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The goal of this thesis is to develop one of the threads of what is known in ran-
dom matrix theory as universality, which essentially is that a large class of matrices
generalizing the Gaussian matrices (certain Wigner matrices and [-ensembles) show
the same limiting behavior as the Gaussian ensembles. The more well known thread
is the universality of local eigenvalue statistics, which is most directly tied to the
physical roots of the theory. The other thread is the universality of the fluctuations
of global eigenvalue statistics, which occurs in the same classes of matrices that show
the local universality. We focus on this second type of universality, and we analyze
in detail some features of the limiting Gaussian process that arises this way. Beyond
that, the mathematical contributions of this thesis are in three different models of
random matrices, twice visiting linear statistics and once visiting the correct order
scaling of the spectrum.

In all cases, the ensembles studied do not fall into a matrix class covered by current,
broad universality theorems. The closest of these models to the Gaussian class is the
B-Jacobi ensemble. It lies firmly in the environment of classical random matrix theory
in that it can be defined by a log-gas with potential V' (z) = —(p — 1) log(z) — (¢ —

1)log(1—x) for some p and ¢. From the standpoint of Johansson’s results, the interest






here is to see if the singular constraining potential is strong enough to disrupt the
global fluctuations. We see that this is not the case, and the same formula for CLTs of
linear statistics holds. We additionally find the limiting level density, and we find the
first order correction to the limiting level density, which is also obtained by Johansson.

The next of these models is the adjacency matrix of a permutation model reg-
ular graph. This matrix can be defined by sampling independently and uniformly

permutation matrices Py, Ps, ..., P; and defining
Ppa =P +Pl+P+ P+ -+ P+ Pl

For this matrix we will show how to derive a uniform bound on the eigenvalues that
holds for all n and d and show how this bound can be used in conjunction with
estimates on the number of non-backtracking walks to derive the law of the global
fluctuations. In this setting, the dependence of d on n is seen to govern whether or
not the d-regular graph has Gaussian-type global fluctuations. If d — oo slowly as
n — oo, then the fluctuations are like the GOE. On the other hand, if d remains
fixed, the fluctuations are a Poissonian analogue.

Finally, we will investigate the normalized Laplacian .Z of the Erdés—Rényi graph
model, a graph on n vertices with edges included independently and with probability
p = p(n). The behavior of this object depends strongly on whether or not the degrees
are strongly concentrated around their means. Indeed, the most interesting features of
this graph from the spectral point of view arise precisely when the degrees stop being
strongly concentrated. When all the degrees are concentrated, (the p = Q(logn/n)
regime), then the nontrivial eigenvalues of .# are within a 1/,/np window of 1, con-
sistent with GOE predictions. Outside of this regime, the answer is less clear. If p is
exactly logn/n, the graph has isolated vertices with probability tending to 1/e. If the
graph has isolated vertices, then .Z has eigenvalue 0 with multiplicity greater than 1,

violating GOE predictions. This thesis will estimate the nontrivial eigenvalues of .Z






as p descends to logn/n and attempt to determine their order.
Each of these problems has additional motivations outside of the scope of exploring
the Gaussian universality class. Each problem will be presented with its own history

and motivation in addition to its contribution to understanding the broader picture.
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Chapter 1
INTRODUCTION

Perhaps the central effort of modern random matrix theory is to prove what is
called universality. The precise meaning of the term varies from paper to paper, but
the philosophical underpinnings are the same: the limiting eigenvalue behaviors of
many models of random matrices are the same as a matrix of independent Gaussians.

So many diverse matrix models display this behavior that it is the expectation,
rather than the exception, that a given matrix model should behave in this way. This
holds even in situations in which the matrix model is not a generalization of Gaussian
matrices.

This thesis is concerned with studying the extent of this intuition in three sit-
uations that, in varying degrees and capacities, significantly differ from Gaussian
matrices. FEach displays the degree to which these universal laws are sensitive or
immune to the varying alterations.

To contextualize the contributions of this thesis properly, it is necessary to first
understand the eigenvalue theory of Gaussian matrices and the matrix models that
generalize them. Further, to understand why the mathematical theory of universality
has developed, it is necessary to understand how this eigenvalue theory of Gaussian

matrices came to be.

1.1 The Eigenvalues of Self-Adjoint Gaussian matrices and Heavy Nuclei

In the early history of random matrices, there are two threads along which the theory
developed. The first begins with Wishart [126] coming from the statistical side,
and the second begins with Wigner [124, 125] coming from the physical side. The



eigenvalues of self-adjoint Gaussian matrices arise through the physical connection.

Wigner and Dyson [36] viewed large self-adjoint Gaussian matrices as a first ap-
proximation to the Schrédinger operator of a highly disordered nucleus. In essence,
a large nucleus is so chaotic that laws of nuclear interaction might be adequately
replaced by a typical sampling from appropriately chosen random laws of interaction.
This amounts to placing a distribution on self-adjoint operators and asking if the
energy levels of these self-adjoint operators bear any resemblance to the measurable
energy levels of nuclei.

To study the eigenvalues of a random self-adjoint, infinite-dimensional operator,
the approach taken by these researchers was to take a large random self-adjoint matrix,
appropriately rescale, and take a limit. For their computational convenience, this is
the way that Gaussian matrices came to be studied.

The most easily defined such matrix is the Gaussian Orthogonal Ensemble (GOE).
It is defined by taking the symmetric part of an n X n matrix Z = (Z; ;) whose entries
are independent standard normals; thus G := Z+TZt It is an easy calculation to see
that the eigenvalues of this matrix are not at unit order. To wit, the square-Frobenius
norm of the matrix is given by

el = 3 Gt Bl 5,
i>j i
which has expectation n2. As there are n eigenvalues, the proper scaling of the matrix
to put a typical eigenvalue at unit order is \/Lﬁ

The law of the GOE is absolutely continuous with respect to Lebesgue measure on
M, s4 (R), the space of n x n self-adjoint matrices over R. Thus it possible to write
the density of the ensemble with respect to this measure. From the joint independence

of the entries,

pes (M) = — e~ iy mistTimie/2 — L o-imig/ (1.1)

A A

In this form, and from the orthogonal invariance of the Frobenius norm, it follows

that the eigenvectors of GGy are uniformly distributed over the orthogonal group and



are independent of the eigenvalues. Furthermore, it is possible to compute the explicit

Jacobian of eigenvalue factorization (see [92] or [33]) to conclude that

1

pa, (QAQ") = e ERLTTIN =M (1.2)
i>j

Besides the GOE, there are also two other canonical Gaussian matrices, the Gaussian
Unitary Ensemble (GUE) and the Gaussian Symplectic Ensemble (GSE). The GUE
can be defined by filling an n x n matrix Z with i.i.d. standard, complex normals,' and
taking Gy := % Likewise, the GSE can be defined by filling a matrix Z with i.i.d.
standard, quaternion normals 2, and taking G4 := Z+TZA. Both of these matrix models
show the same decoupling of eigenvalues and eigenvectors, with the eigenvectors being
uniformly distributed over the appropriate compact group (Orthogonal, Unitary or

Symplectic). The eigenvalue densities are concisely summarized as

22

T L s g2
R A A | L (13)

i>j
where = 1,2, or 4 corresponds to the GOE, GUE, or GSE respectively.

The existence of the joint eigenvalue densities opens one line of approach to study-
ing these matrix models, by analytically manipulating the expression and taking ap-
propriate limits. Similarly, it is possible to realize an explicit connection between
these matrix models and orthogonal polynomial theory.

Regardless, the first approach considered was to work with these matrices through
their entrywise distributions. This was the approach taken by Wigner in proving his
semicircle law [124]. In fact, he first proved the semicircle law for random {—1,+1}-
entry matrices, and later published a note that the proof extends to a larger class of

matrices including the GOE [125]. His proof would also show that the semicircle law

! A standard complex normal has real and imaginary parts that are independent centered normals
with variance 1/2.

2Similarily, a standard quaternion normal has 1,4, §, and k parts that are independent centered
normals with variance 1/4.



holds for the GUE and GSEs although he does not explicitly state it. Precisely, he

does show that for each positive integer k,

%Etr (fL) /1 "1 — 22 da, (1.4)

as n — 0o. From this statement, it follows from an approximation argument that the
expected eigenvalue counting function converges to the distribution function of the

semicircle law, i.e.

S LT NN

for every fixed t.

The more usual mathematical formulation of this statement is in terms of weak
convergence. For a matrix M € M, g4 (A), with A =R,C, or J, let \;(M) < ... <
An(M), denote the ordered eigenvalues of these matrices. Define the empirical spectral

measure fip; to be the random measure

n

fine () == Sx,0m)(@),

i=1

and define the semicircle law to be
2
dptse(x) == — (\/1 - a:2> dzx.
T +

Finally, define the 1-point correlation function RE&I) to be the deterministic measure
induced by the linear functional f — E fR x) dfix). Wigner’s moment calculation
(1.4) shows that %R&) = flge.

The global semicircle law does not capture much of physical reality. This is to
say, the distribution of energy levels of neutron resonances from heavy nuclei is not
semicircular (see Figure 1.1), and so it cannot be said that a typical energy level of
a heavy nucleus is well-modeled by a uniformly sampled eigenvalue of a large self-
adjoint Gaussian matrix. Instead, a nuclear energy level sequence looks something

like a small chunk of the eigenvalues extracted from somewhere in the inside of the
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(a) Erl66 spectral sequence, eV; (b) U236 spectral sequence, eV; (c) U238 spectral sequence, eV;
from [80] from [86] from [96]

Figure 1.1: ESDs from three neutron resonance experiments.

spectrum; otherwise stated, the scaling in the semicircle law is very different from the
one required for physicality.

To understand the sense in which the GOE does shed light on the behavior of
nuclear energy levels, we must scale the matrices so the mean eigenvalue spacing is 1
(known as the microscopic scaling). Further, we will formalize this scaling by looking
at the k-point correlation functions.

For any random M € M, g4 (r) (A) with (A =R, C, or J) whose law is absolutely
continuous to Lebesgue measure and any fixed natural number k, define the function
Ryf[) : RF — R* which is the unique symmetric function so that

/F(xl,...,xk)Rg\?dx1~-dxk:k!E Z F(Xi (M), ..., A, (M)

RE 1<ip < <ig<n

for any symmetric continuous, compactly supported function F' : R*¥ — R (see [116])3.
Of particular note, the n-point correlation function is a multiple of the joint probabil-
ity density function for the ordered eigenvalues. Also, the 1-point correlation function
expresses the ensemble level density, i.e.

EN; (M) = / R\ (z)dz,

1

3These are the unnormalized k-point correlation functions. Note that for matrices with entries
singular to Lebesgue measure, R would be a measure.



where N;(M) is the number of eigenvalues in 1.

The first successful calculation of these correlation functions was for the GUE,
due to Gaudin and Mehta [54, 91|. Similar calculations followed for the GOE and
GSE. The approach to these calculations is through the theory of determinantal point

processes. Explicitly, one has that
Rgz) = det(Kn (i, 25))1<ij<n, (1.5)

where K, is given by K,,(z,y) = > ;_, ¥x(2)¢x(y) and where

Bele) = (1 @y e L

dz™
is the Hermite function. In this normalization, the Hermite functions are orthonormal
on R. Equation (1.5) is easily established by comparing with the explicit eigenvalue
density (1.3) and using the multilinearity of the determinant (see Chapter 5 of [92]
for details).
If we scale the eigenvalues so that the mean eigenvalue spacing is 1, then we find

it Tté  wtn sin(7t(§ — 1))
m“mm% E—m)

with the convergence uniform on compact sets of |n| < 1 and [§] < 1[92, 3].* This

in turn allows one to deduce exact expressions for the distribution of the number of
eigenvalues in an interval whose length is on the same order as the eigenvalue spacing.
Similar, albeit more complicated, expressions exist for the correlation functions of the
GOE and GSE.

We will recast the study of correlation functions in terms of linear statistics, which

will additionally allow us to formalize the notion of fluctuations about the semicircle

4This amounts to looking at the spectrum in a neighborhood of 0. It is also possible to look at

the spectrum in the neighborhood of any point strictly within the support of the semicircle law,
for which the same limit is seen (see, e.g. [116]). This lends further credence to the ansatz that a
sequence of nuclear energy levels looks like a small block of contiguous GOE eigenvalues, as the
choice of block is unimportant. That said, in a neighborhood of the edge of the semicircle law,
the microscopic behavior is much different.



(a) Normalized Er166 spacings; (b) Normalized U236 spacings; (¢) Normalized U238 spacings;
from [80] from [86] from [96]

Figure 1.2: Spacing distributions from the same three spectral sequences, with su-
perimposed GOE spacing distribution. Two serious complications arise in comparing
actual nuclear data to RMT predictions. First, the sequences are not always complete,
meaning they miss some resonances. Secondly, there are so-called s-wave resonances
and p-wave resonances, corresponding to neutrons with different angular momenta.
Part of Wigner’s surmise (see [92] for a discussion) is that the s and p sequences are
independent, so a polluted sequence of s-wave data can be expected to have more
compressed spacings.

law. A linear statistic is any random variable of the form

/R o(a)dfic, (x)

for a fixed test function ¢. The study of linear statistics is formally equivalent to the

study of correlation functions. Recall that

E / o) dfic, () = / o) RS (2)da.

Thus, to know the first moments of all linear statistics of M is to know the first
correlation function of M and vice versa. The same statement holds in general: to
know the first £ moments of all linear statistics of M is to know the first £ correlation

functions and vice versa.



For example, for a fixed test function v, one has
2
B ([ v@ain(o)) =2 B0 + T B0
R i<j i

= | @)@ RO (@, y) dudy + / ()R de,
R2 R

and similar relations hold for all higher k.

The study of linear statistics also allows us to study the fluctuations of the em-
pirical spectral measure about the semicircle law. Generally speaking this means one
would like to analyze the random signed measure fig, () — Rgl) (x), as n — oo. To
formalize this study, one needs to give a collection of test functions on which this
signed measure is to act. Depending on the class of test functions chosen, a different
type of limit arises. Regardless the class of function ¢, we will denote the centered

linear statistic as

X5 = / 0(x) |dfic, (v) — dRE)(@)] = tr (9(Gh) — Etr (6(G1))

The most technically simple test functions to study are polynomials, as they can

be understood combinatorially. For the GOE, one sees that

X§V = N(0, V),

where Vy is given by

1 / /
Vo = o2 b j|{w|1 ¢'(Rz2)¢' (Rw) log

Fz>0  Sw>0

Cx o Cx
\S—Z\S—wdzdw, (1.6)
z W

1—zw

1—zw

see [3] and [18] for the particular variance form. Once the weak convergence is estab-
lished for polynomial test functions, it is possible to use concentration inequalities to
show that the same theorem holds for C! test functions (see e.g. [3] and Section 2.4).

One of the most interesting features of this theorem are the scalings involved. The
1/y/n scaling of the G; matrix puts the eigenvalues at unit order. Yet, no scaling of the

linear statistic is required to produce a limit theorem. Recent results of O’Rourke [97]



in the case of the GOE/GSE and Gustavsson [61] in the case of the GUE show that the
variance of the individual eigenvalues at this scaling decays like (logn)/n. Thus, the
fact that no scaling is required shows that the eigenvalue correlations are sufficiently
long range to cancel the logarithmic term.

From the point of view of studying fluctuations from the semicircle law, perhaps
the most sensible choice of test functions is some class of indicator functions. Consider
the case that ¢ = 1{[y,y + L]} for some fixed y € (—1,1) and some L = L(n) > 0
nonincreasing so that y + L € (—1,1).

Xfl/\/% — 00, it is a theorem

In the case of macroscopic statistics, i.e. where Var
of Costin and Lebowitz [31] that the standardized linear statistic converges to a
normal. At the microscopic scaling, i.e. where L = r/n, the limiting distribution
can be understood by the connection to the microscopically scaled k-point correlation
functions.

The great validation for all these computations is that experimental data show
that in the microscopic regime, nuclear data has statistics that follow GOE behavior.
In particular, many heavy nuclei show neutron resonance spectra that agree with the
GOE spacing (see Chapter 1 of [92]). Further, the variance of X}’ with M coming
from the nuclear data ensemble (NDE)® agrees strongly with that of the GOE, and

microscopically scaled k-point correlation functions match for the GOE and NDE for

k=234 [16].
1.2 Universality of the Gaussian Ensembles

Stepping back, the result of all this work is that a model chosen essentially for its
computational convenience (the GOE/GUE/GSE) appears to have properly modeled

some features of a purely physical phenomenon at certain scalings. The model itself,

5This is data from many well-studied heavy nuclei, the energy levels of which are considered
as coming from a single data set. These energy levels are considered as a single sampling of a
point process to be compared with the eigenvalues of the GOE. See [16] for more. More recent
discussions of the validity of the dataset are also in print, see both [75, 107].
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though, raises some serious mathematical questions: these matrices were filled with
i.i.d. standard normals, which did not have any a prior: justification. Nonetheless,
the resulting models in large n seem to say something about the universe. Either it
was a miracle that we chose just the right model, or some of the arbitrary modeling

choices did not matter.

This latter alternative is the impetus for universality: informally, can one find
ensembles of random matrices that generalize the Gaussian ensembles and produce
the same limiting features? Because of their physicality, the most pressing question is:
what ensembles of random matrices produce the same microscopically scaled k-point

correlation functions?

One way to generalize the Gaussian ensembles is simply to let the entry distribu-
tions vary. This leads to Wigner matrices. In Wigner’s second paper [125|, he notes
that the semicircle law did not need the Gaussian assumption on the entries. It would
be enough that the entries of the matrix are independent, centered, and have vari-
ance agreeing with the Gaussian matrices.® Such matrices are called called Wigner
matrices. A more specific version of the universality question for Wigner matrices is
the Wigner-Dyson-Mehta conjecture. Loosely, it states that the microscopic (or local)
statistics of the eigenvalues should be independent of the entry distributions of the
matrix, subject to their mutual independence and standardized variance. Usually,
this is formulated as showing that the k-point correlation functions scaled so that the
mean eigenvalue spacing is 1 converges to the same as limit as does the corresponding
self-adjoint Gaussian matrix (see [116, 39| for more on this conjecture and the great

strides made towards its resolution).

The subtler assumption to remove is the independence of the entries. After all, if

the entries are not chosen to be independent, what dependency structure should they

6He make some additional assumptions for his proof, which can be removed. Beyond indepen-
dence, centering and identical variance, it is necessary to assume an additional uniform integrability
condition on the entries; the lindeberg condition suffices.
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have? The answer lies in the symmetry classes of the matrix. The GOE/GUE/GSE
can be uniquely defined by asking that the entries of the matrices have (i) stan-
dardized variance, (ii) independent entries, and (iii) orthogonal /unitary/symplectic
invariance. Furthermore, this symmetry invariance was the abstract motivation for
Wigner’s original program, whose intuition was that the Hamiltonian governing these
systems had no other structure besides its symmetry class [123].

Recall that the Gaussian matrices could be defined by their density with respect

to Lebesgue measure on M, g4 (A) by

1 2
pB(M) = Z_ﬂe 5I|M||F/2’ (17)

with 8 = 1,2, 4 corresponding to A = R, C, J. If the quadratic term in the exponent,

1M1= Al
=1

were replaced by an alternative, group-invariant function V', one could produce a
whole family of orthogonally, unitarily, or symplectically invariant random matrix

ensembles. As these are self-adjoint matrices, this invariance criterion forces
n
i=1

and leads to the eigenvalue density
P s An) = Zim exp <—5§V(Ai)> [[ PSS (1.8)
i= i<j
by the Jacobian formula for eigenvalue factorization. These are called 5-ensembles or
log-gases |44].

The universality of this ensemble would now mean that the local statistics of the
ensemble are independent of the choice of constraining potential, subject to sanity
conditions such as the integrability of the density. This problem has been studied in
greater and greater generality, with many techniques being applied, to the point that
the universality of the k-point correlation functions is known for any § and a large

class of real analytic potentials V' [20].
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1.3 Global Fluctuations and the Extent of the Gaussian Universality
Class

It is tempting to say that universality is a phenomenon of local eigenvalue statistics,
so that microscopic statistics are universal, and macroscopic statistics (such as the
limiting level density) are not. This, however, disregards some of the more amazing
universal features of centered global statistics of random matrices, specifically those
relating to fluctuations of the empirical spectral measure about the semicircle law.
One of the key contributions in this direction is work by Johansson on linear statis-
tics of smooth test functions of S-ensembles [68]. He begins by scaling the potentials
so that the eigenvalues are at unit order; thus the actual potentials in consideration
are nV (x). First, he shows that for essentially all V, the empirical spectral measure

converges as n — 0o to the unique minimizer p of the energy functional

i = [ (1og s v+ %ws)) du(t)d(s).

This is the analogue of the Wigner semicircle law, and in fact this portion of this
study could be guessed from classical potential theory. More interestingly, Johansson
is able to study the global fluctuations for a large class of polynomial potentials V.

Let 7 denote the set of polynomials of even degree with positive leading coef-
ficient that are convex.” Johansson shows that the limiting eigenvalue distribution
is supported on an interval [a, b], and he shows that smooth test functions exhibit a
central limit theorem (CLT). With V' € ¥ and My drawn from the S-ensemble with
potential V|

2My —(a+b b—a
XMy Oe) (o, 1),

where V}, (see (1.6)) is the same variance as seen in the GOE. Thus, if the eigenvalues

are standardized to lie on an interval [—1, 1], their fluctuations are once again inde-

"Johansson works in somewhat greater generality than this, but we will present the theorems just
for this case, which affords a simpler exposition.
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pendent of the matrix model. This is an exact way in which the fluctations for the
Gaussian matrices generalize to log-gas models.

The generalization to Wigner matrices produces the same statement: with the
eigenvalues linearly transformed to lie asymptotically on [—1, 1], the linear statistics
of smooth test functions ¢ show a CLT with limiting variance %V¢ and with 8 =1,2,4
corresponding to the appropriate symmetry class (see [3]).

Thus the global fluctuations, up to standardizing the support of the eigenvalues,
appear so far to go hand-in-hand with the microscopic fluctuations of the eigenvalues.
This is not to say that the CLT for linear statistics implies or is implied by the scaling
limits at the microscopic level; it would be very interesting to find random matrix
models that broke this symmetry. Further, there is a limitation to this universality
in the sense that it presumes a single interval of support for the limiting eigenvalue
distribution. In the case that there are multiple intervals of support, some other
fluctuation expressions arise (see for example [99]). Nonetheless, global fluctuations

give one tool for the study of the extent of the Gaussian universality class.
1.4 Contributions of this Thesis

This thesis will cover three different models of random matrices, twice visiting linear
statistics and once visiting the correct order scaling of the spectrum. The closest of
these models to the Gaussian class is the -Jacobi ensemble. It lies firmly in the
environment of classical random matrix theory in that it can be defined by a log-gas
with potential V(xz) = —(p— 1) log(z) — (¢ — 1) log(1 — ) for some p and ¢. From the
standpoint of Johansson’s results, the interest here is to see if the singular constraining
potential is strong enough to disrupt the global fluctuations. We see that this is not
the case, and the same formula for CLTs of linear statistics holds. We additionally
find the limiting level density, and we find the first order correction to the limiting

level density (referred to as the deviation, which is also obtained by Johansson for

Ve |[68]).
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The next of these models comes from an alternate mathematical universe, with
completely different initial motivations. It is the adjacency matrix of a permutation
model regular graph. This matrix can be defined by sampling independently and

uniformly permutation matrices P;, P, ..., P; and defining
Pra:=P+P+P+ P+ + P+ P

For this matrix we will show how to derive a uniform bound on the eigenvalues that
holds for all n and d and show how this bound can be used in conjunction with
estimates on the number of non-backtracking walks to derive the law of the global
fluctuations. In this setting, the dependence of d = d(n) is seen to govern whether
or not the d-regular graph has Gaussian-type global fluctuations. If d — oo slowly
as n — oo, then the fluctuations are like the GOE. On the other hand, if d remains
fixed, the fluctuations are a Poissonian analogue.

Finally, we will investigate the Erdés—Rényi graph model, i.e. a graph on n ver-
tices with edges included independently and with probability p = p(n). Beyond the
adjacency matrix for this graph, we will investigate its normalized Laplacian. Let-
ting T' be the diagonal matrix of degrees and letting A be the adjacency matrix, the

normalized Laplacian is defined as
L =1—-T AT 2,

provided all degrees are positive. If some degrees are 0, the Laplacian is defined for
the subgraph formed by removing the isolated vertices, and extending it to be 0 on
the isolated vertices.

If the vertices of the graph are labelled vy, vy, ..., v,, the matrix entries are

11)1' V5

\/degv; deg v, '

Note that if degv; = degv; = 0, then we take .Z; ; = 0.

.,E/ﬂi’j = 5i,j1 {deg v; > O} —

In both of these graph models, it is already a question of what the correct scaling

should be to put a typical eigenvalue at unit order. Both matrix models have some
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trivial eigenvalues that need to be disregarded for this to make sense, namely P,, 4 has
the eigenvalue 2d with eigenvector 1, the all 1 vector. Likewise £ has the eigenvalue
0 and eigenvector which is 7/?1. For the remainder of the spectrum, the order of a
typical eigenvalue can be suggested by once again investigating the Frobenius norm.
For the d-regular graph matrix, one has that (Pn,d)i,j > (P1)ij+ -+ (Py)ij, and
E (Pmd)ij < 2E((P))ij + -+ (Py)iy)?, from convexity and the symmetry of the
entries. Noting that E(P;); ; = 1/n, then one has

2
<E (P, ) <2d+2d—

Zj—

S|

Thus provided that d = o(n), the correct order of E||P, 4|* is nd, so that one should
expect a typical eigenvalue to be about v/d.

The same reasoning can be applied to the normalized Laplacian of an Erdds—
Rényi graph, although it reveals the greater complexities of that situation. If the
vertices of the graph are labelled vy, vs, ..., v,, then one has

—1/2 g—1/2 Vit
HT AT H Zdegvldegv

The behavior of this object depends strongly on whether or not the degrees are
strongly concentrated around their means. Indeed, the most interesting features of
this graph from the spectral point of view arise precisely when the degrees stop being
strongly concentrated. When all the degrees are concentrated, (the p = Q(logn/n)
regime), then one has

1, 0. 1
1/2 1/2 Lo, ~ Vi<
”T AT~ ”F Z deg v, dejgvj ~ ; (np); T

This suggests that eigenvalues of % are within a 1/,/np window of 1. This is con-
sistent with what one would expect by comparison with the GOE. Namely, if the
variance of the entries is scaled to be order 1/n, a typical eigenvalue should be at

unit order. Further, the comparison with a Wigner matrix is especially good in this
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regime as the degrees strongly concentrate and hence the dependence of the entries
becomes relatively weak.

Outside of this regime, the answer is less clear. If p is exactly logn/n, the graph
has isolated vertices with probability tending to 1/e [112|. If the graph has isolated
vertices, then .Z has eigenvalue 0 with multiplicity greater than 1. In fact, it is easily
checked that the dimension of the kernel of .Z is the number of connected components
of the graph. Thus as p decreases to the connectivity threshold (logn/n), the extreme
parts of the spectra appear to disobey this 1/,/np prediction. This thesis will estimate
the nontrivial eigenvalues of .Z as p descends to logn/n and attempt to determine
their order.

Each of these problems has additional motivations outside of the scope of exploring
the Gaussian universality class. Each problem will be presented with its own history

and motivation in addition to its contribution to understanding the broader picture.

1.5 Understanding the Variance Expression arising from the CLT for Lin-
ear Statistics

We recall for convenience the limiting variance expression that arises in the GOE (1.6),

given by

1 / /
Vim0 s o, F R (Ru) log

Fz>0  Sw>0

Ce s Cx
Sz Sw
— —dzdw,
zZ w

1—zw

1 —zw

for C! test functions ¢. This expresses the variance in terms of the Green’s function

for the Laplacian in the upper half plane with Dirichlet boundary conditions (which is,

1—zw

—=2]). This expression reveals a connection between these CLTs

up to scaling, 1og|
and the Gaussian Free Field, which is elaborated upon more in [18]. However, this
particular choice of expression is not widely adopted, and there are many others in
frequent use.

We will present a broad sampling of these expressions and show their equivalence,

as well as show a few simple properties of the quadratic form, which can be connected
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to the H'/2(S) fractional Sobolev norm on the unit circle.

Another equivalent expression is

x)V1 — 22

dxdy. (1.9)

] a [

This appears in [68], and it can be obtained by integrating the first expression by
parts.® Note that it is stated in terms of a singular integral. This is properly defined

in the terms of the Cauchy principal value, i.e.

/ (b’ 1— x2 / (;5’ 1— x2
hr%
€e—

—1,y—¢]
[y+e 1]

This shows that V4 can be understood as the Dirichlet form associated to a weighted
Hilbert transform of the derivative. For more on the Hilbert transform, see for exam-
ple [111] or [56].

Yet another important expression for the variance is

Vf:%ﬁ / / (¢(x;:j(y))2\/1 _11;\;31—1;2 dady. (1.10)

This appears in [106]. It is useful in that it allows one to determine for which ¢ the

variance is finite.
Most importantly, all of these variance expressions agree when the test functions

are sufficiently regular.
Proposition 1. For ¢ that are C*[—1,1], V,, = V¢J = Vf.

This is not the sharpest possible condition. For example, if ¢ is absolutely contin-
uous and ¢ is in LP[—1, 1] for some p > 1, then all of these expressions can be seen

to agree by a limiting argument.

8Because of various conventions taken, various factors of 2 are easily lost when comparing this
expression to Johansson’s. That this is correct is most easily checked in following the proofs here.
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Proof. Using the expression (1.6), we parameterize the curves to get that

1—e
=3 2/ / ¢'(cos s)¢'(cost) log | —————
T

1-—

it—is

sin ssint dsdt. (1.11)

We now make the changes of variables x = cos s and y = cost. Doing so produces the

equation

1—ay —V1—22\/1—y?

We will now integrate by parts with respect to y, integrating ¢'(y) and differentiating

1—zy++vV1—a22\/1—y2
27r2/ / ¢ (z [ ] dxdy. (1.12)

the log expression. It can be checked that

81 1—ay+vV1—a2y/1—1y?2 5 V1 — 22
—_ O — .
dy g 1— a2y — V1 —22\/1— 2 V31— (x —y)
Let I denote [—1,x — €] U [z + ¢, 1], then we have that for all z,

/ 5 [ :Uy+\/1—a:2\/1—y2] a0

1— 2y —V1—22\/1—y2

:lim/ () log [1—353/4—\/1—352\/1_3/2] ;

=0Jr 1— a2y — V1 —22\/1— 2

By applying the integration by parts to this integral, we get a boundary term

1—ay+ V1 —a22/1—¢2| |7
—0:= ¢(y) log v )
1—ay —V1—221—y?| |,
as the contributions at y = +1 vanish. Most importantly, we have that lim, .0 =0
so that
, 1—ay+v1—22y/1—1y2 V1 — a2
¢'(y)log > = dy = 9 — [ ¢(y)2 > :
1. 1—ay—vV1—a22/1—y 1. V1I=y*z —y)

In fact, the antiderivative of ¢'(y) may be taken to be ¢(y) + C(z) for any continuous

function C(z). Doing the integration by parts produces the expression

-1 ! 1— 22
Vom o [ o [ o+ o)t )



19

We need to change the order of integration to establish that V¢J = V4. We will justify

this by using the so-called maximal Hilbert transform. Let

o | 6+ C)
B = e~y dy"

It is now consequence of standard theory that for any 1 < p < oo, there is a constant

C, so that
1 @)l < Gy ([|o()(1 = )72, + IC@)e (1= 7))

where these are the standard LP[—1,1] norms (see Theorem 4.1.12 of [56]). From the
continuity of ¢ and C'(z), this is finite for p < 2. By Holder’s inequality, we now have
an integrable dominator, so that we can write
1 1 VI—F
[ s@|pv. [ 6+ @) iy
-1 V1= (z —y)

= lim é(y) + O(x)) @_ dy|de. (1.14)
V1I—y2(z —y)

We can change the order of the integration as the integrand is continuous on this

domain. Switching the order of the integration and applying a similar argument on

the dominator, we conclude that

Vd,:F 7 {pv/ ¢ (2 (:p))\/l\fiﬁ_y) dx}dy. (1.15)

Taking C(x) = 0 proves V) = V. To prove that V| = Vf , we take C'(z) = —¢(x)

and integrate by parts again. This time, we integrate with respect to x and take
(d(z) — ¢(y))? as the antiderivative of 2¢(z)¢'(x) — 2¢'(x)é(y). The z derivative of
the remainder is given by

0 V1—22 xy — 1

O \T-Pa—y) I-ypvVI- a2z —y)?
which after a similar argument as with the first integration by parts leads to

s 1¢<x>—¢<y>)2 1 —ay
Ve = 21 1[p.v./1( r=Y \/1—I2\/1_y2dxdy'
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Note that the integral is absolutely convergent, and so the principal value may be

dropped, proving Proposition 1. O]

The expression V¢S is the most robust in that its definition requires no regularity
assumptions to make sense. With this definition, we turn to analyzing those ¢ for
which V7 is finite. We let w(z) denote the measure on [—1,1] given by density
1/v/1 — 22 We will define ## to be the collection of all L'(w) functions ¢(z) for
which V¢S is finite. The extra condition that the test functions are in L'(w) imposes

essentially no additional conditions on ¢. In fact, as it is easily checked that 1= “)’2 2

for Lebesgue-a.e. (z,y) € [—1,1]> we have that
1 1 1 . 2
L[ e,
Am? J S V1 = a2/1 — 42

< # /_11 /_11 (Cb(xx) - j(y))Q . _13;\‘;31 — dzdy. (1.16)

The left hand side is one half the variance of ¢ with respect to the normalization of

the measure w(x), and hence # C L?(w). Note also that ¢ — |/V is a seminorm,

which when combined with the L?(w) norm can be used to metrize .
We now turn to our first characterization of .7, which shows that it contains

many smooth functions.

Proposition 2. For any a > 1/2, there is a constant Cy, so that VJ < Cy, 6|2, where

‘¢’a = sup |¢<x) B ¢(y>| )

o
z,y€e[—1,1] ’:L’ - y’

Proof. We use the given bound |¢(z) — ¢(y)| < C, |z — y|® to conclude that

|¢| / / 1 —zy
dzdy.
27r2 \/1—x2\/1 — 2 Yy

For a > %, this is integrable, as can be seen by taking the rotated coordinate system

u=zx—yandv=x+y. n
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On the other hand, we will see that 7 does not contain only continuous func-
tions. To establish this property though, we will need to develop a Fourier type
characterization of it.

As Vf is a quadratic form, it is possible to diagonalize it. By polarization, we can

define the real symmetric bilinear form

L ¢1(7) — ¢1(y) P2(x) — P2(y) 1 —xy
(b1, P2)y = // vy vy \/1_x2\/1_y2da:dy,

for any ¢, and ¢o € . It will turn out that the Chebyhsev polynomials provide a
countable orthogonal set with dense span. The Chebyshev T} polynomials of the first
kind are defined by the relation Ty(cosf) = cos(kf). Equivalently, this is stated in

zk+z_k

the complex plane as Tj,((z +27")/2) = =%

, where the equivalence can be seen by
taking z on the unit circle.
The orthogonality properties of these Chebyshev polynomials are better expressed

for the inner product given by

<¢17 ¢2 / gbl 1 — {L‘2 €T,

for which the Chebyshev polynomials offer a complete orthonormal system.? Using
this inner product, the Chebyshev coefficients f (k) can be defined by f (k) == (f,Tk)p-
Much of the theory of the convergence of Chebyshev series transfers immediately from
well established theory for the convergence of Fourier series on the unit circle. On
making the substitution x = cos @, we have that f(cos) is in L?(T) if and only if f is
in L*(w). Further, f(cos#) is continuous on the circle if and only if f(z) is continuous

n [—1,1], and most importantly, the Fourier series for f(cos®f) is given by

f(k) cos k6.

WE

f(cosh) =

i

0

9The constant function Ty must be rescaled, but this can be essentially be ignored, as V, = Vyic
for any scalar C.
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Thus, convergence properties about the Fourier series transfer directly to the Cheby-
shev series. Our main result connecting Vf and the Chebyshev polynomials is the

following.

Proposition 3. For any ¢ € €, we have that
I N
=3 > kIf(k)
k=1
Moreover, for any ¢ € L*(w), ¢ € H if and only if the right hand side is finite.

If we assume additional regularity on ¢, such as ¢ € C*[—1,1], then this proposi-
tion is relatively straightforward. To prove it for every ¢ € ¢, we require a fair bit
more care. We begin with an integration by parts lemma whose proof is similar to

that of Proposition 1.

Lemma 1. For ¢ € 2 and for g € C?*[—1,1],

N e

To prove this statement, we need a simple technical lemma. For any y € (—1,1)

let I, = [-1,y — €] Uy +¢1].

Lemma 2. For any p > 1, there is a constant C, > 0 so that for any f absolutely
continuous on [—1,1] having f(1) = f(—1) =0 and f' € L?[-1,1],

@ dx] <O 1f I

Proof. This follows directly from integration by parts. Doing so, we get

f< z/dw—logpc ylf(x) |or. — /f )log |z — y| dx.

Ie

We control each term separately. For the boundary term, we have

|log [ — y| f(2) |or.| < C(1 +log, (1/€))w(|2¢])),
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where w is the modulus of continuity of f. By Holder’s inequality, we have that
w(t) < t171/7||f"||,, so that this expression can be bounded uniformly in e. For the
integral term, we simply apply Holder’s inequality

1-1/p

2
[ 15 @ogle =yl de <70, | [ oglal " sl
Ie -2

and note that the log is always integrable. O

Proof of Lemma 1 . By the Schwarz inequality, the integral defining (¢, g),, is well

defined, and so we can cut away a strip around = = y to conclude that

(¢, g)y = lim — //¢ - Jo@ =gl _ l-ey o

e—0 272 T —y \/1—:102\/1—@/2

As the integrand is now well-behaved, we may split the integral into two pieces I

and I5. One such piece is given by

1—
I, = hm—/ / —9W) i dxdy,

e—0 2712 T—y \/1_$2\/1_y2

and I, given so that (¢, g),, = I1 + I,. We note that by symmetry of the integrand

I, = I, and it suffices to compute I;. Integrating the interior integral by parts in z,

we conclude (by analogous reasoning to what was done in Proposition 1)

N =

It remains to justify commuting the limit and integral. Note that ¢'(x)v/1 — 22 has a

derivative in LP[—1, 1] for every 1 < p < 2. Hence by Lemma 2, there is a constant C'

sufficiently large that

/ g (z)V1—a?

dx’SC'
r—y

Thus, we have that the integrand is dominated by C'

, which is integrable,

o(y)
v/ 1—y2
as ¢(y) € L' (w). Thus, we may apply dominated convergence, which completes the

proof. O]
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The advantage of Lemma 1 is that we can now compute inner products with respect
to Chebyshev polynomials. These are due to a set of equations that go by the name
Aerofoil equations [13|. To state them, we must recall the Chebyshev polynomials of
the second kind Uy, which can be defined by the relationship Uy(cos#) = %. We

also have the identity that d%Tk(a:) = kUyi_1(z). The Aerofoil equations are given by

L /1 Uiay) V1 =y dy, (1.17)

Ty(z) =p.v.—
T J-1 r—Yy

Up-1(x) = —p.v. l/_ Te(y) dy,

T Joa (= y)/1—y?

see Lemma 4.5.2 of [13] for a proof. Combining this first equation with Lemma 1, we

get that (¢, T), = k‘QAﬁ(k’) We are now in a position to prove Proposition 3.

Proof of Proposition 3. Let V¢F be the square seminorm given in terms of the Cheby-

shev coefficients, i.e.
e -
V= 5 > klg(k)P.
k=1

Let ¢ € L'(w) be arbitrary, and define ¢,,(x) = >, ¢(k)Ty(z). Note that from
Lemma 1 and (1.17), we have that V,/ =V for every m > 0. Further, note that if
either V7 or V" is finite, then ¢ € L?(w). Thus, we may assume this is the case from
here on out. As this is the case, then by Carleson’s theorem on Fourier series, we have
¢m — ¢ Lebesgue-a.e. (Note we need not even appeal to this theorem, as it would be
enough to pass to a subsequence). By Fatou’s Lemma, liminf,, . V¢€n > Vf . Note
that we have liminf,, Vdfn = lim,, o0 V(zf; = V¢F , and hence Vf < V¢F . On the

other hand, we have, by orthogonality and Lemma 1,

VY =(0,0)y = (6 — bms® — Oy + (b i)y = Vi .

Note that this equation is the only place that we actually require the extra technical

work of Lemma 1. As this holds for all m, we get that

F S S
m>1
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O

This Fourier interpretation allows us to make a strong connection between 7
and the so-called Dirichlet space & of analytic functions (See [5, 103] for a survey
of this space). These can be defined as those analytic functions in the unit disc

D={z€C : |z] <1} so that

12 = / F(2)P dA(2),

where dA is the standard Lebesgue area element. If f(z) has power series f(z) =

> g anz", then we have
(0.9}

115 = nlanf.

n=1
Further, all such analytic functions have non-tangential limits at almost every bound-
ary point, and thus we can form the following correspondence. Let Z* be those
functions in the Dirichlet space that have reflection symmetry, i.e. 2* := {f(z) €

D : f(z) = f(2)}. This becomes a Banach space with the norm

(Ifll2 + IRF(€?)]l.2) -

DO | —

/]

9 =

This is isometrically isomorphic to .7 as a Banach space under norm , /Vd)s [ fll 2w
Indeed, for any g € ¢ we can define

2 i
Tlgl(z) = %/0 ZZ.Z i_ Zg(cos 0) do.
It is straightforward to verify T[g] is analytic in the disc and that its power series
coefficients at 0 are the Chebyshev coefficients of g(z), so that 2||T[g]l|l2 = |/V.
Further, the real parts of the boundary values of RT'[g](e?) are almost everywhere
equal to g(cosd). Thus we have that [|RT[g](¢”) 2 = 2[|g]/12(w). An inverse to g —
Tlg] is given by mapping the function f(z) € Z to Rf(cos™(z)) in .

This affords us two powerful tools. First, we are able to construct many examples

of pathological functions in .77.
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Proposition 4. Let U C C be any connected, simply-connected, open set with finite
area, which is symmetric with respect to reflection over the real axis. Then there exists

a conformal isomorphism ¢(z) : D — U so that Rp(cos™!(x)) € .

Proof. The primary realization is that for a conformal map such as ¢, ||¢|| is the area

of the image, as |¢'|? is the Jacobian for the map. As U is reflection symmetric, we
may choose ¢ to take ¢(0) to some given value of UNR. It then follows from Schwartz

reflection that ¢(z) = ¢(z). As a consequence we have that R¢p(cos™(z)) € 7. O

Thus, as we can construct domains in the plane that are unbounded but have
finite area, we have that we can construct functions in J# that are discontinuous at
any desired point or even densely discontinuous.

Second, we immediately conclude that functions in .7 cannot be large too fre-
quently. Specifically we have that

L @) ]
su — AT
P 1V 1— 1‘2

which is an immediate consequence of the Chang-Marshall theorem for & |25, 88].

f0)=0,V7 < 1} < 00,
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Chapter 2

GLOBAL FLUCTUATIONS OF THE p-JACOBI
ENSEMBLE

ADAPTED FROM JOINT WORK WITH IOANA DUMITRIU [98].
2.1 Background, Definitions and Motivation

The Jacobi ensemble, in the context of what has been described so far, can be suc-

cinctly given as a log-gas; hence, it has eigenvalue density

énlfn 1]-1 é _ _
disOee A) = ST @ = a2t I [T = 00 @2)

i<j

where Z = Z(n,ny,ng, 5) is a normalization constant. In full generality, 5 > 0, while

ny and ne need not be positive integers; in fact, the only constraints (which relate to

the integrability of the measure) are that ny,n, > n — 1. The Jacobi ensemble arises

in a variety of contexts and applications, over which we will give a brief sampling.
In the case that § € {1,2,4} and ny,ny € N, they admit full matrix models as

J = T/Vl1 / 2(W1 + VV2)_1VV11 / ? where Wy, W, are Wishart matrices.! Because of this

connection, they sometimes go by the name “Double Wishart” or Beta matrices.

The MANOVA Connection

These full matrix models arise most prominently through a connection to statistics.?
In greatest generality, they pertain to the general linear model fitting problem. In the

classical one dimensional case, one has a vector Y of observations which one would like

LA Wishart matrix W (n,n;) is defined by taking an n x n; matrix G of independent standard
normals, be they real, imaginary or quaternion, and defining W = GG*. Here W is W (n,n;) and
W (n,nz). For a proof, see [95, 44].

2We follow a development of this material that can be found in Chapter 10 of [95].
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to correlate to a deterministic vector X. Thus one seeks to find regression coefficient
p so that
Y=Xp+ FE

for the smallest possible error E. Once one chooses a good estimator for p in terms
of X and Y — most commonly using least squares — one can speak of testing the null
hypothesis that p = 0.

The multivariate linear model is a natural higher dimensional analogue of this
one dimensional case. There, the observations themselves are m-dimensional, which
one represents as row vectors. Making [ observations, one forms an [ X m matrix
Y of observations. Then, one seeks to find a correlation with an [ x p matrix of

deterministic data X; thus the model has the form
Y=XB+ FE,

for some matrix of coefficients B. Under the assumption of normal variates, so that
each row of Y is N(XB;.,, X)), the maximum likelihood estimators for B and the covari-
ance matrix are easily derived (see Theorem 10.1.1 of [95]). A general null hypothesis
in this situation takes the form that C'B = 0 for some fixed matrix C.

The Jacobi ensemble appears in a special case of this general framework, the mul-
tivariate analysis of variance (MANOVA), which is instructive to outline. Suppose
one has p classes of subjects. Among these p classes, one measures m different charac-
teristics, and we assume that there are no correlations between these m characteristics
over the entire population. One would like test the null hypothesis that all the classes
have the same means.

From each class 7 for 1 <4 < p, one makes ¢; independent samplings. Let y;; be
the j m x 1 sample from class i, so that one has made [ = Y7 | ¢; total samples.
We assume that all the samples are normally distributed. Let ¢; = % Z?;l y;; be the

P

sample mean of the ¢; observations from the ** class, and let 3 = %Zi:l q:y; be the

sample mean of the population.
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In terms of these data, one forms two m xm matrices. The matriz due to hypothesis

is given by
p
A= a@ -9 @ -
=1

and it measures the variance between different classes. Note that it has small singular
values when all of y; =~ . Under the null hypothesis, A has the Wishart distribution
W(m,p—1).

Likewise, the matrixz due to error is given by

B = Z i(yzj —ui)(yi; — i)',

i=1 j=1
which measures the variance within classes. Note that this matrix has small singular
values when y;; ~ y; for each j. Like A, B carries the distribution W (m,[ — p),
although unlike A, this remains true even under a non-null hypothesis (i.e. that the
classes have different means). Furthermore, A and B are always independent.

Intuitively, one would like to reject the null hypothesis when A is much larger
than B. Formally, we should choose a statistic T'(A, B) and a rejection threshold, and
reject the null hypothesis when a sample statistic T (A, B) exceeds that threshold. The
choice of statistic is not obvious, and in this case, and there are multiple statistics
that are in frequent use.

However, there are some symmetries in the problem that greatly reduce the class of
desirable statistics. In particular, if instead of sampling y;;, one samples Qy;; for some
fixed orthogonal matrix (), then the matrices of hypothesis and error become QAQ!
and QBQ! respectively. Under the hypotheses of this model, both of these matrices
have the same distribution as A and B. Thus, one would like for the statistic T'(A, B)
to be invariant under orthogonal change of base, i.e. T(A, B) = T(QAQ", QBQ").

One natural choice of statistics are functions of the eigenvalues of AB~!. The
most common statistics are the Wilks’ likelihood ratio 1/ det(1 + AB~'), Hotelling’s
T? = tr AB™!, Pillai’s trace tr(AB™')(1 + AB™1)~!, and finally Roy’s largest root
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|AB7!||2. Note that two of these are linear statistics, and Wilk’s likelihood ratio is
the exponential of a linear statistic. 3

As A and B follow independent Wishart distributions, we can connect these eigen-
values to the eigenvalue of the Jacobi ensemble. Specifically, with J as before we have
that o(J) = o ((1 + AB~!)™!) where the Jacobi parameters are ny = p—1,ny =1 —p
and n = m. Thus, the common eigenstatistics for testing the null hypothesis in this

particular case of MANOVA can be expressed in terms of the Jacobi ensemble.

The Random Projection Connection

The Jacobi ensemble also can be connected to Haar matrix ensembles in the g =1, 2,4
cases. Define an invariant orthogonal projection 7 to be one whose law is invariant
in law under QmQ* for any ) orthogonal, unitary or symplectic, as the case 8 = 1,2

or 4 demands.

Proposition 5. Let 7 be a fized | X | self-adjoint projection of rank q, and let © be a

fixed | X | invariant orthogonal projection of rank ¢ with q < q. Then
Lo (r7m) = Lo(J),
where J is a B-Jacobi ensemble with parameters ny = ¢, ng =1 — q and n = q.

This proof is originally due to Collins [30], and it was rediscovered by Edelman
and Sutton [38]. We follow the proof stated in [30], which has some typos which we

correct here. See also the proof due to Forrester [43].

Proof. Let G be an [ x [ matrix of independent standard Gaussians over R, C, or J,

3In the general case that one does not assume the sample covariance is the identity, the problem
becomes invariant under any change of basis, from which point one can conclude that the statistic
must be a function of the eigenvalues of AB~!. See Theorem 10.2.1 of [95].
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independent of 7. Define

X, = rG7G7

X, = 7G(I — 7)G*r.

Note that this makes X; and X, independent. Further, each restricts to a map from
Im(7) — Im(7). Picking an orthonormal basis for this space, each becomes a Wishart
matrix, with laws W (q, ¢§) and W (q,[ — q) respectively. In the same way, X; + X, has
the law of W(q,1).

By the polar decomposition (or, more generally, the Cartan decomposition), we
have that there exists a () orthogonal, unitary or symplectic that depends measurably

on G so that 7GQ is self-adjoint positive semidefinite. Hence
(1GQ)* = TGQQAG t = X1 + Xy,

so that 7G(Q) this is the positive semidefinite square root of X; + X5. Note that we
have that

(X1 4+ Xo)? = (X1 + X0)V2 = (X1 + X,) .
Thus, we now have the exact relationship that
X; = (X, + Xo) 2 7Q4%Qm (X1 + Xy) 2.

Using the invariance of 7 and the almost sure invertibility of X; + X5, we have the

conclusion of the proposition. ]

This gives the eigenvalues of a Jacobi ensemble the alternative interpretation as
taking a ¢ x ¢ submatrix of a orthogonal, unitary, or symplectic matrix and taking

its squared singular values.
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Mesoscopic Universal Conductance Fluctuations

The Jacobi ensemble also plays a role in understanding the physics behind a certain
simple model of electrical conductance.* We consider placing a 1-dimensional wire
between two external reservoirs of electrons which are at different potentials. The
wire provides resistance if an electron travelling through the wire scatters off of im-
purities. On sufficiently short scales (known as the phase coherence scale, which for
most materials is up to the order of a micrometer [121]), then the scattering event is
adequately modeled by a single coin flip. Namely, there is some probability 7" that an
electron entering the wire from the left transmits through the wire, and the conduc-
tance between the two reservoirs is G = ;—ZT , where e and h are physical constants
(the charge of an electron and Planck’s constant, respectively).

In 1-dimension and with fixed energy, an electron in the wire has only two possible
states, travelling to the left or to the right, as speed is determined by the energy. When
one generalizes to a wire which is not purely 1-dimensional, one allows an electron to
have momentum in both the left-right direction and the orthogonal direction. With
given energy, the quantization of momentum effectively implies there are some larger,
finite number of states, corresponding to travelling with varying quantities of left-right
momentum and orthogonal momentum. These different modes of transit are referred
to as channels, and we consider the situation that there are n left-to-right channels
and m right-to-left channels.

At the phase coherence scale, resistance in the wire is still determined by a single
scattering event. An electron passing through the wire from left to right in some
channel is scattered according with certain fixed probabilities to some other channels,
some representing leftward motion and some representing rightward motion. Formally,
we define I; and I, to be two n and m dimensional complex vectors representing the

state of the travelling electron before scattering; here we have that [; (respectively

4We follow a development of this material available in [44, 43, 2|. For more on the physical side
of the problem, see [37, 121].
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I,.) are the states corresponding to entering the wire from the left (respectively right).
Let O; and O, be the states after scattering. If |;|> + |I.]> = 1, then each entry
of these vectors has squared modulus that represents the probability of the electron
being in the given channel before scattering. The scattering event is represented by

a matrix S for which

I O,
I, O,
As no electrons are destroyed or created during the scattering, if we have that |I;|? +
|I.|* = 1, then we must also have that |O;|* + |O,|*> = 1. As this must be the case for
any possible input states, we have that S is unitary.
Further S may be decomposed into pieces corresponding to transmitted electrons

and reflected electrons. Specifically, we have that

g Ry 1y, |
Trl Rrr
where R and T are the reflection and transmission matrices. The conductance G of

the wire is now given by the two probe Landauer formula,
G/GO =1tr Tf;Tlr =1tr T:lTrla

for a physical constant Gj.

A similar random matrix ansatz is now posed as was done for the nuclear models.
For a disordered wire, S should have no preserved structure besides being unitary,
and hence a generic wire’s scattering matrix should look like a randomly chosen
unitary matrix. This is born out in experiment [121| and goes by the name universal
conductance fluctuations. They are universal in that their magnitude is independent
of the sample and even the length of the sample, provided that the length is kept

short enough to be in the phase coherence regime.’

5Tt also must be longer than the mean free path, which is the average distance to a scattering
event; if the wire length is too short, the electron will transmit with so high a probability that
the impurities are irrelevant. This in the nanometer range and varies with the material and the
electron energy.
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Furthermore, as Ry R}, + 1}, 1}, = I,,, we have that this trace is given in terms of
the squared singular values of Ry, the upper n x n block of a unitary matrix. Thus,

this trace is a linear statistic of the eigenvalues of a §-Jacobi matrix.

Tridiagonal Models

The most general matrix model for -Jacobi ensemble is the tridiagonal model |74, 38|,
which covers any # > 0, and removes the condition that nq,ny € N. We give the model
below (hereafter referred to as the Edelman-Sutton model, as it appears most clearly

in their work [38]). Given the matrix Bs defined as

/
Cnsnfl
/
—Sn— 1Cn 1 Cn—15,_2

Bz = —Sp—2Ch_5 Cn—2Sh_s ; (2.2)

with the variables ¢;, s;, i = 1,...,n, and ¢}, s}, j = 1,...,(n — 1) obeying the
distribution laws and relationships

{01, Coyevs CryCryChye 70%71} mutually independent,

i ~ \/Beta S(ni —n+1),2(ny — n+1)),

c; N\/Beta 3,2 (n1+ne —2n+ 1+ 7)),

1—c and s =4/1—cf

the eigenvalues of A = BgBj are distributed according to (2.1) (see [38]).
In our work going forward, we will rely heavily on this model for understanding

the eigenvalues of the S-Jacobi ensemble.

2.1.1 Scaling Regimes

We are interested in the behavior of X }4 for some subclass of continuous functions

as n — oo with (n; + ny — 2n) growing linearly in n and with 5 fixed. This is the
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only scaling regime in which the Jacobi ensemble looks distinct from other models. If
either ny > n or ny > n, in the case when g = 1, 2,4, the Wishart matrices in the
full models have Wy &~ fni1,, respectively, W5 =~ (nol,. For example if ny > n and
ng > nq, this heuristic predicts that the Double Wishart model behaves like

W1<W1 + Wg)il =~ Wl(Wl + ﬁngld)il =~ Wl/(ﬁng),

so that appropriately rescaling, Wishart behavior should appear. These heuristics
are studied rigorously in Jiang [66]. (The symmetric regime, n; > n and ny > no,
predicts Wishart behavior with a huge shift in eigenvalues.)

Conversely, in the sublinear growth cases, i.e. where (n; + ny — 2n) < n, the
Jacobi ensemble takes on behavior that looks much more like the classical compact
groups. This connection is explicit for § = 1,4 and fixed values of n; — n and
ne —n (see Proposition 3.1 of [67]). Furthermore, the Haar projection formula in the
B =1,2,4 case shows that these Jacobi ensembles are the squared singular values of
a principal submatrix of a Haar matrix whose dimensions are both n — o(1), and thus
it is expected that they should look strongly like the squared singular values of the
whole Haar matrix.

These heuristics predict the correct limiting spectral distributions. In the super-
linear case, the limiting spectral distribution is a point mass (easily seen also from
2.3, which shows that the matrix Bngis very close to a multiple of the identity),
while in the sublinear case, the limiting spectral distribution is the arcsine law. These
statements about the limiting spectral distributions are straightforward exercises fol-
lowing the approach of Trotter [118|. We sketch this approach in the proof of the

following theorem.

Theorem 1. Let f be a continuous test function on [0, 1].

1. If ny + ny — 2n = o(n), then

IS~y o L
E;f(&)wﬂ/o et
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2. If ny/n — p and ng/n — q, then

L3I = [ fa) dnto)

where p has density

and

Ay 1= [\/erq p+q )+ \/p+q ~ pra)

3. If ny +mng —2n =w(n) and if (ny —n)/(ny + ng — 2n) — A, then
—Zf ) = (V).

Proof. Regardless of the scales of n; —n and ny — n, the limiting eigenvalue distri-
bution can be understood by computing A,, = B.,BL. (Note that on taking the
[ parameter to infinity, the Beta(fSz, Sy) variable in the matrix model converges in
probability to ﬁy Replacing the Beta variables by these limits in By gives the matrix
By.)

By applying Stirling’s approximation, it can be shown that there is a constant C'
depending only on 3 so that

\/ nl—n—i-z ? C
G — | < —.
ny+ng —2n+ 24 )

E

A similar bound holds for ¢, and for ¢;s;. Applying all these bounds, it follows that
E||BsBL — B BL||". = O(logn). (2.4)

From the fundamental realization of Trotter [118|, any o(n) bound on the expected-
square Frobenius norm suffices to show that the ESDs of two matrix models are

converging together as n — oc.
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It is now elementary to check that the limiting spectral distribution for B, BL
is that which is stated in the theorem in the sublinear and superlinear cases. In the
linear case, we compute the limiting distribution by way of the Jacobi differential

recurrence formula, which we do in proving Theorem 4 (see (2.42)). O

2.1.2  Our Approach

In our study of the linear scaling regime, we apply a wide array of methods, start-
ing with the method of moments (which often boils down to path-counting), special
functions (orthogonal polynomial) theory and generating functions, as well as one
important result from the work of Anderson and Zeitouni 4] (more details in Section
2.4).

The study of global fluctuations of linear statistics for random matrices spans a
wide literature, and covers a broad spectrum of models. We will only mention here a
few works that are either closely related in scope, in model, or those that have served
as inspiration for our study.

The method of moments, introduced by Wigner himself [124, 125] and used for
proving central limit theorems for polynomials of Wishart matrices by Jonsson [69],
has been employed with great success by Sinai and Soshnikov [108], Soshnikov [109],
Péché and Soshnikov [100], etc., to obtain both central limit theorems for traces of
large powers of random matrices and universality results for the fluctuations of the
extremal eigenvalues in the case of Wigner and Wishart matrices. The method of mo-
ments has also been used by Dumitriu and Edelman [34] to calculate the fluctuations
in the case of f-Hermite and -Laguerre ensembles (generalizations of the Gaussian
and central Wishart ensembles for f = 1,2,4), in the case of polynomial functions. It
is also one essential ingredient in the work of Anderson-Zeitouni [4] on band matrices.

It is worth mentioning that the method of moments is formally related to the
Stieltjes transform methods used by Bai and Silverstein (e.g., |7]) to calculate central

limit theorems for generalized Wishart matrices; for a good reference on the method-
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ology involved, we recommend [8].

Another method for computing fluctuations of linear statistics involves a stochas-
tic calculus approach introduced by Cabanal-Duvillard [23] to prove a central limit
theorem for Wishart matrices in the case = 2; stochastic calculus was also used
by Guionnet [59] in computing fluctuations for a class of band matrices and sample
covariance matrices, and by Guionnet and Zeitouni [60] to calculate large deviations
for a wide class of random matrices.

Other approaches to calculating fluctuations for linear functionals for S-ensembles
include the Capitaine and Casalis work [24], which, through free probability, obtains
results for both Wishart and Double Wishart matrices in the case g = 2. The later
work of Kusalik, Mingo, and Speicher |76] builds on [24] and on results obtained by
Mingo and Nica [94] to obtain fluctuations (second-order asymptotics) for random
matrices (also in the case § = 2). Finally, Chatterjee [26] has introduced Stein’s
method to computing central limit theorems for a wide class of Gaussian and quasi-
Gaussian matrices and entire test functions.

Specifically in the case of 5-Jacobi ensembles, for an “extremal” class of -Jacobi
ensembles (when ny = o(y/n2) and n = o(\/n2)), as mentioned before, Jiang [66]
has established a series of important results, among which are the calculations of
fluctuations, through approximation methods.

For all 8-Jacobi ensembles of fixed parameters, Killip [73] proved that the fluctua-
tions of macroscopic statistics obey a CLT; this result is similar to the one we obtain,
but in the case that f = x; where I is a (fixed, independent of n) finite union of
intervals in [0, 1] and under a different normalization. It is unclear how Killip’s result
changes if the parameters of the ensemble scale with n, which is the regime studied
here. In addition, while our method does not allow us to obtain any results for dis-
continuous functions, it seems that going in the opposite direction — using Killip’s
results to obtain fluctuation theorems for smooth functions — would need microscopic

statistics, i.e. where the lengths of the intervals shrink with n. As Killip notes, the
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microscopic regime is much more difficult and is not covered in |73].

2.1.8 Owur results

Our purpose is to calculate the global fluctuations for $-Jacobi ensembles, for as large
a class of functions f as possible. By using concentration properties of the Jacobi
ensemble, we were able to obtain the fluctuations for all 3 in the case of C' test
functions on [0, 1]. We only obtain the deviation from the mean for polynomial test
functions, and conjecture the deviation should extend to a larger class of functions.
Our asymptotic analysis will occur in the proportional scaling regime, and so we

will make the following assumptions on the growth of n; and ns.
Assumption 1. Let ny = pn and ny = gn for some fixed p,q > 1 having p + ¢ > 2.

We are now in a position to formulate the CLT result, which we formulate in terms
of the universal results laid out earlier. From Theorem 1, we have the limiting ESD

is supported on [A_, A;]. Thus, we define a shifted, scaled matrix A by

24 — Ay + A ),

A:
-

chosen so that its limiting ESD is supported on [—1, 1].

Theorem 2. Let A be an n X n [-Jacobi matriz, with ny,ne satisfying Assumption

1, and let A be centered and scaled so the ESD is asymptotically supported on [—1,1].

For any fi, fa, ..., fx continuously differentiable on [— /A\fj;:, 2;ij;:\*], the variable
(Xﬁ,Xg, . 7X}i) converges in distribution to a centered normal variable (Y, ..., Y%)

with variance given by
Cov(Y,,Y;) = % Z nfl(n)fj(n)
n=1

While we state the results in this universal form, we will work directly with the
unstandardized matrix model A, so that regularity condition in this theorem becomes

f € C'0,1]. We will keep this convention throughout the proof.
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Our second result concerns the deviation from the mean, and is restricted to

polynomial functions.

Theorem 3. For any polynomial ¢,
At At
Etr(¢(A) =n | ¢(@)dp(z) +(5-1) | ¢(x)dv(z) + o),
A A
where 1 1s as defined in Theorem 1 and v is the signed measure with density
1
2/ —(z — Ay)(z — A)

The approach to the proof of Theorem 2 is as follows.

dl/ = %1(5)\_ —|— %1(5)\+ —

1()\_’)\+) dz.

Step 1. Prove a central limit theorem for polynomials;

Step 2. Find the class of polynomials which diagonalizes the covariance matrix for the

resulting Gaussian process;

Step 3. Use concentration techniques to show that C1[0,1] linear statistics can be ap-
proximated by polynomial test functions in such a way that the variance of the

difference of the two is small for all n.

Step 4. Prove that the approximation works asymptotically.

The rest of the chapter is structured as follows: after a reparameterization of
the model (Section 2.1.4), Section 2.2 covers Step 1 in the above recipe: show that
the fluctuations are Gaussian when the test functions are the monomials. The proof
extends the mechanism that was employed in [34] for the S-Hermite and [-Laguerre
ensembles. In Section 2.3 we show that the limiting covariance is diagonalized in
shifted Chebyhsev basis; the method employed is original and has to do with the
generating function of the covariance matrix. Section 2.4 contains the proof that
the matrix model satisfies the necessary conditions to apply the Anderson-Zeitouni

theorem. Section 2.5 contains the proof of Theorem 3 (calculating the deviation from
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the mean for analytic functions). Section 2.6 contains experimental results for the case
that p = ¢ = 1. Section 2.7 contains the symmetric function theory results necessary
for the calculation of the deviation (Section 2.5); more explicitly, it contains the proof
that the series expansion of the functional F(A) for monomials has a “palindromic”
quality (the mechanism here is similar to the one employed in [34]). Section 2.8 shows
the existence of a Poincaré inequality for Beta variables that is stronger than what
can be proven using general log-concave theory. Finally Section 2.9 shows a theorem
of independent interest, which we proved in the course of an unsuccessful attempt
to obtain our main result by a different approximation method: that “square root of
beta” variables can be coupled to Gaussian variables in such a way as to have small

variance.

2.1.4 Reparameterization

While the parameters given naturally arise in the full matrix model as the size ratios
of the two Wishart matrices involved, we choose to work with a slightly different set

of parameters for the purposes of this problem. Define parameters a and b by

1
a:=—— and b::L.
p+q p+q

As we shall see, a and b allow us to express the results in a cleaner form. They
also expose symmetries of the asymptotics, which are invariant under the involution
a+— 1—0b, b — 1—a. This can be anticipated as these parameters would arise naturally
in the Haar projection model, where ¢ ~ an and ¢ ~ bn for n x n projections.

For the regime of consideration of Theorem 2 the parameters a and b take on
values in the triangle 0 < a < %, and a < b < 1—a. The limiting spectral distribution

will have support given by

Ao = [V —a) £ /a1 - b)]z.

The reciprocal expression % appears frequently, with some terms having polyno-

mial dependence upon it. Thus in the proofs we have used « in place of % The Jacobi
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ensemble density, with these parameters, is expressed as

iy, A H)\ [l]+_1(1_Ai) omls TIA=ale @5)

1<J

The tridiagonal matrix model with these parameters is given A = BBBE where

/
—Sn— 1cn 1 Cn-15p-2

_ / /
B/D’ - —Spn—2C,_9 Cpn—25,_3 )

—s1¢) @

(2.6)

{e1,69,... ¢y, ¢y, ..o, ¢} mutually independent,

i~ \/Beta(;l—z +a~ (i —n), % +a~ (i —n),

&~ \/Beta(a—li, oy l(i—2n 4 1),

si=4/1—¢? and s, =4/1—c?

2.2 Polynomial Fluctuations

2.2.1 Traces of powers and path counting

When the test function f is a polynomial, the linear statistic X }4 can be computed
explicitly using powers of the matrix model. By linearity, this reduces to the study
of monomials tr(A¥), and by the tridiagonality of A, there is a simple combinatorial
expansion for this trace. In particular, these traces can be expressed in terms of
certain lattice paths. In this section we will study these lattice paths and develop
their combinatorial properties. We will use these combinatorial properties to compute
the covariance of the limiting Gaussian process for polynomial test functions. Their

properties are not needed for the proof that the limiting fluctuations are Gaussian.

Definition 1. An alternating bridge is a lattice path from (0, 0) to (2k,0) using only
the steps (1,1), (1,0), and (1,—1) none of whose odd steps travel up and none of
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whose even steps travel down. Let Ay, denote the collection of all such lattice paths.
Likewise, let £, denote the collection of all lattice paths of length k without the

alternating property.

Remark 1. These paths bear some similarity to the alternating Motzkin Paths which
have been used to study the Laguerre Ensemble [33]. These paths differ in that
Motzkin paths are restricted to stay above the x-axis, while these are allowed to go

above and below the axis.

For a lattice path w starting at (0, k) with sequence of vertical coordinates {wy =

k,wy,ws, ...} and an n x n matrix M, define My to be the product

Mw - H Mw2i7w2i+1 M52i+1,w2i+2 = H ngi,'LUQi+1 Mw2i+2,w2i+17
i=0 i=0
provided that all n < w; < 1. If the lattice path w walks off the edge of the matrix,

in the sense that either some w; > n or w; < 1, then define Mgz = 0.

Example 1. A lattice path w and its associated product My.

Provided the matrix M is

B at least 6 x 6, this lat-

. tice path w would pro-

5 duce the product Mgz =

4 M675M57:5M574MZ5M575M5T76.

Expanding the trace,

n

e =3 [(B5D)]

i=1 bt
The diagonal entries [(BgBj)"*];; can be written in terms of alternating bridges, since
forall 1 <17 <n,

(BsBD)'] = 3 (Bl

1,0 B
’ we Ay,
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where w + 7 is the lattice path w shifted up by i. For convenience, define .,Zlgkm to be
all alternating bridges that are shifted up to start at coordinates between 1 and n;
we will refer to these lattice paths as tridiagonal trace paths. In terms of these paths,

we can write the trace of a power of a matrix as

tr A¥ = Z Ag.

wEAZk,n

When n is large and k is fixed, each A is approximated by a substantially simpler
quantity: every entry in a 2k x 2k principal submatrix on the diagonal of A is strongly
approximated by a deterministic tridiagonal band matrix (c.f. Lemmas 8 and 8).
Thus, endow an alternating bridge with a weight by giving each horizontal edge
weight  and each inclined edge weight y. Define the weight of the bridge to be the
product of the weights of its edges, and define py(z,y) to be the sum of all the weights
over all the paths in Ay. If we let h(w) denote the number of horizontal steps taken

by path w, then

Z x 2k hm).

wEAsy,

We are interested in finding the exponential generating function for these pg, i.e. we

will compute

Zk,pkx ?J

and show that
P(t) = T [ (2myt), (2.7)

where [ is the modified Bessel function of the first kind.

These polynomials exhibit some nice combinatorial properties. Suppose that a
path w € Ay, has ¢ up-steps. Because the path returns to 0, it must also have
1 down-steps. Down-steps must be placed in odd positions, and up-steps must be
placed in even positions; as a result, the placement of the up-steps is independent

from the placement of the down-steps. Thus, there are exactly ('f) ( k:) paths in Ay
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having 2 inclined steps. Note, this argument also shows that the number of inclined
steps must be even. Consequently, the number of horizontal steps is even as well, and

we have shown

k 2
k _
el =3 (7)) < PRCR R, 28)

1=0
For definitions and properties of the hypergeometric function oF}, see |1, page 556].

As a consequence, we are able to compute the size of Ay, by simply evaluating this

S0 ()

While the alternating structure naturally lends itself to describing traces of A,

polynomial at z =y = 1,

there is another way to view Ay, which lends itself better to computing Z(t). If w =
WiwWy - - - Wop_1Way, for steps w;, then the concatenation of the steps wo;_1ws; is one of
(2,1), (2,—1) or (2,0). Moreover, if it is either of the first two, then by the alternating
structure, wq;_jwq; must have been (1,0)(1,1) or (1,—1)(1,0) respectively. If it was

a horizontal step, then there are two possibilities, either (1,0)(1,0) or (1,—1)(1,1).

Definition 2. By concatenating pairs of steps, alternating bridges w are in bijective
correspondence with lattice paths in £y whose horizontal steps are 2-colored. Let those
horizontal steps corresponding to (1,0)(1,0) be colored red, and let those horizontal

steps corresponding to (1, —1)(1,1) be colored blue.

Example 2. Two alternating bridges with the overlaid £, path.

15 9
z Z
1 » . 1
I %0 R I
o L oL
U U

______ Inclined Step.  » » Red Step,(1,0)(1,0).  x x Blue Step, (1, —1)(1,1). \
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Lemma 3. Let w € fl%,n be given, and define Sy (m) to be the number of times w
walks from height m to height m + 1 or back, and let S”(m) be the number of times
that w walks horizontally at height m. Both S®(m) and S (m) are even.

Proof. Let u be the colored lattice path from L that corresponds to w. Let v be the
number of steps that u makes between height m and height m + 1 and back. Because
u returns to its starting height, v is even. Let R be the number of red horizontal steps
(i.e. those resulting from a (1,0)(1,0) pattern) that « makes at height m, and let B
be the number of blue horizontal steps (those resulting from a (1, —1)(1,1) pattern)
that 4 makes at height m + 1. Because S”(m) = v + 2R and S’ (m) = v + 2B, both

are always even. O

The correspondence between colored L; and Ay, allows the polynomials py(x,y)
to be represented in a third way. We will define the weight of an uncolored path
p € L to equal the sum of the weights over all alternating bridges w to which its
colorings correspond. Suppose that an alternating bridge w is in correspondence with
a colored path p, one with r red edges and b blue edges. Recall that h(p) is the number
of horizontal steps the path takes, and therefore the weight of w is (xy)*~"P)z?y?.
There are (hsnp )) ways of placing the r red edges on the path (after which the placement
of the b blue edges is determined). As the possible colorings of a fixed path p are
in bijective correspondence with {1,0}"®) it follows that the sum of the weights

corresponding to all different colorings of a given path p is (xy)*"®) (22 + y?)"P), In

conclusion, pi(z,y) can be written as

pr(w,y) = D (ay) 0 (@7 4 7)),

pELy

The subset of the lattice paths £ that fixes a given horizontal edge is in bijective
correspondence with £;_1, simply by removing the given edge. By inclusion-exclusion,

it follows immediately that the lattice paths in £, that have no horizontal steps are
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counted by

k k k (k) keven
|Lk| — (1)|£k_1| + (2)|£k_2\ — (3)|£k_3| 4=

0 k odd .

ISk

The correspondence between L£; with a fixed horizontal edge and L£;_; decreases the
statistic h(p) by exactly 1, and so this inclusion-exclusion formula carries over to py

as

mien) = (1)@ e+ (5) @+ o Pocalo) +--
(xy)k(g) k even
0 k odd .

This recurrence can be recast in terms of the exponential generating function 2(t)
to read

2 2t2 2 x4y4t4 4 xGyGtG 6
Pt +v) =14 Y = Io(2ayt).
(t)e o) T o) e \g) T o(2zyt)

Thus, we have shown (2.7),
P(t) = ) [ (2zyt).

Working with this function proves to be somewhat complicated, and it will be conve-
nient to instead use the Laplace transform of Z(t). Let £,[f(t)](w) denote the Laplace

transform in the variable ¢

LAf(1)](w) = / T e (.

When applicable, £, will denote the Laplace transform in both variables. The cal-
culation of the Laplace transform of Z2(t) is simplified greatly by some elementary
properties of the Laplace transform and the known Laplace transforms of modified

Bessel functions. All of these properties are available for reference in [1, Chapter
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29|; properties of the modified Bessel functions are available in [1, Chapter 9]. The
Laplace transform of the modified Bessel functions [, is given by

c" 1

L)) = (o

w > c. (2.9)

If for some real value of wy, the Laplace transform is finite, then for any w in the half
plane Rw > wy, the Laplace transform is finite. Further, the transform satisfies the

following identities

LA F(D] () = L F(B)](w — ), (2.10)
LIFOIW) = L)), (2.11)

We will show that a priori, the Laplace transform of Z2(t) is finite in the half
plane Rw > (z + y)2. This follows as I,,(2xyt) satisfies the simple estimate

0 < I,(2xyt) < ¥

for t > 0,2xy > 0, and thus

0< P(t) < @ty

Identity (2.10) makes computing the Laplace transform of Z(t) a simple substitution
into (2.9), as

1

LI2O)w) = LibQeytlw =" =) = ey

Using (2.11), it is possible to compute the Laplace transform of 0, Z(t), which arises

later.

Lemma 4.

L]0, 2 (t)|(w) =
((w — 2 — y2)2 — 4x2y2)
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Proof. This is a straightforward application of (2.10), (2.11) and the identity y(t)" =
().
L]0, 2 ()] (w) = Lo[2ate" ) o (2zyt) 4 2yt V) I (22yt)] (w)
— —0,Ly[22€" ) [ (2zyt) + 2y @ VI [ (2zyt)] (w)
2z 2y 2xy

= + = . =
\/w2 — 4x?y? \/uﬂ —4x?y? 0 + \/W? — 4a?y?

where @ is w — 22 — y?. Thus

2z(w + 2y?)

3
(W2 — 4x2y?)2
2 2 .2
_ r(w+ y* — %) s (rty)?

3
((w — 2 — y2)2 _ 4x2y2) 2

L]0, 2 (1)) (w) =

]

Remark 2. In a manner of speaking, we have circuitously arrived at the regular gener-
ating function for py(z,y), since it is possible to deduce the generating function from
the exponential generating function by way of the Laplace transform, as follows. Let

PE(t) denote the generating function,

k=0

The effect of taking the Laplace transform on an exponential generating function can

be understood using the Gamma function.

The order of summation and integration can be interchanged because Z—k!pk(a:, y) is

always positive for t > 0, x,y € R,

Z/ k'pk x,y)dt.
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Make the change of variables s = wt, so that
L)) =3 [ e Smmtais
k=0

= Zw_k_lpk(% y)ds
k=0
= 2w Hw™

Thus, putting everything together,
1

\/(1 —w(z? + y2))2 — 4w?a?y?

PP(w) =

2.2.2  Asymptotic normality of fluctuations

We show in this subsection that polynomial test functions asymptotically have jointly
normal fluctuations. This is the first component of Theorem 2, and we summarize

the precise claim in the following proposition.

Proposition 6. Let A be an n x n B-Jacobi matriz, with parameters as described in
Section 2.1.4. For any fired k € N, the k-tuple (XxlyA,Xx{A, e ,X:Bk,A) converges in

distribution to a centered multivariate normal random wvariable.

The method of proof will be the computation of the moments. Recall that a
multivariate normal variable has mixed moments characterized by the Wick formula,

which we will state precisely.

Proposition 7. A centered random vector (Zy, Zs, . .., Zy) is a multivariate normal

if and only if for each word m & [k:]l , the mized moments satisfy

0 if 1 is odd,
E]]Z =
iem 26 iapyeee) EZmaZm, if L is even,

where the sum is over all graphs G that are perfect matchings on the vertices [k], and

where E(G) 1is the edge set of this graph.
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To prove Proposition 6, it suffices to show that all the mixed moments asymptot-
ically obey the Wick formula. Thus, our first goal is to show that the moments have

the correct form.

Proposition 8. For a fivzed word m € [k]l,

O(n=%/?) if 1 is odd,

EJ]Xoia=

iem ZG H{a,b}eg(G) EXpma aXgms 4 + O(nfl/Q) if 1 1s even,

where the sum is over all graphs G that are perfect matchings on the vertices [k|, and

where E(Q) is the edge set of this graph.

This nearly proves Proposition 6, but it remains to show that the covariances have
a limit. We will delay this proof as we will identify the limiting covariance explicitly,
and we begin in the direction of proving Proposition 8. In the sequel, fix some word
m € [k]l . We will write the mixed moment indicated by m in a way that exposes its
asymptotically relevant terms. The first step is to write the mixed moment in terms

of tridiagonal trace paths.

EJ] Xoou=E]] [Zw%u,n Ay —EAg

uem uem
!
= Y EJ][As —EAg], (2.12)
W1 ,y..., W] =1
where the sum is over all tridiagonal trace paths (wy,...,w;) € Agmm X ./é~l2m2,n X

Cee X j\mw'

Each nonzero random variable Ay is a product of terms of matrix entries. More
specifically, by Lemma 3 trace paths visit each matrix entry an even number of times,
and so Ay is a polynomial in the random variables {c?} and {(c})?}. Thus for each
tridiagonal trace path w; for which Ay, # 0, it is possible to define random variables

¢;" with 1 < j <2n —1 so that
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1. q;.’?i is a polynomial in c? for1 <j<m;
2. ¢}, is a polynomial in (¢})? for 1 < j <n—1;

Jj=1 13 >
4. The smallest nonzero coefficient of each q;’-_’i is 1.

We will write qf(m) for the corresponding polynomial in x, while when no argument
is provided, we mean the random variable defined above. This decomposition breaks
a random variable Ay, into a product of independent random variables. Further, each
polynomial has the form ¢} () = 2% (1—x)"%3 for some non-negative integer powers,
Note, however, that most of these polynomials are identically 1

We will use these polynomials to alternately express the difference A; — EAg.

Specifically, we telescope in the following way.

2n—1 2n—1
Awi - EA@Z- = H [(qfl - Eq —|— ]Eq H E
j=1
= > LH(CJ}’” —Eq) [[Bq |- (2.13)
Sc[2n—1] Ljes &S
S#0

In this last step we omit the empty set precisely because it is the term canceled by
EAg,.
Note that in (2.12) we require a product of [ of these terms. Thus, by applying

the (2.13) multiple times, we can write

H[Awi - Z H H Wi H Eq}", (2.14)

=1 ..Spi=1 jeSs; J€S;

where it is important to note that the sum is over nonempty subsets of [2n — 1].
In expectation, we will see that each difference term q;-’ji — qu" that appears in

the product contributes a factor of n~'/2, and thus that the magnitude of (2.14) is
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at most O(n~"?). To show this, we require the ability to estimate moments of the
terms that appear in the right hand side of (2.14). This is expressed in the following

lemma.

Lemma 5. Fiz a polynomial q(x) = xz*(1 — x)*, and fix an n € N. There is a

constant C' = C(m, ay,az) so that

2\ |m —m/2
11@?57(11[3 ‘q Eq(cz)‘ <Cn , and
max E|q((¢)?) — Eq((¢)*)|" < Cn~™2,

1<i<n—1

Proof. In the current parameterization, we recall that ¢ and (c})? are mutually inde-

pendent Beta random variables with parameters

n(l b)

c NBeta(Z—Z—i-a_l(i—n), +a7'(i —n)), and

(c})? ~ Beta(a™"i, 2 + a~'(i — 2n + 1)).

The primary tool in this proof is the Poincaré inequality for Beta random variables.
From Lemma 16, a Beta variable X ~ Beta(p, p2) satisfies a Poincaré inequality

1

Var O < v o)

B/,

for any Lipschitz function f on [0, 1]. Let M denote the collection of all Beta variables
appearing in the matrix model. We note that for all these variables, the sum of their
parameters is at least 2 [% — 2] . By hypothesis on the parameters of the matrix,
a < 1/2, and thus there is a constant C' so that

[;f{( >|)2] <

Further, by applying each of these inequalities to ¢(X) for any X € M, we see that

max sup
XEM ) £l pip<oo

for any Lipschitz f,

Var f(a(X)) < SEIf (X)) (X
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Note that |¢'(x)| < (a1 + az) on [0, 1], and thus

Clay + ay)?
n

Var f(q(X)) < E|f(¢(X)),

for all Lipschitz functions on the interval and any X € M. It is well known that a
Poincaré inequality implies exponential integrability (see [19]). Precisely,

19(X) —Eg(X)|v/n
12(661 + az)\/a o

E exp

for every X € M. By expanding the exponential in its series, the claim follows. [

As a consequence of Lemma 5, it is possible to estimate the contribution of any

product of terms as in (2.14).

Lemma 6. There is a constant C' = C(l, maxy<;<; m;) so that for any l-tuple (w1, ..., w;) €

Ale,n X Ang,n XX A2ml,n>

’E Hizl [Ag, — IEA@.]‘ < ConV2,

Furthermore, the dominant contribution is given by

with the sum over all [-tuples (s1,...,s;) € [{]

l
E|][As, — EAg] — EDw,,| < Cn~ D2,
=1

]

Proof. We recall (2.14):
[114s —EAg] = Z H [T —Eq™) [] Ea™,
i=1 .Sy i=1 jES; JESi

where the sum is over nonempty subsets S; C [2n — 1]. Taking expectations, most

of these of summands will be 0. This is because for each word w;, there are at
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most 4m; nontrivial polynomials q;-z’i, where w; € ./Zlszn Thus, there are at most
24migdmz .. 94m ponzero summands of the form
1
Ps,,..s=E]] [ (" —Eq™) [ ] Ea™, (2.15)
i=1 jes; ¢S

and thus it suffices to show the desired bound for an arbitrary term such as this.
From each S;, pick an arbitrary j;. Each qf is a random variable supported on [0, 1],
and thus both |q;D — ]qu’
bounded by

< 1 and |Eq;”

< 1. Therefore, the term in (2.15) can be

l

11 —Eg)

=1

|P51,...,Sl| S E

Y

1 ¢ W w; |1
= j;E‘qj/ — Eq;,

where we have applied the arithmetic-geometric mean inequality. By applying Lemma 5,
we conclude that there is a constant C' that depends only on maxj<;<;m; and [ so
that

’PShm,Sz‘ § C?”L_l/z.

Summing over all possible nonzero summands, the first conclusion follows. Note that
the same argument shows that if o := [Sy| + || + -+ + || > [, then the same

argument (with the same constant no less) shows
|Psy,...s < Cn™2,
from which the second conclusion follows. m
Having established these bounds, we introduce the notion of a dependency graph.

Definition 3. For any tuple of tridiagonal trace paths (wy, ws,...,w;), define the
dependency graph G to be a graph with vertex set [I] and i ¢ j if and only if A4, and

Ay, are functions of mutually independent random variables.

The family of vector variables

2= {(sz‘)ies}s )
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where S ranges over all connected components of G, is a mutually independent family
of random variables. The importance of these connected components is that there are
very few [-tuples of tridiagonal trace paths that have few connected components in
their dependency graph. Moreover, it is possible to estimate exactly how many trace

paths have such dependency graphs. This motivates the following definition.

Definition 4. For any x € {1,2,...,[l/2]}, let B, be the collection of all [-tuples in
Agml,n X flgmm XX ./Zlgml,n whose dependency graphs have x connected components
and no isolated vertices. For any such word tuple of words, let & = E(wy, ..., w)

denote the edge set of the dependency graph.

When [ is even, Bj, is the collection of all I-tuples of trace paths whose dependency
graphs are perfect matchings. With this definition, we can count the number of [-

tuples of trace paths having a particular number of connected components.

Lemma 7. For any x € N, there is a constant C = C(x, maxi<;<;m;) so that |B,| <
CnX.

Proof. This ultimately stems from the observation that there are only finitely many
entries in the matrix that depend on a given entry. Thus, once any arbitrary trace
path in a connected component has been chosen, the remainder of the trace paths
must start nearby. Formally, we begin by bounding the number of ways to construct
a connected component on s vertices.
Without loss of generality, suppose these s-tuples are chosen from flgmw X flgmw X
% flgmn As we would like choices having a connected dependency graph, we
overcount by first choosing a desired spanning tree and then filling out the graph. As
there are only s°~2 such spanning trees, we lose at most a constant factor.

Let M = max;<;<; m;, and choose the first trace path in the tuple arbitrarily; there

are ’Agmw possible choices for this path. Traversing the vertices of the tree in a depth

first search, each vertex traversed must depend on the previously chosen path wp,., €
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flz,nmv’n. This forces the choice of Wy, € /ngmnew,n to have that Ay, ., depends on

A and thus the starting point of Wy, must be no more than my,e,, + Mprey Steps

Wprew
from the starting point of the previous. Thus there are at most 4M |Ayy/| ways to
choose the new path. This bound holds for every vertex explored in the depth first
search, and we arrive at the bound that there are at most [4M |Agy]]” - n ways to
choose trace paths having dependency graph spanned by a given tree.

Summing over all possible partitions of [ with y parts, i.e. all multisets of naturals
{s;} so that s; + sy +--- + s, = [, and choosing components of these sizes for each,

we arrive at the bound that there is a constant C' so that |B,| < CnX.

[]

It is now possible to identify the asymptotically relevant portions of an arbitrary

mixed moment, and hence prove Proposition 8.

Proof of Proposition 8. In terms of the notation B,, we recall (2.12) and rewrite it as

l
EJ] Xooa= > E]]lAs —EAs]
=1

uem W1 ,...,W
[1/2] !
= E]] (A — EAg,], (2.16)

X=1 (@1,...0)€By i=1
noting that this sum contains no [-tuples of words with isolated vertices in their
dependency graphs, as these vanish identically on taking expectations. By Lemma 6,
there is a constant ('} sufficiently large that

l
E H [Aih - EA@]

=1

S Oln_l/27

for every word in the sum. Also, by Lemma 7 there is a constant C sufficiently large

that for all 1 < x <1/2, |B,| < CynX. It is immediate that if { is odd, then by (2.16),

E ] Xora

uem

L1/2]
< Z Cin~2CynX = O(n=Y?).

x=1
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If [ is even, however, then applying the same bound to terms for which x < /2,

l

E]] Xou= 2. E]]Ms -Eda)+ 007

u€m (W1,...,W)EBy 5 =1

= ) I El4a. — EAs,][As, — EAg] +O(n~"?).  (2.17)
(w;)i€Byyo  {ab}e€

It only remains to show that the Wick word has the same form, i.e. it should be

shown that

W= H E [Xame aXzms 4], (2.18)

G {ab}eE(G
where G ranges over all perfect matchings of [l], has the same asymptotically relevant

terms as (2.17). We recall (2.12), due to which we may rewrite
W= Z H Z E [Awa - EA?Da] [Awb - EAU%] ;
G {a’b}eg(G) AQma,n X"Z(2mbvn

where the inner sum may be taken over all pairs of [-tuples. For a fixed perfect match-
ing G, every possible tuple (w1, ...,w;) is represented exactly once. After commuting

the inner sum and the product, we may write
Z > H E[Aa, — EA,)[As, — EAs,].
----- w;) G {a,b}e&(G

As before, we may ignore [-tuples whose dependency graphs have an isolated vertex,

and thus we write
1/2
W= Y Y T B Bl BAL)
x=1 (w;);€By G {a,b}€&(G)

We will bound the contribution of terms having x < [/2, and we note that there is a

constant Cj so that for any pairing G and any tuple of paths (w;);,

H E [Au—]a — EAU_JQ] [AU—)b - ]EAu—}b] S O3n_l/2,
{a,b}€&(G)
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which follows from applying Lemma 6. Writing Cy = (21)!/2/1! for the number of

perfect matchings on [I], we have

1/2—1

Z Z > 1 IE[A%—EA@HA@,,—EA@]|

1 (w;);€By G {a,b}e&(G
1/2-1
< Z ConX - Cy - Cyn V% = O(n’1/2).

x=1
For each tuple of words (w;); € By, there is exactly one choice of pairing G so that

so that the product is nonzero, and thus

W= E[Ag, — EAp,] [Ag, — EAg,] +O(n71?),
>, I

(wi)iEBl/Q {a,b}e€

which completes the proof on comparison with (2.17). O

2.2.3 Computing the covariance

We now turn to showing that all possible the pairwise covariances Cov (X 4, X1 4)
have limits and produce an expression for that limiting covariance. We will use Cj
to denote the covariance we eventually show to be the limit. These covariances can
be described in terms of the polynomials py(z,y) introduced in Section 2.2.1. The
exact form of the covariance is given by an integral against a parameter o. In terms

of o, define the expressions

. \/(b+a)(1—a+0) Cand g o=
1+ 20

\/(1—b+0)(a+a).

2.1
14 20 ( 9)

The matrix Cj; for k,l > 1 can now be defined by

a [° 1 9 9
CYk7l = Z /_a 1 i 2% [(a:r:pkaxpm + aypkrgypm) (1 —Tr Y )

- (axpkaypm + aypkaxpm) (2:13‘?;)] do. (2'20)
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Remark 3. In this form, the integrand is separated into positive and negative parts.
We can check that 22 4+ 3% < 1 for all —a < ¢ < 0. Furthermore, because p; have all

positive coefficients, x is nonnegative, and y is nonnegative, it follows that

(aa:pkampm + aypkaypm) (1 - .1'2 - y2) Z 0 3 and

for all —a < o < 0. To check that 2 +y* < 1, we clear the denominator and expand

the terms to show that this is equivalent to
b(l —a)+ (1 —b)a<1+20+20°

The quadratic on the right is increasing for —1/2 < ¢ < 0, and thus to show the

inequality, it suffices to show that
b(1 —a)+ (1 —b)a=a+b(l —2a) < 1—2a+ 2a°

Using that 1 —2a > 0 and b < 1 — a, the inequality follows.

Our primary purpose in this section is to prove the following Proposition.

Proposition 9. For each fized k,l € N, as n — oo,
Cov(Xor 4, Xora) = B [Xope aXora] = Cra + O(n~'72).

Note that combining this Proposition with Proposition 8, we have proven Proposi-
tion 6. We turn immediately towards proving Proposition 9. We recall that by (2.12),
we have

E[XpeaXpa] = Y E[Ag, —EAg][As —EAg] .
Wi, Wy
By Lemma 7, there is a constant K, so that there are at most K, - n such words.
Applying the second portion of Lemma 6, we have that there is a constant K}, so

that
‘E (X aXoa] =Y EDggan| < Kon- K -0,

Wi, Wy
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where we recall that Dz, 4,) is given by
Dy =Y, |] [(q;? —Eq;?)Hj 2 Eq} } :
Sk,81 i€{k,l} ’
with the sum over all choices of sg, s; € [2n—1]. Thus, it suffices to analyze the quantity
> iy BD (@) and show it has the desired limit. Note that by the construction of

q;‘z , each of ¢ Wk and qsl are independent if s, # s;, and thus we have

E [ X aXoi 4]

2n—1

=2 2 Ela™ ~Eq"] [ ~ Eq"] [H#t Eq;ﬁqu;vl] +0(n7'?).

wg,w; t=1

We define r; so that

Ty = Zwk,wl E [qf”“ — qu”“} ]eq [H Eq;”’“E } , (2.21)

and note that by commuting sums in the previous equation, we have

2n—1

E [Xpr a X 4] = Z re +O0(n~1?). (2.22)

Let {z}2";" be the enumeration of all the Beta variables in M, where z; = (¢;)? for

1 <i<nandz = (c_,)*> when n+1 < i < 2n—1. This makes each q;“D a polynomial

1—n

in z;. The first step in the analysis amounts to using Taylor approximation to pull

the expectations inside the q}vi polynomials.
Lemma 8. There is a constant K = K(k,l) so that for all1 <t <2n —1,
Iry] < Kn™*
Moreover, it is possible to identify the dominant contribution rP, which is given by
rP = Var(z) Y |a (B [0 E=)| [T, (B2 E2)]

and which has

|7‘t — rtD‘ < Kn=32.
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Proof. The first claim follows from Lemma 5 and from the fact that the number of
trace paths that depend on z; is bounded by some K = K(k,[). The second claim
will follow from Taylor approximation. For any polynomial qf’“ or q;pl, it is possible to
bound the maximums of the derivatives over [0, 1] in terms of k£ and [. Each polynomial
has the form ¢ (z) = 2* w3 (1 — )%, and hence its first and second derivatives can
be bounded by a; ; +a?; and (a; ; + a7 ;)*. These parameters a' and a” can in turn be

bounded by i, to yield

max < (44)?,

z€[0,1]

W; "
q;

w; !
q; | =

z€(0,1]

for either i € {k,[}. These imply that the 0** order approximation has error
|4} g7 (Ez;)| < 4iz; — Ez,
and the 1%t order approximation has error

a7 (25) = 0 (B)) = ' (B2y) (2 — Bz)| < 82|25 — Bl

We recall the definition of r,, which was given by

nzz%mﬂq#hwwﬂ@ﬁ—EfﬂHL#Eﬁ@#q.

RS (i)

Using 1°¢ order approximation for term (¢), we bound

Dy = ‘E " — Eqi*] [¢)" —Eq,"] —E [ Y (Bzr)g™ (Bz) (2 — Ezt)2]

< Kin3? (2.23)

with the constant implicitly depending on k, [, and the constants assured by Lemma 5.
Using the 0" order approximation for term (i), we will bound the difference between

(1) and its approximation. This will be done by replacing each z; by Ez; one term

at a time. As there are at most 2k + 2l non-constant polynomials qf’“ and q;.’_”, this
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reduces bounding (i7) to bounding, for any fixed w,

Ay = g (Ez)ay (Ez) — By (2)Eqy (2,)

H “(Ezj)q; YH(Ezj) HEq (25) E (z5).

Jj<u j>u
Gt J#t
Recalling that all qf are almost surely less than 1, this can be bounded by
|A,] < |qg}k (EZU)QZJZ (Ez,) — ]qu)k (ZU)EQ?(ZU” < (4k +40)E |z, — Ez,| < Kyn™2,

These bounds applied to the difference of (ii) and its approximation show

Dy = [T, B ()B4} () = [, 4" (B2)q)" (B=)
< > A< (2k+20) - Kon T2 (2.24)

l<u<2n 1
qu Qul7£1

By combining Lemma 5 with Cauchy-Schwarz, one has that (i) is at most Kzn™!

Therefore, we can combine both of (2.23) and (2.24) to show

re — 1P| < Zwk o [0 |D(n')\ +[ D) ‘ [Hj# q?k(Ezf)qfl(Ezj)”

< Z - (2k 4 21) - Kon™Y? + Kyn=3/% . 1.
Wi, wl

As the sum is only over paths that depend upon %, the proof is complete. n

All the expectations in r? are approximately equal to one of two values, Ez; and

Ezi4, (or t — n in the case t > n), on account of the trace paths being forced to
overlap. Thus, this can be expressed in terms of the polynomials py(z,y) for values
of ¢t for which the trace paths are sufficiently far from the matrix edge. The values
of x and y are given in terms of the expectations of matrix entries. Put s(t) = t if
1 <t<n,and put s(t) =t—nifn+1 <t <2n—1. The values of x and y are given
by

= VE[2(1~(¢)?)] and y(t) = VE[(c,)*(1 — (c)?)]. (2.25)
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Note that these are not exactly the expressions for x and y given in (2.19), but we will
show that these two quantities are strongly related. In what follows, we unequivocally

mean the z and y given in (2.25).

Lemma 9. Define £P to be

€ =D _ Var(cl) (@0upi(,y)  yOouri(,y)\ ((20uPm (T, y)  YOypm (T, y)
b 4 Ec2 1 —Ec2 Ec2 1-E )’

when 1 <t <n and

¢ =D Var(c?) (yaypk(:v,y) :vaxpk(x,y)) (yaypm(w,y) 3 xﬁmpm(x,y)>
t-— ¢ 4

Ec?2  1-E(¢)? Ec’? 1—E(c,)?

whenn+1 <t <2n—1. There is a constant K = K(k,l) so that for all k+1 <t <
n—k—landn+k+1<t<2n—k—-1-1, || < Kn2

Proof. We show the proof for 1 <t < n. The proof for ¢t > n is identical. We recall

that P is given by

P =Var(z) Y |a(B=)| |07 E=)| [T, ¢ E2)a (E=))|

W, Wy

This splits nicely as rP = Var(z;) M; () My(10;), where we define

M) =Y [ =) [T, 0 (B=)] .

This M;(w;) is essentially computable from just two expectations, Ez; and Ez;y,.

Letting

M) = Y, [ ®)] [T] e o BB

1<j<n
we show that |M,(w;) — MP (w;)| is O(n~'). We will require the formulae for Ez, =

Ec? and Ez;,, = E(c})?, and so we recall the precise distributions of these entries,

¢; ~ Beta(22 + a7 (i — n), % +a (i —n)) and

(c})? ~ Beta(a™'i, 2 + a (i — 2n + 1)).
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Their expectations are given by

2 a7t —n) b—a+2at
L4 a7 (2t —n) - 1—2a+2at
a 't at
L4 a7 (2t —n) - 1—2a+2at

Ez = Ec? =

(2.26)

Eziyn = E(c)? = (2.27)

Each of these expectations, as a function of ¢, is uniformly Lipschitz continuous over
0 < t < n with constant K, - n~! for some K; depending only on the ensemble
parameters. By the same method used in the proof of Lemma 8, it is straightforward

to show that there is a constant Ky = Kj(k,[) so that
‘Mt(wl) — MtD(wZ)’ S Kgn_l.

We recall the notation of Lemma 3, where we defined S“i(¢) to be the number of
horizontal steps of w; from level i to i and S7”(¢) to be the number of steps of w; from
level i to i + 1 or vice versa. The polynomial ¢;”* may be identified precisely in terms
of these counts. Recalling the matrix model (2.6), the variables ¢, and s; appear only

in the " row from the bottom of the matrix. It follows that
@ % 5% (4) /2
() = O -yt

and thus, differentiating,

iy = o (£)257 0271 (1 = )57 02 gl (1) 57 W/2(] - ST O/
_ o 2 0 0 2
_ ST (2)  SP()a (=) (2.28)
2. 21— 2) '

We now relate MP (w;) to expressions containing p;(z,y). The essential realization is

that

>, ST [ngjgn g (Ezt)qﬁn(Ean)}

= @)y = wd,pi(ay), (2.29)
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where h(w;) is the number of horizontal steps w; makes, and x and y are defined
earlier. This is a direct consequence of the bijection between paths w; € flgi,n that
have a single marked horizontal edge at level ¢ and paths wy € As; having a single
marked horizontal edge. This is given by the map that simply vertically shifts w; to
start at 0; note that this is invertible on account of the mark being forced to lie at
level t. For n — k —1 >t > k+ [, every summand on the left hand side of (2.29)
is exactly the summand given on the right when identifying paths via this bijection
(note that for ¢ too close to the matrix edge, some of the paths on the left hand side

will be 0, destroying the identity). Similar reasoning shows

Zwi S (t) [Hlﬁjgn qf’i (Ezt)Q}Din(Ean)] = yoypi(z,y). (2.30)

By combining (2.28), (2.29),and (2.30), it follows that

_ Depi(r,y)  yOupi(x,y)
MP(w;) = £ Y) _ YHPAT:Y)
e () OEz, OE[L — 2]

The conclusion of the lemma follows more or less immediately. By Lemma 5, the

1

variance of z; can be controlled by K3n™", with K3 depending only on the matrix

parameters. The moduli of M;(w;) and M;(w;)” can be controlled by some K, =

Ky(k,1), and so
€| = |var(zt)Mt(wk)Mt(wl) - Var(zt)MtD(wk)MtD(le)‘ < Kyn ™' 2Ky Kont,

completing the proof. O

On account of the variance being of the order of n=!

, summing these expressions
takes the form of a Riemann sum. We thus conclude the proof of the limiting covari-

ance formula by showing that this Riemann sum converges to the integral given by

Chy-

Proof of Proposition 9. By Lemma 8 and (2.22),

2n—1
EXxk,Ale,A = [Zt 1 TtDi| + O(n_l/z).
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Let B =1 rP and ¥ := >\ rP. Lemma 9 shows that

5 "_Zk_ "Var(c) (20upr(z.y)  ydype(.y)\ [ 20upm(z.y)  yOypm(z,y)
4 Ec? 1 —Ec? Ec? 1 —Ec?

t=k+1

+0(n %), (2.31)

We will show that the variance of these Beta variables is of order n~t. To concisely
describe the integrand that results in the limit, put 7 to be the variable over which
the integral is taken, and define e(7) and €/(7) as

b—a+2
e(r) = % and ()= — T g<r<i, (2.32)

1 —2a+ 2ar
so that for 7 = t/n, e(7) = Ec¢? and ¢'(17) = E(c})? (see (2.26)). We will reuse the

notation x and y by putting

= Ve(r)(1—¢(r)) and y(1) = Ve(1)(1 — e(T)). (2.33)

This definition is now consistent with (2.19), after making a change of variables. We

recall the variances of these Beta variables,

(b—a+a ) (1—b—a+af—l)
(1—2a+2at)’

a (a2) (1= 2a+a2)

Var(c))? = —
Yooon (1-2a+2at)’

Var ¢ = % +0(n™?),
(2.34)

+0(n7?),

where we may choose the constants in the error terms to depend only on the ensemble
parameters (and not ¢). By virtue of the ¢ factor, the sum Y , P takes the form of
a Riemann sum. The integrand, exposed on the right hand side of (2.31), is Lipschitz
continuous in ¢/n, and thus the convergence of the Riemann sum to the integral occurs

with rate O(n~1). This shows

T e e I =) e o)

+0(n~Y%). (2.35)
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Applying the same reasoning to n + 1 <t < 2n — 1, it follows that

1
/ aa (CLT) (1 —2a + CLT) yaypk $8zpk yaypm xaﬂcpm
= 3 / - / / o /
4 ) (1 —2a+ 2ar) e(r) 1—¢€(r) e'(7) 1—e(r)

+0(n~Y%). (2.36)

The sum of these two integrals (2.35) and (2.36) and the associated error bounds
show that the limiting covariance exists, and their sum provides an expression for the
limit. The remainder of the proof will show that this expression can be alternately
expressed in the form given by Cj; (defined in (2.20)). The primary difference is a

change of variables. Take 0 = a(7 — 1). The integrals become

5 g/oe(v)(l—e(a))<x8mpk YOyPi )(x&;pm YOyPm )da

4 (1+20) e(o) 1—e(0))\ elo) 1—e(o0)

+0(nY?), (2.37)

21 e (- ) (e - e )

—a

+0(nY?). (2.38)

The sum of these integrals can be shown to equal C}; by checking the coefficients in
front of the terms 0,pr0yDm, OyPrOyPm, OuDrkOypm and OyprOypy,. The coefficient on

OxPrOxpm in the sum of the integrands (2.37) and (2.38) is given by
e(o)(1 —e(0)) 22 do)(1—¢€(o)) 22 o l—a? =y
(14+20)  e(0)? (1+20) 1—¢€(0)2]  1+20

Similar manipulations show that the coefficients on each of the other terms agree with

the coefficients in the integrand of C};, completing the proof. n

2.3 Diagonalizing the Covariance Matrix

We proceed by showing that the covariances are diagonalized by the appropriate
Chebyshev polynomial basis. This will be done by verifying that certain generating
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functions agree. We would like to show that the infinite covariance matrix can be
decomposed as

C = LAL,

for the diagonal matrix A = diag(0,1,2,3,4,...), and some lower triangular matrix
L. The L, entry of this matrix is the coefficient of the k™ Chebyshev polynomial

['k(z) in the expansion of x". Define the exponential covariance generating function

€ (s,t) as
sk ¢
C(s,t) = %l l,Ckza

k,[>0

and define the exponential generating function of LAL! analogously,

tl
T(s,t) =y o3 [LALY,,

k,1>0

We will show that these generating functions are equal by computing their bivariate
Laplace transforms and showing they are the same, from which it follows that C' =

LAL".

Computing L[ 7]

The coefficients L, j, can be computed by a recursive formula, but they have a useful
Fourier-like expansion. Define # in terms of z so that

2.1:_)\__>\+

e
cos(0) WS

from which it follows that

2 cos(nb) = 2T,,(cos9) = 2T, (m) :

A —

Expand 3 1ot as a series in t,
n oo n

00 00 k n n
Z |C—|—T'COS(9 _%ZZLn,k%QCOSkQ—ZZLn,k%COSkQ,

n=0 n=0 k=0 n=0 k=0

-
3|°“
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where we have used the definition of L, ; as the coefficient of the k" Chebyshev
polynomial in the expansion of " and where ¢ = (%) and r = <%> .

The Fourier interpretation allows for the matrix multiplication LAL' to be carried
out by an integral. Consider the kernel Ky (6, ¢), which will formally play the role of
A, given by

N
Kn(0,¢) = Zk cosk - cos ko.

This allows for .7 to be given by

y(s t — lim _// tc—l—'rcos@K ¢)€SC+TCOSGd¢d¢9,

N%oo 7'{'

as the coefficient on t*s' would be

]\}gnooﬁ//(z Lk]k' cosy@) (chos kO - cos kgzﬁ) (Z Ly ;j— 0 cosggzﬁ) dodo,

which by the orthogonality of {cosj0}32, on [0, 7], is exactly (LAL')x; when N >
min(k, [). Further, these integrals can be evaluated, as the expression ¢*“*? has an

expansion in terms of Bessel functions. Namely,

(see [1, p. 376]). This defines the Fourier coefficients of €*°*¢ from which it follows
that 7 (s,t) can be rewritten as

(7(8 t) _ ec(t-l—s) lim _/ / rtcosGK qb)erscosqﬁdgdqb

N—oo 47‘(‘

= eclt+s) Z kL, (rt)I(rs).

k=1

Again, we will require the Laplace transform of this generating function. Each

summand kI (rt)I(rs) is positive for s,t > 0, and so commuting the sum and the
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Laplace transform is justified.

LT (s, = kLo [T I (rt) [ (rs)] (1, w)

i ey

k Y
=1 w+\/w2—r) 2—r2 () + /72— r2)k /72 — 12
where w = w—c. This has the form for the series expansion of . After simplifying,

this expression is

T2

\/772—7’2\/@2—7’2[\/@)—1-7“ —r)+ (@ 77—1—7“)]2‘

Lol T (s,0)](n,0) =

Computing L [€]

We will now turn to computing the Laplace transform of €. The integrand of Cj; is

not positive, but it can be split into two integrals whose integrands are positive (see

Remark 3)

Cky = Ly — Ry,
with
L= [ (Oupdup + Bupidpu) d
kil — 4 . 1+ 2 zPkOzPm yPkOyPm g,
and

a [0 1
Rk,l = Z /_a 1+ 20 [(axpkaxpm + aypkaypm) (372 + yz)

As pi(x, y) has all positive coefficients, and both z and y are positive on the domain
of integration, each of these integrands is positive. Defining generating functions for

each array,

sk ! sk !
X(S,t) = HﬁLk’l and %(8, t) = EﬁRkl

k,1>0 k>0
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we can write

g@w:%/Nj%ﬂ@y@@@@+@9@@@mmm and

@@o:%[Nj%ﬂ@y@@@@+@9@@@mmﬁ+m (2.40)

+(0,2()0,P(t) + 0,2 ()0, P(t)) (2ay)] do,

where we have commuted sum and integral by the positivity of the integrands. Recall
that Z(t) = P(t,z,y) is the exponential generating function for the polynomials
pr(x,y), and from (2.7), it is jointly analytic in all variables. As —a > —1/2, it follows
that the integrands are continuous for all —a < ¢ < 0, and all s,t. In particular, each
of £ and Z is finite for all s, ¢, and it follows that we can write & (s, t) as the sum of
these two functions, so
C(s,t) = L(s,t) — X(s,1).

The joint Laplace transforms in s and ¢ will be computed for both of these expressions.
This makes heavy use of Lemma 4. Additionally, it requires that the order of inte-
gration be switched, which requires an argument. We prove a simplified statement,

by whose method it is easily seen that these integrals can be exchanged.

Lemma 10. Suppose that w > A and that n > \;, then

///&f;aﬂ)Mﬂmwm ///mm890mﬂmmm

and each s finite.

Proof. We begin by maximizing = + y over o € [—a,0], where it is seen that the

maximum is attained at ¢ = 0, at which point,

2

(z(0) +y(0))* = (W)(l —a)+ a1l - b)) — A
Thus, it follows that (z +y)? < A < w for all —a < o < 0. Recall that Z(t) is given
by et(x2+y2)fo(2xyt), and thus

0, P(t) = 2wt @) [ (2yt) + 2yte’ @ [ (2ayt).
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Using that 0 < I,,(2zyt) < e*¥* for all n, it follows that
0< 0, 2(t) < 2(x +y)e'@v)’*,

for z,y > 0. It follows that there is a constant C' so that for all —a < o <0,

efwtfns

0<

0, P (8)0, 2P (t) < C 2p=(@=(@+y))t=(—(e+))s)

Using the bound on = + y derived above,

—wt—mns

0< &

2 = (w=A4)t=(n—A4)s)
< 0.2 (5)0.2() < OXie _

Thus, provided that w > A, and n > A, the order of integration may be reversed by

Fubini. O
We can now compute the bivariate Laplace transform of €(s,t).

Lemma 11.

a [! ny—n
L nne =5 [
(=207 (py = p2p)2 (r1 = 12p)?

where these parameters are given by

np = —wn(l = A = A2 = (HMA A (T=A_=A) =AM (T=A_ = A +22_\,)

neg=—wn[l —A_ = AL + 20 A ]+ (w+n—1)A )\,

pr=w(l =X =X )+ A\,

pr=w—w

rr=n1—=A_ =)+ Ay

re =1 —1n°.
Proof. We start by commuting the integration in o and the Laplace transform in (2.40).
To evaluate these Laplace transforms, we recall Lemma 4, where the Laplace trans-

form £;[0,Z(t)] was computed to be

20(w +y* — 2°) 2

L0, 2(t)](w) = , w>(z+y).

3
((w — 2 y2)2 _ 4x2y2) 2
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The quantity 22 — y? simplifies to

b—a
2 2 _ .
S

The Laplace transform of 0, 2(t) can be rewritten as

22(1 + 20)2(w(1 + 20) — (b — a))

L. 2(0)](w) = W
(w2 = w)(1+ 2002 — (1 = 2a)(1 — ) + (b — a)?)’
for o € [—a,0]. By symmetry, the Laplace transform 9, 2(t) is
L,0,2(t)](w) = 2y(1 +20) (w(l +20) + (b= a) WA,

(w2 —w)(14+20)?— (1 —2a)(1 —2b)w + (b— a)2)% ’

Define A(w) to be
Alw) = ((w* —w)(1+20)* = (1 = 2a)(1 = 2b)w + (b — a)?)

and define p = (1+20)2. We will now split the computation of €(s,t) into two pieces

for simplicity’s sake. The first piece is

Ls1][0:P(5)0, P(t) + 0,P(5)0, 2 (t)] (n,w)
_ 2t lnp + (b= )~ (b—a)lw )

The second piece is

L1 [0:2(5)0, 2(t) + 0,2 (5)0, P ()] (n, w)
_ Bayp’lomp — (b —a)’]
A(w)2A(n)2

Combining these two pieces,

Lo [€)(n,w) =
a/O p° (2% +y*) (1—a? —y?) —4a?y*)wnp+((2° +4*) (1 -2 —y*) +42%y®) (b—a)?]
kA VPA(W)2A(n)2
PO -t —y?)]

VAAW)?A()?



75

We simplify some of these expressions,
((z* +9°)(1 = 2* — y°) — 4a®y”)
=1p7?[(—4a(l —a) + 1)(—4b(1 = b) + 1)] + 2p7' [1 — 2b(1 — b) — 2a(1 — a)],
((2* +y*)(1 —2° — y°) + 42°y?)
=1p p—1+2b(1—0b)+2a(l —a)],
1— 22— 2
—1p7 o+ (1 - 20)(1 - 20)].
After changing the integration to be over p, we produce the desired formula. O]

We will explicitly evaluate the integral in Lemma 11 to conclude that

Lemma 12.
d2

VEF D —d)+ V@ -+ d)]2 VIR

ArtA-) -~ Ap+A . ArtA
whered:<+T>,w:w—<+—> andn:n_<+T).

Ls:[€(s,t)] =

2
By comparing with the expression for L7 (s,t)] derived in (2.39), this lemma

completes the proof of the diagonalization of the covariances.

Proof. Differentiating both sides, it can be shown that

ny — Nap
/( 3 5 dp

p1— p2p)§ (7“1 - 7“2P)5
-2 2ngapiry — nu(pire + pary) + p(2napars — na(pire + par1)
= 2 T T
<p1r2 - p2rl) (pl — p2p)2 (7*1 _ T2P)2
The indefinite integral can be greatly simplified, plugging in some of the n,p, and r

terms.

ng—nmn
/ 13 20 dp
(

p1—p2p)2 (r1 = 12p)
2= Al = A w) + 2200y ) — 2p(w + 1 — 2wn)

N

(1= w)? (01 — pap)? (11 — rap)?
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The antiderivative will now be evaluated at both endpoints. At p = 1, it becomes
5 2wn — (wW+n) (A= + Ap) + 204
(n—w)*V/(w = A)(w = A )/ (n = A )(n = Ay)

To evaluate at p = (1 — 2a)?, it is helpful to work with a and b instead of \.. Using

the formulae
Ay =(b—a)* and A_+ Xy =2(a+b— 2ab),

the antiderivative evaluated at p = (1 — 2a)? is simply

4
(n —w)*
At last we can give a single expression for the Laplace transform of the covariance
function:
o [VET 30020 Ve
Ls4[€(s,t)] = —

L=V @ A=A =)
Recall that r = (%) , W =W — (%) and n =1 — (%) . We rewrite this

expression in terms of these modified parameters to get

Lo4[€(5,1)] = als,| T (5,1)].

2.4 Extension to Continuously Differentiable Test Functions

We learned the idea for the extending the CLT from the appendix of Anderson-
Zeitouni [4]. Roughly speaking, one would like to extend a CLT for polynomial test
functions to a CLT for a larger class of functions, the hope being to invoke the density
of the polynomials. However, it needs to be assured that error-in-approximation
produces small error in the fluctuations when evaluated on the empirical process.
The property of a matrix ensemble that allows one to execute this is a type of global
concentration of eigenvalues. See also Proposition 11.6 in [4] and Lemma 1 of [105]

for related approaches.
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Proposition 10. Let {A,} be an ensemble of matrices with compact spectral support
S, and let V : C1(S) — R be a positive semidefinite quadratic form for which there is
constant Cy so that V(f) < CF||f||7;, for all f € C'(S). Suppose that {Ay} satisfies
a polynomial-type CLT, i.e. for all polynomials g,

trg(A,) —Etrg(A,) = N(0,V(g))

and additionally Vartr g(A,) — V(g). If the ensemble satisfies a Poincaré type con-

centration inequality, 7.e.
Var(tr f(4n)) < G| flIZp- (2.41)

for some constant Cy independent of n and any Lipschitz f on S, then the polynomial

CLT extends to all C* functions f: S — R, as
tr f(An) —Etr f(An) = N(0,V(f)).
Proof. We recall the quadratic Wasserstein metric
Wy(p,v)> = inf E (X —Y)?,

with the infimum over all couplings (X, Y") with marginals u and v respectively. For a
random variable X, we let £X denote its law. It is well known that W (L£X,,, LX) — 0
if and only if X,, = X and EX? — EX? (see Theorem 7.12 of [119]). For any
f € CYS), let Z; denote a centered normal random variable with variance V().
Thus for any polynomial g, W5(L(tr g(A,)) — Etrg(A,)), LZ,) — 0.

Let f be any C*(S) function. By Weierstrass approximation of the derivative of
f, there is a sequence of polynomials py so that || f — pk||zip, — 0 as k — oo. It follows

that V(px) — V(f) from its continuity with respect to the Lipschitz seminorm, and
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hence that Wy (LZ,,,LZ;) — 0 as k — oo. For any k we can bound,
Wa (L(tx f(A) — Etr f(Aa)), £27) <
W2 (L(trf<An) - Etrf<An>>7 £<trpk<An) - Etrpk(An)))
+Wo (L(trpr(A,) — Etrpr(An)), £Z,,)
+Wo (LZ,,,LZy).

By the concentration inequality, it is possible to bound
E[tr f(An) — Etr f(An) — trpe(An) — Etrpi(A,)]° < CFI f117,

from which it follows that Wy (L(tr f(A,) — Etr f(A,)), L(trpe(An) — Etrpi(4,))) <
Ch|| fllzip by the definition of the Wasserstein metric as the infimum over couplings.

Likewise

Wa (L2, £27) = |VV(p0) = VV (R < VV (o= F) < Gl fllip

Therefore, from the polynomial CLT,

limsup Wy (L(tr f(A,) —Etr f(A,)), LZf) < (Cy + Co)|| f — prllLip-

n—o0

Taking k — oo completes the proof. O

To show that linear statistics of the Jacobi ensemble satisty a Poincaré inequality,
we will work directly with the joint eigenvalue density function. Recall (2.5), which

stated

duJ(Al,...,m:%HAi T =N [%_IH_IHW—M%-

i i<j
We first show that the Jacobi ensemble satisfies a log-Sobolev inequality, which is
strictly stronger than the Poincaré inequality. Define the entropy of a non-negative

measurable function f with respect to a probability measure p by

Ent (/) i= [ flog fdu ( / fdu> (1og / fdu) ,
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if [ flog(1+4 f)du < oo and 400 otherwise. Our tool in this direction is a consequence
of the well-known Bakry-Emery condition, the content of which is contained in the

following theorem (see Proposition 3.1 of [15]).

Proposition 11. Suppose that dju = e~Ydx is supported on a convex set Q. If there
is a ¢ > 0 so that for all x € int(Y), Hess U(xz) > cld, where Id is the identity matric
and > 1is the partial ordering on positive semidefinite matrices, then for all smooth

functions f on R",

Ent p(f?) < /IVfI dyu.

To prove the log-Sobolev inequality with the appropriate constant, we need only
check that the condition of Proposition 11 is satisfied. This we do in showing the

following lemma.

Lemma 13. The Jacobi ensemble satisfies a log-Sobolev inequality

Eut () < 2 [ 1V dus,
withc:4gmin{ -1, ——1}

Proof. We will employ Proposition 11, and thus we begin by computing the Hessian of
the logarithm of the density. Let p := 2 [g — 1} —l—é—l, and let ¢ := 2 [17—1; — 1} —l—i—l.

The first derivative is given by

© (tog(dus)) = 4 5 = Z ;

d\; Ao 1=\ A — A
The second derivative is thus
2
P q 1 1
(log(dpy)) = —b - —L 2%~
d\2 X2 (1-XN)? ; (i — )
The mixed partials are just
d d 1 1
— log(d = ——
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By the method of Gershgorin discs we conclude that the smallest eigenvalue of

Hess(—log dyus) is at least

. p q . dn . -
lrélzlgnn {)\—?—Fm} > 4min{p,q} > Emm{ﬁ_LT_l}-

<A<l

]

It is now a simple manner to show the needed concentration inequality and prove

Theorem 2.

Proof of Theorem 2. From Proposition 6 and Proposition 10, it suffices to demon-
strate a constant C' so that Vartr f < C||f||7;,, with the Lipschitz norm on [0, 1], for

all Lipschitz f. This is turn follows from the somewhat sharper inequality that

Vartr f < C’/|8Ai(f(/\i))|2d/¢{]()\1,...,/\n) = %/|Vtrf|2dm()\1,...,/\n),

where in the last step we have used the symmetry of the linear statistic. It is a
standard fact that the log-Sobolev inequality implies the Poincaré inequality with
half the constant (see [77, Chapter 5|). Thus by Lemma 13 we have that for all
smooth functions f,

o
Vartr f <

Sy /IVtrfIQduJ(Al,...,An),

4n min {g —
Extension to Lipschitz functions follows from the density of smooth functions in L?,

and the proof is complete. O

2.5 Computing the Expectation

In this section, we will prove Theorem 3. To establish the theorem for polynomial
linear statistics ¢, a proof will be given that follows a similar tract to the analogous
statement proven for the Laguerre and Hermite ensembles in [34]. The key to this
method of proof is establishing a certain palindromy. Recall that a polynomial p(z) =
2"+ Q12" 1 - a1 2+ ag is palindromic in 2 if ap 2" +an_12" - Farz+ag =

apz™ + a;2" ' + -+ + an_12 + a,, or equivalently that p(z) = 2"p(z71).
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Theorem 4. The scaled moment %E tr(A*) has a series expansion

whose coefficients n(j, ) are palindromic polynomials in (—a) of degree j.

While the proof of this palindromy works for all of these coefficients 7 simulta-
neously, only the palindromy of 7;(0,«) and 7(1,«) are required for Theorem 3.
Especially, palindromy forces 7, (0, &) to have no o dependence, and it forces 7 (1, «)
to be a multiple of 1 — . As will be seen, this allows the o = 0 case to be used to
study the arbitrary a case. As the proof of Theorem 4 requires symmetric function
theory, we delay the proof to Section 2.7 to allow a brief introduction to the relevant

symmetric function theory.

Proof of Theorem 3 for polynomial ¢. Formally, let m(x) be the moment generating
function for the ensemble, and expand each moment asymptotically around n = oo,

1.e.
o0

fn(l‘)Z%ZEtr () Zx '“Zm; jya)mn,

k=0

then one has, to order %,

n(r) = ixk (nk(0,0z) - w> +O0(n™?).

k=0
The a-dependence of either of these terms is completely determined by Theorem 4,
as Mx(0, ) can have no « dependence, and 7;(1, ) is a multiple of (1 — «). Define

mo(z) and m4(x) so that
Th(:p)‘azo = mo(z) + %ml(x) +0(n™?).
In this notation, the palindromy shows that

m(x) = mo(z) + (1 = a)yma(z) + O(n~?).
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Further, the o = 0 case, for fixed n, is relatively simple. As observed by Sut-
ton [113], the Jacobi matrix model tends to a deterministic one as o — 0; precisely,
it has eigenvalues that are the roots of J"* the Jacobi polynomial of degree n and

parameters

r:n(g—l), s:n(l_b—l).

Suppose that the roots of J»* are given by {\;}? ;. Then for a = 0, the moment

generating function takes on the form
n

N J RN L | 1 1 er s LJr(2)
M) =22 T Ty, T R M) = ey

k=0 i=1 =1

Using the differential recurrence for Jacobi polynomials, it follows that m(z) sat-

isfies a formal power series equation

r+1 mr—i—s—i—? 14+ r+s+1 ~ 1
2 4 o n 4 n_ . (2.42)
z(1—x) z(1—x) n

It follows that the constant-order term mg satisfies

b—a—(1-2a)x l1-a
2 —
amy o0 =) m0+x(1—x) = 0.

This leads to an explicit form for my,

(a=b)+(1—2a)r —/(b—a— (1 —2a)x)? —4a(l —a)x(l — z)
2ax(1 — z)
(a=8)+ (1= 20— /T @)
2ax(1 — x) ’

mo =

where

2
A = [\/b(l “a) £ \a(l - b)} .
Note that A\i are always real, and that they are always on [0, 1]. They are 0 and
1 exactly when a = b and when a = 1 — b, respectively. Taking an inverse Stieltjes
transform gives absolutely continuous part

V@)@ n)

2max(1 — z)

dp(z) =

A=Ay
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This integrates to 1, as it can be shown that

At
UA vl U»—x) — ) ::w[l——\/A_A+ VA1 —n)| = 2ma

Note that this implies that the distribution has no discrete part.

In the same fashion, one can also derive an explicit form for m;. Pulling out the
< terms from (2.42), one is left with

(b—a)—(1—2a)xm 1—2x
(1l —x) 1+x(1—x)

2amomy + + amyg, = 0.

(1 —x)

Solving for my,

a1 G e VA G GRS

b 2(z = Ap)(x — A-) '

To recover the density, one again applies the inverse Stieltjes transform. When x is
neither Ay nor A_, the limit lim, o m;(x + i€) exists, and

1
27T\/ (x = A )(x—A0)

1()\_,)\+)(JZ).

lim my (x 4 i€) =
e—0

Computing the inverse Stieltjes transform at either of the poles, it is seen that there
are point masses, so that the entire signed measure is

1
2/ —(z — Ap)(z — )

V(ZE) = %1(5)\7 (ZL’) + i(SAJr( ) 1()\77>\+)(ZE).

2.6 Numerics for the Extremal Case

In this section, we investigate the choice p = ¢ = 1, which was not covered by
Theorem 2. The method of proof breaks down in this extreme case, and so we have
run a numerical simulation to help conjecture if the theorem extends.

In the alternate parameterization we have that a = % and b = % The density of

the Jacobi ensemble becomes

_ B
dpsOns-o ) = T2 @ =202 TTIA - Al (2.43)

) 1<J
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» QQ Plot of Sample Trace Data vs. Standard Normal Empirical PDFs for Sample Trace Data
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(a) Quantile plots for tr(A) experiments (b) PDF plots for tr(A) experiments

Figure 2.1: Experimental data for different values of 3, with n = 5000 and 50000
samples of each. All experiments were run in Matlab R2010B, using the Edelman-
Sutton matrix model.

Note that the constraining potential no longer carries any dependence on n. However,
because the particles are forced to lie on [0, 1] (physically speaking, they are trapped
in an infinite potential well), it is likely that we have some limiting behavior. For
polynomial test functions and [ = 2, this case is covered by a theorem of Johansson
(see Theorem 3.1 of [67]).

However, the method of proof used here breaks down in the case a < %, as it
requires the entries of the sparse matrix model to have uniform variance estimates on

the order of n=!. When a = %, the matrix model entries are

¢; ~\/Beta(5i,%i) and ¢ ~ \/Beta(gi, 5(i+1)).

The variances of entries ¢; and s; are on the order of i~!, for which reason many of

1

the arguments in later sections are no longer valid. To see how different the a = b = 3

case is from the a < % case, consider taking f(z) = z. It is easily seen that

X = (e = DL = (€)= (E)?)
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with the convergence in L?. Note that while a normal limit is expected if the summands
are becoming infinitesimal (and this is what happens when a < %), the normal limit
here must follow from something else; in particular, the staircase dependency structure
of the variables can not be ignored. We invite the reader to check that the variable
is symmetric and to note how much cancellation occurs in computing the second and
fourth moments (they are 1/(83) and 3/(643?) respectively). Again, the fact that this

variable is normally distributed follows from the mentioned theorem of Johansson.

2.7 Symmetric Functions

To find the asymptotic distribution of the traces, we will appeal to Kadell’s integral
formula [70]. This formula makes use of Jack functions, and so we will provide a
skeletal introduction to the relevant portions of symmetric function theory. A more
expansive treatment is available in Macdonald’s book [85], whose notation we will

follow.

By a partition A\, we mean a non-increasing sequence of positive integers. The
notation A F n, read ‘A partitions n,” means that the sum of the parts of A equal n.
There is an important pictorial representation of a partition called a Young diagram.
The diagram representation of a partition (Aq,...,A,) is drawn by placing A\; boxes
horizontally in a row, placing Ay boxes horizontally below that, continuing through n
and left justifying each row. Having drawn a diagram representation, we can easily
define the conjugate® partition ) to be that partition represented by reflecting the

diagram across the vertical axis and rotating counterclockwise by a quarter turn.

Ezample 3. The partition A = (5,4, 1) is to the left, and its conjugate ' = (3,3,2,2,1)
is to the right.

6This is also called the transpose.
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Many formulas in symmetric function theory have sums or products computed
from statistics of the diagram representation. For our purposes, we will need the
arm length a, arm co-length o/, leg length [, and leg co-length I’ of a box s. The
statistics a(s) and a’(s) are the number of boxes to the right and to the left of box s,
respectively. Likewise, the statistics [(s) and ’(s) are the number of boxes below and

above box s.

This is A = (6,5, 5). a(s) =1
a(s) =3
[(s) =0
I'(s)=2
s
Example 4.

The ring of symmetric functions A, are all those formal power series with com-
plex coefficients” in the indeterminates {xy, s, ...}, that are symmetric under per-
mutation of the indices. In this application, the symmetric functions will be eval-
uated at some point y = (y1,92,...,yn) € C", where it is understood that f(y) =
F(y1,y2, - ,Yn,0,0,...). In this way, symmetric functions specialize to symmetric
polynomials.

The symmetric functions of interest here are the power sums, as they describe

traces. For an integer k, define p; by

"More often in the literature on Jack functions, these coefficients are defined to be from Q(«),
but the distinction here is immaterial.
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and for a partition A = (A1, Ag, ..., A\,), define py by

Px = DPxiDPxy - "Dy,

These are called the power sum symmetric functions, and {p)}, are a basis for A.
Note that the trace of a power of a matrix tr A* can alternately be expressed as pj
evaluated at the eigenvalues of A.

The second basis we require are the Jack symmetric functions Py'. For those
interested, there is a concise introduction available in Stanley’s paper [110]. By virtue
of being a basis, it is possible to write py as a finite linear combination of {P{}-«.

There are multiple normalizations for the Jack functions in the literature. In citing
some theorems, we will require a second normalization, J§. The two are related, as
JY = c(\, a) P, where

c(\, ) = H (aa(s) +1(s) + 1), (2.44)
sEA
using the arm length a(s) and leg length I(s).

One final tool we will use is the Macdonald automorphism w,. It is defined in
terms of the symmetric power functions by w.pr = apy; it is extended to each py
as a multiplicative homomorphism; and at last it is extended to all A as a C-linear
transformation. This automorphism acts on the Jack functions in a nice way as well,

as by a formula of Stanley [110],
I = (—a)Pg 2.45
W_1/ady (—a)MJy. (2.45)

2.7.1 Kadell’s integral

Kadell’s integral (see [70]) is a generalization of Selberg’s integral [104], which states
the following

- T+ DD (r + E00 (s + =L
[ (TRl | e Ty § G I sem i s
0.7 1 i=1

1+ L0+ s 4 2E=2)

i<j i=
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It was generalized to include the Jack function P;/ “(z) in the integrand. Letting

W (n,a,r,s) be the integrand of Selberg’s integral, Kadell’s integral is

DTN+ 4+ 5D (s + )
PY\W (n,a,r, s dx:n!vo‘” a o - 2.46
/[0,1]" A ( ) ( ) /\i:1 F()\Z+T+S+ 2n—a7,—1) ( )
where the term v is defined as
T(\ — A + =it (2.47)

sl =y

i<j v

Our goal is to show that

Pl/a
/ —~—W(n,a,r,s)dz,
[0’1]71 P)\ ([’Vl)

where I, = (1,1,...1) has n 1's, has a quasi-palindromic property. The constant

Pj/a(ln) is computable in terms of diagram statistics. From formula VI.10.20 of [85],

1/a n+aa’(s)—1'(s
PY(n) = T (i) = g [T +ad(9) = () (248)

SEA SEX
where ¢(\, ) is the constant that relates J{ and Py (see (2.44)). To compare the two,
we will convert Kadell’s expression using I functions into a Young diagram formula.
Recall that a quotient of I" functions, also known as the Pochhammer symbol (),
may be expressed alternately as

I(x+ k)

when k is a natural number. Define the generalized Pochhammer symbol (¢),, (also
known as the shifted factorial) to be
(), = H (t+d(s)—LU(s)). (2.49)
SEN
In terms of these expressions, (2.48) can be rewritten as

()r(@)™

P’\l/a([n> - c(\, )

(2.50)
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We will need a closely related quantity to ¢(\, «), so define ¢/(A, ) to be

H (aa(s) +1(s) + a) .

sEA
Both ¢(A, @) and ¢/(A, ) can be expressed as products of I' terms, which we will need
to rewrite Kadell’s integral. Write out the terms in a~*l¢/(\, @) by going from right
to left along the first row of the diagram of A. There are \; — Ay terms that have
[(s)=0:

T\ — Ao + 1)

C+14+0)2+14+1) - (24+14+M - A —1) = )

There are then Ay — A3 terms that have [(s) =1 :

T\ —As+1+1)
A —Xo+1+2)

A1+ =) E+1+N =X+ (L +14+ N —N3—-1) =

This pattern continues until at last there are A, terms that have I(s) =n —1:

LA+ 14221

U R TS U V[ ==, TS S W, DR (5 S U .
(It =)+ 1+ N -5 M) T\ = A + 1421

Writing out all the terms in the first row gives

P — Ao+ DTy = Az + 145 T — A+ 1+ 2) L(A\ +1+ 22
T(D) TOu— Mt 1+ )T —da+1+2) Ty A+ 1+20)

Inducting over the rows, it follows that ¢/(\, a) can be written as

n

— N+ 1+ 55
o)l T\ +1+ =t 2.51
H A—/\ +1+“ H ) (2:51)

If one does the same expansion along the first row for ¢(\, ), one gets

F(Al—/\2+§)F(A1—/\3+§)r()\1_>\4+%) F()\1+§)
F(l) F(/\l — /\2 + %) F()\l — )\3 + %) F<>\1 _ )\n + g)

[0}

Repeating the analogous procedure for the rest of the rows, we eventually conclude

o) A+ TN+ =i
H )\_)\ +] z+1)H P(l)

i=1 a

(2.52)

«
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Equations (2.51) and (2.52) allow (2.47) to be rewritten as

( )|>\\ ﬁ F()\Z + n_TM>
(M) r'd)

=1 «

(2.53)

We can repeat the same procedure as used for ¢ and ¢ to show that (¢), can be

computed by
Lt —=L4+ )

= , 2.54
H It —=1) (2.54)
This allows the expression in (2 53) for v§ to be replaced by
n 1 i—1 n Z'
o @i+ -EDTE -5 a)W a
U= O Ty (2.55)
= dall ToR U

Combine this expression for v§ with Kadell’s integral formula (2.46) and the simplified

expression (2.50) for Py/*(I,,) to get

Pl/a
/ ba—mW(n,a,r,s)CM
o, P,""(I,,)

) w' " D)
= iy

G DA+ DT+ 7+ =H0(s +
_HF(1+§) (N +r+s+2“

D\ + 7+ 250 (s + 24)
DX + 7+ s+ 2=

) .

z:

7

3
\_/Q|| ﬂ‘

Let 17 be the (,7, s)-Jacobi ensemble measure on [0, 1]". This has density func-
tion proportional to W (n,a,r,s), but it is appropriately renormalized to be a prob-
ability measure. This normalization is given by Selberg’s integral.

The integral expression above can be rewritten as

P/
/ f/a—()d/w(iv)
o1 P (1,)
F(1+i)P(/\i+r+"T_i)F(s+7‘T_i) 1
F1+4) Tv+r+s+22=h [W(n,a,r,s)de
r

_ﬁ Ni+r+=t) D(r+s+ 2=
- D(r+ 224 T(\i+r+s+ 22251

(r+ nT_l),\

(7’+5+¥),\.

(2.56)
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2.7.2  Palindromy

Lemma 14. Let

Pl/a o

=0
be the series expansion about n = oo. The coefficients p(k, A\, ) are skew-palindromic

m that

:0<k7 >‘7 Oé) = (—a)kp(k}, /\/’ é)

Proof. In the calculation that follows, let f(\, a,t) = f(t) = ad/(t) —'(t), for tableau
block t € A. Starting from the formula computed in (2.56), and applying formula (2.49)

gives

3
S

(
(

Q
Q

)N nb + af(t)
)A_g +af(t)

b+“f)
_H e

teX

—H( (1+ &)Y (-2 <t>>’“>

=] (1 +(1-1)> (-2 (t))k> .

tel

35

ol

||M8

0

Let M (), k) be the collection of all k-element multisets sampled from \. If 7 € M (A, k)
is such a multiset, let m.(f) denote the multiplicity of ¢ € 7 and let €.(t) be the

characteristic function for ¢ € 7. The sum can be written as:

St S e -
k=0

TEM (N k) tEA

This gives an explicit form for the coefficients f(k, A, «). Mapping A to X induces
a bijection mapping the collection M (X, k) to M (XN, k). In the conjugate, the arm
co-length @’ and leg co-length I” are reversed, so that f(t) becomes al’(t) —a’(t). Thus
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fO\ a,t) = —af(N, a1 t), so that

S T (afOna )™ (1 - 1y
TEM(\ k) tEX
Z H \ 71’t))mr(t) (1_%)67(1&)

TEM (N k) teN

O
Let J i/ “ be the Jack functions renormalized by
TV = (A, )P (2.57)
Expand the symmetric power function py as
- Y
Ak
By applying Stanley’s formula (see (2.45)), it follows (see [34]) that
£ a) = (=a)'Ple(N,a), (2.58)

One last piece is needed. The normalization factor Ji/ “(I,) can be computed by
relating (2.50) and the definition of J§ in (2.57). These two combined give that
a(In n
Ty = (2) (@) =T (n+ ad'(t) = I'(t));
)
expand this as a polynomial in n, i.e. put

Al

H(n+aa Z(],/\a

teA
Because the product can be expressed as
[[r+ad®) @) =] (n+ () (a'd'(t) = (1)),
teEX teN

it follows that
¢ A ) = (=), N ). (2.59)
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Proof of Theorem 4. Expand py,) in the Jack function basis:

Yoppy = 1D €N 0)Eq 1y

Ak
Y O (LB
" AFE Ji/a<In)

Apply Lemma 14, and expand J ;/ “(I,,). Note that the alternative normalization used

in the Lemma cancels out.

LB pp = nga<2g],Aa )(Zpﬂa j)

ARk
k k
_ Y (Zﬁ(x,a>Z<<Z,A,a>p<l —j,A,a>) ,
j=—00 ARk =0

with p(l — 7, A\, ) = 0 for negative [ — j.

This gives a formula for 7, (4, @), namely that

k

_ Zg(,\, ) Z CLN a)pl+5—1,)a).

Ak =0

The j < 0 terms vanish, which can be seen because the trace can naturally be bounded

as

n
HEapi| < 1Eo Y Jal* < in=1,

=0
as the Jacobi distribution is supported on [0, 1]™.

We will show that each 7,(j,«) is palindromic. Applying Lemma 14, (2.58),
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and (2.59), these can be written as

k
= tna)d LA a)p(l+i—1)a)
0

Ak l=

k
=D_(=a)'feW,a™) 3 (=) (LN a7 (=a) pll5 =1, X a7

AFE =0

k
a)’ > EN, a7 N o p(l4i—1L, N, o).
=0

The sum is over all partitions of k, so taking conjugates makes no difference. Thus,

(i, @) = (=) ne(j,a ).

The last claim we make is that 7:(j, @) is a polynomial in a of degree j. This
is more involved, and requires that we appeal to Edelman and Sutton’s tridiagonal
matrix model (see the start of Section 3). The moment +Ep, = +Etr(A*) can be
written in terms of a sum over alternating bridges (see Section 3.1),

iEtrAb =1 Z E (Bs)y.,

WEAzg
A priori, these expectations are moments of random variables distributed as the
square root of a Beta random variable. However, by Lemma 3, the alternating bridge
visits each matrix entry an even number of times. Thus, any term in the sum takes

the form

2mo;_1 .2N9; 1 12ma; 12ng;
EI |cw2i71 Swm‘ 1 Cow 2i SWZ'L ’

i=1
where w; ranges over the matrix entries referenced by the bridge w and ng m; = k.

By independence, this expectation is a product of terms of the form

2m 2n 12m _2n
Ecl"s' and Ec' s,

By Lemma 15, each such Beta moment admits a series expansion around n = co and

a K so that

o0
= Z n "o Qppim(n),

m=0
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where 0 < Qgiim(n) < K™ for all n. Moreover, this constant K can be chosen

independently of w + ¢. Thus the entire trace admits such a series expansion,

L tr( AF) = Z Z Zn A" Qgpim(n)

i=1 we Ay, m=0
oo 1 n
= Z n-"a™ (5 Z 72 Qw+i,m<n)> .
m=0 i=1 we Ay
Because the cardinality of Ay, is at most (* ) the sum €,,,(n) = 1 Zz:kkﬂ wedy SLatrim(n)

satisfies an estimate 0 < Q,,(n) < (2: ) K™ = CK™. Thus there are two expansions

for the trace, valid for all n sufficiently large, i.e.
Zn(j, an’ = —]E tr(A*) = ZQ )ain I (2.60)
=0

The left hand side expansion shows that the n — co limit must exist. Thus

_ 5 Con—d = i (i = i
=l > n )™ = lim 3 (m)a’n™ = lim On(r)
=0 j=0
In particular, (0, a) has no a dependence. The proof now proceeds by induction.
Suppose that for all j < [, the term 7n(j, «) is a polynomial in « of degree j. It should

be shown that n(l, «) is a polynomial in « of degree [. The limit

-1 o)
1 k S E ; —Jj —
~Etr(A") E n(Jj, a ]_JE& 'Eon(wrl)n =n(l, a)
J:

Jj=

lim n'
n—oo

exists by virtue of the n expansion, and by substituting the right hand side of (2.60),
it follows that

_ 1 l
n(l,a) = lim n

e -1
> (el =3l a)n—j]

_ I—j !
JE&Z (g, a)] n'™ + Y(n)a
By the inductive hypothesis, this limit can be written in the form

n(l,a) = lim fo(n) + filn)oa+ fo(n)a® + - + fi(n)o!
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and the limit exists for each fixed a. Take [ 4 1 distinct values of a.. The convergence
is uniform on this finite set ay, ..., aq, and so each f;(n) converges, where 0 <7 < [.

Thus 7n(j, @) is a polynomial of degree [ in «, concluding the proof. O
Lemma 15. Let f.(n) and fs(n) be positive real-valued functions defined on N so that
0< fr(n) < Cy, 0< fS(n) < Cyi, Ch < fT(n) + fs(n)7

where C; are some positive constants. Let r = a~'f.(n)n, s = o™ fy(n)n, and let

X ~ Betal(r, s). There is an asymptotic expansion
E [Xk(l — X)l] = Z n="apy(n),
m=0

and a constant K depending only on k,1,Cy, and Cy so that 0 < p,,(n) < K™.

Proof. The expectation, which can be computed using Euler’s Beta integral formula,
gives that

et 4

Substituting in the definitions for » and s and writing out the Pochhammer symbols
gives
-1

a lfn+i
o QT I fr—l—fsn—i-k:—i-z

k—1 1
E[Xkl— :H fim+1
o~ fr—irfsn—l—z

”:1

=

All rational terms in this product produce similar asymptotic series expansions, and

so we will only examine one. Working with a term from the left hand product,

Ol_lfrn‘i‘l. _( Q_lfrn+i ) 1
ot fonti— a7+ fn) \1+ =g )
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Provided that n is sufficiently large (depending on C; and «), this can be expanded

as a series.
oflfrn+i . 1frn+Z —m —m m
Tt fon+i a i+ fon mz:% Frt 1)
:frﬁfs_‘_zl fr+f +Z) (f?“+fs) m
= Zﬁm(n)n_mam
m=1

The coefficients p,,(n) satisfy an estimate

0 < Pm(n) < (C1Cy + k) (Cy)™™

2.8 Poincaré Inequality for Beta

Lemma 16. Let Y ~ Beta(p,q). For any Lipschitz function f on [0, 1],

Var f(Y) < E[f(V)].

A(p+q)

We note that in the case that both p and ¢ are greater than 1, the density is
log-concave, and it is possible to use the general theory outlined by Bobkov in [14]
to produce an equivalent bound, but we require the inequality to hold for all p and q

positive, and thus we use an alternative technique.

Proof. We begin by showing the analogous bound for the translated random variable

X =2Y —1, and write Y = T(X) := (X + 1). The density of Y is given by

dﬂ — 1 (1 _ — qg—1
dx Zpq ’

2P 1+ 2)

We will show that for any Lipschitz function f on [—1,1], that

1 2 / 2
Var f(X) < B (1= X)) [/ (0] (2.61)
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As will be seen in the proof, this inequality is attained taking f to be a multiple of the

linear Jacobi polynomial (for definitions, see [114]). The proof follows from (2.61), as

Var f(Y) = Var(f o T)(X)
1 2 / 2
S (1=X7)|(f o T)(X)]

1 , 9
< mE\(fOT) (Xl

1 '
= ]quEKf T)(X)
= 4(p+q)E|f'(Y)| :

The method of proof follows the general outline in the notes of Bakry [9]. Define

217

the Jacobi differential operator L to be

Lf=(1—=a*)f"(x)+(q—p— (p+q)z)f (2),

and define the carré du champ operator I' by

L(f.9) = (1—2%)f'(z)g'(x).

It can be checked by integration by parts that for all C? functions on [—1, 1] that the
Dirichlet form E(f, g) associated to L satisfies

1 1
&(.9) =~ [ Fe)Lo)@dus(e) = | T(a)g(o)dus(a).
-1 -1
The spectrum of L restricted to L?*(pg) is non-positive, with eigenvalues y,, = —n(n+
p + q — 1) for non-negative integers n. Further, its eigenfunctions are given by the
Jacobi polynomials PP~1471(z), which when normalized form a complete orthonormal

system for L?(ug). From the density of the polynomials in L?(ug), it is an immediate

consequence that

PR -0/% ) BUN gy ¢ CONVICO)LTEIC)
pTq Y1 FeL?(n) Varf(X) FEL2(n) Varf(X) )
Ef(X)=0 Ef(X)=0

which upon rewriting, gives (2.61). O
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2.9 Coupling Bound for v/Beta

We provide an auxiliary lemma regarding the square root of Beta variables that appear
in the matrix entries. Note that because one of the parameters of the ¢, family is not
Q(n) for all 4, this approximation can not be applied to every matrix entry with

uniform error.

Lemma 17. IfY is distributed as / Beta(np,nq), then

2(1)_\/%;)\/5 (y_ \/g) = N(0,1),

as n — oo, where p,q are fixed positive constants. Moreover, it is possible to couple

Y to a standard normal X so that

Var (Y — lX) < @,
2(p+ q)v/n n?

for some K, , > 0, independent of n, and continuous in p,q positive, provided that

n > max{_, -

Proof of 17. Let Y be distributed as \/Beta(np, ng). Put

[
Vp+dg \/2np+q

Note that these are not exactly the mean or standard deviation of Y, however,

v =""F = N,1).

g

Moreover, it will be shown that there is an X distributed as N (0, 1) so that

E(Y — X)? <

s|=

for some K = K (p, q) depending continuously on p, ¢ positive. Note that this implies
Lemma 17 after dividing through by o.

The primary machinery here is Talagrand’s transport inequality, which bounds
the squared L*Wasserstein distance of ¥ and X, with X distributed as N (0,1). We

use a special case of Theorem 1.1 of [115], which states
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Proposition 12 (Talagrand). Let Y be a random variable given by probability mea-
sure v, which is absolutely continuous with Lebesgue measure, and let v be a standard

Gaussian measure. There is a standard normal random variable X so that
E(Y — X)? < Q/log %dﬁ'

The density Z—Z of Y can be computed to be

dv _ 4 '(np+nq)
b 2y y2 np—1 1— yQ ng—1
ay = 2O g
for y € [0,1]. Tt follows that density of Y is given by
dv B D(np +nq)
_:20, +y0_2np11_ +y0_2nq 1—’
a0 (u )71 = ( )%) T (np)T (ng)

and thus the Radon-Nikodym derivative j—z(y) is a product of four terms

dv

['(np + nq)

= (o)™ (1= (u+yo)?) e/ 20

N ~ ~ lv\
O] (ii) (iii) (d

J/

3
=
| =
3
L)

<

)
The logs of terms (i) and (i) can be controlled by Taylor expansion. Explicitly,

2 3
ln[1+y]g=91n(1+y)§g{y—%ﬂtyﬂ,

for all y > —1, and all ¢ > 0. Note that both produce a nonzero constant term, by
virtue of the relationship In(a + y) = In(a) + In(1 + y/a). This bound is applied to
the logs of both (i) and (i) after suitable rearrangement. This bounds the sum of

the logs by a polynomial in y of degree 6. We can bound the log of term (i) as
In (s + yo )] = (2np — 1) Inpe+ (2np — 1) In |14 24|
2 3
_ yvwWa o _ 1 v/ 1( _vva
< (2np = 1) |Inp+ 055 — 5 <W2Tn) NE (vﬂ%> } '

Applying the same to term (i),

In [(1 = (p+yo)*) '] <

(ng — 1) [In(1 — p*) + u — 2u? + 1°],
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V2qn N
From this form, it is easy to see that the coefficients of this polynomial depend

2
where u = 242 4 [L] )

continuously on p and ¢. Further, the coefficients of y*,4° and y° already decay at

/2 s0 some amount of control

least as fast as 1/n. The coefficient of y* decays like n~
over EY? will need to be gained. The coefficients of the lower order terms to do not

a priori decay at all, but there is strong cancellation. The constant term is

Co(p,q) == 2np —1)In () + (ng—1)In (1 - p*),

the linear term has coefficient

Cilp.g) _ 2np—1)o ,(ng—1)po

vnoo [t L—p2

and the quadratic term has coefficient

1 C 2 _1 2 2 2.2
B L) S Y CLLl i LY (A S
2 n p? L=p? (1)

The —% in the quadratic term represents the asymptotically Gaussian portion, and it

annihilates term (i77). This leaves four sources of error that need to be controlled to

show the desired O(n™!) bound:
1. [BY| < C(p, q)nfé to control the linear term.
2. |EY?| < C(p, q)n_% to control the cubic term.
3. |E(Y)*| < C(p,q) to control the second, fourth, fifth, and sixth terms.

4. The constants from the Taylor approximation and the constants from part (iv)

of the Radon-Nikodym derivative need to cancel to order O(n™1).

The raw moments of Y are easily computable, and their formula follows immedi-

ately from Euler’s Beta integral,
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Appropriate control over the first 6 raw moments could be achieved by taking suffi-
ciently many terms from the Stirling approximation and canceling terms. To some
extent, doing such a procedure is necessary, as this is necessary to get the precise
control over the first and third raw moments. However, we will not need to do this
for all 6 moments, because we can appeal to a Poincaré inequality. Provided that
n > max{%, i}, the density g—z is log-concave. Thus if it can be shown that Y has
constant order variance, we can use the Poincaré inequality to bound higher moments

by lower moments, i.e.

Varf(ff) < C’E|f’(3~/)|2,
applied to f(f/) = (?)k, gives
~ ~ 2 g
EY? < (EY’f> + CK’RY %2,

Because of the log-concavity, C' can be taken to be 12E|Y|? (see Corr 4.3 of [14]),
which is continuous in p and g. Thus provided that E|Y| can be bounded by some
continuous function in p and ¢, iterating the Poincaré inequality gives constant order

bounds that are continuous in p and ¢ for all absolute moments. Further,

EI?ISW,

so the problem has been reduced to finding good bounds for the first three raw

moments of Y.

By appealing to Stirling’s formula, and using that the error-in-approximation is

bounded by the first omitted term in the asymptotic expansion, the first three mo-
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ments of Y can be bounded by

- \/_ 1
‘E <Y> 4 p(pq+ Q)n :
()] <1

-\ 3 8p + 1
’E <Y> T4 q};(piQ)

It only remains to control the constant terms. The log of (iv) can be approximated

by Stirling’s formula:

I'(n(p+q) 2 2 avpP
In 2UW\/% — |—nplnp —nqln(l—u)%—ln(p+—q)

Comparing this with the constants produced by the Taylor approximation on terms

(i) and (i7), it is seen that only the O(n™!) term remains.
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Chapter 3

FLUCTUATIONS OF d-REGULAR GRAPHS

ADAPTED FROM JOINT WORK WITH IOANA DUMITRIU, TOBIAS JOHNSON, AND
SOUMIK PAL [35].

3.1 Introduction

While the results for fluctuations of linear statistics in the case of the S-Jacobi ensem-
ble agreed marvelously with that which could be predicted from Gaussian behavior,

this story becomes a bit more nuanced in the case of d-regular graphs.

Recall that a graph is called regular if every vertex has the same degree; a sparse
regular graph is typically one for which the degree d is either constant or growing
logarithmically in the number of vertices n. As we shall see, sparseness plays a

critical role in how d-regular graphs behave.

As for the model of regular graph, the classical model is the uniform distribution
over all d-regular graphs on n labeled vertices; a thorough survey on properties of the
uniform model can be found in [127]. Our model of choice is the permutation model:
consider d many i.i.d. uniformly chosen permutations {my,...,m4} on n vertices la-
beled {1,2,...,n}. A graph can be constructed by adding one edge between each
pair (i,7;(7)); thus every vertex i has edges to m;(i) and W;l(i) for every permutation
7, for a total degree of 2d. As the reader will note, this allows multiples edges and

self-loops, with each self-loop contributing two to the degree of its vertex.

Another way to represent this graph is by its adjacency matrix, which is an n x n
matrix whose (i,7) entry is the number of edges between i and j, with self-loops
counted twice. In this case, the adjacency matrix of the permutation model A, can

be defined by sampling d i.i.d. uniformly chosen permutation matrices Py, P, ..., P,
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and forming

A, =P +P+P,+P,+---+ P+ Pj.

Note that the top eigenvalue is trivially 2d; the distribution of the rest of the
eigenvalues is an interesting question. For the uniform model of random regular graphs
(or Erdés-Rényi graphs) such questions have been studied since the pioneering work
[89]. Many results about the permutation model are transferable to other models by
virtue of various contiguity results when d is fixed; see [127, Section 4| and [57]. These
state that a property that holds with high probability in one model holds with high
probability in another.

Among the more recent work, see [42], [117], and [98]. We refer the reader to
[98] for a more exhaustive review of the vast related literature. Most importantly,
we would like to remark that for a single permutation matrix, such a study has been
approached in [122] and completed in [6]; our results share several features with the

latter paper.

3.1.1 Scaling

We would like to scale the eigenvalues of the matrix to be at unit order. Unlike before,
we have two parameters to choose, d and n. We would like to allow for d to either
stay fixed in n or for d = d(n) to grow slowly with n. We will assume throughout
that d > 2; the reason for this is that the d = 1 case has been dealt with (in a
larger context) by [6]. By considering the square Frobenius norm, we see that we
must scale the off-diagonal entries to have variance O(1/n). Each off-diagonal entry
of P;+ P! is either 0, 1,2 but with probabilities so that it is very nearly Bernoulli(2/n)
distributed. Thus the distribution of an off-diagonal entry of the adjacency matrix
A, is very nearly Binom(d,2/n) for a variance of about 2d/n. From the usual tr(A2?)

estimate we should expect the nontrivial portion of the spectrum to be about O(\/a)
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In fact, as we will see, to scale the eigenvalues to lie on [—1, 1], we define

A
Po=
4 o d =1

3.1.2 Owur results

We shall see that for d fixed and n — oo, the centered linear statistics converge to
linear functionals of a field of independent Poisson variables. In the case of d = d(n) —
oo slowly with n, these linear statistics converge to the normals one would anticipate
by analogy with real Wigner matrices. This transition is expected, as can be seen
from the behavior of the limiting ESD. In the case that d is fixed and n — oo, the

ESD of the adjacency matrix converges to the Kesten-McKay law, given by density

~2d\/4(2d — 1) — a2
falw) = 27 (4d? — x?)

L —2V2d—1<z<2v2d— 1.

On the other hand, the ESD of P,  is seen to converge to the semicircle law if
d = d(n) — oo with n (See [89, 98, 117]).
To state the results, begin by defining the coefficients

a(d,2k) = (2d — 1)* — 1 + 2d,

a(d,2k +1) = (2d — 1) 41,

whose combinatorial significance will be explained later. In terms of these, define
(C’,goo); k > 1) to be independent Poisson random variables, with C,ioo) having mean
a(d, k)/2k.

To state the non-polynomial fluctuation results, we need to adequately handle the
deterministic largest eigenvalue of A, which is equal to 2d. Additionally, we need to
be able to evaluate the expectations of these linear statistics in order to center them.

As this is a discrete ensemble, the 1-point function is atomic, and thus we must have

that the test functions are well-defined and bounded on [\/%, \/%Tl], the support of

the spectrum of P, 4. If we also have that d — oo, then we assume the functions are
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well defined on all R and locally bounded (in fact we only are able to prove theorems
about subclasses of entire functions, so this is no loss), so that their expectations with

respect to P, 4 are well defined.

Theorem 5. Suppose that d > 2 is fized and that n — oo. There is an open neigh-
borhood Uy of [—1,1] in the complex plane so that if fi, fa,... fx are analytic in Uy,
then
Pn, P, Pn,
(X XX d) = (Y1,Ys,...Y2),

where

See Definitions 5 and 6 for a precise definition of U,.
These limiting variables can now easily be verified to converge to the correct
normal variable as d — oo in the case of polynomial f. Recalling that for 7 ~

Poisson (), Z—\}AA = N(0,1), as A — oo, we get that

i) —EC™ =y (o
(2d — 1)i? '25)

so that Y; = N(0, V},), where V}, the variance appearing in the GOE CLT.

We show that in fact, we may take d = d(n) — oo with n and produce the desired
limit. If the rate at which d = d(n) — oo is not important, then we can establish the

theorem for any entire functions.

Theorem 6. Suppose that fi, fa,... fr are entire functions. There is a sequence of

d = d(n) — oo with n sufficiently slowly so that

Pn, Pn, Pn,
(Xf1 XX d) = (21, Zy,...7),

where (Z;); is jointly normal with covariance matching the GOE, i.e.

o0

COV(ZZ‘7 Z]) = % Z nfz(”)f](”)

n=1
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On the other hand, if one would like d to grow to infinity at some prescribed rate,

then we require some additional regularity over the test functions.

Theorem 7. Suppose that d = (logn)? for some v > 0. There is a class O., of entire
functions so that if fi, fo,... fx are in O then

P

(Xﬁn,d7X2md7 . ,kan,d) = (Z1,Zs,... ),

where (Z;); is jointly normal with covariance matching the GOE, i.e.

COV(ZZ'7 ZJ) = % Z nfz(n)f](n)

See Definition 8 for a precise definition of .

3.2 Polynomial Fluctuations

We will begin by establishing these theorems in the case that the test functions are
polynomials. Recall from Proposition 3 that the variance of a linear statistic could be
expressed in terms of Chebyshev coefficients. The principal realization is that traces
of Chebyshev polynomials of P,, 4 can be expressed combinatorially. The key concept
is that of a non-backtracking walk.

A non-backtracking walk is one that begins and ends at the same vertex, and
that never follows an edge and immediately follows that same edge backwards. Let
NBW,&") denote the number of closed non-backtracking walks of length k on G,,.

If the last step of a closed non-backtracking walk is anything other than the reverse
of the first step, we say that the walk is cyclically non-backtracking. Cyclically non-
backtracking walks are easier to analyze than plain non-backtracking walks because
every cyclic and inverted cyclic shift of a cyclically non-backtracking walk remains
cyclically non-backtracking. Let CNBW,(CH) denote the number of closed cyclically
non-backtracking walks of length k on G,,.
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Figure 3.1: The walk 1 - 2 -3 —+ 4 — 5 — 2 — 1 is non-backtracking, but not
cyclically non-backtracking. Note that such walks have a “lollipop” shape.

These notions sometimes go by different names. In [50|, non-backtracking walks
are called irreducible, and NBW,(Cn) is called IrredTri(G). Cyclically non-backtracking
walks are called strongly irreducible, and CNBW,(;L) is called SITx(G).

The main connection between these cyclically non-backtracking walks and the
matrix is the following explicit connection. Recall that {T,(z)},en are the Chebyshev
polynomials of the first kind on the interval [—1, 1]. We define a set of polynomials

Lo(x) =1, (3.1)
ngH(x) == T2k+1 (l’) 3 vV k Z 0. (33)

These are modified so that we may exactly express a trace in terms of the non-

backtracking walks.

Proposition 1. Let \; > --- > A, be the eigenvalues of P, q. Then

" CNBW™
Te(\) = ——— 1k
; H) 2(2d — 1)k/2

Proof. See Proposition 32 of [35]. O
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3.2.1 Non-backtracking walks and cycles

For any cycle in G,, of length j|k, we obtain 2j non-backtracking walks of length & by
choosing a starting point and direction and then walking around the cycle repeatedly.
However, these are not all possible cyclically non-backtracking walks; we refer the

remainder as “bad” walks, and we denote these as B,(Cn). These now allow us to write

CNBW(" =3 " 2;Cf" + B (3.4)
Jlk
A non-backtracking walk is bad if and only if the trail of the walk has more than

one cycle.! It turns out that these are relatively rare.

Proposition 2. There is an absolute constant C such that for all n, r < n'/*, and

d>2,
n Crt(2d — 1)"
E[B\"] . .

Proof. See Proposition 15 and the proof of Corollary 16 of [35]. O

In view of (3.4) and this Proposition, it follows that to understand the distribution
of non-backtracking walks, it suffices to understand the limiting distribution of cycles.
The number of cycles of short length, meanwhile, are known to be asymptotically
Poisson in many graph models. See [17] or [127] for an account of older results, or
[90] for the best result in this direction

By using Stein’s method, it is possible to show a joint Poisson approximation with
an error bound. In preparation, suppose that w = w; ---wy, is a word on the letters
m,...,mqgand m *, ... ,71671. We call w cyclically reduced if w, # w;l and w; # w;rll
for 1 <i < k. Let a(d, k) denote the number of cyclically reduced words of length k

on this alphabet, which we will count explicitly.

I The trail of a walk is the simple graph whose vertices are those of the graph that are visited by
the walk and whose edges are present if and only if the walk traversed that edge.
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Lemma 18.

a(d,2k) = (2d — 1)* — 1 + 24,

a(d,2k + 1) = (2d — 1)***! 4 1.

Proof. This is a quick exercise in inclusion-exclusion. The proof requires some nota-

tion, but this should not obscure the simplicity of the ideas. Define
I, = {Wl,ﬂg,...,wd,ﬂfl,ﬁgz . ,W;l}k

to be all words of length k in these letters. Let G = Z/kZ denote the cyclic group of
order k, and for any subset S C G, define

ng{w:wowl---wk_leﬂk}wszw;rllsES},

where the addition is performed in G. The essential observation is that

(

(2d)* 151 k> |9|

Vsl =424 k =S|, k even

0 k=S|, k odd.
\

To see the formula for k£ > |S|, note that each w; with i # S can be chosen freely from
the alphabet. Moreover, once these are chosen, the word can be completed uniquely
by the rules of Vg. The k = |S| formula follow as in these cases, the word must be a
single letter that alternates with its inverse, and this is only possible if the length of
the word is even.

Having established these formulae, we can compute a(d, k) by inclusion-exclusion,
1S|—1
k 2d k even
d,k) =Y (-1)"|vg| = —1)!(2d)*!
ol k) = Y0Vl = 3 () v+
sca 1=0 0 Kk odd.

Noting that this is nearly the binomial formula, the desired expressions follow. m
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The essential Poisson approximation can now be attacked using Stein’s method.
Recall that (C,S"’); k > 1) are independent Poisson random variables, with C’,goo)
having mean a(d, k)/2k. Let dry(X,Y’) denote the total variation distance between
the laws of X and Y.

Proposition 3. There is a constant C' such that for alln, k, and d > 2,

C(2d — 1)

i (70, (). 1) <

Proof. See Theorem 11 of [35]. O

Define
CNBW( =3~ 2;C(),
Jlk
)

It is now an immediate corollary of Proposition 3 and Proposition 2 that CNBW;”

is approximately CNBW,(COO).

Proposition 4. There is a constant C such that for alln, r, and d > 2,

C(2d — 1)

n

dry ((CNBWL; 1<k <r), (CNBWP; 1<k <7)) <

This allows us to formulate a polynomial fluctuation theorem for d fixed, n — oo.

Proposition 13. Let fi, fo,... fr be polynomuals. Suppose that d s fized and that
n — oo, then

(Xpmd’XZn,d’ o ,Xpn,d> = (}/1’}/2’ .. Yk-),

N Tk
where
Yi=)j {Z filjr)(2d — 1)]”“/21 o —EC|.
j=1 Lr=1
Proof. We simply combine Proposition 1 and Proposition 4. O

Likewise, we are able to formulate a polynomial fluctuation theorem for slowly

growing d and polynomial test functions.
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Proposition 14. Let fi, fo, ... fx be polynomials of degree at most . If d = d(n) — oo

as n — 0o, but slowly enough that limsup,,_, blig(n) 217 then

(ijd X "d,...,XZ"’d> = (20, Zay . Zh)

where (Z;); is jointly normal with covariance matching the GOE, i.e.

COV(Zi, Z]) = % anz(n)fj(n>
n=1

To prove this, we require a small technical lemma on coupling of Poisson variables

to normals.

Lemma 19. Let X ~ Poisson(\), and let W
standard normal variable Z so that E|W — Z| <

Sl 3‘*

. There is a coupling of X to a

Proof. As X is Poisson, its size bias transform X* has the law of 1 + X. Hence, we
may trivially couple X*® to X. The desired statement now follows immediately from

Theorem 3.13 of [102]. O

Proof of Proposition 14. Let r = maxj<;< deg(f;) for the remainder of the proof, so
that

2rlogd(n) —logn — —oo.

This implies that the error in Proposition 4 goes to 0. For each n, by Proposition 3
and Lemma 19, we can construct a probability space which supports the permutation
model G(n,d(n)), the idealized cycle count vector (C,§°°); k > 1), and a vector (Z;; i >

1) of independent standard normals; on this space, we have

_ 2r
" [<Cf"%~,c<">> £ (0, o)) < SR

" n

as well as < 1 for all j > 1. Note that by Proposition 2

) —EC™ — \[ECZ,

_ 2r
P [(CNBW;(:); 1<k<r)# (CNBW(Oo 1<k< 7«)] < %7
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for some other constant C. Let Y; be defined as
=3 [S med - 1] o -],
j=1 Lr=1

and note that we have that

P [(X}’dx}’dx}zd) 4 (Y1, Ya, .. .Yk)]

C(2d — 1)

<P |(ONBW: 1<k <) # (CNBW: 1<k <) < =

Furthermore, define W; = > 7%, \/gfl(j)Zj Note that we have E|W; — Y;| — 0 as
d — oo, as all the sums are finite, and hence we have established in-probability

convergence of the linear statistics to the vector (Wi, ..., Wy), as desired. O
3.3 Extension to non-polynomial test functions

3.3.1 Approach

In contrast to polynomial test functions, applying non-polynomial test functions re-
quires some amount of control over the regularity of the spectrum. The basic ap-
proach will be the following approximation scheme. For f continuous on [—1,1],
define f, =>""_, f(i)Ty(x). For the classes of test functions considered, we have that
S |fr(z) = f(2)] =0,

very rapidly in 7. In fact, more is true. As we look at classes of analytic functions,
their behavior inside the interval [—1, 1] determines their behavior in any open interval
containing [—1, 1], and so we can actually establish estimates for the rate at which

sup | fo(2) = f(z)] =0

z€[—R,R]

for some R > 0. Now, we would like to approximate X;)"‘d by X}i”’d by setting r = r(n)

to grow at some rate so that they converge together and so that X}i"’d converges to
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what it should. To do this approximation, it would suffice to be able to control
En 1= Zf@‘l) — fr(N),
i=2

noting it would suffice to show that E|,| — 0 to establish the desired co-convergence.

There are two types of control that are desirable here, control over the support of
the spectrum and control over spacings of the eigenvalues. Control over the support of
the spectrum is the more important of these two, as it allows f and f, to be compared
on an interval of constant order instead of order O(v/d). Ideally, the spectrum could
be localized to |z| < 1+¢, where ¢, — 0 with n, but this is out of reach. In the realm
of d fixed, we may appeal to Friedman’s work on the eigenvalues of the permutation

model.

Theorem 8. For d > 2 fized there is a 0 > 0 depending on d so that for all € > 0
there is a constant C = C(¢,d) so that

PEi#1: [N>1+¢<Cn 70
For d > 6, we may take 6 = 1.

Proof. See |50]. O

This allows us to get immediate control over £, of the form

gn <n sSup |fr(.17>—f(l')|, (35)

|z|<1+e

except for on an event of vanishing probability. If we additionally show that
EY [f() = f(A)] =0,
i=2

then we will be able to conclude that the two linear statistics converge together.
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3.3.2  The possible benefits of additional rigidity

The previous analysis ignores that the eigenvalues of P, 4 are expected to be concen-
trated around their limiting positions. In the prior analysis, the error term &, was
simply bounded as (3.5). For this to tend to 0, we require that this supremum decay
faster than n=!. As we are only able to take r(n) — oo at some logarithmic rate, we
require that supj, <14 |fr(z) — f(2)| decay exponentially in 7.

If all the eigenvalues clustered around where this supremum is attained, this
would be the best bound on &, for which one could hope. However, this is very
much not expected. Quite to the contrary, the eigenvalues are expected to be very
regularly distributed according to the limiting level density, the semicircle law. Sup-
pose for a moment that the spectra were localized around the Chebyshev nodes,

Ojn = COS (@) 2 Then we can observe the following lemma,

Lemma 20. For f sufficiently smooth (f € C*[—1,1] suffices),

> (i) = Y (~Lrnf(rn).

Proof. The proof follows immediately from the identity

n n k
Ti(oin) =R mT—(2e—1)) |,
3o = | Sesnlinkii- 1)
which can be seen to be 0 except for when k/n is an integer. O

In particular, as f — f. has many of its Chebyshev coefficients zeroed out, we
would have &, — 0 for f in some class such as C?[—1, 1] instead of f analytic. As the
asymptotic distribution of the eigenvalues should look like the Chebyshev nodes, one
would hope to be able to leverage this extra cancellation that should appear in &,.
However, at this time, not much is known in terms of the rigidity of the eigenvalues,
that is to say, how nearly they are localized around the Chebyshev nodes. This rigidity

has been observed in both log-gases and Wigner matrices.

2These nodes have density which is asymptotically arcsine distributed, not semicircularly dis-
tributed. Still, for the point of intuition, this is a helpful exercise.
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Figure 3.2: Bernstein ellipses Eg(p) with p = 1.5,2,2.5, 3.

3.3.8 Fized d extension

We now turn to proving Theorem 5 by the procedure outlined, and we begin by

defining the Bernstein ellipse Eg(p) of radius p.

Definition 5. Let p > 1, and let £(p) be the image of the annulus A, = {2 : 1/p <

24271

|z| < p} under the map O(z) = =5

. We call £g(p) the Bernstein ellipse of radius p.
The ellipse has foci at £1, and the sum of the major semiaxis and the minor semiaxis

is exactly p.

Bernstein ellipses are useful for understanding the Chebyshev approximation of
analytic functions. The heart of this connection is the following formula for the

Chebyshev coefficients

fhy =2 ¢ fe) d-

N 21 |z]=1
which is easily verified by parameterization. This gives the Chebyshev coefficients
the interpretation of being the Laurent coefficients of f o ©. As f o © is invariant

under z — 1/z, the positive and negative parts of the series are identical. Now, it
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is easily established that a geometric rate of decay of the Chebyshev coefficients is

equivalent to f being analytic in some appropriately large Bernstein ellipse. Precisely,

lim supy._,. | f (k)| = % if and only if f is analytic in a Bernstein ellipse of radius p.

We can also bound the Chebyshev coefficients explicitly in terms of the growth
rate of the analytic function. Define

My(p) == sup |f(O(2))]

2€E€B(p)

From the Cauchy estimates, we have that | f(k)| < %@.(p). Further, it is easily verified
that for R > 1,

sup |Tx(z)| < R+ VR?—1, (3.6)

lz|<R

as follows from the identity

(x—va?—1)" + (Hm)’j

Hence, we have the following conclusion more suited to our purposes.

Lemma 21. If f is analytic in a Bernstein ellipse Eg(p), for any R > 1 and any

sup |1(0) — f)] = 0 ((FRIEL )Y,

lz|<R P

e >0,

We can now state precisely where f need be analytic for the fixed d central limit

theorem.

Definition 6. For d > 6, let U; be an open set in the complex plane containing
the closed Bernstein ellipse of radius (2d — 1)2. For 2 < d < 5, let Uy be an open
neighborhood of the closed Bernstein ellipse of radius (2d — 1)5/2.

In particular, for f analytic in Uy, we have that for some € > 0 sufficiently small,

there is a § > 0 so that

sup | f(z) — f,(0)] = O (((2d — 1)* +6) 7).

|z|<1+e
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For d > 6 Friedman’s bound holds with high enough probability that we choose a se-
quence r(n) — oo so that n=!(2d—1)*™ — 0 and n (((Zd —1)2+4)" ) — 0. When
d < 5, we choose r(n) — oo so that n=!(2d — 1)*(™ — 0 and M SUPpyy<_d \f( ) —
fr(z)| = 0, thus removing the need to know bounds for the support of the elgenvalues.
Note that in this case, we have that |¢,| — 0 considered as a deterministic function
of a sequence of 2d-regular graphs with n — oc.

We are now set up to prove Theorem 5 with very little difficulty.

Proof Theorem 5. We prove only the case d > 6 as the other is easier. Suppose f is
analytic in Uy. From how r(n) is chosen, it is immediate to check that X;i"’d =Y,

where Y is
v =3[ X fumiea -y [of - Ee
j=1 Lr=1

Likewise, it holds that any finite dimensional vector converges as well. To conclude

;j"’d = 0 in probability. We establish the theorem

by showing that E|&,,| — 0, proceeding by a standard truncation approach. With € > 0

this we need to show that Xf"’d -X

and r(n) as chosen, we have that
IEX:If )|1{|>\|<1+6}<n||sup |f(x) = fr(z)] = 0.
z|<1l4e€
It remains to show that the contribution of the remainder of the eigenvalues is small.

On the one hand, by the assumed boundedness of the test function on the support,

E2|f NL{|N| >1+€} <n sup ]f(:c)]IP’[EIz’;él DN > 144
d

From Theorem 8, this probability is o(1/ n), and so this contribution vanishes. Noting

the bound (3.6) and that the Chebyshev coefficients for all the f must decay like
|/ (k)| = O((2d—1)~2+¢), we have that Yo 1f+(A)] < Cn, for some universal constant

C and all d > 6. The proof now follows from Friedman’s eigenvalue bound, Theorem 8§,

EZ\J‘; LN > 1+e} <CnP[Fi£1 : [N >1+4¢ — 0.
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3.3.4  Growing d extension

The case of growing d uses essentially the same machinery as was developed for the

fixed d case. As there, we need to show that Xf”’d — X}Z”’d — 0 in probability. The

fact that X;i”’d converges to the normal to which it should follows from an identical

argument as in Proposition 14 provided r(n) and d(n) satisfy
2r(n)logd(n) —logn — —oo. (3.7)

The principal missing ingredient is Friedman’s eigenvalue bound, which holds only

for d fixed. For this reason, we prove an alternate eigenvalue concentration bound.

Theorem 7. For any m > 0, there is a constant C' = C(m) and universal constants

K and c so that
P[Fi#1 : [N >Cl<n™+ Kexp(—cn).
Further, the constant C' may be taken to be 36000 + 2400m.

We will prove and discuss this bound in Section 3.4. For now, we will turn to
proving Theorems 6 and 7, which have very similar proofs. We need to show that for
a given entire function, we can choose r(n) — oo sufficiently quickly that E|¢,| — 0

but sufficiently slowly that (3.7) is still possible. Choose K sufficiently large that
P[Fi#£1 : |\ >K]=0(n?).
Following the truncation approach used in Theorem 5, we have that

Fe=EY 00— LN < ) < TR0 () 69

p

for any p > 2K. We also have

n . d
B2 =Y SO0 (] 2 K) <20 (=) (39)
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and

By = E Y |1 {IN] > K} = O(n (2K)"). (3.10)

The goal is to be able to choose all these errors to go to 0. If all of them do, we have

that E|&,| — 0 implying the needed convergence.

Proof of Theorem 6. Here we are given arbitrary entire functions fi, ..., fr. We need
only show the approximation for a single one of these functions as the desired vector
convergence is identical. Fix § > 0 arbitrary. For a given entire function f, there
is some rate d(n) — oo sufficiently slow that M;(d*"3°(n)) < logn. We also assume
that d(n) = o(logn), as must be necessary if f is transcendental.

Define r(n) to be a sequence of integers so r(n) ~ ﬁmﬁ%v noting that this
ensures that (3.7) is satisfied. This choice also ensures that Fy — 0 and F3 — 0. To

bound E;, we take p = d**3 to get

2K \"
E,=0 <n10gn (m) ) )
Note that 39" = pl+¢ for some small € > 0, so that £; — 0 as well. O

Following this proof, we can determine more specifically how My(p) must behave

to produce the desired limits.

Definition 8. Define &, to be the class of entire functions f for which there exist

C > 0 and € > 0 so that
L—e
My(z) < Cexp (xQV )

for all z > 0.

This is in fact identical to specifying the order of the entire function, a classical

subject. This is defined as

. log(log SUp|; <y 1f(2)])
p(f) = limsup :
r—00 log r

Lemma 22. An entire function f € O, if and only if it has order less than %
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Proof. This follows immediately from the observation that for large r, the Bernstein
ellipse Ep(r) is nearly a disc of radius r/2. All that is necessary for the proof is to

notice that there is an ry sufficiently large so that
D(0,r/4) € Ep(r) € D(O,r),
for all » > rq. ]

Remark 4. The effect of having the eigenvalue bound Theorem 7 is to adjust the
dependence of the exponent 2777, Without the eigenvalue bound, we would need the

order to be at most % — €.

Proof of Theorem 7. In this case we take d = (logn)”. For entire functions in &, we

therefore have that M;(d*™3%) = O(n°WY) for some § > 0. Take r(n) ~ ﬁbﬁ%’
so that we have E, — 0 and F3 — 0. Take p = d*>™ in (3.8) to conclude that

d®H30r = plte for some small € > 0, so that £y — 0 as well O

3.4 Spectral concentration

The problem of estimating the magnitude of all but the first eigenvalue of a d-regular
graph has been approached primarily in two ways, the method of moments and the
counting method of Kahn and Szemerédi, presented in [49]. The method of moments
has been developed in the work of Broder and Shamir [21] and very extensively by
Friedman [48], [50]. In his work, Friedman, relying on d being fixed independently of n,
developed extremely fine control over the magnitude of the second eigenvalue. On the
other hand in [49], Kahn and Szemerédi only show that the second largest eigenvalue
has magnitude O(\/E) While weaker than Friedman’s bound, their techniques readily
extend to the case where d is allowed to grow as a function of n; this observation has
been informally made by others, and communicated to us by Vu and Friedman. Here

we will formalize it, and present the Kahn-Szemerédi argument in the context of
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growing d to demonstrate the method’s validity, as well as to develop some handle on
the constants in the bound.

Both [22] and [81] provide examples of how the Kahn-Szemerédi argument can be
used to control the second eigenvalue when d grows with n. In [22], the authors work
in the configuration model to obtain the O(v/d) bound for d = O(,/n), essentially the
largest d for which the configuration model represents the uniform d-regular graph
well enough to prove eigenvalue concentration. In [81], the authors study the spectra
of random covers. The permutation model is an example of such a cover, where the
base graph is a single point with d self loops. Using the Kahn-Szemerédi machinery,
they are able to show an O(v/dlogd) bound with d(n) = poly(n) growth. The adap-
tations to the original Kahn-Szemerédi argument made in [81], especially the usage
of Freedman’s martingale inequality, are similar to the ones made here. However, as
we do not need to consider the geometry of the base graph, we are able to push this
argument to prove a non-asymptotic bound of the correct order.

Recall that the adjacency matrix A, can be realized by sampling independently

and uniformly d permutation matrices P, P, ..., P; and forming
Ay =P+ P+ P+ P+ + P+ P

We will drop the n and refer to the adjacency matrix simply as A. The starting point
is the variational characterization of the eigenvalues A\ > Ay > --- > \,, of A, which
states that

max{Az, [An|} = sup |w'Aw|.
=1

We will restate the theorem we wish to prove in terms of the eigenvalues of the

adjacency matrix.

Theorem 9. For any m > 0, there is a constant C' = C(m) and universal constants

K and ¢ so that

P [Eli 41 : [N >CVd| <n ™™+ K exp(—cn).
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Further, the constant C' may be taken to be 36000 + 2400m.

Additional flexibility is provided by replacing the symmetric Rayleigh quotient by

the asymmetric version,
sup  |v'Aw|.
ol lll=1

The random variables v!Aw, for fixed w and v, are substantially more tractable
than the supremum. To be able to work with these random variables instead of
the supremum, we will pass to a finite set of vectors which approximate the sphere
S={w L1 : ||w|]|=1}. More specifically, we will only consider those w and v lying
on the subset of the lattice 7 defined as

T = {5—2 CzeZM P < 221 1},
Vi 72

for a fixed o > 0.

Vectors from 7T approximate vectors from S in the sense that every v € (1 —0)S
is a convex combination of points in 7. (See Lemma 2.3 of [42].) Thus

(1_—15)2 wSlle 1= 8Jv' Al = dJw| < mxs;lepThtAy‘ .
loll=[lwl=1

Furthermore, by a volume argument, it is possible to bound the cardinality of T as

!ﬂ(}) <Vol[reR" : fof <149 = LT2VT

n (5 +1)

5 n
. T . . . (1+35)V2er .
Employing Stirling’s approximation, this shows |T] < C [ZT] . for some uni-

versal constant C.
The breakthrough of Kahn and Szemerédi was to realize that z'Ay can be con-

trolled by virtue of a split into two types of terms. If 2t Ay is written as a sum

l’tAy = Z .Iquwyv + Z «TuAuvyva

(u,w) (u,)

Vd vd

|Tuye| <=~ |Zuyo| 2=~
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then the contribution of the first sum turns out to be very nearly its mean because
of the Lipschitz dependence of the sum on the edges of the graph. The contribution
of the second sum turns out to never be too large for a very different reason: the
number of edges between any two sets in the graph is on the same order as its mean.
Following Feige and Ofek, for a fixed pair of vectors (z,y) € T2, define the light
couples L = L(z,y) to be all those ordered pairs (u,v) so that |z,y,| < ‘/73, and let
the heavy couples H be all those pairs that are not light.

3.4.1 Controlling the contribution of the light couples.

Part of the advantage of having selected only the light couples is that their expected

contribution is of the correct order, as the lemma below shows.

Lemma 23.

‘E Z Ty Aulys| < 2Vd.

(u,w)eL

Proof. By symmetry, EA,,, is simply equal to %d, so that
2d
E A = — .
D mwAuye="— D Tuy
{uv}tel {uw}el
Because each of z,, and g, sum to 0, the sum over light couples is equal in magnitude

to the sum over heavy couples. Thus, it suffices to estimate

Z Tulo| < Z ’xuy’u|: Z |{E12Lyg

{uv}eH {u,v}eH {uv}eH J7uyv|
n

< — Z 22y, by the defining property of heavy couples,
Vd
{uw}eH
N
J— \/E'
In the last step we recall that both ||z]|, [|y|| < 1. O

To show that not only the expectation, but the sum itself is of the correct order,

we must prove a concentration estimate for this sum. For technical reasons, it is
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helpful if we deal with sums over fewer terms. To this end, define
M=A+A+---+ Ay

In terms of M it is enough to insist that for every =,y € T

Z x’LLMqu’U S t\/g

(u,w)el

Z quuva

(uw)el

for then by symmetry,

< 2tVd,

for all x,y € T. As a further simplification, we will not prove a tail estimate for
the whole quantity > x,M,y,; instead, fix an arbitrary collection U of vertices
of size at most [g](ulgzimg fixed this collection, we will show a tail estimate for
> (u,0)€LAU X 1] Ty Mypy,. This truncation is made to simplify a variance estimate (see

(3.12)), and it might be possible to avoid it entirely.

Theorem 10. For every x,y € T, and every U C [n] with |U| < [4],

P| > 1V < Goewp (~ )

Z xuMuvyv - ExuMuvyv _m
for some universal constants Cy, C7 and Cy. These constants can be taken as 2, 64,

(u,v)eLNU X [n]

and 8/3 respectively.

Proof. Let £ be LNU x [n]. We will estimate tail probabilities for > 2, My,y..
(uw)eL
The main tool needed to establish this result is Freedman’s martingale inequality

[46]. Let Xi, Xs,... be martingale increments. Write .%, for the natural filtration
induced by these increments, and define V;, = E[X? | #,_4]. If S, is the partial sum
Sp=>1 X; (with Sy = 0) and T,, is the sum T,, = Y | V; (with Tp = 0), then by
analogy with the continuous case, one expects S,, to be a Brownian motion at time
T, (a discretization of the bracket process). The analogy requires, however, that the

increments have some a priori bound. Namely, if | X;| < R,

2/92
P[HngTsothatSnZaandTan]SQGXP<_R(2:_I)>'
3
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Remark 11. The constants quoted here are slightly better than the constants that
appear in Freedman’s original paper. This statement of the theorem follows from

Proposition 2.1 of [46] and the calculus lemma

u?/2
1 log(1 —u >
(1-+u)log(1 +) —u > T2
for u > 0.
Reorder and relabel the vertices from U as x1,2s,...,2,, with r < [§] so that

|z;| decreases in j. Order pairs (7, 7) € [d] x {0,1,2,...r} lexicographically, and enu-
merate m;(j) in this order as fi, fo, ..., fyq. Define a filtration of o-algebras {.% }r%,
by revealing these pieces of information, i.e. .7, = F_1 V 7(fx). According to this

filtration, let

S, =E Z xuMuvyv
(uw)el

define a martingale and let X = X(; ;) be the associated martingale increments.

7

The desired deviation bound can now be cast in terms of Sj as

Z 'IuMuvyv - ExuMuvyv
L

—t%/2
< 2exp (m) ;

provided that b satisfies };d:l E [X,f } ﬁk_l] < b.

Zt} < P[3 k < rdso that |[S, — So| = |Sk| >t and T,, > D]

This reduces the problem to finding suitable R and b. The starting point for finding
any such bound is simplifying the expression for the martingale increments X; ;). To
this end, let m be a fixed permutation of [n], and define II; to be the collection of all

permutations that agree with 7 in the first k entries, i.e.
Iy, ={{o : o(i)=7(i)i=1,2,...,k}.

Further let T : II_; — II; be the map which maps a permutation to its nearest
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neighbor in II;, in the sense of transposition distance, i.e.

Tlo)(i) = qo(k) i=o0"(n(k))-

Note that this map is the identity upon restriction to IIj. Let Ly, be the character-
istic function for (u,v) € L. In terms of these notation, it is possible to express X(; )

as

1
X(z,kz) = m Z quL[u,T[T](u)]yT[T](u) - qu[u,T(u)]yT(u)’

Tenk,1 uelU
where m = 0;, and the contributions of the other o; all cancel. As 7(u) = T'[7](u)

except for when u = k or u = 771(n(k)), this simplifies to
1
Xk :m Z (Tu L) Yr(e) — TuLfur () Yr ()

T€ll)_1

L7 (k) L= (k) 7 (0] Y (k) — l'fl(fr(k))L[T*(W(k))ﬂr(k)]yﬂ(k)) :
This can be recast probabilistically. Define two random variables v and u as

v ~ Unif {[n] \ 7[k]}
u ~ Unif {[n] \ [¥]},

(where [n] ={1,2,...,n}) so that

n—k+1
n—Fk Xk

= E[zxLiko)Yo — Tk Likr (o) Ynte) + TuLiur()Ynk) — Tuluoyo |Fi]. (3.11)

Terms for which 7(k) = 7(k) again cancel, and so we have disregarded these terms
from the right hand side. It is also for this reason that the small correction appears
in front of Xj;. From here it is possible to immediately deduce a sufficient a prior:

bound on X, as each term in this expectation is at most \/7&, so that | Xj| < 4\/7&.
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The conditional variance E [X 2 | ﬁk_l} is not much more complicated. Effectively,
we take 7(k) to be uniformly distributed over [n] \ w[k — 1] and bound E [X}? | ;1]
by

E[X; | Fii]

<AE (27 (Likwyo)? + 23 (L (e Yo ) + o Loy Yri)” + T (Do) | Fra] -

As we have ordered the z;, 22 < x%. Further, by bounding all the L4 terms by 1, and

using that v is marginally distributed as Unif {[n] \ w[k — 1]}, this bound becomes
E [X; | Fuo1] < 16E [2hy2 | Fra] -
Upon explicit calculation, we see that

1 1
Ely, | Fia] = —F D wi<—
l\elh-1)

where it has been used that ||y|| < 1. Combining the above with (3.11), we see that

(3.12)

2 2 2
E[X,f‘c%c_l]<{ n—k } 16} _ 322}

n—k+1| n—k~ n

where it has been used that £ < < [%]. Summing over all martingale increments,

413202 32d
yoys
n n

i=1 k=1

TN

Thus the Freedman martingale bound becomes

—nit?
P Wl <2exp [ Y.
{ - f} = S6Xp (64+8/3t)

Z xuMuvyv - E:CuMuvy'u
L

]

Let Ly be the set of vertices that appear in the first coordinate of some light
couple, and choose U C Ly arbitrarily so that |U| = [|Lieg|/2]. It follows then that,
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if U1 = U, and UQ = Eleft \ U17

7

Z quuvyv - EIuAuvyv
(u,w)el

> t\/E}

Z quuvyv - Equuvy'u

i=1,2
(u,v)eLNU; X [n]

< 2P {max

t
> —\/E}
2
From this point, it is possible to estimate

Z xuMuvyv
L

IP’[EIx,yE'T :

> 2(2t + 1)\/3}

]P’[Elx,yeT :

Z Ly [Auv - EAuv]yv

LNU X [n]

> t\/ﬁ]

Applying the union bound and Theorem 10, we see now that

PF@yET:

> 2(225—1—1)\/6_1} <C

(24 0)v2erm ” —nt?
—— expl|l——],
2 64+ 81/3

Z xuMuvyv
L

so that taking e — 2 > 6 > 1 and ¢ = 27, it is seen that this probability decays

Nl

exponentially fast, and we have proven

Theorem 12. There are universal constants C and K sufficiently large and ¢ > 0 so

1 . .-
that for e —2 > 46 > 5 and except for with probability at most
Kexp (—cn),

there is no pair of vectors x,y € T having

> zuMuy,

(uw)eL

> OV2d.

It is possible to take C' = 110.
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3.4.2  Controlling the contribution of the heavy couples.

Lemma 24 (Discrepancy). For any two vertex sets A and B, let e(A, B) denote
the number of directed edges from A to B that result as a form m;(a) = b for some
1<i<d a€ Aandbe B. Let u(A,B) = |A||B|L. For every m > 0, there are
constants ¢ > e and co so that for every pair of vertex sets A and B, except with

m

probability n=™™, exactly one of the following properties holds

1. either Z((’::?) <ec,

2. ore(A, B)log Z((ﬁ’f?) < (| A] V | B) log i

It is possible to take ¢, = e and cy = 2¢*(6 +m).

To prove this lemma, we rely on a standard type of large deviation inequality
shown below, which mirrors the large deviation inequalities available for sums of i.i.d.

indicators.
Lemma 25. For any k > e,
Ple(A, B) = ku(A, B)] < exp(—k[log k — 2Ju).

Proof. Let e-(A, B) denote the number a € A so that 7(a) € B. It is possible to
bound

_ [a]4[b]:
Ples(A,B) =] < G,

where we recall that [a]; = a(a—1) ... (a—t+1) is the falling factorial or Pochhammer

symbol. Using the fact that [n]; > e™'n’, this may be bounded as

atbtet

Ple (A, B)=1t] <

so that the Laplace transform of e, (A, B) can be estimated as

atbtet

tInt

abel—i—)\ }

E [exp(Xer (A, B))] < Z e = exp [
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Thus by Markov’s inequality, we have

E [exp (/\ ijl eo: (A, B)>]

e—kAu

P [e(A, B) > ku(A, B)] <
< exp [pe ™ — kA

where A > 0 is any positive number and p = u(A, B). Taking 1 + A = log k, valid for
k > e, it follows that

Ple(A, B) > ku(A, B)] < exp [~k(logk — 2)u] ,
for k > e. L]

Armed with Lemma 25, we can proceed with the proof of Lemma 24.

Proof of Lemma 24. If either of [A| or |B]| is greater than 2, then e(A4, B) < (|A] Vv

|B|)d, so that
e(A,B) _nd(|A|V |B|) n
< = <e

wA,B) = [AlBld  JAIAIB] T
Thus, it suffices to deal with the case that both A and B are less than 2. In what

follows, we will think of @ and b as being the sizes of |A| and | B| in preparation to use
a union bound. Let k = k(a,b,n) be defined as k = max{k*, 1}, where k* satisfies

6+ m)(aVb)n n

* *_(
k*logk™ = b 1Oga\/b’

or %, whichever is larger. When a vV b < %, it follows that
(6 +m)(aVb)log & > 2alog 4 2blog ¥ + (2 4+ m)(a V b) log -7,
where we have used the monotonicity of xlog 2 on [1, 2]; thus

(64+m)(aVb)log =7 > a(l +log2) + b(1 +1log ) + (2 + m) logn.

Exponentiating,

exp [klog k2] > (<2)" ()" n>*m,

n
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if k> % It follows that

P [3A, B with |A| = a, |B] =b, so that e(A, B) > ¢’k(a,b)u(A, B)]

< (Z) <Z) exp(—e2k[log k) < n~2™.

Moreover, applying this bound to all a and b, it follows that
e(A, B) < e*k(|Al, | B])u(A, B),
except with probability smaller than n="". If for two sets A and B, k = %, then
e(A,B) <eu(A,B),
and we are in the first case of the discrepancy property, for ¢; > e. Otherwise,

e(A, B)logk < e*klog ku(A, B) = €*(6 +m)(a Vv b) log ﬁ,

and noting that k > ef}g‘?f])g), it follows that

e(A, B) e(A, B)
n(A, ) < A B8 )

<e*(6+m)(aVb) logi

when z((’:—’?) > e*. If this is not the case, then we are again in the first case of the

discrepancy property, taking ¢; > e*. Taking ¢; = e?, it follows that we may take

co = 26%(6 + m). O

The discrepancy property implies that there are no dense subgraphs, and thus the

contribution of the heavy couples is not too large.

Lemma 26. If the discrepancy property holds, with associated constants c¢; and co,
then

Z |quu,vyv| S C\/Ea

{uv}eH

for some constant C' depending on c1, co, and 9.
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Proof. The method of proof here is essentially identical to Kahn and Szemerédi or
Feige and Ofek (see [49] or [42]). We provide a proof of this lemma for completeness
as well as to establish the constants involved. We will partition the summands into
blocks where each term z, or y, has approximately the same magnitude. Thus let

v = 245, and put

Av={u | 22 <o) < 2}, 1< i < log V],
Bi:{u\% <|yu|<%}, 1 <i<log[vn].

Let # denote those pairs (i,7) so that v;y; > V/d. The contribution of the absolute

sum can, in these terms, be bounded by

ST riAueyl <Y nge(Ai,Bj).

(uv)EH (i,5)eH

e(A;,Bj)

Let \;; = —(A“B)

denote the discrepancy, which can be controlled using Lemma 24.

In terms of this quantity, the bound becomes

Yi7j
Z |quu,vyv|§ Z nj/\z,]|Az||B]|%

(u,v)eEH (i,5)eH

In this form, the magnitudes of each of the quantities are somewhat opaque. Consider
2
the sum ), |A;|2=; it is at most 4||z||* = 4. In particular, it is of constant order. Thus

2
let o; = | A; %2 and 3; = \B]\%“ This allows the bound to be rewritten as

dz 7@|A|’Y]‘B|)\ZJ_\[ Z )\7]\/_'

n
(i.)er T
This exposes the quantity o, ; = ’\;Jﬁ as having some special importance. In effect,
i

we will show that either for fixed i, > i 0;;3; has constant order, or for fixed 7,
> 0ija; has constant order.
In what follows, we will bound the contribution of the summands where |A;| >

|B;|. By symmetry, the contribution of the other summands will have the same bound.
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The heavy couples will now be partitioned into 6 classes {ﬁi}?zl where their contri-
bution is bounded in a different way. Let #; C H be those pairs (4,7) which satisfy

the i*" property from the following list but none of the prior properties:

1. 0i,j < Ct.

2. )\i,j < Cy.

w

i }1\/6_1%-

=~

Clog A > % 210g%+10ga%_ .

(S

. 2log~; > log ai

=)

. 2log~; < log a%

The last properties are better understood when the second case of the discrepancy

property is expressed in present notation. In its original form, it states
6(141', BJ> log )\i,j S CQ|AZ" IOg #

Substituting v?/«; for n/|A;| and multiplying both sides of this equation through by

Wm produces the equivalent form

v 2log~; + log ai
A< ‘
0-7,7]/8] > G \/Er‘)/l log )\l’]

Thus, the last 3 cases cover each of the possible dominant log terms in this bound.

Bounding the contribution of Hy and Ho.

In either of these situations, we have a bound on o; ;. Especially, either o;; < ¢; or,
all the discrepancies ); ; are uniformly bounded by ¢;. As
iy Vd

0445 = )

YiVj
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and v;7; > Vd,

0i; <1

for both cases.

Bounding the contribution of Hs.

For these terms, we fix j. In this case, the magnitudes of the entries corresponding to

7 of y, dominate those of the entries corresponding to 7 of x,,. However, by regularity

2
e(A;, B;) < |Bjl|d, so that the discrepancy \;; is at most A= l—

<8,

oE

NijVd ;
DRE TN DERGTLCE SR
i (i,j)E?'Zg i (i,j)G?‘Z;g 1% i (i,j)E?'zg

where in the last step it has been used that the sum is geometric with leading term

less than 4+;/v/d.

Bounding the contribution of Hy.

For these terms, we fix i. We are not in case (2), and it follows that the second case

of the discrepancy property holds. In present notation

) 1
\/E% 2logy; + log ol Ay

B.<
Oz,]ﬁ] > Co d’}/l IOg >\i,j = P)/l\/aa

where the hypothesis has been used. As we are not in case (3), the sum of these terms
is bounded as
Z Bioij < 2¢2,
J e (ig)eHa
where it has been used that the sum above has a geometric dominator with leading

term at most }1%\/3.
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Bounding the contribution of Hs.

For these terms, we fiz i. Again, the second case of the discrepancy property holds.
Now, in addition,

log Aij < 1 [2 log~; + log a%} < log i,

N

. . Aij
i.e. that \;; < ;. Furthermore, we are not in case (1) so ¢; < 0;; = == <
5] ? sJ ViV

2k

Thus the second discrepancy bound becomes

) 1
d; log \; ; T Wdyiloge, T a Vd

0B < o

where it has been used that v; > A;; > ¢; > e, and that logz/z is monotonically

decreasing for x > e. Thus,
deoy ;i 8¢y
Z Bjoij < Z 37% < o
j ¢ (i§)EMs j: (i.)€EHs !

where it has been used that the second sum above is geometric with largest term

\/E/Cl.

Bounding the contribution of H.

For these terms, we fix j. The second case of the discrepancy property holds and in

addition,

log Aij < % [QIOg% + log ai] < Llog ai

This implies that o satisfies the asymmetric bound o; ; < - Vd Thus,

O Vi

Z ;05 < v < 2,

YiVj
i (4,5)€EHs i (i,5)EHe

where it has been used that the sum above is geometric with leading term \/LE (which

follows as v;y; > Vd).
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Assembling the bound

We must sum the contributions of each of the classes of couples. Recall that we
must double the contribution here because we have only considered couples where
|A;| > |B;|. In each of the cases outlined above, it only remains to sum over the o;
or f3; in each bound. Doing so contributes a factor of 4 to each bound, so that the
constant can be given by

32
21601 + 32+ 80y + 2 +8
€1

3.4.3 Finalizing the proof of Theorem 7

Proof. We will take 6 = . With m given, it follows the discrepancy property (Lemma 24)
holds with probability at least 1—n~™, and with constants ¢; = e* and ¢y = 2€?(6+m).
Therefore, by Lemma 26, for any two x,y € T, the contribution of the heavy couples
to z' Ay (which is at most twice the contribution of ' My, given that the bounds hold
for all x and y) is at most

4 116¢; + 32 + 8¢y + % + 8| Vd < (8854 4 585m)V/d.

1

By Theorem 12, with probability at least (1—C exp(—cn) for some universal constants
C > 0 and ¢ > 0, the contribution of the light couples is never more than 110v/d.
Hence

sup |zt Ay| < (8964 + 585m)Vd,
z,yeT

except with probability at most n=™+C exp(—cn). At last, this implies that A V| A, | <
4(8964 + 585m)v/d, except with probability at most n=" 4 C exp(—cn). O



139

Chapter 4

SPECTRAL GAP OF THE LAPLACIAN OF
ERDOS-RENYI GRAPHS

ADAPTED FROM JOINT WORK WITH CHRIS HOFFMAN AND MATT KAHLE [63].
4.1 Introduction

The notion of graph expansion has received an enormous amount of study over the
past decades; they have been useful across a wide range of fields in mathematics
and computer science including algorithm design, sorting networks, computational
complexity theory and cryptography. An excellent introduction is available in [64].
Suffice it so say that a graph is an expander if the top eigenvalue of its adjacency
matrix is much larger in magnitude than all the others. The eigenvalue bound of
the previous chapter can be understood through this lens as showing that d-regular
graphs are good expanders with high probability. In fact, various kinds of random
graphs have played a major role in showing the existence of expanders — see for
example Pinsker [101] and Barzdin-Kolmogorov [11].

In fact, we will not deal with the adjacency matrix, but instead we will focus on
the normalized Laplacian £. If the vertices of the graph are labeled 1,2,...,n the
normalized Laplacian .Z is defined entrywise as

. 10,
Z;=06;;1{degi > 0} — m.

If either degree is 0, we take the fraction to be 0. When all degrees in the graph are
positive, we may write

L =1—-TV2AT /2,

where T is the diagonal matrix of degrees, and A is the adjacency matrix. This
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becomes the normalized Laplacian of an Erdés-Rényi graph when we let each of 1,
be i.i.d. Bernoulli(p) variables. The matrix is easily checked to positive semidefinite,
and 0 is always an eigenvalue of the matrix. We label the eigenvalues of .Z by
0= <A< <A

A good introduction to the properties of the normalized Laplacian are available
in [28] (note this is Chung’s £). We note that some authors use an alternate definition
of normalized Laplacian, always putting a 1 on the diagonal. The two definitions agree
when the graph has no isolated vertices.

To compare this with Wigner matrices, we will work with what is essentially / —.Z.
Define M; ; = ﬁ. Thus if all degrees are positive we have M = T—1/2AT-1/2 =
I — %, and it is easily checked that T'/?1 is an eigenvector with eigenvalue one.
However, even in the case that some degrees are 0, it can be checked that 7%/21 is

an eigenvector with eigenvalue 1 so long as the graph has at least one edge. We label

the eigenvalues of M by 1 = M>A> >\,

4.1.1 Spectral gap

The basic random matrix question we will study here is max;>5 |1 — A;|. When the
graph has no isolated vertices, this is the same as Ay V ]5\“| This is the principal
spectral quantity of interest in a graph, where its applications include determining
the mixing time of Markov chains and quantifying the expansion properties of a graph,
to name a few (see [28| for further applications).

In the case of Wigner matrices, the largest eigenvalue distribution has been studied
and understood in very great generality. For a large class of Wigner matrices ([109]),

it is seen that

A\ ~ 20/ + Xn!/6

where o2 is the variance of an entry of the matrix, and X follows the Tracy-Widom

law. Likewise, the joint distribution of the k largest eigenvalues has been studied and
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understood, where k is fixed and n — 00.! One might wonder if appropriately sub-
tracting the means of the entries of the matrix, one can recover Wigner-like behavior
for Ay VV |\,|. This is known for the adjacency matrix for p > n=2/3 [40].

Depending on how p = p(n) varies with n, the matrices which we study here
can be paradigmatically quite different from Wigner matrices. Many of the results
about Wigner matrices, such as the semicircle law, require hypotheses that exclude
adjacency matrices of very sparse random graphs. Along this line of development, the
given expected degree distribution model of random graphs, which generalizes Erdds—
Rényi, can have empirical spectral distributions that are approximately power law
distributed, with appropriate choice of parameters [27]. This can be understood as
the effect on the spectrum of having heavy-tailed entry distributions.

Beyond the difficulties with having lopsided entries, the normalized Laplacian we
study differs from Wigner matrices in that it has globally dependent entries. This
causes certain effects on the spectrum that are not present in Wigner matrices. In
particular, we note that the dimension of the kernel of £ is equal to the number
of components of G. An immediate consequence is that for a graph with multiple
nontrivial components, there is no spectral gap; in particular, for p < logn/n, the
spectral gap of the normalized Laplacian is 0.

Furthermore, many of the tools which were developed for estimation of the spec-
tral gap were designed with Wigner matrices in mind, and thus their usefulness for
matrices of sparse graphs is limited. In particular, we recall the bound of Fiiredi and
Komlés [51] which can be extended to show that when p > log® n/n, the spectral gap
is of order O(1/,/np). Improvements along this line of reasoning bring the range of
feasible p to as low as p > log®n/n [120, 27]. Note that this rate is what should be
anticipated by the same heuristics that work for Wigner matrices (see the discussion

in Section 1.3).

!Note that the k smallest eigenvalues can be studied by negating the matrix, which in the Wigner
case gives another Wigner matrix.



142

The method used to prove these bounds is the vaunted trace method, ubiquitous
in random matrix theory, of estimating the expectation of high powers of the trace of
a matrix. The state-of-the-art for this method is precisely what produces the spectral
gap bound in the p > log® n/n regime. This method starts to lose effectiveness as the
density of edges decreases to the connectivity threshold, where the cost of estimating a
single eigenvalue by a trace becomes too high. In sparser regimes, alternative methods
have been developed for controlling the spectral gap. In particular, we would like to
once again draw attention the method of Kahn and Szemerédi [49).

Beyond its use in bounding the spectral gap of d-regular graphs, this method has
already been used quite successfully for estimating the spectral gap of non-regular
graphs in the sparse regime. Coja-Oghlan [29] shows that with p > clogn/n, the
gap is O(1/,/np), and Feige and Ofek [42] show an analogous claim for the adjacency
matrix. Our main contribution in this direction is to establish that for p — logn/n
going to oo sufficiently quickly, the spectral gap goes to 1. More precisely, we are
able to show the gap is O((np)~"/*79); it is an open question whether the 1/,/np rate
persists for p very near to the connectivity threshold. See Section 4.5 for simulations
pertinent to this question.

Our main theorem on the spectral gap is the following.

Theorem 9. Fiz k>0 and 0 < e < 1/4, and let G ~ G(n,p) where

k+1)logn + Clogn]'=*loglogn
" .

p>(

Let 0 = X\ < Ay < -+ <\, be the eigenvalues of the normalized Laplacian Z[G].

Then G is connected and for each fized ¢ > 0,

max |1 — \;| < ed /4
i#1

with probability 1 — o(n=").
Here d = (n — 1)p denotes the expected degree of every vertez, and C = C(€, k) is

a constant which only depends on € and k.
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4.2 Higher dimensional expansion

Given the interest and broad applicability of expander graphs, the study of their
higher-dimensional analogues is natural. For example Ramanujan complexes |78, 83,
84] are natural analogues of Ramanujan graphs [82]. Gromov et al. have discussed
simplicial complex expanders in terms of “geometric overlap” properties |58, 45|, with
explicit examples as well as random ones.

Linial and Meshulam [41]| define random 2-complexes Y (n,p) based on Erdés—
Rényi random graphs G(n,p) and find that p = 2logn/n is a sharp threshold for
vanishing of first cohomology [79], analogous to the Erdgs—Rényi theorem which gives
the threshold for connectivity of the random graph G(n,p). The proof introduces a
higher-dimensional analogue of edge expansion as an essential tool. In order to put
our results in context, we first state the main result of [79].

Define Y (n,p) to be the probability distribution on all simplicial complexes with

n

2) edges, and with each 2-dimensional face included independently with

n vertices, (
probability p. We use the notation Y ~ Y'(n, p) to mean that Y is chosen according to
the distribution Y'(n,p). Let H'(Y, A) denote the first cohomology with coefficients

in group A.

Linial-Meshulam theorem. Let Y ~ Y (n,p).

1. If
< 2logn —w
n
then P[H'(Y,Z3) = 0] — 0, and
2. if
> 2logn + w
n

then P[H'(Y,Z5) = 0] — 1, as n — oo.

Here w — oo is any function such that w — oo as n — oo.
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Meshulam and Wallach generalize this to d-dimensional random complexes, with
arbitrary finite field coefficients [93]. (The same statement is true with cohomology

H' replaced by homology Hy, by the Universal Coefficient Theorem.)

4.2.1 Property (T)

A group-theoretic notion closely related to expander graphs is Kazhdan’s property
(T), which can be considered as a type of strong non-amenability. The first explicit
examples of expanders, due to Margulis, are constructed using Cayley graphs on
quotients of (T) groups such as SL(3,Z) [87]. Conversely, expansion properties of
some graphs associated to the generating set of a group can imply property (T)
(see [128]).

Property (T) has found use in many different areas of mathematics. For example,
groups with property (T) lead to good mixing properties in ergodic theory — a
process which mixes slowly must leave some subsets almost invariant. In particular,
if a group I' has property (T), then every ergodic I' system is also strongly ergodic
[55]. See the monograph [12]| for a comprehensive overview of property (T), whose
treatment we follow here. We also would like to draw attention to the Master’s thesis
(in French) [53] which contains a concise introduction to the material we need here.

The standard definition of property (T) is given in terms of Hilbert space repre-
sentation theory of a group. A topological group G has Property (T) if there exist
a compact subset (Q and a real number ¢ > 0 so that for any continuous unitary
representation of G on a Hilbert space H for which

inf sup Im(q)§ — &Il <&,
there exists a vector  # 0 in H so that 7w(g)n = n for all g € G. We will work entirely
with countable groups having discrete topology, and hence we may replace “compact”
by finite in the above definition. The pair (@, ¢) is referred to as a Kazhdan pair.

Our main result is that the threshold for the random fundamental group m (Y)
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to have property (T) agrees with the vanishing threshold for H'(Y, Z,) . Most of the
work lies in showing that, with high probability, certain normalized graph Laplacians
have sufficiently large spectral gaps. We then can appeal to a Theorem of Zuk [129]
(see Section 4.2.2) that connects properties of these Laplacians to the fundamental

group — see also the more general statement in Ballman-Swiatkowski [10], and earlier

work by Garland [52].

Theorem 10. Let w — 00 as n — 00, and Y ~ Y (n,p).

1. If
< 2logn —w

n

then Plmy(Y') has property (T)] — 0, and

2. if

S 2logn + w+/lognloglogn
p=
n

then Py (Y") has property (T)] — 1.

The threshold for property (T) is sharp, in the technical sense that the transition
from probability — 0 to probability — 1, happens in a very narrow window, as in
Section 3 of Friedgut and Kalai [47].

For our property (T) results we only require the case k = 1 of Theorem 9. The
case k = 0 is also of particular interest as it gets closer to the connectivity threshold
p = logn/n than earlier results. Other values of k have interest as well — see for
example the main results of the concurrent papers [71] and [32], which use Theorem
9 with infinitely many values of k.

Both the Linial-Meshulam theorem and our Theorem 10 imply the following corol-

lary.



146

Corollary 13. Let € > 0 be fized and Y ~ Y (n,p). Then as n — oo,

1 :p>(2+e€)logn/n
PlH(Y,Q) = 0] —
0 :p<(2—c¢)logn/n
This follows from the Linial-Meshulam theorem by universal coefficients for ho-
mology and cohomology, and follows from our Theorem 10 since a (T) group has finite
abelianization. Both these theorems depend on some kind of expansion property —
for the first, a combinatorial “global” generalization of edge expansion, and for the

second, a “local” spectral expansion condition.

4.2.2  Cohomological property (T) and Zuk’s criterion

Since its definition, many properties have been shown to be equivalent to property
(T). We will ultimately connect property (T) to properties of the Laplacian, and
so it should not be surprising that property (T) has a cohomological connection.
We suppose that GG has a unitary action 7 on Hilbert space H, and we define the
cochain complex C*(G) by letting C*(G) denote the space of continuous functions
from G* — H. Property (T) can be understood by looking at the first cohomology
group, and so we need only consider k = {0, 1,2}.

We will define the coboundary maps on this chain, and we note that we may
identify C°(G) with H. The 0" coboundary dy(v) is defined as g — m(g)v — v. The
first dy(f) is given as (g,h) — 7w(g)f(h) — f(gh) + f(g).? Tt is easily verified that
dy ody = 0. We write Z! = kerd;, the space of 1-cocycles and B! = Imd, for the
space of 1-coboundaries. Finally, we write H'(G) = Z'/B* for the first cohomology
group. The important revelation is that a o-compact, locally compact group has

property (T) if and only if H!(G) = 0 for all unitary representations 7 of G.3

2This is the standard Eilenberg-Maclane group cohomology with coefficients in the G-module .

3This follows from the theorem of Delorme-Guichardet on Properties (T) and (FH), see Propo-
sition 2.2.10 and Theorem 2.12.4 of [12].
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This cohomology can be directly connected to a certain simplicial cohomology the-
ory, which we will now describe. Let X be a finite 2-dimensional simplicial complex,
and let G be its fundamental group. Let X be the universal cover of X, which we
can actually take to be a 2-dimensional simplicial complex. Further, we can endow

G with a free, simplicial action on X, meaning

1. Only the identity of G has a fixed point.

2. G acts by simplicial isomorphisms on X. 4

We can identify X with the quotient space X /G. This allows us to orient each
simplex X in such a way that it is invariant under the action of G (by simply defining
one for X and then extending it to be so for all X). Let S?(X) be the collection of

i-dimensional simplices, and define the cochain complex C’k(f( ) to be those maps

CHX) = {f: S X) > A | flg- ) = lg) (D)}

We can then define the usual simplicial coboundary maps dy and d; on this cochain
complex. Again we write Z'(X) = ker dy, the space of 1-cocycles and B'(X) = Im d,

for the space of 1-coboundaries, and define the first cohomology group H(X) =
ZY(X)/B'(X). The important point is that these two cohomologies are isomorphic,
ie. HY(G) = H'(X) (see [53], whose treatment of the proof we will follow). The
most important tool used to make this connection is the Cayley complex (see Section
1.3 of [62]), which provides an alternate explicit construction of the universal cover
as a 2-dimensional cellular complex over a Cayley graph of the fundamental group.
As the universal cover is unique up to homeomorphism, it follows that the H*(X)
cohomology is isomorphic to the first cellular cohomology group of the Cayley complex

(as both are realizations of the universal cover of X'). On the other hand, it is possible

to construct an explicit isomorphism of this cellular cohomology to H'(G).

4A map is simplicial if it maps simplices to simplices.



148

Thus, we are able to study property (T) by studying H'(X). We define the link
of a vertex lk(v) in complex X to be a graph with vertex set V(lk(v)) given by
{e € SHX) | v € e} and edge set {(e1ez) | It € S*(X),e; € t,ey € t}. Further
note that as X is locally homeomorphic to X, the 1k(#) is a relabeling of lk(v), where
0 is a lift of v. Note further that for Y (n,p), a link becomes an Erdds—Rényi graph

G(n —1,p). Zuk’s criterion can now be stated.

Zuk’s criterion. If X is a pure 2-dimensional locally-finite simplicial complex so that
for every vertex v, the vertex link lk(v) is connected and the normalized Laplacian
A, = satisfies A2(A,) + A2(A,) > 1 for all adjacent vertices v and w, then m;(X) has
property (T).

The proof goes by defining an inner product on C’T(f( ) given by

(frg) = > (f(s),9(s))n(s), (4.1)

seST(X)

where n(s) is the number of triangles containing s. By G-equivariance, we have that
this sum does not depend on the choice of representatives of S”(X). With respect to
these inner products, we can define the adjoint maps d*.

We would still like to relate this to the expansion properties of the links. Thus,

we also define a localized inner product on each link:

G = 3o (F(5).9()) N (), (4:2)
sev(k())
where N (s) is the degree of the vertex s. For f € C'(X) define f* to be the induced
map fr € Cy(lk(v)) given by f7(e) = f(e), recalling the vertices of lk(v) are edges of
X based at v.

It is an elementary computation to show that

(i dfy = Y (Ao =D F5 F ) (4.3)

vESO(X)
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where A, is the Laplacian on the link given by (A, f)(s) = f(s) — ﬁ Do J() A

further computation shows that

where ¢ = min(vw)esl(X){)‘Q(Av) + A2(Ay)}
The conclusion of all of this development is that the operator dd* : C'(X) —

B'(X) restricts to an injection of Z', as for f € Z' = kerd, we have

(dd*f, f) =(d"f,d"f) = C ([, f).

As these are finite dimensional spaces, and we have B'(X) C Z'(X), and we conclude

H'(X) = 0.

4.2.3 Part (1) of Theorem 10

Let I denote the number of isolated edges of Y (i.e. edges not contained in any 2-face).

By linearity of expectation

i = () -

If p=(2logn—+c)/n with ¢ € R constant then E[I] — e~ ¢/2 as n — oo. Moreover
by considering higher moments one can show that I approaches a Poisson distribution

with mean e~¢/2 as n — oo [72]. So
P[I = 0] — exp[—e /2],

as n — 00, so if p < (2logn — w)/n where w — oo arbitrarily slowly, P[/ = 0] — 0.
An isolated edge in Y generates a free Z factor in m1(Y"), but a (T) group cannot

have a free Z factor.® So if
2logn —w

ps—,
n

and Y ~ Y(n,p) then m(Y) a.a.s. does not have property (T).

SFor if a group has a free Z factor, its abelianization includes a factor of Z, and (T) groups must
have finite abelianization.



150

4.2.4  Part (2) of Theorem 10

Assume that

b 210gn+w\/@loglogn’
n
and Y ~ Y (n,p).
Every vertex link lk(v) has the same distribution as an Erdés-Rényi random graph
G(n — 1,p). Applying Theorem 9 with k& = 1 gives that A\y[lk(v)] > 1/2 with proba-

bility 1 — o(n™!). Applying a union bound,
P [there exists a vertex v such that Ao[lk(v)] < 1/2] = o(1)

So a.a.s. every vertex link has large spectral gap. A large spectral gap implies in
turn connectivity, and also that Y is pure 2-dimensional. Indeed, if edge {u, v} were
isolated, then v would be an isolated vertex in lk(u), contradicting connectivity.

Then Y is pure 2-dimensional, and every vertex link is connected with spectral

gap > 1/2. Applying Zuk’s criterion, we have that 7 (Y) a.a.s. has property (T).
4.3 Proof of the spectral gap theorem

The approach of this proof is identical to the approach to Theorem 7. However, as we
are not dealing with an adjacency matrix, many of the exact technical details are more
complicated. The starting point of our argument is the variational characterization

of the eigenvalues which states that

The first bound is made by estimating the infimum by
Ay < sup w'Muw,
wll
[[wl|=1
which, when the degrees of the graph are concentrated around their means, is very

nearly the minimum. Additional flexibility is provided by replacing this symmetric
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version of the Rayleigh quotient by the asymmetric version,

X< sup v Muw. (4.4)
wllwell
[lvll=llw|l=1

With a little extra work, it is possible to also estimate 5\2 Vv |5\n| If S\n > 0, then this
is simply Ay and there is nothing to do. Otherwise, we would like to bound —\,, from
above. Using the variational characterization once more, this has the exact value
A= — inf w'Mw = sup (—w'Mw).
lw]|=1 =1

For each w, orthogonally decompose it as w = u 4+ v, where v 1 1. As each entry of

M is non-negative, —u!Mu < 0, and thus
—w'Mw < —v'Mu — u'Mv — o' Mv = =20' Mu — v* Mo,

where the symmetry of M has been used. Taking absolute values, this can be bounded

by

—20"Mu — v'Mv < 2[v"Mu| + [v' Mv| < { sup |xtMy|] [2|wll][v]] + [Jv]?] -
el i1
Using that ||u/|® + [[v]|? = 1, it follows that
—X, <2| sup |:ptMy|}
zlly
lzll=llyll=1

Recalling that A, had a similar bound (4.4), it follows that the expression A, V|, | may
be bounded by

Ao V| < 2{ sup |xtMy|]. (4.5)

zlly
lzll=llyll=1

4.3.1 Outline

We begin with a relaxation lemma. This turns the problem of finding the spectral

gap, which requires finding the supremum over an infinite set, to a problem that
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involves finding the maximum over a finite set. The cost of this relaxation is just a

constant factor.

Lemma 27. Define

0z n
=q— Z" |2 < — T = cz L1
U {\/ﬁ zeZ" |7 _52} and {eU : 211},

Then
M VAl <2 sup o'Mw<2(1—-06)"2 sup z'My.
vll,w zeT ,yel
vll=[lw][=1
and

TI<ul<C

(24 0)v2erm !
26
Proof. Every v with |[v|| <1 —46 and v L 1 is a convex combination of points in T
(See Lemma 2.3 of [42]). Likewise, it is easily shown that every w with ||w| <1 —0
is a convex combination of ¢. Thus
sup  |[(1 = 0)v]'M[(1 —d)w]| < sup 2'My.
vllw €T, yeU

[oll=llwl=1

Furthermore, by a volume argument, it is possible to bound the cardinality of U as

5 \" (1468/2)"/7"
— < Vol R™ <14+6/2| = .
(7)< vatlrem s et < veare] - Rl
Employing Stirling’s approximation, this shows
2+ 6)2er |
Ul < C (2+0)v2em
20
for some universal constant C'. OJ

Next we define some regularity conditions on our graph G which facilitate a large
spectral gap. Fix m > 0, and let ¢,(m) = 184 3m. Further, fix an e with 1/4 > € > 0,
and define f(d) = csd"/*T¢ where c3 < 1 is a constant to be determined later. In

terms of these constants, define the following three regularity conditions.
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1. Bounded degree condition (b.d.c) Every vertex has degree at most c,d.

2. Minimum degree condition (m.d.c) Every vertex has degree at least
d3/2
f(d)*

min [degu] >

3. Discrepancy For every pair of vertex sets A and B, letting e(A, B) denote the

number of edges between the sets and p(A, B) = @l, one of

(a) e(A,B)

w(A,B) < ecy

(b) e(A, B)log Z((ﬁj?) < c(|A] v [B])log AN
OCCUrs.

In the p > log n/n regime, all of these criteria hold with overwhelming probability.
Of great importance here is verifying each of these conditions with high probability
when p is very nearly this threshold. The most difficult of these to satisfy is the
m.d.c., which requires p — logn/n = w(1/n). The other two properties are actually
satisfied for any p = Q(logn/n) with sufficiently large choice of ¢,. Regardless, all
of these regularity properties are consequences of tail bounds for binomial random

variables.

Lemma 28. Let G be an Erdés—Rényi random graph chosen from G(n,p) where
p > k’%. For every m > 0 both the b.d.c and discrepancy properties hold with

probability at least 1 — o(n™"™).

Lemma 29. For all k > 0 and 1/4 > ¢ > 0 there exists C = C(k,€) such that if G is
an Erdds—Rényi random graph with

> (k4 1)logn + C(logn)'=2loglogn

n
then
P(m.d.c. fails) = o(n™").
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Following Feige and Ofek we make the following definition.

Definition 5. For a fixed pair of vectors (x,y) € T x U, define the light couples
L = L(z,y) to be all those ordered pairs (u,v) € {1,2,...,n}? so that |z,y,| < %,

and let the heavy couples H = H(z,y) be all those pairs that are not light.

Using this logical division, we get

Z g:uMuvyv: Z xuMuva—i_ Z xuMuvyv'

(u,v)e{l,...,n}2 (u,v)eL (u,v)EH

If the spectral gap is small then there must be an x and y such that one of the two
terms on the right hand side is large. To show this happens with small probability
we get a bound on the probability that these sums are large for each fixed pair  and
y. After that, we apply the union bound.

First, we get control of the probability that the light couples contribute a large
quantity to the sum. The main tool needed to establish this result is Freedman’s
martingale inequality. Let X7, Xs,... be martingale increments. Write %, for the
natural filtration induced by these increments, and define Vj, = E[X? | %#,_4]. If
S, is the partial sum S, = > ., X; and T, is the sum 7,, = > " | Vi, then by
analogy with the continuous case, one expects S, to be a Brownian motion at time
T, (a discretization of the bracket process). The analogy requires, however, that the
increments have some a priori bound. In its strongest form, put 7 to be a stopping

time so that for £ < 7, | X;| < R. Then
P[3n < 7 sothat S, > a and T,, > b] < 2exp(—a®/2(Ra +b)).

(see Proposition 2.1 of [46]). With this tool in hand, we form a martingale by reveal-
ing edges one at a time and taking conditional expectations of the random variable
TuMyy,. By virtue of having selected only the light couples, it is possible to

(u,v)el

bound the increments | Xj| to have the right order.
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Lemma 30. There exist constants Cy, Cy and Cy so that for every (z,y) € T X U,

t > 2 and all n sufficiently large,

—nt?
P E TuMyyy| > D oniphd.e. | < Cpexp <—> .
ut¥tuv Yv Vd — _t
(uv)eL Ci+ CQx/&

To control the heavy couples, it would suffice that with high probability, the edge
density between two vertex sets is no more than a constant multiple of its expectation.
However, to require this of every pair of vertex sets is too restrictive in the d ~ logn
regime. Instead, we use the discrepancy property, which allows larger discrepancies
for small vertex sets. The three regularity properties are then used to show that the

contribution of the heavy couples cannot be too large.

Lemma 31. If the b.d.c., m.d.c and discrepancy properties all hold then

> My < CH2,
(u,w)EH

for some constant C' = C(cy).

Finally, by combining these individual bounds, we are able to prove that the

spectral gap is large with high probability.

Theorem 11. For all k > 0 and 1/4 > € > 0 there exists C' = C(k,€) so that for all
n >0,

- (k+1)logn + C(logn)'~*loglogn

p=z
n

then
P [XQ V | > nd’l/‘*“] = o(n").

Proof. Recall that f(d) = csd"/**¢, where c3 has yet to be chosen. Fix some C' > 0

to be determined later. By Lemma 27 if

4C° 4

(
(1—9)2 vd

A2V An| >
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then either there exists x € 7 and y € U such that either

=

d d
Z Ty My ZC’L\/&) or Z Ty My ZC’%. (4.6)
(u,w)eL (u,0)EH

Let E,, be the event that

d
Z TuMypyy| > CM and b.d.c.

(uv)eL vd
By Lemma 30 the left hand side of (4.6) can happen only if E,, happens for some
(z,y) € T xU or if the bounded degree condition fails. By Lemma 31 the right hand
side of (4.6) can happen only if at least one of the bounded degree condition, the
minimal degree condition or the discrepancy conditions fail. Thus
PV 47) < 3 B

z,yeT
+P( m.d.c., b.d.c. or discrepancy fails)

By Lemma 30 if C' > ¢(1 + ¢,) then

—nt?
P(E,,) < Coexp crot |
Vd

We can choose ¢ such that
t2
exp | =——— | > 1000,
Plararl
so that provided that C' > t(1 + ¢,),
P(E,,) < 10007".

Applying the regularity Lemmas 28 and 29 with m = k,

3 3 d
zyeT
+P(m.d.c., b.d.c. or discrepancy fails)

< |TU[1000™" + o(n ")
< (Z2)"10007" + o(n")
< o(n™"),
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where we pick ¢ sufficiently large. Thus, choosing c3 sufficiently small that

4C
(1—0)

C3 < n,
it has been shown that

P (XQ V | > nd‘l/“*E) = o(nh).

From this point, it is straightforward to transfer the results about the spectrum

of M to statements about the spectral gap of L.

PROOF OF THEOREM 9. Apply Theorem 11 with n = ¢, and it follows that there is

a constant C' = C(e, k) so that
P (XQ V Al > cd—1/4+6) — o(n")

for

> (k4 1)logn + C(logn)' =2 log logn.

n

As the m.d.c. held, the graph has an edge except for with probability o(n=*), and
so the largest eigenvalue of M is exactly 1. The spectrum of L is just one minus the

spectrum of M, and so
mflx|1 — X < X V| < ed A
7

except for with probability o(n=*).
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4.3.2  Bounds for the failure probabilities of the reqularity conditions

PROOF OF LEMMA 28. For any vertex v, deg(v) is a binomial random variable with

mean d > log(n). By Lemma 35

P(deg(v) > c.d) < exp (—dc*{%)
< exp (—log(n)(1+m)logec,)

= o(n~'™™m).

Taking the union bound over all vertices, the graph has the bounded degree prop-
erty with probability 1 — o(n™™).

We will now turn to showing the discrepancy property.

Let D be the event that the discrepancy condition fails and let D(A, B) be the

event that the discrepancy condition fails for sets A and B. Then by the union bound

P(D) < P(3A, B with |A| A |B| > n/e) : D(A, B) occurs)
+ P(3A, B with |A|V |B| > n/e > |A| A |B|) : D(A, B) occurs)
+ Y. PB(D(AB)

A,B: |A|V|B|<n/e

If |[A|A|B| > 2, and
e(A, B) > c.u(A, B) > c.(n/e)?d/n > nd

and there are at least nd edges in the graph. The distribution of the number of edges
is binomial with mean n(n — 1)p/2 = nd/2. The probability of this is going to zero

exponentially in n(n — 1)p/2 > n and
P(3A, B with |A| A |B| > n/e) : D(A, B) occurs) = o(n™™) (4.7)

If |[A|V|B| > % > |A| A |B| and the bounded degree condition fails for some vertex
in AU B or else e(A, B) < (|A] V |B|)c.d, so that

e(A,B) _ c.nd(]A| V|B]) Cin

< = < cqe.
(A, B) |Al|Bld |A[ A |B]
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Thus

P(3A, B with |A|V |B| > n/e > |A| A|B]) : D(A, B)occurs) < P(b.d.c. fails)

= on™). (4.8)

Now we need to deal with the case that both A and B are less than % Choose

r=r(A, B,n) = ¢, Vr; where r; is the solution to
(A, B,n)rylog(r) = c.(JA| V| B]) log ANTE]-
For any A, B and n we must have either
e ¢(A,B) <ru(A,B,n) and r = ¢,
e ¢(A,B) <ru(A,B,n) and r =r; or
e ¢(A,B) >ru(A, B,n)
Thus if D(A, B) occurs then at least one of the following three events occur.

e Dy =D(A,B)= {e(A, B) <ru(A,B,n), r = c, and

(4,5) > conl| A 1B ) |

e Dy =Dy(A,B) = {e(A, B) <ru(A,B,n),r =r; and

e(A, B)log ;57 > c.(|A| v |B)) 1ogm+|,3|}
e D3 = D3(A,B) ={e(A,B) >ru(A,B,n)}

For D; the conditions are mutually exclusive as e(A, B) cannot be simultaneously

greater than and less than or equal to c,.u(|Al,|B|,n). Thus D;(A, B) is empty. For
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Dy we get similar contradiction after a little work.

e(A,B n
e(A, B)log ;i > u(|AlV |BI)log g

e(A,B)log”?(A‘?;i) > (A, B,n)rilogr

e(A,B) e(A,B)
WAL 08 iapm > Tilogm

WABn —

e(A,B) > mu(A, B,n)
e(A,B) > ru(A,B,n).

This is a contradiction so Dy(A, B) is also empty.
Now we bound P(D3(A, B)). We have that e(A, B) is a binomial random variable
with mean pu = |A| - |B|d/n. Thus by Lemma 35

P(e(A, B) > rp) < exp (—4520)

for any r > 4.

P(Ds(A, B)) < exp (—M)

For all A, B we have D C Dy U Dy U D3 and P(D;(A, B)) = P(Dy(A, B)) = 0.
Combining this with (4.7) and (4.8) we get

P(D) < P(3A,B: D(A, B) occurs)
< P(3A,B: |A|,|B| <n/e and D(A, B) occurs) + o(n™™)
< P(3A,B: |A],|B| < n/eand Ds;(A, B) occurs) + o(n™™)
< > P(Ds(AB))+o(n™)
|A],|B|<n/e
< DL e () ol )
1<a,b<n/e |A|=a,|B|=b
<

n n (a,b,n)rlogr —m
Z (a) (b) exp (—%) + O(TL )
1<a,b<n/e
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To evaluate the last term we get

wrlogr > <6+m) (|A|V|B|)10gw%>

> <2+2+(2+m))) ((|A|\/|B| Al )
> 2|A|(log i) + 2| B|(log 7) + (2 +m) lo

> |A|(1+1log %) + [ BI(1 4 log 157) + (2 + m) log n.

The first line is due to the definitions of r and c¢,. In the third line we use the
monotonicity of zlog® on [1,n/e] by substituting in |A|, |B| and 1 for x. In the
fourth line we use that [A| vV |B| < 2 so log s log i > 1

Exponentiating we get

exp [ffrlogr} > <%)n <ﬂ>nn2+m+a,

for some o > 0. It follows that
n n _ plabn)r logr>
() (3) o (s

Putting this together we get

IN

n n n n —2-m—a
(o))

—2—m e

IN

)2 3 () (e v
1<a,b<n/e
S n2n72fmfa 4 0<nfm>
= o(n™™)
Thus the lemma is satisfied. O

Proor or LEMMA 29. First we set

d3/2 di—2e

"TIaE T @e
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Then, we apply the union bound, so
P[ m.d.c. fails | < n P[deg(v) < t].

The distribution of deg(v) is a binomial distribution with mean d. As ¢ > 0 and hence

t < d for n sufficiently large, it is possible to apply Lemma 34
P[deg(v) < t] <exp (—d+t(1+1log9)).
Applying this inequality and taking logs we get

logP[ m.d.c. fails] < logn—d-+t[1+log%]

1—2¢
< logn—d+ —=[1+1 d*).
> logn + (03)2[ + Og((03) )]

Note that for d > 1, this bound is monotone decreasing in d. Thus we get an upper

bound on this quantity by assuming that d is as small as possible, which means
d = (k+1)logn + C(logn)'~*loglogn.
As e > 0 this implies that

d< C'logn  and [1+log((c3)d*)] < (C")* loglogn

1
‘3
for C" = k + 2 and all n sufficiently large.

loglP[ m.d.c. fails | < —klogn — C(logn)'"*loglogn + [C’"log n]'~2((C")* log log n)

< —klogn — C(logn)'*loglogn + C'(logn)'~*(loglog n)

IN

—klogn — (C — C")(logn)'*loglogn

IN

—klogn —w(1),
where the last line is true for all C' > C’. Thus

P[ m.d.c. fails | = o(n™").
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4.3.8  Light Couple Bounds

To get tail bounds on the contributions of the light couples we first bound their

expectation, and then we prove a large deviation result.

Lemma 32. The expectation over the light couples is at most 1/f(d)(1+o0(1)). More
precisely,
1

E Y wuMay| < 25+ 1+ 2] el

(u,v)eL

Proof. By symmetry, EM,, is independent of u and v provided that u # v. When
u=v, My, =0. Define £ = EM,, and define D = {(u,u) : uwe€ 1,...,n} so that

E Z TuMypyy = E Z LuYy-

(u,v)eL (u,0)eL\D

Because x, sums to 0, the sum over all light couple contributions z,y, can be

related to the sum over all heavy couple contributions. Specifically,

0= Z Ty = Z Tl + Z TyYy + Z TuYv,

(u,0)€{1,...,n}? (u,v)€L\D (u,0)EH\D (u,v)eD

and thus

Z Tulo| < Z Tl | + Z Tulo | -
)

(u,0)eL\D (u,0)EH\D (u,v)€D

The sum over the diagonal D is simply the dot product of these vectors and is thus

bounded as

S wug| =z -yl < [yl <1, (4.9)

(u,v)€D

where we recall that both ||z||, ||y|| < 1. The contribution of the heavy couples can be
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bounded as well

S ma| < Dzl

{u,w}eH\D {u}eH
2,2

_ Z Loy Yy

{uv}eH |xuyv |

o 2,2
=y 2,

{uv}eH

where we have used the defining property of heavy couples, and thus we have shown

> | S (4.10)

{u,v}eH\D
Combine both bounds (4.9) and (4.10), and it is possible to bound the contribution

of the off-diagonal light couples by

n
Tl <1+ ——. (4.11)
R i

It remains to establish an upper bound for E to complete the proof. Recall that

E o E 1’ll,(—>'l)
B vdeguy/degv

for any fixed distinct vertices u and v. Let degu = degu — 1,.,, and define degv

E can be given by

analogously. Then degw and degv and ( ﬁ and ﬁ) are independent.
Computing F,

1’U,(—)U
E=P1,,,=1)E
(Lues ) [\/degu\/degv

Ly = 11

1
_ E
b L/degﬂ T 1/degd 1 11

p(ﬂ[ﬁbz
p

<p—— =X
_pp(n_l) 7
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where in the last step, Lemma 33 has been applied, noting deg @t ~ Binomial(n—1,p).
Combining this with (4.11) we get

p n 1
E uMuvv S_l S 1
Y ow y d[+ } n_1+(+

{u,v}el

1 1
n—1) f(d)
Note that f(d) < v/d < v/n — 1, and thus the additive error term is of a much smaller

order than the ﬁ contribution. OJ

Proof of Theorem 30. In executing the concentration of measure inequality, it is help-

ful if instead of proving the inequality for the sum

> 2 My,

(u,w)eL

we partition this sum into smaller pieces. It is possible to partition the vertices into
two ways, {U;}i, and {V;}’_,, so that each block has cardinality at most [n/3] and
so that x, has constant sign over each block of {U;} (and likewise y, has constant

sign over each block of {V;}).

The large deviation inequality we will establish will bound

P Z TuM oy — Exy My, | > % and b.d.c.
(u,0)ELNU; X Vj
for all n > ny(t). Having established the inequality for every pair of {U;} and {V}}, a
similar bound can be established for the full sum by applying the union bound and
adjusting the constants in the bound.

Note that because |Uj|, |V;| < [5] = r, there are at least § vertices not included
in these lists (for n > ng universal). Call this set of vertices A. Assume for the
following that all z, and all y, are non-negative. Other possibilities can be handled
in an identical manner. Enumerate the distinct edges between U; and Vj as eq, eq, .. .,

and note there are at most 72 such edges. Form the edge-revelation filtration, so that
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X

r = Fr_1 Vo(exr). According to this filtration, let

Sk =K Z xuMuvyv ng

(uw)el

define a martingale, where L=LNU; % V; and let X}, be the associated martingale
increments. Let 7 be the stopping time defined by

7 = inf {k : max E [degu; [Z#] > (1+ c*)d} :

1<i<n

If the bounded degree condition is satisfied, then degu; < c,d for all 7, and so
b.dc = E [degui ‘ﬂk} <(1+c)d VYVO<Ek<n.

Especially, the bounded degree condition implies 7 = oo.

The desired large deviation bound can now be cast in terms of Sy and 7 as

P Z TuMyyyy — Exy My, | >t and b.d.c.

{u,v}eLNU; XV}

<P[3 k <7 sothat |Sy — S| >t and T,, > b)

—¢2
<2exp
=P (2(Rt+b))’

provided that b satisfies

D E[X} | Fi] <

k=1
and R satisfies | X;| < R for k < 7.
This reduces the proof to finding suitable choices of R and b. The starting point

for computing either value is the expression for Xy, with e, = {u, v}, given by

Xy =1, ez [D(u,v) + L(u,v) + Ulu, )] + 1, ez [D(v,u) + L(v,u) + U(v, u)]
(4.12)

where D, L and U are each handled separately.
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Bounding D(u,v)

D(u,v) =

[ zuluﬁvyv :| |: xulquyv

vdeg uy/degv Vdeguy/degv }

This can be simplified substantially. Let degu = degu — 1,., and let degv =

degv — 1,.,. The second term vanishes unless 1,.,, = 1, so that

{ TuLucsoYo } _E [ PTuYy g}
Vdeguy/degv Vdegt + 1y/deg v + 1 e

Substituting this into the definition of D(u,v), it is seen that

1
D ) < uv]-u v E y .
D00, 0)] < L = 2B | et |5

These two degrees, degu and degv are conditionally independent. Moreover, they
can be bounded below by degu > deg(u,.A) and degv > deg(v,.A), both of which are

mutually independent of one another and of .%. From this it follows that
4

where Lemma 33 and |A| < 7 has been used.

Bounding L(u,v)

= 5 oo s | 2] - s )

w#v
(u,w)eL

As before, let degt = degu — 1,.,,. Let x ~ Bernoulli(p) be independent of the

entire graph. The second conditional expectation may be rewritten as

\/deg uy/degw i \/degu + xv/degw Ml

In this alternate form, the two conditional expectations may be joined and a common

denominator formed to yield a single expression

Vdeguy/degwy/deg @ + x(v/degu + v/deg i + x) .
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The bound for this quantity depends entirely on whether 1,.., is %, measurable or
not. If it is not measurable, however, then we will condition on it to advance the

calculation anyhow. Consider bounding

|: 1u<—>’w<x - 1u<—>v)

FeVo(lysw)| - 4.14
\/degu\/degw\/degﬁ—i—x(\/degu_,_\/degﬁ+x)‘ V(L )} ( )

To bound this from above, bound each of the degree expressions in the denominator
from below by either X, = deg(u,.A) or X,, = deg(w,.A). Using these bounds,

expression (4.14) can be bounded from above by

1,owX

8p1lusw
WIT Xy VIT Xy

d2

g\k Vv J(lun)] S

To bound (4.14) from below, drop the x from the numerator. This makes the expres-

sion nonpositive, so the analogous bound

- ]-u<—>w ]-u<—>v

E 3
21+ X, V1+ X,

d2

_81u v]-u w
(1u<_>w)] > uouTuew
holds. Combining each of these bounds, it follows that L(u,v) can be bounded by

Z —81ucs0TuYwE [Lucsw } Fr] < L(u,v)d® < Z 8Py YuE | Lucsw | Fi] -

wWHv WV
(u,w)eL (u,w)el

(4.15)

Bounding U (u,v)

Ulwo)= y[ L/%T/W } [V%DW

wH#u
(w,v)EE~

Note the symmetry with L(u,v). The same proof technique shows that

Z _81w<—>v$wva[ WV | L/’k} < U U U d2 Z 8pxwyv w(—n) ‘ yk} .

wHu wWHv
(wu)eL (wyw)el



169

Bounding | Xg|, kK < T

Recall that X}, is given by (4.12). The triangle inequality will be applied and each
term bounded separately. Recall that only pairs (u,v) € L contribute to X, and thus
Tl < f . With these preliminaries in mind, the simplest bound is of D, for which

< 4ld).

D < uvluv
D0, 0)] < s [Lue —pl 5 < 22

For the bound on L, recall the bound in (4.15), use x,y, < @ and use k < 7

L Y 8y E [Zgwmk] §8f(d)£LICl;rc*)d 8(1+§;)f(d)_

wHv
(uw)eL

The bound on U is identical, and all bounds may be combined to give

(40 + 32¢,) f(d)
nd ’

| Xk| < k<.

Bounding Y, B [X} | F-1]

Again, each of D, L and U will be handled separately, and the bound applied to
E [X,f ‘ﬁk_l} by virtue of convexity, i.e.

E [X} |Fi-1] <6 [E[D(u,v)* | F1] + E [L(u,v)? [Fpa] +---].

The contribution of E [D(u,v)? |#_1] is bounded using (4.13) as

162292 32pxiy;
E [D(u,v)? | Fi_i] SE{ 0 L — |32k1] < =,

Summing over all of these bounds,

ZE (u,v)* + D(v,u)* | P 1}_232p;“y”<%7

u,v

where {u,v} = e, and where it has been used that ||z, ||y|| < 1.
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The contribution of L requires the bounds (4.15) to be simplified somewhat. Sym-
metrizing the bound (4.15),

o
|L(U,U)| S Z qu(lm—w vP)?JwE [1u<—>w { Jk}

2
wWHV d
(uw)el

Let S be the random, .%;-measurable set of light edges emanating from u that are

in the history of the process, i.e.
S:{w#v ’ 1=1un€9k,(U,w)€Z}-
In terms of this random set,

8(lyco VP
‘L(U,U” < % quyw + Z TyuPYw

weS wéS, wHv
Thus provided 7 has not happened yet, |S| < (1 + ¢,)d, which produces the bound

| Lu, v)| <

Thus, the contribution of E [L(u, v)2 ‘3%,1} to the sum of variances can be bounded

by

. _ " 198p(2 + )2 f(d)?  128(2 + ¢.)2 f(d)?

The bounds for the contributions of L(v,u),U(u,v), and U(v,u) are all identical, so

that

. 192 3072(2+ ¢, )2 f(d)?  3200(2 + ¢,)2f(d)?
ZE[XE}%—JSWJr ( nd)f() < ( nd)f()‘
k=1

Assembling the tail bound.

Having determined bounds for R and b in the Freedman bound:

42
P[3 k <7 so that [Sy — So| >t and T, > b] < 2exp (Z(Rtt+ b)) |
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We make the scale change t = A(2 + c*)% so that this bound becomes

exp| — | -
6400 + 647&

It remains to establish the bound for the entire contribution of the light couples.

Letting @1, ..., Q1 enumerate each of

Z xuMuvy’U - ExuMuvyv
(’LL,'U)EﬁﬂUi X V7

over all possible pairs (i, 7). Then

P Qi+ -+ Q> 2D ang b.d.c] <P [max Q> {Hed <d>]

—nit?
<32 )
= 026X (6400 n 64\/%)

It remains to include the contribution of the expectation into this inequality. With
f(d) — oo, the expectation is of smaller order than the bound, and so can be ignored

almost completely. To be absolutely correct, though, we have that by Lemma 32

d

~
—
=

E Y oMy <25+ 1+ 5] #75 <2

n—1 ’
(u,v)eL

s

for n sufficiently large, so that
24cx) f(d
Z xu[Muv - EMu,v]yv > %
(u,w)eL
implies

u uvJv \/a )
(u,w)el

for t > 2. O
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4.3.4  Controlling the contribution of the heavy couples.

PROOF OF LEMMA 31. The method of proof here is similar to [42] and [49]. As we
have modified the setup slightly from their proofs, we provide a proof of this lemma
for completeness. We start by reducing the claim to a claim about the adjacency

matrix, by employing the m.d.c. Specifically, provided that the m.d.c. holds,

1 f(d)?
Z |quMu,vyv|§meg(u) Z ’xulm—wyv|§ 3372 Z |xu1u<_wyv|.

(u,v)EH (u,v)EH (u,v)EH

Thus, it suffices to show that there is a constant C' = C'(c,) so that

PR A e

d
et ucs
In the remainder of the proof, we assume that b.d.c., m.d.c. and discrepancy all
hold, and we show how to produce this constant.

We will partition the summands into blocks where each term x, or ¥, has approx-

imately the same magnitude. Thus let 7; = 2%, and put

Ai:{u‘vﬁﬁ\xu|<}%}a 1 <i < [logyvn/d].
Bi={u| 22 <yl < %}, 1 <i < [log, v/n/d].

Let H denote those pairs (i, j) so that v;y; > f(d). The contribution of the absolute

sum can, in these terms, be bounded by

Z ’mulm—wyv‘g Z ’y;;yje(AmBj)

(uw)eH =

Let \;; = Z((i’?] )) denote the discrepancy, which can be controlled using Lemma 28.

In terms of this quantity, the bound becomes

i
> nJAi,j|Az'||Bj|%-
(i,j)eH
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In this form, the magnitudes of each of the quantities are somewhat opaque. Consider
the sum ), |4,
Q; = |Ai

2
L. it is at most 4/|2||*. In particular, it is of constant order. Thus let

2 2
L and §; = |Bj\%]. This allows the bound to be rewritten as

2 2
VA Bl Ny Aij f(d)
12,7, =g 2. BT

(i) EH L (irj) W i
This exposes the quantity o; ; = A;—J;(d) as having some special importance. In effect,
i7Yj

either for fixed j, > ;0i;B; has constant order or for fixed i, > ;040 has constant
order.

In what follows, we will bound the contribution of the summands where |A4;| >
| B;|. By symmetry, the contribution of the other summands will have the same bound.
The heavy couples will now be partitioned into 6 classes {#;}5_, where their contri-
bution is bounded in a different way. Let H; C H be those pairs (7, j) which satisfy

the " property from the following list but none of the prior properties:
1. o; <1
2. N\ij < ecy.
3. ;> fld)vi.
4. log \ij > 1 |2log +10ga%_ .

5. 2log~; > log a%

D

. 2log~y; < log ai

The last properties are better understood when the second case of the discrepancy

property is expressed in present notation. In its original form, it states

e(A;, Bj)log A; j < c.]A;illog e
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Substituting v2/a; for n/|A;| and multiplying both sides of this equation through by

IB\;@;% produces the equivalent form
MARN 2]

) 1
f(d)’yj [2 logv; + log o
dy; log Ai;

018 < e«

Thus, the last 3 cases cover each of the possible dominant log terms in this bound.

Bounding the contribution of H.

Quite trivially,

> aipjo; < (Z oai) (zj: @) < 16.

(4,7)EH1
Bounding the contribution of H,.

All the discrepancies in this sum are uniformly bounded. As v;y; > f(d), it follows

that o, ; < ec, and

Z O‘iﬂjo-i,j S 1666*.

(3,§)EHz
Bounding the contribution of Hs.

In this case, the magnitudes of y, dominate those of x,,. However, by bounded degree,

there cannot be very many edges connecting to y, that actualize this contribution,

2
i.e. e(A;, Bj) < |Bjlc.d, so that the discrepancy )\; ; is at most &% = =X

] o Fixing a 7,

Nijf(d cvif(d
Y aBioiy= > @iﬂj;TO < > @% < 2¢.f3;,
i (i,5)€Hs i (i,j)eHs v it (i)eMHs J
where in the last step it has been used that the sum is geometric with leading term

less than «;/f(d). Summing over all §; shows that

Z a;B;0;5 < Z 2¢,3; < 8c,.

(i,j)eMs j o (i.5)€EHs
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Bounding the contribution of Hy.

We are not in case (2), and it follows that the second case of the discrepancy property
holds. In present notation
1
f(d)y; |21087i +log a] < Aoy
dvi log Ai; ~ vf(d)
where f(d) < v/d and the hypothesis has been used. As we are not in case (3), the

0iiB; <

sum of these terms is bounded as

Z @ifj0i; < 8cs,
j o (i,§)EHs
where it has been used that the sum has a geometric dominator with leading term at

most ; f(d). Summing over all the i,

Z OéiﬂjO'iJ' S Z OéiSC* § 320*

(i-)€Ha it (ij)€Hs
Bounding the contribution of Hs.

Again, the second case of the discrepancy property holds. Now, in addition,

log Aij < § [2 log~; + log Oﬂ < log;,

i.e. that \;; < ;. Furthermore, we are not in case (1) so 1 < o, ; = ’\WJ—’;(d) < @.
T 1] J
Thus the second discrepancy bound becomes
) 1
o B < c f(d)'YJ [2 log~; + log O‘ii| < %410%% < 4c, V;
WSy, log A; = T fd)y(1+loge,) T 1+loge, f(d)

where it has been used that A; ; > ec,. Fixing an ¢ and summing over j,

4c, o7 8c.
Do < = <o ;
Z Aaﬁjaﬁ_a Z ) 1—|—logc*f(d)_Oél—i-logak
J o (5,4)€Hs J o (5,5)EHs

where it has been used that the sum is geometric with largest term f(d). Summing

over all 7,

8¢y 32c¢,
Bios: < . < :
ZA il < Z @ 1+loge, — (1+logc,)
(i,5)EHs i (i,5)€EHs
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Bounding the contribution of H.

The second case of the discrepancy property holds and in addition,
log \;; < L [2 log: +log L | < llog L.

Note that we can drop the % because A; ; > ec, > 1 and so the logs are positive. This

1/
Qi Yij

d
> aiBioiy < Y ﬁj£573§25j,

i (i,j)E?—ZG 7 (i,j)E?—ZG

implies that o satisfies the asymmetric bound o; ; < . Thus fixing a j,

where it has been used that the sum is geometric with leading term ﬁ (which follows

as v;y; > f(d)). At last, summing over all the i,

Z a;fioi; < Z 23; < 8.

(ivj)e’;—zﬁ ] : (ivj)e?'ZG
Combining the bounds

By summing all of the bounds, we can take C' to be

32¢,

C =16 + 16ec, + 8¢, + 32¢, + —.
1+ logc,

4.4 Estimates of Binomial Random Variables

Lemma 33. Let X ~ Binomial(n, p), then it follows that

1 1 1
NTES {\/1 X] = Vp(n+1)

PROOF OF LEMMA 33. The lower bound follows as an immediate consequence of

Jensen’s inequality. For the upper bound, applying Jensen gives that

[yl = e )



The proof will be completed by verifying the identity

1 1 n+1
E{XJFJ :p(n+1)(1_(1_p) )

from which the claim follows immediately.
Expand the expectation as a sum

n

. [X;H} :;1ii(?>pi(l_p)n_i

Apply the binomial coefficient identity z% (7) = n%l (T;j:ll ),

Z n+1 Pl —p)n
B n+1\i+1

& (n—i—l

p(n—l—l)izo i+ 1
1

GRS (1—-(1—p"t),

where the last step follows from comparison with the binomial theorem.

)pz—i-l(l p)(n—i-l)—(i—i-l)

177

O

Lemma 34. Let X be a binomial random variable with mean p. Then for any t < u

PIX <t] <exp[—p+t(1l+logh)],

PrROOF OF LEMMA 34. The proof follows from a standard estimate on the Laplace

transform combined with Markov’s inequality. For any A € R, the Laplace transform

of X ~ Binomial(n, p) can be bounded by

EeM (pe +(1-— ))n
= (1+p(e*—1))"

< exp [u(e* — 1)].
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Provided that A < 0, the tail bound now can be bounded by Markov’s inequality by
PX<t]|=P [e)‘X > e”}
< [EeM] e ™
< exp [/J(&A —1) = At].
Assuming that ¢ < p, this bound holds with A = log(¢/x), which upon evaluation
gives
PX <] < exp [pu(eW/") — 1) —log(t/u)t] = exp [—p + (1 +log &)] .

O

Lemma 35. Let X be a binomial random variable with mean p. Then for any t > 4

]

P[X > tu] <exp {— 3

PrROOF OF LEMMA 35.  The proof here is identical in approach to the proof of

Lemma 34. As there, it is possible to bound the Laplace transform of X as
Eer < exp [u(e* —1)],
for any real A\. For A > 0, the tail bound follows from Markov’s inequality by

P[X > tu] =P [ > ]

VAN

Eez\X} e—Atu

IN

exp [pu(e* — 1) — Aty .
For ¢ > 1, it is possible to take A = logt. This gives the bound on the tail probability
PIX > tp] < explu(t —1—tlogt)].

To complete the proof, it remains to show that t — 1 < %tlogt when ¢ > 4. The

function ﬁ logt is monotonically increasing for ¢ > 1, and thus it suffices to show

: . 4
that glogél > %, or equivalently that log4 > %. This follows from log4 = [ %d:c and

bounding the integral from below by a right Riemann sum. 0
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4.5 Simulations for behavior of \;(.Z) very near the connectivity thresh-
old

It is tempting to conjecture that the threshold window is arbitrarily small. This is to

say that for any w — oo as n — oo, we have for all € > 0,

S logn + w

- — P\ V [\ > €] —0.

In particular, one wonders if the y/log nloglogn correction term is needed. To help
elucidate this question, we have run some numerical simulations to test this effect.

Unfortunately, the correction is of such a small order that producing an effective
simulation by varying the value of p in G(n,p) is unreasonable. For this reason, we
run the simulation with the random graph process instead. We define this as a discrete
time Markov chain G(¢) on the set of simple graphs with n vertices, which at time
t selects an edge e in G(t)¢ uniformly at random and defines G(t + 1) = G(t) U {e}.
When np — oo, we heuristically expect that G([np]) =~ G(n, p). There are some exact,
general transfer theorems by which statements for one model can be transferred to
the other (see [65]).

When working with G(¢), we can now consider stopping times that correspond to
the p thresholds in G(n,p). In particular, the p ~ logn/n threshold is really a proxy
for the connection time of the graph. Thus, consider 7¢ = min{¢ | G(¢) connected }.
On the other hand, the p ~ (logn + kloglogn)/n threshold corresponds to the first
time when all the degrees of the graph are at least k. Thus let 7¢ = min{t | degv >
k Vv € V(G(t))}. Note that with high probability 7¢ < 7 for any k > 1, and in fact
7¢ = 71 with high probability.

To better understand the n dependence of these variables, we consider sampling
Ao(G(7¢)) once for each value of n between 1000 and 50000 to create series data.
The thousand sample moving average and thousand sample standard deviation are
presented in Figure 4.5. For comparison, we run the same trend analysis for A\y(G(74)).

All simulations were run using SciPy and Starcluster on the Amazon EC2 servers.
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(a) m =100, 10000 samples (b) m» = 1000, 10000 samples

600

4001

3001

2001

100

(¢) n = 10000, 8500 samples (d) n = 50000, 5000 samples

Figure 4.1: Histograms for samplings of Ay of G(7¢) for different values of n.

4.5.1 Discussion

From Figure 4.5 and Figure 4.5, one notices that the median value of Ay has not
yet stabilized by the time n is 50000. Likewise, the standard deviation continues to
shrink, leaving open the possibility that Ay converges to a constant in almost every
realization of the graph process. The experiments show a very strong logarithmic
trend in the n dependence of means and standard deviations of all the measured
parameters, and they do not reveal the value of any horizontal asymptote. That
said, one expects Ay to be statistically monotonic in p, as higher connectivity should
yield bigger gap. Therefore, it is unlikely that EXy(G(7¢)) is larger than EXy(G(74)).
However, extrapolating these lines, they must either cross, or the trends must change

by around n ~ 10%°.
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Preliminary evidence suggests that the trends could flatten sooner (see Figure 4.5.1).
A small sample of n = 500000 provides some statistical evidence (with p ~ 0.91) that
the trend overestimates Ao (G(7°)).
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048 G(t)
0.146+0.026log(n)
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0.268+0.020log(n)
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(a) Moving average of Ay as n grows.
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G(t%)
0.087-0.006log(n)
——G())
——— 0.056-0.003log(n)
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0.045
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0.02 : : —
10 10

(b) Moving average of o(\2) as n grows.

Figure 4.2: Independent samplings of Ay of G(7¢) and G(7¢) for different values of n
as n varies between 1000 and 50000. These data were then averaged over a window of
1000 contiguous samples to produce the moving average Ay and the moving average

o(Ag).
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Figure 4.3: Histogram for 28 samplings of Ay of G(7¢) with n = 500000. The sample
mean is 0.4575, compared with the trend of 0.4886.
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