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ABSTRACT

The purpose of these notes is to provide a systematic account of that

part of Quantum Field Theory in which symplectic methods play a major role.
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§1. SELFADJOINT OPERATORS

In what follows, H stands for a complex infinite dimensional Hilbert space,
the convention on the inner product being that it is conjugate linear in the
first slot and linear in the second slot.

A linear operator A is a linear transformation from a linear subspace

Dom(A) < H into H. If B is a linear operator with Dom(B) > Dom(A) and if
B|Dom(A) = A, then B is called an extension of A and we write B > A.

If Ay and A, are linear operators, then A, +A, is the linear operator with

- Dom(Al + Az) = Dom(Al) n Dom(Az)

—(A1+A2)x=Alx+A2x

. AlA2 is the linear operator with
"~ Dom(a,A,) = {x € Dom(a,) :A,x € Dom(a,)}
B (AlAz)x =3 (Azx) .
* AA is the linear operator with
~ Dom(AA;) = {x € Dom(a;) :A;x € Dom(a,) }
B (AZAl)x =2, (Alx) .
The commutator [Al,A2] is the linear operator with

- Dan([Al,Az]) = Dom(AlAz) n Dan(AzAl)

~ [Al, 2]x = A1A2x - AZA]. .



[Note: Even if Dom(Al) and Dom(Az) are dense, it is still perfectly possible

Dom(AlAz)
that Dom(Al + A2) or is {0} alone.]

Dom (AZAl)

A linear operator A is bounded if 3 C > O:
Hax|| < ¢ ||x]|| ¥ x € Dom(a),

otherwise A is unbounded. If

lal] = sup L2l

x=0 |[x]]

then A is bounded iff ||A|| < .

[Note: Boundedness is tantamount to continuity.]

1.1 EXAMPIE Take H = LZ(I_{) and let

(Qf) (x) = x£f(x),

Dom(Q) = {f:fR lef(x) |2dx < o},
Then Q is unbounded. To see this, take f = X[o 1 With fn(x) = f(x - n), we have
2 2.2,
HanH = fBXf (x - n)dx
+1 2.2

=f2 x £ (x - n)dx

n’llg |12,

v

which shows that ||Q|| = .



[Note: Q is called the position operator.]

1.2 EXAMPIE Take # = L2(R) and let

(PE) (x) = - /-1 f'(x),

Dom(P) = {f:/p, |£" (x) |ax < w}.

Here f' is the distributional derivative of £, so Dom(P) is the Sobolev space

Wz’l(I_z) . We then claim that P is unbounded. Thus choose a sequence {fn} c C:(B)

such that
11
Spt fnC [—H,H]’ fnZO, Ilfnl‘ = 1.
ince /Y €2 00dx Sl 220 2
Since f_l fn(x)dx =1, 13 X € [ n'n]’ = fn(xn) = 1, hence

X
— — n ey
n/2 = fn(xn) = f—l fn(x)dx

1/2

IA

*n 2
V2 (f_l (fr'l(x)) dx)

IN

7z |leg, ||

and this implies that P is unbounded.

[Note: P is called the momentum operator.]

Iet A be a densely defined linear operator. Denote by Dom(A*) the set of
all vectors y € H for which 3 a vector y* € H such that < y,Ax > = < y*,x >

V X € Dam(A) — then the assignment y + y* defines a linear operator A*, the



adjoint of A.

[Note: If A is bounded and Dom(A) = H, then Dom(A*) = H and |[|A|| = ||a*

.1

1.3 REMARK The domain of A* need not be dense.
[For instance, take fl = L2 (R) and fix a bounded measurable function cbo such
that ¢, £ L°(R). Let £, € L°(R) be of norm 1 and put

Af = < ¢0!f > fol

Dom(a) = {f:/ If(x)¢0(x)| < oo},

Suppose now that g € Dom(A*) — then V £ € Dam(a),

< A*g,f > = < g,Af > => < A*g,f > = < g,Af >

=>

< f£f,A*g > = < Af,g >

=< < ¢O,f > fo,g >
=< ¢0,f > < fo,g >
=< f,¢0 > < fo,g >

=<f,<f0,g>¢0>,

A*g = < forg > ¢0'



Since g 4 Lz(g), < fo,g > = 0, thus any g € Dom(A*) is orthogonal to £ There-

0.
fore Dom(A*) is not dense.]

[Note: One can even construct examples in which Dom(A*) = {0}.]

A linear operator A is said to be closed if its graph
I‘A = {(x,Ax) :x € Dom(A) }
is a closed subset of H x H.
[Note: A closed linear operator whose domain is all of H is bounded (closed
graph theorem) . ]

1.4 IEMMA Let A be a densely defined linear operator —- then A* is closed.

A linear operator A is said to admit closure if it has a closed extension.

[Note: When this is so, there is a smallest closed extension, the closure

Z-SlofA, and

1.5 ILEMMA let A be a densely defined linear operator —- then A admits

closure iff Dom(A*) is dense.

1.6 LEMMA Iet A be a densely defined linear operator. Assume: A admits

closure — then A = A** and A* = A%,



A densely defined linear operator A is said to be symmetric if A < A%,
i.e., if

< y,Ax > = < Ay,x > V X,¥ € Dom(a).

[Note: A symmetric operator A whose domain is all of H is necessarily

bounded. In fact, A c A* => A = A*, so A is closed (cf. 1.4), thus bounded.]

1.7 REMARK A symmetric operator A admits closure (cf. 1.5: Dom(A*) o Dom(A)

is dense). But A* is always closed (cf. 1.4), therefore A c A = A** ¢ A* (cf. 1.6).

A densely defined linear operator A is said to be selfadjoint if A is symmetric

and A = A¥%,

1.8 CRITERION ILet A be a symmetric operator -— then A is selfadjoint iff

the range of A + /-1 is all of H.

1.9 EXAMPIE Take H = L2 (R) — then the position operator Q is selfadjoint.

For Q is obviously symmetric. Moreover, given any f € LZ(B) , we have

£ = (x + /o0) £
(x + /=1)
and
£ € Dom(Q) .
(x t v/-1)

1.10 IEMMA If A:Dom(d) ~ H is selfadjoint and if U:H - H is unitary,



1

then UAU ~:UDom(A) - H is selfadjoint.

1.11 EXAMPLE Take H = L2(1_3) —- then the momentum operator P is selfadjoint.

Indeed, P = U;lQUF, where UF:L2 (R) ~ 1.2 (R) is the unitary operator provided by

the Plancherel theorem.

[Note: On S(R),

UFf=f

g2 = 11€11%

where

2 osme I g

w00

£ =

|-
=]

1.12 REMARK There are analogs of Q and P when 1.2 (R) is replaced by 1.2 (E_{n) .

£ =x.f ’
(QJ ) () xj (x)

where

2 2
DOITI(QJ) = {f:fRn XJIf(X)l dx < o=},

Then Qj is selfadjoint (cf. 1.8).

[Note: Qj is the jth position operator (j =1,...,n).]

Pj: Let UF:L2 (Bn) - L2 (Bn) be the unitary operator provided by the

Plancherel theorem —— then, by definition,



where

Dom(2,) = UFlDom(Qj) i

Since Qj is selfadjoint and Up is unitary, Pj is selfadjoint (cf. 1.10). Ard,

v £ ¢ S(_R_n) ’
(B5) () = (U7'0,5) ()
1 ~ V=1 x+)\
= F
W an (Qj ) (Me ai
1 A ‘/:]-._ X'>\
= £
(—2-;)—1,77 fRn )\j MNe dai
~ V=1 x-X\
/=1 d
= - 2 o fnf()\)e dx
(2m) ;R
- -/ .

X
J

[Note: Pj is the jth momentum operator (j = 1,...,n).]

A densely defined linear operator A is said to be essentially selfadjoint

if A is symmetric and A is selfadjoint. For example, if D is a dense linear

proper subspace of H, then its identity map is not selfadjoint but it is essentially

selfadjoint.

INote: A symnetric operator A is essentially selfadjoint iff the range of

A + /=1 is dense in H (observe that Ran(A * v=1) = Ran(A * /-1) and apply 1.8).]



1.13 EXAMPIE Take H separable and let {en} be an orthonormal basis. Given
a sequence r = {rn} of real numbers, define a linear operator A, on the linear
span of the e by Aren =re — then Ar is symmetric (but Ar is bounded iff r

is bounded). The adjoint A]"; of Ar has for its domain

2
{x= T cpe €f:Ilcr |” <=},
n
with
A*x = Y cre.
g n nnn

Therefore Ar is not selfadjoint. On the other hard, ‘Kr = A;, hence Z_X]’; = A]’_j* = Z_\r,

so E‘r is selfadjoint, i.e., Ar is essentially selfadjoint.

1.14 1EMMA If A is essentially selfadjoint and if B > A is symmetric, then

B is essentially selfadjoint and A = B.

[Note: In particular, an essentially selfadjoint operator admits a unique

selfadjoint extension.]

A symmetric operator need not be essentially selfadjoint (in fact, a symmetric
operator need not have any selfadjoint extensions whatsoever). Suppose, however,
that A is symmetric and D ¢ Dom(A) is a dense linear subspace such that A|D is

essentially selfadjoint — then A is essentially selfadjoint and A= A[D (cf. 1.14).

1.15 EXAMPIE Take H = L°(R") and let

2 2



10.

Dom(A) = {£:0f € L2(&Y) }.

Here Af is understood in the sense of distributions, hence Dom(A) is the Sobolev
space W2’2(I_{n) . There are then two points:

1. A is selfadjoint.

2. A]Coco(f_{n) is essentially selfadjoint.

Using the Fourier transform, the first follows from the fact that multiplication

by |x]2 is selfadjoint on

(£ Jxl*£0 | ax < =),
R
As for the second, since Alcz(l_%n) is symmetric, it suffices to show that
(B EM)* = A.
c -—
Indeed, this gives

PP © 1N
Blc(RY) = (A|C (R ** = A% = 4.

Let g be in the domain of (A|CL(R™))* - then v £ € CL(RD),
< g uf > = < (AICTERM) *g, £ >,

thus Ag € L2(13n) in the sense of distributions, so g € Dom(A) and (AICZ(Bn))*g = Ag.
Therefore
(AIC®)* < a.

The reverse contaimment is equally clear.
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[Note: It is a corollary that AIS(I_{n) is essentially selfadjoint (in 1.14,

let A = A|C(R") and B = A|S(RD).]

1.16 TABLE
A symmetric A c A= A% c A%
A symmetric and closed ———— A = A = A** c A*
A essentially selfadjoint —— A c A = A** = A%
A selfadjoint > A=A = A¥* = p*

[Note: Suppose that A is symmetric -- then

A essentially selfadjoint <=> A* symmetric.]

Let A be a densely defined linear operator —— then a C vector for A is any

*® k
element of N Dom(A7).
k=1

1.17 REMARK If A is selfadjoint, then spectral theory implies that its

set of C vectors is dense but if A is merely symmetric, then Dom(Az) can be

{0}, hence in this case, the only analytic vector is the zero vector.

Iet x be a C vector for A —— then x is said to be analytic if the power

series
) k
5 [ Ak}a{H tk

k=0 )

has a positive radius of convergence.
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[Note: The set of analytic vectors for A is a linear subspace of Dom(a).]

1.18 THEOREM (Nelson) If A is symmetric and if Dom(A) contains a dense

set of analytic vectors, then A is essentially selfadjoint.

1.19 EXAMPLE (Annihilation and Creation) Take H separable. Fix an ortho-

normal basis {en:n > 0} for H and let D be the set of x € H:
#{n: < e X > # 0} < .

Define linear operators a and ¢ on D by

QX=<el,x>e0+/2_<e2,x>e1+/§<e3,x>e2+....
and
cx = <e0,x>el+/§<el,x>e2+/§<e2,x>e3+...'
Then:
1. ab D, cD < D.
2. ae;=0&ae =v/ne _, (nz1).
3. cen=\/n+len+l(n20).
n
€
4, e = e. (n=21).
n m 0

5. [é:g] =T,
6. <g¢cy,x>=<y,ax >V X,y €D.
The last property implies that ¢ < a* and a < ¢*. Therefore both a and ¢ admit

closure (cf. 1.5). Put N = ca —- then Ne_ = ne (n 2 0) and
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[N,é.] = - EI [ng] = g.

Suppose now that r € R, z € C and consider rN + zc + za. It is symmetric and

we claim that it is actually essentially selfadjoint. To see this, let us first

show that

k (n+ k!

[ (N + zc + Eg)k e |l s (Jr| + 2]z -

This is certainly true if k = 0. Proceeding by induction, assume that it holds

for k > 0 and then note that

[l + ze + 22+ e |]

- .k -
|| (xN + zc + za) (rnen+z»/n+len+l+z/ﬁen_l)[|

IA

le|n| | (=N + zc + Eg)k enH

+ |z| M+ 1 |[(rN+zc_:+§§)ken+lH

+ |z]v/n ||(rN+zg+Ea_1)ken_1|[

(] + 2|z) f|rjn XKL

A

+ k+ 1! + k-1)!
|zl/n+l(n(n+l))! +]z]/ﬁ(n(n_l))! 1

+

k+1 n+k+ 1)!
nl!

IA

(le] + 2]|z])

which completes the induction. From this it follows that the elements of D are
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analytic vectors for rN + zc + za:

w k
)X H(rN+z§+E_'c_1)keHJT%I—
k=0 n :
s 3 (Jr] +20zpF BERIL K
=@ - |t|(z] +2]z” ®FD o

so long as |t| is sufficiently small. That rN + zc + za is essentially selfadjoint

is thus a consequence of Nelson's theorem. In particular: The combinations

B Q=_l_(c—:+-a_)
V2
P:E(g_a)
2

are essentially selfadjoint.

[Note: By definition, g‘is the annihilation operator, ¢ is the creation

operator, and N is the number operator (all this being, of course, w.r.t. the

given orthonormal basis).]

1.20 REMARK As was shown above, we have ¢ ¢ a* and a < c*. To simplify
notation, denote their respective closures by c and a (rather than ¢ and a) —

then c* = a and a* = c. Consequently,

<ax,y >=<x,&y > (x € Dom(a), y € Dom(c)) .
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[Note: Actually,

Dom(a) = D
_ Dom(c) =D,
where we have put
D={xeH ;n|<e,x>| < w}.
n=0

Since a and c are the respective closures of a and ¢, it is clear that D ¢ Dom(a)
and D ¢ Dom(c) with

ax

<e,x>e +/§<e2,x>el+/§<e3,x>e + ...

1 0 2

and

cx = < e, x>e, +V2<e,,x>e. +/3<e,,x>e, + -,

0 1 1 2 2 3

Turning to the reverse containments, let x € Dom(a) — then
[+0]

ax =L < e ,ax > e
0 n n

< e ,c*x > e
n'~ n

oM™

=¥ <ce ,x>e
% =n' n

=X‘/n+l<en+l'x>en

[o% [o2]

Z(n+l)|<en+l,x>|2=Zn|<en,x>|2<oo.
0
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Therefore Dam(a)c D. By the same token, Dom(c)e D.]

1.21 LEMMA Suppose that A is symmetric. ILet D be a dense linear subspace
of Dom(A) which contains a dense set of analytic vectors for A -- then A|D is
essentially selfadjoint if AD < D.

[Note: There is a subtlety here: If x € D is to be analytic for A|D, then
first of all it must be C~ for A|D, meaning that A% €D v n. But this is not

automatic, thus the requirement that AD < D.]

1.22 EXAMPLE Take H = 1&2 N), let {en} be its usual orthonormal basis, and

define A by Ae = ne (n > 1) — then A is selfadjoint and

o]

Dom(A) = {x € H: I nzl < e x> 12 < w}.

n=1
K
Iet D be the set of all finite linear combinations of the form % C8y r where
k=1

K

I ¢ = 0 (K arbitrary) — then D is dense and its elements are analytic for A.
k=1

However, A|D is not essentially selfadjoint. To see this, let y = e —- then

n

=™ 8
S

v X € D,

K
< YV,AX > <y, I k >
k=1 Ckek

Kl K
1 K K gy Kk
K

=ch=0
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y € Dom((A|D)*).
But v ¢ Dom(A) and this implies that A|D is not essentially selfadjoint. For if

it were, then A|D = A (cf. 1.14) and A|D = (A|D)* (cf. 1.16), i.e., we would
have (A|D)* = A, an impossibility since their damains are different ((aA|D)* is,
of course, an extension of A).

[Note: D is not invariant under A.]

1.23 REMARK The set of analytic vectors for a selfadjoint operator is
dense (cf. 2.28) but there exist essentially selfadjoint operators whose set of
analytic vectors is not dense.

[It can happen that a selfadjoint operator A has a domain of essential self-

adjointness D c Dom(A) such that D n Dom(Az) = {0}.]

In quantum mechanics, an observable is a selfadjoint operator. But there is
a difficulty: The sum of two selfadjoint operators need not be selfadjoint (or
even essentially selfadjoint), hence the set of observables is not a linear space.

[Note: Recall that by assumption, H is infinite dimensional (if H is finite

dimensional, then there are no problems).]

1.24 EXAMPLE Take H = L2 (R), let {qn} be an enumeration of the rationals,

and put

fx) = I l—fx— !_1/2.

n!
n=1
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Let Qf be the multiplication operator determined by £, thus Qf = fy, where
2 2
Dom(Qe) = {p € L (R):fy e L"(R) 1,

and Qf is selfadjoint. It is clear that f is locally integrable. However, f is

not square integrable on any interval of positive length. If g is continuous

and nonzero at a point x,, then 3 ¢ > 0:

0’ g(x)| = € for all x in some neighborhood

of Xys SO ! |fg[2 dx = ». Accordingly, Dom(Qf) does not contain any nonzero
R

continuous functions. Since a given element of Dom(P) always admits an absolutely
continuous representative, it follows that Dom(P) n Dom(Qf) = {0}. Therefore

P + O is not selfadjoint. ]

1.25 REMARK The uncertainty relations in quantum mechanics involve the
commutator [A,B], where A and B are selfadjoint. However, some care has to be

exercised: Dom([A,B]) may reduce to {0} even if B (say) is bounded.
[Proceeding as above, take H = L2 (R) but this time put

flx) = 2 1,
X

whereZsta.ndsforasumoverallnsuchthatqn<x——then0<f(x) <1 and
X

f is discontinuous at each q,- letA=P, B = Q¢ (B is selfadjoint and bounded).
If g € Dom([A,B]), then both g and fg are continuous on R. Therefore f is
continuous at all points Xq at which g(xo) # 0. But f is discontinuous at each

d, thus g(g) =0V nand so g =0. I.e.: Dom([A,B]) = {0}.
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If A and B are selfadjoint and if Dom(A + B) is dense, then
(A + B)* o A* + B* = A + B.

Therefore A + B is symmetric and is essentially selfadjoint iff (A + B)* is

symmetric (cf. 1.16).

1.26 REMARK Suppose that A is an unbounded selfadjoint operator -- then
it is always possible to find another selfadjoint operator B such that A + B
is densely defined (thus symmetric) but has no selfadjoint extensions.

[Note: B is necessarily unbounded (see below).]

1.27 THEOREM (Kato-Rellich) Suppose that A is selfadjoint and B is
symmetric with Dom(A) < Dom(B). Assume: 3 constants 0 < a <1, b > 0 such that
||Bx|| < a||ax|| + b||x|| (x € Dom(a)).

Then A + B is selfadjoint.

Consequently, if A is a selfadjoint operator and if B is a bounded selfadjoint

operator, then A + B is selfadjoint. Proof: In 1.26, take a = 0, b = ||B]|

1.28 REMARK If A is selfadjoint and unbounded and if B is selfadjoint and

bounded, then AB need not be selfadjoint. Thus choose x € f — Dom(A) and let B

be the orthogonal projection onto Cx —— then Dom(AB) = {gx}l, which is not dense

in H.

1.29 THEOREM (Wist) Suppose that A is essentially selfadjoint and B is
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symnetric with Dom(A) < Dom(B). Assume: 3 b 2 0 such that
lBx|| < [|ax[| + b||x|| (x € Dom(@)).

Then A + B is essentially selfadjoint.

[Note: If the hypothesis that "A is essentially selfadjoint" is
strengthened to "A is selfadjoint", the conclusion remains the same: A + B
is essentially selfadjoint. E.g.: Take B = - A with A unbounded -- then the
sum A - A is the zero operator on Dom(A) , which is essentially selfadjoint

(its closure being the zero operator on Dom(A) = H).]
A closed densely defined linear operator A is said to be normal if
Dom(A*A) = Dom(AA*) and there A*A = AA*,

Every selfadjoint operator is normal as is every unitary operator.

1.30 REMARK If A is a closed densely defined linear operator, then

T A*A
are selfadjoint and
AA*
A[Dom(A*A) = A
A* |Dom(AA¥) = A*,

1.31 LEMMA Suppose that A is closed and densely defined — then A is

normal iff Dom(A) = Dom(A*) and there ||Ax|| = ||A*x]

An easy application of this result is the fact that if A is normal, then

YVz€C, z+A is normal.



21.

1.32 LEMMA - Suppose that A is normal — then

A + A% 1 A - A*

2 2 /-1

are essentially selfadjoint on Dam(A) = Dom(A¥*).

[Note: Put
- *
ReA=A+A
2
-— *
Ima=2"A%
_ 2 /-1
Then
Dom(A) = Dom{(Re A) n Dam(Tm A)
and there

A=Re A+ /~I ImA.]

Suppose that A:H{ -+ H is bounded - then A is said to be nonnegative if

<xX,Ax > >0v x € H.

[Note: A nonnegative operator is necessarily selfadjoint (H is complex).]

1.33 LEMMA If A is nonnegative, then there is a unique nonnegative

operator /A such that (/A) 2 - A.

1.34 1IEMMA If A is nomnegative and B:H{ -+ H is bounded, then 2B = BA iff

YAB =B /A.
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1.35 EXAMPLE If A and B are nonnegative and if AR = BA, then vA /B =
/B /A, thus
AB = /A VA /B /B=/A/EJ/A/B= (& /B2,

from which it follows that AB is also nonnegative.

Suppose that A:H » H is bounded — then A*A is nonnegative, hence by 1.33

admits a unique square root and we write

a] = (ara) /2,
1.36 EXAaMPLE If
a]% = |s|? + 1,
2 1012 _ 112 1.2
then |A| and |B| commute. For |A|® |B| = |B|® |A|®, thus (cf. 1.35)
(aAY2 (51HY2 = (51H Y2 (|aj31/?
or still,
12l || = |B]|a[.
APPENDIX

Denote by B(H) the set of bounded linear operators on H.
® QZ(H) is the two sided *—ideal in B(H) consisting of the Hilbert-Schmidt

operators.

® L, (H) is the two sided x—-ideal in B(H) consisting of the trace class

operators.
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Reeall that QZ(H) is a Hilbert space while ]_:_Jl(H) is a Banach space. In

fact, L () < L,(H) with

lally = [all, = |[a]].
[Note: By definition,
 |lally = & (ja]
a1, = (al®n?2

IEMMA Iet A € B(H) — then A € -I-'l(H) iff 3 B,C € Lz(H) such that A = BC.

[Note: Matters can always be arranged so as to ensure that

HAH]_ = HBHZ HCHZ-]

REMARK Iet A € B(H). Assume: A is invertible — then

I=mt=nag L, (e =1,2.

[Bear in mind that H is, by hypothesis, infinite dimensional.]

In practice, it is sometimes necessary to consider two inner products on fl,
say < , >, < , >', which we shall assume are equivalent -- then the Riesz rep-
resentation theorem implies that 3 a bounded linear operator T':H - H such that

vV X,y € H,

< X,y > =< X,Ty >',
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Observing that T' is positive and selfadjoint per < , >', put T = (T')l/z, SO

that v x,y € H
< X,y > =< Tx,Ty >'.

[Note: T is invertible.]

REMARK ILet A € B(H) and denote its adjoint per < , >' by A* — then

vV xX,vy € H,

< X,Ay > = < Tx,TAy >'

< T2x,Ay >!

< A*sz,y >!

< T-ZA*sz,y >,

thus the adjoint of A per < , > is T‘ZA*TZ.

E.g.: Take A = T —— then the adjoint of T per < , > is T_Z'I'I‘2 =T, i.e.,

T is also selfadjoint per < , >.

LEMMA Let A € B(H) — then A € ;p(H) (p=1,2) per <, > iff A € gp(H)

(p=1,2) per <, >'.

[Note: Suppose that A is trace class — then

tr(a) = tr'@).]



§2. SPECTRAL THEORY

Let H be a complex infinite dimensional Hilbert space — then by ProH

we understand the set of bounded idempotent selfadjoint operators on H or still,

the set of orthogonal projections on H.

Let (X,S) be a measurable space (so S is a g-algebra of subsets of X) -—-

then a spectral measure on $ is a function E:S - ProH such that

E(@ =0, EX) =1 (1)

and
E( gy S) = 1 E(S)
n=1 n n=1 n

in the strong operator topology whenever {Sn} is a disjoint sequence of sets in S.

2.1 EXAMPLE Take X = E_{n, S = Bor(ljn) and H = LZ(Bn,u) , where i is a

o-finite measure on Bor (gn) —- then the prescription
S » ProH
r BS)Y = xg¥
S = E(S)

is a spectral measure.

2.2 ILFMMA Suppose that E:S - ProH is a spectral measure -- then



E(S) £ E(T) and E(T - S) = E(T) - E(S)

if S cT.

2.3 IEMMA Suppose that E:S - ProH is a spectral measure — then

E(SUT) +E(SNnT) =E(S) + E(T).

2.4 LEMVMA Suppose that E:S - Pro, is a spectral measure -- then

E(S N T) = E(S)E(T).

2.5 REMARK Spectral measures are continuous from above and below:
SlDSZD e+ 5 St 25n=S

E(S) = lim E(Sn) (strong operator topology)

SlCSZC.”CS:ILiSn=S

E(S) = lim E(sn) (strong operator topology) .

2.6 CRITERION A function E:S ~» ProH such that E(@) = 0, E(X) =1 is a
spectral measure iff v x,y € H, the function

ux,y(s) = < x,E(S)y >

is a complex measure on S.



Specialize to the case when X = R, § = Bor(R) and fix a spectral measure E.

Iet I, =1 - oAl and E

A 2= E(IA) - then V x € H, FX(A) =< x,EAx > is an increasing

right continuous function on R. By definition (cf. 2.6),

uX’X(]a,b]) = < x,E(la,bl)x >

< x,E(Ib - Ia)x >

= < x,E(Ib)x > - < x,E(Ia)x >

F () - F (),

thus u is the Stieltjes measure induced by F_ (ard F_ is the cumilative distrib—
X, X X X

ution function of u_ ).
X,X

[Note: In general, the function X -+ < x,EAy > is of bounded variation (as

can be seen by polarization) and o is the associated Stieltjes measure.
14

Y
Symbolically: duxly()\) = d<-x,E>\y >.]
Suppose that f:R ~ C is a bounded Borel function -- then it is clear that
there exists a unique bounded linear operator Af:H -+ H such that v x,y € H,
< x,Afy > = f13 f(N)d< x,E)\y >

Here

||Ag]| = ess sup; |E] (= inf sup  |EQ)]).
S:E(S) =0 AgS

Moreover A; = Ag iff f=gE - a.e., i.e., iff E({A:f(}\) = g(A)}) = 0.



We shall call Ag the integral of f w.r.t. E and write
Ap = f-B £ dEA.
[Note: The result of applying /. R f dEA to a vector x is usually denoted

bnyde

2% rather than (fB £ dE)\)x.]

Properties of the Integral The arrow £ ~ Ag is a linear map from the bounded

Borel functions on R to the bounded linear operators on H. In addition:
* = f
1. (fB £ dE)\) fB f dEA.

2. (fR £ d.EA) (fR g d.EA) = fR fg dE, .

3. < IB f dEAx, fB g dEky > = IB fg d< X,Eyy >,

2.7 REMARK The operator Ap is always normal. It is unitary if V A,

£\ € §l and it is selfadjoint if v A, £(}) € R.

2.8 EXAMPIE V Borel set S,

&
il

3 E(S).

Consequently,

~
2}
|

= < x,E(S)Afy >

< E(S)X,Afy >



= fB. Xgt < x,Byy > = [o £ d< x,E,y >.

To eliminate the boundedness restriction, consider an arbitrary Borel function

£:R > C. Put

X > < «},

De = {x € H:fB [£(0) l2d< %,Ey

Then Dg is a linear subspace of H:

2
u (8) = 2[e|%, (8) + 2, ,(8) (c €Q.

cx +y,cx+y

Furthermore, Df is dense. To see this, fix x € H and let X = E(Sn)x, where

sn={>\:|f(x)} <n}. SinceS <8 ,,and US =R, it follows that

n

n

E(S )x - E(R)x or still, x - x. But x € D_:
n - n n £

2
fB £ [a< % ,BEyx >

f £ |%a< E(S )%,E(I,)E(S)x >

fg 1EO) |%a< x,E(S_n I)x >

X >

2
fB [£(0) | Xsn(Md< X,E,

201112
n®[ x| [".

A

So Df is indeed dense.

To construct A

g+ let x € D and choose a sequence {fn} of bounded Borel



functions such that

x > = 0.

. 2
lim f [fn-fl a< x,B,

R

n - o -

x — then

Set x = fB fn dE)\

2
||Afx—Afo
n m

2 2
<2 fB |£, - £]7a< x,Eyx > + 2 fB |£, - £]%a< x,Byx >.
Therefore the sequence {Af x} is Cauchy, thus has a limit in H which, by a
n
similar argument, is independent of the approximating sequence {fn}. The
prescription

Afx= lim Afx (xEDf)
n-—+o© n

then defines a linear operator, the integral of f w.r.t. E, written
Af = IB f dE)\.

Accordingly,

llag|1? = Lim ||a; x||°

n -« n

lim fR |fn|2d< x,Eyx >

n > -

Ir lf!2d< x,Eyx >,

[Note: To establish that Ag is really linear, choose the fn subject to

f -~ £
n

E - a.e. (e.qg. fn = Xg f) — then fn is independent of x € D¢
ITal < £l B



and by dominated convergence,

. 2
Lim fp |£ - £]%d< x,Eyx > = 0.]

n > o« -

2.9 IEMA I1etx € H, v € Df — then £ is integrable w.r.t. U y and
I

ey ® = Jg EMA OV

ThereforerEH&VyEDf,

< XAy >

< < x,E(B)Afy >

=y, . (R)

fB f()x)duxly(k)

g ENd< x,Ey >,

which is the defining property of Af when £ is bounded.

2.10 EXAMPLE Take H = L2 (R,u) , where u is a o-finite measure on S = Bor (R)
and let E(S)Yy = xsw (cf. 2.1). Suppose that f:R + C is Borel and consider its
associated multiplication operator Qf, viz. ¢ » £ with

Dom(Q,) = 1 € L2 (R /| £]°]v] %an < =}

Then Dom(Af) = Dom(Qf) and

n

Af fB £ dEX = Qf.



Properties of the Integral The unbounded situation is complicated by domain

issues. It is certainly true that A =Cche (c €CQ). BAs for addition and multi-
plication, we have

Af +g = Af +Ag
Afg=Ang.

And it is still the case that

hence [ R f dEA is selfadjoint whenever f is real (and normal in general).

[Note: If f and g are real valued, then A; | rv g= Ap + /—EAg.]

2.11 IEMMA Let fiR > C be Borel - then A, = Af (k= 1,2,...). In

£
addition, given complex numbers CyrCyree+sCyr We have

k

n
A =Cc. +Cc,A. + e + CA_.
n 0 1t n'ft

c0+clf+ --+cnf

So, by way of a corollary, if f is real, then the powers Alé k=12...)

are selfadjoint.

2.12 SPECTRAL THEOREM If A is selfadjoint, then 3 a unique spectral measure

E such that A = IB N dEA.



This is the central result of the theory. In order to help place it in
perspective, it will be convenient to review some standard terminology.

Let A be a densely defined linear operator, which we shall assume is closed —
then the spectrum o(A) of A is that subset of C consisting of those A such that
A - )\ is not a bijection Dom(a) -+ H.

[Note: It may very well be the case that ¢(A) is empty.]

Suppose that A € o(A) -~ then there are two possibilities:

1. A - X is not injective.

2. A - ) is injective but not surjective.

The elements A € o(A) corresponding to the first case are the eigenvalues of A.

They constitute the point spectrum cp (A) of A. The elements A € o(A) corresponding

to the second case fall into two classes: The continuous spectrum O (A) consists

of those ) such that Ran(A - )) is dense in fl and the residual spectrum O, (a)
consists of those ) such that Ran(A - )\) # H. Thus there is a disjoint decomposition

o) = cp(A) U O‘C(A) u cr(A) .

2.13 LEMMA o(A) is a closed subset of C.

[Note: The spectrum of a selfadjoint operator is a closed subset of R while

the spectrum of a unitary operator is a closed subset of T.]

2.14 EXAMPLE (Annihilation and Creation) Agreeing to use the notation of

- exp(za)
1.19 and 1.20, define linear operators (z € C) on D by

_ exp(zc)



exp(za) = X i—,gk
k=0 ™°
o k

exp(zc) = & —Z—,—c_:k.
k=0 "°

Since
- k
HERCHE

< [+ Kk Y2,

11 e ||

these definitions make sense. Recalling that

n

c
e, = : eo (n = 1),
n!
we have
o k oo k
exp(zc)eo— z ZTgkeo= r =2 S

k=0 "° k=0 vkt

Obviously, then,

I n| < e ,exp(zc)e, > !2 < o,
- n =70
n=0

Therefore exp(zc)e, € Dom(a). Since
5(exp(29)eo) = z(exp(zo) ()

and since z € C is arbitrary, the conclusion is that GP(E) = C. On the other

hand, cp(E) = ¢ while o_(c) = C.
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[Note: In passing, observe that

||lexp(zciey| 1% = =
n=

Assume henceforth that A is normal —— then the residual spectrum is empty:
or(A) = . Turning to the point spectrum, one can show that A € cp(A) iff
X E o, (B%) with
Ker (A - A) = Ker(a* - }).
And the eigenspaces corresponding to distinct eigenvalues are mutually orthogonal.

The spectrum of A is said to be pure point if there is an orthonormal basis

{ei:i € I} for H consisting of eigenvectors for A:Re; = )xiei.

2.15 ILEMMA If A is a normal operator whose spectrum is pure point, then
o(a) = cp(_A)‘and
2 2
Dam(d) = {x: Z |>\i| | <e;x> [© = o},
i
2.16 EXAMPLE Consider N, the closure of the number operator N (cf. 1.19) —-

then N is selfadjoint and ﬁen =ne (n 2 0). Therefore the spectrum of N is pure
point and

Dom(N) ={x € H: L n2[ < e x> [2 < «}.
0

2.17 EXAMPLE Take H separable and let {en} be an orthonormal basis. Define
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e — then A is

a linear operator A on the linear span of the e, by Ae = n

Sl

L e . Therefore the spectrum of A is pure

selfadjoint (cf. 1.13). But Aen ==,

point and o(&) = (= : n €N} = {0} U {f : n € N}, so o_(A) = {0}.

[Note: Let F be an infinite subset of Q —— then a simple variation on this
there gives rise to a selfadjoint operator whose spectrum is pure point and coin-

cides with F.]

2.18 CRITERION Suppose that A is normal — then A € o(A) iff 3 a sequence

of unit vectors X € Dom(A) such that (& - A) X > 0.

2.19 EXAMPLE Take H = L2 (R) and let A = Q, the position operator -— then
o(Q) = R. For Q is selfadjoint, so 0(Q) <« R. This said, fix A € R and put

1 1
£, =V xy s, where I = [AA+Z] — then [|£ || =1and |[(@- NE ] =“—/_‘*0'
n 3n

thus 2.18 is applicable.

[Note: Obviously, Gp(Q) = @, hence g(Q) = O Q) .1

2.20 LEMMA If A:Dom(A) » H is selfadjoint and if U:H +» H is unitary, then

sar ) = o).

[Note: Recall that UAU T:UDom(a) - H is selfadjoint (cf. 1.10).]

2.21 EXAMPIE Take H = L2(R) and let A = P, the momentum operator —— then
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o(P) = R. In fact, o(P) = o(U; Q) = o(@ = R.

Let A be selfadjoint -- then in the notation of the spectral theorem

(cf. 2.12), 3 a unique spectral measure E such that A = fR A dE)\'

[Note: Bear in mind that in this context, the damain of E is Bor(R).]

2.22 REMARK The spectrum o(A) of A is a nonempty closed subset of R.
Moreover E(R - o(A)) = 0 and, in fact, E is supported by o(3).

[Note: A symmetric operator is selfadjoint iff its spectrum is real.]
2.23 IEMA ) € o(d) Iff E(JA - e, X+ el)2 0V e > 0.

2.24 IEMMA )\ € op(A) iff E({A}) = 0.

[Note: The range of E({A}) is the corresponding eigenspace.]
2.25 REMARK Any isolated point of ¢(A) is an eigenvalue.

2.26 EXAMPLE Suppose that A is pure point — then there is an orthogonal
decomposition
H= @& Ker(A - A)
A€ %% (a)

and the spectral measure determined by A is given by the rule

E(S) = % XS()\)E({)\}) '
A€ UP(A)
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where the convergence is in the strong operator topology.

Since o(A) is closed, it contains its limit points: o(Ad) > g(d)'. The

essential spectrum Ooss () of A is then by definition o(A)' together with the

eigenvalues of infinite multiplicity.

2.27 IEMA A € OeSS(A) iff the dimension of E(]JA - £,A + €[) is infinite

YV e>0.

[Note: This implies that o, (A) is a closed subset of R.]

There is a decomposition
oa) = cp(A) U O g (B) s

hence

Gc (a) Gess a) - 0’p (a).

The complement

od(A) o(A) - s (A)

S

is called the discrete spectrum of A. Tt consists of all isolated eigenvalues

of finite multiplicity. If the essential spectrum is empty, then o(A) =0 a (a)
= op (A) and the spectrum of A is pure point. However, it may very well be the

case that the spectrum of A is pure point, yet the discrete spectrum is empty.
Working still with the spectral measure attached to A, let f:R + R be

Borel -- then Af = fR £ dEA is selfadjoint and v x € H & V VY € Df, we have
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< XAy > = fl} £\ d< x,E)\y >.

[Note: 1In this context, it is customary to write £(A) in place of Af.]

2.28 EXAMPLE Given x € H, let x = E(S )x, where 5_ = {}:|A| sn} — then

X is analytic for A. In fact,

12k []2 x>
n n

2k
= g M7 a< x a8,

]

2k
f13 (A Xsnmd< X,E\x >

n® |]x]|2.

A

Therefore the power series Kk
° [|a% [

k
ki °

k=0

is absolutely convergent for all t.

[Note: Since X +X and x is arbitrary, the set of analytic vectors for A

is dense.]

2.29 IEMMA The spectral measure attached to £(A) is the assignment

S > E(£1(9)).
2.30 ILEMMA Suppose that f is continuous -- then ¢(£(3d)) = £(c(@)).

We shall term A nomnegative if < x,Ax > > 0 ¥ x € Dom(A). When this is so,
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o(A) ¢ R and A admits a unique nonnegative n™® root Al/ n

20

. Viz.

1/n _  .1/n
A = fo h\ dE>\.

2.31 EXAMPIE Consider N, the closure of the number operator N (cf. 1.19) —
then N is nonnegative and

Dom(ﬁl/z) ={x€H: I n|< e X > |2 < o},
n=0

I.e.: Dom(ﬁl/z) = 5, the common domain of a and ¢ (cf. 1.20).

2.32 IEMMA Suppose that A is selfadjoint and nonnegative -— then

al/2 - Al; 2|Dom(A) ,

i.e., Dom(A) is a damain of essential selfadjointness for Al/ 2.

2.33 IEMMA If A is selfadjoint, then |A| ( = Ir Ix] dE,) is nonnegative
o . . . 2.1/2
and Dom(|A[) = Dom(a) (thus |A| = A if A is nonnegative). And: |A]| = (& .

If f:R - C is Borel, then A, is normal with A¥ = A_ or still, f£(A) is normal
£

with £(A)* = £(A).

2.34 EXAMPLE Suppose that x is an analytic vector for A, hence 3 RX > 0:

oo k
T LIZI:TXLL|t|k < o

k=0 )
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if |t} < Rx. We then claim that

Akx

| N

X € Dcm(eZA) and eZAx = 7
k=0

o

!
. ZA, .
provided |z| < R.. For x € Dom(e™) iff

J ]eZ)‘l2 d< x,E

X > < w,
R

X

And |z| <R =

n z)\l2 < > ]1/2
-n

s \

le d< x,E

ZA

© k
A
Hfiln kio (zk)! de, x| |

IA

o k
z 2L 1m ok e
k=0 ¢

1z
k!

A

g L2k <o
=0

fa |eZ)‘{2 d< x,Eyx > < .

Now write
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K zk X (zk)k
= I ——rfRA dEAX+fR z K1 dE)\X
k=0 ™ = - k=K+1 :
and observe that
o k
(zA)
| & -=— dEx]|
kel KA
¢ ]zk k
R TR dE, x| |
k=K+1 : =
= @ 13 1125% || > 0 as K + w.
k=K+
Therefore
o k
By - 1 —]i—,—Akf.
k=0 ™



§3. ONE PARAMETER UNITARY GROUPS

let H be a complex infinite dimensional Hilbert space. Denote by U(H) the
set of all unitary operators on H —— then U(f) is a group under operator multi-

plication and is a topological group when equipped with the strong operator topology.

3.1 EXAMPLE The strong limit of a sequence of unitary operators need not be

unitary. To see this, take H = Kz(g) and define Uk:H ~H (k>1) by

Uy (e 1) = 0gerxy Xy een i ey 0% 00ees)

Then the Uk are unitary and converge strongly to T, where

T({xn}) = (O’Xl’xz"")’

Suppose that U is unitary —— then o(U) is a closed subset of {z:

z| = 1}.

3.2 SPECTRAL THEOREM If U is unitary, then 3 a spectral measure E such

that E(] - »,0[) = 0, E([27,»[) = 0, and

_ V=1 A
U—fBe dEA.

[Note: As in 2.12, the domain of E is Bor(R). Incidentally, these conditions

determine E unidquely.]

3.3 EXAMPLE ILet UF:LZ(I_{) > L2 (R) be the unitary operator provided by the

Plancherel theorem —— then



_1 2 3
PO-—Z‘(I'FUF‘FUF'FUF)I

-1 — 2 —~ 3
Pl—E(I fTUF UF+/“IUE),

1 2 3
P, =7 (I-Up+Uz-Ug),

1 2 =3
p3—Z(I+/;TUF—UF-f'1'UF)

are pairwise orthogonal nonzero projections whose sum is I. Since UgP, = (vV=1) kPk
(k = 0,1,2,3), it follows that d(UF) = {1, /-1, - 1, - /=1} and the spectrum of U

is pure point. The spectral measure determined by UF is given by the rule

1 3
E(S) = Z z XS

@ eI ol
5, k=0

2
[Note: Each of the eigenvalues + 1, = /~1 is of infinite multiplicity.]

. 2T /:TAU
3.4 IEMMA Suppose that U is unitary. PutAU=f0 AQE, — thenU=e .

[Note: Here E is the spectral measure per 3.2.]

Let G be a topological group -- then a unitary representation U of G on H is

a continuous homomorphism U:G -+ U(H) .
[Note: Spelled out, the continuity of U is the requirement that v x € #,

the map o + U(o)x from G to { is continuous.]

Specialize to the case when G = R — then a unitary representation U of R



on H is called a one parameter unitary group, thus U:R - U(H) is a continuous

homomorphism and we have U(0) = I, U(~t) = U(t) © = U(L)*.

3.5 REMARK Suppose that U:R ~ U(H) is a homomorphism -— then to check

strong continuity it suffices to work at t = 0 and for this weak continuity at

t = 0 is enough. Proof:
[[u(t)x - x| |2 = ||u(t)x| |2 - < UE)x,x > - < x,U(t)x > + ||x| |2

2| |x|1? - 2] ]x]]* = o.

[Note: When H is separable, one can get away with less, viz. if for all
X,y € H, the function t + < U(t)x,y > is Borel, then the function t - U(t) is
strongly continuous. Here the separability assumption is necessary: Without it,

strong continuity may fail.]

3.6 EXAMPLE Let H be a Hilbert space with an orthonormal basis {es:s € R}

in a one-to-one correspondence with R. Put U(t)e, = e, —— then the assignment

t -+ U(t) is a homomorphism from R to U(H) but it is not a unitary representation

of R on f.

Given a one parameter unitary group U, let DU be the set of all x € H for
which

u(t) - L

lim £

t=>0

exists. Define a linear operator A on Dy by



Ax = lim ut) - 1 x
t+0 /It

Then A is called the generator of U. Its damain Dam(A) ( = D) is invariant

under U and V¥ x € Dom(a),

AU(t)x

1

U(t)Ax

= lll'n U(t+h) - U(t) X
h-+0 /-1 h

d
= - I Z(o)x.

3.7 IEMMA Suppose that A is a selfadjoint operator. Put

U =e/—‘l'tA(=fRe/——l_t)\

dE)\) .

Then U is a one parameter unitary group and its generator is A.

PROOF It is clear that the U(t) are unitary and Vv %,y € H,

< x,U(8))U(t,)y >

< U(tl) *x,U(tz)y >

—/—Ttlx V=1 t,A
< fRe dE}\XI fBe dE)\y >

i

/-1 tl>\ V=1 toA

= [, e e d< x,EAy >

R



A

)
d< x,EAy >

1l

A (’tl + t
fRe

< x,U(tl + t2)y >

U(tl)U(t = U(tl + tz) .

2)

This shows that U:R -+ U(H) is a homomorphism. To check strong continuity at

t = 0, write

e/—_l tA % >,

- l|2d< X,y

2
[lutt)x - x||© = fR |

2

/=1 €A - 1|° < 4 (which is integrable), an application of dominated

Since |e

convergence gives lim ||U(t)x - x| [2 = 0. Assume now that x € Dom(a) —— then

t >0
/=1 tA
|| & =L x - ax||?
V-1 t
V=1 £\
= [ le——-——-————l—MZd <x,E.x >.
N A

But

R R
| /-1 t |

7T 1) v el e+ ey

|t] It

<

< 2|



X > < oo

x € Dom(a) => fR >\2d< x,EA

r

so another application of dominated convergence gives

lim ut) - 1 ~ 1 x=ax.
t+0 /~It
Therefore Dom(a) < DU' To reverse this, let x € Dy and put
y = lim U(t) - I .
t+0 /1t

Then for all sufficiently small t # 0, we have

Lt 2
o | E— e x,Ex > < @+ |||
2 /1t

On the other hand,

lim | &—— 1 12252
t->0 -1 t

Fatou's lemma then implies that |\ 2 € Ll(R,u ), thus x € Dom(A). Consequently,
— x’Y

Dom(a) = Dy and A is the generator of U.

3.8 EXAMPLE (The Free Propagator) Take H = L2(_I_zn) r A=A —thenv £ € S(l}n) ’



» 2
(e/-:f they () = 1 e e/:—l_ |x - y| /4tf(y)dy.
(4n 1 t) R

3.9 THEOREM (Stone) Let U be a one parameter unitary group —— then there

is a unique selfadjoint operator A such that U(t) = e‘/:l— tA.

The uniqueness of A is immediate (cf. 3.7). As for the existence of A, one
can either proceed directly (there are various approaches) or one can cite a far
more general result which goes as follows.

Let G be a locally compact abelian group, I its dual. Suppose that U is a
unitary representation of G on H — then there exists a unique spectral measure

E:Bor(T) - ProH such that

U(o) = IF X(G)dEX (c €G).

When specialized to the case when G = R (hence T' = R), this says that

_ /=T t)
U(t) = fB e dEA
or still,
Ut) = e/:T tA’

where A = fR A dE)C

3.10 EXAMPILE Take H = LZ(B) and let A = Q, the position operator -- then

ef-T tQ

p(A) = e'/:I tA

P\ (cf. 2.10).



3.11 EXAMPLE Take f = L2 (R) and let A = P, the momentum operator — then

-1
P = UF QUF (cf. 1.11), hence
et thpO\)_ =y + B).
3.12 ILEMMA Suppose that U is a one parameter unitary group with generator A.

Iet D ¢ Dom(A) be a dense linear subspace of H which is invariant under U —— then

A|D is essentially selfadjoint and A[D = A.
PROOF The restriction A|D:D > H is symmetric (A being selfadjoint). To
prove that A|D is essentially selfadjoint, it suffices to show that the range of

AD ¢ /~1 is dense in H and for this, it suffices to show that
Ker ((A|D)* + /~I) = {0}.

Thus let y € Dom((A|D)*) and assume that (A|D)*y = /~I y — then V x € D, we have

d
€ < v, U(t)x >

=<y, /1 (A|D)U(t)x >

/-1 < (A|D)*y,U(t)x >

/1 < /AL y,Uut)x >

<y, U{t)x >.
Therefore the complex valued function f(t) = < y,U(t)x > satisfies the differential

equation £' = £, hence £(t) = £(0)e". But |£(t)| is bounded, so £(0) = < y,x > = 0.



As this holds for all x € D and D is dense in H, it follows that y = 0. I.e.: The
kernel of (A[D)* - /-1 is {0}. Analogous considerations show that the kernel of
(a|D)* + /-1 is likewise {0}. Conclusion: A|D is essentially selfadjoint. And:

AD = A (cf. 1.14).

3.13 EXAMPLE Take H = L. (R) and let

wen ) = e weim).

Then the assigmment t - U(t) is a one parameter unitary group and its generator

A is given on C:(B) by

Af = (QP - @)f.

Since Coco (R) is invariant under U, an application of 3.12 implies that

) =
A= (Qp - T) ICC(B)

or still,

>
I

1 co
5 (0P + PO) [C_(R).

3.14 EXAMPLE Take H = L2(1_3) and let

e/:l_ t(2) + t)/2

W) () = YA+ € LP®).

Then the assigrment t - U(t) is a one parameter unitary group and its generator A
is given on S(R) by

Af = (P + Q) £f.
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Since S(R) is invariant under U, an application of 3.12 implies that

=T FOS®.

[Note: The domain of P + Q is Dom(P) N Dom(Q) and there, P + Q is symmetric.

But

P+Q> (P +0Q)|S®R

P+Q=A (cf. 1.14).

Therefore P + Q is essentially selfadjoint. On the other hand, P + Q ¢ T_lPT,

where T is the unitary multiplication operator

/-1 .2

() (M = epGE A @ e @),

1

Since T_LPT is selfadjoint (cf. 1.10), it follows that A = T ~PT.]

Let G be a Lie group. Suppose that U is a unitary representation of G on f.
Fix an X € g —— then the assigmment t - U(exp(tX)) is a one parameter unitary

group, thus there is a unique selfadjoint operator dU(X) such that

Ulexp (£0)) = e/:l' tdU(X)

3.15 EXAMPIE Working in H = L2(I_33) , but

- =0 O _ O
X_zay Y 52
Y I I
Y=x-2%
Y R I
Z—y,ax XBy'
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Iet {Ox’oy’Qz} be the position operators and let {Px,Py,PZ}. be the momentum

operators (cf. 1.12) — then Vv f € C°c°(133) '

Oszf - QZny V-1 Xf

Q ZPXf - Oxsz /-1 Yf

Qxny - Qypr = /-1 Zf.

Consider the canonical unitary representation U of SO(3) on L2 (53) arising from
the right action of SO(3) on 133 (viewed as row vectors) and note that C:(133) is

invariant under U. ILet

0 0 0 0 0 1 0 -1 0
EX = 0 0 -1 ' Ey = 0 0 0 v B, = 1 0 0
0 1 0 -1 0 0 0 0 0

be the usual basis vectors for so(3), thus

EX = [Ey,EZ] r E

y = [EZ,EX], E, = [Ex,Ey].

Then there are selfadjoint operators dU (Ex) , dU (Ey) , du (Ex) characterized by the

relations
- V-1 tdu (E,)
U(exp(tEx)) =e
/=1 tdU(E_)
U(exp(tEy)) = e 4
V=1 tdu(E,)
U(exp(th) ) = e .
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Since for any f € C:(§3) /

v > _4d > =
/-1 AU(E)E£(r) = gp £(F exp(tE)) i = Xf,

it follows from 3.12 that
@QP. - 0P ) |C°®)
Qy p 4 zZy ‘o=

is essentially selfadjoint with

_ o 3
- du(e,) = (Qsz szy) |cc (R).
Ditto for the other two. Set

LX = - dU(EX) ’ LY = - dU(Ey) ' Lz = - dU(EZ) .

Then Lx’Ly’Lz are called the angular momentum operators. On C:(I_{?’) , We have

V=1 L, = [Ly,Lx] , /-1 Ly = [L,/L.], V=1 L, = [LX,Ly] ]

E.g.:

L. ,L 1 = [/~-1 X, /-1 Y]
X'y

= - [X,Y] = -2

3.16 THEOREM (Trotter Product Formula) If A and B are selfadjoint and if

A + B is essentially selfadjoint, then

1 ta/n /-1 tB/nyn _ /1 t (B +B)

lim (e
n > o

in the strong operator topology.
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3.17 EXWPIE Tet V € L*(R)) + L”(R)) be real valued — then - A +V is

selfadjoint on Dom( - &) ( = Dam(A)). To see this, we shall use 1.27, taking

= - A (cf. 1.15) and B = V (meaning multiplication by V, a selfadjoint operator).

Thus write V = V, + V, (V, € L°(®), v, € L”())) — then

HVEL < TV, [HHTE G, + TV TGN

which shows that Dom( — A) < Dom(V) (every element of Dom( — A) is necessarily a
bounded continuous function vanishing at infinity). But v a > 0, 3 b > 0:

v £ € Dom( - A),

[1£]], = all - af[] + b]]£[].
Therefore
[VEL] < al [V, 1] = ag[] + &+ [V I ) [1£]],
so = A + V is indeed selfadjoint. Now put Hy = - A —- then according to 3.8,
v EeESER),
e - H0g) gy = 2 fy e Ix- v */te ) ay.

(ar /T 62 'R

On the other hand, H0 + V is selfadjoint, hence by the Trotter product formula,

-—/-_—'It(HO+V) —/:ftHO/n—ﬁ-TtV/nn
e £f= lim (e e )y f.

n <+ o

- V=1 tH,./n
Inserting the explicit expressions for e 0 and e /=1 tV/n then gives
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- /=1 t(HO + V)

(e f) (xol
- 3n/2
s dn V-1 t
= lim (—T_) Fyent 3 exp (/-1 Sn(xo,...,xn,t))f(xn)dxn...dxl,
n > R R
where
nt_l Ixi"xi-lz )
= ] — il ) -
Sn(XO,Xl,...,Xn,t) iEl n _ 4 ( t/n 7 V(xi) _ .

A conjugate linear bijection U:H - H is said to be antiunitary if < Ux,Uy > =
< y,x > for all x,y in H. A conjugation is an antiunitary operator C:H - H
2
such that C™ = TI.

® Suppose that U is antiunitary -—- then

<Ux,Uy>=<y,x>

< y,U*Ux > =< Y¢X >

=> Ay =1 => U* = U L.

® Suppose that C is a conjugation —— then

<X,C*y> = <Y,CX>

< C2x,Cy >

i

< x,Cy >

!

=> C* = C.



54. COMMUTATIVITY

Iet H be a camplex infinite dimensional Hilbert space. Let Tl'T be bounded

2

linear operators on f{ —— then Tl'TZ comute iff [Tl’TZ] = 0.

4.1 IEMMA Suppose that Al,A2 are bounded and selfadjoint. ILet E]_,E2 be

their spectral measures —- then Al’AZ comute iff for all Borel sets Sl’SZ’

[E; (51) /B, (S,)] = 0.

This motivates the following definition: Two selfadjoint operators Al'AZ

are said to commute if their spectral measures commute, i.e., if for all Borel sets
Sl '52’

[E) () /E,(S,)] = 0.

4.2 EXAMPLE Suppose that A is selfadjoint and let E be its spectral measure.
Fix Borel functions f,g:R -+ R — then f(3a),g(A) are selfadjoint and, moreover, they
comute. In fact, the spectral measure attached to f£(A) is the assignment
S > E(f—l (S)) and the spectral measure attached to g(a) is the assignment

s > E(gL(S)) (cf. 2.29). So, for all Borel sets S5, (cf. 2.4),

-1 -1
(£ (S,))E(g(S,))

_ el -1
=E(f (S;) ng (S,))



E(g (S, n £ (s))

Il

E(g T (S,)E(ET (5)))

-1 -1 _
[E(E™(5,),E(@(S,))] = 0.

4.3 LEMMA Ilet A be a selfadjoint operator, E its spectral measure. Iet

T be a bounded linear operator -- then [E(s),T] = 0 for all Borel sets S iff

[EX'T] = 0 for all real numbers A.

4.4 1FEMMA Suppose that A is selfadjoint and let E be its spectral measure ——

/-1 tA

then a bounded linear operator T commutes with the U(t) = e iff for all

Borel sets S, [E(S),T] = 0.

PROOF First, if [E(S),T] = 0 for all S, then v x,y € H,

< X, UE)Ty > = [ e'/:I tA

R d< x,E)\Ty >

=/ e‘/:I tA d< x,TE

R W

= T EA g payE

R i

< T*%x,U(t)y >

< x,TU(t)y >



U(t)T = TU(t) v t.
Turning to the converse, fix )\ and choose a sequence {pn} of trigommetric
polynomials such that p_ converges pointwise to X] = w1 subject to ]pnl <C
[4

x for all x € H, hence

v n —— then pn(A)x > E>\

U(t)T = TU(t) Vv t

pn(A)T = 'I‘pn(A) ¥ n

TE}\x = T 1lim pn(A)x
= 1im Tpn(A)x
= lim pn(A)Tx
= E>\Tx

=>
TE, = E,T.

But )\ is arbitrary, so T commutes with all the E(S) (cf. 4.3).

4.5 CRITERION Suppose that Al’AZ are selfadijoint — then A

1 ,A2 cammute

iff v tl'tZ'

e

V-1 ta e/—T tA, ] e~,/-Tl‘ tA, e/:I tA)

[In view of 4.4, this is clear.]



4.6 LEMMA If A A2 are selfadjoint and if Al’AZ camute, then 3 a selfadjoint

operator A and Borel functions fl,fzzg -+ R such that Al = fl(A) ’ A2 = f2 (a).

If Al,A2 are selfadjoint, then Al + A, need not be selfadjoint. However,

let us assume that Al,Az commute and, in addition, are nonnegative — then Al + A2
is selfadjoint. To see this, write

—fde = [ £ dE

X' R 72 )
where E is the spectral measure of A and fl z 0, J‘:‘2 2 0. On general grounds,

. 2 2 2 2
Al + A2 c (fl + f2) (A) (indeed, (fl + f2) < 2(fl + f2)) . But here f1 + f2

2 .
(fl + f2) , hence (fl + f2) (a) c Al + A2. Therefore Al + A2 = (fl + f2) (A) and,
of course, (fl + f2) () is selfadjoint.

[Note: The commutativity of Al'AZ does not imply that Al + A, is selfadjoint
(e.g., take A2 = - Al) . Still, the commutativity of A ,A does imply that A+ A2

is essentially selfadjoint (cf. 4.13).]

4.7 LEMA If Al A are selfadjoint and if A A2 commmate, then

(A2, = AR )X = 0 (x € Dam(AA)) N Dom(AzAl)) .

PROOF Per 4.6, write Al = fl(A), A2 = f2(A). Bearing in mind that

TEME,@) < (£f,) @)

£, £ B) < (£,£) @),



we have

AlAZX = fl (n) f2 (A)x

(£E,) B)x = (£,£) (W)x

f2 (A) fl @A)x = AzAlx.

[Note: It will be shown below that Dcm([Al, 2]) is dense (cf. 4.12).]

Suppose given two selfadjoint operators A /R, and a dense linear subspace

D of H such that
1. Dc Dom(Al) n Dom(Az);

2. AlD c D, A2D c D;

3. A1A2x = AZA]_X V X € D;

4. Al!D = Al, A2 D= A2.

Then it is FALSE in general that Al'AZ commute.

[Note: Conditions 1 and 2 imply that D ¢ Dom([Al,A2]) .]

4.8 EXAMPIE (Fuglede) Take H = L2 (R) and let D be the linear subspace of
H generated by the functions

xnexp(—rx2+cx) (heN, r>0,ceq).



Then A /A, are selfadjoint and

-1
UFAlUF = AZ.

Points 1 and 2 are straightforward to establish. As regards 3, note that v £ € D,

AAy - AR NE \

2T 4 T Jam - 2T M FL2M L L T s

= 0.

Point 4 asserts that D is a domain of essential selfadjointness for both Ay and

. _ -1 -
A,. Since A2 = UFA1UF and UFD = D, it suffices to consider A

2 17 the claim being

that (AllD)* < A,. So suppose that (A1|D)*\p = ¢. Since f,g € D => £fg € D, we have

< (A |Dy*v, £g >

< ¢,fg > =< d)-flg >.

But

< w,Al(fg) > < U), (Alf)g >

T VIR

—

£\ g(\)dA

= [ TO &2 A EGY g



=<y f),g >

Therefore

of = V(A 5) = (A)) £

or still, ¢ = A}, which implies that (AllD)* < A;. It remains to prove that

Al’AZ do not commute. To get a contradiction, suppose they did. Write A, = fl (A) ,

A2 = fz(A) (cf. 4.6), where £, > O, f2 > 0 — then the spectral measures of fl(A),

1
f2 () commte (cf. 4.2), thus the same holds for the spectral measures of
log £,(a), log £,(A). In other words, /21 Q, - Y27 P must commute, which is

nonsense: On S(R),

[Q,P] = /-1 => [/2r Q, - /21 P] = - 2m/-1.

Let A be a selfadjoint operator —— then a bounded linear operator T is said

to commute with A if ™om(A) c Dom(A) and TAX = ATX V X € Dom(A).

4.9 LEMMA Suppose that A is selfadjoint —— then a bounded linear operator

T cammtes with A iff [E(S),T] = 0 for all Borel sets S.

PROOF Put U(t) = e/:I B __ then the condition [E(S),T] = 0 v S implies

that TU(t) = U(t)T Vv t (cf. 4.4), thus v x € #,

U(t) - 1
V-1 t

X

_Ut)Tx - Tx
V-1t



and so v x € Dom(A),

1im U(t) -'I'I‘x
t >0 /~L t

lim T O®) - T
t >0 /L t

=T lim ——————-—-U(t)—Ix
t >0 /~1 t

= TAX.

Consequently, Tx € Dom(A) and ATx = TAx. As for the converse, it's a bit technical,

hence will be postponed to the end of the §.

4.10 EXAMPLE If A is selfadjoint and if S is a bounded Borel set, then

E(S)H c Dom(A). But for any Borel set S', [E(S),E(S')] = 0, thus E(S)Ax = AE(S)x

¥ X € Dom(A) (cf. 4.9).

4.11 REMARK Suppose that Al’AZ are selfadjoint and A2 is bounded -~ then

there is a potential inconsistency in that one now has two notions of "commute".

Thanks to 4.9, though, they coincide. To check this, assume first that

[El(Sl) ’EZ(SZ] =0



for all Borel sets Sl,S2 -— then Vv Sl and V x,y € H,

2
< X,AE; (S))y > = fB A d< X'EAEl(-Sl)Y >

2
fl} A d< X'El(sl)Exy >

It

2
j'13 A d< El(sl)x’EAy >
=< El(sl)x' Y >

=< x,El(Sl)Azy >

[El (Sl) IA2] = 0.

Therefore A2Dom(Al) c Dom(Al) and AZAl = A1A2x YV x € Dom(Al) . Conversely, this
condition implies that [El (Sl) ,A2] = 0 for all Borel sets Sl' To prove it, fix A
and choose a sequence {pn} of polynomials such that Ei = lim 12 (A2) in the strong

operator topology (possible, A2 being bourded) -- then

Ey (S]_)A2 = BB, (8¢
E) (S))p, (B,) = P, (R )E, (S))

2 _ 2
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But ) is arbitrary, so El(sl) comutes with all the E2 (_Sz) (cf. 4.3).

4.12 IEMMA If Al,A2 are selfadjoint and if Al,A2 commute, then

Dom([Al,Azl) = Dom(AlAz) n Dom(AZAl)
is dense.

PROOF Let D be the subset of f{ consisting of those x for which 3 bounded

Borel sets Sl,S2 such that x = El (Sl)EZ(SZ)X'
o D is dense in H. In fact, given any x € H,

_El([ - n,n])x +> x
(n"°°)l

E2([ -n,nl])x » x

hence by the sequential continuity of multiplication in the strong operator
topology,

El([ - n,n])Ez([ - n,nl)x > x.
But

El([ - n,n])Ez([ - n,n])El([ - n,n])Ez([ - n,n])x

El([ - n,n])El([ - n,n])Ez([ - n,n])Ez([ - n,n})x

El([ - nrn])Ez([ - nln])x

El([ - n,n])Ez([ - n,n])x € D.
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oD c Dom(Aanz) n Dcm(AzAl)_ . For suppose that x € D, say

X = El (S]_)E2 (,Sz)x -— then

X >

2 2
fB AT d< X'Ek

I

2 2 ,
fR AT dxg x,EAEl(Sl)Ez (Sz)x >

2 2
fB AT d< X'El(sl)E)\EZ(SZ)X >

2

2
fB AT d< E:L(S]_)X,E2 (SZ)E)\X >

2
fB A d< El(Sl)X’EZ(SZ n I>\)x >

2
fB)\ Xg

2(>\) d< El(Sl)x,EAx >

X E Dom(AZ) .

Consider now Azx = AzEl (S]_)E2 (Sz)x. Obviously, E2(Sz)x € Dom(Az) . On the other

hand, A2 commutes with El(Sl) (ct. 4.9), so

A2El(Sl)E2 (52)x = El (S]_)AZE2 (,Sz)x.
But
El (S

A2E (8,)x € Dom(Al) .

1)BE, (5,
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Therefore
XeED=>x¢€ Dom(AlAz).
And, analogously,
XxXeb=>x¢g Dom(AzAl).
[Note: Some assumption on Al’AZ is necessary (recall that 3 a pair of

selfadjoint operators with the property that the domain of their commutator

is {0} (cf. 1.25)).]

4,13 REMARK If Al’AZ are selfadjoint and if Al,A2 commute, then Al + A2

is essentially selfadjoint.
[In the notation of 4.12, the elements of D are analytic vectors for

Al + A2, so 1.18 is applicable.]
* % % % k% % k% k % %

Given z € C - R, put
R,(2) = (& -2) 7.

Then RA(Z) is a bounded linear operator on H with range Dom(a).

4.14 LEMMA Suppose that T commutes with A —— thenv z € C - R,
[R,(2),T] = 0.

PROOF If x € H, then RA(z)x € Dom(A) and
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@a - z)TRA(vz)x = T(A - z)RA(z)x = Tx

RA(Z) (A - z)TRA(z)x = RA(Z)Tx

TRA(Z)X = RA(z)Tx.
From the definitions,
Ry R X =z Ta
So, V x,y € H,

< xRy (2)Ty > = [ 7y A< X,ETy >,

But if T commutes with A, then V x,y € H,

< xR, (2)Ty > = < x,TR, (2)y >
and
< X, TRy (2)y > = < T*x,R, (2)y >
= [ ——l—d<T*xE >
RA~-2z Y
= [ ——-l———d<xTEy>
RA-2z T T

Accordingly, V z € C - R,
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flf\i)\—%—z (d< %,/B\Ty > = dS x,TEy > ) = 0.

Ard from this, we want to conclude that [EA’T] = 0 Vv A, hence that [E(S),T] =0

v S (cf. 4.3).

4.15 LEMMA Suppose that o:R + R is right continuous, of bounded variation,

and lim a(A) = 0. Put

£ - w
£(z) = fB—)\——E—-z—doc(X) (Tm z > 0).
Then V A,
a(\) = Lim Lim = * * © m £(t + /4T e)at.

§¥0 €40
PROOF Write

Im £(t + /1 €) = fp In(A - ¢ - /T o)t any

=/ 2 da()) .
Ro-n?+é

Then by Fubini,

£ m £t + /AT e)dt

= (A -t)" + ¢
_ r—-X\A, T
= fB [Arc Tan = + —Z-]doc()\).
Since
|ArcTanr—>‘+Tr‘ <

€ 2
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and since
o (x> )
ArcTanr;k+-T-r2—+ lzr'(r=>‘)
0 (r <)

as €40, an application of dominated convergence leads to

Lim /5 _ Im £(t + /=1 e)dt
e+0

= m
= f] - o, r[" do(A) + f{r} 7 do(d) + S 0 da(})

lr,»[

ma(r) + 5 (@) - alr))

7 (alr) +al)).

To finish the proof, replace r by A + § (§ > 0) and then let &§40.
The obvious corollary to this is that £ = 0 => o = 0.

4.16 LEMMA Suppose that a:R - C is right continuous, of bounded variation,

and 1lim a(A) = 0. Assune:

>\ -5 - 00
Z 14 R }\ a -

Then o(A) = 0 for all X € R.
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PROOF If Im z > 0, then

fo—_—-z—dOL(M=O
and
s G = | =L aam | =o
A -2 °
= = XA-2z _
Therefore
ot d®e al)) =0
RXx-z2
(Im(z) > 0)
fo —E— d(Im o)) =0
_ ‘Ri-z AT
=>
T Rea =0
= q = 0.
Imoe:O

Returning now to the equation

1 (d< x,E
- Z

fljk Ty>—d<x,TE>\y>)=0,

A

the difference

al)) =< x,ExTy > - < x,TEXy >
has the properties required in 4.16, thus o is identically zero. So, V X,

E)\T = TEA or still, Vv X, [E)\,T] = 0.



§5. TENSOR PRODUCTS

Given camplex Hilbert spaces H,,... 'Hn with respective inner products
Sy >qreeer < >0y denote by Hl & --- @ Hrl their tensor product in the sense

of Hilbert space theory, i.e., the completion of the urnderlying algebraic tensor

product Hl ® +-- 8 aner

n
<Xy > = k]=l < Xk'yk >k ’

X=X, Q - QX%
n

y=yl®...®yn.
5.1 ILEMMA If Sk is total in #H, , then the set
{xl® @xn:xkEHk}

is total in Hl @ ---8 Hn.

5.2 IEMMA If {ek i:i € Ik} is an orthonormal basis for H, , then
’

] - Qe .
n,i

14

{el,il i, € Il,...,ln € In}

is an orthonormal basis for Hl ® -8 Hn'



M
n n 1
5.3 EXAMPLE ILet Q < R 1,92 <R 2 be Borel. Suppose that is a
My
Bor (.Ql)
o-finite measure on -— then
Bor ('522)

2 S 2
L°(2) 11y) © L2 (0 1,)

is isometrically isomorphic to
Lz(Q X sl X U,)
1 2'71 2"

n n n +n

In particular: L2(R 1) ® L>(R %) can be identified with L>(R ©  2).

5.4 EXAMPLE Take H separable, let Q < I_{n be Borel, and suppose that u is

a o-finite measure on Bor({)) —— then
L2 e H

is isometrically isomorphic to

12 (@, usH) .

Assume henceforth that Hl' cee ’Hn are infinite dimensional and let Al, .o ’An

be densely defined linear operators on H Hn. Denote by Dom(Al) ® --- 8 Dom(An)

qreeer

the set of finite linear combinations of vectors of the form %y ® «-- B X where

X € Dom(Ak) -— then Dom(Al)® ere @ Dorm(An) is dense in Hl ® e+ B Hn (cf. 2.1).

Define A;® -+ ®A On Dom(Al) ® ++- B Dom(.An) by



(’Al Q e @An) (’xl & e @xn)

= Alxl @ --- @ Anxn
and extend by linearity.
[Note: This makes sense, i.e., the definition of Al ® - 8 An is independent
of the representation of a vector in Dom(Al) ® .-- @ Dom(An) .1

Note that
* * *
Al® Q® A* c (Al® ® A )*,

the inclusion being strict in general.

5.5 LEMMA If Al,...,An admit closure, then so does Al ® -+ Q An and we have

518.--®incAl®---®An.

5.6 REMARK If Al""’An are bounded (and everywhere defined), then

A ® «.- ®An is bounded (and densely defined). Therefore Al Q@ --- ®An has a

unique extension to a bounded linear operator on Hl ® -+ 8 Hn' viz. A)® --- ®A.

Here

|12, ® === @ [ =][a]] --- [[A]]

[Note: If each Ak is selfadjoint, unitary, or a projection, then

Al B -+ B An is selfadjoint, unitary, or a projection.]



2,.n 2 o o2
5.7 EXAMPLE Represent L"(R") as L' (R) @ -+ @ L"(R) — then

UF® v @UF

is the unitary operator on L2 (13n) provided by the Plancherel theorem.

5.8 ILEMMA Iet Al ,A2 be selfadjoint -- then Ay ® A2 is essentially selfadjoint.

PROOF From the definitions, it is clear that Al 3] A2 is symmetric. This
said, to establish that Al 8 A, is essentially selfadjoint, it will be enough to

show that Dom(Al ® A2) contains a dense set of analytic vectors (cf. 1.18). ILet

c Dom(AJZ_) r S5 < Dom(Ag) be the set of analytic vectors for A2

2
S l,A2 -- then S

1 1

is dense in Hl and 82 is dense in H2 (cf. 2.28) and we claim that the
%, ® X, (xl € Sl,x2 € 82)

are analytic vectors for Al ® A2, which suffices (cf. 5.1). Thus fix t0 >0:

2k
* IIA]_ le lt‘lk .
o k!
(el <ty
2k
° | ]a5%, 1|
5 ——A2Er3—1t1k<°°
k=0 :
Then V t:|t| < tyr
o || ® A) " (x ® x,) ||
e Ty

X
ki ]



k k.
o LA | AT o
= X k1 le]™
k=0 '
_ | —11/2
K. {2 k. (2
o | [AleI | k 2 I lAzle I k
< — g 1t T S It
k=0 ' k=0 '
_ —\1/2
g Xl’AJZ_le >k o xz'Agkxz ok
= L 73] ] L k! | t]
k=0 : k=0 :
1/2 1/2 = A%l e 18551 1
< g 7 %1 Do It k§0 ——— It

Therefore x, ® x

1 is an analytic vector for A, ® A,.

2 1 2

5.9 LEMMA Iet A, /A, be essentially selfadjoint —- then Al ® A, is essentially

selfadjoint.

PROOF By hypothesis, 5\1,2-312 are selfadjoint, thus il ® 2312 is essentially

selfadjoint (cf. 5.8). On the other hand,

AlQAchlQAZCAIQAz (cE. 5.5).
But
A, @A, symmetric => A, @A, symmetric.

Therefore (cf. 1.14)




which implies that A; 8 A, is selfadjoint.

5.10 EXAMPLE Take H, = L°(R), H, = L°(R) and let A, = miltiplication by
Xy A2 = multiplication by X, = then A]_,A2 are selfadjoint (cf. 1.9) and

A 84, is multiplication by XX, in L2 (1_22) .

let Al, - ’An be densely defined linear operators on f,,... ,Hn. let Ik be

the identity map of Hk (k=1,...,n) -— then the domain of

A/ ®I,8 - ®I + -+ +1 8L, 8 -8R

1 2
is Dom(Al)® e B Dom(An).

Note that

A*Q I

.o .es SN *
7 2@ ®In+ +Il®12® ®An

C(Al®12®--—®ln+---+l ®I

*
1 ® @An) P

2

the inclusion being strict in general.

5.11 IFMMA If Al,...,An admit closure, then so does

A1®Iz®--'®ln+--'+l 8 I @---@An

1 2
and we have
Al®I2®"'®In+"'+Il®IZ®"°®An
cAl®I'2®---®In+"'+Il®I2®--'®An.



5.12° REMARK If A reeesB are bounded (and everywhere defined), then

Al®]:2®.,..®]jn+...+]: ®I @,,,@An

1 2

is bounded (and densely defined). Therefore

A ®I,® .- ®L + - +1 8I,8 -+ 8A

has a unique extension to a bounded linear operator on Hl ® - 8 Hn, viz.

A, ®I.® =« QI + «+»+I ®I.Q -« BA
1 2 n n.

1 2

Here

||A16126--'®In+---+I]_8I2®---@AnH

-

< [lagll - lla]

5.13 LEMMA Let A, /A, be selfadjoint — then A 8 12 + I ® A, is essentially

selfadjoint.
PROOF Since Al ® I2 + Il ® A2 is symmetric, one may proceed as in 5.8 but

this time with Sl < Dom(Al) ’ 82 « Dom(Az) the set of analytic vectors for Al’AZ'

Choose x ESl,x € S, and fix t. > 0:

1 2 2 0
- k
® HA]_le k
g7 |t s
k=0 )

k
o Al 0
o TR It

< oo




Then V t:|t]| < t

OI
. . , k ‘l-‘_k
kEOH(Al®IZ+11®A2) x]_®x2H £l
< EIE ('J;-) A£Xl®A§HKX2 IIJEJ—:
k=0 ,e:o 1
co k L
k! 2 kK -2 :
< Ik omma oot Al s x, || L
k=0 £=0
£ k-2
I 1 N 1 e )
T o T F (k -2 )! ]
k=0 /=0
~ ||at k - £ _
o0 HA]_X]_H 2 o HAZ XZH K - ¢
T o [HT E —g—y T [t
£=0 | : k=t T )
- k
_ 7 el et 3 HEZZ_'_H k
/€=0—7!—‘ k=0 k!
< oo
Therefore x; & x, is an analytic vector for A ®L, + I 8A,

5.14 IEMMA Iet AR, be essentially selfadijoint -— then A ® I,+1I,8n,

is essentially selfadjoint.

5.15 EXMPLE Take H, = L°(R), H, = L*(R) and let A, = miltiplication by

2
X0 By = miltiplication by X, — then A, /A, are selfadjoint (cf. 1.9) and



A ®I,+1I, 84, is multiplication by X; *+ X, in 1.2 (132) .

Given selfadjoint operators A,,A, on Hi,H , put

1_“_.1 = A]_ ] I'2
B 52 = Il ® A2.
Then A, ,A, are selfadjoint (cf. 5.8).
Let El’EZ be the spectral measures attached to Al,A2 — then the assigmments

S ~ El(S) ® I2

(S € Bor(R))

S Il ® EZ(S)

define spectral measures
E)/Ey:Bor(R) > Pro  ~ .

Hl 2

5.16 LEMMA The spectral measure attached to A, is E

1 1 and the spectral

measure attached to A, is E,.

Since for all Borel sets 51'52'

[E, (S)) /B, (S))] = 0,



10.

it follows that A,,A, commte.

5.17 RFEMARK We have

Ay 8L, cA @1y =2

I, 8, c I, @A, =4,

A 8I,+I @A) chA +A,.

Because 51'52 comute, their sum Z;\l + §2 is essentially selfadjoint (cf. 4.13).

On the other hand, Al ® I2 + Il ] A2 is also essentially selfadjoint. Therefore

(cf. 1.14)

A6 I, +1 86A =i +A.

5.18 LEMMA Let

V-1 ta,
Ul(t) = e

/=1
Uz(t) = e tAz

Then the assigrnment t -+ Ul (t) ® U2 (t) is a one parameter unitary group and its

generator is A; + A,.
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[Note: The generator of t -~ U;(t) ® I, is A, and the generator of

t > Il [5) U2(t) is 52.]

5.19 ILEMMA We have

o@;) = o(a,)
Iet
- Al'[ = Al 3] A2
B =h thy
and let

M, = {)\l + )\2:)\1 € O'(Al)r)\z € O'(Az)}.

5.20 LEMMA We have

G(AH) = Ml'[

=M.
U(AZ) I\Z

[Note: In general, the sets MI' and MZ‘ are not closed (simple examples
i 3
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illustrating this can be constructed using 1.13).]

As a final comment, we emphasize that while the preceding results were
only formulated when n = 2, they can of course be extended to the case of

arbitrary finite n.



§6. FOCK SPACE

Let H be a complex Hilbert space. For n 2 1, let H®r1 denote the n—fold

l\
tensor product of H and for n = 0, let H® 0 _ C -— then

o ™

n=0

F(t)

|

is called the Fock space over H.

[Note: The direct sum is in the sense of Hilbert space theory.]

If the norm in H®n is indexed by n, then the elements of F(H) are sequences

v

N [e o]
X = {X_:n = 0} with X_€ # such that = |lx[|2<oo.
n n 0 n''mn

n=
[Note: The inner product in F(H) is given by

[ee]
<XY>= I <X,Y >,
n’n n

n=0

where V n, <, >n is the inner product in H@n.]

6.1 EXAMPIE Take H = L2(I_§) ~- then an element ¥ € F(H) is a sequence of

functions
\y = {wolwl(x) Ilpz(xllxz)l"'}
such that
l\y,[2+°§, v (x x 1% ax. ...dx_ <
O n n lIQ'.' n 100. n L)

n=1 R

let o € Sn (the symmetric group on n letters) —— then there is a unitary



~ ~
operator Un(q) :H®n > H@n with

Up(@1 Gy 8 e @ X)) =X 9y @ =o* @ X e

This said, put

6.2 LEMMA Pn is an orthogonal projection.

Denote the range of Pn by BO 1Q(H) (in particular, Bol(H) = H and, conventionally,

BO,(f) = C) —— then

BO(H) = @& BO (H)
=0

is the bosonic Fock space over f.

[Note: The element Q = {1,0,0,...} is, by definition, the vacuum.]

6.3 EXAMPLE Take H = L°(R) — then BO_(H) is the subspace of H" ( = 12(®%Y)

consisting of those functions which are invariant under permutations of the

coordinates (cf. 6.1).

6.4 LEMMA If H is separable, then BOn(H) is separable.
PROOF Let €1s€yy - be an orthonormal basis for H. Take n > 0 and consider

any sequence K = {kj} of nonnegative integers, almost all of whose terms are zero,



with & k. = n. Let
5 ]

—_ " —_
_ kl!k2! s

1/2 k
e, () =

Then the collection {en ()} is an orthonormal basis for Bon (H) .

k.
[Note: Here it is understood that if kj = 0, then ejJ does not appear in

en(K) .]

In the bosonic theory, it is traditional to denote the elements of H by

f,9,... rather than x,v,... .

6.5 LEMMA The linear span of the f®n (f € H) is dense in BOn(H) .
PROOF Take n > 0 =— then the linear span of the Pn(fl ® --- 0B fn) is dense
in BOn(H) . But

Pn(fl ® - B fn)

1 ®&n
= ——13X €, € (e £, + +-- + ¢ £)
2n!el n' 171 nn '

the sum being over all e, = f1d=1,...,m.

Given £ € H, put



the exponential vector attached to f. Special case: exp(0) = Q.

6.6 LEMMA ILet f,9 € H — then

< exp(f), exp(g) > = e<f’g>.

6.7 LEMMA The map exp:H - BO(H) is injective and continuous.

PROOF Injectivity is obvious. As for continuity, note that

2
| lexp(£) - exp(q) ||

= SEE <9 c9f> | <99

So if f + g, then exp(f) ~ exp(q) -

6.8 IEMMA The set of exponential vectors is linearly independent.
PROOF Fix distinct elements fl’ .ee ’fn in H and consider a dependence

relation

n
iil c; ;Q_C_E(fi) =0 (ci 20V 1i).

Choose £ € H such that the ei = < f’fi > (i=1,...,n) are distinct -~ then for

any z € C,

- n
0 = < exp(zf), I

N c, exp(f,) >



n

L c; < exp(zf) ep(f;) >
i=1 '

n <Ef,fi>
= c; e
i=1

n z0.
L C. e l.
i=1

Since the exponentials of distinct linear functions are linearly independent

over C, it follows that c; = 0 V¥ i.

6.9 LEMMA The set of exponential vectors is total in BO(H).
PROOF Let S be the closed linear subspace of BO(H) generated by the set of

exponential vectors —- then in view of 6.5, it suffices to show that vV £ € H,

f®n € S. And for this, one can proceed by induction:
ft&(n + 1)
n ,k &k
=/m+ DT lim t (P Diepesn - o EE 7.
t>0 k=0 kI

6.10 EXAMPLE Take H{ = C. Bearing in mind that ®ng can be identified with
C itself, we have
2
BO(C) =C®C® --- =£°(Z ).
‘ 20

Here, Vv z € C,

1/2 n

exp(z) = {1,2,...,(n!)" Z ,ee.te



2
Let dy(x) = e X /2 dx ~- then there exists an isometric isomorphism

3
/2m
T:B0(C) + L2R,Y)

characterized by the relation

1 2
ZX"-Z—Z
(T exp(z)) X) = e .

In fact, the functions 2 (z € C) are total in L2 (R,Y) and

N+

Zx-132 gx-122
1 1 %X T 3%

J'I_3 e . e 2 dy (x)

Z,2 <Z. 2>
2
—el?2=¢t = < exp(z;),exp(z,) >.

[Note: Define polynomials H (x) by the prescription

zZX - % 22 © .n th
e = L = H (x) (so H = n  Hermite polynomial).
n=o B D n
Then
By
r{o0,...,0,1,0,...} = ,
/nl
. th s Hn
where 1 appears in the n~ position. Therefore the sequence {—— : n 2 0} is an
vnt

orthonormal basis for L2 (R,y).]

6.11 ILEMMA Suppose that H = Hl 4] H_2 -~ then there is an isometric isomorphism

T:BO(H) > BO(H,) ® BO(H,)



such that
T exp(f; & £,) = exp(f;) @ exp(f,).

[Note: This result extends to the case of a finite decomposition, say

H=Hl$ e $Hn']

6.12 EXAMPLE Take H = C' — then

BO(C") =BO(C @ +-- & C)
= BO(C) @ ++- @ BO(C)
2 - -
=L (BIY) Q +-- Q L(BIY)
= 2@,y
where
n 1 - x2/2
d"y‘x X = 5 € dx
(2m)
2
I N
k=1 /2rm

[Note: Explicitly, the arrow

T:80(CY -+ L&,y

characterized by the relation

n 1 2
(T (z2))(x) =ep( £ =z -5 % 2z)
== kel Kk 20 K



is an isometric isomorphism.]

6.13 REMARK Put

%YHJ%Gw“”%)

Hk (xl) Hk (xn)
= .l— o __.11____

k! vk T
1 n
. 2, n xn
'I'hentheljk K are an orthonormal basis for L™ (R7,Y ).
l'oo-,n

Iet A:H » Hl be a bounded linear operator -~ then A can be canonically

N N

extended to a bounded linear operator A®n:H®n - H®rl , vViz.

AN _AE T @A (cf. 5.6).

Here

2% ] = ||a]|™

~

[Note: When n = 0, the agreement is that A@O is the identity on H®0 = C.]

~

n

From the definitions, it is clear that A~ induces a linear transformation

BOn(H) - BOn(H), call if I‘n(A) , and still,

lry@ 1] = [1a] ™

6.14 LEMMA Suppose that [[A|]| < 1 — then the I (A) combine and define a



bounded linear operator

T'(A):BO(H) -~ BO(H).

[Note: By construction,

[lr@) || = suwp [T, ®) || = swp |[a]]" =1.]
n=0 nzx0

For example, T'(cI) (|c| < 1) is multiplication by c” on BO_ (H) .

6.15 REMARK If U is unitary, then the same is true of T'(U).

Let A be a densely defined linear operator on H. Put
D (A) = Dom(d) ® --- ® Dom(a).

Then Dn (A) is the domain of

Zn(A)=A®I®---®I+---+I®I®-'-®A.

[Note: When n = 1, Dl(A) = Dom(a) and Xl(A) = A. To complete the picture,

take Dy (A) = C and let I,(a) = 0.]

Fix n

\%

U (9D @) < D_(a)

P D, (A} =D (A).
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PI (A) = I (AP

on Dn (A). Proof: Let

fl, .. .,fn € Dom(A)

glIO-OIgn e DQ'H(A) .

Then
< 91 & --- 8 gn,Un(o)En(A) (fl ® -+ B fn) >
n
=2<g_ @...@g_ , f. ® - ®Af ® --- Q@ £ >
k=1 g 1(1) G’l(n) 1 k nn
n
=Z<g_ ,Af>I{<g_ £, >
k=1 o la ¥ ek ol £
n
= 72 <g,Af > 1 <g f >
oy | kTTok) T, o)
=<g;® -+ 89,5 AU (& 6 --8f) >
=>
Un(G)Zn(A) (fl ® -+ B fn) = Zn(A)Un(o) (fl ] «-- 0 fn).
Therefore

Pnzn @) = Zn (A) Pn

on Dn (a).



11.

Let

[}

D(A) = u D.(N)
N=0 A !

where

DA(N) = {X(N) € F(H) :X(N) = {XO,---,XNIO,...}:Xn € Dn(A)}.

Then D(A) is a dense linear subspace of F(H). Define a linear operator I(A) on

D(A) slotwise, i.e.,

TRA)X(N) = {Zn(A) xn}.

From the above, PD(A) < D(A) and

PL(A) = Z(A)P
on D(Aa).

[Note: P is the orthogonal projection onto BO(H), so, e.qg.,

PZ (A)X(N) {PnZn (&) xn}

{z:n (a) ann}

Z(A)PX(N) .]

il

These considerations imply that the restriction
Z(A) |PD(A)

is a densely defined linear operator on BO(H).

6.16 LEMMA Suppose that A is selfadjoint — then I(A) and Z(A) |PD(A) are
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essentially selfadjoint.
PROOF The operator L(A) is symmetric. On the other hand, V n, Zn(A) is
essentially selfadjoint (cf. 5.13), hence the range of I_(a) + /=T is dense in H™,

But from this it follows that the range of £(A) * /=1 is dense in F(H). Therefore

L(A) is essentially selfadjoint, thus £(A) |[PD(A) is too.

By way of notation, put

dr) = z(a) |[PD(a).

6.17 EXAMPLE Let
NX = {an},

where

Dom(N) = {X € F(H): I nzHan 1121 < o},
n=0

Then N is selfadjoint and its spectrum is pure point: o(N) = {0,1,...}. Obviously,
PDom(N) < Dom(N) and

PN = NP
on Dom(N). Therefore N|PDam(N) is selfadjoint. To interpret this, in the fore-

going take A = I — then dI'(I) = N|PDom(N).

[Note: dI'(I) is called the number operator (often denoted by N as well). It

is selfadjoint and its spectrum is pure point: o(df'(1)) = {0,1,...}.]

Suppose that t + U(t) is a one parameter unitary group with generator A ——
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then t - T(U(t)) is a one parameter unitary group with generator dI'(A):
ru) = et BIre

or still,

re’ T ) - o7 tare),

6.18 LEMMA If A is selfadjoint and if £ € Dom(A), then exp(f) € Dom(dT(a)).

PROOF It suffices to show that the function

e/:I tdr(a)

t > exp(£)

V=T

is differentiable at t = 0. But the function t » e tAf is differentiable at

t =0 and

V-1 tA_., _ /-1 tdTr(d)
=& exp

exp (e £) (£).

6.19 REMARK On occasion it is necessary to work over R rather than C.

In this connection, note that if H is a real Hilbert space and if HC is its

complexification, then BO(HC) is isometrically isomorphic to BO(H) c (the complex-

ification of BO(H)).



§7. FIELD OPERATORS

Let H be a complex Hilbert space, which we shall assume is separable —- then

v n, BOn(H) is separable (cf. 6.4). Denote by BOF (H) the algebraic direct sum of
the BOn(H) .
Fix f # 0 in H -- then one can associate with f two unbounded linear operators

a(£) :BO,.(H) > BO(H)

c(f) :BOF(H) + BO(H)

termed annihilation and creation operators, respectively.

[Note: Matters are trivial if £ = 0: Take a(f) = 0, c(f) = 0.]
Tt will be simplest to start with c(f) and proceed in stages. Thus put
cobla =%

and for n > 0, let

gn(_f)Pn(fl ® --- 8 fn) =vn+1 Pn(f ® fl Q ++- @ fn).
Write Dn for the linear span of the Pn(f1 ® --- 0 fn) —- then Dn is dense in
BO _(H) and
n
gn(f) D > BOrl + l(H) .

7.1 LEMMA There exists a dense linear subspace Dn(f)' c Dn such that

v Xn € Dn(f) ’



e @x || s AT [I£]] |1x |I.

PROOF  Set e; = £/{[f[| and choose an orthonormal basis e,,ey,... for
{(_Zel}J‘. Construct from this data an orthonormal basis {en(K)} for BOn(H)
(cf. 6.4). Let Dn(f) be the linear span of the en(lc) -— then by direct compu-

tation, we find that Vv Xn € Dn(f) ,

e ®x || = A+ |]gl] []x|

Since f®n € Dn(f) and since

e @] = v+ T ||£]] €],

it follows that ¢ (f) extends to a bounded linear operator BO (H) - BO (H)

+ 1
of norm vn + 1 ||£||, which we shall again denote by c, (f). Define now a linear

operator c(f) :BOF(H) + BO(H) by demanding that
c(f) IBOn(H) = gn(f) .

Then c(f) is densely defined but unbounded.
[Note: There is a small technicality which has been glossed over. While

there is no question that ¢ (f) |Dn(f) extends to a bounded linear operator
BOn(H) > BO, l('H) of norm /n + 1 ||£]||, one can still ask: Why does the
restriction of this extension to D agree with the original definition of gn(f)?

That it does can be settled by a straightforward limiting argument.]



7.2 REMARK From its very definition, c(£f)BO,(H) < BOL(H), hence the
elements of BO,(H) are c” vectors for c(f). In fact, the elements of BOp(H)

are analytic vectors for c(f). To see this, let X € BO,(H) — then

1 1/2
otk l NEH<T 1]

[le®" % <

Therefore
«© (o] ]S(

k=0 k!

oo

< |Ix || =
k=0

n+ k!
n!

V2 (18] eh®
k1 !

which is convergent for all t.

7.3 EXAWPLE Take H = L*(R) and let §_ € BO_(H) (n > 0) (cf. 6.3) —- then

for any ¢ 2 0 in H,

(W) (Ryreeerx, o 7)

1 n+l ~
b W(xi)lpn(xl,...,xi,...,xn + 1).

vyn +1 1i=1

Because
gn(f) :BOn(H) > BOn + l(H)

is bounded, it has a bounded adjoint
c, ()*:BO_ l(H) > BO_ (H) .



7.4 1EMMA The domain of c(f)* contains BOF(,H) .

PROOF Fix Y € BO_ , l(h{) and put Y* = gn(f)*Y. Iet X € BOF(H) ~— then
<Y*,X>=Ounlessxn¢0
<Y,c(f)X > = 0 unless X = 0.

On the other hand, if Xn z 0, then
<Y*,X > =< Y*,Xn >
= < <_:n(f) *Y,Xn >
= < Y,gn(f)xrl >
= < Y,g(f)Xn >

= < Y,c(f)X >.

Therefore

Y* = c(£) *Y.

Consequently, c(f)* is densely defined, thus c(f) admits closure (cf. 1.5).

7.5 ILEMMA We have

SlB)* (P 4 109 @ 2r- B9y 1))

1 n+l

R —— i§l<f’gi>Pn(91®"'®9i—1®gi+1'3"'@‘9’n+1)'




PROOF Iet £, = £ - then

1

<P 109 @09 L ) (D)P (£, 8- @F | ) >

=<Pn+1(gl®--~®gn+l),/mPn

AT ln+l
Smror ™ E <9t

+

1(fl® e ®F ) >

_ 1 n-;l
/n+ 1 i=1

n+l
L <f,g.>P (g, 8 *** B g,
i=1 i n'°1

1
vn + 1

= <

But Dn is dense

ILet

a(f) = c(f)*[BO(H).

and for n > 0,
g(f)Pn(fl @ -+ @ fn)

n

1
/o i=1 n

< f,gi > < Pn(gl ® *+° ® 9 _

1

ggi+

1-1%94+1@

in BOn(H) , from which the lemma.

1

s e e

® o ®gn+l)' Pn(f2® @fn) >

® 9 + 1), Pn(f2 & - 08 fn) >,

® --- 8 f).
n



Note too that

lat®) [Bo_ , L ) ||

n+1

2

|1e(®) [BO, () [ |

@+ 1) ] |£] [

7.6 REMARK The elements of BOF(H) are analytic vectors for a(f) (cf. 7.2).

7.7 EXAWPIE Teke H = L°(R) and let §_ € BO_(H) (n > 0) (cf. 6.3) — then

for any ¢ # 0 in H,

@WIY) G rennrx _ )

=vn S IP(X)UJn(X:X reeerX 1)dx'
R

7.8 LEMMA Iet f,g € H — then on BOF(H),

Il
o

~ [a(f),alg) ]

_ le(®,cl@] =0

[a(f),cl@)] = < £,9 >.



7.9 IEMMA Iet X € BOF(H) - then

2 2 2 2
He®X[[™ = [[a@®X] " + [[£]]7]]x]]".
PROOF In fact,
le®x]|% = < c(HX, c(BX >
= < a(f)c(f)X,X >
=<c®a®xx > + < ||£]|%,x > (c£. 7.8)
2 2 2
= [la®)x][™ + [[€]]7]x]]".
Let
Ta(f) = c(o)*
_c(f) = a(f)*.
Then
T a(f) |BO,(H) = a(f)
c(£) [BOL (H) = ¢(£).

7.10 LEMMA a(f) is the adjoint of c(f).
PROOF One has only to note that

C(E)* = a(f)**

(c(£) **)*



= c(f)* (cf. 1.6)
= a(f).
Therefore
~ X € Dom(a(f))
Y € pom(c(£))
=>
<a(f)X,Y > = < X,e(H)Y >.
7.11 LEMMA We have
A =30
c(f) = c(f)
Let
2
Dy = {X € BO(H): ;zl HS(f)anl < o},
Then (cf. 7.9)
2
D = {X € BO(H) : Ex la®x |7 < «}.

CEN* (cf. 1.6)




7.12 IEMMA The operators a(f) and c(f) have the same domain, viz. Dg-

PROOF Suppose that X € Dom(a(f)) and let

a(f)X =31 Y .
n
n

Then Vv Z € BOn(H),

<Y ,Z > =< gl(f)x,zn >
= < X,c(f)z_ >
=<X L, ez >
=< é-l(f)xn + 1'% 7
=>
T, = 2%,

But I ||Ynl ]2 < o, Therefore X € D;. Conversely, suppose that X € D; -- then,
n

f
as N » o,
N P
and
~ N ® L
a(f) (nzo Xn) +>Y = EO a(f)Xn,

thus X € Dom(a(f)) (a(f) being closed) .



l10.

In other words,

Dom(a(f))

o
|

and, analogously,

Do (c(f)) .

)
fl

7.13 REMARK The results formulated in 7.8 and 7.9 remain valid if a(f)

and c(f) are replaced by a(f) and c(f) and BOL(H) is replaced by Dg.

Let
D = pom(vAT(T)),
where dT'(I) is the number operator {cf. 6.17) — then X € D iff

® 2
2 nllx |1 < -
n=0

PROOF Let X € D - then

2
2 |le®x ||

RIENC NI,
n n

A

z oa+T gl fIx D2

1£11? @ @+ iz |1?) <=
n
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[Note: Accordingly,

f)c:ﬂD.]
ff

The set of exponential vectors is evidently contained in D.

7.15 ILEMMA We have

a(f)exp(q) = < £,9 > exp(q)

E(f)_eicg(g) = g{@_?i(g + tf) 0.

7.16 LEMMA Suppose that U:f{ - H is unitary —— then

LA Ot = 2w

1

T(U)C(F)T(U) ~ = c(Uf)

on BOF(H) .

PROOF For

ra@®r© e, (£ 8 -r © £)

= TalH)p UE @ ... @ UTE)

1

n —
-t L p<gut

£, >P _ l(U'lf
/a i=1



n

12.

=1 -1 cee @ UL -1 e gut
== _§l<Uf,fi>r(U)pn_l(U £,8 QU £, ,OU £ 0 - 0U £)
1 n
- i§l<Uf,fi>Pn_l(fl®-~-®fi_l®fi+l®--'®fn)
= a(UDP (£, ® =*+ @ £ ),

which leads at once to the first relation.

Taking adjoints then gives the second.

Iet £ € H — then the field operators attached to f are the combinations

Q) =1 @@ +am)
/2

P(f) = 1 (c(f) - a(f)).
/2

In what follows, it will be enough to deal with Q(f) (since P(f) = Q(/-1 f)).

[Note: The domain of Q(f) is Dom(c(f)) N Dom(a(f)), i.e., is Dy (cf. 7.12).]

7.17 LEMMA Q(f) is symmetric.

PROCF On general grounds,

O(E)* > }/-: (S(E)* + a(f)*).
2

But c(f)* = a(f), a(f)* = c(f), hence Q(f)* > Q(f).

7.18 ILEMMA Q(f) is essentially selfadjoint.



13.
PROOF This is an application of 1.18: The elements of BOF(H) are analytic
vectors for Q(f). Indeed, the restriction of Q(f) to Bon(H) is bounded and

le@x, [l s = (le@x || + |la@x,|)

Nl

IA

Lo omFT el gyl + A [IE]] 1%
/Z

IA

AEFD ||g]] 1% 1]

Proceeding from here by induction, we then get

llo'% || < 22

n!

L | 1/2
M‘ e 1]

Therefore V t,

© |lo®*x
Z e

' nH !tlk

KT <

k=0

7.19 REMARK It is clear that Q(£)BO,(H) < BOL(H), thus Q(f) [BOR(H) is

essentially selfadjoint (cf. 1.21).

Thanks to 7.18, the closures

Q(£)

P{E)

are selfadjoint. 2And, of course,



D,. < Dom(Q(£)) N Dom(P(£f)).

£

7.20 LEMMA We have

Df = Dom(Q(f)) N Dom(P(£f)).

~~

PROOF Iet X € Dom(Q(f)) N Dom(P(f)) —— then V Y € Df,

< X,alf)Y > = < X, 1 (Q(f) + /-1 P(E))Y >
‘ V2

< X,Q(E)Y > + 5_—:1_— < X,P(f)Y >

X € Dom(a(f)*) = Dom(c(f)) = D,.

7.21 IEMMA The set

{Q(F;) +++ QE )0},

where the fi € H and n are arbitrary, is total in BO(H).
PROOF The linear span of the

Q(EF}) -+ QUE)Q
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is the same as the linear span of the

c(£y) --- clE 0.

But

c(f)) - clf)Q=/nl' P (f 8 - @ £).

7.22 IEMMA OnBoF(H),

[Q(f), Q@1 = V-1 Im < £,g9 >.

PROOF In view of 7.8,

[Q(£) ,0(9) 1

= [ (® +aE), L (clg +alg)]
7z /2

NII-'

(<f,g>-<gqg,f>)

Nll—-'

(<f,g>-<£f,9>)
= /-1 Im < £,g >.

7.23 REMARK On Dom([Q(E), Q(9)1),

[O(F), 0(@)1 = /-1 Im < £,9 >.

To check this, fix X € Dam([Q(f), Q(g)]) and let Y € BOF(H) be arbitrary -~ then
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I
A
O
©Q
Q
>
H
0
9
o)
x
K
v

=< X, 0(@ 0 Y -9® Q@) Y >
=< X, QPQf) Y - Q(f)Q(g) Y >
= <X [Q@, oB)]Y >
=<X,-/~Im<f,g>Y>

=</~ Im< £f,9 > X,Y >

M, g @lx=/~1 mm< £f,9 >.

7.24 EXAMPLE Fix an orthonormal basis {en} for H —— then

l
o

T 0(e;), Qley)]

,[Q(e),P(e)] /—5

l
(=]

Ple;), P(ej)]

on BOF(H) .

7.25 LEMMA Suppose that U:H » H is unitary -- then

raE ot = 5o
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on Dom(Q(UE)) .
PROOF Owing to 7.16,
rWQE T = o)

on BOF (H). Furthermore

LU T (W) " [Bog (H)

Q(uf) [BOF(H)

are essentially selfadjoint (cf. 7.19), thus their respective closures are equal

(cf. 1.14). But

T(U)QE) (W) B0y (H)

rwoE o™t

raE rw .

[Note: A priori, the domain of T (U)Q(f) T'(U) -1 is T(U)Dom(Q(f)) which,

therefore, is precisely Dom(Q(Uf)).]

7.26 EXAMPIE let U = /-1 I — then

roE rw T = BT,

so O(f) and P(f) are unitarily equivalent.

If r € R, then



18.

Q(rf) = rQ(f).

The behavior of sums, however, is a little more complicated.

7.27 LEMMA Vv £,9 € H,

Q(f +g) = (Q(£) + Q(g9)).

PROOF Since Q(f) and Q(g) are selfadjoint (cf. 7.18) and since Dom(Q(f) +

0Q(g)) is dense, Q(f) + Q(g) is necessarily symmetric:

(Q(f) + Q(g))* > Q(f) + Q(g).

But

@M + 0(g)) [BOg (H)
= (Q(f) + Q(g)) [BOL(H)
= Q(f + g) [BOR(H),

the latter being essentially selfadjoint (cf. 7.19). Therefore (cf. 1.14)

G + oy

Q(f) + Q(9))

@[ + 0fa)) |Boy, (H)

Q(f + q) IBDF(H)

= Q(f + g).



58. COMPUTATIONS IN BO(C)

2
Take H = C and let dy(x) =L o x/?

dx -~ then, as we know (cf. 6.10),
V2

there exists an isometric isomorphism
2
T:BO(Q) -+ L (BIY)

characterized by the relation

1 2
ZX - 'é- Z
(T exp(2)) (x) = e .
Noting that
~ a(z) = za(l)
_ (;(Z) = Zé(l)r
put
~ a=al(l)
_c=c().

Then our initial problem will be to calculate the action of

mar L

mor L

on L2 (R,v) (or, more precisely, on a certain dense subspace thereof).

Calculation of ’.[‘éiT"1 We have

zx - = 2°
~m—L 2

TaT ~ [e 1



Calculation of TCT

1

~ ~1

TcT

Ta gﬂg(z)
T <1,z > exp(z)
1 2

Zx-fz

TC exp(z)

d
TE?}_i_E(Z+t)\

t=0
(z+t)x—-l(z+1:)2
% le ? ]
£=0
2% - L 2%
2 d 1.2
e aE[exp(tx—tz-it)]!
1 2
ZX"TZ



zx--rlz2 zx---—l-z2
=xe 2 L 27
dx
=>
TET-1=x-g—X.
8.1 REMARK Since
H
T{O,...,O,l,o,---} = I 14
/nt

where 1 appears in the nth position, and since

n

. [n§2] Ho o (%)

k=0 2%!(n - 2K)!

r

it follows that the image of BOF (C) under T is simply the set of polynomials

AT L

and there the preceding expressions for are equally valid.

Tor

8.2 EXAMPLE V n,

d \n. _
(x—&) l—Hn(x).

The above considerations can be transferred to L’ (R) via the isometric
isomorphism

'I'G:L2 ®Y) > LR



which sends f to f-G, where

2
_ 1 _X
G(x) = W eXp( 4"—) .

-1

, a
Calculation of TG (&) TG We have

d,.~1
T, (DT W)

_ d 1
= TG(EX—) (p - a‘)

= 't . 1 - . _l_ . '
= TG(I.U el Y 5 G")
G
T A R .«
=T s 5=V G (- 3)
G
— 1 X
=9+ QY
=>
d ,.,-1_4d X
TG(d—x‘)TG = = + 5.
Calculation of TG (x) Tél We have
-1
To(X)Tg W)
= T ) (- g
1

=TG(X.1P._)



= (x)y

-1
TG (x) TG = x.

Therefore
- ~=l -1 x  d
TGTaT lTG =3 + ax
-l _x _ d
TGTCTlTG =7 "3

Given r > 0, define a unitary operator

U]:_:L2 (R) - L2 (R)

by
Upix) = v P(rx).
Then
_l _
Ur = Ul/r'

li
HG
N| M



r 1
= = + =Yt
5 XU (%) ..rIP(X)
=>
Xed gl ,+14
Ur[z - dx]Ur 27X -7
Therefore
B ~-1-1-1 r 1d
UrTGTaT lTGlUr = 5 X + E a}-—{—
srlplylor, 1d
UrTGTCT 1TGlUr =5 X rax ®

8.3 REMARK The image

Uy T TBO, (C)

is the linear subspace Lr of LZ(I_{) consisting of the functions

p(x)exp( - _‘11_ r2x2) '

where p is a polynomial.

Tet

- g=x
N

_P—- /‘Idx.

Take r = /2 — then

U TGTST'lT(—;lU"l =L @Q+/Tp =2
/2 /2 /2
U TGTE‘I‘—nglU-l =L o-/aP =c,
V2 2 /2




the traditional choice for the annihilation and creation operators in 1.2 (R) .

[Note: These formulas are valid on L _ (or S(R)).]

V2
Hn 2
8.4 REMARK The sequence {—— :n.> 0} is an orthonormal basis for L™ (R,Y)
v/nl
(cf. 6.10). Put
h_ = Ly o
vyt V2
Then
h (x) = — & e'x2/2H (VZ %)
n mﬂl74 n
is the nth

Hermite function and the sequence {hn:n > 0} is an orthonormal basis

for L2 (R). The hn are eigenfunctions of UF (cf. 3.3), viz.
Ugh = (- /D',

and satisfy the differential equation

2

5 =
(-=5+x)h = (2n+ Dh.

Put ey = Q, e = l®r1 (n > 1) - then {en:n > 0} is an orthonormal basis for

BO(C), so the machinery developed in 1.19 is applicable. Agreeing to use the
notation thereof, the role of D is now played by BOF(g) and (cf. 1.20, 7.11)

~

a=a

cC=cC.



From the definitions,

o) =i @+ 3)
V2
Py =L G- 3.
_ V2
Consequently,
- 1
Q(l)e —E(x/ +l+/r_1en_l)
_F s Te
P(l)e '75_ n+1” "¢ -7

8.5 ILEMMA On L (or S(R)),
V2

v TGm(l)T'lT;lu‘l =0
/3 /3

U TGTP(l)T_lT;lU-l =P
V2 V2

Consider § (cf. 2.31) —— then Dom(N/%) = D, the common domain of a ( = &%)

and ¢c( = a*) (cf. 7.10).

[Note: In this context, N = dT'(I) (cf. 6.17) and, being nonnegative,

=1/2

/2 = §/2|pom(®  (cf. 2.32).]



8.6 IEMMA We have

¢a|Dom(N) = N

or still,
&é* | pom(N) = N.
Therefore
wr L = - 1,
where
2
d d
L =——s—-X = .
dxz ax
[Note:

Later on it will be seen that L is the generator of the Ornstein-
Uhlenbeck semigroup. ]

8.7 IEMA On L (or S(R)),

/2
U T.T (N + %) T-lT;lU—l
V2 V2
2
= %’ ( - g—z‘ + X2) ’
dx

the hamiltonian of the harmonic oscillator.
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Then
H = %— (P2 + Q2)
and is selfadjoint.

[Note: H is essentially selfadjoint on L {or S(R)).]
/5 2

8.8 EXAMPLE Consider the one parameter unitary group t - e /-1 Ht and

let 0 <t <m—-thenv £ € S(R),

e T e (g

1 x2 + 2 cos t
= fp &P (/T Y - /I XX H)fE(y)dy.

2 sin t sin t
/21 /-1 sin t

8.9 REMARK The operator

2
—d—+x2+l

dx2

figures in distribution theory. In fact, any tempered distribution on the line
necessarily has the form

2
(—d——2-+x2+l)nf,
dx

where n is a nonnegative integer and f is a bounded continuous function.

Given t > 0, write BO_(C) for BO(C,), where C_ is C equipped with the inner
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product

The formation of the exponential vector is purely algebraic. Viewed in

BOt(C_:) ; we have

< exp(z), expw) >,

n
]__ <z,w>

= 7 |
n=0 ™* tn

<z,w>
(255

I.e.:

< exp(z), explw) >,

=< _@_cg(g——), _eiqp_(w—) >.
vt %3

1 - x2/2t

let dyt (x) =
vamt

dx -- then there exists an isometric isomorphism

2

characterized by the relation

(T, ep@) () = ep@ - 3 29).



12,

[Note: In terms of the Hermite polynomials,

(E}_(..—l_.zz)
SPE T 2
_ zZ X 1 ,z .2
= exp(*=* - 5 (299
B Ve
oc>zn 1 X

H (=).]
n=0 nl (‘/-E)n n E

Let 1,.:C > C, be the isometric isomorphism defined by the rule

L2 = /& z.

Iet Ut:L2 (R, Yt) > L2 (R,Y) be the isometric isomorphism defined by the rule

U b)) = bk x).

Then the following diagram

t 2
BO, (C) > LO@RY)
1"(1t) Ut
2
BO(C) > LT(R,Y)
T

is commutative. In fact,

U, T (1) exp(z) N

= }/—

X
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il

T (vt 2)
£ =2 vVt x

_ (V€ z) (V£ x) 1 2
= exp( E -—2?(/52))

= exp(zx - % z2)

T exp(z)| .
X

8.10 REMARK Everything that has been said above is valid with no essential

change when C is replaced by (_:n . Thus the point of departure is the fact that

there exists an isometric isomorphism

T:B0(CY > L2 R,y

characterized by the relation

n 12 2
(T exp(z)) (X) = exp( T z -%= T z) (cf. 6.12).
— 1 Kk 2,0 %
One then computes that on, e.qg., S(gn)
- n
~ -1 _
Ta(z)T " = ¥ 2, ——
k=1 ¥ %%y
~ -1 5 9
Tc(z)T "= ¥ 2, (% - ~—).
P S

And so forth.



§9. WEYL OPERATORS

Let H be a separable complex Hilbert space —— then vV f € H, the field
operator Q(f) is essentially selfadjoint (cf. 7.18). Therefore Q(f) is self-
adjoint, thus it makes sense to form

W(f) = exp(/~I Q(E)),

the Weyl operator attached to f.

[Note: W(f) is a unitary operator on BO(H), W(0) being, in particular,
the identity.]

9.1 1 EMA Vv f,g €A,

W(OW(g) = exp( - 55 In < £,g > W(E + g) .

PROOF let X € BOF(H) —— then X is an analytic vector for Q(g) (cf. 7.18),
hence (cf. 2.34)

o L
oL 0Ty, _ i (FLOGEN" 5
=0 z:

The estimates established in 7.18 imply that

[+ (o]

r I

Hﬁ)k §T§)£Xf| ltlkl
k=0 £=0 Hed

IF_
kil

t

is convergent for all t. But V k,

L 009y ¢ Do (0TH) 5 .



Therefore e‘/—

Q(g),

X is an analytic vector for Q(f) and

Recall now that on BOF(H) ’

With this in mind, we can then write

[

X
n=0

[o+]

z
m=0

ST IOy, .y oy OFLOE) - (AL 0D
k=0 £=0 kIt
WEmgx = 3 1 YL@ (T Iogn®
k=0 £=0 kiL!
[Q(f) ,Q(g)] = V-1 Im < £,9 > (cf. 7.22).
WE + q)x = o1 QE + )y
s (FLoE+Fan”
n=0 nl
s Lo +gn”
=0 n!
-3 (mnled o)ty
=0 n:
n 0¥ ot 1 /T
(v-D) k+§+ T (- m< £g>)"
1 /AT = (FLoEn® AT ognt
or (3 IWm < £,9>)" 20 reo KIL!



_ A ® A oe)® A ognt
= exp( 5 Im< £,9 > ) kzo KEO KIT1 X
-

= exp(-;—l Im < £,9 > )W(E)W(X.

Here are two corollaries:

W +9g) = e><1;>(——‘/;1 Im < £,9 > )W(E)W(g)
[ ]
W(g + £f) = exp(g Im < g,£ > )W(g)W(f)

W(E)W(g) = exp( - V-1 Im < £,g > )W(gW(E).

1]

e WEW(—-£f) =W(0) =1 ( =1)

=>
W(EY* =w( - f).
9.2 ILEMMA The arrow

‘— H -~ U(BO(H))

£ > W(E)

is continuous.

PROOF The claim is that v X € BO(H), the arrow

l_ H - BO(H)

_ f > W(E)X



is continuous. And for this, it suffices to take X € BOF(H) , there being no

loss of generality in assuming that X € BOn(H) » say X = X . But then

L ———k
e - x| = (] 2 LB
|
< I lle@ x|l
% ~ - 1/2
< 3o 27 R T x|
k=1 " —_ ) -
w — — 1/2
< § g 2¥2 ) 2Rl el x|
k=1 """ — : —

provided ||f]| < 1. Therefore
@& - x| ~0
as £ ~ 0. To treat the general case, note that

wE -wignx ||

[[W(g) W( - @w(f) ~ X ||

A

@ - ) - X ||

Il(e><p(--/51hn<—g.f>)W(—g+f) - X ||

ll(@cp(-—J;——I—M<f,g>)W(f—g) -1)XnH



lle( - 5L m < £,g > W(E -

li

_agp(__.'.z"/?]:.]:m<f,g>)exp(—f'2;—1_1m<f,9>)anl

[|W(f - q) - exp(—z/-i]'m < f,g9> )an

il

[| (W(Ef - g) - DX

- @i m<g>) - nx ||

A

@ -9 - 1x ||

+ H(exp(-‘f-;—lm<f,g> ) =~ DX ||

IA

|| (£ - g) - DX ||

V-1
+ emgE m < £,5>) - 1] |Ix /.
If £ » g, then £ - g » 0, hence by the akove,

[lwE - - DX || +o.
And, of course,

frg=Im<£f,g>->Im<qg,g>=0

o5t < £,9>) - 1] |[x|] > o.




9.3 REMARK It is false that

£ 0= ||W(E - 1|] »o0.

Thus fix f = 0 and in the relation

W(g) ) *W(E)W(g) = exp( - /-1 Im < £,9 > YW(£)

take g = /=T 6f ||£]]% to get

V=1

sWE) = e L Ssmin).

Since 6 is arbitrary, this implies that the spectrum of W(f) is invariant under
rotations, hence is the entire unit circle. But according to the spectral radius

formila,

lim || @) - n2|"

n > o

is equal to the maximum distance from 1 to the points of o(W(f)) which, in the

case at hand, is 2. On the other hand, W(f) — 1 is normal, sO

n n n
HwE -2 2= ||wE* -2 wE -n? )

n
(@@ * = 1) @E) - 107 ||

!

n-1
H(wE* - e - 1% ]2

n

[ @E* - 1) @@ - 1]

n+1

[ wee) - 1]}2




Therefore

n n
lim || @) - 2 |2

n - o

N
Il

n n
= lim (||w() - 1]]? )12
n > <«
- e - 1.
9.4 ILFMMA We have
W(f)exp(9)
e - L [[E]1P+ < £,9 > el £+ q).
V2 V2

PROOF Observe first that on the set of exponential vectors, the series

defining
ea (£)

ec”: (£)

are strongly convergent and

A g = P apia)
(cf. 7.15)
P () = exp(£ + q).
Next, on purely formal grounds,
- 2 [A,B]

eA+B=eAeBe



if the operators A and B satisfy

[A,[A,B]] =

I
o

[B, [A,Bl]

]
o
L]

This said, take

Since

[a(f),c(f)] = < £,£ >,

the identity is applicable on the exponential domain, where then W(f) admits the

factorization
/=1 ~ /=1 ~
W(f) = exp(—= a(f) + —= c(f))
/2 /2
- e i el s e - 3 =L am, ZE @)
V2 V2 2 V2
V-1 ~ V=1 ~ 1, /1,2 ~
= exp(*= a(f))exp (== c(f))exp(( - =) (=) “[a(f),c(H)])
Jz /3 2 s
/-1 ~ /=1 ~ 1 2
= exp(— a(f))exp(—= c(f))exp(F| |£|]|*).
) /3 4
Therefore

W(f)exp(g)




1 2 /1 - s .
exp (7| [£]]|) exp(— &(f) )exp(— &(£)) exp(q)
7! e > exp

/I /I

1 2 N
= exp(7| |£]| | exp(— a(f))exp(+—= f + g)
zll7l] /2 — 2
1 2 ~ /T /=1
= exp(7| |£] | expla( - — £))exp(— £ + g)
7l I*] 2 a2
= ep@£][Dep( < - Lg, Tlis g )epli+g
V2 /2 V2
1 2 1 2 /=1 /=1
= exp(F| [£] |Nexp( - 5| |£]|Texp(——= < £,9 > Jexp(*— £ + )
7l 1£]] 51 £l & =
=exp(-%1—|!f||2+——'_l< £,9 > )exp(—_lf+g).
V2 V2

9.5 EXAMPIE Take g = 0 —— then exp(0) = , hence

1 2
- 7l £
<QW(ER >=¢e .

[Note: Here is a direct approach. Thus, working through the definitions,

one finds that

<goBnFEtlos-o

< 2,002 > = ZL e,
ki2

Consedquently,
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© k
<QWER > = I (/]';-}’ < aomX >
k=0 :

o

z

k
-1 2k) ! 2
k=0

(2k) ! X! 22k

| 1 2.k
= T = (=FlE[D
o K 2

1 2
- FE] |

Suppose that K is a complex Hilbert space. ILet T be a set of bounded linear

operators on K — then a vector ¢ € K is a cyclic vector for T if the set {Tz},

where T is in the algebra generated by T, is dense in K.

9.6 LEMMA Q is a cyclic vector for the set {W(f):f € H}.

PROOF Indeed,

W(£)Q = W(£)exp(0)

Lier12y . /<L
= exp( - 3| |£] | exp(*= £)
7l 111 R

and the set of exponential vectors is total in BO(H) (cf. 6.9).

9.7 IEMMA V U € U(H),

TU)WE) T(U) ™ = W(UE) .

PROOF Thanks to 7.25,




Then

11.

r@omETE T = oo,

T (U)W(E) T ()

I'(Uexp(/~1 ()

exp (/-1 T(U)QE)T

exp (V-1 Q(UL))

= W(Uf) .

9.8 EXAMPIE Take

/-1 tI

Itr) | /AL wdr(m | AT

T'(e )

e‘/:I Nue e LN W(e‘/—_l

[Note: On BOF (H),

|Q-a

wW(f) = €

i

e‘/'__l tNW(f) ‘
t=0

/—‘Itf) V-1
e

Al

W(e

rw)t

@™

(cf. 6.17)

tIf) = W(e‘/:I t

_

f).
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® -1tk
me+J;%_Z(ﬁTMe £))

/=T € 1= k! t=

= WEN + W(E) @) + ||£]]%/2) .1

Suppose that K is a complex Hilbert space. Let T be a set of bounded linear
operators on K which is closed under the formation of adjoints (i.e., TE€ T =>
T* € T) — then T is said to be irreducible if it leaves no nontrivial closed

linear subspace invariant.

9.9 SCHUR'S LEMMA T is irreducible iff the only bounded linear operators

which commute with each T € T are the scalar multiples of the identity.
[Note: Suppose that T is irreducible and dim K > 1. Fix a nonzero ¢ € K -

then the set {Tz:T € T} is dense in K.]

9.10 SEGAL'S CRITERION Assume:

1. 3 a nonnegative selfadjoint operator A on K such that

e/—TtATe_/thcTVt.

2. 3 a nonzero vector ¢ € K (unique up to a multiplicative constant) which
is annihilated by A.

Then T is irreducible provided ¢ is cyclic for T.

[One can suppose from the outset that T is an algebra, hence that Tz is dense

in K. Let P denote the orthogonal projection of K onto a T-invariant subspace, so

TET=>PT =TP
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=> < §,PTL > = < [, TPL >.

Since e‘/-—l tAz_; =g (cf. 2.34) and

TeT= e Ly ML o

for all T € T, we have

< c,Pe‘/_—ltA'I‘c >=<z,Te ‘/'—ltAP; > (t €R).

But, in view of the nonnegativity of A, the IHS of this equation can be extended
to a bounded holomorphic function in the upper halfplane, while the RHS of this
equation can be extended to a bounded holomorphic function in the lower halfplane.

Therefore
< c,Pe‘/:l— B

is independent of t. Because Tg is dense in K, it follows that Vv t,

e/:I tAPt; = PC.
This, however, implies that Pz € Dom(A) with
AP = 0.

Accordingly, Pz = cg for some ¢ € C, thus V x € K,

< x,PTC > = < X,TP; > = < X,Tcg > = ¢ < x,Tg >

< Px, Tz > =c¢ < Xx,Tg >

<PX,y>=c<x,y>VvVyeK
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Px = cx

P=0or l.]

9.11 ILEMMA The set {W(f):f € H} is irreducible.

PROOF It is a matter of applying Segal's criterion, taking T = {W(f):f € H}
(legitimate, since W(f)* = W( - £)). To verify conditions 1 and 2, let K = BO(H),

A=dr{) (a.k.a. N), and ¢ = Q -— then one has only to quote 9.6 and 9.8.

9.12 REMARK Fix an orthonormal basis {e n} for H — then the set

Wite ), W/-1 te )in=1,2,..., t €R}
is irreducible.
[Note: Iet E be the linear span of the e, then the set
{W(E)Q:f € E}

is dense in BO(H) (cf. 9.9).]

9.13 IEMMA Let T be a bounded linear operator on BO(H). Assume: T commtes

with all the Q(f) (f € H) -— then T is a scalar multiple of the identity.

PROOF On the basis of 4.4 and 4.9, V £ € H,

T exp(/~1 t Q(f]) = exp(/-1 t Q(E))T (t € R).
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One can therefore apply 9.9 ard 9.11.

9.14 IEMMA Suppose that H = Hl ® H2 —— then

‘I'W(fl ® f,) = W(fl)® W(fz) .

2)
[Note:

T:BO(H) ~ BO(Hl) 8 BO(HZ)

is the isometric isomorphism per 6.11.]
9.15 EXAMPLE Take H = C —- then, in the notation of 88,
-1
™(z)T (z € C)
is a unitary operator on 1.2 (R,Y). Explicated, let z = a + /-1 b and put
-1
WT(z) = TW(z)T ~.

WT(Z)\D
X

2
= ep(A T 2+ Pep( -2 -5

V2 V2

IV (x + V2 b).

To confirm unitarity, write

< Wy (2) ¥, (2) 9! >

1l - 2 —x2/2
— [ Y(x + /2 b)Y (x + /2 b)exp( - V2 xb - b)e
2 =

dx
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W*‘
=5

2
f¢(x+/—b)ll)(x+\/_b) (x+/§b)/zdx

=< Y, P' >,
Here is another check on the work. From the definitions,

TQ = T exp(0) =

But for any complex number u + /=1 v,

2

L em(+ FIvxe ¥ ax

22r =
= exp((u + /-1 v)2/2) .

Therefore
< l,WT(z)l >
b2
= exp( ~ 5~ +/T—) (-——+/_'——)/2)
V2 V2

2 2

2
b__/:l’%lo__i_

_ b ab
-exp(——2—+/:T2—)exp(4 4)

exp( - g(a® + b))

1 2
=eXp(—Z'|Z! ),

as predicted by 9.5. 1In practice, it is more convenient to deal with

W.(a,b) = W(/2 b, - a o



17.

For later reference, note that

Y_VT(a.b)V_VT(a‘ /b')

= ™W(/2 b, - -a—)T'l'IW(/i pr, - a4t
V2 V2

=2 b, - W2 b, - 2771
V2 V2

—ep(- Sl m< /2o~ AT, Ap - A

V2 V2

x W(/2 (b +b'), - L&+a') -1

V2
= /-1 /_ v ' 1 1
=exp(~—>-Im<a+/-1b, a' +/1Ib > W@ +a'b +b').
NowlettpeLz(B,y) —-— then
Wn(a, o)y

X
= exp(/FT (b - ab/2)) [exp(xa - a/2)17 %) (x - a).
Using the isometric isomorphism
TG:LZ(R,Y) + LZ(R) (cf. 88),

these considerations can be transferred from L° (R,y) to 1.2 (R). So, vy € 1.2 (R),

-1
Ty (@b T v .



X

18.

= 3\
THp (a,b) (G) y

2
1 bid
exp( - 7 exp(/-1 (xb - ab/2))
(zﬂ)l74 4
2 1/2 1/4 (x - a)2
[exp(xa - a/2) 17" 7 (2m) ™ "exp(~—5——)¥(x - a)

exp(V-1 (xb - ab/2))Y(x - a).



§10. WEYL SYSTEMS

Let E 2 0 be a real linear space equipped with a bilinear form g — then

the pair (E,0) is a symplectic vector space if ¢ is antisymmetric and nondegen—

erate (so either dAimME=wor dimE=2n (n=1,2,...)).

10.1 EXAMPIE Take for E a complex pre-Hilbert space, view E as a real

linear space via restriction of scalars, and let

o(f,g) = Im < £,9 >.

A symplectic vector space (E,c) is topological if E is a real topological

vector space and ¢ is continuous.

10.2 EXAMPLE Let M and N be real topological vector spaces. Suppose that
B:M x N » R
is a continuous nondegenerate bilinear form. Take E =M @& N and let
o((x,A), (x',A")) = B(x,A') - B(x',}A).

Then the symplectic vector space (E,o) is topological.

Iet (E,0) be a symplectic topological vector space. Suppose that K is a

complex Hilbert space —— then a map
W:E > U(K)

is said to satisfy the Weyl relations if v f,g € E:




W(f)W(g) = exp( - g o(f£,9))W(f + q).

So, V£ €E and V t,,t, €R,

2

W(tlf)W(tzf)

= ep( - L e £, 0(E,0)W((E, + £)5)
= W((tl + t2)f) .

I.e.: The arrow
R -~ U(K)

t » W(tf)

is a homomorphism. One then says that the pair (K,W) is a Weyl system over

(E,0) if, in addition, v £ € E, the arrow

R =+ U(K)

t > W(tf)

is continuous. Accordingly, when this is the case, {W(tf):t € R} is a one
parameter unitary group, hence admits a generator &(f) (which, of course, is
selfadjoint).

[Note: Unless stipulated to the contrary, a Weyl system over a complex
pre-Hilbert space is a Weyl system over the underlying real topological vector

space with g = Im < , >.]

10.3 EXAMPLE (The Fock System) Take for E a separable complex Hilbert



space H and let K = BO(H) —— then the map
W:H - U(BO(H))
which sends £ € H to the Weyl operator
W(f) = exp(v~1 O(H)

is a Weyl system over H (cf. 9.1 and 9.2).

10.4 EXAMPLE (The Schrodinger System) The real topological vector space

underlying gn is I}zn. Take K = L2 (1_2n) and given z=a + /~1 b (a,b € I_Qn) , define

a unitary operator W(z) by

W(z)y

X

=exp(/~L ( <x,b>-<ab>/2))ypx-a).

Then W is a Weyl system over gn (cf. 9.15) which, moreover, is irreducible (cf. 9.11).

10.5 CONSTRUCTION Let M and N be real topological vector spaces. Suppose

that

B:M X N -~ R

is a continuous nondegenerate bilinear form. Let U and V be unitary
representations of the additive groups of M and N respectively on a Hilbert space

K such that
Ux)V()) = exp(/~1 B(x,)))V(N)U(x)

for all x € M,A € N. Put



H(x @ V) = ek Blx,)U( - V().

Then W defines a Weyl system over E = M ® N (with ¢ per B as in 10.2). In fact,
Wx & MWE' @ A')

exp(—;‘/_i B(x,A))exp(—‘/'z':—l— B(x',A"))

i

U - x)V(NU( - x"VAY)

exp (5L B, + B, A" e (AL Bx' )

U - x - x"V(A+ AY).
On the other hand,

em(*éimumw-B@nmnwm+xW$<y+TH

= exp( - [%_1— (B(x,1') = B(x',A)))

.~ exp(ﬁz-i B(x + x', A+ A")U( - x - x")V(A + 1').

LB + 5B
+ % (B(x,\) + B(x,A") + B(x',\) +Bx',\"))

=L BN *BE'AN) +BEN.



10.6 EXAMPLE Take M= R, N =R, and let B(x,\) = < x,A > be the usual

inner product. Change the notation and replace x by a, A by b. Take K = L2 (Bn) -

then the assignments

a » U(a)
_ b >V,
where
T U@ =9+ a)
_ V)Y (x) = e‘/_—l < %/b > P(x)

define unitary representations of Bn on L2 (_E_{n) . Therefore the prescription

W(a,b) = exr.a(,-‘/—;z < a,b > )0( - a)v(b)

defines a Weyl system over 1_22n = I}n ] 1_3n.

[Note: With z = a + /-1 b and W(z) = W(a,b), it follows that

W(z)y

X

exp(—’/%_l— <ab>)exp(vV-1 < x - a,b > )Px - a)

exp(V-1 ( <x,b>-<ab>/2))p&x - a).

The procedure thus recovers the Schrodinger system.]

10.7 ILEMMA ILet (K,W) be a Weyl system over (E,g) — then the restriction



of W to each finite dimensional subspace of E is continuous.

PROOF 1If fl,...,fn are elements of E, then

3 /T
Wigy) - WiLy) = epl = 5= 2

ihe c(fj,fk))W(fl + eee + fn) .

[Note: It is not necessarily true that W:E - U(K) is continuous (cf. 10.14).]

10.8 IFMMA Let H be a separable complex Hilbert space,
W:H - U(BO(H))
the Fock system over H. Fix a real linear function A:H + R and put

/=1 A(f)

WA(f) =e W(f).

Then WA is a Weyl system over H. In addition, W A is unitarily equivalent to W
iff A is continuous.

[Suppose that W A is unitarily equivalent to W -- then

e/—T ./\.(f)X N

£->0= X (X € BO(H)).

If A were not continuous, then Ker A would be dense. Fix XO:A(XO) =7 and

choose Xn € XO

+ Ker A:Xn - 0, thus
AT AK) /T A(X,)

e X0—>e X, =-X

0 o'

a contradiction. To discuss the converse, write A(f) = Re < f,xA > (xA € H)

and proceed as in 10.11.]

10.9 EXAMPLE In the context of 10.8, take H infinite dimensional, fix an



orthonormal basis {en} for H, and let HO be the linear span of the e, (thus HO

is a pre-Hilbert space). Suppose that

W':H -~ U(BO(H))
is a Weyl system over H such that W' |H0 = WIHO — then 3 a real linear function

A:H > R such that W' = WA with A(HO) = {0}. First, in view of the Weyl relations,

W (DWE IWEY = W(EY W (OWE D) (£ € HEy € Hy.

But the set {W(fy):f, € Hy} is irreducible (cf. 9.12), so W (EWE T is a scalar
multiple of the identity (cf. 9.9), hence 3 a complex number ¥ (f) of modulus 1
such that

W' (f) = X(E)W(E) (f € H).
Since

X(£] + £5) = X(£)X(E,)

and since the arrow

R~ C

t » x(tf)
is continuous, there exists a unique real number X (f):

W (£E) = o1 tA(E)

As a function from H to R, A is real linear. And: W' =W, with A(Hy) = {0}.

[Note: If A Z 0, then A is discontinuous. ]



10.10 REMARK To construct a real linear function A:H - R such that
A(Ho) = {0}, enlarge {en} to a Hamel basis {en}u{ei}. Assign to each index i
two real numbers a; and bi' Put A(ei) = a., A/-L ei) = vbi. Finally, extend

A to all of H by real linearity and the condition that A(Ho) = {0}.

10.11 EXAMPLE Fix a real linear function A:H > R such that A(Hj) = {0} —

then WA is irreducible (cf. 9.12) but WA is not unitarily equivalent to W if
AZ 0 (cf. 10.8 or 10.12). Nevertheless, for any finite dimensional subspace
F c H, the restriction WAIF is unitarily equivalent to the restriction W|F. In

fact, let x

A F be the unique element of F such that
14

A(f) = Re < f'XA,F > (fFem.
Then v £ € F,

W, (£) =W(/:Tx pWEW( - /_x
Proof: We have

W(/-1 XA'F)W(f)W( - /=1 xA,F)

V=1

= W(/~1 Xy F)exp( —— Im < £, HXA,F > YW(f - /:TXA’F)
=e>cp(—‘/'§—_l-11n<f,J—_lx >)exp(—glm</-xAF, —/—_1xA’F>)W(f)
= exp(@ Im( < £,/-1 Xy p >~ < \/-'-TxA’F,f > ))W(E)

= exp(@ Im( < £,/~1 X\ F > -< £,/~1 xA,F > NW(E)



T

= exp(—;—J; 2 Re < £,x > YW(E)

AF

= exp(/~1 Re < f,x > YW(E)

= e’/:l_ A(f)W(f)

=W, (f).

10.12 REMARK ILet Al'

is unitarily equivalent to W, iff A, = A,.
1 2

1 2
[For suppose 3 a unitary U:BO(H) - BO(H) such that

-1
W, BU T =W, () (feH.
Ny b,

Then v £, € H

0 o’

~1
W, (£,)U0 " =w, (£,)
Al 0 A2 0

or still,

-1
UW(fO)U = W(fo) .

Therefore U is a scalar multiple of the identity (cf. 10.9), hence Wy = Wy =>

10.13 LEMVMA Let H be a complex Hilbert space. Suppose that HO is a dense

Ay:H ~ R be real linear functions such that A, (Hy) = {0},
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linear subspace of H and let
WO:H0 > U(K)

be a Weyl system over HO. Assume: W, is continuous -- then W, has a unique

continuous extension to a Weyl system W:H - U(K).

10.14 EXAMPIE In the setting of 10.11, if A Z 0, then W,, as a map from

H to U(BO(H)) is not continuous. For if it were, then the fact that WAIH0 = W|H0

would, in view of 10.13, imply that WA = W.

ILet

W:E > U(K)

be a Weyl system over (E,g) —-— then a selfadjoint operator N on K is a number

operator for W if V t € R:

e/—Tth(f)e—/—TtN /I t

= W(e £f) (f € E).

10.15 EXAMPLE Let H be a separable complex Hilbert space. Consider the
Fock system

W:H - U(BO(H)).
Then AT'(I) is a number operator in the sense of the preceding definition (cf. 9.8).
[Note: Put N = Ar(I) and fix an orthonormal basis {en} for H. Consider

n ~
T E(ek)é(ek) — then E(ek)a(ek) = a(ek) *a(e,), thus is selfadjoint (cf. 1.30)
k=1
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and nonnegative. Moreover, é(ek)é(ek) commutes with E(ez)é(eﬂ). Therefore

k=1

n
e%:I'tN = lim exp(/~I t I E(ck)a(ek))
k=1

n - o

in the strong operator topology.]

10.16 EXAMPIE If A # 0, then WA does not admit a number operator.

get a contradiction, assume the opposite, hence v £ € H,

Ty e TN o T By,
so v £, € fiy

T Mg ) = wee’™ teeT W
or still,

oL tNW(fO) =L tdI‘(I)w(fO)e- /=1 tdr(I) /-1 tN
or still,

o L tdr(D) /AT tNW(fO) = W(Ege V=1 £aI(I) /1 N

Therefore (cf. 10.9)

o FLHEMD AL N | 1 (o) € Q).

But then

e NG /1 tN

n
I E(ek)a(ek) is selfadjoint (see the discussion following 4.6). And V t,

TO
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v=1 tdr(I) 1 - /~1 tdr(1)

= c(t)e wA(f)c(t)’ e

= T AE) T

vasi tf) )WA(e/-—l tf)

exp(/~1 (A(f) ~ A(e

exp (/AT AL - e’ B, e,
And this means that v £ and V t,

V=1 t
e

exp(v-1 A((1 - )£)) =1,

which is manifestly impossible.

10.17 THEOREM (Chaiken) Let H be a separable complex Hilbert space —— then
a Weyl system W over H is unitarily equivalent to a direct sum of the Fock system

over H iff W admits a number operator whose spectrum is a subset of the nonnegative

integers.

10.18 IEMMA Iet H be a separable complex Hilbert space. Suppose that W is
an irreducible Weyl system over H which admits a number operator N whose spectrum
is bounded below — then W is unitarily equivalent to the Fock system over H.

PROOFF We have

eZW/:f NW(f)e— 2m/~1 N _ W(eszqf) - W(E).

But, by assumption, the set {W(f):f € H} is irreducible, thus
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2n/~I N _ 2m/-1 a
e = e 1

for some real number a (cf. 9.9). Here p < a < p + 1, where p = inf o(N). So,
if X € o(N), then A - a is a nonnegative integer, hence N - al is a selfadjoint

operator with o(N - aI) < Z Since N - al is obviously a number operator, an
per. Z, per

00
application of 10.17 leads to the desired conclusion.

[Note: Recall that the Fock system over H is irreducible (cf. 9.11).]

Suppose that F is a finite dimensional subspace of H and let Pp be the

associated orthogonal projection —— then v £ € f,

/=1 +dr (PF) - /=1 t4r (PF)
e W(f)e

/T e, - /AT e,
YW(E)T (e )

]

T(e

/=1 tP

W(e Fey  (ef. 9.7).

il

Therefore dl (P;) is a number operator for W|F.

10.19 IEMMA Fix an orthonormal basis {ul, cee ,un} for F ard let P, be the
i

orthogonal projection onto Cu, — then

ar (pui) =a (u;) *3 (u;)

n
dr(ep) = I a(ui)*a(ui).
i=]1
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So, as a corollary, dT' (PF) annihilates the vacuum.

10.20 REMARK If T is a selfadjoint operator on BO(H) such that

/~1L tT, - /-1 T, y=1 tPy
e W(fe = W(e £)

for all £ € H and all t € R, then by irreducibility

- /-1 tdr (Pp) V=1 tT, _ /Tat
e e =e I
for some real number a, hence

TF = dI'(PF) + aT.

Consequently, TF = 4ar (PF) provided TFQ = 0,]

10.21 IEMMA V X € BO(H),

T x| |2

2 .2n

1 n |
< W(ZI z )Q,X > d ez,
o1 Kk

.—__._._fz\

(2m™® R n




§11. CANONICAL COMMUTATION RELATIONS

Let G be a locally campact abelian group, T its dual. Suppose that
UG > U(K)
Vil > U(K)

are unitary representations on a complex Hilbert space K — then U,V are said

to satisfy the canonical commutation relations if

U{o)V(x) = x(o)V(x)Uu(o)

for all 0 € G, x € T.

11.1 EXAMPLE Define unitary representations U,V of G,T respectively on

1°(@) by
T U@V = Y(x + 0)
(y € L2(G))
_ VXY (x) = x(x)v(x).
Then
U(o)V(x) = x(o)V(x)u(o).

In addition, it can be shown that the set {U(0),V(x):0 € G,X € T} is irreducible.

[Note: The pair (U,V) is called the Schrc?dinger realization of the canonical

commutation relations.]

11.2 THEOREM (Mackey) Suppose that



U:G »+ U(K)
V:r » U(K)

are unitary representations on a complex Hilbert space K. Assume: (U,V)
satisfies the canonical commitation relations — then

e There is an orthogonal decomposition

K= K.
ier *t

into closed subspaces K; invariant w.r.t. the U(o) and the V(y).

® There are unitary operators Ti:Ki > L2 (G) such that V ¢ € L2 (G)

(T,U() T, () = Ylx +o)

(TVTL) () = xR .

Let H0 be a real pre-Hilbert space. Suppose that

U:H0 - U(K)

V:H0 -+ U(K)

are unitary representations of the additive group of HO on a complex Hilbert

space K — then U,V are said to satisfy the canonical commutation relations if

V-1 <£4194”
U(E)Vigy) = e V(gylU(£y)

for all £ € H,..

0’9 = o



[Note: Ho is a topological group under addition.]

11.3 REMARK If T{O is the completion of H,, then U,V can be uniquely

extended to unitary representations

U: 0~ UKy

\7:?(0 -+ U(K)

which satisfy the canonical commutation relations whenever this is the case of
U,v.

[Note: Apart from the obvious, there is one subtle difference between
pre~Hilbert spaces and Hilbert spaces, namely every separable pre-Hilbert space
has an orthonormal basis but a nonseparable pre-Hilbert space need not have an
orthonormal basis.]

11.4 EXAMPLE Take H, = %, K = L2(®) and let

0
T U@ yx) = yix + a)
(v € L2 &)
VDY) = e/—T <x,b>w(x) )
Then
U@VD) =" T @Pumiua.

Moreover, the set {U(a),V(b):a,b € R"} is irreducible (cf. 10.4).

[Note: The pair (U,V) is called the Schrodinger realization of the canonical

commutation relations.]



11.5 EXAMPLE Iet H be a separable complex Hilbert space,
W:H > U(BO(H))
the Fock system over H. Fix an orthonormal basis {en} for H and let H0 be its

real linear span -- then HO is a real pre-Hilbert space. Put
U(fo) =W( - fo) (f0 € HO)

Vigy) = W~T gy (gg € Hy) -
Then in view of 9.1 and 9.2, the assignments

f0 > U(fo)

99 ~ V(go)

are unitary representations of the additive group of HO on BO(H) such that

/=1 <£,,95>
U(fO)V(gO) =e V(gO)U(fo).

Furthermore (cf. 9.12), the set {U(fo) ,V(go) :£5,9, € HO} is irreducible.

[Note: The pair (U,V) is called the Fock realization of the canonical

commitation relations.]

11.6 REMARK In 10.5, takeM=HO,N=/:IH0,B=1m<,>-—then

B(fo,/——l go) = Im < fo,/——l' 95 >

m /-1 < £4090 >

= < fo,g0 >.



And
exp(-/;—_l B(fo,/q go))U( - fO)V(go)
= exp(g- Im < fo,g0 > )W(fO)W(/-T go)

_ V=1
= exp(—é-— Im < fo,/q dg > )W(fO)W(/-T gO)

W(E, + y=-1 dq) -

11.7 THEOREM (Stone-von Neumann) Suppose that

U:R® > U(K)
VR > U(K)

are unitary representations of I_in on a complex Hilbert space K. Assume: (U,V)

satisfies the canonical commutation relations —— then

e There is an orthogonal decomposition

into closed subspaces invariant w.r.t. the U(a) and the V(b) (a,b € I_}n) .
e There are unitary operators Ti:Ki -> L2 (Ijn) such that V ¢ € L2 (Bn)

P(x + a)

(1@ T ) ()

e\/——l_ <x,b>w (x) .

(T, (B) T ) ()



11.8 REMARK The Stone-von Neumann theorem is, of course, a special case
of Mackey's theorem and was originally established by bare hand methods. ILater
on, after the development of appropriate machinery, the general case was obtained
via an application of imprimitivity theory.

[Note: It is to be emphasized that no restrictions are placed on K, i.e.,

K may be nonseparable.]

Let HO be a real pre-Hilbert space. Suppose that
- - .
UsHy > UK) U':Hy > UKY)

V:H0

> U(K) V':H0->U(K')

are unitary representations of the additive group of H0 on complex Hilbert spaces

K,K' respectively -- then (U,V) is unitarily equivalent to (U',V') if 3 a unitary

operator T:K + K' such that

Ul

£

3

V"

11.9 REMARK If Ho is a real pre-Hilbert space and if dim HO < o, then H0

is automatically camplete and the Stone-von Neumann theorem implies that up to

unitary equivalence, HO supports a unique irreducible realization of the canonical

commutation relations, viz. the Schrodinger realization.



The situation when dim H0 = o is far more complicated, as can be illustrated

by example.

11.10 EXAMPLE Define

c:Li@® > LA(®)

by
oo = P W e L2®).
Put
S-(®) = {f € S(R):Cf = £}.
Then SC (R) is a real pre-Hilbert space:
<f,g>=<CfCg>=<g,f>=<£f,g>.

Given m > 0, let

um:SC (R) SC(I})
be the multiplication operator f -+ umf, where
(1) () = i +x° £(x).
Define unitary representations
U :S.(R) » UBOWA(R)))
m'~C'= =

2
V_:S.(R) ~ UBOL(R)))

by

-1
U, (5 =W -y f)

Vm(f) W(/~-1 umf) .



Then UV, satisfy the canonical commutation relations and the set

{Um(f) ,Vm(f) :f € SC(B)} is irreducible (cf. 9.12) (one can always find an ortho-

normal basis for L2 (R) which is contained in SC (R)). Supprose now that m # m' —-
then (Um,Vm) is not unitarily equivalent to (U ,V ). To see this, proceed

m' m'
by contradiction and assume that

T:80(L2(R)) > BOA(R))

is a unitary operator such that

— -1
T T = = Um'
-] _
TVmT = Vm' .
Given b € R, let
/~1 <x,b>

V(b)p(x) = e v (€ L®)

and note that SC (R) is invariant under V(b). Next, in view of 9.7, we have

I (V(B))W) T (VD)) ™S = WV D)) .
So, V £ € S,(R),

u (£) T (Vb)) T (VD) )

W - T T vm) T )

T - DT D) TV b) T V(D)



I

T - W) T (VD)) T (Vb))
ml

T (v (o) "W (b) ( - u_%f) )TT(V(b))

m

It

T V(o) VB (- W) VD))

T W) “rTr (vb) )W( - u;lf)

=TT WD) I (V) U (D) -

And, analogously, vV f € SC(B),
V_(E)T TV (D)) “Lrr )

= 1w m) T Ve v_(6).
Therefore, by irreducibility (cf. 9.9),
T m) e vm) = 1,

where |y | = 1. But then

T v o) T b)) e = 1,0

or still,
Tlrwm) e = w0
or still,
-1
(Vb)) T = YbTQ.
Iet

y=10= {4y €B0o_ L (R}



lo.

e ‘pn(xl:---rxn)

= wan(xll e lxn)

TR = v, Q.

Yp

Since this holds for every b and since Yo = 1, it follows that TQ = Q. On general

grounds (cf. 9.5),
[lo¢ = w0l |

=1 -t )

2
-m + X

On the other hand, we also have

lo¢ - 00l |?

e ( - D]

llo( - " ByTal |2
m'
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li

T
t

m
2

- (m')2 + X

Thus m = m', contrary to hypothesis.

[Note: The generator of the one parameter unitary group t - TUm(tf) T_:L is
e i
TO( - L&n T -,
while the generator of the one parameter unitary group t -~ U (tf) is
|

m

o( - u f).
ml

From the definitions,

TO( - u;lf)T’l =Q(-u £
ml

which implies that

TO( - 1) <o - u DT,
m'

a point used tacitly in the preceding computation.]

The term "unitary representation" carries with it a continuity requirement

(cf. §3). Still, certain physical models lead one to consider homomorphisms

U:H0 + U(K)

V:H0 > U(K)
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with the property that

el <fo,g0>
U(fO)V(go) =e Vigy) U(£,)

for all fO'gO € HO but where either U or V is discontinuous.

11.11 EXAPIE Take H, = R, K = £°(R) and for each A € R, let X,
be the characteristic function of {A} —- then the set {XA:A € R} is an ortho-

normal basis for 1’.2 (R). Put

U@, = Xa

(a,b € R)

T
V(b) X)\ = e 1 <>\'b>X>\.

Then U(a),V(b) admit unique extensions to unitary operators on Kz (R) and we have

/=1 <a,b>

U@vdlx, =e V(b)U(a)x, -

Therefore U,V satisfy the canonical commutation relations.

e As a map from R to U(KZ (R)), U is not continuous. Proof (cf. 3.5):

lifa=20
< XUy, > =

0 if a = 0.

® As a map fram R to U(KZ(R)), V is continuous. Proof (cf. 3.5):
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/=1 <)\,b>

lim < x,, V@), > = lim e = 1.

b->0 b->20

[Note: Let Q be the generator of the one parameter unitary group b -+ V(b),

thus V(b) = exp(v~1 bQ) and

_ g4 V) - T

Ox
A ps0 JSIp A

V-1 <>\,b>_l
= 1lim &

b~+0 /-1 b

_ /LA
/=1

X5 = )\X)\.

Thus, in this realization, the position operator exists (and its spectrum is pure
point) but the momentum operator does not exist. There is also a variation on

this theme which reverses these conclusions.]



§12. SHALE'S THEOREM

Iet (E,0) be a symplectic topological vector space —- then a symplectic

automorphism of E is an R-linear homeomorphism T:E + E such that

o(T£,Tg) = o(£,9)
for all £,9 € E.
Specialize and assume that H is a separable complex Hilbert space. View
H as a symplectic topological vector space with ¢ = Im < , > and denote by SP(#)
the set of all symplectic automorphisms of H — then SP(H) is a group under

operator multiplication, the symplectic group of H. Since

UE UH) => Im < UE,Ug > =1Im < £,9 >,
it follows that U(H) is a subgroup of SP(H).

Let J:H » H be multiplication by /-1. Suppose that T:H - H is R-lin -

then there is a decomposition

where
- _1
Tl =5 (T - JTJ)
T, = L (T + J1J)
272 °
Here, TlJ = JTl’ thus Tl is complex linear, and T2J = - JT2, thus T2 is camplex

conjugate linear.



N.B. The adjoint T'i‘_ is given by < f,Tlg >

is given by < f,TZg > =< g,Tif >.

12.1 IEMMA Let T € SP(H) — then

T = rx ook,

12.2 ILEMMA Let T € SP(H) —— then

T3T, - T3T, = I - T,Tf - T,T%
T3T, — T3T; = 0 | ~ T,Tf - T,T%
Let T € SP(H) — then
g1 = 11 Iyl
= < f,TITlf >

= < f,(T’z‘T2 + I)f >

%!
< f,T2T2f >+ < £,f >

< Tzf,TZf >+ < £,f >

= |1£]1°.

< Tif,g > but the adjoint



Therefore Tl is invertible. And:

< f,|T1|2f >2< f,f>

>T= |7| = V|72 /=1

12.3 IEMMA Iet T € SP(H) -- then
Ker(szl) = {f:|T1]f = f}.

Y

PROOF There are two points. First, are selfadjoint, hence
A
" Ker(|T,|) = Kex(|T,|%)
1 1
2
Ker (|T,|) = Ker(|T,|7).

Second (cf. 12.2),

2 2
|Tl| =|T2| + I.

Let Ty = UlITl[ be the polar decomposition of Ty — then Uy is unitary

(and not merely a partial isometry).

12.4 IEMMA Let T € SP(H) —— then



UjKer (|T,]) = Ker(|T%]).

PROOFF We have (cf. 12.1)

I
3
*

-1

This said, replace Tby T ~ in 12.3 to get:

Ker (|T%]) = {f:|T¥|f = £}.

Then
f € Ker(\Tzl)
=>
IT*|u £ = (U, |T, [UThu, £
1'"1 1711 71
= UllTl[f
=0 f (cf. 12.3)
=>
U, £ € Rer(|T%]).
Conversely,

£ € Rer(|T%})

=>

3| = £



-1 _
Uyl |U e = £

Ty IUIlf = UIlf

U—l

L fe€ Ker(|T2!)

-1
£=0(U;f) € UlKer(szl).

Let T, = U2|T2! be the polar decomposition of T, -- then, as it stands, U,

is a conjugate linear partial isometry which, for use below, is going to have to
be modified.
Initially

U,:Ran(|T,|) - Ran(T,)

2
is defined by

U,y ([T, |£) = T f.
Since

1T 117 = | IT,E] 12,

U, is isometric, thus extends to an isometry

2

Uy:Ran(|T,[) + Ran(T,),

i.e., extends to an isometry



Uy:Ker (|T, )" + Rer ([T3])".

The construction of the polar decamposition of T, is then completed by extending

U, to all of H by taking it to be zero on Ker(|T2[).

2

For our purposes, it is this last step that will not do. Instead, fix a

conjugation C,:Ker (|T,[) > Ker(szl) and then put

V,f = U,C,f (£ € Rer ([T, ])).

Thanks to 12.4,

v Ker (|T,|) = Ker(|T%[).
So, schematically,
H= Ker(szl)'L ® Ker(szl)

U2+ + V2

H =Ker(|T5))" @ Rer(|T3]).

Now set W2 =1, ® V2 —— then W2 is antiunitary and it is still the case that
T, = W,|T,| (bear in mind that Ker (|T,|) = Ker(T,)).
Let
¢ =Wl

Then C is antiunitary.

12.5 ILEMMA C commutes with ITll and sz



PROOF We have

73" = v dTy 170y

|T§}2 = wzl'rzlzw'z'l.

Therefore

2, -1
U exp(v-1 t|T, [0

exp (/T t|T8]%)

(/T ) exp(/~T t|T3|%)

exp(/FT )W, exp( - /T t|1,| 5wt
2, -1
=W, exp( - /-1 tlexp( - /-1 t|T,| )W,

2, ~1
=W, exp( - /-1 t|T,; [IW,
C eI £|T, |9 = exp( - /T t|r,|7)C
2 2
clty|” = [Ty |7C

c|T

1

1l = ITylc (cf. 1.34).

2
l

T, |” + 1

2



2 2
ciT2| = {T2[ C
ClTy| = |T,]C (cf. 1.34).

12.6 1EMMA The image
T, | |7y | (Rer (|, )

is a dense subspace of Ker(ITZI)‘L.

PROOF To begin with, Ker(]Tzl) is invariant under lTlI, thus Ker(]TZI)"‘
is too. Next,
,2

[Tl = {Tziz + I,

so |T;| and |T,| necessarily commute (cf. 1.36). Therefore |Tl| ITZI = |1y,| Imy|
is a bounded selfadjoint operator on H. But the restriction of |T,| T, | to

Ker (|T, | )* is injective, hence its range is dense.

12.7 IEMMA C is a conjugation.

1

PROOF C is antiunitary, so C* =C ~. If f € Ker(|T,|), then

= V3U,C.Cof



On the other hand, if f € Ker(szl)l, then vV g € Ker(|T2|)l,

< £,¢*|1,| [Tyl >

< |T,| |Tyl9.CE >

ol

< |7} |Tyl9.CE >

< |T2[g,|Tl|Cf >

!

< |tylg.clTy|f > (cf. 12.5)

< |Ty|g,W80, |T; [£ >

i
A

U, [Ty |£,W,]T, (g >

il
A

15159 >

1l
A

f,Ting >

il
A

f,TiTlg > (cf. 12.2)

I
A

Tlg,Tzf >

li
A

U, |7y (g, | T, £ >

< |, |£,wsu |7y g >
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< [Ty l£,ClTy |9 >
< f,|T2[C1T1|g >

< £,¢|1,| |Tylg > (cf. 12.5)

C*|T2| |T]_|g = Cszl |T1!g

C*lKer(lTZ[)l = clKer(szl)l (cf. 12.6).

Consequently, C* = C, from which the lemma.

12.8 REMARK By definition, C = W, U,, thus

21

W, =U,C ~ =U,C (cf. 12.7).

Because cosh: [0,«[ - [1,]

S such that

2 1 1

is bijective, 3 a nonnegative selfadjoint operator

cosh(S)

sinh(S).
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12.9 LEMMA let T € SP(H) — then there exists a unitary operator U, a

nonnegative selfadjoint operator S, and a conjugation C such that

T = U cosh(S) + UC sinh(S).

PROOF Write

T=T, +T

UllTll + W2[T2]

U

I

cosh(S) + U,C sinh(S) (cf. 12.8)

1 1

It

U cosh(S) + UC sinh(S),

where U =Ul’

[Note: T is unitary iff T, =0 (S =0 in 12.9).]

2

Denote by SPZ(H) the subset of SP(H) consisting of those T such that

T, € Lo (H)-

12.10 REMARK SPZ(H) is a group under multiplication. In fact,

_ -1 _
TESPZ(H) => (T )2— T§

= TIT" + TlTll.

T',T™ € SPZ(H) => (T'T")2 175 T

[Note: SPZ(H) is a topological group if one uses the operator norm topology

on the complex linear part and the Hilbert-Schmidt topology on the complex conjugate
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linear part:

d,(T',™) = ||T] = T]|| + [|T5 = TH][,-]

12.11 LEMVA Let T € SP(H) — then T € SP,(H) iff [T2| € Ly, (H).

12.12 LEMMA Let T € SP(#) — then T € SP,(H) iff lTl; -IEL .

PROOF We have

I
3

A

(] - I)([Tll + I).

1!

According to 12.11,
T € SP,(H) <=> |T,| € L,(H).

But the product of two Hilbert-Schmidt operators is trace class, hence

2
IT,] €Lt = ||? € 1, ()

2 -1
Tyl - 1= !TZI (ol +D 7" € L, ().

Conversely,

It - I er, ()

1!
(7| - D7yl + D e 4

‘Tzlz € I—.‘]_(H) => sz! € ].:J.Z(H)‘
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If H is viewed as a real Hilbert space with inner product Re < f,g >, then

the adjoint of an R-linear operator A is denoted by A+:

Re<f,Ag>=Re<A+f,g>.

12.13 IFMMA Suppose that T:H =+ H is an R-linear homeomorphism -- then

T € SP(H) iff T'JT = J.
+ -1 +_~1
12.14 IFMMA let T € SP(H) — then T € SP(H) and T " =JT J .

12.15 IEMMA Let T € SP(H) —— then T € SP2 (Hy iff T+T - I is Hilbert-Schmidt.

12.16 LEMMA Let T € SP(H) — then T'T - I is Hilbert-Schmidt iff TJ - JT

is Hilbert-Schmidt.
PROOF For
TP - I Hilbert-Schmidt

(Tt - 1)J Hilbert-Schmidt

T'7 - TTIT Hilbert-Schmidt (cf. 12.13)

T (TJ - JT) Hilbert-Schmidt

(Th ~Lpt (TJ- JT) Hilbert-Schmidt

TJ - JT Hilbert-Schmidt.
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And conversely... .

12.17 LEMMA Let T € SP(H) — then TJ - JT is Hilbert-Schmidt iff

J - TIr T

is Hilbert-Schmidt.
PROOF If TJ - JT is Hilbert-Schmidt, then T € SPZ(H) (cf. 12.15 and 12.16),

1 1

1

thus T — € SP,(H) and so 71y - 317! is Hilbert-Sctmidt. Therefore T(T 1J - JT 1)

is Hilbert-Schmidt or still, J - TJT 1 is Hilbert-Schmidt. To establish the

converse, just reverse the steps.

Let
W:H > U(BO(H))
be the Fock system. Given T € SP(H), put

WT(f) =W(TE) (£ €H).

Then WT is a Weyl system over H which, moreover, is irreducible (cf. 9.11). But,

contrary to what might be expected, W, is not necessarily unitarily equivalent

to W. One is thus led to say that T is implementable if 3 I‘T € U(BO(H)) such

that

-1 _
l"TW(f) I'T = WT(f) v £ € H.

12.18 EXAMPIE ILet U € U(H) -- then U is implementable. In fact (cf. 9.7),

T OWET @ T = WUe) v £ € H.



The problem now is to characterize the T € SP(H) which are implementable.

12.19 THFOREM (Shale) Iet T € SP(H) —- then T is implementable iff

T € SPZ(H) .

12.20 REMARK If dim H < «, then Shale's theorem is a consequence of the

Stone-von Neumann theorem (cf. 11.7).

We shall begin with the necessity, which requires some preparation.
By definition,
- 1 - .
Q(f) = — (c(f) + a(f))
V2

p(f) = L (&6 - am).
7z

Furthermore, all operators in sight have the same domain, viz. Df (cf. 7.12), thus

et

a(f) = =— (Q(f) + /<1 P(f))
JZ

S(F) =1 (Q(F) - /T B(E)).
/z

12.21 IEMMA We have

a(f) =
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PROOF According to 7.20,

D, = Dom(Q(£)) N Dom(P(£)),

£

which, of course, is the domain of

LetXEDf—-then

A(6)X = 1 (a(f) + /=T P(£))X

(Q(E)X + V-1 P(£)X)

QEX + V-1 P(HX)

o~

Ditto for c(f).

Assume now that T is implementable, so 3 Iy € U(Bo(H)) such that

-1 _
W (E) Ty = Wy (£).

_ =1 —

r Q@ 1, = QTE) .
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12.22 REMARK In the relation

— =1

r Q)T = QF),

replace f by T—lf to get

= [—
r Q) = 9@ T

Then

X € Bo_(H) => X € Dom(Q(T £))

=> X € Dom (Q(F) ) .

Since this holds v £ € H, it follows that

PTBOF(H) c g Dom(Q(f)) = 2 De-

In particular:
TTQ eEn Df.
£
And this implies that
(a(f) + c(g))PTQ = a(f)PTQ + c(g)PTQ
for all f£,g in H.

[Note: T Q = e‘/:I eQ (0 £ 8 < 2m iff T2 =0, i.e., 1ff T is unitary.]

We have

~oo =1
PTa(f)RT
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(r, O It

1 — -1
.—/Z- X T +/:IPTP(f)rT)

1 -1
(r.Q( )rT + /-1 rTQ(J—T f)I‘T )

(Q(Tf) + /=1 Q(T/~1 f))

~ -1
(LA BT ) (If)

L @@dr,e + AT o T HLH).
/Z

T € Dom(Q(TE)) N Dom(Q(v~-1 Tf)) (cf. 12.22)
I‘TQ € DTf (cf. 7.20).
T € Dom(Q(TE))

Q(TE) I'pd

= Q(T£) T2

=

L Sre + a (T£)) T .
/3
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T € Dom(Q(T/~1 £)) n Dom(Q(/~1 T/-1 f)) (cf. 12.22)

I €D (cf. 7.20).
/-1 £

Q€ Dom(Q(Tv-1 f))

Q(TV-1 f) I
= Q(TV-1 f) Iy

=L G +am/a £)) 0.
/2

Setting aside I'TQ for the moment, note that

LA & + ae)) + /-1 (c(TV=1 £f) + a(Tv/~1 £)))
V2 /2 V2
1

=3 (E(Tlf) + E(Tzf) + é(Tlf) + 5(T2f))

+ B (TS - A e - AT A + /AT AD)

= a(Tlf) + c(Tzf) .

Write

I& = {Xn} ,
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thus X0 = cOQ, where

c, =< Q,I‘TSZ >.

0
Then
0 = a(f)q
= rTa(f)sz
= (L a(H)T-Hr.Q
T T /T

= (a(Tlf) + c(Tzf))I‘TQ

or still,

@(£) + E(T,(T lf))l"TSZ -0

1)

-1 _
()X 1+ e(Ty(T)) "HX _, =0

X =0=> X =

I
o

But I'TQ z 0, hence c0 z 0.

12.23 ILEMMA let f,g € # — then

-1
/2 < f® 9,Xy > = = ¢y < g,Th(T)) £ >.
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PROOF On the one hand,

< E(f)g,Xz >=< /2 P, (f @ 9),X, >

/—'<f®g,PX >

V2 < £8g,X, >

while on the other,

< cN:(f)g,X2 > =< g,;i(f)x2 >

= - cy < 9T, (T) TE 5.

0

Now fix an orthonormal basis {en} for H -- then

o > _IE?.g-_- X |<e ®e,0012 l
lcgl™  num
=%n?m | <e ) e > |2
= 2y,
= 2 |lwclzyl Ty |70 |2 (ef. 12.9)
=5 lelz,l I3

=11} Inlclry 7S (el 12.5).
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Therefore
-1
T, |C|T, |
is Hilbert-Schmidt or still,
-1 -1
IT,| = |T,lclTy [ ~(Ty[C)

is Hilbert-Schmidt, so T € SPZ(H) (cf£. 12.11).

It remains to deal with the sufficiency.

12.24 IEMMA Iet f,g € H — then

/-1

a(f)W(g)Q = W(g) (a(f) + =< f,g > )Q
V2
and
E(f)W(g)Q = W(g) (c(f) - /—:I- <g,f>)q.
V2

Since |T,| is assumed to be Hilbert-Schmidt and since |T,| commtes with C

(cf. 12.5), 3 an orthonormal basis 0 = {e} for H consisting of eigenvectors of

|T,| such that Ce = e V e € 0.
ILet F be a finite subset of ( and let Pr be the orthogonal projection onto
the linear span LF of F. Fix a unit vector u € H and let P, be the orthogonal pro-

jection onto Cu —— thenv f € LF'

|[E (T + E(Tu)wel|?
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I

|3 wwmne + &Cuwwune| |

V=1

= | |W(UE) (@(Tyu) + == < T,u,Uf >)Q
V2
+ W(Uf)(E(Tzu) —4551 < UE,T,u > )Qllz
2
= H(Q(Tlu) f L T u,Uf > )Q
V2
+ (E(Tzu) L uf,Tu > )| |2
V2
= ||(7:‘/_i < Tlu,Uf > - 7__‘/—-;- < Uf,Tzu > )0 + Tzul |2
2 2
= | g < T u,Uf > - —//:—_1< UE,Tyu > 12+ IITzqu
2 2
- | Dl <muue > - 2 conmu > P ] Imylul |
2 2
=) <muue s - cut,mus 12+ || Tylul )t
But
| < Tlu,Uf > - < Uf,7.u > |2

2

| < T,u,Uf > - < f,U—szu > |2

1

2
= | <u|r ju,Uuf > - < £,C[T,[u > |
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2
= | < |Ty|uf > - < CCE,CT, 0 > |
=| < u,]Tl]f > =< ]Tzlu,Cf > [2

= | <u,|T|f > - < uclrylf > |?

2

.

=] < u,|Tl[f - Cszif >
Therefore

|| Gr + éu)wwsel|?

< | <unylf - clm,le > |2+ ] |z,lull?

12.25 LEMA L. is invariant under T, | and CT,].
PROOF The definitions imply that L, is invariant under C and |T,|, hence
. As for |T

Ly is invariant under C|T, recall that ITl]2 = }T2[2 + I, so

A

s s . 2 2 2
Ly is invariant under |T;|%, i.e., P¢|T)|" = |7 [Py, thus PelTy| = |Ty IPp

(cf. 1.34), implying thereby that L. is invariant under ]Tl[ .

Let v = |7y |f - C|T,|f — then v; € L, and

2 2
| <u T |f -ClT,[£ > |7 = | <u,ve > |

| < P u,Prve > [2

2
= | < u,PuPva > |
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< |lul|®| B2l 2

Write

= tr((PuPF) *PuPF)
= tr (P"I_SPI’;PuPF)

_ 2
= tr (P’Ij-PuPF)

= tr(’PFPuPF)
_ 2

= tr(PFPu)
= tr(PFPu)

= tr (PuPF) .
Therefore

2
| < w1y |£ - ClT,|£ > |
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< tr (Puc fPF) .

where o = ||vg||%.

12.26 ILEMMA Iet A € B(H) -- then APu is trace class (since Pu is trace
class) and

tr(PuA) = < y,Au >.

Consequently,

=l
T
i

Nk < |Tylu|Tyfu >

<, |T,|[T,[u >

2
<u, T, >

=< u,T§T2u >

*
tr (P T2T2) .
So, to recapitulate:

G + Emumwwnel |

A

%
tr(PquPF) + tr(PuT2T2)

= tr(Pu(cfPF + T§T2)) .

To finish the proof of the sufficiency, we shall apply 10.18 and construct



27.

a number operator for W whose spectrum is bounded below by 0 (WT is irreducible).
Let

i) = IE @@ + /T o(T/~T £))

Gp(E) = lE @) - /T Q(TV°T £)).

Suppose that F is a finite dimensional subspace of H and let PF be the

associated orthogonal projection. Fix an orthonormal basis {ul, cee ,un} for F —

then the prescription

n n
Qp® = I [l&w)ell® (e 0 pam@Ey)))

i=1 i=1

is a densely defined nonnegative closed quadratic form on H which is independent

of the choice of the u. . Thus, on general grounds, 3 a unique nonnegative self-

adjoint operator N. g such that
4

Dan(QI,’F) = Dom(/l\I,_r'F)
and
Qp p(8) = < My o £ o £ >
so, in particular,
Q g = < £/Np pf >
r’
provided £ € Dcm(NT'F) .

12.27 LEMMA We have



28.

n

Nep = B ap(ug)*a, (u;) .

’ i=

The finite dimensional subspaces of H form a directed set when ordered by

inclusion. This being the case, put

QI.(f) = sxFlp QT,F(f) '

Dom(QI.) =N Dom(QT F)
F 14

subject to Ql,(f) < o, While QT is a nonnegative closed quadratic form on H, it

is not a priori clear that Dom(QI,) is dense (which, in the final analysis, is the

crux of the matter).

12.28 ILEMMA Given f € LF’

oo 2
% ]]aT(ui)W(Uf)QH
o1

< tr(c(f)PF + T§T2) < o,

PROOF In fact,

n ~ 2
z | 1aT(ui)W(Uf)Q] |
o1

n

< L tr®  (cP
=1 Y4 TF

+ T§T2))
n
= tr((izl Puj_) (cfPF + T§T2))
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]

tr(PF (cfPF + TETZ))

A

tr(cfPF + T§T2) < oo,

Every f in the linear span LO of 0 is, needless to say, in some L Therefore

F

QT(W(Uf)Q) = S}.?lp QT'F(W(Uf)Q) < o,

But {W(Uf)Q:f € LO} is dense in BO(H) (cf. 9.12), so Qp is densely defined.

Let N'I‘ be the nonnegative selfadjoint operator corresponding to Q‘I‘

12,29 LEMMA In the strong operator topology,

V=1 ay

lim e

F

uniformly for t in finite intervals.

[Here is a sketch of the argument. First one proves that Np @ > Ny in the
[4

strong resolvent sense (since the data is nonnegative, it suffices to show that

N, o+ nt. Ny + nt strongly). A wellknown theorem due to Trotter then
’
implies that
V-1 tN /-1 tN
lim |] (e TE _ o Tyx[] = 0

F

for all X € BO(H), uniformly for t in finite intervals.]

12.30 LEMA V t € R,
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/-1 - /=1 N
lim e tNT’FW (Be T.F
F
/-1 tN - /-1
=e TWT(f)e S

PROOF lIet X € BO(H) and fix € > 0. Choose Fl such that

Choose F2 such that

Fo P, =

/-1 tN - /-1 &%
T’FWT(f)e Ty

_,/__]_tNT

-e (f)e || < e/2.

/—TtNTW
T

Then

/-1 N, - /=1 tN
T,FWT(f)e T,F

V=1 N, - /=1 &N
-e WT(f)e

V-1 - /-1 N
tNT,FWT(f)e 7

/-1 - /=1
-e tNT'FWT(f)e tNrI‘x
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A
o
b

A

e/2 + €/2 = .

12.31 ILEMMA I1et f EF - then V t € R,

/IItNTF -/:ItNT

e FayDe Lt

F
14 — vq

Since the set of F containing a given f is cofinal in the set of all F,
12.30 and 12.31 imply that vV t € R,

=1 - /=1
e tNTWT(f)e S =W (e‘f_T tf

T )

This shows that NT is a nurber operator for WT' But its spectrum is bounded below

by O (NT being nonnegative). Therefore, thanks to 10.18, WT is uwnitarily equivalent

to W.

12.32 REMARK The proof of sufficiency is incomplete in several respects.

1. It depends on 10.18, which in turn depends on 10.17, whose proof was
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omitted.
2. It depends on 12.29, whose proof was only sketched.
3. It deperds on 12.31, whose proof was omitted.
There are other approaches that circumvent these difficulties (and awvoid the

use of number operators altogether) but I shall forgo the details.

12.33 EXAMPLE Take H infinite dimensional and fix a closed subset H0 ct

such that:

1. f,qEH0 = < f,g > €R.
2. f,gEH0=>af+bg€H0 (a,b €R).
3. H=H0+J—THO.

Define Tp:H + H by

T)(E + T ) = pf + /T ol (£,g € Hyp > 0).
Then Tp is symplectic and T: = Tp. Therefore
(T+‘I‘ - I)(f + /~I g)
pp
2 :
= (Tp - I)(f + /-1 q)

= (0% - DE + /T (072 - g,

which is Hilbert-Schmidt iff p =1, so Tp is implementable iff p = 1 (cf. 12.15).

Let T € SP,(H) —- then [Tl] - I is trace class (cf. 12.12), hence
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Tyl = (Tl - + I

has a determinant (which is necessarily nonzero).

12.34 IFMMA Let T € SPZ(H) —— then

| < QT > | = (det(lTll))— 2,




§13. METAPLECTIC MATTERS

W:H > U(BO(H))

be the Fock system — then according to Shale's theorem (cf. 12.19), VT € SPZ(H) '
WT(f) =W(TE) (£ € H

is implementable, i.e., 3 I‘T € U(BO(H)) such that Vv f € H,

-1 _
I‘TW(f) I"T = WT(f) .

Let U(1) denote the group of unitary scalar operators on BO(H) -- then, in

view of the irreducibility of W (cf. 9.11), any two implementers I‘,i,,l‘,;, are

congruent modulo U(1l), thus we have an arrow
— SP,(H) ~ U(BO(H))/U(D)

T > [T,),

where [I‘T] is the coset determined by I‘T.

13.1 LEMMA The arrow

B SP,(H) ~ U(BO(H))/u(1)

T > [I’T]

is a homomorphism.



Suppose that dim H < © — then it is wellknown that one can attach to each

T € SP(H) (= SP,(H)!) a pair of unitary operators { FT} which implement Wy,

and have the property that the arrow
©SP(H) - U(BO(H))/{F 1}
T > {t I‘T}

is a homomorphism.

13.2 REMARK This arrow is called the metaplectic representation of SP(H)

(it is a bona fide unitary representation of MP(H), the double covering group
of SP(H)).

The situation when H is infinite dimensional is different. Thus denote by

SP+(H) the subset of SPZ(H) consisting of those T such that T, - I is trace class ——

then SP+(H) is a normal subgroup of SP2(H) .

13.3 LEMA SP +(H) is a connected topological group if one uses the trace

norm topology on the complex linear part and the Hilbert-Schmidt topology on the

complex conjugate linear part:

a (', = ||r] -yl + |1y - 15115

13.4 REMARK Equip SPZ(H) with its structure of a topological group per



12.10 — then the inclusion SP, (H) = SP2 (H) is a continuous homomorphism (the trace

norm dominates operator norm). Now endow U(H) with the operator norm topology —-—

then it can be shown that SPz(H) and U(H) have the same homotopy type. But a

classical theorem due to Kuiper says that U(H) is contractible. Therefore in

the infinite dimensional case, SP2 (H) is simply connected which is in stark contrast

to the situation in the finite dimensional case.

What was said when dim H < « goes through when dim H = « provided one works

with SP_(H), i.e., one can attach to each T € SP_(H) a pair of unitary operators

{x I‘T} which implement W, and have the property that the arrow
SP (H) ~ UBO(H) ) /{£ 1}
T > {£ I'p}

is a homomorphism.



§14. KERNELS

Let X be a nonempty set —- then a map K:X x X » C is called a kernel if

for all

xl,...,xn € X

Cl,...,Cn E ..C_’

we have

n
T E.c.K(x.,x.) = 0.
ig=0 v

14.1 EXAMPIE Take X = H, a camplex Hilbert space =-- then K(x,y) = < X,y >

is a kernel on H.

14.2 EXAMPLE Let G be a group and let U:G » U(H) be a homomorphism. Given
a unit vector x € H, put KX(O',T) =< x,U(G_lT)X > (6,T € G) — then KX is a kernel
on G.

[Note: The function o - < x,U(0)x > is positive definite.]

14.3 EXAMPLE Take X = B(H) and suppose that T € Ql(H) is nonnegative --

then KT(A,B) = tr(TA*B) is a kernel on B(H).

Iet A = [aij] be an n-by-n matrix (aij € C) — then A is said to be positive

definite if for every sequence CyreeerCp of n camplex numbers,




n -

)} cic.ai. > 0.
ig=1 * 143
[Note: A positive definite n-by-n matrix determines a kernel on {1,...,n}

(and vice-versa).]

14.4 REMARK If K is a kernel on X, then the matrix [K(xi,xj)] is positive

definite, hence in particular

Kx,y) = K(y,x).

14.5 IFMMA If A = [aij] and B = [bij] are positive definite, then so is

C= [aijbij] (the entrywise product of A and B).

PROOF Iet

Yi5 = ©%4P54-

Then Y = [y.lj] is positive definite:

n _ n _
L 2Z,2.¥..= L zZ.z.c,c.b..
i,4=1 1i73%ij i,5=1 173717591
n - —
= I (z.c.) (z.c.)b..
i,3=1 JJ 11 Ji

n
= I (z.c.)(z.c.)b..
i,3=1 b A R R A By |

v
o
L]



Therefore tr(AY) = 0, i.e.,

n n _
z ai.y.i = I ai.c.cibi.
i,3=1 J] i,35=1 1] J
n -—
= I cic.a. 'bi’
i,j=1 J i} 1]
= 0.

Denote by K(X) the set whose elements are the kernels on X —— then 14.5

implies that K(X) is closed under pointwise multiplication.

14.6 IEMMA If A = [aij] is positive definite, then so is [E(A) ij], where

aij
E(Aa) i3 =e 7.
Corollary: X € K(X) => eK € K(X).

14.7 THEOREM (The Kolmogorov Construction) Let K be a kernel on X — then
3 a complex Hilbert space HK (not necessarily separable) and a map A:X » HK such
that

K(x,y) = < AX),AlY) >
and the set {A(X):x € X} is total in Hy -

PROOF Consider the vector space g_(x) of all complex valued functions f:X » C

such that f(x) = 0 except for at most a finite set of x. Put



<f,g>= I EXgyIKEY).
Xy

(X)

Then the pair (C*,< , > is a camwplex, potentially non Hausdorff, pre-Hilbert

space. To get a genuine pre-Hilbert space, divide out by N = {f: < £,f > = 0}

and then take for HK the completion of Q(X) /N. As for A, simply note that
R(x,¥) = < éx,éy >.

[Note: If Hf( is another Hilbert space and if A':X - HI'< is another map

satisfying the preceding conditions, then there is an isometric isomorphism

T:HK > HI'( such that TA(x) = A'(x) V x € X.]

14.8 REMARK If X is a topological space and if K:X x X - C is continuous,

then A:X -~ HK is continuous. In fact,

A - At []2

< A(x) - My)Ax) = Ay) >

K(x,x) + K(y,y) - 2Re K(x,y)

if x » vy,

14.9 EXAMPLE ILet H be a separable complex Hilbert space. Put

_ e<f,g>

K(f,9) (f,9 € H).

il

Then K is a kernel onHandHK BO(H) .



[Note: Here A:H -~ BO(H) is the map £ - exp(f).]

14.10 EXAMPLE Let G be a group. Given a positive definite function
Xx:G > C with x(e) = 1, put KX(O,T) = X(U—l'l') (o, T € G) - then KX is a kernel
on G so, in view of 14.7, 3 a complex Hilbert space HX' a homomorphism
UX:G > U(HX) , and a cyclic unit vector xX € HX such that v ¢ € G,

=< x ,U (o >.
x (o) XX X( )xX

Spelled out, xx is the image of Se and UX(G) is the operator associated with

G) (&)

U0 :c@ +c@, where W) (1) = £ )

< U{o)£,U(0)f >

$ TWEE® (U ) ) xx Ty
X,y

T f( G_IX) f (or_ly) X (x_ly)
X,y

L TR EW xx o Loy
X,y

Il

T TEW)Y (x’ly)
X,Y

i

< £, >.



[Note: If G is a topological group and if y is continuous, then UX:G - U(HX)

is strongly continuous, i.e., is a unitary representation. Thus suppose that

g + e = then

< A(Tl) ,U(G)A(Tz) >

DL (0 ) x(x )
X,y 1 2

il

-1
x(rl 012)

S x('[’IlTZ) = K(T;,T,)

< A(Tl) ,A(Tz) >.

And this suffices (U(0) is unitary and A(G) is total).]

14.11 EXAMPLE Let Hl, . ’Hn be camplex Hilbert spaces with respective

inner products < , >l,..., <, >n' Put

n
K(le) = TT < Xk,Yk >kr

X = (xl,...,xn)

y = (yl,---.yn).



'IhenKisakernelonHlx XHnand

Suppose given a sequence of separable complex Hilbert spaces Hn and a
sequence of unit vectors u € Hn (n=1,2,...). Let X be the set of sequences
X = {xn}:

x €H &x =u (n>>0).
n n n n

Define K:X X X »~ C by

KG,y) = ] < x oy, >, -
n=1

Then K is a kernel on X. Now apply the Kolmogorov construction —— then the

resulting Hilbert space HK is called the countable tensor product of the Hn

w.r.t. the stabilizing sequence u

® (H ,u)
=1 D

and we write

Ax) =%, ® %

1 28--- xeXx).

If E = {eno,e ,-..} is an orthonormal basis for Hn such that e

=u Vn
n n0 n !

oo

then the set {A(x):x € X & X € En v n} is an orthonormal basis for & (Hn,un) .
n=1

14.12 REMARK Abstractly, the countable tensor product of the Hn w.r.t.



the stabilizing sequence u is a system (H,u,T A) consisting of a complex Hilbert

space H, a unit vector u € H, and for each finite subset A ¢ N an isometric map

T A from é Hn into H with the following properties:
ncA

1. v A,

T (® u) =u;
AnEAn

2. VY AA':A A =

T.,(8 x)=T,(8 X)
AnEA'n AnEAn

if x =u_ for n € A' - A;
n n

3. URanTA=H.
A

[Note: These properties characterize ® (Hn,un) to within unitary equivalence.]
1

14.13 EXAMPLE Suppose that H = & Hn — then there is an isometric isomor-
n=1
phism

T:BO(H) > @ (BO(H).q,)-

E.g.:

ZZ(Ij) =§@§$ ces

Bo(2° () = BO(C) ® BO(C) & -,



where the countable tensor product is w.r.t. the stabilizing sequence of vacuum

vectors.

14.14 EXAMPLE Let Hn = L2 (Qn,An,un) , where Y n, U, is a probability measure
on the c-algebra An. Consider the product probability space (Q,A,u) —- then
LZ(Q,A,u) is the countable tensor product of the L2 (ﬂn,An,un) w.r.t. the sta-

bilizing sequence 1n ( = the constant function 1 on Q).




§15. C*-ALGEBRAS

In this section, I shall give a more or less proofless summary of those
definitions and facts from the theory that will be of use in the sequel.
Let A be a nonzero complex Banach algebra, *:A -~ A an involution -- then

the pair (A,*) is said to be a C*-algebra if v A € A,

| [a] 2.

[al]-

[Note: A morphism of C*-algebras is a linear map ¢:A ~ B such that

| [a*a} |

It is then automatic that ||A*||

pAA) = 0BNIA,) & $(BF) = o(a)*.

An isomorphism is a bijective morphism. Every morphism is automatically continuous:
[lo@)]] < ||a]] v A €A, Furthermore, the kernel of ¢ is a closed ideal in A
and the image of ¢ is a C*-subalgebra of B. Finally, ¢ injective => ¢ isometric:

Ho@ || = [|a]] v A € A

15.1 EXAMPIE Iet X be a ICH space, Cm(X) the algebra of complex valued
continuous functions on X that vanish at infinity. Equip C_(X) with the sup norm
and let the involution be complex conjugation — then the pair (C_(X),*) is a
commutative C*-algebra.

[Note: If A is an arbitrary commutative C*-algebra, then 3 a LCH space X
and an isomorphism A >~ C_(X). Such an X is unique up to homeomorphism and is

compact when A is unital.]



15.2 EXAMPIE Let H be a camplex Hilbert space, B(H) the algebra of bounded
linear operators on H. Equip B(H) with the operator norm and let the involution
* be the adjunction —- then the pair (B(H),*) is a C*-algebra.

[Note: A norm closed *-subalgebra of B(H) is a C*-algebra. Conversely,

every C*-algebra is isomorphic to a norm closed *-subalgebra of B(H) for some H.]

We shall assume henceforth that A is unital (i.e., has a unit I).

[Note: If A is a C*-algebra without a unit, then there exists a unital
C*-algebra AI, the unitization of A, and an injective morphism A - AI such that
AI/ A=C.]

N.B. To reflect the assumption that our C*-algebras are unital, the term

morphism will now carry the additional requirement that the units are respected.

Let A be a C*-algebra, H a camplex Hilbert space —— then a representation 7

of A on H is a morphism m:A > B(H) (thus 7 is automatically continuous: ||7(A)]] <
||A]| ¥ A € A (which sharpens to ||m(a)|| = ||A|] VA € A if 7 is faithful)).

In particular: (I) = I.

15.3 ILEMMA Every representation is a direct sum of cyclic representations.
[Note: A representation m:A - B(H) is cyclic if 3 x € H:m(A)x = {m(A)x:A € A}

is dense in H.]

15.4 REMARK Every representation of a simple C*-algebra is faithful.
[Note: A C*-algebra is said to be simple if it has no nontrivial closed

ideals. If A is simple, then A has no nontrivial ideals period and, in addition,



is central, meaning that the center of A is {cI:c € C}.]

Iet A be a C*-algebra.
° AR is the collection of all selfadjoint elements in A, i.e.,

AR= {A € A:a* = A},

o A+ is the collection of all positive elements in A, i.e.,

AF = a%ac Ag)
or still,
AT = {a*a:a € A},

A state on A is a linear functional w:A - C such that

w@ >0 vAEA"

v

w(I) 1.

[Note: A state w is necessarily hermitian: w(a*) =w(A) V A € A.]

Iet S(A) be the state space of A (meaning the set of states on A) — then
S(A) is convex and its elements are continuous of norm 1, thus S(A) is contained
in the unit ball of the dual of A. It is easy to verify that S(A) is closed in

the weak* topology, so S(A) is compact (Alaoglu).

15.5 EXAMPLE Suppose that m is a representation of A on H. Fix a unit

vector ) € H —— then the linear functional

w(A) =< Q]W(A)Q >

is a state on A.




15.6 THEOREM (The GNS Construction) Iet w € S(A) — then 3 a cyclic

representation T of A on a Hilbert space Hw with cyclic unit vector Qw such

that
w(d) =< Qw,ﬂw(A)Qw >,

PROOF In the Kolmogorov construction (cf. 14.7), take X = A, let K(A,B) =

w(A*B), and put Hw = HK. Denote by Qw the image of 61 and call T (A) the operator

(A) (A)

associated with 7(A):C ~ C" ", where

w(A) £

A T c @
XEA X X

= I c6. .
xEA X Bx
Then

w(A)

w(T*A)

K(1,n)

< 6I'GA >

< GI,ﬂ(A)cSI >

< Qw,ﬂw(A)Qw >,
[Note: If (m',H',Q') is another triple of GNS data per w, then there is an

w e

isometric isomorphism T:Hw - H(L which intertwines T and TT(:) and sends Qw to Q(L.]

15.7 REMARK Suppose that 7 is a cyclic representation of A. Take any cyclic



unit vector  and perform the GNS construction on

w(d) =< Q, AR >.

Then Ty is unitarily equivalent to .

The universal representation TN of A is the direct sum of all its GNS

representations ﬂw(w € S(A)), thus

15.8 IEMMA VAEAR, 3w e SA:

Hall = jo@ .

15.9 THEOREM (Gelfand-Naimark) WUN is faithful.

PROOF In fact,
TN Ay =0

=71 (A =0V w
w w

=> me(A)szwl'[2 0OV w

=> w(A*A) = 0 V w

=> A*A = 0 (cf. 15.8)



= ||| = |[a]|® = o
=> A= 0.

15.10 REMARK Since 7

N is faithful, it is isometric:

ne® 1 = 112l @ €A

Suppose that a:A + A is an automorphism of A —- then a induces a bijection

o*:S(A) -~ S(A), where o*w = w ° o.

15.11 LEMMA There exists an isometric isomorphism T:H > Ha*w such that

-1
% () = T'rrw (a(A))T

for all A € A.

Iet w € S(A) — then w is pure iff it is an extreme point of S(A).
[Note: A state that is not pure is called mixed. If A is commutative, then

a state w is pure iff it is multiplicative, i.e., iff
w(AB) = w(A)w(B)

for all A,B € A.]

15.12 THEOREM (Segal) The GNS representation T associated with a state w

is irreducible iff w is pure.



15.13 REMARK Assume that w:A - B(H) is irreducible, take any unit vector

Q€ H, and let
w(d) = < Q,mA)Q >.

Then ( is cyclic (cf. 9.9), so T is unitarily equivalent to 7 (cf. 15.7). In
particular: T is irreducible, thus w is pure (cf. 15.12).
[Note: Therefore every irreducible representation of a C*-algebra comes

from a pure state via the GNS construction.]
Denote by P(A) the set of pure states on A.

15.14 LBMA VAEA, 30€PM: |[a]] = u@].

The atomic representation Tam of A is the direct sum of the GNS representations

M where w € P(A). Because of 15.14, one can argue exactly as in 15.9 to conclude

that 1TAT is faithful.

Let A be the set of unitary equivalence classes of irreducible representations

of A -- then the canonical arrow

P(A) - A
w > [Tl'm]
is surjective. It is bijective iff every irreducible representation of A is one

dimensional, which is the case iff A is commitative.

Iet U € A — then U is said to be unitary if U*U = UU* = I.



[Note: Therefore U is invertible and ||U|| = 1.]

15.15 IEMA Let w,,w, € P(A) = then 7 ,m are unitarily equivalent
_ 1772 Wy 0,
(i.e., [m ] = [m 1) iff there is a unitary U € A:
91 “2
0, (A) = w, (UAU ) (& € A)
2 1 )

15.16 REMARK Suppose that m:A - B(H) is an irreducible representation.

Iet

€ H
Q, €H

be unit vectors. Put

wy (&) < Ql,ﬂ (a) Ql >

wZCA) < Qz,n(A)Ql >,

Then w, = w

1 iff 3 c(lc] = 1), = cn,.

2 2 1

Let Rep A be the set of all representations of A —— then in Rep A there are
three standard notions of "egquivalence":

1. unitary equivalence;

2. geometric equivalence;

3. weak equivalence.

As we shall see, 1 => 2 => 3 and théese implications are not reversible (except



in certain special situations).

Let H be a complex Hilbert space —- then a density operator is a bounded

linear operator W on H such that:

1. W is nonnegative (hence selfadjoint).

2. W is trace class with tr(Ww) = 1.

Let A be a C*-algebra, m a representation of A on H -- then the folium of

7 is the set F(n) of states on A of the form
A > tr(r(A)W),

where W is a density operator on H.

[Note: The folium F(w) of a state w € S(A) is, by definition, F(T\'w) .

Since the orthogonal projection onto gﬂw is a density operator, it follows that

w € Flw.]

15.17 IEMMA Let 7 be a representation of A — then
Ker m = n Ker w.

weF (m)

15.18 THEOREM (Fell) The folium of a faithful representation of A is

weak* dense in the set of all states on A.

Let Ty ey be representations of A —- then M sT, are said to be geometrically

equivalent if F(T\'l) = F('rrz) .

[Note: States W, W, are geometrically equivalent provided this is the case
]

of m ,m .
)
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15.19 REMARK If Ty T, Are geometrically equivalent, then Ker mo= Ker y
(cf. 15.17).
[Note: One says that 7, is weakly equivalent to Ty if Ker ™ = Ker Moo

1
Accordingly,

"geometric equivalence" => "weak equivalence".]

15.20 I1LEMMA Representations T .M, are geometrically equivalent iff ™

is unitarily equivalent to a subrepresentation of a multiple of Ty and vice versa.

[Note: Therefore a given representation is geometrically equivalent to any

of its multiples.]

In particular:

"unitary equivalence" => “"geometric equivalence".

15.21 LEMMA Representations m, T, are geometrically equivalent iff 3 a

cardinal number n such that nm, is unitarily equivalent to nm

1 2°

15.22 REMARK If ™ is irreducible and 7., is geometrically equivalent to

2
U then T is unitarily equivalent to a multiple of M. Thus if U is also

irreducible, then m, and T, are unitarily equivalent.

1

Let Ty Ty be representations of A — then TyT, are said to be disjoint if

F('rrl) n F(Trz) = g.
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[Note: States w s, are disjoint provided this is the case of = ' .1
2

15.23 LEMMA Representations T T, are disjoint iff Ty s Ty have no geo-

metrically equivalent subrepresentations or still, iff = Ty have no unitarily

equivalent subrepresentations.

15.24 LEMMA Representations Ty .M, are geometrically equivalent iff ™

has no subrepresentation disjoint from T and vice versa.

A representation m of A is said to be primary if every subrepresentation
of m is geometrically equivalent to .

[Note: A state w is primary if this is so of wm.]

If m is irreducible, then 7 is primary (as is m & 7 which, of course, is

not irreducible).

15.25 LEMMA Two primary representations of A are either geometrically

equivalent or disjoint.

15.26 IEMMA If 7 is primary and if w € F(m), then 7 is geometrically

equivalent to LAY

Given a state w € S(A) and A € A such that w(A*A) > 0, define Wy € S(A) by

w. = .UJ (A* ’A) .
A L)
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15.27 LEMMA Iet w € S(A) — then F(w) is the norm closed convex hull of

the Wy -

[Note: So, if Wy 10y € S(A), then F(wl) = F(wz) iff wy € F(wz) & W € F(wl) .1

A folium in S(A) is a norm closed convex subset F of S(A) with the property

that if w € F, then Wa € F for all A:w(A*a) > 0.

The terminology is consistent since the folium F(m) of a representation w

is a folium in S(A).

15.28 REMARK If w € S(A), then F(w) is the smallest folium containing w

(cf. 15.27).

15.29 1IEMMA If F is a folium in S(A), then 3 a representation 7 of A,
determined up to geometric equivalence, such that F(w) = F.

[One has only to take for 7 the direct sum of the NS representations
T (weh.l]

[Note: The folia in S(A) are thus in a one-to-one correspondence with the

geometric equivalence classes in Rep A.]

15.30 EXAMPLE Iet m € Rep A — then 7 is geometrically equivalent to the

direct sum of the GNS representations T (we F(m).

Given representations my,Ty, write Ty S Ty if T is geometrically equivalent

to a subrepresentation of T, Or still, if F(Trl) c F('rrz) .
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15.31 LEMMA Every representation m of A is geometrically equivalent to

a subrepresentation of the universal representation 7__, hence 7 < ‘TTUN and

Fim < Flmgy) = S,



§16. SLAWNY'S THEOREM

Let (E,0) be a symplectic vector space —— then a CCR realization of (E,0)

is a unital C*-algebra W(E,0) which is generated by nonzero elements W(f) (f € E)
subject to

W(E)* = W(- £) (f € B)

WDH( = ep( - Lo, g)W(E + 9 (E,g€D).
[Note: Obviously,

WE)W(0) = W(E) = W(O)W(E),
sOo W(0) = I is the unit of W(E,o0). Furthermore,

W(- H)W(f) = wW(0) = W(E)w(- £).

Therefore W(f) is unitary.]

16.1 EXAMPLE Let H be a separable complex Hilbert space. Consider the

Fock system

W:H > U(BO(H)).

Then the C*-subalgebra of B(BO(H)) generated by the W(f) is a CCR realization

of (H,Im < , > ).

16.2 THEOREM (Slawny) The pair (E,0) admits a CCR realization. Moreover,

if wl(E,o) and w2 (E,0) are two CCR realizations of (E,o), then 3 a unique iso-



morphism
q):wl(E,o) - wz(E,O)
such that

¢(Wl(f)) = Wz(f) v f € E.

To establish the existence, consider

KZ(E) = {ME~>C: & [A(x) [2 < o}
b (SN

and define W(f) € U(L>(E)) by the rule

@WEN G = exp( - LL oG, A + 5 (EEB).

Then the norm closure of the set
n

iil ciW(fi) (c:i € g,fi € E)

in B(K2 (E)) is a unital C*-algebra with the required properties.
To treat the uniqueness, it will be convenient to introduce some machinery.
[Note: In any event, it is clear that ¢ is unique if it exists.]

Let G be an abelian group (written additively) —— then a multiplier is a map

b:G xG~>T
such that
b(g,0) = b(0,0) =1

b(ol,cz)b(cl + 02,03) = b(cl,o2 + 03)b(02,03) .



Let H be a Hilbert space — then a projective representation of G on H with

multiplier b is a map U:G + U(H) such that V o,T € G,

U(o)u(t) = b(o,T)U(c + T).

[Note:

U(6)U(0) = blo,0)U(s) = U(a)
u(o) "u(0)u(0) = u(o) " u(o)

u(0) = I.]

16.3 EXAMPLE Iet (E,0) be a symplectic vector space — then

b(f,q) = exp( - —/-;1 o(f,9))

is a multiplier and, extending the terminology introduced in §10, a Weyl system
over (E,0) is a projective representation of E with multiplier b.
[Note: Suppose given a representation m:W(E,0) -+ B(H) —— then the arrow

f > 7(W(f)) defines a Weyl system over (E,0).]

Assume now that G is, in addition, locally compact -- then the term
"projective representation" presupposes that b:G x G » T is continuous and
U:G » U(H) is continuous (where, as usual, U(H) is equipped with the strong
operator topology) .

e Define

B:G - U(L2(.G))



by
(B(0) ) (1) = blr,0)E(t + o).
e Define
R:G + U(L2(G))

by
(R(o)E) (7) = £(t + 0).

16.4 1EMMA Iet (b,U) be a projective representation of G on H -- then

(b,R ® U) is unitarily equivalent to (b,B & lH) .

PROOF By definition,

operate on L2 (G) ® H (cf. 5.6). This said, identify L2 (G) ® H with L2 (G; H)
(permissible even though Haar measure on G is not necessarily o-finite and H is

not necessarily separable ...). Define

T:L2(G;H) > L2 (G; H)
by
(Tf) (0) = U(o)f (o).

Then T is unitary and intertwinesR@UandB@lH:
T((R & 0) (0)£) (1)

= U(1) ((R ® U) (0)£) (1)




]

U(1)U(o) (T + Q)

b(t,0)U(t + g)f(t + o)

b(t,0) (Tf) (t + o)

((B(o) @ 1) (TD)) (1) .

ILet T be the dual of G ~— then the Fourier transform

12 - 121

~

_ £f->f

implements a unitary equivalence between

R:G + UL2(G))

R:G + ULA(TY),

(~R(0)F) (x) = x(0)F(x).

16.5 IEMMA ILet (b,U) be a projective representation of G on H —— then
the C*-algebra generated by ~R ® U is isomorphic to the C*-algebra generated by B.

PROOF First, R @ U and ~R @ U are unitarily equivalent, hence generate

isomorphic C*-algebras. On the other hand, B and B & 1H also generate isomorphic

C*-algebras, thus the result follows from 16.4.



Let b:G x G » T be a (continuous) multiplier — then b determines a

continuous homomorphism <I>b:G »> T, viz.

3, () (1) = b(g,Db(r,0) .
[Note: Here is the verification that cDb(o) € T:
®, (o) (t, + T4) = blo, 7, + T,)b(T, + T o)_l
b 1 2 1 2 1 2!

1

(b(a, 1) + T9)b(1,7,)) (bl1y,T,)b(Ty + TZ,O’))—

b(o,T))b(0 + T{,T)b(1y,T, + 0)—]'b(T2,0)_l

b(c,rl)b('fl + O',Tz)b(Tl,O' + 12)_lb(1:2,0)'-l
= b(O,Tl)b(Tl,o)_l(b(Tl,G)b(Tl +0,1,)

X b(Tl,O + Tz)—l)b(Tz,O)_l

b(c,1)b(1;,0) —lb(o,rz)b("rz,o) -1

= <I>b(o) (Tl) <I>b(cr) (12) .1

16.6 LEMMA Suppose that <I>b:G - T is injective -- then <I>b(G) is dense in T.
PROOF In fact,
(8, (G))" = G/Amn ¢ (G),

Ann standing for annihilator. But Ann Oy (G) = {0}, N being injective. Therefore




(@@~ =6

(e (G))"" =T

<I>b(G) =T.

16.7 IEMMA Let (b,U) be a projective representation of G on H and suppose

that $:G > T is injective -- then the C*-algebra generated by U is isomorphic

to the C*-algebra generated by ~R ® U:

(~R ® U) (0) <—> U(o).

PROOF If f:G ~ C is a function with finite support, then

I} £ £(0) ("R® V) (0) ]|
oG

ess sup || I £(0)x(0)U(0) ]
XET oeG

ess sup || I £(0)o (1) ()U(o) || (cf. 16.6)

TEG 0eG
—essswp || T £(OUMUGUT ]
TEG 0eG

ol

ess sup ||U(T) ( T £(0)U(c))U(T) "
TEG oG

]

[l 2 £(@Uu(o|
o€G




[Note: We have

U U(o)u(n) T
-1
= b(t,0)U(c + T)U(T)

= b(1,0)0(0 + T)U(o + 1) b(o,1) Tu(0)

b(t,0)b(s,1) "U(0)

8, (1) (0) -]

16.8 ILEMMA TIet

(b,U;)

(b'UZ)

be projective representations of G on

iy
and suppose that q>b:G + T is injective —— then 3 a unique isomorphism ¢ from

the C*-algebra Al generated by U, to the C*-algebra A2 generated by U, such that

¢(U, (0)) = U,(0) (o € G).

[Assemble the facts developed in 16.4, 16.5, and 16.7 (taking care to keep

track of the various identifications).]



Specialize and take G = E (discrete topology), denoting the dual of E

A
by E. Let

b(f,q) = ep( - 5L 0(£,9) (£,9 € B).

b(£,9)b(g,£) "+

3, (6) (@)

exp( - @ c(f,g))exp(g ol(g,f))

exp( - /~1 o(£,9)).

16.9 LEMMA @b:E + E is injective.

PROOF Suppose that @b(f) (g) =1V g — then the claim is that £ = 0 and,

for this, it need only be shown that o(f,g) = 0 V g (0 being symplectic, hence

nondegenerate) . If o(f,g9) # 0, let t = - 7/o(f,9) to get

- /=1 o(f,tg) _ e/:l_ T

1= - 1.

To finish the uniqueness, represent
wl (B,0) faithfully on Hl by T

(cf. 15.9)
W2 (E,0) faithfully on H2 by T,

and apply 16.8 to the arrows

f - ﬂl(W(f))
(cf. 16.3).

£~ Trz(W(f))
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16.10 LEMMA Iet £ € E (f # 0) - then

[lw(f) - I]] = 2.

[Argue as in 9.3.]

16.11 LEMMA W(E,0) is not separable.

PROOF Suppose that W(n) (n € N) is a countable dense subset of W(E,0).

Fix £ # 0 in W(E,0) —— then V t € R, 3 n:

Hmﬁ)—W%H|<L
But

t, 2t

1 2=> W(nt) ¢W(nt).

1 2

For otherwise, calling their common value W,

Hwie, 8) - Wt ||

Wi, ©) - W+ W - Wit ||

IA

[wee ) - wl] + |wie,f) - wl|

< 2.

Therefore

||W((tl - ty)f) - 1]

Wit £ - t,6) - 1]

I

| Wity DW= £,6) - I]]
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Ii

-1 -1
| W DIW(E,E) T = WE,E)W(E,D) ||

-1
H(W(tlf) - W, £))W(t,f) [

IA

| Wt £) - WeE]] < 2,

which contradicts 16.10. And R is not countable.

16.12 LEMMA W(E,0) is simple.

PROOF Iet m:W(E,0) -~ B(H) be a representation of W(E,o) —— then 7(W(E,0o))
is a CCR realization of (E,0), hence by 16.2, 3 a unique isamorphism
¢:W(E,0) » m(W(E,0))
such that
dW(E)) =TW(E)) Vv £ € E.
But this implies that ¢ = m, so the kernel of m is zero. Therefore, since 7 is

arbitrary, W(E,o) has no nontrivial closed ideals, thus is simple.

[Note:

W(E,c) simple => W(E,0) central (cf. 15.4).]

16.13 REMARK Let M be a subspace of E —— then the C*-subalgebra of

W(E,o0) generated by {W(f):f € M} is equal to W(E,c) iff M = E.

Having derived the existence, essential uniqueness, and basic properties

of W(E,o), we shall now go back and take a look at certain structural issues of
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an algebraic nature.

(E)

Give E the discrete topology and let C be the vector space of all

finitely supported camplex valued functions z:E - C. Define a product

cE® @, B
by
xty=Ff
where

b(x,y) = exp( - g—l— o(x,y)) (x,y € E).

Then in this way (_Z(E)

acquires the structure of a camplex associative algebra,
denoted from here on by W(E,0).

It is clear that a basis for W(E,o0) is the set {(Sf:f € E}. And:

1. 6§, is the multiplicative identity of W(E,0).

0
2. 6f is a unit with inverse G_f.
From the definitions,
6f<Sg - b(flg) (Sf+g’

so Vv g,

(82670 (9) = b£,9)%2(q).

16.14 IEMMA The algebra W(E,o) is central, i.e., its center consists

of the scalar multiples of 60.

PROOF Iet [ belong to the center of W(E,g). Take a nonzero g € E and
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choose f:b(f,g)2 # 1 —— then

b(£,9)%2(@) = (52670 (@)

z(g)

il
o

z(9)

spt ¢ < {0}.

16.15 LEMMA The algebra W(E,0) is simple, i.e., has no nontrivial ideals.

PROOF Let I < W(E,0) be a nonzero ideal —- then I is an additive subgroup
of W(E,o) and is invariant under all inner automorphisms. Fix a nonzero C € I:
The cardinality of spt ¢ is minimal. We claim that #(spt ) = 1, thus ¢ is a
unit (so I = W(E,0)). To see this, suppose that spt T contains distinct points
X and y. Choose £ € E:

b(£,x)2% =1

b(£,9)2 = 1.
Then

o

gt =608, —CET
and
spt ¢' < spt .

But

o '(x) = BE,xZ - 1)Lx =0
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spt ' = spt ¢
o '(y) = BEV: - Dgly) =0
=
' = 0.

Therefore ¢' is a nonzero element of I with #(spt ') < #(spt r), which is a

contradiction.

16.16 IFMMA The algebra W(E,o) has no zero divisors and its units are

the csf {c € gx,f € E).

Let ¢:W(E,0) > W(E,0) be an algebra automorphism —— then ¢ sends units to

units, hence ¢ gives rise to maps

T™:E »~ E

T:E - C><

via the prescription
feE = ¢(<Sf) = 1(f) Sg e

$(8£)9(8)) = b(TE,TY (D) T(D 8 4 g

¢(6f6g) = b(f,g)T(f + g) 6T(f + g)'
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T +qg) =Tf +Tg

b(£,9)T(f + g) = b(TE,Tg)r(f)t(9).

Therefore T is an automorphism of the additive group of E or still, T is an
automorphism of E viewed as a rational vector space. More is true. Thus rewrite

the relation

b(f,g)t(f + g) = b(TE£,Tg) t(£)1(g)

in the form

T(f +g) _ b(Tf,Tg)
T(£) t(9) b(f,9) °

Switching f,g leaves the LHS unchanged and inverts the RHS. Consequently,

b(Tf,Tg) = + 1

b(£,q) -
=>

o(Tf,Tg) - o(f,g) € 22
=>

o(Tf,Tg) - o(f,g) =0,

T being Q-linear. But then
E +g) = T(E)1(g).

16.17 IEMMA The algebra automorphisms of W(E,0) are the linear bijections
¢:W(E,0) > W(E,0) given by

$(8p) = T(E) e
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T:E > C

is a homomorphism and
T:E +~ E
is an additive autamorphism of E which leaves ¢ invariant.
PROOF The preceding discussion shows that every algebra automorphism
$:W(E,0) ~ W(E,0) determines a pair (r,T) with the stated properties. Conversely,

if ¢ is defined as above by (t,T), then

3(8g8)) = bIE,QTIE + Dby 4 o

b(TE,Tg) T(£) T(9) ‘STf +Tg

= $(800(8)),

thus ¢ is an algebra automorphism of W(E,o).

Given ¢ € W(E,0), define z* by

g*(£f) = ¢(~- £).
Then the map £ - r* is conjugate linear and

(C*)*

i
o

]

Therefore W(E,os) is a unital x-algebra.

Because of this, we shall then agree that a representation m of W(E,0)
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on a complex Hilbert space H is a morphism m:W(E,o) - B(H) in the category of

unital x-algebras, thus 7 is linear and

T(Z)2,) = TE)T(EY) & T(TH) = T(L)*

with Tr(&o) = I.

[Note: T is necessarily faithful (cf. 16.15).]

16.18 REMARK If ¢:W(E,0) - W(E,0) is a x-automorphism (cf. 16.17), then

~

T € E. Proof:

o) Fo_pe = T(= D6_pe

Bl6_g) = 368 = p(sp)*

(T(£) ) *

t(f) € T.]

Let m:W(E,0) -~ B(H) be a representation -—— then the norm closure wTT (E,0)
of T(W(E,o)) is a unital C*-algebra which is generated by the (8§ f) . Here

T8 * = (8% = m(S_p)
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W(5f)ﬂ(5g) = Tr(chch)

m(b(£,9) 6 )

f+g

b(f,g) (s ).

f+g

Therefore wﬂ(E,o) is a CCR realization of (E,o0).

Suppose that
™ W(E,0) ~ B(H,)
~ T, iW(E,0) » B(H,)
are representations of W(E,o) -- then by 16.2, 3 a unique isomorphism
¢:wﬂl(E,0) - wﬁz(E,c)
such that

q)(Trl(df)) = 1r2(<§f) Vv f € E.

So, V¢ € WE,q),

i

m @11 = o @)l = [Iny@ 1.

Accordingly, if m:W(E,0) » B(H) is a representation and if, by definition,
Hell, = [lm@ 11,

then |[z]|  is independent of the choice of m, call it [|z[[, and the completion

W(E,c) of W(E,o) in this norm is a CCR realization of (E,0).
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16.19 REMARK As regards terminology, some authorities refer to W(E,o)

as the Weyl algebra per (E,o0) while others reserve this term for W(E,0), the

latter convention being the one that we shall follow.

16.20 EXAMPLE Let H be a separable complex Hilbert space —— then the

Fock representation

n‘F:W(H,Im <, >) = B(BO(H))
is characterized by the requirement that

W(f) = exp(/~1 QX)) (f € H).

It extends uniquely to a representation of W(H,Im < , > ) on BO(H) (denoted still

by ‘ITF) . The prescription
wF(W) =< Q,WF(W)Q > We WH,In<, >))

defines the vacuum state on W(H,Im < , > ). Since Q is cyclic (cf. 9.6), it

follows that T is the GNS representation associated with W (cf. 15.6), so W

is pure (’ITF being irreducible (cf. 9.11)).
[Note: V f € H,

u)F(Sf) =< Q,ﬁF(Gf)Q >

< QWEQ >

1 2
- gl 1l
=e (cf. 9.5).]
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An R-linear bijection T:E - E is said to be symplectic if

o(Tf,T9) = o(f,qg) v £f,9 € E.

16.21 IEMMA Given a symplectic map T:E ~ E, 3 a unique automorphism O
of W(E,o) such that

OlT(W(f)) =W(TEf) (£ € E).

PROOF The W(Tf) satisfy the same general conditions as the W(f) and both

generate W(E,c). Now apply Slawny's theorem.

The o, are called Bogolubov automorphisms. They form a subgroup of Aut W(E, o)

and the arrow T - O, is a representation of the symplectic group of (E,s) on

WE,o) .

16.22 EXAMPIE 3 a unique automorphism II of W(E,o) such that

DW(£)) =wW(-£) (£ € E).

16.23 REMARK To define Orr it suffices that T be an additive automorphism

of E which leaves ¢ invariant.

16.24 EXAMPLE lLet H be a separable camplex Hilbert space. Fix T € SP(H)

and put 'ITF'T = Tp © Ope

® TEAE:

1. Te SPz(H);
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2. F(TTF) = F(T\'F'T);

3. T and T p AT geametrically equivalent.
14

T
[Note: T and o, T are irreducible, hence geometric equivalence and unitary
equivalence are one ard the same (cf. 15.22).]
@® TFAE:

l. T¢ SPZ(H);
2. Flmg) n Flmg T) = #;

3. T and “F, are disjoint.

T

16.25 LEMMA Suppose that T:E + E is symplectic -- then
otT:OJ(E,G) -+ W(E,0)

is an inner automorphism iff T = I.

16.26 REMARK Let m:W(E,o5) =+ B(H) be a representation — then 7 is faithful
(cf. 16.12), hence 7 o O © 'lT—l is an automorphism of w(W(E,0)), which, in view
of 16.25, is not inner (T = I). Therefore m(W(E,o0)) = B(H).

[Note: Every automorphism of B(H) is inner. In fact,

Aut B(H) <—> U(H)/U(1)

83 Lo > U'

1

where a(a) = VAU .1
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Let

(B, 0y)
be symplectic vector spaces. Suppose that T:El > E, is an R-linear map such that

[Note: T is necessarily one-to-one.]

16.27 LEMMA 3 an injective morphism
W(El,cl) - W(Ez,oz).

PROOF We have

W, (Tfl) W, (Tgl)

_ V=1

/=1
exp(- —— 9; (£,,97) )W, (TE, + Tg,).

Therefore the C*-subalgebra of (AJ(EZ,OZ) generated by the W2 (Tfl) is a CCR

realization of (El, ol) .




§17. THE PRE-SYMPLECTIC THEORY

Iet E # 0 be a real linear space equipped with a bilinear form ¢ -- then

the pair (E,0) is a pre-symplectic vector space if ¢ is antisymmetric.

N.B. Put
Ey = {f € B:0(f,9) =0 V g € E}.
Then the pair (E,0) is a symplectic vector space iff EO = {0}.

The construction of the unital *-algebra W(E,0) in the preceding § did not
use the assumption that o was symplectic and goes through verbatim when o is
merely pre-symplectic. On the other hand, the structure of W(E,o) in the pre-

symplectic case is not the same as in the symplectic case. E.g.: If E0 = {0},

then it is no longer true that the center of W(E,0) consists of scalar multiples

of 60 alone (i.e., 16.14 fails). Indeed,

f €Ey=>Db(f,9) =1V g €E.

Therefore § £ is central.
[Note: We admit the possibility that ¢ is identically zero, thus W(E,0) is
cormmutative. ]

Given a function x:E - C with x(0) = 1, put

K (£,9) = e 0(£,9))x(g - £) (£,9 € B).

Then y is said to be ¢ positive definite if KX is a kernel on E, i.e., if for all

fl,-oo’fn EE

cl,...,cr1 e ¢,



we have
n
- /I
) ;_ cicj exp(T o(fi,fj))x(fj - fi) > 0.
i, 5=l

Write PD(E,o) for the set of ¢ positive definite functions on E and, as

before, let

b(£,9) = exp( - 5L o(£,9) (£, €B).

17.1 LEMMA Suppose that (b,U) is a projective representation of E on H.

Fix a unit vector x € H and put
Xx(f) =< x,U(f)x > (f € E).
Then X is o positive definite, thus Xx € PD(E,0).

PROOF 1In fact,

2 = /L
' Z':_ cicj exp(—i— c\(fi,fj)) < x,U(fj - fi)x >
i,j=1
n
- = V=1
= z.:_ cicj exp(—i—— a(fi,fj)) < x%x,0(~ fi + fj)x >
i,j=1
2 G.c, BEES Iy
= )_Z_ cicj b(fi,fj) < %x,b(~ fi,fj) (- fi)U(fj)x >
i,J=1
i -1
= ):.‘_ cicj b(fi,fj) b(fi'fj) < U(fi)x,U(fj)x >
i,j=1
n n
=< ¥ c.,U(f.)x, T c.U(f.)x >
i=1 * Y g= )

\
o
L]



17.2 EXAMPLE Let fl be a separable complex Hilbert space - then the Fock

system £ > W(f) defines a projective representation of H on BO(H) with multiplier

exp(—-l/—'z'_l Im< £,9 > ).
Since
1 2
-7 ]
e =< QW(E)Q > (cf. 9.5),

it follows from 17.1 that

ep( - |]-11% e PO, m < , >).

17.3 EXAMPLE Iet H be a separable complex Hilbert space. Fix A > 1 — then

the function
A 2
-1 [E]]
f>e 4

is in PP(H,Im < , > ). To see this, pass to

BO(H) © BO(H) .

Let
- 0L_(>\+1)1/2
2 - 2 2
a +8 =2
(= ),
I
B__:()\;l)l/Z

and let C:H{ » H be a conjugation. Put

WX (£) = W(af) ® W(RCE).



Then there are two claims:

1. W>\ defines a projective representation of H on BO(H) é BO(H) with
multiplier

exp(-glm<frg>)-

2. v £fed,

A 2
- Xl
e =< 00 Q,Wx(f) (28 Q) >.

1: On BO(H) ® BO(H) (cf. 5.6),

Wk(f) 8 W, (9)

(W(af)W(ag)) ® (W(BCE) @ W(BCg))

=exp(-l/—;_—l-lm<oaf,ag>)exp(——'/;11rn<Bcf,BCg>)

X

W(a(f + g)) ® W(BC(f + q)).

—£m<af,ag>—§-Im<BCf,BCg>

=

i

(OLZIIH <f,g>+ lem < CE,Cg > )

(0L21m< f,9 > + BZIm< g,f >)

|
4o
I,—l

'

(oc21m< f,g > + BzIm< £f,9 >)

£

(0°Im < £,9 > - 8°Im < £,9 > )



=“;‘/—l ((_ozz- 82)1rn< f,g>)

--/%_]llm<f,g>.

<08 Q,Wk(f) Qe qn >

I

< Q08 QW) 8® W(BCE)Q >

< QW)@ > < QW(RCE)Q >

2 2
ep( - 3 |laf][* - 3 |[8c£]|?)

em( - 3 o + 8% [g]1%

=e--ﬁ- |1£112

[Note: Let yp be a probability measure on [1,~[ - then the function

2
-2 EN
f+fle du ()

is in PD(H,Im < , > ).]

17.4 IEMMA If y:E » C is ¢ positive definite, then 3 a complex Hilbert

space HX, a projective representation (b,UX) of E on HX, and a cyclic unit vector

X € H such that V £ € E,
X X



f) = < LU (£ >.
¥ (£) XX X( )xX

[This is an obvious variant on the considerations detailed in 14.10.]

A state on W(E,0) is a linear functional w:W(E,c) - C such that

vV z, w(g*z) 20
subject to w(ﬁo) = 1.

Let S(W(E,o)) stand for the set of states on W(E,og) —— then there is a
canonical one-to-one correspondence between PD(E,c) and S(W(E,0)), namely the
extension to W(E,0) by linearity of a ¢ positive definite function x gives rise

to a state wX while the restriction to E of a state w defines a o positive function

XU):

>
i
2

[Note: The arrow £ - af injects E into W(E,qd).]

17.5 EXAMPLE Define Xer'E > € by

1 (£=0)

Xer (B =
0 (£ = 0).

X’tr (= PD(EIO) .



Denote the associated state by w,_ , thus

wtr(c) = ¢(0).

And
0. (¥0) = I |g() lz.
£
[Note: W, is a tracial state in the sense that
W (27209) = e (T52) (2,2, €EW(E,0)).]
Let Repb E be the set of all projective representations of E with multiplier
b and let Rep W(E,os) be the set of all representations of W(E,o) — then
Rsepb E <--> Rep W(E,q).
Thus let (b,U) be a projective representation of E on H# — then the pre-
scription
n
my(e) = TrU(i:Z:l cidfi)
n
= iil ciU(fi)
defines a representation of W(E,o) on H:
ﬂU(chSg) = my(b(£,9) 8¢ g)
= b(f,g)m; (8¢ | g)

= b(£f,9)U(f + g)



b(£,9)b(£f,q) " U(F)U(g)

]

U(£)U(g)

= nU(Gf) "U((Sg)

ﬂU(ClCZ) = TrU(,Cl)'nU(Cz) .
It is also clear that
my(e*) = m (D) *.
And trivially, TrU(cSo) = U(0) = I. Conversely, if m is a representation of W(E,0)

on H, then the prescription

Uw(f) = ﬂ(ﬁf)

defines a projective representation (b’U'n) of E on #.

[Note: The formalism entails

U =u
T
i = T.
UTI'

17.6 REMARK A Weyl system over (E,0) is a projective representation of E

with multiplier b (cf. 16.3).



17.7 1LEMMA ILet @ € S(W(E,0)) — then 3 a cyclic representation T of

W(E,0) on a Hilbert space Hw with cyclic unit vector Qw such that
w(g) =< Qq.,m (@ >.

[Note: The triple (Nw,Hw,Qw) is unique up to unitary equivalence.]

17.8 EXAMPLE Define a projective representation (b,B) of E on 22 (E) by

the rule
(B(E)A) (%) =b(x,E)A(x+ £f) (x,f €EE).

Then

n

(Me (@A) (%) = I ¢ (BEHN ()
i=1
n
= iil cib(x,fi)A(x + fi) .

Therefore

v

= ¥ §,(x) (m(g)6S,) (x)
XEE 0 B 0

= (m5(2)§,) (0)

n
AL CEALCY

n
= Z c

¥y (E:)
i=1 iMrtTi

(g).
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The setup in 17.7 is thus realized by taking w = w__, (Trw,Hw) = (ﬂB,ﬂz ()), and

[Note: Change the notation and write w__ in place of w,. Let (b,U) be a

tr B

projective representation of E —— then (cf. 16.4)

[my@ 1 s [r @] (5 € W(E,0)).]

A norm

l .

for all g,,z, € W(E,0) and HGOH = 1. BAn algebraic norm ||-|| is called a

| on W(E,0) is said to be algebraic if [|g;%,]] < ||;1H [|czl|

C*—norm if V g € W(E,o),

2
[exe] | = 1lz]]".

Put

L |lglly = suwp wigro) 2.

w

Il

2. |lelly g [ g &) [ -

14

Here the first sup is taken over S(W(E,o)) and the second sup is taken over Rep E.

17.9 I1EMMA We have
H'H]_= H'Hz’

PROOF Let (b,U) be a projective representation of E on H —— then V unit

vector X € H,

X (B) = < x,U(f)x > (f € E)
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is ¢ positive definite (cf. 17.1), thus

il

[mg@ ] = sw {]|m @x|] : ||x]| =1}

sup {< x,my(cr0x 572 ¢ [[x|| = 1)

1/2
sup {w_ (z*7) : x| =1}
X, x|

h

A

el

lHelly = Hell-

On the other hand, a given state w determines a ¢ positive function Xy ard, in

the notation of 17.4,

Xw(f) =< Xxwr Xw(f)xxw >,
So
oo ? = |n, ©x ||
X, W
< |fmy |l
X
< |lzll,
=>
[zl < letl,e
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Put

|

.Hl

1111
H'Hz'

Then ||- |

is a seminorm on W(E,og). But

2
e w (%) =L [5(®)|7 (ef. 17.5).
£

Therefore ||+|| is actually a norm on W(E,o), which is evidently algebraic. To

see that it is a C*-norm, note first that

He*zl | = | {mz*ay ||
= [ |my )@ ||
= H“U(C)*TTU(C)H
= ||my@ |1
=>
lexe] |72 = ||y @ )
=>
1/2
[lzre] |2 - s |y | = |fel].
In the other direction,
[le*|] = sup | |my(c*) ||

(b,U)
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il

sup | |m;(2)*]|
(b, )

14

= o Hmy@ ]} = 1zl
ezl < [e*l] [lell = 11z])
Here| 12 < | |-

17.10 ILEMMA Let m:W(E,c) > B(H) be a representation -- then Vv g,

Hr@y [ =< 1zl

PROOF For m = T, where (b,U) is a projective representation of E on H.

17.11 REMARK If o is symplectic, then as we have seen in 8§16, V Z,

[w@ = Tlzl].
17.12 IEMMA Let ||-||' be a C*-norm on W(E,0) with the property that for
every representation m,
I [} < Jlz]]" (¢ € W(E,0)).

Then ||-[[" = []-}].

PROOF Let 7' be a faithful representation of the ||-1

' completion of

W(E,0) (cf. 15.9) —— then
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L' @ = |izg]|" (cf. 15.10).
But
@[] < |zl
Hell* < [zl

To go the other way, let m be a faithful representation of the |

| completion

of W(E,o) (cf. 15.9) -~ then

Im@ || = |{zl| (cf. 15.10).
But
@ ] < [lg]]"
=>
Hell < [lelfr.

The Weyl algebra per (E,0) is the |

-|| completion W(E,o0) of W(E,0).

17.13 REMARK By construction, every representation of W(E,o) extends
continuously to a representation of W(E,o). Therefore every representation of

W(E,o0) determines and is determined by an element of Repb E, i.e.,

Rep W/(E,0) <—=> Rep, E.

17.14 EXAMPIE Iet H be a separable complex Hilbert space. Fix A > 1 and

define W, as in 17.3 — then the double Fock representation (of parameter ))
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F}\W(Hm< , > ) »> B(BO(H) ®BO(H))

is characterized by the requirement that

5 (8 W, (£} .

g =

In contrast to the Fock representation o (cf. 16.20), is reducible. Indeed,

T,
v £,9 € H,

(W(af) ® W(BCE)) (W(Bg) ® W(aCg))

= (W(Bg) 8 W(aCg)) 8 (W(af) ® W(RCE)).

Ontheotherhand .

T, is primary (cf. 20.14) but if H is infinite dimensional,

then LY is not geometrically equivalent to T and LY is not geometrically
[4 14
1

equivalent to w

Fo), (>\l # )\2) (c£. 21.9).]

17.15 1LEMMA 1,__ is a faithful representation of W(E,o).

tr

PROOF For any representation w of W(E,o), we have (cf. 17.8)
[fm@) [ < [r, W [] WewE ).

And this implies that 7

tr is faithful (since one can always choose 7 faithful

(cf. 15.9)).

17.16 REMARK By construction, every state on W(E,o) extends continuously
to a state on W(E,o). Therefore every state on W(E,g) determines and is determined

by a o positive definite function on E, i.e.,

SW(E,0)) <~=> PD(E,0).
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[Note: Give S(W(E,o0)) the weak* topology and equip PD(E,o0) with the
topology of pointwise convergence -- then the arrow

S(W(E,0)) > PD(E,0)
w > XU.)

is an affine homeomorphism, its inverse being the arrow

PD(E,0) » S(W(E,q))

-+I
xwxl

17.17 EXAMPLE Let H be a separable complex Hilbert space. Fix A > 1 and

let w, be the state on W(H,Im < , > ) determined by the Im < , > positive definite

A
function

A 2
-1 HEl
fre (f € H) (cf. 17.3).

Since Q ® Q is cyclic, is the GNS representation associated with Wy (cE. 15.6).

A

17.18 IEMMA Iet £ € E (f 2 0) — then

16 = 811 = 2.
[Note: More generally, Yu,ve CandV £ # g in E,

||u6f +V<SgH = |u] + |v|.]

17.19 1IEMA W(E,0) is not separable.
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17.20 ILEMMA W(E,0) is simple iff ¢ is symplectic.

These three lemmas are the analogs in the pre-symplectic situation of 16.10,

16.11, and 16.12, respectively.

17.21 LEMMA Let E' be a subspace of E and let ¢' be the restriction of ¢

to E — then W(E',o') is a unital *-subalgebra of W(E,0). Moreover,
- =

so W(E',o") is a unital C*-subalgebra of W (E,c). Finally,

| | WE',o"),

E' 2z E = WE',c") = WE,o).
[To see the last point, let W' € W(E',0'), £ € E - E' =~ then

2
BLACPY

[\

W (W' = ) * (@'~ 62))

W ((W)AH') + W (8587)

(6%wW')

- wtr(W'ch) -w ¥

tr

u)tr((W')*W') + 1

[\

1.]

[Note: Compare this result with that mentioned in 16.13.]

17.22 IEMMA Let ¢:W(E,0) - W(E,0) be a x—automorphism — then ¢ is an
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isometry and extends continuously to an automorphism of W(E,o) (denoted still
by ¢).

PROOF Fix a faithful representation 7 of W(E,o) (cf. 15.9) —— then

vV ¢ € W(E,0),

M) || = |le@ [].

But (cf. 17.10)

[[(me )@ ]|} = |[|c]].

Therefore
Ho@ [] < [g]].
And likewise
et @] < |zl ).
So, V ¢ € W(E,0),
o [] < [1zg]]
= 167 o ||
< [e@) ]
=>
He@ || = [lg]].

17.23 EXAMPLE Let T:E + T be a character — then the x—automorphism Y.
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of W(E,o0) satisfying the condition
YT(Gf) = 1(f) 6f (f € E)

extends by continuity to an automorphism of W(E,o0).

17.24 EXAMPIE Let T be an additive automorphism of E which leaves o

invariant —- then the x-automorphism O, of W(E,o) satisfying the condition
aT(Sf) = 6Tf (f € E)

extends by continuity to an automorphism of W(E,o0) (cf. 16.21 and 16.23).

Specialize now and take ¢ = 0 —— then W(E,0) is a commutative C*-algebra.
In the weak* topology, P(W(E,0)) is a compact Hausdorff space and, via the Gelfand
transform W -~ W, W(E,0) is isomorphic to C(P(W(E,0))).

On general grounds (cf. 17.16),
PD(E,0) <——> S(W(E,0))
and under this identification,

g! <-=> P(W(E,0)).

[Note: E is a compact Hausdorff space and its topology is that of pointwise
convergence, hence is the relative topology inherited from PD(E,O0).]

Therefore (W(E,0) is isomorphic to C(ﬁ) :
W(t) = wT(.W) (t € E,WeE W(E,0)).

The state space S(C(E)) can be identified with the set Mp (E) of Radon
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probability measures on E (the pure states correspornding to the 51:( T EE)).

Consequently,
PD(E,0) <--> S(W(E,Q))
<--> S(C (E:)) <> Mp(g) .
So in this way each x € PD(E,0) determines an element ux of Mp(l%) and vice
versa. Explicated:

=/ Wa i
wX(W) ff; W(T) uX(T)

%

s be pre-symplectic structures on E. Let
2

17.25 IEMMA Let

Then
X)X, € PD(E,cl + 0,).
[This is because K(E) is closed under pointwise multiplication (cf. 14.5

and subsequent discussion).]

Accordingly, PD(E,o) is closed under pointwise multiplication with the elements

of PD(E,0).



§18. STATES ON THE WEYL ALGEBRA

Suppose that (E,0) is a pre-symplectic vector space, W(E,0) its Weyl

algebra -- then the characteristic function of w is the unique ¢ positive

definite function X € PP(E,0) such that wxw =w (cE. 17.16).

18.1 ILEMMA V f,g9 € E, we have
1 2
5 1x,(E) = x,@ |

/=1
s |lep(5=o(f,9) - 1] + |1~ (£-9].
PROOF Let (nw,Hw,Qw) be GNS data per w, so V W € W(E,0),
w@W) = < Qw,ww(W)Qw >.
Then

I%,(5) = x,(@ |

2
wg) ~ w(8) |

2
| < Qom (8g = 6g)Qw > |

IA

2
[Im,(6g = 69, ||

< Qw,ﬂw(éf - Gg)*ﬂw(éf - 6g)Qw >

< Qw,ﬂw(GE - Ga)ﬂw(éf - 6g)Qw >



A

< Qm,ww(é_f - é_g)ﬂw(éf - Sg)Qw >

< Qw,ﬂw(é_féf + Ggé_g)ﬂw >

- <M (8_8)9, >

- < Qw,ﬂw(é_géf)ﬂw >

2 - w(S_ng) - w(G_ng)
2 - w((S_gdf)*) - m(ﬁ_géf)
2 - w(§_8g) - 6(5_35))

2 - 2 Re(w(s_8¢))

2 - 2 Relexp( - T5E 0= gDl , ¢)

2 - 2 Re(exp( - Z;E o(f,9)wlde _ g))

2|1 - exp( - 5L o(g,90) 066, _ )|

z@@égcwgn-wwf_gl



= 2|exp(/—%—_l_— o(f,9)) =1+ 1-uwle )

s Ziexp(-‘/—;—l a(f,9)) - 1] +2[1 - x (f - 9 |.

Denote by T(E,q) the set of all topologies T on E such that:

1. v £ € E, the map

E-E
‘_ g+f+g
is t-continuous;
2. V f € E, the map
- EsR
‘_ g~ o(f,q9)

is t-continuous.
[Note: The discrete topology meets these requirements, hence T(E,og) is not

empty.]

18.2 EXAMPLE The finite topology on E is the final topology determined by

the inclusions F » E, where F is a finite dimensional linear subspace of E endowed
with its natural euclidean topology. In other words, the finite topology on E

is the largest topology for which each inclusion F + E is continuous. It is
characterized by the property that if X is a topological space and if £:E - X

is a function, then f is continuous iff ¥V F < E, the restriction £ |F is continuous.

Obviously, then, the finite topology on E is an element of T(E,o).



[Note: The finite topology is, in general, not a vector topology (scalar
multiplication R X E »~ E is continuous; vector addition E X E -+ E is separately

continuous but is jointly continuous iff dim E is < aleph-naught).]

18.3 IEMMA If T € T(E,0) and if Xy is t-continuous at the origin, then

X is t-continuous on all of E.

[This is an immediate consequence of 18.1.]

Given Tt € T(E,0), let

7-‘T = {w € S(W(E,q)) X, is t-continuous}.

18.4 LEMMA FT is a folium in S(W(E,0)).
[Note: If T is the discrete topology, then FT = S(W(E,0)). And
T <'t2=>FT CFT .l

1= 1 2

A state w € S(W(E,0)) is said to be nonsingular provided Xy is continuous

in the finite topology.

18.5 1IEMRA If v f € E, the function t -~ Xm(tf) (t € R) is continuous, then

w is nonsingular.

PROOF Working with the GNS representation Trw attached to w, v £,g € E and

VtER,

2
[Fm (8 g) = I)Trw(sg)ﬂml |



mo-o 1 tal(£,9) (s oI talf,g)

tf) - ((S_tf)

o V=1 to(f,q) e/—_l to(f,q)

=2 - Xw(tf) - M(— tf)'

Since Qw is cyclic, it follows that v £ € E, wa(ts tf) is strongly continuous in

t, or still, v £ € E, UTr (tf) is strongly continuous in t, which implies that U,
w w

is strongly continuocus on finite dimensional subspaces of E (cf. 10.7). But

< Qw’ﬂm(afmw >,
i.e.,

< Qw,U_"w(f)Qw >,

£
B
I

Therefore Xy is continuous in the finite topology.

[Note: The converse is, of course, trivial. Observe too that it suffices to

check the continuity of t -» xw(tf) (t €R) at t =0 (cf. 18.1).]

18.6 EXAMPIE 1Let H be a separable complex Hilbert space -- then the vacuum

state W is nonsingular:

1 2
- 7 £l
Xp(£) = u(8p) = e (cf. 16.20).

18.7 ILEMMA The set Fns of all nonsingular states on W(E,o0) is a folium

in S(W(E,0)).

If w € S(W(B,0)) is nonsingular, then V £ € E, the map



t - T, (th)

is a one parameter unitary group (see the proof of 18.5), hence admits a generator
@w(f) :

ww(ﬁtf) = exp (/-1 t@w(f)) .
Unfortunately, however, it need not be true that Qw € Dom((bw(f)) but this difficulty

can be dealt with by imposing an additional condition on w: Call w C if V £ € E,

the function t - Xw(tf) is c".

18.8 IEMA If w isC, thenV f € E,

Trw((Sf) Qm
is in the domain of

d)w(fl) .o .@w(fn)

for all £ fn € E.

l’-..’

[Note: In particular, Qw is in the domain of all the @w(f) .1

18.9 REMARK If V £ € E, the function t - xw(tf) (t € R) is analytic, then

Qw is an analytic vector for @w(f) . To begin with, in view of 18.8,

q, € N Dom(cpm(f))k.
k=1

T.e.: Qw is a ¢ vector for ¢ (f). This said, there is an absolutely convergent
w

expansion



o k k
= (=1t k
X, (66 = IS < 90,070, > (el <R
so3C>0:
le] < Rg
=>
k
[k,<§2,<b(f)ﬂ >| =scC
=>
2k
t k 2
(2k) ! Hq)w(f) Qm” =C

—U—H<p % || < &

V(2) T

We then claim that

|t] < Re/2

k
1D Jie @%a || < veo

Indeed,

_ Jeef® ({29111
e s

2,65, ||

k
v (2k) !

f 14



k
<2t (e ZE 215 (nkg
/‘(‘ZE)"“! [\ [V}

Therefore

_ k! w
k
o (R_/4)
£ k t
- = —— llo, @™, 11ty
% k
t
</ T ( )
k=0 R¢/%
< oo

The complement of F ns in S(W(E,0)) constitutes the set of singular states.

be the tracial state defined in 17.5 -- then w is

18.10 EXAMPIE Let w, e

singular. In fact, V nonzero f in E,

xtr(tf) =
0 (t = 0).



Given a state w € S(W(E,0)), put

L, = {f € Exx (D) €T}

18.11 IEMMA If f € Lw’ then
nw(éf)ﬂw = Xw(f)ﬂw.
PROOF From the definitions,

w({8g = x,(E)83)* (8¢ = x (£)84))

< Qe (B = x (B)8) * (8 = x (£)65))0 >

< TTw((sf - Xw(f)so)gw’m»(af - Xw(f)GO)Qw >

2
= |im, (8 - Xw(f)ssz .
But

w((8s - xw(f)ao)*(Sf - xm(f)ﬁo))

w((8_g = X BV 8g) (8¢ = X, (E)8y))

w(8y = X B8 = x (B)6_g + X Ex (£)8)

2 - Xw(f)w(éf) - Xw(f)w(é_f)

2 - xw(f)xw(f) - xw(f)xw(— f)



10.

1l

2 - Xm(f)xw(f) - Xw(f)Xw(f)

m, 80, = x (B)Q .
[Note: Suppose that Tl'w(5 f) has Qw as an eigenvector, say

m, (80, =2, (so [A] = D).

Then A = Xw(f) ;, hence £ € Lw‘ For

xw(f) = w(Gf) < Qw,TI'w(Gf)Qw >

|

A< Qw,Qw >

= 2.l

18.12 IEMMA Lw is an additive subgroup of E on which

o(LL, xL ) < 212.
w w -

Moreover, v £,g € Lm,

(- l)cr(f,g)/Zwr

X, (B x, (@) = X (£ + 9.
PROOF We have
——‘/;I o(f,q)
ﬂw(6f+g) Qw = ﬂw(e chSg)Qw
—‘/—;_l— o(f,q9)

=e ww(af)nw(ég)ﬂw
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2L 59
=e Xm(f) xw(g) Q,r
Therefore £ + g Lm and
) - Dol
Xw( +9) =e Xw(f)xm(g) .
Reversing the roles of £ and g then gives
ogn Llosg
e =e
or still,
- Llogg  Llaieg
e = e
or still,
1 = o1 0lf,9) i

which implies that

o(f,g) € 2nZ.

Finally,

O’(f:g) =2m ((n € g)

T

1
2 089 Tm
e =e
- (e V-1 ™n
(e’/:I mn

- p°
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= (- 1) 2m/27

= (."‘ l) G(f:g)/Z'rr.

18.13 IEMMA Take ¢ symplectic and suppose that w is nonsingular -- then
= {0}.

PROOF To get a contradiction, assume 3 f € Lw:f z 0 — then
T (Sf)Q Xw(f)szw (cf. 18.11),

SOV g € E,

%o (%, (D08, )

i

xw(tg)

= w(xw(_f) Gtgxw(f))

H

< Qw.ﬂw(xw(f) Gtgxm(f) e, >

=< Q,x,Em (8 )xw(f)ﬂ >

= Xm(f) < Q ,nw(stg)wrw(c‘}f)ﬂw >

< xm(f)Q n (6 )1r (6 )Q >

< m (89 ,m (8, I (890 >

< Qw,ﬂw(ﬁ f)Tr (cS )1r (éf)Q >



13.

)]

< Qw,nw(a_fatgsf) Q, >

2
b(- £,tg)” < Qw,ﬂw(atg)szw >

=L c(f,g)txw(tg)

e/—_l o(f,g)t

( - x, (t9) = 0.

Choose g:o0(f,g) = 2r and let - 1 < t < 1 -— then
e/:f 2t _

1

is nonzero if t is nonzero, hence the restriction of xw(tg) tol] - 1,11 is

discontinuous:
T 1l (=0
xw(tg) =
0 (t=0).
18.14 REMARK Take 0 symplectic -- then a state w € S(W(E,0)) is said to

be polarized if Lw is maximal, i.e., if
{f € E:0(f,L)) < 2m2} =1L .

Every polarized state is necessarily singular (cf. 18.13). In addition, if w is

such a state, then w is pure but its GNS Hilbert space Hm is nonseparable.

[Note: Let Wy 10, be polarized states on W(E,0) — then it can be shown



14.

that 7 ,m are unitarily equivalent iff

L NL has finite index in L
w w w
1 2 1
L NnL has finite index in L
Wy Wy @2

V-1 ol(f, )

andEleEsuchthatoan anz,xml=xw2e 1

1

We shall conclude this section with an example which nicely illustrates the
potential complexities that are hidden in the theory.

Thus take

o}

0
£}
A
-
\"

and work with the associated Fock system (cf. 10.3):

w1l ®) + ueoE?@))).

Let
1 1/3 1/3,3
v_ =+ o303,
a region of volume n, and set £ =¥, //n - then anH =1. Put
n
X =-2c(£)"%,
n ﬁl—!— n

an element of BO(L2 (1_33)) of norm 1, and define

xn:Lz ®) +C
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by
Xp () = < X M(E)X >
or still,
_1 ~ ~ n
X, (E) = o7 < Q,a(fn)nW(f)c(fn) Q >,
[Note:
2,3
Xy € PO(L"(R™),Im < , > ) (cf. 17.1).]
18.15 RAPPEL, The Laguerre polynomials L are given by
n
1 n n! n~k
LX) == L ()55 x7"".
n n! =0 k' (n-k)!
2,3
18.16 LEMMA V f € L°(R),
1 2,
Xn(f) = XF(f)Ln('i‘ I < fnlf > l ),
where
1 2
-1
XF(f) = e (cf. 18.6).
PROCOF First
. n /I <f,f£>nk
alf )W) = T ()¢ ) W(E)al(f )" (cf. 12.24),
k=0 2 n
thus
n /~1 < £ ,f > nk . .
X, B =2 I (¢ By < oumale)eE) ™ >
* k=0 /2
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Next
;(f )k~(f )n.Q _ n! ~(f )ner
n’ ©%n ~ (n-k)! ety '
SO
V-1 < f ,f > n-k
1 % o n! n’ ~ n-k
. (£) == Z () — ( ) < Q,W(E)c(f) Q >.
n n! k=0 k' {(n—k)! /3 n
lastly
- . Dk . - /1<E ,-f>nk-L,
w(f)c(fn)nk= s (nzk)( 1 ) c(fn)pW(f) (cf. 12.24),
£=0 V2
and from the RHS, only the £ = 0 term can contribute, hence
B =@ L 3 O 2 L) gy Bk
Xptt = Xp't) 7l o K @RT T2 n’

or still,

B 1 2
X, (E) = Xg @)L, (3 | < £,£> |9,

18.17 RAPPEL: We have

lim Ln(x/n) = JO(?./SZ) (x = 0),

n > <

where J0 is the Bessel function:

2 /T exp(~ /-I(a cos 6 + B sin 6))d®

= JO(VdZ + 82).

18.18 LEMMA V f € cc(g3),
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lim x_(£)

n-»> o

exists and equals

3/2

xp () J ((2m ™= V2 [£(0) ).

PROOF If f € Cc (I_{3) and if spt f is a proper subset of Vo then

1
<f f£>==— [ £
n /a Vn
=L s
/n R
31/2
- (2m) 2
= (—5=) £(0).
So, for such an £,
X, (B) = % (OL G | < £,£> |9
3 (2m 12
- (2m =~ [£(0) % 1,

3/2

lim ¥ (f) = xz(B)3,((20>* /2 [E0 ).

n -+ o

Xrl C - C ' *

Now put
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: 3
Xgg® = lim x (£) (£ € C,R)).

n - o
Then it is clear that
3
XGSGPD(CC(B),Im<,>).

Motivated by these considerations, extend x.q to tr@®) n 2@ by simly

writing

3/2

Xog () = Xp(B)T((2m > V2|£(0) |) .

While this makes sense, it is not immediately apparent that
Xgs € PPEHE) 0 12@®), m<, > ).
To resolve the issue, introduce
Hee = BOL*®) 8 L7(D),
T being parameterized by 6 € [- w,7m]. Put
QGS =008 1.

Define a Weyl system (cf. 16.3)

1,3 2,3
Usg'L (B N LR > BlHy)

over (Ll(§_{3) n L2(g3), Im <, >) by

UGS(f) = W(f) & M.

Here Mg is multiplication by

exp(- /T (212 /3 (Re £(0)cos 8 + Tm £(0)sin 6)).
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[Note: As was detailed in §17, the Weyl system gives rise to a

UGS
representation
1.3, ..,2,.3
TagWELT(R) NLTR), Im <, >) > B(H)
which extends continucusly to a representation

1,3, 2,3
TagiW (L (R) N LR, Im <, >) > BlHyg).]

18.10 LA v £ e it@®h) n 2@,

XGS(f) = < QGS'UGS(f)QGS >.

PROOF The RHS equals

Xg (5) %1? f:rw exp(~ /~1 (21r)3/2 /2 (Re £(0)cos 6 + Im £(0)sin 6))ds

i

xp (D13, (20 2((Re £(0))% + (m 20212

Xp (513 ((2m 2 /2|2(0) |y

XGS(f).

Therefore

X € PEEY n 2 ®), W<, >) (cf. 17.1)
and the associated state

wgg € SWEL®) nLP®), m<, >))
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is called the ground state of the infinite Bose gas.

[Note: is nonsingular.]

Yes

18.20 REMARK T

oS 1s the GNS representation per Wag*

[It is a question of showing that Q.. is cyclic. For this purpose, let

GS
o t|x| 3
ft (x)=tz/ﬂ72———2——(x65,t6_13 12 €C).
12 x| + 1 >0
Then
lim ||£ [l =0
t+>0 ©rZ
lim f (0y = 2.
t>0 CZ
But

® (O is cyclic for {W(f):f € Ll(53) n L2(1_33)}.

V-1 (a cos 6 + b sin 8)

® 1 is cyclic for {e :a,b € R}.]



§19. COMPLEX STRUCTURES

Let V be a vector space over R —— then a complex structure J on V is an

R-linear map J:V -+ V such that 32 =-1.

[Note: If J is a complex structure, then so is - J.]
Suppose given a complex structure J on V —— then V can be turned into a

vector space V™ over C by stipulating that

(a + /~I b)v = av + blv.

Of course, V and V™ agree set theoretically.

19.1 REMARK Let W be a vector space over C —- then restriction of scalars

gives rise to a vector space W, over R. On the other hand, multiplication by V-1

is a complex structure on Wy and it is clear that W = Wﬁ.

Let V be a vector space over R — then the product V x V is a vector space

over R and the map

J:V XV >V xV
defined by

Jv,v') = (- v',v)

is a complex structure on V x V. The complex vector space (V x V)™ is called

the complexification of V and is denoted by VC’ Since (v,v') = (v,0) + J(v',0),

one writes v + /~1 v' in place of (v,v'), thus



@+ /~Lb)y(v+ /~Lv' =av - bv' + /-1 (av' + bv).

19.2 EXAMPLE Let X be a Hilbert space over R. Suppose that J is a complex

structure on X which is isometric:
x| = |]x]] v x € x.
Noting that J* = - J, put

<x,y>J=<x,y>-/—_l<x,Jy>.

Then < , >J is an inner product on X, so X~ is actually a Hilbert space over C.

[Note: Here is a special case. Form the direct sum X @ X, the inner product
being
< (x,y), X', ¥y') >=<x,x' >+ <y,y' >.
Then the complex structure J(x,y) = (- v,x) is isometric. Now apply the preceding
construction - then the upshot is that X is a complex Hilbert space with inner
product i

<x+ /ly,x' + /-1y’ >3

< (x,y), x',y") > - /1 < (x,y),T(x",y") >

<XX' >+ <y, y' >+ /L ( <x,¥' > - <y,x >).]

Let (E,0) be a symplectic vector space —— then a Kdhler structure on (E,0)

is a complex structure J:E - E such that

o(J£,J9) = o(f,9) (£,9 € E)



o(f,J£) >0 (£ €E,f£=20).

In the presence of a Kihler structure, E~ is a complex pre-Hilbert space, the

inner product being

< £,9 >y = olf,J9) + /-1 o(f,q).

19.3 I1FEMMA Suppose that J is a Kahler structure on (E,0) and T:E - E is

symplectic — then TJT-l is also a Kahler structure on (E,0).

19.4 REMARK In general, (E,o0) does not admit a Kdhler structure. For
example, let V be an infinite dimensional vector space over R and let V# be its

algebraic dual. Put E=V ® v* and define o:E x E ~ R by

a((v,A),(v',A")) = A" (v) = A(v").

Then (E,o) is a symplectic vector space but (E,0) does not admit a Kdhler structure.

19.5 EXAMPIE Suppose that E is a real Hilbert space and 0:E X E + R is

continuous -- then the pair (E,o) admits a Kdhler structure.

19.6 LEMMA Suppose that J is a Kdhler structure on (E,g) and T:E + E is

symplectic. Assume: TJ = JT — then v f,9 € E,

< T£,Tg >J =< f,qg >J.

[Note: The condition TJ = JT amounts to saying that T is C-linear. Write

HJ for the completion of E~ per < , >

3~ then T extends uniquely to a unitary



Operator UT:HJ > HJ.]

19.7 EXAMPLE Take T = J', where J' is another Kdhler structure on (E,0) —-

then J'J = JJ° =>UJ,=:'.’/—_1_I=>J'='.'.'J. But

J'

-J = - ¢og(f,Jf)

i

g(f£,J'f) >0 (f€Ef=0).
Therefore J' = J.

[Note: - J is not a Kihler structure per o but - J is a Kahler structure per

- g.]

19.8 REMARK The converse to 19.6 is also valid. Proof: V f,g € E,

|
A

< TJf,Tg >3 = Jf,g >3

= </~ £,9 >;

= ;/—_l<f,g>J

= r/:]_._<Tf,Tg>J

I
A

/-1 T£,Tg >3

= < JTf,Tg 1

TJ

"
3



Let t >~ T, be a one parameter group of symplectic maps -- then a Kahler

structure J on E is said to be a unitarization of {Tt} if vt, J0, =T,J, and

t t

t - Tt extends to a one parameter unitary group U:R - U(HJ) such that U(t)

- _ V-1 tH
(:UT)—e

, where the generator H is positive and 0 & cp(H) .
t

[Note: Iet x,y € HJ - then

< x,U(t)ly > = fl} e d< X,E\y >
/=1 tA
= J'R e a< x,Eyy >
=0
=>
-tA
<X, U(W-L t)y > = fR e a< x,E\y >
~20
=>
lim < x,U(/~1 t)y > = < x,Py >,

t + o

P the orthogonal projection onto the kernel of H. Since 0 £ Up (H) , the conclusion

is that
lim < x,U(/~1 t)y > = 0.]
t >
19.9 THEOREM (Weinless) Let t -+ Ty be a one parameter group of symplectic
maps. Suppose that J l,J o are Kidhler structures on E which are unitarizations of

{Tt} —— then Jy = 3J,.



1

PROOF Let A = J,J.~, thus Dam(A) = E, so A is a densely defined R-linear

271

operator from H. to H. . Call A" the adjoint of A when H. ,
J J J

1 2

as real Hilbert spaces:

-1 +
-JlA J2<:A,

hence A+ is densely defined. Indeed,

-1
Re < - J,A ng,f >J

1 1

_ -1

= - o l9,9,5)

-1
= - cI(JlJ2 ng,f)

= G(Jlgl f)

= (g, 3,0)

= g(g,~ (- Jl) f)

- -1

are regarded



_ -1

= c(g,JzAf)
= Re < gq,Af >J .
2
Given £ € E,x € Dom(A+) , put
o (t) = < A'x,U (£)f >
x,f ™ Jq
where
- /=1 tH)
Ul(t) =@
va tH,
U2(t) = e .
Then

Re < A'x,U. (£)f >
1 3,

Re < A+x,T f>
t Jl

Re < x,Ath >Jz

Re < x,TtAf >J2

Re < x,Uz(t)Af >J2

Re q)x,f(’t) = 0.

- < x,Uz(t)Af >J .

2



Due to the assumptions on Hy and H,, o, £ extends to a bounded holomorphic

function in the upper half plane, so the Schwarz reflection principle implies

that o, ¢ extends to a bourded holomorphic function in the plane which, thanks

to Liouville is a constant CX £ But, in view of the asymptotics that are present,
14

C = 0, Now take t = 0 to get
x,£

< A+le >J < x,Af >J (x e DOm(A+) £ e B).

1 2
Then

< /=1 x,Af >_ = - /I < x,Af >
Jo Iy

= - /ST <A'xf >
J1

< /T afx,f >
Jy

/T x € pom@a") & AV (/AT %) = /AT A'x.

Therefore A" is C-linear. From this it follows that A" is C-linear:

- +
v x € Dom(A')

++
vV y € Dom(A '),

+
Re</-—Ty,Ax>J
1

+
=Re-FT<y,Ax>J
1



Re < y,- AT A% >
J1

0

Re < y,A+(-— /~L x) >

Jq
=Re<A++y,- /-1 x >

Jo
=Re—/:l'<A++y,x>

Ja

Re < /—TAHy,x >
J2

/1y e poma) & ATT(AT y) = /-—lAH-y.

Since A+ is densely defined, A admits closure (relative to the underlying real

Hilbert space structures), and A= AH. Consequently, A is C-linear, thus v £ € E,

B3 f = 3,Af
=>
AT f = JAf
=>
-1 . -1
30710 = 3,007 %
=>
J.f=-JF =3¢
2 1 1
=>
J, =J
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Suppose that J is a Kdhler structure on (E,0). Put

u(£,9) = o(£,J9).
Then the pair (HJ,Re <, >J) is the completion of E per .

[Note: Vv £,9 € E,

uw{(J£,Jg9) = o(J£,3Jq9)
= ag(£,J9)
= u(f,9).1
19.10 LEMVMA We have
|6(£,9) |* < w(£,Dulg,9) (£,9 €B).

PROOF In fact,

o(£,9) |2 = |o(3£,39) |2

lu(3t,q) |2

n(3£,38) | ?luig, |2

A

Iu(flf)lzlu(g,g)lz-

Therefore o admits a continuous extension GJ to HJ as a bilinear form:

GJ:HJ X HJ >+ R.
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19.11 LEMMA oy = Im < , >0 hence is symplectic.

While it is not necessarily true that the Hilbert space HJ is separable,
this does not impede the formation of BO(HJ) ard has little impact on the overall
theory. In particular: It makes sense to consider the Fock representation

TFF'J:W(HJ,O’J) > B(BO(HJ)) (cf. 16.20).

19.12 REMARK Put

Then the characteristic function Xp g of Up 5 is given by
r 1 4

_ _ 1
XF,J(X) = wF,J(Gx) = exp(- 7 uJ(x,x)) (cf. 18.6).

Suppose now that J,,J, are Kahler structures on (E,0). To simplify, abbreviate

7TF,Jl'“F,J2 M T
u‘F,Jl'“’F,JZ to Wy s,
XF,Jl’XF,J2 XXy

and let

ul(f,g) = c(f,Jlg)

Uz(f:g) = O'(f,ng) .
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19.13 MR If T and T, are unitarily equivalent, then y and u, are

equivalent, i.e., 3C >0, D> 0: v £ € E,

Cup (£,5) < py(£,£) < Dy, (£,1).

1

PROOF Assume there is a unitary U:BO(HJ )y > BO(HJ ) such that Um,U ~ = Tor

1 2 1
yvet 4 C > 0:

b (£,£) = u,(£,£)/C
for all £ € E. Choose a sequence {fn} c E:

ul(fn,fn) =1vn
(see below) .
uz(fn,fn) + 0 (n > )

Then

Wz(fn) -I,~>0

2

in the strong operator topology (cf. 9.2). On the other hand,

1
< QW (E)Q >=exp(—£u(ff))=e_z
1771V n" ™1 4 71

1
—e 4.
<@L (E) -1 >=e 1.
But

<, (W () - T8 >

= < U0, UW (£) - I,)0) >
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< UQl,UWl(fn) Ql - UQl >

< UQl,Wz(fn)UQl - UQl >

< UQl, (W2(fn) - IZ)UQl >

-> 0 (n-> ),

a contradiction.

[Note: v C >0, 3 chE:

ul(fC/IlfCIIl'fC/!IfCl[l)

c >, (E/1EL N £/ LEL )
Take C = 1/n and let

fn = fl/n/l lf1/nl Il'

Then
ul(fn,fn) =1 Vn

W (E,£) >0 (n>).]
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Assume henceforth that Uy rU, are equivalent — then there is no loss of
generality in supposing that HJ = HJ (as sets), label it Hu. To maintain
1 2

notational simplicity, denote the canonical extensions of Jl'JZ to Hu by J l,J 5

(rather than UJ ,UJ ). As above (cf. 19.12), write

1 Y2
) E A
) uJ2=Re< r >J2.
Then V X,y € Hu:
B qu(X.y) = ch(x,le)

u (XIY) =0 (XIJ Y) .
J2 J2 2

[Note: Hu carries two real Hilbert space structures, namely those corresponding

to u

5 and Mg (here, of course, 0. = 0. ).]

1 2 Jo 9

19.14 LEMMA Per My s the operator - (J1J2) is positive and selfadjoint.
1

PROCF VxEHu(x:tO):

qu(X.- (JlJZ)X)

i

g (XIJ )
3, v
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= cJ.z (X,J2X)

=y, (x,x) > 0.
Jo

X, { s
v YEHu

+

U 3, (x,- (J]_JZ) y)

= ch (x,Jl (- (JlJZ)Y) )

= o. (x,0.y)
Jl 2

= ch(x,Jzy)
=0, (I, x,-Vy)
J2 2

=g, (- J2x,y)
= OJ (" szly)
=g (- (JlJZ)X'J]_Y)

= U (- (JlJz)x,y)
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19.15 IFMMA Suppose that 'I‘:HJ > H

5 is an R-linear homeomorphism which

1 %
is selfadjoint per y; - then T € SP(H; ) iff J;TO7" = T~ (cf. 12.13 and 12.14).
1 1
PROOF
Necessity: V X,y € HJ ’
1
I, %, )
qu 1*°1 X,y
= 0. (3, T071%,3.9)

- o5, (137 %,y)

= OJl (JIlXIT-lY)

-1
= cIJl (x,JlT V)

-]
=y, xX,T y)
J1

_ -1, +
= qu((T ) X,¥)

-1
= u. (T "x,y)
J1
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Sufficiency: V x,y € HJ '
1

o, (Tx,Ty)
Ji
= oJl (Jl’I‘x,JlTy)

= qu (JlTxlTY)

+

= qu (TJ]_TXIY)

3 -1 -1

= U, (J,x%,y)
Jl 1

= ch (Jlx,le)

= 0. (x,¥)
J1

T € SP(H_ ).
91
As an application,

- (J1J2) € SP(HJl).
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Proof:

-1

1

I

Jl(- Jl)JZJl

A
=Jy0

-1

-1

1/2

Iet T = (- (JlJZ)) -— then per My oo T is selfadijoint.
1

19.16 LEMA V¥ x,y € H :

v, (Tx,Ty) =y, (x,¥).
Jq Jo

PROOF In fact,

2
Uy (T"x,y)

u. (Tx,Ty)
Iy 1
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1

ch (= I x%,¥)

= O'Jz {(— sz,y)

GJZ (x,Jzy)

H (%, Y) .
Jo

By its very definition, T:fl; - H; is an R-linear homeomorphism and we
1 1

claim that T € SP(HJ ) which, however, is a not so obvious point.
1

19.17 IEMMA Suppose that J is a Kihler structure on (E,0). Let S:HJ > HJ
be symplectic. Assume: S is positive and selfadjoint per My — then 3 a real
Hilbert subspace H0 c HJ and a positive selfadjoint operator A:Ho - H0 with a

bounded inverse such that

HJ = HO ® JH0
and
S(x + Jy) = Ax + JA_ly (x,vy € HO) .

PROOF Taking into account that the spectral theorem holds over the reals, let

7]
i

range of the spectral projection E(]0,1[)

%)
i

o = range of the spectral projection E({1})

7}
fi

range of the spectral projection E(]1,«[).
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Since S € SP(HJ) , one can use 19.15 (with Jq replaced by J) to see that J maps
S, onto S_, S_onto §,, and leaves S, invariant (hence S, is a complex linear

such that S, = S' & JS!

. . ,
subspace of HJ) . Fix a real Hilbert subspace SO c SO 0 0 0

andsetH0=S+€BS(')——then

H =H0@ JHO

J

and
SH0 c H0
SJH0 c JHO.

Keeping in mind that SJ = JS—l, these facts then lead to the existence of A with

the stated properties.

19.18 LEMMA Suppose that J is a Kahler structure on (E,0). Let S:HJ > HJ

be symplectic. Assume: S is positive and selfadjoint per My == then
s¥2 e sPity).

PROCOF In the notation of 19.17,

S=a@Jar.

Therefore

1/2 1/2

S =22 ¢ ;"

a5t 257 L« + Jy)
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352 (y - ax)

[

g%y - g V2,

]

= A l/zx + JAl/ 2y

=5 l/z(x + Jy)

s /2 ¢ SP(H) (cf. 19.15).

Coming back to T = (- (JlJz))l/z, in the above take J = J. and S = - (JlJZ)

1

to conclude that T € SP(HJ ), from which the autamorphism
1

IUJ) (cf. 16.21).

SW(H, ,o_ ) > WH
N 3 3,"%3;

1

Proceeding,

Wp 3 (x) = exp( -%uJ (x,x))
r~2 2

exp( - 3 uy (Tx,Tx))  (cf. 19.16).
1

= T.
“‘F,J2 ‘“F,Jl °
Therefore L) is unitarily equivalent to T ° Ope On the other hand, m is

unitarily ecquivalent to Ty © G, iff T € SPZ (HJl) (cf. 16.24). And T € SPZ(HJl)
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iff

T+T - I

|
+3

i
H

= - (JlJZ) -I

is Hilbert-~Schmidt on H W per (cf. 12.15).

u
Ji

19.19 ILEMMA - (JlJz) - I is Hilbert-Schmidt iff J, - J, is Hilbert-Schmidt.

2 1

PROOF Write

Then

- (J lJ 2) - I Hilbert-Schmidt

J 9~ Jl Hilbert-Schmidt.

As for the converse, it suffices to note that Jl is orthogonal:

qu(Jlx'le) = qu (XIY) (XIY € Hu) B

IfJ 5~ Jl is Hilbert-Schmidt, then

W, - Jl) J, - Jl) = - (JlJz) - (Jle) - 21
is trace class.
|Note: Obviously,

-1
(= (333,07 = = (3,3 ]
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19.20 ILEMMA TIf A: HU > HU is positive and selfadjoint with a bounded
inverse, then

1

A+A -2
is trace class iff
A-1T
is Hilbert-Schmidt.
PROCOF
A+a 1 - 20 trace class
=>
A+ 2T - 2I) trace class

A2 -2A+I= (A~ I)2 trace class.

But A - I is selfadjoint, hence A - I is Hilbert-Schmidt. Conversely,

A-1I Hilbert-Schmidt
=>
(A - 1)2 trace class
=>
A1 -4+ 1) trace class
=>
A+AT - o1 trace class.

We thus have the following chain of equivalences:



24.

- (JlJZ) - I Hilbert-Schmidt
<=>
J, = J 1 Hilbert~Schmidt
<=>

- (JlJZ) - (J2Jl) - 2I trace class.

19.21 THEOREM (Van Daele-Verbeure) Suppose that J 119, are Kahler structures
on (E,0). Assume: My sH, are equivalent -~ then T .M, are unitarily equivalent

iff J2 - Jl is Hilbert-Schmidt or still, iff - (JlJz) - (Jle) - 2I is trace class.

[This is simply a sumary of the foregoing considerations.]



§20. QUASIFREE STATES

Let (E,0) be a symplectic vector space and suppose that u:E x E + R is an

inner product. Define Ku:E X E + C by

Ku(f,g) = u(f,g) + /~1 o(f,q).

20.1 IFPMMA Ku is a kernel on E iff v £f,9 € E,

lo(£,9) |2 < u(E,H)ulg,g) .

PROOF Take E finite dimensional and consider the operator AU:E + BE defined

by the relation

O(flg) = ]J(frAug) (frg € E).

In a suitable basis, the matrix of .Z-\11 has block diagonal form

A
[Au] = . (2n = dim E),
.A
— n —
where
-0 a.
i
Ai= (i=1,...,n).
- a. 0
i

Then Ku is a kernel on E iff Vv i,



is a positive definite 2-by-2 matrix, which is also the condition that v f,g € E,

lo(E,9) |2 < u(E,D)ulg,) -

Write IP(E,o) for the set of real valued inner products p on E which dominate

o in the sense that

lo(E,a) |% < u(E,Dulg,d) (£,9 € B) .

20.2 EXAMPLE Suppose that J is a Kéhler structure on (E,o). Put
u(f,q) = o(£,J9).

Then y € IP(E,0) (cf. 19.10).
20.3 EXAMPLE ILet H be a complex Hilbert space. Suppose that A is a bounded
selfadjoint operator on H# such that A = I, i.e.,, V £ € H,

<f,Af > 2< £,f >,
Put

uA(f,g) = Re < f£,Ag > (f,g € H).

Then UAEIP(H,Im< , > ).

20.4 REMARK It can happen that IP(E,0) is empty. Thus let V be an infinite



dimensional vector space over R and let V# be the algebraic dual of V. Put
E=V$V# and define 0:E x E + R by
a((v,A) , (v',A")) = X' (v} = A(v").

Then (E,0) is a symplectic vector space but there is no norm on E w.r.t. which
0o is continuous. In fact, continuity of o implies continuity of the map

VXV#-»E

that sends

(v,A) too(ve 0,0 ® 1) = A(v).

Therefore every element of the algebraic dual V# is a continuous linear functional
on the normed linear space V., But this is possible only if V is finite dimensional.
[Note: It follows that (E,0) does not admit a Kihler structure (cf. 19.4).]

20.5 IFEMMA Iet p € IP(E,0) -- then the function

:E > R
Xu R

£ > exp( - ¥ u(£,D)

is in PD(EIG) .

PROOF We have

n
- /T
]
n
_ - /T

i,j=1



1

n

_ - 1 1
= >§_ (ci exp( Zu(fi’fi))) (cj exp( - Z“(fj'fj)))
ll]—l.
1 V=1
X eXp(j u(fi.fj) + = o(fi,fj))
n
_ = 1 V-1
= . ;_ CJ.C] exp(5 U(fl,fj) + TO(fl,fj)).
i,i=1
1k
But, according to 20.1, Ku is a kernel on E, hence so is e2 H (cf. 14.6), which
implies that
n
= 1 /=1

Recall now that

PD(E,0) <—> S(W(E,0)),

thus

This said, a state w € S(W(E,0)) is said to be quasifree if 3 y € IP(E,0) :w = wu.

20.6 REMARK Given u € IP(E,0) and a symplectic T:E -~ E, put Up = M © T —

then Y € IP(E,0) and wu ° O = qu.

‘[Observe that

lo(£,9) |2 = |oe, 1) |2



N

(T, Tf) u (Tngg)

Up (£, ) U (9, 9) -]

20.7 IEMMA A quasifree state is nonsingular.

[This is obvious (cf. 18.5).]
In fact, a quasifree state is necessarily c”, so 18.8 is applicable.

20.8 LEMMA Suppose that w is quasifree, say w = wu (y € IP(E,0)) = then

n odd:

< SZ <I> (£;) =-- @m(fn)ﬂw > = 0;

1)

n even:

< Q ) (fl) see ¢w(fn)ﬂw >

n/2
=TT Gul £ ) + ZLge, ),
k=1 k -k R

where the sum is over all partitions {Pl’“"Pn/z} of {1,...,n} such that
Pk = {ik,jk} with lk < jk (k =1,...,n/2).
[We have

< Qw,Q)w(fl) q)w(fn)gm >

n
= (- /D) WS, ¢ ot S g )
nn

- 0%, 171



the derivative being taken at t

1 = 0,...,tn = 0. But

w(s ee § )
tlfl tnfn
T
- em(- 7 I G 5))
3 exp(KX tzltj( (" % U(fﬂlfk) - %—T G(f«e'fk)) .
>k

Inspection of the coefficient of tl---tn in the power series expansion of the

second factor then leads to the desired conclusion.]

20.9 REMARK If n is even, then

< 9 ,® (fl) see @w(fn)Qw >

n/2

=1z <Q,0 (£, )0 (£. ) >.

Therefore the 2-point functions
< Qw,@w(f)éw(g)ﬂw >
completely determine the n—-point functions

< Q ) (fl) see @w(fn)Qw >,

Given u € IP(E,y), let Hu be the completion of E per u and denote by cu the



p—continuous extension of ¢ to Hu - then 011 is antisymmetric and there exists

a unique bounded linear operator AM:HU > HU such that

Gu(x,y) = u(x,Auy) (x,v € Hu) -

20.10 IEMMA We have

A;'=—Au, HA“H < 1.

[Note: In general, AUE £ E.]

20.11 EXAMPLE Suppose that J is a Kahler structure on (E,0) —— then in
this context, ou = oJ ard V x,y¥ € Hu,

OJ(x,y) = OJ(x,J(- Jy))

= UJ (XI_ JY) .
Therefore Ap = - J.
[Note: View HJ as a real linear space via restriction of scalars -- then

Hu=HJanduJ=Re<,>J.]

20.12 LEMMA o, is nondegenerate iff Au is injective.
[Note: Suppose that 011 is nondegenerate -- then the range of A11 is dense
(u(x,Auy) =0VvVy= cu(x,y) =0vy=>x=0), hence A;l is densely defined (but

possibly unbounded).]



Therefore the pair (Hu,ou) is a symplectic vector space iff Au is injective.

20.13 REMARK Let u € IP(E,0) — then it can be shown that w, is primary

iff GU is symplectic.

20.14 EXAMPIE Let H be a separable complex Hilbert space. Fix A > 1 and

let p(f,g) =Re < £f,9 > = then Ay € IP(H,Im < , >). In addition,

o(f,g) =Im< £f,9 >
=Re < £,-/~1L g >
= >\Ll(f'~ /%—1—‘ g)
=>
_ /1
A>\u =-5-1I,
thus AXu is injective and so w)\u = wy is primary (cf. 20.13). Since ﬂF,A is the

GNS representation associated with Wy (cf. 17.17), it follows that Te % is primary
14

(cf. 17.14).

Bearing in mind that Hu is a Hilbert space over R (not C), assume that %,
is symplectic and let
= A
AU JUI U'

be the polar decomposition of Au (thus in this situation, Ju is orthogonal) .



SinceA+=—A,A is normal, hence J and |A | cammute. And:
U u u u H
A+=l |J+=-A =~J |A |
H U u [V

g |a |t == a2 |.
u Sty TURT

But JulAu‘J: is nonnegative, so the uniqueness of the polar decamposition gives
J2 =~ TI.
u
20.15 RFMARK (Hu,ou) is a symplectic vector space and * Jp are complex

structures on Hu. If ‘AUI = I, then

Gu(‘— Jux,- Juy) Uu (Jux,Juy)

I

u (Jux,Jquy)

u (X.Juy)

I

Gu(X.y) (x,y € Hu)

ou(x,- Jux) u(x,Ju(- Jpx))

plx,x) >0 (x € Hu,x z 0).

Therefore - Ju is a Kahler structure on (Hu,cru) .
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[Note: In general, ¥ JUE £ E, thus T Ju do not necessarily induce complex

structures on E.]

Maintaining the assumption that 011 is symplectic, place on HU the structure

of a camplex Hilbert space via - Ju (cf. 19.2):

<XY >_ g

= u(x,y) + /-1 p(x,J y).
" u

20.16 IEMVA AM is caomplex linear, i.e.,

Au(-— JU) = (- JU)AU°

PROOF For
Au—Ju[Au
=>
7 = la | = (-J3)a = |a |.
H u il u
On the other hand,
A =3/Al
[V VR
=>
Au(— Ju) = Ju[Au](— )
=-3a,|
U
= |a |
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*
20.17 LEMMA The complex adjoint Au equals the real adjoint A:.

PROCF V X,y € Hu,

+
< Aux,y > I

It

+ +
u(Aux,y) + /-1 u(Aux,Juy)

Il

JA + /~1 AJ
uix uY) uix s uY)

= , + /1 ,J A
u(x Auy) V=1 u(x Ju py)

i\

< > -
X,Auy _ Ju

Consequently, the symbol IAul is unambiguous.

20.18 LEMMA |Au| < I and 3, commutes with (I + [Aul)l/z.

PROOF The first point is clear (cf. 20.10). As for the second, Ju commutes
with IAUI' hence J, commutes with T % IAUI. But then J, cammtes with

1/2

(I % |Au|) (cf. 1.34).

20.19 THEOREM (Kay-Wald) There exists a complex Hilbert space KU and a real
linear map ku:E > Ku such that

(1) k11 is one~to~one and kuE + /-1 kuE is dense in Ku;'
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(2) v £,9 €E,

< kuf,kug > = y(f,9) + /T o(£,9).

PROOF Fix an antiunitary operator U:Hu > Hu and define kU:E > Hu o Hu by

ke=t a+ b e Lua- ah¥.
H 72 V2~
Then V £,9 € E, we have
<kuf,kug >
1 1/2 1/2
=5 <@+ ab™% @+ ab cry
1 1/2 1/2
+§<(I-]Au|) g, (I—|A|)/ Ju
= S+ [Au])l/zf, + Ia, Y24
+§u((1 + IAu])l/zf T+ A %)
1 1/2 1/2
+3ula - [a ) 25, @ - a1 %
- 1/2 1/2
¢ B - ap Y%, 3 - a2

_1 /=1
=5 u(E, (I + ]Aul)g) + 5= u(f,Ju(I + [Au[)g)
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1 /T
+ §u(g, (T - lAul)f) + Tu(g'Ju(I - IAUI)f)

N T o

(u(£,q + u(f.lAulg) + ulg,f) - ulg, IAu}f))

/=1
+ 5 (U(flJug) + U(flJulAulg)

+ p(g,Juf) - u(g,JulAulf))
= u(£,q)

V=1 _
+ 5 (u (f,Aug) U (grAuf)

+ u(f,Jug) + u(g,Juf)) .

o - ulgA g = - u@ag,D)
= - p(- Aug,f)
= u(Aug,f)
= u(f,Aug) .

L u(g.Juf) = “(Jug'JuJuf)

u(Jug,— f)

- u(f,J3 9).
p( 11q)
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Therefore
<k f,kg>=u(f + /-1 A
u ug U( rg) u(f, Ug)
or still,
< kuf'kug > = u(f,qg) + /1 Ou(f,g)
or still,
< kuf,kug > = u(f,q) + /-1 o(f,q).

ku thus constructed is certainly one—to-one (kuf =0=u(f,f) =0=>£f=0),

so to complete the proof, one has only to take

K =Rank + /=1L Ran k_.
3 u 3

20.20 LEMMA Let Kl,l(2 be complex Hilbert spaces. ILet D, c©

1

be real linear subspaces such that
Dl+J-ID]-J.sdenseJ_nKl

D2+f-—lDzlsdensemK2.

Iet T:D, > D

1 5 be a bijective real linear isometry: V X,y €D

ll
<TX,TY >, =< X,V >y «
K2 Kl
Then T can be extended to an isometric isomorphism Kl + K2.

[Note: This extension is complex linear and unique.]

Kl, D

2

cK2
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Suppose that

kl:E > Kl

k2:E > K2

are data per 20.19. Define T:k.E - k2E by the diagram

1
k
g 1, k,E
ky | / .
v
sz
Then V £,9 € E,
< Tk]_f’Tng >K

2

< sz ,k2g >’<2

w(f,q) + /-1 o(f,q)

= < klf,kzg >k .
1
Consequently, in view of 20.20, 3 a unique isometric iscomorphism Kl > K2 extending T.

In other words: The pair (ku'Kll) is unique up to unitary equivalence.

20.21 REMARK The Kay-Wald theorem is valid for any p € IP(E,0), i.e., it
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is not necessary to assume that o, is symplectic but the preliminaries to the

proof have to be modified. To this end, suppose that Ker (Au) = {0}.
1. 1f dimKer(Au) is finite and odd, let Hl'J=Hu€B1_3andA;1=Au@0.
2. If dim Ker(Au) is finite and even or infinite, let H{l = H and A{l = Au.

Then dim Ker-(Al'l) is either even or infinite and
' = Ran(A') ® Ker(A').
Hu ( 11) er ( u)
Let Al'l = Ul'l IAl'll be the polar decomposition of A}'1 thought of as a map from Ran(Al'l)

to itself, thus

UL:Ran(Aﬁ) -+ Ran(Al'l)

is orthogonal and (Ul'l)2 =~ I, Put J}'J = U}'1 ® J, where

J:Ker (Ap) - Ker (Au)

is orthogonal and J2 = = I — then (J}'j)2 = ~ I. The rest of the analysis now

goes through without change.

Fix p € IP(E,0) and define ku:E > Ku as above (taking into account 20.21).
ILet

ﬁF:w(Ku'Im <, >) - B(BO(KU))

be the Fock representation. Given £ € E, put

(6 W(kuf) .

f) F( k f)
Then v £,9 € E,

(6 ()

f)Fu g
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f

W(kuf W (kug )

/-1
= exp(- 5= Im < k £,k g > )W(k £ +k
exp(- — (Erk g > Wk 9

_ V=1
= exp(- 5 O(f'g))ﬂF,u(éfi-g) .
So m gives rise to a representation of W(E,oc) on BO(Ku) . But the fact that

F,u

kUE + /1 kuE is dense in Ku implies that Q is cyclic. And V £ € E,

< Q,W(kuf)ﬂ >

1 2
exp(- 7 HkufH )

1
-+ <k fkf>
exp( 2 ku . )

exp (- 7 u(£,5))

= f
%(’
= wu(S f) .
Therefore T n =T the GNS representation associated with wu.

U
[Note: ILet w = ouu — then (cf. 20.8)

<Q,0 (B0 (99 > =3 WEg + FI of,g).

Now take, as is permissible, Q, =  and

9, (£) = Q(.kuf)

@w (g) =0 (.kug) .
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Direct camputation then gives

s 1
< Q.Q(kuf)Q(kug)Q >=5< kuf'kug >,

thereby providing a check on the work.]

20.22 IEMMA Mo " is irreducible iff kllE is dense in Ku.
14

let y € IP(E,0) - then p is said to be pure if v £ € E,

2
u(f’f) = sup .ILf'glI__ .
g € E - {0} u(g,9)

20.23 EXAMPLE Consider (H,Im < , > ), where H is a complex Hilbert space.

let u(f,g) = Re < f,g > = then yu is pure. In fact, v £ = 0,

olf, /<1 £f) =Im< f, /-1 f >
=Re < f,(- /1) /1 £ >
= w(E, (- /1) /~1 £)
= u(f,f)
=>
lotg, FIH2 _uEn>_ E).

u(~I £, /~1 £) u(£, £)
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20.24 1EMMA u is pure iff kuE is dense in KU°

[Use the relation

1 - o(f,q)
w(E, 6 (g,9)

1/2

k £ k g
-1 - u _ 2
=2 I - TRt 1

Therefore u is pure iff mu is pure, which justifies the terminology.
Given y € IP(E,0), let

A =0 |a |
' T T

be the polar decomposition of Au (Uu = Ju if 0M is symplectic).

20.25 REMARK Let p € IP(E,0) —-- then p is pure iff ]Au| =1I.
[In fact,

2 1o afa -1.

A =1= &%)
H uu MM

Thus AM is injective, so cu is symplectic (cf. 20.12). That the condition is

sufficient can then be seen by taking g = Juf:

lc(f,Juf)Iz [p(f,Jﬁf)[z
p(Juf,Juf) u(Juf,Juf)
W(E,~E) 2

u(£, £)
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= (£, £).
Conversely, if 1Au| # I, then O(lAlll) < [0,1] but cr(\Au[) # {1}. This being
the case, fix rj € O(lAu“:rO <1 and choose r:ry < r < 1. Fix a nonzero
x € E([0,r]) (H) and choose a sequence {fn z 0} c E:fn + X in Hu—— then Vg #0

in E,

2
otg 9 12 g A9l
ulg,9) 1(g,9)

R INE
u{g,9)

2
He-af,9|
u(g,9)

2
lua £ 9|
v(g,9)

2
_ w159 |

u(g,9)

A

w(u,la 1€, |

n uA lfn)

H

IA

u(IAulfn, |Ap|fn) .

Choose N:

MU GES

< u(IAulx, [Aulx) + rzu(x,x) .
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Then

nz~N=>

2
lG(f lg)l
sup n 2
g€E€eE-~ {0} u(g,9) < U(IAU‘X' |AUIX) + ru(x,x)
< rzu(x,x) + rzu(x,x)
= 2r2u(x,X).
Fix 8§ > O:
1+6¢< "}7 .
2r

Choose N6 > N:

n -z NcS =>

u(fn,fn)

Then

n N(S =>

2
lo(£_,9) |
sup n 2
g € E - {0} GG, < R

2
2r7(1 + 6)u(fn,fn)

Ay

A

u(fn,fn).
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And this implies that p is not pure.
Given y € IP(E,qg), put

up(f.q) = u(f, IAUIg) (f,9 € E).

20.26 LEMMA up € IP(E,0) -

PROOF We have

lO(flg) 12

I

2
Iu(f,Aug) |

2
EENNEY

it

+ 2
£,- uta
In(E- U A |9 |

il

2
luw £, (A [9) |

I

a7 %0 g, 18 1Y |2

1/2 l/2f)

A

U la £,0 |a
w a |76 A |

< u(ja, 1%, a1 %)

1/2 1/2 1/2 1/2

£,|A
2| 9

IA

u(ja | Duda Y%, a |

]

up(f,f)up(g,g) .
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[Note: Since ¢ is symplectic,

up(f,f) =0=>0(f,9) =0Vg

20.27 IEMMA up is pure.

PROOF Fix £ 2 0 in E and write £

f,, + £ , where
"

£,, € Ker(A )
|| u

I

f eRer(@a)! (=zRan@)).
L U U

Let

so that £ = £ + £ — then

Af =|a|f
u !

=
Hh
I

- |a |£F
u

ard u(£,£7) = 0. In addition,

I
(=]

— + -
£5,1a |£
WA £

]
o

- +
u(f , [Aulf )
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Choose a sequence {g # 0} < E:g ~ £ - £7 — then

2
lO'(flgn) l

up(gnrgn)

(" + f',Au(f” -2

wE - £, A " - )

- - + -\ 12
IU(f ,IAulf ) = u(f r IAUlf ))‘

+ + - -
HES A £ +uE (A [£)

+ + - -
u(f ,]Aulf ) + u(f ,IAulf )

u(£, lAulf)

up(f.f) .

[Note: up is called the purification of pu.]

Suppose that y € IP(E,g) is pure —— then IAul =TI (cf. 20.25) and on Hu,

< X,y > = u(x,y) + /~1L u(X:JuY)

-J
H

ulx,y) + /~1 cu(x.y).

Furthermore, the construction in 20.19 simplifies considerably. Indeed, one can

take K = H , k :E -+ i being the inclusion.
u u u H
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20.28 REMARK If y,,u., are pure and if ¢ T are unitarily equivalent,
E— 1772 F:Ul FlUZ

then Wy rHy are necessarily equivalent (cf. 19.13). Proceeding from here, one can
extend 19.21 to the present setting. Precisely put: Suppose that Wy sy are pure

and equivalent -~ then , . are unitarily equivalent iff J -~ J is
Fouy " Fru, Hy Y

Hilbert-Schmidt or still, iff - (J J ) - (J J ) - 2I is trace class.
Hy H My My



§21. QUESTIONS OF EQUIVALENCE

let (E,o0) be a symplectic vector space. Suppose that py € IP(E,0) — then

the complexification Hu
C

(= Hll + /1 Hp) is a complex Hilbert space with inner
product Ho (c£. 19.2):

o (x + /=1y, x' + /~1y")

= u(x,x') + uly,y") + /=1 (u(x,y") - uly,x")).

N.B. There is a canonical arrow of extension

B(Hu) > B(Huc)

A-*Ag,

viz. take A € B(Hu) and extend by complex linearity:
Ac(x+/-_-Ty) = Ax + /-1 RAy.

Cbviously, (rA) c= rAC (r €R) and

(8 + B¢ = A + B, (B)C = AR

In addition,

_ ot
(Ag)* = (A )_C_J

_ +
(B)*Ag = () A



Now extend 011 to Hu by taking it conjugate linear in the first variable,
C

linear in the second variable. Calling this extension ou , we have
C

-

o (x+/FLy,x' + /Ly =px+ /Ly, (A).x'+/~1y").
Mo < we

21.1 REMARK Assume that p is pure ( => Au Ju (cf. 20.25)) and write

H =HeoH,
UC U u

where

I+

+
H;:{zEHp:(J) z =1 /-1 z}.

c M€

+
Let P~ be the associated orthogonal projections. Define a real linear map

k :E " setti
y +Hubyelng

k =/2P |E.
u

Then v £,9 € E,

<k £f,kg> (k £,k
Tali el He 9

il

2u. (P £,P )



i

- 1 .. -
Zpg(P £, - _,/_.-_f (Ju)gP )

2 /T (P E, (J]J)CP—g)

2/“0 (P £,P q)
Y

1 1
2 /~Ta uc(5(f + /~1 (Ju) gf) ’ f(g + /=1 (Ju)gg))

I
)

cuc(f + /-1 (Ju)gf,g + /=1 (Ju)gg)

Nl‘l

(o (£,9). +0 (JfJg)

+ /-1 (0, (£,3,9 - ou(Juf,g)))

\]

T (o(£,9) + o(f,g) + /-1 (- u(f,g) - w(£,9))

= u(f,g) + /-1 o(£f,q).
Since k11 is one~-to~-one and kuE is dense in H;, this setup is another model for
20.19.

[Note: Working instead with /2 P+|E leads to

w(£,q) - /~1 o(f,q9).]

21.2 IEMMA 3 a bounded linear operator SU on Hu such that v z,z2' € Hu ’
C C



ug(Z,z') + /I cruc(z,z') = 2%(2,5112‘).

Moreoever, Su is nonnegative and selfadjoint.

Explicated: vV z,z' € Hu ’
C

ug(z,z') + /=1 duc(z,z')

I

ug(z,Z') + /=1 ug(z.(Au)gz')

t
pg (z,ZSuz )

zsu V=1 ( u)g

[Note: Write z =x + /=1 y and let x + /=1 y <—> —- then

Yy

I - A X
u
A I
_ M N A
x - A -
UY

= <—> x - Auy + /:i'(Apx +y)

= (I + /-1 (Au)c) (x + /=1 y)



= ZSu(x + /~1y).

Therefore

28 <>
U

21.3 IEMA Let uy € IP(E,0) — then u is pure iff Su is an orthogonal
projection.

PROOF If p is pure, then AU = Ju (cf. 20.25), hence

2 _ 1 2
s, = G+ /T @)
-1 - _ 2
= 3@ +2 /1 @)o - @)g)
=Lor+2/T @y
4 e
= s B
2 e
=S .
M
Conversely,
2 _
Sl-l = SU

1 2, _1 -
T2/ @) - B)d) =5+ /T @)



I=- (Ah)

(@)

1l

"(Ah)QKAM)Q

= (B)I*®B),
= | (Au).giz
-
“Au)(_:l =1
-
Al = T
.
al =1

I.e.: U is pure (cf. 20.25).

[Note: 5, equals P , the orthogonal projection onto the eigenspace H;

(cf. 21.1).]

Iet 4y € IP(B,0) =- then v £ € E,

0, (8g) = exp(- 3 u(E, )



or still,

exp(-  UED) = < QWK HT >.

21.4 IEMMA Let Myrky € IP(E,0). Suppose that the GNS representations

T,,T, Per w_ ,w are geometrically equivalent —- then u,,u, are equivalent.
1772 My Hy 1’72

PROOF Realize 'ﬂ'l,’ﬂz as ﬂFrlll'ﬁF:uz -— then

F(m ) = F(m

Fryy F,u?_) '

which, on general grounds, is equivalent to the existence of an isomorphism

b3 F'ul(W(E (O Ty (W(E o

such that VW € W(E,0),

¢ (mg W) =m

W -
iy Fou, ™

Here the double prime denotes the bicommutant. Now write

1
exp(- 7 Wy (£,£)) = < @ Wk £)Q) >

2

=< §

2'“F,u2(afmz >

1l

< Qzld)(ﬂF'ul(af) )Qz >‘

The last expression is continuous in the topology defined by Uy thus Uy is



ul—continuous. Analogously, Wy is uz—continuous._ Therefore Wy Uy are equivalent.

let Uyrky € IP(E,0). Assume: Wyl are equivalent -- then there is no loss

of generality in supposing that Hu = Hu (as sets), label it Hu, thus
1 2

14

21.5 LEMMA 3 a bounded linear operator TU on Hu such that v z,2' € Hu
2 C C

' - 1y — v
uz,g(z,z ) + /~1 ouc(z,z ) Zul,g(z,Tuzz ).

Moreover, Tu is nonnegative and selfadjoint.
2

21.6 EXAMPLE Take ou symplectic and write

ul(x,Ahly)

ou(x,y) = (x,y € Hu)

A -
uz(x, u2y)

Then A;l,A;l are densely defined and the product Au A;l extends to a bounded
1 "2 172



L,

linear operator on Hu' In fact, V x € Hu &VYyE Dcm(A;
2

-1 -1
Y, (x,A A"y =0 (x,AY)
1 ) U Uy

= uz(X.y).
%’ V Z,Z' E H (4
U

t
Zul’g(z,Tuzz )

(z,2") + V-1 0 (z,2")
He

M2,0

(z,2") + /:I'uz oz, ) 2"
r= 2 C

uZ'g

-1
(z,(A A7) 2"y + /-1 u, (z,& ) z')
e L.C e

e

2 =@a aY +/ @) .

LI e e M1 ¢
S
[Note: Write z =x + /~L y and let x + /~I y <>
—y——
A—l - A X
Hy My H1
-1
A A
M1 L) !




10.

«—> A Al -a y+/—-_l_(Aux+A A—ly)

Y Hp My 1 My ¥y
-1
= (A A") +v-1 (A ) )(x+ /1y
M Ha g A“l C

It

2T (x + /<1 y).
H)

Therefore
a at - A
Hy Wy o]
2T11 >
2 A A Al .1
Hy Hy

Keeping to the supposition that My el are equivalent, put

51

n
€]

21.7 THEOREM (Araki-Yamagami) Let My g € IP(E,0).. Assume: Wy ity are

equivalent -- then m,,m, are geametrically equivalent iff /§I - /'I‘_z_ is



11.

Hilbert-Schmidt.

[Note: Recall that M e, are the GNS representations per wu ,wu .1
1 2

The proof of this result is lengthy and involved, so I'm going to omit it.

However, even upon specializing to the case when U4, are pure, it is by no means

obvious that one recovers the criterion set down in 20.28. This and other issues

will be considered below.

21.8 IEMMA Let H be a Hilbert space. Suppose that A,B € B(H) are nonnegative
and selfadjoint -— then
/A - B EL,(H = 2(a-B) €L,(H).

PROOF Note that

(VA + /B) (VA - /B) + (VA - /B) (VA + /B)

1

A-/AB+ /BA-B

+A+ /&E - /B/A - B

= 2(A-B).

21.9 EXAMPLE Let H be a separable complex Hilbert space. Take H infinite

dimensional and consider the setup in 20.14 —— then we claim that Te A is not
14
1

geometrically ecquivalent to Tp 5 if Al z A 2° For if the opposite held, then
1 4 2 )

21.7 would imply that /S_i - /T; is Hilbert-Schmidt, hence by 21.8, that 2(s; - T

2
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is Hilbert-Schmidt, hence by 21.8, that 2(Sl - T2) is Hilbert-Schmidt. But here

I AL
M
25, =
n— l —
while
2 AT
A M
21, =
V=1 A
TR P :
Therefore
_ \ _
(1—A—2)1 0
1
2(s, - T, ) =
A
0 (1—%)1 ,
— l —

which is certainly not Hilbert-Schmidt if )\1 # >\2.

[Note: The same reasoning shows that To 3 (A > 1) is not geometrically
4

equivalent to Mg ]

21.10 LEMMA ILet H be a Hilbert space. Suppose that A,B € B(H) are nonnegative
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and selfadjoint -- then

A-BeL;H) => A-/BEL,MH.
PROOF ILet
- s=/A-,B
T = /A + /B.
Then S is campact and selfadjoint, hence its spectrum is pure point. Fix an

orthonormal basis {ei} for H:Sei = )‘iei' Observing that T = ¥ S and %— (ST + TS) =

A - B, we have

|la - B[]} = tc(|]a - B])

1

i
-

Vv
-

1

I
e

A, < e,,Te. >
S R |

v

™

>
N

= I < e.,Sze. >
i i

|17& - /B2
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21.11 EXAMPLE Take Ou symplectic (cf. 21.6) and put

Hy
A, =A .
Then
- " -
I- AR, 0
2(Sl - T2) = .
-1
0 I-AA,

Consequently (cf. 21.10), /§I - f’f; is Hilbert-Schmidt provided I - AlA;l is trace

class, thus under this condition, T T, are geometrically equivalent (cf. 21.7).

Assume now that My U, are pure and equivalent -~ then T .M, are unitarily

equivalent iff J, - J, is Hilbert-Schmidt (cf. 20.28). On the other hand, according

2 1

are unitarily equivalent iff /S, - /T, is Hilbert-Schmidt. The

to 21.7, w 1 5

1’2
problem then is: Why are these conditions the same?

[Note: Since Ty Ty are irreducible, "unitary equivalence" coincides with
"geometric equivalence".]

If /s‘; - Ji“; is Hilbert-Schmidt, then 2(sl - T,) is Hilbert-Schmidt (cf. 21.8).

But

I- J]_J'2 0

2(8, - T,) = :

0 I- JlJ2
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Therefore

-1
I- JlJ2 =1 +J1J2

is Hilbert-Schmidt, so the same is true of

J2 - Jl = Jl(— (J1J2) - I).

Thus the criterion of Araki-Yamagami is sufficient. It remains to see why it i

necessary. In other words, the claim is that

J. - J, Hilbert-Schmidt => /5, - V/T. Hilbert-Schmidt.

2 1 1 2
And for this, a series of lemmas will be required.

Using the notation of 21.1, write

To simplify, put
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21.12 IEMMA We have

-+ _ 1
PPy =7 (I+ (Jle)g + /=13, - Jl)g).

PROOF In fact,

o
i
Nof =

(I - /~1 (Jl)c_:)

_1
P, =5 (IL+ /~1 (Jz)g)'

from which the result.

The assumption is that J, - J, is Hilbert-Schmidt. But

2 1

J2 - Jl = Jl(— (JlJZ) -I).

Therefore - (J lJ 2) - I is Hilbert-Schmidt. Since complexification does not alter

the Hilbert-Schmidt status of an operator, it follows that P2 I is Hilbert-Schmidt.

21.13 LEMMA P,P] Hilbert-Schmidt => P |H) Hilbert-Schmidt.
Define
+ +
_ B fy fy
A C
: & — o
B D _ _ _
- H H
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o ot R =
A =P,lH, B=P,[H, C=P,|H;, D=P,|H
21.14 IFMMA We have
A*A - B*B = T in B(H ,H)
1™
D*D - C*C = I in B(H],H)
B*D - A*C = 0 in B(H,HD)
3 1M/
PROOF let z,z' € H; — then

= !/E ul,_C_(Z’(Jl)gz')

=~ /-1 0 (z,2")
Yo

= /——o (Psz)—/‘“c (Pz,Pz)
Yo

= /_o' (Az,Az)—/_O (Bz,Bz')
He He

I
!

‘/_“2 C(Az (JZ)CAZ ) - f_uz C(Bz (3 )CBz )

' - ]
c(Az,Az ) “2,9(BZ'BZ )

’—
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= * ¥ —_ * 1]
“1,(_:(A Az,z') “1,g_:(B Bz,z2')

A*A - B*B = T in B(HI,HI) .

Analogously,
D*D - C*C = I in B(Hl,Hl)
Finally, if z ¢ Hl,z S Hl' then
—_ ¥
0 - ullg(z,z )
— — v
= ul,C_J(Z' V-1 (Jl)g_z )

1}

SRR

=/~1g (2,2")
He

=/—To (Psz)+/—c (Psz)
He

= /~1 ¢ (Az,C2') + /-1 ¢ (Bz,Dz")
uc uC

-1 UZ’Q(AZ,(JZ)QCZ') + /-1 pzlg(Bz,(Jz)gDz')

- 1 1
UZ'Q(M,CZ ) + uz,g(Bz,Dz )
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= - *, ' * ]
“l,(_;(z'A Cz') + uzlg(z,B Dz')

. -+
B*D - A*C = 0 in B(Hl,Hl) .

21.15 IEMMA We have

AA* - CC* = T in B(H;,HZ)

DD* - BB* = I in B(H,H))
. - gt

AB* - CD* = 0 in B(Hy,H}).

21.16 REMARK The matrix
'— : c —‘
is invertible, its inverse being

o w .

- C* D*

[Note: Observe that

+y .+ -+
A*=P1[H2, -Cc* =P, |H

w— + — — - ~
l\ o1 = B* = Plle, D* = Plle.]
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21.17 IEMMA A (respec. D) is injective and Al (respec. D 1) extends to
a bounded linear operator H; - H'{ (respec. H, > H;) .

PROOF It suffices to deal with A. On the basis of the foregoing, it is
clear that A*A > I on H;: and AA* > T on H;, thus A and A* are injective. But

{0} = Ker(a*) = Ran(A)J‘, so the range of A is dense. If Az € Ran(d), then

-1 2 2
HA @2y |5, = [lz]]7,
f iy
< < z,A*A >
+
Hl
2
= IlAzll + hd
H2

Therefore at s bounded, hence can be extended to all of H;.

From the definitions,

Sl = Pl
82 = P2 .
Accordingly,
- -0 0~ + _
S, <> per H =H, & H

1 0 1 _ pg 1 2

-0 0~ + _
S, <—> per H =H,® H, .

2 0 1 ug 2 2
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To compute Ty, write

1
“1,c(z'Tzz )

—%— (uz’g(z,z') + /=1 GUC(Z'Z'))

t

+ +
Pzz 0 0 Pzz'
H2,c ( ‘
_PZZ__ _0 l_ _Pzz' _
— —_ + —
A C Plz 0 0
uzlg ( 4
B D Plz 0 1
PIZ A*  B* 0 0
ul’c_: ( ’
Piz C* D* 0 1
=>
T A* B*| |7 o0 o | |7 a
T, =
C* D* _ 0 1 B
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B*B B*D
_D*B  D*D _
Therefore
~o o |¥? “pwm e |2
0 1 D*B D*D .

Put
Z = BB* + DD*.
Then (cf. 21.15),

DD* = I + BB¥*

Z =1 + 2BB*.

Consequently, Z > I is a positive selfadjoint operator on H;, hence has a bounded

inverse.

21.18 ILFMMA We have
~ B*B B*D 12
D*B D*D

pig” V%5 gy V2

prz” V% prgm Y .
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[E.g.:

(B*Z l/zB) (B*Z 1/ 2B) + (B*Z 1 2D) (D*z~ 1/ 2p)

1/2

= B*Z 1/2 (BB* + DD*)Z B

= B*7 Y2,,- /2y

= B*B,]
Let
X = /§i - /‘fz‘
Then

+ +

_ _ Hy Hl

_pez /2% - gz~ Y2
X = e —> & .

_ - D*% V25 1o Y% _

Ay Hy

Restated, the claim is that

J 5~ J 1 Hilbert-Schmidt => X Hilbert-Schmidt

or still, that

J 2 J 1 Hilbert—-Schmidt => X*X trace class.

2,19 LEMMA Let Hi’Ki (1 = 1,2) be Hilbert spaces. Suppose that
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is a bounded linear operator -— then A is trace class iff Akﬂ is trace class

(kl'z = 1'2) -

In view of this, we need only check that each of the entries of the operator

X*X =

_D*(I -2

is trace class.

- l/2)B

B*B B*(I - 2 l/2)13

I+ D% - 22" Y?p

By definition, B = P,|H], so B is Hilbert-schmidt (cf. 21.13), thus B*B is

trace class (as is BB¥*).

Next

Z—I=2BB*'

hence Z - I is trace class.

On the other hand,

Z-I= (-2 l/2)(z + zl/z).

But 2 + Zl/2

- 1/2

I-172 is trace class.

is a bounded linear operator on H; with a bounded inverse. Therefore

Consequently,



25,

B*(I - 2 l/2)D

1/2

_DMI-z 9B

are trace class.
This leaves

I + D*(I - 22 1/2)13.
Note first that
DD* + DD*(I - 22 v 2)DD*
=D(I + D*(I - 22 l/z)D)D*.
Since D and D* are invertible (cf. 21.17), it will be enough to show that

DD* + DD*(I - 22 l/2)1)1)*

is trace class. Write

DD* =

Then

I+32 I+2 Co— 1/2, T + 127
5 + > (I - 22 )—————*2

_I+72 o /2, T+ 7
= = (T + (T -22 )——-—-2)
=IZZ(I—Z—1/2)(2-Z1/2+Z)

-1/2

is trace class (I -~ Z being trace class).
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To recapitulate:
J 2~ Jl Hilbert-Schmidt => X*X trace class,

as claimed.

The condition that
Y

be Hilbert-Schmidt is taken per By c* Of course, one could consider its analog
'—

per pzlc, namely

‘/g; - ‘/j:‘—il
where S, and T, are defined in the obviocus way.

This raises another question: Is it true that the conditions

’/S—l_ - V'IZ Hilbert-Schmidt

/S; - ‘/T—l Hilbert-Schmidt

are equivalent? Because of the square roots, the issue is more subtle than might
first appear.

[Note: The preceding discussion renders matters trivial if both Wy ard Uy
are pure.]

Fix an invertible bournded linear operator R: Huc - Hu such that v z,z' € Hu '
C C

(z,2") (Rz,Rz") .

M1,c e

[Note: R is positive and selfadjoint per Y ¢ OF By (see the Appendix to
§1).]



27.

From the definitions:

° ul,c(z,Z') + /~1 U“c(z'z')

- 1
2pl,g(z,Slz )

2“2,C(Z'le')

' '
Ul’g(zlslz ) Uzlg(RleSlZ )

- 25
- uzlg(le slz )

=>
.2
T, = R'S;.
] T ]
o “2,(_:(2’2 ) + /1 U“C(Z’z )
- 2u2'g(z,522')
2pl c(z,Tzz')
'—
=>
np o(ziTyz') =1, (Rz,RTyz')
= “2,c(Z'R2Tzz')
=>
52
S, = R'T,.
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Therefore

1/2
14

/5, - /] = (R2T2)l/2 - (R%

1)

the square roots taken per Yy oo

21.20 LEMMA Js“l’ - fr’; is Hilbert-Schmidt per B o iff (stl)l/ 2 _ (R2T2)1/ 2
- . r-

is Hilbert-Schmidt per Uy o

It will be simplest to formalize the situation.

21.21 ILEMMA Let H be a Hilbert space — then V A,B € B(H),

I 1al = B} |1, = v2|l|a - B]],.

1,
Let H be a Hilbert space equipped with inner products < , > , <, >'. Fix

an invertible bounded linear operator T:H -+ H such that v x,y € H,
< X,y > =< IX,Ty >'.

[Note: T is positive and selfadjoint per < , > or < , >' (see the Appendix
to §1).]

Suppose that A € B(H) is nonnegative and selfadjoint —— then v x € H,
< x,TATX > = < TX,ATx > = 0.

Therefore TAT € B(H) is rnonnegative per < , >, hence (TAT) 172 exists. Next,
v XE€EH,

< x,TzAx >' = < T™X,TAx >
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= < X,Ax > > 0.

1/2

Therefore TZA € B(H) is nonnegative per < , >', hence (TZA) exists.

21.22 IEMMA We have

(T%A) 1/2 _ T (TAT) /241

PROOF First, if x € H, then

< x,T(TAT) l/zT—lx >t

< 'IT—lx,T (TAT) v/ 2r Ly 5

< T_lx, (TAT) 4 2T_]'x >

> 0,
1/2 -1 , . .
thus T (TAT) T ~ is nonnegative per < , >'. And
T (TAT) Y21y (TAT) /2,71

T (TAT) 172 (TAT) /21

TTATT

21.23 LEMMA Let H be a Hilbert space. Suppose that A,B € B(H) are
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nonnegative and selfadjoint. Put

A' = T°A
_ B' =%,
Then
al72 _ g2 ;g Hilbert-schmidt per < , >
iff

(A')l/z - (B')l/2 is Hilbert-Schmidt per < , >'.

PROOF Assume that Al/ 2 _ Bl/ 2 is Hilbert-Schmidt per < , >. Since < , >'

and < , > are equivalent,

(A')l/2 - (B')l/2 is Hilbert-Schmidt per < , >'
iff

(A')l/2 - (B')l/2 is Hilbert-Schmidt per < , >,

thus one can work exclusively with < , > during the course of the following
estimate:

Il

| |T (TAT) Y251 _ pery /AL l,

1/2

| |T( (TAT) - (mem) /%)t |

2

1/2 1/2

el Hr ] e

IA

- (BT) 7| ],
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TN I NTRISE (I TR TR

1A

2 \lzl) [t a2 - 82, (es. 21.21)

1A

2 || 2T a2 - 8Y2)), < =

[Note: Work with T—l to run the argument in the other direction.]

Specializing the data then gives 21.20.



§22. FINITE DIMENSTONAL GAUSSTANS

Let y be a probability measure on Bor(R) —— then y is said to be gaussian

if it is either the Dirac measure 6a at the point a or has density

2
L ep- &2 (050
ov2m 20

w.r.t. Lebesgue measure.
One calls a the mean and 02 the variance of y (take o = 0 if y is Dirac).
Obviously,

2

a=fp (), o = [y (ta) 23y (t) .

[Note: A mean zero gaussian measure on R is centered.]

22.1 RAPPEL Let u be a finite Borel measure on 1_2n — then the Fourier

transform ;AJ of 1 is the function defined by the rule

i) =/ e < x,y >au(y) -
R
[Note: As regards the sign, in probability theory, ﬁ is called the
"characteristic function" of p and by firm convention the plus sign is always

chosen. ]

22.2 EXAMPLE Suppose that vy <—> (a,oz) — then

V-1 tsdy(s) = exp(/~1 at - L 02t2) .

Y(t) = fB e 5



22.3 LEMMA If ﬁl = ﬁz, then Wy = Uy, i.e., finite Borel measures on ljn

are uniquely determined by their Fourier transforms.

Let v be a probability measure on Bor (jgn) ~— then vy is said to be gaussian

if for every linear functional A on _I_{n, the induced measure 7y o )\—l on R is

gaussian.

22.4 THFOREM Let vy be a probability measure on Bor (13n) -- then y is gaussian

iff its Fourier transform has the form
Y(x) = ep(/~I < a,x > -%< x,Kx >),

where a € I_{n and K is nonnegative and symmetric.
PROOF Assume that Y has the stated form. Given a linear functional A:I}n > R,

write A(x) = < A,x > (x € B and put v, =y o A% — then

/-1 ts
e

S dy, (s)

il

¥y (B)

1™

- /=1 t <A, x>
= e
2

dy (x)

Yt )

exp(/——l'<a,>\>t—% <)\,K)\>t2).

But



exp(/-q<a,>\>t-%-< X,Kk>t2)

is the Fourier transform of a gaussian measure on R (cf. 22.2), hence by

uniqueness (cf. 22.3), Yy is gaussian. Therefore vy is gaussian. Conversely,
suppose that v A, Yy, is gaussian. Denote their means and variances by a(A) and
6(0)2, thus

a(d) = f.13 tdy)\(t) = fRn A (x)ay (x)

o? = fp (maln Ay, () = 1 | (< x> - a0 v,
= R

The function A » a(A) is linear, so 3 a € Rn:a(x) = < a,) >, and the function

A > c5(>\)2 is a nonnegative quadratic form, so 3 K:c()\)2 = < A,KA >, where K is

nonnegative and symmetric. Accordingly,

YO =9,

ep(/ I a(h) - 5 o7

1
2

exp(/~1 < a,A > - = < A, KA >),

which is of the required form.

We have

a =/ xdy)

)



<u,Kkv>=/¢f n < Wx-a><v,x-a> ay (x).
R

One calls a the mean and K the covariance of v.

[Note: A mean zero gaussian measure on 13n 'is centered.]

22.5 REMARK If K = 0, then vy is the Dirac measure Sa at the point a. If

K # 0, then the support of y is the k-dimensional affine space

L =a+K1_2r1 (k = rank K).

Y
n

So, v B e BO]'.'(B ),

Y(B) = fBﬂL pY(x)dx,

Y
where
1 1 -1
p (x) = exp(~- = < x-a,K ~(x-a) >).
Y ( (2m ¥det ¥) /2 2

Here det K is the determinant of K regarded as an operator on Kl_in and K_l is the

inverse of K on this subspace.

22.6 LEMMA Suppose that Y is a centered gaussian measure on gn. Let

Rnx n+ '8!

T, = (6 €R).

(x,¥) »xsin 6 +y cos ©

'IhentheimageofyxytmderTeisy.



PROOF Set

(v x y) o To' — then

1x) =/ _ exp(/~1 < x,y >)duly)

T exp(/-1 < x,u sin 8 + v cos 8 >)dy(u)dyv)
R™ R

= [ , e®(/~l < x sin 8,u >)dy(u) x /  exp(/~1 < x cos 6,v >)dy(v)
R R

= ¥(x sin 6)¥(x cos 0)

2 2

= exp(-—%—sin 8 < x,Rx >)exp(——§-oos 9 < x,Kx >)

- e- L < w00 >

= ¥Y(x)

=> (cf. 22.3)

By definition, the standard gaussian measure Vg O Bn has density

2
N

2
1 e—x/2= o

(2m ™2

T =
N

1

w.r.t. Lebesqgue measure (cf. 6.12). Put

=Y

l'oo-'kn (Xl'.."xn)



H (4) H (xn)

LI -

l! jEn!
Then the Hk are an orthonormal basis for L2 (Rn,y ).
- l' *e c.lkn - n

Iet Wk denote the closed linear subspace of L2 (I_gn,yn) generated by the

gk with k, + «-- + kn = k and let I, denote the orthogonal projection

l,...,kn 1 k
2..n .
of L™ (R ,yn) onto Wk -— then

@) = @ W
k=0

and vV £ € LZ(Bn,Yn),
f= ¥ I (f).
k=0 k

22.7 EXAMPLE Take n = 1 and let £ € S(R) —- then

Ik(f) =< —, f>—.
But for k 2 1,
<Hp,f > = /o B & &)

2
_ 1 -x /2
= —-2'; fR Hk(x)e f(X)d’Yl(X)



k

k kd -

Jo D7 DT £X)e
R 5K

xz/ 2 dx

N
3

= (k)
= fR £ (x)le (x)

= < 1,f(k) > 5 .
L (Yl)
Therefore
_ 1 (k)
Ik(f) =T <1,f > Hk

L2(Y1)
22.8 REMARK The real topological vector space underlying gn is I_{2n.

Take K = L2 (l_an,yn) and given z=a + /-1 b (a,b € 13n) , define a unitary operator
W(a,b) by

Waby|,

= exp(/~1 (< x,b > - < a,b >/2)) [exp(< x,a > - a2/2)]l/21p(x - a).

Then W is a Weyl system over c_:n which is unitarily equivalent to the Schrodinger

system (cf. 10.4).
[Note: Given a € ;_z?‘, define
2,.n 2, n
Ta’L (R ,Yn) - L (R 'Yn)
by

T E(x) = £(x - a) [exp(< x,a > - a’/21Y2,

Then T, is unitary with inverse T .- Indeed,



2 2 2
[T £]1° = pr |f(x - a) |“exp(< x,a > - a /2)dy, (x)

2
=/ _ |f(x - a)|2 fau_fif?_:if.dY (x)
g 2 n

o~ X /2

2
1 2 - (x-a)"/2
= S |f(x - a)|%e dx
(2ﬂ)572 Bp

2
1 2 ~x7/2
S Ex) | %e dx
(2W)ﬁ72 Bp

2 _ 2
/ [£6a [Tav, 0 = [|£]]".]



§23. THE ORNSTEIN-UHLENBECK SEMIGROUP

We shall begin with a review of certain standard definitions and facts.

Let X be a Banach space -- then a collection {Tt:t > 0} of bounded linear

' Tt+s -

operators on X is said to be a strongly continuous semigroup if T0 =1

TtTSVtzO&VSZO,andVXEX,themap

t+TtX

is continuous.
[Note: It suffices to check continuity at o* only.]

Let Dom(L) be the set of all x € X for which

T, X-%
lim tt
t->0

exists and define L on Dam(L) by the equality

Ttx-x
le = ljm t L]
t >0

Then Dom(L) is a dense linear subspace of X and L is closed on Dom(L). Moreover,

X € Dom(L) => Ttx € pDom (L)

d = =
G Tx = LTx = T,Ix.

[Note: L is called the generator of the semigroup {Tt:t 2 0}.]



Now let Y be a centered gaussian measure on 13n — then in view of 22.6,

vVt 20, vy is the image of y % vy under the map

x,y) » e—tX + (1 - e—2t) l/2y

.

This said, in the above take X = I°(R",y) (p > 1) and define T_ (t > 0) by

TE0) =/ £ %+ (- 2V ey,
R
Since
I o £ [Py )
R
= 1 Ee &+ @ - YR Py wmary),
R R

it follows that T f € IP(®",v) and
f < £ .
[EXINPREIR
Therefore HTtH < 1. But T, 1 =1, so that actually HTtH =1.

mote: v £ e LY®, ),

[ n TEGIGVE = £e0AY6 )

23.1 LEMMA The collection {Tt:t > 0} is a strongly continuous semigroup



on IP(R%,y).

PROOF Fram its very definition, TO = I. Noting that y is the image of

Y x vy under the map

- / -
oy > oS Lo 2t,1/2 (1 - o25,1/2
(1-

) l
-  w— 4
2t ZS) 1/2

e—2t—25),1/ 2

(1 -

we have

F-Zt) 1/2

T (T ) () = fRn T £ e %+ (L-e v dy (¥)

_ fRn r £ %% + %0 - Y 4 1 - VY2 (mar )
R

—t~- 2t—Zs) 1/ 2w

=[ _f(e Sx+(l-e-

i, Yy ()
R

= Tt+sf (x) .

The verification of strong continuity is left to the reader.

[Note: This is the Ornstein-Uhlenbeck semigroup. ]

23.2 REMARK Take p = 2 -—- then the Tt are nonnegative and symmetric. In

addition, Vv f,g € L2 (‘Bnr'Y) ’

T, (£0)1% < TEDT (6D (a.e.¥D).

Assume henceforth that v = Yn' the standard gaussian measure on Bn — then



there is an orthogonal decamposition
2®,y) = ® W
S
2,.n
and v £ € L°(R "Yp) s

£f= ¥ I (f).
k=0 &
23.3 ILEMMA We have

[+2]
Tf= T e'ktrk(f).

vt ko
[The RHS defines a bounded linear operator on L2 (I}n,Yn) , hence it suffices

to establish equality on the g_lk k ° This, however, is a one dimensional
preserky

problem, where one can proceed by induction on k. It is clearly true if k = 0.

Suppose it is true for k - 1 — then for £ < k,

< Tyl >

= < I:I‘k’TtEK >

< I;Ik,e-ztgﬂ >

I - SO
= e 6]('2_0.

But Ttljk is a polynomial of degree k, thus TtHk = cﬁk for some constant c.

Comparing coefficients of <X, we conclude that ¢ = e Xt.]



Let L be the generator of the semigroup {Tt:t > 0} on L2 (Bn,yn) .

23.4 IEMMA The domain of definition Dom(L) of L is

® .2 2
{£: = x| B 1175, < w}.
k=0 L(v,)

And, on this domain,

[ee]

ILf = - kI, (f).
k=0 Ik
[Suppose that f € Dom(L) -- then t ~ th is differentiable at zero, hence
(cf. 23.3)
_d -kt
Ika = I e Ik(f) £=0
= - ka(f)
=>
2 Kin @ %, =]l <
k=0 L™ (v,) Lo(v,)
And
Lf=- % ka(f) .
k=0

Turning to the converse, note first that

1t e ™)) < k.

Therefore, as t - 0,



] i T 12
+ r kI, (f)
t =0 K Lz(y )
s, EXIE
= 7 + k I (f) -+ 0.
=0 t Lz(

I.e.: t > th is differentiable at t = 0.]

Sobolev spaces play an important role in gaussian analysis. However, instead
of providing ad hoc definitions at this point, it will be more convenient to post-
pone the discussion and place matters into a more general context later on. Still,
there is one important fact that emerges from the theory and can be mentioned now,

namely

Dom(L) = W (R Yy ) (cf. 30.15).

Thinking of L as the gaussian analog of the laplacian A, this parallels the

characterization of Dom(A)  as W2'2(13n) (cf. 1.15).

23.5 REMARK The H,_ are total in W2’ (R,Y)andeEsz(R,Y),

l,-o;,kn

K

I L () » £ (K> ).

k=0

23.6 IEMMA We have

o 3

L=A- % 2.
o1 k%



[Start by checking that

n of
ILfE =pAf - ¢ Xk S
k=1 *x
when £ is a finite linear cambination of the Hk .]
-, l,-.o,kn

Let N be the number operator on BO(Bn) and let

T:B0®Y » L2 ®, )

be the canonical isometric isomorphism (cf. 6.12) -— then

™r L= - L.

[Note: See §8 for the case n = 1, the point being that

2
d d
L=—s—-X =
dx2 dx
and
H]‘;—xH]'{=-ka.

The extension to arbitrary n is straightforward.]



§24. MEASURE THEORY ON R~

Iet 13°° stand for the set of all real sequences x = {xk:k 2 1} -- then Boo

is a separable Fréchet space, the metric being

®© =Y
ax,y) = I zk____l_)_{lf__]il_

k=1 1+ ]xk—yk| )

Write g”.n for the subset of 13°° consisting of those x such that % =0

(k=1,...,n) and identify I}n with a subset of 1_200 by adding zeros after the first

n positions —— then

and, by definition, a cylinder set is a subset of 1_2°° of the form

o=T)}

B®&éR -,

where B € Bor(gn) .

24.1 LEMMA The o-algebra generated by the cylinder sets is Bor (1_200) .

[Note: The o-algebra generated by the cylinder sets is the same as the

o-algebra generated by the coordinate functions x - Xy i.e., is the smallest

c-algebra containing all sets of the form {x:x_ < r} (r € R).]

24.2 EXTENSION PRINCIPLE Let p be probability measures on Bor (R)

(k =1,2,...) — then there exists a unique probability measure u on Bor (gm)



such that

COo==1)

uBO®R ) = (pl X eee X un) (B)

for all B € Bor(gn) (n=1,2,...). One calls u the product of the Wt

= I .

24.3 THEOREM (Kakutani) Suppose given two products

u= T u
k=1 ¥
v= I v.

Assume: V k, uk~\)k-—theneitheru~\)orui\).

[Note: In the event that yu ~ v, one has

au_ w M
dv =1 dvk
a.e.[u or vi.]
dv OI; d\)k
du du
k=1 k

24.4 THEOREM (Kakutani) Suppose given two products



Then y ~ v iff the infinite product

(o]

kzlfg\/f_k_/g—kdxk

is convergent.
[Note: Each term of the infinite product
n s, vE, Vo
oy BTk K X
is < 1, thus

nos, VE /g
k=113kkd“"k

cannot diverge to infinity (but it might diverge to zero).]

24.5 EXAMPLE Suppose that £ > 0, g > 0 are continuous and

fB f(x)dx =1

fB g(x)dx = 1.



is convergent iff

But

Therefore

iff £ = g.

24.6

24.7

n s, VE Vg, = I
o R e B k=1
fR/f/g_;dx=l.

LEMA Vt>0,VacER,

1

V2Tt

EXAMPLE Let

2

2

X = ta
fR exp(ax - EE)dx = exp(~3r4.



e by’
1
exp(- It " it )dxk

2 2

%, 1 Ak *x
exp (- ZE) -——/2_“%_ f13 exp (- = " E)dxk

SR

= exp(- IE)GXP(-S—E)

2
%

= e}{p(—~-8—f) .

Since
2

> %k
I exp(- z7)
=1 8t

is convergent iff I ai < o, it follows that u ~ v iff I a.i < oo,
k=1 k=1

[Note: If u ~ v, then up to a set of measure 0, the relevant Radon-Nikodym

derivatives are the functions

[eo]

1 2,1 &
+ - + =
x*”‘-ztkilak—t];lakﬁ)'

But is it really obvious that the set of x € R for which the series I ax
k=1

is convergent constitutes a set of full measure? This point will be dealt with

in 24.20.]

24.8 EXAMPLE lLet

_ 2
X
Ay, = L exp(~ 5p)dxy
2nt
2
(x, +a, )
1 oy
du = —=— exp(- ——5—)dx, .
% o 2s




Then
fB VE, Yo, dx
2 2
1 X (gia)
T —— f (_ o )
e R 4t 4s dxk
2 3
- _ k1 _ _tts 2
= exp(- 1) e IB exp(- —5== = 7= x)dx,
%
- _ k1 4mst,1/2 , t+s,1/2
= exp(- 45 ot e (FosD)
%k t+s 2
x Jp &P 55 = Tep ¥ By
2 2
= exp(- i‘]-{—) (---'?-gi 1/2 exp(—————(ZSt)ak )
4s’ ‘t+s (t+s) 852
%
_ 28 ,1/2
= & =t Emy

So, if t # s, then no matter what the choice of the 3y s the infinite product

2
> 25,172 %
O e =2t gmsy

is divergent, hence u L V.

Fix 0 > 0 =~ then 3 a unique probability measure Y, Oon Bor (_13°°) such that

V B € Bor (R,



co—11,
Y, BO®R )
1 x2 + e + xrz1
= - — 7 f e}q)(_ )dX -.-d}( .
On(Z'IT)n 2B 202 1 n

24.9 LEMMA Ifozc',thenyoiyg,.

[This is a special case of 24.5.]

In what follows, we shall take ¢ = 1 and write vy in place of Yq-

24.10 REMARK We have (cf. 14.13)

o]

Bo(¢* (W) = 8 BO(Q)
1
or still (cf. 14.14),
B’ m) =8 LR,y
1
= L2 (ISOO,Y) .

[Here y; refers to the standard gaussian measure on R.]

\%

Given a sequence a = {ak:k 1} of positive real nuwbers, let

o
H

o0 i 2
{xeRrR: ¥ < o},
a - ]_lakxk

Then Hy is a real Hilbert space:



<X,y >= %L .
oy Kk

[Note: Take 8 = 1Vvk— then Ha = 22, the real analog of 1{2(1_\1) .]

24.11 LEMMA H_ € Bor(R) and

— 00

YHE) =1 if ¥ < w
a oy K
Y(H) =0 if ¢ = o,
a oy K
PROOF Define
£:R >R (A >0
by
> 2
£ (x) = exp(- A I ).
A o Kk
Then

£y > Xy
a
pointwise as A ¥ 0, hence H_ € Bor (1_300) . The functions
2 2
£ x) =exp(- A Z )
A.n k=1 akxk
are in Ll (ljoo,y) and, for fixed A, form a decreasing sequence. Therefore

fmfdy=foo lim fk ay
R R n->o n



= 1lim [ _ £, dy.

From the definitions,

Bn

n

(2m~ /2
k=1 B

-n2 B -
(2m) I 1+ 2xa)
k=1 %k

1/2

n
I 1+ 2a)
k=1 ’k

1/2

—_ o

T 1+ 2xa)
k=1 %k

1/2

S f.dy =

o0

Finally,

YUL) =T Xy 9y
a

I
s
5
-
Hh

g

n

- n/2 n 2 1 2
(2m) [ _exp(~ A I Jexp(- 5 I yax, ...
g Kk 2 o X

1, 2
I fR exp( (- kak - §)xk)<3xk

2

t
fB exp(— é—)dt

if I < o
k=1 ak

if I = oo,
k=1 ak



10.

1if X < «©
k=la-k

0 if ¥ = o,
k=1a-k

which concludes the proof.

In particular:

v(£?) = o.

24.12 REMARK Let a run through the sequences of positive real numbers such

that y(H,) = 1 — then

ono) = 0.

Iet ™ goo - Bn be the canonical projection -- then a Borel function £ on Bm

is said to be projectable if 3 n:f = ¢ © T for some Borel function ¢ on _P_ln.

[Note: Every Borel function on I_{n determines a projectable function on I_Qw.]

24.13 1LEMMA The projectable functions are dense in ! (ljoo,Y) .

PROOF The characteristic functions of cylinder sets are projectable.



11.

Oo-=17}

Let Y be the standard gaussian measure on ljn. Identify ljn ® R with

I_{n X 1_3°°-n and denote by y__  the measure on Bor (goo_n) constructed in the same

way as the measure y on Bor (_I}oo) —— then y can be regarded as the product Yo XY, .

o1

Let £ € L1 (R",y). Given x € R, put

(Enf) (x)

i

S P £ (x+y) dYoo-—n (y).

1,.n
Then Enf €L (R ,yn) and

A

lE£l], < 1I£H]-

24.14 TEMR v £ € L (R,Y), we have
Enf - f (n > )
in L ®", ).

PROOF Fix ¢ > 0. Choose a projectable function g:||f - g[[; < /2 (cf. 24.13).

FixN:n2N=>Eng=g-—-then

HEnf - fl ]l

A

HEn(f_g) I ll + Hf - Engl ll

e, (E-o) 1, + 1% - gll;

N

2| 1€ - gl|, <e.

Let £:R* -+ R be Borel — then f is said to satisfy condition K if V¥ n,
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£(x,y) = £(x',y) (x,x' € Ry e R ).
24.15 ILEMMA If f satisfies condition K, then f is constant a.e..

PROOF By taking the Arc Tan of £, it can be assumed that f € Ll(gm,y) ’

thus £ = 1lim Enf (cf. 24.14). But, since f satisfies condition K, Enf is a

constant independent of n.

24,16 THE ZERO-ONE LAW Let B € Bor (1_300) . Suppose that Xg satisfies condition

K — then B is either of measure 0 or of measure 1.

PROOF In view of 24.15, Xg is constant a.e., thus Xg = 0 a.e. or Xg = 1l a.e..

24.17 EXAMPLE Take for B the set of x € gm:lim X exists —— then Xg

satisfies condition K, hence y(B) = 0 or 1, and, in fact v(B) = 0. For otherwise,
the function which sends x to its limit would be defined a.e., hence would be a

constant a.e..

Fix an element a = {a :k > 1} in 1300. Given n € N, define snzl_’\co ~+ R by

n
s (x) = % .
) = I e
24.18 IEMMA We have
n
2 2
% = [ s dy.
& % e
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PROOF In fact,

n n
2 2 1 2 1.2
z = I —/ exp(- 5 x,)
kel K 1 Kz Bk 2 "
s 3 Lgoa32 - 3 xDax,
k1 /27 B Kk 2%
n
2.2
= I [/ dy (x)
=1 R Xy
n 2
=/_ (= )< dy(x)
g k=lakxk
_ 2
—IBOO sndy.
24.19 LEMBA V € > 0,
0 | 1 2 2
yixeR: sup s x)] >e} == & .
- ms<n ©° »32k=lak

PROOF Define f:I_ZOo + R by

£(x) = inf {n € N:[s_(x)| > e},

w
il

flm (m=1,...,n).

Then fram 24.18,

2 2
X =/ _ sdy
=lak R n
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\%
™
[,
mN
0
<

il
™
-

2 2
(sm + 2sm(srl - sm) + (sn - sm) 1dy

n

2
L J_ (s_ + 2s (s_ - s ))dy.
1 Bm. m m n m

v

But

S sm(sn - sm)dy = [ Xg sm(sn - sm)dy

m R m

= [ X, S.dy [ (s. - s )dy
Bm Bmm Boo n m

=0,

S, = Sy being linear in the variables x SETIEIT: S This leaves

2
T >z [, s.dy
k=la-k m=1 Bm
n n
> T ey(@B) =e>(U B).
™ m
m=1 =1
And
n
U Bm
=1

is precisely
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{x € R: sup |s,(x)| > e}.
ms<n

Consequently, v £ > 0,

w 12 2
Yix€ER:sup |s . (x) -s (x)| >e} <= I a
k<n K m e? k=1 ™K
=>
w0 !
yIxeER:sup |s ,(x) =s (x)| >e} <= I a
k> 1 mtk m 82 k=1 mtk
or still,
0 S 2
v{ixER:sup [s ,(x) -s (x)| >e} <= I
k=1 ™K m 2 gl K

lim v{x €R: sup |s , (x) - s (x)] > e} =0.
m > k=21

24.20 THEOREM (Kolmogorov) Fix an element a = {a :k 2 1} in R . Assume:

z aﬁ < o —— then for almost every x € 1300, the series I a x, is convergent.
k=1 k=1
PROOF Put
s(x) =

1im sup sn(x)

s (x) lim inf sn(x) .
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{x:|s(x) - s(x)| > 0}

= U {x:|s(x) - s(x)]| > 2},
3

the union running over all positive rational e. We claim that
vix:|s(x) - s(x)| > 2} = 0.

To see this, note that v m,

s(x) - s(x)| < 2 su s . (x) - s (x)

Therefore

v{x:|s(x) - s(x)| > 2¢}

< vix: su s (x) - s (x)| > e},
X zpl I mk m I

so the claim follows upon letting m - «, hence

vix:|s(x) - s(x)| > 0} = 0.

24.21 EXAMPLE Take a = —]l<—-- then for almost every x € 1_300, the series

[}

) " is convergent, thus
k=1

vi{x egoozixli +~ 0} = 1.

Write Ijg for the subspace of 1300 consisting of those x such that % = 0



17.

for all but a finite number of k.

24.22 LEMMR Let B € Bor(R). Assume: Y(B) = 0 —- then V x; € R,

Y(x0 + B) = 0.

A linear measurable functional (IMF) on 1_3°° is a function

ME > R

whose domain E is a linear subspace of 1_300 of measure 1 such that A is linear

and measurable.

24.23 EXAMPIE Iet a = {ak:k > 1} be a sequence of real numbers: I a]i < @0 -
k=1

then for almost every x € 1_300, the series I X is convergent (cf. 24.20).
k=1

Since this set is a linear subspace Ea of 1300 of measure 1, the prescription

AMx) = L (x € E))
A .

defines a ILMF on _I_lm .

[Note: Observe that 1’,2 c Ea.]

24.24 REMARK Suppose that
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are IMFs -- then the domain of A\, + A, iS E nE2, which is a set of measure 1.

1 2 1
In fact,
Y(E UE,)) + y(E N Ey) = v(E) + Y(E,)
= 2.
But
y(El)
0,
l= <v(E, UE) <Y(R) =1
B Y (E,)

Y(El n E2) = 1.

Therefore )‘l + >‘2 is a IMF.

24.25 IEMMA Let M:E > R be a IMF — then R, < E.

0
PROOF Proceed by contradiction and assume that 3 Xq € B(; - E. Put
Et=txO+E (t >0).
Then Y(E_) > 0 (cf. 24.22). On the other hand, t. = t,=>E, NE =d.
t 1 2 t t,

Accordingly, {Et} is an uncountable collection of pairwise disjoint sets of
positive measure, an impossibility (Y(I_{m) =1...).

[Note: This argument shows that any linear subspace of Boo of measure 1

necessarily contains I};. ]
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Let

e = (0,...,0,1,0,...),

where 1 is in the Kk position —— then e € 1_2; and there is the evaluation

<ek,X>=Xk.

24.26 IFEMMA Let M:E > R be a IMF. Assume:

x(ek) =0V k.
Then A = 0 a.e..
[Write
Eso0 = Eso Y Ex
_ Ego = Eeo Y By
where
Eyg = {x € E: 2 (x) > 0}
~ E<0 = {x € E:A(x) < 0}
and
E=0 = {x € E:A(x) = 0}.
Then
Eoo= " Egp
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But

satisfy condition K, thus
1=vyE ) =vEH +v(E_)

l= Y(ESO) = Y(E<0) + y(E___O) .

1=v(E) =vY(E +VEL + v(E-

Therefore

.—J
Il
NS
I
=
il

Y(E, ) + Y(E ) + 2Y(E_)

= Y(E ) - Y(E - Y(E_,)

Y(E=O)
vix € E:A(x) = 0} = 1.

24.27 LEMMA Let M:E »~ R be a IMF — then

[+2]

pX ]A(ek) |2 < w,
=1

PROOF Given X € E, write

n
XxX= I + x ’
k=1 %k (n)
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x( = (0,...,0

n) Xl Zne2r o )

n
Ax) = kil kaek) + A(n) (x) (= A(x(n))).

Then V¥ a > 0, we have

S, exp(/~1 ax(x))dy(x)
R

n
=/ exp(/~Ia I x.A(e))exp(/-1 ak,_, (x))dy(x)
- o1 XMy (n)

n 2
1 t
= I —— J, exp(/~L ak(e )t - 5)dt x J _ exp(V~1 ar,_, (x))dy(x)
k=1 /21 B %k 2 R (n)
n a2 2
= B et IMe [ x S exp (/-1 ak\ (x))av ()

|/ e®(/~T ar(x))dy(x) |
R

<exp(—-a—2- : ey
< ) o1 ek .

00

2
Lo ae) ] =
llekl

I exp(/~1 ar(x))dy(x) = 0
R
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0= Lim / _ exp("T = A(0))dy(x)
n =+ « B

J . lim @:p(ﬁ%l—k(x))dY(X)
R n>w

S ldy(x) = 1.

10

Contradiction.

Suppose that A:E ~ R is a IMF —— then 24.27, in conjunction with 24.20,

implies that the series
T Ae) <e ,x >
oy kT %
converges a.e., thus defines a IMF A (cf. 24.23). Obviously,

A(ek) = Mek).
But the difference A - )\ is a IMF (cf. 24.24), hence A = ) a.e. (cf. 24.26).

Given two IMFs A, and A

1 27 write )\lz)\z if )\l=k2a.e.~thenzlsan

equivalence relation, so the set of all LMFs is partitioned into equivalence
classes [A].

N.B. Suppose that >‘l = >‘2 — then
Y{xle(x) = )\Z(X)} =1

=> (cf. 24.25)
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Ry © {x:h () = A, (x)}

Al(ek) = )\Z(ek) v k.

Denote by L2 the set of all IMFs modulo =.

24.28 LEMMA The map

[A] » {X(ek) :k 2 1}

is bijective.
PROOF Thanks to the preceding comment, our map is welldefined. That it is

surjective is quaranteed by 24.23 and that it is injective is guaranteed by 24.26.

24.29 REMARK Two IMFs are either equal a.e. or not equal a.e..



§25. RADON MEASURES

We shall first agree that:

1. The term "measure" means a nonnegative finite countably additive set
function whose domain is a o-algebra.

2. The term "topological vector space" means an infinite dimensional real
locally convex topological vector space which is Hausdorff.

If X is a topological vector space, then X* stands for its topological dual

#

(the set of continuous linear functionals A:X + R) and X' stands for its algebraic

dual (the set of linear functionals A:X + R).

25.1 EXAMPIE Let BT be the set of real valued functions on a nonempty set

T. Equip BT with the topology of pointwise convergence, i.e., with the topology

generated by the seminorms
P, (%) = x(t)y| (t€mD.

Then I_QT is a topological vector space. Its topological dual is spanned by the

§,, where

tl
cSt(x) =x(t) (t€ET.

In particular: Take T = N -— then R = 1300 and the topological dual of 1300 is 13:.

Let X be a topological vector space —- then the cylindrical c-algebra

Cyl(X) is the o-algebra generated by the sets of the form {x € X:\(x) < r},

where A € X* and r € R.




Obviously,
Cyl(X) < Bor(X),

the inclusion being strict in general.

25.2 LEMMA A set C belongs to Cyl(X) iff it has the form

C={x€X: (Al(x),...,)\k(x),...) € B},

where the >‘k € X* and B € Bor(l_}oo).

25.3 EXAMPLE Suppose that T is an uncountable set and let X = 1_2T ~— then

v x € X, {x} £ Cyl(X), hence in this situation, Cyl(X) is a proper subset of Bor(X).

25.4 RAPPEL X is a separable LF-space if it contains an increasing sequence

of linear subspaces Xn:X =U Xn subject to
n

(i) Vv n, X in the relative topology is a separable, metrizable, complete
topological vector space, i.e., V n, X is a separable Fréchet space.

(ii) If U is a convex subset of X such that v n, U N Xn is a neighborhood
of 0 in Xn’ then U is a neighborhood of 0 in X.

[Note: X is complete and admits a sequence {Ak:k > 1} < X* that separates

points.]

25.5 IEMMA If X is a separable LF-space, then

Cyl(X) = Bor(X).




Given a measure u on Cyl(X), denote by Cyl (X)u the completion of Cyl(X)

w.r.t. u.

[Note: Spelled out, A € Cyl(X) | iff 3 C},C, € CyL(X):

cC cAch&u(Cz—Cl)=O.]

1

25.6 REMARK In general, Cyl (X)u need not contain Bor(X). For example,

let T be an uncountable set and take X = BT. Define u on Bor(X) by

1]

uB) =11if 0 € B

i

u(B) =0 if 0 g B.

let B = BT - {0} == then u(B) = 0. But I_QT - {0} € Cv1(X) (since {0} & Cyl(X)),

thus the only element of Cyl(X) containing B is 1_2T and it has p-measure 1.

25.7 LEMMA Let u be a measure on Cyl(X). Suppose that A € Cyl(X) -- then

its convex hull and linear span belong to Cyl (X)u.

A Borel measure y on X is said to be a Radon measure if Vv B € Bor(X) and

Y € >0, 3 a compact set K ¢ B:u(B-K) < €.

25.8 REMARK It is not necessarily true that every Borel measure on X is

Radon but this will be the case if X is a separable LF-space.

25.9 IEMMA Iet u,v be Radon measures on X. Assume:



n|oyl(® = v|cyl(x).

Then y = v.

25.10 REMARK If Cyl(X) is a proper subset of Bor(X), then a measure on

Cyl(X) need not admit a Radon extension to Bor(X). For a specific instance of
this, take X = B[O’l] and let K ¢ X be compact and nonempty — then K £ Cyl(X)
(cf. 25.2). On the other hand, K c Xy % Xy where Xl is the product of countably
many copies of [-a,al (some a > 0) and X2 is the product of the real lines
corresponding to the remaining coordinates ( => X XX, € Cyl(X)). Now let y be
the [0,1]-product of the standard gaussian measure on R and suppose that ; is an

extension of vy to a Radon measure on Bor (X) —— then v B € Bor(X) & V compact K c B,

Y(B-K) = y(B) - Y(K).

But
YR < v(X X X)) =v(X x X)) =0,
meaning that y does not exist after all.
25.11 RAPPEL, Let U be a measure on Cyl(X) —— then the Fourier transform

of u is the function {:X* - C defined by the rule

0 = gy 1A g

[Note: 1§ is sequentially continuous on X* in the topology of pointwise

convergence, i.e., if )\n -+ A pointwise, then ﬁ()\n) + {1(}) (dominated convergence) .



Nevertheless, it is false in general that j is continuous on X* in the topology

of pointwise convergence (a.k.a. the weak topology).]

25.12 UNIQUENESS PRINCIPLE If 1,V are measures on Cyl(X) and if 1 = v,

then u = v.

[Note: Suppose that p,v are Radon and

uTCyl(X) = vTCyl (x).
Then
pjoyl(X) = vicyl(x)
=>
u=v.l

25.13 LEMMA Let p be a Radon measure on X —- then the linear span of

V=1 A

functions of the form e (A € X*) is dense in LP(X,p) (1 <cp< .

If X and Y are topological vector spaces, then

Bor(X) x Bor(Y) c Bor(X x Y),

the inclusion being strict in general.

Suppose that
1 is a Borel measure on X

v is a Borel measure on Y.

Then 3 x v is defined on Bor(X) x Bor(Y).



25.14 IEMMA If y,v are Radon, then y x v admits a unique extension p x v

t0 a Radon measure on Bor(X x Y).

Take X = Y and assune that py,v are Radon —- then the image of y X v under

the map
X xX~»X

(le) + Xty

is called the convolution of u,v, written uxv.

25.15 IEMMA The convolution p*xv is a Radon measure on X.

N.B. V B € Bor(X),

(uxv) (B) = fX p{B-x)dv(x) .

25.16 REMARK Suppose that
U is a measure on Cyl(X)

v is a measure on Cyl(Y).

(X x Y)* = X* x Y*

Cyl(X) x Cyl(¥) = Cyl(X x Y).

Therefore yu x v is defined on Cyl(X x ¥Y). Now take X = Y and define u*v to be



the image of p x v under the map

X xX~+>X

(%,¥) > x +y.

Then

W) ) = 7y & T A ) )

V=1 A (xty)
= fx x x € du (x)dv(y)

X dv (y)

STONIION)

25.17 IEMMA If X and Y are separable LF-spaces, then so is X x Y,

Accordingly, under these circumstances (cf. 25.5),

Bor(X x Y) = Cyl(X x ¥Y)

Cyl(X) x Cyl(Y)

Bor (X) x Bor(Y).

Let T be a Hausdorff topological space —— then T is lusinien if 3 a camplete



separable metric space P and a continuous bijection £:P ~ T.

25.18 EXAMPLE Every separable LF-space is lusinien but the Banach space

£° is not lusinien.

If X is lusinien, then every Borel measure i on X is Radon. In fact,

VB eBor(X) and v € > 0, 3 a metrizable compact set K < B:u(B-K) < €.

25.19 ILEMMA If X and Y are lusinien and if f:X - ¥ is a continuous

injection, then

B € Bor(X) => £(B) € Bor(Y).

25.20 ILEMMA If X and Y are lusinien and if £:X ~> Y is sequentially contin-

wous, then f is Borel.

25.21 EXAMPLE Let X be a separable LF-space. Equip X* with the weak

topology — then X* is lusinien. If now p is Radon, then
lzX* > C

is sequentially continuous (cf. 25.11), hence is Borel (cf. 25.20).



§26. INFINITE DIMENSTIONAL GAUSSTANS

ILet X be a topological vector space (dim X = »), X* its topological dual.

Let y be a probability measure on Cyl(X) — then y is said to be gaussian if for

every A € X*, the induced measure y o N E Y,) on R is gaussian.

26.1 EXAMPIE Take X = R -- then X is a separable Fréchet space, hence
Cyl(X) = Bor(X) (cf. 25.5) and X* = _1305 (cf. 25.1). Suppose that y is the countable

product of the standard gaussian measure on _13 (cf. §24) -- then Yy is gaussian.

Thus given A € X*, write

n
A= % rd,  (8,.(x) =x).
oy Kk Uk X

Then

V=1 ts
IB e dyx(s)

¥,.(6)

V=1 tA(x)
e

T ay (x)
R

n
= [ exp(;/——tZr)Tr
R 1 KK g

@IH
#

7%:\,

It

n

1
oI — [, exp(v-1 txr )e dxl
k=1 /27 B K%

= T exp(- % tzri)



n
= exp(-% (z rz)tz).

k=1 *
2 _ % 2
Therefore Yy, is the centered gaussian measure on R with variance ¢~ = I ry
k=1

(cf. 22.2).

[Note: In the sequel, we shall refer to y as the standard gaussian measure

<O
on R .l

26.2 LEMMA Suppose that vy is a gaussian measure on X -- then

AEX*=> )€ L2(X,Y).
thus
XeXk= )¢ Ll(x,y).

PROOF 1In fact,

2 _ 2 .
fx Ax)T Ay k) = th dy)\(t) < o,

26.3 THEOREM Let Y be a probability measure on Cyl(X) -- then y is gaussian

if its Fourier transform has the form

T = eI LY - 2 0(,N),
where I, is a linear function on X* and Q is a symmetric bilinear function on X*
such that v A, Q(A,A) = Q.

PROOF If ? has the stated form then v t € R

¥, (0 = Ir o/ L ts d, (s)



= TR 46

1N

e (AT L) - 3 £200,N),
from which it follows that y is gaussian (cf. 22.2). The converse is also
immediate: Thus, taking into account 26.2, put

LY = Jy AMx)dy(x)
QA" =/ () - L) A" (x) - LOA))dv(x).

One calls L the mean and Q the covariance of v.
A gaussian measure y on X is centered provided this is the case of the
Y o A_l. Since the Fourier transform of the measure C ~ y(- C) (C € Cyl(X))

is ?, it follows that vy is centered iff y(C) = y(~ C) v C € Cyl(X) or still,
iff L = 0.

26.4 EXAMPLE Take X = R and let Y be the standard gaussian measure on X

(cf. 26.1) —— then Y is centered and here

[+

Q") = I rx' (ALA ER).
k=1 kK'k 0

Given a gaussian measure y on X and an element h € X, let Yh be the image



of y under the map x + x + h.
[Note:

CeylX) =>C+ h e Cyl(X) (cf. 25.2).]

26.5 LEMMA V h € X, Y is gaussian.

PROOF Bearing in mind 26.3, one has only to observe that

?h(x) = fx e‘/__l A(x) dyh'(x)
_ ‘rx e/:f A (x+h) &y ()
= T A 54y

26.6 IEMMA If

v, is a gaussian measure on X,

Yo is a gaussian measure on XZ'
then Yy X Y, is a gaussian measure on X, x X,.
PROOF The conventions are those of 25.16:

so 26.3 is applicable.



[Note: Take X; =X, =X and conclude that Y1 * Y is gaussian as well.]

26.7 EXAMPLE The symmetrization Yg of a gaussian measure Yy is the con-~

volution:
Y€ = (y; * ) (V2 Q),
where
Ty, =Y(@©
(Ce ¢ylX))-

Thus Ysistheimageofyl*yzunderthemapx—>x//§andwehave

I

Yo = vy % v,) O/V2)
= ¥, W/V2)v,(A/V2)

SONDTOL)

U

= exp(FI LO/YD) = 5 00/VZ,A/VD))exp(= T LOV2) - 3 00/V2,0/V))
1 1
= exp(- 5 Q0 M))exp(= 3 9(,1)

= (- 3 00LN) = [ .




To simplify the exposition, we shall assume henceforth that X is a separable
IF-space (cf. 25.4), hence Cyl(X) = Bor(X) (cf. 25.5) and every Borel measure on

X is Radon (cf. 25.8) (in particular, every gaussian measure on X is Radon).

26.8 LEMMA ILet u be a Borel measure on X -— then LZ(X,u) is separable.
[For 3 a sequence of Borel functions that separates the points of X (cf. 25.4),

hence Bor (X) is countably generated.]

Given a centered gaussian measure Y on X, write X;*( for the closure of the set

X* < L2(X,Y) (cf. 26.2).
Then X; is a separable real Hilbert space and has an orthonormal basis consisting

of continuous linear functionals >‘k eX* (k 2 1).

26.9 IFMMA Vv f € X;, Y o f_l (= yf) is a centered gaussian measure on R
with variance

0% =117, .
L™ (y)

PROOF Fix f € x; and choose a sequence {Ak:k > 1} ¢ X* such that xk >~ £
in L2(X,y) — then _~ £ in L'(X,y), thus )_~ £ in measure and so, thanks to

a wellknown lemma in probability theory (see below), Yy, Vg weakly. Therefore
k

~

Yy V¢ pointwise, i.e.,
k



A ts
Y, (£) = [ e dy, (s)
M R A

e/:l— ts dyg(s) = Qf(t) .

But

~ _ 1.2 2
YAk(t) = exp(~ 5 7] [A,| !Lz(y))

and this has limit

1.2 2
exp(- 5 t°| |£]] ).
2 £2(y)

[Note: It is a corollary that

fe x; => e'fI € Ll(x,y).]

N.B. Let {F;k:k > 1} be a sequence of random variables on a probability

space (Q,A,1). Assume: + £ "in probability" (i.e., in measure) — then

gk
Ek + £ "in distribution" (or "in law"), which is equivalent to saying that

-1 -1
P P, weakl here, P = = ‘ .
26.10 REMARK For the most part, the elements of X; can be treated as

though they were functions rather than equivalence classes of functions but

there are occasions when this distinction has to be taken into account.



E.g.: Every f € X§ admits a linear model fo. Thus choose a sequence

{Ak:k > 1} c X* such that >‘k + f a.e.. The set {x:)\k(x) +~ £(x)} is certainly
Borel but it is not a priori clear that it is linear. To remedy this, let E,
be the set of x:{Ak(x)} is convergent —— then Ey is Borel, linear, and Y(EO) = 1.

Define fo as follows:

- fo (%) lim )\k(X) (x € EO)

"

fo(x) 0 xex- EO).

Then £, is Borel. Moreover, fOIEO is linear and f, = f a.e..
26.11 RAPPEL The Mackey topology on X* is the topology of uniform convergence

on the weakly campact convex balanced subsets of X. Every linear functional

A:X* » R which is continuous in the Mackey topology is representable, i.e.,

BXAEX:

v A EZX*, A(A) = A(xA).
[Note: Let xﬁ stand for X* equipped with the Mackey topology —- then the

canonical arrow
X~ (XD’&)*

is bijective.]

Suppose that X is a separable LF-space. Given a centered gaussian measure



Yy on X, define
R_:X* - Hom(X*,R)
YO Y -

by

Ry(f) () = fx f(x) A (x)dy(x).

26.12 IEMMA Vv £ € X?, the linear functional RY(f) :X* >~ R is continuous

in the Mackey topology, hence is representable, so 3 Xe € X:

vV A€ X*, RY(f) (A) = fo).

PROCF Fix e > 0 (& e < 1). Choose n € N: - log(l - ) < £2/2 and choose

6>0:36<%1—. Fix a compact set K ¢ X:y(K) > 1 = § and let < K > be the closed

convex balanced hull of K — then < K > is compact (X being complete (cf. 25.4))

(hence a fortiori, is weakly compact) and V X € X%,

1-Fm] =15 Q- &I 2 4y |

s S g s 11 - /"1 M) |ay(x) + 28.
Since

11 - LA _ oiginiix /) |

IA

2|A(x)/2] = |2 x) ],

it follows that

sup M| £8=>|1-F] <38<Z
< K> n
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= [1 - ep(- 700,00 <X

= ep(- 3 00,N) > 1- =

2

< - log(l - %9 < &

- 20uN)
=2 2

=> QL)) < e

A
™

= HMILZ(Y)

IA

=> |R (E) (W | < ||£]] [IA]]
RY LZ(Y) LZ(Y)

A

HE£] !Lz(y)sl

from which the lemma.

[Note: Take f # 0 and let {Xi:i € I} be a net in X* such that lim Xi = 0.

Given ¢ > 0, choose n and § as above — then

3i, = io(e):i 2 i

0 0

= sup |M] <8§= R E Q)| = ||£]] €.]
<K> T Ry 1 2 (v)
26.13 REMARK If y is not centered, then its mean

L € Hom(X*,R)

is representable:
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L)) = )\(aY) (3 aY € X).

[Note: The symmetrization Yg of vy is centered (cf. 26.7) and ¥ = (Ys)a .

¥
In fact,

/~1 Xa ),
e Y Y4\ (cf. 26.5)

Y. O

em(/T Ma,))exp(= 5 QAN

= eI LMY - 3 00,N)

=Y(\).

Because of this, the bottom line is that for most purposes, it suffices to consider

centered gaussian measures and their translates.]

Suppose that X is a separable IF-space. Given a centered gaussian measure Y

on X, put H(y) = RY (Xj;) —— then H(y) is called the Cameron-Martin space of vy.

26.14 EXAMPLE Take X = I}m and let vy be the standard gaussian measure on

X (cf. 26.1) -—- then the elements f € X:( are of the form

f(x) = I
e

o

where T, a.i<oo(cf. 24.20). And v \ € X* (=1_3°5),
k=1

REYN =/ £f£EMxIAY(X)
Y R°°
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[e¢]

= 3 akrk.

k=1

Therefore Ry(f) is represented by a = {ak:k > 1} and H(y) = £2.

The prescription

< xf,xg >

H(y) = fx f(x)g(x)dy(x)

equips H(y) with the structure of a separable real Hilbert space. Its closed

unit ball BH(y) is campact in X and V A € X*,

Q0N = S AWy = s A

h € BH(Y)

[Note: By construction, the arrow
R :X* > H
vy (v)

is an isometric isomorphism, ]

26.15 IEMMA Iet Y115 be centered gaussian measures on X. Assume:

H(y,) and []. — then y; = ¥,.

HH(Yl) B H'HH(YZ)

PROOF 'V X € X*,

T = s am?
h € BH(Yl)
: _ 2
Q,(A,A) =  sup A (h)
h e BHv(sz)

H(Yl)
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0 (AL = 9, (0,2)

~

Yy = Yy = ¥y = Yoo

Maintaining the assumption that y is centered, suppose that h € H(Y):h =

RY(f) (f e X;) — then vy <<y and

dy. 10,2

3+ (0 = et - 5l [hllg.)
or still,

vy 11012

— (%) = exp(f(x) - 5| |£]] ).

dy 2 L2(Y

To see this, let o be the density on the right hand side. Consider u = phy '

a Borel measure on X with Fourier transform

i) = exp(AT R (B) ) = %- o, )

exp (AT A(R) - 5 QA )

it

?hm A

26.16 EXAMPIE Let ¢ € IP(X,y) (p > 1) — then the function ¢:H(y) - R
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defined by

o(h) = [ X ¢ (x+h)dy (x)

is continuous.

[We have

fy ST () = fy 0 (x)dY; ()

dyh
= fX ¢ (%) & (x)dy (x)

i}

1 2
fx ¢ (X)exp(f(x) - —z-l |h| !H(Y))dy(x) .

Determine q > 1 by

el o

+ == 1 -— then the function

Qi

1 2
h » exp(f - “2“ |h| ‘H(Y))

fram H(y) to Lq(X,y) is continuous on bounded open sets and this implies the

continuity of ¢.]

26.17 EXAMPLE Iet 1 < p < r and suppose that ¢ € Lr(x,y) -— then Vv h € H(Y),
¢(-+h) € Lp(x,r).
[Choose t,s > l:tp =1r & t“1 + s"l = 1. Determine f € X?:RY(f) = h. An

application of Holder's inequality then gives
Iy 1oty [P av (o

r/t

= [y loGe) 7T dy (o)
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= Iy 1060 [7® @m0 - 2 1£]1%, )dve
L™ (y)

< Uy 166 |T dy(x))l/t(fx ep(sf () - 3{1£]1%, Haven /s
L™ (y)

= Uy 10 [F @y Y eSS 2] 12, ),
L ()

which is finite.]

[Note: Thanks to 26.9,

rg e aym =5y Va0 £y
2
_ 1 Sy Y
= e - ——'—'—-2————-)(1}’
gl , vam 2 2|]£] 1%,
L™ (y) L™ (y)
52 2
= exp(—z—Hf]I 5 ) (cf. 24.6).
L (y)
Therefore
2 1/s
(f., exp(sf(x) - =||£]] )dy (x))
X 2 2y
= (0 & a0V (ep- §l1511%, Ve

X L (y)

-1 2
= exp(E=| | £] | ).]
2 LZ(Y)

26.18 REMARK The function
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H(Y) » IP(X,v)
h > ¢(-+h)

is continuous.

26.19 LEMMA Let y be a centered gaussian measure on X — then

H(y) = {h € Xayy, v Y}.

What we know so far is that H(y) is contained in {h € Xayy, v v}, thus

it remains to be shown that
Yy, v Y =>h € H),

a fact whose proof depends on same auxilliary considerations.

26.20 REDUCTION PRINCIPLE Let y be a centered gaussian measure on X. Fix

an orthonormal basis {Ak:k > 1} for X¢ consisting of continuous linear functionals

which separate the points of X. Define T:X - Boo by

Tx = {)\k(X) tk = 1},

1

Then the induced measure vy o T — on Boo is the standard gaussian measure on 1_300 (cf.

26.1). Indeed, V A € 13"5,

e/-:i_ A (%)

yeTHW =/ dly o TH) (%)
R

-
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= I e/;T A (Tx) dy (x)

exp(- 2 0(A o T,\ o T))

n n
L r , L ToA,))
L e It

exp(- 5 O
k:

n

1

=exp(-5 I 1,r,Q(,1)))
2 o K%
1 ! 2

=exp(-5 X 1)
2k=lk

= Y(\)

=>
yoT =y

in the obvious abuse of notation... .

N.B. To establish the existence of the A, fix a sequence {)\]'c:k 2z 1} c X*
that separates the points of X and fix a seguence {)\]';:k > 1} ¢ X* which is dense
in X;. Consider >‘l’>‘]..'>‘2'>‘§" .. . Proceed recursively and throw out any element

in the span of its predecessors. Apply Gran-Schmidt to what remains — then the

result is an orthonormal basis {Ak:k > 1} for X; consisting of continuous linear

functionals which separate the points of X.



Given h € X, denote by Ah the map x - x + h — then by definition,

-1

Yoo Ry .

26.21 LEMMA V h € X,

PROOF V B € Bor (R),

(Y © T ()

On the other hand,

(Y o T g (B)

T being one-to-one.

26.22 IFMMA The image under T

PROOF LethX;—‘thenTXf=

Me (xf)

18.

(Y © T )y

1l

(v o &t o T (B)

H

YT i@ - h.

(Y o 1 (B - Th)

Y (T-l (B) - T—]'Th)

yr @) - h),

of H(y) is }&2.

{?\k(xf):k =z 1}. But

[ £ () dy () .

(o]

T < £N > A
k=1 k7 M

Yh:'
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g 2
% ]< £, >| < o
k=1 )\k

TH(Y) < ﬂzo

\%

To go the other way, let {a :k > 1} € 2% and define f € X% by

f= I A .
1 Xk
Then Xe € H(y) and
'I‘xf = {Xk(xf) :k = 1}
= {< f,xk >:k 2 1}
= {ak:k > 1},

[Note: It follows from this that if Tx € 1’,2, then x € H(Y).

Th = Tx => h = x.]

To complete the proof of 26.19, suppose that Yh n Y — then

1 1

o T '\IYOT_

Th
or still,

(y o T'l)Th Ny e TL.

But, as will be shown below, Th € £2, hence h € H(y), as desired.

For 3 h € H(Y):
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Thus take X = I_goo and let y be the standard gaussian measure on X (cf. 26.1) —

then v h € R,

0

Yo, = I v, o
h =1 h,k
where
dvy k= T,k )
and

fh k(xk) = GXP(- 5 (xk hk) )

00
So, Vh',h" €ER,

o]

m o vE ., VE.
TR Rk ek P

e}

= 1 exp- 3 () -0P

k=1
which is convergent iff
h' - h" € 27,
Consequently (cf. 24.4),
Ypr © Yo <= h' - bt € 22,
In particular:
yhmy<=>h6£2.

[Note: If h g 22, then Yh % v, hence Yp LY (cf. 24.3).]
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26.23 REMARK If h ¢ H(y), then Yh % vy but more is true: Yh Ly (as was

noted above in the case when X = Ijm) . To see this, fix a Lebesgue decomposition

of Y w.r.t. v:

Yy =P to (p <<y, 01Y).

Then the claim is that o = 0.

oY A E X*,
~ 1 -t
Jo Yo (Ed) — e dt
R o
1 - 202
= fX (fR exp(V-1 tA(x)) — e dt)dvh(x)
= /2
= . expl- 2 Ax)Ddy, (x) (cf. 24.6)
X exXp 3 'Yh . .
> [y ep(- 3 A0 .
v A€ X*,
. 1 - t2/2
J ¥ (EA) —— e dat
N T
ST 1 - t2/2
=/ (J, exp(v/-1 tA(x + h)dy(x)) — e dat
R "X /T
= [ exp(/~T tA(h) - £ A2, ) e €72 g
R 2 ) vam
2
= 1 (- A (h) (cE. 24.6).

iz, +nt? 2215, +D
L7(y) L7(y)
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Since h  H(y), Vk € N, 3 ) _ € X*:

k

A | =1s At >k
k L2('Y) k
Put

Ny = xk//i'k(h) .

Then Ny > 0 in LZ(X,Y), hence it can be assumed that T 0 a.e. [y]l. But

p << vy, SO N 0 a.e. [p] as well. Therefore

2
0 = lim > 1 173 exp(- ng(h)
k"°°(|!nkH2 + 1) Z(anllz + 1)
L™ (Y) L™ (y)

v

Lin J, exp(- 3 1 () 2)dp(x)

k >

= fX 1dp (%)

p(x) = 0=>p=0.

26.24 ILEMMA Let Yy be a centered gaussian measure on X. Suppose that E ¢ X

is a linear subspace of measure 1 —- then v h € H(Yy), Yh(E) =1,

PROOF According to 26.19, Y VY- This said, write

1= Yh(X) = Yh(E) + Yh(X - E).
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Y(X-E) =0 = Yh(X-E) =0 = Yh(E) = 1.

26.25 LEMVA Let vy be a centered gaussian measure on X. Suppose that
E c X is a linear subspace of measure 1 -- then H(y) c E.

PROOF Take an h € H(y) and assume that h € E — then

EN(E-h) =4

Y(E U (E-h)) + Y(ENn (E - h))

Y(E) + y(E - h)

Y(E) + Y (E)

1+0=1+1 (cf. 26.24),

an impossibility.

26.26 REMARK Actually

H(Y) = N E,
E

where E < X runs through the linear subspaces of measure 1.

[If h £ H(Y), then V k € N, 3 X

* .
kEX.

[Nl 5 =1lsn () >k (cf. 26.23).
L (Y)
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Denote by E the set of all x € X such that the series

© -.2
Ik T ()
k=1

is convergent -—— then E is a linear subspace of measure 1 but h £ E.]

26.27 LEMMA Let Yy be a centered gaussian measure on X — then Y (H(y)) = 0.

PROOF 1In the notation introduced above, T %) = H(y). Therefore

(v o THe?) =y twe?) = y@Em).

But (cf. 24.11)

(v o Th (22

]
o
.

26.28 ILEMMA Iet Y be a centered gaussian measure on X. Suppose that 1:X > Y

is a continuous linear embedding, where Y is a separable LF-space —- then
-1
H(Y) = H(y o 1 7).

PROOF V h € H(Y),

Y, v Y (cf. 26.19)
=>
(y o 1—1)1(h) NY oo 1
=>
-1
1(h) € H(y o 1 7) (cf. 26.19)

W(y) < Hiy o 1 D).
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Turning to the converse, note first that (y o 1—’1) (1X) = 1, hence

X o Hly o 1Y) (cf. 26.25).

Now take h' € H(y o 1 1) and write h' = 1(h) (h € X) — then

(y o 1_l)h. vy ot
Yp VY = h € H(y) (cf. 26.19).

Let y be a centered gaussian measure on X. Denote by spt y the intersection
of all closed subsets F < X with y(F) = 1 — then
spt v = {x € X: v open U>{x},y(U) > 0}

y(spt y) = 1.

[Note: spt y is called the topological support of y.]

26.29 ILEMMA We have

spt v = H(Y).

PROOF To begin with, ifAEX*andifH)\Hz = 0, then A = 0 a.e., thus
L™ (v)

Y{Ker A) = 1. Iet D be the set of all such A -- then
spt Yy ¢ N Ker A
AED

and we claim that
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N Ker A < H(Y).
AED

This is obvious if H(y) = X, so assume that H(y) # X and, to get a contradiction,

choose

xOE n Xer A, xogH(Y).
AED

By Hahn~Banach, 3 A € X*:

A, = 1, A[ET = 0.

<A > = Ax) =0 (x) € HY)

AED= Alx

f
e

o

Take now any X € spt y — then

x + H(y)

n

spt v

|

spt v < H{Y)

b

+
=
2

n

|
|

w®
+
jax]
~3
i
o
2

U S Y

H(y) < spt v.

In summary:

spt Yy « N Ker A c H(y) < spt v.
AED
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Therefore

Let y be a centered gaussian measure on X —-- then vy is said to be nondegen—
erate if spt y = X. So, in view of 26.29, y is nondegenerate iff its Cameron-

Martin space H(y) is dense in X.
[Note: If vy is nondegenerate, then X = 0 => Q(X,2) > 0 (X € X*). Proof:

QAN =0 (A2 0) = ||A]] 5 =0=>y(Rer }) =1=>Ker A> H(Y) =>Ker A =
L™ (v)

Rer A o H({y) =X = A= 0.]

26.30 EXAMPLE Take X = 13_°° and let y be the standard gaussian measure on

X (cf. 26.1) — then H(y) = 22 (cf. 26.14). But 2> I_fg and _13;0 is dense in I_z°°.

Therefore Yy is nondegenerate.

26.31 ILEMMA Let Y be a centered gaussian measure on X. Suppose that

B € Bor(X) and y(B) > 0 — then 3 r > 0:
rBH(Y) < B-B,

where B,

H(y) is the closed unit ball in H(Y).

PROOF The function

H(Y) >~ R

h »v((B + h) n B)
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is positive at zero and continuous (cf. 26.16 and 26.17) (observe that

Y((B +h) nB) = fx xB(x - h)xB(x)dY(x)) .

So3r > 0:

h € rB

e 0y) = vy((B+h) NnB) >0

=>h € B - B.

Here is a corollary. Let E be a linear subspace of X of positive measure —-

then

H(y) < E.

26.32 ILEMMA Iet v be a centered gaussian measure on X — then the set of

functions of the form

B () B (A)

N _n_

‘fk:!_ e o o m 7
n

where the
A, EX* & < A, AL > = 6.,
i i’"j ij

is total in L2 (X,Y).

26.33 THE ZERO-ONE IAW Suppose that B € Bor(X) and satisfies the condition

Y, (B) = v(B) Vvhe H(y).

Then either y(B) = 0 or y(B) = 1.
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PROOF Iet >‘l""'>‘n € X* and assume that the >‘i are orthonormal in L2(X,Y) .

Put hl = Ry(kl) ,. ..,hn = RY()\n) and consider the function

F(tl,...,tn) = A(B - tlhl - e - tnhn).

Since v h € H(y),

Y(B) = Y(B - h)

Iy Xg - p R Y ()

fX Xg (x + h)dy(x)

1 2
Iy Xgx)exp(£(x) - 5[ |h lH(Y))dY(X) ,
it follows that

F(t]_’ LN ] ,tn)

n 1, 2 2
= Iy xB(x)exp(iil i (%) = 5 Iizl t.h, | |H(Y))dY(x)

-is constant. So, for any collection k

1reee ,kn of nonnegative integers, not all

of which are zero, we have

Ryt ootk
9
X

1
Btl

F = 0.
...atn“ 0,...,0)

But, fram our assumptions,

n 2 n 2
Il & t.h|] = I t;.
j=1 11 H{y) j=1 *
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And
kyt#-e.tk
i - ( L A (x) - X s 2,
k k=P (2 A& -5 It
atll...atnn i=1 T 2i=1 *l¢o,...,0
= Hkl(}\l(X))“'Hk (A, ).
n
Therefore

fx X5 (X)Hklo‘l (x))-- 'Hkno‘n(X) )dy (%)

= 0.

Owing now to 26.32, Xg is necessarily a constant and the only possibilities are
0 and 1.

Consequently, if E is a linear subspace of X of positive measure, then

Y(E) = 1. 1In fact,

Y(E) > 0 =>H(y) «c E=> y(E) = 1.

26.34 LEMMA Suppose that L € Bor(X) is affine —— then either y(L) = 0
or y(L) = 1.
[Note: If E is linear and if L = E + h, where h ¢ E, then y(L) = 0. For

Y(E -~ h). Therefore

otherwise, y(E + h) = 1. But y is centered, hence Y(E + h)

Y((E+h) U (E-h)) +y((E+h n (E-h))

v(E + h) + y(E - h)

1+vy@ =1+1,

which is nonsense.]
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Let v be a centered gaussian measure on X -- then a Borel function p:X - R

is said to be a measurable seminorm if 3 a linear subspace E of X of measure 1

such that the restriction pl|E is a seminorm.

[Note: In view of 26.25, H(y) < E.]

26.35 EXAMPLE Take X = 1300 and let vy be the standard gaussian measure on X

(cf. 26.1). Set
n
1
p(x)=( I
n n k=1

2)1/2
Then
p(x) = lim sup pn(x)

is a measurable seminorm such that p =1 a.e..

26.36 LEMMA ILet Y be a centered gaussian measure on X. Suppose that p is

a measurable seminorm —— then pl|H(Y) is continuous.
PROOF Fix n:Y(Bn) > 0, where

B_ = {x:p(x) < n}.

n
Fix r > 0:

rBH(Y) c Bn - B (cf. 26.31).
Then plBH(y) is bounded, hence p|H(Y) is continuous.

26.37 THEOREM (Fernique) Let y be a centered gaussian measure on X. Suppose

that p is a measurable seminorm — then 3 o > O:
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Iy @ (op’ ()Y (x) < .

PROOF In order not to obscure the overall structure of the argument with
measure theoretic technicalities, it will be convenient to assume from the outset

that p is a seminorm. This done, vV t,t' € §>0, we have

Y(p < B)y(p > t')

Ir dy (x) dy (y)
p(x) < t,p(y) > t!

= ff dy (u)dy (v)
pEY) < ¢, p(m) > !
VZ v
< Jr dy (u)dy (v)
p > 2=t pw) > £
V2 V2

t'-t,,2

yip st)ylp>t') < (v(p > 3~
/2

Choose tO > 0:

_ 1
r—y(psto) > 5

The assertion of the theorem is trivial if r =1, so take r < 1. Define tn(n > 0)

recursively by the prescription

t =t

n 0 ﬁl

+ tn-l
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Then
t =t L+ VD (D™ - ).
Put
. ry = Y(p > to)/r
Ty Y{p > t )/r.
By the above,
.- Y(p > tn)
n Y < ty)
) Y(p s tO)Y(P > tn)
Y s ty?
- 2
t -t
0
Y(p > =)
< V2
Y(p < to)
- — 2
_ Y >t )
Y{p < to)

(vip > t,_))/0)°

_ 2
= ()

1-r 2"
yYlp > HQ < rﬁj?ﬂ .
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Then

IA

A
L]

IA

IA

A
ial

A

i)

pStO
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fy @ (op” (x)) dy ()

2

2
e>cp(at0)

2

2
exp(oato)

2
eXp(ato)

2
exp(ato)

explop? () )dy (x) + z explats, )v(t < p <

® 2
+ Z\o eXp(atn+l)y(p > tn)
n:

0 n
+ 1 r&EDH? epuatia + 2
n=0

+r I exp(2n(log‘l—;xl + 4at§(l + 1/?)2))
n=0

+rt exp(zn(log ']:?—:E

+C log £))
n=0

[+]
+r 3 exp(2®(1-C)1log l;—r-)
n=0

o n
+r 3 (EHTG2

n=0 r

tn+l)
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[Note: Here
4(1+/'2')2
¢~ <4
=>
l1-Cc>0
and
}-<r<l=>0<1——£<l.
2 r
Therefore
0 < EHC <1

26.38 REMARK Because
2 2
explop™ (X)) 21 +ap ™ (x) (a>0),

it follows from 26.37 that p € L2 (X,v).

26.39 EXAMPLE ILet f:X ~ R be Borel. Assume: 3 a linear subspace E of X

of measure 1 such that the restriction f|E is linear — then f € L2 X,v).

Take an £ € x¢ and let £, be a linear model for £ (cf. 26.10) -~ then

0
H(Y) < E (cf. 26.25), fOIH(Y) is continuous (cf. 26.36), and by construction,

v h € H(Y),

£,0) = lim A _(h)

k>



il

i

3

6.

lim < g,X >

k—>oo

<gqg,f, >
0°.2
L™ (y

< h'Ry(fO) >

k"2

L™ (y)

)

H(y)®

(h = Ry(g))



§27. DICHOTOMIES
Let X be a separable LF-space.

27.1 THEOREM (Feldman~-Hajeck) Let Y1 Yy be gaussian measures on X —— then

either Y] VY OF Yy L Y,

Our primary objective in the present § is to give a proof of this result.

To begin with, there are two possibilities:

dim X < «

The finite dimensional case can be treated directly sans machinery (cf. infra).
The infinite dimensional case is, of course, more camplicated but the introduction
of certain measure theoretic generalities will help smooth the way. Before getting

involved with this, however, we shall first make some preliminary reductions.

27.2 EXAMPLE Suppose that Y is centered —— then v h € X,

Y Y, if h € H(Y) (cf. 26.19)

Y LYy if h ¢ H(Y) (cf. 26.23).

Therefore V hl,h2 € X,

yhl " yhz if hl - h2 € H(y)

th L Yhz if hl - h, Z H(Y).



27.3 IeMA If Y 7Y, ave centered and if Y1 & Yor then v hl,h2 € X,

() & () -

PROOF Assume, as we may, that h2 = Q0. If hl € H(yl) , then (Yl)h v Yqr
1

hence (yl)hl L Yye So suppose that hl 4 H(yl) . Fix a linear subspace Eq:

yl(El) = 1 and hl 3 E, (cf. 26.26) -~ then

(yl)hl(El + hl) = 1 and Y2(El + hl) = Q,

thus (Yl)h L Yye
1

Admit for the time being that 27.1 is true in the centered situation. Write

Y = ((Yl)s)al (@) = avl)
(cf. 26.13).

Y2 = ((Y2)S)a2 (a2 =a )

Assume that Yy yé Yo — then we claim that Yy v Ype
Step 1: (y)g £ (vy)g (cf. 27.3).

Step 2: (Yl)s " (yz)S (by hypothesis) (symmetrizations are centered).

Step 3: ((\(1)5)612 N ((Yz)s)a12 (obvious) .

Step 4: ((Yl)s)al £ ((Yl)s)a2 (use Step 3).




Step 5: ((yl) S) a, v ((yl) s) a, (cf. 27.2).

Step 61 (1) g), v ((r)g),  (use step 3).

Therefore

Y1 £y => Yy v Yo

In other words, the centered case implies the general case.

27.4 IEMMA Let YyrYg be centered gaussian measures on 13n —— then either

Yy v Yy OF Y L Yy

PROOF 1t can be assumed outright that Yy ® 60, Y, # 60. This said, put

— = n

L, = KR
(cE. 22.5).

_ n

L, = KR

If Ll n L2 is a proper subspace of Ll or L2, then Y1 L Yp- E.g.: Say Ll N L2

-L.NL

is strictly contained in L,, so Yl(Ll N L2) =0. LetA-= Ly 1 >

(=> K" - A> L,) - then

Yl(A) =1
=> Y7 L Yoo
YR -2 =1
Thus the upshot is that Yy L Yy unless Ll = L2. Accordingly, there is no loss



of generality in supposing that Ll L2 = 13n and both Y1rY, are nondegenerate

with densities

1 1 -1
p. (x) = exp(- 5 < X,K,;7x > )
Y1 ((2m™ et ky) 1/2 2 1
1 1 -1
p, (x) = , exp(- = < x,K, x> ).
N (2™ get k12 2 2

But then Yl " Y2°

Assume henceforth that dim X = «. Iet Y15 be centered gaussian measures
on X. Define T:X » 1_300 per v, as in 26.20 —— then T is a continuous injection.

But X is a separable LF-space, thus X is lusinien (cf. 25.18) and so T sends

Borel sets to Borel sets (cf. 25.19).

27.5 1EMMA Let u,v be Borel measures on X -- then

B vV <=> poT-l’\/\)°T—l

HoLv <= LlOT-lJ_\)OT—l.

[This is immediate.]

Put



Then P1 is the standard gaussian measure on Boo (cf. 26.20), while P2 is a centered

. [s0]
gaussian measure on R .

27.6 I1EMMA Either P '\JonrP 1 P.,.

1 1 2

Since

P. AP =>Yle2

Py £ By = vy LYy

27.6 serves to complete the proof of 27.1.

27.7 LFEMVB If H(Pl) n H(PZ) is a proper subspace of either H(Pl) or H(PZ) ’

thenPl L P2.

PROOF Assume 3 h €ER:hE H'(Pl) &hg H(P,). Choose a linear subspace
E:PZ(E) =1&hgE (cf. 26.26). Since h € E, Pl(E +h) =0 (cf. 26.34), i.e.,

(Pl)_h(E) =0, But - h€e H(Pl) , which implies that Pl N (P (cE. 26.19), so

1) -n
(B))_,(B) = 0 => P (B) = O.

Therefore Pl 1 Pz.

Consequently, Pl L P2 unless H(Pl) = H(Pz) , a condition that we shall assume

to be in force fram this point on.



[Note: Recall that Pl is nondegenerate (cf. 26.30), hence the same is true

of P2.]

Let us now turn to the results from measure theory that will be needed to
complete the proof (details can be found in any sufficiently enlightened text on
probability).

Fix a measurable space (Q,A) (i.e., Q is a nonempty set and A is a o-algebra

of subsets of Q). Given a pair of probability measures P]_,P2 on (Q,A), let Py /P,

be the Radon-Nikodym derivative of P;,P, w.r.t. P, + P, -— then the Lebesgue

2 1 2

decomposition of P2 w.r.t. P; can be written as

Py
P2(A) = fA (EI)dPl + P2(A n (pl = 0)) (A € A).

27.8 IEMMA We have

— P, 1/2
(L) Pl L P2 <=> fQ (—E-)I) dPl = 0
(<<) lin £ (3 ap, =1
<<) P, << P, <=> lim ) =13.
1 2 N Q pl 1

Suppose that Al c A2 c -+« is an increasing sequence of sub o-algebras of

A such that A= o( U An) - Let o denote the Radon-Nikodym derivative of the
n=1

absolutely continuous part of Py o = P2[An w.r.t. Py = Pl]An — then V o € 10,1[,

sl 1,



p20€
fQ (EE? dPl

27.9 IEMA We have

3 1/2 _
(1) Pl 1 P2 <=> Hr'if fQ (pn) dPl,n =0
(<) P, << P <=> 1im inf /. (p)% ap. = 1.
1 2 0 oi'a o 1,n

Specialize and take Q = I_{w, A = Bor(R),
- _ -1
Pl Yl o T
-1
Pa=YyeT

and let An be the o-algebra generated by the coordinate functions Sk k=1,...,n)

(8,60 = %) -

27.10 1EMMA If Py X P,, then P; v P,.
[Note: Obviously,

27.10 => 27.6 (=> 27.1).]

It will be enough to show that Pl << P2 and for this, we shall employ 27.9.



27.11 LEMMA Suppose that Y1Yp are two nondegenerate centered gaussian

n _. el
measures on R with densities

- 1 1l -1
p, X)) = exp(- 5 < x,K,x > )
1 ((2m™ det k) 1/2 2 1
1 1l -1
p, x) = exp(- = < x,K,x > ).
Yy ((2m ™ det K?_)l/ 2 2 2
Let Al,...,)\n be the eigenvalues of Ki/z K;l Ki/z -- then vV o € 10,1,
dyz o
J () dy
1_,:n dyl 1
1-o o
=f _(p. ) (p, )" dx
N Y2
n | )\i —11/2
= I
k=1 | uxk + (1-0) _
Define
T :Roo >~ R?
n —— —

by

Tn(x) = (61(x),-..,6n(X)) (= (xl,.--.xn)).

Then 27.11 is applicable to



Then

Iet

Pn (x) =

Il
=

k=1

P2
S (T ) (x € R

1,n

)\k(n)oc —1/2

oc)\k(n) + (1-a)
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With this preparation, we are ready to proceed to the proof of 27.10. If

Pl L P2, then
. 1/2
inf [ (pn) dPl,n >0 (cf. 27.9)
n R
or still,
n |7 2/}\k(n) “l11/2
inf 1 ——— >0
n k=1 | AW
or still,
n | Ay (m) +1 -
sup I —_—— < o
n k=1 2/)\k(n)
or still,
n | A () +1
sup X — -1 <,
n k=1 2;/)\k(n)
_ X+l
27.12 1IEMVA Let f(x) = —— (x > 0) == then for M > 1,
2/

{x:1 < £(x) < M} = [xl,xz] (0 < X <X, < )

anc'iflrl,r2 (0<rl<r2<oo) suchthatforxlsxsxz,

rl(l-x)2 < f(x) -1 < rz(l-x)z.

Therefore

n 2
sup I (Ak n-1)" <=
n k=1
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and 3 positive constants Cl,Cz: vk &vn,

Using these facts, we shall now prove that

lim inf f _ (p)%ap, =1
at0 n R n Lm '

from which P, << P2 (cf. 27.9).

1
Rephrased, the claim is that

1/2

n
lim inf II
av0 n k=1

A ()
oaxk(n) + (1-a)

I.e.: Ve>0(&e<1l), 3ale) €10,1(:

1/2
>1-¢

n
It
k=1

A (m
ockk(n) + (1-a)

for all o € 10,0(e) [ and for all n € N.
Take logs on both sides:

n

¥ (o log Ak(n) - lOg(oc)\k(n) + (1-a)) > log(l-¢)
k=1

(N

or, as is more convenient,

n

Z  (loglod (n) + (1-a)) = a log A (n)) < - 2log(l-€).
k=1



12,

27.13 LEMMA I‘f—l<xlsxsx2and0<oc<l,thenﬂc>0(depending
on XX, but independent of a) such that

log(l + ox) - o log(l+x) < aCx2.

To apply this in our situation, note that

Cl < Ak(n) < C2

-—l<Cl—ls>\k(n)—lsC2—-l

log(1 + a0y (W=1)) - a log(l + A (W-1) < aCOy (m)-1)°

log(ah, () + (1-0)) = o log(A () < aC(A, (m)-1)°.

Fix M > 0:
n 2
sup I (Ak(n)-l) <M< oo,
n k=1
Then

n

pX (log(ockk(n) + (1-a)) = a log )\k(n))
k=1

n 2
<soC I ()\k(n) -1)" < o CM.
k=1
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It remains only to choose o/(g):

a(e)CM < - 2log(l~c).

Having finally dispatched 27.1, suppose again that X is a separable ILF-space

(dim X = «),

27.14 IEMMA 1et ML be centered gaussian measures on X -~ then
H(y) = Hlyy) => vy L v,

[Arque as in 27.7.]

27.15 LEMMA If H(yl) = H(Yz) but the norms

He 11
H(Yy)

‘|
|l IH(YZ)

are not equivalent, then Yy L Yoo

PROOF Choose a sequence {)‘k:k > 1} c X*:

A +0 (k>
k Lz(Yl)

Il 5 =1 vk

L (Yz)




14,

and assume that >‘k +~ 0 a.e. [Yl]. Let

E = {x:kk(x) + 0}.

Then yl(E) = 1. On the other hand, either YZ(E) = Q0 or YZ(E) =1 (cf. 26.34). But

Yz(E) = 1 is untenable, hence YZ(E) = 0, so Yy L Yo

N.B. Let {gk:k > 1} be a sequence of random variables on a probability
space (Q,A,u). Assume: The Ek are centered gaussian and converge in measure
to a random variable §{ — then £ is centered gaussian and gk + £ in Lz(u) .

Assume that H(yl) = H(yz) . Assume further that the norms

RIS

Vg,

are equivalent. Put

T H(y)

Fix an invertible bounded linear operator T:H -+ H such that v h,h' € H,

< h,h >H(Yl) = < Th,Th >H(Y2) .



15.

[Note: T is positive and selfadjoint per < , >

H(Yl) or <, >

q (Yz) (see the

Appendix to §l).]

27.16 THEOREM (Segal) YL VY iff T - I is Hilbert-Schmidt.

27.17 EXAMPIE Suppose that y is a centered gaussian measure on X. Given
r > 0, define y' by the rule Y (B) = y(xrB) (B € Bor(X)) —- then H(y) = H(Y")

and the corresponding norms are equivalent. But vy L Yr unless r = 1.

r r
[Note: More generally, if ry > 0, r, > 0 and if Iy # Yoy then vy 1 Ly 2.

r. r,/r r
Proof: (v 1) 2 T =y 2]



§28. CHAOS

Let X be a separable LF-space (dim X = =), Suppose that y is a centered

gaussian measure on X -- then X; is a separable real Hilbert space and vV £ € x;,

Y o f-1 (= Ye) is a centered gaussian measure on R with variance

a6)? = ||£]]%, (cE. 26.9).
L (y)

28.1 LEMMA We have

x* « n P,y
O<p<eo

andvaX?

1£ll, = 2 0 @h/m P )],

In addition, X; is a closed subspace of Lp(X,Y) and is closed w.r.t. convergence
in measure.

[Note: The topology of convergence in measure on X;‘( coincides with the
L2-topology, hence with the P ~topologies.]

28.2 REMARK It follows from 28.1 that a finite product fl'”fn (fi € XZ‘{,

i=1,...,n is in IP(X,y) (0 < p < ®).

28.3 IEMMA Iet £

*
l,ooo,fn E XY.



n odd:
fx fl...fndy = 0.
n even:
n/2
fo £y fdy =3 T S, £, £. dy,
X17""n =1 X Iy

where the sum is over all partitions {Pl""'Pn/Z} of {1,...,n} such that

P, = {i,3,} with i, <3 (k=1,...,0/2).

28.4 EXAMPIE Suppose that fi=f (i=1,...,n) -— then

0 (n odd)
fX fndy =
(1)1 6B (n even).
[Note: Here
(n-1)!! =13 ««+« (n-1).]
28.5 RAPPEL
BO(x;) = ni)O BOn(X;’;)

is the bosonic Fock space over X{‘(

[Note: The fact that we are working over R rather than C is of no importance.]



Let fl’fZ’“' be an orthonormal basis for X:;. Take n > 0 and consider any

sequence g = {kj} of nonnegative integers, almost all of whose terms are zero,

with ¢ kj =n. lLet

Then the collection {fn(K)} is an orthonormal basis for BOn(X$) (cE. 6.4).

28.6 LEMMA Iet {fj} be an orthonormal basis for X¢ -~ then the functions

o B (E))
1 3
=1 /ST

constitute an orthonormal basis for L2 (X,v).

Let W, denote the closed linear subspace of L2 (X,v) generated by the

- Hk (£.)
S N
=1 /K]

where ¥ k. = n, and let In denote the orthogonal projection of L2 (X,v) onto

J
W_ ~- then
n

LZ(X,Y) = & W
n=0

and v £ € LZ(XIY)I



[Note: Obviously, W0 = R ard Wl = X;.]

28.7 REMARK The chaos decomposition of L2(X,y) is, by definition, the

splitting @ Wn.
n=0

[Note: The chaos decamposition is independent of the choice of the ortho-

normal basis in X§ .]

Define now
Tn:BOn(X;) - Wn
by
(£.)
Tnfn(K) = [ —— (% kj = n).
3=1 ij! J
Then

T:BO(KY) > L% (X, v)
is an isometric isomorphism.

In particular: v £ EX’; (f = 0),

fn n £
TE = 11, B (

L L
vl HEL

1l

3

I (£).



Therefore
o f®n
T (£) =T(x —)
=2 n=0 /nT
= ||£]15
=1 —2n 5t
=0 £l
Put
1 2
Af=exp(f-—2—[[f||2).
Then
1 2
A = exp(f - 5 |[E][))
£ 1 2
=eXP(Hfl[2 "‘z‘Hsz)
T
n
NG
e
=>
T exp(f) = Ag.
aAnd
®© B oo 1 n
Af = X In(Af) = ET'In(f ).

n=0 n=0

28.8 LEMMA The Af(f € X#) are linearly independent and total in LZ(X,y)

(cf. 6.8 and 6.9).



Therefore
o f®n
T (£) =T(x —)
=2 n=0 /nT
= ||£]15
=1 —2n 5t
=0 £l
Put
1 2
Af=exp(f-—2—[[f||2).
Then
1 2
A = exp(f - 5 |[E][))
£ 1 2
=eXP(Hfl[2 "‘z‘Hsz)
T
n
NG
e
=>
T exp(f) = Ag.
aAnd
®© B oo 1 n
Af = X In(Af) = ET'In(f ).

n=0 n=0

28.8 LEMMA The Af(f € X#) are linearly independent and total in LZ(X,y)

(cf. 6.8 and 6.9).



[Note: Conventionally, A, = 1l.]

0

28.9 IEMMA v f,g € X;‘(, we have
- <f.9>
fX Angdy =e
PROOF 1In fact,
fx Af!\gdy = < l\f,Ag >
=<Texp £, Texpg >

=< exp f,exp g >

= 59 (£, 6.6) .1

28.10 REMARK The preceding considerations generalize to the infinite

dimensional case what has been already seen in the finite dimensional case. Thus

takeX=13nandlet

2
ay (x) 1 o X/2 g

Here X* = X* = R, Letfex;';, say



£x) = ajx) + -+ +ax.
Then
5 n
||fl|L2(Y) = an (k-El ax)" dyx)
D2 ) = %2
R > 7% %
o2

the square of the euclidean norm of f. Moreover, the arrow

exp(f) = exp(a;,...,a.)

sem(T ax -5 I ad = A
k=1 k=1

identifies BORY with T7(R%V).

Let fl""’fn € Xj} — then by construction,

_ 1
Tn(Pn(fl 8 --+ 0 fn)) = — In(fl...fn) .

n!
[Note: Bear in mind that

2
fl fn € L™ (X,y) (cf. 28.2).]



28.11 IEMMA We have

Sy T8 = £DT(E] »o £1)AY(x)

- 1 n cee
=z < fc(l)’fl > <

0ES
n

| 4 "
fg(n) ,fn >

[This is clear (T being isometric).]

28.12 LEMMA LethX; (f # 0) — then

n
I (£
[n/2] n! 1 k .n-2k
) kzo K21 (2 B8 £
PROOF For
1, = el B et
EL],
And
E [néZ] 1k c )n—-2k
n Hfllz k=0 2kk!(n'2k)! Hsz

[Note: The linear span of the In(fn) (£ € Xi) is dense in Wn (cf. 6.5).]

The final result of this § is the generalization of 28.1 fromn=1ton > 1,

thus taking us full circle.



28.13 I1EMMA We have

Woe o n P x,v)
0 <p<oo

and V p,g < o, acn(p,q) > 02 VfEWn,
<C ’ .
HEl g < Cyterad [I£]]

In addition, Wn is a closed subspace of P (X,v) and is closed w.r.t. convergence
in measure.

[Note: The topology of convergence in measure on W coincides with the Lz-

topology, hence with the Lp—topologies.]

The first step is to prove that

el g = c v [ 1£]1]

when 2 < P < q. Since this is a simple corollary to the generalities outlined

in the next §, details will be postponed until then. However, it is perfectly
possible to proceed in an elementary (albeit tedious) manner, starting with p = 2,
q = 4, ard from there by induction to p = 2, q = 2k, which suffices. Indeed,

given 2 < p < q, choose 2k > q -- then

v

£l = £,

v

-1
C (2,2k) T|I£] ],

v

-1
c, (2,20 7 €] |
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121l < Cu@20 1 [£]1,

Suppose next that 0 < p < 2 < g. Choose r > g and define s € ]0,1[ by

q - sqy < (1-8)g
r 18T ay = £ 1559 g] ay

TR TR

A

p/sq r/(l-s)q

(y 1£1P anS¥P(r, €] ay) YT

|1£113]jg]] S

ey = HENS 1ElS
< [l 1Sc, @ gl 1578
E11S = €@ Elig) g

A

£l ]y € Cutamn T3 gl |
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This leaves two possibilities:

1. 0<p<gcx<2:

1811

N

[1£115 < Cyes2) | [£] |

2. 0<qgzx<p:

111 < 1111

28.14 RAPPEL Let {Ek:k > 1} be a sequence of random variables on a prob-

ability space (Q2,A,u). Fix p:0 < p < o,

e If gk,g € Lp(Q,u) and if Ek — £, then ‘Ek + £ in measure.
. o]
L

e If & > E in measure and if the lgklp are uniformly integrable, then

P —
£ € 70w and gy k.

N.B. If the E_€ 12,1 and if 3p > 1, M > 0 such that

p
fQ l«ikl dp <MV Kk,
then the Iikl are uniformly integrable.
Returning to 28.13, suppose that {fk:k > 1} is a sequence in W o:f > f in

measure —— then we claim that {fk:k > 1} is LZ—Cauchy. For if not, then 3

increasing sequences u(k), v(k) and ¢ > O:
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Hfu(k) = Lo [, = e>o0.

Let

fu(k) B fv(k)

F, = .
g = fogn 2

Then F| + 0 in measure. On the other hand, ||F

k! 1y = 1, thus the |F\ | are

uniformly integrable. Therefore | |Fk| ll + 0, contradicting

1= IRl < c 2| IR ;.
So {fk:k > 1} is L2-Cauchy, hence £ € L2(X,Y) and fk — f£. The earlier discussion
2
L

then implies that fk — f (0 < p <. And the rest is now obvious.
p
L



§29. CONTRACTION THEORY

Let X be a separable LF-space. Suppose that y is a centered gaussian
measure on X —— then as we have seen in §28, there is a canonical isometric
isamorphism

T:BO(X#) > LZ(X,y)

such that

= *
T exp(f) = Ay (f € X .
Let A:X¥ > X¥ be a bounded linear operator with ||A]] < 1. Define

T(A) :BO(X*) ~ BO(X%)
as in 6.14. Put
(&) =TT () 7L,
Then
ra@® L2,y > 12 ,)

is a bounded linear operator such that

I‘T(A)l\f = AAf'

29.1 IEMMA I"T (A) admits a unique extension to a bounded linear operator
rp@) Lt x,y) - L, y)

such that v £ € IX(X,vy),



@[] = (15l @ sp <.

29.2 EXAMPLE If |r| <1 (r € R), then

1",1,(rI)Af = Arf‘
[Note: As a special case,

tN

retn =™ (&0

rple 1) = re N1,
which is precisely the Ornstein-Uhlenbeck semigroup (see §30).]
29.3 REMARK Fix r:|r| <1 — thenV f € LZ(X,Y),

rcDE| = f, £(rx + (1-r2) 29 ay(y) .
X

29.4 THEOREM (Nelson) If 1l < p < g < « and if

lall = g1

then T(A) maps P,y) into 13(X,y) with

||I‘T(A) | lp'q = 1.



Although we shall not stop to give the proof of this result (it can be

approached in a number of ways), note that

T =T |a]] Dra/|alh) @& =0,
thus it suffices to consider the case when A = rI subject to

1/2

29.5 IEMRA V £ EX¢,

[1ngll, = e @Gt |[£]1D) © <p <.

PROOF In fact,

P
Ty Ay

1 2
Iy el - 5 | |£]]5)Pay

f

o

ep(- B |1£]12) 7, exp(p)ay

2
L€l D exp®— |£]12)  (c£. 26.9 (and 26.17))

-2
exp( 5

ep®2 |[£] 1D
2 2

[18gl1, = e @2 []£]13).



29.6 REMARK: If

-l

g-1

1/2
[a[] >

then I'T(A) does not map Lp(,X,y) into Lq(X,Y) .

[1f T, () maps tP(x,v) into 13(xX,y), then it is bounded (closed graph

theoran),soHC>O:VfEX§&Vt€13,

| 1Rene! g < O IAcel

or still (cf. 29.5),

exp(%-l- %] |af| |§> <C exp(%l £ || l§>

(@D | £} 15 < -1 |I£]]5

2 1
1A% < &5 4

We are now in a position to tie up the loose end in 28.13 which, as will be

recalled, is the assertion that v £ € Wn'

HET G = c e [EH

when 2 < p < q.



To begin with, it is clear that v £ € Wn'

_.n
I‘T(rI)f =r f.

This said, assume that 2 < p < . Write

£ = 1™ Y20 @™

Then
- o1 "l/2< - _g_—_l__l/z
g-1 g-1
< 1
(TDLz
= @D~ Y21y,
so by 29.4,
_ - /2. o n/2
[1€llg = HTpteD ™ ¥2n @™l |,

1/2

in

-1 -1)2
| [Tp((a-1) D g, gl @D 77l

@£ |,

as desired.



§30. SOBOLEV SPACES

Let X be a separable LF-space. Suppose that vy is a centered gaussian

measure on X -- then there is a canonical isometric isomorphism
2
T:BO(X:;) -+ L7 (X,Y)

suchthatvfexi,

T exp(f) = Af (cf. 828).
Put

_ -t -tN -1
T, =Tpe 1) =Te T (t=0).

Then the collection {Tt:t > 0} is a strongly continuous semigroup on L2 (X,v)

with ||Tt|l = 1 V t, the Ornstein-Uhlenbeck semigroup.

30.1 IEMVA VfEWn

_ —tn
th—e £
2
and vV £ € L7 (X,V7),
TEf= 3T e I (f).
t n
n=0

30.2 EXAMPLE LethX; (f = 0) — then

~t 1, -t.12
Ae-tf =exple £ - 3|le £]]3)



-t. in
17515 ot

- n! n -t ‘
=0 1510

it
o

- HEIS
tn 2y (f

AY
- n! !
= EL,

e @
n

g -

On the other hand,

TtAf

]
=
[0])
2
]
>l—‘
Hh

i
o
B

il 1
™ |
0] 6]
LA
>

Il
™
o

Therefore



30.3 REMARK In view of 29.1, Tt admits a unique extension to a bounded

linear operator

1Lt xy) >ty
such that v £ € IP(X,7),
Il < el @ <<,

[Note: If 1l <p=<g< «andif

a1

then T, maps 1P(x,v) into L3(x,vy) with

[T

t| ‘p,q =1 (cf. 29.4).]

30.4 IEMA If 1 <p < 2, then IP(X,7) > L2(X,y) and I extends to a bounded
linear operator on LP(X,Y) .

PROOF Choose t > 0:2 = e2t(p—l) +1-—-thenvVv £ € L2(X,Y),

1™, @ 11,

EXNCIN

A

[z, 0 11,

i

1, ],



IA

T

N

111,

1,8 1, < €1 1E] ]

[Note: This fails for p = 1.]

30.5 LEMA If p > 2, then Lp(X,y) c LZ(X,Y) and In restricts to a bounded

linear operator on 19 (X,v).

2

PROOF Ch005et>0:p=et+l——thenvfeLp(X,Y),

[l @ 11,

il

A

11,60 11,

IA

RESRPY

A

g1,

T @ L = ™I 1E] e



30.6 REMARK If 1 <p< 2o0r 2 < p, thenafELp(X,y) such that

N
X In(f) A £ (N > o)
n=0

in 1P(X,y) and

s |[1,08) || = =

Define L by the relation

™Nr L= - L.

Then L is selfadjoint and is the generator of the semigroup {Tt:t > 0} on L2 Xx,v).

30.7 IEMWMA The domain of definition Dom(L) of L is

f: 3 n||I (]]5 < =}
n=0

And on this domain
If=- ¥ nI_(f).
n
n=0

[Note:

Dom(IL,) = T Dom(N) (cf. 6.17) .1

30.8 EXAMPLE Let £ € X} (£ » 0) — then A € Dom(L) and

2
Lhe = ([[£]]5 = D) Ag-



In fact,

d

= fe (e - 31D

= ([I€l15 - DA

When specialized to the finite dimensional case, it is clear that the
preceding considerations are equivalent to those of §23, where it was pointed

out that Dom(L) is a Sobolev space, L being realized as

b-xV (X=R, y=v) (cf. 3L1).

How does one extend this set of circumstances to the infinite dimensional case?

Using the spectral theorem, write

Then

30.9 ILEMMA Given r > 0, we have

-r/2 _ 1 o r/2-1 =
(1 -1L) _I‘_(r7—27f0t etTtdt.



PROOF  Work fram the IHS to the RHS:

Q-0 =2 w2 a,

1 r/2 u;'/2—1 o

=mf°g L+ fy du
= T’"(%72’)‘ f‘g &, f: /271 SOt g
= ﬁi)’ f‘g /271 ot g f‘; e dE,

_ 1 © r/2-1 -t
_Wi)_fot e Ttdt.

30.10 LEMA Vr>0&Vp=21l, (1—L)'r/2

is a bounded linear operator on
IP(x,y) of norm 1.

PROOF Vv f € Lp(X,Y),

-r/2

- o

£l

o r/2-1

1 -t
Ty Jo t e [|th|1p dat

A

1 © r/2-1 -t
Sm—)'fot e Hprdt

£,



Since constants are preserved, the norm of (1 - L) ~x/2 is exactly one.

30.11 IEMA v r,s > 0,

Q-2 -2 - s)/2

as bounded linear operators on IF(X,y) (p = 1).
PROOF Write
- L)—r/2 1 - L)—s/2
_ 1 o o r/2-1 s/2-1 -t -u
= T/ T D) J'O fot u e e TtTudtdu
_ 1 © o r/2-1 s/2-1 -(t+u)
= T/ T(s/2) foJo € u e Ty dE du
_ 1 o =W w _r/2-1 s/2~-1
=vae/arEry o W oV (W=v) dv
_ 1 o (r+s)/2-1 -w 1 r/2-1 ,,__.s/2-1 dx
B TANCA fow e dew fox (1-x)

_ B(x/2,8/2) ~ (xr+s)/2-1 -w
= T/t o v e " T dw

1

- w7 o e

dew

=@ - T2



30.12 REMARK Put (L - L)® = 1 — then the collection {(1 - 1) 2:r = 0}
is a strongly continuous semigroup on Lp(X,Y) p=1).

[Note: Lp—continuity follows fram Lz-oonti_nuity and the latter is immediate.]

30.13 IEMA VY r >0, (1~ L)_r/2 is injective.
PROOF (1 - 1)} is certainly injective. To establish injectivity in the
range 0 < r < 2, write
1-1)"@0/2 20 o ef 30010

To establish injectivity in the range r > 2, bootstrap back to the case 0 < r < 2.

30.14 IEMA Vr >0,
(1 - 172 P,y
is dense in IP(X,y) (p 2 1).

PROOF V £ EWn,

1-1)2 = (n+ 1) %

~r/2 £

f=m+1Y% @1-1
_ /2 _p
(1 L) L (X,y) o Wn.
[Note: Recall that Vv n,

W < P(x,v) (cf. 28.13).]




10.

Put

WP,y = @ - 172 1PE,y

€l e = L@ =22 ]

Then wp'r(x,y) is complete and will be termed the Scbolev space per the pair

(p/xr) (P21, r=>0).

[Note: When r = 0,

P 0x,y) = 1Px,v).]

30.15 LEMMA The domain of definition Dom(L) Of L is W' 2(X,Y) .

PROOF  Suppose that £ € W2/ 2(X,Y) :

f£= -1 @eixy).
Then

-1
I(6) =1 (1L-1""g

(m+ 17 I (9)

z 2|1 (D)5
n=0

o]

z
n=0 (n+l)

n2 2
] l lIn(g) I ‘2




11.

o2

2
< 2 I'In(g)llz
=0
2
< 9]l < =
Conversely, given £ € Dam(L), put g = £ - Lf — then

Q- g=a-nta-us

= f.

30.16 IEMMA Suppose that 1 < p < p' and r < r' — then

W T %,y e T (X,)

and
€] Lo = E e po v E €W T 00y
PROOF For
El . = 1@ = 0]
= |1 - p~E'/2 g L)r'/zfll (cf. 30.11)

p

(L - L)r'/2f|\p (cf. 30.10)

IA

1],

IA

1] e, -




12.

We have defined wp'r(x,y) if p>1, r = 0 and by construction

1 -0 21Px,y > P&,y
is an isometric isomorphism. Given £ € Lp(X,Y) , put

-r/2

HEHp, o = 1@ =1 7] ]

Denote by W' " (X,y) the completion of IP(X,y) w.r.t. ||-] ip _p — then

1 - L)"r/Z:Lp(x,y) > 1P (x,v)
extends to an isometric isomorphism
1 -2 %,y > 1Px,Y).

[Note: In general, the elements of Wp'—r(X,Y) are not functions.]

30.17 LEMMA Fixp,g>1l: =+==1and r > 0 — then the dual of W'" (X,Y)

T

1
q
is W (x,y) .

PROOF Denote the arrows

1 - 0" 2.0Px,) > X,y

A -2 T,y > 13,y
by

p.r

qr"r.



13.

Then the composite

A
_ q,-r
W ,y) — 13(x,y)

Y

@x )7t

P r
P,y * —— WX,

identifies W'Y (X,v)* with W3 (X,7).

[Note: If £ e WP (X,y) ( <1PX,y)) and if g € 14(x,v) ( <« W T (x,v)),

then
r/2 -r/2
oS 195 o=y =D 2t 1 - 0% ayx)
= < f,95.
p* £9 7g]

30.18 REMARK Let E be a separable real Hilbert space —— then the spaces

T WYX, viE)

_ Wq'—r(X,'wE)

can be defined in the obvious way and it is still the case that

W (X, v;E)* = W TN (X, viE) (p.g > 1: %;+

Q-
I
[ e
R
v
e




§31. DERIVATIVES

let ¢:R" -~ R — then ¢ is said to be slowly increasing if ¢ is €~ and it

and all its partial derivates are of polynomial growth.

[Note: In particular, every polynomial is slowly increasing.]

Write O(Bn) for the set of slowly increasing functions on ljn — then each

9 € O(Bn) has a gradient V¢ and V x,h € gn, we have

d -
I d(x + th) S = < h,Vo(x) >.

Here
Vo (x) = (8l<1>(x),..., 8n®(x)).

[Note: Obviously,

v € 0RLRY, v € 0 RYRD

14
- -

®RD),een -]

31.1 LEMMA Let Yn be the standard gaussian measure on Bn -— then

0(RY) < Dom(L) and v ¢ € O,
n

Lox) = AD(x) - iil xiaid)(x) .

PROOF For t > O,

d
a‘E Tt(I’ (X)



_d -t _ =2t 1/2
=3 fRn dle X+ (L-e ") Y)dYn(Y)
=~ f IZ? e_tx ] <I>(e_tx + (1 - e-Zt) l/zy)dy (y)
Bn l=l 11 n
n v e—2t
~t -2t,1/2 i
S, T30l X+ (1-e )Ty ——Zmryry dY, (¥)
I_ln i=1 i (1-e 2t)l 2 n
N ¢ -t -2t,1/2
== f n .Z e x.lai@(e X+ (L=-e ") Y)dYn(Y)
R™ i=1
n =2t
-/, aicb(e“tx + (1= ——e—_p_t—17§
R i=1 (1-e ™)

2
x (2 V2% (1Y /2y

n
I - -t _ —2t,1/2
=-e )X X; / n BiCD(e x+ (L-e ) y)dYn(Y)

i=1 * R

+ ot ! 4 Ao (e Tx + (1-e

R

Y%y

- n
==-@ b
i=1

x,T, (3,0) (x) + e 2t T, (80) (x)

_ . d
Lo(x) = 1lim 3 thb (x)
£t >0



n
= Ad(x) = T

L xiaié(X) .

[Note: Strictly speaking the differentiation is pointwise but by dominated

convergence, it takes place in L2 (F_ln,y) .

Let X be a separable LF-space — then a function a:X - R is slowly increasing

if it has the form

alx) = o(h; (%) ;... A, (x)),
where ), € X* (i=1,...,n) and @:gn + R is slowly increasing.

Write 0(X) for the set of slowly increasing functions on X -- then each

a € 0(X) has a gradient Vo and v x,h € X, we have

d
= a({x + th) = < h,Va(x) >.
de £=0
Here
n
Va(x) = izl Bi<1>(>\l(X)..-..>\n(X))>\i.

Suppose that vy is a centered gaussian measure on X — then H(y) is a separable
real Hilbert space and the injection H(y) - X is continuous, hence X* » H(y)* under
the arrow of restriction.

[Note: If

alx) = @(Al(x) .--.,An(X))

is slowly increasing, then one can always arrange that the )\i are orthonormal



(Gram—Schmidt the data).]

To reflect this additional structure, we shall say that a function F:X + R

is differentiable along H(y) if v x € X, 3 an element

VyF (x) € H(y)

such that

‘ _a =
ahF(x) = 3 F(x + th) o < h,VyF(x) >V h € H(y).

[Note: If F is differentiable along H(y), then VYF is a map from X to H(y).]

31.2 IEMMA If o is slowly increasing, then o is differentiable along H(Y)

and V x € X,
n
VYoc(x) = j_zl 3i<I>(>\l(x),...,An(x))ki\H(Y) .
[Note: Obviously,
7.0 € 0(GHI), V20 € OCGH(Y) & HiY), oo ]

31.3 IEMMA (Integration by Parts) Let a € 0(X) — then v h € H(y),
I dpox)dy(x) = Iy o) £(x)dy(x) (Ry(f) = h).

PROOF We have

lim & (x+th) t—ot (x) dy ()

t-=>0

fx Bha(x)dy(x) = fX



a 2
= [y a(x) Fr eptix) - 5 || |

fx a(x) £(x)dy(x).

31.4 EXAMPLE V X € X%,

fe/:'IA

% (Bhoa) dy

/=1 A

== AT am gy T ey + £y T Maniay

Fixp>1anddefineanonanlonO(X) by
4

N_ ;@ = |{la}] + |1v,0| ).
p,l Py P (y;H(y)

31.5 LEMMA Suppose that {ocn} and {Bn} are two sequences in 0(X) which are

fundamental in the norm N ard converge in Lp(X,y) to ¢ — then the sequences

prl

{V, 0} and {7 8} have the same limit in P (¢, v;H(Y)), denoted by v, and called

the Sobolev derivative of ¢.

PROOF Given any ) € X%,

Iy @ Mapady



/=1 A

= - /=1 A(h) Sy e a dy + [y e‘/.q >\(onnf)dy (cf. 31.4)

/-1

- /=1 A (h) fX Ea'/:T >‘¢dy + fX e >‘(q>f)dy.

V=1 )\

Ditto for Bn. Since the e are dense in Lp(X,y) , it follows that OO, and

ath have the same limits in Lp(X,Y) , hence

lim Vyot n = lim Van

in IP(x,v:H(Y)) .

31.6 THEOREM (Meyer) Fix p > 1 —— then on 0(X), the norms N

b1 2 -1

p.1
are equivalent.

This result implies that the completion of 0(X) w.r.t. N can be identified

p,l

with Wp'l(X,W (up to equivalence of norms). In particular: Each element of

Wp'l(x,y) admits a Sobolev derivative.

31.7 REMARK The entire procedure can be iterated, i.e., extended fromk =1

to k > 1.

31.8 LEMMA Fix p >1 and r € R — then

VyzO(X) -~ 0(X;H(y))



admits a unique extension to a bounded linear operator

Vyzwp'r'*-l X,y) + WX, vHE)) .

Fix p,q > 1: =+ = =1 -- then by definition,

ol [ o
Q-

val? T i) > w2 T )

is the dual to

szwP'r’“l(x,y) > WP T (x,viHEY))  (cf. 30.17).

N.B. It therefore makes sense to form I V¢VY, where

VY:WP'Hl X,7) > W5 X, vHY))

Ve (X, YiH) > N x,y) .

31.9 LEMMA Let

szwz'l(x,y) > 12 (X, ¥3H(Y))

v;:wz'l(x,v;ﬂ(v)) > 12 X,7) .

Then v ¢ € Wz'l(X,Y) & VAE Wz'l(X,Y;H(Y)).

P

X < V,Yd) () ,Ax) >

H(y) dy (x)



= Iy $(x) VIAGA Ay (x) .

31.10 EXAMPLE Recall that W*'2(X,y) is the domain of L (cf. 30.15).

said, we claim that

=Wy
where
vy:wz'z(x,v) > werlx,viH ()
and

v;:w2'1<x,Y;H(v)) > 12(%,v) .
Thus let o,8 € 0(X) — then

< La,B > == f_<VaVR> dy
LZ(Y) X Yo' yT TH(Y)

== Ty VB0 Py Y

1

- Jx B(V§Vyd)dY

It

- *
fx ( VYVYa)BdY

I = - V*V a.
Yy



[Note: To check that

< La,B >, = - fx < Vfo,Vys >

dy,
L) H(Y)

take X = _13n, Y= Y, and apply 31.1.]

The divergence of an element A € Wz'l(X,Y;H(y) ), written div A, is - V:‘(A.
Accordingly, with this convention,
L=div v .
Y

[Note: In _13n, the laplacian is the divergence of the gradient.]

31.11 LEMMA Fix an orthonormal basis {hj:j > 1} for H(y). Given

A e wlx,vEE)), wite

A= ¢ A.h. (A, ewz"l(x,y)).
=1 JJ ]
J
Then
divaA= T 9, A. - A.f. R (f£.) = h.
iv 4 (hj 3 3 ]) ( Y( J) ]),

the series being convergent in L2 X,v).
[Note: In general, the series

5 3, A.
. h.
=1 ]

o0

T A.E.
j=1 JJ




10.

do not converge on their own.]

31.12 EXAMPIE Let o € 0(X) — then

Lax) = % af; at) - 3 £, el
=1 j=1 3

Compare this with 31.1: The role of Aa(x) is played by

I aﬁ a(x)
=1 7

and the role of x-Va(x) is played by

T of.(x)3,. alx).
=170y



§32. THE H-DERTVATIVE

Let X,Y be Banach spaces over R — then a function F:X + Y is said to be

differentiable at x € X if 3 a continuous linear map DF(x) :X -+ Y such that

Lim JFGeHAx) - F(x) - DF(x)Ax] |
A > 0 | ax} |

=0,

F being called differentiable if F is differentiable at each x € X.

[Note: A differentiable function is necessarily continuous.]

The derivative of a differentiable function F is thus a map

DF:X » B(X,Y).

32,1 EXAMPLE Take Y = R —— then DF:X + X* and F admits a gradient, viz.

VF(x) = DP(x).

Equip B(X,Y) with the operator norm. Suppose that F:X - Y is differentiable —
then it makes sense to consider the derivative of DF, the second derivative of F:

DZF:X + B(X,B(X,Y))
or still,

D2F:X > B, (X,Y),

where B, (X,Y) is the Banach space of continuous bilinear maps of X x X into Y.

[Note: This process can, of course, be iterated.]



32.2 REMARK By definition, F is continuously differentiable if

DF:X + B(X,Y)

is continuous (which is implied by the existence of DZF) .

Suppose that H is a linear subspace of X equipped with a stronger Banach
space topology (so that the injection H -+ X is continuous) — then a function

F:X » Y is said to be H-differentiable if v x € X, the function h -~ F(xth) is

differentiable at h = 0.  The H-derivative of F, written DHF, thus gives rise
to a map
DF:X > B(H,Y).

The construction can then be iterated. In particular:
DI_ZIF‘:X > Bz(H,Y) .

A differentiable function is necessarily H-differentiable (but not conversely).

32.3 EXAMPIE Assume that X is a Hilbert space and let H be a proper subspace.

FithEH (ho:tO) and define F:X > R by

< x,ho > (x € H)

F{x)

0 (x € H).

Then

1’1O (x € H)

DF (x)

0 (x ¢ H).



In fact,

X EH=>x+h€EH

F(x+h) - F(x) - < h,h0 >

< x+h,h0 > =< x,h0 > =< h,h0 >

On the other hand,

xZH=>x+hgH

F(xth) - F(X) - < h,0 >

= 0.

[Note: This function is infinitely H-differentiable but is not continuous.]

32.4 EXAWPLE Take X = L.2[0,1], Y = L°[0,1] and define F:X -~ Y by

F(f) (t) = sin (f(t)).
Then F is nowhere differentiable. On the other hand, F is H-differentiable
(H# =C[0,1]): Vv h € B,

DHF(f) (h) (£t) = cos (£(t))h(t).



In fact,

|[sin (£(-) +h(-)) - sin (£(:)) = cos (£(-)R()]]
L°[0,1]

< %l sup |h(t) |2.
O<t<1
Given separable Hilbert spaces Hl and H2, let L, (”1'”2) stand for the set
of Hilbert-Schmidt operators fram Hl to H2 —— then 1._.2(H1,H2) is a separable
Hilbert space when equipped with the Hilbert-Schmidt inner product.

[Note: In general, the set Lo

L, (H,H,) of n-multilinear Hilbert-Schmidt

operators from Hl to H2 is a separable Hilbert space.]

n .
32.5 REMARK Let Hl = H, H, = R and put ﬂn = L,(H,R) — then H, is
canonically isomorphic to L, (H,H__;).

In practice, H and Y are separable Hilbert spaces and DHF x) € Lz (H,Y).
Therefore DHF is a Hilbert space valued map, hence all higher derivatives D;;E‘ also

take values in a Hilbert space.
Assume now that X is a separable Banach space and let Y be a centered
gaussian measure on X —— then in what follows, the role of H < X will be played

by H(y) and we shall abbreviate DH(Y) to DY'



32.6 LEMMA Fix p > 1. Put

= -1 2 =
p(h,+) = exp(f - 3 [[h]]5.)) R(H) =h.

Then the function

H(Y) » IPX,v)
(cf. 29.5)
h > p(hr')

is infinitely differentiable and

n =
D\{p(o")(hl""’hn) = In(fl fn)’

R (£) =hy.. R (E) = h.

32.7 EXAMPLE Let ¢:X > R be bounded and Borel. Put
d(x) = fx ¢ (xty)ay(y) .
Then ¢ is infinitely H-differentiable and
9 0(x) = Jy ¢(xty)E(y)dy(y) (Ry(f) = h).

Now fix an orthonormal basis {hj:j > 1} for H(Y) and apply Bessel's ineguality

to get
2 2
)3 Iah_<1>(x)[

| Iy 166ty |2 av(y)
=1 3

A

IA

2
sup |¢]7 < e.



Therefore DY<I> {(x) is Hilbert-Schmidt and

i ‘DY(D('X) l I_I_‘Z(H(Y) ’13) s | [d)l Im'

Higher derivatives can be dealt with analogously.
32.8 IFMMA Fix t>0and p > 1. Put

P (tlhl *)

e 7 N | |n] |2
= exp( — f - — h ) (R (f) =h).
(1-e25H12 7 -7 HEY) v

Then the function

H(Y) ~ 1P(%,v)
(cf. 29.5)
h » p(t,h,*)

D p(t,o, )(11 I‘.'Ill )
! n

e T et
=P(——_———7—f Feees — £),
o172 1 125172 Fn

where P is a polyrnomial on Bn whose coefficients are polynomials in the

-2t

e
1% TS e

(i,3=1,...,n)




Ry(fl) = hl""'RY(fn) = hn.

32.9 EXAMPLE ILet ¢:X » R be bounded and Borel -- then V t > 0, the function

th):x -+ R is infinitely H-differentiable and V h € H(y),
Bhthb (x)

__ e fooe S+ e N Y2 emdavy) R (F) = h
_chbex e v)E(y)ay(y Y = h}.

Now fix an orthonormal basis {hj:j > 1} for H(Y) and apply Bessel's inequality

to get
: 13, T,60x) |2
. h."t
J=1 ]

-2t o - -
o I I 0+ 09 e mavm |2

1-e <% §=1

it

N

-2t
—Sog y 167+ e 5129 2ay )

Therefore DyTth {(x) is Hilbert-Schmidt and

-t
lIpyr o) || s —= o] e
Yt LyEMRI™ _o™2t, 1/2

Higher derivatives can be dealt with analogously.



Suppose that ¢:X - R is bounded and Borel. Given t > 0, define P ¢:X >R

by
Po(x) = [y ¢&x + vE y)dy(y)

and make the convention that Pod = ¢. Then

P ¢(x + h)

Jx ¢&x + h + /E y)dy(y)
= 1 1 2
= Jx ¢ + VE ylexp(z £(/E y) - 5| |h]] )&y (¥) -
H(y)
N.B. Here Ry(f) = h, hence Ry(fo) = h, where fO is a linear model for f
(cf. 26.10), and by construction, fo(/E y) = /& f,(y) (f; is linear on E; and

identically zero on X - EO) . So, without loss of generality, it can and will be
assumed that f has this property as well, thus

P o(x + VE h)

= f, 6z + /E Vexp(E(y) - 2| |h||* Haym
% 2 H(y)

or still,

P p(x + /€ h)

= Jy o&x + Ve v)oth,y)dy(y).



32.10 LEMMA Ptcp is infinitely H-differentiable and

D?Pt¢(x)(h1,..,,hn)

_ 1
= EV?? fX $(x + /EY)In(fl cee fn) (y)dy(y) (cE. 32.6).

[Note: It follows from this that

n
DP4() € Ly (H(Y),R).]

Denote by bCu (X) the Banach space of bounded uniformly continuous functions

on X endowed with the supremum norm.

[Note:
o € bCu(X) => Pt¢ € bCu(X) .
Moreover,

[epoll, < Holl, = [Ip ] < 1.1

32,11 IFMMA The collection {Pt:t > 0} is a strongly continucus semigroup

on bCu(X) .
PROOF From its very definition, P0 = J. Noting that v is the image of vy X ¥y
under the map
1/2 Sl/2
(u,v) - u + v,
(1) /2 T (tas) /2



10.

we have
P, (P0) (x) = Sy Po(x + /E y)dv(y)
= Iy Iy ¢&x + /ey + /5 2)dy(y)dy(2)
= [y o(x + (ts) A ayw)
- Pt+s¢(x)'
There remains the verification of strong continuity. Fix € > 0 - then 3 6§ > 0:
llx =yl <6 = [ox) - o] < e.
so
lPtd) (x) - ¢(x) |
= [y b+ vEy) - o(x))ar ) |
< fx lo(x + V£ y) - ¢(x)|dy(y)
< f edy(y) + / lo(x + /Ey) - ¢(x) v (y)
Ve yl] <6 Ve yl| =6
< e+ 2]|o]|, viy:|[VE ¥]]| = &)
But
Yiy:[|E y|| = 8} = viy:|ly]] = 6//E} ~ 0 as t ~ 0.
Accordingly,

lim Po-¢ = 0.
RN LXEEIIN
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32.12 RFMARK The story for the Ornstein-Uhlenbeck semigroup is a little
bit different. Indeed,

$ € bcu(_X) => T, ¢ € bcu(x)

but the collection {Tt:t > 0} is not strongly continuous on bC, (xX) .

Same of the formulas appearing above implicitly assume that the data is

infinite dimensional but this is not necessary. E.g.: Take X = I_{n, Y=Y, T

then under suitable regularity hypotheses,

I

PoGx) =/ | olx + /& yidy (¥)

R

2
1 - (x-y) %/2t
[ e f(y)dy
2me) ™2 g

etA/ 2 ¢ (x) .

It is for this reason that, in general, the collection {Pt:t > 0} is called the

heat semigroup.




§33. POSITIVE DEFINITE FUNCTIONS

Let G be an additive group. Given a function x:G + C, put

KX(,G,T) = yx(t-0) (0,7 € G).

Then y is said to be positive definite if KX is a kernel on G, i.e., if for all

Olyo-.,GnE G

cl,...,cn e G,

we have

33.1 EXAMPLE Let X be a topological vector space. Let 1 be a probability

measure on Cyl(X) —- then its Fourier transform i is a positive definite function

on G = X*, In fact,

n
T cicul = L)
190 P30
n
= 3 Bic. fo e TOGTA) ) g
. sS4 1] X
i,j=1

n _ ~/~I )y n /1 s (x)
Iy (T Sje )5 ce 3 Hauw
i=1 j=1 J

0




n V=1 )»i(x) 2
Ig [E c;e | dux)
i=1

v
(=]

33.2 EXAMPIE Let X be a separable real Hilbert space — then the function

x > exp(- 3| x| %)

is positive definite on G = X. In fact,

n

= 2
T cc. exp(-]|x, - 2.9
i,3=1 1] J i
2 2
no_ =l -lgl? 2eg
= I c,cie e I e J
i,j=1 *J
n 12 s 112 2%k ,x
— o 1 i
= L (c;e ) (c.e e
s e 1 J
1,3=
= 0.

[Note: Recall that < , > and e<’> are kernels on X (see §14).]

33.3 THEOREM (Bochner) In order that a function X:I}n -+ C be the Fourier

transform of a probability measure p on Bor (gn)‘, it is necessary and sufficient
that y be positive definite, continuous, and equal to one at zero.
[Note: The characteristic function of _Z_n is positive definite and equal

to one at zero but it is not continuous.]



33.4 EXAMPLE Iet X be a separable real Hilbert space. Assume: dim X = © ==
then the function x - exp(~ ']2; [x] !2) cannot be the Fourier transform of a prob-

ability measure on Bor(X). Proof: It is not weakly sequentially continuous.
[Note: One can also argue directly. Fix an orthonormal basis {en} for X

ard assume that
exp(?—l?j Ix]1?) = Iy e (/T <x,y>)du(y)

for some probability measure p on Bor(X) —— then V n,

1
e 2= Iy exp (V-1 <e_,y>)duly) .

But V y, lim <en,y> = 0, hence by dominated convergence,
n -+ o

lim exp (V-1 <e ,y>)duly) =1.]

n—)OO

33.5 REMARK Therefore 33.3 is false in the context of infinite dimensional
separable real Hilbert spaces and one of the objectives of the present § is to
address this issue (cf. 33.10).

Let E be a vector space over R. Per §17, take o = 0 and write
PD(E) for PD(E,0)
_ S(W(E)) for S(W(E,0)).

Then there is a canonical one-to-one correspondence

PD(E) <—> S(W(E)) (cf. 17.16).



Now equip E with the finite topology (cf. 18.2) — then the elements of
PD(E) which are continuous in the finite topology are precisely the characteristic
functions of the nonsingular states on W(E) or still, the elements of the folium
Fns (cf. 18.7).

Let E# be the algebraic dual of E — then V A € E# and any finite dimensional

linear subspace F < E, the restriction A|F is continuous, thus by the very definition
of the finite topology, A:E - R is continuous.

#

Given e € E, define e:E" - R by e(A) = <e, x> and let Cyl (E#) be the cg-algebra

generated by the é. If u is a probability measure on Cyl (E#) , then its Fourier

transform 11 is the function

He) =/, e <e,A>)dan().
E

33.6 LEMA 1 is positive definite, continuous in the finite topology, and
equal to one at zero.
PROOF To verify the continuity of 1 in the finite topology, fix F and let

. :E# - F#

P be the arrow of restriction —- then

U =

33.7 THEOREM (Kolmogorov) Suppose that x:E - C is positive definite,

continuous in the finite topology, and equal to one a zero —— then ) is the



Fourier transform of a unique probability measure uy on Cyl (E#) .

PROOF Iet A be a Hamel basis for E — then E' can be identified with R'.
Let F be the family of finite nonempty subsets of A. Attach to each o € F a
function Xa=Ba + C by

X, 8 =x( I tle)e) (teR.
e €a

Then Xy, is positive definite, continuous, and equal to one at zero, so, by

Bochner's theorem, 3 a unique probability measure B, on Bor (}_?_{O‘) such that

ﬁa = Xy* The collection of measures {uu:oe € F} is consistent in the sense that
M, = Mg o TYE;-' whenever o < B (TrBOL:BB + R* the projection). Therefore 3 a unique

probability measure u on Cyl (I_QA) such that ¥V o, B =1 o w;l (ﬂa:gA + R the
projection). But

- RA > E#

i®Y) <> cyrEh) .

#

Accordingly, u can be interpreted as a probability measure on Cyl(E") and it is

then easy to check that ﬁ = Y.

33.8 EXAMPLE Take E = 13;’; and equip E with the finite topology —— then the

set of positive definite, continuous functions on E which are equal to one at
zero coincides with the set of Fourier transforms of probability measures on

#) . Since E# can be identified with _13°° and since under this identification,

Cyl(E




#

Cyl(E") becomes Cyl (Rm) , it follows that the set of Fourier transforms of prob-
2 P

ability measures on Cyl (1_2°°) is the same as the set of positive definite, continucus

functions on I}: which are equal to one at zero.
[Note: ILet us also bear in mind that 1300 is a separable LF-space and Cyl (Boo) =

Bor (R ) .]

33.9 ILEMMA Let X be an infinite dimensional separable real Hilbert space.

Suppose that u is a finite Borel measure on X -- then
2
iy N2 auto <o
iff 3 a nonnegative, symmetric, trace class operator KU such that v u,v € X,
<u,Kuv> = fx <, x><v,x> du(x),
in which case

2
tr(Ku) = Jy x| dux) .

Given an infinite dimensional separable real Hilbert space X, write K for

the set of nonnegative symmetric operators on X which are of the trace class.

33.10 THEOREM (Prokhorov) Let x:X - C —— then x is the Fourier transform

of a probability measure pu on Bor(X) iff y is positive definite, equal to one
at zero, and

(P)V€>0,3K€EK:

1 - Re y(x) s<x,K€x>+erEX.



We shall first consider the necessity. So suppose that x = ﬁ, where u is

a probability measure on Bor(X). Fix € > 0 and choose r > 0:

uix:||x]| = r} > 1 -%.
Then
X(x) = f &L Y 49y + S RS
Iyl =x Hyll >«
Since
I T e‘/:i_ <X,y> du(y)l < ;— ’
lyll > r

it will be enough to produce a KE € K such that

l1-Re S em X.y> dully) € <x,K x> + £
g€ 2
lyll < x
To this end, write
1-Re [ &1 XY g (y)
Iyl <=
< f (1 - cos <x,y>)duly) + 5
Hyll <=
< f ZSin2<X—'22du(y) +%
Hyll <=
1 2 €
<5 / <x,y>" dufly) + 5 -
llyl] <r



Apply 33.9 to the measure

1

B>ZuBn {y:|lyl] <r}) (Be€ Bor(x)

N

to get Ka € K:

(ST

<u,KEv> <u,y><v,y>duly),

A
]

;
Hyll

from which

Nof =

<x,K x> <X:Y>2 du(y),

IN
=

vl

as desired.
Turning to the sufficiency, observe first that condition P implies that

Re y is continuous at the origin. But x is positive definite, hence

11 - G| < /Z (L -Re x(x)Y2.

So x is continuous at the origin, thus everywhere. Now fix an orthonormal basis

{ej} for X. Put

=X(mlej + e twe. ) (wjeg,lsjsn).
1

le""'jn n-j

Then X3 i satisfies the conditions of 33.3. Therefore
l’ LI 4 n

L= PP N e IR

where My 3 is a probability measure on Bor (I_{n) . It is clear that the
1'°°""“n

collection {“j 3 } is consistent, thus 3 a unique probability measure v on
l, e n ey n



Bor (R”) such that

Mipeeendy TV By reeergy)

Here

Ej(w) = g (w= (wl,wz,...) € goo).

2
. < 0 a.e.lvl.
3 e.[v]

PROOF By hypothesis, v € > 0, 3 Ks € K:

1 - Re x(x) < <x,Kx>+eVvxelX
This said, we have

12 2
1-/, ep-3 T & )dv
j=1

n
1-7 U, exp(/~1 ¥ tjgk_l_j)dyn(t))d\)

o

K™ R 3=1

n

1- fR X ( -Z'l tjek+j)dvn(t)

]

n

T AR xCE ey,

n n
< Z t]e](+],K€ z tjek_'_3>dy (t) + ¢

A
—

- j=-z-1 <%<+j’Ke:ek+j> +



But

vi{ws:

v

v

vw:

j

L ejz.(w) < w)

[

10.

1 2
I -z -
< exp( 5 L gj)dv

j=k-+1

1-2¢ (k=k(e)

J

T £2(w) < w} = 1.
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To finish the proof of the sufficiency, let

Thus ¢ is defined on 1300 a.e.[v] and is an X-valued Borel measurable function.

Put y =vo E_l - then y is a probability measure on Bor(X) and V n 2 1,

R n
<e. ,X>e.
U(le ]l J)

= K 1X> 0 0o, < x>
Xl,...,n( 1’77 r<€qr )

n
z <e.,X>e-)r
X(j=l J J

hence {i = ¥.

33.11 REMARK Assign to each K € K a saminorm PgiX > R by writing

pK(X) = <x,Kx> (x € X).

Then these seminorms generate a topology on X, the Sazonov topology. Suppose

that x:X - C is positive definite with x(0) = 1. Assume: ¥ is continuous in
the Sazonov topology — then Y satisfies condition P. To see this, fix € > 0.
Owing to the continuity of ) in the Sazonov topology, 3 K_€ K:

<x,K€x> <1 => 1 - Re x({x) < €.
But

<X,K x> 2 1=>1-Re x({x) < 2<x,K€x>.



12,

So, for all x € X,

1 -Re y(x) < 2<x,K€x> + €.

33.12 EXAMPIE Fix a € X, K € K =- then the function

x(®) = ep(FI <a,x> - 3 %K) (X € X)

is the Fourier transform of a probability measure on Bor (X) (which is necessarily
gaussian (cf. 26.3)).
[It is clear that x is positive definite with x(0) = 1. Now take a = 0

(cf. 26.5) and note that condition P is satisfied. Proof:

—%<x,Kx>
l1-Reyx(x) =1-¢e
_-]2;<x,Kx>

sincel—e-tSt (t 20).]

33.13 THEOREM (Mourier) let X be an infinite dimensional separable real

Hilbert space. Suppose that Y is a gaussian measure on X, hence

Y(x) = exp(/~1 <aY,x> - % <x,ny>) (x € X),

where a, € X and KY is nonnegative and symmetric (cf. 26.3) -- then K‘{ is trace

class.

PROOF Take aY = 0, thus

1 -Re x(x) =1 - exp(- -]zl <x,KYx>) .




In condition P, choose

and put

Then

Therefore

T.e.:

But this implies that

13.

-1

__l—e 2
€ 2
T=2k.
£ €

1 -Re x(®) =< <x,K€x> + €

1
<X,— K x>+ ¢
ES%re Be

<x,Tx> < 1

-1
1~-Reyx) <1l-e 2.

<x,Tx> < 1

<x,ny> < 1.
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<x,ny> < <x,Tx>
for all x € X, so KY is trace class.

[Note: If 3 x € X such that

<x,KYx> > <x,Tx>,

then <X,KYX> z 0 and

, T >
<x,K x>lﬁ <x,K x>l/ 2
Y Y
- <xX,Tx> 1
<x,KYx>
=>
X X
< , K >< 1]
<x,ny>l/ 257N g,k o2
=>
<x,K x>
Y 1....]
<x,KYx>

33.14 REMARK Takeay=0——thenﬂoc>0:

|Ix| 12

Iy & dy(x) <o (cf. 26.37).

Therefore

2
I %12 are < .
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But v u,v € X,
<U.,KYV> = fX <u,x><v,x>dy (x) (cf. 26.3).

The fact that KY is trace class thus follows from 33.9.

Keeping to the supposition that X is an infinite dimensional separable real
Hilbert space, let y be a centered gaussian measure on X. Identify X and X* and

assume that KY > 0. Fix an orthonormal basis {en} for X consisting of eigenvectors

for KY:KYen = )‘nen ()‘n > O:nil )‘n < ©) == then x/'k; > 0 and is Hilbert-Schmidt.

33.15 REMARK The closure of X = X* in LZ(X,y) is the completion of X w.r.t.

the norm x - <‘/i<_;x, /ngx In fact,
</K;x,/k_yx>

2
fX <x,y> dy(y)

2
| |<x,— >]] .
£ (y)

Therefore X§ can be identified with the Hilbert space of real sequences {an:n = 1}:

e+

T Aal < e,

n n
n=1

33.16 LEMMA The Cameron-Martin space H(Y) of v is /I?X, hence is dense in X.
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[Note: Here

</f<;x,;/f<_;y>H(Y) = <x,y> (x,y € X).]

33.17 REMARK We have

Ry(<x,—- >) = KYx.
Indeed

RY(<X,-— >) (y)

Ty <x,z><y,z>dy(2)

= <x,Kyy>
= KXy
=>
Xy > = KYX (= '/EY— VR_x)

To run a reality check, write

2 <K x%x,K x>

|k x|
Y UH(Y) YO H(y)

</T[§ /R:x,/k—_ VR x>

Y Y TH(Y)
= </E;x,/fo>

2
= [|<— >}

1 ()



17.

[Note: In terms of the expansion

[e o]

X= I <en,x>en,
n=1
X € H(y) iff
o <e ,x>
% nx < w,]
n=1 n

Let vy,v, be centered gaussian measures on X. Suppose that H(Yl) = H(yz)

and that the norms

R

-1

H(y,)

— H(Y2)

are equivalent. Put
H(v;)

H(Y2)

= K K L.
Yo N1

Then T:H -~ H is an invertible bounded linear operator. Moreover, V h,h' € H,

]
e <h,h >H (Y]_)




¢ <Th,Th'>

Therefore Yl n Yy

18.

</K x,/fi x'>

Y1 H(Yl)
<x,x'">.
H(YZ)

R I, o oy
Y1

<K VK >
vy, THY,)

<xX,x'>.

ief K /K “l _ I is Hilbert-Schmidt (cf. 27.16).
2 M



§34. INTEGRATION ON THE DUAL

Let X be a separable LF-space with sequence of definition {Xn}.

34.1 LEMMA Suppose that x:X -+ C is positive definite, %(0) = 1, and

Y n, Xlxn is continuous -- then y is continuous.

PROOF It suffices to prove that y is continuous at 0. Fix ¢ > 0. For each

n, choose an open convex neighborhood U, of 0 in Xn:

1/2 €
IX(Xn) - ll < -z‘n—+-i- (Xn & Un).
Let U be the subset of X consisting of all elements of the form x = Xp + oo xy,
where X € Ui (i=1,...,n) (nvariable) —— then U is a neighborhood of 0 in X.

Since
|x(x4y) - x| < V2 |xly) - 1|l/2
it follows that in U:

Ix(x) = 1] = [)((x:L +oere 4 X)) - 1]

< IX(Xl) - ll + I lx(xl+ +Xi) —X(Xl + eee + X

. )
l<is<n i1

1/2

N
m
.

V2 T |xx) -1
l<i<n

Write X;; for X* equipped with the weak topology (i.e., with the topology of

pointwise convergence: )\i > \Miff Vx € X, Xi(x) + A(x)) — then X;:_ is lusinien



(cf. 25.21), thus every Borel measure j on X"; is Radon.

Given x € X, define x € (X*)* by X(\) = A(x) — then the arrow

%) %
X - (Xw)

is bijective, hence X can be regarded as the dual of its weak dual.

34.2 ILEMMA Let Cyl(X*) be the o-algebra generated by the X(x € X) ~- then

Cyl(X*) = Bor(X¥).

Let u be a probability measure on Bor (Xv*v) — then the Fourier transform of

1 is the function ﬁ:x + C defined by the rule

G =71 e 1N g0,

X*

It is clear that ﬁ is positive definite. Moreover, Il is continuous. In fact,

the restriction ﬁlxn is continuous vV n (dominated convergence), from which the

assertion (cf. 34.1).

34.3 REMARK ILet u be a probability measure on Bor(X&) - then ﬁ:X - C

is positive definite, continuous, and equal to one at zero, so on abstract grounds

(cf. 14.10) 3 a complex Hilbert space # , a unitary representation U_of X on
u U

H , and a cyclic unit vector X € H_such that
u U u



Hx) =<x,U (0x> (x€X.
TR u

Explicitly, this data can be realized as follows:

H = L2 (X*,n)
U

x =1
u

U (x) = multiplication by e‘/:I X,
u

Indeed, the function 1 is cyclic and

<l,UA(x)l> = <l,e/:f X1
u
- e/—_l x(\) auiy
X*
= ().

The map y + § from the probability measures on Bor (Xv’f’) to the continuous

positive definite functions on X is one-to-one but, in general, is not onto but

this will be the case if X is nuclear.

34.4 THEOREM (Minlos) Suppose that X is nuclear — then a function x:X - C

is the Fourier transform of a probability measure p on Bor (X;;) iff x is positive

definite, continuous, and equal to one at zero.



The proof rests on some preliminaries which are probabilistic in nature
( nuclearity plays no role in these considerations).

By definition, a linear process L on X is the assignment of a probability

measure Ax on Bor (13_p) to each finite sequence Xyree .,xp of elements in X
1

e .x
P
subject to the assumption:

(A) If xl,...,xp and yl,...,yq are two finite sequences of elements of

X that are connected by linear relations

q
X, = L a.,.y.: (i=1,...,p)
i 3=1 ijtj rEny
thenVBEBor(I_gp),wehave
A, B = A @),
10+ %p yl...yq

where f:Ijq > 139 is the linear map with matrix [aij] .

[Note: The Axl' "xp are called the marginals of L.]

34.5 EXAMPLE Let y:X - C be positive definite, continuous, and equal to

one at zero -- then y gives rise to a linear process on X. Thus let XyreeerX o

be a finite sequence of elements in X -— then the function from 13p to C defined

by
(tl" ..,tp) - X(tlxl 4 eee + tpxp)
satisfies the conditions of 33.3, hence 3 a probability measure A on

l...Xp




on Bor (I_zp) such that

P
X(EXy + oo+ £ x) =)  exp(v/-1 X T, ) AA (7).
1*1 PP T g o1 K% Xy - e X,

And here, the requirements of condition (A) are clearly met.

34.6 REMARK Every probability measure y on Bor (X‘fv) determines a linear
process on X: Given a finite sequence Xyre- .,xp of elements in X, define a

probability measure Uy i ©On Bor (ljp) by specifying that
1%

UX oaeX

®) = p{r: (X, (V) ,...,x () € B}.
1 P 1 b

Then condition (&) is automatic.

[Note: The W g are called the marginals of u.]
l. L ) p
34,7 IEMMA Suppose given a linear process L on X —- then 3 a probability
measure | on Bor(X":I) whose marginals are those of L iff Ve >0& Vn, 3 a

neighborhood Un(L) of zero in Xn such that Vv p,

A () 21 -evx

l'---’xp e Un(L) ’

xl...xp

P = {ltyreenity) € Bty <1 @<ispl

[Note: This is a variant on Prokhorov's wellknown " (e,K)-condition".]



We shall now pass to the proof of 34.4, it being enough to deal with the

sufficiency.

34.8 RAPPEL Let E be a vector space over R — then a seminorm ||-|| on

E is said to be hilbertian if it is induced by some nonnegative symmetric bilinear

formBon E x E, i.e., if ||+]|| = /Q, where Q is the quadratic form associated
with B.
[Note: It is not assumed that ||e|| = 0 => e = 0, thus B is not necessarily

an inner product.]

Since X is nuclear, the same is true of each X , so for every neighborhood

Un of zero in Xn, 3 continuous hilbertian seminorms

H'Hl=‘/o~I (Q]_ <— Bl)

-

on Xn such that

' {x:Ql(x) <1} ¢ U,

Q) + o+ +Qu) < 1.

Consider the linear process on X canonically attached to x (cf. 34.5).

If



its marginals satisfy the criterion set down in 34.7, then 3 a probability measure

U on Bor(X;):

And this implies that y = .
Step 1: Fix e > 0. Recalling that y is continuous, let U, be the neighborhood
of 0 in Xn consisting of those x:
[x(¥2/e x) - 1] < e.

ThenVyEXn:

Ix) - 1] < e@ + o ().

To see this, write y = v2/¢ x.

Case (i): Q¥ sl=>x€U = Ix(y) = 1] =e <e(l+ Q ().

case (if): Q) >1=Q ¥ =20/ >Z= el +Q(y) >ec+e 2

e+2ze+ x| +1lze+ |x» -1 > |x -1].

Step 2: Since Q, is continuous, the set of x € X :Q, (x) < 1 is a neighborhood
of 0 in Xn’ call it Un(L) . Let Xl""’xp € Un(L) , let ul,...,uq be an orthonormal
basis per B2 for the subspace of Xn generated by yreserXy = then 3 real numbers

p
r..(l<i<p, 1 <3j<qg:

B
o
-
A
0
O
N
5
A
’—I
-
A
'..l
A
T
)



s={terlzrc¢

H
]

gerhsr el <1 @sis<pl.

Then Vv 1 = l,---oP:

2 .1/2
AR AR
. N 1 .
j ) j j

2,1/2
J

™
=
o
i

2,1/2
j

N

(&
3

But condition (A) gives:

Ax X (Ip) -
l... p

|
=

ul...u (T).

Therefore

v
=

p
Ax X (") .o (s).

1 %p U.l q

Step 3: ILet S' be the complement of S in 13q. Since

1 - <EB/2 12 2% (£ € 8",

it follows that

Au «ssu (S|)/3

1 q




—-a <£I€>/2
- <Ep€>/2
< qu 1-e )dAul.”uq(g),

call the last integral I.

Step 4: We have

- <n,n>/2

1
I= S (1 - (T n.u)de dn,...dn_.
(211~)52 Bq . J 3] 1 q
But
]
<e(l+ Ql(§ njuj))
J
= c(1 + T n20, (u.))
s ot e L
]
Therefore
1 2 - <n,n>/2
T} = e(@ + I T n%0,(u.)e dn, .. .dn
(-2“)5/2 qu 3<1°73 1 g
2
( ()1f2—nj/2d)
=e(l +2 Q,(u.) — n. e n.
3 13 por B3I J

=e(l + iﬁ Ql(uj))

IA

e(l + 1) = 2e.
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Step 5:
(8") =< 6¢
Ny
=>
1\u (S) = 1 - 6¢
eesl
1°"""gq
=>
Ay - (™) 21 - 6e.
l.l. p
Thus the conditions of 34.7 are fulfilled by the marginals Ax .

l...Xp

34.9 REMARK Iet X be an infinite dimensional separable real Hilbert space —
then its Sazonov topology (cf. 33.11) is not nuclear, so in this context, 34.4

is not applicable.

Write X; for X* equipped with the strong topology (i.e., with the topology

of uniform convergence on bounded subsets of X).

If X is nuclear, then X is Montel (being camplete and barreled), as is x;
(the strong dual of a Montel space is Montel). 1In addition, X; is nuclear (the

strong dual of a nuclear Fréchet space is nuclear and X; is the projective limit

of such duals).

34.10 LEMMA Suppose that X is nuclear —— then
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Bor (X:v) = Bor (X;)

and X; is lusinien.

34.11 EXAMPLE C: (1_‘\:n) is a nuclear separable LF-space.

[Note: C: (ljn)* (the space of distributions), when equipped with the strong

topology, is nuclear.]

34.12 EXAMPLE S(gn) is a nuclear separable Frechet space.

[Note: S(Bn) * (the space of tempered distributions), when equipped with the

strong topology, is nuclear.]

34.13 REMARK If X is nuclear, then X is reflexive (being Montel). Therefore

the canonical arrow X - (X;) * is an isomorphism of topological vector spaces.

Suppose that X is a nuclear separable LF-space. Fix a continuous quadratic

form Q on X:x = 0 => Q(x) > 0 — then the function

X + exp(- %—Q(X))

is positive definite (cf. 33.2), continuous, and equal to one at zero, thus by

34.4, 3 a unique probability measure Y on Bor (X;) (= Cyl(X*)) such that

T = expl- 3 060)).

N.B. Y is gaussian (cf. 26.3).
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The induced measure y o (X) -1 on R is centered gaussian with variance

02 = Q(x). Ard

Q) = Ly W @y = [R5, .

Denote by XY the completion of X per Q -~ then XY can be regarded as the

closure of ¥ in L2 (X*,v).

34.14 LEMMA There exists an isometric isomorphism

O ) > 12 (x*,y)

characterized by the relation

T exp(f) = exp(f - & [1£]12)  (cE. 528).

[Note: v x € X (x =0),

~

B, _ 1 n X
TET) = —— 06" B Gy -]

34.15 EXAMPLE Take X = S(gn) in its usual topology as a Frechet space.

Put

QE) = <f, (= A + m2) 1>

- Q/2

Because X is nuclear, e is the Fourier transform of a unique gaussian

measure Yy on Xg, the free scalar field of mass m.
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[Note: The white noise space is the pair (S (l_in)*,ys) , where Yo is determined

1 2
Q(f) = exp(- 5 | |£]] ).
2 LZ (Bn)
Here the theory implies that

B0 (L2 (&™)
can be identified with

L2 (S@EY*,vy) ]

34.16 REMARK Take m = 1 — then

so the relevant campletion is the Sobolev space whrL (Ijn) and we have

BO (W' "L (RM) xLz(S(gn)*,Yl).



§35. THE WIENER MEASURE

The setting for the construction is either C[0,1] (which is a separable
Banach space in the topology of uniform convergence) or C[0,«[ (which is a
separable Frechet space in the topology of uniform convergence on campacta) .
While the details in both cases are similar, the situation for C[0,1l] is somewhat

simpler so we shall start with it.

35.1 REMARK There are various roads that lead to the Wiener measure on
C[0,1] but no matter what route is followed, the conclusion is that its topological

support is the hyperplane
C0[0,l] = {f € C[0,1]:£(0) = O}.

To avoid certain technicalities, it will be best to proceed directly and deal with

Co[O,l] from the outset.

Consider the collection ¢ of subsets of CO[O,l] which have the form

c

{£: (f(tl),...,f(tn)) € Bl,

IA

where 0 < t, < t <...<1;n

1 2 land B € Bor(gn) —— then € is an algebra and the

o-algebra generated by € is

Cy1(c,y[0,11) = Bor(C,[0,11).

Define a set function w:¢ - [0,1] by




_ > 1 > > -~
w(C) = wn(t) fB exp (- 5 Wn(t,u))du,

where
> n _ _ -1/2
w () = [(2m 7ty (Eymty) e (t ~t )]
and
Wn(E,u)
2 2 2
u () U y)
B =
1 27 "1 n n-1

Then it is clear that w is finitely additive on €.

35.2 EXAMPLE Fix t:0 < t <1 - then

wif:a < £(t) < b} = —= /© exp(- l—l—z—)du
a < < o a P gpdu.

35.3 THEOREM (Wiener) w is countably additive on C.

Therefore w can be extended to a probability measure PW on the o-algebra

generated by €, i.e., to Bor(CO[O,l]) , and PW is, by definition, the Wiener measure.

35.4 LEMMA Suppose that T:R" > R is Borel — then

f

Y
Cyl0,1] T(E(t)), ..., £(E)))APT(£)



_ > -> 1 &> > ->
=w (t) J  Texp(- 5 W, (t,u))du.

R
PROOF Define
Tl
Fe ...t Col0] ~ B
n
by
F (£) = (£(t),....£(t)).
tl...tn 1 n
Then Ft £ is continuous, hence Borel. And
1°"" ™
h T(£(t;) £(t_))dp" (£)
CO[O,l] 1/ 71 n

W
=J T oF (£)ar (f)
Cyl0,1] tyeet

|

W -—
S T@daE" o F
Ijn tl .

=%£L%ﬂﬁmmp%%€@mﬁ

35.5 EXAMPIE We have

Wiey =
eylon) EOEH =0 ©<esD.

[(In fact, f(t) = T(£(t)) (Tu = u), hence

W



2
= 1 jp u em(- $idu = 0.]
2rt =

35.6 EXAMPLE We have

RTRY £t £(t,) APV (F) = min(e ,t,) (5] = t).
[Suppose that 0 < tl < t2 < 1. lLet T(ul,uz) = uu, — then
fCO[O,l] f(tl)f(tz)dpwkf)
1

= 2 1/2
((2m “t; (ymtp))

1
x [ ,uu, exp(-5—-5 — ) du.du,,.
B2 172 2 tl 2 t2 tl 1772
Iet
- u
v2Ey
Y™
v, = —_—
/2Zt2—tl)
or still,
uy = /2tl vl

u, = ;/2tl vl + /Eitz—tl) v2.



vat 0
= 2 th(tz-tl)

/2tl /Q(tz—tl)

S

W
C,[0,1] f(tl)f(tz)dP (£)

2 5
2

™

[Note: A similar but easier calculation gives

2 W _
fCO[O,l] £ (t)dp (f) = t.
Therefore
2 . W
Jeto,y 11E113 @)

£2(0)ap" (£) ) at

!

1
Jo ¢ fcoto,l]

o _1



35.7 REMARK Consider the one parameter family of random variables

{cSt:O <t <1} (cSt(,f). = f(t),<§'0 = 0). From the above,

W_

: 2 W _ '

Furthermore, if0_<.tl< see <t <1, thenét-é

" § are independent.

’--o,é -
2 & 8 el

[Note: The distribution of the random variables * (8,~6,+) is gaussian of

mean 0 and variance |t-t'|.

The dual of Co[O,l] is the space of all Borel signed measures on [0,1] modulo
the scalar multiples of the Dirac measure 60.

35.8 LEMMA V A E Co[O,l]*,

‘A~

P = ep(- 5 fg fg min,v)A @A) .

N

B

PROOF Suppose first that A Gt (0 <t <1) — then

~ v=1 §, (£)
W - t W
P (Gt) = fCOIO,l] e dp (£f)
_ V-1 f(t) W
= fCO[O,l] e dp (f)
= 1 [ e -l u dxp (- l—'I—E-)du (cf. 35.4)
vart R 2t



= exp(- 2) (cf. 22.2).

On the other hand,

ep(- £ 3 I3 min (u,v) A8, (w) A8, (v))

exp(- 5 fg min(t,v)ds, (v))

t
exp (- f) .

i

Therefore the claimed relation is valid if A = § £ (0 <t <1) (matters are obvious

at t = 0), hence if ) is a finite linear combination of Dirac measures. If )\ is
arbitrary, then there is a sequence of Borel signed measures )‘k which are finite

linear combinations of Dirac measures and which converge weakly to A, i.e.,

1 1
v £ € C[0,1]1, f0 fdxk > fo fax.

35.9 LEMMA PW is a centered gaussian measure on Co[o,l] .

PROOF This follows from 35.8 (cf. 26.3).

Our next objective will be to determine the Cameron-Martin space H(PW) '
a space which is independent of whether Pw is considered on C0 [0,1] or L2[0,l]

(cf. 26.28), it being more convenient to work with the latter.

Iet K be the nonnegative, symmetric, trace class operator canonically
P

associated with PW (regarded now as a centered gaussian measure on LZ[O,l] ),

sov f € L2[0,l],



35.10 LEMMA

35.11 LEMMA

are an orthonormal

~

PV(f) = exp(~ 3 <E,K G£) (cf. 33.13).
P

K W is an integral operator on L2[O,l] with kernel min(u,v):
P

K £ = fymin@@vE@mav (£ €L’[0,1]).
P

Put A= 1T_2 (n - Li-2 __ then the functions

n 7)
f (u) = v2 sin(n(n - l)u)
n 2
basis for L2[0,l] with

Kown = Anfn n=12,...).

PROOF Fix A > 0 and consider the relation

or still,

fé min(a,v) £, (V)dv = Af, ()

[y VE, (v + uflll £, (V)av = Af, (u) .

Since K Wf)\ is continuous, the same must be true of f)\ = K fo/)" hence K wfx
P P P

is differentiable.

Therefore

A (@) = uf, (u) + fll1 £, (Vv - uf, (W

= £, (v)av.



But this implies that f ;\ is differentiable and )\f')'\ =~ f A" As for the initial

corditions, they are f>\(0) = 0 and f;\(l) = (0. The solutions are then as stated.

[Note: Analogously, when A = 0, one concludes that £, = 0, so K W 0.]

0 P

Let Wﬁ'l[o,l] denote the set of functions f on [0,1] such that f is absolutely

continuous, £' € L2[0,1], and £(0) = 0.

35.12 IEMMA We have

HE™ =wto,11.

PROOF Take an £ € L2[0,1] and write £ = 3 <€_,£>f - then £ € H(?") iff
n=1

o <f_,£5°
z — < (cf. 33.17)
n=1 n

or still, iff

L <f 652 12(n - %)2 <o (cf. 35.11).
n=1 n

The latter is equivalent to the existence of a function g € Lz[o,l]:

1l
<fnrf>7r (n - 7) ’

<gn' g>

g, () V2 cos(m(n - %)u) )
But then

1
I £, (fg ghdx



Therefore £ is absolutely continuous, f' € L2[0,l], and £(0) = 0.

if £ has these

lo.

- VA g 9l (U grax

H

R 15 9, (0 g(x)dx

= ;/)\n <gn,g>
_ 1
= VA <fn,f> e
n /A
n
=<f ,f>,
n

properties, then
-1 R S
m(n 2) <fn,f> = fo gnf
= fl g f' = <g_,£'>
0 “n “In’ -

I <g ,f'>2 < o
n
n=1

£eHE™  (cf. 33.17).

Conversely,



Define T:1.2[0,1] + L°[0,1] by

Tf (x) = /’8

Then

fé (Tf (x)) 2dx = /

A
S
or o~

IA
-,
o+

A
-

Therefore T is bounded.

35.13 IEMMA We have

T*f (%)

il
'\‘

PROOF Iet

F(x) =

ok

G(x)

I
ok
Q

11.

f=PFPx.

(% £)%ax

7% £|ax

0 1£]) 2ax

(rg 1£])%ax

( => F(0)

( => G(0)

0)

0).
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Then F,G are absolutely continuous, so integration by parts is permissible, thus

1

s s g
1.1
= Jy Ly £ - 15 £lg

1., 1

F(1)G(L) - f% FG!

= F(IG(L) - [FG|g - /g F'GI
= /3 F'G

=T EUS 9

= <f£,Tg>.

T™*f(x) = fx £.

35.14 LEMMA There is a factorization

K, = TT*.
PW

PROOF Vv f € L2[0,l],
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u L.l
TT*f (u) fo (fV fav

=ﬂ%%f-@ﬂw

0

s

o+

u ua o, v
f)./'0 av - fo (fo f)av

uf

f-@me

o+

u/f

1]

o+

£~ IVFW) | = Jo £(v)vav]

1

= ufo f - u.flo:l f + fg f(v)vav.

Meanwhile

fg') min(u,v) £(v)dv

K (u)
g

= fg vE(v)dv + ufi f(v)iav

u 1 u
IO vE(v)dv + u[f0 f - fO f]

Il

1 a u
ufo f - uf0 £+ fo £ (v)vav.

35.15 RAPPEL T is injective.
[From real varisble theory, if £ € L'[0,1] and if /5 £ = 0 for all x

(0 £ x<1), then £ = 0 almost everywhere.]
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Therefore
{0} = Rer(T) = Ran(T%)*,
which means that the range of T* is dense.
Bearing in mind that /K W is injective, put
P

g(K g £) = T*.
P

Then
2
e R 017 = ||*e] |2
P
= <T*f,T*E>
= <f,TT*f>
= <£,K £> (cf. 35.14)
P
= < /wa,vkwfx
P P
Therefore

/R 210,11 » T1.2[0,1]
P

is isometric. Since

2
‘/EPW L7[0,1]

1.210,1]
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are both dense in L2[O,l] , ¢ can be extended to an isametric isomorphism
£210,11 > 12[0,1] (demoted still by 7).

N.B.

o /Kyg=Tt=> K ok=T.
P P
Given f,g € Wg’l[O,l], put
| 1 4 ]
<, g>' = fO fr'g'.

Then under this inner product, Wg'l[o,l] is a separable real Hilbert space.

[Note: Recall that if the derivative of an absolutely continuous function
is zero almost everywhere, then this function is a constant C and in our case,

C = 0.]

35.16 IFEMA v £,9 € w(z)’l[o,l].

n

<f,g>! <f,g> W *

H(P)

PROOF On general grounds,

1Y)

g 1210,1]  (cf. 33.16).
P
And here, according to 35.12,

HEY) = wcz,’llo,l] i
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This said, take f,g € wg'l[o,u and write £ = /K ¢, g = /K7 § — then
24 P

<£,g> W, = Seev> (ef. 33.16).
H(P") L”[0,1]
But
TE' = f TOTE =K b
P
=>
Tg' =g Tg' = /K v
- - P

o PW°C*)f'=VE ¢

OK w o ohat = K ooy
P

o' = ¢

g*g' =y,
VK W being injective. Finally,
P

<f,g>' = <f',g"> 2
L~[0,1]

= <g*f',r*g'> 5
L7[0,1]

= <¢,1[)>
210,11
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Given 0 < t, t'* <1l and M > 0, let

CO[O,l] (t,t':M) = {f € Co[O,l]:

f£(t) - £(t") ] =Mt - t'|}

and put

Colorl] (t;M) = N CO [0,1] (t,t";:M).
Ost'<l

Then C0[0,1] (t,t':M) is a closed subset of CO[O,l] , hence the same is true of

CO [011] (t;M) .

35.17 IEMMA For t # t', we have

Pw(_Co[O.l} (t,t'5M) < v2/m Mlt - ¢! 11/2-

PROOF Take t' < t ~- then there are two possibilities: t' =0 or t' > 0.
As the second is slightly more involved than the first, we shall deal with it.

From the definitions,
W '
P (co[o,ll (t,t";M)

_ 1
((2w)2 t' (t-t"))

1/2

u? (u,~u )2
1 71 21
* Jp @@= 3 7 * gy A dny

2
B ={(,u) ER :u, - ull <Mt - t'|}.
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To estimate this integral, let

- u
v, = L1
vl
u —
v, = 2L
vie-t!
Then
B"(C, [0,1] (£, ;1))
2
v _ /2
=1 s em- b M
- 1/2
-M|t~t']
2
v e 1/2
<o ep- b o MEE
- 1/2
-M{t-t'|

2
1/2 v
_ Mt _ 1
= —I—;T—-L—-— fl} exp( 5 )dvl
= V2/m M|t-t' (1/2.

35.18 IEMMA VvV t € [0,1],

ﬁW(co[o,l](t;mn)

PROOF Choose a sequence of points H((k

t ~t (k> «) — then

i

2

dv2 ] dvl

0.

1,2,...) in [O,l]:t.k z t,
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PW(CO[O,l](t;M))

IA

W

IA

V2/7 Mlt-tkll/z +~0 (k> ).

Given 0 < t <1, let Dt be the set of £ € CO[O,l]:f'(t) exists (use a one

sided derivative at the endpoints) -—- then

D_c U C,[0,1] (t;m).
t m=10

To see this, just note that for any £ € Dt’ J a positive integer me with the

property that
[£t) - £ | <mele-t'| (0 <t <1).
I.e.:
£ € Cy[0,1] (timy) .

So, thanks to 35.18,

o]

Py CoL0,1] (t:m))
m=1

Q0

< 1 P, 10,11 (tsm)
=1

0.

Therefore Dt lies in the domain of the completion PW of PW and
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N.B. It is not claimed that Dt is Borel.

35.19 REMARK Introducing PW is not a big deal and avoids thorny measurability

issues. E.g.: Let S be the subset of CO[O,l] consisting of those £ whose
derivative exists on a set of positive Lebesgue measure -- then it can be shown
that P—W(S) = 0. Thus, as a corollary, if Sbv is the set of £ in CO[O,l] which are
of bourded variation on same subinterval of [0,1], then sbv c S, so ;W(Sbv) = 0.
[Note: Here is a sketch of the argument. Define F:CO[O,I] x [0,1] by:
F(f,t) =1 if £'(t) exists and F(f,t) = 0 otherwise -- then F is measurable w.r.t.

the completion of PW X Leb (which is not totally obvious) and

1 W
'rCO[O,l] [fo F(f,t)dtldp (i)

F(£,t)dP" (£) ]dt

1
o [fCO[O,I]

= f% % (£)dP" (£) 1dt

X
Co[O,l] D

1 W
fo P (Dt)dt

I
(=]

il

1
fOOdt

Pw{f:fé F(£,t)dt

i
o
et

Il
’—l
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PW(CO[O,l] -8) =1.]

The theory of the Wiener measure PW goes through with no essential changes

when Co[O,l] is replaced by Co[O,oo[, where

CO[O,OO[ = {f € C[0,»[:£(0) = O}.

There are, however, some additional features stemming from the fact that [0,
allows for asymptotics at infinity.

Fix T >0 and n € N. Let

£k=(skr/n"5(k_l)t/n (k=l,2’¢--)-

Then the Ek are independent (cf. 35.7). Note too that

S =8t 8 = S B =0

so for £ < k,

Sk B SK = ékT/n - 61’,T/n'

N.B. The number 0 is a median for Sk - SK (the distribution of akT/n -

Spr/n

is gaussian of mean 0 and variance |kT/n - £T/n| (cf. 35.7)).

35.20 ILEMMA Fix T > 0 —— then

PYiE: sup |£(B)] = M)
O<t<T
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M2
sZexp(—-QT) M>0).

PROCF v n € N,

PW( max [Sk[ > M)
l1<ks<n

AY

2PW({Sn[ > M) (Lévy)

]

22"(|s;| =

Pw{f: sup |£(t)| = M}
O<t<T

IA

20" {£: |£(T) | = M}

2
2[2— M ep(- Dyau
v2nT
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35.21 IFMMA Given n ¢ N, define

AH:CO[OIOO[ > CO [Olw[

by
(Ahf) (t) = £(t+n) - £(n).
Then
(4) 2" ="
35.22 EXAMPIE Fix M > 0 and let
= {£: sup |£| > M}.
BM [0,1]
Then
W W
(An)*P (BM) =P (BM)‘
But
W W, -1
(A.n)*P (BM) =P (An BM)
and
K1 B = {f:af € }

{£: sup [Anff > M}
[0,1]

{f: sup |[f(t+n) - £(n)| > M}
Ost<l

{f: sup |f(t) - £(n)] = M}.
n<tzntl
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Therefore

PiE: sup  |E(B) - £m) | = M)

n<tantl

il

Pw{f: sup |£] > M}
[0,1]

M2
2 exp(- —2—) (cf. 35.20).

IA

One of the drawbacks to working with Co[O,oo[ is that it is a Frechet space

rather than a Banach space. This will now be rectified.
Iet

X [0,0] = {£ € C.[0,0[: Lim 1EEL = o3
0 0 ST

35.23 LEMMA XO[O,oo[ is a Borel subset of CO[O,oo[.

PROCF Let

B(m, )
= {£ € Cyl0,l:|E(E) | <= (1+0) V t > m}.

Then B(m,%) is closed in CO[O,oo[ and

X, 00,00 = n U B(m,%‘l-).
n=1 m=1
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35.24 IEMA We have

P" (%, [0,]) = 1.
PROOF Let
a n n-1 (n=12,...).

Then the gn are independent square integrable random variables of mean 0 and

variance n - (n-1) =1 (cf. 35.7). Since

6 =E t e HE (8,=0),

the strong law of large numbers implies that

8
lim 2=0 a.e.[PV.
n >« n
Write
% _ % _ %, %
t t n n
§ § 8
S_£_£¢+Lﬂ
t n n

ard for t € [n,n+l], write
% _ | _
t n

t

l ét—an] . I 6111 (t-n)
t nt

A

1“t1‘fm+ ligr _
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Then v M > 0,

r PY{f: sup £{t) £ (n) > M}

n=1 n<tsntl n
o 2
<3 2 expl- Eizﬂ-) (cf. 35.22)
n=1
< oo,
So, by Borel-Cantelli,
8 §
lim sup I—E - —g—! =0 a.e.[PW].
n »> «© n<t<ntl
Therefore
P" (%, [0,[) = 1.
Iet

C_(R = {$p €EC(R: lim |[¢(t)| = 0}.

t] >

Then in the uniform norm, Cw(I_{) is a separable Banach space, its dual being the
space of all Borel signed measures on R of finite total variation.

Returning to XO[O,w[, put

el = s £

0<t 1+t

Then the pair (X0 [0,e0,|]-] [W) is a separable Banach space. In fact, given
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£ € X,[0,~[, define ¢.:R > R by

t
fle)

oo (t) = .
£ l+et

Then the arrow £ d)f is an isometric isomorphism
XO[0.°°[ > C,.(R).

Therefore the dual of X0[0,°°[ consists of all Borel signed measures A on 10,%[

such that

Al = 7, @awn)alr]| (g < .

R0

35.25 LEMMA The arrow of inclusion

Xy [0, > €y [0,

is a continuous linear embedding.

To summarize, the upshot is that XO[O,oo[ is a separable Banach space which
is a Borel subset of C0 [0,w[ of measure 1, thus PW restricts to a probability
measure on Bor(Xo[O,oo[) (= Bor(Co[O,oo[) n XO[O,oo[) .

[Note: Both XO[O,oo[ and CO[O,oo[ are lusinien, hence

B € Bor(XO[O,oo[) =>B € Bor(Co[O,oo[) (cf. 25.19).]

Specializing the general theory to the case at hand leads to:
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2
%[0l = X[0,ml%y = 1205y (0,L,2")

H(PWS c XO[O.w[-

35.26 IEMMA Vv A € XO[O,w[*,

M) = e 3y fy
=0 =50

min(u,v)dx{u)dx(v)).

[Argue as in 35.8. By the way, this confirms that PW is centered gaussian.]

Let Wg’l[o,oo[ denote the set of functions f on [0,«[ such that f is absolutely
. . 2 _ W2,1 .
continuous, f' € 1.7[0,»[, and £(0) = 0 — then 0 [0,][ is a separable real
Hilbert space under the inner product
| J— 0 1 L}
<E,g>' = fo f'g’.

Moreover,

2,1
WO [01°°[ < X0[01°°[-

Proof s

£ ew o=l

th
f‘l"E
It
|+
O\‘ﬁ'
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1 .,.t 2,1/2
Lot e A2

A

< 1l (f‘g |f|]2)l/2
VE
=L g0 e
VE
=>
£ e X,10,=[.

In addition,

f@ ] - t [f®]

tHl w1l t
< 2% [l
< ||g]]"
£l < TIEN

[Note: X0[0’°°[ is the completion of Wg’l[olm[ per ||-| !W']
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W — W2'l .
35.27 IEMMA H(P' ) = 0 [0,~] as sets and as Hilbert spaces.

While a direct computational attack is feasible, there is little to be

gained from it as a simple conceptual approach is available.

35.28 LEMMA 3j an isometric isomorphism

1:12[0,%[ + Xy [0, %
P

with the property that

n n
I(Z r.x ) = I r.6, .
j=p FLOAEDT ooy TiTE

[Note: In the same way, One can construct an isometric isomorphism

1:12[0,1] ~ Col0,11%.1
P

35.29 IEMMA let ¢ € L2[0,=[ —— then

R (I(9)) ()
PW

W
= fXOIO,l] I(4) (f)I(X[O,l]) (£)ap" (f) .

By definition,

1l

HE = R (X, [0,2[% )

1% P
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or still,
HEPY = (R 3@ 20 € 12[0,=1}.
and
RO (®) = <o o> 5
= 5§ 9.
Therefore

HEY) < wortio el

But the contaimment is reversible: Take an f € wﬁ'l[o,w[ and consider I(f').

To check the equality of the inner products, let f,g € wg’l[o,eo[ ~- then

<f,g>' = <£',g'> 5
L™[0,[

<I(£'),I(g")>
L2(PW)

R (T(E)) /R (T(g")>
PW PW H(PW)

<f,g> .
H(P")

35.30 REMARK Fix A € XO[O,OO[* and put h, = R W(M —— then Vv h € H(PW),

»op

A(h) = <h

A

H (PW) ’
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Here

h (0 = fg A(lv,[)dv.

As we know (see §28), there is an isometric isomorphism

. o > 2 [+ W
TEO ([0, X) > L2 (4, [0,1, ")

characterized by the relation
T exp(f) = Af.
Put

T(I) =T o T(I) {(cf. 6.14).
Then

(D) :Bo (L2 [0,=) » L2 (%, [0,[,B"

is an isometric isamorphism such that
T(I) exp(d) = AI(q))'

[Note: Put h =R W(I(d>)) -- then
P

%Sl 23'%2
il

()"
Consequently,

=Ly 1 wp @
X, 10,

D‘%E = -

2
&

=/
XO[OIOO[ ap
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= W
= Ixjt0,0 ") ®

1 2
= Tx 10,01 SPE® -3 ol )a"

[0,f

1 2 W
exp(~ 5 | |o]] ) o1 =p(I(9))dp
2 1210, Xgl0r=l

W

= e} |1¢s|§2[ )]

=l



§36. ABSTRACT WIENER SPACES

Let X be an infinite dimensional separable real Hilbert space. Denote by

PX the set of finite dimensional orthogonal projections P of X and let CX

be the set of subsets of X of the form

C = {x ¢ X:Px € B},

where P ¢ PX and B € Bor(PX) =-- then CX is an algebra.

36.1 ILFMMA Given P € P, let

Cp = (P71 (B):B € Bor (px) ).

Then CP is a g-algebra and

[Note: CX is not a g-algebra but the cg—algebra generated by CX is Cyl(X)

(= Bor(X)) (cf. 25.5).]

The canonical measure on X is the set function

YX:CX » [0,1]
defined by the rule

_ 1 1 2
YX(C) = W fB exp(- 5 Hx| 5 ax,

where n = dim PX.



36.2 LEMMA Yy is finitely additive but Yy is not countably additive.
PROCF It is obvious that Yy is finitely additive. If Yy were countably
additive, then Yx would admit an extension to a probability measure ;X on Bor (X) .

To derive a contradiction, fix an orthonormal basis {ek} for X — then for all

positive integers N and M, we have

" N 2
YoiX: T <e_,x>" < M}
X k=1 ek

IA

Yx{x:|<ek,x>| < /M,1 <k <N}

N
= I y,{x:|<e ,x>| < M}
k=1 =% “k
— 1.2 — N
, M-St
= —f e dt .
2 =M _
Since
A
0<— 7' e dt < 1,
2n =M
it follows that
. N 2
lim YX{x: T <g x> < M} = 0.
N » o« k=1

fx:] |x|]? < M}



{x: ¢ <ek,x>2 < M}
k=1

n {x: 3 <e_k,x>2 < M}.
N=l k=l

{x: % <ek,x>2 <M} e {x:Z <ek,x>2 < M}.

And
N+1
k=1
Therefore
Yx {x:
=>
1

I.e.: 1 =0....

36.3 REMARK The

k=1

] 1* < )
~ N 2

= lim vy {x: & <e_,x>" < M}
Now X 1 K
=0
= Y (%)
~ © 2
= Y U fxzffx[]™ < mb)

M=1

. ~ 2
= lim y,{x: [x] % < M}
M > o
= 0.

restriction YXI Cp of Y to G is a probability measure,



thus it is meaningful to consider

f¢ ¢ o Px)dy,(x),

where ¢:PX -~ R is Borel. E.g.: Fix x, # 0 in X — then

0

S

2 2
X <x,x0> dYX(X) = HXOH .

Let p be a seminorm on X —— then p is said to be tight if v ¢ > 0, EIPQEPX:

Yx{x:p(Px) >e}<eVPE PX:P LP,.

36.4 EXAMPLE ILet ||:|| be the norm on X —— then ||-|| is not tight. For if

the opposite were true, then we could find an increasing sequence P € PX:

Yy 1x: |px|| > %} < %v PEPPLP.
Take m > n > 2, thus (Pm—Pn) .LP2, so
Yyl I(Pm - Pn)x|| > —]22} < %.
or still,
Yy lx: I (e - Pn)xl |2 > %} < %-
or still,
l-YX{x:H(Pm-—Pn)tz s% <-:]Zl.

But as m & n tend to «,

@

2
n = 2%l

{x:

A
I

¥x



terds to 0.

36.5 LEMMA Suppose that A € B(X) is Hilbert-Schmidt. Set p,(x) = | 1ax] |
(x € X) == then Py is tight.
PROOF Assuming that the range of A*A is infinite dimensional, let >‘l'>‘2’ .

be the eigenvalues of A*A and let €r€yren- be the corresponding eigenvectors so

that v x € X,

A*Ax = T A, <e _,X>e .
oy K S ¥

Denote by Pn the orthogonal projection of X onto the span of €preeer€) then for

PLP, (P € PX), we have

pA(Px) 2 -

:

;
:

<Px,A*APx>

z
k=1

2

ey r Px>

-4

2
% Ak<ek, Px>".

k=n+1

The function

X =+ X A <e, P>
k=n+1 kek



is positive and CP-measurable, hence v € > 0 (cf. 36.3),

YX{X:pA(Px) > e}

Yx{x:pA(PX) 2, 82}

il
<
b

2 2
: I <e, ,Px>" > g7}
O

1 > 2
= T % A <e, ,Px>" ady,, (x)
20 Kk X

A

2
i) < <ey sPx> dyx(x)

2
A, [, <x,Pe >" dy,(x)
e“ k=n+l kX ek X

l\

e l1?

1A

Now choose n >> 0:



36.6 EXAMPLE Suppose that X is a separable real Hilbert space and 1:X » X
is a continuous linear injection with a dense range. Assume: 1 is Hilbert-Schmidt

and set p, (x) = ||1x]||” — then p, is tight.
[Fix a bounded linear operator A:X - X such that
<1x,1y>~ = <x,Ay> X,y € X).

Then it is clear that A is positive and symmetric. Moreover A is trace class.
To see this, consider any orthonormal basis {en} for X. To say that 1:X » X is

Hilbert-Schmidt means:

= ~ 2
2 (Jlhe ] )" <.
n=1 n

But
I <e,Ae>= I (|lhe ||~)2,
=1 o n=1 n

thus A is trace class and /A is Hilbert-Schmidt. Finally,

[ x| |

P, (x)

(<1x, 1x>~) 1/2

1/2

(<x,Ax>)

(<VE x, VA x>) /2

WA x| =p (),
VA

which implies that P, is tight (cf. 36.5).

[Note: X is called a Hilbert-Schmidt enlargement of X. If 5(1 and i?_ are




two Hilbert-Schmidt enlargements of X, then 3 a third Hilbert-Schmidt enlargement

X, of X finer than X

3 1 and X2.]

36.7 REMARK Consider the seminorms Py (K € K) figuring in the definition of

the Sazonov topology (cf. 33.11) — then each of them is tight (cf. 36.5).

36.8 LEMMA Iet p be a tight seminorm on X -- then 3 C > 0:p(x) = C||x]]

¥ X € X, thus p is continuous.

PROOF Define a > 0 by

e 2 dt=%.

2
/2r @

Take € =

N

and choose Pl /2 € PX:

1 1
Yx{x € X:p(Px) > 7} <FVPE PX.P L Pl/z.

Since Py ,,X is finite dimensional, I M > O:p(y) s M|lyl] vy € Py sX- Givenz 2 0

. 1 .
in (Pl/ZX) , define PZ by

P x = <x, Z > z .
z Hzl] |z

Then PZ € PX and Pz L Pl/2' hence if p(z) = 0,

1 1
YX{X € X:p(_PZX) > '2-} < -2—



YX{X € X:|<x, > | >.L|.z_|_l_} <%
|z]] 2p(z)
=>
1.2
ifoo e__z_t dt<l
s Hzl] 2

z 1
St > 2 P@ < Lzl

4

Any x € X admits a deomposition x = y+z:y € Pl/ZX’ z € (Pl/ZX) .

Therefore

p(x)? < (p(y) + p(2))>

IA

2(p(y)2 + p(z)z)

IA

IA

208 1y[1% + 5 |12] D
4a

IN

200 + L (| |y]1% + |12] 1D
4a

2% + —17) | |x] |2
4a

pto < c|lx|] ©=v2 of + 1513,

)
4a2
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36.9 REMARK The preceding result can be sharpened since it is always

possible to find a compact operator A:X -+ X such that

p(x) < ||ax|| v x € X.

But, in general, A is not Hilbert-Schmidt as this would mean that for any ortho-

normal basis {en} for X, we would have
* 2 ® 2
T ople)” < 2 [|ae ||” <o,

n=1 n=1

which need not be true. To illustrate, let X = 22 and define p by

X
p(xl,xz,...) = sup -Lil- .
/n

B

Then p is tight and

p(en) =1 o )3 p(en)2= pX
/n n=1 n=

A triple (X,Y,1) is said to be an abstract Wiener space if

X is a separable real Hilbert space (dim X = =)

Y is a separable real Banach space (dim Y = )

and 1:X ~ Y is a continuous linear injection with a dense range such that |1-| ly 1

is tight, where ||-||, is the norm on Y.

36.10 EXAMPLE ILet p be a tight norm on X; let Xp be the completion of X
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per p -- then the triple (X,Xp, 1) is an abstract Wiener space.

[Note: X is not camplete w.r.t. p. For if it were, then p would be equivalent

to ||+|| (open mapping theorem), thus |-

| would be tight, which it isn't (cf. 36.4).]

36.11 LEMMA Suppose that (X,Y,1) is an abstract Wiener space -- then

1:X - Y is a compact operator.

36.12 EXAMPIE The triple (L2[0,l] ,Ll[O,l] ,1) is not an abstract Wiener space.
[The inclusion 1:L2[0,l] - Ll[O,l] is not compact (the sequence

{cos(2nmx):n > 1} ¢ L2[0,1] is bounded but does not have an Ll—convergent sub~

sequence) . ]

36.13 IEMVMA Let y be a centered gaussian measure on a separable real Banach
space X (dim X = «). Suppose that H(y) is dense in X —— then the triple (H(Y),X,1)
is an abstract Wiener space.

[Note: Of course it is necessary that the inclusion 1:H(Y) - X be a compact
operator (cf. 36.11), which is indeed the case (the closed unit ball BH y) is

compact in X).]

Before proceeding to the proof, we shall first consider the situation when

X is a separable real Hilbert space (infinite dimensional as always) and KY > 0.
For then H(Y) = Jﬁ;x (cf. 33.16), the question being: Why is |[-|| |H(Y) tight?

PutA=fK_Y_o 1 — then V h € H{Y),
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188 gy

10K, o 0@ [y,

th 1x‘

So, to finish the verification, one has only to show that A is Hilbert-Schmidt

(cf. 36.5). To this end, fix an orthonormal basis hl,h2,... for H(y) and define
©s€y,... by the relation h = /K; e , thus
By = @iy = 845
And
> 2
I W )

n=1

(oo}

2
nzl HOK, e byl

= 1 |IE K e lly

® 2
DKo, Ig < =
n=1 Y

[Note: KY is trace class (cf. 33.13), hence is Hilbert-Schmidt.]

Turning now to the proof of 36.13, recall the setup:
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ﬁcgcfmw

® Given )\ € X*, put h

e Given h € H(Y), puth'=R'Y'

Then

X (h)

il

[Note: Vv A € X*,

2
LA,
L™ (y)

Given P € P,

H(y) let

by the prescription

Then b

R

1

H(y) < X.

A

= <h>\,h>

= RY(A).

Lny.

H(y)

Iy ARy ().

h

2 2
RO 112 = 1yl 12 0,

h., be an orthonormal basis for PH(y) and define

l,o.., d

'E,P:X->X

da .
(x) = i—E-l hi(x)hi.

does not depend on the choice of the hi'

36.14 LEMMA If the net {EP:P € PH(Y)} is fundamental in measure, then

|1}y lH() is tight.
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PROOF Fix £ > 0 and choose P_ € P, :
— € H(Y)

P

Pl’P2 > Fe

yix: | IEPl(x) - Epz(x) [l > e} < e

Suppose that P € PH(y):P L Pe — then P = Q - Pe' where Q =z Pe‘ Take P, = Q,

1
P, =P_:
vix:||2,00 - EPE(x)HX >e}l <e
=>
Y{X=||5P(X) | IX >¢el < e
=
YH(y) {h:||Ph| IX > e} < e
Therefore ||-||,|H(y) is tight.

[Note: Iet C € CP - then

Y{x:EP(x) € C} = YH (v) .

Specialize and take for B € Bor (PH(y)) the subset of PH(y) consisting of those
hi||h||, > € 50 that C = P7-(B) is the subset of H(y) consisting of those

h:| |Ph| ]X > ¢, hence

Yty © = Yy el [P0l Iy > €l
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On the other hand,

Ep(x) € C <=> |[|PE,(x) ||y > e.

And
d .
PE_ (x) =P I h.(x)h,
P =1 * i
d .
= .Z hi(x)Phi
1=
d A
= I hi(x)hi
1=
= EP(x) .
Consequently,

Ep(x) € C <=> HEP(X)HX > e.]

36.15 LEMMA Suppose that Pn € PH ) is an increasing sequence which converges

strongly to the identity IH(y) - then converges in measure to the identity I

I'.P X*
n

[See the discussion following 36.17 below.]

36.16 LEMMA The net {EP:P € PH(y)} converges in measure to the identity Iy-

> > h P ' :
PROOF If not, then 3 ¢ 0 &6 0 such that v P € PH(y)’ 3 P' e PH(y)
P' 2 P and

Yix:[|E () - x{[y > €} 2 6.
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Fix an increasing sequence P € PH(y) which converges strongly to the identity

'
IH(y) . Choose Pl > Pl such that

yix:|]E (%) - x|l > e} 2 6.
Pl

let Pi 5 be the orthogonal projection of H(y) onto P]'_H(Y) + P2H(Y) , thus
(4

Choose P! = P! such that

L 1
P andP’zsz. 2 1,2

]
P122P 1

yix:||2 ® - x||y > e} 2 6.
®2

Proceed fram here by iteration to get an increasing sequence Pr'1 € which

PH(Y)

converges strongly to the identity I subject to

H(Y)

yix:[|E () - x[[, > e} 2 6.
Pl

But this means that £ does not converge in measure to the identity Iy contra-
Pl
n

dicting 36.15.

[Note: V¥ h € H(Y),

P! 2P = |leth - hi] y ||Pnh—h][

H(y H(y) ]

It is therefore a corollary that the net {EP:P € PH (Y)} is fundamental in

measure, hence ||-||,|H(y) is tight (cf. 36.14).

To establish 36.15, we shall employ a classical. criterion.
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So assume that (Q,A,u) is a probability space. Given a random variable

£:0 » X, let Pg =y o g"l be the distribution of £ and call £ symmetric if

36.17 THEOREM (Ito-Nisio) Let £1+18s- .. be a sequence of independent

n
symuetric X-valued randam variables on ) and put Sn = I gk‘ Suppose that
k=1
Vv A € X*,
n A ~
I PE (A) > vy(d) (n> ).
k=1 “k

Then the sequence {Sn} converges a.e.[u] to an X-valued random variable £.

Given an increasing sequence P E PX which converges strongly to the identity,
let
17 EPl, g = EPn - EPn-l n>1).
Then the En are independent symmetric X-valued random variables on the probability
space (X,Bor (X),y) and we have

n ~
I P ()
k=1 %k

e/-_l A gp

(x)
&

A a(y o gl (o



i
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I fx e dy (x)

n /-1 (g ()
I e dy (x)
k=1

Ix

n
Ig exp(/-1 A X £ (X)) dy (x)
k=1

Iy exp (V-1 MEPn(X)))dY(X)

d(n) -
iil hi (%) Mhi) )dy (%)

Iy exp (V-1

d(n)
fx exp (V-1 i—il h; (x) <hy,h; >, (Y))dy(x)

d(n) .

Iy exp (V-1 izl h; (x) <h>\,Pnhi>H(Y) )dy (x)

-1
Iy ex(~1 R “(Bh) (x))dy (x)
fx @@L KBy (0)dve) (0 > o

fX e/—_l A (x) dy (%)

Y(A) .
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Therefore
n
S = 3 E = =
nooa k “‘Pn

converges a.e.[y] (cf. 36.17), thus is convergent in measure (Y(X) = 1 < «),

N.B. Let Z(x) = 1lim EP (x}) — then v A € X*%,
n-o "n

lim A(E, ) = Ax)
n- oo n

AMEE)) = A=)

E(x) = x a.e.[y].

Therefore EP converges in measure to the identity IX.
n

36.18 EXAMPLE The triple

1
War10,11,C410,11,1)

is an abstract Wiener space.

36.19 EXAMPLE The triple

1 o o
W2t 10,0, %, [0,%0, 1)

is an abstract Wiener space.
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Let Y be an infinite dimensional separable real Banach space. Denote by

CY the collection of subsets of Y of the form

cC= {y € Y: (>\1(Y)l---r)\n(Y)) € B}:

where )‘i eEY* (i=1,...,n) and B € Bor(_I_{n) —= then CY is an algebra and the
g-algebra generated by CY is Cyl(Y) (= Box(Y)) (cf. 25.5).

Iet (X,Y,1) be an abstract Wiener space -- then 1 induces a map CY > CX.

36.20 THEOREM (Gross) ILet (X,Y,1) be an abstract Wiener space -- then the
set function Yg © 1-1 is countably additive on C,,, hence can be extended to a

centered gaussian measure YY on Bor (Y).

[Note: It turns out that X can be identified with the Cameron-Martin space

We shall postpone the proof until 8§39 (cf. 39.1).

36.21 EXAMPLE Take X = £2 and let p be defined by

1 .21/2

px) = (L =5 n) .

n=1ln
Then p is a tight norm on X ard in the notation of 36.10,

X={x€13°°:21—l-—r21 -

< »}, Here, v, ©
P n=1 n2 X

, When extended to Bor(Xp) , is the
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restriction lep, where vy is the standard gaussian measure on 1300 (cf. 26.1)

(recall that X, € Bor (R) and Y(X) =1 (cf. 24.11)).

36.22 EXAMPIE Take X = L°[0,1] and let p be defined by

p(f) = sup |/ £(s)ds].
O<txl

Then p is a tight norm on X and in the notation of 36.10, Xp = CO[O,l] . Here,
-1
1

Q

Y , when extended to Bor (Xp) , is the Wiener measure PW.

36.23 LEMMA Let X be an infinite dimensional separable real Hilbert space.
Let p be a tight norm on X. Assume: p is hilbertian (cf. 34.8) — then 3 a

Hilbert-Schmidt operator Kp on X such that
p(x) = HprH (x € X).

PROOF As an initial reduction, note that {x:p(x) = 0} is a closed subspace

of X (cf. 36.8), hence by passing to {x:p(x) = O}J' if necessary, it can be assumed

that p is actually a norm, call it |

. ‘p' Denote by X o the associated completion.
Identify X* with X itself —— then X; can be viewed as a dense linear subspace of X.

Consider now the triple (X,Xp,'t) . Put Yp = Yy (cf. 36.20). By definition, the
P

Fourier transform Yp of Yp lives on X; which, for the purposes at hand, will not

be identified with Xp. Accordingly, 3 a nonnegative, symmetric operator
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K_ € L,(X*): X*
o —Z(p) VX EXS

~ 1
Yp) = e 3 [[KRAIlR)  (cf. 33.13),

where HHE‘) is the norm on X; and (cf. 33.9),

2 2
(|1 px[ lp) fxp A(x) dyp(x)
or still,
2 2
(} ]prl ];) = Jy A" dvy (x)

[

2
L2
Therefore Kp is one-to-one. Let KyrKorees be the eigenvalues of Kp ard let
)\l'>‘2' ..+ be the corresponding eigenvectors -- then

<>\i, >\j> = fX <>‘i’x><>‘j'X>dYX(x)

= Iy A &) Aj (x)de(X)
P
= <K ., K A.>*
P)\l Pl1pP
= Kin(Sij,
Mk
SO {-K—:k =1,2,...} is an orthonormal basis for X. But
k

o] )\ (Y >\
ky 112 - 2 Ky [ 2
2 IR 117 = 2 (IGED 1Y
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e}

2
= % (&A%

o 2
= 7 . < oo,
k=l‘<k

which implies that Kp can be extended to a Hilbert-Schmidt operator on X (call it

K _ again):
o g

fmm
-
T

X ——— X
K
P
Finally, V X € X,
px) = su A (x) |
M AT fx = 1

Sup LR M) (x) ]
AR A% =1 P

NN

xﬂﬁﬂ e

Il
|.-.J

R

36.24 REMARK Take X as above and given A € B(X), put p,(x) = |[A&x[| (x € X) —
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then Py is hilbertian. Moreover, is tight iff A is Hilbert-Schmidt.

Pa
[That the condition is sufficient is the gist of 36.5. To ascertain necessity,

use 36.23 to write

Py () = HprH x €X.

Fix an orthonormal basis {en} for X —— then
o 2 3 (o]
 lne,l1®= 3 llxe

n=1 n=

so A is Hilbert-Schmidt.]



§37. INTEGRATION THEORY

Iet X be an infinite dimensional separable real Hilbert space -- then by

definition, a cylinder measure on X is a finitely additive set function

:Cy > [0,1] with T(X) = 1 such that v P € Py, the restriction I|Cp is countably

additive.

37.1 EXAMPIE The canonical measure Y¢ on X is a cylinder measure.

37.2 REMARK Since the c-algebra generated by CX is Bor(X), it follows that

every Borel probability measure on X determines by restriction a cylinder measure

on X.

Let Il be a cylinder measure on X —— then the Fourier transform of I is the

function [i:X + C defined by the rule
Mx) = [y exp (V-1 <x,y>)dl(y).

[Note: This makes sense. In fact, the integrand is CP—measurable for any

P e PX:X € PX and II is countably additive on CP.]

37.3 EXAMPLE We have

Y = e 5 |Ix] 1%,



Let Tl be a cylinder measure on X — then it is clear that I is positive
definite and equal to one at zero. Moreover, Il is continuous in the finite
topology. For suppose that F ¢ X is a finite dimensional linear subspace of X.

Let PF:X -+ F be the orthogonal projection of X onto F and put ITF = f[[F -- then

VXEPF

1(x)

I ()

I

Iy exp (V-1 <x,y>)dl(y)

il

fy e (/FL <x,y>)d1|C, ) (y)
F

(]

g exp (V-1 <PFx,y>)d(II|CPF) ¥)

I

fX exp (/-1 <x,PFy>)d(H|CPF) (y)

_ ' -1 '
= /p e (/-1 <x,y >)c1(II|CPF o P (¥").

Therefore l'[F is the Fourier transform of a probability measure on Bor (F), hence

is a continuous function on F.

37.4 LEMMA Suppose that x:X + C is positive definite, continuous in the
finite topology, and equal to one at zero — then x is the Fourier transform of

a unique cylinder measure on X.

PROOF Given P € Py, let x, = X |PX: =- then by Bochner's theorem (cf. 33.3),



there exists a unique probability measure HP on Bor (PX) :IT_P = Xp- Define HP on

C

p bY

~ 1 _
RP (p ~(B)) = RP (B) (B € Bor(PX)).

Then the collection {HP:P € PX} is consistent (i.e., P, <P, => IIPl = ITPZ‘CPl),
so the prescription

ne) = HP(C) (C e CP)
defines a cylinder measure H:Cx + [0,1] on X having x as its Fourier transform.

[Note: The hypotheses here are the same as those of 33.7, thus alternatively,

#

x is the Fourier transform of a unique probability measure on Cyl(X").]

37.5 REMARK A cylinder measure I on X admits an extension to a probability
measure on Bor(X) iff II is continuous in the Sazonov topology.
37.6 EXAMPIE Let K be a nonnegative symmetric operator. Define y by
1
x({x) = exp(- 5 <x,Kx>) .

Then there exists a unique cylinder measure II on X:II = x.

[Note: When K = I, we recover vy and when K is trace class, II extends to

a centered gaussian measure on X.]

A function f:X » R is a cylinder function if f is CP—measurable for some




[Note: Such a function is said to be based at P.]

37.7 EXAMPLE If
f(x) = <I>(<xl,x>,...,<xn,x>),

where @:E_{n + R is Borel, then f is a cylinder function based at P (the orthogonal

projection onto the span of Kyreee ,xn) .

37.8 ILEMMA The cylinder functions based at P are exactly those real valued

functions on X of the form £ = ¢ ¢ P, where ¢:PX + R is Borel.

ILet 1 be a cylinder measure on X. Suppose that £ is a cylinder function based

at P —— then fX |£(x) |dn(x) is defined because II[CP is countably additive. And if
this integral is finite, then fX f(x)dl(x) is also defined.
[Note: If P' € PX and if P' > P, then £ is based at P' as well and fx f(x)dl(x)

is unchanged if P is replaced by P'.]

37.9 REMARK Fix P and set F = PX. Write I[; in place of I o 1 — then
fF ¢l = fx ¢ o PAIll.

Therefore the arrow ¢ >~ ¢ o P is a unitary map fram LZ(F,TLF) onto L2(X,CP,II) '

the space of square integrable cylinder functions based at P.



[Note: If P' € PX and if P' > P, then LZ(X,CP,I{) is a closed subspace of

2
L (chPlln) -]

let M(X,CX,H) be the set of Borel measurable functions f:X - R such that

Ve>0,V5>0,BPOEPX:Pl,PZEPX&PlzPO,PZzPO

M{x:|f o Py(x) - £ o P,(x)| > e} < 6.

[Note: In other words, M(X,Cx,l'[) is the set of Borel measurable functions

f:X » R such that the net {f o P:P € PX} of cylinder functions is fundamental in
measure. ]

Every cylinder function belongs to M(X,CX,H) .

37.10 EXAMPLE Take @I = Yy and let p be a tight seminorm on X —- then

p € M(X,CorYy) -

X'V

In fact, by definition, v € > 0, 3 P€ € PX:

Yx{x:p(PX) >e}l <eVPEPIPLP,
or still,

Yx{x:p(Px - Pex) >el<eVPE PX:PE < P.
Since

lp(Px) - p(P x)| < p(Px - Px),



it follows that

yx{x: p(Px) - p(Pex)| >e} <eVPE Pg:P_ < P.

2P

Py 2P jpr Py 2P )y

yx{x: poP(x) -po Pz(x)l > g}

< yx{x: p(‘Plx) - p(PE/zx)l > g/2}

+ YX{x: p(Px) - p(PE/zx)X > g/2}

< g/f2 +¢e/2=¢.

Keeping € > 0 fixed, introduce § > 0. If € < §, take PO = Pe/2 but if § < ¢,

take PO = P6/2:

{x:|[pePj(x) ~po P2(x)| > ¢}

Yx
< Yglx:|p o Py(x) - p o Py(x)| > 6}

< 8.
Therefore

P c M(X,CX,YX) .

[Note: Recall that p is continuous (cf. 36.8), hence is Borel.]



37.11 1LEMMA Tet f,,...,f € M(X,CX,H) and suppose that <I>:I_{rl + R is

continuous —- then

@(fl,...,fn) € M(X,CX,H) .

Consequently, M(X,C_,,I) is closed under addition, multiplication, and the

formation of maxima and minima.

Suppose that £ € M(X,CX,H) is bounded:

PO € Px:Pl,P2 € PX & Pl > Po, P2 > Po

=>

T{x:

Then

A

.X{IfOPl—fOPZI > ¢}

A

€ + 2Ce.

Therefore the net

{IX f o PAN:P € PX}

|£| < C. Given € > 0, choose

foPl(x) -fon(x)I > e} < e.

Jg |£ 0 Pi(x) = £ o Py(x) |t (x)

€+ Jy |£ o Py(x) - fo Pz(x)l

all (x)

of real numbers is Cauchy and by definition the integral of f w.r.t. Il is




fdll = lim [, £ o Pdl.

S
X Pep,

The integral can be extended to nonnegative functions:
f e M(X,CX,H) (f = 0)

j'x fan = lim fX min(£,n)dIl.

n > o

-—

[Note: It is possible, of course, that [ X fdll is infinite.]

Let
th (%, = {f € M(X,Cp, DSy, |£]AN < ).

Write

I, faIl = [, £an - £, £an (£ € ttx,m).

Then the map £ ~ fX £dll from Ll(X,H) to R is linear and monotone, i.e.,

(a4, + a fz)dH =a; fX fldl'[ +a, fx fde

fX 171 2

fl < f2 => fX fldH

A

fX fde.

37.12 EXAMPIE Suppose that A € B(X) is Hilbert-Schmidt.

||ax|| (x € X) —- then p, is tight (cf. 36.5), so

Pp € M(X,CX,YX) (cf. 37.10)

Set pA(x) =



2
But v n,
. 2 2
[ min(p, ,nidy, < |[A]]5.
Therefore

2 1
Py € L (X,YX) .

[Note: One can say more, viz.

2 B 2
fy 11ax] 12 av, 6o = |1a] |21

1

37.13 LEMA Let f € M(X,Cy, M) —- then the net {ll o (£ o P) :PE Py}

of probability measures converges weakly toO a probability measure II £ = T o f—l

on Bor(R). One has
1 _ .
feL (XM <= [ [tlalg (k) < e,
in which case

fX fan = fB th{f(t) .

Iet £, € M(X,CX,II) -- then f is said to be equal to g mod I, written

f=gmodH, ifve>0, 3P EPX:VPZP

0 o’

M{x:|f o P(x}) — g o P(x)| > e} < e.
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37.14 LEMMA LethM(X,CX,H) — then £f = Omod ] iff NI = §,.

£ 0

PROOF The condition £ = 0 mod Il reads: vV € >0, 3 P EPX:VPzP

0 o'

Mo (£ P) 2]~ o= eU]e,=[} < c.

So, Y € >0,

Hf{]— ©, = E[U]EIOO[} < €

The converse is equally obvious.

Suppose that £ = 0 mod II =~ then

fX fdl = 0.

Proof:

&
il

fg thf(t)

= IB tdéo(t) = 0.

37.15 REMARK Iet f € Ll(x,l'[) and suppose that fc fdi =0V CE€ Cx -- then

f=Z0mod I (cf. 38.15).



§38. LINEAR STOCHASTIC PROCESSES

Suppose that (Q,A,n) is a probability space. Let f:Q + R, g:Q + R be

Borel measurable functions. Write £ ~ g if £ = g almost everywhere -- then
this relation is an equivalence relation, the corresponding equivalence classes

being termed random variables.

[Note: When equipped with pointwise operations, the random variables are

a commutative algebra over R, call it M(Q,A,u).]

Let X be an infinite dimensional separable real Hilbert space -- then a

linear stochastic process (LSP) on X is a map L that assigns to each x € X a

random variable LX on a probability space (Q,A,u) such that v a,b € R & V %,y € X:

L

ax+by = aLX + bLy.

[Note: The reduction of L is the triple (Q,AL,u L) , where A L€ A is the

o-algebra generated by the I (x € X) and u = u[AL.]

38.1 EXAMPLE Construct the isometric isomorphism

I:L2[0,°°[ > X0[0,°°[*

PW

as in 35.28., Let

1%, [0,00* > L (%, 10,0, B")

éW

be the inclusion ~- then the assigmment £ - 1I(f) is a ISP on L2[0,oo[.



38.2 REMARK Let y be a centered gaussian measure on X —— then the inclusion

X =X* > LZ(X,y) defines a ISP on X.

Suppose that L' and L" are LSPs on X —- then L' is said to be equivalent to

L" if v x € X,

S e du'=/ e ' du".

38.3 LEMMA Suppose that L',[" are equivalent 1LSPs on X -- then 3 an

isomorphism
o:M(Q' AT ,u' ) > M@Q", A" )
L' Ll Lll L"
such that
d)(L;{) =L;VXEX
and
o MQ',A" ,u' )) = bM(Q",A" ,u" )
Lt L
with

El (fl) - En ((b(fv))

for all £' € bM(Q',A" ,u" ).
Lt L
[Note: The "b" stands for bounded while E' (respec. E") is the expectation

per p (respec. u ).]
Ll LI|




Iet | be a LSP on X. DefineXL:X—>§_by

V-1 L
XL(X) = fQ e du.

Then y L is positive definite, continuous in the finite topology, and equal to
one at zero, thus 3 a unique cylinder measure HL on X:ﬁL =X (cf. 37.4). Since
HL depends only on [L] (the equivalence class of L), it follows that we have a
map [L] - T L from the set of LSPs on X modulo equivalence to the set of cylinder

measures on X.

38.4 LEMMA Let I be a cylinder measure on X —— then 3 a LSP L on X such that

/-1 L
b

ﬁ(x) = fQ e dun

for all x € X.

PROOF Take Q = 1_2X, A = xBor(R), and let [ be the coordinate map on {,

X

i.e., L (w) = w(x). Consider A., the subalgebra of A consisting of those sets of
X 0

the form

{w: (Lxl(w) ye ..,an(w)) € B},

where B € Bor (}_zn) . Define a set function My on AO by

a{ws (L. (W) ,...,L () € B}
0 xl xr1

= T[{x: (<xl,x>,...,<xn,x>) € B}.




Then there exists a unique probability measure u on A:u‘AO =u To check

0.
linearity, one has to show that
u{w:LaX+by(w) = aLx(w) + bLy(w)} =1.

To this end, let

- 3, =
B = {(ty,t,it;) € R7:aty + bt, = t,}.

Then

U{w= (Lx(w) 'Ly(w) L (w)) € B}

ax+by

{z: (<x,2>,<y,z>,<axtby,z>) € B}

X = 1.

Finally, v x € X and V B € Bor(R),

...]_ _ .
Yoo Lx (B) = u{w.Lx(co) € B}
= Ti{y:<x,y> € B}
=1 o <x,___>_l(B) .
Therefore
A AL
n(x) = fQ e du.

Let Il be a cylinder measure on X ~— then a LSP L on X such that

~ vas L
I(x) = fQ e dn



for all x € X is called a model of I. E.g.: Take X = L2 (I_{_n) , I = -— then a

Yx

model for this data can be constructed from the white noise space (cf. 34.15).

38.5 REMARK If L' and [" are models of 1, then v B € Bor(l}n),

TT{x: (<xl,x>, .o ,<xn,x>) € B}

u'{w':(L;< (w'),--.,L}'{ (w')) € B}
1 n

]J"{(.L)": (L“ (wn) yeo .,L" (U.)") ) € B}.
! *n

Write A, (b_A_X) for the algebra of cylinder functions (bounded cylinder

functions) on X.

38.6 LEMMA Suppose that L is a model of II. Let f € éx’ say

<I>(<Xl,x>, ces ,<xn,x>)

fx) =

\P(<yl,x>, cee ,<ym,x>) '

xl,...,x

€ X

Yll"‘lym



and

2:R' > R

v:K" > R
are Borel measurable functions —- then

(L. seeasl, ) =¥(L ,...,L_ ) a.e. [ul.
% *n 41 I
PROOF Define B € Bor (R™™) by
B = {(tl""'tn-l-m):q)(tl'“"tn) z Ly(tn+l""’tn+m)}°

Then

{x: (<x1,x>, ce e r XXX ,<ym,x>) € B}

is empty, hence

u{w: (Lxl(w) rooe ,an(w) ,Lyl(w) feoe ,Lym(w)) € B}

=o’

from which the assertion.

Letfeg_xx, say

f (x)

t

<I>(<xl,x>, ‘e ,<xn,x>) .
Then the lifting of £ is that element Lf of M(Q,A,u) which is represented by

(L. 4eee, L ).
xl' X



Therefore the lifting operation provides a filler for the diagram

L
X — M, A 1)

|
Ay .

[Note: Matters are consistent in that Lx =1 PN vV x € X.]
[ —"

N.B. It is not difficult to show that

Laf+bg = aLf + bLg
_ Lfg = Lng.
Therefore the arrow
L

éx — M(Q,A,1)

is a homomorphism of algebras.

38.7 EXAMPLE Fix P € P,, let B € Bor(PX), and put C = P ~(B), thus

Xc € Ay- Choose an orthonormal basis e;,...,e, for PX and define <I>:13n > R by

n
O(tyree-,t) =X, ( X Y.
1 n Bk=l 1ﬁ{ek

Then

<@, ,X>,...,€_,X>
@( el’ 4 [ enl )

n
=y, I <e ,x>e)
BYoy EprXep




= XB(PX)
=xc(x),
SO
L, =o(_,...,L_ ),
Xc el en
or still,

L =XB°C=X-1 v
where 7:0 » PX is the map

Zw = I L (we,..
k=1 Sk %k

38.8 IEMMA Vv £ Eéx, we have

=
o
Hh
It

u e Lfl

or still,

PROOF Define 0:X + R by

o(x) (<xl,x>, .o ,<xn,x>) .

MNoO " =qppeo [Lx,...,L ]
1 n




But £ = ¢ o 9, thus

Me =T ° gL

Mool oo™

e o |
= (o [l seeerl 17 00

1 n

38.9 LEMMA V f € bA,, we have

fx fan = fQ Lfdu.
PROOF In fact, the LHS equals
IB thf(t)
and the RHS equals

[ tdu, ().
R Lf

But I (cf. 38.8).

=M
£ Lf

To force uniqueness of the model up to isomorphism, consider the reduction

of L, i.e., the probability space ('Q'AL’“L) -— then it is clear that

L@y < M@A u).
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Moreover,

LA < bM(A, 1)

LM

and the og-algebra generated by L(béx) is AL'
. . 2

38.10 ILEMMA L(béx) is dense in L (Q,HL).

PROOF If I cR is a finite interval, then the characteristic function of I

is a uniformly bounded limit of polynomials, so V ¢ € L(béx) , the characteristic

function of {w:¢(w) € I} is a uniformly bounded limit of a sequence of elements

in L(bAy) . This said, let S denote the collection of all finite unions of sets
of the form {w:¢>i(w) €I, (i=1,...,n1}, where the d)i € L(béx) and I, <R is an

interval (finite or infinite) -- then § is an algebra and the o-algebra generated

by S is AL’ Suppose that ¢ € L2 (Q,uL) is orthogonal to the elements of L(béx) _

then Y is orthogonal to all uniformly bounded limits of sequences of elements in

L(béx) , hence, in view of what has been said above and the countable additivity
of the indefinite integral, fS P =0V S €S, Since the collection of all
measurable sets A € A L such that [ a Y = 0 is closed under unions of monotone

sequences and contains the algebra S, it follows that this collection contains

the o-algebra generated by S, i.e., A L thus ¢ = 0 almost everywhere.

We shall now extend L to all of M(X,CX,H) .
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38.11 IEMMA Iet f ¢ M(X,CX,H) -~ then there exists a random variable Lf

on  such that the net {Lf o P:P € PX} converges to Lf in measure:

ve>0,3P €P:P>P =
€ X £

w(lly g p - Lgl > @) <&

PROOF For each k > 1, choose Pk € PX:P]_,P2 € PX & Pl > Pk’ P2 > Pk
=>
1 1
T(Jf o Py - £ o P[> <=
2 2
or still,
1 1
u(fL _L > =2 < = .
f o Pl f o P2 2k 2k
Without loss of generality, we can assume that Pk < Pk ny hence
1 1
u(|L - L > =< = .
Eeb  TePy K K
So, thanks to the Borel-Cantelli lemma,
u(lim sup!Lf o p " Lf o P |> l]?) = 0,
k k+1 2

which implies that the sequence {L fop } converges almost everywhere to a random
k

variable Lf on Q. But
1

u(|L - 1> =)
£ePyg £ K
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o o

1 1 1
< X Ll(“. - L l>—-—)< z —_ = e,
oo RS TR S VU RS AR P S
Accordingly, if P 2 Pk’ then
1
Mle o p = Lel> 29
1
< u(]L - L |> =)
foP fo Pk+l 2k
1
+ u(lf_ L [> =)
fo P £7 ok
1 1 1
<t ==,
K 2k k-1
Therefore the net {Lf o piP € Px} converges to Lf in measure.
The lifting of L to M(X,C,,II) is the assigmment f - Lf.
[Note: Suppose that f is a cylinder function based at PO — then vV P 2 PO'

foP=f= Lf o = Lf, thus this definition is an extension of the earlier one

P
for cylinder functions.]

Taking into account 37.13 and 38.11, v £ € M{X,C_,I),

or still,

Moreover,

fetlx,m <= L, el

f
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ard then

fx fan = fQ Lfdu.

38.12 ILEMMA The arrow
L
M(X,CX,H) —> M(Q,A, 1)

is a homomorphism of algebras.

[Note: If £ >0and L. >0, then%EM(X,CX,l'[) and L =%_,]

38.13 LEMMA Let f € M(X,CX,II) — then f = 0 mod II iff Lf = 0.

PROOF Recall that £ = 0 mod [T iff I{f = 60 (cf. 37.14). But I = Uy and
£
uLf = 60 iff Lf = 0.
Write M(X,CX,II) for the quotient M(X,CX,H) /~, where ~ stands for £ = gmod [ —

then 38.13 implies that the homomorphism

M(XI CxIH) > M(QIAIU)

of algebras is one—~to-one.

38.14 IEMMA Iet f € M(X,CX,H) — then 3 an increasing segquence Pn € PX

which converges strongly to the identity IX such that L £ o - Lf a.e. [ul.

P
n
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38.15 LEMMA Let f € Ll(X,H) and suppose that fc fdAi = 0 v C e CX —- then

f=z0mdI.
[Here is a sketch of the proof, modulo measure theoretic technicalities

(which can be handled by 38.14). Iet CQ be the set of subsets A € A such that

Xp = LXC for some C € Cx (cf. 38.7) — then CQ is an algebra. Write o(CQ) for
the generated o-algebra and consider the implications
fc fdl =0 v C € Cx

Iol

Q chdu=0VC€CX

fQLxCLfdu=OVCECX

fQ)(AL],:.cm—0\7’AECQ

J Lfdp=OVA66(CQ)

o Xa

f=Z0mod I (cf. 38.13).]
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For later use, it is necessary to realize that the theory admits an obvious

extension to function spaces over C.

LetLbeamodelofII-——thenbyLz(Q

F’UP) we shall understand the space of

complex valued square integrable functions per (Q,A L L) . the reduction of L.

[Note: The rationale for the notation is that LZ(QH,uH) is a unitary
invariant of [L].]

Given x € X, let

2 2
~LL,
be multiplication by e -— then the assigmment x - M defines a homomorphism

X > u(LZ(Q )} which is continuous in the finite topology.

M

/-1 L

38.16 LEMMA The functions e X {(x € X) are total in LZ(Q

H’“H) , hence

1 is a cyclic unit vector for M.

Therefore

M=U. (cf. 14.10).

il
In fact,

ﬁ(x)

Il

Sy exp (V=1 <x,y>)aL(y)

/1L

=J,e X au (cf. 38.4)

<1,M 1>.
X
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38.17 REMARK The completion of the pre-Hilbert space L2 (X,TI) can be

identified with L2 (o) -
i

Suppose that L' and [" are ISPs on X —— then [' is said to be weakly

equivalent to L" if 3 a unitary map

ULl ) > L2 )
L' L"

such that v x € X,

L L

[Note: M and M are the multiplication operators corresponding to L}'{
L| L!l
pre X

and L;;.]

38.18 REMARK If L' and L" are equivalent, then L' and L" are weakly

equivalent (but not conversely).

38.19 IFEMMA Suppose that L' and L" are LSPs on X — then L' and L" are

weakly equivalent iff there exist nonnegative functions

D' € Ll(Q',u )
LY

p" et u )
L"

such that v £ € ba,,
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/ L% D" du

Q' Ll Qll Lll

\

—

Hy=

Q
=
il

dun =/ L!

1
g R

Ll

[Note: D' and D" are necessarily unique.]

38.20 EXAMPIE If Q' =Q"=Qand A =A = A, then L' and L" are weakly
Ll Lll

equivalent iff 1 and § are mutually absolutely continuous.
L' Lll




§39. GROSS'S THEOREM

Recall the definition: A triple (X,Y,1) is said to be an abstract Wiener

space if
X is a separable real Hilbert space (dim X = )

Y is a separable real Banach space (dim Y = «)

and 1:X > Y is a continuous linear injection with a dense range such that

||-|]Y o 1 is tight, where HHY is the norm on Y.

[Note: It will be convenient to assume outright that X is contained in Y.]

let (X,Y,1) be an abstract Wiener space. Consider the arrow of restriction

Y* > X* and identify X* with X —— then Vv )\ € Y*, there is a unique vector x, € X:

A
A(x) = <x)\,x> (x € X).

It is clear that the map ) > X,y is one-to-one. Moreover, the set {Xk} is total

in X.

The following result was stated without proof in 836 (cf. 36.20).

39.1 THEOREM (Gross) ILet (X,Y,1) be an abstract Wiener space — then the
set function YX ° 1“:L is countably additive on CY' hence can be extended to a
centered gaussian measure Yy on Bor (Y) .

PROOF Fix a model L of Yy Choose an increasing sequence Pn € PX which

converges strongly to the identity IX such that



- 1 l -
Yylxa [ [Bx[ [ > 7—n} < EHV PEPIPLP.

A

let Qn = Pn+l - Pn -- then Qn 1 Pn’ hence
1 1
Yelx:[[Qx[ |y, > =5} < =.
2 2
Put
f(x) = HxllY x € X).
Thus £ € M(X,CX,YX) (cf. 37.10) and
1 1
plwsL (w) > =} < =.
£o0 vl
Let d(n) = dim PnX (=> dim QnX =d(ntl) - d(n)). Fix an orthonormal basis

{ek:k = d(n)+l,...,d(n+l) } for QX - then the collection {ek:l <k <d(n} is
an orthonormal basis for an and since Pn 4 Ix, the collection {ek:k > 1} is an
orthonormal basis for X. Define E 30> Y by the prescription

d(n)
E(w) = T L (w) (we Q).
n k=1 Sk %

On the basis of the definitions,

L L

d(n+1

| Ik=d§n) +1<ek'__>ekl v

fan=

d(n+l)

oz L el
k=d (n) +1 ekek ¥

= 1B - Elly




o - 1 1
plo: [ [E @ = E (W []y > ;H} <=

Consequently, the sequence {En} is fundamental in measure. So: (1) 3 a Borel

measurable function Z:Q - Y such that En - % in measure and (2) 3 a subsequence

{En } of {En} which converges to = a.e. [u]. Take now Yy = H° E—l

J

and consider

its Fourier transform:

ef——l A y)

Y = fy dvy ()

S exp (V=1 A(E(w)))du(w)

= lim [, exp(/-1 MEL (@)))du (w)

j>e L J
d(n.)
= lim J_. exp(V/=1 A( Z] L (we))du(w)
d(n.)
lim [, exp(/-1 zj L (w)<x,,e >)du(w)
= lm — ’
j e O 1 S MK
d(nj)
= lim J'X exp (/-1 E <X, 1€, ><ey ,x>) Ay, (%)
J > k=1
d(n.)

- i ep- 7|1 5 o enly

J—)oo




d(n.)
= lim exp(-% ZJ |<x)\,ek>|2)
j > o k=1
= exp(~ > ; l<x >[2)
2,0 %k
1 2
- e 1 {15,112
=y, 5 1.

Therefore

YY]CY=YX o1 .,

39.2 REMARK The Cameron-Martin space H(YY) of Yy coincides with X (or,

more precisely, 1(X)).

Let (X,Y,1) be an abstract Wiener space. On general grounds,

TYE > H(y,)
RYY Yy X

and, by the above, H(YY) = X, with

R, () =x, (A €Y.
Y
Given an arbitrary x € X, let &, be the element of Y¥ (c L?(¥,¥,)) for which
Y

R () = x.
YYX




Then
fY exp (/-1 @x)dYY
=ep-3 |l |1°, ) (cf. 26.9)
L™ (vy)
1 2
= exp(- 5 | [x]]Q)
= Y (0  (cf. 37.3).
And
dy.
Y, 1 2
Sl ewin, - 1 1l .

So, v f € Ll(Y,YY),

IY f(X+y)d\(Y (y)
= [, E@ e, (v) - = ||x|1dy, )
Y X 2 X'y °

39.3 REMARK We have (cf. §28)

BO(Y% ) T, L2(Y,YY)
I Y
BO(X),

where T is the isometric isomorphism characterized by the relation



= *
T exp(®) = Ay (0 € YYY) .

Let (X,Y,1) be an abstract Wiener space -- then the assignment x - @X is
a LSP on X and the completion of the pre-Hilbert space

v 12(x,C

PEPX

P’ Yx)

can be identified with L2 (Y,YY) which in turn represents L2 (Q ).

/U
Yx Yx

39.4 REMARK Suppose that

(X,¥',1")
(X,¥", 1™

are abstract Wiener spaces — then Vv x € X,

J.

f

1 2
eXp(— 7 ! lxl IX) ’

S

g &P el Ay,

thus ¢' and 9" are equivalent.

39.5 LEMMA ILet ¢:Y » R be continuous. Put £ = ¢ o 1 — then



§40. THE HEAT SEMIGROUP

Let X be an infinite dimensional separable real Hilbert space -—- then the

canonical measure on X with variance t > 0 is the set function

Yx, £ 0% [0,1]
defined by the rule
L@ = ——;7— exp(- %—t- EIRE
(2mt)

where n = dim PX.

[Note: is, of course, a cylinder measure on X with

Y%, ¢
Ve ¢ ) = e & []x][).]
Tx, e\ = 7 HEI .

Suppose now that (X,Y,1) is an abstract Wiener space ——- then V t > 0, the
set function gt ° s countably additive on C,, hence can be extended to a
centered gaussian measure YY, £ on Bor (Y) (argue as in 39.1).
Write Py for the extension of YY, € to Bor (Y), thus
P (B) = p (= B) (B € Bor(¥v)).
vt

In addition, abbreviate Yy + to Yo
14

40.1 IEMMA V f € Ll(Y,pt),

[y £(y)dp (y) = fY f(vVt y)dp; (v) .



Set theoretically, V t,

Y* - Y*
Pe P
H(p,) = H(p) (= X)

but the inner products are different.

To clarify the matter, observe first that
fy e/ o )dp, = exp(- £ |1x]]2) (x € X)
Y %' Py = SPLT 3 X .

{Note: Recall that (DX (S Y;

2
X (c L (Y,pl)) and Rp (<I>x) = x.]

1
Therefore

= & |Ixlly,

o, le(pt

= vt []e]| .
x Lz(pl)

let H(pt) be H(pl) (= X) equipped with the inner product derived fraom the norm

|} ]
X
lx] ], = :
Ve
Put
_1
(Px/t—E@xEY;t .
Then

Rpt(cbx/t) = X.



In fact,

1 =1
I @XIILz(pt) L ll@xlle(pt)
= £ /E |Ixlly
Loy
- /*E II Hx
= |1xl1,.

40.2 REMARK V t > 0, the assigmment x - <I>X is a LSP on X (per the prob~

ability space L2 (Y,pt)), call it Lt' Since
> t 2
Yo ) = em(- 5 |[x||9)

=/ exp(/-1 ?_)Ap, s

it follows that if t, = t

1 %ty then (L 1= (L ).

2
Given h € Y, letpthbetheimageofptunderthemapy—>y+h--then
14

Pr p is gaussian and, on general grourds (cf. 26.19),
7

H(p,) = {h e Y:pt'h ~ pt}.

40.3 1LEMMA Suppose that t, # t, —— thenp, 1 p, .
—_ 1 2 tl t2



PROOF This is an application of 27.17. Indeed,

— 1
p, (B) = p, (——B)
R Y
(B € Bor(Y)).]
1
p, (B) = p, (——B)
t 1 /ey

40.4 LEMMA ptl hl and pt are equivalent iff tl = t2 and hl - h2 € X.
Otherwise, they are mutually singular.
PROOF If tl = t2, then V h ,h2 € X,
I ~p if h, - h, € X
tl'hl 1:2,h2 1 2
(cf. 27.2).
P 1 p if h, - h, € X
_ tl’hl t2,h2 1 2
Ift, zt,, thenp, 1p  (cf. 40.3), hence p Lp (cf. 27.3).
1 2 = t, tl,hl t2,h2
40.5 REMARK Let x € X - then
dp
k7> S 1 2
dpt exP((I)x/t 2 l le ‘t)
2
_ 1 1 x| IX
SeplE y tr T

1 2
= explzp (29, - |[|x]])-



The generalities developed near the end of §32 can be specialized to the

present situation:

Y > Py

H(y) ~ X.

So, if ¢:Y¥ » R is bounded and Borel, then

Il

POy = J, oly + Ve y')dp, (v')

fY oy + y')dpt(y')

= ¢*p, (¥) -
So, as in the finite dimensional case, the heat semigroup {Pt} is generated
by the one parameter family {pt} of gaussians.
[Note: The operator -A is essentially selfadjoint on S(Bn) and nonnegative,
so its closure (denoted still by -A) generates a semigroup on L2 (I_Zn) . Put
ulx,t) = (e4) (x).

Then

2
_ 1 - (x-y) “/4t
u(x,t) —(mfgne ¢ (y)dy



and u(x,t) is a weak solution to the heat equation

Bu(X,t) —
—'_3"1:_— - Au (X't) -
In addition,
etA/2 = pt*.]

40.5 LEMMA Ptcb is infinitely H-differentiable (cf. 32.10).



§41. THE REAL WAVE REPRESENTATION

Let v be a centered gaussian measure on X, where X is a separable LF-space.
Given h € H(y), detemmine h € X (c 12(X,v)) by R (B) = h.
Working over C, we shall define two unitary representations of the additive

group of H(y) on L2 (X,v) .
[Note: Bear in mind that H(y) is a separable real Hilbert space.]

U: Given h € H(y), let

uh) :12(X,y) + L2(X,y)

be the operator defined by the rule

T ody h 1/2
Uy (x) = P(x+h) & (x) .
V: Given h € H(y), let
v L2 (x,v) + L2 (x,v)
be the operator defined by the rule
Vo) = e LBy

Ad U: We have

o] |2,
L™ (y)

il

2 dY_p
Iw (x+h) l 5 (X) dy (x)

[d)(x+h)] dy_y (x)



Sy lbGe+h-h) | de (x)

2
= ||yl
LZ(Y)
U(h1+h2)d)(X)
Tody ., “l1/2
=¥ 172 | dy X _
T oary, T2 |Tary, ~l1/2
— 1 2
= W(X+hl+h2) _ T (x) B 3 3y (X+hl) B
= U(hl) (U(hz)d)) (x).
V: We have
Ivewl]®, = [1vl]?,
L™ (y) L™ (Y)

V(hl+h2) = V(hl)V(hz) .

41.1 ILEMMA U ard V satisfy the canonical commtation relations, i.e.,

V=1 <h,h'>H( )
U)VHh') =e Y yh)u(h).

PROOF Consider the LHS:

Ut V'y|



- u(h) ("L h'w)!

X

¥ (x+h) ‘ —d;ll ()

_ AT B Geth)

dy |1/2
But the RHS equals

V-1 <h,h'>

e H(y)

V(') (Uh)y) Ix

/-1 <h,h'>H(Y) V=1 h'(x) ay_y ll/z

=e e P (x+h) ‘ R (x)

h' (x+h) = h'(x) + h'(h)

= h'(x) + <h,h'>H(Y) .

Applying now the standard procedure, put

] — ‘/-_]: [ L
Wre(h ®h') = exp(——z— <h,h >H(Y))U(—h)V(h ).

Then Wre defines a Weyl system over H(y) & H(y), the so-called real wave

representation.

Explicitly,

W (h @ h')yx)

’/—<h h'>

UERVAIDY) |



_ ST , L T h (x-h) th 172

Since

th _ 2
(x) exP(h(X) 2 IlhIIH(Y)),

it follows that

Wre(h ® h")Y(x)

= exp(/<T (B'(x) - <h,h'>_, . /2))

H(y)

et - 3 |[n][Z 0172 b

41.2 EXAMPIE Take X = gn, Y = y. — then, as has been seen earlier {(cf. 22.8),

n

the prescription

W(a,b)y(x)

exp(v-1 (<x,b> - <a,b>/2))

1/2
lexp(<x,a> - a>/2)1  §(x-a)

defines a Weyl system over I_{zn = g ® R" which is unitarily equivalent to the

Schrodinger system (cf. 10.4).

Working over R, there is an isametric isomorphism

T:B0 (xt) > 12(X,y)  (cf. §28).

On the other hand, there is an isometric isomorphism



R :X* > H
5y (y)
with inverse
~:H X*,
(y) -» Y
So
T
Bo(x;) —_— LZ(X,Y)
()
BO (H(Y))
Here

T o I'(~)exp(h) = A, (h € H(Y)).
h

Now pass to the complexification H(y) c of H(Yy) and work over C to get an
isometric isomorphism

T:BO(H () Q> 12 (X,v)

which sends
exp(h + /-1 h'")
to
h + /T h'
where
A ~ ()
h + /-1 h'

= exp(lAl(x) + /-1 ﬂ'(,x) - % (h + /~1 h‘)z) .



[Note: The symbol
(h + /=T h')?2

stands for the combination

<h - /<1 h', h+ /1 h'>.]

WF:H(Y)C > U(BO(H(Y)C))

be the Fock system (cf. 10.3).

41.3 LFEMMA We have

~ S R |
TW,( - —hT "y
V2 X

= oot - 3 | Inl17 0172 veen

PROOF Take § = A;, where f € x; (cf. 28.8) -- then T_lAf = exp(g) (g = RY(f))

and
V-1
W ( - 2= h)exp(g)
Foos
1,h,2 1 _h 1 h
=exp( - £ | |2 ]° - =< g>)exp(=— "+ g)  (cf. 9.4)
R R A AW
1 2 1 h
= exp( - 5 ||h]|” - 5 < plepi +9).
Apply’;:

Tg:g(% +9)



A

_ h ~ 1l h h
—exp(—z—(x) + g(x) -5 <5+tg 3+9).
Then

1l h h
—-2—<§‘+g, -§+g>

= LB s 2+ 11el D

11 2 2
= -5 (g [Ih]]" + <h,g> + [[g][D.

Cambining the exponential of this with

1 2 1
exp( - 3 [Ih||® - 5 <h,g>)

gives

1 2 2
ep( - 7 |I0]]% - <9 - 5 |lg]]%.

To complete the unraveling, consider

1/2

[eph) -5 |[h]|H17% 2 x-h)

or still,

~

exp(%(x) - % | |h| [2)[\,\ (x-h),
g

thus reducing matters to the equality

~ 2
exp(g(x) - <g,h> - % N

= A (x-h).

~

g9



But, by definition,

I

A, (x~h) = exp(g(x-h) —% 11al1%

ek - <gh> - £ |]g]]?),

thereby completing the proof.

41.4 IFMMA We have
(/2 h")T T y
F X
/AT h'(x)
=e

P (x).

PROOF Take § = A, where f € X;‘( (cf. 28.8) —— then T--]'/\f = exp(g) (g = RY(f))

and
W, (V2 h') exp(g)
—em(-2 1] 2012+ T, grem@E A0t +g) (cf. 9.4)
V2 V2
- em( - 3 10| [% + /T ' ,g)ep(FT b+ g).
Apply T:

Texp(v~1 h' + g) <

= eI R (x) +§&) - 2GATh' + @)



& IM® onigen - 3 |1g]1?

-exp(lz'- th'| {2 - /-1 <h',g>)

= TR e |Int[|? - /T 9.
g

Now cancel the exponentials to finish the verification.

The canonical state is, by definition, the function

T H(y) ® H(Y) > C

(h,h') ~» <l,Wre(h ®h')1>, .
L™ (y)

To calculate it, write

<1,Ww_(h® h')1>
re

LZ(Y)
= <1, exp(—;/j- <h,h'> YU(=h)V(h')1> 5
H(Y) L (y)
= exp(z—-z-_-l— <h,h'> )<L U(-h)V(h") 1> ,
H(y) L™ (y)
_ /-1 . AT e |
= exp(——z—— <h,h >H(Y))<l,'I'V\TF(— :/—i—— h)T
-EWF(/i h)T T 1> , (cf. 41.3 & 41.4)
L™ (y)
_ /=1 , V=1
- eXP(T <hlh >H(,Y))<QIWF(_ _ h)

V2



100

V-1 '
exp(—z—— <h,h >H('Y) )

<, exp(- g Im< - /L h,/2 h'>

JZ H(y) c)

X

/-1 '
W ( > h+/2h )Q>BO(H(Y)C)

/=1
<Q, Wo(-—= (h + /2 h" )
F' Bo(H(Y)g)

H

ep( -+ |- Zn+ van|
V2

i

2
H(Y)C) (cf. 9.5)

2
H(Y)

el -3 (1 -nllg, + 1172 n]

2
H(Y)))

1 2 1 (1,12
exp( = g [Ihllge) =7 1Bl
In sumary:

<1,W_(th & h")1>
re LZ(Y)

= em( -5 bl -3 1B 115,

[Note: This result leads to a simple proof of the continuity of Wre' Thus,

from the explicit formula, it is clear that
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<1,Wre(h ® h')1>

is a continuous function of (h,h'). But then, thanks to the Weyl relations,

for fixed (hl,h'), (hzlhé)l

] 1 1
<Wre(’hl & hl)l, Wre(h & h )Wre(hZ ] h2)l>

is a continuwous function of (h,h'). Therefore Wre is continuous, 1 being a cyclic

vector for Wre ]

41.5 EXAMPLE To run a reality check, take X = R and let

2
ayx) = 2 ¥ 7/2 g,
/o
Consider
W(a,b)1(x) = exp(/~L (xb - ab/2))exp(Gixa - a2/2)) .
Then

<1,W(a,b)1> 5
L™(y)

= ep( - 5L ablexp( - a¥/8)

2
1 ax -x“/2
« — [, exp(— + V-1 bx) e dx.
V2T R 2

But V z € C,

2
=/, ep(ze /2 3% = exp(z2/2)  (cf. 24.6).

2r =



12.

Therefore

<1,W(a,b)1> 2

L™ (y)

= exp(- SL ab)exp(- a%/4)

GG+ Al

2

= 12 1,2
—exp(8a 2b).

Change of Variable:

h + v/2 h: We have

~ /\_l
W, (- V=1 h)T «

= lew(Z 06 - [[n]12 1Y% vee- 2 1.
h' » h' : We have
/2
/_—l‘h:/EX)
- =1 _ 2
TL(h')T "y =e Y (x).

[Note: The transformation

h+/~Th'+/Zh+ /=T B
z

is a symplectic automorphism of H(y) . (per o = Im <,> ).l
C H(y) o
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In view of these relations, modify the definition of the real wave

representation:

Woog'h @ h)u(x)

- eo(ST AL
= exp(vV=1 ( = <h,h >H(Y)/2))

. [exp(/Z h(x) - \lhném)]l/z U(x= V2 h).
Now go back to the Fock system:
W (h + v=-1 h').

Let U:H(y), + H(y), be miltiplication by - V=1 —— then

LW, (h + /~T hyr(u) L

W, (= /=1 (h + /=1 h")) (cf. 9.7)

Wo(- /-1 h +h").
Therefore the Fock system is unitarily equivalent to the Weyl system
h + /-1 h' ->WF(— v=1I h + h').
And, by the above,
’L/[\WF(- /I h+hyTt

=Wnod(h$h').

Consequently, the Fock system is unitarily equivalent to the modified real wave



14.

representation.

41.6 REMARK Take X = R, y = y, —— then the modified and urmodified real

wave representations are unitarily equivalent. To see this, consider the map

s:¢” » ¢

defined by

S(h+/:Th')=——/-l—]lh+/§h'.

V2
Then S is a symplectic automorphism of _C_:n (viewed as a real vector space), hence

by Shale's theorem is implementable (cf. 12.19): 3 I‘S € U(BO(gn)) such that
-1
— v = i
T (h + /=1 h')Tg W g(h + V-1 h').
Therefore the Fock system is unitarily equivalent to the Weyl system

h+ /-1 h' +WF(-Eh+/fh'),

V2

the latter being unitarily equivalent to the real wave representation.

[Note: In the finite dimensional case, the Hilbert-Schmidt condition on S
is automatic. This, of course, is false in the infinite dimensional case: S is

a symplectic automorphism of H(Y) c but S is not implementable if dim H(Y) c= o, ]



§42. THE SCHRODINGER SYSTEM

Let (X,Y,1) be an abstract Wiener space. Consider the real wave representation

attached to p,_. Officially, this is a Weyl system over H(p,) ® H(p,) which is
t t t

realized on L2 (Y,pt) :

Wre(x ® x")Y(y)

= exp(/-1 (;('(y) - <x,x'>t/2))

lexpx) - 2 |1x1121Y2 yiy=0.
Here (cf. §40)
) ; = (Dx/t = % (Dx
_ ;' - (Dx'/t B % Oy
and
<x,x'>t = <x,x'>x/t.

For later applications, it will be best to partially eliminate the parameter t.

To this end, put

Wt(x & x")P(y)
= exp(v/~1 (<I>X, (y) - <x,x'>X/2))

2..1/2
x| 151

© (e, () - 3 Bly=x) .



Then Wt is a Weyl system over X @ X which is realized on L2 (Y,pt) .

N.B. We have

Wt(x & x') = exp( -‘/;21 <x,x'>X)U(—x)V(x') ,
where
U= 0y) = lexpGe (20, - | x| 120112 yiy=x)
V-1 CDX, ()
Vix"yly) = e P(y) .

[Note: Tt is clear that the pair (U,V) satisfies the canonical commutation

]

relations per <, >

42.1 REMARK The Wt are irreducible. In addition, if t' = t", then Wt'

is not unitarily equivalent to W _,. To see this, let L' and L" be the underlying

ISPs:

_ 2
L. = (I)X per L (Ylptl)

r‘
il

2
q)x mr L (Ylpt") .

If Wt' and Wt“ were unitarily equivalent, then L' and L" would be weakly edquivalent,

hence Pe» and Pen would be mutually absolutely continuous, a contradiction (cf. 40.3).

Let 1,:X > H(p,) be the isometric isamorphism which sends x to /e x:

1tx=u/1—:x (x € X).



Therefore

A

1

t t
X — H(pt) _ Yl*;t
=
I‘(it) I‘("t)
BO(X) > H(pt) > BO(Y;‘__)

| .

2
L (Ylpt) .

Passing to complexifications, put

T, =T T(7) o T(y)

and let
WF:X9 > U(BO(XQ))

be the Fock system (cf. 10.3).

Then we have

-1 -1
W (- LT \pl
LR A b £

AL gty

V2t

EWF(/E(—

(- Lt xp‘
JZ y

F

1/2

[ep @) -3 |1x][|D1Y? piy=

(cf. 41.3)



lexp(e, /. (v) -% | x| lf_)]l/2 Y (y=x)

= lep e (28 - |[x]12)1Y2 yiy=x)

|
TtWF(/Z—tx )T, w'y

- i ' -1
= TWF(/E (V28)x")T wly

~ L
'IWF(./E t=x')T wly

S W oy (ef. 4l.g)

V=1 td_, . (¥)
e x'/t W)

vas) o1 (¥)
= e P(y) .

The canonical state at time t is, by definition, the function

X®X~>C

(x,x') » <1,W_(x & x")1>
t 2
L™ (p)

To calculate it, write

<1’Wt(x & x')1>
L (py)



i

<l,exp(—-‘/;]; <x,x'>X)U(—x)V(x')l> 5
L™ (p,)

= exp(£-5_i <x,x'>x) <1,U(=x)V(x')1> 2

L (pt)

= @@(—JE—T <X, x> ) <1, T WL ( - /—'L:T x)T::l
2t

S
. Tth(/zt X )Tt >,
L (pt)

/-1

<xX,x'>) QUL ( - —= x)

/-1

= exp(

+ Wy (V22 *V P80 ()

/=1 .
exp (5= <X,x'>y)

<Q,exp( - -—/%—}- Im <- 1 x, V2t x'>)

/2t

-WF(—Ex+/§Ex')Q>

J2E BO (%)

<Q,WF(, _ /L x + /2t x>

/3E BO(X:)

ep( -1 || -LLx+ Ex'||2)  (cE. 9.5)
/ZE c



2
1 HXHX 112
-7 b i)
2
= (_KI_IE_EHx'HZ)
&xp 8t 2 x

In particular: The canonical state at time % is the function

1 2 2
exp( - T (1xl 15+ [1x']12).
We shall now compare
2
W.og Per L (Y,pl)
with

W, ., per L2(¥,p, )

1/2 P72’ -

These are Weyl systems over X ard we claim that they are unitarily equivalent.

42.2 REMARK Recall that the Fock system over X- is unitarily equivalent to

the modified real wave representation realized on L2 (Y,pl) . Granted the claim, it
thus follows that the Fock system over XC is unitarily equivalent to the Weyl
system Wl /2"

By definition,

Wmod(x & x"Y y

¢ . (y)
= exp(/~L (=
V2

- <x,x'>X/2))



1/2

C lexe(Z o, ) - 1% D1 b= 2w

be the isometric isomorphism defined by the rule
OY) (y) = 9(V2y) (cf. 40.1).

Then DW, nndD_l is a Weyl system over XC which is realized on L2 (Y

lpl/z) :

DH_q(x @ x')D * wly

-1
=W _.(x®&x')D "y

= exp (/-1 (@, () - <x,x'>X/2))
- lexp(20_(y) - | %] l}z()]l/2 ot V(2 y - V2 x)
= exp (/-1 (2 () = <x,x">./2))

1/2

- lexp(20, () - | x| D12 piy=0) .

On the other hand, Wl /2 is a Weyl system over Xc which is also realized on
2

Wl/z(x ® x")P(y)



= exp(/~1 (2, (¥) - <x,x'>./2))

2
= exp (/-1 (@ (¥) - <x,x'>,/2))
- L2, (v - |1x]1D1Y2 piy=0.
Therefore
-1
Wood® = Wy /o

At this point, it will be convenient to revert back to the traditional
notation of the bosonic theory.
So let H be an infinite dimensional separable camplex Hilbert space —- then

a real part of H is a set H, of the form

0
{f € H:Cf = £},
where C is a conjugation of H.

LetHobearealpartofH——thenvf,geHO,
<f,g> € R.

Since H0 is necessarily closed, it follows that HO is an infinite dimensional
separable real Hilbert space. Moreover, the complexification of HO is isomorphic

as a complex Hilbert space to H.



Let Cy and C, be conjugations of H and let Hl and H2 be the corresponding

2

real parts of H. Consider abstract Wiener spaces
(Hll Yll 1 l)

(Hyr Yor 15).

Then this data gives rise to two Weyl systems over H:

2
W5 BeX LE(1 Py )

2 2
Wl/2 per L (Yz,pl/z) .

42.3 LEMA W, and WO

1/2 1/2 are unitarily equivalent.

PROOF Both are unitarily equivalent to the Fock system over H.

The Schradinger system over H is W, /2 taken over any real part of H.

[Note: The lemma implies that the Schrodinger system over H is unique up

to unitary equivalence.]

42.4 REMARK When these considerations are specialized to the finite
dimensional case, the resulting Schrodinger system is not the Schrodinger system

of 10.4 (but the two are unitarily equivalent).



§43. THE WIENER TRANSFORM

Let U:C + C be multiplication by /=1 — then U extends to a unitary operator

I'(U) on BO(C) which, in the nth slot, is multiplication by (/~D)T, thus

r(U)exp(z) = exp(v~1 z).

put W = TT(U)T © — then

W:L2 (R,y) ~ 1.2 (R,y)

is a unitary operator, the Wiener transform.

[Note: Here, as usual (cf. 6.10),

T:B0(C) + L2(R,Y)

is the isometric isomorphism characterized by the relation

1 2
ZX - 5 2
(T exp(z)) (x) = e

43.1 EXAMPLE We have

H _, H
WD) =TT (D
/nl vnl

= 7r () 1%
= r((/=D" 1%

]

=D® 1%



S —
nl
=>
_ n
W(Hn) = (/-1) H .
43.2 LEMA V z € C,
W(ezx) _ e/——l_ zx + 22.
PROOF Write
T ()T T (%)
1 2
-1, 2%
=TT (U)T ~(e exp(z) (x))
1 2
'2— VA

43.3 EXAMPLE We have

w(x™)

H

e T exp(/-1 z)

1 2 1 2
3% A ~3 12
e e e

e/:]sz+z2

(/=1 /2)" Hn(x—_).
/2



[In fact,

oo n
5 " n/2 W(x")

!
n=0 n:

© n
=W( X 227 n/2 x———'-)
n!

n=

ZX

W(e ‘/2—)

2
e.xp(/——]fZFx+ i;——)
2

exp( (/-1 z) 3_2-—% (V=1 z)2)

o n
5 _(_‘/_‘—LZL_H &)

n=0 nl na

2~ V2 D™ 5 &9

WD)
)

W)

(I v2)" B (39
)

43.4 IFMMA ILet £ = X' — then

W\ o= S (/-1 x + V2 y)ay(y).



PROOF Fram the above,

Wf} = (T A" &
X n /2—
or still,
WE | = O AR g - AT v
= 2
But
n k
E-FApt= 31 & /aptk
z k=0 /z
n k
=1 E) (- TEpE
k=0 V2
n k n-k n-k
- O By
k=0 V2 v
n k
-z BE (AP
k=0 V2
On the other hand,
VI x+ /22"

n
£ () DREEpTE R
=0

n n n k x k n-k
(v2) z (k) (V-1 =) ¥
k=0 V2



n k k
LA 3 G E YL ok
k=0 * v2 (/D"

n k
T2 1 HEY (FDFT R
k=0 V2

43,5 REMARK The Ornstein-Uhlenbeck semigroup is defined on L2 (R,Y) by

TE®) = fp £ x + Ve 2" y)dy(y).

Here, of course, t is positive. However, if t is allowed to be complex, say

t=-/—_l_%,thenformally

T f(x) =/, £(/<1 x + V2 y)ay(y),
i R
- /=1 5 =

which is precisely the Wiener transform of f at x.

43.6 ILEMMA Vv £ ELZ(B,Y),

WL (x) = WE(=x) .

PROOF It suffices to show that

W (x) = £(-x)
on a total set of functions, e.g., the exponentials x - ™ (z €C). But

=e1/-sz+z2

we? (cf. 43.2)



Define

Define

43.7 ILEMMA We have

1L R,y) > L2(R)

Tf = £-G,

G(x) = — X exp( - i)
(21]_)1/4 4

uL2@®) > L2(R)

F — —

UFf = Ul/Zf'

U b (x) = vrY(ex) (x> 0)

o 1 V=1 xy

flx) =—[_ e f(y)dy.
o B

W=T2ur



PROOF If
ZX - -]2l 22
Az(x) =e ,
then
/-1 zx + % 22
WAZ‘ =e (cf. 43.2).
X

With this in mind, consider

rI'G UFTGAZ
X
or still,
1 2
-2z 2
1 2 -1 _Y, .z
——7—(277)1 7e T Uply > exp( - 4)e™] <
But
2
——/;:_— N e~ Xy exp( - z—)ezydy
‘n“ —
2
) % fg &Y e gy
2m =

. 2/ exp((V-T x+z)?)

]

V21

= V2 exp( (V-1 x+z)2).

Now apply Ul /2" then the resulting function of x is

exp((/T %+ 2)9)



2
=exp(—§—+/qzx+z2).

We are thus left with

2

1
->z
1 2 (2m M exp &

2
'exp(—Z——+/:sz+zz)

/-_12x+%22
=e

Suppose now that X is a separable ILF-space. ILet y be a centered gaussian
measure on X — then in view of what has been said in §28 (and passing from R

to C), there is an isametric isomorphism

2
- *
T.BO(,(XY)Q) +~ L7 (X,y)
characterized by the relation

T (f"‘/:'-i_f'):[\ ’
=2 f+ /~1f

A (x) = exp(£G) + AL £ (x) -3 (£ + /L £97).
f+ /1€

[Note: The symbol

(f + /T £')2



stands for the cambination

<£ - /I £', £+ /-1 £'>.]

Put W = TI‘(U)T_l — then

2
w:L? (X,y) » L2 (X,v)

is a unitary operator, the Wiener transform.

[Note: As at the beginning, T'(U) is the unitary operator on BO((X?)C)
which, in the n® slot, is multiplication by (/=1)™.]

Since W is unitary, it follows that

Iy iy |? ay = I 0% ay (b e 1P®m).

I.e.: The Plancherel formula is automatic.

There is also a version of the Parseval formula, viz.: V {,¢ € L2 X,v),
Iy (W)¢ dy = [y b (Wo)dy.

Proof: It suffices to check this relation on functions of the form

Y =A
f+/~1f
o = A .
_ g+ v/-1g'
IHS: We have
fy W)Yo dy = Sy TRPY ¢ dy



10.

Il

- /1 £f-f' g+ /-1 g"

It

exp(< - V-1 f-f', g + /=1 g'>)

exp(/~1 <f,9> - <f,g'> - <f',g> = /-1 <f',g">).
RHS: We have

Jx bWo)dy = [y y(W)dy

=Jf, A

X A dy
fF-/TE VT gg

exp(<f - /-1 £', /=1 g-g'>)

exp(/~1 <f,g> - <f,g"> - <£',g> = /-1 <£',g'>).

It

Therefore
IHS = RHS,
from which the result.
43.8 REMARK Suppose that ¢ = A — then
f+ /-1 f'

Wy = Z(FDn%WL
n=0

On the other hand, Vv t > 0,

_ . _-nt _
th; = Eo e In(lp).



11.

So, passing into the camplex domain, and taking t = - /=1 lzT- , we conclude that
Wy =T .V
- /Iy

A polynomial on X is, by definition, any (complex valued) polynomial in a

finite number of linear functionals on X.

[Note: Any polynamial on X admits a unique extension to the complexification

Xg of X.]

43.9 IEMMA Iet p be a polynomial on X — then

wol| = Jy p(/-1 x + V2 y)dy(y).

43.10 EXAMPIE Take X =R and let

2
dYt(X) _ 1 X /2t
V2t

dx.

Then in the notation introduced at the end of §8,
(X* ). =C,.
Y, € =t

This said, let

2 2
WL (Revy) > LORY)

be the Wiener transform at time t. Since



12.

T=Ut ° Tt ° I'(,It),

it follows that

_ -1
Wt = TtI‘t L) Tt

= U;l TI‘(lt)—l I‘t(U)I‘(xt)T”lUt.
Here T (U) refers to BO (C). But
r) ™ LT = T,
where T'(U) refers to BO(C). Indeed,

-1
() = T (OT0)exp(z)

-1
r(iy) = I (Wexp(/t 2)

F(lt)—l exp (vt /-1 z)

gg(;‘/_—_ /e /-1 z)
t

exp(V/-1 z) = T'(U)exp(z).

Therefore

S R
W —Ut TT(U)T lUt

CII:
g



13.

ILet p be a polynomial —- then the claim is that

or still,

To see this, put

Then

as claimed.

S POFL x + V2 /e yidv(y),

(cf. 43.4)

th‘X = f}3 p(/~1 x + /iy)dvt(y)
th‘ = fR p(/~-1 x + V2 V& y)dy(y).
<« R
P, =UpP (=>p (x) = p(/E x)).
W, =yt
tp‘ = U Wpt'
X X
= wp, &9
K
3 V=1 x
= IB Py ( = + V2 y)ay(y)

[Note: W, can also be represented as an integral transform:

t

or still,

1, AT xy) 2 /4t
Vare B

f(y)dy



14.

]

x* /-1 xy 2
o _AE 1 /o iy Y /At g
X v4rt =
Thus let £ = A, where
z
1 2
ZX"‘—Z—Z
Az(x) = e .
Then
2
we) =T+ 2T (e 43,0
=>
2
W(e/sz) =e/—l_/sz+tz
=>
WAl =utwn
tz t tz
x X
—lz2 2
- e 2 U;l[e/q/{:_zx+tz
--lz2 2
_ 2 /-1 zx tz
=e e e

=e

1, 2
(t_'Z—)Z e/qzx

Turning to the integral, we have

2(_2 /L xy X
ot L fRe 2t Az(y) e y' /4t dy
VTt =
X _ 12 .
_ 4t 2 1 -1 x -
=e " e fR ((T+ z)y) e




15.

‘gci__lzz
_ 2 2 -1 x 2
= e " e (t( 5E + z)7)
12 % ,
=e 2 e4texp(t(— x2+ —iL:xz_‘_zZ))
4t

In the finite dimensional case, the Wiener transform is the gaussian version
of the Fourier transform. But in the infinite dimensional case, the Wiener trans-
form "is" the Fourier transform. Here is some additional evidence for this con-

clusion.

Iet (X,Y,1) be an abstract Wiener space, where X is an infinite dimensional

separable real Hilbert space. Suppose that f € L2 (Y,pl) is X-differentiable and
of € 12 (Y,p;) vx€X
X Py )

Thenitcanbeshcwnthat\/x,xzex,

[ 1, 5 E® % ap, )] - 1, [%y@WE) | dpy ()]

> o op? |[E]]Y,
L™ (py)

Therefore this result is an infinite dimensional version of the inequality:

”~ 2
o )P g Paa -t Ix(1? 1Ee a2 2 jg) )t
R R

valid for any f € 1.2 (gn) .



§44. BARGMANN SPACE

This is the set A° (gn ) of all holamorphic functions F on gn such that

2
2_1 2 -|z|
[F[|“ ==/ _|F(2)|® e dz < «,
| 5l n l

It is a complex Hilbert space with inner product

2|

<F,G> = lﬁ- fcn F(z) Gz)e %l az.

=

44.1 REMARK Az(gn) is a closed subspace of Lz(gn,u), where

2
du(z) = % Sl

m

dz.

[Note: To be campletely precise, L2 (C%u) = L? (an,pl/z) -]

44.2 IEFMMA The functions

I
Z

oy (2) = —
VIl
. 2 -
are an orthonormal basis for A™(C).

[Note: Here I is an arbitrary multiindex.]

The series

i <CI(w) .§I(Z)>

is absolutely convergent V w,z € gn . Call its sum K(w,z) — then



ad, v F e a%(cY,

F(z) = |w|

I _Kw,z)Fwe aw
c?

N =
5

IF(z) |% < K(z,2) ||F|]|°.

[Note: Tet

EW(Z)
Then

2
e 112 = e

and the set {E :w € (_Tn } is total in 2% (gn) . Its elements are called coherent

states.]
Put
B(z,x) = exp(- —é— (z2+x2) + /2 z-x),
where
-2 2 2
z = zl 4+ e + zr1
x2=x]2-+ +x2
_ n
and

X = Xy + oo + X .
z le znn



Then the Bargmann transform is the map

B:12(®Y - a%(ch
defined by the rule

Bf (z) = ﬂ%? fRn B(z,x) £ (x) dx.

44,3 LEMMA B is an isometric isomorphism.
[Note: B is the map
22N > L&Y

defined by the rule

2
B-]"F(x) -1 J B(E,x)F(z)e_\z‘ dz
A

provided the integral is absolutely convergent, e.g., if F is a polynomial. In
general, one can compute B-]"F by applying it to the partial sums of the Taylor
series of F (which converge to F in the topology of A2 (gn )) and taking the limit

of the resulting functions in the L2 norm, ]

44,4 RFMARK We have

1 9
/2— BZj
(3=1,...,n).
Q.- /<L P.  _
B(d — 3, Bl=zj
2



[Take n = 1 and ignore all issues of domain.
d
[ ] E Bf (Z)
d

= i74 Tr Ez"exp("% (z%4x7) + VZ ) £(x)dx
/% R

= 75 g (- 2+ A Ren(- 3 G+ /E (o dx
Tr -—

= = zBf(z) + V2 B(xf(x)) (2)

d - _ =y
aE-B— zB + ZBQ.
* 83 (2)

_ 1 1,2 2 df
_._;Tm_fgexp(—-i(z+x)+/§zx)dxdx

= - %Z [ V272 - x)exp(—% (z%+x%) + V2 2x) £ (x)dx
']T —

~ /2 zBf (2) + B(xf(x)) (2)

d = -
B&—- \/ZZB‘FBQ.

The rest is elementary algebra.]

If these considerations are transferred to L2 (Bn,pl) , then the Bargmann



transform is the map
1?®,p)) » a2
which sends f to the function

2
1 ~-(z-x) /2
zZ > S e f(x)dx
(2“)n72 1z\n

or still, to the function

1l 2
2% Z-X
zZ > e I n € f(x)dpl(x),
R
where now
- P P
— > =
a L a
%5 %3
(7=1,...,n).
9
Xj - —3? <—> Z.

[Note: To convince ourselves of this, take n = 1 — then, in the notation

of §8,

T u
Lz(lj.pl) G, 12 (R) 22 (R) —2— a? ©,

the claim being that

BU/Q— TGf 2



L
—e 2 e e™ £()dp, (x) .
First,
1 x2
T.f] = exp(- ) £(x).
G Ix (21r)l74 4
Second,
u Tt =—2 (/D2 expi- V2% g
1 X2 /—
= exp(- 3 £(V2 x).
TT174 2
Third,
BU T f
/i G |z
L ep- 2 (22 + V2 o) X - X202 xax
1 1,2 u2 /72 4 u2
=— [_exp(- 5 (2" + =20 + V2 2z D exp(- ) fu)du
B2 2 2z
-1 I exp(- }2— 22 + zu - %’—uz)f(u)du
2r =
=1 f exp(-—%— (z—u)z)f(u)dU-
V2 =
I.e



e~ (z~x) 2/ 2

= ? I £ (%) dx.
Tl' -

Finally (cf. §8),

. d, -1-1 -
U T(.——)TlU =U E+=—0 U =

d.,.-1-1 x d -1 1
U T(x-———)T]TJ =0 (-5 U =—(Q=-v-1P).]
/é-G ax’ ~G /2‘ /E 2 dx

44.5 EXAMPIE By definition,

Lok (Xyreeerx)

=R

Hk (xl) Hk (xn)
= ___]L__ es e _n—__._

1 n
(x --——-—)kl (% —Lkn

1 axl n 9x
= . n__ 1.

k! Yk 1

1 n
Therefore
<— (cf. 44.2).

-I:Ikl,...,kn Kyreenek,

Strictly speaking, B maps L2 (13n) to A2 (C_Zn ) but when the context is clear,

the same symbol is used to denote its transfer to L2 (1_3n, pl) .



44.6 REMARK Since

BOCY <> L° ®py)
it follows that
BO(gn) <—> A2 (gn ).

[Note: Recall that the arrow
T:B0(C) + L*@®p,)

is characterized by the relation

1 2
Z*X - -2- z
(T exp(z)) (x) = e .

If z is fixed, then the Bargmann transform of e?*¥, as a function of w € g_:n, is

Sz + L 22
2
e
Therefore the composition
2 2
BO(C™) + L°(R',p)) > A%(C)

sends exp(z) to the coherent state E_:

N

<Z,w> <w,z> <w,z>

E (W) =e =e =e .1

Before proceeding further, we shall define two unitary representations of

the additive group of 13n on L2 (an,pl /2) , which will play a fundamental role in

the sequel.



U: Given a € Bn, define
O A A
by
“l1al|%/4 -<z,a/V2> .
U(a)y(z) = e e Pz + 4.
V2
V: Given b € Bn, define
Vi) 1t @ py ) > 2Ry )
by
2
- Ib|1%/8 <2,/ b/VE> -
Vb p(z) = e e iz - LBy
V2
[Note: Here
- Cn <—> 132n

z <—> (x,y)

and the inner products are complex.]
That U(a) and V(b) are really unitary requires a verification.
Ad U: We have

dp1/ 2,-av2

1 2
(z) = exp( - V2 <x,a> - = ||a}l").
s 7z > |1al]

Therefore



10.

u@y]|?,
L (91/2)

_ 2
= fRzn |u(a)y(z) | dpy /,(2)

_ ~llal|?/a ~<z,a//3> 2 a2
fBZn e e | “w(z +7§)] dpl/Z(Z)
_ “llal|%/a ~<x+ T y,a//2> |2 a2
= fRzn le e | “y(z +7_2-)l dp; ,(2)

2 1 2
I lv(z + 9—)| exp( - V2 <x,a> - = ||a]|%)dp, ,,(2)
an 2 L |lalbep, ,

|2 dpl/Z,—a//f

(z)dp, ,,(2)
dpl/2 1/2

=/, lvz+2)
1321'1 /i'

= a2
- f132n bz + /i)l 1 /2,-a/v2'?)

2
_ vz + 2 -291° ap, ,.(2)
132n I /2 /2" 12
2
= |]v]]%,
L (pl/2
We have
dp
—2D/2 () (/2 <y > - S |6l [D).

dp; /»



Therefore

11.

2
[v®)w|]™,

L7 (py /2)

2
= fR2n |V(b)y(z) | dpl/z(z)

f;_@n Pl *4 g2 T B/72121y - L/;Q) 2 dpy /5 (2)
fan ‘e-l bl 12/4 Jxt /Ly, /-1 b//§>!2w(Z _ ‘;__—z__l_b) i2 ap, (@)
I 2 - D07 ewt2 <y - 3 1ol e 2
fr_{zn ly(z - g—l by lz dpl/zé};ig (z)dp, ,, (2)
= ff_zzn lv(z - //;_lb) |12 ) /5 pyva?)
fan lb(z - “1b, :gl—b) |12 dp, /,(2)

[Note:

2
V] 122 .
11122

Needless to say, the convention is that

<—> (=-,0)
V2 V2
‘/-lb< >(0,b).]
V2 V2



12.

44,7 IEMMA U and V satisfy the canonical commitation relations, i.e.,

e/:-T <a,b>

U(a)v(b) = V(b)U(a).

PROOF Consider the ILHS:

U(a)v(b)y z

(z - ZLby,

V2

2
- v [e | oI/ <2/ T p//2>

= e—l la] }2/4 e—l |b] [2/4 e—<Z,a//f> o2+ a/v2,/-1 b//2>

/-1 b

- Yz + 2 - )
N3 2
g‘ <a,b> -(|]al|® + [b]|A/8 <z,- a/VZ + /T b/V2>
= e e e
V2 V2

But the RHS equals:

&1 @b ymiu(a)y .

o1 <a,b> -||al ]2/4 o~<2s3/V2>

v(b) [e vz + 391

vz
_ T <ab> | bl1%/a ~llall?/a <20 T b//2> ~<z- /T b/V2,8//2>

.w(z_!__a__/-—-fb
/2 V2

)



13.

L aps ~(|]a] |2+ |[p]12/8 <z,-a/vZ + VI b/
= e e e

'IP(Z+§--/:]_'b
2 /2

).

Consequently, the prescription
W(a ® b) = @{p(/—;_]-‘— <a,b>)U(-a)Vv(b)

defines a Weyl system over I_{n & l_ln (or still, over gn) .
Explicitly:

W(a @ b)y(z)

_Ulall? + 1pl1P/8 <z,a/v2 + /A b//

_/1Ib

.Lp(z__a_'_
V2 V2

).

To simplify this, put

c=a+ /-1 b.

Then

W(e)p(z) = exp(<z,c>/V2 - <c,c>/4)Y(z - CF).
2

In what follows, it will be convenient to work with 1_&2 (gn ), the antiholo-

morphic counterpart of a2 (€, writing B for the map

_2
L2 (®,p) + A2 (E



14.

which serds f to the function

zZ > 1 J

(2m) : R

or still, to the function

37
z->e S e f(x)dpl(x).

44.8 REMARK W is not irreducible. In fact, iz (gn) is a closed invariant

subspace of L2 (gn,u) (= L2 (gzn,pl /2)) .

It was shown in §41 that the Fock system over gn is unitarily equivalent to

the modified real wave representation realized on L2(13n,pl):

wmd(a + /=1 b)P(x)

= exp (/-1 (&2 - <a,b>/2))

V2

2),1/2

[exp (V2 <x,a> - ||al| V(x- V2 a)

or, more succinctly,

Wnod(c)w(x) = exp(<x,c>/V2 - % <a,c>)P(x- V2 a).

- VA0 o |
W, = WAT(C).



15.

44.9 IFMMA We have

BW 3= WCXB.

[Note: Therefore W od and ch are unitarily equivalent.]

Tt suffices to check the lemma on functions of the form x + e" * and for

this, one can take w = 0 and compare

Blx + exp(<x,c>/V2 - %— <a,c>) ]
with chl, i.e., with
z + exp(<z,c>/V2 - <c,c>/4).
By definition,

Bx + exp(<x,c>/V2 - —%- <a,e>)|,

R N P
) V2 2 “&.C
= e fne e e dpl(x).
R
But
(E+CF).X %—(Z+CF)2
> _ 3
fRne dpl(x) =e .
Matters thus reduce to
12 1-=2 2 1
eXP(-iz + 5z +<z,c>//f+—5—5<a,c>)
<1

= exp(<z,c>/V/2 + <a,c>).

4 2



l6.

However

2
c 1
—4- - 5 <a,c>

2

2
_a +2/-71|.—2a,b>—b _laz_/——l_<a,b>
2 2
1,2, .2
——Z(a + b))
1 2 2
=-7 Ulall® + [Ip]

= - <c,c>/4.
And this completes the proof.

N.B. ch is called the complex wave representation.

So, the Fock system is unitarily equivalent to the modified real wave
representation which in turn is unitarily equivalent to the complex wave

representation.



§45. HOLOMORPHIC FUNCTIONS

let (X,Y,1) be an abstract Wiener space -- then a camplex structure on

(X,Y,1) is a complex structure J on Y such that JX < X.

Suppose that J is a complex structure on (X,Y,1) —-- then J is said to be

isometric if

[aylly = [lylly vy ex

I

HIx] |y HXHXVXEX.

45.1 EXAWPIE Take for (X,Y,1) the triple (Wo'l([0,11;8), C,([0,11:E%),1)

and define

3:Co (10,1158 + ¢, ([0,11:8%)

Jf = J(fl'fz) = (- f2,f1) .

g’l([o,l];gz) invariant. Since the norm on CO([O,l];RZ) is

Then J leaves W

€], = sw [lE®]]
Ost<l R

—

and since the norm on wg’l([o,l];gz) is

[l = g it 1%, a0 ™,

it follows that J is isometric.



Iet J be an isometric complex structure on (X,Y,1) -- then the norm l

ly
is said to be rotation invariant if V y € Y,

@+ b0y|ly = la+ ~T5| [Iylly @beR.

[Note: This condition implies that Y~ is a Banach space over C.]

45.2 REMARK If |

|y is not rotationally invariant, then |

IY can always

be replaced by an equivalent norm ||| [Y 7 that is rotationally invariant, viz.
14

% = sup (cos 6 + J sin 0) .
1¥1ly,5 = s 1| vlly

[Note: Because ||-||, 7 is equivalent to | |- the restriction
14

HYl
111y g ° 1 is tight.]

Suppose that J is an isometric complex structure on (X,Y,1) under which

|1-]]g is rotationally invariant. Let Y% = ¥* @ /-1 Y* — then the elements of

Y% are the continuous R-linear complex valued functions on Y. Put

£ 1,0

={\€ YX:J*A = /=1 A}
Y*(O,l) = {)\ c Yé:J*}\ = e ;/:'T )\}.

* *
Then Y (1,0 ard Y (0,1) are complex subspaces of YE and

vt =y (10 g y* (01



*(1,0)

Moreover, the elements of Y are the continuous C-linear complex valued

*(1,0)

functions on ¥, i.e., Y is the dual of Y™:

li

AT y) = </~<T v, >

I

<Jy,A>

<YIJ*>\>

I

<7, /=1 2> = /<1 A\ y).

* *
[Note: The definitions of X*, X (1,0)’ and X (0,1)

G are analogous.]

A function F:Y » C is a holomorphic polynomial if it has the form

F= f(xl,...,)\n),
*(110) s k91 . .
where XiEY (i=1,...,n) and £:C" ~ C is a polynomial.
*(1,0) w

[Note: Antiholomorphic polynomials are defined by replacing Y ith

¢ O

Write PH (Y) for the set of holamorphic polynomials on Y.

45.3 I1EMMA let F € PH(Y) — then

Fly) = fY F(y+y')dpl/2(y') .

let F € L2 (y,pl /2) -~ then F is said to be an L2—holomorphic function if




S 2
FePB(® (<L (p ).

Denote by A2 (Y) the set of L2—holcmorphic functions on Y.

45.4 REMARK 1In general, an Lz—holonnrphic function F is neither continuous

nor X-differentiable (but it is true that v x € X,

d
I F (y+tx)

t=0
exists a.e. [pl /2]) . Furthermore, there are elements of A2 (Y) which are not in

the Sobolev space W2'1(Y,pl/2) (cf. 45.9).

45.5 SPLITTING PRINCIPLE Fix A € Y*:

|xx| Iy = 1. Let X(1) be the linear

span of Xy and Jx,; let X' = X(\) T and let

)\7
P':X » X!

be the associated orthogonal projection. Assuming that X is contained in Y, call

Y' the closure of X' in Y and extend P' continuously to Y':

Q': Y >~ Y'.
Define a bijection
1_22 X Y'" > Y
by
~ (a,0) » ax,
Y Yy
(0,b) » be)\




Then
v ——
ug X ]J < > pl/z‘
Here
2
=1 —lz‘ - nl
dug(Z)—ﬂe dz and u —pl/z°(Q) .

Suppose now that F is an Lz-holcmorphic function. View F as a function of (z,y').

Fix a sequence {Fn} of holomorphic polynomials: Fn —> F, arranging matters so

2
that L

. 2
Lim /. |[F (z,¥") - F(z,y")|" du (2)

n-—»>o = =

for u' - a.e. y'. For such a y', the sequence {Fn(z,y')} converges uniformly on

compacta. Therefore F(z,y') is holomorphic in z (change values on a uc—null set

if necessary).

45.6 ILEMMA Let Fl'F2 € AZ(Y). Assume:

Pl/z{y:Fl(y) = F2(y)} > 0.
Then

Fl = F2 a.e. [pl/Z] .-

PROCF Take F, = 0, put F = F;, and let

ll

B = {y:F(y) = 0}.



Then for p' - a.e. y',

uc{z:F(z,y') =0}=0o0or 1 (cf. 45.5),
thus

pl/z(BA(B + x)\)) =0
or still,

Pl/z(B +x) = pl/z(B) .

Since ) is arbitrary subject to | [xxl |X = 1 and since by assumption p; /2 (B) > 0,
the conclusion is that Py /2 (B) = 1 (see the proof of 26.33).

*(1,0)

Fix a sequence {) } ¢ ¥ with the property that {)\n} is an orthonormal

. *(1,0) - . . *(0,1)
basis for X (hence that {An} is an orthonormal basis for X ).

45.7 IEMMA The functions

o By p 04X

N

=l mand
'Y

constitute an orthonormal basis for L2 (Y,pl /2) (cf. 28.6).

[Note: Here {aj} and {bj} are sequences of nonnegative integers, almost all

of whose terms are zero. ]

Let Wa b denote the closed linear subspace of L2 (Y,p1 /2) generated by the



where I aj =a, I bj = Db, and let Ia b denote the orthogonal projection of
- . '

J ]
1.2 (¥,p, ,,) onto W, — then
(a,b) # (c,d) = Wé,b L Wé,d
and
Wh = & Wé b*
atb=n '

45.8 IEMMA et F € L2(Y,pl/2) — then F € A%(Y) iff Vb > 1,
I, ,® = 0.

[Note: So, if F € A%(Y), then

FP= I Ia,O(F)']
a=0

Given a = (al,az,...) (laj = ¢ aj, a. =0 (j >>0)), put

. J
© a.
PR SRR
q Aa, A
o a.,O( j ])
(= 1 —3 ).
j=1  J/a.lo0!



Then the Fa form an orthonormal basis for A2 (), thus v F € A2 ),

1 ™

c, = fY Fngpl /2"

[Note: This expansion is called the Lz-—Taylor series of F.]

45.9 EXAMPLE Let

n
® l)‘n

F= I ——=v— .
n=1 (DT

Then F € A2 (Y), but F & Wz’l(Y,pl/z) . In fact,

n
BV R~
(1-L) 2E‘ nil rD) n+l T
n
I N
n=1 vn+l vnl!
Therefore
2 1/2_,,2
1e112 = 1021
_ ; 1 H n,OU\n')\n) ]]2
n=1 {n+1) /ﬁ? 2
N N



a a

1

2
] P‘§|()\l ® A

, 8 e).

*
Then the )‘a form an orthonormal basis for BO(X (1’0)) and the arrow

* 2
BO(X (1,0)) -+ A®(Y)

A > P
a a

is an isametric isomorphism.

*
[Note: X (1,0) is the dual of X".]
45.11 IEMMA Let F € PH(Y) -— then
Fe %) = f, Fle Tty + (e 252 yna_ "),
B2
i.e.,

F(ety) = T F(y).

PROOF This is obvious if F = Fa' which suffices.
[Note: Therefore

F(ty) =T_,

og t Fly) (0<t<1l)

2 2
Iy IF@n) % dpy o) = fy [P | dpy p ()]



§46. SKELETONS

Fix an abstract Wiener space (X,Y,1) and keep to the assumptions and notation
of §45.

Given 6 € R, define

2 2
Ug:L (Y,pl/z) + L (Y,pl/z)

by
UGF y = F((cos 0 + Jsin 08)y).
46.1 LEMA Let F € A%(Y) —- then
_1 21 -/~Ind
In(F) =5 fo e UgFde.
PROOF There is no loss of generality in supposing that F is a holomorphic
polynomial. Since UeIm(F) = e/q T8 Im(F) , we have

1 .21 - /-1 nd
—Z-T-l:fo e UeFde

1 .21 - /=1 nd
-Z—T-Y-IO e Ueilm(F)de

2r - /=L n6 /=1 mo
S e e

0 Im(F) dao

3 o
|+

f27r - V=1L n6 /=1 md
e e

0 de x Im (F)

Sl

b
m

I_(F),



from which the lamma.

46.2 LEMMA LetBr={yEY:Hy[[Y<r}-—thenVFEAz(Y),

1
——— [, F dp = [, F dp, ,,.
pl/2 (Br) Br 1/2 Y 1/2

PROOF One has only to note that

P12 (By) X Jy F dpy pp

_ 12
=L 238 s url dp, (v
21 0 B_ o |y ‘P12

r

1 2T
57 fo de fBr F(y)dpl/z(y)

= fBr F dpl/z.

46.3 REMARK If F € A2 (Y) is continuous, then

. 1
F(0) = lim ———- f  Fdp,,, = [, F dpo ,,.
£ o0 PrpB) BT P27y T Fuy

Iet F € A2 (Y) -- then the skeleton of F is the function



defined by

SF(x) = fY F(x+y)dpl/2 (y) (cf. 26.16).

46.4 REMARK We have

dp
1/2,x

SLx) = /[, F(y) =——= (y)dp, ,,(¥)

F Y by /5 1/2

3 2

= Jy F@Wexp(2e, (v) - |x|]|Qdp, ().

[Note: The functions
y - exp(2e (y) - | 1x] ])2() (x € X)
are total in L2(Y,pl/2) (cf. 28.8). Consequently, S, =S, iff F| =F, a.e.

1 2

46.5 IEMMA Fixx e X —thenV F € AZ(Y), SF(x) is the Lebesgue density

of F at x:

lim L [g Elxty)dpy ,o(¥) .

r->20 p1/2 (Br) r

IfF e A2(Y) is continuous, then V x € X, SF(X) =F{x). I.e.:

Sp = F|X.

In general, F always admits a version for which this is true, a fact which is not

obvious and requires same preliminaries.



Given a segquence {Fn} of holamorphic polynomials such that

z |F, ] < oo,
n Lz(pl/z)

put

M (@) = 2 [F )] = )

46.6 LEMMA Under the above assumptions,

PROOF In fact,

Iy z P, ) lapy /()

IZ1 Iy 1P, [dpy o ()

1/2

A

2
5:1 Uy IF, @] dp; 4, (¥))

Therefore

y+I|F (] ertw

1Py o) -
n 1/2

46.7 IEMMA V x € X,

TP (%) < .
n ' on



PROOF Write

™

In

IF | =2 |/ Fn(x+y)dpl/2(y)| (cf. 45.3)
n
2
rzl |/ F () exp(2e (v) - HXHX)dpl/z(Y)i

£ ||F || - [lexp(2e, (+) - |[x]|)]]
n n L2 pl/z) * X L2 pl/?_)

Iet F € A (Y). Choose a sequence {Fn} < P, (Y) subject to the following

conditions:

W |z, - 7|

(2 ¢ ||F 4 - F
n

let

F(y) =

> 0;

L (py /2)

|

~ lim Fn(y) (v & NZ({Fn+l - Fn}))

Then };' = F a.e. [91/2]’ thus f‘ € AZ(Y) .

46.8 LEMMA VY X € X,



S (x) = F(x).
F

[Since x & Nz({Fn+l - Fn}) (cf. 46.7),

F (x) > F(x).
On the other hard,
F (x) = [, F_(x+y)dp; /2(y) (cf. 45.3)

> fy f(x+y)dpl s = Sf(X) .

Given F € A2 (Y), it will be assumed henceforth that

Sp = F|X.
On general grourds, SF is locally bounded and differentiable (cf. §32).
[Note: We have

2
ispea | < el X ey
L (py /)

In this connection, observe that

2 1/2
(Fy exp(20,(y) dpy /(1)

1/2

i

(fY e}cp(2-2®x(y))dpl/2(y))

= (e - |20, 1%, )2

L (py /2)

(cf. 26.17)



(cf. §40)

I
N[+
®
e
J
NV

exp(2] [x|]).]

One can also view SF as a function on X . As such, for any choice of Xq

and x; (i=1,...,n) in X , the function C" - C defined by
(zl,...,zn) > SF(XO tZyX ke + znxn)

is holomorphic.

46.9 RAPPEL Let H be a separable camplex Hilbert space -- then a function
F:H »~ C is said to be holamorphic if F is locally bounded and holamorphic on each

finite dimensional subspace of H.

Accordingly, V F € A2 (),

1s holomorphic.

46.10 LEMMA Suppose that 3 M > 0:
[sF(x)[ <MV x EX.

Then 3 a constant C:F = C a.e. [pl/2] .



PROOF Vv x € X, the function z » SF(zx) is holomorphic, hence is constant.
Therefore

sF(x) = SF(O) (x € X).

let C = SF(O) —— then the function y -~ C is in AZ(Y) and SF = thus

F =C a.e. [pl/Z] (cf. 46.4).

46.11 IEMMA Suppose that 3 an open subset O c X:
SF(x) =0V xE€EO.
Then F = 0 a.e. [pl/2] .

PROOF Fix x, € 0 and consider the holamorphic function z - SF (x0 + zx)

0

(x € X). If |z| is sufficiently small, say |z| < g, then x, + zx € O, hence

0
Sp(xy + 2x) = 0 ([z]| < e). But this implies that

SF(XO +2zx) =0

for all z, in particular

SF(XO + x) = 0.

Therefore
SF(x) = SF(XO + (x—xo))
=0
=>
F =

= 0 a.e. [pl/z] (cf. 46.4).



Denote by A2 (X) the set of all functions F on X of the form
where

Then A2 (X) is a complex Hilbert space with inner product

< Sy — ~ ot
F,F'>=1% Ca *
é -

46.12 A2 (Y) vs. A2 (X) - The connection between the two is simply this: The

arrow

a%(y) + a2(x)

F-*SF

is an isametric isomorphism.

N.B. It follows that the elements of A2 (X) are holamorphic (in the sense
of 46.9).

Let <,>” (= <,>.) be the inner product on X :

<x,x'>" = <x,x'> - /-1 <x,Jx'> (cf. 19.2).

46.13 LEMMA LetFGAZ(X) -- then Vv x € X,

Feo | < |[F||eX® /2,



10.

Consequently, the evaluation

A2 (X) =~ C

x » F(x)

e

is continuous, hence there exists a unique element EX € A2 (X) such that
2
v F e A" (X),

F(x) = <EX,F> .

The set {Ex:x € X} is total in A2 (X). 1Its elements are called coherent states.

One has
— y o~
E (x") = e<X’X >
X
<x' x>
<E E.> =e ! .
*(1,0) *(1,0)

[Note: Recall that X is the dual of X . Given A,n € X , determine

e>\,en € X by

AX) = <e>\,x>~
(xeX.
_ n(x) = <en‘,x>~
*(1,0)

Then the inner product <A,n> per X is <en,e>\>~. And the arrow

o 1) 5 A%

exp(A) ~ Fe,



11.

is an isometric isomorphism:

<e ,e,>"
<E 'Ee > e A

e)\ N

e<>\,n>

<exp(}) ,exp(n)>.]

46.14 IFEMMA Let V_ be the span of {e, ,...,e, }and put d_ =dimV_ —
—_ n kl An n n

thenVFEAZ(X):
2 . 1l
HF[]® = 1lim —-
n-—-o«mTn

fy [F@ % VY av.
n

46.15 REMARK Let B2(Y) and A2(X) be the antiholamorphic versions of A2 (Y)

and A%(X) — then A2(Y) = A2(X) and A°(X) = gq(x*(o'l)) or still, A2(x) = BO(X™),

*(0,1)

the point being that X is the antidual of X", hence is isometrically

isomorphic to X™.



§47. THE COMPLEX WAVE REPRESENTATION

Let X be an infinite dimensional separable complex Hilbert space. Fix a

real part X, of X and let (XO,YO,I) be an abstract Wiener space -- then
(XO X XO’ Y0 X YO’ 1 x 1) is an abstract Wiener space.
[Note: The exchange
' R, |
(yo,yo) + ( yo,yo)

is an isometric complex structure on (X0 X XO’ Y, X YO’ 1 X 1).]

0

47.1 REMARK The finite dimensional model is

It was shown in §41 that the Fock system over X (= X, + /-1 XO) is unitarily

0

equivalent to the modified real wave representation realized on L2 (Yo,pl):

woqlat /=1 b)y v

o (yn)
= exp(/T (R0

- <a,b>/2))
V2

1/2

Texp(vZ 0_(yg) - |lal|D1Y? vy, - /2 a).

In the finite dimensional model, the modified real wave representation is also

unitarily equivalent to the complex wave representation (cf. §44). Objective:



Extend these considerations to the infinite dimensional situation.

To begin with, let us recall that L2 (YOv’pl) is the completion of the pre-
Hilbert space
U 1.2 (XnrCoiyy, )
o'~pivx

PP, 0
X

This said, the infinite dimensional version of the Bargmann transform is the

isametric isamorphism

2 2 _
B:L7(Y,pp) > AT(Y) (¥ =Y, XY

characterized by the following property: For all f € L2 (XO'CP;YX Y,
0

S.c{c) = e ©,0>/2 ;K> f(x)dy, (x).

BEf X X
0 0

[Note:

T c=a+/1b

(a,b € XO)
c=a-+/1b

and SBf is the skeleton of Bf.]

N.B. There is, of course, an antiholomorphic version of B, call it B.

Define now a Weyl system over X, realized on L2 (Y,pl /2) , by the following
prescription:

Wlcly
(yory('))



= exp(0 (.yo) + 0 (y(')) + /=1 (¢ (.yo) - (y('))) - <c,c>/4)
a/v2 b/V/2 b/V2 a/v2

b
- Wy vy - & 29).
040 J3 /3

[Note: Obviously,

oo (v +e ¥ + /@ (v -0 (yh) - <c,co/a) |2
a//z O bz 0 b2 O a3 0 |

2 2
= a2 0, (vy) + Z o, vy ~ (lal]® + ||b] |2 /2).

On the other hand,

By 12, (a/v2,b/V2)
[ 4 [4 (y ’yl)
dp]_/2 0’<0
= exp(20 oy - || & 2y 113
(a/v2,b/vz) 00 | z /3 |

=p(/20 (v + V28, (v3) - (]a]|* + ||b[|%/2).]

|} o—
(xo,xo) € X0 x X0 then

<x0 + V=1 x('),c>//2—

= <%, + L x), a+ /-1 b>//2

= <x0,a>//f + <x6,b>//§ + /-1 (<x0,b>//§ - <x('),a>//2_)



= ¢ (x

(x('J)) .
a/vV2

o+ 2(x(')) + /=1 (¢ (xo) -9

b/V2 b/V2 a/v2

Since < —,c>/V/2 belongs to A2 (X), it follows that the multiplier

exp (o (yo) + 0

Y o+ /=1 (9 (yo) - yg)) - <c,c>/4)
a/vV2

(yo
b//2 b/V/2 a/v/2

belongs to G (Y). Therefore a%(y) is W-invariant.
What was said in the finite dimensional case then goes through in the

infinite dimensional case: Put

)
W, = WA (.

47.2 IFMMA We have

BW 1 =WCXB.

[Note: Therefore W

od and W, are unitarily equivalent.]

N.B. W_, is called the complex wave representation.

So, the Fock system is unitarily equivalent to the modified real wave
representation which in turn is unitarily equivalent to the complex wave

representation.



§48. REVIEW OF DEFINITIONS

Working first in 1_3n, consider the laplacian A -—- then (cf. 1.15)
1. A is selfadjoint.

2. A]CZ;o (R") is essentially selfadjoint.

48.1 REMARK The spectrum of - A is [0,~[, thus - m2 (m > 0) is in the

resolvent of - A. Therefore

(- A +md)"T

is a bounded linear operator on L2 (13n) .

Equip C: (Bn) with the norm

r/2

NEN, = 11@ - 8"%[| , (ceR.
! L

Then its campletion is the Sobolev space Wz’r(gn) . In particular:

Dam(h) = w2 &Y.

Suppose now that M is an n-dimensional connected ¢” manifold.
I. Assume that M is compact. Fix a finite covering of M by coordinate
charts {(Ui,dai)} and let {Ki} be a subordinate partition of unity. Given a

distribution T on M, write T € Wz'r(M) if for each i, the pushforward (¢i)*(|<iT)



is an element of Wz'r(gn) . This definition is intrinsic, i.e., independent of

the choices made for Ui’ ¢i' and Ky And Wz'r(M) is a Hilbert space with norm

N 2 172
17115, = & 169 tegm 115 Y2,

IT. Assume that M admits a complete riemannian structure g — then the

laplacian Ag is the divergence of the gradient, thus locally

1/2
|—|~773 (gljlg] /2y f)

and a theorem due to Gaffney says that Aqlcoc° (M) is essentially selfadjoint. One

then defines Wé’r(M) as the completion of Cz(M) w.r.t. the norm

r/2

el = 110 =89

£]] (r €R).
2 -

[Note: The space Wé’r(M) depends on g but if M is compact, then

, Ty =wrtm.]

48.2 IEMMA Iet (M,g), (M',g') be two complete riemannian manifolds.
Suppose that ¥:M > M' is a diffeomorphism -- then for any open, relatively

compact set O c M, E!Cl>0, C2>Osuchthatvfecz(0),
, -1
CllElly, s 1o 71, = CyllEll, , eR.

[Note: Take M =M', ¥ = id - then the topology on C_(0) induced by Wf;'r(M)

is equivalent to the topology on C31(0) induced by Wé{r(M) )]



§49. A CLASSICAL EXAMPLE

Suppose that (M,g) is a complete riemannian manifold. Let

E = CC(M) ® CC(M)

and put
t t = v

Then the pair (E,c) is a symplectic vector space.

[Note: Hy is the riemannian measure attached to g.]

49.1 IFMMA Define J:E - E by
J(fl'fZ) = (- f2'f1)'

Then J is a Kahler structure on (E,0).

PROOF There are two points.

e 9(I(£],£,) ,T(E],£5)

G((" lefl) ’ (- félfi))

i

— L — — 1
< f2'f1> < f2,f1>

= 1 - v
<fl,f2> <f!,£ >

172

= O((fllfz) r (f' ’fé) ) -



oo((fl,fz).J(fl,fz))

i

0(. (fl'fZ) 14 (- lefl) )

<£p0£)> - <= £y

= <fl,fl> + <f2,f2>

v

O(fl¢0&f2¢0).

The energy inner product M on

E = CL0D ® C (W
is defined by

u (£ E,) 4 (£],£5))
= fM (£, - Ag) fi + fzfé)dug.

49.2 ILEMMA We have
b € IP(E,0).
PROOF View the pairs

T ()£

(£],£)



as elements of LZGM,ug):

fl+/—Tf2

1 A ]
fl+ /sz.

Then

<£, + /-1 fz'fi + /=1 £1>

~— 1 t
= <fl,fl> + <f2,f2>

+ /=1 [<fl,fé> - <fi,f2>]

1 1
<fl,fl> + <f2,f2>

i

+ /-1 6((fl,f2),(f',fé)).

Therefore

] ] 2
lo((£1,£), (£],£5)) |

A

1€, + AT, |17« |]g] + /T £3]17

= (<fy,£,> + <f f2>)-(<f',f'> + <f!

1 27 1 2rf5)

A

— - ' —_ L} ¥y v
(<fl'(l Ag)fl> + <f2,f2>) (<fl,(l A§)fl> + <f ,f2>)

= UE ((flrfz) ’ (flrfz)) * }J-E ((f'rfé) ’ (f.,fé)) .



The energy inner product e is not pure. To campute its purification,

observe first that

o=l e Lzom,ug),

g g
where, of course, the spaces are taken over R. Recall now that
A :H ~»H
s B
is characterized by the condition

o (x,y) = uE(x,A y) (x,yet ).

e g e

Agreeing to regard the elements of E as column vectors, we then claim that

-1
0 (1 Ag)

In fact,

LlE( (flr f2) IA,UE (£1 Ifé) )

_ -1

= g ((Ep,E)), ({1 = )7 £, = £]))

—_ - - -1 ' - £
= <fl,(l Ag)(l Ag) f2> + <f2, fl>
——— - []

= <Eyefy> - <EyEy>

= o((f;,£,), (£,£5)).



[Note: It follows that Ap is injective, hence ou is symplectic (cf. 20.12).]
E E
49.3 REMARK The operator (1 - Ag) -1 is a bourded linear transformation

2 2,2 . 1
from I (M to W 'T(M WZ’ M) .
(,ug) g M < g M)

49.4 IEMMA Let.

12, |

A
Hg

Mg T g

be the polar decamposition of A”E - then

-1/2
0 -
(1 Ag)
J =
Mg
_ _ 1/2
_ 1 Ag) 0 _
and
- 1/2 _
- A
(1 g) 0
la | = .
Yg
_ -1/2
0 (1 Ag)




%

E

is orthogonal:

A

A

A

A

We have
- _ o -
£y £
r J >
Hg
1]
Ca-a)V2 I X
g 2 g
4
—1-a)Y2¢ (1 -a)Y?2 g
_ g 1 _ _ g 1
- Ay L/2 I V- R
(1 Ag) f2, (1 Ag) f2 >w2'l
12 o a1/2
L
- A2 _ _ A -L2
(1 Ag) £, (1 a1 Ag) £
+< £, (1- OE] >
L
£, > 4+ < £ £ >
2%2 72 117 2,1
£ £1
’ >.
£ £

>

fl

L2




]Au | is nonnegative: We have
E

1 1
< . A >
Mg
_ f2 ~ B f2 _
— e - - -1/2
£ (1-4) £,
= < ’ >
-1/2
_ f2 _ B (1 -4) f2 _
= _ Ay L2 _ 1/2
= <fl' (1 Ag) fl>w2,1+<f2’ (1 -A7A)
= _ py1/2 _ Ay 1/2
= < fl’ (1 Ag) fl >L2 + < f2, (L -A) f2 >
z 0.

Write e o for the purification of M
14

up o (€5, (£],E5)

((£,,£5), |A |(£1,£2))
Hptityris N 2

- - —l/ 2 o - —l/ 2 o,
= g (e B, (= 8™ %1, - )72 gy



-1/2 -1/2 fé N

- - ' -
< f (1 Ag)(l Ag) fl > 4+ < f2, (1 Ag)

ll

1/2 ~-1/2

1 1]
£ f2 >

1 >+ < f

< fl’ 1 - Ag) - Ag)

2’

=< f_,f! + < £.,f

t
1’1 72,172 252 2,172 7

the Sobolev inner product per

2,1/2
H =W M &
YBEp 9

2,-1/2
Wé ™ .

Here |A | = I (cf. 20.25) and
P

0 1 -

1/2

-(1 - Ag)

e, p (£ 5y 3, (£],£5)

r

-1/2

vo(1 = A VY2 g
bg, o ((Ep ), (L= 87 % £, - - 8)™ % £1))

1/2 (1 - A )—1/2 £1 s

g 2

< fl,(l - Ag)

+<f, Q-a)V2_ 1Ay V24,
g g

2’



—- 1 - T
= < fl,f2 > =< fl,f2 >

- 0( (fl,fz)] (f'lfé))v

49.5 REMARK The operators

a2 2,712, 2,12
- a) .wé on > w2

1 - a2 P20 5PV 2y,
g g g

are bounded linear transformations, so everything makes sense.

Since Vg o is pure, one can realize 20.19 directly (see the discussion after
rkx

20.27): Use the isometric complex structure

-J

: H >~ H
“EIP UE:P UEIP

to convert H into a complex Hilbert space H; with inner product
P E,p
Xy> = Mg Y - V-1 uE,p(x,-JuE'py)
or still,
X,y> = UEIP(X,Y) + !/—_l OUE (x,y) .
P
Now take
- x = (fl’fz)

y = (£],£5)



lo.

and let k :E - H~ be the inclusion — then
U uE,p

3 ]
< ku(fl’fZ)' kU(f lfz) >

= v, p (£, 5 (E,E5)) + /=1 o((£],5,), (£],£))),

as desired.

[Note: According to the theory, the assignment

S » Wk (£,,£))
(£;,£5) [

defines an irreducible representation of W(E,o) on BO(H ) which is the GNS

P
representation associated with the state

g Ol £

1
= exp(= g 1 (), (£, £,)) ]

Specialize and take M = 13n (g = euclidean metric) —- then

HuE =P V250 o P V/2 0
P

of) = <€, (1 - n % 5 (£ € S(RM).

L"(R")

-Q/2

Since S(Bn) is nuclear, e is the Fourier transform of a unique gaussian

*
measure y on S(RY) (cf. §34 (e.g. 34.15)). Here



11.

C2E = 5@, ——  RsE

R
Y

Hy) » w2 @Y.

[Note: On general grounds (cf. 34.14), there is an isometric isomorphism

T
@ Y2EY)) — 26SEYH .1

Denote by

[, 2@ < w2y 5 R

the canonical pairing — then v ¢ € S(E")., 3 a unique A, € w2 Y2 (%) such that

¢

o) = (h,A,] (ew 1@Y).

¢

49.6 ILFEMMA The arrow
—_ S(Bn),Y N w2,—l/2(13n)

¢ > Ay

is bijective with inverse
w2 @ - @Y

)\+q>>\.

Passing from R to C and imitating what was done in the formulation of the



12.

real wave representation, we shall now construct a Weyl system over

P2 0 o w2

2,1/2

U: Givenh € W &Y, let

* *
um L SEY ) > L2EEY
be the operator defined by the rule

- dy_h 1/2

U(h)y(x) = P(x+h) & (%)

V: Given A € WY/ 2(@Y, let

* *
v L2 SEY Y - LESED )
be the operator defined by the rule

/-1 ¢, (x)
VIAY(X) =e P (x).

The definitions then imply that

Uh) V() = exp(/~1 [h,A)V(M)U(h).

[Note: Observe that

= 6, (x) + [0, ]

)

= ¢, + [,A].]



13.

Following the standard procedure, put

Wh o)) = epGE (b, ANUEVO).

Then W defines a Weyl system over

2172 &) o 2172 &Y.

[Note: The underlying symplectic structure o is induced fram [ , 1 in the

usual way:

o((h,A), (h',A")) = [h,A'] = [h',A].
Since

fee) n _ _

2 % 8%

it follows that W restricts to a Weyl system over (E,0).]
Next

<1,Wwh & A)1> 2

L (y)

= <1, exp(——/-z—-—]——: [h, AU VN D>

L (Y)

exp (G [0, <L, U(-n) V(N 1>

£2(y)

vy 1 2
xS exp (/-1 ¢y () + h(x)/2)dy (x)
S(RY *

_ V=1 1 2
= exp( - &~ [h\Dexp( - 7 | h| |2,1/2)



14.

1,1 2 2
X eXp(i (Z Hth,l/Z + /-1 [h,2] - HM l2,—l/2))

2 2
= exp( _% lthZ,l/Z -% H)‘[ l2,—l/2)'

This makes it plain that it is best to work with , Since

Wmod

the )\1> )

<1,W
mod L (y)

2 2
= exp( -7 (n]15 15+ [IAI5 _0-

. © N
In particular: V¥ f,,f, € CC(I} ),

<l’Wnnd(fl ® f£,)1> 5

2712y

= -1
= exp( - 7 (<fl,fl>2'l/2 + <f2,f2>2,_l/2))

1
exp( - 7 1 (.55, (B, £))).

Consequently, the assigrment

S(g,,£,) ~ Mmoalf1 @ B

*
defines a representation of W(E,c) on L2 (S (Bn) ,Y) which is the GNS representation
associated with the state @ corresponding to Vg, o
r
P

V-1 <£,—

P *x
[Note: The functions e 7(f e Cc(ljn)) are dense in L2 (S(®"Y /Y) oy

thus 1 is cyclic.]



15.

s P
1JEIP -

= - L2

Then it is clear that U is bijective and

In addition, U is complex linear:

Ul -3, ) (f,f)

s
0 —a-pnV2
-U
- nt? 0 _
=u( -1 - a2 £ (L - n /2 £)
_ ~1/2
= ( "(l - A) fzrfl)l
while
"o a7 T g
1 o | | a-»
_ _ a—L/2
- ( "(l A) f21

) -

-1/2

£

£

2




§50. EQUATIONS OF MOTION

Suppose that H is a finite dimensional complex Hilbert space, A:H - H a

selfadjoint operator —— then the quantization of the pair (#H,A) is the pair

(BO(H), AT (@) + 3 tr(a).

50.1 EXAMPLE (The Harmonic Oscillator) In the (q,p)-plane, let
1,2 2
H(g,p) =5 (@ +pl.
Then H is the hamiltonian for the harmonic oscillator, viewed as a classical
mechanical system. To quantize it, we shall first convert to an equivalent

quantum mechanical system. To this end, take H = C and A = I —- then the

Schrodinger equation per (C,I) is equivalent to the equations of motion

q=p

p

-
per H. Thus fix (qo,po) -- then the classical trajectory through (qo,po) is

T qlt)

qocost+posint

p(t) = =, sin t + Py cos t.

On the other hand, put

V=1

(Q(t) LP(E)) = e_ e (qorpo) .



Then the Schrodinger equation is

TS @ T (qp) = @) R).

But

e L (qyrPy) = o< Lt (dy+Pg)

(cos t - /~T sin t) (g, + /:Ipo)

qocost+p0sint+,ﬁ-T(—-qosint+pocost)

AT (g py)

=q0sint—p0cost+/7-—l_(qocost+posint)

d . .
T (q0 sin t - Py oS t,q0 cos t + Py sin t)

=(qocost+posint,—qocost+pocost)

g(t)

Q(t)

P(t) = p(t).

Applying now the quantization procedure to the pair (C,I) gives the pair

(BO(C),N + 1) and when transferred to L°(R), we have (cf. 8.7)



U T, TON + %) 71 T(-;l y L
V2 /2
2
=']2; [ _g"j"'xz]r
dx

the hamiltonian for the harmonic oscillator, viewed as a quantum mechanical system.

It is a standard observation that a quantum mechanical system can always be
viewed as a classical mechanical system in the sense that the Schrodinger equations
are an instance of Hamilton's equations.

Thus suppose that H is a complex Hilbert space. Let A:Dom(A) ~ H be selfadjoint.

PutXA=-/—_1Aanddefine
< A > :Dom(A) ~ R
by

<A>X) = % <x,AxX>.

50.2 LEMMA On Dom(a),

1 Im< , >=d< A >,

*a

T.e.: VY x,y € Dam(a),

(v).

Im<)%x,y> =d< A > %
PROOF We have

d< A >

< (y)



DalQ-
™

<A >x+ sy)‘€=0

gi_g <X + ey,Ax + gy)>

1
(TR o]

e=0

|
o =

(<y,2x> + <x,Ay>)

N[ -

= (.<YIAX> + <Axly>)

(<y,Ax> + <y,Ax>)

|
o} =

= Re<y,Ax>
= Re<y,AX>
= Re<Ax,y>
= Re</-1 xAx,y>

= Im<>%x 1Y

Therefore XA is a hamiltonian vector field with energy < A >. This said,

the flow of xA is the function

Pp iR X Dam(A) -+ Dam(A)

defined by

a



the curve t - X, being the trajectory of )% through x:

xt = XAX ’
which are Hamilton's equations for < A >.
N.B.
XX, = - V-1 P
=>
/=1 X, = Bx,

the Schrodinger equation.

Suppose now that HO is a real Hilbert space.

50.3 LEMMA Let T:Dom(T) ~ HO be densely defined and closed —— then on

Dom(T), the prescription

<1p,1p'>T = <P, P'> + <TyY,TY"'>

equips Dom(T) with the structure of a real Hilbert space.

[Note: Assume that T is selfadjoint and = I —— then DOIn(Tl/ 2) is a real

Hilbert space with inner product

Yep'> 4y = /2y, m 2y,

T

In fact, V ¢ € Dom(Tl/z) ’



HT2p012 < [ol12 + 12012 < 2012 120

50.4 EXAMPLE (The Abstract Wave Equation) Assume that T:Dom(T) - H0 is

selfadjoint and 2 I -~ then

_ 1/2
H'I‘ Dom(T™ ) & H.0
is a real Hilbert space with norm

Hw,x) | lHT = [<Tl/21p,'1'l/2k1)> + <x,x>]l/2.

Define o:HT X HT ~ R by
o((P,x), (',x")) = <P, x'> = <P',x>,
Then the pair (HT,o) is a symplectic vector space. Put

E(h,x) =5 [, + <]

and let

Dom(X) = Dom(T) ® Dam(T™ ).

The definitions then imply that on Dam(X),

5% =deE (cf. 50.2),

so X is a hamiltonian vector field, thus the equations of motion are



Y(£) = Xy(t).

Written out, if y(t) = (y(t),x(t)), then

|“ tb(t)‘l T 0 I T e T
_)E(t)_—_—T 0 _ox(t)
x(t) —w
L -mew
=>
TP = x(b)

_ x(t) = -TY(t)

or still,
P(t) + TY(t) = 0.
Now let
0 T—l/2
J =
~ —Tl/2 0 _
Then
J:HT > ﬂr

is an isometric complex structure, hence H; is a complex Hilbert space, the inner
product being

<

y >y = /1< T >, .
oy Ay



It is straightforward to check that X is skewadjoint (note that X cammutes with

J), thus
H=/-1X
is selfadjoint. Here
cos (,tTl/ 2 L/ zsin(tTl/ 2 -
exp(- /~1 tH) = .
—Tl/ zsin(tTl/ 2) cos (tTl/ 2)

Given (y,x) € Dom(H) (= Dom(X)), let

v(t) = exp(~ /=1 tH) (Y,x) .
Then
/T y(£) = Hy(t).
I.e.:

Y(t) = Xy(t).

Therefore the Schrddinger equation per H and the Hamilton equation per X are one
and the same.

[Note: The pair (HT’X) is a classical mechanical system.]

50.5 REMARK X stays skewadjoint if J is replaced by -J and

- /1 tH=- JtJX = - (-J)t(~I)X.

To realize this set up, let (M,g) be a complete riemannian manifold and take



o
I
5
Do
=
s
LQV

Then

Dcxn(Tl/z) = W;’l(M)

_ 2,1 2
ﬂr—wé ™) @ LE 0L ).

The hamiltonian vector field X is defined on the dense subspace

2,2
W'
g

and the equations of motion become

™ & wé 1 M)

2 -
Bb+ (1 -89y =0.

50.6 REMARK Return to 50.4 and consider the pair (BO(H{,) (AT (H)) — then
one may attach to each (Y,x) € H,I. the Weyl operator

W(y,x) = exp(/~L Q(y,x))  (cf. 10.3)
and 9.7 implies that

T(exp(- V=1 tH))W(y,x) T (exp(/~1 tH))

= W(exp(- /-1 tH) (y,x))

= W(y(t)).



l10.

Formally, therefore,
4 wiy) = W)
dt i

= W(Xy(t)).

[Note: It is not difficult to make this rigorous.]



§51. EXTENSION OF THE THEORY

Suppose that (M,g) is a camplete riemannian manifold -- then the restriction to

C: (M) of the laplacian Ag is essentially selfadijoint and the energy inner product

uE on
E = CC(M) & CC(M)

is defined by
ug (£ ,£5) 5 (£],€5))
_ - ] '
= fM (fl(l Ag) fl + fzfz)dug.

These considerations will now be generalized. Thus fix a € cCM:l <acsC
and put

Ua((fl,fz) ’ (f',fé))
= fM (floc(l - Ag)fi + oafzfé)dug

- t
fM flg(doc,dfl) dug.

[Note: Take o0 = 1 = then M = M .]

E

51.1 ILEMMA We have

u, € IP(E,0) (cf. 49.2).

The proof of this hinges on an integral formula.



51.2 LEMMA Let f,f' € C:(M); let o € C (M) — then

- ' - v
fM flal Agf } - g(da,df ))dug

— 1
= fM ag(df,df )dug.

PROOF
1. We have
grad(f'a) = (grad f')a + £'(grad o).
Therefore
fM OLg(df,df')dug
= fM ag (grad f,grad f')dug
= [y 9(grad £, (grad f')oc)dug
= Jy 9(grad f,grad(f'a))dug
- Jy 9lgrad £,£" (grad a))dug
_ ]
= fM ng(f cx)dug
- fM g(grad £,£' (grad oc))dug.
2. We have

grad (£'f) = (grad £')f + £'(grad f).



Therefore

fM g(grad £,f' (grad OL))dug

— 1
= fy 9(£" (grad £) ,grad a)dug

il

fM g(grad(f'f) ,grad oc)dug

- fM g((grad £')f,grad c.)dug

- f£! d
fM £( Agcx) Hy

- fM fg(grad f',grad OL)dug.
Cambine terms to get

L}
fM ag(df,df )dug

—_— 1 1
= fM ng(f oc)dug + [y £(E (Agoc))dug

+ fM fg(grad f£',grad a)dug.

But

Ag(f'a)

= f! (Agoc) + a(Agf') + 2g(grad f£',grad o).

Inserting this then leads to the stated formula.

Thanks to 51.2, u, is symmetric. Next



il

2 2
fy al(E) T + g(@fy,df)) + (£, “lau_

2
[(£))% + gaf ,af ) + (£,)°1an

\"%

M g

2 2
fy LED® = £(8£) + (£) lan,

2
fy (Ey (L= 8)E + £)du

= 1 (€1 ,£5), (£ ,£,))

Ditto if (fl'fZ) is replaced by (f',fé). But then

WAL
lo((£q,E5) 0 (£5,£5)) |
< ug ((E,£,), (E1,£))) « w((F],£2), (£],£5))

<, ((E1,£,), (£1,E,)) - u ((£],£3), (£],£5))

by € IP(E,0).

51.3 LEMMA et
A:C (M) > C (M)

be defined by



Af = a(l - Ag)f - g(do,df) .

Then A is essentially selfadjoint.

[Note: The closure A is selfadjoint, > I, and has a bounded inverse.]

51.4 REMARK Due to our assumption on a, the multiplication operator Ma

is bounded and selfadjoint with inverse My /o

In what follows, we shall amit the overbar that signifies closure and
identify a multiplication operator with its underlying function.

Like Ugr Hy is not pure. Here

H = Dpm@a”?) ® pom(al’?)

is characterized by the condition

o (x,v) = u (%A v) (x,yeEHf ).
Ha o Ha Ha

One can be explicit:




o (£ 55) By, (£],E1))

= -1, __"ll
- ua((fllfz)l(A f ’ ¢4 fl))

-1_, -1,
<fl,AA f2> + <af2, - fl>

I

] — ]
<fl,f2> <fl,f2>

= U((fllfz)l(fllfé))'

[Note: It follows that A.u is injective, hence Gu is symplectic (cf. 20.12).]
a a

51.5 LEMMA Let

be the polar decomposition of AU . Put

A = /25,172

Then

0 al/zA;l/zal/z

- a—l/ZAi/Za-l/Z 0




ul/ZA;l/ZOL—l/Z 0

0 a—l/ZA&l/Zal/Z

JU is orthogonal: We have
o

fl fi
< J , J >
U, Hy,

1

OLl/ZA--l/ZOLl/Zf O61/2‘1,&--1/2(11/2]?,

o 2 o 2
= < ’

_ Oc—l/zAl/Zu-l/zf _ u—l/zAl/Za—l/2f.

_ o 1 o 1

- <oLl/ZA--l/ZOLl/Zf ,al/ZAfl/Zal/Zf,>
Q 2 o,
A;/2

+ <0L—l/2Al/2a—l/2f ,a_l/zA;/za_l/zf'>
o 1 ol 1
0Ll/2

<A_l/2OLl/2A—l/2al/2f ,A;/Zul/ZAjl/Zul/Zf,>
o 2 o 2 5
L




+ <al/2a-l/2A;/2u_l/2f ,al/za_l/zAl/za_l/zf'>
o 1 o 1 2
L

<A;/2a1/2A;1/2a1/2f2,A1/2a1/2A51/2a1/2f5>

L2

+ al/271/% ,Al/ 2,20
o} 1" 1 2
L

. <A1/20L1/2A&1/2a1/2f2,A;/zal/zA;1/2a1/2fé>

LZ

- <OLl/zA-l/ZOLl/Zf ’Aul/ZAfl/Zal/Zf,>
o 2 o 2
L2

- <al/2A_l/2al/2f ,a—l/gA OL—l/ZOLl/2A.—l/20Ll/2f,>
o 2 ol o 2 2
L

- <A;l/Zal/ZleAi/Zal/Zfé>
2
L

172, 1/2

= <o fz,a fé>

L2

= <f,fl>  ;

2’72
al/z

. <Al/ZOL—l/Zf 'A;/Za—l/Zf,>
o 17 1 2
L

-1/2 1/2

- 1
fl,Aau fl> )
L

= <O



_ <a_l/2f al/ZAal/za—l/Zf'>

1’ 1
L2
— 1
i Lo S
L
= % a2,
1 1 >
L
= <f_,£1>
1’71 :
A;/Z
lAu | is nonnegative: We have

a

f f

< , A | >
o,
- - - 1/2 -1/2 -1/2 -
fl oA T fl
= < ,
£ u-l/ZAfl/Zal/Zf
2 o 2

= <f ’al/zAjl/Za—l/Zf N
1 o 1 1/2
A

+ <f a—l/zA;l/zal/zf

2’

<Al/2

A;./ZOLl/ZA;l/Zu—l/Zf S

>

2
0Ll/2

1l
L2




10.

L

+ <o £

l,u_1/2Ada_l/2ul/2A—l/2a_1/2f S
o 1
L2

=<f

+ <0Cl/2f2,A&l/2ul/2f2>
L2

<a_1/2fl,Ai/2a_l/2fl>

1/2

+ <’ °f

v
o
L]

Iet My, b be the purification of M, then

14

“a,p((fl’fz)’(f"fé))

o (E B 1, (] E5)

- <f 'a—L/gAl/Za—l/Zf,>
1 1 5

L

v <e /27121720,
2 o 2
L2

ua'p((fl,fz),Jua(f',fé))
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= 0((flrf2) ’ (f.rfé)) -

Bearing in mind that

H = Dom(Al/z) ® Dom(oel/z) R

Hy
put

1

Ea(tp,x) =5 [<y,AP> + <x,0x>]
and let — —
0 o

Xoc = ’

where

pom(x%) = Dom(a) @ Dom(al/ %) .

Proceeding now as in the discussion of the abstract wave equation, one finds that

XOL is a hamiltonian vector field with energy Eu. So, if y(t) = (Y(t),x(t)) is an

integral curve for Xon' i.e., if

(&) =X v,

then
ey T 0 o | T v
x(t) A 0 | | =x(®)
ax (t)
~AP(t)
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Plt) = ox(t)
_x(t) = -Ap(t)
or still,
V(L) + oAy(t) = 0.
51.6 REMARK Jua is an isometric complex structure on H ) Observing that
XOCJUOL = JUOLXOL' hence that on H;a, Xoc is complex linear, one can then show that Xoc

is skewadjoint. Therefore /-1 X, is selfadjoint and

/-1 ¥(t)

i

vy X ¥(t) (schrodinger)

<=>

v (t) XaY (t) (Hamilton).

The final step in the analysis is the introduction of a vector field
-> 1
BeD M.

Assumption

T .
o

o
With this understanding, the hamiltonian of the theory is the function

H:E - R
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defined by

H(f = Ea(fl'fZ)

l'fz) + <L_éfl,f2>.

[Note: As above

_1
Ea(fl'fz) = §-[<fl,Afl> + <f2,uf2>].]

51.7 REMARK We have

I (Lgfl)de“g + (Léfz)du

= fM Lg(flfz)dug

f flf2 «div Edu .

Let
- o —
[
X =
_ -A L+ div B
B
Then
_1
H(flrfz) - "2" <(fllf2) ,J)((fl’f2)> 2 (Cf. 49.1)
L +L
or still,
-1 _
H(f),£,) = 5 0((f1,£,) ,=X(£],£,))

| =

0 (X(£1,£,), (£1,£,))



51.8 IEMMA We have

[Write

where

Then

Here

"

and from the definitions

14.




Put

Il

ol

o

<t f£,,£l> - <l
[

1

1

15.

2

L§ £+ (@iv B) £

53 "

= <L§ £,.,£> 4+ <L £!,£f>

joh}

de

2 3 1'-2

<L (fl + efi),f2 + €fé>

[3

= d<L

[

u

14

((£1,£,), (£],£5))

o, B

= <(fllf2) IJX(f' Ifé) >

£=0

-_> (£1,£5).
(fl’fZ) 1’72

L2+L

£, + (@iv E)fz,f

2

i>




16.

Then we claim that

u _ € IP(E,0).
a,B

¥ is symmetric: In fact,
o, B

' t
<(£1,£,) ,3X(£],£5)>

L2+L2

= 0((fl,f2),—X(f',fé))

= O(X(fl,fz),(f',fé))

- 0( (f' Ifé) ’X(fl’fZ))

o ((£],£5) ,—X(£,£,))

EEPIELE)>
L +L

u is positive definite: 1In fact,

o, B

W, ((FEy), (E1,E)

0,8

2 2
Sy olED® + g@f,af)) + (£,) Tlau

+ 2fM (L_é fl)fzdug

2
Sy @L(E))
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£,
+g(gradfl+——§ grad £, + 2%

2 g(2,8
+ (fz) (1 - =" 1du

o

v

fyolep? + (5% @ g(g b, )l

v

2 2
Ty LEDT + (£ lawy
= <£),£> + <E,, £

[Note: We have

£,
ag (grad fl+—_é grad £, + 2 %)

ag (grad fl’ grad f;)

(f
+ 2£, glgrad £1,8) + —— g(@ B

2
(f£,)
og(df, ,af ) + 2f2(L§ £1) + ———i—— 98,8 .1

i

To conclude that

U € IP(E,0),
Oy

it remains only to recall that
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1] 1 2
|0 ((£1,£,) 4 (£],£5)) |

< (<fl,f >+ <f f2>)-(<f',f'> + <f!

1
1 2r 1 2r£5>) .

One can then pass to Hu , where

Oy
A - -xL
o, B
Now form H; s (taken per Ju §) —- then X is skewadjoint, hence V-1 X is self-
G., u’l

adjoint and once again "Schrddinger = Hamilton".

Definition The Ashtekar-Magnon state is the pure state on W(E,o) determined

by u .
ulglp

In particular: If a =1 and f§ = 0, then the Ashtekar-Magnon state is the

pure state on W(E,o) determined by Ve o
r



§52. KLETIN-GORDON

Let M be a connected C manifold of dimension n. Denote by M the set of

semiriemannian structures on M, thus

where I\_dk n-k is the set of semiriemannian structures on M of signature (k,n-k).
4

[Note: Our convention is

-I 0~

(0<ks<n) .]

0 In-—k

It will not be unduly restrictive to assume that M is orientable with

orientation yu, volg then standing for the unique n-form on M such that Vv x € M

and every oriented orthonormal basis {El, .. .,En} < T M,

volg % (El,...,En) =1].

[Note: In a connected open set U ¢ M equipped with coordinates xl, ces ,xn

consistent with py, i.e., such that

9 )
[ recey l ey vxedU,
axl X an X X

vol = |g|l/2 axt A eee A dXT]



Given g € M, the laplacian Ag is, by definition, div o grad.
N.B. If g€M __,, then it is customary to write Dg in place of Ag.
14

E.g.: In Minkowski space (a.k.a. 51'3),

2.2 .2, .2
Dg_ at+ax+ay+az.
Fix m > 0 —— then an element f € COCO(M) is said to be a solution to the

Klein-Gordon equation provided

2
A -m7)f = 0.
(g )

Functional Derivatives There is a pairing

com x C.on > R

(fl’fZ) - fM flf2 Volg.

So, if
L:C (M) ~ R,
SL . o
then 3 is the element of Cc (M) such that
d _ <sr, L
d?L(f + £6f) o = <§8f, 3E >

for all 8f € c°c°(M).

Fix m > 0 = then the Klein-Gordon lagrangian is the functional




J"'If((;:cc ) ~R
defined by the prescription

LKG(f) = 2 M (g(grad f,grad f) + m f )vol .

52.1 IFMMA We have

Slya

3F - (A mz)f.

PROOF In fact,

!
|
Qi

S\, =— g(grad(f + eéf),grad(f + €6f)) vol
M de =0 g

- % fM (g(grad f£,grad &f) + g(grad of,grad f))volg

- fM g{grad &f,grad f)volg

f(A £ 1
fMé(g)vog

and
1 2 d
-=f (f + edf) vol
2 M £=0 g
= [ 5f(- m°f)vol
M g’
Therefore
Ty
G _ ., _ .2
3F - (Ag m ) f.



A critical point for Lec is an element f € C:(M) such that

STy
G .
?S—f-__o'

Accordingly, £ is a critical point for LeG iff £ is a solution to the

Klein-Gordon equation:

(A -m)E

0‘



§53. HAMILTONIAN ANALYSIS

Let M be a connected C manifold of dimension n. Suprose that
M=Rx 3,

where I is a connected orientable C manifold of dimension n-1.
® A lapse is a strictly positive time dependent ¢~ function N on I:
Nt(x) = N(t,x) (x € I).
e A shift is a time dependent vector field N on 1:
N o =N(ex (x€mn.
Fix a lapse N, a shift ﬁ, and let t » qt(= g(t)) be a path in Q (the set

of riemannian structures on Z) -- then the prescription

I(e,x) (LX) r(s,Y))
= - rsp60 - g, (0 @ | K]0

+ s (8) (KN | )+ rq (B) (N )
+q (t) X,Y) (r,s ER & X,Y €T X)

defines an element g of Ml n-1°

[Note: In adapted coordinates (with N = Naaa) '



[gij

[gfLj 1

Put

™
N[ -

53.1 ILFMMA We have

PROOF For

g(n,3,)

Z=

Zl

A

%ab
Nb —
ey
x_1=b% (3/ot - ).
g(n,3,) = 0.
g(3/at - N,3)

(9(39:3) - Ng(a,,3,))

(Na - Na) = 0.



53.2 IFMMA We have

PROOF For

g(3/5t - N,3/3t - N)
=3 (9303 = 29(30,N) + g(§,N))

1 ab
=5 (ggg = 2 90a T LR

N
1 2
= (- N + NN - 2N + NON)
N a a a
N°
- 5= -1,
N

Let I, = {t} x ¥ and call i:Z I > M the embedding -~ then Vv £ € COCO(M),

Legt®)

Put

1 . 2 L2y Lk
-5 fB dt fz (g(grad f,grad £) o i_ + m (f o 1t) )1t(1

1 .
-3 fB dt fz (g(grad f,grad f) o i

t 3/t oLy

2 . 2
£ +m (f o J.t) )Nt volqt.



and
ft = (La/atf) o i,.
Then
ft - L~> ft
. Nt
(Ll;lf) o lt = Nt .

53.3 LEMMA V f € C°C°(M),

gl(grad f,grad £f) o i

t
ft - qu’ ft 2
I S -
= N, + q_t(grad ft,grad ft) .

Iet C = C:(Z) — then
C = C x CC(Z)

is the velocity phase space of the theory.

[Note: Elements of TC are pairs (u,u).]
53.4 REMARK Each f € c:(M) determines a path t - (ft,ét) in TC.

The lagrangian of the theory at time t is the function



defined by the rule

oo 1
Lt(ulu) - - "2' fz( -

>
53.5 EXAMPLE Suppose that v t, Nt = 1 and Nt

Lt(u.ﬁ) = - % fZ (- 1'12 + qt(du,du) + m2u2)vol
1, s2
=3 fZ u VOlq—t + LKG(u) £

N.B. From the above,

Ly (E) = fB L (£ /£ )at.
Thinking of TC as the tangent bundle of C, put

T*C = C x cz(z)

and call it the momentum phase space of the theory.

[Note: Elements of T*C are pairs (u,m).]

In terms of the pairing

C.(Z) x C4(2) R

(u,n) - j'Z um,



SL

the functional derivative ——t-"— is the element of C;(Z) such that
su
SL
g—- L, (u,u + £80) = <8q, _t >
et -
e=0 Su
for all 6u € C:(Z) . Explicated:
- 1’1+€6f1-Lﬁu T2
1 a t
- = N, vol
2L de B Nt B =0 t
- a- Lﬁ I
. t
= f. &u vol
b B Nt B qt
=>
5L u - LN u
_t_ __t |qt|1/2
su Ne

On general grounds, the hamiltonian of the theory at time t is the function
H, :FL, (IC) > R
given by
8L,

H, o FL_(4,0) = <q, E_E > - L_(w,0),
u

. *
FLt.TC +~ T*C

is the fiber derivative.



To simplify the RHS, let

and note that

But

In addition,

= <[ u+ Nthnr >

8L

<Q, >

Su

t
t

<L_> u,m

Ne

t> + <Ntr<t,7rt>.

>
N KTy

= Jp Npkeme



Therefore

_ 1
H (u,m) = <Lﬁ Urm> oy Nk >
t

+ 3 fy (g (du,dn) + nu?)Nvol_ .

This conclusion provides the means to canonically extend Ht to all of T*C.

Thus take 7 € cg(m and write

m= (L la, |72
. |+ t
Then
Kg = i:;t|172

is a density of weight 0, hence is an element of c(Z). And we put
H, (u,m) = <L u1r>+—l—<N)< ™

t > O 2 Tttt
N
t

1 22

35 f}: (qt(du,du) + m u )NtVO]'qt'
Now define

. >
Et.T C - Cd(Z)

Et(u,ﬂ) = (;< + qt(du du) + m u ) !q_tll/Z

Ht(u,'rr) = <LN u,m™> + fZ NtEt(u ™.
t



53.6 LEMMA The hamiltonian vector field

Xt:T*C > T*C
attached to Ht is given by

GHt 6Ht

Xt(llﬂT) = (?S—TT—— y - (—Su—_)'

[Note: The symplectic structure on T*C is

Q( (ullﬂl) [4 (uzlﬂz)) = IZ (ulﬂz - uz’ﬂ'2) .]

(SHt
® We have
SH
t _da
<§r_ , 0> = 3 Ht(u,Tr + edm) _
e=0
= <L1_\T> u,sm + <Nt|<t,6'xr>
t
=>
SH
t_
-S'T":—’ = Lﬁ u + Nth.
t
GHt
® — : We have
su
8H
-
<6u’ '6T> - d€ Ht(u + esul’n-) _
e=0
= <L 8u,m>
>

Ne
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+ % fz %? (qt(d(u + géu),d(u + e8u)) + m2(u + edu) 2) Ntvol
e=0 qt
= - <&g,L m
N
t

+ [y (g, (dou,dw) + m?(au)u)Ntvol

= - <48u, L_) ™

Ne

+ J'Z Gu(Nt(— A u) - qt(dl,l,dl\lt))vvr.)lqt (cf. 51.2)

a

2
+ fZ m (Gu)uNtvol

+ ((- Aqtu + mzu)Nt - q (du,dN,)) Iqtl

53.7 RRMARK Since 7 = |q,|"/?, it follows that
- - - 1/2
L, m= (L, x + K (@iv N))) !qtl .
Ne Ne

Define H:R x T*C -~ R by

H(t, (u,m) = Ht(.u,'ﬂ') .
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Then the time dependent hamiltonian vector field
X iR x T*C » T*C

of the theory is

XH(t, (u,m)) = Xt(uﬂT) ’

a curve y:R » T*C being by definition an integral curve for XH provided

V(B =Xty ().
So, if y(t) = (ut,ﬁt), then
=>
. SH
U =5 = Lou H Nk
N
t
and
SH
- -t
T T T Lﬁ Ty
t
2 1/2
* g ug = w N, + qp (du,dN)) fa |77
Given f € c: (M), write
- 1/2
m (£) =k (B) |a |77
where .
£ - L, £
N
Kt(f) = N .
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53.8 THEOREM ILet f € C: (M) —- then f satisfies the Klein-Gordon equation,
i.e.,

2
A -mI)f =0,
( g )
iff
Ye(t) = (£ rm (£))
is an integral curve for XH

[Note: While this can be checked by direct camputation, it is simpler to use

a variational argument.]

53.9 REMARK The relation

. GHt
ft = '8';”— = L+ ft + Nth(f)
N
t
is automatic. In fact,
Lﬁ ft + Nth(f)
t
ft - L+ ft
Nt
= Ll_\I> ft + Nt Nt
+t — —
=L £+ ft - L{\E £
Ny ¢

1,3

53.10 EXAMPLE Take M = R™'~ (i.e., Minkowski space) -- then Nt =1,
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-> >
Nt= 0, qt=euclidean metric, and
2.2 2
0 ——at+al+32+a3.
X X X

Now explicate the momentum relation, thus

.. _ 2
ft = Aft m ft
<=>

(Dg - m2)f = 0.

Take m = 1 — then the theory assigns to each instant of time a hamiltonian

Ht:T*C > R,
viz.
Ht(u,w) = <L_u,m> + fZ NtEt(u,Tr) '
N
t
where
1,2 2 1/2
Et(u,w) =3 (Kt + q_t(du,du) +u’) lq_t] .
To connect these facts with those of §51, assume that
1< Nt < Ct
and
(N, M.
14
N - e
t Nt

One then has the following correspondences:
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Y <—> M
qt<——> g
Nt<——> o
> ->
Nt<.._._> B.

[Note: To be in agreement with the earlier considerations, assume that

(Z,qt) is complete (which is autamatic if I is campact).]

Nothing of substance is lost if C:;(Z) is replaced by C:(Z) , so H

regarded as the function on
CC(Z) ® CC(E)

that sends (ul,uz) to

(u,,u,) + <L u,,u.> .
E'NtlZ ﬁtl 2”,

Here

< ,> =/

£~ Ty T Wyey-

With this understanding, Ht is precisely the "H" of §51.

53.11 REMARK Thanks to 53.6 and the accampanying calculations of the

functional derivatives, the hamiltonian vector field Xt can be identified with

the "X" of 8§51.

[Note: It is also necessary to utilize 53.7.]



§54. THE COVARIANT POINT OF VIEW

Let M be a connected C~ manifold of dimension 4. Fix g € 1*_41 3 then the
14

pair (M,g) is said to be a spacetime if M is oriented and time oriented.

54.1 RAPPEL A spacetime (M,g) is globally hyperbolic if it is causal and

VPp,gEM J(p) N3 (g is compact (hence ¥ compact K,L ¢ M, J (K) n J (L) is
compact) .

[Note: "Causal" means that no closed causal curve exists. The usual
definition of globally hyperbolic imposes the condition "strongly causal". This,
however, is overkill since "causal" + compactness of the diamonds g P NJ (@

implies "strongly causal".]

Suppose that (M,g) is globally hyperbolic —— then by the term Cauchy hyper-

surface we shall understand an embedded spacelike hypersurface I in M which is
met exactly once by every inextendible timelike curve in M.

[Note: Cauchy hypersurfaces always exist (M being globally hyperbolic) and
any such is necessarily closed and connected.]

54.2 1EMMA If Zl and i, are Cauchy hypersurfaces in M, then I, and I, are

1
diffeomorphic.

54.3 THEOREM (Bernal-Sanchez) Suppose that (M,g) is globally hyperbolic.



Let I be a Cauchy hypersurface in M —— then 3 a foliation {Zt:t € R} of M by

Cauchy hypersurfaces 1, such that ZO = I, hence

t
_H
M= € Zt.

[Note: One can construct a time function T:M - R whose level sets T—l({t})

are the Zt.]

54.4 REMARK Let qt(= q(t)) be the riemannian structure on I determined

by pulling back g via the arrow

Ye 1t

Put

1
‘g\lf(t,x) (grad T,grad T) |

Nt(x) = (x € %).

1/2

Define 9. € Ml,n—l (per R x L) by the prescription

(gT) (t,x) ((r,X), (s,Y))

2
= = rsNt(x) + qx(t) X,Y) (r,s €R& X, Y€ TXZ) .
Then
= Y*g.

It

Assume still that (M,g) is globally hyperbolic. Let @ be a connected open



subset of M -~ then () is causally campatible provided

It e a3 (@

is contained in Q for all p,q € Q.

54.5 EXAMPLE Given x € M, put J(x) = J+(x) UJ (X) —then Q =M - J(x)

is causally caompatible.

54.6 ILEMMA If Q is causally campatible, then @ is globally hyperbolic.

PROOF To keep things straight, append subscripts and note first that vV x € Q,

* ¥
JQ(X) = JM(X) n Q.
E.g.: Lety € J;,l(x) N Q and let v:{0,1] -+ M be a future directed causal curve

with v(0) =%, y(1) =y - then y([0,1]) < J;,I(x) NI <0
=y J;(x) => J;(x) naQc Jg(x) .

SO’ V p,q E Q’

I5(p) N I5(@) = Jylp) n Ty@ n o

+ -—
Jy(P) N Jy ()

is compact. Since 2 is obviously causal, it follows that @ is globally hyperbolic

(cf. 54.1).



GLOBHYP is the category whose objects are the globally hyperbolic space-
times (M,g) and whose morphisms
z:(My,9¢) » (My,9,)
are isametric embeddings that preserve the orientation and the time orientation
and have the property that ¢ (Ml) is a causally compatible subset of M,.
N.B. Q(Ml) is a globally hyperbolic sub-spacetime of M2 (cf. 54.6).

C*-ALG 1is the category whose objects are the unital C*-algebras and whose
morphisms

¢:Al - A2

are injective and unit preserving.

54.7 DEFINITION A quantum field theory (QFT) is a functor

F:GLOBHYP - C*-AIG.

To illustrate the definition, consider the Klein-Gordon operator Dg - m2,

which is second order hyperbolic.

54.8 THEOREM (Dimock) Suppose that (M,g) is globally hyperbolic -- then

3 continuous linear maps

:t o0 Q0o
E :CC(M) -+ C (M)

such that



+ 2
E -m)f=¢£
(Dg )
Q. - mz)Eif = f
_ 9 )
Furthermore,
+ +

spt E f < J (spt f).

[Note: For sake of clarity, it is sometimes best to incorporate M into

+
the notation: E‘;& ]

+
N.B. The stated properties characterize E uniquely.

54.9 LEMMA Let f),f, € C°C°(M) - then

+ —
- _ +
fM (E fl) f2volg = fM fl(E fz)volg.

PROOF We have

+
fM(E f]_)fZVOlg

+ 2
fy € £) @ - m

i

T
1B £ 2volg

2. 1 T
fM ((EIg -m)E fl) ® f2)volg

I
= fM fl(E fz)volg.



[Note: To justify the passage fraom the second line to the third, observe

that

- -

spt E_fl N spt B 9

+ -

3 (spt £)) n 3 (spt £,),

which is compact.]

Then V £, ,f ecZ(m),

1772

fM fl (Efz)volg

+ -
fM fl(E f2 -E f2)volg

- +
fM (E fl -E fl) fzvolg

fM (- Efl) f2volg

- fM £, (Efl)volg.
Therefore the prescription

Og(fl,fz) = fM fl(EfZ)VOlg



induces a symplectic structure on the quotient C:(M) /Ker E. Denoting the latter
by Em(M,g) , it follows that the pair (Em(M,g) ,og) is a symplectic vector space,
from which the C*-algebra

W(Em(M,g) ,Og) .

54.10 THEOREM (Brunetti-Fredenhagen-Verch) Fix m > 0 -- then the assignment
M™,q9) ~ W(Em(M,g),Gg)

is a quantum field theory.

To prove this, we shall need a few more facts.

54.11 LEMMA (Dg - m2) IC:(.M) is injective and

E o (Dg —m2)

I
o

I
=
L]

@, - m?) o E

[This is clear.]

54.12 LEMMA Suppose that £ € Ker E — then 3 f' € c°c°(M):
2
£f= (@ -mof'.
4 )

PROOF Ef = 0 => E'f = E £, call if £', thus

+

2 2. =
- f! = - - .
([Zlg m) (Dg m)E f =¢£



On the other hand,

spt £' = spt E'f n spt E £

c J+(spt f) nJ (spt ),

so spt f£' is campact.

Let @ be a connected open subset of M — then there is an arrow

Cc Q) - Cc M)

f »ext £,

viz. extension by zero.

54.13 ILFMMA If Q is causally campatible (cf. 54.6), then

¥ +
Ef = (B, ext f) Q.

PROOF Iet
_ 2
DM-{jg—m
2
B Dy = Ugq = ™ -
'IhenvfeC:(Q).
- 4+

Ey ext(Df) |Q = £

+
D, ((Fy ext f) o) = £.



E.g.:

éle_

ext (D f) |2

+
Ey (D ext £) |

I

ext £]Q = £.

In addition,

+
spt((E& ext £)|Q)

+
spt(E,;ext f) ngQ

+
J&(spt ext f) N Q

n

+
JM(spt fl nQ

¥
JQ(spt f).

Now quote uniqueness.

Maintaining the assumption that @ is causally compatible, we claim that

ext (Ker EQ) c Ker EM.

For suppose that Ef = 0. Using the notation of 54.13, write £ = Df' (£' € co(@)
(cf. 54.12) —- then

EMextf=E‘MextDQf'



10.

By ext £

0 (cf. 54.11).

Accordingly,
ext:Cc(Q) > CC(M)
induces an R-linear map
Em(sz,glm > E_(M,9)

on equivalence classes: [f] - [ext f]. But

i

Tq £1 (EQfZ)VOlg[Q

fo £; (B, ext £,) 19 vol

glo (cf. 54.13)

fM ext fl(EM ext fz)volg

I

cg(ext fl,ext f2) .

Applying 16.27 (the role of T being played by ext) thus leads to an injective
morphism

w(Em(ngIQ) 10g|9) - w(Em(Mrg) ’Ug) .o

That 54.10 holds is then manifest.

The arrow
Em(Q,gIQ) ~ B ,M,9)



11.

is automatically injective and there are situations when it is surjective as well.

54.14 LEMMA Suppose that Q is causally campatible (cf. 54.6). Assume:

There is a Cauchy hypersurface I for Q which is also a Cauchy hypersurface for M.

let £ € CC(M) — then 3 ¢ € CC(Q),IP € CC(M):

f=ext ¢+ (Dg—mz)w.

[Note: Thanks to 54.11,

2, _
E (Dg m)y = 0.
Therefore

[£] = [ext ¢].]

Given a globally hyperbolic pair (M,g), let K(M,g) be the collection of all
subsets O < M, where O is open, connected, relatively compact, and causally com-
patible. Order the elements of K(M,g) by inclusion and write

+ —
0L O <=> Jb',I(O) no'=4g.

[Note: The symbol O 1 O' signifies that there are no causal curves connecting

a point in O with a point in C_)', a symmetric relation. I.e.:

010" <= 0'10.]

N.B. The pair (0,g|0) is globally hyperbolic (cf. 54.6).

54.15 LEMMA If K ¢ M is compact, then 3 O € K(M,g):K < O.



12.

This implies that K(M,g) is directed by inclusion: V 01’02 € KM,q9),
Given O € K(M,qg), put
Ay = W(E,(0,g]0) "’glo)'

View AO as a C*-subalgebra of w(Em(M,g) ,og) and let AM be the C*-subalgebra of

W(Em(M,g) ,og) generated by the AO:

Ay = C*(g Ao).

[Note: Trivially,

54.16 ILFMMA We have

AM = W(Em(M,g) :Gg) .-

PROOF By definition,

AM c W(Em(M,g) ,crg) .-

To go the other way, take an f € C:(M) — then 3 0 € KM,g):spt £ ¢ O (cf. 54.15),

hence W([ext £|0]) € AO

54.17 IEMMA Iet O]_,O2 € KM,g). Assume: Ol 1 O2 — then



13.

[Aol,AOZ] = 0.
I.e.: The subalgebras Aol,A02 of AM commute.
PROCF Let
£, € CLO))
L C0,).
Then
Ol Ll O2

sptextflﬂsptEMextf2=ﬂ

cg(ext fl,ext f2) = 0

=>

W([ext fl])w([ext f2])
= W([ext f1] + [ext f2])

= W([ext fz])W([ext fl]) .

Therefore the generators of AO cammute with the generators of AO .
1 2

There are two other properties possessed by the assignment



14.

that lie somewhat deeper.

54.18 ILEMMA ILet O, < O

1 5 be elements of K(M,g) which admit a common Cauchy

hypersurface —— then =A .
Aol )

PROOF Apply 54.14 to

and conclude that the injection

is a surjection, so the inclusion Ao c AO is, in the case at hand, an equality.
1 2

54,19 LEMMA Let 01'02 € K{M,g). Suppose that Ol is contained in the damain

of dependence D(OZ) of O2 -- then AO c AO provided D(Oz) is relatively compact.
1 2

PROOF Fix a Cauchy hypersurface y per 02. While ¥ is not necessarily a

Cauchy hypersurface in M, it is at least acausal, hence its domain of dependence
is causally campatible. On the other hand, from the definitions, D(I) = D(Oz) ’
thus, by assumption, is relatively compact. The conclusion, therefore, is that

D(Oz) € KM,qg), so
A: = A (cf. 54.18)
5 (02)



15.

A < =A_ .
0y AD(oz) 0,

[Note: The domain of dependence D(O) of an element O € K(M,g) is, in

general, not relatively compact.]
Denote by C:c (M) the subset of C (M) consisting of those ¢ with the property
that 3 a compact subset K ¢ M:

spt ¢ < I (K) U J (X).

54.20 REMARK If 5 is a Cauchy hypersurface in M and if K ¢ M is compact,

then
T
I nJ (K

is compact. So, V ¢ € Cosoc(M) , spt ¢|T is compact.

54.21 LEMM Let ¢ € CL (). Assume: (0 - m’)¢ = 0 —- then 3 £ € Co(M)
such that ¢ = Ef.
PROOF Choose a compact set K:
+ -—
spt ¢ <« I (K) UTI (K).

Using a c” partition of unity, write ¢ = ¢+ + ¢ , where

spt ¢+ c 1t < 3T

spt ¢ < I (K) < J (K).



16.

Put

_ o2yt 2 -
f= (Dg m)¢ (Dg m)¢
+ —
spt £ << J (K) nJ (K)

00
f e Cc(M).

Then v x € C_(M) (cf. 54.9):

© X (E+f)volg

fM (E volg

_ - _ 2yt
= fM (E x) (Dg m)é volg
=/ (@ - mE e vol
M g X g
+
= fM x¢ volg
=>
ETf = o
* Iy X(E‘f)volg

+
fM E )£ Volg

+ 2, -
Sy E0 (-0 = mHe7)vol



17.

_ 2yt -
= Iu ((Dg m)E x) ( ¢)V01g

= Iy X(= ¢ )Volg

Therefore

Ef =E'f - E f

Il

=0 = ¢ =0T o7 =0



§55. CAUCHY DATA

Suppose that (M,g) is globally hyperbolic. Fix a Cauchy hypersurface I < M.

Given ¢ € C (M), let

P = ¢|Z
_ 9%
Ot = 55 ¢

where —gﬁ is defined using the future directed unit normal n along I.

55.1 THEOREM (Dimock) Let u,v € c°c°(2) —- then there is a unique ¢ € C (M)
such that (Dg - m2)¢ = 0 and
pch = u,'c)zd) = v.
[Note: If spt u U spt v c X, where K is campact, then spt ¢ c J+(K) UJ (KR,
thus ¢ € C__ (M) .]

o0
S

In particular:

pzcb =0
@ -me =0 & = ¢ = 0.
g
=0
Let
r=clm e )



and put

a((u,v),("'wv") = f; (av' - u'v)duq.

[Note: My is the riemannian measure attached to g (= g|I).l]

55.2 THEOREM (Dimock) The arrow

(B, M,9) ;0) ——> (T,0)

[£] ——> (py (BE) , 3, (EE))

is a symplectic isomorphism.

The first point to check is that pz(Ef) and aZ(Ef) are actually compactly

supported. This depends on the fact that I is a Cauchy hypersurface: V compact

set K c M,

r
ZNJ (K

is campact (cf. 54.20). So, e.q.,

spt pg(E'E) < I 0 gt (spt £)

is compact.
Injectivity: Suppose that

pZ (Efl) = pZ (Efz) and BZ(Efl) = BZ(EfZ).
Since

2 —
@, - mIE(; - £5) =0 (cf. 54.11),



it follows by uniqueness that E(fl - fz) = 0, hence [fl] = [f2] .

Surjectivity: Given u,v € COCO(Z) , determine ¢ per 55.1 —- then 3 f € C:(M)

such that ¢ = Ef (cf. 54.21). Therefore [f] is sent by T to

(py (BE) /8, (EE)) = (pyd,350) = (u,v).
The verification that
o ([£11, [£,]) = o(TIE; ], TIE,])

hinges on a variant of Green's identity.
55.3 LEwA If (0 - m®)¢ = 0, then for any £ € Co(0),

fM fo volg

= J; (o (Ef) 3,0 - (pgs0) BE(Ef))duq-

PROOF To begin with, M is the disjoint union of I (%),%,I (Z) and T is the

cammon boundary of the open sets I (I) and I+(Z) . This said, put Dy = Dg - m2 -

then

* [/ _ f¢vol
I (3)

+
I _ (O, E £)¢ vol
I (3) e g

+ +
S _ ((OE £ - (E £)D ¢)vol
T (%) iy Mg



_ + +
= Js (0 (B £)350 = (0;0) 3 (E f))duq-

£ 1
e [ ¢ vo g

I+(z:)

i (D.E £)¢ vol
I () e 9

J ((DE f)¢ - (E £)D o) vol
T (1) " M g

== Jy (op (ETD) 350 = (py$) 0 (EE))du,.

Adding these relations leads to the stated formula.

Therefore

o ([£11, [£,])

= fM fl(Efz)volg

o(TI£;1,TIE,]) .

55.4 IEMMA T induces an isomorphism

W(Em(M,g) ,og) >~ W(T,0)

of C*-algebras.



Every quasifree state w, on W(T,0) thus gives rise to a quasifree state on

WiE, M,g) o) (cf. 20.6).
If y € IP(T,0) and if

A-IXI)C
]J
. -l 2 . E l- s

Au( (u,v), ',v"))

N[ -

(u((u,v), @,v") + v~1 o((u,v), @',v"))) (cf. 20.8 & 20.9),
then we shall define

Au:Cc(M) X CC(M) - C
by pulling back the composition

A
TXT
E_(M,g) xE (Mg ——> T xT H

> ¢
and lifting it to c: ™) x c°c° (M). Explicated:

= Au( (szfl,aEEfl) ' (DZEfZ,BZEfz) ).

Therefore
m A (£),5,)

= In A (TI£,],TIE,])



o(TIE}], TIE,))

N+

N =

fM fl (Efz)volg.

55.5 REMARK If AU is separately continuous, then it determines a distribution
on M x M denoted still by Au.
[Note: Put
|<(f2) (fl) = Ap(fl’fz) .

Then for fixed f2, Au(fl’fz) is continuous in fl’ thus |<(f2) is a distribution.

Since K:C: M) -~ Coco (M) * is weakly sequentially continuous, the Schwartz kernel

theorem implies that there exists a unique distribution K onMXxM such that

K (£ x £5) = «(£,y) (£f;).]

In practice, E is frequently regarded as an integral operator with kernel
E (er) :

Ef (x) = fM E(x,y):f:'(y)volg

subject to E(x,y) = - E(y,X).

[Note: Technically, E(x,y) is the distribution kernel of the operator E.
Of course, the integral on the RHS represents the duality bracket between test
functions and distributions (both w.r.t. the variable y). One should also observe

that matters have been arranged so as to be consistent with the Schwartz kernel



theorem. Indeed,
E:CZ(M) > C (M)

is a continuous linear map and V fl,f2 € CZ(M) ,

Og(fl,fz) = fM fl(EfZ)VOlg

(EE,) (£))

= E(f1 x f2) .]

1.3

55.6 EXAMPLE Take M = R '~ (i.e., Minkowski space) — then

E((t,x),(s,y))

= [, sin((t=s)A(E) - (x-y)-&) ,
(2m° B X(E)
or still,
E((t,x),(s,¥))
- Lo s sin(eenne’ T BWE L
(2m~ R

where A(&) = (|£]% + w2,

[Note: Here, of course



This said, put

<
|

Then by definition,

Ax-y) =

N.B. Similar conventions apply

(cf. 55.5)).

(t,x)

= (SIY) .

E((t,x),(s,y)).]

to Au (if Au is actually a distribution



§56. THE DEUTSCH-NAJMI CONSTRUCTION

Assuming that (M,g) is globally hyperbolic, fix a Cauchy hypersurface L c M
and let p € IP(I',0) be pure -- then, as we have seen (cf. 20.19 and 20.22), there

exists a complex Hilbert space K}J and a real linear map ku:I‘ - KU such that
(1) kll is one-to-one and kUE is dense in Ku;

(2) vV (u,v),{u"',v') €T,
<k11 (u,v) ,ku (u',v')>

= U((ulv)p(u'lV')) + /-1 o((a,v),@',v")).

It is also possible to reverse the procedure by first defining the pair (k,K)

and then deducing what u must be.

Consider LZ(Z,uq) (taken over C). Iet R,S be densely defined linear operators
on LZ(Z,uq) whose domains contain COCO(Z) and which commute with the complex con-—
jugation, subject to the following conditions:

(R) R is bounded and selfadjoint;

(8) S is selfadjoint, positive, and has a bounded inverse.

Define now a real linear map

2
keI > L (Z,uq)

k(u,v) = s’l/z[(R - /=1 S)u + v]



and let

K = kT + /=1 kT.

56.1 IEMMA V (u,v),u',v') €T,

Im <k(u,v),k@u',v")> = o((u,v), ", v")).
PROOF In fact,

Im <k{u,v), k@', v")>

Tm <s“l/2[(R - /I s)u + vi, 8_1/2[(R - /T s)u' +v']>

Im <(R - /~1 S)u + v, S-l[(R - /1 S)u' + v']>

=TIm <Ru + v - /-1 Su, S-lRu' +s’lv' - /=1 u'>
= <Ru + v, - u'> + <Su, slrut + s7hvts

= — <Ru,u'> - <v,u'> + <u,Ru'> + <u,v'>

<u,v'> - <u',v>

= og({u,v),@',v")).

Inspection of this computation then gives

Re <k(u,v),k@',v')>

= <u,Su'> + <Ru + v, S—l(,Ru' + v')>.



Denote the latter by
u(a,v), @', v")).

Since S is positive, it is clear that u is a real valued inner product on T with

loCt,v), @) |2 < nlv), @) ul@',v'), @ ,v').
I.e.: u € IP(T,0). And, by construction,

<k (u,v),k(',v")>

= U((urV)I(U'iV')) + /-1 0((ulv)r(u‘rV'))-

56.2 REMARK k is one-to-one. For suppose that k(u,v) = 0 = then
o((u,v),(u',v')) =0v (u,v') €T,

which implies that u =0 & v = 0.

It remains to establish that u is pure. To this end, recall the definition

of A :
u

ou(x,y) = u(x,Auy) (x,y € Hu) .

56.3 ILEMMA We have

o -1 -1




PROOF Regarding the elements of T as column vectors,
H((a,v),A 'vh)

1

w(wv), e + 87, - rst

Ra' - Su' - Rs’lv'))

<u,s(s’1Ru' + s"lv')>

il

1 1

R1' + RS “v' - RS+

+ <Ru + v, s'l(Rs" Ru' - Su' - Rs"lv')>

<u,v'> + <g,Ru'> + <Ru +v, - u'>

= <y,v'> - <«a',v>

= o((u,v), ', v")).

But then Aﬁ = - I, thus [Au{ = I, so u is pure (cf. 20.25).

[Note: Consequently, kT' is dense in K (cf. 20.24).]

56.4 REMARK Take R = 0 —- then matters simplify:

k(u,v) = - v-I 572 + sV%
and
w((au,v), ',v")) = <yu,su'> + <v,S_lv'>.
[Note: Let
k,v) = /T k(u,v),
hence

];(u,v) = Sl/2u + V=1 S_l/zv.



Since
<];(u,v) ,}Nc(u' V> = <k(u,v), k@', v') >,

nothing is lost if we work with k rather than k.]

56.5 EXAMPLE Suppose that the induced riemannian structure q on I is

1/2

camplete. TakeR=0andS=(—Aq+m2) — then

1/2

Hl(a,v), (@) = <, (- 4 + )20 + <, (- by + n?) V%0

and the associated quasifree state wu on W(I',o) leads to a quasifree state on

W(E, (m,g) ) (cf. 55.4).
[Note: Put
A=-A_+m.
q m

Then

AU((u,v) ,(u',v'))

%&mNLHWNW>

% <k(u,v) ,k(@',v")>

-1 alfty v oAV, AV + 2T a Vs

N =

<A_l/4 (Al/zu + /-1 v), A—l/4 (Al/zu' + /<1 v')>

<Al/2u + /=1 v, A—l/z(Al/zu' + /I v')>

|
N[+



Au(fl’fz)

_1 1/2 - -1/2 1/2
=5 <@ oy + y*I’aX)Efl, A A oy + /-1 BZ)Ef2>.]

N.B. This setup is realized if we let M = 131’3, L= 133 ~— then

Au((t,X) s (S,¥))

1 dg
= J L exp(v-1 ((t=s) A (&) = (x~y) +&)) =,
(21T)3 133 2X (&)

where A(£) = (|£]2 + m9) Y2,

[Note: To run a formal reality check, observe that
AU((t’X) ’ (SIY) ) - Au( (SIY) ’ (tlx) )

= /-1 E({t,x),(s,y)) (cf. 55.6).

Replacing Au by the symbol A . (which is traditional in this context), we can thus

write

A -y -0y -x =/1Ax-Y

or still,

A x-y) -A(x-y) = /-1 Alx - ¥ -]



§57. ULTRASTATIC SPACETIMES

In this § we shall consider those objects in GLOBHYP that have the simplest

structure.

57.1 1EMMA Suppose that I is a connected orientable C” manifold of dimension

3. Let g be a complete riemannian structure on I. Put M =R x I and define
ge€ I‘_’J—l'3 by

9 (g, ((EX) 4 (5,1))

= - rs + qX(X,Y) (r,s € R& X, Y € TXZ) .

Then the pair (M,g) is globally hyperbolic.
[Note: Such a pair is said to be ultrastatic. In the terminology of §53,

the lapse N is = 1 and the shift N is = 6.]

Assume henceforth that (M,g) is ultrastatic and denote the points in M by

x= (t,x) (t €ER, x € I).

Put

= - by + e (cf. §56).

Then the collection

(SEA) oy
A

is a one parameter family of densely defined linear operators on L2( Z,uq) and



it is customary to write -

sin((t-s) /A )
VA

u(x)

sin((t-s) /A ) (x

=7
2 /A

Y)uy) duq (y).

57.2 EXAMPLE Take I = 133, q = usual metric -~ then M = 1_21’3 is Minkowski

space. Since

Ae/:'TX‘E;___ (Iglz +m2)e/:'T X-£ ,

it follows that

sin((t-s) VA

)
(x,y)
VA

1, sin((t—s)(li[z+m2)1/2

2m 3 33 (2]2 + nd) 172

) e/q (x=y) & g¢

= E((t,x),(s,y)) (cf. 55.6).

In the Cauchy problem per 55.1, let u = 0 but let v be arbitrary. Define

¢ € C (M by
sin(t /A )
/A

d(t,x) = v{x) .

([]g - m2)¢



: 2 2
—(-8t+Aq—m)¢

2
- (3 + A)¢

=-(-sin(t VvA) /Av + sin(t VA ) /A v)

$(0,x) =0

—g—% (0,x) = v.

On the other hand, the function
(t,x) » [e B((£,x), (O,y))v(y)duq(y)
has exactly the same properties (observe that

£ 58 BUOX), (0,3)v(¥)di v)

/ g O (x,y)v(y) duq (¥)

= v(x)).
Therefore
M (x,y) = E((t,x),(0,y)).

57.3 ILFMMA We have



sin(‘(;—s) B (wy) = B((63), (50) -

PROOF Repeat the foregoing discussion, working instead with the Cauchy

hypersurface {s} x I.

57.4 EXAMPLE Take & = [0,L] 3/~, g = usual metric -- then the orthonormal

eigenfunctions of A are the 1. 73/2 e‘/'I Kex o = %T- n, nc g3) with

ar~3/2 Pl kex 127 512 4 2

L

= A(n).
Consequently,

sin((t-s) vA ) (x

VA

/Y)

21
sin((t-s) JA@) ) e‘/'_lL_n' (x-y)

R =
L™ ncZ A(n)

and we claim that

sin((t-s) /A ) (x
/A

/YY)

= I 3 A(t~-s,x=y + nlL),
nez

A being as in 55.6. In fact,

L 3 A{t-s,x-y + nL)
nez



§58. PSEUDODIFFERENTIAL OPERATORS

It is a question here of formulating those definitions and results from
the theory that will be needed later on.
Notation

: X = (xl,...,xn) ER

£=(E,..-/E) ER
x£=xl£l+ see + X &

2,1/2
n

g = (62 + - + €

_ n
o = (ocl,...,onn) € §> 0

laf = Jag] + o+ o]

: B= (Bys...,B) €28
1 n ~s 0

18] = [By] + ==~ + |8
a (63
o _ , 1 3 .+ 15 0
DY = (— <9 (== £
/1 ox V=1 8x
8 B
CopBo (Lt Loyt
NSS! /T %



[Note: Conceptually, x is a vector and £ is a covector, the arrow

being the duality.]

N.B. The sign convention on Fourier transforms is "minus", i.e.,

A _ 1l - /=1 x£
f(E) = —(—2—.”;57—2- an e f (x)ax.

Let X be a nonempty open sulset of I_gn. Let m be any real number -- then by

fx x ’BY
we understand the set of C functions a:X x 13n + C which have the property that
for all compact sets K ¢ X and all multiindices o,8, I a constant CK o, B > 0:
rr

VXEK&YEER,

|DiD§a(x,£)| < CK,oc,B (1 + |g|)m' lBl

The elements of S (X x _P_ln) are called the symbols of degree < m.

58.1 LEMMA S"(X x Bn) is a Fréchet space when equipped with the topology

induced by the seminorms

(@ = sup _ (1+ lgp~™F !B|[D§Dga(x,£)l,

b
KIaIB XEK, EEI_{



where K ranges over the compact subsets of X and o,8 ranges over the pairs of
multiindices.

Obviously,
[§
m! <m=>sm (XxBn) csm(xx:f_(n)

and the canonical injection

' (x x B » " x ’Y

is continuous.

oa [}
58.2 LEMMA The closure of C_(X X R') in §'(X X R) contains §" (X X R)

for all m' < m.

Put
sTXxR) = n X xEY
meR

sX xR) = U s"x xRY.
meR

Given a,a' € Sw(X x I_{n) , one writes

a~"al:

a-a'€s(xxRY.

m,
let a € sm(X X 13n). Suppose 1 aj €S J(X X E_zn), where



m=my >m > coe >mj+—°°(j+oo),

such that

M

a- I a,€S5 " (XxRY
0<j<k

for every positive integer k —- then the sequence {aj:j > 0} is called an

asymptotic expansion of a.

58.3 IEMMA Iet {mj :J = 0} be a strictly decreasing sequence of real

munbers with lim m, = - «, Suppose that Vv j,

j—)oo
m. n
ajES](XXB).

Then 3
m
a€s (xx &Y

such that

"k

a- I a.€8 (XxRY
0<j<k

for every positive integer k.

[Note: The symbol a is unique modulo S (X x Bn) . For if a' is another

symbol with the stated property, then

"k

a-a'=(a~- ¥ a.)-(@" - ¥ a.)es

(x x B
O<j<k 3 0<j<k

a-a'es (XxRY.]



let a € S° X x gn) —— then the pseudodifferential operator Aa attached to

a is the continuous linear map
Aa:CC(X) +C (X)

defined by the rule

_ 1 V=1 x£ A
Aaf(X) = —(ZTT_)nﬁ fRn e a(x,E)f(E)d&.

[Note: Since the Fourier transform £ is rapidly decreasing and since

latx,&) | = c (1 + |[g])™, it follows that the function

£+ alx,5)E(E)

is integrable for all x € X.]

58.4 REMARK If Aa = Aa" then it is not necessarily true that a = a' but

at least a ~ a'.

Let
vi(x) = {A:a €8 (X x BN}
and put

VoK) = 0 YHX)
meR

v = u YK
mER



Given A,A' e ‘Ym(X) , one writes

A ~A'
if
A-A'€EVY (X).

[Note: The elements of LI’m(X) are said to have order < m and the elements of

WX o- u P

m'<m
are said to have order m.]
58.5 LEMMA The map

M x R > V®)

induces a linear bijection

sSMx x RY/ST (X x R~ ¥R /T(X)

i.e., induces a linear bijection
x x BN/~ > YR/~
58.6 EXAMPLE ILet
A= I a (x)D) (a, € C7(X)
lo|<m

be a linear differential operator on X. Put



a 1 n
£ = (&) €)™
Then
at,£) = I a (0E”eshxxED.
|ot| <m
But v f € c:(x),
L e Be)ae.

1l
(Af) (x) = [ e
(zﬁ)n72 Bn
Therefore

A=a =2ae¥VX.
58.7 EXAMPLE Take X = Bn and let A be the laplacian -- then
@ - o™

- 1E 14 1gAV R 0)a,
m R

(1-0™? e V&Y.

58.8 EXAMPIE Let ¢ € c:(x) and put

ayei8) = 1 dleyre’ T Y gy,

R

Then a(p is rapidly decreasing in £. And, v £ € COCO(X) ’



(x,5)£(8)dE

a

¢

il V=1 via
J o oxv) [ S e =>f£(g)dgldy
Rn (Zﬂ)nﬁ Bn

If

J o o=y Ey)dy
R

= ¢xf (%),
thus the convolution ¢*— is a pseudodifferential operator:

px— € ‘P—m(X) .

Given a € ST(X x Bn) , let K, be the distribution on X x X corresponding to

Aa via the Schwartz kernel theorem. Symbolically:

1
K. (x,y) =——— S
a (2ﬂ)n 1.311

e/:l— (x-y) ga (x,£)dE.

In this connection, observe that Vv fl,f2 € C:(X) ,

<fl,Aaf2>

n

= fR fRn K (x,y)f; )£, (v)dxdy.

58.9 IEMMA K_is C Off the diagomal A(X x X) of X x X.



58.10 REMARK The distribution kernel K, of a pseudodifferential operator
A€ v'(X) is a C* function on X x X iff A € ¥ (X).

[Note: The elements of \P—oo (X) are called smoothing operators. They are

regularizing in the sense that each such extends to a continuous linear map

) * > xR .1

58.11 EXAMPLE Take X = R - {0} and let
Fx) = £(x) (£ € C,(X).
Then the assigment £ - f is not a pseudodifferential operator. Indeed,
£(x) = [ SY)E(y)dy

but §(x+y) is not C~ wff the diagonal of X x X (cf. 58.9).

The support of K, is a closed subset of X x X. We shall then term A

properly supported if both projections from spt K, cXxX to X are proper maps.

58.12 EXAMPIE Let

A= ¥ a (x)p (a € (X))
Iulﬂn o2 X o

be a linear differential operator on X (cf. 58.6) —- then

1, 5 T e
em™ R ol

= a
KA(x,y) = a, (x)g£7ag



lo.

1 /-1 (x~y)E. o
(2m ™ fRn © s

i
™

a_ (x)
la|sm @

T a (x)D*s (x~y)
[OLISm o X

spt K, < AX x X).

Therefore A is properly supported.

58.13 IEMMA Let A € ¥"(X) — then A = A' + A", where A' € ¥'(X) is properly

supported and A" € v o).

58.14 REMARK In general, a pseudodifferential operator sends C: (X) contin-
wously to C7(X) but a properly supported pseudodifferential operator sends CZ(X)
continuously to itself (and, in addition, gives rise to a continuous map
c®(X) » Cc7(X)). Observe too that a properly supported smoothing operator sends

C:(X)* continuously to C (X) (cf. 58.10).

58.15 IEMMA If A € ‘1’m(X) is properly supported, then for any A' € ¥ (%) ’
the campositions

~ A e Al

A' o A
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[ ]
makesenseandliei:c‘ﬂkm"m ).

[Note: We have

At A

c°c° (X) > C (X) > C(X)

A A

L .

cc(x) > C, (X)

let z:X > X' ( ¢ I_{n) be a diffeamorphism. Suppose that A € ¥"(X). Define

AC:CC(X') +~C (X")

by

Agf =A(f o) ot (f € CC(X')).

Then A, € Yexry .

[Note: AC is properly supported provided A is properly supported.]

58.16 LEMMA IfA=AaandA =Aa,then

¢ z

a, (x',69 - a@ ', (D e e ST < B

Suppose that M is a C manifold of dimension n. ILet A:CZ(M) +C (M) be a

continuous linear map. Given a chart (X,z) in M, define

A :CL (LX) > CT(2X)

_ -1 =
ACf =A(f o) o (f CC(CX)).
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Then A is a pseudodifferential operator (of order < m) if v pair (X,7),

A € 7).

[Note: FEmploy the obvious notation, viz.

Yron v, v L

58.17 REMARK There is a small matter of consistency. Thus let X be a
nonempty open subset of ljn. Viewing X as a C. manifold, suppose that A € ¥x) .

Let X' ¢ X be open — then A|X' € Y(x') and for any diffeomorphism z':X' + £'X',

(A‘X')C, e ¥™('x") (cf. supra).

[Note: The other direction is, of course, trivial (take ¢ = IX) .]

Assume again that X is a nonempty open subset of I_{n. let A € LI'm(X) be of

order m —— then A is said to have a principal symbol if for same a € ST(X x Bn)

such that Aa = A, there is a decomposition
a=ad+a' (|g] >» 0,
where a' is a symbol of degree < m and o(x,&) is of class ¢’ in X x (gn - {0},

is positively homogeneous of degree m in £, and is not identically zero.

[Note: If m < 0, then ¢ is not a symbol.]

58.18 IFEMMA If o exists, then o is unique.

[The point is that a positively homogeneous function of degree m in || can
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be bounded above by C(1 + |£)™ © for |g| large (C > 0,e > 0) only if it is

identically zero.]

N.B. Any other symbol for A admits an analogous decamposition with the

same function o, denote it by Op+

[Note: Tp is called the prirncipal symbol for A.]

58.19 EXAMPLE The principal symbol of a linear differential operator

A= ¥ a®D* (a e€c’X)
!(Xlﬂn o X o

is the function

o %8 = T a (x) > (cf. 58.6).
loj=m ©

Iet A E ‘Pm(x) be of order m. Suppose that A has principal symbol Op ~ then

for any diffeamorphism Z:X » X'( < Bn) ;s A€ ‘Pm(X') is of order m and has principal

c

symbol o, , where
g

o (1181 = oy (¢ %, (e e e

58.20 REMARK In the manifold situation, the agreement is that A € ‘Pm(M)

% thus Oy is a C function

on T*M\0 (the complement of the zero section in T*M).

has a principal symbol if this is the case of the A
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[Note: When X is a nonempty open subset of Bn' we have

T*X\0 = X x (R - {0})
but the definition of principal symbol in the manifold sense is more restrictive

(e.g., a symbol a € SHX % 13n) might vanish identically in some nonempty open
subset of X).]

A symbol a € " X x 1_2n) is said to be elliptic of degree m if V compact

subsethX,acK>0&R>0:

latx, ) | > ¢ el (x €& g > R).

[Note: The pseudodifferential operator Aa determined by a is called elliptic

of order m.]

58.21 EXAMPLE Consider a linear differential operator

A= I a D" (a e€c(X)
ld-lﬁm o X ol

on X (cf. 58.6) — then the usual terminology is that A is elliptic if

o (x,8) = 0V (x,8) € X x (R - {0},
in which case

T oa e =c g™
IIOLISm o X

for some positive Cx and, of course, Cx can be chosen independent of x so long as



1s5.

x varies in a campact subset of X.

Let A €Y (X) be properly supported — then A induces arrows

Co x) ~ Co (%)

(cf. 58.14)

7 X ~Cc (x)

denoted still by A. This said, a parametrix for A is a continuous linear map

Q:CC(X) + C (X)
such that

AoQ—IEW—w(X)
QoA-I€EV (X).

[Note: We have

Q A

co(x) > C(X) > C(X)

A 2

Co (%) > Cc (X) > C (X).]

58.22 LEMMA If A € ¥"'(X) is properly supported, then A is elliptic iff A

admits a parametrix Q € v ).
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58.23 REMARK Let 7:X » X' ( ¢ I_{n) be a diffeomorphism. Suppose that

A c Y (X) is elliptic — then A_ € ¥"(X') is elliptic.

g

To extend the foregoing considerations to a C” manifold M of dimension n,

one simply stipulates that an element A € ¥ (M) is elliptic of order m provided

that this is so of the

AC:CC(CX) + C (gX),

where (X,¢) is any chart in M. The notion of parametrix is then defined in the

obvious way and 58.22 remains valid.

58.24 EXAMPLE Suppose that (M,g) is riemannian —- then the laplacian Ag is

elliptic of order 2.

58.25 EXAMPLE Suppose that (M,g) is globally hyperbolic. Define

P %
E:C, M) ~C (M

+ +

as in 54.8 — then E are parametrices for Elg - m2 but E are not pseudodiffer-

ential operators.



§59. WAVE FRONT SETS

Iet X be a nonempty open subset of I_{n. Suppose that

P 7y %
T € CC(X)

is a distribution on X — then the singular support of T, written

sing spt T,

is the complement in X of the largest open subset of X on which T is a c’ function,
thus

sing spt T < spt T.

So, e.g., V X € X,

sing spt § = {x}.

59.1 EXAMPIE If A € ¥ (X) is a pseudodifferential operator and if Ky is

its distribution kernel, then

sing spt K, A(X x X) (cf. 58.9).

59.2 ILEMMA let A € ‘POO(X) be a pseudodifferential operator —— then A can be

extended to a continuous linear map
A:CT(X)* > c°C°(X)*

and v T € C (X)*,

sing spt AT c sing spt T.



[Note: If, in addition, A is properly supported, then A can be extended

to a continuous linear map
. oo * Q0. %*
A.Cc X)* > Cc (X)

[o¢]
and VT € CC(X)*,

sing spt AT c¢ sing spt T.]

To accommodate certain applications, it is necessary to slightly enlarge the

symbol concept: For any real number m and for any positive integer N,

hx x
stands for the set of C functions a:X X l_’(N - C which have the property that for

all compact sets K ¢ X and all multiindices «,8, 3 a constant CK a >0: VX EK

10 B
N

&Y EER,
lD?{'Dga(x,&j)l < CK,oc,B(l + lal)m—lsl.

[Note: (X x gN) is a Fréchet space (cf. 58.1).]

A real valued C function 6 on X x (BN - {0}) is called a phase function

if 8(x,08) = p8(x,8) (p > 0) and d(x’g)e # 0. E.g.: 8(x,8) =xE (N=n) is a
phase function.

[Note: Since

_ 9 L i 26
Ay, 5= Z -dx + % atc.,



the condition d(X g)e z 0 means that at every point (x,§) € X X (l_zN - {oh,

one or more of the partial derivatives _6_6_{’ -g—?:-— does not vanish.]
£,

ox J

59.3 THEOREM (Hormander) Fix a phase function 6. Given a € SHX % le)

and x € CH(RD:x(0) = 1, put

<£,I(8,2)> = lim Jff o1 8(xE)

e >0

x(eg)a(x, &) £(x)dxdE,

where f € C:(X) — then IX(G,a) is a distribution on X, which is independent of .

N.B. Call this distribution I(6,a) -- then the assignment

a—+I1(6,a)

is a continuous linear map from s™(x x BN) to C:(X)*.

[Note: If a has compact support in £, then I(6,a) is the ¢~ function

s e/:-T 0(x,8)

a(x,£)dg.]
R

It is customary to abuse notation and denote I(0,a) by

e/:i— 0(x,8)

f a(x,£)dg,

referring to it as an oscillatory integral.




59.4 EXAMPLE Take N=n, X = 13n, 6(x,8) = x£, a(x,8) = 1 and consider

/ e/:i" g de.

Then v £ € C_(R),

lim ff e T *E L (er) £ (x) axde
e >0

L e 1 ¥ | (cryar) £ () ax

™
+
o
w::i
™

= (ZTT)n/2 lim S n (= %) £ (ex)dx

e~>0 R

™2 £0) S Rodx
R

2m™ £(0)x(0) = (2m™ £(0)

e/-_-Txg € =

I emnt 8o

Given a phase function 9, let

c® = {(x,5) exx ® - {0h:d,0(x,8) = 0}.



Spelled out, C(6) consists of those points (x,£) € X x (I_{N - {0}) such that

06 36
(_—‘_‘ y eee g ) = 0.
%1 | x,)

[Note: If (x,£) €C(6), then d8(x,E) = 0.]
Let
X x (B - {0} > X

be the projection.

59.5 IEMMA We have

sing spt I(6,a) < 'ITXC(G) .

59.6 EXAMPLE Take X = R-, N = 3, and consider

- . dg
exp (V=1 (tA(E) - x-E)) D) (cf. §56),

6, = Lo,
(2m)” R

x= (t,x),x € 133) . Let
6(x,8) = t|g| - x-&

1
(2m)

a(x,§) = —t— exp(/7T (BA(E) - t[E])) ﬁg

LIS

Then it is clear that 0 is a phase function (for preli

l£] > 0). On the other

hand, a is not C (|£| is not smooth at the origin), but for [£| large, it behaves



like an element of S"l (54 X 133) . So, strictly speaking, our integral is not

actually oscillatory but it is a distribution whose singular support can be
estimated by 59.5.

[Note: Since

dge()élg) = t-g— - X,
|£]
it follows that

c(® = {(x,8:x =0}

U {(2,(,5):

t] = |x| 08 2 =%
|

59.7 RAPPEL Let T be a campactly supported distribution on Bn -~ then T

is a C* function iff its Fourier transform T is rapidly decreasing, i.e., VN € N,
3 CN > 0:

o -N

IT(E)I < CN(l + IEI)

for all £ € R™.

Suppose that

OO
*
T € Cc (x)

is a distribution on X. If x € X is not in sing spt T, then 3 a neighborhood
U of x such that the restriction of T to U is a C_ function. Accordingly,

v £ € C::(U) , £T € C::(Rn) (extension by zero), so its Fourier transform is



rapidly decreasing. Conversely, if 3 a neighborhood U of x such that V £ € C:;(U) ’

£T is rapidly decreasing, then fT is a c” function, hence x £ sing spt T.

59.8 RAPPEL Iet T be a campactly supported distribution on 13n - then the

regularity set reg T of T is the maximal open conic subset of 1_3n - {0} on which

its Fourier transform T is rapidly decreasing.

Fact:

©, n
VfECC(B)r

reg fT > reg T.

[Note: The singularity set sing T of T is the complement of reg T, thus

sing T is a closed conic subset of _I_{n - {0} and is empty iff T is a C function.]

Suppose that

Co(X)*
T € -

is a distribution on X. Put
£ (T) = nsing fT (£ € C:;o(X) E(x) = 0).

£

59.9 LEMMA ZX(T) = @ iff x Z sing spt T.

The wave front set of T is the closed conic subset of X x (R - {0}) defined




by
WE(T) = {(x,E) € X x (R - {0}):£ € 5 (D).
So, e.g., VvV X € X,

WE(S) = (x} x (R - {O]).

[Note: WF(T) = @ iff T is a c” function.]

59.10 EXAMPIE Take X =K' and fix £ € C_(R):f > 0 & £(0) = 1. Given

£eR - {0}, put

F(x) = T
k=1 k

£(kx) /=T k&
—2_ e -

Then £ is continuous, c” on ljn - {0}, and

WF(F) = {(0,t8) (£ > 0)}.
[Note: It is an interesting point of detail that for any closed conic subset

Fof X x (R - {0}), 3Te€C X *WF(T) =T.]
59.11 LEMMA The projection of WF(T) in the first variable is sing spt T.

59.12 REMARK If X = 13n and if T is caompactly supported, then the projection

of WF(T) in the second variable is sing T.



59.13 LEMA v T,T, € c;"(x)*,

WF(Tl + T2) < WF(Tl) U WF(T2) .

[Note: If f € C7(X), then
WE(T + £) = WF(T).

For

WE(T + £) < WF(T) U WF(f)

= WF(T).
But

WE(T) = WF(T + £ - £f)

c WF(T + £) U WF(- £)

= WF(T + f).]

59.14 IEMMA V f € c:(x),

WE(fT) < WF(T).

59.15 LEMMA (cf. 59.2) Let A € ¥”(X) be a pseudodifferential operator —— then
A can be extended to a continuous linear map
A:CT(X)* Cox)*

and v T € C (X)*,

WP (AT) c WE(T).
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[Note: If, in addition, A is properly supported, then A can be extended to

a continuous linear map
AC(X)* > C(X)*
“c c

and vV T € c:(x)*,

WF (AT) < WF(T).]

59.16 EXAMPLE If A € ¥"(X) is properly supported and elliptic, then

(o0
vYTE CC(X)*,

WF(AT) = WF(T).

Thus choose Q € ¥ () per 58.22. In view of 58.13, there is no loss of generality

in taking Q properly supported. This said, write
T=QAT + (I — QA)T.

Then (I - QA)T € C (X), hence

WE(T) < WF(QAT + (I - QA)T)

n

WF(QAT) + WF((T - QA)T) (cf. 59.13)

= WF (QAT)

WF(AT) (cf. 59.15)

n

n

WF(T) (cf. 59.15),
from which the assertion.

[Note: For a case in point, let A = A, the laplacian -~ then V T € C:(X)*,
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WE (AT) = WF(T).

Therefore

AT = 0 => WF(T) = @

=T € C (X).

I.e.: T is a harmmonic function.]

59.17 RAPPEL If T is a distribution on X, then its conjugate is the

distribution T on X defined by

T(E) =TE (£ €C ).

59.18 EXAMPLE V 0 & V a,

I(8,a) = I(-6 ,a).

59.19 IEMMA Iet T € C:(X)* — then

WE(T) = {(x,8) € X x (B - {0}):(x,~ §) € WF(T)}.

Given a phase function 8, let

SP(B) = {(x,dxe (x,8)):(x,8) € C(9)}.

Then SP(8) is a closed conic subset of X x (R - {0}).

[Note: In this context, £ € I_gN - {0}, while
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0 LS
=3 )

Feveyg

d G(XpE) =
X ox x| (x,8)

is a nonzero element of 1_3n.]

59.20 LEMMA (cf. 59.5) We have

WE(I(6,a)) < SP(8).

59.21 REMARK In general, 59.20 overestimates WF(I(6,a)), the point being

that the growth of a has not been taken into account. E.g. (cf. 59.27):

aes (X x BN) => WF(I(g,a)) = 2.

59.22 EXAMPIE Let a € § (X x K) and let K_ be the distribution kernel

corresponding to Aa’ thus

1 s e/:I (x=y) £

K (x,y) =
a (zﬂ)n 1'31’1

a(x,g)de.

Define a phase function

9:X x X x (X' - {0}) »R

by

6((X,Y) :E) (X-Y)E-

Then

2
iy 07,8 = (E,- &) e B

a4.6((x,y) /E) = %y € R,



13.

Therefore 59.20 implies that

WE(K,) e {((,X), (£~ £)):X,E € R,E = O}

59.23 EXAMPLE Keeping to the assumptions and notation of 59.6, recall that

c(o) = {(x,&):x = 0}

U LGBt = [x] 208 =X,
£l

Since
dex,g) = (|g,~ &),

SP(p) decomposes into three pieces:

SP(6) = SP(6) U SP,(6) U SP_(6),

where
SP,(8) = {(0, ([g],= £)):E € K = {0}}
and
sp (8) = {((|x],%), (\[x|,= Mx)):X = O, > O}
SP_(0) = {((- |x|,x),(A]x],2x)):x = 0,1 > 0}.

To confirm the description of sp, _(6), take x = 0 and |t| = |x| # 0 — then there

are two possibilities:
(+) t>0o0or (=) t<O.

Consider the first of these, thus t = |x| => x

(|x|,x). The condition on g is:

A %, so the admissible ¢ are precisely the Xx () > 0). Proof:
1&]
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S S S
| afx| ]

In the second case, t

]
1
3
:
;
Q
:

- A - Ax X _ X
|- x| Alx| x| - x|

Therefore (cf. 59.20)

WF(,A+) c SPO(G) U SP+(B) U sp_(9).
[Note: The singular support of A " is

{0} U {x = 0:t| = |x]|}

as can be seen from the classical expansion of A + in terms of Jl'Kl’Nl etc.]

A symbol a € S (X x R') is said to be smoothing at (xy,£y) € X x (R - {0}

if 3 a conic neighborhood Ty of (xo,yo) such that VM > 0 & V (a,B) € gn X gn '

=0 20
1 Gt,a,8 > O
ocDB -M
IDDratx,E) [ < G o1+ [EDT ((x,8) € Tp).

The conic support T'(a) of a is the complement in X x (R© - {0}) of the set on

which a is smoothing.

[Note: T(a) is a closed conic set.]

59.24 LEMMA Let a € S (X x R) — then a € § (X x R) iff its conic support
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I(a) is empty.

Suppose that A € ¥ (X), say A = Aa — then the microsupport of A, written

uspt A,

is the conic support T'(a) of a.

59.25 EXAMPLE Consider a linear differential operator

A= % a @D (a €c’X)
IOL[SIII‘ o X o2

on X (cf. 58.6) — then

pspt A = X x (K" - {0})

unless

ax,8) = ¥ a (x¢&*
lo|<sm @

vanishes identically in some nonempty open subset of X.

59.26 LEMMA (cf. 59.15) Let A € ‘YOO(X) be a pseudodifferential operator --
then A can be extended to a continuocus linear map
A:C () * > C(X)*

and VT € C (X)*,

WF (AT) < WF(T) N uspt A.

[Note: 1If, in addition, A is properly supported, then A can be extended to
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a continuous linear map
CL* > C(X)*
A: - > Co

and VT € c:(x)*,

WF (AT) < WF(T) N uspt A.]

59.27 REMARK The estimate figuring in 59.20 can also be improved. Thus put

sp(8,a) = {(x,d 6(x,E)):(x,E) € C(6) n T'(a)l.

WF(I(6,a)) < SP(9,a).

In particular:

a€s (XxR)

=>T(a) =4 (cf. 59.24)
=> SP(0,a) = f
=> WF(I(e,a)) =g

=> 1(8,a) € C (X).

59.28 EXAMPLE (cf. 59.22) ILet a € S'(X x R') and let K_ be the distribution

kernel corresponding to Aa’ thus

1 f e/:f (x-y) &

(le) =
Ka e B

a(x,g)de.



17.

WF(K,) < {((x,x), (- E)):(x,E) € uspt A},
[Note: It is not difficult to show that the contaimment is actually an

equality.]

Suppose now that

i=1,2,3)

are open and nonempty. ILet

- K; € C(X) x X)*
_ K2 S CC(X2 x X3)*.
Then
— nl+n2
WF(K,) < X x X, x (R - {(0,00 1
n2+n3
~ WF(Ky) <« X, x X3 % (R - {(0,00})
and we put
— nl
WFxl(Kl) = {(x,8) €X, 0N R™ - {01) 2 ((%y,%,), (£;,0)) € WF(K)) (3 x, € X))}
"2
Wsz(Kz) = {(x508,) €X, N (R 7 = {01):((xy,%3), (E5,0)) € WF(K)) (3 x5 € X3) 3.

It will also be convenient to introduce
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B (Ky) = {00y %) ¢ (Eqpm Ep)) 2 (g 1%,) 4 (E1,E,)) € WE(Ky))

WE' (Ky) = {(Gyr%5) » (Eyrm E3)) 2 ((%yr%3) , (EyrE3)) € WR(K,))

and
—_ 1‘12
WFX2(K1) = {8 €%, 0 R 7 = {01):((x,%,),(0,8,)) € WE' (K)) (3 %) € X))}
. n3
WFX3(K2) = {(x3,£3) €X;3Nn (R - {0}):((x2,x3).(0,£3)) € W' (Ky) (3 %, € xz)}.

59.29 I1EMMA Assume that Kl’KZ are properly supported and

t y —
WFX (Kl) N WFX (K2) = g.
2 2
Then the composite
K, o K

2

exists as a distribution on Xl X X3 and

WF'(Kl ° K2) c WF'(Kl) o WF'(Kz)

U (WFXl(Kl) b X3 x {0}) u (Xl x {0} x WF}'(3(K2)).

[Note: Here

WE' (K)o Ky) = {006 eXg) s (E)rm £3)) 5 (k%) 4 (B),E5) € WF(K, © K,))

WE' (K © W' (K,)
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is set theoretic composition.]

N.B. Formally,

!

2

represents

(Kl ° K2) (xl,x3) .

59.30 EXAMPLE Let M = R X L be ultrastatic, where I is a connected open

subset of 33, and consider the vacuum state w, on wW(r,o). Pass to AU €CT(M x M*,

thus

A (£y,5))

1,172 - -1/2,,1/2 —
=5 <A Cpy + V=1 d-)Ef, ,A (a™ %oy + V-1 9;)Ef,>

or, in kernel notation,

A, (%7 1%,)

_ 1 1/2 d 1/2,.1/2  ,=29
=-5/, @77+ /:T—B-E)E(>_<l,(0,X))A @+ /-1 sp E((0,x) ,>_52)duq(x).

Define

> *
Kl € CC(M x I)

o o]
*
K, € Cc(,z x M)
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K0 = oY% 4 T 2nee, 0,0)

h]

Ky () = = 2 a2@l2 /T 2E((0,%) 1x,) -
Z

Then it seems plausible that

but this is not automatic due to the issue of whether K, /K, are properly supported.
[Note: There is another subtlety. To appreciate the point, take I = 1_33,

g = euclidean metric -- then A = (-~ Aq +m )l/2 and the "symbol" of
2,1/2 _ 3
is

()% + mH /2 - AT g,

which is not an element of Sl (1_34 X 134) (differentiation w.r.t. g; does not lower

the order w.r.t. EO below 0).

Iet A € \i}“(x) . Assume: A has principal symbol Ope Put

char A = {(x,6) € X x (K" - {0}):0,(x,E) = 0}.

59.31 LEMMA (cf. 59.15) V T € C (X)*,
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WF(T) < WF(AT) U char A.

[Note: 1If, in addition, A is properly supported, then V T € C::(X)*,

WF(T) < WF(AT) U char A.]

Consequently,

AT € C7(X) => WF(AT) = @

=> WF(T) < char A.

59.32 RAPPEL Suppose that f is a real valued C” function defined on same

open subset of X x R'. Put

n
He- 3 Q2 22
j=1 | ox)  ox’ |
Then Hf is the hamiltonian vector field attached to f and along an integral curve

y(t) = x(1),&(1)) Of Her we have

-j _ of

S Y
J

o= -2

3 35

Moreover, £ is constant on Y. Proof:

& £&(D,E(D)
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n . n .
-3 5. 3 2y
3=1 ax j=1 %53
n n
P ML T2
1=1 ox i 3=l 773 %7
= 0.

Iet A € ‘Ym(X) . Assume: A has principal symbol ¢,, which is real valued.

Because

o, €C (X x (R - {0}),

it makes sense to form H » the integral curves of H, being called the bichar-
A A

acteristics of A.

[Note: A bicharacteristic of A is either entirely contained in char A or

never intersects char A.]

59.33 THEOREM (Duistermaat-HOrmander) (Propagation of Singularities) Take
A properly supported and let v be a bicharacteristic of A. Fix I = [a,b] < Dom v
and given T € Coco(x)*, suppose that
v(I) n WF(AT) = 4.

Then either

Y(I) < WF(T) or v(I) n WF(T) = 4.
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59.34 REMARK Assume that
Y(I) < WF(T).

Then, in view of 59.31,

Y(I) < WF(AT) U char A.

But

Y(I) n WF(AT) = @.

Therefore
Y(I) c char A => 0A|y(I) = 0.

Since Op is constant on v (¢f. 59.32), it follows that

UA}Y = Q.

59.35 EXAMPLE Maintain the setup of 59.23 and take A = Dg - m2 — then A

is properly supported (cf. 58.12) and

2 2 2 2 2
-t +I, 40 -m

Therefore o, (x,8) (x = (£,x), £ = (Eyr€)) equals

eo - 1612 = - dw gey

and the bicharacteristics of A are the integral curves of the system
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at _ " _ Po__Ta_,
dt 8%;0 0 dt %t
14
s _ BGA _ d;il 3UA B
= 5" - - Zg = - _— 00
dt 3g at 35

By inspection, the solutions are (50, £) a constant and

t(T) = ZEOT

jT=C.—2.T

the Cj being constants. We have seen earlier that
WF(A_'_) < SPO(G) U SP+(6) U sP_(9) (cf. 59.23)
and we claim that equality prevails. To establish this, note first that
(Dg - mz)A_'_ = 0,

so by 59.31,

2
VQE‘(A+) < char [lg -m .

If x # 0 is lightlike, then x € sing spt A, thus 3 (EO, £) € ZX(A+) with

2, Consider the situation when x = (|x|,x), hence

fa

Y
o N
I

x € 8P, (8) => (£,,8) = (\x],— =®) (3 x> 0).
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Since V\IE‘(A+) is conic, vr > 0,
(%, (E,E)) € WF(A,).
It is thus clear that
sp, (8) U SP_(68) < WF(A,).

To deal with SP(0), let £ € B> - {0}:

(Q,(IEI,- £)) € SPO(G).
Form the bicharacteristic

(2lgfr,2em), ([g],- &) (T €R.

Fix 1 > 0 and put x = 2gt (= |x| = 2|g|7) — then

This means that

(2lg|t,280), (|E],~ 8))

has the form

((x],x), (M|~ Ax))
if A = ]é_r But (cf. supra)
((lxllx)l(klxll- AX)) EWF(A_’_).

Accordingly (cf. 59.33)

(0, (|g],= &) € WF(a) -

To recapitulate:

WF(4,) = SP,(6) u SP, (6) u SP_(6).
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[Note: Take an elament

(E |x[,x), O\[x],F ) € sP_(0).

Then (A|x],5 Ax) is technically a covector. Since the signature of g is - + + +,

the associated vector

g#()\lx(,.'i: Ax)
is
(- Alx|,3 Ax)
which is parallel to (¥ |x|,x):
T A x]m ) = = A(x],x)
(= Ax]+ 2x) = A= |x],x).

59.36 REMARK As was pointed out in §56,
ALa=n, -4,
Therefore

WE(A) < WF(A,) U WF(Z+) (cf. 59.13)

and WF(Z+) is computable in terms of WE(A,) via 59.19. On the other hand, the
singular support of A is

{0} U {x = 0:]¢] = |x|3.
From these observations, it is then straightforward to show that

WE(A) = WF(A,) U WF(B,).
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Working still in Minkowski space, given a nonzero vector X and a nonzero

covector £, let us agree to write x| {§ provided x| |g#£. We shall also signify

that x or £ is lightlike by writing >_<2 =0 or gz = 0.

These conventions then allow one to describe WF (A +) in a compact fashion, viz.
WE(A,) = {(0,8):5° = 0 & £ > 0)

0,67 = 0,x] 8,8, > 0).

U {(x,8) 5
[Note: Analogously,
2
WE(a) = {(0,8):E" = 0}

U {(2,8) :x” = 0,€

£° = 0,x[[g}.]
59.37 EXAMPLE The methods employed in 59.35 can also be used to compute

the wavefront set of Au' where

MGy = 8,6 Gy € r'73)  (cf. §56).

Thus take X = R* x RY, N =3, and let

0((x,y),8) = (t-8) [E] - (x~y):E& (cf. 59.6).

Then 6 is a phase function and

Caely.n = &L ey
13

A,y O (8D = ((JE]= 8, (- 1£],£)) -
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Explicating C(8), one finds that there are two contributions to WF(AU) .
Case 1 (t = s) Here x = y and we get
4 4
{()_<,§l),(>_§,€2) ER” x (R" - {0}):

£ = 0,(g)) > 0.6 + & = O},

Case 2 (t # s) Here x # y but (§—Z)2=Oandweget
(&), g €& x & - {0)):

X =Y (}_{_X)Z = Or§2 = 0, (2-y) | IEI‘EO >0E+n= 0.

Iet z:X > X' ( ¢ gn) be a diffeomorphism — then ¢ induces isomorphisms
. o0 ' o0
C*-CC(X ) > CC(X)

LaiCo(R)* ~ CoX')*.

There is also an associated diffecmorphism
X x (R - {0h) » x' x ® - {0},

namely

£, (x,8) = (£, (Do) o).

59.38 LEMMA V T € C:(X)*, we have

WE(C,T) = £, (T).
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Suppose that M is a c” manifold of dimension n —- then the transformation

property encoded in 59.38 enables one to extend the notion of wave front set to

M, hence VT € C::(M)* , WF(T) is a closed conic subset of T*M and the earlier theory

goes through essentially without change.

[Note: As regards notation, (x,8) € T*M iff £ ¢ T;M.]

59.39 RAPPEL Iet I be a closed submanifold of M — then the conormal bundle

N*Y » ¥ has for its fiber NXZ over x € ¥ the kernel of the arrow T}*;M - T;‘{Z.
[Note: If 1:¥ > M is the inclusion, then
* - - =
NXZ {(x,8) :E(v) OVVE '1'1 (x)z}.

In particular: N*M is the zero section of T*M.]

59.40 EXAMPLE LetubeacmdensityonZandassmne that spt u© = Z. Define

a distribution Gu € C: (M)* by the rule

£ /o (E]Du (£ e o).

Then

WF(&U) = N*I\O.

[Note: Take M = l_in, L= Bn, u = dx -- then the wave front set of the dis-
tribution

£~ [ fax (£€C(RM)
R

is N*M\0, i.e., is the emwpty set per prediction (1 <—> dx). At the other extreme,
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if ¥ = {0} and p = unit point mass at 0, then

f{o}fdu = £(0) = 60(f)
and N*{0} = {0} x R", thus
WF(5,) = {0} x (R" - {0}),

thereby providing yet another reality check on the theory.]

Put

DM = (T € C:(M)*:WF(T) N N*% = g}.

T EC (M => WF(T) = g

= C (M) < D).

59.41 IFMMA The pullback 1*T can be defined for all T € DZ (M) in such a
way that it is equal to 1*T(=T ¢ 1) when T € cM). And
WF (1*T) c V*WF(T).

[Note: One writes T|% in place of 1*T and calls it the restriction of T to I.]

59.42 EXAMPLE (Products) Given 'I‘]_,T2 € C:(M)*, their direct product T, X T

1 2

is that element of C:(M x M)* characterized by the property

(Tl X Tz) (f1 X f2) = Tl(fl)TZ(fZ)
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and we have

WE(T) x Ty) < WE(T;) x WF(T,)

u (WF(Tl) x (spt T, X {01)) u ((spt T, * {0}) x WF(Tz))'

In contrast to the direct product, the pointwise product can only be defined
under certain conditions which, in the present setting, can be formulated in

terms of wave front sets, the motivation being that fl (x) f2 (x}) (x €M) is the

restriction to the diagonal of (fl X f2) (xl,xz) = fl(xl) f2 (xz) (xl,x EM.

2

With this in mind, let us impose the following condition on Tl,TZ:

. (WF(Tl) X WF(TZ)) N N*AM x M) = g,

Taking into account the foregoing estimate for WJE‘(Tl X T2) in conjunction with

the fact that N*A(M x M) is the subset of T*(M x M) consisting of those points of

the form ((x,x),(&,~ £)), we see that this condition implies that

Tl XTZEDA(MXM)(MXM)‘

Therefore Tl x TZIA(M x M) makes sense (cf. 59.41). When construed as an element

of CZ (M) * via the identification

T M-> AM x M)
X —>(X,X)

one writes instead T, T l’TZ‘ If Tl € C°°(M) ’

1°To and calls it the pointwise product of T

then, of course, WF(Tl) = @ and the cordition is automatic (in this situation,
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Tl-Tz(f) = T2(Tlf) (f e cc(M))).

[Note: To facilitate matters, put

WF(T].) ® WF(TZ) = {(X'gl + 52):(}(!51) € WF(Tl) (i =1,2)1}.

Then

(WE(T;) = WE(T,)) N N*A(M x M) = §
iff vxeM,

(x,0) # WF (T;) & WF(T,)
ard,

WF(Tl-Tz) c WF('I'l) U WF(TZ) U (WF(Tl) GBWF(TZ)).]

Iet A € ‘Pm(X) . Assume: A has principal symbol o (cf. 58.20). Put

char A = {(x,8) € T*M\O:GA(x,E) = 0}.

Then 59.31 remains in force. If further, O is real valued, then 59.33 holds,

hence the wave front set of a distribution T with AT = 0 is made up of integral

curves of H_ in char A and their projections onto M constitute the singular

A
support of T.
N.B. Iocally, the hamiltonian vector field H - attached to Op is given by
A
n
) 0 ) 3
H = I ( 0,) —= = (—= g,) ).
% i= ng A ox? 3x? A atEj

50.43 EXAMPLE Suppose that (M,g) is globally hyperbolic. Take A = [l - e —



OA (Xl E)
Therefore
Op (x,£8)

Here the equations of Hamilton are

i

33.

- g,

= 0 => ¢ lightlike.

}'{J = = zg]kgk
s ke
L Emydtyg,
and if 1T > v(1t) = (x(1),£(7)) is a bicharacteristic of A in char A, then T » x(T)

is a lightlike geodesic.

[Note:

Due to the assumption that (M,g) is globally hyperbolic, no complete

lightlike geodesic remains within a compact subset of M.]

59.44 REMARK Suppose that (I - )T = 0 (T € CoM)*) — then T can be

restricted to any Cauchy hypersurface I (cf. 59.41) (for WF(T) contains only

lightlike directions).



§60. BISOLUTIONS

Suppose that (M,g) is globally hyperbolic. ILet A € C:(M X M)* == then A

is said to be a bisolution mod C for Elg - m2 if 3

K, € C (M x M)

4

KrEC(MxM)

such that v f.,,f ec°c°(M),

1’72

2 -
A((Elg -m )fl x f2) = ffM x M fl(xl)f2(x2)Kﬂ(xl,xz)dug(xl)dug(xz)
2
_ l\(fl X (Dg - m )f2) = ffM % M fl(xl)f2(x2)Kr(xl,xz)dug(xl)dug(xz) .
[Note: If
Kr = 0,

then one simply says that A is a bisolution for Elg - m2, thus, operationally,

0

(@, - n?) & 1)A

I
o

Qe @ - m?)) A

N.B. Define distributions A,,A. € c°c°(M x M)* by

— _ 2
Mp(£) X £5) = M@, - m)E} x £))

2
Ar(fl x £ A(fl X (Dg -m)f

) RE



Then

WF(AK)

c WE(A) (cf. 59.15)

_ W)

and A is a bisolution mod C for O, - me iff

- WF(A,) = 8

WE (L) = g

60.1 EXAMPLE The quasifree states on W(Em(M,g) ,cg) are in a one-to-one

correspondence with the elements
u € IP(Em(M,g),Og)
and the 2-point function Au attached to wu is the bilinear functional
C.(M) /ker E x C_(M)/ker E + C

which sends ([fl],[le) to

3 WUE 1 IED + T o (£, [£,1)).

Denote its lift to C:(M) % C:(M) by the same symbol —- then we shall term u

(or wu) physical provided AU is separately continmuous, hence determines a dis-

tribution on M x M that will also be called Au (cf. 55.5). We then claim that



Au is a bisolution for Elg - m2. E.g.:

2
/\}J((I:Ig - m )fl x f2)

I

2
A0y = £ E)

2
INUCEEESESWEATE
But (1, - m2)fl € ker E (cf. 54.11). Therefore

2, _
A (O -mE, x £) =0
Hg 172 )

Put
2
N = char Dg -m < T*M\O.
Given (xl,gl), (x2,£2) in N, write
if X =Xy & El = Ez or if there is a lightlike geodesic T -+ x(T) such that
x(1y) =%
z X

(x

x(Tz) = X,



=]

=]

Then it is clear that ~ is an equivalence relation and we let B(x,£) = [(x,£)]
be the equivalence class of (x,£) € N per ~.
Put

NO =NUMx {0}.
60.2 THEOREM (Duistermaat-Hormander) If A is a bisolution mod c” for
WE(A) ¢ N, x N

(16D 1 (KpiEy)) € WE(A)

B(x ) x B(x ) c WE(A).

llgl 2!52

[Note: This result is a variant on 59.33 but, strictly speaking, is not a

corollary thereof. It is to be stressed that here both El z 0 and gz #z 0. However,

a priori, WF(A) might also contain elements of the form
((0,E1) s (%5,0))  (E] = 0)

((xl.O),(xz,Ez)) (Ez z 0).



On the other hand, the points

((Xllo) 1 (leo))

are automatically excluded (since WF(A) < T*(M x M)\0).

60.3 REMARK ILet ¥ c M be a Cauchy hypersurface —— then any inextendible

lightlike geodesic intersects I. Let

(G 1E7) s (%5,E5)) € WE(A)

and assume that x, # X

1 * X — then

((x],E]), (x5,E3)) € WE(A),

where ((xi,&i),(xé,gé)) is the (unique) element of B(xl,gl) X B(x2,£2) with

xi,xé € X.

Define a diffeomorphism

T:T*(M X M) > T*(M x M)
Ty r%5) , (€1185)) = ((Xy0%y) 1 (E5081)) -

60.4 EXAMPLE Let
+
N = {(x,8) € N:T £ > 0},

where §{ > 0 means that the vector gj = gjkgk is future pointing and nonzero -- then

TN x M) = N ox Y.
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¥ e
A ec (M xm*

+ 1
A (fl x f2) 5 (A(fl X f2) + A(f2 x £1))

- _1
A (fl X f2) =3 (!\(fl x f2) - 1\(f2 X fl)).

Then A+ is symmetric, i.e.,

+ Lt

and A~ is antisymmetric, i.e.,
A (£, x £

= - A"(f2 x £

2 Q-

In addition,
A=A+ A7,
60.5 LEMMA If A is symmetric, then

WE(p) = TWE(A).

60.6 EXAMPLE Suppose that A is symmetric and WF(A) < Nt « N” — then
WF{A) = . In fact,

WF(A) = WE(A) (cf. 60.5)

c TNt x N



But

=N x N*  (cf. 60.4).

" x Ny n (v ox Ny = g,



§61. DISTINGUISHED PARAMETRICES

Assuming still that (M,qg) is globally hyperbolic, in the discussion prefacing

58.22 take A = Dg - m2 —— then a parametrix for Dg - m2 is a continuous linear map

Q:CC(M) +C M)

such that

al -md) e Q-Te€ v m

Qo (Dg—mz) - eV ™).

[Note: Q has a distribution kernel KQ € C: M x M)* which, abusively, will

be denoted by Q. E.g.: V £;,f, € c°c°(M) ,

2
KQ((Dg -m )fl X fz)

= 2
= (0 - mIE) X £

2
Qe (M, = mIEp)

2
fy Oy = )£ OF, dug

it

2
Sy 5100, - @) ° QF, du

fM fl(f2 4+ eeees ) dug.

Iet us also remind ourselves that the distribution kernel associated with an element



of ¥ (M) is necessarily a C” function on M x M (cf. 58.10).]

6l.1 EXAMPIE According to 54.8, 3 continuous linear maps

T %
E:C_(M) ~C (M)

such that
E @ -m)f=¢
g
2 I
(0 -m™)E £ = £.
- g
t
Therefore E are parametrices.
[Note: Recall that
+ +

spt E £ ¢ J (spt f)

and, by definition,

Pass now to

2

N = char Dg - m° c T*M\0 (cf. §60).

Then the characteristic relation C of I]g - m2 is the subset of N x N consisting

of those pairs (xl,gl)., (x2,£2) in N such that (xl;,gl) ~ (x2,£2) -

Iet AN be the diagonal of N x N -- then A, ¢ C and by an orientation of C

N

we understand any decomposition

1, 02
C\ag=cl]c



into disjoint open subsets that are inverse relations, i.e.,

(G 157D s (iprEx)) € €8 <= (0,065 4 (xp,6p)) €

61.2 EXAMPLE Put

o
I

= {((x,8)  (%),E,)) € Cix; € J+(x2) if £ > 0or x) €3 (x,) if & < 0}

€ = {((x)sE)) s (%,,E,)) € Cixy € J+(x2) if £, < 0orx €3 (x) if £, > 0J.

+ —
ey =ct e

is an orientation of C.

It turns out that C admits precisely 4 orientations. To describe them, let

Ny =N, N =g
ML= N, NS =N
ML=, NS = N
Ny =8, No=N

Then

_ b 2 .
N=Np LN G =1,2,3,4).



Set
* +
¢ x,8) =C n (B(x,8) x B(x,E))
and put
-1 + -
¢ = (U c 8 U (U 6E)
N:L N2
i i
= (U &) U (U ).
N} w2
. 1 1
Then

_ oL 2 .
aag=cp Il ey d=1,23,4

are the 4 orientations of C.

N.B. We have

1+ 2 1.2
c;=C =¢j ¢, = C5
1~ 2 1.2
¢, =C =¢f g = C5e

Therefore the different possible orientations of C are the pairs
1 1 1.1 1.1 1.1
(Cll C4) r (Czl C3) 14 (C3I02) 4 (C4I Cl) .
To simplify the writing, given a distribution T € Coco M x M*, let

WF' (T) = {((Xl,xz) ’ (El,- 52) )2 ( (xl,xz) ’ (gl,gZ)) € WF(T)}
and call A* the diagonal of

(T*M\0) x (T*M\0) < T*(M x M)\O,



thus

WF'(I) = A*.

61.3 THEOREM (Duistermaat-Hormander) Associated with each orientation

1 2 . 1 2 2
O\ = C; |] €] of C, there are parametrices Q; and Qf for 0, - m" such that

WF'(Q%) = A* U c:iL

WF'(Qf_) A% U ci.

Furthermore

W' (] - 0F) = C.

61.4 THEOREM (Duistermaat-Hormander) If Q is a parametrix for Dg - m2
and if

WE'(Q) < A* U C]i‘ or WF'(Q) < A* U Ci,

o=ctora=a

modulo a smooth kernel.

N

N.B. The parametrices Q::.t,Q. are said to be distinguished.

l—l

61.5 IEMMA We have



-1 +
l )

modulo smooth kernels.

1 .1, . . + -
PROOF C2 (C3) is nonempty only if %y €J (x2) (Xl eJ (x2)).

Therefore
E=g - F
=Q]2”-Q:§+K (KeC M x M)

WE' (E) = WE'(Q) - O3)

It

C (cf. 61.3).

61.6 EXAMPLE (cf. 59.37) Take for M Minkowski space 1_31'3 -~ then WF(E)
is the union

{8, x,Ey) € B x @& - (oh):

§i=°' §, t &, =0}

{8, gm e R? (134 - {0}):

2

§¢¥’(§_¥)2=0,§ =0, x-y||g g+ n=0].



Put

o
KI;

o

£
Il
o

the subscript standing for Feyrmann.

6l.7 IFMMA We have

modulo a smooth kernel.



§62. HADAMARD STATES

Let (M,g) be globally hyperbolic — then a distribution A € C:(M X M)* is

said to satisfy the microlocal spectrum condition if

WE(A) = {((2908) s (%5,85)) € Ny x N_2(x1,89) ~ (5= E5) ]
Suppose that
u € IP(E (M,9) ,og)
is physical (cf. 60.1), hence that the 2~point function Au is a distribution on

M x M. Since Au is a bisolution for Dg - m2, it follows that

0 (cf. 60.2).

WF(AU) c No x N
We then call wu an Hadamard state provided Al1 fulfills the microlocal spectrum

condition.

62.1 REMARK The original definition of "Hadamard state" differs from that
given above. That the two are equivalent is a fundamental result due to Radzi-
kowski, our position on the matter being a reflection of the old adage "good

theorems become definitions".

62.2 EXAMPLE Take M = R X I ultrastatic. Define u € IP(T',0) as in 56.5 —

then it can be shown that AU is Hadamard.

[Note: This was established in 59.37 for the special case of Minkowski space.]



N.B. The derivation of the fact that the vacuumm state in an ultrastatic
spacetime is Hadamard uses the "old" definition. An attempt to prove it using
the "new" definition and microlocal techniques has been made by Junker. To
simplify, he took I compact. Even so, his argument contained mistakes which were
subsequently dealt with in an erratum. Unfortunately, this erratum is incomplete

and gaps still remain, thus the issue is problematic.

62.3 REMARK The special nature of the setup in 62.2 is crucial. Indeed, it
is clear that if (M,g) is globally hyperbolic and if I < M is a Cauchy hypersurface,
then the same construction can be carried out but, in general, the resulting quasi-

free state is not Hadamard!

62.4 LEMMA Suppose that Q@ ¢ M is causally compatible -~ then there is an

injective morphism
W(Em(Q,g|Q) ,cng) > W(E M,9) ,cg)

and for any Hadamard state

w, € S(W(E (M,9) ,Og)),
the restriction

w, [SWE, (Q,g] 0 0))

is also Hadamard.
[Note: This is simply a reflection of the fact that the underlying singu-

larity structure is local.]



62.5 THEOREM (Fulling—-Narcowich-Wald) On any globally hyperbolic spacetime

M,g), 3 infinitely many Hadamard states.

62.6 REMARK If wu 'wli are Hadamard, then
1 "2

A=A €eCTM x M.

Hy 2
Thus write
—A =—l-(u + /-1 o)
by 21 g
A =£(u + V-1 5)
Uy, 2 772 g’
Then

so A = A 1is symmetric. But

Lo L
WEF{(AL - A ) cWF(A ) UWF(A ) (cft. 59.13)
c N+ x N_.
Therefore
WF (A -A Y=g (cf. 60.6)
Uy Hy
=>

A =-A €CTMxM.



62.7 THEOREM (Verch) Iet wu ,wu be quasifree states on W(Em(M,g) ,og)
1 "2

and let Ty be their associated GNS representations. Assume: wu ,wu are
1 "2
Hadamard —— then V O € K(M,qg), the restrictions

are geometrically equivalent.

There is one final point of interest. Suppose that W, is Hadamard and consider

the combinations

T T
Au=/-_1A e,

i
Then
¥ 1 *
Au_‘/zi(i(‘“"/:l_m) T E
+
=—/;Eu—%(E+—E") +E
=£—;—£ui’—]2“—(E++E_).
+

Thus A; is symmetric (cf. 54.9), so 60.5 is applicable.

62.8 LEMMA We have

‘r_‘> 1:>+
! It
W4 e



modulo smooth kernels.

PROOF It suffices to deal with A:. In view of 61.5 and 61.3,

W' () = A%y C

Therefore

To determine WF' (A:) on the diagonal, observe first that

+ 2
Au((Dg -m )fl X fz)

Il

+ 2
E ((Dg -m )fl X f2) (cf. 60.1)

2 +
fM ((Dg - m )fl) (E f2)dpg

i

- 2
Iy € Oy - m)EDE) du, (cf. 54.9)

Il

fM fl(X)f2 (X)dug(X) .

2 +
((Dg -m) ! l)Au = <S(xl - x2).

the kernel of the identity map I. Consequently (cf. 59.15),

R —— _ 2 +
WF(AM) WF(((Dg m)@l)Au)

2 + 2
AT = )y x ) + E (0 = m)Ey

2)



On the other hand,

WF'(A:) < WE'(A) U W' (E)  (cf. 59.13)

1
= ' *
WF (Au) U A* U C2.
But
TOWF' (L) c A%
" 1T %
et nar =g,
Hence
W (A;) = A%,
Xl = X2

so, altogether,

vty 1
WF(AU) —-A*UC4.

However (see above), A: is a parametrix for Dg - m2. Accordingly (cf. 61.4),

+_ 1. -
A1,l_Q4—E‘“E‘

modulo a smooth kernel, which completes the proof.

[Note: It is also true that

modulo a smooth kernel (cf. 61.7).]



§63. HODGE CONVENTIONS

Let M be a connected ¢” manifold of dimension n, which we take to be oriented.

Fix a semiriemannian structure g € M and consider the star operator

P - " P,

Then
xxq = (=1) 1(—l)p(n'-p)oc
and
*f = fvolg
1) = (-1)‘f.
* (fvo g) (-1) £

[Note: Here 1 € {0,1} is the index of g.]

63.1 EXAMPLE VXEDl(M),

*(div X) = (div X)volg = vaolg.

et q < p — then there is a bilinear map

1:A 901 x AP ~ 9w

(Bla') — 180(,

which is characterized by the following properties:



Y 0,B € Alﬂﬂ), 18@ = g(aIB)I

o Ao = 1o Aot (<D Yo A © € ion.selan)
g1 " 2 g71 " P2 % A tgly 0y M), '

° 1

1 =1 .
B A By By " '8y

[Note: One calls 1 the interior product on P M. IfRE AO M) = Coo(M) '

then IB is simply multiplication by B8.]

63.2 REMARK V X € Dl(M),

Take g = p =— then 1,0 € Coo(M) and we set, by definition,

B

g(o,B) = lge = IOLB.

If now o € AP, g€ Aq(M) (g <p), then vy € P,

|
-
P
Q

1 o

BAY

g(o‘rB A Y) .
In other words, the operations

- 16:AP(M) > Ap—q(M)

B A — AP Iy > AP (M)



are mutually adjoint.

63.3 LEMMA Vv o € APM),

%0, = 1 Vol .
o g

63.4 EXAMPIE Iet o = 1 -- then

1l =vol
* g
=>
ol = %%l = (=1)!
g
=>
g(volg,volg) = 101 volg
= %vol
g
= (-D".
63.5 EXAMPIE Let o € AP(M), g € A" PM) — then
glo A B,volg) =14 A 6volg
= 181avolg
= 1g*a

g (*a,, B) -



63.6 RULES In what follows, o € AP M) and B € Aq(M) (subject to the obvious

restrictions).

*{a A B).

® 1 %0

B

(12D, A g,

® %1 0

®0o N xB = g(oc,B)volg = B A %0

® g(xa,#B8) = (=1) ‘g0, B).

The interior derivative

s:P ) > AP L)
is

np+n+l*°d°*.

§ = (=1) ‘' (-1)

[Note: Therefore 6f =0 (f € C (M)).]

63.7 LRMMA We have
§ o §=0.

PROOF For * o x =t 1 andd o d = 0.

13]"3 —— then

63.8 EXAMPILE Take M

14

(_1)1(_l)np + ntl _ (—l)l(—l) 4p + 4+1 -1



so in this case,

So = *xd*q..

63.9 REMARK The exterior derivative d does not depend on g. By contrast,

the interior derivative § depends on g (and the underlying orientation).

Write Ag (M) for the space of campactly supported p-forms on M and put

<oc.6>g = fM g(oc,B)volg (a,B € AE(M)).

63.10 LEMA Let o € DM, B € Ag"l(m) -~ then

<d > = <q,88> .
B = <iBy

PROOF We have

<;(0L,(SB)V01g = o A %8B
= - (—1)1(-l)n(p+2)oc A *xd*f

= = (1) '(-1)Pq A (-1) '(-1) PPIPaug

2
-1)P o A axp

i
|

= - (-1)Pa A dxBg.

Therefore

g(doc,B)volg - g(oc,cSB)volg



do A %8 + (-1)P0 A dxp

]

d(o A *B).

And, by Stokes' theorem,
fM dfa A *B) = 0,
from which the result.
63.11 RAPPEL Let f € c°c°(M) — then vV X € DX (M),
fM

(div £X) volg = fM fovolg

= fM (lfx ed+doe 1fx)volg

fM d(1vaolg) = 0.

Consequently,

0= fM (Xf + £(div X))volg
or still,

fM Xt volg = - fM f(div X)volg.

63.12 IEMMA ILet X € Dl(M) — then

div X = - égb X.

PROOF In fact, V f € C:(M) ,

<f,8g% X, = <af,gv ©,  (cf. 63.10)



il

i

div X =
Recall now that
A =
g
But
div =
Therefore
A =
g

b
fM g(df,qg X)volg

b #.. b

fM g(g” g'df,g x)volg

4

b
fM g(g” grad f,g X)Volg

fM g(grad f,}()volg
fM Xf volg
- j’M f(div X)volg (cf. 63.11)

- <f,div X>

- ng X.

div o grad

div o g o d.

—5ogP  (cf. 63.12).

_(Sog og od



With this in mind, the laplacian

Ag:Ap ™) > AP
is then defined by

A =—-(de §+380d).
e

63.13 IFMMA We have

1) d =A od; (2) oA =A °§; (3) x oA = *,
(1) °Ag - (2) ° A = Ay 8; (3) Ag A o

63.14 LEMMA Iet f €C (M), o € \°M — then
Ag(foc) = (Agf)oc + f(Agoc) + zvgrad g0

[Note: On functions,

Ag(fle) = (Agfl) f2 + fl(Agf2) + 2g(grad fl,grad f2) .1

Assume henceforth that (M,g) is riemannian with g caomplete and write A;’p(M)

for the space of square integrable p—-forms on M.

63.15 LA A2 (M) is dense in A;’p(M) )

N.B. On AE(M), byis s OandVaBe AIC’(M),



< = > .
AgOLI B>g <Qr AgB g

63.16 LEMMA The restriction Ag|A§ (M) is essentially selfadjoint.
[Note: Write

- = p
By Ag[Ac(M).]

Domain Issues ' Let

Dom(d) = {a € P n A;'p(M) «do, € As'p*l(M)}
and put

— 3P
d, = dIAC(M).

Qs
ol

admit closure: .

Analogous considerations apply to the interior derivative, thus

8 $
admit closure: .
_ 8¢ _ 8o
So (cf. 1.6),
T g = gk* — g% = g*
&
3 = ae 3% = ax



and
T 8§ = g%
&
T oww
B
63.17 IFMMA We have
T d=4d = &*
d dc Sc
§ =35_ = dr.
_ c
Therefore
T d=d4d_ =>d* = dx
c c
§ =78 _ => 8% = &%
_ c c
N.B. From the above
T 3o 8=4do0 a*
_Soed=23§o0 ¢*
Accordingly,
- 3
S o

are selfadjoint (cf. 1.30).

=>

ol

sl

a*

&§*

10.

*
[l

&*

*
h
o

*

1

]

ol



11.

63.18 THEOREM (Gaffney) let o € Dom(d) and 8 € Dom(§) -- then

<da, B>g = <a,58>g.

The domain of

dod+80d
is
Dom(d ° §) N Dom(§ o d)
and
Dam(d o §) = {a € Dam(8) : 80 € Dom(d) }
Dom(§ ° d) = {a € Dam(d) :da € Dam(3) }.

63.19 IEMMA The sum

ul
[+]
et
+
ol
[«]
o1]|

is selfadjoint.
[Note: While individually, d o § and & o d are selfadjoint, this does not
automatically guarantee that their sum is selfadjoint. However, since d and §

are closed and densely defined, the operators

(I+do 3t

(I+35odt

are bounded and selfadjoint. In addition, it can be shown that here



12.

T+dod+30dt
=@+de T+ @+t -1,
hence
= = = =-~1
(I+ded+ 8 ed)
is selfadjoint. But this implies that
I+do8+8ed
is selfadjoint, thus finally that
a ° ?S- + .(§ o a
is selfadjoint.]
63.20 LEMMA We have
A =-(deo8+604d.
g
PROOF By definition,
AglAg(M) =-@o8+680d|.

And, thanks to 63.19, - (d o § + § o d) is a selfadjoint extension of AglAg(M).

But AglAg (M) is essentially selfadjoint (cf. 63.16). Therefore

A =-(dod8+38o0d (cf. 1.14).

let o € Dom(Zg) —— then (cf. 63.18)

- <o, o> = <da,da>  + <6a,80> .
g g g g



13.

Therefore

o

Q
]

o

Ao=0 <=>

0.

O
Q
I

Iet o € Aé'p(M) -~ then o is said to be harmonic if o € Dom(Zg) and Zgoc = 0.

Denote the space of harmonic p-forms by gp —— then the elements of ij are

necessarily c.

63.21 EXAMPLE One has

0 iff vol M = =

R iff vol M < o,

63.22 EXAMPLE TakeM=13nwithgthe usual metric — then ij=0 (0 £p<n).

1

[Assume that n > 1, represent I_{n as the product R X I_{n_ , and let ¢_ be the

flow attached to 3/3t — then V s, ¢s:13n - I_in is an isometry, hence

o € B => ¢*a € B,
Write

d * — *
ds d)sa - ¢s LB/Bta

=05 [0 1y ap + 1y 5 © Do



14.

- *
¢s dv a/ato‘

*
dq’s ! 3/ at™

*
dig /5¢95%

¢§0L - cp{‘__oc - ¢60c

A« S
_IO dscbsOcds

- art *
= 4y 1y 5¢950ds-

But

11y 50kl | = [16al |-

Therefore ¢'1":0L is Lz—col'x:mologous to o, so ¢€o¢ = o V t, which is possible only if

o= 0.]

63.23 THEOREM (Kodaira) There is an orthogonal decomposition

Aé'p(M) = a2 n o At @ P,

63.24 REMARK Let o € APM) n A;'p(M) and write, in obvious notation,



15.

O =0+ Og T Oopay
P 2,p
Qs 1Oy 7 Oy EANM N Ag ™).

63.25 IEMMA We have

"Lop - m 3
dAc (M) = Im dp—l'

[Note: In general, the range of d need not be closed.]

The L2-cohomology groups of (M,g) are the

o Ker d
H M = .
(2) Im dp—l
63.26 IEMMA We have
Ker 4
HE()Z) M v —B
Im d 1

63.27 ILEMMA The canonical arrow

p P
B > H i, M)
is one—~to—-one.

PROOF ILet ao,B € I_I_p ard suppose that o = 8 + ay —— then (cf. 63.18)



16.

<oc-B,oc-B>g = <y, oc-8>g

i

<Y, 8 (Ot"B) >g

<y,0>g

Since

it follows that

Im d 1
Hi, M) = B & —F= .

63.28 EXAMPLE Take M = R with g the usual metric —— then H' is trivial but

H(, () is infinite dimensional.

The pair (M,g) satisfies the closed range hypothesis if Vv p,

or, equivalently, if v p,

==
ar oo =ma .



17.

[Note: If

is infinite dimensional.]
Thus, in the presence of the closed range hypothesis, L2-cohcmology is

represented by harmonic forms.

63.29 LEMMA Suppose that the closed range hypothesis is in force -- then

Im Zg is closed and

APy = Im 3 e H.
g g~ =

63.30 REMARK If V p, 0 is not in the essential spectrum of Zg, then the

pair (M,g) satisfies the closed range hypothesis.

63.31 EXAMPIE Take M = gn with g the usual metric ——- then the closed range
hypothesis is not satisfied. To see this, consider the situation when p = 0 and
view the laplacian Zg = A as a map

a2 @) > 2@

If the range of A were closed, then 3 C > 0: v £ E‘wz’z(gn),



18.

|1E]] < C||af]] 5.
W2'2 L2
But such a relation cannot be true. Thus let

(SRf) (x) = £f(Rx).

Then
AS.f = R2S_AF
R R *
Therefore
-n/2
gl = R™V2||s, . £]]
L2 /R 2
-n/2
< K208yt 5,0
-n/2
< CR l|as, £l
1R 2

-2
CR “|[Af]] .,
L
an impossibility.

Assume now that M is compact — then the closed range hypothesis is automatic

ard vV p,
P~ P
B R H{, M)

is finite dimensional.

63.32 LEMMA There is an orthogonal decomposition



19.

Pon = anP o) e s(Pon) o K.

63.33 EXAMPLE Take M 3-dimensional and let X € pF(M) — then 3 £ € C°(M)

and Y € D(M) such that
ng = gbgrad f + g\’curl Y + v,
where vy € Ijl Here curl Y € Dl (M) is determined by the equation

dng = *gl’curl Y.

[To see this, write

ng =df + 8o + v (cf. 63.32)

=gbgradf+60c+y.
Define Y € Dl (M) by the relation

*0

i
Q

Then

8o

It
*
Q,
%
Q



20.

Recalling 63.29, denote by Ep the orthogonal projection

and given o € A;'p(M) , let (o) be the unique solution to

-A-g(?) =0 - Epon

in (#)* - then

GP:A;'p(M) > @t

is a bounded linear operator.

N.B. Im Zg is a Hilbert space and on Im Kg, &= ()"

when viewed as a linear operator

& is compact and selfadjoint.



§64. ABSTRACT MAXWELL THEORY

Let (M,g) be a globally hyperbolic spacetime --— then its Cauchy hypersurfaces
are either all compact or all noncampact (cf. 54.2) and it will be assumed in this
section that we are in the compact situation.

[Note: In the literature, the respective terms are (M,q)

spatially campact

spatially noncampact.]

Suppose that ¥ < M is a Cauchy hypersurface and let i:¥ - M be the inclusion --
then q = i*(g) is a riemannian structure on I. To minimize the possibility of

confusion, we shall append subscripts to distinguish * and § on M and I:

let A € Al (M) — then A is said to satisfy Maxwell's equation if

§ dA = 0.
g
In terms of
= - (d e + 8 d
Dg ( 5g g° )I

it is clear that A satisfies Maxwell's equation iff
A+ds A=0.
Dg 59

Given A € Al M), put



H==%_o i* o ¥ o dA.

64.1 IFMA If SgdA

Il
o
-

then § T = 0.
q
PROOF In fact,

qu{:-—*qodZO*qH

64.2 THEOREM (Dimock) Given A, € AY(X) with s1=0, 3 A€ Ao with

chdA = 0 such that

A=1i*%(A) & I =*%_o i* o x_ o dA.
q g

Let AA' € Al (M) — then A,A' are said to be gauge equivalent, written




A~A', if 3 £ € C (M) such that A = A' + 4f.

[Note: Obviously, if A ~ A', then ngA =0 <=> chdA' = 0.]

64.3 IFMMA Fix ATl € Al(Z) with cSqI{ = 0 and let A,A' be per 64.2 — then

A,A' are gauge equivalent.
The notion of gauge equivalence applies equally well to Al( Z).

64.4 IEMMA Tet A,TLA',T' € AY(3) with 51 = 81" = 0 let AA' € i

with § dA = § dA' = 0. Assume:
g g

A=1i*(A), I =%_o i* o x o dA
q g

A' = i*(A'), II' = x_ o i* o x_ o GA',
q g

Then A ~ A', T = T' iff A ~ A",
PROOF If A ~ A', then it is clear that A ~A', I = [I'. Turning to the
converse, suppose that A = A' + d¢,II = I'. Using standard extension theory,

choose £ € C (M) :£|% = ¢ and let A" = A' + df —- then

i*(A")

i*(A') + i*(df)

=A' +d¢

= A



dA" = dA*

% o0 i*¥ o x o dA" =T' = 1],
aq g

Therefore A" ~ A (cf. 64.3). But A" ~ A', hence A ~ A",
The preceding considerations can be summarized as follows: Given a gauge

equivalence class [A] in Al(Z) and I € Al(Z) with Gqﬁ = 0, there is a unique gauge

equivalence class [A] in A1 M) with dgd [A] = 0 such that

[A] = i*[A] & I = *q o i%* o *g o d[Al.

64.5 RAPPEL The inner product on Al(Z) is

<OL,B>q = fZ o A *qB = fz q(oc,B)volq.

Let

E = {([A],):A, € Al(z),sqn = 0}.

o(([al,m, ([A'],N"))
= <AQ'> - <Al

N.B. 0 is welldefined.



[For

<A + d¢,H‘>q - <A' + d¢',ﬂ>q

<A,n'>q - <A',]'{>q + <d¢,H‘>q - <dc1>',H>q

= <A,H'>q - <A",H>q + <q>,<5qn'>q - <¢',6qn>q (cf. 63.10)

il

<A,H'>q - <A',I{>q.]

64.6 LEMMA o is nondegenerate.
PROOF Fix a pair ([A'],T') and suppose that
o(([a],I),([A'],0") =0
for all pairs ([A],lI) -— then the claim is that A' is exact and 1I' = 0. Start
by taking A= 1", I = 0 to get <H',H'>q = 0, hence I' = 0. We are thus left with

<A',H>q =0

for all @I with GqH = 0. Bearing in mind that Al(‘Z) = TImd ® Ker Gq (cf. 63.32),

write A' = d¢' + B' (5 B' = 0) - then

0

<A', >
L q

il

<d¢' + B',H>q

i

<d¢?t ,]I>q + <B! ,n>q

<¢',6qn>q + <B',1'[>q (cf. 63.10)



= <B', > .
g9

Now specialize and take Il = B':

0= <B',B'>q => B' = 0.

I.e.: A' is exact.
Therefore (E,o) is a symplectic vector space.

64.7 REMARK If

A <=—> ([a],T)

A' <—> ([A'],LY),

i% o dA' - A’ o dA
fl[A/\*g A*g dAl

z

= o(([Aal, ), ([A'],Ti")).
Proof: We have

fZ: i*[A/\*gOdA' - Al /\*g°dA]

Js [A/\i*O*gOdA'—A'/\i*O*gOdA']

AA%* o % o i GA' ~A' Ax_o x_o i* o x_ o dA'
Ty IBAxg 0 kg o dXoxge *t° g g ]

fZ [A A *qH' -A' A *qTI]

= <a,II'> - <Aa',I>
9 !



= o(([al, ), ([A"],1")).

[Note: Write

M=%, (cf. 54.3)
t

and work with Z‘t —— then the expression

f ig[A/\*g°dA'-A'/\*g°dA]

2

is indeperdent of t.]



§65. THE REDUCTION MECHANISM

Let (M,g) be a globally hyperbolic spacetime which we shall assume is
ultrastatic (cf. §57).

Given a p~-form ¢ € I (M), write

oc=dt/\oc0+oez,

where

Yo/t

0o = 0 = dt A O,

[Note: Trivially,

18/ata0 = 0.

On the other hand,

La/ats = Ya/et® T tosaeldt A ap)

= oao - (la/atdt A oao - dt A 18/3ta0)

Define an R-linear map

3q: A% () > A* (M)
by

3 = —
d=d-dt A La/at'



65.1 ILEMMA We have

_ 3 3
do = dt A (La/ato‘z doco) + doaz.
PROOF 1In fact,
doc=d(dt/\oc0) +d0LZ
=--dt/\doc0+docz
=—at A Cdo. +dt A L. ,..0.)
0 3/9t%0
+3doc +dt AL o
» 3/ot%s
=dt A (L - 330 + 3
= 3/ot%y %0 Oge

Let a,B8 € °(M) — then

g(o,B) = gl(dt A ag + ocz,dt A Bo + BZ)

g(dt A ag.dt A By) + glog,By) .

g(at A oco,dt A Bo)

&t A ao(dt A Bg)

1%1dt (at A BO)

Y (1dtdt A BO -dt A1

Bn)
0 dat™o



1, (g(dt,dt) BO +dt A1 )

B
0 3/3t"0

-1 B
OLOO

- g(OLO,BO) .

[Note: Tacitly,

g(uz,dt A BO) =0
~ g(BZ,dt A oao) = 0.
For example,
g(ocz,dt A BO) = 13t A Boocz
=1, 14,0
BO dtz
= ‘Bo‘a/ato‘z
= 0.
In this connection, observe that
g" (3/5t) = - dt
and keep in mind 63.2.]
Define t-dependent p-forms on I by
oy = 1o, ay = ifay
&
- - s x - - : %
By = B By = 1gBs-



g(ocO,BO) o it = i{‘:(l BO)

g(ocZ,BZ) ° it = if:(t BZ)

q(OLZIBZ) -
65.2 LEMVA Suppose that a,8 € AD(M) — then
<0t,8>g = f13 dt fz (q(O‘Z'Bz) - q(uO.BO))volq.

PROOF 1In view of the definitions and what has been said above,

l

<o, B>g fM g(o, B)volg

1l

fB dat fZ iEg(oc, B)VOlq

fl_3 dt fZ i¥(glas,By) - g(OLO,BO))VOlq

= fB dt IZ (9(0‘2’82) o it - g(ono,Bo) ° it)volq



= Jpdt Jy (a(agBy) - a@y,By))vol.

65.3 RAPPEL Every connected orientable 3-manifold is parallelizable.

Therefore 3 is parallelizable, hence so is M= R x I.

Fix an orthonormal frame El’Ez'E3 per g, put Ej = 5/9t, and let wo,wl,mz,mB
be the associated coframe (thus ml (Ej) = cslj) .
65.4 LEMMA
* (mO/\wl) =—w2/\w3
g
* (wo/\wz) =W /\oo3
g
* (wO/\w3) =—wl/\w
9
and
* (wl/\wz) =u)0/\w3
°
* (wl/\w3) =—w0/\w
g
* (u)2 A w3) = wo A wl.
9
Iet
o =i (a=1,2,3).



65.5 LEMMA

%
€]
>
€

1

*
B
>
S

1

1

*
E]
>
S

I

and
- -1 -2 ~3
* 0= A
qw W ®
ST S S
q
x 73 =Gt A 72
9
65.6 IFMMA Let o € Al(M) —-- then
: % = - ” Ny = 1%
1t*g(dt A o) *qoc (a0 ltOL) .
PROOF Write
_ 0 1 2 3
oc-Cow +Clu) +C2w +C3w .
Then
dt A o = Cl(w0 A u)l) + Cz(m0 A wz) + C3(u)0 A w3)
=
*g(dt Ag) = - C]_(w2 A w3) + Cz(w1 A w3) - C3(wl A wz)

. _ -2 =3 -1 =3, _ -1 =2
1€*g(dt/\oc) = Cl(w /\w)+C2(u) AW C3(w Aw)



= - Cl*qal - Cz*q[f)2 - C3* 53
= - % 5.
Given A € Al M), put
T A= ixA
M= *g ° if o xg o dA.

[Note: In the setting of §64,

A< A

T <> I.]

65.7 ILEMMA We have

= ik
I 1t13/3tdA.

PROOF Write
dA = COl(wO A wl) + Coz(w0 A wz) + C03(m0 A w3)

1 2 1 3 2 3
+C12(u) /\w)+Cl3(w /\w)+C23(w Aw).

Then

lic 52+C &3

A = Cpyu 02 o3 -

1l /atd




H=*qu€o*godA

= xg o it Corw? A wd) + A ) - cgytt A WP
+ Clz(w0 A w3) - Cl3(wO A wz) + C23(w0 A wl))

= % (= Cy (57 A B + Cop @ A B = Cpa @ A T

_ -1 -2 _ -3
= - COlw - Cozu) C03u)

— o 1%
ltla/’atdA'



§66. ANALYSIS IN THE TEMPORAL GAUGE

Iet (M,g) be a globally hyperbolic spacetime which we shall assume is
ultrastatic, thus (M,g) is spatially compact iff I is compact, a condition that
we shall also assume to be in force.

[Note: The results set forth in 8§64 are therefore applicable. As regards
the spatially noncompact situation, some of the formalities do go through but
ultimately it is far more difficult to deal with (and the final word has yet to
be written). The special case of Minkowski space is considered in §70.]

Functional Derivatives There is a pairing

1 1
ALM) x A0 > R

(o,B) > <oe,8>g.
So, if

1
L:AC(M) > R,

then % is the element of Aé (M) such that

d _ 8L
3c Lo + £d0) =0 = <8q, o >g

for all So € A(l: M) .

The Maxwell lagrangian is the functional

IMAX:Aé(M) + R



defined by the prescription

1
T.MAX(OL) =5 fM g(da,doc)volg.

66.1 LEMMA We have

)
IMAX=6doc.

Sa g

PROOF In fact,

% fM %E g(d(a + €8a),d(o + da)) €=0volg

J'M g(d&oc,da)volg

Jy 9(6e,8. do)vol  (cf. 63.10)

= <8, chdoc>g.

Therefore

“Thmx

So

= § da.
g

A critical point for Lyax is an element o € A(lz (M) such that

RV

So, = 0.



Accordingly, o is a critical point for I‘MAX iff o is a solution to Maxwell's

equation:

§ do = 0.
g

Now change the notation: Write A for a and let F = dA - then

_ 1
Lipx W = 5 fy g(F.Frvol,

=1 F Fy _ F
=3 f13 dt fZ (q(FZ'FZ) q(FO,FO))volq (cE. 65.2).
put A = i*A -- then

Fy = iXF;

= i;(F - dt A FO)

Therefore

Lyax (A)

1 - - - =
=5 Iy @t Iy @@kl - a(Fy,Fp))vol,.



Next
Fo = Yootk
= 13/8tdA
= Uy/pe =9 ° /e
= Ly e = Ay
=
FO = 11"§F0
% - )
1tL3/3tA dAO.
It remains to interpret
ltLB/atA'
Given o € AP M), put
M Sy =4d
ST FgEgy-
66.2 IEMMA We have
3 = Ely /0
PROOF First
J.'t+s = ¢s ° it'

JA



where ¢_ is the flow attached to %E? Consequently,

<
1 %
o S|t (1Sa)
i* o - i*q
= 1lim t+s t
s >0 s
i*p*q - i*a
_ 1ip _tS t
s >0 s
¢;a -0
= i; lim
s+ 0 S
= 1%
1tLa/at“'
In view of this,
Ly (A)

1 ———.'___.:.__
= E-fB dt fZ (g(dA,dA) q(A dAO,A dAO))volq.

66.3 REMARK To run a reality check on the definitions, write

0 = aF

at A (L 3dF0) + 3sz (cf. 65.1)

a/ath -



Then v t,

e (= it(L

1%,
1tdFZ

-
dlth

a/sth -

3
dFo)

" 0

& e

. o+
-t
(e ]

0
[oN)
>
!
o
>

o\-f



]
Q
a t

il
Q
2

Iet ¢ = A%(5) x AL(z) — then

e =c¢ x 2%(x) x Abm)

is the velocity phase space of the theory.

[Note: Elements of C are pairs (AO,A) , where

a e 2%

0

A€ A,

and elements of TC are pairs of pairs (AO’A;AO'A) , where

. 0
AO e A (D)

Ae .

The lagrangian of the theory is the function
L:TC + R
defined by the rule

.. . _ 1 _ . _
L(AolAIAOIA) - i‘ IZ (q(dA'dA) q(A dAO

[Note: The variable Ao is not present.]

JA -~ dAO) )volq.



N.B. From the above,
Lyag (A = IB L(A,,A;0,A)dt.
Thinking of TC as the tangent bundle of C, put

e = ¢ x 1°(n) x Abm

and call it the momentum phase space of the theory.

[Note: Elements of T*C are pairs of pairs (AO,A; HO,H) , where

T, € 10z

Te .

66.4 REMARK If (AO,A) € C and if

X = (AO,A;AO,A) € TC
w = (AolA;HolH) € T*Cr
then the evaluation <X,w> is

<A0,]'[O>q + <A,H>q.
Here

<A0,H0>q = fZ AolIovolq

<Z'\,]I>q = fZ q(A,H)volq.



[Note: It is custamary to write

- _+ 6 « 8
X‘Aoa(;’f B
w=H06AO+I{6A.]

The primary constraint submanifold of the theory is that subset C of T*C

consisting of those points (AO,A; HO,H) for which T, = 0.

0

[Note: This definition is suggested by the fact that

L - 0.1

8By
We shall now pass to the hamiltonian of the theory, it being the function
H:C + R
with the property that

H o FL(X) = <X,FL(X)> - L(X).

Since
Lo @-ay,
SA
we have

H(AO,A;A - dAO)



10.

<A,A - SLISE L(AO,A;AO,A)

_ - - _ - l _ - _ - _
= - <A,A dAO>q 5 (<dA,dA>q <A dAo,A dAO>q)

=—<A—dA0+dAO,A—dAO>q

1 ... . 1
+5 (<A -dayA - dAO>q -5 <dA,dA>q)

_ l - _ . _ _ - _
=-35 <A dAO,A dA0>q <dAO,A da

1
O>q -5 <dA,dA>q.

I.e.: As a function on C x Al(Z),

H(AO,A; 1D

d

1
2 0,H>q - E <dA,dA>qo

The next step is to set the constraint algorithim into motion. One then

finds that the secondary constraint submanifold of the theory is that subset C'

of C consisting of those points (AO,A;H) for which
SH
M (== = 0.
q ( (SAO)

[Note: There are no tertiary constraints.]
But we are still not out of the woods. Internal to the theory is the notion

of gauge vector field, two points in C' being physically equivalent if they can

be connected by an integral curve of a gauge vector field.



11.

66.5 EXAMPLE Let

(AO,A;H)
eC'

(Al ,A;TD)

and put
y(t) = (AO + t(A(') - AO) JA;TD (0 <t<1).

Then

Y(0) = (AO,A;II)

v(1) = (ALA;TD)

and y is an integral curve of the gauge vector field A S (A, = g——Y(t) ).
OGAO 0 dt

It follows that the Ao—component of a point in C' is physically irrelevant.

One may therefore normalize the situation and take A, = 0. With this agreement,

0

we shall view the final constraint submanifold of the theory as a subset C of

Aty x A(x), viz. the pairs (A,I), where 841 = 0.

[Note: Put
H(A,T) = H(0,A;T).
Then

1

= 1
H(A,T) = - 5 <n,r{>q 5

<da,dA>
q

is now the hamiltonian of the theory.]



12.

The remaining gauge vector fields are parameterized by the ¢ € c L)z
§
(d¢)3§§ .
But this means that (A,lI) and (A + d¢,lI) are physically equivalent.
66.6 SCHOLIUM The physical phase space of the theory is

E = {([A],I):A,T € Al(m,aqn = 0},

in precise agreement with the earlier abstract considerations (cf. §64).

Dropping the suprosition of caompact support, take A € Al M) arbitrary, let
F = dA, and put

=
i

:
*q o if o *gF'

Then

- itla/BtF (cf. 65.7)

it

1
-
-

And it is clear that the assigrnment

is a path in C < T*C.



13.

Assume next that A satisfies Maxwell's equation, thus ngA = 0, which implies

that cSqﬁ = 0 (cf. 64.1), so the assigmment

t > (KO’ - K;O,ﬁ)
is a path in C' < C.

To proceed further, let us agree that A is in temporal gauge if

A A= 0.

0~ ‘a/st

66.7 LEMMA The gauge equivalence class [A] contains an element A' in temporal
gauge.

PROOF Define f:M ~ R by

il

f(t,x) - fg Ao(s,x)ds.

Put

A' = A + af.

18/BtA' = AO + 1a/atdf

= AO + La/atf
= Ay =4y
= 0.

Therefore A' is in temporal gauge.

[Note: If A € Ai (M), then, in general, A' ¢ Ai (M) , hence passage to the



14.

temporal gauge may very well force one out of the campactly supported world.]

Maintaining the assumption that A satisfies Maxwell's equation, suppose

further that A is in temporal gauge — then the assignment

t> (-AD = (-4 - &
is a path in C.
To understand the evolutionary aspect of Maxwell's equation, we shall need

a preliminary result which, in particular, leads to another proof of 64.1.

Define

Bech* () > A% ()

in the obvious way. E.d.:

36A = - %@ A A (cf. 65.6).

66.8 ILEMMA V A € Al(M),

S F=*d*x F (cf. 63.8)
9 g g
_ 3.3.3 3,3.3
= La/atf-‘0 + (Tx7d7*Fp)dt + THTaTxFs.
PROOF First,
*gF = *g (@t A Fy) + *gFZ

3 3
== "xFy + dt A TxF..



15.

But fram the definitions,

3 A w3 _3
and
3 _ 3
(@ A *FZ)O = *FZ
_ 3 _ 3 _ 3
=> (dt A *FZ) =dt A *FZ dt A *I—'Z

Therefore (cf. 65.1)

3 3
d*gF = d{(- *FO) + d(dt A *FZ)

3.3

_ _ 3 3 _ 3 _
=dt A LB/Bt *FO + ~d( *FO) +-dt A a *FZ'

Applying *g one more time then leads to the stated formula.

It follows from this that

S F.=0=>8T=0 (cf. 64.1)

i.e.,

(A - dAO) + éqﬁA = 0.



l6.

So, if A is in temporal gauge, then

+ § dA = 0.
A (SqA

Returning to 66.6, let us explicate Al(Z)/~. Thus write Al(Z) = Tm d & Ker 6q
(cf£. 63.32) — then a given A € Al(z) admits a decomposition A = d¢ + AT, where

A'11 is the transverse camponent of A.

66.9 ILEMMA The map

2 gy /~ > Ker O

[a] —> AT
is a welldefined bijection.
[zf A" = BT, then
T A=4d¢ + AT

B=dy+B =dp+As

o
1

B=d(¢ -y

g
2

B => [A] = [B].]

ATy = ker 6 .
q
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Then E can be realized as the direct sum

ATy e at Ty,
or still, as the set of pairs (A,I), where

§ A
q

]
o

S I

0
o
)

Define

o:E X E -+ R

ola,m, AIN) = B>, = AT .

Then ¢ is nondegenerate (cf. 64.6), hence (E,o) is a symplectic vector space.

The hamiltonian H passes to the quotient and defines a function on E, which

again will be denoted by H.

66.10 REMARK Thus

H =-1 -1
H(A,@I) = > <H,H>q 5 <dA,dA>q.

To be in agreement with the usual conventions, jettison the minus signs and stip-

ulate that the hamiltonian of the theory is

A, = %- T T + % <an,an> .

Observe that this would have been the outcome if we had worked from the beginning



18.

with
= -1
and, of course

§do=0<=>-6da = 0.
g g

66.11 LEMMA The hamiltonian vector field

X :E~>E

H

attached to H is given by

SH

x_am =G, - &,

H

But
~ SH _
s b
SH _
T = 0

Accordingly, if
y{t) = A),T(L)

is an integral curve for X_, then
H

y(t) = X_(A(t), (L))
H



19.

= (n(t), - Squ(t))

A(t)

I(t)

n(t) = - §_da(t)

Alt) + s JA() = 0.

Put
Ty = s,
so that
Ty = i Ty e H
Then
E = EO ® Ef’
where

g = i1'Tx) o AT (x)

» Eo is the "oscillating" sector of E. In it, the equations of motion are

T A(R) = II(b)

T(t)

li

AqA(t)



20.

and formally, the integral curve y(t) = (A(t),lI(t)) passing through (a,1) at
t=01is

- 172 _t=1/2 = 120 T
cos (t( Aq) ) ( Aq) sin(t( Aq) )

y(t) =

_ o T2 . _ T ,1/2 _ 7 1/2
( Aq) sin(t( Aq) ) cos (t( Aq) )

° Ef is the "free" sector of E. In it, the equations of motion are

A(t)

Il

n(t)

T(t)

n
o

and formally, the integral curve y(t) = (A(t),lI(t)) passing through (A,II) at

= 0 is

yit) =

0 1 I

Specialize and assume that I_-[l = 0, hence E = E- Taking Aczl'l(Z) over C,

define a real linear map

2,1
k:E -~ A°
- q ()
by

k@,m = - /AT (- zq) Vi 4 (- Zq)' /4,




21.

[Note: Since §l =0, - -A-q is positive and has a bounded inverse.]
Now apply an evident variant of the Deutsch-Najmi construction and define

YyE X E > R

by

1/2

iy (BT, @',1) = <A, (- Zq)l/zA'>q + <, - 37 s

Then u € IP(E,0) and is pure.

Definition The Maxwell state is the pure state on W(E,0) determined by My




567. THE LAPLACIAN IN R’

Recall that the domain of

is W'2(R%) (cf. 1.15).

67.1 LEMMA 1let ¢ € W2’2(1_23) — then ¢ is a bounded continuous function and

3 C > 0, independent of ¢, such that

611, < 11asl [, + cllo]],-
67.2 LEMMA 1let ¢ € L2(133). Assume: ¢ is harmonic, i.e., A¢p = 0 — then

¢ =0 (cf. 63.21).

PROOF In fact, ¢ € W2'2(133) , hence is bounded. But the bourded harmonic

functions on 53 are the constants.

[Note: Here is a different proof: ¢ € L2 (I_{3) => $ € L2(133) , SO

rp =0 => |£]%5(E) =0=>9=0= ¢ = 0.]

4ny



Then G is a distribution and

Therefore

A(Gxf) = AGxf = 6%E = £ (f € c:(g3)).

67.3 REMARK G is a tempered distribution with Fourier transform

1 1

G(E) = - :
(21‘_)3/2 lilz

The convolution Gxf is automatically c” and

R™ |x-y|

67.4 RAPPEL Let (X,M,u) be a o—-finite measure space. Suppose that f:X + R

is measurable. Define

>\f:] 0,°[ - [0,]

Ap() = ullx:|£() | > t]).
Then for any p (0 < p < »),

Py, = o 4P 1
fx [£]¥au = pfo t Xf(t)dt.



Put

£ = (sup tA-(t)) .
| llp,w £ > 0 f

Then £ is said to be in weak 1P, written £ € I (x,w), if ||£| |pyw < = While
14

. |p 1S not a norm (the triangle inequality fails), one does have

[RIER TN

LP(XI]J) < Lg(XlU) .

67.5 EXAMPLE Take X = R, u = dx, and let £ = r /P —- then A () = 3

thus £ € ID®?) but £ ¢ IP®).

67.6 LEMMA let f € c°c°(133) — then G+f € IP(RY) (p > 3).

PROOF Since
3
ceLX®),
the generalized Young inequality gives
lext ], < clIGll5 I IEl g = C'|IEl]y > La> 1),
3+

1 1
Z=14+=,
q P

Letl<q<—g——-then3<p<ooa.ndtheresultfollows.

P,



Write

b

1

= == _1
Gi(x) = aiG(x) = Im r3 .

67.7 LEMMA Iet f € c:(133) — then

P g3 3,
G eLT(RY) (p>3).

PROOF Since
3
R,

G, € L3/2
1 w

the generalized Young inequality gives

logelly = cllGyl 13/ ol 1€11g < C'ligllg > La> D),

where

2
5+

Q| =
i
et
+

el

Letl<q<3-—then%<p<°°andtheresultfollows.

In particular:

G;*E € L2 &%)

grad G«f € L2 (1_5_13;1_23) .



67.8 REMARK We have

Gi*f c WZIk(1_33) (k = 1,2’..-) .
Indeed,

_ 2,3

so one can proceed fram here by iteration.

The condition on f can, of course, be relaxed. To be specific, let us assume

that £ € L2 (}_23) and is compactly supported —- then it makes sense to consider Gxf,

which is thus harmonic in the exterior of {x:|x| =< R} for R sufficiently large and

lim (G«f} (x) = 0.
x| >

67.9 REMARK Suppose that £ € Lioc(lf) and

3 J———l—f(X) dx < .

R™ 1+ |x]

Then it is still possible to define Gxf but, in general, G#f need not tend to zero
at infinity.

[Note: Obviously,

|£(x)]| < (Ix] > > 0)

N S
2+¢
%]

J E_(i{l_l_dx<oo.]

R 1+ |x|



§68. VECTOR FIELDS

Given X € CT(R;R)), write

0

9 )
X=f 2 +f S _+f S
1 8xl 2 3x2 3 8x3
and put
Wy = fldxl + fzdx2 + f3dx3.
Then the map
X > mx
from
RRY) to AR
is bijective.
68.1 LEMMA We have
Cgrad £ = Yye = &
_ Yeurl x T Yy x x = Wy
on A&,
§ = (- D3 qp = - xas.
Therefore

div X = - wa = *d*wx.



g (v-x) T “y(div X)

d(div X)

1

- ds (wX) .
on 12 @®3),

6+3+l*d* = xd*.

§=(-1)
Therefore

Sdw,

*d*de

= *dwg ¢

“’v>< (Vv=x)"

68.2 I1EMMA: We have

AX = V(V-X) - V x (V x X).

PROOF In view of what has been said above,

Boy

i

—(d°6+éod)wx

= Ywex) T Y% ox (¥ xX).

On the other hard,

x = “axe



Let X € C7(R;R°) — then X is said to be

longitudinal if V x X = 0

transverse if VX = 0.

68.3 LEMMA TIf X is both longitudinal and transverse, then AX = 0.

[This is immediate (cf. 68.2).]

Assume now that X € C:'(§3;§3) . Put

X| | = grad (Gxdiv X)

_ X' = - curl (Gxcurl X).
Then
XI ' € COO(R3;R3)
<L e ®e:RY.
Since

1
(=]

curl o grad

div o curl = 0,

it follows that XH is longitudinal and XT is transverse.

are square integrable (cf. 67.7) and mutually orthogonal:

In addition, XI ‘ and XT



T
<X| I,X >

S 3 <grad (Gxdiv X), - curl(Gxcurl X)>dx
R

J 3 (Gxdiv X) (div curl(Gxcurl X))dx
R

O'

68.4 LEMMA We have

= div X

I

- div XH

_curl XT

curl X.

PROOF

e div X] ! div grad(Gxdiv X)

A(Gxdiv X)

AGxdiv X

§xdiv X

1

div X.

e curl XT = - curl curl (Gxcurl X)

-V x V(Gx(V x X))

= AG*(V x X)) - V(V-(G*(V x X))) (cf. 68.2)



= AG*(V x X)

V(V-(V x G*X))

8% (V x X)

i

=V xX

= curl X.

68.5 LEMMB V X € c:(gs;gs),

X = XI l + XT.
PROOF Consider the difference
x—(ﬁl+fn
Then (cf. 68.4)

div(X - (XH + XT)) =

|
o

1
o

wﬂm—(ﬁl+fn—

Am-(ﬁ|+§n=o (cf. 68.3).
But

X - (X)) + x0) e L2®%R%).
Therefore

x=§‘+§ (cE. 67.2).



Recall that

A
1 Bxl

a
2 sz

X=f + £ + £

2
3'c)x3'

This said, denote by grad X (or VX) the associated triple of triples, viz.

(Vfl,Vf VE

2r7E3) .

68.6 LEMMA If X € c°c°(133;133), then

! 4 |grad Xlzd.x
R

=/ 3 (|div XIZ + |curl X|2)dx.
R

PROOF Write

2. _ .
fR3 Ve |%ax = - / 5 £,0f.dx (3=1,2,3).

J 3 |grad Xlzdx
R

3 2
T S 3 |VE;|Tax
i=l R

3
=- % [ 4 £.Af.0x
(o1 133 i=™i

-
133

<X, AX>dAx



i

- 3 <X,V (VX)>dx + [ 3 <X,V x (V x X)>dx
R R

S (v-x)zdx + [, <V x X,V x X>a
R3 R3

=/ 5 (|aiv X[2 + |curl X|2)dx.
R

[Note: Needless to say, the supposition that the

o 3 :
£, ECL(R)  (i=1,23)

can obviously be weakened.]



§69. HELMHOLTZ'S THEOREM

It is understood that derivatives are taken in the sense of distributions.

69.1 IEMMA IetFEL2(33;53). Assume: V.-F=0and V X F = 0 — then
F = 0.

PROOF The hypotheses imply that AF = 0 (cf. 68.2). Now apply 67.2.

69.2 LEMMA ILet F € L2(R;R). Assmme: V-F € L2(®%) and v x F € L2@®5R0) —

then

/ 3 |grad F]2dx
R

]

¢ 5 (aiv F? + Jourl F|?ax
R

A
8

(cf. 68.6).

[Note: Accordingly, if F = (Fl'FZ'F3)’ then

v, € PRGR) (= 1,2,3).
Therefore

F € W2'1(1_13;I_13) .1

L?l (133;133) ={F € L2(133;133) :V X F = 0}.



69.3 IEMA LTI (133;133) is the closure in L2(B3;133) of {VE:f € C:(§3) }.
2 3 3
PROOF Suppose that F € LH(B iR7) and
oo, 3
F 1 {Vf:f € C_(R")}.
o 3
Then vV £ € Cc(g ),

R R

Therefore F = 0 (cf. 69.1).

Put

L2(133;133)T ={F € L2(133;133):V~F = 0}.

69.4 LEMVA L2(133;1_33)T is the closure in L2(133;53) of {V x X:X € c:(1_23;133)}.

PROOF Suppose that F € L2 (53;1_23)T and

Fii{vxxixe 02(53;133)}.
Then V X € c°c°(133;133),

f3<vxF,X>dx=f3<F,v><x>dx=0
R R

=>

VxF=0,



Therefore F = 0 (cf. 69.1).

69.5 THEOREM (Helmholtz) There is an orthogonal decomposition

L2®:RY) = 12, ®R%) e L2R3;r)T.
R;R || R R;R
PROOF It is clear that
LTI @) 1 1 2E5ET

On the other hand, if F is orthogonal to

{VE:£ € c°c°(133)}

{Vx X:X € C°c°(53;133) },

then by the above, V'F = 0 and V X F = 0, hence F = 0 (cf. 69.1).

2,.3 .3,T

nf) &R and 12®R)T span 12 @) .

69.6 EXAMPIE Let X € c:(133;1_13) — then

X|| € L @R)
(cf. 8§68).

2 e 2@ T

Therefore

69.7 REMARK Identify L2 (1_33;1_33) with Aé’l(lf’) (g = usual metric) -—— then



69.5 is a special case of 63.23. Indeed,

2,1,.3 _ 2,3 0.3
AR = SAC(R) @ dA(RD),

the space gl of harmonic 1-forms being trivial. Obviously,

anl®) <« {ve:f € @D ).
c = c'=
2,3 2,3 . o 3 3
As for GAC(B), takea.nocEAc(B) anddefmeXECc(I} ;R by*oc=mx——then

8o = xd*q = *de = (cf. 68.1).

V X X
Therefore
SIZ(RY) <> {7 x X:X € CoRR) ).

[Note: Iet

Dom(V) = {f € c°°(r_z3) n L2(133):Vf € L2(133;133)}.
Then V admits closure and

L?I(I_Z B =mn T (cf. 63.25).

Still, Im -V_ itself is not closed.]

The decomposition

28 - LTI &) o r2@5E)T

can also be approached via Fourier transforms. Thus given F € L2 (33;}_23) , Write

F=£‘l] +FT,




where
AH(a) =5 & . re)
lel ]
and
FL(E) = F(E) -EH(E).
Then
TE L = R = IRl
E ], < LRI, = |1F]] .
B 1.2 1.2 1.2
In addition,
P« FL =0

F,, -
|

- /;TEX];H(E)=O

/TP =o.

DenotetheirwersetransformsbyF” andFT-—thenF=FH +FTand

<FH,FT> =f 3 FII . FTdX
R
~ /\T
=[ ,F - Fdg&
ot



And
VHXE =
v .-F =0
69.8 LEMMA The maps
- F—*FH
F > FL

are the orthogonal projections of L2 (1_33;133) onto

LTI (133753)

&) T.

69.9 REMARK By definition,

£.E.
F) 4 (8) = % (54 = 2 HE, (&)
3 €]
or still,
T ~ T
F )i(x) = g f133 (Sij (x y)I‘j (y)dy,
where
T ) = —L s L8 -E—igi)dg
ij (27T)3 53 ij lgiz



2

d 1 /-1 x-£ 1
= §..68(x) + S e —d£
2
_ 1 3 1
= 5ij<5(x) + 7 _—Bxiaxj T -
Therefore
T 82
F).x) =% 8..(8%#F.) (X) = T w——— G*F. (%)
i i 1] J i axiaxj J
2
= Fl (X) - Z m G*FJ (X) .
J i 3

Let G. = ajc; —- then the generalized Young inequality implies that
GyF, € 8@®%  (cf. 67.7).

Thus

DjG5HF S = 3, (G#F,),

T —_ -
(F )i(x) = Fi(x) Bi(§2 Gj*Fj) (x).

[Note: Without further ado, some authorities write

Y G.%F.
S R

z G*BjF.
j j

J

= GxX J.F.
. 33

Gxdiv F.



But such a move requires justification and is a priori valid only under certain

restrictions on the Fj ol



§70. BEPPO LEVI SPACES

Write BL(1_23) for the closure of C:(B3) w.r.t. the norm

3
- 3 (2, .1/2
ellg = €2 /5 | = %) 2.

Then BL (133) is called the Beppo Levi space of level 1.

70.1 REMARK Write BLk(l_RB) for the closure of C:(133) w.r.t. the norm

= (x5 %2
R

el = (2

Then BLk(I_IB) is called the Beppo levi space of level k.

[Note: As usual,

a_ 5 M1 %2 @
o = (Tar) (_8;(;) (

2,3
Bx3 !

and |ao| =0y + 0y + ag.]

In what follows, we shall deal exclusively with the case k = 1.

N.B. By construction, BL(133) is a Hilbert space and

ue BL(R3) => Vu € L2(!33:I_<3) .

70.2 IEMMA (Sobolev) 3 C > O such that v £ € c°c°(1_33),



/4 £fax s o 4 VE-VEdR)
R

Therefore
BLE) < 1°@®).

70.3 REMRRK Let T be a distribution on B’. Assme: i€ L2(®))

: 6 o3
(i=1,2,3) — then T € L _(R').

[Note: No global conclusion is possible (take T to be a constant).]

70.4 LEMMA IfueBL(I_33)arxdifAu=O,thenu=0.

PROOF In fact,

A( ) —KAU=0 (i =1,2,3).
But

au ou _

BX € L (R ) = ™ 0 {(cf. 67.2).

i

Therefore vu = 0, thus u is a constant. However, |[[u||; < <, so u = 0.

70.5 LEMMA LetUEBL(l}_3;133). Asgsune:; V-U=0amd Vv xU =0 - then
U= 0.



PROOF The hypotheses imply that AU = 0 (cf. 68.2), hence U = 0 (cf. 70.4).

It has been shown above that BL(53) is contained in L6(1_23) but more can be

said.

70.6 IEMMA The Beppo Levi space BL(§3) coincides with

uwer’®): %-2—- e’®) =123
1

PROOF Denote the set in question by E and put

3
qu |2..1/2
lall = Hallg+ (2 sy | B Paa™2.
6 i=1 133 Bxi

Then ||-|| is a norm on E. Moreover, E is a Banach space containing C°c°(53) as a

dense subspace, which implies that E = BL (1_23) .

70.7 RAPPEL, We have

wl®) cPR) @2=p=6).

In particular:

W2’1(1_33) c L6(1_33) .
Consequently, in view of 70.6,

wl®) caE).



[Note: To argue directly, let f € W2'1(1_33) — then Vf € LTI (133;53) » hence

© .3

31 a sequence fn € Cc R”) such that an »> VEf in L2(133;1_33) {cf. 69.3). Meamwhile,

3u€BL(1_33):fn—>u. Ard VE = Vu => £ =u + ¢, ¢ a constant. But

fFuel’®) =>c=0=>f=u=f€BLE).]

70.8 REMARK Let T be a distribution on R°. Assume: 2o € L2(R)

oX.
i

(i=1,2,3) — then T € LS__(&%) (cf. 70.3) and, in light of the preceding con-
siderations, 3 u € BL(133):
T=u+c,

where ¢ is some constant.

[Note: u and c are unique.]

Given f € L2 (1_23) , Write Uf for the convolution

- £(y)
Uf(x) = f 3 ——7d
R [x-y]

70.9 LEMm v £ e L2®),

6,3
U €L (R).

PROOF Thanks to 67.5,

5-2- € L3/2(§3) .
r



So, upon application of the generalized Young inequality, we conclude that

HUfHG < C|lfl[2 (cf. 67.7).

Given £ € L. (133) , define

Rif (i=12,3)

X, ~ VY.
= £(y)dy.
|

. 1
R.f(x) = lim = [
2 -y | >
i [x~y|=e % - v|

e~>0m

Then the Ri are bounded linear operators on L2 (1_33) and

d _ 2 .
———axl Uf = - 27 le i=12,3).
Therefore
3
Uf € BL(R") {(cf. 70.6).

70.10 A v f € LX@®),
2 3 2
£= (D% (x ®%f).
. 1
i=1

[Take Fourier transforms on both sides.]

70.11 ILEMMA Iet f,g € L2(R)). Assume: U, = U, — then £ = g.

PROOF For



=> Rif = Rig
e D2 _ 52
=> Rjf = Ry9
=>f =g (cf£. 70.10).

Therefore the map

1?®%) > BL@E®)

£->0

_ £
is injective.
Given u € BL(B3) » put
3
ou
Du= I R,(z).
i=1 1Oy
Then Du € L2(§_l3) .
70.12 LEMMA V f € c:(133),
= - of -
Ri(Df) = -é‘}z-j'- (l = 1,2,3) .

[Take Fourier transforms on both sides.]

70.13 LEMMA The map

1.2®’) - BL(R)

f—>Uf



is bijective.

PROOF The issue is surjectivity. Fix u € BL (1_33) and let

f=—]?—2—Du.
21

Then £ € L2(R’) and the claim is that U, = u. With the understanding that i = 1,2,3,

choose a sequence fn € C: (53):

n o
ox; 2 O%X;
and in the relation
Bfn
R.(Df) = - — (cf. 70.12),
it n %,
i
let n » = to get
2R £ = - %,
i 0X.
i
But
3 - 52
‘a'x— Uf = 2w le.
i
Therefore
9 ou
—— U -l
Bxi £ Bxi
or still,



70.14 REMARK - Inspection of the foregoing shows that 3 C > 0:vV f € L2 (53),

Mgl < Hugllgg < cl L],

70.15 IEMMA (Stein-Weiss) Vv £ € L2(RD),

2
U0 |

3+ [x|)2

[Note: Suppose that f € C:(I_53) -- then

3 F X,
R™ i=1 IXI

3
of \2.,..1/2
z (g}z—) ax)

5 ax) /2 U s
2w i ol i1




2 3

Py EE aca s gz %
R |x| R i=1 ¥
" « Wl 3 . . 3
Denote now by 1 (R”) the set of locally integrable functions f on R™ such
that
£ 2,.3
5173 € L°(R")
(1 + r2)lb 2
and
of 2,3 .
~ €D (R™) (i=1,2,3).

1

Then Wil (1_23) is a so-called weighted Sobolev space (see below) and

BL(133) < W{l(lf’) .

70.16 LEMMA (Lizorkin) We have
BL(RY) = W (®).

PROCF ILet f € W£1(1.33) — then J u € BL(133) and a constant c:

f=u+c (c£. 70.8).

But

2
I [£&x) —u(X)é dx < o
R 1+ |x

Therefore £ € BL (1_23) .



10.

70.17 REMARK Let
o) = A+ [xD? & erd).

Fix k € Z_, § € R — then the weighted Sobolev space Wy(R') attached to k,§ is

the Hilbert space consisting of those locally integrable functions f:I_33 + R

possessing locally integrable distributional derivatives up to order k such that

f 3 0_2(6 + IO(.I) [aafIde)l/Z < o,

Ilfllwk'—‘ (lzl .
S oS

[Note: Co(R)) is dense in Wi(R).]

70.18 IEMMA (Poincaré Inequality) Suppose that § > - % — then 3C >0

such that v £ € Wy (R°),

I 1£1%6%%x < ¢ s 3 lgrad £]262 (0 * Dy,
R R
[Note: Take § = = 1 to get
¢4 151507 %ax s ¢ 1, |graa £]%ax.]
R R

Our next objective will be to establish an analog of 69.5 with 1.2 (1_23;53)
replaced by BL (1_33 ;1_33) .

Put

BL | ®%R%) = {U € BLER>;RY) :V x U = 0}.



11.

70.19 LEMMA BL1I(5;;B;) is the closure in BL(33;53) of {Vf:f € C:(QS)}.

PROOF Suppose that U € BL[[(§§;B;) and

UL fvef € R

'_

Then v £ € c2(133) /

0 = <grad U,grad Vf>

or still,
0=7r 3 (V-U) (V- (V) )ax
R
+ 7 3 <V x U,V x Vf>dx  (cf. 69.2)
R
or still,
0=/ 3 (V-0) (V- (VE) )ax
R
or still,
0=/ 3 <U,V (V. (VE))>dx
R
or still,
0=17 3 <U,vV x (V x V£) + AVE>dx (cf. 68.2)
R
or still,
0=/ 3 <V % U,V x VE>dx
R

+/ 3 <U, AVE>dx
R



12.

or still,
0=/ 3 <U,AVE>dx
R
or still,
0=7r 3 <U,VAf>dx
R
or still,
R
=>
A(V-U) = 0

V-u=20 (cf. 67.2).

Therefore U = 0 (cf. 70.5).

Put

BL(133;I_<3)T ={vue BL(133;§3) :V-U = 0}.

70.20 1mwm BLER%R)T is the closure in BL(RE) of {7 x X:X € C(RE) ).
33T
PROOF Suppose that U € BL(R™;R7) ™~ and

UL {VxX:XE C:(I}3;133)}.
Then V X € 02(133;53),

0 = <grad U,grad(V x X)>



or still,

or still,

or still,

or still,

or still,

13.

o
]

I 5 (V-0) (- (V x X))ax
R

+ [ 3 <UXUV X (VxX)>dx  (cf. 69.2)
R

0=f3<V><U,V><(V><X)>dx

R
0=/ 3 <V x U,V(V.X) - AX>dx (cf. 68.2)
R
0=/ 3 <U,V x V(V-X)>dx
R
-J 3 <V X U, AX>dx
R
0=f3<V><U,AX>dx
R
=>
AV xU) =0

VUxU=0 (cf. 67.2).

Therefore U = 0 (cf. 70.5).

70.21 THEOREM (Helmholtz) There is an orthogonal decamposition

BL(RR) = BL (RRD) @ BLER)T.



14.

PROOF It is clear that

BL | @5R) L BLER)T
On the other hand, if U is orthogonal to

{VE:£ € c:(lf’)}

{V x X:X € c°c°(1_33;133) Y,

then by the above, V-U= 0and V X U= 0, hence U= 0 (cf. 70.5). Therefore

BL|| &R’ and BLE&;RY)T span BL(R;RY).

LethethesetofdlstrlbutlonsTonR3 suchthat%E—EL (R) (i=1,2,3)
i

(cE. 70.3).

70.22 IEMMA The image of T under the arrow

T » @GR
T > VT
is L?l (133;133) N
[Note: Therefore
grad BL(RY) = LTI(]_E_(3;133) (cf. 70.8).
Observe too that

grad:BL(R>) » Lﬂ (RR)

is norm perserving.]



15.

70.23 RAPPEL Define p € Co(R)) by

p{x) =
0 (|x] =z 1).

Here
c=( ( )~
|x]<1 &P 2 ’
1l X
thus
R
Given t > 0, define
PR > R
by
p 0 =t 0.
Then
spt o, = {x € 133:lx[ < t}
and

[, e (x)d&x = 1.
133 t

Passing to the proof of 70.22, suppose that

f3<F,1'[>dx=0

R

for all T € L? (1_23;1_33)T. Specialize and take



16.

=
]

vV x (pt*X) (= pt*(V x X)),
©, 3 _3
where X € CC(B iR7) — then

0=17s <F,pt*(v x X)>dx

13\3

= fR3 <pt*F,v x X>dx

/5

<V x ( pt*F) X>dx
R

v X (pt*F) = 0!

X being arbitrary. Now define ¢ ¢ by the line integral

. X
to get

grad d)t = pt*F.

Consideration of the limit as t + 0 finishes the argument.

70.24 ILEMMA The image of T3 under the arrow

T > 12®%5RY)
T>VVxT

is L2 ®%8)T.



17.

PROOF Given F € L2(133;133)T, put

Fe(®) = |E] 20T £ x F(e)).
VF = 0 => /=1 E-E‘(E) =0

|FF(E)12 = g™ VT e xF))?

el (VT g2 lF) |2 - AT e-FEn ?)

12|72 F () |2

R0 | = el F@© |

S [Fa(8) |dE < o
lglst F

2
J FL(E) |7dE <
|a|>1'F |

>

where TF is tempered.



1s.

o /-1 g-f‘F(g)

/T g+ )24 € x F(e))

I

i

I€|'2</-_1 £ x /I £)-F(E)

= 0.

« /T g x T, (®)

1E] 72T £ x (/T £ x F(E)))

1€]72((/=T £-F(£))/-T € - (/=T £-/=T E)F(E))

= F(E).
Therefore
IF2) |% = £ X TL(8) € x Tp(0)
= (£+8) (Tp(8) “To(8)) = (E-T,(8)) (Tp(E)-E)
= (£-0) (T, (8) -T,(D)) .
So, if

Tp = (Tp,1/Tp, 2/ Tp, 3)



19.

TF E T3-
And
V'TF =0
B V X TF = F.
The construction in 70.24 defines a linear map
L2(R3,133)T T3
Determine

U € BLERR)

cp € B

per 70.8 (thus TF = UF + cF) -- then

-0 = 3..3,T
VeUp = 0 => Uy € BL(R™;R")



20.

and, of course

VxU,=F.

So we have an . arrow

L2(1_23;133)T R BL(133;§3)T
F > UF

which is norm preserving and surjective:

UeBLRSR)T = v x v e 2@

In fact,

Fo x g® = [E1720FT € x (7 % 0) (@)

|e]™2 (/AT £ x (=T & x U(E)))
= |£]72(GFT £-0EN VAT € = (AT £-/T £)U(E))
= U(g).

70.25 THEOREM (Schmidt) There is an orthogonal decamposition

12®%R% = grad L) @ curl BL®;RDT.

[Combine 69.5, 70.22, 70.24, and subsequent discussion.]



21.

70.26 REMARK This result implies the 1.2-version of the Poincaré lemma.
2,.3 3 3
elet F ¢ L"(R;R7). Assume: V x F =0 — then 3 u € BL(R") such that

grad u = F.

e let F ¢ L2(1_23;133) . Assume: V-F=0--then 30U € BL(133;53) such that

VxU=F.

70.27 LEMMA We have

dgiv BLR%RY) = L2 ®%).

PROCF The image

div BL(R>;R°)

is a closed subspace of 1.2 (1_33) . If

£ 1 div BL(R;RD),

0
o, 3
then v £ € C_(R"),
0=/ 3 fo(div vi)ax
R
= [ 5, £,(Af)dx
133 0
=>
Afo =0
=>
£. =0 (cE. 67.2).
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® Tn

265" 0 L2 T,

let
) v x
A=
with Dam(A) consisting of the pairs (Fl,Fz):
(v x By, -7 x F) € LPRGE)T
¢ In
BLR%GE)T o X&),
let
- 9 -
X =
A 0

with Dom(X) consisting of the pairs (U,F):

F,a0) € BLERGRO)T @ 123 T

Given F € L2 (133;33)T, put

L(F) = UF.
Then

c:L2(133;1_23)T > BL(133;133)T

o 12@eH T,



23.

is an isometric isomorphism such that

V X ¢(F)

]
o

z(V x U)

I
s

70.28 IEMMA The arrow

c o 12 @)T 0 25T - i) T o 12T

sends Dom(A) onto Dom(X) and

(e DA © T) T = x.

PROOF Suppose that (Fl'FZ) € Dom(A). Let U, = CFl — then F, =V XU

1 1

and we claim that

w, € L2@R)T

F, € BL(§3;133)T.

2

In fact,

i

AU V(V'Ul) -V x (Vx Ul) (cf. 68.2)

il

—VX(VXUl) (v-u, = 0)

1

=-VXF € 12 @337

On the other hand,



Therefore

That
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2,3 _3,T

F, € L°(R;R)

Vv x F

, e LP®5R)T

[ 5 lorad F,|%dx < = (cf. 69.2)
R

3.53,T

F, € Wz'l(g iR« BL(133;1_33)T.

(z ® I)Dom(A) < Dam(X) .

(z ® I)Dam(A) = Dam(X)

follows upon reversing the steps. Finally,

(z ® DA(Z ® I) " (U,F)

Il

(z & I)A(V x U,F)

(z® I)(VxF, -V xVxTU

(F, AU)

X(U,F).
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70.29 REMARK
eTf
(F, () Fy 1) € P®R)7T @ 12D,

then Maxwell's equations are encoded by

—_— p— — fr— — —

e If

W ,Fe) € LEGR)T 0 12@5r5 T,

then the wave equation is encoded by

e
g
(o)
o

Therefore 70.28 provides a connection between Maxwell's equations and the

wave equation.

According to 70.21, there is an orthogonal decamposition

BL(133;133) = BLI | (53-;133) ® BL(133;1_'_{3)T.

are said to be gauge equivalent, written

Let U;,U, € BL(R>;R’) — then Uy, U

2 2

. 3.3
U1~U2, if U, - U EBLI!(B,B).

1 2
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70.30 LEMMA The map

BL(R>;R0) /~ » BL(R;R) T
] » ut

is a welldefined bijection (cf. 66.9).

Definition The physical phase space of Maxwell theory in 133 is

LR T o L2 @) T

[Note: The underlying hamiltonian is the function

©F) >3/ 5 (IEl® + 11 x ol Pax)



APPENDIX: HERMITE POLYNOMIALS

There is no universally agreed to convention for their definition, so it's
necessary to make a choice and stick with it.

Put

H.(x) =1

and
2 n 2
H () = (D" 2I_e*/2 (n,.
ax
Generating Function
ZX - 1 22 © n
e 27 = ZoH (%)
n! n
n=0

Explicit Formulas

- /2] )k , n-2k

H (x) = n! %
n k=0 25! (n-2Kk) !

L /2 H
X =n! % —_——
k=0 25! (n-2k) !

Recursion Relation

Hn+l(x) = an(x) - nH 4 (x) (n=1)

Derivative

H (x) = nI-In_l(x) (n 2 1)



Differential Equation

H;(X) = XH;I(X) + an(x) =0

Multiplication Formula

mAn

HEHE®=3 kt ) ¢ H ()
m n %=0 k' 'k "min-2k
Algebraic Relations
- n
_ n
o Gt) = I G X, (7)

(/2] ()2 1,k yn-2k

H (M) =n! = H (%)
_n k=0 2%!(n-2%)! DX
Orthogonality
H (x) H_(x) 2
1 fR m n X /2 dx = §
o B oumr var m

Integral Representation

2
H (x) =LfR x*t/AyteY /2 dy

V2T
Mehler Kernel Formula
nE.() -~ Hn(X)Hn(Y)
2.2 22
= _l__ZeX,p(, ~Ex oty (lel <1

V/1-t 2 (l—tz)



=2 (x)
Let dy(x) =—}—ex/2dx-—then thepolynomialsHk

vV2m vkt

(k = 0) are an

orthonormal basis for L2 (R,v). In the applications, it is also important to

consider

-|z|?

du(z) = * e dz (=%T-e dxdy)

A

and this leads to the introduction of another set of polynamials which then form

an orthonormal basis for L2 (SFT) I

Put
HO,O(Z'Z) =1
and
= Jatb =
H . (2,2) = (-1)3P 72 2 e (a2 0,b 2 0,arb = 1).
a,b -a. b
9z 082
Generating Function
- - = o =ab
-gg + gz + 0z _ 4R =
e = T =2=2-H (z,2)
a,b=0 alb! "a,b
Explicit Formula
anb
- k alb! a-k -=b-k
Haplzr®) = 2 U mrewreo: 07
In particular:
- - a
Ha,O(Z’z) =2
-b

Ho'b(z,z) =z .



Conjugation Relation

Ha,b(z,E) =H_ _(z,2)
Recursion Relation
Ha+l'b(.z,2) = b(z z) - a e 1(z z)
Ha,b+l(z’z) = zHa’b(z,z) - a-1, b(z z)
Derivative
4 (2,3) (2,2)
2z a b a -1,b
d =
— b(z z) = bH l(z z)
_ 9Z
Differentijal Equation
- 82 -39 -
— (zz)—z—:H (z,z) + bH (z,z2) =0
3232 a b 3z a,b a,b™™
82 - 3 - -
= H ’b(z,z) -z Ha,b(z,z) + aHa’b(z,z) =90
Orthogonality
2
DRy (,2) (z,2) -lel a
= Z,2 Z,2)e zZ =
m°C mpr ab igr cd

6ac(sbd



Integral Representation

- _ _p Wl
Ha'b(Z,Z) = % f(_: (z + /~Tw? (Z + /-_-—l_w)b e dw

REMARK The H and the H . are connected by the following identities:
14

a+b ant
T%l-]f 5 b -k vt
2 2=0 k=0v (£-b)

e H _(z,2) =

a,b

x () (20 By (0 Hy);

a+b Laa Kk 2
¢ H (B (y) = I % (-1)" (/~1)
£=0 k=(£L-a)v0

a b -
X () G Hp aupp (202)-
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