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Abstract

Dynamics and Control of a Quadrotor with Active Geometric Morphing

Dustin A. Wallace

Chair of the Supervisory Committee:
Professor Kristi Morgansen
Aeronautics & Astronautics

Quadrotors are manufactured in a wide variety of shapes, sizes, and performance levels to
fulfill a multitude of roles. Robodub Inc. has patented a morphing quadrotor which will
allow active reconfiguration between various shapes for performance optimization across a
wider spectrum of roles. The dynamics of the system are studied and modeled using New-
tonian Mechanics. Controls are developed and simulated using both Linear Quadratic and
Numerical Nonlinear Optimal control for a symmetric simplificiation of the system dynam-
ics. Various unique vehicle capabilities are investigated, including novel single-throttle flight
control using symmetric geometric morphing, as well as recovery from motor loss by re-
configuring into a trirotor configuration. The system dynamics were found to be complex
and highly nonlinear. All attempted control strategies resulted in controllability, suggest-
ing further research into each may lead to multiple viable control strategies for a physical

prototype.
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Chapter 1

INTRODUCTION
1.1 Background

Unmanned aerial vehicles (UAVs) have become an industry unto themselves in recent years.
While remotely controlled aircraft have existed in some form or another since the late nine-
teenth century when small-scale blimps were primitively controlled using radio waves created
by a sparking mechanism [1], they tended to have somewhat of a niche appeal throughout
much of the twentieth century. A surge in production and implementation of unmanned
aerial vehicles has been seen in recent years however, as the increasing power and decreasing
cost of electronic computational resources have allowed for the flying and stabilization of
the aircraft to be handled electronically while the operators focus on achieving flight objec-
tives. These objectives cover a wide spectrum of activities from military surveillance and
interdiction, to aerial photography and entertainment.

The U.S. Department of Defense (DOD) has been utilizing drones for multiple decades
as aerial targets, modifying outdated fighter jets with rudimentary control systems to create
extremely realistic test scenarios for new anti-aircraft weapons. During the Cold War, the
DOD recognized the potential benefits of purpose-built unmanned aircraft, including oper-
ator protection, force multiplication, and the removal of pilot-restricted mission limitations
on duration and maneuver intensity. Purpose-built surveillance drones began flying in the
early 1990s, eventually evolving into the modern RQ-1 Predator, which first flew in 1994. By
the late 1990s, armed versions of the Predator, which would eventually lead to the develop-
ment of the more heavily armed MQ-9 Reaper, were flying and providing strike capabilities
for the U.S. military [2]. In recent years, smaller, man-portable fixed-wing drones like the

RQ-11 Raven have entered service, providing over-the-wall type tactical military information



to soldiers on the battlefield [3].

While the use of fixed-wing unmanned vehicles has grown, the advent of vertical take
off and landing (VTOL) drones has truly ignited the industry in recent years. Suddenly,
drones could be flown by almost anyone, anywhere. The Los Angeles Times reports as many
as 10% of feature films and television shows now use aerial photography shot by drones [4].
Corporations including Amazon [5], DHL [6], Google [7], and more are all developing the
means to deliver packages using VT'OL drones. Hobbyists have even created leagues centered
around racing drones through courses of obstacles while using virtual-reality goggles to view
the flight from the vehicle’s perspective [8].

The most common design used in VTOL drones is the quadrotor, which uses four fixed-
pitch propellers on brushless motors rigidly mounted to a frame to provide full controllability
in 3D space. The basic design requires two motors to spin clockwise and two to spin coun-
terclockwise, allowing all rotors to contribute to lifting the vehicle, while still balancing the
yaw-inducing drag torques on the propellers. Quadrotors are typically flown in two config-
urations: “plus” or “X”, depending on the yaw reference frame of the vehicle, and control
authority is derived by modulating relative propeller thrusts to affect attitude and direct
the combined lift vector in the direction of desired movement. Examples of this relative
modulation are shown in Figure 1.1.

Due to their relative simplicity and ability to be used in small spaces such as a laboratory
setting, quadrotors have been the subject of a great deal of control development and research.
A multitude of control techniques have been applied, both linear and nonlinear, and from
across the fields of both classical and modern control. In fairly early quadrotor testing dating
to 2004, researchers implemented both classical and modern techniques for quadrotor control
in simulation, on test stands, and finally in flight. Proportional-Integral-Derivative (PID)
control was found to be robust to moderate perturbations without a particularly accurate
dynamic model, however the utility of Linear Quadratic (LQ) models were found to be
limited by the fidelity of the dynamic model being used, as simulated flights went well, yet

results were mixed on the test stand and flight tests [9].
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Figure 1.1: Relative motor throttling to perform basic quadrotor maneuvers. Arrows indicate
direction of propeller rotation.

In [10], a particularly prolific team developed a nested controller, using PD gains to
control the vehicle attitude in response to a PID controlled outer loop for translational
navigation. System observability was achieved using a VICON motion capture system, which
uses a fixed array of cameras to track markers on vehicles, providing high-fidelity position
and velocity information. The team found very favorable results in the study, showing agile,
controllable flight for both individual vehicles and small formations of multiple vehicles. The
team continued their work in [11], demonstrating the same core controller in flight through
tightly constricted spaces, as well as fast, aggressive maneuvers for perching on vertical and
inverted surfaces. The team additionally achieved robustness to failed perching and quick
return to stable flight for repeated attempts. Other work from this team includes [12], in
which a nonlinear optimal controller calculates quadrotor trajectories in real time minimizing
the second time derivative of acceleration, referred to as snap. The team found precision in
trajectory following was a trade off with vehicle speed, however in certain trials, acceptable

precision was maintained up to a speed of 10 body lengths per second.

Traditional quadrotor drones are simple and useful, however control strategies designed



for the basic configuration are only truly valid for quadrotors with fixed payloads at the
center of the body. Studies of moving payloads improve the utility of quadrotors greatly. An
often-studied field of quadrotor research concerns the handling of swing loads representative
of any potential unactuated payload suspended beneath the vehicle. In [13], an eight degree
of freedom (DOF) model is considered in which the position of the unactuated swing load
is described by two angles. A dynamic model was constructed using Newtonian mechanics
and validated using a Lagrangian formulation, and then Model Based Control (MBC) was
implemented. The controller was found to compensate for the swing load and hold to its
prescribed trajectory, however the load did exhibit large oscillations throughout the initial
simulations. This was alleviated through the addition of a feed-forward controller which
compensated for swinging through higher-order control of the vehicle throttles, and the
swinging was dramatically reduced. In [14], learning algorithms were applied to a similar 8
DOF model, resulting in an actual flying prototype which was able to successfully navigate

a cluttered environment while carrying an unactuated swing load.

A further extension of the idea of underslung mass is the implementation of an actuated
robotic arm mounted on the belly of a quadrotor. In [15], a quadrotor is fitted with a three
link actuated arm intended for completing construction tasks. In this study, the system was
modeled, and separate controller loops were built for the quadrotor and arm. The arm control
was physically implemented using PID, but was merely considered an outside disturbance in
this study of its effects on the helicopter dynamics. The quadrotor was initially controlled
using a traditional quadrotor PID, however this was found to be insufficient in its response
to arm-movment perturbations. The response was found to improve dramatically when the
quadrotor was converted to a Variable Parameter Integral Backstepper (VPIB) controller.
This controller allowed for rapid response to the arm states, passed along as parameters.
The vehicle was found to be capable of holding very stable despite perturbations caused by

arm movements.

In [16], researchers modeled the dynamics of a quadrotor carrying an underslung gim-

balling camera with the goal of keeping the camera pointed at a target position as the quadro-



tor flies a given trajectory. The study developed the dynamics of the combined quadrotor-
camera system using the Lagrangian mechanics, and then implemented both backstepping
and sliding-mode nonlinear control. The backstepper controller was found to yield moderate
results, while the sliding mode controller was found to be insufficient, and in both cases,
further work was intended.

A logical step beyond compensating for a moving load is to actively consider the moving
load as a flight control input. This type of behavior is observed not only in novel man made
aerial vehicles, but in nature as well. Research in [17] proposed the rapid articulation of
a hawk moth’s abdomen during agile flight maneuvers may be actuating flight via inertial,
rather than aerodynamic effects. They constucted a dynamic model based upon the hawk
moth and simulated the use of dynamic inertia as a control input, then compared responses
in the actual animal when responding to visual stimuli in a lab setting. Comparing the
transfer functions, it was concluded the hawk moth was indeed utilizing inertial actuation.

The hawk moth research inspired work by a previous student in the Nonlinear Dynamics
and Control Laboratory, who sought to further swing load quadrotor dynamics through ac-
tuation of the load as dynamic inertia. An 8 DOF model similar to the previously discussed
studies was constructed and modeled using Lagrangian Mechanics, however the motor throt-
tles were combined from four independent inputs to only a total throttle and a yaw input.
All pitch and roll control authority was generated by applying torques to the underslung
load. This actuated mass was found to provide sufficient control authority for a variety of
trajectories when controlled using LQR,, as well as strong robustness to modeling errors [18].

Direct torque and inertia effects from actuating inert masses are only one way of uti-
lizing additional degrees of freedom of a quadrotor to alter or improve performance for a
target mission. Another notable approach is to modify how and where aerodynamic forces
are imparted on the vehicle. One example of this is through implementation of a tilt-rotor
mechanism. In [19], a tilting mechanism is modeled on a quadrotor with the goal of allowing
the vehicle to fly without requiring the complete vehicle to lean in the direction of desired

motion, thus improving the utility of body-fixed directional payloads such as non-gimbaled



cameras. PID control is used to fly desired trajectories, and favorable results were found,
leading the author to suggest further experimentation with a physical prototype. An addi-
tional step from here is a complete conversion into a fixed wing aircraft by mounting the
four motors into tilting airfoil wings. This approach was studied in [20]. LQR control was
implemented for the quadrotor in its VT'OL configuration, and dynamics were modeled for
the vehicle both as a quadrotor and as a fixed wing aircraft for horizontal flight, using cou-
pled rotation of the rear arms as elevators for pitch actuation, and independent rotation of
the front arms as ailerons for roll actuation. The authors did not address control during
the transitional period, but found favorable results in both the horizontal and vertical flight
regimes, with future work intended concerning the conversion.

Each variation of the basic design is useful in addressing a drawback of standard quadro-
tors. The tilting motors allow a body-fixed payload to be pointed independently of the di-
rection of travel. The tilting wings allow improved speed and efficiency in horizontal travel.
A novel variable-geometry quadrotor design can address other areas of improvement, such
as the ability to better balance loads by actively repositioning the center of lift, navigating
tight spaces, and the ability to recover from the typically catastrophic event of a motor loss
by reconfiguring into a trirotor.

The research presented here represents an initial study into the dynamics and control of
such a morphing quadrotor through a combination of inertial actuation and aerodynamic
load shifting. The vehicle is capable of actively varying its shape by controlling the rotation
of the arms with respect to the vehicle body about their yaw axes, as well as sliding the
motors and propellers along the arms as commanded, a similar but mathematically simpler
analogue for telescoping arms. This design is patent pending by Robodub Inc. [21], whose
early prototypes are shown in Figures 1.2 and 1.3.

Energy storage constraints imposed by battery volumes and masses subject small-scale
drones to fairly limited mission durations. In order to maximize the efficiency of flight oper-
ations, and therefore longevity, Linear Quadratic optimal control is selected as the preferred

controller design for this study. Further work for early flying prototypes may benefit from
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Figure 1.2: Early Robodub prototype exhibiting a degree of arm angle variation. Photograph
provided by Robodub Inc. and used with permission.

Figure 1.3: Early Robodub prototype quadrotor with variable length arms. Photograph
provided by Robodub Inc. and used with permission.



additional exploration of PID control design, or potentially a combination using PID tuned
by LQR as proposed and simulated for quadrotor control in [22].

It is worth noting this present study accounts for drag only in the propeller torques and
not on the body due to translation or rotation, as all maneuvers are assumed to be performed
at a substantially low velocity to where they can be neglected. Lift and drag on the propellers
are assumed to be only a point thrust and a rotational couple centered on the motors and
do not account for p-factor torques and other effects which act on propellers rotating at
high speeds. Lastly gyroscopic effects are ignored. All of these factors are areas for further

consideration beyond the scope of this research.
1.2 Outline of the Thesis

This paper will investigate various aspects of the dynamics and control of the variable-
geometry quadrotor. Chapter 2 describes the dynamic model, develops dynamic equations
governing its movement, and simplifies the dynamics to the most capable yet tractable form
presently feasible. Chapter 3 investigates the implementation of LQR control on the full
model, and then to the vehicle in a trirotor state to which it would transition in the event of
a motor loss. Chapter 4 considers Set Point LQR Gain Scheduling control in which control-
ling the vehicle is investigated during shape transitions by modeling the vehicle as a series
of unconventionally-shaped fixed-geometry quadrotors. Chapter 5 investigates nonlinear nu-
meric optimal control of the quadrotor using a single throttle input with all attitude control
achieved through geometric morphing. Finally, Chapter 6 concludes the paper by briefly

reviewing findings and making suggestions for further research.
1.3 Contributions of the Thesis

The unique contributions of this research are diverse, as no existing publications have been
found concerning the dynamics and control a quadrotor which transforms in the manner of
the vehicle in this study. First, dynamic equations governing the vehicle are methodologically

determined. Second, LQR controls are applied to the vehicle and found to be stabilizing, and



therefore a good candidate for development into controls for an eventual prototype. Third,
controllability was confirmed for the linearized trirotor configuration to which the vehicle can
transform to recover from a motor loss, indicating further work should make the recovery
executable for a physical prototype. Fourth, Set Point Gain Scheduling was investigated
and found to be stabilizing for the vehicle during shape transitions, and an early study into
the optimal number of set points for a transformation was conducted, determining simple
transitions can be completed with only three set point gain combinations. Fifth, and lastly,
the ability to fly the vehicle using a single throttle channel and actuating roll and pitch
through geometric morphing was verified in simulation with numerical nonlinear control.
Each of these initial examinations of various topics form a basic foundation for further

investigation into the control of a variable-geometry quadrotor.
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Chapter 2

DYNAMIC MODEL

This chapter will define the dynamic model of the conceptual morphing quadrotor in
terms of state and parametric values. An explanation is then provided for the process
by which the complete quadrotor dynamics are derived. The model is then simplified to
a symmetric form which is more mathematically tractable while continuing to enable the
desired novel system capabilities. The chapter concludes by declaring specific numerical

values for the system parameters used for control rule calculations in the following chapters.

2.1 Model Description

The full variable geometry quadrotor is modeled as a nine-mass system consisting of a central
body, four variable-angle arms rotating about pivot points on the body, and four motors,
each sliding along one of the arms. This sliding motor model is mathematically similar to
the concept of telescoping arms, and it can be easily adapted to whichever method of motor
positioning is selected for a final physical prototype. Body-fixed coordinate axes are defined
with the origin at the center of the body, and with the body-fixed x-axis pointed forward,
the body-fixed y-axis pointed to the right, and the body-fixed 2z axis pointed downward
as shown in Figure 2.1. This selection allows for a right-handed coordinate convention in
which the pitch angle, 6, rotating about the y-axis is positive in a nose-up attitude. The
other two rotations used to relate the body orientation to the inertial reference frame are the
roll angle, ¢, positive clockwise when viewed from behind, and the yaw angle, v, positive

clockwise when viewed from above.
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C B

Figure 2.1: Basic initial model for the quadrotor, showing the orientation of the body-frame
axes and the external forces imparted by the motors and propellers.

The orientation of the body-fixed and inertial axes are related through the use of the
Roll-Pitch-Yaw Euler angle rotation matrix. This particular rotation sequence was selected
due to its containment of singularities far from the expected maneuvering regime of the
vehicle, a reason why it is commonly used in aerospace modeling. This rotation matrix is
given below using the space-saving trigonometric notation used throughout this paper and

exemplified by s4 = sin(¢):

CoCy —CoSy S

ny]
I

CpSeSp + CpSy  CyCyp — S9S¢Sy  —C9S¢
—CpCySe T SpSy  CySp T CpSeSy  CoCy

The vehicle was chosen to be modeled in the “plus” configuration common in quadrotor
development due to mathematical simplicity. This configuration places the arm base loca-
tions directly along the fore-aft and lateral axes. The four arm-motor pairs are designated
A, B, C, and D, beginning with the forward arm and continuing clockwise when viewed
from above. The arm orientations are defined by angles a4, ag, ac, and ap, each quantified
as the clockwise rotation from the forward-pointing, body-fixed z-axis. The position of each

motor on its corresponding arm is described by its distance outboard from the pivot point on
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the body, designated d4, dg, dc, and dp. Examples of these quantities are shown in Figure
2.2.

The physical properties of the quadrotor are defined by parameters of fixed distances and
masses. The body of the quadrotor is modeled as a homogeneous cylinder of mass mpeay,
radius ppody, and height hyeq,. Each pivot is allowed is own distance from the center of the
body along the corresponding body-fixed axis to allow for maximum versatility in adapting
the model to the eventual prototype. These distances are designated ba, bg, bc, and bp.
The arms extend outward from these pivots, modeled as homogeneous thin rods of masses
MarmAs MarmB, Marmc, and Memp, and lengths (4, I, o, and [p. The motors are modeled

as point masses of masses Mpyoras MmotBs Mmotcs AN MpoiD-

A

C

Figure 2.2: Examples of one of each dimension, duplicated in the model on each of the four
arms.

2.2 (Generalized Coordinates

A full state description of the system could require three translational and three rotational

states be assigned and modeled for each of the nine masses, giving a total of 54 states.
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Considering joint constraints reduces the state quantity greatly by locking together certain
degrees of freedom of the components mounted to the body and thus reducing the model to a
minimum number of generalized coordinates. In this model, the arms are fixed translationally
to the body at the pivot points. The pivot joint constraints fix the roll and pitch of the arms
to match that of the body, only allowing differences in yaw, which are directly quantified by
the a angles. The complete position and orientation of each arm can therefore be described
relative to the body by a single generalized coordinate each, the arm angle, a. The motors
are fixed to the arms on sliding joints. Such a joint locks all orientation angles, as well as
two of the three translational dimensions. The one remaining translational dimension for
each motor is quantified by the distance, d. A full six degree of freedom state description is
thus only necessary for a single component, from which other parts can be related through
a single generalized coordinate each. The model places the body-fixed axes at the center
of the body, and thus the same states relating the body to the inertial frame can serve as
the six body states of the system. The remaining eight shape states bring the minimum full
dimensionality of the complete quadrotor system up to fourteen, given by the state vector,

q= [l',y, za¢797waaAaanaCaaDadAvdBadCadD]T

2.3 System Mechanics

The dynamics of the full quadrotor are highly shape-dependent. As the shape changes, the
center of gravity (CG) will shift through the vehicle. Calculating the location of the CG in
the body frame requires first describing the position of each component as a function of the
shape variables and fixed geometric parameters. The model is assumed to be planar, with
all components at the same body-frame z = 0, and thus coordinates are written in z and y

only. The position vectors are thus given by:

ﬁzody - [07 O]

S l l
TarmA = bA + §CQA7 EASQA
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l l
FarmB = |:EBCO¢B) bB + EBSaB‘|

o [ )
TarmC = |:_bC + gcaca Ecsaci|

. l l
TarmD = [?Dcapu _bD + 7DSQD:|

TmotA = [ba + daCa,, daSa,]
TmotB = [dBCay,bp + dBSay]
Tmotc = [—bc + dcCag, doSa]
Tmotp = [dpCap, —bp + dpSap] -

Having expressions for the body-frame position of the center of mass of each component,
the shape-dependent CG location in the body frame can now be found from the position
vectors and component masses. First, for simplicity in writing, the total mass is calculated

as the sum of the constituent masses,

9
Myotal = E my.
=1

Now, the system’s combined CG can be expressed as,

9 S
i=1 4Ty

C@:Z

Myotal

The moments of inertia for each component are found, including parallel axis effects from
the shape-dependent CG. The body inertias are found using the moment of inertia equations

for a homogeneous cylinder:

3Pbody + o
Tvodys = Miody (—b dy12 body 4 CG;)

3p l%ody + hl%ody

2
7 Pty C(;x)

IbodyO = Miody (

2
Pho
Tnodyss = Mbody ( dey +CG? + (JGj) .
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The inertias of the arms are found using the thin rod inertia equations, considering the

length projected onto the z and y axes for roll and pitch:

(lisai)2
[aTmigb = Marmi ( 12 + (Tarmiy - CGy)2

li a; 2
Iarmi@ = Marmi (( in) + (Tarmim - CG&")Q)

12
Iarmi = Marmi —
b= ( 12

The motors are modeled as point masses, and therefore have only parallel axis effects

+ (Tarmiac - CGm)2 + (Tarmiy - CGy)2> :

contributing to their inertias:
2
]moti¢ = Mmoti (rmotiy - CGy)

[motiG = Mupmoti (rmoti:p - CGx)2
_ 2 2
[motizp = Mumoti ((Tmotiy - CGy) + (Tmoti:c - CG$) ) .
Each contributing inertia is next summed to find the total state-dependent moments of

inertia of the system:
4

[¢> = [bodyqb + Z (Iarm'ki) + Imotid))

=1
4
[9 == IbodyO + Z (Iarmie + Imotie)

i=1

4
Iw = ]bodyw + Z (Im*miw + ]motiw) .

i=1
The primary flight controls for the full quadrotor are the four throttles, modeled as thrust

inputs ua, ug, uc, and up. These forces act in the body-frame negative z direction at the
corresponding motor positions. Rotating these forces through the system’s rotation matrix,

R, for the vehicle’s current orientation state gives the thrust in each translational coordinate

direction as trigonometric functions of the orientation:

Utotal = UA +UB + Uc + Up
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Fx = —Utotal SO
Fy = Utotal S¢pCo
Fz = —UtotalCHCoh-

One method of calculating pitching and rolling moments due to applied thrusts is to find
the lever arm between the combined Center of Lift (CL) of the four motors and the CG of
the quadrotor in each axis direction. The CL is calculated using a similar equation to the
CG, however considering motors only for positions and corresponding applied thrust forces

in place of masses,
4 o

O_’L _ Zizl T'motiUi
Utotal

T¢ = utoml(C’Gy — CLy)
Ty = utotal(CLx - CGI)

Motors A and C' are assumed to rotate their propellers counterclockwise, and B and
D rotate clockwise. The motors therefore exert opposite torques, assumed to be linearly
proportional to the thrust inputs by the propeller drag coefficient k4. These torques represent

the external forcing on the quadrotor in the v dimension,
7'1/, = kd(uA —Uup + uc — uD).

With forces, torques, masses, and inertias known, the system dynamics are calculated
using Newton’s Second Law. The original momentum form of the equation must be used

due to the time-variance of the state-dependent moments of inertia:

d
F=—mv=ma

dt

d .
Tzalw:[wjtlw.

Internal forces used to actuate the motor positions on the arms will have no effect on the
inertial-frame behavior of the quadrotor’s CG, and they therefore are fully accounted for in

the shifting CG terms of the dynamic derivation. Considering the translational dynamics of
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the CG rather than the body frame axes allows the translational dynamics to be easily and

compactly expressed:

. F,
rog =
Miotal
. F,
Yea =
Myotal
. F,
Zcqg = g+ .
Myotal

CG dynamics suffice for mathematical modeling and early simulations, however sensor
equipment used to detect state information for stabilizing feedback control of an eventual
prototype will be rigidly mounted to the body, and thus body-frame dynamics will be nec-
essary. These dynamics can be found using the second derivative of the CG shift rotated
through the rotation matrix, which will give much more complicated translational dynamic
equations in terms of the positions, velocities, and accelerations of the eight shape states.

These equations are given in expression form,
i = ioq — [[CGy, CGy, 0R],
ij = jjoc — [[CG., CG,, 01R],
5 =cq — [[CG., CG,, 0]R]..

Internal torques used to actuate the arms act entirely in the yaw direction, and the forces
which slide the motors act in the plane of body-frame z = 0, and therefore no additional
acceleration appears in the roll and pitch dynamics due to shape changes, allowing for simple

expressions of the roll and pitch dynamics:

T 1sd
¢ = 7

~-_T9—jgé
0= TP

The torques used to actuate the arm angles will act equal and opposite on the body and

corresponding arm of the vehicle, producing accelerations in the angles of each which sum
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to the angle change in each body-relative arm angle «. Direct control of the shape-state
accelerations is assumed to avoid necessitating consideration of constraint forces and torques
in this initial study, instead allowing the focus to be only on the desired shape changes.
Translational effects on the system CG are again accounted for in the shifting CG terms,
however the proportion of angular acceleration imparted upon the body, and therefore on
the body yaw angle ¢ requires not only knowledge of the instantaneous relative inertias,
but also due to the continuous shape changes, the time derivative of not only the relative
inertias, but also the angular velocities of each portion. While not impossible to solve for,
these terms are very difficult to determine in closed form, and the current schedule for this
research will not allow for it. A similar situation arises when considering the yaw torques
imparted by the sliding motor forces when the arms are not perpendicular to the body.
The resulting unknown internal torques are expressed together in the term Tyinterna in the

complete dynamic expression for the yaw,

Ty — Iwﬂ + Typinternal
I '

)=

One simple method of removing the need to consider internal torques from the require-
ments of the model is to constrain movement to where canceling torques will always be
applied during shape transitions, thus enforcing Tyinternat = 0. This cancellation can be
achieved by requiring opposite arm-motor pairs be symmetric with matching geometric and
mass properties, as well as mirrored arm and motor movements. This simplification does
remove some degree of capability from the system, however it will nonetheless allow for
modeling all suggested novel capabilities. Further work should investigate the influence of
these internal torques, perhaps investigating the effects of using the forces and torques as the
selected control channels as opposed to the direct shape state acceleration control currently

being investigated.
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2.4 Symmetric Analytic Model

Requiring mirrored arm properties and movements reduces the dimensionality of the system,
and makes redefining certain states favorable. The mirroring of motor positions can be
accounted for by setting do = d4 and dp = dp, thus eliminating the shape states do and
dp. Arms A and C are also now positioned using a single angle. To avoid constant use of
phase shift angles, a new angle is defined, oy, describing the arms’ angular displacement left
of the body-frame x axis. This orientation was selected such that a positive o, displacement
should shift the CL in such a way it produces a positive moment in ¢. Likewise, the angles
of arms B and D are defined as the angle forward of the body-frame y axis, shifting the CL
to produce a positive moment in . These new definitions are shown in Figure 2.3. The new
ten element state vector now contains six body states and four shape states. This new state
vector is written as,

q= [I’,y,Z,¢,0,¢,Q¢,Oég,dA,dB]T

Balancing forces and torques produced by shape changes requires geometric and mass
parameters be made symmetric. Therefore, parameters Mg mc, Mmotc, and o are set equiv-
alent to Marma, Mmota, and l4. An identical equivalency is set for the D parameters and
the B parameters. The eventual physical prototype will likely be constructed symmetrically,
so resulting losses in model versatility are minimal. The process continues identically to
before, however adjusted for the new matching properties and arm angle definitions. The
new position vectors are given:

ﬁ)ody = [07 O]

R [ [
TarmA = |:bA + EACO%? _EA‘S@¢:|

[ l
FaTmB - |:§Bsa97 bB + EBCag:|

. [a [a
TarmC = _bA - 50044)) _330%

. IB Ip
T'armD = Esa(;? _bB - 30049
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C

Figure 2.3: Simplified model using symmetrically constrained body shapes to cancel internal
torques.

Frotd = [ba + daca,, —dasa,)
TmotB = [ABSay: b8 + dBCay)
TrotC = [—bA —daca,, —dAs%]
TmotD = [dBSa97 —bp — dBcozg] .

The CG calculation equation is identical to before, as are the equations for the moments
of inertia of the body and motors with the exception of the new mass property equivalencies.

The roll and pitch inertias of the arms change to match the new arm angle definitions:

1450, )?

IarmA¢ = MarmA (% + (TarmAy - CGy>2>
laca, )?

IarmAH = MarmA << A$2¢) + (rarmAx - CGJE)2)
l5Ca,)?

IarmB¢ = MarmB (% + (rarmBy - CGy)2>
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lBsag

[armBG = MarmB rarmB:r -

lASOé(zg

(M5 )
(" )
(i )

lACOé¢

IarmC’@ = MarmA rarmC’x -

lBCag

Iarngb = MarmB rarmDy -

lBSao )2

IarmDG = MarmB (( 12 + (rarme - CGCE)2> .

Once the new arm inertias have been accounted for in terms of the newly defined arm
angles, the equations of motion take the same form as they did previously, however with
internal torques now canceling each other, the yaw dynamics simplify to a tractable form,

Tw—fw/'f'

b=

The full expressions for the dynamics are gargantuan when calculated through, and are ex-
pressed here only in terms of constituent calculations for brevity. The full dynamic equations

for the symmetric quadrotor may be found in Appendix A.

2.5 Selected Numerical Values

Before applying Linear Quadratic Regulator (LQR) control to the quadrotor, numerical val-
ues are assigned to each geometric and mass property. The eventual physical implementation
of the system has not yet been designed, and therefore realistic numbers were estimated for

a hobby-sized vehicle. The selected values are given in Table 1.



Masses (kg)

Mpody | 0.3
Marma | 0.1
MarmpB | 0.1
Mmota | 0.1

MmotB 0.1

Lengths (m)

Phoody 0.1
hbody | 0.1
ba 0.1
bp 0.1
la 0.3
lp 0.3

Gravity (m/s?)
g 9.81

Prop Drag Coefficient

kg 0.5
Table 1: Quadrotor Physical Properties
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Chapter 3
LQR CONTROL

This chapter examines the use of Linear Quadratic control on the symmetric morphing
quadrotor including all eight control inputs. The system dynamics are linearized about a
hover condition, and LQR control gains are calculated and applied in simulation to both
the linearized and nonlinear models. An LQR controller is then examined as a possibility
for controlling the vehicle in a trirotor configuration to which the system could convert for
continued stable flight upon loss of a motor. The vehicle dynamics are linearized about this
trirotor configuration, and the resulting LQR gains are tested again on both the linearized

and nonlinear dynamic models.
3.1 Full System Control

As briefly mentioned in the proceeding chapter, direct control of shape state accelerations is
assumed, with physical realization of this left to be achieved by the prototyper. Four shape

states, combined with four throttle inputs, give the system a total of eight inputs:

e .7
u = [UA,UB,UC,UD,Oé¢,0[9,dA,dB:| .

The most fundamental flight regime for the quadrotor is that of a stationary hover, and
therefore the hover is the first condition considered for linearization. The nonlinear model is
linearized about a full zero state with the exception of placing the motors at the mid-spans
of the arms to maximize available travel in each direction and throttle inputs each equal to

a quarter of the vehicle weight, expressed in the form P= A7+ Bu, where:

... . . T
= [Iaywza ¢797¢704¢70407d,47d37x.79727¢797w;é%a d97dA7dB] .
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The dynamic matrices are found to be very sparse and are able to be compactly written
in equation form shown below, excluding the obvious position-velocity dependencies and
direct state control equations. The linearized equations are relatively simple, allowing easy

verification against intuition about the system’s behavior:
i = —9.816

ij = 9.81¢

zZ= —0.9091(UA +up +uc + UD)

¢ = 8.0264a, — 9.0909(up — up)

6 = 8.0264c5 + 9.0909(uy — uc)

1/1 = 9.1743(UA —ug + uc — UD)

The controllability matrix produced using A and B was found to be full row rank, in-
dicating the linearized system is controllable. To develop an optimal control rule for the
linearized system using LQR methods, cost weighting matrices must be declared in the cost

function:

/ T (#Qx + i Ri) dt.

0

The cost matrices Q and R correspond to the magnitude of the state deviation and control
inputs from the linearization condition. The first case study will investigate recovery from
perturbation and return to the origin. All states and controls are cost-weight normalized
by setting Q = Ism00 and R = Ig,s. Bryson’s rule for constrained states is then applied
to constrain the arm angles to less than 7 in either direction and motor positions to stay
on the arms with less than % travel in either direction. The corresponding LQR gains were

calculating using Mathematica’s LQ) RegularGains function. The resulting 8220 gain matrix

is shown below, expressed in block notation to fit to the page:

K = [[_{1(817)’ f_(z(Sx?), K3(8x6)}



[ 07071 0 —05 0 457 05 0 |
0 —07071 —05 —457 0  —05 —0.4447
07071 0 —05 0 457 05 0
o 0 07071 —05 457 0 —05 04447
0 —00032 0 —0.0424 0 0 14181
0.0032 0 0 0 —00424 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0 |
[ 04447 0 0 —1.0765 0  —07246 0
0 0 0 0 —1.0765 —0.7246 —1.0014
04447 0 0 10765 0  —07246 0
o 0 0 0 0 10765 —0.7246 0
0 0 0 0 —00065 0  0.0003
14181 0 0 00065 0 0 0
0 66667 0 0 0 0 0
0 0 6.6667 O 0 0 0
[ 10014 05265 0 00029 0 0
0 —05265 —0.0029 0 0 0
~1.0014 05265 0  —0.0020 0 0
K 0 —05265 0002 0 0 0
0 0 1956 0 0 0
0.0003 0 0 19586 0 0
0 0 0 0 37859 0
0 0 0 0 0 3785 |
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These gains were applied first on the linear model to study the response and ensure

convergence. The dynamics were modeled for five seconds using Mathematica’s N DSolve

function with the dynamic equation 7= (/_1 — BK ) Z. The resultant state trajectories are
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shown in Figure 3.1.
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Figure 3.1: State trajectory of linearized quadrotor initialized at [z,y, z] = [1, 1, 1].

The linearized system response was found to be stable and controllable back to the
origin as expected. The return to the origin was achieved using a combination of differential
throttling and arm movements to actuate the vehicle in the pitch and roll directions. No
response was found on the motor positions, as their movement in the perpendicular-arm
configuration would effect only the rotational inertia of the system, and with the model
linearized about a zero angular velocity state, no other state dynamics are effected by d4
or dg. Having verified the control on the linear model, the hover controls are next applied

to the nonlinear model using the same initialization and the control substitution « = — K.

The resulting state trajectories are shown in Figure 3.2.
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Figure 3.2: State trajectory of nonlinear quadrotor initialized at [z,y, z] = [1,1,1].

The dynamics are again found to be stabilized, with x and y returning to the origin
through actuation of the pitch and roll using a combination of differential throttling and
arm angle actuation in a similar pattern to that of the linearized model, however the z
displacement did not converge back to the origin. The reason for this non-convergence is
currently unknown and is an area for future investigation, however the stabilizing effect of
the controller is promising, suggesting further development could lead to an LQR controller

capable of flying the quadrotor in real time.

3.2 LQR After Motor Loss Recovery

A quadrotor which experiences a motor loss is typically uncontrollable as motor forces and
torques are impossible to balance for stable flight. Research in [23] investigates the possibility
of preventing loss of a vehicle by stabilizing the angular velocity of the vehicle rather than

angular position, and then controlling translation in the air by directing the axis of rotation
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through use of periodic throttle controls. While this method is successful for preventing loss
of the vehicle or damage to property or observers below, it will not allow for continuation
of most missions as intended. One of the unique capabilities of the morphing quadrotor
is the potential ability to survive a motor loss and continue with the assigned mission by

transforming into a trirotor configuration.

This study investigates the controllability of the vehicle after experiencing a loss of motor
C. Motors A and C are assumed to rotate counterclockwise, while motors B and D oppose
and balance their torques on the system. Assuming the thrust-torque relationship to be
linear through the propeller drag coefficient k4, the hover input on motor A after losing
motor C' must now double to equal half of the vehicle weight. This doubling will intuitively
require shortening of the moment arm for motor A by reducing d4 while simultaneously
moving motors B and D to the rear to maintain pitch stability. A solver was written which
sought acceptable shape combinations by positioning the CL over the CG. The resultant
configuration selected for modeling is given by d4 = 0.025, dg = 0.3, and ay = —1.1597. An

approximation of this configuration is shown in Figure 3.3.

Figure 3.3: Selected Trirotor hover configuration which balances the doubling of w 4.
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This configuration was used as the linearization configuration for the model, again lin-
earizing the dynamics into the form 7= A7+ Bu, now with a reduced seven element input
vector resulting from the loss of uc. The dynamic matrices were again found to be very
sparse, and are compactly expressed in linear equation form, omitting again the position-

velocity dependencies and the direct shape control equations:
= —9.816

ij=9.81¢
Z=-0.9091(ug + up + up)
¢ = —57.55350 + 27.3432(up — up)

6 = 14.892304 + 120.867d 4 — 73.7785d s + 4.7553ux — 5.4721 (up + up)

@ZJ = 194444(UA —up — UD).

These equations mostly match intuition for the system, apart from the ¢ dynamics, which
have signs opposite of what intuition would expect. Troubleshooting of the dynamic code has
not yet resulted in the discovery of any process errors, however continued work and possible
reprogramming of the code may yield improved linearized dynamics.

A standard fixed-geometry trirotor is under-actuated and thus non-controllable due to
coupling between pitch, roll, and yaw. The underactuation is typically alleviated by adding
a servo which controls axial rotation of one arm, thus vectoring thrust for independent yaw
control [24]. An initial examination of whether or not the shape modulation used in this
study is an acceptable replacement for the axial rotation can be done by examining the
controllability matrix calculated from A and B. The controllability matrix was found to be
full row rank, indicating the linearized system is controllable, and likely would remain so even
if the dynamic equations were altered slightly such as reversing the signs on the ¢ dynamics
to better match intuition concerning the system. The gaining of controllability via addition

of geometric modulation was further validated by calculating the controllability matrix with
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the geometry fixed in the trirotor configuration, which was found not to be full-row rank,

and thus match the understanding of non-controllability for fixed-geometry trirotors.

Despite the conflict with intuition, the latter portion of the code executed and results
were found. First, using the same cost-weighting matrices from the quadrotor hover state
except reducing the length of the R matrix by one to match the shortened control vector

length, a gain matrix K was found, again expressed using block notation:

K = [Ky(7m), Ka(rar), K(7a6))

—0.0828 0 —0.2591 0 0.6438 0.16 0
0.1273  0.2235 —0.1247 14541 —1.0513 —0.1351 —1.0881
0.1273  —0.2235 —0.1247 —-1.4541 -1.0513 —0.1351 1.0881

Ky = 0 0.0331 0 0.2546 0 0 4.8090
—0.0815 0 —0.0138 0 0.9889 —0.0641 0
—0.6617 0 —0.1120 0 8.0256  —0.5198 0

0.4039 0 0.0683 0 —4.8989 0.3173 0
0.2879 2.3363 —1.4261 —0.1330 0 —0.5976 0

—0.5608 —4.5518  2.7785 0.2083  0.3409 —0.2829 0.3212
—0.5608 —4.5518  2.7785 0.2083 —0.3409 —0.2829 —-0.3212

Ky = 0 0 0 0 0.0554 0 —0.0069
2.1964 9.7101 —5.9272  —0.1520 0 —0.0325 0
9.7101 79.808  —48.1052 —1.2336 0 —0.2636 0

—5.9271 —48.1052 30.3639  0.7530 0 0.1609 0



0.1694  0.1781
—0.2913 —0.1398
—-0.2913 —0.1398

0 0

0.3685 —0.0826

29904 —0.6707

—1.8254 0.4094

0

—0.0188
0.0188
3.2575

0
0
0

0.0175
—0.0380
—0.0380

0

1.8749

1.1596
—0.7078
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0.1419 —0.0866
—0.3083  0.1882
—0.3083  0.1882

0 0

1.1596  —0.7078
11.1431 —5.7446
—5.7446  5.2386 |

These control gains were first applied to the linearized dynamics, with the same [z, y, z| =

[1,1, 1] initialization used for the full quadrotor dynamics study. The resulting state trajec-

tories are shown in Figure 3.4.
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Figure 3.4: State response of the linearized trirotor with LQR control.

The system was verified to be completely stabilized and controllable in the linear model,

now utilizing motor positions as controls as well due to their new effect on the # dynamics.

Having verified controllability on the linearized model, the LQR control gains were next

applied to the full nonlinear trirotor dynamics. The response is shown in Figure 3.5.
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Figure 3.5: State response of the full nonlinear trirotor with LQR control.

The nonlinear dynamics of the trirotor-configured vehicle were found to be unstable in
every degree of freedom when controlled with the calculated LQR gains. This instability is
being attributed to the unexpected signage in the ¢ dynamics, as well as the nonlinearity
of the system near the linearization condition, as upon parsing the dynamic equations, they
are found to be dependent on «y through various trigonometric functions, including sin(ay),

cos(ay), sin*(ag), and sin(2ay).
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Chapter 4

LQR GAIN SCHEDULING

This chapter proposes the strategy of utilizing traditional quadrotor LQR gains calculated
for various unconventional but fixed configurations to govern an inner control loop utilizing
the throttle inputs only while relegating shape control and actuation to an outer control
loop which commands shape transitions based upon specific mission requirements such as
navigating a constricted space. Using this controller, the quadrotor transitions through a gain
schedule to utilize the gains for the fixed geometry closest to the instantaneous configuration
while executing a transition. The objective of this study is to first test the validity of the
control strategy, and then to investigate the optimal number of gain set points throughout

the trajectory.

A basic transition is selected for the initial evaluation of the set point gain schedule
strategy. The quadrotor is assumed to begin hovering at the origin in the basic configuration
used for the initial hover linearization in the proceeding chapter. The quadrotor is then
modeled as rotating arms B and D back while extending motor A and C' to the ends of their

arms. The vehicle thus transitions from an initial shape state of ay = 0 and d4 = % to a

_T

5 and da = [4. The transition is modeled assuming bang-bang control

final shape of ay =
of the shape state accelerations, completing the transition in first two seconds and then one

second.

A single MATLAB script was written which linearly spaces a user-specified number of set
point geometries along the programmed transition. The script then iterates the linearization
procedure and determines optimal gain matrices using the same LQR process and cost-
weighting matrices as in the proceeding chapter for each of the linearization conditions, and

then propagates the nonlinear dynamics of the controlled quadrotor using forward Euler
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with a time step of 1 millisecond. In each iteration, the shape state is read and the gains for
the nearest available set point geometry are applied to the throttle inputs. The first study
utilized a single transition between two set points, one each for the beginning and ending
configurations. The model is initialized stationary at the origin with the goal of maintaining
a stable hover at the origin throughout and after the transition. The control inputs and
corresponding state trajectories for the two second trial are shown in Figures 4.1 and 4.2,

respectively.
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Figure 4.1: Throttle controls applied during two second transition using two set points.
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Figure 4.2: State trajectories during two second transition using two set points. The red
lines indicate the gain switching time.

Small step discontinuities appear in the throttle controls at the transition point, indicating
a non-fluid transition between the gains. The state trajectories are observed to be destabilized
as ay deviates from a perpendicular arm configuration. Upon switching gains, the vehicle is
stabilized and returns to stable level flight, although it does not return to the origin. This
stabilization verifies the potential for set point gain scheduling control, however further work

will be necessary to isolate the cause of the nonzero position.

The previous case was repeated with a one second transition duration to study the effects
of the transition time on the dynamics of the system. The resulting controls and state

trajectories are shown in Figures 4.3 and 4.4.
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Figure 4.4: State trajectories during one second transition using two set points. The red

lines indicate the gain switching time.
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The trajectories are found to be similar in characteristics, however slightly greater pitch
deviation is noted before the system restabilizes. To allow greater time for dynamic devi-
ation during transformation, further trials were conducted using the two second duration,
examining the effects of varying the number of set points on the system behavior during

shape transitions.

The simplest additional set point to examine is that of halfway through the transition,

when ap = —% and dy = 317*“. To adhere to the closest set point, the controller switches
gains when the position is a quarter through the transition, and then switches to the final
gains when a only a quarter remains. Half of the transition distance is thus controlled with
the new gain matrix. The controls and state trajectories produced by the three set point

controller are shown in Figures 4.5 and 4.6.
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Figure 4.5: Throttle controls applied during two second transition using three set points
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Figure 4.6: State trajectories during two second transition using three set points. The red
lines indicate the gain switching times.

The magnitude of transient ¢ deviation is dramatically reduced, as is the final transla-
tional steady-state error. The step discontinuities in u4 and uc appear to have vanished,
and those in ug and up have become exceedingly small. A further trial was conducted
with 5 set points, with new set points evenly spaced between the starting, middle, and final

configurations. The resulting state trajectory is shown in Figure 4.7.
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The state trajectory behavior with five set points is observed to be essentially identical
to that of the three set point model. The maximum 6 deviation appears identical, as do
the steady-state translational errors. It was therefore concluded simple transitions can be
handled using three set point controllers. This was further verified by calculating the state
trajectory for a nine set point model, and again finding any improvement in state trajectories

to be negligible. More complex transitions may require a greater number of set points, and
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Chapter 5
NUMERICAL OPTIMAL CONTROL

The variable geometry quadrotor presents an additional opportunity for unique develop-
ment in moving beyond the common differential throttling control and instead generating
control authority for the vehicle via geometric transformation. This chapter verifies the con-
trollability of a quadrotor using geometric modulation in place of differential throttling using
numerical simulation in MATLAB. Controls are developed using a nonlinear numerical opti-
mizer, which although impossible to use in real time due to excessive run times, can be used

to construct desired trajectories which real-time controllers can be mapped to approximate.

5.1 Code Structure

The code set used in this study consists of a series of MATLAB functions. The master file
is first used to set parameters such as control point resolution and final time, then initializes
a vector of control inputs at discrete time intervals. The master file then calls the fmincon
function, which on each iteration passes the control vector to the nonlinear constraint func-
tion. This function in turn calls the trajectory function, which propagates the dynamics of
the system for the supplied control vector, linearly interpolating the controls between the
discrete control points. The trajectory function passes the state trajectory back to the con-
straint function, which tests the trajectory against equality and inequality constraints used
to set the final condition and to bound the shape states of the quadrotor. The constraint
function passes back a pass/fail status to the optimizer. The fmincon optimizer function
also passes the control vector at each iteration to the cost function, which calculates the cost

using the target cost function,

ty
J = / u7,2 + (uthrottle - mg)tha
0
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where u; is each non-throttle input.

The optimizer builds a Hessian matrix comparing the changes in the cost with respect
to variations in each element of the control vector until a local minimum is found. Once a
feasible local minimum has been found which satisfies the supplied constraints, the optimizer
passes the optimized control vector out to the master file. The master file then passes the
optimal control vector again to the trajectory function and receives back the correspond-
ing state trajectory. This trajectory is passed to the animation function, which draws the
quadrotor in it’s instantaneous state at each control point interval, passing back the still
frames to the master file. The master file finally writes the frames to a video, then saves the
video, plots of the control inputs and state trajectories, and all control and state trajectory

data for later use. A flow chart approximating this structure is shown in Figure 5.1.

Optimal Control,

Initial Control Vector, State Trajectory,
Control Resolution, Plots,
Final Time Videos

Master F|Ie

fmmcon
/ Function

Anlmatlon
Functlon

Cost
Function

Nonlinear
Co nstr:a int Trajectory
Function Function

Figure 5.1: Flow diagram for the nonlinear control optimization code.

Each added control input channel increases the length of the optimization vector by the
selected control resolution, thus increasing the complexity of the optimization task exponen-
tially. As a result, the model needed to be simplified to the greatest possible extent while

still demonstrating unique capabilities. Toward this end, the four throttles were assumed to
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remain identical, with all attitude authority derived from the motion of the motors relative
to the CG. Additionally, all motors are assumed to remain at the outer extreme of the arms,

yielding all control to the arm angles.

5.2 1D Translation

This code structure was initially developed in 2D, balancing all roll and yaw forces such
that rotation and translation occur only in the x, z, and 6 directions. The first trial run to
validate the code further simplified the model to 1D by setting the vertical component of the

thrust to equal the weight of the vehicle using the reciprocal cosine function, or secant:

Myotal g

Co

= Myorargsec(d).

Utotal =

This initial test thus used only a single input: the angular acceleration of the arms, dy.
The quadrotor was commanded to move three meters to the right from the origin, beginning
and ending at a stationary hover, and the trajectory was propagated using fixed-step 4th
order Runge-Kutta numerical approximation with a dynamics stepping 100 times faster than
the control. The control channel optimizer quickly converged to the input shown in Figure

5.2. The corresponding state trajectories are shown in Figure 5.3.
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Figure 5.3: Optimal state trajectories shown for three meter 1D translation in three seconds.
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As can be seen in the arm angle trajectory, the optimizer converged to a highly believable
trajectory, in which the arms move back to pitch the nose down and generate horizontal
thrust, then move forward to rotate the vehicle back and brake its movement. The arms
then cycle through this pattern one more time to level the quadrotor as it reaches the target
location. Overlaying the frames from the animated trajectory as shown in Figure 5.4, one
can readily visualize this trajectory, as well as the magnitude of arm movement necessary to

achieve the desired trajectory.
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Figure 5.4: Optimal state trajectory for three meter 1D translation in three seconds, shown

as overlaid animation frames.

5.3 2D Translation

The code structure has thus been verified for a very simple case. The next case to be
investigated is that of the 2D model adding vertical movement. Vertical control is achieved

by considering u;; as a second control channel. This input will provide both vertical
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acceleration and pitching acceleration proportional to the lever arm between the CL and the

CG.

The constraint function was modified to give a final state of a stationary, level hover
at [3,3], and the code was run for final times of 2, 3, and 4 seconds. While that shape
control was initialized again at zero input, the throttle was initialized near a hover to hasten
and improve convergence to an optimal trajectory. Modeling the dynamics using Runge-
Kutta produced convergence errors, and thus the code was converted to using Forward Euler
approximation, now 300 times faster than the control steps. The optimal control input on
both input channels is shown with a 4 second final time in Figure 5.5, and with a 3 second

final time in Figure 5.6.
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Figure 5.5: Optimal control inputs for arm angle and throttle for a four second move from
the origin to [3, 3].
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Figure 5.6: Optimal control inputs for arm angle and throttle for a three second move from
the origin to [3, 3].

The arm inputs again take a similar form to that observed in the 1D translational case.
The throttle control exhibits interesting behavior however, as reducing the final time leads
to an oscillatory optimal thrust. This is the result of synchronization with the vehicle pitch
and arm angles to apply maximum thrust force when it best contributes to the required
pitching and vertical actuation. This become much more noticeable when the final time is
reduced to two seconds, as shown in Figure 5.7, in which the optimal throttle input even

calls for shutting down the motors entirely and coasting for a brief period.
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Figure 5.7: Optimal control inputs for arm angle and throttle for a two second move from the
origin to [3,3]. Note the total shutdown of the throttle during which the vehicle is coasting
in free fall.

The state trajectories for the three cases assume very similar forms to one another, with
variance observed primarily in angular and velocity magnitudes. While the four second and
three second trajectories are very similar, the two second trajectory does show noteworthy
plateauing and freefall due to the throttle shutdown. The trajectories for the three second

and two second cases are shown in Figures 5.8 and 5.9.
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Figure 5.8: Optimal state trajectories from the origin to [3,3] with a final time of three
seconds.
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The animation frames from these two studies show an excellent comparison of the arm
angles magnitudes and spatial behavior of each trajectory. The overlaid animation frames of

the three second and two second trajectories are shown in Figures 5.10 and 5.11, respectively.
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Figure 5.10: Overlaid animation frames for 2D trajectory animation with three second final
time.
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Figure 5.11: Overlaid animation frames for 2D trajectory animation with two second final
time.

It is worth noting the speed of arm movement in Figure 5.11. The frames are approxi-
mately 0.1 seconds apart, and significant arm movement is observed between frames. This
can be confirmed by noting the angular velocity in Figure 5.9 reaches magnitudes of approxi-
mately four radians per second. This angular velocity is likely not physically achievable with
the oscillatory period required to actuate the vehicle. This will be worth studying before
attempting to implement geometric control on a physical prototype to quantify limits arising

from available hardware performance saturation.
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5.4 3D Translation

The final tested version of the model adds three additional degrees of freedom: y, ¢, and ay,
as well as a single additional control channel, c/s. The 3D model was initialized at the origin
and commanded to move to [3,3,3]. The final time of two seconds was found to produce
extremely unrealistic behavior, and thus the optimization was run only for final times of five,
four, and three seconds. The results for five and four seconds were found to be very similar,
and therefore the five second case results have been omitted here for brevity. The optimal

controls for the four and three second cases can be found in Figures 5.12 and 5.13.
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Figure 5.12: Optimal control inputs for arm angles and throttle for a four second move from
the origin to (3,3, 3].
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from the origin to [3, 3, 3].

Behavior is again very similar to that observed in the 2D case.

The arm angles are

found to match perfectly, which matches intuition considering the vehicle is seeking equal

displacement in both z and y, and thus will utilize equal rotation in ¢ and #. Throttle

modulation taking advantage of configuration begins to appear in the three second case as

well. The state trajectories for both of these cases are exceedingly similar in form, as seen

in Figures 5.14 and 5.15.
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origin to [3, 3, 3] with a final time of three
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The quadrotor’s trajectory is visualized for the three second case only in Figure 5.16.
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Figure 5.16: Overlaid animation frames for 3D trajectory animation with three second final

time.

The quadrotor has thus been verified to be controllable in simulation in three dimensions
through simultaneous actuation of pitch and roll via arm angle modulation. It is worth not-
ing in this simple model, the vehicle is unforced in the ¥ dimension and thus that degree of
freedom can be excluded, however to allow a physical prototype to respond to 1 perturba-
tions, an additional control input could be necessary, either in differential throttling between
the motor pairs spinning each direction, or though the use of thrust vanes installed beneath

the propellers. Additionally, this model excludes conservation of angular momentum quan-
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tified in the Jw term in the momentum form of Newton’s Second Law, assuming a relatively
constant momentum and/or low angular velocity in pitch and roll. Initial trials including
this conservation were run, but found due to symbolic substitution at each dynamic step
to slow the time per iteration to in excess of five minutes compared to the fractions of a
second observed in these studies necessary to execute tens or even hundreds of thousands of

iterations to reach convergence. This remains an area for future development in this topic.
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Chapter 6
CONCLUSION

6.1 Conclusion

This research has been a broad initial examination of the dynamics and unique capabilities
of the Robodub patented variable geometry morphing quadrotor. In Chapter 1, background
material was provided pertaining to the development of the industry and utilization of drones,
and in particular quadrotors. The chapter then examined proceeding work pertinent to
quadrotor control development, and proposed the concept of the morphing quadrotor, along
with its unique target capabilities.

In Chapter 2, mathematical and geometric definitions for the variable-geometry quadro-
tor were given. A full dynamic model was then derived assuming direct shape control.
Quantification of reaction torques acting on the body was troublesome, and therefore a
simplified symmetric model was constructed which continued to offer all unique target capa-
bilities intended for investigation in this study. The dynamics of this symmetric model were
found. Lastly, numerical values for a generic hobby-sized quadrotor were declared to allow
for numerical calculations going forward into control development.

Chapter 3 investigated control of the complete system using LQR with a linearization
about a hover at the origin with arms perpendicular and motors at the mid spans of the
arms. The controller was found to be stabilizing, although it did not return to the origin in
z translation. LQR controls were next calculated for the trirotor configuration to which the
quadrotor would transform in the event of a motor loss. The linearized dynamics produced a
controllability matrix which was full row rank, indicating the system should be controllable,
however the nonlinear dynamics were found to be unstable in every dimension when applying

the LQR gains. With the controllable matrix, LQR shows promise, however without a stable
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controller at this point, this remains an area for future work.

Chapter 4 proposed the utilization of Set Point LQR Gain Scheduling to control the
quadrotor during shape transitions by modeling it as a series of fixed-geometry quadrotors
and passing through the various gain sets during a transformation. A simple transformation
was modeled and an initial study using set points only at the beginning and end shapes
showed great promise for rapid restabilization of the system. Increasing to three set points
was found to dramatically decrease the pitch deviation experienced by the vehicle during
the transition, however further increases in set point quantity yield negligible improvement.
It was thus concluded three set points will be sufficient for simple shape transitions, al-
though more complex transitions or different LQR cost-weighting matrices may alter this
observation.

Chapter 5 considered the possibility of controlling the quadrotor using a single evenly-
distributed thrust, and actuating vehicle roll and pitch using arm rotations in place of differ-
ential throttling. This was testing using discrete time nonlinear optimal controls calculated
using the fmincon constrained numerical optimizer in MATLAB. The simulations verified
the system to be controllable using arm angle pitch and roll actuation. The results showed
strong control authority, with magnitudes of arm movements highly dependent on target
flight duration. Short time periods produced optimal inputs beyond the reasonable capabili-
ties of physical actuators however, so it will be important to consider actuator saturation for
determining limits of operation in a physical prototype. Additionally, calculation times were
long and therefore the control strategy is incapable of being applied in real time, however
the nonlinear controls could be used to develop optimal target trajectories about which a
real-time controller could be flown. The code is readily adaptable to various conditions and

situations, and therefore shows potential for future studies.

6.2 Recommendations for Future Work

The dynamic model is mostly complete and allowed for considerable development and evalu-

ation of unique vehicle capabilities. The next step for further developing the model will be to
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quantify the internal torques resulting from asymmetric shape changes, thus allowing the full
14 DOF dimensionality of the quadrotor to be modeled. Once this is accomplished, the next
major step to advance the dynamic model is to derive the model for the exact control chan-
nels to be used in the physical prototype, whether they be torques, velocities, voltage inputs,
or any combination thereof. The fidelity of the model can further be improved by accounting
for propeller dynamics including gyroscopic effects, lift interferences, and P-factor, as well
as accounting for drag forces acting on the body and propellers. A potential reference for
accounting these effects is [25], which develops a thorough dynamic model for a rigid-body

quadrotor.

The LQR controller was found to stabilize the quadrotor, however the controller did not
produce consistent returns to the origin. The first step necessary from this point is to identify
the root cause of the nonconvergence to the origin and address it. Once that is complete, the
LQR should be developed for additional flight maneuvers, beginning with simple trajectory
tracking. The linearization of the system in the trirotor configuration after recovery from
a motor loss should be scrutinized, as there is a suspected sign inversion resulting from an
yet to be identified error in the code. Further troubleshooting of this code should result in
controllability of the nonlinear trirotor model, as the controllability of the linearized model

was confirmed using the controllability matrix.

LQR Set Point Control showed promise for controlling the vehicle during shape transfor-
mations prescribed to meet mission objectives, and therefore should be further developed as
well. Similarly to the full model LQR, the controller was found to be stabilizing, but failed to
produce a return to the origin. If the source of this error is identified for the full model, the
correction will likely be similar in application to the set point model. Once the convergence
issue has been addressed, a wide variety of transition shapes and durations should be tested
to determine in which operations the three set-point result continues to be valid. Once a
strong understanding of set point requirements has been gathered, a library of gain sets
should be calculated for expected transitions between probable operating shapes, and the

gain library should be tested on a flying prototype using shape state feedback to determine
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which gain set is applicable.

The nonlinear control optimizer and simulator scripts are working and are written to be
easily modifiable. They are ready for additional tests such as modeling sliding motor control,
differential throttling, and any other desired combination of inputs, although increasing the
number of input channels does lead to exponential growth in run time durations. The
numerical accuracy of the simulations can be improved by converting the trajectory function
to again use 4th order Runge-Kutta, possibly through MATLAB’s ode45 function, as well as
running the model at higher control resolutions than the 41 point models used in Chapter
5. Considering arm angle pitch and roll actuation of the vehicle, optimal trajectories can
continue to be mapped using the numerical solver, however real-time control for physical
prototyping could readily be achived through the implementation of LQR on the variable

arm angle model.
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Appendix A
FULL FORM DYNAMIC EQUATIONS

This appendix shows the full-form symbolic dynamic equations for the simplified sym-
metric model, including both the CG-frame and body-frame translational dynamics. All

equations were calculated in Mathematica using the process in Chapter 2.3 and 2.4.

A.1 [L’éG

(59(_UA —Up — Uc — uD))/(ma'rmA + MarmB + Marmc + MarmD + Mpody + MmotA + MmotB +

MmotC + mmotD)

A.2 yéG

(C9S¢(UA +up +uc + uD))/<ma7"mA + MarmB + Marme + MarmbD + Mpody + Mpmota + Mot +

MmotC + mmotD)

A.3 ZéG

g— (090¢(UA + up + Uc + uD))/(marmA + MarmB + MarmC + MarmD + mbody + MmotA + MmotB +

Mmotc + mmotD)

A4

(—cecw(2mmot,4d;40% — QmmotcdlAc% — 4mmotAd;402¢s% —|—4mmotcd',402¢s% —2MynotAd Ay S0, —
2ot ad 4082 Cay + 2MinocdatipSa, + 2Mumocdadpca, + 2Mmupdpsa, + 2MmepdpsSa, +
A(Mmotp + Mynorn)dpaoCa, + Ao>Say(—(2dp(Mumots + Mumotp) + L5Marmp + LpMarmp)) +
2MmotpdpdigCa, + 2MpmoipdpdgCa, — LaMarmatipSa, — laMarmads®ca, + lpMarmBGsCa, +

lomarmcd¢8a¢ + lcmarmcd¢20a¢ + leardeOCozg) + (SQC¢S¢ + S¢C¢)(2mmotAdA8a¢ +
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meotcd;ls% + 4mmotAd'Ao£¢c% + 4mmotcd;402¢c% + 2Mypotad AGigCay, — QmmotAdAd¢2s% +
2MmotcdAGyCa, — 2Mmorcdady®se, — 2mmot3d}30a9 + 2mmotDcZ}30a9 + 4(Mpotn

mmotD>d'30205ag + dGQCag (2dB (mmotB - mmotD) + learmB — learmD> + 2mmothBd05a9 -
2MmotpdBdoSa, + lAMarmAGyCa, — laMarma®iy®Sa, + 1BMarmBG9Sa, + loMarmetpCa, —
lCmarmCd¢2Sa¢ - leardeOSag) - 239 (UA + up + uc + U'D))/<2(marmA + MarmB + MarmC +

MarmbD + mbody + MunotA + MmatB + MmotC + mmotD))

A5 ]

(ces¢(2mmot,4d;40% — 2mmotodl;40a¢ — 4mmot,4d'A02¢s% + 4mmotcd'Aa'¢s% — 2MinorAdACGG S0, —
QmmotAdAoé¢2ca¢ + 2Mmorcdadipsa, + QmmothAoéd,Qc% + 2mmot3d}gsa9 + meotpdésae +
A(Mumots + Mumotn)dpdocay + Ao%Say(—(2d5(Mmots + Mumotp) + lpMarmp + IpMarmp)) +
2MiotBABG9Ca, + 2MinotndBGoCa, — LAMarmAGpSa, — laMarmats®Ca, + IBMapmBGioCa, +
leMarmcGgSa, + loMarmetis*ca, + lpMarmpGoca,) + (cypcs — sesws¢)(2mmomdgs% +
2MynotcdaSa, + AMmotadadisCa, + AMnocdadipCa, + 2MinotadadipCa, — 2Mimoradadip?sa, +
2MmotcAAGyCay, — 2Mmorcdady®se, — Qmmoth}gcae + 2mmothjgca9 + 4(Mpotp —
mmotD)d}BOZHSag + p%Cay (2dB (Mmoot — Munotp) + L8BMarmB — IpMarmbd) + 2MumotpdpcaSa, —
2MotpdBGgSay + LaAMarmatisCa, — lAmMonZ(fs% + IBMarmBQ9Say + loMarmcGpCay

lCmarmCd¢2Sa¢ — L pMarmDG9Say) +2¢054(ua +up +uc+up))/(2(Marma + MarmB + Marme +

MarmD + mbody + MmotA + MmotB + MmotC + mmotD))

A6 Z

—(ces¢(2mmomdnAs% + QmmotcdnAs% —|—4mmomd.Aa'¢c% + 4mmotcd.Ao2¢c% +2Motad ACigCa,y —
2Mimotad a0y Sq, + 2MmotcdACigCa, — 2Mmorcdady®Sa, — meoth}gcag + Qmmoth}gcag +
4<mmotB - mmotD)d‘BOZGSag + dGQCa9(2dB(mmotB — mmotD) + learmB - learmD) +
2MmotBdpaigSa, — 2MmotpdBdosa, + laMarmatiyCa, — laMarmadiy®Sa, + lBMarmpdoSa, +
lCmarmC’OZ(z)Coaqﬁ - lCmarmCd¢2Sa¢ - leardeOSag))/(2<marmA + MermB + Marme +
MarmbD + mbody + Mimota + MmotB + MmotC + mmotD)) - <59(2mmotAd;40a¢, - Qmmotcd’;ﬁ&cad, -

AMimotadAQgSa, + 4Mporcd a0y Sa, — 2Mimotad 40 sSa, — 2Mmetadady®Ca, + 2Mmorcdadiysa, +
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2mmothAd¢2ca¢ + 2mmoth"Bsoz9 + Qmmoth"BSag + 4(mpmas + mmotD)dﬁdecag +
02 S 0y (— (2dB(MumotB + Mumotd) +LBMarmB + 0 Marmp)) + 2Mmot BABCCay + 2Mumot pd B GgCay —
LAMarmAGgSa, — lAMarmatip’Ca, + [BMarmBGoCa, + lcMarmeGgSa, + loMarmedy®Ca, +
[pMarmbpGoCay))/ (2(Marma + MarmB + Marme + MarmbD + Miody + MimotA + MumotB + Mmotc +
Mumotp)) + g — (cocs(ua + up + uc + up))/(Marma + Marmp + Marme + MarmD + Mbody +

MpmotA + MmotB + MmotC + mmotD)

A7

(12((ua +up +uc +up)((—bpup + bpup — (up — up)ca,ydp + (ua +uc)dasa,)/(ua + up +
uc+up) — (—2bpMarmp — LBCayMarmp + 200MarmpD — 20BMumots + 20 pMmotn + LpMarmpDCay —
2(MunotB — MmotD)CaydB + LaMarmASa, +lcMarmcSa, + 2(Mmota + Mimotc)daSay) [ (2(Marma +
MarmB+Marmc+MarmD+Mbody T Mmot A+ Mumot B+ Mumotc+MunotD) ) — 15 ((6Mmot5 (26D Marma—
lasa,Marma + 205Marmp + 2bpMarmp + 20pMarme + 2bpMbody + 20pMimeta + 20pMmots +
2bp Mot + 2bpMunotc + LBMarmBCay — LDMarmDCay + 2(Marma + MarmB + Marme + Marmp +
Mpody +Mmot A+ 2Munot B +MmotC ) CagdB — lcMarmcSa, — 2(Mmot A +Mmotc ) daSay ) (—2(Mimora +
Muote)Sayda + 2Marma + Marmp + Marme + Marmp + Moody + Muora + 2Mon +
mmotc)cagdé — IBMarmBSay®o + LDMarmDSayCo — 2(Marma + MarmpB + Marme + Marmp +
Mpody + MimotA + 2MumotB + MinotC)ABSay g — LAMarmACay Oy — lcMarmcCay g — 2(Mimora +
Minot€)Cay@40)) [ (Marma + Marms + Marme + Marmbd + Mbody + Mmota + MimotB + Mmorc: +
MmotD)?) + (6Mmotp(26DMarma — laSayMarma + 208MarmB + 20DMarmp + 20pMarme +
2bpMipody + 2bpMumora + 20BMunets + 200Mipmot + 20D Mot + IBMarmBCay — IDMarmbDCay +
2(Marma +MarmB +Marmc +MarmD +Mbody +MimotA + 2Munot B +MimotC ) CagdB — loMarmcSay —
2(Mumora + Mimotc)daSay, ) (—2(Munora + Muorc) Say, da + 2(Marma + Marmp + Marme + Marmp +
Mpody + Mmota + 2Mpmetp + mmotc)Cagdé — IBMarmBSay@o + LDMarmDSayo — 2(Marma +
MarmB + Marmc + Marmd + Miody + MmotA + 2MmotB + Mot )ABSag Gy — LAMarmACa, g —
leMarmcCay0p — 2(Mimota + Mot ) Ca, datip)) [ ((Marma + Marmp + Marmc + MarmpD + Mbody +
MinotA + MumotB + Mmotc + Mumotn)?) + (6Mpody(—2b5Marmp — 1BCagMarmp + 200Marmp —

2bBTn'motB + 2memotD + learchag - 2(rrnmotB - mmotD)Cag dB + lAmarmA3a¢ + lCmarmCsoz¢ +
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2(MumotA+Mmotc ) d aSay ) (2(MimotA +Mimotc ) Say da—2(Mynors — MmotD)Cag dp+ [BMarmBSayCig—
IDMarmDSag0o + 2(MmotB — MinotD)ABSayQo + LaMarmACay Uy + leMarmcCay Oy + 2(Mmora +
mmotC)Ca¢ dAd¢))/((marmA + MarmB + Marmc + Marmp + Mpody + MpnotA + MmotB + MmotC +
Mumotp)?) + (6Mumora(—205Marmp — 1BCagMarmB + 200Marmp — 2bMumots + 2bpMumerp +
learmDCag - 2(77/LmotB - mmotD)CagdB + lAmarmASa¢ + lCmarmCSOz¢ - Z(marmA + MarmB +
MarmC + Marmp + mbody + MmotB + mmotD)dA3a¢)(_2(marmA + MarmB + MarmC + MarmpD +
Mpody + MunotB + mmotD)Sa¢ dA - 2(mmotB - mmotD)cag dB + learmBsag d6‘ - learmD Sag d@ +
2(MunotB — Mot )ABSagQo + LAMarmACa, G + leMarmcCay Oy — 2(Marma + MarmB + Marme +
MarmbD + Mpody + MpmotB + mmotD>ca¢dAOé¢))/((marmA + MarmB + Marmc + MarmbD + Mpody +
MmotA + MmotB + MpotC + mmotD>2) + (6mmotC(_2mearmB - chag MarmB + 2mearmD -
20MumotB +200Mumotp + 1D MarmDCay — 2(MmotB = MinotD ) Cag @B +1AMarmaSay +lcMarmcSa, —
2<marmA + MarmB + MarmcC + MarmD + mbody + MmotB + mmotD)dA3a¢)(_2(marmA + MarmB +
MarmC +MarmpD + mbody +MpnotB + mmotD)5a¢ dA - 2(7nmotB - mmotD)cag dB + le(leBSag d@ -
learmDSag d@ + 2(mmotB - mmotD)dBSag d@ + lAmarmACoz¢ dd) + lCmarcha¢ dd) - 2(WLarmA +
MarmB + Marmc + MarmD + Miody + Mot + MinotD ) Cay dais))/ ((Marma + Marmp + Marme +
MarmbD T mbody + MumotA + MpmotB + Mmotc + mmotD)2> + MarmbD (6<2bD + lDCag - (_2mea7"mB -
lBCagmarmB + 2mearmD - 2memotB + 2memotD + learmDCag - 2(TnmoiiB - mmotD)Cag dB +
LaMarmaSa, + leMarmcSa, + 2(Mmota + Mot )d 48 ay) / (Marma + MarmB + Marme + Marmp +
mbody + Mmot A + MmotB + MmotC + mmotD)) (_ZD Sag dO - (2 (mmotA + mmotC)3a¢ dA - 2(777'motB -
mmotD>Cag dB + learmB Say d@ - learmD Say d@ +2 (mmotB - mmotD)dB Say d@ + lAmarmACa¢ dd) +
lCmarmCCa¢d¢ + 2<mmotA + mmotC)Ca¢dAd¢>/(marmA + MarmB + Marme + MarmpD + Mpody +
Mot A+ Moot B+ Momotc +MimotD)) — ZDQSQch ) +MarmA(S2a, 03¢ZA2 +6(laSa, — (—2bBMarmB —
chag MarmB + 2mearmD - 2memotB + 2bDTnmotD + learmDCag - 2(WbmotB - mmotD)Cag dB +
lAmarmA5a¢ + lCmarmCSa¢ + 2(Tnmoi&A + mmotC)dASa¢)/(marmA + MarmB + MarmC + MarmpD +
Mpody + MinotA + Mot B + Mimotc + MimotD)) (L4Cay 0p — (2(Minora + mmotC)Sa(ﬁd.A — 2(MyotB —
mmotD)cag dB + learmB Say dO - learmD Say dO +2 (mmotB - mmotD)dB Say dG + lAmarmACoz¢ dqﬁ +
lCmarmCCa¢d¢> + 2(TnmotA + mmotC)Ca¢dAd¢)/(marmA + MarmB + MarmC + MarmpD + mbody +

Mmot A +mmotB +mm0tC+mmotD) ) ) +marmC (32a¢ d¢lC2 +6 (lea¢ - <_2bB MarmB— ZB CapMarmB +
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20pMarmD — 2bBMmorB + 26D MmotD + 1D MarmDCag — 2(MmotB — MmotD)Caydp +1aMarmaSa, +
lCmarmC Sa¢ + 2(TnmotA + mmotC)dA 5a¢)/(marmA + MarmB + Marme + MarmbD + mbody + Mypota +
MmotB + MmotC + mmotD))(lCCa¢d¢ - (2(mmotA + mmotC’)Sc%d‘A - 2(7nmotB - mmotD)Cag dB +
[BMarmBSagGo—IDMarmDSayCo+2(MmotB—MmotD)ABSay g+ AMarmaCay g+ oMarmc Ca, g+
2(TnmotA + mmotC’)caquAOé(i))/(marmA + MarmB + MarmcC + MarmD + mbody + Mmot A + MmotB +
Mmotc + mmotD))) + 12marmB((bB + %chag + (_QmearmB - chag MarmB T 2bD/’narmD -
2bBTn'motB + 2memotD + learchag - 2('rnmotB - mmotD)Cag dB + lAmarmA8a¢ + lCma'rmCsoz¢ +
2(MunotA + Mimotc)daSay) /[ (2(Marma + MarmB + Marmc + Marmd + Miody + Mot A + Mot +
Mmotc + mmotD)))<<2(mmotA + mmotC)3a¢d'A - 2<7nmotB - mmotD)Cagdé + learmBsagdH -
lem«mDSCmd@ + 2(mmot3 — mmotD)staeoég + lAmaTmACa¢OZ¢ + lcmarmcC%O&p + 2(mmotA +
MinotC)Cayd40g) [ (Marma + Marmp + Marme + Marmbd + Miody + MimotA + ManotB + Manotc +
mmotD) - lBsoagde) - %ZBQCOLQSang))QB))/((gmmotB(QmearmA - lA3a¢marmA + 2mearmB +
2bD'rn/armB + 2mearmC + 2bDTnbody + 2bDTn'motA + 2memotB + 2memotB + 2memotC +
learmBCag - learchag + 2(WlarmA + MarmB + Marmc +Marmb + Mpody +Mmota + meotB +
MimotC) CagdB —lcMarmeSa, —2(Mmot A +Mimotc ) daSa,)?) [ (Marma+MarmB +Marme +Marmp +
mbody Mot A+ Mmot B+ Mmotc + mmotD)2) + (3mmotD (2mearmA - lA5a¢ MarmaA+ 2bBﬂ/larmB +
2bpMarmB + 2bpMarme + 200Miody + 2bpMmora + 20BMunots + 20pMimots + 2bpMuperc +
IBMarmBCay — LDMarmDCap + 2(Marma + MarmB + Marmc + Marmb + Mpody + Moot + 2Mumots +
mmotC’)Cag dB - lCmarmC'Soa¢ -2 (mmotA +mmotC)dASOc¢ )2)/((marmA +ma7“mB "’marmC +ma7”mD +
mbody Mot AT Mmot B +mmotC +mmotD)2) + (3mmotA<_2mearmB - lBCag MarmB +2bD MaormD —
2bBTn'motB + 2memotD + learmDCag - 2(mmotB - mmotD)Cag dB + lATnarmASoz(f> + lCmarmCSa¢ -
2(Marma + MarmB + Marmc + Marmd + Mbody + MimotB + ManotD)daSa,)?) / ((Marma + Marms +
MarmC + MarmbD + mbody + MpmotA + MmotB + Mmotc + mmotD)Q) + (BmmotC(_QmearmB -
lBCagmarmB + 2mearmD - 2memotB + 2memotD + learmDCag - 2(Tnmoi&B - mmotD)Cag dB +
LaMarmaSa, + leMarmcSa, — 2(Marma + MarmB + Marmc + Marmd + Miody + Minotp +
mmotD)dA5a¢)2)/((marmA + MarmB + MarmcC + MarmD + mbody + MmotA + MmotB + MmotC +
mmotD)Q) + 777/body(hboaly2 + 3pbody2 + (3(_2mearmB - chag MarmB + 2bDnlow“mD - 2bBTn/motB +

2bDrrnmotD + learchag - 2(7nmotB - mmotD)Cag dB + lAmarmAS% + lCmarmCSa¢ + 2(Wlfn”:,otA +
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Manotc)daSa,)?) ) ((Marma + MarmB + Marmc + Marmb + Mbody + Manota + ManotB + Manorc +
Mmotn)?)) + mm«mD(lDQCie + 3(2bp + IpCay — (—2bMarmB — (BCayMarmB + 20DMarmp —
268 Mot B +200MunotD + 1 DMarmDCag = 2(MinotB = MmotD ) CagdB + 1AM armaSay +lcMarmoSa, +
2(Mumota + Mot )daSay)/ (Marma + MarmB + Marmc + Marmd + Mpody + MimotA + Mot +
Mot + Minotp))?) + Marma(la®s?, + 3(1asa, — (=2b5MarmB — LBCagMarmp + 20DMarmp —
208 Mot B +20DMunotD + D MarmDCag = 2(MinotB = MmotD ) CagdB + 1AM armaS ey, +lcMarmoSa, +
2(Mmota + Mimotc)dASay )/ (Marma + MarmB + Marme + Marmp + Miody + MinotA + Minors +
Munotc + Mumotn))?) + marmC(l023i¢ + 3(leSa, — (—208MarmB — IBCayMarmB + 2bpMarmp —
2b8MmotB +20DMumotD +1DMarmDCap = 2(Mmot B = MimotD)CaydB +1AMarmaSa, +lcMarmcSa, +
2(Mmota+Mmorc)daSa, )/ (MarmA+MarmB+Marme +MarmD +Mbody Moot A+ Mot B +Mimorc+
Mmotp))?) + 12marm3<%lB2039 + (bp + %chag + (=2bMarmB — lBCayMarmB + 20pMarmp —
208MmotB + 20 DMimotD +1DMarmDCap = 2(Mmot B = MimotD)CaydB +1AMarmaSa, +lcMarmcSa, +
2(Mmota + Mumotc)dasa,) [ (2(Marma + MarmB + Marmc + MarmbD + Mbody + Munota + Mmots +

MmotC + MmotD ) ) )2))

A8 0

(12((ua +up +uc+up)((baua —beuc + (ua — uc)ca,da+ (up +up)dpsa, )/ (va +up+uc +
up)—(204Marma+laca,Marma—200Marmc+2bAMmot 4 —2bcMmorc —leMarmcCay +2(Mimota —
MimotC)Cay@a + [BMarmBSas + IDMarmDSay + 2(MimotB + MimotD)ABSay) /[ (2(Marma + Marmp +
Marmc + Marmd + Mbody + MinotA + MumotB + Mimotc: + Minotn))) — 75 ((6Mimors (20 AMarma +
laCayMarma — 2bcMarme + 20 AMimota — 2b6Mmotc — leMarmcCay + 2(MinotA — Mot ) Cayda +
lBMarmBSay + IDMarmDSay — 2(Marma + MarmB + Marmc + Marmbd + Miody + Mimota +
Mot ABSay) (2(Mimora — Minotc)Cayda — 2(Marma + Marmp + Marme + Marmp + Mpoay +
MinotA + Minotc)Sagdp + 1BMarmBCay@o + IDMarmpCagtio — 2(Marma + Marmp + Marme +
MarmD + Mbody + MimotA + MinotC)CagdBs — LAMarmaSa, g + leMarmcSa, g — 2(Mmota —
Minotc)daSa, )/ ((Marma + Marms + Marme + Marmb + Mbody + Mamota + ManotB + Mot +
MmotD)?) + (6Mnotn(204Marma + laCayMarma — 2bcMarme + 204Mmora — 2bcMpoc —

lC’7na7'mCCoz¢> + 2(mmotA - mmotC)ca¢dA + learmBsag + learmDSag - 2(marmA + MarmB +
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MarmC + Marmd + Miody + MimotA + Mot )ABSag) (2(MmotA — Mimotc)Cayda — 2(Marma +
MarmB + Marmc + MarmD + Mpody + Munota + mmotC)Sag dB + learmBCag d@ + learchag d@ -
2<marmA + MarmB + Marmc + MarmpD + Mpody + Mpota + mmotC)Ca9 dBdG - lAmarmA5a¢dd> +
loMarmCSay 0 = 2(Mumota — Mimotc)daSaye))/ ((Marma + MarmB + Marme + MarmD + Moy +
MmotA + MmotB + Mupotc + mmotD)2) + (6mbody (2bAmarmA + lAca(/) MarmA — 2bCWLarmC +
2bATnmotA - 2memotC - lC'marmCCa¢ + 2(mmotA - mmotC>ca¢, dA + learmBsag + learmDsag +
2 (mmotB + MpotD ) dB Say ) (2 (mmotA - mmotC)ch¢ dA + 2 (mmotB + mmotD)Sag dB + lea'rmB Cayp d@ +
IDMarmDCag@ + 2(MimotB + MimotD)CagdBAs — LaMarmASa, G + loMarmcSa, 0y — 2(Mmora —
mmotC)dAsa¢ dqﬁ))/((marmA + MarmB + Marmc + Marmb + mbody + MumotA + MmotB + Mmotc +
mmotD>2) + <6mmotC<2bAmarmA + QmearmA + lACa¢marmA + 2bcmarmB + ZbcmarmD +
200 Miody +2bAMmotA + 200 Mot 4+ 206 Moot B+ 200Mmot 0 — leMarmc Cay +2(Marma +Marmp +
Marmc + MarmpD + Mpody + 2TnmotA + Mot + mmotD)Ca¢dA + learmBsag + learmDsag +
2<mmotB + mmotD)dBSag)(Q(marmA + MarmB + MarmC + MarmpD + mbody + 2TnmotA + MynotB +
mmotD)Ca¢ dA + 2(mmotB + mmotD)Sag dB + learchag d6‘ + learmDchg d@ + 2<mmotB +
MimotD)Cag @B — LAMarmaSa, g + lcMarmcSa, 0 — 2(Marma + MarmB + Marme + Marmp +
mbody + 2mmotA + Mot + mmotD)dA5a¢ dqﬁ))/((marmA + MarmB + Marmc + MarmbD + mbody +
MpmotA + MmatB + MpotC + mmotD)Q) + 24mmotA(bA + Ca¢ dA - <2bAmarmA + lACoz¢ MarmA —
20cMarme + 20 4MmotA — 200Mmorc — leMarmcCay + 2(MinotA — Mot ) Cayda + IBMarmBSay +
learmDSag + 2(7n7notB + 77ﬁLmotD)dB Soag)/(Q(marmA + MarmB + MarmC + MarmD + mbody +
MinotA T MmotB 1 MmotC + mmotD))) (Ca¢ dA - dA5a¢ dqﬁ - (2<mmotA - mmotC>Ca¢ dA + 2(mmotB +
mmotD)Sag dB + lB MarmBCay d@ + lea'rmD Cay 020 + 2(mmotB + mmotD>Ca9 dB d@ - lAmarmASa¢ qu +
leMarmcSa, g — 2(Minota — Mot )daSa, @)/ (2(Marma + MarmB + Marmc + Marmb + Mpody +
Mmot A+ Mmot B+ Mmotc + mmotD))) +MarmB (SQag 029l32 + 6(ZB Sap — <2bAma7“mA + lACad,marmA -
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mmotC’))Sag - lCmarmCSag—oz¢ + lAmarmASa9+a¢) - 2<bB(2mmot32 + MarmB (mmotB +
mmotD)) + bD <2mmot32 + MarmCMmotB + mbodymmotB + Mot AMmotB + MmotCMmotB +
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