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Direction-of-arrival (DOA) estimation, the ability to find the direction from where a sound

source originates, is a long-studied problem in array signal processing. Single-snapshot DOA

estimation, in particular, brings a unique set of challenges and opportunities for research,

particularly in scenarios where environments vary rapidly or limited computational resources

are available. The development of single-snapshot DOA estimations systems has long been

directed, however, by conventional signal processing. One limitation with conventional signal

processing is that data is assumed to lie on a fixed domain of regularly spaced points, resulting

in fixed estimation performance. Current methods for single-snapshot DOA estimation can

overcome this limitation, and hence gain more flexibility, if the problem is studied from

the point of view of signal processing on graphs (SPG). In SPG, data no longer lies on a

fixed uniform grid, but instead on vertices of graph. Our conjecture is that we can improve

DOA estimation performance by utilizing the framework of SPG. To support this conjecture,

SPG principles and tools were employed to produce a new single-snapshot DOA estimation

system, based on an existing estimation method from conventional signal processing, that

incorporates graphs into the data processing chain. The system was then evaluated using

real and simulated data inputs, and explanations were developed to understand the system’s



output behavior. By leveraging the flexibility offered in SPG, this work shows that our

approach to single-snapshot DOA estimation can not only produce outputs equivalent to

those in conventional signal processing, but also, depending on the choice of graph structure,

outputs with more improved DOA estimation accuracy.
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Chapter 1

INTRODUCTION

Sensor arrays and array signal processing systems have a long history of enhancing our

situational awareness. One way they do this is by recording and processing data in order

to find the direction of a detected sound source relative to the array, a technique referred

to in array signal processing as direction-of-arrival (DOA) estimation. Methods for DOA

estimation typically assume the availability of multiple, or even infinite, snapshots of data

in time [1]. Estimating DOA with limited snapshots, or even a single snapshot, however,

is just as useful in practice. Single-snapshot DOA estimation (Figure 1.1) is practical for

physically-constrained situations such as in sonar processing where sound speed varies and

only a limited number of snapshots may be available to process. Processing a single snapshot

is also valuable in reducing the computational load for both DOA estimation and the rest

of an array processing system [2]. For this reason, and all others described, the focus of this

dissertation is on single-snapshot DOA estimation systems.

Figure 1.1: Single-snapshot direction-of-arrival (DOA) estimation system.
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Figure 1.2: Representing sensor array data with conventional signal processing or signal

processing on graphs (SPG).

Previous work in this area has long been directed by the framework of conventional signal

processing. There are estimation systems that rely on a power spectrum calculation [2],

while others rely on a Discrete Fourier Transform (DFT) [3] or principles from compressed

sensing [4]. If there is one limitation across all these methods, it is this: unless a pre-

processing system is included [5], the performance of these systems is fixed and cannot

change. The reason for this, we posit, is because of the assumption made on the data

modeling and processing domain. Across all the examples we listed here, it is assumed that

the domain on which data lies is restricted to a regular and uniform grid of points (Figure

1.2ab).

This restriction can be overcome if we incorporate principles from another area of work

that uses a more flexible domain for modeling and processing data. One viable option

is the framework of signal processing on graphs (SPG). In contrast to conventional signal

processing, data in SPG is modeled and processed on a different domain (Figure 1.2c) made

up of a set of vertices and edges that are jointly referred to as a graph [6]. Representation on

a graph is a natural construct for numerous information-collecting structures. These include

temperature sensor networks, road traffic networks, brain networks, a 3D point cloud, and a

Twitter user’s network of followers, to name a few, in which a graph vertex can represent a
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network node and graph edges can represent the physical proximity or correlated connection

between network node pairs [7]. If SPG can be applied to these scenarios, then there is

no reason to believe it cannot handle our information of interest: a single snapshot of data

collected from an array of sensors.

Furthermore, the application of SPG to our problem is advantageous. Graphs can be con-

structed in many ways, which thereby offers us more choices for domains for data modeling

and processing. Having more choices is important because the likelihood of finding a domain,

or graph structure, with better performance increases. For this reason, and all others de-

scribed in the last paragraph, the hypothesis for this dissertation is this: the performance

of single-snapshot DOA estimation systems can be improved by developing an

estimation system on a graph domain .

To support this conjecture, our approach is to create a single-snapshot DOA estimation

system that builds upon existing work in DOA estimation with the aid of SPG and then

comprehend the behavior of the system we have built by analysis. We expand and justify the

details of this approach by summarizing and considering all prior work in Chapter 2. We then

proceed with a slice-and-dice method (Figure 1.3) to develop our system by first considering

the system input model in Chapter 3 and then the actual estimation system in Chapter

4. The next two chapters will then focus on estimation performance evaluation using real

data in Chapter 5 and then simulated input data in Chapter 6. Based on the observations

that are made on estimation performance, Chapter 7 focuses on explaining why the system

behaves the way it does. Finally, we close this dissertation in Chapter 8 with a summary of

our contributions and offer ideas for future work in single-snapshot DOA estimation.
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Figure 1.3: Overview of rest of chapters.
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Chapter 2

BACKGROUND AND ASSUMPTIONS

In this chapter, the current state of two relevant areas of work is discussed. We start

with a summary of the area of single-snapshot DOA estimation using the conventional sig-

nal processing framework and then proceed to describe advances in DOA estimation using

signal processing on graphs (SPG). By summarizing these areas, the goal is to develop and

justify our own approach, with clearly stated assumptions, to the problem of improving the

performance of single-snapshot DOA estimation with SPG.

2.1 Current State of Single-Snapshot DOA Estimation

In the current state, single-snapshot DOA estimation remains a problem of interest among

scientists and engineers. As one of the earliest papers in the topic noted, estimation perfor-

mance degrades more from reducing the number of array elements rather than the number

of temporal snapshots [8], This area, therefore, is motivated, and this motivation has led to

increased curiosity. Interest in the area has grown over the years as single-snapshot DOA es-

timation has been shown to be relevant in applications such as automotive radar systems [2]

and array signal processing for smart cities [9] in which limited snapshots of data are avail-

able for processing and estimating DOA. The advancement in knowledge in single-snapshot

DOA estimation can be summarized according to which array configuration is considered

and which approach was used to develop the actual estimation algorithm.

2.1.1 Uniform Line Array

The majority of contributions in single-snapshot DOA estimation has been for uniform line

array (ULA) receivers. Prior work has shown that estimating DOA from a single-snapshot in
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time is possible, and numerous methods have been developed using one of two approaches.

The first approach is to translate methods from conventional signal processing that use

multiple or infinite snapshots to the single-snapshot case. This translation approach was

found to show improvements in estimation accuracy, under certain conditions, for existing

DOA estimation methods based on the input power spectrum like conventional (Bartlett)

beamforming [3] and Capon [10], the input subspace like multiple signal classification (MU-

SIC) [11] or estimation of signal parameters via rotational invariance (ESPRIT) [12], and

singular value decomposition of the input like Matrix Pencil [13].

Another popular approach to single-snapshot DOA estimation is to develop new methods

that are grounded in theory from either signal processing, linear algebra, or probability and

statistics. Those that have followed this approach have also shown improvement in estimation

accuracy, under certain conditions, when existing theory like compressed sensing [4], spatial

windowing [14], iterative interpolation [5], and Bayesian statistics [8] were considered.

With numerous methods available, performance comparison studies are natural to con-

duct. While some have compared multiple DOA estimation methods [2,11], most prior work

compare with the estimation method they drew inspiration from. There is one method that

is often used in performance comparison studies, and that is the conventional beamformer.

It is a method that has been found to either show an improvement in performance in certain

conditions [4] or a performance decline [11] based on which other method it is compared to.

To conduct these performance evaluation studies, all prior work related to ULAs assume

a far-field plane wave model for the input signal [2]. In this model, data x ∈ CN recorded

by a ULA, assuming a single source, is modeled as a linear combination of a steered source

component s ∈ CN and a noise component w ∈ CN (Equation 2.1).

x = s + w

s = a(θ)s(to)

w = CN
(

0,
1

SNR
I

)
where a(θ) =

[
ej2πfo

d sin(θ)
c

n

]N−1
n=0

and s(to) = ej2πfoto

(2.1)
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The source signal s(t) is modeled as a narrowband complex exponential signal with a fre-

quency fo (in Hz) and is evaluated at a single-snapshot in time to (in sec). In the far-field

plane wave model, the receiver is assumed to be far enough away from the source that each

array element receives a time-delayed version of s(t). Assuming the source is located at angle

θ (in deg) relative to the array, and that the data is collected by an N -element ULA with

inter-element spacing d (in m), the data recorded by each array element can be modeled as a

shift in phase of the source. The phase shift in the source can be characterized by a steering

vector a(θ) ∈ CN with constant sound speed c (in m/sec). The noise component, on the

other hand is modeled as identically distributed, circularly symmetric complex normal with

with zero mean and variance 1
SNR

.

2.1.2 Other Array Configurations

Beyond a ULA, a few other contributions have been made with other array configurations.

Prior work has found that single-snapshot DOA estimation is possible with configurations

like a non-uniform line array [15], a non-uniform rectangular array [16], uniform circular

array [17], and randomly placed array elements [18]. For these prior work, new algorithms

were developed based on existing theory such as principal singular vector, dual functions,

compressed sensing, and Fourier coefficient interpolation. For all these methods, evidence of

improved estimation accuracy were found over other existing methods, with some showing an

ability to get closer to the theoretical estimation error bounds, particularly at low amounts

of noise [15].

2.2 Current State of DOA Estimation Using Signal Processing on Graphs

As shown in the last section, DOA estimation is directed heavily by the framework of con-

ventional signal processing. Approaching the problem from the point of view of SPG is

what separates this dissertation from the work that has just been described. While SPG

has been shown to be valuable for applications like smart cities [19], brain networks [20],

and biological networks [21], to name a few, DOA estimation using SPG has not received as
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much attention. Indeed, this topic of DOA estimation using SPG is a recent development

with this dissertation being closely related to only a small body of work. This work includes

our own earlier contributions to the area, along with contributions from a few others.

Our early contributions to the area demonstrated how SPG can be applied to the problem

of DOA estimation. In [22, 23], we addressed how ULA measured data, characterized as a

far-field plane wave, can be modeled on a one-dimensional graph with undirected edges. In

addition, we attempted to develop a new DOA estimation method by applying two existing

operators in SPG: the the Graph Fourier Transform (GFT) and graph signal smoothness.

The results from these earlier work uncovered an ambiguity issue when estimating DOA,

in which we are not able to resolve DOA angles that were positive from those that were

negative in value, an issue known as top-bottom ambiguity.

This dissertation attempts to improve on what we did by considering another approach.

Instead of trying to develop a new estimation algorithm, we consider translating an existing

DOA estimation algorithm from conventional signal processing to the graph domain. This

work is most closely related to three recent publications [24–26] in which they demonstrated

that the estimation methods of differential beamforming and MUSIC were translatable to

the graph domain and showed improvements in estimation accuracy over these existing tech-

niques. Input data modeling, however, was handled differently from our own prior work.

Some developed a model for ULA data using multiple snapshots of time and with a fixed,

fully-connected graph configuration across two dimensions [25,26], while another also utilized

a two-dimensional graph but considered instead an arbitrary array configuration on a sin-

gle plane [24]. Therefore, there exists an opportunity for contribution with single-snapshot

DOA estimation using a one-dimensional graph structure and another existing technique

from conventional signal processing.

2.3 Summary of Assumptions

Taking into account the body of work we have just summarized and the goal of laying a solid

foundation of work, we choose to make the following assumptions:
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1. Source: To narrow the focus of our study with the intention of making extensions

later on, we assume a single narrowband and stationary sound source located on the

same plane as the receiver array. The source’s narrowband frequency will be denoted

by fo (in Hz) and its DOA angle will be denoted by θ (in deg).

2. Environment: Consistent with prior work, we assume a homogeneous transmission

channel or environment characterized by a constant sound speed c (in m/sec).

3. Receiver Array: Consistent with prior work that have developed and introduced new

DOA estimation algorithms, we assume a uniform line array (ULA) at the receiver with

N array elements and inter-element spacing d (in m).

4. Source-Receiver Distance: Consistent with prior work that have developed and

introduced new DOA estimation algorithms, we assume a source-to-receiver distance

far enough away to assume the received data can be modeled as far-field plane waves

5. Input Data: Distinguishing our work from recent prior work in DOA estimation using

SPG, we assume a single snapshot of input data that can be represented as a vector x

such that

x =
[
x(0) x(1) . . . x(N − 1)

]T
∈ CN

6. Graph Structure: Distinguishing our work from some prior work in DOA estimation

using SPG, we assume a one-dimensional and time-invariant graph structure for data

modeling and processing, where the graph structure is denoted by variable G .
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Chapter 3

MODELING SYSTEM INPUT

Before we can start developing a single-snapshot direction-of-arrival (DOA) estimation

system with signal processing on graphs (SPG), we must first address what directs system

development the most: the model for the system input. Without it, there is no way to predict

the output or characterize the performance of an estimation system. Rather than creating

an entirely new input model, the focus of this chapter is to build upon existing input models

from DOA estimation and conventional signal processing. In conventional signal processing,

the most common input model in DOA estimation research is the far-field plane wave [27].

The plane wave’s equation, assuming a ULA and a single snapshot of time, is well-known

and already defined in Chapter 2. The problem with this expression is that it defines the

measured data samples of a plane wave on a fixed domain of uniformly spaced grid points,

so the concept of a graph is not yet incorporated into the model. Broadening this model so

that plane waves are defined on the domain of a graph is the challenge for this chapter. Our

conjecture is that if principles from SPG are applied, then the far-field plane wave

can be extended and modeled on the graph domain.

3.1 Prior Work and Approach

Modeling plane waves with SPG is a topic that has been addressed by a few recent papers,

but there are still opportunities for improvement. In [24–26], graph-based input models

for the far-field plane wave were developed, but they were made under a different set of

assumptions than ours. These assumptions include multiple sound sources, two-dimensional

graphs, arbitrary sensor array configurations, and DOA angles defined on planes different

from the sensor array. To build a solid foundation of work in SPG-based single-snapshot
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DOA estimation, our approach is to express the far-field plane wave with the assumptions

we defined in Chapter 2: a single sound source, one-dimensional graph, a ULA, and a DOA

angle defined on the same plane as the ULA.

To develop this graph-based input model, SPG literature was reviewed to learn how SPG

practitioners model data on a graph. The two most cited papers in SPG [6,28] were studied

first, followed by the recent papers in graph-based DOA estimation that were cited in the

last paragraph. Across these papers, the aim was to find a set of well-accepted principles for

data modeling that would guide the work in this chapter.

From this review, a clear direction emerged for our input modeling task. SPG practi-

tioners model input data by using the concept of a graph signal. A graph signal is best

understood as an extension of signals from conventional signal processing by expanding the

mathematical model of a signal to allow for data samples that are defined on a graph. A

graph signal accounts for the underlying graph domain by using a specification that consists

of two components: a vector and a matrix. Each component represents a unique piece of the

data model. As illustrated in Figure 3.1, the graph signal vector is used to mathematically

represent the actual measured data (in blue), while the graph signal matrix is used to describe

the data’s underlying graph domain (in red). This common framework for data modeling

breaks down our work into two challenges: finding an expression for the graph signal vector

for the far-field plane wave, as well as an expression for plane wave’s graph signal matrix.

Once these expressions are found, we can then validate them through an implementation in

software. The next three sections are used to summarize our findings.

Figure 3.1: Two components of a graph signal.
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3.2 Expressing Graph Signal Vector for Far-Field Plane Wave

To develop an expression for the graph signal vector of a far-field plane wave, the SPG

framework was studied and applied. The common practice among SPG practitioners is to

structure the graph signal vector in the following way: the size of the vector is equal to the

number of measured data samples [7]. Therefore, for the case in which there are N samples of

data, an N -element vector x ∈ CN is used, where x =
[
x(0) x(1) x(2) . . . x(N − 1)

]T
.

The elements in the vector are ordered so that each element x(n) is associated with the data

sample on graph vertex n. This means that x(0), for example, is interpreted as the data

sample on graph vertex n = 0, while x(N − 1) specifies the data on vertex n = N − 1. As

long as all vertices on a graph are indexed, all measured data on a graph can be represented

naturally by a graph signal vector.

Applying this framework to a far-field plane wave, we found an expression for graph signal

vector x with direct ties to conventional signal processing (Equation 3.1).

x = a(θ)s(to) + w

a(θ) =
[
ej2πfo

d sin(θ)
c

n

]N−1
n=0

and s(to) = ej2πfoto
(3.1)

This expression is, in fact, equivalent to the plane wave’s equation in conventional signal

processing. The same variables are used: a(θ) is the steering vector at angle θ, s(to) is the

narrowband source signal at frequency fo and time snapshot to, and w is additive complex

noise. The only thing that we modified was the definition of index n. In conventional signal

processing, n is the array element index, but in SPG, n now represents the graph vertex. We

were able to update the definition of index n and still use the equation from conventional

signal processing by assuming the following: that the set of graph vertices are ordered in

the same way as the sensor array elements. For this dissertation, the array elements will be

indexed in increasing order so that the top of the array is the first element and the bottom of

the array is the last element. Furthermore, if it is assumed that there are N array elements,

the first element will map to graph vertex n = 0 and the last element will correspond to

graph vertex n = N − 1 (Figure 3.2). If this order and mapping are followed, then we can
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(a) (b)

Figure 3.2: (a) One-to-one mapping between array element and graph vertex. (b) Example

of a full graph signal with set of graph edges.

set graph signal vector x for a far-field plane wave equal to the equation already used in

conventional signal processing.

This expression indicates an important step for broadening the model for the far-field

plane wave because the equation preserves information. With this vector x, the information

from conventional signal processing is carried over to the graph domain by representing the

measured data samples with the exact same equation. The only thing left to do to complete

the generalization of this waveform is to define the second component of a graph signal: the

graph signal matrix.

3.3 Expressing Graph Signal Matrix for Far-Field Plane Wave

To develop an expression for the graph signal matrix, the SPG literature was again reviewed

first to identify a common framework. One challenge that emerged from this review was that,

unlike the graph signal vector, SPG practitioners do not follow a single common framework

for the graph signal matrix. In fact, there exists several forms of the matrix that are used to

describe a graph. Some of these matrix forms include the unweighted and weighted adjacency

matrix [28], the unnormalized and normalized Laplacian matrix [6], and the incidence matrix
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(a)

(b) (c)

Figure 3.3: Examples of graph structures with their corresponding graph signal matrix A.

[24]. Because the Laplacian matrix is a function of the adjacency matrix and because the

thrust of this dissertation is to build a solid foundation of work for single-snapshot DOA

estimation, we chose to use the unweighted adjacency matrix.

The unweighted adjacency matrix follows a well-accepted structure in SPG. The matrix

is a square matrix A with elements ai,j ∈ RN that specify which set of edges are used to

construct the graph. To set these elements, the convention is to follow an existence criterion.

This means that matrix element ai,j = 1 when there exists a directed edge from vertex

j to vertex i. Otherwise, ai,j = 0. If matrix A is structured in this way, then the matrix

should paint a clear picture of the structure for the dataset’s underlying graph domain. Some

examples of graph structures and their corresponding graph signal matrix A are shown in

Figure 3.3.

Applying this framework to a far-field plane wave, we established a general expression
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for the graph signal matrix that leaves room for further exploration, but still relates to the

configuration of a ULA (Equation 3.2).

A =


0 a0,1 . . . a0,N−1

a1,0 0 . . . a1,N−1
...

...
. . .

...

aN−1,0 aN−1,1 . . . 0

 where ai,j =

1, if edge j to i exists

0, if edge j to i does not exist

(3.2)

The ULA contributed one key information to the development of this matrix expression: an

N -element array established a matrix A with dimensions N ×N . Furthermore, we assumed

no edge would start and end on the same vertex – a type of edge known as a self-loop that is

commonly ignored among SPG practitioners [28] – which allowed us to set the main diagonal

elements ai,i to 0. The remaining elements were left as variables to allow for studies later

on which set of graph edges are needed for DOA estimation. This set of information and

choices resulted in a way to develop a general expression for the graph signal matrix of a

plane wave.

The combination of this expression matrix A and the expression that we formulated for

vector x in the previous section gives the far-field plane wave a complete representation as a

graph signal. More importantly, this complete representation demonstrates a generalization

of the plane wave. This graph signal representation not only preserves, but also adds,

new information. With matrix A, the far-field plane wave is given an additional layer of

information that describes the plane wave’s underlying graph domain. This matrix further

generalizes the plane wave by allowing the same vector of data to be represented on more

than one domain (Figure 3.4). In SPG, the graph domain can be flexibly altered by simply

inserting and deleting edges from the graph, which in turn modifies elements in graph signal

matrix A. Because our expression for matrix A has up to N(N − 1) elements that can be

modified, and because the value of these elements is restricted to one of two values, a 0 or a

1, the matrix can be filled in up to 2N(N−1) different ways. This means that a vector of data

can have, depending on the choice of graph structure, a maximum of 2N(N−1) representations

versus the one representation offered in conventional signal processing. It will be interesting
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(a) (b)

Figure 3.4: Graph signals with same measured data samples but different graph structures.

to see the impact of this generalization when we start developing and analyzing our actual

SPG-based estimation system.

3.4 Implementing Model in Software

To confirm the graph signal representation that we developed in the last two sections for a far-

field plane wave, we implemented and simulated the plane wave graph signals in software with

Python and additional libraries. Using the Numpy library and its tools for creating vectors

and matrices, we actualized the graph signal matrix (Equation 3.2) for a fixed graph structure

and the graph signal vector (Equation 3.1) for a fixed set of parameters. The graph signal

vector’s noise component w for x was generated by using the definition of noise in rectangular

form: w(n) = wR(n) + jwI(n) in which wR(n) and wI(n) are the real and imaginary noise

components, respectively. Both components were created by using independent normally

distributed random variables with mean 0 and variance 1, e.g. wR(n), wI(n) ∼ N (0, 1), and

then scaling each component by a factor to achieve the desired SNR for the measured data.

This scaling factor was determined by computing the noise variance σ2
w, given the SNR, and

then taking the square root of half the noise variance so that the total variance of complex
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noise is σ2
w (Equation 3.3):

w(n) =

√
σ2
w

2
wR(n) + j

√
σ2
w

2
wI(n) where σ2

w =
1

10SNR/10
(3.3)

The numerator for noise variance is 1 because the source signal is assumed to be a unit-

amplitude complex-exponential function. With this method for generating noise, we simu-

lated a full graph signal and produced plots of the graph signal vector x as a function of

graph vertex n with the aid of the Matplotlib library. Because the graph signal is complex-

valued, plots of the graph signal are divided in two, one for the real part and another for the

imaginary part of x.

To demonstrate that our graph signal model behaves as expected for a plane wave, we

simulated and plotted a collection of graph signals at different DOA angles and SNRs for

two different graph structures, each one representing a specific ULA configuration. The first

graph structure we simulated consisted of N = 3 vertices and represented a ULA with inter-

element spacing d = 0.9 m, while the second graph structure had N = 4 vertices for a ULA

with spacing d = 1.55 m. For each graph structure, a graph signal vector x was generated at

a fixed SNR and a fixed DOA angle from the following set of values: SNR = {100, 10, 5} dB

and θ = {0◦, 50◦}. The following values were also for the sound speed and source frequency

to create a complete plane wave: c = 1500 m/sec and fo = 400 Hz.

Our collection of graph signals (Figures 3.5 and 3.6) validate key characteristics of the

plane wave. In Figure 3.5, the impact of the DOA angle is noticeable at high SNR. When

θ = 0◦ and SNR = 100 dB, each graph vertex has the same value, which makes sense since

the source is located directly in front of the array, an angle location referred to as broadside.

When the DOA angle moves away from broadside θ = 50◦, there is, as expected, more

variability in value across graph vertices. Also, in Figure 3.5, the impact of SNR is visible

if we focus on a fixed DOA. At θ = 0◦, for example, as the SNR decreases, we start to see

more variability across graph vertices due to the increasing variability in the noise. These

observations from Figure 3.5 all carry over to Figure 3.6 in the case in which we have N = 4

graph vertices, further confirming our graph signal representation for a far-field plane wave.
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(a) Graph structure and adjacency matrix.

(b) DOA θ = 0◦ (c) DOA θ = 50◦

Figure 3.5: Simulated graph signals for N = 3 at different DOAs and SNRs.
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(a) Graph structure and adjacency matrix.

(b) DOA θ = 0◦ (c) DOA θ = 50◦

Figure 3.6: Simulated graph signals for N = 4 at different DOAs and SNRs.
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3.5 Summary

In summary, the work in this chapter shows that if we apply the concept of a graph signal,

then it is possible to reformulate and implement in software the far-field plane wave on a

graph domain. This expression, made up of two components with vector x and matrix A,

demonstrates that not only can plane waves be represented on a graph, but plane waves

can also be generalized to up to 2N(N−1) representations, depending on the choice of graph

structure. This increase in the number of representations ultimately helps with this disser-

tation’s main task of finding performance improvement for single-snapshot DOA estimation.

Furthermore, this generalized expression for a plane gives us a way to model the input signal

for an estimation system, thereby overcoming the first hurdle in developing a graph-based

single-snapshot DOA estimation system.



21

Chapter 4

DEVELOPING A NEW DOA ESTIMATION SYSTEM

In the last chapter, we laid the ground work for the development of an improved single-

snapshot DOA estimation system by formulating a graph signal model for the system’s input

data. The focus for this chapter will now be on the actual system that will process this signal

and produce an estimate of DOA (Figure 4.1) with the aid of SPG. The advantage of SPG

is that it can generalize – that is, it can take something we know, like an existing estimation

system, and broaden it by incorporating new information into the system processing chain.

Generalizing an existing DOA estimation system with SPG has been studied in a few recent

papers [24–26], but there is one algorithm for DOA estimation, described in Chapter 2,

that has yet to be explored: the conventional beamformer. The conventional beamformer is

important to examine because it is widely used in practice [29–31] and referenced regularly

in the literature as a baseline system [32, 33]. To continue building a solid foundation of

work and make progress on using SPG to improve estimation performance, the conventional

beamformer needs to be studied. Our conjecture for this chapter is that, using SPG

and the conventional beamformer as inspiration, a new single-snapshot DOA

estimation system can be developed that works with inputs defined on a graph

domain.

Figure 4.1: General DOA estimation system diagram using input graph signal.
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4.1 Building and Distinguishing From Prior Work

The work in this chapter builds on prior work and also charts a new path to using SPG for

DOA estimation system development. As in previous work, figuring out how to incorporate

a graph structure into the system process remains a priority. However, rather than using an

incidence matrix [24] or a weighted adjacency matrix [25], we build on the work from the last

chapter and use an unweighted adjacency matrix to help simplify and narrow the focus of

our task. Using an unweighted adjacency matrix allows the focus to shift from the existence

and strength of graph edges to just the existence of edges. To add to this approach, we also

distinguish from some of our work in which we attempted to use SPG tools to develop new

DOA estimation methods [22,23]. The approach now is to leverage the idea of starting with

an existing DOA estimation algorithm and then generalizing it with the help of current SPG

principles and tools. However, rather than focusing on the differential beamformer [25] or

the MUSIC algorithm [26], our attention in this chapter is on the conventional beamformer.

To develop our new DOA estimation system from the conventional beamformer, the

algorithm for the DFT-based conventional beamformer, first discussed in [3], was used to

guide the work. We started by writing the algorithm as a single formula (Equation 4.1) that

x Measured data

f` Linear Fourier weights

c Sound speed

N Number of array elements

fo Source frequency

d Inter-element spacing

ˆ̀ Localized frequency bin

θ̂ Estimated DOA angle

Table 4.1: Summary of variables for the conventional beamformer.
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incorporates variables we have already introduces (Table 4.1).

θ̂ = sin−1

(
ˆ̀c

Nfod

)
where ˆ̀= arg max

`

f`xxHfH`
f`fH`

(4.1)

To guide our work further, we broke the algorithm and formula down to a sequence of

processes. Once these processes were identified, we translated each one to the graph domain

by using existing principles and tools from SPG. Once we produced a full system diagram,

we then validated that our system can indeed process input graph signals. To perform this

validation, we extended the Python software we developed for plane wave signals in the last

chapter and included an implementation of our actual system. The following sections are

used to present and discuss our results.

4.2 Using SPG to Translate Conventional Beamformer

From the algorithm for the conventional beamformer (Equation 4.1), three distinct processes

were identified (Figure 4.2). The first process was the computation of the input data’s power

spectrum P` from the linear weights of a DFT. The second process was the localization of

maximum power to a frequency bin ˆ̀. The third and final process was the conversion of the

localized frequency bin to an angle θ̂, the conventional beamformer’s estimate of DOA. The

identification of these processes is important because it divided our work into three clear

tasks. The upcoming subsections detail how SPG was used to translate each process.

Figure 4.2: System diagram for conventional beamformer.
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4.2.1 Process #1

Of the three processes, SPG was used the most to translate process #1, which at its core

relies on the DFT. The DFT provides two things that are needed to compute the power

spectrum. It provides the linear Fourier weights f` and the transformation equation to

convert the measured data to the frequency domain by way of a projection operation f`x.

The power spectrum is then computed by magnitude-squaring the output of this projection

and normalizing it by the linear weights of the DFT. The DFT is indeed central to this

process, so updating this whole process to the graph domain, therefore, requires finding and

using SPG’s equivalent to a DFT.

In SPG, the equivalent to the DFT is the Graph Fourier Transform (GFT) [34]. The GFT

is, simply put, an extension of the DFT and provides the same two items that process #1

requires: linear Fourier weights and a transformation equation. The linear Fourier weights for

a GFT are found by extracting them from the input signal’s graph structure A with the aid

of a procedure called an eigen-decomposition. In an eigen-decomposition, two new matrices,

often denoted as V and Λ, are extracted by factorizing matrix A into three terms VΛV−1.

The matrix V is particularly important because it is inverted to get the transformation matrix

F. From this matrix F, the linear Fourier weights at frequency bin ` are then obtained by

extracting the elements from the `th row of F This entire extraction procedure is summarized

in Equation 4.2.

A = VΛV−1 −→ F = V−1 −→ f` = [F]` (4.2)

In addition to linear Fourier weights, the GFT also provides the equation to transform

measured data to the frequency domain at frequency bin ` (Equation 4.3).

x̂` = f`x (4.3)

This equation is, in fact, equivalent to the DFT but uses a set of weights extracted from the

input graph structure rather than a set of weights calculated from a fixed formula.

Using this knowledge of the GFT, process #1 was updated so that it now operates on

a full input graph signal (Figure 4.3). Two modifications were required overall. First, the
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(a) (b)

Figure 4.3: Translating the conventional beamformer’s first process from (a) conventional

signal processing to (b) SPG.

power spectrum block was carried over from the conventional beamformer. Because the

power spectrum is calculated from the same transformation formula used in both the DFT

and the GFT, it required no change from conventional signal processing. The second change

made to process #1 was the inclusion of the eigen-decomposition process to extract, from

the input graph structure A, the linear Fourier weights f` needed to perform a GFT and

calculate the power spectrum. This modification was important to both incorporate the

input graph structure into the processing chain and handle the fact that the linear weights

vary with graph structure. Using all these updates, based on principles and tools from SPG,

process #1 was reformulated so that it now worked on the graph domain.

4.2.2 Handling Sorting Issue With Linear Fourier Weights

The one issue that had to be handled with the eigen-decomposition process was that the

extracted linear Fourier weights f` were not yet properly sorted in ascending frequency or-

der. Proper sorting will help make our estimation system’s behavior more interpretable,

so the process we had now needed to be reconsidered and expanded. To properly sort the

linear weights, a procedure was developed (Figure 4.4) that leverages two quantities that are

calculated from the eigen-decomposition of input graph adjacency matrix A . These two

quantities are the eigenvectors matrix V and the eigenvalues matrix Λ. The process that
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Figure 4.4: Expanded eigen-decomposition process to sort linear Fourier weights in ascending

frequency order.

follows the eigen-decomposition takes advantage of two key properties:

1. Relationship Between f` and V: The linear Fourier weights f` are extracted from the

`th row of transformation matrix F, and this matrix F is related to matrix V according

to F = V−1. As a result, the way to sort f` is by sorting the column vectors in matrix

V, often referred to as eigenvectors v` [35].

2. Relationship Between V and Λ: Every diagonal element λ` of matrix Λ is tied to a

corresponding column vector v`. In addition, these elements, often referred to as the

eigenvalues, can provide a measurement of frequency [35,36]. Therefore, a way to sort

the eigenvectors v` in ascending frequency order is to use these eigenvalues.

To obtain measurements of frequency from the eigenvalues λ`, we can use one of the

methods that has been discussed in the SPG literature. SPG practitioner sort the eigenvalues

and eigenvectors by either using the magnitude of the eigenvalues [35] or by using the phase

of the eigenvalues [36]. For our work, the phase is the most appropriate to use because the

eigenvalues we will be using are complex-valued. The reason for this is because, according to

spectral graph theory, the corresponding adjacency matrix of graph structures with directed

edges are not guaranteed to be symmetric. This means the eigenvalues of the adjacency

matrix are in general complex-valued [37]. By taking the phase of these eigenvalues, and

multiplying it by negative one, we can get a measurement of frequency, in radians, at index
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(a) (b)

Figure 4.5: Translating the conventional beamformer’s second process from (a) conventional

signal processing to (b) SPG.

` (Equation 4.4).

Amount of Frequency = −∠λ` (4.4)

Using these measurements of frequency from every eigenvalue, we can then sort λ` and the

corresponding eigenvectors v` in ascending frequency order starting from −π all the way to

up π. This produces the sorted eigenvectors matrix V that we desire, and in turn, linear

Fourier weights that are properly sorted in frequency as well.

4.2.3 Process #2

Compared to process #1, SPG only had a minor role to play in translating process #2.

At the core of process #2 is the concept of a frequency bin `, which the process needs to

search over in order to identify peak power. From SPG, we leveraged the fact the concept

of a frequency bin extends and is retained in the graph domain through SPG’s definition of

a GFT. Process #2, as a result, required no modification at all and used the same system

block representation from conventional signal processing to localize maximum power (Figure

4.5).

4.2.4 Process #3

The impact of using the SPG framework for translation is felt the most with translating

this third and final process in the conventional beamformer to convert a frequency bin to

an angle. In the conventional beamformer, this conversion is done by using a fixed equation
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(a) (b)

(c)

Figure 4.6: Translating the conventional beamformer’s third process from (a) conventional

signal processing to (b) SPG with a training system in (c) to obtain conversion function.

(Figure 4.6a). This conversion equation is fixed because it is derived from knowledge of the

DFT linear weights, which come from a fixed expression as well. As a result of updating

process #1 and process #2 to the graph domain, the conventional beamformer’s conversion

equation can no longer be supported in the graph domain. The linear weights in the graph

domain are now derived from a numerical process and a variable input graph structure, so

therefore what is needed in place of a fixed equation for process #3 is a conversion function.

This conversion function θ̂ = Φ(ˆ̀) would adapt to every graph structure A and can reliable

be used to map every frequency bin ˆ̀ to a DOA angle θ̂ (Figure 4.6b).

To obtain this conversion function, given we know the input graph structure A, a training

system was developed (Figure 4.6c). The system is provided values of θ̂ and ˆ̀ to train

the conversion function by inputting a set of noiseless plane waves, simulated at different

DOA angles θ̂ and modeled by the formulation we developed in the last chapter, and then
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processing them to produce the different frequency bins ˆ̀. These frequency bins are produced

by utilizing the new system blocks we developed for process #1 and process #2 in the last

two sections. By running simulated plane waves, with angles from −90◦ to 90◦, through

process #1 and process #2, the first part of our training process outputs a function mapping

angle to bin, θ̂ 7→ ˆ̀. This function is then inverted to get a function mapping bin to angle,

ˆ̀ 7→ θ̂. To ensure this function is one-to-one, we performed an averaging procedure in which,

for every frequency bin ˆ̀, the bin is mapped to a single DOA angle θ̂ that we get by averaging

all the DOA angles that had mapped to that bin and then rounding that value to the nearest

integer. The result of this averaging procedure creates the final desired conversion function

θ̂ = Φ(ˆ̀). Examples of this functional mapping and inversion process to obtain a conversion

function are shown for two different graph structures in Figure 4.7.
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(a)

(b)

Figure 4.7: Examples of how training system is used to obtain conversion function when

fo = 400 Hz and c = 1500 m/sec.
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This training system we developed to obtain this conversion function was enhanced fur-

ther by resolving these two special cases:

1. The first case is when N is even, in which the averaging process does not work due to

angle ambiguity. In this case (Figure 4.8a), the frequency bin ˆ̀= −N/2 has ambiguity

because it maps to both positive and negative non-zero DOA angles. This ambiguity

can be explained by understanding the power spectrum calculation a bit more. Because

the numerator of the power spectrum calculation is the quadratic form of a magnitude-

square operation, we can expand the equation to a product of two summations:

f`xxHf` = |f`x|2 = (f`x)(f`x)∗

=

(∑
n

s(to)e
j2πfo

d sin(θ)
c

nf`(n)

)(∑
n

s∗(to)e
−j2πfo d sin(θ)

c
nf ∗` (n)

)

= s(to)s
∗(to)

(∑
n

ej2πfo
d sin(θ)

c
nf`(n)

)(∑
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)
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(∑
n

ej2πfo
d sin(θ)

c
nf`(n)
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e−j2πfo
d sin(θ)

c
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)
From this expression, we can infer that if the linear Fourier weights at bin ` are real-

valued with f`(n) = f ∗` (n), then power spectrum at bin ` will be equal for inputs

steered to DOA θ = θo and θ = −θo since sin(−θo) = − sin(θo). It just so happens that

the DFT linear weights are indeed real-valued at bin ` = −N/2 with f` = [(−1)n]N−1n=0 .

Since the GFT is an extension of the DFT, it can be shown in simulation that the

GFT linear weights are also real-valued at bin ` = −N/2 hence the ambiguity in angle

at that bin. The impact of this ambiguity is that averaging all angles that map to this

particular frequency bin would result in a value of zero, an angle which already maps

to bin ˆ̀ = 0. We resolved this case by ignoring angles that only using the negative

angles to do the averaging and hence mapping ˆ̀= −N/2 to a negative angle.

2. In the second case, some array configurations result in a situation in which the maxi-

mum power is not localized to all the frequency bins (Figure 4.8b). This means that,
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for some bins ˆ̀, there are no angles to average and map to. This case occurs because

the inter-element spacing d is small. Since the calculation of the power spectrum relies

on computing a Fourier Transform of values from an array across space, the parameter

d determines the overall window of the Fourier Transform. A smaller d results in a

smaller window in space, so hence not all frequency bins will be used. To resolve this

case, we mapped these frequency bins to the angle of its nearest neighbor. So for exam-

ple, if frequency bin ˆ̀= −2 is one of the bins that has no angle to map to, we used the

angle that was mapped to its nearest neighbor ˆ̀= −1. This resolution does extend the

domain to which some DOA angles are mapped to, but we found this to be acceptable

since this enhancement creates a conversion function that is both one-to-one and fully

defined such that every frequency bin is now mapped to a DOA angle.

By dealing with these two special cases, our training system becomes more robust in produc-

ing effective conversion functions. This increase in effectiveness furthermore makes process

#3 more reliable overall and be able to estimate DOA angles from a frequency bin in the

graph domain.
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(a)

(b)

Figure 4.8: Two special cases handled by training system when fo = 400 Hz and c = 1500

m/sec: (a) angle ambiguity when N = even, and (b) frequency bins not all utilized.
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Figure 4.9: System diagram of our new single-snapshot DOA estimation.

4.2.5 Full System Diagram

When all the translated processes are connected together into one, we get the first key

outcome of this chapter: the creation of a new single-snapshot DOA estimation system that

is fully defined and designed to operation on a graph domain. This system diagram (Figure

4.9) shows a possession of three key differences that distinguish it from its conventional

beamformer counterpart: the inclusion of a graph signal at the input, the processing of

the graph structure input to produce new linear Fourier weights, and the incorporation of

a function to convert frequency bin to angle that will adapt to the input graph structure.

By showing how the input graph structure is incorporated and processed by the estimation

system, this also demonstrates the system’s ability to still produce an estimate of DOA

regardless of how the input data’s underlying graph domain is structured.

A closer look at this system diagram also reveals and confirms SPG’s ability to generalize.

The estimation system can indeed by interpreted as a generalized conventional beamformer

because, for one, it preserves system behavior from the conventional beamformer. If we

incorporate past research from SPG on its connections to conventional signal processing [7],

one special graph structure exists and is worthy to study here: the directed cycle graph

(Figure 4.10). The directed cycle graph is a graph in which all graph edges are oriented in

the same direction and forms a complete cycle, and its adjacency matrix can be characterized

as a cyclic shift matrix in which there exists only a single entry of one in each row/column and
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Figure 4.10: Example of a directed cycle graph with N = 4 vertices.

each row/column is nothing more than a shift by one element from the previous row/column.

This graph structure is important to mention here because the eigen-decomposition of a

directed cycle graph produces exactly the linear Fourier weights from a DFT [38]. Because

of this property, the power spectrum, the localized maximum power, and the estimated

DOA from our system would be identical to the estimate produced by the conventional

beamformer. Therefore, if data is modeled and processed on a directed cycle graph, the

conventional beamformer is preserved with our estimation system.

Interpreting our estimation system as a generalized conventional beamformer is further

demonstrated by the fact that our system not only preserves system behavior, but also adds

new system behaviors. It is able to do that by allowing flexible graph structures as inputs

to the system processing chain. Simply by adding an extra edge to the directed cycle graph,

the system behaves in a different way. The linear weights would change and so would the

conversion function, resulting in a potentially different output estimate for DOA. Therefore,

with the translations we made with the aid of SPG, we developed an estimation system

that replicates a conventional beamformer and also extends the capability of a conventional

beamformer to process a wider class of input signals.

4.3 Implementing New DOA Estimation System in Software

Our conjecture for this chapter – that a working graph-based DOA estimation can be devel-

oped – is further supported by a second key outcome: a software implementation of our new

single-snpashot DOA estimation system. To implement our estimation system in software,



36

we took our Python script from the last chapter that implemented plane waves and extended

it to include all of the system processing blocks that we developed in the last section.

4.3.1 Implementing Training System

The first part of our estimation system required an implementation of the training system

(Figure 4.6c) to obtain the function the estimation system needs to convert frequency bin

to angle, a task that added four new sections of code to our Python script. These sections

include: the eigen-decomposition process to extract the linear Fourier weights with frequency

bin sorting, the computation of the power spectrum, the localization of maximum power,

the formation of the angle to bin function mapping, and finally the inversion of this function

mapping to produce the final conversion function. All blocks in the training system were

implemented as they were outlined and written, without any major changes. As a result, a

full training system was created that could provide us with the conversion function required

to estimate DOA.

4.3.2 Implementing Estimation System with Input Data

The actual DOA estimation system (Figure 4.9) was implemented by taking advantage of

code already written for the training system. Since the estimation system’s first two process-

ing blocks were identical to those in the training system, code that was developed in the last

section was reused. To implement the third and final processing block, the work from the

training system implementation was again leveraged by incorporating the conversion func-

tion that was created from training so that the system can use it to estimate DOA. Inserting

this conversion function into the software gave us the last piece that was needed to create a

fully operational DOA estimation system that could now be tested.

To test our system, simulation experiments were conducted by focusing on plane waves

as inputs. These inputs were generated by using the last chapter’s graph signal model for

the far-field plane wave. To generate the measured data x, we fixed three of the model

parameters and varied the remaining three others. We used, as fixed parameters, source
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frequency fo = 400 Hz, sound speed c = 1500 m/sec, and inter-element spacing d = 1.875 m.

As variable parameters, we generated inputs representing two different array sizes (N = 3

and N = 32), two different amounts of noise (SNR = 20 dB and SNR = −5 dB), and three

different DOA angles (selected from values in the system’s conversion function). To generate

the graph structure A, we used two different graphs for every array configuration of size N .

The first graph, for each array configuration, was the directed cycle graph, and the second

graph was the directed cycle graph with one additional graph edge. For each of these input

scenarios, 100 snapshots or realizations of data were created to input into our system and

produce an estimate of DOA.

We summarized the results of this simulation experiment with a plot. We plotted the

estimated DOA angles θ̂ versus each data snapshot index for every graph structure, array

size, SNR, and DOA angle we studied. We grouped the plots according to graph structure,

resulting in a total of four graph structures that were studied with this simulation experiment.

4.3.3 Results

Our plots of DOA estimate versus time snapshot (Figures 4.11-4.14 visually confirm that

the new DOA estimation system we developed does indeed work. These results, first and

foremost, confirm that our system can estimate DOA from input data modeled and processed

on a graph domain, regardless of which DOA angle or SNR was used. This is apparent

from the first collection of plots from the 3-element ULA we tested using a directed cycle

graph (Figure 4.11). Our estimation system was able to produce correct and incorrect DOA

estimates, depending on the noise level. When SNR was high at 20 dB (Figure 4.11b), the

DOA estimates were, as expected, correct for every snapshot of data that was processed and

for all three DOA angles that were simulated. When SNR was lowered to -5 dB (Figure

4.11c), there was an increase in incorrect estimates, as to be expected with an increasing

amount of noise.

The operation of our system is further confirmed with the other three collection of results.

Our results show that our system can not only process data from a directed cycle graph,
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but it can also process data from the same array configuration but with a different graph

structure. When the 3-element ULA was processed with a graph structure that included

an additional graph edge (Figure 4.12), we see the same pattern in the output estimates as

we did for the directed cycle graph. As expected, an increase in the amount of noise again

led to an increase in the number of incorrect estimates. These expectations and results,

however, were not limited to 3-element arrays and carry over to array configurations with

more elements. We can see that with our results from a 32-element that were processed

with a directed cycle graph (Figure 4.13) and a graph structure with one added edge (Figure

4.14).
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(a)

(b) (c)

Figure 4.11: DOA estimation outputs for 100 snapshots of data using graph structure shown

in (a) and for the case of (b) low noise and (c) high noise.
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(a)

(b) (c)

Figure 4.12: DOA estimation outputs for 100 snapshots of data using graph structure with

one added edge shown in (a) and for the case of (b) low noise and (c) high noise.
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(a)

(b) (c)

Figure 4.13: DOA estimation outputs for 100 snapshots of data and a higher-order array

using graph structure shown in (a) and for the case of (b) low noise and (c) high noise.
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(a)

(b) (c)

Figure 4.14: DOA estimation outputs for 100 snapshots of data and a higher-order array

using graph structure with one added edge shown in (a) and for the case of (b) low noise

and (c) high noise.
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4.4 Summary

In summary, our system diagram and software implementation show that the SPG framework

can indeed be used for single-snapshot DOA estimation system development. With SPG,

we designed a new estimation system that generalizes the conventional beamformer and

makes it far more flexible than its original representation in conventional signal processing.

Our results from software, in particular, demonstrate that this new system can work on a

wider class of input signals. The work we have done in this chapter inches us another step

closer to finding ways to improve performance in single-snapshot DOA estimation system.

We now have a system that we can investigate and use as a platform to study performance

improvement by taking advantage of SPG’s ability to model and process on data on the more

flexible graph domain.
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Chapter 5

EVALUATING PERFORMANCE WITH REAL DATA

From the formulation of an input model to the design of a graph-based estimation system,

the focus so far has been on system development. The last chapter ended with demonstra-

tions showing that our system does work, but knowledge on how well it works remains

unclear, especially when compared to the system that inspired its development, the conven-

tional beamformer (CBF). To continue to argue that SPG is viable for single-snapshot DOA

estimation, the attention needs to shift from system development to system performance

evaluation. Performance evaluation in DOA estimation often means measuring estimation

accuracy as a function of some input signal parameter with real or simulated data [39] (Figure

5.1). When it comes to number of input parameters that can be investigated, our estimation

system has the advantage over the CBF of having additional parameters from the system’s

second input, a graph structure A. Another advantage with our system is that it can be used

to replicate the CBF. As shown in the last chapter, the CBF can be replicated as long as a

directed cycle graph is used as the input graph structure. If a directed cycle graph causes

our system to behave like the CBF, this begs the question: what if we try other graph

structures? Will our system perform better than the conventional beamformer?

Figure 5.1: Overview of performance evaluation for a DOA estimation system.
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Figure 5.2: Performance evaluation system that measured estimation accuracy for every

graph Gm that was to be tested. Multiple realizations of data xt were tested for each input

graph structure Am and with known parameters about the source, environment, and receiver.

5.1 Approach

To answer this question, a test system was devised that would measure and compare estima-

tion performance among different graph structures (Figure 5.2). This test system is designed

to accept a set of inputs made up of multiple single snapshots of data, all the graph struc-

tures to be evaluated, and information about the source, environment, and ULA receiver.

For every snapshot of data that is provided, the data is passed through our DOA estimation

system, a process that consists of training and then estimation for every graph structure in

our input test set. The training process, as a reminder, is used to produce the bin-to-angle

conversion function that the second process needs to estimate DOA. Every snapshot of data

that is processed by our testing system will produce a vector of DOA estimates, an estimate

for every graph structure. Once all data snapshots are processed, estimation performance is

measured for each graph by taking DOA estimates produced by each graph and calculating

the average amount of accuracy that was observed. The final output of our test system is a

vector of performance measurements, one for every graph structure that was tested.
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5.1.1 Metric for Estimation Accuracy

To quantify estimation accuracy, our test system used as a metric a root-mean-square error

(RMSE). RMSE was the most common metric that found across all the papers read in single-

snapshot DOA estimation. RMSE measures DOA estimation accuracy, in units of degrees,

by computing the square root of the average squared deviation between a system’s DOA

estimates θ̂ and the true DOA angle θ (Equation 5.1) [40]).

RMSE =

√
E
[
(θ̂ − θ)2

]
(5.1)

In prior DOA estimation studies, RMSE is calculated by either using a single fixed value for

θ [12] or a set of values for θ in which each angle is equally likely to occur [41]. This means

that RMSE can be used to quantify performance for both single-source and multi-source

scenarios. Other performance metrics that are used in the literature, specifically in the prior

work in SPG-based DOA estimation, include the shape of the beampattern, the white noise

gain, and the directionality factor [24–26]. These metrics, however, are more relevant for

environments with multiple sound sources and do not provide much information for a single

source. Since a single source is assumed for this dissertation, we chose to use RMSE as our

performance metric.

5.1.2 Input Dataset

For the input dataset (Table 5.1), our test system used data collected from the September

2009 Cooperative Array Performance Experiment (CAPEX09) [42]. The entire experiment

was performed in Lake Washington near Seattle, a shallow water environment with a soft

lakebed and a variable sound speed profile. To simplify our performance evaluation study,

we used the sound speed typical of environments like this [43] and assumed a constant sound

speed of c = 1420 m/sec. From the CAPEX09 dataset, we used data specific to one of the

sound sources that was deployed, a 50 msec chirp signal generated from a linear frequency

modulated sinusoidal signal in which frequency was swept from 1.5 kHz to 4 kHz. The source

transmitted wave fronts over a direct path and from a direction angle of θ = 5◦ relative to the
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Source Frequency 1.5 ≤ fo ≤ 4 kHz

True DOA Angle θ = 5◦

Sound Speed c = 1420 m/sec

No. Array Elements N = 32

Inter-Element Spacing d = 0.224 m

Sampling Rate Fs = 25, 000 samples/sec

Table 5.1: Summary of variables from CAPEX09 input dataset.

receiver [44]. Because the water was shallow, data was also received from surface and bottom

reflected paths, but those were ignored in our study. In total, two receiver array systems were

used in CAPEX09, but the array system we focused on was the ULA of pressure sensors.

This array had N = 32 elements with data being recorded at a sampling rate of Fs = 25, 000

samples/sec. The array was also configured with a dense inter-element spacing of d = 0.224

m, making the array fully of capable of capturing data from the transmitted chirp signal.

Because the transmitted signal did not come from a narrowband source that our esti-

mation system expects, the input dataset was converted into single snapshots in which each

snapshot had a known and fixed narrowband frequency fo. To convert the CAPEX09 data

into this desired form, data snapshots were extracted by using the input data’s spectrogram

(Figure 5.3). The spectrogram for every N = 32 time series were calculated first and then

used to estimate a set of narrowband frequencies at different instances of time. In total,

we were able to reliably extract T = 16 snapshots of data, each with its own narrowband

frequency fo.

5.1.3 Input Graph Structures and Relation to Prior Work

For the input graph structures, our evaluation study concentrated on two kinds of graphs: a

directed cycle graph to represent the CBF and variations of the directed cycle graph to rep-
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Figure 5.3: Process to extract single snapshots of data, each with their own narrowband

frequency fo,t, from the input chirp signal using the spectrograms.

resent the new graph structures that were being investigated for performance improvement.

To narrow the focus of our study even further, we chose to investigate a class of structures

that are based on the directed cycle graph and include one added edge (Figure 5.4). Focus-

ing on just one added edge provided a way to build a solid foundation of work for studying

the impact of graph structures on estimation performance. This approach also helped dis-

tinguish our work from other SPG-based DOA estimation studies, in which fully-connected

graphs were employed [25]. Using one added edge was also useful because it provided our

investigation with plenty of graph structures to study. For a graph with N vertices, we were

able to measure and compare estimation performance between the directed cycle graph and

a total of M = N(N − 2) new graph structures (proof shown below).

Proof. Consider a graph with N vertices:

• The corresponding adjacency matrix A will have N2 available elements to fill in

• Since a graph with no self-loops is assumed, the main diagonal elements must be set

to 0. This means there are only N2 −N elements left to fill in

• Since all new graphs are based on the directed cycle graph which consists of N directed

edges, this leaves only N2 −N −N = N(N − 2) elements left to fill in

Therefore, M = N(N−2) directed cycle graphs with one added edge can be constructed.
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Figure 5.4: Graph structures that are to be tested assuming N = 3. Notation (n1, n2) is

used to indicate in which vertex n1 an edge starts and in which vertex n2 an edge ends.

5.1.4 Expanding Breadth of Study

To increase the breadth of our study beyond a fixed DOA angle of θ = 5◦ and a ULA

of only N = 32 elements, the CAPEX09 dataset was modified to enable two additional

investigations in performance. The first modification was a change in the direction angle at

which the source transmitted. To steer the data by an additional angle of ϕ degrees, the

input dataset was altered in software by performing a phase shift in the frequency domain

(Equation 5.2).

xn(t) −→ Xn(jω) −→ Xn,steered(jω) = Xn(jω)e−jωτn(ϕ) −→ xn,steered(t) (5.2)

This procedure leverages the relationship between DOA angle ϕ, time delay, and phase shift.

As discussed in [39], a change in DOA angle induces a constant delay in time in the recordings

xn(t) between array elements, in which the DOA angle and the time delay at array element

n are related by τn(ϕ) = nd sin(ϕ)
c

. This delay in time can be implemented in the frequency

domain using the time shift property of Fourier Transforms and shifting the phase by amount

φn(ϕ) = −ωτn(ϕ). This gives us the updated dataset Xn,steered(jω) in the frequency domain.

The dataset is then converted back to the time domain with an inverse Fourier Transform to

give us time series recordings xn,steered(t) in which the source is now steered to a new DOA

angle of θ = ϕ+ 5◦. Because the source is a real-valued sinusoidal, we were able to steer and



50

process data that have been steered to DOA angles ranging from θ = 0◦ to θ = 90◦.

The second modification we did to the data was remove the recordings from the last

array element. To remove data from the last array element, the estimation system’s variable

N was updated to 31 and instructing our system to process data only from the first 31

elements rather than all 32. Updating the variable N also instructed our system to form

graph structures with N = 31 vertices rather than N = 32.

These two modifications, on the whole, allowed us to measure and investigate how RMSE

varies with DOA angle, as well as how much RMSE is impacted by the number of array ele-

ments. The results of all these performance evaluation studies are summarized and discussed

in the next section.

5.2 Results

5.2.1 Impact of Using Different Graph Structures

When the unmodified CAPEX09 data was tested with other input graph structures, our

estimation system saw no improvement in performance. For all the possible graph structures

that were employed, the lowest RMSE that our system could produce was a value of 1◦,

which was identical to the RMSE for the CBF (Figure 5.5a). Our system produced this

RMSE for 687 of the M = 960 new graph structures that were tested. All other graphs in

our test set resulted in an RMSE greater than 1◦. While no improvement was found, these

results do indicate that our system can, at best, perform no better than the CBF. These

results also continues to highlight the flexibility offered by our system. Different input graph

structures can produce a different RMSE, so it is possible for the RMSE to decrease if the

source is transmitting from a direction other than θ = 5◦.

5.2.2 Impact of Using Different DOA Angles

When the CAPEX09 data was resynthesized to emulate transmissions from other direction

angle, our estimation system showed, for some directions, an improvement in performance
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over the CBF. Our system continued to produce values of RMSE that were identical to the

CBF, especially when the data was steered around broadside angles from θ = 5◦ to θ = 15◦

(Figure 5.5b). When the data was steered away from broadside, however, the RMSE started

to decrease. At θ = 30◦, the RMSE from the best performing graph decreased from 4.16◦

to 3.40◦, an improvement of 18.28%. This improvement trend continued as the DOA was

steered towards end-fire angles with improvements of 12.08% and 13.78% at angles θ = 55◦

and θ = 80◦, respectively (Figure 5.5b). From these results, the impact of using different

DOA angles is evident. Our system can perform either the same or better than the CBF,

depending on the location of the source relative to the receiver array. This performance

improvement is again a result of our system ability to flexibly alter and use its input graph

structures.

5.2.3 Impact of Modifying Graph Size

Our system has the ability to change graph configurations by not only adding edges, but also

by modifying the graph size by adding or removing vertices. When the system was tested

with data from one array element less (N = 31 vs. N = 32), the amount of performance

improvement over the CBF increased in certain regions of DOA (Figure 5.6). Using N = 31

elements in our system showed little or no change in percentage improvement in RMSE

versus the N = 32 configuration, especially when the data was near broadside. When the

data was steered away from broadside and toward endfire, however, the change in percentage

improvement went up for the N = 31 configuration. When θ = 30◦, the RMSE percentage

improvement changed from 18.28% with N = 32 to 23.78% with N = 31. The change was

12.08% to 48.16% and 13.78% to 40.34% at angles θ = 55◦ and θ = 80◦, respectively. This

pattern, in which RMSE improvement increased when using N = 31 versus N = 32 near

endfire angles, demonstrates that our system can perform better than the CBF in other

experimental scenarios. Modifying the array size has a noticeable impact. This pattern may

also indicate that our system has a bias towards graphs structures with an odd number

of elements and sources transmitting near endfire rather than near broadside. It would be
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(a)

(b) (c)

Figure 5.5: Results of performance evaluation tests using CAPEX09 data and N = 32 array

elements. RMSE calculations between CBF and our system are shown for (a) unmodified

data and (b) resynthesized data steered to other directions with (c) RMSE percentage im-

provement over CBF.
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Figure 5.6: Comparing RMSE percentage improvement over the CBF with CAPEX09 data

when N = 32 and N = 31 elements.

interesting to see whether this pattern of behavior holds with other datasets.

5.3 Summary

In summary, our graph-based DOA estimation system was evaluated for estimation accuracy.

This performance evaluation was conducted by using real data collected from the CAPEX09

experiment. When this data was processed with graph structures other than the directed

cycle graph, we saw that, under certain conditions, our estimation system can perform

better than the CBF. For instance, when the data was resynthesized so that the source

was transmitting away from broadside and towards end-fire, we found that our system can

increase the estimation accuracy over the CBF by altering its choice for the input graph

structure. The impact with the choice of graph was even more pronounced when we used one

less array element, an array with an odd size of N = 31 rather than an even size of N = 32, in

the system processing chain. This chapter’s shift in focus to system performance evaluation,

from system development, helps to further support our dissertation’s main conjecture by
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providing concrete evidence of gains in estimation accuracy. Indeed, the work in this chapter

strengthens our argument that developing a single-snapshot DOA estimation system on a

graph domain leads to performance improvement.
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Chapter 6

EVALUATING EXPECTED PERFORMANCE

Of all the stages performed so far in the development cycle for an improved graph-based

DOA estimation system, performance evaluation has been the most compelling with results

from the last chapter showing that, under certain conditions, our system had an increase

in estimation accuracy over the conventional beamformer. These results, however, were ob-

tained from a single real dataset. To improve our understanding of how well our system

operates, we need to go beyond a single dataset and study how we expect our system to per-

form with other input datasets. This task is carried out in prior work by evaluating a metric

like estimation accuracy and assuming a input plane wave model [24–26]. The advantage of

this model is that it consists of multiple parameters, such as DOA angle, number of array

elements, and signal-to-noise ratio (SNR), to study and evaluate estimation performance.

Studying how the variation of these parameters impacts estimation accuracy can not only

give us more insight on what performance to expect from our system, but it can also pro-

vide more evidence for asserting performance improvement with our system. Our conjecture

for this chapter’s focus on performance evaluation is that under certain conditions for

the input measured data and the input graph structure, our system’s expected

estimation accuracy will improve over the conventional beamformer (CBF).

Figure 6.1: Overview of evaluating our DOA estimation system’s expected performance.
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Figure 6.2: Performance evaluation system that was modified (shown in red) from the last

chapter for expected estimation accuracy. Multiple realizations of modeled plane wave data

xt were tested for each input graph structure Am and with known parameters about the

source, environment, and receiver.

6.1 Approach

To measure our system’s expected estimation accuracy, the performance evaluation system

from the last chapter was modified (Figure 6.2). Two modifications were made overall. The

input measured data was replaced with modeled plane wave data and the training section

was reduced to a single system block. These modifications, as well as highlights of the rest

of the system and the breadth of the evaluation study are discussed in the upcoming section.

6.1.1 Modified System Components

To generate input plane wave data for the performance evaluation system, we used the graph

signal model and software implementation that were developed in Chapter 3. The plane wave

model required six parameters to be fully specified. These six parameters include source

frequency fo, DOA angle θ, SNR, sound speed c, array element spacing d, and array size N .

For every fixed set of parameters in the plane wave model, a total of T = 20, 000 realizations
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of plane wave data were produced using a fixed snapshot in time to and a sampling rate

Fs = 200, 000 samples/sec. These realizations of plane wave data are then processed for

estimation accuracy

One impact of using plane waves as an input is that it simplified the evaluation processing

chain. Rather than having a separate training block for every source frequency, the training

section was reduced to a single system block. This is because the input in the last chapter

was a frequency-varying chirp signal. For this chapter, we now have a signal fixed to a single

frequency fo across time. Therefore, only one frequency needed to be used to train and

produce the required bin-to-angle conversion function for DOA estimation.

6.1.2 Other System Components

Other than the two changes described in the last section, the rest of the performance evalua-

tion remained the same. For the performance metric, we continued to use a root-mean-square

error (RMSE), which was consistent with how estimation accuracy was evaluated in prior

work [4]. Continuing to use this metric also allowed for cohesion between this chapter and the

last. To provide further cohesion between these two chapters, we evaluated our system with

the same set of input graph structures. The directed cycle graph (A0) was used to represent

the CBF, while all other M = N(N − 2) graph structures (Am), made up of the directed

cycle graph with one added edge, were used to represent the other candidate domains for

data modeling and processing (Figre 6.3). Using these set of graph structures allowed us to

continue our study of the impact of graph structure selection on estimation accuracy.

6.1.3 Breadth of Performance Evaluation Study

To study the impact of plane wave parameters on a graph’s ability to improve estimation

accuracy, we fixed three of the plane wave’s parameters and varied the other three. The plane

wave was fixed to fo = 400 Hz, c = 1500 m/sec, and d = 1.875 m. Fixing these parameters

to these values allowed us to avoid a case where multiple frequency bins correspond to single

DOA angle, a situation known as spatial aliasing [27]. This left us with three remaining
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Figure 6.3: Example of set of input graph structures tested if N = 3. Notation (n1, n2) is

used to indicate in which vertex n1 an edge starts and in which vertex n2 an edge ends.

parameters, θ, SNR, and N , to vary. These parameters were modified and studied separately

when computing the corresponding the RMSE. This allowed us to plot and study how RMSE

changed with DOA angle, with SNR, and with array size.

To measure the extent of the improvement, our plot of RMSE versus SNR also includes

the Cramer-Rao Lower Bound (CRLB). The CRLB defines a constraint on the RMSE given

information about the array size N and the SNR (Equation 6.1) [45].

CRLB =
6

4π2N(N2 − 1)SNR
(6.1)

Including the CRLB was important to also maintain consistency with other prior work [2] in

studying the impact of SNR on RMSE. The results of this investigation, as well as all others

we previously described, are shown in the next section.

6.2 Results

6.2.1 Impact of True DOA Angle

When estimation accuracy was measured for the case of variable θ and fixed N and SNR, we

found several cases in which our system’s RMSE decreased over the CBF. One example was

the case when N = 5 and SNR = 2.5 dB (Figure 6.4a). For this case, we found one input

graph structure G15(4, 3) (Figure 6.4b) that resulted in a decrease in RMSE at DOA angles
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near end-fire. At angle θ = −65◦, the decrease over the CBF was about 2.42%, while at

θ = 65◦, it was 3.45%. This pattern of RMSE reduction near end-fire was also discovered in

three other system input scenarios we tested. For the case when N = 15 and SNR = −2.5

dB (Figure 6.4cd), RMSE went down by at most 5% at θ = −76◦ and it went down for

more than one graph structure. As we increased the array size to values like N = 31 and

N = 63 (Figure 6.5), we found more DOA regions that had an improvement in RMSE over

the CBF, but the region near end-fire continued to show reductions. At N = 31, our system

produced a decline in RMSE of 12.75% at θ = −79◦, while at N = 63, the decline was

6.53% at θ = −81◦. These results demonstrate that, depending on which graph structure

is selected and which DOA angle our source transmits from, our system can perform better

than the CBF. The improvement in performance is also consistent with the results from the

last chapter, showing again that an increase in estimation accuracy is most pronounced when

a source transmits at an angle near end-fire.

6.2.2 Impact of SNR

When we fixed the number of array elements and the DOA angle to end-fire, we saw that

the amount of RMSE improvement with our system varied with SNR (Figure 6.6). Each

array size N used a different range for SNR because some arrays did not start showing error

estimates until the amount of noise was increased. Overall, we found that the amount of

improvement over the CBF was at its greatest for cases of higher SNR. For example, when

N = 31, RMSE in our system had a noticeable reduction at SNR = -5 dB and SNR =

-2.5 dB. As the amount of noise increased and got closer to -15 dB, the amount of RMSE

reduction over the CBF decreased but the value never went above the RMSE of the CBF.

This same pattern occurred for all other graph structures we analyzed in Figure 6.6. These

results indicate, first and foremost, that the results from the last section were not random.

Our results here show that our system can perform the same or better than the CBF at end-

fire, depending on the amount of noise in the input data. The improvement in estimation

accuracy over the CBF is most pronounced when processing data with higher SNRs.
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Possible System Outputs N = 5 θ̂ = {±65◦,±23◦, 0◦}

Possible System Outputs N = 15 θ̂ = {±76◦,±54◦,±42◦,±32◦,±23◦,±15◦,±7◦, 0◦}

(a) (b)

(c) (d)

Figure 6.4: Comparing estimation accuracy between CBF and our system with the best

performing graph structure(s). The impact of varying DOA angle θ is shown for (a) N = 5

and (c) N = 15 with the Cramer Rao Lower Bound (CRLB) is shown for reference. The

results for just end-fire DOA angles are also plotted to compare the CBF and our system’s

six best performing graph structures for (b) N = 5 and (d) N = 15.
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Possible System Outputs N = 31 θ̂ = {±79◦,±65◦,±57◦,±50◦,±45◦,±40◦,±35◦,

±31◦,±27◦,±23◦,±19◦,±15◦,±11◦,±7◦,±3◦, 0◦}

Possible System Outputs N = 63 θ̂ = {±81◦,±72◦,±67◦,±63◦,±59◦,±55◦,±52◦,

±49◦,±47◦,±44◦,±41◦,±39◦,±37◦,±35◦,±32◦,

±30◦,±28◦,±26◦,±24◦,±22◦,±20◦,±18◦,±17◦,

±15◦,±13◦,±11◦,±9◦,±7◦,±5◦,±3◦,±2◦, 0◦}

(a) (b)

(c) (d)

Figure 6.5: Comparing estimation accuracy as a function DOA angle between CBF and our

system with the best performing graph structure(s) for (a,b) N = 31 and (c,d) N = 63.
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(a) (b)

(c) (d)

Figure 6.6: Estimation accuracy at end-fire as a function of SNR for (a) N = 5, (b) N = 15,

(c) N = 31, and (d) N = 63.



63

6.2.3 Impact of Array Size

When the SNR and DOA angle were fixed, RMSE only decreased at end-fire when the

array size N was an odd number. This pattern was noticeable for both lower and higher

order array sizes. For the case of N = 5 (Figure 6.7a), RMSE decreased over the CBF

and that decrease occurred with one graph structure configuration. For the case of N = 6

(Figure 6.7b), however, all the best performing new graphs had an increase in RMSE over

the CBF. The best performing graph had an RMSE increase of 11.76%, which means all

other graph structures we tested had an RMSE increase close to this amount or even higher.

This rise in RMSE for all possible new graphs continued with N = 16 (Figure 6.7d), N = 32

(Figure 6.8b), and N = 64 (Figure 6.8d). These results are important because they identify a

condition in array size for which our system can produce improvement in performance. These

results also confirm the observation that was made in the last chapter: that our system has

a bias towards odd-sized arrays when attempting to estimate the DOA from sources directed

at end-fire.
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(a) (b)

(c) (d)

Figure 6.7: Comparing estimation accuracy at end-fire between CBF and our system with

the six best performing graph structures for N = odd and N = even. Plots are shown for

odd-sized arrays, (a) N = 5 and (c) N = 15, and even-sized arrays, (b) N = 6 and (d)

N = 16.
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(a) (b)

(c) (d)

Figure 6.8: Comparing estimation accuracy at end-fire between CBF and our system with

the six best performing graph structures for N = odd and N = even. Plots are shown for

odd-sized arrays, (a) N = 31 and (c) N = 63, and even-sized arrays, (b) N = 32 and (d)

N = 64.
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6.3 Summary

In summary, the work on estimation performance evaluation was expanded from the last

chapter. This time, the focus was on expected performance, and this task was carried out by

measuring RMSE with input plane waves that varied in DOA angle θ, noise amount SNR,

and array size N . Our collection of RMSE results confirm that our system does indeed

perform better than the CBF, under certain input conditions. These conditions include a

source transmitting from end-fire DOA angles, data with higher SNRs, and odd-sized arrays.

If these conditions are met, we saw that there exists a set of input graph structures that

will cause an increase in our system’s estimation accuracy. The outcomes obtained from

this performance evaluation only help to enhance what we learned previously. In the last

chapter, we gained an understanding of how well our system operated with one real dataset.

With this chapter, we gained an improved understanding for how our system is expected to

operate with other datasets. The combined evidence from the last two chapters only helps

to strengthen the argument for using SPG to develop a DOA estimate system on the graph

domain.
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Chapter 7

EXPLAINING SYSTEM PERFORMANCE BEHAVIOR

Our graph-based single-snapshot DOA estimation system has been the focus of attention

over the last several chapters with the most recent results showing that the conventional

beamformer (CBF) can be improved upon with our system solution. But just as important

as the solution itself is the explainability of the solution. To have additional confidence in

our system’s design and its output performance, and to produce further insights from them,

we need to study the why. Why does our estimation system show estimation performance

improvement at end-fire? Why does the estimation accuracy increase for odd-sized arrays?

Why does the RMSE decrease when using data with higher SNRs? Our conjecture for

this chapter is that all these question can be answered by leveraging supporting

material from array signal processing theory, SPG, spectral graph theory, and

probability theory and statistics.

7.1 Preliminaries

Before we start addressing these questions, we begin with a review of relevant material from

previous chapters that will be referenced in upcoming sections.

7.1.1 Review of Far-Field Plane Wave Model

The model for the measured input data x is given by Equation 7.1 in which s(to) is the

narrowband source signal at snapshot to, a(θo) is the steering vector directed at DOA angle

θ, and w is the additive noise component. The noise component is modeled as a circularly
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symmetric complex normal distribution with w ∼ CN
(
0, 1

SNR
I
)
.

x = a(θ)s(to) + w

a(θ) =
[
ej2πfo

d sin(θ)
c

n

]N−1
n=0

and s(to) = ej2πfoto
(7.1)

7.1.2 Review of Power Spectrum Equation

Calculating the power spectrum is the first processing stage of our estimation system, and

it is calculated using Equation 7.2 with GFT linear weights f`.

P` =
f`xxHfH`

f`fH`
(7.2)

This formula can be rewritten in two different ways:

• In terms of magnitude and L2-norm operators:

P` =
|f`x|2

‖f`‖2
(7.3)

• In terms of the input data’s GFT x̂` and its respective real and imaginary components,

x̂`,R and x̂`,I

P` =
|x̂`|2

‖f`‖2
=

x̂2`,R
‖f`‖2

+
x̂2`,I
‖f`‖2

=

(
x̂`,R
‖f`‖

)2

+

(
x̂`,I
‖f`‖

)2

(7.4)

7.1.3 Review of a Few Performance Evaluation Experiments

Results from array size N = 5 and N = 6 using simulated plane wave data are summarized

in Figure 7.1.
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Possible System Outputs N = 5 θ̂ = {±65◦,±23◦, 0◦}

Possible System Outputs N = 6 θ̂ = {−75◦,±43◦,±20◦, 0◦}

(a) (b)

Figure 7.1: Review of estimation performance results at end-fire, for the top six best-

performing graphs, for array size (a) N = 5 and (b) N = 6.

7.2 Improvements at End-Fire

7.2.1 Supporting Theory

To analyze the performance improvement at end-fire, we leveraged an idea from array signal

processing that interprets the conventional beamformer (CBF) as a matched (spatial) filter

[46, 47]. What this means is that the job of the CBF, through a calculation of the power

spectrum P` in the first stage, is to pass or reject an input signal x according to which

direction θ the source is being transmitted from. The CBF’s ability to filter is aided by the

set of linear Fourier weights f` that are used to calculate power spectrum. Every frequency

bin ` is matched to a single direction angle θ. So if θ = θo, which is known to map to

bin ` = `o, the power computed with linear weights f`o should be higher than the power

computed at all other frequency bins. The ideal CBF will possess a set of linear Fourier
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Figure 7.2: Ideal power spectrum behavior for a CBF.

weights such that the power at the matched bin `o is maximum, while the power at all

other mismatched bins ` 6= `o is zero (Figure 7.2). If a value of zero cannot be obtained,

then just as important is how far away the power is at each bin from the maximum value

because it indicates how well our system’s linear Fourier weights both passes an input at the

matched direction and rejects the input a the mismatched direction. The quality of a CBF’s

performance is therefore dependent on the quality of the Fourier weights.

To assess the quality of Fourier weights, we can measure, in the assumed direction angle

θo, how parallel or how aligned in phase the input signal’s steering vector a(θo) and the

Fourier weights f` are by using a Hermitian angle. The reason the input’s steering vector

is important is because, at high SNR, the input data x and its power spectrum P` vary

according to the steering vector a(θ) (Equation 7.5).

x = a(θ)s(to) + w ≈ a(θ)s(to)

P` =
|f`x|2

‖f`‖2
≈ |f`a(θ)s(to)|2

‖f`‖2
=
|f`a(θ)|2|s(to)|2

‖f`‖2
=
|f`a(θ)|2

‖f`‖2
(7.5)

This means that the power spectrum attains its maximum when linear weights f` is parallel

or aligned in phase with vector a(θ). Phase alignment can be measured by a quantity known

as the Hermitian angle [48]. The Hermitian angle is similar to a regular inner product in that

it calculates the angle between two vectors. Whereas the inner product calculates the angle

between two real-valued vectors, the Hermitian angle is used to measure the angle between
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Figure 7.3: Ideal values in the Hermitan angle for a CBF.

two complex-valued vectors. The Hermitian angle between complex-valued vectors f` and

a(θ) is given by Equation 7.6.

∠(f`, a(θ)) = arccos

[
|f`a(θ)|
‖f`‖‖a(θ)‖

]
(7.6)

When the two vectors are parallel, the Hermitian angle will report a value of 0◦. When they

are perpendicular, a value of 90◦ is reported. This information is useful because we can use

it to inform what we would expect to see in the power spectrum (Figure 7.3). If the values of

0◦ and 90◦ are not obtainable, then looking at the difference in angles is just as important.

In particular, it is useful to compute the difference of the Hermitian angle at a mismatched

direction ` 6= `o minus the Hermitian angle at the matched direction ` = `o. Like what we

already described for the power spectrum, this difference is important because it indicate

how well our estimation system operates as a matched filter.

7.2.2 Applying Knowledge to Explain End-Fire Improvement

Using knowledge of Hermitian angles and the interpretation of the CBF as a matched filter,

we can identify why the CBF had room for improvement at end-fire. This can be explained
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(a) (b)

Figure 7.4: Amount of phase alignment between input steering vector and linear Fourier

weights for the CBF. Hermitian angles are calculated for the case when N = 5 and when

input directed from (a) end-fire and (b) broadside.

∠(f`, a(θ))− ∠(f`o , a(θ))

` = −1 ` = 0 ` = 1 ` = 2

G0 (CBF) 51.1◦ 54.5◦ 53.3◦ 43.7◦

Table 7.1: Difference between Hermitian angles at frequency bin ` and the frequency bin at

the matched direction `o = −2 for graph G0 and end-fire DOA θ = −65◦

.



73

by considering plots of the amount of phase alignment versus frequency bin for input plane

waves with no noise and steered in different directions. When the Hermitian angles were

computed for end-fire angle θ = −65◦ and N = 5 array elements (Figure 7.4a), the outputs

were not ideal. The Hermitian angle was 26.9◦ in the matched bin ` = −1, while in the

mismatched bins, the hermitian angles ranged from 70.5◦ to 81.4◦. This means that in the

matched direction, the amount of how parallel vectors f` and a(θ) are has room to get better

and reach the ideal of 0◦. The CBF also has room to grow in rejecting input signals in

the mismatched directions since the ideal value of 90◦ was not reached and the difference in

Hermitian angles (Table 7.1) were still far away from 90◦.

When we plotted the Hermitian angles for the CBF at broadside direction θ = 0◦ (Figure

7.4b), the behavior was opposite from what we saw in end-fire. The Hermitian angles ob-

tained reached the ideal value of 0◦ in the matched bin ` = 0, as well as the ideal value of 90◦

in the mismatched bins ` 6= 0. The CBF is therefore a perfect matched filter at broadside

and has no room for any further improvement.

The only way to modify the phase alignment at end-fire is to modify the linear Fourier

weights, and that is exactly what our estimation system has to offer. By introducing an

input graph structure into the system processing chain, the Fourier weights f` can change

and potentially increase our system’s ability to operate as an ideal matched filter.

When we plotted the amount of phase alignment with our estimation system and com-

pared the top two best-performing graphs with the CBF, we can see why our system did not

improve at broadside (Figure 7.5b). The Hermitian angles that were calculated with an input

at broadside went in an undesired direction. At the matched bin ` = 0, the Hermitian angles

with the two new graph structures increased over the CBF, while at the mismatched bins

` 6== 0, the Hermitian angles decreased. This implies that processing data from broadside

with these new graph structures will not work because the linear Fourier weights are not as

well-matched as the weights from the CBF.

When the phase alignment (Figure 7.5a) and the difference in phase alignment (Table

7.2) at end-fire was analyzed, the results varied for different bins and for different graph
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(a) (b)

Figure 7.5: Comparing amount of phase alignment, between input steering vector and linear

Fourier weights, for the CBF and the top two new graphs. Plots show the case when N = 5

and when input was directed from (a) end-fire and (b) broadside.

∠(f`, a(θ))− ∠(f`o , a(θ))

` = 0 ` = 1 ` = 2 ` = 3

G0 (CBF) 51.1◦ 54.5◦ 53.3◦ 43.7◦

G15 (4,3) 64.9◦ 69.2◦ 70.8◦ 45.1◦

G2 (0,3) 58.3◦ 43.7◦ 53.5◦ 42.7◦

Table 7.2: Comparing difference between Hermitian angles at frequency bin ` and the fre-

quency bin at the matched direction `o = −2 at end-fire DOA θ = −65◦. New graphs that

increased in difference over graph G0 are highlighted in bold.
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structures. Graph G15 showed a noticeable decrease in Hermitian angle versus Graph G0

at bin ` = −2, but in the mismatched bin, the Hermitian angle only went up in one of

the four bins, making it difficult to draw a conclusion. When we analyzed G15’s difference

in Hermitian angles, the performance increase over graph G0 is much more clear. All the

differences in angle went up for G15 over G0, indicating an increased ability to operate as

a matched filter and improve in estimation accuracy at end-fire. The differences in angle

for graph G2, on the other hand, also explain why it had weaker estimation accuracy. Its

differences only increased over G0 in two of the four bins, and so the net effect results in a

slight decrease in estimation accuracy at end-fire.

7.3 Improvements With Certain Graph Structures

7.3.1 Supporting Theory

To investigate the impact of adding an edge on the quality of the linear Fourier weights

matched to end-fire directions, we leveraged recent studies from SPG that relate directed

edges to information flow. In [49], directed edges are interpreted as specifying the direction

of signal flow from a large value to a smaller value. In [50], directed edges are used in a

similar fashion to represent the brain. The graph is constructed so that edges capture the

direction that information flows between different regions in the brain.

We build on this concept of information flow between vertices interconnected on a graph

and measure phase between two vertices. Since phase alignment between the input steering

vector and the Fourier weights is crucial to obtaining optimal estimation performance, as

shown in the last last section, we measured the difference in phase between signal data at

vertices connected by a directed edge. If two vertices n1 and n2 are inter-connected by an

edge directed from vertex n1 to vertex n2, the difference in phase of signals x(n) on these

vertices is defined as ∆φ(n1, n2) in Equation 7.7.

∆φ(n1, n2) = ∠x(n2)− ∠x(n1) (7.7)

Differences in phase were measured and analyzed for the linear Fourier weights from different
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graph structures that are matched to end-fire angles.

To understand why odd-sized graphs improve estimation performance at end-fire over

even-sized graphs, we leveraged material from spectral graph theory and SPG on the relation-

ship between eigenvalues, eigenvectors, and linear Fourier weights. In [38], the eigenvalues

and eigenvectors for a directed cycle graph described by an adjacency matrix is discussed. It

was shown that the eigenvalues of this graph type are the nth roots of unity and can be plot-

ted on a complex plane around the unit circle. It was also mentioned that every eigenvalue

λ` corresponds to an eigenvector v`, which means knowing the location of an eigenvalue gives

some indication of the characteristic behavior of an eigenvector. In [34], on the other hand,

eigenvectors and linear Fourier weights are related by an inverse matrix, e.g. F = V−1 ,

which means we can also relate every eigenvalue λ` to the linear Fourier weights f`. Using

this information, we plotted and analyzed the eigenvalues for different graph structures for

N = 5 and N = 6 in order to compare an odd-sized graph with an even-sized graph.

7.3.2 Applying Knowledge To Explain Effect of Graph Size

When we calculated the difference in phase ∆φ(n1, n2) for the linear Fourier weights matched

to end-fire, we observed several patterns that distinguish even and odd sized graphs (Figure

7.6). First, the total in differences in phase was constant despite an added edge. For even-

sized graph N = 6, the total in differences in phase was 1080◦, while for odd-sized graph

N = 5, the total was lower with 720◦. The second observation we made was on the values

of ∆φ(n1, n2) themselves. The values were constant at 180◦ for all even-sized graphs we

analyzed N = 6, but the values varied for N = 5. When N = 5, the differences in phase

were only constant-valued for the graph associated with the CBF. The graphs with an added

edge, on the other hand, had one unique phase difference while the other four were constant

in value. These results indicate a reason why performance improved over the CBF with odd-

sized graphs. They had the ability to modify the phase values in their linear weights with

the added edge, whereas even-sized graphs maintained their phase values with the CBF.

The effect of the graph size, e.g. even versus odd, can also be explained by plotting
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(a) N = 6, θ = −75◦

(b) N = 5, θ = −65◦

Figure 7.6: Phase difference of linear Fourier weights f` matched to end-fire direction when

(a) N = 6 and (b) N = 5
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(a) N = 5 (b) N = 6

Figure 7.7: Comparing amount of phase alignment, between input steering vector and linear

Fourier weights, for the CBF and the top two best performing new graph structures. Hermi-

tian angles are calculated for the case when N = 5 and when input directed from (a) end-fire

and (b) broadside.

the eigenvalues of the graph’s adjacency matrix. When we plotted the eigenvalues for the

graph associated with the CBF and the two top-performing graphs for N = 5 and N = 6

(Figure 7.7), we found properties distinguishing odd from even-sized graphs, similar to what

we found with differences in phase. When N = 5, only the eigenvalues at ` = 0 are aligned

in phase on the positive real axis. The eigevenvalues at the other locations, particularly at

the bins matched to end-fire direction like ` = −2, varied in phase. For the case of N = 6,

on the other hand, we found two frequency bins, instead of one, for which eigenvalues from

all graphs are aligned in phase. One is at ` = 0 and the other is at ` = 3, corresponding to

the end-fire direction. Because the eigenvalues at ` = 3 for the new graphs did not change

in phase over the CBF, and because eigenvalues correspond to linear Fourier weights, this



79

lack of change in phase explains why even-sized graphs showed no performance improvement

over the CBF. The lack of change in phase also aligns with our results in the last paragraph

and explains why the differences in phase were constant-valued for new graphs even when

an edge was added.

7.3.3 Applying Knowledge To Explain Effect of Added Edge

When we analyzed the difference in phase for linear weights matched to end-fire for odd-sized

graphs N = 5 (Figure 7.8), we observed that adding an edge redistributes the flow of phase

over the graph associated the CBF. This can be seen with a closer look at the added edge

from vertex n = 4 to n = 3 for graph G15. Originally, in graph G0, all the information from

vertex n = 4 flowed to n = 0, but with the added edge from n = 4 to n = 3 in G15, some

of the information that flowed from n = 0 now flows to n = 3. Hence, the modification in

the difference in phase from 144◦ to 96.2◦. This modification affects all the other locations

because to maintain the constant total difference in phase, the value must change at all other

locations. This pattern was the same for graph G14 when the edge was directed again from

n = 4 but this time ended on vertex n = 2. The change in vertex location again caused the

difference in phase from n = 4 to n = 0 to modify, this time to 184.9◦. These results indicate

that where to place the added edge is important. One location may cause the phase of the

linear weights to be more aligned to the input steering vector, while another location may

not.

When we repeated the experiment for edges directed from a vertex other than n = 4

and this to n = 0 (Figure 7.8b), our observations were consistent with those from the last

paragraph. We notice a similar modification in phase information. Because an edge is coming

out of vertex n = 0 in these examples, the flow that was once directed from n = 0 to n = 1 in

graph G0 undergoes a change. For the case of graph G2, the difference in phase from n = 0

to n = 1 changed from 144◦ to 184.9◦, while other differences in phase were also altered but

they all had a constant value to maintain the same total differences in phase. When the edge

was directed to a different location in graph G1, we again saw a change in the difference in
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(a)

(b)

Figure 7.8: Changes in phase difference of linear Fourier weights f` matched to end-fire

direction when adding one directed edge for N = 5.
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phase from n = 0 and n = 1. This time the difference was 99◦ rather than 184.9◦, as it was

for G2. While we have no formula yet to explain how the difference in phase relates to the

location of the added edge, the patterns we observed in this section shows for the first time

the impact of adding an edge to the linear Fourier weights. These results show that adding

an edge impacts the phase components of the linear weights. Furthermore, depending on

where the edge is directed to and from, a certain added edge can modify the difference in

phase enough so that there is more phase alignment between the linear Fourier weights and

the input steering vector.

7.4 Improvements in RMSE at Higher SNRs

7.4.1 Supporting Theory

To explain the improvement in RMSE at end-fire for certain graph structures at higher SNRs,

we relied on models, quantities, and theorems from probability theory and statistics. These

include:

• Law of Total Expectations [51]:

E[X] =
∑
i

E[X | Ai] Pr{Ai}

• Normal Distribution [51]:

X ∼ N
(
µX , σ

2
X

)
• Complex Normal Distribution [51]:

X ∼ CN
(
µX , σ

2
X

)
• Property for Variance of Linear Combination of Complex Random Variables [51]: As-

suming X =
∑
i

aiXi

Var(X) =
∑
i

∑
j

aia
∗
j Cov[Xi, Xj]
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• Noncentral Chi-Squared Distribution, χ
′2
k [52]: Assuming (X1, X2, . . . , Xk) are k in-

dependent normally distributed random variables with unit variance in which Xi ∼

N (µXi , 1)

X =
k∑
i=1

X2
i ∼ χ

′2
k (λ)

λ =
k∑
i=1

µ2
Xi

in which k represents the degrees of freedom and λ represents the noncentrality pa-

rameter

• Generalized Chi-Squared Distribution, Q [53]: Assuming Xi ∼ χ
′2
ki

(λi) are independent

noncentral chi-squared random variables and random variable X is a linear combination

of Xi with X =
∑
i

αiXi:

X ∼ Q(λ1, λ2, . . . )

E[X] =
∑
i

αi(ki + λi)

Var(X) = 2
∑
i

α2
i (ki + 2λi)

To set up the explanation in the upcoming section, we started by rewriting the RMSE

in terms of the probability of estimating a frequency bin. Suppose a source is transmitted

from direction θ = θo, which is matched to frequency bin `o. Let the bin-to-angle conversion

be θ̂ = Φ(ˆ̀) and let the probability of estimating a frequency bin be Pr(ˆ̀). Using this

information, the RMSE for direction angle θo can be rewritten as follows:

RMSEθo =

√√√√∑
ˆ̀6=`o

(
Φ(ˆ̀)− θo

)2
Pr(ˆ̀) (7.8)

Proof. We already know that, at θ = θo, the RMSE is defined as RMSEθo =

√
E[(θ̂ − θo)2].

Applying the law of total expectations, we can rewrite the RMSE as:

RMSEθo =

√∑
ˆ̀

E
[
(θ̂ − θo)2 | ˆ̀

]
Pr(ˆ̀)
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Using the bin-to-angle conversion function for θ̂ and excluding the case ˆ̀ = `o since that

does not contribute to any error, we get:

RMSEθo =

√∑
ˆ̀

E
[
(Φ(ˆ̀)− θo)2 | ˆ̀

]
Pr(ˆ̀)

=

√∑
ˆ̀

(
Φ(ˆ̀)− θo

)2
Pr(ˆ̀)

=

√√√√∑
ˆ̀6=`o

(
Φ(ˆ̀)− θo

)2
Pr(ˆ̀)

If we let the probability of estimation error be defined as P [E] = Pr(ˆ̀ 6= `o) , then we have:

RMSEθo =

√√√√∑
ˆ̀6=`o

(
Φ(ˆ̀)− θo

)2
P [E]

This equation is important because we can see that RMSE is directly affected by the

behavior of the error probability P [E]. If we can describe the behavior of P [E] stochastically,

then we can develop an explanation for the improvement in RMSE.

7.4.2 Applying Knowledge To Describe Behavior Of Error Probability

Step #1: Model for Power Spectrum

When we applied knowledge from probability theory and statistics, we found that the power

spectrum P` can be modeled as a probability distribution. Let the noise variance for our

plane wave model be σ2
w = 1

SNR
. If we scale the power spectrum P` by half the noise

variance 0.5σ2
w, we can model the scaled power spectrum Z` as a noncentral chi-squared

random variable with degree of freedom k = 2 and noncentrality parameter in terms of

source power spectrum P`,s = |ŝ`|2
‖f`‖2

:

Z` =
P`

0.5σ2
w

∼ χ
′2
2 (λ`)

where λ` =
P`,s

0.5σ2
w

(7.9)
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Proof. The scaling factor can be determined by analyzing the distributions of the real and

imaginary components of the unscaled power spectrum P`. From Equation 7.4), we can

derive the distributions of x̂`,R and x̂`,I from the distribution of the complex-valued x̂`. Since

x̂` = f`x and x ∼ CN (s, σ2
wI), we have the following:

x̂` = f`(s + w)

E[x̂`] = f`s = ŝ`

Var(x̂`) =
N−1∑
n=0

N−1∑
m=0

f`(n)f ∗` (m) Cov[f`(n), f`(m)] =
N−1∑
n=0

|f`(n)|2σ2
w = σ2

w‖f`‖2

∴ x̂` ∼ CN (ŝ`, σ
2
w‖f`‖2)

The distributions of x̂`,R and x̂`,I are therefore real-valued normal with the expected values

equal to the respected real and imaginary parts of ŝ` and variance equal to half the total

variance of complex-valued x̂`

x̂`,R ∼ N (ŝ`,R, 0.5σ
2
w‖f`‖2)

x̂`,I ∼ N (ŝ`,I , 0.5σ
2
w‖f`‖2)

The distributions of x̂`,R/‖f`‖ and x̂`,I/‖f`‖ are therefore:

x̂`,R
‖f`‖

∼ N
(
ŝ`,R
‖f`‖

, 0.5σ2
w

)
x̂`,I
‖f`‖

∼ N
(
ŝ`,I
‖f`‖

, 0.5σ2
w

)
In order to use the noncentral chi-squared distribution, we need to have unit variances. We

can obtain unit variances by scaling the distributions above by
√

0.5σ2
w:

x̂`,R√
0.5σ2

w‖f`‖
∼ N

(
ŝ`,R√

0.5σ2
w‖f`‖

, 1

)
x̂`,I√

0.5σ2
w‖f`‖

∼ N

(
ŝ`,I√

0.5σ2
w‖f`‖

, 1

)
By squaring and these two random variables, we obtain what we have defined as the scaled

power spectrum Z`, which has a relationship to P` as follows:

Z` =
x̂2`,R

0.5σ2
w‖f`‖2

+
x̂2`,I

0.5σ2
w‖f`‖2

=
1

0.5σ2
w

(
x̂2`,R
‖f`‖2

+
x̂2`,I
‖f`‖2

)
=

P`
0.5σ2

w
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Because Z` is the sum of two squared normally distributed random variables, we can model

it as a noncentral chi-square with k = 2 degrees of freedom and the following noncentrality

parameter:

Z` ∼ χ
′2
2 (λ`)

λ` =
ŝ2`,R

0.5σ2
w‖f`‖2

+
ŝ2`,I

0.5σ2
w‖f`‖2

=
|ŝ`|2

0.5σ2
w‖f`‖2

=
P`,s

0.5σ2
w

Step #2: Estimation Probability In Terms Of Power Spectrum

When we applied knowledge from probability theory and statistics and our results from the

last step, we found that the probability of estimating frequency bin ˆ̀ can be written in terms

of the scaled power spectrum Z`:

Pr(ˆ̀) = Pr

{
max
`6=ˆ̀

Z` ≤ Zˆ̀

}
(7.10)

Proof. Probability of estimating bin ˆ̀ is derived from the results of the power spectrum. Our

system will estimate frequency bin ˆ̀ if the power at Pˆ̀ is greater than the power at all other

frequency bins. This can be written mathematically as follows:

Pr(ˆ̀) = Pr

{
Pˆ̀≥ max

`6=ˆ̀
P`

}
Using the scaled power spectrum Z` does not affect the statement of probability:

Pr(ˆ̀) = Pr

{
Zˆ̀≥ max

`6=ˆ̀
Z`

}
= Pr

{
max
` 6=ˆ̀

Z` ≤ Zˆ̀

}

Step #3: Behavior of Error Probability In Terms Of Noise and Power Spectrum

Let the probability of estimation error be defined as P [E] = Pr(ˆ̀ 6= `o). When we applied

knowledge from probability theory statistics and our results from the last step, we found
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that error probability is upper bounded to the noise variance and the power spectrum of the

source at matched bin `o and the estimated bin ˆ̀:

P [E] ≤ 0.5σ2
w

P`o,s − Pˆ̀,s

where P`,s =
|f`a(θo)|2

‖f`‖2
(7.11)

Proof. Starting with the results from the last section and the law of total probability, we get

a statement in terms of an expectation for random variable Zˆ̀:

Pr(ˆ̀) = Pr

{
max
6̀=ˆ̀

Z` ≤ Zˆ̀

}
=

∞∫
0

Pr

{
max
`6=ˆ̀

Z` ≤ z

}
Pr {Zˆ̀ = z} dz

=

∞∫
0

Pr {Z0 ≤ z, Z1 ≤ z, . . . }Pr {Zˆ̀ = z} dz

=

∞∫
0

∏
6̀=ˆ̀

Pr {Z` ≤ z}

Pr {Zˆ̀ = z} dz

=

∞∫
0

∏
6̀=ˆ̀

FZ`(z)

 fZˆ̀
(z)dz = EZˆ̀

∏
` 6=ˆ̀

FZ`(z)


Since random variables Zˆ̀ are independent, we can pull out the component Z`o that cor-

responds to the true direction θo as separate expectation and upper bound the estimation

probability to that expectation:

Pr(ˆ̀) = EZˆ̀

FZ`o (z)
∏

` 6=ˆ̀,` 6=`o

FZ`(z)

 = EZˆ̀

[
FZ`o (z)

]
EZˆ̀

 ∏
`6=ˆ̀,` 6=`o

FZ`(z)


Pr(ˆ̀) ≤ EZˆ̀

[
FZ`o (z)

]
If we let the probability of estimation error be defined as P [E] = Pr(ˆ̀ 6= `o), then Pr(ˆ̀) can

be replaced with P [E]:

P [E] ≤ EZˆ̀

[
FZ`o (z)

]
We can convert this expectation statement back to a probability statement and rewrite it as

a linear combination of noncentral chi-squared random variables, which can then be modeled
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as a generalized chi-squared random variable Q:

P [E] ≤ EZˆ̀

[
FZ`o (z)

]
= Pr {Z`o ≤ Zˆ̀} = Pr {Z`o − Zˆ̀≤ 0}

P [E] ≤ FQ(0) where Z`o − Zˆ̀∼ Q (λ`o , λˆ̀)

For a generalized chi-squared random variable Q, the mean is given by the following:

E(Q) = (2 + λ`o)− (2 + λˆ̀) = λ`o − λˆ̀ =
P`o,s − Pˆ̀,s

0.5σ2
w

where P`,s =
|f`a(θo)|2

‖f`‖2

The value of the expectation of random Q, E(Q), will have an impact on the value of FQ(0).

Since the CDF is a non-decreasing continuous function with range from 0 to 1, then as the

mean goes up, this causes the value of FQ(0) to go down. This means there is an inverse

relationship between FQ(0) and E(Q). It follows from this that Pr(ˆ̀) and E(Q) are inversely

proportional as well:

P [E] ≤ 1

E(Q)

∴ P [E] ≤ 0.5σ2
w

P`o,s − Pˆ̀,s

where P`,s =
|f`a(θo)|2

‖f`‖2

7.4.3 Applying Knowledge to Explain RMSE Decrease

Using knowledge of RMSE as a function of estimation error probability (Equation 7.8) and

the upper bound of the estimation error probability (Equation 7.11), an explanation for

the RMSE decrease at high SNR can be developed. High SNR corresponds to lower noise

variance σ2
w, lowering the upper bound for the error probability P [E]. Since RMSE is a

function of P [E], it follows that a reduction in P [E] from high SNR, therefore, results in a

decrease in RMSE.

This knowledge is consistent with our explanations in the last sections tying phase align-

ment to performance improvement. The upper bound to estimation error probability indi-

cates that estimation probability can be reduced not only by lowering the amount of noise,
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but also by increasing the difference between the source power spectrum at the matched bin

`o and the mismatched bin ˆ̀. The difference is dependent on the phase alignment behavior

between linear weights f` and steering vector a(θ). If the amount of phase alignment, as

measured by the Hermitian angle, is 0◦ at the matched bin `o and 90◦ at the mismatched

bins, then this difference between source power spectrum is at its maximum, thereby lower-

ing the error probability. The reason why some graph structures have improved estimation

accuracy at end-fire is because they have improved phase alignment behavior over the CBF,

which decreases the probabilities of estimation errors at the mismatched bins ˆ̀ 6= `o and

hence reduces the RMSE.

7.5 Summary

In summary, explanations were developed to understand our system’s increase in estimation

accuracy at end-fire, odd-sized arrays, and measured data with high SNR. Our results in

this chapter showed that estimation performance improvement is indeed explainable and

that estimation performance improvement is tied most directly to phase alignment. As long

as a graph structure possesses linear Fourier weights that have improved phase alignment

to the input measured data, our system can reduce the RMSE at end-fire over the conven-

tional beamformer. This connection was highlighted consistently over all the explanations we

developed using array signal processing, spectral graph theory, and probability theory and

statistics. These results, in the end, are important because they give us additional confidence

in our system design and the evidence we collected on how it performs.
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Chapter 8

CONCLUSION

Signal processing on graphs (SPG) possesses numerous principles and tools that are

promising for single-snapshot direction-of-arrival (DOA) estimation. When we applied SPG

principles and tools to develop a new estimation system, based on the conventional beam-

former (CBF), three key results emerged. First, a new graph-based DOA estimation system

was developed that both replicated and generalized the CBF. Second, an evaluation of perfor-

mance using both real and simulated data provided evidence that, under certain conditions,

our system does indeed perform better than the CBF. Third, and finally, explanations were

developed showing that both the limitations and advantages of our system are directly tied

to the flexibility and higher quality, in phase, of linear Fourier weights that certain graph

structures possess over the fixed DFT linear weights used by the CBF. On the whole, these

key outcomes address the single question we had for this dissertation: can we improve the

performance of single-snapshot DOA estimation systems using SPG? These results studying

the CBF show that, yes with certain conditions, SPG can be adopted to increase estimation

accuracy. Furthermore, beyond just showing that estimation accuracy is possible, this work

made three key contributions to the body of work in single-snapshot DOA estimation.

Contribution #1: Knowledge of how to estimate DOA using input graph signals

With our work, we now know how to estimate DOA using inputs that are represented as a

graph signal. The system diagram we developed in Chapter 3 shows us exactly how to take

data measured from a uniform line array (ULA) and, with a graph input selection, take that

data all the way through an algorithm to an estimate of DOA. From Chapter 7, we even

developed knowledge of which graphs to pick to improve performance. While more work
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needs to be done to prove the relationship between added edge location and the adjustment

of the phase component in the linear weights, our work lays the foundation for that by

providing evidence of certain patterns. These patterns include using odd-sized graphs and

edges directed out of the last graph vertex.

Contribution #2: Knowledge of why our estimation system and tools from SPG are valuable

With our work, we now know why our system and SPG are valuable as approaches to DOA

estimation. The results from Chapter 5 and 6 using real and simulated data, respectively,

show that our system approach to DOA estimation should be used. Numerous examples of

increased estimation accuracy over the CBF are given, all quantified by a measure of RMSE

percentage improvement over the conventional method to add confidence in our graph-based

system design. Confidence is further increased with the results from Chapter 7. The expla-

nations developed for performance improvement, based on probability theory and statistics,

array signal processing, and graph theory, to name a few, help to alleviate doubts on the

applicability of SPG. By showing that SPG can improve the the quality of the linear Fourier

weights and how that improvement in quality is tied to gains in estimation accuracy, we have

provided a clear reason why SPG should be used for DOA estimation.

Contribution #3: Knowledge of when and where to use our estimation system in application

With our work, we now know when and where to apply our estimation system. The results

from Chapter 5 and 6 show that, because our system performs than the CBF when the input

is directed from end-fire and is received with high SNR, our system should be applied in those

scenarios. These defined set of conditions are only further supported by the explanations we

developed in Chapter 7. But even if these conditions are not met, the flexibility offered by

our system diagram in Chapter 3 allows our system to adapt to different scenarios simply by

modifying the input graph structure. While more work needs to be done to figure out how

to adaptively modify the graph, the outcomes from this dissertation will help to enable this
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development. Not only do we have the system structure to change input graph structures,

but we also have knowledge of which graph structure to use for different DOA directions.

Opportunities for Future Work

While opportunities for future was not listed as a contribution, one may argue that it can

be. This is because, in this work, we assumed a single stationary and narrowband source,

a uniform line array, input data from a single snapshot in time, and 1D graphs structures

with different edge configurations. Opportunities for future work lie in the extension of these

stated assumptions.

We can build on this work by considering other receiver array or graph structure configu-

rations. For instance, instead of a ULA, it would be interesting to see how this work extends

to a non-uniform line array. Will our setup using unweighted edges still work? What will the

performance be like? In addition to using added edges, this work also lends itself naturally

to studying graphs with weighted edges to characterize both existence and strength of a

connection between two pairs of vertices. What edge weights should we use? Will certain

edge weights lead to performance improvement over the CBF? Some example rules for edge

weights from [6,54] can assist with this investigation.

We can also consider other extensions for the sound source. For instance, we can consider

multiple sound sources instead of just one. This assumptions which lends itself naturally to

opportunities to study and incorporate other performance metrics like the beampattern [39].

Instead of stationary source, a moving source may also be considered. Our work using single

snapshots of data is well-suited for moving sources because we can continue to estimate DOA

from a single snapshot, but now we can keep track of the DOA estimates over time as the

source moves.

Another possible idea is to try out broadband source signals, which lends itself to interest-

ing extensions of our work. For broadband source signals, we may have to start considering

representing an input consisting of multiple snapshots of data. With multiple snapshots, this

means the work would have to be broadened beyond 1D graphs to 2D graphs. Which ever
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of these opportunities is considered, the work we have done here is significant. It serves as

a platform to conduct these extended studies, and our results can also be used as a baseline

for performance comparison. Some work in 2D graphs in [55] would be useful to consider.

Finally, for extensions in the theoretical aspects of our work, we offer a few suggestions.

To improve explanations on the impact of added edges, the emerging publications in directed

graphs like [49] would be worthy to leverage. In addition, recent work in perturbation theory

on directed graphs in [56] would interesting to explore to the change from a directed cycle

to another graph configuration. Which ever one of these avenues one ultimately chooses

to explore, the work in this dissertation lays out a clear plan to make these and other

contributions in single-snapshot DOA estimation.

Final Remarks

In conclusion, key results from this dissertation produced three important contributions to

the body of work in single-snapshot DOA estimation. We now have knowledge of how, why,

when, and where DOA can be estimated with the aid of flexible graphs as an additional

system input. Not only does our graph-based system lead to improved estimation accu-

racy, under certain conditions, but it also lays the foundation to study other performance

enhancements in the future. Furthermore, the work in this dissertation also continues to

address the larger problem of why sensor arrays are used – to strengthen our understanding

of what is around us. Our system enables this enhancement by using the framework of SPG

and graphs as a flexible system input. While there is still room for improvement, our work

offers a pathway for sensor array systems to continue its history of increasing our situational

awareness and make us more informed decisionmakers in the end.
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