©~Copyright 2023
Hanyu Zhang



Interpretation and Validation for Unsupervised Learning

Hanyu Zhang

A dissertation
submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2023

Reading Committee:
Marina Meila-Predoviciu, Chair
Yen-Chi Chen

Zaid Harchaoui

Program Authorized to Offer Degree:
Department of Statistics



University of Washington

Abstract

Interpretation and Validation for Unsupervised Learning

Hanyu Zhang

Chair of the Supervisory Committee:
Marina Meila-Predoviciu
Department of Statistics

This thesis studies two major problems in unsupervised learning: manifold learning and
clustering. The motivation of this research is to establish mathematically rigorous methods
that enable practitioners to have better understanding of what the algorithm is doing, even
if there is no ground truth label for unsupervised learning problems. Specifically, we propose
two criterion for a useful unsupervised learning paradigm: interpretability and stability.

In the first part (chapter2-chapter 3), we propose a framework that allows domain ex-
perts to include a set of dictionary functions that can help provide manifold embedding
coordinates with physical meaning. We first discuss mathematical foundation of this frame-
owrk. Based on this framework, we develop two algorithms. TSLASSO obtains a manifold
embedding function gg that directly consists of functions from this dictionary as a valid
parametrization of the data manifold. MANIFOLDLASSO works with existing manifold
embedding coordinates and outputs a subset of functions that parametrize the existing
manifold embedding coordinates.

In the second part of the thesis (chapter 4-chapter 6), we introduce the stability of clus-
tering to quantitatively validate a clustering result so that it is possible for practitioners to
avoid these unwanted phenomena. Our target is to establish a generic notion (v, €) —stability
and show how this can be applied to real statistical tasks.

In chapter 5, we quantify population stability with respect to K-means clustering as

a quantity for an arbitrary population P. With very mild assumptions on P, we show



this quantity of P relates to that of a finite sample drawn from P: if any optimal K-
means clusterings of P is not stable, then with high probability any global optimizers of
K-means on i.i.d. sample of P is not stable; on the other hand, if population P allows one
stable clustering with low K-means loss, then global optimizers of K-means clustering on
i.i.d. sample is with high probability stable. We develop an algorithm to compute an upper
bound of stability metric with respect to K-means clustering. As a byproduct, it provides an
upper bound on the discrepancy between the global optimal K-means clustering assignment
with the computed ones. We also provide emprical validation of this method.

In chapter 6, we focus on model-based clustering through fitting mixtures of spherical
Gaussians (sGMM). Fitting sGMM is essentially a parameter estimation problem, and clus-
tering assignments are based on the estimation. This thesis discusses mainly the parametric
stability of sGMM: We show that if any two sGMMSs are close, then their parameters are
pairwise close. This result is proved with different assumptions on the model class of sG-
MDMs. We can also see from numeric example that with the assumptions on the separation
of different components in a Gaussian mixture, we obtain a precise upper bound on the

parameter distances.
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Chapter 1

INTRODUCTION

1.1 Overview

Understanding data is one of the core missions of data science. Given a dataset, or a set of
observations, it is often interesting to provide a compressed description or statistical model
that fits the data. Such tasks are often examples of unsupervised learning. In contrast
to supervised learning, another powerful machine learning technique, unsupervised learning
tasks come with no labeled data and no ground truths. Furthermore, often these tasks
are viewed as a complicated version of descriptive statistics and can be the cornerstone for
further data analysis procedures. As we will see shortly, the results of unsupervised learning
algorithms are often mysterious. They are often hard to interpret, and these outputs may
change drastically even if the algorithm is re-run on the same data set. In this dissertation,
we aim to provide a set of algorithms and mathematical results that help users to understand
and trust results returned from two sets of typical unsupervised learning tasks: manifold

learning and clustering.

Manifold learning Manifold learning is one of the handy tools for revealing the intrinsic
structure of high-dimensional data. Nowadays, data (images, texts, RNA sequence data,
etc.) often come with hundreds, thousands, or even millions of covariates, which on the
one hand, provides more information, but on the other hand, hinders understanding data
in various ways. Recent developments [Bellman, 1966] in high dimensional probability and
statistics have illustrated challenges of analyzing high-dimensional data, the so-called cure
of dimensionality. Widely accepted manifold assumption proposes that high dimensional
data concentrate near a lower dimensional manifold. Hence a popular topic is to recover the
structure of this low dimensional manifold. Twenty years after the first manifold learning

algorithm, Isomap [Bernstein et al., 2000], was invented, various algorithms appeared and



can provide a low-dimensional representation of the data while retaining critical geometric
features. However, it is hard to include domain knowledge and interpret the result. In the
first part (chapter 2 to chapter 3) of this dissertation, we will establish a mathematical

framework and algorithmic methodology to provide a solution to this interpretability issue.

Clustering Clustering analysis aims to find subgroups of data so that the observations
within each group are more similar than the observations not from this group. Though
many different clustering algorithms exist, recent result in [Jin et al., 2016b] demonstrate
that many clustering algorithms can provide different results even given the same data set
since most clustering algorithms, as optimization problems, are combinatorial optimization
problems and are often NP-hard. In the second part of the thesis (chapter 4-chapter 6), we
focus on providing a clustering stability guarantee under different clustering paradigms so
that to determine whether the output of a clustering algorithm is trustworthy.

Contents of this dissertation have been extracted from, with modifications, the following
manuscripts: Chapter 3 is taken and reorganized from Manifold Coordinates with Physical
Meaning and Dictionary-based Manifold Learning, both co-authored with Samson Koelle,
Marina Meila and Yu-chia Chen. Chapter 5 is taken from Distribution free optimality
intervals for clustering, co-authored with Marina meila. Chapter 6 is taken from Parameter
Stability of Spherical Gaussian Mixture Models, co-authored with Marina Meila. The author
wants to point out that the experiments in chapter 3 is implemented by Samson Koelle and
in chapter 5 is implemented by Marina Meila. The author include these contents for the
completeness of the thesis. However, the major contribution of the author is in the theory

part of the thesis.
1.2 Part I: Manifold embedding with physical meaning

In this dissertation we focus on the manifold learning paradigm called manifold embedding
algorithms, which learn a mapping QAﬁ that sends high dimensional data points to low dimen-
sional representations. The key assumption of manifold learning is data are sampled from a
distribution that is supported close to a lower dimensional manifold embedded in the high

dimensional space. Since the proposal of Isomap in 2000 [Bernstein et al., 2000], various



manifold embedding algorithms have appeared [Belkin and Niyogi, 2002, Zhang and Zha,
2004]. In the limiting scenario that distribution is supported on a manifold M and sample
size tends to infinity, these methods provide consistent results in the sense that learned
mapping gZ; will converge to a smooth embedding of M to the low dimension space. In
chapter 2, we provide a more comprehensive review of the mathematical background and
progress of manifold learning.

These manifold embedding algorithms are handy for scientists to study complicated
systems. Take the molecular dynamic simulation(MDS) study as an example. In an MDS
study, raw configuration data are locations of atoms in a molecule system and can easily
reach hundreds of dimensions. Manifold embedding as a dimension reduction technique is
very useful for scientists to find only a few variables to describe the state of the studied
molecular system. These variables, called collective variables, can govern the movement of
a molecule.

There are two challenges in using manifold embedding paradigms for this task. First,
the procedure of learning dA) does not include any domain knowledge of chemists. Therefore,
the discovered variables are not physically meaningful, hindering the algorithm outputs’
interpretation. Second, the learned gZ; does not have a functional form. Therefore, it is hard
to consistently map data not in the sample to their low dimensional representation.

In contrast, when scientists describe/model a system using knowledge from their domain,
often the resulting model is in terms of domain-relevant features, which are continuous
functions of other domain variables (e.g., equations of motion, rotation of angles, etc.). The
key question in the first part of this thesis is: is it possible to use a subset of these physically
meaningful functions to describe the data manifold? If such a subset of functions exists, we

will call them a parametrization of the data manifold.

Contributions On a high level, a user can propose any reasonable domain-related smooth
functions on the manifold data. In this dissertation, we introduce a framework in chapter
3 that allows domain experts to include a set of dictionary functions that can help provide
manifold embedding coordinates with physical meaning. Based on this framework, we

develop two algorithms. TSLASSO obtains a manifold embedding function ¢ that directly



consists of functions from this dictionary as a valid parametrization of the data manifold.
MANIFOLDLASSO works with existing manifold embedding coordinates and outputs a subset

of functions that parametrize the existing manifold embedding coordinates.
1.3 Part II: Stability of clustering

Clustering is a broad topic that applies to various data types. In chapter 4, we review some
of the remarkable results established for clusterings. These results generally show that if
the data are indeed clusterable or come from a specific probabilistic model, then current
algorithms can efficiently find or approximate the correct clustering.

However, there is no standard method to validate such assumptions. Sometimes the
population P or the data set does not have a meaningful sub-group structure (under the
K-means paradigm) with the given number of clusters, while K-means can still output some
results. In this thesis, we introduce the stability of clustering to quantitatively validate a
clustering result so that it is possible for practitioners to avoid these unwanted phenomena.

Our target is to establish a stability guarantee theorem in the following form:

Theorem 1.1 (Generic theorem). Given a population P (could be empirical distribution on
finite sample), a clustering C and a clustering paradigm M, C is (v, €)-stable if all clustering
C" with g(C', P) < g(C, P) + v must have d(C,C") < e.

We identify three important components in our framework.

e Clustering paradigm 91: It could be a loss-based clustering, model-based clustering,

etc.

e Clustering performance g(C,D): It can often be a loss function, a likelihood function,
or other quantities that measure the performance of a clustering. ¢(C, D) should be
different for different clustering paradigms. Without loss of generality, we regard a

smaller value of g(C, D) means better clustering.

e Clustering distance d(C,C’): This is a closeness measure for two different clusterings

C,C’. Similarly, this distance is adaptive to the choice of clustering paradigms.



Establishing a general guarantee like 1.1 for all clustering algorithms is challenging.
Some previous work [Wan and Meila, 2016] have established such results for graph clustering
settings. In this thesis, we mainly consider clusterings of data in Euclidean space R%. The

second part of this thesis instantiates theorem 1.1 in multiple cases.

Contributions We focus on K-means clustering in chapter 5. We quantify population
stability with respect to K-means clustering as a quantity for an arbitrary population P.
With very mild assumptions on P, we show this quantity of P relates to that of a finite
sample drawn from P: if any optimal K-means clusterings of P is not stable, then with
high probability any global optimizers of K-means on i.i.d. sample of P is not stable; on
the other hand, if population P allows one stable clustering with low K-means loss, then
global optimizers of K-means clustering on i.i.d. sample is with high probability stable. We
develop an algorithm to compute an upper bound of stability metric with respect to K-
means clustering. As a byproduct, it provides an upper bound on the discrepancy between
the global optimal K-means clustering assignment with the computed ones.

In chapter 6, we focus on model-based clustering through fitting mixtures of spherical
Gaussians (sGMM). Fitting sGMM is essentially a parameter estimation problem, and clus-
tering assignments are based on the estimation. This thesis discusses mainly the parametric
stability of sGMM: We show that if any two sGMMs are close, then their parameters are
pairwise close. This result is proved with different assumptions on the model class of sG-
MDMs. As we shall see, with the assumptions on the separation of different components in a

Gaussian mixture, we obtain a precise upper bound on the parameter distances.
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INTERPRETABLE MANIFOLD LEARNING THROUGH SPARSE
RECOVERY



Chapter 2

MATHEMATICAL FOUNDATIONS OF INTERPRETABLE
MANIFOLD LEARNING

2.1 Differential geometry

2.1.1 Manifold, tangent space and embedding

Intuitively, the notion of a manifold is a generalization of curves and surfaces. Readers can
consult [Lee, 2003, do Carmo, 1992] for the formal definitions and a detailed treatment of
manifolds and differential geometry. In this thesis, smooth usually means C°°.

We start with the mathematical definition of a smooth manifold.

Definition 2.1 (Smooth manifold). M is a manifold of dimension d (also called a d-

manifold) if it is a topological space with the following property:
e M is Hausdorff: any two distinct points can be separated by disjoint open sets.
o M is second-countable: M has a countable base.

o For each &€ € M, there exist an open set U C M that contains &, an open subset
UcR and a function ¢ : U — U such that @ is bijective and continuous from

U — U and ¢~ is also continuous.

The pair (U, ) is called a (coordinate) chart, and the component functions of ¢ are denoted
by (&), - ,2%€)). ¢ is called local coordinate. Two charts (U, ), (V,4) on a d dimen-
sional manifold M are (smoothly) compatible if whenever U NV # (), the map p o1 is
a diffeomorphism. A smooth atlas is a collection of mutually smoothly compatible charts

whose domains cover M. Finally, a smooth manifold is a manifold with a smooth atlas.

This definition intuitively states that, locally around each of its points, a manifold be-

haves like an open subset in R%. The assumption of Hausdorff and second-countable are



technical requirements. These two conditions are easy to satisfy for most standard ob-
jects. Euclidean spaces, compact metric spaces, and separable metric spaces satisfy this

assumption.

Definition 2.2 (Smooth functions). Suppose M, N are two smooth manifolds. A function
f: M —= R is smooth (or C*) if for any point £ € M, there exist a coordinate chart (U, o)
containing & such that f o ! is smooth (or C*).

Similarly a smooth mapping F : M — N is smooth (or CF) if for any point £ € M,
there exists a coordinate chart (U, ) containing & and (V,1)) containing F(§) such that
Yo Fop!is smooth (or C*).

We denote the space of all smooth (or C*) functions on M by C®°(M) (or C*(M)).

Definition 2.3 (Differentials, tangent vectors and tangent spaces). A derivation at £ is a
linear operator 0 : C*°(M) — R such that for any smooth functions f,g € C*°(M), it holds
that

o(fg) = g(€)(f) + f(&)o(g) - (2.1)

Image of this operator over all f € C(M) is called tangent space of M at &, denoted by
TeM. An element of TeM is called a tangent vector.

Further, differential operator ® on M induces a mapping dF defined on smooth maps
between two manifolds M,N. Note that for any smooth function f € C*®(N), foF €
C*>°(M). This mapping dF sends tangent vectors in Te M to elements in Tpe)N in the way
that

(dE)(f)=03(foF) VfeC®N) gelC?*M).
dF is called the differential of F'. The rank of dF is called rank of F'.

This is a formal definition. Intuitively, one can think of tangent vectors as all possible
directions in Euclidean space. Derivation is then directional derivatives in the usual calculus
sense. One can check that differential is a linear map between tangent spaces and satisfy
the chain rule as standard derivatives.

There are special cases of smooth mappings between two manifolds.



Definition 2.4 (Embedding). A smooth map F : M — N is an immersion if rank F equals
the dimension of M. An immersion F' is an embedding if it is injective and homeomorphism

of its image F(M) C N in subspace topology.

Of particular interest is the case M C N if the inclusion i : M — N is an embedding,
then M is said to be a submanifold of A/. Commonly in statistics, the high dimensional data
that lie initially N' = R”, and we model them by M a submanifold of R? to be estimated.
Then D is called the ambient dimension (of the data)

A good thing about embedding is avoiding using multiple charts to describe a manifold.
Instead, one can find a global mapping F' : M — N where N is easier to understand.
Whitney’s embedding theorem states that every d—dimensional manifold can be embedded
into R2?. Therefore, if one can find a valid embedding, a significant dimension reduction can
be achieved (from D to O(d)). Such an embedding is one of the major targets of manifold
learning algorithms.

In differential geometry, a global rank theorem shows that the property of an embedding

can be given by rank theorem.

Theorem 2.1 (Global rank theorem). Let M, N be two differential manifolds, and F :

M — N is a smooth map with constant rank.

o If F' is surjective, it is a submersion.
o If F' is injective, it is an immersion.
o If F is bijective, it is a diffeomorphism.

2.1.2 Riemannian metric

A scientist may be interested in the distance between two molecular configurations &1, s,
seen as points of M C RP. Their Euclidean distance ||¢; — &]| is readily available without
requiring additional statistics. However, this value may not be of physical interest since
most putative configurations along the segment &; to & in RP are not physically possible.

To deform from state & to &2, the ethanol molecule must follow a path contained in (or
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near) the manifold M of possible configurations, and the distance da(&1,&2) shall naturally
be defined as the shortest possible length of such a path (and is defined as the geodesic
distance). Just like in R?, the distance between two points is independent of the choice of
basis and invariant if R? is a subspace of a larger Euclidean space, distances along curves in a
manifold M can be defined solely based on the coordinate charts (U, ¢), hence intrinsically,
without reference to the ambient space R, and are purely geometric, hence are independent
of the choices of charts.

T is sufficient to define both distances, by |[v — u||?=

In R, the scalar product (v, u) = v
(v —u,v — u), and angles, by their cosine value (v,u)/(||v||||u||). Moreover, any positive
definite matrix A € RP*P can define a scalar product by (v,u)a = v' Aw; in this case, A
is often called a metric on RP.

Riemann took up this idea and introduced the following definition to study the intrinsic

geometry of a manifold. The Riemannian metric defined below plays the same role as A

above. However, this metric is allowed to vary from point to point.

Definition 2.5. A Riemannian metric g of a manifold M associates to each point & € M
an inner product (-, -)ge) on the tangent space Te M, which varies smoothly in the following
sense: let (U, ) be a coordinate chart containing & with components functions (x',--- %),
then the function g;j(zt, -+ x) = <%, %>g(§) is smooth for all pairs of 1,7 in 1,--- ,d.

The pair (M, g) is called a Riemannian manifold.

This inner product defines various geometric quantities of M. These expressions are

invariant to the choice of bases in 7 M, hence to the choice of coordinate charts on M.

e norm [|vflg= /(v;v)g

distance ||u — v||

angle (u, v)g/([[ugl[v]g)

line element dl = Y7 ._, g;;da'da’

volume element dV = y/det(g)dz! - - dz?
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A smooth embedding F from a Riemannian manifold (M, g) to a smooth manifold N

induces a metric F.g called push-forward metric through
(U, V) g = ((AF) ', (AF) o), for all u,v € TreN - (2.2)

Ideally, we would expect the learned embedding F to converge to a mapping that preserves

the metric of M. Mathematically, this property is defined as follows.

Definition 2.6 (Isometry). A smooth embedding F : M — N between two Riemannian
manifolds (M, g), (N, h) is isometric if

(u,v)g(e) = (dFe(u), dFe(v))n(r(e)), for all u,v € TeM.

An isometry F' preserves local geometric quantities such as angles, distances, path
lengths, and volumes. For manifold learning, we almost always assume that the mani-
fold where data lie is locally isometrically embedded in the ambient space RP. Since as we

will see, these algorithms use local geometry in R” to approximate the intrinsic geometry.

2.1.3 Gradients and Laplace-Beltrami operator

Using the Riemannian metric, we can define differential operators as in the study of calculus

in Euclidean space. We first review the following definitions.

Definition 2.7 (Gradients in R?). The gradient of a function f € C1(RP) is given by

w:[af af].

8%1’ ’ 8xD

Under the Riemannian manifold setting, these differential operators are defined as fol-

lows.

Definition 2.8 (Gradients on M). Let M be a Riemannian manifold with metric g. The

gradient of a function f € CY(M) is a collection of tangent vectors grad , f(€), one at each
point &, such that for all { € M and all v € TeM

(grad g f(£), v)g = df(v)le - (2.3)
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We can verify that when the Riemannian metric g = 1,—;, these operators degenerate
to those in Euclidean space. When M is a d—dimensional manifold embedded in R” with
inherited metric. T¢ M can be identified as a d—dimensional linear subspace of ’ERD , whose
basis can be represented by an orthogonal D x d matrix T¢. Let f be a smooth real-valued
function defined on an open neighborhood of M. There are two points of view for f when
it is restricted on M: (i) as a function on R” and has gradient Vf as usual. (ii) as a
function on M and one can show that the gradient field grad,, f given by the coordinate
representation grad f := TE—V [ satisfies (2.3) [Lee, 2003].

More generally, consider a map F' = (f1,---,fs) : M +— R®. The differential dF' =
(dfi,---,dfs) is then defined to be a linear mapping from 7¢eM — T¢R®. Under basis T,
a coordinate representation of dF’ is TEVF , where VF is a D x s matrix, constructed by
column-wise stacking the gradients Vfi,---,Vfs. The matrix VF is the transpose of the
usually defined Jacobian matrix.

Another useful differential operator is the Laplace operator.

Definition 2.9 (Laplace operator in R”). The Laplace operator of a function f € C?(RP)
is defined by

We fix a point £ € M in the following definition and a local coordinate chart (U, ).
The generalization of the Laplace-Beltrami operator on manifold M is defined through the

local coordinate function.

Definition 2.10 (Laplace-Beltrami operator on M). Using local coordinate p(§) : (x1(£), - -

Laplace-Beltrami operator is represented by

1 d d
Vdetg ;;

0 af
Amf = Vdetggii (€)= ) .
./\/lf 61‘1 < €l 88y (‘S) 8.7}])
Lastly, one can connect Laplace-Beltrami operator with Riemannian metric with a sim-

pler representation through the following proposition.
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Proposition 2.1. Let M be the manifold with Riemannian metric g. Under local coordinate

0(&) : (x1(€),- - ,wq(€)), the ij-th entry of h =g~ is

1
h;; = iAM(xz — (&) (z; — x5(8)) wi=a(€),m =2, () °

2.1.4 Regularity of manifolds

In the results of statistical estimation of manifolds, the regularity of a manifold also plays an
important role in controlling the manifold’s shape from being degenerated. These difficulties
often come from the geometric features of a manifold. We provide examples of them in this

section.

Curvature A direct difference between data in Euclidean space and on a manifold is
that the space is now curved. Most manifold learning algorithms now solve this problem
by assuming that the data lies locally near a linear subspace. This assumption is hard to
satisfy if the curvature of M is large. Then this approximation can only be valid in a small

neighborhood, which requires that the sample is dense enough.

Reach and injectivity radius The reach is a global descriptor that quantifies the reg-
ularity of a manifold. [Aamari et al., 2019] defines the reach 7 of a manifold M C R” to
be the maximal distance from M of a point £ ¢ M for which the projection onto M is well

defined (i.e., unique). For this reason, reach is also called (maximal) injectivity radius.

Equivalently, the injectivity radius can be defined imagining a closed ball B, C RP of
radius 7, that “rolls” over M, so that it touches M at a single point. 75 is the supremum
over all values of r for which such a ball exists at all £ € M. Intuitively, 7o is an “inverse
curvature”, hence larger 7y guarantees that the manifold curvature cannot be too large;
it also guarantees that M cannot “fold back” near itself closer than 2744. A subspace has
Tm = oo (and zero curvature). Hence, in regions of large injectivity radius, one M can be

estimated from fewer samples.
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2.2 Manifold learning algorithms

2.2.1 Paradigms of manifold learning

In this section, we review classical manifold learning algorithms and some statistical results.
Suppose we are given data {&;} ; where each data entry & € RP. A key assumption for
manifold learning is data are sampled from a distribution P that is supported close to a d
dimensional manifold M embedded in R?. Manifold learning algorithms ¢ maps & € R?
to y; € R™, where m is usually much smaller than D, but could be higher than the intrinsic

dimension d.

Depending on the different output types, there are three different paradigms of man-
ifold learning algorithms: local principal component analysis(PCA), principal curves and

surfaces, and embedding algorithms.

Local PCA Local PCA considers dimension reduction for data points close to a point
& € M. It estimates the tangent space T¢ M as a d—dimensional linear subspace in RP and
providing local coordinates of neighboring data point & by projecting the difference vector
& — & onto this estimated tangent space. Therefore the output of local PCA is only a local

coordinate since it will change when the reference point &; varies.

Principal curves and surfaces PCS is not technically used for dimension reduction.
Usually, it will map data point & € RP to y; € RP, but the image is constructed to lie on
M, which is typically a curve (one-dimensional manifold) or a surface(a two-dimensional
manifold). It was proposed to remove noise and generate a non-parametric summary of

data as higher dimensional generalization of the median of one-dimensional distributions.

embedding is the major paradigm of manifold learning this dissertation discusses.
These methods map all & € RP to y; € R™, where usually m < D. In the regime
that P is supported exactly on M, and sample size n — oo, a good manifold learning
algorithm <2> should recover a smooth embedding function. This requires that the algorithm
be guaranteed to recover the embedding as long as M is not singular (as will be defined

later), regardless of the shape of M.

Table 2.1 shows these three paradigms of manifold learning algorithms.
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Table 2.1: Three different paradigms of manifold learning

name mapping notes

Local PCA & e MCRP LA yi € Te, M € R? local coordinates only
Principal Curves and Surfaces | & € M C RP 2 y; € M' CRP global coordinates
Embedding algorithms & eEMCRP % yi € p(M) C R™,m < D | global coordinates

2.2.2 Neighborhood graphs

Almost all manifold learning algorithms start with the same steps: constructing a neigh-

borhood graph and computing a corresponding matrix.

Neighborhood graph Every data point ; represents a node in this graph, and an edge
connects two nodes if their corresponding data points are neighbors. In this thesis, we
use N; as the indices of &’s neighbors and k; = |A;| be the number of neighbors of &;.
The matrix N; € R¥*P is the matrix with each row representing a neighbor of &;, and Z;
denotes the local data set E; = (§; — &)jen;. There are different ways to define neighbors.
In a radius-neighbor graph, &; is a neighbor of & iff ||& — &;||< r. Here r is a parameter
that controls the neighborhood scale, similar to a bandwidth parameter in kernel density
estimation. Consistency of manifold learning algorithms is usually established assuming an
appropriately selected neighborhood size [Bernstein et al., 2000, Coifman and Lafon, 2006,
Singer and Wu, 2012]. In K —nearest neighbor (K-NN)graph, &; is the neighbor of &; iff §;
is among the closest K points to ;. The K-NN graph has many computational advantages
since it is regular (each node has exactly K neighbors, including itself) and connected for any
K > 1. More software is available to construct (approximate) K-NN graphs fast for large
data. But theoretically, it is much more difficult to establish any consistency of manifold

learning algorithms.
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Distance matrix Typically, the distances between neighbors matter, and they are stored

in the distance matrix A defiined as

i—&ll & e N,
A, el e o

00 otherwise .

Similarity matrix In some algorithms, the neighborhood graph is represented by an nxn
matrix of weights that are decreasing with distances. This is called the similarity matriz.
The weights are given by a kernel function Belkin and Niyogi [2002], Coifman and Lafon
[2006], Singer and Wu [2012], which is almost universally the Gaussian kernel, defined as

. ||2
exp (_Hfzhgjﬂ ) , gj c Afi;
Kij = (25)

0, otherwise.

In the above, h, the kernel width, is another hyperparameter that must be tuned. Note
that, even if \V; would trivially contain all the data, the similarity K;; would be vanishingly
small for far-away data points. Therefore, (2.5) effectively defines a radius-neighbor graph
with r < h.

When £k is selected to be an indicator function, i.e., the similarity matrix is defined as

17 i € M;
Kz’j = §J (26)

0, otherwise.
Then K is the unweighted adjacency matrix of the neighborhood graph. By construction,

the matrix K is usually a sparse matrix.

2.2.3 FEzamples of manifold embedding algorithms

Isomap Isomap [Bernstein et al., 2000] is a multidimensional scaling(MDS) generalization
that recovers global coordinates from a pairwise squared Euclidean distance matrix. The
idea is to generate global low-dimensional representations that preserve geodesic distance on
the manifold. To achieve this, Isomap first uses the shortest path distance computed from
pairwise distance matrix A to approximate geodesic distance on a manifold. Then invoke

MDS to output low dimensional representations from the squared shortest path distance
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matrix. Isomap comes with a consistency guarantee when the manifold M is flat and data
space is convex. It can learn the manifold up to the choice of origin, rotation, and mirror

imaging.

Laplacian eigenmaps Laplacian eigenmaps or diffusion maps are two closely related
manifold embedding techniques. Laplacian eigenmaps first appeared in spectral clustering
[Belkin and Niyogi, 2002] and was then proved to be deeply associated with the underly-
ing geometry. The core step is to use eigenvectors of graph Laplacian of a neighborhood
similarity matrix K as the low dimensional representation. Theoretically, diffusion maps or
Laplacian eigenmaps are also appealing in multiple ways. When sample size n — oo, it is
shown that Laplacian eigenmaps are related to the Laplace-Beltrami operator A, which
plays an essential role in modern differential geometry. Let ¢ be the sampling density on M,
then [Coifman and Lafon, 2006] showed that eigenfunctions of graph laplacian converge to
those of the operator Apas — Apaqq/q. Graph Laplacian can eliminate the bias term Aaqq/q
and converge to the Laplace-Beltrami operator regardless of sampling density using a renor-
malization trick. The eigenfunctions of Laplace-Beltrami operators can constitute a valid

smooth embedding of manifold M.

Local tangent space alignment LTSA assumes that the observed data set D{;}!"; is
the image of a smooth function on low dimensional vectors. That is, there exists a function
¢ and low dimensional representations {yi}7—, with y; € R™ such that & = F(y;) + e;.
Based on this, LTSA proposed a two-step procedure for recovering a global low dimen-
sional representation: first, for each data, LTSA finds a local representation of its neighbors
through projections on the tangent space; then it finds the best global low dimensional
coordinates and local affine transformations so that the approximation has a minimal re-
construction error. This optimization problem can be smartly transformed into another
eigenvalue problem. More details of LTSA can be found in [Zhang and Zha, 2004]. When
the neighborhood radius used for local PCA is O(r) and qAS is non-singular, it can be shown
that the reconstruction error of LTSA is O(||E||+r?), where E is the error matrix consisting

of [e1, -+, en].
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Local linear embedding (LLE) Local linear embedding [Roweis and Saul, 2000] is a
heuristic method that utilizes the following assumption: locally a data point can be viewed
as the weighted average of its neighbors, and this weights should be preserved for global

coordinates. However, it is not yet known whether LLE provides valid manifold embedding.

2.3 Other geometric estimation problems and statistical results

This section discusses related geometric estimation problems and some statistical results.
Suppose we are given D = {&}, € RP. This section reviews methods to estimate other

related geometric quantities given D.

2.8.1 Tangent space

As M is embedded in RP, it is possible to estimate the tangent space at each point on M
as a D x d orthogonal matrix, which forms the orthogonal basis of a d—dimensional linear
subspace of RP.

Estimating tangent spaces at each point is usually achieved by local PCA procedure. If
&; is close to &, then &; — ¢ is close to its projection on the tangent space (see e.g., [Bernstein
et al., 2000, Coifman and Lafon, 2006, Singer and Wu, 2012]). In a local neighborhood
of &, the difference vectors §; — £ mainly lie on the tangent space centered at §. Hence it
is possible to use the PCA procedure to approximate the tangent space at £ as algorithm

TANGENTSPACEBASIS(Unweighted).

Algorithm 1 TANGENTSPACEBASIS(Unweighted)

1: Input: A point & € D and its neighbor {&;},cn;, embedding dimension m.
2: Construct difference data E; = [§; — &, € RF*D .
3: Perform PCA on the difference data = .

4: Output: Represent &; € N; by y; = Projp,(§; — &) = T (& - &).

In step 2, PCA on E; is achieved by SVD of E; directly or by spectral decomposition of

B Ei=200 - &) — &) Len:
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It is often the case [Singer and Wu, 2012, Chen et al., 2013, Aamari and Levrard, 2018]
that a weighted version of local PCA is used. When computing local covariance matrices,
one may weight different points. These weights of each &; in N; can be proportional to the
kernel function used to construct the similarity matrix K as in 2.5. Given these weights
K;; for ¢;s, the local weighted mean and weighted covariance at & can be estimated, and
singular value decomposition is used to find the basis. This weighted version of the tangent
space estimation algorithm is displayed in algorithm TANGENTSPACEBASISWeighted. In

this algorithm 1 means a vector with all entries being one.

Algorithm 2 TANGENTSPACEBASIS(Weighted)

1: Input: Local dataset E;, intrinsic dimension d, kernel parameter ey .

2: Compute local kernel weights K; v, = (K;;)jen; € RF.

3: Compute weighted mean & = (KZMTki)_lKIMEi.

4: Compute weighted local difference matrix Z; = (KZMTki)*lKZ.TN (B — 11,8).
5: Compute T;, A + SVD(ZiTZi, d).

6: Output: T;.

[Aamari and Levrard, 2018, 2019] studied the minimax rate of the tangent space esti-
mation problem. For all C* manifold with minimum reach 7, > 0, we have

inf sup E max Z(7;, M, T;) =< n=tT ,
T M 1sis

where Z is the principal angle between two spaces. The faster rate when the manifold is

smoother is given by local polynomial regression type approximation of the manifold instead

of local PCA.

2.3.2  Laplace-Beltrami operator

Laplacian eigenmaps start from a neighborhood similarity matrix K, which is defined as
2.5. Let d; = Zjej\/i A;; represent the degree and D = diag{di,--- ,d,}, then multiple

choices of graph Laplacian exist [Ng et al., 2001]:

e Unnormalized Laplacian: L*" =D — K
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e Normalized Laplacian: L™ = I — D~1/2KD~1/2

e Random-walk Laplacian: L™ =1 — D~ !'K

Laplacian eigenmaps or diffusion maps do not have the nice property to preserve geodesic
distances. However, they are computationally less challenging when compared with Isomap.
First, computing graph Laplacian only requires computing distance to neighbors. With the
techniques that approximate nearest neighbors, computation complexity can be reduced
to O(n'™7), where v < 1 is a positive constant. Second, graph Laplacian is a sparse
matrix. Hence multiple computation and storage tricks for sparse matrix can be adopted.
Theoretically, there are some established consistency result of estimating Laplace-Beltrami
operator. Readers can consult e.g.,[Belkin and Niyogi, 2007, Coifman and Lafon, 2006, Hein
et al., 2005, 2007, Ting et al., 2010, Berry and Harlim, 2016].

2.8.83 Push-forward metric of embedding coordinates

For each qg(fz) : M — R™, the pushforward Riemannian metric qg*g expressed in the
coordinates of R™ is a symmetric, semi-positive definite m x m matrix G; of rank d. The
scalar product (u,v)g takes the form u' G;v. The matrices G; can be estimated by the
algorithm RMETRIC of Perraul-Joncas and Meila [2013]. The algorithm uses only local
information and thus can be run efficiently using the Laplacian, the neighborhood graph,
and local embedding coordinate matrices. The computation is within the neighbors of each
&;. Recall that N; is neighbors of &; and k; = || is the number of neighbors of &; (including
& itself).
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Algorithm 3 RMETRIC

1: Input:Laplacian row L; a7, embedding coordinates y; = ¢(&;), intrinsic dimension d.
2: Compute centered local embedding coordinates ; = y; — Tk.quT .
3: Form matrix H; by
H; < [H; ]k wrerzm With Hi g g = 3 0e v Liir i ki o for kK =1:m.
4: Compute V;, A; < SVD(H;,d).
5. Gy « VATV
6: Output: G;, V,.

Note that G; is of rank d. The first d eigenvectors of G; forms a orthonormal basis of

tangent space %(f)qg(f).

We can further estimate the gradient of each embedding function in the tangent space
of M. The high-level idea is to utilize the observation that the gradient of embedding
functions in embedding coordinates have a simple expression that V¢ = I,,,. When §; is
a neighbor of &;, consider the tangent vector formed by project ; — & onto the tangent
space T¢, M. The differential d(ﬁ sends it approximately to the projection of difference of
the embedded image y; — y; onto tangent space 7:2)(&)&(./\/1).

Hence

<Proj7’ﬂ<§)q§(/\/1)(yj - yi)7 gradq}(/\/t) Qg> ~ <Proj7'§/\/l (£J - fl)a gradM Qg(&»g ) (27)

@

Since grad BM) gZS = T;Im, one can choose multiple neighbors of ¢ and stack equations 2.7
for each neighbor together to form a linear system and obtain the estimation of grad ng

through least squares. The procedure is given in algorithm PUuLLBACKD.
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Algorithm 4 PurLLBAckD

1: Input:local data Z;, embedding coordinates Y; = (¢(§;));en;, basis of tangent space
T;), Laplacian rows L; x;, intrinsic dimension d.

2: Compute pushforward metric eigendecomposition Gy, T, « RMETRIC(L; A, ¥4, d).

3: Compute B; «+ (Y, — yﬁ;)

4 Compute A; « (By)T (B — &1)).

5. OQutput gradMé — AIB:TZTZT
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Chapter 3
DICTIONARY-BASED MANIFOLD LEARNING

In this chapter, we discuss our main contribution to manifold learning. As a motivation
example, consider the unit circle S' embedded in R%2. A parametrization form of S! is the

image of

a(f) : [0,27)— R2

0 — (cosf,sinf) . (3.1)

Here each angle parameter § uniquely determines a point on the circle. Using a parametriza-
tion form of a manifold simplifies the study of a circle in many problems since it reduces
the number of variables that determines the system’s state. The parametrization of a man-
ifold may not be unique. In the circle example, A0 for any A € R ~ {0} is also a valid
parametrization of the circle. Among all valid parametrizations, we prefer the minimal one
(to be defined soon in Section 3.1) with simple forms and interpretable meanings.

Back in the scenario of manifold learning, we assume that data D = {;}7_, are sampled
from a d-dimensional connected smooth! submanifold M embedded in the Euclidean space
RP, where typically D > d. Assume that the intrinsic dimension d is known. M has the
Riemannian metric induced from RP.

To introduce domain knowledge in the manifold learning paradigm, we assume the ex-
istence of a dictionary G = {g1,---,gp} where each dictionary function g; is a smooth
function from M to R. We require that they are smooth on M (as a subset of R”), and
have analytically computable gradients in RP. It is common practice in scientific research
that scientists propose several related variables and tries to recover the most related ones
to describe the object studied, i.e., the manifold data.

There are two high-level goals in this chapter:

n this chapter, by smooth manifold or function we mean of class C¢, ¢ > 2.
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e Find a subset of functions from the dictionaries such that these dictionary functions

can parametrize the manifold.

e Given embedding coordinates from other standard manifold embedding algorithms,
find a subset of dictionary functions that forms a minimal parametrization of the

manifold that interprets given embedding.

As the motivational application of this chapter, we consider molecular dynamic sim-
ulation (MDS) data. In chemistry, a common problem is to discover so-called collective
coordinates describing the evolution of molecular configurations at long time scales, which
correspond to macroscopically interesting transformations of the molecule, and can explain
some of its properties [Clementi et al., 2000, Noé and Clementi, 2017]. The molecular con-
figuration is represented by the 3N, vector of spatial locations of the N, atoms comprising
the molecule. A molecular dynamics (MD) simulation produces a sample of molecular con-
figurations; the distribution of this sample describes the molecule’s behavior in the given
experimental conditions. It has been shown empirically that manifolds approximate these
high-dimensional distributions [Dsilva et al., 2013]. Figure 3.1a shows the toluene molecule,
consisting of N, = 15 atoms, and 3.1d shows the mapping of an MD simulated trajectory into
m = 2 dimensions (the embedding coordinates) by a manifold learning algorithm. Visual
inspection shows that this configuration space is well-approximated by a one-dimensional
manifold parametrized by a geometric quantity, the torsion g; of the methyl bond, which is
the angle formed by the planes inscribing the first three and last three atoms of the orange
lines joining four atoms in Figure 3.1d. Thus, g; is a collective coordinate which explains
the large scale data manifold by the rotation of the C'H3 methyl group relative to the plane
of the other carbon atoms, filtered out from the faster modes of vibration by the manifold
learning algorithm. Similarly, as shown in Figures 3.1e, 3.1h 3.1f, and 3.1i, the large scale
geometry of the ethanol and malonaldehyde MD data is explained by two torsion angles
each.

In Section 3.1, we will make the previous two targets mathematically rigorous. We
present the rank conditions of existence of a minimal parametrization in a given dictionary.

This serves as the mathematical foundation of the algorithms presented in the following
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sections. In Section 3.2, we present algorithm TSLASSO that directly finds a subset of
dictionary functions to parametrize the manifold. Meanwhile in section 3.3, we present
algorithm MANIFOLDLASSO that finds dictionary functions that are most related to the
existing embedding coordinates. In section 3.5, we discuss theoretical properties of the
proposed algorithms. Section 3.6 shows experimental results on synthetic and molecular

dynamics datasets. Section 3.7 discusses related work and concludes this chapter.
3.1 Parametrization and interpretations

3.1.1 Definitions

As a generalization to the example of S', we define the parametrization of a manifold as

follows:

Definition 3.1 (parametrization). A parametrization of a d— dimensional manifold M is

a mapping F: M — R™ such that:
1. F: M — F(M) is injective.
2. F is smooth (at least C') and locally a diffeomorphism almost everywhere®* on M.

Example: S' Consider the function defined for (z,y) : |22 4+ 3% — 1| < 1/2, then

arcsin é’ ~ x>0;
F:(z,y) v (3.2)
_ : y
T — arcsin ol z <0,

is a parametrization for M.

Example: Embeddings By definition, if F' is an embedding of M to R™, then F' is a
parametrization as in definition 3.1.
Before we proceed, we make several remarks here for our definition of parametrization

since modifications to standard definitions in differential geometry are made.

2with respect to Hausdorff measure
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First, in differential geometry terminology, (U C M, p) locally is a coordinate chart for
M and ¢! is called a parameterization of U. Here we refer to ¢ as the 'parameterization’,

1

as ¢, are diffeomorphisms and are both representative. We argue that ¢ is of more

immediate interest since in our case, this map will consist of interpretable and analytically

1. while guaranteed to exist on ¢(U), is defined

computable dictionary functions, and ¢~
only implicitly in many scenarios.

Second, since a manifold may require multiple charts, we relax the requirement that F' is
locally a diffeomorphism everywhere to almost everywhere. In the circle example, since the
manifold M is compact, it is impossible to find a single smooth function that can locally be
a diffeomorphism everywhere. This relaxation allows us to find d functions parametrizing
a d—dimensional compact manifold in our definition.

Given two different parametrizations of the same manifold, we could establish a com-

parison relation through the following definition.

Definition 3.2 (Interpretation). For two parametrizations Fy : M — R™ and Fy : M —
R™2  we refer to F1 as a smaller interpretation of Fy if my < me and there exists a function

T that is almost everywhere C* in R™ such that Fo = 7 o Fy for all £ € M.

3.1.2 Rank conditions

The global rank theorem in Section 2.1 shows that we can characterize the global properties
of a smooth map with its global property, such as rank. In this section, we show that similar
conditions based on rank can be obtained for our definition 3.1. We summarize them as

follows.

Proposition 3.1 (Existence of parametrization). Let M be a d—dimensional manifold.
Then a smooth (at least C*) injective map F is a parametrization as in definition 3.1 iff

rank F' = d almost everywhere on M.

The next proposition shows that, in fact, the function composition condition in the defi-
nition of smaller parametrization is redundant. Therefore, comparing two parametrizations

on the set of parametrizations is a partial order relation. Given a set of parametrizations,
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we can define a minimal parametrization—also, a minimal parametrization interprets all

other parametrizations.

Proposition 3.2 (Criterion of interpretation). Let M be a d—dimensional manifold and
F: M — R™ s a parametrization. Then another parametrization Fo : M — R™2 is q

smaller parametrization to F iff mo < mjy.
3.2 TSLASso: Parametrization of manifold with physical meanings

Given the dictionary G = {g1,- - , gp}, our first task is to find a subset of dictionary functions
that form a (minimal) parametrization of M. Starting this section, we denote S to be a
subset of indices {1,---,p}. gs represents the mapping consisting of g;,i € S. From the
previous section, gg is a parametrization iff rank gg = d a.e. on M. Denote X¢ g € Rax1S]
to be the matrix representation of the linear map dgg (recall definition in 2.1). It holds
that rank X¢ ¢ = d. Therefore, there exists some matrices B¢ g € RISI%d guch that for a.e.

EeM

I; = XesBes - (3.3)

The idea of the TSLASSO algorithm is then to express the orthonormal bases T¢ € RD*d
of the manifold tangent spaces T¢M as sparse linear combinations of dictionary function
gradient vector fields. This simplifies the non-linear problem of selecting a best functional
approximation to M to the linear problem of selecting best local approximations in the
tangent bundle.

For notation simplicity, we will write X;g, B;g, T, M as the corresponding quantities at
point & when we are discussing finite sample. We can select S = [p], and simplify the
notation of X;g, B;s to X; € R¥P B, € RP*? but crucially, if we do not have colinear
gradients, then we can restrict all but |S| rows of B; to be zeros. We can also select
s = {j}, and define B ; € R as the vector formed by concatenating Bi(j;. Stacking B ;
together forms B € RP*"4,

We now seek a subset S C [p] such that (1) only the corresponding n|S| vectors B ; : j €

S have non-zero entries and (2) each submatrix X;s forms a rank d matrix. The previous
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observation inspires minimizing Frobenius norm I; — X;B; with joint sparsity constraints

over rows of B;. This sparsity is also induced jointly over all data points.

I, (B) ZHId XiB; HF+ ZHBglb (3.4)

Note that this optimization problem is a variant of Group Lasso [Yuan and Lin, 2006] that
forces group of coefficients of size dn to be zero simultaneously in the regularization path.
It can be shown this loss function is invariant to local tangent space rotation.

We present the full TSLASSO approach in algorithm TSLAsso. Following the above
logic, we transform our non-linear manifold parameterization support recovery problem into
a collection of sparse linear problems in which we express coordinates of individual tangent
spaces as linear combinations of gradients of functions from our dictionary. Tangent spaces
at each point are estimated in step 10, enabling utilizing gradients of dictionary functions in
TeM by projecting the gradient Vg;(&;) € RP on to estimated tangent spaces T;. Finally

we input these gradients into objective function (3.4) to solve for the support.

3.3 MANIFOLDLASSO: Explain existing embedding coordinates from dictionary
functions

In this section we further consider the problem of finding a interpretation of a given em-
bedding coordinate ¢. We follow the notations used in the previous section: the dictionary
being G = {g1, -, gp}, denote S to be a subset of indices {1,---,p}, gs represents the
mapping consisting of g;,i € S.

Recall that given the definition in section 3.1, an interpretation parametrization must
also have rank d and further there is a smooth a.e. function 7 such that ¢ = 7o gg.

The main idea of our approach is to exploit the chain rule dFF = dr o dgg. Each
differential can be written in terms of gradients grad, ¢1., and grad,, gi.p. Identifying
the tangent vector grad, ¢1.m,grad g1, with their coordinate representation in a basis
of T¢ M, chain rule essentially confirms that grad, ¢1., is a sparse linear combination of
grad( g1.p. Following the same notation in section 3.2, still denote X¢ ¢ € RIS as the

matrix representation of the linear map dgg. Further, use Y¢ 1., € R¥>™ to represent the
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Algorithm 5 TSLAsso

1:

10:

11:

12:

13:

Input: Dataset D, dictionary F, intrinsic dimension d, regularization parameter A,
radius parameter r,,, kernel parameter h,,.
for j=1,2,...pdo
Compute Vg;(&) fori=1,...n.
Compute Cj? by (3.8) and normalize Vg;(&;) < (1/¢;)Vg;(&) fori=1,...n.
end for
for i =1,2,...n (or subset I C [n]) do
Compute N; and E; using D, r,,.
Compute the orthonormal tangent space basis T; <~ TANGENTSPACEBASIS(E;, d, hy,).
Compute Vg;(&;) for j € [p].
Project onto tangent space X; = T, [Vg; (©)ljep)-
end for
Solve for B by minimizing Jy,(B) in (3.4).
Output: S(B) = {j € [p] : || B,|[2> 0}.

matrix representation of d¢. Then there exist matrices B¢ g € RISIX™ guch that for a.e.

£ e M?,

Yg,l:m = X&SB&S . (35)

Therefore, similar to TSLASSO , it is natural to use a group lasso based algorithm again

to select the support set. Using the same notation that X;s, B;s, Y; denotes X¢, 5, B¢, 5, Ye¢ 1:m

and simplify X;1,) € R¥?, By, € RP*™, Y 1, € R¥™ to be X;, B;, Y;. Again, by merely

restricting all but |S| rows of B; to be all zeros, (3.5) also holds. Denote B.; € R™ as the

vector formed by concatenating all B;;y,7 € [p]. Row-wise stacking B.; forms B € RP*™™,

Then the previous idea can be transferred to minimizing

%Note that in our notation, X¢, Y¢ are the transpose of a Jacobian matrix, hence after applying the chain

rule we obtain X¢B¢ instead of B¢Xe.
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Ix, (B) Z\Ild Xi BZ||F+ ZIIBaHz (3.6)

The MANIFOLDLASSO algorithm, the main algorithm of this paper, implements this
idea. It takes as input data D sampled from an unknown manifold M, a dictionary F of
functions defined on M (or alternatively on an open subset of the ambient space R” that
contains M), and an embedding ¢(D) in R™. The output of MANIFOLDLASSO is a set S of

indices in F, representing the functions in F that explain M.

The first part of the algorithm contains preparatory steps for geometric analysis covered
in previous chapter. Steps 2 and 77 construct the neighborhood graph and the Laplacian

matrix used for manifold learning and tangent space estimation.

The second part of MANIFOLDLASSO calculates the necessary gradients; this comprises
Steps 10-12. In Step 10, we estimate orthogonal bases of tangent subspaces by the TAN-
GENTSPACEBASIS algorithm. The gradients of the dictionary w.r.t. the manifold are then
obtained as columns of the d X p matrix X; in Steps 6, 7, and 11. These operations takes
advantage of existing work reviewed in 3.4. In Step 12, the gradients at & of the coor-
dinates ¢1.,, also w.r.t. M, are calculated as columns of the d x m matrix Y; by the

PuLLBACKD algorithm described in Section 3.4.

In the last part of MANIFOLDLASSO, Step 15 finds the support S by solving the sparse
regression. A group lasso algorithm is called to perform the sparse regression of the man-
ifold coordinates’ gradients Y; on the gradients of the dictionary functions, represented
by X;. The indices of those dictionary functions whose B; coefficients are not identically
null represent the row-wise support set supp B. Scaling of functions is addressed through

normalization in Steps 7 and 14; this procedure is described in more detail in Section 3.4.

There are several optional steps and substitutions in our algorithm. An embedding can
be computed in Step 4, or input separately by the user - we denote this step generically as
EMBEDDINGALG. Finally, although we explicitly describe tangent space estimation methods
of both T¢, M and Ty, ¢(M) in our algorithms, other approaches to estimate them may

be used.
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Algorithm 6 MANIFOLDLASSO

1:

10:

11:

12:

13:

14:

15:

16:

Input: Dataset D, dictionary G, embedded coordinates QB(D), intrinsic dimension d,
kernel bandwidth h,,, neighborhood cutoff size 7, regularization parameter .
Construct N; for i =1 :n; ¢ € N; iff ||€ — &|| < 7, and local data matrices Ey.,
Construct kernel matrix K and Laplacian matrix L as 2.2.
[Optionally compute embedding: ¢(&1.y,) < EMBEDDINGALG(D, Ny, m, ...).]
for j=1,2,...pdo

Compute Vg;(&) fori=1,...n.

Compute C]? by (3.8) and normalize Vg;(&;) < (1/¢;)Vg;(&) for i =1,...n.
end for
fori=1,2,...ndo

Compute basis T; <~ TANGENTSPACEBASIS(E;, K v, d).

Project X; < (T) " Vgi.p.

Compute Y; <~ PULLBACKD(E;, ®;, T;,L; o, d).
end for
Compute (7 + =30 [ Y| (ie. (3.7)), for k=1,...m and
normalize Y; < Y;diag{1/C1.m}, fori =1,...n.
B «+ Goup Lasso problem (3.6).
Output S(B) = {j € [p] : |[B[[2> 0}.

3.4 Other considerations

Normalization As with many sparse regression methods, normalization is necessary to

balance the relative influence of dictionary elements and embeddings coordinates. Multi-

plying g; by a non-zero constant and dividing its corresponding B.; by the same constant

leaves the reconstruction error of all y’s invariant, but affects the norm ||B.;||. Therefore,

the relative scaling of the dictionary functions g; can influence the recovered support S, by

favoring the dictionary functions whose columns have larger norm. A similar effect is present

if a particular embedding coordinate ¢y, is rescaled by a constant. For example, multiplying

a certain ¢, by a number close to zero will cause the penalty accrued by learned coefficients
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for that coordinate to be smaller than for the other coefficients, and for that ¢; to dominate
support recovery.

We therefore normalize all grad dM) ®1.m and grad , g1.p as follows. Denote f a function
on M, which can be either a coordinate function or a dictionary function. When f is defined

on M, but not outside M, we calculate the normalizing constant
¢ =1 Z | grad g £ (€)1 (3.7)
n 4 - M ) ) .
1=

then we set f < f/C. The above ( is the finite sample version of || grad »4 f||,(m), integrated
w.r.t. the data density on M. We apply this normalization to coordinate functions ¢, but
it could also be applied to functions g; when they are defined only on M. A similar approach
was used in Haufe et al. [2009].

When function f is defined on a neighborhood around M in R”, we compute the nor-

malizing constant with respect to V f. That is,
2 1 ¢ 2
¢ = > IVl (38)
i=1

Then, once again, we set f < f/(. We apply this normalization to our dictionary functions
gj- This approximates normalization by ||V g;l| 1, (). Since [Vg;(&)*= |grad v, g (§i)|2—|—\ngL(§i)|2,
where ngL denotes the component of Vg; orthogonal to M, normalization prior to pro-
jection penalizes functions with large ngl and favors functions whose gradients are more
parallel to the tangent space of M. Note that, in the high-dimensional setting, we expect
random functions to have gradient perpendicular to 7 .M, and so these will be penalized by

our normalization strategy.

Tuning Tuning parameters are often selected by cross-validation in Lasso-type problems.
However, in our setting, the recovered support generally span the tangent space, and as
discussed in Section 3.5, we are theoretically motivated to identify a size d support. Since
the cardinality of the support decreases as the tuning parameter A is increased, we base
our choice of A on matching the cardinality of the support to d. Sufficient conditions for
this estimation strategy are given in Section 3.5. To identify this A, which we call Ay, we

perform a simple binary search over A in the range [0, Amax] Where Apax, the theoretical
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maximum A value, is Amax = max; (37, (|| grad g g;(&))[13)"/? for TSLASSO and Ayax =

max; (> i > ot (grad g; (&))" (grad ¢k(§i)))1/2 in MANIFOLDLASSO

3.5 Support Recovery Guarantee

In this section, we discuss the behavior of our proposed algorithms theoretically. When
minimal parametrization exists and is unique, we provide sufficient conditions so that
TSLASSO correctly selects this group with high probability w.r.t. sampling on the manifold
and this probability converges to one if sample size tends to infinity. Meanwhile, it is more
difficult to generate end-to-end support recovery result for MANIFOLDLASSO , as it is almost
impossible to perform probabilistic analysis of an arbitrary embedding algorithm. However,
we are still able to discuss conditions for successful support recovery given any embedding
coordinates by repeating very similar arguments presented in this section. Hence those

theoretical results of MANIFOLDLASSO are omitted.

Assumption 3.1. Throughout this section, we assume the followings to be true.

1. M is a d-dimensional Ct,¢ > 1 compact manifold with reach T > 0 embedded in RP

with inherited Euclidean metric.

2. Data {&}, are sampled from some probability measure P on the manifold that has
a Radon-Nikodym derivative w(&) with respect to the Hausdorff measure. There exist

two positive constants Tmin, Tmax Such that 0 < mmin < (&) < Tmax for all £ € M.

3. Dictionary F = {g;(€) : j € [p]} contains p C' functions defined on a neighborhood
of M in RP. Further assume that § = infeem miner,|[[Vg;(§)|/> 0 and denote

I' := supge pm maxje[p]HVQj(fi)H'

4. S C[pl,|S| = d is the only subset such that rank g = d a.e. on M w.r.t. Hausdorff

measure.

Assumption 1 on manifold and 2 on sampling are common in the manifold estimation

literature (e.g. Aamari and Levrard [2018]). The positive reach in 1 will avoid extreme
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curvature and bizarre behavior of the manifold, and the assumption 2 on the density en-
forces the uniformity of sampling. Assumption 3 restricts the smoothness of all dictionary
functions and ensures that all dictionary functions do not have critical points on M as a
function on R”. One should also notice that I' < co by the compactness assumption of M.

Now we are ready to prove support recovery consistency under suitable conditions. Let
B be the solution of problem (3.4) and S(B) be the nonzero rows of B. We will show that

the probability of S (B) = S converges to 1 as n increases. We start by defining

55 = i nf|Be (s l2 - 3.9
5 coanionpo-a jog Be 2 (3.9)

Larger bg is an indicator of higher strength of signal. Further consider the matrix Xg whose
j-th column is X¢ ;/||Vg;(€)||. Correspondingly we can define X¢ g as the submatrix of X
with columns in S. Let G¢ g = diag{||Vg;(£)||}jes and define

ps = sup X XKe (3.10)
EeEM,GES,j'ES

vs = sup[|(X¢ sXe,s) " — GEsll - (3.11)
geM

Here vg is finite if ug < 1/(d — 1), guaranteed by the Gershgorin circle theorem. The
parameter ug can be thought of as a renormalized incoherence between the functions in .S
and those not in S; vg is a internal colinearity parameter, which is small when the columns

of X (&) are closer to orthogonality and the gradient of functions in S are more parallel to

the tangent space. We also define

¢s = sup max||Vg;(&)l[2, (3.12)
EeM JjES
which upper bounds the Euclidean gradient of functions in S.

Theorem 3.1. Suppose Assumptions 3.1 hold. In algorithm 5, suppose tangent spaces
are estimated by WL-PCA in using Gaussian kernel and bandwidth parameter choice €, =
= C((logn/(n — 1))Y%) with large enough constant C, and normalization on dictionary
is performed as described in 3.4. If (1 + vs/6*)uspsT'd < 1 and M\, (1 + vs/6%) < bgy/n/2,
then there is a constant N depending only on M, Tmin, Tmax Such that when n > N, it holds
that

Pr(SB)=5)>1- 4(%)% . (3.13)
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The proof is contained in the supplementary material. The main idea is first to find a
sufficient condition so that given correct gradient of each function TSLASsSO can find the
correct support, assuming correct estimation of the tangent space. Then we consider this
condition in the case where gradient is estimated from data and obtain the guarantee by
the fact that tangent spaces can be consistently estimated with larger sample size.

There are some differences to be noted of this recovery result compared with classical
recovery guarantees in Group Lasso type problems in e.g. Wainwright [2009], Obozinski
et al. [2011], Elyaderani et al. [2017]. First, we cannot adopt directly the usual assumption
in Lasso literature that each column of X has unit norm, considering the normalization in
Section 3.4. Also, the asymptotic regime we are considering here is only n — oco. Although
we are using a Group Lasso type optimization problem, the dimension p is fixed since we
only consider the fixed dictionary. There is no other conditions between p and n in our
result, as required in many literature. Third, the noise structure is not the same as a
general Group Lasso problem since the source of noise is estimation of tangent space. Since
we are sampling on the manifold, there is no noise level parameter that appears in standard
Lasso literature. In a simulation experiment, we also explore the behavior of our method

on noisy settings.

3.6 Experiments

We illustrate the behavior of TSLASSO and MANIFOLDLASSO on both synthetic and real
data. Our synthetic data sets include a swiss roll in R*® and a rigid ethanol data in R
and our real datasets are data molecular dynamics simulation (MDS) for three different
molecules (Ethanol , Malonaldehyde and Toluene). Experiments were performed in Python
on a 16 core Linux Debian Cluster with 768 gigabytes of RAM. Code is available at https://
github.com/sjkoelle/montlake and implementation is completed by collaborator Samson
Koelle.
For all of the experiments, the data consist of n data points in D dimensions. TSLASSO and

MANIFOLDLASSO are applied to a uniformly random subset of size n’ = |Z| using p dictio-
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nary functions, and this process is repeated w number of times. Note that the entire data
set is used for tangent space estimation. In our experiments, the intrinsic dimension d is
assumed known, but could be estimated by a method such as in Levina and Bickel [2004].
The local tangent space kernel bandwidth h,, is estimated using the algorithm of Joncas
et al. [2017] for molecular dynamics data. Parameters are summarized in Table 3.1. More

details on the MDS data preprocessing can be found in the appendix of this chapter 3.8.4.

3.6.1 Validation of TSLASSO

Results on Swiss Roll synthetic data We begin our experimental study by demon-
strating that TSLASSO is invariant to the choice of embedding algorithm on the classic
unpunctured SwissRoll dataset. This dataset consists of points sampled from a two dimen-
sional rectangle and rolled up along one of the two axes aFigure 3.2a shows the SwissRoll
dataset in R?, then randomly rotated in D = 49 dimensions.

The dictionary F consists of gi 2, the two intrinsic coordinates, as well as g2 = &, for
j =1,---49, the coordinates of the feature space. Applying T'SLASSO to the embeddings
identifies the set S = {g1, g2} as the manifold parametrization. This successful recovery of
parametrizing functions is observed in each replicate. Figure 3.2b shows the regularization

path in one replicates.

Results on Rigid Ethanol Dataset We construct an ethanol skeleton composed of
the atoms shown in Figure 3.7a. We then sample configurations as we rotate the atoms
around the C-C and C-O bonds. In contrast with the MD trajectories, which are simulated
according to quantum dynamics, these two angles are distributed uniformly over a grid, and
Gaussian noise (Np(0,0%1Ip)) is added to the position of each atom. We call the resultant
dataset RigidEthanol. As expected given our two a priori known degrees of freedom, Figures
3.3a, 3.3b and 3.3c show that the estimated manifold is a two-dimensional surface with a
torus topology similar to that observed for the MD Ethanol in Figure 3.8a. In particular,
it is parameterized by bond torsions g; and go. The dictionary contains the 12 torsions
implicitly defined by the bond diagram, the same as the MDS real data experiment. The

function pattern is also the same as the real ethanol dataset.
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Figure 3.4a-3.4c show the result of experiments on regid ethanol without any noise. We
can tell from the result that over all 25 replicates, TSLASSO successfully recover the true

support, one function from each colinear group.

With the increase in noise, we display the watch plot in figure 3.5a-3.5d. With the
increase in the noise, it is possible that TSLLASSO do not recover the correct support. For
example when noise level is ¢ = 0.1, in all replicates, TSLASSO selects two functions in the
same group. Interestingly, when we look at the embedding given by Diffusion Maps at this

noise level, we observe that the torus topology is broken, as shown in figure 3.6a and 3.6b.

Results on MDS data We display the experimental results on molecular dynamic simu-

lation data. Original data are available at https://figshare.com/s/fbd95c10b09£f1140389d.

Dataset n N, | D|d|hy, | m|n | p|w
SwissRoll 10000 | NA [ 49 | 2| .18 | 2 | 100 | 51| 1

RigidEthanol 10000 | 9 50 | 2135 | 3 | 100 | 12 | 25
Ethanol 50000 | 9 50 12 (35| 3 | 100 | 12 | 25
Malonaldehyde | 50000 | 9 50 | 2135 | 3 | 100 | 12 | 25
Toluene 50000 | 16 |50 | 1] 19| 2 | 100 | 30 | 25

Table 3.1: Summary of experiments. SwissRoll and RigidEthanol are toy data, while
Toluene, Ethanol, and Malonaldehyde are from quantum molecular dynamics simula-
tions by Chmiela et al. [2017a]. The columns list the following experimental parameters:
n is the sample size for manifold embedding, N, is the number of atoms in the molecule,
D is the dimension of &, d is the intrinsic dimension, h,, is the kernel bandwidth, m is the
embedding dimension used for MANIFOLDLASSO , n’ is the size of the subsample used for
TSLAssO and MANIFOLDLASSO, p is the dictionary size, and w is the number of indepen-

dent repetitions of TSLASSO and MANIFOLDLASSO.
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These simulations dynamically generate atomic configurations which, due to interatomic
interactions, exhibit non-linear, multiscale, non-i.i.d. noise, as well as non-trivial topology
and geometry. That is, they lie near a low-dimensional manifold Das et al. [2006]. Such
simulations are reasonable application for T'SLLASSO because there is no sparse parameteri-
zation of the data manifold known a priori. Such parameterizations are useful. They provide
scientific insight about the data generating mechanism, and can be used to bias future sim-
ulations. However, these parameterizations are typically are detected by a trained human
expert manually inspecting embedded data manifolds for covariates of interest. Therefore,
we instead apply TSLASSO to identify functional covariates that parameterize this mani-
fold.

We obtain a Euclidean group-invariant featurization of the atomic coordinates as a
vector of planar angles a; € R?’(]\ga): the planar angles formed by triplets of atoms in the
molecule [Chen et al., 2019]. We then perform an SVD on this featurization, and project
the data onto the top D = 50 singular vectors to remove linear redundancies. Note that
this represents a particular metric on the molecular shape space.

The dictionaries we considered are constructed on bond diagram, a priori information
about molecular structure garnered from historical work. Building a dictionary based on
this structure is akin to many other methods in the field [Krenn et al., 2020, Xie et al., 2019].
Specifically, this dictionary consist of all equivalence classes of 4-tuples of atoms implicitly
defined along the molecule skeletons.

Since original angular data featurization is an overparameterization of the shape space,
one cannot use automatically obtained gradients in TSLASSO. We therefore project the
gradients prior to normalization on the tangent bundle of the shape space as it is embedded
in RP.

For TSLASSO, the regularization parameter A, ranges from 0 to the value for which
||B_j|l2 = 0 for all j. The last d surviving dictionary functions are chosen as the parameter-
ization for the manifold.

The toluene case is a manifold with d = 1. We observe that in all replicates, TSLAssOsuccessfully
select one of the six torsions associated with the peripheral methyl group bond, which shows

the ability of our algorithm to automatically select appropriate parametrizing functions.
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We plot the incoherence for Ethanol and Malonaldehyde as the heatmap in figure 3.7b
and 3.7f, which present two groups of highly linearly dependent torsions, corresponding to
the two bonds between heavy atoms in the molecules. Therefore, we expect to select a pair
of incoherent torsions out of these dictionaries. In figure 3.7h and 3.7d, support recovery
frequencies for sets of size d = s = 2 using TSLLASSO on ethanol and malonaldehyde data
respectively. As we expected, TSLASSO select one function from the two groups of highly
colinear functions in most replicates. These results shows that our approach is able to
identify embedding coordinates that are comparable or preferable to the a priori known

functional support.

Also we point out that in our experiments, the subsampled size n’ = 100 is only around
1% of the whole dataset and in almost all replicates this subsample is sufficient to obtain a
valid parametrization. Tangent space estimation is only needed for these points. Therefore
bypassing the usual manifold embedding procedure (on the whole dataset) we are able to

obtain interpretable embeddings with fewer samples and in a shorter time.

Comparison with embeddings and TSLASSO The of nonlinear dimension reduction
usually are generated subsequently to running a non-parametric manifold learning algo-
rithm, either through visual or saliency-based analyses, but we are able to achieve com-
parable results without the use of such an algorithm. These results also suggest that the
local denoising property of the tangent space estimation, coupled with the global regular-
ity imposed by the assumption that the manifold is parameterized by the same functions
throughout, is sufficient to replicate the denoising effect of a manifold learning algorithm.

Plus, with the help of domain functions, our embeddings come with good interpretability.

The comparisons with Diffusion maps of Toluene are shown in the introduction. Here
we display some comparison of TSLASSO with Diffusion maps on real MDS data, which
are widely used for dimension reduction. Figure 3.8a and 3.8b shows that the two functions
selected from the TSLASSO indeed parameterize the structure of the data. As the values
are roughly varying along with two circles of the torus. Figure 3.9a and 3.9b shows a pair

of functions selected by T'SLASSO .
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3.6.2 Validation of MANIFOLDLASSO

In this subsection we illustrate experimental results for MANIFOLDLASSO . For all of the
following experiments, the data consist of n data points in D dimensions, as well an em-
bedding ¢1.,,(D). We assume access to the manifold dimension d, a kernel bandwidth h,,
used in the estimation of the tangent spaces, and p dictionary functions. Except where oth-
erwise specified, m and €); are used in the preliminary step of generating embeddings ¢1.,,
using the diffusion maps algorithm as EMBEDDINGALG. MANIFOLDLASSO is applied to a
uniformly random subset of size n’ = |Z| and this process is repeated w number of times.
These parameters are passed to the LAPLACIAN, TANGENTSPACEBASIS, RMETRIC, and
PuLLBACKD algorithms, and are summarized in Table 3.1. The regularization parameter

A ranges over [0, Amax] as described in Section 3.4.

Results on Swiss Roll synthetic data The construction of Swiss Roll data is the
same as in validation of TSLASSO with the same dictionary. We learn the manifold using
three techniques: local tangent space alignment, diffusion maps, and isomap, shown in
Figures 3.10c, 3.10e and 3.10g. For comparison, we also analyze the “trivial embedding”
pinternal — g, = plnternal — g, (Figure 3.10a). These rectilinear coordinates are colored in

red and blue, and show clear associations with the other embedding coordinates.

Applying MANIFOLDLASSO to the embeddings identifies the set S = {g1,92} as the
manifold explanation, and identifies the association of the recovered support with individ-
ual embedding coordinates ¢; 2. By visual inspection of Figures 3.10a, 3.10c, 3.10e, and
3.10g, we see that all embedding algorithms recover the original manifold, although the
embeddings ¢'°, ¢PM ... are not isometric (this is particularly noticeable with diffusion
maps), and sign changes are possible. Figures 3.10b, 3.10d, 3.10f and 3.10h demonstrate
that MANIFOLDLASSO recovers the two manifold-specific coordinate functions in each case,
while the coefficients B3.51 decay rapidly to 0 with A. Furthermore, each of g; and gs is
always mapped to the correct embedding coordinate. The regularization paths are virtually

identical for all embeddings, even though the embeddings are not isometric.



41

o Comblned é{n/u'rml (Q;I)u/(ruul
§ \\ \\ \\
°c —_— \ \ \
£y = \ \ \
T LR Q AN \ \ \ \
05§ — W \ 3 \ N \
g2t =1 R \ R W \
=N ll & \ ..\\ \ SN N\
© 2 S \ X \ LTS \
S3§ ..‘ \ M \
£o ¥ \ S== H 1
g it 0o 1000 0 1000 0 1000
- ¢_Ilnternal A A
(a) (b)
H L LTS A (LTS A
o Combined & 2
\\\ \\\ \\\
j— \ \ \
< S W \ \ \
ﬁ 4y Q. QR\ \ :\ \ N \
P o W \ N \ Y \
< 107 NU \ [N \ N \
- I " \ LD \ N \
N \ SARN \ ..\ \
Eii \ iil N\ !:‘ N\
===
0 0 1000 0 1000 0 1000
(d)
" Com bl ned O{wmnp ngmnp
\\\ \ \
— \ \ \
oa = \ \ \
© NN \
E g g sR\ \\ \\ \\ §\ \\
o2 — 10" SA \ .\ \ X M \
[7) l e \ L RN \ LN \
= 8 \ i’ N\ \ N \
= \ T - !!i o
i Y 1000 0 1000 0 1000
Isomap
¢ A A A
(e) (f)
H DM DM
o Combined ¢ ¢
w EmeEETES T -\\\ ______ ‘\\ ______ ‘\\
a
g _ \\\ \\\ \\\
S 3
cZ Q. ;{ A\ Ny \ \ \
S S — PN \ (Y \ \
- — 10" ! \ !\\\ \ ) S \
5 l \ \‘ N\ \ L3NS \
N \ 1) \ \ \
5 =% AN [ S, ! N \
%9 1000 0 1000 0 1000
(h)

Figure 3.10: Results for SwissRoll embedded using a variety of manifold learning algo-
rithms. Figure 3.10a shows the data mapped w.r.t. the edges of the rectangle colored by g1
in red and go in blue. Figures 3.10c, 3.10e, and 3.10g display embeddings of SwissRoll gen-
erated by several different manifold learning methods, colored by the rectilinear coordinates
in red and blue. Figures 3.10b, 3.10d, 3.10f, and 3.10h display the regularization paths of
MANIFOLDLASSO for these embeddings. The combined norms ||3;|| used in MANIFOLD-

LASSO are given on the left, and the norms for the individual embedding coordinates || 3|

on the right.
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Results of MANIFOLDLASSO on a Rigid Ethanol Data We also validate M ANIFOLD-
LASSO on a rigid ethanol skeleton data set, constructed the same as the one for TSLASSO .
As expected given our two a priori known degrees of freedom, Figures 3.11b and 3.11c¢ show
that the estimated manifold is a two-dimensional surface with a torus topology parameter-
ized by bond torsions g; and go similar to that observed for the MD Ethanol in Figure
3.1.

Results of MANIFOLDLASSO on MDS data Bond diagrams are based on a priori
information about molecular structure garnered from historical work. Building a dictionary
based on this structure is akin to many other methods in the field [Krenn et al., 2020, Xie
et al., 2019]. As in the case of RigidEthanol, our dictionaries consist of all equivalence
classes of 4-tuples of atoms implicitly defined by bond diagrams, and the incoherence plots
for Ethanol and Malonaldehyde in Figures 3.12a and 3.12d show two groups of highly
dependent torsions, corresponding to the two bonds between heavy atoms in the molecules.
We have labelled these by their central bond. For example, g1 of ethanol is described by 9
functionally dependent torsions, since each central carbon has three peripheral atoms, while
g2 of ethanol is described by only 3 functionally dependent torsions, since, by the diagram,
the oxygen atom only has one peripheral atom. Therefore, success means recovering a pair
of incoherent torsions out of these dictionaries. For Toluene, the manifold dimension is
d = 1 and success means recovering one of the 6 torsions associated with the peripheral
methyl group bond. For this molecule, there are also p —6 = 24 torsions that do not explain
the data manifold. These correspond to bonds within the main benzene ring. We apply
MANIFOLDLASSO with these dictionaries to the embeddings shown in Figure 3.1.

As Figure 3.12 shows, MANIFOLDLLASSO is always able to identify torsions corresponding
to the expected labelled bonds. Figures 3.12b, 3.12e, and 3.12g show combined regulariza-
tion paths for single replicates of MANIFOLDLASSO, and Figures 3.12c¢, 3.12f and 3.12h
show frequencies of support recovery of sets of size d over w = 25 replicates. MANIFOLD-
LAsso finds that the toroidal Ethanol manifold is explained by pairs of torsions from the
C-0O and C-C bonds, while Malonaldehyde is explained by one of each of the two central
bonds. Toluene is explained by the torsion of the peripheral methyl group. These agree
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with our domain-expert validated parameterizations in figure 3.1.
3.7 Discussion

In this section, we discuss compare this chapter with related works.

Nonparametric methods of obtaining embeddings We draw a firm distinction be-
tween our approach and purely non-parametric methods that attempt to learn a parameter-
ization of M. For example, the early works of Saul and Roweis [2003] and Teh and Roweis
[2002] (and references therein) propose parametrizing the manifold by finite mixtures of lo-
cal linear models, aligned so as to provides global coordinates, in a way reminiscent of Local
Tangent Space Alignment [Zhang and Zha, 2004]. Another idea is to use d eigenfunctions
of the Laplace-Beltrami operator A4 as a parametrization of M. Hence, the Diffusion
Maps coordinates could be considered such a parametrization [Coifman and Lafon, 2006,
Coifman et al., 2005, Gear, 2012]. However, these are not in and of themselves interpretable,
and it is not clear how many such coordinates are needed [Chen and Meila, 2019]. In Mo-
hammed and Narayanan [2017], it was shown that principal curves and surfaces can provide
an approximate manifold parametrization. These methods can often be used as embedding
algorithms in our approach, but make no attempts at synergizing with an interpretable dic-
tionary. Dsilva et al. [2018] tackle the related problem of choosing among the infinitely many
Laplacian eigenfunctions d which provide a d-dimensional parametrization of the manifold.
Their approach is to solve a sequence of Local Linear Embedding [Roweis and Saul, 2000]
problems, each aiming to represent an eigenfunction as a combination of the preceding ones.
Similarly, Chen and Meila [2019] is another method for reducing the number of ” covarying”
eigenfunctions. However, these methods fail to provide physical meaning for the selected
functions.

Our work differs from the above entirely non-parametric methods in two key ways: (1)
the explanations we obtain are endowed with the meaning of the domain specific dictionaries,
(2) less obviously, descriptors like principal curves or Laplacian eigenfunctions are generally
still non-parametric (i.e exist in infinite dimensional function spaces), while the parameter-

izations by dictionaries we obtain (e.g. the torsions) are in finite dimensional spaces. This
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distinction is mirrored in comparison with the many so-called dictionary learning methods
in which a low-dimensional transformation is learned simultaneously with its inverse. We
note that our method is not dictionary learning per se, but rather sparse coding, in which

the dictionary is given [Szabé et al., 2011].

Symbolic regression The symbolic regression methods of Brunton et al. [2016], Rudy
et al. [2019], and Champion et al. [2019] for estimating governing laws of dynamical systems
are perhaps most similar to this work. These methods use sparse regression with respect to
a dictionary and the idea of differential composition. Their goal is to identify the functional
equations of non-linear dynamical systems by regressing the time derivatives of the state
variables on a subset of functions in the dictionary selected using a sparsity inducing penalty.
This provides a natural interpretability. However, although these methods can loosely be
considered univariate analogs, they do not consider the multidimensional data-manifold, and

their synergies with dimension-reduction algorithms are developed in separate directions.

Sparse regression With respect to sparse regression, the seminal Group Lasso paper of
Yuan and Lin [2006] and support recovery analyses of Elyaderani et al. [2017], Wainwright
[2009] are central to our approach. However, our use of replicates in experiments is reminis-
cent of the Stability Selection method of Meinshausen and Biithlmann [2010]. Such methods
address instabilities of the variable selection, in particular, when restrictive theoretical con-
ditions are violated [Zhao and Yu, 2006, Huan Xu et al., 2012]. Some attractive alternate
approaches to this problem that we do not pursue are the use of non-convex penalties such
as SCAD [Fan and Li, 2001, Breheny and Huang, 2011] and weighted data points in the
Adaptive Lasso [Zou, 2006]. We note the method of Haufe et al. [2009], which applies group
lasso to analyze sparse decomposition of vectors fields, albeit in a different setting.

We also draw several distinctions between the TSLASSO method and the MANIFOLD-
L.AssO method presented in this chapter. First, MANIFOLDLASSO uses the same essential
idea of sparse linear regression in gradient space, but in order to explain individual embed-
ding coordinate functions. In contrast, we have no consistent matching between unit vectors

in I, and so can only provide an overall regularization path, rather than one corresponding
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to individual tangent basis vectors. The tangent bases are not themselves gradients of a
known function, and, indeed it may not be the case that such a function even exists. Sec-
ond, TSLASSO method dispenses with the entire Embedding algorithm, Riemannian metric
estimation, and pulling back the embedding gradients steps in MANIFOLDLASSO , while pro-
viding almost everything a user can get from MANIFOLDLASSO . Apart from simplification,
TSLASSO can be run on n’ < n data points, about 1/500 of the data in our experiments,
while the algorithm in MANIFOLDLASSO computes an embedding from all data points.
Hence, all operations before the actual GroupLasso are hundreds of times faster than in
MANIFOLDLASSO .

Although in this chapter the dictionary consists of functions with physical meaning, our
general principle of finding parametric geometrically-motivated approximations of learned
representations is relevant to a range of machine learning contexts. Examining functions
in embedding coordinates is quite typical in genomics [Amir et al., 2013], and much deep
learning work also makes use of explicit traversal of a latent space [Lin et al., 2020, Shukla
et al., 2018]. It is also known in a range of settings that learned gradients provide inter-
pretable [Adebayo et al., 2018] or otherwise statistically-useful information [Wu et al., 2010,
Constantine et al., 2014, Yang, 2020]. Our approach relies on the classical weighted local
PCA method for tangent space estimation [Joncas et al., 2017, Aamari and Levrard, 2019].
Improvement of this estimator in the presence of noise is an active area of research [Puchkin

and Spokoiny, 2019].

3.8 Proof of results in chapter 3

In this section we will provide additional proofs to the theoretical results in the main text.

3.8.1 Proofs for Section 3.1

Proof of proposition 8.1. If F is a parametrization for a.e. £ € M, F is a local diffeo-
morphism, i.e., there exists a neighborhood Vi C M such that F' is a diffeomorphism
on Vp. Then on Vj there is an inverse F~! such that F o F~! = Id. By chain rule we
have rank F' = d on M°. On the other hand if rank F' = d almost everywhere on M, let
M?° = {¢ : rank F' = d}, then at each £ € M°, consider the coordinate representation of the
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linear map dF: it must contains a d x d invertible submatrix. Since F is C', in a local neigh-
borhood Vj this submatrix has positive determinant. Hence V C M°. Then by the global

rank theorem F is a local diffeomorphism on Vj to F'(Vj) and hence a parametrization. []

Proof of proposition 3.2. Since both F, F’ are parametrizations, then a.e. on M, their ranks
are d. it then suffices to prove that there exists a function 7 that F; = 70 Fy and 7 is smooth
almost everywhere in R™2.

Define M° = {£ : rank F5, = d}. We first show that there exists a smooth function 7
defined on F5(M?°) such that F} = 70 Fy on M°. Once this is achieved, by Sard’s theorem
[Lee, 2003], F5(M ~ M°) has Lebesgue measure zero in R so that we can assign arbitrary
value of 7 on Fo(M ~ M°) and the desired result is proved.

To show the claim, we first fix a local point £ € M®° with a local chart (U, ). Denote
the i — th component function of Fy, Fy to be F}, F% respectively. Lemma 3.1 implies
that for each £ € M°, there exists some neighborhood Us € M°® of £ and C! functions

Tg':R”12 — R,2=1,2,--- ,mq such that

Fi() = (Fl 0 6™ )((€)) = mi(Fy 0 o~ (9(€))) = ri(Fa(€)), for i = 1,2, ,my, & € Ug,
(3.14)
Here we should notice that Tg is defined only on F5(Ug). Since this holds for every £ € M°,
we can find an open cover {U¢} of the original manifold M°. By partition of unity in Lemma
3.2, namely that M° admits a smooth partition of unity subordinate to the cover {Ug}. We
denote this partition of unity by ¢ (-).

Hence we can define

Ty = Y e(Fy ' w)ri(y), y e Fa(M®). (3.15)
geMe

where 7¢ is a function mapping from Fy(M°) — R. For each fixed £ € M°, the function
y — @ZJg(F{l(y))Tg(y) for y € Fp(M°) is C1. According to the properties of partition of
unity, in a local neighborhood of each point, this is a summation of finitely many smooth
functions. Then this 7/ will be a C! function on F»(M°). Also, by 1 =" _,(£), it holds
that 7(gs/(€)) = Fi(€) for any i = 1,--- ,my.
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Therefore, globally in U we have
Fi(&) = T4 (Fy(€)), fori=1,--- ,mq, £ € M°. (3.16)
Hence the desired result holds. O

Lemma 3.1 (Remark 2 after Zorich [2004] Theorem 2 in Section 8.6.2). Let f : U — R™
be a mapping defined in an open neighborhood U C R of a point * € R?.  Suppose
f € C*, the rank of the mapping f is k at every point in U, and k < m. Moreover, assume
that the principal minor of order k of the matriz Df is not zero at x*. Then in some
neighborhood Uy C U there exist m — k Ct functions g;,i = k+1,--- ,m such that for any

x=(x1, - ,xq) € U(x"),
gi(xlax%'” ,.Z'd) :gi(gl(xlax%’" ,l’d),gg(ﬂfl,l'g,'-' 7xd)7"' 7gk(x17x27'” 7xd))'

(3.17)

Partitions of unity enable us to expand the above lemma from local to global. Mathe-
matically, a smooth partition of unity subordinate to {U,} is an indexed family (14 )aca of

smooth functions v, : M — R with the following properties:
1. 0 < 9po(§) for all @« € A and all £ € M;
2. supp Yo C U, for each a € A;

3. Every £ € M has a neighborhood that intersects supp ¥, for only finitely many values

of «;

4. Y neata(§) =1 forall £ € M.

Lemma 3.2 (Lee [2003] Theorem 2.23). Suppose that M is a smooth manifold, and {Uq}aca
s any indexed open cover of M. Then there exists a smooth partition of unity subordinate

to {Ua}.
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3.8.2  Proofs of basis-invariance property of TSLASSO

Proposition 3.3. Consider alternative bases T} = T;I'; where T'; are d x d orthonormal
matrices. If {B;}!'; minimizes (3.4), then in the new tangent bases, {B;I';}I ; minimizes
the corresponding loss function, which is constructed through replacing X; by T';X; in (3.4).
Furthermore, the selected support S is independent of the basis chosen for each tangent

space.

Proof of Proposition 3.3. It suffices to show that the loss in (3.4) does not change under
orthogonal transformation of individual tangent bases. As long as this holds, B;T’; must
minimize the loss since otherwise one could argue that Jy,(B) is not a minimum value for
the original tangent space bases. Note that the norm ||B ||z is unitary invariant. This
is because B j = (j — th row of B;)?_; is constructed by stacking the j—th row of each
B;. Hence the new norm is given by the norm of (j — th row of B;I';)! ;; therefore the
Group Lasso penalty doesn’t change after changing B; to B;I'; for each ¢. Finally, it
holds that ||I; — '] X;B,T;||%2= ||IT; (I — X;B;) T;||2= ||Is— X;B;||%, so the f5-loss is not
changed under orthonormal transformation of the tangent bases. These rotation invariances

guarantee the same support S. O

3.8.8 Proof of section 3.5

We start with stating the following lemma, which gives the sufficient and necessary condition
of certain matrices B; to be the solution to problem (3.4). It also provides conditions on
unique support recovery and unique solutions. The proof is standard in convex analysis

literature; we follow a procedure as in [Wainwright, 2009].

Lemma 3.3. 1. Matriz B is the optimal solution to problem (3.4) if and only if there

exists an matric Z = (2] ,zy -+ ,2, )| € RP*" such that

o Bi #0,

€ R™ with ||z;]]2< 1,  otherwise;

and

A
i I T, = ="
(Xl (Id - X1B1)7 X2 (Id - X2B2>7 ,Xn (Id Xan)> \/@Z : (319)
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2. If under the setting of (a), further in (3.18), we have ||z;||< 1 whenever 5; = 0, then

all optimal solutions B of Tangent Lasso problem will have support S(fi) C S(B).

3. Under setting of (a) and (b). Let X;qm) be the submatriz constructed by the S(B)
columns of of X;. If all X;E'(B)XiS(B) are invertible, then the TSLasso solution is

unique.
Proof of lemma 3.3. Before we further explore the result, we transform the problem (3.4).
We stack the matrices at each point together. We will now write

X1

Xo ndx xnd
X = €R p7 B:(Bl)B27”'7Bn)ERP :

Xn
Then g; is the j — th row for B. Further let matrix
T dxd
Ei:(oa"'a071d707"'70) ER”X
be the block matrix with the ¢ — th block being identity matrix and the other blocks are all

zeros. Then the loss function of TSLasso can be rewritten as

Ina(B) = 5 B (Toa — XB)E: [+ |
= KR

where |[Bl[12 is the norm defined by >-%_,|3;]|2.

IBll1,2 - (3.20)

The proof of this lemma is standard technique in convex analysis. Define h;(B) =
|E; (1,4 — XB)E;||% penalty part and g is the group lasso penalty.
The first step is to compute the gradient of h;(B) with respect to B. For any H € RP*"?,

compute
hi(B+ H) — h;i(B)

= trace(E, (I,g — X(B+H)E;) " (E; (I,y — X(B + H))E;) — trace(E; (I, — XB)E;) ' (E;

7

i (Ind - XB)E

= —2trace(H' X"E;E; (I,y — XB)E;E; ) + O(|]|H||%)

-2 <H X"EE,; (L4 — XB)EZ-E?>F +O(|H]|%) .
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Hence we can conclude that Vgh;(B) = —2X"EE/ (1,4 — XB)E,E] = —2XTE;(I; —
XZ-Bi)EZT, and therefore

1 n n
VB D I - XBil|F =) —XTE;(I; - X;B))E/

i=1 i=1
=— (XIT(Id —X;By),X; (I — XoBg), -, X, (I; - Xan)) :
(3.21)
Recall that we use f3; to denote the i —th row of B. We use a similar argument in proof

of lemma 2 of [Obozinski et al., 2011] and notice that the original optimization problem is

convex and strictly feasible (hence strong duality holds). The primal problem is

1< Ay o
i f§ E'(1,;, — XB)E;||> 7’”‘5:1)4
nggend2 - H i ( nd ) ZHF—’_M - 7
berr =1 j=1

s.t. (ijbj) ek, 1<j<p,

where I is the second-order cone as usually defined. The dual problem is given by

1 n A p p
max  min L(B,b,Z,t) = = Y ||B/ (I.g — XB)E||%+-2~ bi + 2 t:), (B, b
ZcRP*nd BcRPXnd ( ) 2 Z:H 4 ( nd ) ’HF \/@ a J - <( J J) (/83 j)>
tERP beRP i=1 Jj=1 j=1

st (zj,t;) € K°,

where z; € R™ is the j—th row of Z. Note that K° is the polar cone of K and second order
cone is self-dual. Hence we have (z;, —'T;) € K.

Since the primal problem is strictly feasible, strong duality holds. For any pair of (B*, b*)
and (Z*,t*) primal and dual solutions, they have to satisfy the KKT condtion that

185112 < b7, 1<j<p, (3.22a)
2512 < —t7, 1<j<p, (3.22b)
2B+ 4305 =0, 1<j<p, (3.22¢)
1 n
Vi lzz;HIdXiBiH% +Z*=0, (3.22d)
iz
A
S+t =0. (3.22¢)

Vnd
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Note that (3.22c)implies that t; = — Ao Then by (3.22a) and (3.22b) we have Hz]’-‘Tﬁ;-‘HS

Vnd
\;\7%1 |Bjll2. Notice that the equality holds in (3.22c), there fore ||2}||= ‘{\—":d and b = [|55]|.
Renormalize z] = \ﬁ\—":dz; and part (a) holds. For part b, for any j, z;TBj = ||Bj||2. Then

B = 0 must hold for any ||z;||< 1. For part (c) note that in this case the loss function is
strictly convex when the original problem is restricted to minimizing over B : 5; =0, Vi ¢

S(B). This strict convexity implies the uniqueness of solution. O

The previous lemma provides a tool for understanding the support recovery consistency
of TSLASSO.

For any arbitrary S C [p] such that rank X;s = d holds for all i € [n], we establish a
sufficient condition on X;g such that they can be discovered by the T'SLLASSO. Suppose at

each data point 7, we decompose the matrix I; by
I; = XisBjs + Wis , (3.23)

where Blgs are S| x d matrices that only has non zero entries in rows in S and minimizes
the loss ||I; — X;B;||%. In fact, since X;g is full rank, there exists a unique Bg for each i

such that W;g = 0. Denote B;"j, be the j—th row in Bg and define

. (3.24)

bs = min min||B} .
i€[n) jeSH bl

This is a sample version of bg defined in (3.9).
The following lemma shows a sufficient condition on X; so that the true support can
be found. We first define several derived quantities of X;. Denoting the j—th column of

matrix X; by x;;, we define

S-incoherence fig = max |xlzj”/\ . (3.25a)
i=tn,jes,i'¢s |[Vg; (&)l Vs (&)l
internal-colinearity g = m?XH(XiTSXiS)*l — Gg(&)Y] . (3.25b)
1=1n
maximal gradient norm ¢g = max max||Vg;(&)]| - (3.25¢)
i=1lmn jeS

These are sampled version of ug,vg and ¢g defined on the whole manifold from (3.10),(3.11)
and (3.12).

Now we are ready to prove theorem 3.1. We start with some lemmas in linear algebra.
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Lemma 3.4. Let A, B be dxd positive definite matrices. Then ||A~!1 — B7!||< | B7!||||A — B||.

Lemma 3.5. Let A,B be two d x d matrices. A is positive semidefinite. Denote ||A||oc2
be the mazimum L3 norm of the rows of A. Then ||AB||o02< Vd||A]|||B||F-

Proof of lemma 3.5. Write A = (aij)dxd, B = (bij)dxd, then by definition

J 2
|AB||% = fﬁ’%z <Z aikbkj>
T =1 \k=1
d / d d
<usd (i) (3ot
T \=1 k=1
d d d
< (3t (L2
i=ldi = =1 k=1
= d||A|%, 2l |BJ|% -

Since A is positive semidefinite, we have
1AJ s = max (AA), < [|A%]1= [|A[
Hence we conclude the desired result. O
Lemma 3.6. Let § = minge v minj—1,[|Vg;(€)]], then [|(X5Xis) 7 ]2< 1 + 25
Proof of 3.6. Recall that Gg(&;) = diag{||Vg;(&)||};,jes- We first consider that
1(XisXis) ™" = Ll

=[|G5! (&) (X{sXis) ' Gs(&) 7! — G (&)Gs(6) G5 (&)

<[I(XisXis) ™t = Gs(&)?IllIG5 (&)
s

And the desired results come from triangular inequality. O

Lemma 3.7. Let {&}7 be fized data points on M. Let 6 = mingepg minj—1.,||Vg;(€)|| and
T = maxge v maxj—1,||Vg; ()] Let fis, s, bs defined from X;s according to (3.25a),(3.25b)
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and (3.25¢) respectively. Then Tangent Lasso problem (3.4) has a unique solution B =
[]§1, ]§2, e ,ﬁn} € RP*"™ with support S(A) included in the true support S zf(l—i— ),us(ﬁsfd <
1. Furthermore, if A\p(1 + 05/6%) < bs\/n/2, then SB)=S.

Proof of lemma 3.7. We follow the procedure of Primal-Dual witness method (see e.g. Wainwright
[2009], Obozinski et al. [2011], Elyaderani et al. [2017]).
Still considering the reformulated optimization problem (3.20), we first find B from

minimizing a restricted optimization problem

min Jy, (B) ZHET nd — XB)E|]F+ (3.26)
=1

SB)CS

IBl]1,2 -
\ﬁ

We then construct a dual solution Z and show that B is the solution to the origi-

nal optimization problem. We write z; as the j—th row of Z and decompose each z; =

[Zj1,2j,2, -+, Zjn]. According to lemma 3.3, we can solve for Z from those optimality con-
ditions.

First, notice that
An

i _\/nd

where 25 is constructed by concatenating the j € S row of 22

Bis — (X[ sXis)™ 125,i-

For an d x d matrix A, we write ||A||oo2= max® ,||a;||2, where a; is the i—th row of A.

Then it holds that from lemma 3.5
(X i5Xis) ™ Zis,il oo 2< ||(X5Xas) I Zsill -

Therefore recall that |‘2S||oo,2: 1 we conclude that |]25,Z-||F§ Vdig. And adopting
lemma 3.6 we have

H(X XZS) ZSZ||002< f( 52)

According to (3.8.3) if A \f(l—i— 3)/vnd < 1b5, then HstJ [|> I;g for each row j € S.
And this condition is satisfied by the assumption.
On the other hand, for any j' ¢ S, we have

Ej =ux; /XZS(X;l:gXis)_lzsi .
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It suffices to verify that ||z;||< 1 for all j ¢ S. For any ¢, we have

[l Xis (Xis Xis) 7|2 (1+ Dlledy Xis|la< \f(1+ 5)isl| Vg (fz)l!maXHVgg(&)H \/3(1+ fisdsT .

52)

Directly compute that

IEalk <Z||$13/X15(X §Xis) ' Zs,ll3

=1
<Z"ng’XzS(X XZS)
=1
<d(1+ (Z)SFQZHZSZHF
=1

< (1+ 52) 2aeird? < 1.
O

This lemma is the recovery result if the tangent space is estimated without any noise.
Note that this conditions also implies further results on the 'isometric’ property of T'SLasso.
If there are two different subsets S, S” such that |S| = |S’| = d and both has rank d at each
data point. Then for both subsets, XIng‘S are invertible, and the lemma also implies that
fisvsd < 1 cannot hold at the same time for both subsets. The one picked by TSLasso
(usually) has a lower value of 7g, and will be closer to isometry to some extent.

This recovery result does not involve the tuning parameter for false inclusion. Therefore,
it justifies our selection of tuning parameter that force the support has cardinality less than
d. If we do observe d functions selected and they have rank d everywhere, then under
incoherence condition they must be a right parameterization. To avoid false exclusion, the
tuning parameter A\, cannot be too large.

Now we connect these support recovery results inherent to our optimization approach

with the tangent space estimation algorithm. Let T, ’i‘z be the orthogonal basis in RP*4
for true and estimated tangent space respectively, and write
e = max||TyT] — T;T] |2 (3.27)
1=

We have the following recovery result in the setting that gradient is estimated with some

noise.
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Lemma 3.8. Let &,i=1:n be fizred data points on manifold M C RP. Given S a subset
of functions in dictionary F = {g;,j € [p]} with |S| = d. Suppose rank grad gs = d at each
data point. Fix T; as an orthonormal basis of tangent space at &, and ’i‘l a basis for the
estimated tangent space. And further define X; = T [Vg;], X; = ’/I\‘;r [Vy;l,j € [p] where V
is the ambient gradient. Define BJg, bs the same as lemma 3.7. Assume that |Vyg;l|=1 for
all &1 € [n],j € [p]. Define fig,vs from (3.25a) and (3.25b) and e from (3.27). Then let
B be the solution of TSLasso problem

l — o An
. (B) =5 D I - Xz'BiH%+m||B||1,2 - (3.28)
i=1

If (1 + 05/0%)fispsTd < 1 and My(1 + 05/6%) < bs/n/2, there exists a positive constant cq
such that if e < co then S(B) = S.

Proof of lemma 3.8. The proof is direct by identifying the new [y, 75 parameters under
noisy estimation of tangent space. The other parameters ¢g,T',§ are not related with
tangent spaces and thus remains unchanged.

Denote Z;j the j—th column of X;. Similarly, to (3.25a), we first bound
T5Ty = V(&) [TiT] = TiT/ V(&) + Vg;(&)  TiT Vgi(&)

< TSI =TT |21V g5 (Vg5 (€| + sl [V g (€| Vg (€)]|,  for all j € S, 5" ¢ S,i € [n] .

So fily < fig +e.

By definition, let
T/ Vyg;(&)
1Vg; (&)l

where G(&;) = diag{||Vg;(&)||}jes and then we have

P

S =

] = XisG(&) ™
jes

2T = oS T X
o = [|(XisXis) ™! = G(&) 2I< 75 + [[(XysXis) ™t — (XsXKas) 7V -

It suffices to upper bound the second term. We can apply lemma 3.4, the perturbation

bound of inverse of positive definite matrices. It suffice to compute

1(XisXis) | < 1(X5Xis) ™ = Gs(&)* + Gs(&)?]]< 0% + s -
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And since for any j,j' € S, it holds that

=T = [P ~ o~
(X;6Xis)j5 — (XisXis)p| < | TV =TT [|< e

=T = -~ =T = -~
1X;5Xis — X5 Xis| < d\/ max [(X;5Xis) 5 — (X5 Xis)jy| < de .

And thus we have
STE o1 % T -1 | T T % 2 -
1(XisXis) ™ = (XisXis) 7l < (55 + 7s)[1XisXis — XisXis||< (95 + vs)de .
Hence iy < 75 + (9% + ) de.
Let ¢; := —B/2A+ v/B? — 4AC/2A, where

¢ + U fisd(¢% +Ds)  vs - Vs 1
A==55=d, B="—F—+ 5 +1, C=u5(1+57)—@- (3:29)

If e < &, then (1+ %)jisdsT'd < 1.

Let
~ 52

Co = = ~
d(¢% + Us)
If e < G, then A, (1 + %)/v/n < 3bs.

(3.30)

The conditions of guarantees that c;, ca are both positive. Hence take ¢y = min{cy, ca},

lemma 3.7 guarantees exact recovery when e < cg. O

Proof of theorem 3.1. With probability one, the following comparisons between sample based

quantities and whole manifold versions holds:

fis < ps, vs <vs, ¢gs<¢s, bs>bs. (3.31)

Let ¢1,co be the same as ¢1,¢o defined in the proof of theorem 3.8, replacing all sample
version quantities pg, vg, ¢g,bs with their global manifold counterparts ug, vs, ¢g, bs.
Then the assumptions of the proposition guarantees that ci,co > 0 and further it holds
that ¢ < ¢€1,c2 < ¢, hence with probability one when e < ¢g = min{ci, 2}, e < é =
min{¢;, éa}. Note that ¢g is a constant determined by the manifold and the dictionary. It

suffices to notice that
. 1\ 4
P(SB)=S)<Ple<c)>1-4 <> (3.32)

given by lemma 3.9. O
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Lemma 3.9 (Proposition in Aamari and Levrard [2018]). For sufficiently large C, let
rn = C(logn/(n — 1))/, tangent spaces T; estimated by WL-PCA in section ?? with
linear kernel satisfy that with probability at least 1 — 4(1/n)%/®

logn

max|| DT — T ||= O(rw) = O((-==)4) . (3:33)

n—1

Remark 3.1. Note that in this lemma, the hidden constant in big-O notation is determined

by the manifold and sampling density.

3.8.4 Backgrounds on molecule dynamic simulation data

The method of MD simulations is one of the principal tools in the study of molecular sys-
tems. Such simulations provide detailed information on the fluctuations and conformational
changes of the system, and are now routinely used to investigate the structure, dynamics and
thermodynamics of biological macromolecules and their complexes. In such simulations, the
positions of atoms within a molecule are sampled as they proceed through time from some
initial conditions according to interatomic effects. The distribution of this sample describes
the molecule’s behavior in the given experimental conditions. It has been shown empiri-
cally that manifolds approximate these high-dimensional distributions [Dsilva et al., 2013].
Accordingly, application of manifold learning to find the collective coordinates has achieved
great success [Das et al., 2006, Tribello et al., 2012, Noé and Clementi, 2017, Sidky et al.,
2020]. Even though the vector of atomic coordinates can take any value, due to interatomic
interactions, the relative positions of atoms within the molecule lie near a low-dimensional
slow manifold. Performing manifold learning on these data separates the conformational
changes, modeled by the manifold, from the fluctuations represented by the “noise” around

the manifold.

Representing molecular configurations

Our MD data are quantum-simulations from Chmiela et al. [2017a]. The raw data consists of

X, Y, Z coordinates for each of the N, atoms of the chosen molecule. For a single observation,
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we denote these by 7; € R3Va. The first step in our data analysis pipeline is to featurize
the configuration in a way that is invariant to rotation and translation. In the present
experiments, we follow Chen et al. [2019] and represent a molecular configuration as a vector
a; € R3(N3a) of the planar angles formed by triplets of atoms. We then perform an SVD
on this featurization, and project the data onto the top D = 50 singular vectors to remove
linear redundancies; we denote the new data points by &1.,. The EMBEDDINGALG and
TANGENTSPACEBASIS algorithms work directly with £ in dimension D. Other possible
representations such as applying a Procrustes transform to each configuration to align it
with the first one give similar results, and no matter which low level representation we

choose, large-scale conformational changes are described by the relative rotations of groups

of atoms - the bond torsions illustrated in Figure 3.1 [Chen et al., 2019].

Dictionaries for MD Data

Therefore, in the RigidEthanol, Ethanol, Malonaldehyde, and Toluene MD datasets,
we construct dictionaries consisting of bond torsions. We then apply MANIFOLDLASSO to
select combinations of these higher-level torsion features that explain the manifold in the
lower-level planar angle feature space. Given an ordered 4-tuple of atoms ABCD, the
torsion gapcp is the angle of the planes defined by the locations of ABC and BCD. Note
that gapep = 9pBca = 9peBa = gacp- Any torsion g is expressible in closed form as
functions of the planar angles feature vector a. In particular, a torsion gapcp is a function
of the angles of the triangles inscribing atoms ABC, ABD, ACD, and BCD. We compute
the gradients of the torsions by automatic differentiation [Paszke et al., 2019].

One cannot use the obtained gradients directly in M ANIFOLDLASSO, since the angu-
lar features overparameterize the molecular shape space Zév @ [Addicoat and Collins, 2010,
Kendall, 1989] of dimension D" = 3N, — 7, and off-manifold gradients are therefore not
well-defined. For example, whether one chooses to use triangles ABC, ABD, and ACD,
or ABC, ABD, and BCD to compute gagcp has no effect on the value of gapcp, but
changes the value of its partial derivatives in RP?. We therefore project the gradients on the

tangent bundle of the shape space as it is embedded in R”.
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(a) Toluene (b) Ethanol (¢) Malonaldehyde

a
(d) ()
D
B Cc
A
(g) Torsion example (h) (i)

Figure 3.1: Manifold coordinates with physical meaning in molecular dynamics (MD) simu-
lations. 3.1a-3.1c Diagrams of the toluene (CyHg), ethanol (CoH5OH), and malonaldehyde
(C3H402) molecules, with the carbon (C) atoms in grey, the oxygen (O) atoms in red, and
the hydrogen (H) atoms in white. Bonds defining important torsions g; are marked in or-
ange and blue. The bond torsion is the angle of the planes inscribing the first three and last
three atoms on the line (3.1g). 3.1d Embedding of the configurations of toluene into m = 2
dimensions, showing a manifold of d = 1. The color corresponds to the values of the orange
torsion g;. 3.1le, 3.1h Embedding of the configurations of the ethanol in m = 3 dimensions,
showing a manifold of dimension d = 2, respectively colored by the blue and orange torsions
in Figure 3.1b. 3.1f, 3.1i. Embedding of the configurations of malonaldehyde in m = 3
dimensions, showing a manifold of dimension d = 2, respectively colored by the blue and

orange torsions in Figure 3.1c.
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Figure 3.2: Swiss Roll data and result. Left: Unrotated swiss roll dataset in R3. This
dataset is then randomly rotated into R*. Right: The regularization path of TSLASSO on
SwissRoll datatset in one replicate. Note that in fact there are two functions selected and

their regularization path added together.

Rigid Ethanol top PCA

L o

(a) (b) (c)

Figure 3.3: PCA features and Diffusion Map embedding features of rigid ethanol data

without noise.
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Figure 3.4: Results of Rigid Ethanol Experiment with no noise. Left: cosine plots of dictio-
nary functions, showing the existence of two groups of highly colinear functions. Middle:
regularization path in one replicate. Right: The frequency of each pair of function selected

in all 25 replicates.
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Figure 3.5: Watch plot of support recovery frequencies under different noise levels.

g1

0.018-0.019

(a) (b)

Figure 3.6: Diffusion map embedding for synthetic rigid ethanol data. Data points are

colored by the true torsion g; and go respectively.
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Figure 3.7: Results from molecular dynamics data.
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3.7a, 3.7e show bond diagrams for

ethanol and malonaldehyde, respectively. 3.7b and 3.7f show the heatmap of cosines (inco-

herences) of dictionary functions. The color is darker when there is more colinearity. 3.7c,

3.7g are regularization paths for a single replicate of ethanol and malonaldehyde. Note that

in both figures there are a redundant trajectory of two functions that are added together.

3.7d, 3.7h Selection of pairs of functions for ethanol and malonaldehyde over replicants us-

ing TSLASsSO . The node point on the circles represents all functions in the dictionary and

the number along the lines are frequencies of each pairs selected over 25 repetitions. 3.7d

means in all 25 repetitions, TSLASSO selects g11 and g¢o1, which are the bond torsions

around C-C bond and C-O bond respectively. 3.7h show that in 24 out of 25 replicates,

TSLASsO is able to select one function from each highly colinear function group.
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Figure 3.8: Diffusion map embedding for real ethanol data. Data points are colored by the

two torsion functions gg, g9 found by TSLLASSO respectively.
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Figure 3.9: Diffusion map embedding for Malonaldehyde data. Data points are colored by

the two torsion functions found by TSLASSO respectively.
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Figure 3.11: Results of MANIFOLDLASSO for RigidEthanol. Figure 3.11a shows the sim-
plified dynamics of our rigid molecular simulation. Atoms in the rigid ethanol skeleton are
articulated around the C-O and C-C bonds by a torus of rotations. Figure 3.11b shows the
learned torus, colored by C-C torsion g; from Figure 3.1. Figure 3.11c shows the same torus,
colored by the C-O torsion go from Figure 3.1. Figure 3.11d displays the incoherences, i.e.
pairwise collinearities of dictionary gradients; C-C torsions functionally dependent on ¢;
are in orange, C-O torsions functionally dependent on g are in blue. Figure 3.11e shows
combined regularization paths ||3;]| vs. A for a single replicate. The tuning parameter at
which |S| = d is indicated by the vertical black line. The chord diagram in Figure 3.11f
represents the frequency of selecting each pair of torsions in replicate experiments. The fre-
quencies with which individual torsions are selected are given by the sizes of the perimeter
dots corresponding to each dictionary element, while the frequencies with which pairs of

torsions are selected are given by the line widths connecting the dots.
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Figure 3.12: Results for MD data with a priori dictionaries given by the bond diagrams

in Figure 3.1. The three rows correspond to Ethanol, Malonaldehyde, and Toluene,

respectively. Figures 3.12a and 3.12d display pairwise collinearities of dictionary gradients,

colored by bond as in Figure 3.1. Toluene, a 1 —d manifold, has trivial cosines, and so these

are not shown. Figures 3.12b, 3.12e, and 3.12g show combined regularization paths of ||5;]|

for single replicates. Vertical black lines indicate the tuning parameter at which |S| = d.

Figures 3.12¢, 3.12f, and 3.12h show chord diagrams displaying frequency of support recovery

of sets of size d for 25 replicates. As for RigidEthanol, two-dimensional support recovery

frequency is denoted by chord width, and one-dimensional support recovery frequency is

denoted by size of perimeter dot. Note that blue in toluene corresponds to torsions in the

benzene ring.
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Part 11
CLUSTERING WITH STABILITY GUARANTEES
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Chapter 4

BACKGROUNDS ON CLUSTERING WITH GUARANTEES

In chapter 5 and 6, we will explore clustering problems. Clustering algorithms often suffer
from instability issues as they involve hard optimization problems. In this chapter, we review
non-exhaustively on recent developments on clustering with guarantees on Euclidean data
and with known number of clusters, denoted by K. There are non-parametric clustering
algorithms that estimate K automatically (e.g. density-based clusterings, Dirichlet process
mixtures,etc) but they are out-of-scope of this dissertation.

The organization of this chapter is as follows: in section 4.1, we distinguish the two
clustering paradigms we discuss in this dissertation: hard-clustering (loss-based) and soft-
clustering (model-based). Afterwards, in section 4.2 we use K-means clustering as an ex-
ample of loss-based clustering and review recent progress on K-means clustering. in section
4.3 we discuss recent development on Gaussian mixture model, which is the most widely

used probabilistic model for model-based clustering.

4.1 Clustering problem formulation

Given dataset D = {x;}!' ;, a clustering C = {C,--- ,Ck} is a partition of the indice set
[n] into K non-empty subsets. Each subset C,--- ,Ck is called a cluster.
We often require that the subsets C1, - - - , Cx are mutually disjoint, or equivalently, each

data point can belong to only one cluster. Such clustering paradigm is called hard clustering.
We could use a set of indicator function {I';y, = 1,c¢, } to represent this clustering. As we will
see, such hard clusterings are often obtained by minimizing a loss function. A loss function
Loss(D,C) specifies what kind of clusters the user is interested in via the optimization
problem below.

Clustering problem: L°P* = Cmén Loss(D,C), with solution C°P" . (4.1)
€eCk
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The majority of interesting loss functions result in combinatorial optimization problems

(4.1) and known to be hard in the worst case. Here are two examples.

Example: K-Means clustering K-means clustering is one of the most classical clus-
tering methods that dates back to 1967. It minimizes the total within-cluster variances,
i.e.

min Losskm (D, C) Z Z |z; — pel|?, with = Z x; for all ke [K]. (4.2)
k 1ieCy ZECk

Example: K-medoids clustering This method requires that in each cluster, there is
one data point that is the most representative of all data in that cluster, then its loss

function can be written as

min Lossg.(D,C) Z ZH.ZZL prll with py = arg mm Z ||z; — ;]| for all k€ [K].
k 14eCy, eCk

(4.3)

In contrast, we could also provide a degree of membership for each pair of data point
and cluster. In this case we relax I';; from {0,1} to [0,1]. Often we associate the data
with a probabilistic model and estimate the degree of membership I';; as the posterior
probability of each z; in cluster k. We call the clustering paradigm that generates degree

of memberships soft clustering.

Example: Gaussian mixture model One of the most widely used probabilistic model

for model-based clustering is Gaussian mixture model.

Definition 4.1 (Gaussian mixture model). Gaussian mizture model assume observed data

D={x;}', C R? are generated with an unobserved latent label y; following:
yi ~ Multinomial(wy, -+, wk), 2|y ~ Np(ty,, Xy,) -

The parameter for a general Gaussian mixture model is (W1, ..., Wi, (41, s UK, 21, "+ s DK
with the constraint that wy > 0, Zle wg = 1. The density function is given by

K

: 1 1 _
= wp(a|pk, k), with p(a|p, L) = ————— exp <—2(I—M)T2 1(ﬂc—u)>
k=1 (27| det X])2
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Given a gaussian mixture model, the clustering assignment is given by ;1 representing

the posterior probability of x; is generated with hidden label y; = k, defined as

wrp(xi| pr, Xk)
= )
> =1 W D(wi|par, X )

Yik = (4.4)

Essentially, when the model used are parametric, model-based clustering are estimation
problems of model parameters. Ideally, parameter estimation methods can all be used
for estimating a model such as maximum likelihood estimation of methods of moment
estimation. For Gaussian mixture models, we will discuss in detail in section 4.3 of how to

implement these standard statistical procedure in Gaussian mixture model context.
4.2 K-means clustering

In this section, we review recent results on K-means clustering with more details. We will
first display Lloyd’s algorithm, the standard algorithm to solve K-means clustering prob-
lem. Then we turn to modern developments of convex relaxations of K-means clustering.

Afterwards we will discuss comparing clusterings and evaluating clustering results.

4.2.1 Solve K-means clustering problem

To establish K-means loss functions in a compact form, we introduce matrix representation
of clusterings. There are several standard matrix representations of clustering results, in

the forms of a mapping from Cx to some matrix space.

I':Cxg — {0,1}K T = Licc,, -

Z : CK — [0, 1]nXK,Zik = 71\7% .

1, ifi,j € Cy for some k € [K]

S:Cxg — {0, 1}n><n7 Sij =
0 otherwise

%, if i, j € C, for some k € [K]

X:Cg — [O, ].]nxn,Xij =
0 otherwise
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Such representations are very useful in recent clustering literature. It simplifies the pre-
sentation of many loss functions in loss based clustering and enables the development of
convex relaxation techniques on hard clustering. For example, one can show that, let
A : Ay = ||z —24]> be the pairwise squared distance matrix of dataset D, K-means

clustering is equivalent to minimizing the loss function
min Losskm (D,C) = (A, X) . (4.5)

Directly optimizing loss functions such as in (4.2) and (4.3) is hard combinatorial op-
timization problem. For any given dimension d and number of clusters K, enumeration of
all possible clusterings can be done in O(n®*+1) [Inaba et al., 1994]. Further, finding exact
solution of K-means is NP-hard even when d = 2, K > 2 [Aloise et al., 2009] or K = 2,d > 3
[Mahajan et al., 2012].

Iterative algorithms that find local optimizers are developed. The standard method for
solving K-means clustering is Lloyd-Forgy algorithm [Lloyd, 1982]. Its major steps are
displayed in algorithm LLOYD. Although empirically, better initialization techniques such
as K-means++ performs better [Arthur and Vassilvitskii, 2007], this algorithm does not

have theoretical guarantee of convergence to global optimum.

Algorithm 7 LLOYD

1: Input:Dataset D = {z;}]" ;, number of clusters K.

2: Initialize: K centers Mgo)) e ,ugg) € R4,

3: while not converged do

4:  Update cluster assignment: C’,it) « {i: k = argminge ||z — M,(:)H}.
5. Update cluster mean: u,(fﬂ) +— @ ZieC,ﬁ” x;.

6: end while

4.2.2  Clustering with guarantee by convex relazations

A convex relazation of the problem (4.1) is an optimization problem defined as follows. Let

X be a convex set in a matrix space such that X D {X(C), C € Cg}. Extend Losskm (D, C)
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to Losskm (D, X), convex in X for all X € X. Then,

L* = minL D, X ith solution X* 4.
min osskm (D, X), with solution (4.6)

is a convex relaxtion for the clustering problem (4.1). In the above, the representation X(C)
can also be changed to other representation matrices (S, Z,etc), or a different injective
mapping of Cg into a Euclidean space. Because X D Cp, we have L* < L°P* and X* is
generally not a clustering matrix.

For example, multiple convex relaxations exist for K-means clustering. These observa-

tions are based on the following proposition.

Proposition 4.1. For any clustering C, its clustering matriz X = X(C) has the following
property: X;;j < X;;,Vi,j € [n] X1 =1,TrX = K, ||X||%2= K, X is positive semidefinite.

Then convex relaxation for K-means clustering can be established through

o LP relaxation [Awasthi et al., 2015a]:

min (A, X)
XeRnxn

s.t. X;5 € [0, 1],Vi,j € [n]
Xij < X3, Vi, j € [n]
X1=1

TrX=K.

e SDP relaxation [Awasthi et al., 2015al:

min (A, X)
XERW, Xn

s.t. X > 0,Vi,j € [n]
Xij =0
X1=1

TrX =K.
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Under stochastic ball model, such convex relaxations can provide recovery guarantee for
K-means clustering. Suppose that data are generated from a population P = K ! Zfi 1 P,
where each Py is supported rotaionally symmetrically on a unit ball centered at ug. Assume
that the minimal distance of centers of these balls is ¢ := min;;||x; — 15| Then the correct
clustering assignment can be achieved if ¢ > 4 for LP relaxation and can be achieved for
¢ > 2v/2(1 + 1/V/d). Later in [Iguchi et al., 2017], this separation condition is relaxed to
c > 2+ K?Cond(uy,- - ,puk)/d, where Cond characterizes the ratio between maximum

center separation and minimum center separation.

Also [Awasthi et al., 2015a] provides a pathetic example such that there exists pathetic
examples of stochastic ball model that the K-means++ with constant probability will con-
verge to a bad local minimum, even if the sample size tends to infinity and separation
between ball centers are large. In such pathetic cases, however, method based on convex

relaxations can still guarantee exact recovery.

Convex relaxations can also be established for other clustering problems. For graph
partitioning problems, Xing and Jordan [2003] introduced two relaxations based on Semi-
Definite Programs (SDP). Correlation clustering, a graph clustering problem appearing
in image analysis, has been given an SDP relaxation in Swamy [2004] and Ahmadian
and Swamy [2016]. For community detection under the Stochastic Block Model [Holland
et al., 1983] several SDP relaxations have been recently introduced by Chen and Xu [2016],
Vinayak et al. [2014] and Jalali et al. [2016] as well as Sum-of-Squares relaxations for finding
hidden cliques, in Deshpande and Montanari [2015]. For centroid based clustering, we have
Linear Program (LP) based relaxations for K-medians by Charikar and Guha [1999] and
K-means Awasthi et al. [2015b] and more recent, tighter relaxations via SDP in Awasthi
et al. [2015a). Relaxations exist also for exemplar-based clustering [Zhu et al., 2014]. For
hierarchical clustering in the cost-based paradigm introduced by Dasgupta [2016], we have
LP relaxations introduced by Roy and Pokutta [2016], Charikar and Guha [1999], Charikar
and Chatziafratis [2017].
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4.2.8 FEaternal evaluation: comparing two clusterings

Although as an unsupervised method, there is no ground truth of clustering on the whole
dataset, it is often the case that labels based on domain knowledge are accessible. Thus,
it is necessary to compare clustering obtained from clustering algorithm and the ”true”
label. Such evaluation procedure is called external evaluation of clusterings. Therefore,
several methods of comparing two clusterings appear to determine if the algorithm output

is consistent with domain knowledge, i.e. ground truth clustering.

Confusion matrix Confusion matrix is a fundamental tool used to compare two hard
clusterings. When C = {Cy}5_ |, C" = {Cl,}E" | are two clusterings of the same data set

D = {x;}}'_{, we introduce the confusion matrix M to be
M € N with My = |Cp N Cy| -

We further denote
K/

K
M.k/ = ZMkklv Mk = Z Mkk’ .
k=1 k'=1

Earth mover’s distance (misclassification error rate) between two clusterings C,C’

over the same set of n points is
1
dPMc,¢') = 1 - = max E 11, (4.7)

where 7 ranges over the set of all permutations of K elements Sk, and 7 (k) indexes a cluster
in C'.
Using the X representation of clustering, the earth-mover distance can be upper bounded

through matrix distance through the following theorem.

Theorem 4.1 (Meila [2012], Theorem 9). For two clusterings C,C" with the same number

of clusters K, denote C = {C1,...Ck}, and Wmin = %min[K] |Ck|, Wmax = %max[[q |Ck].

Then, for any € < wmin, if 1[|X(C) — X(C)||% < <, then dEM(C,C) < e.

Wm
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There exist other metrics to compare two clusterings, examples include rand index,
adjusted rand index, Fowlkes-Mallows scores, normalized mutual information, etc. Among

them, the most popular one is adjusted rand index, given by
SIS M) - [T ()] (S5 0] /)
I 08 + L ()] /2 [SE, 0] [S5L 04)] /@

AdjRand(C,C") =

4.2.4  Internal validation and resampling stability

Without ground truth clustering, it is then important to develop internal clustering metrics
that measure the quality of clusterings. Such metrics include siloutte score [Rousseeuw,
1987], Gap statistics [Tibshirani et al., 2001}, etc. Mostly are developed to select number of
clusters. One closely related concept to this dissertation is resampling stability, which are
detailed reviewed in [Ben-David et al., 2006, Ben-David and von Luxburg, 2008, Ben-David
et al., 2007, von Luxburg, 2009]. The idea is the assumption that if the number of clusters
is correct, then the clustering should be stable with respect to resampling of data. The

procedure is summarized as follows:

e Construct b = 1,2,---, B bootstrapped samples D; = {z;}", and a different K-

means clustering Cp.

e Estimate the instability metric defined as !

Fr ot 2 EM
Instab(K, D) = — BT lgggd (Cy, Cyr) . (4.8)

If we further assume that D is i.i.d. sample from some distribution P, then there are more

detailed results. We define Instab(K,n) = E@b(K, n)

e [Bubeck et al., 2009]: when P is a Gaussian mixture in one dimension with K = 2 well

separated components, then with high probability over sampling procedure, K-means

!Essentially Cp,Cy are obtained on different data. However since they are both K-means clustering, they
are clustering induced by two sets of centers. Then the distance can be computed based on the union of
data Dy U D, with the label induced by the centers.
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output (with K-means++ initialization) when setting K = 2 is stable; With constant

probability is instable when K = 3.

e [Ben-David et al., 2006, Ben-David et al., 2007]: denote L*°(C) = limy_,o0 E Losskm (D, C).

Then lim,,_, o Instab(K,n) = 0 if and only if L>® has a unique global minimum.

e [Shamir and Tishby, 2008a,b, 2009]: When L has a unique global minimum solution,
the renormalized instablity criterion \/nInstab(K,n) converges in probability to a

random variable depending on K and the center of the unique global minimum.

It is worthwhile to notice that, in most cases P has a unique global minimum no matter
what value K is. This is conjectured to be an artifact of finding solutions of K-means on
population level [von Luxburg, 2009]. As concluded in [Ben-David and von Luxburg, 2008],
resampling stability is not ideal for selecting number of K, due to multiple pathetic counter

examples.

4.2.5 Large sample properties of K-means loss

Finally, we briefly discuss large sample property of K-means loss under mild assumptions

of data generating distribution P.

Non-asymptotic Glivenko-Cantelli result Depending on different assumptions of P,
Glivenko-Cantelli type results have been established in the form that with probability at

least 1 — § over resampling size n sample D from P

sup |L*°(C) — Losskm(D,C)| < ¥(n,?) .
CeCk (D)

e [Maurer and Pontil, 2010]: assume P is compactly supported in the sense that P(||X;||<
R) =1 for some R > 0, then it holds for

U(n, d) :RQK,/lf%R%/&OgS/é). (4.9)
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e [Telgarsky and Dasgupta, 2013]: assume p—the order moment of P is bounded by M,

where p > 4 and is a multiple of 4, then it holds for

4
 limin{d2) 9 9y /1 3(nNy)dK 20/4ep (6 »
\I/(n,é) =n 2 4’p 4+(7201 +32M1)\/2 IOg <5 + W g

(4.10)

where
¢ = (2M)VP) My = MY P72 4 MPP Ny =24 576(cy + ¢ + My + ME) . (4.11)
Consistency and Asymptotic normality When P is such that L* has a unique global

minimizer at centers p = (uf, -, 1)), let o = (i, , i) be the global minimizer of

Loss(C, D), then

e [Pollard, 1981]: {/u1,---, fix} = {pi, -, i > a.e.

e [Pollard, 1981]: /n(ft — p) is asymptotically normal distributed.
4.3 Model-based clustering based on Gaussian mixture model

In this section, we introduce background knowledge of recent development of Gaussian
mixture model. As discussed earlier, essentially this is a parameter estimation problem.

Denote the parameter space

K
O = {9‘9:(1111, y WK, W1y - 7,UK>211"' >2K)7zwk:17wk>0}
k=1

Ideally this could be solve through maximum likelihood estimation over parameter space

n K

1

max L(0) = — > log(}_ wkp(wilu, Zi)) (4.12)
=1 k=1

where p(x|u, i) is the density function of d—dimensional multivariate Gaussian distribu-
tion with mean p; and covariance 3.

However, the likelihood function has several undesired property.

e Parameter space © has high dimension (K + dK + d*K — 1).
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e Likelihood function L(#) is unbounded: this is the case even with K = 2. The pathetic

case is one of the Gaussian components tend to degenerate to a point mass.

e Optimization problem is neither convex nor concave. In fact, finding exact solution is

NP-hard [Tosh and Dasgupta, 2018].

4.3.1 FExpectation-Mazximization algorithm and recent results

The current standard way of estimating GMM parameters is expectation-maximization(EM)

algorithm. The major steps of EM is showed in algorithm EM.

Algorithm 8 EXPECTATION-MAXIMIZATION

1: Input: Dataset D = {z}?,, intializing parameters 9 =
0 0) (0 0 0 0
@O, w® 00 5O 5O
2: Initialize 6(©) (wﬁo), e ,w(K0)7 MEO), e 7,u;(€0), 250), ‘e ,Eg?)).

3: while not converged do

4.  E-Step Compute expected complete-data likelihood through 'yl(,i) as equation 4.4 and

n

K
QO10D) = 33" 7P (logwy? + log p(a|uy’, =) .

i=1 k=1
5. M-Step Maximize Q(6|#*)) and obtain
n n n 1 1
w(t—l—l) . 21:1 ’Y,‘(/? M(t+l) . Zz‘:1 ’Yi(;;)% 2(t—f—l) . Zz‘:1 ’Yi(t)(fi - N]E;H ))(5'31 - Nz(:Jr ))T
k — » Mk - n ? k - n
" doic 'Y'(l? Dic %'(t)

6: end while

There are multiple variants of EM updates. For example, in generalized EM, it is not
necessarily to maximize () function in the M-step, instead, it is sufficient to increase the
value of it. In first order EM [Balakrishnan et al., 2017], select a step size «, then the
parameters are updated through 8¢+ = () + a4 V,Q(0®[6")). When Gaussian mixtures
are in high dimension, with sparsity assumptions some algorithms specially designed for

high dimensional scenarios are developed.
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Although empirically, EM performs very well, there is still pathetic cases that EM will
converge to bad local minima [Jin et al., 2016a] with constant probability under random
initialization even if the sample size tends to infinity. Therefore, the recent progress on
EM’s (in Gaussian mixture model especially) theoretical guarantees rely on additional as-
sumptions of the distribution.

A key property [mcl, 2000] that guarantees EM convergence is called self-consistency
property: that is if 8* is the global optimizer of the likelihood function 4.12, then it holds
that 0* = argmax Q(0|6*).

e separation of Gaussian means: [Dasgupta and Schulman, 2007] assumes that
when the mixtures of Gaussians are well separated?, EM will converge to the true

parameters in merely two iterations.

e local concavity: [Balakrishnan et al., 2017] considers first order EM, and showed
that population EM converges to global minimum if the initial points are close to the

true parameters and certain concavity assumptions are imposed on ¢(0) = Q(0|0*).

e sparsity [Wang et al., 2015] (Liu Han High-dimensional EM) considers the statistical
guarantee of two-Gaussian mixtures with the same spherical covariances and the mean
vector of each component is sparse. Similar settings are explored in [] to introduce

guarantees for regularized EM.

e overspecified model Recently, [Dwivedi et al., 2018] discussed the statistical guar-

antee of EM performed on a component number K that is larger than the true model.

4.3.2  Separation-based Estimation

A different line of research regarding fitting Gaussian mixture model relies on the separation
assumption on the mean of the Gaussian means. These algorithms all assumes that the

minimal separation

¢ — min il

i#j MAX{ Amax (21), Amax(X2)}

(4.13)

2We will define this well-separation later
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is sufficiently large. Then statistical guarantee can be obtained based on their different
estimation strategies. Table 4.1 shows a few examples of research work in this line. In this
table, we are considering estimating a Gaussian mixture with K components in R%. The

minimal component weight is Wiy 1= minge(r) wg.
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Other results show that it is necessary to assume separations on the components to
achieve general recovery guarantee of Gaussian mixtures. [Kalai et al., 2010] shows that
there exists two GMMSs with very small total variation distance (O(e~*/30)) but are not close
Q(1) in parameter distance without any separation conditions. [Regev and Vijayaraghavan,
2017] constructs examples such that two GMMs both with o(y/log K) separation that has

large parameter distance and small total variation distance.

4.3.83  Method-of-moments based estimation

Another recently developed series of estimation procedure is based on moments estimates.

e [Hsu and Kakade, 2013]: Estimate mixtures of spherical Gaussians, assuming that
the space spanned by the component centers has dimension K. This method requires
estimation of up to third order moments and use a spectral algorithm to find each
components’ parameters. Consistency guarantees can be achieved under correctly

specified model.

e [Ge et al., 2015] generallizes [Hsu and Kakade, 2013] by extending spherical mixtures
of Gaussians to general covariance matrices. This method used tensor decomposition
techniques and requires estimation of up to 6—th moments. This method provide
guarantee that a smoothed Gaussian mixture can be learned with polynomially de-

pendence on n and K.

e [Wu and Yang, 2020]: Estimate one dimensional Gaussian location mixture model
(i.e. assuming the variances of each component to be the same). This method requires
estimation of up to 2K order of moments, and then use a SDP criterion to perform
a denoise procedure on the estimated moments. When the number of components

K = O(logn/loglogn), the authors show that this method reaches the optimal rate.

o [Doss et al., 2020]:: Estimate Gaussian location mixture model in high dimension.
When K is bounded, the centers are bounded and dimension d to be as large as n,

then this paper proposed a method that estimate the location parameters within time
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complexity O(nd?+n°/*). This method estimate projections of mean parameters into
one dimension through the method in [Wu and Yang, 2020] and recover the multi-

dimension parameters by a minimal W; distance estimator.

4.8.4  Identifiability under total variation distance

Finally, we shall present recent results that studies the parameter identifiability of GMM.
In these results two GMM are distinguished through their total variation distance, i.e. for

two distributions P, P’ with density p, p’ respectively, define
/ 1 /
TV (P, P') = 2/p—p|dﬂf-

We first consider TV (P, P') — 0. Let G = Zizl WO (y32,), G = 25/:1 WOy, 32,0)s
we can view each GMM as an instance of atomic distributions on the parameter space.

Hence, we can consider the W, distance of parameters defined by

W (G,G') = irﬁfz%j(”ﬂi —Wil+HZ =25
ihj
where IT = (gij)i=1,... K j=1,.. k' is a joint distribution over pairs (3, j).
Write GMM associate with GG to be Pg, then following results have been established in
[Ho and Nguyen, 2016]:

e Exact fitted Given Gy an atomic distribution with Ky atoms, there are positive con-
stants €g, C (depending on Gy) such that as long as G has K atoms and W1 (G, Gy) <
€0, it holds that TV(Pg,PGO) Z C()Wl(G, Go)

e Over fitted Given Gy with an atomic distribution with Ky atoms, there are positive
constants €g, Cy depending on Gg such that as long as G has K > Ky + 1 atoms and
Wa(G, Go) < €, it holds that TV (Pg, Pg,) > CoW2(G, Gy).

A second scenario is TV(P, P’) being a positive constant. Recent results on robust
learning of Gaussian mixture models [Kane, 2021, Liu and Moitra, 2021, Bakshi et al.,

2022] establish the following identifiability result.
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Theorem 4.2. Consider two gaussian miztures P = Y1 wpNg(pug, i), P’ = Zg,:l wi, Na(p,, 27.)-
Then there exists a partition (could be trivial) of [K] into sets Ry, - -+, Ry and a parition of

[K'] into sets So, S1,--- ,S] such that

1. There exists a sufficiently small g € (0,1) such that or any i € {1,--- 1},
max{K,K/}
3wy X w = 0™ ),
JER; JES;

TV(Nd(iuk7 Ek),Nd(/.Lk/’ Ek’)) — 0(69

max{K,K'}

) ;

/ max{K,K'}
2. | ZjeRo wj — ZjeSo wj| =O(e’ )

When the components of P, P’ to be assumed to be separated by certain total variation
distance and minge () wg, Ming (g7, i lower bounded, then one further conclude that
K = K’ and the each component in partition in the previous theorem contains exactly one
components. In other words, there exist a one-to-one correspondence between components

of P, P’ such that their parameter distance is close.
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Chapter 5
OPTIMALITY INTERVAL OF K-MEANS CLUSTERING

5.1 Introduction

As we reviewed in the background chapter 4, there are many results for K-means clustering
with guarantee both empirically or theoretically. However, these remarkable results remain
disconnected from the practice of clustering because (i) they are asymptotic and depend on
unspecified constants, (ii) they assume that the global optimum is found. Most importantly,
these results do not distinguish between “clusterable” data and data that are not. The
property of having clusters is not generic. We focus on the best cases, when the data are
clusterable, as described shortly.

In this chapter, we show that resampling stability is not sufficient to characterize the
property of a clustering result. We then turn to a related characterization of clustering

stability in the form of the following theorem.

Stability Theorem (x). Given a clustering C of data set D, a loss function Loss, there is

a pair (7, €) such that d¥M(C,C") < e whenever Loss(D,C’) < Loss(D,C) + 7.

A clustering satisfying the Stability Theorem is called (7, €)-stable (or simply stable),
and a data set that admits an e-stable clustering is said to be (7, €)-clusterable (or simply
clusterable). The major loss function we shall study in this chapter is the K-means loss.

Here the data set D can be a population or a finite sample from that population. When
we are working with population, such stability notion gives a more accurate description of
how K-means loss behaves near global minimizers. Afterwards, we will establish a reliability
result to connect population stability and sample stability.

We also provide an algorithm that provides stability guarantee of finite sample clustering.
Given a sample D and a clustering C of this sample, we propose a framework for providing

guarantees for a given clustering C of a given set of points, without making untestable
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assumptions about the data generating process. In the simplest terms, the algorithm enables
a user to tell, with no prior knowledge, if the clustering C returned by a clustering algorithm
is meaningful? or correct? or optimal?

In the above definition d®M(C,C’) is the widely used earth mover’s distance (EM) dis-
tance between partitions of a set of n objects. Theorem * would be trivial if € was arbitrarily
large; hence, we shall always require that € be small, for instance, smaller than the relative
size of the smallest cluster in C.

A Stability Theorem states that any way to partition the data which is very different
from C will result in higher Loss. Hence, the data supports only one way to be partitioned
with low Loss, and small perturbations thereof. It should also be evident that it is not
possible to obtain such guarantees in general; they can only exist for specific data sets and
clusterings, as illustrated in Figure 5.1.

From Theorem (*) it follows immediately that C°P', the clustering minimizing Loss on
D, together with the entire sublevel set {C’, Loss(C') < Loss(C)} is contained in the ball of
radius € centered at C. We call this ball an optimality interval (OI) for Loss on D. Somehow
abusively, we will occasionally call € itself an OI. Thus, from a practitioner’s point of view,
Stability Theorem gives a guarantee that the clustering found, C, is no more than e-away
from the optimum, and more importantly, that C is a set of similar clusterings, which are
the only possible groupings of the data to attain low Loss. Thus the theorem provides an
internal guarantee of (almost) correctness: given a Loss as an implicit model for “good
clustering”, the theorem can confirm that the sample D and the found clustering C, fit the
model well.

From a broader perspective, this chapter sits firmly within descriptive statistics. By
replacing distributional assumptions with quantities computed from data, we can obtain
post-inference guarantees in a model-free, finite-sample framework. The main technical
contribution that enables these results is the innovative use of convex analysis. By formu-
lating the stability theorem statement as a convex problem, we are able to obtain explicity
e values tractably. Even though the € bounds we obtain are distribution free, worst case,
empirically they can tighter than the best known model-based bounds.

The organization of this chapter is as follows: In 5.2, we show how to compute a stability
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Good, stable C Bad C’ Unstable C”

Ole=10"* no guarantee no guarantee

Figure 5.1: Left: a clusterable data set. Stability Theorem applied to these data results in € = 1073;
since € < 1/n = 1/200, this guarantee implies that C is optimal w.r.t. Loss. Middle: the same data,
with a clustering C” which is not stable. Right: a data set that is not clusterable. The clustering C”
shown is nearly optimal, but it is not stable, as the data admits other clusterings with similar Loss,

but very different from C”.

guarantee for K-means clustering with a given random sample. Such stability guarantee
can be understood as an optimality interval. Section 5.3 provides the precise definition
of stability in the population setting and discuss its relation with the resampling stability.
Afterwards in section 5.4 we provide preliminary discussion on stability of a population
and of a random sample from that population. Experiments are then shown in 5.5 to

demonstrate the algorithm proposed in 5.2.
5.2 Finite sample stability guarantee by convex relaxation

5.2.1 Sublevel set problems and the generic Sublevel Set method

In this section, we introduce a framework to provide (v, €) stability guarantee of a clustering
on finite sample. Suppose D = {z1,---,x,} are a given data set on R”. C is a clustering
that partition the indice set [n] to K mutually disjoint sets C1, - -+, Cx. Still let wmin, Wmax
be the proportion of data in the smallest and largest cluster, respectively. We consider X(C)
defined in section 4.2 as a matrix representation of a clustering. Let Cg (D) be the space

of all clusterings with K clusters on this data set.
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Ideally, (v, €)-stability of a generic loss function Loss is defined as follows.

SS Problem: Original ¢ = max dFM(C,C’), s.t. Loss(D,C’) < Loss(D,C) + 7 .
C’eCk (D)
(5.1)

To simplify the presentation, in the remaining of this section we focus on the case v = 0,
but the procedure applies to v > 0 with little modification. When v = 0, the solution also
has an interpretation as optimality interval (OI). As a byproduct of the procedure, once a
local optimizing clustering is found, an OI can be computed to show how much difference
this local optimizer is with the global minimizer.

Unfortunately, this original SS problem is usually an untractable optimization problem.
Instead of providing an exact solution to this problem, we propose to consider a conservative
upper bound: we will compute an € such that e as the solution of problem 5.1 must be
upper bounded by €.

The solution is to use an existing convex relaxation to obtain guarantees of the form
(%) for clustering. Given a Loss, its clustering problem (4.1), and a convex relaxation (4.6)

for it we proceed as follows:

Step 1: We use the convex relaxation to find a set of good clusterings that contains a
given C . This set is X<; = {X € X, Loss(D, X) <[} , the sublevel set of Loss, at the value

[ = Loss(D,C). This set is convex when Loss is convex in X.

Step 2: We show that if X<; is sufficiently small, then all clusterings in it are contained
in the d¥M e-ball {C’, d¥M(C,C’) < €}. This ball is an optimality interval for D, Loss and
K.

In more detail, consider a dataset D, with a clustering C € Cg. Assume for the given
Loss a convex relaxation exists, with feasible set X, and let X(C) be the image of C in X.
We modify the relaxed optimization problem (4.6) to define optimization problems such as

the one below, which we call (Relaxed) Sublevel Set (SS) problems.

SS Problem: Relaxed ¢ = max [X(C) —X'||, s.t. Loss(D,X’) < Loss(D, X(C)) .
‘e
(5.2)
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The norm |||| can be chosen conveniently and in the case presented here it will be the
Frobenius norm || || defined in Proposition 4.1. The feasible set for (5.2) is X<pos(p,c), @
convex set. The convexity and tractability of this SS problem depends on its objective, and
we will show that the mapping X(C) in section 4.2, along with the Frobenius norm, always
leads to tractable SS problems. When the SS problem is tractable, then, by solving it we
obtain that ||X(C") — X(C)|| < € for all clusterings C" with Loss(D,C’) < Loss(D, X(C)).

5.2.2  Optimality intervals for the K-means loss

This section instantiate how our framework work for K-means clustering. The objective is

to minimize the squared error loss, also known as the K-means loss

K
1 . 1
Losskm(D,C) = - E E |z — pel)?,  with pp = — E x;, forke[K]. (5.3)
k=1i€Cy ki,

Define the squared distances matriz A by

A = [Ajlijep, Ay = llo— a5l (5.4)

where ||z|| denotes the Euclidean norm of x. Furthermore, let (A, B) = trace(A TB) denote
the Frobenius scalar product and recall that ||A||r = (A, A)Y/2. It can be shown that
Lossk, 1s a function of the matrices X and A.

Losskm(D,C) = Losskm(A,X(C)) = %(A,X(C» (5.5)

This formulation inspired Peng and Wei [2007] to propose the following convex relaxation

of the K-means problem.

)%qg((];,m : (5.6)

where X = {X € R™*", traceX = K, X1 =1, X;; >0, for i,j € [n], X > 0} is the set of
matrices satisfying the conditions in Proposition 4.1. In [Peng and Wei, 2007] it was shown
that problem (5.6) can be cast as a Semidefinite Program (SDP).

We use the relaxation (5.6) to obtain OI for K-means. We shall assume that a data
set D is given, and that the user has already found a clustering C of this data set (by e.g.

running the K-means algorithm).
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The SDP below corresponds to the SS problem (5.2). The main difference from equation
(5.2) is that we used the identity || X(C) — X'||? = 2K — 2(X(C),X’) to obtain a convex
minimization objective instead of a norm maximization.

(SSkm) #(C) = min (X(0),X) s.t.(A,X) < (A,X(0) . (5.7)

Our main result below states that when the value x(C) is near K, it controls the maxi-

mum deviation from C of any other good clustering.

Theorem 5.1. Let D be represented by its squared distance matrix D, let C be a clustering
of D, with K, Wnin, Wmax a$ in theorem 4.1, and let k(C) be the optimal value of problem
(SSkm ). Then, if e = (K — k(C))Wmax < Win, any clustering C' with Loss(C") < Loss(C) is

at distance d¥M (C,C') < e.

When € defined by Theorem 5.1 is smaller than the relative size of the smallest cluster,
then C, even though not necessarily optimal, is a representative of a small set that contains
the optimal clustering C°P' as well as all the other clusterings that are as good as C. Some-
times, when € < %, as in Figure 5.1, Theorem 5.1 also implies that C = C°P*. With C and D
known, a user can solve this SDP in practice and obtain an OI defined by e. We summarize

this procedure below.

Input Data set with A € R™" defined as in (5.4), clustering C with K clusters,

Wmin, Wmax, and clustering matrix X(C).

1. Solve problem (SSkm) numerically (by e.g. calling a SDP solver); let  be the optimal

value obtained.
2. Set € = (K — K)Wmax-
3. If € < wpi, then

Theorem 5.1 holds: € gives an OI for C.

else no guarantees for C by this method.
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The above method exemplifies the goals set forth in the Introduction; it depends only on
observed and computable quantities, and does not relie on assumptions about the data
generating process. These bounds exist only when the data is clusterable. Currently we
cannot show that all the clusterable cases can be given guarantees; this depends on the
tightness of the relaxation, as well as on the tightness of Step 2 of the SS method.

The SDP relaxation (5.6) is not the only way to obtain a SS problem for Lossky,, and
we further illustrate the versatility of the SS method by constructing a second SS problem
for this clustering loss. In Awasthi et al. [2015a] the following relaxation to the K-means

problem is presented.

in (A, X) . 5.8
XIQ}ELIP< , X) (5.8)

In the above, the mapping C — X(C) is the same as in section 4.2; the convex set XLp is
Xp = {traceX = K, X1 =1, X;; < Xj;foralli,j € [n], Xy; € [0,1]for all 4,5 € [n]}.
Relaxation (5.8) can be cast as a Linear Program, making it more attractive from the
computational point of view. It is straightforward to state the Sublevel Set problem SS

corresponding to (5.8), which is also an LP.
kp(C) = min (X(C),X"), st. (A, X) < (A, X). (5.9)

Since kLp(C) bounds the same quantity (X(C),X’), Theorem 5.1 applies. When multiple
OI can be obtained, the tightest one bounds the distance d®™(C,C’). In Awasthi et al.
[2015a] it is shown that the SDP relaxation is strictly tighter than the LP relaxation, for
data generated from separated balls. This suggests that the OI from the LP will not be as
tight as the SDP OI.

5.3 (v,€¢)—population stability under K-means clustering loss

We turn our focus to population level in this section. Suppose that the dataD = {z1,--- ,x,}
are sampled i.i.d. from P, a distribution supported on a subset of R%. Our ultimate goal
is to ask whether the population P is ”clusterable” with cluster number K for a certain
clustering diagram. In general, a clustering C is a partition of the space R? = LI;,C},, where

each C} is a Borel set with positive Lebesgue measure.
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The performance of such partition can be measured by different loss functions. Similar
to the finite sample case, we can define a K-means population loss as the weighted sum of

within cluster sum-of-square loss, i.e.
K
Losskm(P,C) = Y P(X € Cu)E [||X —E[X|X € Gi]|’|X € Cy] . (5.10)
k=1

For any clustering C, one can identify an initialization set of centers given by ¢, =
E[X|X € Cf] for all k € [K], one can then perform a population K-means similarly to the

Lloyd’s algorithm.
e Update cluster assignment: Cj = {x: k = argminge x|z — |},
e Update cluster mean: i®) = E[X|X € Cy].

Hence any partition of R? that minimizes loss Lossky, must be induced by K Voronoi
centers i1, - , pi € R?, in the sense that any = € R? is assigned to the cluster with closest
center.! We then identify each clustering C with the set of its Voronoi centers. This ensures

that Lossgm(P,C) is well defined as
Lossgm(P,C) = / min ||z — || P(dz) . (5.11)
Rd k€[K]

This loss functions is exactly the loss function denoted by L>°(C) in 4.2. Here we introduce
the new notation to emphasize that the loss function also takes P as an input.
Denote by Cx(RY), Cx (D) the set of all clusterings of R?, respectively of a fixed data

2 With a slight abuse of notation, we will

set D, defined by K distinct Voronoi centers.
use C = {C1,...Ck} for clusterings in either set. Minimizing Losskm (D, C), as defined in
(5.11), when we view D as a population with finite support leads to the previous definition

of K-means loss in (5.3). Note however that, for an arbitrary C € Cx(R?) or Cg(D), the

¢ is defined only up to a zero measure set, but we can ignore such distinctions since Losskm and d5M
as defined in this section are invariant to them.

2The reader will note that Cx (D) is only a subset of Cx(R?). We need this restriction to ensure that
CK(Rd) has finite VC-dimension. Moreover, the mapping from Voronoi centers to partitions of R? is not
injective; however, this does not affect the results in this paper.
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Voronoi centers do not coincide with the means of the clusters, unless C is a fixed point of
the K-means algorithm.

The earth mover’s distance can be directly generalized to Cx (R?) x C (RY) as Ed"M (C, ),
where expectation is over i.i.d. resampling of data from P. We will denote with d5M (C, (")
the distance of two clusterings C,C’ € Ck(R%), and d¥M(C,C’) as before for distances of
two clusterings in Cg (D).

A clustering C € Cg(R?) is called (v,¢€) stable if any clustering ¢’ € Cg(R?) with
Loss(P,C’) < Loss(P,C) + v is at distance d5™(C,C") < e. A similar definition holds for
(v, €)-stable clusterings in Cg (D). If C is not (v, €) stable then it is called (v, €) unstable.
Note that (v, €)-stability (or instability) for any clustering C implies (weaker) stability (or
instability) statements for any other clustering C’ in the | = Loss(C) + ~ sublevel set. For
example, if C is (, €) stable, and Loss(C’") = Loss(C) ++/, with 4/ < v, then C" is (y—+/, 2¢)-
stable.

One can further define for any P,
ep(y) = sup{e > 0 : 3 a global minimizer of Lossky(P,C) is (7, €) — stable} (5.12)

then €}, serve as the population version of problem (SSkm)(7)-

In the end of this section, we provide some examples and discuss our concept with the
resampling stability framework that is reviewed in the previous chapter (see Section4.2).
Recall that a sufficient and necessary condition of a population being resampling stable is
Losskm (P, C) has a unique minimizer. In the end of this section, we illustrate and compare

the two stability notions with specific examples.

Stochastic Ball Model Recall the popular generative model used to study K-means
recovery guarantee (Section 4.2). Let { ,ul-}f(:ol be the centers and P be a rotationally invariant
distribution supported in unit ball in R?. Suppose the separation between each unit ball in
R? is s > 2 4+ 2v/2. Then one can show that the unique global optimizer of K-means with
cluster number K = K is simply given by cluster each ball as a single cluster; and K > Ky
is a further refinement. Hence due to the rotational invariance property, €5(0) > 0 when

K > Ky and further limy_, €p(7)/y = +00. When the separation is not so large, it may
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be possible that even K > Kj the global minimizer of Lossky, is unique. However, one can

still show that lim,_,o €p(7)/vy = Q(K).

Uniform distribution on [0,1] When P is uniform distribution on the line segment
[0,1], a direct Cauchy-Schwartz’s inequality shows that the for any K > 2, the optimal K-
means clustering is given by the equal spaced partition. Therefore for any K > 2, the global
minimizer of population loss is unique and K-means is hence resampling stable. This is not
ideal, since intuitively we don’t expect a uniform distribution on [0, 1] to have any meaningful
clustering structure. With our notation, we can further show that lim, g €ep(y)/y = +o0
for any K > 2.

As a contrast, consider uniform distribution on the union of two line segments [—%, —3u
[5,55]. This is a separated uniform distribution. But in this case one can show that

limy 0 €p()/7 = O(1/s) < +o0.
5.4 Reliability of (v, ¢€)-stability

Finally, given stability on finite sample and on population, it is then natural to ask if stability
of a clustering C on a sample D can allow us to infer something about the distribution that
generated the sample. Recall that for any D, C and -, one can obtain an optimality interval
from (SSkm)(7) whenever the resulting € = (K — k(7))Wmax is no larger than wmin.

This section shows that population (7, €)—stability of its global optimizer can be con-
nected to similar property on finite sample with only generic Glivenko-Cantelli type as-

sumptions on P and K-means loss Lossky,. The following assumption is imposed on P.

Assumption 5.1 (Uniform Convergence of Lossky ). There exists a function U such that,
for any n sufficiently large and any § € (0, 1], with probability 1 — & over resampling the size
n sample D from P,
sup | Lossgm (P;C) — Losskm (D,C)| < ¥(n,d), (5.13)
CeCk (D)
In the above, the supremum is taken over all sets of distinct Voronoi centers, which
allows an identification of a C € Cg(R%) from C € Cg (D). Intuitively, equation (5.13)

bounds the difference between Losskm(D,C) and the Lossky, of any clustering of R™ that
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is consistent with C. Assumption 5.1 holds, for instance, when P has compact support
[Maurer and Pontil, 2010] or finite higher order moments [Telgarsky and Dasgupta, 2013].
We now view ¥(n,d) as a known function of n, 4.

The following theorem shows how stability guarantees obtained from (SSku,)(7v) in a

sample D can support stability inferences in the distribution P.

Theorem 5.2. Suppose P satisfies Assumptions 5.1. For any § € (0,1], if optimal clus-
tering C°P' on P is (v, €) unstable for some v > 0, then with probability 1 — & over samples
D, with |D| = n, any optimal clustering CP* of D is (y + 2U(n,§/2),¢/2 — \/log(4/5)/2n)

unstable.

This result opens the way for inferences on the (7, €) clusterability of P that could be
framed as a family of hypothesis tests parametrized by . Select § € (0, 1] and v a tolerance

of excess loss. Then consider null hypothesis
Hy(e) : Any optimal K-means clustering on P is (v, €) instable.

Let x be the optimal value of solving (SSkm)(y + 2¥(n,d/2)) on the sample D. We reject
the null hypothesis Hy(e) with € = 2((K — K)Wmax + %) when (K — K)Wmax <
Wmin. Supposing Hy(e) is true, by Theorem 5.2 the probability of type I error is at most
d. Thus, one can interpret an OI from (SSkm)(v + 2¥(n,d/2)) as sufficient for rejecting
(7, €) instability with a p-value at most 6. Moreover, the inference above remain valid,
albeit weaker, when instead of the optimal Ccopt only a sub-optimal clustering of the sample
is known. While this particular test would be overly conservative, and not necessarily
practical, it serves to alert to the possibility of inferring stability in the population from
finite sample stability.

Previously people have proposed and studied different paradigm of clustering stability
[Ben-David et al., 2006] for model selection. However those notions fail to associate insta-
bility on sample with instability on population. The key difference between the assumptions
we make and those of the previous papers, is the uniform bound ¥(n,d) for Losskpy. Our

result, on the other hand, shows that we could provide probability guarantee for the (7, €)

stability in our framework for finite samples.



95

The next result, show in another direction that if the population stability holds for some

(7, €), then with high probability finite sample global optimum enjoys stability.

Theorem 5.3. There exists a universal constant C such that for any P that satisfies as-
sumption 5.1 and that has a unique global optimal solution C* that is (v, €) stable, for any
0 > 0, when n is sufficiently large such that 2¥(n,d/3) < ~y, with probability at least 1 — ¢,

the global optimal solution on finite sample from P is (v, €') stable, with

1 Kd(AKd 12K + 1
7’27—2\11(7%%),, e’:2e+2\/0g§i/6)+0\/8 A dn+ +1

5.5 Experiments

We implemented the SSky, problem using the SDP solver SDPNAL+Zhao et al. [2010],
Yang et al. [2015]. We also implemented the spectral bound of Meila [2006a], the only other
method offering optimality intervals for K-means. The main questions of interest were (1)
do our OI exist for realistic situations? (2) how tight are the bounds obtained? The
implementation is completed by co-author Marina Meila. The author is very thankful for

her contribution.

Synthetic Data of Stochastic Ball Model For this setting we sampled data uniformly
from K balls in dimension d with unit radius. Let ¢ be the minimal distance between the
centers of the K balls, then the SDP relaxation of K-Means we adopted in this paper can
guarantee the exact recovery of K clusters with high probability when ¢ > 2 + ¢(d), where
€(d) — 0 as d — oo. This means that under this specific stochastic ball model, the k-means
guarantee can only be obtained when the seperation between balls are large enough so that
they don’t touch each other.

We sampled n = 500 data from the stochastic ball model with K = 4,d = 2 and ¢
ranging from 1.4 - 3.2. The centers of each ball are aligned on one line segment with equal
space between. Then we perform K-means clustering with the initialization of correct la-
bels, since we are only interested in understanding the behaviour of our method’s ability to
obtain a guarantee for clustering result. Under this setting, the theoretical bound is trivial

(larger than 4). Theoretically we can say nothing about how good the SDP relaxation is for
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Figure 5.2: Some data used in the experiments. In the first three plots, the clusters are
sampled from mixtures of spherical Gaussians. In the last, one of the 15 coordinates is
from a Gamma(2, .4) distribution and rescaled by o. Separation is the distance between the
Gaussian means, and o is the standard deviation of the Gaussians. The K = 6 data sets
are designed to be hard for the spectral bounds but not for the SDP bounds. Bottom, left:
optimality intervals e for data sampled from normal and non-normal mixtures with K = 6
(mean and standard deviation over 10 replications). The values of eg, were much larger

than wpin, and are shown.
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Figure 5.3: € bound obtained for data sampled from stochastic ball model. The procedure is
repeated for 10 times under each setting. The € bound are meaningful when they are smaller than

Pmin ~ 0.25.

the clustering. However as shown in figure 5.3 our method can provide some guarantees on
a particular clustering result. In all settings, initializing with the true label, the distance
between true label and the K-means solutions are close, with earth mover distance approx-
imately ~ 1076, We see that in the model touching cases, our SS method provides insights
on the distance between the K-means global optimal solution to the true label. On the
other hand, all ¢ > 2.2 are within the regime where previous theoretical guarantee does not
work. The results shows that K-means global optimizers approximately achieve the exact

recovery of stochastic ball models.

Synthetic Data of Gaussian Mixture We sampled data from a mixture of K = 4
normal distributions with equal spherical covariances ¢2I, in d = 15 dimensions. The
cluster sizes nj were approximately equal to |[n/K|. The cluster means were at the corners
of a regular tetrahedron with center separation ||ux — pw|| = 4v2 =~ 5.67. The data
was clustered by K-means with random initialization, then the bounds ¢, €g;, corresponding
respectively to the SS method and to the spectral method of Meila [2006a] were computed.
In the experiments we also performed outlier remowal, as follows. For each x;, we computed

the sum of the distances to its wmin/2 nearest neigbors. We then removed the ng data
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Figure 5.4: The optimality intervals € and eg,, for data sampled from mixtures of normal distribu-
tions with K = 4, n = 256 and 1024 and various o values (over 10 replications). The values of eg,
exceeding wmni, are not valid. Note that the ¢ bounds are near 0 even though the clusters are not

separated for o > 0.8.

points with the largest values for this sum. For good measure, we first added 20 outliers,
then removed ng = 4%n respectively ng = 2%n points (so that ng is slightly larger than 20),
before computing the bounds ¢, €g,. Consequently, these bounds do not refer to clusterings
of the original D, but to the “cleaned” dataset. Note that the outlier removal does not
depend on the cluster labels; it is performed before clustering the data. Figure 5.4 displays
the bounds e, €g, for these data, while Figure 5.2, top and bottom, left, displays some
representative samples. The e optimality interval is much tighter than the spectral one €g),,
and, surprisingly enough, holds even when the clusters “touch”, i.e when there is no region
of low density between the clusters. Figure 5.5 (left) shows that, when o > 0.8, the minimal
spheres containing the clusters intersect; on the right we see that there are points which are
almost equidistant from two cluster centers. Otherwise put, the distribution free bounds
hold even when the data are not contained in non-intersecting balls, which is the best known

condition for clusterability under model assumptions Awasthi et al. [2015a, 2014].

Next, we performed experiments with unequal cluster sizes p1.4 = 0.1,0.2,0.3,0.4, and
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Figure 5.5: Separation statistics for the K = 4 data, n = 1024, all o values. Left:
histogram of miny ||z; — pg||/ ming g ||r — par|| (e distance of point to its center over
minimum center separation) colored by o. Note that when the clusters are contained in
equal non-intersecting balls this ratio is strictly smaller than 0.5. Right: boxplot of distance

to second closest center over distance to own center, versus o.

we also generated non-gaussian clusters (details in the Appendix). We also performed
experiments with K = 6 clusters, with pi.¢ = 0.1,0.18,0.18,0.18,0.18,0.18. For K = 6 we
placed cluster centers along a line, as shown in Figure 5.2, top and bottom, right. This
hurts the spectral bound which depends on a stable K — 1-subspace, but does not hurt, and
may even help the SDP bound e.

The results are shown in Table 5.1, with run times for all experiments in the Appendix.
The spectral bound €g;, was much larger than e for all K14 experiments, and was never valid
for K = 6; therefore, it is omitted. The table also shows that e takes similar values in the
case of equal and unequal clusters. However, in the latter case, the condition € < wWpin/Wmax,
is more stringent, hence some of the bounds obtained are not valid.

Over all experiments, we have found that the values of ¢ are virtually insensitive to
the sample size n, and degrade slowly when wy,j, decreases. The main limitation in these
experiments is the requirement that ¢ < wmpi,. This requirement can be traced back to

Theorem 4.1. The bound in this Theorem, even though state of the art, is not tight,
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Table 5.1: The OI € for K = 4 clusters of unequal sizes (mean and standard deviation over
10 replications). The values in gray are not valid, owing to the fact that ewmax > Wpin in

these cases. Bounds for smaller o values were essentially zero and are ommitted.

Unequal normal clusters Unequal non-normal clusters

o n = 200 n = 400 n = 800 n = 200 n = 400 n = 800

0.6  0.00(0.00)  0.00(0.00)  0.00(0.00) 0.001(0.001) 0.001(0.000) 0.002(0.007)
0.8  0.01(0.01)  0.01(0.01)  0.01(0.01) 0.006(0.004) 0.004(0.002) 0.007(0.003)
1.0 0.09 (0.05)  0.06 (0.01) 0.07 (0.02)  0.04 (0.02) 0.03 (0.01)  0.03 (0.01)
1.2 0.28 (0.08) 0.21 (0.05) 0.21 (0.03)  0.16 (0.06)  0.14 (0.03)  0.13 (0.03)

suggesting that some the € values marked in gray are valid OI even though we cannot prove

it at this time.

Real data: configurations of the aspirin (C9HgO4) molecule These n = 2118 sam-
ples (see Figure 5.6) were obtained via Molecular Dynamics (MD) simulation at 7' = 500
degrees Kelvin by Chmiela et al. [2017b] and represent 3D positions of the 21 atoms of
aspirin. It was discovered recently that aspirin’s potential energy surface has two energy
wells. The purpose of clustering of MD simulations is to label the data by energy well;
this allows chemists to identify energy wells, on one hand, and on the other to identify
states around on the transition path between the energy wells. These states describe the
mechanism of a transition, and, being rare events in the contex of many simulations, are
of great interest. Currently, the labeling is done by ad hoc algorithms. Having guarantees
of (almost) correctness for the grouping saves the time needed to validate the clustering by
human inspection. Hence, we cluster these data into K = 2 clusters, after having removed
ng = 0.5%n = 106 outliers. The clusters found have relative sizes Wmin = .26, Wmax = .74,

and the OI is € = .065, an informative bound.
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Figure 5.6: Left: the aspirin molecule. Middle: The first two principal components of
the 57-dimensional aspirin data. The data is a Molecular Dynamics sequence of 211,762
configurations. We sample every 100-th point of the data for clustering. The axes are

represented at scale.

5.6 Discussion

Distribution free cluster validation in context A researcher who wants to discover
cluster structure in data must perform several inference tasks. This paper has focused on
post-clustering validation, which happens to be the least studied of these inferences. When
the data is clusterable, we have shown that validating the clusters is possible, without pro-
viding sharp thresholds. In Section 77 we have also cited works that prove that finding the
clusters is tractable, under the assumption of clusterability. Hence, the loop is about to
close, and we hope that in future work, to integrate the SS method with a clustering algo-
rithm, providing thus a complete “clustering with guarantees” methodology. Furthermore,
our distributional results show that for sufficiently large n, the SS method can be the basis

of a test for clusterability, under generic Glivenko-Cantelli assumptions.

Proofs of instability What happens when the Stability Theorem does not hold for a
clustering C? In this case, the researcher can try to certify that C is unstable. This
task is comparatively easier, since a single counterexample C’ with Loss(C’) ~ Loss(C)
and dFM(C’ ,C) > wpy suffices. This, again, is a well studied area. As an alternative
worth exploration, one could use the output of the SS method to find a witness of instabil-
ity. More precisely, when the SS method fails to produce a valid OI, the matrix X’ with
Loss(D, X') < Loss(D,C) is far from X(C) in Frobenius norm. One could try to find a

clustering C’ by e.g. rounding X’, which would not differ much from X’ in either Loss or
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distance to C.

Stability and the choice of K Throughout the paper, we have assumed that K is fixed.
We now remark that the SS method implicitly solves the problem of selecting K, and even
that of selecting Loss. Indeed, a clustering C that is found stable, with any K and any
loss function, is a “correct” clustering of the data under our paradigm. In the beginning,
we presented the informed user as selecting the Loss; with the concept of stability, one can
take another view, of a user lucky enough to find a stable clustering while searching over
loss functions and K values. The SS method does not preclude the existence of more than
one stable clustering for a data set D. For example, if clusters are hiearchically nested, it is
possible to find stable clusterings at several levels of the hierarchy.

In practice, K is not known, and it is chosen after a set of clusterings '), with K =
1,2,... Kpae have been obtained. With the SS method, one could dispense with the (more
or less ad-hoc) methods for selecting K in loss-based clustering. Indeed, by our initial
argument, if C) is proved to be stable for some K, this implicitly validates K itself, as
well as the loss function used. It is also possible to select more than one K, when the data

supports meaningful partitions with different numbers of clusters.

Silhouette and other cluster quality indices We contrast the framework proposed
here with the existing literature on internal cluster validation; see e.g Maria Halkidi [2015],
Arbelaitz et al. [2013], Hennig and Liao [2013] by indices such as the silhouette Rousseeuw
[1987]. As it is well known, these indices are not associated with a clustering paradigm,
whereas the present paper argues for paradigm specific validation, as a way to assure that
the same criterion is used to find the clusters and to validate them. These indices could be
potentially used as goodness measures, if their relations to specific clustering loss functions

became better understood; the works cited above take steps in this direction.

Comparison with VC bounds It is extremely rare in statistical inference to have worst
case error bounds that are relevant in practice. For instance, the well known VC bounds for

the 0-1 classification loss (see e.g. Vapnik [1998]) typically take values above 1 (hence are
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completely uninformative from a practical standpoiht) and depend on the VC-dimension, a
property of the hypotheses class that is usually intractable to compute.

In contrast, with the SS method, the OI € is always informative when it exists. With
SDP relaxations, we obtain bounds that are not only informative, they are near 0 in non-
trivial situations. To appreciate how far these guarantees can extend, recall than when
o= % of the center separation, two spherical normal densities start to touch — no region
of low density is left between them. Several of the informative, valid bounds in Section 5.5
are obtained near or even above these critical values. Moreover, an optimality interval is a
distribution free, worst case bound. Thus, we believe that the computational demands of

the SDP solver are justified by the guarantees offered.

5.7 Proofs of results in Chapter 5

We first state several helpful propositions needed for our proofs. To simplify notation, we

would suppress Lossgm (P,C) to L(C) for a fixed population.
Proposition 5.1. For any X € X, ||X||% < K.

Proposition 5.2. For any fized two clusterings C,C’ it holds that

log(4/6
aBM(c,c') — dEM(c,c')| < Og;n/) . (5.14)
with probability 1 — §/2
Proof of Proposition 4.1. X;j € [0,1] is obvious from the definition in section 4.2.
Ko
trace X = Z Z Xii = Z Z nkn—k = K. (5.15)
k=11ieC} k= l’LECk k=1

Denote by kg the cluster containing data point <.

(X1); = ZXU = Z > Xy Z — (5.16)

k=11eCy, ]GCkO

Moreover, X = ZZ ", hence X > 0. O
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Proof of Theorem 5.1. Note that for any clustering C, || X(C)||% = > i1 ij == ZkKZI n? (%)2 =
K. Moreover, from proposition 5.1 we have ||X||% < K.

Note also that ||X — X'||Z = ||X]||% + ||X/]|2 — 2(X,X') = 2K — 2(X,X). Hence, the
optimization problem (SSkm) finds the feasible X’ which is furthest away from X. This
completes Step 1. For Step 2 we can apply Theorem 9 of Meila [2012], which bounds the

earthmover distance d&M. O

Proof of Proposition 5.1. Denote by Aq,...\, the eigenvalues of X. Since X has non-
negative elements, and X1 = 1, by the Frobenius Theorem, |);| < 1, and because X > 0,
Ai > 0 for all i € [n]. Hence, \; € [0,1], for all 4, and ||X||% = traceX? = Y | A2 <
doici i =traceX = K. O O

Proof of Theorem 5.2. On the sample with probability 1 — 6/2 it holds that

s [L(C) — £(C)] < W(n, 2). (5.17)
CECK (D) 2

Now we condition on the event that (5.17) holds.
If there exists a population minimizer C°* such that 5 (CoPt, CoPt) < ¢y/2. Note that

by assumption of instability, there exists another clustering C* such that dIEJM (C*,C°PY) > ¢

and L(C*) < L(C°") + n, then dgM(C*,é\OPt) > €p/2. We can bound

- § b} ~ ) o b
L(C7) < L(C)+¥(n, 5) < L(CPY) 4+ (n, )< L(CPY+W(n, ) < LC)+2¥(n, 5)+n

(5.18)
and take C' = C*.
If such a clustering C?* does not exist, then note that for any optimal solution of the

population clustering C°P,

L(CP") < L(CP') + U(n, 5) < L(C) + ¥(n, ﬁ) < I(

5 : C)+2¥(n, =) (5.19)

2

and take C' = C°P".
In both cases, applying proposition 5.2 it holds that dIb;M(CA’, CoPt) > ¢o/2—+/log(4/5)/2n.

Therefore C%P" is (y + 2U(n, g), €0/2 — /log(4/6)/2n) instable. O
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Proof of Proposition 5.2. For fixed permutation 7, from Hoeffding’s inequality

< logéi/ %) (5.20)

K K
Ep Y 1xecincy, —EBp Y lxeoinc,,
i=1 i=1

with probability 1 — 4. Now let 7*, 7* be the permutation maximizing Ep Zfil lxec,nCy
and E5 Zfil 1xecnc, respectively. Then

K K K
log(2/9) log(2/9)
Ep Z; IxecinC,-) < Ep 21 LxecinCr t\ —5, — <Ep 21 LxecinCary T\~ g,

1= 1= 1=
(5.21)

K K K
log(2/d log(2/d

=1 =1 =1
(5.22)

Therefore one concludes that [d£M(C,C’) — d%M(C,C’)\ < /log(2/6)/2n with probability
1—0. O

Proof of theorem 5.3. Since C is the optimal solution on the sample, we have with proba-

bility 1 — /3

L(C) - U(n, g) < () < L(C™) < L(C*) + U(n, g) . (5.23)

Rearranging this inequality, we have L(a) < L(C*) + 2¥(n, %) Since yp > 2¥(n, g), by
the stability assumption of C* we conclude that dp(C*, 6) < e. Hence combining lemma
2.1, we have

d5(C*,C) < e+ /log(6/6)/2n (5.24)

P
with probability at least 1 — §/3.
Now let C7 be any different clustering such that E(é’) < f(@) + v — 2¥(n, g) Then

with probability at least 1 — /3
L(C") < L(C") + U(n, g) (5.25)

<T(C) 4 - U(n, g) (5.26)

< L(C*) + (5.27)
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again by stability it holds that dp(a’ ,C*) < e. We will now derive an upper bound of
dﬁ(é’, C) that holds with probability at least 1 — /3.

To show this uniform bound, we start by introducing an operator IndNear. Given K
centers, IndNear returns the index of the closest center of p1, -+ , g to each point . And

if there are ties, return the smallest index. Then we further consider the family of classifiers

F = {f($7 0) = 1IndNear(x;a1,---,aK);éIndNear(x;bl,---,bK) 10 = VGC(CLh o, 0K, blv T ;bK) € ]R2Kd}
(5.28)
Given parameters 8 = vec(ay,--- ,ax,b1, -+ ,bx), one can determine a function f(z;8)

mapping from R? to {0,1}. Hence this is a well-defined classifier. This is a parametric
form of predictable functions with dimension of parameters being p = 2Kd. Furthermore,

to predict the label of a point x, one needs following operations:

e Compute distance to a center: R? differences, (d — 1) sums and 1 square on real

numbers.
e Find the index of nearest center: K — 1 comparisons.

e Compare two indexes from two different sets of centers: 1 comparison.

In total to predict the label of a point x, one needs t = 2K(d+d—1+1)+2(K —-1)+1=
4Kd + 2K — 1 operations. Therefore by lemma 5.1, we conclude that the VC dimension of

F, denoted by V', can be upper bounded by
V <dp(t+2) =8Kd(4Kd+ 2K +1) (5.29)

With this class of classifiers in mind, we now focus on the set of switching labels between
C,C". namely the set S, = d— Ufil(@ N 62’) Then the centers inducing C and C’ together
as a parameter 6 leads to a classifier in F such that recovers this set of switching labels S5,
exactly.

Now consider all possible . By lemma 5.2, we conclude that with probability at least
1-4/3,

BKA(AKd +2K +1) | \/log(6/5) (5.30)

1 & \/
sup |— 1x.cs. —Elxcs. | <C
6/p|” ;1 X;€Sz, X;e8q| < - o)
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where C is a universal constant (as in lemma).
Note that we do not regard different labeling of C' as the same clustering here and in
the definition of F, we conclude that

~ o~ ~ A Kd(4K 2K +1 I
dﬁ(c,c')gdp(c,c’wc\/g i dn+ * )+\/°géfl/5)

- €+C\/8Kd(4Kd+2K+1) +\/log(6/6) ' (5:31)

n 2n

holds for any C’ with probability 1 — §/3 over resampling of data. Therefore, the desired
result is obtained by put the upper bound in (5.24),(5.27) and (5.31) together. O

Here we states the two lemmas we used in the proof.

Lemma 5.1 (Theorem 8.4 from [Anthony and Bartlett, 1999]). Suppose f is a function
from RE x RP to {0,1} and let F = {x — f(x,a) : a € RP} be the class determined by f.
Suppose that f can be computed by an algorithm that takes as input the pair (z,a) € R? x RP

and returns f(x,a) after no more than t operations of the following types:

e the arithmetic operations +,—, X,/ on real numbers,
o jumps conditioned on >, >, <, <, =, comparisons of real numbers

e output O or 1.

Then the VC dimension of F is upper bounded by 4p(t+2).

Lemma 5.2 (Generalization Bounds via VC dimension). Let S be a family of sets in RY.
Let x1,--- ,x, are i.i.d. sample from distribution P on R%. Suppose that the VC dimension

of § is bounded by V < oo, then with probability 1 — § we have

coyfV v [ o3

where C' is a universal constant given by 24+/3log2 + 2 fol A1+ log(%)dr

1 n
sup | — Z 1x,es —Elxes
Ses|n
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Proof. We start by thereom 1 in [Haussler, 1995] that for every x1,--- ,2, € R? and 0 <
r < 1 we have
2
N(r,S(zD)) < e(V +1) <r§> . (5.33)
where
S(l) ={b= (b1, -+ ,by) €{0,1}": 35 € S : b = 1,,¢c5,i € [n]} (5.34)

is the set of bit vectors b such that it is describing whether each element of x; is in S or
not; And N(r,S(x7)) is the covering number on this space induced by the squared root of

normalized Hamming distance. Theorem 3.2 in [Devroye and Lugosi, 2001] shows that

24 !
sup |— 1 —E1 <— ma log 2N (r,S(x}))dr 5.35
s;;’nz xes—Elvesl < = max [\ oaNGsaper (539

Hence we can further bound

1
Sup|—ZIX€S—E1X€S| /\/log (V+1)+ (V+1)(10g2+1)+2V10g( )dr
(5.36)

ses M
! 1 4
< |244/3log2 42 1+ log(;)dr o (5.37)
0

Hence E[supges |+ Yo 1x,es—Elx,es|] < C\/V/n where C = 24,/3log 2 + 2 fo \/1+ log(L)dr

is a universal constant.

Finally recall the simple consequence of the McDiarmid’s inequality, we have

d

The desired result follows directly. O

> t) < 9~ 2nt?

(5.38)

1 n
SUP|*21X es —Elxes| — SUP|*21X1-€S — Elxes]
ses s ses ™ io
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Chapter 6
STABILITY OF GAUSSIAN MIXTURE MODELS

6.1 Introduction

In this chapter, we turn our focus to the problem of fitting spherical Gaussian Mixture
Models (sGMM) to an unknown distribution ). Without assuming knowledge about the
target @, what kind of guarantees can we give about an estimated sGMM? And under what
condition are guarantees possible?

Previous work (e.g.,[Dasgupta, 1999, Sanjeev and Kannan, 2001, Achlioptas and Mec-
Sherry, 2005, Kannan et al., 2008], etc) established estimation guarantees for the mixture
parameters under model assumptions about the data source @ (being, e.g., a mixture of well
separated Gaussians). Specifically, W.r.t. the scope of this chapter, when @ is a mixture
of K spherical Gaussians, satisfying two criteria: (i) non-vanishing component proportions,
and (ii) sufficient separation between components, polynomial run-time estimation algo-
rithms exist.

This chapter handles the question: what can be said without such precise knowledge
of Q7 We assume instead indirect knowledge of @@, namely that a well-separated mixture
model P was fit to @), and that the model fit is good. The main difference is that now @ is
not required to belong to the model class, but to be “close” to it, in a way to be defined
(specifically, in this paper, the model fit is measured by the total variation distance between
P and Q, TV (P,Q)). We also assume that P is a mixture of well-separated Gaussians,
with component proportions bounded below. As it turns out, knowing that ) is close to
a “good” model class, is almost as useful as knowing @ is in the model class. Under these
conditions on P and (), we prove that P’s parameters are unique up to perturbations that

we upper bound. In summary, we aim to prove a statment the following form.

Theorem 6.1 (Generic (y,d)—Stability). For distribution Q and a class M of sGMM, a
given model P € M is (v,d)-stable if for any P' € M such that TV (Q,P") < TV (Q, P)+~,
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it holds that dpgram (P, P") < d, where dpgram(-,-) is a divergence defined in parameter space

This type of statement was proposed earlier by [Meila, 2006b] in the context of loss-
based clustering, but to date it has not been instantiated for any parametric model fitting
problem.

A distribution P that satisfies Theorem 6.1 will be called stable. Obviously, such a
distribution is generally not unique or distinguished in 91, hence stability should be defined
as a property of (a subset of) 9. This also follows from setting @ = P* € 9. Therefore,

we define parametric stability of a model class as follows.

Definition 6.1. Let 9 be a class of spherical Gaussian Miztures and dpgram(-,-) be a
divergence between parameters; for sufficiently small € > 0, P is (e,d)—stable in M if any

model P' € M such that dpy (P, P’) < 2e satisfies that dpgram (P, P') < d.

The technical contribution of our paper is to formulate conditions on 9 and establish
upper bounds d(e, ) for any P € M, in the population regime. These are given in Theorem
6.2. The upper bounds on d(e, 9t) we obtain are tractable, with explicit constants depending
on the model class only. As a statistical procedure, the bound d(e, 9t) provides quantitative
post-estimation evaluation or diagnostic analysis for fitting a Gaussian Mixture Model,
without any prior knowledge. For example, for an arbitrary population @ (with density
q) on R?, let P = Zfil wWiNg(fik, &,%Id) be a learned sGMM. Figure 6.1 shows an example
of stable and unstable distribution sGMMSs, and further for the stable sGMM it constructs
good-fit region such that all sGMM within small total variation distance to the population
must have parameters located in these regions. These regions can be reported as the usual
confidence regions are reported in a regular parametric estimation problem.

Furthermore, Definition 6.1 concerns only the model class M, a subset of spherical
Gaussian mixtures. Hence, one can obtain distribution free stability results generically, by
studying the stability of distributions inside a model class, such as that of sGMM. While this
remark is nearly obvious, suprisingly little work has attended to the possiblity of obtaining

distribution free guarantees as a side effect of consistency or identifiability proofs. We hope
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Figure 6.1: Stable and unstable spherical Gaussian Mixtures in 1D. Left: A well sep-
arated mixture of K = 2 Gaussians, P = 0.5N(-3,1) + 0.5N(3,1), with separa-
tion ¢ = 3 (as defined in Section 6.2, A3), superimposed on a distribution @ such
that TV(P,Q) < 0.001. Our Theorem 6.2 in Section 6.2 guarantees that any mix-
ture P’ with K = 2 components, minimal weights 0.45, and separation constants 3
that fits @ equally well must have parameters close to P; namely (see Section 6.2 for
the parameter definitions) ! within 0.0200 of —3 and 3, max{1/0/? 0/} < 1.034, and
0.5 — w}| < 0.004. Right: Two spherical Gaussian mixtures P, P’ which are unsta-
ble, in the sense that while they are close in TV distance, they have very different pa-
rameters; P = 0.0625N(—3,02%) + 0.4375N(—1,0%) + 0.4375N(1,02) + 0.0625N(3,02),
P’ = 0.0078125N(—4,0?) + 0.21875N(—2,02) + 0.546875N(0,02) + 0.21875N(2,02) +
0.0078125N (4,0?%), with 02 = 2.25. In this example, the mixture components are less

separated, and some of the mixture proportions are small as well.

that one contribution of this paper be at the conceptual level, in drawing attention to this
possibility, which remains the primary motivator for this work.
In Section 6.2 we define model classes 91 of interest, and instantiate dpgram(-,-) and

all other parameters, then state our main stability result in Theorem 6.2. In the following
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sections 6.3 and 6.4 we present the main result in different scenarios. Section 6.5 illustrates
the result with some numeric examples. Section 6.7 provides the detailed proof of our main

result Theorem 6.2, with additional lemmas proved in Section 6.8.

6.2 Problem Formulation

We first pose the problem in formal terms. As in the definition 6.1, we identify three key
components: (i) model class M, (ii) distance or divergence between the models in parameter

space dpgram (P, P'), and (iii) goodness of fit measure.

Model Class A spherical Mixture of Gaussians P over R? can be written in the form

K K
P = Z’wk./\/d(uk,dzld), with Zwk = 1, Wi, > 0. (6.1)
k=1 k=1

In the above, we have adopted the standard notation, whereby Ng(ug, O',%Id>, called miz-
ture components, are normal distributions with means u1.x € R? and diagonal covariance
matrices a% wla € R4 while wy.x are called mizture proportions.

Further on, we assume the number of components K is fixed, and we add restrictions on
the smallest component proportion and the component separation. Thus the model classes

we consider are denoted M( K, Win, Wmax, €)-

Definition 6.2. An sGMM P is in model class M(K, Win, Wmax, ¢) iff the following holds:

Al K > 2.

A2 minge(g) Wi > Wiin, MaXpe(g] Wk < Wmax-

A8 i — pjl|> c(os + 05) for any i,j € [K] and i # j.

For P € M(K, Wmin, Wmax, ¢), the maximal proportion is always less than or equal to

1 — (K — 1)wmin. Therefore, we abbreviate the model class notation to be M (K, wyin, ¢)
when wpax = 1 — (K — 1)wpmin. The separation constant c¢ is necessary. Theorem 3.1 in
[Regev and Vijayaraghavan, 2017] points out that as K increase, when separation constant
c is o(y/log K), it is possible to find two sGMMs so that their parameters are (1) different

but their total variation distance is superpolynomially small in K. We rule out this difficulty

by deriving assumptions on the separation constant ¢, which regularizes the model class.
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The divergence of model parameters between any two models P, P’ with K compo-

nents is
2 2
d (P P,) — min max ‘wz B w{:)erm(i)| H'ul perm(z) H |Oi B U{:)erm(i)|
aram 9 - . .
P perme6  ic[K] min{w;, w perm(l)} max{o;, o perm(z)} min{c?, U;)Qerm(i)}

(6.2)

In the above, perm € S is a permutation of the set [K]; dparam is not necessarily a metric!.
Theorem 6.2 presented below provides upper bounds on each of the three terms of (6.2)
separately.

Consider G = Y1 wyd
sGMM distribution Pg = Zle wi N (pg, a%Id) as a smoothed distribution of discrete prob-

(u.o2) With 0 being the point mass. One can also view each
ability on the parameter space. Let G, G’ be two such distributions on the parameter space,

then Wasserstein-1 distance defined by

WA(G.6) = inf [ (o) (i o DILG, )

is considered. This is shown to be a natural parameter divergence in several previous
papers (e.g.,[Ho and Nguyen, 2016, Heinrich and Kahn, 2018, Wu and Yang, 2020, Doss
et al., 2020]). Our dpgram does not capture the same topology as the W; distance on
parameters. Consider two sequences P, = 0.5N(—1,(n + 1)?) + 0.5N(1, (n + 1)?) and
Qn = 0.5N(—1,n2) +0.5N(1,n?). Then, as n — oo, dparam (Pn, Qn) converges to zero, but
Wi(n?, (n + 1)2) diverges. On the other hand it can also be shown that for a fixed G' and
corresponding Pg, when W1 (G, G’) — 0, it holds that
dparam(Pa, Par) < Wi(G, G') perIIIHHE%K Z |wi = Wherm(i) |+ |14 = Hperm z)H—HU perm(z)’ :
(6.3)
Hence our definition of dpgrem is in better agreement with the model fit criterion, does not
need the assumption that the parameter space is compact [Ho and Nguyen, 2016] and there
will be a direct way to construct good-fit regions or confidence regions since we provide
upper bounds on the terms in dpgrem separately. Also, dpgram is invariant w.r.t. rescaling,

and this will be useful in, e.g. model-based clustering.

Ydparam is also not a divergence in the information geometric sense.
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Goodness of fit can be measured by various criteria (e.g. likelihood or KL divergence,
W5 distance), but in this paper total variation distance [Gibbs and Su, 2002] is used for its
convenience. For two probability distributions P,Q on R¢, the total variation distance is
given by

TV(P,Q) = sup [P(4) = Q(A)] (6.4)

where B is all Borel sets on R?.

6.3 Symmetric reuslt

In this section, we formulate Theorem 6.1 under the assumption that both P, P’ are assumed
in a model class MM(K, wmin, ). We will show that if a priori it is known that P, P’ are both
well-separated Gaussian mixtures, then parametric stability can hold. More importantly,
we provide tractable bound so that such the deviation on parameters is computable.

Before we formulate for the specific case of mixtures of spherical Gaussian, we introduce
several constants depending on the model class (K, wyin, ¢) and €, but independent of
the actual distributions considered. These parametrize the upper bounds on the terms of
dparam (6.2) we are about present. The constants 7y,n*, to be defined below, represent
ratios between standard deviations; n* > 1 will bound the perturbation in o;, and the aim
is to bring it as close to 1 as possible. The constant c¢g, together with 7y gives the minimum
sufficient value for the separation ¢, while ¢* bounds the perturbation of the components’
means.

Denote by ®(x) the CDF of the standard normal distribution in one dimension and by

Fy the CDF of Gamma(%, ¢) distribution.

d(z) = /; \/;wexp (—;ﬂ) dt, Fylz)= /Ox (Fg();)tﬁl exp (—;t) dt . (6.5)

Constants cg, 179 determined by wWpin, €, Wmax(or K) are defined by

n— 2
co =201 — %) ; (6.6)
7o satisfies ny > 1 and
Winin — 26 2(1 — Wiax 1 2n3 1o 21o
1 min + ( ma: )(D(*f’r]OCO) — Fd( T’OQ g770) . Fd( gnO) ] (67)

Wmax Wmax 2 My — 1 7]3 —1
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Lemma 6.16 (Section 6.7) will show that the right hand side of (6.7) is in fact TV (N (0,14), N(0,7?1y))
and is lower bounded by 1 — (2n/(n? + 1))%/2.
With the values c¢g, 19 one can establish upper bounds for the three terms of equation

(6.2); in particular ¢p max{o;, o’ (.)} bounds the first term, representing the means’ vari-

Uperm %
ation. This is shown in detail in Section 6.7.3. We call ¢, ng initial bounds because, in fact,
they can be further reduced, by a technique that we present in Section 6.7.4. Thus, we

obtain refined parameter distance upper bounds depending on constants ¢*, n* which satisfy

0<c* <cy, 1 <n* <ny and the following conditions

1o 25 = 2y 2 il e =¢D. (69
2(n*)%log n* 2logn* | 2¢ 2(1 — Wmin) 1 1 .
Fd(W) - Fd((n*)g — 1) - - <I>(—§[c(1 + F) =) . (6.9)

Note that through equations (6.8) and (6.9), ¢*,n* are also determined by wmin, €, ¢ and
Wmax- Lhe following section shows that the four constants cg, g, ¢*, n* exist and are unique.

Now we are ready to state our first main result.

Theorem 6.2. Let P € M(K, Win, Wmax, ¢)- Suppose P’ is any model in M(K', Win, Wiax, €)
such that TV (P, P’) < 2¢ where max{K, K'} < 1/wmin, Wmax < 1 — (min{K, K’} — 1)wmin.
Let co,no be defined as in (6.6) and (6.7). Then, if ¢ > cono and wmin > 2¢, we have K = K’
and further, there ezists a permutation perm € Sg and constants ¢* € [0,col,n* € [1,m0]

satisfying (6.8) and (6.9), such that for each i € [K],

TV (P B) < o+ 202 (14 =), (0.10)
11 = Ppermep|| < €070 (6.11)
max{al-/alloerm(i), J;erm(i)ai} <, (6.12)
|w; — w{aerm(i)] < 2€ + (1 — Wiin + Wmax)P(—C(c, ", n")) , (6.13)

where C(c, c*,n*) is defined by

Cle, ") == \/2(76;)2+2:]*(c_c*)2_(0*)2(1+77*)2_ .

(6.14)
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This theorem extends the usual identifiability result. Furthermore, this upper bound is
tractable since all the constants are explicit or computable and it does not assume prior
knowledge on parameters. Computability opens up the possibility of applying our result to
finite samples.

The following proposition gives an estimate of the constants cg, 9, ¢*, n* in the asymp-

totic regime that K — oo.

Proposition 6.1. Given wyi, > 2€ > 0, then cy,no,c*,n* defined in equations (6.6)—
(6.8) exist and each is unique. Further suppose there are nonnegative constants «, 3 and
sufficiently large positive constant v such that 8 < 1+ «, Wpin = Q(K_(HO‘)) Wmax/ Wmin =
O(Kﬂ) and 2€/wmpin < ¢t K 1. When K — oo, we have the initial separation condition
co = O(v/IogK), no = O(K?%/%). With any separation ¢ > cono, the ultimate upper bound
¢ =0(1) and n* = O(1), i.e. they are bounded when K — oc.

We make several remarks here. First, specifically, for balanced model classes where
Wmax/Wmin = 1, we conclude that the minimal separation condition is ¢ > cony = O(y/log K).
With the prior knowledge of ratios between standard deviations, our result matches the
sharp separation threshold O(y/log K) established in [Regev and Vijayaraghavan, 2017] for
learning well-separated mixture of Gaussians. Second, [Regev and Vijayaraghavan, 2017]
also shows that for sufficiently large C' and K > C®, there exist two mixtures P, P’ in the
model class M(K,1/K,C~**/log K) with unit variance for every components, such that
their parameter distance is at least C~%4/log K but dpy (P, P') < K~¢. However, with
larger multipliers of y/log K in the separation constants, our result further shows that the
parameter distance is not diverging as K — oco. That is, the mixtures can be identified
componentwisely no matter how many clusters there are under our separation conditions.

Third, when K is fixed, the separation lower bound cyny decreases in d. Informally,
with the same K, Wpin, Wmax, it is easier to distinguish two Gaussians mixtures in higher
dimension. This is an instance of the blessing of dimensionality for Gaussian Mixture Models
[Anderson et al., 2014].

Fourth, constraints on maximal and minimal standard deviation of each components

also provide a valid way of regularization. If the components of P, P’ satisfiy the relation
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¢ > pgyco where p, = max; j{o;, O';-}/ min; ;{o;, a;-} < 19, then the one to one correspondance
also holds. Finally, when Theorem 6.2 applies, the two mixtures must have same number
of components. This further leads to the following corollary showing that a well-separated
Gaussian mixtures cannot be close in total variation distance to a single spherical Gaussian.

In the proof in Section 6.7, we prove this corollary and specify the constants.

Corollary 6.1. For any € < wmin, there is a positive constant csingle depending on Wmin

and € such that when ¢ > cgingle, n0 spherical Gaussians are within total variation distance

2¢ from any P in P € M(K, wmin, €).

We shall point out that the upper bounds in Theorem 6.2 do not tends to 0 as dry (P, P') —
0. Ideally, for a fixed mixture distribution P € 9M(K, wmin, ¢), it holds that lim inf TV (P, P’) /dparam (P, P’)
0 as dpgram (P, P') — 0, due to a local Taylor expansion analysis proposed in [Ho and Nguyen,
2016]. On the other hand, our ultimate bound ¢* and n* have two parts: the first part com-
ing from the total variation distance between two Gaussians and the second part coming
from not-far-enough separation between components. According to the author’s knowledge
it is not known if one can obtain computable parameter distance bound between P, P’ which

scales as O(TV (P, P')) as the total variation distance TV (P, P') tends to zero.
6.4 Non-symmetric result

In previous section, we have assumed P, P’ are both taken from the same model class
M (K, Wiin, ¢). The guarantee we obtained will be affected by the selection of parameters
K, wmin, ¢ largely. In this section, we will relax the separation assumption on P’. Through-
out this section, wpy, is a pre-defined constant and P = Zszl weNa (g, U%Id) be a known
sGMM in model class M (K, Wpin, €).

We study whether another sGMM P’ is sufficiently close to P in total variation distance
implies its separation can be lower bounded and further leads to similar parametric guar-
antee as in the previous section. Again it will be problematic if the minimal component
weight of P’ is not lower bounded, as there can be as many components as possible to have
a same P’, we still need to require that the minimal weight proportion wj, is also lower

bounded by wmyin. We will show that only under the assumption of wpniy, it is also possible
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Algorithm 9 ONE20ONECRITERION

1: Input: sGMM P = Zszl wpNa(pg, 0214), minimal weight component Wiy, total vari-

ation distance threshold € and test parameter p < wpin — 2€.

[\V]

: Compute separation parameter c of P as ¢ = min;;||u; — pj||/(0; + 05), variance ratio

parameter k£ = max;; 0;/0;.

3. Tnitial C{” = C[”) = 20-1(1 — p/2).
4: while Sequence {C§t)}t:o7172,... not converged do
5. if ¢(0, Zlcticgtt)) > 1— p then
P40
6: Stop and output True: one-to-one correspondence holds.
7. else
t+1 (t+1)  ge—oct?)

8: Solve for Cé ) through t(C‘T, M) =1-0p.

(t+1) _® 1
9: Solve for Clgtﬂ) through t(cb2 , (2CC§§’+)C(’£1;L~) =1-p.
10:  end if

11: end while

12: Output one-to-one correspondence not guaranteed.

to guarantee parametric stability of P as in previous section, under a stricter assumption
on separation constant ¢ and total variation distance e.

Let ®4 be the standard multivariate Gaussian distribution in R? | and @' is Ny(C(1 +
n),n?1y) distribution with C' > 0,7 > 1. We use t(C,7n) to denote the total variation
distance between P and P’. Lemma 6.3 and 6.18 show that ¢(C,n) is increasing in C' and
7 respectively. With function ¢(C,n), we first construct a sufficient condition such that a
one-to-one correspondence between P and any sGMM P’ with minimal weight greater than
Wmin and total variation distance TV (P, P') < 2e can be checked in the sense that only
paired components are closed in total variation distance. This procedure is described as
algorithm ONE20ONECRITERION.

Note that when P is completely known, one can also utilize information more specific.

For example in procedure ONE2ONECRITERION , we introduce a new parameter

K =maxo;/0;
i#j
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, which is readily computed from any known sGMM P.

Theorem 6.3. Given a minimal component weight wmin and an SGMM P € M(K, win, ¢).
If there exists a positive constant p < wmin—2¢ such that c > 2®~1(1—p/2) and ONE20ONECRITERION out-
puts that one-to-one correspondence holds, then any sGMM P’ = 25/:1 Wi Na(pgr, 0 14)
such that TV (P, P) < 2e and ming wy, > wmyin must have K' = K and for each component
P! of P', there exists a unique component P; of P such that TV (P;, P/) <1 — p.
Further, for each pair of corresponding components P;, P! it holds that max{o;/o},0l/0;} <

n, where 1, 1s given by equation

Wmin — 26 (1 —wgk)p 2n2 log 1, 2logn
1— + = Fy(—5—) — Fy(——2%) , (6.15)
WK Wg Urie 1 N5 — 1

and separation constant of P, denoted as ¢, satisfies that

!/ !/
A+ 4 Co(1
¢ P o, £ - ColL )

: 6.16
i#j O+ O‘;- Mp 21, } ( )

where Cy = 20711 — (wmin — 2¢)/2).

Specifically, let ¢®*, 7% be the solution of ¢(c***,1) = 1 — p, (0, 7,"**) = 1 — p respec-
tively. if (¢/cp™ —1/2)(1+1/K) > ny"* or equivalently ¢ > (kn***/(k+1) +1/2)c;®, then
procedure ONE2ONECRITERION will stop at the first iteration and hence the one-to-one
correspondence between components of P, P’ can be established. Therefore, introducing
the procedure ONE2ONECRITERION relaxes the requirement on separation in the sinse

that it only requires iterations stop in any finite steps. This procedure also leads to another

neat sufficient condition as follows.

Proposition 6.2. Given a minimal component weight wmin and an sGMM P € IM( K, win, ¢).

If there exists a positive constant p < wmin — 2€ such that

2(k+ 1)e
t| —mm——— >1-—
<2nn+/€+17n> P

holds for all n > 1, then the ONE2ONECRITERION will output True for this P, wmin, € and

p.

Ratewise, under the same setting of 6.1, one can show that the separation requirement
2(1+a)

is O(K™a +/IogK) when wyy, = QK- (%). In conclusion, this section provides a
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prelimary result showing that any sGMM close to a really well-separated sGMM is also

well-separated globally.
6.5 Numerical Examples

The upper bounds as well as the conditions in Theorem 6.2 are computable and here we

evaluate them on a variety of examples.

Minimum Separation Recall that for Theorem 6.2 to apply, both Gaussian mixtures
P, P' need to have well separated components, with relative separation ¢ > cong. Here we
calculate the minimal separation cgng in the limit case ¢ = 0. This will give a view of the
domain of applicability of the theorem.

We consider mixtures of spherical Gaussians in d = 5,20,35 dimensional Euclidean
spaces with the number of components K from 2 to 40. For each d and K, the ratio
Nr = Wmax/Wmin 18 set to 1,2,4,8, and 16. From K and 7, we set Wpmin, Wmax SO that
Wmax = 1 — (K — 1)wpy. Figure 6.2 illustrates what the minimal separation requirements
are so that Theorem 6.2 can be applied. We observe that the heterogeneity of mixture
proportions 7, indeed has a large effect on the separation requirement; with 7, as large as
16, one may need separation constant ¢ > 12 to apply Theorem 6.2 in dimension 5 even
with 2 clusters. On the other hand, for balanced mixtures, the requirement is not so severe.
For mixtures in M(2,1/2, ¢) namely with two equal components, even for d = 1 the lower
bound for ¢ is 2.29. As expected [Anderson et al., 2014], when d increases, this requirement

decreases as low as ¢ = 1.55 when d = 35. When K increases, cgng increases at the rate of

approximatevely /log K.

Upper Bounds for parameter divergence Here we present the numerical values of
the upper bounds c¢*,n* as well as of the upper bound on the relative difference |wi —
™ erm(Z.)| /Wmin from equation (6.13), for different levels of model fit e. We consider P €
M(K,1/(K +1),¢) on R? and vary K = 2,5,10, and ¢ = 3,4,5,6. Figure 6.3 shows the

values of the three bounds in this scenario. For example, a mixture of K = 2 components

in d = 20 dimensions requires a separation ¢ ~ 3 for € ~ 0.01 by Theorem 6.2. Once this
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Figure 6.2: Sufficient minimal separation cyng in Theorem 6.2 under different settings.
Top left, Top right, Bottom Left show the dependence of cyny on K and 1; = Wax/Wmin
in dimensions d = 5, 20, 35, respectively. Bottom right shows that the dependence of cyng

on K asymptotes to y/log K.

condition holds, we have good guarantees: for each pair of corresponding components,

max{o;, o} }

||pi — pt]|< 0.151 max{oy, 07}, <1.035, |w; —w)| <0.02~ 0.06wWmny -

min{o;, o}}
From Figure 6.3 we see that when ¢ is small, all bounds are dominated by the separation
c. As € increases, we observe that all three bounds are dominated by €. Note the relation

between these graphs and the orange curve n,; = 2 from Figure 6.2.

6.6 Discussion

Comparisons with recent robust identifiability results Theorem 6.2 is the first

result to our knowledge to provide computable global parameter stability upper bounds of
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mixtures of well-separated sGMMs. This result can also be seen as a robust identifiability
result for M(K, wipin, ¢).

When TV (P, P') — 0, some identifiability result exists using W; distance of parameters:
[Ho and Nguyen, 2016],[Heinrich and Kahn, 2018], etc, show that for two sets of parameter
distributions G, G’ with W1(G, G’) small, TV (Pg, P},) is asymptotically greater than the
Wi(G,G") distance (without assuming separation). This result is almost the converse of our
Theorem 6.2.

The closest related works are the parameter identifiability theorems in robust learning
of Gaussian mixtures, namely Theorem B.1 in [Diakonikolas et al., 2017], Theorem 8.1 in
[Liu and Moitra, 2021], Theorem 9.1 in [Bakshi et al., 2020], which are based on newly
developed methods of moments proof techniques.

Consider two mixtures of general Gaussians P, P’ with maximal number of components
being K. The assumptions made are that TV (P, P') < €, minimal weights of P, P’ are
greater than € and different components of P, P’ have separation in total variation distance
greater than €2, for sufficiently small constants by, by > 0 depending only on K. The key

observation used in the proofs is that the parameters distances of Py, P’

perm(k) A€ bounded

by poly(e) if the Hermite moment polynomials is bounded by poly(¢), which is guaranteed
by the assumption that the total variation distance between P, P’ is upper bounded by e.
Their proof technique can be directly modified into proving that P is (e, d(e)) stable with
d(e) = Ok(ebgf ), where b3 is another sufficiently small positive constant.

When P is fixed (the case of interest both for us and for robust identifiability in gen-
eral), if € — 0 these results are tighter than ours as the bound d — 0. In this case, the
assumptions on P become more relaxed than ours. However, it is not known how to deter-
mine the unspecified constants in d from their proof techniques, and the dependence on K
and exponent of € are not optimal (Regev and Vijayaraghavan [2017], respectively in the
discussion in Section 6.2).

For larger, more realistic €, the rate a(e) ~ €% is much slower than what our numerical
simulations achieve, which appears as d(e, M) ~ €. In this case, the assumptions on wpin
and separation of Theorem 6.2 remain fixed, while the assumptions in Liu and Moitra

[2021], Bakshi et al. [2020] become more restrictive (or may even not apply) with larger e.
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Hence, our results are more useful for robust recovery, where extending stability to larger
e is desired, while [Liu and Moitra, 2021, Bakshi et al., 2020] are useful in the limit ¢ — 0
and for algorithmic stability (the main goal of these works). This growth of d(e,9) ~ €
matches the sharp threshold of [Ho and Nguyen, 2016], which is obtained asymptotically
for e — 0, suggesting that [Ho and Nguyen, 2016] may hold for larger e and that our worst
case bound may match it at least under certain conditions.

Regarding the dependence on K, a sharp threshold for sGMM was obtained by [Regev
and Vijayaraghavan, 2017], who show that Q(+/log K) separation is necessary and sufficient
to recover this class of GMM in polynomial sample size and time. Our Theorem 6.2 is

approximately matching this threshold.

Other related problems Solving for exact MLE in Spherical Gaussian Mixture Models
has been proved to be NP-hard [Tosh and Dasgupta, 2018]. The current mainstream ap-
proach to fitting GMM is the Ezpectation-Mazimization (EM) algorithm [Dempster et al.,
1977]; One cannot prove that EM will converge to the global maximum of log-likelihood
function without further assumptions, and in fact, EM can converge to bad local maxima
with high probability [Jin et al., 2016a], even for well-separated Gaussians; the same paper
also confirms the existence of local maxima in the population likelihood function. This
negative result makes it the more necessary to have a post-processing validation stage, in
which to be able to reject bad local optima. The results in our paper can fulfill this role, in
the population sense.

A second approach to estimating GMM parameters with consistency guarantees relies
on Methods of Moments (MOM) [Pearson, 1894], and is exemplified in [Hsu and Kakade,
2013, Wu and Yang, 2020]. [Hsu and Kakade, 2013] used moments up to the third order to
learn an sGMM. They don’t require separation conditions, but need the means of different
components to be linear independent. Therefore, this method cannot be applied to low d and
large K scenario. [Wu and Yang, 2020] used an semi-definite programming based denoising
procedure of moments up to order O(K). When the cluster components are well-separated,
a different line of research proposed in the seminal paper [Dasgupta, 1999] and refined in

[Sanjeev and Kannan, 2001, Achlioptas and McSherry, 2005, Kannan et al., 2008],etc, and
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[Dasgupta and Schulman, 2007], provides an accurate estimation of GMM parameters with
high probability. All these results are predicated on the data being sampled from a mixture
of well separated Gaussians.

Also, previously very few results have been established on evaluating the result of a
Gaussian Mixture fit. In these works, e.g. [Drton and Plummer, 2017], [Huang et al.,
2017]), the main target is model selection, especially consistently estimating the number of
components in a Gaussian Mixture population.

In conclusion, this chapter obtains the first computable robust identifiability bounds for
spherical Gaussian mixtures, in the population setting. Our bounds can be extended to
Gaussian mixtures with full covariance matrices >, and bounded excentricity. The bounds
d(e, M) match the known sharp threshold w.r.t K from Regev and Vijayaraghavan [2017],
and are uniform over the model class (K, Wyin, ¢).

In the chapter we introduce an iterative approach for tightening the bounds which is
original, to our knowledge. Several other results of our Lemmas can be of independent
interest, such as a tighter bounds on parameter variation for a single Gaussian, that remain
informative for larger perturbations in T'V distance than the previous bound of Devroye

et al. [2020].

6.7 Proof of Results in Chapter 6

6.7.1 Proof of Proposition 6.1

Proof of Proposition 6.1. First ¢y exists and is unique from (6.6). The definition of ¢y shows

that
-1 Wmin — 2e 1
D(—cp/2)=1—P(cy/2) =1—P(P (1 — #)) = §(wmin —2¢) . (6.17)
Consider R(n) to be a function defined by the the R.H.S. of (6.7) tending to zero, i.e.
2n%logn 2logn
=F;| ——— | — F, 1
R(n) d<n2_1 1 (6.18)

and R(n) — 0 when n — 17. According to Lemma 6.18, R(n) is increasing in  and tends

to one when n — oco. Denote

Wpin — 2€ 1—-m ToCo
L =1- 20(— . 6.19
) 2 L Tog( (6.19)
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Then the L.H.S. of (6.7) can both be written as L(n). Since

9 1—
L(1)=1—2mn =2 T in — 2€) (6.20)
™ T
1 1
=1~ (Wi —26) [—=+ = —1 (6.21)
T T
=1 — Wpin +2¢ > 0 (6.22)

and when 7 — oo, L(n) tends to 1 — (wpin — 2€)/m < 1. Therefore since L(n) is decreasing
in n and R(n) is increasing, there exists a unique 7 that satisfies equation (6.7).

For the second part of this lemma, we now consider the case wpyi, = QK _(1+0‘)) for
some @ > 0,Wmax/Wmin = O(K B for some 0 < B < 1+ « and € small enough such that
Winin — 2¢ = QK0+, By (6.6), it holds that

@(—%CD) 0 <2K11+a> . (6.23)

Note that for any constant ¢ > 0,

B~ 2V TToRERTT0) < exp (VIR IOV ) = 57s € B

(6.24)

where a < b means there exists a constant A > 0 such that a < A -b. Hence there exists

some (y > 0 such that
Klta

) =O0(/log K)

2
co < 24/2log( -

Now we upper bound 7y. Therefore since ®(—cy/2) < 1/2K < 1/4 or ¢p/2 > 0.67 > 0.5

1 1 1
— > ®(—zcy) >

]‘2
. exp(—=d) 6.25
2k =2 7 5 anle p(=g) (6.25)

8

i we conclude that exp(—zcd) = O(vlog K/K). Therefore,

Wmin — 2€ 1 — Wmax 1
L =1- 20(—— 6.26
) 2 () (6:26)
min — 2 1
<1- T L 9K exp (-n%g) (6.27)
Wmax 8

Wmax K

_1—W+O<K[Wr> . (6.28)
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On the other hand the R.H.S. of (6.7) is lower bounded by

R(n) >1-— (nsz 1)3 >1- (5)3 (6.29)

Hence take 7 = 2(2Wmax/(Wmin — 2€))%/% = O(K?#/4), it holds that

=2

1 Winin — 2 Viog K"
i 26 <K ViR ] ) |

R@) — L) > I (6.30)

2 Wnax
However by the selection of 7, R(7) — L(77) has to be positive for sufficiently large K.
Therefore 19 < 7 and we conclude that for sufficiently large K, it holds that 5y = O(K?8/%).

To estimate ¢*,n*, we consider two difference cases:

e When 7y < 47, apparently by definition n* < 79, and this leads to a bounded pairwise

total variation distance (< 0.95).

e When wy,i, — 2¢ > 2¢, it is impossible to have ny > 47 from definition of 7o, (6.7). It
remains to discuss the case wmin — 2¢ < 0.05. Recall that ¢g is defined so as

1 wmin—2e
P(—=cy) = — .
( 200) 5

By the same argument as previously, we have ¢y < 21/2(1og(2/(wmin — 2€))). Then,
the R.H.S. of (6.8) is always upper bounded by

2 2(1 — wam) ., 1 1 1
+ O(——[c(l+—)—c]) <¢+ O(——c
— o 2l 77*) ) o 2(=5c0m)

exp [ —=ngc
Wmin ( 8 070

<.+

2
5 Mo
<4+ [\/ 27mco(Wmin — 26)]
Wmin | 4
2 2
<4+ [5\/7? log(——
Wmin Wmin — 2

Note that for any p € (0,0.05), the function

) =2 |5 log<f)]ng

is upper bounded by 0.028. Hence pairwise total variation distance between matched

component pairs is upper bounded by ¢ 4+ 0.028 < 1.

i 20 )



128

As a conclusion, for any matched components P;, P/, their total variation distance is
O(1) and smaller than 1 for sufficiently large K. Then we further conclude that ¢* = O(1)
and n* = O(1). O

6.7.2 Technical Tools for Proving Theorem 6.2

Instead of directly diving into the proof of Theorem 6.2, we start by some observations in
mixture models and analysis on total variation distances between spherical Gaussians. It is
worthwhile noticing that in the lemmas in this subsection, we don’t require the two mixture

models P, P’ to have the same number of components.

Total Variation Distance Between Spherical Gaussians

We develop a lemma upper bounding parameter distances between spherical Gaussians given
their total variation distance. For this, one can use Hellinger distance, which includes an
anlytical expression as a natural lower bound Gibbs and Su [2002], but they are usually
not tight in constants and therefore they cannot separate the bound in mean parameter
and variance parameter. Devroye et al. [2020] proposes another lower bound starting from
the definitions but their results are only meaningful when the total variation distance is

sufficiently small.

Lemma 6.1. Suppose P, = Ng(u1,0%14) and Py = Ny(uz,031). Let Co(p) = 207 1(1 —

o

)

and no(p) be the solution of

2n? logn 2logn
l—p=F;| ———=— ] - F . 6.31
p=ra (2N - (22 (6:31)

Then the following holds:

o If||p1 — p2l||> Co(p)(o1 + 02)/2, then TV (Py, P2) > 1 — p. Equality holds iff o1 = o2

and |[p1 — pa||= Co(p)(o1 + 02)/2.

o If max{o1/0o2,02/01} > no(p), then TV (Pr, P2) > 1 — p. Equality holds iff p1 = po

and max{coi/o2,02/01} = no(p).
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We separate the Gaussian total variation lower bound into three different lemmas and

prove them.

Lemma 6.2. Suppose P; = Ny(u1,021;) and Py = Ng(p2,0314). Let ® be the CDF of

standard normal distribution and define for each 0 < p < 1,

Colp) =207 (1= 5) (6.32)

If C = ||p1 — p2l|/ max{o1, 02} > Co(p), then there exists a set A such that Pi(A)—Pa2(A) >
1 — p. Equality holds iff o1 = o2 and C = Cy(p).

Proof of Lemma 6.2. Let p1,p2 be the density of P;, P, and random variables X7, X5 follow

Py, P, respectively.

WLOG assume that o1 < o9. If the statement holds under this case, then when o1 > o9,
one can select A such that Py(A) — P;(A) > 1—p. Then take A = A" and the desired result
holds.

To start with, we consider the case d = 1 and assume ps — p1 = Cog = Cnop > 0. When

o9 > o1, let A be the set {x e R: 29 <z < x4} where

Mo p2 (n1—p2)? 1 1 o2
- i ok - )l

To4 = 2 (6.33)
o a3

xo,+ are the two roots of the equation that the two normal densities equal, i.e.

1 (z — p1)? 1 (z — p2)?
expq — = exp{—— 6.34
g P 207 } Bros p{ 203 } (6.34)

Denote n = o2/01 > 1, when n > 1 it holds that
_ mox —p1 _ —CnEny/C?? +207° — 1) log

— 6.35

T+ o1 n?—1 ( )
x — U —C 2 + C2 2 + 2 2 1) lo

To4 = O’iO_Q 2 = 1 \/ 7;72 1 (n J1ogn (6.36)

Let ¢ be the density function of standard normal distribution then p(z2 1) = ne(x1,4), p(x2,—) =

ny(z1,—) by the selection of g +. Since the desired expression

T — [ T — (2
< @14) — Pr(zs,- <
01 02

< l’27+) (637)

Pl(A) — PQ(A) = PT(CL‘L, S

=O(z14) — D(z1,—) — P(x24) + P(z2-) (6.38)
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is implicitly a function of C, 7, we denote it as h4(C,n). Note that since

2 PRy 2 2
(4-4) —%—2&—:@@% %—%—%g
_ 1 72 1¥2 1 2
To+ = 1 1 (11— u2 1 1 a2 M1 H1— uz
(F-%) (5-5+/5F G -Hez) 4-57 /5
(6.39)
Consider the limit o9 — o1 with o1 fixed and recall that po — u1 = Cos > 0, it holds that
limy, 4, ©o,— = —o0 and limy, ¢, o 4+ = (@1 + p2)/2. And further
—u—1 C
lim z 4 = m—r=- —, lim 2 =-00 (6.40)
oo—0 ] 20'1 2 o2—0 ]
lim x4 = e - ——, lim 2p_=—-00 (6.41)
oo—0 ] 202 2 o2—0]

which implies, since ® is continuous,

C
lim hy(C,n) =1—28(——=) (6.42)
n—1+ 2
Observe that x1 + —nza+ = Cnor x9 4 = x1,+/n— C. Then
8931 + 81‘2 + 8:1:1 + 1 1 81‘1 + 1
5 _ ’ — ’ _ _ — 2 = — . 643
o~ "on o [ FET o on } ' (643)
(6.34) shows that nyp(z1,+) = ¢(x2+) Then, by taking partial derivative with 7, it holds
that
oh4(C,n) 0x1 + Oxy — Oxa 4 Oxo
_ AT ) _ _ ) _ ) _ i 6'44
87] QO(CCl +) 677 90('1“17 ) an 90($27+) 877 +90(‘T27 ) a,r/ ( )
83?1 + 6902 + 83?1 — 8902 —
— i _ ) _ _ ) _ ) 6.45
olior.) |25 28] — (o [P D02 (6.49
1
= 5(x1’+(p(x1’+) —z1,-p(z1,-)) (6.46)
>0. (6.47)

where in the last inequality we use the observation that 1 - < 0 < z1 4, -

Therefore h4(C,n) is increasing with n when C'is fixed. And when C' > Cy(p) it holds that
hi(C,m) >1=28(=Co(p)/2) =1—p
When p; — po = Coe > 0 again define

To4+ — Cn4+ C?2n2+2(n2 =1 1o
= 0,01 mo_ Cntny/ 7372_1(17 ) log 7 (6.48)

o4+ — Cn* £ /C?n% +2(n? — 1) log
Tos = 002 H2 _ O V 7372_1(77 ) m (6.49)
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Consider h_(C,n) = Pi(A) — P2(A) = ®(z14) — ®(z1,—) — P(z24) + P(22,—). First we

observe that lim,_,i+ 21 = 400 and lim,_,;+ z1— = —C/2. This shows that
. C
lim h_(C,n) =1-20(——) (6.50)
n—1+ 2

still holds. Note that we still have 9 + = 21 4+ /n+C. Taking derivatives w.r.t.  with same

argument we have

aha(i’n) = 717($17+@($1,+) - xl,—QO(IL_)) . (6.51)

Since x1,— < 0 < x1 4, the partial derivative is still positive. Therefore the result holds with
similar arguments. Combining the two cases we complete the proof for the case d = 1.
Finally when d > 2, we consider the set of x projected on to the one dimensional space
spanned by po — p1.
When o9 = 071, the set A = {z € R?: p;(x) > pa(x)} is the half space

Mo — 1
A=<z eR?: (z,
{ < Iqu—u1II>§’“‘5“2}

Therefore Py(A) — Py(A) = 1-28(—~%) > 1—psince C > Cy(p) = 2071(1 - p/2). Equality
holds iff C = Cy(p).
When o3/01 > 1, consider P = N(fi1,0%) with fi; = (u1, %) and Py = N (fiz,03)

with fig = (ua, ﬁ> Compute Fo + by equation (6.33) with Py, Py and let set

A:{xERd:io7_§<x,M>§jo7+}, A={re€R:5y_<x<igs}. (6.52)
2 — M1

Note that |fia — fi1| = ||p2 — p1||= C max{oi, 02} and thus

Pi(A) — Py(A) = Pi(A) = P(A) >1-p. (6.53)
L]

Lemma 6.3. Under the same setting of lemma 6.2, if C = ||y — p2l|/(o1+02) > Co(p)/2,
then there exists a set A such that Py(A) — Py(A) > 1 — p. Equality holds iff o1 = o2 and
C = Co(p)/2.
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Proof of lemma 6.3. The proof is mostly unchnaged compared with lemma 6.2. We still

consider the case d = 1 and assume o7 < o9 first. Once this is established, the remaining

can be obtained from similar argument as in the proof of lemma 6.2. Let g + be the same

as in proof of lemma 6.2.

When po — 1 = C(o1 + 02) > 0, now we should define

zo+ — 1 —Cln+1)£n/C?(n+1)2+2(n* — 1) logn

xld: = o1 = 772 ]
o W0 —p2 _ =COn(n+1) £/C?(n+1)° +2(n> — 1) log )
2% op) B n?—1

Similarly to the proof of Lemma 6.2, it holds that

hi(Cin) = @(z1,4) — P(21,-) — P(224) + P(22-)

and

lim hy(C,m) =1-29(-C).

n—1+

Since z1 4+ —nxe+ =C(n+1) or x93+ = x1 +/n— C(1+1/n), then

8$17:|: ({9%27:‘: axl,i 1 1 890171

n = N5t -
on on on n? n on

By the same computation as in equation (6.47) we have

C

Ui

2

1

xl’i—— .

oh(C, 1
=G0 _ Ly~ Oyl - (@1 — Ol )
1 7
Note that
~C(n+1)=C? = 1) +1y/C2(n+ 1)2+2(n2 — 1) logn
114 —C= |
—Cnn+1) | n/C?(n+1)> +2(> — 1) logn
= + 3 >0
n—1 nc—1
- 1 2+ 12 1 2(2 — 1)1
e B <1/ | U ) _/C 412 2> —1)logn _

n—1 n? -1

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)

(6.60)
(6.61)

(6.62)

Hence the derivative in (6.59) is positive. By the same argument, it holds that h4 (C,n) >

1—20(—C) > 1—p.

A similar argument can be applied to the case pu1 > ps and is omitted. For the equality

case, when o1 = 09 and C' = Cy(p)/2, it is the same as in the proof in Lemma 6.2.

O]
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Lemma 6.4. Suppose P12 = Ng(f1,2, 0%2[(1),0 < p<1. Let Fy be the CDF of G’amma(%7 %l),

and no(p) is the solution of

2n%logn 2logn
l—p=F;| ——— ] —F, . 6.63
P d( 21 d 21 ( )

Ifn:=max{oy1/02,02/01} > no(p), then there exists a set A such that Pi(A)—Py(A) > 1—p.

To prove Lemma 6.4, we need to invoke a generalization of Reynolds’ transportation
theorem. The following lemma and required definitions can be found as equation 7.2 in

Flanders [1973]

Lemma 6.5. Let Q; be an {—dimensional time-variant domain of integration in R, and
can be given by the image of a smooth map (u,t) — x(u,t), where u runs over a fized domain

in a RY. Let w be an exterior f—form that can be represented in local coordinates as
w= ZaH(x,t)dq:H, dzfl = dxM A - A dahe (6.64)

where H s the multi-index and 1 < h1 < hg < --- < hy <n. Then

d
/ w:/ iv(dxw)—i—/ w+/ i (6.65)
dt Qt Qt Qt 8Qt

where v = 0z /0t, i, denotes the interior product with v, dyw is the exterior derivative of w

with respect to x and w =Y 5 &LHT(t“”’t)dxH

Proof of lemma 6.4. The proof is with the similar but more complicated technique as in the

proof of lemma 6.2. WLOG assume that oo = no1 > no(p)o1 > o1 and

pr = (p11, -+ s pia),  pe = (Coa 4 pat, -+, p2d)- (6.66)

By symmetricity, we can further assume C' > 0, oo = 12, - , flog = M1d-
Let p1,p2 be the densities of P, P> respectively. Note that p; is just the density of
standard d—dimensional Gaussian, which we will denote as 4. Then algebraic computation

shows that the set

2, —
A—{meRd:pl(x)Zpg(w)}—{xERd:]a?—n:zl_luz = _1\/6’2 + 2d(n? —1)10g77}
(6.67)
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Note that A is a ball in d—dimension. Write

C
A(C,n) = {m eR?: ||z — (—7727171

g . V22 +2d(n? - 1) logn} :

(6.68)

705”' 70)H§

772

we can compute the probability directly by

1 z — |
Pl(A) = / 9 " #dexp <—||22||> dfl:
@l T2 || < 32 /C2 4 2d(n2 1) log n (27) 2 0f o1

n2-1
1 2
= / —— exp (—HyH ) dy (6.69)
illyt 1< 7 /O 20— Togn (2m)% 2
Al(can)

where (g is the density of Ny(0,1;) distribution, and Similarly let A5(C,n) = {z € R? :
|z = (=Cn?/(n* = 1),0,--,0)||< /O + 2d(1* — 1) logn/(n* — 1)} we have

Py(A) = / wa(x)dz . (6.71)
A2(Com)

Let h(C,n) = P1(A) — P2(A), as the latter is only determined by C' and 1. We now prove
that for any fixed n > n9(p), h(C,n) is monotonically increasing in C' > 0.

To show this, we consider taking partial derivative of h(C,n) with respect to C.

Inem =2 [ g 2 pala)de | (6.72)

-~ 0C Jayom 9C Jas(cm)

We first tackle % fAl(C,n) wq(x)dz. A;(C,n) is a hyperball. Let n be the normal vector

given in polar coordinates, then one can perform the following change of variable

o
N
w

z:(n,r) = RY

S
\]
N

r1 = 01 + rcosb

o
EN|
(S}

To = r8in 6 cos O

e
N
(=]

o
=
~3

Tg_og =7rsinfy---sinfy_ocosby_1

Q
~
©
oS A TN

—~ o~ o~ o~ o~ o~

Tg=1rsinf;---sinf _osinf;_1
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where 01 = —Cn/(n? — 1) and 0 < r < Ry with

Ry = n2’7_ VO 4 2d(? — 1) log . (6.79)

For each C' > 0, there is a small neighborhood of C' € (C,, Cy) such that xz = (x1, -+ ,x4)
is a continuously differentiable map on [0, Ry] x [0, 7]4"2 x [0, 27] x (C,, Cy) — R, Here is
where lemma 6.5 kicks in. Consider the d—form w = ¢g4(x)dzy A - --dxy. Then since w is a
d—form on R?, its exterior derivative w.r.t. z € R? is zero. And since 4 is independent of
C, o =0.

Therefore equation (6.65) is simplified to

P / .
— w= Ty (W). 6.80
9C Jayom) 941(Com) ) (680)

where v = 0x/0C.

We shall now identify i,, (w). As 0A;(C,n) is a hypersphere with dimension d — 1, it is
orientable. Further, consider the following bases of tangent space of dA1(C,n)

0
e =—, 1<i<d-1 6.81
! d0; - ( )
and outward pointing unit normal n = 9/0r. Then for any vector field t = >, ., ., tie; +
tqn, by the definition of interior product and the fact that w is an alternating d—linear

tensor, it holds that

it((x))(€1,~-- ,6d,1> :(.U(t,el,"' 7ed71) (682)
d—1

- Z tiw(ei’ €1, ’ed—l) + tdW(TL, €1, )ed—l) (683)
i=1

=pq(z)ta(drr A ---dzg)(n, e, - ,eq—1) (6.84)

:¢d(x)<t’ 7’L>d2(n)(61, e 76d—1) (685)

where we denote dX(n) = iy (dxy A--- Adxy,) to be the area element. In other words, d¥(n)
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is the differential form such that

d¥(n)(e1, -+ ,eq—1) = (dxy A+ ANdxg)(n,er, -+ ,eq—1) (6.86)
= R sin® 20 - sinOg_o(dr AdOy A--- NdBg_1)(n,er, - eq 1)
(6.87)

= R{ sin® 20, - sinfy o , (6.88)

which shows that d¥(n) = R‘li_1 sin?26; -+ -sinfy_odb; A --- A dfg_i. Then since by () =
pda(z)(v1,n)dE(n),

9 w— / R~ oy (x(n, Ry)) (o1, n)dS(n) . (6.89)
ac AI(C7T]) Sd—l

Similarly As(C,n) is given by

y:(n,r) — R? (6.90)
y1 =02 +rcost (6.91)
1o = 7 8in 01 cos Oy (6.92)
(6.93)
Yg—1 = rsinfy ---sinfy_ocosby_1 (6.94)
Yqg =rsinby ---sinfy_osinfy_q (6.95)
with 0y = —Cn?/(n? — 1) and 0 < r < Ry, where
Ro— n21_ VO 2l 1) logn . (6.96)

By the same argument, we have

0

I w = n Vo.M n) = d—1 n . n)
OC Jaycm) /BAQ(C,W) ea(y(n, R2))(vz, n)d%(n) /§d1 Ry @q(y(n, R2)){ve, n)d%(n)

(6.97)
where vy = dy/9C.

We observe two identites. First, for the same

n = (cosbq,sinfy cosfy, -+ ,sinfy ---sinfy_9cosfy_1,sinby---sinby_q)
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it holds that

M
wa(y(n, Ry))
_exp (- % ||z(n, R1)]]?) (6.99)
exp( 51ly(n, Ra) )2 )
_exXp (=3 [0? + R} + 201 Ry cos 01]) (6.99)
exp (—3 [0} + R3 + 202R2 cos 1)) ’
exp ( 3 [ = 122 + o2 1)2 (C*n* +2d(n* — 1) logn) — 2(7720:7?)2 VC?n% 4+ 2d(n% — 1) log n cos 01]>
exp ( 3 [ o 142 + e 1)2 (C2?n% +2d(n* — 1) logn) — 2%\/02772 +2d(n? — 1) logn cos 91])
(6.100)
1
=exp ( 3 dlogn) (6.101)
1
p (6.102)

Second, for same m, it holds that x(n, R1) — ny(n, R2) = (Cn,0,---,0). This shows v; —
nvz = (7770) 70)

Therefore
Oh(C,n)
- aCc (6.103)
- /S . <Rf*1<,0d(fl3(n,R1))<’v1,n> — R pq(y(m, Rl))<vg,n>) d¥(n) (6.104)

/ d—1 R\ ! d

= R pa(x(n, Ry))(v1,n) — <> n“vq(x(n, Ry))(ve,n) | dX(n) (6.105)
gd—1 n

= |, B pal@(n, Ra)) (v - 1v2, n)dS(n) (6.106)

~ [ R eosiga(aln. Ri)as() (6.107)

21
—Rd 1/ // 00591

:E/ cos 01 exp(—o1 Ry cos0y) sin®2 0, d6, , (6.109)
0

1
eXp (—2[01 + R1 + 201R1 COS 91]) d 2 91 -sin «9d_2d91d92 s ded—l

(6.108)
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where = is a positive constant. Finally,

/Oﬂ cos 01 exp(—o1 Ry cos 0;) sin? 2 0,d6; (6.110)
= /Og cos 01 exp(—o1 Ry cos 0y) sin® 2 6,df; + [:T cos 01 exp(—oy Ry cos 1) sin?~2 0,d0,
2 (6.111)
= /02 cos 01 exp(—o1 Ry cos bh) sin?2 6;d6; — /0;’ cos 01 exp(o1 Ry cos By) sin®2 6,d6,
(6.112)
- /05 cos 0 sin?~2 0 [exp(—o1 Ry cos ) — exp(o1 Ry cos 0;)] df; > 0 (6.113)

where the last inequality is due to the fact that oy < 0 and for any = > 0,e* > 1 > e~ *.
This shows that when C' > 0, h(C,n) is increasing in C. Therefore as long as h(0,n) > 1—p,
Py (A) — P,(A) > 1 — p. It remains to show that h(0,7) > 1 — p as long as eta > ng. This is
direct, when C' = 0,

2dn?1
Ay = {a: eRY: [|z)|< ”Qog"} (6.114)
ne—1
2d1
Ay = {x eR?: ||z]|< = igln} (6.115)

Let X ~ Ny(0,1,), then ||X||?/d ~ Gamma(4,%). Then

2dn?logn 2dlogn 2n% logn 2logn
h(0.n) = Pr <||X||2s 20071081 p, (11x12< _ gy P loeny _ p, 2logn,

772_1 772_1 772_1 772_1
(6.116)

By Lemma 6.18, h(0,7) is increasing in 7. Therefore h(0,7) > h(0,n9(p)) = 1 — p, and this
completes the proof. O

Lemma 6.6 (Gaussian tail bound). For any C' > 1/2, it holds that

1
e
5V 27 C

Proof of lemma 6.6. The upper bound is the standard Chernoff’s bound. The moment

Xp L <1-®(C) <exp L (6.117)
(=) ()

generation function of a random variable X ~ N(0,1) is given by

Eexp[tX] = exp <;t2) (6.118)
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Then by Markov’s inequality,

1-®(C)=P(X >C)< inf Ee™ _ _Lp (6.119)
N S0 eto TP T '

To show the lower bound, consider
(—=C?). (6.120)

Since ¢'(C) = —2¢=C*/2/(C2 +1)2, g(C) is strictly decreasing. Since limg_,o0 g(C) = 0, we
have g(C') > 0 for all positive C, i.e.,

N
- \/27T02+le

For any C' > 1/2, it holds that C/(C%+1) > 1/5C, hence the lower bound in 6.6 holds. [

1 —(C) Xp(—%C’Q) . (6.121)

Lemma 6.7 (Estimate of (1 — p/2)). For any constant p such that 0 < p < 1/2, X
defined as ¢ = ®~1(1 — p/2) satisfies that

p
2 [ 2. . [ 3

\/2 log — —log(104/mlog —) < ¢;"** < /2log — (6.122)
p p p

Proof of lemma 6.7. From the upper bound in lemma 6.6, it is true that

2 1 2
1— B, /210g;) < exp(—52log ~) = g =1 — B(), (6.123)
and hence from the monotonically increasing of @ function, ¢;*** < ,/2log %.

On the other hand, since p < 1/2 and ¢ = 11— p/2) > d71(3/4) ~ 0.67 > 1/2,

hence

g: 1 — $(cmex) >

1 1 max 2) 1 ( 1 max 2)
—exp | —=(c > ——— exp | —=(c ,
T 5/ 2mcmax p( 2( )z 5,/47rlog% g 2( >

where we use the estimate c** < /2log(2/p). After rearrangement we have

2 2
cp > \/2 log; —log(10,4 /Wlog;) . (6.125)

Hence the proof is complete. O
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Lemma 6.8 (Lower bound of TV of two Gaussians with same mean). Suppose P = Ny(0, I)

and P' = Ny(0,1n%1) where n > e'/?, then

TV(P,P) > 1

v (e ) (6.126)

Ui

Lemma 6.9 (Chi-square tail bound, Lemma 1 in [Laurent and Massart, 2000]). Let X be

a random variable following chi-square distribution with degree of freedom d, then

.%’2
P(X—-d>z)<exp| — 6.127
( 2 ) < p< 2(d+:ﬂ)+2\/d2+2dx> ( )

Proof of lemma 6.8. As in the proof of lemma 6.18, consider the set B(n) defined by

265772108;77} (6.128)

B(n) :={z:p(x) > p'(x)} = {xeRd: ||| < o

Then TV (P,P") = P(B(n)) — P'(n). Note that by a change-of-variable argument, the

probability of P’ on this set can be upper bounded by

1 1
P = [ exp (= gllell?) o
n {I:Hxng\/?dg;%} (27r772)% 2n?

:/{x~x||< s, P40
el /3

d
2dlogn\ 2
S‘Pd(o)<n2_177>

d
1 2dlogn\ 2
_ (L 12
<27T n? -1 > (6.129)
d 7 (logn)?
e 0gn)?
< 6.130
—@@AJ e (6.130)

On the other hand, when 5 > €'/2, we have 2dn?logn/(n?—1) > dlogn? > d. Therefore,
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by lemma 6.9, it holds that

P(B,) > P ({x eRY: ||z]|< dlogn2}>

d*(logn? —1)?
S1—exp | — (logn” —1)
2(dlogn?) +2+/d?*(2logn? — 1)
—1—exp (—;i [210gn—«/410g77—1}) (6.131)
1 d
= 1—Wexp (2\/4logn—1> (6.132)
1
5 1 _ &pldyiogn) vdogn) (6.133)
n
Therefore the conclusion of lemma 6.8 holds. O

Lemma 6.10 (Estimate of n;'**). For any p € (0,1/4), it holds that

2 1
1 9 exp( log2+glog7>
7)1/(1 S n;nax S max 61/27min T2 : (1 t 6 — ].
1

=

(2,0 pi P

(6.134)

Proof of lemma 6.10. We first show a courser upper bound of n7*** Consider two distribu-
tions P = Ny(0,14) and P’ = (0, (**)?) and denote their densities as p, p’ respectively.
By definition of 7,***, the total variation distance between P, P’ is 1— p, which can be lower
bounded by squared Hellinger distance , which in this case has a analytical form as
H? (P, p/) = ﬂ : —
/ (VP — VP)de =1— <(max)+1> <l-p. (6.135)

Since 7,"** > 1 we have the following inequalities

d
2nmax ) 2
P\ Gmogrsy) < \max) (6.136)
(np)? +1 U

which gives us the upper bound that n;** < 2/p?/? i.e.dlog ny e < dlog2 + 2log(1/p).

[NIEH

Since, from lemma 6.8, we conclude that

L s exp(d,/log npax) < >5 (log nma" )2
- p - - X - X
(mpax)d —-1) (mpax)d

eXp (dy/log nmax / \/dlog npax ¢ (6.137)
U exp %« /dlog npax) '
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Consider a utility function f(x) = exp(z/vd)/+/e/(m(e — 1))x. Then its derivative

m(e—1) 2 x

f'@) == s o) (g~ (6.138)

exr

Since f'(z) < 0 when < v/d and f’(x) > 0 when = > v/d, f(z) is decreasing on (0, /d]
and increasing on (v/d, +00) and hence it has a minimal value at f(v/d) = \/me(e —1)/d.

Therefore, we can further lower bound after equation 6.137 that

l—p>1- exp(d,/log ) [1 N (\/mﬂ}

(nznax)d
exp(d. /log nmax
>1- p((nmf;? ) [1 + \/d/me(e — 1)]d (6.139)
p

This further shows that

ex 0, 2log 1
(1+ m(d)>e><p(\/W)< P<W>(1+ 7Te(ed—1))
(6.140)

max

1
p  <T

o

For the lower bound, we consider upper bound the total variation distance by using the

following inequality in

(1= p)2 =TV (P, P2 <1 — exp(~Der(P || P), (6.141)
or after rearrangement,

exp(—Dkp(P||P)<1—-(1-p=20—-p*><2p (6.142)

where the Dg (P || P’) is KL divergence defined as

D d 9 1
Dgp(P || P :/ plog=dx = = [log ) =14+ —— 6.143
(P11 P)= [ plog 2w = 5 |loglr™)? =1+ (g (6.143)
Combining the previous two inequalities, we have
d 1 d d
slog =+ 5 — 55 <log2p (6.144)

g +
2 (nrpnax)2 2 2 (ngaax)

Since 7,"** > 1, the left hand side of the previous inequality can be further lower bounded

by dlog(1/n,'**) and leads to ny'®* > (1/2p)'/4. O
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Component-wise comparison theorem

The second key ingredient for proving our result is a group of component-wise comparison
lemmas on two mixture distributions with small total variation distance. In the following
lemmas, consider two mixture distributions P = Zfi L w;P; and P’ = Eszll w;P] and denote
Win = min, j{w;, w;} and Wmax = max; j{w;, w;} The proofs can be found in Section 6.7;
these lemmas essentially show that (1) the weighted sum of component-wise total variation
difference is upper bounded if the two mixtures are close and (2) when two well-separated

mixtures have same number of components, under particular correspondence conditions,

their mixture proportions are close.

Lemma 6.11. Suppose TV (P, P") < 2¢. For any j € [K'], if there exists a collection of
sets {Aij}iek) such that pi; = 1 — Pi(Ayy) + Pj(Aqj) € [0,1] for all i € [K], then

K K
Zmax{wi, w}}pij > fw; — 2, Zwipij > Wmin — 2€ . (6.145)
i=1 i=1

Similarly, if there exists a collection of sets { Bij}ic[x) such that p;j = 1—P]{(Bij)+PZ~(Bij) €
[0,1] for all i € [K], equation also holds.

This lemma stems from the fact that there cannot be a set that has a large probability
mass of a component in P; of P but has small probability mass from every component Pj’
of P'. Aj; is the set that has a large probability mass under P; but small under P}, while
B;j vice versa. A symmetric result can be obtained by switching the role of P and P’.

Lemma 6.11 is particularly useful when, for some component PJ{ , all components P;, i # j
are far away from P]f in total variation distance; then by Lemma 6.11 one can upper bound

the total variation distance between Pj’ and the remaining component P; of P.

Lemma 6.12. Suppose TV (P, P") < 2¢ and denote wy, = mini,j{wi,w;}. Consider two
components Pj,, P; with wj, < wj. If for all i € [K],i # jo, there is a set A;j such that
Pi(Aij) — Pi(Aij) > 1 — p with some constant p satisfying 0 < p < (Wmin — 2€)/(1 — Wmin),
it holds that

2e 1 — Wnin

TV (Pj,, P}) < + p. (6.146)

Wmin Wmin




144

Now, we obtain a component-wise comparison result for the differences in mixture pro-

portions between corresponding components.

Lemma 6.13. Suppose TV (P, P') < 2¢. Denote wyin = min¢7j{wi,w;} and Wpax =
maxm{wi,w;-} If there is a pair of components P;, P! and a set A such that for some

(2

p € (0,1), min{F;(A), P/(A)} > 1 — p and max;.i{P;(A), P[(A)} < p, then
lw; — w}| < 2€ + (1 + Wmax — Wmin)P (6.147)

Proof of Lemma 6.11. Let Q = (P+ P')/2. Then TV(P,Q) <€, TV(F',Q) <. Let P} be
an arbitrary component of P’. We will first show by contradiction the first half of (6.145)
holds. Suppose that 32X max{w;, wj}pij < wj — 2¢. Now consider the set A = ﬁfilAEj.

On one hand,

K K
Q(A) > wiP(UE,4)8) — e > w)(1 =Y Pj(Ay)) — e = w) —w) > Pj(Ay) — e := LB
=1 =1
(6.148)
Meanwhile,
K K
QA) <Y wiP (A% +e=1-Y wP(A) +e:=UB (6.149)
i=1 =1

Since for every i € [K] it holds that P;(A;;) — Pj(A;;) = 1 — pyj, then by Lemma 6.17,
w;iPi(Ag;) — w;P]’-(AZ-j) > w; — max{wi,w;-}pij. Therefore, applying Lemma 6.17 to all

components i € [K], it holds that

K
LB-UB=wj—1-2c+ ) (wiPi(Ay) — wjPj(Ay)) (6.150)
=1
K
>wj—1—2e+ Z (wi — max{w;, w}}pij) (6.151)
=1
K
= w)—1—=2e+1—> max{w;,wj}py > 0. (6.152)
=1

This is a contradiction since Q(A) > LB > UB > Q(A). So the first half of (6.145) holds
for P;.
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For the second half of (6.145), if Zfi 1 Wipij < Wmin — 2€, then consider a different lower
bound of Q(A)

K
Q(A) > wjP(UE,4)%) = € > wnin P((U455)°) = € > winin — wanin Y, Pj(Aij) — € := LB';,
i=1
(6.153)
then notice that
K
—~UB > wiin — 1 — 2¢ + Y wiPy(Aij) — winin Pj(As) (6.154)
i=1
> Wiin — 1 26+—§:uh — pij) (6.155)
:wmin—1—2€+1—Zw¢pij >0, (6.156)
i=1
which is a contradiction and completes the proof of the second half of (6.145). O
Proof of Lemma 6.12. Define
Wmin — 2e 1-— Wmin
p1 = - p (6.157)

Wmin Wmin

Note that 0 < p < (wWmin —2€) /(1 — win ) implies that 0 < p; < 1. We will show by contradi-
tion that the total variation distance T'V (P, P}) < 1—p1. If otherwise TV (P;,, Pj) > 1—p1,

Jor+ g

one can select a set Ajj; such that Pj,(Ajy;) — Pj(Ajy;) > 1 — p1. Define function

flx)=x(p1 — 1) Z max{w;,z}p , (6.158)
i€[K]
i#j0

then f(x) is a piecewise linear function, with its slope upper bounded by

1 — W 2
m—1+§:p=erK—lM—1§py%<1%m>p—1:wmn€—1<0.@JW)

_— Wmin Wmin
IRES]

Hence f(z) is decreasing in . Since wj, < w;, according to the remark after Lemma 6.11,
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we have
f(w)) = wips + Z max{w;, w;}p — w} (6.160)
1€[K]
730
K
> > " max{w;, w} H1 — Pi(Aij) + Pj(Ay)) — w] (6.161)
i=1
> 2. (6.162)

Then we conclude that f(wmin) > f(w}) > —2¢. But we can explicitly compute that

f(Wmin) = Wmin (wmm : €_ u?mmp — 1) + max{w;, Wmyin }p (6.163)
wmln wmln ’[,G[K}
i#jo
=26~ (1= wain)p+p Y w; (6.164)
i€[K]
i7#jo
< —2€ — (1 — Wmin)p + (1 — wiin)p (6.165)
= 2. (6.166)
This contradiction completes the proof of (6.146). O

Proof. Proof of Lemma 6.13] Note that w;(A®) < p and w,’i(AC) <p

w; — wj| = |wi Pi(A) — wiP/(A) + w; P,(A%) — w]P!(A")] (6.167)
<|P(A) = > wiPi(A) — P/(A) + 3 w|Pl(A)] + [wi Py(AY) — wjP/(A")]
J#i J#i
(6.168)
< 2¢ +max{y_w;Pi(A), Y wiPl(A)} + max{w; P(AY), w/P/(A%)}  (6.169)
J#i J#i
< 26 + (1 — Wiin + Wmax)p - (6.170)

O]

6.7.83 Initialization

Let ¢p be defined as in (6.6), then the following theorem guarantees that for each component
of P, there exists a component of P that is close to it in total variation distance. Starting

from here and in the remaining of Section 6.7, we will assume the following:
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Bl P € M(K, Wnin, Wmax, ¢) and P € M(K', wmin, Wmax, €)-
B2 There exists a distribution @ such that TV (P,Q < e and TV (P, Q) < e.
B3 max{K, K'} < 1/wmin, Wmax < 1 — (min{ K, K'} — 1)wmin.

Theorem 6.4. Suppose B1-B8 hold. For any component ij, there must be a component P;
such that TV (P, PJ’) <1 — Wi + 2¢

Proof of Theorem 6.4. WLOG we prove the statement for P/. Assume that the conclusion
of the theorem does not hold, that for any component P;, it holds that TV (P, P{) >
1 — wpin + 2¢, implying the existence of a set A; such that P;(A;) — P{(A;) > 1 — wpin + 2,
Or Wpin — 2¢ > 1 — P;j(A;) + P{(4;). Then applying Lemma 6.11 to the collection of sets

{Ai}ie[k), we have

K
Winin — 26 > > w;i(1 = Pi(A;) + Pi(A})) > wnin — 2 . (6.171)
i=1
Therefore, the desired result holds. O

The second theorem states that, if both P and P’ are well-separated and have nearly
balanced components, then the matching established in theorem 6.4 is one-to-one. Specif-
ically, for any component in P’, there is one and only one component in P such that their

centers are close.

Theorem 6.5. Suppose B1-B3 hold, If ¢ > ngco, where co,ng are defined in (6.6) and (6.7)

respectively, then K = K' and there is a permutation 0 : [K| — [K] such that ||p; — u’a(i)Hg

cp max{o;, aé(i)} and max{ai/ag(i), Ué(i)/di} < no.

Proof of Theorem 6.5. According to Theorem 6.4 and Lemma 6.2 each P]’ must be matched
to at least one component F; in the sense that their center distance |[u; — 11||< co max{o;, o’ }.
Note that Theorem 6.4 is symmetric on both P and P’. For each P;, there must be a Pj’
such that their centers are close.

We now considering the following removing procedure. For a component P;, if there is

a unique P]’- that is matched to P;, and P; is the only component in P that is matched to
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P}, then remove both P; and Pj. For a removed pair Pj, P}, one can upper bound the ratio
between their standard deviations by max{aj,a;} < 9. To see this WLOG we assume
that o; < U;. Then for any ¢ # j, let P/ be a component matched with P;. The distances

between centers are
e, = 11> Mg — w5 11=1115 = pgl|> eloi + 05) — coo’y = coj+ (¢ — co)oj - (6.172)

o If o/ > oy, it holds that ||u; — p;||> cmax{o},0;}. By Lemma 6.2, one can select a

set A;j such that P/(A;;) — Pj(Aij) > 1 —2®(—c/2) > 1 —2®(—cono/2)
e If 0/ < 0, then since P/ is not matched with P;
|12 = p1|> co max{o, 05} = cooj - (6.173)
Adding (6.172) and (6.173), we have

i = | > = (coi + (¢ = co)o + coo;) (6.174)

N =N

>

c(ol+0;) . (6.175)
By Lemma 6.3, one can select a set A;; such that P/(A;;)—Pj(Aij) > 1—2®(—cono/2).

Hence in both cases, for any ¢ # j there P/(A;j) — Pj(Aij) > 1 — py with py =
2(13(—007]0/2) S (0, 1)
Now suppose max{aj,a;}/ min{aj,a;} > 19, by Lemma 6.4, one can select a set Aj;

such that Pj(A;;) — Pj(Aij) > 1 — p1, where py is defined as

Wmin — 26 2(1 — Wmpax) 1
= — d(—— . 6.176
pL Wmax Wmax ( 2 o CO) ( )

Note that 1 — p; is the left hand side of equation (6.7). Further, p1 < Wmin/Wmax < 1 and

1 1-—
p1 > (Wmin — 2€) ( — wmax> = Win — 2€ > P2 (6.177)
Wmax Wmax
According to Lemma 6.11,
K
wipt+ Y wipy >y wi(l— P/(Aij) + Pj(Aij)) > wmin — 2€;. (6.178)

Q] i=1



149

However the L.H.S of proceeding (6.178) satisfies that

w;pl + Z w§p2 = w;(pl - Pz) + p2 < Wnaxp1 + (1 - wmax)pQ = Wmin — 2€ (6179)
it

The contradiction shows that max{c;/07},0%/0;} < no.

Suppose now we complete this removing procedure and there are still remaining compo-
nents, without loss of generosity we can assume that P; is the component that has smallest
standard deviation among all remaining components in both P and P’. Since it is not
removed, there is a P| and a P, such that both P; and P, are matched to P|. Since we

assumed that o7 < 09, by triangle inequality
c(o1+02) < [lu — po||< [y — pal[+H|y — p2l|< comax{o1, 01} +co max{os, o1 }. (6.180)
Note that ¢ > cgng > ¢o by the assumption of the theorem, we consider three cases:

e 01 <01 < o9. Then co(o1 + 02) < ¢(01 + 02) < ¢o(01 + 02) and this is impossible.

e 01 < 0] < 0y. Then coy + cooa < ¢(o1 + 02) < o} + ooz, implying that o} /o1 >

c/co > no.
e 01 <03 < o). Then 2coy < ¢(01 4 02) < 2¢y0], also implying that o} /o1 > ¢/co > no.

We conclude that of/o1 > ¢/cp. By Lemma 6.4 and definition of 7y in (6.7), the total

variation distance of P;, P{ can be lower bounded by

20 log M) g, 2Losm

TVPl,P/ > Fy
(P, ) > Fal m — 1 g — 1

)=1—-p1, (6.181)

where p; is the same as in (6.176).

On the other hand, notice that P; cannot be matched with any components in P’ other
than P{. This is because if there is a Pj that is not removed and is matched to P;, by
the same argument above one can show that 0’2 <o < 0’1. This contradicts the minimal

variance selection of o7.
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Therefore, for any P]’ unremoved with j > 2, denote P; be a different component (not

Pp) in P that matched to Pj, then

145 = |l = lpj — ]| —co max{oy, o }
> c(0} +01) — cooy
> co 4 (¢ — cp)oy

/
>CO']‘

Also again by selection of o1 ||y — p1|[> co’; > coq. Hence |[[u; — pun|[> cmax{o?, o1}

For any P]’ that has been removed, still denote P; to be the unique component matched
to P}, (6.185) still holds. We now show that [|u}; — pu1]|> cmax{oy,0%}. If 01 < o7, then it

trivially holds. When o} < 01, if otherwise [[u; — pi1|[< co1, then
c(oj + o1) < g — ml|< [y — @il 4145 — ml|< comax{o;, 03} + cor (6.186)
implying that max{c;,0%}/0; > ¢/co > mo. This is impossible, therefore for any P; that

has been removed, ||u1 — p||> cmax{oy, 0%}

Combining the two cases together, again we can find sets A; such that

e For i # 1, whether P/ is removed or not, P/(A;) — Pi(A;) > 1 — pa.

e Fori =1, P{(A1) — Pi(41) > 1—p1.

The same arguments in (6.178) and (6.179) lead to a contradiction, further showing that
all components should have been removed, i.e. when ¢ > cgng the match is one-to-one and
hence K = K’'. The upper bounds on center distances and standard deviation ratios have

been established earlier. O

6.7.4 Iterative Refinements on Mean and Standard Deviations

Theorem 6.5 provides conditions on separation, minimal proportion, and maximal propor-

tion such that one can establish a one-to-one correspondence between components of P and
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P’. In this section, we are going to show that once this is done K = K’, we can further
iteratively improve the bounds. Hence we can complete the proof of Theorem 6.2. We

assume all assumptions in Theorem 6.5 hold.

Proof of Theorem 6.2: Upper bounds on mean and standard deviations. By TV (P, P’) < 2e,
take @ = (P + P’)/2, we have TV (P, Q) < ¢, TV (P, Q) < ¢, therefore we can apply Theo-
rem 6.5, which confirms a one-to-one correspondence in the sense that centers are close. Out
of simplicity in notation, we re-order components of ,u,;» so that P;, P/ are correspondence.
Specifically, for any pair P;, P/, according to the assumption ||p; — p}||< ¢o max{o;, o}} and

max{o;/0},0./0i} < no.

Now consider a pair P;, P/. WLOG assume that w; < w}, otherwise one can switch the

role of P and P’. For all j # 1,

s = il 2 el + o) — comax{aof) = eof + (£ = o) max{afy o5} 2 cot 4 (£~ o)

(6.187)
i — pil| > cloj + i) — comax{o;,0;} > coj + (7700 - C()) max{o;,0,} > coj + <77C co | ol
(6.188)
Therefore adding these two equation together we have
s = sillz 5 e+ £ = o) (o34 0. (6.189)

Note that ¢ > noco, and hence ||u; — p}||> 2cono(oj + of). According to Lemma 6.3, there
exists a set A; such that P;(A4;) — Pj(A;) > 1 — p, where

1 c
p =20 (—2(c+ o co)> < 2®(—mpco/2) < 2P(—cp/2) = Wiin — 2€
0

. Then by Lemma 6.12, the total variation distance between P; and P/ is upper bounded
by

2 2(1 — - 1
TV(PZ-’PZ.’) < UB(co,m0) := wE. 4 ( wl.vmln)(p(—Q(c—i—?;—cO)) <1 — Wpin + 2€.
(6.190)
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This further implies, by Lemma 6.2, ||u; — pf||< ¢ max{o;, 0/}, ¢ = 2071(1 — %(CO’"O))

Note that UB(cg,no) < 1—wmin+2€, therefore ¢; < ¢g. Also by Lemma 6.4, max{o; /0., 0. /0:} <

)74

11, where 1y solves

277?10gm)_F(210g771

Fy( " ) = UB(co,m0) (6.191)
=1 -1
Since 1 — (K — 1)Wmin > Wmin,
2n2 log o 2logno
Fd(ozi_l) — Fa(5—= ; ) (6.192)
U o
Winin — 2€ 2(K — 1)wmnin 1
=1— O(—— 1
1-— (K - 1)wmin 1- (K - 1)wmin ( 217060) (6 93)
Wnin — 2€ 2(K — 1)wpin 1 c
1— i g - - 194
ST K - Do T (K = Dwn ( 2 o CO)) (6194
min_2_1_ 1-(K—1 min
= e (rcall =28+ 1 0)/2)
(6.195)
Wmin — 26 — p
—1_ _ 1
1— (K — Dwmm " (6.190)
min — 2e —
> dmn TP, (6.197)
Wmin
min — 2 1 — Wmin
v €y Wmin , (6.198)
Wmin Wmin
2n? 1o 21lo
el 0199
ny —1 n—1

it holds that 7, < n9. To conclude, for now starting with cg,n9, we are able to provide
refined upper bounds ¢1,7;. Note that by the same argument of (6.190), one can use c¢1, 1

to refine the upper bound by

2% 2(1— wmin 1
TV(P,P) < UB(et,m) = — + 2= )<I)<—(c—|—c—cl)>. (6.200)

Wmin Wmin 2 m

1—UB(C1,771))
2

And similarly ||p; — p}]|< ca max{o;, 0}, co = 20711 — . max{o;/0},0l/0o;} <

12, where 12 solves

2131 21
Fy 2 Ogﬂz)_F( 0g 12

) =UB(c1,m) - (6.201)
m — 1 =1

As UB(c1,m) < UB(co,mp), we have ca < ¢1,m2 < n1. This procedure can be repeated. Let

UB(crm) = 2¢ N 2(1 - wmin)q) (—;(c—i— ‘_ Ct)> (6.202)

Wmin Wmin Tt
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Then one can find

1 —-UB(c¢, 4.1 1
cep1 =201 — 2(6“7'*)) =20 1(5 + §UB(ct, 7)) (6.203)
and 741 solves
207, 1 log ney1 210
Fy(FHl 22y gy (P8 U B(eq, ) (6.204)
Nip1 — 1 Mip1 — 1
such that
| — p5]|< copr max{oy, 07},  max{oj/os,0i/07} < meyr - (6.205)

The L.H.S. of (6.204) is a strictly increasing function in 7,41 and it has a continuous
inverse. Therefore we conclude that there is a continuos mapping g : [0, 1] — [0, co] X [1, 70]

such that
(ct+1,m+1) = glce, ne) (6.206)

By induction one shows that UB(cy,n) < UB(¢i—1,m—1) for t > 1, therefore, ¢i41 <
¢ty M1 < M. Hence {¢i}, {m} are two decreasing sequences, both lower bounded. Therefore
their limits exist. Denote the limits as (¢*,n*), then it must be a fixed point of g, namely
they solve (6.8). Further, ||pu; — p}||< ¢* max{o;, o)}, max{o}/0;, 0:/0l} < n*.

The upper bounds on proportions |w; — w}| are established with the components ¢*, n*
will be proved in the next section, where we establish additional techniques to complete the

proof of Theorem 6.2. O

Before we display the proof on difference in proportions, we provide the proof to corol-

lary 6.1.

Proof of Corollary 6.1. Suppose P’ is a single spherical Gaussians such that TV (P, P’) < 2e.

Consider two new mixtures of spherical Gaussians

-1 1
P=-P+ - 2

5P +5Q (6.207)
~ 1 1

where @ is a sufficiently large far away Gaussian components. To be specfic, for any compo-

nent Ny(pi,0215) in P or P', Q = Ny(u,0%1,) is selected such that ||p — 1;||> cmax{o, 0;}.
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Therefore P € M(K 4 1, win/2,¢) and P' € M(2, wmin/2, ¢). However since TV (P, P') >
2¢/2 = ¢, and the maximal proportion of P, P is upper bounded by 1/2. Let n(, be defined
as the solution to

21762 log 776 2log 776
—= ) - F 6.209

1
1 —wmin + €+ 2@(—57]606) = Fy(

where ¢, = 207 1(1 - “min=C) then if ¢ > ¢y, according to Theorem 6.5, K 41 = 2, which

implies that K = 1 and this is a contradiction. ]

6.7.5 Difference in Proportions

Finally given n*, c* established previously, we will complete the proof of Theorem 6.2 by
upper bounding the differences in proportions. For a corresponding pair w;, w), where
[|pi — pi||< ¢*max{o;, 0.} and max{o},o;}/ min{o},0;} < n*, we upper bound |w; — w}|
by constructing the set A such that we can apply Lemma 6.13.

To start with, we introduce a geometric lemma.
Lemma 6.14. Let 1, xo,y1,y2 be for different points in R%, where

T

ary + (1 — o)y, (6.210)

=Py +(1-PB)y:. (6.211)
Then

12 = gl* = aBllzr — plP+(1 = @) (1 = B)l|z2 — y2|*+(1 — @)Bllz2 — y1|P+a(l = B)|lz1 — gl

—a(l = a)ller — 22|P=B(1 = B)lly1 — wol®

The proof of this lemma is postponed to Section 6.8. Then consider two pairs of com-

ponents P;, P/ and Pj, PJ{ , one can find a hyperplane that is far away from all four centers.

Lemma 6.15. Let P, = Ng(pi,0214),i = 1,2 and P! = Ny(u},0/*14) be two pairs of

7

spherical Gaussian distributions such that with three constants ¢* > 0,n* > 1,¢ > ¢*n* such
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that
max{%, J—i} <n*, maX{Z—Z, 0—/2} <n* (6.212)
s = ll< S (o1 +0), a2 — pl|> elor + ) (6.213)
|2 — po||< %(0‘2 +05),  ph — pal|> c(o] + 03) (6.214)

There exists a hyperplane H such that the distance

dist(u;, H) > C(c*,n*,c)o;, dist(u}, H) > C(c*,n*,c)o}, i=1,2 (6.215)
where
c? 1 c* ()2 (1+n*)?2 ¢
® ok — _ P S S A 21
C(c*,n%¢) \/2(77*)2 + 277*(6 2) 16072 5 (6.216)

Proof of Lemma 6.15. Consider two points

o; o'
7 i ’ .
i = i+ Woi=1,2, 6.217
Yoo+ al’- Yoo+ Ug o ! ( )

Note that for both i =1, 2,

/ * / * /
_ ot , c* max{o;, o)} _ , o; , ¢ max{o;, o)}
s — uill= || ——— e i = ||l e i)
1A = il Uﬁag\!m pal[< 5 i = il | Uﬁa;!\m al 5
(6.218)

that is, p;, i both lies in a ball centered at fi; with radius ¢* max{c;, o}}/2. The hyperplane
we consider is

o1+ 0o}

H : {ﬂ? € Rd : <LU—/_,Z1,/],2 —[L1> = o1 _|_O-’ +g2+0-/ H/:LQ —[Llu} (6219)
1 2
By Lemma 6.14, the distance
! !
~ ~ 112 0102 2 0109 / 1112
1— M2||” = 1— M2||"+ —
HM 1% H (01+Ull>(02+0'/2)‘|'u 1% H (Ul+0_/1)(0_2+0_/2)‘|ul IUQH
LB
/ /
0109 112 0102 ! 2
+ 1— + — U2
(01+Ui)<0'2+0'é)Hlu IU'QH (0'1+0'/1)(0'2+0'é)Hlul % H
LB,
_01703” _ /||2_0270§H — )2
(0-1+0-i)2 M1 H1 (0'2—}—0‘5)2 M2 125)

UB
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We will establish a lower bound on ||fi1 — fi2|| by separately lower bounding LB;, LBy and

UB.

First, by the seperation condition

o109(01 + 02)? + ohab(oh + ob)?

(0’1 —|-O'Il)(0'2 + 0’2)(01 + 09 +O'/1 +0’é)

LB, > ¢ (o1 + 02+ o) + 05)?

Note that max{o;/o},0!/0;} <n*,i=1,2, we denote

o1 ol o1+ 09

o1+o]’ oy +ob’ o1+ 0y + o2+

)

then since 1/(1 +n*) < «, 8, < n*/(1 +n*), it holds that

LB,
(o1 + o3+ o) + b))

5 =af+ (1—a)(l-B)(1-¢)°

LY era-on
()

14 n*
1 1 \?
> —) .
T 2\1+n*
2

2
c 1
LBy > ) <1+77*> (Ul+02+0/1+dé)2

Y

namely

For the second term, start by observing that

>k >k

c c
i1 = pal|= elor + 02) = (02 +02), [l = pal|> e(o1 + 03) = (01 + 01)

Adding these two equations we obtain that

*

1 c
1 = pgll= 5 (e = F)(o1 + 01 + 02 +03) -

and similarly ||} — po||> (¢ — %)(01 + o} + o2 + 0})/2. Hence

LBy

Cc (9 B W
(01 + 0 + 02+ 0h) )le(1 = B8) + 81— a)] .

2

1
5 = Z(c_
Write g(a, 8) = a(1 = 8) + (1 — ) = B(1 — 2a) + «.

o If & =1/2 then g(a, 5) = 1/2.

(6.220)

(6.221)

(6.222)

(6.223)

(6.224)

(6.225)

(6.226)

(6.227)

(6.228)
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o If1/(14+n*) <a < 1/2, then g(a, 8) > g(a,1/(1+n*)) since it is an affine function in

[ with positive linear term. When g = 1/(1+n*) < 1/2, by same argument we know

that g(a, 8) is an affine function in a with positive linear term. Hence the minimum

is

1 1)7 2
L+n" 140" (T+n9)2"

g(

o If 1/2 < a <n*/(1+mn*), the same arguments show that the minimum is

* *

n Ty 2n
Lt T4n (L+n9)?

*

g(

As a conclution we have

* *

2n

7(1 gy (c— 5)2(01 + 0] + o9+ 05)2

1
1;132 > g;

Finally, we establish an upper bound for UB,

Hz_ 090}

UB = 020
(02 + 03)?

/
010
WNm—M |2 — ][
1

(o1+0
(c*)? (c*)?
16 16
C*)Q
16

< (o1 +0h)? + (o9 + 0h)?

—

< (o1 + 0 + 09 + 0h)?

Therefore

- - c? 1 21 o c* c*)?
|’/~L1_N2H2 \/2 <1+77*> +4772(c—2)2_(1g (Ul—i—o'i—{—O'Q-i-O'é)

(6.229)

(6.230)

(6.231)

(6.232)

(6.233)

(6.234)

(6.235)
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The distance of u1, p) to H is then lower bounded by

18t —_ - o1.0 .

c? 1\ 1 2 c* (c*)? c*
z\/2 () e 5= g (o o) = G max{on, o)

1+ 1+1%)
(6.237)
c? 1 \* 1 2 c* ()21 c*
> — Y R P/ . 1 AT /
_\/2 (1-'—7]*) +4(1+77*)2(C 2) 16 (77*+ )maX{Ul,Ul} B max{ol,al}
(6.238)
c2 1 c* (C*)Q(l _|_77>k)2 c*
2\ 3072 B e Y ’ 6.239
2 (\/2(77*)2 + 20 (c 5 ) 16(1°)2 5 ax{o1,07} ( )
= C(c*,n*, c) max{oy, 07} (6.240)
Note that since ¢ > ¢*n* and n* > 1,
02 1 c* 5 (C*)2(1 + 77*)2 (C*)Q
—5) ~ - 241
T L IR L (024
©F @R3Py (@)
- - 6.242
Ty 7 2n* 16(n*)? 4 ( )
A(n*)* + 80" (" — 5)* — (1 +7")?
= (c")’ 2 24
& \?
= <4n*> [8(7)* = 5(n*)* 1] >0 (6.244)

The coefficient C(c*,n*, ¢) in (6.240) is positive, so

dist(py, H) > <\/2(62 + L(c — 6:)2 (@ 4n)? C;) o (6.245)

n*)?: - 2n* 2 16(n*)?
] 2 1 c* (C*)2(1+77*)2 C*
dist(p, H) > [/ =+ (e S22 2T ) 24
ist(py, H) > <\/2(77*)2 + o (c 2) 16(7)? 5 | o1 (6.246)

This also shows that pg, /) are both with the same side of H as fi;. ua, g can be similarly
shown to be with the same side of H as fiz, which is different from p1, ) and and the other

two distance dist(ug, H), dist(ub, H) can be lower bounded similarly. O

Proof of Theorem 6.2: Difference in Proportions. Now we can finish the proof to Theorem
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6.2. Let P;, P! be two corresponding pairs such that

& O'g * / C* /
max{*nf} <nt |l — < E(UH‘U@') . (6.247)
oL o

7

Here the center distance is slightly different. In fact for the corresponding pairs, it holds

that

£

4 — —c*>) —1-20(-S) . (6.248)

TV(P,P) < —— + (-
n 2

Wmin Wmin 2

2 2(1 — wmp) ., 1 <

According to Lemma 6.3, it also holds that ||x; — pf]|< ¢*(o; +07})/2. Consider an arbitrary
different corresponding pair P, P}, then P;, P}, P;, P} satisfy the conditions of Lemma 6.15,
hence we can select a hyperplane H such that P;, P/ and Pj,P; are on different side of

H, and their distance are lower bounded. Let A; be the halfspace determined by H and
including Pj, P, then

max{P;(AL), P/(AL), Pj(A)), Pi(A))} < @(~C(c,c", ")) (6.249)

where C(c, ¢*,n*) is determined in (6.216). Now take A = Njx;A;, then

P(A) = P((UjmADE) > 1= 3" P(AY) > 1= (K = 1)®(=C(c,¢",n")) . (6.250)
J#i
Pl(A) = Pl((Uj£AD) > 1= 3" Pl(AY) > 1 (K -~ 1)@(-Cle,c", ")) s (6.251)
J#i
Pj(A) < Pj(4)) < ®(—C(c.c*,n")) (6.252)
P]f(A) < P;(Aj) < P(—C(e,c*,n")) (6.253)
And the result is given by Lemma 6.13. O

6.8 Auxillary Lemmas

6.8.1 Lemmas in Section 6.2

Lemma 6.16. Let Fy be the cumulative distribution function of a Gamma(%l, %) distribu-

tion, then for anyn > 1,

R.H.S. of (6.7) = Fy

d
201 2

n?* -1 n?—1
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Proof of Lemma 6.16. Consider two distributions P; = N4(0, I) and Py = Ng(0,7%I4) with
7 > 1 and the set

A={zeR%: p(z) > pa(x)} = {m eR?: [|z||< 77277_ 1 V2d(n? = 1) logn} . (6.255)
where p;,i = 1,2 is the density of P;. Then P;(A) — Py(A) is the R.H.S. expression in (6.7).
Further, it is the total variation distance between P; and P,. Well known result states

that total variation distance is lower bounded by Hellinger distance [Gibbs and Su, 2002],
therefore it holds that

R.H.S. of (6.7) >

/(\/171—\/172)221—< 21 )g. (6.256)

41

N | —

O]

6.8.2 Proof of nonsymmetric result

Proof of theorem 6.3. One-to-one correspondence By lemma 6.3, if there is a component
P! of P' and two different components of P: P;, P; such that total variation distance
TV(P;, P)) < 1—p, TV(P;, P!) < 1—p. WLOG assume 0; < ;. Then with C{*) = C\*) :=
20-1(1 — p/2), it holds that

(0) (0)

s = il oot 0l = ll< 2oy 4+ ) (6.257)
By the separation condition of P we have
(0) C£0)
c(oi +05) <|lpi — pil|< %(Uz' +07) + — (o + i) s (6.258)
or
(0)
/s c—% 4c—2C’l§0) 6.950
Ui—£+£(Jz+0])—0§0)+0150)017 ( )
2 2
/ — @ 1
o; 2> cO L0 (1+ ;)Uj




161

Note that ¢ > 20~1(1 — p/2) = Clgo) =, then (4c — 20150))/(0150) + C’go)) > 1. Since
h(C,n) is increasing in C' and 7 respectively, if h(0, (4¢c — 20,50))/(0150) + CS(O))) >1—pit
will be impossible that TV (P;, P/) < 1 — p. This contradiction leads to the existence of

)

one-to-one correspondence.

Now when h(0, (4c — 2C2)/(C\” + (V) < 1 — p, since h(C”, (4c — 2¢V)/(CV +
C’éo))) > h(CS(O), 1) = 1 — p, by continuity and monotonicity of h in C' there exists ciM e
0,C%?) such that (CY, (4¢ — 2¢) /(LY + D)) = 1 — p. Also since & > 1,

o (0)
c— S 1. 4c—2C!
1+)< ———— 6.260
o ¢ U= omy cy” (0200
2 2

and further h(0, (14 1/k)(2c— C")/(C¥ +C)) < h(0, (4c—2C) (V) +C0) < 1-p,
Again by continuity and monotonicity of h in C' there exists CISI) € [C’gl), CISO)) such that
h(CV )2, (1+1/k)2c — )/ (C0 + 1)) =1 — p. And it further holds that
c® (1)
s = pill< 3G o, Iy — pll< oo+ 00) (6.261)

Again by separation condition of P we have

(1) Cgl) ngl) Cél) Cél)
/
cloi+05) < i = pyl1< == (0s + 07) + =~ (0 +07) < ——(0s + 05) + (=~ + —5)oi
(6.262)
or after rearrangement
Y (1)
T i mPHP Pk (6.269)
Cb _|_ L Cs + C
2 2
cV 1
/ 2
o; > O (1+ E)O']
7 T3

Similarly as previous argument, if /(0, (40—26’151))/(0151) —1—05(1))) > 1—p, it is impossible
and we obtain the one-to-one correspondence guarantee. Otherwise we can solve for C’s@ €

[07C§1)) and C’,SQ) € [C§2),C'I§1)) such that

(1)
c® e 20V c® -G 1
h( 9 >C§1)+Cl§1)):1_pa h( 9 ’QJFCS)( +;))—1_p

2 2
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And we can further updated the distance upper bound as in equation 6.257 and equation
6.261. This further refines the variance bounds as in equation 6.259 to 6.263.

By induction, when h(0, (4c — 2Cl§t))/(0£t) + Cs(t))) < 1—p, we can always find ol e
[0, Cgt)) and C’étﬂ) € [CtH, Cét)) such that equations
ol 4o — 2Cl§t) o - g

h( ) ):1_p7 h(b )
PR OO 2,

2 2
hold. Hence we can construct two decreasing sequences {C’ét)}t:071,27... and {Cs(t)}t:mg,..‘.
When algorithm ONE2ONECRITERIONoutputs true, then the construction of these two se-
quences stops after T' < oo steps. As we see previously, as long as this procedure stops after
finite steps, we get a contradiction since the variance ratio o)/o; is so large that the total
variation distance between P;, P/ must be greater than 1 — p. This means that the existence
of two components P;, P; are both within total variation distance 2¢ of P/ is impossible.

On the other hand, since p < wmin — 2¢, lemma 6.4 shows that there must exists a
component P; of P such that TV(Pi,PZ-’) < 1 — Wpin + 26 < 1 — p. Hence there exists a
one-to-one correspondence between components of P and P’ in the sense that each paired
components are within total variation distance 1 — p.
Variance ratio upper bound For any correspondent pairs P;, P/, denote total variation
distance TV (P;, P/) = 1 — pi;. Since for any other components P; we have TV (P;, P]) >
1 — rho, according to lemma 6.11, we have w;p;; + (1 — w;)p > wWmin — 2¢, which further
shows that

Wmin — 26 (1—w;)p 1

Pii = — = —(wmin — 2€ — p) + p. (6.264)
W; w; Wi

Since p < wmpin — 2¢, the right hand side of the previous equation is decreasing in w; and its
minimal value is reached at w; = wg. Therefore the total variation distance between P;, Pi’

is upper bounded by
1_wmin—26+ 1 —wg

(6.265)
WK WK
If max{o;/0},0}/0;} > n, defined by equation 6.15, it holds that
min — 2 1-
TV(P;, Pl) > h(0, hnax) = 1 — —min— =€ 4 2~ 0K (6.266)
WK WK

This contradiction leads to the upper bound on variances.
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Separation lower bound Finally, we will prove the lower bound of separation constant

¢ 1= min,y; HZ?;Z{H of P'. It suffices to prove the result when ¢/n, — Co(1 + 1,)/2n, > 0.
it
For any two different components P/, P} of P', denote ||u; — pi||= (o} + o}). Under

the assumption such that the one-to-one correspondence under total variation distance p
holds, it holds that there exist different components of P, P;, P; such that TV (P;, P!) <

1 — Wmpin + 2€ and TV(Pj,PJ{) < 1 — wpin + 2¢. By lemma 6.3, it holds that with Cy =
20711 — (wmin — 2¢€)/2),

Co CO
s = 1< 2 + 0D g = 1511 S0 + %) - (6.267)

Therefore by triangular inequality and separation condition of P we have

C C
c(oi + 0j) < ||pi — pil|< & (o; + 05) + 70(01- +0l) + 70(@ + %) (6.268)
Or after rearrangement
/ / . .
o;+o > s (oi +0j) . (6.269)

This means at least one of 0;/0; and o7 /0; is greater than or equal to (c—Co/2)/(c'+Cp/2).
However as we have shown, this variance ratio is upper bounded by 7,, therefore it must be

true that

|

c—
cd +

Hence the result is proved. ]

c 00(1 —l—’l7p)

(6.270)

|2

6.8.3 Lemmas in Section 7?7

Lemma 6.17. If there exists a set A such that Pi(A) — Py(A) > 1—p > 0. Then for any

weights 0 < wy,wy < 1:

wy — max{wi, wa}tp > wiP(A) — waPa(A) < wy (6.271)

Proof of Lemma 6.17. Note that

U)lPl(A) — ’I,UQPQ(A) > ’Ujl(PQ(A) +1-— p) - wQPQ(A) =wi + (w1 - wg)PQ(A) —wip .
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View this as an affine function in P»(A). Since 0 < P2(A) < p, we have

w1 Py (A)—waPy(A) > min{w; 4+ (w1 —ws2)-0—wy p, w1 +(wi; —we) p—wi p} = wi—max{wi, wa}p .
(6.272)
]

Lemma 6.18. Whenz > 1, f(z) = xlogx/(x—1) is increasing in x and g(x) = logx/(x—1)

s decreasing in x.

Proof of Lemma 6.18. Take derivative

;o (x—=1)1+logz) —xzlogz x—1-—logx

fi(x) = 12 BT >0 (6.273)
i (x—=1)/z—logz 1
A P | L

1 1

Proof ofLemma 6.14. This lemma can be proved by direct computation. First, note that

ly1 — 2l = llyr — 21| P+lly2 — 21| P —2(y1 — 21,92 — 71) (6.275)
Then
|1 — gl
= [1B(z1 —y1) + (1 = B)(z1 — y2) | (6.276)
= B%|z1 — 1P+ (1 = B)?||z1 — w2l P+28(1 = B) (w1 — y1, 21 — y2) (6.277)
T — 24|z — 2_ — 2

:,82"331_ylHQ‘i‘(l_ﬁ)QHxl_y2|’2+25(1—ﬁ)” 1=yl 2y2|| lly1 — yal|
(6.278)
= Bller — | *+(1 = B)lJx1 — 2l P=B(1 = B)llyr — w2l |* - (6.279)

Similarly we have

|22 = gl*= Bllzz — y1|P+(1 = B)l|lz2 — 1l P =B = B)llyr — w2l * - (6.280)
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Combining all above together, it holds that
Iz — gl
= al[§ — 1|+ (1 = a)[|§ — 22| |*~a(l — a)[|e1 — zo|? (6.281)
= afllzr — yi|P+(1 = @) (1 = B)l|lz2 — ol P+(1 — @)Bl|z2 -yl P+a(l = B)||z1 — pol

—a(l = a)llar — 22|P=B(1 = B)lly1 — wel® (6.282)

O
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Chapter 7
DISCUSSION AND FUTURE WORKS

This thesis studies two significant problems in unsupervised learning: manifold learning
and clustering. The motivation of this research is to establish mathematically rigorous
methods that enable practitioners to understand what the algorithm is doing better, even if
there is no ground truth label for unsupervised learning problems. Specifically, we propose

two criteria for a practically meaningful unsupervised learning paradigm:

1. Given the same dataset, the algorithm output should remain (approximately) fixed

2. Given the result, the domain expert should be able to interpret with domain knowledge

easily.

In the first part of the thesis, the main focus is on solving the second question in manifold
learning paradigms. The first criterion is still needed, but for manifold learning algorithms
with mathematical foundation (Diffusion maps, Laplacian Eigenmap, etc.), they are often
cast as an eigenvalue problem and can satisfy the first requirement. The major obstacle
for practitioners is interpreting such algorithms and introducing domain knowledge. In
the application example we provide, on the MDS data set, previous validation is achieved
by visual inspection, where our methods can automatically select domain functions that
”explains” the algorithm output.

One major drawback of the group lasso based method (including both MANIFOLD-
LAsso and TSLASSO ) is that the selected support does not enjoy the stability requirement.
The theory in chapter 3 shows that the group of explanatory domain functions is valid as
long as it is full rank and hence not unique. Developing criteria and methods to distinguish
equivalent subsets of dictionary functions is still necessary. The incoherence condition could
be a strong requirement for real data. Also, it is still under research if the method can be

applied to large-scale MDS data on more complicated systems, e.g., on proteins [].
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In chapter 5, we discuss the (v, €)—stability on K-means clustering for data in RP.
We define a new stability notion, a refinement of previously studied resampling stability.
Our notion of stability (1) more precisely characterizes the behavior of K-means clustering
loss and its relationship with clusterability, and (2) can connect finite sample stability
with population stability with very mild Glivenko-Cantelli assumption on the population
P, which significantly overcomes one major drawback of previously proposed resampling
stability. On an algorithmic level, we propose an algorithm based on convex relaxations of
K-means clustering that can establish an optimality interval, as a guarantee of clustering.

One of the interesting research directions for the theoretical study of clustering in the
future is a more thorough study on the limiting behavior of €5(y)/y when v — 0. It
is still unknown whether this limiting behavior is related to clusterability beyond specific
generative models (e.g., stochastic ball model). In practice, (7, €)—stability may serve as a
criterion for selecting cluster numbers, especially to avoid fitting with too many clusters.

In chapter 6, we discuss whether the (7, €)—stability is useful in model-based clustering.
We achieve this by modifying the definition of (v, ¢€) stability with a different selection of
closeness measurement and loss functions. Our result is the first tractable quantitative
upper bound of the parameter distance of two spherical Gaussian mixtures when their total
variation distance is small.

There are two potential future directions following this result. First, we must tighten
our results and weaken our assumptions to make our bound useful so that it is practically
meaningful. For example, our bound does not tend to zero when the total variation distance
€ tends to zero, therefore losing tightness for an extremely small total variation distance.
The difficulty comes from the proof technique: for a fixed Gaussian mixture, however large
the separation is, the far-away components will still influence the density. A different proof
technique is needed to complete this result. The second potential is to turn the guarantee
into a finite sample version. Currently, our result is on the population level and is not
directly applicable to a finite sample because estimating total variation distance is only

possible with further assumptions on population P.
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