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Individuals diagnosed with cancer progress through disease stages with transition rates that

are often unobserved but potentially estimable. We focus on deconvolution as a method to

partition population-level survival data into two distinct components: (1) time from diagnosis

to an intermediate endpoint and (2) time from the intermediate endpoint to death. Using

data on overall survival from diagnosis and survival from the intermediate endpoint to death

we propose a novel deconvolution method to estimate the distribution of the time from

diagnosis to the intermediate endpoint. The method allows for an individual-level frailty to

influence the correlation between time to the intermediate endpoint and time to death.

We focus on two main applications to cancer. In our first application, we validate the

deconvolution method using data on individuals with prostate cancer. We estimate the time

to metastasis from diagnosis and compare this with the observed time to metastasis from the

SPCG-4 clinical trial. In our second application, we use deconvolution methods to estimate

the time to distant metastatic recurrence of melanoma using data from the Surveillance,

Epidemiology, and End Results program.
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Chapter 1

INTRODUCTION

1.1 Background

Accurate estimates of cancer progression are vital to researchers, healthcare providers, and

patients. With longitudinal cohort studies where the same individuals are followed up for

multiple time points, estimating the time to defined intermediate endpoints, like metastatic

recurrence, is straightforward.[1] Estimating the parameters with which individuals diag-

nosed with cancer progress through disease stages with readily available population-level

data is more di�cult. Furthermore, estimating the time to an intermediate endpoint like

progression to a later stage may not be immediately observable in data available to a health-

care provider. Understanding the length of time that it takes for individuals diagnosed with,

for example, Stage I or II, to progress to a Stage III or Stage IV cancer has the potential to

illuminate the natural history of specific types of cancer at the population level and inform

early detection screening policies.

We focus on deconvolution as a method to partition population-level survival data into

two distinct components: (1) time from diagnosis to an intermediate endpoint and (2) time

from the intermediate endpoint to death. Recent work by Mariotto and colleagues focused

on developing a deconvolution method for cancer recurrence using population-level SEER

data, applied to recurrence of metastatic breast cancer. [2] A fundamental assumption of

the deconvolution method from Mariotto and colleagues is that the time to an intermediate

endpoint is independent of the time to the ultimate endpoint, e.g. time from diagnosis with

localized cancer to distant progression is independent of time from distant progression to

death. For some cancers this may be a reasonable assumption, but others might violate it.

Using data on overall survival from diagnosis and survival from the intermediate endpoint to
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death we propose a novel deconvolution method to estimate the distribution of the time from

diagnosis to the intermediate endpoint. The method allows for an individual-level frailty to

influence the correlation between time to the intermediate endpoint and time to death.

We first validate the deconvolution methods using data on individuals with prostate

cancer from a clinical trial where data are available on both time from diagnosis to prostate

cancer death as well as time from diagnosis to the intermediate endpoint of metastasis. In

our application, we use deconvolution methods to estimate the time to distant metastatic

recurrence of melanoma.

1.2 Objectives

In this thesis, we introduce a novel deconvolution method that simultaneously estimates the

correlation at the population level between the two time to event variables, and the parame-

ters governing those two time to event variables. We first detail the statistical theory behind

our method and show its utility with a simulation study. We then use the deconvolution

method in two applications.

In our first application, we use data from the Scandinavian Prostate Cancer Group Study

Number 4 (SPCG-4) as a validation for our method. In the SPCG-4 trial, metastatic re-

currences were recorded at the individual level and thus we can compare the empirical time

to metastatic recurrence to the estimate from deconvolution using time from diagnosis to

death and time from metastatic recurrence to death. For our second application, we use

data extracted from the Surveillance, Epidemiology, and End Results program on survival

for melanoma to estimate the time to recurrence of metastatic disease.[3] We extract data

on time from diagnosis of localized disease to death and time from diagnosis of de novo

metastatic disease to death. Our method is an extension of the method presented by Mari-

otto and colleagues for recurrence of metastatic breast cancer.[2]
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Chapter 2

STATISTICAL METHODS

2.1 Methods Introduction

2.1.1 Notation and Basic Concepts

Define T1 as the time from diagnosis to an intermediate endpoint, T2 as the time from the

intermediate endpoint to death, and T ⇤ = T1 + T2 as the total time from diagnosis to death.

Let fT1(t1), fT2(t2), and fT ⇤(t⇤) be their respective probability density functions, and ST1(t),

ST2(t), and ST ⇤(t⇤) be their respective survival functions.

We use the following definition of the survival S(t) and hazard h(t) functions for t:

f(t) := lim
�t!0

P [t  T < t+�t]

�t
=

d

dt
S(t)

S(t) := P [T > t] =

Z 1

t

f(u) du = 1� F (t)

h(t) := lim
�t!0

P [t  T < t+�t |T � t]

�t
=

f(t)

S(t)
.

We use Kaplan-Meier (KM) [4], or product-limit, estimates of S(t), given by:

S̃(t) :=
Y

i:uit

 
1� di

ni

!
(2.1)

where ui is the ith observed event time, di is the number of events observed at event time

ui, and ni is the size of the risk set at event time ui. This construction of the Kaplan-

Meier estimator assumes independent censoring times. We use Greenwood’s formula for the

standard error of Ŝ(t), given by:

S̃E(t) := S̃(t)

sX

i:uit

di
ni(ni � di)

. (2.2)
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We use the following definitions of the probability density functions for exponential, gamma,

and Weibull random variables (using rate parameterizations):

Exponential: f(x|�) = �e��x

Gamma: f(x|↵, �) = �↵

�(↵)
x↵�1e�x�

Weibull: f(x|�, p) = p�(�x)p�1e�(�x)p .

As noted above, when referring to the estimates of S(t) for any random variable T , we denote

S̃(t) as the KM estimates of S(t). We denote Ŝ(t) as the deconvolution estimates of S(t).

We use non-linear least squares to fit parametric survival functions to the KM estimates,

S̃(t). Non-linear least squares minimizes the sum of squared residuals with respect to un-

known parameter(s) ✓. Consider KM estimats at n time points. Define the residual for the

ith time point ti from the estimated survival function to the empirical survival function as

r(ti, ✓) := S̃T (ti)� ST (ti, ✓) (2.3)

and the (weighted) sum of squared residuals as

RT (w, ✓) :=
nX

i=1

r(ti, ✓)
2 · wi (2.4)

where wi is a weight for the ith residual. We may choose not to weight the survival for

each time ti (i.e. wi = 1 8 i), or to precision weight each time ti using the standard error

of the Kaplan-Meier estimate at ti from equation 2.2. Furthermore, define RT (✓, w) as the

objective function to be minimized with respect to ✓ for observed data S̃T (ti), i 2 (0, ..., n).

2.1.2 Problem Statement

Let

T1 ⇠ fT1(t1 | ✓T1)

T2 ⇠ fT2(t2 | ✓T2)

T ⇤ := T1 + T2
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where ✓1 and ✓2 can be single- or multi-dimensional, and where the density of T ⇤ is a

convolution of the densities of T1 and T2, i.e.

fT ⇤(t⇤) :=

Z t⇤

0

fT1,T2(t
⇤ � t2, t2|✓T1 , ✓T2) dt2. (2.5)

If convolution is distributional addition, then deconvolution is distributional subtraction.

When T1?? T2, this lends itself easily to deconvolution; deconvolution is more complicated

when T1 6?? T2.

Can we use deconvolution methods and information on only T2 and T ⇤ to infer the

distribution of T1, both in the context of independence and dependence between T1 and

T2? More specifically, can we use data on the distributions of time from an intermediate

endpoint (like metastasis, or recurrence) to death (T2), and time from diagnosis to death (T ⇤),

to recover the unobserved distribution of time from diagnosis to an intermediate endpoint

(T1)?

2.2 Deconvolution

2.2.1 Deconvolution with Independence

Assume that T1?? T2. Then their joint distribution is given by

fT1,T2(t1, t2|✓T1 , ✓T2) = fT1(t1|✓T1)fT2(t2|✓T2).

We can make the substitution T1 = T ⇤ � T2, and then the joint distribution of T ⇤ and T2 is

given by

fT ⇤,T2(t
⇤, t2|✓T1 , ✓T2) = fT1(t

⇤ � t2|✓T1)fT2(t2|✓T2).

The marginal survival functions for T2 and T ⇤ are then given by

ST2(t|✓T2) =

Z 1

t

fT2(t2|✓T2) dt2

ST ⇤(t|✓T1 , ✓T2) =

Z 1

t

Z t⇤

0

fT1(t
⇤ � t2|✓T1) · fT2(t2|✓T2) dt2 dt

⇤.
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2.2.2 Deconvolution with Correlation

Now assume that T1 6?? T2, and that the correlation between them can be described by a

shared frailty term, K, with

K ⇠ g(k|✓K)

where g is a parametric distribution with parameter(s) ✓K , which can be either single- or

multi-dimensional. Thus, T1 and T2 are independent after conditioning on K, i.e.

T1?? T2 |K

fT1,T2 |K(t1, t2 | ✓T1 , ✓T2 , k) = fT1 |K(t1 | ✓T1 , k) · fT2 |K(t2 | ✓T2 , k).

Now make the substitution T1 = T ⇤�T2. Since the Jacobian of this transformation is 1, the

joint distribution of T ⇤, T2 |K is given by

fT ⇤,T2 |K(t
⇤, t2, | ✓T1 , ✓T2 , k) = fT1 |K(t

⇤ � t2 | ✓T1 , k) · fT2 |K(t2 | ✓T2 , k).

BecauseK is an unobserved frailty term, we want to find the marginal distribution of (T ⇤, T2),

and of T2 by itself. Integrating over the support of K,

fT2(t2 | ✓T2 , ✓K) =

Z

K

fT2 |K(t2 | ✓T2 , k) · g(k | ✓K) dk (2.6)

fT ⇤,T2(t
⇤, t2 | ✓T1 , ✓T2 , ✓K) =

Z

K

fT1,T2 |K(t
⇤ � t2, t2, | ✓T1 , ✓T2 , k) · g(k | ✓K) dk. (2.7)

To find the survival function for T2 whose density is given by equation 2.6, we integrate the

density function from t to 1. To find the survival function for T ⇤ whose density is given by

equation 2.7 , we first integrate over T2 from 0 to t⇤ to find the marginal density function

for T ⇤, and then integrate from t to 1. These functions are given by:

ST2(t | ✓T2 , ✓K) =

Z 1

t

fT2(t2 | ✓T2 , ✓K) dt2 (2.8)

ST ⇤(t | ✓T1 , ✓T2 , ✓K) =

Z 1

t

Z t⇤

0

fT ⇤,T2(t
⇤, t2, | ✓T1 , ✓T2 , ✓K) dt2 dt

⇤ (2.9)
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Revisiting the problem statement: for a fixed parameter governing the frailty distribution,

✓K , can we use the relationships in equations 2.8 and 2.9 and population-level data on T ⇤

and T2 to estimate ✓T1 , and ✓T2 , in order to learn about the distribution of the time from

diagnosis to an intermediate endpoint, T1?

2.2.3 Incorporating the Shared Frailty

We assume parametric distributions for both T1 and T2 that are conditional on a shared

frailty term, K. Thus, the parameters for T1 are (✓1, ✓K), the parameters for T2 are (✓2, ✓K),

and the distribution of the their sum, T ⇤, is characterized by (✓1, ✓2, ✓K). We also assume

some parametric distribution for K, the shared frailty term.

For mathematical tractability, we assume that this shared frailty term K modifies the

hazard for T1 and T2 in a proportional manner. For example, if the hazard is h(t|✓), then

the hazard modified by the frailty term is

h0(t|�, k) = h(t|�, k) · k.

We therefore construct the distributions of T1|K and T2|K such that we have this propor-

tional relationship for the hazard. This modeling strategy has precedent; it is similar to how

a Cox proportional hazards model includes a function of predictor variables that proportion-

ally scales the hazard, and how in estimating the parameters of a Poisson model with an

over-dispersion parameter, there is an unobserved term that proportionally scales the mean

to induce the over-dispersion.

Consider the exponential case, where the rate parameter is �. The hazard for an expo-

nential random variable is also �, i.e.

f(t|�) = �e��t

h(t|�) = �.

To scale the hazard proportionally by k, we just multiply the rate parameter by k, i.e.

f 0(t|�, k) = k�e��k·t =) h0(t|�, k) = k · �. (2.10)
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Thus, if in the independent case T1 and T2 are exponential with rate parameters � and

µ, respectively, in the correlated case T1|K and T2|K have rate parameters � · k and µ ·

k, respectively. T1 and T2 are still conditionally exponential on K, but their marginal

distribution will depend on the distribution of K.

In the more general case, consider the variable T with distribution fT (t|✓) and hazard

function hT (t|✓), without conditioning on K. To introduce the shared frailty in accordance

with the proportional hazard setup above, we want to find f 0
T |K(t|✓, k) such that

h0
T |K(t|✓, k) = hT (t|✓) · k. (2.11)

We can now define the survival functions for T2 and T ⇤, the parametric distributions f 0
T1 |K(t|✓1, k),

f 0
T2 |K(t|✓2, k), and g(k|✓K), and the equations 2.8 and 2.9, i.e.

ST2(t | ✓T2 , ✓K) =

Z 1

t

Z

K

f 0
T2 |K(t2 | ✓T2 , k) · g(k | ✓K) dk dt2

ST ⇤(t | ✓T1 , ✓T2 , ✓K) =

Z 1

t

Z t⇤

0

Z

K

f 0
T ⇤,T2 |K(t

⇤, t2, | ✓T1 , ✓T2 , k) · g(k | ✓K) dk dt2 dt⇤

2.2.4 Incorporating Cure Fractions

For some cancers, individuals initially diagnosed with an early stage disease may never go

on to develop the intermediate endpoint of interest in the deconvolution. As such, it is

important to account for this “cured” fraction in the deconvolution. A mixture cure model

is of the form

S(t) = c+ (1� c) · SUC(t) (2.12)

where SUC(t) is the survival of the un-cured population at time t, c is the fraction of the

population that is cured, and S(t) is the survival for the mixed population of individuals

that are both cured and un-cured. This formulation expresses the relative contribution of

survival at time t for those that are cured (1) and those that are un-cured (SUC(t)).

Let ST ⇤ be the survival function for T ⇤ in the mixed population, ST ⇤,UC be the survival

function for T ⇤ in the un-cured population, ST1 be the survival function for T1 (time from
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diagnosis to intermediate endpoint) in the mixed population, and ST1,UC be the survival

function for T1 in the un-cured population. By definition, an individual that is cured does

not go on to have the intermediate endpoint, so ST2 only applies to those that are un-cured.

Following the implementation of Mariotto and colleagues, we fit a mixture cure model to

the T ⇤ survival data, the overall time to death for individuals diagnosed with localized, or

Stage I disease, and then use the survival for the un-cured population in the deconvolution.[2]

To fit the cure model, we first need to specify a parametric distribution for the survival of the

un-cured fraction, S⇤
UC(t). For the purposes of the deconvolution model, we would like this

to be as flexible as possible so as not to constrain the survival estimates that will go into the

deconvolution method. The most flexible parametric implementation for the mixture cure

model in the available packages is a generalized gamma distribution (package flexsurvcure

in R)[5]. We solve for ST ⇤,UC , the overall survival for the un-cured population, with the

following equation:

ST ⇤,UC(t) =
ST ⇤(t)� c

1� c
. (2.13)

We then use the survival for the un-cured fraction of the population, ST ⇤,UC(t) in the decon-

volution method in place of the typical ST ⇤(t) that is shown in equation 2.9 when we assume

that no one is cured. As a result, the deconvoluted survival estimates for T1 represent only

the non-cured fraction of the population, ST1,UC . To back-calculate the deconvoluted survival

function of T1 for the mixed population is, we use the relationship from equation 2.12:

ST1(t) = c+ (1� c) · ST1,UC(t). (2.14)

2.2.5 Method by Mariotto and colleagues, 2018

Mariotto and colleagues proposed two methods – one analytical and one numerical – for

estimating T1 [2]. First, they fit a parametric model (e.g. Weibull or Loglogistic) to the

Kaplan-Meier estimates of ST ⇤(t) to obtain estimates of both ST ⇤(t) and fT ⇤(t). For the
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analytical method, they assume that T2 is exponentially distributed, i.e.

fT2(t) ⇠ Exponential( ).

Then they show that an analytical solution for ST ⇤(t) is given by

ST1(t) = ST ⇤(t)� 1

 
fT ⇤(t) (2.15)

A drawback of the analytical method is that it may produce negative estimates of ST1 . Re-

laxing the assumption that T2 is exponentially distributed, Mariotto and colleagues propose

a numerical solution.[2]

2.3 Estimation

2.3.1 Parameter Estimation

Suppose we do not have direct data on T2 or T ⇤, but we do have Kaplan-Meier (KM)

estimates of ST2(ti) and ST ⇤(tj) at fixed intervals i 2 (0, ..., n) and j 2 (0, ...,m), where n is

the number of follow-up intervals for T2 and m is the number of follow-up intervals for T ⇤.

Our goal is to estimate the parameters that govern the distributions of T1, T2, and T ⇤, which

include the parameters of the frailty distribution if we are allowing correlation between T1

and T2. We define an objective function that minimizes the sum of squared error for ST ⇤

and ST2 combined, rather than two separate objective functions for each of ST ⇤ and ST2 .

Recall the definition from equation 2.3 for the sum of squared errors between the KM

estimates of a survival function and the estimated survival function from the deconvolution,

r. Now, let rT2 be the residuals for ST2 and rT ⇤ be the residuals for ST ⇤ :

rT2(ti, ✓T2 , ✓TK ) = S̃T (ti)� ST (ti|✓T2 , ✓K)

rT ⇤(tj, ✓T1 , ✓T2 , ✓K) = S̃T ⇤(tj)� ST ⇤(tj|✓T1 , ✓T2 , ✓TK )

where ✓K is included only when including a shared frailty. We define an objective function

that combines both of these residuals, and with the option for weighting observations with
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w:

RT (✓T1 , ✓T2 , ✓K , w) =
nX

i=1

rT2(ti, ✓T2 , ✓K)wi +
mX

j=1

rT ⇤(tj, ✓T1 , ✓T2 , ✓K)wj

Estimates of the parameters ✓1, ✓2, and ✓K are given by the values that minimize the objective

function, i.e.

min
✓1, ✓2, ✓K

RT (w, ✓T1 , ✓T2 , ✓K) (2.16)

The estimates of ST1(t), ST2(t), and ST ⇤(t) are then given by following:

ŜT1(t) = ST1(t|✓̂T1 , ✓̂K) (2.17)

ŜT2(t) = ST2(t|✓̂T2 , ✓̂K) (2.18)

ŜT ⇤(t) = ST ⇤(t|✓̂T1 , ✓̂T2 , ✓̂K) (2.19)

where ŜT1(t) is the primary quantity of interest.

2.3.2 Uncertainty Estimation

In order to obtain uncertainty intervals for ŜT1(t), ŜT2(t), and ŜT ⇤(t), we use the bootstrap

technique. Bootstrapping allows us to estimate uncertainty by re-sampling with replacement

from the data and re-running the deconvolution on those new data resamples.

With individual level data for T2 and T ⇤, we can re-sample rows from the data set B times,

separately for T2 and T ⇤, and calculate the Kaplan-Meier estimates on the bootstrapped data.

Done once, this gives us one random realization of the Kaplan-Meier estimates. We can

then repeat B times to create many bootstrapped Kaplan-Meier estimates, and perform the

deconvolution on all of them. This gives us B parameter estimates and B predicted survival

estimates for each time t. A (1� a)% confidence interval for the survival estimates at each

time t is then given by the (a/2)th and (1�a/2)th quantiles of the survival estimates at each

time t. If we choose to incorporate a cure fraction, each time that we perform a bootstrap

resample, we re-estimate the cure fraction, cb for b 2 1 : B and run the deconvolution method

bootstrap for resample b with the cure fraction cb.
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2.4 Model Choices

Now that we have set up the framework for both independent and correlated deconvolution

models, we choose parametric distributions for both T1 and T2. The simplest distribution to

choose for survival data is the exponential distribution. A slightly more complex model is

the Weibull distribution. For both of these choices, we will consider what the distribution

of T ⇤ looks like under independence and correlation. For the correlated scenarios, we use a

Gamma distribution for the frailty term, K.

Recall that the aim is to estimate ST1 . To do so, we want to find functions ST1(t|✓T1),

ST2(t|✓T2), ST ⇤(t|✓T1,T2) (with the additional parameters ✓K when we allow correlation be-

tween T1 and T2) that are determined by the parameters ✓T1 , ✓T2 (and ✓K) and that we can

optimize with non-linear least squares to fit to the Kaplan-Meier curves for ST2 and ST ⇤ . We

will now walk through each of these four model types in sequence – exponential-exponential,

exponential-exponential-Gamma, Weibull-Weibull, and Weibull-Weibull-Gamma – provid-

ing the closed form survival functions where possible. We have included the derivations of

these closed form survival functions in appendix A. In the model choices where we include a

Gamma frailty, we fix the shape parameter ↵ = 1.

2.4.1 Exponential-Exponential Model

The simplest distributions we could assume for T1 and T2 are exponential distributions. The

distributions of T1 and T2 are as follows:

T1 ⇠ Exponential(�)

T2 ⇠ Exponential(µ)

The survival function for T1 and T ⇤ are given by (derivations in section A.1:

ST2(t) = e�µt

ST ⇤(t) =
�e�µt � µe��t

�� µ



13

After finding µ̂ and �̂, as described in section 2.3.1, the deconvolution estimate of ST1(t) is

given by

ŜT1(t) = e�̂t

2.4.2 Exponential-Exponential-Gamma Model

Building o↵ of the Exponential-Exponential Model, we introduce K to be a shared frailty

term that influences the hazard in both T1 and T2. Let

K ⇠ Gamma(↵, �)

and let T1 and T2 be conditionally exponential, given K. In accordance with section 2.2.3,

we want k to be a proportional multiplier for the hazard, hT1(t) and hT2(t). We showed in

equation 2.10 that to in order to have T1|K and T2|K conditionally exponential and have k

be a proportional multiplier on the hazards, that we can multiply the rate parameter for an

exponential by k, i.e.

T1 |K ⇠ Exponential(�k)

T2 |K ⇠ Exponential(µk)

After conditioning on the shared frailty term K, the distributions of T1 and T2 are no longer

marginally exponential, but are conditionally exponential given K.

To define the survival functions for T2 and T ⇤, we first need the marginal distribution for

T2 and the marginal distribution for T ⇤. We find that the marginal survival distribution for

T2 is are given by (appendix A.2.1)

ST2(t) =

✓
�

µt+ �

◆↵

(2.20)

and the marginal survival distribution for the convolution of T1 and T2, T ⇤ is given by (A.42)

ST ⇤(t) =
�↵

�� µ


�

(µt+ �)↵
� µ

(�t+ �)↵

�
. (2.21)
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For the exponential-exponential-Gamma model, and for a fixed ↵, there are multiple pa-

rameter solutions for �, µ, and � to the equations. However, all of the parameter sets that

minimize the objective function produce the same predicted survival probabilities for ST1 ,

ST2 , and ST ⇤ . In our analyses, we fix ↵ = 1. After finding µ̂, �̂, �̂, as described in section

2.3.1, the deconvolution estimate of ST1(t) is given by

ŜT1(t) =

✓
�̂

�̂t+ �̂

◆↵

. (2.22)

2.4.3 Weibull-Weibull Model

Using exponential distributions for T1 and T2 may su�ce for some cancers, but expand-

ing our method to use Weibull models allows for more flexibility when the exponential

model performs poorly. A Weibull distribution with a Gamma frailty term is a general-

ization of the Loglogistic distribution.[6] As the Weibull distribution is a generalization of

the exponential distribution, the Weibull-Weibull and Weibull-Weibull-Gamma model are

generalizations of the exponential-exponential and exponential-exponential-Gamma models,

respectively (where the shape parameters p and q defined below are both set to 1). Let

T1 ⇠ Weibull(�, p)

T2 ⇠ Weibull(µ, q)

The closed form survival function for T2 is given by:

ST2(t) = e�(tµ)q

and the survival function for the sum of T1 and T2, T ⇤, is given by the following integral:

ST ⇤(t) =

Z 1

t

Z t⇤

0

fT1(t
⇤ � t2) · fT2(t2) dt2 dt

⇤

=

Z 1

t

Z t⇤

0

p�((t⇤ � t2)�)
p�1e�((t⇤�t2)�)p · qµ(t2µ)q�1e�(t2µ)q dt2 dt

⇤.

After finding µ̂, �̂, p̂, and q̂, as described in section 2.3.1, the deconvolution estimate of ST1(t)

is given by

ŜT1(t) = e�(t�̂)p̂ . (2.23)
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2.4.4 Weibull-Weibull-Gamma Model

To define the Weibull-Weibull-Gamma Model, that incorporates the shared frailty term, let

K ⇠ Gamma(↵, �)

and let T1 and T2 be conditionally Weibull, given K. In accordance with section 2.2.3, we

want k to be a proportional multiplier for the hazards, hT1(t) and hT2(t). We showed in

equation 2.10 the result for the exponential case. In the Weibull case, we want to find some

parameterization of the Weibull (referred to as f 0(t) in 2.2.3) where the hazard is multiplied

proportionally by k.

The hazard function for a Weibull(�, p) random variable is

h(t) = p�(�t)p�1

If we have f 0(t) ⌘ Weibull(�k
1
p , p), then

h0(t) = p�k
1
p (�k

1
p t)p�1

= p�(�t)p�1k = h(t) · k

and we have that the hazard is multiplied proportionally by k. Therefore, let

T1 |K ⇠ Weibull(� · k
1
p , p)

T2 |K ⇠ Weibull(µ · k
1
q , q)

The distributions of T1 and T2 are not marginally Weibull, but are conditionally Weibull

given K. The conditional density function for T2 simplifies to:

fT2|K(t2|k) = kµqqtq�1
2 e�k(µt2)q

and the joint distribution between T2 and K is:

fT2,K(t2, k) = k↵µqqtq�1
2 e�k(µt2)q

�↵

�(↵)
e�k�. (2.24)
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Integrating 2.24 over the support of K, we find that the marginal density for T2 is

fT2(t2) = µqqtq�1
2 ↵

�↵

(� + (µt2)q)↵+1
(2.25)

Again we need to find the marginal survival functions for T2 and T ⇤. There is no closed form

solution for their survival functions, and so we use numerical integration techniques to solve

the following integrals:

ST2 =

Z 1

t

fT2(t2) dt2 (2.26)

ST ⇤ =

Z 1

t

Z t⇤

0

Z 1

0

fT1|K(t
⇤ � t2|k) · fT2|K(t2|k) · gK(k) dk dt2 dt⇤ (2.27)

where gK(k) is the distribution of the frailty term, and in this case is Gamma(↵, �) with

↵ = 1. After finding µ̂, �̂, p̂, q̂, and �̂ as described in section 2.3.1, the deconvolution estimate

of ST1(t) is given by (using equations 2.25 and 2.26):

ŜT1(t) =

Z 1

t

�̂p̂p̂tp̂�1
1 ↵

�̂↵

(�̂ + (�̂t1)p̂)↵+1
dt1. (2.28)

2.5 Software Implementation

The code used to perform all analyses in this thesis is available on GitHub.[7]

To construct Kaplan-Meier estimates for ST1 , ST2 , and ST ⇤ , we used the survfit function

from the R package survival: Survival Analysis.[8, 9] To fit cure models on ST ⇤ , we used

the flexsurvcure function from the R package flexsurvcure: Flexible Parametric

Cure Models.[5]

With the Exponential-Exponential-Gamma model, there are closed form solutions to each

of the survival functions ST1 , ST2 , and ST ⇤ , regardless of whether or not we are performing

independent deconvolution or correlated deconvolution. With the Weibull-Weibull-Gamma

model, there is no closed form solution for any of the survival functions, with or without

including correlation between T1 and T2. However, the equations 2.26 can be numerically

integrated. To implement the numerical integration, we use the function distrExIntegrate
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from the R package distrEx: Extensions of Package ’distr’.[10] When integrating

with the lower bound of 0, we had to instead choose some small value 0 + ✏ to approxi-

mate the lower bound of integration. For the validation and applications in chapters 4 and

5, we chose 10�3 for ✏. Additionally, we chose to use 100 as the maximum number of subin-

tervals in the numerical integration (implemented with the subdivisions argument) and

set a relative tolerance of 10�2 (implemented with the rel.tol argument).

To minimize the objective function for both the Exponential-Exponential-Gamma model

and the Weibull-Weibull-Gamma model, we used the optimizer optimx from the R package

optimx: Expanded Replacement and Extension of the ’optim’ Function.[11, 12] optimx

allowed us to explore the use of various optimization algorithms, ultimately settling on the

method nlminb which uses “unconstrained and box-constrained optimization using PORT

routines.”[13] We chose a relative tolerance for the nlminb method in optimx of 10�3 (im-

plemented with the rel.tol argument).
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Chapter 3

SIMULATION STUDY

To assess the validity of the deconvolution method, we perform a simulation study where

we simulate data from independent and correlated distributions for T1 and T2, and then use

the four methods described in section 2.4 to estimate T1. In this section, we describe the

methods of the simulation study and present summaries of the results. Further details about

the results can be found in appendix B.

3.1 Simulation Study Design

To perform the simulation study, we first choose the parameters ✓T1 , ✓T2 , and ✓K . For the

exponential case, the ✓T1 and ✓T2 parameters are both 1-dimensional. We refer to them as �,

and µ, respectively, and they represent the rate parameter of the exponential distribution.

For the Weibull case, the ✓T1 and ✓T2 parameters are both 2-dimensional. We refer to their

rate parameters as � and µ, respectively, and their shape parameters as p and q, respectively.

When we include correlation between T1 and T2, ✓K represents a 2-dimensional parameter

for the Gamma distribution, but we fix the shape parameter of the Gamma distribution to

be ↵ = 1, and refer to � as the rate parameter of the frailty distribution. For simplicity, we

chose one set of parameter values from which to simulate data: we set � = 0.1, µ = 0.075,

p = 3, q = 4, and � = 1. The four simulation setups are given in table 3.1. We did not

simulate the data with a cure fraction for T1, but note that this is a potential area for future

work.

In a single simulation for one of these scenarios, we simulated 1000 individuals, each who

had a T1 and T2 according to the distributions in table 3.1. If we were performing a correlated

simulation, we first simulated k for each individual, and then simulated their T1 and T2 based
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Table 3.1: Simulation setup for four scenarios with di↵erent specifications for T1, T2, and

their shared frailty K

Distribution Correlation T1 T2 K

Exponential Independent Exponential(0.1) Exponential(0.075) –

Weibull Independent Weibull(0.1, 3) Weibull(0.075, 4) –

Exponential Correlated Exponential(0.1 · k) Exponential(0.075 · k) Gamma(1, 1)

Weibull Correlated Weibull(0.1 · k 1
3 ) Weibull(0.075 · k 1

4 ) Gamma(1, 1)

on their value of k. To get their total survival time T ⇤, we added their T1 and T2 together. We

then used the Kaplan-Meier estimator to get S̃T2 and S̃T ⇤ . We repeated this process 50 times

for each scenario, so that in total we had 1000 (individuals)⇥50 (simulations)⇥4 (scenarios).

We then used each deconvolution model type described in section 2.4 for all of the scenarios,

such that, for example, the Exponential-Exponential model is correctly specified for the first

scenario, but is misspecified for the other scenarios. Likewise, the Weibull-Weibull model

is correctly specified for the third scenario and the first scenario (because the Exponential-

Exponential model is a special case of the Weibull-Weibull model), but misspecified for the

second and fourth scenarios which include correlation. We expect that the Weibull-Weibull-

Gamma model will be the most robust to misspecification across scenarios.

3.2 Results

Table 3.2.1 presents the results of our simulation study. We present the relative bias of

the median estimate of T1, T2, and T ⇤ for each of the 4 scenarios using each of the four

deconvolution methods. We highlight the relative bias for the median estimate of survival

for T1, as this is the primary quantity of interest from the deconvolution.

The independent exponential deconvolution is described in section 2.4.1. The relative

bias in the median survival for T1 was small (0.98%) when the model was correctly specified,
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but at least -18% for the three misspecification scenarios. The independent Weibull decon-

volution, described in section 2.4.3, performed similarly under misspecification: the relative

bias for T1 was -1.21% under correct specification, but at least -9% under misspecification.

Under the misspecification scenarios presented here, these independent deconvolution models

consistently underestimate the median survival time for T1.

The correlated exponential deconvolution is described in section 2.4.2. It had small

bias in T1 (0.77%) and modest bias under both the independent exponential and Weibull

simulations (-28.36% and -24.32%). The bias was about twice as large for the correlated

Weibull simulation (-42.76%). The correlated Weibull deconvolution had the lowest bias

across simulations, but interestingly had the highest relative bias for T1 when the model was

correctly specified compared to other deconvolution models under correct model specification

(-2.84%). This could be due to noise: we only did 50 simulations and the correlated Weibull

deconvolution has the most parameters to estimate and thus likely the greatest variance

in its estimates. Finally, the correlated Weibull deconvolution had very low bias for the

independent Weibull simulation (-0.80%) and the correlated exponential simulation (0.83%),

but higher bias for the independent exponential simulation (27.58%).

3.2.1 Discussion

Overall, when the models were correctly specified, the deconvolution method had low relative

bias for the median survival for T1. The degree of bias in the presence of misspecification

varied by deconvolution model type. Typically, the deconvolution underestimated the time

to the intermediate endpoint (T1). Generally, the amount of bias in T1 was directly related

to large biases for T2 and T ⇤. Thus, if we are able to more accurately capture the true T2

and T ⇤, we might expect less bias in T1.

There are several limitations of this simulation study, including that we fixed the sample

size for each simulation at 1000 individuals, and only performed 50 simulations. Additionally,

we chose only one set of fixed parameters for �, µ, p, q, and �. This strategy resulted

in di↵erent median survival times when these fixed parameters were used with di↵erent
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simulation specifications (e.g. Weibull versus exponential). Future work should explore the

biases of these four deconvolution models with di↵erent parameter values for the simulated

data. An additional limitation is that we did not simulate data with a cure fraction, though

we use cure fractions in our application to melanoma (section 5.3). Finally, we only simulated

three types of misspecification for each of the deconvolution models. The data that we

encounter likely does not perfectly match any of these simulation specifications. It would

be illuminating to simulate data under more scenarios to see how the deconvolution models

perform under a variety of misspecifications.
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Table 3.2: Simulation study results of the relative bias for the median estimate with four

deconvolution model choices each with four simulation specifications.

Distribution Correlation Relative Bias T1 Relative Bias T2 Relative Bias T ⇤

Independent Exponential Deconvolution

Exponential No 0.98% -0.29% 0.28%

Weibull No -26.93% -19.03% -6.85%

Exponential Yes -52.02% 82.71% 13.52%

Weibull Yes -18.60% -22.10% -4.23%

Independent Weibull Deconvolution

Exponential No -9.22% 1.80% -1.58%

Weibull No -1.21% -0.23% -0.18%

Exponential Yes -62.56% 3.09% 4.95%

Weibull Yes -26.37% 4.10% -2.34%

Correlated Exponential Deconvolution

Exponential No -28.36% -39.81% -34.84%

Weibull No -24.32% -14.61% -2.52%

Exponential Yes 0.77% -0.76% -0.09%

Weibull Yes -42.76% -46.11% -33.39%

Correlated Weibull Deconvolution

Exponential No 27.58% -1.41% -5.43%

Weibull No -0.80% -3.19% -2.70%

Exponential Yes 0.83% -0.44% 0.00%

Weibull Yes -2.84% -3.14% -2.65%

We ran the four deconvolution models described in section 2.4 on 50 simulated data sets for each

specification in 3.1, and each dataset had a sample size of 1000.



23

Chapter 4

VALIDATION STUDY USING SPCG4 CLINICAL TRIAL
DATA

4.1 Introduction

In an ideal setting, deconvolution would not be necessary because we would have a well-

defined cohort followed over time, where each of the intermediate events along an individual’s

natural history of cancer is noted. In that case, we would have Kaplan-Meier estimates for

the time from diagnosis to intermediate endpoint (T1), time from intermediate endpoint to

death (T2), and their sum T ⇤. We often do not have these ideal data sets, which creates

the need for the deconvolution method. However, when we do have these types of data sets,

they provide an opportunity to validate the deconvolution on real data rather than simulated

data. In this section, we perform a validation study on the Scandanavian Prostate Cancer

Group Study Number 4 (SPCG-4) clinical trial.

4.2 Data Source

From 1989 - 1999, 695 men in Scandanavia were enrolled in a clinical trial to investigate if

there was any benefit on metastasis and long-term survival from a radical prostatectomy (RP)

versus the standard of care of watchful waiting (WW).[14] All men were initially diagnosed

with localized disease and were followed up over time, with intermediate events like metastasis

being noted in the study data collection.[14].

In table 4.1, we display descriptive statistics for the participants stratified by whether or

not they metastasized. About a third of participants (227 out of 695) went on to metastasize

during the follow-up period. The participants that did and did not metastasize were similar

in age at diagnosis (63 years and 65 years, respectively). Participants that metastasized had
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higher baseline prostate-specific antigen (PSA) (15.8 compared to 11.50) and biopsy Gleason

score at diagnosis (6.3 compared to 5.7). About 7% of the participants that did not metasta-

size were detected by screening for prostate cancer, compared to only 2% of the participants

that did metastasize. Over 55% percent of those that did not metastasize had received a

radical prostatectomy, whereas 39% of those that did metastasize had received a radical

prostatectomy. None of the participants that did not metastasize died from prostate cancer,

but 50% died from another cause and the other 50% were lost to follow-up. Alternatively

71% of those that metastasized died from prostate cancer, and 21% died from another cause.

This di↵erential implies that there may be a competing risk problem where participants who

have a longer time to metastasis, but that ultimately would have died from prostate cancer,

are dying from another cause before we can observe their metastasis.

4.3 Methods

We first analyze these data for all men enrolled, regardless of treatment assignment to radical

prostatectomy versus the standard of care. We estimate Kaplan-Meier curves for the time

from diagnosis with localized disease to metastasis (T1), time from metastasis to death due

to prostate cancer (T2), and time from diagnosis with localized diseases to death due to

prostate cancer (T ⇤). We define T1 as the di↵erence between the age at metastasis and the

age at diagnosis of localized disease, T2 as the di↵erence between the age at death and the

age at metastasis, and T ⇤ as the di↵erence between the age at death and the age at diagnosis

of localized disease.

At metastasis, we considered participants as having the event of interest if they had

metastatic cancer. We censored their T1 if they died or were lost to follow-up before their

cancer metastasized. At death, we considered participants as having the event of interest

if they died due to prostate cancer. Those that were already censored at metastasis were

censored with a follow-up time of zero from metastasis to death, those that were censored

after metastasis were censored at their follow-up time, and those that died from some cause

other than prostate cancer were censored at their event time. As previously mentioned in
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Table 4.1: SPCG-4 Clinical Trial Descriptive Statistics by Metastases Status

Did not Metastasize (N=468) Metastasized (N=227)

Patient Age at Diagnosis 65.0 (5.0) 63.7 (5.2)

AJCC TNM Staging

T1 131 (28.0%) 33 (14.5%)

T2 335 (71.6%) 194 (85.5%)

Unknown 2 (0.4%) 0 (0.0%)

Baseline PSA 11.50 (9.3) 15.8 (12.2)

Biopsy Gleason Score 5.7 (1.1) 6.3 (1.2)

Screening Detected 32 (6.8%) 4 (1.8%)

Randomized to Treatment 258 (55.1%) 89 (39.2%)

Status at Metastasis

Metastasized 0 (0.0%) 227 (100.0%)

Dead from Other Cause 237 (50.6%) 0 (0.0%)

Lost to Follow-up 231 (49.4%) 0 (0.0%)

Status at Death

Dead from Prostate Cancer 0 (0.0%) 162 (71.4%)

Dead from Other Cause 237 (50.6%) 48 (21.1%)

Lost to Follow-Up 231 (49.4%) 17 (7.5%)

section 4.2, these participants have competing risks. The Kaplan-Meier estimator does not

account for competing risks, and we do not account for competing risks in the deconvolution

framework. We discuss the implications of this in section 6.1.

Among the model specifications that we simulated and the deconvolution models that we

tried, the simulation results (table 3.2.1) showed that the Weibull-Weibull-Gamma decon-
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volution model was most robust to misspecification in terms of relative bias in the median

for T1. As such, we use the Weibull-Weibull-Gamma deconvolution model on Kaplan-Meier

estimates for T2 and T ⇤, and do not include a cure model. We independently sample the

data for T2 and T ⇤ 500 times to provide bootstrap estimates of the deconvoluted fit. We

independently sample T2 and T ⇤ rather than sampling the same individuals because when

we perform the deconvolution on data from separate populations (as is whenever we apply it

to non-clinical trial populations) the sampling must necessarily be done independently. We

present 90%, 80%, and 70% confidence intervals for each survival curve for T1, T2, and T ⇤.

In the SPCG-4 trial, the participants were randomized to either radical prostatectomy

(RP) or watchful waiting (WW). We additionally performed validation of the deconvolution

method on the subgroups defined by their randomization status. We chose not to fit a cure

model for the WW group or the RP group because there was not su�cient follow-up time to

be able to estimate a cure fraction (as is visible from the Kaplan-Meier estimates in figures

4.2 and 4.3).

4.4 Results

We present the results of the deconvolution for T1 and its comparison to the observed KM

estimates for T1 in the left panel of figures 4.1, 4.2, and 4.3. We also include the model fit

for T2 and T ⇤ to evaluate how well the deconvolution model was able to fit to their KM

estimates.

From figure 4.1, it is noteworthy that the deconvoluted estimate for T1 is slightly more

conservative than the Kaplan-Meier estimate, though the mean estimate for the deconvoluted

T1 survival curve falls approximately along the upper 95% confidence interval for the Kaplan-

Meier estimate of the time from diagnosis of prostate cancer to metastatic recurrence. This

is a promising validation result, especially when considering that the confidence intervals for

the deconvoluted estimate and the Kaplan-Meier estimate always overlap, and they overlap

considerably in the later time points. The 80% and 90% confidence intervals for T1 are

relatively unstable, especially the lower confidence interval. The instability in the confidence
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Figure 4.1: SPCG-4 Kaplan-Meier estimates of time from diagnosis to recurrence, time from

recurrence to death, and time from diagnosis to death, and the model fit and predictions for

the Weibull-Weibull-Gamma deconvolution
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interval is caused by a handful of the bootstrap replicates, and is also seen in a handful of

simulations shown in B.4. Future work may explore di↵erent optimization routines, as this

result could be due to the optimizer getting stuck in a local minimum.

The mean deconvolution estimate closely tracks the Kaplan-Meier estimate for T2, the

time from metastatic recurrence to prostate cancer death, and T ⇤, the time from diagnosis

of prostate cancer to prostate cancer death. At 90%, 80%, and 70% confidence levels, the

bootstrap confidence intervals for T2 are stable. However, for T ⇤, we again see instability in

the bootstrap confidence interval above about 70% confidence level, similar to the confidence

intervals for T1.

The deconvolution method performed well for both the WW and the RP subgroups within

the SPCG-4 trial. It is clear that the WW group had poorer survival overall, but also poorer
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metastasis-free survival than the RP group. From the Kaplan-Meier estimates in the RP

group, we only observe the median time from metastasis to prostate cancer death, which is

approximately 3.7 years. The deconvolution method produces a median time from diagnosis

to metastasis of 31.0 years, metastasis to prostate cancer death of approximately 3.3 years,

for an overall time from diagnosis to death of 35.0 years. The deconvoluted estimates for

the RP group closely track the Kaplan-Meier estimates for T2 and T ⇤, and fall mostly within

the 95% confidence interval of the Kaplan-Meier estimates for T1. For the WW group, we

observe the Kaplan-Meier estimates for the time from diagnosis to metastasis and the time

from metastasis to death of 18.6 and 2.1 years, respectively. The deconvolution method

produces a median time from diagnosis to metastasis of 21.1 years, metastasis to prostate

cancer death of approximately 2.1 years, for an overall time from diagnosis to death of 23.8

years. All of these time to event medians are notably lower than those in the RP group,

indicating that the deconvolution method is able to pick up on those subgroup di↵erences

when they are separately analyzed.



29

Figure 4.2: SPCG-4 KM and deconvolution estimates for the WW group
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Figure 4.3: SPCG-4 KM and deconvolution estimates for the RR group
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Chapter 5

APPLICATION TO MELANOMA DATA FROM SEER

5.1 Data Extraction

The Surveillance, Epidemiology, and End Results Program (SEER) is a national registry in

the United States that tracks cancer diagnoses at various stages and links them with death

records for the same individuals, noting whether or not they had a cause-specific death of

interest (e.g. melanoma) or died of another cause. The SEER*Stat program allows us to

extract individual-level data for melanoma diagnoses for individuals diagnosed with localized

disease and for individuals diagnosed with distant disease.

We used the SEER 9 Regs Research Data, November 2018 Sub (1975-2016) [Katrina/Rita

Population Adjustment][3]. The cases that we extracted all had disease that exhibited ma-

lignant behavior, the patients had known age, were diagnosed between 1985 - 2000, and had

a maximum follow-up time of 180 months, or 15 years. We chose 2000 as the cuto↵ date

so that we have a full 15 years of potential follow-up time for cases regardless of when they

were diagnosed. SEER only captures initial diagnoses, and not recurrent cancers. Cases

that had a missing or unknown cause of death were excluded. We used the SEER*Stat Site-

Recode ICD-O-3/WHO 2008 Definition to extract only cases with melanoma.1 To maximize

the number of years of follow-up available and the comparability across years, we used the

SEER historic stage A (1975 - 2015)2, since follow-up for the cases that we extracted spans

across 30 years from 1985 - 2015. The historic stage categories available were in situ, local-

ized, regional, distant, un-staged, and missing. We grouped the cases by their SEER historic

1More information about the SEER Site-Recode ICD-O-3/WHO 2008 Definitions can be found at the
SEER Website: https://seer.cancer.gov/siterecode/icdo3_dwhoheme/index.html

2Converted from Collaborative Stage (CS) for 2004+ and Extent of Disease (EOD) prior to that. For
more information, see https://seer.cancer.gov/seerstat/variables/seer/lrd-stage.
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stage value, and extracted separately those who were diagnosed with localized disease and

those who were diagnosed with distant disease.

We extract data for T2 on individuals that are initially diagnosed with distant melanoma,

but as our goal is to estimate recurrence-free survival, we would ideally have T2 that reflects

those who are diagnosed with recurrent disease. This method is equivalent to how Mariotto

and colleagues estimated the risk of recurrence of breast cancer[2]. The assumption under-

lying our methodology is that the hazard of death for individuals diagnosed initially with

distant metastatic melanoma is the same as the hazard of death for individuals who have had

a distant metastatic recurrence of melanoma after initially being diagnosed with localized

disease. In the breast cancer application, Mariotto and colleagues used a hazard ratio from

a clinical trial to adjust the hazard of death from those with “de novo” distant metastatic

breast cancer to those with recurrent metastatic breast cancer, and then used the adjusted

survival in the deconvolution[2]. In our application to melanoma, we do not apply a hazard

ratio to make this adjustment. However the methodology to do so would be equivalent to

that implemented by Mariotto and colleagues, and is an area for future work discussed in

section 6.1.

5.2 Descriptive Statistics

Unlike in the SPCG-4 validation data set, the individuals diagnosed with localized and dis-

tant melanoma are not the same people tracked over time – which is the primary motivation

for doing the population-level deconvolution. As such, we want to ensure that there are not

significant demographic di↵erences between individuals diagnosed with localized disease ver-

sus individuals diagnosed with distant disease. In Table 5.2, we present descriptive statistics

comparing those diagnosed with localized disease to those diagnosed with regional disease

on age of diagnosis, year of diagnosis (1985 - 1989, 1990 - 1994, and 1995 - 2000), sex, and

race. We present the proportion of the cases that died, and the average number of years of

follow-up.

There were many more individuals diagnosed with localized melanoma (N=41,106) than
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distant melanoma (N=1,657). Individuals diagnosed with distant melanoma were slightly

older on average than those with localized melanoma (59.4 years v. 52.7 years). The distri-

butions of year of diagnosis (1985 - 1989, 1990 - 1994, and 1995 - 2000) and of race (defined

as “white”, “black”, “other”, or “unknown”) were similar for individuals diagnosed with

localized versus distant melanoma. A noteworthy di↵erence is that nearly 50% of those

diagnosed with localized melanoma were female, but only 33% of those diagnosed with dis-

tant melanoma were female. The mean follow-up time for those diagnosed with localized

melanoma was 12.4 years with 9.9% dying from melanoma during the follow-up time, com-

pared to a mean follow-up time of 2.34 years for those diagnosed with distant melanoma, of

whom 83% died from melanoma during follow-up time.

5.3 Methods

For individuals diagnosed with localized disease and distant disease, we separately calculated

their cause-specific survival using the Kaplan-Meier estimator for 180 months (15 years) at

1-month intervals. If individuals died due to a known other cause, or were alive at the end of

follow-up, they were treated as censored. The Kaplan-Meier estimator does not account for

competing risks, which is a limitation of our deconvolution method that we discuss further

in section 6.1.

We first fit a cure model to the time from diagnosis of localized melanoma to death

from distant melanoma, with a generalized Gamma distribution (details in section 2.12).

We then used the survival for the non-cured population as T ⇤ in the deconvolution and the

time from distant melanoma diagnosis to death as T2. We fit the deconvolution using the

Weibull-Weibull-Gamma model described in section 2.4.4. The deconvolution estimate for

T1 is the time from diagnosis of localized melanoma to distant melanoma for those that are

un-cured. In order to back-calculate the time from diagnosis of localized melanoma to distant

melanoma for the mixed population that includes cured and un-cured individuals, we used

equation 2.14. We used the bootstrap method described in section 2.3.2 with 500 replicates

to calculate a 90% confidence interval. We present the median survival time where we have
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Table 5.1: Descriptive Characteristics by Status at Diagnosis for Melanoma Cases in SEER

Diagnosed between 1985 - 2000

Localized Melanoma (N=40,106) Distant Melanoma (N=1,657)

Age at Diagnosis 52.7 (16.9) 59.4 (16.5)

Year of Diagnosis

1985 - 1989 10196 (25.4%) 436 (26.3%)

1990 - 1994 11667 (29.1%) 516 (31.1%)

1995 - 2000 18243 (45.5%) 705 (42.5%)

Female Sex 18998 (47.4%) 561 (33.9%)

Race

White 38911 (97.0%) 1588 (95.8%)

Black 157 (0.4%) 34 (2.1%)

Other 294 (0.7%) 34 (2.1%)

Unknown 744 (1.9%) 1 (0.1%)

Dead 3961 (9.9%) 1383 (83.5%)

Follow-up Time (years) 12.4 (4.4) 2.34 (4.06)
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su�cient follow-up to observe the median.

5.4 Results

The results of the deconvolution are shown in figure 5.1. The deconvolution estimate of time

from diagnosis of localized melanoma to distant recurrence for the mixed population of cured

and un-cured individuals is shown in red in the first panel, and for the un-cured individuals

is shown in grey in the first panel.

Based on the mixture cure model, we estimate that about 85% of individuals diagnosed

with localized melanoma are cured (shown in green in the top and bottom plot in figure

5.1). We estimate that for the uncured individuals, the median time from diagnosis of

localized melanoma to distant recurrence is 69.2 months, or 5.8 years, i.e. recurrence-free

survival for un-cured individuals is 50% at approximately 70 months. In contrast, for the

mixed population of cured and un-cured individuals, recurrence-free survival at 70 months is

approximately 93.9%. The estimated median time to death for the un-cured population that

is diagnosed with localized melanoma is 85.6 months, or 7.1 years. The estimated median

time to death for individuals diagnosed with distant melanoma is 7.3 months.

As discussed in section 5.1, we base this deconvolution o↵ of the assumption that the

hazard of death for individuals diagnosed initially with distant metastatic melanoma is the

same as the hazard of death for individuals who have had a distant metastatic recurrence of

melanoma after initially being diagnosed with localized disease. If we believe that individuals

diagnosed with recurrent disease have a greater hazard of death than those diagnosed initially

with distant disease, then the survival for T2 is conservative, i.e. the time from distant

recurrence to melanoma death is shorter than what we observe in 5.1. Since the sum of T1

and T2 has to stay the same, the deconvoluted estimate that we present in 5.1 would then be

too pessimistic, i.e. the median time to recurrence is longer than we estimate. Alternatively,

if we believe that individuals diagnosed with recurrent disease have a lesser hazard of death

than those diagnosed initially with distant disease, then the deconvoluted estimate that we

present is too optimistic, i.e. the median time to recurrence is shorter than we estimate.
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Figure 5.1: SEER Melanoma KM estimates and deconvolution estimates using the Weibull-

Weibull-Gamma deconvolution with a cure fraction
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Chapter 6

DISCUSSION AND CONCLUSIONS

6.1 Discussion

In this thesis, we used deconvolution methods to parse total time-to-death data into two

parts: time from initial diagnosis to an intermediate endpoint and time from an interme-

diate endpoint to death. We described the methodological framework for deconvolution,

allowing for individuals to be cured before reaching the intermediate endpoint, and allowing

for correlation between the time from initial diagnosis to the intermediate endpoint and the

time from the intermediate endpoint to death. We implemented the framework in four de-

convolution models where the two time to event components were simulated as independent

exponential random variables, correlated exponential random variables, independent Weibull

random variables, and correlated Weibull random variables.

We then used our deconvolution method in three main applications. First, we performed a

simulation study where we simulated individuals from four scenarios with known distributions

of T1, T2, and T ⇤, and then used each of the four deconvolution models. The simulation

study allowed us to characterize the performance of the models when the model is correctly

specified and misspecified. Although we reported the bias of the deconvolution models

in estimating T1, T2, and T ⇤, we primarily focused on the bias in T1, the deconvoluted

time-to-event outcome. We then validated the deconvolution method using the correlated

Weibull model on data collected in a clinical trial on prostate cancer metastasis and survival

for men in Scandanavia randomized to radical prostatectomy (RP) versus watchful waiting

(WW). For this validation, we had the “gold-standard” time from diagnosis to intermediate

endpoint to which we compared our deconvoluted estimates. We performed deconvolution

on all individuals from the clinical trial together, and then split by treatment subgroup.
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Finally, we extracted data on localized and distant melanoma diagnoses in the Surveillance,

Epidemiology, and End Results (SEER) program database between 1985 - 2000 and applied

the deconvolution method to estimate the time from localized diagnosis to distant metastatic

recurrence, accounting for individuals with localized disease that are cured.

The U.S. SEER database is one of several population-based cancer registries that only

capture first occurrence of cancer and thus do not have data to track cancer recurrences and

metastases, including the Danish Cancer Registry [15] and the Australian Cancer Database

[16]. Others have attempted to track recurrence by using algorithms that look for treatment

codes that are temporally indicative of having a recurrent cancer, for example that a cancer-

related treatment occurs well after treatment for the first cancer.[17, 18] Our method provides

an innovative way to utilize the existing registry data to describe the time to progression,

metastasis, or recurrence at the population level for any cancer by using survival data from

diagnosis, and survival data from a well-defined intermediate endpoint. Our work builds o↵

of the work from Mariotto and colleagues [2] in that allows for correlation between the two

time-to-event quantities in the deconvolution by way of a shared frailty term.

There are a number of limitations to the deconvolution method. First, most data sources

that could be used in the deconvolution are subject to left-censoring due to detection bias.

We are not able to capture all diagnoses with, for example, localized disease, at the time

when the individual first has cancer. Instead, their T1 only captures when we were able

to detect their cancer. This issue is further complicated when we consider that individuals

diagnosed with late stage disease are probably more likely to be detected than individuals

diagnosed with early stage disease. Whether or not individuals are detected at an early or

late stage may also be a↵ected by the speed of their cancer progression. When we use data

like those from the SPCG-4 data set in the validation, there is the additional issue of interval

censoring. Even if we were able to catch individuals when they initially develop early stage

cancer, we do not know precisely when they metastasize unless they are continually monitored

for metastasis. An additional limitation is that we do not account for competing risks in our

estimates of survival, as discussed in the application to both SPCG-4 data (section 4.3) and
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melanoma data from SEER (section 5.3). The implication of this is that we are not able

to capture all potential events of interest in our analyses because individuals have died due

to other causes and are thus censored. Future work should explore incorporating competing

risks into the deconvolution framework.

Finally, when we apply the deconvolution method to data collected from SEER, we make

the assumption that individuals diagnosed initially with late stage disease have the same

hazard of death as individuals who were diagnosed at an early stage and are now at a late

stage disease. Likewise, we assume that someone diagnosed initially with metastatic disease

has the same hazard of death as someone who has a metastatic recurrence. We discussed the

implications of this assumption in our application to estimating melanoma recurrence (section

5.4). In practice, we could account for di↵erences in the hazard of death by applying a hazard

ratio (HR) that represents the relative hazard of death that someone initially diagnosed with

metastatic disease has compared to someone who has recurrent metastatic disease. This HR

could be applied directly to the Kaplan-Meier estimates of survival and then the adjusted

data could be used in the deconvolution.

Our deconvolution method, building o↵ of the work from Mariotto and colleagues, has

several promising potential applications. For cancers that do not have routine screening

implemented in the United States, including liver cancer, stomach cancer, esophageal cancer,

and pancreatic cancer, we could use deconvolution to estimate the benefit of early detection

and screening. In this case, the T2 data would be time to death from diagnosis at a later

stage, e.g. Stage IV, and the T ⇤ data would be time to death from diagnosis at an early

stage, e.g. Stage I. The deconvolution method would estimate T1, the time from diagnosis

of Stage I to progression to Stage IV. Consider a cancer that when detected at Stage IV,

patients have a median survival of 1 year. Now consider an early detection program that

catches and treats that same cancer at Stage I, resulting in a median survival of 3 years from

diagnosis at Stage I. If the median time from diagnosis of Stage I to progression to Stage IV

estimated from the deconvolution model is approximately 2 years, then there is no benefit to

early detection. Rather, the apparent 2-year survival “benefit” from early screening is just
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a lead time e↵ect: the cancer was detected 2 years earlier and treated at Stage I, but that

did not improve the overall survival time of 3 years. However, if the median time estimated

from the deconvolution model is notably less than 2 years, that suggests that there could be

a benefit to early detection. On the other hand, for cancers that are already screened for and

treated e↵ectively at an early stage, we could use deconvolution methods to characterize the

natural history of that cancer. We could apply deconvolution to a cancer that has a known,

e↵ective treatment and remove the treatment e↵ect from T1 by applying a hazard ratio. The

results can then be interpreted as a natural history of that particular cancer in the absence

of standard treatment.

Future work should also explore a number of interesting methodological extensions to the

deconvolution method. When we use the deconvolution method in the presence of a cured

fraction, we have a two-part model. First we estimate the fraction of the population that is

cured, and then we use deconvolution on only the non-cured fraction of the population. A

modification to the deconvolution method could make this a one-part model by estimating

the cure fraction at the same time as doing the deconvolution. In our implementation of

the deconvolution, we grouped all individuals together, and allowed for unmeasured het-

erogeneity within the population to be captured by a shared frailty term between T1 and

T2. We could do the deconvolution separately by subgroups defined by covariates that we

believe might influence T1 and T2. This was the strategy used by Mariotto and colleagues.[2]

Alternatively, we could estimate the coe�cients on covariates for T1 and T2 directly, so that

we can use covariate information to actually inform the deconvolution. One potential way of

doing so is through the hazard function similar to a Cox proportional hazards framework. We

already are incorporating unmeasured heterogeneity by including k into the hazard function

for the parametric distributions of T1 and T2. A simple extension would be to modify

k = X� +XT1�T1 +XT2�T2

where X, XT1 , and XT2 are vectors of covariates of interest that influence both T1 and T2,

only T1, or only T2, respectively.
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6.2 Conclusion

In conclusion, deconvolution parses time-to-event data into the sum of two parts when one

of those parts is unmeasured. Current applications of deconvolution described here and else-

where allow us to estimate metastasis-free and recurrence-free survival at the population-

level. Methodological extensions in deconvolution will allow us to more accurately estimate

these quantities. Future work will continue to explore the exciting applications of the decon-

volution method to cancer epidemiology.
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Appendix A

MATHEMATICAL DERIVATIONS

A.1 Parametric Deconvolution with Independence

Assume that T1 ⇠ Exponential(�) and T2 ⇠ Exponential(µ) and that T1?? T2. Then,

fT1(t) = �e��t (A.1)

fT2(t) = µe�µt (A.2)

fT1,T2(t1, t2) = �e��t1µe�µt2 (A.3)

Now let T ⇤ = T1 + T2, so T1 = T ⇤ � T2 and T2 = T2. The Jacobian of this transformation is

1, and the joint density of T2 and T ⇤ is given by

fT ⇤,T2(t
⇤, t2) = fT1,T2(t

⇤ � t2, t2) (A.4)

= �e��(t⇤�t2)µe�µt2 (A.5)

We know that for an exponential random variable T ⇠ Exponential(�), the survival

function is given by S(t) := e��. To find the survival function for the convolution of the two

exponential random variables, T ⇤, we need to marginalize fT ⇤,T2 over T2, and then integrate

fT ⇤ . First, we find fT ⇤ :
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fT ⇤(t⇤) =

Z t⇤

0

�e��(t⇤�t2)µe�µt2 dt2 (A.6)

= �µe��t⇤
Z t⇤

0

e�t2(µ��) dt2 (A.7)

=
�µ

�� µ
e��t⇤et2(µ��)

��t⇤
0

(A.8)

=
�µ

�� µ
e��t⇤

�
e�t⇤(µ��) � 1

�
(A.9)

=
�µ

�� µ

�
e�µt⇤ � e��t⇤

�
(A.10)

(A.11)

Next, we integrate to get the survival function, ST ⇤(t):

ST ⇤(t) =

Z 1

t

fT ⇤(t⇤) dt⇤ (A.12)

=

Z 1

t

�µ

�� µ

�
e�µt⇤ � e��t⇤

�
dt⇤ (A.13)

=
�µ

�� µ

�e��t⇤

�
� e�µt⇤

µ

���1
t

(A.14)

=
�µ

�� µ

�e�µt⇤

µ
� e��t⇤

�

�
(A.15)

=
�e�µt � µe��t

�� µ
(A.16)

(A.17)
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A.2 Parametric Deconvolution with Correlation

A.2.1 Marginal Distribution of an Exponential Random Variable with Gamma Frailty

For an exponential random variable, T ⇠ Exponential(k�) with K ⇠ Gamma(↵, �), the

marginal density function for T is given by:

fT (t) :=

Z 1

0

fT |K(t|k) · fK(k) dk (A.18)

=

Z 1

0

�ke��ktk↵�1e�k� �↵

�(↵)
dk (A.19)

=
��↵

�(↵)

Z 1

0

k↵e�k(t�+�) dk (A.20)

=
��↵

�(↵)

�(↵ + 1)

(t�+ �)(↵+1)
recognizing Gamma(↵+ 1, x�+ �) kernel

=
��↵↵

(t�+ �)(↵+1)
(A.21)

To find the survival function, we then integrate the density from t to 1:

ST (t) :=

Z 1

t

��↵↵(x�+ �)�(↵+1) dx (A.22)

= ��↵↵
�x+ ��↵

�↵�

����
1

t

(A.23)

= �
✓

�

�x+ �

◆↵����
1

t

(A.24)

=

✓
�

�t+ �

◆↵

� lim
x!1

✓
�

�x+ �

◆↵

using improper integration

=

✓
�

�t+ �

◆↵

(A.25)

A.2.2 Marginal Distribution of the Sum of Exponential Random Variables with a Shared

Gamma Frailty

Now consider the scenario outlined in A.1, but where T1 and T2 have the shared frailty term,

K. The survival functions of T1 and T2 are given by A.22, but we need to find the survival
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function for their convolution, T ⇤. We know that

fT1,T2|K(t1, t2|k) = �ke��kt1µkeµkt2 (A.26)

fT ⇤,T2|K(t
⇤, t2|k) = �ke��k(t⇤�t2)µkeµkt2 from A.4

(A.27)

and we can marginalize over joint distribution of T ⇤, T2, and K by first K and then T2 to

get the density of the convoluted random variable, T ⇤. First,

fT ⇤,T2,K(t
⇤, t2, k) = �µk2e��kt⇤�kt2(µ��) �

↵

�(↵)
k↵�1e�k� (A.28)

(A.29)

Marginalizing over K, we get

fT ⇤,T2 =
�µ�↵

�(↵)

Z 1

0

k↵+1e�k(�t⇤+t2(µ��)+�) dk (A.30)

=
�µ�↵

�(↵)

�(↵ + 2)

(�t⇤ + t2(µ� �) + �)(↵+2)
(A.31)

recognizing the kernel of a Gamma(↵ + 2,�t⇤ + t2(µ � �) + �) random variable. Then the

marginal distribution of T ⇤ is given by

fT ⇤ = �µ�↵↵(↵ + 1)

Z t⇤

0

(�t⇤ + t2(µ� �) + �)�(↵+2) dt2 (A.32)

= �µ�↵↵(↵ + 1)
(�t⇤ + t2(µ� �) + �)�(↵+1)

�(↵ + 1)(µ� �)

����
t⇤

0

(A.33)

=
�µ�↵↵

�� µ


(�t⇤ + t⇤(µ� �) + �)�(↵+1) � (�t⇤ + �)�(↵+1)

�
(A.34)

=
�µ�↵↵

�� µ


(µt⇤ + �)�(↵+1) � (�t⇤ + �)�(↵+1)

�
(A.35)

(A.36)
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To find the survival function for T ⇤, we use the fact that S(t) := 1� F (t):

ST ⇤(t) = 1� FT ⇤ (A.37)

= 1�
Z t

0

�µ�↵↵

�� µ


(µt⇤ + �)�(↵+1) � (�t⇤ + �)�(↵+1)

�
dt⇤ (A.38)

= 1� �µ�↵↵

�� µ


�(µt⇤ + �)�↵

µ↵
+

�(�t⇤ + �)�↵

�↵

�����
t

0

(A.39)

= 1� �µ�↵

�� µ


�(µt+ �)�↵

µ
+

�(�t+ �)�↵

�
+
��↵

µ
� ��↵

�

�
(A.40)

= 1 +
���↵(µt+ �)�↵

�� µ
� µ��↵(�t+ �)�↵

�� µ
� �

�� µ
+

µ

�� µ
(A.41)

=
�↵

�� µ


�

(µt+ �)↵
� µ

(�t+ �)↵

�
(A.42)



50

Appendix B

SUPPLEMENTAL SIMULATION RESULTS

The results presented in Table 3.2.1 summarize the information that is contained in the

following four plots. Recall from section 3.1 that we simulated data under four scenarios,

and for each of those four scenarios performed deconvolution with each of the model types

presented in section 2.4. In Table 3.2.1 we reported the bias across 50 simulated data sets in

the deconvolution estimate for the median and compared that with the true median of the

survival functions from which the data were simulated.

The plots show in the left column the deconvoluted estimates for T1 for each simulation

compared with the true survival function for T1 shown in blue. The middle column shows the

estimates from the simulations compared with the true survival function for T2, and the right

column shows the estimates from the simulations compared with the true survival function for

T ⇤. Each of the four rows correspond to the four scenarios described in 3.1. Figures B.1, B.2,

B.3, and B.4 present the simulation results using the Exponential-Exponential, Exponential-

Exponential-Gamma, Weibull-Weibull, and Weibull-Weibull-Gamma deconvolution models,

respectively.
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Figure B.1: Results for the Exponential-Exponential Model where data have been simulated

from 4 scenarios, with 50 simulations each
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Figure B.2: Results for the Exponential-Exponential-Gamma Model where data have been

simulated from 4 scenarios, with 50 simulations each
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Figure B.3: Results for the Weibull-Weibull Model where data have been simulated from 4

scenarios, with 50 simulations each
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Figure B.4: Results for the Weibull-Weibull-Gamma Model where data have been simulated

from 4 scenarios, with 50 simulations each
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