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From worms to wars, modeling and controlling networked dynamical systems
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Applied Mathematics

Networks in nature regularly exhibit dynamics that are difficult to characterize due to
their nonlinear nature and use of obscure control signals. These systems are often marked
by low-dimensional dynamics, multiple stable fixed points or attractors, and outputs that
are generated from nonlocalized network activity. We develop procedures for characterizing
nonlinear dynamics in networks with transparent, low-dimensional models and controlling
them using bifurcation theory. We apply these techniques to the neural network of C. elegans,
Hopfield networks, and randomly generated high-dimensional dynamical systems. We show
that nonlinear control may be a method by which C. elegans regulates its behavior and could
be a viable control method in other systems with multiple stable fixed points.

Although much focus rests on the dynamics of nodes in a network, many networks of
interest, such as sociopolitical networks, possess edge dynamics in addition to node dynamics.
One such network is the international system. We explore dimension reduction techniques
and the governing equations for network edge dynamics in addition to node dynamics. We
show how final stable states can be predicted from initial network statistics for random
matrices under the influence of structural balance dynamics; this analysis is useful for
understanding when assortativity in a network, which can occur due to in-group biases, will
determine the factionalization that occurs in networks under structural balance dynamics.

We further build a matrix dynamical systems model of sociopolitical edge dynamics with low-



conflict and high-conflict stable states. We analyze the edge dynamics in a low-dimensional
eigenvalue/eigenvector space and derive bifurcations for state transitions in the eigenvalue
space; this is similar to our derivation of state transitions for node dynamics.

Used together, data-driven discovery, dimension reduction, and bifurcation theory can be
used to effectively describe, analyze, and control network dynamics. Data-driven techniques
allow us to identify the dynamics governing activity in complex networks. Dimension reduction
allows us to characterize high-dimensional dynamics with far fewer variables. Bifurcation
theory allows us to understand how and why qualitative transitions occur in nonlinear
systems. We demonstrate these techniques on several systems including toy models, random
networks, the nematode C. elegans neural network, and the European international system.
We hope that these strategies for building models for network dynamics and evaluating

control techniques can be useful in a wider range of networks with nonlinear dynamics.
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Chapter 1
INTRODUCTION

Networks are useful for describing many natural systems in biology, neuroscience, and
the social sciences [I59]. From the metabolic networks operating at the cellular level, to the
neural networks that comprise the brain, to the social networks that determine geopolitical
outcomes, natural networks are at work in many areas of our lives. The governing equations
and actions required to control dynamics on networks not engineered by humans can be
difficult to derive [23, 115]. In this dissertation I discuss methods for characterizing and
controlling the dynamics of nodes and edges in networks where the dynamics are nonlinear
and possess multiple stable states. The applications that I consider are the neural dynamics
and behavioral outputs of C. elegans, edge dynamics in the international system and other
sociopolitical networks, the dynamics of artificial memory networks, and the dynamics of
random networks.

Our first objective is to characterize network dynamical systems with transparent, low
dimensional models using data-driven techniques. Many systems produce dynamics on a
low-dimensional manifold and we can take advantage of this to describe the dynamics of
complex, high dimensional systems with only a few variables [25] 168, 2, 116, 24]. Our second
objective is to construct nonlinear control regimes for such systems that take advantage of
the systems intrinsic dynamics to shift it between the stable states that exist in the system.

We focus on networks that have independent node (x) and edge (X) dynamics,

‘fi—’t‘ — £(x) + Bux(t)
% — ¢(X) + Cus(t)

where x € R"™ are the nodes for a network of size n, with nonlinear dynamics f(x) € R"



and control signal u;(t) applied to the nodes through weights B € R™. Edges in a network
X € R™™ can also have nonlinear dynamics ¢g(X) € R™"™ with control signal us(t) applied
to the system through edge weights C € R"*". A network may have node dynamics, edge
dynamics, or both. We show how the neural network in C. elegans, a Hopfield model, and
random high dimensional dynamical systems can all be characterized as a nonlinear dynamical
system of nodes that can be controlled to shift between fixed points in the system. In other
contexts it is the edge states rather than the node states that are of primary concern. Social
systems under the influence of structural balance dynamics, such as the international system
and militant networks, can be characterized as a nonlinear dynamical system of edges where
clusters in the network and conflict levels are a function of edge states. We use matrix
dynamical systems and spectral analysis to characterize the dynamics of relationships in
social systems and understand how initial network structure influences a network’s long-term
state. Understanding how structure impacts dynamics is important for assessing stability in

sociopolitical networks and risk for system-induced conflict escalation.

In Chapter [2| we observe how nonlinear control could be used by an organism to control
its neural dynamics and resulting behavior by constructing a low-dimensional nonlinear
control model for the neural dynamics of C. elegans. Recent whole-brain calcium imaging
recordings of this nematode have demonstrated that the neural activity associated with
behavior is dominated by dynamics on a low-dimensional manifold that can be clustered
according to behavioral states. Previous models of C. elegans dynamics have either been
linear models, which cannot support the existence of multiple fixed points in the system, or
Markov-switching models, which do not describe how control signals in C. elegans neural
dynamics can produce switches between stable states. It remains unclear how a network of
neurons can produce fast and slow timescale dynamics that control transitions between stable
states in a single model. We propose a global, nonlinear control model which is minimally
parameterized and captures the state transitions described by Markov-switching models with
a single dynamical system. The model is fit by reproducing the timeseries of the dominant

PCA mode in the calcium imaging data. Long and short time-scale changes in transition



statistics can be characterized via changes in a single parameter in the control model. Some
of these macro-scale transitions have experimental correlates to single neuro-modulators that
seem to act as biological controls, allowing this model to generate testable hypotheses about
the effect of these neuro-modulators on the global dynamics. The theory provides an elegant
characterization of control in the neuron population dynamics in C. elegans. Moreover, the
mathematical structure of the nonlinear control framework provides a paradigm that can be

generalized to more complex systems with an arbitrary number of behavioral states.

In Chapter [3, we study how feed-forward control could be used in networks with multiple
stable states to induce transitions between stable states. Our method integrates dimensionality
reduction, bifurcation theory, and emerging model discovery tools to find low-dimensional
subspaces where feed-forward control can be used to manipulate a system to a desired outcome.
The method leverages the fact that many high-dimensional networked systems have many
fixed points, allowing for the computation of control signals that will move the system between
any pair of fixed points. The sparse identification of nonlinear dynamics (SINDy) algorithm is
used to fit a nonlinear dynamical system to the evolution on the dominant, low-rank subspace.
This then allows us to use bifurcation theory to find collections of constant control signals
that will produce the desired objective path for a prescribed outcome. Specifically, we can
destabilize a given fixed point while making the target fixed point an attractor. The discovered
control signals can be easily projected back to the original high-dimensional state and control
space. We illustrate our nonlinear control procedure on established bistable, low-dimensional
biological systems, showing how control signals are found that generate switches between the
fixed points. We then demonstrate our control procedure for high-dimensional systems on
random high-dimensional networks and Hopfield memory networks.

Transitioning to sociopolitical networks and the dynamics of network edges, in Chapter [4 we
investigate how initial network structure impacts factions formed in networks under structural
balance dynamics. The spectrum of the adjacency matrix generated by a stochastic block
model with two equal size communities shows detectability transitions in which the community

structure becomes manifest when its signal eigenvalue appears outside the main spectral



band. The spectrum also exhibits “sociality” transitions involving the homogeneous structure
representing the average tie value. We derive expressions for the eigenvalues associated
with the community and homogeneous structure as well as the transition boundaries, all
in good agreement with numerical results. Using the stochastically-generated networks as
initial conditions for a simple model of structural balance dynamics yields three outcome
regimes: two hostile factions that correspond with the initial communities, two hostile factions
uncorrelated with those communities, and a single harmonious faction of all nodes. The
detectability transition predicts the boundary between the assortative and mixed two-faction
states and the sociality transition predicts that between the mixed and harmonious states.
Our results may yield insight into the dynamics of cooperation and conflict among actors

with distinct social identities.

In Chapter [5| we built upon the matrix dynamical system model of structural balance to
include other forces that impact sociopolitical networks and use our model to demonstrate
the conditions under which social networks can become destabilized with conflict escalation.
Network structure can contribute to the emergence of war in the international system,
yet the way in which structure affects dynamics is not well understood. Bifurcation and
critical transition theory has been used in other network settings to identify the conditions
under which catastrophic transitions will occur in a system such as the destabilization of an
ecosystem. While statistical models can find correlations between network features and the
emergence of war, dynamical systems models can elucidate why certain network features put a
system at risk for destabilization. We model the dynamics that occur in sociopolitical network
edges with a bistable dynamical system that contains a low-conflict state and a high-conflict
state that corresponds to systemic war. Network dynamics emerge from the interaction
between dyadic relationships and structural balance forces. Spectral analysis provides a
low-dimensional space in which to analyze the edge dynamics and derive critical transitions
to the system. We observe hysteresis in the dynamics and identify structural features that
make war more likely, such as dense connectivity, many influential nodes, and community

structure. We identify destabilizing ties in the network of great powers leading up to WWI



and connect theories of destabilization in the political science literature to parameters and
features in our dynamical systems model. Models for sociopolitical network edge dynamics
may be useful in identifying destabilizing edges and features in a network as well as assessing
the risk of war.

Finding the dynamics of networked systems in a low-dimensional space allows us to
better understand and control them. In this dissertation, we use PCA and eigenvector
decomposition to represent high-dimensional dynamics in a low-dimensional subspace and
then derive bifurcations for the nonlinear dynamics in the low-dimensional subspace. We show
how we can fit noisy high-dimensional network data to a nonlinear dynamical system with
control and outline a control regime for similar systems. We highlight how the eigenvalues and
eigenvectors of a signed adjacency matrix are the low-dimensional variables that drive edge
dynamics in social networks and analyze how community structure impacts the dominant
eigenvalues and eigenvectors of a connectivity matrix which in turn determines the stable
state to which the network will converge. We hope that this work can be used to better

understand complex network dynamics and construct novel control strategies.



Chapter 2

NONLINEAR CONTROL IN THE NEMATODE C. FELEGANS
2.1 Introduction

The emergence of large scale neural recordings across model organisms is revolutionizing the
potential for the theoretical modeling of how neuron population dynamics is accomplished.
With the recent advancements in whole brain imaging technologies for the nematode C.
elegans [182) 165], [160], the relationship between neural activity and behavioral outcomes can
be studied in a holistic fashion. More precisely, C. elegans provides a unique opportunity to
quantify neuron population dynamics as it has only 302 neurons whose stereotyped electro-
physical connectivity map (connectome) is known from serial section electron microscopy
[217, [38]. We show that the neuron population dynamics of the C. elegans nematode can be
characterized by a global nonlinear control model which matches experimental measurements.
Moreover, it provides a general mathematical framework that illustrates how nonlinearity
can be exploited to produce a global model of neuron population dynamics and how it can
be readily applied to more complex model organisms.

Data from C. elegans neural recordings show that high-dimensional neuronal activity
produces dominant, low-dimensional patterns of activity across the connectome, with inter-
pretable clusters [102, [176], 130, 116, 114], 61]. Previous analysis of behavioral and calcium
imaging data can be categorized within three different modeling paradigms, each with their
own strengths and weaknesses: Markov models, switching linear dynamical systems, and
models with control. An overview is given in Table 2.1}

The most well-established methodology is the Hidden Markov Model (HMM) which
has been used for decades [I76]. This paradigm simplifies data into clusters, and assumes

instantaneous transitions between them. Such models have been used to uncover different



macro-level behaviors in animals that are characterized by different stabilities of individual
behaviors, such as the difference between roaming and foraging [6]. While these models
capture the differential stability of various behaviors, they are statistical models and do not
show how the dynamics in the network generate these transitions.

Recent work extends the HMM paradigm to trajectories in neuron space [128], 127, [129] [44].
This paradigm models the neural network as having distinct linear dynamics within different
states, allowing a connection between behavior-level HMMs and neural trajectories at the
cost of many more parameters. Mathematically, this is given by x = A;x, where x is the
state space, the dot represents time differentiation, and ¢ refers to multiple segmented state
spaces. However, these models are fundamentally local, and it is unclear whether switching
between different states can be biologically achieved.

A recent paradigm has built a global model for calcium imaging dynamics by including a
control signal [62]. This is given by the equations X = Ax + Bu where x is the state space,
the dot represents time differentiation and u is the control signal. The global matrices A and
B characterize the intrinsic dynamics, and how actuation forces these dynamics respectively.
This paradigm allows the control signals to be studied as independent objects, hypothesizing
a separation between the intrinsic dynamics of the network and the mechanisms that cause
transitions. However, this work uses a linear framework, which requires that there is only a
single fixed point at the origin. From this perspective, all behaviors except one are merely
long-lived and do not have their own fixed point.

In contrast to linear models which can only support a single fixed point in the dynamics,
nonlinear models offer a more flexible architecture for control, especially in systems like the
C. elegans where multiple behavioral states appear to be stable. We show that with minimal
parametrization, we can construct a global nonlinear model of the underlying C. elegans
control structure. Our nonlinear control model removes the need for multiple linear models and
provides a parsimonious, global control framework parameterized by only a few parameters
and consistent with experimental observations. Nonlinear control theory takes the form

x = f(x) + g(u) where f(-) specifies the nonlinear dynamics and g¢(-) specifies the actuation



on the underlying dynamics. This provides a theoretical framework for circumventing many
of the standard limitations inherited from linear control theory. This comes at the expense of
provable controllability criteria which can be rigorously stated in linear theory. A fundamental
benefit of nonlinear control theory is that one can posit an underlying model with multiple
fized points where f(x;) = 0 and j = 1,2,--- ,N. In the context of neuron population
dynamics and C. elegans, these N fixed points correspond to distinct behavioral states,
i.e. forward or backward motion. Thus instead of regressing to the matrices A and B in
constructing a linear model, we instead posit a global model whose features are consistent

with experimental observations [102]. We propose a model of the form

' = F(x, ) + u(t) (2.1)

where F'(x, ) represents the intrinsic nonlinear dynamics containing multiple stable

states; § parameterizes fluctuations in intrinsic dynamics that may occur over long timescales.

Fast-timescale control signals u(t) control state location by applying feed-forward control to
the intrinsic dynamics.

Nonlinear control has been used to induce and describe transitions between stable attractors
in the nonlinear dynamics of other biological networks [170]. In synthetic biology, researchers
have created nonlinear, bistable gene regulatory networks in FEscherichia coli that can be
toggled between different states with the use of control signals [72]. Control applied to key
nodes can induce a nonlinear system to converge to a desired state rather than an undesired
state [43]. Stochasticity is also a mechanism for control and is used by organisms to regulate
transcription [I05]. Previous work has considered control in bistable systems implemented
via feed-forward control pulses [191], [192] T90] and through analysis of saddle points in the
system [209]. We hypothesize that the neural network of C. elegans uses nonlinear control
mechanisms, such as those previously explored, to transition between various stable states and
vary its transition probabilities. Feed-forward control signals could take the form of activity
in dedicated control neurons, such as sensory neurons, but they may have a distributed

representation. We aim to represent the local and non-local neural activity that, holistically,



implements effective control in the nematode, as a single, low-dimensional time series w(t).

Our model has the flexibility to describe C. elegans dynamics under a wide variety of
internal states and environmental stimulus. Quantitative work on postural analysis of the
behaving C. elegans has demonstrated there is low-dimensional structure on the level of
individual movements and body bends [194] [193]. The statistics of how often these movements
happen show the presence of a few discrete clusters [164] 6, 212 [41], or a spectrum of behavioral
strategies [69, [88] that are appropriate in different environments and may even be different
between individuals [I51]. Recent modeling work has used a conceptual or data-driven model
of multiple fixed points in the neuron population phase space [39} [176]. However, it remains
unclear how statistics of transitions between behaviors can be controlled by global parameters,
or how individual trajectories through state space are affected in these cases. Our model
is able to reproduce the changes in statistics between the large-scale roaming and dwelling
behaviors via changing a single global parameter. In addition, this model reproduces observed
short time-scale bursts of reversals interspersed with extremely short-lived forward states.

Our model further could be used to produce testable hypotheses of the effects of neu-
romodulators on global dynamics. Much work has been done in recent years to extend
the understanding of internal C. elegans dynamics beyond simple synaptic connections to
include additional layers, particularly the slower dynamics of neuromodulators [I7, [108].
Specifically, single molecules and simple neuronal circuits have been found to change global
statistics related to fundamental behaviors, most clearly the frequency of reversal initiation
[65], 16, 18] 126, 141, 411, 88|, 212]. Because our model is able to reproduce macro-scale behav-
ioral changes with a single parameter, we hypothesize that there may be a correspondence
between some neuromodulators and our model parameters. As we will show, our global
nonlinear model is minimally parameterized and provides a parsimonious representation of the
neuron population dynamics of the C. elegans nematode. These parameters have suggestive
connections to experimental work, and some may correspond to one or more neuromodulators.
This mathematical framework is general, and can be readily applied to more complex model

organisms.
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(a) C. elegans 1 (b) C. elegans 2 () C. elegans 3

e Forward
(d) C. elegans 4 (e) C. elegans 5 ® Forward slow
Lo ® Dorsal turn
Ventral turn
® Revl
Rev 2
Reversal

Figure 2.1: C. elegans neural activity in the PCA space of the first two modes. Trajectories

colored by behavioral state.

2.2 Results

We introduce a nonlinear global model with control for the low dimensional activity of C.
elegans neuron population dynamics that captures the behavioral dynamics that we aim
to model. Any model of this data must satisfy the following requirements: (1) the general
structure of the model must support the two fixed points observed in the data, (2) the model
must be flexible enough to accommodate the full range of variability observed in C. elegans,
and (3) the model must be minimally parameterized such that the modulation of only a few
parameters can generate this full range of variability. We start by observing the structure of
the data and posit a general model whose parameters can be tuned to generate activity that is
analogous to the activity observed in the data. We then explore how experimentally observed

changes in C. elegans behavior can be explained by the modulation of single parameters.
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(a) C. elegans 5 ® Fit Model e Forward
® Forward slow
® Dorsal turn
Ventral turn
® Revl
Rev 2

Reversal

Figure 2.2: (a) PCA activity of C. elegans 5. (b) Dynamical systems control model fit to
PCA activity of C. elegans 5.

2.2.1 Nonlinear global dynamical models for C. elegans

We construct a generalized, low-dimensional representation of the neural activity of C. elegans
by performing PCA on the activity of neurons in five C. elegans from [102]. We then use the
first two PCA modes to represent the dynamics linked to behavior (See Methods). Distinct
behaviors correspond to different regions of PCA space (Fig . Forward and reversal
behaviors (states 1, 2, and 7) correspond to two distinct stable states in PCA space. Dorsal
and ventral turn behaviors (states 3 and 4) correspond to reversal to forward transitions
while rev 1 and rev 2 behaviors (state 5 and 6) correspond to forward to reversal transitions.
Behavioral states during calcium imaging are determined by [102] and [I86]. We fit our
general dynamical systems model to the trajectories of the dominant mode v;(t) which most
strongly differentiates the stable states from the transition states.

This low-dimensional representation suggests a feature space for a model decomposition.
Specifically, it allows us to build a control model which accurately reproduces the global
dynamics with minimal parametrization. The nonlinear parsimonious and global control

model takes the form

(2.2)
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where the nonlinear dynamics is prescribed by the cubic

[, 8) = =(z + 1)z = Bz - 1), (2:3)

which has by construction (for u = 0) two stable fixed points at x = £1 and a single
unstable fixed point whose location is determined by the parameter 3. Additionally, there is
a damping parameter v and a control input u(t). These relate to the dominant PCA modes
directly, where x(t) = v1(t) and y(t) = va(t). Due to the stochastic nature of the observed

data, we additionally add stochastic terms and arrive at the system

dl't = ’ytdt + O'th (2 4)

dy, = —(xp + 1) (xy — B)(xy — 1)dt + yydt + u(t)dt + odW,,

where 8 and v parameterize the cubic dynamical system, and o and dW; characterize the
Brownian motion which models the noisy fluctuations observed in experiments. We chose a
two dimensional model fit to the first two C. elegans PCA modes as this is the minimum
number of modes that captures the stable state clusters as well as the variability in the
transition trajectories. While a higher dimensional model would capture more of the variance
in the neural activity, and a model with more parameters would increase the model fit, we
prioritize minimal parameterization. Our objective is to create the lowest dimension model
with the fewest number of parameters that is able to represent three features of the C. elegans
neural activity: (1) the intrinsic stability of the neural activity underlying the forward and
reversal behaviors, (2) the variability in transition trajectories, and (3) the destabilization
of the stable states under the influence of feed-forward control signals, that is, control of
the network’s state. A nonlinear control model that is higher-dimensional, or that has more
parameters, can be found using the methods outlined in [149)].

We fit the model parameters to the low-dimensional C. elgans activity by minimizing the
error between the dominant PCA trajectory v;(t) and the trajectory of the corresponding

model variable x(t) (see Methods). The labelled, behavioral states timeseries determines
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when the dynamical system is in the uncontrolled state u(t) = 0 for states 1, 2 and 7 (forward,
forward slow, and reversal) or a transition state, u(t) = us4 (dorsal and ventral turns) or

u(t) = us 6 (rev 1 and rev 2 transitions). The dynamical system fitted to C. elegans 5 is

' =y + 0.06dW;
(2.5)
y = —(x;+ 1)(z, — 0.11) (2, — 1)dt — 1.51y,dt + 0.06dW; + u(t)dt,
with control signal strengths us4 = 0.54 and us¢ = —0.77 and timescaling parameter
dt = 0.29. Figure shows a comparison of the C. elegans neural activity in PCA space
(a) with the dynamical systems model reproducing this activity colored by behavioral state
(b). Model parameters for all five C. elegans are shown in Table and a comparison of the
data, model, and errors is shown in Figure 2.3 Across all models, 8 ~ 0.1 indicates that the
model’s reversal state (x = —1) is more stable than the forward state (x = 1). Because the
rev 1 and rev 2 transitions are shorter than the dorsal and ventral turn transitions, stronger
control signals are necessary to complete the forward to reversal transition |usg| > |us4|. A
weaker forward state stability (5 = 0.1) also aids in the forward to reversal transitions.
Figure [2.3| shows the timeseries of the dominant PCA mode (v;(t)) compared with the
corresponding model variable (z(t)) for each model fit. The error over time (E(t)) shows
that F(t) ~ 0 during the stable states 1, 2, and 7, indicating that the model executes most
transitions between the forward and reversal states successfully. The error spikes during
state transitions, |E(t)| > 0, indicating that the model does not capture the shape of the

transitions accurately due to the model’s minimal parameterization.

2.2.2  Changes to a single parameter reproduce different long-timescale behaviors of C. elegans

As shown in the methods section, this global model has three fixed points whose stabil-
ity is determined by the parameter 5 € (—1,1). The parameter v determines the linear
growth /decay rate of each fixed point. The parameter o controls the amount of stochasticity

in the system. Figure[2.4(a)-(c) shows the behavior of Eq. (2.4) as a function of 3 for randomly
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generated control signals. For § = 0, there is a symmetry between the two stable fixed
states corresponding to the forward and reversal state, which reproduces the long time-scale
distribution of behaviors across individuals. As 8 approaches unity, the dynamics are skewed
in favor of one of the fixed points.

The statistics of reversal length and frequency change drastically across multiple timescales
during the life of a C. elegans. Our nonlinear control model is able to reproduce three very
distinct changes in state distribution and switching frequencies seen in these experimental
studies via modulation of a single parameters. The first well-studied change in these dynamics
is the switch between dwelling and roaming states [65, [164) [0, 212]. Specifically, the frequency
of reversals is much lower in the roaming state, which facilitates the exploration of a larger
geographical area. Several neuromodulators [65] and individual neurons [212] have been
implicated in this behavioral change; some function of these chemicals or neuron activity

levels might directly correspond to the model’s control signal onsets and strengths us 4 and

Us.6-

2.2.83 Distinct behaviors may be controlled by a shared mechanism

Two additional behaviors that are not known to be related can be explained using the same
mechanism: spontaneous reversal bouts, and an increase in reversals in an aversive oxygen
environment. We use calcium imaging data from [I86] to create distributions for C. elegans
low-dimensional activity during a reversal bout and when in different controlled oxygen
states (Fig. . The reversal bout behaviors, observed in immobilized animals and shown in
Figure [2.4(d)-(e), are long-lived behaviors that begin in a reversal state, move into a forward
motion state but then fail, and return to a reversal state several times in succession. This can
be clearly related to a change in the parameter 5, which controls the stability of the fixed
points corresponding to forward and backward motion. A known method for experimentally
destabilizing the forward state in C. elegans is through a modification of their environment.
In an environment with a preferred oxygen level of 10%, C. elegans tend to have stable

forward swimming behavior, Figure (f)-(h). When the oxygen in their environment is
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increases to 21%, they exhibit more transient forward swimming behavior, Figure [2.4(1)-(k),
similar to the observed “reversal bouts”.

Increasing f3, as shown in Figure [2.4[b)-(c), reproduces this unstable forward behavior by
retaining the stochastic control signals that would normally transition the system to a forward
motion state, but by reducing the stability of that fixed point so that the neural trajectory
immediately falls off and returns to a reversal state. We hypothesize that § may also have a
biologically correlated neuromodulator or set of neuromodulators and that stabilization of
this modulation system would remove the reversal bout phenomenon.

An additional testable prediction is that some subset of neurons correlated with forward
motion (e.g. the AVB and RIB pairs) or the ending of reversals (e.g. the SMDD, SMDV,
and RIV pairs) may be responsible for stabilizing the forward state and others may be key
for initializing the state. Opto-genetic manipulation of the “initiating” neurons without the
“stabilizing” neurons should simply produce a failed forward initialization, as seen in the
natural reversal bout. Similarly, inhibition of the stabilizing neurons should make forward

motion an inaccessible state.
2.3 Discussion

We have produced the first global, nonlinear control model that can capture the dominant
features of low-dimensional neural data. Our work demonstrates how the C. elegans neural
network could control its global dynamics via perturbations to fixed point stability and
feed-forward control signals. This model provides a control theory mechanism for switches in
stochastic switching models. Our model also extends previous work by explaining incomplete
or unsuccessful switching seen in reversal bouts as a change in the stability of the underlying
fixed point. This model is minimally parameterized and changes in several parameters can
reproduce changes in behavioral distributions akin to that of known neuro-modulators, thus
producing a unifying framework for analyzing various changes in distributions of behavior
at multiple timescales. In addition, the framework for building this model can be extended

to other complex systems with more behavioral states which are defined by fixed points as
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discussed in [149].

Several modeling strategies have been used to model C. elegans behavioral and neural
dynamics, and they can be classified in two ways: direct models of the trajectories in neuron
space [127, [62] [129] 128], and abstract Markov models [I76]. The former has the advantage
of describing neuron-level dynamics at the cost of many parameters, generally hundreds. On
the other hand, Markov models do not make specific predictions about neurons or trajectories
on the low-dimensional manifold, but generally have a small number of very interpretable
parameters. Our model combines the strengths of both approaches, producing a model of
dynamics that is both directly connected to neural activity and fits only 6 parameters. It
is unclear if these parameters have biological correlates, but the fact that modulating them
produces known behavioral outcomes suggests areas for future experimental work.

This modeling strategy has a few limitations. In particular, the entire model was con-
structed and fit using the first two PCA modes, which only account for 18-23% of the variance
in the data. The dominant modes capture the dominant global dynamics; however, there are
many secondary structures captured by the later modes such as transient or sparse activity.
The fast-timescale signals that control the global dynamics may be captured in the activity of
these higher modes. It is almost certainly true that important activity is contained in higher
PCA modes, particularly when trying to incorporate more complex behaviors. In addition,
it is unclear that PCA modes are the correct basis for producing models whose behaviors
have biological correlates. Work regarding an interpretable choice of basis is ongoing, with
nonlinear embeddings offering more flexible possibilities [133] [35].

Connected to this issue, the model does not differentiate between ventral and dorsal turns
or between transitions rev 1 and rev 2. Transition paths are not clearly separable in the
first two PCA modes, even though they are clearly mutually exclusive at the level of muscle
activation. A model with more variables would be able to differentiate between these different
transition paths from the forward to reversal state and from the reversal to forward state.
Extending our framework to incorporate more subtle and complex behaviors is the subject of

ongoing work.
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The modeling strategy proposed in this paper used polynomials to design fixed points and
the transitions between them. Even if the “true” function form is more complex, polynomials
can be considered a Taylor expansion approximation of those dynamics. However, no attempt
was made to explicitly derive this functional form from neuron-level nonlinearities, or to
include information from the known connectome [217]. A derivation from first principles
would be an exciting advance and we hope that our model, as one possible macro-scale model,

can facilitate this type of theoretical development.

2.4 DMethods

We construct a nonlinear control model for C. elegans by fitting the parameters of a general
dynamical systems model with control to low-dimensional C. elegans neural activity. We
reduce the dimension of the neural trajectories with PCA and use non-convex optimization
to fit the trajectory of the dominant PCA mode to the corresponding dynamical systems

model variables.

2.4.1 Dimension reduction

C. elegans have been proposed to have seven different behaviors — forward motion, forward
slow, dorsal turn, ventral turn, reversal 1, reversal 2, and sustained reversal [102]. Further
references to the forward behavior denote both the forward motion and forward slow states,
and references to the reversal behavior denote the sustained reversal state. We used C.
elegans calcium imaging data collected for [102] to produce the low-dimensional activity
shown in Figure [2.1] and the model fits shown in Figures and [2.3] We used calcium
imaging data collected for [I86] to produce the low-dimensional activity and distributions
shown in Figure We used data from five different C. elegans from [102], as their neural
patterns expressed activity corresponding to different labeled behaviors. We achieved a
low-dimensional representation of the activity by performing principal component analysis
(PCA) on the time series data and focusing on the activity of the first two PCA modes.

Each of the five C. elegans datasets contains calcium imaging from 107-131 neurons. We
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performed PCA on the timeseries of each C. elegans neural activity, which is calculated as
the time derivatives of the normalized Ca*" traces (AF/F) [102]. We used the first two PCA
modes to construct a dynamical systems model. The first two PCA modes capture 18-23%
of the total variance in each dataset meaning that our model only represents the dominant
neural activity and is excluding secondary activity. Bleaching causes the calcium imaging
signals to dampen over time in each timeseries [102]. Because we are only interested in
transitions between behaviors that are known to be faster timescale [100], we correct for this
by subtracting a long-timescale moving average from each principal component. Figure (a)
shows the mean centered neural activity of a single C. elegans. Figure (b—d) shows the first
two principal components of the neural activity without drift correction while Figure [2.5(e-g)

shows the first two principal components with drift correction.

2.4.2  Nonlinear Dynamical Systems Model

Nonlinear dynamical systems are ubiquitous in the engineering, physical and biological
sciences for describing many complex phenomena observed in a diverse number of settings.
Often, simple qualitative models with polynomial nonlinearities are capable of providing
remarkable insight into dynamical behaviors. The nonlinear pendulum, for instance, can be
approximated by a Taylor series expansion to characterize the effects of frequency shifts and
harmonic generation that is observed in practice. Inspired by well-studied nonlinearities, we

consider dynamical systems of the general form

x = f(x,8,7) + Bu(t). (2.6)

We restrict our focus to polynomial equations with fixed points that can be determined
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analytically:

y' = flz) + vy +ud) (2.7)

where f(x) is a polynomial with a leading coefficient a and roots r;. « is the damping
parameter. This is a second order nonlinear differential equation which can be expressed as
2" — f(x) —va’ = 0. If v = 0, the system is undamped and the differential equation becomes
2" = f(x) which has an analytical solution. Often however, the solutions are exceedingly
complex and it is preferable to take a qualitative approach. We choose a system of this form
as the fixed points can be easily placed and assigned a stability type (e.g. saddles, sources,
sinks, or centers) through parameter selection. All fixed points lie on the x-axis and are
placed and manipulated by varying our polynomial roots r;, while fixed point stability types
are assigned by manipulating v and a for a given set of roots r;. Two stable fixed points have

been identified in the C. elegans dynamics, suggesting a cubic dynamical system. Additional

features of the data and how they can be translated into a nonlinear dynamical system are

described in Table 2.3

2.4.8 Model fitting

We fit the parameters (P = [ v o us4 usg dt]) of our general model (Eq. to each C.
elegans low-dimensional activity by minimizing the error [ |E(t)|dt where E(t) = v1(t) — x(t).
Parameter § is the location of the saddle fixed point and controls the relative stability of
forward and reversal states, v is the damping parameter, and o is the level of stochasticity
in the system. Control signal u(t) = us4 during states 3 and 4 (dorsal and ventral turns)
and u(t) = us¢ during states 5 and 6 (rev 1 and rev 2 transitions). The behavioral state

timeseries has been determined by [102]. Parameter dt scales the model timesteps so that they
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fit the measurement intervals of the calcium imaging data. This is a non-convex optimization
problem. We first perform a random search over the parameter space until the model performs
most transitions. We then continue optimizing via MATLAB’s fminsearch function. The
random search resulted in parameters P =[0.1 — 1.5 0.06 0.5 —0.7 0.3] which we used
as the initial condition for the fminsearch function. We optimized for > 200 interations for
each model fit. While this method finds a suitable collection of parameters that execute the
transitions observed in the data (Fig. , it does not guarantee the optimal solution will be

found.

2.4.4 Robustness of results to parameter variations

We observe how modifying other system parameters affect the state distribution of the
nonlinear system’s activity under randomly generated control signals. In Figure (a) we
vary the right fixed point’s region of stability by moving the location of the middle fixed
point 3. We observe the system spends less time at the right fixed point with a smaller
stability region. In Figure [2.6(b) we increase the level of Brownian motion (c) in the system
and observe the variability increases in the distributions as a result. In Figure 2.6c) we
observe that increasing the control signal frequency increases the amount of time spend in a
transitional state. Figure (d) shows that increasing the damping strength decreases the
distribution variability. Observing these parameter variations holistically, we see that the
nonlinear model is able to perform the task of switching between fixed points under a wide
range of parameter values which insures the integrity of the system and indicates that C.
elegans dynamics, if comparable to this model, should be able to operate robustly and stably

under a diverse array of environments and internal states.
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Paradigm Parameters = What it models Implications Refs
Markov < 10 Clusters  and Differentiate [69]
transitions macro-scale
behaviors
Linear
(switching) >1000 Local  linear Connection [128, 127, 129,
dynamics  in between behav- [44]
neuron-activity ioral  clusters
spaces and neural dy-
namics within
them
Linear
(controlled) >100 Global linear Disentangle [62]
dynamics and intrinsic dy-
control inputs namics and
transition
mechanisms
Nonlinear
(controlled) <10 Global nonlin- Can model dif- This work

ear dynamics
and control

inputs

ferent classes of

transitions

Table 2.1: Different modeling paradigms for C. elegans with experimental implications.
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Figure 2.3: Timeseries of dominant mode of C. elegans neural activity (v1(t)) and correspond-
ing model variable (z(t)). Models are fit to each C. elegans by minimizing the error (E(t))

between the PCA and model timeseries. Trajectories are colored by behavioral state.
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C. elegans B ~ o U3,4 Us.6 dt
Id 1 0.1108 —1.5027 0.0574 0.4969 —0.7531 0.2902
Id 2 0.1124 —1.5281 0.0584 0.5059 —0.7159 0.2953
Id 3 0.1107 —1.5321 0.0584 0.5262 —0.7549 0.2951
Id 4 0.1135 —1.4830 0.0591 0.5076 —0.7292 0.3008
Id 5 0.1087 —1.5115 0.0598 0.5350 —0.7731 0.2929

Table 2.2: Parameters for models fit to each C. elegans calcium imaging dataset. Data, model,

and error timeseries shown in Fig. .

C. elegans Dynamical System
Two stable fixed points Globally stable system with two sinks
System functions with variability System behavior remains qualitatively constant un-

der small parameter perturbations

Trajectories contain stochasticity System behavior remains qualitatively constant with

the addition of noise

Fixed point locations drift Behavior remains qualitatively constant despite de-

formations and shifts to the system

Trajectories tend to follow set paths System path variability set with damping term

Table 2.3: Features exhibited by C. elegans neural activity paired with corresponding

dynamical system features.
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Figure 2.4: (a)-(c) Phase plane, nonlinear stochastic activity, and state distributions of
Eq. with increasing 3 values. (a) 8 = 0 generates equally stable fixed points. (b)
B = 0.6 generates a less stable fixed point which turns into a slow point as the fixed points
merge. (c) 8,7y € C and the right fixed point is lost. (d) C. elegans PCA trajectory during a
reversal bout and (e) the corresponding distribution. The forward fixed point is unstable
during this interval. (f)-(h) C. elegans activity in a preferred 10% oxygen environment
which promotes stability in the forward state compared with (i)-(k) C. elegans activity in an
aversive 21% oxygen environment which destabilizes the forward state. (f)-(g) PCA activity
and distribution of a single C. elegans in the preferred oxygen environment compared with
the activity of this same C. elegans in the aversive oxygen environment (i)-(j). Average
distribution for 10 C. elegans in the preferred environment (h) compared to the aversive

environment (k).



25

(a) neuron timeseries

0 T ! ! ! !
0 100 200 300 400 500 600 700 800 900 1000

(b) v (t) (© vy (%) (S((i))zl uncorrected PCA
0.04 0.05 _ : . ; 3;'-
0.02 average 0.02 ,...:. - ,J?“
' 0 0 20 g
002t Wi
-0.02 -0.05 0.04 -
0 500 1000 0 500 1000 -0.04 -0.02 0 0.02 0.04
U1
e
@) (0 (2) corrected PCA
0.04 0.04 v corrected 0.04 :
' 0.02 0.02
0.02 0 (%] 0
0 -0.02 0.02} R
-0.02 -0.04 -0.04 e,
0 500 1000 0 500 1000 -0.04 -0.02 0 0.02 0.04

U1

Figure 2.5: Principal component analysis of neural activity. (a) Calcium imaging timeseries
mean centered (time in seconds). (b) Timeseries of first principal component with moving
average. (c) Timeseries of second principal component with moving average. (d) Neural
activity in PCA space using uncorrected PCA. (e) Timeseries of first principal component
with moving average subtracted. (f) Timeseries of second principal component with moving

average subtracted. (g) Neural activity in PCA space uinsg corrected PCA.
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Figure 2.6: State distributions of nonlinear models for various parameter regimes. (a) Fixed
point relative locations affects their stability. (b) Increasing levels of Brownian motion (o)
increases the variation about the fixed points. (¢) More frequent control signals more evenly
distributes the time spent in stable versus transitional states. (d) Stronger damping in the

system keeps trajectories close to fixed points.
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Chapter 3

NONLINEAR CONTROL OF NETWORKED DYNAMICAL
SYSTEMS

3.1 Introduction

[ Networked dynamical systems are ubiquitous across the engineering, physical, biological and
social sciences. They are often characterized by a high-dimensional state space and nonlinearity,
making them exceptionally difficult to characterize and control. Indeed, it is typical that the
connectivity is so complex that the functionality, control and robustness of the network of
interest is impossible to characterize using standard mathematical methods. Moreover, with
few exceptions, underlying nonlinearities impair our ability to construct analytically tractable
solutions, forcing one to rely on experiments and/or modern high-performance computing to
study a given system. Unlike engineered systems that are constructed to be both measurable
and controllable, such emergent systems can be difficult to measure and have restricted avenues
of control. However, advances over the past decade have revealed a critical observation, that
meaningful input/output of signals in high-dimensional networks are often encoded in low-
dimensional patterns of dynamic activity [94) 171, 24], 102, 137, [62], 47]. We show that such low-
dimensional patterns of activity can be exploited in order to develop principled techniques for
a feed-forward architecture for establishing control of high-dimensional, nonlinear networked
dynamical systems.

The potential applications of a control framework for networked dynamical systems are
extensive. Neuroscience is an especially relevant example where networks of neurons interact to
encode and process input stimulus and behavioral responses. Recent observations in a variety

of organisms, from the nematode C. elegans [113], 102, [62] to insect olfactory processing [94]

1©2021 IEEE. Reprinted, with permission, from [149]
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171], 184 [47], shows that the underlying encodings and control are fundamentally low-
dimensional. Network models are also common in attempts to understand the formation and
retrieval of memories, such as proposed in the Hopfield model where each memory is a fixed
point in the high-dimensional, networked dynamical system [87, 150]. Indeed, it is known
that the nervous systems carries out an impressive feat of dimensionality reduction when it
encodes behavior, collapsing the high-dimensional representation of the stimulus environment
into the much lower representations for decision making and motor command. Practical
emerging technologies, such as deep brain stimulation (DBS), aim to leverage such control
protocols to restore patients to their original functional capabilities. Applications extend well
beyond neuroscience, with the potential of the method to impact disease modeling [106], 83],
social [147] and financial networks, powergrid networks [55], synthetic biology [170], and

ecosystems, for instance.

Characterization is only the first step in understanding networked dynamical systems.
A principled quantification of the low-dimensional patterns of dynamic activity can help
lead to control protocols for manipulating the system into a desired outcome. An extensive
body of literature exists on the analysis and control of nonlinear systems [90]. Unlike many
linear control models, where controllability and observability can be explicitly computed
and guaranteed, nonlinear control remains challenging, especially in networked settings.
Nonlinear networked dynamical systems can contain many fixed points, limit cycles and
strange attractors, all of which make the development of principled control models difficult.
The manifestation of these various phenomenon must be addressed in any practical control
paradigm. On the other hand, one can use the existence of such rich dynamical structures to
allow the network itself, under suitable manipulation, to evolve to a desired state of behavior.
Thus nonlinearity can exploit a much broader class of dynamics and function than linear
models.

We integrate methods of dimensionality reduction and data-driven discovery of dynamics
to construct principled methods for controlling nonlinear, networked dynamical systems.

Specifically, we develop feed-forward control techniques to interpret and regulate the dynamics
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of such systems by leveraging dominant, low-dimensional subspaces on which the dynamics
evolves. Our mathematical architecture generates a set of actuation signals that, when
applied, are able to control the original high-dimensional system. Using bifurcation theory, we
find collections of feed-forward control signals that will force convergence to desired objective
states, allowing us to move the system from one fixed point of the system to another in a
principled manner. Specifially, we can destabilize a given fixed point by making it undergo
a saddle node or Hopf bifurcation, while simultaneously making the target fixed point an
attractor. This creates a pathway with the feed-forward signals from one fixed point to
another. We first demonstrate our nonlinear control procedure on established bistable, low-
dimensional biological systems showing how control signals are found that generate switches
between attractors. We then show how random high-dimensional networks and Hopfield
memory networks can be reliably controlled by discovering low-dimensional subspaces which
characterize their dynamic evolution. Our algorithmic procedure is the first of its kind to
provide a principled mathematical architecture that simultaneously leverages mode discovery,

dimensionality reduction, and bifurcation theory for controlling networked dynamical systems.

The paper is outlined as follows: Sec. II provides a brief overview of the background
material necessary for constructing our control framework. Section III provides an analysis of
feed-forward control applied to low-dimensional nonlinear dynamical systems. This highlights
the basic mathematical architecture that is used in Sec. IV and V for network control
applications in both low- and high-dimensional systems respectively. A number of practical
applications are considered in Sec. VI, including the Hopfield memory model where we show
how control can be used to transition between fixed points, or memories, in the network. The

paper is concluded in Sec. VII with a discussion of our results.
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3.2 Background

3.2.1 Dimensionality Reduction

It is typically observed that high-dimensional dynamical systems manifest behavior on low-
dimensional manifolds [94) 171, 24], 102, 137, [62] 47]. Indeed, low-dimensional structures can
be exploited for characterizing pattern forming systems [45] and reduced order models [16].
Principal component analysis (PCA) is a linear dimensionality reduction technique based
upon the singular value decomposition (SVD) that can extract dominant correlated features in
high-dimensional data [93], 117, 24], thus producing a coordinate system (subspace) on which
our networked dynamics of interest can be projected. Let X € R™ ™ represent timeseries
data collected from an n dimensional system for m timepoints. The SVD of this matrix

produces the matrix decomposition [208] 117, 24]
X =USV* (3.1)

were U denotes the dominant correlated spatial structures of the n-dimensional system, S is
a diagonal matrix whose singular values characterize an ordered ranking of the correlations,
and V represent the projection of the modes into the temporal dimension. Both U and V
are unitary matrices with orthonormal columns. A low-dimensional, r-rank system can be
optimally approximated in an /s-sense using the first r columns of each matrix: X = USv+
where U € R™", S e R™", and V* € R™™. Such low-rank subspaces are exploited for
building reduced order models that approximate the high-dimensional system [16], 24]. It is
also exploited in what follows since random networks [Appendix generically manifest
low-dimensional behavior, as shown in Fig. where the cumulative variance contained in

the initial modes of a randomly generated dynamical system is plotted.

3.2.2  Sparse Identification of Nonlinear Dynamics - SINDy

SINDy is a data-driven approach to find the sparse dynamics driving a dynamical system

purely from timeseries data [25]. If & = f(x) is the unknown true dynamics of a system from
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Figure 3.1: Average cumulative variance captured by initial singular values in random
dynamical systems of increasing size N = 4,6, 10,20 [Appendix [A.3]. (a) Dynamical systems
consisting of a low percentage of possible term combinations, d = 0.1 (b) All possible term

combinations included in the dynamical system, d = 1.0. Variance averaged over 100 trials

which we capture timeseries measurements X, the SINDy algorithm seeks to approximate

f(x) by a generalized linear model in a set of candidate basis functions 6(x)

[11

flz) =) Ox(2)é = O(2)E, (32)

with the fewest non-zero terms in E. It is possible to solve for the relevant terms that are
active in the dynamics using sparse regression algorithms that penalizes the number of terms
in the dynamics and scales well to large problems. SINDy works well on low-dimensional
systems with a high-quality selection of candidate terms in the library [25, [135] 35| 177, 26].
With too little data, or too many library terms (which can result from too many variables),

the algorithm can fail to produce a viable model.

3.2.3 Control

Control can be broadly divided into the categories of open-loop and closed-loop [189, 24].
Most advanced control techniques are closed-loop, based on constructing optimal feedback to
stabilize a system at a particular set point and are reliant on system measurments [189] 24]

[31, 4, 163, 97, 24]. From a dynamical systems perspective, some research considers the global
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dynamics that are achievable via feedback control signals by viewing control as parameter
manipulations that bring about bifurcations in local dynamics [90]. Strategic perturbations to
tunable parameters is a form of control as it affects the stability of the nonlinear system’s fixed
points. Instead of narrowly considering a single trajectory, this line of research investigates
the behavior of ensembles of trajectories. Omne growing field that uses this approach is
synthetic biology [170]; researchers have created synthetic, bistable gene-regulatory networks
in Escherichia coli that can be triggered to switch between stable states [72]. Strategic
perturbations to a select number of nodes can induce dynamics on a network to converge to
a desired target state, rescuing it from convergence to an undesirable state [43]. Stochasticity
has also been proposed as a useful control mechanism in biological systems. Transcription
can be characterized as a bistable dynamical system where stochasticity allows transcription
to fluctuate between the two stable states and therefore acts as a mechanism for regulating
transcription [I05]. Further research found that noise can be exploited to induce desired state

transitions in other similarly obscure network dynamical systems [216].

While feedback control methods grant optimal control for systems that can be continuously
measured and actuated, many systems of interest are not amenable to constant monitoring
or reactive control signals. Furthermore, highly nonlinear systems may contain many stable
attractors that do not require feedback control to stabilize, and can be achieved with transient
open-loop control signals [146]. Previous work has considered pulse shape and duration
to switch between stable states in certain bistable dynamical systems in synthetic biology
[191], 192], 190]. While some analyze stable fixed points to understand switching behavior,
others have analyzed saddle points to enlighten global decision-making processes in bistable
systems [209].

We continue in this dynamical systems view and consider the global and local dynamics that
are possible via system bifurcations induced through feed-forward control signals. Previous
feed-forward control methods have been limited in that they only consider switching between
stable states in certain types of bistable dynamical systems with known dynamics. We

provide a general method for switching between any number or type of stable attractor in
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networked dynamical systems using open-loop control. This method can be applied to general
dynamical systems of various sizes with either known or unknown governing dynamics. Our
pulse-based switching procedure takes advantage of the nonlinearities of the system to move
between stable attractors as well as to create and stabilize fixed points. Our control method
is limited in that only a subset of all possible states and stability levels can be achieved using
feed-forward control in an initial condition agnostic fashion. Nonetheless, this type of control
may be useful in systems where system measurements are difficult to obtain or feedback

mechanisms are impossible.

3.3 Feed-forward control for low-dimensional nonlinear systems

We consider how to generate control signals that will move a system between attractors (fixed

points) in a nonlinear dynamical system x’' = F'(x), x € R?. We consider systems of the form

dx

U )+t 33)
% = g(x,y) + ua(t). (3.4)

where f and g are the intrinsic dynamics and wu;(t) and wus(t) are the feed-forward control
signals. Systems of this form are controlled by regulating the actuating forces. Many actions
taken to control systems can be characterized as feed-forward control signals that do not
alter the structure of the underlying system. Adding reactants to a chemical reaction,
removing invasive species, performing deep brain stimulation, and taxing individuals can all
be characterized as feed-forward control signals applied to nonlinear dynamical systems.
Biological systems may also utilize feed-forward control signals themselves to modulate
internal processes. Behavior transitions in the nematode C. elegans can be characterized
by feed-forward control signals applied to a nonlinear system with two attractor states
[146]. While transient feed-forward signals control short-term behavior in this model of C.
elegans, system parameter modifications affect long-term behaviors, highlighting the different

ways biological systems can control their output across multiple timescales. Our control
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framework is useful both for developing control strategies for nonlinear systems as well as for

understanding how natural systems accomplish endogenous control.

3.83.1 Fixed Point Stability

We use properties of the governing nonlinear system to derive the set of control signals
that will move us between stable fixed points by modifying their stability. The Jacobian
of the nonlinear system J(x,y) and therefore its trace T'(z,y) and determinant D(x,y) are
independent of the control signals, meaning that fixed point stability is dependent only on

location. These three quantities are given by the following respectively:

T(ey) = fo(zy) fy(z,y) | (3.5)
9:1:('7379) gy(x,y)

T(z,y) = fo(z,y) + g9y(2, ), (3.6)

D(z,y) = fu(2,y)gy(2,y) — g=(x,9) fy (7, y). (3.7)

Given a fixed point (z*,y*) occurring at u; = —f(z,y) and uy = —g(z,y). Fixed points
exist in one of four stability regions in the trace-determinant plane. Fixed points in the
region 7' < 0 and D > 0 are stable sinks, points in the region 7" > 0 and D > 0 are unstable
sources, while points in the region D < 0 are unstable saddles [I97]. Note that in the case of
a linear system, J is a constant matrix which means that the control signals affect only the
location of the fixed point and not its stability. In contrast, feed-forward control signals in a
nonlinear system affect both the location and the stability of fixed points; this implies that a
much broader range of activity can be generated by feed-forward control signals in nonlinear
systems than in linear systems.

Fixed points transition between stability regions along the curves T'(z,y) = 0 and
D(z,y) = 0. Transitions between regions can also occur at D(z,y), T(x,y) = +oo, we
therefore define two additional measures: D(z,y) = 1/D(x,y) and T(x,y) = 1/T(z,y). We
thus note that region transitions also occur along the curves D(z,y) = 0 and T(x,y) = 0.

Saddle-node bifurcations occur along the curves D(z,y) = 0 and D(z,y) = 0 while Hopf
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bifurcations occur along the curves T'(z,y) = 0 and T(z,y) = 0. For non-smooth functions
F(x), such as piecewise functions, there are potentially additional transitions that occur
when the function’s partial derivatives are undefined. The curves along which the trace and
determinant are undefined are additional locations where they may switch signs, meaning
these curves must be included as potential transition curves.

By constraining the relation between z and y by D(z,y) = 0 and D(z,y) = 0 we can
solve for parameterized curves for the control signals that eliminate stable fixed points in the
system by inducing a saddle-node bifurcation. This curve in the control signal space occurs

along

Co(t) = (ui(t), u3(t)) (3.8)

where uf(t) = —f(t,y(t)) and u3(t) = —g(t,y(t)). The y(¢) in these formulae is the implicit
solution to D(t,y(t)) = 0 or D(t,y(t)) = 0. In order for C*(¢) to be a boundary between
regions, D must switch signs when crossing the curve. C®(t) is a boundary curve unless
% =0 and % + 0 where v (t) = —uy(t)i+ uy(¢)j is the direction orthogonal to C*(t).

Stable fixed points can also be eliminated through Hopf bifurcations which occur along

the curve
Ch(t) = (uy(t), uy(1)) (3.9)
where u(t) = —f(t,y(t)), ub(t) = —g(t,y(t)), and y(t) is now the implicit solution to
T(t,y(t)) = 0 or T(t,y(t)) = 0. C*(t) is a boundary curve unless %T(t) =0 and % #0
€

where v, (t) is the direction orthogonal to C"(t).

We can use these curves to determine stability regions in the control space for each fixed
point in the dynamical system. Let P = {pi,po,...,pn} be the set of fixed points in the
nonlinear system x’ = F'(x). Each fixed point is associated with one of four stability regions
A, B,C, or D. Let A, be the set of control signals u € R? such that fixed point pj, is stable
under u. Let By be the set of control signals u € R? such that fixed point p; is a source

under u. Let C} be the set of control signals u € R? such that fixed point p; is a saddle
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Figure 3.2: Regions of stability and instability for fixed points in a dynamical system. (a) Fixed
points are sinks, sources, or saddles, depending on where they lie in the trace-determinant
plane. (b) These regions map to stability regions in the control space. Movement across
bifurcation curves in the control space correspond to moving between stability regions in the

trace-determinant plane by crossing D =0, T' = 0, D= 0, or T =0.

with 7' < 0 and let D;, be the set of control signals u € R? such that fixed point p, is a
saddle with T' > 0. A, B, Ck, and D, are disjoint regions. Fixed point py is destabilized
in region Af = U\Ay = Br|JCr U Dy. We denote 0A;, as the boundary of the stability
region Ay of fixed point p;. Figure (a) shows the stability regions and boundaries in the
trace-determinant plane while Fig [3.2(b) shows the mapping of these stability regions into

the control plane.

3.3.2  Controllability Given No Limit Cycles

We can now define necessary and sufficient conditions for moving between fixed points in a
system that does not contain limit cycles. The following conditions concern moving between

specific fixed points.

Necessary condition to move directly from p, to py:

A (A #0 (3.10)
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Sufficient conditions to move directly from py to py:
(N A4 #0 (3.11)
i=1,i#k
We can extend these conditions to make statements about the reachability of all fixed

points in the system.

Necessary condition to move directly from any fixed point in the system to any other fixed

point:

VOkel,..on Aj()Ar#0 (3.12)

Sufficient conditions to move directly from any fized point in the system to any other fized

point:

Vkel,..n ﬁ AS(Ap #0 (3.13)

i=1,i#k

Necessary conditions to move to any point in the system:
VEE€L .on 3L nst Af[ A #0 (3.14)

We can use the control regions to move between fixed points in the system by destabilizing
fixed points we want to escape, and stabilizing fixed points we want to achieve. Transitioning
between fixed points through saddle-node bifurcations is preferable to transitioning via Hopf
bifurcations as Hopf bifurcations can create a stable limit cycle around the source.

While these sets generate collections of control signals that can be used to move between
fixed points, it does not reveal the optimal control signals for a transition which depends on

additional goals such as energy minimization, transition speed, robustness, or preferred path.

3.8.3  Limit Cycles

Limit cycles are a pervasive feature of many nonlinear systems and so must be considered.

They appear in canonical systems such as the Hodgkin-Huxley model [85], FitzHugh-Nagumo
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model [64], Brusselator [197], circadian rhythms [145], and extensions to the predator-prey
Lotka-Volterra model [86]. We also observed limit cycles and strange attractors appear in
our randomly generated nonlinear dynamical systems [Appendix . Even systems that do
not naturally exhibit limit cycles may be perturbed to exhibit them via Hopf bifurcations.
Unfortunately, the location and stability of limit cycles are more difficult to characterize
than the location and stability of fixed points in a dynamical system. We can make some
statements about where limit cycles do and do not appear by using Dulac’s criterion and
the Poincaré-Bendixson theorem [197]. We can use Dulac’s criterion to solve for regions
encapsulating fixed points that cannot contain limit cycles and we can use the Poincare-
Bendixson theorem to solve for regions that do contain limit cycles. For example, a globally
stable system with a single fixed point that is a source is a compact set and therefore must
contain at least one stable limit cycle encapsulating the fixed point. Some systems may
contain compact sets enclosing all fixed points. Such sets can be found by eliminating the
highest order terms that determine the global stability and then observing the stability of

the resulting system as t — oco. Thus we consider

.I'/ ~ Pn—l(xa y) +p(xn,yn) (315)

Y~ Qnoi(z,y) + q(2”,y") (3.16)

If the global stability of (P,_1, @Q,_1) is opposite the global stability of (f, g) and along a Jordan
curve surrounding all fixed points |P,_1(z,y)| > |p(z™,y™)| and |Qn—1(x,y)| > |g(z™, y")|,
then there must be a compact set outside of this Jordan curve and therefore a limit cycle.
In some systems multiple limit cycles may encapsulate a fixed point or region. We
may find the presence of multiple layers of limit cycles by repeating the process on the
approximate lower-order system P,_i(x,y) = P, _o(z,y) + p(z"1,y" 1) and Q,_1(x,y) =
Qn_o(z,y) + q(z" ', y" ). Once again if the lower order terms are larger in absolute value
than the higher order terms along a Jordan curve surrounding the fixed points and enclosed
by the first Jordan curve, then there must be a second limit cycle surrounding the fixed

points.
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We can determine the global stability of the system x’ = F(x), that is, the stability as
x,y — +o00, by instead considering the stability of the system x’ = G(x) as x — 0 where
z=1/x and § = 1/y,

£ oo (1) o)
s o(1 )

Our original system x’ = F(x) is stable as z,y — oo if G(X) does not have any stable
directions as z,y — 0 and unstable otherwise.

We can determine that there are no limit cycles surrounding all fixed points by mapping
the system to G(x) and using the Dulac’s criterion to find a region surrounding x = 0 that
does not contain any limit cycles. Conversely, we can determine if there are limit cycles
surrounding a particular fixed point in a system with multiple fixed points by mapping that
point to infinity in the system G(%x) and then finding if there is a limit cycle surrounding all

fixed points in G(x) using the method outlined above with the Poincare-Bendixson theorem.

3.3.4  Controllability with Limit Cycles

We can use bifurcations that create and eliminate limit cycles to move between limit cycles
and fixed points in the system. Andronov-Hopf bifurcations eliminate stable limit cycles by
turning the source in the center of the limit cycle into a sink [I18], [79]. Homoclinic saddle-node
bifurcations, otherwise known as infinite period bifurcations, create a saddle-node bifurcation
along the limit cycle which eliminates the cycle [118, [79, 103]. Homoclinic bifurcations occurs
when a limit cycle merges with a saddle point creating a homoclinic orbit. Saddle-node
bifurcations of periodic orbits merge concentric stable and unstable limit cycles [197].
Feed-forward control may be able to create some of these bifurcations in a given system.
We can control the creation and elimination of limit cycles in the dynamical system by using
Dulac’s criterion and the Poincare-Bendixson theorem to map out control regions that will

create and eliminate limit cycles.
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3.83.5 FEaxtension to Three-dimensional Systems

This analysis can be extended to create control procedures for three-dimensional systems,

x' = F(x) +u(t), where x,u € R3.

Z—f = f(z,y, z) +ui(t) (3.19)
% =g(z,y, z) + us(t) (3.20)
% = h(z,y, z) + us(t). (3.21)

Analogous to the two-dimensional case, we compute the Jacobian of the system J(x,y, 2)
and fixed point locations u; = —f(x,y, 2), us = —g(x,y,2), w1 = —h(z,y,z). We use the
linearized system in conjunction with the control signal equations to determine the control
surface (uq(t, s),ua(t, s), us(t, s)) along which bifurcations occur. While the stability of fixed
points can still be determined in three-dimensional systems, the locations of strange attractors
become impossible to determine analytically as Dulac’s criterion and the Poincare-Bendixson
theorem only apply to two-dimensional systems [197]. Therefore, while we can still stabilize
and destabilize fixed points in order to execute transitions, it is unknown where and when
attractors will occur in the system, thus potentially compromising the control procedure
advocated here. In these circumstances, attractors and their bifurcations are best found
experimentally by simulating the dynamics. Using data, Poincaré maps can be found via the
SINDy algorithm and from these discovered maps the stability of nonlinear periodic orbits

can be determined [19).
3.4 Network control applications

Our feed-forward control procedure can be directly applied to nonlinear systems that consist
of two or three variables. While most real world systems realistically involve a large number of
variables, many canonical models in chemistry, biology, and the social sciences are formulated
using only a few variables. In chemistry the Brusselator describes an autocatalytic chemical

reaction with two reagents [167, [166], 197] and the Lokta-Volterra model in ecology describes
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predator-prey interactions at the population level between two species [131], 132, 211]. In
epidemiology the SIR model describes the spread of an infectious disease by modeling the
interactions between susceptible and infected individuals [106], 83] and in neuroscience the
FitzHugh—Nagumo model describes spike generation in neurons by measuring membrane
voltage and a recovery variable [64, [153]. In the social sciences the classical model of political
economy uses capital and labor as variables [I78] while Richardson’s arms race model describes
the interactions between two nations stockpiling nuclear weapons [173, [187]. If the dynamics
of a low-dimensional system are unknown, they can be found using the SINDy algorithm
[25], 24], allowing us to apply control even to novel systems. We demonstrate the effects of
feed-forward control on two variable nonlinear systems using simple chemical reaction models

as examples.

3.4.1 Chemical Reaction with Bistability

The following is a minimal example of a chemical reaction with bistability using parameter
values ky = 8, ko = 1, k3 = 1, and ky = 3/2 from [219]. We can find control signals that will
move the system between stable states by computing stability regions from the control signal

bifurcation curves. The governing equations are given by

d 3

d—g; = 16y — 2° — zy — 3% +uy (3.22)
d

d—i = 2% — 8y + uy (3.23)

where the Jacobian, trace and determinant are given by

-2 —y — % 16 —x
J(x,y) = (3.24)

2z -8

19
T(x,y) =—2x—y— ) (3.25)

D(x,y) = 2% — 162 + 8y + 12. (3.26)
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The curve for T'(z,y) =0 is

ul(t) = —t* + 24t + 152 (3.27)
ul(t) = —t? — 16t — 76 (3.28)
The curve for D(z,y) = 0 is
1
ul (t) = —Zt?’ + Tt? — 32t + 24 (3.29)
uy(t) = —3t* + 16t — 12 (3.30)

In the uncontrolled system the chemical reaction has two stable fixed points, Fig. [3.3|(a).
Figure [3.3(b) shows the stability regions of the fixed points in the control space. Across the
blue curve fixed points exhibit saddle-node bifurcations while across the red curve fixed points
exhibit Hopf bifurcations. This map shows us that we can eliminate the second fixed point
via a saddle-node bifurcation while keeping the first fixed point stabilized and then destabilize
the first fixed point via a Hopf bifurcation which creates a stable limit cycle surrounding the
first fixed point. The overlay of stability regions shows us the wide variety of states that can

be achieved by simply adding or removing certain quantities of reactant.

3.4.2 Brusselator

The Brusselator describes a type of autocatalytic chemical reaction. We take a = 1 and b = 3

from the general model [197]

d
d_:zf =1+ 2%y — 4o +uy (1) (3.31)
d
d—i/ = 3z — 2%y + us(t), (3.32)

and find the bifurcation curve locations.

The Jacobian of the system is

J(x,y) = (3.33)
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Figure 3.3: Chemical reaction with bistability. (a) In the absence of control signals there are

two stable fixed points. (b) Regions of stability and instability for the fixed points in the

uncontrolled system. The system has regions with two stable fixed points, one stable fixed

point, a stable fixed point and a stable limit cycle, and only a stable limit cycle. Note the

stable limit cycle appears surrounding the unstable source.

with trace and determinant given by

T(z,y) =2zy — 2> — 4

D(z,y) = 2%

We find that 7'(z,y) = 0 along the curve

3

t
ul(t) = 5t

Note that T'(z,y) — +0 when y = ¢/22 and 2 — £0 which produces the curve

ul(t) = -1 -1t

ul(t) =t

(3.34)
(3.35)

(3.36)

(3.37)

(3.38)
(3.39)
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Figure 3.4: Brusselator (a) Brusselator with uy, us = 0. (b) Stability regions in the control
space. The system transitions between having a single stable fixed point and an unstable

source encapsulated by a stable limit cycle.

The determinant is always greater than zero and therefore does not produce a curve over
which there is a sign change. This means that feed-forward control signals that induce
saddle-node bifurcations do not exist in this system.

Figure [3.4)(a) shows the uncontrolled Brusselator contains a stable limit cycle as also
indicated by the control signal stability regions, Fig.[3.4(b). Across the Hopf bifurcation curve
C"(t) the globally stable system transitions between having a single stable fixed point and a
single source surrounded by a limit cycle, Fig. [3.4(b). The Brusselator can be compelled to
move between a stable state and a limit cycle by adding or removing particular amounts of

reactant.

3.5 Feed-forward control for high-dimensional nonlinear systems

So far we have considered control for systems with only two or three variables. While some
systems fit this description, most real systems involve a much larger number of variables and

interactions. We can use dimensionality reduction in conjunction with data-driven discovery
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Algorithm 1: Control for high dimensional systems

Measure system outputs: X

Dimensionality reduction: USV*

Identify nonlinear system: x’ = F(x)
Determine control signals: x' = F(x) + up(t)

Determine high dimensional signals: ug(t) = Uup(t)

of nonlinear dynamics to extend this control technique to high-dimensional systems. Consider

an n-dimensional nonlinear system of the form
x' = G(x) +ug(t) (3.40)

where the system variables x € R™ are controlled by the feed-forward control signal ug € R”
and the form of G may be unknown. We detail a method for finding ug(t) from system
measurement data, as outlined in Algorithm [I} The steps of the algorithm are detailed as

follows:

Measure system outputs

We begin by collecting timeseries data from variables in the high-dimensional system. Data
should be collected from many different initial conditions in the entire state space in order to

generate an accurate model.

Dimensionality reduction

Next we dimensionality reduce the timeseries data using the SVD. Not all high-dimensional
systems have a low-dimensional structure and those that do have a low-dimensional structure
may not necessarily have a linear low-dimensional structure. SVD is a suitable dimension
reduction technique for a given dataset if the first two or three modes capture the majority
of the variance in the system. While there is no definite cutoff as to what defines a sufficient

amount of variance, issues arise when most of the variance is not allocated to the primary
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modes. The low-dimensional trajectories may not satisfy the existence and uniqueness theorem
and data that displays many non-unique solutions cannot be adequately characterized by a
dynamical system [197]. Even if the trajectories of the primary modes can be approximated
well with a dynamical system, the model may still not provide an adequate representation
of the original system if later modes capturing high amounts of variance are not considered.
The consequence is that the effects of the control signal predicted by the model may diverge

from the control signal’s true effects on the system.

Identify the nonlinear system using SINDy

Once we have reduced the data to only a few dimensions we can fit a nonlinear dynamical
system to the data using the SINDy algorithm [25]. Choosing basis functions can be a difficult
task and highly dependent on the system. With polynomials as basis functions, one can
capture the local Taylor series approximation for the underlying function if it is smooth. For
systems with periodic dynamics or singularities, however, periodic or rational basis functions
are a better choice.

If the original system is globally stable the model should also be globally stable. We can
determine the stability of the SINDy model using the criteria outlined in Section [3.3.3] In
order for all important structures, such as stable attractors, to be represented in the model,
samples from the entire region of interest, and samples that converge to different attractors
must be included in the regression. The SINDy algorithm can only be expected to generate

accurate approximate dynamics within the sample region; dynamics cannot be extrapolated.

Determine feed-forward control signals

Now that we have a low-dimensional nonlinear model for the system’s activity, we can generate
feed-forward control signals that stabilize fixed points and transition the system between
attractors in the SINDy model. The time needed to transition from one fixed point to another
is dependent on the amount of stability about the fixed points in the controlled system.

Control signals that technically destabilize fixed points yet exist close to bifurcation curves
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will generate center manifolds which may take a long time to escape, despite the state being
unstable. In contrast, destabilizing control signals that exist far from bifurcation curves will
not produce time delays in the system’s transition between states yet may in practice require
more energy. The time needed for each transition can be determined experimentally from the
SINDy model. These control signals must go through a last transformation before they can

be applied to the original system.

Determine high dimensional control signals

Finally, we use the feed-forward control signals ug(t) discovered for the low-dimensional system
to control the original system by projecting the signals back to the original high-dimensional

space via the first two SVD modes U.

ug(t) = Uup(t) (3.41)

x' = G(x) + ug(t). (3.42)

Developing control methods in a reduced space has been effective in other settings [24].
Dynamic mode decomposition with control (DMDc) finds spatial-temporal coherent modes
with which to construct low-order models that incorporate the effects of control signals
[169, 115]. Unsteady wake flows can be effectively described and controlled using POD modes
[154]. Structural balance dynamics in social networks and the bifurcations that occur in
the system can be analyzed in a low-dimensional eigenspace [137, [147]. Similar to previous
methods, we use linear dimension reduction, but unlike previous methods we employ nonlinear,

feed-forward control.

3.6 High-dimensional control applications

High-dimensional systems that exhibit low-dimensional dynamics are pervasive in nature.
The nematode C. elegans has a network of 302 neurons yet exhibits neural activity that exists
on a three-dimensional manifold [102, [62]. The low-dimensional encoding of information is

a common motif found throughout the neuroscience literature [163] 20} 134 [195] as well as
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in the study of artificial neural networks [60], [172] 84 (01, 48| [174]. In the social sciences,
social networks and structural balance dynamics both exhibit low-dimensional structures
[14], 200, 137, 147]. In biology and epidemiology the dimension of population models can be
reduced through mathematical aggregation methods [8]. In molecular biology the dynamics
of biological networks exhibiting multiple timescales can be simplified by modeling the system
with multiple timescale networks [2I5] and reduced, hierarchical structured models can
describe the dynamics of complex signal transduction networks [42]. We demonstrate our
control procedure on several nonlinear high-dimensional systems that exhibit dynamics on a

low-dimensional manifolds.

3.6.1 Random High-dimensional Networks

We first illustrate our feed-forward control technique on a randomly generated high-dimensional
network dynamical system [Appendix [A.3]. We wish to find stable attractors endogenous
to the system and then generate control signals that will move the system between stable
states. Figure [3.5[(a) shows data collected from our high-dimensional random network. The
trajectories in the underlying low-rank SVD/PCA space indicates that there are two stable
fixed points in the system. Figure (b) shows the system is indeed low-dimensional as
indicated by the rapid decay in singular values in Fig. [3.5(c). The SINDy algorithm finds a
model that represents the low-dimensional system and which can be used to derive control
signals Fig. [3.5(d-e).

We next use the SINDy model to find the control signal curves along which bifurcations in
the system occur, C"(t) and C*(t). Figure [3.6|shows the locations of fixed points and control
signals in the system when T'(z,y) = 0. Figure |3.6{a-b) shows the location of a saddle fixed
point as it switches types colored by the control signal values that induce these bifurcations.
Figure (C—d) shows these control signal values colored by fixed point locations. The control
signals move from stability region C' to D as they cross the bifurcation curve.

Figure shows the locations of fixed points and control signals in the system when

D(z,y) = 0. Figure [3.7(a-b) show the locations of the stable fixed points as they go through



49

saddle-node bifurcations colored by the control signal values that induce these bifurcations
while Figure (c—d) show these control signal values colored by fixed point locations. The
stable fixed points start in stability region A and then disappear as they cross the bifurcation
curves. C*(t) defines stability region borders which give us the ability to select control signals
that will induce transitions between stable states.

We can now induce transitions between stable states in the system using transient feed-
forward control signals selected from the generated stability regions. We first stipulate our
objective path or what can be thought of as setpoints over time Fig. |3.8|(a) and then select
control signals that will induce each transition Fig. |3.8(b). When the control signals are
applied to the original system it makes the desired transitions as viewed in the PCA space
Fig. |3.8(c-d) as well as the high-dimensional space Fig. |3.8{(e-f). The system does not behave
exactly as the SINDy model predicts as the model is only an approximation of the system’s

true dynamics.

3.6.2 Hopfield Networks

Hopfield networks are auto-associative memory networks that converge to stable patterns in
the presence of noise and are a model of memory retrieval in the human brain [87, 150]. The
Heaviside step function is a key component of the Hopfield model; it is the nonlinearity in
the system that allows the Hopfield network to have many fixed points as opposed to one.
Because the Heaviside function is a dimension reducing function it makes the dynamics of
the Hopfield model much lower dimensional than the network’s original size, making it a
promising candidate for our control procedure.

We test our control procedure on the dynamics of a Hopfield network. We outline the
construction of this network in Appendix [A.4] Figure [3.9 shows timeseries data collected
from a Hopfield network storing four memories, the trajectories in PCA space, and the SINDy
model approximating the system. The rapid decay in singular values shows that the system
in PCA space is a good representation of the original data, Fig[3.9(c). Figure shows the

saddle-node bifurcation curves C*(t) colored by fixed point locations. These curves indicate
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the stability regions for the system’s four memories in control space. Figure shows the
Hopfield network transitioning between fixed points in the manner specified by the objective
path. Transient control signals are selected from the stability regions for each transition
and applied to the original system through the first two PCA modes. We are able to move
directly from any stable fixed point to any other stable fixed point in the system according
to the stability regions. Furthermore the system does not exhibit any limit cycles, making it

an easy system to control with a feed-forward control signal method.

3.6.3  Systems with Three-dimensional Intrinsic Dynamics

Only some systems can be adequately described using the first two PCA modes. Many
systems have higher-dimensional dynamics that require the use of three or more modes. We

demonstrate our control procedure on systems with three-dimensional intrinsic dynamics.

Three-dimensional Hopfield

We inflate the intrinsic dimension of our Hopfield network by increasing the number of
memories stored [Appendix . Figure shows the dynamics of an intrinsically three-
dimensional Hopfield network. We use SINDy to fit a three-dimensional nonlinear dynamical
system to the data and control the system along three dimensions, (uy(t), ua(t), us(t)). While
control signals can be selected from analytically derived three-dimensional stability regions, it
can be easier in practice to find control signals experimentally by systematically perturbing
the SINDy model with control signals to find control regions that will destabilize each fixed

point.

Three-dimensional Random Dynamical System with a Strange Attractor

We generate a random dynamical system that has intrinsic three-dimensional dynamics and
use control signals to move the system between a fixed point and a strange attractor in the

system. Figure m(a) shows the SINDy model approximation of the system which captures
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the general location and stability of the strange attractor and two stable fixed points. While
the location of the fixed point and attractor appear to be adequately captured by the SINDy
model, Fig. [3.13[(b), the model predicts an oscillation frequency for the strange attractor that
is much slower than that observed in the original system, Fig. [3.13(c-d), meaning that while
the model may be able to predict whether the system’s state is on or off the strange attractor
it cannot predict its location along the attractor. Stability regions for the fixed points can
be analytically computed; however, the stability region for the strange attractor cannot be
analytically computed and therefore must be experimentally determined by measuring the

effects of control perturbations to the SINDy model.
3.7 Discussion

Our control procedure shifts nonlinear network dynamical systems between attractors using
feed-forward control signals derived from the system equations. This procedure works for
high-dimensional systems that exhibit low dimensional dynamics by developing a control
procedure for the system in a reduced space and then projecting the derived control signals
back to the original space.

Our framework builds off of previous work in which we used a feed-forward control model
to demonstrate how the nematode C. elegans may switch between short-term behavioral
states using externally generated control signals [146]. We observed that the modulation
of internal system parameters was another form of control that the nematode could use
to implement long-term behavior changes. Our framework also builds off previous pulse-
based control methods for switching between stable states in biological dynamical systems
[191], 192, 190, 209] 43].

While we have focused on feedforward control, this method could be used in conjunction
with feedback control mechanisms by considering feedforward control applied to a system
modified by feedback F,(x), where « is the feedback parameter. Feedfoward control capabili-
ties could be computed and compared for a range of o feedback control values and then «

could be selected to render the system most controllable via feedforward control.
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While many traditional control strategies used in a wide range of fields can be equivalently
viewed as actuating forces applied to nonlinear systems, some control strategies involve
modifying internal system parameters or using system feedback, meaning that our control

framework does not account for all ways control can be achieved in a network.

In pharmacology [104], certain agonists can be modeled as feed-forward control signals
applied to dynamics on a biochemical network while antagonists may be better represented
as shifting network parameters. In clinical neuroscience, deep brain stimulation is used as a
form of external control to correct motor output in patients with Parkinson’s disease and
essential tremor as well as to reduce pain in patients with chronic pain [15, [162], T09]. In an
alternative setting, deep brain stimulation is used to alter brain structure in patients with
treatment-resistant depression and traumatic brain injury [140, I81]. This same medical
intervention has the ability to both act as a transient feed-forward control signal to the neural
system as well as alter internal structures highlighting how a single control signal applied to

a system can have diverse effects.

Network control is also widely implemented in the political and social sciences. Govern-
ments desire to optimize economic performance through monetary and fiscal policy [67, [68, [7].
The central bank aims to achieve economic goals by adjusting interest rates, which modify
internal economic parameters. Meanwhile, the federal government pursues these same goals
through taxation and government spending which are more easily viewed as feed-forward
control strategies. States often provide external support to insurgent movements in order to
further their own interests [30]; these sponsorships can have a variety of effects on the political
network including increasing the power of particular groups or modifying the way groups
interact. During an epidemic, public health experts have various ways of suppressing the
spread of an infectious disease. They can achieve public health goals by modifying people’s
social interactions, which changes interaction parameters in infectious disease models, or
by introducing external forces such as vaccinating susceptible individuals or quarantining
infected ones [106, 83]. Given the limited avenues of control and leverage available to health

care professionals, policy makers, and organization leaders, all possible forms of control are
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often implemented concurrently. While this has the potential to maximize influence on the
system in question, it also makes identifying the effects of multiple control strategies difficult
to differentiate.

Sometimes the systemic changes necessary to bring about a desired outcome are either
unknown or not possible to implement in a given network while the use of external control
presents a clear path to success. We present a feed-forward control strategy as an alternative
form of control for nonlinear network systems that are unamenable to feedback control or
alterations to system parameters.

One limitation of this control strategy is that the locations and stabilities of limit cycles
and strange attractors in the system cannot be analytically determined, particularly for
systems with more than two dimensions. This limits our ability to assert control guarantees
and means that the stability regions of some attractors must be determined experimentally as
they cannot be determined analytically. We aim to extend this work by defining the locations
and stabilities of limit cycles and attractors under the influence of feed-forward control by
using data-driven discovery methods on Poincare maps as presented in [19)].

A practical limitation of this method is that control signals in the original space will most
likely be nonsparse if using regular PCA; actuating a majority of variables in many systems
is not feasible. This issue may be overcome in some cases by instead performing sparse PCA
[223] on the system and then selecting low-dimensional control signals such that u; = 0 or
uy = 0. While enforcing increasingly sparse constraints on the principal components will
reduce the number of variables that require actuation, this comes with a tradeoff — forcing
the principal components to be sparse may erode the amount of variability captured by them
which in turn makes the model less representative of the true system.

A third limitation of this method is that it can only be applied to high-dimensional
systems that can be linearly dimension reduced. Many high-dimensional systems exhibit
low-dimensional activity but must be reduced using a nonlinear dimension reduction method.
We propose extending feed-forward control to such systems by using autoencoders to perform

the nonlinear dimensionality reduction [35] and then transforming the low-dimensional control
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signals using the autoencoder. Feed-forward control of nonlinear systems lends itself to many
developments including optimization, extensions to higher dimensions, and hybridization
with feedback control methods.

To provide a more specific context of the application of network control, we consider some
commonly observed inhibitory networks in neuroscience which typically produce winner-take-
all dynamics. For instance, experimental evidence from olfaction processing [94, 17T, [184] [119]
suggests that two key features assumed in our analysis are present in such systems: (i) low-
dimensionality and (ii) multiple fixed points. In the odor space discovered from data, odor
stimulus plays the critical role of actuation in the system. Thus, application of known odorants
in insect olfaction guide the high-dimensional neuronal activity to a fixed point in a low-rank
subspace of neural population codes. The modeling framework provided here can be used to
understand how such actuations produce the important pathways and trajectories responsible
for producing a cognitive recognition, or decision, about the odor applied. Moreover, it
highlights the underlying control mechanisms that would need to be enacted by the system

to produce a stable decision making process for odor identification.
3.8 Conclusion

Nonlinear network dynamical systems in the physical, engineering, biological and social
sciences are typically difficult to characterize and control. We develop a feed-forward control
procedure for low-dimensional nonlinear systems by deriving control signals as a function of
local bifurcations in the system. We extend this method to high-dimensional systems with
unknown dynamics by using dimensionality reduction in conjunction with the model-discovery
SINDy algorithm. Our technique is demonstrated on canonical and random network dynamical
systems of different dimensions with known and unknown dynamics. We propose this method
of control as an alternative to feedback control and as a framework for understanding how
actuating forces can be used in nonlinear systems to shift systems between stable states.
To our knowledge, our method provides a principled mathematical architecture that

integrates dimensionality reduction, bifurcation theory, and data-driven discovery of dynamics



95

to construct a feed-forward control model for nonlinear, networked dynamical systems. Our
feed-forward control techniques can be interpreted and used to regulate the dynamics of
networked dynamical systems by exploiting the dominant, low-dimensional subspaces on which
the dynamics evolves. Our mathematical architecture generates a set of actuation signals that,
when applied, are able to control the original high-dimensional system. Using bifurcation
theory, we find collections of feed-forward control signals that will force convergence to desired
objective states, allowing us to move the system from one fixed point of the system to another
in a principled manner. Specifically, we can destabilize a given fixed point by making it
undergo a saddle node or Hopf bifurcation, while simultaneously making the target fixed
point an attractor. This creates a pathway with the feed-forward signals from one fixed point
to another.

The potential applications of this control framework are numerous. From neuroscience
to powergrids, networked dynamical systems appear in almost every branch of quantitative
study. Many modern systems of study are high-dimensional and characterized by nonlinear
dynamics, thus they require new mathematical methods to characterize their behavior and
exploit their intrinsic dynamics. The methods developed here rely on the simple observation
that most high-dimensional dynamical systems manifest low-dimensional dynamics. Thus
the low-dimensional subspaces on which the system evolves can be exploited for control, as
is done in this manuscript. The number of application areas for which this is true is quite
diverse and extensive, including neuroscience [113], 102 62, 04, 17T, 184] [47], powergrids [55],
disease modeling [106], R3] and social networks [147].
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Figure 3.5: Low-dimensional model of a high dimensional random dynamical system. (a)
High dimensional system n = 10 visualized as a timeseries and (b) shown in PCA space. (c)
The first two PCA modes capture a reasonable amount of the data and the SINDy model (d)
finds the two stable fixed points. (e) Nullclines and determinant of the SINDy model.
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Figure 3.6: Fixed point locations and control signal values along the curve C*(t) for the
low-dimensional model found in Figure 3.5 (a-b) Fixed point locations in the xy-plane for
Ch(t) colored by the uy, us control signal values along C"(t). (c-d) Control signal locations
in the u;, up plane for C"(t) colored by (x,y) fixed point location values. The fixed point in
this model that transitions across the curve T' = 0 is the saddle fixed point that sits between
the stable fixed points in the uncontrolled model. This saddle fixed point originally is located

in region C3 but transitions to region Dj across the curve C”(t).
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Figure 3.7: Fixed point locations and control signal values along the curve C*(t) for the
low-dimensional model found in Figure [3.5] (a-b) Fixed point locations in the xy-plane for
C*(t) colored by the uy, us control signal values along C*(¢). (c-d) Control signal locations in
the uy, us plane for C*(t) colored by (z,y) fixed point location values. The fixed points in this
model that transition across the curve D = 0 are the stable fixed points in the uncontrolled
model. The right stable fixed point goes through a saddle-node bifurcation along the top
curve, while the left stable fixed point goes through a saddle-node bifurcation along the

bottom curve.
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Figure 3.8: Control example for the random system in Figure (a) Objective path for the
system. (b) Control signals selected using the system’s stability region maps to move the
system between fixed points. (c) Objective path in PCA space. (d) Predicted and actualized
system paths in PCA space. (e-f) Predicted and actualized system activity in the original

high-dimensional space.
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Figure 3.9: Smooth Hopfield network size n = 400 with intrinsic 2-dimensional structure. (a)
High-dimensional data measured from many initial conditions. (b) Data in PCA space. The
network converges to one of 4 "memories”. (c) The first 2 modes capture the majority of the
variance in the system. (d) SINDy is able to generate a low-dimensional model with similar
dynamics that we can use to generate stability regions. (e) Nullclines and determinant of the

SINDy model.
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Figure 3.11: Control example for the hopfield system in Figure (a) Objective path for
the system. (b) Control signals selected using the systems’s stability region maps to move the
system between fixed points. (c¢) Objective path in PCA space. (d) Predicted and actualized
system paths in PCA space. (e-f) Predicted and actualized system activity in the original

high-dimensional space.
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Figure 3.12: Smooth Hopfield network size n = 400 with intrinsic 3-dimensional structure.
(a) Hopfield data in PCA space. The network converges to one of 6 "memories”. (b) The first
3 modes capture the majority of the variance in the system. (c¢) SINDy is able to capture a
low-dimensional model with similar dynamics that we can use to construct a control regime.
(d) Predicted and actualized network activity in PCA space. (e) There are now 3 control
signals in the control regime as we are using a 3-dimensional system. (f-g) Predicted and

actualized network activity in the original space under the specified control regime.
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Figure 3.13: Randomly generated high-dimension system n = 20 with a strange attractor.
(a) SINDy model with 3 variables captures the stable fixed points and strange attractor in
the system. (b) Predicted and actualized network activity in PCA space under control. (c)
Predicted and actualized network activity in the high-dimensional space. Notice that although
the SINDy model captured the location of the strange attractor, it does not adequately

capture its frequency as the model predicts a much slower oscillation that the original system

actually produces.
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Chapter 4

COMMUNITY DETECTABILITY AND STRUCTURAL
BALANCE DYNAMICS IN SIGNED NETWORKS

4.1 Introduction

] Most research in network science has focused on networks that allow only positive ties. In
signed networks, however, ties can take on negative values as well. In social systems, positive
ties signify friendly or cooperative relationships between the individual or collective actors
represented by the nodes whereas negative ties signify hostile or conflictual relationships
between nodes. As examples, signed social networks have been used to represent interpersonal
sentiments among students [107], supportive or critical references among opinion makers [22],
relationships in online social networks [59], and alliances and military clashes among nations
[136], 51].

In this paper, we address community structure in signed networks and its implications
for dynamics governed by structural balance, a theory commonly invoked in treatments of
signed networks in social systems. In unsigned networks, community structure refers to the
presence of clusters within networks characterized by relatively dense intra-cluster ties and
sparse inter-cluster ties. A rich set of techniques have been developed to detect communities
in unsigned networks [66]. Of particular relevance here, spectral analysis has proven to be
a highly valuable tool for probing community structure [I57, 36]. For signed networks, the
notion of community can be extended to accommodate negative ties by reversing the criteria
for positive ties — there should be relatively sparse negative ties within communities and
denser ties between them. At the present, however, the literature on community detection in

signed networks is itself rather sparse in comparison with unsigned networks [205], 112}, 22], [58].

1©2020 APS. Reprinted, with permission, from [147]
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An important phenomenon of community structure in unsigned networks is that of
community detectability [46, 152] 222 [74], 220] 1]. Here, community structure can be present
— in the sense that the tie generating probabilities in a stochastic block model indeed favor
ingroup over outgroup ties — but it is too weak to typically be discerned by analysis of the
generated network. For large networks, a phase transition characterizes the passage from

undetectable to detectable structure.

We show that detectability transitions also occur in signed networks. We generate our
networks using a stochastic block model for two communities in an unweighted and undirected
signed network (Sec. . Examples of simulated networks with community structure that
is detectable and undetectable are shown on the left in Fig. |4.1(a) and (b). We describe
the transitions observed in the spectra of simulated networks in which outlying eigenvalues
corresponding to meaningful signals merge with the main spectral band corresponding to noise
(Sec. . Two sets of spectral transitions are found: one corresponds to the detectability
transition involving the two-community structure, while the other affects the ability to observe
an overall tendency toward positive or negative tie formation, which we refer to as sociality
transitions. Figure. (c) shows an example of a network with a markedly positive average tie

value generated in the regime in which an overall prosocial tendency can be reliably discerned.

We analytically calculate both the key eigenvalues and the transition conditions for large
networks. In the main text, we use perturbation analysis to derive expressions for the signal
eigenvalues (Sec. , which are then used to obtain the transition conditions by their
equation with the main band edge eigenvalues (Sec. , these edge eigenvalues being found
using random matrix theory (App. . We also present an alternative to our perturbation
treatment that derives the signal eigenvalues on the basis of random matrix theory, in keeping

with previous treatments of detectability (App.|A.2) [152] 222].

The spectral transitions have important implications for the outcomes of structural
balance dynamics for networks possessing initial community structure. Structural balance

theory, which postulates that triads with one or three negative edges will not endure, can be
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implemented as a deterministic, continuous time dynamical system (Sec. {4.6)),

4y,
— NV Y, 41
p /; kY (4.1)

where t is time and N is the number of nodes [IT1], [137]. This system evolves the connectivity
Yi; between nodes i and j as a function of their relationships with mutual neighbors: the
product Y;;Y; increases their connectivity when they share either a common inclination,
positive or negative, toward k but decreases it if their inclinations are oppositely signed. This
dynamic promotes balanced triads and eradicates unbalanced triads in the network. The
model evolves into a fully connected network where either: (1) there are two hostile factions
with only positive ties within each and only negative ties between them; or (2) all nodes
are positively connected in a single harmonious faction. In either case, the final state is
determined by the leading eigenvector of the initial network.

The driving role played by the leading eigenvector of the initial network in the structural
balance evolution gives rise to a dynamical manifestation of the detectability transition when
the leading eigenvector also carries the community structure signal. For the two-faction
outcome, if the leading eigenvector corresponds to the two identity types in the stochastic
block model, then the final factions will perfectly align with these identities as shown in
Fig. 4.1(a). On the other hand, if the leading eigenvector is merely the edge of the main
noise band, as occurs for weak initial structure below the detectability transition, then the
composition of the final factions will not align with the identity types as seen in Fig.|{4.1(b). An
analogous transition to the single-faction outcome is generated by the sociality transition as
seen in Fig.[4.1]c). Solutions of the structural balance model starting from networks randomly
generated by the stochastic block model do indeed show sharp transitions between behavioral
regimes whose boundaries agree with analytical predictions based on the detectability and
sociality transitions (Sec. [4.7)).

We discuss the potential implications of these results for conflict dynamics among actors
with different identity types due to, for instance, ethnicity, religion, or ideology (Sec.. In

particular, conflicts such as civil wars may take on a binary nature. If the system starts out
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with weak identity-driven structure, then it will not be expected to polarize on the basis of
identity. But complete identity polarization results even when initial affinities and animosities

between identity types are fairly mild and even though identity itself plays no role in the

micro-level conflict dynamics.
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Figure 4.1: Evolution of networks with initial community structure under structural balance
dynamics. (a) Moderate initial structuring by group identity leads to a completely connected
network consisting of two factions sorted by identity. (b) Weak initial structure leads to
two factions of mixed identities. (c) Strong initial positivity in the network leads to a
single harmonious faction. Networks represented as adjacency matrices with 1,0 tie values
indicated by color. Initial networks generated by stochastic block model, — with
parameters N = 100 and d;,,, dpyy = 0.4 in all networks. p/, = 0.3 and p;, = 0.7 for (a),
ple = 0.4 and p;. = 0.5 for (b), and p/,, = 0.6 and p; = 0.8 for (c). Final networks represent
the connectivity signs to which Eq. converges (see Sec. .
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4.2 Generating and representing community structure

Communities in an unsigned network are characterized by relatively dense within-community
ties and sparse ties between communities. Community detection algorithms seek to discover
these communities given an observed network [76, [158, [66]. Stochastic block models, which
generate random networks with community structure by setting tie probabilities within and
between blocks of nodes, have been used to investigate the behavior of community detection
algorithms [159]. In this section, we describe the stochastic block model we use to generate
our signed networks, the characterization of community structure via assortativity, and
decomposition of the generated networks in terms of the eigenvectors of the average adjacency

matrix and a random matrix.

4.2.1 Stochastic block model

Our construction starts with an undirected network of N nodes consisting of two identity
groups A and B of equal size N/2, where N > 1. The A group nodes are indexed from 1 to
N/2 and the B group from N/2+1to N. A is the signed adjacency matrix where A;; is the tie
value between node i and node j, which can take on values of {1, —1,0} with 0 signifying the
absence of a tie. As the network is undirected, the adjacency matrix is symmetric, A;; = Aj;.
The probability that a tie, positive or negative, will form between any given ingroup (A with
A, B with B) node pair is d;,. Similarly, the tie formation probability between outgroup (A
with B) node pairs is dy,;. These tie formation probabilities are equivalent to the expected
ingroup and outgroup tie densities and their average yields the expected tie density for the
total network, d = (d;, + dout)/2. Given the presence of a tie between ingroup members,
the conditional probability that it is positive is p;, and that it is negative is p;, = 1 — p; .
Similarly, the positive and negative tie conditional probabilities between outgroup nodes are
written pt, and p,, = 1 — p/,. For brevity, we refer to p; and p_,, as the ingroup and

outgroup affinities and p;, and p,,, as the in and outgroup animosities.
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The adjacency matrix can be written in terms of the following block structure:

A A
AL |?aa AaB ’ (4.2)

ABA ABB

where each block is a random N/2 x N/2 matrix. The diagonal blocks represent AA or
BB ties, whose elements are set using the following probability distribution for the ingroup

random variable A;,:

P(Aim =k) = din(1 —p}) k=-1 (4.3)

Since A is symmetric, there are (N/2)(N/2 + 1) independent, identically distributed ingroup
ties.

The off-diagonal blocks, corresponding to AB or BA ties, are transposes of each other
resulting in N2/4 i.i.d. outgroup ties, which are drawn according to the random variable

Aout:

doutpjut 7k =1
IP(Aout = k) = dout(]- — p:ut) ,k’ =—1 (44)
1 —dow Jk=0.

Equations — define the stochastic block model used to generate matrices with
more or less community structure as seen on the left in Fig. and for all the numerically-
generated spectra shown in this paper. Note that this model allows nonzero self-ties, unlike
in many empirical networks, but this is a standard approximation that facilitates analytical
treatment [152 [10T] 222]. For large networks, the contribution of the N diagonal elements is
negligible in comparison with that of the order N? off-diagonal elements. As we note below,
the effect of removing self-ties on the average of A is to shift the eigenvalues by a constant
that is independent of N. In addition, the model of structural balance dynamics, Eq. ,

allows for self-ties.
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Networks that are too sparse become disconnected and the structural balance dynamics of
the isolated subgroups will evolve independently of each other as opposed to the holistically
evolution we see when the network forms one connected graph. An Erdés-Rényi graph will very
likely form a single connected graph if p > In(N)/N [57, 1]. Similarly, our stochastic block
model matrices with two communities and density probabilities d;, = a/N and d,; = b/N
will have a single giant component if (a+b)/2 > 1, and will very likely form a single connected

graph if d;, = aln(N)/N, dpys = bIn(N)/N and (a +0)/2 > 1 [1].

4.2.2  Assortativity

Assortativity refers to the tendency for nodes of the same type to be more strongly connected
than nodes of different types. We extend the standard definition of the assortativity coefficient
for discrete node types [156] to our signed network case by calculating separate coefficients
for the positive and negative tie networks and then essentially differencing them. We will
use the signed network assortativity coefficient to characterize the regimes of the structural
balance dynamics in Sec. [4.7]

First, considering the adjacency matrix of positive ties only, we let e;; denote the fraction
of all positive ties that connect a node of type i to one of type j where i,j € {A, B}. The

assortativity coefficient 7+ for the network of positive ties, whose adjacency matrix elements

are 1 if A;; > 0 and zero otherwise, is then

+ iei’i—zi(a
= ¥

1- Zi(ai )

i efj. The assortativity coefficient can range between —1 and 1. A network

5)2, (4.5)

r

+

P =

where a
containing only ingroup (AA or BB) positive ties with no outgroup (AB,BA) ties is completely
assortative, r* = 1, which in the social network context implies that people only cooperate
with members of the same group. A network containing only outgroup ties is completely
disassortative, r = —1, implying cooperation across the two groups but not within them.
We see this state in the example shown in Fig. in which r* = —1 when the ingroup affinity

p; = 0. As the ingroup affinity increases, r* increases but does not reach one as there are



72

still outgroup ties due to the nonzero value of the fixed outgroup affinity.

The assortativity for the network of negative ties, r—, is defined analogously to Eq. .
Whereas positive values of r* imply that ingroup relations are more friendly than outgroup
relations, assortative mixing in the network of negative ties implies more hostility within
groups than between them. Thus, in Fig. m we see that r~ > 0 when there is complete
ingroup animosity (p;, = 1 corresponding to p;. = 0) and 7~ = —1 when there is no ingroup

animosity and so negative ties within groups.

Accordingly, as we want positive values of our overall signed network assortativity coeffi-
cient r to signify that ingroup interactions tend to be more amicable than outgroup ones, we

average r* and —r~, yielding

(4.6)

which can take on values between —1 and 1. Figure shows that r is negative for low

ingroup affinity and positive for high ingroup affinity.

Figure 4.2: Example of assortativity coefficients as a function of ingroup affinity. Values
calculated using expected tie numbers. Parameters are d;, = 0.5, dpyt = 0.3, p,,; = 0.7, and

N =100.
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4.2.3  Adjacency matriz decomposition

This section presents a decomposition of the adjacency matrices generated by the stochastic
block model into: (i) a signal component that results from the expected tie values generated
by the ingroup and outgroup random variables, A;, and A,,; and (ii) a noise component due
to random deviations from the expected values. This decomposition will form the starting
point for our calculation of the network eigenvalues in Sec. We write A as the sum of

the average matrix (A) and a random deviation matrix X:
A=(A)+X (4.7)

Given the block structure of Eq. (4.2)), (A) can be written as
(A) = , (43)

where each element of (A 44) and (Apgg) is equal to (A;,) and each element of (A 45) and

(Apa) is equal to (Ayy). From Eqgs. (4.3) and (4.4)), we have
(Ai) = din(2pf, — 1) (4.9)

<Aout> = dout<2p:ut_ ]-) (410)

We define a couple of useful linear combinations of the in and outgroup expected tie values.

We denote by p the average over all the elements in (A),

o= <Am> —g <140ut>7 (411)

and we denote by v the half-difference between the in and outgroup expected tie values,

Y= <Am> _2 <Aout>. (412)

Both p and v range from —1 to 1. Noting that (A;,) = u+ v and (Agw) = u — v, these

expressions allow us to express (A) as a sum of two outer products,

(A) = pNuguj, + vNucug, (4.13)
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where uy and ugs are orthonormal N-dimensional vectors: uy = \/Lﬁ[l, 1,...,1]7 and ug =
\/—%[1, w1, =1, ..., =1]T where the —1’s align with the B block node indices. In fact, ug and

uc are readily seen to be the two eigenvectors of (A) with respective eigenvalues p/N and

vN:

(A)uc = vNuc. (4.15)

The term containing uy in Eq. generates a homogeneous N x /N matrix whose elements
are all equal to pu, the global average tie value. Hence, we refer to uy as the homogeneous
eigenvector. The term containing uc generates a matrix whose diagonal block elements are all
equal to v and whose off-diagonal block elements are —r and so corresponds to the structure
of ingroup and outgroup tie differences. Accordingly, uc generates the community structure
and we refer to it as the contrast eigenvector.

The homogeneous and contrast eigenvectors are signal eigenvectors whose ability to
be distinguished from the noise generated by X has important implications for community
detectability and structural balance dynamics. From this perspective, u and v can be regarded
as natural parameters for the signal structure in the network and could be used in place of
two of the parameters in the stochastic block model, for instance, the ingroup and outgroup
affinities. Doing so is less intuitive from a simulation viewpoint, however.

While (A) is rank 2 in general, if either p or v equals zero, (A) becomes a rank 1 matrix
composed of either the homogeneous eigenvector or the contrast eigenvector. If pf,, = 1/2
then (Ay) = 0 and p = v and so the two eigenvalues of (A) are degenerate, as is the case
when d,,; = 0 and the two blocks are disconnected from each other. On the other hand, taking
d;, = 0 yields a bipartite network between the A and B blocks in which p = (A,)/2 = —v
and so the homogeneous and contrast eigenvalues are equal and opposite. If ;4 and v are both
zero, (A) vanishes and A reduces to the noise matrix X.

To remove self-ties from (A), one can subtract (4;,)I from Eq. (4.13), where I is the
identity matrix. This shifts the signal eigenvalues by —(A;,) = —(u + v).
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The noise matrix X is a symmetric matrix that can be written in the block form,

X X
X _ AA AB . (4 16)
Xpa Xpp

Since X = A — (A), the elements of the ingroup blocks X 44 and Xpgp can assume values in

{1 = (Ain), —1 — (Ain), —(A;n) } that are distributed according to the random variable X,

P(Xin = k) = { dn(1 = ) = —1 — {4y, (@17
1—d;, k= —(Ap).

Likewise, the entries of the outgroup blocks X 45 = X% , are distributed like X,

doutpjut ak =1- <Aout>
P(Xow = k) =  dous(1 — pls) k= —1— (Agus) (4.18)
1 — dow 7k = _<Aout>-

All the elements of X have zero mean as (X;,) = (Xou) = 0. The variances of X, and X,

are given by 02 = (X2 ) and 02, = (X?2,), which are written in terms of the stochastic block

out — out

model parameters as

m

Ot = dowr — doyy (205, — 1)7. (4.20)

out —

These variances will appear as their average,

2 2
0_2 — Oin —;O-out’ (421)

in the noise-induced correction to the signal eigenvalues calculated below. The average

variance can also be related to the parameters p and v as follows,

2 _ dm + dOUt . d?n(ij;L B 1)2 + dzut(ijut B 1>2

o (4.22)
2 2
din + dou 1
= = = S () + (Aou)?) (4.23)
_ din + dout . ,UQ _ 2 (424)

2 9
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where we have used Eqs. (4.9) and (4.10) in the second line and (A;,)% + (Aput)® = (u+v)? +
(u —v)* =2(p* + v?) in the third.

4.3 Signal Eigenvalue Transitions

Spectral analysis has been used to address the number and detectability of communities in un-
signed networks by considering the leading eigenvalues that reside outside the (approximately)
continuous main spectral band due to its generation as a random graph [36], 152, 222] [179].
For undirected networks, the adjacency matrix is symmetric and hence has a real spectrum.
The number of detectable communities is equivalent to the number of positive eigenvalues
that lie beyond the main spectral band. Nadakuditi and Newman [I52] showed the existence
of, and analytically calculated, a detectability transition in which the community structure,
as generated by a stochastic block model with two communities, while still present becomes
no longer detectable. Under assortative tie formation, this transition occurs once the second
eigenvalue of the adjacency matrix, which carries the community structure information,
merges with the main spectral band. Using random matrix theory, the authors derived
expressions for both leading eigenvalues and the edge of the spectral band, thereby enabling
the analytical determination of the transition dependence.

Similar to unsigned networks, Fig. illustrates that the spectra of our signed networks
consist of a continuous band of eigenvalues originating from X, the variability or noise in the
system, and signal eigenvalues originating from (A), the structure in the system. The edges

of the main spectral band, £+, are derived in Appendix [A.T],
v =20VN, (4.25)

while the average contrast and homogeneous signal eigenvalues, (\¢) and (\y), are derived

in Sec. and Appendix [A.2]

(o) =vN+=, || > LN (4.26)
02 o
(An) = pN + m ul > N (4.27)
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The formulas for (A¢) and (A\gy) consist of their respective eigenvalues from (A) and a
correction proportional to the average variance. The conditions |v|,|u| > ¢/v/N imply that
[{A) ], [{Am)| > || so that and are only valid when outside of the main spectral
band. Note that because of the self-averaging behavior for large N, we can effectively drop
the expectation brackets and take Ao = (A¢) and Ay ~ (Ap).

The successive horizontal slices in Fig. [4.3(a) correspond to the eigenvalues of single
instances of A generated by the stochastic block model as the outgroup animosity is increased.
There are four points at which the outlying eigenvalues merge with the main band. Considering
first the upper right of the plot, the largest eigenvalue, A1, is observed to detach from the
main band for p,,, greater than about 0.7. The right plot in Fig. 4.3(b), which depicts the
signs of components of the first eigenvector uy, shows that u; displays a two block structure
for high p, ;. Consequently, in this regime, the leading eigenvector corresponds to a perturbed
version of the contrast eigenvector, uc, of (A). The point at which A\; emerges from the main
band is then identified with the community detectability transition. Indeed, below this point
u; loses its block structure and rapidly takes on the appearance of random noise. We observe
that in contrast to the analogous case in unsigned networks where the detectability transition
involves the second eigenvalue of the adjacency matrix, here the two communities are no
longer discernible when the leading eigenvalue merges with the main spectral band. We refer
to the transition involving the merging of the contrast eigenvalue with the positive edge of the
main band as the assortative transition because the communities are preferentially grouped
by identity type. With an eye toward its dynamical significance when the contrast eigenvalue
is leading, the two final factions produced by the structural balance dynamics are polarized
by identity type after \; emerges from the band.

The leading eigenvalue is observed to undergo another transition at p_,, ~ 0.3. For
lower outgroup animosities, u; takes on a single block structure and so can be taken to
result from a perturbation of the homogeneous eigenvector uy. This homogeneous structure
disappears from u; for p,, values above the transition. As the homogeneous eigenvalue

carries information about the average tie value over all nodes, its emergence from the noise
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band can be considered a sociality transition. In particular, we refer to transitions that occur
on the positive side of the noise band as prosocial transitions, in which a pattern of overall
positive ties between nodes becomes apparent. The prosocial transition induces a transition
in the structural balance dynamics from the two-faction equilibrium (not sorted by identity)

to a single harmonious faction consisting of all nodes.

The lower left section of Fig. [4.3|(a) shows the intersection of the last and least eigenvalue,
AN, with the noise band at p,,, ~ 0.4. For outgroup animosity values beneath this intersection,
the last eigenvector uy displays a two block structure as seen on the left plot of Fig. [4.3(b).
However, although these blocks align with the A and B identity groups, the warmer outgroup
than ingroup relations implies that the blocks are really disassortative “anti”’-communities
rather than assortative communities (prominent negative eigenvalues are also associated with
disassortativity in unsigned networks [I58]). Since this disassortative transition involves the
least eigenvector, it has no significance with respect to the outcomes of the structural balance

dynamics.

Finally, the other transition involving Ay, seen in the upper left of Fig. |4.3(a), represents
the emergence of the homogeneous eigenvalue and its corresponding single block structure
from the noise band. It is a sociality transition and, in particular, an antisocial transition as
it occurs on the negative side of the noise band signifying a conflictual relationship among
nodes on average. The antisocial transition has no dynamical significance with respect to the

structural balance dynamics.

Signal eigenvalues can occur on alternative sides of the spectral band as in Fig. [4.3{(a)
or on the same side as seen in Fig. [4.4(a). When Ay and A¢ are on the same side of the
spectral band, p,,, = 1/2 is the point at which the signal eigenvalues cross one another since
i = v. This affects which of the first two eigenvectors carries the community structure, but
the structure itself remains apparent (Fig|4.4(b)). However, the signal crossing does affect the

balance dynamics, producing a transition between the harmonious and assortative outcomes.
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Figure 4.3: (a) Eigenvalue spectrum of A as a function of outgroup animosity p,,,. The other
parameters remain constant: N = 100, p; = 0.4, d;;, = 0.5, dyy = 0.8. (b) Signs (yellow
positive, blue negative) of the components of the last, uy, and first, u;, eigenvectors as

functions of p,,,. The theoretical curves for A¢ (solid green), Ay (solid pink), and 7 (dashed

blue) are calculated from Egs. 1 , |D and 1) respectively.



b out

%,
R,

[4 | P o
'f == Y, prosocial e
I transition r
! ﬁH ! Py
i CEai o
| 1 LA
»7  signal
: : 4. crossing
Y
k 1 ‘\\
t i "N,
t 1,_assortative "\\‘
i ] transition N
i
0

100

30 40 50

1 50 100
u;

30

Figure 4.4: (a) Spectrum of A as a function of p,, with constant parameters N = 100,

diny dout = 0.5, and p = 1. (b) Signs (yellow positive, blue negative) of the components of

the first and second eigenvectors, u; and ug, as functions of p,,,. The theoretical curves for

Ac (solid green), Ay (solid pink), and «y (dashed blue) are calculated from Eqs. (4.57), (4.58)),

and |D respectively.
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4.4 Calculation of signal eigenvalues

In this section, we will derive formulas for the signal eigenvalues as a function of our stochastic
block model parameters. We employ a perturbation treatment here but present an alternative
derivation employing random matrix theory and complex analysis in App. Equation (4.7)),
which expresses the adjacency matrix A as the sum of its expected value (A) and a matrix of
random deviations X, will form the starting point of our analysis. We consider (A) as a given
deterministic matrix with homogeneous and contrast eigenvalues and eigenvectors, Egs.
and , that is subject to a perturbation from the independent noise matrix X, which
induces shifts to the signal eigenvalues and eigenvectors. A perturbation expansion to second
order and the statistics of the noise matrix then yield the corrections to the signal eigenvalues.
We note that in treating X as an independent perturbation to (A), we temporarily suspend

their linkage via the tie formation probabilities in the stochastic block model.

4.4.1 Perturbation Fxpansion Setup

We show the perturbation calculation for the case of the contrast eigenvalue. The homogeneous

eigenvalue can be obtained in precisely analogous fashion. The eigenvalue equation is
(<A> + X)VC = AcVe. (428)
We write the perturbed eigenvector and eigenvalue up to second order as

Vo = Uc + 11(1) + u(2) (429)
Ao = vN+ XD 4 \@) (4.30)

where A, A®) u® u® are the first and second order perturbations. As the unperturbed

eigenvalue is O(rvN) we divide Eq. (4.28) by N so that the zeroth order equation is O(1).

Then, using Eqgs. (4.29)) and (4.30)), the eigenvalue equation becomes
A X
(% * N) (ue +u' +u)

< AL 2@

(4.31)
v+ —+ —> (ue + u® +u?).

N N
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Before embarking upon our perturbation analysis, we specify the appropriate expansion
parameter. To do so, we determine the orders of the (A) and X matrices by evaluating their
2-norms. The 2-norm of our matrix is equivalent to its largest eigenvalue. Consequently, for
the unperturbed matrix, ||(A)|| is given by the larger of N|v| or N|u|. Taking v, u to be
O(1) therefore implies that (A) is O(N). In Appendix using Wigner’s semicircle law for
the spectral density of a random matrix as well as matrix bounds, we determine that || X]||2
is O(0v/N). The ratio of the orders of X to (A) is O(c/v/N), and so successive orders in
the perturbation series must diminish by a factor of o/ VN, which therefore serves as our
expansion parameter. At a given N, the perturbation can be made arbitrarily small by letting
o go to zero. But in the large N regime, we need not constrain o to be small.

Separating Eq. (4.31)) out by expansion orders yields

O(1)
A
% we = ue (4.32)
O(c/V/N)
A X A
<_]\)u<1>+ﬁuc—yu<l>+7uc (4.33)
O(o?/N)
(A) o X o ADA®
v U +Nu vu'” + N + N dc (4.34)

4.4.2  First Order Treatment

To find the first order eigenvalue perturbation, A", we multiply both sides of Eq. (4.33) by
Nul. Then using Eq. (4.13) and the orthonormality of uc and ug gives

vNuLu® + ulXue = vNufu® + AW, (4.35)
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Solving for A1) yields

A = ulXue (4.36)
1 N T N
1 2 2
=12 Xt D Xy-2), > Xy
2,J=1 i,j:%—‘rl =1 j:%—i—l

The first two terms in the braces above sum ties in the ingroup blocks AA and BB respectively,
each tie distributed as Xj,, and the third term corresponds to the AB and BA outgroup ties,
distributed as Xou. As AY is equal to the sum of zero-mean random ingroup and outgroup

variables, its mean therefore vanishes,
Ay = 0. (4.37)

Turning to the variance, each element within the outgroup sum has variance o2, which

becomes 402,,/N? when the 2/N prefactor is included. The contribution to the variance

2

from the N2/4 outgroup variables is therefore o2,.

Similarly, for the ingroup sums, the
symmetry of X implies that, neglecting the diagonal, there are approximately a total of N*/4
independent variables each with variance 402 /N? so that the ingroup variance contribution

is 02,. Accordingly, the variance of A is

Var(A\V) = 2, + 02, = 202 (4.38)

o

To solve for ulY), we write it as a vector decomposition and solve for the individual

components,

ugl) = uﬁl) - u(f), (4.39)
where uﬁl) is the component of u") that is in the uc, uy plane, and u(f) is the component

orthogonal to that plane. We find u,(‘l) and u(f) by multiplying both sides of the O(c/v/N)
equation, Eq. (4.33) by u%, the transpose of the homogeneous eigenvector of (A), which gives

uf (A u + Xup) = v (vNu® + ADug), (4.40)
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which after employing the eigenvector properties becomes

pNulu® +ul Xus = vNubuW. (4.41)
Rearranging and noting that ufu® = u%u'", we find
T
1 uy Xuc
which suggests the following solution for ul(‘l),
v _ _[Xug], 143
ull I/N _ ILLN ( ° )
Writing [Xu¢], as a decomposed projection onto ue and ug,
[Xuc], = (utXue)ue + (v Xue)ugy (4.44)
allows us to write uﬁl) as
o — (ulXuc) (L Xue) (4.45)

o VN—uNuC VN—uNuH‘
We now seek to solve for u(j) . Using the decomposition 1' in the first order equation,
[.33), gives

<A>[u,§1) + u(j)] + Xue = z/N[u,(‘l) + u(j)] + AWy (4.46)

Retaining only the terms that have components orthogonal to the uc, uy plane and rearranging

yields
X
) = | :‘]\C;h. (4.47)

Using the substitution [Xug]; = Xueg — [Xug], then gives the solution for the orthogonal

component
ulV Xue — [(nguc)IJJ\f - (nguC)uH]_ (4.48)
v

Combining Eqgs. (4.45)) and (4.48)) gives the solution for the first order perturbation to the

eigenvector uV,

) — Xuc U(ngUC>uC p(up Xug)
vN  vN(v—p) vN(v —p)

uy. (4.49)
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4.4.3 Second Order Treatment

Having found the first order eigenvalue and eigenvector perturbations, A() and u¥, we can
now solve for the second order correction A?). We multiply both sides of Eq. (4.34) by uZ

and then solve to get

A — uZXu® — AOyZy®) (4.50)
IS I s
vN vN vN(v—p)’ '

where Eqs. (4.36]) and (4.49) have been used to obtain the second line.

We seek the expected value (A\?)) and consider the righthand terms of Eq. (4.51)) in

succession. Expanding the expected value of the first term yields

: 7 (4.52)

where (X?);; = Z]kvzl Xk Xkj. As the elements of X are independent, the cross-element terms
in this sum have vanishing expectation: (X;;Xj;) = 0 for i # j. When i = j, the value of
(X2) is either the ingroup or outgroup variance: (X2) = o2, if i,k < N/2 or i,k > N/2;

(X2) = o2, otherwise. Accordingly, the expectations for the elements of X? are given by

%a?n + %Uﬁut =No?, i=j
(X?)ij) = (4.53)
0, i# ]

The above equation reduces the double sums in the first two terms in Eq. (4.52)) to single
sums over ((X?);;) = No?, which can then be combined. The last term, which contains only

off-diagonal elements of ((X?)), vanishes. The contribution of the first term in Eq. (4.51]) to
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(A\@) is therefore

N
(uLX?uc) 11 5

) _ 1Sy 4.54
VN VNNZ,Z ? (4.54)

2

o
-7 4.55
. (4.55)

We now turn to the second and third terms on the righthand of Eq. . The numerator
of the second term, (u%Xuc)?, involves the square of A(Y) by Eq. . Hence, its expected
value is equivalent to the variance of A (which has zero mean), and so goes as o? as
shown above. Consequently, the expected value of the second term goes as o2/N. The same
argument holds for the third term as its numerator depends on uf,Xuc, which is likewise
tantamount to the sum over the random ingroup and outgroup variables. Therefore, in the
large-N regime of concern here, the second and third terms, which have a 1/N dependence,

can be neglected in comparison with the first term, which is independent of N. Accordingly,

Eq. (4.55)) gives the second order eigenvalue perturbation
(A®y = —. (4.56)

Having found that the first order perturbation vanishes on average and given the second
order perturbation above, we arrive at the approximate solution for the expected value of the

contrast eigenvalue of Eq. (4.28)),

o2

(Ac) = VN + PR (4.57)

Since the ratio of the second-order correction to the unperturbed eigenvalue goes as 02 /N,

the expansion parameter, given by its square root, is therefore O(o/ VN ) as stated at the
beginning of this calculation.

A similar calculation, this time expanding about the homogeneous eigenvector uy, gives

us the solution for Ay, which simply involves swapping out v for p in the preceding equation,

(i) = pN + %2 (4.58)
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The analytical expressions for the signal eigenvalues, and , are plotted in
Fig. 4.3[(a) for values outside the main spectral band. They are observed to be in good
agreement with the outlying eigenvalues of the numerical spectrum. This is the case even
though, rather than an average over many generated networks, each horizontal slice represents
just one instance, a reflection of the self-averaging behavior of large random networks. These
expressions also work well in the non-sparse limit as shown in Fig. for the case where the
contrast eigenvalue becomes the leading eigenvalue beyond the assortative transition. The
predicted A¢ is observed to separate from the spectral edge past a critical density, which
decreases with network size, and shows good agreement with the first eigenvalue of the

simulated network, particularly for the two larger networks.

(a) N =50 (b) N = 100 (¢) N = 1000
15 / 30
/"' ,,4" 200 ."‘a“
Ao 10 20 e "‘."‘,‘
5 _)\C 10 . ’,,/4‘ 100 ""’«w
11 """o’»
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0 0.5 1 0 0.5 1 0 0.5 1
d d d

Figure 4.5: Theoretical contrast (A, Eq. (4.57))) and band edge (v, Eq. (A.15])) eigenvalues,

along with the simulated leading eigenvalue (A1), as a function of network density. (a) N = 50
(b) N =100 (c) N =1000. A\¢ is plotted for network density values where it meets or exceeds
~. One leading eigenvalue instance is computed for each d value. d = d;;,, = dyut, p;;l = 0.6,

and p, = 0.4.

For the special case pu = v, the same signal eigenvalue expressions still hold but we note
how this case affects the derivation. When u # v, the last term on the right side of Eq. (4.51))
could be neglected above as it is a factor of 1/N smaller than the first term. For p = v,

however, the third term is singular. Yet, Eq. (4.41) implies that u,Xuc = 0 for = v (or is
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higher order for y — v ~ 1/N) and so the seemingly problematic third term does not arise.
For the special cases v = 0 or = 0, (A¢) = 0 or (Ag) = 0 respectively and (A) becomes rank
1. Figure [4.7|(b) shows example spectra for ;1 = 0 in which A¢ is the only signal eigenvalue.

The symmetric forms of the expressions for A¢ and Ay reflect the fact that an orthogonal
transformation K exists that transforms the contrast and homogeneous eigenvectors of (A)
into each other, that is, uj; = Kuc and uy, = Kuy where the primes denote the transformed
system. Specifically, K is the diagonal matrix diag(1,...,1,—1,..., —1) where the negative
values start at index N/2 + 1. Tt is its own inverse, K~! = K. The transformation of the
expected adjacency matrix, (A’) = K(A)K, flips the sign of the off-diagonal blocks so that
(Al ) = —(Aou). Therefore, by Eqs. and (£.12), i/ = v and v/ = p, which swaps the
perturbed signal eigenvalues, Ny = A¢ and A\, = Ap.

An alternative calculation of the signal eigenvalues based on random matrix theory and
complex analysis is presented in the Appendix[A.2] We find the same formulas for the signal
eigenvalues (see Eq. (A.44)) as have been derived here.

4.5 Transition Boundaries

In this section, we derive theoretical predictions for the boundaries of the detectability
and sociality transitions. As discussed in Sec. [£.3] these transitions occur when the signal
eigenvalues merge with the main spectral band. From Eq. , the edges of the main band
of X are given by £20v/N, a formula that is a straightforward adaptation of the band edge
of Wigner’s semicircle distribution. We consider the community detectability transitions first,
that is, those involving the contrast eigenvector ugs, whose eigenvalue is given by Eq. .
The detectability transition will therefore occur when

2

vN + 2 = 20V/N. (4.59)
1%

Solving for the critical value v, yields

o(vy)

Nk

(4.60)

Ve =
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The notation o(v,) serves as a reminder that v, also appears on the righthand side due to
the functional dependence of ¢ given by Eq. . The community structure is detectable
when |v| > v,. In particular, the assortative transition occurs for v = v, and the detectability
transition for disassortative structure occurs for v = —v,.

We observe that the transition condition also results by setting the noise power
equal to the signal power. Defining the noise power as the projection of X2 onto uc, its
average, (u.X?uc), is found using Eq. to be No?. One could also arrive at this value
by considering how much of the total noise variance, N?0?, is carried on average by each of
N randomly chosen orthogonal basis vectors. Equating the signal power to the average noise
power, v2N? = No?, yields (4.60).

The sociality transitions associated with the homogeneous signal occur when the homoge-

neous eigenvalue given by Eq. (4.58)) equals the band edge eigenvalue. This yields a critical

value fiy,
o ()
. = . 4.61
=N (4.61)
The prosocial transition occurs for y = u, and the antisocial transition occurs for p = — .

We now unpack the transition conditions derived above to express them in alternative
ways in parameter space that will further intuitive understanding of the transition behavior
and allow for connection with simulation results.

First, we substitute Eq. (4.24) for 02 in the detectability condition (4.60]) to yield
1
Nv? = é(dm + dout) — p* — V2, (4.62)

We point out that (d;, + doue)/2 is simply the overall tie density in the network. For a sparse
network, d;,, d,; < 1, we can neglect the u? and v? terms on the right-hand side, so that

the critical value v, is given by

1
Ve = :l:\/ﬁ(dm + dout)- (463)

The positive sign corresponds to the assortative transition and the negative sign corresponds to

the disassortative transition. As v can be regarded as a natural parameter for the community
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structure, this structure (assortative or disassortative) becomes easier to detect as the network
becomes more sparse since |v,| shifts to smaller values (but care should be taken to distinguish
the behavior of v from that of the affinities and animosities, which can behave oppositely
with density as in Eq. below). Weaker structure is also more detectable as the size of
the network grows, as was already apparent from Eq. .

We now substitute into Eq. the definitions and for © and v and

rearrange to obtain

2N
0= <Aout>2 - N—-|-2<A""t><Am>
5 (4.64)
+ <Am> N + 2 (dm + dout)a

which can be solved for the critical value of (A4,,) (omitting the asterisk),

<Aout> = NL—FQ<AW>

AN +1) (4.65)

2
[ e I S - \2
+ \/N T 2<dzn + dout) (N T 2)2 <Azn> .

To write the detectability transitions completely in terms of the block model probabilities,

we substitute Eqs. (4.9) and (4.10) for (A;,) and (A,.) into (4.65). Solving for the outgroup
animosity and taking the large N limit yields

_ 1 dm + 1
Pouwt = 5 - Aot <pm 2)
— (4.66)
1 din + dout — 83, (Dj, — 5)2
dout 2N ’

+

where the positive sign corresponds to the assortative transition. Neglecting the second term
inside the square root yields the sparse limit, equivalent to Eq. (4.63)).

For the sociality transitions, the sparse limit results in the condition

1
My = i\/ﬂ (dm + dout)' (467)
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The positive and negative signs correspond to the prosocial and antisocial transitions respec-

tively. The critical value of the outgroup animosity is given by

pout - 2 dout p“’b 2
— (4.68)
1 dm + dout - Sdm(pm B §>2
dout 2N 7

+

where now the negative sign is used for the prosocial transition.

4.6 Structural Balance Dynamics

In its simplest incarnation, structural balance theory considers the stability of triads. Triads
with all positive ties (“the friend of my friend is my friend”) or two negative ties (“the enemy
of my enemy is my friend”) are considered balanced and so stable. In contrast, a triad with
an odd number of negative ties will be unbalanced. For fully connected networks, assuming
that all triads must be balanced over time implies that the system achieves either a state of
global harmony in which all nodes are positively connected or two hostile camps with positive
connections within each camp and negative connections between them [32]. Empirical signed
networks in social systems such as international relations, student relationships, and online
social networks have been found to be approximately balanced [107, 206, [59], exhibiting a
tendency toward partition into two factions.

Although the concept of balance can be extended to arbitrary-length cycles, the triadic
notion has motivated the construction of dynamical systems models that evolve the relationship
between a pair of nodes as a function of their relationships with their network neighbors
[T11], 137, 207]. As noted when Eq. was introduced, if both members of a dyad have
a positive relationship with a third node, that will act towards making the focal dyad’s
relationship more positive. In contrast, having oppositely signed relationships with the

third node will contribute a force pulling the dyad toward a more conflictual relationship.
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Unbalanced triads wither away under these dynamics. Building upon Ref. [IT1], Marvel et al.
[137] demonstrated that the model of structural balance dynamics defined by (4.1)) almost
always achieves a balanced state starting from random initial conditions. Equation (4.1)) can

be written as a matrix equation,
ay
o= Y?, (4.69)
where Y is the matrix of signed and continuous connectivity values, Y;;, between node pairs.
In support of its empirical relevance, Ref. [I37] found that when implemented upon the initial
network of several real world systems, this model well predicts the observed final network.
Equation (4.69)) is the matrix form of a Riccati equation and has the following closed

form solution [137]:

Y(t) =Y(0)I-Y(0) " (4.70)

The elements Y;; diverge to positive or negative infinity in a finite time ¢; and so the solution
only holds for ¢ < t.

For the purposes of analyzing community structure, we convert the connectivity matrix Y
to an adjacency matrix A with discrete values +1 and 0 by taking the sign of the connectivity
values so that A;; = sgn(Y;;). The leading eigenvector of the initial connectivity matrix,
Y (0), grows fastest and so dominates the solution as ¢ — ¢;. As a result, the final adjacency

matrix Ay corresponding to Y as ¢ — ¢y converges to the outer product
A _ T
F=uuy, (4.71)

where u; consists of the signs of the leading eigenvector of Y (0).

The rank 1 structure of Ay toward which the connectivity matrix converges implies
that the final network must partition into either two hostile factions or one harmonious
community as consistent with the expectations of structural balance theory [137]. The final
network consists of a single harmonious faction if the components of u; are of uniform sign,
but consists of two hostile factions if u; contains both positive and negative values [137].

Note that these results hold only if there is a single dominant eigenvalue and the graph
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is connected. When d,,; = 0, the graph is disconnected and the isolated identity blocks
will evolve independently of each other and the connectivity matrix will become rank 2
after structural balance dynamics. Although the first two eigenvalues of (A) are equal in
the pt, = 1/2 case as well, the network remains connected and, due to stochasticity, one
eigenvalue will inevitably be slightly larger in the realized A, causing it to generate the

ultimate rank 1 state. The case of d;,, = 0 is also connected and so evolves to rank 1.
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Figure 4.6: Structural balance evolution of a network with community structure. (a) Con-

Time

nectivity network weights Y;;(t) over time evolved by Eq. from an initial network
generated by a stochastic block model (with values rescaled by 1/N). (b) Initial and final
adjacency matrices. Initial matrix parameters N = 100, d;,, = 0.7, dyy = 0.7, p;; = 0.65, and
ph. = 0.35.

We will investigate the evolution of networks with community structure under the structural
balance model . The initial connectivity matrix is taken to be proportional to an initial
adjacency matrix A( generated using the stochastic block model, in particular Y (0) = Ag/N.
Figure[4.6[a) shows an example of the evolution of network connectivity values over time from
a Y (0) corresponding to the Ay shown on the left in Fig. [£.6{b). We see that the Y;; — £o0
and the final adjacency matrix A on the right shows the split into two factions with positive

ties within each faction and negative ties between factions. It is given by the outer product
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(4.71)) with u; = ue so that the factions correspond with the identity blocks A and B.

4.7 Structural Balance Behavioral Regimes

As the final structure of these dynamical networks is dominated by the initial network’s
leading eigenvector, we can determine the extent to which networks in our parameter space
will become assortative or homogeneous using our transition formulas derived above. First

we treat a special case before exploring more general parameters.

4.7.1 Ingroup affinity equals outgroup animosity

We consider the simple case in which the ingroup affinity is set equal to the outgroup animosity,
P = po.- We also make the simplification d;, = dyy¢ = d. For this case, (A;,) = —(Agus) s0
that = 0, i.e., there is no homogeneous signal, and v = —(A,;). Using (Ay) = d(1—2p,,;)
in Eq. , we solve for the critical outgroup animosity

Pout = % (1 +4/ d%) : (4.72)

Note that we only use the positive sign from since it is the assortative transition, not
the disassortative one, that involves the leading eigenvector.

Figure 4.7 shows the alignment between the dynamical regimes evolved by the structural
balance model and the community structure of the initial network. Panel (a) plots the
assortativity r defined by Eq. of the final adjacency matrix, A as averaged over 400
initial networks generated by the stochastic block model at each point in the d and p,,,
parameter space. The yellow region represents the fully assortative outcome where the system
evolves into two factions corresponding to the identities defined by the stochastic block model.
In the blue region where r ~ 0, the two final factions are well mixed by identity. We see that
the boundary between these two regions is in good accord with Eq. . As the network
density increases, the assortative regime is observed to grow, extending down to smaller
outgroup animosity values. Panels (b) and (c) plot, respectively, the spectrum and first

eigenvector of the initial adjacency matrix, Ay for a constant density value. The transition in
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Figure 4.7: (a) Assortativity of final adjacency matrix as a function of d and p,,, for network
size N = 1000 averaged over 400 simulations. Solid curve is the theoretical transition
boundary given by Eq. . Note that the theoretical curve corresponds to the early part of
the transition in which 7 just begins to rise whereas the more visually distinctive yellow-cyan
interface marks the middle of the transition. (b) Initial adjacency matrix spectra for d = 0.4
and increasing p,,,. Dashed line indicates theoretical transition point. (¢) Component signs
for the leading eigenvector u; of the initial adjacency matrix. The disassortative transition is

not dynamically relevant so only the upper part of the p,,, scale is plotted in (a).
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the structural balance dynamics mirrors the behavior of the first eigenvector which undergoes
an assortative detectability transition at p_,, = 0.525. These plots also confirm that the
leading eigenvector is never homogeneous and so one does not expect to observe the single

faction outcome in this case (being extremely improbable).

4.7.2  General parameter conditions

We now analyze the final states of networks generated using more general parameter conditions.
We plot the behavior of the signal transition curves in the two-dimensional parameter space
defined by p; and p,,, for fixed values of d;,/dyy:-

As the homogeneous signal was irrelevant in the previous case, we needed only plot the
assortativity r. However, the prosocial transition will occur in general and so we must measure
the extent to which nodes can be found in one large group. We define the homogeneity h as
the fraction of all nodes that can be assigned to a single group by virtue of having a common
sign in the leading eigenvector of the adjacency matrix. When all nodes have a common sign,
they are positively connected to all other nodes so that h = 1, while when nodes are divided
into two equal factions, the homogeneity assumes its minimum value, h = 1/2.

The top plots of Fig. [4.8]show the assortativity and homogeneity of the final adjacency
matrix evolved by the structural balance dynamics in the parameter space defined by the
ingroup affinity and outgroup animosity. They can then be linearly combined to effect their
joint visualization as shown in the bottom plot. The assortative transition boundary predicted
by Eq. separates the assortative from non-assortative two-faction states while the
prosocial theoretical boundary of Eq. separates homogeneous single-faction states from
the non-assortative two-faction states. These regimes relate to the initial network spectrum
as follows: the blue region is where the homogeneous eigenvalue is both the largest eigenvalue
and outside the main band; the cyan region is where the leading eigenvalue is part of the
main band; and the yellow is where the contrast eigenvalue is largest and outside the main
band.

The horizontal yellow-blue interface observed in Fig. 4.8(c) for larger p;” values corresponds
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to the signal crossing transition in which the homogeneous and contrast eigenvectors exchange
places, which occurs outside the noise band (see Fig. 4.4). Equating the contrast and
homogeneous eigenvalue expressions, and , we find that the transition occurs
when v = p, which implies that (A,,;) = 0 or equivalently p,,, = 0.5.

Figure shows how the density ratio d;,/d,.: and overall network density d = (d;,, +
dout)/2 affect the assortative and prosocial transition curves. As d;,/dy,; increases, the
transition curves become steeper, implying that denser regions of the connectivity network
have more influence on the community structure than sparse regions. Figure shows how
network size affects the location and shape of the assortative and homogeneous transitions.
As N increases, the transitions become sharper and more closely aligned with the theoretical

prediction for the critical value of p,,,.

4.8 Discussion

In this section, we first make some observations concerning our results on community and,
more broadly, network structure, a subject of relevance to both unsigned and signed networks.
We then turn to structural balance dynamics, an intrinsically signed network avenue of
research. As it is particularly applicable to social systems, we speculate as to connections
between our results and the dynamics of conflicts.

Our results can be applied to unsigned networks by taking the ingroup and outgroup
animosities to be zero so that p;, = 1 and p/,, = 1. In this case, our expressions for the
homogeneous and contrast eigenvalues can be reduced to the sparse-limit forms reported
in Refs. [152, 222] for the two leading eigenvalues of the adjacency matrix. These can be
obtained by neglecting the p? and v? contributions to o2 in and then inserting into
(4.58) and for the homogeneous and contrast eigenvalues respectively. This yields the
expressions (outside the noise band),

N dzn dou
ag = W 2 do) (4.73)
N(dzn - daut) dzn + daut
Ao = . 4.74
“ 2 T dzn - dout ( 7 )
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Figure 4.8: (a) Assortativity and (b) homogeneity of final network states evolved by structural
balance model as a function of ingroup affinity and outgroup animosity. (c¢) Assortativity
and homogeneity are mapped using the measure z = r — 2h + 1 to generate the joint heat
map. For convenience, two separate color bar scales are shown instead of z. The upper black
curve indicates the assortative transition boundary, Eq. , while the lower black curve
indicates the homogeneous transition boundary, Eq. . Heatmap values generated by

averaging over 4 simulations for parameters d;, = do,; = 0.45 and N = 1000.
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Figure 4.9: Final state heat maps for increasing network density d = (d;;, + dout)/2 and
decreasing density ratio d;,/d,.;. The assortativity and homogeneity are integrated via the
z metric (see Fig. . Heatmap values generated by averaging over 4 simulations with
N = 1000.
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Figure 4.10: Assortativity and homogeneity as a function of p_,, for networks of increasing size.
Black stars mark the predicted values of p_,, at the transition points as given by Egs.
and for the assortative and prosocial transitions respectively. Parameter values are
pi = 0.5, d = 0.15, 0.75, and N = 40,100, 1000 averaged over 2000, 1000, and 10 trials

respectively.
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These forms, however, do not manifest the p, v interchange symmetry, an essential feature of
the signed network case.

An important difference between unsigned and signed networks concerns which of the two
leading eigenvectors outside the main spectral band may signify community structure. The
above equations can be used to show that we can never observe the contrast eigenvalue as
being larger than the homogeneous eigenvalue in the unsigned case. The sign of the difference,
Ay — A¢, depends on the sign of N — 2/(d;, — dput). The second term is equal to 1/v, so
that we must have v < 1/N in order for the contrast eigenvalue to exceed the homogeneous
eigenvalue. This condition upon v in conjunction with Eq. for the assortative transition
in the sparse limit, which sets the minimum value of v for A\¢ to appear outside the noise band,
then necessitates = (dy, + dowt)/2 < 1/N. However, this regime is below the threshold,
i« = 1/N, for the prosocial transition in the sparse limit as obtained from Eq. . Further,
the righthand sides of and are the same so that the assortative and prosocial
transitions occur at the same critical value, v, = .. For unsigned networks, v < p and so if
1 < s, then v < v,. Therefore, if Ay is within the noise band then so must A¢ and hence
we can never observe Ag > \g.

Consequently, in unsigned networks, assortative community structure is represented by
the second eigenvalue of the adjacency matrix (when past the detectability threshold) but
not the first. In signed networks, the ordering of 1 and v is not restricted and so the first
eigenvalue may signify the community structure while the second, if above the prosocial
transition, signifies the homogeneous structure. Relatedly, while the number of outlying
eigenvalues is equal to the number of communities in unsigned networks [36], this need not
be the case in signed networks. For instance, the case of equal ingroup affinity and outgroup
animosity treated in Sec. [£.7 has only one outlying eigenvalue but two communities.

The sociality transitions, which involve the homogeneous eigenvector, bear upon the
question of whether a network exhibits a propensity toward positive versus negative tie
formation, a question that is unique to signed networks. In unsigned networks, the prosocial

transition is present but its significance corresponds to the emergence of a giant connected
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component; Eq. yields a transition condition of N(d;, + do)/2 = 1 in accordance
with the result for a giant component with two-community structure noted in Sec. [4.2.1]
Typically, community structure is taken to connote the existence of multiple communities as
it is linked to the community detection problem and the assignment of nodes to communities.
The sociality transitions, which are not relevant to the community assignment problem,
involve network structure more generally rather than community structure per se. However,
the sociality transitions do lend themselves to a sense by which a signed network can be
viewed as forming a single community: the existence of a global tendency, irrespective of
ingroup and outgroup distinctions, toward the formation of positive versus negative ties. The
prosocial transition provides a spectral signature for concluding that the network forms a
single community in which relationships are generally friendly or cooperative. Conversely, the
antisocial transition provides a signature of a single (anti)community marked by hostility, a
Hobbesian state of all against all. The intermediate case, where the homogeneous eigenvalue
does not appear outside the noise band, can be taken as marking the absence of a single

community with a definitive inclination toward positive or negative tie formation.

Turning to the dynamics, taking networks generated by the stochastic block model and
evolving them under the structural balance model entails a dramatic shift in the processes
governing network evolution (beyond the change from stochastic to deterministic): a process
in which tie formation in a dyad depends only upon its ingroup or outgroup identity is
replaced by one where the friendly or hostile relationships among mutual neighbors drives
tie value evolution regardless of identity. One rationale for such a shift can be provided by
assuming that there is a qualitative change in the nature of the interactions. For instance,
hostile relationships characterized by insulting words or gestures may be replaced by physical
violence. A second rationale could involve, not a change in the nature of interactions, but a
growing awareness that hostile interactions have the potential to become much more prevalent.
For example, in a country or region containing two broad identity types, such as ethnicity
or ideology, in which individuals or small gangs sporadically clash (either within or across

identity lines), a sudden collapse of the central government may lead to a growing sense of
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looming systemic violence. In either of these rationales, nodes are motivated to seek and
maintain allies so that another node’s status as the enemy of an enemy or friend of a friend
becomes a crucial determinant in relationship formation and evolution.

Our results may inform debates about the interplay of identity and power in conflicts under
anarchy consisting of many actors such as insurgencies, civil wars, and international relations.
For ethnic conflict, the shift in models discussed above is supported by the observation that
the turn from non-violent to violent conflict represents a qualitative change in dynamics [21].
In the literature on civil wars and ethnic violence, some theories stress mechanisms in which
ethnic or religious identity plays an intrinsic role in producing high levels of polarization and
violence along identity lines while other theories stress the role of micro-processes of conflict
among local actors rather than a pre-existing identity schism [21), 99] 34]. As node identity
plays no role in the network evolution, structural balance dynamics is consistent with the
latter view. However, the sharp transition to the assortative state shows that the dynamics
can lock in initial differences in identity-driven community structure even when they are
not large, a behavior consistent with the observation that the polarization and violence in
ethnic civil wars often appears to be disproportionate to the initial level of ethnic tension.
But the existence of the non-assortative regime implies that identity polarization will not
arise when the initial structure is sufficiently weak. Thus, conflict takes on an essentially
binary nature in that it is either completely polarized by identity or not at all. Additionally,
it has been argued that, contrary to some theories, there is no inherent difference in the
dynamics between ideological and ethnic civil wars in terms of their potential for polarization
and violence [99]. Our results are consistent with such a claim as it is the initial relationships

that matter regardless of whether they are due to similar ethnicity or similar ideology.
4.9 Conclusion

This paper has contributed to two distinct areas of signed network research — community
structure and structural balance theory, linking them via the impact of the former upon

the latter. We have elucidated the spectrum of unweighted and undirected signed networks
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generated by a two-community stochastic block model via two independent methods, pertur-
bation analysis and, in the Appendices, a random matrix theory treatment that extends prior
work on unsigned networks [152], 222]. The expected matrix, (A}, in the block model can be
decomposed into two signals — a homogeneous eigenvector, uy, related to the expected tie
value, u, over the network and a contrast eigenvector, ug, related to the half-difference, v,
between the expected ingroup and outgroup tie values and which encodes the community
structure. These signal eigenvectors exhibit transitions at the points where they merge
with the main spectral band associated with the noise produced by the zero-mean random
matrix X. There are four potential transitions corresponding to the intersections of the two
signals with the positive and negative edges of the main band. For the contrast eigenvector,
these intersections induce the assortative and disassortative transitions respectively and
mark changes in community detectability. The homogeneous eigenvector undergoes sociality
transitions, prosocial and antisocial, in which emergence from the noise band signifies an
overall tendency toward the formation of cooperative or conflictual relationships respectively

with other nodes.

We derived analytical expressions for the signal eigenvalues in the presence of the noise by
performing a perturbation expansion in which the contributions from the noise X were treated
as small corrections to the eigenvalues of (A). The expressions, and , reveal a
second-order correction proportional to the average tie variance and are symmetric under the
interchange of p and v. The same expressions are derived in the Appendices using random
matrix theory along with the formula for the main band edges that is a straightforward
modification of Wigner’s semicircle law. The transition conditions, and , were
determined by equating the signal eigenvalues to the band edge eigenvalues.

We investigated structural balance dynamics in the presence of initial community structure
generated by the two-identity stochastic block model. These dynamics completely connect all
nodes and allow for three broad regimes of final states: an assortative regime in which two
hostile factions emerge that completely align with the two identity blocks; a non-assortative

regime in which the two final factions are randomly composed with respect to identity; and a
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homogeneous regime consisting of a single harmonious faction with only positive ties. Since
the dominant eigenvector of the initial network drives its structural balance dynamics and
determines its final state, our spectral analysis allows us to chart the parameter conditions
under which each of these states will emerge. The dynamical ascendance of the leading
eigenvector implies that the regime boundaries occur where any two of the homogeneous
signal, the contrast signal, and the noise band edge exchange places as the first eigenvalue.
The assortative transition marks the boundary between the non-assortative and assortative
regimes and the prosocial transition divides the non-assortative and homogeneous regimes.
The boundary between the homogeneous and assortative regimes represents a reversal in the
ranking of the homogeneous and contrast eigenvalues rather than a transition involving the
noise band. The theoretically-predicted boundaries were found to agree with the simulation
results obtained by solving the structural balance model over many random initial networks.

Finally, we note a few potential directions for future research. As with the unsigned
case, spectral analysis of signed networks with community structure could be extended to
systems with multiple communities, directed ties, and more realistic network statistics such as
non-uniform degree distributions. The structural balance model we used is very simple and,
problematically, leads to tie strengths which blow up in finite time. Accordingly, the extent to
which the dynamical transitions we have identified persist for more realistic implementations
of structural balance dynamics should be explored. More empirical work is also needed to
understand the conditions under which real networks can be reasonably modeled by structural

balance dynamics or variants thereof.
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Chapter 5

MODELING THE DYNAMICS OF CONFLICT AND
SYSTEMIC WAR USING NETWORKS

5.1 Introduction

The social sciences attempt to understand the most important forces driving international
relations and how conflicts between states lead to widespread wars. Models for interactions
between states are dependent both on sociological considerations as well as the mathematical
approach taken. We develop a dynamical systems perspective for modeling the network-level
state interactions that account for long periods of stability, escalations leading to systemic
wars, and transitions back to relative peace. Dynamical systems models of the interaction
between states can help identify mechanisms for system destabilization as well as targets for
reinforcing stability. These models can be used to determine the risk for minor, localized
conflicts to escalate and spread extensively to other nodes in the network. Moreover, they
provide a rich set of diagnostic tools for the analysis of escalating conflicts which result in

the outbreak of widespread wars.

Dynamical systems models have been useful in understanding and predicting the dynamics
of networks in a diversity of fields such as biology, engineering, and sociology [198]. While
statistical models are useful in classifying and predicting phenomena, statistical models often
fail to provide explicit mechanistic explanations [143] 203, 175]; dynamical systems models,
on the other hand, can elucidate the mechanisms responsible for the observed underlying
phenomena [209, 146]. In the context of state-level conflicts that lead to widespread war, the
aim is to create a mechanistic model that describes how interactions between the various
states leads to network level observations of the escalation in tensions that ultimately result

in the breakdown of communications and onset of war. Building upon previous models of
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social network dynamics, we create a dynamical systems model for the outbreak of war in a
network of interacting states. This dynamical systems model leverages ideas and theories
about what contributes to the outbreak of war in a dynamical systems framework and builds
off of previous dynamical systems models of structural balance by adding stability terms to

the system.

5.1.1  Chritical transitions between qualitative states and bifurcation theory

Nonlinear dynamics are pervasive in describing phenomena in the biological and social sciences
[24, [115]. Using bifurcation theory, the range of a nonlinear system’s qualitative behavior
can be determined [I10} [I80]. SIR models describes the spread of infections diseases in a
population where critical bifurcations in the system parameters determine whether a disease
will spread throughout an entire population [106], [83]. A critical bifurcation in a neuron’s
voltage dynamics determine when the neuron will transition from a equilibrium voltage to
a spiking state [64], [153] 142]. In social networks, critical thresholds determine whether a
network under structural balance dynamics will reach a harmonious final state or a factious
final state that is random or assortative with respect to initial community structure [137, 147].
Critical transitions appear in the dynamics of many other systems such as ecosystems, climate
change, and finance [110, [3, [121], 139]. The dynamics of a system near a critical bifurcation
exhibits certain signatures, such as critical slowing down, which allows for estimations of how
close the dynamics are from a critical transition leading to a significant qualitative shift in
activity [142] [180].

Biological and social systems often exhibit nonlinear dynamics that have multiple stable
states between which the system can transition [I70] [72, [105] 146, [149]. Stochasticity regulates
transcription in bistable gene-regulatory networks, allowing the network to transition between
activity states [105]. The nemotode C. elegans also has two stable states in its nonlinear
neural dynamics which correspond to distinct behaviors [102]. It is hypothesized that transient
control signals allow the nemotode to transition between stable states and therefore modify its

behavior [146]. Transitions between stable states in artificial networks, such as memories in a
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Hopfield neural network, or stable states in random dynamical systems can also be controlled
with feed-forward control signals and bifurcation theory [149]. We use bifurcation and control
theory to understand the range of dynamics that sociopolitical systems can exhibit as well as
how a social network in a low conflict state can transition to a high conflict state under the

right conditions.

5.1.2  Dimensionality reduction for network dynamics

High-dimensional dynamical systems can be difficult to model, analyze, and control. Fortu-
nately, high-dimensional dynamics often occur in a low-dimensional subspace, which allows
for the construction of reduced order models [16]. Dynamic mode decomposition (DMD)
provides a data-driven method for modeling high-dimensional dynamics with an equation-free,
low-dimensional model [I15]. The Sparse Identification of Nonlinear Dynamics (SINDy)
algorithm, identifies the equations of a system’s underlying dynamics and works particularly
well after a dimension reduction technique, such as PCA, is applied to the data [25] [149].
Low-dimensional spaces are also useful for applying control to a high-dimensional system
[24, 98], [149].

When considering network edges, eigenvector decomposition provides a useful, low-
dimensional subspace to analyze edge dynamics [137, [147]. In network science, spectral
analysis has long been used to understand the dominant structures present in a network
such as community structure [158] 37], and can be used to differentiate signal from noise in
network edges [152, 147, 218]. We leverage eigenvector decomposition to understand network
edge dynamics in a low-dimensional space. We derive the dynamics of the eigenvalues and
eigenvectors from the dynamical system of edges and compute bifurcations to the system

from the eigenvalue dynamics.

5.1.3 International relations and theories for the causes of war

A significant amount of attention in international relations has been devoted to understanding

why states go to war and how they can be averted [95] [122] 214, [188]. Claims about the



109

primary causes of war vary widely depending on the approach taken — realist, liberal,
constructivist, or Maxist — and the level of analysis employed — the examination of within-
state features, between-state features, or features of the network as a whole [123, 124], 53].
Theories about the causes of war emphasize a range of different factors including the balance
of power, trade, diplomacy, technology, geography, social economics, the desire for expansion,
and self-preservation.

From a realist perspective, the international system is anarchic and its dynamics are
driven primarily by the self-preserving behavior of states which leads to power balancing
dynamics, bandwagoning, structural balance dynamics, and security dilemmas [214], 92 213
40]. Systemic wars that arise from the expansionary aspirations of a rising state, such as World
War II or the Napoleonic Wars, are heavily driven by the hegemonic ambitions of a single
state and are characterized as “wars of mobilization” [I44]. Many systemic wars, however,
do no arise from state expansionism, and are instead the result of a complex interaction of
factors including network structure, security dilemmas, and triggering crises [144] [92]. Wars
typically classified as structural wars include World War 1 [144], 05], the Thirty Years’ War
[144], and the Peloponnesian Wars [95] 96]. Using game theory, Jervis argues that war can
develop among states whose only objective is self-preservation, given the right circumstances
[92]. This, unfortunately, indicates that curbing the ambitions of expansionary state is not

enough to prevent systemic, structural wars.

5.1.4 Review of predictive models of war

Researchers have modeled anarchic state dynamics using dynamical systems, stochastic
models, and game-theory models [92] [143] 144, 204]. Jervis [92] uses game theory models
to determine whether countries will cooperate in different circumstances, if arms races will
develop among nations, and the maximum level of security that is possible for a state without
threatening other states, setting off a cascade that results in a lower level of security. While
this perspective is useful for understanding dyadic relationships, it does not account for the

entire network structure which often heavily influences tie dynamics.
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At the network level, researchers have used statistical features of the international system’s
network to theorize about the causes of and predict the onset of systemic wars. Midlarsky
[143] associates the shift away from an equilibrium in conflict levels with the onset of systemic
war. He theorizes the mechanism by which war escalates is the increasing interdependence of
conflict and uses conflict equilibrium levels to predict systemic war in Europe. He also finds
that the hierarchical structure of the network influences the stability of the international
system [144]. Thompson [203], comparing Waltz’s analysis of systemic stability and Modelski’s
long cycle of global leadership, finds that increased mulipolarity in the international system
is correlated with more frequent warfare. This indicates that multipolar systems may be
inherently more unstable than bipolar or unipolar systems. Thompson [204] also notes the
effects that catalysts can play in triggering a system that has a ripe rivalry field. He theorizes
that nonlinear interactions in the international system can lead to systemic wars that are
akin to systemic accidents that happen in mechanical or engineered systems.

Other researchers have used structural balance to model and predict the onset of war.
Antal et al. [5] shows how leading up to World War I, ties in the international system evolved
to a more balance state, and could have been a force contributing to the war. Marvel et
al. [I37] use a continuous-time model of structural balance to predict the WWII factions
using pre-WWII international sytems network data. We incorporate escalatory structural
balacing forces into a dynamical systems model of tie dynamics and show how, under the

right conditions, this balancing force can destabilize a network at equilibrium.

5.1.5  Previous models of structural balance

Structural balance theory posits that nodes in social systems are driven to form balanced
relationships among other nodes [33]. Balanced triads consist of an odd number of positive
ties while imbalance triads consist of an even number of positive ties. Evidence for balancing
forces have been found in networks of people, states, and wild mammals [T07, 50, 89]. In gang
networks, inter-gang violence increases among gangs that are a part of imbalanced triads

[155]. Marvel et al. [137] characterized signed edge weights, X (t) € R™*", evolving under the
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influence of structural balance dynamics with the dynamical system,

dX

— = X2, (5.1)
For symmetric matrices, the network is guaranteed to separate into two polarizing factions or
a single harmonious faction, determined by the dominant eigenvector of the initial value. For
unsymmetric matrices, the system evolves to four factions instead of two [210]. Marvel et al.’s
[137] model, and a variation of it [207], have been used to predict the factional membership of
nodes after a network has been subjected to balancing forces such as the two factions formed
in World War I, World War II, and Zachary’s karate club.

Gao et al. [70] has investigated the origins of balancing forces with respect to nodal
interactions, and has considered how to control structural balance edge dynamics using node
dynamics [71], with the assumption that the dynamics of nodes and edges are interdepen-
dent. Wongkaew et al. [221] has considered how to control structural balance dynamics by
introducing a ‘leader’ to the system, while Summers and Shames [199] have evaluated the
control abilities of existing nodes in a network by changing ties.

Unfortunately, real networks typically only display structural balance dynamics as charac-
terized in Eq. sporadically and transiently, if at all. Healy and Stein [81] found evidence
for an increase in balance among the great powers of Europe during the Bismarkian era, and
Antal et al. [5] showed the great powers increased their structural balance leading up to WWI
(1872-1907). However, over longer stretches of time, balance levels in the international system
have fluctuated by several measures [52), 29]. Despite the fluctuations, there is still evidence

that the international system has remained consistently more balance than null models [107].

5.1.6 Limitations to current models and our contribution

While the model in Eq. (5.1]) is able to determine the factions that emerge from a network
solely under structural balance dynamics, it is not able to predict the onset of such feed-
forward escalation in dynamics or what features could trigger escalation, as the dynamical

system does not capture the stable, pre-escalatory state which dominates for long stretches of
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time before and after systemic wars. The model also cannot describe de-escalation dynamics,
from systemic war back to a low-conflict state.

Previous statistical models have found correlates to the onset of systemic war and posit
that certain qualitative interactions are likely to produce conflict escalation. We attempt
to ground the predictive statistical features found in previous work in a dynamical systems
mechanism for the production of systemic war. We aim to build from the dynamical systems
model of conflict escalation in Eq. to create a model that describes stability in a peaceful,
low-conflict state, transitions to a warring state via balance dynamics, and de-escalation. We
create such a model by incorporating stable state terms and limits to the structural balance
dynamics. With a dynamical systems model that describes a peaceful state, an escalatory
transition to a state of widespread war, and a de-escalatory transition back to a state of
peace, we can evaluate the systemic features that move to system closer or farther from
escalatory and de-escalatory dynamics. We can also use this dynamical systems model to

ground a range of qualitative theories about escalatory risk factors in a mechanistic model.
5.2 Structural balance and stability as a model for international relations

We present a model for signed social network edge dynamics that incorporates three significant
influences on the international system — natural dyadic relationships, structural balance
dynamics, and short-timescale perturbations. Our model contains a low-conflict equilibrium
that corresponds to relative peace and a high-conflict equilibrium that corresponds to systemic
war; bifurcations and perturbations to the system can induce the network to transition
between the low and high conflict state and analysis of these transitions could be useful for

understanding, preventing, and predicting the outbreak of systemic wars.

5.2.1 Modeling tie dynamics in social systems

We built a dynamical system for edges in social networks that represents the interplay of three
key forces at work in signed social networks — (1) natural, long-timescale affinity or antipathy

between nodes, (2) structural balance dynamics, and (3) short-timescale perturbations that
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take the form of transient conflicts or cooperation between nodes. With this dynamical
system we aim to model how widespread conflict can escalate through a stable, relatively
peaceful network. We show that this conflict spread can be directly related to the global
structure of the network which can in turn be characterized and analyzed via spectral analysis.
Using spectral analysis, we analytically compute the relationship between the level of edge
stability in the network, the strength of balancing forces, and the effect of perturbations.
From this we derive stability bifurcations over which conflict will escalate and spread due to
the network structure.

Using this model and the derived relationship between stability, balance, and perturbations,
we can do the following: (1) compute perturbations that will trigger widespread conflict
for a give system, (2) determine optimal stability procedures, (3) determine global network
features across multiple networks that put them at risk for network destabilization, and (4)

approximate how close the network is to destabilization using critical bifurcation theory.

5.2.2  Social network edge dynamics model

The dynamical system we propose for signed social network edges contains a stability term,
a bounded structural balance term, and a perturbation term. The dynamics for edge X;;

between nodes ¢ and 7 in a network containing n nodes is:

dX;;

k=1

where —((X;; — Xo;;) is the stability term, Ltanh(y > ;_, X;X};) is the bounded struc-
tural balance term, and Xp;;(t) represents fast-timescale perturbations. Xo;; is the edge’s
natural stable state and [ is the strength of the stability term. Without the presence of
structural balance or perturbations, X;; — Xg;;. The balancing term Ltanh(y > 7| XXy )
contains parameter v which represents edge sensitivity to balancing forces. Parameter L and
the tanh function limit the maximal force structural balance can exert on the system. The

bounded structural balance term approximates unbounded structural balance introduced
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Figure 5.1: (a) Pure structural balance model, Eq. has unbound dynamics [I37]. (b)
Dynamics of structural balance model with stability, (Eq. . Snapshots of network ties
are taken at ¢t = 10, 30, and 50. The standard deviation of network ties, o(X), is measured
over time. (c) Standard deviation of network ties as a function of the structural balance

parameter « as well as the initial state (war or peace).

by Marvel et al. [I37], o p_, XiXg; (Eq. , where o = L. The structural balance
strength, «, is the product of the sensitivity strength and the balancing force upper bound.
As L — oo, Ltanh(a ) ,_, XiuXg;j/L) — ad ,_, XX, the bounded structural balance
term approaches the unbounded dynamics. The term Xp;;(¢) contains transient perturbations
to the system caused by fast-timescale events such as a militarized conflict between two

states.

The dynamical system implicates that each edge has a natural stable value, X;; determined
by the individual dyadic relationship, and that structural balance forces and transient
perturbations produce a new equilibrium value that deviates from Xy;;. A number of factors

may contribute to determining the naturally stable state such as common ideology or ethnicity,
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close economic ties, or mutual security. The structural balance term enhances the dominant
eigenvector of the stable solution that exists in the absence of balance dynamics. There is a
limit to how much force structural balance dynamics can exert on each edge value thus the

need for a bound on the structural balance term.

While the stability term typically brings the system to a low-conflict equilibrium state
near Xy;;, if structural balance or the transient perturbation to the system are large enough,
the edges may no longer have a stable solution near X,;;. After a critical bifurcation in the
system parameters, the dynanical system loses stability near Xo;; and the system transitions
to a factious, high-conflict state. The matrix containing the edges becomes low-rank with
the dominant eigenvector of the system determing the sign of all ties. In social networks,
this critical bifurcation can be related to the phenomena of feed-forward escalatory conflict
that spreads throughout an entire network, requiring each node to participate in the global
conflict and take one of two sides. Once the network has stabilized at a high-conflict state, it
requires a different bifurcation to bring the system back to a low-conflict state. A return to a
low-conflict state can be achieved through a major reduction in the strength of the balancing
parameter o.

Figure (b) shows the dynamics of Eq. where the network starts in a peaceful
state, transitions to a warring state, and then transitions back to a peaceful state. The
structural balance strength, o = L, is modified at times ¢t = 15, 30, and 45 by changing the
edge sensitivity to balance parameter, v, and induces changes in the stability of the system,
resulting in low/high conflict state transitions. Unlike the pure structural balance system
(Eq. p.1] Fig. [p.1[(a)) which is unstable for all «, the model in Eq. is stable for small o
values, as is evident when o = 0.05 (Fig. [5.1(b)). When « is increased to 0.1, the peaceful
state destabilizes and the system transitions to the high-conflict, warring state (Fig. 5.1{(b)).
Once in the high conflict state, lowering o back to 0.05 does not bring the system back to
a low-conflict state. o must be decreased even further, to 0.01, to induce the transition
back to the peaceful state. This is an example of hysteresis, where a system’s future state

is determined not only by its parameter values but also by its current state. The standard
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deviation of all tie values ¢(X) is an indicator of the system’s current state, with a high
standard deviation indicating the high-conflict state. Figure (c) shows o(X) for various «
values and initial conditions. For av < 0.018 only the peaceful state is stable and the network
will converge to low-conflict for all initial conditions. For @ € (0.018,0.053), both the peaceful
and warring states are stable; the state to which the network converges is dependent on initial
conditions. For v > 0.053 only the warring state is stable and the network will converge to
the high conflict state for all initial conditions. We will analyze these social network edge
dynamics in a low-dimensional space and derive the critical bifurcations that determine the

network’s state.

5.2.8  Stability analysis

Our dynamical system of edges, Eq. 5.2, can be written succinctly as a matrix dynamical

System

2

X _ O‘f ) 4 Xp(t) (5.3)

- = —B(X — Xj) + Ltanh (

where X € R™*" is a symmetric matrix containing all ties X;; between n nodes in the
network, X, € R™*" is a matrix of the dyadic stable states X,;;, and Xp(t) € R™" is a
matrix of the transient perturbations Xp;;(t).

We approximate Eq. with the analytically tractable system

dX
This system has approximately the same fixed points and bifurcation values as Eq. for
large L, with the exception of the stable warring state. Approximating the edge dynamics with
this equation allows us to perform eigenvector decomposition on the dynamical system. We
can analyze the stability of the edge dynamics in the low-dimensional eigenvalue/eigenvector

space and derive the system’s critical bifurcations in terms of the edge matrices’ eigenvalues.
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Stable and unstable fixed points

To determine fixed points in the edge dynamics, we re-write Eq. to represent the dyadic
stable state and the transient pertribation matrix together as a modified transient stable

state

B (M) e

where Xo(t) = X + Xp(t)/f is the modified transient stable state, simplifying the

represetation to

% = =8 (X = Xo(t)) +aX2 (5.6)

We can solve for stable solutions to this system as well as critical bifurcations that
destabilize fixed points. Edge dynamics can be expressed in terms of the dynamics of its
eigenvalues and eigenvectors which allows for a low-dimensional representation. Let the
eigenvector decomposition of X = SAST and the eigenvector decomposition of X, = SoliOgOT.

Setting % = (0 we derive

0= 5 (X = Xo(t)) +aX? (5.7)
0= aX? - BX + X,(t) (5.8)
0 = aSA2ST — BSAST + 5SyA,SY (5.9)
S(aA? — BA)ST = —3SoAST (5.10)

We diagonalize the left hand side by multiplying by S” and S.

aA? — BA = —3STS,AST'S (5.11)
aA? — BA = —DAD” (5.12)
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where D = STS,. If the left hand side is diagonal then the right hand side must also
be diagonal. Therefore D must be the identity matrix, STSy = I. Therefore S = Sy. This
implies that the eigenvectors of X will converge to the eigenvectors of X,. This allows us to
diagonalize the matrix dynamical system equation at the fixed points and express the matrix

fixed points in terms of its eigenvalues.

0= aA? — BA + BAy(t) (5.13)

0= aX2 — BN + Bho(t) (5.14)
+1/82 — 4aBX;

)\i:ﬁ /6 - aﬁO(t), i=1,..n (5.15)

where \; are the eigenvalue fixed points of the edge matrix. The stable eigenvalues are

_ B — \/52 — 4045:\()@‘(15)

Asi 5.16
5 - (5.16)
with the leading stable eigenvalue occuring at
B — /B2 — 4aBo(t)
Ag = \/ (5.17)

2c
The other solutions of Eq. represent the eigenvalues of the unstable fixed point. The

threshold at which the system becomes unstable is

B+ \/52 — 4o (t)

Ay = o (5.18)

where Ay is the stability threshold for Eq. and is a lower bound for the true stability
threshold, Ay, of Eq. 5.3 As Eq. approaches Eq. with an increasingly large bound, L,

the approximate estimate becomes exact

lim Ay = Ap. (5.19)

L—oo
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Figure 5.2: (a) Dynamics of the leading eigenvalue as a function of initial conditions. Ag
and Ay are stable fixed points separated by an unstable fixed point ;. (b) A saddle-node
bifurcation of the stable and unstable fixed points Ag and Ay underlies the peace to war

transition. (c) A saddle-node bifurcation of Ay and Ay underlies the war to peace transition.

We can infer the dynamics of the edge matrix by analyzing the dynamics of its leading
eigenvalue. Figure[5.2(a) shows d\;/dt, as a function of M. A1 is stable at Ag and unstable at
Ay which approximates the true unstable fixed point A\yy;. The approximate and the bounded
d\i/dt deviate significantly after the stability threshold A\y;. The bounds on structural balance
generate an additional stable state for \; at a large, highly polarizing value Ay, which we call
the warring state. The dynamics of the leading eigenvalue undergoes saddle-node bifurcations

during the peace to war transition and the war to peace transition, Fig. [5.2(b,c).
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Bifurcation transition from peace to war

Bifurcations in the social network dynamics, Eq. induce the system to transition between
the low-conflict state where Ay = \g, and the high-conflict state where \; = Ay .

The peace-to-war transition occurs when the stable and unstable eigenvalues, Ag and
Au, merge in a saddle-node bifurcation and the approximate system no longer has a stable
low-conflict state for the leading eigenvalue as shown in Figure [5.2(b). When this bifurcation
occurs, the leading eigenvalue converges to the stable high-conflict state Ay,. We can solve for

the critical value a* at which this destabilization occurs by setting \g = S\U which results in

af = Ni (5.20)
The leading eigenvalue of the system at this stability bifurcation is
s
Ao = . 5.21
b= (5.21)

Using this destabilization threshold, we determine that the network will reach equilibrium

at the low-conflict state A\g rather than the high-conflict stable state Ay if A\ (X (%)) < Ay

and
s
5 s
Aot < . (5.23)
X
M (X0+ ;(t)) < % (5.24)

This indicates that for a given o and f3, the critical value for the leading eigenvalue of X,
is

B

Aoy = o (5.25)

Beyond this stability bifurcation \; — Ay while the remaining eigenvalues remain small,

meaning the edge matrix becomes approximately rank 1 with the dominant eigenvector
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Figure 5.3: Eq. displays hysteresis in its parameters. (a) The o/ ratio together with the
initial condition determines the final state. The peace to war transition P — W occurs at a
larger threshold than the war to peace transition W — P. (b) Final states of the leading
eigenvalue for varying a//f ratios for initial conditions initialized at the peaceful state versus

the warring state.

approximating all ties. The size of the dominant eigenvalue is a function of the limit placed
on the balance term and goes to infinity without a limiting value on the structural balance

term, lim;_,.o Ay = o0.

Bifurcation transition from war to peace

Due to the limits on the structural balance term (Eq. , the leading eigenvalue does not go
to infinity as the approximate system Eq. would suggest but instead stabilizes at Ay. In
order to transition from a war to a peace state, the system undergoes a different saddle-node

bifurcation where \yy — Ay. The warring system will transition back to a peaceful state if

B+4/B%— dafro
o

Therefore the critical transition value to move back to a peaceful state from a warring
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Figure 5.4: Eigenvalues, \;, and balance levels, 7, of the network at equilibrium for increased
balance a. (a) Stable state eigenvalues as a function of « for a random X, containing no
community structure. The leading eigenvalue agrees with Ag (Eq. before the critical
bifurcation o* (Eq. and goes to Ay after the bifurcation. (b) Networks at equilibrium
and edge dynamics for « = 0.1, « = 0.07, and « = 0. (c) Balance levels 7 as a function of
a. (d) Stable state eigenvalues for a network with X, containing community structure. (e)
Networks at equilibrium and edge dynamics for « = 0.1, a = 0.03, and « = 0. (f) Balance

levels for a network with a random X containing community structure.

state is approximately
15}
A5 A — 5.29
s (5.20)

Figure (c) shows the destabilization of the warring state Ay when \yy — Ay, Since
o < Av, Eq.|5.26| guarentees the system will transition back to a peaceful state.

The war to peace transition happens at about twice the threshold of the peace to war
transition Ay, = 2%, This means that once the system transitions into the war state it takes

a significant increase in the stability to structural balance ratio §/« to transition back to a
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peaceful state as shown in Figure For small o/ ratios, only the peaceful state is stable,
for high o/ ratios only the warring state is stable, and for mid-range o/ ratios, both the
low and high conflict states are stable, Fig. [5.3(b). In the case when both the low and high
conflict states are stable, the equilibrium obtained is dependent on the initial condition. In
order to maintain a peaceful state it only requires that A\ > %, whereas to achieve a peaceful
state after a transition to high conflict, it requires that \y > g which is twice the value
required to maintain the peaceful state. This is an example of hysteresis, where the backward
state transition occurs at a different value than the forward state transition. The transitions
from peace to war and war to peace are not interchangable and it may take significantly less
energy to keep the peaceful state stable than to destabilize the warring fixed point, resuming

peace.
5.3 Model behavior and comparison to theories of war

We now observe how the model behaves under parameter manipulation and demonstrate the
agreement between our model’s computationally and analytically derived results. Figure 5.4
shows network eigenvalues at equilibrium as a function of the balance parameter o, where
X either contains community structure (Fig. |5.4(a)) or is completely random (Fig. [5.4{(d)).
Before the critical bifurcation o (Eq. [5.20)), the network stabilizes at the low-conflict state
and A; matches the analytically computed stable state for the leading eigenvalue \g (Eq. .
After o, the system transitions to the factious, high-conflict state; this is reflected in the
large leading eigenvalue which stabilizes at Ay and the formula for the leading eigenvalue
in the low-conflict state (Eq. no longer holds. The network with community structure
destabilizes and assumes the warring state at a much smaller o than the random network.
This indicates that networks with increased community structure are more easily destabilized.

Balance levels in signed networks can be measured by global balance metric n from Kirkley
et al. [107] where n = 0 corresponds to perfect balance and n = 1 corresponds to an average
level of balance compared to null models. The random network does not show a significant

level of balance until after the critical bifurcation (Fig. [5.4{c)) at which point the network
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transitions to the high-conflict state and becomes perfectly balanced. The network with
initial community structure, in contrast, shows significant levels of balance that increase with
a even before the critical bifurcation (Fig. [5.4(f)). Figure |5.4|shows that while community
structure may lower the threshold for conflict escalation, networks with significant levels of
balance can still remain stable at a low-conflict equilibrium if structural balance forces are

kept below the bifurcation threshold.

5.83.1 Destabilizing the peaceful state with perturbations

While destabilization of the low-conflict state can be achieved through variation of the balance
to stability ratio a//3, destabilization can also occur via a perturbation if Xp(t) pushes the
leading eigenvalue of the system beyond the stability threshold Ay. We can analyze the
types of perturbations that are most likely to destabilize a system for a given X,. We first
consider special cases for the perturbation matrix where the resulting Ao, can be analytically

computed. Beyond these special cases, however, Aop is best computed computationally.

Destabilize system with minimum energy perturbation

The perturbation to the low-conflict state that requires the least amount of energy to
destabilize is along the direction of the dominant eigenvector. Therefore let the perturbation
be aslslT where s; is the dominant eigenvector of X,3. We solve for the mimimum value of
o that will destabilize the system using the bifurcation threshold Eq. [5.25 The resulting

leading eigenvalue is stable at the low-conflict state if

o s
)\1 <)\01S1S? + EslslT) < E (530)

Solving for o we find that the system is destabilized with perturbation ¢ over the threshold

g > —a — /\01 (531)
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Destabilize system with a low-dimensional perturbation

Perturbations can also take the form of a rank 1 matrix Xp(t) = cuu’ where the factions
in the perturbation are contained in the vector u. This type of perturbation will promote
the factions contained in u in the ensuring systemic conflict. With this perturbation our

modified transient stable state is

Xo(t) = Xo + %uuT (5.32)

The resulting eigenvalues and eigenvectors of the sum of a symmetric matrix and outer
product have been studied by Golub [77] and Bunch et al. [28] and their derivations can
be used, as in the previous example, to compute the minimum o such that the system
destabilizes, A\, (Xo(t)) > (/(4c). This type of perturbation is relevant when all nodes in
a network take sides on a particular issue and the resulting low-rank community structure
perturbs the network’s original structure. Depending on the strength of the perturbation
relative to the original structure, the community structure in the perturbation could define

some or all of the ensuing conflict.

Destabilize system with a random perturbation

Outside a few special cases, the eigenvalues and eigenvectors of Xo(t) do not have clean
analytical solutions for a generic perturbation X p(t). Nevertheless, we can compute Ao1 that
will destabilize the system using computational methods and analyze the resulting Xp(t).
The high-conflict, low-rank structure that appears after destabilizing the low-conflict state
will not necessarily contain two equally sized factions. The leading eigenvector could instead
contain all nodes or mostly all nodes of the same sign. The interpreation of destabilization
in this case would be instead the formation of a tighly-knit alliance structure where, due to
structural balance dynamics, nodes are compelled to form positive ties with other nodes due to
mutual allies. We can use the eigenvector polarization measure ¢; to determine the extent to

which the resulting leading eigenvector contains community structure or a lack of community
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structure close to homogeneity [148]. The eigenvector polarization ¢; of eigenvector v; of the
adjacency matrix X is ¢; = v] Mv;, where M is the signed modularity matrix [206].

We can use the following optimization schemes to find optimal perturbations Xp that
(1) destabilize the system for any leading mode (Eq. [5.33)), (2) destabilize the system with
a widespread 2-faction conflict (Eq. , or (3) destabilize the system with a widespread

alliance bloc (Eq. [5.35)).

Minimum energy: argmin ||/~\E‘)1 — 5\01||} (5.33)
XpeA Lt
o 1
Factional: argmin |||Ag; — Ao1|| + 5—} (5.34)
XEea L 1
Homogeneous: argmin ||/~\E")1 — Xot|| + 591)1} (5.35)
XHeA *

where A = {X : [|X|| = 0}, Ao is the leading eigenvalue of X, A3, is the stability threshold
(Eq. , and ¢, is the eigenvector polarization measure of X, with weighting 9.

Destabilizing perturbations for pre-WWI network

We use the minimum energy, factional, and homogeneous optimization formulas, Eqs. [5.33],
(.34 and to compute minimal perturbations that destabilize the network of great powers
leading up to the first world war under the dynamics of Eq. World War I is considered a
classic example of a systemic war that emerged from the complex dynamics of five European
great powers, the United Kingdom, France, Germany, Austria-Hungary, and Russia. We
will compare our computationally derived destabilizing perturbations to ties that have been
historically identified as critical to the outbreak of the Great War.

We compute the minimum energy perturbations that trigger destabilization, minimal
perturbations that also induce widespread conflict, and minimal perturbations that induce a
large alliance bloc. X is set to the average edge values over the years 1908-1913 using the
militarized interstate disputes (MIDs), alliances, and rivalries data from the Correlates of

War dataset and the Handbook of International Rivalries [161], [75] [185] 202].
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We set stability and balance parameters to § = 1 and a = 0.03, and normalize the
natural stable state matrix, ||Xo|| = 1. This results in the stability threshold i, = 8.33 and
minimum perturbation energy o = 2.3208 for a perturbation in the direction of the leading
eigenvector (Eq. [5.31]). Figure (a) shows the natural stable states, Xg, as well as the
eigenvalues of Xy, the modularity matrix M [I58] 206] of the stable state matrix, and the
eigenvector polarization measure ¢ [148]. From these spectral measures we see that there is
community structure contained in the dominant eigenvector. We analytically compute the
optimum perturbation X% with minimum energy o = 2.3208 which results in a perturbation
with two factions — Germany and Austria-Hungary versus France and Russia, with the United

Kingdom loosely aligned with the Franco-Russian bloc.

We solve for alternative, sparse perturbations using the optimization functions delineated
above, setting o = 2.3208, the energy level for the optimal solution. We compute the error as
the amount to which the computationally generated control signal deviates from the stability
threshold £ = 5\81 — o1 Figure (b) shows three sparse perturbations Xp computed
using Eq. The resulting destabilized edge system converges to the two factions present
during WWI with the United Kingdom, France, and Russia in one faction and Germany and
Autria-Hungary in the other faction. Figure (c) shows sparse perturbations computed
using Eq. [5.34L As the leading eigenvector is already factional, the factional solutions are
similar to the overall minimum energy solutions in Fig. |5.5(b) and lead to the two factions
determined by the system’s initial community structure.

Figure (d) shows the homogenous perturbations X% computed using Eq. . The
factional structure is much more dominant than other structures in the network resulting
in a larger perturbation required to obtain a homogeneous final state, ||XZ|| = 40. Ideally,
the homogenous perturbations would result in a homogenous struncture among all nodes in
the final equilibrium state. With a low level of perturbation energy, however, the system
only manages to positively coalesce four of the five countries in a positive alliance bloc.
Perturbations X, and X%, lead to a homogenous coalition against Germany while X%,

leads to a homogenous coalition against Austria-Hungary.
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We now take a slightly different approach and evaluate which individual ties are most
critical in increasing polarization in the network in the year 1913, preceding the outbreak of
WWI. Figure [5.6| shows the ties between the great powers and the amount of change measured
in the leading eigenvalue \; and the eigenvector polarization metric ¢; for each positive or
negative tie perturbation 6 = +1. Figure (b-e) shows that the tie between France and
Germany as well as the tie between Germany and Austria-Hungary, were the most crucial
in increasing community structure and polarization in the network. The ties between Great
Britain and the Continential countries appear to be the least important, implicating that
while Great Britain formed an important part of the network, ties with this state were unlikely
to create triggering crises. Other significant ties include FRN-AUH, FRN-RUS, GMY-RUS,
and AUH-RUS. This finding is to be expected as the German alliance with Austria-Hungary
and their disputes with Russia as well as the alliance between Russia and France were all

factors that proved integral to the development of World War I [95, 201].

Highly influential perturbations could be computed for other sociopolitical networks to
assess the perturbations most likely to destabilize a system and to develop a multilateral
approach to stabilizing a network with minimal cost. Figure [5.5| shows that some of the
most triggering perturbations to the pre-WWTI network are an increase in hostility between
Russia and Austria-Hungary and between Germany and France which have been identified
as key rivalries in the emergence of WWI. Positive perturbations can also be destabilizing.
The reinforcement of the positive alliance between Germany and Austria-Hungary as well as
an increased alliance between Russia and France are identified as triggering destabilization.
The ties identified as triggering in our computational model correspond to ties that have
historically been identified as key to the emergence of WWI. The conflict in Serbia triggered
an increase in conflict between Russia and Austria-Hungary due to disputes in this region [204].
As a part of their defense strategy, Germany had a plan to attack France if their was conflict
with Russia, known as the Schlieffen Plan, which they carried out after announcing war on
Russia [204]. The alliance between Germany and Austria-Hungary as well as the alliance

between France and Russia increased tensions in the region as Germany felt threatened by
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Russia and France [95, 201]. The destabilizing ties found in this model correspond to WWI

destabilization theories from the historical literature.

5.8.2  Critical slowing down near bifurcations

The destabilization perturbations computed in the last section implied knowledge of the
dynamical system governing state dynamics and therefore the location of the bifurcation
point. In practice, however, the true dynamics are often unknown making it difficult to
determine a system’s distance to a critical bifurcation. Fortunately, near bifurcations systems
exhibit distinctly different behaviors, such as critical slowing down, that can be indicators
for nearness to a bifurcation point [I80, 110]. Meisel et al. [142] found that for saddle-node
bifurcations occurring in neural dynamics the recovery rate scales with the square root of the
distance from the bifurcation, r < v/d. This scaling law can be derived from the normal form
of the saddle-node bifurcation. Our edge dynamical system, Eq. exhibits a saddle-node
bifurcation in the eigenvalue dynamics when transitioning from the low-conflict to high-conflict
state and therefore we expect it to follow this same scaling law.

We measure the standard deviation of the edges after increasingly large perturbations to
Eq. in the low-conflict state and compare the distance to the bifurcation, v = A\ — Ay, with
the decay rate r of the standard deviation. With perturbations that keep the system far from
the bifurcation, the network activity decays quickly back to equilibrium (Fig. [5.7(a)) while
with perturbations that move the system close to the bifurcation, the network activity exhibits
a delay in its decay back to equilibrium (Fig. [5.7(b)). The system moves to the high-conflict
state for perturbations past the critical value (Fig. [5.7(c)). Figure[5.7(d) shows that log(r)
scales linearly with log(vy). A linear fit to the data finds that log(r) = 0.51log(~y) — 1.62. This
means that the recovery rate and distance to the bifurcation are approximated related by
r ~ 0.2,/7 which is the same scaling relationship found by Meisel et al. [142] for saddle-node
bifurcations.

Using the relationship between recovery rates and distance to a bifurcation, we can

estimate the distance to a critical bifurcation from decay rates in empirical edge timeseries
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data. We estimate the stability of the Furopean great powers network from their edge
dynamics leading up to World War I (Fig. . We use the alliance, rivalry and militarized
interstate disputes (MIDs) data from the Correlates of War dataset and the Handbook of
International Rivalries [I61], (75, 185, 202]. The edges between countries are characterized by
long-timescale alliances and rivalries, which can be thought of as natural stable states Xj
(Fig. p.§(a)), and short-timescale militarized interstate disputes (MIDs) which emerge and
decay rapidly and can therefore be thought of as perturbations to the system Xp (Fig. [5.8(b)).
We measure the change in standard deviation in the edges between the years 1873 and
1917 and compute a decay rate after each MID which is used to estimate the distance to
the bifurcation (Fig.[5.8(c)). The decay rates, and therefore the estimated distances, show
significant variance. Some MIDs showing a significant delay in resolving and therefore a close
bifurcation estimate indicating precarious stablity. Other MIDs resolve quickly and therefore
estimate that the network is fairly stable. This indicates that while decay rates may provide
an estimated range for system stability in empirical networks, other measures may be needed

to produce more precise estimates.

5.8.8  Dynamical system destabilization theories of systemic war

We can make several connections between destabilization in our dynamical systems model
for sociopolitical dynamics and conflict escalation risk factors identified in the political
science literature. These risk factors include nonlinear interactions, ripe rivalry fields, power
transitions, and a delay in returning to equilibrium in the number of conflicts [204] 203, [49]
144] [143]. We suggest a dynamical systems mechanism for destabilization cause by these risk
factors.

Thompson [204] suggests that an increase in alliance bipolarization increases the likelihood
of destabilization in the international system [204]. Polarization directly corresponds to the
strength of the leading eigenvalue containing community structure. In terms of the matrix
dynamical system, as community structure increases in the dominant eigenvector, the leading

eigenvalue separates further from the noise band, and the system becomes destabilized at a
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lower balance force threshold as demonstrated in Figure [5.4]

Thompson [204] also suggests that tightly coupled systems with proximate rivalries will
experience nonlinear interactions while systems that are not tightly coupled will have only
linear interactions. These nonlinear interactions appear in the structural balance term which
contains nonlinear interactions only if edges have mutual nodes in common, making these
relationships proximate. Edges that do not have nodes in common do not experience a
nonlinear interaction in the structural balance term. This keeps such conflicts independent.
Nodes that have few mutual allies or rivals will have edge dynamics determined mostly by
the individual dyad, uninfluenced by the relationships of other nodes in the network. On the
other hand, dense networks will generate many mutual nodes and increase the relative force
of the nonlinear interactions determined by the network structure rather than the interactions
of the individual dyad.

Network size also effects stability in a similar way. Thompson [203] finds that multipolar
system are less stable that bipolar systems which are less stable than unipolar systems. This
trend toward instability in systems that contain many influential nodes is reflected in the
dynamical system. We can rewrite the nonlinear balance component in Eq. as the average
edge interaction value (x;x;/N) multiplied by N number of nodes, x; x; = N(x! x;)/N. If
the network increases in size yet the density remains constant then the structural balance
term will have more relative weight in the dynamical system. This indicates that increasing
the number of nodes in a network and allowing the new nodes to form alliance and rivalries
with the existing nodes, keeping the tie density constant, will decrease the stability threshold,
making the outbreak of a widespread conflict more likely. This coincides with Thompson’s
[203] observation that widespread conflicts occur more often in multipolar systems than they
do in bipolar systems or unipolar systems.

The decline in power of a global leader and the ascendance of a new leader is also correlated
with systemic conflict [204] 203], 49]. Doran and Parsons [49] theorize that changes in power
differentials make states less averse to war as their national security is threatened by changes

in the status quo. The years leading up to WWI saw a power transition between Great
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Britain and Germany (Fig. [5.9(a)) which was a catalyst for the warming ties between Great
Britain and France [201], 05]. We can observe the factional alignment of the five great powers
over time in the dominant eigenvector (Fig. [5.9(b)). The factions are unstable and maliable
during the 1870’s and 80’s but stabilize in the 1890’s with Germany and Austria-Hungary in
one faction and France and Russia in the opposite faction. The United Kingdom originally
aligns more strongly with the German faction but gradually drifts over to the French side.
By taking a weighted sum of the dominant eigenvector we can observe how the balance of
power shifted in the network over time (Fig. [5.9(c)). The German coalition loses relative
power leading up to WWI which corresponds to historical accounts of Germany increasingly
feeling threatened by the other great powers leading up to the start of the war [201], ©5]. The
lead-up to WWI shows how changes in relative power may cause countries to adjust their
alliances and rivalries which can effect the balance of power and network stability.
Midlarsky [143| [144] identifies a delay in returning to an equilibrium in the number
of disputes as indicative of instability in the international system. This delay in dispute
resolution translates into a slow decay rate in the dynamical system after an MID perturbation,
as seen in Figure 5.7 We use the decay rate to estimate distance to the critical bifurcation
(Fig. similarly to how Midlarsky [143, [144] uses dipute number dynamics to estimate

instability in the international system.

Given these mechanisms for destabilization, the formation of new alliances, increased
connectivity, the addition of more countries to a system, or fluctuations in relative power
could all increase the instability in a system of states and lead to systemic war. While at
the dyadic level, forming new connections may not add much conflict to a system or be
detrimental for the parties involved, it could inadvertently make a system less stable by
allowing for more nonlinear interactions between edges, increasing community structure, or
equalizing a power imbalance. Dynamical system models, such as the one introduced here,
may be useful in assessing how changes to ties impact not only the countries involved but the
entire system; models for system-wide impact could be beneficial in assessing systemic risk

and designing de-escalation strategies.
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5.4 Discussion

Of key interest in international relations is understanding what factors put a system of states
at risk for systemic war as well as what interventionist steps are most effective given instability
in a network. We address these questions with a dynamical systems model of interactions
between states. The dynamics that occur in sociopolitical networks due to structural balance
and dyadic interactions can be modeled with a matrix dynamical system with a stability
term and a bounded structural balance term. The matrix dynamical system, Eq. [5.3] has a
stable low-conflict state generated from the dyadic stability, and a stable high-conflict state
that emerges due to the bounds placed on the structural balance term. This model builds
from a previous model of pure structural balance dynamics, Eq. 5.1} that does not contain
any stable equilibrium [137].

By approximating the matrix dynamics with an analytically tractable form, Eq. [5.4] we
are able to decompose the connectivity matrix X into eigenvalues and eigenvectors. This
dimension reduction technique allows us to reduce the dynamics of hundreds of network
edges to the dynamics of a single variable — the leading eigenvalue. We derive bifurcations
in terms of the system parameters; these critical bifurcations perturb the system from a
peaceful, low-conflict state to a high-conflict state that we categorize as systemic war. A

separate bifurcation brings the system from systemic war back to the low-conflict state.

5.4.1 Modeling systemic failures in other fields

In our model we analyze wars that arise from systemic failures in a network not attributable
to a single bad actor. Systemic failures are a well-acknowledged feature in other fields such
as ecology, finance, engineering, and medicine; the non-localized causes of systemic failures
can make them difficult to predict and control [73], 82]. Earth’s biosphere has gone through
several significant state shifts over the course of time and scientists have found indicators that
the climate may be near another critical transition similar to the rapid transitions observed

in localized ecological systems [11]. The financial crisis of 20072008 emerged from a complex
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interaction of many factors and has made regulators more conscious of risk at the systemic
level in the financial ecosystem [80]. In 2003, a cascade of failures in the Italian electrical and
internet communications network led to an enormous blackout due to vulnerabilities arising
from interconnectedness in the system [27]. Systemic failure is a pervasive phenomena in
complex, highly connected systems and methods used to measure and anlyze network risks

from other fields could prove useful for sociopolitical networks.

5.4.2  Model implications for network stability

Our dynamical systems model for social network dynamics implicates that increasing the size
or density of a network decreases network stability. This is similar to findings by May [13§]
that increasing connectivity in large complex systems decreases the system’s stability; in a
similar vein, complex ecological networks with many interacting species are at a higher risk
of destabilization than simpler networks with fewer interactions among species. Increasing
the sociopolitical network’s community structure also has a negative impact on stability. The
relationship between network structure and stability is also an area of interest in the ecological
sciences where scientists have found consistent structures in empirical food webs and assess
the risk for perturbations, such as overfishing, to destabilize an ecosystem [12} 196] 54].
Perturbations to ties in the direction of the leading eigenvector of the sociopolitical system
have the greatest destabilizing impact and can occur from positive as well as negative ties,
meaning that not only new conflicts but also the formation of new alliances can potentially
be destabilizing. We estimate the significance of ties between great powers in the WWI
network and find that the most influential ties corresponded to key alliances and rivalries
that precipitated WWI such as the alliance between Germany and Autria-Hungary as well
as the rivalry between Germany and France [201], [05]. When the underlying dynamics of a
system are unknown, a system’s distance to a critical bifurcation can be estimated by decay
rates in the activity after perturbations (Fig. ; we use this method to estimate stability
in the great power network timeseries by viewing MIDs as perturbations to the ties (Fig. [5.8).

Our relationship between decay rate and distance to the bifurcation, r = 0.2,/7, has the
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same scaling relationship as saddle-node bifurcations in other dynamical systems such as the

normal form of the saddle-node bifurcation and transitions to spiking in neurons [142) [180].

5.4.3 Limatations and directions for future research

This model has several limitations. Node power is not taken into account but could be
incorporated into the model by weighting ties. There are many other forces that influence tie
dynamics beyond the ones included in this model and extensions to represent other key forces
may improve the model’s validity in particular contexts. One potentially significant force
that is not currently represented is power balancing dynamics. Power balancing theorizes
that third parties are more likely to ally with the weaker side in a conflict in order to balance
the power in a system [81] 122]. Interestingly however, in many cases the opposite occurs,
third parties are often more inclines to side with the stronger side in a conflict as this may
be in their best interest [R1, 213, [40]. A model that includes power balancing would need
a parameter that can be tuned to prefer either the weaker or stronger side in a conflict
depending on the context.

This model is derived from an anarchic, realist view of the international system. The liberal
perspective notes that there are limitations on realist predictive capabilities in the modern
era as the realist perspective undervalues the influence of international and non-government
organizations and cannot adequately capture the nature of relationships among democracies
[53, 183]. This model may better fit a modern setting by taking into consideration these
alternative influences. While international organizations may influence the cooperation among
states and therefore network structure, the primary sources of power still lies within states,
and since many important players in the international system are non-democracies, a realist

perspective is still relevant.
5.5 Conclusion

We model the dynamics that occur in sociopolitical networks due to dyadic relationships,

structural balance forces, and transient conflicts with a matrix dynamical system that can be
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analyzed and understood in terms of the network eigenvalues and eigenvectors. The system
has two stable states — low-conflict and high-conflict — and can be perturbed to transition
between these two states through parameter manipulation and perturbations. Using spectral
analysis we can understand edge dynamics in terms of the dynamics of the eigenvalues and
derive analytical solutions for the critical bifurcations that occur in the system. The edge
dynamics display hysteresis, where it is easier to transition from the low-conflict to the
high-conflict state than it is to transition from the high-conflict back to the low-conflict state.

Using the matrix dynamical system model for edge dynamics, we determine structural
features that make systemic war in a network more likely and identify key edges that have
the most impact on system stability. By measuring recovery rates after perturbations we
can estimate the system’s distance from a critical bifurcation and therefore level of stability
without knowing the underlying dynamical system parameters. We use our model to analyze
the dynamics of the great powers leading up to World War I and find that our model identifies
ties that have been implicated as critical to destabilizing Europe in the years leading up to
WWI. Risk factors for systemic war found in the international relations literature, such as
nonlinear interactions and power transitions, can be interpreted as parameter manipulations,
perturbations, and structural changes that destabilize the dynamical system governing the
interactions between countries. We hope that models such as this can be used to better
evaluate stability in sociopolitical networks and understand the impact that changes to ties

in a network have on the dynamics of the system as a whole.
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Figure 5.5: Equilibrium pre-WWI network under edge dynamics with perturbations Xp. (a)
X is set to the edge weights of the great powers in 1913, immediately preceding WWI. For
a = 0.03 and 8 = 1, the bifurcation threshold is 5\31 = 8.33. The leading eigenvalue of X is
Ao1 = 6.0125 resulting in o = 2.3208. (b) Perturbations requiring minimal energy (Eq. ,
(¢) minimal energy while imposing factional structure (Eq. [5.34), and (d) minimal energy

while imposing homogenous structure (Eq. [5.35). Error minimized, E = :\31 — ot
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Figure 5.6: (a) Great powers network in 1913. (b) Effects on ¢, for a § = —1 edge perturbation.
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Figure 5.7: Critical slowing down near bifurcation. Recovery rate r is a function of the
distance to the bifurcation in the eigenvalue space v = A; — Ay. (a) Perturbation to the
system far from the unstable fixed point, v = 5.87, results in a fast recovery rate, r = 0.47.
(b) Perturbation close to the unstable fixed point, v = 0.35, results in a slow recovery rate,
r = 0.11. (c) Perturbation past the unstable fixed point v = —0.63 destabilizes the low-conflict
state. (d) The log of the recover rate (r) scales linearly with the log of the distance to the

bifurcation (), r = 0.2,/7.
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Figure 5.8: (a) Timeseries of great power alliances and rivalries leading up to WWI. (b)
Alliances, rivalries, and MIDs. The MIDs act as transient perturbations to the alliance/rivalry
network. (c¢) Change in standard deviation of the edge network over time, Ao (X). Decay

rates, r, are computed from Ao, and used to estimate eigenvalue distance to the bifurcation

v = (r/0.2)2
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Chapter 6

CONCLUSION

Network dynamics can be difficult to describe and control particularly when the dynamics
are nonlinear, the governing equations are unknown, and control signals play a part in
regulating a system’s qualitative states. In this dissertation we outline several methods for
characterizing nonlinear network dynamics in a low-dimensional space as well as characterizing
and deriving control procedures with respect to the system’s low-dimensional variables. We
model C. elegans dynamics using this method and hypothesis that C. elegans may make
use of nonlinear control to regulate its neural dynamics and ensuing behavioral output. We
then proceed to model Hopfield memory network dynamics and random network dynamics
in a low-dimensional space and use feed-forward control and bifurcation theory to induce

transitions between stable fixed points.

We also model and develop control procedures for network edge dynamics, focusing on
structural balancing as well as stabilizing forces that occur in sociopolitical networks. We find
that many aspects of a network’s structure such as community structure, connectivity density,
network size, and nonlinearities affect the dynamics of relationships among nodes. We derive
critical bifurcations in these systems that determine when conflict escalation throughout an
entire network will occur and what structures in a network are most likely to destabilize a
system. We also identify critical thresholds in network statistics that determine whether
factions that emerge in a network will be determined from community structure that exists
in a network’s initial state.

We find that combining techniques from dimension reduction, data-driven discovery of
dynamics, and bifurcation theory can result in transparent models that aid in understanding

a network’s dynamics and determining novel control procedures as well as analysis of control
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signals intrinsic to the system. We hope that these techniques can aid in the construction of

transparent models and control procedures for nonlinear dynamics in other networks.
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Appendix A

A.1 Spectrum of random matrix X

The signal eigenvalues of A are only visible if they are distinguishable from the noise in the
system. In this section we find O(||X]|2) as well as vy the spectral edge of the noise matrix X
using random matrix theory.

We start by characterizing the distribution of eigenvalues. The empirical spectral distri-

bution (e.s.d.) of a random matrix X is defined by

pz) = 5 D000 — ), (A1)

where w; are the eigenvalues of X.
Wigner’s semicircle distribution Eq. (A.2)) defines the eigenvalue density function for a

symmetric random matrix size N with i.i.d. entries having variance m?,

B 1
- 2rNm?

o(2) VANmM? — 22. (A.2)

According to the Wigner limit theorem, the spectra of certain symmetric random matrices
converge in distribution to Wigner’s semicircle distribution [218] [10], so that

lim ) p(m)dx:/c o(z)dx (A.3)

N—oo |

Although the semicircle law originally applies only to random symmetric matrices with equal
variances for all entries [218], [0, [56], further inquiry has determined that random symmetric
block Toeplitz matrices [125] [13] also weakly converge to the semicircle law under certain
conditions. X is a random symmetric block Toeplitz matrix with distribution variances o2,
and o2, in the on and off diagonal blocks respectively and therefore has a Wigner semicircle

distribution of eigenvalues for some variance parameter m? which we have yet to determine.
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The edges of the seimicircle enclose the band of eigenvalues in the interval (—2m\/ﬁ , 2mv/ N ).
As N — oo, \(X) = 2mv/N.
We find the variance parameter by bounding ||X||s with the Frobenius norm [7§],

1
\/_NHXHF <1 X2 < 1X]|F, (A.4)
where
N2 N2
2 2
X[ = | DXl + D [ Xou| (A.5)
=1 =1

The ingroup and outgroup sums are distributed as

N2

2 N? N?

Z |Xin’2 ~ /\/’(702-2”, TVQT(’X“TP)) (AG)
j=1
NT2 2 N2 2 N2 2
> [ Xoul NN(70—out’ — Var(IXou| )>~ (A.7)
j=1

The random variable Z5 denoting the inside of the square root in ({A.5]) is therefore distributed

as
N2 N2
2 2
Zo = Xl + D [ Xowl® ~ N(N?0?, N2¢) (A.8)
j=1 =1
12 2
where €2 — Var(| X );Var(lXoutl ) (A.9)

The expected value of Zy scales with 02N? while the standard deviation only scales with N

meaning Zo = O(0?N?). Therefore
IX[|r = O(oN). (A.10)
Equation (A.4) then implies that

VN < ||X||; < oN. (A.11)
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Therefore ||X||2 must scale with o as
O([[X][2) ~ o (A.12)
This result combined with the Wigner’s semicircle distribution scaling implies that
O(|[X|l2) = o V'N. (A.13)

We continue the argument in order to find the leading eigenvalue of X. We have found that

our variance parameter must scale with o, m = O(0).

2 2
m=ao =a W (A.14)

for some constant a

We set 02, = 02, which implies that we have a traditional Wigner matrix with i.i.d. entries of
variance o2,. This means m = 0, = o and therefore a = 1. Now let o2, # o2, while keeping
o? constant. m scales only with o and therefore must be still equal to . This means that for
all variance values, m = o.

This implies that the eigenvalue density function of X with a diagonal block variance of
o2, and an off diagonal block variance of o2, is equivalent to the eigenvalue density function of
a random matrix with uniform variance o2. This substitution is made in previous derivations
of the spectral band of unsigned stochastic block model matrices [152].

Thus, we have determined that the spectra of X has a Wigner’s semicircle distribution

with variance parameter o. Therefore the edge of the spectral band v of X is
v =20VN. (A.15)
A.2 Spectra of A derived from random matrix theory and complex analysis

We will now use an alternative method to derive the spectra of A using random matrix
theory and complex analysis. In this argument, we use the eigenvalues of the noise matrix

X, whose spectra we have defined in Appendix to find the eigenvalues of X + vNucul.
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We then take these intermediate eigenvalues and use them to find the eigenvalues of A =
X + vNucul + pNuguj,.

The expected adjacency matrix (A) is given by Eq. (4.13)). We consider the spectrum
obtained by adding just the contribution of the contrast eigenvector, vNucul, to the noise

matrix which yields the eigenvalue equation
(X +vNugug)v = zv. (A.16)

We wish to solve for the eigenvalues z, and so use the methods of Ref. [222] to convert

Eq. (A.16]) into a trace representation Eq. (A.21)). We begin by rearranging the terms in
Eq. (A.16)) to eliminate the eigenvector v,

1

T(z—X) tue = —.
uc(z ) uc N

(A.17)

The left hand side of Eq. (A.17) can be written as a sum by performing an eigenvector

decomposition on X,

1
TSI — A)'STup = — A.18
WES(1— A) ST = (A18)
N
(xI'uc)? 1
i ¢ T Al
Z z — w; vN’ (A-19)

i=1
where SAST is the eigenvector decomposition of X and x; are the eigenvectors of X (as well

as the columns of S). We find that N(x]uc)? ~ X7 and therefore E[(x]uc)?] = & and

Var|(x]uc)?] = . This allows us to make the approximation (x;} uc)? = 1/N in Eq. (A.19)

1

giving us
N
1/N 1
S A.20
; z—w; VN ( )
1 1

We define f(z) as follows,

f(z)=Tr(z—X)"" (A.22)
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The values of z that satisfy f(z) = L are the eigenvalues of the matrix X + vNucug. f(z)
has simple poles where z = w;, f(z2) —» —occ as z M w; and f(z) — oo as z \yw;. f(2)isa
continuous function within the interval z € [w;, w;_1], therefore for each interval f(z) = = for
some value z € [w;,w;_1]. This means the eigenvalues z; and w; are interlaced with the leading
eigenvalue z; > w;. The largest solution to f(z) = % Eq. (A.22) is the leading eigenvalue of
X + uNucuf.

We now can repeat this process to find a formula for both leading eigenvalues by adding
the homogeneous signal in addition to the contrast signal back into the noise matrix and

solving for the resulting eigenvalues A\ [222].

The new eigenvalue equation becomes
(X 4+ vNucgul, + pNugug)v = Av. (A.23)

We solve this equation for the eigenvalues \; using the same method used to solve Eq. (A.16)
and which is detailed in Ref. [222]. The resulting equation g(\) has a similar form to f(2)

but with an additional term,

=

1/N N 1

A—zl+i22>\—zi__u]\7 (A.24)
1 Moo

\) = . A2

g(A) )\—Zl+;)\—zi (A.25)

The values of A that satisfy g(\) =  are the eigenvalues of the matrix X+vNucug+uNuguy,.

Without loss of generality, assume v > u, meaning we have added the largest eigenvalue mode

1

to the noise matrix followed by the second largest eigenvalue mode. When |A — 21| >> &,

/\_;Zl = O(1) and Zfiz)\%zz = O(N). Because ,\—_1z1 is the dominant term only when

|IA—2z1| = O(1/N?) and the spectral values z; that constitute the spectral band of X+vNucul
are interlaced with the spectrum of X, we may approximate g(A) with our previous function

f\) =Tr(A—X)! for all A values away from z;. g(\) has a singularity at z; meaning there

is an additional solution to g(\) = l% when \ ~x 2.
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Therefore the signal eigenvalues, Ay and A¢ are the largest magnitude solutions to
f(A) =1 and f()\) = l% We can find an analytical form for f(\) by taking advantage of the
Stieltjes transform representation of Tr(X — \)~L.

The Stieltjes transform S,(\) of density p(t) is a function of the complex variable A and

is defined outside the real interval I,

S,(A) = / %dt, Ne Q. (A.26)

The normalized trace of (X — \)~! is equivalent to the Stieltjes transform of the spectral

density of X [10],

%TT(X — AT =5,(\) = /I;fcldx, (A.27)

where the e.s.d. has been previously defined, Eq. (A.1)). We may substitute the eigenvalue
density function ¢(z) for the e.s.d. integrand in the Stieltjes transform since these functions

converge in distribution [10],

S,(A) = /I%dx = i %dw. (A.28)

Substituting Eq. (A.2) for ¢(x) yields
_ [ 9@ 1 /Wm VANG? — 22

[x—)\xZQWNJQ WNe T—A

We solve this integral using multiple changes of variables. Our argument is adapted from

dx. (A.29)

Ss(N)

previous work [10]. Letting = 2v/No cos(y), the above becomes

L[ sin?(y)
Ss(N) = — d A.30
o) 7T/o 2v/No cos(y) — A Y ( )
1 2 (eiy —;f'ny )2
=— =L dy. A.31
T /o 2\/NU(—EW+;_W) -\ Y ( )
The second change of variables is ¢ = e® which gives
i (-1
Ss(N) = dc. A.32
o) Arov/ N \<|:1C2(C2 - U)‘NC +1) ( )
2 1)2
Let h(¢) = (=1 (A.33)

G2 = o+ 1)
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The function h(¢) has three poles,

=0 (A.34)
A+ VA2 —4Nog?

G = TN (A.35)

C2:/\_V)\2_4N02- (A.36)

20\/N

We must determine which poles are inside the radius |(| = 1 and then use the residue theorem
to compute the integral. (; is a pole of order 2 and is inside the contour. Note that (1(, =1,
and therefore if |(2| # |(1] then only one of these poles can be inside the contour. We find,
with the argument to follow, that (5 is the pole inside the contour for A\ values for which
Im(X) > 0 and ¢; is the pole inside the contour for A values for which I'm(\) < 0.

We find that (y is the enclosed pole for I'm(\) > 0 by first supposing that Re(\) >
0. Tt follows that Re(v/A2 —4No?) > 0 and Im(v/A2 —4No?) > 0 and therefore |\ —
VA2 —4Nco?| < |A+ /A2 — 4No?| which reveals that |(3| < (1. Let us now suppose that
Re()\) < 0. It follows that Re(v/A2 —4N¢o?) < 0 and Im(v/A2 — 4No?) > 0, and therefore,
by the same argument as above, once again |(5| < |(1], meaning that (5 is the enclosed pole.

We use a repetitive argument to show that (; is the enclosed pole for Im(\) < 0. Supposing
that Re(\) < 0, we find that Re(v/A\2 — 4No?) > 0 and Im(v/A%2 — 4N¢?) > 0 which informs
us that (1] < |(2|. Now supposing that Re(\) > 0, we find that Re(v/A\2 —4No?) < 0 and
Im(v/A2 —4No?) > 0 and therefore |¢;| < |G|, meaning that (; is the enclosed pole.

We now know that (; is inside the contour and (, is outside for I'm(\) < 0 while (5 is

inside the contour and (» is outside for Im(A) > 0. We use the Residue theorem and the

three poles Eqs. (A.34), (A.35)), and (A.36) to finish solving Eq. (A.32]) by integrating,

7{(21 h(Q)dC = 2mi[Res(h, Go) + Res(h, ()] (A.37)

 for Im()\) < 0
where (, = @ or fm(3) (A.38)

(o , for Im(\) > 0.
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Evaluating the residues yields

A VA2 —4Ng?
h(C)d¢ = 2w .
7|{g|1 (Q)de = 2mi ov N * ov N

The =+ in the above expression results from the two different residues for Im(\) > 0 and

(A.39)

Im(X\) < 0. We now multiply our result by the constant term to finish solving Eq. (A.32)),

= VA2 —4Ng?

Ss(A) 2N o2

(A.40)

Now we have a closed form solution for the Stieltjes transform of the spectral density of X
which gives us an analytical formula for f(\) in the region when \ is outside of the spectral

band, |\| > 20V N = 7,
L _AE VA2 —4No?

202 ’

fA) =Tr(A—X) |A] > 7. (A.41)

We now solve for the eigenvalue A of A that corresponds to the contrast signal,

1
=1 (A.42)
+ VA2 —4No? 1
A£ VA A (A.43)
202 v
o? o
N+ Tz (A.44)

If |v| > — then |A| > |7|, and the contrast eigenvalue A is outside the spectral band,
otherwise the leading eigenvalue is included in the spectral band. The analogous formula
for the eigenvalue corresponding to the homogeneous signal is found by replacing v by p in
Eq. (A.44). Figure shows how the intersections between f(A) and 1/u and 1/v generate
the eigenvalue locations. We have therefore found the same solutions for the signal eigenvalues

of A using random matrix theory and complex analysis as done via perturbation theory in

the main text, Eqgs. (4.57)) and (4.58)).

A.3 Random dynamical systems

We generate random dynamical systems with the following dynamics for each node x;:
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Figure A.1: Intersections of the function f(\) and 1/p and 1/v yield eigenvalue locations.
(a) fn(A) is the numerical solution to f(\) and intersects with 1/ and 1/v at Ay and A¢.
f(A) is only defined away from the spectral band; the analytical solution diverges from the
numerical approximation upon approaching the spectral edge. (b) The case where Ay and
Ac are on opposite sides of the spectral band as the signal eigenvalues can be either positive

or negative in signed networks.
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N N N

j=1 j=1 k=1
where N is the number of nodes and the constants for each term, a, b, ¢, d, m, are drawn
from a sparse normal distribution divided by v/ /N with 10% sparsity. The deterministic term,
3

7, is added to bias the method to generate systems that do not blow-up in finite time.

In order to construct data for the model discovery, we randomly generate a set of initial
conditions, find the set of attractors, and then randomly generate additional initial conditions
centered about each attractor. Our final set of initial conditions used for the model discovery
is selected to have a balanced number of trajectories that converge to each attractor so that all
attractors will be adequately represented in the SINDy model. In the 2D random dynamical

system we use N = 10 while in the 3D random dynamical system we use N = 20.
A.4 Hopfield networks

We create a Hopfield model as outlined in previous work [87, [150] using MNIST digits
for memories [120]. We use the discrete memory update rule z(t + 1) = o(Wx(t)) where
o = tanh(az) and the connectivity matrix, W = M M7 is the memory matrix multiplied by
its transpose. We use a tanh function rather than the traditional Heaviside step function in
order to make the dynamics smooth and therefore representable by a Taylor series expansion
for the SINDy model. Note that lim, ., o(z) = 2H (z) — 1, the traditionally used Heaviside
update function. In order to construct data for the model discovery, we generated noisy data
points surrounding each memory and then took random samples as initial conditions. For
the 2D Hopfield network we used 2 memories, M € R*%°%2 and o = 4. For the 3D Hopfield

network we used 3 memories, M € R*°*3 and a = 5.
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