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Scientific interest in microbiomes (communities of microscopic organisms in a given environ-
ment) has recently expanded due to the growing understanding of the role of the microbiome
in human and environmental health, and in conjunction with the decreasing costs of metage-
nomic sequencing. However, there are several complications of the data that we observe
from sequencing microbial samples that preclude the use of off-the-shelf statistical methods.
Therefore, there is a high demand for statistical methods that are tailored to address scien-
tific questions about microbiomes while accounting for relevant features of how the data are
collected and processed. These methods must also be feasible and computationally efficient
for the large scale of data that metagenomic sequencing produces.

In my first project, I present a visualization method to compare estimated gene-level
evolutionary histories to estimated genome-level evolutionary histories. Evolutionary histo-
ries are best represented by phylogentic trees, which are complex graph objects made up of
nodes that represent biological categories, referred to as taxa, and edges that represent the
evolutionary relationships between taxa. I use a local linear approximation of phylogenetic
tree space to visualize estimated gene trees as points in a low-dimensional Euclidean space.
I demonstrate the utility of my proposed visualization approach through two microbial data
analyses. This visualization approach is scalable for large sets of gene trees that encode a

large number of taxa.



Next, I present another computationally scalable method for the analysis of metagenomic
sequencing data. I extend the method of Clausen and Willis [2024] for taxonomic differential
abundance analysis in order to make it computationally efficient for datasets with thousands
of taxa. Through simulation, I demonstrate that my scalable method achieves similar Type I
error rate control and power to the original method, and through data analyses I demonstrate
that the two methods lead to very similar differential abundance conclusions. The differential
abundance estimand in my method is defined with respect to a small set of reference taxa,
and I suggest several approaches to choosing such a set and investigate how these approaches
affect estimates and inference results through simulation and in a small data analysis.

In my third project, I consider differential abundance analyses of molecular functions. I
propose a novel functional abundance model, and show that in this model, the identifiable
differential abundance parameter is a function of both biological parameters and unknown
sequencing effects. 1 develop a framework to simulate data under my functional abundance
model, and use this framework to study how different magnitudes of sequencing effects affect
estimation and inference of these differential abundance parameters, relative to the true
biological fold-differences in abundance that are scientifically relevant. In these simulations,
I find that inference on the identifiable differential abundance parameter cannot reliably be
used to draw conclusions about biological fold-differences in abundance, especially in the
presence of sequencing effects with large magnitudes. To address this, I suggest careful
interpretation of results from the differential abundance analysis of functional data in terms
of a parameter that combines biological signal with sequencing artifacts.

As a whole this dissertation presents three methods that address complex scientific ques-
tions with applications to microbiome science, each of which accounts for the effects of se-
quencing on microbiome data and is computationally efficient for the large scale of a typical

metagenomic dataset.
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Chapter 1

INTRODUCTION

The study of microbiomes, or communities of microbes within an environment, has be-
come a major focus of scientific inquiry due to the increasing awareness of links between
microbiomes and human and environmental health. This field was transformed by the devel-
opment of next-generation sequencing (NGS) technology in the early 2000’s, which drastically
increased the speed and lowered the cost of large scale parallel sequencing of genetic material
in microbial samples [Hu et al., 2021]. For many years, most microbiome datasets were gen-
erated using amplicon sequencing, which is targeted sequencing of the 16S ribosomal rRNA
gene that is present in all bacteria [Ranjan et al., 2016]. This type of sequencing data can
be used to learn about microbial community composition, as well as the abundance of each
taxon in that community. An alternate sequencing approach is whole genome sequencing,
in which all genes are sequenced. Whole genome sequencing data can provide taxonomic
classification at a finer resolution, as well as insights into the functional capabilities of a
microbiome. Over the past few years, technology and bioinformatic tools for whole genome
sequencing have improved, and many microbiologists have shifted their focus from asking
questions about which taxa exist in a microbiome to asking questions about what those taxa

are capable of doing.

Despite major improvements in sequencing technology, metagenomic sequencing data
(from both amplicon and whole genome sequencing) are subject to unknown sequencing
effects. Some of these effects come from the limited capacities of sequencing instruments,
which make the total abundances reported from sequencing data uninformative for total
abundances in a microbial sample as defined by cell counts per unit volume [Gloor et al.,

2017]. Other effects come from the differential detection of taxa across nearly all steps of the



sequencing process [McLaren et al., 2019]. Therefore, any statistical method developed with
applications to the study of microbiomes with metagenomic sequencing data must address
the ways in which this data reflects both true biology and artifacts of the sequencing process.

Additionally, any analysis of microbiome data requires distilling a large amount of in-
formation into interpretable summaries that can be used to draw conclusions. The process
of identifying the best statistical estimand based on the scientific question and limitations
of metagenomic sequencing data is rarely straightforward, and requires knowledge of the
scientific context and the sequencing process. In this dissertation, I present work that aims
to characterize microbiomes in terms of both taxonomic composition and function, while ac-
counting for unknown sequencing effects. I develop three methods that each target different
complex microbial estimands: gene-level phylogenies, fold-differences in taxon abundances,
and fold-differences in molecular function abundances.

In the next chapter, I propose a visualization method to compare estimated gene-level
evolutionary histories to estimated genome-level evolutionary histories. This is motivated
by the fact that different genes in a single genome can be subject to different evolutionary
pressures, which can result in distinct gene-level evolutionary histories. To address this
challenge, I propose to treat estimated gene-level phylogenies as data objects, and present
an interactive method for the analysis of a collection of gene phylogenies. I use a local linear
approximation of phylogenetic tree space to visualize estimated gene trees as points in low-
dimensional Euclidean space, and address important practical limitations of existing related
approaches, allowing an intuitive visualization of complex data objects. I demonstrate the
utility of my proposed approach through microbial data analyses, including by identifying
outlying gene histories in strains of Prevotella, and by contrasting Streptococcus phylogenies
estimated using different gene sets. In this chapter, I show that the analysis and comparison
of a set of estimated gene phylogenies is a useful complement to the analysis of a single
genome-level phylogeny, especially for hypothesis generation.

In the following chapter, I develop a computationally efficient method to perform in-

ference on differential abundance parameters for analyses of taxonomic abundance from



metagenomic sequencing data. I extend the method of Clausen and Willis [2024] to make
it computationally feasible for the analyses of thousands of taxa. Through simulation, I
demonstrate that my inference method achieves similar Type I error rate control and power
to Clausen and Willis’ method. The differential abundance estimand in my method is defined
with respect to a small set of reference taxa. I propose several ways to choose this reference
set, and compare results through simulation and in a small data analysis. I apply my method
to a differential abundance analysis of approximately 8, 000 taxa, and compare the results to
those from other popular differential abundance methods. In this data analysis, my method
leads to very similar estimation and inferential results as Clausen and Willis” method, while
requiring a small fraction of the computational time and resources.

In my final chapter, I apply my scalable differential abundance method to differential
abundance analyses of molecular function. I propose a model for functional abundances
from metagenomic sequencing data that makes similar assumptions to the taxonomic abun-
dance model studied in my third chapter. I show that unlike in the taxonomic abundance
model, the identifiable differential abundance parameter in my functional abundance model
is affected by taxon detection efficiencies. Through simulation, I explore the effects of vary-
ing taxon efficiency magnitudes on the differences between the identifiable parameters in
my model and the true biological fold-differences in abundance that are of scientific inter-
est. In these simulations, I find that estimation and inference based on my identifiable
differential abundance parameter cannot reliably be used to draw conclusions about biolog-
ical fold-differences in abundance, especially in the presence of sequencing effects with large
magnitudes. I apply this approach to a functional differential abundance analysis of a large
metagenomic sequencing dataset. In this analysis, I am careful to interpret results in terms
of the fold-difference parameter that is affected by both biological signal and sequencing
artifacts.

I conclude by drawing connections between the chapters of my dissertation and discussing
ways in which scientific progress will create new and exciting open questions for statisticians

in the field of microbiome science.



Chapter 2

ANALYZING MICROBIAL EVOLUTION THROUGH GENE
AND GENOME PHYLOGENIES

2.1 Introduction

Microbiomes are often studied through the lens of microbial evolution, which is essential
for appropriately assigning taxonomic labels to organisms, comparing communities, and re-
constructing a microbial tree of life [Parks et al., 2018, Hug et al., 2016]. However, most
evolutionary methods were originally developed to study either multicellular organisms, and
are not always applicable to bacterial and archaeal populations [Matsen, 2015]. Thus, with
the growing interest in studying microbiomes, there is an increasing need for methods de-
signed specifically to study bacterial and archaeal evolution.

Phylogenetic trees are a key estimand in studies of evolution. A phylogenetic tree (or
phylogeny) organizes entities (e.g., individuals, strains, or species) into a tree that reflects
shared ancestry between these entities through both its branching structure (topology) and
branch lengths. We will consider phylogenetic trees in which these entities are either genes
or some representation of genomes. We refer to phylogenies that reflect relationships at the
gene level as gene trees and to phylogenies that reflect relationships at the genome-level as
phylogenomic trees. When pursuing phylogenomics, most microbial investigations estimate
a single phylogeny that summarizes the evolution of a set of organisms (see, e.g., Brown
et al. [2015], Parks et al. [2018], Imachi et al. [2020]).

While phylogenomic trees summarize evolution at the level of the organisms’ genomes,
individual genes in a microbial genome frequently have different evolutionary histories due
to incomplete lineage sorting and/or biological processes including gene duplication and

horizontal gene transfer (HGT). This can lead to discrepancies between any individual gene



tree and a phylogenomic tree, which has led to controversy over the meaning and utility of
a genome-level evolutionary summary for microbes (e.g., Bapteste et al. [2009], Boto [2010],
Puigbo et al. [2010]). Controversy aside, it has been noted that “mainstream applications
of [genome-level| phylogenetics to [...] microbes have typically been with the idea of finding
‘the’ tree of such a collection rather than explicitly exploring divergence between various
gene trees” [Matsen, 2015]. Exploring the divergence between gene trees is the primary
motivation for this work.

In this chapter, we take the approach of viewing estimated gene trees as complex data ob-
jects that necessitate statistical tools for their analysis, and introduce a method and software
for investigating gene-level evolutionary divergence in microbial genomes. We propose first
estimating both a phylogenomic tree and individual gene-level phylogenetic trees. We then
map this set of trees into Euclidean space and use dimension reduction methods to provide
a visual comparison between genes’ evolutionary histories. In contrast to traditional ap-
proaches to estimating phylogenomic relationships, which combine prespecified sets of genes
to estimate a single tree, our approach uses a more expansive collection of gene sequence
data to also estimate individual phylogenies. Our approach complements single-gene analy-
ses and phylogenomic analyses by providing insight into varied mechanisms of evolution in
bacterial and archaeal organisms. Specifically, it can be used to identify genes with unusual
evolutionary histories. This information can then be used to remove genes deemed to be
unusual or problematic from a phylogenomic approach. Additionally, this tool can be used
to identify genes with common evolutionary histories and potential anomalies in the gene

identification, annotation, alignment, or tree estimation processes.

2.2 Proposal

2.2.1 Owerview

We propose an interactive, visualization-based approach to exploring gene-level and phyloge-

nomic trees. While it is extremely challenging to compare large collections of phylogenetic



trees directly (e.g., through plots or summary statistics), our approach lets the user visualize
a set of gene trees and a phylogenomic tree as points in two dimensions. The interactive
elements of our tool allow users to (i) identify genes of interest based on the two-dimensional
visualization, (ii) examine the phylogeny of the identified genes, and (iii) potentially exclude
any outlying genes from an estimate of the phylogenomic tree. We believe that genes with
outlying trees (e.g. those depicted as relatively distant points in the low-dimensional repre-
sentation) are more likely to have been subject to notably different evolutionary pressures
and therefore reflect different data generating processes, or encountered potential problems
in their gene identification or alignment processes or tree estimation. Thus, outlying (or in-
congruous) trees reflect genes that the researcher may not want to include when attempting
to estimate the genome-level evolutionary history of the organisms under consideration.
We give a brief overview of the approach before describing each component in greater
detail. Define 7,3 as the set of edge-weighted phylogenetic trees with m+3 tips, m > 2. For
n genes and m+ 3 genomes, we start by estimating T; € 7,13, the true (unknown) phylogeny
of gene i, for genes i = 1,...,n. We denote the estimate of T; by T, = TZ(SZ) to reflect that

this estimator is a function of the aligned gene i sequence data, which we denote by S5;. We

also calculate the tree-valued summary measure T, = T,(Si,...,S,) as the phylogenomic
tree estimated using gene-level sequence data Si,...,S,. Once we have our set of n gene
trees TI, e ,Tn along with T),, we propose two dimension reduction methods to visualize this

set of trees as a scatterplot in R? for small ¢ (e.g., ¢ = 2 or ¢ = 3). Users then can interact
with the low dimensional visualization, such as by hovering their cursor over each point on
the scatterplot to view the corresponding gene tree, as shown in Figure 2.1. Users can also
investigate the individual gene trees. Given this overview, we now describe each component

of the method in greater detail.

2.2.2  Methodology

Our method begins by estimating the phylogenies of distinct genes in a given collection of mi-

crobial genomes and estimating a phylogenomic tree using information from all incorporated
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genes. These can be estimated via the user’s choice of tree estimator, and the phylogenomic
tree does not need to be estimated using the same methodology as the gene-level phyloge-
nies. As is common in studies of microbial evolution [Wu and Eisen, 2008, Segata et al.,
2013, Asnicar et al., 2020], in Section 2.3 we estimate the consensus tree via concatenation.
We use the phylogenomics workflow GToTree [Lee, 2019], which by default uses prodigal
[Hyatt et al., 2010] to predict genes on input genomes, HMMER3 [Eddy, 2011] to identify
target genes, muscle [Edgar, 2021] to align genes, trimal [Capella-Gutiérrez et al., 2009]
to trim alignments, and FastTree2 [Price et al., 2010] for approximate maximum-likelihood
tree estimation. We use IQTREE2 [Minh et al., 2020] to estimate gene trees via maximum

likelihood.

After estimating gene trees, we propose to consider them as objects in the Billera-Holmes-
Vogtmann (BHV) space; compute their log maps with respect to a central tree; and then use
principal components analysis to visualize them in a low-dimensional Euclidean space. BHV
space [Billera et al., 2001], also referred to as “tree space”, is a metric space for the internal
branches of phylogenetic trees with the same m tips. An internal branch is a branch that
does not lead to a tip, while a external branch does lead to a tip. The BHV distance v(T;, Ty)
between two trees accounts for differences in both their topologies (branching structure) and
internal branch lengths. Tree space is constructed by representing each possible tree topology
by a single non-negative Euclidean orthant, where each coordinate represents the length of
an internal branch. The orthants are “glued together” along nearest neighbor interchange
topologies. The distance between two trees is defined to be the Ls-length of the shortest
possible path between them (see Figure 2.2). The shortest path between two trees is called
the geodesic, and is unique [Billera et al., 2001, Owen and Provan, 2011]. For two trees
with the same topology, the BHV distance between them is simply the Lo-distance between
their internal branch lengths. In contrast, for two trees in different topologies, the geodesic
path will traverse multiple orthants, and the BHV distance is the sum of the lengths of
the linear path segments in each orthant that the geodesic passes through. In this way,

the BHV distance encodes information about both branch length differences and topological



differences between trees. However, external branch lengths are not encoded in tree space,
which we discuss later in this section.

Because of its complex combinatorial structure, it is challenging to visualize trees in
their native BHV space. Instead, we find a local Euclidean approximation to BHV space
around a central tree, then rely on Euclidean analysis tools such as principal coordinates
analysis and scatterplots. To do this, we consider the log map [Barden et al., 2018], which
is a mapping from 7,,.3 to R™ that captures both geodesic distance and local direction
around a base tree. Barden et al. [2018] define the log map of a tree T from a base tree T
as logp. (T) = (1%, T)vy«(T), in which v(T*,T) is the geodesic distance between the two
trees, and vp«(T) is a unit vector that represents the direction of the first linear segment
of the geodesic path from 7™ to T. The modified log map (see Figure 2.2) can be defined
similarly, but as logf. (1) = logg(T') + t*, where t* is the coordinate in R™ that encodes
the internal branch lengths of the base tree [Willis, 2019].

While the log map and modified log map contain information about the topology of a
tree and its internal branches, they do not contain information about the external branches.
However, external branch lengths provide information about evolutionary distance between
entities, and we therefore believe that external branch information should be reflected in our
visualizations. We therefore also define the augmented log map, log7. (T) : (’Tm+3 X RTZ”J 3) —
R2m+3 in which the first m coordinates are given by the modified log map and the next m+3
coordinates are the lengths of the external branches in a predefined order (e.g., based on
alphabetical ordering of the leaf labels). Thus, the augmented log map allows us to embed
a collection of phylogenetic trees on m + 3 tips into Euclidean space in a way that preserves
geodesic distances and local directions from a chosen base tree, as well as external branch
lengths.

Having defined the necessary mathematical infrastructure to describe our mapping from
tree space to Euclidean space, we are now able to describe our method. We propose to take
the augmented log map of Ty,..., T, T » to obtain n + 1 vectors in R*™*3 representing each

estimated gene tree and the phylogenomic tree. We propose two options for choosing the
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base tree of the augmented log map. The first is to choose the base tree as the tree t € T
that minimizes Y, p (s, t)? where T is the subset of trees {Ty,....T,, T,} that are binary;
that is, have no internal branches of length zero. This will select the most central binary
tree in our dataset as the base tree.

An alternative approach to selecting the base tree t is to set t = Tp; that is, to use the
phylogenomic tree as the base tree when computing log maps. While this tree might not be
the most central (with respect to squared BHV distance), choosing ¢ = T,, can highlight the
differences between the phylogenomic tree and estimated gene trees. This can be especially
useful when investigating whether the phylogenomic tree differs substantially from most gene
trees, which may occur in situations when the phylogenomic tree estimation process is vari-
able. This often occurs when the tree estimation procedure inexhaustively or stochastically
explores tree space, and may be particularly an issue when using maximum likelihood for
tree estimation when m is large. We provide an example and discussion of this behavior in
Appendix Section A.3, along with a discussion of the advantages and disadvantages of our
two proposed base tree options. Note, however, that our implementation makes it easy to
toggle between different selections of the base tree. We suggest that users use this feature to
investigate the sensitivity of the visualization to the base tree. We give an example of this
type of sensitivity analysis in Appendix Sections A.1 and A.2.

After finding logf(T}), ..., logf(T,,),logi(T,) € R*™*3 for a given choice of ¢, we perform
dimension reduction to create a low-dimensional representation of the set of trees that reflects
both the trees’ topologies and branch lengths. Our tool implements principal components
analysis (PCA) of augmented log map vectors for dimension reduction. In our data examples
shown in Section 2.3, we use the first two principal coordinates of our n+1 2m+3-dimensional
vectors to visualize our tree-valued data objects.

An advantage of our BHV space-based approach is that it enables the exploration of
variation in phylogenies with respect to differences in tree topologies and branch lengths.
Even for users who are primarily interested in comparing trees topologically, we believe

that branch lengths provide information about both the extent of evolution as well as the
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uncertainty in tree estimation. For example, long branches represent alignments with more
bases or amino acids that support a given split in the tree, which corresponds to relatively
low uncertainty in the presence of that split in the tree. Correspondingly, shorter branches
represent splits with fewer divergent sites. Thus, even for researchers who are primarily
interested in exploring differences in tree topologies, our proposed approach still provides
important information about uncertainty in topology via the magnitudes of branch lengths.
This interplay between topology and branch lengths is a key advantage of BHV space-based
analysis: a branch length shrinking to zero is equivalent to moving towards a topological
change.

While the above describes our proposed method, we also permit a number of modifications
that provide more flexibility for users. For example, we allow the option to construct a
multidimensional scaling (MDS) visualization using either BHV distances or Robinson-Foulds
(RF) distances between trees. MDS with the RF distance provides a visualization method for
researchers who are interested in comparing trees based on topology alone (without regard
for branch lengths). In addition, we provide various options for MDS, including both metric
MDS and nonmetric MDS. Our software implementation is easily extensible, allowing for
further expansion of the possible variations of our general methodology. In practice we
find that our proposed approach is highly interpretable, producing scatterplot visualizations
where most trees are distributed in all directions around the base tree. This distribution
of points in the scatterplot is intuitive and allows for straightforward visual diagnosis of

outliers.

2.2.8  Relationship to other work

While a number of studies and tools also make use of low-dimensional representations of a
set of trees for analysis, we believe that the novelty of our proposal is three-fold. Firstly,
while other methods compute distances between trees and use MDS for dimension reduction
[Amenta and Klingner, 2002, Holmes, 2006, Chakerian and Holmes, 2012, Kendall and Colijn,
2016, Gori et al., 2016, Huang et al., 2016, Jombart et al., 2017], we use the log map to find
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an approximation in Euclidean space for each tree and use PCA for dimension reduction. We
believe that PCA has many advantages not shared by MDS, which scales poorly when the
number of trees is large because all pairwise distances between trees must be computed. In
addition, PCA has advantages for reproducibility when adding new trees to a visualization
or comparing across different studies [Willis and Bell, 2018].

Secondly, our approach addresses a key practical limitation of the related work of Willis
and Bell [2018], who also proposed PCA on log map-transformed gene trees. Willis and Bell
[2018] proposed to use the Fréchet mean of the gene trees as the base tree for computing log
maps. Unfortunately, Fréchet means of microbial gene trees are almost always non-binary,
including in both examples considered in Section 2.3. Non-binary trees fall in low-dimensional
strata of BHV tree space, resulting in additional distortion and compression of tree space
in comparison to log map projections from binary base trees. Therefore, to address the
limitation of non-binary Fréchet mean trees, we proposed two alternative options as base
trees: the phylogenomic tree, or the binary tree that minimizes the sum of squared BHV
distances. The minimization approach is necessarily binary by construction, and we have
never seen an example of a non-binary phylogenomic tree. The latter can be explained by
the prevalence of concatenation for microbial phylogenomics, which results in many genetic
sites for tree estimation and thus the identification of distinct lineage events. Thus, our
proposal addresses a prohibitive limitation of the Willis and Bell [2018] methodology, making
it applicable to a wider variety of datasets while retaining the advantages of a BHV-based
analysis.

Finally, while a number of tree-based visualization methods have analyzed eukaryotic
evolution [Hillis et al., 2005, Nye, 2011, Kendall and Colijn, 2016, Gori et al., 2016, Willis
and Bell, 2018], our focus on bacterial and archaeal gene trees supports the continuing ex-
pansion of microbiome research. Bacterial and archaeal gene trees typically display a greater
degree of incongruity than eukaryotic gene trees due to the comparatively high frequency of
gene duplication, loss, and horizontal transfer in these domains. Our emphasis on detect-

ing gene-level phylogeny outliers reflects the greater variability in the distribution of gene
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trees of bacteria and archaea. Unlike other modern tools for viewing a collection of trees
[Huang et al., 2016, Jombart et al., 2017], our tool lets the user choose a tree in the low-
dimensional visualization and see its estimated phylogeny, providing rapid insight into why
certain trees might appear as outliers. By visually identifying the phylogenomic tree in the
two-dimensional visualization and supporting gene selection for phylogenomic tree estima-
tion, our tool is well-suited to improving modern microbial phylogenetic estimation as it is

currently practiced.

2.3 Data Analyses

We envisage three primary use cases for our exploratory method. We briefly describe these

settings before illustrating the approach on bacterial genome datasets.

o [dentifying gene-level phylogeny outliers: Any individual gene tree can differ from the
remaining trees in the collection through its topology, branch lengths, or both. Our
method can be used to identify outlying gene trees via the low-dimensional visualiza-
tion, then explore more deeply by plotting the trees itself. This approach can be used
to generate hypotheses about drift-based or selective evolution on specific microbial
traits, or help identify genes that may have undergone HGT. In Section 2.3.1 we ana-
lyze Prevotella genomes and identify and interrogate three genes that are outlying in

their phylogenies.

e Contrasting multiple sets of genes for phylogenomics: In microbiome data analysis, phy-
logenetic trees are commonly estimated by concatenating alignments of multiple genes.
However, it is not common practice to investigate the robustness of the estimated tree
to the choice of genes that are input to the alignment. Our tool streamlines investigat-
ing robustness by easily allowing the removal of genes from a concatenated alignment
then re-estimating the phylogenomic tree. We illustrate this approach by comparing
the phylogenomic tree estimated using only ribosomal genes for Streptococcus genomes

to a tree estimated using a fuller set of single-copy orthologous genes in Section 2.3.2.
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e Highlighting anomalies in preprocessing: Finally, our tool can flag potential issues with
gene identification, sequence alignments, and tree estimation. For example, an outlying
tree may be caused by a tree estimation algorithm that failed to converge, or an issue
performing the multiple sequence alignment. We provide a brief example of this use

case in Section 2.4.

For full details on software and database versions used in this section, please see Supple-

mentary File software-version.csv.

2.8.1 Prevotella

Prevotella is a genus of gram-negative anaerobic bacteria that are present in the human gut,
oral, and vaginal microbiomes. The abundance of Prevotella in the human gut microbiome
is associated with geography, lifestyle, and diet [Tett et al., 2021]. Understanding the relat-
edness of different strains within this genus is essential in studying concepts such as patterns
of ecological niches, genomic elasticity, diversification, and host-microbe-phage interactions.

We wish to estimate a phylogenomic tree for the Prevotella genus, to explore gene-level
histories of Prevotella genes, and to understand the concordance between the gene-level and
phylogenomic trees. In order to have broad representation across the Prevotella genus and
work with high quality genomes, we consider the 383 species representatives in the Genome
Taxonomy Database (GTDB) [Parks et al., 2018, 2020]. To develop a gene set, we first
use HMMER [Eddy, 2011] to identify all protein families from the Pfam database [Mistry
et al., 2021] in our Prevotella genomes that are present in a single copy in a subset of the
genomes. We order the Pfams (genes) by their prevalence in the Prevotella genomes, omitting
those in the lowest 10% of prevalence, resulting in 63 genes for analysis. We then consider
only genomes for which all of these genes are present, leaving us with 78 genomes and 63
genes. These choices result in a set of genomes that each contain all of our genes of interest,
covering much of the breadth of the Prevotella genus as well as a set of genes that are broadly

prevalent across the genus. Furthermore, manual comparison of 63 trees with 78 tips would
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be intractable, motivating our streamlined method for their analysis.

After constructing our gene and genome set, we build gene level and concatenated align-
ments using GToTree [Lee, 2019], which uses prodigal [Hyatt et al., 2010] to predict genes
on input genomes, HMMERS3 [Eddy, 2011] to identify target genes, muscle [Edgar, 2021] to
align genes, and trimal [Capella-Gutiérrez et al., 2009] to trim alignments. We use 1Q-Tree
[Minh et al., 2020] to estimate Tl, . ,T63 and Tlfuu, where Tlfuu =T,(S1,...,S63). We then
construct the visualization described in Section 2.2.2; choosing the minimal BHV-distance
binary tree as the base tree for our log maps. Interestingly, for this analysis, this tree is Tzfuu,
and thus, our two options for choosing the base tree (the phylogenomic tree or the binary
tree that minimizes the sum of squared BHV distances) coincide in this instance. A static
rendering of our visualization is shown in Figure 2.3. The first principal component explains
59% of the variance in the log map vectors for the set of trees, and the second principal
component explains 14%. Note that these are the proportions of variance in the log map
vectors, and not proportions of the variance between trees in BHV tree space. Because the
log map transformation can map multiple trees in BHV space to the same vector, these
proportions likely overestimate the variance between the trees explained by each principal
component.

In Figure 2.3, we clearly observe three genes that have outlying phylogenies relative to
the full gene set. Two of these outliers are with respect to the first principal component
and correspond to genes DMRL_synthase and GTP_cyclohydrol. The third outlier is with
respect to the second principal component and corresponds to the gene BacA. The rest of
the gene trees are clustered together in the bottom left of the plot, with Tlfuu shown in red
in the middle of the cluster of gene trees. The placement of Tzfu“ in the middle of the cluster
of non-outlying gene trees suggests that there are not major differences in branch lengths
nor topology between the concatenated tree and the non-outlying gene trees. To investigate
the sensitivity of our estimated phylogenomic tree to the outlying genes, we re-estimated it
after removing the three declared outlying genes from the concatenated alignment. We call

this tree T;educed, and plot its log map in Figure 2.3 in green. These two concatenated trees
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Figure 2.3: The proposed visualization of 63 gene trees constructed from 78 genomes from
the Prevotella genus, depicted by a two-dimensional scatterplot. Three visibly outlying gene
trees are labeled. A phylogenomic tree constructed from the full gene set is shown in red and

a phylogenomic tree constructed from a reduced gene set after removing the three outlying

genes is shown in green.



18

are in almost the same location in the log map visualization, with a RF distance of 14 and a
BHYV distance of 0.15 (which are the smallest RF and BHV distances between any pairs of
trees in this analysis), suggesting that the initial phylogenomic tree is robust (on the scale of
topological variation present in the dataset) to the inclusion of the outlying DMRL _synthase,
GTP _cyclohydrol and BacA genes.

We now investigate the outlying gene trees further. The three gene tree outliers along
with 7" are shown in Figures 2.4a-2.4d. All trees are visualized using ggtree [Yu et al.,
2017]. For ease of viewing, we replace tip labels with numeric labels (see Supplementary
File Prevotella-data.csv for a key to match labels with accession numbers). We see from
Figures 2.4a and 2.4b that both of these estimated gene trees have a single long external
branch leading to tip 51, which corresponds to a genome classified as Prevotellaceae bac-

terium UBA4332 (GCA_900316295.1). This branch length has a first principal component

loading of 1.00, relative to a total sum of loading magnitudes of 1.51 across all log map
features, giving it a relative weight of 0.66. Our visualization tool provides us an easy way to
identify that this long branch is common to these two gene trees and substantially large in
comparison with the branches in other gene trees and the phylogenomic trees. This genome
(GCA_900316295.1) could be investigated further to understand why DMRL_synthase and
GTO_cyclohydrol seem to have distinct evolutionary histories as compared to the rest of
the incorporated genes. Visualizations of the alignments for these two genes can be seen in
the Supplementary Material (alignment visualizations are generated with NCBI’s Multiple
Sequence Alignment Viewer [Sayers et al., 2019)]).

Similarly, the second principal component in our plot differentiates the gene BacA from
the rest of the estimated gene and phylogenomic trees. In Figure 2.4c we observe one long
internal branch that separates this gene in 15 genomes from the gene in the remaining 63,
while in the phylogenomic tree these 15 are spread across the two major clades (Figure
2.4d). Furthermore, gene-level differences in each of these genomes can be clearly observed
in the amino acid alignments, which can also be seen in the Supplementary Material. The

supplementary file Prevotella-data.csv holds additional information for the incorporated
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(a) DMRL _synthase gene tree (b) GTP _cyclohydrol gene tree
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Figure 2.4: The estimated gene trees for the three outlying Prevotella genes identified in
Figure 2.3, as well as the estimated phylogenomic tree (bottom right). All trees are rooted
at their mid-point. The DMRL synthase (top left) and GTP cyclohydrol (top right) gene
trees both include one long branch leading to tip 51. The BacA (bottom left) gene tree
includes one long branch separating two clades of tips. No strikingly long branches are

present in the phylogenomic tree.
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genomes (e.g., source of the genome), but no clear trends emerge that might contribute to
this gene-level phylogeny. It is possible this particular gene may be commonly transferred
horizontally. Ultimately, the easy identification of these genes by our approach motivates fur-
ther exploration into their sequence divergence for the two sets of genomes that are depicted
by the large clades in Figure 2.4c.

Finally, we investigate the concordance between Tlf““ and the gene trees. While our
low-dimensional visualizations of the collection of gene trees may suggest that there is good
clustering of gene trees around the phylogenomic tree, there is actually very low agreement
between many of the splits in T’ Ifu“ and the splits present in the gene trees. We contrast
the bootstrap support for Tlf“” (computed using Hoang et al. [2018]) against the percentage
of gene trees containing each split in Figures 2.5a and 2.5b. We observe the “tree of tips”
phenomenon described by Thiergart et al. [2014], in which splits near the tips on the tree
have higher gene tree support and splits near the center of the tree have lower support.
However, as noted by Avni and Snir [2020], due to high rates of HGT, a difference between
individual gene trees and phylogenomic trees is to be expected. This phenomenon indicates
that while the estimated gene trees agree with the phylogenomic tree for the edges that split
a small number of genomes, there is much more discordance among gene trees for splits that
separate larger clusters of genomes from each other. The low gene tree support for many
branches on the tree contrasts starkly with the very high bootstrap support for many of
these splits. As a result, we advise caution when interpreting high bootstrap support values
on phylogenomic trees, as they do not necessarily imply that the individual gene phylogenies

support these splits.

2.3.2  Streptococcus

The above analysis provided an example of how to use our proposed method for generating
hypotheses about differences in evolutionary histories between genes. We now illustrate how
to assess the robustness of the estimated phylogenomic tree to different gene sets. In this

analysis, we investigate the differences in phylogenomic trees built from a large set of genes
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Figure 2.5: The phylogenomic tree with splits colored by bootstrap support (left) and gene
tree support (right). Bootstrap support is high for all splits towards the tips and for most
splits farther from the tips. Gene tree support is high for splits near the tips and lower
throughout the rest of the tree. We observe zero gene tree support for several splits farthest

from the tips.
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compared to a smaller set of functionally specific (ribosomal) genes. We consider the genus
Streptococcus, which is of particular relevance in public health and medicine because of its
potential pathogenicity.

Similar to Section 2.3.1, we consider all 301 GTDB representative species genomes for
Streptococcus; identify 196 protein families (genes) that appear in a single copy in more than
90% of the representative genomes; and analyze the 106 genomes that contain all 196 genes
of interest. This large set of genes and genomes provides a good test of our tool because trees
with 106 tips are difficult to compare visually, especially a set of 196 trees of this size. Out
of the 196 genes that we identified, 38 are ribosomal genes. In general, ribosomal genes are
present in bacterial genomes in single copy and are considered essential “core” genes. As a
result, they are commonly chosen as an appropriate gene set for constructing a concatenated
alignment. We are interested in comparing the phylogenomic tree estimated using the 38
ribosomal genes with the phylogenomic tree estimated with the full set of 196 genes, which
represent a wider range of genomic functions. We use GToTree and 1Q-Tree to estimate
Ty, ..., Tios, T, and T3, where T is built from the full set of 196 genes and T3 from

the set of 38 ribosomal genes.

A static output of our tool is shown in Figure 2.6a. The first principal component
explains 44% of the variance in the log map vectors for the set of trees and the second
principal component explains 10%. We observe a tight cluster of ribosomal gene trees and a
more distributed cloud of non-ribosomal trees, suggesting that the estimated ribosomal gene
trees are generally more similar to each other than to the other estimated gene trees. Due to
relatively high purifying selective pressures, ribosomal proteins tend to evolve more slowly
than the majority of genes. Therefore we generally expect their phylogenies to have shorter
branch lengths than genes that are less functionally constrained. However, this pattern is not
the case for every ribosomal gene, and we observe two ribosomal genes (Ribosomal S30AE
and Ribosomal 1.9_C) that are further from the ribosomal gene tree cluster with respect to
the first principal component. While these appear to be outlying amongst the ribosomal

genes, they are not unusual when compared to the entire collection of gene trees. We also
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Figure 2.6: The proposed visualization of 196 gene trees estimated from 106 genomes in the

Streptococcus genus shown as a two-dimensional scatterplot (upper). The same visualization

is shown after rescaling the trees (lower), where the rescaling is performed by dividing all

branch lengths on each tree by the sum of the branch lengths for that tree. A phylogenomic

tree constructed from the full gene set is shown as a black triangle and a phylogenomic tree

constructed from a subset of ribosomal genes is shown as a black square. Gene trees are

colored by whether or not they are ribosomal genes.
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observe two non-ribosomal gene trees, DUF1934 and DUF3270, which appear as potential

outliers amongst all genes.

We can also see a noticeable difference between T;ull and T;ib in Figure 2.6a. In order to
compare T;u“ and T;b we can compare their distances to distances among other pairs of trees.
The BHV distance between the two phylogenomic trees is 0.43, which is smaller than 75% of
the BHV distances between gene trees and phylogenomic trees in this analysis. However, the
RF distance (based solely on topology) between the two phylogenomic trees is 140, which is
smaller than 99.9% of distances between pairs of trees in the analysis. Finally, the difference
in the sum of squared branch lengths between the two phylogenomic trees is 2.93, which is
smaller than 43% of the distances between trees in the analysis. In general, the estimated
ribosomal tree had shorter branches compared to the full gene set tree (ribosomal vs. full
tree branch length mean: 0.003 vs. 0.017; median: 0.0008 vs. 0.0090). Taken together, this
suggests that these two phylogenomic trees are very similar in their topologies, but differ in
their branch lengths. We conclude that the separation implied by the log map visualization

is most likely driven by differences in branch lengths, not topology, between these two trees.

Motivated by our observation that branch lengths likely drive the difference between
the ribosomal and full phylogenomic trees, we investigate the impact of rescaling all trees’
branch lengths on the visualization. We rescale each tree by dividing each individual branch
length by the sum of the branch lengths on the given tree. This modification means that
our visualization highlights differences between trees with respect to topology and relative
branch lengths, but not absolute branch lengths. This is also an option within the interactive
visualization. We show the resulting visualization in Figure 2.6b. We see that the ribosomal
gene trees are much more evenly spread among the other gene trees than in Figure 2.6a,
and that the two phylogenomic trees are visibly closer. This provides further evidence that
much of the differences between the ribosomal and full phylogenomic trees that we observed
in Figure 2.6a can be attributed to differences in branch lengths. This is unsurprising be-
cause as mentioned above, ribosomal genes are typically under greater purifying selective

pressures. In the rescaled visualization, there remain a few noticeable outliers that could be
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investigated further: Ribosomal_S21, Ribosomal_S17, and elF-1a. These trees all have one
or two branches that are especially large relative to other branches in the tree. Notably,
we did not detect these differences in the original visualization because none of these long
branches were long in comparison to branches on other gene trees prior to rescaling. All

trees and rescaled trees are available as Supplementary Data.
2.4 Discussion

In this chapter, we introduced an easy-to-use, interactive method for visualizing a set of
trees. Our method was motivated by expanding interest in interrogating microbial evolu-
tion, specifically in the context of comparing individual gene evolutionary histories, and the
relatively few tools available to facilitate such analyses. Our approach is to represent each
phylogeny as a vector in R*"*3 by taking a local linear approximation to tree space around
a central tree, then performing dimension reduction (such as PCA) to view each tree in
low-dimensional Euclidean space. The approach of performing PCA on tree approximations
is notably different from the approach of Nye [2011], in which a version of PCA is performed
in tree space to identify sources of variation in a set of trees. This is also distinct from
most other tools for visualizing a set of phylogenies, which compute dissimilarities between
each tree and perform MDS on the dissimilarity matrix [Daubin et al., 2002, Amenta and
Klingner, 2002, Hillis et al., 2005, Holmes, 2006, Chakerian and Holmes, 2012, Kendall and
Colijn, 2016, Jombart et al., 2017, Zhu et al., 2019]. Our approach also contrasts with the
related method of Willis and Bell [2018] by addressing its main limitation of attempting to
locally project tree space around the Fréchet mean tree, which commonly lies at the bound-
ary of two orthants and results in a poor local approximation of the metric space. While our
method could be applied to the analysis of any collection of genes, it is especially well-suited
to microbial datasets because it integrates with common methods for estimating phyloge-
nomic trees via a concatenated alignment, provides tools for investigating the robustness of
the phylogenomic tree estimates to the incorporated genes, and is computationally feasible

for analyzing all genes that are common to a set of microbial genomes.
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Despite substantial advantages in ease-of-use and intuitive interpretations of the visu-
alization, our approach inherits the limitations of BHV tree space. In particular, BHV
geodesics and log maps are only defined for trees that share identical leaf sets. As a result,
our tool is restricted to analyzing sets of genes and genomes for which all genes are present
in all genomes. In practice, we address this by limiting our analysis to genes present in
90% of genomes, then restricting to genomes that contain all of these genes. However, users
could use their own approach if they have specific genes or genomes that they would like to
include in their analysis. One implication of this is that more genes can be studied when the
incorporated genomes are more closely related evolutionarily. In contrast, datasets with taxa
that span phyla or domains will have fewer genes common to many genomes, and may result
in a small number of genes for analysis. This limitation is shared by many cross-genome
comparative (often called pangenomic) analyses. While the absence of a gene in a genome
may reflect true biological variation, genes may also be absent due to limitations of genome
sequencing and reconstruction. Thus, there are many reasons why a microbial gene may be
excluded from a given analysis, and the limitations of BHV space in comparing genomes with
different gene sets is one possible reason. Ongoing work to reconcile BHV space across trees
with different leaf sets [Grindstaff and Owen, 2020, Ren et al., 2017] may ultimately enable
local linear approximations of BHV spaces of different leaf sets, and thus more comprehensive

comparisons of gene sets, in the future.

The goal of this work is to demonstrate that investigating gene trees as well as summary
phylogenomic trees can uncover interesting evolutionary signal and to offer a method to
investigate and analyse sets of trees. For an unsupervised exploration and visualization of
trees we prefer to use PCA on log map vectors instead of MDS on distances between trees
for reasons outlined in Section 2.2.3. However, we think that there are situations in which
MDS, or other methods such as UMAP or tSNE may work better for a set of gene trees and
uncover interesting features of the data that may not be seen in PCA of the log map vectors.
Additionally, if the goal of an analysis is not to construct a low-dimensional visualization and

instead to classify gene trees or perform another supervised task, other multivariate analysis
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methods tailored to that task could be used with the log map vectors as input. Our software
includes a function that outputs the log map vectors for trees used in an analysis, which
could then be used as input to software that performs other types of analyses outside of our
proposed methodology and MDS of BHV distances between trees.

We provide an easy-to-use software implementation of our proposed methodology. This
tool enables a visual exploration of gene-level evolutionary differences across sets of trees,
which facilitates the identification of genes with unique (or anomalous) evolutionary histories.
Our software also allows for the straightforward refinement of genes being used in estimating a
phylogenomic tree, including sensitivity analyses for adding or removing genes. As described
in Section 2.2.2, it is also easily extensible to alternative visualization approaches (e.g., MDS
instead of PCA) and tree metrics (e.g., RF distance rather than BHV distance). Our tool
is available as both a workflow or shiny app in our open-source R package at github.com/
statdivlab/groves. Code to reproduce the data analyses in Section 2.3 is available at

github.com/statdivlab/groves_supplementary.
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Chapter 3

SCALABLE DIFFERENTIAL ABUNDANCE ANALYSIS FOR
MICROBIAL METAGENOMICS

3.1 Introduction

The complex ways in which a microbiome can affect and be affected by changes in its host
organism or the biome in which it exists are in large part driven by its community compo-
sition. For example, a healthy human gut is typically considered to be one that has high
taxonomic diversity, which means that it includes many microbial species, and is dominated
by three major microbial phyla [Hou et al., 2022]. Changes to this gut microbiome composi-
tion have been linked to many gastrointestinal diseases [Bull and Plummer, 2014]. In marine
environments, microorganisms perform important functions in the ecosystem, including fix-
ing carbon and nitrogen. However, increasing warming and acidification of oceans impact
marine microbiome composition, which has effects on these microorganisms’ ability to per-
form these functions [Cavicchioli et al., 2019]. One way to study differences in microbial
community composition across changes in an environment is through the lens of differential
abundance. Understanding which microbial taxa (groups used to classify microbes) have
increased or decreased abundance across covariate levels can provide important scientific
insights.

Although differential abundance analyses are one of the most common types of analyses
performed on microbiome data, there is little consensus about how to define and evaluate dif-
ferential abundance [Nearing et al., 2022]. This is because of the challenges that metagenomic
sequencing data present. An ideal differential abundance estimand would link abundances
of taxa in microbiome samples, in terms of number of cells of that taxon per unit volume, to

sample covariates. However, we cannot directly observe these abundances on the absolute
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scale of cells per unit volume from data generated from metagenomic sequencing. Instead,
the counts that we observe in this sequencing data are distortions of the true abundances, im-
pacted by sample-specific and taxon-specific unknown sequencing effects. This makes their
magnitudes uninformative for the absolute abundances. However, this data still contains
valuable information about relative changes in abundance. Therefore, the major aim of a
differential abundance method should be to define a useful differential abundance estimand

that can be estimated and tested using metagenomic sequencing data.

Many differential abundance methods exist to account for these sample-specific and
taxon-specific sequencing effects, as well as the natural sparsity of microbiome data, in-
cluding ALDEx2 [Fernandes et al., 2013], ANCOM [Mandal et al., 2015] and its sucessors
ANCOM-BC Lin and Peddada [2020] and ANCOM-BC2 [Lin and Peddada, 2024, and DE-
Seq2 [Love et al., 2014]. We believe that an ideal differential abundance method should
target differential abundance estimands that are unaffected by unknown sequencing effects
and should provide a clear interpretation of these estimands and their limitations. As a sta-
tistical method, we would also like it to handle sparisty without pseudocounts (small values
added to observed zero counts), avoid strong assumptions about the distribution of the data,
and control the Type I error rate, even in small samples. While many differential abundance
methods achieve some of these goals, one method that achieves all of them is presented by

Clausen and Willis [2024].

Clausen and Willis introduce a method to estimate and test an estimand that represents
the expected log fold-difference in abundance of a given microbial taxon across covariate
levels, subject to an identifiability constraint defined over expected log-fold differences for all
taxa in an analysis. They let the user of their method specify this constraint function, and
therefore the target estimand, but they recommend using a smoothed median constraint in
order to compare each expected log fold-difference in abundance to the “typical” expected
log fold-difference in abundance across taxa. They show that, under identifiability assump-
tions motivated by the limitations of metagenomic sequencing data, while fold-differences in

abundance are not identifiable, they can estimate differences in abundance across covariate
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levels, relative to the smoothed median fold-difference across taxa.

Once their target estimand is defined, Clausen and Willis employ a flexible and assumption-
light approach to estimation and testing. They propose a joint mean model for all samples
and taxa, sharing information about sample-specific sequencing effects across taxa, and de-
velop an algorithm to estimate parameters in this model. Only a mean model is assumed,
with testing that is robust to differences between the parametric model used for estimation
and the true unknown distribution of the data. Clausen and Willis show through simulations
that the robust score test procedure that they propose controls the Type I error rate, even
for small sample sizes.

Unfortunately, this method is extremely computationally expensive for analyses of a large
number of taxa. This limits the situations in which this method can be applied, because many
metagenomic sequencing datasets involve thousands of taxa. The primary computational
burden of this method comes from the robust score tests. A score test requires the estimation
of parameters in the model under the null hypothesis. Therefore, performing J different score
tests, for J taxa in a metagenomic sequencing dataset, involves estimating parameters under
the null hypothesis J separate times. Because Clausen and Willis consider a joint model over
p x J parameters, where p is the number of columns in the design matrix, an increase in the
number of taxa included in an analysis will increase the number of parameters that need to be
estimated, leading to an increased computational burden for each score test. In this chapter,
we develop a method to perform robust score tests that tests the same null hypotheses as
Clausen and Willis” robust score tests, while requring a fraction of the computational time
and resources.

The key to the improved computational efficiency of our robust score tests is that the
process of estimation under the null hypothesis that is required for each test only involves
estimating p x J' parameters for J' << J. We prove that for each null hypothesis, we
can define a reduced model with only p x J' parameters, with which we can test the null
hypothesis defined using the full model over all samples and taxa. We demonstrate through

simulation that for appropriately chosen reduced mdoels, we can perform highly efficient
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robust score tests that retain the Type I error rate control and power of Clausen and Willis’
robust score tests. In comparisons of the results of these two robust score test procedures
in data analyses, we show that they lead to similar differential abundance conclusions. The
major challenge in our method is that these computational advantages are only possible for
estimands that are defined using an identifiability constraint on log fold-differences for a
small set of reference taxa. We propose several ways in which to choose this set of reference
taxa, and investigate how the choice of reference set and consequent target estimand affects
the estimation and inference results of our method.

This chapter is organized as follows. We define the reduced models in Section 3.2, and
prove that they can be used to test the same hypotheses as those tested with Clausen and
Willis” full model. In Section 3.3, we present simulation results to compare the Type I error
rate control and power of our efficient robust score tests to those of Clausen and Willis’ robust
score tests. We suggest ways in which to choose a reference set and compare the results of
this choice via simulation and in a small data analysis in Section 3.4. In Section 3.5, we
apply our method to a large differential abundance analysis of a metagenomic sequencing
dataset, and compare our results to those from other differential abundance methods. We

conclude with a discussion of challenges and future work in Section 3.6.

3.2 DMethods

3.2.1 Model

Consider absolute concentations W, € Réo and covariate vectors X; € RP for samples i €

{1,...,n}. We assume the following mean regression model,

where 3* € RP*/. The parameter B*i for k > 0 represents the expected log fold-difference
in cell count per unit volume of taxon j between a sample with covariates X = x and a sample

with covariates X_, = x_, X, = a1, + 1.
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In practice, we do not observe W from WGS data. The counts that we observe from
metagenomic sequencing data, Y; € Réo, are disorted measurements of W;, affected by
sample-specific and taxon-specific unknown sequencing effects. We assume that these se-

quencing effects have multiplicative effects on expected counts Y;;, such that,
log B[Y;|X;, 5%, 2;, 0] = 1% + X;8* + 67, (3.2)

in which e* represents the sample effect and €% represents each taxon effect for j € {1,...,J}.

Clausen and Willis [2024] provide identifiability results for this mean model. Assuming
that the design matrix includes a column of ones, they note that the taxon effect §; and
intercept ﬁgj only appear in the model through the sum 94; + ng and therefore neither
parameter can be identified. The intercepts are typically not of scientific interest, so we

define 8 € RP*7 such that By = 85 + 67 and 3 = [BL, BT, ..., ;Tl]T. This substitution

results in the updated mean model,

More consequentially, Clausen and Willis show that this mean model is only partially
identifiable up to equivalence classes of [ parameters. In order to make this mean model
identifiable, they propose including an identifiability constraint of the form ¢(f8;) = 0 on
each row of 3, such that each equivalence class of 5 only includes one element that satisfies
the constraint. They require this function g(-) to be smooth and satisty ¢g(6r+a) = g(6k) +a
for a € R, in order to avoid additional inferential and computational complications.

This constraint function g(-) affects parameter interpretation, as the identifiable param-
eter in this model has the form Bi — g(Bk). In order to compare log fold-differences for
each taxon to typical log fold-differences in the dataset, Clausen and Willis propose using
the pseduo-Huber loss g,(-) over all categories as the constraint function, which is a smooth
function that approximates the median. This function is defined in Appendix B.1. Using the
constraint function g,(-), 8/ — g,(8x) can be interpreted as the expected log fold-difference in

cell count per unit volume of taxon j between a sample with covariates X = x and a sample
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with covariates X_p = z_, X = a1 + 1, relative to the typical expected log fold-difference

in abundance across all taxa.

3.2.2  Estimation and inference

Clausen and Willis [2024] develop procedures to estimate parameters 5y — g(/x) and perform
statistical inference for null hypotheses of the form Hg : 5i — g(Bk) = 0. They propose using
the Poisson log likelihood with the mean model given by (3.3) subject to the identifiability
constraint g(fr) = 0 Vk to define estimating equations. They show that after profiling the
nuisance parameters z out of the Poisson likelihood, the resulting likelihood is equivalent
to a multinomial log likelihood with a logistic link. In order to guarantee finite parameter
estimates, they add a Firth penalty [Firth, 1993] to the multinomial log likelihood-based
estimating equations. They apply results from Kosmidis and Firth [2011] to develop an
efficient algorithm to obtain penalized maximum likelihood estimates of 5 — g(5k).
Clausen and Willis provide two methods to test the hypothesis HJ : ﬂi —g(B) =0: a
robust score test and a robust Wald test. For h(5) = Bi; — g(8k), the robust score test uses
the test statistic given in [White, 1982], using the adjustment suggested by Guo et al. [2005]:

n - - — — _
Tgs = — SEOIH;FEO(FHOIHSDHOIH;FEO) IFHOIHSSHO, (3.4)

in which Sy, is the score evaluated at the MLEs under the null, Iy, is a consistent estimate of
the information matrix under the null, Dy, is a consistent estimate of the covariance matrix
of the score equations under the null, and Fpy, is 886—}; evaluated at the MLEs estimated under

the null. The robust Wald test statistic has the form
Trw = h(8)" (Fy I D, I Fur,) ™ h(8) (3.5)

where Fy,, Ig,, and Dy, are defined as in the score test, but evaluated using MLEs esti-
mated under the alternative hypothesis.

These tests are considered robust because unlike the model-based score test and Wald
tests, they do not assume that the variance of the score vector is approximated by the infor-

mation matrix defined by the Poisson likelihood used to motivate the estimating equations.
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Instead, these test statistics involves estimates of the approximate asymptotic covariance
matrix of the score vector (under the alternative hypothesis for the Wald test and under
the null hypothesis for the score test) [Boos, 1992]. In this way, Clausen and Willis use the
Poisson likelihood to define an estimator, but do not need to assume that the Y;; values are
Poisson-distributed random variables for valid inference. The only assumptions required for
valid inference are that the mean model (3.3) holds and that the Y; vectors are independent
of each other. For known correlation in the Y;’s, the test statistics can be generalized to

retain error rate control.

Regardless of the choice of test, estimation under the alternative hypothesis needs to be
performed in order to generate parameter estimates to be interpreted in terms of covariates in
the model. This means that the robust score tests require an additional step compared to the
robust Wald tests, because they also require parameter estimates under the null hypothesis.
Although the process of estimating parameters under the null hypothesis is simpler than the
process of estimating parameters under the alternate hypothesis in many model settings,
that is not the case for this model. Estimation under the null is complicated in this setting
by the interplay between the parameter constraints imposed by the identifiability functions
9(Bx) =0VEk € {0,...,p— 1} and the parameter constraints imposed by the null hypothesis
Bl — g(Bx) = 0. Clausen and Willis develop an augmented Lagrangian algorithm to perform
estimation under the null hypothesis. This algorithm is more complex than the algorithm for
estimation under the alternative hypothesis, and typically requires more computation time
to converge. Therefore, in this setting a single robust score test has a higher computational
burden than a single robust Wald test. Additionally, this algorithm for estimation under the

null hypothesis needs to be run J different times for tests of all J taxa.

Despite the greater computational burden of the robust score tests compared to the
robust Wald tests, Clausen and Willis recommend using the robust score tests in practice,
especially for small or moderate sample sizes. This is because in simulation they show that
the robust score test is conservative under the null hypothesis, especially with smaller sample

sizes and non-Poisson distributed data. They find that in those settings the robust Wald
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test is anticonservative and fails to control the Type I error rate. We confirm these findings

with our own simulations in Section 3.3.

3.2.3 Scalable Inference

Although Clausen and Willis recommend using the robust score test instead of the robust
Wald test in most settings, it is computationally intensive to run these tests on all taxa in a
dataset that includes many thousands of taxa. This is because parameter estimation under
the null hypothesis must be repeated for each of the J tests. Additionally, the time and
memory required to estimate parameters for a single score test typically increase with J,
because it requires more resources to estimate a model with a larger number of parameters.
Because estimation for a model with a large number of parameters requires a large amount
of memory, for a large enough J it is not possible to run many robust score tests in parallel
without access to high performance computing resources.

In order to utilize the advantages of the robust score tests without needing the same scale
of computational resources, we introduce a procedure to run robust score tests that involve
the estimation of fewer parameters under the null hypothesis for each test. We achieve this
by defined a reduced model for each test that has pJ’ parameters for J' << J. We prove
that we can define the reduced model for the test of the hypothesis Bi —g(Bk) = 0 in such a
way that a parameter equivalent to ﬂi — g(pBk) can be identified in and therefore tested with

this reduced model.

3.2.4  Construction of reduced joint models

The idea of decreasing computational burden by defining reduced models with parameters
that are equivalent to parameters of interest from larger models is used in the work of Begg
and Gray [1984]. Begg and Gray show that the regression parameters from a multinomial
logistic regression model are equivalent to the regression parameters from individual logistic
regression models that compare each category to a baseline category. They argue that max-

imum likelihood estimates (MLESs) of the parameters from the individual logistic regression
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models will be asymptotically unbiased for the parameters in the multinomial logistic re-
gression model, and show through simulation that their logistic regression MLEs loses little
efficiency compared to the MLEs from the multinomial logistic regression model. Hu et al.
[2022] use Begg and Gray’s logistic regression approach in LOCOM, another microbiome
differential abundance method, in order to avoid fitting a model on p x J parameters. We
apply a similar approach in this section.

Throughout this section, we will state and prove results using the identifiability constraint
9(Bx) = B = 0 Vk. The following section generalizes these results to a more general class of

constraint functions.

Consider the mean model given in (3.3), written slightly differently,
log E[Y;;| Xy, 8,21] = 2z + Xy (B — B84, i € {1,...,n}, € {1,...,J}. (3.6)

We will refer to this model as My, for full model.

We will assume that when we consider only a subset of taxa Sp C {1,...,J} with 1 € Sg
and |Sg| = Jg, all of the assumptions that we made in order to construct mean model (3.3)

are still true. Therefore, we define a reduced model Mg as the following,
log B[Yi;| Xy, @, v] = vi + Xi(e/ —at), i € {1,...,n}, j € Sg. (3.7)
Proposition 1. o, — al = 8] — 8L for all k € {0,...,p — 1} and for all j € Sg.

Proof: We will first consider the parameters z; and v; for all ¢ € {1,...,n}. Because we
are using the first category constraints 3. = 0 Vk for My and aj = 0 Vk for My, this means
that in their respective models, z; and v; both represent intercept terms for taxon 1 and
sample i. This implies that z; = log E[Y;;] and v; = log E[Y};] for all i, and therefore z; = v;
for all 2. Next, we will consider the interpretation of the B,i — B} and ai — aj parameters in

their respective models.
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EYi;|zi = 2, Xim = i Vm # k, Xg, = v + 1]
E[YZ]|ZZ =2, Xim = TimVm # k, Xy, = ]
E[Y;lvi = v, Xim = T Vm # k, Xi = v + 1]

[ |U1—Usz—ZEszm§£k‘Xk—m]

Finally, we will note that because z; = v; for all samples i, then we can replace the second

Bl — B = log VkVje{l,...,J}

J
ol — o = log

Vk,Vj € Sk

line above with,

[Yij|vi =2, Xim = TimVm # k, Xj, = v + 1]
E[Y;Jh)l = 2, Xim = Tim VM 7é k7sz = I’]

This implies that 5] — 3 = o — af for all k € {0,...,p — 1} and for all j € Sg. O

J
ol — ap = log

Yk, Vj € Sg.

Therefore, the null hypothesis H; (SR Bj — B} = 0 is equivalent the the null hypothesis
H]( ). ozk aj =0 for j € Sg. As these hypotheses are equivalent, we propose testing Hj( )
instead of HJ"

Let a e be the maximum likelihood estimate of parameter a using model Mz under null

hypothesis HS(R) and identifiability constraint &' ; = 0. Define the robust score statistic
HO

I (R)
Typé  of the form:
Y gt L BT (Bl DIl FTNp g 3.8
RS — H(JJ'(R) HI® H(g)’(R)( H](R) J(R) HJ(R) ](R) H(j)'(R)) H(J)(R) IR Hé(R)’ ( . )
0 0

where S (R 18 the score evaluated at & IR II;].( ) 18 a consistent estimate of the information
0 0 o

. (R . 1 ~ .
matrix under H(j]( ), FH(J)-(m is 8‘1—]} for h(a) = o, — 04}1C evaluated at Qg and DHé'(R) is the

sum of the outer products of the score for each sample evaluated at &, ;).
0

‘ J(R)
Proposition 2. Under the null hypothesis Hé(F), ng 4 X3 for j € Sg.

Proof: We have shown that H2™ and HJ") are equivalent. Therefore, Hi" is true if
2 A

and only if H"™. Assume that HJ") is true. This means that HJ"™ is also true. The s

the robust score statistic given by White [1982] evaluated at the MLE under the restriction of

the null hypothesis Hg(R) and we are assuming that Hg(R)

J(R)
3.5 [White, 1982], which states that The - 2. O

is true, so we can apply Theorem

Critically, if Jg = |Sg| is small relative to J, then using the reduced model My instead

of the full model Mp will reduce the computation time needed to run a robust score test.
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Derivation of reduced model using the multinomial distribution

In their estimation algorithms, Clausen and Willis use the fact that after profiling z param-
eters out of the Poisson likelihood function with mean model given by (3.3), the resulting
function is a multinomial logistic regression likelihood. This fact does not require the para-
metric assumption that Yij‘ Z}]/=1 Y follows a multinomial distribution. However, if we do
assume that Y;; ~ Poisson and Yij‘ Z;],:l Yij ~ Multinomial, then we can show that the
reduced model Mp is the mean model for E[Y;;|X;, 5, Zj*:1 Yipo =y, = vy V5’ € Sel,
where we define So = {1,...,J}\ Sg. This connection is further described in Appendix B.2.

3.2.5  Identifiability under the reduced model

In the previous section, we demonstrated that we can define a reduced model My on a subset
of taxa Sg C {1,...,J}, such that for parameters « in the reduced model, ai —af = B,i - B}
for all j € Sg. We can see that this statement would not be true if we use the pseudo-Huber
loss over ﬂi parameters for all j € {1,...,J} as the constraint function, as recommended
by Clausen and Willis. In that case we would be comparing different parameters in the
two models, because even if ﬁ,z — B = ai — aj for all j € Sg, the pseudo-Huber loss
over parameters {Bi — B 5 € {1,...,J}} and the pseudo-Huber loss over parameters
{ai —aj : j € Sg} will be different for most realizations of B,jc — By parameters.

To address this, we consider the class of pairs of constraint functions gz : R/ — R and
gr : R/2 — R that guarantee that 5] — gr(8) = ol — gr(ay) for all j € Sg. Let v[S] € R
denote the subset of elements of v € R’ that correspond to the s € S-th entries. Then,

define the class Gs, = {{gr, gr} : 9r(v) = gr(v[Sg]) Vv € R’}.

Proposition 3. For Sg C {1,...,J} with 1 € Sg and any pair of constraint functions
{9r,9r} € Gs,, define the full model Mg and the reduced model Mg as in (3.6) and (3.7).
Then, o), — gr(aw) = B — gr(Br) for all k and all j € Sg.

Proof: In the previous section, we proved that under these models ai — ) = 5; — B

for all j € Sg. We will apply the definition of Gg, to note that gp(v) = gr(v[Sg|) for all
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v € R7. We will also use the fact we’ve defined our set of constraint functions such that

g(v+a)=g(v)+a for a € R.

Bl — gr(Bx) = BL— By — gr(Br — Bi)
= B — Bt — gr((Bx — BL)[SR))
J

=a — Ofi - QR(Oék - Oéllc)

= af; — gr(ag).0

3.2.6  Approach

Our goal in defining reduced models is to develop a method of testing the null hypothesis
H] : B8l — gr(Bx) = 0 for all j € {1,...,J} with robust score tests in a way that requires
fewer computational resources than Clausen and Willis’ robust score tests. We will start
by choosing a set of taxa S,.f such that |S,.f| << J, which we will refer to as a reference
set. In Section 3.4, we investigate ways to choose a reference set and consequent parameter
that is useful and interpretable in practice. We will then choose a constraint function g :
RISefl — R on this set of reference taxa. We suggest choosing gy.r to be the pseudo-Huber
loss over ﬁi parameters for j € S,.;. Then, we define the constraint function for the full
model gp(-) to be a function such that gp(v) = gret(v[Sref]). Going forward, we will use the
notation gh.(v’ : j € S) to refer to the function gr : R/ — R that returns the pseudo-Huber

loss over the vector v[S] € RI*l. Our approach can then be implemented as follows:

1. Estimate parameters B — go(fBi : j € Syey) for all k € {0,...,p — 1} using Clausen
and Willis” algorithm to estimate penalized MLEs under the alternative hypothesis.

2. For each taxon j € {1,...,J}, do the following:

(a) Define the set Sg = Syef U{j} (or as Sg = Syes if j € Sief). Define the model
Mp, on the set of taxa Sg with identifiability constraint gz such that gr(v[Sg]) =
Gret(V[Spey]) for all v € RISE
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(b) Estimate parameters oy — g%(ozi : J € Spey) for all k under the null hypothesis
HIW ol —gh(ad - j € Spep) = 0 using Clausen and Willis’ algorithm to estimate

penalized MLEs under the null hypothesis.

(c) Use penalized MLEs estimated under the null hypothesis to construct the robust
J(R)

score statistic T’ 550 , as defined in (3.8). Calculate the probability of observing

a random variable from a x7 distribution that is larger than the robust score test

statistic to obtain the robust score test p-value.

In practice, we often must make a small modification to this approach. We can only
use Clausen and Willis” estimation algorithms with a data matrix Y for which all samples
7 have at least one non-zero taxon count. This is because when a sample Y; consists only
of zero values, the information matrix defined using the multinomial logistic regression log
likelihood is not positive definite and cannot be inverted, and this inversion step is required
by both estimation algorithms. Often the reduced data matrix Ys{% will fail to satisfy this
condition, especially for small sets Sg. When this happens, we modify the set Sf% to include
additional taxa. We sequentially add taxa j € {1,...,J}\ Sf'% to Siz, starting with the taxon
with the highest prevalence (the remaining taxon j with the maximum "  I{Y;; > 0})
in the dataset, and stopping when the updated data matrix Ys{{ has a non-zero count for
each sample 7. In practice, we find that few taxa need to be added to the reduced models
in order to achieve this condition. For example, the dataset analyzed in Section 3.5 has an
abundance table with 73% of the entries equal to zero and includes > 8,000 taxa. In this
analysis, only two taxa would be needed to be added to the selected reference set of 50 taxa

in order for all sample abundance vectors Y; to include at least one non-zero value.
3.3 Simulations

In this section, we investigate the Type I error rate control and power of our proposed robust
score tests using reduced models and compare their performance to that of robust score tests

using the full model, Clausen and Willis’ robust Wald tests, as well as testing procedures im-
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plemented in two popular differential abundance methods, ALDEx2 [Fernandes et al., 2013]
and ANCOM-BC2 [Lin and Peddada, 2024]. The log fold-difference estimands in ALDEx2
and ANCOM-BC2 are not directly comparable to each other or to 5i — g ( i :j € Srey) be-
cause they are a product of different modeling assumptions. However, in the context of their
respective models, the ALDEx2 and ANCOM-BC2 estimands for taxon j both represent the
expected log fold-difference of taxon j across covariate levels, relative to a measure of center
across expected log fold-differences for all taxa. Therefore, we expect to observe an asso-
ciation between estimates and p-values from our method and estimates and p-values from
these methods. We run ALDEx2 with a centered log ratio (CLR) transformation and 128
Monte Carlo iterations. To ensure comparability with other methods, we run ANCOM-BC2
without data manipulation in advance of testing (i.e., no “prevalence filtering”, “structural

zero detection”, or sensitivity analysis screening with pseudocounts).

3.3.1 Data generation

We simulate data under several different settings. We consider sample sizes n € {10, 50, 250},
total number of taxa J € {50,250}, and data that is drawn from Poisson and zero-inflated
negative binomial (ZINB) distributions. We include the ZINB settings to evaluate the perfor-
mance of our method on data with high levels of sparsity, which is a common characteristic
of microbial abundances. We use a balanced design matrix that includes an intercept and
one binary covariate.

We describe our simulation framework in detail in Appendix B.3. We construct g; such
that the values range within the set [—5,5], in which few elements have values with large
magnitudes and most elements have values with small magnitudes. We set 51? to 0 under
the null hypothesis and to b under alternate hypotheses. We use a set of 24 categories as the
reference set S,.r with log fold-differences that range across much of the range of ; values,
but have smoothed median g% (5 : j € Syes) = 0.

We generate data by drawing each Y;; value independently from either a Poisson dis-

tribution or a zero-inflated negative binomial (ZINB) distribution with mean given by the



42

taxonomic abundance model described in Section 3.2.1. Approximately 60% of counts in the

simulated ZINB data are zero.

3.3.2  Type 1 error simulations

In the Type I error rate simulations, we test the null hypothesis H}? : 5120 — g(8] : j €

Sref) = 0, for data generated according to this null hypothesis. We run 10, 000 trials for this
simulation.

We first compare p-values from the robust score tests using the full model and robust
score tests using the reduced models, applied to the same sets of simulated data. Aggregated
over all simulation settings, these two sets of p-values have a Pearson correlation of 0.993
and a root mean squared difference of 0.034. Correlations and root mean squared differences
separated by simulation setting are reported in Appendix ?77.

We now confirm that our proposal controls Type 1 error rate. The Type I error rate
quantile-quantile plots can be seen in Figure 3.1. These plots compare the quantiles of p-
values calculated from each of our methods on data simulated under the null hypothesis
to quantiles of a Uniform(0, 1) distribution. The robust score tests control or very nearly
control the Type I error rate at a 0.05 level for all simulation settings. The robust Wald
test fails to control Type I error at a 0.05 level for both settings with sample sizes of 25
and for the setting with n = 50 and ZINB data. This aligns with known behavior of robust
Wald tests to typically be anticonservative for small sample sizes [Guo et al., 2005]. These
simulation results let us draw similar conclusions to Clausen and Willis; that both versions
of the robust score test control Type I error across these simulation settings, and the robust
Wald test fails to control Type I error across most of these settings.

ALDEX2 is quite conservative in all settings except for Poisson data with n = 250. This
corresponds with a downwards bias in this setting, in which the mean ALDEx2 estimate for

125 (subject to the identifiability constraint used by ALDEx2) is —0.39 across 500 trials
ALDEx2 shows a similar downwards bias in all other Poisson settings (and a more subtle

downwards bias in the ZINB settings), although the conservative testing procedure and lower
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Figure 3.1: Quantiles of p-values obtained from the Type I error rate simulation compared to
quantiles of a Uniform(0, 1) distribution. Data is simulated under the null hypothesis using
the Clausen and Willis mean model and draws from a Poisson or zero-inflated Negative
Binomial (ZINB) distribution. P-values are generated from robust score tests from full and
reduced models, as well as robust Wald tests, ALDEx2, and ANCOM-BC2. The z = y line
is shown in black, and represents quantiles of p-values from a test that controls Type I error
rate at a nominal rate across the full range of p-values. Tests corresponding to lines above
the x = y line are conservative and control the Type I error rate and tests corresponding
to lines below the x = y line are anticonservative and fail to control the Type I error rate.

Results come from a simulation with 500 trials.
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power in these settings leads to conservative tests. Additionally, ALDEx2 does not produce
p-values with a uniform(0, 1) distribution under the null hypothesis. Across all simulation
settings, the maximum p-value from ALDEx2 is 0.85.

ANCOM-BC2 fails to control the Type I error rate in all ZINB data settings and for
Poisson data with n = 250. ANCOM-BC2 does not appear to be biased, and this anticon-
servative behavior likely comes from underestimated standard errors, especially for sparse

data in the ZINB settings.

3.5.3 Power simulations

We test the same hypothesis, H}? : 5120 — g% (8] : j € Syey) = 0 in our power simulations,

HJ2> : B1*® = b, for b values

but generate data according to specific alternate hypotheses
that take on twenty evenly spaced values between 0.25 and 5.00. We run 500 trials for this
simulation.

As in the Type I error rate simulations, we first compare p-values from the robust score
tests using the full model and robust score tests using reduced models, applied to the same
sets of simulated data. The p-values from the two approaches have a Pearson correlation of
0.995 and a root mean squared difference of 0.018, aggregated over all simulation settings.

Power curves can be seen in Figure 3.2. For Poisson data, both robust score tests have
high power in most settings, with the exception of settings with n = 25 and 3{%> magnitudes
less than 1. For ZINB data with n € {25,50}, the power of the test ranges between approx-
imately 5% and 95% across $° magnitudes. The test has a power of 90% and higher for
ZINB data with n = 250 and 3{?® magnitudes of 1 and greater.

The power for the robust Wald test, ALDEx2, and ANCOM-BC2, are only shown for
simulation settings in which they control the Type I error rate at a 0.05 level. The robust
score tests have power that approximately the same as ANCOM-BC2 or the robust Wald

125
1

test across ;> magnitudes when these tests are included. ALDEx2 has lower power than

all other methods for Poisson data with 5;2° magnitudes less than 1 and for all settings with

ZINB data.



Power

Power simulations

n=25

n =50

45

1.004

0.75 1

0.50 -+

0.25 1

[ 4

i
|
I
I

|

I

I

I

|

e ——— —— i —— s g

uossIod ~ A

0.00 -+
1.004

0.75 1
0.50 1
0.251

0.00 1

— ey

aNIZ ~ A

ALDEXx2

Test — ANCOM-BC2

— robust score test, full model

robust score test, reduced model

robust Wald test

Figure 3.2: Power curve plots using p-values from power simulations. Data is simulated

under the 20 different specific alternatives based on different magnitudes of 3{%*

using the

Clausen and Willis mean model and draws from a Poisson or zero-inflated Negative Binomial

(ZINB) distribution. P-values are generated from robust score tests from the full and reduced

model, as well as the robust Wald test on the full model, ALDEx2, and ANCOM-BC2. Tests

are only shown for simulation settings in which they control the Type I error rate at a 0.05

level. Results come from a simulation with 500 trials.
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The tests using the reduced model are faster than the tests using the full model in 75% of
trials across simulation settings, and on average the reduced model tests run 9 times faster
than the full model tests. These time savings with the reduced model are modest for 250

categories but far more impactful for thousands of categories, as seen in Section 3.5.
3.4 Parameter choice

In Section 3.2.6, the first step of our approach is to identify a reference set of taxa S,., such
that |S,.;| << J. We will use the notation g% (v?" : j' € S) to refer to the function g : R7 —
R that returns the pseudo-Huber loss over the vector v[S] € RI®l, and simplify this to g5 (53
for S = {1,...,J}. We suggest defining our target parameter as (3, — g’}(ﬂi/ 27 € Srey).
In this section, we propose several methods to choose this reference set and investigate the
behavior of these methods in simulation and in a metagenomic sequencing dataset.

This decision is trivial if we have additional data from a study’s experimental design or
scientific knowledge about the differential abundance of taxa in our dataset. If a synthetic
compound was added to all samples of the same known quantity or if absolute abundances
were measured for some taxa with quantitative PCR or droplet digital PCR, we could use this
information to choose our reference set. We could also apply knowledge from previous studies
of the same biome and covariate. If a previous study concluded that all taxa from a certain
genus had little differential abundance across the same covariate, we could use taxa from
that genus as a reference set. In the case of a single reference taxon, the constraint would be
set to the ﬁ,‘i value for that taxon. If we know our reference taxon or taxa to be differentially
abundant at a certain non-zero level ¢, we could adjust gr(-) to be g%(ﬁil —c:j € Shey).
However, this type of experimental design and previous scientific knowledge are rare.

A naive approach is to randomly choose a subset of taxa to use as the reference set. If
we would like to define a parameter that is similar to Bi — ¢%(Bk) using a small reference set,
we could instead target the parameter Bi — g%(ﬂ,{ : j € Srand), where S,4,4 is a randomly
chosen subset of taxa of a prespecified size. As |S,qnqa| — J, the parameters Bi — g% (Bk) and

ﬁi - g%(ﬁ,{ 0 j' € Srana) would get closer and closer, although the computational advantages
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of using reduced models for score testing would decrease. One drawback of this approach
is its randomness, as the reference set and consequently the target parameter will change
each time that a random subset of a given size is selected. This random parameter is less
interpretable and meaningful than the one that includes all taxa in the dataset. It is also
possible to randomly choose a “bad” reference set such that g%(ﬁi/ :j € Spey) differs
substantially from g% (k).

One advantage of the parameter B,]C — g%(Bx) is the interpretation. We interpret the
pseudo-Huber loss over the vector i to be the “typical log fold-difference” of taxa in the set,
as it is a smoothed measure of center that is resistant to outliers. Therefore, our parameter
ﬁ,z — ¢%(Bk) can be interpreted as the log fold-difference for taxon j, relative to the typical
log fold-difference across all taxa. If we follow similar logic for a small reference set, we may
want to choose a reference set made up of taxa that can all be considered “typical taxa”.
Consider a setting in which we know which taxa have the smallest log fold-differences relative
to the pseudo-Huber loss over the vector g;. We will refer to this known reference set as
Sir. The parameter 3 — g’;(ﬁil . j° € Skr) will then have a very similar interpretation to
Bl — ¢%(Br), because g%(ﬁil . j' € Skr) and g (Bk) both can be interpreted as “typical” log
fold-differences across all taxa.

One plausible assumption is that in most microbiomes, the majority of taxa have no
or low differential abundance across covariate levels. A relaxed version of this assumption
is that the majority of taxa have similar differential abundances, which would account for
scenarios in which most taxa increase or decrease in abundance at the same rate across
covariate levels. Under either of these assumptions, and with a large set of taxa, we expect
there to be many taxa j such that |3) — ¢%(5x)| is small. We can expect that in these cases
g (Bk) and gh( i : J € Skr) will take on very similar values, and the shift in parameter values
associated with using the reference set Sy, instead of the full set of taxa when defining the
parameters will be quite small. Therefore, this approach would target a similar parameter
to the parameter suggested by Clausen and Willis.

In practice, we do not know the set S, of taxa with the smallest log fold-differences
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relative to the pseudo-Huber loss over f;. Instead, we must estimate this set. We will refer
to this approach as using a data-driven reference set. In this approach, we can start by using
Clausen and Willis’” algorithm to estimate B,JC — g (Bk) We can use these parameter estimates
to identify a small subset of taxa with the smallest | Bi — g’}(@iﬂ values. We will call this
subset Sgq and use it as the reference set. We can then shift all estimates to align with this
new reference set and consequent identifiability constraint. This is computationally trivial,
because in order to compute estimated parameters for a new constraint, we can simply set
Bk N Bk old _ g"v( Agld). Under the same assumption that we describe above, in which
we expect the majority of taxa in an analysis to have no or low differential abundance across
covariate levels, then we would expect that our parameter estimates would shift little when
comparing Bi — g?(Bk) and Bi — gg(,@,{ 17 € Saa)-

We believe there are two major benefits to using Sy as a reference set. The first is that
we believe that in most cases, both the true parameters and the estimated parameters will
shift by a small amount when using the full set of taxa for parameter definition compared
to the reference set Syy. Therefore, we expect to typically observe similar estimation and
inference results when using Clausen and Willis’ approach with parameter ﬁi — ¢%(Bk) and
our approach with parameter ﬂi — g’;(ﬂil : 7' € Skr) and estimate B,i — gg(ﬁil c 7€ Su).
The second is that these parameters have similar interpretations. Both compare the log fold-
difference of each taxon to the typical log fold-difference across all taxa, using a measure of
center that is robust to outliers. We can use analyses with either parameter in order to

identify the taxa that are the most enriched or depleted across covariate levels.

This data-driven approach that we describe is a clear case of “double dipping”, because
the same data is used for two separate tasks in an analysis. Double dipping causes invalid
inference in many settings, and has inspired the field of selective inference, which involves the
study of how to rigorously “measure the strength of the resulting selections” after “searching
through the data for the strongest associations” [Taylor and Tibshirani, 2015]. However,
the major difference between the problems tackled in selective inference and our suggestion

is that for most selective inference tasks, the first step is using the data to find interesting
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associations and the second step is testing those associations. In our setting, we are not
looking for interesting associations. We are instead searching for taxa that are the least
interesting to inform a measure of center. We then use this baseline as a way to define a
meaningful estimand.

A major concern about double dipping is losing Type I error rate control for a test that
would otherwise be valid. However, in order to consider Type I error rates, we must be able
to define the null hypothesis that we are testing with the robust score test. An additional
concern with using the reference set Sy; for parameter definition and then running robust
score tests is that the parameter depends on the data, and therefore there is not a clear null
hypothesis in terms of parameters that we are testing with the robust score test. We address
both of these concerns, about precise hypothesis definition and loss of Type I error rate
control, by showing that the distribution of robust score test statistics, constructed using
parameter estimates Bk—g%(ﬁil : ' € Sgq) under the restriction that B,Z—g%(@il 27 € Saa) =
0, approximates the distribution of robust score test statistics constructed using parameter
estimates 3, — g%(@i, : j/ € Sk.) under the restriction that Bi — g%(ﬁ,{ : 7€ Sk) = 0.
We show this in finite samples through simulations in Section 3.4.1. Asymptotically, we will
prove that we have valid tests of the null hypothesis, Hy : Bi - g%(ﬁil 7' € Skr) = 0, using
test statistics constructed using the reference set Sgyq4.

First, we will assume that no taxa have exactly the same magnitudes |3) — g% (8)],
and therefore there is a unique known reference set Sy, of size J, for Sy, = {j : rank(| ﬁ,i —
dr(B)]) < J,}. This assumption will simplify the following propositions and proofs, although
similar results could be derived for a relaxed version of this assumption, in which taxa can

have the same parameter magnitudes. We will also assume that for all data realizations, our

estimates 3] — g% (By)| # |B,ZN — g%.(By)| for all pairs of taxa j, 5" € {1,...,J}.

Proposition 4. When we choose a data-driven reference set Syq to be the J,. taxa with the

smallest values of |3 — g2 (Be)|, then Pr(Su = Si) = 1 as n — oo.

The proof of this proposition is in Appendix B.4.



20

Proposition 5. Define the random variables T({du” and T55¢ as the robust score test statistics
using the full model and the reduced model respectively that are constructed using parameter
estimates B —g%(ﬁi : ] € Sgq) under the restriction that B,f; — g ( Ai 7 € Saq) = 0. Similarly
define T,ff” and Ty using the reference set Sg.. Under the null hypothesis Hy : B,Jf — g?(ﬁi :

j € Sp) =0, TC{;” A X3 and Tye? N X3

Proof: Under the null hypothesis Hy : 8. — g%(8] : j € Sk,) = 0, we know that 7" LN %
based on theory about the asymptotic behavior of the robust score test under the null
hypothesis for a predetermined identifiability constraint. We know that Ty KN X3 from
Proposition 2. Additionally, we can show that [T — T/*"| 2 0 and |Tj5? — Tyt 2 0. We

will show the former, and the latter follows from the same logic. For any € > 0,

Pr(|Ty" — " > €) = Pr(|T4" — TL™| > €|Saa = Sir) Pr(Saa = Sir)
+ Pr(|TI" — T > €|Suq # Sir) Pr(Sag # Sie)

= Pr(|T[" = T > €S = Skr) Pr(Saa = Skr)

)

(3.10)
(3.11)

+ Pr(T3" = T > €|Saa # Skr) Pr(Saa # Skw) — (3.12)
=0+ Pr(T}" = T[™| 2 € Saa # Sir) Pr(Saa # Sir) - (3.13)
< 0+ Pr(Saa # Skr) (3.14)
(3.15)

lim Pr(|T0" — T" > ¢) < lim Pr(Sgq # Skr) = 0
n—oo

n—oo

Therefore, |T C{; n_ T,ff ”] 2 0. Finally, we will apply Slutsky’s theorem to this convergence

in probability result and the convergence in distribution result about T,ff o

T = T T T (3.16)

< X; (3.17)

Using the same argument, we can also prove that 7775¢ LN i O
Because TC{C}‘ " and Tred hoth asymptotically have x? distributions under the null hypoth-
esis Hy : /Bi — gl i : j € Skr) = 0, this approach of using a data-driven reference set Syy is

a valid way to test this hypothesis when Si, is unknown, and the asymptotic Type I error
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rate control from the robust score test is not affected by using the data to determine the
reference set. Despite this result, we expect that some researchers will still be wary of this
approach. To address this, we also consider data-driven approaches to choosing a reference
set that split the data in order to use part of the data to choose the reference set and the
rest of the data for estimation and inference. We consider both sample-splitting and Poisson
thinning [Neufeld et al., 2024a] as methods to split our data into two sets.

In sample splitting, we randomly choose a subset of samples of size n, = [e x n] for
e € (0,1) to use for reference set selection, and then use the remaining n, = n — n, samples
for estimation and inference. The € value can be tuned to determine how much data to use
for reference set selection versus analysis. This results in reference selection covariate data
X" € R"*? and count data Y € R™*/, and analysis covariate data X¢ € R"*? and count
data Y® € R">*/_ The benefit of sample splitting is that it doesn’t require any distributional
assumptions for our data.

In Poisson thinning, we separate each Y;; into two counts Y;; and Y7 such that Y;;+ Y =
Yi;. We use Y € R™P for reference set selection and Y* € R™_ and use X as covariate
data for both tasks. If the values Y;; are truly distributed as Poisson random variables, then
the resulting Y;7 and Y;7 will also be distributed as Poisson, will be independent, and will
have E[Y{] = € x E[Y;;] and E[Y}j] = (1 — ¢) x E[Y};] for € € (0,1), where € is a tuning
parameter to determine what approximate proportion of each count should be included in
Y". However, if the counts are not Poisson distributed, then the two datasets will not be
fully independent and Y;; and Y; will not be Poisson distributed. For example, Neufeld
et al. [2024b] show that when applying Poisson thinning to data that is generated according
to a negative binomial distribution with overdispersion paramer b, there will be a positive
correlation between the Y and Y5 for all ¢ and j, and the correlation will be a function of e,
ij, and b. This correlation increases as the overdispersion in the data increases. We could
also consider thinning with other distributions, but each will require its own parameteric

assumptions.

When using sample splitting or Poisson thinning to produce two separate (and hopefully
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independent) datasets, we will use the first set Y to choose our reference set. We will do
this in the same way as the data-driven approach described above. We will use Clausen and
Willis” estimate algorithm to estimate 5i — ¢%(Bk), identify a small subset of taxa with the
smallest |3 — g% (Bs)| values, and define the reference set as this subset. We will refer to the
reference set from sample splitting as S, and the reference set from Poisson thinning as Sy.
Once we have a reference set, we will estimate parameters and perform robust score tests
using Y.

Similarly to the random reference set approach, both sample splitting and thinning are
random procedures and repeated analyses could lead to different reference sets and analysis
results. Sample splitting is also associated with a loss in power, because we will have fewer
observations to use in our analysis dataset. Poisson thinning cannot be directly applied to a
non-integer dataset because only intergers can be thinned with the Poisson distribution. We
often observe Y;; values in the form of coverages from metagenomic sequencing data, which
represent observed abundances and take on non-integer values. In order to apply Poisson
thinning to non-integer Yj; values, we must round all Y;; values to the nearest integer to
apply Poisson thinning. Despite these drawbacks, the benefit of these approaches are that
we can use differential abundance signal in the data to choose a reference set such that
| gfp(ﬁi j € Srer) — g5(Br)| is small, without reusing that data for estimation and inference.

Going forward, we will refer to the reference set selection approach that uses the whole
dataset as the data-driven approach, and will refer the other two approaches that utilize
the data based on their dataset splitting methods, as the sample-splitting approach and the
thinning approach.

3.4.1 Reference set selection simulations

In this section we run additional Type I error and power simulations in order to compare the
performance of our data-driven reference set approaches to each other and to the Clausen
and Willis approach with constraint g% (fx) over all taxa. We will refer to the Clausen and

Willis approach as having a reference set of all taxa. We also consider the known reference



93

set Sk, in which we use information about the true parameter values to define the reference
set i, as the set of taxa with the smallest values of 8] — ¢%(3;). When we use a known
reference set of size 26, g% (Bx) = g%(ﬁi/ 7 € Sk) = 0.

For all constraints based on data-driven reference sets, we consider reference sets of size
25. For both sample splitting and thinning we set the tuning parameter ¢ = 0.25. When
using the sample splitting approach, we assign [0.25 X n] = 13 samples to the reference set
selection dataset (X" € R13*2 YT € R13%250) and the remaining [0.75 x n| = 37 samples to
the analysis dataset (X2 € R37*2 Y € R37*?Y), When using the Poisson thinning approach,
we generate Y € RY**0 and Y* € R°** such that Y;;4+ Y} = Yj; and E[Y4] = 0.25 X E[Y};]
and E[Y;$] = 0.75 x E[Y};]. For simulation settings with Poisson distributed data, Y;; and Y}
are also Poisson distributed and they are independent. For simulations settings with ZINB
data, the expectations 0.25 x E[Yj;] and E[Y4] = 0.75 x E[Y};] still hold, but we will not
have results about the distribution of Y, and Y4

i i;» and there two datasets will be positively
correlated [Neufeld et al., 2024b].

In the Type I error rate simulations, we generate data under the null hypothesis that
f/z—gf,(ﬁl) = i]/Q—g%(ﬁfl : 7' € Skr) = 0. Therefore, in these simulations, null hypotheses
based on parameters 53/2 — gn(f1) and ﬁim - g’;(ﬂ{l : j/ € Skr) are both true. In this
framework, we will evalulate the ability of each approach to reject this null hypothesis at
a nominal level, regardless of whether that approach estimates parameters Bif /2 _ gr(51)
or ﬁi] /2 _ g’}(ﬁ{/ : j/ € Skr) that appears in the null hypothesis or the similar parameter
i] /2 _ g%(ﬁ{/ :j" € Syey) for the data-driven reference sets Sy, Sy, and Sy,.
Quantile-quantile plots of p-values from this simulation can be seen in Figure 3.3. The
empirical p-value distributions are nearly the same across all five reference set approaches.
For each of these simulation settings, the distribution of p-values under the null hypothesis
J /2 _ gr(081) = 0 are approximately Uniform(0, 1). Therefore, in this simulation we do not
see a loss of Type I error rate control when using data-driven referense set S;; directly from
the data or sets Sy, and Sy, when testing hypotheses of the form Bi — g(ﬁi/ 17 € Skr) =0.

We also run power simulations, in which we generate data such that 3; /2 gr(Br) = b for
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b € [0.25,5]). The power results can be seen in Figure 3.4. In the Poisson settings, the power
is nearly the same for all approaches, although it is slightly lower for the sample splitting and
thinning approaches for signals with #; < 1. The same pattern holds for ZINB data with
n = 250. However, for the ZINB data with n € {25,50}, the power for tests with reference
sets Sgq and Sy, is higher than the power for the test that uses all taxa, especially for medium
to large signals. These results are explored further in Appendix B.5. In this appendix, we
compare test statistic distributions between approaches under the null and specific alternate
hypotheses. We find the empirical test statistic distributions for robust score tests using
both full and reduced models with reference sets Syy and Sk, to be very similar, across
hypotheses and simulation settings. We found that in all simulation settings, for specific
alternate hypothesis values of 2 and larger, the test statistic distributions shifted towards
higher test statistic values for reference sets Sy; and Si, in comparison to the approach using
all taxa. This explains the difference in power between these approaches in some simulation
settings. We hypothesize that this could be driven by a higher “inside” portion of the robust
score test statistic for the approach using all taxa, representing a higher estimated standard
error of the score vector for this approach, and show simulation results that support this

idea.

The mean squared errors (MSEs) for estimating the parameter ; /2 g (Bk) (or equiva-
lently Bi] 2 _ gg(ﬁi/ : 7' € Skr)) in these Type I error simulations are contained in Tables 3.1.
Across all simulation settings, the estimation MSE is very similar between the approachs
that uses all taxa and the reference sets Sgq and Sk, and between the sample splitting and
thinning approaches. Estimation is more accurate for the all taxa, Syq, and Sy, approaches.
This implies that the estimates 3/ — g% (51), 3 — ¢%(61 - j € Saa), and B — g% (37 : j € Siy)
have similar accuracy for estimating the parameter 3] — gr(51) = Bl — g%(ﬁ{ :J € Sky) for
data generated under these simulation settings.

This simulations demonstrate that for data simulated under our generation process, Type
I error is not inflated by using a data-driven method to select a reference set, whether using

all the data to select Sygq or avoiding double dipping by using sample splitting or thinning to
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Figure 3.3: Quantiles of p-values obtained from the reference set Type I error rate simulation
compared to quantiles of a Uniform(0,1) distribution. Data is simulated under the null
hypothesis ﬁi] /2 _ gn(Br) = 0. P-values are generated from robust score tests on the full
model with the constraint g(8)) and on reduced models with data-driven reference sets Sgq,
Sss, and Sy, and a known reference set Si,.. The x = y line is shown in black, and represents
quantiles of p-values from a test that controls Type I error rate at a nominal rate across the

full range of p-values. Results come from a simulation with 500 trials.
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Figure 3.4: Power curve plots using p-values from reference set power simulations. Data

is simulated under the 20 different specific alternatives based on different magnitudes of

i] /2 _ g7(Bk). P-values are generated from robust score tests on the full model with the

constraint ¢y (f) and on reduced models with data-driven reference sets Sug, Sss, and S,

and a known reference set Si,. Results come from a simulation with 500 trials.
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n data all taxa | Syq Skr Ses St

25 | Poisson | 0.025 0.025 | 0.024 | 0.040 | 0.041
50 | Poisson | 0.011 0.011 | 0.011 | 0.015 | 0.016
250 | Poisson | 0.002 0.002 | 0.002 | 0.003 | 0.003
25 | ZINB 1.061 1.061 | 1.008 | 1.954 | 1.843
50 | ZINB 0.363 0.365 | 0.348 | 0.555 | 0.526
250 | ZINB 0.069 0.069 | 0.067 | 0.091 | 0.090

Table 3.1: MSE from estimating Bi] 2 g7(51) in Type 1 error simulations from approaches

with different reference sets. These results are aggregated across 500 trials.

select Sgs or Sy,. However, the sample splitting and thinning approaches are associated with
lower power, which is more noticeable for the ZINB data with smaller sample sizes. The lower
power makes sense for sample splitting, as analysis is done using a smaller sample size than
the other constraints. However, the cause of reduced power for the thinning approaches is
not obvious, because differential abundance analysis should not be affected by approximately
scaling every count by a constant value. We also find that for sparse ZINB data and smaller
sample sizes, the approach that uses reference set Syy leads to a test with higher power
than the approach using the full set of taxa. Therefore, from a pragmatic viewpoint, we
recommend using the data-driven reference set from the whole dataset. However, if this
double dipping is of concern to the user of our method, we suggest using sample splitting or

thinning to choose a reference set.

3.4.2 Reference set selection comparison in a data analysis

We also want to investigate how the choice of reference set and consequent choice of parameter
affect estimation and inference using a real dataset. We consider the Wirbel et al. [2019]

dataset that Clausen and Willis analyze in their paper. This dataset includes taxon counts
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and covariate data from a meta-analysis of several cohorts of patients with and without
colorectal cancer. We consider a simpler model than the one fit by Clausen and Willis, with
case versus control as the only covariate. We only use samples from one study with a Chinese
cohort. The full dataset that we use has 126 samples and 758 taxa. In this section, we are
not interested in re-analyzing this dataset in order to identify differentially abundant taxa.
Instead, we will use this to understand how results change across different reference sets used

for parameter definition.

We consider many different reference sets. First, we consider the set of all taxa, which
we will reference to as S,;. For the reference sets that are subsets of taxa, we consider
subsets of sizes in {10, 30,50, 100}. We randomly generate ten reference sets of each size to
use as random reference set constraints. We include data-driven reference sets Sy of each
size, determined from the full dataset. Finally, we use sample splitting and thinning to each
generate an additional ten reference sets Sgs and Sy, of each size. For sample splitting and
thinning, we use |0.25 x n] = 31 samples for reference set selection datasets (X", Y") and
[0.75 x n] = 95 samples for analysis datasets (X% Y“). For thinning, we generate Y and
Y® such that E[Y]] = 0.25 x E[Yj;] and E[Y;5] = 0.75 x E[Y};] for all samples i and taxa
j. We estimate parameters associated with all reference sets using the Clausen and Willis
estimation algorithm. For inference with the reference set S,;;, we use Clausen and Willis’
robust score tests on the full model. For inference with the reference sets that are subsets of

taxa, we use our robust score tests on reduced models.

The results of this analysis can be seen in Figures 3.5 and 3.6. In Figure 3.5, we compare
all 128 constraint settings. We calculate the root mean squared difference (RMSD) between
the estimates and p-values from each reference set and the estimates and p-values using
Sau- The data-driven reference sets Sgq have the lowest estimate and p-value RMSDs. The
sample splitting reference sets Ss; have the highest estimate p-value RMSDs, while some of
the random reference sets also have high p-value RMSDs. All analyses that we use reduced
models for take less than 14 hours to run all tests serially using a computing cluster, with

most taking less than 4 hours. The reference sets with the longest run times include some
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of the random constraints. In comparison, it takes 57 hours to run tests serially using the
full model for S,;. This decrease in computational time for the reduced models does not
account for additional time reductions that can be achieved by running the robust score
tests in parallel, which is feasible because they each involve estimating a small number of

parameters under the null hypothesis.

In Figure 3.6, we look closer at three reference sets of size 50. We consider Sy4, as well as
the S, and Sy, sets with the lowest estimate RMSDs with respect to Sy; estimates. The shift
between estimates using the reference set of all taxa and Syq is equal to [¢5(81) —gh (3 < j €
Saa)] = 0.003. The estimates using reference sets S5 and Sy, are not a constant shift from
the estimates using S,; because only part of the data is available for estimation when using
sample splitting or thinning. The reference set Sy has p-values with the weakest association
with S, p-values, and the reference set Syq has p-values with the strongest association. The
latter association is stronger and more linear for larger p-values, and weaker for small p-
values. This aligns with our results from the Type I error and power simulations in Section
3.4.1. In simulation settings with sparse data, the approaches that use S,; and Sgzg have
similar p-value distributions under the null hypothesis that 3/ — ¢%(8x) = 61 — g%(8L : j €
Skr) = 0, and the approach that uses Sy; has higher power for medium to strong specific

alternative hypotheses.

In this comparative analysis, we show that the approach that uses reference sets Sgyqy
identified from the full dataset results in estimates and p-values that are the most similar
to estimates and p-values from the approach that uses reference set S,;. Because we can
run robust score tests on reduced models when using these small reference sets, they are
associated with a major reduction in computational burden in comparison to Sy;, which
requires us to run robust score tests with the full model. The random reference sets and
sample splitting reference sets Sy have the worst performance in this analysis in terms of
the association of their estimates and p-values with the estimates and p-values from the

approach with reference set Sy;.
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Comparing results using reference sets to full taxon set
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Figure 3.5: Results from comparing reference sets used in a differential abundance analysis

using data from [Wirbel et al., 2019]. We consider 128 different reference sets, generated in

five different ways. The root mean square distances (RMSDs) are calculated when comparing

estimates and p-values from each reference set to the estimates and p-values from the analysis

that uses Sy;.
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Comparing estimates and p—values across reference sets of size 50
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Figure 3.6: A comparison of estimates and p-values across four different reference sets in a
differential abundance using data from [Wirbel et al., 2019]. We compare the estimates of
ﬁ,{ — g% (Bk) parameters using the reference set S,; and associated p-values to estimates of
Bl‘i — g’}(ﬁi : J € Syes) for reference sets Syq, Sss, and Sy, which all have size 50 and associated
p-values. We select Sss and Sy, as the reference sets from sample splitting and thinning of

size 50 with the lowest estimation RMSE when comparing to estimates of 5% — g7 (Br)-



62

3.5 Data analysis

In this section, we perform a differential abundance analysis on a large metagenomic sequenc-
ing dataset. This dataset is part of the Tara Oceans project [Karsenti et al., 2011], which
involved a years long data collection process from oceans worldwide, in order to characterize
as much microbial marine biodiversity as possible. Our dataset includes 89 samples, taken
across all of the world’s oceans, processed to provide coverage data for 8,360 genome bins. A
genome bin represents a taxonomic classifications at a finer level than species, and is defined
in terms of procedures used to process whole genome sequencing data.

We fit a model in which we study the differential abundance of genome bins with respect to
temperature. Temperature is measured in degrees Celsius and ranges from —2 degrees to 31
degrees. In order to make our differential abundance parameter more interpretable, we shift
all temperature measurements by the sample mean of 17 degrees, so that our temperature
covariate is mean-centered, and then divide all temperatures by 5. Differential abundance
parameters with respect to this adjusted temperature covariate represents the expected log
fold change in abundance of a given genome bin with respect to a five degree increase in

temperature, relative to the typical log fold difference across genome bins.

3.5.1 Comparison between methods

We consider differential abundance parameters from the model given in Section 3.2.1 using
four different identifiability constraints. We consider gh (), the pseudo-Huber loss over 52
parameters from all taxa, and g%(ﬁi : j € Srey) for reference sets Syq, Sss, and Sy,. These
reference sets are selected with data-driven approaches that use the full dataset, sample
splitting, and Poisson thinning, respectively. We estimate each set of parameters using
Clausen and Willis” estimation algorithm. We perform inference using robust score tests
with the full model for the parameter defined with ¢%(8x), and perform inference using
robust score tests with reduced models for the parameters defined with gg(ﬁi ©J € Sres)

for smaller reference sets. We only run robust score tests with the full model for a subset
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of 418 (5%) of genome bins, because they require too many computational resources to run
for all 8,360 genome bins. We also compare to p-values from Clausen and Willis’ robust
Wald tests, and to differential abundance parameter estimates and p-values as calculated by
ALDEx2 [Fernandes et al., 2013] and ANCOM-BC2 [Lin and Peddada, 2024].

The Pearson correlations between estimated parameters with different methods can be
seen in Table 3.2. Each method estimates a different log fold-difference parameter. There is
a correlation of 1.00 between estimates of parameter 8. — g% (8) and B — g% (8L : j € Saa)
because they are related by a constant shift for all genome bins j, of magnitude 0.0004. These
estimates have correlations of 0.96 and 0.98 with estimates of parameters i — g% (3] : j € S
and 3] — g(B : j € Sin). ALDEx2 estimates have a correlation of 0.74 with estimates of
Bl‘i — g% (Br). ANCOM-BC2 has much lower estimate correlations with all other methods,
with a correlation 0.11 with the most similar method. This is because ANCOM-BC2 has a
small set of genome bins with estimates that are very large with respect to the majority of
genome bins, the largest of which has a magnitude of 530.

The Pearson correlations between p-values from each method can be seen in Table 3.3.
Robust score tests using the full model were only run on a subset of 500 (~ 6%) of genome
bins, so those correlations only consider that subset. In that subset, the robust score tests
using the full model and the robust score tests reduced models with reference set Sy have a
correlation of 0.998. This demonstrates how well we are able to approximate the results of
robust score tests with the full model of the parameters Bi — g(Br) with robust score tests
with reduced models of parameters ﬁi — g?(ﬁi 27 € Saa)-

Running robust score tests on reduced models results in a large increase in speed. When
comparing median robust score test runtimes for the subset of tests run using the full model,
the median time for tests using full models is 85 times larger than the median time for tests
using reduced models. This improvement in computational efficiency is even more notable
when comparing mean runtimes. The mean time for robust score tests using full models is
1,022 times larger than the mean time for tests using reduced models. Additionally, the

reduced score tests can be run on a computing cluster with 2 GB of memory allocated for
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Method 1 | Method 2 | Method 3 | Method 4 | Method 5 | Method 6
Method 1 1.00 1.00 0.96 0.98 0.74 0.11
Method 2 1.00 1.00 0.96 0.98 0.74 0.11
Method 3 0.96 0.96 1.00 0.93 0.72 0.10
Method 4 0.98 0.98 0.93 1.00 0.72 0.10
Method 5 0.74 0.74 0.72 0.72 1.00 0.06
Method 6 0.11 0.11 0.10 0.10 0.06 1.00

Table 3.2: Pearson correlations between estimated differential abundance parameters from
the analysis of TARA data, across different methods. Methods 1 through 4 use Clausen and
Willis” estimation algorithm, to estimate parameters of the form Bi — g%(ﬁ,f; : J € Spey) for
reference sets Sy, Sqaq, Sss, and Sy, respectively. Method 5 and 6 correspond to parameter
estimates from ALDEx2 [Fernandes et al., 2013] and ANCOM-BC2 [Lin and Peddada, 2024]

respectively.

each test, while the full score tests are each run with 56 GB of memory. This difference
means that many more reduced score tests can be run in parallel than full score tests, given

a finite amount of memory.

Finally, we account for running J = 8,360 tests for each method by calculating g-values
[Storey, 2002]. These g-values are functions of the p-values for each method, and their
purpose is to control the false discovery rate across all tests run in an analysis. We use
g-values instead the Benjamini-Hochberg (BH) method [Benjamini and Hochberg, 1995] due
to their potential gain in power over the BH method, especially when there are a substantial

proportion of non-null signals in the dataset.

We find that when using a g-value threshold of 0.01, the robust Wald tests and ANCOM-
BC2 result in more than 80% of genome bins with g-values below the 0.01 threshold. This

coincides with our findings in Section 3.3 that these methods have high power but do not
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Method 2 | Method 3 | Method 4 | Method 5 | Method 6 | Method 7
Method 1 1.00 0.52 0.87 0.98 0.25 0.09
Method 2 1.00 0.62 0.79 0.95 0.29 0.15
Method 3 0.62 1.00 0.54 0.57 0.34 0.15
Method 4 0.79 0.54 1.00 0.76 0.29 0.14
Method 5 0.95 0.57 0.76 1.00 0.21 0.09
Method 6 0.29 0.34 0.29 0.21 1.00 0.08
Method 7 0.15 0.15 0.14 0.09 0.08 1.00

Table 3.3: Pearson correlations between p-values from hypothesis tests of differential abun-
dance parameters from the analysis of TARA data, across different methods. Method 1 is
robust score tests using the full model. These were only run for 500(~ 6%) of genome bins,
so these correlations are only across this subset of genome bins. Methods 2 through 4 are
robust score tests using reduced models, for parameters defined using reference sets Syq, Sss,
and Sy, respectively. Method 5 is Clausen and Willis’ robust Wald test. Methods 6 and 7 are
inferential procedures implemented in ALDEx2 [Fernandes et al., 2013] and ANCOM-BC2
[Lin and Peddada, 2024] respectively.

always control Type I error rate. The robust score tests that use reference sets Syq, Sss, and
Sy, result in 57%, 19%, and 42% of genome bins with g-values less than 0.01 respectively.
This coincides with our findings in Section 3.4 that reference sets chosen with sample splitting
and Poisson thinning can lead to lower power than reference sets chosen with the full dataset.
ALDEX2 results in only 5% of genome bins with g-values less than 0.01. These g-values are
more conservative in terms of false discovery rate control than the other g-values reported
for this analysis because the ALDEx2 p-values range from 0 to 0.79 instead of from 0 to 1.
Due to this truncated distribution of p-values, the proportion of true null categories cannot

be estimated in the g-value proecedure and is instead fixed to 1. This results in a procedure



that is equivalent to the more conservative BH procedure [Storey, 2002].

Method

Proportion g-values < 0.01

robust score test with parameters 5 — g (8 : j € Saa) | 4, 2786 (57%)
robust score test with parameters 5 — gh (8] : j € Ss) | 1,558 (19%)
robust score test with parameters 5] — g% (6] : 7 € Sy,) | 3,4466 (42%)
robust Wald test with parameters 37 — gb(5) 6,831 (82%)
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ALDEx2
ANCOM-BC2

395 (5%)
7,336 (38%)

Table 3.4: Proportion of genome bins from analysis of TARA data with g-values less than

0.01 across inferential methods.

3.5.2  Differential abundance

We proceed with the differential abundance analysis using parameters defined as Bi — gg(ﬁi :
J € Sqq), and performing inference with robust score tests using reduced models. In Figure
3.7, we plot the distribution of estimated log fold-difference parameters. The estimates range
from —25.4 to 8.3. The distribution is bimodal, with two modes of approximately —0.8 and
0.8. A log fold-difference of 0.8 corresponds with an expected =~ 2-fold increase in abundance
associated with a five degree increase in ocean temperature. The distribution has a long
tail of negative estimates, with another small mode of approximately —6, which corresponds
with an expected ~ 400-fold decrease in abundance associated with a five degree increase in
temperature.

These parameters are defined as log fold-differences with respect to the approximate
smoothed median across all genome bins, and we do not know whether this approximate
smoothed median is equal to a true log fold-difference of 0. However, we will consider the

biological interpretation if the approximate smoothed median is very close to a true log
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Figure 3.7: Histogram of estimates 3] — g(3] : Sis) from the analysis of the Tara oceans

data. These represent expected log fold-differences in abundance of genome bins associated

with a five degree increase in ocean temperature, relative to the typical log fold difference

across genome bins.
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fold-difference of 0. In this setting, the two modes in this distribution represent groups
of taxa that have moderate expected increases or decreases in abundance associated with
a five degree increase in temperature. In the distribution of expected log fold-difference
magnitudes, the median magnitude is 1.5 and 75% of genome bins have magnitudes greater
than 0.8, which corresponds with an expected =~ 2-fold increase or decrease in abundance.
This implies that only a small subset of genome bins have abundances that are relatively
stable across temperature increases or decreases of five degrees. This would make sense based
on our knowledge that ocean temperature has a major effect on the composition of marine

microbial communities.

Using p-values from robust score tests on reduced models with reference set Syy, we
identify 4,786(57%) genome bins with g-values less than 0.01. In order to filter this to a
smaller set for further investigate, we use a smaller g-value threshold of 1e — 5 to identify the
genome bins with the most evidence of differential abundance. There are 141 genome bins
that pass this threshold. In Figure 3.8, we plot parameter estimates and confidence intervals
computed with robust standard errors for these genome bins by the prevalence of these bins
in the 89 Tara ocean samples. We color the genome bins in this plot by whether or not the
bin belongs to the Pelagibacter genus. We choose this genus because 34% of the genome
bins in this analysis belong to this genus, making it by far the most common genus in our
analysis. This is unsurprising, as genome bins of the Pelagibacter genus account for most
of the genome bins from the Pelagibacterales order. Most bacterial members of the SARI11
clade belong to the Pelagibacterales order. SAR11 bacteria are among the most abundant
marine microbes, are found in every ocean, and are important to the ocean carbon cycle
[Giovannoni, 2017]. Therefore, this is a particularly interesting genus to study in terms of
differential abundance across temperature changes.

In Figure 3.8, we can see that the 141 genome bins with the most evidence of differential
abundance include bins with large negative estimates and moderate positive estimates. These
genome bins are prevalent in between 20 to 74 of the 89 samples. This is notable because

despite not performing prevalence filtering for genome bins, rare genome bins are not included
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Estimates and confidence intervals with robust standard errors
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Figure 3.8: Estimates ﬁ,’; — g(ﬁi; : Sga), with respect to the adjusted temperature covariate,
and confidence intervals generated with robust standard errors. The estimates are plotted by
prevalence of that genome bin in the 89 Tara oceans samples that we consider, and colored

by whether or not the genome bin belongs to the Pelagibacter genus.
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in this set of most differentially abundant bins. The bins with positive log fold-differences
(these represent bins that are enriched in warmer water) have higher average prevalence
compared to the bins with negative log fold-differences. Approximately half of these genome
bins with the most evidence of differential abundance belong to the Pelagibacter genus. The
Pelagibacter bins in this subset have both positive and negative differential abundance, and

are more prevalent on average than the bins from other genera in this subset.

P-value rank | Estimate | Prevalence | Genus Species

1 -6.16 43 Pelagibacter None

2 -6.26 36 Pelagibacter None

3 -4.67 43 Pelagibacter Pelagibacter ubique

4 -6.12 45 Pelagibacter Pelagibacter sp905612495
5 -7.26 26 Arcticimaribacter None

6 -5.36 26 MS024-2A MS024-2A sp905480425
7 -6.33 23 SGZJ01 None

8 -6.62 27 SCGC-AAA160-P02 | None

9 -7.09 23 HTCC2207 HTCC2207 sp905182275
10 -7.31 28 UWMA-0277 UWMA-0277 sp905181635

Table 3.5: Characteristics of the ten genome bins from the Tara oceans differential abundance
analysis with the most evidence of differential abundance based on p-values from robust score
tests on reduced models with reference set Sy, Estimates are of parameters 3] — g%(ﬁ{ 1J €
Saa) With respect to increases of temperature of 5 degrees. Prevalence is the number of the
89 samples in which the genome bin is found. Genus and species represent the taxonomic
classification of the genome bin. All genome bins have p-values and g-values less than

10e — 10.

Finally, we look closer at the genome bins with the most evidence of differential abun-
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dance. In Table 3.5, we can see that the ten bins with the most evidence of differential
abundance all have negative log fold-differences between —7.5 and —4.5. The four bins with
the lowest p-values have higher prevalences and belong to the Pelagibacter genus, and the
next six bins have lower prevalences and belong to other genera. In Table 3.6, we list the
ten genome bins with the most evidence of positive differential abunbdance. These bins are
ranked in the sixties to eighties out of all genome bins in terms of p-values. Compared to the
bins listed in Table 3.5, they have more moderate estimates and higher prevalences. Three

of these genome bins also belong to the Pelagibacter genus.

P-value rank | Estimate | Prevalence | Genus Species

62 2.07 42 TMEDS0 TMEDS80 sp002170405

63 2.71 45 CACNYOO01 None

67 2.29 50 MEDG-81 MEDG-81 sp902595715

70 2.58 37 GCA-002708715 | GCA-002708715 sp902602795
75 2.65 41 MED-Gb52 MED-G52 sp001627375

7 1.47 58 Pelagibacter None

78 2.29 36 UBAS8592 UBAS8592 sp002380145

79 1.37 63 Pelagibacter None

80 1.97 47 Pelagibacter_A | Pelagibacter_A sp002457475
81 2.87 49 UBAS8309 None

Table 3.6: Characteristics of the ten genome bins from the Tara oceans differential abundance
analysis with the most evidence of positive differential abundance based on p-values from
robust score tests on reduced models with reference set Syq. Estimates are of parameters
Bl — g%(ﬁ{ : j € Saq) with respect to increases of temperature of 5 degrees. Prevalence is the
number of the 89 samples in which the genome bin is found. Genus and species represent
the taxonomic classification of the genome bin. All genome bins have p-values and g-values

less than 10e — 5.
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In this analysis, we find that while log fold-difference estimates for the 8,360 genome
bins in this analysis range from —25 to 8, the bins with the most evidence of differential
abundance have expected ~ 400-fold decreases in abundance associated with a five degree
increase in ocean temperature. These bins represent microbial taxa that have higher expected
abundances in cooler water compared to warmer water. Therefore, they might be at risk of
being out-competed by other microbial taxa as ocean temperatures rise due to the effects
of climate change. Additionally, we find that genome bins that belong to the Pelagibacter
genus are included in the set of bins with the most evidence for both positive and negative
differential abundance with respect to increasing ocean temperature. This is not surprising,
as in an analysis of marine metagenomes, Brown et al. [2012] found SAR11 subgroups with
strong correlations between abundance and temperature. They found that phylogenetically
defined SAR11 subgroups had distinct temperature preferences and that the polar subgroups
included genes not shared by the tropical subgroups, suggesting functional differences in these
groups. Therefore, it is possible that the genome bins that we have identified as negatively
differentially abundant correspond to polar SAR11 subgroups and genome bins that we have

identified as positively differentially abundant correspond to tropical SAR11 subgroups.
3.6 Discussion

In this paper, we present a method to perform inference on parameters from the model given
in Section 3.2.1 using a robust score test that requires fewer computational resources than
the robust score test proposed by Clausen and Willis. We do this by defining a reduced
model for each hypothesis test of taxon j that includes a parameter that is equivalent to
ﬁ,z — gr (k) under requirements on the constraint function gz, and conclude that we can test
the null hypothesis Hj : Bi — gr(Br) = 0 with a test constructed with the reduced model.
Because the reduced model has p.J’ parameters for J' << J, these tests can be performed
more quickly and use fewer computational resources than tests that use the full model. We
show that using robust score tests on reduced models instead of full models does not sacrifice

Type I error or power in our simulation settings, while computation is efficient even for a
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large number of taxa in our data analysis.

The major disadvantage of our robust score test method compared to the Clausen and
Willis method is that we can only estimate and test a parameter for which the constraint
function is defined in terms of a small reference set of taxa. We discuss several methods
to choose this reference set, and investigate how these different reference set methods lead
to similar or different estimation and inference results in simulation and in a small data
analysis. We recommend choosing the reference set in a data-driven way in order to define
a parameter that closely approximates the log fold-difference of abundance for each taxon
across covariate levels, relative to the typical log fold-difference across all taxa in a dataset.
However, we acknowledge that this data-driven approach is an instance of double dipping
(although it does not invalidate inference in simulation). To address this, we also provide
data-driven ways to choose a reference set that use sample splitting and thinning, letting us
define separate datasets for reference set selection and for analysis. We compare our methods
of performing robust score tests on reduced models and defining a parameter in terms of the
reference set Syq in a differential abundance analysis of 8,360 taxa, and compare estimation
and inference results to those from ALDEx2 [Fernandes et al., 2013] and ANCOM-BC2 [Lin
and Peddada, 2024].

Although we demonstrate our method on a differential abundance analysis of taxa from
metagenomic sequencing data, it could also be used in a wider range of applications. We could
use this method to perform differential abundance analyses of other abundance quantities
from ’'omics data, as long as the modeling assumptions that we make in Section 3.2.1 are
reasonable. Additionally, the idea of running robust score tests on reduced models could
be applied to multinomial logistic regression on datasets with a large number of categories.
This decrease in computational power needed for robust score tests would make it easier to
justify using them instead of other types of tests that may be faster but have worse Type I
error rate control.

This project has several possible extensions. While we have presented a method in which

the time and computational resources required to run a single score remain small as J
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increases, we typically want to run J robust score tests in an analysis. As J increases to the
hundreds of thousands, regardless of the computational efficiency of a single test, this will at
some point become infeasible. We could extend our use of sample splitting or thinning for
choosing the reference set to also screen for interesting taxa to test. We could use one subset
of the data to run a faster method to screen for potentially differentially abundant taxa, and
the other subset of the data to run robust score tests for the categories selected from the
first data subset. Having fewer tests to consider when correcting for multiple testing could
let us identify more differentially abundant categories, while controlling the false discovery
rate. However, this would require investigate to determine whether it would combat the loss
of power for a single test that is associated with sample splitting and thinning.

Finally, this chapter demonstrates that choosing a target estimand is an important part
of any differential abundance procedure. As described in Section 3.2.1, under our generative
model for Y;; from metagenomic sequencing data, log fold-differences in abundance across
covariate levels are only identifiable after imposing an identifiability constraint. Choosing a
meaningful constraint and correctly interpreting estimation and inference results in terms on
this constraint are necessary components to any differential abundance analysis of metage-
nomic sequencing data. However, other differential abundance methods rarely explicitly state
the identifiability constraints they use or assumptions they make, making it difficult for the
scientist applying these methods to correctly interpret results that come from these methods.
We think that this a major disadvantage of these methods, regardless of how accurately they
may be able to estimate and test differential abundance parameters.

The method presented here is available in our open-source R package at https://github.
com/statdivlab/fastEmu. Code to reproduce all analyses run for this paper is available at

https://github.com/statdivlab/fastEmu_supplementary.
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Chapter 4

A MODEL OF FUNCTIONAL ABUNDANCE FROM
METAGENOMIC DATA AND ITS IMPLICATIONS

4.1 Introduction

In the previous chapter, we discussed how differential abundance analysis is a tool for under-
standing how microbial community composition is associated with host and environmental
health. We referenced two microbiome and covariate settings (the human gut microbiome
and gastrointestinal disease, and the marine microbiome and climate change) in which differ-
ential abundance analyses could provide useful insights into the link between environments
and their microbiomes. In both of these settings, we could further explore the link between
the microbiome and the environment by considering the functions that can be performed by
the microbiome. In the human gut microbiome, the disturbance of the gut microbiome and
its associated metabolic functions are correlated with the development of gastrointestinal
diseases. In the marine microbiome, the increased warming and acidification of the ocean
are associated with changes in the ability of the microbiota to perform important functions,
such as carbon fixation [Cavicchioli et al., 2019]. In this chapter, we will consider how to
use metagenomic sequencing data to identify molecular functions that differ in abundance
(in terms of copies of genes that perform that function) across covariate levels. We will
refer to this as functional differential abundance, as distinct from the taxonomic differential
abundance that we considered in Chapter 3.

In Section 3.2.1, we considered a taxonomic abundance model, and reviewed the identifia-
bility results of Clausen and Willis [2024] for this model. Clausen and Willis show that under
this model, they can identify, estimate, and test a parameter that represents the expected

log fold-difference in abundance of a given microbial taxon across covariate levels, relative to



76

the “typical” expected log fold-difference across taxa, where typical is defined based on an
identifiability constraint function. Importantly, this differential abundance estimand is not
a function of sample-specific or taxon-specific unknown sequencing effects.

An ideal functional differential abundance estimand would link the abundances of molec-
ular functions in microbial samples (in terms of copies of genes that perform this function
in a unit volume) to sample covariates. However, as in the taxonomic abundance setting,
we cannot directly observe functional absolute abundances (gene copies per unit volume)
from metagenomic sequencing data. Unfortunately, it is not obvious that the results about
identifiable parameters in the taxonomic differential abundance model should hold for func-
tional abundance parameters. In the taxonomic model, the taxon-specific sequencing effects,
which we will refer to as taxon efficiencies, have a constant effect on observed abundances
Yi; across all samples. However, these taxon efficiencies will not have a constant effect on
observed abundances for function m, Y;,,, across all samples. This is because the observed
functional abundances Y;,, are aggregated over Y;,,, the observed abundances of function m
within taxa j that can perform that function. Because these taxa have different abundances
in each sample, the effect of taxon efficiencies on observed Y;,, abundances varies across
samples.

In order to answer the scientific question “is the molecular function m differentially
abundant with respect to covariates?” we would like to consider parameters defined at the
function m level and data at the Y}, level. We are not interested in drawing conclusions about
whether function m within taxon j is differentially abundant with respect to covariates. This
is because we care about community-level functional potential, not taxon-level functional
potential. However, because we believe that detection efficiencies function on the taxon level,
we must define additional parameters at the m and j level and consider data at the Y,
level. Because of this complication, the functional differential abundance question requires
further study.

To our knowledge, the relationship between taxon efficiencies and identifiable functional

differential abundance parameters has not been previously studied. Most differential abun-
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dance methods have been developed using assumptions about taxonomic abundances, and
tested on taxonomic datasets. Two exceptions to this are the methods LEfSe [Segata et al.,
2011] and MaAsLin2 [Mallick et al., 2021]. Both of these methods are described as being
applicable to differential abundance analyses of both taxa and functions, and the associated
papers present analyses of both taxonomic and functional datasets. However, neither of these
papers consider how taxon efficiencies might affect the identifiable estimands for functional
abundances.

In Section 4.2, we develop a mean model for functional abundance that accounts for the
differential effects of taxon efficiencies across samples. We show that a reparameterization
of this model for design matrices with a single categorical covariate is equivalent to the
taxonomic abundance model, although the identifiable parameters have different interpreta-
tions. Under our functional abundance model, this identifiable parameter is a function of
both fold-differences in absolute abundances and unknown taxon efficiencies. We argue that
we can estimate and test this parameter with the same methods that we use in Chapter
3. In Section 4.3, we develop and apply a simulation framework based on our functional
abundance model, which lets us vary the magnitude and structure of taxon efficiencies to
investigate their effects on our identifiable differential abundance parameter. We find that
estimating and testing this parameter can lead to false discoveries with respect to biological
fold-differences, although this can be mitigated by using a conservative effect size threshold.
We apply this strategy to a differential abundance analysis of functions from a metagenomic
sequencing dataset in Section 4.4, and conclude with a discussion of the implications of this

work in Section 4.5.

4.2 Models for taxonomic and functional abundance

4.2.1 A model for taxonomic abundance

In the previous chapter, we considered a model for expected abundances of taxa from metage-

nomic sequencing data. We review this model here. Let IW;; > 0 represent the total number
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of cells of taxon j per unit volume in sample i, for j € {1,...,J} and i € {1,...,n}. For

each sample ¢ and taxon j, we consider a log linear mean model for W;; of the form,
E[Wi|Xi, 83, 8] = P2, (4.1)

Here we use slightly different notation from the previous chapter. We write X; as the length
p — 1 vector of covariate data X; = [X;1,. .., X;p—1], excluding the constant term associated
with an intercept. We use Bé to denote the intercept for taxon j, and use 3/ to denote
the vector of remaining p — 1 parameters for taxon j, 3/ = | {, ey Z—l]' In metagenomic
sequencing data, we observe Y;; > 0, the count of taxon j in sample i. We assume that Y;;
are distorted measurements of W;;, affected by sequencing effects at the sample and taxon
level. We will refer to these taxon effects as taxon efficiencies. As proposed by McLaren

et al. [2019], we assume that these sequencing effects have multiplicative effects on E[Y};]

values. These assumptions imply,
E[Y;;|Wij, 2i, ;] = Wije i+, (4.2)

The mean models given by (4.1) and (4.2) can be combined to create a regression model for

observed MGS abundances Y;;,

E[Yiﬂxn 587 ﬁj, Ziy 5j] = E[EMJ”WM, Ziy 5]'”)(@'7%7 5j] (4-3)

— OB XBT (4.4)

In this model we consider Bg and 37 to be biological parameters, because they come from the
regression model for E[IV;;], and we consider z; and ¢; to be sequencing parameters, because
they come from the model for E[Y;;|WV,;].

Clausen and Willis [2024] show that the model mean given in (4.4) is only partially
identifiable. The parameters d; and Bg always appear in the model as the sum 6; + Bg, and
must be considered together as an intercept that includes both biological signal and taxon
efficiencies. As suggested by Clausen and Willis, in order to make this model identifiable
we impose the identifiability constraint g(é + 8y) = 0 and g(8;) =0 for k € {1,...,p — 1}
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for a function g(-) that is smooth and satisfies g(8x + o) = g(8k) + . The function g(+)

determines the interpretation of the parameter /3.

4.2.2 A model for functional abundance

Notation

Meaning

~.

S
e

3

sample, with ¢ € {1,...,n}

column in design matrix X, with k € {1,...,p— 1}
covariate data for sample ¢ and covariate k
molecular function, with m € {1,..., M}

taxon, with j € {1,...,J}

all taxa j that include function m

true abundance of function m in sample ¢

true abundance of function m in taxon j in sample ¢
observed abundance of function m in sample @

observed abundance of function m in taxon j in sample ¢

log E[W;,,,] for i such that X;; =0 forall k € {1,...,p— 1}

log E[W,n | Xik— = zip—, Xit = x + 1)) — log E[W,p | Xik— = Ti—, Xix = ])
log E[W;j,] for i such that X;; =0 forall k € {1,...,p—1}

log E[Wijm| Xik— = @ig—, Xir, = x + 1]) — log E[Wijm | Xik— = zi—, Xir = ])

sample specific sequencing effect for sample 7

taxon efficiency for taxon j

Table 4.1: Notation used in functional abundance model

In this section, we propose a mean model for expected abundances of molecular functions

from metagenomic sequencing data, applying similar assumptions to those used in the tax-

onomic abundance model. Let W;,, > 0 represent the total number of copies of genes that
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perform function m per unit volume in sample ¢, form € {1,..., M} andi € {1,...,n}. As
in our taxonomic abundance model, for all samples ¢ and functions m we will consider a log

linear regression model for W, of the form,
E[W;p] = %6507, (4.5)

The parameters ;" are the differential abundance parameter of interest in this model. 6;"
represents the expected log fold-difference in the abundance of function m associated with
covariate level k.

We observe counts Y;,, > 0 from metagenomic sequencing data, for all samples ¢ and
functions m. We assume that Y}, is a distorted measurement of Wj,,, disorted by sequencing
effects that act on the sample ¢ and a combination of sequencing efficiencies for the taxa in

which function m is found in sample 7. We can write this as
E[Yim|Wim, Zi; Oim] = Wigme™ 0. (4.6)

If we assumed that d;, = d,, for all samples ¢, then this would be equivalent to (4.2), and
we could derive similar equations to (4.3-4.4). This would let us define a model in which the
parameter 0} — g(0;) is identifiable, and we would target this parameter for estimation and
inference. We will refer to 6} — g(fy) as our target biological parameter. However, d;, = dy,
for all 7 is not a reasonable assumption for metagenomic sequencing data.

Therefore, the model given in (4.6) is more complex than the associated taxonomic model
given in (4.2) because we would like consider parameters at the functional level, but must
account for sequencing efficiencies that work on the taxon level. This is similar to the model
for efficiencies for higher-level taxa given by McLaren et al. [2022]. They define the efficiency
of a higher-level taxon, such as a genus or phylum, as the abundance-weighted mean of the
efficiencies of the species that make up that taxon. We can show that the efficiency for
function m in sample ¢ can be defined in a similar way. Define the set J,, C {1,...,J} for
each function m as the set of all taxa in which function m could appear in the microbiome

of interest. For function m and each j € J,,, define W;;,,, as the number of copies per unit



81

volume of genes that perform function m that are found in microbes of taxon j in sample

i, such that W;,, = > iean Wijm- We can re-express (4.6) using true abundances Wj;,,, such

that,
E[Yi [ Wi, 21,0] = € Y Wijme” (4.7)
J€JIm
T/ .
_ ey, 2iein @ Wiim (4.8)
ZjeJm Wijm
ST -
Sim = 2jein Wi (4.9)
T e Wi

In a result similar to the efficiency result from McLaren et al. for the higher-level taxa, the
efficiency 6;,, is the abundance-weighted mean of the efficiences of taxa that contain function
m.

Equations (4.7-4.9) show that we must consider efficiencies that work on the taxon level.

Therefore, we will define a mean model for W;;,,, abundances. We will assume,
E[Wijm| X;, 097 = 2" +X:0" (4.10)

For function m we can aggregate over all taxa j € J,,, to get,

EWin] = S E[ Wy (4.11)
J€Im

= e (4.12)
J€EJIm

Equations (4.5) and (4.12) provide two models for E[W;,,] at different scales of abundance

measurement. We set them equal, which implies,

Q0 X0 _ Z PSS (4.13)
JE€Tm
This then implies,
0y' = log Z et (4.14)
Jj€JIm

Jjm .gim
ZjeJm 690 +X,;67

oIm
ZjeJm ero

X,0m = log (4.15)
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When our design matrix consists of a single categorical covariate, such that Zz;i X, € {0,1}

for all i € {1,...,n}, we can rewrite our target estimand 6} as,

o 46Im
. 0 k
Z]EJW €

gim
Zjejm €70

v = log , (4.16)

forall k e {1,...,p—1}.

Now that we have a model for W;;,,,, we can return to our model for Y;,,, given in (4.7).

E[}/zm’Xla 97 Ziy §a Jm] = E[E[YszVmw Zis 5]|X1> 9] (4'17)
= e¥i Z i 05"+ X0 (4.18)
JE€EJIm

We will then rearrange terms.

IOgE[}/Zm|X27 97 Zi 57 Jm] =2z + log Z eajJregm (419)
JE€EIm
= z; + log Z o8Ity +X 67 + log Z oSt log Z it (4.20)
JE€EIm j€Im Jj€Im

D el 05 H05 "+ X,6Tm

=z +lo ity +lo - 4.21
° jezJ: i Zj eJ edr 0" ( )
= 2 + am + f50,7,,(Xi), (4.22)

for iy, =log 3 e, % +%™ and f5.0,7,,(Xi) =10g(3_ e, e5j+93m+Xi9jm/ > e e5j+93m). There-
fore, we have a log-linear model for E[Y;,,] in terms of components z;, o, and fsg j,,, where
f50.7., 15 a non-linear function of parameters ¢ and ¢ and the data vector X; € RP~!. There
are several challenges of using this model for E[Y;,,]. Each covariate vector element X
for k € {1,...,p — 1} appears |J,,| times in the non-linear function fsg ;, , associated with
parameters Him. Therefore, this model has no natural differential abundance parameter at
the covariate k and function m level. If we instead wanted to target parameters ™ at
the covariate k, function m, and taxon j scale, we would need more complex identifiability
constraints than those needed in the previous chapter. It would also be more challenging

to estimate and perform inference on parameters in the model that includes this non-linear
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function fs4,7,, in comparison to estimation and inference for log-linear models that are
linear functions of parameters and covariates. In order to avoid these difficulties, we will
reduce the class of design matrices X that we consider to only include design matrices with
one categorical covariate, such that Zi;} X € {0,1} for all samples i.

Under this restriction,

p—1
log E[Yim| X, 25, tm, ¥™] = 2i + o + Z Xk (4.23)
k=1
o editem e
W' = log s (4.24)

Zje] 003"
In (4.23), we have a log linear model for E[Y},,], which is a linear combination of covariates
X, and parameters z;, a,,, and ¥,,. The benefit of this restriction is that this model now has
a log fold-difference parameter ;" at the covariate k and function m level that is multiplied

by covariate Xj.

Proposition 6. Parameters of the form ~* — g(yx) are identifiable in model (4.23), for
identifiability constraint functions g(-) that are smooth, such that g(v + a) = g(v) + a for

vEeRM and a € R.

Proof: The model given in (4.23), parameterized in terms of z, «, and =, is equivalent
to the taxonomic model given in (4.4), parameterized in terms of z, 5y, and 3. Therefore,
the same identifiability results as those derived by Clausen and Willis [2024] will apply.
This implies that parameters z, a, v in the mean model in (4.23) are identifiable up to
equivalence classes of o and <, and under appropriate identifiability constraint functions
g(+), the parameters a — g(«) and ~y, — g(v) for all k € {1,...,p — 1} are identifiable. [J

A result of this proposition is that we can use methods described in the previous chapter
to estimate and perform inference on parameters in this model. This is described further in
Section 4.2.3.

Define the set of parameters ¢ = (9, 09,01, ...,0,-1) € RY+P L [ml where 0, = (65}, ...,0;M)

with 6;" = (Gim :J € Jy) for k€ {1,...,p—1}. The parameters within the vector ¢ appear
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in the mean model given in (4.21), and fully determine the parameters « and - that appear
in the re-parameterized version of the model given in (4.23). Given a constraint function

g(+), define the functions f7%" and f%" as the following:

ZjeJ eéj“reg)m"l‘e']im szJ 66;-—&—9{)‘—1-9%
m - —g | log : -
. ] m . J
ZjeJm e’ % ZjeJ. et

03" +07™ 05 +07

m . e’o k . e’o k

fek (Cb) = log Zje]m w9 log ZJGJ' 7 . (4'26)
ZjeJm e’ jed. e

fE(¢) = log (4.25)

Consider the class of parameter vectors ¢ € ®¢ C ®, where ® = R/*? Szt ml guch that
the following assumption holds.

Assumption 1: For all ¢ € ®¢, for all functions m, one of the following is true:
(a) 6;j =cm € Rforall jeJ,
(b) @™ =60y for all j € J,, and all k € {1,...,p— 1}

Claim: For all ¢ € ®¢, f%'(¢) = f% (¢). Therefore, under that restriction that the pa-
rameters ¢ in the model in equation (4.21) belong to the set ®¢, the resulting parameters
Yot — g(vk) and 67 — g(6x) are equivalent.

Proof: Take an arbitrary parameter vector ¢ € ®¢. First, consider a function m’ such

that Assumption 1(a) holds.

. . T P
5,405 o™ et o1 +oi™
ZjeJm/ € e Zje.]m/ ¢

m' __ _ _agm
e = log 400 log c o i
] /
Zjejm, evrro emm Zje]m/ e
Next, consider a function m” such that Assumption 1(b) holds.
5,400 +oim” o 5;+00m"
m'’ ZjEJm// €7 4§ ek Zje]m// e’ m!’
v, = log — — = log —— =0}
8;+0™ 5+0™
ZjeJ'IYL/I e ! 0 ZjeJ'IYL/I e ’ ’
Therefore, for a set of functions m € {1,..., M} such that each m follows Assumption

1(a) or 1(b), v* = 6;*. Therefore, for any constraint function, g(vx) = g(6x). This means
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that 77" — g(y) = 07" — g(6k). Because this is true for all ¢ € & this means that the
functions 7 (¢) and f% (¢) are equivalent for all ¢ € ®¢. [J

This means that if we could assume that ¢ € ®¢ in all biologically plausible scenarios,
then the parameters v;" — g(7x) and ;" — g(0)) would be equivalent, and we could identify the
biological fold-difference parameter 6" — g()) in the mean model given in equation (4.23).
However, Assumption 1 is not reasonable in most settings. Assumption 1(a) requires all
functions to only occur in a set of taxa with the same efficiencies. This would be trivial if
01 = ... = 0y. This assumption is biologically feasible for functions that only occur within
a small set of closely related microbes, which are similarly difficult to extract DNA from.
Assumption 1(b) requires all functions to only occur in a set of taxa that have the same log
fold-differences for that function across covariate levels. This assumption could also hold
for functions that appear only in a small subset of taxa, all with similar copy numbers of
genes that perform function m and similar taxonomic differential abundances with respect to
the covariate. Unfortunately, neither Assumption 1(a) or 1(b) are plausible for all functions

me{l,...,M}

Proposition 7. Given an arbitrary ¢ € ®, f7%'(¢) and f% (¢) are not necessarily equal.

Therefore, the parameters ;" — g(vx) and 0" — g(0)) are not equivalent in the general setting

that ¢ € P.

Proof: Consider a small example in which m = 3 and .J; = {1, 2,3}. We will choose ¢' € ®
such that {01, 8,03} = {log2,log1,log1}, ' = log1 for all j € J;, and {6}',67",6}'} =
{log 1,log 4,log 10}.

L 2:1-141-1-441-1-10

2. 1+1-1+1-1
L1+1-441-10

1+1+1

4

ol =

In this toy example, i # 0}. We will assume that in this toy example, we can also choose
parameters 6™ and ™ for m € {2,3} so that {7},7%,73} = {4,3,3} and {6},62,63} =

{5,3,1}. Consider several possible identifiability constraint functions g(-).
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o gm) =1 n— W =1#2=0 -6

o gm) =7 n—W=1#4=0; -6

e gm)=F: v -—Mm=3#2=0{ -0
e g(71) = median(y);: 7} — median(y); = 1 # 2 = 6] — median(6),

In this toy example, across four different potential identifiability constraints g(-), f% (¢*) #
fO% (¢"). Therefore, 7" — g(yx) and 0" — g(6;) are not equivalent in the general setting of
ped. U

Corollary: Because the parameters ;" — g(7x) and 6" — g(0x) are not equivalent for the
general setting that ¢ € ®, the parameters ;" — g()) do not appear in the model given in

equation (4.23), and therefore are not identifiable in this model.

4.2.8  FEstimation and inference for the functional abundance model

In the previous section, we state that for the restricted class of design matrices,

p—1

logE[Y;m|X7,7 Ziy Oy ’ym] =z t+tap+ Z sz’)’;zn,
k=1

for all ¢ and m, where,

L gim
a,, = log E %+

]EJT!L
2je 03740
Zjej 65j+96m
The parameters o, — g(«) and 77" — g(yx) are identifiable for all £ € {1,...,p — 1}. The
form of this model is equivalent to log E[Y;;| Xi, 2, 65, 83, 7] = 2+ (8, +33) +Zi;i X33 for

e = log

samples ¢ and taxa j. This is the taxonomic abundance model, with identifiable parameters
Bl — g(B) for all k € {1,...,p — 1}. Clausen and Willis [2024] develop an algorithm to

estimate penalized MLEs of the parameters in the taxonomic abundance mean model. When
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this mean model is true, these penalized MLEs will be consistent for the parameters in this
model. They propose an inferential framework which uses a robust score test to test the
null hypothesis Hy : Bj’? — g(Bk) = 0 for each taxon j. They demonstrate that this procedure
controls the Type I error rate under a range of data generation settings in simulation. In
Chapter 3, we show that our proposed robust score tests using reduced models also control
Type I error rate under similar simulation settings. Therefore, we can propose Clausen
and Willis’ estimation algorithm to estimate parameters " — g(7;) from our functional
abundance model, and test hypotheses of the form 7" — g(71) = 0 using robust score tests
on reduced versions of our functional abundance model. Even though functional abundance
datasets tend to be very large, typically including ten thousand functions or more, we have
demonstrated that robust score tests with reduced models are computationally efficient for

datasets with a large number of categories.

Proposition 8. Under design matrix restriction that i;i Xir € {0,1} for all samples
i € {l,...,n}, if we use Clausen and Willis’ algorithm to estimate parameters Bi — g(Bk)

under the alternative, applied to functional abundance data Y € R™M | then estimates B,’g” —

9(B) B A — glm).

Proof: Under these design matrix restrictions, we assume a model in which

p—1
10g E[Yim| Xi, 25, 0, Y™ = 2 + am + Y Xyl
k=1

subject to identifiability restriction g(7x) = 0. This model is equivalent to the mean model
that is assumed by Clausen and Willis. Because the mean model holds, the estimated MLEs
B,Q" — g(Bk) will be consistent for the log-fold difference parameters in the mean model that
are associated with covariates X;z: v7* — g(7). O

In Chapter 3, we needed to address the challenge of choosing a small subset of taxa to
serve as a reference set with which to define our identifiability constraint and subsequently our
differential abundance parameter. This is difficult for taxa because we rarely have scientific

knowledge to guide this reference set selection. However, we can apply scientific knowledge
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about core genes in the functional abundance setting. Core genes are defined in terms of a
high-level taxon, such as a phylum or a domain, and appear in every constituent species of
that taxon. These genes typically encode essential cellular functions and appear in a single
copy within each organism that contains them. Therefore, we expect that the functions that
correspond to these core genes will have relatively stable abundances across covariate levels
for all environmental covariates (the exception being covariates that are associated with an
increase or decrease in all taxa in a microbiome). This makes these core functions an optimal
set of functions to serve as a reference set. We will propose setting the constraint function
g(+) to be the pseudo-Huber loss over the 7, parameters for functions m in a reference set
of core functions, which we will refer to as S.oe.

In this section we have proposed a model for log E[Y,,] for functional abundances, and
shown that under a restriction of the class of design matrices that we can consider, this model
is linear in the parameters z;, o, and v,,. We’ve shown that the parameters ;" — g(~x) are
identifiable in this model, and we can use the methodology from Clausen and Willis [2024]
and Chapter 3 to estimate this parameter and test hypotheses of the form ~;* — g(v) = 0.
We have also demonstrated that in plausible biological settings, there exist & and m such
that [ — g(w) — 0" + g(0x)| > 0.

The parameters 7;" — g(vx) and 0" — g(0x) have similar forms and interpretations. ;" —
g(0y) is the expected log fold-difference in the true abundance (in terms of gene copies per
unit volume) of function m between samples in the baseline level and the kth covariate level,
relative to the typical log fold-difference in true abundances (where typical is defined based on
the constraint function g(-)). ¥;* — g(7x) is the expected log fold-difference in the observed
abundance of function m between samples in the baseline level and in the kth covariate
levels with the same sample-specific sequencing effects, relative to the typical observed log
fold-difference. However, the difference between these parameters and interpretations is
very important, because ;" — ¢g(6y) is only a function of true biological fold-differences, and
Yot — g(7) is a function of both true biological fold-differences and taxon efficiencies.

If a researcher were to naively assume that the taxonomic abundance mean model could
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be applied to functional abundances Y;,, (with X in our class of restricted design matrices),
without concern for taxonomic efficiencies d;, they would estimate and test the parameter
Yot — g(yx) but interpret it as if it were 0} — g(6x). In the next section, we will use simulation
to study how different these two sets of parameters will be across different taxon efficiency
settings, and investigate the consequences of using 47" — g(9%) estimates and tests of the

hypotheses HJ* : 7" — g(7x) = 0 to draw conclusions about the 6} — g(6x) parameters.

Estimation for the functional abundance model without design matrix restrictions

Previously in this section, we've considered the case in which the design matrix restriction
i: Xir € {0,1} holds. Now, we will consider what estimates from Clausen and Willis’
estimation under the alternative algorithm will converge to when applied to functional abun-
dance data Y € R™M without this design matrix restriction. As we describe in Section 4.2.2,
without this design matrix restriction there is no obvious parameter in terms of the gene
model given in equation 4.22 that we would like to estimate. Therefore, we do not expect
the mean model used by Clausen and Willis to apply to this data. We will therefore consider
this problem through the lens of model misspecification.
In order to present results about the limit of parameter estimates from Clausen and
Willis’ model, under model misspecification, we will assume that Y are Poisson distributed.

We will then assume the true mean model:

Yijm “ Poisson (e o +XI0™) (4.27)

g(0x) =0 for 6), € R&=m/nl (4.28)

Vi A Poisson (e Z it Xy (4.29)
Jj€Im

In this model, we specify an identifiability constraint over vectors @), € Rxm|/ml This
different identifiability constraint, taken over a vector of log fold-differences for function m
and taxon 7, makes this a fundamentally different model than the one that we assume when
we use the design matrix restrictions. However, we can show that the parameters Him —g(6y)

are identifiable under this restriction, if we have data Yj;,,, stratified by taxon.
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When we apply Clausen and Willis’ mean model, we will use the misspecified model:
ind ¢ . 2+ XT B
Yim ~ Poisson(e® ™ 77) (4.30)

9(Bk) =0 for B, eR’ (4.31)

To simplify notation, we will assume single category constraints for both the true and
misspecified models. We will use the constraint g(0;) = 9?1, where j; is the first element of
the set Jj, and the constraint g(3) = SBi.

In order to derive the asymptotic limits of estimates from the misspecified model, we will
use results from [White, 1982]. Under regularity conditions, White states that the MLE 6
calculated from a misspecified model f, converges in probability to 0% as n — oo, where
0% is the minimum of the Kullback-Leibler (KL) divergence Dk (g||f), where g is the true
model. Therefore, the MLEs (2, B) estimated using the misspecified model are consistent for
parameters (z, ) expressed in terms of parameters from the true model, (Z,d,6) that solve
the system of equations of partial derivatives of the KL divergence between the true and

misspecified models. This system of equations is the following:

M . M _ 54+X; (67 —g711)
Z st Xi(Bm =) — Z eZitlog e, , (4.32)
m=1 m=1
Vie{l,...,n} (4.33)
n M . . . n M - 6j+Xi(9j'm*9j11)
Z Z Xerit X8 =8 Z Z X518 e © , (4.34)
i=1 m=1 i=1 m=1
VKE{O,...,p—l} (4.35)
n n _ ) pIm _gi1l
Z 2t Xi(B™ =) _ Z€Zi+log2j6Jm %3 T X (07 =07 )’ (4.36)
=1 i=1
Vke{0,....,p—1}, Vme {2,..., M} (4.37)

While there is no closed-form solution to this system of equations for arbitrary design
matrix X, this shows that the parameters (z, §) that estimates from the misspecified model

(2, B) converge to, will involve taxon efficiencies d, and log fold-differences Him at the function

m and taxon j level.
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4.3 Simulations

In equation (4.22) in Section 4.2.2, we showed that under our model for functional abundance
with design matrices with a single categorical covariate, the ~;" — g(x) parameter that we are
able to identify, estimate, and test is a function of both biological and sequencing parameters.
In this section, we will investigate how the magnitudes and structures of taxon efficiencies

d affect this v;* — g(yx) parameter and its relationship with our ideal biological estimand

o — g<0k)'

4.3.1 Parameter generation

In our simulations, we consider sample sizes n € {25,50, 250} and use a design matrix with a
single binary covariate. We generate data for M = 1000 functions that occur in J = 100 taxa.
We consider the first 25 functions M to be core functions, and assume that they appear in
all taxa {1,...,J}. These core functions will be used to define the identifiability constraint
g (V' Im € {1,...,25}), for the pseudo-Huber loss function g,(-). We assume that the
remaining 975 functions each appear in 25% of the J taxa. We assign these functions to taxa
in increasing order, such that function 26 appears in taxa {1,...,25}, function 27 appears
in taxa {2,...,26}, and so on, such that function 250 appears in taxa {75,...,99}. This
pattern then restarts again with function 251 appearing in taxa {1,...,25}, and continues
for all remaining functions. This method of assigning functions to taxa ensures that there are
sets of taxa that can perform similar sets of functions. This reflects the biological assumption
that there exist groups of molecular functions that are performed in conjunction with each
other by sets of similar microbes. Additionally, this gives us the ability to assign similar
efficiencies to taxa that perform similar functions.

We consider nine taxon efficiency settings. In the first setting, all efficiencies are set to
zero. Under this setting, the identifiable 7" — g(;1) parameter is equal to the ideal biological
estimand 07" — g(6;). While this efficiency setting is implausible with current metagenomic

sequencing technology, it serves as a baseline with which to compare other efficiency settings.
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The remaining settings have efficiencies generated from the set of J evenly spaced values
between exp(—f) and exp(f), where f € {0.5,1.15,1.5,2.0}. These values of f correspond
with efficiencies for which the fold-difference from the taxon with the highest efficiency to the
taxon with the lowest efficiency are approximately 3-, 10-, 20-, and 50-fold respectively. For
each value of f, we construct one setting in which the f values are applied sequencially to taxa
{1,...,J} such that taxon 1 has efficiency exp(—f) and taxon J has efficiency exp(f). We
refer to this as the ordered setting. In conjunction with our method for assigning functions to
taxa, this implies that sets of taxa that perform similar functions also have similar efficiencies.
In the other setting for each f value, we randomly assign efficiency values in the set defined
by f to taxa, which produces no relationship between the efficiencies of two taxa and the
functions that they perform. We refer to this as the unordered setting. These efficiency

settings are summarized in Table 4.2.

Setting | Meaning

S1 0-fold difference

S2 3-fold difference, ordered

S3 3-fold difference, unordered
sS4 10-fold difference, ordered
S5 10-fold difference, unordered
S6 20-fold difference, ordered
S7 20-fold difference, unordered
S8 50-fold difference, ordered
S9 50-fold difference, unordered

Table 4.2: Descriptions of nine efficiency settings used in simulations.

While it is difficult to quantify how much taxon efficiencies range in metagenomic sequenc-

ing data, studies that use mock communities can provide some insight. Mock communities
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are artificially constructed samples with known composition, that are then sequenced and
processed in the same way as all other samples in a metagenomic sequencing dataset. In a
reanalysis of a vaginal microbiome dataset with mock community measurements for seven
taxa, McLaren et al. [2019] found a 30-fold-difference between the taxa with the highest
and lowest efficiencies. In a study of fungal microbes, Leopold and Busby [2020] utilized
a mock community with eight fungal commensal species and one fungal pathogen species,
and estimated the maximum fold-difference between pairs of commensal species to be 13
and the maximum fold-difference of commensal species with the pathogen species to be 40.
Therefore, taxon efficiencies that range between 3- and 50-fold seem biologically plausible.
Our parameter generation process for the «,,, and v]" parameters is described in detail in
Appendix C.1. These parameters are generated such that g(a) = 0, g(71) = 0, and g(6,) = 0.
The 67" — g(0;) parameters take on values in the range [—5,5]. We set the reference set to be
functions m € {1,...,25}, and define g(-) to be the pseudo-Huber loss over =,, parameters
in that set. We draw the z parameters independently from a Normal(3,1) distribution.
While the assignment of the 67" — g(6,) parameters is deterministic, the generation of the
oy, and 7" parameters are random, based on randomly generated Qém and H{m parameters,
as well as randomly assigned ¢; parameters in the unordered settings. For all simulations we
generate random parameters for each trial, in order to investigate the behavior of parameters
Y — g(7) and estimates 47" — g(91) over a wide range of the scenarios that are possible
within our parameter generation framework. We do this to avoid drawing conclusions that

are true for a specific realization of parameters but not true across parameter realizations.

Before we simulate data, can study how the different taxon efficiency settings lead to
differences between the ideal biological estimand 67" — g(#;) and the identifiable parameter
¥ — g(m) for a function m. We generate parameters 100 times, with 100 different random
seeds. For each set of parameters, we calculate the difference |67" — g(0) — 4" + g(71)| for
each m € {1,...,1000}. Figure 4.1 presents boxplots of these differences for each efficiency
setting, aggregated over the M parameters and 100 seeds. The parameter differences are

larger for efficiency settings with larger fold-differences and for unordered settings. In all
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settings, the lowest 75% of parameter differences |07 — g(6) — 7" + g(71)| are less than
0.75, which corresponds to a fold-difference of 2.12. However, outlying parameter differences
exist for all settings besides S1, and the most extreme have magnitudes of 1.9, 2.5, and 3.1,
which correspond to fold-differences of approximately 7, 12, and 22 for S5, 87, and S9. This
simulation shows that for most parameters within most efficiency settings, the difference
107" — g(0) — 7" + g(~1)] is small relative to the range of 67" — g(6) parameters, but there are
a number of outlying parameters with large differences. These large differences, induced by
taxon efficiencies, could make 7" — g(v1) appear large when 67" — g(#) is equal to zero, make
functions with large values of 67" — g(6,) have small values of 4" — g(71), or make " — g(71)
have the opposite sign from 07" —g(6;). We will investigate these concerns through simulation

in the remainder of this section.

4.3.2  Data generation

We generate data in the same way as in Chapter 3. Using our design matrix X and generated
parameters z, a, and «, we can compute means of the form fi,,,, = e*Tom+tXiom=90m)) for each
ie{l,....,n}and m € {1,...,M}. We draw each Y;,, value independently from either a
Poisson distribution of a zero-inflated negative binomial (ZINB) distribution. The simulated
ZINB data has approximately 40% zeroes in each dataset, which is similarly sparse to the

functional abundance datasets that we analyze in Section 4.4.

4.3.3  Type I error simulations

In Section 4.2.3, we state that we can use robust score tests to test the null hypothesis
HM™ 2 ym — g(~), where g(-) is the pseudo-Huber loss over v,, parameters for a small set
of core functions. However, this null hypothesis is less biologically relevant than H," @
07" — g(01) = 0, because 7 is a function of both biological and sequencing parameters but 6,
is a function of only biological parameters. Therefore, when we consider inference for Type I

error rate simulations, we will generate data according to null hypotheses that are functions

of the biological parameters, 67" — g(6;).
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Figure 4.1: Boxplots of simulated differences |67" — g(61) — 7" + g(71)| between the ideal
biological parameter and the identifiable parameter, with parameters generated based on our
proposed functional abundance model. Parameters are generated with 100 different random
seeds for each taxon efficiency setting. Each boxplot represents one efficiency setting and

aggregated parameter differences over M parameters and 100 random seeds.
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We consider this to be an investigation of model misspecification in this setting. In our
Type I error simulations, we will generate data under the null hypothesis H," @ For our
robust score tests, we will estimate &Hgm) such that 9@113’(”) = 0 under the null hypothesis
Hgn (7), and use the ﬁHgL(W) estimates to construct the robust score test statistic 1T° ;%ns(v)' When
Y —g(n) = 07" —g(61), then Ths” 5 x3 as n — co. However, when 47" —g(m1) # 07" —g(6),

and we construct score statistic T;’Zéﬁ{) using data generated under the null hypothesis H," (9),

then we have no asymptotic guarantees for the distribution of Tg;@ statistics. In this
simulation, we will investigate the empirical distribution of the T° ;”é’Y) for finite sample sizes
n € {25,50,250}, for data in which HJ"” : g™ — g(6;) = 0 is true.

Figure 4.2 presents boxplots of |j26 — g(7)| estimates from data simulated across 500
trials. Across all sample size and distribution combinations, the patterns seen in Figure
4.1 are repeated. In all settings, the lowest 75% of estimate magnitudes |7* 4+ g(%1)| are
less than 0.98, which corresponds to a 2.66-fold difference. The estimate magnitudes are
more variable for settings in which efficiencies have larger fold-differences and are unordered.
Additionally, the estimate magnitudes are more variable for ZINB data and smaller sample
sizes than for Poisson data and larger sample sizes. The estimate with the largest magnitude

of 3.30 is from ZINB data with n = 25 under efficiency setting eight, and corresponds with
a fold-difference of approximately 27.

Figure 4.3 presents quantiles of p-values from the robust score test of the null hypothesis
Hgﬁ(w) : Y96 — g(y) on data simulated under the null hypothesis HSG(B) = 0% — g(0,) = 0,
compared to quantiles of a Uniform(0, 1) distribution. The tests on data generated under S1
control the Type I error rate, as well as tests on ZINB data with n = 25 and efficiencies with
3-fold-differences. This makes sense, because S1 is the setting in which 4" —g(v1) = 67*—g(61)
for all m, and tests of ZINB data with n = 25 typically don’t have enough power to reject
the null hypothesis for small effect sizes. Tests on data generated under all other settings
fail to control the Type I error rate. This is especially drastic for Poisson data with larger

sample sizes and and for efficiency settings with larger fold-differences. In the most extreme

setting, p-values from tests on data generated from Poisson data with n = 250 and S9 are
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Figure 4.2: Boxplots of 49— g(7) estimates from data simulated from our proposed functional
abundance model under the null hypothesis that 626 — g(#;) = 0, separated by simulation
setting. Results are from 500 randomly generated sets of parameters and data. There are
54 simulation settings that correspond with nine taxon efficiency settings, n € {25, 50, 250},

and data generated from Poisson and ZINB models.
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less than 0.05 in 86% of trials.

These figures show the magnitude of the 456 — g(¥) estimates are larger for efficiencies
with larger magnitudes that are unordered with respect to taxa, ZINB data, and smaller
sample sizes. The robust score test on the reduced model fails to control Type I error rate
for the null hypothesis Ho'") : 426 — g(,) = 0 when performed on data generated under
the null hypothesis H§6(9) : 075 — g(Ay) = 0 in nearly every efficiency setting in which the
efficiencies are non-zero. This loss of Type I error rate control is most extreme for efficiencies
with larger magnitudes that are unordered with respect to taxa, Poisson data, and larger
magnitudes. This suggests that for large sample sizes, functions m for which 67" — g(6;) = 0
will frequently have robust score test p-values less than 0.05, but will nearly always have
estimates with magnitudes that are less than 2, which corresponds with a 7-fold-difference.
Therefore, in data analyses it would be prudent to identify differentially abundant functions
as those that have both small p-values and large estimated effect sizes, in order to avoid false

positives.

4.8.4  False discovery rate simulations

In the Type I error rate simulations, we only run tests of the parameter v2¢ — g(~y) for each
trial. However, when we run a differential abundance analysis, we typically estimate and test
parameters for every category in the dataset. When we consider a differential abundance
analysis of molecular function, this will often result in running approximately ten thousand
tests. Multiple testing procedures are typically used to control the false discovery rate over
the entire set of tests run within the analysis. Common procedures are the Benjamini-
Hochberg (BH) method [Benjamini and Hochberg, 1995] and the g-value method [Storey,
2002]. In our simulations and data analyses we use g-values, due to their potential gain in
power over the BH method, especially when there are a substantial proportion of non-null
signals in the analysis.

In this simulation, we aim to investigate the effects of different efficiency settings on the

conclusions from a functional differential abundance analysis. We do this by testing null
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Figure 4.3: Quantiles of p-values obtained from the Type I error rate simulation compared

to quantiles of a Uniform(0, 1) distribution. Data are simulated under the null hypothesis

that 626 — g(0;) = 0 using the functional abundance mean model and draws from a Poisson

or zero-inflated Negative Binomial (ZINB) distribution. P-values are generated from robust

score tests. The z = y line is shown in black, and represents quantiles of p-values from a

test that controls Type I error rate at a nominal rate across the full range of p-values. Tests

corresponding to lines above the © = y line are conservative and control the Type I error

rate and tests corresponding to lines below the x = y line are anticonservative and fail to

control the Type I error rate. Results come from a simulation with 500 trials.
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hypotheses Hy'™ : 4™ — g() = 0 for all m € {1,...,1000}, using the set of M robust
score test p-values to generate a set of g-values, and drawing conclusions based on a g-value
threshold. We generate parameters and data in nearly the same way as described in Sections
4.3.1 and 4.3.2. We simplify parameter generation by setting 67* = 0 for m € {1,...,25},
the categories that represent core functions. We set all other 67" parameters to values in
{=5,-1,0,1,5}, with {50, 150, 575, 150, 50} of the remaining parameters randomly assigned
to each signal magnitude respectively. This lets us easily classify functions as those that are
null, with 67" = 0, those that have low biological signal, with |#]"| = 1, and those that have
high biological signal, with |67* = 5|. We run 10 trials for each simulation setting.

The first thing we investigate in this simulation is how many estimates 47" — g(9§1) have
different signs than the associated parameter 07" — g(6;) for values of |07 — g(0;)| € {1,5}.
We find that when |67 — g(0;)| = 5, the estimates of v parameters always have the same sign
as the underlying 6 parameters. However, when 07" — g(6,)| = 1, sign switching does occur.
This happens more often for ZINB data than for Poisson data and for efficiency settings with
larger magnitudes. The setting with the highest proportion of sign switching for functions
m such that |0]" — g(f;)] = 1 is ZINB data with n = 25 and taxon efficiencies that are
ordered with a 50-fold range. Sign switching happens for 13% of estimates for this setting,

aggregated over functions m and the 10 trials.

Figure 4.4 shows proportions of false discoveries and proportions of signals detected,
separated by simulation settings and aggregated over the 10 trials for each setting. In this
figure, discoveries are defined as functions with g-values less than 0.05 and false discoveries
are defined as discoveries with 67" — ¢(0;)] = 0. In efficiency setting one, in which all
efficiencies are equal, the false discovery rate is controlled at nearly a nominal rate across
all distribution and sample size settings. For all other efficiency settings, the false discovery
rate is not controlled in any setting, with the exception of data generated with n = 25 from
the ZINB distribution. The highest proportion of false discoveries comes from the simulation
setting with Poisson data with n = 250 and efficiencies that are unordered and have a 50-

fold-difference. In this simulation setting, aggregated over the 10 trials, 59% of discoveries
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FDR simulation, g-value threshold of 0.05
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Figure 4.4: Proportions of false discoveries from false discovery rate simulations, separated
by simulation setting. Discoveries are defined as functions with g-values less than 0.05, and
false discoveries are defined as discoveries with |07* — ¢g(61)| = 0. The proportion of false

discoveries for each setting, aggregated over the 10 trials, are shown in this figure.
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are false discoveries.

There is a high proportion of true signals (functions with [theta* — g(6;) > 0) detected
across settings, with the expection of ZINB data with n € {25,50}. In these settings,
there is lower power for signals with lower magnitudes of 1. While the proportion of true
signals detected is approximately 1 for the other data settings for efficiencies that range up
to 10-fold, this proportion drops for efficiencies with larger ranges for Poisson data with n €
{25,50}. This simulation suggests that under our parameter and data generation procedures,
differences in efficiencies can lead to data analyses in which some or most discoveries are false,
even when using methods such as g-values that asymptotically control the false discovery
rate for valid tests. However, there are a high proportion of true signals detected in most
data settings, even for large efficiency ranges.

One way to try to reduce false discoveries could be to use a more stringent false discovery
rate threshold, in hopes that the discoveries with the smallest g-values will be less likely to
be false. In Figure 4.5, we use a g-value threshold of le — 4 to define discoveries. In this
plot, we can see that we avoid false discoveries for ZINB data with n € {25,50}, although
in these settings we also fail to detect some to most true signals. In the other data settings,
there is still a large proportion of false discoveries. For Poisson data with n = 250, the
false discovery proportion is over 50% for unordered efficiencies that range 10-fold or more.
The proportions of true signals detected are lower than when using a g-value threshold of
0.05, although they are still quite high data-settings with n = 250 and signals with large
magnitude of 5.

In Section 4.3.3, we found that despite anticonservative tests for most efficiency settings,
functions such that " — g(y1) = 0 rarely had estimated effect sizes with magnitudes greater
than 3. Most estimated effect sizes were less than 1. Therefore, we consider the effects
of defining a discovery using both a g-value threshold of 0.05 and an estimated effect size
threshold of |9]" — ¢g(%1)| > 3. In Figure 4.6, we can see that the false discovery proportions
are less than 0.05 in all settings. This discovery definition is quite conservative, as for most

data and efficiency settings, the proportion of false discoveries is far closer to 0 than to
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Figure 4.5: Proportions of false discoveries from false discovery rate simulations, separated
by simulation setting. Discoveries are defined as functions with g-values less than le — 4,
and false discoveries are defined as discoveries with |0]" — g(6,)| = 0. The proportion of false

discoveries for each setting, aggregated over the 10 trials, are shown in this figure.
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FDR simulation, g-value threshold of 0.05 and effect size threshold

1.00 1 1.00 1

S
2~

Efficiencies setting

S1: 0-fold difference

S2: 3-fold difference,
ordered

S3: 3-fold difference,
unordered

S4: 10-fold difference
ordered

S5: 10-fold difference
unordered

S6: 20-fold difference,
ordered

S7: 20-fold difference,
unordered

S8: 50-fold difference,
ordered

S9: 50-fold difference,
unordered

0.75 1 0.754

0.50 0.50 1

Proportion of false discoveries
Proportion of signals detected
*

Signal magnitude
e 0
* 1
* 5

0.25 1 0.254

0.00 °® 0.004 ¢ ¢ & ¢ o

St S2 S3 S4 S5 S6 S7 S8 S9 S1 S2 S3 S4 S5 S6 S7 S8 S9
Efficiencies setting Efficiencies setting

Poisson,n=25 ® ZINB,n=25
Data setting Poisson, n = 50 ZINB, n =50

® Poisson, n =250 ZINB, n = 250

Figure 4.6: Proportions of false discoveries from false discovery rate simulations, separated
by simulation setting. Discoveries are defined as functions with g-values less than 0.05 and
estimated effect sizes |97 — ¢g(%1)| > 3, and false discoveries are defined as discoveries with
|07 — g(61)| = 0. The proportion of false discoveries for each setting, aggregated over the 10

trials, are shown in this figure.
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0.05. Using this effect size threshold, we can never detect a signal with a small magnitude
of 1. However, we detect nearly 100% of signals with large magnitudes of 5 in all data and
efficiency settings except for ZINB data with n = 25, for which there is not enough power
to detect a high proportion of true signals. These results show that using g-value and effect
size thresholds in tandem produces conservative inference, in which we have low rates of false
discoveries even in the presence of large efficiencies, but can only detect large signals.

In practice, we do not recommend using a strict effect size threshold for inference. This
is because in our simulation, we have the prior knowledge to choose a reasonable effect
size threshold, based on our knowledge of the differences between estimates 47" — g(91) and
parameter 67" — g(6,) from our Type I error rate simulation. However, our simulation cannot
fully capture the complicated dynamics of how functions appear in taxa and we do not know
how much taxon efficiencies range in specific microbial sequencing datasets. Therefore, we
have no strategies to choose a reasonable effect size threshold. However, Figure 4.6 does
show that we can be more confident that discoveries that we make reflect true biological
signals in terms of parameters 0" — g(6;) for functions that have small g-values and large

estimated effect sizes.
4.4 Data analyses

In this section, we perform a functional differential abundance analysis on a metagenomic
sequencing dataset using Clausen and Willis” estimation procedure and the robust score tests
on reduced models that we propose in Chapter 3. We believe that the Y;,, values in this
dataset follow the functional abundance mean model, and we can therefore only estimate
and test parameters of the form v]* — g(v1). We will therefore make sure to interpret results
based on the 7" — g(v1) parameters, that are effected by taxon efficiencies from sequencing,
and not the log fold-differences 67" — ¢(6,) that represent biological differential abundance.
Therefore, we will not know whether any differential abundance signals that we identify are
the results of functions with non-zero 67" — g(#,) parameters, or the results of differential

taxon efliciencies.
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We also analyze this dataset using ALDEx2 [Fernandes et al., 2013] and ANCOM-BC2
[Lin and Peddada, 2024]. Although we do not derive the estimands of ALDEx2 and ANCOM-
BC2 when applied to functional abundance data, their models are also unable to account
for taxon efficiencies that affect the data at a different scale than the functional abundances
parameters that we aim to estimate and test. Additionally, under taxonomic abundance
models, their target estimands are similar to the 3] — g(8;) estimand from our taxonomic
abundance model. Therefore, when applied to functional abundance data, we expect that
both the ALDEx2 and ANCOM-BC2 estimands will be functions of both biological and
sequencing parameters.

In this data analysis, we observe Y;; values that represent coverages of Kegg Orthology
(KO) categories [Kanehisa et al., 2016]. A coverage represents the observed abundance of
the category in whole genome sequencing data. A KO is a category that represents a set of
functional orthologs, which are genes that perform the same functions across a set of species
and have all evolved from the same gene in the most recent common ancestor of that set of

species.

4.4.1 Analysis of functional differential abundance between the tongue and gingiva

The functional dataset that we analyze is a subset of data from the Human Microbiome
Project (HMP) [Consortium, 2012]. The HMP was a large-scale initiative aimed at char-
acterizing human microbiomes. We consider samples that come from either the tongue or
the gingiva of subjects on their first study visit, and investigate functional differential abun-
dance between these two body sites. This dataset includes coverages for 8,152 KOs from
322 samples, 163 from the tongue and 159 from the gingiva. The tongue is considered the
baseline category in this analysis.

We define the differential abundance parameters in our functional abundance model as
Y —g(y) for m € {1,..., M} and for g,(7]* : m € S,») the pseudo-Huber loss over 7,
parameter values for a reference set S,;, of 31 ribosomal protein KOs (a list of these proteins

and KOs is given in Table C.1 in Appendix C.2.1). The 47" — g(41) estimates range from
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—0.13 to 0.12 for functions m in S,; and from —9.61 to 12.06 across all m € {1,..., M}.
The functions in S,;, have magnitudes that are small and close to each other, making it seem
like a good choice for a reference set for this data analysis. One notable feature of these
dataset is a large number of KO categories that appear only in tongue samples or only in
gingiva samples. There are 2,037 (~ 25%) KOs that appear in samples from only one body
site.

Figure 4.7 shows estimates 41 — g(71), distinguished by which body sites they are present
in. Each estimate 47" — g(91) represents the expected log fold-difference in observed abun-
dance of function m between a sample from the gingiva and a sample from the tongue, where
these samples have the same sample-specific sequencing effects, relative to the typical log
fold-difference in observed abundance between these body sites for ribosomal proteins in the
set S,u. The left panel includes all functions, and the distribution has three modes. There
is a large mode at 0 (this corresponds to the smoothed median log fold-difference within the
set Syp). This is another sign that these ribosomal proteins have 7" — g(+;) parameters that
are a good representation of the typical 47 — g(7y1) parameter value in the dataset, as the
largest mode of estimates is approximately the same g,(3]" : m € S,;). All functions with
estimates near this mode appear in both gingiva and tongue samples. There are two more
small modes, at approximately 3 and —4.5. Most of the functions near these modes appear
only in gingiva samples and only in tongue samples, respectively.

The right panel of Figure 4.7 includes log fold-difference estimates only for functions that
appear in more than one sample. Out of the 2,037 (= 25%) KOs that appear in samples
from only one body site, only 419 appear in more than one sample. This distribution has a
single mode at 0. This demonstrates that the two small modes in the left panel are made up
primarily of functions that appear in a single sample.

When performing inference on this dataset, we account for multiple tests by calculating
g-values [Storey, 2002] using the 8,152 robust score test p-values. We use a false discovery
rate threshold of 0.01. Using the robust score tests on reduced models, 4,298 KOs (53%)

have g-values less than 0.01. We perform a sensitivity analysis for our chosen reference set
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analysis. Estimation is done using Clausen and Willis’ estimation algorithm. The bars are
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functions that are found only in tongue samples.
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Sy by defining an alternate reference set, S,;; using the set of 16 KOs that correspond to
ribosomal proteins used to build a new multidomain phylogeny in [Hug et al., 2016]. We then
re-run the robust score tests on reduced models using constraint g,(y]* : m € Su:). There
is a Pearson correlation of 0.952 between p-values from these two procedures with the two
difference reference sets. Out of the 4, 298 parameters with g-values less than 0.01 from the
robust score tests with the original reference set, 4,212 of them also have g-values less than
0.01 when using the smaller reference set. We also compare the results of the robust score
tests with the reduced model to robust score tests with the full model. We find a Pearson
correlation of 1.00 between the p-values from the two sets of tests and robust score tests with

reduced models run 1,089 times faster than tests with the full model, on average.

We also analyze this data with Clausen and Willis’ robust Wald tests, ALDEx2 [Fernandes
et al., 2013], and ANCOM-BC2 [Lin and Peddada, 2024]. There is strong concordance
between our 47" — g(7;) estimates and the parameter estimates from ALDEx2 and ANCOM-
BC2, with Pearson correlations of 0.86 and 0.72 respectively. The correlation with ANCOM-
BC2 estimates is only over KOs without separation, because ANCOM-BC2 does not produce
estimates for separated KOs. The ALDEx2 estimated effect sizes have a similar range to our
4 — g(¥) estimates (from ~ —8.8 to ~ 11.2), and the ANCOM-BC2 estimated effect sizes
have a smaller range (from ~ —4.5 to ~ 4.0).

The robust Wald tests result in 6,304 KOs (77%) that have g-values less than 0.01.
The largest differences between the p-values from the robust Wald tests and robust score
tests are for parameters from separated KOs. This is explored further in Appendix C.3.1.
There are 4,345 KOs (54%) with ALDEx2 g-values less than 0.01. These g-values are more
conservative than the other g-values reported for this analysis because the ALDEx2 p-values
range from 0 to 0.94 instead of from 0 to 1. Due to this truncated distribution of p-values, the
proportion of true null KOs cannot be estimated in the g-value procedure and is instead fixed
to 1. This results in a procedure that is equivalent to the more conservative BH procedure
[Storey, 2002]. 6,034 KOs (74%) have robust score test g-values and ALDEx2 g-values that
are either both greater than 0.01 or both less than 0.01.
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There are 4,413 KOs (54%) with ANCOM-BC2 g-values less than 0.01, and 3,717 of
these KOs (46%) pass ANCOM-BC2’s sensitivity analysis to assess the impact of adding
pseudocounts to zero counts. There are two ways to deal with separation with ANCOM-
BC2. When running ANCOM-BC2 and including the functionality to detect structural zeros,
these separated KOs will be declared differentially abundant, and test statistics and p-values
will not be calculated for parameters from these KOs. When running ANCOM-BC2 without
detecting structural zeros, estimates from these KOs will be set to NA, and the p-values
will be set to 1. We run ANCOM-BC2 without detecting structural zeros, and therefore
have discordance between the robust score test p-values and ANCOM-BC2 p-values for all
parameters from separated KOs. Considering only the KOs without separation and ignoring
the results of the pseudocount sensitivity analysis, 4,838 KOs (79%) have robust score test
g-values and ANCOM-BC2 g-values that are either both greater than 0.01 or both less than
0.01.

In Figure 4.8, we look closer at KOs with small g-values based on p-values from robust
score tests with reduced models. Both panels includes estimates and confidence intervals for
functions with g-values less than 0.01, plotted by prevalence in the dataset and the body
sites that the function is found in. The left panel includes functions with g-values less than
0.01, which corresponds with &~ 53% of KOs in the analysis. The function with the lowest
prevalence in this subset appears in 5 samples. In this plot, we can see that functions with
g-values less than 0.01 either have low to medium prevalence and large estimated 47" — g(%1)
values, or high prevalence and smaller estimated 47" — g(%;) values. Functions that only
appear in gingiva samples or only appear in tongue samples make up ~ 4% of the functions
in this subset, and have larger effect sizes and smaller prevalences. The right panel uses a
much more stringent g-value threshold of 1e — 16, and includes &~ 10% of KOs in the analysis
that have the most evidence for differential abundance. These KOs all appear in 100 or more
samples, and most have effect sizes greater than 1. This plot shows that even though KOs
that appear only in gingiva samples or only in tongue samples have the largest estimated

effect sizes, most of the KOs with the most evidence of differential abundance are present in
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both body sites and have high prevalence.

KO name KO function Estimate | Prevalence
K01990 ABC-2 type transport system ATP-binding protein 1.25 322
K01992 ABC-2 type transport system permease protein 0.81 322
K05602 histidinol-phosphatase [EC:3.1.3.15] 6.18 164
K05988 dextranase [EC:3.2.1.11] -1.83 298
KO06188 aquaporin 7 -2.20 256
K13562 NAD(P)H:FMN oxidoreductase [EC:1.5.1.-| 1.13 322
K16038 N-methyltransferase [EC:2.1.1.-] 3.10 274
K20460 lantibiotic transport system permease protein 4.76 177
K21481 | heme oxygenase (mycobilin-producing) [EC:1.14.99.57] 3.99 187
K24180 malate permease and related proteins -1.58 311

Table 4.3: KOs with significant g-values from the HMP data analysis described in Section
4.4.1. Estimates and p-values are computed using robust score tests on reduced models.
Q-values for all of these KOs are less than 1€29. All KOs appear in samples from both body

sites.

Finally, we present the ten KOs with the smallest p-values (and therefore the most
evidence of differential abundance) in Table 4.3. These KOs all have g-values less than
1e29, and appear in samples from both body sites. Seven of the KOs are more abundant in
the gingiva, and three of the KOs are more abundant in the tongue. The estimated effect
size magnitudes range from 0.81 to 6.18. However, it is important to note that these KOs
have strong evidence of differential abundance in terms of log fold-differences in observed
abundances from sequencing data. Therefore, we don’t know if this reflects differential
abundance in terms of the biological log fold-difference parameter that we care about, 67" —

g(01). Our Type I error and false discovery rate simulations suggested that large effect size
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magnitudes often correspond with true discoveries. Even though K05602 is ranked third
among these KOs in terms of p-values, we believe that it is more likely that this very small
p-value reflects biological differential abundance and is not simply a product of sequencing
effects because it has a large effect size compared to K01990 and K01992, which have small

effect sizes.

HMP analysis permutation test

We additionally run a permutation test with this HMP dataset to investigate how often KOs
are concluded to be significant by each method for random permutations of the site covariate.
We permute the site covariate labels ten times, and for each permutation calculate p-values
using robust score tests on reduced models, Clausen and Willis’ robust Wald tests, ALDEx2,
and ANCOM-BC2, and compute g-values using each set of p-values.

Across the ten permutations, the robust score test and ALDEx2 never detect a KO with a
robust score g-value less than 0.01. There are between 625 and 681 KOs with robust Wald g-
values less than 0.01 across permutations, of which 570 to 645 of these KOs have separation
in the permuted data. There are between 465 and 584 KOs with ANCOM-BC2 g-values
less than 0.01 across permutations, and between 6 and 65 of these KOs with significant
ANCOM-BC2 g-values pass the pseudocount sensitivity analysis.

This permutation analysis demonstrates that the robust score test and ALDEx2 are
sufficiently conservative to avoid detecting false signals for this setting in which permutation
generates data under the null hypothesis of no differential abundance. ANCOM-BC2 is
susceptible to false discoveries, although most of them do not pass the pseudocount sensitivity
analysis. The robust Wald test is also susceptible to false signals, especially when there is
separation in the data. Even though the Wald test retains Type I error rate control in
simulations in Chapter 3 for simulated Poisson data with n = 250, this example provides
a case in which the robust Wald test is prone to false discoveries in a dataset with a large
sample size. This provides another reason to use the robust score test instead of the robust

Wald test, even for datasets with large sample sizes.
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In Appendix C.4, we present a second functional differential abundance analysis. We
do not describe the results here, because the estimation results are similar to those in the
HMP data analysis, and the small sample size of n = 24 is too small to detect differentially

abundant functions with our method for a reasonable g-value threshold.
4.5 Discussion

In this chapter, we consider differential abundance analyses of molecular functions. We define
our target differential abundance parameter, 07" — g(0y), as the expected log fold-difference in
the true abundance of function m associated with the kth covariate level relative to the typical
log fold-difference in a reference set of functions. We present a mean model for functional
abundance, which relies on assumptions about sequencing effects that are considered to be
true for taxonomic abundances. We argue that while we like to develop a model at the scale of
Wim, we must instead model at the scale of W;;,,, to account for differential taxon efficiencies.
Due to the effect of taxon efficiencies, our target differential abundance parameter 07" — g(6y)
does not appear in this model. Instead, the identifiable parameter that corresponds with
covariate k in our model is ;* — g(~x), which is a function of both biological parameters and
unknown taxon efficiencies. We show that we can estimate and efficiently test the parameter
v — g(y) by applying our taxonomic differential abundance method from Chapter 3to data
generated from the functional abundance mean model.

Through simulation, we investigate the difference |v]" —g(v1) — 07"+ g(0:)| across a variety

O = g(m) = 0 using

of efficiency settings. We find that testing the null hypothesis H,"
data that is generated under H," ©) 07" — g(01) = 0 can lead to many false positives and
false discoveries, especially for efficiencies with large fold-differences and datasets with larger
sample sizes. However, we also find in simulation that when identifying differentially abun-
dant functions based on both a false discovery rate threshold and a conservative estimated
effect size threshold, we nearly always identify functions m such that |67* — g(6;)| > 0. We

apply our method to a functional differential abundance analysis, and compare our results

to ALDEx2 and ANCOM-BC2. In our analyses, we show that unlike ALDEx2, our method
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can be applied to non-integer values and produce valid p-value distributions, and unlike
ANCOM-BC2, our method can perform inference in the presence of separation and avoid
detecting signals in permuted data.

There are several directions for future statistical work based on the findings that we
present in this chapter. While we propose an identifiable model for functional abundance
using a design matrix with a single categorical covariate, it would be preferable to have a
model that is identifiable for an arbitrary design matrix. This could be used to understand
what functional differential abundance parameters can be identified based on reasonable
biological assumptions across much more complex experimental designs. Another extension
to this project could be to develop more realistic simulation settings, that better reflect the
complexity of how functions occur within taxa in real microbiomes.

One technique that has been used to account for the effect of taxon efficiencies in tax-
onomic abundance models is calibration with mock communities. Methods have been pro-
posed by Brooks et al. [2015], Krehenwinkel et al. [2017], Bell et al. [2019], and McLaren
et al. [2019] to use mock communities to estimate taxon efficiencies and apply these efficiency
estimates to better estimate taxonomic abundances and microbial community composition.
Similar approaches could be developed for functional abundance models. Data would need
to be processed a step further than it currently is for these types of analyses, to provide
coverages Y, of function m in taxon j in sample ¢, instead of coverages Y, of function m
in sample ¢. Estimated taxon efficiencies could then potentially be used to calibrate a model
for functional abundance similar to the one that we propose. However, mock communities
are limited in their ability to represent complex microbial communities [Brooks et al., 2015].
Therefore, while mock communities can help us learn about the magnitudes of taxon effi-
ciencies and could potentially be leveraged to calibrate functional abundance models, they
are not a feasible solution for most data analyses.

While the parameter vector v, — g(7x) in our functional abundance model is affected by
taxon efficiencies, it is preferable to perform analyses in which we estimate and test this

parameter while being careful to interpret it correctly than to completely avoid functional
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differential abundance analyses due to this limitation. However, it is also important to
interpret our estimated parameters correctly, as expected log fold-differences in observed
abundances, that are affected by taxon efficiencies, and not expected log fold-differences
in true abundances. We believe that an analysis performed in this way can lead to useful
scientific conclusions about functions that are differentially abundant across a covariate,
which can then be investigated further in future studies.

Code to reproduce all analyses run for this paper is available at https://github.com/

statdivlab/functionalEmu_supplementary.
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Chapter 5

CONCLUSION

In this dissertation, I have presented three statistical methods to visualizate, estimate, or
test estimands that are relevant to the study of microbiomes. While each of these methods
focuses on a different scientific question, they all consider the context in which metagenomic
sequencing data are generated and are computationally efficient for the large scale of datasets

that are typical in microbiome science.

In my second chapter, I argue that the parallel study of phylogenies at both a gene
and genome level can provide complementary information about evolutionary histories. My
third and fourth chapters both address differential abundance analyses, for abundances of
taxa and molecular functions respectively. I believe that as in my second chapter, these
two different perspectives with which to study abundance data could be combined in order
to gain additional scientific insight into a microbial community of interest. Analyzing both
taxonomic and functional differential abundance from the same dataset could help us better
understand the relationship between changes in community composition and differences in

the functional potential of a microbiome, as they relate to relevant environmental covariates.

In my third and fourth chapters, I develop methods for the differential abundance analysis
of metagenomic sequencing data that do not utilize control data. However, when researchers
build control data into their experimental design, we can use them to counteract the effects
of unknown sequencing effects on our conclusions. In my third chapter, I study a differential
abundance estimand in which I compare the expected log fold-difference in abundance for a
given taxon across covariate levels to the typical log fold-difference in the analysis, with the
typical fold-difference defined as the median fold-difference over all taxa or a small reference

set. However, consider a dataset in which a researcher has added a synthetic compound to
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all samples in known quantities. This is referred to as a “spike-in”, and has been used to
validate differential abundance methods by comparing the estimated differential abundance
of this compounds to the known true differential abundance [Hardwick et al., 2018]. In my
method, I could define the target estimand to be the log fold-difference of each taxon across
covariate levels, relative to the log fold-difference of the synthetic compound. This would
provide a baseline that corresponds to known absolute abundances.

In my fourth chapter, I show that the functional differential abundance estimand that
I can identify, estimate, and test with my model is affected by unknown taxon efficiencies.
In most metagenomic sequencing datasets, there is no way to quantify how large these
efficiencies are, or how similar they are between taxa within different levels of classification.
However, another type of control data can be useful here. If I had mock community data
for a subset of taxa in a dataset, I could estimate the detection efficiencies for these taxa.
Unlike in my third chapter, I could not directly apply this information to my choice of
estimand. However, I could use this to design a sensitivity analysis, in which I perturb my
data many times based on reasonable models of taxon efficiencies using information from
the mock community, and investigate which functions have estimated effect sizes that are
robust to these perturbations. This could help me understand the effects of differential taxon
detection efficiencies on functional differential abundance analyses.

Microbiome science is an exciting area for statistical methods development because of
the large scale of data and the importance of accounting for ways in which that data are
sequenced and processed. It is the responsibility of statisticians who work in this field to
distill this data into useful and interpretable estimands, while recognizing and communicating
the limitations that their methods inherit from the limitations of metagenomic sequencing
data. As improvements to high-throughput sequencing technology and to the experimental
design of microbiome studies lead to more accurate metagenomic sequencing data, there will
be opportunities for statisticians to develop new methods that utilize these improvements to

expand the class of estimands that we can visualize, estimate, and perform inference on.
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Appendix A

ANALYZING MICROBIAL EVOLUTION THROUGH GENE
AND GENOME PHYLOGENIES

A.1 Additional analyses of Prevotella data from Section 2.3.1

A.1.1 Sensitivity to the choice of log map base tree

The purpose of this additional analysis of the Prevotella gene trees is to investigate the
sensitivity of the proposed visualization to changes in the base tree used in the log map
transformation. Figure A.1 shows the proposed visualization constructed using the phy-
logenomic tree as the base tree (which, in this case, is also the tree with the lowest mean
squared BHV distance from the other trees in the set) as well as the visualization constructed
with five different base trees. These five trees have the next smallest mean squared BHV
distance from other trees in the set after the phylogenomic tree. Each of the visualizations
in Figure A.1 show the same three outlying genes (unlabeled for visual simplicity): BacA,
DMRL_synthase, and GTP _cyclohydrol. There are subtle differences between the visualiza-
tions including the spread of the non-outlying trees in the second principal component and
the orientation of the BacA gene (the outlier in the second principal component) compared
to the rest of the trees. However, overall, the same conclusions can be drawn by each of the
visualizations in Figure A.1.

In Figure A.2, we now show the proposed log map visualization with base trees cho-
sen to be the three outliers visible in Figure A.1. The visualizations that use BacA and
GTP_cyclohydrl as base trees are very similar to the one that uses the phylogenomic tree
as the base tree. Interestingly, when DMRL_synthase is the base tree, BacA is no longer
identifiable as a clear outlier in the second principal component.

Our recommendation for choosing base trees is to choose a tree that is central to the tree
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set (in terms of BHV distance). Such a choice will map as much information as possible
from BHV tree space to the log map representation. However, we strongly suggest running
a sensitivity analysis (similar to those described above) to investigate if the results of the
visualization are relatively robust to the base tree choice.

Finally, we investigate the result of choosing a base tree with the topology drawn
uniformly-at-random, i.e., a base tree with a topology uninformed by the gene tree data.
While gene trees rarely all have the same topology as each other, they tend to have similar
topologies relative to the number of possible tree topologies. Thus, they exist in a small
number of BHV orthants. We hypothesize that the proposed visualization was relatively
robust to choice of base tree in Figures A.1 and A.2 because all of the trees in the analysis
exist in this small number of nearby orthants in BHV space. By this rationale, choosing a
base tree from an orthant that is farther away from the set of trees could distort the visu-
alization, because the direction of the first segment of the geodesic from the base tree to
each tree in the analysis will be similar. Figure A.3 shows the proposed visualization using
a randomly generated tree on 78 tips as the base tree. The topology is drawn at random
using the function rtree from the package ape [Paradis and Schliep, 2019], and the branch
lengths are drawn at random from the empirical distribution of branch lengths from all trees
in this Prevotella dataset. Results look very similar when different random base trees are
generated. This plot shown in Figure A.3 has the same patterns as the majority of the plots
in Figures A.1 and A.2, with the exception of the randomly generated base tree, which is an
outlier in the second principal component. This plot shows that while the random base tree
is clearly an outlier from the set of trees in the analysis, the patterns in the plot are even

robust to this choice of topology-uninformed base tree.

A.1.2 MDS visualization

Figure A.4 provides a visualization of the Prevotella gene trees and phylogenomic tree using
metric MDS of BHV distances. This plot shows the same signals as the proposed visu-

alization, with the phylogenomic tree towards the center of a cluster of gene trees, with
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Figure A.1: The proposed visualization of 63 gene trees constructed from 78 genomes from
the Prevotella genus, depicted by a two-dimensional scatterplot. Each subplot is constructed
using a different tree as the base tree in the log map (see subplot titles). The five chosen
gene trees (LYTB, Voltage CLC, YicC_N, Acyltransf 2, and DUF4924) have the smallest

mean squared BHV distances from other trees in the dataset.
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Figure A.2: The proposed visualization of 63 gene trees constructed from 78 genomes from

the Prevotella genus, depicted by a two-dimensional scatterplot.

Each subplot is con-

structed using a different tree as the base tree in the log map. BacA, DMRL_synthase,

and GTP _cyclohydrol are the outlying genes identified in the plot created with the phyloge-

nomic tree as the base tree.
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Figure A.3: The proposed visualization of 63 gene trees constructed from 78 genomes from

the Prevotella genus, depicted by a two-dimensional scatterplot. The base tree is a randomly

generated tree with 78 tips.
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Figure A.4: A visualization of 63 gene trees constructed from 78 genomes from the Prevotella

genus using MDS of BHV distances between trees, depicted by a two-dimensional scatterplot.

DMRL _synthase and GTP_cyclohydrol as outliers in the first dimension and BacA as an
outlier in the second dimension. However, the cloud of non-outlying trees is less dense in the
MDS plot in Figure A.4 compared to the plots in Figures A.1 and A.2. The cloud of points

is spread out along both MDS dimensions 1 and 2 in Figure A.4, versus only along principal

component 2 in the PCA plots.

A.1.83 tSNE and UMAP visualizations

In addition to the more traditional dimension reduction methods of PCA and MDS, we
can also consider performing dimension reduction using t-distributed stochastic neighbor
embedding (t-SNE) and uniform manifold approximation and projection (UMAP) on the
log map vectors. We implement t-SNE using the function Rtsne from the R package of the

same name [Krijthe, 2015], and UMAP using the function umap from the R package of the
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same name [Konopka, 2023]. As both of these dimension reduction algorithms are stochastic,
we consider visualizations created with four different initial seeds. The t-SNE visualizations
can be seen in Figure A.5 and the UMAP visualizations in Figure A.6.

Each of the t-SNE plots show the phylogenomic tree as a central point among the set of
points and BacA, DMRL _synthase, and GTP _cyclohydrol are extreme points although not
separated from the other points as apparent outliers as seen in the PCA and MDS plots.
The relative positions of the other points appear to be slightly different between each initial
seed, although in each plot the points are spread out in a sparse pattern throughout the
range of the two axes. The UMAP plots have more variation across initial seeds. The
point representing the phylogenomic tree is towards the center of the points in one of the
plots but is farther from the center in the other three. While the points representing BacA,
DMRL_synthase, and GTP _cyclohydrol are closer to the edges of the set of points, they are
not the most extreme points in the plots and would not be identified as apparent outliers.
Additionally the overall pattern of the other points varies between plots. It is interesting
that the plots for this analysis change so much across initial seeds and that they do not
share the same outliers as the PCA and MDS plots. This suggests that different dimension
reduction tools will provide different insights and may be more or less useful depending on

the data being analyzed.
A.2 Additional analyses of Streptococcus data from Section 2.3.2

A.2.1 Sensitivity to base tree in log map transformation

Here we investigate the sensitivity of the proposed Streptococcus visualization to changes in
the base tree used in the log map transformation. Figure A.7 shows the proposed visualization
constructed using the phylogenomic tree as the base tree (which in this analysis is also
the tree with the lowest mean squared BHV distance from the other trees in the set) as
well as the visualization constructed with five different base trees. Three of these trees

(MnmE _helical, NFACT N, and NAPRTase) have the smallest mean squared BHV distance
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Figure A.5: A visualization of 63 gene trees constructed from 78 genomes from the Pre-

votella genus, depicted by a two-dimensional scatterplot of the first two dimensions from

t-SNE. Each subplot is constructed using a different initial seed. BacA, DMRL_synthase,

and GTP_cyclohydrol are the outlying genes identified in the plot created with the phyloge-

nomic tree as the base tree.
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Figure A.6: A visualization of 63 gene trees constructed from 78 genomes from the Pre-
votella genus, depicted by a two-dimensional scatterplot of the first two dimensions from
UMAP. Each subplot is constructed using a different initial seed. BacA, DMRL_synthase,
and GTP_cyclohydrol are the outlying genes identified in the plot created with the phyloge-

nomic tree as the base tree.
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from other trees in the set (Ribosomal 1.9_C, Ribosomal S30AE, and DUF3270 also have
two of the smallest mean squared BHV distances from other trees but are non-binary and
therefore cannot be base trees in the log map transformation). The other two trees (EcsB
and DUF1934) are apparent outliers in the visualization with the phylogenomic tree as base.
While there are subtle differences between the plots, including the orientation of the first
principal component, they overall show the same relationships between trees, including the
dense clustering of ribosomal gene trees. This analysis appears to be robust to the choice of
base tree, as trees central to the set in terms of BHV distance and trees on the edges of the
visualization across all choices of base tree give similar results.

We also investigate the result of choosing a base tree with a random topology. Figure
A.8 shows the proposed visualization using a base tree with a randomly generated topology
on 106 tips and branches drawn from the empirical distribution of non-zero branch lengths
from trees in this analysis. The branch lengths must be non-zero in order for the tree to
be binary and a viable base tree. As in the Prevotella exploration, the random base tree is
an outlier (here in the first principal component) but the other patterns seen in Figure A.7
can still be seen in the plot. This includes the clustering of points representing ribosomal vs
non-ribosomal trees, the cone-shaped pattern of points, and the more extreme points. This
provides another case in which the proposed visualization is robust even to base trees with

topologies that are uninformed by the trees in the analysis.

A.2.2 MDS visualization

Figure A.9 provides a visualization of the same set of Streptococcus gene trees and phyloge-
nomic tree using MDS of BHV distances. While there is a similar high density of trees in part
of the plot (representing ribosomal gene trees) and the other trees are more spread out, there
is a different overall shape than in the log map and PCA plots. The points are less dense
than in the log map and PCA plots and collectively have a more circular pattern. While
the identified outliers are at the edge of the cloud of trees, they are not easily discernible as

outliers.
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Figure A.7: The proposed visualization of 196 gene trees estimated from 106 genomes in
the Streptococcus genus shown as a two-dimensional scatterplot. The points are colored by
whether or not they represent a ribosomal gene. Each subplot is constructed using a different
tree as the base tree in the log map. Gene trees MnmE _helical, NFACT_N, and NAPRTase
have smallest mean squared BHV distances from other trees in the set respectively out of
binary trees (non-binary trees are ignored because they cannot be used as the base tree
in the log map). EcsB and DUF1934 are outliers identified in the visualization with the

phylogenomic tree as the base tree.
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Figure A.8: The proposed visualization of 196 gene trees estimated from 106 genomes in the

Streptococcus genus shown as a two-dimensional scatterplot. The base tree is a randomly

generated tree with 106 tips. The points are colored by whether or not they represent a

ribosomal gene.



MDS of Streptococcus trees

DUF3270
14
[aV)
c
S
2
D 0
£ EcsB
a
.1 -
DUF1934

-1

0
Dimension 1

Group
other

® ribosomal

Tree Type

® genetree

Tull
A
TP

142

Figure A.9: A visualization of 196 gene trees constructed from 106 genomes from the Strep-

tococcus genus using MDS of BHV distances between trees, depicted by a two-dimensional

scatterplot. The points are colored by whether or not they represent a ribosomal gene.
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A.2.83 tSNE and UMAP visualizations

As in the Prevotella exploration, we also create visualizations of the Streptococcus genomes
by performing t-SNE and UMAP on the log map vectors. We use four initial seeds for
these visualizations. The t-SNE visualizations can be seen in Figure A.10 and the UMAP
visualizations in Figure A.11. Both sets of trees show the ribosomal trees clustered together
in one area on the outer area of the plot, the phylogenomic tree farther from the ribosomal
trees and towards the center of the cluster of trees, and the points representing genes EcsB,
DUF1934, and DUF3270 on the edges of the plot. However, the overall pattern of points
in the plots are different. Three of the t-SNE plots have points spread out throughout the
two axes while one has more of a diagonal band of points. Conversely, three of the UMAP
plots have clearly defined diagonal bands of points while one has the points more spread out
throughout the two axes. This exploration provides an example in which the four different
dimension reduction techniques (metric MDS of BHV distances and PCA, t-SNE, and UMAP
on log map vectors) provide similar insights, although the points themselves are positioned

differently.

A.2.4 Classification using log map vectors

Once the log map transformation is used to represent a set of trees with m tips as vectors in
R2?m+3 PCA is not the only method that can be used to explore the set of data. Consider
the Streptococcus dataset, which includes 38 ribosomal genes and 158 non-ribosomal genes.
If instead only a fraction of the genes were labeled as ribosomal or non-ribosomal, and a
goal of the analysis was to predict the class of the non-labeled genes, this could be addressed
with a supervised method. To illustrate this idea, we use Fisher’s discriminant analysis and
Random Forests to construct classifiers for the log map vectors of the gene trees, using the
log map vectors from 148 trees with class labels as the training set and the log map vectors
from 49 trees with hidden class labels as the test set.

We run discriminant analysis with the R function 1da from the package MASS [Venables



Component 2

Component 2

t-SNE of Streptococcus trees

JDUF3270

1EcsB fe

DUF1934

4 2 0
Component 1

t-SNE of Streptococcus trees

DUF1934

DUF3270 EcsB

0
Component 1

Group
other

> ribosomal

Tree Type
® genetree

=l
A
T

Group
other

© ribosomal

Tree Type
® genetree

=l
A
T

Component 2

Component 2

t-SNE of Streptococcus trees

BDUF3270

EcsB

DUF1934

4 2 0
Component 1

t-SNE of Streptococcus trees

DUF3270

EcsB
DUF1934

0
Component 1

144

Group
other

© ribosomal

Tree Type
® genetree

i
T

A

Group
other

ribosomal

Tree Type
® genetree

il
A T,

Figure A.10: A visualization of 196 gene trees constructed from 106 genomes from the
Streptococcus genus, depicted by a two-dimensional scatterplot of the first two dimensions
from t-SNE. Each subplot is constructed using a different initial seed. The points are colored

by whether or not they represent a ribosomal gene.
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Figure A.11: A visualization of 196 gene trees constructed from 106 genomes from the

Streptococcus genus, depicted by a two-dimensional scatterplot of the first two dimensions

from UMAP. Each subplot is constructed using a different initial seed. The points are colored

by whether or not they represent a ribosomal gene.
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Figure A.12: A phylogenomic tree for 106 genomes from the Streptococcus genus. The edges
separating colored clades from the rest of the tree represent the edges with the highest
variable importances in the Random Forest used to predict whether a gene tree is ribosomal

or not.

and Ripley, 2002]. This classifier has a prediction success rate of 63% on the test set. We also
do classification with the R function randomForest from the package of the same name [Liaw
and Wiener, 2002], which has a prediction success rate of 94% on the test set. Additionally,
we are able to look at variable importance measures from our Random Forest to see which
log map vectors have the largest impact on the classification algorithm. The most influential
vectors are those that correspond with edges 100, 88, 205, and 57 in the phylogenomic tree
used as base tree. These edges are shown in green, purple, red, and blue respectively in

Figure A.12.



147

A.3 Anomaly detection in a different Prevotella analysis

In Section 2.3 we illustrated the proposed approach by investigating the robustness of the
phylogenomic tree estimate to genes with apparently outlying phylogenies, and to the func-
tional constraints on genes used to estimate the phylogenomic tree. In addition, our tool
can also be used to detect anomalies in upstream processing of microbial sequence data.
For example, when applying this tool to a set of 63 Prevotella genomes (a distinct set of
genomes from those analyzed in Section 2.3.1), we found that the phylogenomic tree itself
appeared as an outlier, and had a median gene tree support value of 0.00 (Figure A.13a).
We could not explain this highly unusual finding until we re-ran our entire analysis and this
time estimated a dramatically different phylogenomic tree and log map visualization (Figure
A.13b). The second analysis showed a much more typical placement of the phylogenomic
tree amongst the gene trees, and the new phylogenomic tree had a median gene tree support
value of 0.40. IQTREE2’s search for the maximum likelihood tree is stochastic, and in this
case failed to produce a good estimate on the first attempt with the settings that we used.

We believe that the choice of base tree will have a relatively small impact on our proposed
visualization in most settings, because of the similarity in topology between all trees in an
analysis. This is not the case in this example because the base tree used in the first estimation
run has a notably different topology from the gene trees in the analysis (this can be seen from
the fact that the mean RF distance from trees in the analysis for the base tree in the first
estimation run is 108, versus 66 in the second estimation run). This example demonstrates a
situation in which the visualization is sensitive to base tree choice and there is a greater than
usual difference in topology between the base tree and set of gene trees, unlike the situations
shown in Appendix Sections A.1 and A.2.

This exploration highlights how our tool can be additionally useful for diagnosing anoma-
lies in upstream bioinformatic and statistical analyses. We can also see the effect of choosing
a base tree that has a large difference in topology from the set of gene trees. It is notable

that the BacA gene is an apparent outlier in the set of trees from two distinct analyses of
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Prevotella genomes.

A.4 Taxonomy for genomes used in Section 2.3.1

A table matching tip numbers used in section 2.3.1 with NCBI accession numbers, taxo-
nomic information, sequencing technology, assembly method, and information about sam-
ple sites can be found at https://github.com/statdivlab/groves_supplementary/blob/

main/data/prevotella/prevotella-tip-numbers-to-taxonomy.csv.

A.5 Software used to generate and analyze data in Section 2.3

Table A.1: Software versions use to generate and analyze the data used in Section 2.3. R

packages are denoted with (R).

Sofware Version
GToTree 1.5.51
HMMERS3 3.3.2
Muscle 3.8.1551
TrimAl 1.4.revld
Prodigal 2.6.3
FastTree 2 2.1.10
GTDB R202
groves (R) | 0.0.0.9000
ggtree (R) 3.4.2
tidyverse (R) 1.3.2

ape (R) 5.6-2
phangorn (R) 2.10.0
latex2exp (R) 0.9.5
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Figure A.13: The proposed visualization of 65 gene trees constructed from 63 genomes

from the Prevotella genus and a phylogenomic tree constructed using all genes. The two

phylogenomic trees shown in red in both the top and bottom panels were estimated from

two different runs of IQTREE2. The placement of the estimated phylogenomic tree on the

visualization differs substantially between the two runs.



150

Appendix B

SCALABLE DIFFERENTIAL ABUNDANCE ANALYSIS FOR
MICROBIAL METAGENOMICS

B.1 Pseudo-Huber loss function

Clausen and Willis use the pseudo-Huber loss g,(-) as the suggested constraint in their

method.
J .
9p(Br) = argmin, Z hs(B], — ¢) (B.1)
hs(z) = 02 (\/1 Y (x/o)2 — 1) (B.2)
for 6 > 0.

This function is smooth and approximates the median as 6 | 0 and approximates the
mean as 6 — oo. Empirically, Clausen and Willis find that a value of 6 = 0.1 works well in

practice.
B.2 Results from a parametric multinomial logistic regression setting

Following the approach of Clausen and Willis [2024], we do not assume a specific parameter
model for our data. However, we do use a Poisson log likelihood with mean model given by
(3.3) to motivate estimating equations. We then note that after profiling nuisance parameters
z out of the Poisson log likelihood, it takes on the form of a multinomial logistic regression
log likelihood. In this appendix, we do make the assumption that each count Y;; ~ Poisson,
and therefore Y;j} Z}]/:l Y;; ~ multinomial, and we show that we can use results about the

multinomial distribution to derive the reduced models Mg.
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Consider a random vector Y; € R’ that is distributed according to a multinomial dis-
tribution. Assume a multinomial logistic regression model in which the probabilities are

connected to data and parameters such that,

(Yi1,...,Y:s) ~ Multinomial(S;, 7}, ..., 7)) (B.3)
Bl=0 (B.4)

eXzﬂj

J

T =

v J X
1+ § o€

e {l T} (B.5)

Then, there is a known form for the joint distribution of Yi_‘] when conditioning on

Y:; = yiy [McCullagh and Nelder, 1989]. We will apply this to get,

) i
(Y, ..., Yisa|Yis = yis) ~ Multinomial(S; — yi7, ——5,..., ———) (B.6)

1—m; 1—m;
a'=0 (B.7)

i eXio? .
i - = =) ‘aj,,]E{l,...,J—l}. (B.8)
1- b 1 + Zj’:Z 6XZ

Then, for all j € {1,...,J — 1}, we can calculate the expression 7/ /(1 — p) using equation

(B.5) in terms of § parameters, and set it equal to the right hand side of (B.8). This leads
to the equality o —af = i — f} for all k and all j € {1,...,J —1}. We can then generalize
this result for any set Sp C {1,...,J}.

B.3 Data generation in Type I error and power simulations

We consider sample sizes n € {10, 50,250}, total number of taxa J € {50,250}, and data
that is drawn from Poisson and zero-inflated negative binomial (ZINB) distributions. We
use a balanced design matrix that includes an intercept and a binary covariate.

For each J, we construct a 8 € R**/ matrix. As in Clausen and Willis [2024], we set
the first row of 8 (corresponding to the intercept column of the design matrix) such that
the odd elements are an evenly spaced sequence of length J/2 from —3 to 3 and the even

elements are an evenly spaced sequence of length J/2 from 3 to —3. We set the second row
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of B (corresponding to the covariate column of the design matrix) to be 5 x sinh(x)/sinh(10),
in which z is defined as a linearly increasing sequence from —10 to 10 with length J. In the
Type I error and power simulations in Sections 3.3.2 and 77, we test parameter values for

125 gg(ﬁf :J € Spes). We define S,.r to be a set of 24 categories that do not include
category 125, contain log fold-differences that range across much of the range of 3, values,
and have smoothed median g% (3] : j € S,.f) = 0 In the Type I error simulations, 3}%> = 0
and g2(8] 1§ € Spep) = 0,50 B12° —gh(B] : j € Sper) = 0. In the power simulations, 512° = b,
50 1% — g (B : j € Srey) = b.

Each time that our data is generated, we draw n values independently from a Normal
distribution to use as the z vector. Once we have X, 3, and z, we can compute means of
the form p;; = exp(X; 07 + z;) fori € {1,...,n} and j € {1,...,J}. We draw each Y;; value
independently from either a Poisson distribution or a zero-inflated negative binomial (ZINB)
distribution. The Poisson distribution is fully parameterized by the mean model. In order
to draw from the ZINB distribution, we first draw from a Negative Binomial distribution
with mean p;;/0.4 and dispersion parameter ¢ = 5/(0.4%) (this has a variance of p;;/0.4 +
,u?j /5). We then multiply this with an independent draw from a Bernoulli distribution with
probabilty of success 0.4. This corresponds to a set of data with roughly 60% zeroes.

B.4 Proof of Proposition 4

We will assume that no taxa have exactly the same parameter magnitudes |6i — g7 (Br),
and therefore there is a unique known reference set Sy, of size J,. for Sy, = {j : rank(| B,{ —
gr(Br)]) < Jr). We will also assume that for all data realizations, our estimates |Bi — 91}(3/{; ;
J" € Saa)| # \B,Z;H — g%(ﬁ{l : 7' € Sgq)| for all pairs of taxa 1 < j < j” < J.

Proposition 4: When we choose a data-driven reference set Sgq to be the J,. taxa with
the smallest values of |BA,Jf — g2 (Bp)|, then Pr(Ss = Si) = 1 as n — oo.

Proof: A sufficient condition for choosing Sg4 to be equal to Sk, is accurately estimating
the complete ordering of taxa j based on values of |3 — g%(5) using estimates 37 — g% (5.

A sufficient condition for this accurate complete ordering is accurate pairwise orderings for
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every pair of taxa j,j' € {1,...,J}. Therefore, a proof that lim,_, Pr(sign(wi —g(Be)| —
167 — g(B)]) = sign(|82 — g(Be)| — |8 — g(Bx)|) = 1 will prove the proposition.

For a given k, define 6,1 = |B] — g(Be)| — |B,f;l — g(Br)|, for pairs of taxa j # 5. Then,
define §,, as the minimum §;;, value across all pairs j, j'. We know that ¢,, > 0 due to our
assumption that no taxa have exactly the same parameter magnitudes.

We know that our MLEs under the alternative hypothesis are consistent for the true pa-
rameter values, so that Bi— g%(ﬁk) Ly 81— g% (By) for all taxa j. We will apply the continuous
mapping theorem to the absolute value function g(z) = |z| to argue that |Bi — (B
] BZ — g»(Bx)| for all taxa j. Then, we can directly apply the definition of convergence in
probability to argue that 3] — g(3x)| — 18] — gh(Be)| 2 8] — gh(Be)| — |BL — g (By)] for
all pairs of taxa j # j'.

Now, we will return to lim,_,. Pr(sign(|3] — g%(Bx)| — 13 — ¢%(Be)|) = sign(|B] —
gr(Br)| — |ﬁ,{ — ¢%(B)]). In order to estimate sign (|5 — g%(3x)| — \Bil — ¢%(f)|) that does
not match sign(|8, — g (Be)| — |B,{ — g7 (Br)|), we will need the difference in the estimates,
137 — g%(ﬁkﬂ - |Bl‘1/ — g%(,@k)H, to be at least as large as d,,. This is because in order
to estimate the wrong sign, we will need the estimation error to be larger than the true

parameter difference, which is bounded below by §,,.

lim Pr(sign(|8] — gr(3)| = 18] — g(B)l) # sign(15] = g7 (B)] = 5] — gr(B)l) (B.9)

< tim Pr(|3 = gp (3| = 18] — 680D — (180 = gp(B)| = 18] — gh(B0) | = )
(B.10)

=0 (B.11)

The final line is true due to the convergence in probability result above and the definition

of convergence in probability.
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B.5 Investigation of reference set comparison Type I error and power simu-
lations

In Section 3.4.1, we compare the performance of robust score tests with Clausen and Willis’
recommended constraint g(0) over all taxa to that of the robust score tests with difference
reference sets, across simulation settings and null and specific alternative hypotheses. We
find that under a null hypothesis such that both 8] — g% (8,) = 0 and 3] — g (6L : j € Siy) =
0, all robust score testing methods have p-value distributions that approximation uniform
distributions, and control the Type I error rate. In power simulations, we found that in all
settings and across most specific alternate hypothesis parameter values b, the approaches
using all taxa and reference sets Sk, and Sgq have higher power than the approaches using
reference sets S, and Sy, from sample splitting and thinning. More surprisingly, we found
that for ZINB data with n € {25,50}, the approaches with reference sets Sy, and Sy; have
higher power than the approach with all taxa for moderate to large values of b. We investigate
this behavior further in this section by showing additional simulation results and comparing
robust score test statistic distributions across simulation settings.

We start with by returning to the Type I error rate simulations. In Figure B.1, we can see
that the three approaches, robust score tests with the full model and a parameter involving
all taxa and robust score tests with reduced models and parameters involving reference sets
Sk and Sy all have very similar distributions under the null hypothesis. This aligns with
our conclusions from Figure 3.3 in Section 3.4.1.

Next, we consider the power simulations. In these figures, we add two additional ap-
proaches for comparison: robust score tests with the full model using reference sets Sk, and
Sqq. In Figure B.2, we can see that the robust score test statistic distributions are very similar
between all approaches using reference sets Sy, and Sy4, and are different from the approach
using all taxa. In this figure, results are aggregated over specific alternate hypothesis param-
eter values b from the set [0.25,5]. We investigate these test statistic distributions further by

considering the cases with n = 250 and stratified by alternate hypoteshis parameter value b.
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Figures B.3 and B.4 show these results for Poisson data and ZINB data respectively. In each
of these figures, all test statistic distributions are very similar for b < 2. For larger values of
b, the distributions start to diverge. In these settings, the test statistic distribution densities
for approaches using reference sets Si, and Sy, are shifted to the right of the density for the
approach using the full model and all taxa. This aligns with our conclusions from Figure
3.4 that in some simulation settings, approaches with reference sets S, and Sy; have higher
power than the full model with all taxa for moderate to large alternate hypothesis values b.
The major difference between the conclusions from Poisson data and ZINB data are that for
Poisson data, the distributions become close together again for b € {4.75,5}, and for ZINB
data, the distributions remain more separated for these b values.

Finally, we investigate a potential mechanism for these different robust score test statistic
distributions and the resulting differences in power in some settings. In a single parameter
setting, a score test measures the gradient of the likelihood function, scaled by the curvature
of the the likelihood function, evaluated at the maximum likelihood estimate under the null
hypothesis. A more curved likelihood function indicates a higher variance of the score value
evaluated at the parameter of interest, and less confidence that a large gradient represents
a null hypothesized parameter value that is truly different from the actual parameter value.
We hypothesize that for moderate to large values of b, the transformation of the score vector
used in the robust score test statistic has a higher variance for the parameter that involves
all taxa, compared to the parameter that involves a reference set of a small number of taxa.

The robust score test statistic has the form,

n
n—1

Ths = - Stio ity Fity (Fito Lty Dito Lty Fity) ™ Fito Ly St (B-12)

in which Spg, is the score evaluated at the MLEs under the null, I, is a consistent estimate of
the information matrix under the null, Dy, is a consistent estimate of the covariance matrix
of the score equations under the null, and Flp, is (%LT evaluated at the MLEs estimated
under the null. We define F HOII};DHOII};Fgo as the “inside” portion of the robust score

test statistic. This portion represents the estimated empirical covariance matrix of the score
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vector, transformed by multiplying it on both sides by Fy, and F 150. In Figures B.5 and B.6,
we present boxplots of this “inside” portion of the robust score test statistic for simulated
data with n = 250 from Poisson and ZINB distributions respectively. In these plots, we
notice that for moderate to large values of b, the distribution of inside test statistic portions
for the full model with all taxa are shifted towards larger values compared to the distributions
for the approaches with reference sets. This larger inside test statistic portions correspond to
larger transformations of the estimated empirical covariance of the score vector, and smaller
robust score test statistics.

In this expanded investigation of Type I error rate and power simulation results, we
confirm that under both the null and specific alternate hypotheses, the distribution of test
statistics from appraoches with the known reference set Si, and estimated reference set Sy
are nearly identical. This supports our argument that we can use tests involving parameter
estimates Bk—gl{f(ﬁi/ : 7' € Saaq) to test hypotheses of the form Hy : i—gf}(ﬁi/ 7 € Sk) = 0.
Additionally, we find that across all simulation settings, for moderate to large values of b, the
robust score test statistics are typically larger for approaches with reference sets S;; and Sk,
compared to the approach with all taxa. This results in higher power for these approaches
in some simulation settings. We hypothesize that these different test statistic distributions
could be caused by different estimated empirical score vector variances, and show simulation

results that support this idea.
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Test statistic distribution from Type | error simulations
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Figure B.1: Estimated densities of distributions of test statistics from Type I error simula-
tions to compare robust score tests using parameters defined with the full set of taxa versus

different reference sets. Results come from a simulation with 500 trials.
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Test statistic distribution from power simulations
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Figure B.2: Estimated densities of distributions of test statistics from power simulations to
compare robust score tests using parameters defined with the full set of taxa versus different
reference sets. In each setting, results are aggregated over specific alternative hypothesis

parameter values in the set [0.25,5]. Results come from a simulation with 500 trials.
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Test statistic distribution from power simulations
Poisson data with n = 250
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Figure B.3: Estimated densities of distributions of test statistics from power simulations to

compare robust score tests using parameters defined with the full set of taxa versus different

reference sets. Data are simulated from a Poisson distribution with n = 250 and results are

stratified by specific alternate hypothesis parameter value. Results come from a simulation

with 500 trials.
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Test statistic distribution from power simulations
ZINB data with n = 250
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Figure B.4: Estimated densities of distributions of test statistics from power simulations to

compare robust score tests using parameters defined with the full set of taxa versus different

reference sets. Data are simulated from a zero-inflated negative binomial (ZINB) distribution

with n = 250 and results are stratified by specific alternate hypothesis parameter value.

Results come from a simulation with 500 trials.
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Score variance distribution from power simulations
Poisson data with n = 250
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Figure B.5: Estimated densities of distributions of portions of test statistics from power

simulations to compare robust score tests using parameters defined with the full set of taxa

versus different reference sets. Specifically, “inside” values of the robust score test statistic are

plotted, which correspond to the portion of the test statistic that estimates a transformation

of the score vector covariance. Data are simulated from a Poisson distribution with n = 250

and results are stratified by specific alternate hypothesis parameter value. Results come from

a simulation with 500 trials.
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Score variance distribution from power simulations
ZINB data with n = 250
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Figure B.6: Estimated densities of distributions of portions of test statistics from power

simulations to compare robust score tests using parameters defined with the full set of taxa

versus different reference sets. Specifically, “inside” values of the robust score test statistic are

plotted, which correspond to the portion of the test statistic that estimates a transformation

of the score vector covariance. Data are simulated from a ZINB distribution with n = 250

and results are stratified by specific alternate hypothesis parameter value. Results come from

a simulation with 500 trials.
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Appendix C

A MODEL OF FUNCTIONAL ABUNDANCE FROM
METAGENOMIC DATA AND ITS IMPLICATIONS

C.1 Generation of o and v parameters in simulation

Recall that the 6y and 07" parameters are defined as,

o =1log > %" (C.1)
Jj€EIm
ajm+9jm
. e’o 1
o = log i — (C.2)
JETm e’

For the first 25 functions that represent necessary functions, we assume that 987” = 96. We
randomly assign elements of the vector of evenly spaced values from —3 to 3 of length J to
the vector 6%. This represents the functions that each appear in a single copy in all organisms
represented in the dataset. We randomly draw values from the vector of evenly spaced values
from —3 to 3 of length 1,000 for the twenty-five G%m values for each remaining function m.
For an identifiable gene model, we need g(a) = 0, where o, =log .., % +%™ . For g(-),
we use the pseudo-Huber median function over the first twenty-five functions, as defined in
Section B.1. In order to satisfy g(a) = 0, we subtract g(a) from each 6™ value.

For ease of Type I error rate simulations, we would like to have 67" values such that
07 — g(01) = 07". Therefore, we assign the 6, values as follows. We set the first twenty-five
elements to 1 x sinh(x)/sinh(10), in which x is a linearly increasing sequence from —10 to
10 of length 25. These represent the necessary functions, which we expect to have small log
fold changes with respect to any covariate. We set the twenty-sixth element of #; to b based
on null hypothesis or specific alternative hypothesis, as we will test hypotheses based on 57¢

in our simulations. We then set the remainder of the 6; vector to be 5 x sinh(z)/sinh(10),
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in which z is defined as a linearly increasing sequence from —10 to 10 with length J — 26.
Once we have generated 96m values and 07" values, we generate G{m values such that

equation (22) holds. For each function m, we start by setting each 6™ value to a randomly

chosen value from the vector 5 x sinh(x)/sinh(10), in which z is defined as a linearly in-

creasing sequence from —10 to 10 with length |J,,| Then, for j; the last element of J,,, if

m

Jjm Jjm Jjm ] J Jjm Jjm ;
zjeJm el > ZjeJm\jL e T we set O1F™ = log(zjejm efo — ZjEJm\jL o HOT) — g,
If the inequality does not hold, then we subtract 0.1 from each 6" until it does, and then
Yy 1

set B/ as described above. This causes the inital 4 value for each function m to be

5 +63"+07™
j€Im © i

5,+9j7”
Zje]m €770

In order to satisfy the constraint g(v) = 0, we set each ~,, = ¥ — g(y1*).

m

init

T = log

(C.3)

C.2 Additional data analysis information

C.2.1 List of ribosomal proteins used in the constraint



Protein KO Protein KO
L1 K02863 S2 K02967
L2 K02886 S3 K02982
L3 K02906 S4 K 02986
L5 K02931 SH K02988
L6 K02933 ST K02992

L10  K02864 S8 K02994
L11 K02867 S9 K02996
L13  K02933 S10 K02946
L14  K02874 S11 K02948
L15  K02876 S12 K02950
L18  K02881 S13 K02952
L22  K02890 S14 K02954
L23  K02892 S15 K02956
L24  K02895 S17 K02961
L29  K02904 S19 K02965
L30  K02907

165

Table C.1: Ribosomal proteins and corresponding KO labels used for the constraint in data

analyses.



166

C.2.2 List of ribosomal proteins used in the constraint in sensitivity analysis

Protein KO

L2 K02886
L3 K02906
L4 K02926
L5 K02931
L6 K02933

L14 K02874
L15 K02876
L16 KO02878
L18 K02881
L22 K02890
L24 K02895
S3 K02982
S8 K02994
S10 K02946
S17 K02961
519 K02965

Table C.2: Ribosomal proteins and corresponding KO labels used for the constraint in

sensitivity data analyses, chosen based on findings from Hug et al. [2016].
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C.3 Supplemetary information for HMP data analysis

C.3.1  Comparison of robust score test and robust Wald test results for categories with sep-

aration in the HMP data analysis

In the analysis of differential abundance of KOs in the HMP dataset, the reduced model
robust score tests result in 4,298 categories (53%) with significant g-values. The robust
Wald tests from radEmu result in 6,304 categories (77%) that have significant g-values. The
majority of the disagreement between the robust Wald tests and robust score tests comes
from parameters for separated categories. A category is separated if it compares two levels of
a covariate in which one level only includes samples with zero counts. This analysis includes
2,037 parameters from separated categories, for which all Wald g-values are significant and
only 394 score g-values (19%) are significant. Out of the 6115 non-separated parameters,
5924 of them (97%) have Wald g-values and score g-values that lead to the same significance
conclusions.

In Figure C.1, we compare the ranks of g-values from the robust Wald tests and the
robust score tests on all 8152 parameters. The points that are not shown in black represent
parameters for separated categories. These points are colored by prevalence. The parameters
from separated categories with small score p-value ranks tend to have higher prevalence for
separated categories, suggesting true differential abundance and not a result of sparsity or
incomplete sampling. In this data analysis, the Wald test detects any type of separation as
a signal, while the score test only detects separation as a signal when there is more evidence

for differential abundance in the form of a greater prevalence.

C.4 Supplemental analysis of functional differential abundance across ocean
depths

The first dataset that we analyze is a metagenomic sequencing dataset collected from the
Arctic Ocean with 24 samples and 10,196 observed KOs. This dataset is part of the Tara

Oceans project [Karsenti et al., 2011]. The covariate of interest is ocean depth, which we
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Figure C.1: A comparison of the ranks of g-values from robust Wald tests and robust score
tests on 8,152 parameters in the HMP analysis. The points that are not black represent
parameters for separated categories. A category is separated if it compares two levels of a
covariate in which one only includes samples with zero counts. These points are colored by
prevalence. Points to the left of the vertical red dotted line have Wald g-values less than

0.05 and points below the horizontal red dotted line have score g-values less than 0.05.
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consider as a categorical variable with two levels. The baseline level is a deep ocean layer (8
samples), which we compare to the surface water layer (16 samples).

We define the differential abundance parameters in our functional abundance model as
Ym — g(7y) for m € {1,..., M} and for ¢g(-) the pseudo-Huber loss over ,, parameter values
for a reference set of 31 ribosomal protein KOs (a list of these proteins and KOs is given
in Table C.1 in Appendix C.2.1. The 4,, — g(¥) estimates range from —0.15 to 0.13 for the
reference set and from —8.47 to 6.53 across all m € {1,..., M}. The estimates from the
reference set all have small magnitudes compared to the variation in the dataset and similar
magnitudes to each other, which makes this a good choice for a reference set in this analysis.

In order to provide another comparison between Clausen and Willis’ robust score tests
on full models and our robust score tests on reduced models introduced in Chapter 3, we
run robust score tests using the full on model on all categories for a randomly chosen subset
of 102 KOs (approximately 1% of the dataset). Within this subset, the robust score test
p-values from the full model and the reduced model have a Pearson correlation of 1.000. The
robust score tests can be run 5,875 times faster with the reduced model than with the full
model on average.

We correct for multiple testing by computing g-values for all parameters [Storey, 2002],
using the p-values from the robust score tests on reduced models. The smallest g-value in
this set is 0.89, and no parameters are considered significant. As a sensitivity analysis for
our reference set choice, we also run our reduced model robust score tests using a different
reference set of 16 KOs that correspond to ribosomal proteins used to build a new multido-
main phylogeny in [Hug et al., 2016]. This smaller constraint set is nearly a subset of the
31 KOs that we use for our original reference set, and the full list of KOs and associated
proteins can be found in Appendix C.2.2. There is a Pearson correlation of 0.996 between
p-values from the robust score tests that use each reference set.

We do not run Clausen and Willis” robust Wald test on this dataset because it fails to
control the Type I error rate in small sample sizes in our Type I error simulations in Chapter

3. We do run differential abundance analyses of this dataset with ALDEx2 [Fernandes et al.,
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2013] and ANCOM-BC2 [Lin and Peddada, 2024]. We run ALDEx2 with a CLR transfor-
mation and 128 Monte Carlo iterations. Because ALDEx2 only accepts non-negative counts,
we round all coverages to the nearest integer. We run ANCOM-BC2 without prevalence fil-
tering or structural zero detection and we use their sensitivity analysis to assess the impact
of pseudocounts on the results for each taxon.

There is a Pearson correlation of 0.63 between parameter estimates from our model
and from ALDEx2. Parameters are not estimated by ANCOM-BC2 for categories with
separation. A category has separation if it compares two levels of a covariate in which one
level only includes samples with zero counts. Ignoring the 702(7%) parameters associated
with separated categories, there is a Pearson correlation of 0.78 between estimates from our
model and from ANCOM-BC2. No parameters are significant from the ALDEx2 analysis
using a g-value threshold of 0.05. There are 62 (< 1%) parameters with ANCOM-BC2
g-values less than 0.05, and 12 (< 1%) of them are still significant in the pseudocount
sensitivity analysis. The 12 KOs detected as differentially abundant by ANCOM-BC2 with
the pseudocount sensitivity analysis can be seen in Table C.3, along with the functions they
perform, their log fold-difference estimates from ANCOM-BC2, and g-values calculated from
p-values from ANCOM-BC2. The ANCOM-BC2 effect size estimates for these 12 KOs are all
in the 95th quantile of ANCOM-BC2 estimated effect size magnitudes within the dataset.
Because we have not explored how taxon efficiencies affect ANCOM-BC2 effect sizes in
simulation, we can investigate the 4,, — g(§) estimates from our model for these categories.
These twelve categories all have |3, — ¢g(%)| > 1.9, which correspond to the 90th quantile
of estimated effect size magnitudes in the dataset. If the effect of taxon efficiencies on this
dataset is similar to the effect of taxon efficiencies in our simulations, most categories with
effect sizes of this magnitude have non-zero values of 07" — g(6). However, it is impossible to
determine whether these categories with small ANCOM-BC2 p-values and relatively large
estimated effect sizes are the result of biological fold-differences in abundance with respect
to ocean depth, differential taxon efficiencies, or both.

It is unsurprising that our robust score tests and ALDEx2’s inferential procedure do not
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result in any statistically significant tests, as they are both conservative for small sample
sizes in the Type I error rate simulations shown in Chapter 3. The small sample size of 24

in this analysis is not large enough to detect signals with small or medium magnitudes.
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KO name KO function ANCOM-BC2
Estimate
KO05781 putative phosphonate transport 1.90

system ATP-binding protein

K18657 cell division protein ZapC -2.77
K18968 diguanylate cyclase [EC:2.7.7.65] -3.13
K18765 RNase E specificity factor CsrD -3.12
K07084 putative amino acid transporter -2.23
K24843 O2-independent ubiquinone -2.83

biosynthesis accessory factor UbiT
KO07665 | two-component system, OmpR family, copper resistance -2.38

phosphate regulon response regulator CusR

K12069 conjugal transfer pilus assembly protein TraA -3.07
K12072 conjugative transfer pilus assembly protein TraH -2.18
K19595 membrane fusion protein, -2.87

gold/copper resistance efflux system
K13652 AraC family transcriptional regulator -1.27
K09909 uncharacterized protein -2.75

Table C.3: KOs with significant g-values from the analysis of TARA data described in Section
C.4. Estimates and p-values are computed using ANCOM-BC2 [Lin and Peddada, 2024],
without prevalence filtering or structural zero detection and with a sensitivity analysis to

screen for results affected by pseudocounts.



