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The combination of optical microscopy and nanoscale antennas has great potential, but nu-

merous complexities must first be understood. In this dissertation I use simple mathematical

models of plasmonic nanoantennas interacting with their environment together with mod-

els of the diffraction limited imaging process occurring in a modern microscope to solve

previously open questions in the literature. The two major stories are (1) resolving the

mislocalization of molecules in plasmon-enhanced super-resolution fluorescence microscopy

and (2) unification of past photothermal imaging theories and generalizing the formalism to

resonant phenomena.
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Part I

OPTICS OF THE PLASMON RESONANCE
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Optical microscopy has been our fundamental tool for exploring the small parts of the

world since Hooke and Leeuwenhoek first glimpsed microorganisms in the 1600s [63]. This

technique arouse first simply because we see optical light, but it’s utility has endured major

technological advancement. Modern non-optical techniques like X-ray and Electron mi-

croscopy achieve much higher resolution then their optical counterparts, and have since be-

come common laboratory techniques [157, 35, 131]. But the noninvasive character of optical

light provides the special ability to visualize the details of fragile living systems [119].

The biocompatibility of optical light relies on its relatively low energy, or long wavelength,

which sets a fundamental limit on resolution. This limit can be understood by the fact

that even point sources of light will appear as fuzzy spots of finite size through even the

best microscope objective. The shape and size of this bright spot, called the point spread

function (PSF) is characteristic to diffraction through a particular system of optics. The

closest distance between two point sources such that their PSFs are discernible as distinct is

called the diffraction limit. The expression for this limit is usually attributed to pioneering

work by Abbe [1] and Rayleigh [130], and can be approximated as λ/(2NA), in terms of the

wavelength of light (λ) and the numerical aperture of the microscope objective lens (NA).

Attainable resolution is therefore near 200 nm for visible light (λ = 550nm) using a high-NA

objective lens (NA = 1.4) [49]. Because of the diffraction limit, optical images of nanoscale

objects are non-trivially related to their size and shape. In order to optically investigate the

nanoscale, we need to employ some tricks. A strategy starts to appear when considering

the fact that the diffraction limit is not a property of the system under study, but instead

the optical system through which we are viewing. By coupling light into a nanoscale object

capable of generating localized electromagnetic fields, like a capacitor or an antenna, we can

effectivly bypass the diffraction limit.

It turns out that nanoscale antennas for visible light do exist. Plasmonic nanoparticles

(objects supporting one or multiple localized surface plasmon resonances, LSPRs or simply

plasmons) serve this role. Noble metal particles of 10–100s of nm is size support plasmon

resonances in the visible spectrum [161]. With dimensions smaller then the diffraction limit
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of resonant light, plasmonic nanoparticles and have become a window to the nanoscale. Just

like the radio antennas we have on our cars, or the microwave antennas in our cellphones,

plasmonic nanoparticles can send and receive signals in the form of electromagnetic radiation.

In any of these cases, the antenna relies on a conductive material, usually metal, whose con-

duction electrons oscillate in response to electromagnetic field. For the macro-scale electronic

devices we use on a daily basis, the signals are sent by driving the antenna’s free charges

into oscillation with a electronic circuit. Oscillating charges radiate in response to accel-

eration, which is fundamental feature of electrodynamics. Plasmonic nanoparticles radiate

similarly. But instead of being circuit driven, plasmonic nanoparticles are often coupled to

nanoscale emitters like fluorescent or Raman active molecules. This nearby emission source

readily transfers energy to the nanoantenna, whose electrons are easily set into oscillation

at the optical frequencies near it’s natural resonance. The reverse is also true. Incoming

radiation drives the plasmon resonance strongly. This confined charge oscillation produces

large local electric fields, which will increase light-matter coupling to anything in proximity.

In fact, the discovery of the antenna-like properties of plasmonic nanoparticles began with

the observation of fantastic feats such as Raman spectroscopy enhanced up to a millionfold

times what was expected [112], which opened up the entire field of Surface enhanced Raman

Spectroscopy (SERS), eventually leading to even single molecule detection [89]. Despite this

success, imaging the nanoscale with plasmonic antennas is not a trivial feat. As we will dis-

cuss in detail in the following chapters, combining the plasmonic antenna with an imaging

system yields complexity greater then the sum of it’s parts.

The history of the plasmon resonance as something useful lies in the discovery that for

certain molecules adsorbed on particular metal surfaces a Raman spectrum is observed with

intensity unexplainable by simple calculations considering the metal as a simple reflecting

mirror With the effect eventually attributed to the plasmonic resonance of nanoscale features

in a roughened metal surface [139], researchers began to explore fabrication of distinct plas-

monic particles for better SERS active substrates [31]. These ideas were quickly translated

to enhancement of other molecular optical processes like absorption, emission, and fluores-
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cence. At the same time, nanoscale fabrication techniques were becoming more accessible,

and measurements of single and aggregated plasmonic particles became more intricate.

This simultaneous development of plasmonic enhanced spectroscopy and spatially precise

nanoengineering techniques to control ever more complicated fabrication revived the study of

electrodynamic theory [112, 66, 149]. Once thought dead, seemingly esoteric topics very close

to those studied by first year physics graduate students became cutting edge, experimentally

testable research topics. In particular, unlike many quantum mechanical problems, numerical

solutions of electrodynamics problems are usually quite tractable [92, 72, 53]. With the tools

to actually test predictions both numerically and experimentally, the physics of plasmonic

particles interacting with each other and their environment are prime for reduced order

models that can reveal the origins of emergent phenomena [125, 127, 40, 110, 37, 98, 164].

A predominant method for simplifying electrodynamic models is to incorporate only a

finite number of interacting multipoles [38] (often just dipoles). These models have had

such success in part because modeling plasmon-enhances spectroscopies like Raman and

fluorescence requires predicting only fundamental physical quantities of the system, such as

the radiative decay rate of an excited molecule [117]. But in order to model the microscope

image of emitting molecules coupled to a plasmonic antenna, we must take into account the

distribution of electromagnetic radiation from the near-field into the far-field as well as the

diffraction limited optics of image formation in the microscope. In order to bring simple yet

predictive models of plasmon-emitter interactions from spectroscopy to imaging, a detailed

model of the observable needs to be implemented.

This has been my pursuit of the last 5 years. I have sought to combine a simple model of

diffraction limited imaging with similarity distilled mathematical descriptions of plasmonic

antennas. Both plasmons and molecules take the form of electric dipoles, and the connection

between dipolar interaction and their far-field interference effects explain real images of these

complicated systems.

The combination of these two models provides us intuitive interpretation of plasmonic

imaging in general, but in particular I present in this dissertation two concrete attempts
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to resolve discrepancies of the past. The first, in Part II of this dissertation, is manifested

in plasmon-enhanced single-molecule localization microscopy, a subfield of super-resolution

fluorescence. In this case, the diffraction limited images of a coupled plasmonic antenna and

fluorescence molecule were commonly observed localize towards the center of the antenna.

But occasionally, interference effects seam to shift the image away from the antenna. I

demonstrate how the relative infrequency of the second case is explained by the image and

plasmon-emitter interaction model. The second, in Part III, manifests in the photothermal

imaging of single plasmonic particles, a technique developed to optically detect absorbers.

Two separate lineages of theoretical analysis seem to start with disparate assumptions for

the mathematical description of the photothermal image. I develop a theory that combines

the past approaches and explores the possible reasons why both were independently justified

in their own contexts.

Before exploring the detailed implications of plasmon-enhanced imaging in those two

cases, the remainder of Part I of this dissertation sets up the fundamental theory of diffraction

limited imaging, and then the reduced order modeling of a plasmonic nanoparticle as an

electric dipole oscillator. With the theory of imaging and interaction established, we move

to the applications discussed above.
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Chapter 1

INTRO TO IMAGING: SCALAR DIFFRACTION THEORY

The plasmon resonance is useful for its ability to effectivly break the diffraction limit.

But how can this be in the diffraction limit is really a lower bound on the spatial confinement

of light? In reality the diffraction limit is more a consequence of how we interact with light,

sending it through lenses with finite dimension, then it is a fundamental property of light

itself. In this chapter, we will explore this notion and develop a mathematical understanding

of the diffraction limit. It is our goal to see how the diffraction limit, a lower bound on

imaging length-scale, arises when attempting to focus light with a lens. We will start with the

fundamental governing equations of electrodynamics, and build a theoretical understanding

of imaging limitations. The theory presented here, known as scalar diffraction theory, does

make some simplifying approximations at the outset. We will forgo these to some degree

in the next chapter to derive a higher level theory for the image fields of dipole emitters

under high numerical aperture microscope objectives. But in the meantime the simplifying

assumptions presented here are adequate for our education.

Much of this derivation follows Goodman’s excellent book, Introduction to Fourier optics

[65], with the details and cometary my own.

1.1 Maxwell’s equations

We start with the governing equations of electrodynamics. Outside of quantum mechanical

effects for very small objects and gravitational effects for very large objects, most all of

known physics can be derived from the following 4 equations. These are referred to as the
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macroscopic Maxwell’s equations,

∇ ·D = 4πρ ∇× E = −1

c
∂tB (1.1)

∇ ·B = 0 ∇×H =
1

c
∂tD +

4π

c
J , (1.2)

relating the electric and magnetic fields E and B, along with the displacement field D and

the magnetizing field H, to their sources. The latter two fields are macroscopic quantities

that contain the effects of net material polarization, so that the so called free charge ρ and

free current density J represent only macroscale quantities of interest.

In order to compensate for macroscopic polarization of matter, the fields D and H are

related to material properties through the phenomenological constitutive relations, which

harbor the material properties resulting from a macroscopic average over molecular scale

polarizations.

D = εE H =
1

µ
B (1.3)

For our interest in light propagation, we will first consider isotropic space with no sources,

{µ, ε} 6= f(x), in which we can derive the wave equation,

∇× (∇× E) = ∇× (−1

c
∂tB)

= −1

c
∂t∇×B

= −µ
c
∂t∇×H

= − µ
c2
∂2
tD

= −µε
c2
∂2
tE

∇(∇ · E)−∇2E =

1

ε
∇(∇ ·D)−∇2E =

−∇2E =

∇2E− µε

c2
∂2
tE = 0 . (1.4)
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This of course has eigenstates of the form E0e
−i(ωt−k·x), the electric field of a plane wave.

But if we introduce some matter (like a microscope or other imaging optical device) and

consider it to be describable by ε(x) and µ(x), a source term appears on the right hand side

of the wave equation.

We will assume our microscope is not magnetic, and take µ → 1. Maxwell’s equations

then take the form

∇ ·D = 0 ∇× E = −1

c
∂tB (1.5)

∇ ·B = 0 ∇×B =
1

c
∂tD (1.6)

and the wave equation becomes

∇2E− ε

c2
∂2
tE = ∇

(
εE · ∇

(
1

ε

))
. (1.7)

This wave equation mixes the vector components of E anywhere where ∇
(

1
ε

)
6= 0. This

will of course be true at the interfaces between the lenses in our microscope and the air.

But it turns out, we are able to make decent predictions even by neglecting the right hand

side of Eq. (1.7). By doing so, we return to the homogeneous wave equation, in which the

vector components of E are independent. It is this approximation that allows us to treat the

electric field as a scalar, and how scalar diffraction theory gets its name. For more discussion

on the limitations, see Goodman’s text, Ref. [65]. Our goal hear will be to solve the wave

equation around a finite sized lens. In abiding as much as possible to the scalar diffraction

approximation, we will seek the focused fields at distanced many wavelengths from the lens,

where our assumption is obviously broken

1.2 Helmhotz

As we often do in electrodynamics, it is convenient to solve our problem one frequency at a

time. Since our problem is that of light propagation, we will first convert the wave equation

to the frequency domain. We can do this by defining the Fourier transform and its inverse
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as

F [f(t)] = f̃(ω) =

∫
dt eiωtf(t) (1.8)

F−1[f̃(ω)] = f(t) =

∫
dω

2π
e−iωtf̃(ω), (1.9)

which for practical purposes, maps some function of a variable and its time derivatives

f(g, ∂nt g) → f(g̃, (−iω)ng̃). The wave equation in free space transforms into the Helmhotz

equation

F [∇2E− n2

c2
∂2
tE = 0]

∇2Ẽ− n2

c2
F [∂2

tE] = 0

∇2Ẽ− n2

c2

∫
dt eiωt∂2

tE = 0

∇2Ẽ− n2

c2

([
e−iωt∂tE

]+∞
t=−∞ −

∫
dt ∂te

iωt∂tE

)
= 0

∇2Ẽ− n2

c2

([
e−iωt∂tE

]+∞
t=−∞ −

[
e−iωtE

]+∞
t=−∞ +

∫
dt ∂2

t e
iωtE

)
= 0

∇2Ẽ− n2

c2
(iω)2Ẽ = 0

∇2Ẽ +
n2ω2

c2
Ẽ = 0

∇2Ẽ + k2Ẽ = 0. (1.10)

The Helmholtz equation can be thought of as a linear diagonal operator [∇2 + k2] acting

on the field. It therefore leaves each scalar component of the field independent from each

other. With sources, or a heterogeneous medium represented by ε(x), the field components

are mixed by off-diagonal terms, as in the time domain. In continuing within the scalar

diffraction limit, we can discuss the field components individually in terms of the histori-

cally relevant disturbance u(x, t) and its Fourier components U(x, ω) satisfying the scalar

Helmhotz equation,

∇2U + k2U = 0 . (1.11)
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Figure 1.1: Integration surface for Greens Second Identity to relate the field at point x to

the surface S0.

This equation has the the (outward propagating) Green’s function

G(x,x′) =
eik|x−x

′|

4π|x− x′| (1.12)

where U ∈ {Ẽx, Ẽy, Ẽz}.

1.3 Green’s second identity

In the context of light propagating through a lens, we are interested in solving for the focal

fields as a function of the field incident upon the lens. This is can be accomplished by

manipulating the fundamental theorem of calculus to arrive at∫
V

d3x′
(
U∇2G−G∇2U

)
=

∫
δV

d2x′
(
U
∂G

∂n
−G∂U

∂n

)
(1.13)

where ∂U
∂n

= n̂ · ∇U and n̂ is the unit normal to the outer surface. Letting G→ G(x,x′) be

the Green’s function in a region where x 6= x′ and U be the field disturbance also satisfying

the Helmholtz equation, the left side of Eq. 1.13 cancels. The right side can then reduced

with knowledge of G. Given r ≡ |x− x′|
∂G

∂n
=

(
ik − 1

r

)
eikr

r
n̂ · r̂ (1.14)



11

and then

0 =

∫
δV

d2x

[
U
∂G

∂n
−G∂U

∂n

]
(1.15)

=

∫
δV

d2x

[
U

(
ik − 1

r

)
n̂ · r̂ − ∂U

∂n

]
eikr

r
(1.16)

This expression can be used to relate the field on the surface S ′ by taking S = δV = S ′+Sε

equal to the bounding surfaces of the volume V minus some small spherical volume around

the point x0 with radius ε. Eq. 1.15 then results in the expression

0 =

∫
S′

d2x

[
U

(
ik − 1

r

)
n̂ · r̂ − ∂U

∂n

]
eikr

r
+

∫
Sε

d2x

[
U

(
ik − 1

r

)
n̂ · r̂ − ∂U

∂n

]
eikr

r

=

∫
S′

d2x · · ·+ lim
ε→0

4πε2
eikε

ε

[
U(x0)

(
ik − 1

ε

)
(−1)− ∂U

∂n

∣∣∣∣
x=x0

]

=

∫
S′

d2x · · ·+ lim
ε→0

4πeikε

[
−U(x0) (ikε− 1)− ε ∂U

∂n

∣∣∣∣
x=x0

]
=

∫
S′

d2x · · ·+ 4πU(x0) ,

so

U(x0) = − 1

4π

∫
S′

d2x

[
U

(
ik − 1

r

)
n̂ · r̂ − ∂U

∂n

]
eikr

r
. (1.17)

and in general,

0 =

∫
S0+Sε

d2x′
[
U
∂G

∂n
−G∂U

∂n

]
. (1.18)

The small surface Sε containing the observation point can be integrated in the limit where

ε→ 0,

lim
ε→0

∫
Sε

d2x′
[
U
∂G

∂n
−G∂U

∂n

]
= lim

ε→0

∫
δV

d2x′
[
U

(
ik − 1

r

)
n̂ · r̂ − ∂U

∂n

]
eikr

r

= lim
ε→0

4πε2

[
U(x)

(
ik − 1

ε

)
(−1) +

∂U

∂r

∣∣∣∣
x

]
eikε

ε

= lim
ε→0

4π

[
U(x) (1− ikε) + ε

∂U

∂r

∣∣∣∣
x

]
eikε

= 4πU(x)
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Figure 1.2: Integration surfaces for manipulating Greens Second Identity to relate the field

at point x to the surface S0 with exclusion of a small volume around the observation point.

and the field at point x can therefore be defined by just the integral over the surface S0,

U(x) = − 1

4π

∫
S0

d2x′
[
U
∂G

∂n
−G∂U

∂n

]
. (1.19)

1.4 Kirchoff’s diffraction integral

Kirchoff’s formula for diffraction through an aperture relies on taking Eq. 1.17 and splitting

the surface into two pieces

U(x0) = − 1

4π

∫
Sp+SR

d2x

[
U

(
ik − 1

r

)
n̂ · r̂ − ∂U

∂n

]
eikr

r
(1.20)

If SR is a spherical surface of radius R and we take the limit as r →∞, n̂ · r̂ = 1 and

lim
R→∞

∫
SR

[ · · · ] =
−1

4π
lim
R→∞

∫
SR

d2x

[
U

(
ik − 1

R

)
− ∂U

∂r

]
eikR

R

=
−1

4π
lim
R→∞

∫
SR

R2d2Ω

[
U

(
ik − 1

R

)
− ∂U

∂r

]
eikR

R

=
−1

4π

∫
SR

d2Ω lim
R→∞

R

[
Uik − ∂U

∂r

]
eikR,
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Figure 1.3: Splitting the integration surface S0 into a spherical portion SR and a planar

portion along the aperture Sp.

which does tend to 0 if the Sommerfield radiation condition for U

lim
R→∞

R

[
Uik − ∂U

∂r

]
= 0 (1.21)

is satisfied for any value of the solid angle Ω.

This result reduces the surface Sp to a plane with infinite extend. We have arrived at a

relationship for the field at some point x beyond this plane in terms of an integral over its

value and first derivative on the plane Sp. If Sp is taken to be the plane z = 0 and the point

x lies in the half space z > 0, then

U(x) =
1

4π

∫ ∞
−∞

dy′
∫ ∞
−∞

dx′
[
U(x′)

(
1

r
− ik

)
ẑ · r̂ − ∂

∂z
U(x′)

]
eikr

r
(1.22)

where r ≡ |x− x′|. But of course most of the plane Sp is the opaque screen, and we expect

light to propagate through only a small portion. We will therefore make two simplifying

assumptions. First, in the geometric shadow of the screen, we assume the field and its

derivative are both zero. Second, inside the aperture, the field and its derivative are assumed
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Figure 1.4: Incorporation of the image Green’s function into Kirchoff’s diffraction integral

to send the derivative term to zero.

equal to the incident field as it would have been undisturbed without the presence of the

screen. These two approximations break the electromagnetic boundary conditions, but in a

similar spirit to original assumption of a scalar theory, so we will accept them.

Rayleigh-Sommerfeld modification

We can further simplify Kirchoff’s integral without approximation by superimposing two

forms of the Green’s function. Taking

G→ G− =
1

2

(
eikr

r
− eikr−

r−

)
(1.23)

where r− ≡ |x + 2ẑ · r− x′| we now satisfy the relations

G−(x,x′ ∈ Ap.) = 0 but
∂G−
∂z

∣∣∣∣
x′∈Ap.

=
∂G

∂z
. (1.24)
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This simplified the integral relation for the field, leaving us

U(x) =
−1

4π

∫
Ap.

d2x′U
∂G

∂n

=
−1

4π

∫
Ap.

d2x′U(x′)ẑ · r̂
(
ik − 1

r

)
eikr

r

≈ −ik
4π

∫
Ap.

d2x′U(x′)ẑ · r̂ e
ikr

r

≈ 1

iλ

∫
Ap.

d2x′U(x′)
eikr

r
. (1.25)

But in interest of computing the field U , it will be useful to further apply the paraxial

approximation to an expantion of r. Let the coordinate origin be placed inside the aperture.

It then follows that r can be defined in cylindrical coordinates as

r = ((x− x′)2 + (y − y′)2 + z2)1/2

= (ρ2 + z2)1/2

= z((ρ/z)2 + 1)1/2 (1.26)

if the observation point is far from the aperture in z but not ρ, this paraxial approximation

facilitates truncation of the expansion

r = z

(
1 +

1

2

ρ2

z2
− 1

8

ρ4

z4
+O(ρ

6

z6 )

)
. (1.27)

Keeping only the the first two terms in the exponential and the first in the denominator,

U(x) =
1

iλ

∫
Ap.

d2x′U(x′)
eik(z+ 1

2
ρ2

z
)

z
.

=
eikz

iλz

∫
Ap.

d2x′U(x′)eik
ρ2

2z .

=
eikz

iλz

∫
Ap.

d2x′U(x′)ei
k
2z

[(x−x′)2+(y−y′)2] , (1.28)

which is the final form of the diffraction integral we will use for calculation.
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Figure 1.5: Introduction of the lens into the aperture, with observation point now complicit

with the paraxial approximation, ρ� z.

1.5 Lens as a phase transformation

By completing out model of diffraction affects from light passing through the aperture, we are

finished with most of the complexity. The last step is to introduce the lens into the aperture,

accounting for refraction of the incident light toward the focal spot. Relying briefly on

some intuition from geometric optics, consider a lens so thin that some ray entering with

coordinates (x, y) exits at approximately the same coordinate, translating negligibly within

the lens. If the lens has some thickness ∆(x, y), maximum thickness ∆0(x, y) and constant

refractive index n, the effect of the lens on this ray can be described by the phase delay

φ(x, y) = kn∆(x, y) + k(∆0 −∆(x, y)). (1.29)

But for our purposes, we can consider a perfect lens, which will transform an incident plane

Ui(x, y, z = 0−) = U0 into the spherical wave U0e
−ik(x2+y2+(z−zf )2)1/2

converging onto the

focal point (0, 0, zf ).

Plugging this expression for the focused incident field into our diffraction integral,

U(x) =
eikz

iλz

∫
Ap.

d2x′U0e
−ik(x′2+y′2+z2

f )1/2

ei
k
2z

[(x−x′)2+(y−y′)2] (1.30)
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which can be reduced by the same paraxial approximation as before since we are interested

in observing the field in the focal plane, in which case z = zf .

U(x) =
eikzf

iλz

∫
Ap.

d2x′U0e
−ikzf e

−i k
2zf

[x′2+y′2]
e
i k
2zf

[(x−x′)2+(y−y′)2]

=
1

iλz

∫
Ap.

d2x′U0e
−i k

2zf
[x′2+y′2]

e
i k
2zf

[x2+x′2−2xx′+y2+y′2−2yy′]

=
1

iλz

∫
Ap.

d2x′U0e
i k
2zf

[x2−2xx′+y2−2yy′]

=
e
i kρ

2

2zf

iλz

∫
Ap.

d2x′U0e
i k
2zf

[−2xx′−2yy′]
, (1.31)

which is integrable over a circular aperture of radius a, or is at least expressible as a cylindrical

Bessel. In cylindrical coordinates we may write,∫
Ap.

d2x′U0e
−i k

zf
[(xx′+yy′)]

= U0

∫ a

0

dρ′ ρ′
∫ 2π

0

dφ′ e
−i k

zf
[ρ·ρ′]

= U0

∫ a

0

dρ′ ρ′
∫ 2π

0

dφ′ sinφ′e
−i k

zf
ρρ′ cosφ′

= U0

∫ a

0

dρ′ ρ′2πJ0(kρρ
′

z
). (1.32)

We can then use the identity ∫ a

0

dρ′ ρ′J0(αρ′)αρ′ = aJ1(αa) , (1.33)

which in our case specifically becomes,∫ a

0

dρ′ ρ′J0(kρρ
′

z
) = J1(kρa

zf
)
zf
kρ
a . (1.34)

The field in the focal plane can be reduced to

U(x, y, zf ) =
e
i kρ

2

2zf

iλzf
2πU0J1(kρa

zf
)
zf
kρ
a

=
e
i kρ

2

2zf

i
kU0J1(kρa

zf
)

1

kρ
a

= −iei
kρ2

2zf U0J1(kρa
zf

)a
ρ

(1.35)
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With the focal plane field defined, the problem is solved. We have defined the field in

the focus on an ideal lens, which will be peaked with finite width. The only thing left to

do is to consider the intensity that we would detect on a camera. The imaged intensity is

proportional to the field squared,

|U(ρ, zf )|2 = |U0|2J2
1 (kρa

zf
)a

2

ρ2 , (1.36)

which is peaked at the origin and falls to zero with the cylindrical Bessel function.

This model has been constructed not for the image of some object, but simply the focus of

plane wave light by a lens. regardless, the finite size of the focal spot is simply a consequence

of finite size of the aperture. We will therefore use this result to define the resolution

limit of an idealized microscope. The diffraction limit is typically defined as the minimum

distance between two emitters such that their two independent diffraction limited spots can

be distinguished. Assuming this would coincide with the first emitter located at the first

minimum of second image, then the diffraction limited resolution is equal to the first zero of

Eq. (1.36). Taking the first zero of J1(kρa
zf

) to be ρ0,

ρ0 =
1.29λzf

2a
≈ λ

2NA
� , (1.37)

where we have introduced the numerical aperture NA ≡ a/zf , defined trigonometrically by

the lens radius and focal distance. This last expression justifies the commonly quoted diffrac-

tion limit, defined by the wavelength and numerical aperture. It is simply a consequence

of focusing light through a finite sized aperture. It is reasonable to consider that with an

infinitely large lens (aka no aperture), we would be able to focus to an infinitely small point.

This is exactly the case in terms of our simplified model here, which suggests the diffraction

limit is a consequence of information lost by collection only some of the light emitted by

some object. It is reminiscent of the uncertainty relations characteristic of wave mechanics.
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Chapter 2

IMAGE FIELD OF A ELECTRIC DIPOLE

The techniques presented for imaging in the scalar diffraction theory do generalize for

a fully vectorial theory. The math gets more complicated and is therefore less transparent,

so we will forgo the derivation of the diffraction integral, and instead apply it to obtain an

analytical form for the diffraction limited image of a radiating electric dipole.

Following the methods section of reference [64], we will calculate the focused and diffracted

fields of dipole emitter using the Debye-Wolf integral [163], which provides an accurate model

of the fields produced by diffraction-limited optical systems with the large numerical aper-

tures common in single-molecule fluorescence imaging [50]. For an idealized infinity-corrected

microscope, the field composing the image can be constructed by first computing the refrac-

tion at the objective lens, and then focusing at a top lens into image space where the light

is subject to diffraction.

As outlined in Ref. [71], both the objective and top lens are considered spherical refracting

surfaces with focal lengths f ′ and f respectively. The objective is defined by the spherical

coordinates (r′ = f ′, ζ ′, ξ′) relative to the focal point in objective space, where the physical

dipole will be located. If we assume that the objective lens lies far enough from any light

emitting object that only far-fields need be considered, the focusing of the field can be

calculated with geometric optics. It is this scattered+focused field Efoc that is propagated

through an aperture to calculate diffraction effects. The top lens is treated as a portion of

the reference sphere defined by the spherical coordinates (r = f, ζ, ξ) relative to the focal

point in image space. The focused+diffracted image field is defined by the following integral

across the top lens aperture,

E(ρ, ϕ, z) = −ikfe
ikf

2π

∫ ζm

0

dζ sin ζ

∫ 2π

0

dξEfoc(r = f, ζ, ξ)eik[ρ sin ζ cos(ϕ−ξ)+(z−h) cos ζ]. (2.1)
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Figure 2.1: (a) Diagram of the infinity corrected microscope as modeled, with object and

top lenses defining the aperture size, and therefore the collection angle ζmax. (b) Diagram

of the idealized spherical refracting surfaces of focal length fobj and f , and the image space

spherical coordinates.

The term eik(z−h) cos ζ describes defocusing and defines the focal plane at z = h. The rotational

symmetry of the lens/aperture allows analytic solution of the azimuthal ξ integral, leaving

the polar integral over cylindrical Bessel functions. The polar integral is often evaluated

numerically, but for the case of a oscillating electric dipole we can compute the integrals,

leading to an analytic form in good agreement with full-wave electrodynamics simulation

and numerical computation of the integral.

2.1 Dipole aligned in focal plane

Let’s start with a dipole moment p = p̂|p|e−iωt = êx|p|e−iωt where ex is perpendicular to the

optical axis. This dipole will generate the radiation zone field

Escat(x) = |p|k
2

r
ei(kr−ωt+φ)[p̂− n(n · p̂)]. (2.2)

Converting to the object space spherical coordinates (r′, ζ ′, ξ′), we note that

n =


sin ζ ′ cos ξ′

sin ζ ′ sin ξ′

cos ζ ′

 (2.3)
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in the implied basis êx = (1, 0, 0). Taking the harmonic time dependence as implicit from

this point forward, the scattered field can be written

Escat(r′, ζ ′, ξ′) = |p|k
2

r′
eikr

′


1− sin2 ζ ′ cos2 ξ′

− sin2 ζ ′ cos ξ′ sin ξ′

− cos ζ ′ sin ζ ′ cos ξ′

 . (2.4)

Calculation can be simplified by assuming negligible radiated field perpendicular to the

radial propagation axis. To do this, we decompose the scattered dipole field into angular

components Escat(r′ = f ′, ζ ′, ξ′) = E ′rr̂
′ + Eζ′ ζ̂

′
+ Eξ′ ξ̂

′ and drop Er′ . Representing the

spherical unit vectors in a Cartesian basis, we take

Escat(r′ = f ′, ζ ′, ξ′) =Eζ′


cos ζ ′ cos ξ′

cos ζ ′ sin ξ′

− sin ζ ′

+ Eξ′


− sin ξ′

cos ξ′

0

 (2.5)

where

Eζ′

(
|p|k

2

f ′
eikf

′
)−1

= ζ̂
′ ·


1− sin2 ζ ′ cos2 ξ′

− sin2 ζ ′ cos ξ′ sin ξ′

− cos ζ ′ sin ζ ′ cos ξ′

 (2.6)

= (1− sin2 ζ ′ cos2 ξ′)(cos ζ ′ cos ξ′) (2.7)

+ (− sin2 ζ ′ cos ξ′ sin ξ′)(cos ζ ′ sin ξ′)

+ (− cos ζ ′ sin ζ ′ cos ξ′)(− sin ζ ′)

= (1− sin2 ζ ′ cos2 ξ′ + sin2 ζ ′ sin2 ξ′︸ ︷︷ ︸
sin2 ζ′

)(cos ζ ′ cos ξ′) (2.8)

+ (− cos ζ ′ sin ζ ′ cos ξ′)(− sin ζ ′)

= cos2 ζ ′ cos ζ ′ cos ξ′ + sin2 ζ ′ cos ζ ′ cos ξ′ (2.9)

= cos ζ ′ cos ξ′ (2.10)
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and

Eξ′

(
|p|k

2

f ′
eikf

′
)−1

= ξ̂
′ ·


1− sin2 ζ ′ cos2 ξ′

− sin2 ζ ′ cos ξ′ sin ξ′

− cos ζ ′ sin ζ ′ cos ξ′

 (2.11)

= (1− sin2 ζ ′ cos2 ξ′)(− sin ξ′) (2.12)

+ (− sin2 ζ ′ cos ξ′ sin ξ′)(cos ξ′)

= sin ξ′(sin2 ζ ′ cos2 ξ′ − 1− sin2 ζ ′ cos2 ξ′) (2.13)

= − sin ξ′ (2.14)

For the purpose of integration, it will be useful to sort the scattered field at the objective

into ζ and ξ components,

Escat(r′ = f ′, ζ ′, ξ′) =|p|k
2

f ′
eikf

′

cos ζ ′ cos ξ′


cos ζ ′ cos ξ′

cos ζ ′ sin ξ′

− sin ζ ′

− sin ξ′


− sin ξ′

cos ξ′

0


 (2.15)

=|p|k
2

f ′
eikf

′




cos2 ζ ′

cos2 ζ ′

− cos ζ ′ sin ζ ′




cos2 ξ′

cos ξ′ sin ξ′

cos ξ′

 (2.16)

+


sin2 ξ′

− sin ξ′ cos ξ′

0




The focused field at the top lens is simply related to the scattered field at the objective

by the relation

Efoc(r = f, ζ, ξ) =

√
cos ζ

cos ζ ′
Escat(r′ = f ′, ζ ′, ξ′) (2.17)

because only components transverse to the refractive surfaces remain. The two polar angles

ζ and ζ ′ are defined by the geometry in figure Fig. 2.1 (b), sin ζ = (f ′/f) sin ζ ′ and the

azimuthal angles satisfy ξ = π − ξ′ to establish both coordinate systems as right handed.
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We can now write the integral for the focused+diffracted field with all integration variable

dependence made explicit,

E(ρ, ϕ, z) = −ikfe
ikf

2π

|p|k2

f ′
eikf

′
∫ ζm

0

dζ sin ζ

√
cos ζ

cos ζ ′
eik(z−h) cos ζ

∫ 2π

0

dξ




cos2 ζ

cos2 ζ

− cos ζ sin ζ




cos2 ξ

− cos ξ sin ξ

cos ξ

+


sin2 ξ

sin ξ cos ξ

0


 eikρ sin ζ cos(ϕ−ξ). (2.18)

where we have utilized the trigonometric identities1,

cos2(π − ξ) = cos2 ξ, (2.19)

sin2(π − ξ) = sin2 ξ, (2.20)

− sin(π − ξ) cos(π − ξ) = sin ξ cos ξ. (2.21)

To obtain a simple closed form for the image fields, the numerical aperture is fixed at

NA = 1 and the magnification the magnification is also set by, f/f ′ = 1. The effect of

magnification can be restored mathematically by choosing a small, high-resolution image

detection plane [67], but the choice of numerical aperture is a compromise. Under these

conditions, Eq. 2.18 can be simplified to

E(ρ, ϕ, z) = −ik
3|p|ei2kf

2π

∫ ζm

0

dζ sin ζeik(z−h) cos ζ


cos2 ζ

cos2 ζ

− cos ζ sin ζ


∫ 2π

0

dξ


cos2 ξ

− cos ξ sin ξ

cos ξ

 eikρ sin ζ cos(ϕ−ξ)

+

∫ 2π

0

dξ


sin2 ξ

sin ξ cos ξ

0

 eikρ sin ζ cos(ϕ−ξ)

 , (2.22)

1Note that these identities flip the sign of the y component relative to what I have in Chapter 5. If
I remember correctly this sign flip can also be attributed the the matching of focal space and objective
space spherical coordinates, and I believe the expression here is more accurate.
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which can be integrated in ξ. Performing each integral separately, note that each term

component splits into the following two integrals by relation cos(ϕ − ξ) = cosϕ cos ξ +

sinϕ sin ξ.∫ 2π

0

dξ sin2 ξeikρ sin ζ cos(ϕ−ξ) = 2π

(
J1(kρ sin ζ)

kρ sin ζ
cos(2ϕ) + J0(kρ sin ζ) sin2 ϕ

)
, (2.23)∫ 2π

0

dξ cos2 ξeikρ sin ζ cos(ϕ−ξ) = 2π

(
−J1(kρ sin ζ)

kρ sin ζ
cos(2ϕ) + J0(kρ sin ζ) cos2 ϕ

)
, (2.24)∫ 2π

0

dξ sin ξ cos ξeikρ sin ζ cos(ϕ−ξ) = −2πJ2(kρ sin ζ) cosϕ sinϕ, (2.25)∫ 2π

0

dξ sin ξeikρ sin ζ cos(ϕ−ξ) = 2iπJ1(kρ sin ζ) sinϕ, (2.26)∫ 2π

0

dξ cos ξeikρ sin ζ cos(ϕ−ξ) = 2iπJ1(kρ sin ζ) cosϕ, (2.27)

and we can write the focused+diffracted field with only one integral remaining,

E(ρ, ϕ, z) = −ik
3|p|ei2kf

2π

∫ ζm

0

d̃ζ sin ζeik(z−h) cos ζ

2π




cos2 ζ

cos2 ζ

− cos ζ sin ζ



J0(kρ sin ζ) cos2 ϕ− J1(kρ sin ζ)

kρ sin ζ
cos(2ϕ)

J2(kρ sin ζ) cosϕ sinϕ

iJ1(kρ sin ζ) cosϕ



+


J0(kρ sin ζ) sin2 ϕ+ J1(kρ sin ζ)

kρ sin ζ
cos(2ϕ)

−J2(kρ sin ζ) cosϕ sinϕ

0


 . (2.28)

A failed attempt at NA generalization

Here, we will take a brief interlude to discuss a failed attempt at generalizing the numerical

aperture based on a paper (I think) I once read and then was never able to find again. Don’t

worry, we will return to the relative simplicity of NA = 1 shortly, but I think this would

be a great project for a mathematically inclined future graduate student because I think it

is possible and will be useful. To compute the integral analytically for arbitrary numerical

aperture, we take ζ → 2ζm
π
ζ̃ so that the integration in ζ̃ runs from 0 to π/2 with differential
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dζ̃ = dζ π/2
ζm

.

E(ρ, ϕ, z) = −ik
3|p|ei2kf

2π

∫ π
2

0

dζ̃
2ζm
π

sin[2ζm
π
ζ̃]eik(z−h) cos[

2ζm
π

ζ̃]

2π




cos2[2ζm
π
ζ̃]

cos2[2ζm
π
ζ̃]

− cos[2ζm
π
ζ̃] sin[2ζm

π
ζ̃]



J0(kρ sin[2ζm

π
ζ̃]) cos2 ϕ− J1(kρ sin[

2ζm
π

ζ̃])

kρ sin[
2ζm
π

ζ̃]
cos(2ϕ)

J2(kρ sin[2ζm
π
ζ̃]) cosϕ sinϕ

iJ1(kρ sin[2ζm
π
ζ̃]) cosϕ



+


J0(kρ sin[2ζm

π
ζ̃]) sin2 ϕ+

J1(kρ sin[
2ζm
π

ζ̃])

kρ sin[
2ζm
π

ζ̃]
cos(2ϕ)

−J2(kρ sin[2ζm
π
ζ̃]) cosϕ sinϕ

0


 . (2.29)

We can then take the substitution i = 1
sin ζm

sin(2ζm
π
ζ̃) and di = 2ζm/π

sin ζm
cos(2ζm

π
ζ̃)dζ̃. The

differential element can be converted by the relation

dζ̃ = di
1

cos(2ζm
π
ζ̃)

π sin ζm
2ζm

=
di

(1− sin2 ζmi2)1/2

π sin ζm
2ζm

(2.30)

which is not going to lead to integrable expressions, dangit.

Back to safety

So here we retreat to ζm → π/2 or equivalently the numerical aperture to 1. Under this

approximation ζ̃ = ζ and the integration variables transform as

sin

(
2ζm
π
ζ

)
→ sin (ζ)→ i (2.31)

cos (ζ)→ (1− i2)
1/2 (2.32)

dζ → di
(1− i2)1/2

(2.33)
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The integral can then be written in terms of Bessel functions.

E(ρ, ϕ, z) = − ik3|p|ei2kf
2π

∫ 1

0

di
i

(1− i2)1/2
eik(z−h)

√
1−i2

2π




1− i2

1− i2

−
√

1− i2i



J0(kρi) cos2 ϕ− J1(kρi)

kρi cos(2ϕ)

J2(kρi) cosϕ sinϕ

iJ1(kρi) cosϕ



+


J0(kρi) sin2 ϕ+ J1(kρi)

kρi cos(2ϕ)

−J2(kρi) cosϕ sinϕ

0


 (2.34)

= − ik3|p|ei2kf sin ζm

∫ 1

0

di
i

(1− i2)1/2
eik(z−h)

√
1−i2


J0(kρi)[1− i2 cos2 ϕ] + iJ1(kρi)

kρ
cos(2ϕ)

−i2J2(kρi) cosϕ sinϕ

−ii
√

1− i2J1(kρi) cosϕ

 (2.35)

= − ik3|p|ei2kf sin ζm

∫ 1

0

eik(z−h)
√

1−i2


J0(kρi)i[1−i2 cos2 ϕ]

(1−i2)1/2
+ i2

(1−i2)1/2
J1(kρi)
kρ

cos(2ϕ)

−i3

(1−i2)1/2
J2(kρi) cosϕ sinϕ

−ii2J1(kρi) cosϕ

 . (2.36)

Evaluating the diffracted field in the focal plane defined by z = h, the remaining phase

in the integrand disappears and the integrals can be evaluated using the following,∫ 1

0

di
i

(1− i2)1/2
J0(kρi) =

sin(kρ)

kρ
(2.37)

−
∫ 1

0

di
i3

(1− i2)1/2
J0(kρi) = −kρ cos[kρ] + (−1 + k2ρ2) sin[kρ]

k3ρ3
(2.38)∫ 1

0

di
i2

(1− i2)1/2

J1(kρi)

kρ
=
−kρ cos[kρ] + sin[kρ]

k2ρ2
(2.39)

−
∫ 1

0

di
i3

(1− i2)1/2
J2(kρi) =

3kρ cos[kρ] + (−3 + k2ρ2) sin[kρ]

k3ρ3
(2.40)

−i
∫ 1

0

dii2J1(kρi) = −iJ2(kρ)

kρ
(2.41)
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E(ρ, ϕ, z = h) = − ik3|p|ei2kf
∫ 1

0


J0(kρi)i[1−i2 cos2 ϕ]

(1−i2)1/2
+ i2

(1−i2)1/2
J1(kρi)
kρ

cos(2ϕ)

−i3

(1−i2)1/2
J2(kρi) cosϕ sinϕ

−ii2J1(kρi) cosϕ

 (2.42)

= − ik3|p|ei2kf


sin(kρ)
kρ
−
[

cos(kρ)
k2ρ2 − sin(kρ)

k3ρ3 + sin(kρ)
kρ

]
cos2 ϕ−

[
cos(kρ)
k2ρ2 − sin(kρ)

k3ρ3

]
cos(2ϕ)

3kρ cos(kρ)
k3ρ3 + (−3+k2ρ2) sin(kρ)

k3ρ3 cosϕ sinϕ

−iJ2(kρ)
kρ

cosϕ


(2.43)

= − ik3|p|ei2kf


sin(kρ)
kρ

[1− cos2 ϕ]−
[

cos(kρ)
k2ρ2 − sin(kρ)

k3ρ3

]
[cos(2ϕ) + cos2 ϕ]

3kρ cos(kρ)
k3ρ3 + (−3+k2ρ2) sin(kρ)

k3ρ3 cosϕ sinϕ

−iJ2(kρ)
kρ

cosϕ


(2.44)

= − ik3|p|ei2kf


j0(kρ) sin2 ϕ+ j1(kρ)

kρ
[cos(2ϕ) + cos2 ϕ]

−j2(kρ) cosϕ sinϕ

−iJ2(kρ)
kρ

cosϕ

 � (2.45)

which only differs by a sign (or term of complex modulus 1) from the result we have published.

The published result for the image field in the focal plane produced by a single dipole

source with moment magnitude px located along the optical axis (êz) and oriented in the êx

direction is

Epublished
px (ρ, ϕ, z = h) = −ik3e2ikfpx


[cos2(ϕ) + cos(2ϕ)] j1(kρ)

kρ
+ sin(ϕ)2j0(kρ)

sin(ϕ) cos(ϕ)j2(kρ)

− cos(ϕ)J2(kρ)
kρ

 , (2.46)

where the dipole moment points at an angle ψ relative to êx.

To express the field of an arbitrarily oriented dipole, this expression must be rotated.

For a dipole p = |p|(cosψpêx + sinψpêy) oriented in the focal plane at an angle ψp from the

x-axis, the generalized image field can be written in terms of Eq. 2.46 as

Eim(ρ, ϕ, z = h;ψp) = R(ψp) · Eim
px (ρ, ϕ− ψp, z = h), (2.47)
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where the rotation matrix is defined by

R(ψ) =


cosψ − sinψ 0

sinψ cosψ 0

0 0 1

 . (2.48)

Dipole aligned along the optical axis

For a dipole oriented along the optical axis, p = |p|êz and the scattered dipole field can

be written by taking Eq. 2.2 and plugging in the specific dipole orientation vector and

observation unit in spherical coordinates,

Escat(r′, ζ ′, ξ′) = |p|k
2

r′
eikr

′




0

0

1

−


sin ζ ′ cos ξ′

sin ζ ′ sin ξ′

cos ζ ′

 cos ζ ′

 . (2.49)

Following from Eq. 2.5, we define the transverse field components in spherical coordinates

by vector multiplying the total field into the spherical unit vectors,

Eζ′

(
|p|k

2

f ′
eikf

′
)−1

=


− sin ζ ′ cos ξ′ cos ζ ′

− sin ζ ′ sin ξ′ cos ζ ′

1− cos2 ζ ′

 ·


cos ζ ′ cos ξ′

cos ζ ′ sin ξ′

− sin ζ ′

 (2.50)

= sin ζ ′
[
− cos2 ξ′ cos2 ζ ′ − sin2 ξ′ cos2 ζ ′ + sin2 ζ ′

]
(2.51)

= sin ζ ′
[
− cos2 ζ ′ − sin2 ζ ′

]
(2.52)

= − sin ζ ′ , (2.53)

Eξ′

(
|p|k

2

f ′
eikf

′
)−1

=


− sin ζ ′ cos ξ′ cos ζ ′

− sin ζ ′ sin ξ′ cos ζ ′

1− cos2 ζ ′

 ·

− sin ξ′

cos ξ′

0

 (2.54)

= sin ζ ′
[
((((

((((
(

cos ξ′ sin ξ′ cos ζ ′ −((((((
(((

sin ξ′ cos ξ′ cos ζ ′
]

(2.55)

= 0 . (2.56)
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Plugging these components into the scattered field we arrive at

Escat(r′ = f ′, ζ ′, ξ′) =|p|k
2

f ′
eikf

′
sin ζ ′


− cos ζ ′ cos ξ′

− cos ζ ′ sin ξ′

sin ζ ′

 . (2.57)

This expression can now be related to the image space coordinates as in Eq. 2.17, the

diffraction integral can be written,

E(ρ, ϕ, z) = −ik
3e2ikf

2π
|p|
∫ ζm

0

dζ sin ζ

√
cos ζ

cos ζ ′
eik(z−h) cos ζ

∫ 2π

0

dξ sin ζ


cos ζ cos ξ

− cos ζ sin ξ

sin ζ

 eikρ sin ζ cos(ϕ−ξ). (2.58)

where we have utilized the fact that

sin ξ′ = sin ξ (2.59)

cos ξ′ = − cos ξ. (2.60)

We can then take the ξ integrals using the relations defined in Eqs. 2.23-2.27 along with

∫ 2π

0

dξ eikρ sin ζ cos(ϕ−ξ) = 2πJ0(kρ sin ζ) (2.61)

for the z component, yielding,

E(ρ, ϕ, z) = −ik
3e2ikf

2π
|p|
∫ ζm

0

dζ sin2 ζeik(z−h) cos ζ


2iπJ1(kρ sin ζ)(cos ζ cosϕ)

2iπJ1(kρ sin ζ)(− cos ζ sinϕ)

2πJ0(kρ sin ζ) sin ζ

 . (2.62)
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Making the variable substitution outlined in Eqs. 2.31-2.33,

E(ρ, ϕ, z) = − ik3e2ikf

2π
|p|
∫ 1

0

di
(1− i2)1/2

i2
���

���
��:z − h = 0

eik(z−h)(1−i2)1/2

×


2iπJ1(kρi)(1− i2)1/2 cosϕ

−2iπJ1(kρi)(1− i2)1/2 sinϕ

2πJ0(kρi)i

 . (2.63)

= − ik3e2ikf

2π
|p|
∫ 1

0

di


2iπi2J1(kρi) cosϕ

−2iπi2J1(kρi) sinϕ

2πJ0(kρi) i3

(1−i2)1/2

 . (2.64)

Then using the integral relations in Eqs. 2.37-2.41, the image space fields can be written as

E(ρ, ϕ, z) = − ik3|p|e2ikf


iJ2(kρ)

kρ
cosϕ

−iJ2(kρ)
kρ

sinϕ

kρ cos[kρ]+(−1+k2ρ2) sin[kρ]
k3ρ3

 . (2.65)

This final expression can be simplified in terms of spherical Bessel functions using the rela-

tions

sinx

x
= j0(x) (2.66)

−cosx+ x sinx

x2
= y1(x) , (2.67)

yielding our fianl result for the z oriented dipole,

E(ρ, ϕ, z) = − ik3|p|e2ikf


iJ2(kρ)

kρ
cosϕ

−iJ2(kρ)
kρ

sinϕ

−y1(kρ)− j0(kρ)
(kρ)2

 . � (2.68)
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Chapter 3

MODELING THE PLASMON RESONANCE AND ITS
ELECTROMAGNETIC INTERACTION WITH A

NEIGHBORING MOLECULE

In this chapter, we shift from modeling the far-field optics responsible for image formation

and shift to the nanoscale. We will build the fundamental mathematical tools used in the rest

of this dissertation for describing the plasmon resonance and it’s interactions with emitters

as well as it’s environment. These interactions are considered dipolar, which is adequate for

our purposes.

3.1 The plasmon resonance as an oscillating electric dipole: Modeling the
linear polarizability

This section first outlines the derivation of the quasi-static polarizability from Ref. [25]

and then modifies the expression for the modified long-wavelength approximation derived

in Ref. [104] for better accuracy with particles on the 100 nm scale. The Drude model is

then introduced and combined with the sphere polarizability to demonstrate correspondence

between the formalism used here and the oscillator representation of the localized surface

plasmon resonance.

Quasi-static polarizability of spherical and spheroidal particles

The polarizability of the nanorod is approximated by the analytic solution to Maxwell’s

equations on a prolate spheroid in the quasi-static limit. In this limit, Maxwell’s equations,

which govern electrodynamics, reduce to Poisson’s equation for the electrostatic potential Φ.
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In an isotropic linear medium defined by the relative electric permittivity ε,

∇2Φ = 4π
ρ

ε
(3.1)

in Gaussian (or CGS) units. To define the polarizability, we ask for the field induced by po-

larization of the particle given a spatially constant field. Placing particle is at the coordinate

origin, we may define the incident field in spherical coordinates as:

lim
r→∞

Φ = −E0r cos θ = −E0z. (3.2)

In order to solve for the potential induced by this field, the free charge in Eq. (3.1) is

ρ = 0 everywhere. The potential inside and outside the particle must obey the boundary

conditions:

Φin|S = Φout|S, ε
dΦin

dn

∣∣∣∣
S

= εb
dΦout

dn

∣∣∣∣
S

, (3.3)

at the surface of the particle. in terms of the coordinate normal to the surface defined by

unit vector n = nn̂.

The above differential equation and boundary conditions can be solved analytically for

the case of a perfectly spherical particle. If the sphere is assumed to have radius a, the

potential inside and out can be shown to be:

Φin = − 3εb
ε+ 2εb

E0r cos θ, (3.4)

Φout = −E0r cos θ + a3 ε− εb
ε+ 2εb

cos θ

r2
E0, (3.5)

by matching coefficients of the spherical harmonic expansion. The potential outside the

sphere is found to be that of the incident field plus the potential of an ideal point dipole:

Φp =
p cos θ

εbr2
=

p · r
εbr3

(3.6)

with dipole moment,

p = a3 ε− εb
ε+ 2εb

E0. (3.7)
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Defining the polarizability α to be the constant of proportionality between the incident field

and the induced dipole,

p = αE0, (3.8)

α = a3 ε− εb
ε+ 2εb

. (3.9)

A similar but less transparent procedure leads to the polarizability of a prolate spheroid.

In this case, the polarizability is not isotropic, and Eq. (3.8) must be written p = ααα · E.

The dyadic polarizability is diagonal in the Cartesian basis with unit vectors aligned with

the prolate spheroid’s principal axes. If the long semi-radius is aligned along êx,

αααQS =


αQS
a 0 0

0 αQS
b 0

0 0 αQS
b

 (3.10)

where αa is the polarizability along the long axis of the spheroid with semi-radius a and αb

is polarizability of the degenerate short axis with radius b. With total volume V = 4π
3
ab2,

the principal components of the polarizability are:

αQS
i =

V

4π

εr − 1

1 + Li(εr − 1)
, (3.11)

where εr ≡ ε/εb. The geometric factors Li are defined by,

La =
1− e2

e3
(−1 +

1

2e
ln

1 + e

1− e), (3.12)

Lb =
1− La

2
, (3.13)

where e2 = 1− a2

b2
is the eccentricity.

Accounting for electromagnetic retardation: the modified long-wavelength approximation

The quasi-static approximation provides a good model for the plasmonic response of noble

metal nanoparticles, but does not show quantitative agreement with experiment for metal

particles larger than∼ 10 nm in size. For the highly symmetric particles like the spheroid, the
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full electrodynamic optical response consistent with Maxwell’s equations can be written in

analytic form using a modified Mie theory. What results from this procedure are the scattered

fields expressed as series expansions in vectorized spherical harmonics, which obscure the

dynamics of the plasmon resonance. A compromise between the transparent quasistatic

approximation and rigorous scattering theory can be had by expanding the Mie coefficient

describing dipole scattering about small wavenumber k and obtaining corrections to the

quasistatic result. In terms of the components of the quasi-static polarizability αQS(ω)

defined in Eq. 3.11, the polarizability in the modified long-wavelength approximation is

obtained by expanding each Bessel function inside the Mie coefficient to third order in k:

αML
i (ω)

αQS
i (ω)

1− k2

lE,i
Diα

QS
i (ω)− i2k3

3
αQS
i (ω)

, (3.14)

for incident light polarized along the ith principal axis of the spheroid. The newly introduced

geometric factors Di are shorthand for:

Da =
3

4

(
1 + e2

1− e2
La + 1

)
, (3.15)

Db =

(
3

e
arctanh e−Da

)
a

2b
. (3.16)

Modeling the material: Drude model of the metal permittivity

While the polarizability is generated by the geometry of the particle, the permittivity or di-

electric function ε(ω) encodes the material’s inherent frequency dependent optical response.

The simplest model for ε(ω) of a metal is related to Paul Drude’s 1900 model of electrical

conduction. Here, we follow the derivation in Jackson [80] that starts with a more general

model for an insulating material. In this case the optically active electrons are considered

bound, but we will later free each electron from it’s respective nucleus to model the conduc-

tion electrons in a metal.

We start by describing the classical motion of a single electron with charge −e harmon-

ically bound to some atomic nucleus and under influence of an external electric field E. In

the long-wavelength approximation that we are accustomed to working in when dealing with
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nanoparticles, the field will be treated as spatially independent and the electron will obey

the equation of motion:

m[ẍ + γẋ + ω2
0x] = −eEe−iωt, (3.17)

where γ quantifies the phenomenological damping which may be due to radiation, electron-

nuclear scattering, or electron-electron scattering. If the incident field varies harmonically

with frequency in time ω as e−iωt, than the dipole contributed by one electron can be written:

p = −ex =
e2

m

E

ω2
0 − ω2 − iωγ . (3.18)

If we then suppose that our material consists of N molecules/nuclei per unit volume each

with Z electrons, each with their own binding frequency ωj and damping γj, the dipole per

molecule is defined:

pmol =
Z∑
j

e2

m

E

ω2
j − ω2 − iωγj

. (3.19)

Then the polarization density becomes,

P =
pmol

Vmol

= N
Z∑
j

e2

m

E

ω2
j − ω2 − iωγj

, (3.20)

which is often written in terms of an oscillator strength fj, characterizing the number of

electrons per molecule with the same resonance frequency and damping.

The polarization density P is related to the permittivity ε through the susceptibility χ,

which is the constant of proportionality between the electric field and induced polarization

P = χE. The permittivity is defined as the constant of proportionality between the electric

field and the displacement field, which arises in constructing the macroscopic Maxwell’s

equations, D = εE = E + 4πP. Combining these expressions allows us to define the electric

permittivity:

ε = 1 + 4πχ (3.21)

= 1 + 4πN
Z∑
j

e2

m

1

ω2
j − ω2 − iωγj

. (3.22)
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This dielectric function of frequency is simply a collection of Lorentz oscillators.

The Drude dielectric function is obtained by freeing the electrons from their respective

nuclei, accomplished by taking their resonance frequencies ωj → 0 and all γj → γ to represent

the scattering rate of free electrons against the background nuclear lattice. Defining the

plasma frequency ωp ≡ NZe2

mε0
to be the characteristic response of the free electron gas, the

Drude dielectric function can be written:

ε(ω) = ε∞ −
ω2
p

ω2 + iωγ
, (3.23)

where a phenomenological high frequency limit ε∞ helps account for the low-energy tails of

higher energy bound-electron excitations that are not explicitly modeled but do contribute

slightly to the optical response of gold.

The plasmon as an oscillator

In discussing the plasmon resonance of metal nanoparticles, we often invoke the analogy

between the collective electron oscillation and a mechanical oscillator. But this is more than

just imagery. In this section we will derive the oscillator equations for the plasmon resonance

and make clear the approximations required to get there.

We start with the quasi-static limit of the polarizability for a prolate spheroid in Eq.

(3.11). Plugging in the Drude model dielectric function in Eq. (3.23), in Gaussian units:

αi =
V

4π

ε∞ − ω2
p

ω2+iωγ
− εb

1 + Li

[
ε∞ − ω2

p

ω2+iωγ
− εb

] (3.24)

=
V

4π

(ε∞ − εb) (ω2 + iωγ)− ω2
p

(1 + Li [ε∞ − εb]) (ω2 + iωγ)− Liω2
p

(3.25)

=
V

4π

(ε∞−εb)(ω2+iωγ)
1+Li(ε∞−εb)

− ω2
p

1+Li(ε∞−εb)

(ω2 + iωγ)− Liω2
p

1+Li[ε∞−εb]

. (3.26)

Defining the plasmon resonance frequency ω2
i,0 ≡

Liω
2
p

1+Li[ε∞−εb]
, then the denominator charac-
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teristic of an oscillator appears. Continuing to simplify the expression,

αi =
V

4π

(ε∞−εb)(ω2+iωγ)
1+Li(ε∞−εb)

− ω2
i,0

Li

ω2 + iωγ − ω2
i,0

(3.27)

=
V

4π

(ε∞−εb)(ω2+iωγ−ω2
i,0)

1+Li(ε∞−εb)
− ω2

i,0

Li
+

ω2
i,0(ε∞−εb)

1+Li(ε∞−εb)

ω2 + iωγ − ω2
i,0

(3.28)

=
V

4π

 ε∞ − εb
1 + Li(ε∞ − εb)

+
ω2
i,0

(
1
Li
− (ε∞−εb)

1+Li(ε∞−εb)

)
ω2
i,0 − ω2 − iωγ

 (3.29)

=
V

4π

 ε∞ − εb
1 + Li(ε∞ − εb)

+

ω2
i,0/Li

1+Li(ε∞−εb)

ω2
i,0 − ω2 − iωγ

 , (3.30)

≡ αstatic + αosc
i (ω) (3.31)

where we now have the polarizability decomposed into a frequency independent term plus

the polarizability of a linear dipole oscillator:

αosc
i (ω) =

e2/mi

ω2
0 − ω2 − iωγ , (3.32)

which we call the plasmon resonance. The dipole plasmon effective mass along the ith

principal axis of the spheroid is defined by mi ≡ Li
ω2
i,0V

4πe2[1 + Li(ε∞ − εb)], which assumes

the charge −e of the effective massive oscillator but does contribute to observables. This

charge only parameterizes a freedom in the ratio of driving force on mass. The oscillator

polarizability matches that derived from the same Newton’s equation that we started with

to derive the Drude model, by taking Eq. (3.18) and dividing by the driving field E.

The first term in Eq. (3.30) is termed the static piece of the polarizability and can be

interpreted as an insulating particle with dielectric constant ε∞ superimposed underneath the

plasmonic electron gas. This dielectric response is due to the core electrons tightly bound to

their nuclei. These electrons reside deep enough in the valence band to have only excitations

at high energy relative to the plasmon resonance and therefore respond much faster than the

collective behavior of the conduction electrons comprising the plasmon oscillator.
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A similar procedure yields an oscillator model for the polarizability in the modified long-

wavelength approximation.1 First, ignoring the contribution from the static polarizability,

Eq. (3.14) becomes:

lim
αstat→0

αML
i =

αosc
i

1− k2

lE,i
Diαosc

i − i2k3

3
αosc
i

(3.33)

=
e2/mi

ω2
i,0 − ω2 − iγω − ω2n2

lE,ic2
Di

e2

mi
− i2e2ω3n3

3mic3

(3.34)

=
e2/mi

ω2
i,0 − ω2

(
1 + n2e2Di

lE,ic2mi

)
− iω

(
γ + 2e2ω2n3

3mic3

) (3.35)

=

e2

mi

lE,ic
2mi

lE,ic2mi+n2e2Di

ω2
i,0

lE,ic2mi
lE,ic2mi+n2e2Di

− ω2 − iω
(
γ + 2e2ω2n3

3mic3

)
lE,ic2mi

lE,ic2mi+n2e2Di

(3.36)

=
e2/m̃i

ω̃2
i,0 − ω2 − iω (γi,NR + γi,R)

, (3.37)

with the following definitions:

m̃i ≡ mi +
n2e2Di

lE,ic2
(3.38)

ω̃i,0 ≡ ωi,0

√
mi

m̃i

(3.39)

γi,NR ≡ γ
mi

m̃i

(3.40)

γi,R ≡
2e2n3

3m̃ic3
ω2. (3.41)

MLWA with static polarizability

Note!: This section contains a mistake, but is left here because I believe correcting and

completing it would be a good project for a new graduate student, and would be an interesting

contribution to the field.

Including the static portion of the quasistatic polarizability does add additional frequency

1The representation of the MLWA polarizability as an oscillator without the static portion is due to
Kevin C. Smith, unpublished.
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dependence,

αML
i (ω) =

αstatic + αosc
i

1− k2

lE,i
Di(αstatic + αosc

i )− i2k3

3
(αstatic + αosc

i )
(3.42)

=
αstatic(ω2

0 − ω2 − iωγ)(mi/m̃i) + e2/m̃i

ω̃2
i,0 − ω2 − iω(γi,NR + γi,R)

(3.43)

=
αstatic(ω̃2

i,0 − ω2 − iωγi,NR) + e2/m̃i

ω̃2
i,0 − ω2 − iω(γi,NR + γi,R)

(3.44)

=
αstatic

1− iω γi,R
ω̃2
i,0−ω2−iωγi,NR

+
e2/m̃i

ω̃2
i,0 − ω2 − iω (γi,NR + γi,R)

, (3.45)

but this new first term can not obviously be mapped onto an oscillator equation of motion.

To understanding the newfound dynamic properties of the formerly static contribution

to the polarizability from the high frequency limit of the Drude model, it is helpful to

consider the absorption cross section σabs ∝ =[α]. In the quasi-static approximation the

αstatic does not absorb. Taking the imaginary part of just the first term of Eq. (3.45),

αML
i = αML

i,static + αML
i,dynamic, the static portion is explicitly:

=[αML
i,static] = αstatic=

[
ω̃2
i,0 − ω2 − iωγi,NR

ω̃2
i,0 − ω2 − iω (γi,NR + γi,R)

]
(3.46)

= αstatic=
[(
ω̃2
i,0 − ω2 − iωγi,NR

) (
ω̃2
i,0 − ω2 + iω (γi,NR + γi,R)

)(
ω̃2
i,0 − ω2

)2
+ ω2 (γi,NR + γi,R)2

]
(3.47)

= αstatic

(
ω̃2
i,0 − ω2

)
ωγi,R(

ω̃2
i,0 − ω2

)2
+ ω2 (γi,NR + γi,R)2

, (3.48)

which looks just like the usual oscillator absorption multiplied by the resonance condition

ω̃2
i,0 − ω2. Interestingly, this term goes to zero on resonance and what was the static polar-

izability in the

3.2 Two couped dipoles

Classical oscillating dipoles with interaction and radiation

To understand the relationship between mispolarization and the configuration-dependent

interaction between a molecule and a plasmonic nanorod, we turn to a simple analytical
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model of both the near-field interaction and far-field radiation. The fluorescence emission

from the coupled molecule and nanorod is attributed to two electric dipoles interacting and

radiating into the far field. For justification, it is well known that plasmonic nanoparticles

behave as polarizable point dipoles in the long-wavelength limit. This condition holds even

under excitation from a nearby molecule at separations outside the region of fluorescence

quenching [7]. At a particular oscillator frequency, electric dipoles can be described as

linearly proportional to the total field at their location excluding their own field. For the

molecule’s emissive transition dipole moment (labeled p0) and dipole plasmon induced in

the nanoparticle (labeled p1), the dipole magnitudes, phases and orientations must satisfy

the following coupled equations for the complex vectors:p0 = ααα0 [E1(x0) + EF ]

p1 = ααα1E0(x1)
(3.49)

where the dipoles, linear polarizabilities αi, and fields are all evaluated at the frequency ω

and the inner product is implied by neighboring tensors in boldface. The fields Ei(xj) =

G(xi,xj) · pi are the classical oscillating dipole fields generated by the ith dipole at the

location of the jth dipole defined in terms of the tensor:

G(d) =

[(
3d̂d̂− 1

)( 1

d3
− ik

d2

)
−
(
d̂d̂− 1

) k2

d

]
eikd, (3.50)

which relays the dipole field from the dipole location xi to another point xj. The separation

vector d = dd̂ = x1 − x0 defines the separation between the molecule and centroid of the

plasmonic nanorod. The fictitious harmonic field EF = E0êxe
−iωt driving only the molecule

dipole forces the dipoles to oscillate harmonically and represents the continuous population

of the emissive state by absorption of the real excitation field and subsequent vibrational

relaxation characteristic of fluorescence.

Since the coupled dipole equations are linear, both dipoles will oscillate at the frequency

ω, which can be thought of as a single Fourier component of the coupled fluorescence emission

spectrum. To simplify analysis, we will take ω to be the resonance maximum in the uncoupled
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p0

p1

d

Figure 3.1: Diagram of two coupled dipoles and separation vector d = dd̂ = x1 − x0.

molecules emission spectrum and will demonstrate that this single-color model approximates

the character of the multicolor images collected experimentally. The governing dynamical

equations for the dipole moments can then be solved to yield the dipole moments:p0 = [1−ααα1G(x1,x0)ααα0G(x0,x1)]−1ααα0EF

p1 = ααα1G(x1,x0)p0

(3.51)

and the indirectly driven plasmon dipole becomes,

p1 = ααα1G(x1,x0)p0 (3.52)

= ααα1G(x1,x0)ααα0[EF (x0) + E1(x0)] (3.53)

= ααα1G(x1,x0)ααα0[EF (x0) + G(x0,x1)p1] (3.54)

= ααα1ααα1G(x1,x0)ααα0EF (x0) +ααα1G(x1,x0)ααα0G(x0,x1)p1 (3.55)

= (1−ααα1G(x1,x0)ααα0G(x0,x1))−1ααα1G(x1,x0)ααα0EF (x0). (3.56)

QED treatment of coupled dipoles

I am spent a significant amount of time trying and failing to come up with a semi-classical

model of plasmon-molecule coupling that would preserve the simplicity of the classical cou-

pled dipole approach while incorporating the spectral behavior of molecule (like what results

from the displaced oscillator model in Appendinx 8).
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One attempt I explored, but did not progress too far, started with a model proposed

by Cui and Raymer [46] from which Mathew Pelton [97] used in the case of quantum dot-

plasmon photoluminescence,

PL(ω − ωpl) =
γpl
π

∣∣∣∣ −ig0

(K/2 + i∆/2− iΩ)2 + g2

∣∣∣∣2 (3.57)

where ~g is the quantum dot - plasmon interaction energy, g =
√
g2

0 + (∆/2)2 − (2 is the

generalized Rabi frequency appearing the the strong-coupling limit, Γ = γpl − γqd, K =

γpl + γqd, ∆ = ωpl − ωqd, and Ω = ω − ωpl.
I have a few issues with this equation used as model for photoluminescence. First, it

is not clear that the idealized quantum optical model presented in the paper applies to a

plasmonc nanopaticle. The damping rate γpl comes from a Weisskopf-Vigner integration

over the same bath states that are considered for the spectrum in Eq. 3.57, which I would

think implies only the radiative decay of the plasmon mode. Second, Eq. 3.57 describes the

spectral density of the bath states only coupled to the plasmon and not the emitter. From

the classical perspective (and all the work I have done thinking about interference), I would

think it necessary to account for direct dot emission as well as the interference, neither of

which appears from this equation.

One idea to remedy the second concern is to couple both emitters to the same bath. But

I am now remembering conversations about Niket Thakkar’s Quantum Beats paper [155]

that it might be redundant to couple the two emitters directly as well as through a bath. I

am not sure if this was ever resolved, but likely is within work by Kevin C. Smith.

A simple thing to start with in this direction is to take the standard Weisskopf-Vigner

decay and get a spectrum to try fitting to a dye emission sepctrum. From Scully [140] Section

6.3, a single two-level system coupled to a bath through the interaction Hamiltonian in the

rotating wave and dipole approximations is described by the Hamiltonian,

Hi = ~
∑
k

[
g∗kσ+ake

i(ω−νk)t + H.c.
]

(3.58)

Considering the two-level system to initially be in the excited state, then only 1 excitation
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exists in the system and the general state vector for the system can be written

|Ψ(t)〉 = ca(t) |a, 0〉+
∑
k

cb,k(t) |b, 1〉 . (3.59)

Under the Markov approximation, the emitter excitation amplitude ca(t) can not depend on

its past history through the bath. We also make the approximation that the observation

time t is long compared the relevant timescales of emitter-bath interaction. The emitter

excitation amplitude becomes

ca(t) = e−
Γ
2
t (3.60)

where

Γ =
1

4πε0

4p2
abω

3

3~c3
(3.61)

Although I was never able to derive it, the aforementioned Cui and Raymer paper [46]

claims that the spectral density of photon bath is apparently

S(Ω) = 2
γ

π
Re

[∫ ∞
0

dτ eiΩτ
∫ ∞

0

dt ca(t)c
∗
a(t+ τ)

]
(3.62)

where γ = Γ/2 from above.

S(Ω) =
Γ

π
Re

[∫ ∞
0

dτ eiΩτ
∫ ∞

0

dt e−
Γ
2

(2t+τ)

]
=

Γ

π
Re

[∫ ∞
0

dτ eiΩτ

(
e−

Γ
2

(2t+τ)

−Γ

∣∣∣∣∣
∞

t=0

]

=
Γ

π
Re

[∫ ∞
0

dτ eiΩτ

(
0− e−

Γ
2
τ

−Γ

)]

=
1

π
Re

[∫ ∞
0

dτ eiΩτe−
Γ
2
τ

]
=

1

π
Re

[
eiΩτe−

Γ
2
τ

iΩ− Γ/2

∣∣∣∣∣
∞

0

=
1

π
Re

[ −1

iΩ− Γ/2

]
=

1

π
Re

[
+iΩ + Γ/2

(iΩ− Γ/2)(−iΩ− Γ/2)

]
=

1

π

Γ/2

Ω2 + (Γ/2)2

(3.63)
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This, combined with the work in Appendix 8 is a good place to start for a future graduate stu-

dent interested in extending the plasmon-enhanced imaging models to the quantum-classical

boundary.
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Part II

PLASMON-ENHANCED SINGLE MOLECULE IMAGING
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The diffraction limit causes traditional optical images, like those captured in fluores-

cence microscopy, to be blurred by the overlap of PSFs from many neighboring fluorescent

molecules. Although the relative positions of two proximal fluorescent molecules are masked

by diffraction, the light from an isolated emitter reveals more information about the position

of its source then one might expect with a naive interpretation of the diffraction limit. The

diffraction limit is really a statement about how close two objects may reside and still be

identified as distinct. This resolution limit can therefore be subverted by imaging molecules

one at a time. By fitting the distinct emission from individual molecules to the microscope’s

PSF, single molecule positions can be deduced. In practice, fluorescent molecules in a sample

of interest can be actively controlled to emit in bursts at very low concentrations. A single

image will therefore contain a small statistical sampling of fluorescent molecules, which can

each be located. Repeating the procedure with new subsamples of emitters can produce a

super resolution map of the sample structure at single molecule resolution.

In the last few decades, researchers exploring different methods of actively restricting the

emitting population of fluorophores have founded a variety of Super Resolution Fluorescence

Microscopy (SRFM) techniques [138]. The first reported demonstrations of SRFM utilized

photoactivatable molecules with very low intensity activation [69, 19]. The method relevant

to the experiments I am exploring uses stochastic adsorption of fluorescent molecules to a

surface, where they generate a signal detectable over the background fluorescence of molecules

diffusing in solution. This procedure, termed points accumulation for imaging nanoscale

topography (PAINT) [144], provides a means of SRFM with passive control of the emitting

population by solution control of molecule adsorption kinetics.

Contemporary SRFM methodology has advanced to the point where molecule localiza-

tion precision is limited only by the accuracy of the fit PSF to the raw emission data [49].

Because the functional fit certainty is dictated by signal-to-noise ratio, super resolution preci-

sion scales with the number of photons collected before a fluorophore moves or photobleaches.

As Purcell taught us in his seminal work on spontaneous emission coupled to resonant opti-

cal cavities, the emissive properties of a fluorescent molecule are strongly influenced by the
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dielectric environment [126]. Utilizing this knowledge to increase single molecule resolving

power, researchers have begun to engineer and optimize systems for enhancement of both

fluorescence rates and quantum yields near material interfaces [33]. In particular, it is well un-

derstood that coupling to the plasmon resonance of nearby metal nanoparticle provides both

increased excitation and emission rates within a certain range of plasmon-fluorophore sepa-

rations [7, 74]. Important for super resolution precision, plasmon-fluorophore hybridization

decreases fluorescence lifetimes, which leads to higher photon counts before photobleaching

[78, 133, 169].

Plasmon enhanced fluorescence has inspired incorporation of plasmonic nanoparticles

into SRFM experiments in search of better single molecule localization precision, but the

results have been convoluted. Multiple groups [159, 160, 150, 128] have demonstrated that

super resolution maps of fluorophores near an appropriately tuned plasmonic nanoparticle

yield unjustified aggregation of the PSF centroids at the center of the nanoparticle. This

mislocalization of the dye molecules persists after background subtracting the isolated plas-

mon emission, which one might expect would eliminate dependence of plasmonic coupling.

Without a reason to expect inhomogeneity in fluorophore distribution, plasmon-enhanced

SRFM suffers an apparent loss of direct correlation between the centroid of the PSF fit and

the fluorophore position.

The mislocalization phenomenon is even more complicated then a simple shift of the

molecule’s apparent position onto the nanoantenna. Although this is most often observed,

multiple groups have reported mislocalization in the opposite direction. The plasmon-

coupled-molecule image shifts away from the nanoantenna with centroid outside the two

emitters. This outer mislocalization has been confirmed physical in computation studies,

and shown to be consistent with interference effects [136] and Super resolution Raman cal-

culations [67]. Despite this understanding, no model existed in the literature to explain the

circumstances supporting inner versus outer mislocalization.

In the following chapters, I present a simple coupled dipole model of the plasmon-

enhanced single molecule image that explains several previously open questions in the plasmon-
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enhanced single-molecule imaging literature. The main dilemma addressed in Chapter 5 is

illustrated in Fig. 3.2 and summarizes as such: Why is inner mislocalization observed so

much more often the outer mislocalization, and what physical features of the system support

one observation or the other? The answer turns out to be found in the relationships between

both the plasmon-molecule coupling strength and molecule orientation with the quality of

interference, constructive or destructive. At the end of Chapter 5, we demonstrate the po-

tential of the coupled-dipole image model as a new super-resolution fit function capable of

determining the molecule location in one dimension at greater accuracy then the Gaussian

localization procedure.

In Chapter 6, model is generalized to two dimensions, where fluorescent molecules are

resonantly coupled to a nanorod. The model compares favorably to simulation, explaining

experimentally observed mispolarization effects in terms of interference, analogous to the

mislocalization discussed in the previous chapter. The model image also performs better

then the Gaussian localization at reclaiming both molecule location and orientation when

fitting simulated data.

In Chapter 7, the coupled-dipole image model is fit to experimental plasmon-enhanced

single-molecule images in order to reclaim the single molecule location and orientation. With-

out knowing the true molecule location or orientation, it is impossible to benchmark the

model fits directly. But working with what we have, the statistical uncertainties of the least

squares fit are compared to the case of the Gaussian fit to asses potential accuracies and

resolution of the mislocalization problem.

Finally, Chapter 8 details a quantum mechanical model of molecular emission capable of

describing the fluorescence spectra of the dye molecules used for single-molecule localization

microscopy. Although not yet incorporated into a model plasmon-enhanced fluorescence,

this would be a good starting point for a future graduate student.
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Figure 3.2: There seemed to be an unreconciled rift in the plasmon-enhanced single-molecule

imaging literature. Most studies reported seeing the image centroid mislocalize onto the

nanoparticle centroid. This is an intuitive consequence of nanoparticle emission dominating

the observed image, an antenna working as expected. but a minority of studies reported

mislocalization in the opposite direction; the image centroid appears outside the pair of

emitters. This phenomenon of outer mislocalization can only be explained by interference

effects, as proposed in Ref. [136]. At this point, no model had been proposed to predict

when outer mislocalization would occur or explain the prevalence of observations of inner

mislocalization.
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Chapter 4

MODEL OF PLASMON-ENHANCED SINGLE-MOLECULE
IMAGING

This section details the parameterization procedure of the plasmon-enhanced single molecule

image model. With the plasmonic nanoparticle and emissive molecule transition modeled

as classical electric dipoles, we will related the polarizabilities discussed in Chapter 3 to the

physical plasmonic nanoparticle and emissive molecule. The parameter values and figures

in the chapter correspond to the nanorod experiments detailed in Chapter 6, but the same

procedure was used to parameterize the sphere system studied in Chapter 5

4.1 Parameterization of the nanoparticle polarizability for predictions

The scattering cross section can be used to parameterize the coupled dipole model by fitting a

model expression to experimental or simulated spectra for the nanorod. The scattering cross

section σs is defined as the power scattered Ps per incident field intensity Iinc, and can be

derived using the expressions for the fields radiated by a dipole. The scattering cross section

of an ideal dipole with polarizability α(ω) in an isotropic and non-dissipative background is:

σs(ω) ≡ Ps
Iinc

=
8π

3

k4

nb
|ε̂ ·ααα(ω)|2, (4.1)

where k = ωnb
c

and nb =
√
εb is the background refractive index and ε̂ is the polarization

vector of the incident field.

For the purpose of modeling a nanorod, the frequency-dependent polarizability α(ω) is

set to be the modified long-wavelength tensor in Eq. (3.10) with components given by Eq.

(3.14). The dielectric permittivity is assigned the Drude model in Eq. (3.23). This procedure

yields σs(ω) determined by five free parameters, {a, b, ε∞, ωp, γ}. First, the polarizability is

fundamentally geometric and likewise, the two semi-radii of the prolate spheroid appear; (1)
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a along the long axis and (2) the short semi-radius b. Next, the three material properties

determining the Drude model; (3) the high frequency limit of the permittivity ε∞, (4) the

plasma frequency ωp containing the characteristic response time of the conduction electrons,

and (5) electron scattering rate γ that serves as a damping on electronic motion.

The simulated nanorod is assigned dielectric data for gold from Johnson and Christy

[81]. Its geometry is a cylinder with radius of 20 nm and length of 24 nm with hemispherical

end-caps of matching radius. The parameters resulting from the best fit of the two spectra

in Fig. 4.1 are:

a = 51.7770 nm (4.2)

b = 15.9601 nm (4.3)

ε∞ = 28.9857 (4.4)

~ωp = 13.5885 eV (4.5)

~γ = 0.0977 eV. (4.6)

The deviation of these values from the true rod geometry and optimized Drude model fit

is expected because of differences in optical response between a spheroidal and cylindrical

rod. Another contribution to error in these best-fit parameters is the relative inaccuracy of

the transverse mode fit. This can be attributed to the low-energy tail of the gold interband

transitions that overlap this portion of the spectrum and are not well accounted for by the

Drude model dielectric function. Despite these challenges, the prolate spheroid parameterized

by the listed parameters adequately models the physical and simulated systems for our

purposes.

4.2 The molecule’s emissive transition as an electric dipole

In the case of plasmon-enhanced fluorescence, the molecule’s emissive transition dipole

sources the plasmonic excitation. To simplify model construction, the molecule is treated as

a classical oscillating dipole moment with polarizability given in Eq. (3.14) with geometric
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Figure 4.1: Parameterization of the nanorod polarizability along the long (a) and short (b)

principal-axes of the nanorod from scattering spectra calculated by the Maxwell equations

solver MNPBEM17 Toolbox for MATLAB [73]. Simulated cross sections were calculated

by aligning the polarization of the incident light along either rod axis, and fit simultane-

ously to the corresponding model expression in Eq. (4.1) with appropriate component of

the polarizability in terms of the five free parameters, {a, b, ε∞, ωp, γ} discussed in the main

supplementary text. The relative inaccuracy of transverse mode fit can be attributed to the

low-energy tail of gold interband transitions that overlap this portion of the spectrum and

are not well accounted for by the Drude model dielectric function. This spectra is slightly

blue-shifted compared to the time-domain simulations presented in SI Fig. S15 and exper-

imental scattering spectra shown in Fig 1 due to the absence of a glass substrate in the

frequency-domain simulations. This quantitative difference does not impact the qualitative

results provided by the analytic model, which is parameterized by the frequency-domain

calculation.
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radii taken to 0. The dyadic nature considered fixed to the molecule’s orientation in space, so

that the polarizability is nonzero only in one direction αααmol = αmolêê. The free parameters

required from fit are then {m,ω0, γnr}. Because fitting the mass requires knowledge of the

absolute magnitude of the molecule emission cross section, it is easer to first determine the

mass from the supplier listed molar extinction coefficient. For the Cyanine5.5 NHS ester

used in the nanorod experiments, ε = 198000 L mol−1 cm−1 1.

Following Novotny’s Nano Optics, Section 9.3 [117], the extinction coefficient can be

related to the molecular absorption cross section σa by the molar concentration,

e−
N
V
σaz = 10−ε[M ]z

−N
V
σa = −ε[M ]ln10

= −ε 1

NA

N

V
ln10

σa =
ε ln10

NA

(4.7)

We next relate this expression to that of the oscillator by combining equations σa = 4πk Im[ε̂·
ααα(ω)] from Ref [25] and (3.30),

σa = =
4πe2

mcn

γω2

(ω2
0 − ω2)2 + γ2ω2

. (4.8)

At resonance, this expression reduces to depend only on the linewidth,

σa(ω = ω0) =
4πe2

mcn

1

γ
. (4.9)

and the effective mass becomes

m =
4πe2Na

ε ln(10)cnbγnr
(4.10)

Although this procedure is approximate, numerical calculations have shown that only the

global magnitude of plasmon enhanced fluorescence emission is dependent on the mass on

the molecule emissive oscillator.

After determining the mass, the remaining parameters ω0 and γnr can be fit directly from

the normalized fluorescence emission spectrum.

1 https://www.lumiprobe.com/p/cy55-nhs-ester, accessed December 8, 2020.

https://www.lumiprobe.com/p/cy55-nhs-ester
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Chapter 5

MISLOCALIZATION IN PLASMON-ENHANCED
SINGLE-MOLECULE FLUORESCENCE MICROSCOPY AS A

DYNAMICAL YOUNG’S INTERFEROMETER

Reproduced in part with permission from:

Harrison J. Goldwyn, Kevin C. Smith, Jacob A. Busche, and David J. Masiello

ACS Photonics 2018 5 (8), 3141-3151

DOI: 10.1021/acsphotonics.8b00372

Copyright 2018 American Chemical Society.

abstract

Mislocalization is a quantitative measure of the inability to locate the positions of individual

molecular emitters in plasmon-enhanced super-resolution fluorescence microscopy. It is due

to an unfortunate side-effect that scrambles the spatial profile of a molecule’s fluorescence sig-

nal when plasmonic nanoantennas are introduced to boost that signal. In this manuscript,

we present an understanding of the mislocalization problem in plasmon-enhanced super-

resolution fluorescence microscopy based upon a simple and intuitive theoretical model. In

particular, we derive an analytic expression for mislocalization and demonstrate explicitly
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how it depends upon both the macroscopic interference of the coherent emission from molec-

ular and plasmonic emitters as well as the microscopic dynamics of the coupled system. To

derive this expression we draw upon an analogy to the Fano interference problem and show

that the spatial asymmetry in the intensity profile can be encapsulated into a single effective

parameter that depends rigorously upon basic system properties. We further elucidate the

causes of mislocalization within the context of hybridization between molecular and plas-

monic emitters and show analytically how the localization error depends upon the relative

separation, orientation, detuning, and polarizability of the emitters. Lastly, we derive a new

model-based form of the plasmon-enhanced single-molecule fluorescence image for specified

molecular dipole orientations and demonstrate that it significantly outperforms standard

Gaussian fitting in locating the position of the molecule.

5.1 Introduction

Super-resolution fluorescence microscopy [68, 107, 137, 19, 123, 49, 23] has today reached

spatial resolutions on the order of 20 nm [77] while providing molecular specificity in envi-

ronments inaccessible to near-field probing such as live biological systems [56, 76, 101]. By

switching molecules one at a time between emissive and non-emissive states [42, 105], such

microscopies infer the location of each emitter from the centroid position of their isolated fluo-

rescence signals. The intrinsically weak intensity of these images, however, limits localization

precision and has motivated the incorporation of plasmonic nanoantennas known to boost

the signal from individual molecules [87, 57, 95]. Unsurprisingly though, the image centroid

no longer encodes the exact molecular position when both molecule and plasmonic nanoan-

tenna are within the same diffraction-limited spot. Instead, the Airy disk pattern associated

with a microscope’s point spread function (PSF) reports a convolution of the emission from

both sources, with its maximum lying along the line connecting the two, potentially even

lying external to the sources. Naively, one might subtract the isolated nanoantenna’s PSF

from the observed image to reclaim the location of the molecule as the centroid of a two-

dimensional Gaussian fit. However, the plasmon-enhanced image is not simply the sum of
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PSFs of each emitter, but instead depends upon both the 1) underlying microscopic dynami-

cal interaction between molecular emitter and induced polarization in the nanoantenna, and

2) the macroscopic radiative interference between their resulting fields. The difference be-

tween the apparent position dictated by the Gaussian maximum and the exact molecular

position is commonly called the localization error or mislocalization.

Here we present an idealized yet fully analytical model of mislocalization based upon the

radiative emission of two coupled and interfering dipoles, one representing the fluorescent

molecule and the other representing the polarization induced in a nearby metallic nanoan-

tenna. A vast body of literature has already been devoted to imaging molecular emitters in

the vicinity of plasmonic metal surfaces and nanoparticles; see, e.g., Ref. [162] for a recent

review. Among this work, both experimental and computational efforts have been made

to elucidate the physical phenomena underlying mislocalization in plasmon-enhanced single-

molecule optical imaging. Specifically, the image centroid has been observed to shift towards

the geometric center of the nanoantenna, even at molecule-nanoantenna separations where

enhancement is not expected, a feature that has been related to the portion of radiated power

directed through the nanoantenna instead of emitted directly from the molecule to free space

using numerical electrodynamics simulation [159]. By specifying the exact molecule location

relative to the nanoantenna with molecular spacers, mislocalization has been quantitatively

extracted from experiment [24, 128], even for three-dimensional systems with additional geo-

metric mislocalization caused by projection onto a two-dimensional image [59]. Unintuitively,

the image centroid has also been observed outside of the region between the emitters in both

experiment and simulation [160, 136, 99, 151]. Ref. [136] suggested this observation to be a

result of interference between the molecule and nanoantenna emission and presented an in-

tuitive explanation based on Young’s interference. Refs. [159, 160, 24, 128, 59, 136, 99, 151]

use electromagnetic simulation to interpret observation as well as to explore dependence

upon certain experimentally accessible parameters. Such simulations are useful for these

purposes, but can obscure the physics in that they provide no analytic understanding of the

underlying physical mechanisms. For spherical nanoantenna geometries, Mie theory provides
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a middle ground, combining analytical insight with simulation. Towards understanding the

origins of mislocalization in surface-enhanced Raman scattering [67], generalized Mie the-

ory has demonstrated the importance of interference among higher-order plasmon modes on

image distortion when the molecule is located within the fluorescence quenching zone (. 5

nm from the nanoantenna surface) necessary for Raman scattering. Despite this body of

work, to date, there has been no simple theoretical model that describes the mislocalization

problem completely analytically. Such a model is important because it makes explicit the

dependence of mislocalization upon each parameter, devoid of the complexity of Mie theory

and obfuscation by electrodynamics simulation. It is the purpose of this Paper to provide a

model containing the minimal ingredients necessary to reproduce observation while clearly

demonstrating the dependence of mislocalization on basic system parameters.

In the following, we begin by reviewing Young’s double-slit experiment and make an

analogy between the wave mechanics of two-slit diffraction and a pair of radiating dipole

oscillators as suggested in Ref. [136]. With the second dipole representing the nanoantenna

polarization induced by the first, we then develop a description of their coupled dynamics

and resulting electromagnetic radiation. After focusing this radiation with a lens, parallels

are drawn between Young’s diffraction pattern and the image, where the latter incorporates

the mutual, self-consistent coupling between molecular dipole and plasmonic nanoantenna.

In analogy to Fano’s characterization of spectral antiresonance line shapes in terms of basic

parameters [55], we derive an analytical measure of the system’s fluorescence mislocaliza-

tion that depends only upon the distance- and orientation-dependent dipole-dipole coupling

strength and nanoantenna polarizability. Lastly, we compare our analytical image intensity

to that of full-wave numerical electrodynamics simulation of the coupled system and demon-

strate that fitting our model to the numerically exact image of a dipole-driven gold nanoan-

tenna significantly outperforms Gaussian fitting to the same image in the determination of

molecular position. Taken together our work provides a critically needed understanding of

the origins of mislocalization in plasmon-enhanced super-resolution fluorescence imaging and

can be used to extract a more accurate estimate of the molecule’s position than is provided
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by current methods.

5.2 Analogy between 2-slit interference and 2-dipole emission

An illustration of a coupled molecule-nanoantenna system together with a convoluted signal

typical of plasmon-enhanced single-molecule fluorescence is displayed in Fig. 5.1a. The

system image behaves according to the following generic intensity

I(x, y) =
c

8π
|E0 + E1|2

=
ck6

8π

[
|p0|2fPSF(x, y; d) + |p1|2fPSF(x, y) + 2|p0||p1|fIF(x, y; d) cos Φ

]
,

(5.1)

measured on a photo-detector positioned at height z = h above and parallel to the (x, y)

plane containing the sources. Independent molecule and nanoantenna PSFs (fPSF) con-

tribute to this signal as does an interference function (fIF). Each component is scaled by

a separation- and orientation-dependent dipole amplitude (p0 for the molecule and p1 for

the nanoantenna) that determines the relative weighting of their individual PSFs as well

as that of the interference; the latter is further modulated by a phase Φ dictating the sign

of the interference, i.e., constructive or destructive. Figs. 5.1b and c show the effects of

dipole orientation relative to separation (d = dêx) upon the image as well as its underlying

components.

Although the intensity in Eq. (5.1) is expressed in the language of diffracted-limited

imaging, it is a general description of wave interference from two distinct sources. With

the functional form of fPSF and fIF kept general for now, qualitative intuition for the shape

and apparent centroid position of a plasmon-enhanced fluorescence image can be gained by

analogy to the double-slit experiment. When the slit size is small in comparison to the slit

separation d and distance to the detector h, the diffracted waves emanating from the slits

appear spherical as if emitted by two oscillating dipoles pi(t) = |pi|e−i(ωt−φi)p̂i (i = 0, 1),

each located within a slit. Fig. 5.2 displays the duality between a plane wave passing through

two slits and two dipole emitters. Panel a illustrates the case of normal incidence where there

is no inherent phase difference between spherical wave sources, while Panel b illustrates the
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Figure 5.1: Plasmon-enhanced single-molecule fluorescence images. (a) Illustration of a

fluorescent molecule (green dipole) and plasmonic nanoantenna (blue dipole) separated by

the distance d = dêx. The dipole radiation fields are diffracted through a lens and imaged

on the screen at (x, y, z = h). (b) Calculated intensity images (black) for all three unique

dipole emitter orientations are displayed; from top to bottom, the orientations are named as

coaxial (p̂ = êz), perpendicular (p̂ = êy ⊥ d), and parallel (p̂ = êx ‖ d). Also plotted are

the molecule PSF (green), plasmon nanoantenna PSF (blue), and interference function (red)

that sum to form each image. Comparison between the image and its components illustrates

the complexity of the observable. (c) A progression of images versus molecule-nanoantenna

separation is displayed for dipoles oriented ⊥ d. The true position of the molecule has been

explicitly labeled on the axis (thin tick marks) and curves (green circles) as an aid for the

eye.
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Figure 5.2: Analogy between Young’s double slit and a pair of radiating electric dipoles.

(a) A normally-incident plane wave emerges from the slits as two spherical waves of equal

phase, as if two dipole emitters aligned with the field polarization and oscillating in phase

are located within each slit. Constructive interference appears along rays of equal path

length, placing the maximum intensity between the slit/emitter positions. (b) An oblique-

incident plane wave produces a relative phase that depends upon the incident angle. The

case of ∆φ = π is illustrated to demonstrate that destructive interference displaces the

maximum intensity away from the emitters’ center. Regardless of incident angle, the relative

emitter brightness can shift the interference maximum asymmetrically towards and even

past the brighter emitter location. Wavelength, screen height, slit/emitter separation, and

interference pattern (from Eq. (5.2)) are drawn to scale for dipoles of equal amplitude,

however, the slit widths are not.
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case of oblique incidence with phase difference ∆φ = φ1 − φ0 depending upon the incident

field direction.

If the distance h between the dipole emitters and the observation screen is much larger

than the emission wavelength λ = 2π/k = 2πc/ω, then the fields from each dipole take their

radiation zone forms Hi(rin̂i) = k2n̂i×pi(t)eikri/ri and Ei(rin̂i) = Hi(rin̂i)×n̂i in free space,

where ri connects the location of each dipole to the observation point rin̂i as displayed in Fig

5.1a; i.e., r0n̂0 = x− d for the molecule and r1n̂1 = x for the nanoantenna. Inserting these

radiated fields into Eq. (5.1) makes explicit the form of the radiative intensity I from two

dipoles in free space. Visualization and discussion of this intensity is facilitated by limiting

the observation to points along the x-axis of the photodetector. In the form of Eq. (5.1),

the unfocused image of the intensity from two ⊥-polarized (p̂ = êy ⊥ d) dipoles along the

line (x, 0, h) is

I(x) =
ck6

8π

[
|p0|2

1

(kr0)2
+ |p1|2

1

(kr1)2
+ 2|p0||p1|

1

(kr0)(kr1)
cos (k(r1 − r0) + ∆φ)

]
, (5.2)

where (kri)
−2 and [(kr0)(kr1)]−1 are the free space equivalents of fPSF and fIF. Similar forms

for I can be derived for the parallel (p̂ = êx ‖ d) and coaxial (p̂ = êz) dipole orientations.

While the free space PSFs are different than in the focused image, they are similarly peaked

above the source locations as dictated by the denominator ri = ((x − xi)2 + h2)1/2, where

x0 = d and x1 = 0. The latter spatially-dependent interference function is the product of two

functions peaked respectively at the location of each dipole emitter. For h� d, the widths

of the free space PSFs in Eq. (5.2) are large in comparison to d and combine to produce a

single-peaked envelope modulated by interference fringes.

Analogy to the double slit experiment is better demonstrated by equating the dipole

amplitudes p0 = p1 = p and approximating r0 ≈ r1 = r in the denominators of the free-

space PSFs. Care must be taken, however, in evaluating the spatially-dependent phase

k(r1 − r0) = kd sin θ, which can be well approximated for small diffraction angles by kdθ.

Taken together these approximations lead to the familiar Young’s interference pattern

I(θ)→ Iinc [2 + 2 cos (kdθ + ∆φ)] (5.3)
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with Iinc = ck4p2/8πr2 inheriting the role of incident field intensity and with an additional

phase factor ∆φ dictated by the incidence angle or equivalently the relative phase between

dipoles. For an aberration-free but diffraction-limited microscope, the ray interference due

to the spatially dependent phase kdθ is negligible, leaving the sign of the interference de-

pendent only on ∆φ. This absence of optical path length dependence in the phase changes

the qualitative nature of the interference. Without spatial oscillations, the interference is

either constructive or destructive across the entire observation window and biases the cen-

troid towards (if constructive) or away (if destructive) from the center of the two emitters.

This intuition is the beginning of understanding how observed trends in mislocalization are

manifested in Young’s interference.

Inserting a lens between the dipole emitters and detector changes the spatial form of

the intensity quantitatively, but the PSFs remain peaked about their respective source po-

sition. The interference term is similarly peaked but at the midpoint between the emitters

resulting from the cross product of the focused fields from each dipole. This means that

the intuition gained from understanding the image as composed of three distinct peaked

functions in double-slit interference may be applied directly to the diffraction-limited image

of a microscope by replacing the fields in Eq. (5.1) with the focused and diffracted dipole

fields. Analytic forms for fPSF and fIF for all three unique dipole orientations can be ap-

proximated by assuming the microscope to be an ideal, infinity-corrected and aberration-free

optical system with numerical aperture NA = 1. Details of computing the image fields via

the Debye-Wolf diffraction integral are presented in the Methods Section.

5.3 Coupled dipole interaction model

Up to this point, the underlying microscopic dynamics of the dipole emitters and associ-

ated relative phase have been left unspecified. We now show how to model the interact-

ing molecule-nanoantenna system as a pair of coupled dipole oscillators. In previous work

[36, 39], we demonstrated the mapping of multipolar localized surface plasmon resonances

onto corresponding mechanical oscillators, each with an associated effective mass m` and
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resonance frequency ω` in the quasistatic limit. ` = 1 corresponds to the dipole plasmon

mode. However, for any `, the mass is inversely proportional to the static (zero-frequency)

polarizability αsp and resonance frequency, the latter determined by material- and geometry-

specific parameters related to both atomically bound and free conduction electronic response

of the plasmon nanoantenna as will be discussed later. Similar correspondence between a

molecular transition (i.e., fluorescence emission) dipole moment and a harmonic oscillator

follows directly from Schödinger’s equation, with the transition’s effective mass m0, transi-

tion frequency ω0, and damping constant γ0 parametrized by the free molecule’s fluorescence

spectrum.

The interaction between molecular dipole and plasmonic nanoantenna is well-known to in-

volve higher-order plasmon modes beyond the dipole whenever the two are in close proximity

(shown for a spherical gold nanoantenna of radius a = 40 nm to be edge-to-molecule separa-

tions of d− a . 10 nm [7]). At such close distances, inefficient coupling of the higher-order

plasmon modes to the radiation field quench the molecule’s fluorescence and allow weaker

molecular optical processes to persist, such as Raman scattering [115, 89, 103, 30]. However,

since this Paper focuses only on understanding mislocalization in the regime where fluores-

cence emission is dominant (d−a & 10 nm) using the most simple analytic model possible, we

neglect all higher-order plasmon multipole moments and couple the remaining nanoantenna

dipole mode to the molecular transition via the fully-retarded dipole-dipole interaction. The

resulting equations of motion describing the plasmon-enhanced single-molecule fluorescence

are classical in appearance,

p̈0 = −ω2
0p0 − γ0ṗ0 +

e2

m0

p̂0 · E1(d) +
2e2

3m0c3

...
p 0 +

e2

m0

EF e
−iωt

p̈1 = −ω2
1p1 − γ1ṗ1 +

e2

m1

p̂1 · E0(0) +
2e2

3m1c3

...
p 1,

(5.4)

where the physical oscillation amplitude and phase of each dipole moment is determined

by the complex magnitude |pi| and phase angle φi = tan−1 Im pi/Re pi. Here, (e2/m0)p̂0 ·
E1(d) ≡ (g/m0)p1 and (e2/m1)p̂1 · E0(0) ≡ (g/m1)p0, where g ≡ g(d) ≡ e2p̂0 ·G(d) · p̂1 is

the dipole-dipole coupling strength between molecular transition dipole p0 and the induced
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polarization in the nanoantenna, the latter treated as a point dipole p1 located at the center

of a sphere of radius a. G(d) = [(3d̂d̂− 1)(1/d3 − ik/d2)− (d̂d̂− 1)k2/d]eikd is the dyadic

Green’s function [117], γ1 is the nanoantenna’s nonradiative linewidth, and the dipole jerk

terms account for the effects of radiation reaction. E1(d) and E0(0) are the electric dipole

fields of the nanoantenna at x = 0 and molecule at x = d, each evaluated at the position

of the other. Note that g is identical for the coaxial and perpendicular dipole orientations

illustrated in Fig. 5.1, and the orientation of the induced dipole p1 is completely determined

by the molecular transition dipole p0 and d since p1 = α1E0(0) = α1G(d) ·p0. The form of

G(d) also reveals that the induced plasmon dipole p1 in the nanoantenna will be parallel to

the molecule dipole moment p0 only when p0 ‖ d or p0 ⊥ d.

A fictitious harmonic electric field EF of frequency ω is applied to the molecular oscillator

to model population of the emissive state by absorption of the real excitation field and

subsequent vibrational relaxation characteristic of fluorescence. In this way the molecule

oscillator represents the emissive transition dipole and ω can therefore be interpreted as

a single Fourier component of molecular fluorescence, taken here to be at the peak of the

emission spectrum, i.e., at ω = ω0. At this Stokes-shifted frequency the plasmon oscillator

is not directly driven by EF because plasmon photoluminescence is negligible in comparison

to the molecule’s fluorescence [100].

Although the intense near-field of the plasmonic nanoantenna will enhance molecular

absorption, mislocalization is independent of the absorption rate [102] modeled here by EF .

This absorption independence of the coupled system’s radiative emission profile takes origin

as linear dependence between p1 and p0 in the steady-state solution to Eq. (5.4), i.e, p1 =

α1E0(0) = α1G(−d) ·p0. Using this result, the focused diffraction-limited intensity at height

z = h presented in Eq. (5.1) can be normalized by the molecule emission I0 ≡ (ck6/8π)|p0|2

without loss of spatial information contributing to mislocalization. The image shape is then

defined by

I(x, y)

I0

= fPSF(x, y; d) +

∣∣∣∣p1

p0

∣∣∣∣2 fPSF(x, y) + 2Re

[
p1

p0

]
fIF(x, y; d). (5.5)
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Note that EF = |EF | only appears within I0 because p0 = α0[EF + E1(d)] = [α−1
0 −

G(d)α1G(0)]−1EF , which clearly demonstrates that the absorption rate only scales the in-

tensity profile and does not contribute to mislocalization. What is critical in controlling the

shape of the system image is the relative amplitude of the two emitters, p1/p0 = |p1/p0|ei∆φ.
The ratio of dipole amplitudes p1/p0 can be determined by the equations of motion in

Eq. (5.4), which approximate the electronic response of the plasmon nanoantenna as a free-

electron gas. But better quantitative agreement with simulation is achieved by generalizing

the nanoantenna polarizability to account for the response of the metal’s bound and free

electrons as

p1

p0

= a3 ε(ω0)− 1

ε(ω0) + 2

g(d)

e2

=

[
a3 ε∞ − 1

ε∞ + 2
+

e2/m1

ω2
1 − ω2

0 − iω0γR1

]
g(d)

e2
,

(5.6)

where ε(ω) = ε∞−ω2
p/ω(ω+ iγD) is the bulk Drude dielectric function expressed in terms of

the standard Drude parameters. The first term in square brackets, α∞ = a3(ε∞ − 1)/(ε∞ + 2),

represents the instantaneous response of the nanoantenna’s bound core electrons to the

molecular dipole field, while the second term, αf (ω0) = αspω
2
1/(ω

2
1 − ω2

0 − iω0γ
R
1 ), with

αsp = 3a3/(ε∞ + 2) = e2/m1ω
2
1, represents the causal response of its free conduction elec-

trons. It is the dynamic polarizability in the second term that is important and that is

described completely by the coupled equations of motion (Eq. (5.4)). Writing the ratio

p1/p0 = α1(ω0)(g/e2), where α1(ω) = α∞+αf (ω) is the polarizability of the plasmon nanoan-

tenna, emphasizes the generality of this model since the nanoantenna may be of arbitrary

shape or size as long as its polarizability can be determined.

The relative contributions to the imaged intensity in Eq. (5.5) from molecule, nanoan-

tenna, and interference are compared as functions of separation in the insets in Fig. 5.6a.

The three terms composing Eq. (5.5) are each plotted as a function of position in the image

plane in the Supplementary Information to gain intuition on the image composition. In

these plots and in what follows, the parameters describing the isolated plasmon oscillator

are determined by fitting the scattering cross section derived from the equation of motion for
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Figure 5.3: Gaussian mislocalization in modeled and simulated plasmon-enhanced single molecule

fluorescence images as a function molecule-nanoantenna separation d. (a) Mislocalization for p̂ ‖ d
(top) and p̂ ⊥ d (bottom) determined by fitting a two-dimensional Gaussian to electrodynamics

simulation (gray circles) or to the image intensity given in Eq. (5.5) (black circles) is compared

to prediction using the analytic mislocalization measure ∆xmisloc(d) in Eq. (5.10) (yellow). An

a = 40 nm spherical gold nanoantenna in vacuum is used in each case. The location of the

molecule (green) and the locations of the center and edges (gray) of the nanoantenna are plotted

for reference. Three qualitatively distinct separation regimes are marked by roman numerals : (I)

mislocalization is negligible, (II) interference dominates, and (III) plasmon PSF dominates. (b)

Normalized plasmon-enhanced single molecule images (red–purple) calculated from Eq. (5.5) are

overlaid with two-dimensional Gaussian fits (gray, dashed) at separations d = 50−150 nm. ∆xmisloc

is plotted in black along with the true locations of the nanoantenna (gray circles) and molecule

(green circles) as a guide for the eye.
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the uncoupled plasmon p̈1 + γR1 ṗ1 + ω2
1p1 = (e2/m1)Ee−iωt to the simulated scattering cross

section of an a = 40 nm gold sphere in vacuum, but could also be obtained from experiment.

Radiation reaction effects increase the linewidth according to γRi = γi + (2e2/3mic
3)ω2. The

resonance energy, linewidth, and effective mass of the nanoantenna plasmon are ~ω1 = 2.55

eV, ~γ1 ≡ ~γD = 0.06 eV, and m1 = 8.31 × 10−7me. The fluorophore parameters are

obtained from the same procedure, but using the equation of motion for the uncoupled

molecule emission p̈0 +γR0 ṗ0 +ω2
0p0 = (e2/m0)Ee−iωt to fit typical fluorescence cross sections

for dyes commonly used in super-resolution imaging. The resonance energy, linewidth, and

effective mass of the molecule’s transition dipole are ~ω0 = 2.60 eV, ~γ0 = 0.075 eV, and

m0 = 1.22 × 103me. All other parameters, such as the coupling strength and radiation re-

action force are computed from these parameters (and fundamental constants such as the

mass me and charge −e of the electron). Note that the effective mass of the plasmon is ten

orders of magnitude smaller than that of the molecular transition dipole, a fact that will be

of importance in the following. This scale difference is due to the difference in polarizabili-

ties between the two emitters, since effective mass is inversely proportional to polarizability

as described above. Also note that the above parameters make the nanoantenna-molecule

detuning ω2
1 − ω2

0 negative. However, a positive detuning would only interchange the role of

constructive and destructive interference.

To aid in the analysis and interpretation of the PSF image and resulting mislocaliza-

tion, it is instructive to revisit Eqs. (5.5) and (5.6) from the viewpoint of hybridized

modes. The response of the nanoantenna core electrons and friction are temporarily ne-

glected and the dipole-dipole coupling is restricted to the near-field interaction. These ap-

proximations, while not quantitatively exact, retain the essential features of the system

while providing intuition about mislocalization based upon hybridization. As a function

of dipole-dipole separation, orientation, detuning, and relative polarizability, the molecule

and nanoantenna dipoles will mix to varying extent as described by the mixing angle β =
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(1/2) tan−1 2g(d)/
√
m0m1(ω2

1 − ω2
0) to produce the hybridized modes

p+ = p0

(
m0

m1

)1/4

cos β + p1

(
m1

m0

)1/4

sin β

p− = p1

(
m1

m0

)1/4

cos β − p0

(
m0

m1

)1/4

sin β

(5.7)

with radiative spatial profiles that reflect the degree of mixing in their asymmetry. β takes

values between 0 and ±π/4, with β = 0 corresponding to no mixing and |β| = π/4 corre-

sponding to maximal mixing of the uncoupled molecule and nanoantenna modes. In terms

of β, Eq. (5.5) becomes

I(x, y)

I0(β)
≈
√
m1

m0

cos2 βfPSF(x, y; d) +

√
m0

m1

sin2 βfPSF(x, y) + 2 sin β cos βfIF(x, y; d), (5.8)

where I0(β) = (ck6/8π cos2 β)|p0|2
√
m0/m1 and where the relative brightness p1/p0 =

(1/2)
√
m0/m1 tan 2β can be interpreted as a measure of mixing p0 and p1 into the hybridized

molecular excitonic-plasmonic normal modes p+ and p−. As discussed previously, the degree

of mislocalization is determined entirely by the relative weights of the three prefactors of

the individual PSFs and interference function. At the separations distances of interest (i.e.,

d − a ≈ 10 − 450 nm), 2g(d)/
√
m0m1(ω2

1 − ω2
0) � 1 and β � 1, justifying the small angle

approximation, i.e., p1/p0 ≈
√
m0/m1 tan β. For oscillators of equal mass, this would indi-

cate weak hybridization and produce an image dominated by the molecule PSF. However,

here, the extreme mismatch in oscillator masses (or, equivalently, polarizabilities) causes the

amplitude of the nanoantenna PSF to be appreciable and even dominant over the molecule

PSF for relatively small values of the mixing angle, reflecting the non-negligible contribution

of the plasmon nanoantenna to the normal modes of the composite system.

Fitting a two-dimensional Gaussian function to the plasmon-enhanced fluorescence image

in Eq. (5.5) quantifies the balance of the molecule, nanoantenna, and interference PSFs. The

resulting Gaussian centroid location relative to the exact location of the molecule—called

the centroid offset or mislocalization—is plotted in Fig. 5.3 for dipoles oriented parallel and

perpendicular to d; the third orientation with dipoles aligned along the optical axis, displayed
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in Fig. 5.1a, is not shown because it is nearly identical to that of the perpendicular orientation

as described above. Three qualitatively different regimes (denoted by I, II, III) are identified

in Fig. 5.3: At separations d greater than the diffraction limit, i.e., d & λ/2NA ≈ 240

nm, two uncorrelated emitters would be resolvable by the Rayleigh criterion. But in this

system, mislocalization remains beyond 240 nm because of the coupling-induced interference

between coherent molecule and nanoantenna emission. I) This means that mislocalization

is negligible only at separations d & 300 nm, where both the Rayleigh criterion holds and

the contribution from interference is bounded by |p1/p0| . 0.1. At these large separations,

the coupling strength |g/e2| . 0.1/|α1(ω0)| and the mixing angle β ≈ 0 as the plasmon

receives minimal energy from the molecule’s emissive transition. In this regime the normal

modes are very weakly mixed and the molecule PSF dominates the image as in normal

super-resolution microscopy. II) As the molecule approaches the nanoantenna, g and β

increase and the relative amplitude |p1/p0| ∼ 1. While |p1/p0| < 1, the interference begins to

impact the image before the nanoantenna PSF because of its linear scaling with Re[p1/p0] =

|p1/p0| cos ∆φ. If the interference is destructive, fIF will subtract from the imaged intensity

between the emitters and shift the centroid to the right (see Fig. 5.1a for an illustration).

If the interference is constructive, the system image is weighted towards the center of the

emitters even before the nanoantenna PSF contributes. III) For d . 100 nm, g and β

increase further and |p1/p0| & 1. In this regime, the quadratic scaling of the nanoantenna

PSF’s amplitude causes the nanoantenna to dominate the image, shifting the total image

onto the nanoantenna emission center or even past it slightly if the interference remains

destructive.

The preceding analysis of mislocalization versus separation explains the dominant ex-

perimental observation: the centroid is much more likely to collapse onto the nanoantenna

than to shift away due to destructive interference. It is only in the intermediate separa-

tion region (II) where interference can shift the image centroid outside the two emitters.

This occurrence is made more rare by the fact that interference will only be destructive

for certain dipole orientations, given the nature of g to change sign as a function of p̂ · d.
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Because the molecular dipole is randomly oriented in most experiments, destructive inter-

ference will often be washed out by molecules located at the same location but of different

orientation. In simulation, the dipole orientation can be set explicitly and observation of

positive mislocalization is more accessible. Because the plasmon PSF is always positive, the

image centroid inevitably collapses onto the nanoantenna at close proximities regardless of

dipole orientation. As discussed previously, this collapse of the system image centroid onto

the plasmonic nanoantenna is well documented in the plasmon-enhanced single-molecule

fluorescence literature. See, e.g., Ref. [162] for a recent review.

5.4 Fano-like asymmetry as a measure of mislocalization

While the centroid offset can be predicted for arbitrary molecule-nanoantenna separation via

a Gaussian fit of the intensity in Eq. (5.5), it is also possible to derive an analytic expression

for the centroid offset directly from the imaged intensity function. In 1961, Fano described

asymmetric antiresonance lineshapes in Helium auto-ionization spectra in terms of the inter-

ference between bright and dark scattering channels, and encapsulated the deviation from a

symmetric lineshape into an effective parameter that depends upon basic system properties

[55]. The problem considered here of two coupled oscillators, one driven (i.e., the molecule,

in analogy to the bright mode) and one undriven (i.e., the plasmon nanoantenna, in analogy

to the dark mode), is of similar form. Interestingly, not only can such interferences arise

in spectra [156] but so too can they manifest in the spatial profiles of absorbed [11] and

emitted radiation. We make this analogy by factoring Eq. (5.5) into even and odd contri-

butions about the location of the molecule projected onto the image screen, thus separating

the terms that do not contribute to the centroid offset from those that do. Factoring out

the spatially symmetric terms renders the image as a product of a symmetric function and

a factor that is inherently antisymmetric. Taylor expansion allows us to map this factored

form onto the product of a Gaussian (centered at the molecule location projected onto the

image screen) with amplitude A and variance σ2, and a line with slope η, all rigorously

defined in terms of the nanoantenna polarizability α1 and coupling strength g. All together,
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the spatial asymmetry of the image is characterized by the approximate image function

I(x)

Ae−x2/2σ2 ≈ 1 + η · kx (5.9)

with its maximum defining the apparent molecule location, or mislocalization,

∆xmisloc(d) =

√
1 + (2ηkσ)2 − 1

2ηk
. (5.10)

This mislocalization function is plotted versus molecule-nanoantenna separation d in Fig.

5.3 alongside the mislocalization resulting from numerical Gaussian fits to images computed

from the oscillator model as well as from full-wave numerical electrodynamics simulation of

the coupled-dipole system. It is evident that ∆xmisloc(d) not only recovers both Gaussian-

fit-based measures of mislocalization, but more importantly, makes explicit the parameters

that mislocalization depends upon. Further, ∆xmisloc(d) enables prediction of mislocalization

without need for simulation once the independent oscillators are parametrized. Although

simple to implement, the explicit dependence of η and σ on d is complicated and reserved

for the Supplementary Information. Details of the procedure for obtaining Eq. (5.10) are

presented in the Methods Section.

Up to this point, the nanoantenna-molecule detuning has been fixed so that the parallel

dipole orientation produces primarily destructive interference at close proximity while the

perpendicular orientation is constructive. The interference quality of these two orientations

has resulted in different mislocalization trends as the molecule approaches the antenna, but

the relationship between mislocalization sign and interference quality (cos ∆φ) is ubiquitous

across detuning. Fig. 5.4 expands upon this concept for a range of molecular emission ener-

gies (corresponding to the observation energy) relative to the fixed plasmon resonance energy,

~ω1 = 2.55 eV. For all separations, detunings, and orientations investigated, the image cen-

troid appears between emitters when interference is constructive and outside emitters when

destructive. At separations d > 300 nm, coupling is weak and mislocalization is minimal

in all cases. Regions of large mislocalization appearing as dark red and blue in Fig. 5.4a

dominate at close molecule-nanoantenna proximity, but persist to larger separations when
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Figure 5.4: Correlation between mislocalization and interference quality. (a) Contour maps of

mislocalization as a function of molecule emission energy ~ω0 and emitter separation d for ‖ (left)

and ⊥ (right) dipole orientations. The fixed plasmonic nanoantenna resonance energy ~ω1 is marked

by the horizontal line. Positive mislocalization corresponds to centroid displacement to the right

of the antenna and negative mislocalization corresponds to the image centroid appearing between

the two emitter locations except for when ∆xmisloc < −d (white outline) where the centroid lies

to the left of the nanoantenna. (b) Binary interference quality maps show the sign of cos ∆φ =

Re[p1/p0]/|p1/p0| as a function of ~ω0 and d. The inset displays the correspondence between

mislocalization and interference quality. With constructive interference (cos ∆φ > 0), the centroid

appears in the region between the molecule and the nanoantenna. With destructive interference

(cos ∆φ < 0) the centroid may appear in either the region to the right of the molecule location or

in the region to the left of the nanoantenna location (white outline), depending on the strength of

the emitter-plasmon interaction.
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~ω1 ≈ ~ω0 because α1(ω0) ∝ (ω2
1 − ω2

0)−1. Near zero detuning, the largest mislocalization at

mid-range 150 < d < 250 nm lies in the regions of destructive interference for both orienta-

tions, indicating a stronger impact on the observable than constructive interference at equal

coupling strength. The tendency for interference quality and mislocalization direction to be

opposite for dipoles ‖ and ⊥ d can be qualitatively understood by considering that the lowest

energy dipole alignment from just the near field interaction (gNF ∝ d−3). If the dipoles were

allowed to equilibrate quasistatically they would align head-to-tail. With fixed orientation,

head-to-tail dipoles will be in phase if p̂ ‖ d but out of phase for p̂ ⊥ d. Quantitatively,

this result appears in the opposite sign of g for these orientations, which determines the

relative phase of oscillation through Re[p1/p0]. The transition between dark red and dark

blue regions indicates a sharp change of the image centroid from one side of the molecule

to the other as it approaches the nanoantenna. This type of transition can be seen in Fig.

5.3a for the ‖ orientation at d = 100 nm and is due to a flip in interference quality while the

coupling is relatively strong, as illustrated in Fig. 5.4b.

5.5 Alternative to gaussian fitting

From Fig. 5.3, it is clear that Gaussian fitting performs poorly when both emitters are

located within the same diffraction-limited spot. Instead, we propose to use the derived

analytic form for the image shape in Eq. (5.5) as a super-resolution fit function. Assuming

that the observed dipole orientation is fixed relative to d by a polarizing filter [136], Eq.

(5.5) can be applied directly to experimental data using only d as a fit parameter. For an

arbitrarily oriented molecular emitter, the fields presented in the Methods Section for the

three orthogonal dipole orientations can be weighted and summed to yield a more general

analytic expression for the image where both d and the two angles specifying the molecular

transition dipole orientation are fit parameters. As a proof of concept in the former case, the

image shape on the right hand side of Eq. (5.5) is fit to the diffraction-limited image produced

by a full-wave numerical electrodynamics description of a dipole-driven gold nanosphere

together with numerical evaluation of the Debye-Wolf diffraction integral. The performance
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Figure 5.5: Extraction of molecule location from simulated plasmon-enhanced single

molecule fluorescence images using the analytic image function I(x, y; d) (orange) derived

in Eq. (5.5) and a two-dimensional Gaussian fit (blue). Both fitting methods are tested

against molecule-nanoantenna separations a + 5 ≤ d ≤ 350 nm for a range of spherical

nanoantenna radii a in both ‖ (a) and ⊥ (b) dipole orientations. For each radius, the av-

erage, minimum, and maximum mislocalization are determined by comparing d to the fit

position d0 in I(x, y; d0) or to the centroid position (x0) in a two-dimensional Gaussian func-

tion. The corresponding average mislocalization is denoted as a rectangle and the minimum

and maximum mislocalization are indicated by vertical bars. I(x, y; d) in Eq. (5.5) and the

two-dimensional Gaussian are both fit to the same set of numerical electrodynamics simula-

tions of a dipole-driven gold nanoantenna in vacuum. Across the wide range of nanoantenna

radii sampled, fits to Eq. (5.5) provide a better estimate of molecule position than standard

Gaussian fitting techniques.



75

of this new localization procedure is assessed by inference of the molecule position d by fitting

both the analytic image function in Eq. (5.5) and a two-dimensional Gaussian function to

the same electrodynamics simulation. These two procedures are contrasted in Fig. 5.5 for

two of the three unique dipole orientations; again the third orientation is identical to the ⊥
case and is included in the SI. The average, maximum, and minimum mislocalization across

a+ 5 ≤ d ≤ 350 nm are presented for various spherical nanoantenna radii from 10− 70 nm.

Across all radii considered, the model fit is superior to the Gaussian fit, both in the average

mislocalization as well as in the minimum and maximum localization errors.

In conclusion, we have presented a simple and intuitive theoretical model of plasmon-

enhanced single-molecule fluorescence microscopy. The model draws on an analogy between

Young’s two-slit interference and a pair of radiating dipoles to organize the diffraction-limited

image of the system into the superposition of three distinct contributions: the molecule PSF,

nanoantenna PSF, and interference that can shift the intensity distribution towards or away

from the center-point between emitters. The relative weight of each and resulting mislocal-

ization are determined by the underlying microscopic coupled-dipole dynamics. Modeling

the molecule-nanoantenna system by a pair of coupled oscillators accurately recovers the mis-

localization calculated in full-wave electrodynamics simulation of a dipole-driven plasmonic

nanoantenna. With this model, we draw on hybridization theory to discuss mislocalization

from the perspective of mode mixing between molecule and plasmon degrees of freedom.

We find that significant plasmon character is inherited by the hybrid modes at larger than

expected separation distances due to the nanoantenna’s significantly larger polarizability.

Inspired by the Fano interference problem, we further derive an analytic measure of mislo-

calization that depends explicitly upon fundamental system parameters such as the relative

separation, orientation, detuning, and polarizability of the emitters. This measure can be

used to predict mislocalization without simulation, requiring only knowledge of the uncou-

pled emitters’ emission/scattering spectra. Lastly, we propose a new model-based form of the

plasmon-enhanced single-molecule fluorescence image that is appropriate for specified molec-

ular dipole orientations and demonstrate that it significantly outperforms standard Gaussian
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fitting in locating the molecule’s position in electrodynamics simulation. This model pro-

vides a clear path towards generalizing the fit function to account for unknown molecular

orientation, which will form the basis for future work.

5.6 Methods

Calculation and analytic approximation of image fields. The Debye-Wolf integral [163] allows

accurate calculation of the PSF produced by diffraction-limited optical systems with large

numerical aperture common in single-molecule fluorescence imaging [50]. For an idealized

infinity-corrected microscope, the field composing the image is constructed by refraction at

the objective lens, and then focusing at a top lens into image space where it is subject to

diffraction. As outlined in Ref. [71], both the objective and top lens are considered spherical

refracting surfaces with focal lengths fobj and f respectively. The objective is defined by

spherical coordinates (ξobj, ζobj, fobj) relative to the antenna location. The top lens is defined

by (ξ, ζ, f) relative to the focal point in image space.

The image field is related to the scattered field at the objective by

E(ρ, ϕ, z) = −ikfe
ikf

2π

∫ ξm

0

dξ sin ξ

∫ 2π

0

dζ

√
cos ξ

cos ξobj

Escat(ξ, ζ)eik[ρ sin ξ cos(ϕ−ζ)+(z−h) cos ξ].

(5.11)

The scattered field is evaluated at points on the objective by the relationship sin ξ =

(fobj/f) sin ξobj and ζ = ζobj. The ratio of cosines appearing in the square root accounts

for the two refractions. The term eik(z−h) cos ξ describes defocusing and defines the focal plane

at z = h. The rotational symmetry of the lens/aperture allows analytic solution of the

azimuthal ζ integral, leaving cylindrical Bessel functions. The remaining polar integral is

evaluated numerically to produce images from all field data computed via full-wave electro-

dynamics simulation.

To obtain a simple closed form for the image fields, the numerical aperture is fixed at

NA = 1 as well as the magnification, f/fobj = 1. The effect of magnification can be restored

theoretically by choosing a small, high-resolution image detection plane [67]. Under these
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conditions, the image field in the focal plane produced by a single dipole source located along

the optical axis (êz) and oriented in (x, y)-plane is1

Ei(ρ, ϕ, z = h) = −ik3e2ikfpi


[cos2(ϕ+ ψ) + cos(2ϕ+ 2ψ)] j1(kρ)

kρ
+ sin(ϕ+ ψ)2j0(kρ)

sin(ϕ+ ψ) cos(ϕ+ ψ)j2(kρ)

− cos(ϕ+ ψ)J2(kρ)
kρ

 ,

(5.12)

where the dipole moment points at an angle ψ relative to êx. For a dipole moment parallel

to the optical axis, the field takes the form

Ei(ρ, ϕ, z = h) = −ik3e2ikfpi


− cos(ϕ)J2(kρ)

kρ

− sin(ϕ)J2(kρ)
kρ

2
3
j0(kρ)− 1

3
j2(kρ)

 . (5.13)

The analytic expressions for plasmon-enhanced single-molecule fluorescence images are ob-

tained by the summing the dipole image fields above with the molecule translated to match

its location in the scattering plane, i.e.,

I(x, y; d) =
c

8π
|E0(x− d, y, z = h) + E1(x, y, z = h)|2. (5.14)

We have found that these analytic images are numerically equivalent to direct computation

of the Debye-Wolf integral for the combined scattered field from both emitters. The analytic

PSFs and interference function are obtained simply from the expansion of Eq. (5.14). The

one-dimensional PSFs used throughout this Paper are

f
‖
PSF(xi) = 4

(
j1(kxi)

kxi

)2

+

(
J2(kxi)

kxi

)2

f⊥PSF(xi) =

(
j1(kxi)

kxi
− j0(kxi)

)2
(5.15)

1 Note that this expression for the focused and diffracted fields required a rotation that is not discussed
here if the molecule is oriented at any angle between the perfectly parallel and perpendicular cases discussed
in this more. This subtly is discussed in detail within Chapter 2 (specifically Eq. (2.45)). There are also
small inconsistencies between Eqs. (5.12) and (5.13) and the equivalent expressions in Chapter 2. I believe
Eqs. (2.46) and (2.68) are more accurate, but since their differences from what was originally published is
minor, I have left the expressions in this chapter unchanged for historical accuracy.
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and for the coaxial orientation,

f�PSF(xi) =

(
J2(kx)

kx

)2

+

(
2

3
j0(kxi)−

1

3
j2(kxi)

)2

. (5.16)

The one-dimensional interference function follows by replacing xi → x−d and xi → x in the

first and second term respectively of each square as well as multiplication by 1/2.

Analytic analysis of the Gaussian mislocalization.

To derive the parameters in Eq. (5.10), we start with the intensity evaluated along (x, 0, h),

I(x; d) =
ck6

8π
|p0|2

(
fPSF(x) +

∣∣∣∣p1

p0

∣∣∣∣2 fPSF(x; d) + 2Re

[
p1

p0

]
fIF(x; d)

)
. (5.17)

Note that, contrary to some of the work above, we have placed the molecule at the origin

x = 0. It is then straightforward to split I(x; d) into even and odd contributions about the

molecule’s position. Factoring out the even terms and noting that all resulting singularities

are far outside the separation distances of interest, we have

I(x; d) = Ieven(x; d)

[
1 +

Iodd(x; d)

Ieven(x; d)

]
. (5.18)

We then Taylor expand both Ieven(x, d) and Iodd(x, d)/Ieven(x; d) in powers of kx and ap-

proximate their functional forms by a Gaussian and a line, respectively. That is

Ieven(x; d) = I(0) +
1

2
I(2)(kx)2 + . . . ≈ Ae−x

2/2σ2

Iodd(x; d)

Ieven(x; d)
= ηkx+ . . . .

(5.19)

Computing η is straightforward as it is nothing more than a first order expansion coefficient.

To compute A and σ, we match expansion coefficients of Ieven(x; d) with those of a Gaussian

up to second order. Doing so, we find A = I(0) and σ = (1/k)
√
−I(0)/I(2). All expansion

coefficients are reported in the SI.
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5.7 Supplementary information

The analytic form of the mislocalization ∆xmisloc(d) presented in Eq. 5.10 depends on basic

system parameters and separation through the expansion coefficients described in Eq. 5.19

and the surrounding Methods. Here we present the expansion coefficients for dipoles p̂ ‖ d
and p̂ ⊥ d oriented within the focal plane. These coefficients were used to generate the

∆xmisloc(d) curves in Fig. 5.4. The expansion coefficients for the third orthogonal orien-

tation p̂ = êz have been omitted because of the similarity of mislocalization for dipoles

perpendicular to d, whether within or normal to the focal plane. For p̂ ‖ d:

η⊥ =
6j̃2(kd)[3

∣∣p1

p0

∣∣2j̃1(kd)− 2kdRe
(
p1

p0

)
]

9j̃1(kd)[
∣∣p1

p0

∣∣2j̃1(kd)− 4
3
kdRe

(
p1

p0

)
] + 4(kd)2

I
(0)
⊥ =

4

9
+

∣∣∣∣p1

p0

∣∣∣∣2 [ j̃1(kd)

kd

]2

− 4

3
Re

(
p1

p0

)
j̃1(kd)

kd

I
(2)
⊥ =− 16

45
+ 2

∣∣∣∣p1

p0

∣∣∣∣2 [( j̃2(kd)

kd

)2

− j̃1(kd)

(kd)2

(
j̃2(kd)

kd
− j̃3(kd)

)]
+ 2

Re
(
p1

p0

)
kd

[
4

15
j̃1(kd) +

2

3

(
j̃2(kd)

kd
− j̃3(kd)

)]
(5.20)

and for p̂ ⊥ d:

η‖ =
18
∣∣p1

p0

∣∣2[3J2(kd)2

kd
− J2(kd)J1(kd) + 4j1(kd)j2(kd)

]
− 6kdRe

(
p1

p0

)[
3
8
J2(kd)− 4j2(kd)

]
9
∣∣p1

p0

∣∣2[J2(kd)2 + 4j1(kd)2
]

+ 24kdRe
(
p1

p0

)
j1(kd) + 4(kd)2

I
(0)
‖ =

4

9
+

∣∣∣∣p1
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1440
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+
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(
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− 1

4

(
J2(kd)
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Re
(
p1
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)
kd

[
1

4

(
J1(kd)− 3

J2(kd)
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)
− 8

(
1

5
j1(kd)− 2

3

j2(kd)

kd

)]
,

(5.21)

where

j̃ν(kd) = jν(kd)− kdjν−1(kd). (5.22)
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Supplement to Figs. 5.3 and 5.5

In Fig. 5.6, the relative contributions to the analytic image from the (green) molecule PSF,

(blue) plasmon PSF, and (red) interference function are examined in 3 qualitatively different

regimes. All physical parameters are consistent with the values used thus far for the a =

40 nm gold sphere in vacuum and molecular emitter with fluorescence emission peak at

~ω0 = 2.6 eV and are contained in the complex amplitude ratio p1/p0 = α1(ω0)g/e2. (a)

Prefactors weighting plasmon PSF and interference function for (top) p̂ ‖ d and (bottom)

p̂ ⊥ d are plotted as functions of separation d normalized by the molecule brightness |p0|2 as

in Eq. 5.6. The magnitude of Re[p1/p0] has been plotted dashed to compare magnitude of

destructive interference to the plasmon PSF. The separation dependence of these prefactors

provides context for understanding the image slices in the next panel, taken at separations

marked by vertical lines. (b) Image slices and constituent pieces normalized by the molecule

brightness |p0|2 are depicted at four separations. At d = 300 nm, emitters with p̂ ‖ d form

an image unperturbed by the plasmon, due to the absence of far-field coupling between

collinear dipoles. Dipoles oriented ⊥ d couple at longer range, which is visible in the larger

contribution of the interference at ∼ 300 nm from Re[p1/p0]. At 150 nm, the plasmon PSF is

still negligible, but the p̂ ‖ d interference prefactor is greater in magnitude than the plasmon

PSF and negative, causing noticeable destructive interference and visually shifting the image

to the right as well as reducing its magnitude. For the dipoles ⊥ d, the Re[p1/p0] crosses zero

due to the standing wave character of the dipole-dipole coupling. The image then appears

unperturbed from the molecule PSF. Near 100 nm, the prefactors for the interference and

plasmon PSF are equal and opposite sign in both ‖ and ⊥ cases. Destructive interference here

effectively attenuates the signal of the molecule without noticeably distorting PSF shape. At

60 nm separation, the molecule is 20 nm from the surface of the nanoparticle. At these near

proximities, the plasmon PSF grows rapidly due to the quadratic dependence on the coupling

strength, leading to the image collapsing onto the nanoparticle’s emission center. For dipoles

‖ d, interference is destructive at close proximities given the set resonance detuning, yielding
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a dimmer overall signal. But in the other case of p̂ ⊥ d the interference is constructive and

the observed image is brighter.



82

Figure 5.6: Evolution with coupling of the relative contributions to the analytic image from the

(green) molecule PSF, (blue) plasmon PSF, and (red) interference function. All physical parameters

are consistent with the values used thus far for the a = 40 nm gold sphere in vacuum and molecular

emitter with fluorescence emission peak at ~ω0 = 2.6 eV and are contained in the complex amplitude

ratio p1/p0 = α1(ω0)g/e2. (a) Prefactors weighting plasmon PSF and interference function for (top)

p̂ ‖ d and (bottom) p̂ ⊥ d are plotted as functions of separation d normalized by the molecule

brightness |p0|2 as in Eq. 5.6. The magnitude of Re[p1/p0] has been plotted dashed to compare

magnitude of destructive interference to the plasmon PSF. (b) Image slices and constituent pieces

normalized by the molecule brightness |p0|2 are depicted at four separations.
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Figure 5.7: Extraction of molecule location from simulated plasmon-enhanced single molecule

fluorescence images using the analytic image function I(x, y; d) (red) derived in Eq. 5.6 and

a two-dimensional Gaussian fit (blue). Both fitting methods are tested against molecule-

nanoantenna separations a + 5 ≤ d ≤ 350 nm for a range of spherical nanoantenna radii a

for the coaxial dipole orientation. For each radius, the average, minimum, and maximum

mislocalization are determined by comparing d to the fit position d0 in I(x, y; d0) or to the

centroid position (x0) in a two-dimensional Gaussian function. The corresponding average

mislocalization is denoted as a square and the minimum and maximum mislocalization are

indicated by vertical bars. I(x, y; d) in Eq. 5.6 and the two-dimensional Gaussian are both fit

to the same set of numerical electrodynamics simulations of a dipole-driven gold nanoantenna

in vacuum. Across the wide range of nanoantenna radii sampled, fits to Eq. 5.6 provide a

better estimate of molecule position than standard Gaussian fitting techniques.
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Abstract

The strong light-matter interactions between dyes and plasmonic nanoantennas enable the

study of fundamental molecular-optical processes. Here, we overcome conventional limita-

tions with high-throughput single-molecule polarization-resolved microscopy to measure dye
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emission polarization modifications upon near-field coupling to a gold nanorod. We deter-

mine that the emission polarization distribution is not only rotated toward the nanorods

dominant localized surface plasmon mode as expected, but is also unintuitively broadened.

With a reduced-order analytical model, we elucidate how this distribution broadening de-

pends upon both far-field interference and off-resonant coupling between the molecular dipole

and the nanorod transverse plasmon mode. Experiments and modeling reveal that a nearby

plasmonic nanoantenna affects dye emission polarization through a multicolor process, even

when the orthogonal plasmon modes are separated by approximately three times the dye

emission linewidth. Beyond advancing our understanding of plasmon-coupled emission mod-

ifications, this work promises to improve high-sensitivity single-molecule fluorescence imag-

ing, biosensing, and spectral engineering.

6.1 Introduction

Nanoantennas couple the far field to the near field by converting propagating waves to lo-

calized fields [118]. Understanding and measuring how optical nanoantennas couple to their

local environment is a critical step toward controlling and enhancing near-field properties for

applications as diverse as biosensors [8, 52], light-emitting devices [122, 28], surface-enhanced

Raman spectroscopy [116, 44], and super-resolution microscopy [168, 3, 162, 23]. Noble

metal nanoparticles respond strongly to light and are efficient nanoantennas. Upon optical

excitation, localized surface plasmons (LSPs)collective oscillations of the metal conduction-

band electronsare created at the nanoparticle surface and concentrate radiation into intense

near fields through which optical processes in the surrounding local environment can be

enhanced. One intriguing near-field effect of plasmonic nanoparticles is their ability to in-

teract with nearby fluorescent dye molecules. Reported experimental and theoretical studies

of the coupling of single dye molecules with metal nanoparticles have described how these

nanoantennas modify the rate [44, 87, 20, 135, 9, 124, 7] spatial distribution [162, 26, 136],

spectrum [135], and polarization [168, 106, 154, 153, 145, 47, 132], of fluorescence emission.

Single-molecule experiments, which avoid ensemble averaging [162], have further shown that
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single-molecule fluorescence emission is re-directed by a plasmonic nanoantenna [160], and

recent theory has proposed that this so-called mislocalization can be attributed to the super-

position and interference of the molecule and nanoantenna far-field emission as well as to the

near-field coupling between the two emitters [136, 64]. In general, the excitation and decay

of coupled fluorescent molecules and nanoantennas can be treated as separate processes as

there is no coherence between plasmon-coupled molecular absorption and emission [135, 86],

and experiments have shown that emission mislocalization is independent from enhanced

absorption [160, 102]. Despite this research activity, the interaction between nanoantennas

and nearby molecules is still not fully understood. Previous studies have demonstrated that

emission polarization of a single emitter can be modified by the orientation of a nearby

asymmetric nanoantenna such as a nanorod or Yagi-Uda antenna [154, 145, 132]. Here,

we extend these previous studies by using Points Accumulation for Imaging in Nanoscale

Topography (PAINT) experiments [168, 144, 60, 58] to sample thousands of molecules that

transiently adsorb on the coverslip near each antenna. We also explicitly subtract the con-

tribution of plasmonic particle photoluminescence [79], and develop novel understanding of

how this dye-nanoantenna coupling influences the polarization of emitted light by combin-

ing single-molecule experiments with a reduced-order analytical model. The model results

not only agree with simulation and provide a faster route to polarization prediction, but

elucidate the mechanisms underlying emission polarization modification from a coupled dye-

antenna system by isolating effects from the nanoantennas two orthogonal dipole plasmon

modes. The model also reveals the contributions to emission polarization from near-field cou-

pling and far-field interference, both of which vary differently with dye-nanoantenna position

and orientation. More specifically, we investigate the polarization changes that result from

plasmon-coupled emission by measuring the emission polarization of single dye molecules

coupled to individual plasmonic nanorods. By correlating the single-molecule emission po-

larization angle with the nanorod orientation and fluorescence wavelength, we observe that

the molecular emission polarization is significantly rotated toward the angle of the nanoan-

tenna dominant plasmon mode as previously reported [106, 154, 153, 145, 47, 132], and can



87

be as large as 90. We use single-molecule polarization-resolved microscopy to measure the

angle distribution of this mispolarization for two different dyesone red, Cy5.5 (max = 710

nm) and one bluer, Cy3 (max = 570 nm), and we find that measurable mispolarization

occurs even when off resonance from the plasmon. This emission effect is therefore different

from the fluorescence intensity and fluorescence emission spectrum, which are affected by

both plasmon-coupled absorption and plasmon-coupled fluorescence emission [160].

6.2 Single-molecule polarization-resolved microscopy

To measure the emission polarization of single dye molecules coupled to gold nanorods, we

achieve a sparse distribution of fluorescent molecule detections by placing a drop of nanomo-

lar dye solution over a nanorod-coated coverslip (Fig. 6.1a). In this PAINT experiment

[168, 144, 60, 58], most molecules diffuse rapidly in solution and are not detected by the

camera (at 10 frames/s); only those molecules that transiently adsorb on the coverslip are

captured by the camera. The high magnification of the microscope (160 nm/imaging pixel)

and low concentration of dye molecules enable us to characterize one molecule at a time. A

polarizing beam displacer (PBD) in the emission pathway of our single-molecule microscope

(Fig. 6.1a) separates the emission into two orthogonally polarized output beams, which are

then offset from one another and projected onto the camera (white Center channel and Off-

center channel boxes in Fig. 6.1a). In this two-channel, one-camera setup, the emission from

each single dye molecule appears in two channels (e.g., cyan circles in Fig. 6.1a), but the

intensity is different in each channel. The apparent emission polarization angle, φapparent,

of each fluorescent molecule and photoluminescent nanorod is thus related to the intensity

ratio recorded in these two channels according to:

φapparent = tan−1

√
〈Ioffcenter〉
〈Icenter〉

(6.1)

where 〈Icenter〉 and 〈Ioff−center〉 are the detected intensities in the center and off-center im-

ages, respectively, integrated over a diffraction-limited area. This expression maps all angles

into the first quadrant (between 0 and 90) because phase information is lost from both field
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components. Single-molecule polarization-resolved microscopy measures the average emis-

sion polarization in the image plane, which corresponds to the physical dipole orientation for

isolated single emitters (dye molecules or nanorods) lying flat on the microscope coverslip.

The dark-field scattering of the nanorod (blue curve) is strongly polarized along the nanorod

longitudinal axis and is consistent with the nanorod having a larger polarizability along its

long axis [135, 148, 147]. This angle is measured with respect to the PBD axis. In these mi-

croscopy experiments, the large numerical aperture (NA) objective produces some intensity

cross-talk between the channels. This cross-talk is demonstrated in full-field electromagnetic

simulations in SI Fig. S1 of the published manuscript, Ref. [170]. We use the two-channel

experiment to investigate how detuning the dye emission spectrum from the nanorod LSP

spectrum affects the emission polarization from the coupled dye-nanorod system. For gold

nanorods, the single-nanorod PL polarization has been found to closely resemble the dom-

inant, longitudinal LSP mode, observed in dark-field scattering [54, 29]. The fluorescence

emission spectrum of the red dye Cy5.5 (Fig. 6.1b; solid red line) overlaps with the nanorod

longitudinal LSP scattering resonance (Fig. 6.1b; blue line). The intensity of the longitudinal

LSP mode, which peaks at 700 nm, is much stronger than transverse mode, which peaks at

560 nm (Fig. 6.1b; blue line). Therefore, by exciting the dye with a 635-nm laser, whose

wavelength is far detuned from the nanorod LSP resonance (Fig. 6.1b; red arrow), we avoid

fluorescence absorption enhancement to isolate the effects of coupling in the fluorescence

emission. As a control experiment, similar measurements were performed with the red dye

Cy3 whose emission and excitation peaks are both far detuned from the longitudinal LSP

resonance (Fig. 6.1b; yellow lines).

6.3 Detection of plasmon-induced emission polarization rotation from reso-
nantly coupled dye molecules

We selected a group of seven nanorods with different orientations determined by Eq. (6.1)

and measured the fluorescence polarization of single Cy5.5 molecules near each NR. The

dark-field scattering spectra and relative angles of those nanorods are displayed in SI Fig.
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Figure 6.1: Experimental setup and spectral design. (a) Single-molecule polarization-

resolved microscopy experiment setup. A low-concentration dye solution is excited by circu-

larly polarized laser illumination (yellow). A polarizing beam displacer (PBD) separates the

emission (red) into two orthogonally polarized output channels (white boxes; the white arrows

indicate the polarization direction). The cyan circles indicate the same molecule detected in

both channels. (b) Dark-field scattering spectrum of an isolated nanorod immobilized on a

coverslip (blue); Cy3.5 fluorescence excitation and emission spectra (yellow dashed and solid

lines, respectively); Cy5.5 fluorescence excitation and emission spectra (red dashed and solid

lines, respectively). Yellow and red arrows indicate the excitation wavelengths for Cy3 and

Cy5.5 respectively.
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S2 of Ref. [170]. Each system was rotated three times to sample 21 different nanorod orien-

tations relative to the PBD axis. Simulation and model results show that molecules located

more than 150 nm from the center of the nearest nanorod experience negligible mispolar-

ization or mislocalization, and therefore these molecules experience no significant plasmonic

interaction [58]. We refer to molecules located more than 400 nm from the nanorod centers

as Off-nanorod and molecules located within 120 nm of the nanorod centers On-nanorod

molecules. Intermediate molecules were not considered to allow differentiation between the

two populations. For the Off-nanorod molecules, the distribution of emission polarizations

measured for the Off-nanorod Cy5.5 dyes (Fig. 6.2a) peaks at 45. Since the molecules adsorb

non-specifically to the surface with no known favored orientation, purely z-oriented emitters

would contribute equally in the x and y channels, leading to an artificially enhanced 45

population. Moreover, this symmetrically peaked distribution is also attributed to artifacts

introduced in background-subtraction that systematically invalidate data points at low or

high angles due to signal-to-noise constraints. Additionally, even in the absence of noise, the

polarization cross-talk generated by the high NA objective bounds the angle domain to 17

- 73. A quantitative analysis of these artifacts is presented with simulated single-molecule

data in SI Fig. S3 of Ref. [170]. We also investigated whether this peak is due to a physical

rotation of the molecules on the coverslip surface, but we found no significant time-dependent

broadening of the distribution within the imaging frame integration time of the experiment,

100 ms/frame (SI Fig. S4 of Ref. [170]), which supports the assumption of each molecule

having a well-defined dipole moment orientation. For the On-nanorod molecules, Fig. 6.2b-c

shows the distributions of measured polarizations for On-nanorod Cy5.5 molecules, in which

the nanorod longitudinal axis is oriented at 67 and 28, respectively (black arrows). Though

the physical orientation of the Cy5.5 molecules here is random as in the Off-nanorod case

(Fig. 6.1a), the polarization distributions in Fig. 6.1b and c are shifted away from the 45

peak in Fig. 6.2a, and toward the nanorod orientation. The distributions of the On-nanorod

Cy5.5 molecules of all 21 nanorod orientations are given in SI Fig. S5 of Ref. [170].

The On-nanorod distributions (Fig. 6.1b-c, SI Fig. S5 of Ref. [170]) still include some
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Figure 6.2: Characterization of Cy5.5 and Cy3 molecule apparent polarization angles, φapparent. (a, d)

Emission polarization angle distributions of Off-nanorod Cy5.5 and Off-nanorod Cy3 single molecules, re-

spectively, and Gaussian curve fits. (b, c) Emission polarization angle of On-nanorod Cy5.5 single molecules.

(e, f) emission polarization angle of On-nanorod Cy3 single molecules. Each histogram in (a - f) collects the

apparent emission polarization angles of 2,000 - 6,000 single molecules. The black arrows in b, c, e, and f

indicate the measured orientation angle of the nanorod. The vertical dashed lines in e and f indicate 45. The

histograms in b, c, e, and f are fit to the sum of two Gaussian curves: the blue one has center and width

corresponding to the blue curve in a or d, and the red one is not constrained. (g) Measured Cy5.5 average

polarization angles vs. nanorod orientation angle. Each point comes from the peak of a red curve as in b

and c. (h) Skewness of the measured Cy3 molecule emission polarization angle distribution vs. nanorod

orientation angle.
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molecules very weakly coupled to the nanorod due to the dependence of coupling both on

separation and orientation [64]. To quantify the On-nanorod distribution shifts, we fit the

emission polarization distribution to the sum of two Gaussian distributions: the blue curves

in Fig. 6.1b-c, and SI Fig. S5 of Ref. [170] have center and width corresponding to the

blue fit in Fig. 6.1a, and the red curves represent the φapparent distribution of the truly cou-

pled On-nanorod Cy5.5 molecules. The peak angles of these 21 red curves are compared to

the nanorod longitudinal axis orientation in Fig. 6.2g. In Fig. 6.2g, it is evident that the

molecular φapparent has a bias toward the nanorod longitudinal axis, in agreement with the

simulation (SI Fig. S6 of Ref. [170]). Furthermore, resonant coupling to the nanorod leads to

an average 2-fold enhancement in PL intensity; this enhancement is greatest when φapparent

is aligned with the nanorod angle (SI Fig. S7 of Ref. [170]). Polarization-sensitive detection

of off-resonance molecular emission. As a control experiment, we investigated the single-

molecule polarization of Cy3 molecules. Off-nanorod Cy3 molecules also appear to adsorb

on the coverslip surface without preferred orientation, based on their φapparent distribution

that peaks at 45 (Fig. 6.1d). Even in this off-resonance case, the On-nanorod polarization

angle distributions are shifted away from the 45 peak (dashed lines in Fig. 6.1e-f) and toward

the nanorod orientation (black arrows in Fig. 6.1e-f). For instance, the nanorod aligned at

25 in Fig. 6.1e shifts the distribution to the left relative to 45 and the nanorod aligned at 74

in Fig. 6.1f shifts the distribution to the right of 45. The dark-field scattering spectra and

relative angles of the nanorods are given in SI Fig. S8 of Ref. [170] and the full set of polariza-

tion distributions is given in SI Fig. S9 of Ref. [170]. Interestingly, though the Cy3 spectrum

is significantly detuned from the longitudinal LSP mode of the nanorod (Fig. 6.1b), the

emission polarization rotates in the direction of the much stronger longitudinal mode. Still,

this coupling is much weaker than that observed for the resonantly coupled Cy5.5 molecules.

Thus, we characterize the shift by calculating the skewness of the polarization distributions:

Fig. 6.2e shows a positively skewed distribution and the Fig. 6.2f distribution has a negative

skewness. In Fig. 6.2h, the skewness from Cy3 emission polarization distributions for all

21 nanorod orientations is compared to the nanorod longitudinal axis orientation. There
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is a strong negative linear correlation between skewness and nanorod orientation (Pearsons

correlation coefficient = 0.74, p-value = 0.0001). Even in this off-resonant coupling, the

longitudinal nanorod LSP mode modifies the Cy3 emission polarization. This observation is

consistent with simulation (SI Fig. S10 of Ref. [170]). Accordingly, no obvious fluorescence

enhancement is found for On-nanorod Cy3 (SI Fig. S7 of Ref. [170]).

6.4 Coupled dipole interaction model

Because the true location and orientation of individual molecules are obscured by plasmon

coupling and the interference of emitted or scattered fields, current experiments are un-

able to relate these effects to the configuration-dependent interaction between molecule and

plasmonic nanorod. We therefore turn to a simple analytical model of both the near-field

interaction and far-field radiative emission to elucidate the essential details [9, 64]. With

the model, the effects of the nanorod longitudinal and transverse dipolar LSP modes are

independently studied for molecules at specified locations and orientations. The individual

influence of each mode on the observed mispolarization can then be explicitly isolated, along

with its dependence on interference effects. The fluorescence emission from the nanorod-

coupled molecule is modeled as two coupled electric dipoles radiating into the far field. The

governing dynamical equations for the molecule emissive transition dipole p0 and the induced

plasmon dipole p1 are

p0 = ααα0 · (EF + E1 (x0)) , (6.2)

p1 = ααα1 · E0 (x1) . (6.3)

The orientation-dependent optical responses of the molecule and nanorod are encoded by

their respective linear dyadic polarizabilities, αααi. The fictitious harmonic field EF = E0êxe
−iωt

drives only the molecular transition dipole, which forces both dipoles to oscillate harmoni-

cally and represents the continuous population of the molecule emissive state by absorption

of the excitation laser and subsequent fluorescence relaxation. The molecule and plasmon

are coupled by the fully retarded dipole fields, Ei (xj) = G (xj,xi) · pi, generated by the ith
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dipole evaluated at the location of the jth dipole; here G is the standard electric dipole relay

tensor (Section 3.2) [117]. Upon substituting Ei (xj) for the dipole fields in Eqs. (6.2) and

(6.3), the coupled equations can be solved to yield the complex dipole moments containing

both oscillation magnitude and phase as functions of the polarizabilities and dipole-dipole

orientation (Section 3.2). With an analytical relationship between the two dipole moments,

the dyadic polarizabilities can be parameterized from spectra of the uncoupled molecules

and nanorod. For this purpose, the molecule emissive dipole transition is modeled by a

Lorentz oscillator polarizable only in one direction fixed by the molecular orientation; i.e.,

ααα0 = êxαmolêx in the reference frame of the molecule. The nanorod is approximated as

a prolate spheroid in the modified long-wavelength approximation,40 with polarizability

ααα1 = êx′αshortêx′ + êy′αlongêy′ + êz′αshortêz′ in the basis aligned with the nanorod princi-

pal axes. The prolate spheroid geometry idealizes the true nanorod geometry to allow for

a closed form solution to Maxwells equations including radiation damping for the dipolar

LSPs. Both components of ααα1 are parameterized by the two unique semi-radii of the cylin-

drical nanorod (here 44 nm and 20 nm) and three material parameters built into the Drude

model dielectric function describing the electronic responses of bulk gold (Section 3.1). To

compute the two-channel diffraction-limited images generated by the PBD, the fields emitted

by the coupled dipoles in Eq. (6.2) and (6.3) are propagated through an idealized microscope.

The resulting image contains the superposition of the focused and diffraction-limited fields,

Eim
0 and Eim

1 , which are proportional to each dipole moment respectively (Section 2). In

accordance with our experiment, orthogonal polarization components of the total field are

split to form separate images, each with the form:

Iq =
cn

8π
(
∣∣Eim

0 · êq
∣∣2 +

∣∣Eim
1 · êq

∣∣2 + 2 Re[Eim
0 · êq Eim

1 · êq]) , (6.4)

where q ∈ {x, y} are analogous to the center and off-center experimental image chan-

nels, c is the speed of light in vacuum, and n is the refractive index of the background

medium (here water). Combining this polarized image intensity with Eq. (6.1) makes ex-

plicit how the average emission polarization measured in experiment is determined by the
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orientation-dependent relay tensor G that influences the dipole moment magnitudes and

phases according to Eqs. (6.2) and (6.3). The polarizabilities in the latter equations are

parametrized from the independent dye emission and nanorod scattering spectra. By assum-

ing the nanorod location and orientation are determined, Eq. (6.4) provides an analytical

measure of the imaged intensities and observed polarization as a function of molecule position

and orientation.

6.5 Analysis of the isolated contributions from the transverse and longitudinal
LSP modes and interference

By manually setting the short- or long-axis components of the nanorod polarizability to zero

in the model, the independent contributions of the transverse and longitudinal LSP modes

on φapparent can be studied. As in the experiments, φapparent (Eq. (6.1)) maps onto an an-

gle range slightly smaller than 0 - 90 due to the inherent cross-talk. In both the analytical

model and the simulations, the calculated polarization is mapped back onto a 0 - 90 range by

inverting the one-to-one mapping between the true dipole orientation in plane and φapparent

(SI Fig. S1 of Ref. [170]). To determine how interference affects the PBD-resolved emission

polarization16, we also compare the full emission polarization with that produced by the

isolated plasmon modes in the absence of the interference term in Eq. (6.4). Four geometries

are studied: 0-oriented molecular dipoles analogous to Cy5.5 (i.e., parallel to and resonant

with the longitudinal LSP mode), 0-oriented molecular dipoles analogous to Cy3 (i.e., par-

allel to and off resonance with the longitudinal LSP mode), 90-oriented dipoles analogous to

Cy5.5 (i.e., perpendicular to and resonant with the longitudinal LSP mode), and 90-oriented

dipoles analogous to Cy3 (i.e., perpendicular to and off resonance with the longitudinal LSP

mode); SI Figs. S11 - S14. The most significant mispolarization is shown in the configuration

of the 0-oriented molecular dipoles resonant with the longitudinal LSP (Fig. 6.3a). Fig. 6.4b-

c shows the decomposition of the φapparent of these molecules by projecting onto either the

transverse or longitudinal LSP modes in isolation. Comparing among the panels in Fig. 6.3,

it is clear that the experimentally measured skew of molecule emission polarization toward
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the nanorod long axis displayed in Fig. 6.2 is mostly due to superposition of the longitudinal

plasmon mode scattering with the molecular emission. Molecules not aligned with the main

nanorod axis still couple to and drive the long-axis dipole plasmon, which emits mostly light

polarized along its axis and biases the average polarization across an image in its favor.

However, similar polarization maps for 90-oriented dipoles resonant with the longitudinal

LSP (Fig. 6.3d-i) show that the influence of the longitudinal LSP upon φapparent is more

complicated: as in the case for 0 orientation, the longitudinal LSP strongly mispolarizes the

molecular emission toward the longitudinal LSP mode (aligned along the y-axis) by superpo-

sition with fluorescence emission redirected through the plasmon (Fig. 6.3d-f); additionally,

for the 90 case, the longitudinal LSP mode mispolarizes dipoles that are parallel to y-axis

toward the transverse mode axis (aligned along the x-axis) orientation because of destructive

interference effects in the y-oriented fields (Fig. 6.3g-i). This

interference effect results from the far-fields of the molecule and nanorod that are parallel

to their dipole moments being out of phase, thereby turning the last term in Eq. (6.4) negative

for both components, which reduces the argument of the arctangent in Eq. (6.1) and therefore

reduces the observed polarization angle below 90◦. The transverse plasmon mode produces

mispolarization of 90◦ molecules close in proximity to its dipole moment by superposition

similar to how the longitudinal mode mispolarizes x-oriented molecules. However, as the

electric field of the transverse LSP mode is much weaker than that of the longitudinal mode,

the transverse mode does not change the polarization as much as the longitudinal mode even

for resonant molecules (SI Fig. S13 of Ref. [170]).

6.6 Model fit for extraction of molecule polarization and location.

Previous work demonstrated that plasmon-induced deformation of single-molecule fluores-

cence produces a difference between the true and apparent single-molecule position27 and

polarization [154, 145, 132]. Here, we measure single-molecule polarization with high-

throughput experiments and demonstrate how to model the observable φapparent analytically.

The model-generated image (Eq. (6.4)) can also be used as a simultaneous localization and
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Figure 6.3: Mispolarization map calculated from the coupled-dipole model. (a) - (c) φapparent

maps corresponding to 0-oriented molecular dipoles resonant with the longitudinal LSP. (d) -

(i) φapparent maps corresponding to 90-oriented molecular dipoles that are also resonant with

the longitudinal LSP. The black and green arrows indicate the longitudinal and transverse

LSP modes, respectively, of the nanorod. The tan shapes in (a) - (i) represent a quarter of

the simulated nanorod. The black dashed outline represents the prolate spheroid model of

the nanorod (best fit geometric and material parameters are given in Section 3.1).
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Figure 6.4: Comparison of the best fit results for dipole position (green) and polarization (col-

ored arrows) determined in simulated diffraction-limited images (at a single frequency match-

ing the longitudinal LSP peak in SI Fig. S18 of Ref. [170]) of 23 simulated single-molecule

dipoles (black dots) oriented parallel to the x-axis and placed near a nanorod (shaded tan)

up to 150 nm away from the center of the nanorod. (a) Gaussian localization of the total

intensity paired with molecule orientation as would be determined by polarization-resolved

microscopy reveals the familiar mislocalization of x-oriented molecules mostly toward the

nanorod (apparent locations marked by green dots connected to the true molecule location

in black) is accompanied by mispolarization of the molecules due to superposition of fluores-

cence emission redirected through the nanorod. (b) Least-squares fit of the model-generated

images to simulated images.
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polarization fit function to recover the true position and orientation of nanorod-coupled dye

molecules. Fig. 6.4 compares the accuracy of molecular polarization and location determined

by a least-squares model fit to simulated images (Fig. 6.4b) with that determined by the PBD

and typical Gaussian fitting (Fig. 6.4a). The molecules in Fig. 6.4 are aligned along the x-axis

(0); other geometries are considered in Section 2 and SI Figs. S19 - S21. For the model fits in

Fig. 6.4b, the molecule and nanorod dipoles are parametrized, leaving only three fit param-

eters for residual minimization: the x and y coordinates of the molecular transition dipole

relative to the center of the nanorod, and the dipole angle. The model-based localization

and polarization significantly outperforms Gaussian localization and effectively eliminates

the mispolarization observed in φapparent for all molecules studied here except those closest

to the nanorod corner. The mislocalization error is greatly reduced because, unlike Gaus-

sian fitting, the molecule location is estimated with full knowledge of the interaction and

configuration-dependent far-field radiation pattern produced by coupled dipoles. Any error

left in the determined molecule location is not due to convolution of molecule and nanorod

emission, but is likely a due to the slight deficiency of the Drude model dielectric function for

describing the optical response of gold in the frequency range spanning the longitudinal and

transverse mode resonances (SI Fig. S18 of Ref. [170]). Although a model dielectric function

with greater predictive power and more fit parameters can easily be employed, the degree

of success achieved here demonstrates that the relevant physics underlying the diffraction-

limited image of coupled molecule and nanorod can be qualitatively captured with only the

three Drude material parameters. The in-plane molecule orientation is determined by the

model fit in a qualitatively different manner from the way φapparent is calculated. While the

latter is a measure of the average polarization of a dye molecule in the focused image field,

the model fit angle is a direct estimation of the orientation of the molecule emissive transi-

tion dipole moment during the time span of photon collection. At close molecule-nanorod

separations, the localization provided by the model fit seems to be no more reliable than

Gaussian fitting. This fitting error is due to the simplicity of the model rather than the

fitting process. For instance, greater accuracy could be achieved by including the nanorod
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quadrupolar LSP response which becomes increasingly important at close proximity. In

conclusion, using high-throughput single-molecule polarization-resolved microscopy, we have

discovered that emission polarization is a measure of the coupling strength between molec-

ular emitters and plasmonic nanoantennas. The stronger the coupling of the molecule to

a plasmonic nanoantenna, the more the molecule emission polarization will rotate toward

the polarization of the nanoantenna LSP mode. While this effect is apparent for an ensem-

ble of single molecule measurements, simulations and analytical modeling demonstrate that

the mispolarization of single molecules with known location and orientation is much more

complicated. φapparent is rotated both toward and away from the nanorod long-axis by two

distinct physical phenomena, even for molecules that are resonant with the nanorod longi-

tudinal LSP mode. Either constructive or destructive interference can dominate depending

on the molecule orientation and location relative to the nanorod. Significantly, the emission

polarization is a more sensitive measure of coupling than fluorescent intensity enhancement

because, even for weakly coupled Cy3 where no apparent fluorescent enhancement is ob-

served, the emission polarization change is appreciable. The complex relationship between

φapparent and the configuration-dependent electromagnetic interaction between molecule and

nanorod facilitates simultaneous extraction of molecule orientation and location by fitting

an analytical model of the coupled-dipole image to experimental data. The model developed

exceeds the accuracy of the best fits achieved through standard Gaussian localization as

well as PBD-based determination of the in-plane polarization angle for simulated molecule-

nanorod images. Future work will use this model fit to extract the true molecule location

and orientation from experimental images.

Associated Content The Supporting Information is available free of charge on the ACS

Publications website at DOI: Details of the experimental and computational methods, de-

scription of experimental corrections, dark field scattering spectra of the nanorods, measured

emission polarization angle distributions of all Cy5.5 and Cy3 molecules, simulated appar-

ent emission polarization distributions, single-molecule fluorescence enhancement measure-

ments, apparent emission polarizations from electrodynamics simulations at the Cy3 and
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Cy5.5 wavelengths and in two orthogonal directions, detailed description of the analytical

model: the two coupled dipole model, the polarizability, and the diffraction-limited dipole

image fields, supplementary references.

Model-based localization and polarization determination

Model localization and polarization determination is accomplished by least-squares fit of

the model generated images to the simulated images with no noise. Simulated images are

calculated by first generating far-fields in the MNPBEM MATLAB toolbox [73] with the same

nanorod used in parameterization. These fields are then propagated through the idealized

microscope by numerically computing the Debye-Wolf integral in Eq. (2.1).

The model fits take only 3 free parameters, since molecules are assumed to lie in the focal

plane (physical for the PAINT procedure used in this work) with dipole moment located in

the focal plane (unknown physicality but assumed for simplicity and proof of concept). The

initial guesses for molecule location are determined by the result of Gaussian localization

and fits are insensitive to the guess of the molecule orientation. When the molecule is close

to the nanorod and the images become dominated by plasmon emission, each image does not

change much with molecule location and fits become numerically unstable. With this naive

initial guess procedure, these fits often converge to molecule locations on top of the nanorod,

which is unphysical because such molecules should be quenched. To resolve this issue, a

smarter initial guess algorithm was implemented. If the initially guessed molecule location

provided by the Gaussian localization procedure is located on top of the nanoparticle, the

guess location is pushed outside the quenching zone of the nanorod (defined as 10 nm added to

the prolate spheroid radius). This algorithm was found to yield numerically stable fit results,

showcasing the best-fit possible with the current model and parameterization presented in

this work.

Gaussian localization fits a two-dimensional Gaussian function to the normalized simu-

lated images with the 5 free parameters; the two centroid coordinates (x, y), two standard

deviations, and a rotation angle. Initial guesses for least-squares minimization of the residual
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for the centroid coordinates are determined by the (numerical) detector pixel of maximum

intensity. Initial guesses for the widths are fixed near the diffraction limit, and the initial

rotation angle was not found to have consequence on the fit convergence.
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Figure 6.5: Comparison of the best fit results for molecule position (green) and polarization

(colored arrows) determined in simulated diffraction-limited images (at a single frequency

matching the longitudinal LSP peak in SI Fig. 4.1, with wavelength λ = 667 nm) of 23

simulated x-axis oriented single-molecule dipoles (black dots) near a nanorod (shaded tan)

up to 300 nm away from the center of the nanorod. (a) Gaussian localization of the total

intensity paired with molecule orientation as would be determined by polarization-resolved

microscopy reveals the familiar mislocalization of x-oriented molecules mostly toward the

nanorod (apparent locations marked by green dots connected to the true molecule location in

black) is accompanied by mispolarization of the molecules due to superposition of fluorescence

emission redirected through the nanorod. (b) Least-squares fit of the model-generated images

to simulated images.
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Figure 6.6: Comparison of the best fit results for molecule position (green) and polarization

(colored arrows) determined in simulated diffraction-limited images (at a single frequency

matching the longitudinal LSP peak in SI Fig. 4.1, with wavelength λ = 667 nm) of 23 simu-

lated y-axis oriented single-molecule dipoles (black dots) near a nanorod (shaded tan) up to

150 nm away from the center of the nanorod. (a) Gaussian localization of the total intensity

paired with molecule orientation as would be determined by polarization-resolved microscopy

reveals the familiar mislocalization of y-oriented molecules both toward the nanorod (appar-

ent locations marked by green dots connected to the true molecule location in black) and

away from the nanorod depending on the molecule’s true location. This mislocalization is not

simply correlated with mispolarization since the far-field interference generating mislocaliza-

tion away from the nanorod plays a more complicated role in PBD measured mispolarization.

(b) Least-squares fit of the model-generated images to simulated images.
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Figure 6.7: Comparison of the best fit results for molecule position (green) and polarization

(colored arrows) determined in simulated diffraction-limited images (at a single frequency

matching the longitudinal LSP peak in SI Fig. 4.1, with wavelength λ = 667 nm) of 23 simu-

lated y-axis oriented single-molecule dipoles (black dots) near a nanorod (shaded tan) up to

300 nm away from the center of the nanorod. (a) Gaussian localization of the total intensity

paired with molecule orientation as would be determined by polarization-resolved microscopy

reveals the familiar mislocalization of y-oriented molecules both toward the nanorod (appar-

ent locations marked by green dots connected to the true molecule location in black) and

away from the nanorod depending on the molecule’s true location. This mislocalization is not

simply correlated with mispolarization since the far-field interference generating mislocaliza-

tion away from the nanorod plays a more complicated role in PBD measured mispolarization.

(b) Least-squares fit of the model-generated images to simulated images.
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Chapter 7

TOWARDS INFERENCE FROM EXPERIMENTAL IMAGES

In order to test the ultimate utility of the plasmon-enhanced single-molecule image model

as a super-resolution fit function, we need an experimental benchmark to determine how well

we predict molecule locations in situ. While it is difficult to design and execute an experiment

where the fluorescent molecule location and orientation relative to the nanoparticle can be

known, Tiancheng Zuo et al. from the lab of Julie S. Biteen performed high SNR PAINT

experiments on 80 nm gold spheres in order to best reduce fit inaccuracies. Although we

do not know the true location of the molecules in this case, we can get some sense of the

potential success for the model fits by comparing model fits to Gaussian fits relative to the

fit uncertainties.

Figure 7.1 diagrams the fit routine to experimental data. The model polarizabilities are

parameterized as described in Section 3.1, but the experimental darkfield scattering spec-

trum of the nanosphere was fit instead of simulation. To minimize noise from the background

fluorescence inherent to PAINT experiments, the images are background subtracted by sep-

arating signal with time correlation persistent beyond that of fluorescence blinking. The

SMALL-LABS algorithm was developed for this purpose and was employed here [79]. If a

plasmonic nanoparticle resides within the image frame, its photoluminescence dominates the

background image. This background photoluminescence can then be fit with a 2D Gaussian

to ascertain the nanoparticle location.

With this location the model is fully parameterized and can be fit to the experimental

images with 3 fit parameters: the (x, y) location of the molecule in the focal plane relative to

the nanoparticle and its orientation, which is assumed to be such that the emissive transition

dipole lies in the focal plane.
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Figure 7.1: This is an example of the experimental fit routine after model parameterization

as discussed in Section 3.1. (left) Model image (green contours) fit to background-subtracted

image. The inset shows the estimated molecule location and orientation (green) and the

Gaussian mislocalization in orange. Predicted mislocalization (difference between Gaussian

centroid and model predicted molecule location) and uncertainties are given in Table 7.1.

(right) Background image showing nanoparticle photoluminescence (NP PL) with the Gaus-

sian fit overlaid in blue contours with the estimated nanoparticle location marked by the

blue dot. With magnification, pixel size is 48 nm.
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[nm] ∆xGauss
0 ∆yGauss

0 ∆xmodel
0 ∆ymodel

0 |∆xGauss
0 −∆xmodel

0 |

Fig. 7.1 116.20 175.62 29.23 150.26 8.80

Fig. 7.2a 95.89 79.17 88.05 23.56 27.44

Fig. 7.2b 128.92 455.626 6438.49 5843.87 33.87

Fig. 7.2c 127.61 456.93 49.51 456.97 19.83

Table 7.1: Fit uncertainties for image fits shown in Figs. 7.1 and 7.2 in (data columns

1 & 2) Gaussian centroid position corresponding to the typical measure of single-molecule

localization precision and (data columns 3 & 4) the image model predicted molecule location.

The last column presents the model estimates mislocalization. All uncertainties are reported

in nm.

Figures 7.1 and 7.2a-c offer 4 examples of model fits to experimental images characteristic

of different qualitative results. We can examine the fit uncertainty in molecule location

returned by the model fit in comparison to the Gaussian centroid uncertainty which dictates

the resolution limit in typical localization based super-resolution microscopy (details in Table

7. This measure helps us determine the performance of the model fit function relative to

the typical measure of single-molecule localization. For Fig. 7.1, the model fit uncertainty

is less then the Gaussian equivalents, but comparable in the y direction closely aligned with

the predicted molecule-antenna separation vector. So it’s hard to say whether or not the

model fit was an improvement, especially with the predicted mislocalization only ∼ 8 nm.

The image fit in Fig. 7.2a similarly has comparable drop in fit uncertainty from Gaussian

to image-model fits, but this time the drop does occur in the y direction. In other words,

the model-image fit results in ∼ half-pixel certainty in the molecule distance away from the

antenna. This is a promising result, indicating likely correction of 27 nm mislocalization.

Since we can not know the absolute accuracy of the model without knowing the molecule’s

true location, we are unable with these experiments to reveal potential bias in the model,

but results are promising none-the-less.
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Figure 7.2: Three characteristic examples of model fits to experimental images. The follow-

ing discussion relies on the fit uncertainties listed in Table 7.1. (a) An example where the

model image fits better than the Gaussian. Notably, the model fit also restricts the molecule

location uncertainty down to 1/2 a pixel in the y direction. Given that is approximately the

direction of mislocalization, it is likely in this case the the model fit is correctly accounting

for mislocalization. (b) An example where neither the Gaussian or model is a good fit to the

noisy data, but still the time correlation analysis indicates a likely candidate for molecule

emission neat a NP. The Gaussian and model both predict the molecule to lie very close

to the NP, which explains the massive uncertainty of the model fit. It is expected that the

model performs relatively poorly when the molecule is very close to the NP. (c) An example

where the molecule is predicted to be within a couple pixels of the nanoparticle, but model

fit certainty is improved over the Gaussian fit. This cause demonstrated a potential success

of the model in its most disadvantaged situation.
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The image fit in Fig. 7.2b reveal a fundamental challenge for the image-model fit. When

the molecule is strongly coupled to the antenna, the image centroid collapses onto the an-

tenna. When this occurs, there is little information in the image as to where the molecule

is located within the ring around the antenna. The larger uncertainties in model fit for

Fig. 7.2b (again, see the Table) indicate this ill-conditioning of the fit. Likely, future work

will have to account for the statistical properties of the image noise in a more sophisticated

way in order to extract as much information as possible from images like this. It is also

possible that incorporation of polarization information or hyper-spectral imaging would re-

veal the molecule location to higher certainty. It may also be the case that some images

are doomed to this uncertainty problem, but others of similar molecule location will fit ok.

Fig. 7.2c is an example where the molecule was predicted very close to the antenna, but

model-fit uncertainty was at worst equivalent to the Gaussian fit, and significantly better in

the predicted molecule-antenna separation direction.

The experimental details are as follows. The excitation laser wavelength is 515 nm. The

dye is R6G NHS ester with peak absorption peak at ∼ 530 nm and emission peak at ∼ 550

nm, which is very close to the scattering peak of the 80 nm sphere.
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Chapter 8

A MODEL OF MOLECULAR EMISSION

As mentioned in Section 3.2, I attempted many times to come up with a classical-quantum

hybrid model of plasmon-molecule interaction that would preserve the simplicity of the clas-

sical coupled dipole approach while incorporating the spectral shape of molecular emission.

The classical model works fine for single frequencies near the emission peak, but the spec-

trum of the dye is modeled as Lorentzian, which clearly leaves out some qualitative features

of the dye emission spectrum. Fig. 6.2 contains a representative example, with most dye

molecules containing two Gaussian looking peaks, one major and one secondary shoulder.

I also dreamed of using the plasmon-fluorophore system as a case study for bridging the

classical-quantum transition, but this did not pan out in time.

Despite not having success at a building a classical-quantum hybrid model of the plasmon-

molecule interaction, my interest in a quantum mechanical explanation of the dye molecule

fluorescence spectra led me to dive deeply into the model derived in this chapter. Coinciden-

tally, this work did find its way to usefulness in my time, leading to a productive collaboration

with Emily J. Rabe et al. [129]. The following was contained in the supplementary informa-

tion of that work.

8.1 Introduction to the model

Here I present a model of the adiabatic coupling between an emissive electronic transition and

vibrational states and the resulting emission spectrum. This model was mostly sourced from

Mukamel’s text [113], where it is refereed to as the Brownian (or more intuitively, displaced)

oscillator model. In practice it is simply a quantum-optical description of the classic Franck-

Condon Diagram that every Chemist knows and loves. Where I have diverged from Mukamel,
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I have taken heavy inspiration from the work of Anda et al.’s generalization of the displaced

oscillator to any polynomial potential surfaces [6], which simplified the treatment of the

intrinsic linewidth of individual vibrionic peaks. This paper was especially insightful (despite

some unit issues) because they compare Mukamel’s Cumulant based approach with the more

transparent method of computing overlap integrals of vibrational wavefunctions. Here I

took the Cumulant approach because of it’s potential to scale well for fitting spectra with

significant anharmonic effects, as discussed by Anda et al.

To be clear, we do not claim this work is new, but only an explicit derivation of the model

outlined in Mukamel’s text with a simpled treatment of the damping following Anda et al.’s

proscription. In fact, it has been recommended by some that this section be shortened to

just Eq. 8.43, since it is a known result. However, we believe that this derivation published

in full detail is a contribution to the field, and may assist future graduate students.

We start by identifying the observable of interest and relating it to a physical quantity

we can model. Mukamel claims that we can arrive at the linear absorption and emission

lineshapes from Fermi’s Golden Rule, and we will take it for granted that they are given in

integral normalized form by the following expressions in the Condon approximation1

σa(ω) =
1

2
Re

∫ ∞
0

dt exp[i(ω − ωeg)t− g(t)] (8.1)

σf (ω) =
1

2
Re

∫ ∞
0

dt exp[i(ω − ωeg + 2λ)t− g∗(t)] (8.2)

where ωeg is the average transition frequency defined by ~ωeg = 〈He−Hg〉, where from here

forward angle brackets indicate a thermal average. λ is the difference between this average

and the zero point energy of the ground electronic state λ ≡ ωeg − ω0
eg. The linebroadening

function g(t) will be discussed in detail in the following sections. It is defined in terms of

1These lineshapes are equivalent to those given by Mukamel times a factor of π/2, which I found I needed
for integral normalization.
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the electronic dipole-dipole correlation function

J(t) = 〈µge(t)µeg(0)ρ(−∞)〉

= |µ(g)
ge |2e−iωegt−g(t), (8.3)

which arises in the definition of the linear response function. Combining Eqs. 8.1 and 8.3

makes clear the often cited fact that the lineshapes are proportional to the Fourier transform

of the dipole-dipole correlation function J(t). It is therefore this correlation function that

we seek to model.

8.2 Model of the dipole-dipole correlation function

We begin with a Hamiltonian for a two level electronic system coupled adiabatically to one

(or later multiple) harmonic vibrational modes.

H0 = |g〉Hg〈g|+ |e〉He〈e| (8.4)

where we the eigenvalues of the electronic system are operators in nuclear space. Written in

terms of the nuclear position and momentum operators, q and p, the nuclear Hamiltonians

Hg =
p2

2m
+

1

2
mω2

0q
2 (8.5)

He =
p2

2m
+

1

2
mω2

0(q − d)2 + ~ω0
eg, (8.6)

describe a harmonic oscillator in the electronic ground state centered about the origin, and

oscillator of equal frequncy in the electronic excited state with equilibrium position shifted

by the displacement d.

As stated above, we are in interested in computing the correlation function J(t) ≡
〈µ(t′)µ(0)ρ(−∞)〉. In order to consider the thermal average, we define the equilibrium

density matrix ρ(−∞) = |g〉〈g|ρg where

ρg =
e−βHg

Tr[e−βHg ]
(8.7)
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describes the Boltzmann distribution of vibrational states in the electronic ground state.

The dipole operator appearing in J(t) is represented in the interaction picture, and therefore

has time dependence

µ(t) = e
i
~H0tµe−

i
~H0t, (8.8)

therefore, the second dipole operator in the correlation function acts on the equilibrium

density matrix to yield

µ(t)ρ(−∞) = e
i
~H0tµe−

i
~H0t|g〉ρg〈g|

= e
i
~H0tµ|g〉e− i

~Hgtρg〈g|

= e
i
~H0t|e〉〈e|µ|g〉e− i

~Hgtρg〈g|

= |e〉e i~Hetµege−
i
~Hgtρg〈g| (8.9)

where the second step involves inserting the identity in electronic states and noting that the

two-level dipole operator is antidiagonal. Projecting the leading ket onto the other dipole

operator in the correlation function yields

J(t) = 〈µge(t)µeg(0)ρ(−∞)〉, (8.10)

where µge(t) ≡ |g〉e
i
~Hgtµgee

− i
~Het〈e|. The correlation function written in this form clearly

describes the initial excitation of the equilibrium mixed state followed by excitation some

time t later.

This correlation function still contains operators in both nuclear subspaces and is there-

fore going to be unwieldy to work with directly. To resolve this issue and compute the

expectation value, it is useful and rather intuitive to introduce the the electronic energy gap

fluctuation operator

U = He −Hg − 〈(He −Hg)ρ(−∞)〉

= He −Hg − ~ωeg (8.11)

where ~ωeg ≡ 1
2
mω2

0d
2 + ~ω0

eg, as can be computed directly. This operator described the

difference between any instantaneous gap and the thermal average. Substituting U in for He
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inside 〈g|µge(t)|e〉,

e
i
~Hgtµgee

− i
~Het = e

i
~Hgtµgee

− i
~ (Hg+U+~ωeg)t

= e−
i
~~ωegt e

i
~Hgtµgee

− i
~Hgt︸ ︷︷ ︸

µ
(g)
eq (t)

exp+[− i
~

∫ t

0

dτU(τ)] (8.12)

where exp+ is the time ordered exponential operator2. The time dependence of the dipole

operator is now expressed in terms of the interaction picture with respect to the electronic

ground state. We can now take advantage of this by noting that the operator µ
(g)
eq (t) will be

approximately stationary in the Frank-Condon Approximation. This approximation consists

of assuming that the dipole transition is only parametrically dependent on the vibrational

coordinate q and therefore independent of time with respect to the electronic ground state

alone.

With the time dependence of µ
(g)
eq neglected, we return to the correlation function. Both

dipole operators can be combined and the correlation function written

J(t) = e−iωegt|µ(g)
ge |2〈exp+[− i

~

∫ t

0

dτU(τ)]〉. (8.15)

In order to evaluate the expectation value of the time ordered exponential, we will evolve

the Cumulant expansion, which effective replaces the expectation value of an exponential

with exponentials of expectation values. Conveniently, the Cumulant expansion happens to

2 The time ordered exponential operator is defined by

exp+

[
− i
~

∫ t

0

dτU(t)

]
= 1 +− i

~

∫ t

0

dτ1U(τ1) +

(
− i
~

)2 ∫ t

0

dτ1

∫ τ1

0

dτ2U(τ1)U(τ2) + · · ·

= 1 +

∞∑
n=1

(
− i
~

)n ∫ t

0

dτn

∫ τn

0

dτn−1 · · ·
∫ τ2

0

dτ1U(τn)U(τn−1) · · ·U(τ2)U(τ1).

(8.13)
It can be derived in the given context by assuming

e−
i
~ (Hg+U)t = e−

i
~HgtA(t) (8.14)

and showing that the operator A(t) satisfies the Heisenberg equation Ȧ = − i
~U(t)A in the interaction

picture with respect to Hg. By integrating the Heisenberg equation, A(t) becomes the evolution operator
of U which takes the form of Eq. 8.13.
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truncate exactly for the harmonic potential surfaces we are concerned with here[113]. The

first step is to assume an expansion of the form

〈exp+[− i
~

∫ t

0

dτU(τ)]〉 = e−g(t) = 1− g(t) +
1

2
g2(t) + · · · . (8.16)

Next, we expand g(t) in powers of U and match terms with the time ordered exponential.

e−g(t) = 1− (g0 + g1 + g2 + · · · ) + 1
2
(g0 + g1 + g2 + · · · )2 + · · · (8.17)

= (1− g0 + 1
2
g2

0 + · · · )︸ ︷︷ ︸
∝U0

+ (−g1 + g0g1 + · · · )︸ ︷︷ ︸
∝U1

+ (−g2 + 1
2
g2

1 + g0g2 + · · · )︸ ︷︷ ︸
∝U2

+ · · · ,

(8.18)

and comparing terms,

1 =(1− g0 + 1
2
g2

0 + · · · )→ g0 = 0 to all order in g (8.19)

− i
~

∫ t

0

dτ1��
���:0〈U(τ1)〉 =(−g1 + 21

2��>
0

g0g1 + · · · )→ g1 = 0 by definition (8.20)(
i

~

)2 ∫ t

0

∫ τ1

0

dτ2dτ1〈U(τ1)U(τ2)〉 =(−g2 + 1
2�
�7

0
g2

1 +��>
0

g0g2 + · · · )

→ − g2 =
−1

~2

∫ t

0

∫ τ1

0

dτ2dτ1〈U(τ1)U(τ2)〉
, (8.21)

and we will trust Mukamel that the higher order terms disappear. The function g(t) can be

accurately referred to as the line shape broadening function based on its influence on the

linear observables. Because the two time expectation value is invariant to time translation,

the U correlation function under the integral can be replaced by 〈U(τ1)U(τ2)〉 → 〈U(τ2)U(0)〉,
yielding3

g(t) =
1

~2

∫ t

0

dτ1

∫ τ1

0

dτ2〈U(τ2)U(0)〉 (8.25)

3 I found this non-trivial, so here is a note. First, by time translation invariance of the two-time
expectation value (aka assumption of equilibrium),∫ t

0

dτ1

∫ τ1

0

dτ2〈U(τ1)U(τ2)〉 =

∫ t

0

dτ1

∫ τ1

0

dτ2〈U(τ2 − τ1)U(0)〉 (8.22)

Next, we make the substitution τ1 − τ2 = t′, which yields the differential relation dτ2 = −dt′. The
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with this definition of the line broadening function,

J(t) = |µ(g)
ge |2e−iωegt−g(t) (8.26)

and we have accomplished our goat of moving the expectation value to the inside of the

exponential, along with truncating the time ordered exponential series.

If we wish to evaluate the model and fit to some data, we need to get rid of the operators

and replace them with good old c-numbers. For convenience, we redefine the line broadening

function to be the double time integral g(t) =
∫ t

0

∫ τ1
0
C(τ2)dτ2dτ1 over the energy gap corre-

lation function C(t) = 〈U(τ2)U(0)〉. Noting that U(t) = mω2
0qd, the energy gap correlation

is proportional to the nuclear coordinate correlation function

C(t) =

(
mω2

0d

~

)2

〈q(τ2)q(0)〉 (8.27)

Our goal now will be to project the C(t) onto the eigenstates of Hg.

Expanding the equilibrium desnsity matrix projects the expectation value into the ground

nuclear subspace

Tr[q(τ)q(0)ρ(∞)] =
∑
α=e,g

∞∑
j=0

〈α, j|q(τ)q(0)ρg|g〉〈g|α, j〉

=
∞∑
j=0

〈j|q(τ)q(0)ρg|j〉 (8.28)

where the states |j〉 are defined such that Hg|j〉 = ~ωj|j〉. In the harmonic potential,

ωj = jω0. With the density matrix defined in Eq. 8.7, off diagonal components are zero.

Inserting the identity in the form of the completeness relation for eigenstates of Hg to the

integration bounds reverse because

when τ2 = 0, t′ = τ1 (8.23)

when τ2 = τ1, t′ = 0, (8.24)

but the negative sign from the differential substitution flips the bounds back.
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left of the density matrix and again between the nuclear coordinate operators yields
∞∑
j=0

〈j|q(τ)q(0)ρg|j〉 =
∞∑
j=0

∞∑
k=0

〈j|q(τ)q(0)|k〉〈k|j〉ρgjj

=
∞∑
j=0

〈j|q(τ)q(0)|j〉ρgjj

=
∞∑
j=0

∞∑
l=0

〈j|q(τ)|l〉〈l|q(0)|j〉ρgjj

=
∞∑
j=0

∞∑
l=0

〈j|e i~Hgtqe− i
~Hgt|l〉〈l|q|j〉ρgjj

=
∞∑
j=0

∞∑
l=0

qjlqljρ
g
jje
−i(ωl−ωj)t (8.29)

Now that the operators are back in the Schrödinger picture, we can utilize their representation

in terms of the raising and lowering operates q =
√

~
2mω

(a† + a) to establish their action on

the eigenstates of Hg,

q|j〉 =

√
~

2mω

(√
j + 1|j + 1〉+

√
j|j − 1〉

)
(8.30)

〈l|q|j〉 =

√
~

2mω

(√
j + 1δl,j+1 +

√
jδl,j−1

)
. (8.31)

Evaluating the matrix elements in this fashion,

〈j|q|l〉〈l|q|j〉
~/2mω

=
(√

l + 1δj,l+1 +
√
lδj,l−1

)(√
j + 1δl,j+1 +

√
jδl,j−1

)
=
(√

l + 1δl,j−1 +
√
lδj+1,l

)(√
j + 1δl,j+1 +

√
jδl,j−1

)
= ((j + 1)δl,j+1 + jδl,j−1) (8.32)

Incorporating this back under the summation, the correlation function of the nuclear coor-

dinates becomes

C(t) =

(
mω2

0d

~

)2 ~
2mω

∞∑
j=0

∞∑
l=0

((j + 1)δl,j+1 + jδl,j−1) ρgjje
−i(ωl−ωj)t

=
ω2

0

2

mω0

~
d2︸ ︷︷ ︸

≡d2
0

∞∑
j=0

(
(j + 1)e−i(ωj+1−ωj)t + je−i(ωj−1−ωj)t

)
ρgjj, (8.33)
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and since the energy spacing in the harmonic potentials is constant, ωj+1 − ωj = −(ωj−1 −
ωj) = ω0, so

C(t) = ω2
0

d2
0

2

∞∑
j=0

(
(j + 1)e−iω0t + jeiω0t

)
ρgjj

= ω2
0

d2
0

2

∞∑
j=0

(
(j + 1)e−iω0t + jeiω0t

) e−jβ~ω0∑∞
k=0 e

−kβ~ω0
. (8.34)

We can then evaluate the 3 summations with the following equalities

∞∑
n=0

e−αn =
eα

eα − 1
(8.35)

∞∑
n=0

ne−αn =
eα

(eα − 1)2
(8.36)

∞∑
n=0

(n+ 1)e−αn =
e2α

(eα − 1)2
(8.37)

and finally the correlation function can be written in terms of classical numbers

C(t) = ω2
0

d2
0

2

(
e2β~ω0

(eβ~ω0 − 1)2
e−iω0t +

eβ~ω0

(eβ~ω0 − 1)2
eiω0t

)
eβ~ω0 − 1

eβ~ω0

= ω2
0

d2
0

2

eβ~ω0e−iω0t + eiω0t

eβ~ω0 − 1

= ω2
0

d2
0

2

(
(n+ 1)e−iω0t + neiω0t

)
(8.38)

where in the last line we have expressed the correlation function in terms of the thermally

averaged occupation number n ≡ (eβ~ω0 − 1)−1. In terms of the real and imaginary parts,

C(t) = ω2
0

d2
0

2
((n+ 1) [cos(ω0t)− i sin(ω0t)] + n [cos(ω0t) + i sin(ω0t)])

= ω2
0

d2
0

2
[(2n+ 1) cos(ω0t)− i sin(ω0t)] . (8.39)

With a numerical form for the nuclear coordinate correlation function, we can turn back

to the linebroadening function and take the double time integral analytically. Noting that

C(t) contains only time dependence of the form

C(t) =
∑
i

Aie
−αit (8.40)
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we can use the integral ∫ t

0

∫ τ1

0

e−ατ2dτ2dτ1 =
e−αt + αt− 1

α2
(8.41)

to write the line broadening function

g(t) = − d2
0

2

[
(n+ 1)(e−iω0t + iω0t− 1) + n(eiω0t − iω0t− 1)

]
=
d2

0

2
[(2n+ 1)(1− cos(ω0t)) + i(sin(ω0t)− ω0t)] (8.42)

Bringing it all together, the emission (fluorescence) lineshape is computed and used in fit

routine described in the main text as

σf (ω) =
1

2
Re

∫ ∞
0

dt exp[i(ω + ωeg − 2ω0
eg)t− g∗(t)]e−γ

=
1

2
Re

∫ ∞
0

dt exp
[
i(ω + ωeg − (2 +

d2
0

2
)ω0

eg)t+ i
d2

0

2
sin(ω0t)− d2

0

2
(2n+ 1)(1− cos(ω0t))− γ

]
(8.43)

where we have accounted for the intrinsic linewidth of each vibronic peak by multiplying the

correlation function by the exponential decay e−γt. This could also be interpreted as adding

the real constant γ to the linebroadening function.

For more then one vibrational mode, as was used in the main text, the correlation func-

tions (and therefore the linebroadening functions) simply sum.
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Part III

PHOTOTHERMAL HETERODYNE IMAGING OF
PLASMONIC NANOPARTICLES
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Chapter 9

RESOLVING RESONANCE EFFECTS IN THE THEORY OF
PHOTOTHERMAL IMAGING

9.1 Introduction

From Hooke and Leeuwenhoek’s first glimpse of microorganisms in the 1600s [63, 75] until

today, optical microscopy has provided a fundamental characterization tool of the microscale.

Optical microscopy has endured hundreds of years of technological advancement, owing to the

remarkable signal to noise, biocompatibility, and molecular specificity of fluorescence [134].

More recently, with the development of robust single molecule detection [121, 85, 109] and

super-resolution imaging [138, 69, 19, 144, 49], optical microscopy has even been extended

to operate below the diffraction limit, resolving the details of individual molecules and their

interactions with their environment [109]. However, despite the success of such fluorescence-

based imaging techniques, most absorbing molecules do not efficiently fluoresce, but instead

convert optical excitation into heat through nonradiative downconversion. This reason alone

has compelled researchers to develop alternative methods to characterize the microscopic

world based solely upon absorption.

Detecting not only the appearance of photons but also their disappearance would provide

a complete understanding of how a nanoscale object processes light. But isolating absorption

from emission and scattering is difficult. The first absorption based single molecule detection

was demonstrated in 1989 at liquid helium temperatures, where molecular absorption cross

sections are 106 times larger than at ambient conditions due to quick thermal dephasing [108].

Performing such measurements at room temperature would require large laser intensities,

introducing the problem of detecting the depletion of a few photons from many. Even with

ultrasensitive photodetectors, this kind of measurement would be difficult to achieve since
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background scattering by interfaces and an inhomogeneous environment can conflate true

absorption within an extinction measurement [91, 32]. To isolate absorption from a nanoscale

object like a single molecule, a direct measurement may not be ideal.

Photothermal heterodyne imaging (PHI) overcomes the difficulties of detecting individual

nanoscale absorbers by measuring absorption second hand [158, 27, 45, 14]. The technique

relies on lock-in detection to changes in scattering of a probe laser by an object with fluctu-

ating absorption of a second pump laser. This is accomplished by amplitude modulating the

pump laser, which induces an oscillating “thermal lens” around the absorber as heat diffuses

into the environment. Based on this approach together with a some variations, detection

[61, 2] and even spectroscopy [167, 16, 17, 15, 83, 82, 166, 2, 88, 70, 13, 12, 93, 94, 165, 41]

of single particle absorption at room temperature is now possible. Fig. 9.1 illustrates the

principles underlying PHI in comparison with traditional fluorescence imaging.

Due to their large absorption efficiencies, plasmonic nanoparticles make excellent nanoheaters

[90, 114] and have been commonly employed test cases for photothermal detection. Soon after

the development of PHI the demonstration of high signal-to-noise detection of nanometer-

sized gold and silver nanoparticles was reported with corresponding theory that explained

potential optimization of photothermal signal [27, 14, 18]. The theoretical trends in signal

amplitude and spatial resolution with beam-aperture, heating beam intensity, and modula-

tion frequency [18] demonstrated good agreement with experiment while maintaining relative

simplicity, setting the standard for theoretical interpretations of the measurement. But over

time, alternative models and associated interpretations have been presented [143] that ex-

plain the measured data equally well. Simultaneously, interest has also developed in the PHI

of larger plasmonic particles with non-negligible scattering [21], a feature missing from the

original models aimed at detecting single molecule absorption. Even for the metal nanopar-

ticles employed as test targets during development of the PHI measurement, accounting for

scattering is unnecessary for absorbers that are small in comparison to the wavelength of

light. Taken together, the apparent differences in photothermal models as well as their omis-

sion of resonant scattering effects highlight the need for an improved understanding of PHI



124

& Spectrum

Emission 
Wavelength

Scatterers

Pump Wavelength
Absorber

Photothermal Image Absorption Spectrum

Absorption & 
Heat Diffusion

Fluorescence 
Emission

Thermal-  
Scattering

Diffraction-Limited Super-Resolution

Fluorescence Image

Figure 9.1: Illustrated comparison of fluorescence imaging and spectroscopy (left) with photothermal

imaging and photothermal absorption spectroscopy (right), the latter being capable of optically detecting

non-fluorescent absorbers. In fluorescence microscopy or spectroscopy, sample is illuminated with light

tuned to fluorescence absorption (blue). The fluorescent molecules absorb and later emit at a Stokes shifted

wavelength (yellow). This emission is filtered from excitation background and either directed to a camera

to form an image or to a spectrometer to form a fluorescence emission spectrum. At the single molecule

limit, the molecular point spread function can be fit to form a sub-diffraction-limited map of single molecule

locations, known as a super-resolution image [138, 69, 19, 144, 49]. With isolated emission from single

molecules, single molecule spectra are obtainable [5, 107, 96]. In the photothermal measurement, the same

absorption process occurs. But in this case the heat dissipated by the absorbing molecule or particle is

used as a “thermal lens”. A second probe beam (green) scatters off of the heated region surrounding the

absorber due to slight variations in the refractive index with temperature. Locking in to modulation of the

absorbed pump beam (undepicted) allows for detection of single molecules [61] with minimal background

from non-absorbing scatterers [27]. Single particle absorption spectra can also be measured by tuning the

pump wavelength [167].
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theory.

It is the purpose of this Chapter to unify existing photothermal imaging data and related

models within a common theoretical formalism and use it to demonstrate the full complexity

of the photothermal signal, including the effects of resonant scattering. This viewpoint vali-

dates the use of previously published interpretations in certain physical limits while exposing

important differences that can arise in other regions of parameter space. Beyond this under-

standing, the influence of the target’s scattering resonances upon the photothermal signal

represents an important new direction of inquiry that may be exploited to enhance signal

or locate windows of spectral transparency to perform photothermal experiments in the ab-

sence of scattering resonance effects. We begin by first reviewing the theoretical background

of PHI, highlighting both approaches in common use in the literature. Next we formulate

a comprehensive theoretical approach to PHI that explicitly includes the lock-in detection

process and mechanisms of probe scattering such as the effects of thermal retardation and

target scattering resonances. Finally, a set of detailed examples are presented to illustrate

the effects of the background medium thermal and optical properties as well as single-particle

resonances upon the measured photothermal image.

9.2 Theoretical Background

Significant advances in the analysis of the heterodyne photothermal signal (PTS) were made

in 2010 by Orrit and coworkers [62] with the aim of pushing detection to the limit of a

single molecule. Their analysis expanded upon earlier work with Lounis and coworkers

[27], and examined the trend in PTS-to-noise with the thermo-optical properties of the

thermally conductive environment. Theory and experiment both showed a linear trend in

PTS with the so-called photothermal strength of the background medium (proportional to

the product of the inverse thermal conductivity κ and thermo-optic coefficient dn/dT ). Link

and coworkers later demonstrated that this analysis could be used to push the sensitivity

of PHI even further by immersing the absorbers in thermotropic liquid crystals [34]. This

study extended the theoretical-experimental agreement on the trend in signal-to-noise with
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background photothermal strength significantly, as the liquid crystal used had approximately

three times the photothermal strength of the the strongest medium studied by Orrit, a path

they have continued to innovate on [51].

Despite these theoretical advances in modeling the PTS, explicit treatment of the lock-in

detection is missing. Instead, the signal is often taken to be proportional to the interference

of the fluctuating component of the scattered probe field EΩ with the transmitted/reflected

(depending on experimental geometry) probe field E
tr/re
pr observed in absence of the target

sample. Written in terms of these complex fields with assumed harmonic time dependence,

the photothermal image power takes the form [18]

P
(1)
PT ∝ Re[Etr/re

pr · E∗Ω] (9.1)

with the proportionality constant depending only upon basic material and incident light field

parameters.

Independently, three distinct yet complementary theoretical constructions of the PTS

were published by Cichos and coworkers in 2012: a generalized Lorenz-Mie theory to solve

the scattering problem rigorously including effects of aberration on focused laser beams

[143], a simplified Frauenhofer diffraction approach yielding analytical expressions [142], and

a ray-optics treatment taking advantage Gaussian matrix optics [141]. These theoretical

models all start with the assumption that lock-in measurement underlying the PTS reduces

to the difference in probe scattering with the pump beam on and off. Said differently, the

photothermal image is the difference between images of the heated and room temp systems,

P
(2)
PT ∝ Phot − Proom. (9.2)

The assumption that the modulated experiment can be modeled by a static theory was tested

phenomenologically by comparing demodulated images to their steady state equivalents [143],

with good agreement found between the theory and experiment. Nevertheless, Eq. (9.2) is

not obviously compatible with that defined previously in Eq. (9.1).

With the ever increasing capabilities of lithographically engineered nanostructures, inter-

est has arisen in controlling the nanoscale temperature distribution within absorbing nan-
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oclusters composed of plasmonic particles. In 2019, Willets, Link, Masiello and coworkers

adapted PHI toward quantifying the temperature distribution within and around interacting

plasmonic nanoclusters as a form of optical thermometry [21]. Because detection was not the

primary goal, these systems are larger than the common subjects of PHI, with dimensions

on the order of the pump wavelength. Consequently their scattering cross sections exceed

absorption, yet the effect of metal scattering on the photothermal image was at that point

unestablished. Regardless, reasonable agreement was found between experiment and simu-

lated photothermal images (following Eq. (9.2)) accounting only for the effect of the metal

nanostructure on the photothermal image, despite the literature precedent of neglecting the

any role of the metal beyond its role as an absorber. This agreement between simulation

and experiment served as evidence that the plasmonic target had reached a new size regime

where the metal scattering was the dominant contribution to the PTS and not scattering

through heated background matrix. More recent theoretical work has acknowledged that as

nanoparticle size increases, the room temperature scattering contributes to the photothermal

signal even after lock-in detection [146].

In this Chapter, we seek to unify past assumptions behind models of the photothermal sig-

nal and reconcile their relationship in regimes where the target hosts it own unique scattering

resonances as well as when it does not. The former is the regime of plasmonic nanoparti-

cles, which will be the target sample of choice henceforth. However, the theory presented

here can equally be applied to individual molecular absorbers/scatterers with appropriate

modification of the target polarizability. To accomplish these objectives we present a sim-

ple analytic theory that extends to larger particle sizes where scattering from the target’s

dipole resonance contributes to the photothermal signal. Following an explicit derivation

of the lock-in measurement, we show that the photothermal signal is actually the sum of

Eqs. (9.1) and (9.2). We then investigate the physical differences between these two terms

and discuss the experimental and physical factors controlling their relative contribution to

the total signal. This discussion is most clear in the thermally-static limit, which is devel-

oped in greatest detail and followed with a comprehensive discussion of the more accurate
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thermally-retarded model that is used for calculation of all presented Figures. The model

predictions are compared to previously published data on the trend in PTS with background

medium and then extended to larger particles. We observe probe wavelength dependence

that is clearly connected to the particle scattering cross sections and background medium.

Finally we assess the qualitative difference in photothermal images produced by Eqs. (9.1)

and (9.2) in the context of past work.

9.3 Outline of the model: Lock-in detected photothermal signal

The lock-in detected photothermal signal can be understood by first working through a

simplified version of the model. A diagram of the experiment is shown in Fig. 9.2. As in the

rest of this Chapter, we will assume two monochromatic lasers are focused onto a sample

containing an isolated absorbing nanoparticle. We distinguish the lasers as the pump and

probe beams with intensities in the focal spot Ipump and Iprobe with corresponding optical

frequencies ωpu and ωpr. The pump beam is amplitude modulated and the probe beam

is continuous. The probe beam is scattered by the sample, which is collected in either a

reflection or transmission (diagrammed) geometry. Although the experimental geometry

does affect some subtle aspects of the analysis, the basic physics is invariant. The probe-

frequency light collected at the detector is demodulated electronically in order to select the

PTS produced by temperature induced changes in scattering, which should have the time

dependence as the pump beam modulation.

In what follows, we will break the model into distinct physical steps: (9.3.1) the absorp-

tion of the modulated pump beam by the nanoparticle, (9.3.2) the heating of the nanoparticle

and surrounding background medium, (9.3.3) scattering of the continuous wave probe beam

by the heated nanoparticle, and (9.3.4) detection and demodulation of the photothermal

signal to extract the temperature induced scattering. Gaussian units are used throughout.
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Figure 9.2: Illustration of the photothermal imaging setup as modeled. The pump beam

(blue) passes through a modulating filter and is focused onto the gold nanoparticle. The

nanoparticle absorbs the pump beam and acts as an oscillatory source of heat. The heat dif-

fuses and generates the temperature distribution ∆T (r, t). The continuous wave probe beam

(green) is also focused onto the nanoparticle, and scatters not only off of the nanoparticle,

but also the space and time varying refractive index perturbation ∆n(r, t) resulting local

temperature increase. The scattered and transmitted probe light is focused onto a photode-

tector and this raw photothermal P raw
PT fed to a lock-in amplifier. The lock-in integrates the

raw photothermal signal against the modulation reference signal cos Ωt to filter out static

background from the photothermal signal.
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9.3.1 Absorption

The pump beam is amplitude modulated at frequency Ω (∼ kHz) much slower then optical

frequencies, such that the detectable intensity varies in time as

Ipump(t;ωpu) = Ipu ·
1

2
(1 + cos Ωt) (9.3)

=
cn

8π

∣∣Epue
−iωput

∣∣2 · 1

2
(1 + cos Ωt) , (9.4)

where Ipu ≡ (cn/8π) |Epue
−iωput|2 is the plane wave intensity pre-modulation. The spatial

dependence of the beam is implicit within the field amplitude Epu. The intensity Ipump

varies at two different time scales. Assuming that the modulation is slow compared to

optical frequencies, the nanoparticle can be considered as continuously absorbing the wave

Ipu with overall scaling (1/2) (1 + cos Ωt). The power absorbed by the nanoparticle located

at point x0 is therefore

Pabs(t) = σabs(ωpu)Ipu ·
1

2
(1 + cos Ωt), (9.5)

where variation in the field across the absorbing nanoparticle at location x0 has been ne-

glected. We see that the effect of the modulated pump beam is simply to modulate the power

absorbed due to their linear relationship under the given assumptions. In the following, the

absorption cross section of the nanoparticle target will be modeled in the long wavelength

limit, so that it can be described by its dipole polarizability.

9.3.2 Heating

For simplicity, we will first assume that the nanoparticle heats up and reaches thermal equilib-

rium with the surrounding medium much faster than the modulation time 2π/Ω. The system

can then be considered to quasistatically oscillate between hot and room temperature states,

with the temperature following the steady state heat-diffusion equation. For a spherical

particle absorbing power Pabs, we assume all of this energy is converted to heat sufficiently

quickly to equate the modulated absorbed power with the heat flux leaving the sphere’s
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surface. With the radius a and isotropic background thermal conductivity κb � κmetal, the

sphere is heated to the uniform temperature

∆TNP(t) ≡ TNP(t)− T0 =
Pabs(t)

4πκba
(9.6)

= 〈TNP〉(1 + cos Ωt), (9.7)

where the average nanoparticle temperature across a modulation cycle is defined by

〈TNP〉 =
1

2

σabs(ωpu)Ipu

4πκba
(9.8)

and T0 is the ambient (room) temperature in the absence of the pump. For other shapes the

denominator varies, but the linear scaling with power absorbed is maintained [10], and this

analysis proceeds as general.

The thermally static limit evoked above enforces the particle temperature to oscillate

with the same time dependence as the heating beam, but the surrounding medium does as

well. Specifically, the temperature outside the sphere will follow

∆Tb(x, t) ≡ Tb(x, t)− T0 =
a

|x|∆TNP(t). (9.9)

At the elevated temperatures attainable in experiment, the refractive indices for both medium

and metal (both real and imaginary parts) increase linearly with temperature as

n(T ) = n(T0) +
dn

dT

∣∣∣∣∣
T0

· (T (x, t)− T0). (9.10)

Therefore, the thermally modulated refractive index profile will inherit the same time de-

pendence as the temperature.

9.3.3 Scattering

To detect this refractive index fluctuation, a probe beam illuminates the sample throughout

the heating modulation. The probe is a continuous wave optical laser with field in the focal

region described by Eprobe(t) = Epre
−iωprt. As with the pump beam, the spatial dependence
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of the probe beam profile is implicit in Epr. This field is scattered by the nanoparticle and

surrounding thermal lens at beat frequencies ωpr ± Ω as the hot and cold system scatter

differently. As for the absorption process, we make the long wavelength approximation,

allowing us to treat the probe beam scattering off of metal nanoparticle and its surrounding

heated region of fluctuating refractive index as sourced by an induced electric dipole p(t) =

α(TNP)·Eprobe(t), with polarizability defined by the nanoparticle temperature but accounting

for polarization of the heated background surrounding the nanoparticle as well. Cichos and

coworkers have discussed the limitations of this point dipole model [142, 143, 141], however,

it is our aim here only to present the simplest model of the photothermal signal. If the

change in all refractive indices is small compared to the room temperature indices, i.e.,

(dn/dT |T0)/n� 1, then the polarizability (accounting for the dipole response of both metal

and heated background) can be Taylor expanded and truncated at first order as

α(TNP) ≈ αT0 +
dα

dn

dn

dT

∣∣∣∣
T0

(TNP(t)− T0). (9.11)

Note that while the polarizability model is still left unspecified, its linear response inherits

time dependence directly from TNP(t)− T0 ∝ (1 + cos Ωt)/2.

The scattered field sourced by the induced dipole p(t) separates into the time-independent

and time-dependent contributions

Escat(x, t) = [E0(x) + EΩ(x) cos Ωt] e−iωt. (9.12)

The time-independent scattered field can be written in terms of the polarizability components

as

E0(x) ≡ G(x,x0) ·ααα0 · Epr(x0)

= G(x,x0) ·
(
αT0 +

dα

dn

dn

dT

∣∣∣∣
T0

〈TNP〉
)
· Epr(x0),

(9.13)

which contains the sum of the room temperature scattering and a static offset resulting from

the amplitude modulation of the particle temperature oscillating about some value greater
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than room temperature. The time-dependent or fluctuational component of the scatted field

reads

EΩ(x, t) ≡ G(x,x0) ·αααΩ(t) · Epr(x0)

= G(x,x0) ·
(
dα

dn

dn

dT

∣∣∣∣
T0

〈TNP〉 cos Ωt

)
· Epr(x0),

(9.14)

arising from the temperature-induced variation in the local refractive index. Here G(x,x0)

is the standard dipole relay tensor in the far-field limit [80].

Both scattered fields will increase in complexity upon addition of thermal retardation and

the resonant scattering, but the separation of the field into static and fluctuating components

will remain useful nevertheless. In this case, the contribution of the nanoparticle temperature

to the static scattered field will also have interesting consequences on the photothermal signal.

9.3.4 Detection

After frequency filtering the the pump beam out of the detection path, the light focused onto

the photodetector can be interpreted as the superposition of the transmitted/reflected probe

field and the scattered probe field. This raw (pre-lock-in) photothermal intensity arriving at

the detector can be represented by

Iraw
PT (x, t) =

cn

8π

∣∣Etr/re
pr (x) + Escat(x, t)

∣∣2 , (9.15)

but this is not exactly representative of the experimentally measured photothermal signal.

The common experimental setup involves measuring a single voltage reported by a photo-

diode, which is then fed to the lock-in amplifier to filter out unwanted background. In this

case, it is more accurate to consider the integrated intensity profile at the detector to be

the raw photothermal signal P raw
PT (t) =

∫
D
Iraw

PT (rD, t)dA that will be converted to a voltage

by the photodiode. We can calculate this integration at the detector by making another

simplifying assumption. Given that the scattered fields have already been approximated as

electric dipole radiation, we assume that the transmitted/reflected probe field differs negligi-

bly in spatial distribution. With both fields assumed to be dipolar, we employ conservation
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of energy to perform the integration on the scattered intensity (before focusing) across a

spherical surface spanning a solid angle defined by the collection objective. As discussed

in Appendix A.1 in the context of modeling the magnitude of the transmitted/reflected

probe field, the spatial form of the intensity is now Iraw
PT (rD) = Iraw

PT (p̂2 − (r̂D · p̂)2)/(kprrD)2,

where rD = rDr̂D ≡ xD − x0 is the vector connecting the nanoparticle position to the ob-

servation point in the integration domain and the wave vector magnitude for all collected

fields is kpr = ωprn/c. Integration over the spatial dependence of the collected intensity

simply scales the entire signal as a function of the collection angle θcol. It will therefore

be useful to employ the result of the detection integral P raw
PT (t) = Iraw

PT f(θcol)/k
2
pr, to intro-

duce a scalar notation for the collected fields Ei without their spatial dependence, defined

by Ei(rD) = Ei(p̂− r̂Dr̂D · p̂)eikprrD/(kprrD). The functional form of f(θcol) is derived in

Appendix A.1.

A photothermal image produced by this technique is analogous to confocal microscopy,

generated by rastering the sample (nanoparticle at point x0) through the beam path (focused

onto point xf ) and recording the photothermal signal as a function of sample position. This

procedure is elaborated on in Section 9.6, but the spatial dependence of the rastered image

arises implicitly through the spatial profile of the probe beam Epr(x0;xf ) in Eqs. (9.13)

and (9.14) as well as the pump beam spatial profile hidden for now within the temperature

dependent polarizability. In principle the intensity profile of the focused image at the detector

Iraw
PT (rD) could be recorded directly by replacing the photodiode with a lock-in camera,

analogous to a wide-field microscope image. We will leave a detailed treatment of the latter

case behind for now and focus on the confocal geometry, but most results presented below

are straightforward to translate to widefield measurement.

To model the demodulation of the signal experimentally accomplished with a lock-in

amplifier, we integrate the raw photothermal signal arriving at the photodetector against

the reference signal cos Ωt. In the idealized thermally-static limit we have already enforced,

any phase difference between the reference and the photothermal signal can be neglected
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since all time dependence of the scattered field is proportional to EΩ(t) = EΩ cos Ωt. Thus,

PPT ≡ lim
τ→∞

1

τ

∫ τ

0

dt P raw
PT cos(Ωt)

=
cn

4π
Re
[
Etr

pr · E∗Ω + E0 · E∗Ω
] f(θcol)

k2

≡ PPT
PI + PPT

SI .

(9.16)

The photothermal signal consists of two terms of different physical origin. The first, recog-

nizable from Eq. (9.1), describes the interference between the transmitted/reflected probe

field and the modulated component of the scattered field. We will refer to it as the probe-

interference term, PPT
PI ≡ (cn/4π)Re

[
Etr

pr · E∗Ω
]
f(θcol)/k

2
pr. The second describes the interfer-

ence of the static and modulated components of the scattered field, or the self-interference

of the scattered probe field, PPT
SI ≡ (cn/4π)Re [E0 · E∗Ω] f(θcol)/k

2
pr. This self-interference

term can be manipulated into a recognizable form by noting the relationship between the

scattered fields and the nanoparticle temperature in Eq. (9.7). The total field scattered by

the thermal lens at its hottest and coldest temperatures is defined by

EH
scat = E0 + EΩ

EC
scat = E0 − EΩ.

(9.17)

Substitution reveals the self-interference term to be the difference in scattered intensity from

the hot and cold systems

PPT
SI =

cn

8π

[
|EH

scat|2 − |EC
scat|2

] f(θcol)

k2
pr

. (9.18)

as posited in Eq. (9.2). Interestingly, the photothermal image derived in the thermally static

limit is exactly the sum of Eqs. (9.1) and (9.2). In light of this result together with the past

literature, it is natural to ask: are there two separate regimes where each of these two terms

are representative of the photothermal signal? We will attempt to answer this and related

questions moving forward through rigorous modeling of the various scattering processes that

contribute to the observed signal.
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9.4 Models and mechanisms of probe scattering

Here we develop a model of photothermal scattering from the heated background medium

surrounding the target nanoparticle only. Both thermal retardation and effects of the metal

on scattering are neglected for simplicity (but later accounted for in Appendices A.2 and A.3).

This approach, along with its deviations from the more accurate theory that follows, will

reveal the physical origin of the photothermal signal in various parameter regimes. Following

literature precedent, we will examine the dependence of the PTS on the thermo-optical

properties of the background medium and compare results to data from Refs. [62, 34]. We

will then eliminate these two approximations and assess the impact. In all models, the spatial

profile of the temperature-induced refractive index perturbation in the background medium

is averaged over. Therefore, some aspects of the thermal lensing discussed in Refs. [143,

142, 141] are not captured. Nevertheless, what the point-dipole model loses in quantitative

accuracy of the spatial distribution of scattered light is made up for in the transparency of

the role of its parameters.

9.4.1 Background ball model

Before moving forward with a model of the scattering process that accounts for both the

target nanoparticle and surrounding thermal lens, we will first follow the literature precedent

and proceed under the assumption that the nanoparticle can be neglected from the scatter-

ing process and serves only as a heater to generate the thermal lens. The photothermal

signal is therefore created by scattering only from the heated region of background material

surrounding the nanoparticle, typically glycerol. We will first model the scattering polariz-

ability as an isotropic sphere of heated background medium immersed in an infinite room

temperature thermal background, and refer to this scenario as the background ball model.

Since the polarizability is the same in all three space directions, it reduces to the scalar

polarizability α.

The sphere of heated background material has no room temperature polarizability, but
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does respond linearly to temperature increases. Accounting for optical retardation effects as

discussed in Appendix A.3, the polarizability varies with temperature according to

dα

dn

∣∣∣∣
T0

=
2

3
b3 1

nb(2qs − 1)2
, (9.19)

defined by the wavelength-dependent retardation factor qs = (1/3)[1− (kb)2 − i(2/3)(kb)3],

the wave vector magnitude k = ωprnb/c, the ball radius b, and the background index at room

temperature nb. To define the temperature of this heated background ball, we assign it the

volume averaged temperature of the thermal lens. Carrying out the volume integral of Eq.

9.9, the average temperature of this ball is related to the nanoparticle temperature by

∆Tgly =
3

2

f 2 − 1

f 3 − 1
∆TNP, (9.20)

where f = (a/b)3 is the volume ratio of the metal absorber to the background-ball. The

background-ball radius is set equal to the cross-sectional radius of the probe focal spot to

represent the optically active region of heated background.

The scattered field can now be constructed from this heated background ball. Remem-

bering that the spatial dependence of the dipole field has already been integrated out, dipole

relay tensor post integration is defined by G(xD,x0) = G(1 − r̂Dr̂D)eikprrD/(kprrD) and

therefore G = k3
pr. The fluctuating scattered field takes the form

EΩ = G ·
(
dα

dn

dn

dTNP

∣∣∣∣
T0

〈TNP〉
)
· Epr(x0)

=
(ωprnb

c

)3

·
(

2

3
b3 1

nb(2qs − 1)2

3

2

f 2 − 1

f 3 − 1

dnb
dT

∣∣∣∣
T0

〈TNP〉
)
· 4

wpr

√
Ppr

cnb
.

(9.21)

The probe field magnitude in the focal spot is defined assuming the nanoparticle lies at

the focus of a Gaussian beam with waist wpr determined by the numerical aperture of the

illumination objective NAill (see Section A.4).

Before sorting terms in Eq. (9.21), it is instructional to note the source of different

physical factors. Specifically, we will analyze the dependence of the PTS on the background

refractive index. In past work the refractive index dependence of this expression has been



138

assumed to follow n( dn
dT
|T0), which would arise by taking the factor of n2 out of G and

combining with the polarizability. Here we find that if the incident probe field is defined by

the laser power, it should also have background dependence. In addition, the time-averaged

nanoparticle temperature

〈TNP〉 =
1

2

Ipu

4πκba
4π
ωpunb
c

Im
[
αmetal

sphere(ωpu)
]

(9.22)

contains background dependence both explicitly from the a factor of the wave vector magni-

tude k = ωnb/c that comes with the definition of the absorption cross section and implicitly

in the polarizability. Assuming the pump intensity is also defined by the beam power, it

should not have n dependence as the prefactor will cancel with n
−1/2
b dependence of the

pump field (see Appendix A.4).

Separating the geometry- and frequency-dependence from the thermo-optical properties

of the background (outside the absorbing polarizability),

EΩ(d) = KΩ(ωi, a, b)LΩ(Pi, wi)M(n,
dn

dT
, κ)Im

[
αmetal

sphere(ωpu)
]
, (9.23)

where the spectral and geometric parameters are contained within the retardation index

KΩ(ωi, a, b), the pump/probe power and focal waist are contained within the laser index

LΩ(Pi, wi), and the thermo-optical properties of the background medium are contained within

the material index MPI(n,
dn
dT
, κ) that we will find is inherited by the probe-interference.

Explicitly,

KΩ(ωi, a, b) =

(
b3

a

1

(2qs − 1)2

f 2 − 1

f 3 − 1

ω3
prωpu

c4

)
(9.24)

LΩ(Pi, wi) = 4

√
π

c

√
Ppr

πw2
pr

Ppu

πw2
pu

(9.25)

MPI(n,
dn

dT
, κ) =

(
n

5/2
b

κb

dnb
dT

∣∣∣∣
T0

)
. (9.26)

Combing this expression for the modulated scattered field with a model for the trans-

mitted probe field discussed in Eq. (A.7), we can write the probe-interference component of
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the locked-in photothermal signal defined by PPT
PI ≡ (cnb/4π)Re

[
Etr

pr · E∗Ω
]
f(θcol)/k

2
pr as,

PPT
PI = Re[KPI(ωi, a, b)]LPI(Pi, wi)MPI(n,

dn

dT
, κ)Im

[
αmetal

sphere(ωpu)
]
, (9.27)

with modified retardation and laser indices

KPI(ωi, a, b) = KΩ(ωi, a, b)
c

ωpr

(9.28)

LPI(Pi, wi) =

√
3Ppr

cf(θcol)
LΩ(Pi, wi)f(θcol) =

√
3f(θcol)

Ppr

πwpr

Ppu

πw2
pu

(9.29)

where θcol = sin−1(NAcol/nb). It is now clear how the photothermal signal varies with

background medium, assuming that the probe-interference term dominates and the change

in absorption cross section with background is negligible. The accuracy of this assumption

is tested in Fig. 9.3 by plotting the linear trend in PPT
PI with MPI against experimental data

from Refs. [62, 34] as well as the more accurate model developed below. For the a = 10

nm particles investigated in those studies and the appropriate experimental parameters, the

self-interference term is completely negligible. Despite good agreement between this simple

linear model and the data, the data presents some variation away from the linear trend.

Some of this can be accounted for by acknowledging change in the absorption cross section

with background medium not captured in MPI, and more so by adding the effects of thermal

retardation and metal scattering to the model as we will discuss in the following section.

For all calculations presented here, the absorbing metal polarizability has been taken to

be the exact dipolar Mie polarizability (See SI Section I). The main effect of changing the

refractive index on the absorbing polarizability is to red-shift the resonance with increasing

nb. This would affect the PTS if the resonance shifts onto or off of resonance with background

medium change. We consider pump wavelengths near the interband transitions to avoid this

effect.

In the context of this background-ball model it is especially convenient to compare the

probe- and self-interference terms, pointing to why the self-interference is negligible in the

Fig. 9.3 example. In this case the static and fluctuational scattered fields are equivalent
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Figure 9.3: Analytical model accounting for thermal-retardation and metal scattering qual-

itatively predicts experimentally observed trend in PTS with background medium. The

model and data are plotted against the background material thermo-optical properties as

they appear in the thermally-static model neglecting metal scattering (MPI, see Eq. (9.26)).

The model contains no free parameters, but both model and data are normalized to their

values in glycerol. The data is from Refs. [62] and [34] (experiment performed in reflection

geometry). The photothermal signal from a = 10 gold nanoparticles generally increases with

the background material index (x-axis). Deviations of the model from the line of slope 1

(dashed black) are primarily caused by changes in the absorption cross section with nb, and

the effect of the glass substrate on the absorption and scattering steps. Better agreement

between model and data would require a quantitative model of (1) the reflection coefficient

determining the reflected probe field magnitude and (2) the effect of the glass as a heat

sink in the heat diffusion step of the model. Preliminary evidence for these pieces of the

physics leading to the nonlinear shape of the data is described in SI Section III. Parame-

ters used for calculation are as reported is Ref. [62], with pump wavelength λpu = 514 nm,

pump power Ppu = 270 µW, probe wavelength λpr = 800 nm, probe power Ppr = 23 mW,

NAill = NAcol = 1.4, Ω = 740 kHz.
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except for an overall cos Ωt, therefore EΩ = E0. The self-interference is proportional to the

complex magnitude squared of the field in Eq. (9.21),

PPT
SI = |KPI(ωi, a, b)|2LSI(Pi, wi)MSI(n,

dn

dT
, κ)Im

[
αmetal

sphere(ωpu)
]2
, (9.30)

which again separates into retardation, laser, and material indices. The probe-interference

retardation index shows up again here but squared, while the self-interference laser and

material indices are

LSI(Pi, wi) = 4f(θcol)
Ppr

πw2
pr

(
Ppu

πw2
pu

)2

, (9.31)

MSI(n,
dn

dT
, κ) =

(
n2
b

κb

dnb
dT

∣∣∣∣
T0

)2

. (9.32)

Both probe- and self-interference terms scale linearly with the probe power, but the self-

interference scales quadratically with the pump power. This means that in absence of ex-

perimental constrains (like detection limits at low power and nanoparticle melting at high

power), the relative contribution of PPT
PI and PPT

SI could be tuned by the pump power. Al-

ternatively, we can interpret the different pump power dependence of the probe- and self-

interference as linear vs. quadratic scaling with the average nanoparticle temperature 〈TNP〉.
The self interference also scales differently with the background thermo-optical properties,

therefore the self-interference will increase in relative contribution for background media with

larger refractive optical constants and smaller thermal constants.

Another apparent difference between probe- and self-interference terms is their depen-

dence on the numerical aperture of the illumination and collection objectives. In the reflection

setup, there is only one objective, but in the transmission setup NAill and NAcol can be dif-

ferent. In the model presented, the illumination objective determines the beam waist of the

probe and pump beams. For sake of example, we assume here the near diffraction limited

resolution FWHMi = 0.61(λi/NAillu). The Gaussian beam width is related to the FWHM

by wi = FWHMi/
√

2 ln 2, which in terms of the wavelength and numerical aperture is

wi = 0.52
λi

NAillu

, (9.33)
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for i being the pump or probe. The effect of the collection objective is visible in the influence

of θcol within Eqs. (9.29) and (9.31). The difference between the two results because the

magnitude of the transmitted/reflected probe beam picks up its own dependence on θcol when

defined by the total transmitted/reflected power.

One last difference of note between the probe- and self-interference is that the probe

field is linear in the reflection (r)/transmission (t) coefficient of the experimental geometry.

If reflection is dominated by the glass/background interface inside the sample, then the

reflection coefficient r is 0.02 to 0.2 times t. Therefore when switching from the transmission

to the reflection geometry of the experiment, the probe-interference will decrease by 1-2

orders of magnitude relative to the self-interference term.

9.4.2 Thermal retardation

Although the derivation is somewhat more involved, it adds little complexity to the final

result to include the full time dependence of the heat diffusion equation describing the time-

dynamics of the the induced thermal field. We will leave the details to Section A.2 and discuss

the implications here. The solution to the steady-state heat diffusion equation in Eq. (9.9)

is replaced with the solution to the time-dependent heat diffusion equation around a sphere

of oscillating heat source density. This generalization accounts for the finite speed of heat

diffusion through the background medium, or in our context the finite modulation frequency

that characterizes the system’s time dependence. The resulting temperature distribution

around the spherical particle in Eq. (A.11) can be averaged across the probe beam focal

spot just as before to define an effective temperature of the optically active region of heated

background.

The main difference from the thermally static theory presented above is that the temper-

ature, and therefore the time-dependent scattered field, is no longer proportional to cos Ωt.

Instead the temperature describes the superposition of four different thermal waves propa-

gating away from the nanoparticle. All of them have the same frequency Ω and propagate

through to the pre-lock-in photothermal signal, but only one is in phase with the heat source
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∝ cos Ωt. The lock-in now plays the additional role of selecting a single phase component

from the modulated signal. We therefore generalize the post-lock-in photothermal signal

to PPT(φ) ≡ limτ→∞
1
τ

∫ τ
0
dt Iraw

PT (t) cos(Ωt − φ) which contains a tunable phase. In reality,

the experimental setup may introduce unwanted phase delays along various beam paths and

by electronic components. The phase is therefore selected to maximize the signal-to-noise,

which we also do for all calculations herein.

One complexity worth noting from the introduction of thermal retardation is that the

connection between the self-interference term and the difference in static hot and room-

temperature images described in Eq. (9.18) is lost. But in all calculations performed here,

despite using the thermally-retarded solutions, we did not find results qualitatively different

from the thermally static limit. This can justified by the large modulation frequency (or all

time variation slow) but an simple quantifier of this regime change is the thermal radius rth =√
2κ
CpΩ

, which characterizes the length scale of thermal diffusion away from out nanoheater in

terms of previously defined parameters and the background thermal conductivity per volume

Cp. If the thermal radius approaches the optically active volume of heated background (or

probe beam radius wpr), than the effects of thermal retardation will be nonnegligible [10].

But for the modulation frequency used in Figs. 9.4-9.7, Ω = 100 kHz, and rth ≈ 1499 nm in

glycerol and 1237 nm in pentane, so rth � b.

9.4.3 Metal scattering

As the target nanoparticle size increases beyond a ∼ 20 nm, the metal becomes a larger

fraction of the optically active volume. Even with the metal’s dnc
dT

off resonance it can

be comparable to the background medium and it is clear that the metal could affect the

probe scattering and resulting photothermal signal. Again leaving a detailed discussion to

Appendix A.3, scattering of the heated metal nanoparticle and surrounding background can

be described analytically by the polarizability of a spherical core-shell system. Expanding

this polarizability to first order in the temperature of the nanoparticle and temperature

of the local background (treated again as a volume average over the spatial temperature
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distribution) results in

αcs(T ) = α(T0) +
dα

dnc

dnc
dT

∆Tcore +
dα

dns

dns
dT
〈∆T (r, t)〉Vshell

. (9.34)

The room temperature polarizability α(T0) is that of the metal absorber. The linear terms

describe the change in polarizability with the complex refractive index of the metal core

nc as well as the refractive index of the heated background shell ns. The expansion coef-

ficients dα/dnc and dα/dns are written explicitly in Section A.3 for both the electrostatic

(Eqs. (A.25), (A.26), and (A.27)) and retardation corrected (Eqs. (A.29), (A.30), and (A.31))

regimes. The nanoparticle temperature can be defined as before in either the thermally static

or retarded limits, by evaluating the temperature distribution outside the particle at the

sphere surface. With these expansion coefficients defined, the full photothermal signal can

be developed following the same procedure as for the background-ball model in the previous

section. This with the thermal retardation correction is the model used for calculations in

all figures.

The main effect of the metal scattering is that the plasmon resonance affects the probe

scattering in a way that is non-trivially related to the particle’s room temperature cross

section. Fig. 9.4 demonstrates the evolution of the trend in PTS with background medium

as the particle size is increased. Different from Fig. 9.3, the thermally retarded equivalent

of the material index is used, replacing κ with Cp. This is analogous to the photothermal

strength coined in past publications with additional factors of nb we believe to be correct.

In the top left panel, a slightly larger sphere of radius a = 20 nm shows no variation in PTS

trend with background between two example probe wavelengths. This may be expected

from looking at the scattering cross sections (top right) in glycerol and pentane, which sees

the strongest PTS enhancement of the given backgrounds. In either case, the two chosen

probe wavelengths (dashed-gray) are off-resonance. But for a much larger sphere of radius

a = 75 (lower row, Fig. 9.4) where the scattering peak overlaps both λpr, the photothermal

signal trend with background increases by approximately a factor of two. This effect is

difficult to understand looking at just the room temperature cross sections as an indicator of
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increased metal scattering with sphere size. Especially looking at the a = 75 in pentane, the

scattering cross sections provide only confusion. At λpr = 633 nm, the metal scatters more

in pentane than glycerol, but at λpr = 785 nm the particle scatters more in glycerol than

pentane, despite the particle in pentane generating near 18 times the photothermal signal.

The photothermal signal clearly depends on the metal’s resonance in a non-trivial way.

9.5 The photothermal resonance

The simple structure of the model presents a clear path to understand resonance effects, even

without analyzing the complicated mathematical form of the polarizability expansion factors

and the effective temperatures. The core-shell polarizability alters the static and modulated

polarizabilities α0 and αΩ defined in Eqs. (9.13) and (9.14). First, the metal scattering

at room temperature contributes directly to the time independent polarizability α0 through

α(T0) and will increase with particle size. The static scattered field E0 and fluctuational

scattered field EΩ are therefore no longer equal, and the self interference term will clearly

grow in significance with α0. But even in the a = 20 nm case discussed above where the self-

interference was completely negligible, resonance effects can be seen. Fig. 9.5 demonstrates

this by plotting the PTS as a function of probe wavelength in both glycerol (left) and pentane

(right). Clearly the probe-interference (red) term dominates the total signal (black). A small

sigmoid shape is observed in the PTS near λpr ≈ 550 nm, where the scattering resonance

appears in Fig. 9.4, top right panel. The resonance lineshape in the PTS is small in the

sense that its range is comparable to the variation in the PTS at longer wavelengths, where

Rayleigh scattering of the background dominates and IPT ∝ λ−2
pr . Looking at the two probe

wavelengths investigated above (dashed-gray), the PTS has returned to Rayleigh behavior

in both glycerol (Fig. 9.5, left) and pentane (Fig. 9.5, right) and shows no effect of the metal.

This is consistent with the lack of λpr dependence in the PTS trend with background plotted

in Fig. 9.4.

The probe-interference depends only on EΩ, which excludes the metal’s room temper-

ature scattering, as one may hope to do when employing the photothermal measurement
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Figure 9.4: Photothermal signal trend with background medium (left) changes with probe

wavelength for bigger particles (bottom), but not for smaller particles (top). This effect is

not explainable by simply looking at the room temperature nanoparticle scattering on the

glass substrate (right). The two probe wavelengths chosen (633 and 785 nm) are overlaid on

the scattering cross sections (vertical dashed-gray lines). Despite the photothermal signal

increasing ∼ 18 times moving from glycerol to pentane at λpr = 785 nm, the metal scattering

decreases. Meanwhile the metal scattering does increase at λpr = 633 nm, but the PTS

increase is similar to that of the smaller a = 20 nm spheres. Parameters used for calculation

were chosen for experiments to be performed by Stephan Link and coworkers, with pump

wavelength λpu = 532 nm, pump power Ppu = 25 µW, probe power Ppr = 250 µW, NAill =

1.4, NAcol = 0.7, and Ω = 100 kHz.
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in practice. The effect of the metal on the signal is therefore through the linear expansion

coefficients dα/dnc and dα/dns, which will have static and time-dependent pieces, as in the

background-ball case. It is intuitive that the change in polarizability with core index, dα/dnc,

would be resonance dependent. Surprisingly, we find that the metal resonance also invades

the shell term dα/dns, and even dominates the signal. This is consistent with the literature

precedent that the primary source of the photothermal signal is the region of heated back-

ground medium surrounding the nanoparticle, but that does not mean the metal resonance

can always be neglected. Looking at the forms of dα/dns it is clear that the resonance de-

nominator shows up in both the electrostatic (Eq. (A.26)) and electrodynamic (Eq. (A.26))

limits.

We can examine the role of the resonance in more detail by looking the real and the

imaginary components of α0 and αΩ plotted in the lower half of Fig. 9.5. In this probe-

interference dominated system, really only Re[αΩ] (dark purple) impacts the signal (because

Etr
pr is considered real). The shape of the resonance in the probe-interference and total PTS

in this case is therefore set by the shape of Re[αΩ(λpr)]. This polarizability does not look

like, and is even an order of magnitude smaller in glycerol than the static polarizability,

which looks qualitatively like the bare particle polarizability but red-shifted due to the static

component of the glycerol modulation. This qualitative difference between the room tem-

perature metal resonance and that which appears in the photothermal signal becomes much

more significant as the sphere size increases.

Larger particles scatter more. As one might expect, the contribution of the metal res-

onance to the probe-interference becomes increasingly significant as the nanoparticle size

increases. Fig. 9.6 extends the analysis in Fig. 9.5 to the larger particles of radius a = 75

nm. The sigmoidal resonance in the smaller particle PTS has red-shifted and dropped below

zero before returning to a broad positive peak and then falling as λ−2
pr . The negative peak

again aligns with the typical looking peak in Im[α0], but clearly matches the shape of the

Re[αΩ], which governs the non-Rayleigh shape of the probe-interference.

It is this relatively narrow negative feature that is responsible for the λpr dependence of
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Figure 9.5: Photothermal signal (top) for smaller a = 20 nm particles shows minimal

resonance effect in glycerol (left) and pentane (right), with only trivial dependence on the

probe wavelength, ∝ 1/λ2
pr (see Eq. (9.24)) at the two off-resonant λpr’s considered in Fig. 9.4

(dashed-gray). A small resonance effect in the PTS can seen near peak in Im[α0] (light green),

the static polarizability, but the shape of the PTS resonance is very similar to Re[αΩ], the

fluctuating polarizability. This is expected, considering the PTS is dominated by the probe-

interference term (red), which is proportional to Re[αΩ]. Parameters used for calculation are

the same as those for Fig. 9.5.
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the PTS trend with background visualized in Fig. 9.4. Moving from glycerol to pentane, the

negative peak in PTS shifts onto the λpr = 785 nm line (dashed-gray), drastically boosting

the signal upon background change. Comparing this to the λpr = 785 nm line, the signal is

negligible and surprisingly flat. Resonance shifting with background will therefore have little

effect in this photothermally transparent region where the blue half of the room temperature

resonance occurs.

The larger particle also generates non-negligible self-interference (dashed-blue) due to the

increased room temperature scattering contribution to α0. In considering the y-axis range

on the lower panels of Figs. 9.5 and 9.6, the ratio of |α0|/|αΩ| has increased by an order

of magnitude from small to larger spheres. The self-interference appears as a typical peak,

falling to zero off resonance. The peak is also redshifted from even the Im[α0] peak, instead

coinciding with the peak in Im[α0], or more accurately, the product Im[α0] · Im[αΩ]. By

definition of the self-interference, PPT
PI ∝ k4(Re[α0] · Re[αΩ] + Im[α0] · Im[αΩ]), but due to

the shape of the factor of k4 ∝ λpr damps the product of real components by nature of their

shape.

The metal resonance also disrupts the simple trend with pump power dependence pre-

dicted by the thermally static theory above. There it seemed that Ppu would modulate

between significance of the probe- and self-interference contributions to the PTS. The pump

power dependence of the photothermal signal is explored in Fig. 9.7. Increasing pump power

to Ppu = 100 µW (top row) and then Ppu = 600 µW (bottom row), we note that the self-

interference does not simply increase with Ppu. Instead, the self-interference (dashed-blue)

decreases and swings negative before finally increasing in magnitude as expected from the

simple background-ball model. This effect follows Im[α0], which is overlaid in light green

with range given by the right axis. The imaginary part of the static polarizability becomes

negative with increasing Ppu, starting with its red side, and therefore flips the sign of PPT
SI .

This can be explained by noting the balance between the room temperature metal scat-

tering and the static offset contributed by the background perturbation in Eq. (A.16). The

metal perturbation term is negligible, so we need only consider the balance of the room
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Figure 9.6: Photothermal signal (top) for larger a = 75 nm particles shows significant

resonance effect with surprisingly narrow features that shift from glycerol (left) and pentane

(right). The negative peak shifts onto the λpr = 785 nm probe in pentane, explaining the

large increase in signal seen in Fig. 9.4. The self-interference term arises as a simple peak at

longer wavelength then the scattering resonance. This is due to the increased magnitude of

α0 ∼ 106 compared to the smaller particles in Fig. 9.5, consistent with the room temperature

polarizability increasing with particle size. The shape of the self-interference appears to follow

the product of Im[αΩ] (light purple) and Im[αΩ], which follows from the definition of PPT
SI .
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Figure 9.7: With thermal retardation, increasing pump power does not simply increase

self-interference. The self-interference first decreases, and then starts increasing in magni-

tude only after becoming negative. This is effect is entirely governed by the the imaginary

component of the static polarizability Im[α0] (light green, right axis). The room temperature

scattering dominates the self-interference at low pump powers and happens to contribute pos-

itively. As the pump power increases, the heated background dominates the self-interference,

which happens to flip sign because the change in background index with temperature is neg-

ative.
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temperature polarizability of the metal α(T0) and the static offset of the background fluc-

tuations ∝ (dα/dns)(dns/dT )Pabs. At low pump power, the first term will dominate, and

we know that Im[α(T0)] > 0. The background term is negligible at low pump power, where

Pabs is small but negative because of dns/dT < 0 for all the liquid background media con-

sidered here. As the pump power, temperature, and then Pabs increase, the negative dα/dns

term dominates the self-interference. After going negative, the self-interference grows in

magnitude with Ppu as predicted in absence of the metal scattering.

The self-interference crosses zero at different pump powers for different background media.

For the radius a = 75 nm sphere in glycerol (Fig. 9.7, left column), PPT
SI just crosses zero at

Ppu = 600 µW, but this occurs near Ppu = 100 µW in pentane (Fig. 9.7, right column). This

can be attributed to the photothermal strength of pentane being significantly larger than

glycerol. The background contribution to α0 therefore overtakes the metal contribution at

lower pump power.

With all of these considerations, it is clear some of the intuition established with the

simple background-ball model carries into the thermally and optically retarded regimes, as

well as to larger particles with some modifications. In most parameters regimes explored

here, the probe-interference dominated the total PTS. The influence of the metal on the

photothermal signal, within both the probe- and self-interference terms, does not affect the

signal until the particle is about 20 nm in radius. At this point, the resonance appears in

the PTS as a function of probe wavelength as a sigmoid shape in the probe-interference.

With increasing particle size and scattering cross section, the sigmoid drops the total signal

to zero, eventually creating a photothermally-transparent window between approximately

λpr = 550− 750 nm (in glycerol). The peak emerging (here negative for chosen phase) blue

of the transparent window is much narrower than the particle’s scattering peak, and the

signal is therefore sensitive to spectral shifts in the resonance (with consequences observed

in Fig. 9.4 when changing background medium). It is also clear that for certain choices of

the probe wavelength, the self-interference dominates the signal. This is true for a wider set

of λpr values when the pump power has passed a certain threshold, as demonstrated in Fig.
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9.7. It is likely that in other systems, such as particles suspended in a solid [143], that the

self-interference term will be more significant at smaller particle sizes.

9.6 The photothermal image

Past literature has paid significant attention to the spatial form of the photothermal image.

Although the simple dipole scattering model explored here will fail to capture certain aspects

of the thermal lensing, we can compare the spatial form of the probe- and self-interference

images to get a qualitative sense for their behavior.

In the typical experimental setup, a photothermal image is formed by rastering the

nanoparticle target through the beam path. The image is therefore the PTS at various

positions, which we can define as the difference between the nanoparticle location x0 and the

beam focal point xf (assuming for simplicity that both beams share the same focal spot).

The spatial dependence of the photothermal signal appears explicitly in the pump and probe

intensities driving the absorption and scattering, respectively. Although both probe- and

self-interference terms are linear in the probe power, the transmitted/reflected probe field

accounted for a factor of
√
Ppr in Eq. (9.29). The probe-interference term

PPT
PI (xf − x0) ∝

√
Ipr(xf − x0)Ipu(xf − x0) (9.35)

therefore has spatial dependence defined by the incident beam intensities in the scattering

region. Following Eq. (9.31), the self-interference term is related to the square of the PPT
PI

spatial dependence as

PPT
SI (xf − x0) ∝ Ipr(xf − x0)I2

pu(xf − x0). (9.36)

These intensities describe the focal spots of the probe and pump beams.

To qualitatively asses the differences in the contribution of PPT
PI and PPT

SI to the image,

we will approximate both focal spots as that of a Gaussian beam. Taking the focal plane

of both beams to contain the nanoparticle, z = z0 = 0, the spatial form of each beam
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(i = pump or probe) then reduces from Eq. (A.32) to

Ii(r) = 2
Pi
πω2

i

e
− 2r2

wi
2 (9.37)

where r =
√
x2 + y2 is the radial coordinate in the focal plane and the peak intensity has

been related to the experimentally measured beam power with Eq. (A.33). Combining this

with the above expressions for the probe- and self-interference terms

PPT
PI (xf − x0) ∝

√
2Ppr

πw2
pr

2Ppu

πw2
pu

e
−r2

(
w2

puw
2
pr

w2
pu+2w2

pr

)−1

(9.38)

PPT
SI (xf − x0) ∝ 2Ppr

πw2
pr

(
2Ppu

πw2
pu

)2

e
−r2

(
1
2

w2
puw

2
pr

w2
pu+2w2

pr

)−1

, (9.39)

each term remains Gaussian, but has modified width. Approximating the resolution by the

the full width at half max FWHM = 2
√

2 ln 2σ, defined by the standard deviation σ:

FWHMPI = 2
√

ln 2
wpuwpr√
w2

pu + 2w2
pr

(9.40)

FWHMSI =
1√
2

FWHMPI (9.41)

The self-interference term has ∼ 71% the width of the probe-interference term.

This difference in width between probe- and self-interference components of the single

particle photothermal image may not be distinguishable in experiment. Especially consid-

ering that the two terms will be superimposed, this similarity between the spatial form of

PPT
PI (xf − x0) and PPT

SI (xf − x0) may be the cause of the discrepancies in the published

theoretical assumptions underlying the PTS.

9.7 Conclusions

In this chapter, we have shown that previous assumptions behind the source of the pho-

tothermal heterodyne image unify into a single theoretical model. The model contains the

full complexity of the post-lock-in photothermal image, including signal contributions from

interference between thermally induced scattering and the transmitted/reflected probe field
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(probe-interference), as well as interference between the thermal scattering and its own sta-

tionary offset (self-interference). With the photothermal signal being the sum of these two

components, we demonstrated how to increase the model’s complexity to increase accuracy

while tracing intuition from the simplest form of the model. This approach revealed that

probe- and self-interference play different roles in the photothermal spectrum, particularly

in probe wavelength. With so many parameters at play, isolating the role of these two terms

in a given experiment may be difficult. Differentiating probe- and self-interference is not

much simpler in terms of the spatial dependence of the photothermal image, with the self-

interference point spread function only ∼ 70% wider than the probe-interference. This may

explain the past success of using either term in modeling experiment. With the complexity

of the photothermal image elucidated by the presented model, we expect the resonance ef-

fects and photothermally-transparent spectral windows attributed to scattering particles to

be exploitable for further optimization. Taken together, the understanding presented herein

provides a stepping stone to quantitative correlation of the measured PTS and the local

temperature, leading towards an all-optical nano-thermometer. Future work will extend

this model to aggregates of interacting plasmonic nanoparticles, with the hope of spatially

resolving their temperature profiles in experiment.

A.1 Model of probe interference contribution

If we neglect differences in the spatial modulation of the probe and scattered fields, we can

approximate the transmitted/reflected probe field in the collection region to have the spatial

form of a radiating dipole with effective polarizability or scattering volume V . Using the

scalar notation presented in Section 9.3.4 to omit the spatial dependence of the fields that

is integrated out at the detector,

Etr
pr ≈ G · V · Epr(x0). (A.1)

The product of effective scattering volume and the probe field in the focal spot can be

parameterized by the experimentally measured probe power. Defining the collection aperture
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in the background medium by the polar angle θcol = sin−1(NAcol/nb), the power radiated by

an electric dipole oriented perpendicular to the optical axis through the solid angle (θcol, 2π)

is

Pscatt(θcol) =

∫ θcol

0

∫ 2π

0

r2 sin θ dθdφ Iscatt(r, θ, φ) (A.2)

=

∫ θcol

0

dθr2 sin θ

∫ 2π

0

dφ
ck4

pr

3
|p|2 1− sin2 θ cos2 φ

r2
(A.3)

=
ck4

pr

3
|p|2f(θcol). (A.4)

The θcol dependent factor that determines the fraction of total scattered dipole radiation

that makes it through the aperture is

f(θ) =

[
3

4
(1− cos θ)− 1

2
(2 + cos θ) sin4 θ

2

]
, (A.5)

which increases monotonically from 0 to 1/2 for θ ∈ {0, π/2}. For a background medium of

glycerol and a numerical aperture of NAcol = 0.7, f(θcol) = 0.085.

Equating the scattered power from our effective dipole |p| = V · |Eprobe(x0)| to the ex-

perimentally measured probe power yields,

V · |Eprobe(x0)| ≈
√

1

f(θcol)

3P exp
pr

ck4
pr

. (A.6)

The transmitted probe field in the model then takes the form

Etr
pr ≈ G ·

√
1

f(θcol)

3P exp
pr

ck4
pr

= kpr

√
1

f(θcol)

3P exp
pr

c
, (A.7)

where in the last line we have used the fact that in the scalar notation G = k3
pr. The kpr

(and therefore nb) dependence of Etr
pr does not propagate to the observable, as it will cancel

with denominator in the integrated expression P raw
PT (t) = Iraw

PT f(θcol)/k
2
pr.

A.2 Accounting for thermal retardation in the core and shell temperature

For a sphere of radius a in isotropic background absorbing at a rate,

Pabs(t) = Pabs
1 + cos Ωt

2
(A.8)
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the temperature increase from room is given by solving the time dependent heat diffusion

equation outside the sphere with the boundary condition at the surface of the sphere,

Pabs
1 + cos Ωt

2
= −4πκa2 ∂T

∂r

∣∣∣∣
r=a

, (A.9)

which equates the heat flow out of the sphere following absorption to the integral of the

temperature gradient across the sphere surface. This boundary condition assumes a uniform

temperature on the particle, which is accurate for noble metal particles with thermal con-

stants much greater then that of the background and smaller in size then the thermal radius.

The solution satisfying this boundary condition as well as the radial heat diffusion equation,

r2 ∂

∂t
T − κ

Cp

∂

∂r

(
r2 ∂

∂r
T

)
= 0 (A.10)

can be written as

∆T (r, t) =
Pabs

4πκr
· 1

2

(
1 +

e
− r−a
rth

( rth+a
rth

)2 + ( a
rth

)2

[
rth + a

rth

cos(Ωt− r−a
rth

) +
a

rth

sin(Ωt− r−a
rth

)

])
(A.11)

where the temperature inside the sphere is defined by r → a if r < a. This spatially varying

expression is coarsely approximated by a shell of uniform temperature. To assign an effective

temperature, we volume average the temperature over the shell of radius b,

〈∆T (r, t)〉Vshell
=

4π

Vshell

∫
r

r2∆T (r, t) (A.12)

=
Pabs

4κVshell

[
b2 − a2 + r2

th sin(Ωt)

− e
− b−a
rth

( rth+a
rth

)2 + ( a
rth

)2

(
rth(b− a) cos(Ωt− b−a

rth
)

+(rth(b+ rth) + a(2b+ rth)) sin(Ωt− b−a
rth

)
)]

(A.13)

Defining this value as the shell temperature ∆Tshell = 〈∆T (r, t)〉Vshell
and the core temp to

be

∆Tcore = ∆T (r = a, t) =
Pabs

4πκa
· 1

2

(
1 +

rth+a
rth

cos(Ωt) + a
rth

sin(Ωt)

( rth+a
rth

)2 + ( a
rth

)2

)
(A.14)
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the core-shell polarizability (to first order in T) can be written generally to first order in

temperature fluctuations as

αcs(T ) = α(T0) +
dα

dnc

dnc
dT

∆Tcore +
dα

dns

dns
dT
〈∆T (r, t)〉Vshell

, (A.15)

which we have found agrees with experimental data. Separating the polarizability into static

and time varying components, αcs(t) = α0 + αΩ(t), and noting that Vshell = 4π
3

(b3 − a3), the

time independent piece can be written

α0 = α(T0) +
dα

dnc

dnc
dT

Pabs

8πκa
+
dα

dns

dns
dT

3Pabs

16πκ

b2 − a2

b3 − a3
(A.16)

and the time-dependent (fluctuational) polarizability is

αΩ(t) =
dα

dnc

dnc
dT

Pabs

8πκa

rth+a
rth

cos(Ωt) + a
rth

sin(Ωt)

( rth+a
rth

)2 + ( a
rth

)2

+
dα

dns

dns
dT

3Pabs

16πκ(b3 − a3)

×
[
r2

th sin(Ωt)− e
− b−a
rth

( rth+a
rth

)2 + ( a
rth

)2

(
rth(b− a) cos(Ωt− b−a

rth
)

+(rth(b+ rth) + a(2b+ rth)) sin(Ωt− b−a
rth

)
)]

(A.17)

≡ α
(0)
Ω cos(Ωt) + α

(π/2)
Ω sin(Ωt)

+ α
(φrth )

Ω cos(Ωt− b−a
rth

) + α
(π/2+φrth )

Ω sin(Ωt− b−a
rth

) (A.18)

where we have defined four components to the polarizability based on their phase delay from

the absorption process.

We can now express the scattered field in terms of its static and fluctuating components

just as in the thermally-static case,

Escattered(t) = G · (α0 + αΩ(t)) · Epr(x0)e−iωt (A.19)

≡ [E0 + EΩ(t)] e−iωt ,
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which we can then use to calculate the lock-in-integrated photothermal signal as above, this

time with a generalized phase delay φ,

PPT ≡ lim
τ→∞

1

τ

∫ τ

0

dt Iraw
PT (t) cos(Ωt− φ) (A.20)

=
cn

8π
lim
τ→∞

1

τ

∫ τ

0

dt
∣∣[Etr

pr + E0 + EΩ(t)
]∣∣2 cos(Ωt− φ) (A.21)

=
cn

8π
Re
[
(Etr

pr + E0)∗ ·
(
E

(0)
Ω cos(φ) + E

(π/2)
Ω sin(φ)

+ E
(φrth )

Ω cos(φ− b−a
rth

) + E
(π/2+φrth )

Ω sin(φ− b−a
rth

)
)]

(A.22)

=
cn

8π
Re
[
(Etr

pr + E0)∗ · EΩ(t = φ/Ω)
]

(A.23)

where the four field components are defined by Ei
Ω = G ·αi

Ω · Epr(x0).

A.3 Temperature dependence of the polarizability

Here we detail the core-shell polarizability used to model the scattering by the nanoparticle

and its surrounding region of heated background. We start with a quasi-static model appro-

priate for particles much smaller than the relevant wavelength of light and then introduce a

retardation-corrected model, in what is often called the Modified Long Wavelength Approxi-

mation (MLWA) [104, 111]. In either case, the heated background surrounding each particle

is approximated by a spherical shell around the spherical metal core. The metal is assigned a

temperature dependent dielectric function by fitting a Drude-Lorentz model to ellipsometry

data [22] (discussed further in SI Section II). All background media are assumed to have

optical properties that vary linearly with temperature, with values specified in SI Table 1.

In the QS limit, the polarizability of these core-shell model particles can be written in

closed form, as derived electro-statically in reference [25],

αcs = b3 (εs − εb)(εc + 2εs) + f(εc − εs)(εb + 2εs)

(εs + 2εb)(εc + 2εs) + f(2εs − 2εb)(εc − εs)
(A.24)

where εs is the electric permeability of the heated background shell, εc is the permeability of

the metal core. f = a3/b3 is the ratio of core volume to total core-shell volume.
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To model the temperature dependence of the scattering process, the polarizability will

be expanded to linear changes in temperature. We have found that to reasonable accuracy

the refractive indices for both the metal core (with complex index nc = n′c + in′′c =
√
εc) and

the background shell (real index ns =
√
εs) cab be treated as change linear in temperature

across the range of temperatures reachable in relevant experiments. The rate of change with

temperature is approximately ∼ dn
dT
≈ 10−4 for all background mediums considered here [62],

as well as the metal. This small rate of refractive index change facilitates the expansion of

the polarizability αcs to first order in change of all refractive indices with temperature. With

∆n ≡ dn
dT

∣∣
T=T0

small for all n ∈ {nb, n′c, n′′c}, the expanded polarizability written generally in

Eq. (A.15) is justified.

In the electrostatic limit, the core-shell polarizability in Eq. A.24 expanded to linear order

yield the coefficients

αQS
cs (T0) = a3 εc − εb

εc + 2εb
(A.25)

dαQS

dnc
= 6a3 εb

(εc + 2εb)2
nc (A.26)

dαQS

dns
=

2(b3 − a3)

3

[
1 + 2a3/b3

(
εc − εb
εc + 2εb

)2
]

1

ns
. (A.27)

It’s clear in that the room temperature contribution is simply the Clausius-Mossati relation

well known to give the static polarization response of a sphere. The core contribution notably

scales with the volume of the core similar to the room temperature polarizability and has

a denominator with similar poles. The shell contribution scales overall with the volume of

the shell, and contains a linear combination of a core-independent piece with a term that

depends on the core resonance and scales with the core volume.

In the electrodynamic limit, the core-shell polarizability can be corrected for retardation

effects to the resonance structure is the modified long-wavelength approximation (MLWA).

The procedure for solid spherical and spheroidal nanoparticles is well documented [104, 111],

and provides an expression for the retardation corrected polarizability as a function of the

static polarizability and the wavevector magnitude k = ωn/c. This procedure was extended
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in 2009 to shelled particles [43] by finding an effective permittivity to fill a solid particle such

that this hypothetical particle has equivalent static polarizability to the shelled particle.

With this new effective polarizability, the solid-particle formula for the MLWA polarizability

can be used. In our case, the MLWA polarizability for the sphere with core radius a and

shell radius b, the polarizability can be shown to be

αML
cs =

b3

3

(εs − εb)(εcqc − εs[qc − 1])b3 − (εc − εs)(εs[qs − 1]− εbqs)a3

(εcqc − εs[qc − 1])(εsqs − εb[qs − 1])b3 − (εc − εs)(εs − εb)qs(qs − 1)a3
, (A.28)

where the retardation factors qi = 1
3
[1− (kai)

2 − i2
3
(kai)

3] are defined by the core and shell

radii, ac = a and as = b. The coefficients resulting from a linear expansion of Eq. A.28 are

αML(T0) =
a3

3

εc − εb
εcqc + εb[qc − 1]

(A.29)

dαML

dnc
=

2

3
a3 εb

(εcqc + εb(qc − 1))2
nc (A.30)

dαML

dns
=

1

3b3ns(εb(qc − 1)− εcqc)
[
b6(εb(qc − 1)− εcqc)2 + a6((εc − εb)2(qs − 1)qs) (A.31)

+ a3b3(ε2cqc(1− 2qs) + ε2b(qc − 1 + 2qs − 2qcqs)) + 2εcεb(−qs + qc(2qs − 1))
]
.

Here, the room temperature contribution and core temperature contribution both follow

the qualitatively from above. The room temperature contribution is the standard MLWA

polarizability for a sphere, and the core fluctuation coefficient takes the same relationship

to the room temperature polarizability as it does in the quasi-static limit. The form of the

shell fluctuation term has so far thwarted efforts at simplification, but may reveal similar

structure to it’s QS analog.

Even for small particles (a ∼ 10 nm), we found the MLWA polarizability to yield qual-

itatively different photothermal signal (as a function of probe wavelength) than the QS

polarizability. This is likely due to the fact that, in calculations, we have set the radius of

the background shell b equal to the probe beam waist wpr to represent the optically active

region of heated background medium in the the scattering part of the problem. This radius is

on the order of 100s of nm on resonance with the metal, which is likely big enough to break
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QS assumptions. All of the calculations presented in this work therefore use the MLWA

model and the QS polarizability is presented only for completeness and analogy.

A.4 Gaussian beam

For simplicity, we assume the focused probe field in the sample region takes the form of

a Gaussian beam [152]. This approximation is known to fail for large numerical aperture

objectives, but we proceed with the Gaussian as a qualitative predictor of effects related to

focal spot size. The electric field in the focal spot is therefore defined by,

E(r, z) = E0êx
w0

w(z)
e
− r2

w(z)2 e
−i

(
kz+k r2

2R(z)2
−ψ(z)

)
, (A.32)

where w(z) = w0

√
1 + ( z

zR
)2 is the beam waist along the optical axis (z). zR =

πw2
0n

λ
defines

the Rayleigh length in terms of the focus beam waist w0, the background refractive index

n and the vacuum wavelength λ, which marks the distance from the focal plane where the

beam waist falls to
√

2w0 and the intensity is half its peak values. The wavefront radius of

curvature is defined by R(z) = z[1 + ( z
zR

)2] and the Gouy phase is ψ = arctan( z
zr

).

The field magnitude is defined by the peak intensity at the center of the focal spot

I0 = cn
8π
|E0|2. This peak intensity is simply related to the total power transmitted by

I0

2
=
Pexp

πw2
0

, (A.33)

which we can use to define the field amplitude in terms of an experimentally determined

laser power,

E0 =
4

w0

√
Pexp

cn
. (A.34)

For all calculations presented, the pump and probe beam waists are assigned by the

numerical aperture of the illumination objective by equating the FWHM to the an experi-

mentally realizable resolution FWHM = 0.61 λi
NAillu

=
√

2 ln 2wi,

wi =
0.61√
2 ln 2

λi
NAillu

= 0.52
λi

NAillu

(A.35)
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Figure A.1: Photothermal signal (top) for a = 40 nm particles in glycerol (left) and pentane

(right) shows the evolution of the photothermal resonance with increasing particle size when

compared to Figs. 4 and 5 in the main text (for a = 20 and a = 75 nm particles respectively).

Similar analysis to that in the caption of Fig. 5 can be applied here to connect the components

of polarizability with the probe- and self-interference terms.
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A.5 Absorbing polarizability

For all calculations, the absorbing polarizability was assigned the exact dipolar Mie polariz-

ability,

αMie =
i3

2k3
aMie (A.36)

where the dipole Mie coefficient is

aMie =
ε2rj1(εrka)(j1(ka) + kaj′1(ka))− j1(ka)j1(εrka) + εrkaj

′
1(εrka)

ε2rj1(εrx)(h1(ka) + kah′1(ka))− h1ka(j1(εrka) + εrkaj′1(εrka))
(A.37)

in terms of the relative permittivity εr = εc/εb, the wavevector magnitude k = ωpunb/c

and the spherical Bessel and Hankel functions j and h. To better see the dependence of

the background optical properties, we can use the MLWA polarizability with little loss in

accuracy [104],

αML
sphere =

a3

3

εc(ωpu)− εb
εc(ωpu)qc(ωpu) + εb[qc(ωpu)− 1]

(A.38)

where qc = 1
3
[1− (ka)2 − i2

3
(ka)3].

A.6 Change in metal refractive index with temperature

The metal dielectric function was modeled by fitting a Drude-Lorentz model to temperature

dependent dielectric data of gold from Bilchak and Fakhraai [22]. The data consisted of

ellipsometry determined vales for the real and imaginary parts of the refractive index at 1

K increments from room temp to +100 K at wavelengths between 550 and 1047 nm. A

separate model was fit at each temperature, emphasizing accuracy at small wavelengths near

the small particle resonance.

For the linear polarizability model, the real and imaginary parts of dn
dT

were determined by

finite difference from the modeled refractive index. These values have surprising temperature

and frequency dependence, which is plotted in Fig. A.2.
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Figure A.2: Modeled change in gold refractive index with temperature from Drude-Lorentz

fit to data [22] at each temperature independently. The frequency dependence is nontrivial,

the imaginary part especially varies from � 10−4 1
K

(typical of solvents) to > 10−3.
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Medium n dn
dT

Cp [J/m3K] κ [W/mK] SNR, Ref. [62]

water 1.33 −9× 10−5 4.2× 106 0.6 0.133

glycerol 1.473 -2.70×10−4 2.60×105 0.292 0.989

ethanol 1.36 -4.40×10−4 1.93×106 0.167 1.994

hexane [48] 1.37 -5.50×10−4 1.50×106 0.124 4.008

pentane 1.358 -5.99×10−4 1.45×106 0.111 5.056

chloroform 1.45 -6.12×10−3 1.434×106 0.13 2.839

dichloromethane 1.422 -6.12×10−4 1.576×106 0.1392 3.3

5CBe [120] 1.72 -3.01×10−3 2.00×106 0.16 n/a

5CBo [120] 1.54 6.37×10−4 2.00×106 0.16 n/a

Table A.1: Thermal and optical properties for background media. Most values for the

change in refractive index with temperature are from Refs. [62, 34].

A.7 Effect of the substrate

Figs. A.3, A.4, and A.5 illustrate a qualitative model of the effects of the substrate on the

trend in photothermal signal with background medium presented in main text Fig. 2. The

substrate should impact the measurement in two primary ways not accounted for by the

model. First, the data from in Ref. [62] was acquired in the reflection geometry, so the

refractive index change at the substrate/background interface should affect the photother-

mal signal. To explore this, the reflection coefficient at the various interfaces involved was

calculated neglecting the field phase. The second effect is on heat diffusion due to the in-

creased thermal conductivity of glass cover slip compared to the solvents assumed to be

isotropic background in the model. This was explored here by naively averaging the thermal

conductivity of glass and background. Combining there two effects (Fig. A.3) qualitatively

reproduces the trend in the data arguably better then when neglecting these effects in the

main text. But the qualitative nature of these additions clearly has problems, with a no-
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Figure A.3: Including the qualitative effects of reflection at the glass/background/glass

interfaces as well as the glass substrate on thermal diffusion. The reflection was done ne-

glecting interference effects between reflected rays at each interface. The glass correction

to the temperature was done by naively averaging the glass thermal conductivity with the

background and treating the sphere as still in isotropic medium.

ticeable offset for ethanol, hexane, and pentane, as well as the prediction for 5CB trending

to zero. The work presented here is taken as evidence that a more quantitative model of

substrate effects may recover the experimental trend in the data precisely.
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Figure A.4: Including the qualitative effect of the glass/background/glass interfaces on

the reflection coefficient (but not the thermal effect of the substrate). In this case the self-

interference term contributes non-negligibly. The probe-interference term is therefore shown

by the shaded+colored squares and the total photothermal signal is shown in the square

outlines.

Figure A.5: Including the qualitative effect of the glass substrate as a heat sink (but

not the reflective effect of the substrate). This was done naively by averaging the thermal

conductivity for glass and background and treating the sphere as still in isotropic medium.
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Figure A.6: Photothermal signal (top) and polarizability components for larger a = 75

nm particles at NAcol = 1.4 compared to NAcol = 0.7 in main text Fig. 5. The increased

self-interference contribution (blue) demonstrates an example of tuning the probe- and self-

interference by numerical aperture of the collection objective. Increasing the NAcol generates

more photothermal signal, but here the pump and probe powers have been kept fixed. The

transmitted/reflected probe field therefore increases less relative to the other fields, and the

self-interference gains on the probe-interference.
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Chapter 10

STEADY STATE TEMPERATURE AROUND AN
ABSORBING SPHERE DIMER

In this section, I solve the stead state heat diffusion equation on a sphere dimer with

Neumann boundary conditions. I could not find this in the literature (specifically for the

heterodimer, Section 10.2) and believe it to be effectivly novel and hopefully useful to future

graduate students. This problem, corresponds to finding the temperature around two spheres

under steady state illumination+absorption and assuming uniform temperature across each

sphere (valid as long as the background thermal conductivity remains much less then that

of the spheres, which is true for plasmonic metals in normal laboratory solutions/solvents).

Combining these results with the theory of the single particle photothermal image presented

in the previous chapter would make for an interesting contribution to the field, and further

pave the way towards photothermal imaging as a nano-localized optical thermometer.

The solution to this problem is analytic but complicated. If you are interested in imple-

menting it, I’d recommend starting with my implementation on Github: at https://github.

com/theomnipanda/photothermal_image_model/blob/master/python/modules/twosphere_

temperature.py.

10.1 Heat diffusion

Following the work of Kang et al. [84], I will here derive the temperature at the surface

and around two unequally sized spheres with different but constant heat fluxes across their

surfaces. But first, since Kang’s results will serve as a useful sanity check at multiple points

in the derivation of the heterodimer solution I will outline Kang’s solution with emphasis on

the steps that were omitted from that work. Note that Ref. [4] was also instructive for this

https://github.com/theomnipanda/photothermal_image_model/blob/master/python/modules/twosphere_temperature.py
https://github.com/theomnipanda/photothermal_image_model/blob/master/python/modules/twosphere_temperature.py
https://github.com/theomnipanda/photothermal_image_model/blob/master/python/modules/twosphere_temperature.py
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work.

Sticking to Kang’s notation, the equations to solve can be stated as

∇2T = 0 with (10.1)

−kn̂ · ∇T = qs for r ∈ S0 andT → Tinf as r →∞ (10.2)

or in the nondimentionalized form

∇2θ = 0 with (10.3)

n̂ · ∇θ = − 1 for r̃ ∈ S0 and θ → 0 as r̃ →∞ . (10.4)

The general solution of the heat diffusion equation (with azimuthal symmetry) in the

bispherical coordinates (ζ, β, φ) is

θ =
√

cosh ζ − cos β
∞∑
m=0

[
B(1)
m sinh(m+ 1/2)ζ +B(2)

m cosh(m+ 1/2)ζ
]

×
[
B(3)
m Pm(cos β) +B(4)

m Qm(cos β)
]

(10.5)

for the cast of two identical spheres with surfaces defined by ζ = ζ0 with identical heat flux

the solution reduces to

θ =
√

cosh ζ − cos β
∞∑
m=0

B(2)
m cosh(m+ 1/2)ζPm(cos β) (10.6)

with the coefficients Bm to be determined from the constant heat flux boundary conditions

1

hζ

dθ

dζ

∣∣∣∣
ζ0

= − 1

hζ

dθ

dζ

∣∣∣∣
−ζ0

=

√
coth ζ − cos β

c

×
∞∑
m=0

B(2)
m [DmPm(cos β)− Em cos βPm(cos β)] = 1 (10.7)

where

Dm =
1

2
sinh ζ0 cosh(m+ 1/2)ζ0 + (m+ 1/2) cosh ζ0 sinh(m+ 1/2)ζ0 (10.8)

Em = (m+ 1/2) sinh(m+ 1/2)ζ0 (10.9)
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Noting that cos β = P1(cos β), the flux condition in Eq. 10.7 can be integrated directly

to yield the relationship between the first two coefficients

B1 = F0 +B0 (10.10)

using the orthogonality of the Legendre polynomials

∫ 1

−1

Pm(x)Pn(x)dx =

2/(2m+ 1) if m = n

0 if m 6= n

(10.11)

Also, the flux condition can be projected onto the nth order Legendre polynomial using the

relations

∫ 1

−1

Pm(x)Pn(x)xdx =


2(m+1)

(2m+1)(2m+3)
if m = n− 1

2m
(2m−1)(2m+1)

if m = n+ 1

0 if m 6= n± 1

(10.12)

∫ 1

−1

Pm(x)√
cosh ζ0 − x

dx =
2
√

2

2m+ 1
e−(m+1/2)ζ0 (10.13)

to yield the second order recurrence relation

Bm+1 = Fm +GmBm + (1−Gm)Bm−1 (10.14)

where

Fm = − 2
√

2 sinh ζ0e
−(m+1/2)ζ0

(m+ 1) sinh(m+ 3/2)ζ0

(10.15)

Gm =
1

m+ 1

[
2m cosh ζ0 sinh(m+ 1/2)ζ0

sinh(m+ 3/2)ζ0

]
(10.16)

The last step to determining the solution is to define the first coefficient B0 from the

need for the series to terminate, aka limm→inf Bm = 0. But to connect Bm to B0 I believe

I need to solve the recursion relation, which I will show now in detail. We can rewrite the

second order recursion relation as a first order non homogeneous recursion relation with non
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constant coefficients.

Bm+1 = Fm +GmBm + (1−Gm)Bm−1 (10.17)

Bm+1 −Bm−1 = Fm +Gm(Bm −Bm−1) (10.18)

(Bm+1 −Bm) + (Bm −Bm−1) = Fm +Gm(Bm −Bm−1) (10.19)

Am + Am−1 = Fm +GmAm−1 (10.20)

Am = Fm + (Gm − 1)Am−1 (10.21)

where Am ≡ (Bm+1 − Bm). This form has the a known solution, which proceeds by first

dividing by
∏m

n=0(Gm − 1) and serves to eliminate the non constant coefficients.

Am∏m
n=0(Gn − 1)

=
Fm∏m

n=0(Gn − 1)
+

(Gm − 1)Am−1∏m
n=0(Gn − 1)

(10.22)

Am∏m
n=0(Gn − 1)

=
Fm∏m

n=0(Gn − 1)
+

Am−1∏m−1
n=0 (Gn − 1)

(10.23)

Cm =
Fm∏m

n=0(Gn − 1)
+ Cm−1 (10.24)

which can be summed directly

l∑
m=1

(Cm − Cm−1) =
l∑

m=1

Fm∏m
n=0(Gn − 1)

(10.25)

Cl − C0 = (10.26)

Al∏l
n=0(Gn − 1)

− A0

(G0 − 1)
= (10.27)

Bl+1 −Bl∏l
n=0(Gn − 1)

=
B1 −B0

(G0 − 1)
+

l∑
m=1

Fm∏m
n=0(Gn − 1)

(10.28)

Bl+1 −Bl =
l∏

n=0

(Gn − 1)

[
F0

(G0 − 1)
+

l∑
m=1

Fm∏m
n=0(Gn − 1)

]
(10.29)

which yields another first order relation with constant coefficients. Another sum provides

the solution.

Bk+1 −B0 =
k∑
l=0

(
l∏

n=0

(Gn − 1)

[
F0

(G0 − 1)
+

l∑
m=1

Fm∏m
n=0(Gn − 1)

])
(10.30)
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Now, we can enforce the coefficients converge to zero at high order and determine B0,

B0 = −
∞∑
l=0

([
l∏

n=0

(Gn − 1)

][
F0

(G0 − 1)
+

l∑
m=1

Fm∏m
n=0(Gn − 1)

])
(10.31)

Strangely Kang writes this solution in the form of another recurrence relation. I am not sure

why, but we can derive that from the solution in order to verify agreement. Rewriting Eq.

10.31 as B0 = − limk→∞Hk and writing out the first few terms,

H0 =
0∑
l=0

([
l∏

n=0

(Gn − 1)

][
F0

(G0 − 1)
+

l∑
m=1

Fm∏m
n=0(Gn − 1)

])
(10.32)

= F0 (10.33)

H1 =
1∑
l=0

([
l∏

n=0

(Gn − 1)

][
F0

(G0 − 1)
+

l∑
m=1

Fm∏m
n=0(Gn − 1)

])
(10.34)

= H0 +

[
1∏

n=0

(Gn − 1)

][
F0

(G0 − 1)
+

1∑
m=1

Fm∏m
n=0(Gn − 1)

]
(10.35)

= H0 + (G0 − 1)(G1 − 1)

[
F0

(G0 − 1)
+

F1∏1
n=0(Gn − 1)

]
(10.36)

= H0 + [(G1 − 1)F0 + F1] (10.37)

= G1F0 + F1 (10.38)

H2 = H1︸︷︷︸
first 2 terms

+

([
l∏

n=0

(Gn − 1)

][
F0

(G0 − 1)
+

l∑
m=1

Fm∏m
n=0(Gn − 1)

])
l=2

(10.39)

= H1 +

[
2∏

n=1

(Gn − 1)F0 +
2∏

n=2

(Gn − 1)F1 + F2

]
(10.40)

= H1 + (H1 −H0)(G2 − 1) + F2 (10.41)

H3 = H2 +

[
3∏

n=1

(Gn − 1)F0 +
3∏

n=2

(Gn − 1)F1 +
3∏

n=3

(Gn − 1)F2 + F3

]
(10.42)

= H2 + [(H2 −H1)(G3 − 1) + F3] (10.43)
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at which point the pattern becomes apparent, and we can write

Hk = Hk−1 + (Hk−1 −Hk−2)(Gk − 1) + Fk (10.44)

= Fk +GkHk−1 + (1−Gk)Hk−2 (10.45)

which is the recursion relation provided by Kang. But after all of this, I just realized that

you can derive the recursion relation for Hk simply by defining Hk = Bk −B0 and plugging

in to the recursion relation for Bk!

Hm+1 +B0 = Fm +Gm(Hm +B0) + (1−Gm)(Hm−1 +B0) (10.46)

Hm+1 = Fm +GmHm + (1−Gm)Hm−1 +GmB0 + (1−Gm)B0 −B0 (10.47)

Hm+1 = Fm +GmHm + (1−Gm)Hm−1 (10.48)

This procedure could maybe be motivated by the fact that taking the k → ∞ limit of

Hk = Bk −B0 yields a definition of B0.

10.2 Heterodimer

For two spheres of different radii ζ1 > 0 and ζ2 < 0 with constant but different heat fluxes

across their surfaces q1 and q2, we can redefine the nondimentionalized coordinate

θ ≡ T − T∞
q1l/k

. (10.49)

The boundary conditions of constant flux −kn̂∇T = qs are now defined by

− 1

hζ

dθ

dζ

∣∣∣∣
ζ1

= − 1 (10.50)

+
1

hζ

dθ

dζ

∣∣∣∣
ζ2

= − q2/q1 ≡ −q̃ (10.51)

because n̂ points in −ζ̂ on S1 and +ζ̂ on S2. In the general solution to the heat equation,

we now must keep the terms antisymetric across the z = 0 plane

θ =
√

cosh ζ − cos β
∞∑
m=0

[
B(1)
m sinh(m+ 1/2)ζ +B(2)

m cosh(m+ 1/2)ζ
]
Pm(cos β) (10.52)
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and we are left with two coefficients to determine. In order to apply to boundary conditions,

we need the ζ component of the gradient. First, taking the derivative of θ results in two

terms from the product rule,

dθ

dζ
=

sinh ζ

2
√

cosh ζ − cos β

θ√
cosh ζ − cos β

(10.53)

+
√

cosh ζ − cos β
∞∑
m=0

Pm(cos β)
[
B(2)
m ((m+ 1/2) sinh(m+ 1/2)ζ)

+B(1)
m ((m+ 1/2) cosh(m+ 1/2)ζ)

]
=

∞∑
m=0

Pm(cos β)

[
B(2)
m

(
sinh ζ

2
√

cosh ζ − cos β
(m+ 1/2) cosh(m+ 1/2)ζ (10.54)

+
√

cosh ζ − cos β(m+ 1/2) sinh(m+ 1/2)ζ
)

+B(1)
m

(
sinh ζ

2
√

cosh ζ − cos β
(m+ 1/2) sinh(m+ 1/2)ζ

+
√

cosh ζ − cos β(m+ 1/2) cosh(m+ 1/2)ζ
)]

which simplifies when multiplied by the inverse scale factor of coordinate system to yield

1

hζ

dθ

dζ
=

√
coth ζ − cos β

c

∞∑
m=0

Pm(cos β)
[
B(2)
m (Dm − Em cos β) +B(1)

m (Fm −Gm cos β)
]

=

1 at S1

−q̃ at S2

(10.55)

where Fm and Gm take the same form as Dm and Em (see Eq. 10.8) but with coth(m+1/2)ζ0

and sinh(m+ 1/2)ζ0 interchanged. Explicitly,

Fm =
1

2
sinh ζ0 sinh(m+ 1/2)ζ0 + (m+ 1/2) cosh ζ0 cosh(m+ 1/2)ζ0 (10.56)

Gm = (m+ 1/2) cosh(m+ 1/2)ζ0 (10.57)

Like the simpler case of the sphere homodimer, this equation can be evaluated at the



177

boundary and integrated to yield the relationship between the first and second coefficients

− cq
√

2e−
1
2
|ζ1,2| = B

(2)
0 D0 +B

(1)
0 F0 −

B
(2)
1 D1 +B

(1)
1 G1

3
(10.58)

with the expansion

1√
cosh ζ1,2 − cos β

=
∞∑
m=0

√
2e−(m+1/2)|ζ1,2|Pmcos β (10.59)

(Note that Kang does no include the absolute value because of their definition of the radii

as ±ζ0, thus Eq (28) in their article or Eq 10.13 in this work). Also, to avoid writing Eq.

10.58 for each b.c., I have introduced the notation

q =

−1 at S1

q̃ at S2

(10.60)

This expression can then be evaluated at the boundaries and integrated to yield a recur-

sion relation for the coefficients.

−cq
√

2e−(n+1/2)|ζ1,2| =
(
B(2)
n Dn +B(1)

n Fn
)

(10.61)

−
(
B

(2)
n−1En−1 +B

(1)
n−1Gn−1

) n

(2n− 1)

−
(
B

(2)
n+1En+1 +B

(1)
n+1Gn+1

) n+ 1

(2n+ 3)

with the same q shorthand.

To build the connection between the coefficients of arbutrary order and the first coeffi-

cients, we can use the b.c.’s on both surfaces to eliminate some of the coefficient deoendence.

First, taking the integral equation and solving for B
(2)
1 , using

D0 =
1

2
sinh(3

2
ζ1,2) (10.62)

F0 =
1

2
coth(3

2
ζ1,2) (10.63)

E1 =
3

2
sinh(3

2
ζ1,2) (10.64)

G1 =
3

2
coth(3

2
ζ1,2) (10.65)
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−B(1)
1 =

3B
(2)
0 D0 + 3B

(1)
0 F0 −B(2)

1 E1 + 3
√

2cqe−
1
2
|ζ1,2|

G1

(10.66)

−B(1)
1 =

B
(2)
0 sinh(3

2
ζ1,2) +B

(1)
0 coth(3

2
ζ1,2)−B(2)

1 sinh(3
2
ζ1,2) + 2

√
2cqe−

1
2
|ζ1,2|

coth(3
2
ζ1,2)

(10.67)

and equating B
(1)
1 at both surfaces yields

B
(2)
0 sinh(3

2
ζ1) +B

(1)
0 coth(3

2
ζ1)−B(2)

1 sinh(3
2
ζ1) + 2

√
2c(−1)e−

1
2
|ζ1|

coth(3
2
ζ1)

=
B

(2)
0 sinh(3

2
ζ2) +B

(1)
0 coth(3

2
ζ2)−B(2)

1 sinh(3
2
ζ2) + 2

√
2cq̃e−

1
2
|ζ2|

coth(3
2
ζ2)

(10.68)

which we can solve for B
(2)
1 in terms of the 0th order coefficients. With the shorthand

s1,2 ≡ sinh(3
2
ζ1,2) and etc. for c1,2,

−B(2)
1 =

B
(2)
0 (s2c1 − s1c2) +B

(1)
0 (((

(((((c2c1 − c1c2) + 2
√

2c
(
q̃e−

1
2
|ζ2|c1

)
− (−1)e−

1
2
|ζ1|c2

s1c2 − s2c1

. (10.69)

Next, we can simplify the hyperbolic trig functions with the relations s1c2−s2c1 = sinh(3
2
(ζ1 − ζ2))

as well as the fact that sinh is odd and coth is even.

B
(2)
1 = −

−B(2)
0 sinh(3

2
(ζ1 − ζ2)) + 2

√
2c
(
q̃e−

1
2
|ζ2| coth(3

2
ζ2) + e−

1
2
|ζ1| coth(3

2
ζ1)
)

sinh(3
2
(ζ1 − ζ2))

(10.70)

= B
(2)
0 −

2
√

2c
(
q̃e−

1
2
|ζ2| coth(3

2
ζ2) + e−

1
2
|ζ1| coth(3

2
ζ1)
)

sinh(3
2
(ζ1 − ζ2))

. (10.71)

To aid in our progress, we can compare this result with Kang’s in the limit that q̃ → 1 and

ζ2 → −ζ1.

lim
Kang

B
(2)
1 = B

(2)
0 −

2
√

2c
(

2e−
1
2
|ζ1| coth(3

2
ζ1)
)

sinh(3
2
(ζ1 − ζ2))

(10.72)

Using the angle addition formula for hyperbolic trig functions sinh(3
2
2ζ1) = 2 cosh(3

2
ζ1) sin(3

2
ζ1),

lim
Kang

B
(2)
1 = B

(2)
0 −

2
√

2ce−
1
2
|ζ1|

sin(3
2
ζ1)

(10.73)
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which is the same result as Kang! Good.

To get the associated relation for B
(1)
1 , we simply need to interchange the hyperbolic trig

functions from the order 1 coefficients, which amounts to the second factor in the products

and all four functions in the denominator of Eq. 10.69.

−B(1)
1 =

B
(2)
0 (((

(((((s2s1 − s1s2) +B
(1)
0 (c2s1 − c1s2) + 2

√
2c
(
q̃e−

1
2
|ζ2|s1 + e−

1
2
|ζ1|s2

)
c1s2 − c2s1

B
(1)
1 = −

B
(1)
0 sinh(3

2
(ζ1 − ζ2)) + 2

√
2c
(
q̃e−

1
2
|ζ2|s1 + e−

1
2
|ζ1|s2

)
− sinh(3

2
(ζ1 − ζ2))

= B
(1)
0 +

2
√

2c
(
q̃e−

1
2
|ζ2|s1 + e−

1
2
|ζ1|s2

)
sinh(3

2
(ζ1 − ζ2))

. (10.74)

note that the second term goes to zero in the Kang limit due to sinh being odd.

We can now proceed to the projected equation and try a similar strategy to separate

terms. Solving for B
(1)
n+1 in Eq. 10.61,

B
(1)
n+1 =

1

Gn+1

(
−B(2)

n+1En+1 +
(2n+ 3)

n+ 1

[ (
B(2)
n Dn +B(1)

n Fn
)

(10.75)

−
(
B

(2)
n−1En−1 +B

(1)
n−1Gn−1

) n

(2n− 1)

+
√

2cqe−(n+1/2)ζ1,2|
])

Again, we can equate B
(1)
n+1 at both boundaries

1

Gn+1(ζ1)

(
−B(2)

n+1En+1(ζ1) +
(2n+ 3)

n+ 1

[ (
B(2)
n Dn(ζ1) +B(1)

n Fn(ζ1)
)

−
(
B

(2)
n−1En−1(ζ1) +B

(1)
n−1Gn−1(ζ1)

) n

(2n− 1)
+
√

2c(−1)e−(n+1/2)|ζ1|
])

=
1

Gn+1(ζ2)

(
−B(2)

n+1En+1(ζ2) +
(2n+ 3)

n+ 1

[ (
B(2)
n Dn(ζ2) +B(1)

n Fn(ζ2)
)

−
(
B

(2)
n−1En−1(ζ2) +B

(1)
n−1Gn−1(ζ2)

) n

(2n− 1)
+
√

2cq̃e−(n+1/2)|ζ2|
])
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and solve for B
(2)
n+1

−B(2)
n+1[En+1(ζ1)Gn+1(ζ2)− En+1(ζ2)Gn+1(ζ1)]

= Gn+1(ζ1)
(2n+ 3)

n+ 1

[ (
B(2)
n Dn(ζ2) +B(1)

n Fn(ζ2)
)

−
(
B

(2)
n−1En−1(ζ2) +B

(1)
n−1Gn−1(ζ2)

) n

(2n− 1)
+
√

2cq̃e−(n+1/2)|ζ2|

]

−Gn+1(ζ2)
(2n+ 3)

n+ 1

[ (
B(2)
n Dn(ζ1) +B(1)

n Fn(ζ1)
)

−
(
B

(2)
n−1En−1(ζ1) +B

(1)
n−1Gn−1(ζ1)

) n

(2n− 1)
+
√

2c(−1)e−(n+1/2)|ζ1|

]

This is a mess. We can group the coefficients on the right hand side

−B(2)
n+1[En+1(ζ1)Gn+1(ζ2)− En+1(ζ2)Gn+1(ζ1)]

=
(2n+ 3)

n+ 1

[
B(2)
n [Dn(ζ2)Gn+1(ζ1)−Dn(ζ1)Gn+1(ζ2)]

+B(1)
n [Fn(ζ2)Gn+1(ζ1)− Fn(ζ1)Gn+1(ζ2)]

− n

(2n− 1)

(
B

(2)
n−1[En−1(ζ2)Gn+1(ζ1)− En−1(ζ1)Gn+1(ζ2)]

+B
(1)
n−1[Gn−1(ζ2)Gn+1(ζ1)−Gn−1(ζ1)Gn+1(ζ2)]

)
+
√

2c
(
q̃e−(n+1/2)|ζ2|Gn+1(ζ1) + e−(n+1/2)|ζ1|Gn+1(ζ2)

) ]
(10.76)

Attempting to simplify these products of trig expresions D,E, F,G,

En+1(ζ1)Gn+1(ζ2)− En+1(ζ2)Gn+1(ζ1)

= (n+ 3/2) sinh(n+ 3/2)ζ1 × (n+ 3/2) cosh(n+ 3/2)ζ2

− (n+ 3/2) sinh(n+ 3/2)ζ2 × (n+ 3/2) cosh(n+ 3/2)ζ1

= (n+ 3/2)2 sinh(n+ 3/2)(ζ1 − ζ2) (10.77)
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Gn−1(ζ2)Gn+1(ζ1)−Gn−1(ζ1)Gn+1(ζ2)

= (n− 1/2) cosh(n− 1/2)ζ2 × (n+ 3/2) cosh(n+ 3/2)ζ1 (10.78)

− (n− 1/2) cosh(n− 1/2)ζ1 × (n+ 3/2) cosh(n+ 3/2)ζ2

En−1(ζ2)Gn+1(ζ1)− En−1(ζ1)Gn+1(ζ2)

= (n− 1/2) sinh(n− 1/2)ζ2 × (n+ 3/2) cosh(n+ 3/2)ζ1 (10.79)

− (n− 1/2) sinh(n− 1/2)ζ1 × (n+ 3/2) cosh(n+ 3/2)ζ2
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Dn(ζ2)Gn+1(ζ1)−Dn(ζ1)Gn+1(ζ2)

=

(
1

2
sinh ζ2 cosh(n+ 1/2)ζ2 + (n+ 1/2) cosh ζ2 sinh(n+ 1/2)ζ2

)
(10.80)

× (n+ 3/2) cosh(n+ 3/2)ζ1

−
(

1

2
sinh ζ1 cosh(n+ 1/2)ζ1 + (n+ 1/2) cosh ζ1 sinh(n+ 1/2)ζ1

)
× (n+ 3/2) cosh(n+ 3/2)ζ2

= (n+ 3/2)

(
n
[

cosh ζ2 sinh(n+ 1/2)ζ2 cosh(n+ 3/2)ζ1 (10.81)

− cosh ζ1 sinh(n+ 1/2)ζ1 cosh(n+ 3/2)ζ2

]
+

1

2
[sinh ζ2 cosh(n+ 1/2)ζ2 + cosh ζ2 sinh(n+ 1/2)ζ2] cosh(n+ 3/2)ζ1

− 1

2
[sinh ζ1 cosh(n+ 1/2)ζ1 + cosh ζ1 sinh(n+ 1/2)ζ1] cosh(n+ 3/2)ζ2

)
= (n+ 3/2)

(
n
[

cosh ζ2 sinh(n+ 1/2)ζ2 cosh(n+ 3/2)ζ1 (10.82)

− cosh ζ1 sinh(n+ 1/2)ζ1 cosh(n+ 3/2)ζ2

]
+

1

2
sinh(n+ 3/2)ζ2 cosh(n+ 3/2)ζ1

− 1

2
sinh(n+ 3/2)ζ1 cosh(n+ 3/2)ζ2

)
= (n+ 3/2)

(
n
[

cosh ζ2 sinh(n+ 1/2)ζ2 cosh(n+ 3/2)ζ1 (10.83)

− cosh ζ1 sinh(n+ 1/2)ζ1 cosh(n+ 3/2)ζ2

]
− 1

2
sinh(n+ 3/2)(ζ1 − ζ2)

)
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Fn(ζ2)Gn+1(ζ1)− Fn(ζ1)Gn+1(ζ2)

=

(
1

2
sinh ζ2 sinh(n+ 1/2)ζ2 + (n+ 1/2) cosh ζ2 cosh(n+ 1/2)ζ2

)
(10.84)

× (n+ 3/2) cosh(n+ 3/2)ζ1

−
(

1

2
sinh ζ1 sinh(n+ 1/2)ζ1 + (n+ 1/2) cosh ζ1 cosh(n+ 1/2)ζ1

)
× (n+ 3/2) cosh(n+ 3/2)ζ2

= (n+ 3/2)

(
n
[

cosh ζ2 cosh(n+ 1/2)ζ2 cosh(n+ 3/2)ζ1 (10.85)

− cosh ζ1 cosh(n+ 1/2)ζ1 cosh(n+ 3/2)ζ2

]
+

1

2
[sinh ζ2 sinh(n+ 1/2)ζ2 + cosh ζ2 cosh(n+ 1/2)ζ2] cosh(n+ 3/2)ζ1

− 1

2
[sinh ζ1 sinh(n+ 1/2)ζ1 + cosh ζ1 cosh(n+ 1/2)ζ1] cosh(n+ 3/2)ζ2

)
= (n+ 3/2)

(
n
[

cosh ζ2 cosh(n+ 1/2)ζ2 cosh(n+ 3/2)ζ1 (10.86)

− cosh ζ1 cosh(n+ 1/2)ζ1 cosh(n+ 3/2)ζ2

]
+
((((

((((
((((

(((
(((

1

2
cosh(n+ 3/2)ζ2 cosh(n+ 3/2)ζ1

−
((((

((((
(((

((((
(((

1

2
cosh(n+ 3/2)ζ1 cosh(n+ 3/2)ζ2

)
= (n+ 3/2)

(
n
[

cosh ζ2 cosh(n+ 1/2)ζ2 cosh(n+ 3/2)ζ1 (10.87)

− cosh ζ1 cosh(n+ 1/2)ζ1 cosh(n+ 3/2)ζ2

])
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This does provide some simplification

B
(2)
n+1 = − 2

n+ 1

[
B(2)
n [Dn(ζ2)Gn+1(ζ1)−Dn(ζ1)Gn+1(ζ2)] (10.88)

+B(1)
n [Fn(ζ2)Gn+1(ζ1)− Fn(ζ1)Gn+1(ζ2)]

− n

(2n− 1)

(
B

(2)
n−1[En−1(ζ2)Gn+1(ζ1)− En−1(ζ1)Gn+1(ζ2)]

+B
(1)
n−1[Gn−1(ζ2)Gn+1(ζ1)−Gn−1(ζ1)Gn+1(ζ2)]

)
+
√

2c
(
q̃e−(n+1/2)|ζ2|Gn+1(ζ1) + e−(n+1/2)|ζ1|Gn+1(ζ2)

) ]
×
(
(n+ 3/2) sinh(n+ 3/2)(ζ1 − ζ2)

)−1

But it too unwieldy to try and simplify anymore as a whole. Let’s proceed by breaking it

into pieces.

B
(2)
n+1 = [a(2)(n)B(2)

n + a(1)(n)B(1)
n + b(2)(n)B

(2)
n−1 + b(1)(n)B

(1)
n−1 + c(n)] (10.89)

Simplifying the prefactors on the coefficients of order (n − 1) using the trigonometric
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simplifications in Eqs. 10.79 and 10.78,

b(2)(n)B
(2)
n−1 + b(1)(n)B

(1)
n−1

=

( −2

n+ 1

)( −n
(2n− 1)

)(
B

(2)
n−1[En−1(ζ2)Gn+1(ζ1)− En−1(ζ1)Gn+1(ζ2)]

+B
(1)
n−1[Gn−1(ζ2)Gn+1(ζ1)−Gn−1(ζ1)Gn+1(ζ2)]

)
=
n���

���(n+ 3/2)

n+ 1

(
B

(2)
n−1[sinh(n− 1/2)ζ2 cosh(n+ 3/2)ζ1 − sinh(n− 1/2)ζ1 cosh(n+ 3/2)ζ2]

+B
(1)
n−1[cosh(n− 1/2)ζ2 cosh(n+ 3/2)ζ1 − cosh(n− 1/2)ζ1 cosh(n+ 3/2)ζ2]

)
×
(
���

���(n+ 3/2) sinh(n+ 3/2)(ζ1 − ζ2)
)−1

=
n

n+ 1

(
cosh(n+ 3/2)ζ1

[
B

(2)
n−1 sinh(n− 1/2)ζ2 +B

(1)
n−1 cosh(n− 1/2)ζ2

]
− cosh(n+ 3/2)ζ2

[
B

(2)
n−1 sinh(n− 1/2)ζ1 +B

(1)
n−1 cosh(n− 1/2)ζ1

])
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

=
n

n+ 1

(
cosh(n+ 3/2)ζ1An−1(ζ2)− cosh(n+ 3/2)ζ2An−1(ζ1)

)
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

(10.90)

where in the last line we have defined the new nth order coefficient An(ζ1,2) ≡ B
(2)
n sinh(n+

1/2)ζ1,2 +B
(1)
n cosh(n+ 1/2)ζ1,2
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Next try simplifying the coefficients of the order n terms with the denominator.

a(2)(n)B(2)
n + a(1)(n)B(1)

n

= − 2

n+ 1

(
B(2)
n [Dn(ζ2)Gn+1(ζ1)−Dn(ζ1)Gn+1(ζ2)]

+B(1)
n [Fn(ζ2)Gn+1(ζ1)− Fn(ζ1)Gn+1(ζ2)]

)
×
(
(n+ 3/2) sinh(n+ 3/2)(ζ1 − ζ2)

)−1

= − 2

n+ 1
B(2)
n

(
− 1

2
+ n
[

cosh ζ2 sinh(n+ 1/2)ζ2 cosh(n+ 3/2)ζ1

− cosh ζ1 sinh(n+ 1/2)ζ1 cosh(n+ 3/2)ζ2

]
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1
)

− 2

n+ 1
nB(1)

n

(
cosh ζ2 cosh(n+ 1/2)ζ2 cosh(n+ 3/2)ζ1

− cosh ζ1 cosh(n+ 1/2)ζ1 cosh(n+ 3/2)ζ2

)
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

=
B

(2)
n

n+ 1
− 2n

n+ 1

[
cosh ζ2 cosh(n+ 3/2)ζ1

(
B(2)
n sinh(n+ 1/2)ζ2 +B(1)

n cosh(n+ 1/2)ζ2

)
− cosh ζ1 cosh(n+ 3/2)ζ2

(
B(2)
n sinh(n+ 1/2)ζ1 +B(1)

n cosh(n+ 1/2)ζ1

)]
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

=
B

(2)
n

n+ 1
− 2n

n+ 1

[
cosh ζ2 cosh(n+ 3/2)ζ1An(ζ2)− cosh ζ1 cosh(n+ 3/2)ζ2An(ζ1)

]
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

(10.91)

and the constant term

c(n) = − 2

n+ 1

√
2c
q̃e−(n+1/2)|ζ2|Gn+1(ζ1) + e−(n+1/2)|ζ1|Gn+1(ζ2)

(n+ 3/2) sinh(n+ 3/2)(ζ1 − ζ2)

= −2
√

2c

n+ 1

q̃e−(n+1/2)|ζ2| cosh(n+ 3/2)ζ1 + e−(n+1/2)|ζ1| cosh(n+ 3/2)ζ2

sinh(n+ 3/2)(ζ1 − ζ2)

(10.92)



187

Let’s take the Kang limit of these things and see what happens. Note that the Kang

limit of the A coefficients is

lim
Kang

An(ζ2) = −B(2)
n sinh(n+ 1/2)ζ0 +B(1)

n cosh(n+ 1/2)ζ0 (10.93)

lim
Kang

An(ζ1) = B(2)
n sinh(n+ 1/2)ζ0 +B(1)

n cosh(n+ 1/2)ζ0 (10.94)

lim
Kang

[a(2)(n)B(2)
n + a(1)(n)B(1)

n ]

=
B

(2)
n

n+ 1
+

4n

n+ 1
B(2)
n sinh(n+ 1/2)ζ0 cosh ζ0 cosh(n+ 3/2)ζ0

×
(

sinh(n+ 3/2)(2ζ0)
)−1

=
B

(2)
n

n+ 1
+
�22n

n+ 1
B(2)
n sinh(n+ 1/2)ζ0 cosh ζ0((((

((((
(

cosh(n+ 3/2)ζ0

× (((((
((((2 cosh(n+ 3

2
)ζ0 sin(n+ 3

2
)ζ0)−1

= B(2)
n

1

n+ 1

[
1 + 2n

sinh(n+ 1/2)ζ0 cosh ζ0

sin(n+ 3
2
)ζ0

]
= B(2)

n GKang � (10.95)

which is good! Next lets try the same limit of the order n terms

lim
Kang

[b(2)(n)B
(2)
n−1 + b(1)(n)B

(1)
n−1]

=
n

n+ 1

(
cosh(n+ 3/2)ζ1An−1(ζ2)− cosh(n+ 3/2)ζ2An−1(ζ1)

)
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

=
n

n+ 1
B

(2)
n−1
((((

(((
((

cosh(n+ 3/2)ζ0(−�2 sinh(n− 1/2)ζ0)

�2((((
((((

(
cosh(n+ 3/2)ζ0 sinh(n+ 3/2)ζ0

= − 1

n+ 1
B

(2)
n−1

n sinh(n− 1/2)ζ0

sinh(n+ 3/2)ζ0

(10.96)
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This is not obviously equal to (1−GKang). Let’s see.

1−GKang = 1− 1

n+ 1

[
1 + 2n

sinh(n+ 1/2)ζ0 cosh ζ0

sin(n+ 3
2
)ζ0

]
=

1

n+ 1

[
n���

�+1− 1− 2n
sinh(n+ 1/2)ζ0 cosh ζ0

sin(n+ 3
2
)ζ0

]
=

n

n+ 1

sin(n+ 3/2)ζ0 − 2 sinh(n+ 1/2)ζ0 cosh ζ0

sin(n+ 3/2)ζ0

(10.97)

and apparently,

− 2 sinh(n+ 1/2)ζ0 cosh ζ0 = − sinh(n− 1/2)ζ0 − sinh(n+ 3/2)ζ0 (10.98)

and so

1−GKang =
n

n+ 1
(((

((((
(

sin(n+ 3/2)ζ0 − sinh(n− 1/2)ζ0 −((((((
(((

sinh(n+ 3/2)ζ0

sin(n+ 3/2)ζ0

� (10.99)

which is equivalent to Eq. 10.96! Yay.

lim
Kang

c(n) = −2
√

2c

n+ 1

q̃e−(n+1/2)|ζ2| cosh(n+ 3/2)ζ1 + e−(n+1/2)|ζ1| cosh(n+ 3/2)ζ2

sinh(n+ 3/2)(ζ1 − ζ2)

= −2
√

2c

n+ 1

((((
((((

(
cosh(n+ 3/2)ζ0

(
�
��
1

q̃e−(n+1/2)|ζ0| + e−(n+1/2)|ζ0|
)

2((((
((((

(
cosh(n+ 3/2)ζ0 sin(n+ 3/2)ζ0

= −2
√

2c

n+ 1

e−(n+1/2)|ζ0|

sin(n+ 3/2)ζ0

� (10.100)

OK, I am as comfortable as I can be with these expressions now, let’s try and put them
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back together and see if they can be simplified.

B
(2)
n+1 − c(n) =

B
(2)
n

n+ 1
− 2n

n+ 1

cosh ζ2 cosh(n+ 3/2)ζ1An(ζ2)− cosh ζ1 cosh(n+ 3/2)ζ2An(ζ1)
]

sinh(n+ 3/2)(ζ1 − ζ2)

+
n

n+ 1

cosh(n+ 3/2)ζ1An−1(ζ2)− cosh(n+ 3/2)ζ2An−1(ζ1)

sinh(n+ 3/2)(ζ1 − ζ2)
(10.101)

=
B

(2)
n

n+ 1
+

n

n+ 1

(
− 2

cosh ζ2 cosh(n+ 3/2)ζ1An(ζ2)− cosh ζ1 cosh(n+ 3/2)ζ2An(ζ1)
]

sinh(n+ 3/2)(ζ1 − ζ2)

+
cosh(n+ 3/2)ζ1An−1(ζ2)− cosh(n+ 3/2)ζ2An−1(ζ1)

sinh(n+ 3/2)(ζ1 − ζ2)

)
(10.102)

=
B

(2)
n

n+ 1
+

n

n+ 1

(
− cosh(n+ 3/2)ζ1

[
2 cosh ζ2An(ζ2)− An−1(ζ2)

]
+ cosh(n+ 3/2)ζ2

[
2 cosh ζ1An(ζ1)− An−1(ζ1)

])
(10.103)

× 1

sinh(n+ 3/2)(ζ1 − ζ2)
(10.104)

Simplifying the A coefficients

2 cosh ζ2An(ζ2)− An−1(ζ2)

= 2 cosh ζ2

(
B(2)
n sinh(n+ 1/2)ζ2 +B(1)

n cosh(n+ 1/2)ζ2

)
−B(2)

n−1 sinh(n− 1/2)ζ2 −B(1)
n−1 cosh(n− 1/2)ζ2

=
(
B(2)
n [sinh(n− 1/2)ζ2 + sinh(n+ 3/2)ζ2]

+B(1)
n [cosh(n− 1/2)ζ2 + cosh(n+ 3/2)ζ2

)
−B(2)

n−1 sinh(n− 1/2)ζ2 −B(1)
n−1 cosh(n− 1/2)ζ2 (10.105)
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and combining with the rest of the recursion relation yield

B
(2)
n+1 − c(n) =

B
(2)
n

n+ 1
+

n

n+ 1

[

B(2)
n

(
− cosh(n+ 3/2)ζ1

[
sinh(n− 1/2)ζ2 + sinh(n+ 3/2)ζ2

]
+ cosh(n+ 3/2)ζ2

[
sinh(n− 1/2)ζ1 + sinh(n+ 3/2)ζ1

])
+B(1)

n

(
− cosh(n+ 3/2)ζ1

[
cosh(n− 1/2)ζ2 + cosh(n+ 3/2)ζ2

]
+ cosh(n+ 3/2)ζ2

[
cosh(n− 1/2)ζ1 + cosh(n+ 3/2)ζ1

])
−B(2)

n−1

(
− cosh(n+ 3/2)ζ1 sinh(n− 1/2)ζ2 + cosh(n+ 3/2)ζ2 sinh(n− 1/2)ζ1

)
−B(1)

n−1

(
− cosh(n+ 3/2)ζ1 cosh(n− 1/2)ζ2 + cosh(n+ 3/2)ζ2 cosh(n− 1/2)ζ1

)]
× 1

sinh(n+ 3/2)(ζ1 − ζ2)

Noticing that some of the order B
(2)
n terms cancel with the denominator because

− cosh(n+ 3/2)ζ1 sinh(n− 1/2)ζ2 + cosh(n+ 3/2)ζ2 sinh(n+ 3/2)ζ1

= sinh(n+ 3/2)(ζ1 − ζ2) (10.106)

and the associated B
(1)
n terms simply cancel,

B
(2)
n+1 − c(n) =

���
�(n+ 1)B

(2)
n

���n+ 1
+

n

n+ 1

[

(−B(2)
n +B

(2)
n−1)

(
cosh(n+ 3/2)ζ1 sinh(n− 1/2)ζ2 − cosh(n+ 3/2)ζ2 sinh(n− 1/2)ζ1

)
+ (−B(1)

n +B
(1)
n−1)

(
cosh(n+ 3/2)ζ1 cosh(n− 1/2)ζ2 − cosh(n+ 3/2)ζ2 cosh(n− 1/2)ζ1

)]
× 1

sinh(n+ 3/2)(ζ1 − ζ2)

Now we can define a few n dependent prefactors in analogy to Kang’s notation. Note that
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with the definitions

1−G(2)
n =

n

n+ 1

cosh(n+ 3/2)ζ1 sinh(n− 1/2)ζ2 − cosh(n+ 3/2)ζ2 sinh(n− 1/2)ζ1

sinh(n+ 3/2)(ζ1 − ζ2)

(10.107)

1−G(1)
n =

n

n+ 1

cosh(n+ 3/2)ζ1 cosh(n− 1/2)ζ2 − cosh(n+ 3/2)ζ2 cosh(n− 1/2)ζ1

sinh(n+ 3/2)(ζ1 − ζ2)

(10.108)

and realizing that 1− (1−G(2)) = G(2), we can write this expression as

B
(2)
n+1 − c(n) = G(2)

n B(2)
n + (1−G(2)

n )B
(2)
n−1 + (1−G(1)

n )(−B(1)
n +B

(1)
n−1) (10.109)

and we have the recursion relation for for B(2) in compact for analogous to Kang. Before

moving on to the other relation, I’ll take the Kang limit of this expression. The prefactor on

the B
(1)
n −B(1)

n−1 cancels exactly and we are left with

lim
Kang

B
(2)
n+1 − c(n) = B(2)

n +
1

n+ 1

2n(B
(2)
n −B(2)

n−1) cosh(n+ 3/2)ζ0 sinh(n− 1/2)ζ0

sinh(n+ 3/2)(2ζ0)

= B(2)
n +

1

n+ 1

�2n(B
(2)
n −B(2)

n−1)((((
((((

(
cosh(n+ 3/2)ζ0 sinh(n− 1/2)ζ0

�2((((
((((

(
cosh(n+ 3/2)ζ0 sin(n+ 3/2)ζ0

=
1

n+ 1

(n+ 1)B
(2)
n sin(n+ 3/2)ζ0 + n(B

(2)
n −B(2)

n−1) sinh(n− 1/2)ζ0

sin(n+ 3/2)ζ0

=
1

n+ 1

B
(2)
n [(n+ 1) sin(n+ 3/2)ζ0 + n sinh(n− 1/2)ζ0]− nB(2)

n−1 sinh(n− 1/2)ζ0

sin(n+ 3/2)ζ0

= B(2)
n

(
1

n+ 1

(n+ 1) sin(n+ 3/2)ζ0 + n sinh(n− 1/2)ζ0

sin(n+ 3/2)ζ0

)
−B(2)

n−1

(
1

n+ 1

n sinh(n− 1/2)ζ0

sin(n+ 3/2)ζ0

)
Introducing the definition of 1−GKang

n ,

lim
Kang

B
(2)
n+1 − c(n) = B(2)

n

(
���n+ 1

���n+ 1
((((

((((sin(n+ 3/2)ζ0

(((
((((

(
sin(n+ 3/2)ζ0

+
1

n+ 1

n sinh(n− 1/2)ζ0

sin(n+ 3/2)ζ0

)
+B

(2)
n−1

(
1−GKang

n

)
= B(2)

n

(
�1− (�1−GKang

n )
)

+B
(2)
n−1

(
1−GKang

n

)
= B(2)

n GKang
n +B

(2)
n−1

(
1−GKang

n

)
�
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Looking at the associate recursion relation for B(1), we can simply take Eq. 10.76 and

interchange the prefactor components Gn+1 and En+1. This yields a sign flip on the left hand

side

B
(1)
n+1[En+1(ζ1)Gn+1(ζ2)− En+1(ζ2)Gn+1(ζ1)]

=
(2n+ 3)

n+ 1

[
B(2)
n [Dn(ζ2)En+1(ζ1)−Dn(ζ1)En+1(ζ2)]

+B(1)
n [Fn(ζ2)En+1(ζ1)− Fn(ζ1)En+1(ζ2)]

− n

(2n− 1)

(
B

(2)
n−1[En−1(ζ2)En+1(ζ1)− En−1(ζ1)En+1(ζ2)]

+B
(1)
n−1[Gn−1(ζ2)En+1(ζ1)−Gn−1(ζ1)En+1(ζ2)]

)
+
√

2c
(
q̃e−(n+1/2)|ζ2|En+1(ζ1) + e−(n+1/2)|ζ1|En+1(ζ2)

) ]
(10.110)

which amounts to interchanging cosh(n + 3/2)ζ1,2 with cosh(n + 3/2)ζ1,2 in each of those

products.

Gn−1(ζ2)En+1(ζ1)−Gn−1(ζ1)En+1(ζ2)

= (n− 1/2) cosh(n− 1/2)ζ2 × (n+ 3/2) sinh(n+ 3/2)ζ1 (10.111)

− (n− 1/2) cosh(n− 1/2)ζ1 × (n+ 3/2) sinh(n+ 3/2)ζ2

En−1(ζ2)En+1(ζ1)− En−1(ζ1)En+1(ζ2)

= (n− 1/2) sinh(n− 1/2)ζ2 × (n+ 3/2) sinh(n+ 3/2)ζ1 (10.112)

− (n− 1/2) sinh(n− 1/2)ζ1 × (n+ 3/2) sinh(n+ 3/2)ζ2
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from Eq. 10.80,

Dn(ζ2)En+1(ζ1)−Dn(ζ1)En+1(ζ2)

= (n+ 3/2)

(
n
[

cosh ζ2 sinh(n+ 1/2)ζ2 sinh(n+ 3/2)ζ1 (10.113)

− cosh ζ1 sinh(n+ 1/2)ζ1 sinh(n+ 3/2)ζ2

]
+
((((

(((
((((

(((
((((1

2
sinh(n+ 3/2)ζ2 sinh(n+ 3/2)ζ1

−
((((

((((
(((

((((
(((

1

2
sinh(n+ 3/2)ζ1 sinh(n+ 3/2)ζ2

)
= n(n+ 3/2)

[
cosh ζ2 sinh(n+ 1/2)ζ2 sinh(n+ 3/2)ζ1 (10.114)

− cosh ζ1 sinh(n+ 1/2)ζ1 sinh(n+ 3/2)ζ2

]

and from 10.84

Fn(ζ2)En+1(ζ1)− Fn(ζ1)En+1(ζ2)

= (n+ 3/2)

(
n
[

cosh ζ2 cosh(n+ 1/2)ζ2 sinh(n+ 3/2)ζ1 (10.115)

− cosh ζ1 cosh(n+ 1/2)ζ1 sinh(n+ 3/2)ζ2

]
+

1

2
cosh(n+ 3/2)ζ2 sinh(n+ 3/2)ζ1

− 1

2
cosh(n+ 3/2)ζ1 sinh(n+ 3/2)ζ2

)
= (n+ 3/2)

(
n
[

cosh ζ2 cosh(n+ 1/2)ζ2 sinh(n+ 3/2)ζ1 (10.116)

− cosh ζ1 cosh(n+ 1/2)ζ1 sinh(n+ 3/2)ζ2

]
+

1

2
sinh(n+ 3/2)(ζ1 − ζ2)

)
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Applying these differences to Eq. 10.90

b̃(2)(n)B
(2)
n−1 + b̃(1)(n)B

(1)
n−1

= − n

n+ 1

(
sinh(n+ 3/2)ζ1An−1(ζ2)− sinh(n+ 3/2)ζ2An−1(ζ1)

)
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

(10.117)

and to Eq. 10.91

ã(2)(n)B(2)
n + ã(1)(n)B(1)

n

=
2

n+ 1

(
B(2)
n [Dn(ζ2)En+1(ζ1)−Dn(ζ1)En+1(ζ2)]

+B(1)
n [Fn(ζ2)En+1(ζ1)− Fn(ζ1)En+1(ζ2)]

)
×
(
(n+ 3/2) sinh(n+ 3/2)(ζ1 − ζ2)

)−1

=
2

n+ 1
B(2)
n

(
n
[

cosh ζ2 sinh(n+ 1/2)ζ2 sinh(n+ 3/2)ζ1

− cosh ζ1 sinh(n+ 1/2)ζ1 sinh(n+ 3/2)ζ2

]
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1
)

+
2

n+ 1
B(1)
n

(
1

2
+ n
[

cosh ζ2 cosh(n+ 1/2)ζ2 sinh(n+ 3/2)ζ1

− cosh ζ1 cosh(n+ 1/2)ζ1 sinh(n+ 3/2)ζ2

])
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

= +
B

(1)
n

n+ 1
+

2n

n+ 1

[
cosh ζ2 sinh(n+ 3/2)ζ1An(ζ2)− cosh ζ1 sinh(n+ 3/2)ζ2An(ζ1)

]
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

(10.118)

and the constant term

c̃(n) =
(2n+ 3)

n+ 1

√
2c
(
q̃e−(n+1/2)|ζ2|En+1(ζ1) + e−(n+1/2)|ζ1|En+1(ζ2)

)
(n+ 3/2) sinh(n+ 3/2)(ζ1 − ζ2)

=
2
√

2c

n+ 1

q̃e−(n+1/2)|ζ2| sinh(n+ 3/2)ζ1 + e−(n+1/2)|ζ1| sinh(n+ 3/2)ζ2

sinh(n+ 3/2)(ζ1 − ζ2)

(10.119)
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B
(1)
n+1−c̃(n) =

B
(1)
n

n+ 1
+

(
2n

n+ 1

[
cosh ζ2 sinh(n+3/2)ζ1An(ζ2)−cosh ζ1 sinh(n+3/2)ζ2An(ζ1)

]
− n

n+ 1

[
sinh(n+ 3/2)ζ1An−1(ζ2)− sinh(n+ 3/2)ζ2An−1(ζ1)

])
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

=
B

(1)
n

n+ 1
+

n

n+ 1

(
sinh(n+ 3/2)ζ1 [2 cosh ζ2An(ζ2)− An−1(ζ2)]

− sinh(n+ 3/2)ζ2 [2 cosh ζ1An(ζ1)− An−1(ζ1)]

)
×
(

sinh(n+ 3/2)(ζ1 − ζ2)
)−1

Putting it all back together yields,

B
(1)
n+1 − c̃(n) =

B
(1)
n

n+ 1
+

n

n+ 1

[

B(2)
n

(
sinh(n+ 3/2)ζ1

[
sinh(n− 1/2)ζ2 +((((

((((
(

sinh(n+ 3/2)ζ2

]
− sinh(n+ 3/2)ζ2

[
sinh(n− 1/2)ζ1 +((((

(((
((

sinh(n+ 3/2)ζ1

])
+B(1)

n

(
sinh(n+ 3/2)ζ1

[
cosh(n− 1/2)ζ2 + cosh(n+ 3/2)ζ2

]
− sinh(n+ 3/2)ζ2

[
cosh(n− 1/2)ζ1 + cosh(n+ 3/2)ζ1

])
−B(2)

n−1

(
sinh(n+ 3/2)ζ1 sinh(n− 1/2)ζ2 − sinh(n+ 3/2)ζ2 sinh(n− 1/2)ζ1

)
−B(1)

n−1

(
sinh(n+ 3/2)ζ1 cosh(n− 1/2)ζ2 − sinh(n+ 3/2)ζ2 cosh(n− 1/2)ζ1

)]
× 1

sinh(n+ 3/2)(ζ1 − ζ2)

and from Eq. 10.106, the second trig functions in the prefactors of B
(1)
n cancel with the
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denominator, yielding a factor of n to added to the first term on the right hand side.

B
(1)
n+1 − c̃(n) = B(1)

n +
n

n+ 1

[

B(2)
n

(
sinh(n+ 3/2)ζ1 sinh(n− 1/2)ζ2 − sinh(n+ 3/2)ζ2 sinh(n− 1/2)ζ1

)
+B(1)

n

(
sinh(n+ 3/2)ζ1 cosh(n− 1/2)ζ2 − sinh(n+ 3/2)ζ2 cosh(n− 1/2)ζ1

)
−B(2)

n−1

(
sinh(n+ 3/2)ζ1 sinh(n− 1/2)ζ2 − sinh(n+ 3/2)ζ2 sinh(n− 1/2)ζ1

)
−B(1)

n−1

(
sinh(n+ 3/2)ζ1 cosh(n− 1/2)ζ2 − sinh(n+ 3/2)ζ2 cosh(n− 1/2)ζ1

)]
× 1

sinh(n+ 3/2)(ζ1 − ζ2)

So as long as I did not make any lasting mistakes, we can write the recursion relation for

B
(1)
n−1 in terms of two new G factors slightly different from Eq. 10.107

1− G̃(2)
n =

n

n+ 1

− sinh(n+ 3/2)ζ1 sinh(n− 1/2)ζ2 + sinh(n+ 3/2)ζ2 sinh(n− 1/2)ζ1

sinh(n+ 3/2)(ζ1 − ζ2)

(10.120)

1− G̃(1)
n =

n

n+ 1

− sinh(n+ 3/2)ζ1 cosh(n− 1/2)ζ2 + sinh(n+ 3/2)ζ2 cosh(n− 1/2)ζ1

sinh(n+ 3/2)(ζ1 − ζ2)

(10.121)

B
(1)
n+1 − c̃(n) = B(1)

n +
(
B

(2)
n−1 −B(2)

n

)(
1− G̃(2)

n

)
+
(
B

(1)
n−1 −B(1)

n

)(
1− G̃(1)

n

)
(10.122)

= G̃(1)
n B(1)

n +
(

1− G̃(1)
n

)
B

(1)
n−1 +

(
1− G̃(2)

n

)(
B

(2)
n−1 −B(2)

n

)
(10.123)

The last step is to combine this with the recursion relation for B
(2)
n+1 and determine B

(2)
0 and

B
(1)
0 from the need for limn→∞B

(1,2)
n = 0. We can define the vector equation

Bn+1 = Gn ·Bn + (1−Gn) ·Bn−1 + Fn (10.124)

where

Bn ≡

B(1)
n

B
(2)
n

 (10.125)



197

Gn ≡

 G̃
(1)
n −(1− G̃(2)

n )

−(1−G(1)
n ) G

(2)
n

 (10.126)

and

Fn ≡

 c̃n

bcn

 (10.127)

This expression can be solved in the same way as the homodimer case. Making the definition

Hn = Bn+1 −B0 and plugging in to the vector recursion relation,

Hn +��B0 = Gn ·Hn−1 +���
��Gn ·B0 + Hn−2 +��B0 −Gn ·Hn−2 −�����Gn ·B0 + Fn (10.128)

Hn = Gn ·Hn−1 + (1−Gn) ·Hn−2 + Fn (10.129)

which defines B0 in the limit

lim
n→∞

Hn =�
�>

0
Bn −B0 (10.130)

starting with the relations

H0 = F0 (10.131)

H1 = G1 · F0 + F1 (10.132)

Average surface temperature

Because we have solved the heat diffusion equation outside the spheres, we must average the

temperature at the sphere surface in order to define sphere temperatures. This seems reason-

able since the metallic spheres have heat conductivity much greater then the surroundings.
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The average surface temperature in our nondimentionalized units is therefore

θ1,2 =
1

A1,2

∫
S1,2

θ dS =
1

A1,2

∫ π

0

∫ 2π

0

θ hβhφ dφdβ (10.133)

=
1

A1,2

∫ π

0

∫ 2π

0

θc2 sin β

(cosh ζ1,2 − cos β)2
dφdβ (10.134)

=
2πc2

A1,2

∫ π

0

θ sin β

(cosh ζ1,2 − cos β)2
dβ (10.135)

=
2πc2

A1,2

∞∑
m=0

[
B(1)
m sinh(m+ 1/2)ζ +B(2)

m cosh(m+ 1/2)ζ
]

(10.136)

×
∫ π

0

sin βPm(cos β)

(cosh ζ1,2 − cos β)3/2
dβ (10.137)

In order to solve the integral

I =

∫ π

0

sin βPm(cos β)

(cosh ζ1,2 − cos β)3/2
dβ (10.138)

we can employ the derivative

∂

∂ζ1,2

sin β√
cosh ζ1,2 − cos β

=
− sinh ζ1,2 sin β

2(cosh ζ1,2 − cos β)3/2
(10.139)

the integral then takes the form

I =
−2

sinh ζ1,2

∂

∂ζ1,2

∫ π

0

sin βPm(cos β)√
cosh ζ1,2 − cos β

dβ (10.140)

We can then change the integration variable to

x = cos β (10.141)

dx = − sin βdβ (10.142)

yielding

I =
−2

sinh ζ1,2

∂

∂ζ1,2

∫ 1

−1

Pm(x)√
cosh ζ1,2 − x

dx (10.143)

At this point, we can use ∫ 1

−1

Pm(x)√
cosh ζ − xdx =

2
√

2

2m+ 1
e−(m+1/2)|ζ| (10.144)
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to compute the integral

I =
−2

sinh ζ1,2

√
2

m+ 1/2

∂

∂ζ1,2

e−(m+1/2)|ζ1,2| (10.145)

=
2
√

2

sinh ζ1,2

e−(m+1/2)|ζ1,2| {×(−1) if ζ1,2 < 0} (10.146)

=
2
√

2

sinh |ζ1,2|
e−(m+1/2)|ζ1,2| (10.147)

where the conditional −1 comes from the derivative of the absolute value in the exponential.

This allows us to write the average surface temperature as

θ1,2 =
2πc2

A1,2

2
√

2

sinh |ζ1,2|
∞∑
m=0

[
B(1)
m sinh(m+ 1/2)ζ1,2 +B(2)

m cosh(m+ 1/2)ζ1,2

]
e−(m+1/2)|ζ1,2| �

(10.148)

I should try and take the Kang limit of this expression and make sure it matches up.

lim
Kang

θ1,2 =
2π(sinh ζ0)�2

4π

2
√

2

���
�sinh ζ0

∞∑
m=0

B(2)
m cosh(m+ 1/2)ζ0e

−(m+1/2)ζ0 (10.149)

=
√

2 sinh ζ0

∞∑
m=0

B(2)
m cosh(m+ 1/2)ζ0e

−(m+1/2)ζ0 (10.150)

=
√

2 sinh ζ0

∞∑
m=0

B(2)
m

e(m+1/2)ζ0 + e−(m+1/2)ζ0

2
e−(m+1/2)ζ0 (10.151)

=
sinh ζ0√

2

∞∑
m=0

B(2)
m [1 + e−(2m+1)ζ0 ] � (10.152)
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[147] Carsten Sönnichsen and A Paul Alivisatos. Gold nanorods as novel nonbleaching
plasmon-based orientation sensors for polarized single-particle microscopy. Nano Lett.,
5(2):301–304, 2005.



213
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