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Due to the rise in American healthcare costs, clinic administrators are increasingly concerned with

optimally delivering service to patients. Due to the complex and uncertain nature of patient demand

and other factors, models for healthcare systems may have to rely on discrete event simulation that

incorporates random effects in order to realistically describe systems. Subsequently, optimization

for decision-making must be applicable to objective functions with noise, which are often the out-

put of complex simulation models. Second, many stakeholders may have an aversion to the risk

generated by the system’s uncertainty. For this reason, a well suited optimization approach must

provide solutions to problems with stochastic “black-box” objective functions that provide insight

to decision makers. This dissertation research has two main objectives: first, to develop models that

can generate robust optimal staffing recommendations for healthcare systems in order to minimize

the risk to patients while considering system constraints, and second to develop new simulation op-

timization theory and algorithms that can effectively minimize noisy black-box objective functions.

The first research objective is met by addressing two practical problems concerning the deliv-

ery of medical services to patients in a patient-centered medical system using a modeled decision

making framework. The first problem concerns locating specialist care across geographically dis-

tributed clinics with uncertain demand. This problem highlights the trade-offs between risk and an

average penalty function associated with centralized versus distributed care. The second problem

addresses the question of optimal panel design in primary care that combines both operational and





strategic decisions. Since the second model cannot be easily written with closed-form equations, a

discrete event simulation model is created to measure the effectiveness of chosen paneling policies

in delivering care to patients.

The second research objective is met by developing two adaptive random search theoretical

frameworks with provable finite time results and exploring partition-based algorithms for global

optimization with noise. The two theoretical frameworks are called Quantile Adaptive Search (QAS)

and Hesitant Adaptive Search with Estimation (HAS-E). Under certain assumptions the expected

number of function evaluations of HAS-E and QAS increases only linearly in dimension.

This dissertation explores the implementation of partition-based algorithms that focus on sam-

pling within quantiles to address problems with a higher number of dimensions. First, an extension

to Optimal Computational Budget Allocation (OCBA) partition-based random search is developed

that uses a look-ahead algorithm to improve optimizer performance. Second, an extension of the

Nested Partition algorithm is adapted to sample points from a decreasing quantile level set. Third,

an algorithm that samples from successive quantile level sets through the application of the Prob-

abilistic Branch and Bound (PBnB) algorithm for level set approximation is explored. Finally, the

dissertation also develops an algorithm where the PBnB algorithm is incorporated into a Nested

Partition framework and the target quantile is decreased iteratively.

To provide a broad overview of potential black-box optimization for our applications, this disser-

tation contains research on benchmarking the numerical performance of derivative-free optimization

techniques in a variety of contexts. The dissertation contains numerical results in benchmarking the

effectiveness of a single observation with a “shrinking ball” approximation when estimating the ob-

jective function of a problem with noise. In addition to benchmarking existing algorithms, this effort

also includes numerical performance analysis of the newly developed algorithms in this dissertation.

Overall, this research contributes to the advancement of stochastic global optimization method-

ology in order to practically improve real-world decision making. With the developed algorithms,

healthcare administrators are able to generate near-optimal strategies for staffing and resource al-

location and gain a better understanding of trade-offs in resource allocation that enable risk-averse

decision makers to better serve patients.
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1 , ȳhigh
2 , and ȳhigh
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Chapter 1

INTRODUCTION

1.1 Motivation

As need for effective and efficient ways of delivering healthcare increases [71], there is an increased

demand for mathematical models that can provide policy recommendations to deliver quality care

within the constraints of a healthcare system [34]. In particular, the organization of scarce medical

staff, and the allocation of physicians time is critical to a healthcare system’s ability to efficiently

deliver quality of care to patients. To address this problem, mathematical models can capture key

system objectives and critical trade-offs to provide insight into potential outcomes of proposed poli-

cies. Subsequently, optimization algorithms can be used in conjunction with the developed models

to locate optimal policy decisions and to provide better insights into organization policy [10].

Strategic level models for allocating staff time have been shown to be effective tools in manag-

ing capacity allocation in the medical field [90]. However, due to the comparatively small amount of

work done in medical staffing capacity management, there are a variety of important concerns that

medical decision models often do not take into account. All feasible medical solutions must com-

prehend the real limitations imposed by physician preferences (given that professional preference

play a major role in determining the staffing policy). Additionally, clinics need to account for how

operation-level scheduling and patient-flow impacts care disruption and service [38]. Ideally a deci-

sion maker should account for patient information concerning morbidity, geographic location, and

behavior (e.g., use of virtual care and proclivity to travel). Ultimately a useful capacity model re-

quires a balance between providing consistent care, meeting physician preferences, and minimizing

overall costs.

Another issue for strategic capacity management is accounting for the risk of poor outcomes

generated by infrequent scenarios [58]. The problem is necessarily complicated by the multiple

sources of uncertainty in medical care (patient demand, procedural uncertainty, or measurement er-

ror). This issue is especially pronounced when it comes to describing specific risks to patients or
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patient populations. A decision maker can effectively use a model that recommends strategies based

on constraints of location, physician preference, and patient demographics to improve resource man-

agement. Additionally, mathematical models can be used to quantify the risk of bad outcomes and

assist strategic planning for risk averse decision makers.

The problem of optimal strategic capacity decisions is complicated due to the fact that the re-

lationship between decisions and healthcare outcomes may not be easily modeled through a closed

form mathematical model. Often, discrete event simulation (DES) is used to accurately model the

system constraints and trade-offs [26]. Discrete event simulation can model complex systems and is

useful for its ability to generate relatively accurate observations of system outcomes more cheaply

than performing real-life experiments. DES models operate as “black-box” functions and can not be

optimized using standard mathematical or convex optimization techniques. However, with effective

black-box optimization algorithms, a DES model can provide strategies to decision makers in the

context of staffing healthcare services to serve a patient population.

Partition based optimization algorithms have been effectively used for simulation applications.

Furthermore, algorithms such as Probabilistic Branch and Bound [104], provide statistical guaran-

tees of obtaining solutions within a certain quantile level set of the optimal solution. In combination

with a numerical model, partition-based algorithms can isolate regions in the domain and provide

insight into locating optimal and near-optimal strategies for use in healthcare staffing decision mak-

ing.

This dissertation addresses the applied problem of strategically allocating medical resources and

staffing hours, and the methodological problem of developing simulation-optimization algorithms

for problems with a black-box objective function. A key contribution of this research develops an

adaptive random search algorithm and a means of applying it to a practical problem. Additionally,

our contribution includes practical benchmarking efforts that compares the relative effectiveness of

optimizers when applied both to test problems and practical simulation models for policy making.

1.2 Research Contributions

The dissertation explores a general resource allocation problem under uncertainty within the con-

text of healthcare and was motivated by two specific problems concerning resource allocation and
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staffing of medical professionals. First, we examine the problem of locating specialist staff within a

geographic region via a location-based model that takes into consideration risk aversion though the

use of Conditional Value at Risk (CVaR). Second, we examine the problem of managing primary

care patient flow with panel organization, exploring the trade-offs involved in paneling through use

of a discrete event simulation. Both of these practical problems share common issues concerning

risk, multiple objectives, and trade-offs between different stakeholders.

In order to obtain effective policy recommendations from the developed models, we explore

new global optimization algorithms that can be applied to the problem of optimal healthcare staffing

management, and solve general resource allocation problems. Here we analyze two adaptive random

search frameworks for global optimization, and provide practical partition-based algorithms that

quickly locate near optimal solutions for a black-box problem. After exploring the practical and

theoretical dimensions of algorithms, we provide a general benchmark of optimizer performance in

comparison to other global optimization algorithms.

Subsequently, the dissertation addresses these objectives in the following order:

1. Develop models that provide strategic policy recommendations for healthcare staffing and

resource allocation under uncertainty and risk-aversion

(a) Optimize a staffing model for locating physician hours across a geographically dispersed

set of clinics under risk-aversion

(b) Optimize general simulation model for patient paneling that can balance patient and

physician needs

2. Develop a global optimization framework that can generate acceptable solutions to an opti-

mization problem with noise using partition-based techniques

(a) Develop a framework for providing finite-time analysis for a class of adaptive random

search algorithms that sample from a series of nested quantile level sets

(b) Create partition-based algorithms motivated by finite-time performance analysis

(c) Formally benchmark the performance of existing optimization algorithms and compare

to the developed algorithms to better understand numerical performance
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The research in this dissertation fulfills these objectives. We address the first research objective

with a closed-form problem for staffing specialists (see Chapter 3 Section 3.1), and address the

paneling of patients with black-box objective function derived from a discrete-event simulation

model (see Chapter 3 Section 3.2).

The first goal, 1(a), concerns a model for specialist staffing in a set of geographically distributed

clinics extending existing research on the topic [61]. This approach focuses on the risk-aversion

that a decision maker has to being understaffed, and balances that risk-aversion against an objective

“penalty” concerning average travel time and general staffing expenses. The research conducted in

this section largely focuses on the impacts of balancing risk and penalty when it comes to policy

decisions. We demonstrate that policy outcomes differ when a decision maker is risk averse and

that the solution itself is highly sensitive to heavy-tails in the demand distribution. This research has

been submitted in a paper to the IIE Transactions on Healthcare Systems Engineering [58].

The goal, 1(b), proposes a high-fidelity discrete-event simulation (DES) to account for oper-

ational and scheduling factors concerning patient organization in primary care panels building on

existing research in [7, 33]. This model accounts for populating panels, locating physicians, and

setting virtual care hours such that patient wait times, no-shows, and deferments, and travel times

are reduced. While the initial simulation model focuses on optimizing internal metrics, we leave fu-

ture models open to using more common healthcare evaluation metrics such as HEDIS (Healthcare

Effectiveness Data and Information Set) or QALYS (Quality Adjusted Life Years).

The second research objective concerns developing, analyzing, implementing, and testing opti-

mization algorithms that can adequately provide solutions. A theoretical analysis of a optimization

frameworks (see Chapter 4) and the development of new implementable algorithms (see Chapter 5),

with benchmarking results (see Chapter 6) fulfills the second research objective. The general strat-

egy is use global optimization methods to approximate a near optimal solution to programs with

stochastic objective functions. To this end, the dissertation fulfills this objective in three parts: 2(a)

developing a theoretical adaptive search framework with provable finite-time results; 2(b) devel-

oping partition-based optimization algorithms with hopes of approximating the ideal performance

of the theoretical framework; and 2(c) benchmarking existing and newly developed optimization

algorithms for purposes of understanding numerical performance.

To address the goal 2(a), two theoretical frameworks are presented that allow for finite-time
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analysis of algorithm performance. The first algorithm, Hesitant Adaptive Search with Estimation

(HAS-E), extends existing adaptive random search research concerning Hesitant Adaptive Search

to problems with noise and estimation [17, 103, 105]. We prove that, under certain circumstances,

the expected number of iterations needed to obtain a value within a fixed range of the optimum

increases linearly in dimension, and the number of replications needed to obtain a value within a

fixed range of the optimum increases as a cubic function of the domain dimension. The second

algorithm, Quantile Adaptive Search, extends the results of adaptive random search algorithm to

a framework that samples from a series of nested quantile level sets. We demonstrate that under

certain conditions, the number of iterations the algorithm requires to obtain a value within a defined

range of the optimum increases linearly in dimension.

Starting with finite-time analysis provided by adaptive random search techniques, the next con-

tribution addresses goal 2(b) by implementing an algorithm that successively samples from a set of

decreasing quantile level sets using partition-based algorithms. We explore four practical algorithms

that use partition-based methods to sample better points for a black-box function. The first algo-

rithm discussed uses a partition-based random search with a “look ahead” methodology in order to

optimally allocate a computational budget (OCBA) [54]. The second algorithm extends the Nested

Partition framework [95, 96] to sampling from a quantile level set [55] with provable asymptotic re-

sults. Lastly, we explore two different modifications of the Probabilistic Branch and Bound (PBnB)

algorithm for level set approximation [45, 104] in order to sample from a series of nested levels sets.

The first algorithm successively lowers the target quantile level to target more specific level sets,

the second fits the PBnB algorithm into the nested partitions framework, maintaining one promising

region and using the PBnB algorithm to determine the most preferable region to branch.

The goal 2(c) involves the benchmarking of global optimization algorithms. Starting with a pre-

vious benchmark study done on common test problems, we explore the result of noise and dimen-

sionality in optimizer performance [59]. Furthermore, we go on to compare developed optimization

implementation of new algorithms to classic optimization algorithms over a variety of test problems.

The dissertation is structured as follows. Chapter 2 consists of a literature review outlining

decision support tools for healthcare applications and reviewing some methods for optimally lo-

cating staffing resources. The literature review also summarizes various simulation optimization

methodologies used to solve black-box stochastic optimization problems and then discusses the ex-
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isting research on adaptive random search. In Chapter 3, the dissertation outlines work done on the

subject of risk-sensitive stochastic optimization for healthcare applications, detailing a geographic

model for specialist staffing and then a simulation model for locating staffing along with the solution

methods used to generate their solutions, fulfilling research objective 1. In Chapter 4, we discuss the

theoretical contributions to developing adaptive search algorithms for global optimization. Further

methodological contributions involving implementations are discussed in Chapter 5. Finally, we

explore the general performance of our developed optimization algorithms through a benchmarking

effort in Chapter 6, fulfilling research objective 2. The dissertation concludes in Chapter 7 with a

summary of results and a discussion of future research.
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Chapter 2

LITERATURE REVIEW

2.1 Optimization and Healthcare Staffing

It is widely accepted that healthcare costs are increasing significantly. Statistics show that 15.2% of

the U.S. Gross Domestic Project is dedicated to healthcare spending. Moreover, personal healthcare

costs have been increasing significantly [71, 77]. To address concerns with rising costs, interest has

arisen in improving decision making and general system management in healthcare. Furthermore,

delivering affordable quality care through proper resource allocation is of increasing interest [24,

80]. More specifically, strategic staffing [98], scheduling, and patient flow management is critical

to the overall efficient delivery of healthcare to patients [84].

A key component in delivering patient-centered care is optimizing staffing capacity. Some ev-

idence demonstrates that new strategies could handle higher levels of patient demand while im-

proving the provision of care [33, 101]. The proper sizing, composition, and assignment of panels

directly impacts the level of timely treatment and continuity of care [32, 99]. Due to the connection

to patient healthcare outcomes, a particular interest has been increasing continuity and timely access

through optimal staffing strategies [22, 30, 70, 75, 89]. Currently, there is a broad literature focusing

on staff-based research allocation both from a management side [35, 39, 68, 70, 69, 72, 90, 97] and

optimization perspective [7, 8, 34, 78, 86, 90, 99, 109]. Some research has also been done on geo-

graphic staff location [14, 61]. For the most part, models have employed either stochastic numerical

models or queuing models to make decision recommendations. So far, simulation optimization has

seen some use in staffing applications [9, 109]. Given the diversity of rules and decisions that need

to be supported, simulation optimization is a fruitful approach to the problem of making risk-averse

strategic staffing decisions.

Simulation models are useful due to their ability to model a variety of different scenarios and a

variety of different outcome metrics. The use of simulation already has widespread application in

other areas of healthcare decision making [11, 37]. Recently, some attention has been paid to the
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subject of simulation models in out-patient services, clinic planning, emergency departments, and

hospitals [26, 36, 49]. Generally simulation modeling has been useful in determining patient flow

[36, 62] and capturing the effects of complex series of rules more effectively than relying on sim-

plified numerical models or direct experimental measurements. Simulation models have also been

effective at modeling general wait time reduction [100] and effectively supporting staff management

in long term care [1, 2, 109]. Since specific risks to patients often arise from acute occurrences which

are hard to capture in direct numerical models, a simulation model might logically be expanded to

this application especially when the focus is on patient outcomes and not aggregated system metrics.

An increasingly common approach to measuring healthcare performance is “patient-centeredness”

(the degree to which a healthcare system is organized to optimize the delivery of services to pa-

tients). This management perspective focuses the provision of resources to optimize results relative

to patient perspectives. The impact of continuity of care and access to care is widely understood

to be a priority for patients [29, 30]. Moreover, risk-aversion can also be observed in patient pop-

ulations [48, 63] and some operations research for managing a kidney exchange system have been

explored [110]. From the patient-centered perspective, patients’ risk-aversion is a key concern.

Moreover, a successful patient-centered model would account for different levels of risk aversions

more pronounced among certain demographic groups [27]. Therefore it is reasonable to consider a

risk-sensitive approach to accurately account for patient priorities in some scenarios.

However, several key concerns are not fully addressed in existing literature. First, the impact of

staffing physicians relative to geographic location is not directly addressed in most existing staffing

models. Second, none of the strategic decision support tools developed to this point have been fo-

cused on patient risk and different levels of aversion patient populations might have towards exces-

sive wait and travel time [61]. Furthermore, the introduction of virtual care (e.g., e-mail and direct

messaging with physicians) as a large part of most modern primary or specialists care services has

not been incorporated into staffing models, which might help healthcare systems take into consider-

ation the placement of staffing in a system of geographically distributed clinics. Given the trade-offs

between centralized and distributed care, combined with the asymmetrical use of virtual care across

populations, there is a need for policy recommendations that could focus on balancing patient and

physician needs when developing staffing policy for both locating medical staff geographically and

directing patients to receive care. We extend this work in Chapter 3, first by examining the opti-
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mization of risk-averse specialist staffing in a set of geographically distributed clinics (Section 3.1),

second by modeling and optimizing panel design and location using a simulation and simulation

optimization algorithms (Section 3.2 ).

2.2 Simulation Optimization Algorithms

In recent years, the field of stochastic global optimization has been steadily developing [28]. In

particular, optimization of stochastic systems with no closed form expression has been of particular

interest. These methods, also referred to as “simulation optimization,” develop optimal or near op-

timal solutions based on statistical samples observed from the function in question. Since analytical

properties of the function cannot generally be obtained, many of these methods rely on Monte Carlo

approaches for optimization or other types of random search.

A large body of research exists describing black-box global optimization. An excellent review

of stochastic optimization methods can be found in [43] that describes many modern approaches to

stochastic optimization using Monte Carlo methods. Methods typically fall in several categories.

First, there are classic methods such as sample average approximation (SAA) and sequential opti-

mization methods called stochastic approximation (SA) [53]. Other methods include meta-model

methods, simulated annealing [4] and kriging [79], genetic algorithms [16], cross-entropy [88], and

derivative free non-linear programming [12, 52].

Of particular interest to this research are algorithms that iteratively partition the domain, also

called partition-based methods. Partition-based optimization methods have seen success in the field

of simulation optimization. One common method is Stochastic Branch and Bound [76] which em-

ploys statistical estimators to develop upper and lower bounds for the expected value inside a sub-

region. Additionally, Nested Partition methods [94, 96], update a fixed set of nested partitions in

order to improve the probability of sampling an optimal solution. More recently, the Probabilistic

Branch and Bound method has been developed which employs order statistics to obtain bounds on

the objective function [44, 83].

Determining the effectiveness of different optimizers can also be quite challenging. Some pa-

pers have benchmarked the effectiveness of optimization algorithms for black-box functions on

discrete or continuous domains [28, 60, 73], including applications such as [3, 74, 81, 85]. The
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benchmarking papers have surveyed a diverse set of different optimization algorithms. However,

much optimization research does not directly address the issue of different methods estimating an

objective value with noise. Here, there is room both for expanding benchmarking of algorithms in

the context of real-world optimization problems and for expanding benchmarking efforts to explore

different mechanisms for accounting for noise and estimation.

Another desirable quality of some optimization algorithms is provable performance results. So

far, very few algorithms have provable results in finite time. However, one set of theoretical al-

gorithms, adaptive random search algorithms [105], possesses sound theoretical properties under

certain conditions.

The most basic adaptive random search is Pure Adaptive Search (PAS). The PAS algorithm sam-

ples from an improving set of points at each iteration. Finite-time analysis proves that, under certain

conditions, the expected number of iterations until PAS samples within a range of the minimum

value increases only linearly in terms of the dimension of the domain [107]. These finite time re-

sults have also been extended to optimization problems over discrete domains [108]. However, the

requirement of improving at every iteration makes the algorithm difficult to implement practically.

The PAS algorithm is listed in Appendix A.

Another adaptive random search algorithm, called Hesitant Adaptive Search (HAS), generalizes

PAS, allowing for a “hesitation” (where the algorithm does not improve) within a certain specified

probability that depends on the best objective function value sampled. Finite-time analysis of hesi-

tant adaptive search allows for a closed form expression for the expected number of iterations until

reaching a specified value above the minimum function value [102, 103]. The HAS algorithm is

listed in Chapter 4.

Further development of adaptive random search algorithms include the Annealing Adaptive

Search (AAS), which is based on sampling from a Boltzmann distribution [87]. Annealing Adaptive

Search shares many of the good finite time results of Hesitant Adaptive Search (under certain condi-

tions). Furthermore, the use of the Hesitant Adaptive Search has been used to analytically derive a

cooling schedule for simulated annealing algorithms [87, 93]. Annealing Adaptive Search method,

while not directly implementable, can be approximated through hit-and-run Monte Carlo methods

which allow an optimization algorithm to approximately sample from a Boltzmann distribution as

required. Still, adaptive random search algorithms do not directly address the question of estimation.
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To address this need, the dissertation further develops algorithms for simulation optimization.

First, in Chapter 4, we extend the set of adaptive random search algorithms by introducing Hesitant

Adaptive Search with Estimation (HAS-E) in Section 4.1, and Quantile Adaptive Search (QAS), in

Section 4.2 and show finite-time results that lead to linearity in performance under certain condi-

tions. Second, in Chapter 5 we discuss various implementations of partition-based algorithms that

attempt to handle high dimensional problems and approximately implement QAS.



12

Chapter 3

DECISION SUPPORT MODELS FOR HEALTHCARE STAFFING

This dissertation addresses several mathematical models that describe strategic staffing decisions

within a set of geographically distributed healthcare clinics. In particular, we address the question

of properly locating healthcare professionals and assigning patients for care. Starting with this

general motivation, the dissertation overviews several models where staffing decisions can be linked

to operational outcomes as shown in the general model in Figure 3.1.

The general model is one that links stochastic events and patient behavior with staffing decisions

and healthcare results. Starting with a patient population and domain knowledge of a healthcare

system, the goal of the general model is to generate a policy recommendation that will optimize a

number of measurable objectives. As shown in Figure 3.1, the general model relates patient inputs,

system parameters, and strategic decisions to healthcare outcomes. This model may be mathemati-

cal, statistical, simulation-based, or some combination of the two. Furthermore, due to the stochastic

nature of the patient behavior, the model will take into consideration uncertainty and stochastic vari-

ables. The model’s uncertainty might derive from unknown qualities about the healthcare system

or subject population (e.g., morbidity and geographical distribution), future patient behavior (e.g.,

patient demand), or physician behavior (i.e., preferences, availability).

From a patient-centered perspective, managers are typically interested in ultimate healthcare

outcomes for patients and, with enough domain-expert input, a model can relate strategic and oper-

ational decisions to their effect on patient health. Although a more sophisticated simulation model

would be able to account for ultimate impacts on healthcare outcomes, in the absence of extensive

domain knowledge that would allow for a strong connection between operational outcomes and

healthcare, this dissertation focuses on a model that relates decisions to operational outcomes.

To address a strategic question of resource allocation, a model recommends a set of decisions in

order to deliver a balance of desired metrics. This might be some mix of physician requirements and

patient outcomes measured either by expected value, risk measure, or a linear combination between
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Figure 3.1: A basic decision model for staffing inside a healthcare system. The model inputs general
information concerning patient behavior, demographics, system parameters, and policy decisions.
The model outputs measurable outcomes for patients which might include wait time, care disrup-
tions, and other performance measurements.

the two. With the generated solution (or set of solutions), a decision maker can better understand

the trade-offs and develop strategies feasible for the system requirements while taking into account

the needs of potentially risk-averse decision makers.

In this chapter, two health models are presented to deal with the problem of optimal staffing in

different contexts. The first (described in Section 3.1) addresses research objective 1(a) and is a

strategic staffing model that helps locate specialist hours across a geographically distributed number

of locations. The work has been presented at the INFORMS Healthcare conference (Nashville,

July 2015) [57] and a paper presenting the main results has been submitted for publication to the

Journal of IIE Transactions on Healthcare Systems Engineering [58]. We consider this contribution

a completion of research objective 1(a).

The second model (described in Section 3.2) provides optimal primary care panel composition

for a primary care panel redesign and directly addresses research objective 1(b). Here a discrete-

event simulation is used to capture specific patient and physician behavior. The model attempts

to reduce metrics concerning care disruption (balks and no-shows). Three simulation optimization
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algorithms are used to find optimal policy solutions. Preliminary results were presented at the 2015

INFORMS annual meeting [56]. The produced results are able to provide insights into designing and

sizing panels in order to best serve a group of patients of different morbidity level and geographic

regions. We consider this contribution a completion of research objective 1(b).

Given the recommended policies generated by selected algorithms, we are able to speculate

about the efficiency of the optimization methods when optimizing healthcare staffing simulations.

Future research will look into the possibility of expanding the number of dimensions for the simula-

tion to capture a larger system and the effectiveness of the chosen algorithms in finding an improved

policy solution in those higher dimensional spaces.

3.1 Geographical Staffing to Reduce Risk of Demand Shortfall

A critical problem in healthcare decision making is the geographic distribution of specialist care.

For any geographically distributed population of patients, specialists need to be located at specific

clinics in order to serve that populations’ demand for care [61, 98]. To properly allocate resources,

a decision maker must determine staffing levels relative to concerns about patient travel time, acces-

sibility, and over-all costs. Generally, the goal of a manager is to staff specialists to minimize the

travel time of the patients, the risk of a patient being “turned away” for a given time frame, and the

general expenses of supporting specialist care.

At a strategic level, the problem could be seen as forming “clusters” of clinics that redirect

patients to centralized locations where specialists are located. This problem can be conceptualized

as picking preexisting clinics and redirecting populations from other clinics in the cluster to these

centers for their specialist needs (an example of Group Health is shown in Figure 3.2). In terms of

overall strategy this is a case of matching demand for physician-hours from the population to staffed

hours in the selected clinic clusters.

As noted in Chapter 2, we are particularly concerned about the risk of “shortfall” between the

patient demand for specialist attention and providers’ capacity, since this relates to times when

patients are turned away or experience extended delays, which are outcomes to which patients and

decision makers are particularly risk averse. This contrasts the more regular costs associated with

paying for staff and regular travel time.
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Figure 3.2: An example of seven clinics in the greater Seattle area, marked with light circles and
labeled 1-7. Clusters where specialist care is shared between clinics are marked with the shaded
circles. The arrows indicate the central clinic inside the cluster that provides care.

To confront these particular challenges, we propose a multi-objective optimization model that

balances a risk measure (for being understaffed) with the expected loss of a penalty measure which

comprises a linear combination of regular costs.

Minimize :

1. Risk of being understaffed

2. Penalty due to:

• Staffing cost

• Patient travel time

• Patient unfamiliarity
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Our paper [58] determines a linear expression for the number of hours understaffed at each clinic

as well as linear expressions for the costs imposed by travel distance, additional staffing hours, and

piece-wise linear function expressing the costs of “unfamiliarity” in larger clinics. Each equation is

written in terms of demand random variables localized at clinics creating a stochastic expression for

the staffing costs, number of hours over-staffed, and patient travel time.

The critical issue in the staffing model is developing a trade-off between the risk of understaffed

hours and the average penalty. For this purpose, a risk measurement is used to characterize the

excess of demand relative to staffed specialist hours.

The model uses a risk measurement of the hours understaffed for one objective function and

contrasts it against the expected value of a penalty which is a weighed linear combination staffing

costs, patient travel time, and patient unfamiliarity (calling these “risk” and “penalty” respectively).

Combined with capacity constraints and demand satisfaction constraints, this forms a risk-based

multiple-objective program.

To solve the risk-based optimization problem, the paper makes use of Conditional Value at Risk

(CVaR). The formula for Conditional Value of Risk allows the risk portion of the objective function

to be replaced by linear approximation and the optimization problem can be solved using mixed-

integer linear-programming techniques. An efficient frontier can then be plotted as shown in either

of the graphs in Figure 3.3.

A key contribution for our paper is understanding the importance of using a risk measurement

for demand shortfall as opposed to simply relying on an average measurement of demand shortfall.

The risk measurement emphasizes the losses that come from more infrequent surges in demand, a

critical concern for healthcare managers. This is especially important when looking at heavy-tailed

distributions where large demands comprise a significant portion of the demand distribution. Use of

the Conditional Value at Risk allows these effects to be captured in the proposed model for general

demand distributions, a feature that distinguishes our work from previous approaches to the problem

[61].

From available proxy-data we observe a significant non-normal and heavy-tail behavior in pa-

tient demand for specialist care. Furthermore, we compare the optimal decisions made for sample

data taken from a normal distribution and Weibul distribution with a heavy tail when optimizing a

risk-averse objective function. Both of these efficient frontiers are graphed in Figure 3.3. Based
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on the case study, we see that the two scenarios have significantly different optimal points with re-

spect to the risk-penalty trade off, and that points at the same penalty limit recommend significantly

different staffing strategies.

Figure 3.3: The constructed efficient frontier (non-dominated solutions) for the optimization model
where demand is modeled with a normal distribution (left panel) and a Weibull distribution (right
panel). Each data point is labeled with the number of clusters for each specialist type in the final
optimized solution (in order: oncology, endocrinology, and behavioral care).

This graph demonstrates the practical problem with modeling a risk-averse objective without

accurately accounting for demand distribution’s tail effects. Without observing these effects, the

program results in very different strategic recommendations, in this case creating more clusters

(less aggregation) than when the demand is assumed to be normal. The contract between the two

models is compared in Figure 3.4 where the location of clusters is illustrated for scenario I for both

models. Details are provided in [58].

The results of this research make the following contributions to research objective 1(a). First, the

model highlights the risk-averse problem of staffing specialists geographically. Second, its solution

allows us a flexibility in handling different demand distributions which might be non-normal. Third,

it provides a practical method through which a decision maker could be risk-averse when it comes

to being understaffed relative to patient demand for care.

However, the model does have some disadvantages that might be addressed in future research.

On the practical level, the linearized formulations for the objectives are based on a simplified un-
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Figure 3.4: An example of staffing policy recommendation with penalty level at τpenalty = 116000.
The lined-arrows show re-direction of patients under the normal model, the dotted arrows show
the redirection of patients recommended by the Weibull model, and the solid colors show the re-
direction under both models. Colors and labels distinguish the different specialist types being di-
rected.

derstanding of how demand shortfall of staffed physician hours impacts patients. For instance, it

is well understood that increasing travel time also makes it more likely that patients miss appoint-

ments, regardless of the amount of specialists staffed. These complex random relationships while

easy to model via simulation are not included in the linear model. Further research described in the

next section addresses optimal primary care paneling using discrete-event simulation.

3.2 Optimal Primary Care Paneling for Patient and Physician Needs

Increasingly, demand for primary care exceeds the availability of physicians able to see patients.

Healthcare managers are under pressure to manage this primary care shortfall with strategic panel

policy that divides a group of identifiable patient populations between physicians to balance the

workload and improve continuity of service. To account for distributing care, each primary care

physician has a panel of patients that look to them as the first point of contact for medical care. While

physicians have discretion in panel formation, panel redesign is sometimes possible to better balance

the demand between a set of physicians. Generally, better balancing patients between physician-
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panels may result in better utilized physician time and more efficient provision of primary care to

patients.

The question of optimal panel size and composition is sensitive to uncertainty in patient demand

(which can be highly variable) as well as patient behavior and physician availability. If staffing

arrangements are not optimal, clinics risk over-staffing at low demand periods, whereas high de-

mand periods may result in delays in care, overburdened healthcare workers, and poor healthcare

outcomes [98]. Clinics face the challenge of paying for excess capacity or having unmet patient

demand for care. This section addresses the design of primary patient panels (relative to preexisting

geographic and demographic groups), as well as the location of physicians throughout a geographi-

cally distributed network of clinics.

Model Description

Our model for primary care design considers several key factors including the amount of ser-

vices demanded, the relative supply of physicians (and hours worked), geographic limitations of

travel, and the need for virtual care (such as physician consultation done through e-mail and internal

messaging). Since there is no consensus within either the operations research or healthcare com-

munities on how to optimally design primary care panels to achieve the best outcomes with these

considerations [84, 98], our model provides a comprehensive simulation model for panel design

that takes into account the impact of demand variability, geographic location, and physician behav-

ior on operational outcomes. Without taking these factors into account, strategies may recommend

policies that result in increased deferment of care due to mis-allocated physician time or excessive

travel-time on the part of patients [15].

To build and validate our model relative to real-world considerations in a local context, we

parameterize our model with data gathered from the Group Health Research Cooperative in Wash-

ington State. The data includes electronic medical records concerning patient appointment fre-

quency, demographics, and location, as well as the behavior and constraints on physicians. Based

on generated samples, optimal recommendations are provided that are targeted at using patient panel

re-design to obtain patient-centered outcomes.

The model describes patient behavior by modeling the use of primary care, no-shows, defer-

ments, and virtual care using random variables. The model accounts for random variables describ-
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ing physician availability as well as the randomness in demand from patients of different morbidity

types. Modeling this randomness allows a more robust set of paneling recommendations that ac-

count for the uncertainty generated by patient behavior.

The model directly addresses decisions concerning panel design in the context of a geographi-

cally distributed set of clinics. The central decisions that need to be made include:

1. The composition of panels in terms of patients from different locations and morbidity levels

2. The location of panels at geographically distributed clinics

3. The allocated amount of time spent on virtual care for each physician

These decision variables directly address the need for patients to have a primary care physician

that is available, close, and able to assist their needs in the proper medium (virtual or face-to-face).

Given that patient needs are highly variable, these considerations need to be accounted for in a

policy decision.

The key objectives of our model are: reducing the amount of patient balks, no shows, wait time,

travel time, and improving physician utilization inside of a given system of clinics which serve

a set of geographically distributed patient populations. We define a “balk” as anytime a patient

requests a primary care appointment and does not receive care due to long wait time at the clinic.

We define a “no show” as anytime a scheduled patient does not show up to a scheduled appointment.

Similarly we define “wait time” as the total time a patient spends between request and fulfillment,

and “travel distance” as the total distance traveled (regardless of whether they receive care or not).

Determining each of these objectives involves modeling patient demand and physician availability

across a number of primary care clinics using a discrete-event simulation which we formulate and

describe in the next section.

Model Formulation

The model describes a set of primary care clinics, denoted l ∈ {1, . . . ,L}. Patients are catego-

rized with m ∈ {1, . . . ,M} patient morbidity categories and regions denoted r ∈ {1, . . . ,R}. The

number of patient populations indexed by i ∈ {1, . . . , I} (where I = R×M). We consider primary
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care physicians with associated panels, denoted j ∈ {1, . . . ,J} (panels correspond one-to-one with

primary care physicians) which can be located at the various clinics. The general outline of the

indices is shown in Figure 3.5.

For the general model formulation, a policy maker chooses physician-panel composition for each

patient morbidity type in each region. The decision variables include the assignment of a certain

percentage of patients in population i to a given panel j, Xi, j , and the location of the physician-panel

j , Yj which controls the location of a panel at a given clinic (e.g., Y1 = 2 indicates that panel j = 1

is located at clinic l = 2). Finally, we track the use of virtual care including the amount of care

time reserved for virtual interactions Vj at each of the defined panels j. The decision variables are

outlined in Figure 3.6 with full specification of the variables in Table C.6.

The optimization program expressed therefore contains (I×J)+J+J decision variables. How-

ever, this can provide some difficulty for even a moderate number of panels and patient populations.

For instance, using three regions and two morbidity categories (six total patient population types)

with five panels results in a problem size of forty dimensions (3×2×5+5+5), which is very large

for optimization. This may make the dimensionality of the problem so large as to be intractable by

optimizers designed to optimize simulations as black-box functions.

To reduce the dimensionality, we separate morbidity from region and reduce the index describ-

ing patient populations i. Based on selected morbidity categories, the simulation assigns a region

randomly (based on demographics) at runtime. Furthermore, specific policy recommendations are

derived based on similar demographic analysis that associates morbidity categories to geographic

regions. We describe this further in the description of the simulation logic in the following section.

Simulation Logic

The simulation model uses a discrete-event framework to track patient interaction with the pri-

mary care system. For each created patient entity, the model tracks patients as they arrive in the

system, request care, get care from a doctor associated with their assigned panel (either virtual or

face-to-face), and then records whether they experienced a “balk” or a “no-show”, along with their

recorded wait and travel time.

The simulation model inputs a number of parameters that characterize system behavior. These

include the relative distances between the region r and the clinics l, dr,l , the base likelihood that
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Figure 3.5: The indices as defined in the simulation model. The number of patient populations, I,
split across J physician-panels, each assigned to one of L clinics. Patient populations are directly
associated with a morbidity and location region by definition or by an observed statistical relation-
ship.

a patient from population i uses virtual care, and νi, the base likelihood that a patient will request

an appointment, oi, the likelihood that a patient of morbidity type m from region r receiving care

at panel l is a “no-show”, nm,r,l , and the base wait time in the queue before a patient balks, bi.

The upper bounds of the availability of physicians j is denoted h j. Whereas the upper and lower

bound for virtual availability are vlow
j and vup

j . Each physician panel also has a desired utilization f j.

Additionally the model inputs a certain scheduling time frame limit, t f rameLimits. The full description

of model parameters and decision variables are laid out in Table C.6.

The model for patient and physician behavior is constructed as a discrete-event simulation. For

each patient population i, we model the arrival of patients as a Poisson Process with an average

inter-arrival time with mean λi. The simulation processes patients by generating a certain number

of random entities (approximately 3000 with the case study) for each patient type i. The patients

are assigned to a panel j randomly based on the percentage Xi, j which in turn comes with a location

defined by the clinic assignment, Yj as denoted in Figure 3.6.

Each patient entity of morbidity m is assigned to a region r based on a statistical distribution,
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Figure 3.6: The patient redesign conducted over a geographically distributed set of clinics where
patients can be redirected in between panels (Xi, j) and panels can be moved in between clinics (Yj)
and each physician-panel can have a designated time reserved for virtual care (Vj).

χm,r. This assigns each patient entity to a population i implicitly. Patients from population i are

either designated as requesting virtual care with probability νi or requesting an appointment with

1−νi. Virtual patients immediately wait for care without scheduling. Non-virtual entities are then

either assigned to a first-come-first slot with probability oi or are marked as “scheduled” and delay

for a random time between 0− 3 days. To account for scheduling negotiation, patient entities get

additional delay time if another scheduled patient is already receiving care when the scheduling

delay has elapsed. The utilization is measured and compared to a desired utilization f j.

Scheduled patients may experience a no-show with probability nm,r,l based on their morbidity

and the distance between their associated region r and the clinic l. Otherwise, both first-come

patients and scheduled patients accrue a travel penalty, and arrive at the clinic (after schedule delay)

to wait to receive care from the physician associated with their assigned panel. If a patient’s wait

does not exceed a “balk time” bi, the entity receives care after the waiting period (wait time only

accounting for time waiting in clinics and not scheduling delays or time waiting for virtual care).
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After leaving the system, the patient entity records whether it has balked, Bi , no-showed, Ni, or

received care and record their total wait-time (virtual or non-virtual), Wi, and the travel penalty, Ti.

Figure 3.7: The logic governing patient scheduling, virtual care, balks, and no-shows inside a pri-
mary care panel. A patient population i moves through the system with various probabilities of ex-
periencing a “no-show” or “balking”. Physicians divide time between assisting virtual care patients
and appointments. System records the number of “No Shows”, “Balks”, patient “Travel Time”,
patient “Wait time”, and physician “Utilization”.

Primary care physicians are tracked in the system by resource objects which become scheduled

based on timed variable that is set to “virtual”, “non-virtual”, or “off”. When in non-virtual mode,

the physicians serve patients as they arrive (prioritizing the scheduled patients). During designated

“virtual” times physicians only serve patients seeking virtual care at a lower service rate. The panel

schedule cycles so that a physician’s assigned virtual time (Vj) and total time-available to non-virtual

patients equals the total availability. The recorded number of utilized physician hours are recorded

as U j. The full simulation logic is outlined in Figure 3.7.

Optimization Formulation

Based on the outputs generated by the DES model, we formulate the model as an optimization

problem based on the decision variables, Xi, j,Yj,Vj. The objective function written in (3.1) is the

sum of all of the balks, wait time, no-shows, travel time, and the deviation of the utilized hours from

the specific doctor’s preferred time utilization, combined linearly with objective function “weights”,

ωbalk
i , ωwaittime

i , ωnoshow
i , ω travel

i , ωutil
i into a single objective function. The counters Bi, Wi, Ni,



25

Ti are related to the decision variables through simulation and scheduling logic as shown in (3.2).

Additionally we include constraints on the number of virtual hours,, along with specific bounds for

assignment ratios and values.

Minimize:

E

(
I

∑
i=1

ω
balk
i ·Bi +

I

∑
i=1

ω
waittime
i ·Wi

+
I

∑
i=1

ω
noshow
i ·Ni +

I

∑
i=1

ω
travel
i ·Ti +

J

∑
j

ω
util
j · |U j− f j|

) (3.1)

where Bi,Wi,Ni,Ti, and Ui are output from the simulation model for inputs, Xi, j,Yj,Vj, i.e.,

Sim(Xi, j,Yj,Vj for i ∈ {1, . . . , I}, j ∈ {1, . . . ,J})

= (Bi,Wi,Ni,Ti,U j for i ∈ {1, . . . , I}, j ∈ {1, . . . ,J})
(3.2)

subject to:

vlow
j ≤Vj ≤ vup

j ∀ j (Constraints on time physicians spend on virtual care)

I

∑
i=1

Xi, j = 1 ∀ j (All patients in population allocated)

Yj ∈ {1, . . . ,L} ∀ j (Ensure only one clinic location for physician panel)

0≤ Xi, j ≤ 1 ∀ j (Constraints on population assignment)

With this formulation, the relationship between the decision variables and the component objective

outputs are modeled through a discrete-event simulation. The optimization algorithm applied to

this model must handle a non-linear, noisy, black-box function with mixed continuous and integer
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variables. To solve this program, we appeal to simulation optimization techniques that can handle a

large number of dimensions and identify promising regions of the domain for policy considerations.

Case Study

Based on the general model framework, we are able to create a specific model for purposes of re-

designing a set of physician-panels across a small network of healthcare clinics within a geographic

region. For purposes of our case study, we examine three clinics (L = 3) and five panels (J = 5).

Furthermore we examine three geographic regions (R = 3), each region is associated with a clinic

location to which it is closest (as shown Figure 3.8). We examine two morbidity types (M = 2).

To keep the number of dimensions tractable, we use a statistical relationship between morbidity and

region to determine the average number of patients in each population i, as shown in Figure 3.6.

This allows us to determine Xi, j without accounting explicitly for I× J decision variables.

The discrete-event simulation model uses data from a variety of sources, including statistical

measurements from the Group Health Cooperative data set between 2011−2012. Based on patient

records, we specify a model that describes the arrival rate of patients into the system as well as

the use of virtual care, and the probability of using scheduling appointments based on measured

statistics. Based on these measurements, we populate a sample model considering the panel re-

design of a number of primary care panels within a set of geographically distributed clinics.

Using patient information collected from the Group Health Cooperative, we determine that the

average panel contains between 2000− 3000 associated patients. For purposes of patient arrivals,

we split the patient population into two morbidity categories based on resource utilization band

(RUB) with the low morbidity category comprising patients between 0 and 1 (average) RUB and

the high-morbidity category containing patients with (average) RUB between 2 and 3. Based on

this breakdown of the patient information we have an average inter-arrival time of 0.015 (hours) and

0.006 (hours) from low and high morbidity respectively (see Table C.7 and C.8).

For the probability of using virtual care, we reference measurements of patient interactions

with the Group Health Data set from 2011− 2012 showing that the range of average virtual care

interactions ranges from 2% and 15% of all interactions with the medical system. We associate
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Figure 3.8: Three geographically centered clinics with three associated regions. Each region has
a relative distance to a clinic, a different population size, and a different percentage of high and
low morbidity patients. There are five physician-panels with different availability, and virtual time
characteristics.

the high probability of virtual care with patients with a low general morbidity (0.15) and the lower

probability of virtual care with patients that have higher morbidity (0.02).

Similarly, based on literature [46] concerning the probability of no-shows, a probability of a no-

show is determined for low and high morbidity patients and is combined with an increase of 20%

when a patient is traveling to a distant clinics. This gives us a value of nm=1,r,l = {10%,12%} and

nm=2,r,l = {5%,6%} depending on the distance between region r and clinic l.

Due to the variable use of “open-access” scheduling, we assume that 50% of the patients seek

scheduling versus coming to the clinic as “first-come first-serve” patients. Service and schedule

time are set based on typical service times. The time frame for each visit appointment is a triangular

distribution (min = 0.4, average = 0.5, and max = 0.6 hours). The time for virtual care is set to 15

minutes (0.25 hours). Patients balk after one hour in the queue (bi = 1).

For purposes of the case study, we have the travel weight between a region and clinic nearest to

that region to be zero. We associate a base travel weight of 1 between clinics that are far apart and

1/3 weight for clinics within a closer proximity as shown in Figure 3.8 and Table C.10. The case

study could be interpreted as a set of clinics with two downtown locations and one ex-urban clinic

location.
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Furthermore, we assume that physician availability ranges between 50 and 60 hour work weeks

[31]. For each of the five physician panels we set three (1, 2, 5) as “medium availability” (8 hours

available a day) and the others (3, 4) to “high availability” (10 daily hours). Furthermore, we set

the virtual availability to low (half hour) for two physician panels (1 and 2) and high (2 hours) for

three physician panels (3,4,5). This generally corresponds to a pattern of physician work hours that

average between 8 and 10 hours a day on average.

Objective function weights are shown in Table C.13. For high morbidity patients we set objec-

tive function weights to reflect the greater impact disruptions in care have upon higher morbidity

patients. The objective function weights for low-morbidity patients are set to 1. Both virtual wait-

time objective weights are set to 1 for both patient populations. On scheduling a conflict the patients

jump their scheduled time forward by a random amount (uniformly) between 10 to 16 hours and

then attempt to get care again. We use a general time-frame of t f rameLimit = 30 days as a standard

time-frame for measuring the objective function output.

Simulation Optimization

Due to the fact that the policy selection requires choosing both continuous and integer vari-

ables, common simulation optimization techniques such as ranking and selection used for discrete

domain of decisions may leave out important policy opportunities. We explore several black-box

optimization techniques in order to develop a better policy solution for the composition and location

of primary care panels. We examine three different algorithms:

• (I) Particle Swarm Optimization [PSO] (described in Appendix A)

• (II) Modified Probabilistic Branch and Bound [mod-PBnB] (described in Chapter 5 Section

5.3)

• (III) Nested Partitions with PBnB [NP-PBnB] (described in Chapter 5 Section 5.4 )

Particle Swarm Optimization, PSO, is a standard optimization algorithm that performs a random

search based on a series of particles that move with random velocity based on the best sampled point

[25]. The second algorithm, the “modified probabilistic branch and bound”, mod-PBnB, attempts
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to locate a specific optimal solution by successively running the PBnB algorithm with decreasing δ

in order to focus in on a promising region for the global optimum. Lastly, we explore the “Nested

Partition Probabilistic Branch and Bound”, NP-PBnB, in order to focus on promising solutions

while reducing the required number of partitions that need to be tracked at a given iteration. The

full statement of the basic PBnB algorithm is included in Appendix A.3 and the modified versions

of the NP-PBnB and mod-PBnB algorithms are discussed in detail in Chapter 5.

We also use a baseline solution that represents the “best-guess”. The best guess solution has an

equal distribution of the populations between panels, and the panels are assigned equally between

the clinics (with only one panel located at clinic 1 due to the odd number of panels). We use this

best guess as a useful initial point for the PSO algorithm and for NP-PBnB (mod-PBnB does not

use an initial point).

For the PSO algorithm (I), we parameterize the algorithm with φp = 2, φg = 2, and ω = 0.7 with

10 particles, in order to control how fast the particles move towards local and global optimal points.

For the mod-PBnB algorithm we use α = 0.90, with B = 7, ε = 0.10, we use a starting δ1 = 0.90

and decrease the value of the δ to δ2 = 0.30. For the NP-PBnB Partition algorithm, we run the first

k = 1, . . . ,20 iterations with minimal sampling with Nk = B = 7 and Nbacktrack = 10. We then start

an iteration at k = 21 with Nk = B · ln(αk)

ln
(

1− εk
ν(σi)

) as outlined in Chapter 5. The selection allows the

algorithm to focus in quickly on an initially promising region (on each dimension) and only visiting

other regions when a backtrack step is performed. Each of the optimizers generate about 1000

function evaluations. However, due to the way each optimizer iterates, the total number of function

evaluations varies slightly. Generally neither algorithms that employ the PBnB algorithm are able

to prune regions (exclude them from consideration with a fixed probability) within the allocated

computational budget.

The general runtime of the simulation is 20 seconds for one evaluations since each optimizer

uses 1000 function evaluations, this requires a runtime of approximately 6 hours for each of the

tested algorithms with no additional replications. To deal with the long runtimes, we perform the

optimization on a simulation with a single replication as in [59] (which can be effective in some

circumstances as shown in Chapter 6).

Comparing the optimizer performance in Figure 3.9, we graph the optimizer performance in

terms of the best sampled objective value at each function evaluation. We see from the progression
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of values that the PSO algorithm almost immediately makes its improvement and then does not shift

away from its best point sampled at around the 50th function evaluation. NP-PBnB is able to start

at a promising initial point and then make a fast and continuous improvements at later iterations.

Starting at a randomly selected value, mod-PBnB makes a fast improvement to an improved solution

early in the iterations and makes very few improvement at later iterations.

To compare the final recommendations generated by each of the solutions, we run each of the

final solutions for 100 replications to better account for noise. For comparison, we graph the box

plots of estimated objective function values in Figure 3.10 with median values listed for each of

the three solutions found by each optimizer and our initial “best-guess” solution. The mod-PBnB

and the NP-PBnB optimizers generate better solutions, on average, than the “best-guess”. The mean

objective function value of the best-guess is 8.538 (with 95% confidence interval [8.494,8.583]), the

mod-PBnB algorithm and the NP-PBnB algorithm generate policies that are significantly better than

the “best-guess” with means 8.134 and 8.291 and with 95% confidence bounds of [8.110,8.160] and

[8.251,8.333], respectively. However, the PSO algorithm generates a solution that provides a worse

policy proposal than the “best guess” (mean 9.099 and 95% confidence interval [9.025,9.174]). This

suggests that the PSO optimizer, as run, locates a false local optimum early and does not move from

that solution. Overall, the solution generated by mod-PBnB provides the best objective value among

available solutions. The average objective function value found by mod-PBnB and NP-PBnB are

close, suggesting that there a number of solutions with a similar performance.

Optimization Policy Recommendations and Analysis

Obtaining the final solutions from each of the optimizers, we tabulate the results for each of the

decision variables in Tables 3.1, 3.2, 3.3, and 3.4. We also provide a bar chart for the values of Xi, j

in Figure 3.11, each bar shows the allocation of low morbidity patient populations between each

of the panels (Xi=1, j) in solid, and the allocation of high morbidity patient population between the

panels (Xi=2, j) in stripes. The number in the bar indicates the clinic location for the physician panel.

A further examination of the policy solutions for panel placement geographically is shown in Figure

3.12 which shows the assignment of physician-panels to clinics.

Examining graphs and numbers provided for the solutions generated by each of the optimizers,

provide a good idea of the recommendations generated by each of the optimizers. First, examining
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Figure 3.9: The figures shows the progress of the optimization methods used (mod-PBnB, NP-
PBnB, and PSO) with a single observation of the objective function per point. The broken line
graphs the average objective function value of the “best-guess” over 100 replications. Both PBnB
algorithms have similar descent profiles; lower than PSO which levels out early.

the allocation of virtual care, we see generally that the optimized solutions from mod-PBnB and NP-

PBnB algorithm give higher hours (Vj) to the panels that can accommodate more hours (indicating

that it is generally better to allocate more time for virtual care),.

Examining Figure 3.12, the various policy solutions locate a different number of patient panels

at each of the clinics. In the case of clinic 2, we see that the policy recommended by both of the

PBnB algorithms, along with the “best-guess” solution, locate two panels there to accommodate

the region with the largest population. However, for clinics 1 and 3 the recommendations change

with the “best-guess” and the NP-PBnB solutions placing more panels at clinic 3 to accommodate

a smaller population with a higher morbidity rate, therefore leaving only a single panel located at

clinic 1 to serve a medium sized population with a lower morbidity. In contrast the solution found by

mod-PBnB locates two panels at clinic 1 with the medium sized population with a lower morbidity.

The difference in panel allocation is likely due to the fact that the NP-PBnB focuses its sampling

within nested sets around an initial “best guess”, this biases the solution towards allocations similar
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Figure 3.10: Graphed box plots for each of the generated policy solutions: Best-Guess, mod-PBnB,
NP-PBnB, and PSO. The medians of 100 replications are labeled with the boxes representing +/−
25% and the bold lines indicate the minimum and maximum values (excluding outliers).

to “best-guess” equal distribution of patient panels in the system. This indicates the advantages of

algorithms that spend their computation budget exploring the domain generally rather than searching

in the proximity of an initial point.

The distribution of the patient population among the different panels also differ as shown in

Figure 3.11. The solutions provided by the mod-PBnB algorithm and the NP-PBnB algorithm shown

somewhat similar distributions of patient populations with the higher capacity panels (3 and 4)

having a greater proportion of the patient populations. However, some key factors in the policy

recommendations persist. Here, for the mod-PBnB the high capacity panel 4 located at clinic 3

takes on a large percentage of the high-morbidity patients (reducing travel time due to region 3

having a large percentage of high morbidity patients).

The mod-PBnB solution locates the other large capacity panel 4 at clinic 3 to serve the large

volume of low morbidity patients. By contrast the solution provided by the NP-PBnB algorithm

places two of the lower capacity panels at clinic 3 and allocates a larger proportion of the higher

morbidity patients between them. This is essentially a different approach to replacing the load

of high morbidity patients, either through handing them largely through a few dedicated panels
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Figure 3.11: The policy solution generated from each of the optimizers (a. best guess, b. mod-PBnB,
c. NP-PBnB). The PSO result is not graphed. The bars show the distribution of the low morbidity
patients (solid) and the high morbidity patients (striped) between the five physician-panels. The
clinics associated with the physician-panels are labeled in white boxes.

Table 3.1: The location (clinics 1,2,3) of each of the physician panels, Yj ( j = 1, . . . ,5). Each row
corresponds to the final solution provided by the respective optimization method.

optimization method panel 1 panel 2 panel 3 panel 4 panel 5
“best guess” clinic 3 clinic 2 clinic 1 clinic 3 clinic 2
“modified PBnB” clinic 2 clinic 1 clinic 2 clinic 3 clinic 1
“NP-PBnB” clinic 3 clinic 3 clinic 2 clinic 2 clinic 1
“Particle Swarm” clinic 2 clinic 2 clinic 2 clinic 2 clinic 1

or dividing them up among several smaller capacity panels located in high morbidity areas. The

objective function values of these two solutions are close, although the 95% confidence intervals do

not overlap.

One unusual development in the solutions of both PBnB algorithms is the low allocations of pa-

tient populations to panel 1. In both cases the panel shares a clinic with another panel to which more

of the overall patient demand is directed. This may point to a problem with the objective function

which weighs lowering the travel time and wait time of the patient and does not place priority on

balancing the load between panels overall. Further updates to the objective might consider further

weighing deviations from the desired utilization rate on each of the panels or including a further

penalty for radically unbalanced patient distribution.

The policy recommendations generally show the importance of properly considering the mor-

bidity of the population under consideration, in addition to considering the importance of virtual
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Table 3.2: The proportion of the low-morbidity patients (i = 1) assigned to each of the physician
panels, Xi=1, j, ( j = 1, . . . ,5). Each row corresponds to the final solution provided by the respective
optimization method.

optimization method panel 1 panel 2 panel 3 panel 4 panel 5
“best guess” 0.2000 0.2000 0.2000 0.2000 0.2000
“modified PBnB” 0.0413 0.2992 0.2778 0.1677 0.2140
“NP-PBnB” 0.1454 0.2002 0.1872 0.3295 0.1378
“Particle Swarm” 0.2525 0.1074 0.1373 0.2430 0.2598

Table 3.3: The proportion of the high-morbidity patients (i = 2) assigned to each of the physician
panels, Xi=2, j, ( j = 1, . . . ,5). Each row corresponds to the final solution provided by the respective
optimization method.

optimization method panel 1 panel 2 panel 3 panel 4 panel 5
“best guess” 0.2000 0.2000 0.2000 0.2000 0.2000
“modified PBnB” 0.0429 0.2216 0.2640 0.2719 0.1996
“NP-PBnB” 0.0812 0.2364 0.2902 0.2217 0.1705
“Particle Swarm” 0.1271 0.4180 0.1711 0.0199 0.2639

Table 3.4: The number of virtual hours scheduled for each of the physician panels, Vj ( j = 1, . . . ,5).
Each row corresponds to the final solution provided by the respective optimization method.

optimization method panel 1 panel 2 panel 3 panel 4 panel 5
“best guess” 0.5000 0.5000 0.5000 0.5000 0.5000
“modified PBnB” 0.4460 0.3369 1.0362 1.0096 1.8862
“NP-PBnB” 0.3023 0.3917 1.2502 1.2013 1.1133
“Particle Swarm” 0.4033 0.4788 0.5831 1.1383 0.5173
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Figure 3.12: The assignment of panels to clinics for three solutions: the “best-guess” (gray), the
mod-PBnB (red), and the NP-PBnB (blue).

care use when placing primary care physician-panels. Further models may wish to include a larger

variety of different morbidity types, additional panels, and a more diverse set of regions for consid-

erations. However, using the full number of panels and regions in the data set (8 panels per clinics

across 7 clinics and 7 regions for a total of 56 physician-panels) would result in a model of upward

of 200 variables which would result in a significantly longer runtime 30− 60 seconds for a single

observation, and a greater number of function evaluations needed to obtain a result that has a lower

objective function value than a “best-guess” policy that equally distributes each patient population

between the panels.

This problem points to the general need for optimization algorithms that can develop good so-

lutions (close to global optimum) for high dimensional problems. In Chapter 4, we extend several

theoretical algorithms that have provable performance in high dimensions and discuss implementa-

tions of these methods in Chapter 5 with normalized variation.
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Chapter 4

ADAPTIVELY SAMPLING FROM NESTED LEVEL SETS FOR GLOBAL
OPTIMIZATION

As seen in Chapter 3, a critical feature of effective global optimization algorithms is to de-

velop a relatively good solution relatively quickly. This issue becomes compounded for problems

with a large number of domain dimensions. Ideally, we would like to have a finite-time analysis

of optimizer performance that shows the computation does not increase exponentially as the do-

main dimension increases. Two central issues are addressed in this chapter. First, an analysis of

how the addition of noise impacts the performance of an adaptive random search algorithm as a

function of dimension is presented. Second, the analysis is extended to adaptive random search in

terms of sampling within measurable level sets by quantiles, as commonly used by partition-based

algorithms.

In this chapter, consider an optimization problem,

min
x∈S

f (x) (P0)

where S is a closed and bounded subset of Rn, x ∈ S ⊂ Rn, and f : Rn→ R. Denote the minimum

value and optimal point on the domain as:

y∗ = min
x∈S

f (x) and x∗ = argmin
x∈S

f (x). (4.1)

Denote the maximum value and point as:

y∗ = max
x∈S

f (x) and x∗ = argmax
x∈S

f (x). (4.2)

We allow for multiple optimal (minimum) solutions. Furthermore, for a domain S, we define a

diameter d as the diameter of S, or the greatest distance between any two points in S.

While finite-time performance analyses are rare for most commonly used optimization algo-
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rithms, finite-time analyses are available for several theoretical adaptive random search algorithms

which demonstrate that, under certain conditions, the number of iterations required to sample below

a specified objective function value increases only linearly in dimension when optimizing a function

without noise [17, 87, 92, 103, 105, 107, 108].

To quantify finite-time performance as a function of domain dimension, Pure Adaptive Search

(PAS) (see Appendix A) can be analyzed. The PAS algorithm samples from an improving set of

points at each iteration. Finite-time analysis establishes that, under certain conditions, the expected

number of iterations until PAS achieves a value close to the minimum increases only linearly in

terms of the dimension of the domain [107, 108]. However, the requirement that PAS improves at

every iteration makes it difficult to implement practically.

Hesitant Adaptive Search (HAS) generalizes PAS by allowing for “hesitation” where the al-

gorithm does not improve with a certain specified probability that depends on the best objective

function value sampled [106, 108]. HAS is defined with a sampling distribution ζ on S and a bet-

tering probability b(y), defined for y∗ ≤ y≤ y∗. The probability of hesitation is 1−b(y). Therefore,

HAS can be defined as follows:

Hesitant Adaptive Search (HAS), cf. [17]

• Step 0: Initialize X0 in S according to a sampling distribution ζ . Set k = 0. Set Ȳ0 = f (X0).

• Step 1: Generate Xk+1 from the normalized restriction of ζ on the improving set Sk+1 = {x ∈

S : f (x) < Ȳk} with probability b(Ȳk), and set Ȳk+1 = f (Xk+1). Otherwise, set Xk+1 = Xk and

Ȳk+1 = Ȳk.

• Step 2: If a stopping criterion is met, stop. Otherwise, increment k and return to Step 1.

Finite-time analysis of HAS for a closed form expression for the expected number of iterations until

reaching a specified ε > 0 above the minimum function value [17, 103] as,

E(N(y∗+ ε))≤ 1+
∫

∞

y∗+ε

dρ(t)
b(t) · p(t)

. (4.3)

where ρ(y) = ζ ( f−1([−∞,y])), and p(y) = ρ((−∞, t]). PAS is a special case of HAS, when the

bettering probability equals one, and sampling distribution ζ is uniform.
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This chapter describes an extension of Hesitant Adaptive Search to a problem where the objec-

tive function must be estimated and provides finite-time results in Section 4.1 Theorem 3 provides

an expression for the expected number of iterations required to obtain a desired value ε above the

minimum (analogous to (4.3)). Corollary 4 shows that under certain conditions the expected number

of iterations is bounded by a linear function of the domain dimension. Theorem 5 bounds the num-

ber of function evaluations (including replications) to obtain a value that is ε above the minimum by

a cubic function of the domain dimension. We consider this chapter to be a completion of research

objective 2(a).

In Section 4.2, we introduce a new adaptive random search, called Quantile Adaptive Search,

that focuses on sampling points within a set of nested quantile level sets. The general motivation

of examining quantiles is to extend the finite-time analysis to algorithms that sample from a set of

nested quantile level sets. This provides insight into computational potential for algorithms that

focus on sampling from level sets with quantile estimators.

4.1 Hesitant Adaptive Search with Estimation (HAS-E)

In this section, we consider an optimization problem where the objective function, f (x), cannot

be observed directly but must be estimated. Let f (x) = E[g(x,χ)] where g(x,χ) is a function on

x∈ S and χ , a random variable. The function g(x,χ) may be evaluated in a discrete event simulation.

The optimization problem is:

min
x∈S

f (x) = min
x∈S

E[g(x,χ)] (P1)

where S is a closed and bounded subset of Rn and x ∈ S ⊂ Rn. We denote the minimum and

maximum of (P1) as in (4.1) and (4.2).

Given that the value of f (x), for x ∈ S, cannot be directly observed, the value has to be estimated

by performing a certain number of replications. To estimate the function value, we consider g(x,χr)

for a number of replications r = 1, . . . ,R at a point x. The sample mean estimate (dropping the x for

convenience) is:

ŷest =
∑

R
r=1 g(x,χr)

R
. (4.4)
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We assume that ŷest ∼ N( f (x), σ√
R
), where σ2 = Var(g(x,χ)). This will hold under the central

limit theorem for large R. A confidence interval on ŷest can be developed with an upper bound ŷhigh

with confidence 1−α , 0≤ α ≤ 1, where:

ŷhigh = ŷest +
σ · zα/2√

R
. (4.5)

Where zα/2 is the standard normal value at α/2. We note that ŷhigh ∼ N( f (x) +
σ ·zα/2√

R
, σ√

R
) and

therefore

P
(

f (x)≤ ŷhigh ≤ f (x)+
σ · zα/2√

R

)
≥ 1−α.

which provides an (1−α) confidence bound for the location of ŷhigh.

Since the function of the sampled point cannot be directly observed, the sampling of additional

points needs to be based on the estimated values of the function with replications. The HAS-E

algorithm uses the estimate ŷhigh to focus sampling on regions that are likely to be improving. This

algorithm is called Hesitant Adaptive Search with Estimation (HAS-E), and is fully specified as

follows.

On the kth iteration of HAS-E, the sampled point xk ∈ S is used to define yk = f (xk) as the true

value, the estimate as ŷk
est (with Rk replications as defined in (4.4)), and upper bounds ŷk

high as in

(4.5). Subsequently, we denote the level set Sy is given as:

Sy = {x ∈ S : f (x)< y} (4.6)

We also denote, the respective level sets of these values Syk , Sŷk
est , and Sŷk

high as in (4.6). The

general approach of HAS-E is to track the best sampled true value at iteration k, ȳk, and sample from

the level set defined by the estimated upper-bound, i.e., Sȳhigh
k

, as shown in Figure 4.1.

Hesitant Adaptive Search with Estimation (HAS-E)

Set input parameters α,σ ,γ along with a sampling distribution ζ with support on the entire domain

S.

• Step 0: Sample X0 in S according to the probability distribution ζ on S. Set k = 0 conduct R0
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replications of the function at the initial selected point (i.e., g(x,χr) for r = 1, . . .R0), estimate

the value ŷhigh
0 as in (4.5) and set ȳhigh

0 = ŷhigh
0 .

• Step 1: Sample Xk+1 according to the normalized restriction of ζ on the set Sȳk
high with “bet-

tering” probability γ , otherwise set Xk+1 = Xk. Perform Rk replications at Xk+1 (if Xk+1 6= Xk)

and estimate ŷhigh
k+1 as in (4.5). Then update the value of ȳhigh

k+1, such that

ȳhigh
k+1 = ŷhigh

k′

where k′ = argmini { f (xi) : i = 0, . . . ,k+1}. Then set,

Ȳk+1 = f (Xk′) (4.7)

to update the algorithm with the best value encountered.

• Step 2: If a stopping criterion is met, stop. Otherwise, increment k and return to Step 1.

As with HAS, the HAS-E algorithms is a framework for analysis, and not practical to implement.

However, the framework allows us to provide finite time analysis for the algorithm’s performance.

The analysis beings with Theorem 1, describing the number of replications chosen on each itera-

tion. We next prove in Theorem 2 that under certain assumptions about the replications, HAS-E

stochastically dominates a special case of HAS without estimation. Theorem 3 provides a bound

for the expected number of iterations and Corollary 4 provides a bound on the expected number of

iterations increases linearly in dimension, under certain conditions. Finally, a bound on the expected

number of replications needed to obtain this result is given in Corollary 5.

For purposes of our analysis, the ratio of volumes
ν(Syk )

ν(S
ŷhigh
k

) requires a lower bound, where ν(·) is

the n-dimensional volume of a set. A trivial bound for this quantity can be based on the value ε > 0

where yk > y∗+ ε , such that
ν(Syk)

ν(Sŷhigh
k

)
≥

ν(Sy∗+ε)

ν(S)

which holds regardless of the number of replications that are used to make the estimate.
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Figure 4.1: An illustration of sampling across three iterations (k = 1,2,3). The sampled points
are labeled x1,x2, and x3, with values y1,y2, and y3. The estimated values for the upper bound
ŷhigh

1 , ŷhigh
2 , and ŷhigh

3 are also shown. The values ȳ1, ȳ2, and ȳ3 correspond to the best sampled value
with corresponding upper-bounds ȳhigh

1 , ȳhigh
2 , and ȳhigh

3 .

However, we develop a further bound based on the number of replications such that
ν(Syk )

ν(S
ŷhigh
k

) ≥ q

for any value 0 < q < 1 provided that a large enough number of replications R are used in the

estimation of ŷhigh
k .

The general concept is illustrated in Figure 4.1 where the ratio of the volumes between the level

set Syk and Sŷhigh
k

becomes closer to 1 as the distance between the values ŷhigh
k and yk decrease; as

the number of replications increase, the distance between ŷhigh
k and yk decreases until

ν(Syk )

ν(S
ŷhigh
k

) can be

bounded below for a selected value q. Theorem 1 provides a bound on the number of replications to

achieve a lower bound q.

For a function f (x) on domain S, for a given 0 < q < 1, let κq be the maximum value such that,

for any z, y∗ < z < y∗, and any κ ′q < κq , then ν(Sz)
ν(Sz+κ ′q )

> q. Based on this quantity and the diameter

d of the domain S, we define

Kq =
κq

d
.

The quantity Kq can be viewed as the ratio of the change in objective function to the diameter
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of S that is associated with q. Furthermore, we define By as the largest ball, centered at x∗ that can

be inscribed inside a level set Sy for y∗ < y < y∗ with radius ry. Using these two defined concepts,

we can relate the number of replications to a selected q.

Figure 4.2: An illustration of the values yk and ŷk
high along with their corresponding level sets Syk

and Sŷk
high for a one-dimensional problem. The level sets are shown highlighted on the horizontal

axis. The ratio between the volumes of the level sets increases as the difference between ŷk
high and

yk decreases (which happens with a large number of replications).

Theorem 1. Given a function, f , and a point xk in the domain with a value yk = f (xk), and ŷk
high

estimated with Rk = R replications, for any given value 0 < q < 1 and ε > 0 such that yk ≥ y∗+ε if

R≥
(

n
√

q ·2 · zα/2 ·σ
(1− n
√

q) · ry∗+ε ·Kq

)2

(4.8)

then:
ν(Syk)

ν(Sŷk
high)
≥ q (4.9)

when yk ≤ ŷhigh
k ≤ yk +

2·σ ·zα/2√
R

(which occurs with probability (1−α)).
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Proof: See the proof outlined in Section B.2 of Appendix B.

We go on demonstrate that the HAS-E stochastically dominates a special case of HAS and go

on to provide a bound for the expected number of iterations and replications. Theorem 2 states that

HAS-E stochastically dominates a special case of the standard HAS algorithm.

We assume that the sampling distribution ζ has an lower and upper bound on the density over S

denoted ζlow and ζhigh. This implies that ζ has a non-zero probability of sampling anywhere on the

domain. The special case, HAS1, samples uniformly on the improving level set, Sȳk , where Sȳk =

{x ∈ S : f (x)< ȳk} and ȳk = min( f (X0), . . . , f (Xk)). The HAS1 bettering probability is chosen to be

(1−α) ·
(

ζlow
ζhigh

)2
·q · γ . Based on this definition of HAS1, Theorem 2 proves stochastic dominance

of HAS-E over HAS1.

Theorem 2. Consider problem (P1). Let Ȳ HASE
k be the best sampled value on the kth iteration of

the HAS-E algorithm with sampling distribution ζ and constant bettering probability γ . Let Ȳ HAS1
k

be the best sampled value of HAS1, the special case of the HAS algorithm with bettering probability

(1−α) ·
(

ζlow
ζhigh

)2
· q · γ and uniform sampling distribution. Ȳ HASE

k stochastically dominates Ȳ HAS1
k ,

that is:

P(Ȳ HASE
k ≤ y)≥ P(Ȳ HAS1

k ≤ y) for k = 0,1, . . .

where y∗ < y≤ y∗.

Proof: The proof is provided in Section B.2 of Appendix B.

Using Theorem 2 we go on to prove that the HAS-E algorithm has a well-defined upper bound on

the expected number of iterations until it samples within a set level of the true minimum y∗ through

a direct comparison to the HAS-E algorithm. Based on the dominance of the HAS-E algorithm the

number of iterations to obtain a desired objective function value necessarily have to be fewer than

the corresponding basic HAS algorithm with constant bettering probability and uniform sampling.

Theorem 3. Given HAS-E then an upper bound on the expected number of iterations until reaching

a value of y∗+ ε is:

E(N(y∗+ ε))≤ 1+
∫

∞

y∗+ε

dρ(t)

(1−α) ·
(

ζlow
ζhigh

)2
·q · γ · p(t)
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= 1+
1

(1−α) ·
(

ζlow
ζhigh

)2
·q · γ

· ln
(

ν(S)
ν(Sy∗+ε)

)
(4.10)

Proof: See the proof outlined in Section B.2 of Appendix B.

Corollary 4. When S in (P1) is a convex feasible region in n dimensions with a diameter d and

f (x) satisfies the Lipschitz condition with Lipschitz constant at most K , then the expected number

of iterations for HAS-E to reach a value y∗+ ε , ε > 0 , is bounded by,

E(N(y∗+ ε))≤ 1+

 n

(1−α) ·
(

ζlow
ζhigh

)2
·q · γ

 · ln(K ·d
ε

)
. (4.11)

Proof: The expression in (B.9) combined with the bounds on
(

ν(S)
ν(Sy∗+ε )

)
in [103, 106] produce the

result.

Corollary 5. For HAS-E with Rk = R replications for each iteration,

R =

(
n
√

q ·2 · zα/2 ·σ
(1− n
√

q) · ry∗+ε ·Kq

)2

(4.12)

the expected number of function evaluations to achieve a value within ε of the minimum ε > 0,

E(R(y∗+ ε)) is upper-bounded by a cubic function of domain dimension:

E (R(y∗+ ε))

≤

1+

 n

(1−α) ·
(

ζlow
ζhigh

)2
·q · γ

 · ln(K ·d
ε

) ·(( q
1−q

+
−log(q)

(1−q)2 ·n

)
2 · zα/2 ·σ
ry∗+ε ·Kq

)2

∼ O
(
n3) .

Proof of Corollary 5

Since, the number of replications each iteration is constant, we write the expected number of repli-

cations as,

E (Rk(y∗+ ε)) = R ·E(N(y∗+ ε)).
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Applying the inequality in Lemma 12 from Appendix B with Theorem 1, we get:

((
q

1−q
+
−log(q)

(1−q)2 ·n

)
2 · zα/2 ·σ
ry∗+ε ·Kq

)2

> R =

(
2 · n
√

q · zα/2 ·σ
(1− n
√

q) · ry∗+ε ·Kq

)2

.

Combining this with (4.11) from Corollary 4 for E(N(y∗+ ε)) we obtain

E(N(y∗+ ε))

≤

1+

 n

(1−α) ·
(

ζlow
ζhigh

)2
·q · γ

 · ln(K ·d
ε

) ·(( q
1−q

+
−log(q)

(1−q)2 ·n

)
2 · zα/2 ·σ
ry∗+ε ·Kq

)2

which is a cubic equation with respect to the dimension n.

This corollary demonstrates that the number of replications needed to obtain a value of ε above a

given value is bounded by a cubic polynomial function of the dimension. This results generally

extends the good finite-time results of the HAS framework for problems with estimation. In the

next section, we go on to examine a framework based on an adaptive search framework that samples

from a series of nested quantile level sets.

4.2 The Quantile Adaptive Search (QAS)

In this section, we define a new algorithm called Quantile Adaptive Search (QAS) which is an

optimization theoretical framework that attempts to locate optimal solutions for the problem P0,

without noise, by sampling from a series of nested level sets associated with decreasing quantiles.

The algorithm utilizes a series of sampling distributions defined by density function as ζk for k =

0, . . . ,K (on iteration k) such that ζk(x)> 0 for all x ∈ S.

We are interested in sampling solutions in a series of level sets defined by quantiles. For a

quantile level, 0 < δ < 1 , let a level set be denoted:

L(δ ,S) = {x : f (x)≤ y(δ ,S)}
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where y(δ ,S) is the δ -quantile of the domain S, or explicitly:

y(δ ,S) = argmin
y∗<y<y∗

P( f (X)≤ y)≥ δ

where X is a random variable uniformly distributed on S. We assume that the sampling densities,

ζk, are non-negative and bounded, with ζ
high
k = max(ζk(x) : x ∈ S) and ζ low

k = min(ζk(x) : x ∈ S) for

k = 1, . . . ,K. The probability of sampling a point Xk from the distribution ζk within the δ quantile

level set, L(δ ,S), is denoted:

P(Xk ∈ L(δ ,S)) =
∫

L(δ ,S)
ζk(x)dx = P(Yk ≤ y(δ ,S))

where Yk = f (Xk). Based on these definitions, we outline the QAS algorithm.

Quantile Adaptive Search (QAS)

Step 0: Start with parameters C > 1 and 0 < γ ≤ 1. Initialize k = 0 with δ0 with a given sampling

density ζ0. Sample X0 from ζ0. Ȳ0 = f (X0)

Step 1: Sample Xk+1 from the sampling distribution ζk+1, where ζk+1 and δk+1 satisfy four condi-

tions:

(i) δk+1 ≤ C ·δ(k), where δ(k) is the quantile defined by record value Ȳk

(ii) P({Xk+1 ∈ L(δk+1,S)})≥ γ

(iii) P({Xk+1 ∈ L(δ ,S)}|{Xk+1 ∈ L(δk+1,S)})≥ P({X0 ∈ L(δ ,S)}|{X0 ∈ L(δk+1,S)})

(iv) P(Ȳk+1 < y|Ȳk = ȳk) is non-increasing in ȳk for y < ȳk

Set

Ȳk+1 =


f (Xk+1), if f (Xk+1)< ȳk

Ȳk, otherwise

Step 3: If a stopping criterion is met, stop. Otherwise, increment k and return to Step 1.
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The motivating approach used for the QAS is that the random search will successively improve

its probability of sampling within a set of decreasing quantile level sets at every iteration. The

criteria for selecting ζk+1 and δk+1 as specified in (i) - (iv) constrains the target quantile and sampling

distribution with the following requirements:

(i) The quantile δk+1 is proportional to the quantile δ(k) associated with upper bound of the esti-

mate the best observed value ȳk.

(ii) The conditional probability of the kth sampling distribution, ζk of sampling within the δk quan-

tile level set L(δk,S) is bounded below by some minimum probability γ .

(iii) The conditional probability that the distribution ζk samples within lower level sets given it

samples within L(δk,S) is not lower than that of ζ0.

(iv) The conditioned probability that the distribution ζk samples within a lower level set given that

the previous sampled value was yk is non-decreasing in yk.

The challenge with implementation is selecting the δ -quantile values for which a sampling dis-

tribution can sample within the respective quantile level set. By constructing the algorithm in terms

of a decreasing quantile δk and an associated sampling distribution ζk, the QAS controls the rate of

sampling with the quantile parameter δk and distribution ζk, just as the Annealing Adaptive Search

is able to obtain the same finite time results as HAS by controlling the temperature parameter Tk.

To illustrate the general form of QAS see Figure 4.2. The three level sets at decreasing quantile

levels δk+2 < δk+1 < δk so that L(δk+2,S)⊂ L(δk+1,S)⊂ L(δk,S). At each iteration, a new “target”

quantile δk is selected along with a sampling distribution ζk. The sampling distribution ζk is selected

to keep some minimum probability of sampling within the “target” level set L(δk,S). Therefore, the

selection of a target quantile δk can be seen as mechanism for focusing the sampling distribution on

targeted quantile level sets.

We now provide an upper bound on the expected number on iterations until QAS samples a

value within ε > 0 of the optimal value y∗, E(N(y∗+ ε)). A general approach is to prove that the

general case of QAS stochastically dominates a special case of HAS.
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Figure 4.3: An illustration of series of nested nested level sets with δk > δk+1 > δk+2. QAS seeks to
sample from a set of level sets on each iteration.

With a QAS algorithm for some probability γ and constant C and an upper and lower bound on

the initial sampling probability, ζ0, such that ζ low
0 ≤ ζ0(x) ≤ ζ

high
0 ∀x ∈ S. Consider the objective

function values Ȳ QAS
k as a stochastic process on iteration k. Denote Ȳ QAS

k as the best sampled value

from QAS.

Given QAS, we specify a special case of the HAS algorithm, called HAS2, with a constant bet-

tering probability b equal to
(

γ

C

)
·
(

ζ low
0

ζ
high
0

)2

and sampling distribution ζ0 restricted to the improving

level set, and best sampled value Ȳ HAS2
k . Based on these definitions, we show that QAS stochastically

dominates HAS2.

Theorem 6. Consider the problem (P0). Let Ȳ QAS
k be the best sampled point at the kth iteration with

parameters γ and C . Let Ȳ HAS2
k be the best sampled of HAS2, the special case of HAS with bettering

probability, b = γ

C ·
(

ζ low
0

ζ
high
0

)2

and a sampling distribution ζ0. Ȳ QAS
k stochastically dominates Ȳ HAS2

k :

P(Ȳ QAS
k ≤ y)≥ P(Ȳ HAS2

k ≤ y) for k = 0,1,2, . . . ,
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where y∗ < y < y∗.

Proof: See the proof outlined in Section B.3 of Appendix B.

Theorem 7. The expected number of iterations until the value of y∗+ ε or better is sampled by the

QAS algorithm can be given an upper bound of:

E(N(y∗+ ε))≤ 1+
∫

∞

y∗+ε

C

γ
·

(
ζ

high
0

ζ low
0

)2

·
(

dρ(t)
p(t)

)
(4.13)

Proof: See the proof outlined in Section B.3 of Appendix B.

Corollary 8. If the initial sampling distribution ζ0 is uniform on the domain and f is a Lipschitz

continuous function with constant K the expected number of iterations until the value of y∗+ ε or

better is sampled by the QAS algorithm,

E(N(y∗+ ε))≤ 1+n · C
γ
·

(
ζ

high
0

ζ low
0

)2

· ln
(

K ·d
ε

)
(4.14)

where d is the diameters of the domain S.

Proof: The expression in (4.13) combined with the bounds on
(

ν(S)
ν(Sy∗+ε )

)
in [103, 106] produce the

result

This proves that, for the QAS algorithm, the expected number of iterations that are needed to

reach a specified value above the global minimum increases linearly in dimension. Although this is

a very strong result for the QAS framework, there are many difficulties in practically implementing

the QAS framework for a realistic problem. One issue is determining the value of the quantile level

associated with the best sampled point δ(k), the next is determining an algorithm that can consistently

sample within specified quantiles.

In the next chapter, we explore algorithms that can sample within a specified quantiles by par-

titioning the domain. These algorithms, under certain circumstances, attempt to approximate the

ideal performance of Quantile Adaptive Search on high dimensional problems.
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Chapter 5

ADAPTIVE SEARCH IMPLEMENTATION USING PARTITION BASED
ALGORITHMS ON HIGH-DIMENSIONS

Implementing the QAS algorithm has many difficulties similar to implementing Pure Adaptive

Search or Hesitant Adaptive Search. First, there is the problem of determining a sampling distri-

bution that can sample within a specified quantile δk, second there is the difficulty approximating

the quantile level that defines the best sampled value δ(k). However, QAS provides motivation for

developing algorithms that can sample from various level sets within a domain. If the algorithm is

able to sample from a quantile level set consistently at a target quantile, δk, an aggressive lowering

of the level δk on each iteration k may be able to approximate the ideal performance of the QAS

framework. Under these conditions, the developed implementations should have good performance

for higher dimensional problems.

There are a number of partition-based algorithms that can be used to attempt to sample within

a δ quantiles. Using these algorithms, paired with some method of lowering the δk targeted by

the algorithms at each iteration, this approach will allow optimization algorithms to sample widely

across the domain on early iterations, and then focus the random search into more promising re-

gions with a higher density of near-optimal points. These methods include the Nested Partitions

framework which focuses sampling on sub-regions of a domain based on some “promising” index

[96], Probabilistic Branch and Bound (PBnB) which statistically approximates a level set [105, 104],

and Optimal Computational Budgeting applied to partition-based optimization [21]. By exploring

partition-based algorithms that follow this general form, we may be able to address problems of

sampling within a specific level set.

In addition to describing some other novel new to partition-based optimization, the section goes

on to use PBnB for the basis of two new algorithms. PBnB is able to approximate quantile level-

sets with a series of hyper-rectangles (algorithm specified in Section A.3). Previous research on

the PBnB algorithm [104] provides finite time results that statistically guarantee certain regions
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are inside a target δ quantile level set, called “maintained”, or outside, called “pruned” within a

volume margin of error ε at some confidence level (1−α)4. This result allows algorithms that

use Probabilistic Branch and Bound to determine, in real time, whether the algorithm has sampled

within a level set, which is a key insight or users. This research uses a shifting targeted quantile,

with the hopes that the modified PBnB algorithm can be used to approximately implement QAS.

We consider this chapter to be a completion of research objective 2(b).

This chapter presents four implementable partition-based algorithms that attempt to improve the

performance of global optimization on high dimensional problems. Section 5.1 details an extension

of Optimal Computational Budgeting Allocation (OCBA) algorithm for continuous random search,

incorporating a “Look-ahead” methodology to improve the performance on multi-dimensional prob-

lems, this is based on research in [54].

In section 5.2, based on [55], we detail an extension of the Nested Partitions that focuses on the

sampling points within a targeted quantile, where we are able to extend several of the theoretical

convergence properties of the regular Nested Partition algorithm to our algorithm.

In Section 5.3 we present a straight-forward application of the PBnB algorithm with a shifting

quantile level to further focus sampling within promising regions of the domain, modified Proba-

bilistic Branch and Bound (mod-PBnB). In Section 5.4, we combine a Nested Partition framework

with PBnB to describe an algorithm called Nested Partition Probabilistic Branch and Bound (NP-

PBnB).

5.1 Optimal Computational Budget Allocation with Lookahead

Broadly there is a large range of OCBA methods to provide efficient use of function evaluations

by algorithms. Research done by Chen et al. [20, 21] is widely used in ordinal optimization [18,

19]. Only recently have OCBA algorithms been discussed in terms of partition-based optimization

methodology [54].

We have extended previous work done on OCBA in order to prioritize taking samples across

a multi-dimensional problem for a partition-based random search. Under our modified method, a

lookahead approximation is used in order to estimate the amount of budget that should be allocated

to optimize each dimension. The algorithm uses the approximation of probability of correctly se-
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lecting a partition in one dimension to determine the order of dimensional-search and a stopping

criterion for each dimension in the partition-based random search. The key insight in this con-

tribution is to use a “remaining probability of correct selection” to estimate the relative utility of

performing one dimension before the other, or allocating more of the total budget to developing a

certain approximation of the currently optimized dimension over saving that budget for later dimen-

sions. This subsection is selected from previous research published in the Proceedings of the 2015

Winter Simulation conference [54].

We start with the problem

minx∈Θ f (x) (5.1)

where f is function defined on a domain Θ with dimensions D. The algorithm partitions each

dimension sequentially and then select the best region within that partition.

We can express a set of subregions of the space Θ such that each dimension is divided into M

equal intervals so that the space is partitioned into MD boxes θ
(D)
γ indexed by a D length array of

tuples γ = ((d1,md1),(d2,md2), ...,(dD,mdD)) where d1, ...,dD is a permutation of the dimensions

{1, ...,D}, and the values md1 , ...,mdD range from 1 to M and indicate a specific interval on a dimen-

sion. We define a box of order k as

θ
(k)
(d1,md1 ),...,(dk,mdk )

=
M⋃

md=1

θ
(k+1)
(d1,md1 ),...,(dk,mdk )(d,md)

where d is one value in the set of remaining dimensions D(k)
r = {1, ...,D}/{d1,d2, ...,dk} and k =

0,1, ...,D−1. For reference, θ
(k)
(d1,md1 ),...,(dk−1,mdk−1 )(dk,·) indicates the set of boxes {θ (k)

(d1,md1 ),...,(dk−1,mdk−1 )(dk,m)

∀m = 1, ...,M}.

The approach determines the best order of dimensions to optimize as shown in Figure 5.1 for

a three dimensional example. A partition-based algorithm will have to select which dimension to

divide and select first, here the example shows the algorithm dividing along dimension 2 first (gray),

followed by dimension 3 (dark gray), followed by dimension 1 (black).

For a set of correct indices d1
∗, ...,m∗dD

the Probability of Correct Selection (PCS) is denoted

P(mb
d1
=m∗d1

, ...,mb
dD

=m∗D) for any permutation d1, ...,dD of {1, ...,D}. The Optimal Computational
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Figure 5.1: An example of boxes of different order in a three dimensional domain, with M = 3. The
order to the dimensional division will result in a different set of sub-regions and a different selection
problem. The look ahead determines the effectiveness of ordering the selection of dimensions.

Budget Allocation (OCBA) problem can be defined as follows. Let N(D)
(d1,md1 ),...,(dD,mdD )

be the number

of samples in box θ
(D)
(d1,md1 ),...,(dD,mdD )

. Our goal is to select the allocation of samples to maximize the

probability of correct selection relative to some budget T . The problem then becomes a question of

maximizing the probability of correct selection by selecting the number of samples and ordering of

dimensions.

max
N(D)
(d1 ,md1

),...,(dD,mdD
)

PCS|N(D)
(d1,md1 ),...,(dD,mdD )

subject to
M

∑
md1=1

· · ·
M

∑
mdD=1

N(D)
(d1,md1 ),...,(dD,mdD )

= T , for any permutation d1, ...,dD of {1, ...,D}

(5.2)

One solution to reducing the size of problem (5.2) is to sequentially optimize the probabilities

of correct interval selection on each dimension. In sequence, each probability can be conditioned on

selecting previous dimensions’ interval correctly. The result is a series of D optimization problems

across M variables corresponding to each dimension where the kth iteration determines the optimal

mb
dk

which is used to condition the next k+1st order problem.

We can describe this function as the probability of correct selection based on allocating budget
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across dimensions in a certain order. To accomplish this, our research proposes a heuristic called

Approximate Probability of Correct Selection, that depends only on the choices the budget allocated

to already optimized dimensions

APCS(k,dk,Tdk , ...,TdD). (5.3)

In order to approximate a lower bound, we assume that all future budget is equally distributed

across the unspecified dimensions and that the probability of correctly selecting a dimension is based

on the first k divisions of the domain. A further lower bound is created by estimating P(mb
d = m∗d)

using observed samples in the k + 1 order boxes where dk+1 = d. Therefore at every iteration,

we compute APCSleave and APCSstay, the approximated probability of correct selection based on

whether we continue to allocate budget to selecting the optimal interval in this dimension or re-

serving the remaining budget for optimizing along the remaining dimensions. Using lookahead

heuristics, the algorithm is better able to divide up a computational budget in between dimensions.

The initial methods for using a lookahead approximation, has generated some benefits to the

computational efficiency of partition-based methods. For a problem that is not symmetrical in di-

mension, the lookahead provides some benefits to developing an efficient solution. This general

result illustrates a significant advantage to employing the modified OCBA algorithm to the problem

of optimizing a multidimensional black box function. Furthermore, the algorithm might be easily

applied to our goals in research objective 2(a). However more work is needed to apply similar

OCBA methodology to the risk-based optimization model.

5.2 Quantile Based Nested Partition Algorithm

Although, OCBA is effective at improving the efficiency of random search algorithms, it does not

directly address the question of sampling from a quantile in a way that might approximately im-

plement QAS. However, a number of partition-based algorithms can be easily extended to sample

from quantile level sets. We first examine an extension of the Nested Partition algorithm that targets

quantiles [95]. We include the following section from a paper published in the Proceedings of the

2016 Winter Simulation conference [55].
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In this section we describe the implementation of a quantile-based Nested Partition algorithm

for black-box functions. We prove that the quantile-based Nested Partition algorithm converges

in probability to an unbranchable region (e.g., specified by the user) with the smallest value of

the targeted quantile. We also prove that, with a sufficiently low target quantile, the probability

that the unbranchable region with the lowest estimated quantile contains the true global optimum

approaches 1 as the number of iterations become arbitrarily large. We implement the quantile-based

Nested Partition algorithm on a set of common test problems with and without OCBA sampling

as in [21]. We find that the addition of the OCBA sampling scheme results in better (closer to the

global minimum) sampled points using the same allocated budget.

Figure 5.2: An example illustrating four iterations on a two dimensional domain, with M = 3. Each
iteration the algorithm samples from a lower level-set. Here the selected “most-promising” region
is marked with a red star.

Given a partitioning scheme (typically along each dimension), we define a region as “unbranch-

able” when the length of each dimension i is less than or equal to some length εi. Other definitions

for unbranchable might include a minimum volume or a contained diagonal length. Let Σmax denote

the set of unbranchable regions that form a partition on S (i.e.,
⋃

σ∈Σmax
σ = S and σ

⋂
σ ′ = /0).

The inputs to the algorithm include the δ -threshold quantile, the branching scheme M, a defined

budget per iteration T , and a minimum number of iterations K. The input parameter K sets a

minimum number of iterations that is typically larger than the number of iterations to achieve an

unbranchable set by consecutive partitioning, to prevent the algorithm from stopping prematurely.

A maximum number of iterations may also be set, however we use the discovery of an unbranchable

region to determine the stopping condition. The full algorithm is written below:
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Quantile-based Nested Partition Algorithm (QNP)

STEP 0 Initialize: Set δ , M, T , and K. Set Σcontend(0) = {S}. Define the most promising

region (best) σB(0) = S and set k = 1.

STEP 1 Partition: If σB(k− 1) is unbranchable then Σcontend(k) = Σcontend(k− 1). Oth-

erwise, partition the most promising region, σB(k− 1), into M regions of equal volume

σB(k−1)1, . . . ,σ
B(k−1)M, and update

Σcontend(k) =
(
Σcontend(k−1)\σB(k−1)

) M⋃
m=1

σ
B(k−1)m.

Let σ k
j , j = 1, . . . ,‖Σcontend(k)‖ represent each region in Σcontend(k).

STEP 2 Sample: Sample Nk
j points from region in σ k

j ∈Σcontend(k) for j = 1, . . . ,‖Σcontend(k)‖

including previously sampled points such that ∑
‖Σcontend(k)‖
j=1 Nk

j = k ·T . Note there must be at

least one newly sampled point in each of the regions in Σcontend(k) (we specify a method for

setting the budgeting allotments Nk
j using OCBA or otherwise). Denote the sampled points in

σ k
j as

x j
1, . . . ,x

j
Nk

j
.

Rank the sample points by their function evaluations, i.e., x j
(1), . . . ,x

j
(Nk

j )
such that f (x j

(1)) ≤

f (x j
(2))≤ ·· · ≤ f (x j

(Nk
j )
).

STEP 3 Estimate Quantile: Let vmin(k) be the smallest volume of the regions in Σcontend(k).

For each σ k
j ∈ Σcontend(k) for j = 1, . . . ,‖Σcontend(k)‖ determine ŷ j as an estimate of the quan-

tile y
(

δ · vmin(k)
v(σ k

j )
,σ k

j

)
, estimated as:

ŷ

(
δ · vmin(k)

v(σ k
j )

,σ k
j

)
= f

x j(
ceil

(
Nk

j ·δ ·
vmin(k)

v(σk
j )

))


where the expression ceil(x) is the lowest integer greater than x.



57

STEP 4 Rank: Determine a new most promising region σB(k) ∈ Σcontend(k) such that

ŷ
(

δ · vmin(k)
v(σB(k)) ,σ

B(k)
)
< ŷ

(
δ · vmin(k)

v(σ k
j )
,σ k

j

)
∀σ k

j ∈ Σcontend(k). In the case of a tie, such that

ŷ
(

δ · vmin(k)
v(σ k

i )
,σ k

i

)
= ŷ

(
δ · vmin(k)

v(σ k
j )
,σ k

j

)
for sets σi,σ j ∈ Σcontend(k) then let σB(k) be the set

with the greater volume, if volumes are tied break the tie arbitrarily.

STEP 5 Stopping Condition: Record the minimum incumbent value f B
k = min j f (x j

(1)) for

j = 1, . . . ,‖Σcontend(k)‖. If k ≥ K and σB(k) is unbranchable then stop the algorithm, other-

wise increment k and go to Step 1.

The algorithm proceeds at each iteration to partition the most-promising region if it is unbranch-

able. It then samples a positive number of points (determined by a budgeting scheme) and estimates

quantiles for each of the remaining regions. For purposes of selecting the most promising region,

larger regions have proportionally smaller quantiles estimated (relative to the volume of the smallest

contending region) and therefore the algorithm has a probability of selecting larger volumes as the

“most promising” and “backtracking” to other areas of the domain for consideration. The algorithm

terminates once an unbranchable region has been developed and a minimum number of iterations

have elapsed. Therefore the algorithm ends with an unbranchable region with the lowest estimated

quantile.

An example is shown in Figure 5.2 for a two dimensional domain. On the first iteration the

algorithm creates M = 3 different regions and selects the most promising region indicated by a

?. On the second iteration the most promising region is partitioned (replacing σ3 with σ3,σ4 and

σ5). In this example, the most promising region on iteration 2 is σ1, illustrating backtracking. The

algorithm finally lands on the most promising region σ4 at k = 4 with σ4 being an unbranchable

region.

The quantile-based Nested Partition algorithm has a number of useful convergence properties

that mirror the original Nested Partition algorithm. First, we can observe that, as the number of

iterations approaches infinity, the most promising region will be the subregion in Σmax with the

lowest true quantile. Let σ∗ be the best unbranchable region, σ∗ ∈Σmax such that y(δ ,σ∗)< y(δ ,σ)

for all σ ∈ Σmax with σ 6= σ∗. For purposes of analysis we assume σ∗ is unique.
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Theorem 9. As k→ ∞ then P
(
σB(k) = σ∗

)
→ 1.

Proof: See the proof outlined in Section B.4 of Appendix B.

Theorem 10. If f is a function that satisfies the Lipschitz condition with Lipschitz constant L, there

exists a value δ ∗ such that for all δ < δ ∗ then P(x∗ ∈ σB(k))→ 1 as k→ ∞.

Proof: See the proof outlined in Section B.4 of Appendix B.

Although the quantile-based Nested Partition algorithm is guaranteed to eventually find the un-

branchable region with lowest specified quantile, the efficiency of the algorithm will largely depend

on the allocated budget Nk
j in each contending region σ k

j ∈ Σcontending(k). At each iteration k the

algorithm will sample points and branch the most promising region in order to focus more sampling

in the newly branched regions on the next iteration. It is therefore important for efficiency to choose

the most promising region with the lowest quantile to minimize backtracking and focus sampling in

the regions likely to contain optimal points.

To ensure efficiency of the algorithm, values for Nk
j are chosen to maximize the probability of

correctly selecting the most promising region. At a given iteration, we define an index b such that

y
(

δ · vmin(k)
v(σ k

j )
,σ k

j

)
≥ y
(

δ · vmin(k)
v(σ k

b )
,σ k

b

)
∀σ k

j ∈ Σk
contend for j 6= b.

Because of the normality of the estimator, we can extend the methodology for OCBA across a

partitioned domain in order to asymptotically maximize the probability of correctly selecting the

most promising region. The formula derived by [19] specifies equations that asymptotically opti-

mize the probability of correct selection when choosing sampling points to divide between a discrete

number of normally distributed estimators,

N j′

N j
=

 s j
δb, j
s j′

δb, j′

2

∀ j, j′ 6= b Nb = sb

√√√√‖Σcontend(k)‖

∑
j=1, j 6=b

N2
j

s2
j

QNP allows for the sampling of points within a level-set and can be used in combination with an

recursive algorithm to implement QAS with the right selection of δ at each iteration. However, the

quantile based Nested Partitions framework, does not have results that extend to changing quantile



59

levels. The next sections explore extending the convergence results of this algorithm when the δ

quantile level is changed from iteration to iteration.

5.3 Modified Probabilistic Branch-and-Bound

The Probabilistic Branch and Bound (PBnB) algorithm has a finite time analysis and relatively

good performance for level-set approximation of a black box function on a continuous domain with

noise [45]. The algorithm generates a set of samples inside a set of hyper-rectangles and prunes

and maintains regions based on the statistical likelihood that each of the regions will fall within

the specified level-set. Through a number of iterations, the algorithm guarantees that a minimum

volume ε is incorrectly pruned from the level set with probability (1−α)4. Each iteration involves

estimating the upper and lower bounds of the targeted quantile ŷup(δk,σ) and ŷlow(δk,σ). The full

PBnB algorithm is listed in Appendix A.

The Probabilistic Branch and Bound algorithm can be used for purposes of optimization by

isolating a promising level-set and sampling points within that region of the domain. However, there

are direct trade-offs concerning the targeted level quantile δ . If the δ value is too low, the algorithm

will not be able to successfully isolate a region for sampling, if δ is too high, the algorithm will not

be able to improve sampling within a region that is close to the optimal solution.

Since PBnB constructs a quantile level set approximation, it is a good algorithm for attempting

to sampling within a series of quantile level sets. To implement we propose modifying the algorithm

with a deceasing value of δk between iterations. Regions pruned with a set confidence (1−α)4 that

they do not contain more than ε of the targeted level set, will also be pruned at the lower level-set

δk+1 since δk+1 ≤ δk and L(δk+1,S)⊂ L(δk,S).

The algorithm can be seen as an extension of the PBnB algorithm with level set approximation,

with an additional step outlined in Figure 5.4. Here the a single iteration of the PBnB algorithm

is contained in STEP 2 and 3 with additional steps providing rules for updating the target quantile

δk. The general framework updates the δk such that the upper and lower bound of quantile value

are estimable. The algorithm requires preset values δ1 . . .δL and K1 . . .KL that control the amount of

sampling spent on each quantile level. The new algorithm is defined as follows:

Modified PBnB for Nested Quantile Level Sets (mod-PBnB)
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STEP 0 Initialize: Set k = 1, l = 1, select an initial δ0, and α , ε , kb, B, R0 for the Probabilistic

Branch and Bound, and set quantile levels, δ1 . . .δL. Set sub-iteration limit K1 . . .KL, K′1 . . .K
′
L,

and N1 . . .Nk and max iterations Kmax. Set Σcontend
0 = S and Σmaintain

0 = /0 and Σ
prune
0 = S.

Sample initial set of points uniformly on the domain S.

STEP 1 Determine Contending: Set l = l + 1. If the quantile bounds, ŷup(δk,σ) and

ŷlow(δk,σ) are estimable, update delta δk = δl and set

Σ
contend
k = Σ

contend
k−1

⋃
Σ

maintain
k−1

Σ
maintain
0 = /0

STEP 2 Sample: Sample a number of points Nk on Σcontend
k , then run Probabilistic Branch

and Bound for one iteration at level δk to update Σcontend
k , Σ

prune
k , and Σ

prune
k (as outlined in

Appendix A.3).

STEP 3 Stopping Conditions: Set k = k + 1. If there are no pruned regions within Kl

iterations or K′l iterations have elapsed, return to Step 1, otherwise return to Step 2. If no

branchable sub-regions or if ε

ν(S) < δk, END the algorithm and report the result.

Initial numerical experiments, have shown some good results for using mod-PBnB as an opti-

mization method. We show initial results on the two dimensional Rosenbrock function in Figure

5.5. Using the values of δ1 = 90%, δ2 = 30%, and δ3 = 5%, we are able to successively sample

within decreasing level sets as shown in Figure 5.3.

The mod-PBnB algorithm successfully samples within decreasing quantile level sets as defined

by a user. Furthermore, the decreasing level sets allow the algorithm to focus on the promising

regions of the domain. The theory attached to the PBnB algorithm generally ensures that we will

not incorrectly prune more than ε of the domain at any given iteration.

However, the mod-PBnB algorithm has many of the same problems that the original level-set

approximations does. First as the iterations increase, the number of sub-regions needed to track

the number of contending regions increases exponentially. Furthermore, mod-PBnB spends a large
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Figure 5.3: An outline of using the mod-PBnB algorithm with a lowering δk level at each iteration.
The modified portions of the PBnB algorithm are outlined in red which controls the lowering of δk.

amount of function evaluations exploring very high quantiles. The mod-PBnB algorithm cannot

make use of initial “good” points to focus its sampling efforts. To confront some of these issues, we

develop an alternative algorithm that builds the PBnB pruning and maintaining steps into a nested

framework in Section 5.4. Here the algorithm limits the total number of rectangles needed to focus

sampling on regions that contain a good initial point.

5.4 Probabilistic Branch and Bound in the Nested Partition Framework



62

Figure 5.4: An example illustrating three iterations of the mod-PBnB algorithm on a two dimen-
sional Rosenbrock function, with M = 3 with maintained regions are in deep blue, contending re-
gions in blue, and pruned regions in white.

Incorporating the learnings from both Sections 5.2 and 5.3, we present one more implementable

algorithm that builds the exploration of points into the Nested Partition framework. The general ap-

proach, will incorporate the mechanisms for pruning and maintaining regions incorporated into the

Nested Partition framework mechanism for focusing on specific regions. This algorithm maintains a

fixed number of sub-regions in a partition-scheme and updates itself by trying to estimate the “most-

promising” region (based on a promising index function) based on whether the region is likely to be

part of the target quantile level-set, and sub-dividing the domain within that new promising region,

back-tracking when necessary.

We define a promising index function, such that, for some final quantile δk, regions that are

inside the level set L(δk,S) are ranked first (using the best value sampled in each region as a tie

breaker) followed by the regions that cannot be pruned or maintained in L(δk,S) (using the best

value sampled in each region as a tie breaker). This is very similar to selecting regions based on

their best point sampled, since as the number of sub-regions goes to infinity a sufficiently small δk

will result in the most promising region necessarily containing the global optimum (for Lipschitz
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continuous functions).

Each iteration, the algorithm then divides the region into B sub-regions. The algorithm then

selects a most promising region based on what is pruned and maintained. After selecting, the algo-

rithm will restart the partitioning and selection process on new most-promising region, attempting

to sample within the δ quantile of the new region. At each iteration, the algorithm will check to see

if the current most-promising region can be pruned from the level set approximation of L(δK ,S),

ensuring that it constantly attempts to sample from a lower quantile level-set. Every iteration will

lower the δk+1 = δk+1/B focusing the sampling down on lower level sets.

In addition to the general combination, the algorithm also performs a look-ahead (as in Section

5.1) by splitting the region on each each dimension and then selecting the dimension for partitioning

based on how many pruned or maintained regions will be generated. This look ahead helps the

algorithm deal with domains that have asymmetrical properties between different dimensions.

Probabilistic Branch and Bound in Nested Partition (NP-PBnB)

STEP 0 Initialize: Set parameters B divisions, ε , α and target quantile value δ as well an iteration

limit Klimit . We set ΣC
0 = {S} and ΣP

0 = ΣM
0 = /0. Set k = 1 (iterations) and set the modeled, effective

quantile δ1 = δ . Set ΣC
0 = /0 the current contending regions, the identified promising regions ΣM

0 = /0,

and the pruned regions, ΣP
0 = /0.

STEP 1 Sample: Sample Nk points on each region σ ∈ ΣC
k−1 (by construction this is one region)

and order all of the points on the region, xi,(1),xi,(2), . . . ,xi,(Nk), such that:

f (xi,(1))≤ f (xi,(2))≤ . . . , f (xi,(Nk))

Find the indexes,

rdown = maxr :
r−1

∑
i=0

(
Nk

i

)
(δ )i ·(1−δ )(Nk−i) ≤ αk

2
and sup = mins :

s−1

∑
i=0

(
Nk

i

)
(δ )i ·(1−δ )(Nk−i) ≥ αk

2

and estimate quantile thresholds, so that ŷup(δ ,σ) = f (xi,(sup)) and that ŷlow(δ ,σ) = f (xi,(rdown)).

STEP 1 Backtrack: Sample Nbacktrack additional points on S, order all sampled points {x} with or-
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dered points {x′(1) . . .x
′
(k·Nbacktrack)

} and corresponding values {y′(1) . . .y
′
(k·Nbacktrack)

}, estimate the upper

and determine the upper and lowerbound for the region S, where:

s′up = mins :
s−1

∑
i=0

(
Nk

i

)
(δk)

i · (1−δk)
(Nk−i) ≥ αk

2

and that ŷ′
up
(δk,σ) = y′

(s′up)
.

• If yn
i,(1) > ŷup′(δk,σ), k > 1, and σ 6= S. Then set ΣP

k = ΣP
k−1

⋃
ΣC

k−1 and ΣC
k = σi where σi is

the largest volume region in ΣC
k−1 and σi /∈ ΣP

k . Set k = k+ 1, and δk = M · δk−1 then go to

STEP 1.

• Else proceed to STEP 2.

STEP 2 Branch: For each dimension, n, create a partition of the region, σ ∈ ΣC
k of B subregions,

such that σ = {σn
1
⋃

σn
2 . . .

⋃
σn

B}. For each region, index the Nn
k sampled values within it, such that

{yn
i,(1) . . .y

n
i,(Nn

k )
} ∈ σ

n
i

Define, Nσn
i

as the number of points sampled in σn
i . If Nσn

i
> ln(αk)

ln
(

1− εk
ν(σ)

) , determine whether each of

the regions is pruned or promising such that

Mn
i =


1, if yn

i,(Nn
k )
< ŷlow(δ ,σ)

0, otherwise
Pn

i =


1, if yn

i,(1) > ŷup(δ ,σ)

0, otherwise

• If ∃ Pn
i = 1, choose the branching dimension n based of the set {σn

1 , . . . ,σ
n
B} that contains

the region, σn
i , σn

i /∈ ΣP
k , with the largest side and Pn

i = 1. Set ΣC
k = {σn

i }, where σn
i is the

region in the selected dimension with the largest side and Pn
i 6= 1, if there is a tie in side length

pick the region with the best sampled value, yn
i,(1).

• Else, if ∃ Mn
i = 1, choose the branching dimension n based of the set {σn

1 , . . . ,σ
n
B} that

contains the region, σn
i , σn

i /∈ ΣP
k , with the largest side and Mn

i = 1. Set ΣC
k = {σn

i }, where σn
i
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is the region in the selected dimension with the largest side and Mn
i = 1, if there is a tie in side

length pick the region with the best sampled value, yn
i,(1).

• Else, choose the region with the largest side, σn
i , σn

i /∈ ΣP
k , and set ΣC

k−1 = {σn
i }.

STEP 3 Stopping Conditions Check to see if we have reached Klimit iterations or if there are

no more branchable regions. If so, STOP. Otherwise set k = k + 1, αk = αk−1/B, εk = εk−1/B,

δk = δk−1/B and return to STEP 1.

Generally, we set

Nk = B · ln(αk)

ln
(

1− εk
ν(σ)

)
to ensure that on average we sample a sufficient number of points to qualify for pruning or maintain-

ing based on the requirements of the PBnB algorithm. Alternatively, the sampling at each iteration

can be set to static quantity as is done when solving the paneling problem in Section 3.2.

A brief example is illustrated in Figure 5.5 with three iterations of the PBnB-NP algorithm with

B = 3 and δ = 90%. On the first iteration, k = 1, we have a δ1 = 90% and select the upper region,

σ1, (in light blue) which is maintained at δ1 = 90% as the “most promising” region. The second

iteration attempts to maintain a region within the 90% quantile of the new “most-promising” region,

σ1, and checks to make sure that the region is within the δ2 = 30% of the domain. After maintaining

another region σ2, the next iteration, k = 2, the algorithm identifies a “most promising” region within

the 90% quantile of the region σ2, and checks to make sure the region is within δ3 = 10% of the

entire domain.

There are several advantages of using this approach. First, since we are using the general sam-

pling and pruning method from PBnB, we can assure that the regions that are incorrectly pruned

are no more than ε of the domain volume with certainty (1−α)4 on any iteration. Furthermore the

use of the Nested Partition framework prevents the algorithm from developing new sub-regions ex-

ponentially. Moreover, if a low number of points are sampled on the early iterations, the algorithm

will focus very quickly on sampling within a small region of the domain (only later coming up if

that region is pruned), that contains initial good points. This can be helpful if there is an initial point
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Figure 5.5: An illustration of the NP-PBnB algorithm with three iterations. At k = 1 the algorithm
attempts to find a promising region that is within the δ1 = 90% of the domain locating σ1 as the
“most promising” region. At k = 2 the algorithm attempts to find a region in quantile δ2 = 30% of
the domain locating σ2 as the “most promising” region. Finally, at k = 3, the algorithm attempts to
find a promising region inside the quantile δ3 = 10% of domain, locating σ3.

that is particularly promising or if domain knowledge is providing a range of solutions that might

be close to an optimum.

Although both the NP-PBnB algorithm and mod-PBnB algorithm provide a way of partially

implementing a QAS framework in a practical algorithm, these algorithms cannot fully implement

QAS, and therefore do not inherit its ability to efficiently determine near optimal solutions for high

dimensional problems. Although these algorithms have been shown to be effective for our particular

problems in Chapter 3, a broader perspective on how these methods perform on general optimization

problems is needed. In Chapter 6, we explore benchmarking algorithms that explore the effective-

ness of these algorithms when tested on general test functions along with other benchmarking efforts

to test the effectiveness of optimizers on finding solutions to black-box functions.
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Chapter 6

BENCHMARKING EFFICIENT SIMULATION OPTIMIZATION METHODS

The general problem of finding better global optimizers across a broad spectrum of problems is

best addressed through optimization benchmarking [67, 42]. Here we look at the performance of

a variety of algorithms and compare their performance on common benchmarking problems. The

benchmarking effort measures how the optimizers perform relative to the tested problems, in terms

of dimensionality, amount of noise, and other problem characteristics.

The basic simulation optimization problem addresses in this chapter is,

minx E[g(x,χ)] (P2)

s.t. x ∈ S

where x is a mixed integer/continuous vector that can be decomposed x = [x′x′′] such that x′ ∈Rn are

the continuous decision variables, and x′′ ∈ Zm are the integer decision variables, and S is a domain

defined by box constraints such that li ≤ xi ≤ ui for an lower and upper bound li and ui for dimension

i. The noise is represented by a random variable χ . We denote an optimal solution x∗ ∈ S.

Black box optimization algorithms find solutions by sampling the objective function at various

points. Generally optimizers run replications in order to estimate the function, as described in Chap-

ter 4. The use of the sample mean can account for noise and prevent the optimization algorithm from

tracking objective function values that are dominated by noise. However, sometimes optimizers are

run using only single observations or using novel sampling distributions to control for the effects

of noise [59]. However, the function evaluations spent performing replications typically comprise a

large percentage of the number of function evaluations to control for noise.

As described in Chapter 4 and Chapter 5, the computation of optimization algorithms increse

dramatically as the number of dimensions increase. Some optimizers which develop good solutions

for low dimensional problems become less well suited for problems that have a large number of
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dimensions. Furthermore, the addition of integer constraints can be an issue for many optimization

methods [105].

Generally, to demonstrate efficiency optimizers need to be tested against benchmarks with a

variety of dimensions and levels of noise in order to demonstrate their utility. Furthermore, there are

questions concerning the need for using multiple replications versus other sampling techniques. By

varying the noise and dimension on a set of sample problems (whether real simulations or common

benchmarking problems), a benchmark effort can compare the efficiency of their performance under

a variety of circumstances. We consider this chapter to be a completion of research objective 2(c).

In the following sections we describe several efforts at benchmarking. Section 6.1 describes a

benchmarking effort that captures the effect of using a “shrinking ball” technique for noise han-

dling, comparing the estimation technique against the sample mean approach of objective function

formulation across a series of 4 selected optimization techniques. In Section 6.2, we extend the

benchmark to include analysis of the functions developed in Chapter 5 over the test functions used

for benchmarking in Section 6.1.

6.1 Determining the Effect of Replication Techniques on Optimizer Efficiency

Due to the increasing application of stochastic simulations in a variety of practical applications,

there is increasing interest in simulation optimization in many research communities. Simulation

optimization methods typically focus on black-box problems with no known analytical structure

[5]. An alternative method for approximating the fitness of a sampled point for a stochastic black-

box function is to examine single observations inside the volume of a hypersphere [13, 6, 51]. The

shrinking ball approach uses function values in a neighborhood of each sample point to approximate

the fitness at that point. As the sampling proceeds and the number of values in the neighborhood of

the point grows, the shrinking ball reduces the average noise of the estimated black-box function.

The shrinking ball approach allows for more of the computational budget to be used to explore the

domain while accounting for noise through aggregation inside of the ball. The following section

overviews results previously published in Proceedings of the Winter Simulation Conference 2017

[59].

A number of papers have measured the relative effectiveness of optimization algorithms for
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black-box functions on discrete or continuous domains [73, 28, 60], including applications such as

[81, 3, 85, 74]. However, little attention has been given to the relative impact of alternative methods

for estimating function response on the performance of optimization algorithms.

This paper describes the application of the shrinking ball approximation method to four dif-

ferent optimizers: Simulated Annealing Pattern Hit-and-Run (SAPHR), Interacting Particle Algo-

rithm Pattern Hit-and-Run (IPAPHR), Particle Swarm Optimization (PSO), and Covariance-Matrix

Adaption Evolution Strategy (CMAES). The methods selected constitute a diverse sampling of ap-

proaches to black-box optimization that include heuristic approaches (PSO), random search (SAPHR,

IPAPHR), and model-based methods (CMAES) as categorized in [5]. Each of the four selected

methods are tested with both multiple replication and the shrinking ball approach to estimate the

function response.

The test functions are non-convex functions on mixed integer/continuous domains. To compare

the selected solvers, we apply each solver to six non-convex functions popular in the benchmark

literature [3, 85]. Furthermore, to explore the effect of discretization, we test over a range of dimen-

sions (with both continuous and integer values).

In general, our results suggest, the shrinking ball usually outperforms multiple replications. The

performance improvement is more prevalent for low noise, and low dimensions. The percentage

of integer variables has little effect. Moreover, this initial benchmark study points to a benefit of

using mixed techniques for controlling noise, particularly using single observations in early stages

of optimization to improve the exploration of the domain. Some discussion is offered on the relative

performance of different shrinking radius rates and opportunities for extending the research.

We use six non-convex test functions from both [3] and [85]. These functions include Ack-

ley’s Function (between [−30,30] on each dimension), Griewank Function (between [−600,600]

on each dimension), Rastrigin Function (between [−5.12,5.12] on each dimension), Rosenbrock’s

Function (between [−2,2] on each dimension), and Sinusoidal Function both centered and shifted

(between [0,180] on each dimension). In order to effectively compare algorithms in a noisy context,

we include a random noise factor corresponding to noise of 10% and 20% of the function value

respectively. There are six types of test functions with two different dimensions, and three types of

integer dimensions, and two levels of noise for a total of 6× 3× 2× 2 = 72 different trials. Each
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optimizer is run with both multiple replications and shrinking ball, for 5000 function evaluations

(whether used in replications or otherwise). Each trial is repeated 30 times with different initial

sample points.

We tested nine different optimizers, abbreviated as follows (“SAPHR-sb”, “SAPHR-mr”, “IPAPHR-

sb”,“IPAPHR-mr”, “PSO-sb”, “PSO-mr”, “CMAES-sb”,“CMAES-mr”, “CMAES-nh”) to stand for

Simulated Annealing with Pattern Hit-and-Run with Shrinking Ball, Simulated Annealing with Pat-

tern Hit-and-Run with multiple replications, Interacting Particle Algorithm Pattern Hit-and-Run

with Shrinking Ball, Interacting Particles Algorithm Pattern Hit-and-Run with multiple replications,

Particle Swarm Optimizer with Shrinking Ball, Particle Swarm Optimizer with multiple replications,

CMAES with Shrinking Ball, CMAES with multiple replications, CMAES with implicit noise han-

dling respectively.

Two comparison metrics are used to track the solver progress. For a given best point x∗k found

at a certain number of function evaluations k, we record two objective values (1. the best estimated

function response f̂ (x∗k) averaged over 30 runs, and 2. the “true” value with no noise of the best

point found f0(x∗k) averaged over 30 runs)

These two measurements provide insight into the progress accomplished by each of the opti-

mization methods by tracking both their approximated and true value of the solutions found. We

expect the first value to consistently decrease versus the number of function evaluations, whereas

the second may fluctuate due to noise. Differences between the graphs provide initial insight into

the affect of noise on the system.

Figure 6.1 illustrates the metrics f̂ (x∗k) and f0(x∗k) averaged over 30 runs for the six test functions

in ten dimensions, all continuous dimensions, with 10% noise. The experiment generated 12 such

arrangements of figures but only one is included in this summary. In Figure 6.1, for each test

function, there are two graphs. The left graph plots the approximated function values, ( f̂ (x∗k)), and

the right graph plots “true” value, ( f0(x∗k)).

First, throughout the plots in Figure 6.1 we observe a tendency of methods using shrinking ball

approximation to obtain better optimal solutions earlier. This improvement is more pronounced for

the approximated function values, f̂ (x∗k), but is still generally present when tracking f0(x∗k). The

improvement demonstrated by the shrinking ball approach over the multiple replication method is

present for all optimizers for some test functions, the Ackley, Griewank, Rastrigin, and Rosenbrock.
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For the sinusoidal functions (both shifted and centered) only several optimizers using the shrinking

ball approach are superior to the multiple replication approach. By observation we note that, with

the exception of the centered sinusoidal function, the CMAES optimizer outperforms the other

optimizers (for either of the estimation methods). Additionally, the CMAES and PSO optimizers

demonstrate a greater difference between the performance of optimizers using the shrinking ball

approach and optimizers using the multiple replication approach.

We can extend the analysis of the performance of these optimizers to different noise and num-

bers of dimensions based on the descent of the objective function f0(x∗k). We prefer optimizers that

provide lower points earlier (at fewer function evaluations). This allows us to determine, by visual

examination, which optimizer performed better for each of the 72 different trials averaged over 30

runs. For purposes of tabulation, we measure whether optimizer performance using the shrinking

ball crosses below the performance of the multiple replication method before 2500 function evalu-

ations. If the shrinking ball performs better than the multiple replication method by this standard,

we mark (1) otherwise if the multiple replication method outperforms the shrinking ball approach

or if the difference is indistinguishable we mark (0). The next section uses this tabulation metric to

explore the effect of the shrinking ball with respect to various aspects of the test function.

The use of the shrinking ball shows a significant effect, across all of the optimizers tested with

low noise. We can break down the effectiveness of these optimizers by listing the percent of trials

where the shrinking ball approach outperformed that of the multiple replications.

As shown in Table 6.1, with the exception of the sinusoidal functions, the use of the shrinking

ball generally improves performance of the optimizers. From a general examination of each opti-

mizer, the shrinking ball almost always shows a much lower estimated value relative to the multiple

replication approach. More importantly, this trend carries over to the true function value f0(x∗), in-

dicating that the use of a shrinking ball approach allows the algorithms to arrive at a lower objective

function value earlier. This improved performance is most likely due to the fact that the shrinking

ball approach can spend more of its budget on exploring the domain early, where the multiple repli-

cation approaches’ computational budget is spent on accounting for noise leading to much slower

performance of the optimizers tested.

Furthermore, looking at Table 6.1, we can also note that generally the shrinking ball approach
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Table 6.1: The percentage over the 12 trials for each test problem where the shrinking ball approach
improves the optimizer performance over multiple replications.

SAPHR-mr IPAPHR-mr PSO-mr CMAES-mr CMAES-nh
Ackley 50% 42% 58% 67% 33%
Griewank 83% 83% 100% 100% 25%
Rastrigin 58% 58% 83% 67% 8%
Rosenbrock 100% 100% 100% 100% 8%
Sinusoidal (shifted) 17% 0% 25% 58% 25%
Sinusoidal (centered) 33% 25% 0% 0% 0%

improves performance over PSO-mr and CMAES-mr much more than over the SAPHR-mr or the

IPAHR-mr. The CMAES with its own noise-handling, CMAES-nh, outperforms CMAES-sb. Gen-

erally both random search approaches (SAPHR and IPAPHR), have very similar performance pro-

files.

The largest affect on the relative performance of the optimizers is the percentage of noise, η ,

in the objective function. Here the shift from 10% to 20% noise shows a marked decrease in the

effectiveness of solvers that make use of the shrinking ball method to control the noise on the system,

as shown in Table 6.2.

Table 6.2: The percentage of 36 trials for each noise level where the shrinking ball approach im-
proves the optimizer performance.

SAPHR-mr IPAPHR-mr PSO-mr CMAES-mr CMAES-nh
10% - Noise 81% 72% 75% 83% 19%
20% - Noise 33% 31% 47% 47% 14%

The effect of the noise on optimizers increases on higher dimensions, but is moderated on test

functions with a higher number of integer dimensions, especially for the SAPHR and IPAPHR

optimizers. This generally suggests that the effect of noise might be decreased in the integer domains

for solvers that are more conservative in their approach but may be less preferable for solvers which

focus on optimal solutions early on.

The performance of the algorithms with and without the shrinking ball approach cluster closer

together as the number of dimensions increase. Generally at higher dimensions the more ambitious



73

Table 6.3: The percentage of 36 trials for each number of dimensions where the shrinking ball
approach improves the optimizer performance.

SAPHR-mr IPAPHR-mr PSO-mr CMAES-mr CMAES-nh
10-Dimensional 67% 61% 69% 69% 17%
20-Dimensional 47% 42% 53% 61% 17%

solvers such as the particle swarm with the shrinking ball show greater relative performance than

the random search algorithms which show very slow progress inside of the higher dimensions.

Nevertheless, there is still a small improvement delivered by using the shrinking ball approach

in most trials. However, trials with high noise and high dimension have the multiple replication

method outperforming the shrinking ball approach. Another large effect on optimizer performance

can be seen by varying the number of integer dimensions in the problems. Generally the number

of the integer dimensions improves the overall objective value of the solutions generated by the

solvers, causing the optimizers to descend faster towards optimal solutions both in approximation

and true value.

Table 6.4: The percentage of 24 for each number of integer dimensions where the shrinking ball
approach improves the optimizer performance.

SAPHR-
mr

IPAPHR-
mr

PSO-mr CMAES-
mr

CMAES-
nh

0%-Integer Dimensions 54% 46% 58% 63% 8%
50%-Integer Dimensions 54% 50% 63% 67% 17%
100%-Integer Dimensions 63% 58% 63% 67% 25%

However, the effect of the number of integer dimensions on the relative effectiveness of the

function response method is not large overall, as shown in Table 6.4. The SAPHR, IPAPHR, and

PSO optimizers make the largest improvements with the shrinking ball approach in the domains

with a higher number of integer dimensions. We speculate that the pattern hit-and-run sampling

techniques allows SAPHR and IPAPHR to more efficiently sample the non-continuous domains

which could lead to better use of the algorithm’s budget when the shrinking ball method is used.

While the use of the shrinking ball for function response approximation is fairly consistent

across the functions with a lower amount of noise and dimension count, most of the improvement
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Figure 6.1: The progress of all nine optimizers for the six test functions in 10 dimensions, zero
integer dimensions, and 10% noise. In each pair of plots, the left graph plots the estimated function
value, and the right graph plots the true function value for each of the optimizers.
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demonstrated comes from using single observations to characterize response behavior at a sample

point with little influence from other points inside the ball. With the radius set between 1 and 0.5

few sampled points using shrinking ball approximation have previously observed points within the

ball Brk(xk) for any iteration (with the exception of the CMAES algorithm). This will be explored

in future research.

The results point to the effectiveness of taking few replications early in the optimization process

under most circumstances. However, the issue of accounting for noise seems to be an issue for the

shrinking ball approach in higher dimensions. An additional problem arises in high dimensional

domains where a small radius fails to capture enough points to sufficiently account for noise and a

large radius captures too many points as it searches the domain. A large amount of this effect might

be solved by more ambitious cooling schedules for random search optimizers and lower velocity

for the particle swarm. This would allow the various optimization methods to focus sampling in

smaller regions which would result in more sampling inside balls of smaller radius. Further research

directions might focus on matching a decreasing radius and cooling schedule for high noise and

high-dimensional functions in order to better understand the trade-off between radius size and the

shrinking rate of the ball.

6.2 Benchmarking Developed Algorithms

In this section we will extend the benchmark analysis to include the problems developed in Chapter

5, we combine this analysis with the shrinking ball formulation to test the optimizer performance

under different optimization methods. This gives insight into the potential effectiveness of the new

algorithms in addressing general problems across a variety of dimensions and noise level. This

analysis also provides insight into the usefulness of algorithms for healthcare decision making going

forward, since the need for algorithms with good results on higher dimensions is required to extend

the model to more decision variables. Three algorithms are compared to existing algorithms in this

section: the modified Probabilistic Branch and Bound algorithm (mod-PBnB, outlined in Section

5.3), the Nested Partition Probabilistic Branch and Bound algorithm (NP-PBnB outlined in Section

5.4), and the Quantile Nested Partition algorithm (QNP, outlined in Section 5.2).

To obtain a standard parameter set fot testing, for mod-PBnB the parameters are set as α = 0.10,
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ε = 0.05, and B = 4. To characterize the lowering quantile level we use two values δ1 = 0.15 and

δ2 = 0.05 with K′1 =K′2 = 2. Running the algorithm for 3 iterations (ending after a maximum number

of 5000 function evaluations have been taken). Similarly, the NP-PBnB algorithm is parameterized

with α = 0.10, ε = 0.05, and B = 4. To characterize the starting quantile level we use two value

δ = 0.15. Again the algorithm can run 3 iterations before exceeding the 5000 function evaluations.

Finally, the Quantile Nested Partition algorithm (QNP), similarly, is run with M = 4 (divisions per

iteration) T = 1000 and δ = 0.15. The QNP algorithm runs for 6 iterations after which we stop

sampling at 5000 function evaluations.

As in the previous section, each algorithm is run,with multiple replications (R = 20) the shrink-

ing ball with a single observation (R = 1). Using both of these settings, we compare the results to

each of the 6 test functions, at the various noise levels (10%, 20%), different numbers of dimensions

(10, 20), and different number of integer dimensions (0%, 50% , 100% ). Running 30 experiments,

we can track the progress of the best estimated value and best true value sampled (similar to the

previous section). For purposes of comparison, we examine the best sampled “true” value at the

2500th function evaluation on each algorithm as a baseline for which to compare the optimizer’s

effectiveness.

Generally, the new solvers (modPBnB, NP-PBnB, and QNP) show different effects from using

the shrinking ball method (comparing the results across all test functions). Here the QNP method

shows that the shrinking ball improves the results of the optimization 100% of the time with the

shrinking ball improving the performance of mod-PBnB in 44.05% and the performance of NP-

PBnB in 52.38% of the trials. This indicates that, for the mod-PBnB and NP-PBnB, the use of the

shrinking ball does not significantly impact the performance of the algorithm.

In order to compare the general effectiveness of the new optimizers, we perform a comparison

between each of the solvers (with and without shrinking ball estimation), against the other opti-

mizers tested in the previous section. To make the comparison, we examine the values at the 2500

function evaluation for any trial type and adjust it relative to the worst and best objective function

value for that specific trial. For instance, given an optimization method s from a set of optimizers

{1 . . . ,S}, and a trial t from a certain set of trials {1 . . . ,T}, let f t
s be the average objective function

value (without noise) of the optimizer at the 2500 function evaluation, f t
best be the lowest function

value at any function evaluation across all optimizers for trial t, and f t
worst be the largest function
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value at any function evaluation across all optimizers for trial t. Therefore we denote,

f̂i =
1
T
·

T

∑
t=1

| f t
s − f t

best |
| f t

worst − f t
best |

(6.1)

as an adjusted average performance ranking of an optimization method over a set of trials.

Applying (6.1), we tabulate each of solvers for a different grouping of the trials (divided between

test function type, number of dimensions, the percentage of noise, and the number of integer dimen-

sions). Based on this tabulation, we can rank each of the 7 optimizations (4 original plus 3 newly

developed) on a scale from 1 (best performing) to 7 (worst performing) using performance metric

in (6.1). Based the various ways of grouping the trials, we compare the optimizer effectiveness in

Table 6.5 (test-function), Table 6.6 (noise level), Table 6.7 (number of dimensions), and Table 6.8

(number of integer dimensions).

Examining the ranking between different trial functions in Table 6.5 provides insight into the

relative effectiveness of the new optimization methods. The comparison between different trial

functions shows generally that the mod-PBnB and NP-PBnB algorithms rank 4-5 between most

test functions, performing slightly better for the Sinusoidal function and worse for the Ackley and

Griewank function. The Quantile Nested Partition algorithm performs worse than all other opti-

mization methods, with the exception of the shifted Sinusoidal function. Generally the compar-

isons across other groupings provide less insight into the relative performance showing that the

new optimizers rank lowest (5, 6, 7), with the modified PBnB algorithm outperforming the simu-

lated annealing on lower dimensions. Generally this suggests that the newly developed solvers only

conditionally perform better than classic methods for optimizing higher dimensional problems.

This generally demonstrates that the performance of the new algorithms, while competitive with

some existing methods, are not superior across all test functions. Although further tuning of the pa-

rameters might be used to improve the performance of the quantile-based algorithms, more research

is needed to explore practical methods of focusing sampling to more efficiently find optimal or near

optimal solutions.
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Table 6.5: Then ranked performance for each optimizer relative to the percentage of integer dimen-
sions. Using adjusted true objective function value at the 2500th function evaluation and comparing
averaged performance between trials from each solver (both with and without the shrinking ball).
Here the best optimizer is marked with a 1 in ascending order to the worst 7.

Ackley Rosenbrock Sinusoidal
(shifted) Sinusoidal Griewank Rastrigin

CMAES 1 2 2 6 1 1
mod-PBnB 5 4 4 3 5 4
NP-PBnB 6 5 5 4 6 5
QNP 7 7 1 7 7 7
SAPHR 3 1 7 1 4 6
IPPHR 4 3 6 2 3 3
PSO 2 6 3 5 2 2

Table 6.6: Then ranked performance for each optimizer relative to the percentage of noised added to
then function value. Using adjusted true objective function value at the 2500th function evaluation
and comparing averaged performance between trials from each solver (both with and without the
shrinking ball). Here the best optimizer is marked with a 1 in ascending order to the worst 7.

10% Noise 20% Noise
CMAES 1 1
mod-PBnB 5 5
NP-PBnB 6 6
QNP 7 7
SAPHR 3 2
IPPHR 4 4
PSO 2 3

Table 6.7: Then ranked performance for each optimizer relative to the number of dimensions. Using
adjusted true objective function value at the 2500th function evaluation and comparing averaged
performance between trials from each solver (both with and without the shrinking ball). Here the
best optimizer is marked with a 1 in ascending order to the worst 7.

10 Dimensions 20 Dimensions
CMAES 1 2
mod-PBnB 4 6
NP-PBnB 6 5
QNP 7 7
SAPHR 5 1
IPPHR 3 4
PSO 2 3
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Table 6.8: Then ranked performance for each optimizer relative to the percentage of integer dimen-
sions. Using adjusted true objective function value at the 2500th function evaluation. Here the best
optimizer is marked with a 1 in ascending order to the worst 7.

0% Integer Dimensions 50% Integer Dimensions 100% Integer Dimensions
CMAES 1 1 1
mod-PBnB 5 5 6
NP-PBnB 6 6 5
QNP 7 7 7
SAPHR 2 3 3
IPPHR 4 4 4
PSO 3 2 2
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Chapter 7

SUMMARY, CONCLUSIONS, AND FUTURE RESEARCH

This thesis has addressed two main research objectives. First, to develop models for use in

healthcare policy making. Second, to expand global optimization methodology for use in stochastic

black box optimization. Our results demonstrate optimal policy recommendations that improve the

performance of healthcare decision making in terms of patient-centered metrics. Furthermore, the

dissertation has presented new results in theoretical and practical implementation of global opti-

mization algorithms.

Chapter 3 overviews research directed to modeling and decision making for healthcare staffing.

We first provide results concerning optimal staffing of specialist care with particular attention to bal-

ancing the concerns of a risk averse decision maker against the cost of additional staffing and travel

time. We demonstrate the necessity of modeling risk in decision making, and the effects of heavy

tail demand distributions on the solution generated by a risk-sensitive optimization method. Further

work on paneling strategies models is able to provide insight into optimal primary care staffing ar-

rangement. Modeling the interaction of patients within a primary care system using discrete event

simulation methods, global optimization methods can provide insight into optimal ways of staffing.

While our model has difficulty due to the high dimensionality of the problem, nevertheless, initial

recommendations provided by optimization provide insight into paneling for smaller clinics.

To address the concerns about optimizer performance in high-dimensional domains, Chapter 4

outlines two new adaptive random search frameworks: the Hesitant Adaptive Search with Estima-

tion (HAS-E) and Quantile Adaptive Search (QAS). We prove that HAS-E obtains a key finite time

property that shows that the number of iterations needed to achieve a certain value above the mini-

mum with HAS-E increases linearly in terms of the dimension domain. We also prove that the total

number of function evaluations, including replications, needed to achieve the result increases as a

cubic function of the domain dimension. Similarly, the Quantile Adaptive Search is demonstrated

to have finite-time results that demonstrate the number of iterations required to obtain a value above
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the maximum increases linearly with domain dimension.

The work done in Chapter 5 explores the implementation of practical algorithms for optimizing

high-dimensional problems using partition based methods to confront the issue of high dimension-

ality. Starting in Section 5.1, we outline an OCBA partition based look-ahead algorithm. Section 5.2

describes an extension of the Nested Partition Framework to sample from certain quantile level sets.

While Section 5.3 updates the existing PBnB algorithm to iteratively target lower quantile level-sets,

and Section 5.4 incorporates the PBnB algorithm fully into a Nested Partition framework.

Our benchmarking efforts outlined in Chapter 6 consist of a set of experiments that formally

measure the performance of optimization algorithms on a variety of different test functions at vari-

able dimensions and noise levels. New algorithms developed in the previous sections are bench-

marked across the test problems to demonstrate the effectiveness of the new methods.

7.1 Future Research

Future research can continue along several different directions that will expand both the theoretical

contributions as well as the applications to practical healthcare decision making. Further planned

papers will explore direct extensions of the existing research contained in this dissertation.

An open area of research is the extension of the QAS framework to problems with estimation,

as well as further formalized bounds on the number of replications (total function evaluations) that

are required to obtain a value within a range of the optimum. Further expansion of the QAS frame-

work may also examine a way of theoretically setting δ quantile levels in order to obtain a certain

probability of implementing the QAS results.

Further research into implementable optimization algorithms may explore provable finite time

analysis of the modified Probabilistic Branch and Bound and the Nested Partition Probabilistic

Branch and Bound method to specify under what conditions the algorithms should target sampling

within certain quantile level sets. Further analysis may also be done to demonstrate under what

conditions the practical algorithm can approximately implement QAS and obtain similar finite-time

results.

The development of better optimization methods will provide future opportunities for healthcare

decision making. The most direct extension for the paneling problem is to extend the model to
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include more patient demographic types, locations, and panels to better model the real world data

available in a series of medical clinics within a metropolitan area. Although optimization methods

are ineffective with the hundreds of decision variables, heuristic rules developed at lower dimensions

may be applied to higher dimensional models in order to more effectively determine staffing and

paneling strategies.

Further applications of global optimization could be applied to similar staffing a medical re-

source management problems with similar improvements in policy efficiency. These applications

could include models of non-physician care, an analysis of triage staffing, and the organization of

hospice and mobile care. The development of improved global optimization algorithms can con-

tinue to be useful in finding policy solutions to medical applications and providing decision makers

with tools to improve the provision of care to patients.
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Appendix A

OPTIMIZATION ALGORITHMS FOR REFERENCE

A.1 Adaptive Search Algorithms

Adaptive Random Searches exist for solving the standard black-box problem P0 in Chapter 4. Com-

mon methods including the Pure Adaptive Search (PAS), Hesitant Adaptive Search (HAS), and

Annealing Adaptive Search (AAS).

Pure Adaptive Search (PAS) cf. in [107]:

Based on a sampling distribution ρ on S:

• Step 0: Initialize X0 in S according to a probability measure ρ . Set k = 0. Set Y0 = f (X0).

• Step 1: Generate Xk+1 from the normalized restriction of ρ , on the improving set Sk+1 = {x ∈

S : f (x)< Yk} and set Yk+1 = f (Xk+1).

• Step 2: If a stopping criterion is met, stop. Otherwise, increment k and return to Step 1.

Annealing Adaptive Search (AAS) cf. [92] :

Based on a Boltzmann sampling distribution and a cooling scheduled based τ(Yk) which can be

defined as follows:

• Step 0: Set k = 0. Generate X0 uniformly distributed on S. Set Y0 = f (X0).

• Step 1: Generate Xk+1 from the Boltzmann distribution with parameter Tk over S.

• Step 2: If f (Xk+1) < Yk, set Yk+1 = f (Xk+1), Yrecord = Yk+1, Xrecord = Xk+1 and update Tk+1

such that Tk+1 = τ(Yrecord). Otherwise, set Yk+1 = Yk and Tk+1 = Tk.

• Step 3: If a stopping criteria is met, stop. Otherwise, increment k and return to Step 1.
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A.2 Algorithms for Benchmarking Comparison

A number of optimizers are tested in chapter 6 and are described here.

Simulated Annealing Pattern Hit-and-Run (SAPHR)

Initialization: Set an initial temperature parameter T0, a random starting point x0, and set

k = 0.

Generate New Points: Generate a new candidate point, x′k, using Pattern Hit-and-Run.

Estimate Function Response: Approximate f̂ (x′k) either by a sample average of multiple

replications or through the shrinking ball approach.

Acceptance\Rejection: Calculate an acceptance probability as a function of temperature and

the estimated objective function values

paccept = e(( f̂ (xk)− f̂ (x′k))/Tk)

and update xk+1 and f̂ (xk+1) accordingly.

Update Temperature: Tk+1 = 500.

Stopping Condition: If a stopping condition is met, end, otherwise set k = k+ 1 and go to

Step 2.

where, the Pattern Hit-and-Run Generator, in Step 2, with box search consists of the following

steps:

Step 1: Generate a continuous point uniformly distributed in the interior of a box [−c1,c1]×

. . . [−cn,cn] for a step-size pattern.

Step 2: Generate a random permutation of n coordinate dimensions.
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Step 3: Uniformly select a point on the sample path as the new candidate point from a forward

and backward path of permuted directions extending the current point to the boundary of the

domain.

These steps are outlined fully in [64, 65].

Interacting Particle Algorithm Pattern Hit-and-Run (IPAPHR)

Initialization: Set an initial temperature parameter T0 and a set of points as the current points,

x0,l where l indexes the number of L particles, set k = 0.

Generate New Points: Generate L new candidate points, x′k,l , using Pattern Hit-and-Run.

Estimate Function Response: Approximate f̂ (x′k,l) for each particle xk′,l , either by a sample

average of multiple replications or through the shrinking ball approach.

Acceptance\Rejection: Calculate an acceptance probability as a function of temperature and

previous sampled points with their estimated objective function values

paccept,l =
G(xk,l,x′k,l)

∑
L
l=1 G(xk,l,x′k,l)

where G(xk,l,x′k,l) = e(( f̂ (xk,l)− f̂ (x′k,l))/Tk)

and update xk+1,l and f̂ (xk+1,l) accordingly.

Update Temperature: Tk+1 = 500.

Stopping Condition: If stopping condition is met, end, otherwise set k = k+1 and go to Step

2.

Further description can be found in [66].

Particle-Swarm Optimization (PSO)

Initialization: Select locations for a set of L starting points x0,l , with initial velocity vector

vk,l = 0, and k = 0.
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Generate New Points: Move particles based on velocity to new points such that xk+1,l =

xk,l + vk,l .

Estimate Function Response: Approximate f̂ (xk+1,l) for each point either by a sample av-

erage of multiple replications or through the shrinking ball approach

Rank Elite Solutions: Rank the estimated function evaluations. Determine the best point

visited across all particles xB
k+1 and within each particle, xbl

k+1,l .

Update Velocity: For each l, determine velocity vk+1,l = ω · vk,l + φp ·Uni f orm(0,1) ·

(xB
k+1,l− xk+1,l)+φg ·Uni f orm(0,1) · (xbl

k+1,l− xk+1,l).

Stopping Condition: If stopping condition is met, end, otherwise set k = k+1 and go to Step

2.

More details can be found in [25, 82].

Covariance-Matrix Adaption Evolution Strategy (CMAES)

Initialization: Set covariance update parameters and initial covariance matrix C = I along

with selected mean points m0, σ0 and weights w, set k = 0.

Generate New Points: Sample L points, xk,l , from multivariate normal distribution,

Nor(mk,σk ·Ck), based on mean mk and covariance matrix update σk ·Ck.

Estimate Function Response: Approximate f̂ (xk,l) for each point either by a sample average

of multiple replications or through the shrinking ball approach.

Update Mean Center: Update the mean such that points are weighted by their estimated

function value.

Update Covariance: Update the covariance matrix Ck+1 =Ucovariance(Ck,mk,mk+1).

Update Variance: Update the variance σ2
k+1 =Uvariance(σk,mk,mk+1).
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Stopping Condition: If stopping condition is met, end, otherwise set k = k+1 and go to Step

2.

The Ucovariance and Uvariance functions are specified in [47]. Further description can be found in

[41, 40].

A.3 Probabilistic Branch and Bound (PBnB) [cf [44]]

Step 0. Initialization:

Input user-defined parameters, δ , α , ε , kb, B, c, and R0. Also, initialize the maintain, prune,

and current subregion collections and iterative counters as Σ1 = {S}, Σ̃C
1 = S, Σ̃M

1 = φ , Σ̃P
1 = φ ,

δ1 = δ , α1 =
α

B , ε1 =
ε

B , R0 = Ro, and k = 1,kc = kb,c1 = c.

Step 1. Sample total ck points in current subregions with updated replication number:

For the current undecided subregion Σ̃C
k , uniformly sample additional points such that the total

number of points in Σ̃C
k is ck. For each subregion σi ∈ Σk, denote the sample points as xi, j ∈ σi,

for j = 1, . . . ,Ni
k and i = 1, . . . , ||Σk||. Note that ∑

||Σk||
i=1 Ni

k = ck. For notational convenience, let

Nk = ck. If f (x) is noisy, PBnB evaluates g(x,ξ ) with Rk−1 replications to estimate mean and

variance of each sample. Specifically, for each xi, j ∈ σi , j = 1, . . . ,Ni
k and i = 1, . . . , ||Σk||,

perform Rk−1 replications of g(x,ξ r
x ), and evaluate the sample mean and sample variance,

f̂ (xi, j) =
∑

Rk−1
r=1 g(xi, j,ξ

r
x )

Rk−1
and S2

f̂ (xi, j) =
1

(Rk−1−1)

Rk−1

∑
r=1

(g(xi, j,ξ
r
x )− f̂ (xi, j))

2. (A.1)

Step 2. Order samples in each subregion and over all subregions by estimated function values:

For each subregion i, i = 1, . . . , ||Σk||, order the sampled points, xi,(1), . . . ,xi,(Ni
k)

, by their

estimated function value so that

f̂ (xi,(1))≤ f̂ (xi,(2))≤ ·· · ≤ f̂ (xi,(Ni
k)
).

Similarly, order all sampled points, z(1), . . . ,z(Nk), in all current subregions in Σk by their
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function values, so that

f̂ (z(1))≤ f̂ (z(2))≤ ·· · ≤ f̂ (z(Nk)).

If f (x) is noisy, we need to check the ordering with further replications calcu-

lated as follows. (2.A) Calculate the differences between ordered samples, let di, j =

f̂ (xi,( j+1)) − f̂ (xi,( j)), where i = 1, . . . , ||Σk|| and j = 1, . . . ,Ni
k − 1. Determine d∗ =

mini=1,...,||Σk||, j=1,...,Ni
k−1 di, j and S∗2 = maxi=1,...,||Σk||, j=1,...,Ni

k
S2

f̂
(xi,( j)). (2.B) Calculate the up-

dated replication number Rk = max
{

Rk−1,
(

zαk/2S∗

d∗/2

)2
}
, where zαk/2 is the 1−αk/2 quan-

tile of the standard normal distribution. Perform Rk − Rk−1 more replications for each

sample point. Re-estimate the performance of each sample point with Rk replications by

f̂ (xi, j) =
∑

Rk
r=1 g(xi, j,ξ

r
xi, j

)

Rk
. Within each subregion σi ∈ Σk, rank all the sample points xi, j as xi,( j)

representing the jth best point in subregion, according to the estimated function value, and

also update the entire order of all current samples with updated replications, so that

f̂ (xi,(1))≤ f̂ (xi,(2))≤ ·· · ≤ f̂ (xi,(Ni
k)
), and f̂ (z(1))≤ f̂ (z(2))≤ ·· · ≤ f̂ (z(Nk)).

Step 3. Build confidence interval for y(δ ,S):

To build the confidence interval of quantile y(δ ,S), first, calculate the lower and upper bounds

of δk as

δkl = δk−
v(Σ̃P

k )ε

v(S)v(Σ̃C
k )

and δku = δk +
v(Σ̃M

k )ε

v(S)v(Σ̃C
k )

. (A.2)

Then calculate the confidence interval lower bound CIl = f̂ (z(r)) and the upper bound CIu =

f̂ (z(s)), where r and s are selected by

maxr :
r−1

∑
i=0

(
Nk

i

)
(δkl)

i(1−δkl)
Nk−i ≤ αk

2
and (A.3)

mins :
s−1

∑
i=0

(
Nk

i

)
(δku)

i(1−δku)
Nk−i ≥ 1− αk

2
. (A.4)

Step 4. Find elite and worst subregions, and further sample with updated replications: Step 4

identifies the indices of elite and worst subregions as e and w, representing the subregions
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that are likely to be maintained or pruned. The sets e and w are defined with the quantile

confidence interval as

e = {i| f̂ (xi,(Ni
k)
)<CIl, for i ∈ 1, . . . , ||Σk||} (A.5)

w = {i| f̂ (xi,(1))>CIu, for i ∈ 1, . . . , ||Σk||}. (A.6)

Statistically confirm maintaining and pruning for each elite or worst subregion by sampling

points up to Nn
k , where

Nn
k =

⌈
lnαk

ln(1− ε

v(S))

⌉
, for all i ∈ {e∪w}. (A.7)

For each new sample, perform Rk replications, and evaluate the sample mean and sample

variances as in (A.1). Reorder the sampled points in each subregion σi, and update d∗ and S∗2

as in (2.A). As in (2.B), calculate the updated replication number Rn
k = max

{
Rk,
(

zαk/2S∗

d∗/2

)2
}
,

where zαk/2 is the 1−αk/2 quantile of the standard normal distribution. Perform Rn
k −Rk

more replications for each new sample point. Update f̂ (xi,(1)) = min
xi, j∈σi

f̂ (xi, j) and f̂ (xi,(Ni
k)
) =

max
xi, j∈σi

f̂ (xi, j) for i ∈ {e∪w}.

Step 5. Maintain, Prune, and Branch:

Update the maintaining indicator functions Mi, for i ∈ e, and the pruning indicator functions

Pi, for i ∈ w, as

Mi =

 1, if f̂ (xi,(Ni
k)
)<CIl

0, otherwise
and Pi =

 1, if f̂ (xi,(1))>CIu

0, otherwise.
(A.8)

Update the maintained set Σ̃M
k+1 and the pruned set Σ̃P

k+1 as

Σ̃
M
k+1 = Σ̃

M
k

⋃
i∈e:Mi=1

σi and Σ̃
P
k+1 = Σ̃

P
k

⋃
i∈w:Pi=1

σi,

and branch the remaining current subregions in the following manner. (1) If all subregions

σi ∈ Σk are not branchable, terminate the algorithm. Else, if σi is branchable, and if σi,
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i = 1, . . . , ||Σk||, has not been maintained or pruned, then partition σi to σ̄1
i , . . . , σ̄

B
i and update

the current set of subregions

Σ
C
k+1 = {σ̄

j
i : ∀i to be branched, j = 1, . . . ,B} and Σ̃

C
k+1 =

⋃
i to be branched

(
B⋃

j=1

σ̄
j

i

)
.

Determine δk+1 by

δk+1 =
δkv(Σ̃C

k )−∑i:Mi=1 v(σi)

v(Σ̃C
k )−∑i:Pi=1 v(σi)−∑i:Mi=1 v(σi)

. (A.9)

Set

kc =

 kc +1 , if ∑i∈e Mi +∑i∈w Pi = 0

0 , otherwise.
(A.10)

Set αk+1 =
αk
B , εk+1 =

εk
B , ck+1 = ck + c, and increment k← k+ 1. (2) If kc ≥ kb, set kc = 1

and go to Step 1. (3) If kc < kb, go to Step 4.
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Appendix B

PROOFS FOR THEOREMS

B.1 Additional Lemma with Proof

Here we repeat Lemma 30 from [92], which is used in Theorem 2 and Theorem 6.

Lemma 11. (cf. [92]) Let Ȳ A
k ,k = 1,2, . . . and Ȳ B

k ,k = 1,2, . . . be two sequences of objective func-

tion values generated by algorithms A and B respectively for solving an optimization problem, such

that Ȳ A
k+1 ≤ Ȳ A

k and Ȳ B
k+1 ≤ Ȳ B

k for k = 1,2, . . .. For y∗ < y,z≤ y∗ and k = 0,1, . . ., if

1. P(Ȳ A
k+1 ≤ y|Ȳ A

k = z)≥ P(Ȳ B
k+1 ≤ y|Ȳ B

k = z)

2. P(Ȳ A
k+1 ≤ y|Ȳ A

k = z) is non-increasing in z, and

3. P(Ȳ A
0 ≤ y)≥ P(Ȳ B

0 ≤ y)

then P(Y A
k ≤ y)≥ P(Y B

k ≤ y) for k = 0,1, . . . and y∗ ≤ y≤ y∗.

Proof of Lemma 11 included in [92].

B.2 Hesitant Adaptive Search with Estimation

Theorem 1 Given a function, f , and a point xk in the domain with a value yk = f (xk), and ŷk
high

estimated with Rk = R replications, for any given value 0 < q < 1 and ε > 0 such that yk ≥ y∗+ ε if

R≥
(

n
√

q ·2 · zα/2 ·σ
(1− n
√

q) · ry∗+ε ·Kq

)2

then:
ν(Syk)

ν(Sŷk
high)
≥ q

when yk ≤ ŷhigh
k ≤ yk +

2·σ ·zα/2√
R

(which occurs with probability (1−α)).
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Proof of Theorem 1

For any value y such that y∗+ ε < yk < y∗, we start by defining an n-ball Byk as the largest n-ball,

centered at x∗ such that Byk ⊂ Sy and let ryk be its radius. We note that 0 < ν(Byk) < ν(Syk). For

any value ŷhigh
k , we define B′

ŷhigh
k

as the smallest n-ball centered at x∗ such that Sŷhigh
k
⊂B′

ŷhigh
k

and let

rŷhigh
k

be its radius. We also define the slope of the cone between the two balls Kcone =
ŷhigh

k −yk
r

ŷhigh
k
−ryk

, and

write rŷhigh
k

= ryK +(ŷhigh
k − yk)/Kcone by the definition of a cone, as shown in Figure B.1.

To demonstrate when (4.9) holds, we two examine cases. First, if ŷhigh
k −yk < κq then

ν(Syk )

ν(Sŷk
high )
≥

q by definition. Second, consider ŷhigh
k − yk > κq. Since ŷhigh

k − yk > κq, the numerator of Kcone is

greater than the numerator of Kq, and, since d > rŷhigh
k
− ryk by definition of the diameter. Therefore

in combination Kcone > Kq. Note that Kq is independent of the value yk.

If we define Blarge as an n-ball centered at x∗ with radius rlarge, where rlarge = ryK +(ŷhigh
k −

yk)/Kq. Here we see that rŷhigh
k
≤ rlarge since Kq ≤Kcone. Therefore Sŷhigh

k
⊂B′

ŷhigh
k
⊂Blarge, as

shown in Figure B.1.

Figure B.1: An illustration of the largest n-ball inscribed in SyK (Byk), the smallest n-ball inscribing
Sŷhigh

k
(Blarge

ŷhigh
k

), and a larger ball defined by the slope Kq (Blarge).

Based on these definitions a lower bound on the ratios of volumes is constructed based on multi-
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dimensional geometry theorems [50, 107]:

ν(Syk)

ν(Sŷk
high)
≥

ν(Byk)

ν(Bŷhigh
k

)
≥

ν(Byk)

ν(Blarge)
=

 ryk

ryk +
ŷhigh

k −yk
Kq


n

.

based on the standard normal estimator, ŷhigh
k ∼ Nor(yk +

σ ·zα/2√
R

, σ√
R
), then the event ŷhigh

k − yk ≤
2·σ ·zα/2√

R
provides a lowerbound:

ν(Syk)

ν(Sŷk
high)
≥

 ryk

ryk +
2·σ ·zα

Kq
√

R

n

.

Setting q as less than the developed lower-bound, we can find R to satisfy

 ryk

ryk +
2·σ ·zα

Kq
√

R

n

≥ q

taking a positive exponent of the two positive expressions, ryk

ryk +
2·σ ·zα

Kq
√

R

≥ n
√

q

multiplying by a positive term,

ryk ≥ n
√

q ·

(
ryk +

2 ·σ · zα

Kq
√

R

)

subtracting,

ryk − n
√

q · ryk ≥ n
√

q · 2 ·σ · zα

Kq
√

R

dividing by a positive number

√
R≥ n
√

q · 2 ·σ · zα(
Kq
√

R
)(

(ryk)− n
√

q · ryk

)
and taking a positive exponent of the two positive expressions
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R≥
(

2 · n
√

q · zα/2 ·σ
(1− n
√

q) · ryk ·Kq

)2

(B.1)

So (4.9) holds if R ≥
(

2· n√q·zα/2·σ
(1− n√q)·ryk ·Kq

)2
. Finally for any yk > y∗+ ε then ryk > ry∗+ε therefore, the

lowerbound will hold if

R≥
(

2 · n
√

q · zα/2 ·σ
(1− n
√

q) · ryy∗+ε
·Kq

)2

, which proves the Theorem 1 holds when ȳ ≤ ŷhigh
k ≤ ȳ+

2·σ ·zα/2√
R

which occurs with probability

(1−α).

Theorem 2 Consider problem (P1). Let Ȳ HASE
k be the best sampled value on the kth iteration of the

HAS-E algorithm with sampling distribution ζ and constant bettering probability γ . Let Ȳ HAS1
k be

the best sampled value of HAS1, the special case of the HAS algorithm with bettering probability

(1−α) ·
(

ζlow
ζhigh

)2
· q · γ and uniform sampling distribution. Ȳ HASE

k stochastically dominates Ȳ HAS1
k ,

that is:

P(Ȳ HASE
k ≤ y)≥ P(Ȳ HAS1

k ≤ y) for k = 0,1, . . .

where y∗ < y≤ y∗.

Proof of Theorem: 2 Based on Lemma 11 in [92] , if the following conditions hold for y∗≤ y,z≤ y∗

and k = 0,1, . . .,

(I) P(Ȳ HASE
k+1 ≤ y|Ȳ HASE

k = z)≥ P(Ȳ HAS1
k+1 ≤ y|Ȳ HAS1

k = z)

(II) P(Ȳ HASE
k+1 ≤ y|Ȳ HASE

k = z) is non-increasing in z, and

(III) P(Ȳ HASE
0 ≤ y)≥ P(Ȳ HAS1

0 ≤ y)

then P(Ȳ HASE
k ≤ y)≥ P(Ȳ HAS1

k ≤ y) for k = 0,1,2, . . . for y < z.

The first step is to prove (I). Let z = ȳk to reflect the notation in HAS-E on the kth iteration.

If y > ȳk, (I) is true trivially (since the conditional probability equals one on both sides). We as-

sume, WLOG, that y≤ ȳk (since ȳk is the best sampled value) and re-write the left-hand side of the
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expression in (I), replacing z with ȳk as,

P(Ȳ HASE
k+1 ≤ y|Y HASE

k ≥ ȳk) = P
(
{XHASE

k+1 ∈ Sy}|Y HASE
k = ȳk

)
= P

(
{XHASE

k+1 ∈ Sy}
⋂
{XHASE

k+1 ∈ Sȳk}
⋂
{XHASE

k+1 “ betters” }|Y HASE
k = ȳk

)
+P

(
{XHASE

k+1 ∈ Sy}
⋂
{XHASE

k+1 ∈ Sȳk}
⋂
{XHASE

k+1 “does not better” }|Y HASE
k = ȳk

) (B.2)

where the event “betters” is the event that Xk+1 6= Xk and f (Xk+1)< f (Xk) = ȳk (which occurs with

probability γ) and the event “does not better” is Xk+1 = Xk, and since all terms are positive,

≥ P
({

XHASE
k+1 ∈ Sy

}⋂{
XHASE

k+1 ∈ Sȳk

}⋂{
XHASE

k+1 “betters”
}
|
{

Y HASE
k = ȳk

})
. (B.3)

Re-write the right-hand side of (B.3) as a product of three terms (e.g., P(A
⋂

B
⋂

C|D) =

P(A|B
⋂

C
⋂

D) ·P(B|C
⋂

D) ·P(C|D) ), yielding:

P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk)

≥ P
(
{XHASE

k+1 ∈ Sy}|{XHASE
k+1 ∈ Sȳk},{X

HASE
k+1 “betters” },Y HASE

k = ȳk
)

·P
(
{XHASE

k+1 ∈ Sȳk}|{X
HASE
k+1 “betters” },Y HASE

k = ȳk
)
·P
(
{XHASE

k+1 “betters” }|Y HASE
k = ȳk

)
.

(B.4)

The third term of (B.4) equals the constant bettering probability γ used in the definition of HAS-E,

that is,

P
(
{XHASE

k+1 “betters” }|Y HASE
k = ȳk

)
= γ. (B.5)

Furthermore, a lower bound on the second term is:

P
(
{XHASE

k+1 ∈ Sȳk}|{X
HASE
k+1 “betters” },Y HASE

k = ȳk
)

=P
(
{XHASE

k+1 ∈ Sȳk}
⋂

ȳk +
2σ · zα/2√

R
≤ ȳhigh

k |{XHASE
k+1 “betters” },Y HASE

k = ȳk

)

+P
(
{XHASE

k+1 ∈ Sȳk}
⋂

ȳk ≤ ȳhigh
k ≤ ȳk +

2σ · zα/2√
R
|{XHASE

k+1 “betters” },Y HASE
k = ȳk

)
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+P
(
{XHASE

k+1 ∈ Sȳk}
⋂

ȳk > ȳhigh
k |{XHASE

k+1 “betters” },Y HASE
k = ȳk

)
and since all probability terms are positive, we can construct a lower bound by dropping the first

and third term of the previous expression,

≥ P
(
{XHASE

k+1 ∈ Sȳk}
⋂

ȳk ≤ ȳhigh
k ≤ ȳk +

2σ · zα/2√
R
|{XHASE

k+1 “betters” },Y HASE
k = ȳk

)

and expressing the intersection as the product of the probability of a conditional statement and a

condition,

= P
(
{XHASE

k+1 ∈ Sȳk}|ȳk ≤ ȳhigh
k ≤ ȳk +

2σ · zα/2√
R

,{XHASE
k+1 “betters” },Y HASE

k = ȳk

)
·P
(

ȳk ≤ ȳhigh
k ≤ ȳk +

2σ · zα/2√
R
|{XHASE

k+1 “betters” },Y HASE
k = ȳk

)

and since P(ȳk ≤ ȳhigh
k ≤ ȳk +

2σ ·zα/2√
R
|{XHASE

k+1 “betters” },Y HASE
k = ȳk) = (1−α), we get,

= P
(
{XHASE

k+1 ∈ Sȳk}|ȳk ≤ ȳhigh
k ≤ ȳk +

2σ · zα/2√
R

,{XHASE
k+1 “betters” },Y HASE

k = ȳk

)
· (1−α)

since the condition ȳk ≤ ȳhigh
k ≤ ȳk +

2σ ·zα/2√
R

holds for the new probability statements, we use the

lower bound developed by Theorem 1,
ν(Sȳk )

ν(S
ȳhigh
k

) ≥ q combining this with the upper and lower bounds

for the sampling distribution density,

=

∫
Sȳk

ζ (x) ·dx∫
S

ȳhigh
k

ζ (x) ·dx
· (1−α)

≥
ζlow ·

∫
Sȳk

1 ·dx

ζhigh ·
∫

S
ȳhigh
k

1 ·dx
· (1−α)

=
ζlow ·ν(Sȳk)

ζhigh ·ν(Sȳhigh
k

)
· (1−α)

≥ ζlow

ζhigh
·q · (1−α). (B.6)
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Finally, expand the first term in (B.4):

P
(
XHASE

k+1 ∈ Sy|{XHASE
k+1 ∈ Sȳk},{X

HASE
k+1 “betters” },Y HASE

k = ȳk
)

=

∫
Sy

ζ (x) ·dx∫
Sȳk

ζ (x) ·dx

≥ ζlow

ζhigh
·
∫

Sy
1 ·dx∫

Sȳk
1 ·dx

=
ζlow

ζhigh
·

ν(Sy)

ν(Sȳk)

and since HAS1 samples uniformly,

=
ζlow

ζhigh
·

ν(Sy)

ν(Sȳk)
=

ζlow

ζhigh
·P
(
{XHAS1

k+1 ∈ Sy}|{XHAS1
k+1 ∈ Sȳk},Y

HAS1
k = ȳk

)
. (B.7)

Combining the lower bounds on (B.5) - (B.7) with (B.4), we get:

P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk)

≥
(

ζlow

ζhigh

)
·P
(
{XHAS1

k+1 ∈ Sy}|{XHAS1
k+1 ∈ Sȳk},Y

HAS1
k = ȳk

)
·
(

ζlow

ζhigh

)
·q · γ · (1−α)

and since the bettering probability of HAS1 equals (1−α) ·
(

ζlow
ζhigh

)2
·q · γ , and since

P
(
{XHAS1

k+1 ∈ Sy}|{XHAS1
k+1 /∈ Sȳk},Y HAS1

k = ȳk
)
= 0, then:

=P
(
{XHAS1

k+1 ∈ Sy}|{XHAS1
k+1 ∈ Sȳk},Y

HAS1
k = ȳk

)
·P({XHAS1

k+1 ∈ Sȳk}|Ȳ
HAS1
k = ȳk)

=P(Ȳ HAS1
k+1 ≤ y|Y HAS1

k = ȳk).

This proves condition (I).

We go on to prove (II), that P(Ȳ HASE
k+1 ≤ y|Ȳ HASE

k = ȳk) is non-increasing in ȳk. Suppose that ȳk

and ȳ′k are such that ȳk < ȳ′k. To show (II) we want to show that:

P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk)≥ P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳ′k).
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The approach is to condition on the value of ȳk
high, and, since HASE samples on Sȳk

high in Step 2 of

the algorithm, we know that P(Ȳ HASE
k+1 ≤ y|Ȳ HASE

k = ȳk, ȳk
high = u) is non-increasing, we have:

P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk)

=
∫

∞

−∞

P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = z) ·dP(ȳhigh

k ≤ z|Y HASE
k = ȳk).

and because
∫ z
−∞

dP(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = u) = P(Ȳ HASE

k+1 ≤ y|Y HASE
k = ȳk, ȳ

high
k = z)−

P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = −∞), and since P(Ȳ HASE

k+1 ≤ y|Y HASE
k = ȳk, ȳ

high
k = −∞) = 1 (triv-

ially), we substitute P
(

Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = z

)
as follows,

=
∫

∞

−∞

(
1+

∫ z

−∞

dP(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = u)

)
·dP(ȳhigh

k ≤ z|Y HASE
k = ȳk)

and reversing the order of integration, we get:

= 1+
∫

∞

−∞

∫
∞

u
dP(ȳhigh

k ≤ z|Y HASE
k = ȳk) ·dP(Ȳ HASE

k+1 ≤ y|Y HASE
k = ȳk, ȳ

high
k = u)

= 1+
∫

∞

−∞

(1−P(ȳhigh
k ≤ u|Y HASE

k = ȳk)) ·dP(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = u)

however, since dP(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = u)≤ 0, since P(Ȳ HASE

k+1 ≤ y|Y HASE
k = ȳk, ȳ

high
k = u)

is non-increasing in ȳhigh
k , and since,

P(ȳhigh
k ≤ u|Y HASE

k = ȳk)≥ P(ȳhigh
k ≤ u|Y HASE

k = ȳ′k), (B.8)

the probability that ȳhigh
k is low is always greater for ȳk < ȳ′k, then

≥ 1+
∫

∞

−∞

(1−P(ȳhigh
k ≤ u|Y HASE

k = ȳ′k)) ·dP(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = u)

which is equivalent to

= 1+
∫

∞

−∞

∫
∞

u
(dP(ȳhigh

k ≤ z|Y HASE
k = ȳ′k))·dP(Ȳ HASE

k+1 ≤ y|Y HASE
k = ȳk, ȳ

high
k = u)
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and reversing the order of integration:

= 1+
∫

∞

−∞

∫ z

−∞

dP(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = u)·(dP(ȳhigh

k ≤ z|Y HASE
k = ȳ′k))

=
∫

∞

−∞

P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = z) ·dP(ȳhigh

k ≤ z|Y HASE
k = ȳ′k)

therefore, since P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳk, ȳ
high
k = z) = P(Ȳ HASE

k+1 ≤ y|Y HASE
k = ȳ′k, ȳ

high
k = z) , we

write:

≥
∫

∞

−∞

P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳ′k, ȳ
high
k = z) ·dP(ȳhigh

k ≤ z|Y HASE
k = ȳ′k)

= P(Ȳ HASE
k+1 ≤ y|Y HASE

k = ȳ′k)

this demonstrates (II).

Lastly, we prove condition (III) from Lemma 11, by construction, both HAS1 and HAS-E sam-

ple on the entire domain so:

P(Y HASE
0 ≤ y) = P(Y HAS1

0 ≤ y)

so condition (III) is true trivially. This proves the theorem through reference to Lemma 11.

Theorem 3: Given HAS-E then an upper bound on the expected number of iterations until reaching

a value of y∗+ ε is:

E(N(y∗+ ε))≤ 1+
∫

∞

y∗+ε

dρ(t)

(1−α) ·
(

ζlow
ζhigh

)2
·q · γ · p(t)

= 1+
1

(1−α) ·
(

ζlow
ζhigh

)2
·q · γ

· ln
(

ν(S)
ν(Sy∗+ε)

)
(B.9)

Proof of Theorem 3

By stochastic dominance in Theorem 2, the expected number of iterations to achieving a value within

y∗+ ε for HAS-E is less than or equal to the number for HAS1. Since the bettering probability for

HAS1 is b(y) = (1−α) ·
(

ζlow
ζhigh

)2
·q · γ for all y∗ < y≤ y∗, using (4.3), we have
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E(N(y∗+ ε))≤ 1+
∫

∞

y∗+ε

dρ(t)

(1−α) ·
(

ζlow
ζhigh

)2
·q · γ · p(t)

.

and since HAS1 uses uniform sampling, i.e., p(y) = ν(Sy)
ν(S) , we have

= 1+
1

(1−α) ·
(

ζlow
ζhigh

)2
·q · γ

· ln
(

ν(S)
ν(Sy∗+ε)

)

This proves the proposition.

Lemma 12. For a given constant a such that 0 < a < 1, and a variable n ≥ 1, then the function
a1/n

1−a1/n is bounded by a linear function of n, such that.

f (n) =
a1/n

1−a1/n ≤
a

1−a
+
−log(a)

(1−a)2 ·n (B.10)

Proof of Lemma 12

This bound is developed by proving that the derivative of a1/n

1−a1/n obtains a maximum value over

the range of n in[1,∞]. Using this upper bound on the derivative, a linear function is determined

to bound the expression. First, note that the if n ≥ 0, the function is continuous and has defined

derivatives. We take the first derivative of f (n), yielding

f ′(n) =
d f (n)

dn
=
−a1/nlog(a)

n2 · (1−a1/n)− a1/nlog(a)
n2 · (a1/n)

(1−a1/n)2 =− a1/n · log(a)
n2 · (1−a1/n)2 (B.11)

which is positive when n > 0. We go on to find a maximum value.

Examine part of the denominator in (B.11), let d(n) = n ·(1−a1/n) and we see that from Halley’s

Theorem:

lim
n→∞

n · (1−a1/n) =−log(a)

and at n = 1, then

d(1) = (1−a)
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We first examine the first derivative of d(n),

d′(n) =
dd(n)

dn
=−a ·1/n +

a1/n · log(a)
n

+1

with limn→∞ d′(n) = 0 and at n = 1, then

d′(1) =−a+a · log(a)+1 = a · (log(a)−1)+1. (B.12)

Note that d′(1)> 0 for ∀a ∈ (−∞,∞) since (B.12) reaches a minimum in a of 0 at a = 1.

Next, we examine the second derivative of d(n),

d′′(n) =
d2d(n)

dn2 =−a1/n · log2(a)
n3 .

We note that d′′(n)< 0 for 0 < a < 1 and n > 1. Since 0 > d′′(n) then d′(n)> 0 is always positive

since d′ monotonically decreases from a · (log(a)− 1) + 1 to 0 as n increases. Similarly, since

d′(n)≥ 0 for n > 1, then d(n) monotonically increases for n > 1. Therefore d(n) obtains a minimum

at n = 1 therefore

n · (1−a1/n)≥ (1−a). (B.13)

Returning to (B.11), we develop an upper bound since−log(a) is positive and a1/n < 1 for 0< a< 1,

f ′(n) =− a1/n · log(a)
n2 · (1−a1/n)2 ≤

−log(a)(
n · (1−a1/n)

)2

then using (B.13),

f ′(n)≤ −log(a)

(1−a)2 .

Using an upper bound of the derivative, f ′(n), and the value of f (1) = a
1−a , an upper bound is

determined for for f (n) when n≥ 1 as

a1/n

1−a1/n ≤
a

1−a
+
−log(a)

(1−a)2 ·n.

which completes the proof.
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B.3 Quantile Adaptive Search

Theorem 6: Consider the problem (P0). Let Ȳ QAS
k be the best sampled point at the kth iteration with

parameters γ and C . Let Ȳ HAS2
k be the best sampled of HAS2, the special case of HAS with bettering

probability,b, equal to γ

C ·
(

ζ low
0

ζ
high
0

)2

and a sampling distribution ζ0. Ȳ QAS
k stochastically dominates

Ȳ HAS2
k :

P(Ȳ QAS
k ≤ y)≥ P(Ȳ HAS2

k ≤ y) for k = 0,1,2, . . . ,

where y∗ < y < y∗.

Proof of Theorem 6

Similar to the proof for Theorem 2, we use the conditions provided in Lemma 11, that if

(I) P(Ȳ QAS
k+1 ≤ y|Ȳ QAS

k = z)≥ P(Ȳ HAS2
k+1 |Ȳ HAS2

k = z)

(II) P(Ȳ QAS
k+1 ≤ y|Ȳ QAS

k = z) is non-increasing in z, and

(III) P(Ȳ QAS
0 ≤ y)≥ P(Ȳ HAS2

0 ≤ y)

then P(Ȳ QAS
k ≤ y)≥ P(Ȳ HAS2

k ≤ y) for k = 0,1,2, . . . , for y < z.

The first step is to demonstrate (I). To align notations with QAS let ȳk = z. We assume without loss

of generality that y < ȳk since otherwise P(Ȳ QAS
k ≤ y) = P(Ȳ HAS2

k ≤ y) = 1.

We rewrite the left-side of (I) in terms of the quantile level set,

P
(

Ȳ QAS
k+1 ≤ y|Ȳ QAS

k = ȳk

)
= P

(
{XQAS

k+1 ∈ L(δy,S)}|Ȳ QAS
k = ȳk

)
. (B.14)

where δy is the quantile level associated with y, such that y = y(δy,S).

≥ P({XQAS
k+1 ∈ L(δy,S)}|{XQAS

k+1 ∈ L(δk+1,S)},Ȳ QAS
k = ȳk)

·P({XQAS
k+1 ∈ L(δk+1,S)}|Ȳ QAS

k = ȳk).
(B.15)

and since P
(
{XQAS

k+1 ∈ L(δk+1,S)}|Ȳ QAS
k = ȳk

)
= P

(
{XQAS

k+1 ∈ L(δk+1,S)}
)

, and by (ii) in Step2, in
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QAS,

≥ P
(
{XQAS

k+1 ∈ L(δy,S)}|{XQAS
k+1 ∈ L(δk+1,S)},Ȳ QAS

k = ȳk

)
· γ,

and using condition (iii) in Step 2, such that:

γ ·P
(
{XQAS

k+1 ∈ L(δy,S)}|{XQAS
k+1 ∈ L(δk+1,S)},Ȳ QAS

k = ȳk

)
≥ γ ·P

(
{XQAS

0 ∈ L(δy,S)}|{XQAS
0 ∈ L(δk+1,S)},Ȳ QAS

k = ȳk

)
= γ ·

P({XQAS
0 ∈ L(δy,S)}

⋂
{XQAS

0 ∈ L(δk+1,S)})
P({XQAS

0 ∈ L(δk+1,S)})

= γ ·
P({XQAS

0 ∈ L(δy,S)})
P({XQAS

0 ∈ L(δk+1,S)})

and since L(δy,S)⊂ L(δk+1,S),

= γ ·
∫

L(δy,S) ζ0(x) ·dx∫
L(δk+1,S) ζ0(x) ·dx

and since ζ low
0 ≤ ζ0(x)≤ ζ

high
0 :

= γ ·
∫

L(δy,S) ζ0(x) ·dx∫
L(δk+1,S) ζ0(x) ·dx

≥ γ ·
ζ low

0 ·
∫

L(δy,S) dx

ζ
high
0 ·

∫
L(δk+1,S) dx

= γ ·
ζ low

0 ·ν(L(δy,S))

ζ
high
0 ·ν(L(δk+1,S))

.

Therefore based on the ratio in condition (i):

= γ ·
ζ low

0 ·ν(L(δy,S))

ζ
high
0 ·δk+1 ·ν(S)

≥ γ ·
ζ low

0 ·ν(L(δy,S))

ζ
high
0 ·C ·δ(k) ·ν(S)

= γ ·
ζ low

0 ·ν(L(δy,S))

C ·ζ high
0 ·ν(L(δ(k),S))

.

To summarize thus far, we have a lower-bound on the left-hand side of (I)

P
(

Ȳ QAS
k+1 ≤ y|Ȳ QAS

k = ȳk

)
≥

γ ·ζ low
0 ·ν(L(δy,S))

C ·ζ high
0 ·ν(L(δ(k),S))

. (B.16)

Now, rewrite the right-hand side of (I)

P(Ȳ HAS2
k+1 ≤ y|Ȳ HAS2

k = ȳk)
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= P({XHAS2
k+1 ∈ L(δy,S)}|{XHAS2

k ∈ L(δ(k),S)},Ȳ HAS2
k = ȳk)

·P({XHAS2
k+1 ∈ L(δ(k),S)}|Ȳ HAS2

k = ȳk)

= b ·
∫

L(δy,S) ζ0(x) ·dx∫
L(δ(k),S)

ζ0(x) ·dx
≤ b ·

ζ
high
0 ·ν(L(δy,S))

ζ low
0 ·ν(L(δ(k),S))

which results in,

P(Ȳ HAS2
k+1 ≤ y|Ȳ HAS2

k = ȳk)≤ b ·
ζ

high
0 ·ν(L(δy,S))

ζ low
0 ·ν(L(δ(k),S))

(B.17)

therefore combining (B.16) and (B.17) yields,

P(Ȳ QAS
k ≤ y|Ȳ QAS

k = ȳk)≥
(

γ

C

)
·

ζ low
0 ·ν(L(δy,S))

ζ
high
0 ·ν(L(δ(k),S))

=
(

γ

C

)
·

(
ζ low

0 ·ζ low
0 ·ζ high

0 ·ν(L(δy,S))

ζ
high
0 ·ζ high

0 ·ζ low
0 ·ν(L(δ(k),S))

)

=
(

γ

C

)
·

(
(ζ low

0 )2 ·ζ high
0 ·ν(L(δy,S))

(ζ high
0 )2 ·ζ low

0 ·ν(L(δ(k),S))

)

and since the bettering probability γ

C ·
(

ζ low
0

ζ
high
0

)2

= b, and from (B.17)

= b ·
ζ

high
0 ·ν(L(δy,S))

ζ low
0 ·ν(L(δ(k),S))

≥ P
(
Ȳ HAS2

k ≤ y|Ȳ HAS2
k = ȳk

)
.

Therefore condition (I) is proved for all k = 0,1,2, . . .

Condition (II) holds based explicitly on condition (iv). Moreover, for Condition (III), holds

by construction both HAS2 and QAS, which sample according to the distribution ζ0 on the first

iteration,

P(Y QAS
0 ≤ y) = P(Y HAS2

0 ≤ y)

Therefore, the proposition is demonstrated by Lemma 11.

Theorem 7: The expected number of iterations until the value of y∗+ ε or better is sampled by the
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QAS algorithm can be given an upper bound of:

E(N(y∗+ ε))≤ 1+
∫

∞

y∗+ε

C

γ
·

(
ζ

high
0

ζ low
0

)2

·
(

dρ(t)
p(t)

)

Proof of Theorem 7

By stochastic dominance in Theorem 6, the expected number of iteration to achieving a value within

y∗+ ε for QAS is less than or equal to the number for HAS2. Since the better probability for HAS2

is b(y) = γ

C ·
(

ζ low
0

ζ
high
0

)2

, for y∗ < y≤ y∗, using (4.3), we have

E(N(y∗+ ε))≤ 1+
∫

∞

y∗+ε

C

γ
·

(
ζ

high
0

ζ low
0

)2

·
(

dρ(t)
p(t)

)
This leads to an upper-bound for QAS written in (4.13).

B.4 Quantile Nested Partitions

We can write the proof of Theorem 9, that generally extend the theorems proving the convergence

of the Nested Partition algorithm.

Theorem 9 As k→ ∞ then P
(
σB(k) = σ∗

)
→ 1.

Proof of Theorem 9

On every iteration, the algorithm either branches the most promising region σB(k), or the most

promising region is unbranchable in which case σB(k)∈ Σmax and ŷ
(
δ ,σB(k)

)
< ŷ
(

δ · vmin(k)
v(σ j)

,σ k
j ,
)

for all σ k
j ∈ Σcontend(k) and σ k

j /∈ Σmax.

As k→ ∞ then vmin(k)→ v(σ∗) and the number of samples Nk
j → ∞ in every σ k

j in Σcontend(k),

therefore

ŷ

(
δ · vmin(k)

v(σ k
j )

,σ k
j

)
→ y

(
δ · v(σ

∗)

v(σ k
j )
,σ k

j

)
with probability arbitrarily close to 1 by the consistency of the quantile estimator [91, 23].

Due to the consistency of the estimator and since the number of possible regions in Σcontend(k) is

finite, as k→ ∞, it is true with probability approaching 1 that for any region σ k
j ∈ Σcontend(k) either
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σ k
j ∈ Σmax (unbranchable) or ∃ σ̄ k

j ∈ Σmax
⋂

Σcontend(k) such that y
(

δ , σ̄ k
j (k)

)
< y

(
δ · v(σ∗)

v(σ k
j )
,σ k

j

)
and σ∗ ∈ Σcontend(k).

To see this, consider two regions, σ j,σ j′ such that σ j ⊂ σ j′ . Then y(δ · v(σ j)
v(σ j′ )

,σ j′) ≤ y(δ ,σ j) since

the set of points {x : f (x)< y(δ ,σ j)} is also contained in σ j and therefore constitutes at least δ · v(σ j)
v(σ j′ )

of the total volume of σ ′j. Now, if for all regions σ k
j ∈ Σcontend(k) either σ k

j ∈ Σmax (unbranchable)

or ∃σ̄ k
j ∈ Σmax

⋂
Σcontend(k) such that y

(
δ , σ̄ k

j (k)
)
< y

(
δ · v(σ∗)

v(σ k
j )
,σ k

j ,

)
then for any branchable

region that contains σ∗, i.e., σ∗ ⊂ σ̃ k
j , we have y(δ · v(σ∗)

v(σ̃ k
j )
, σ̃ k

j ) ≤ y(δ ,σ∗) < y(δ , σ̄ k
j ) for all σ̄ j

k ∈

Σmax
⋂

Σcontend(k) and therefore σ̃ k
j /∈ Σcontend(k). Since at least one region in Σcontend(k) contains

σ∗ then σ∗ ∈ Σcontend(k).

Therefore as k→ ∞ the probability that σ∗ ∈ Σcontend(k) and y(δ ,σ∗) < y
(

δ · v(σ∗)
v(σ k

j )
,σ k

j

)
∀σ k

j ∈

Σcontend(k) goes to 1, and as k → ∞ then P(ŷ(δ ,σ∗) < ŷ(δ ,σm(k))) → 1 and the probability

P
(
σB(k) = σ∗

)
→ 1.

Theorem 10 If f is a function that satisfies the Lipschitz condition with Lipschitz constant L, there

exists a value δ ∗ such that for all δ < δ ∗ then P(x∗ ∈ σB(k))→ 1 as k→ ∞.

Proof of Theorem 10

Consider σi ∈ Σmax for i = 1, . . . ,‖Σmax‖. Let x∗i = argminx∈σi f (x). Order the unbranchable re-

gions in Σmax by their minimum values, i.e., σ(1), · · · ,σ(‖Σmax‖) such that f (x∗(1))≤ ·· · ≤ f (x∗(‖Σmax‖)).

Consider σ(1) and σ(2) with f (x∗(1)) < f (x∗(2)). From the Lipschitz condition there must be a hy-

persphere h centered at x∗(1) and v
(
h
⋂

σ(1)
)
> 0, such that ∀x ∈ h : f (x) < f (x∗(2)) . Therefore for

δ < δ ∗ =
v(h

⋂
σ(1))

v(σ(1))
, we are assured that y(δ ,σ(1)) < y(δ ,σ(i)) ∀i 6= 1. The best σ∗ relative to a

δ < δ ∗ satisfies y(δ ,σ∗)≤ y(δ ,σ(i)) for all i, and therefore σ∗ = σ(1) and x∗ ∈ σ∗.

By Theorem 9, P
(
σB(k) = σ∗

)
→ 1 as k→ ∞. Therefore P

(
x∗ ∈ σB(k)

)
→ 1 as k→ ∞.
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Appendix C

TABLES AND PARAMETERS FOR OPTIMIZATION

C.1 Staffing Model

Table C.1: Fit Parameters for Normal and Weibull models

clinic modeled normal mean : µ̂c,i modeled normal standard deviation : σ̂c,i modeled Weibull shape : α̂c,i modeled weibull scale : β̂c,i

1 4553, 3672, 2741 1056, 854, 644 5.19, 4.99, 4.95 5048, 4007, 3008

2 1611, 973, 640 1669, 943, 629 1.02, 0.99, 1.00 989.32, 655, 636

3 1512, 1003, 619 1479, 1013, 596 1.01, 1.01, 1.01 1577, 1020, 671

4 1600, 876, 703 3866, 1852, 1723 0.51, 0.53, 0.50 759.08, 539, 305

5 1529, 1082, 595 2996, 2683, 1287 0.47, 0.50, 0.494 715, 458, 328

6 4578, 3664, 2282 1062, 874, 535 4.89, 4.98, 5.07 5032, 3978, 2507

7 1594, 938, 632 3660, 2031, 1526 0.50, 0.52, 0.51 706, 563, 318

Table C.2: System Parameters

γi K ξ wi

0.05 1000 0.0001 1, 2, 2

Table C.3: Co-morbidity matrix mi,′i

specialist type 1 specialist type 2 specialist type 3

specialist type 1 1 0 0

specialist type 2 0.1 0.9 0

specialist type 3 0.1 0.1 0.8



117

Table C.4: Transport Penalty : tc,l

clinic 1 clinic 2 clinic 3 clinic 4 clinic 5 clinic 6 clinic 7

clinic 1 0 0.5, 1, 1 3, 6, 6 3, 6, 6 3.5, 7, 7 3.5, 7, 7 2, 4, 4

clinic 2 0.5, 1, 1 0 3, 6, 6 2.5, 5, 5 3, 6, 6 3, 6, 6 4, 8, 8

clinic 3 3, 6, 6 3, 6, 6 0 6, 12, 12 6.5, 13, 13, 7, 14, 14, 8, 16, 16,

clinic 4 3, 6, 6 2.5, 5, 5 6, 12, 12 0 3, 6, 6 3, 6, 6 2.5, 5, 5 10, 10

clinic 5 3.5, 7, 7 3, 6, 6 6.5, 13, 13 1.5, 3, 3 0 1.5, 3, 3 5.5, 11, 11

clinic 6 3.5, 7, 7 3, 6, 6 7, 14, 14 1.5, 3, 3 1.5, 3, 3 0 6.5, 11, 11

clinic 7 2, 4, 4 4, 8, 8 8, 16, 16 5, 10, 10 5.5, 11, 11 5.5, 11, 11 0

Table C.5: Clinic Data

clinic capacity : bl,i cost per staff : hl,i discontinuity penalty rate : sl,i discontinuity threshold : vl,i

1 300000 2, 1, 0.75 0.5, 0.3, 1 3000, 2000, 1300

2 3000, 2000, 1300 2, 1, 0.75 0.5, 0.3, 1 3000, 2000, 1300

3 3000, 2000 1300 2, 1, 0.75 0.5, 0.3, 1 3000, 2000, 1300

4 1500, 1000, 600 2, 1, 0.75 0.5, 0.3, 1 3000, 2000, 1300

5 1500, 1000, 600 2, 1, 0.75 0.5, 0.3, 1 3000, 2000, 1300

6 10000, 8000, 5000 2, 1, 0.75 0.5, 0.3, 1 3000, 2000, 1300

7 1500, 1000, 600 2, 1, 0.75 0.5, 0.3, 1 3000, 2000, 1300

Values generated for (dc,i,1,dc,i,2, ...,dc,i,K) can be provided upon request.
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C.2 Optimal Patient Paneling Model

Indices

J Number of physician panels, indexed by j = 1, . . . ,J

L Number of clinic locations, indexed by l = 1, . . . ,L

R Regions, indexed by r = 1, . . . ,R

M Morbidity categories indexed by b = 1, . . . ,M

I Number of patient populations, indexed by i = 1, . . . , I

Decision Variables

Xi, j the percentage of patients from population i being assigned to physician panel j

Yj an integer value taking values {1, . . . ,L} indicating that we are locating physician j at location l

Vj a continuous variable indicating the amount of virtual care time available to panel j

Parameters

dr,l the distance between population at region r and clinic l

νi the base likelihood that patient type i will use virtual

oi the base likelihood that patient type i will scheduled (as opposed to same-day arrival)

nm,r,l probability of a no-show for morbidity type m in region r when seeking care at clinic l

bi the maximum watitime before balk for patient type i

h j hours of availability for physician in panel j

t f rameLimit the timeframe of the scheduling

f j The preferred utilization of physician j

vlow
j ,vup

j The upper and lower bounds for the available virtual hours at panel j

λi Average arrival time for patient group i for designated time period

χm,r the percent morbidity type m at region r

Objective Function Weights

ω
de f er
i Average arrival time for patient group i for designated time period

ωwaittime
i The objective function weight for waittime for patient type i

ωnoshow
i The objective function weight for waittime for patient type i

ω travel
i The objective function weight for waittime for patient type i

ωutil
i The objective function weight for utilization for panel type j

Output Metrics

Ti The travel time for patient pi

Wi The wait time for a patient pi

Bi A indicator variables whether patient pi defers care or experiences extreme wait time causing them to balk

Ni A indicator variables whether patient pi is a no-show

Si A indicator variables whether patient pi is scheduled as opposed to virtual

U j The average number of hours utilized for Physician j

Table C.6: System Indices, Parameters, Decision Variables, and Random Variable Parameters for
the model
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Table C.7: The arrival rate break downs based on group health data across four RUB categories
(grouped into two categories)

Average
RUB (rounded)

Avg Visits
(per year)

number
patients

number
visits

number
of visits
(2 categories)

number
of patients
(2 categories)

average
yearly visits

0 0.89 33356.00 29597.71
199584.00 106873.00 1.87

1 2.31 73517.00 169986.29
2 4.14 101805.00 421249.19

479665.65 108587.00 4.42
3 8.61 6782.00 58416.46

Table C.8: Arrival time between arrivals for each of the broad rub categories

The two RUB
Model

Avervage
yearly arrival

Total yearly
arrival

Average time
between arrivals (hours)

RUB1 0.50 1.87 24081.25 0.015
RUB2 0.50 4.42 57871.57 0.006

Table C.9: The simulation model’s inputs concerning arrival rate, (base) no-show probability, and
the percentage of virtual care usage

Arrival Rate Schedule Probability No Show Probability Virtual Care probability
RUB 1 0.015 0.9 0.1 0.15
RUB 2 0.006 0.9 0.05 0.02

Table C.10: The travel weights used for objective function measurement

Clinic 1 Clinic 2 Clinic 3
Location 1 0 0.33 1
Location 2 0.33 0 1
Location 3 1 1 0

Table C.11: Input variables relative to each of the three locations selected. The percentage of each
of the morbidity categories included in the simulation model

% RUB1 Population at Location % RUB2 Population at Location
Location 1 30 % 25 %
Location 2 50 % 30 %
Location 3 20 % 45 %
Total 100 % 100 %
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Table C.12: Input variables relative to each of the three locations selected. The percentage of each
of the morbidity categories included in the simulation model

% Location demand from RUB 1 % Location demand from RUB 1 Toal
Region 1 54% 46% 100
Region 2 62% 38% 100
Region 3 30% 70% 100

Table C.13: The objective function weights used for in the objective-function measurements

Objective
weight
for Balks

Objective
weight for
NoShows

Objective
weight for
travel time

Objective
weight for
clinic wait time

Objective
weight for
virtual wait time

RUB 1, m=1 1 1 1 1 1
RUB 2, m=2 2 2 2 2 1


