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This dissertation explores the subatomic world with observations of neutron stars. Neu-
tron stars are exotic and mysterious objects and are placed under the spotlight with current
and planned investigations. In the coming decades, multimessenger (electromagnetic, neu-
trino, gravitational wave and cosmic ray) observations are expected to reveal the physical
processes that underlie extreme astrophysical phenomena involving neutron stars such as
compact star mergers and core-collapse supernovae. These observations could provide new
insights about particle and nuclear physics under extreme conditions and physics beyond
the standard model. Open questions concerning ab initio nuclear theory, dense quantum
chromodynamics matter and the nature of dark matter are summarized. Following a brief
review of neutron stars, the prospect of constraining neutron matter equation of state with
future gravitational wave detections is examined. The rest of the thesis focuses on potential
neutron star observables and constraints of a few emerging dark matter models. It is shown
that dark baryons lighter than ~ 1.2 GeV are incompatible with observed massive pulsars.
A scenario where effects of self-interacting dark matter may be detected via gravitational
waves from binary neutron star mergers is studied. Finally, the closing chapter investigates
impacts and potential observable signatures of a novel superfluid phase of matter arising

from neutrino-portal scalars carrying lepton numbers in newly-born neutron stars.
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Chapter 1
INTRODUCTION

Despite the huge success of the Standard Model (SM) of particle physics, there are a
number of outstanding questions the standard model fails to address. High on the list
is the nature of dark matter (DM). Since stumbling upon the “missing mass” through its
gravitational effects nearly a century ago [212} 280],1396], we have gathered abundant evidence
of dark matter in numerous astrophysical and cosmological settings. While some may be
explained by modified theories of gravity [260, [44] or elusive astrophysical objects known as
primordial black holes [I81], [394], the consensus is that particles beyond the SM constitute
at least a fraction of DM.

A population of stable, non-relativistic, collisionless particles, known as cold dark matter
(CDM), has been considered the conventional DM candidate since the 1980s. It received
its reputation because (i) the standard ACDME] cosmology, in which CDM plays a central
role, successfully explains a wide range of observations including the cosmic microwave back-
ground (CMB), abundances of light nuclei and large scale cosmic structures [I3]; and (ii)
it is well-motivated from model building perspectives. CDM fits the description of massive
weakly interacting particles (WIMP), which are natural predictions of many then-promising
extensions to the standard model, most notably lightest neutralinos from a variety of super-
symmetric theories [162], 129].

Fruitless direct searches for WIMP in colliders and nuclear recoil experiments have stimu-
lated interests in alternative possibilities in recent years. On the one hand, a large number of
DM models are proposed. Some of them are equally well-motivated [377, 382, 195, 121]; On

the other, phenomena beyond the Standard Model (BSM) have since surfaced in various ter-

LA denotes dark energy.



restrial experiments in the leptonic [15][14][10], nucleonic [224][169] and mesonic [194], 339, [1]
sectors spanning a wide energy range ~ eV-GeV. These deviations seem to hint at a broad
and colorful landscape of dark matter rich in particle contents and phenomenology. This
line of inquiry appears to be supported by recent developments in cosmology and galactic
astrophysics. In particular, discrepancies between observations and results of CDM N-body
simulations on small-scale structures [215], 268, B344] strongly suggest that at least part of
dark matter may experience stronger-than-expected interactions [269][365].

Where the standard model prevails, predictability may still be limited. This issue is
especially conspicuous in quantum chromodynamics (QCD). Since forces between nucleons
are residue effects of the strong interaction among constituent quarks and gluons, one would
expect a first-principle (re-)construction of nuclear theory from QCD. An ab initio approach
to nuclear forces, however, has not been fully achieved. To be clear, the problem runs deeper
than the infeasible computing power required for solving quantum many-body systems that
is plaguing broad areas of science. We have yet to write down a systematically improvable
Hamiltonian appropriate for nuclear phenomena with full confidence. Currently at very low
energies (£ < 100 MeV) an effective description called pionless effective field theory (EFT)
works well [283]. Tts cousin theory known as chiral EF'T (x EFT) that is appropriate for higher
energies [380], 381], however, appears to be non-renormalizable thus requires justifications for
its validity and utility.

Moreover, understanding the QCD vacuum at finite temperature, as is realized in the early
universe, and at finite baryon chemical potential, as is relevant in the interior of neutron stars,
is another challenging frontier. While the finite temperature axis of the QCD phase diagram
is relatively better-studied thanks to powerful numerical frameworks and direct experimental
probes, little is known about cold and dense QCD matter. As degenerate nuclear matter
gets compressed to higher densities, quarks are liberated from nucleons and eventually form
a degenerate quark matter. Where and how exactly this transition occurs, what intermediate
states there are (if any), remain unclear despite decades of work.

Neutron stars (NSs) could help address these questions. Born in the aftermath of core-



collapse supernovae, NSs are among the most exotic and extreme environments in the ob-
served universe. With masses around solar masses M ~ Mg, ~ 10%° kg but radii only of order
R ~ 10 km, neutron stars are compact objects (GM/Rc* ~ 1) of extremely high densities
(p ~ M/R?® ~ 10 g/cmg). The corresponding baryon number density ng ~ 2 — 10n, is
around a few times the typical density encountered in nuclei ng = 0.16 fm™> known as the
saturation density, suggesting the presence of exotic states of matter in the neutron star inte-
rior. All four known interactions, strong, weak, electromagnetic and gravity, play important
roles in determining the stellar composition, structure, evolution and response to external
disturbances.

The diversity displayed among NSs is also intriguing. Neutron stars are known for the
ferocious and spectacular explosions associated with their births, when the core temperature
can reach around tens of MeV or 10'? K; Old neutron stars, on the contrary, are fairly cold
and only feebly emit electromagnetic waves as they dim out and get outshined by the rest
of the sky. Further, a small fraction of neutron stars known as magnetars possesses strong
surface magnetic fields north of 10'° T that are not seen anywhere else in the universe (for a
recent review on magnetars see [214]). These extreme physical conditions found in neutron
stars make them unique and ideal laboratories to test the SM and to search for what lies
beyond.

Admittedly, resorting to compact stars to study fundamental physics is not a new proposal
[356], 358, 30T, 130], B00]. What makes this avenue particularly promising and exciting right
now and in the coming decades is the advent of multimessenger astrophysics. Preluded
by the detection of supernova neutrinos from SN1987a [63], 193], the era of multimessenger
astronomy was formally ushered in by the detection of gravitational waves (GWs) from the
binary neutron star (BNS) merger GW170817. The observation of GW170817 has already
contributed to efforts in understanding the cosmic history [3, 93] 271], [342] as well as dense
matter encountered in the NS interior [4, [5].

This is only the beginning. With improvements to the laser interferometer gravitational

wave observatory (LIGO) gradually roll out and commissions of future generation earth- and



space-based gravitational wave detectors expected in the coming decades [247][247], a growing
number of events are anticipated to be observed with refined accuracy. It is estimated that as
many as ~ 10 BNS mergers per year could be detected by the global LIGO-VIRGO-KAGRA
network starting this year (2021) and may reach ~ 100 per year in 2025 when LIGO-India
comes online [7]. Prospects of observing continuous GW backgrounds [9, 230, [160], post-
merger ring-down phases in BNS systems [305], 57, 56l 134, 37], GW memory effects from
core-collapse supernovae [366, [79], 133, 218, 270], 241], mergers of supermassive black holes and
white dwarfs [3611, 275], 1334] 267], etc., will further inject excitement and energy into this field.
When coupled with steady theoretical advancements and rapid increases in computational
power, these observations can provide unprecedented details of extreme environments and
once-secluded corners of the universe, which will be instrumental in advancing our exploration

towards the unknown.

The dissertation is structured as follows: In chapter 2, a family of yEFT-based nuclear
equations of state is constructed, and the prospect of constraining dense neutron matter
properties using future gravitational wave detections is examined; Chapter 3 focuses on
neutron star constraints on a class of dark matter known as dark baryons that directly couple
to nucleons; Chapter 4 raises the possibility for observing and constraining self-interacting
dark matter with gravitational waves from compact binary mergers; In the last chapter, a
new phase of matter in proto-neutron stars arising from condensations of dark lepton scalars

coupling to neutrinos is studied.

The rest of this chapter will expand on the aforementioned conundrums in QCD and mys-
teries surrounding dark matter. This introduction ends with a brief overview of neutron stars
to provide readers with background information on astrophysics and multimessenger obser-
vations. Unless otherwise stated, the “mostly minus” metric ||n,,|| = diag (1, —1,—1,—1)

and natural units in which G = h = kg = ¢ = 1 are assumed in what follows.



1.1 Dense matter and QCD

At its core QCD is a non-abelian gauge theory (Yang-Mills theory [389]) based on the Lie
group SU(3). Quarks live in the fundamental representation of SU(3) and the gluon fields
AF = AT® transform in the adjoint representation. Here, T* with a = r, g, b are generators
of the gauge group, and their commutation relation [T, T?] = i f**“T* defines the Lie algebra,
su(3). The structure constant %€ is totally anti-symmetric for Lie algebras. The QCD
Lagrangian is

1
Locp = —2—92tr G" Gy + q(il) — m)gq, (1.1)

where G, = 0,A, — 0,A, — i[A,, A,] is Lie algebra valued gluon field strength tensor and
D, = 0, —iA, is the covariant derivative. The Feynman slash notation () = O,7* and
normalization convention tr (T“T b) = % 5% are assumed.

Before quantizing the theory, the first sign of challenge already emerges at the level
of Lagrangian. The gauge field kinetic term G}”G7, contains cubic and quartic couplings
among gluon fields. Contrary to the electrically neutral photon in QED, the gluon fields
carry color charges thus themselves participate in the strong interaction, making QCD a
non-linear theory.

Asymptotic freedom [I71], 295] renders perturbation theory of very limited applicability
in regard to low energy phenomena. The beta function at 1-loop for QCD-like theories
described by SU(N.) gauge groups coupled with Ny flavors of quarks is

d # (11 p
s) — s — > _Nc__N . 1.2

Specialize to QCD where Ny = 6 and N, = 3, the beta function is negative. The coupling

as = g2 /47 runs with energy scale p as

( ) 2T 1
R =
a 7 log Acﬁcn

(1.3)

Above, Agep is the location of the Landau pole, suggesting perturbative treatments break

down below the scale Agcp ~ 300 MeV.



Indeed, the strong interaction becomes so strong at low energies such that quarks and
gluons are confined into color singlet states. Therefore, quarks and anti-quarks, which carry
fractional electric charges, are not present below Aqcp, and are only found within mesons
and baryons.

The fact that hadrons are the only relevant degrees of freedom at low energies hints at
alternative effective descriptions built solely in terms of hadrons. In QCD, the relatively
large energy gap of order ~ 600 MeV between pions (m, ~ 130 MeV) and the lightest vector
mesons (m, ~ 770 MeV) provides a natural separation of scales thus admits an effective field
theory approach. This gap is the consequence of spontaneous chiral symmetry breaking.

Chiral symmetry is exact for massless fermions. In the real world, the up v and down
d quark masses m, 4 ~ O(MeV) are negligible compared to Aqcp. In the massless u and d

1—75
2

limit, chiral eigenstates qr r = P, rq obtained by applying projection operators P =
and Pr = # do not mix under the equations of motion. The Lagrangian is invariant under

separate SU(2) transformations on flavor doublets ¢y, r = (ur r,dr r)":

Y = gL, Yr — grr, where gp € SU(2)1, gr € SU(2)r. (1.4)

In fact, the full symmetry group is larger: U(2),xU(2)g = SU(2),xSU(2)gxU(1)y xU(1) 4.
The abelian vector symmetry U(1)y, under which ¢ — e®1), persists even for massive
quarks. It corresponds to baryon (fermion) number conservation. On the other hand, the
axial symmetry U(1)4 associated with axial rotations ¢ — €4 is anomalous [45, [11], i.e.,
lost upon quantization. The symmetry SU(2); x SU(2)g is called chiral because left- and
right-handed fields transform differently under its actions.

Below ~ Aqep, SU(2)1, x SU(2)g is spontaneously broken by a finite vacuum expectation

value (vev) of the quark bilinear operator in the ground state
(uu) = (dd) = v* ~ Af’QCD (1.5)

known as chiral condensate. While the detailed condensation mechanism is not well-understood,

lattice simulations have confirmed this picture [97, [159] 131l 144 143], 132].



That the condensate is proportional to identity in the flavor space (up and down quark
bilinears develop the same vev) implies a residue SU(2) flavor symmetry, under which both
left-handed and right-handed fields rotate the same way in the (u,d)” space. Specifically,
SU(2) x SU(2)gp = SU(2)isospin, Where the unbroken SU(2)isospin is the diagonal subgroup.
Here isospin shares the same meaning as in nuclear physics since quark contents of neutrons
(udd) and protons (uud) are related to each other via u < d.

One consequence of the spontaneous broken chiral symmetry is the emergence of massless
particles as dictated by the Goldstone theorem [165, [164]. These particles are pions. Each of

0+

the three pions 7, m* corresponds to a broken generator. They clearly form a triplet under

the unbroken SU(2)isospin and can be packed into an SU(2)-valued object

R S oL W w(z) V21 (z)
U(x) p(2 fﬂ) P |5 Vi) @) || (1.6)

where 7, are generators of SU(2), 7° = 7%, 7% = (7, + m)/V/2, and f, ~ 92 MeV [354] is
the pion decay constant. Under the full (anomaly-free) symmetry group SU(2) x SU(2) g x

U(1)y, the Goldstone modes transform as
Ux) = goU(x)gk (1.7)

For infinitesimal transformations g, g = exp (i0f z7.) ~ 1 + i} 5T,

. Fa
T T %(ez —0%) — 2(2> (0% + 6%)7°. (1.8)
Hence except for the diagonal isospin subgroup (in which 6, = 60g) chiral symmetry is

realized nonlinearly under which pions shift at leading order. In other words, there are
infinitely many parameterizations for the pions that differ from each other only by a non-
linear transformation of the type that appeared infeq. 1.8f When used to describe physical
processes, these equivalent parameterizations shall all yield the same predictions for given
observables.

With a compact representation of pions at hand, it would seem reasonable to assume that

it is possible to construct an effective description of pion dynamics in terms of U. Consistency



is the only guidance: in order for predictions of the effective description to be consistent with
QCD, the effective theory should respect all the symmetries the underlying theory exhibits.
Bearing this in mind, one may proceed to write down the most general effective Lagrangian
involving U that respects the chiral symmetry. Since UU' = 1, non-trivial operators must
contain derivatives:

2

Lox = Ttr [(2*U)(0,U)] + Lytr [(0*U)(0,U)1] + Latr [(0U)(@°U) tr [(0,U)(8,U)']

+ Lytr { [(8”U)(8“U)T]2} o (1Y)

where the trace is over the flavor space. The coefficient of the leading term guarantees the

canonical normalization for scalar fields:

L [00)00)1] = 30 @ )0, @) 45

IE |:%7T07T0(8H7T+)(3M7T_)T +.. ] +...

(1.10)
Results in the square bracket give the leading pion scattering amplitudes. One may perform
similar expansions for sub-leading terms in to calculate observables such as pion
scattering amplitudes to higher accuracy. Although infinitely many terms are contained in
leq. 1.9] they can be ordered according to the number of derivatives each contains, allowing
an estimation of truncation errors in powers of (E,/f.). Observables such as S-matrices can
be calculated up to any given order and the effective description is predictive. The unknown
coefficients L; 53 . (dubbed low energy constants (LECs)) may be determined by fitting to

experimental data such as pion scattering phase shifts.

To summarize, without worrying about the details of quark and gluon dynamics in QCD
we arrived at a phenomenological Lagrangian describing pions following symmetry principles
alone. This procedure was pioneered by Callan, Coleman, Wess and Zumino (CCWZ) [100,
84]. The price is that the unknown LECs need to be obtained from experiments. The chiral
Lagmngian [156] is an example of nonlinear sigma models which arise naturally from
studying spontaneous symmetry breaking [84] [375].



1.1.1 chiral effective field theory

Manifested throughout the CCWZ approach to chiral Lagrangian is the essence of effec-
tive field theory (EFT). The procedure of constructing an EFT may be summarized as the

following;:

1. Identify the separation between high energy (“hard”) and low energy (“soft”) scales;
2. Identify the relevant degrees of freedom around the soft scale;

3. Write down all the operators consistent with symmetries and symmetry breaking pat-

terns (if any);
4. Organize the terms according to their importance to form a systematic expansion;

5. Calculate observables using the low energy effective theory just as with any other

renormalizable perturbative theories up to appropriate order for the desired accuracyﬂ.

The chiral effective field theory (chEFT, yEFT) describing low energy nuclear physics is
exactly constructed in this manner. In this scenario, the nucleon and pion momenta () and
pion mass m; are clearly the soft scale. The hard scale is often chosen to be A, ~ m, ~ 770
MeV since p mesons show up as resonances in pion scatterings and they are the lightest
non-Goldstone excitations in the spectrum. A perturbative expansion in terms of (Q/A,)”
and (my/A,)" therefore allows an order-by-order arrangement in v (sometimes called chiral
dimension) for operators allowed by chiral symmetries. The power counting scheme ensures
up to any given order only a finite number of terms from the infinite-many possibilities are
required. Schematically, the Lagrangian for YEFT is built upon the chiral Lagrangian and
takes the form

ﬁXIEﬂW—FENﬂ-—i-ﬁNN—F... (111)

2Loop integrals arising from this truncated series can be regulated by the renormalization of LECs up to
the order under consideration. A valid EFT would make predictions that are independent of the underlying
regularization and renormalization schemes.
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where the ellipsis stands for three-, four-,... and higher n-body interactions.

As it turns out, however, incorporating nucleons introduces complications. Let us start
with the simplest term L£,y. The leading order term for 2-body pion-nucleon (¥ = (p,n)7)
coupling is [155]

LY = TGP — my + %‘757’%#)‘11, (1.12)

where my denotes nucleon mass, g4 the nucleon axial coupling. The chiral connection I, in

the covariant derivative D, = d, +I',, and the axial-vector u, are defined as

L= (€06 + €0,

Uy = i(ﬁTauf - faufT),

(1.13)

respectively, with &€ = U'/? an equivalent parameterization of pions [100, 84]. The inclusion
of relativistic baryons creates another hard scale Ey ~ my which is the result when W is
acted upon by 9°. Note that the nucleon mass my ~ 1 GeV is at least comparable to
A,. If not treated properly the enhancement my /() would destroy power counting of pion
loops using the naive dimensional regularization [54, 55, [I55]. The heavy baryon formalism
developed by Jenkins and Monahar [202] based on Georgi’s work [I5§] in heavy quark
physics is a straightforward solution. It assumes baryons are nearly static and is essentially
an expansion in Q/my.

Employing non-relativistic kinematics, however, does not solve all the issues in the few-
nucleon (n > 1) sector. Unlike the dynamics of pions, which is restricted to derivative
couplings as required by chiral symmetry, interactions involving baryons are not constrained
by symmetries and may contain derivative-less terms. As a result, interactions among nu-
cleons do not vanish at zero momentum or in the chiral limit. In fact, the NN scattering
length ay ~ —20 fm is rather long, suggesting non-perturbative effects dominate few nucleon
interactions at low energies. This is expected from nuclear physics since nucleons may form
nuclei which are bound states.

Weinberg first attempted at this problem [379] and traced non-perturbative effects to in-

frared enhancements of order ~ my/Q stemming from reducible diagrams containing purely
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nucleonic intermediate states [380]. He realized that the EFT is still predictive provided that

the nucleon mass is counted as a separate hard scale:
mpy ~ Ai / Q > AX‘

In this updated version of EFT the old-fashioned perturbation theory is invoked to isolate
and exclude infrared-enhanced contributions, resulting in “chiral potentials” obtained by
summing irreducible graphs only. Non-perturbative resummation is then carried out by
supplying this truncated potential up to desired order to the Lipperman-Schwinger equation
when calculating observables [379] 380, 381].

The resulting power counting scheme, named after Weinberg, is
y=-2+2N 20 +2L+ Y A, with Ai:(di+%—2), (1.14)

where N denotes the number of nucleons, C' the number of separately connected pieces, L the
number of loops; d; is the number of derivatives or pion mass insertions and n; the number
of nucleon fields involved in vertex 7. The sum is over all the vertices in the diagram under
consideration.

The hierarchy of few-nucleon potentials resulting from Weinberg’s prescription is demon-
strated in [fig. 1.1} A nice feature is that many-body interactions arise naturally from the
power counting and are put on equal footings with 2-body forces. The leading order
(LO, v = 0) consists of contributions from one-pion-exchange (OPE) and a derivative-less
contact term. They lead to s-wave intermediate- and short-range 2-body nuclear forces. At
the next leading order (NLO, v = 2), three body terms appear but they all cancel out [381].
Non-vanishing three-body interactions emerge at the next-to-next-leading order (NNLO,
v = 3), and they are known to be important even in light nuclei such as “He.

The remaining issue concerns the renormalizability of yEFT. While it is true that in
a regular EFT such as contact interactions are sufficient to renormalize the EFT
order by order, here the non-perturbative resummation through the Lippman-Schwinger

equation generates additional short-distance singularities that contact LECs at the order
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Figure 1.1: Systematic organization of nuclear forces by the Weinberg power counting scheme
Solid lines represent nucleons and dashed lines pions. Small dots, large solid dots,

solid squares, and solid diamonds denote vertices A = 0,1,2, and 4 respectively. Figure

taken from [246]

one is working cannot compensate. This issue necessitates a finite ultraviolet (UV) cutoff
A in the EFT and was first identified in the 2-nucleon 'Sy channel at LO [206]. It has a
simpler explanation attributed to renormalizing attractive singular potentials in coordinate

space Schrodinger equations [40]. In practice, if the cutoff is chosen too low, the applicable
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energy range of EFT is greatly restricted, while if it is too high, observables are found to
be quite sensitive to chosen values of the cutoff A, indicating the predictions might not be
reliable.

One notable alternative approach due to Kaplan, Savage and Wise [207, [208] took insights
from pionless EFT consisting of explicit nucleonic degrees of freedom only [283]. Partially
motivated by unitary Fermi gas as suggested by the large NN scattering length, the theory
reproduces effective range expansion for NN scatterings. The inverse scattering length 1/a ~
@ is treated as an explicit soft scale. The KSW power counting scheme ensures that physical
observables instead of chiral potentials are expanded consistently to achieve order-by-order
renormalization. However, the extension to include perturbative pions fails to converge in
spin-triplet channels at NNLO even for small momenta @ ~ m, [137]. To date, whether
YEFT is truly renormalizable hence gives valid predictions remains an open question despite
tremendous efforts [137, 41, 293 64], 290, 277, [42], 369].

In practice, Weinberg’s YEFT with explicit UV cutoffs in loop integrals around A ~
400 — 600 MeV and LECs determined from NN scattering data and light nuclei Structureﬁ
has been applied to a range of topics in nuclear physics. In particular, yEFT-based many-

body calculations have produced valuable insights into dense neutron matter relevant for

neutron stars, as shall be discussed in [chapter 2

1.1.2  QCD phase diagram

Color confinement and the spontaneous breaking of chiral symmetry suggest the QCD ground
state shall have non-trivial dependencies on the temperature 7" and baryon chemical potential
pup. The QCD phase diagram nicely summarizes the various possible states of QCD
matter. Sadly, though, the labeling of a large landmass particularly towards finite pup is
mainly based on conjectures.

The gross structures are clear: at low temperatures and baryon chemical potentials,

3if were not for the non-perturbative nature of nuclear forces the LECs could have been obtained from
analytically matching the EFT to QCD at A,,.
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Figure 1.2: The conjectured QCD phase diagram. Figure taken from [21].

hadron gas is the QCD ground state. With increasing 7" or up, quarks and gluons would
eventually deconfine. At up = 0 and asymptotic temperatures, quark-gluon plasma (QGP)
is the result. We know our universe was briefly in this phase around 13.8 billion years ago.
QGP is also produced as small droplets in the heavy-ion collision experiment. The smashing
of high Lorentz factor (v 2 100) ions (typically Au or Pb) briefly creates a high temper-
ature environment in which quarks and anti-quarks are produced in pairs in abundance
Densities of quarks and anti-quarks may reach ~ ng, but the net baryon number density
np = (ng —ng)/3 is much lower. Although asymptotic freedom suggests perturbation theory
should work fine at large 7', QGP remains an inherently non-perturbative system owning to
static magnetic interactions arising from small-angle quark-quark scatterings mediated by
low energy gluons [38].

Near zero temperature and sufficiently large p15, the QCD vacuum is characterized by a

degenerate quark matter phase. The only place such conditions might be realized is in the
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interior of massive neutron stars, where up could reach ~ 2 GeV at the center. Hence in
the following discussions on cold and dense QCD we will ignore the heavy ¢, t,b quarks and
focus on the light u, d, s flavors only. At asymptotic baryon chemical potentials all the u, d, s
quarks can be treated as massless and weakly interacting. Under these circumstances, the
ground state is a color superconductor known as the color-flavor-locked (CFL) phase. We
will discuss this in detail below.

The tricky part is understanding the phases at intermediate energy scales and figuring out
the properties and locations of boundaries separating different phases. Ideally, to study the
QCD phase diagram one shall evaluate the grand canonical partition function with Euclidean

path integrals

Z(T, i) = tr e s Na)/T _ / 'DA|Dg|[Dq]

1/T ' 1
X exp {/ dr/d?’x {EYM + q(=°0; +iy'0; +iv" A, —m + guB’yO)q} } (1.15)
0

While the non-linear nature of non-Abelian gauge theories precludes a closed-form result,
lattice gauge theory [383] 216] provides a powerful non-perturbative probe into QCD. The
finite lattice spacing a serves as a UV cutoff, and the finite volume ensures a tractable
theory. Lattice gauge theory made explicit use of the fact that gauge fields are connections

that define parallel transports
U = Pexp {i/Au(x)dx“} , (1.16)

c

along arbitrary curves C. Above, P is the path-ordering operator [it is necessary because
of the non-Abelian nature of SU(N.)] and U is known as the Wilson line. From this one

may obtain gauge-invariant quantities know as the Wilson loops (holonomies) by taking the

integral over closed loops
W = tr Pexp {zj{Au(m)dx“] : (1.17)
c
Discretization onto Euclidean hypercubic lattice is straightforward and the resulting Wilson

lines are link fields connecting neighboring lattice sites. The discretized Wilson loop is
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obtained by contracting (oriented) links on all four sides of little boxes, leading to plaquettes
Wpg. The Yang-Mills action can now be put on lattice since

1 1
SWilson - _; Z(WD + W[T|) = _2_92 d4ZE tI‘G‘ijuV + O((l5) . (118)
S m} S

After integrating out fermions [[] the grand partition function takes the form:
Z(T, up) = /[DU]G_ vilson det, [D(ug) + m]. (1.19)

The Wilson Dirac operator D(upg) satisfies v°-Hemiticity in the absence of ug: D(0) =
75D(0)T4°, such that eigenvalues of D(0) come in Hermitian conjugate pairs. Specifically,
for any eigenfunction ¢ with D(0)y = d;3), there exists an independent eigenfunction °¢*

with eigenvalue
D(0)y°¢* = 7"7°D(0)y°¢" = " D(0)'¢" = 4*[D(0)y]" = i7"y
The fermion determinant is therefore real and positive:

det [D(0) + m] = [ [(d: + m)(d; +m) > 0.

(2

This enables a probabilistic interpretation of e~>wiken det (D(0)), hence Monte Carlo integra-
tion methods can be used to evaluate Z(T, up = 0) with the appropriate choice of integral
measure on link variables U (Haar measure) .

Lattice QCD is indeed successful in calculating properties of finite temperature QCD at
zero (sometimes small values of) pp. Following decades of analytical efforts [85] 170} 170,
177, 199, 376], lattice simulations directly confirm chiral symmetry restoration around 7, ~
150 — 200 MeV, above which the hadronic gas transitions into QGP. It is also demonstrated
that the transition is a smooth cross-over without abrupt changes in the internal energy [97,

159, 131, (144, 143, [132).

4Putting light fermions on the lattice can be challenging in practice due to the fermion doubling problem.
Various solutions are available, for a review see [205].
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On the finite baryon chemical potential frontier, however, lattice QCD suffers from the
fermionic sign problem that renders numerical evaluations of impossible. At finite up,
the Dirac operator does not satisfy the y°-Hemiticity but instead v°D(up)y® = DT(—u%).
Therefore the determinant is no longer real and positive unless pp is purely imaginary.
Despite tremendous efforts no reliable lattice calculations at interestingly high g have been
completed so far.

Perturbative calculations, however, work great for highly degenerate quark matter phases.
In contrast to scenarios in the high-temperature QGP, Landau damping and Deybe screen-
ing regulate long-wavelength magnetic interactions in the presence of Fermi surfaces [343].
Interesting phenomena arise in this scenario. Cooper instability suggests the Fermi sur-
face is unstable against arbitrarily weak attractive interactions [102]. It is straightforward to
show that one-gluon exchange gives rise to attractive interactions in the color anti-symmetric
channel (3 ® 3 = 34 @ 65). Consequently, quarks with opposite momenta near their Fermi
surfaces form color-bearing Cooper pairs, leading to color superconductivity.

The fact that quarks carry both color and flavor indices indicates a large number of pos-
sible pairing schemes. In the BCS description of superconductivity [34] spin-singlet Cooper
pairs are energetically favored. Therefore by Pauli’s principle quarks of different flavors
(with the same helicity) condense into Cooper pairs. As noted earlier, at asymptotic densi-
ties u, d, s flavors effectively have the same mass (massless) and they shall all participate in

the pairing. In the resulting CFL color-flavor locked (CFL) phase where
(Ghah) ~ €% eaga = (6305 — 0467,

the condensate is invariant under a diagonal rotation in the combined flavor and color space,
hence the name “locked”. Let SU(3)s denote the color gauge group, the symmetry breaking
pattern in the CFL superconducting phase is

SU(?))C X SU(?))L X SU(?))R X U(l)v — SU(3)0+L+R + Zs.

Therefore, even at asymptotic pup the (3-flavor) chiral symmetry remains broken by the
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quark-quark condensate. Additionally, the U(1)y associated with baryon number conserva-
tion is also broken, giving rise to a baryon number superfluid.

Although the theoretical case for the CFL phase is solid, it is not clear whether the
baryon chemical potential pp < 2 GeV inside neutron stars is sufficient to support such a
state. At these lower densities perturbative calculations become less reliable, and the strange
quark mass starts to disturb the CFL paring. One possible outcome is the 2-flavor color
superconducting (25C) phase involving u and d alone. There the 2-flavor chiral symmetry
SU(2)r, x SU(2) g remains unbroken. Moreover, non-BCS pairings are likely scenarios as well
due to electromagnetism and the Weak interaction. Various models have been developed to
study this regime. The predictions however are model-dependent and speculative. Eventually
baryons consisting of 3 valence quarks take over at sufficiently low up as expected. It remains
unclear at what values of pp this transition occurs, and if the transition is of first order or
not [328, 04]. Or perhaps the quark matter phase does not show up in the neutron star
interior at all.

Finally, cousin theories of QCD are also examined to aid in deciphering the QCD phase
diagram. These include QCD-like theories in the large N. limit [257], and gauge-gravity
duality [95].

1.2 Dark matter

In 1933, Zwicky attempted to estimate the total mass of the Coma cluster using the Virial
theorem [396]. For matter bounded by Newtonian gravitational potentials (fall off as 7~!),
Virial theorem relates the (time) averaged total kinetic energy (K) to the mean total potential
energy (V) as 2(K) + (V) = 0. Assuming galaxies are uniformly distributed within radius
R,

Mo ~ R{(v?).

Much to his surprise, the mean velocity of component galaxies inferred from direct measure-

ments of the line of sight velocities suggests the luminosity of the Coma cluster would be at
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least a hundred times larger than what is observed if all the inferred mass from the Viral the-
orem are in the form of luminous matter. Zwicky further noted that modeling uncertainties
would only induce corrections of a factor of ~ 10 at the most [397]. The failure to reconcile
this discrepancy between luminous mass and gravitational mass led him to the conclusion
that the Coma cluster contains “dark matter”.

Zwicky was indeed correct. Modern observation and analysis confirmed that dark matter
accounts for more than 90% of the mass in the Coma cluster [259]. At the time, however,
his reasoning was not quite convincing. For one thing, what if most of the baryonic mass
is not in the form of luminous stars? Subsequent works ruled out this possibility. If the
missing baryonic matter is in the form of ionized gas, their X-ray emissions would have been
observed [108] 187]. Even neutral hydrogen gases can be spotted by 21-cm observations.
Further, analysis of stellar evolution suggests that the population of invisible cold dwarf
stars is inadequate to explain all the missing mass [I87]. Another possibility is that the
Coma cluster is not in Virial equilibrium. While this possibility might be difficult to rule out
for a particular cluster, as evidence accumulates in similar environments it becomes apparent
that this argument cannot apply to all the clusters.

Further evidence is found in measurements of stellar motions in nearby spiral galaxies.
In Newtonian dynamics the orbital velocity of stars in the outskirt of a galaxy is determined
by enclosed masses M (r) as

o(r) ~ v/ M(r)/r.
Since the enclosed visible mass approaches a constant, one would expect v(r) to decrease as
v(r) ~ 1/4/r towards the edge of the visible galactic disk. It turns out, however, v(r) roughly
stays constant near the edge and does not bend over even at distances a few times the size
of the visible disk, suggesting additional matter components with M (r) ~ r that dominate
galactic masses. Current measurements of galactic rotation velocities are inferred from both
optical emissions from luminous stars and the 21 c¢m radio line from neutral hydrogen gases

that extend further out than the visible stellar disk. Flat rotation curves have been observed

in a handful of galaxies (see [fig. 1.3)) [324][325][313] [314][31][281].
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Figure 1.3: Galaxy rotation curves. Figure taken from [324].
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Figure 1.4: The Bullet Cluster. The left panel shows luminous stars observed in the visible
band and the right panel shows the hot gases as reveled bt X-ray observations. The green
contours show the total mass distribution inferred from gravitational lensing. The white
contours are the 1-, 2- and 3-0 error bars on the locations of the centers of mass of the
component galaxies. It is evident that the peaks of the mass distribution are not aligned

with regions with hot gases. Figure taken from [98].
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The Bullet Cluster is another attestation of dark matter. It is the aftermath of a collision
between two clusters of galaxies. Luminous stars are mostly unaffected by the collision and
maintain their initial trajectories. They become the leading edges in the remnant. On the
contrary, intergalactic gases, which accounts for the majority of baryonic contents, are slowed
down as they are heated and ionized due to electromagnetic interactions. Their distributions
are recognizable from X-ray emissions and clearly lag behind the stars. However, observations
(see suggest that the bulk part of mass-energy in the remnant is not stored in the
hot gases. Through gravitational lensing effects the respective centers of masses of the
clusters are revealed to be around the region occupied by visible stars [99, 251], indicating

the presence of an invisible weakly-interacting component.

Tracing backwards in time, the ubiquitous and abundant presence of dark matter on
galactic scales suggests dark matter should have left observable imprints on the evolution
of the universe. In fact, in the standard model of cosmology ACDM, cold dark matter is
responsible for the formation of cosmic structures we observe and reside in today. In the
early universe, clumps of dark matter seeded gravitational potentials to which baryons E|

later fell inwards.

More specifically, the early universe becomes matter (dark matter and baryons) domi-
nated around redshift z ~ 2700 and temperature ~ eV, when the energy density of matter
(baryons and dark matter) surpasses that of radiations. Non-relativistic (“cold”) dark mat-
ter particles begin to congregate due to inhomogeneities originated from inflation. As CDM
particles gradually collapse into over-density regions the gravitational wells deepen. Baryons,
on the contrary, are tightly coupled to photons forming a plasma. Instead of simply sinking
into the bottom of gravitational potentials, due to the relativistic photons the baryon-photon
plasma sustains a pressure which acts as a restoring force. This competing effect between
gravity and the radiation pressure generates sound waves which manifest as oscillations be-

tween over-density and under-density regions in the plasma.

5 +

in cosmology “baryon” refers to both nucleons and charged leptons e*.
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The acoustic oscillation is frozen when photons decouple from the plasma at redshift
z ~ 1100 and temperature 7' ~ 0.1 eV [} Known as the recombination epoch, during this time
the Thompson scattering can no longer keep photons and electrons in thermal equilibrium
in the expanding universe thus electrons recombine with protons and ions to form atoms.
Oscillation modes frozen at their peaks (over-densities) or troughs (under-densities) display
the largest density and temperature perturbations and they all show up as peaks in the
cosmic microwave background (CMB) power spectrum. The first peak near the angular
scale [ ~ 200 reflects the mode with the longest wavelength and corresponds to an over-
density perturbation. As we go to higher multiple moments (smaller length scales), peak
amplitudes are expected to decrease because photons wash out inhomogeneities on smaller
scales when they diffuse out of the baryon fluid at recombination. However, the second and
third acoustic peaks are comparable in size, as revealed by the Planck data [I3]. This is
because dark matter amplifies over-density perturbations (whose extrema correspond to odd
number peaks) and does not affect under-density regions. The relative height of the second
and the third peak strongly constraints the dark-matter-to-baryon ratio. Analysis of the

CMB power spectrum indeed provide the best measurements of matter densities [13]
Q.h* = 0.1200 £ 0.0012, Qph? = 0.00237 % 0.00015 (1.20)

where h = H/(100km/s/Mpc) is a dimensionless representation of the Hubble constant H,
and €. and 2, denote energy densities of cold dark matter and baryons over the critical
density p. = 3H?/(87) ~ 1.3 x 1075 GeV/cm?, respectively. Taking h = 0.68 [13], we see
that dark matter accounts for Q. ~ 26% of energy density in the universe.

The necessity of a non-relativistic population of matter components prior to the recom-
bination epoch for the cosmic structure formation was used to exclude (active) neutrinos as
a dark matter candidate [393], and is the strongest evidence for cold dark matter (CDM).

One of the most appealing CDM candidates is a class of particles known as the weakly in-

6the high entropy forbids appreciable populations of neutral atoms to build up at earlier times even when
the temperature drops below the binding energies.
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teracting massive particles (WIMPs). They arise in many extensions of the standard model
whose original motivations are often unrelated to those of dark matter. Most notably, su-
perpartners of particles in the standard model from various supersymmetric extensions to
the SM were motivated by the hierarchy problem. For comprehensive reviews see [203, 252].
The lightest supersymmetric states in the resulting doubling of particle spectrum are massive
(my 2 GeV) stable particles hence natural DM candidates. They are thermally produced
in the early universe and their relic abundance as explained by a Weak-scale annihilation
cross-section agrees well with the observed DM density [eq. 1.20} known as the WIMP miracle.

In the early universe, WIMPs (denoted by x’s) are kept in equilibrium with the SM
thermal bath through y + y <> X + X, where X may represent any relevant SM species in
the bath. If the equilibrium persists to the present day, the WIMP number density is highly

suppressed by the Boltzmann factor and is given by
nyt ~ (m, T)* e~/

The key for explaining a large (). today is the freeze-out process. WIMPs decouple from the
thermal bath when the annihilation (y + ¥ — X + X) rate drops below the expansion rate
of the universe (the Hubble rate) I' = n{?(ov) < H. Here (ov) is the thermally averaged
cross-section times velocity. Afterwards, the distribution function of WIMPs ceases to follow
its value in thermal equilibrium and the subsequent evolution of DM abundance is solely the
result of cosmic expansions.

To accurately account for the WIMP thermal relic density arising from freeze-out, one

needs to solve the Boltzmann equation in the expanding universe

ny, + 3Hn, = —((ﬂ;>(nf< - (n;q)Q).

Note that the larger cross-section (ov) the smaller the relic density, as expected from the
argument presented earlier. For a simple estimate one may assume the freeze-out temperature
Ty ~m, 2 GeV and solve for the relic density from I' ~ H. Noting that the universe is still

radiation dominated at such high temperatures, the present day relic density can be related
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to the cross-section as
T 1 1 —26 3
Ouh2 ~ 02 [ T2/ma) (100 (3 107 cm’/s (1.21)
10 s (ov)

Above, g. is the effective number of relativistic degrees of freedom at WIMP freeze-out. This

estimation suggests the relic density is achieved assuming Weak scale coupling strengths
(ov) ~ Gm3 for m, ~ TeV. This miraculous agreement between predicted and observed
relic density renders WIMP a renowned DM candidate.

However, as mentioned earlier, the WIMP paradigm faces several challenges as N-body
simulations employing CDM reveal disagreements with observations over small scale struc-
tures. To begin with, simulation seems to over-predict dark matter densities near the center
of galaxies. Observations indicate ppjs is roughly a constant but simulations generally show
cusps towards galactic centers [269]. This is known as the “core-cusp” problem; furthermore,
the “missing satellites problem” concerns the mismatch of the abundance of dwarf galaxies
between simulation and observation: we have not observed nearly as many satellite galax-
ies as predicted by simulations [273, 268]. While incorporating baryonic feedback effects
such as supernova explosions into simulations could alleviate these issues [168] 304], a more
likely scenario is that dark matter may not be collisionless [346][365]. If dark matter parti-
cles experience sizable self-interactions their scatterings could smoothen small scale clumps
and solve small scale puzzles while maintaining agreements between CDM simulations and

observations on large scales.

1.3 Neutron stars

Around the time (perhaps even before [388]) Chadwick discovered neutrons in 1932, Landau
put forward the possibility of very dense matter in a star forming one gigantic nucleus. The
existence of neutron stars is formally predicted by Baade and Zwicky (the same Zwicky who
studied the Coma cluster) [28], 29, [30] in their attempt to explain the energy source behind
supernova explosions shortly afterwards. It was not until three decades later that the first

confirmation of neutron stars arrived. In 1967 Piacini proposed that magnetized spinning
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neutron stars could radiate radio waves [285], only a few months before the discovery of
pulsar B1919+21 by Bell and Hewish [191]. Since then, over 2000 neutron stars have been
observed [357, 249, 279], and we had made considerable progress towards understandings the

physics of these “giant nuclei”.

1.3.1 life of a neutron star

During the last stage of nuclear burning in heavy stars with M = 10Mg, iron is made via the
ignition of neon, oxygen and siliconm . At temperature T' ~ 10° K (~ 0.1 MeV) and density
p ~ 1019/ cm® = p1o the iron core is stabilized by both electron thermal and degeneracy
(e =~ 10(Yep1o)MeV, where Y, = n./npg| pressure. Once the core temperature reaches
T ~ 10" K, photo-dissociation v +55 Fe — 13a + 4n rapidly depletes high energy photons
thereby reduce thermal pressure. As the core starts to contract, the increased density enables
rapid electron capture onto nuclei e~ +4 X —4_; X + v, and free protons e~ +p — n + v,
which reduces the Fermi pressure. The loss of both sources of stabilization further speeds
up the contraction, triggering a self-perpetuating implosion.

The collapsing progenitor core is characterized by two decoupled components. The inner
core with mass ~ 0.5M, collapses subsonically and homologously (v ~ r), whereas the outer
core falls inward at supersonic speeds. Due to repulsive short range interactions between
nucleons, the collapse of the inner core is halted and reversed when the central density
reaches nuclear densities ng ~ 1 — 2ny. As the subsonic inner core rebounces into the
infalling supersonic outer core, a rapidly expanding shock wave is generated at the interface.
The shock wave loses energy at a high rate as it disintegrates nuclei (mostly iron group) along
its path before stalling at a radius around r» ~ 100 — 200 km within tens of milliseconds. How
to revive the shock is the central piece of the puzzle in the supernovae explosion theory [77,

237, [78,[75]. Although the detailed mechanism is still under debate, neutrinos appear to play

"For progenitor stars of solar metalicity in the mass range 8 — 10Mg, an Oxygen-Neon-Magnesium (O-
Ne-Mg) core is the end product [278]. In the O-Ne-Mg core the instability is solely caused by electron
capture. The core collapse and subsequent evolution, however, proceed almost identically as with iron
cores.
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a crucial role as simulations suggest they reheat matter behind the shock front [61]. The
reinvigorated shock wave then plows through the outer shells (e.g., H, He) of the progenitor
star and launches the ferocious explosion with peak luminosity briefly eclipsing that of the
host galaxy.

Left behind the shock is a nascent neutron star (proto-neutron star) of mass M ~ 1.4M,
initial radius ~ 20 km, electron fraction Y, ~ 0.3, entropy per baryon s/np ~ 1 and temper-
ature T' ~ 30 MeV in the core. In this hot and dense nuclear matter, neutrinos of all flavors
and both helicities are produced in abundance. While productions through neutral current
interactions (mediated by the Z boson) such as pair production e™ + e~ — vy + Uy and
nucleon-nucleon bremsstrahlung N+ N — N+ N +vx +vx are viable for electron, muon and
tau flavors (X = e, u, 7), only electron (anti-)neutrinos can be produced via charge current
reactions (mediated by W*) n +et = p+ v, and p+e~ — n +v,.

Subsequent to their production, neutrinos are trapped by the PNS medium at densities
ng 2 no/10 and temperature 7' 2 5 MeV. Through diffusion they are transported out of
the star on the diffusion time scale 74;¢ ~ 15 seconds. The u ﬂ and 7 flavors only participate

in neutral current reactions such as scattering off nucleons

N+ Py N+ N=np (1.22)

whereas electron (anti-)neutrinos are further trapped via

Vet+mn —e +p, (1.23)

Ve +p— et +n. (1.24)

These suggest at sufficiently low densities and temperatures where v,, p, and their anti-
particles decouple from the star, v, and v, are still in equilibrium with baryons, and their
decoupling can only occur at lower densities, or equivalently larger radii. Furthermore, in

neutron-rich environments the rate for v, absorption by neutrons is larger than that of 7,

8 A small fraction of muons could present in PNS medium under favorable conditions therefore opens up
charged current reactions for v .
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onto protons. Hence the v, decoupling surface ﬂ sits outside that of 7,. Since temperature
is generally lower further from the core, the average energy of neutrinos emitted at their
decoupling surfaces (E,.) < (Ep) < (E,,). Typical values from simulations are (E, ) ~

(Ep,) ~ 5 — 10 MeV whereas (F,, ) ~ 10 — 20 MeV. Simulations suggest 99% of the total

energy released during core-collapse
AE ~ M*(1/Rys — 1/Reore) = M?/Rys ~ 3 x 10° ergs ~ 10° MeV

is carried by neutrinos. This general picture of neutrino production and transport in proto-
neutron stars is in agreement with neutrinos detected from supernova SN1987a [63] 81 [193].

The trapping and diffusion of v, and 7, have significant implications for the composition
and evolution of PNS. In beta equilibrium, the chemical potentials for neutrons, protons,

electrons, and electron neutrinos M p.eve satisfy

Hn — Hp = He — Hu,- (1.25)

Near the center . ~ 200 — 300 MeV and p,, ~ 150 — 200 MeV [76] 80 B11]. This non-zero
and large electron neutrino chemical potential corresponds to a large excess of v, over 7, a
scenario not realized in other parts of the universe. The electron neutrino chemical potential
decreases towards the surface and vanishes near the v, sphere. The radial gradient of p,,
drives neutrino diffusion and “deleptonizes” the star by pushing the equilibrium p + e~
n + v, towards the right hand side. Analogous to Joule (Ohmic) heating in electric circuits,
the electron neutrino current furnished by gradients of p,, generates heat and increases the
core temperature to around 7' ~ 50 — 60 MeV [76]. Maximum heating is achieved after
Taiff ~ 20 s as y,, decreases substantially in the star. The electron fraction is now reduced to
Y. ~ 0.1 [311] and gradually decreasing as neutrinos leave and cool the star. Neutrino mean

free paths in proto-neutron stars have been studied in detail [296, 307, 312].

9Neutrino sphere is only a crude notion. Since neutrino-nucleon cross-sections are sensitive to the
incoming neutrino energy, the decoupling of neutrinos of different energies does not take place at the same
location.
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Figure 1.5: Evolution of proto-neutron stars. Figure taken from [231]

Deleptonization comes to an end once the temperature drops below ~ MeV. Now the
star becomes transparent to neutrinos, and the radius of PNS settles down to around ~ 12
km. Nucleons near the edge of the star are now bonded into nuclei. Known as the crust, this
portion of neutron stars may extend up to ~ 2 km below the surface. Starting from °Fe at
the surface, heavier isotopes of increasingly high n-to-p ratios such as Ni, Kr, Se gradually
populate the crust as we dive into the star. At densities around ng ~ 10~3no neutrons drip
outside nuclei and form a degenerate Fermi sea. This mixed phase persists all the way to
around np ~ ngy/2, where a transition to homogeneous nuclear matter occurs.

will further expound on neutron star crusts.
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At this stage the nucleon Fermi energies are far greater than the temperature therefore
thermal effects become negligible. The star is usually referred to as a cold neutron star for

temperature 7' < 109 K.

Subsequent PNS evolution is characterized by neutrino cooling. One channel is the

(direct) URCA processes

p+e —n+vu,,

n—p+e + .

In neutron-rich dense nuclear medium the kinematics mandates kg + krp 2 kpp, Or equiv-
alently the proton fraction x, = n,/ng 2 0.1, for direct URCA processes to proceed. While
2 Bng, it is below the threshold

~

the proton fraction may exceed 1/10 at high densities ng
around ng = ng assuming nucleonic degrees of freedom. Under these circumstances, partic-

ipation of spectator nucleons is required to conserve energy and momentum simultaneously.

The result is modified URCA processes

e +p+N—=>n+N+vr,,

n+N—=p+N+e +r..

Modified URCA processes are significantly slower than their direct counterparts as is evident
from dimensional analysis for the emissivity (energy loss per unit volume per unit time) :
Sdirect ~ T% whereas c‘fmodiﬁed ~ T?. Deviation from the standard picture might be indications

for exotic phases inside NS [69)].

Surface blackbody photon emission takes over once the temperature drops below 7' ~ 10°
K. Without active nuclear burning, isolated neutrons gradually fade out. Most old neutron
stars are believed to be too cold to be observed. As shall be seen, however, the existence of

old NS puts strong limits on certain dark matter models.
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1.8.2  structure

The hydrostatic equilibrium of spherically symmetric stars in general relativity was first
tackled by Tolman and by Oppenheimer and Volkov independently [282] [364]. They arrived

at what is now known as the Tolman-Oppenheimer-Volkoff equations:

d];inr) = —[p(r) + E()] @ + 47Tr2p<7’):| {r(l - %)} -1 | -
d]\ifr) = 47r2E(r).

If a relation between pressure p and energy density £ is specified, solutions to the TOV
equations uniquely determine the stellar radius R (defined implicitly via p(r = R) = 0) and
mass M = M(r = R) for compact stars of given central pressure p,.

The task of determining neutron star global structure then rests on obtaining the function
p(€), or the equation of state (EOS), of dense nuclear matter '} As discussed earlier, this
is a difficult problem with many undergoing efforts working from different angles, including
potential models [I7], relativistic mean-field approaches [331, 332 B73| 374], Skyrme type
models [126, [323], and the most promising YEFT-based calculations [226] 317, 385]. While
some justifications can be made below ng ~ 2ng, all are speculations at best in the high
density region ng 2 2ny.

A crude but powerful classification of EOSs is based on their predicted pressures at
given energy densities. An EOS is loosely referred to as “soft” (“stiff”) if it supports low
(high) pressures. Because densities inside neutron star interior span several orders of mag-
nitude, and short-, intermediate- and long-range nuclear forces exhibit different behaviors,
this nomenclature generally assigns density-dependent labels to EOSs. For example, an
EOS could start as soft at low densities, then turns stiff, and so on. Typically, stronger or
increasingly stronger (with increasing density) repulsive interactions result in stiffer EOS.

Underlying microphysical degrees of freedom can be a crucial factor [326], [327] [204], 258], too.

0Tn general p(p,T), but as discussed earlier matter in neutron stars becomes highly degenerate when
T < MeV shortly after birth.
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An important model-independent constraint on how stiff an EOS can be comes from
causality: the isentropic sound speed squared C must be less than the speed of light
(squared)

Cs = (j—g)s <1 (1.27)
Other requirements on EOS from thermodynamics along with a few popular and light-
weighted EOSs are summarized in

By varying p., solutions of the TOV equations for a given EOS trace a curve in the
mass-radius plane. Universal to predictions of all physical EOSs (satisfy causality) is the
existence of maximum mass. A heuristic way of understanding this is by turning to the
Newtonian “gradients of pressure balance gravity” picture E Since energy sources gravity,
the higher the pressure the higher the masses an EOS can support. But the rate at which
pressure can increase with energy density is bounded by causality [eq. 1.27] The upshot is
that gravity always wins, and all physical neutron star EOS are bound to produce neutron
stars of mass < 3M,. This line of reasoning also suggests stiffer equations of state would
produce more massive stars. Therefore the observation of heavy neutron stars could rule out
EOS models that are too soft. This is usually known as the maximum mass constraint. A
similar connection between EOS and observables also applies to radii. The stiffer the EOS,
the larger the radii it predicts.

The correspondence between compact star structure and underlying nuclear physics EOS
suggests astrophysical measurements of M or R or even better M and R could provide

valuable information about the microscopic properties of dense nuclear matter.

[Appendix A.l| contains a collection of topics related to TOV equations. Effects of spin

have been studied extensively [I78] 180, 179, 351} 288, T01] and it is found that maximum
mass may increase up to 30% for fastest rotating stars close to break-up; Magnetic fields
encountered in magnetars may impact neutron stars structure noticeably if B > 1012 T [86];

Finally, tidally deformed configurations relevant for binary neutron star (BNS) mergers will

the Newtonian treatment is in fact a reasonably good approximation for qualitative arguments; see
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be discussed later.

1.3.8 traditional measurements

Radio pulsars constitute the majority of neutron stars detected so far. Their reliable and
periodic signals provide an accurate timing mechanism. As will be discussed below, pulsar
timing has already successfully produced a handful of accurate pulsar mass measurements.
Due to radio emissions, the period P is not expected to be constant, though. The spin-
down rate P /P can be used to estimate pulsar ages. Since the energy is lost in the form
of electromagnetic radiation, the pulsar spin-down rate also yields estimates for the pulsar
magnetic dipole field. A few pulsars are observed to exhibit glitches, which are the likely
result of angular momentum transfer in the crust from superfluid components to the normal

phase [23] 242).

1.5.4 mass

It is well-known since Newton that stellar masses can be in principle determined from classical
mechanics if the star is in binary systems (or in the same spirit, has planets). The same
principle holds for pulsars in binaries as well. The radio pulse profile is affected by orbital
modulations and can be used to determine the binary orbit. However, Keplerian orbital
parameters inferred from Newtonian dynamics are usually degenerate. The binary orbit
period P, and the pulsar radial orbital velocity measured from time variations of pulse
arrival time specifies the combination

(M; sini)®

fl(M17M2) = QQ<CLSini>3 = Ml + M2

(1.28)

known as the mass function (of star 1, here refers to the pulsar). Above, Qo1 = 27/ Pop, a
is the semi-major axis, 7 is the inclination angle (i = 7/2 corresponds to an edge-on orbital
plane), M, are masses of the pulsar and its companion, respectively. This only provides a

lower bound on M, since My > f; therefore does not resolve the binary. While the inclination
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angle ¢ or the mass ratio may be obtained independently from other measurements in very
limited cases, such degeneracy cannot be lifted in most binary systems.
General relativistic effects come in handy. First off, compact binary systems emit gravi-

tational waves. The resulting orbital decay is given by

Pop = ———(21)3(1 = )72 [ 1 4 —¢? a)__ T2

— 1.29
24° 96" (1.29)
where e denotes the eccentricity of the binary orbit. Secondly, time dilation of the pulsar

signal owning to the combination of Doppler effects and gravitational redshift is

—1/3 (M1 + 2M5) M,

= e 1.30
v € orb (Ml +M2)4/3 ( )

Thirdly, the advance of periastron angle w is given by
W =303 (M, + Mp)*(1 — )L, (1.31)

Lastly, for sufficiently large orbital inclination angle, Shapiro delay [335)] also applies when
radio pulses emitted by the pulsar pass near its companion before reaching Earth.

To date, pulsar timing has produced accurate mass measurements for around 40 neutron
stars [233]. The most massive ones are found to be around 2M;, and are listed in [table 1.1]
Their existence put stringent constraints on neutron star EOS, as noted earlier. Measure-
ments of so-called “black widow” pulsars yielded 2.74+0.12M, for PSR B1757+420 [368] and
2.68 + 0.14M,, for PSR J1311-3430 [319] BI8]. Instead of using relativistic post-Keplerian
orbital dynamics these measurements infer the inclination angle from orbital brightness vari-
ations of the low mass (M < 0.1My) companion, which is bloated and strongly irradiated
by the pulsar. The deduced masses, however, are prone to large unknown systematic un-

certainties associated with the observed light curve, and may well be as low as 1.6 — 1.8 M,

1.3.5 radu

While the miniature size of neutron stars makes point particle orbital dynamics particularly

accurate in extracting NS masses using pulsar timing, it poses great challenges for radii
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pulsar ‘ J1614-2230 [T18] J0348+0432 [25] J0740+6620 [104] J1810+1744[320]
mass (M) ‘ 1.97 +0.04 2.01 £ 0.04 2.147049 2.13 £ 0.04

Table 1.1: Massive pulsars around or above 2M observed so far. The quoted bounds are

1-0 intervals.

measurements. One major effort focuses on extracting radii from the neutron star surface
blackbody radiations. Isolated NS or NS actively undergoing transient accretion are the
cleanest targets. In the latter case the binary in which the pulsar resides is often called
quiescent low-mass X-ray binary (¢qLMXB). Assuming the emission comes from a spherically
symmetrical star, if the flux F' and apparent effective temperature Tis o can be extracted
from the observed emission spectrum (which for most cases falls in the soft X-ray band), and
the NS mass M and the distance D is known, the radius can be obtained from

oMy FD?
R — (1 _ _> 1.32
R/ osTer 0 (1.32)

where g is the Stefan-Boltzmann constant, and the factor 1 — 2M /R accounts for redshifts
due to gravitational potentials of the emitting NS.

However, this method suffers from a variety of unknown systematic uncertainties. Most
notably, extraction of the effective temperature Tig o is shown to be sensitive to magnetic
field configurations and compositions of the NS atmosphere. For example, even if assuming
strong B fields are absent, inferred radii based on the same data disagrees by 50% depending
on whether a Hydrogen or Helium atmosphere model is used [87, 333 [188]. The (poorly-
known) ambient astrophysical environment is another source of systematic. The stellar
medium could significantly affect the observed X-ray spectrum leading to large dependence
of inferred radii on the modeling of interstellar absorptions. Finally, time-varying spectra
are observed in a few NS, suggesting non-thermal components may be polluting the signal
[T72, 188]. This might even be the case for data not displaying time variations since non-

axisymmetric magnetic emissions could be disguised as thermal components if the magnetic
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dipole roughly aligns with the spin axis [228] 229].

A promising improvement has been proposed and is the underlying principle for analyzing
data from current and planned missions such as the Neutron Star Interior Composition
Explorer (NICER). Using synthetic data it was demonstrated that systematic errors are
minimized if additional rotational phase data are available and fitted as a reference [266].
Usually, this information comes from modulated emission of surface hot spots [265, 260,
272, 291]. Two measurements are made so far: R = 13.02%}2¢ km and M = 1.4470 15 M, for
J00304-0451 [262] and R = 13.7+7 km for J0740+6620 [263] (mass is obtained independently
from pulsar timing listed in . While still compatible with yEFT-base predictions,
these radii are on the larger side. This tension might hint at other unknown systematic

eIrors.

Millisecond pulsars could potentially put a bound on the allowed NS radius if their mass

is known. Assuming Newtonian gravity, the mass-shedding limit for a uniform density solid

ball is
MP\ 23 MY/ p \23
Ryox = | — ~ 16 km | —
2m Mg 1 ms

Note that R and M are those for the un-deformed star. This estimation is shown to be

accurate within 20% in fully relativistic simulations employing physical EOSs [175], 142, 234].

Finally, the newly available gravitational wave detection from binary neutron star mergers

could also constrain neutron star radii, as shall be discussed below.

1.3.6  gravitational wave probes

While observations of the Hulse-Taylor binary pulsar system indirectly confirmed gravita-
tional radiations [200] 358], it was not until GW150914 [2] that we directly detected grav-
itational waves for the first time. Nowadays, instead of a mere test for general relativity,
observations of gravitational waves from binary neutron star mergers such as GW170817 can

further assist in understanding compact star structures and composition.
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propagation and detection of GWs

Analogous to wave-like solutions to the vacuum Maxwell’s equation, gravitational waves are
propagating perturbations of the spacetime itself as predicted by general relativity [127].
Because gravity is the weakest interaction among the four known forces, these spacetime
ripples are small in size, enabling perturbative frameworks that work very well for most
astrophysical applications. To demonstrate the basic principles we restrict to the leading
order of the field equation G, = 877),,. Assuming small deviations h from the Minkowski

background 7,,,, the full metric can be decomposed as

G = My + Py (1.33)

Although the 4 x 4 symmetric tensor g,, contains 10 degrees of freedom, most of them are
redundancies associated with the diffeomorphism exhibited in general relativity. Metrics
related to each other via arbitrary infinitesimal coordinate transformations z# — z# 4 &+
describe the same spacetime geometry. This reparameterization invariance is similar to the
local gauge symmetry in Maxwell’s and Yang-Mills theories.

After imposing the Lorenz gauge 0"h,, — %(9,,]1 = 0 where h = h¥ is the trace, the
linearized equation takes the form

Ohy,, = —1677T,

Iz

(1.34)

where BW = hy, — %nwh is the trace-reversed perturbation, and O = 7, 0"0" since at linear
order covariant derivatives reduce to ordinary partial derivatives. Note that in terms of h

the Lorenz gauge imposes DB,“, = 0 and is in analogy to J,A" = 0 in electromagnetism.

To find the vacuum wave solutions we set the stress-energy tensor 7),, = 0. Only two
independent propagating modes can be identified from the above weak-field equation. They
are purely spatial and their amplitudes can be expressed in terms of traceless tensors. Align

the z-axis with the direction of propagation such that &* = (w, 0,0, k), the two polarization
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modes (hy ) are

0 0 0 0
0 h h 0] .
[Pyl | = T T e, (1.35)
0 hy —hy O
0 0 0O 0

Together with the Lorentz gauge (which implies k#h,,, = 0) the conditions hg, = 71““ =0 are
known as the transverse-traceless gauge and indeed lead to 10 —4 —4 = 2 degrees of freedom.
The wave equation suggests k*k, = 0, i.e., gravitational waves travel at the speed of light

hence £ = w. The h, » polarizations can be visualized by considering their effects on a ring

S DSEIR TR TN R

Figure 1.6: Effects of the “plus” polarization on a ring of test masses placed in the plane

perpendicular to the propagation direction.

of test masses. By the equivalence principle isolated test particles simply follow geodesics in
the perturbed geometry and cannot feel the effect of passing gravitational waves. Relative
motions between neighboring observers characterized by geodesic deviations, however, are
disturbed by GWs. For example, effects of the + mode in is shown in [fig. 1.6]
Motivated by the tensorial distortion patterns, interferometers are conveniently proposed
to detect gravitational waves. It essentially simplified the ring of test masses to two per-
pendicular arms. Assuming the arms are perpendicular to the direction of propagation, the
maximum relative arm length differences encode GW amplitudes as & = |h|/2. Known as
the strain, this is a tiny number for currently known sources (because gravity is weak). As
shall be discussed below, for GWs expected from compact binary mergers h < 1072, The

current LIGO detectors have arm lengths L. = 4 km, and the planned Einstein telescope
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is designed to have L = 10 km [299]. Future space-based observatories will be equipped
with larger arm lengths, such as the astronomical size L = 2.5 x 10 km proposed for the
LISA project [22]. It indeed takes engineering miracles to detect such tiny variations. How-
ever, it is noteworthy that the ability to directly detect GW amplitudes (which fall off as
1/D at large distances from the source) instead of intensities (which fall off as 1/D?) may
compensate for the weak signals and renders GW a powerful probe compared to traditional

electromagnetic observations in certain scenarios.

GWs from compact binary systems

The presence of matter fields makes it tricky to solve even the linearized field equations.
When coupled to matter the perturbed metric A, would not assume the transverse-traceless
form in general since 7}, does not. One approach is to directly solve the fully nonlinear field
equations numerically. Numerical relativity can now simulate GW emissions from merging
relativistic binaries reasonably well but at great computational costs. On the analytical front,
one may still achieve controlled calculations under further approximations. For compact
binary inspirals a common assumption made is that the source moves slowly (both internally
and as a whole) in addition to the weak-field approximation This is the post-
Newtonian (PN) approximation, in which the (dimensionless) velocity v is the expansion
parameter E

The leading order behavior in the PN expansion is obtained from Newtonian treatments
of T,,. It assumes the radiation travels faster than the component velocities of the source,
and that the GW wavelength Agw > r is much larger than the size of the source r. Using
the standard retarded Green’s function method, the radiation from an isolated source can be
arranged through multiple expansions in the radiation zone (D > \) where D is the distance

to the source.

12Tt is noteworthy that although the slow-moving assumption does not appear to be valid in compact
binary mergers, predictions of the PN framework are found to be in good agreement with those from
numerical relativity.
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Because the monopole (energy) and dipoles of both electric and magnetic types (linear
and angular momenta) are conserved, the quadruple moment @);; is the first term in the
series that can radiate. The quadruple radiation formula reads

_2dQy
D e

For a binary neutron star system with reduced mass p = M; My /(M; + M;) and orbital

separation r in the x-y plane (orbital plane), the strain is given by

dpw?  r? oz [ M ? roo\! D -
= B )2
U D 0 Mg 50 km 100 MPc (1.37)

where wq, = \/4u/r3 is the orbital frequency following from Keplerian analysis. As noted

earlier the GW amplitude is indeed tiny.

The emitted GW carries away orbital energies, which causes orbital decay. At this order
the effect was shown infeq. 1.29] It is convenient for GW data analysis to express the orbital
decay in terms of the rate of change of GW frequencies. The rapid rising in GW frequency

is known as the “chirp” and is given by

dﬁc;w = 9—567rf(2;w (7T/\/l)5/3, with M =

(M1M2)3/5
(Ml + M2)1/5~

(1.38)

assuming circular orbitsEL Above M is known as the chirp mass. The chirp becomes
most noticeable during late stages of the inspiral when separations between component stars
are comparable to the stellar size. Existing LIGO observations of compact binary mergers
can indeed measure chirp masses incredibly well (with sub-percent uncertainties) just from

hearing the chirp [2], 4].

Tidal deformability and gravitational waves

While the black hole no-hair theorem suggests that GWs emitted from binary black hole

systems only depend on the masses Mo and spins Jj o E, the wave train coming from

13GW has a braking effect near periapsis that diminishes eccentricity during binary evolution.

14BHs formed from stellar collapses are expected to be electrically neutral.
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mergers involving neutron stars contains additional information about the structure of NSs.
During the late stage of compact binary inspirals, finite-size effects leave discernible imprints
on GW emissions when the separation between component stars becomes comparable to
the size of NSs. Component neutron stars develop quadruple moments Q;; in response to
the tidal field &;; sourced by their companions. At the leading order the response is linear
Q;; = —A&;;. The dimensionful quantity A dubbed tidal deformability is often written as
A= %l@ R® where ky is a dimensionless quantity known as the tidal Love number and
depends on the internal structure of the object [244]. The strong sensitivity on the compact
star radii through R® suggests that extracting A from GW observations could constrain the
neutron star size independently from EM observations.

The evolution of inspirals involving tidally deformed neutron stars is almost dissipation-
less and adiabatic since the viscosity is small [62]. In this limit, stellar quadruple deformations
are forced harmonic oscillators driven by the tidal fields at frequency wagw = 2wop. Hence
these deformations add coherently to the orbital quadruple moment thereby enhancing GW

emissions and accelerating the inspiral. For circular orbits the phase shift of GW due to the

tidal effect is given by
o = —ﬂv‘r’% A,
256 p

where
A 1_6 (M + 12M2)M{1A1 + (12M; + Mg)M§A2
13 (M; + Ms)? ’

is the relevant measure of the tidal deformability of the BNS system [136]. Here M; and
A; = \;/M? are the masses and dimensionless tidal deformabilities of component stars,
M = M, + M, is the total mass, u is the reduced mass, and v = (WMfgw>1/3 the orbital
velocity. Although tidal effects change the phase only at the 5th order in the post-Newtonian
expansion, corrections at this order from point-particle general relativistic dynamics are
expected to be significantly smaller for NSs with low spins [I136]. The calculation of A and

ko for relativistic stars was first performed in [192] and is summarized in [appendix A.2|
Analysis of GW from the binary neutron star merger GW170817 already put constraints
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on Ay 4 [B,8,[114]. In|chapter 2| we will construct a new family of EOS from yEFT-based pure
neutron matter calculations and examine the constraining power of future LIGO detections

under the LIGO designed sensitivity.
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Chapter 2

CONSTRAINING THE NEUTRON-MATTER EQUATION OF
STATE WITH GRAVITATIONAL WAVES [}

We show how observations of GWs from binary neutron star (BNS) mergers over the next
few years can be combined with insights from nuclear physics to obtain useful constraints
on the EOS of dense matter. In particular, the neutron-matter EOS between 1 and 2 times
the nuclear saturation density ny ~ 0.16 fm 2 can be constrained to within 20%, given the
simulated data from about 15 merger events. Using Fisher information methods, we combine
observational constraints from simulated BNS merger events drawn from various population
models with independent measurements of the neutron star radii expected from x-ray astron-
omy (the NICER observations in particular) to directly constrain nuclear physics parameters.
To parameterize the nuclear EOS, we use a different approach, expanding from pure nuclear
matter rather than from symmetric nuclear matter to make use of recent QMC calculations.
This method eschews the need to invoke the so-called parabolic approximation to extrap-
olate from symmetric nuclear matter, allowing us to directly constrain the neutron-matter
EOS. Using a principal component analysis, we identify the combination of parameters most
tightly constrained by observational data. We discuss sensitivity to various effects such as
different component masses through population-model sensitivity, phase transitions in the

core EOS, and large deviations from the central parameter values.
2.1 Introduction

Recent articles that followed the discovery of GW170817 have shown that upper bounds

on the dimensionless tidal deformability A = A/M?® of the neutron stars obtained from

!this chapter is based on the published work [138].
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gravitational wave data analysis provide constraints on the EOS of dense matter encountered
inside neutron stars [113) 359, [§]. This is a great opportunity and challenge for several
reasons: neutron-rich matter, although relevant for many applications, is not easily accessible
in experiments, while theoretical approaches require solving the difficult quantum many-body
problem and lack a precise characterization of the underlying interactions. Observational
constraints provide an anchor for nuclear theory in this uncertain regime, allowing one to
extrapolate low-density and symmetric properties of nuclear matter to significantly improve

constraints on neutron-rich matter at higher densities.

In this chapter we discuss how we can extract more detailed information about the
properties of dense neutron-rich matter and neutron stars during the next few years with more
GW detections and measurements of neutron star radii expected from x-ray astronomy, and
highlight the importance of an informed parameterization of the dense matter EOS. We make
the reasonable assumption that all neutron stars are described by the same EOS. Further,
modern nuclear Hamiltonians based on chiral effective field theory provide a systematic
momentum expansion of two- and many-body nuclear forces. This, combined with advanced
computational methods to solve the nonrelativistic quantum many-body problem, now allows
us to calculate the EOS of pure neutron matter up to nucleon number density n. & 2ng, where
no = 0.16 nucleons per fm? is the average nucleon density inside large nuclei (corresponding to
a mass density pg ~ 2.7 x 1014 g/cm?) [360]. Interestingly, there is a convergence of different
ab initio methods based on realistic microscopic Hamiltonians that account for two and three
neutron forces [152, [I51], 148, [147]. These calculations suggest that the functional form of
the EOS of pure neutron matter in the density interval 0.5n¢ to 2n is well determined. We
use this information to parameterize the EOS and show how it helps with the analysis of
multiple BNS detections and provide tighter and more useful constraints for dense matter
physics. In turn, these constraints for the EOS of pure neutron in the density interval where

calculations are feasible will provide new insights for nuclear physics.

Our study differs from earlier work in the following aspects:
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e We incorporate insights about neutron-rich matter obtained from nuclear physics by
implementing a new parameterization of the nuclear equation of state and identify

parameters that can be best constrained by GW observations.

e We quantify how constraints on these parameters and on the pressure of neutron matter

in the density interval ng to 2ng will improve with the number of detections.
e Our analysis uses a numerical relativity based tidal waveform model.

e We study the effect of different population synthesis models on the accuracy with which
EOS parameters can be measured with GWs and use several thousand binary neutron

star source simulations to assess errors in EOS parameter measurements.

e While a nearby event like GW170817 at LIGO design sensitivity would significantly
constrain the properties of neutron matter, we show that similar constraints can be

obtained from about 15 events beyond 100 Mpc.

We begin with a summary of our results in [section 2.2 then describe how we have

parameterized the dense matter EOS in [section 2.3 Insection 2.4] we discuss how we obtain

constraints from the gravitational waveform of simulated merger events. Finally, we discuss

details of the method we use to obtain these constrains in [section 2.6l

2.2 Results

Our main result is that even a handful of GW observations of BNS mergers will provide
the most stringent constraints on the low-temperature equation of state of dense neutron
matter in the density interval between ng — 2ng. This is summarized in [fig. 2.1, which shows
how the constraints on the pressure of pure neutron matter P,(n,) improve as a function
of additional NICER or LIGO observations. We start from the errors listed in [table 2.1},
which, for the purposes of this analysis, we interpret as uncorrelated 1o normal errors for

the parameters. This gives the upper dotted line labeled “Nuclear”.
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Figure 2.1: Relative constraints on the pressure of neutron matter P,(n,) from Ny €
{1,15,100} simulated merger events, and expected constraints from NICER (J0437) [264]
(M = 1.44(7)My, dR/R = 0.1). From top: Constraints from nuclear theory augmented
by NICER, from a single merger event at D = 40 Mpc with LIGO sensitivity, then various
Nops LIGO events drawn from SubSolarA model that are uniformly distributed within the
volume spanned by D € [100, 400 |[Mpc. The shading shows the range of sampling errors (1o
or 68th percentile) demonstrating variation within the SubSolarA population model [122].
Beyond the vertical yellow line, we use the core EOS. Inset: P,(n,) with lo error bands

corresponding to each of the constraints.

To this, we add the following constraints:

e Constraints from a simulated binary with similar masses and distance D ~ 40 Mpc to

GW170817 but at LIGO design sensitivity.

e GW observations at LIGO design sensitivity of Nops € {1, 15,100} distant D € [100, 400 |Mpc
simulated merger events from population model SubSolarA as described in [section 2.4
To estimate the variance possible within the population model, we sample 500 differ-

ent populations, each containing Ny, and plot the 1o (68th percentile) error bands as
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shaded regions.

e An uncorrelated mass and radius measurement of J0437 projected to be measured at
a 5% level from NASA’s NICER mission — i.e. 1.44(7) M with a 10% measurement of
R [261], 264).

This analysis demonstrates several key points: A nearby event such as GW170817 is com-
parable to a dozen or so events from D > 100 Mpc. The NICER constraints are comparable to
a single LIGO observation from a distant population sample having low signal-to-noise ratio
(SNR), however, nearby or multiple accumulated LIGO events yield significant improvement.
After about Ny,s = 15 observations, we observe rather limited improvement from additional
Nops = 100. This can also be seen in [fig. 2.2 which shows how the constraints improve as a
function of the number of observations.

One caveat: these constraints assume Gaussian errors and linear error propagation. A
proper analysis requires a much more expensive Bayesian approach (see, e.g., Ref. [12]). To
assess the nonlinear effects, we provide similar plots for comparison in for the
different central values listed in table 2.2l

To put these results in perspective, consider the nuclear symmetry energy Sgym and slope

L of its density dependence:

Ssym = Enp(”Oa O) - Enp(%a %)7 (21&)
on, S no

where E,,(n,,n,) is the energy per particle of uniform nuclear matter. If the so-called
parabolic approximation holds at saturation (L, ~ L — see and the surrounding
discussion), then upcoming neutron skin experiments [196], 198, [197] expect to constrain
AL = 41 MeV with a possible reduction to AL = 15MeV with a follow-up experiment. This
is comparable to combined constraints from ab initio calculations [186] [184] [384] 153, 245]

and astrophysical observations [286], [152], 151, 148 147, 347, 349, 235]. From our analysis we
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thus see that GW observations alone could have an impact at the ~ 15% level corresponding

to AL ~ 10 MeV.
2.3 Parameterization of the nuclear equation of state

To relate the nuclear equation of state to the structure of neutron stars, we must first char-

acterized the equation of state (EOS) of nuclear matter. This is conveniently parameterized
by the energy density £(np) as a function of the baryon number density np = n, + n,,
which is the sum of the neutron and proton number densities. Simple approximation for this
function in terms of polytropes is often a starting point for astrophysical analysis. Indeed,
many families of nuclear EOS can be characterized quite well by a simple set of piecewise
polytropes [306].

Our approach here, however, is to directly express £(np) in terms of nuclear physics
parameters. This approach allows one to directly assess how observations translate into
constraints on nuclear physics. We shall demonstrate this by providing constraints on the
pressure of pure neutron matter P,(n,), which is inaccessible from a general polytropic
analysis .

It is useful to divide the neutron star interior into four regions: the outer crust, the inner
crust, the outer core, and the inner core. The radial extent of the outer crust, which is
composed of neutron-rich nuclei embedded in an electron gas, is only a few hundred meters
and its contribution to the neutron star mass is negligible. The EOS of the outer crust is
well understood and depends weakly on the composition of nuclei present. The inner crust
extends from np = Ngrip = 2 X 10310 to N = Neore =~ 219, has radial thickness ~ 2km,
and contains a modest fraction of the mass. Here, exotic neutron-rich nuclei are embedded
in a dense liquid of neutrons and electrons, as described by the CLDM in [section 2.3.1] The
outer core is a liquid composed primarily of neutrons and a small (few percent) admixture
of protons, electrons, and muons. It extends from ng ~ 0.5ny to ng = n. ~ 2ng where the
description of matter in terms of nucleons interacting with static potentials is expected to

break down. The inner core extends to higher densities, and we switch here to the speed-of-
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sound parameterization discussed in [section 2.3.3|

On dimensional grounds one expects the dimensionless tidal deformability A to be related

to fOR Ertdr = (Er™) with n ~ 7 for M ~ 1.4M; (see the second section of [chapter 4] or

equivalently [276]). Although the EOS around intermediate densities dominates the seventh
moment of energy distribution for massive neutron stars, the inner crust also makes a large
contribution to A for low-mass stars (which are believed to be more common in binary
neutron star systems). This contribution is shown by the dashed (purple) lines at the bottom
of [fig. 2.3l Thus, it is important to provide a unified description of the EOS of the inner crust
and the outer core in any analysis that aims to constrain the EOS using GW observations

of binary neutron stars.

2.3.1 Compressible Liquid Drop Model

The compressible liquid-drop model (CLDM) (see [174, 90]) provides a unified EOS connect-
ing a fixed outer crust for p < payip (for which we use the data in Table 4 of [336]) to the inner
core EOS. In the inner crust, the CLDM constructs spherical nuclei in a spherical Wigner-
Seitz cell, ensuring equilibrium with surrounding neutron and lepton gases by establishing
both electric and S-equilibrium. This is similar to the approach taken in [140, [392], but differs
in how we define the nuclear matter EOS &,,(n,,n,). Instead of using &,,(n,, n,) obtained
from specific models based on effective Hamiltonians solved in the mean-field approximation
to reproduce empirical parameters like nuclear saturation properties, we use what we believe
is close to a minimal phenomenological parameterization that directly encodes properties
that can either be measured or calculated reliably. The advantage of our approach is that
these parameters are directly connected with the unified EOS, allowing us to provide a full
covariance analysis linking nuclear parameters with neutron star observables.

Although the use of a spherical Wigner-Seitz cell precludes the possibility of pasta
phases [303] the errors incurred by the Wigner-Seitz approximation for different lattice struc-
tures are less then 0.5% (see e.g. [89] [90]).

Our implementation of the CLDM introduces two effective parameters: the surface ten-
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sion for symmetric nuclear matter oy and the parameter Cyyy, = 05/00 which characterizes
the isospin dependence of the surface tension o(n,,n,) = 00(1 — Csymﬁz + O(ﬁg)) [236]
(see for the exact form used), where /3, = (n, — n,)/(n, + n,) is the isospin
asymmetry. We fix the parameter oy to smoothly match the tabulated outer crust equation
of state, leaving free the single parameter o5. Additionally, we include as a parameter a sup-
pression factor C for the Coulomb interaction to allow for the diffusivity of the proton charge
distribution (see the discussion in [348]). As will be shown in [section 2.2} these parameters
have negligible effects on the constructed EOS.

This approach allows for a small first-order phase transition from the region modeled by
the CLDM to homogeneous nuclear matter. With our parameters, this phase transition is
weak: on/n < 10%.

To establish f-equilibrium we include leptons modeled as a Fermi gas of electrons (and

muons at sufficiently high densities) in the Thomas-Fermi (TF) approximation.

2.3.2  Homogeneous Nuclear Matter

One of the main new features of our analysis is to parameterize the nuclear-matter EOS as an
expansion in the proton fraction =, = n,/(n, + n,) from pure neutron matter to symmetric
neutron matter. This allows us to directly translate constraints from neutron star observa-
tions to the properties of neutron-rich matter, which are poorly constrained by terrestrial
experiment. As a consequence of this analysis, we find that the properties of symmetric
nuclear matter will not be strongly constrained by neutron stars without a priori theoretical
constraints on the form of the isospin dependence. This is somewhat expected: fitting the
Seattle-Lawrence-Livermore (SealLLl) nuclear energy density functional [72] showed that
virtually any form of neutron-matter EOS can be accommodated with quartic ﬁ;‘; terms
without spoiling global fits of nuclear masses, charge radii etc.

In contrast, the common approach of expanding about symmetric nuclear matter in
powers of the isospin asymmetry 3, = (n,, —n,)/(n, + n,) allows one to directly connect

experimentally relevant properties of symmetric nuclear matter to properties of neutron
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matter. This connection, however, is generally predicated on the so-called parabolic approx-
imation, which is valid only if quadratic terms ﬁz dominate over quartic ﬁg and higher-order
terms. While there is some support for this below saturation density from relativistic Dirac-
Bruckner-Hartree-Fock (DBHF) calculations [238], Gogny forces [166], and other perturba-
tive techniques (see [240] for a review), it is not well established at higher densities.

For these reasons, we start with a parameterization of pure neutron matter, then use the
properties of symmetric nuclear matter to constrain the extrapolation in the proton fraction
L.

To describe pure neutron matter we use a double polytrope for the energy per particle:

P, =n, [aa (Z—Z)a + b8 (Z—’;)ﬁ] , (2:2)

where my is the nucleon mass, g = 0.16 fm 2 is a constant (approximately the nuclear
saturation density), and a, b, , and  are four EOS parameters. This form was found to
accurately fit QMC calculations of the EOS using nuclear Hamiltonians with realistic two-
and three-body forces [152] 1511, 148, 147], and is consistent with recent QMC results based
on chiral EFT interactions [384] [153] [154) 245]. For small proton fractions x, = n,/(n,+n,),

we perform an expansion:

Eup(asy) = (1= ) Bu(na) 4, (my + 57 () )+

(3772>2/3 5/3, 2/3 2 3
+ 2—pr Np + $pf2(n]3) + xpfg(nB) + - (23)

where m* is the proton effective mass, and ¥P(ng) describes the self-energy of the proton
polaron. This function is presently poorly constrained by QMC and experimental data and
all known results are consistent with a simple two-parameter quadratic expansion:

nrp U _73_3
X (ns) =y

24
ng u, —1 (2.4)
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where p, = ¥P(7), and u, sets the density where X?(ng = u,ng) = 0. (We expect XP(np) to
curve up for higher densities due to the repulsive nature of nuclear three-body interactions.)
The additional powers f,(ng) are chosen to match the properties of nuclear matter to

quadratic order in the isospin asymmetry 3, and expansion away from saturation d,,:

K K
B (1, my) = €0+ =07 + (52 + Loon + 725721) 2

Ny — Ny np — No
—_n P 5, = ———. 2.5
By == 3 (2.5)

Fitting two even powers, ﬂg and BZ, and the lack of odd powers uniquely defines the functions
fa(np) through fs(ng), completing our characterization of the nuclear equation of state in
terms of the nuclear saturation density ng, energy per particle ¢y, and incompressibility Kj;
the symmetry energy Ss, slope Lo and incompressibility /K,. Note that a term proportional
to 5;1 is allowed in , but our EOS is unconstrained by this term, i.e., does not rely on
the parabolic approximation [eq. 2.5

Finally the leptons are included and described as a Fermi gas in the f—equilibrated star.

2.3.8  Speed of Sound Parameterization of the Inner Core

Above densities n. ~ 2ng the EOS is virtually unconstrained. The typical approxima-
tion at high density is in terms of a polytrope, but we choose a more physically mo-
tivated high-density EOS parameterized in terms of the square of the speed of sound:
C(€) = A(€) = P'(£) < 1 which approaches the perturbative QCD result C(€) — 1/3
at asymptotic densities. The combination of a soft nuclear EOS as predicted by nuclear
physics at low densities, and observations of ~ 2M, neutron stars, suggests that C(€) > 1/3
inside the neutron star [43] B60]. C(€) thus exhibits at least one peak before returning to
the asymptotic value. This is intriguingly similar to the behavior of C'(£) as a function of
temperature at zero baryon density [20]. We thus include a simple parameterization C'(&)
as a quadratic polynomial smoothly connecting to the homogeneous equation of state at a
fixed transition energy density &£, reaching a maximum Ch,x < 1 at an energy density Epax,

then returning to C' = 1/3 at which it remains for higher densities. This core EOS thus
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introduces three parameters &., Cihax, and Enax. To better understand the sensitivity of our
results to the properties of the core, we include one slightly different form Core_trans which

has a first-order phase transition with discontinuity &g ans at &..

2.3.4 Parameters

Our equation of state is thus characterized by 18 parameters: o5 and C, (CLDM), ng, €, Ko,
(symmetric nuclear matter), Se, Lo, Ky, (Symmetry energy), a, «, b, 5, (neutron matter)
[, Up, m*, (proton polaron), and &, Emax, Cmax (core). We explore various ranges of these
parameters centered about the values listed in[table 2.1 which defines our base Central EOS
model. In addition to these central values, we repeat our analysis at a handful of different
parameter values, defining the models listed in All the sets of EOS parameters
considered can support stars beyond two solar mass (see , in accordance with the
two observed neutron stars with M ~ 2M, [117), 24].

We now discuss how these constraints are derived from gravitational wave observations.

2.4 Gravitational waveform

Gravitational waves from merging binary neutron star systems carry information about the
nuclear equations of state. During late stages of inspiral tidal interactions between neutron
stars can leave imprints on the GW signal that is otherwise dominated by point-mass con-
tributions. As discussed earlier, tidal responses of neutron stars can be quantified by the
dimensionless tidal deformability parameter A = %]{235 /M?, where the second Love number

ko is weakly sensitive to the matter distribution inside the star [136].

The calculation of A and ks, for relativistic stars has been discussed extensively in [192]
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297] and is summarized in Jappendix A.2, Here we quote the results:

ky = 8%5(1 — 202 (2(1 = C) + (2C — 1)yg)

{403 (13 — 11yg + 2C*(1 + yr) + C(—2 + 3yr))

+2C (6 — 3yr + 3C(5yr — 8)) +3(1 — 2C)? x (24 2C(yr — 1) — yr) In(1 — 20)}_ .

(2.6)

where C' = M/R is the compactness of the NS, and yr = y(R) is related to quadrupolar
perturbed metric functions (for details see jappendix A.2)) and is obtained as a solution to

the differential equation

dz;gr) _ ?J(:)Q _ y<r)irr<r) 1+ 47 (p(r) — (1))
—mr |9p(0) 4 560) + 5 (000) 4 £0)) | 9l 4 [ 2257 (dlnjﬁt<r))2] |

(2.7)

where g,.(r) and g (r) are the diagonal radial and temporal components of the unperturbed
spherically symmetric metric (c.f. .

As discussed in the strong dependence of A on the radius R of the neutron
star allows us to extract information regarding nuclear EOS. Indeed, post-Newtonian (pN)
theory is able to quantitatively describe the effect of the neutron star (NS) EOS on the
signal by parameterizing the waveform in terms of M and A of component stars [136], [372].
Gravitational wave observations of inspiraling compact binaries involving neutron stars can
therefore constrain A [4, 5]. However, since the constraint on A from a single BNS is weak
for small to medium SNR events, multiple observations of such systems will be required for
remote sources to reduce the statistical error in Ms and As in order to discern the effects
of similar EOS [116], 12} [66]. Fortunately, tens-to-hundreds of binaries of this type [6] are
expected to be observed over the next several years by the advanced (or “second generation”)

LIGO.
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We consider only nonspinning neutron stars here because astrophysically their spins J are
expected to be small when in a BNS system; in particular it is believed that the dimensionless
spin parameter J/M? < 0.04 [353, 4] We plan to study the effect of spin in a future follow-up
study.

The GW signal from a BNS system in a detector can be expressed as the strain
h(t) = A(t)e™® (2.8)

where A(t) and ¥(t) denote its amplitude and phase in the time domain. For Fisher infor-
mation matrix (FIM)-based parameter estimation, we work with the Fourier transform A of
the strain above. This is constructed by adding to the point-particle part of the TaylorF2
model at 3.5pN [73], a phase correction that is taken here to be the Fourier domain tidal
waveform, with Padé fits, as prescribed in Dietrich et al. [120].

In all signal simulations the errors are all statistical and are caused by the random noise
in the detector. Impacts of systematic errors, e.g., owing to erroneous waveform modeling,

detector calibration, etc., will be studied elsewhere.
2.5 Population models

We employ different sets of stellar evolution model parameters of zero-age main sequence
(ZAMS) binary stars each of which would lead to a binary neutron star system that merges
within Hubble time. The differences among stellar evolution models can be large, resulting
in appreciable variation in the component mass distribution. Since the tidal deformability
parameter is sensitive to the masses, we explore six cases of mass distributions produced by
population synthesis studies [122]. These are more realistic than the uniform or Gaussian
distributions owing to the application of stellar evolution mechanism of binary stars including
two important factors, namely, metallicity and the nature of the common envelop interaction
in the binary.

Metallicity plays the most dominant role in determining the strength of stellar winds in

main sequence stars. The larger the metallicity the larger the stellar winds, due to increased
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scattering cross-section of the electrons. This results in increased mass loss; therefore, the
remnant mass left behind at the end of main sequence phase is reduced. This decreases
the total baryonic mass content of the supernova engine at the onset of the explosion. In
our study, we consider two different variants of metallicities produced by [122]. In the first
case, the stellar evolution model was used with metallicity abundances being the same as
solar metallicity, while in the second case 1/10th of solar metallicity was used. The latter
is termed to be of subsolar metallicity. Component masses are narrowly peaked for solar

metallicity systems while subsolar metallicity systems produce a wider mass distribution.

The second most important effect that can change the component masses of BNS systems
is the way mass transfer takes place during the common envelop phase of stellar evolution of
the binary stars. The mass transfer in the common envelop stage depends on the evolutionary
phase of the two stars. In one extreme case, for example, if the common envelop phase
is initiated by the star in the Hertzsprung gap stage, it is likely to transfer a significant
amount of orbital angular momentum to the entire binary system. This case is denoted by
“submodel A” in [122]. On the other hand, depending on the nature of interaction between
the core and the envelop, one possible outcome is that during each common envelop stage for
Hertzsprung gap donor stars the outer envelope acquires the significant part of the orbital
angular momentum and gets ejected from the system, leaving behind the cores of the two
stars to inspiral. This case is denoted by “submodel B” in [122]. Furthermore, a higher
metallicity in the parent star can result in greater mass loss and consequently a less massive
remnant. Therefore, we employ NS populations resulting from solar metallicity stars as well
as those with 10% of solar metallicity.

Additionally, we consider a population model motivated from the observed mass distri-
bution of BNS systems in our galaxy from electromagnetic astronomical measurements [284].
In this case, we utilize the mean and variance of the higher mass component (m;) and lower
mass component (mz) to generate an uncorrelated two-dimensional Gaussian distribution in
component masses (mj, ms) of the BNS population model, which we refer to here as the

electromagnetic observed (EMObserved) model.
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Note that, while this population distribution is derived from a set of astronomical ob-
servations, most of the systems have a coalescence time much larger than the Hubble time.
Moreover, all these BNS systems are distributed in our galaxy, whereas the expected BNS
events observed with LIGO/Virgo detectors will be of extragalactic origin and likely to be
distributed in different metallicity environments. These effects can cause potential biases in
our analysis. However, such a bias will have a very different, independent origin as compared
to the suite of particular stellar evolution population models considered above. Thus, explor-
ing these different scenarios for the population models will project an amount of systematic
bias translated into the constraints of nuclear physics parameters.

These different characteristics lead to the following six models of populations studied

here:

Solar metallicity submodel A (SolarA) These are binary NS populations produced by
solar metallicity stars of the submodel A type.

Subsolar metallicity submodel A (SubSolarA) These are binary NS populations pro-
duced by sub-solar metallicity stars of the submodel A type.

Solar metallicity submodel B (SolarB) These are binary NS populations produced by
solar metallicity stars of the submodel B type.

Subsolar metallicity submodel B (SubSolarB) These are binary NS populations pro-
duced by sub-solar metallicity stars of the submodel B type.

Electromagnetic observed (EMObserved) This population mimics the BNS population

observed in our galaxy. It is not limited to binaries that will merge in the Hubble time.

Uniform (Uniform) Uniform sampling of neutron stars with masses between 1M and

2M,,.
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Constraints on P, (n,) for 15 LIGO observations sampled from these population distributions

are shown in [fig. 2.6

2.6 Statistics and methods

Given a particular parameterization of the EOS, we compute the mass M, radius R, and
tidal deformability parameter A of a NS with a given central density by solving the TOV
equations as discussed in The signals (gravitational waveforms) from merging
neutron stars is computed with the numerical relativity based frequency-domain model [120]
mentioned above. From those waveforms, we compute the corresponding FIM characterizing
the correlated uncertainties of the masses, M; and M,, and the tidal deformabilities, A;
and As (maximizing the matched filter over the source distance, signal time, and phase at
coalescence [16]), to estimate the information obtainable in a merger event at LIGO design

sensitivity, as described below.

Statistical Analysis To estimate how large the noise-limited errors are of the BNS param-
eters ¥, we begin by modeling the measured values after the maximum likelihood estimators
(MLEs) [189]. Owing to noise, the MLE will fluctuate about the respective true values, i.e.,
9 = 9 + 69, where 69 is the random error. The extent of these fluctuations is estimated by
the elements of the variance-covariance matrix, y* = 59269 [189).

The matrix 7% is bounded by the signal via the Cramer-Rao inequality, which states that
MR (2.9)
where I' is the FIM:

11ab - <8a71(79)7 abiL('ﬁ))

_ Oul*(f;9) Oh(f; )
= 43%/df G : (2.10)

Above, 0, is the partial derivative with respect to the parameter 9% and S,(f) is the one-

sided noise power-spectral density (PSD) [189]. We take the latter to be the zero-detuned
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high-power PSD for LIGO [338]. Therefore, (A9*)? = §92 9* = T', ! gives the lower bound
on the root mean square (RMS) error in estimating ¥*. The two are equal in the limit of
large SNR (see, e.g., [367]). The error estimates listed here are the AY* obtained from the
FIM.

The FIM method is known to underestimate the error in the estimation of the masses [315].
We therefore used error estimates for total mass M, and mass ratio ¢ (i.e., the ratio of the
lighter mass to heavier mass) that were obtained with Bayesian methods in Ref. [316], and
set them such that the 1o error is AM;o /Moy = 2% and Ag = 0.28, respectively, at a
single-detector SNR of 10.

The corresponding error in A for individual systems is consistent with that found in
the available literature [107, 227, [12]. While these studies probe how accurately A can be
measured from GW observations, they do not explore the effect of directly including inputs

from nuclear theory, which is the point of this work.

To translate these correlated uncertainties in observables Ms and As (assuming effects of
component spins to be small for J/M? < 0.04) to nuclear physics parameters, the FIM gen-
erated from the waveforms described above is transformed to the space of nuclear parameters
© via the Jacobian 00/00 such as the partial derivative M /Ja. These are then combined
with a FIM from the base nuclear uncertainties, and information about neutron star masses
and radii at levels expected of NASA’s NICER mission to obtain a final covariance matrix

for the 18 parameters.

The Fisher method for estimating errors has limitations, one of the main being the
need for a high SNR. Bayesian methods are more reliable, but computationally much more
expensive. For this latter reason use Fisher methods, whose computationally efficiency allows
us to reduce source selection effects on the error estimates. We are able to quickly compute
the FIM for hundreds of binaries, characterizing the variance within the population models.
In spite of the drawbacks, the Fisher errors quoted here make the case to invest in Bayesian

methods.
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Methodology For a given population synthesis model, we simulate 10000 BNS systems
and distribute them uniformly in comoving volume between a luminosity distance of 100 Mpc
and 400 Mpc. The latter limit is not too far from the horizon distance (~ 450 Mpc) of the
network of LIGO and Advanced Virgo detectors beyond which BNS sources will produce
signals with network SNR of less than 8. Also, below 100 Mpc we expect almost an order of
magnitude fewer sources than those up to a distance of 200 Mpc. This fact notwithstanding
the measurement precision for a nearby source (GW170817 was at a distance of ~40Mpc)
can rival that of a population of more distant sources. This is why we also present results
for a GW170817-like source at LIGO design sensitivity.

Our main results are summarized in [fig. 2.1 which shows how the constraints on the
pressure of pure neutron matter P,(n, ) improve as a function of additional NICER or LIGO
observations. We start from the errors listed in which, for the purposes of this
analysis, we interpret as uncorrelated 1o normal errors for the parameters.

In general, errors have been overestimated to ensure that our results are conservative.
The resulting FIM — a diagonal matrix of the inverse variances o, 2 — provides our starting
point. From this FIM, we use forward error propagation to determine the error in pressure,
which we label “Nuclear”.

The largest uncertainty comes from the form of the EOS in the core of the neutron star.
Although a description in terms of homogeneous nuclear matter may persist to some depth,
it is likely that there is some sort of phase transition to hyperonic or strange quark matter.
The core EOS is thus largely unknown. To assess the impact of large variations in the
core EOS, we compare the constraints obtained under a rather large variation of the core
parameters, as well as in the presence of a strong first-order phase transition (Core_trans).
This comparison was summarized in [fig. 2.5 Here we see rather large sensitivity to a smaller
E. as expected: if this is small, the core transition occurs at low density, and not enough
conventional nuclear matter exists to be sensitive to GW observations. As long as the core
transition is above 2ng or so, the constraints on P, are relatively insensitive to the form of

the core EOS unless there is a strong first-order phase transition.
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2.7 Conclusion

The GW170817 event demonstrated that useful constraints on the neutron star structure
can be obtained from GWs. In this article we have addressed how future observations
can provide more detailed constraints on the properties of dense matter. By separating
the neutron star into four distinct regions, and providing a unique nuclear physics based
parameterization of the equation of state (EOS) of the crust and outer core, we have analyzed
how measurements of the tidal deformability can constrain nuclear properties of dense matter.
Our parameterization, which uses the same underlying EOS of neutron matter in both inner
crust and outer core, allows us to estimate for the first time constraints on the EOS of pure
neutron matter in the density interval where controlled calculations are becoming feasible.
In the inner core, where the EOS is poorly constrained, the speed of sound is allowed to vary
over a large range constrained by causality and the requirement that the EOS produce a two
solar mass neutron star. We have taken the first steps to study how the large uncertainties
associated with the EOS of the inner core limit our ability to constrain the EOS of neutron
matter in the outer core. The results we obtain suggest that, in the absence of strong
first-order transitions in the core, even a handful of detections can constrain the pressure of

neutron matter in the density interval between ng and 2ng to better than 20%.

The principal component analysis presented in suggests that future LIGO obser-
vations will provide strong constraints on the density dependence of the pure neutron matter
EOS in the outer core. In particular, we find that the exponent § in the neutron matter
EOS defined in will be well constrained. As expected, the nuclear physics parameters
are better constrained when the outer core makes the dominant contribution to the tidal
deformability. This is the case when the neutron matter EOS is stiff in the dense regions of
the outer core and for low-mass neutron stars. If instead, the EOS in the outer core is soft
or if a strong first-order phase transition were to occur at relatively low density, constraints
on the neutron matter EOS are weaker. In these cases, the inner core has a larger impact on

the tidal deformability and GW detections will provide constraints for matter encountered
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in the inner core.

Although our focus here was to study the impact of the most common events that occur
at large distances, we find that a single close by event similar to GW170817 at 40 Mpc at
design sensitivity will provide improved constraints. However, in the absence of such a nearby
event, similar constraints may be realized by a dozen or so more distant events.

One limitation of our study is the simple parameterization of the EOS of the inner core.
To constrain the EOS of the inner core, a parameterization that allows for larger variability
at high density will be needed. In addition, to gain more confidence in the constraints we
have presented for neutron matter, it will be necessary to systematically marginalize over
population models for neutron star masses and spins, and the uncertainty in the EOS of the
inner core. A Bayesian approach would be better suited for this purpose, and we are in the

processes of developing computer programs needed for such a study.



62

0.5
+ ........... Pn(nO)
0.4 - —. Pn(1.5n0)
=== 1st PC
=
o
50371,
)
TR
) 0.2 1 - S~
m ~~~~ ."""""'-\---...h,.
~~~~ ‘\\\
0.1 y ~~~... Nh___———
0.0 +—— . . . . B Mttt .
0 1 2 5 10 20 50 100

Figure 2.2: Improvement in relative constraint on the pressure of neutron matter P,(n,) at
n, = 1.5ny and n,, = ny (related to the slope L = 3P,(ng)/ny of the symmetry energy) to
an increasing number of simulated merger events applied to the initial nuclear constraints
denoted with a plus at Ny, = 0. The shading shows the range of sampling errors (1o or
68th percentile) demonstrating variation within the SubSolarA population model. The lower

dotted curve shows the level of the most tightly constrained principal component (1st PC).
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Figure 2.3: Regions of the neutron star. The upper three wedges represent a cross-section of
M =2Mg, M = 1.4My, and M = 1M neutron stars respectively. As discussed in the text, the
unified EOS smoothly connects four distinct regions from low density on the left to high density
on the right. The radius of these transitions for the Central parameter values is shown in the top
plot. These are connected to the equation of state expressed in terms of the pressure P(npg) (solid
(black) line on left axis) as a function of the total baryon density in units of the saturation density
no = 0.16 fm 3. From low to high density, the regions of the EOS are: a) the outer crust (very low
density which is too small to see on the lower plot) that interpolates the data of [39] and [274] as

tabulated in [336] (blue) with minor corrections to ensure convexity as discussed in[appendix B.6} b)

the inner crust modeled by the CLDM [174, 90] (orange); ¢) the outer core of homogeneous nuclear

matter in beta~equilibrium (green); d) the inner core equation of state parameterized by a quadratic
speed of sound (red). At the right, the various (red) dashed lines correspond to the core density of
the respective stars. At the bottom are corresponding dashed curves (purple) proportional to £r”

(normalized to the maximum value on the right axis) for the two lower-mass stars. This roughly

correlates with the local contribution to the dimensionless tidal deformability (see or
equivalently the second section in [276]).
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Figure 2.4: Mass-radius curves for the EOSs considered in [table 2.2l The thick solid curve
is our Central EOS along which markers annotate the stars with central densities from 2n,
to Tng. (Corresponding markers are shown on the other curves.) Dashed curves correspond
to different core parameterizations. Thin curves correspond to EOSs for which astrophysical
observations would provide poor constraints for nuclear physics. These include a sharp first-
order transition in the core (Core_trans), and soft EOSs (Soft and Stiff_Soft) which form
very compact objects with low deformability. The two solar mass constraint [117, 24] on the
maximum mass is satisfied for all the EOSs. The Low_&. EOS also poorly constrains nuclear
physics since the core appears close to the saturation density. As shown later in for
these types of EOS, observations constrain the core parameters rather than the properties

of neutron matter.
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CLDM parameters:

os = 1.38(138) MeV /fm?, C =0.9(1),

Symmetric nuclear matter and symmetry parameters:

no = 0.16(1) fm 3, Sy = 31(4) MeV,
eo = —16.0(3) MeV, Ly = 60(40) MeV,
Ko = 240(40) MeV, Ko = 30(30) MeV,

Neutron matter parameters:

a =13.0(3) MeV, a = 0.50(2),
b= 3.5(15) MeV, 8 =2.3(5),

Proton polaron parameters:

pp(ng) = —105(10) MeV, up = 3.1(6), = 0.8(1),
P
Inner-core parameters:
E. = 350(35) MeV /fm?, Emax = 0.8(4) GeV /fm?, Crnax = 0.8(2).

Table 2.1: Parameters defining the Central EOS along with their uncorrelated 1o covariance
(expressed using the si convention 3.5(15) = 3.5 + 1.5) used to define the “Nuclear” error estimates
prior to including information from astrophysical observations. We take the values of the CLDM
parameters from the fits to the APR EOS tabulated in [348] but assign large errors to encompass
missing physics such as the possibility of pasta phases. Symmetric nuclear matter and symmetry
parameters have errors taken from the extensive analysis [250]. Neutron matter parameters have
errors estimated from QMC calculations with various three-body interactions [152] 151 148 [147],
and are consistent with recent QMC results based on chiral EFT interactions [384] [153], 154, 245].
Proton polaron parameters have errors estimated from the QMC calculations [317] and are con-
sistent with estimates from chiral interactions [322]. The core parameters are chosen to allow for
a 2M, star at the extremes of all of our models except for the Soft EOS which requires a lower
core transition and are given large errors to be conservative with the exception of the parameter &..
This is given a small error for the purposes of our statistical analysis as the dependence is highly

nonlinear. Variations of this parameter are considered specifically in
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Inner Core

EOS a[MeV] o b[MeV] B & [MeV/fm?] Chax
Central 13.0 0.5 3.5 2.3 350 0.8
Soft 12.7 0.3 2 2.1

Stiff 13.3 0.7 5 2.5

Soft_Stiff 12.7 0.3 5 2.5

Stiff_Soft 13.3 0.7 2 2.1

Low &, 200

High &, 500

Low_Clyax 0.6

Core_trans

Eirans [MeV /fm?]
150

Table 2.2: List of changed EOS parameters compared in this chapter. All other parameters

share the same values as the Central EOS in the top row, which takes the central values

listed in [table 2.1l The first four variations — Soft, Stiff, Soft_Stiff, and Stiff_Soft —

refer to the properties of the neutron-matter equation of state and whether the EOS of the

outer core is softer or stiffer than Central at low/high density. The next three variations —

Low_&., High &, and Low_C,.x — explore variations of the core EOS. To better understand the

sensitivity of our results to the properties of the core, we include one slightly different form

Core_trans which has a first-order phase transition with discontinuity Euans (See [fig. 2.5)).

All parameter sets are chosen to accommodate the 2 solar mass constraint [117), 24].
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Figure 2.5: Sensitivity of the constraint on the pressure of neutron matter P,(n,) from
Ngps = 15 simulated merger events drawn from the SubSolarA population model to variations
of the core equation of state. The vertical yellow lines denote the density n. at which the EOS

reverts to the core form. Inset: form of the various core speed-of-sound functions C'(£) = 2.
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Figure 2.6: Population model sensitivity of the constraint on the pressure of neutron matter
P,(n,) from Ny,s = 15 simulated merger events drawn from various different population
models. The weaker constraints from the Uniform model result from distributing the events
over larger mass objects. As shown in this provides more information about the
properties of the core at the expense of information about the lower-density regions that

constrain neutron matter.
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Figure 2.7: Principal component analysis of the simulated observational data in terms of the
EOS parameters. Each column is a plot of the components of most significantly constrained
eigenvector for the particular combination of observations listed at the bottom. These should
be interpreted as follows: A linear combination of the log of the corresponding parameters
is constrained to the tolerance shown at the top. The rightmost column shows the princi-
pal component analysis for Ny, = 15 simulated merger events drawn from the SubSolarA
population model, and is the same as the leftmost column of The 1o errors in
the tolerances, shown as small black strips in middle of the component bars, are obtained
by performing 200 independent samples and demonstrate variation within the population

model. (These errors are small here, but quite visible in the second principal components of
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Figure 2.8: First two principal components for N,,s = 15 GW observations drawn from
the SubSolarA (left) and Uniform (right) population models. This demonstrates the wider
distribution of masses in the Uniform model as compared to SubSolarA. The narrow distri-
bution in SubSolarA leads to tighter statistical constraints on the 1st principal component,
but leaves other directions in parameter space poorly explored. In contrast, the Uniform
model distributes the 15 events over a larger range of masses, reducing the constraints on the
1st principle component, but providing more information about other directions. Even for
Nops = 15 observations, the next principal component is poorly constrained at a level worse
than 100%: more observations would be required to constrain this component at a useful
level. Thus, neutron-star observables seem to provide tight constraints in a single direction

of parameter space.
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Figure 2.9: Principal component analysis of N,,s = 15 simulated merger events drawn

from the SubSolarA population model for each of the EOS parameters listed in [table 2.2]
The leftmost column thus corresponds to the rightmost column of This analysis
makes clear the nonlinear dependence of the problem on the EOS parameters: neutron
star observations constrain either properties of the core for parameter values such as Soft,

Stiff Soft, Low_ &, or Core_trans, or the neutron matter EOS for more central values.
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Chapter 3
NEUTRON STARS EXCLUDE LIGHT DARK BARYONS []

Exotic particles carrying baryon number and with mass of order the nucleon mass have
been proposed for various reasons including baryogenesis, dark matter, mirror worlds, and
the neutron lifetime puzzle. We show that the existence of neutron stars with mass greater
than 0.7 M, places severe constraints on such particles, requiring them to be heavier than

1.2 GeV or to have strongly repulsive self-interactions.
3.1 Introduction

Exotic states that carry baryon number and have masses below a few GeV have been theo-
rized in a number of contexts, such as asymmetric dark matter [337, [395] 1111, [112], mirror
worlds [51], neutron-antineutron oscillations [255] or in nucleon decays [109]. In general,
such states are highly constrained because they can drastically alter the properties of normal
baryonic matter—in particular, if too light, they can potentially render normal matter un-
stable. We currently understand that matter is observationally stable because the standard
model (accidentally) conserves baryon number. This ensures that the proton, the lightest
baryon, does not decay (up to effects caused by higher dimensional operators that violate
baryon number).

Now, consider the simple case of an electrically neutral single new fermion, x, that carries
unit baryon number, and carries no other conserved charge. Assuming that its couplings to
ordinary matter are not highly suppressed, because of the conservation of baryon number
and electric charge, it must have a mass larger than the difference between the proton and

electron masses, m, > m, —m, = 937.76 MeV, in order to not destabilize the proton. In

!this chapter is based on the published work [256].
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fact, a slightly stronger lower bound on m, comes from the stability of the weakly bound
9Be nucleus: m, > 937.90 MeV. If m, < m, = 939.57 MeV, a new neutron decay channel
can open up, n — x + ..., where the ellipsis includes other particles that allow the reaction
to conserve (linear and angular) momentum.

It is interesting to note that if m, < m, + m, = 938.78 MeV, x is itself kept stable by
the conservation of baryon number and electric charge. It could therefore be a potential
candidate for the dark matter, which we know to be electrically neutral and stable. It is
compelling that in such a situation that the stability of normal matter and of dark matter
is ensured by the same symmetry: baryon number.

A potential new decay channel for the neutron has recently received attention as a solution
to the 40 discrepancy between values of the neutron lifetime measured using two different
techniques, the “bottle” and “beam” methods [51, B30, 139]. The “bottle” method, which
counts the number of neutrons that remain in a trap as a function of time and is therefore
sensitive to the total neutron width gives 7P°%e = 879.6 + 0.6 s [248, 329, 294] 1352, 27].
The “beam” method counts the rate of protons emitted in a fixed volume by a beam of
neutrons, thus measuring only the S-decay rate of the neutron, results in 7P = 888.0 =

2.0 s [83, 390], R2]. These two measurements can be reconciled by postulating a new decay

mode for the neutron, such as n — y + ..., with a branching fraction
Tbottle
Brp oy =1—2—=(09+0.2) x 1072 (3.1)
T eam

n
However, a recent reevaluation of the prediction for the neutron lifetime from post 2002
measurements of the neutron g4 concludes that any nonstandard branching for the neutron
is limited to less than 2.7 x 1073 at 95% CL [106].

In this chapter we note that a new state that carries baryon number and has a mass
close to the neutron’s can drastically affect the properties of nuclear matter at densities seen
in the interiors of neutron stars. In neutron stars the neutron chemical potential can be
significantly larger than m,,, reaching values ~ 2 GeV in the heaviest neutron stars [232].

Thus any exotic particle that carries baryon number and has a mass < 2 GeV will have a
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large abundance if in chemical equilibrium. Because they replace neutrons, their presence
will soften the equation of state of dense matter by reducing the pressure due to short-range
repulsive nuclear forces and the degenerate Fermi sea, while contributing to an increase in
the energy density. This will in turn reduce the maximum mass of neutron stars from those
obtained using standard equations of state for nuclear matter. As we shall show below, even
a modest reduction in the pressure at high density can dramatically lower the maximum
mass to a value that is significantly smaller than the observed heaviest neutron stars with
masses ~ 2 M [118, 25].

The remainder of this chapter is organized as follows. In § we describe a simple model
of fermion dark matter which is charged under baryon number. In § we show the effects
of such a fermion on mass-radius relation and maximum mass of neutron stars. Possible
extensions of these constraints, future work, and ways to avoid the constraints are described

in the conclusions, §[3.4]
3.2 DModel

We begin by considering a simple model with a single neutral Dirac fermion, y, that carries
unit baryon number. As mentioned above, m, > 937.90 MeV so as to not destabilize ?Be.

The relevant terms in the effective Lagrangian involving the neutron are
Log =71 (i) —my)n+ X (if —my) x — 6 (Xn + nx) , (3.2)

where ¢ is a coupling determined by the underlying theory. A simple UV completion [26], 255]
of this involves integrating out a scalar diquark coupled to v and d quarks as well as to d

and y, generating the four fermion operator
L _

Matching this onto the effective theory gives

0.01 GeV?

J A2

(3.4)
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In what follows, we assume that this coupling between n and x is small, in particular |§| <
|Am|, where Am = m,, — m,. This coupling leads to a mixing between n and x and the
mass terms are diagonalized by taking n — n 4 6x, x — x — 0n, where the mixing angle is
0 =49/Am.

If m, < m,, a new decay mode for the neutron opens up, n — x7v. In addition, if
my, < my,+me = 938.78 MeV, x is stable. The new decay mode for the neutron comes from
the neutron magnetic dipole moment operator, which, after the mass matrix is diagonalized
contains the term

pn0xo" ' nF,,, (3.5)

where 11, = —1.91e/(2m,) = —0.31 GeV ™' is the neutron magnetic dipole moment. The
partial width for n — x7y is

(3.6)

r, ==
Gt 16w m2 2

p20%m3 (1 m) _ ER6PAm?

Given a total width of T',, = 1/7P°%e = (879.6 s)~!, the branching ratio for the neutron to

Am \? 0 2
- (12 ()

2
_ o001 (2™ 0 .
1 MeV 7 x 10713 GeV

Thus, we see that for m,, —m, ~ 1 MeV, a mixing angle of order 10~%, or a n-x coupling

decay into x7y is

(3.7)

of about 1072 GeV can explain the neutron lifetime anomalyﬂ This value of § corresponds
to a scale for the four fermion interaction in Eq. of A ~ 10° GeV. We note here,
however, that a very recent search for the decay n — x7 using ultracold neutrons sets a
limit on this branching, for 937.90 MeV < m, < 938.78 MeV, of roughly 10~? [355].
Although § ~ 107!2 GeV is a small coupling between the neutron and , it can lead to the

efficient conversion of neutrons into x’s in the high density environments encountered inside

2We note here why a model with Dirac y where baryon number is conserved is necessary. If instead
x were Majorana with # = 107 and Am = 1 MeV, a AB = 2 n-n transition amplitude of roughly
02Am ~ 1072! GeV would arise. This is many orders of magnitude larger than the experimental upper
bound of 10733 GeV.
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neutron stars. In addition, because of the large neutron chemical potential inside neutron
stars, the conversion n — x can take place there even for m, > m, where free neutron
decays are kinematically blocked.

We investigate the effects of a xy-n coupling on neutron stars in the next section.
3.3 Neutron stars

As discussed in the structure of neutron stars is determined by the equation of
state (EOS) of dense matter which specifies the relationship between pressure P and energy
density €. For a given EOS, P(£), the Tolman-Oppenheimer-Volkoff (TOV) equations of
general relativistic hydrostatic structure can be solved numerically to obtain the mass-radius
curves.

Representative nuclear EOSs used in this chapter are shown as dot-dashed curves in
Fig. The curve labeled APR, calculated by Akmal, Pandharipande and Ravenhal [17]
has been widely used to describe neutron stars. The curves labeled “Soft” and “Stiff” are the
extreme possibilities consistent with our current understanding of uncertainties associated
with the nuclear interactions up to 1.5 n, [I46, [I85]. The EOS labeled “Soft” uses a nuclear
EOS with a low pressure compatible with neutron matter calculations and is extrapolated
to high density to ensure that produces a neutron star with mass just shy of 2 M,. The
curve labeled “Stiff” is obtained by using the largest pressure up to 1.5n, compatible with
neutron matter calculations, and at higher density we use the maximally stifft EOS with
P(&) = By + (€ — &) where Py and & are the pressure and energy density predicted by
the nuclear EOS at 1.5 n, (details see [appendix B.5). We believe that the “Soft” and
“Stiff” EOSs bracket the extreme possibilities subject to constraints from nuclear physics
and observations of the massive neutron stars with Myg ~ 2 M. In what follows we shall
use these EOSs to demonstrate that, despite the uncertainty at supra-nuclear density, the
observation of neutron stars with mass Mys =~ 2 M, rules out the existence of a weakly
interacting dark matter candidate which carries baryon number and has a mass in the range

937.90 MeV < m, < 938.78 MeV. In fact, we shall find that any such weakly interacting
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Figure 3.1: Hybrid EOSs and underlying nuclear EOSs. The standard nuclear matter EOSs

are shown as dash-dotted curves. The “Stiff” EOS makes a second-order transition to a

causal EOS at ng = 1.5 n,. This is the stiffest possible EOS and predicts a maximum mass
~ 3.3 My, (Fig. 3.2). Adding a dark baryon with m, = 938 MeV results in solid curves,
which are dominated by x’s Fermi gas EOS for £ 2> 0.1 MeV /fm?. Dotted lines show hybrid

EOS with m, = 1.2 GeV. All curves are truncated at maximum central densities inside

stable neutron stars.
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Figure 3.2: The mass-radius relationship generated using EOS in Fig. [3.1. Even for the
extremely stiff EOS, the maximum mass of hybrid stars containing non-interacting dark
neutrons does not exceed 0.8 M. The measured masses of the two most massive neutron

stars J03484-0432 and J1614-2230 are also shown.

particle with mass m, < 1.2 GeV can be robustly excluded.

In Fig. 3.2] we show the mass-radius curve for neutron stars predicted by the standard
nuclear EOS as dash-dotted curves. The curves terminate at the maximum mass. For
the maximally stiff EOS the speed of sound in the high density region ¢, = ¢, and this
construction produces the largest maximum mass of neutron stars compatible with nuclear

physics.

Any exotic neutron decay channel n — x + --- which makes even a small contribution
to the neutron width, of order the inverse lifetime of a neutron star, will be fast enough to

ensure that y is equilibrium inside the star. The typical age tng of old observed neutron
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stars is tng =~ 10° — 10® years. In a dense medium, due to strong interactions, the dispersion
relation of the neutron can be written as w,(p) = \/m + X, +1X; where X, and X,
are the real and imaginary parts of its self-energy. The mixing angle is suppressed at finite
density and is given by

o (3.8)

Am + %2 |

where Am = Am + Y. Since ¥, and X; are expected to be of the order of 10 — 100 MeV
at the densities attained inside neutron stars [I61], it is reasonable to expect the ratio 6/6
to be in the range 0.01 — 0.1. The rate of production of x’s in the neutron star interior
due to neutron decay, defined in Eq. is suppressed by the factor (é /0)? but enhanced by
(Am/Am)3 when Am > Am. For Am =~ 10 MeV the neutron decay lifetime is < 108 yrs
when § > 107 GeV, and it is safe to assume that for the phenomenologically interesting
values of § ~ 1071 — 1072 GeV, y will come into equilibrium on a timescale ¢ < txg[]

Because x carries baryon number, in equilibrium its chemical potential p, = pp, where
i is the baryon chemical potential. Given a nuclear EOS the baryon chemical potential is
obtained using the thermodynamic relation ug = (Pue + Emc)/np Where np is the baryon
number density. If y is a Dirac fermion with spin 1/2 and its interactions are weak, its Fermi

momentum and energy density are given by

key = \/ 1 —m2, (3.9)
1 rx 2 2 2
&= 0 dk k*\ /K2 +m2 (3.10)

respectively. The dark neutron number density n, = k’%x /37 and its pressure P, = —&, +
ipny. The total pressure Py = Py + Py and energy density Eiop = Enue + & are easily
obtained, and the TOV equations are solved again to determine the mass-radius relation for
hybrid stars containing an admixture of x particles. The net result is a softer EOS where

the pressure is lower at a given energy density, because, as we mentioned earlier, y replaces

3We delegate to future work a detailed calculation of the production rate for such small values of § which
may be interesting in other contexts.
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neutrons and reduces their Fermi momentum and pressure. Results for m, = 938 MeV are
shown in Fig. as solid curves which terminate at the maximum mass. We allow the
nuclear EOS to vary from maximally stiff to soft, and also show the results for the APR
EOS. The striking feature is the large reduction in the maximum mass. This reduction is
quite insensitive to the nuclear EOS. Even for the maximally stiff EOS, the presence of non-
interacting dark neutrons reduce the maximum mass to values well below observed neutron
star masses. Thus, a dark neutron with a m, ~ 938 MeV and weak interactions is robustly
excluded. For larger m, we can still obtain useful bounds as long as m, is smaller than the
baryon chemical potential attained in the core. For m, = 1.2 GeV we find, as expected,
that the appearance of dark neutrons is delayed to supranuclear density, but as soon as they
appear, they destabilize the star. This can be inferred by the behavior of the mass-radius
relation labeled m, = 1.2 GeV and denoted by points represented as crosses. For the APR
EOS the maximum mass is about 1.6 M, and for the maximally stiff EOS it is about 2.2 M.

Although interactions between x’s and nucleons are necessarily Weakﬁ interactions be-
tween x’s could be strong. If x is charged under a U(1) with coupling strength g to a
new gauge boson a mass my, repulsion between y’s modifies the EOS. In the mean-field

approximation, both the pressure and energy density are increased by

1 2
AP, = AE, = 55—%@. (3.11)

For strong coupling with ¢ ~ 1, and small my corresponding to a Compton wavelength of
the gauge boson that is larger than the inter-particle distance, this interaction energy will
dominate. Under these conditions, the number density of n, ~ m} (up —m,)/g* in equi-
librium will be greatly reduced, and its impact on the dense matter EOS will be negligible.
For m, ~ my, we find that when g > 1.1 (my /100 MeV) the stiff EOS predicts a maximum
mass > 2M, while for the APR EOS we require g > 2.4 (my /100 MeV) to accommodate
this maximum mass (see fappendix EJ). Another possibility is that dark neutrons have inter-

4In the model leading to the four fermion interaction of Eq. |D x-nucleon interactions come from
the four fermion interaction yydd/A2?. With A > 10° GeV for § < 1072 GeV, this interaction is highly
suppressed compared to nuclear strength interactions.
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actions that mimic interactions between ordinary neutrons. In such a mirror scenario, we
find that the maximum mass of neutron stars is 1.6 M for the APR EOS and 2.4 M, for
the maximally stiff EOS construction. For details see

3.4 Conclusions

States that carry baryon number and have a mass close to the nucleons have been studied
in several scenarios. The extreme environments encountered in the interiors of neutron stars
can readily produce such states. However, because these new states do not in general have
the same interactions that neutrons do, they can lead to radically different EOS in neutron
stars. In particular, new states will reduce the maximum possible neutron star mass which
is consistent with a given nuclear EOS.

Simple scenarios where the dark baryons have a mass similar to that of the nucleon and are
not charged under a new force do not allow for neutron stars with mass above ~ 0.7—0.8M,.
This bound is in stark conflict with observation. Charging such dark baryons under a new
force with a very light gauge mediator will result in interactions much larger than standard
nuclear interactions and can greatly suppress their presence in dense matter. This can
mitigate their effects on the EOS enough to allow for neutron stars as heavy as have been
observed, ~ 2M. However, if such a new force is similar to nuclear forces as expected in
a “mirror world” set up where the dark neutron has the same self-interactions as does the
visible neutron, the maximum mass is still significantly reduced and one requires a very stiff
high density EOS to produce 2M neutron stars. Interestingly, in the case where the dark
baryons are stable dark matter, with m, ~ 938 MeV, nuclear strength self-interactions have
been implicated to explain DM small scale structure puzzles (see, e.g., [365] and references
therein).

Extensions of this work can easily be shown to constrain other possible new weakly
interacting particles. For instance in the “hylogenesis” baryogenesis scenario [I11], 112] there
are two kinds of baryon number carrying dark matter particles, called “Y” and “®”, which

also carry another conserved charge for stability, but which have an allowed reaction n+~ <
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Y +® . Stability of matter places a lower bound of 937.90 MeV on my +mg. The existence of
observed neutron stars will place a more stringent bound on my + mg, which will be similar
to the lower bound of 1.2 GeV we found on m,. Another type of new particle which would
be constrained would be a new weak interacting neutral integer spin boson, called “£”, with
baryon number 1 and interactions with ordinary matter which are not highly suppressed. As
long as lepton number is conserved, both £ and the proton are stable. The stability of nuclei
with atomic number A and charge Z against decays of type (A, Z) — (A — 2, 7Z) + 2£ will
place a lower bound of order the nucleon mass on m,. Neutron stars, however, will constrain
¢ to be heavier than the minimum chemical potential for neutrons in a 2 solar mass neutron
star, or else neutrons could convert to ¢ particles and destabilize the star.

As noted earlier avoidance of such constraints is possible if the dark matter/dark baryon
carries sufficiently repulsive self-interactions. If the self-repulsion of the new state is large
enough most of the mass of the star will remain in the form of neutrons and the effect on

the maximum mass will be small.
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Chapter 4

DARK HALOS AROUND NEUTRON STARS AND
GRAVITATIONAL WAVES [J

We find that models of MeV-GeV dark matter (DM) in which dark matter interacts
strongly can be constrained by the observation of gravitational waves from binary neutron
star (BNS) mergers. Trace amounts of dark matter, either produced during the supernova
or accreted later, can alter the structure of neutron stars (NS) and influence their tidal de-
formability. We focus on models of dark matter interacting by the exchange of light vector
gauge bosons that couple to a conserved dark charge. In these models, dark matter accumu-
lated in neutron stars can extend to large radii. Gravitational waves detected from the first
observed BNS merger GW170817 place useful constraints on such not-so compact objects.
Dark halos, if present, also predict a greater variability of neutron star tidal deformabilities

than expected for ordinary neutron stars.

4.1 Introduction

The similar abundances of baryons and DM have led to theorizing that DM might, like
ordinary matter, carry a conserved charge. It could then be produced similar to baryons by
creating an asymmetry between DM and anti-DM. This type of DM is known as asymmetric
dark matter (ADM). Such an asymmetry would allow for sizable self-interactions without
annihilation. As noted earlier in [section 1.2] while the paradigm of cold dark matter fits
a broad range of data, some discrepancies at scales smaller than galaxy clusters could be
addressed by a more complicated DM sector including large self-interactions [345, 243, 110,
3911, (59, 292, 71, 103], 119, B65, 125]. Some recent work suggests that a strong velocity

!this chapter is based on the published work [276].
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dependence in the interaction, such as would be the case if DM exchanges a light boson,
provides the best fit to a range of galactic structures [211]. If neutron stars trap DM, the
resulting DM density is much higher and relative velocity much lower than found in other
places in the universe, providing a different regime to constrain dark forces. Here we will show
how a dark halo surrounding NS resulting from repulsive dark forces can affect gravitational
wave production in neutron star mergers.

Interesting ideas about the role of DM inside NSs have been explored and are reviewed
in [210] [67, B95]. Recent work in [2211, 239] 220} 60] has shown that ADM can accrete and
thermalize in the NS core even when the DM-nucleon cross-section o, is significantly smaller

than the current terrestrial bound. The accreted DM mass in a NS is

_ n INs
Maee 21070 (D) () M 4.1
(GeV/cm3> 10~%cm?/ \ 108 yrs © (4.1)

where tyg is the age of the neutron star and p, is the ambient DM density. When the DM

mass in the core exceeds a critical value the DM self-gravity dominates, and in the absence of
repulsive interactions bosonic DM becomes unstable and collapses to form a black hole. This
black hole is then expected to devour the NS on a short timescale [163], 167, 221) 239] 220].
For MeV-GeV asymmetric bosonic DM a Bose-Einstein condensate can form earlier and
hasten black hole formation. This may happen when the accreted number exceeds N, >
1036 (T/10°K)? where T' ~ 10° — 10° K is the expected core temperature of an old NS [201].
The corresponding critical mass M, = Nym, ~ 107%'(m,/GeV) M is small, suggesting
that old neutron stars in our galaxy with ages ~ 10® yrs should have accreted the DM mass
needed to become unstable [221]. Old neutron stars such as J0437-4715 with estimated age
tng ~ 10° yrs thereby provide strong constraints on models of weakly interacting asymmetric
bosonic DM [254].

Fermionic or bosonic DM with repulsive interactions can evade these constraints and form
a stable hydrostatic configuration inside the NS [46]. Here we consider a simple renormal-
izable model of DM with self-repulsion. The repulsion arises from the exchange of a vector

mediator from a spontaneously broken U(1) gauge interaction. We also couple this vector to
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the Standard Model baryon number. The DM particle which we shall label x can be either a
charged scalar or a charged Dirac fermion. The model is defined by the following parameters:
(i) m, is the mass of the charged fermion or scalar; (ii) m, is the mass of the mediator gauge
boson ¢; (ili) g, is the coupling strength of the gauge boson to the dark charge; and (iv)
gB, the gauge boson coupling to baryon number, is constrained by experiment and SN 1987a
to be < 10710 [321]. As baryon number is anomalous in the standard model, there must
be new physics which cancels this anomaly, see e.g. [I41], [135]. Although the new physics
may involve only new heavy particles, there will be an upper bound on the allowed strength
of such a coupling, [123], [124], as the electroweak anomaly in baryon number will induce a
coupling of the longitudinal mode of the dark photon to ordinary matter which goes inversely
as the dark photon mass. For a coupling to baryons as large as 1071% the dark photon must

be heavier than about 10~* MeV.

One objective of this chapter is to identify NS observables that can shed light on interact-
ing DM candidates. Another is to explore the diversity of gravitational wave (GW) signals
from merging NSs which may contain DM. Gravitational wave properties of compact dark
stars were studied in [253] 287]. The possibility of hybrid compact objects containing DM
has been discussed earlier in Ref. [239] and implications of a dark core with mass ~ 10% of
the NS mass for post-merger dynamics was explored in Ref. [I128]. Here we calculate for the
first time the tidal deformability of hybrid stars to address how trace amounts of DM would
form a halo and influence GW emission during inspiral.

As discussed in and [2.4] the quadrupole polarizability or tidal deformability
A of a star is defined by Q;; = —AE&;; where @);; is the induced quadrupole moment and
&i; is the applied tidal field. It is known that the tidal deformation of ordinary NSs with
radii in the range 10 — 14 km can produce discernible changes to the observed waveforms
by accelerating inspiral and advancing the phase of the emitted GWs when the orbital
radius is larger than but comparable to the radius of NS. The detection and analysis of GW
emission from GW170817 suggest that the dimensionless measure of the tidal deformability
A = \/M°® where M is the mass of the NS is small. GW170817 provides an upper bound
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on tidal deformability of a canonical neutron star with mass M = 1.4 M, and requires that
Avanm, < 800 ] and the 90% confidence interval Aq 4p, = 190139 favors even smaller values
[5]. Most nuclear physics based equations of state (EOS) predict Ay 4as, in this range and a
large parameter space of the DM model defined earlier can be excluded if the NS contains a
trace amount of DM with mass > 1075 M. This is our main result and will be discussed
in detail in section [£.2] In section [4.3] we discuss the plausibility of finding trace amounts
of DM inside neutron stars, and we conclude in section [£.4] by providing constraints for the

DM interaction strengths for MeV-GeV scale DM.
4.2 Dark halos and their tidal deformability

As noted earlier fermionic DM and bosonic DM with repulsive interactions can form stable
hydrostatic configurations since they have adequate pressure to balance gravity. In this
section we shall assume that the DM mass inside the NS M, < Myg where Myg ~ 1.4Mg
is the mass of the neutron star. Since DM will represent a small perturbation of the radial
distribution of baryon matter when M, is small, we first construct a NS composed of only
nuclear matter. As discussed in this is done by choosing a nuclear EOS which
specifies the relationship between pressure (p) and energy density (€) and solving Tolman-
Oppenheimer-Volkoff (TOV) equations for the hydrostatic structure|364, 282]. We adopt
a widely used EOS for NS called the Akmal-Pandharipande-Ravenhall (APR) EOS [17]
to determine the NS structure. Later we will explore more general parameterizations of
the nuclear EOS to account for uncertainties associated with the dense matter EOS. For a
chosen central energy density the solution to TOV equations determines the mass M, radius
R, and radial profiles of the baryon density npg(r), the energy density £(r), the pressure p(r),
and metric functions g,,(r) and gy (r) that define the spherically symmetric geometry. The
profile of the pressure and the baryon number density inside a NS of mass M = 1.4 M, are
shown in Fig. 4.1}

To include DM we first note that in equilibrium the chemical potential of DM, denoted

as [y, should be a constant, and in the presence of neutron star’s gravitational field this
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requires (see [appendix A.1.3)

Ly = fin (1) \/gue(1) = constant, (4.2)

where fi,(r) is the DM chemical potential in the stationary reference frame at radial coor-
dinate r. If one neglects the back reaction of DM on the NS structure, a specification of
fi(r = 0) uniquely determines the distribution of DM inside the NS. The number density
of DM n, is obtained by noting that fi, (r) = (0&,/0n,) where &, is the DM energy den-
sity. Neglecting finite temperature effects, since thermal energies in NS are small, the energy

density of DM is given by (recall h = ¢ =1)

2
g 2

Exy = Exin + My + —5 12, (4.3)
2mg X

with &, the DM kinetic energy. Here we neglect interaction between DM and baryons since

we expect gp < g,. For spin % dark fermions

1 fhex ra—
gkin = F/O k=dk ( k2 + mi - mx), (44)

1/3 For bosonic DM, the kinetic energy Egn & 0

where the Fermi momentum kg, = (37°n,)
since bosons occupy the lowest momentum state. The pressure of DM is obtained from the
thermodynamic relation p, = —&, + fi,n, valid at zero temperature.

Repulsive interactions are necessary to stabilize bosonic DM, while for fermions the de-
generacy pressure provides additional stabilization. The Compton wavelength for light me-
diators with m, in the eV-MeV range is much larger than the inter-particle distance, and
the interaction between DM particles is enhanced since they interact with a large number of
surrounding particles.

To include the back reaction of DM we adopt the following procedure. First we choose the
central DM number density n, (0) and its corresponding local chemical potential fi, (r = 0).
Using gy (r) obtained from solving the TOV equations for nuclear matter NSs, by Eq.
the DM density profile is calculated in the local density approximation. The corresponding

energy density and pressure contributions due to DM is obtained and used to update the
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Figure 4.1: Density profile for a hybrid star with total mass 1.4M¢ containing M, = 1.7 X

107* My of DM. The presence of DM increases the tidal deformability of the NS from

AAPR

tarr, = 260 to Apang = 800 for m, = 100 MeV and g,/mg = 5 X 107! MeV~!. The

baryon density is shown in green, the total pressure shown in red, and the dark matter

density is depicted by the cyan curve. The radius of dark halo increases with increasing

coupling strength g, or decreasing DM particle mass m,. The baryon profile is almost

independent of DM properties as long as M, < Myg.
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EOS. The TOV equation is solved using the updated EOS and repeated iteratively for fixed
central baryon number density ng(0) and n,(0) until convergence. We find that for total
DM mass M, < 1072 My, effects of DM on the baryon density profile is negligible.

The extended DM halo modifies tidal interactions between merging NSs. As has been
discussed in tidal interactions among component stars leave observable im-
prints on GW emission through the dimensionless tidal deformability A = §k2R5 /M?®. The

calculation of A is discussed in [section 2.4] and [appendix A.2l We note that the functions

p(r) and £(r) appearing on the right hand side of Eq. are uniquely specified by the
hydrostatic structure of the unperturbed star and contain contributions due to baryons and
DM as discussed earlier.

For reasonable ranges of DM model parameters we find large changes to A are possible.
Results for m, = 100 MeV and for different interaction strengths are shown in Fig. .
Either strong couplings or light mediators can result in large A even for trace amounts of
DM with total mass M, < Mysg.

The enhancement of A with increasing total DM mass is remarkable. For small M, dark
matter mostly reside inside NS (or its extent beyond the baryon surface is small) therefore
the change in A due to DM is small. However, with increasing M, the dark halo extends
further and the mass of dark matter at large radius increases. Since A = Q;;/&;; where
Qi; o< [E(r)ridr is the quadrupole moment induced by an external tidal &; ~ 1/1%, we
expect A to grow rapidly with M, because the halo radius R, increase with M, and the
support of energy density &,(r) extends further out. Dimensional analysis suggests that
A o [E(r)r'dr and it is confirmed by our calculation. As the extent of the dark halo
increases, (£,r") increases rapidly and becomes the dominant contribution to A when it
exceeds the baryonic contribution (£z77). This provides an explanation of the behavior seen
in Figs. and [£.3] Deformations of the halo will then dominate and greatly amplify tidal
responses of the hybrid object. This is the main new finding of this study, and it provides a
novel probe of the strongly interacting bosonic and fermionic light dark sectors.

Fermion dark halos are bigger and have larger A due to the additional contribution from
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Figure 4.2: Ay 45, increases rapidly with increasing total DM mass M,. For self-interacting
DM with g,/my > 1 MeV™, M, > 107*M; will boost A above the upper bound (=~ 800)
set by GW170817.

the Fermi degeneracy pressure. For m, = 100 MeV, the difference between fermions and
bosons is modest but the difference increases rapidly with decreasing m,. Halos formed by
fermions with m, < 30 MeV can have large A even without vector-mediated self-interactions.
For example, Aj4pr, = 800 is reached for m, = 30 MeV at M, = 10~*M,, for m, = 10
MeV at M, =3 x 107°My, and for m, =5 MeV at M, =4 x 1077 M. However, the radii
of these halos are large. At Aj4p, = 800, the halo radius R ~ 100 km for m, = 30 MeV,
and R ~ 210 km for m, = 10 MeV. Since finite size effects during inspiral on waveforms are
modeled without accounting for hydrodynamics, we focus on the phase when the dark halos
do not overlap. For this reason we restrict our study to dark halos with radii R < 150 km.

This will ensure that at lower frequencies detectable by LIGO the halos do not overlap.
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Figure 4.3: Variation of A (solid lines) and radius (dashed lines) of 1.4, hybrid stars based
on three representative realistic nuclear EOS [I50] as a function of total dark matter mass
M,.. Ay.am, for neutron stars vary from 150 to 500. Dark matter is assumed to be bosonic
with m, = 100 MeV and g,/m, = 0.1 MeV~'. The EOS labeled “soft” has a smaller
pressure at a given density compared to the APR EOS and the EOS labeled “stift” has a
higher pressure. The former produces more compact neutron stars with a maximum ~ 2 M

NS, while the latter predicts a maximum mass ~ 2.4 M and larger radii.

Many-body theories of neutron matter which employ realistic nucleon-nucleon interac-
tions can calculate the EOS up to densities ~ 3 x 10 g/cm? and estimate its error rather
reliably[150), [182] 360]. Using these calculations, and despite large uncertainties associated
with the nuclear EOS at higher density, earlier work has shown that the radius of a 1.4 M
NS is in the range 10 — 13 km [I83, 150, 360]. The corresponding tidal deformability A is
in the range 100 — 500. To explore this range we employ a more general parameterization
of neutron matter EOSs based on realistic nucleon-nucleon interactions discussed in [150]

and construct equations of state that are stiffer and softer than the APR EOS discussed
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earlier. A softer EOS has on average lower pressure for the densities encountered and would
result in more compact neutron stars with a smaller maximum mass compared to the APR
EOS. In contrast a stiffer EOS will have a larger pressure at a given density compared to the
APR EOS and would result in larger NS radii and a maximum mass. The radii and tidal
deformabilities of NSs with DM constructed using the three representative nuclear EOSs as
a function of M, is shown in Fig.[£.3] A relatively small increase in the amount of DM allows

one to obtain large values of A inaccessible to ordinary NSs.
4.3 Accumulating dark matter in a neutron star

The proto-neutron star (PNS) formed subsequent to core-collapse during a supernova is
characterized by high temperature Tpng ~ 30 — 50 MeV and density. Under these conditions
reactions such as NN — N Ny can produce a large number of dark matter pairs even when
the coupling between dark matter and baryons is weak. In our simple model, the interaction
between baryons and dark matter particles is mediated by a light vector boson which couples
weakly to baryons with gg < 1071 The upper bound on gp is in fact obtained by requiring
that the total energy radiated due to the Bremsstrahlung reaction NN — NN¢ from the
PNS does not exceed ~ 10 ergs, to be compatible with the neutrino signal observed from
SN1987 [321], 01, ©92]. The supernova bound is most constraining for gauge bosons that
either only couple to baryon number or when their mass is greater than about a MeV. More
stringent constraints have been derived using observations of stellar evolution for lighter
vector bosons couple to electrons as would be the case when they are identified with either
the dark photon or the B — L gauge boson. In this case observations of horizontal branch
stars and red giants require that gp < 107! for mg < 1 MeV. In what follows we assume that
dark matter only couples to baryons to establish that an adequate amount of dark matter
can be produced during the supernova.

Pair production through the reaction NN — NNy will proceed at a rate comparable
to the Bremsstrahlung reaction when the mass of the DM pair is not much larger than Tpys.

This implies that a non-negligible fraction of thermal energy of the PNS can be converted into
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DM pairs. For gp = 1071% and m, < 100 MeV, we have estimated that the energy radiated
as DM pairs is &~ 10°! ergs and the corresponding mass of DM produced is M, = 6x10~* M.

In the absence of interactions between dark matter and baryons these pairs will either
escape the star when their velocities are larger than the (local) escape velocity (~ Vese =
Rs/Rxs ~ 0.4, where Rg = 2Mys is the Schwarzschild radius of NS) or will annihilate
away inside the star. However, the coupling to baryons creates an asymmetry between the
energies of dark particles and dark antiparticles and provides a unique mechanism to trap
dark charges in NSs.

For the DM model under consideration, the energy of y and y in a dense background of
baryons can be calculated using mean-field theory. Assuming that dark matter is attracted

to baryons and the anti-dark matter is repulsed, we find that their energies are given by

/ gx9g

EX(p): p2+mi_ XQB np,
My
9x9B

Ex(p) = /p* +m2 + =5 np,
mg

respectively. The energy splitting

2
AE = By — By = "I98
Mg
0.1keV\? n (45)
~ 40 MeV 2IB (2 S
10-11 Mg 0.5 fm

can be large. For my in the range eV - MeV and gpg, ~ 107 — 1071% this energy splitting
is comparable to the gravitational binding energy of DM.

This asymmetry will preferentially expel anti-dark matter from the PNS and provide a
mechanism to trap a net dark charge in NS that will not be diminished by annihilation. The
gradient in the baryon density will induce a force on dark matter towards the core and expel
anti-dark matter towards the surface. For example, for model parameters m, = 50 MeV,
gy =1, gp = 107'% and my = 1 keV, we find that 80% of x’s produced during the supernova
will remain trapped and survive annihilation while most of the y’s will be accelerated to

velocities adequate to escape the PNS.
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Once trapped the cloud of DM particles will thermalize among themselves rapidly by
exchanging energy and momenta through multiple yxy — xx scatterings. In the born ap-

proximation the cross-section is

4,2 4
Born __ ngX ~ ngX

T T Ammi(m3 + p?) - 8TmiT

where p? ~ T? + 2m, T ~ 2m,T is the typical momenta of x’s at temperature T, and we
assume that mi < m,/T to obtain the last equality. The corresponding mean free path A is

estimated to be

1

A= ~ 107" km

MxOxx
Lo, (01 YR, Y ( mg )2 T
M, 9y 10 km 1keV/ 30 MeV'’

assuming that the DM density n, = (M,/my)/(47R3/3). The short mean free path im-

(4.6)

plies that the timescale for thermalization among DM particles 7 ~ 1/(n,vo,,) is much
smaller than all other relevant timescales. Further, despite its weaker coupling to baryons
the timescale for DM to thermalize with baryons is also very short, typically much less than
a second, for reasonable values of the coupling needed to produce adequate DM. Thus, it is
safe to assume that DM in neutron stars shortly after their birth will be characterized by
the same low temperature T' < MeV of ordinary matter and any further loss of DM due to
evaporation is negligible. Although a detailed study of DM production and charge separation
due to interactions with baryons is warranted and will be reported elsewhere, the preceding
arguments provide a natural mechanism to generate DM in neutron stars with a mass on
the order of 107% M.

Another possibility is to link the asymmetry in lepton number or baryon number in a
supernova to the DM asymmetry. To provide an existence proof for an asymmetric produc-
tion mechanism for ADM in a supernova, we constructed the following simple model. In our
model, besides the DM particle x, which carries dark charge +1, we also introduce a particle
® which carries dark charge —1. We also charge y under the global B — L symmetry of the

standard model. If y is a spin 0 boson then @ is a Dirac Fermion, although this scenario will
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also work if y is a Dirac fermion and ® is a boson. The dark U(1) will be Higgsed by a field
¢ which carries dark charge 2. In addition, we introduce a “right handed” (aka “sterile”)
Dirac neutrino N, which can mix with the standard model neutrinos v as in reference [59]
and has no standard model gauge interactions. This mixing will also lead to productions of
N particles via charged weak currents, with N and N being produced asymmetrically due
to the lepton asymmetry. This asymmetry will be converted to an asymmetry in the DM

due to the following interaction term:
LD ANy + gPdE + hec. (4.7)

These terms are allowed by all symmetries. The vacuum expectation value of ¢ will split
the CP even and CP odd components of ®, leaving a Z5 symmetry unbroken under which y
and ¢ are both charged. We label the two mass eigenstates of ® as ®;, 5. Because £ is not
allowed by B-L number to couple to the DM particle y, the CP even and odd components of
X are not split, and y continues to carry an exactly conserved U(1)p global charge. Provided
that my > me, +m,, the decays N — x+®; will transmit the asymmetry in the production
of N particles to an asymmetry in the production of DM yx particles. The ®; particles, which
are CP eigenstates, will decay with equal branching fractions into y + v and y + . Note
that a related mechanism in the early universe could lead to genesis of a DM asymmetry
from the lepton number asymmetry.

The mechanisms discussed above are generic and would endow all neutron stars with
similar amounts of dark matter with perhaps a small variability associated with differences
between neutron star and supernova properties. This allows us to constrain the properties of
DM using the upper bound on the tidal deformability obtained from GW170817 as we shall
discuss in the next section. However, we note that third-generation GW detectors such as the
Einstein telescope [298] capable of detecting thousands of BNS mergers within a few years
motivate looking for variability in neutron star merger properties. If variability in the tidal
deformability is detected in rare events it would imply that some fraction of neutron stars are

able to capture large amounts of dark matter. Further, since neutron stars are not estimated
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to accrete nearly enough dark matter on average to produce an observable gravitational wave
signature if dark matter is distributed uniformly on galactic scales [222] 223], 219, [88), 217],
discovering variability would have important implications for small scale structures in dark
matter and hint at the existence of compact dark objects.

Such objects are possible in some models of self-interacting DM such as atomic dark
matter which contain particles and interactions that can lead to the formation of macroscopic
objects through cooling mechanisms analogous to the baryonic sector [209]. Constraints
on dark compact objects such as clumps of dark matter arise from microlensing surveys.
However, even the most stringent constraints derived by the EROS collaboration cannot
exclude the possibility that a few percent of dark matter in the galactic halo is in the form of
dark compact objects with mass > 107° M, [363]. It is conceivable that such compact dark
objects can be captured by massive stars or neutron stars, and would provide an explanation
should variability in the tidal deformability be seen in future observations of merging neutron

stars.
4.4 Conclusions

Motivated by the prospect that more BNS and black hole-NS merging events will give better
constraints on the tidal deformability A, we have studied how these observations might
provide insights about strongly interacting DM. We have shown that trace amounts of DM
with total mass M, 2> 107° M, trapped in a NS, either produced during a supernova, or
inherited from the progenitor star, may form a stable dark halo with radius R ~ 30 — 150
km given sufficient self-repulsion. This can enhance A of the hybrid to a value significantly
larger than expected for ordinary NSs, which despite uncertainties associated with the EOS

< 500. Interactions between DM due to exchange

~

at supra-nuclear densities, have Aj 47,
of light mediators are coherent and lead to large halos even when M, is small. Further, we
find that small variability in the amount of trapped DM can produce large variability in
A1.4m,, , distinguishing them from ordinary NS where the expected variability is small. These

observable features are unique signatures of strongly interacting DM that can be probed
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with LIGO and future GW detectors.

If trace amounts of DM were present in all neutron stars because it was produced dur-
ing the supernova the constraint from GW170817 that A4y, < 800 already excludes a
significant fraction of the DM parameter space in our model. The bounds for bosonic DM
from our simple model are shown in Fig. . We have fixed M, = 107* M, and varied
the DM particle mass m, and effective coupling strength g, /my to obtain the contours of
A1.4m,,- Bounds for different values of M, can also be obtained and we found the contour of

A1.an, = 800 when M, < 0.1Mg can be approximately fitted by

( 9x ) 5 [ My e My
—Ix__ — 1.6 x 10~ (—) . (4.8)
my/MeV Aranr, =800 Mg MeV

It is remarkable that models with light mediators are severely constrained. For example,
a model with m, = 100 MeV and m, = 1 eV requires g, < 107° These constraints
should be especially useful since recent observations of strong absorptions of the Lyman-«
radiation from some of the earliest stars corresponding to the 21-centimeter transition of
atomic hydrogen around redshift Z ~ 20 [68] appears to favor light DM in the MeV-GeV
mass range and whose interactions (with baryons) are due to the exchange of much lighter
mediators [35].

Similar bounds can be obtained for fermions as shown in fig. [£.5] For heavy fermions,
where the contribution due to the Fermi degeneracy pressure is small, contours of A are very
similar to those obtained for bosons. As already noted it is interesting that for light dark
fermions with m, < 30 MeV, Aj.4p, can be larger than 800 even in the absence of strong
interactions or light mediators. This is clearly seen in the behavior of contours for small
values of m, when they plunge to smaller values of the effective coupling strength g, /m,. In
all cases we have used the APR EOS to describe the underlying NS. We also set gg = 0 in
which case the effective Fermi coupling (g, /ms)? alone determines the interaction strength.

As noted earlier, simulations of large scale structure performed with collisionless DM is

unable to account for features on small scales. In particular, simulations predict an excess



98

Bosons, M, =107* M,

o ?
T
>
Q
=
SS 100_
=
o)

-1

10 102 103
m, (MeV)

Figure 4.4: Contours of dimensionless tidal deformability for 1.4 M hybrid stars containing
10~* My, of bosonic DM. The parameter space to the left of the red contour labeled 800 is

disfavored by the first detection of gravitational waves (GW170817) from merging neutron

stars.
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Figure 4.5: Contours of A 4y, for hybrid stars containing 10~* My, of fermionic DM. Regions

above dash-dotted lines produce large cross-sections excluded by Bullet Cluster for given

mediator masses mgy, and the shaded regions between the dashed and dash-dotted lines

correspond to the parameter space where the transport cross-section is adequate to provide

an explanation of the DM density profiles in the cores of galaxies and clusters [211].
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DM density in the cores of halos of galaxies and clusters, and these discrepancies have been
discussed extensively in the literature. For a recent review see [365]. Collisions between
DM particles can alleviate some of these issues if the transport cross-section is large enough.
For example, a mildly velocity-dependent transport cross-section per unit mass, o;/m =~ 2
cm? /g on galactic scales, and o;/m =~ 0.1 cm?/g on cluster scales has been shown to provide
a consistent solution to the dark matter deficit [211]. These cross-sections can be consistent
with upper limits derived from observations of the Bullet Cluster which requires o,/m < 1.25
cm? /g with estimated relative velocity v, &~ 3000 km/s [302] for velocity-dependent interac-
tions. Although in general the tidal deformability provides a complementary constraint, in
the scenario where y is the sole dark matter particle with Yukawa interactions mediated by
a vector boson, as in our simple model, a comparison of these different constraints is useful.
To make this comparison we choose two values for the mediator mass: mg = 1 keV (purple)
and my = 0.1 MeV (green) in Fig. [£.5] The shaded parameter region corresponds to values
of the transport cross-section that would make N-body simulations of halos of galaxies and
clusters compatible with observations. Dashed curves are obtained by setting o;/m =~ 0.7
cm?/g for v, = 4000 km/s (a tighter constraint from Bullet Cluster mass-to-light ratio),
and the dashed curve is obtained by setting o;/m ~ 1 cm?/g for v,y = 100 km/s. The
parameter space to the left of the dash-dotted curve violates the cross-section bound from

the Bullet Cluster.

With more detections of BNS and black hole-neutron star mergers expected we anticipate
that the limits on the tidal deformability will improve and provide stronger constraints. There
is also the tantalizing possibility that as the detection sample grows, LIGO might detect a
larger than expected variability in the tidal deformability for neutron stars implicating that
some may have dark halos. We have also proposed new mechanisms for DM production and
retention. These warrant further study to obtain quantitative estimates for the amount of

DM accumulated and its dependence on the model parameters.

Finally, we note that our study only addressed how DM halos influence GW emissions

through their effects on A before the dark halos overlap. The dynamics of larger halos or
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later times during the merger will likely have other interesting observable signatures. We
hope our study will motivate the inclusion of DM in numerical relativity simulations to study

the complex hydrodynamic evolution of the merger of hybrid stars.
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Chapter 5

DARK LEPTON SUPERFLUID IN PROTO-NEUTRON STARS
[

We find that sub-GeV neutrino portal bosons that carry lepton number can condense
inside a proto-neutron star. These bosons are produced copiously and form a Bose-Einstein
condensate for a range of as yet unconstrained coupling strengths to neutrinos. The conden-
sate is a lepton number superfluid with transport properties that differ dramatically from
those encountered in the ordinary dense baryonic matter. We discuss how this phase could
alter the evolution of proto-neutron stars and comment on the implications for neutrino

signals and nucleosynthesis.
5.1 Introduction

Recently, the possibility that dark matter particles may interact strongly with neutrinos has
sparked strong interests [30, 58, [70, 52} 115, 225, 65, 32]. These interactions can generate
stronger self-interactions between neutrinos mediated by new degrees of freedom [225] [65] and
have been invoked to explain hints of anomalies in neutrino oscillation experiments [14], 15]
and puzzling cosmological observations [53], [309] 310]. In this article we consider dark bosons
that carry lepton number L but is otherwise uncharged with respect to the SM gauge group
and demonstrate its novel implications in extreme astrophysical environments.
Proto-neutron stars (PNSs) provide a unique laboratory to study DM coupled to neutri-
nos. As noted in[section 1.3, a PNS born in the aftermath of core-collapse supernovae explo-
sion is hot (7"~ 30 MeV) and contains large densities (p ~ 5 x 10" g/cm®) of baryons and

leptons. Detailed simulations have shown that neutrinos are trapped inside the PNS, and that

this chapter is based on [308] which is submitted to Physical Review D.
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Figure 5.1: Superfluid transport of lepton number due to ¢ condensation rapidly quenches
the spatial gradients in the lepton number chemical potential. It transforms the initial state
with an approximately constant lepton fraction Y7 ~ 0.3 (depicted on the left) to the state
on the right.

their diffusion takes 7q;¢ ~ tens of seconds [387, 80]. During this time, the hot and dense PNS
matter supports a large chemical potential for lepton number (u;, = p,, ~ 100 — 200 MeV)
and a corresponding large excess of electron neutrinos. These conditions, which are not
realized in any other environment in the universe, present an opportunity to study DM
candidates that carry lepton number.

In this chapter we show that lepton number scalars, denoted by ¢, will have important
implications for PNSs. For a wide range of parameter space compatible with existing con-
straints, ¢ particles are rapidly produced in the PNS and thermalize to form a Bose-Einstein
condensate. The condensate is a superfluid that transports lepton number from the core to
the surface of PNS on timescales that are negligible compared to neutrino diffusion. This
alters the radial distribution of lepton number (see and modifies the composition
and neutrino transport properties of dense matter inside the PNS.

We introduce the lepton number scalar ¢ through a minimal model defined by the low-

energy effective Lagrangian [58]

& * * )\ *
Lot D =222 0o + e, —mg*o — (676)” (5.1)

Here, g,s is the coupling between left-handed Weyl neutrinos v, and the scalar ¢ that
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carries lepton number 2. «, 3 are flavor indices and the quartic coupling A characterizes
the strength of self-interaction among ¢’s. In general, g,s may involve all 3 flavors e, p, 7.
However, in what follows we focus on the flavor conserving coupling to electron neutrinos
Jee = ¢, and comment on the possible role of couplings to px and 7 neutrinos in our concluding
remarks.

This coupling g may arise after electroweak symmetry breaking from the effective operator
(LH)(1H)¢* /A? [74,158], where | = (v, e)” is the SM lepton doublet, H = igy H* is the flipped
SM Higgs doublet, and A is the high-energy scale associated with new physics. Since the
Weinberg operator (1H)(1LH)[378] carries lepton number 2, the Lagrangian conserves
L. This effective operator is one of few dimension six operators that generates neutrino
self-interactions. In contrast to conventional majoron models where the coupling is highly
suppressed by neutrino Majorana masses [96], [I57], in this scenario, the natural strength for
the coupling g ~ (v/A)? (v =246 GeV is the electroweak scale) is expected to be large from
the model building perspective [74, [5§].

Laboratory constraints on the coupling g, are flavor dependent. For g = g, limits from
exotic meson decays demand g < 1072 when my < GeV, and double beta-decay experiments
require g < 107* when my < MeV [289, 58, [115]. Astrophysical and cosmological bounds on
the parameter space are also quite stringent. For my < 10 MeV and g 2 107, a thermal
population of ¢'s alters the expansion history of the early universe during and after weak
decoupling. This spoils the concordance between the predictions of Big Bang nucleosynthesis
(BBN) and observations of light element abundances [105] [65], and is also in tension with
the observed cosmic microwave background (CMB) spectrum [225]. The supernovae cooling
bound based on SN1987a — the core-collapse supernova occurred in the Large Magellanic
Cloud in 1987 — excludes ¢g7'' < ¢ < 107° when m, < 50 MeV [190, [70]. This constraint
arises because the duration of the observed neutrino signal is shortened when free streaming
weakly interacting particles rapidly cool the PNS core subsequent to their thermal production
[301].

In this chapter, we will focus on the as yet unconstrained region for ¢’s with mass m, 2 10
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MeV and a coupling to electron neutrinos in the range 107¢ < g < 1072 to show that novel

phenomena arise in the PNS that can probe new physics at energy scale A ~ 1 — 10* TeV.

5.2 ¢ condensation in the PNS

As noted earlier, the PNS is characterized by high baryon number density ng >~ 1 — 3 ny,
where ng = 0.16 fm ™ is the nuclear saturation density, high temperature 7'~ 20 — 60 MeV,
and a lepton fraction Y, = ny/np ~ 0.3. In this hot and dense environment lepton number

scalars are produced rapidly through vv — ¢. The rate of production is given by

ANy _/ d*py d*py d*k Mool

At~ ) 2B, (27)2E,, (270 2E,27)° 2 fifa(2m)' 64 (pr + py — k), (5.2)

where |Myu%¢>|2 = 4g2(p1 - p2) is the square of the tree level matrix element, and f;» =
1/ (14 exp [(Ep , — pr)/T]) are the Fermi-Dirac distribution functions for neutrinos. For
g > 107% and T' ~ 10 MeV, the timescale for transferring lepton number to the ¢ particles
Torod ™ NL/Tuw—e <K Tair. Further, most of the ¢’s produced have short mean free paths due
to the inverse decay process hence are trapped and subsequently thermalize with the star.

Qualitatively, the relaxation timescale can be calculated as

1 1 a3 a3 Mopirsl®
/ il 2 Movosl g oo mvasi 1 — k)

T 2B ) 2E, (27)3 2E,,(27)3 2
Y g Entk (5.3)
_9gmy / cdB

2

where g, = 1/(exp((Ex — p14)/T") — 1) denotes the Bose-Einstein distribution function of ¢’s.

For a simple estimate we set all the distribution functions to 1 and find that the mean free

1073\ ? /50 MeV \ ? T
Ay = o7 ~ 1078 km . 5.4
o=or 10 (0] () (e o 54

Consequently, for the range of couplings considered in this study, ¢’s produced in PNS

path of ¢’s

are in chemical and thermal equilibrium with neutrinos.
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Since ¢ carries two units of lepton number, its chemical potential j14 = 2u;. When
[y > My, there will be a macroscopic occupation of ¢’s in the zero-momentum state, and
the ground state is a Bose-Einstein condensate. In the PNS where p; ~ 200 MeV at early
times, we can expect condensation for my < 2ptf, mar =~ 400 MeV.

In the absence of repulsive forces between ¢’s, the density of the condensate grows rapidly
in the core of the PNS. When the total mass of bosons in the core exceeds M.,,.;; ~ mf)l Jmy &
(100 MeV/my) 107" M, the boson clouds collapse to form a black hole. The black hole
once formed is expected to subsequently consume the entire star [254, 201]. Thus, the very
existence of neutron stars rules out such scenarios and viable models for ¢ must include
repulsive self-interactions. Even a small quartic coupling A in Eq. alters the effective
potential for ¢’s [173, 48], 213, 47]

Virl6) = (m3 — )66 + 2 (6°0)7, (55

and provides the necessary stabilization. When condensation occurs the finite vacuum ex-
pectation value (vev) of the scalar field that minimizes the effective potential above is given
by

(6) = /202 — m2)/X. (5.6)
This vev breaks the global U(1), symmetry and leads to superfluidity.

In the symmetry broken phase, the excitation spectrum is modified. The two degrees
of freedom associated with the complex ¢ field manifest as fluctuations around the vev.
Denoting the massless Goldstone mode as J, and the massive mode as o, in the condensed
phase we can write ¢ = (f + o0 +14.J)/v/2, where f = v/2(¢). The dispersion relations for the
goldstone mode (w?) and the massive mode (w?) are [173, 4S8, 213, 47]

)\ 2 )\2 4
e L S s o )

2 16
where Ej, = /p? +mj.

2See also [appendix G
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The propagation of neutrinos is also modified in the superfluid phase because v’s directly
couple to the condensate. When ¢ acquires a vev, the Yukawa term in becomes

9

Lyukawa O NG (f+o+iJ)vv +he. (5.8)

The term proportional to f, which would have led to a (left-handed) neutrino Majorana mass
in the vacuum (uz = 0), leads to pairings of electron neutrinos near their Fermi surface. This

BCS-like pairing introduces a gap A = g(¢) in the neutrino excitation spectrum

Wi = /A2 + (pEpp)?. (5.9)

For the viable range of coupling g < 1072, this gap is negligible compared to the temperature
in PNS.

The grand potential per unit volume for neutrinos is

d3 1 174 v
Q, = / (273;3 {i(wi + W)+ Tlog (1 +e™/T) + Tlog (1 + e””)} : (5.10)

and for ¢’s is
2. d’p [1 ¢ ¢ —w?/T —w? /T
Q¢:Z( 5 lg) — 2y §(w++w,)+Tlog<1—e +/>+Tlog<1—e J) .
(5.11)

The first term on the RHS of Eq. accounts for the condensate, and the second term
contains the contribution from thermal excitations. For details see appendix Gl UV diver-

gences in |egs. 5.10{and [5.11] are regulated by imposing a momentum cutoff while demanding
the Goldstone mode remains gapless with the vev given in [eq. 5.6

In we show the critical temperature as a function of the total lepton number
density np, = 9(Q, + Qp)/0pr. For T' > T,, the lepton number resides in the thermal
population and the condensate amplitude vanishes f = 0. Note that the lepton number
density in is in units of ng, and in the PNS where the lepton fraction Y; ~ 0.3

we expect ny, ~ 0.1 — 0.3 ng, and ng ~ 1 — 3 ng. Under these conditions the large T
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Figure 5.2: Critical temperature of the superfluid in a gas comprised solely of ¢’s.

indicates that condensation will persist even at the highest temperatures encountered in the
PNS when the lepton fraction is large.

By accommodating a large fraction of the lepton number, the condensate alters the
composition of hot and dense matter in the PNS. At given ng, T', and Y7, the baryonic and

leptonic components are related by the conditions of beta-equilibrium and charge neutrality:

Hn — Hp = te — HL (5.12)
Ny = Ne . (5.13)

Above, subscripts n, p, e denotes neutrons, protons, and electrons. Number densities n;
include anti-particle contributions, e.g., n. = n.- — n.+. In this work we treat electrons as
non-interacting relativistic Fermi gas, and neglect muons for simplicity.

To obtain the composition of hot and dense matter in equilibrium we need to specify a

baryonic equation of state £(n,,, n,, T'), the nuclear energy density as a function of the neutron
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and proton number densities, and the temperature. For a given £(n,,n,,T), the nucleon
chemical potentials are given by ju, = (0& (1, ny)/0np ), v, and p, = (0€(ny, ny) /0Ny ), 1-
In what follows we employ the Skyrme energy functional £(n,,, n,,T") discussed in Ref. [350]
and Fppendix B3

In ffg. 5.3] we show the constituent particle fractions in the presence of ¢’s at ng = ny,
T = 20 MeV, and Y, = 0.3. The individual number densities are determined by chemical
potentials fi,,, fp, e, and py which are obtained by solving [egs. 5.12 and [5.13] subject to

the lepton number budget

ng =npYy, =ne+nj + n%,
where n} = 08, /0uy, and n(z = 0Q,/0p, denote lepton number densities carried by v’s and
¢’s, respectively.

Effects of ¢’s on the dense matter composition shown in [fig. 5.3| can be understood by
noting that the condensate amplitude decreases with increasing my. For a given value of my,
the condensate amplitude is calculated using and we have set A\ = 1. For small my,
the condensate amplitude is large and it accommodates a large amount of lepton number as
shown by the green curve. Consequently, the populations of e’s (blue curve) and v’s (orange
curve) are suppressed. Further, owing to charge neutrality the condensate lowers
the proton fraction and amplifies the isospin asymmetry of PNS matter at early times. At
larger my, the lepton number in the condensate is smaller and vanishes when mg > 2up.
For the chosen parameters, this occurs at m, ~ 230 MeV. At finite temperature, a thermal
bath of excitations also contributes to the lepton number density, and this contribution is

shown by the red curve. It is interesting to note that for m, < 100 MeV the ¢ condensation

reduces the proton fraction by about a factor of 2.

5.3 Implications for neutrino transport

As discussed in [section 1.3.1] in the standard scenario, the evolution of the PNS and the

associated neutrino signal is largely determined by the diffusion of neutrinos [76, 296 [311].
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Figure 5.3: PNS composition as a function of mg at ng = ny assuming 7' = 20 MeV and
Y7, = 0.3. The green curve and red curve represent lepton number carried by the condensate

and thermal ¢’s respectively. We took A = 1. For my4 2 230 MeV the L budget can no

longer support the superfluid in this scenario.
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Neutrino trapping during collapse leads to Y7, ~ 0.3 in the bulk of the PNS, and p; ~ 200
MeV in the PNS core. The baryon density, temperature and lepton fraction profiles that
roughly correspond to the state of the PNS at ¢ ~ 1 s (see fig. 1 of ref. [311]) are shown in the
top panel of The spatial gradient of py drives deleptonization by neutrino diffusion
and simulations suggest that it takes about 20 seconds for y, to decrease substantially [311].
During this time, the lepton number current carried by neutrinos leads to heating in the
core akin to Joule heating in ordinary conductors [76]. As we discuss below, ¢ condensation
fundamentally alters lepton number transport in PNS.

A defining characteristic of a superfluid is that it supports dissipationless supercurrents
that eliminate gradients in the chemical potential. Superflow redistributes the lepton number
in the PNS on a short timescale 7 < 74;¢ without the associated Joule heating. Consequently,
the PNS is characterized by a constant lepton number chemical potential in the star’s grav-

itational field
ps(r)\/ gu(r) = i, = const, (5.14)

where gy (r) is the local chemical potential, and gy (r) is the time-time component of the
metric tensor. The value of (9 is set by the total lepton number (N ;) in the star which
at early times is N o & 3 — 5 x 10%.

The bottom panel of shows how the superfluid transport of lepton number al-
ters the composition of the PNS. In the presence of the condensate, it ensures that the
chemical potential uy(r) satisfies To obtain metric functions we solved the Tol-
man—Oppenheimer—Volkoff equation assuming the Skyrme equation of state mentioned ear-
lier. At fixed Np ¢, curves shown in the top panel reveals that pz(r) in the core is greatly
reduced relative to the standard scenario, and is enhanced in the surface regions. Thus, in
stark contrast to the standard scenario, the electron and the neutrino fractions are reduced
in the core, and increase towards the surface of the PNS. A comparison between the solid and
dashed curves in the lower panel reveals that the electron (and proton) fraction is reduced
by about a factor of 2 in the core, and is enhanced in the low-density surface regions. The

rapid increase in the neutrino fraction at intermediate radius is due to thermal effects and
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Figure 5.4: Superfluid transports L towards the surface of the star. Solid curves in the
lower panel are obtained by distributing Ny, ;o &~ 4 X 10°° according to leq. 5.14{in a 1.4M,
star. The underlying temperature, baryon number, and lepton chemical potential profiles

are shown in the top panel. We chose my = 50 MeV, g = 1073, and \ = 1.
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is sensitive to the chosen temperature profile. We experimented with a few different initial
profiles of T" and uy, and found that qualitative features of lepton number transport by the
superfluid seen in are robust.

The results shown in are obtained by setting my = 50 MeV and A = 1. It
is interesting that the ¢ superfluid can extend to large radii at early times and this is a
generic feature for m, < 50 MeV. For larger my, the condensate recedes to smaller radius
and the region of the PNS influenced by the lepton superfluid is diminished. We can also
expect the spatial extent of the superfluid to decrease with time as neutrino diffusion in the
outer (non-superfluid) regions of the PNS continuously saps lepton number, causing x9 in
the condensate to decrease.

Condensation accelerates deleptonization of the PNS, especially during the early stages
since the timescale for neutrino diffusion is now set by the neutrino mean free paths in the
low density outer regions. However, a quantitative description of this time evolution will
require self-consistent PNS simulations and is beyond the scope of this study. During this
phase, temperature gradients in the PNS drive neutrino diffusion and all flavors of neutrinos
contribute to the energy flux. We can expect the transport of energy in the condensate
to differ from the standard scenario because the neutrino mean free paths are altered. In

particular, we find that the mean free path due to the Cherenkov process v — vJ

1 1 By B , » o
NE,) E/zEp,(%P 2B (zmyp < M= L)) = 2 = K, (5.15)

is significantly shorter than other processes previously considered. In feq. 5.15, p = (E,, p) is
the four-momentum of the initial neutrino, and p’, &’ are the four-momenta of the neutrino in

the final state and the Goldstone boson, respectively. This process is kinematically feasible

because the Goldstone mode (c.f. jeq. 5.7) exhibits a linear dispersion with velocity v; =

\/ (ug —m3)/(3ug —m3) < 1 at small momenta. However, with increasing momenta, when
|k'| 2 (¢) the dispersion relation resembles the vacuum mode of ¢’s and the process is
kinematically forbidden. We therefore require that |k'| < (¢) in feq. 5.15

shows the Cherenkov mean free paths for neutrinos and anti-neutrinos as
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Figure 5.5: Neutrino mean free paths at ngp = ng in the condensate depicted in [fig. 5.4
where T ~ 27 MeV and u; ~ 30 MeV. As F, increases, v — v + J becomes forbidden
at sufficiently large Goldstone momenta (see main text), resulting in the rising tail for the

Cherenkov mean free path.

functions of their energies. For reference, the mean free paths due to neutral current reactions
are also shown. These mean free paths are calculated assuming non-relativistic nucleons
under the influence of mean-field potentials [307] obtained from the Skyrme model discussed
earlier. Since p and 7 neutrinos do not couple to the Goldstone modes in our simple model

we do not expect a similar reduction in their mean free paths.

The drastic shortening, by orders of magnitude, of the electron and anti-electron mean
free paths suggests that energy transport in the PNS are affected by the condensate. It
appears likely that while deleptonization is accelerated by condensation, the cooling of the

PNS during the early times may be delayed.

The condensate could alter the neutrino energy spectrum at early times when the su-
perfluid extends to low baryon density (such as the case shown in [fig. 5.4). We find that
for my, < 50 MeV, condensation of ¢’s is likely to impact the location and temperature of

the v, and 7, decoupling surfaces. Short mean free paths in condensed regions imply that



115

neutrino decoupling must occur at the outer edge of the condensate. In this region, we can
expect a large thermal population of v.’s and ¢’s due to the finite lepton chemical potential.
Further, due to the strong coupling between v,.’s and ¢’s, we speculate that the decoupling
of v, could occur in a thin layer and that the v, spectrum might contain a non-thermal
component with energy close to m,/2 ~ 10 MeV arising from decaying ¢’s. Note that be-
cause the population of ¢*’s is suppressed by —2uy, the anti-electron neutrino signal does
not receive similar non-thermal contributions. This enhanced difference between fluxes of
v, and 7, would alter the neutron-to-proton ratio in the neutrino driven wind and therefore
may have implications for nucleosynthesis [386]. However, as we have noted earlier these
speculations neglect feedback effects and self-consistent PNS simulations [296, 80] will be
needed to draw definitive conclusions about how the aforementioned effects will impact the

temporal and spectral features of the neutrino signal.

5.4 Conclusion

Our main conclusion is that if lepton number scalars that couple to neutrinos exist in nature
they will condense to form a superfluid in the PNS. For the conditions realized inside the
PNS, condensation is favored for an interesting range of masses and couplings, and is likely
to persist for several seconds during which lepton number remains trapped. We find that
condensation dramatically alters the composition and transport properties of hot and dense
PNS matter.

This first study of lepton number superfluidity in PNSs suggests that the thermodynamic
and transport properties of matter are dramatically altered. The large spatial extent of the
condensate, and shortened neutrino mean free paths in the condensed phase suggest that the
energy spectrum and the luminosity of neutrinos will be affected, especially at early times.
However, identifying unique observable signatures in the neutrino signal will require self-
consistent PNS simulations that include lepton number scalars. Such studies could address

how neutrino data from SN1987a, and future galactic supernovae can help either discover or
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constrain a dark lepton sector.

We note that the model employed here neglected the diagonal and off-diagonal couplings
of the ¢ to p and 7 neutrinos. Their inclusions could be interesting as it provides additional
degrees to accommodate lepton number. It could have an impact during the infall phase of
core-collapse [I145] and the PNS evolution studied here. These issues are being investigated
and will be reported in future works.

Finally, we note that dark superfluid of other forms could have interesting implications
in different astrophysical settings. For instance, an additional dark superfluid component is
used to revive Modified Newtonian Dynamics in explaining the dark matter in galaxies and
clusters of galaxies [49, 50]. Recently, it is also hypothesized that a dark chiral condensate

in the center of galaxies may resolve the “core-cusp” problem [18, [19].
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Appendix A
HYDROSTATIC EQUILIBRIUM IN GENERAL RELATIVITY

In this appendix we summarize topics related to the global structure of relativistic stars.

p instead of & shall be used to denote energy density.

A.1 Spherically symmetric configurations

We start with the following ansatz for the spherically symmetric and static spacetime metric:
ds? = gudatdz” = VM2 — AMdr? — 12dH? — r? sin® 6d¢? (A.1)

The energy stress tensor for ideal and isotropic fluid takes the canonical form 7}, = (p +
p)uut, — P g, For matter encountered in neutron stars, ideal and isotropic fluid is generally
a good description even in the solid crustal phase where the anisotropic stress due to the
lattice only makes up a subdominant contribution compared to the Fermi pressure arising
from the degenerate neutron sea. It is then straightforward to solve the Einstein equations

G =Ry, — %gW R = 87T),,. The tt and rr components give

8mrip(r) = % [r(1— e)‘(T))} : (A.2)
V() = 2 (J\f(j_‘lg%(r))j (A.3)

respectively. With the identification of the mass of the star

M(r) = /07“ 47" p(r")dr’ (A.4)

we obtain

M) — <1 - 2M(T>>_1. (A.5)

r



118

The mass M defined above is the gravitational mass. This definition is appropriate since it
leads to a g, that matches that of the Schwarzschild metric

2M oM\ ™!
ds%chwarzschild = (1 - _) dtz - (1 - _> dT2 - T‘2d92 - T2 SiIl2 9d¢2 (A6)

T T

at the surface of the star. Combining with the conservation of energy stress tensor

V., 1, = 0 which suggests
2 /
V/(T’> = ——p (T) ,
p(r) +p(r)
we arrive at the Tolman-Oppenheimer-Volkoff equations eq. 1.26|
Finally, the metric function v(r) can be obtained fromfeq. A.3] The resulting integration

constant is fixed by matching g;; to gi™vazsehild gmoothly at the surface r = R.

A.1.1 Newtonian approximation

The TOV equation can be cast into the following form

- ) () ()

The first term (outside brackets) on the RHS is what would have been obtained had we

worked in Newtonian gravity, where hydrostatic equilibrium can be simply understood from
the “gradients of pressure balance gravity” analysis on arbitrary thin shells of matter. The
tailing factors are general relativistic modifications. It is noteworthy that they all amplify
the effects of gravity since each of them makes RHS a bit larger. The combined effects of

these factors are moderate (< 30%) for neutron stars and negligible for white dwarfs.

A.1.2  Physical quantities vs coordinates

Above, r,t are only coordinates. To get the physical (proper) quantities one needs to insert
the correct factor of detg. For example, given the profile of particle number density n(r),

the total particle number in a star is

N = 47r/0 drr*n(r)/ ge (7). (A.8)
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A.1.8 thermodynamic potentials in curved spacetime

In and [5] we see the constancy of chemical potentials for an ensemble is modified
in gravitational fields. This can be understood as a “redshift” effect. For a box of thermal
ensemble of particles at radial coordinate r, its four-momentum P* = (E/ \/@,O,O,O)T
where the normalization P*P, = E? gives the total energy of the ensemble in local frames.
Note that we assume the size of the box is much smaller than the curvature radius, so gravity
does not affect internal states of the ensemble.

Static metrics such as is time-translation invariant which implies the existence of
time-like Killing vectors K*, such that V,K, +V, K, = 0. In this case the Killing vector is
K* = (1,0,0,0). Hence the quantity

Ey=P'K, = gu P’ = E\/q;; = const, (A.9)

is conserved for any free-fall observers (whose worldline are geodesics). Therefore, any quan-
tity that represents some form of energy, such as temperature 7" and chemical potential p,
must follow similar relations in gravitational fields. This is because their conjugate quanti-
ties entropy density s and number density n are independent of gravitational fields, so local

values of T' = % and pu = % shall have the same spacetime dependencies as E.

A.1.4 stability

While solutions to the TOV equations are in hydrostatic equilibrium, they are not always
stable. Throughout this dissertation mass-radius relations shown are truncated at maximum
masses because stars living on the branch thereafter are unstable against radial perturbations
dp(r,t). A sufficient but not necessary criterion is that the transition from a stable branch
to an unstable one can only occur at local extrema where OM/Jp. = 0. To understand
this, let us consider the radial oscillation frequencies of stellar normal modes w,,. In stable
configurations the frequency of any of the modes must be real or equivalently w? > 0, whereas
in unstable stars at least one of the normal modes develops an imaginary part, i.e., w? < 0

(so that the mode contains a diverging component ~ e""‘t). The boundary hence lies at
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w, = 0. This can only happen if a small perturbation in central energy density p. does not
change the mass of the stars. At very small (purely real) frequencies it takes a very long time
for the oscillation to perturb a star in equilibrium to some other configurations p(r) + dp(r),
such that the new configuration specified by p(r) 4+ dp(r) must be another equilibrium state,
in which dp. # 0 (since different equilibria are by their central densities p.). We also expect
this slowly varying perturbation to conserve energy as its frequency w, — 0, hence the total
energy M — 0. In other words, the transition w, = 0 corresponds to a local minimum or

maximum of the mass.

One may further show that an equilibrium configuration is stable if and only if the mass
defined in is stationary (and in fact a minimum) with respect to all perturbations
dp(r) that leaves the total particle number invariant. Systematic investigations of
radial oscillations of compact stars with uniform entropy yielded the following empirical
criterion: with increasing central densities, one of the stable radial modes becomes unstable
if the mass-radius curve bends counter-clockwise; if the curve bends clockwise, then one of
unstable normal modes becomes stable [33]. To establish the stability of different branches of
neutron stars, we may either start from the very low density Newtonian white dwarf branch
and use the above criterion, or thorough observational evidence of pulsars with masses and
radii within the predicted range of the normal branch as predicted by most physical nuclear

EOSs.

A.2 Tidally deformed static configurations

In Newtonian gravity the leading contribution to tidal fields &; = % arises at the
quadrupole order. The same has to hold in relativistic stars so that their weak-field slow-

motion limits reproduce Newtonian stars. Hence we decompose the metric perturbations in
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terms of spherical harmonics Y}, and focus on [ = 2:

(0)
Juv = Guv + h,ul/u

oy = diag (e, =AM —2 —r?sin®9), (A.10)

hy = diag (e Hy(r), X Hy(r), K(r)r?, K(r)r?sin®6) Yo,

Most of the interesting physics occurs when the orbital separation becomes comparable to
the size of compact stars in merging binaries. In the so-called buffer zone of each component
star where Agw > 7 > Rgtar(Z Rewrv), gravitational radiations are unimportant and gravity
is not too strong. For each star tidal fields due to its companion can be treated as a
perturbation. The diagonal temporal component of the metric tensor in this region admits

the following expansion [362]:

1—g M 3Qi, ; + 1. 1 1 i i
. o — 73](” ni — 55 7) 4 (/)(;) + 5&-]-95 z/ 4+ O(r?) (A.11)

where @);; is identified as the quadrupole moment and &;; is the tidal field. The general
plan to obtain tidal deformability therefore is to solve the perturbed metric Hy(r) from
linearized Einstein’s equations, and extracting the tidal field and quadrupole moment from
the expansion of Hy in the buffer zone.

We start by noting that in the linearized gravity the inverse metric tensor is

nuv (0;11/ nv
g = g" — ht",

(A.12)
© (0
WY = g" 9" her.
At order O(h) the Christoffel symbols are found to be
[ © ©) © ]
(0) (1) 1@ Hate Oa¥° dav
F)\l/ = F)\l/ + PAV = _gAU J J - J
a a w2 Oxv ~ Oxt  0x°
- n (A.13)

) )
1 dgh°  Og*?  Og 19 [oh oh oh
_ _hAU _ = Ao wo vo N
2 oxVv * OxH oz’ * 29 oxVv + Oz oz |’
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which lead to the Riemann tensor

0) (0)
© L or or:  © o ©° (0
X pA A no pv A A
R,ul/o’ - R,ul/a + R,uz/o - orv - W + FunFZU - FT]UFZV
o o (A.14)
or or @ o ©° @ SO © )
uo pv A A A A
|G = G T, + T, — (T 4 T T |
From which it follows that
(1) ) () (0)
Rﬁ = gMARZUA - hu/\RgJ)\' (A15)
The curvature scalar is given by
© O O © © © @
R=¢"R, =R+ R=g¢g"R, + |-W"Ru. +¢"Ru.|, (A.16)
and the perturbed Einstein tensor is
- w1 m
G,=|R, — §5MR . (A.17)

The Lagrange perturbation is most suitable as it guarantees the perturbation dp/p stays

finite and small in the vicinity of perturbed stellar boundaries that were vacuum in the

unperturbed configuration. So the perturbed stress-energy tensor is

(7125 = diag <j—g6p, —0p, —ip, —5p) Yom (A.18)
The zeroth order Einstein equation is already solved which yielded the TOV equations.

We only need to solve the field equations at order O(h): 8’; = 87?%5. The diagonal angular

1) ) (1)
components Ty = T(f implies that Ho(r) = Hy(r) = H(r). Next, from G? = 0, we have

K'(ry=H'(r) — H(r)V'(r). (A.19)

This relation allows us to substitute H and its derivatives for K’ and K”. Further, the 06
component of the linearized equation

H(r)e X" (X(r) = v/(r))

A2
167r ( 0)

op=—
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can be used to eliminate dp. We then subtract the rr component of the field equations from

the ¢t component, and finally arrive at an equation for H(r):
2 N(r)+v(r) dp (N(r) V(r) 6eM)
H'(r)+ H'(r) (2 - 2220 g [— .
(r) + H'(r) < 2 (r) dp \ 2r 2r * r?

1, , T (r) 3N(r)
— OO+ -

)+ %z/?(r)} —0. (A21)

As discussed earlier the metric functions A and v are obtained from the Oth order field

equations derived in the previous section. Applying those results, can be expressed as

H(r) + E Yt (%y) + 4mr(p — p))} H'(r)

6err)
—V2(r)| H(r) =0. (A.22)

d
+ {zm (9p +5p+ é(p + p)) M) —

,

This is valid in the interior of the star. Setting p = p = 0 we obtain an expression valid
for the buffer zone. Note that since outside the star the zeroth order equation yields the
Schwarzschild metric, we have ¥ = e*, and hence v/ = X' = —2Me*/r? (where M is the

total mass M (R)). Rewritten in terms of # = r/M — 1, the metric perturbation function H

outside the star satisfies

4

2 —1

(2> = 1)H" +22H' — (6 + YH = 0. (A.23)

This is the associated Legendre equation with [ = m = 2. The most general solution is

o Tagy  2M [ M(M —r)(2M? +6Mr—3r*) 3. r—2M
H(T)—Cl(M) (1 . ) 220 — 1)? 2log( )
2M
+ 3ea(—)2(1 — =) (A29)
Its expansion takes the form:
— e B ohy) 3 (2
H= 015( . ) +O<(r) ) SCQ(M) +O(r) (A.25)

Now relations between ¢; and Q);;, co and &;; can be identified and they are

15 Qi 1 9
—§M3, Cy = g(c/IUM .

C1 =
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leading to

8 C1 3 _ 4 C1

A= ——M° Fky=-AR’>=——C" A.26
45, P2 15 ¢ (4.26)

Where C' = M/R is the compactness of the neutron star. In order to solve ko we numerically

integrate equation [A.22] and match the boundary conditions

Hint<R) = Hext(R)7 Hj

int

(R) = H

ext

(R) (A.27)

This procedure can be simplified by noting that is homogeneous hence H are H'
are scale invariant. This is expected in our linear analysis since the overall amplitudes of
tidal fields and induced quadrupole moments are set by the companion stars and have no

bearing on the proportionality coefficient A\. Only the combination H’/H matters. Define

y=rH(r)/H(r), can be rewritten as

dy(r) _ y(r)? _y(r)ger(r) [1 + dgr? <p(r) — p(?“))]

dr T T

— Anr [Qp(r) + 5p(r) + j—'; (p(r) + P(ﬂ)] Grr(r) +7

bl

69 (r) <M) i

r2 dr

(A.28)

This is |eq. 2.7, The expression for ¢;/cs now becomes

Do 61— 20)%2(1 — C) + (20 — 1)y] x {403 [13 — 1y +2C*(1+y)+ C(—2+ 3y)}

Ca

+20[6 — 3y + 3C(5y — 8)} +3(1 - 20)? [2 4+ 20(y — 1) — y| log(1 — 20)}_ . (A.29)

Where y = y(R) = RH'(R)/H(R). To find the boundary condition for y(r = 0) note that
near r = 0 the solution to [A.22] is

H(ro) = ar2 + O(rd), H'(ro) = 2ary + O(r),

Hence y(0) = 2.
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Often times the equation of state is specified by a set of tabulated data, which needs to

be interpolated to reconstruct a continuous function p(p). It turns out, however, adaptive

ODE solvers (e.g., those from the Runge-Kutta family) may struggle at the boundaries of

neighboring interpolated (p, p) pairs: the step size keeps shrinking to avoid crossing the

boundary. It is thus easier to integrate the TOV equations interval-by-interval when they

are transformed into a form such that p is the independent variable

Now the radius of the star can be obtained explicitly from R = r(p

numerical solvers at » = 0, we

r(1- ﬂ)
dr _ r
d M ’
P ) <7 + 47Tr2p) (A.30)
dM dr
T Arori—
dp e dp

= To initiate

0).

expand the two equations near the center

dr? B 3

dp  2mp(3p+p)(p+p)’
4

M = —7por?.

3

We then take a small step of size dp and explicitly perform the integration to obtain:

7’(?1)2

M(pl)

_ 3 g Prtre 3t

27 po Po + po 3po+po] (A.31)
_ 4 3
= 37007’(191) .

where p; = po — dp, and py = p(po).
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Appendix B
SUMMARY OF EQUATIONS OF STATE

B.1 Thermodynamics

Given the grand potential Q(T), u;) specified by temperature T and chemical potential y; of

species 7, the energy density £, entropy density s and number densities n; for species i are

given by

Ay o)

b 8/% ’ N or ’

SzQ/V—I—Ts—I—Zumi (B.1)
p=—-Q/V.

Stability requires that the (isentropic) speed of sound is greater than zero:
dpP P'(n)
Co=c (dﬁ)s £n) =" (B:2)

B.2 Free Fermi gas

Although insufficient for studying neutron stars, the free Fermi gas model is a relatively intu-
itive 0*" order approximation to the compact star composition. In fact it provides fairly good
descriptions for white dwarfs and certain dark matter models. This appendix summarizes

the results of

n= o [ HEE. (B.3)
£ = o [ BB, (B.4)
5= o [ os = (1= Plos(1 = )&, (8.5

p=pun—E+Ts; (B.6)
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assuming different kinematics. Above, ¢ is the particle degeneracy parameter and fz the

Fermi-Dirac distribution function

1
" Ttexp[E(p) — pw)/T]

fe

Except for the finite temperature arbitrary relativistic case, thermodynamic integrals above

can be evaluated in closed forms.

B.21 T=0

Regardless of the kinematics, at zero temperature

g PE p?f)?
0

arbitrary relativity

For convenience define the dimensionless quantity x = pr/m.
4

g F g m4
— dpp2\/p2—|—m2 = 1

~ o2 0
_gm [x (24 = 3) Va2 + 1+ 3sinh*1(w)] : (B.9)

g /pF p'dp
P=6r2 0o /pP+m?2 48w

[x\/mT—H (22° +1) — sinh_l(cc)} : (B.8)

non-relativistic

2/3 2/3
e b _ 30679 s gk 67/ o (B.10)
20m2m 1072m ’ 607m2m 5m2m ) '
ultra-relativistic
1/3 2\ 1/3
srzt T 9 (492 P PE ot Tol\ye) " (B-11)

B.2.2  Finite temperature
non-relativistic

Define a =T /m, x =p/T,y = /T,
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ng > x? gT3
= ), 2/9 _ ) T ;e (=€), (B.12)
212 Jo T 1+exp(aa?/2—y)  2/2m3%08
gT* [ az*/2 39T .
N 59— T a5 (—¢Y), (B.13)
22 Jo T l4exp(ax?/2—y)  4v/2n3208
2
P=3% (B.14)
gT* [~ —2’y+5ax?/6 Ik [ ' .
- = 2yLig (~e’) = 5Lig(~e)| . (B.15
e /0 L+exp(ax?/2 —y)  44/273/2a3/2n 4 1%< ¢’) 15( e’) ( )

In obtaining the integrand for the entropy density, the relation s = (€ + p — un)/T is used.

Li, are polylograithm functions of order n.

ultra-relativistic

With x = p/T and y = p/T,

gT3 00 IQ gTS
= — d Li B.16
"o 0 Tt exp (r —y)  3m2 I (=€) ( )
T [ 3  3¢T"
_ 9_2/ de v _ 29 1, (=) (B.17)
272 J, l+exp(z—vy) 2
1
p=3¢ (B.18)
gT? i a2y g% .
=2 = 2yLis (—e¥) — 8Liy (—eY B.19
¥ 2m2 /0 l+exp(x—y) 2n2 [2yLis (—¢”) ia (—¢”)] ( )

Sommertfeld Expansion

At low temperature (T' < p, or y < 1) the Fermi surface “smoothed out” with width ~ 7.

This allows the following expansion

/0001+e){p2;_y /f ) + f() f’”(y)+... (B.20)

B.3 Skyrme

Tony Skyrme discovered that nucleons, although not explicitly included in [eq. 1.9 emerges
as solitons from the chiral Lagrangian [340][341]. By working out the topological
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properties of the (non-relativistic) excitation carrying integer baryon number he was able to
write down an effective description for nucleon interactions. In it nuclear forces are mediated
by contact interactions. This approach was further promoted in nuclear physics by mean
field studies due to Brinks and Vautherine [371], 370].

For homogeneous nuclear matter the Skyrme functional specifies the energy density as a
function of neutron and proton number densities n,, and n,. Here we pick the parameteri-

zation

Tn 7y t1 €1 to X9
E(nn, p) = o T 2772,) + (nn + 1) (T + 7) [Z (1 + 5) + 5 (1 + 5)}

s () 5 () o o0 3) - )
+ % [(nn +m)? (14 5)) = (2 +nd) (% + m)} (nn +m,)" (B.21)

Above, 7; are kinetic energy densities, and t1 9, Zo 1 2,3, € are free parameters and a particular
set that fitted to APR EOS can be found in ??. Because of 7-dependent terms in feq. B.21]

nucleon masses are modified in the medium. The effective masses m,, , are functions of

densities and may be obtained by absorbing all the 7-dependent terms into 5. They are

2m;f
found to be
. 4
mn/mn = )
A4 n, [t1(1—x1) + 3ta(1 4+ 22)] + 1y [81(2 + 21) + t2(2 + 22)]
. 4
mp/mp =

At the mean field level, identical particles all experience the same potential given by U; =

OE /On;. The results are

U, = % {to [nn (1 — x0) + ny(2 + 20)] + i (70 (t1(1 — 1) + 3ta(1 + 22)) + 7 (81(2 + 1) + 12(2 + 22))]

+%(nn ) [—n2 (=1 4+ 3)(2+ €) + n) (4 4 € — w5(e — 2)) + 2n,my, (25 + 2)€ + 3)] }

Swapping the labels n <+ p yields U,. The single particle excitation thus takes the following

form in this mean-field treatment:

k?

2m;
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Implicit density dependencies in m* and U; through 7; require solving

1 > k2
M=) T e (B0 =T (B:23)

consistently by iterations. Note that with the identification o = T'/m?} and y = (u; — U;)/T
the integral on the right hand side can be evaluated in closed form (c.f. feq. B.16). Once

converged to the desired accuracy the EOS can be obtained using the expressions below

by noting that kinetic energy densities

1 &
w2 Jo 1+ exp[(Ei(k) — ) /T]

dk (B.24)

T, =

and the pressure p # %5 due to interactions. The same procedure can be easily generalized to
zero temperature where fr becomes a step function and the integral limits on £ is restricted

B.4 Polytropes

The polytropic parameterization of EOS assumes the following form for pressure versus

number density p(n):

p(n) =k (g)v = kn”

n
where 7 is an arbitrary constant such that 7 = n/n is dimensionless. For neutron star EOS
the nuclear saturation density n = ny is a convenient choice. The polytropic parameterization
is widely used before physical calculations of dense nuclear matter EOS can be carried out.
Notably, non-relativistic free Fermi gas EOS has polytropic index v = 5/3, and for ultra-
relativistic Fermi gas 7 = 4/3, see Stability requires v > 1. The energy

density follows from thermodynamics and is

E(n) = o

17—17 + &,

where & is an integration constant. If the polytrope is to be used in conjunction with

other low density EOSs, continuity at the boundary uniquely fixes the constants k,&. In
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the absence of another low density parameterization, & = muyn such that the energy per

particle approaches nucleon rest mass my as n — 0.

All physical EOSs, for which v > 1 so that £(n) is positive and increasing, constraints

from thermodynamics are satisfied. The speed of sound in this construction is given by

o _dp A& p

ST an'dn  p+ &

B.4.1 GCR double polytrope

Another ingenious extension of polytrope is the double polytrope parameterization for energy

E(n) =a (nﬁo)a +b (nﬁo)ﬁ . (B.25)

Gandolfi, Carlson, and Reddy found that results of YEFT-based pure neutron matter quan-

per particle [149]

tum Monte Carlo calculations can be fitted with the form above to good accuracy.
provides a concise and elegant parameterization for realistic neutron-matter EOSs.

3N force Egym L a «@ b 16
(MeV) (MeV) (MeV) (MeV)
none 30.5 31.3 12.7 0.49 1.78 2.26

VIV VE L 321 408 127 048 345 212
VIV +VEL, 320 406 128 0488 319 220

Var + Vg 32.0 440  13.0 049 3.21 247
ViV +VE e 337 515 126 0475 516  2.12
Var + Vi 33.8 562  13.0 050 471 249
UIX 351 636 134 0514 562 2436

Table B.1: Double polytropic fittings feq. B.25|for selected 3-body interactions listed in [149].
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The EOS follows as

(B.26)

B.5 Speed of sound

The speed of sound (squared C, = ¢? = Op/IE parameterization of equation of state is
a simple but well-motivated parameterization for the high density phase of QCD matter.
Bounded from below Cs > 0 from stability requirements and from above Cs < 1 due to
causality, the speed of sound parameterization can represent the most general EOS consistent
with known physics. It relates the rate of change of pressure to that of energy density
therefore directly controls the stiffness of EOSs. Moreover, calculations in perturbative
QCD suggest that C approaches 1/3 from below at asymptotic densities np 2 50n. This
provides a bit of hint for possible behaviors of C, at densities achieved in neutron stars
interiors where ng < 10n,.

The C; parameterization is used to describe high density EOS starting from n = n0 (not
to be confused with the saturation density ng), p = po and & = &. Given a general function

Cs(€), we have

I
p(f)—poz/ Cy(&hae’,

&o
so that .
A€ p+E& pot [o, Cs(ENAE +E
— = = , (B.27)
dn n n
from which we obtain
E d /
n = n0exp / o £ (B.28)
g0 po+ [g Cs(E)AE" + &

Consider a special case



133

e constant Cj:

&= 1 —1-105 {(ngo — po) + <%>C§H (Po + 50)} ; (B.29)
p=po+Cs(& —&). (B.30)

B.6 Note on tabulated EOS Data

Here we present somewhat tighter constraints on tabulated EOS data, required to ensure
convexity, than we have seen presented in the literature. Suppose we have an interval with
tabulated density, pressure, and energy ngi, Fo1, and & ;. If these data come from an
equation of state that satisfies thermodynamic convexity d?£/dn* = dP/dn/n > 0 and

causality d€/dP > 1, then each interval must satisfy the following conditions:

PP <& & &+ P §@§¢@+HMHJ%—HX
V(€ + Po)(Eo+2P1 — Py) ~ Mo Eo+ Py

(B.31)

The tabulated data in [336] used for the outer crust in [chapter 2| required some minor

corrections to ensure these constraints are met.
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Appendix C
COMPRESSIBLE LIQUID DROP MODEL

C.1 Surface Term in the CLDM

The implementation of the CLDM in includes a surface contribution to the nuclei
energy. We employ the following surface term with an effective surface tension o (n’, n;) =

00/(1 = Coym f(xp)) = 00(1 — Csym5* + O(8*)) following [236] (see also [348]):

1
E = 4nr? C.1a
"oy Com (16 — 2,8 — (1 — ) 73) (C.1a)
= 4717 00 (1 — CoymfB* + O(8Y)) (C.1b)

where x, = n/ /(n} +n/,) is the proton fraction in the nucleus, and § = (n}, —nj)/(n), +n},) =
1 — 2z,. We parameterize this as Cyym = 05/09 where o5 ~ 1.38 MeV/ fm? is held fixed as a

parameter of the theory, and oy is varied to smoothly match the tabulated outer-crust data.
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Appendix D
FUTURE GW CONSTRAINTS FOR SELECTED EOS MODELS

D.1 Comparison with Piecewise Polytropes

Injfig. D.1|we compare the constraints obtained on the total pressure P(npg) of nuclear matter
in f-equilibrium using our Central unified parameterization with those obtained using the

piecewise polytropic EOS in [306]. To better compare these, we do the following;:

1. Fit the parameters of the polytrope to best match our Central EOS: log(p;) = 34.3,
'y =2.60, I'y = 3.81, and I'3 = 2.91.

2. We use the same speed-of-sound core parameterization with E. = 350.0 MeV /fm?,

FErmax = 800.0 MeV /fm3, C\,ac = 0.8 as our Central EOS.

3. We start with a bare “Nuclear” constraint by computing the 1.20 covariance matrix
of the parameters from Table III of [306] over the following EOS models that have a
small pressure P(ng) < 3MeV /fm? at saturation density: PAL6, SLy, APR1, APR2,
APR3, APR4, FPS, WFF1, WFF2, WFF3, BBB2, BPAL12, ENG, MPA1, BGN1H1,
PCL2, ALF1, ALF2, ALF3, and ALF4. (This excludes some models with hyperon
(GNH3, H1-7), pion (PS), and kaon (GS1-2) condensates, as well as the strange-quark
matter models MS1-2, which all have significantly higher saturation pressures P(ng) >
3MeV/fm?). This gives similar bare “Nuclear” errors as our Central model at and

above saturation density.

We note that the constraints on P are very similar to those from our “Nuclear” parameter
set. To obtain this, however, it was critical to use correlated errors in the polytrope param-

eters. To this end, taking a polytropic EOS with uncorrelated priors is inadvisable. Only
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once correlated priors are used does the polytropic equation of state provides constraints

comparable to those that can be obtained from our nuclear parameterization.

0.5
-------- Nuclear
2 B PR RESTPR UNN EULTIREEE +NICER
0.4 B + 1 LIGO (40 Mpc)
‘ ... | |----- +1LIGO
< , +15LIGO
‘2 0.3 1 -7 — — +100LIGO
g . 2% _-
(5]
o
&
= 0.2 1
Q
[
0.1 1
0.0 ' '
2.5 3.0 3.5

1y [g

Figure D.1: Relative constraints on the pressure P of nuclear matter in S-equilibrium for
the Central EOS (dark curves) and a polytropic EOS (light curves) with the same form
as [300] with parameters fit to give a similar mass-radius curve, but using the same core
EOS as ours. (Note: Kinks in these curves occur when the form of the EOS changes - for

example, just below n = 2ng, the from of the polytrope [306] changes.)

D.2 Comparison plots for selected EOS models

On the following pages, we provide comparison plots for all of the EOS models discussed in
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Appendix E
CONSTRAINTS FOR INTERACTING DARK BARYONS
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Figure E.1: Mass-radius relations for neutron stars containing mirror neutrons. The dark
neutron is assumed to experience the same interactions neutrons do. Reductions to maximum
allowed masses remain large. While this scenario cannot be stringently ruled out by the
observed massive neutron stars, only extremely stiff equations of state (such as the green

curve which shifts to the causal EOS at ng > 1.5n¢) can evade the constraint.
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Figure E.2: Maximum allowed mass as a function of self-repulsion strengths for representative

underlying nuclear equations of state. The interaction is mediated by a massive dark U(1)

force carrier V¥.
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presence of a dark U(1) mediator.
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Appendix F

RATES AND MEAN FREE PATHS OF DARK LEPTON
SCALARS

This appendix details the calculation of the scalar reaction rates and mean free paths in

F.1 ¢ production rate and emissivity

The emissivity (energy radiated per unit volume per unit time) and production rate of ¢’s

can be evaluated as

g m¢ / dj} / dx T +1§'2
2 "o Texp (@1 — y1) + L[exp (22 — ga) + 1)

e = 3 / d.Tl / .
32# Sz [exp (21— y1) + 1[exp (72 — y2) + 1]
where x; = pi/T, y; = /T and z = m3 /T
The integral over x5 for 5’¢ can be evaluated in closed form in terms of the polylogarithmic

functions Li,(z), leading to

g2m§)T3 /oo (xl + ﬁ) log (1 + eyQ_ﬁ> — Li, (—692_ﬁ>
= dl‘l .
0

= T32m8 el@i—v1) 41

For an estimate,

2 my N2/ T \°
~ 107 km® ( I ) < ¢ ) 7 T
R ergs/s/km > (05) (Goaev) \Gontev ) Dl me T,

2 m 2 T 2
~ 105 m 3 (9>< ¢ ) 7 T).
ng 2 100" (055 ) \soaev) \ 303y ) 22 men T)

This rate is unrealistically large since the inverse decay reaction is ignored. For a Oth

order approximation we may insert into the integrand a factor e T'#&)E» where R, is the size
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of the neutrino sphere. Note also the production rate approaches 0 in the limit myg — 0
because massless neutrinos are assumed. For light scalars m, < keV the neutrino masses

have to be taken into consideration.
F.2 Relaxation time

The rate of change of the particle number of interests is given by

dng / d3py d3p, Bk [ Mypegl
dt ) 2B, (27)32E,,(27)3 2E,(27)3 2

< [fifa(1+9) = (1= f)(1 = fo)g] (2m)"0" (p1 + p2 — k)

We already know that ¢’s are produced on very short time scales. We are now interested in
understanding how fast ¢’s come into equilibrium with neutrinos for a small deviation in its
distribution function dg = g — go, where gy = 1/(exp [(Ex — 14)/T] — 1) is the equilibrium
Bose-Einstein distribution function.

In this case, we may linearize the phase space factor by taking f; 2 to be the equilibrium

Fermi-Dirac distribution of neutrinos and obtain

Ffa(l49) — (1= f)(1— fo)g ~ 18254

90

So we arrived at

dng / d*py d3p, Bk Mool [fife 5
at 2F, (21)3 2E,,(27)% 2E,(21)3 2 7w 7

] Cr) S (ot — k) (F1)

The relaxation time 7 is defined as the characteristic time scale for the system to return
to equilibrium, i.e., dg(Ey) — exp [—t/7(FE})], through

dns / &k dg
dt ) 2r)3 1’

Comparing this with yields The evaluation of follows similar ap-

proaches discussed above, with the exception that now the kinematic puts extra constraints

on p when the scalar momentum is held fixed.
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F.3 Cherenkov mean free path

At small momenta the Goldstone excitation can be expanded as

_ u? — M? w 3u2 — M? ;
~ . F.2
Yo 3u2 — M2p+ (32 — M2)3\| 2 — M2 P+ O0@) (F.2)

Keeping only the leading term the majoron exhibits a linear dispersion relation with velocity
a = /(2 — M?2) /(3u% — M?). Hence the Cherenkov process may proceed.
With the amplitude M = 4¢*(p - p’) the Cherenkov rate

1 d3p’ d3 k!
D)y = / D = My (L= f)@) 164 — o — k)

E, ] 2E,(2m)32E(27)
g° 2 d3p’ /(1 0V (1 S / L/
N 2EpEk,( ﬂ)/zEp,(gw)?) X [pp'(1 —cos )] (1 — fp)d(p —p — ak’)

2 AV k}/ 1
— 89_7r /dp/—(]‘fpeai? Oépp’(l — f) /_1 dcos@(1 — cos0)d(cos O — cos by)

2 D
g 1 / 1 /\2
= — dp' [ = —1 — 1—f,
8ma? p? /hap P (oz? )(p P fr)

The lower limit of the p’ integral was obtained from the requirement

2

~1<cosf=1- (1-a?) <1, (F.3)

2pp’
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Appendix G
FIELD THEORY AT FINITE 7" AND 4

Here we work out the thermodynamics of the scalar field theory studied in

defined by the Lagrangian
£y = (0°0")(0,6) — m3"6 — 2 (6"0)" (G.1)
and that for the neutrinos defined by
L, = iu}&“@uuL + L, A

where the Yukawa coupling to ¢ results in a Majorana mass (in the absence of Fermi surfaces)
term when the scalars condense
(JAN .
Ly, A= —3 < gay/,; — V}/O’QVL) .
We first derive some general results. Statistical properties of ensembles of particles ¢

(for this purpose, either bosons or fermions) can be conveniently described by the grand

canonical partition function

7 = tre PH-#N) = (g| e B Pa(H—pN) ) .

Here, H and N are the Hamiltonian density operator and the particle number operator
respectively, and § = 1/T is the inverse temperature. A very similar expression arises in
quantum theories when transition amplitudes are evaluated with functional integrals

P(t=ts)=¢
o :/¢> ' fDWDgzﬁexp [i/d‘*m(w{b—?—l)} )

(t=ti)=¢;

where 7 is the conjugate momentum of ¢. The equation above suggests that when evaluated

(Pr,trli, ti) = (dy] e H b=t

in the Euclidean spacetime with a compactified temporal dimension, i.e., 7 = it with peri-

odicity 7 = 7 + 3, path integrals of the transition amplitude over closed trajectories in the
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field configuration space (|¢¢| = |¢;|) yield the finite temperature grand partition function
of the ¢ field. That is,

B
7 = / DrD¢ exp [/ dT/d%(iﬂ@Tgb —H+ uN)
B(ti)=%¢(ty) 0

Above, the boundary conditions account for the spin-statistics of the underlying fields. Bo-
son fields are periodic in the Euclidean temporal direction whereas fermions are anti-periodic.
These choices guarantee time-ordered operator products satisfy the correct commutation/anti-
commutation relations.

Oftentimes it is convenient to work in the momentum space. The compactified Euclidean
time direction implies discretization of (Euclidean) energies w, = p°. Periodic and anti-

periodic boundary conditions for bosons and fermions then lead to

2nm/ 3, bosons
Wy = / (G.2)

(2n+1)w/B, fermions.

with n € Z.
Chemical potentials are associated with conserved charges. For either fermionic or bosonic

fields the conserved charge corresponds to the temporal component of the Noether current

For a complex scalar field theory that is invariant under a global U(1) transformation ¢ —
e,
JH = —ig0"¢" +1i¢"0"¢,

whereas for a Dirac fermionic field v,
I = iy,

These suggest that chemical potentials are added to the Lagrangian as temporal components

of gauge fields.
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G.1 Fermions

The Lagrangian for neutrinos after ¢ develops a vev is

, iA i A
L= wz&“a#l/,;—? <V{02VL — VEO'QVZ) =5 (1/25“8#7/,; + VZTO"LLa#VE)—F? (I/ETI/L + VEVE) :

We performed integrations by part to get the kinetic term of v§ = ioov;. The conserved
charge for v is Q@ = UEVL = —v§1¢. Putting everything together we can express the

exponent in a way that is symmetric with respect to vy, and vf:

1 7 ) .
T Vr + Tl — H + pQ = —3 (V;@TVL + VET&—VE) + 3 <V£JZ@-VL — VETJZ&»VE>

A
+ Bl (I/ETI/L + 1/21/2) + g <yzyL — I/ETVZ) .

It is convenient to work in momentum space. Putting the system in a box of volume V,

the Fourier modes of neutrinos and anti-neutrinos take the form

1 . -
v(r) = T ; ; e (TP, (p) (G-3)

1 . 1 )
VLX) = —= > Y e TP (igg (p)) = —= Y Y eI L (—p)  (GA)
\/v n P \/v n P

Now in the basis N,(p) = (7n(p),7%,,.1(—p))?, the grand canonical partition function be-

comes

B
7 = / [[DiNIDN, (p) exp [ /O dr / d®z > iNi(—p)DN,(p)| = det D,
n,p n,p

D:%ﬁ Wt 0Py | - . (G.5)

—-A Wy — 0P+
Had we start from a 4-component Dirac fermion with (i.e., including the sterile state
vr) ¥ = (vp,vg)T, the sign of the chemical potential ;1 in the lower 2 x 2 diagonal block
would become positive. This can be seen from the charge density operator Q = j%(x) =
Yy = VEVL + V;VR. For the 4 component Majorana spinor N = (v, ic9v; )%, the temporal

component of Noether currents vanishes j° = I/EI/L + 5708 = 0.
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It then follows that
log Z = log(det D) = log [B*(A* + (1 — p)* + wy)] + log [B* (A% + (u+p)* + w?)] .

To get rid of Matsubara frequencies note that the logarithms functions above can be expressed

as

xQ
log(z® + B%w?2) = 4= + const
: 2 o

The constant term is independent of T or V' therefore irrelevant for thermodynamics. The

summation over n can then be performed as

3 1 11 1
— (2n + 1)°72 4 22 2 \2 l+4exp(x))’
So we arrive at

d3
Qpo=—p""logZ = —V/ (273;3% {\/A2+ (1= )2+ VA + (u+p)?

+28 ' 1og [1 + exp (—B\/m)] + 287 log [1 + exp (—B\/mﬂ }

In the A — 0 limit we recover the massless Weyl fermion grand potential

3
Qro(f=0)/V = —% / (;5;3 {2p + 2T log [1 + e_ﬂ(p_“)} + 2T log [1 + e—ﬂ(p+u)} } '

The UV divergence becomes apparent once a momentum cutoff A is imposed:

4 2 4 4A2,2
! {A A wlog(A/K) + finite.

4 4 + 8
G.2 Bosons

We now return to the bosonsfeq. G.I} The conjugate momenta are 7, = 0;¢* and 7y = 0;¢.

So we obtain

. . A A
H =m0+ " = L = mymye + 89" 01 + mie ¢ + Z(¢*¢)Q~
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The charge density operator is given by
Q = i(¢*0p — 90,97) = i(¢" Ty — PTy).
Now we have all the ingredients to compute
L=iY mbrgp—HApPN = Tpdtms ¢ —Tym4—0'0" i¢—mi¢*¢—%(¢*¢)2+i,u(¢*7r¢*—¢7r¢).
k

Rewriting the ¢ field in terms of its Cartesian components,

1 1
V2 Y2
we can integrate out the momenta in £’ and obtain

1 1 1 A ) 1 A
L' = §(i3T¢1 +M¢2)2+§(i37¢2—ﬂ¢1)2—§ ((0'¢1)* + (0" 2)?) —5m2(¢%+¢3)—ﬁ(¢%+¢3)2-

¢ (1 +iga), ¢ (1 — i),

In momentum space ¢; can be expand around the vev (¢) = f/v/2 as

¢1 = fcosb+ 1/ é Z ei(w"Terx)Cgl,n(P),
n,p

P = fsind + 4/ é Z Gi(w’LT+px)52,n(P)
n,p

In the absence of quartic couplings an exact result may be obtained. We shall treat A\

(G.6)

perturbatively. Since # parameterize the flat direction of the Mexican hat potential, we may
utilize the shift symmetry and study the excitation spectrum around # = 0. At leading
order the expansion of the quartic interaction leads to the following terms that survive the

Gaussian integral
A 2 212 3\ 27 A 27 3
1—6(¢1 +¢3)° = @f ¢1,-n(—P)P1.n(P) + gf P2, —n(—P)P2.n(P) + O(95).

Now the partition function takes the following form in the basis ®,(p) = (gAb/Ln(p), qugﬁn(p))T:

ar

7 = /Hngl,n(p)D(bz,n(p) exp %/J&(MQ —mj) — %Z O_,(—p)DP,(p)| = e

9 | .2 9 9| 3\ g2
D— g Wy +p°+my —pt+ 25 f — 2w [
Qe U w,%—l—pz—irmi—ﬁ—l—%f?

(@)

(W*=m3) (det D)3,
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The roots of the characteristic polynomial of D allows us to write

—% log det D = log 3 (wi + wi) + log 32 (wi + wz)

with

— <E§ + %F + \/Ai? + p2(4E2 + 2)\f2)) : (G.8)

We have defined the free particle energy E, = ,/p* + mi. Applying the usual bag of tricks

we can carry out the sum over Matasubara frequencies and obtain

% 1
1 2, 2 9 1
Qpo=—p""logZ = Zf (myg — p) + 55 E log det D

\% 202
— 4f( )+ ﬁ nil;%:/ 2n7r) + const
= %fé(mi - M2) +5*1 ZZ <§ﬁw:t + lOg (1 - eﬁwi)>
3
= %ﬁ(mi — p?) + V/ % E(w+ +w_)+ B 'log (1 B e’ﬁw+) 5 og (1 - e*ﬁw_>

(G.9)

The thermodynamic limit V' — oo is taken in obtaining the last line, so the sum over
discrete momenta is replaced by a continuous integral. In the absence of the condensate

f the dispersion relations reduce to wy = F =+ u, thus we recover the usual Bose-Einstein

statistic:

Qpolf V/ {E + T'log [1 —e (E”*“)] + T'log [1 — e’B(Ef'*”)} } )
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