θ
�
Vx,sτ
�

, Vx

	∥∥∥
F
¤ 2

�sτ
τ
� sτ 2

τ 2


 pd� 2q
p1� εp,1q

�
1� Cdsτ 2

τ 2


d{2
pmax
pmin

�
¥

1� 2d exp

�
� ε2

p,1sτ 2Nx,sτ
2 log 2pd� 2q

�
1� Cdsτ 2

τ 2


�d{2
pmin
pmax

�
,

for all εp,1 P r0, 1{2s.

This probability bound is enough to imply convergence in probability when Tx,sτM
�

and

TxM are viewed as elements of the Grassmannian Grasspd, nq, the space of all d-dimensional

linear subspaces of Rn. Grasspd, nq can be given a manifold structure where the geodesic
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distance between Tx,sτM
�

and TxM is
∥∥∥Θ

�
Vx,sτ
�

, Vx

	∥∥∥
F

. Note that 0 ¤ arccosσi

�
Vx,sτ
�J

Vx

	
¤

π{2, so by the monotonicity of sine on this interval, Tx,sτM
�

pÑ TxM for sτ Ñ 0 and Nx,sτ Ñ 8.

We now define the requisite sets and functions for parametrizing the manifold using the es-

timated tangent space. Let the cylinder xUxsτ :� Bdpx, sτq�Bn�dpx, sτq, where Bdpx, sτq � Tx,sτM
�

and Bn�dpx, sτq � TK
x,sτM
�

. Let yAx,sτ :� xUxsτ X Tx,sτM
�

and
yrAx,sτ :� xUxsτ XM. Let G�1

x,Ux
sτ

� :
yrAx,sτ ÑyAx,sτ be the orthogonal projection ofM onto Tx,sτM

�
. If the inverse of G�1

x,Ux
sτ

� is well-defined, let

F
x,Ux

sτ

� : yAx,sτ Ñ TK
x,sτM
�

be a function such thatG
x,Ux

sτ

� : yAx,sτ Ñ yrAx,sτ assigning y ÞÑ py, F
x,Ux

sτ

�pyqq
is a local parametrization of the manifold. We want to use

!
G�1

x,Ux
sτ

�
�� x PM, sτ   sτmax) as a

collection of approximately locally isometric charts for M; in Theorem 44, we prove that

as long as sτ   sτmax :�
�

max
!

1{τ0, 96
�?

2
�d{2pd� 2q{τ, 5 supxPM Lip

�
DFx,Ux

τ{2

	)	�1

, there

exist functions F
x,Ux

sτ

� and G
x,Ux

sτ

� with the properties needed to do so. In the remainder of

the text, although our results are stated in terms of Tx,sτM
�

defined through local PCA, they

apply to any tangent space estimation technique for which the sine of the largest principal

angle between Tx,sτM
�

and TxM is bounded above by a constant εp (preferably decreasing

in sτ{τ) with probability at least 1 � δp. Of course, for our purposes, we can take εp to be

the error bound from Theorem 41 and δp the error probability. Before outlining the proof of

Theorem 44, we include a preliminary lemma relating the geometry of xUxsτ and Uxsτ followed

by a statement of the inverse function theorem.

Lemma 42. Let x PM and sτ   sτmax. Let Tx,sτM
�

be the subspace with orthonormal basis

given by the eigenvectors corresponding to the d largest eigenvalues of N�1
x,sτXx,sτXJ

x,sτ , where

Xx,sτ is the matrix whose columns are the Nx,sτ sample points Bnpx, sτq X txiu. Let εp be such

that sin=1

�
Tx,sτM
�

, TxM
	
¤ εp with probability at least 1 � δp. Then, also with probability

at least 1� δp,

i) The preimage of G�1

x,Ux
sτ

�

�yAx,sτ	 satisfies the following relationship with the preimage of

the projection onto TxM:

rA
x,sτLp1�εp?2q �

yrAx,sτ � rA
x,sτLp1�εp?2q.
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ii) The largest principal angle between Tx,sτM
�

and the tangent space to M at y P yrAx,sτ is

bounded as

=1

�
Tx,sτM
�

, TyM
	
¤ arcsin

�
sin

dMpx, yq
τ

� εp



.

Proof. Assume that sτ and εp are small enough so that sτLp1�εp?2q   τ0 and sin
�
dMpx, yqLτ��

εp   1.

i) Let y P yrAx,sτ , and let Vx,sτ
�

Vx,sτ
�J

y be its projection onto Tx,sτM
�

. Note that its difference

from the projection of y onto TxM is very small:
∥∥∥Vx,sτ�Vx,sτ

�J
y � VxV

J
x y
∥∥∥ ¤ ∥∥∥Vx,sτ�Vx,sτ

�J � VxV
J
x

∥∥∥
2
‖y‖ ¤∥∥∥sin Θ

�
Vx,sτ
�

, Vx

	∥∥∥
F
‖y‖ ¤ εp‖y‖. By the triangle inequality,

∥∥VxV J
x y
∥∥ ¤

∥∥∥Vx,sτ�Vx,sτ
�J

y
∥∥∥ �∥∥∥Vx,sτ�Vx,sτ

�J
y � VxV

J
x y
∥∥∥ ¤ sτ � εp‖y‖. Since ‖y‖   ?

2
∥∥VxV J

x y
∥∥, we can solve the preceding

inequality to show that
∥∥VxV J

x y
∥∥   sτL�1� εp

?
2
�
, implying that every point in

yrAx,sτ also

lies within rA
x,sτLp1�εp?2q. To show the other side of the containment, let y P rA

x,sτLp1�εp?2q
and reverse the roles of

∥∥VxV J
x y
∥∥ and

∥∥∥Vx,sτ�Vx,sτ
�J

y
∥∥∥ in the above argument.

ii) follows by applying the triangle inequality to the metric pX, Y q ÞÑ ‖sin ΘpX, Y q‖8
defined on Grasspd, nq and using Theorem 34 v) to bound sin=1pTxM, TyMq. �

Theorem 43 (Inverse Function Theorem, Theorem 3.3.2, Krantz and Parks,

2012). Let xW � RQ be an open set and let G : xW Ñ RQ be a mapping of class Ck, k ¥ 1.

Let x0 be a fixed point of xW and assume that detDGpx0q � 0. Then there exists a

neighborhood W � xW of x0 such that

i) The restriction G|W is univalent.

ii) The set V :� GpW q is open.

iii) The inverse G�1 of G|W is of class Ck.

It is fairly easy to see that the inverse function theorem implies the invertibility of the

projection onto Tx,sτM
�

in a small (nonspecific) neighborhood of any point of M where the
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tangent spaces are not orthogonal to Tx,sτM
�

. However, we want invertibility on an explicitly

defined neighborhood; that is, we want to treat M as the graph of a C2 function from

Tx,sτM
�

Ñ TK
x,sτM
�

on all of xUxsτ . For this reason, the proof of Theorem 44 is slightly technical

in parts. In i), we show the existence of the inverse of G�1

x,Ux
sτ

�. We demonstrate both injectivity

and surjectivity by using the mean value theorem for vector-valued functions and showing

that a failure of either condition leads to a contradiction with the bounds on
∥∥DGx,Ux

sτ

∥∥
F

and
∥∥∥sin Θ

�
Vx,sτ
�

, Vx

	∥∥∥
F

. This shows that G�1

x,Ux
sτ

� is bijective and thus has a unique inverse onxUxsτ .

In ii), we use the inverse function theorem to show that G�1

x,Ux
sτ

� is a C2 diffeomorphism. By

the definition of a C2 submanifold, for every ry P yrAx,sτ there exist sets W � Rd and U � Rn,

the latter containing ry, and C2 functions ψ : W Ñ U and φ : U Ñ W such that ψ locally

defines M and φ � ψ is the identity. By composition with ψ, we see that G�1

x,Ux
sτ

� is C2 since

it is the restriction of a smooth function on Rn to M. We show that its derivative has rank

d because of the small angular distances between TxM and Tx,sτM
�

and between TxM and

TryM for all ry P rAx,sτ . This implies the local invertibility of G�1

x,Ux
sτ

� on a neighborhood rU � U

of ry. The neighborhoods rU form an open cover of
�xUxsτ Y BxUxsτ

	
XM, which is compact; they

can be refined so that G
x,Ux

sτ

� is a union of a finite number of graphs.

Throughout most of this chapter, we do not strictly differentiate between Rd and its

inclusion into Rn or its embedding as a tangent space to M. Here we will be more precise.

Let O
Ux
sτ

� : Rn Ñ Rn be a rigid motion translating x to the origin and performing a rotation so

that Tx,sτM
�

lies in Rd. If Rn is decomposed as Rd�Rn�d, let Πd : Rn Ñ Rd be the projection

onto the first factor and Πn�d : Rn Ñ Rn�d the projection onto the second factor. At everyry P yrAx,sτ , we apply the inverse function theorem to the function Πd�OUx
sτ

��G�1

x,Ux
sτ

��ψ : Rd Ñ Rd.

By the uniqueness of the inverse (up to coordinate changes on Rd), we can define the C2

function F
x,Ux

sτ

� on xUxsτ as Πn�d � OUx
sτ

� � ψ �
�

Πd �OUx
sτ

� �G�1

x,Ux
sτ

� � ψ
	�1

; then, G
x,Ux

sτ

� is the C2

function ψ �
�

Πd �OUx
sτ

� �G�1

x,Ux
sτ

� � ψ
	�1

, which assigns y ÞÑ
�
y, F

x,Ux
sτ

�pyq
	

. The C1pRd,Rn�dq
and 9C1,1pRd,Rn�dq norms of DF

x,Ux
sτ

�, and the corresponding norms of DG
x,Ux

sτ

�, are not much
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larger than the norms of DFx,Ux
sτ

and DGx,Ux
sτ
, respectively, and we end by deriving upper

bounds in iii).

Theorem 44. Fix x PM and sτ   sτmax. Let Tx,sτM
�

be the estimator of the tangent space to

M at x resulting from principal components analysis within the ball Bnpx, sτq. Specifically, if

Xx,sτ has columns consisting of the Nx,sτ sample points Bnpx, sτqXtxiu, Tx,sτM�has an orthonor-

mal basis given by the eigenvectors of N�1
x,sτXx,sτXJ

x,sτ corresponding to the d largest eigenvalues.

Let εp   1{12 be such that, with probability at least 1 � δp, sin=1

�
Tx,sτM
�

, TxM
	
¤ εp. Let

G�1

x,Ux
sτ

� :
yrAx,sτ Ñ yAx,sτ be the orthogonal projection ofM onto Tx,sτM

�
. Then, the following hold

on xUxsτ with probability at least 1� δp:

i) G�1

x,Ux
sτ

� is a one-to-one function. It possesses an inverse, G
x,Ux

sτ

� : yAx,sτ Ñ yrAx,sτ that can

be written as a local parametrization of M; specifically, G
x,Ux

sτ

� maps y P Tx,sτM
�

to�
y, F

x,Ux
sτ

�pyq
	
PM for a function F

x,Ux
sτ

� : yAx,sτ Ñ TK
x,sτM
�

.

ii) Let O
Ux
sτ

� : Rn Ñ Rn be a rigid motion translating x to the origin and rotating Tx,sτM
�

to lie in Rd. Decompose Rn as Rd � Rn�d, and let Πd : Rn Ñ Rd and Πn�d : Rn Ñ
Rn�d be the projections onto the first and second factors, respectively. Then, there

exists a finite set Ψ :�  
ψi : Rd � Wi Ñ Ui � Rn

(
of parametrizations of M whose

images cover M X xUxsτ and where each domain Wi is an open set of Rd where the

inverse of Πd � OUx
sτ

� � G�1

x,Ux
sτ

� � ψi exists. G
x,Ux

sτ

� is the C2 diffeomorphism that assigns

y ÞÑ
�
ψ �

�
Πd �OUx

sτ

� �G�1

x,Ux
sτ

� � ψ
	�1



pyq, where ψ P Ψ such that G�1

x,Ux
sτ

� � ψ contains y

in its image. F
x,Ux

sτ

� can be defined as the C2 function Πn�d �OUx
sτ

� �G
x,Ux

sτ

�.

iii) The derivatives of F
x,Ux

sτ

� and G
x,Ux

sτ

� have operator norms bounded as follows:

sup
xPM
x1PzAx,sτ

∥∥∥DFx,Ux
sτ

�
��
x1

∥∥∥
2
¤ 8

5

�
7sτ
5τ

� εp



; sup

xPM
x1PzAx,sτ

∥∥∥DGx,Ux
sτ

�
��
x1

∥∥∥
2
¤
�

1� 64

25

�
7sτ
5τ

� εp


2
�1{2

.

Furthermore, the Lipschitz constants of DF
x,Ux

sτ

� and DG
x,Ux

sτ

� are equal, and

sup
xPM

Lip
�
DF

x,Ux
sτ

�

	
¤ 7

?
d

τ
.



96

Proof. We start the proof of i) by assuming G�1

x,Ux
sτ

� is not injective and show through the

mean value theorem that this leads to a contradiction with the bound
∥∥DFx,Ux

sτ

∥∥
F
¤ Cdsτ{τ .

Let x1, x2 P M be two distinct points in the preimage of y P Tx,sτM
�

under G�1

x,Ux
sτ

�; by

Lemma 42 i), they are both contained in rA
x,sτLp1�εp?2q. Note that sτ   τ{

�
96
�?

2
�d{2pd� 2q

	
,

and so εp   psτ{τq�8
�?

2
�d{2pd� 2q

	
  1{12, which means rA

x,sτLp1�εp?2q � rAx,8sτ{7. Letrγ : rrt0,rt1s Ñ TxM be the projection onto Ax,sτ of the geodesic connecting x1 and x2. Then,rγ is an arclength-parametrized C1 curve connecting G�1
x,Ux

sτ
px1q and G�1

x,Ux
sτ
px2q, which, sincesτLp1 � εp

?
2q   τ0, are shown by Lemma 35 i) to be two distinct points of TxM. Gx,Ux

sτ
� rγ

is a C1 curve on M lying within rAx,8sτ{7. The mean value theorem states that there existsrt P �rt0,rt1� such that∥∥∥�Gx,Ux
sτ
� rγ�1�rt�∥∥∥ ¥ ∥∥�Gx,Ux

sτ
� rγ��rt0�� �

Gx,Ux
sτ
� rγ��rt1�∥∥∣∣rt0 � rt1∣∣ .

By Corollary 36 i) and the assumption that sτ   τ{p5Cdq, supx1P rAx,8sτ{7
∥∥DGx,Ux

sτ

��
x1
∥∥

2
¤a

20{19, showing
∣∣rt0 � rt1∣∣ ¤a

20{19
∥∥∥G�1

x,Ux
sτ
px1q �G�1

x,Ux
sτ
px2q

∥∥∥. On the left-hand side, we use

the chain rule and the fact that
∥∥rγ1�rt�∥∥ � 1 to see that

∥∥∥�Gx,Ux
sτ
� rγ�1�rt�∥∥∥ ¤ ∥∥∥DGx,Ux

sτ

��rγprtq∥∥∥2

∥∥rγ1�rt�∥∥ ¤a
20{19. Thus,

20

19
¥ ‖x1 � x2‖∥∥∥G�1

x,Ux
sτ
px1q �G�1

x,Ux
sτ
px2q

∥∥∥
� sec=

�
x1 � x2, G

�1
x,Ux

sτ
px1q �G�1

x,Ux
sτ
px2q

	
.

Note that G�1
x,Ux

sτ
px1q � G�1

x,Ux
sτ
px2q is orthogonal to both x1 � G�1

x,Ux
sτ
px1q and x2 � G�1

x,Ux
sτ
px2q;

this means that =
�
x1 � x2, G

�1
x,Ux

sτ
px1q �G�1

x,Ux
sτ
px2q

	
is in the interval r0, π{2s and sec=

�
x1 �

x2, G
�1
x,Ux

sτ
px1q �G�1

x,Ux
sτ
px2q

	
¥ 1.

We now show that the bound on the principal angles between Tx,sτM
�

and TxM implies

a lower bound on the secant that is greater than 20{19. Project G�1
x,Ux

sτ
px1q � G�1

x,Ux
sτ
px2q

onto Tx,sτM
�

through left-multiplication by Vx,sτ
�

Vx,sτ
�J

; this vector is orthogonal to x1 � x2 by

construction. Using this together with the Cauchy-Schwarz inequality,

px1 � x2qJ
�
G�1
x,Ux

sτ
px1q �G�1

x,Ux
sτ
px2q

	
� px1 � x2qJ

�
G�1
x,Ux

sτ
px1q �G�1

x,Ux
sτ
px2q
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� Vx,sτ
�

Vx,sτ
�J�

G�1
x,Ux

sτ
px1q �G�1

x,Ux
sτ
px2q

		
¤ ‖x1 � x2‖

∥∥∥Vx,sτ�Vx,sτ
�J � VxV

J
x

∥∥∥
2

∥∥∥G�1
x,Ux

sτ
px1q �G�1

x,Ux
sτ
px2q

∥∥∥,
which yields

sec=
�
x1 � x2, G

�1
x,Ux

sτ
px1q �G�1

x,Ux
sτ
px2q

	
�
‖x1 � x2‖

∥∥∥G�1
x,Ux

sτ
px1q �G�1

x,Ux
sτ
px2q

∥∥∥
px1 � x2qJ

�
G�1
x,Ux

sτ
px1q �G�1

x,Ux
sτ
px2q

	
¥
∥∥∥Vx,sτ�Vx,sτ

�J � VxV
J
x

∥∥∥�1

2

¥
∥∥∥sin ΘpVx,sτ

�
, Vxq

∥∥∥�1

F
¡ 12

with probability at least 1� δp, a contradiction. Thus, there cannot exist points x1, x2 PM
lying in the same normal fiber of Tx,sτM

�
, and G�1

x,Ux
sτ

� is one-to-one.

We must also show that G�1

x,Ux
sτ

� is surjective. Suppose there exists y P Tx,sτM
�

whose

preimage under G�1

x,Ux
sτ

� is empty, and assume that the closure and connectedness of M are

not violated. We will show that this contradicts the bounded curvature of M. Note that

tyu � Bn�dpx, rq intersects M for some r   τ . To see this, construct the cylinder Uxrr ,

where rr :� 2sτ{pcos arcsin εpq � 2sτεp   3sτ ; then, for every v P Bn�dpx, 1q, y � αvv P
pBdpx, rrq � BBn�dpx, rrqq for some αv depending on v. Since the projection of M X Uxrr
onto TxM is the entire unit ball Bdpx, rrq, ptyu �Bn�dpx, rqq XM � ∅ for some r P
rsτ , rr sec arcsin εps. Let y2 P ptyu �Bn�dpx, rqq XM, y1 :� py2 � yq X ptyu � BBn�dpx, sτqq,
and ry1 and ry2 be the projections of y1 and y2, respectively, onto TxM. We see that

‖y2 � ry2‖ ¥ ‖y2 � y‖� ‖ry2 � y‖

¥ ‖y1 � y‖�
∥∥∥Vx,sτ�J

Vx,sτ
�

� V J
x Vx

∥∥∥
2
‖y2‖

¥ sτ�1�
?

11εp

	
.

Similarly, identifying x with the origin, ‖ry2 � x‖ ¤ ‖y � x‖� ‖y � ry2‖ ¤ sτ�1�?
11εp

�
. Letrγ : rrt0,rt1s Ñ TxM be the projection onto TxM of the geodesic connecting x and y2. Then,rγ is an arclength-parametrized C1 curve connecting x and ry2. Gx,Ux

sτ
�rγ is a C1 curve onM.
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Since εp   1{12, sτ�1�?
11εp

�   4{3, and x, ry2 P Ax,4sτ{3. The mean value theorem states

that there exists rt P �rt0,rt1� such that

∥∥∥�Gx,Ux
sτ
� rγ�1�rt�∥∥∥ ¥ ‖y2 � x‖a

14{13‖ry2 � x‖

¥
�
‖y2 � ry2‖2 � ‖x� ry2‖2

�1{2a
14{13‖ry2 � x‖

¥
c

13

14

�
1�

�
1�?

11εp
�2�

1�?
11εp

�2

�1{2

¥ 11

10
.

However, this contradicts
∥∥∥�Gx,Ux

sτ
� rγ�1�rt�∥∥∥ ¤ supx1P rAx,4sτ{3

∥∥DGx,Ux
sτ

��
x1
∥∥

2
¤ a

14{13. This

proves that every point in Tx,sτM
�

has a point of M in its preimage under G�1

x,Ux
sτ

�. Therefore,

G�1

x,Ux
sτ

� is a bijection, and its inverse G
x,Ux

sτ

� is well-defined; furthermore, by decomposing

Rn as Tx,sτM
�

� TK
x,sτM
�

, G
x,Ux

sτ

�pyq can be written in the form
�
y, F

x,Ux
sτ

�pyq
	

for a function

F
x,Ux

sτ

� : yAx,sτ Ñ TK
x,sτM
�

.

We now proceed to derive the smoothness properties stated in ii). Vx,sτ
�

Vx,sτ
�J

: Rn Ñ Tx,sτM
�

is an orthogonal projection onto a linear subspace, so, viewed as a function on the ambient

space, it is C8 with derivative Vx,sτ
�

Vx,sτ
�J

. G�1

x,Ux
sτ

� is the restriction of this function toM, so it

is at most of the same smoothness class asM. Specifically,M is a C2 submanifold of Rn so

for any ry PM we can by definition choose a set Ury � Rn containing ry, a set Wry � Rd, and C2

functions ψry : Wry Ñ Ury and φry : Ury Ñ Wry such thatMXUry � ψrypWryq and φry �ψry � id. For

every ry P yrAx,sτ , we can see that Πd�OUx
sτ

��G�1

x,Ux
sτ

��ψry : Rd Ñ Rd is C2 because it is a composition

of functions that are all at least C2. Its derivative has the same rank as DG�1

x,Ux
sτ

�, which at a

point ry is the projection of the derivative in the ambient space onto TryM, i.e., VryV Jry Vx,sτ
�

Vx,sτ
�J

.

Note that Vry P L�Rd,Rn
�
, Vx,sτ
�J P L�Rn,Rd

�
, and rankpVryq � rank

�
Vx,sτ
�J	 � d, so by the

properties of rank we have rank
�
VryV Jry Vx,sτ

�
Vx,sτ
�J	 � rank

�
V Jry Vx,sτ
�	

. V Jry Vx,sτ
�

is of full rank

whenever σd

�
V Jry Vx,sτ
�	

¡ 0.

Recall that the cosines of the principal angles between Vry and Vx,sτ
�

are defined as the

singular values of V Jry Vx,sτ
�

. Hence, DG�1

x,Ux
sτ

� has full rank on xUxsτ whenever the principal angles
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between Vx,sτ
�

and any tangent space from

"
TryM �� ry P yrAx,sτ* are strictly less than π{2. Sup-

pose this does not hold and there does exist y1 P yrAx,sτ such that sin=1

�
Ty1M, Tx,sτM
�	

� 1.

Applying Lemma 42 ii), we see that

sin=1

�
Ty1M, Tx,sτM
�	

¤ sin
dMpx, y1q

τ
� εp

¤ sin
8
�

1� 64Cdsτ 2
M

49τ 2
	1{2sτ

7τ
� εp

¤ 1

250
� 1

12
  1

11

with probability at least 1�δp. Thus, the hypothesized y1 cannot exist, and rank
�
DG�1

x,Ux
sτ

�

	
�

d on
yrAx,sτ with the same probability. Although it appears that we are conditioning separately

on the event that rank
�
Vx,sτ
�J	 � d, the probabilistic bound on

∥∥∥sin Θ
�
Vx, Vx,sτ
�	∥∥∥

F
from

Theorem 22 assumes that the dth eigenvalue of the projection of N�1
x,sτXx,sτXJ

x,sτ onto TxM is

bounded away from zero; this is also a sufficient condition to ensure that rank
�
Vx,sτ
�J	 � d.

We have shown that the hypotheses of the inverse function theorem hold. (Without loss

of generality we can choose ψry such that ψryp0q � ry and φrypryq is a fixed point). We see

that
�

Πd �OUx
sτ

� �G�1

x,Ux
sτ

� � ψry
	�1

exists within a small neighborhood �Wry � Wry of φrypryq. LetrUry :� ψryp�Wryq; then,
!rUry) is an open cover of

�xUxsτ Y BxUxsτ
	
XM, a compact set. Let

!rVry)
be the projections of the

!rUry) onto Tx,sτM
�

; these are clearly open sets as well. We can

choose a finite set tryiu such that
!rUryi) covers

yrAx,sτ and
!rVryi) covers yAx,sτ . Let G

x,Ux
sτ

� be

the unique map with restrictions G
x,Ux

sτ

�|rV
ryi

:� ψryi �
�

Πd �OUx
sτ

� �G�1

x,Ux
sτ

� � ψryi
	�1

. Since G�1

x,Ux
sτ

�

is bijective on all of xUxsτ and since inverses are unique, this is sufficient to show that G
x,Ux

sτ

�

is well-defined. It is also of class C2; the local inverses are C2 by composition, and they

are defined on open sets and agree on the intersections of their domains, which preserves

differentiability. Note that this is equivalent to writing M X xUxsτ as the union of a finite

number of graphs
�
y, F

x,Ux
sτ

�|rV
ryi
pyq

	
, where the C2 function F

x,Ux
sτ

�|rV
ryi

: Rd Ñ Rn�d assigns

y ÞÑ Πn�d �OUx
sτ

��ψryi �
�

Πd �OUx
sτ

� �G�1

x,Ux
sτ

� � ψryi
	�1

pyq. F
x,Ux

sτ

� is defined as the unique function

with restrictions F
x,Ux

sτ

�|rV
ryi

. Let Ψ :�
!
ψryi |�W

ryi

)
. In the remainder of the text, we write
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F
x,Ux

sτ

� and G
x,Ux

sτ

� identically to their restrictions to
!rVryi), except we substitute ψ for ψryi ,

understanding ψ to be any function from Ψ such that the image of G�1

x,Ux
sτ

� � ψ includes the

point of application.

It is clear that F
x,Ux

sτ

� and G
x,Ux

sτ

� have bounded derivatives. To prove iii) we use largely the

same setup as Lemma 35 ii), which we summarize here, making the necessary changes for our

setting. These statements are justified by the same reasoning as in the earlier lemma, so we

do not restate the proofs here. Let x1 P yAx,sτ , and let rx1 :� G
x,Ux

sτ

�px1q. Recall that by Lemma

42 i), rx1 P yrAx,sτ � rA
x,sτLp1�εp?2q. DG

x,Ux
sτ

�
��
x1 and DG�1

x,Ux
sτ

�
��rx1 are maps between Tx1 yAx,sτ and

Trx1 yrAx,sτ . Specifically, DG�1

x,Ux
sτ

�
��rx1 : Trx1 yrAx,sτ Ñ Tx1 yAx,sτ assigns rv ÞÑ �

Vrx1V Jrx1 Vx,sτ
�

Vx,sτ
�J	Jrv, and

DG
x,Ux

sτ

�
��
x1 is the inverse map. Since F

x,Ux
sτ

� is the projection of G
x,Ux

sτ

� onto TK
x,sτM
�

, DF
x,Ux

sτ

�
��
x1

is a map from Tx1 yAx,sτ to the tangent space of TK
x,sτM
�

at F
x,Ux

sτ

�px1q. The singular values

of DG�1

x,Ux
sτ

�
��rx1 are

!
cos=i

�
Trx1M, Tx,sτM
�	)

, those of DG
x,Ux

sτ

�
��
x1 are

!
sec=i

�
Trx1M, Tx,sτM
�	)

,

and those of DF
x,Ux

sτ

�
��
x1 are

!
tan=i

�
Trx1M, Tx,sτM
�	)

. Because DG�1

x,Ux
sτ

�
��rx1 is a composition of

projections, infxPM infx1PzAx,sτ σd
�
DG

x,Ux
sτ

�
��
x1

	
¥ 1, and infxPM infx1PzAx,sτ σd

�
DF

x,Ux
sτ

�
��
x1

	
¥ 0.

The operator norm of DF
x,Ux

sτ

�
��
x1 is bounded above as

sup
xPM

sup
x1PzAx,sτ

σ1

�
DF

x,Ux
sτ

�
��
x1

	
� sup

xPM
sup

x1PzAx,sτ
∥∥∥DFx,Ux

sτ

�
��
x1

∥∥∥
2

� sup
xPM

sup
x1PzAx,sτ

tan=1

�
Trx1M, Tx,sτM
�	

¤ sup
xPM

sup
x1PzAx,sτ

tan arcsin

�
sin

dMpx, rx1q
τ

� εp




¤ tan arcsin

��
1� 16sτ 2

9τ 2


1{2
8sτ
7τ

� εp

�

  8

5

�
7sτ
5τ

� εp



for sτ{τ   1{2 and εp   1{12. This also implies

sup
xPM

sup
x1PzAx,sτ

σ1

�
DG

x,Ux
sτ

�
��
x1

	
� sup

xPM
sup

x1PzAx,sτ
∥∥∥DGx,Ux

sτ

�
��
x1

∥∥∥
2

� sup
xPM

sup
x1PzAx,sτ

sec=1

�
Trx1M, Tx,sτM
�	
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¤
�

1� 64

25

�
7sτ
5τ

� εp


2
�1{2

.

We now bound the Lipschitz constants of DF
x,Ux

sτ

� and DG
x,Ux

sτ

�, which are equal be-

cause DG
x,Ux

sτ

� �
�
I
���DFJ

x,Ux
sτ

�

�J
. Let x1, x2 P yAx,sτ , and let rx1 :� G

x,Ux
sτ

�px1q and rx2 :�
G
x,Ux

sτ

�px2q. Let v P Tx,sτM
�

. Then, there exist vectors vrx1 , vrx2 with norms no greater than

‖v‖ supxPM supx1PzAx,sτ σ1

�
DG

x,Ux
sτ

�
��
x1

	
satisfying DG�1

x,Ux
sτ

�
��rx1vrx1 � DG�1

x,Ux
sτ

�
��rx2vrx2 � v. We have

sup
xPM

Lip
�
DG

x,Ux
sτ

�

	
¤ sup

xPM
x1�x2PzAx,sτ

sup
vPTx,sτM
�

‖v‖�1

?
d
∥∥∥DGx,Ux

sτ

�
��
x1
v �DG

x,Ux
sτ

�
��
x2
v
∥∥∥

‖x1 � x2‖

� sup
xPM

x1�x2PzAx,sτ
sup

vPTx,sτM
�

‖v‖�1

?
d‖vrx1 � vrx2‖
‖x1 � x2‖

¤ sup
xPM

x1�x2PzAx,sτ
sup

vPTx,sτM
�

‖v‖�1

?
dp‖vrx1 � rvrx2‖� ‖rvrx2 � vrx2‖q

‖x1 � x2‖
,

where rvrx2 is the projection of vrx2 onto Trx1M. Using the principal angle bound from Lemma 34

v), ‖rvrx2 � vrx2‖ ¤
∥∥Vrx1V Jrx1 � Vrx2V Jrx2

∥∥
2
‖rvrx2‖ ¤ ‖vrx2‖ sin=1pTrx1M, Trx2Mq ¤ ‖vrx2‖ sinpdMprx1, rx2q{τq.

We also have

‖rvrx2 � vrx1‖ ¤ σ1

�
DG

x,Ux
sτ

�
��
x1

	∥∥∥DG�1

x,Ux
sτ

�
��rx1rvrx2 �DG�1

x,Ux
sτ

�
��rx1vrx1∥∥∥

� σ1

�
DG

x,Ux
sτ

�
��
x1

	∥∥∥DG�1

x,Ux
sτ

�
��rx1rvrx2 �DG�1

x,Ux
sτ

�
��rx2vrx2∥∥∥

¤ σ1

�
DG

x,Ux
sτ

�
��
x1

	∥∥∥Vx,sτ�Vx,sτ
�J∥∥∥

2

∥∥Vrx1V Jrx1 � Vrx2V Jrx2
∥∥

2
‖vrx2‖

¤ ‖vrx2‖ sin
dMprx1, rx2q

τ
� sup

xPM
x1PzAx,sτ

σ1

�
DG

x,Ux
sτ

�
��
x1

	
.

Thus,

sup
xPM

Lip
�
DG

x,Ux
sτ

�

	
¤ sup

xPM
x1�x2PzAx,sτ

sup
vPTx,sτM
�

‖v‖�1

?
d

τ

dMprx1, rx2q
‖x1 � x2‖

‖vrx2‖
���1� sup

xPM
x1PzAx,sτ

σ1

�
DG

x,Ux
sτ

�
��
x1

	��

¤
?
d

τ
� sup

xPM
x1PzAx,sτ

σ1

�
DG

x,Ux
sτ

�
��
x1

	
� sup

xPM
x1PzAx,sτ

σ1

�
DG

x,Ux
sτ

�
��
x1
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�

���1� sup
xPM
x1PzAx,sτ

σ1

�
DG

x,Ux
sτ

�
��
x1

	��

¤ 7

?
d

τ
. �

Clearly, analogous statements to Lemma 35 iii) and iv) and Corollary 36 hold for the

maps
!
G�1

x,Ux
sτ

�
�� x PM, sτLp1� εp

?
2q   τ0

)
. In fact, a version of Corollary 36 i) was needed

for the bound on dMprx1, rx2q
L
‖x1 � x2‖ in the final part of the proof of Theorem 44 iii); this

ratio depends on the operator norm of DG
x,Ux

sτ

� and not on its Lipschitz constant, so there

are no circular dependencies. We now prove a related lemma concerning the densities of the

pushforwards of P to the estimated tangent spaces.

Lemma 45. Let sτ   rτmax,2. Let Px,sτ , for x PM, be the pushforward of P to yAx,sτ considered

as a probability measure. Then, it has density px,sτ with respect to Ld that is bounded as

0  
�

1� 64

25

�
7sτ
5τ

� εp


2
��d{2

pmin
pmax

ω�1
d sτ�d ¤ inf

xPM
x1PzAx,sτ

px,sτ px1q

8 ¡
�

1� 64

25

�
7sτ
5τ

� εp


2
�d{2

pmax
pmin

ω�1
d sτ�d ¥ sup

xPM
x1PzAx,sτ

px,sτ px1q

Proof. Note that, by Theorem 33, Pzi,sτ has density

pzi,sτ px1q �
�
p �G

zi,U
zi
sτ

�

	
px1q

d
det

�
DGJ

zi,U
zi
sτ

�
��
x1DGzi,U

zi
sτ

�
��
x1



P
�zrAzi,sτ
�1

(after renormalizing) with respect to Ld. The determinant is the product of the squared sin-

gular values ofDG
zi,U

zi
sτ

�
��
x1 , which have a uniform upper bound of

�
1� 64{25

�
7sτL5τ � εp

�2
	1{2

by Theorem 44 iii). By another application of these theorems, 0   pminωdsτ d ¤ infxPMP
�yrAx,sτ


and supxPMP
�yrAx,sτ
 ¤ pmaxωdsτ d�1� 64{25

�
7sτL5τ � εp

�2
	d{2

  8. This is enough to prove

the statement. �
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3.5.1 Pullback to Estimated Tangent Spaces

In order to perform local C1,1pRdq regression on the estimated tangent spaces, we need a

result showing that we are estimating a function with finite C1,1pRdq norm. In the following

theorem, we show that for f :
yrAx,sτ Ñ R with finite C1,1pMq norm, the C1,1pRdq norm

of the pullback G�
x,Ux

sτ

�pfq :� f � G
x,Ux

sτ

� is bounded above by a multiple of ‖f‖C1,1pMq. The

proof is similar to that of Lemma 40, with the appropriate operator norms substituted for

supxPM,yPAx,sτ

∥∥∥DGx,Ux
sτ

��
y

∥∥∥
2
.

Theorem 46. Let x PM, and let Tx,sτM
�

be an estimate of TxM such that sin=1

�
Tx,sτM
�

, TxM
	
¤

εp. Assume sτL�1� εp
?

2
�   τ0. Let f� : M Ñ R be a C1,1pMq function such that

‖f�‖C1,1pMq ¤ M�, and let h�x,sτ : Tx,sτM
�

� yAx,sτ Ñ R be the function assigning y ÞÑ�
f� �G

x,Ux
sτ

�

	
pyq. Then, the C1,1pRdq norm of h�x,sτ is bounded above by M�

h,sτ , a constant

independent of x:

sup
xPM

∥∥h�x,sτ∥∥C1,1pRdq ¤
�

1� 7
?
d

τ
� 64

25

�
7sτ
5τ

� εp


2
�
M�

�: M�
h,sτ .

Proof. Clearly,
∥∥h�x,sτ∥∥C0pRdq ¤M�, and

sup
xPM
yPzAx,sτ

∥∥∇h�x,sτ pyq∥∥ ¤ sup
xPM
yPzAx,sτ

∥∥∥∥�DGx,Ux
sτ

�

	J���
y

∥∥∥∥
2

� sup
xPM
‖∇f�pxq‖

¤
�

1� Cd

�sτ
τ
� εp


2
�1{2

M�,

where the second line follows by Theorem 44 iii) and the fact that ‖f�‖C1,1pMq ¤ M�. As

we did for Lipp∇g�x,sτ q, we can use the triangle inequality to bound Lipp∇h�x,sτ q by the sum

of a term depending on the norm of DG
x,Ux

sτ

� and the Lipschitz constant of ∇f� and another

term depending on the Lipschitz constant of DG
x,Ux

sτ

� and the norm of ∇f�. This yields, forry1 :� G
x,Ux

sτ

�py1q and ry2 :� G
x,Ux

sτ

�py2q,

sup
xPM

Lipp∇h�x,sτ q ¤ sup
xPM
yPzAx,sτ

∥∥∥∥�DGx,Ux
sτ

�

	J���
y

∥∥∥∥
2

� Lip
�

gradf�
:	

� sup
xPM

y1�y2PzAx,sτ
dMpry1, ry2q
‖y1 � y2‖
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� sup
xPM

Lip
�
DG

x,Ux
sτ

�

	
� sup

xPM
‖∇f�pxq‖

¤
�

1� Cd

�sτ
τ
� εp


2
�
M� � CdM

�

τ
. �

3.6 Analysis of C1,1pMq Regression Algorithm

We begin by restating the regression problem. We are provided with N i.i.d. samples from

M, a d-dimensional C2 submanifold of Rn with reach τ ; we are also provided with samples

from a real-valued function associated with each point. Let X � Y � M � R denote the

sample. We place minor restrictions on the probability measure P that X is drawn from — we

assume that P is absolutely continuous with respect to HdpMq and has a density p such that

0   pmin ¤ ppxq ¤ pmax   8 for all x PM. Y is drawn i.i.d from a Gaussian with mean

f� P C1,1pMq and variance σ2   8. f� is assumed to have bounded norm ‖f�‖C1,1pMq ¤M�.

The foregoing assumptions apply throughout this section, so we will not repeat them in the

statement of each result.

We will now describe the estimation procedure that we use and then prove that it recovers

f� in risk and sup norm as N Ñ 8. Start by fixing sτ   rτmax,2, which serves as a bandwidth

parameter. Then, proceed with the following steps to define the estimator pf :

1. Construct a minimal sτ{6-net Z of X . (A minimal η-net is both an η-covering and

an η-packing.) We will locally estimate f� around each point of Z and then patch

together these estimators using a partition of unity.

2. For each zi P Z, estimate TziM by performing local PCA within the region Bnpzi, sτqX
X . Let Tzi,sτM

�
be the estimator, and let xU zisτ :� Bdpzi, sτq � Bn�dpzi, sτq, where the

coordinate system has origin zi and Tzi,sτM
�

is identified with Rd. Define zAzi,sτ :�xU zisτ X Tzi,sτM
�

, and
zrAzi,sτ :� xU zisτ XM. Let G�1

zi,U
zi
sτ

� :
zrAzi,sτ Ñ zAzi,sτ be the orthogonal

projection of M onto Tzi,sτM
�

, and let G
zi,U

zi
sτ

� be its inverse, which is well-defined by

Theorem 44.
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3. Estimate the pullback of f� to each Tzi,sτM
�

. By Theorem 46, the
!
h�zi,sτ :� f� �

G
zi,U

zi
sτ

�
�� zi P Z) are C1,1pRdq and have uniformly bounded C1,1pRdq norms. For each

h�zi,sτ , use the methods of Gustafson et al. (2018) outlined in Section 3.2 to perform

C1,1pRdq regression on X 1
zi
� Yzi , where X 1

zi
:� G�1

zi,U
zi
sτ

�

�zrAzi,sτ X X
 � Tzi,sτM
�

and Yzi
is the corresponding subset of Y . This involves finding a solution to

arg inf
fP 9�F

zi,sτ,
�M

1∣∣X 1
zi

∣∣ ∑
pxi,yiqPX 1

zi
�Yzi

pyi � fpxiqq2,

where
9�Fzi,sτ ,�M :�

!
f : zAzi,sτ Ñ R

�� ‖f‖
9C1,1pRdq ¤ �M)

. �M is increasing with N , and is

chosen via metric entropy arguments, as in Theorem 31. Denote the estimator by yhzi,sτ .
4. Define the function pf :MÑ R through the assignment

x ÞÑ
∑
ziPZ

αzipxq
�yhzi,sτ �G�1

zi,U
zi
sτ

�



pxq,

where
 
αzi

�� zi P Z( is any suitable C2 partition of unity subordinate to

"zrAzi,sτ �� zi P Z*.

Before proving risk bounds and convergence properties of pf , we need to show that Z can

be used to partition M in a favorable manner, which we do in Section 3.6.1. We start by

deriving bounds on the size of minimal η-nets of M (where η   τ{2) in terms of η and the

volume ofM. Then, we derive uniform convergence rates for the empirical measure indexed

by sets formed by intersecting M with an n-dimensional ball centered on M. We use these

results to derive an upper bound on the size of a sτ{6-net Z of X and to prove that Z is asτ{2-net ofM w.h.p. The latter fact implies that if f� can be locally estimated around each

point of Z, a partition of unity can be used to construct an estimator pf whose domain is all

of M.

We use the convergence of the empirical measure to derive a uniform lower bound, in-

creasing in N , on the number of points of X within sτ of each point of Z. This leads to

uniform bounds for other quantities, such as the error probability of local PCA. Since we
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have a bound on |Z|, we can apply the union bound to get the probability of the estimated

tangent spaces being close in angular distance to the true tangent spaces. From this, it

follows that charts based on orthogonal projection onto the estimated tangent spaces are C2

diffeomorphisms with uniformly bounded norms. One of the implications of this is that rates

can be set uniformly when locally performing C1,1pRdq regression. We also prove that the

preimages of the projections within a radius of sτ coverM when taken together, allowing us

to construct a C2 atlas for M.

3.6.1 Sampling a C2 Atlas for M

We will assume that minimal η-nets for the metric space pK, distq (with distance function

dist : K �K Ñ R) are constructed using the following procedure. Choose k1 P K. Choose

subsequent ki P Kz
�
j BKpkj, ηq, where BKpkj, ηq is the set of all points k P K such that

distpkj, kq   η. Clearly this procedure terminates for compact K otherwise tkiu does not

contain a convergent subsequence. An η-covering is guaranteed by the stopping condition.

Note that tkiu is also an η-packing by construction.

Lemma 47. pM, ‖ � ‖2q is a metric space where ‖ � ‖2 is the standard norm of Rn. For

η P p0, τ{2q, a minimal η-net Sη of M has cardinality bounded as�
5

7


d{2
ω�1
d

V

ηd
¤ |Sη| ¤ 5d{2ω�1

d

V

ηd
.

Proof. Let Sη :� tsη,iu be a minimal η-net of M; at least one such net exists and can be

constructed according to the procedure outlined earlier in this section. We prove the bounds

on its size by noting that∑
i

HdpBnpsη,i, η{2q XMq ¤ HdpMq ¤
∑
i

HdpBnpsη,i, ηq XMq.

The first inequality holds because Sη is an η-packing and tBnpsη,i, η{2q XMu are disjoint,

and the second inequality is true sinceM is covered by tBnpsη,i, ηq XMu. From this we see

that

|Sη| inf
xPM
HdpBnpx, η{2q XMq ¤ V ¤ |Sη| sup

xPM
HdpBnpx, ηq XMq.
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Applying Lemma 35 iv) with g as the constant function 1 shows that

sup
xPM
HdpBnpx, ηq XMq ¤

�
1� 49

36

η2

τ 2


d{2
sup
xPM
LdpΠxpBnpx, ηq XMqq

¤
�

7

5


d{2
ωdη

d,

where the second line follows from the fact that ΠxpBnpx, ηq XMq � Ax,η. Now, note that

Federer’s reach condition implies that ΠxpBnpx, η{2q XMq contains a d-dimensional ball of

radius at least η{2a1� η2{p16τ 2q. Using the other side of Lemma 35 iv),

inf
xPM
HdpBnpx, η{2q XMq ¥ inf

xPM
LdpΠxpBnpx, η{2q XMqq

¥ ωd

�η
2

	d�
1� η2

16τ 2


d{2

¥
�

1

5


d{2
ωdη

d.

Rearranging yields the lemma. �

Lemma 48. Let B0 :�  
Bnpx, rq

�� x PM, 0   r   τ{2(. Then, for sets of the form B X
M, B P B0, the following uniform bound holds for the convergence of the empirical measure

to P:

P

��� sup
Bnpx,rqPB0

N�1{p4dq¤r¤τ{2

∣∣∣∣ 1

N
|B X X|� PpB XMq

∣∣∣∣ ¤ 1

N1{4 �
�

7

5


d{2
pmaxωd

�τ
2
� 1

	d� 5

N


��� ¥

1� 2
�
5d{2

�
V τNd�1

ωd
exp

�
�N1{4pminωd

�
15

16


d{2M
3

�
.

With the same probability, supBnpx,rqPB0,0 r N�1{p4dq
∣∣ 1
N
|B X X|� PpB XMq∣∣ ¤ N�1{4�pmaxp7{5qdωdN�1{4.

Proof. Let FB0 :�  
1tB XMu �� B P B0

(
. Then, the supremum in the probability statement

becomes supfPFB0

∣∣∣ 1
N

∑N
i�1 fpxiq � Ef

∣∣∣. Measurability is not an issue because FB0 contains

a countable subset FB1 from which a pointwise convergent sequence of functions can be

constructed for any f P FB0 ; that is, FB0 is pointwise measurable (Van Der Vaart and
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Wellner, 1996). FB1 can be taken as the indicators of the intersection of M with balls of

rational radii and whose centers have rational coordinates in charts centered at points of a

finite net of M.

We use a slightly different (finite) subset of FB0 to prove the finite sample bound stated

in the lemma. Choose δ1, δ2, δ3 ¡ 0 and sufficiently small with respect to τ . Construct a

minimal δ1-net Sδ1 ofM. Let B2,N :�  
Bnpx, rq

�� x P Sδ1 , r P pδ3, τqXδ2N
(
. Let FB2,N

be the

class of indicator functions of the intersection ofM with members of B2,N . For any f P FB0 ,

there exist fl, fu P FB2,N
such that fl ¤ f ¤ fu for all x PM.

Fix f0 :� 1tMXBnpx0, r0qu. Then, we can take f0,l :� 1tMXBnpx0,l, r0,lqu and f0,u :�
1tMXBnpx0,u, r0,uqu, where x0,l, x0,u P Sδ1 are within δ1 of x0 and r0,l, r0,u P pδ3, τq X δ2N

are within δ1 � δ2 of r0. An upper bound for ENf0 � Ef0 can be obtained by adding and

subtracting f0,u within the expectations:

ENf0 � Ef0 � EN rf0 � f0,us � Erf0 � f0,us � ENf0,u � Ef0,u

¤ Erf0,u � f0,ls � |ENf0,u � Ef0,u|.

Similarly, ENf0 � Ef0 ¥ �Erf0,u � f0,ls � |ENf0,l � Ef0,l|. Thus,

sup
fPFB0

|ENf � Ef | ¤ sup
xPM

0¤r¤τ{2
Er1tMXBnpx, r0 � 2δ1 � 2δ2qu � 1tMXBnpx, r0qus

� sup
fPFBN,2

|ENf � Ef |.

We start by bounding the first term on the right-hand side, rewriting it as a probability

statement. For balls with radius less than δ3, we have

sup
xPM

0 r δ3

PpMXBnpx, r0 � δ1 � δ2qq � sup
xPM

0 r δ3

»
MXBnpx,r0�δ1�δ2q

ppx1qdHdpx1q

¤ pmax

�
7

5


d{2
sup
xPM

0 r δ3

LdpΠxpMXBnpx, r0 � δ1 � δ2qqq

¤ pmax

�
7

5


d{2
ωdpδ3 � δ1 � δ2qd.
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For balls with radius at least δ3 the calculation is harder because we need a bound on the

volume of the intersection ofM with an n-dimensional spherical shell. Letting rδ :� 2δ1�2δ2,

sup
xPM

δ3¤r¤τ{2
P
�
MXBnpx, r0 � rδqzBnpx, r0q

	
� sup

xPM
δ3¤r¤τ{2

»
MXBnpx,r0�rδqzBnpx,r0q ppx

1qdHdpx1q

¤ pmax

�
7

5


d{2
sup
xPM

δ3¤r¤τ{2

�
Ld

�
Πx

�
MXBnpx, r0 � rδq		

� LdpΠxpBnpx, r0qqq



� pmax

�
7

5


d{2
sup
xPM

δ3¤r¤τ{2

» » rr1
rr0 r

1d�1
V pΘqdr1dΘ,

where the last line is a spherical integral with Θ a vector of d � 1 angular variables and

V pΘq the volume element. The radii rr0 and rr1 may be functions of Θ. We need to bound

the variation in the radial distances of the projections of M X Bnpx, r0 � rδq and M X
Bnpx, r0q, i.e., rr1 � rr0, and relate it to rδ. For a fixed set of angular values, consider a

line starting at x. Denote its intersection with the boundary of ΠxpM X Bnpx, r0qq by

x1 and with the boundary of ΠxpM X Bnpx, r0 � rδqq by x2. For a given x1, the distance

‖x2 � x1‖ is maximized when x2 is chosen such that Gx,Ux
τ{2px2q �Gx,Ux

τ{2px1q lies parallel to

x1 � x and
∥∥∥Fx,Ux

τ{2px2q
∥∥∥ ¤ ∥∥∥Fx,Ux

τ{2px1q
∥∥∥. In addition to the constraints

∥∥∥Gx,Ux
τ{2px2q � x

∥∥∥ �
r0 � rδ and

∥∥∥Gx,Ux
τ{2px1q � x

∥∥∥ � r0, we also require
∥∥∥Gx,Ux

τ{2px2q �Gx,Ux
τ{2px1q

∥∥∥L‖x2 � x1‖ ¤a
7{5 by Lemma 35 ii) and

∥∥∥Fx,Ux
τ{2px1q

∥∥∥ ¤ r2
0{p2τq by Federer’s reach condition. Let h :�∥∥∥Fx,Ux

τ{2px1q
∥∥∥, t2 :� ‖x2 � x1‖, t1 :�

∥∥∥Fx,Ux
τ{2px2q � Fx,Ux

τ{2px1q
∥∥∥, and c :� t1{t2. Then, we

have t2 �
b
pr0 � rδq2 � ph� ct2q2 �

a
r2

0 � h2; solving this for t2 and optimizing subject to

the above constraints, we see that t2 achieves its maximum when h � r2
0{p2τq and c �a

2{5.

A series expansion shows t2   5{4rδ. The desired integral can now be bounded as follows:

sup
xPM

δ3¤r¤τ{2

» » rr0� 5
4
rδ

rr0 r1d�1
V pΘqdr1dΘ � sup

xPM
δ3¤r¤τ{2

»
1

d

�
prr0 � 5

4
rδqd � rrd0
V pΘqdΘ

¤ ωd

d∑
k�1

�
d

k


�τ
2

	d�k�5

4
rδ
k
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¤ ωd

�τ
2
� 1

	d�5

4
rδ
.

Finally, we show that supfPFBN,2
|ENf � Ef | is bounded with high probability. For a fixed

f P FBN,2 (i.e., a fixed B P BN,2), a two-sided Chernoff bound gives

P
�
||B X X|�NPpB XMq| ¤ N3{4PpB XMq� ¥ 1� 2 exp

��N1{2PpB XMqL3
�
.

Note that infBPBN,2 PpB XMq is bounded away from zero:

inf
BPBN,2

PpB XMq ¥ pmin inf
xPM
LdpΠxpBnpx, δ3q XMqq

¥ pminωdδ
d
3

�
15

16


d{2
.

This, along with the bound on |Sδ1| from Lemma 47 allows us to apply the union bound:

P

�
sup

BPBN,2

∣∣∣∣ |B X X|
N

� PpB XMq
∣∣∣∣ ¤ 1

N1{4

�
¥ 1� 2|Sδ1|τ

δ2

exp

�
�N1{2 inf

BPBN,2
PpB XMqL3




¥ 1� 2
�
5d{2

�
V τ

ωdδd1δ2

exp

�
�N1{2pminωdδd3

�
15

16


d{2M
3

�
.

Taking δ1 :� N�1, δ2 :� N�1, and δ3 :� N�1{p4dq gives the bounds in the statement. �

Lemma 49. Fix sτ ¤ rτmax,2. Construct a minimal sτ{6-net Z of X . Then,

i) |Z| ¤ 5d{2ω�1
d

V

psτ{12qd .

ii) sup
xPM

∣∣ zi P Z �� x P Bnpzi, sτq XM(∣∣ ¤ 30d
�

1� 49sτ 2

36τ 2


d{2
.

Furthermore, with probability at least 1�2
�
5d{2

�
V τω�1

d Nd�1 exp
�
�N1{4pminωdp15{16qd{2

M
3
	

,

for N large enough,

iii) Z is a sτ{2-net of M and

iv) inf
ziPZ
|Bnpzi, sτq X X| ¥ p15{16qd{2Npminωdsτ dL2.
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Proof. Start by constructing a minimal sτ{6-net Z :� tziu of X , where X has a metric space

structure from its embedding into Rn. Note that Z is a sτ{6-packing of X and therefore of

M. A sτ{6-packing of a metric space has cardinality bounded above by that of any givensτ{12-net. Otherwise, there would be two elements of the packing within sτ{12 of a member

of the net, or within sτ{6 of each other, which is a contradiction. In particular, using Lemma

47 to bound the size of a minimal sτ{12-net of M, we have i):

|Z| ¤ 5d{2ω�1
d

V

psτ{12qd .

Next, in ii), we prove an upper bound on the number of zi P Z that are within sτ of any

point of M. Fix x P M. Note that tBnpzi, sτ{12q XM �� zi P Bnpx, sτq X Zu are pairwise

disjoint, and by the injectivity of Πx within a radius of τ , so are tΠxpBnpzi, sτ{12qXMq �� zi P
Bnpx, sτq X Zu. Note that BdpΠxpziq, p1 � 49sτ 2

L
36τ 2q�1{2sτ{12q � ΠxpBnpzi, sτ{12q XMq, so

the maximum cardinality of a p1�49sτ 2
L
36τ 2q�1{2sτ{6-packing of Bdpx, 13sτ{12q is the desired

upper bound. By Lemma 47, this is no greater than 30dp1� 49sτ 2
L
36τ 2qd{2.

It remains to be shown that, w.h.p., M � �
iBnpzi, sτ{2q and |Bnpzi, sτq X X| has a

uniform lower bound strictly greater than zero and increasing inN . (These are the statements

from parts iii) and iv), respectively). The latter is a straightforward application of Lemma

48, in which we proved a uniform bound on the number of points contained in any region that

is the intersection of M with an n-dimensional ball centered on M. In other words, with

high probability, infziPZ |Bnpzi, sτq X X| is not much smaller than infxPMNPpBnpx, sτq XMq,
which has a lower bound of Npminωd

�sτa15{16
	d

by an application of Lemma 35 iv). The

error bound in the probability statement from Lemma 48 is much less than this for large

enough N . (If an explicit bound is desired, we can set each term equal to 1/4 of the expected

number of points and solve for N). Thus,

P
�

inf
ziPZ
|Bnpzi, sτq X X| ¥ p15{16qd{2Npminωdsτ dL2

�
¥ 1� 2

�
5d{2

�
V τω�1

d Nd�1

� exp
�
�N1{4pminωdp15{16qd{2L3

	
.

We can demonstrate that
 
Bnpzi, sτ{2q �� zi P Z( is a cover of M by relating Z to any
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minimal sτ{6-net of M. Consider one such net Ssτ{6 :�  
ssτ{6,i(. By another application

of Lemma 48, we see that infs
sτ{6,iPSsτ{6

∣∣Bnpssτ{6,i, sτ{6q X X ∣∣ ¥ 37�d{2Npminωdsτ dL2 with the

same probability as above. This shows that Z is a sτ{2-net of M as follows. Any point of

M is within sτ{6 of an element of Ssτ{6, which is within sτ{6 of a point of X w.h.p. (since

infs
sτ{6,iPSsτ{6

∣∣Bnpssτ{6,i, sτ{6q X X ∣∣ ¡ 0), which is in turn within sτ{6 of some element of Z. Thus,

every point of M is within sτ{2 of a member of Z. �

Theorem 50. Let Z be a minimal sτ{6-net of X , where sτ ¤ rτmax,2. For each zi P Z,

estimate TziM with Tzi,sτM
�

, the subspace with orthonormal basis given by the d largest

eigenvectors of N�1
zi,sτXzi,sτXJ

zi,sτ , where Xzi,sτ :� Bnpzi, sτq X X and Nzi,sτ :� |Bnpzi, sτq X X|.
Center the coordinate system at zi and let the first d coordinates lie in Tzi,sτM

�
. DefinexU zisτ :� Bdpzi, sτq � Bn�dpzi, sτq, zAzi,sτ :� xU zisτ X Tzi,sτM

�
, and

zrAzi,sτ :� xU zisτ XM. Let G�1

zi,U
zi
sτ

� :zrAzi,sτ Ñ zAzi,sτ be the orthogonal projection of M onto Tzi,sτM
�

. Then, with probability no

less than 1 � 2
�
5d{2

�
V τω�1

d Nd�1 � exp
�
�N1{4pminωdp15{16qd{2

M
3
	
� 5d{2ω�1

d V
Lpsτ{12qd �

2d exp
�
� p2{3qd{2sτ d�2Nωdp

2
min

M
12pd� 2qpmax

	
, the following statements hold.

i) Each member of
!
G
zi,U

zi
sτ

�
�� zi P Z) is a well-defined local C2 parametrization ofM pos-

sessing a derivative whose operator norm and Lipschitz constant are uniformly bounded

above.

ii) The collection CZ :�
"�zrAzi,sτ , G�1

zi,U
zi
sτ

�


 �� zi P Z* is a C2 atlas for M.

Proof. This proof is conditional on the statements of Lemma 49, which hold w.h.p. Recall

from Theorem 41 that local PCA produces a subspace Tzi,sτM
�

such that
��� sin Θ

�
Tzi,sτM
�

, TziM
	���

F

is bounded above by εp, where εp isOpsτ{τq with probability at least 1�2d exp
�
�p5{7qd{2sτ 2Nzi,sτpmin

M
6pd� 2qpmax

	
.

By Lemma 49 iv), infziPZ Nzi,sτ ¥ p15{16qd{2Npminωdsτ dL2, implying that the error probability

of local PCA is uniformly bounded for all charts of radius sτ (taken individually). The bound

on |Z| from Lemma 49 i), together with the union bound, gives the probability that the

domain of every chart in CZ is close in angular distance to its corresponding true tangent
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space and thus meets the assumptions required for the conclusions of Lemma 42 and The-

orem 44 to hold. Part i) of the present lemma follows immediately from the latter, which

shows that the

"
G�1

zi,U
zi
sτ

�
�� zi P Z* are C2 diffeomorphisms with derivatives that all have the

stated uniform bounds on their operator norms and Lipschitz constants.

For ii), we need to show that M � �
ziPZ

zrAzi,sτ and that the charts in CZ are C2 com-

patible with each other. The former is true because M � �
ziPZ

rAzi,sτ{2 � �
ziPZ

{rAzi,c1sτ ��
ziPZ

{rAzi,c2sτ , where c1 :� p1 � εp
?

2q{2 and c2 :� 9{16. The first inclusion follows from

Lemma 49 iii) and the fact that ΠzipBnpzi, sτ{2q XMq � Bdpzi, sτ{2q. The second and third

are due to Lemma 42 i) and sτ being small enough such that εp   1{12. Finally, compatibil-

ity of the charts follows from

$'&'%G�1

zj ,U
zj
sτ

� �G
zi,U

zi
sτ

����G�1

zi,U
zi
sτ

�

�{rAzi,sτX{rAzj ,sτ

 �� zi, zj P Z

,/./- being C2 by

composition. �

3.6.2 Excess Risk and Convergence of pf
After sampling the net Z and constructing CZ , we carry out a structural risk minimization

procedure separately on each xU zisτ , giving a collection of local estimators
!yhzi,sτ �� zi P Z). We

then use a partition of unity

"
αzi :

zrAzi,sτ Ñ R
�� zi P Z* to define the estimator of f� as

pfpxq �∑
ziPZ

αzipxq
�yhzi,sτ �G�1

zi,U
zi
sτ

�



pxq.

Besides having locally finite support, the partition of unity must also satisfy 0 ¤ αzipxq ¤ 1

for all zi P Z, x P M and
∑

ziPZ αzipxq � 1 for all x P M. These conditions are satisfied

when each αzi is defined through the assignment

x ÞÑ
rαzi �G�1

zi,U
zi
sτ

�pxq∑
ziPZ

rαzi �G�1

zi,U
zi
sτ

�pxq
,

where rαzi is a recentered and rotated version of a C2 bump function rα on Bdp0, sτq. We will

not specify the exact form of rα, but we will note that it can be chosen so that ‖rα‖C1,1pRdq   8
and infxPM

∑
ziPZ rαzi �G�1

zi,U
zi
sτ

�pxq ¡ 0, implying that supziPZ‖αzi‖C1,1pMq   8.
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Define the class of functions Fzi,sτ ,�M :�
"
f :MÑ R

�� ‖fzi,sτ‖C1,1pRdq ¤ �M, where fpxq �∑
ziPZ

αzipxq
�
fzi,sτ �G�1

zi,U
zi
sτ

�



pxq

*
. �M is chosen as an increasing function of N . Define 9Fzi,sτ ,�M

similarly, but with the constraint on the 9C1,1pRdq seminorm. Note that checking if a par-

ticular f is in either of these classes requires finding a suitable decomposition tfzi,sτu, which

may not be unique. Now define FZ,sτ ,�M :� �
ziPZ Fzi,sτ ,�M , and 9FZ,sτ ,�M :� �

ziPZ
9Fzi,sτ ,�M . Our

algorithm finds pf P 9FZ,sτ ,�M . In the next lemma, we show that pf P FZ,sτ ,�M as well, w.h.p.;

this is required for the derivation of risk bounds via the C1,1pRdq case. We also show that

f� P FZ,sτ ,�M for large enough N , meaning that
 
h�zi,sτ

(
are eventually candidate functions for

all zi. The results in this section are conditional on Section 3.6.1. Specifically, we assume

that Z is a minimal sτ{6-net of X that is also a sτ{2-net of M satisfying the conclusions of

Lemma 49. We also assume that CZ is a collection of charts forming a C2 atlas for M and

satisfying the conclusions of Theorem 50.

Lemma 51. Choose �M � o
�
N2{d� and increasing in N . Then, the following statements hold

for large enough N .

i) P
� pf P FZ,sτ ,�M

�
¥ 1� 2

�
5d{2

�
ω�1
d

V

psτ{12qd exp

�
�
�
p15{16qd{2Npminωdp8sτ{9qdL2

	1{100



ii) f� P FZ,sτ ,�M
Proof. i) By Lemma 45, the pushforwards

 
Pzi,sτ

�� zi P Z( of P to
!zAzi,sτ �� zi P Z) have

densities uniformly bounded away from zero and infinity. Thus, by Theorem 32, each yhzi,sτ has

C1,1pRdq norm no greater than �M with probability at least 1 � 2 exp
�
��infziPZ

∣∣X 1
zi

∣∣�1{100
	

,

where X 1
zi

:� G�1

zi,U
zi
sτ

�

�zrAzi,sτ X X
, as long as �M � o
�∣∣X 1

zi

∣∣2{d	. The setup of the present

lemma assumes the uniform bound of Lemma 48, which we can employ after noting thatsτ   rτmax,2 implies εp   1{12. Then, rAzi,8sτ{9 � zrAzi,sτ � rAzi,8sτ{7 by Lemma 42 i), which gives

inf
ziPZ

∣∣X 1
zi

∣∣ ¥ inf
xPM

NPpBnpx, 8sτ{9q XMqL2

¥ p15{16qd{2Npminωdp8sτ{9qdL2
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and

sup
ziPZ

∣∣X 1
zi

∣∣ ¤ sup
xPM

2NP
�
Bn

�
x,

�
1� 49sτ 2

36τ 2


1{2
8sτ{7
XM



¤ 2

�
1� 49sτ 2

36τ 2


d

Npmaxωdp8sτ{7qd
for large enough N . That is, Cd,1N ¤ ∣∣X 1

zi

∣∣ ¤ Cd,2N for every zi, which is sufficient to show

that �M can be chosen as o
�
N2{d�. Applying the union bound and then Lemma 49 i) yields

the statement.

ii) Clearly, f�pxq can be written as
∑
ziPZ

αzipxq
�
h�zi,sτ �G�1

zi,U
zi
sτ

�



pxq, and Theorem 46 shows

that supziPZ
∥∥h�zi,sτ∥∥C1,1pRdq is uniformly bounded above by M�

h,sτ � op�Mq. �

Theorem 52. Let the function pf :MÑ R defined as

x ÞÑ
∑
ziPZ

αzipxq
�yhzi,sτ �G�1

zi,U
zi
sτ

�



pxq

be an estimator of f�, where each yhzi,sτ is a solution to the minimization problem

arg inf
fP 9�F

zi,sτ,
�M

1∣∣X 1
zi

∣∣ ∑
pxi,yiqPX 1

zi
�Yzi

pyi � fpxiqq2

carried out on its respective Tzi,sτM
�

. X 1
zi

:� G�1

zi,U
zi
sτ

�

�zrAzi,sτ X X
, Yzi is the corresponding

subset of Y, and
9�Fzi,sτ ,�M :�

!
f : zAzi,sτ Ñ R

�� ‖f‖
9C1,1pRdq ¤ �M)

.
 
αzi

�� zi P Z( is a partition

of unity subordinate to

"zrAzi,sτ �� zi P Z* with supziPZ‖αzi‖C1,1pMq   8. Assume that pf, f� P
FZ,sτ ,�M . Then, the following statements hold.

i)
∥∥∥ pf∥∥∥

C1,1pMq
  8.

Let NZ,min :� p15{16qd{2Npminωdp8sτ{9qdL2. Let rd :� maxtd, 5u. Define rLmax :�
��M �
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M�
h,sτ � σ

?
2 log 2N �N1{ rd	2

, rLL :� 2
��M �M�

h,sτ � σ
?

2 log 2N �N1{ rd	, and

rR :�

$''''''&''''''%
4

811{dK2{d�M
N

2{d
Z,min

� 12

?
K�Md{4

�
4�M1�d{4 � 4

�
811{dK2{d�MN

�2{d
Z,min

	1�d{4

p4� dqaNZ,min

: d � 4

4
�

3
?
K�MN

�1{2
Z,min

	
� 12

?
K�Ma
NZ,min

�
log �M � log

�
3
?
K�MN

�1{2
Z,min

		
: d � 4.

ii) Set �M :� N1{p2 rdq. For δ P p0, 1q,

P

��Rp pfq �Rpf�q ¤ 2p27dqV pmax
�

1� 64

25

�
7sτ
5τ

� εp


2
�d{2

ε

�� ¥

1� 5d{2ω�1
d

V

psτ{12qd
�
δ � e�N

2{ rd
Z,min{p2σ2q



,

where ε :� 4rLL rR�7rLmaxclogp8{δq
M

2NZ,min. ε is a monotonically-decreasing function

of N for large enough N and limNÑ8 ε � 0.

iii) Set �M :� N1{p16 rd2q. The conclusions of ii) still hold. For δ P p0, 1q,

P
�

sup
xPM

∣∣∣ pfpxq � f�pxq
∣∣∣ ¤ β

�
¥ 1� 5d{2ω�1

d

V

psτ{12qd
�
δ � e�N

2{ rd
Z,min{p2σ2q



,

where β :�
�

1� 64

25

�
7sτ
5τ

� εp


2
�1{2�Msτ�2εN1{p5 rdqpmax

pmin

�1{d

�N�1{p10 rdq
Z,min . β is a monotonically-

decreasing function of N for large enough N and limNÑ8 β � 0.

Proof. i) It holds that pf P C1,1pMq. Since αzi P C1,1pMq, yhzi,sτ P C1,1pRdq, and G�1

zi,U
zi
sτ

� P
C1,1pMq for every zi P Z, the linearity of the derivative and the product and chain rules

show that pf is differentiable. Furthermore, D pf is the sum of products of Lipschitz functions

and is therefore Lipschitz itself. It also holds that
∥∥∥ pf∥∥∥

C1,1pMq
  8. Theorem 44 shows that

supziPZ

∥∥∥∥G�1

zi,U
zi
sτ

�

∥∥∥∥
C1,1pMq

  8, and by assumption, supziPZ‖αzi‖C1,1pMq   8. Additionally, we

are conditioning on the event that pf P FZ,sτ ,�M , which holds w.h.p. for large enough N and
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suitable �M by Lemma 51 i), implying that supziPZ
∥∥∥yhzi,sτ∥∥∥

C1,1pRdq
  8. Since |Z|   8, it

follows that pf has finite C1,1pMq norm.

ii) By a standard decomposition of the risk, Rp pfq � Rpf�q � E
�� pf � f�

	2
�

. After

substituting the definition of pf and writing f� in terms of its pullbacks to
!
Tzi,sτM
��� zi P Z),

we can apply Jensen’s inequality pointwise to see that

E
�� pf � f�

	2
�
� E

���∑
ziPZ

αzipxq
��yhzi,sτ � h�zi,sτ

	
�G�1

zi,U
zi
sτ

�



pxq

�2
��

¤ E

�∑
ziPZ

αzipxq
���yhzi,sτ � h�zi,sτ

	
�G�1

zi,U
zi
sτ

�



pxq


2
�

¤
∑
ziPZ
P
�zrAzi,sτ
»

{Azi,sτ
�yhzi,sτ px1q � h�zi,sτ px1q

	2

dPzi,sτ px1q

¤ |Z| sup
ziPZ
P
�zrAzi,sτ
 sup

ziPZ

�
Rpyhzi,sτ q �Rph�zi,sτ q

	
.

We have |Z| supziPZ P
�zrAzi,sτ
 ¤ 27dV pmax

�
1� 64{25

�
7sτL5τ � εp

�2
	d{2

by Lemma 49 i)

and Theorem 33. supziPZ
�
Rpyhzi,sτ q �Rph�zi,sτ q

	
can be bounded above w.h.p. Let rFzi,sτ ,�M :�!

f : zAzi,sτ Ñ R
�� ‖f‖C1,1pRdq ¤ �M)

. By assumption, pf, f� P FZ,sτ ,�M , so yhzi,sτ , h�z,sτ P rFzi,sτ ,�M for

all zi. For fixed zi, Rpyhzi,sτ q � Rph�zi,sτ q ¤ 2 supfP rF
zi,sτ,

�M

∣∣∣Rpfq � pRpfq∣∣∣ ¤ 2ε1 with probability

at least 1 � δ � e�N
2{ rd
Z,min{p2σ2q, where δ P p0, 1q and ε1 is as in Theorem 31. Note that

ε1 ¤ 4rLL rR � 7rLmaxclogp8{δq
M

2NZ,min �: ε by comparison of each term, where rLL, rLmax,
and rR are as defined in the statement of the present theorem. In Lemma 51 i), we proved

as an intermediate step that Cd,1N ¤ ∣∣X 1
zi

∣∣ ¤ Cd,2N for every zi; this implies that the

asymptotics of ε1 and ε are the same. The union bound over Z gives the result.

The random quantity supfP rF
zi,sτ,

�M

∣∣∣Rpfq � pRpfq∣∣∣ is measurable because of the pointwise

measurability of rFzi,sτ ,�M . This was implicitly assumed by Gustafson et al. (2018). Every

f P rFzi,sτ ,�M is Lipschitz continuous and defined on zAzi,sτ , a bounded subset of Rd, so it can

be extended continuously to BzAzi,sτ . Let rF ext
zi,sτ ,�M be the class consisting of these extensions.rF ext

zi,sτ ,�M � C0
�zAzi,sτ	, the space of continuous functions on zAzi,sτ . C0

�zAzi,sτ	 equipped with
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the sup norm is separable by the Stone-Weierstrass Theorem, which can be used to show

that the space of continuous functions on a compact metric space has a countable dense

subset. As a subset of a separable metric space, rF ext
zi,sτ ,�M contains a countable dense subset

itself, which we denote rF ext
zi,sτ ,�M,0

. Clearly,

#
f��

{Azi,sτ

�� f P rF ext
zi,sτ ,�M,0

+
� rFzi,sτ ,�M is countable and

can be used to construct a pointwise convergent sequence of functions for any f P rFzi,sτ ,�M .

iii) The following holds because the partition of unity is a convex combination for

each x: supxPM
∣∣∣ pfpxq � f�pxq

∣∣∣ � supxPM

∣∣∣∣∑ziPZ αzipxq
��yhzi,sτ � h�zi,sτ

	
� G�1

zi,U
zi
sτ

�



pxq
∣∣∣∣ ¤

supziPZ
∥∥∥yhzi,sτ � h�zi,sτ

∥∥∥
8

. For each zi P Z,
∥∥∥yhzi,sτ � h�zi,sτ

∥∥∥
8
¤ β1, defined in Theorem 31 ii),

w.h.p. It holds that β1 ¤ �M�
2εN1{p5 rdqMprpminωdq	1{d

� N
�1{p10 rdq
Z,min �: β. rpmin is a uniform

lower bound on the densities of the pushforward measures
 
Pz,sτ �� zi P Z(; it can be taken as

the value given in Lemma 45. Substituting this for rpmin and applying the union bound gives

the result. The asymptotic behavior of β is the same as that of β1. �

3.7 Discussion

In this chapter, we considered the problem of recovering a C1,1pMq function f� from noisy

observations. We described an approach based on local C1,1pRdq regression on estimated

tangent spaces (indexed by a fine-enough net of the sample) and showed that it does recover

f� as the sample size increases.

The C1,1pRdq regression algorithm we used is due to our collaborators (Gustafson et al.,

2018) and extends previous work on C1,1pRdq function interpolation (Wells, 1973; Le Gruyer,

2009; Herbert-Voss, Hirn, and McCollum, 2017). They solve a convex optimization problem

to find the empirical risk minimizer within a 9C1,1pRdq seminorm ball whose diameter is

increasing with the sample size. Our contribution was to use empirical process methods to

bound probabilistically the difference between the empirical risk and the true risk and to use

this to derive the convergence rate of the estimator to the true function in sup norm. We

included these results in this chapter.

In order to extend this to a C1,1pMq regression algorithm, we proved that the sample con-
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tains enough information to define a suitable C2 atlas ofM w.h.p. We showed that tangent

spaces estimated with local PCA are sufficiently close to the actual tangent spaces w.h.p.,

allowing us to define charts forM whose derivatives have uniformly bounded Lipschitz con-

stants. We also proved several other facts about the sample; e.g., we found uniform bounds

for the convergence of the empirical measure indexed by sets of interest, and we showed that

the sample contains a suitably-fine net ofM with bounded cardinality. We estimated f� by

using a partition of unity to combine local estimators (obtained via C1,1pRdq regression) of

the pullbacks of f� to the estimated tangent spaces. We used properties of the C2 atlas along

with our C1,1pRdq regression sample complexity results to find risk bounds and convergence

rates for the estimator of f�.
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