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Statistics

Two-phase sampling is a sampling technique for cost reduction and improved efficiency of
estimation, adopted in many epidemiological studies. In this dissertation, we study weighted
likelihood estimation, a standard estimation method in this study design. Though sampling
without replacement at the second phase induces dependence among observations, indepen-
dence is often assumed in practice for theoretical convenience, leading to overestimating the
asymptotic variance. The main contribution of this dissertation is to develop asymptotic
theory for weighted likelihood estimation taking account of the dependence of observations
due to the sampling scheme, for both cases where the nuisance parameter is estimable
at a regular(y/n-rate) and non-regular rates. To this end, we develop a set of empirical
process tools including a Glivenko-Cantelli theorem, a theorem for rates of convergence of
M-estimators, and a Donsker theorem for the inverse probability weighted empirical pro-
cesses under two-phase sampling and sampling without replacement at the second phase.
For variance estimation, we propose two different bootstrap procedures. The first method
is to estimate the phase I and II variances separately which allows us to evaluate how much
information we lose by two-phase designs. The second method, which accounts for the
phase I and II variances at the same time, provides valid variance estimates even under
model misspecification. We also develop the method, within-stratum centered calibration,
to improve efficiency over generally inefficient weighted likelihood estimators and study its

theoretical properties.






TABLE OF CONTENTS

Page

List of Tables . . . . . . . . . . . e iii
Chapter 1: Introduction . . . . . . . .. 1
1.1 Two-phase Sampling . . . . . . . . .. . L 1
1.2 Weighted Likelihood Estimation . . . .. ... ... ... ... ... ..... )
1.3 Goals and Outline of the Thesis . . . . . . . . ... ... ... ... ...... 9
Chapter 2: Sampling, Models, and Estimators . . . . ... ... ... ....... 12
2.1 Sampling . . . ... e 12
2.2 Improving Efficiency by Adjusting Weights . . . . . . .. .. ... ... ... 13
2.3 Models and Estimators . . . . . . . . ... ... 17
Chapter 3: Asymptotics for the WLE in General Semiparametric Models . . . . . 19
3.1 Conditions for Adjusting Weights . . . . . . . .. .. ... ... ... ... .. 19
3.2 Regular Rate for a Nuisance Parameter . . . . .. .. .. ... ... ..... 21
3.3 Non-regular Rate for a Nuisance Parameter . . . . . . . . ... ... ..... 23
3.4 Comparisons of Methods . . . . . . . .. .. .. Lo oo 25
3.5 Proofs . . . .. 29
Chapter 4: Variance Estimation . . . ... ... ... 00000, 43
4.1 Separate Estimation for the Phase I and II Variances . . . . . ... ... ... 45
4.2 Simultaneous Estimation for the Phase I and II Variances . . . . ... .. .. 55
4.3 Proofs . . . . 61
Chapter 5: Examples and Numerical Results . . . . .. ... ... ... ...... 79
5.1 Applications to the Cox Proportional Hazards Model . . . . . . .. ... ... 79
5.2 Simulations . . . . . . .. e 92
5.3 Data Analysis . . . . . . . .. 118



Chapter 6: General results for IPW empirical processes . . . . . .. .. ... ... 122

6.1 Glivenko-Cantelli theorem . . . . . . . . .. ... ... ... .. .. ...... 122
6.2 Rate of convergence . . . . . . ... 122
6.3 Donsker theorem . . . . . . . . . .. 125
6.4 Proofs . . . . . e 127
Chapter 7: General Results for Bootstrap IPW Empirical Processes . . . . . . .. 138
7.1 Glivenko-Cantelli Theorem . . . . . . . . . . ... ... ... ... ...... 138
7.2 Rate of Convergence . . . . . . . . . .. 139
7.3 Donsker Theorem . . . . . . . . . . . e e e e 140
7.4 Proofs . . . . .. 143
Bibliography . . . . . . . . L 167

ii



LIST OF TABLES

Table Number Page
5.1 Sample sizes fora = =.9in Model 1. . . . . . .. ... ... 96
5.2 Sample sizes fora = =.5inModel 1. . . .. ... ... ... ... .. ... 96
5.3 Sample sizes for a = f = .9 and 0 = (log2,0) in Model 2. . . . . . ... ... 97
5.4  Sample sizes for « = 8 = .9 and § = (log2,log2) in Model 2. . . . ... ... 97
5.5 Sample sizes fora =5 =.9in Model 3. . . . . ... ... oL 98
5.6 Summary of simulations for N = 250 and « = = .9 in Model 1. . . . . . .. 99
5.7 Summary of simulations for N =500 and a = =.91in Model 1. . . . . . .. 100
5.8 Summary of simulations for N =250 and a = =.5in Model 1. . . . . . .. 101
5.9  Summary of simulations for N =500 and a« = = .5in Model 1. . . . . . .. 102
5.10 Summary of simulations for N = 250 and § = (log2,0) in Model 2. . . . . . . 103
5.11 Summary of simulations for N = 500 and 6 = (log2,0) in Model 2. . . . . . . 104
5.12 Summary of simulations for N = 250 and 6 = (log2,log2) in Model 2. . . . . 105
5.13 Summary of simulations for N = 500 and 6 = (log2,log2) in Model 2. . . . . 106
5.14 Summary of simulations for N = 250 in Model 3. . . . . . . . ... ... ... 107
5.15 Summary of simulations for N =500 in Model 3. . . . . . . . .. .. .. ... 108
5.16 Bootstrap in Model 1 with o = 5 = .9 (exposure stratified). . . . . . ... .. 110
5.17 Bootstrap in Model 1 with o = § = .5 (exposure stratified). . . . . . ... .. 111
5.18 Bootstrap in Model 2 with § = (log2,0) (exposure stratified). . . . . ... .. 112
5.19 Bootstrap in Model 2 with 6§ = (log2,log2) (exposure stratified). . . . . . .. 113
5.20 Bootstrap in Model 3 (exposure stratified). . .. ... .. ... ... ..... 114
5.21 Bootstrap in Model 2 with N = 500 and 6 = (log2,0) (exposure stratified). . 115
5.22 Comparison of WLE’s for NWTS data. . . . .. ... ... ... ... ..... 119
5.23 Estimation of variance of the plain WLE for NWTS data. . . .. .. ... .. 120

5.24

Estimation of variance of the calibrated WLE for NWTS data. . . . ... .. 120

iii



ACKNOWLEDGMENTS

I wish to express my sincere appreciation to my advisor, Jon A. Wellner, for his mentor-
ship over the past years. His knowledge, inspiration, and insight have strongly influenced me
as a researcher. This dissertation would not have been possible without his encouragement
and patience.

I am grateful to my committee members, Norman E. Breslow, KC Gary Chan, and Peter
B. Gilbert for helpful discussions and suggestion of various research directions. I also thank
Lisa E. Manhart for serving as the graduate school representative. My thanks also go to
the faculty, staff, and students in my department for providing a stimulating and supportive
research environment.

Finally, I wish to show my deep gratitude to my parents, Yasuhiro and Kiyoko Saegusa,

for their unceasing encouragement and support.

iv



DEDICATION

to my parents, Yasuhiro and Kiyoko






Chapter 1

INTRODUCTION

In this dissertation, we consider weighted likelihood estimation under two-phase sam-
pling. In the following, we describe a sampling scheme of our interest in contrast to survey
sampling and stratified Bernoulli sampling. We discuss advantages to the use of weighted
likelihood estimation particularly in the context of two-phase sampling. Along the way, we
introduce statistical problems studied in this dissertation, and discuss differences between

our results and previous work.

1.1 Two-phase Sampling

Two-phase sampling is a sampling technique that aims at cost reduction and improved
efficiency of estimation. At the first phase, a large sample is drawn from a population, and
information on variables that are easier to measure is collected. These phase I variables
may play an important role in statistical analysis such as exposure in a regression model,
or they may simply be auxiliary variables that are correlated with unavailable variables at
the first phase but are not of interest in themselves. Based on the all variables observed at
the first phase, the sample space is stratified using only the phase I data. At the second
phase, a subsample is drawn without replacement from each stratum, and subsequently
phase II variables that are costly or difficult to obtain are measured. Strata formation is
intended either to oversample subjects with important phase I variables, or to effectively
sample subjects with phase II variables correlated with phase I variables, or both. This
way, two-phase sampling achieves effective access to important variables with less cost and,
as a result, enhances efficiency of estimation.

Two-phase sampling was originally introduced in survey sampling by [38] for estimation
of the “finite population mean” of some variable. Since then, this sampling method together

with the Horvitz-Thompson estimator [20] as a standard estimator has been widely adopted



in survey sampling. Much later, two-phase designs were introduced to biostatistical appli-
cations where, in contrast to survey sampling, the population is infinite and the parameter
in the statistical model is of interest. Notable examples of two-phase designs include a
case-cohort study [42, 55] for the Cox proportional hazards model with right-censored data
where the censoring indicator is used as a stratification, a stratified case-control study [61]
where additional stratification on rare exposure was considered in the setting of the case
control design and a stratified case-cohort study [4] which extended the case cohort study
of [42] by stratifying on covariates as well as a censoring indicator. More recently the broad
applicability and importance of two phase designs has been emphasized by [5, 6].

A motivating example for this thesis is the RV 144 case control study [19]. This study
is based on the RV 144 randomized clinical trial (Thai trial, [44]) that established vaccine
efficacy against HIV-1 infection. The primary objective of the RV 144 case control study is to
find immune correlates of protection against the HIV-1 infection. Due to limited resources to
measure immune responses, a stratified subsample was chosen without replacement from the
original study based on the infection status, risk behavior, the number of vaccinations and
gender. The outcome of interest is time to infection that unlike the case-cohort study, was
subject to interval censoring. We assume the Cox proportional hazards model and consider
weighted likelihood estimation. Our primary goal is to estimate the regression parameter
for potential immune correlates and test significance of their effects on protection against
HIV-1.

As illustrated in this study, there are several statistical issues arising from two-phase
designs. The first and main statistical problem throughout this dissertation is dependence
among observations induced by the “without replacement’ sampling scheme. Because most
available tools for asymptotics assume independence, establishing consistency, a rate of con-
vergence and an asymptotic normality is not an easy task. The second issue is efficiency of
estimation. In the setting of the above example, there is not a known efficient estimator even
if independence is assumed for convenience, while weighted likelihood estimation available
in many applications including this example is known to be inefficient. Thus, improving
efficiency of the weighted likelihood estimator (WLE) is of practical interest. The third

issue is variance estimation. Because the asymptotic variance contains unknown functions



in this example, there is no simple consistent estimator such as a sample mean of a squared

influence function even when complete data are observed at the first phase.

We describe these statistical problems and relevant previous work in the next section.
Before that, we discuss differences between the sampling schemes of interest here and other

related study designs.

1.1.1  Contrast to Asymptotics in Survey Sampling

Survey sampling has established asymptotic results for dependent observations from strat-
ified sampling without replacement and even more complicated designs (see [23] and refer-
ences therein). However, even when a model is postulated, the main focus of survey statis-
ticians is often a “finite population parameter”, which is usually defined as the solution of
some estimating equation in a finite population [48], not a “super-population parameter”
which determines a scientific phenomenon for an infinite population. Asymptotic theory in
survey sampling thus usually treats a sequence of finite populations with increasing sample
sizes based on conditions regarding a growing sequence of finite populations [23]. Because
biostatisticians are more interested in super-population parameters, the asymptotic theory
developed in this dissertation is relevant in the usual biostatistical settings.

One notable exception in the survey sampling literature is [48] (see also references therein
and [28], [12]). In [48], the authors define the product of the model space and the design
space as a probability space, and decompose their normalized estimator into the contribu-
tions from a super-population and a sampling design. T'wo distinct sets of conditions for the
model space and design space are used to guarantee the asymptotic normality of each con-
tribution respectively. The former and the latter conditions are familiar to biostatisticians
and survey statisticians, respectively, but not vice versa. See [47] for two sets of conditions
in an application to the Cox model under cluster sampling.

Our approach, which relies on the framework and some of the results developed in [8],
shares a similar idea with [48] in view of decomposition. In [8], the inverse probability
weighted empirical process is decomposed into the usual empirical process (phase I contri-

bution) and the weighted sum of finite sampling empirical processes (phase II contribution).



(Compare (10) of [8] with the decomposition (A.8) of [48].) Then conditional on the phase I
data, the results for exchangeably weighted bootstrap empirical processes [41], which covers

our sampling scheme, is applied to show the weak convergence of the phase II contribution.

Despite this similarity, our framework is different from [48] in the following important
points. First of all, we do not need additional conditions for the phase II contribution unlike
design conditions imposed in [48] because the same conditions for the phase I contribution
suffice for the exchangeably weighted bootstrap empirical process theory to apply in our
setting. Second, our method is more general since our decomposition is at the process level,
not the level of random variables. Third, our formulae for the asymptotic variances have
more natural interpretations than the formulae in the framework of [48] that consist of two
incongruent parts, one that depends on the model conditions and the other that depends on
the design conditions. For these reasons, our approach should be distinguished from those

in survey sampling.

1.1.2  Contrast to Stratified Bernoulli Sampling

Stratified Bernoulli sampling is the sampling scheme where each subject is independently
sampled at the second phase with probability which depends only on the stratum where
an observation belongs. Since the phase II sample size is random, this sampling scheme is
usually not adopted in practice where cost of sampling is determined in advance. Rather,
it is assumed in statistical analysis for convenience when the actual sampling scheme is
stratified sampling without replacement. The justification behind this approximation is that
the sampling fraction (i.e., the number of observation sampled at the second phase over the
number of observation in a certain stratum) in a certain stratum under sampling without
replacement is plausibly assumed to converge to a sampling probability in the stratum under
Bernoulli sampling (see [8] for more detailed comparison) so that it is hoped that difference
between both sampling schemes would be negligible in the limit. As a consequence, well
established asymptotic results (e.g. [58]) can be applied to carry out statistical analysis

under the independence assumption.

Despite the hope in practice, these two sampling schemes yield different statistical re-



sults. [8] showed that the asymptotic variance of the WLE under sampling without replace-
ment is always smaller than that under Bernoulli sampling. This implies that assuming
Bernoulli sampling for convenience leads to conservative results so that power is lower than
expected. Another difference comes from methods of improving efficiency of the WLE. All
proposed methods (estimated weights [46], calibration [15], modified calibration [10]) have
been, so far, justified only under Bernoulli sampling, but their performances are unknown

under sampling without replacement.

1.2 Weighted Likelihood Estimation

In weighted likelihood estimation, WLE’s are obtained from maximizing the weighted log
likelihood or from solving weighted likelihood equations. Weights are attached to the indi-
vidual observations each of which contributes to the likelihood. In this thesis, these weights
are inverses of (estimated or calibrated) sampling probabilities at the second phase. Thus,
our weighted likelihood is an application of the Horvitz-Thompson estimator [20] to the

likelihood.

1.2.1 Advantages to the WLE’s

The weighted likelihood estimation methods we study in this dissertation have several ad-
vantages, especially in the context of two-phase studies. Major arguments for using WLE’s
are (a) their wide availability in many models, and (b) ease of computation. For example,
it may be true that one is willing to assume independence for obtaining efficient estimators
because the WLE is generally inefficient under the independence assumption. However, even
when this assumption holds, there are not many statistical models where efficient estima-
tors are known (see [46], [45], and [7] for some exceptions). Moreover, efficient estimators,
if known, may require sophisticated numerical techniques (e.g., solving integral equations,
[36]) or restrictive assumptions that are not imposed when complete data is available (e.g.
a parametric covariate distribution [11], discrete covariates [36]). In contrast, the maximum
likelihood estimator with complete data is often available in many applications, and the
corresponding WLE is obtained simply via a weighted likelihood version of the same likeli-

hood equations. Furthermore, theory for the WLE only requires almost identical conditions



to those for the MLE with complete data (see Theorems 3.2.1 and 3.3.1 below).

Another advantage of the WLE and their variants involving estimated weights or cali-
bration is robustness to model misspecification in the following sense: When the underlying
model is misspecified, the WLE’s and their relatives continue to estimate the same pa-
rameters as would be estimated under model miss-specification with complete data. (For
example, see [25], [16], [52, 53], [62], and [26]. See also [54] for careful further considerations

of this issue.)

1.2.2  Methods to Improve Efficiency

To improve the efficiency of the WLE, several methods have been advocated. The common
idea behind these methods is to use the phase I information, which is largely ignored (for
observations not sampled at the second phase), by adjusting weights in the weighted like-
lihood. [46] proposed estimating weights by binary regression in a missing data problem
even though the true weights are known. [15] developed the method of calibration by which
adjusted inverse probability weighted mean of some phase I variables are equated to the
known phase I sample means. [10] proposed a variant of calibration in a missing response

problem.

Efficiency gains, if any, from these methods are achieved through (approximate) projec-
tion of the influence function of the plain WLE under Bernoulli sampling (in Lo(P)) onto
the orthocomplement of the space spanned by the influence function of the estimator of the
parameter in adjusting weights. Thus, efficiency gains are larger when the influence function
of the plain WLE and the phase I variables used for adjusting weights are highly correlated.
An important implication from this projection argument is that efficiency improvements are
guaranteed under stratified Bernoulli sampling but not under stratified sampling without
replacement, though these methods work well in simulations. In fact, a desirable projection
under sampling without replacement should be in the Lg(P) sense, i.e., a projected func-
tion has mean zero. This difference by sampling schemes is due to the difference between
having the conditional expectations and the conditional variance given a stratum member-

ship in the asymptotic variances for Bernoulli sampling and sampling without replacement,



respectively (compare (21) and (22) of [8]).

1.2.8 Variance Estimation

The asymptotic variance of the WLE is a sum of the inverse of the efficient information
for the complete data model and a linear combination of the conditional variances of the
efficient influence function for a complete data model given a stratum membership (see (21)
of [8]). Thus, if this efficient influence function is a known function, the Horvitz-Thompson
estimators of the efficient information and the conditional variances will consistently esti-
mate the asymptotic variance of the WLE with the aid of the Glivenko-Cantelli theorem

for the inverse probability weighted empirical processes, discussed in Chapter 6.

In general, the efficient influence function contains unknown functions, especially in a
general semiparametric model, so that the simple method discussed above cannot be applied
easily. There are several methods for variance estimation of the MLE in the complete data
model where the asymptotic variance of the MLE of a finite dimensional parameter is
the inverse of the efficient information. A discretized version of the efficient information at
observed data points can be computed for estimation of the efficient information [39, 22, 33].
Another method for the complete data model is (numerical) differentiation of the profile
log likelihood by [35] where the nuisance parameter is profiled out. Although obvious
modifications of these methods by inverse probability weighting are available for two-phase

sampling data, they only estimate the phase I variance.

Bootstrap is a more general method for complete data. For example, exchangeably
weighted bootstraps can be used to estimate the asymptotic variance of Z-estimators in-
cluding the MLE under appropriate regularity conditions regardless of whether or not the
asymptotic variance involves unknown functions [60]. For two-phase sampling, several boot-
strap procedures have been proposed for estimation in a finite population in survey sam-
pling. Bootstrap procedures in survey sampling are often targeted at variance estimation of
a rather simple finite population parameter (e.g. finite population mean). For instance, [43]
modifies the values of the variables in the bootstrap sample to obtain the unbiased estimate

of the variance of simple estimators. Rescaled bootstrap methods such as [43] fail to have



distributional consistency in general. Also, it is not obvious how to extend this method to
estimation of a relatively complicated estimator such Z-estimators in a general semipara-
metric model. Another example in survey sampling is the method of [18, 3] that creates
an artificial population by copying the original sample several times proportional to the
inverses of the sampling probabilities. Although this method has distributional consistency
for weighted sample averages under our sampling scheme, the extension to the process level,
which is usually required for studying a general semiparametric model, has not yet been
justified. More importantly, all bootstrap methods in survey sampling aim at yielding phase
IT variances only. There is no known bootstrap methods to yield phase I and II variances

at the same time to the best of our knowledge.

1.2.4 Previous Results

The WLE in a general semiparametric model is already well-studied in cases where nuisance
parameters are estimable at regular rates. [8] derived the asymptotic distribution of the
WLE under stratified Bernoulli sampling and stratified sampling without replacement. [9]
studied the WLE with estimated weights under stratified Bernoulli sampling. [5, 6] obtained
in a heuristic way the asymptotic distributions of the the WLE’s with estimated weights and
the calibrated WLE under stratified sampling without replacement. One of the difficulties
in the derivations in [5, 6] involves the lack of a proof of asymptotic equicontinuity of
certain stochastic processes under sampling without replacement. A similar difficulty is also
recognized by [28] in the context of complex surveys. Direct application of empirical process
theory does not help due to lack of independence among observations. Another difficulty,
which is also seen in other papers, concerns (lack of) proofs of consistency of estimators
under sampling without replacement . When a nuisance parameter is not estimable at a
regular rate, no general consistency, rate of convergence, or asymptotic normality results
are known in the framework of two-phase designs to the best of our knowledge.

Estimated weights and calibration are less studied under sampling without replacement.
Efficiency improvements by estimated weights and a specific type of calibration (within-

stratum calibration, see Chapter 3) has previously been proved only under Bernoulli sam-



pling [9, 5, 6] for the plain WLE in a general semiparametric model. The modified calibration
of [10] has not yet been studied under both sampling schemes for a general semiparametric
model. [15] showed the asymptotic equivalence of the calibrated Horvitz-Thompson esti-
mators of a certain variable among different calibrations in the complex survey including
sampling without replacement under the standard conditions of [23] to survey sampling, but
the efficiency gain over the plain Horvitz-Thompson estimator was not discussed. Although
simulation studies often show efficiency improvements by these methods under sampling
without replacement, their theoretical behaviors have not been well-studied with rigor. A
possible reason for this would be the lack of theoretical tools to study the inverse probability
weighted empirical processes under sampling without replacement.

Research on variance estimation for the WLE’s of a finite dimensional parameter has
been restricted to the case where the asymptotic variances are represented as sums of expec-
tations of known functions. The asymptotic variances, in this case, are easily estimated by
Horvitz-Thompson estimators. If the asymptotic variances involve unknown functions, vari-
ance estimation has been studied only for the MLE in the complete data model (e.g.,[35]).

Several bootstrap methods are proposed for estimation of parameters in the finite pop-
ulation in survey sampling as briefly discussed above. For bootstrap methods in survey
sampling other than [43, 18, 3], see, for example, [2] and references therein. In this disser-
tation, we revisit the method of [18, 3] because distributional consistency is our primary
interest. Another issue related to the result in this dissertation is how to carry out calibra-
tion when bootstrapping. Rescaled bootstrap methods cannot accommodate calibration at
all, while other methods often fail to provide theoretical justifications of calibrated boot-
strap. For instance, an often proposed method of calibrating to the same known population

means has not yet been rigorously studied.
1.3 Goals and Outline of the Thesis

The main goal of this thesis is to develop asymptotic theory for weighted likelihood es-
timation methods in the setting of general semiparametric models taking account of the
dependence of observations due to the “without replacement” sampling scheme. Our aim

is to provide theoretical results both when the infinite-dimensional nuisance parameter is
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estimable at a regular rate (y/n) and when the infinite-dimensional nuisance parameter is
estimable at a non-regular rate (slower than /n). Specifically, we prove two Z-theorems
giving weak sufficient conditions for asymptotic distributions of the WLE’s in general semi-
parametric models. The first theorem, which covers the case where the nuisance parameter
is estimable at a regular (y/n) rate, provides a rigorous justification of the results of [5, 6] un-
der weaker conditions. The second theorem covers the case when only estimators with slower
than y/n-convergence rates are available for the infinite-dimensional nuisance parameter. In
addition to the plain WLE, we include the WLE’s with estimated weights and (variants
of) calibration in the formulations of both theorems. The conditions of our theorems are
formulated in terms of complete data, not two-phase sampling data, and, moreover, they
are almost identical to those for the MLE with complete data. Thus, most of them have
been already established in many applications. For the conditions requiring verification,
tools from empirical process theory will be applied.

To achieve the main objective, we develop a set of empirical process tools including
a Glivenko-Cantelli theorem, a theorem for rates of convergence of Z-estimators, and a
Donsker theorem for the inverse probability weighted empirical processes under two-phase
sampling and sampling without replacement at the second phase. Some results such as
Glivenko-Cantelli theorem (Theorem 6.1.1) and Donsker Theorem (Theorem 6.3.1) are of
interest in their own right. These results, accounting for dependence of observations due
to the “without replacement” sampling design, are used to prove our Z-theorems in place
of the usual empirical process theory. More importantly, they are useful in verifying the
conditions of Z-theorems in applications. For instance, our Theorem 6.2.1 easily establishes

“without replacement” sampling scheme. Also, consistency

rates of convergence under our
can be verified with the aid of the Glivenko-Cantelli theorem. We illustrate application of
the general results with examples in Chapter 5.

To improve efficiency, we introduce a new method called within-stratum centered calibra-
tion. We prove that this method yields improved asymptotic efficiency over the plain WLE
under our sampling scheme. We compare this method with estimated weights and other

types of calibration under stratified Bernoulli sampling and stratified sampling without re-

placement. We note that our method of centered calibration is the only method guaranteed
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to gain efficiency under both sampling schemes while other methods are warranted only for
stratified Bernoulli sampling.

For variance estimation, we propose two different procedures based on bootstrap tech-
niques. The first method is to estimate the phase I and II variances, separately, which allows
us to evaluate how much information we lose by two-phase sampling. The second method,
which accounts for the phase I and II variances at the same time, provides valid estimates
even under model misspecification.

The rest of this thesis is organized as follows. In Chapter 2, we introduce our sam-
pling scheme and estimation procedures in a general semiparametric model. The WLE
and methods involving adjusted weights intended to improve on the efficiency of the WLE
are discussed. Two Z-theorems are presented in Chapter 3 to derive asymptotic distribu-
tions of the WLE’s of the finite dimensional parameter. All estimators are compared under
Bernoulli sampling and sampling without replacement with different methods of adjusting
the weights. Two bootstrap-based procedures for variance estimation are introduced in
Chapter 4. We apply our Z-theorems to the Cox model, both with right censoring and
interval censoring, in Chapter 5. The WLE of the cumulative baseline hazard function has
regular rate of convergence in the first example, while it has (non-regular) cube-root rate
in the second example. In addition, simulation studies and data analysis are presented.
Chapter 6 consists of general results for IPW empirical processes while Chapter 7 presents

general results for bootstrap IPW empirical processes.
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Chapter 2

SAMPLING, MODELS, AND ESTIMATORS

2.1 Sampling

We now introduce our sampling scheme. Most of the following notation is based on [§].
Let W = (X,U) € W = X x U be the complete data with distribution Py where X is
the vector of the variables of interest with distribution Py and U is a vector of auxiliary
variables. At the first phase, only a coarsening X = X (X) of X and the auxiliary variables
U are available for all N subjects. The phase I data V = (X,U) € V = X x U are used to
form the J sampling strata V; with Z}-le V; =V, the jth of which consists of N; subjects
for j = 1,...,J. After stratified sampling, X is fully observed for n; subjects in the jth
stratum at the second phase. The observed data is (V, X¢&, &) where ¢ is the indicator of
being sampled at the second phase. We use a doubly subscripted notation by which V ;, for
example, denotes V for the ith subject in stratum j. We denote the stratum probability for
the jth stratum by v; = PD(V € Vj), and the conditional expectation given membership in
the jth stratum by Py|;(-) = Py(-|V e V;).

At the second phase, samples of size n; < N; are drawn at random without replacement
from each of the J strata. The sampling probability is P(¢ = 1|V;) = mo(V;) = n;/N; for
Vi € V;. These sampling probabilities are assumed to be strictly positive; that is, there is
a strictly positive constant o > 0 such that 0 < o < mo(v) <1 for v € V. We assume
that n;/N; — p; >0 for j =1,...,J as N — co. Although dependence is induced among
the observations (V;, & X;, &) by the sampling indicators, the vector of sampling indicators
(§515---,&jN;) within strata, j = 1,...,J, are exchangeable for j = 1,...,J, and the J
random vectors (§1,...,¢&; Nj) are independent.

One of the most important tools in empirical process theory is the empirical measure.
However, the empirical measure is not directly applicable to estimation under two-phase

sampling because some observations are not observed at the second phase. Instead, we
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define the inverse probability weighted (IPW) empirical measure by
N

1
=5 Z

where 0y, denotes a Dirac measure placing unit mass on X;. The identity in the last display

N .

J N ¢
Gyt
X N;Zn]/]\f

is justified by the arguments in Appendix A of [8]. We also define the IPW empirical process
by GT = VN (PR — Po) and the phase IT empirical process for the jth stratum by

£ = 3 nj .
Gin, = VN; (Pj,]vj - Nij,Nj> . j=1,...,J,

where, for j € {1,...,J}, Pﬁ,]\/j = N;l ZZN:]l §ji0x;,; is the phase II empirical measure for
the jth stratum, and P; y, = Nj_1 vazjl dx;,; is the empirical measure for all the data in the
jth stratum; note the latter empirical measure is not observed. Then, following [8], page

207, we decompose G7; as follows:

J
x Z [N (Nj\ e
]:

where Py = N1 Z}]:1 N;P; N, and Gy = \/N(IP’N — Py). Notice that the phase II em-
pirical processes Gj N, correspond to “exchangeably weighted bootstrap” versions of the
stratum-wise complete data empirical processes G;;, N; = \/ﬁj (IP’J, PO‘]) where PO‘]

the conditional distribution of X given membership in the jth stratum and P; y; is as de-
fined above. This observation allows application of the “exchangeably weighted bootstrap”

theory of [41].
2.2 Improving Efficiency by Adjusting Weights

Efficiency of estimators based on IPW empirical processes can be improved by adjusting
weights, either by estimated weights [46] or by calibration [15] via use of the phase I informa-
tion; see also [30]. In addition to these two methods, we discuss two variants of calibration,
modified calibration [10], and our proposed method, centered calibration.

Let Z; = g(V;) be the auxiliary variables for the ith subject for a known transformation
g. For estimated weights through binary regression, the first J elements of Z; are the

membership indicators for the strata, Iy, (Vi),7 =1,...,J. Furthermore, observations with
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mo(V) = 1 are dropped from binary regression, and the original weight 1 is used. For
notational simplicity, we write Z; for either method, and assume that sampling probabilities

are strictly less than 1 for all strata.

2.2.1 FEstimated Weights

The method of estimated weights adjusts weights through binary regression on the phase
I variables. The sampling probability for the ith subject is modelled by p.(&|Zi) =
Ge(ZT )5 (1 — G(ZF ) =% = 7, (Vi)& {1 — Ta(Vi)}' 7%, where a € A. € R7F is a re-
gression parameter and G : R +— [0,1] is a known function. If G.(z) = e*/(1 + €”) for
instance, then the adjustment simply involves logistic regression. Let &y be the estimator

of o that maximizes the composite likelihood

N N
[I7aél2) = [ Ge(Zl @)% (1 = Ge(ZT ))'5. (2.2)
i=1 i=1

Note that this is not an ordinary likelihood due to the dependence among observations under
our sampling scheme while this becomes an ordinary likelihood under Bernoulli sampling.

We define the IPW empirical measure with estimated weights by
N
1 &i 1 mo (Vi)
Pme — — . Jv.
N sz V; Ng ZTA N)

and the IPW empirical process with estimated weights by G = VN (P — Pp).

2.2.2 Calibration

Calibration adjusts weights so that the inverse probability weighted average from the phase
IT sample is equated to the phase I average, whereby the phase I information is taken into
account for estimation. Consider the problem of choosing the weights {wi}f\il subject to

the condition
1Y 1 Y
Nz&szZ = NZZ“ (23)
i=1 i=1

since the Z;’s take values in RF, this is a system of equations in R¥. In general there are

many solutions to this system of equations, and the inverse probability weights 1/7o(V;)
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will typically not satisfy it. Because weights differing greatly from the inverse probabil-
ity weights are unlikely to improve on the plain weighted likelihood estimates, calibration
involves choosing weights closest to the inverse probability weights in a certain distance
measure. Let D;(w,d) be a distance measure between the weights w and d for the ith
subject, where for every fixed d > 0, D;(w,d) is nonnegative, continuously differentiable
with respect to w, and strictly convex in w, and (9/0w)D;(w,d) is strictly increasing and
is zero at w = d (see [15] for various choices of D;). The resulting problem is a con-
vex optimization problem: find positive weights w; that minimize the average distance
N=USN | Di(wi, 1/m0(V;)) subject to the constraint (2.3). The method of Lagrange multi-
pliers leads to (9/0w) D;(w;, 1/mo(V;))+ZE a = 0 for the subjects with & = 1 where « is a La-
grange multiplier. The invertibility of (8/0w)D; leads to the solution w; = G;(Z! «)/mo(V;)
for some function G; where G;(0) = 1 and G;(0) > 0. Substitution in (2.3) gives the cal-
ibration equation N~! le\il &(Gi(ZE ) 7o (V3) Z; = N1 Zfil Z;. The solution & to the
calibration equation determines the calibrated weights w; = G;(Z] &)/mo(V;).

One easy choice, as in [5, 6, 30], is to take the distance measures D; to be the same for all
subjects; i.e., D; = D and G; = G for i = 1,..., N. An alternative subject specific choice
of the D;’s, leading to “modified calibration”, will be discussed in the next subsection. In
both cases we formulate the calibration in terms of the calibration equation rather than the
problem of minimizing a distance with the inverse probability weights. These assumptions
simplify the condition on G;’s and D;’s. In our formulation with equal D;’s, we find an
estimator &y that is the solution for o € A, C R¥ of the following calibration equation,

N N
1 &iGe(Vis ) 1
—y el g~ Nz, 2.4
NS mo(Vi) N = 24

where G.(V;a) = G(g(V)Ta) = G(ZTa), and G is a known function with G(0) = 1 and

G(0) > 0. We call 7 (V;) = mo(V;)/G.(V;; ) the calibrated sampling probability for the ith
subject. We define the calibrated IPW empirical measure by
N N

T,C 1 5’ L El A
B = N (0 T N 2 iy © () b

and the calibrated IPW empirical process by G3° = VN (PR — P).
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2.2.83 Modified Calibration

[15] discussed subject-dependent distance measures D; when (8/0w)D; = D(w/d)/q; where
D(z) is a continuous, strictly increasing function on R with D(1) = 0 and (d/dz)D(1) = 1,
independent of the index i, and ¢; > 0. Solving the convex optimization problem in this case
with some choice of ¢;’s leads to the calibration equation N ! Zfil &(G(@ZT ) [mo(Vi) Z; =
Nt Zf\il Z; for the inverse G = (D)~! of D. Recently the choice ¢; = (1 — mo(V;))/m0(V;)
was proposed by [10] in a missing response problem. When mo(V;) < 1,7 =1,..., N, this
choice means that when the sampling probability is larger, the subject contributes more
to the average distance. Note that ¢; = 0 when 7o(V;) = 1. Although ¢; must be strictly
positive in the original formulation of the problem to minimize the distance with the in-
verse probability weights, ¢; = 0 is valid in the calibration equation. One implication of this
choice is that we do not modify the weights if subjects are always sampled at the second
phase. We call the method of choosing weights by solving the calibration equation with
qi = (1 — mo(V;)) /70 (V;) modified calibration.

In modified calibration, we find the estimator &y that is the solution for a € Ay, C RF

of the following calibration equation:

N N
1 szmc(V;aO‘) 1
SN SCmVie) g NS g 2.
N ; mo (Vi) N ; (25)

where

Coe(Via) = G (Wg(x/)%) e <1;£/()V)ZTO<) .

Here G is a known function with G(0) = 1 and G(0) > 0. We call 7o (V;) = 710 (V3) /Gme(Vi; )
the calibrated sampling probability with modified calibration for the ith subject. We define

the IPW empirical measure with modified calibration by

N N
Tme i &i - i & 1- WO(%) T
P SN L TN i@ (i Ao ) o,

A
i=1 N

T,mec

and the IPW empirical process with modified calibration by Gy = vV N(PY"° — P).
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2.2.4 Centered Calibration

We propose a new method, centered calibration, that calibrates on centered auxiliary vari-
ables with modified calibration. This method in fact improves the plain WLE under our
sampling scheme, while retaining the good properties of modified calibration. We discuss
advantages of centered calibration and connections to other methods in Section 3.4.3.
In centered calibration, we find the estimator &y that is the solution for o € A, C R¥
of the following calibration equation:
N

1 Z giGcc(‘/i; Ot)

(V) (Zi—Zn) =0, (2.6)

=1

where

Gee(Vi) =G <1;07(T$/()V)

{Z — ZN}TOz> s

with Zy = N7! Zfi 1 Z; suppressed in the definition of G... Here G is a known function
with G(0) = 1 and G(0) > 0. We call 7,(V;) = m0(V;)/Gee(Vi; @) the calibrated sampling
probability with centered calibration for the ith subject. We define the IPW empirical
measure with centered calibration by

N N
T, CC 1 ) 1 7 ~
pre— Ly & 5 LS S g vianix,

N i=1 7T@N(‘/;) WO(‘/Z)

and the IPW empirical process with centered calibration by G* = VN (P — Pp).
2.3 DModels and Estimators

We study the asymptotic distribution of the weighted likelihood estimator of a finite di-
mensional parameter ¢ in a general semiparametric model P = {Py, : § € ©,n € H} where
© C RP and the nuisance parameter space H is a subset of some Banach space B. Let
Py = Py, p, denote the true distribution.

The maximum likelihood estimator with complete data is often obtained as a solution
of the infinite dimensional likelihood equations. In such models, the WLE under two-phase
sampling is obtained by solving the corresponding infinite dimensional inverse probability

weighted likelihood equations. Specifically, the WLE (éN, fn) is a solution of the following
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weighted likelihood equations

‘IIFN,I(Gan) = ]P”]{[ég,n = Op« (N_1/2) ,

9520 My, = PR (Bogh = PoyBogh)lly, = op- (N7V2), (27)

where égm € LQ(PM)P is the score function for 6, and the score operator By, : H
ﬁg(Pgm) is the bounded linear operator mapping a direction A in some Hilbert space H
of one-dimensional submodels for n along which n — n9. The corresponding WLE with
estimated weights (QANﬂ,ﬁN,e), the calibrated WLE (HANyc,ﬁN,c), the WLE with modified
calibration (9 N.mes TIN,me), and the WLE with centered calibration (é N,ces IN,cc) are obtained
by replacing P% by PR°, PR, PR or PL in (2.7), respectively. Let £y = 5907,,0 and

By = BGOJ}O'
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Chapter 3

ASYMPTOTICS FOR THE WLE IN GENERAL SEMIPARAMETRIC
MODELS

We consider two cases: in the first case the nuisance parameter 7 is estimable at
a regular (i.e., \/n) rate and, for ease of exposition, 7 is assumed to be a measure. In
the second case 7 is only estimable at a non-regular (slower than \/n) rate. Our theorem
(Theorem 3.3.1) concerning the second case nearly covers the former case, but requires
slightly more smoothness and a separate proof of the rate of convergence for an estimator
of n. On the other hand, our theorem (Theorem 3.2.1) concerning the former case includes
a proof of the (regular) (y/n) rate of convergence, and hence is of interest by itself.

In the following, we present two Z-theorems for weighted likelihood estimation. Then
we compare asymptotic variances of WLE’s with different adjusting weights under differ-
ent designs (Bernoulli sampling vs. sampling without replacement). We introduce a new
calibration method that guarantees efficiency gains over the plain WLE regardless of the

different designs. All proofs are presented at the end of this chapter.

3.1 Conditions for Adjusting Weights

To derive asymptotic distributions of WLE’s with estimated weights and (modified and
centered) calibration, we need to establish asymptotic results on estimators of o with es-
timating weights and (modified and centered) calibration. To this end, we assume the
following. Throughout this dissertation, we may assume both Conditions 3.1.1 and 3.1.2 at
the same time, but it should be understood that the former condition is used exclusively for
the estimators regarding estimated weights and the latter condition is imposed only for es-
timators regarding (modified and centered) calibration. Moreover, it should be understood
that Conditions 3.2(a)(i) and 3.2(d)(i) are assumed for the estimators regarding calibration,
Conditions 3.2(a)(ii) and 3.2(d)(ii) are imposed for the estimators regarding modified cali-

bration and that Conditions 3.2(a)(iii) and 3.2(d)(iii) are used for the estimators regarding
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centered calibration, respectively.

Condition 3.1.1 (Estimated weights). (a) The estimator &y is a mazximizer of the com-
posite likelihood (2.2).

(b) Z € R7** is not concentrated on a (J + k)-dimensional affine space of R’** and has
bounded support.

(c) Ge : R [0,1] is a twice continuously differentiable, monotone function.

(d) So = Py ({GG(ZTOéo)}Q{TF()(V)(l — 7T0(V))}_1Z®2> is finite and nonsingular, where G,
is a derivative of G..

(e) The “true” parameter ag = (ap1,..., Q0 +k) 5 given by agj = G;(pj), for j =
1,...,J, and agj = 0, for j = J+1,...,J + k. The parameter o is identifiable, that is,
DPa = Pap @lmost surely implies o = ap.

(f) For a fized pj € (0,1), n; satisfies nj = [Njp;] forj=1,...,J.

Condition 3.1.2 ((modified and centered) Calibration). (a) (i) The estimator &y = &5
is a solution of the calibration equation (2.4). (i1) The estimator Gy = &\° is a solution of
the calibration equation (2.5). (iii) The estimator &y = &% is a solution of the calibration
equation (2.6).

(b) The distribution of Z € R* is not concentrated at 0 and has bounded support.

(¢c) G is a strictly increasing continuously differentiable function on R such that G(0) = 1
and for all z, —o0o < my < G(z) < M; < 00 and 0 < G(z) < My < oo, where G is the
derivative of G.

(d) (i) PoZ%? is finite and positive definite. (ii)Py[mo(V) ™1 (1 — mo(V))Z%?] is finite and
positive definite. (iii)Po[mo(V) ™1 (1 —mo(V))(Z — uz)®?] is finite and positive definite where
unz = PZ.

(e) The “true” parameter oy = 0.

Condition 3.1.1 (f) may seem unnatural at first, but in practice the phase II sample size
n; can be chosen by the investigator so that the sampling probability p; can be understood
to be automatically chosen to satisfy n; = [N;p;]. The other parts of Condition 3.1.1 are

standard in binary regression, and Condition 3.1.2 is similar to Condition 3.1.1.
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Asymptotic properties of &y for all cases (estimated weights and (modified and centered)

calibration) are proved in [50].
3.2 Regular Rate for a Nuisance Parameter

We assume the following conditions.

Condition 3.2.1 (Consistency). The estimator (§N7 NN ) is consistent for (6p,no) and solves
the weighted likelihood equations (2.7), where PR, may be replaced by PR°, P, PY™ or
P for the estimators with estimated weights, calibration, modified calibration or centered

calibration.

Condition 3.2.2 (Asymptotic equicontinuity). Let Fi(8) = {fp,, : |0 — 60| + || — no|| < 5}
and F3(0) = {Bgyh — PgyBoyh : h € H,|0 — 6g| + ||n — nol| < 6}. There exists a dp > 0
such that (1) Fi(80), k = 1,2, are Py-Donsker and supy,cy Polfj — foj|* — 0, as |0 — o] +
I —noll — 0, for every f; € Fi(do),7 = 1,2, where fo1 = gy, and fo2 = Boh — PyBoh,
(2) Fi(d0), k = 1,2, have integrable envelopes.

Condition 3.2.3. The map ¥ = (U1, Vs) : © x H — RP x (*°(H) with components

1(0,1) = Po¥n1(0,m) = Poly,,

\:[12(9> n)h = PO\IIN,Q(Ha 77) = P0B9,77h - P9,1730,77h7 h € H>

has a continuously invertible Fréchet derivative map Uy = (\1111, Uyg, Woy, \1122) at (6o, mo)
given by W;;(0o,m0)h = P0(¢i,j,60,m,h), i,7 € {1,2} in terms of Lo(Py) derivatives of
U1omh = Loy and Yo gy = Boyh — Py yBoyh; that is,

. 9 1/2
sup {Po (¢z‘,9,no,h — Yi60,m0,h — Vi1,00,m0,h(0 — 90)) } = o(||0 —boll),
heH

. 2 1/2
sup { R (Vs — Vi~ bzmaan =)'} = olln =
€

Furthermore, Uy admits a partition

Uy, U 0—0
(9_90a77_77)’_> .11 .12 ’ y
Vo Wo n—1"70
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where

= _P90,770

and By . Bgyn, is continuously invertible.

Let Iy = Po[(I— Bo(BgBo) ' Bg){ofd] be the efficient information for 6 and ¢y = I

= _Peoyﬂoéeomoég:),no (0 - ‘90)a

= _/B;O7

o L0001 =10,
Baoohlgy o (0 — 00),

- _/ng,nOBeo,nOhd(n_HO)a

1([_

By(Bj BO)_lBS)éo be the efficient influence function for 6 for the semiparametric model with

complete data.

Theorem 3.2.1. Under Conditions 3.1.1-3.2.3,

where

S=1 +ZV]
S =15 +Zyj
=1 +Zuj
Sme = Iy +Zu]
Yee = Iy +Zuj

VN@y —0)) = VNPLly+op-(1) ~ Z ~ N(0,%),
VN@Oye—00) = VNPYly+op(1) ~ Zo ~ Ny0,%),
VN@ne—00) = VNPYly+op(l) ~ Zo ~ Ny0,%),
VNOnme —00) = VNPY™ly+op(1) ~ Zme ~ Np(0,ne),
VN(Onee—00) = VNP lo+op-(1) ~ Zee ~ Np(0,%c),

Varob (g())

Varob (I — Qe)éo)

Var0|j((l Qc)fo)

VarOU((I ch)€0>

Var0|]((I Qcc)eo)
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and (recall Conditions 3.1.1 and 3.1.2)
Qcf = Polry (V)fGe(ZTa0)Z")55 (1 = mo(V)) 7' Ge(Z2T 0) Z,
Qcf
Qmef

Qeef = Pol(mg (V) = DF(Z — nz) HPol(mg (V) = )(Z — uz)**}"H(Z — z)-

Pyl fZzT{Pyz%?*} 12,

Pol(my (V) = D Z H{Po[(mg (V) = 1) 2%} 1 2,

Remark 3.2.1. Our conditions in Theorem 3.2.1 are the same as those in [9] except the
integrability condition. Our Condition 3.2.2 (2) requires existence of integrable envelopes
for class of scores while the condition (A1*) in [9] requires square integrable envelopes. Note
that this integrability condition is required only for the WLE with estimated weights and

(modified and centered) calibration, as in [8].

3.3 Non-regular Rate for a Nuisance Parameter

Set

Boy[h] = (Boyht, -, Bonhy)"
for h = (h1,...,hy)T where hy € H for each k = 1,...,p. We assume the following
conditions.
Condition 3.3.1 (Consistency and rate of convergence). An estimator (§N, 1) of (6o, o)
satisfies |On — 00| = op(1), and ||y — mo|| = Op(N~P) for some 8> 0.
Condition 3.3.2 (Positive information). There is an h* = (hi,...,hy), where hj, € H for
k=1,...,p, such that

Py { (éo - Bo[ﬁﬂ) Boh} =0

for all h € H. Furthermore, the efficient information Iy = Py (éo — Bo[ﬁ*]>®2 for 0 for
the semiparametric model with complete data is finite and nonsingular. Denote the efficient

influence function for the semiparametric model with complete data by by = Io_l(ég—Bo [R*]).

Condition 3.3.3 (Asymptotic equicontinuity). (1) For any dn | 0 and C > 0,

sup (G}N(éa77 — éo) =op(1),
|0—60| <N, |ln—m0[|<CN—F
sup |GN(Bgy — Bo)[h7]| = op(1).

|0—060|<6n,ln—nol| <CN—F
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(2) There exists a 6 > 0 such that the classes {é(%n 210 — 00| + || — no| < 5} and
{Ba,y [L*] 10 — 00| + ||n — nol| < 6} are Py-Glivenko-Cantelli and have integrable envelopes.

Moreover, é@m and By, [h*] are continuous with respect to (0,n) either pointwise or in

Li(Ry).

Condition 3.3.4 (Smoothness of the model). For some a > 1 satisfying af > 1/2 and for
(8,7m) in the neighborhood {(0,n) : |6 — 6o| < dn, || — nol| < CN—F},

‘Po {éa,n — o + 6o (£§ (0 — 60) + Bo[n — 770])}’
=010 = 8ol) + O (ln = moll)
[Py {(Bawy — Bo)[B"] + B[] (5 (0 — 60) + Boln — mo)) }|

=0(|0 —6o]) +O(|ln —moll)-

In the previous section, we required that the WLE solves the weighted likelihood equa-
tions (2.7) for all h € H. Here, we only assume that the WLE (éN, ) satisfies the weighted

likelihood equations

W1 (0,0, 0) = PR Lo,y = op- (Nfl/z) ;

URa(0m, @) 7] = P Boy "] = op- (N7Y/2). (3.6)

The corresponding WLE with estimated weights, (é N,esTIN,e), the calibrated WLE (é N, TIN¢),
the WLE (9N7mc, IN,me) With modified calibration and the WLE (éMCC, NN,cc) With centered

calibration satisfy (3.6) with P}, replaced by Py, PR°, PU™ or PU, respectively.

Theorem 3.3.1. Suppose that the WLE is a solution of (3.6) where P}, may be replaced
by Py PN, PN or P for the estimators with estimated weights, calibration, modified

calibration and centered calibration. Under Conditions 3.1.1, 3.1.2 and 3.3.1-3.3.4,

VN@y —0)) = VNPLly+op-(1) ~ Z ~ Ny(0,%),
VN@One—60) = VNPYly+op(l) ~ Zo ~ Ny0,%,),
VN@ne—0) = VNPYl+op(1) ~ Zo ~ Ny(0,%.),
VNONme —00) = VNP lh+op(1) ~  Zme ~  Ny(0,Zpe),
VNOnee —00) = VNPl +op(1) ~ Zee ~ Np0,3e),
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where 3, Y¢, X¢, Yme and Yo are as defined in (3.1) - (3.5) of Theorem 8.2.1, but now
Iy and by are defined in Condition 3.3.2, and Qe, Q¢, Qme and Qe are defined in Theorem
3.2.1.

Remark 3.3.1. Our conditions are identical to those of the Z-theorem of [21] except Con-
dition 3.3.3 (2). This additional condition is not stringent. First, the Glivenko-Cantelli
condition is usually assumed to prove consistency of estimators before deriving asymptotic
distributions. Second, a stronger Lo(Fy)-continuity condition is standard as is seen in Con-
dition 3.2.2 (See also 25.8 of [56] for a nice discussion of regularity conditions for efficient
score equations with complete data). Note that the Li(Py)-continuity condition is only re-
quired for the WLE’s with estimated weights and (modified and centered) calibration. An-
other way to understand the relative weakness of the Condition 3.3.3 (2) is to compare it
with standard conditions for bootstrapping Z-estimators because the IPW empirical process
1s closely related to the exchangeably weighted bootstrap empirical process. See, for example,
conditions A.4 and A.5 in [60]. The differentiability condition A.4, which implies continu-
ity, corresponds to our Li(Py)-continuity condition. However, we do not impose a condition
similar to the weak La(Py) condition A.5. In fact, our Lemma 6.3.2 in Chapter 6 with the

Glivenko-Cantelli condition can be used to relax condition A.5 of [60)].

3.4 Comparisons of Methods

We compare asymptotic variances of five WLE’s in view of improvement by adjusting weights
and change of design. To make these comparisons clearly, we first need to give a clear

statement of the result corresponding to Theorem 3.2.1 for stratified Bernoulli sampling.

3.4.1 Stratified Bernoulli Sampling

ern_ éBern éBern éBeTn éBern under

We present asymptotic normality of the WLE’s, éﬁ Ny O ONS T, ONC

stratified Bernoulli sampling where all subjects are independent with the sampling proba-

bility p; if V€ V.

Theorem 3.4.1. Suppose Conditions 3.1.1 (except 3.1.1(f)) and 3.1.2 hold. Let &; € {0,1}
be ii.d. with E[G|V] =mo(V) =Y p;I(V € V;).
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(1) Suppose that the WLE is a solution of (3.6) where P, may be replaced by PY° P°,

PY™ or PN for the estimators with estimated weights, calibration, modified calibration

and centered calibration. Under the same conditions as tn Theorem 3.2.1,

ZBern = IO_

Bern — 17—
nBern = -

EBe'rn — I
yhern = -
Ei@rn — I

T
1+ZV]'

VN(@OF™ —0)) = VNPRl+op+(1)
VN@ORL™ = 00) = VNPl +op-(1)
\/N(GB”" o) = VNPV Lo+ op(1)
VN (b ) = VNPY"™l +op-(1)
VN (6 bo) = VNP lo+op-(1)

T,
R e
Dj

J=1

j*l

JrZV]
7=1

+Zuj
+Zuj

J

pj

ZBern
Bern
Ze
Bern
Zc
ZBern

Bern
ch

Poj;(00)®*,
;]pj P (1~ Qe)lo)™?
P3Py (I — Qe)lo) ™
B3 Py (I = Que)00)™

P0|g (I QCC)EO)

where Qe, Qc, Qme and Q¢ are defined in Theorem 3.2.1.

N (0, £5erm),
Ny(0,57¢™),
Np( ZBer)
Ny(0, 25
N,(0,55em)

n
)

)

)

)

)

9

i

(3.9)

(3.10)

(3.11)

(2) Under the same conditions as in Theorem 3.3.1, the same conclusion in (1) holds with

Iy and £y replaced by those defined in Condition 3.3.2.

Comparing the variance-covariance matrices in Theorem 3.4.1 to those in Theorems 3.2.1

and 3.3.1, we obtain the following corollary comparing designs. All estimators have smaller

variances under sampling without replacement.
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Corollary 3.4.1.

Y = EBern ZVJ

Ee _ EBern ZV]

{Po| Lo},
J

PPy (I = Qe)lo}*,

Y. = xBern_ Zy] {POU(I Qe)lo}®2,

Yme = Eﬁim ZVJ {P()lg(I ch}€0}®2

_ Bern
Yee = X, E Vj

Variance formulae (3.8), (3.10) and (3.11) have the following alternative representations

{P0|] (I QCCMO}@Q

which show the efficiency gains over the plain WLE under Bernoulli sampling.

Corollary 3.4.2. Under the same conditions as in Theorem 3.4.1,
E@Bern — ZBern — Var <§ ( )QeZO)
mo(V)

Eﬁecrn _ EBern_Var (f—ﬂ‘o( ) mcg>a
) QRmelo

_ V) ~
ZBern = EB@T‘TL — Var (f TrO( cc‘g ) .
cc 7T0(V) Q 0

Thus modified calibration and centered calibration yield improved efficiency over the
plain WLE, while (ordinary) calibration does not yield a guaranteed improvement in general.
We do not have similar formulas for sampling without replacement except for the special

case involving within-stratum calibration described in part (2) of Corollary 3.4.3 below.

3.4.2  Within-stratum Adjustment of Weights

[5] proposed calibration within each stratum to improve the calibrated WLE. Let Z @) =
I(V € V;))ZT and Z = (ZW,. .., ZUNT and consider calibration on Z. The calibration

equation (2.4) becomes

N
& o 1 ,
§ ZI(VEV) N;lzil(vievj), j=1,...,J
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where o € R7%. We call this special case within-stratum calibration. We define within-
stratum modified and centered calibration analogously.

We also call the method of adjusting weights within-stratum estimated weights when
binary regression is done within each stratum. Recall that the first J elements of Z for
estimated weights are stratum membership indicators and the rest are other auxiliary
variables, say Z, Within-stratum estimated weights uses Z = (Z(l), ceey Z(J))T where
ZU) = [(V € V;)(ZPHT with 1 included in ZIZl. The “true” parameter Gg has zero for all
elements except having G.!(p;) for the element corresponding to I(V € V}), j =1,...,J.

The following corollary summarizes within-stratum adjustment of weights under strati-

fied Bernoulli sampling and sampling without replacement.

Corollary 3.4.3. (1) (Bernoulli) Under the same conditions as in Theorem 3.4.1 with Z

replaced by Z and oy replaced by éq for within-stratum estimated weights,

ZeBeTn — yBern _ ZVJ P0|] (Q(J Eo) 2, (312)
EcBern _ Egirn — nBern _ Z vj - by P0|j (Q((:j)go>®2 7 (313)
ECBCern — EBern Z Vj P0|] <Q )®2 , (3.14)

where

QOf = Py [16(2760)(2)7] { RG22 a0 2272}

xGo((ZTa0)I(V e v;)Z1,
QU = PoylfZ Py, [2¥°1y (Ve Vy)Z
QDf = Polf(Z = nzy) UPol(Z = nzy) Py IV € V)(Z — nzy),
with pz; = E[I(V € V))Z) forj=1,...,.J.

(2) (without replacement) Under the same conditions as in Theorem 3.2.1 or Theorem 3.3.1

with Z replaced by Z,

Yee = X— Zl/j

Pivarg, (Qg%) . (3.15)
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3.4.8 Comparisons

We summarize Corollaries 3.4.1-3.4.3. All estimators have reduced variance under the sam-
pling without replacement design in comparison to Bernoulli sampling. Every method of
adjusting weights improves efficiency over the plain WLE in a certain design and with
a certain range of adjustment of weights (within-stratum or “across-strata” adjustment).
However, particularly notable among all methods is centered calibration. While other meth-
ods gain efficiency only under stratified Bernoulli sampling, centered calibration improves
efficiency over the plain WLE under both sampling schemes. There is no known method of
“across-strata” adjustment that is guaranteed to gain efficiency over the plain WLE under

stratified sampling without replacement.

There are close connections among all methods. When the auxiliary variables have mean
zero, then centered and modified calibration are essentially the same. Within-stratum cal-
ibration and within-stratum modified calibration give the same asymptotic variance. For
Z and «q defined for estimated weights and 7 and g defined for within-stratum esti-
mated weights, modified calibration based on (1—m(V))~'Ge(Z7 ) Z and within-stratum
calibration based on G.(ZTag) perform in the same way as the estimated weights and
within-stratum estimated weights, respectively. Because of these connections among meth-
ods, there is no single method superior to others in each scenario. Performance depends
on choice and transformation of auxiliary variables, the true distribution Fy, and the de-
sign. For our sampling scheme, within-stratum centered calibration is the only guaranteed

method to gain efficiency while other methods may perform even worse than the plain WLE.

3.5 Proofs

Asymptotic linearity and the limiting distributions of &y in binary regression and (modified
and centered) calibration are given by the following proposition. The proof requires a

Glivenko-Cantelli theorem for P} whose proof is independent of Proposition 3.5.1.
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Proposition 3.5.1. Under Condition 3.1.1, & is consistent for ag, and
VN(an — ao)

_syVRL z ST (g ma(i) + o)

WSOIZ

where G; are independent Fy;j-Brownian bridge processes.

bj 1_pj

Under Condition 3.1.2, &5, &\¢ and & are consistent, and
VN (& — ao)
N
1 - ~1 & —mo(Vi)
=——=) G0) 1 {Pz*? Zi( + op«(1
NZ ( ) { 0 } WO(Vi) P ( )

- “{Pyz®?) Z\ﬁ ijZ

_ _\;Nﬁ;(;(orl {P017TZ®2} 2 <w> +ops(1)
- —G(0)"! {Polm(Z@z}lZJ: Nz JpJG 2,

and

mo(V)
1 al fz 7"-0(‘/)
U 2 “Z)( o(Vi) >+OP*()
- 1 —mo(V i
¢ {r = } Zw 6,2 ).

where the Fy;-Brownian bridge processes, G;, are independent.

Proof. We first consider estimated weights. Define My (a) = Pym, and M(a) = Pyyma
where mo(Z,€) = 1og ({pa(&|Z) + pay(€]Z)}/2) . We again apply Theorem 5.7 of [56] for a
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consistency proof. Because p,(£|Z) is a valid marginal density of a single observation & given
Z, the argument of [56], page 66, can be used to verify the second condition of the theorem.
We verify the first condition of Theorem 5.7 of [56]. Let G (z; @) = {Ge(27a)+Ge (2T ap)} /2.
Then mq(z,€) = £log Ge(z;a) + (1 — &) log(1 — Ge(z;a)). We rewrite Pym, as

1 & . .
Pyma =~ ;g log Ge(Zi;a) + (1 — &) log (1 —Go(Zs: a))

}

N
:2{]“7” [lz S 1og Gy (Z,00)

7j=1 N Nj N] i=1 n]/NJ
J N
+Z { N <1 B Nj) [Nj Z T—n,/N; % <1 - Ge(Z“’a)> '
Jj=1 i=1

Thus, if we establish that both Sy ; = {log (1 — Ge(zTa)) ca e RITRV € Vj} and 81 j =
{log Ge(zTa) :a e RITF V € Vj} are Pp-Glivenko-Cantelli for j = 1,...,J, it follows from
Theorem 6.1.1 applied to sampled subjects and non-sampled subjects in each stratum sep-

arately that Pym, converges in probability to

J
Pyme = Zyjpjpo(logée(zTa)’Vevj)
j=1

+iVj(1 —pj)PO <log (1 - ée(ZTO‘)> ‘ Ve Vj) )

j=1
uniformly in «. Note that the method of estimated weights does not estimate the sampling
probability for the subjects in a stratum if the sampling probability is 1. Thus, we can
assume that Ge(ZTag) < 0/ < 1. Hence we have log(c/2) < log Ge(ZTa) < 0 and log({1 —
a'}/2) < log (1 —ée(ZToz)> <O0forallj=1,...,J and @ € R/*¥. This implies that
all sets Si j,k = 0,1, have integrable envelopes. Now it suffices to show that all sets are
VC subgraph classes. Note first that {z"a : o € R/*¥} is a VC subgraph class by Lemma
2.6.15 of [58]. Note also that G. and the logarithm are monotone functions. Because a map
by a monotone function, addition and multiplication all preserve the property of the VC

subgraph class by Lemma 2.6.17 of [58], our claim follows and hence the first condition is
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verified. Since we have by concavity of the logarithm and the property of & that
1
5P log pay (€]V)

1
ipN 1ngozo (£|V) = MN(QO)’

1
§PN log pay (E|V) +

1
§PN 1ngozo (f‘V) +

My (an)

v

Y

consistency follows from Theorem 5.7 of [56].

We apply Theorem 3.3.1 of [58] to show asymptotic normality of &y. Define

1 & ZzTa)Zl oo
(I)Ne N ; Ge ZT Ge( )) (& - Ge(Zi a)) = IP)N¢O¢(£7 V)a

and

Po(a) =Py Ge(zTi)((f _O‘ Zp] VeV) —G(Z2%a)

Note that @y (an) = 0 because (0/0c)Pylogps = ®ne(a). Note also that ®.(a

0) =0

since Ge(ZTap) = pj when V € V;. It follows by the decomposition (2.1) of the IPW

empirical process (see also [8]) that

VN (@ e(ap) — Pe(ag)) = VNOy (o)

B Ge(ZT o) Z
= \/ﬁPN GE(ZTCY())(l — Ge(ZTOéo)) (§ - Ge(ZTQO))

(V) Ge(ZTag)Z Ge(ZT o) Z
_\FPNG (ZTaO) T 0T~ VN T G 2T o)

_ Z / cé mo(V Ge(ZTa0)Z
] G ZTao) 1-— Ge(ZTao)

o(V) Ge(ZT00)Z
+VNPy (G (ZTag) 1) . Ge(Zgao)'

Since 7(V) = n;/N; and Ge(ZT ap) = p; when V € V}, the first term converges to

J J
N; N N;

§ Ny N _n/ G’fG (ZTa0)Z Y |GG (2T ) Z.
N ”J pi(1 = pj) = pi(1 p])

The second term can be written as

N

J
N 1 1 .
E NG| = — 37—5 G, ZTla Zii.
J( p]) N p;(1—pj) N; ( ” 07

=1
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Since n; = [N;p;] by assumption, it is easy to see that —Nj_l/2 < m(nj/Nj —p;) <0,
and hence \/N;(n;/N;j — pj) — 0. Since Nj_1 vazjl Ge(Zfiao)Zj7i = Op+(1) by the weak
law of large numbers and \/W — /Vj, the second term converges to zero in probability.
The weak convergence of VN (@, — ®.)(ap) follows from Slutsky’s theorem.

For the asymptotic equicontinuity of the process, it suffices to consider a compact subset

Aeco € R7** where aq is its interior point since @y is consistent. Let

{Ge(zToz) }2

ban(0) = oD ooy - Lo )
W= G (1 - GuTa)y | Ge(eTe) ]’
2
Z®2 . Ge( TO‘)
b 2(v) = T(ZTQ) Ge(ZTO[) - w

Taylor’s theorem gives

Pal§;v) = dao (€, v) = Paz 1(v) (@ = ap) + dag2(v)(a — o),

mo(v)

where o, j = 1,2, are some convex combinations of a and ag. Thus,

VN(@y, —®.)(a) — VN(@y, — D) ()
= VN Py — B)(¢a — bag) + VNPy(pa — ap)
— VN® (o) + VNI, ()

= (]Pﬂ](, — Po)(ﬁa’{,l\/ﬁ(a — Oé()) + (PN — P0)¢a;72\/ﬁ(04 — Oé())

J
+ Podara | €= _piI(V V) | VN(a — ag). (3.16)
j=1

To show this is op+ (1 + v N(a — ag)), we first show that the set T = {ar € Ao}, k=
1,2, are Glivenko-Cantelli. It is easy to see that {zTa : a € A.o} is Glivenko-Cantelli.
Since G, € C? by assumption, Ga,k: k = 1,2, are uniformly bounded in a € A, . Thus, the
sets Tr, k = 1,2 are both Glivenko-Cantelli by a Glivenko-Cantelli preservation theorem

(Theorem 3, [59]). For the third term in (3.16), apply the dominated convergence theorem
with Py([V) = 3271 (nj /[NHI(V € V) = X1 piI(V € V).
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Since ®(ag) = —Sp, apply Theorem 3.3.1 of [58] to obtain
\/N(d]\f — Oé())

G ZF ) Z;
_ VN Z )((1 . OG)e(ZiTao)) (& — Ge(ZT a0)) + op+ (1)

This completes the proof.

Next we consider modified calibration with dn = &§}°. The cases for (centered) calibra-
tion (i.e., ay = &5 and ay = &ff) are similar. Define @y pe(@) = PR Gme(V;0)Z — Py Z
and ®p,c(a) = Po[(Gme(V;a) —1)Z]. Note that @y me(dn) = 0 and ¥,,.(0) = 0. We apply

Theorem 5.7 of [56] for a consistency proof. For the first condition of the theorem, we have

SUp (| @ me(a) = Ppe(av)]

a€Rk
| X
= Sup NZ( cha)_]-)Zi_PO{GmC(V;a)_l}Z
a€eRk
1L g
— Y 2 Gne(Vi; @) Z; — PoGe(;0)Z
;;lﬂgk N ; 7T()(V;) mc( z;a) ) 0 mc(aa)
| X
+ sup ||—= Z; — PyZ||,
where ||-|| is the Euclidean norm. Since « is a vector in R* and G is monotone, {G (- @) :

o € R*} is a VC subgraph by Lemmas 2.6.15 and 2.6.18 of [58]. Boundedness of G implies
that the set {Gmc(v; )z o€ ]Rk} is Py-Glivenko-Cantelli by a Glivenko-Cantelli preser-
vation theorem (Theorem 3, [59]). Then the first term is op«(1) by Theorem 6.1.1. The
second term is op«(1) by the weak law of large numbers.

The second condition of the theorem is that for any ¢ > 0, inf|ysc [[®me(a)|| > 0.
Suppose, to the contrary, that inf| |~ [[®me(a)|| = 0 for some € > 0. Then there exists a

sequence {a™} C R¥ with |a(™)| > ¢ for each m = 1,2, ..., such that
1@ snc(a™)]] = 0.

Let ®;.(a), j =1,...,k, be the jth element of ®;,.(cv). Since the norm ||-|| is the Euclidean

norm, each element ®; .(a(™) converges to zero. If a(™) converges to a(>) with |a(*)| < oo,
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then by the dominated convergence theorem and Taylor’s theorem,
0= P [{Gmc(V; a®)) — 1} Z] -y [(WO(V)—l ) Gme(V; ") 2920

for some o* with |o*| < [a(®)|. Because Py(mo(V) ™' — 1)Ge(V; a*) Z%? is positive definite
by assumption, a(°) must be zero, which contradicts the fact that |a(°°)| > €.

We assume that some elements of a(™ diverge. Then, a further subsequence a(m)
converges to some o(°) whose elements are extended real numbers. Define a unit vector

B = lim,y 00 ™) /]|a™)||. Then we have for each Z on the set {mo(V) < 1} that

!

1—mo(V) p ™)
mo(V) [l ||

m/—o0

G (2)ZTp>) = lim G( Ham’|y> Z7T ()

M ZT () if ZzT () > 0,
= myZT 300 it ZzT () <,
0 if zT(0) = 0.

It follows by the dominated convergence theorem applied to each element of the vector of

®,,.(cv) that

0= lim (a<m’>)T B0 = Py lim_ {Gmc (V; a<m’>) - 1} AN S
= (M — 1)POI{ZTg(oo>>o,ﬂ0(v)<1}ZTﬂ(OO)
+(my — 1)POI{ZT5<OO><07ﬂ0(v)<1}ZT5<00>.
However, this is strictly positive since m; < 1 and M; > 1, which is a contradiction. This
completes the proof that &y —p« 0.
We apply Theorem 3.3.1 of [58] to show the asymptotic normality of ay. For the

asymptotic equicontinuity condition, it follows by Taylor’s theorem that
\/N((I)N,mc - émc)(aN) - \/N((I)N,mc - q)mc)(a(])
= GN[Gme(V;aN)Z — Gme(V; a0) Z]
= (PR — Po)(mo(V) ™" = 1)Gine(V5a") 22V N (& — a)

for some o* with |o* — ap| < |ay — ag|. This term is op(1 + VN|& — ag)|) if (P% —

Po)(mo(V)™' = 1)Z22G,e(V; ) —p+ 0, uniformly in a. Let Ay C R* be a compact
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neighborhood of zero. Since @y is consistent, it suffices to show that the set {(m; (V) —
1) Z%2Ge(Z;a) - a € Apmen} is Glivenko-Cantelli. Since |7y (V) — 1] and Z are bounded,
the VC subgraph class {(m; /(V)—1)Za : a € Apea} (Lemma 2.6.15 of [58]) is Py-Glivenko-
Cantelli. Because G is continuous and bounded, the set {Gne(Z;a) : a € Apmen} is
Glivenko-Cantelli by a Glivenko-Cantelli preservation theorem (Theorem 3, [59]). Apply
a Glivenko-Cantelli preservation theorem (Theorem 3, [59]) again to conclude {(m5 (V) —
222G e(Z;a) : @ € Amer} is Glivenko-Cantelli. Hence, asymptotic equicontinuity fol-
lows from Theorem 6.1.1. We show the weak convergence of the process VN (PNme —
D) () at ap = 0. Since Gpe(v; o) = 1, it follows from the decomposition (2.1) of the

IPW empirical process (see also [8]) that

\/N@ch— me) (@ ) \ <I>ch():\/N(IP’7r IP’N)Z
J
N
w G

J
- Z S pJG Z ( by Theorem 6.3.1).

The Fréchet derivative of ®,,.(ag) is

. o : _
D (Q)|amag = %PO(GmC(V; a)—-1)Z = G(0)Py(mo(V) ™ —1)Z%2,
a=aq
Thus, by Theorem 3.3.1 of [58] we obtain
VNay = =®ne(0)VN(®Nme — Prne) (0) + 0p*<1>

- —GO0) " { Py(mo(V) " = 1) 282} Z\ﬁ pﬂ@z
O

We give proofs for our main results (Theorems 3.2.1 and 3.3.1). Proofs require results

in Chapter 6, which are proved independently below.

Proof of Theorem 3.2.1. The asymptotic distributions of A is derived in [8]. Here we derive

the asymptotic distribution of GAN,mC that is a solution of the calibrated weighted likelihood
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equations with modified calibration

7]</,1,mc(97 n, 05) = P%Gmc(v, Oz)éem = 0,

7](/,2,mc(07 n, a)h = P%Gmc(v; a)(BH,nh - PO,nBG,nh) = 07
for all h € H with oo = apn. Let ¥p0(0,1, @) = (V1 me(0,m, @), Vo me(6, 1, @)

\Ijl,mc(97 7, Oé) = POGmC(V; a)é9,n7

12[1277716(9, mn, Oé) = Ponc(V; Ck)(Bg’nh — Pg}nt,nh).
The derivative map of ¥,,,. with respect to (6,7) at (6y, 7m0, «) has components
Po{Gme(Vi0)ijgomon}t, 4.5 =1,2.

Our proof proceed by verifying the conditions of Theorem 1 of [9]. The weak con-
vergence of /N (¥ Njme — Yime) (0o, 1m0, ag) follows from Theorem 6.3.1. The asymptotic

equicontinuity conditions

sup VN (UR e = W) 0,0, 63) = VN (TR, e = Uime) (0,1, 00)| | = 0p (1),
0cOneH )

for j = 1,2, follows from Lemma 6.4.3. The other asymptotic equicontinuity condition

H\/N( T]:f,j,mc - \I"j,mc)(éN,mm f]N,ma CY()) - \/N( ﬂFNJ"mc - \I’j,mc)(em Mo, aO)HH = OP*(1)7

for j = 1,2, follows from Condition 3.2.2 and Lemma 6.3.1. Thus conditions (2) and (3) of
[9] are satisfied.

The Fréchet differentiability of the map (6,7) — ®;mc(0, n, @) uniformly over the neigh-
borhood of «q follows by Condition 3.2.3 and boundedness of G;

H‘I’mc(e,n,a)h = W00, 10, )b = W ((6,77) — (00’770))”1{

= :16171-)[ E {Gmc(V; @) (%,n,h — Voomoh — Veo.mon((0,1) — (90,770)))}‘

. 1/2

< {BG%.(Via)}"? sup [E {%,n,h = Yoo.m0.h = Y6001 ((6,7) = (o, nO))}Q]
heH

= op- ([|(8,1) — (60, m0)|) -
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The Fréchet derivative ‘i’a,mc of the map o +— {U,,.(0,n,a)h : h € H} is

0

g Lmel0:m, e)h = EE [Gme(Via)thonp] = E [MO(V)

zr .mc ; .
WO(V) G (V7 O‘)d}@,n,h

Oa da

Now proceed in the same way as [9] to obtain

\/N(éN,mc - 90)

. ~ 1—m(V
= \/N(QN — 90) + F f@oﬂmw

V) zTG(O)} VN(ax — ap) + op=(1).

Because VN (O —0) = GPloy.mo +0p+ (1) ((16) of [8]), it follows from (6.12) and consistency
and asymptotic normality of &y that VN (éMmc — 0y = G;{;m‘:ggmm + op«(1). Apply
Theorem 6.3.1 to complete the proof.

The other three cases are similar. O

Proof of Theorem 8.3.1. We only consider the WLE with modified calibration, éch. The
other four cases are similar.

We evaluate the stochastic order of v NP4y, o + VN PgééN . Because

mcvﬁN,m
T,MC ) _ —1/2 . ) o T,MMC )
Py EéN,mcvﬁN,mc = op+(N~1/2) by assumption and Pylg, ,, = 0, we have v NP g, ny +

/ ) _ TMC ()
NPO{éN,mc»ﬁN,mc - _GN (EQN,mc»ﬁN,mc
define Fiy = {lg.) — Logny : |0 — 00| < On, |ln —nol] < N~P}. Then f € Fy converges to

— Loy ny) + 0p+(1). Let oy | 0 be arbitrary and

zero either pointwise pointwise or in Li(Fy) by Condition 3.3.3 as N — oco. Moreover, it
follows from Condition 3.3.3 that |Gy||zy = op+(1) and that there exists some Ny that
Fn is Glivenko-Cantelli for N > Ny. Apply Lemma 6.3.2 to obtain |G|z, = op+(1)
and conclude v N mecégomo +VNPyl; = op+(1). Similarly, v N. PN B o [K¥] +

6N,mc»ﬁN,mc

VNP,B, [h*] = op=(1). These stochastic orders and Condition 3.3.4 imply that

eN,mcvf]N,mc

Py {~Ly50 (€5, 1 (B me — 0) + Ba o liin.me — 1)) }

+ 0 (I0vme = 801) + O (livme = m0lI®) + PR Loy

= PO{*%OJIO (éGTO,nO (éN,mc - 90) + BQo,no [ﬁN,mC - 770]) - ééN,mcvﬁN,mc + éGoJ}o}
+ 0 (103me = 00]) + O (linme = noll®) + Poliy, o+ PR dagng

:OP*(N_l/Q)’ (317)
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and, furthermore, that

Py {=Boyno 0] (8, o (Brvme = 00) + Bog it me — 10]) }
+ 0 (wme = Bol) + O Ul me — 0ll®) + P By [

— ope (V). (3.13)

By Condition 3.3.1 and af > 1/2, V/NOp- (||in — m0||*) = op+(1). So by Condition
3.3.2 and taking the difference of (3.17) and (3.18), we have

-P ({éeo,m — Boy o [h*]} éé’;m) (éN,mc — 90) + o (!éN,mc — 90|)
+or(N"V2) = 0p(NY2) + P (Um0 — Boyo [1])

_ OP(Nfl/Z) . OP(Nfl/Q)’

or

_IO(éN’mC - 00) - P%mc (éeoﬂlo - BGOJ}O [ﬁﬂ) + op+ (N_l/Q).

It follows by the invertibility of Iy that

\/N (éN,mc — 90) = —\/Np%mcfal (éeo,no — 3907770 [ﬁ*]) +op(1).

Now, we recognize that the summand inside Py is the efficient influence function for 6

(for complete data) and apply Theorem 6.3.1. O

Proof of Theorem 3.4.1. Theorem 3.2.1 for cases for éﬁem and 9]]\3’,‘5;’ " are proved in [8, 9].
We only consider the WLE with modified calibration, éwa The other four estimators for
both theorems are similar.

Under stratified Bernoulli sampling, independence of sampling indicators allows us to
proceed in the same as in the proofs of Theorems 3.2.1 and 3.3.1 to conclude vV N (éﬁexc’ —

o) = V'N. }P’X}mcgo + op+(1) and asymptotic linearity of &y in Proposition 3.5.1. In view of
(6.12), VN (05 — 0) = NPy f + op-(1) where

go _ §—m(V)

§ -
U o) Qmelo. (3.19)

fX, V€)=
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Apply the central limit theorem and compute

S ™ = Var(f)

B § -~ E—m(V) 5

= Var (E |:7T0(V)£0 — Wch&)

3 §—mo(V)
mo(V)

§

= Var(fo) + F [Var <7r0(‘/)([ - ch)fo

X, v])
=)
X, v)]

chg()

o var

_ 1—1p; ~
=+ Z”J'Tjjpﬂlj{(] — Qume)lo}®2.

O]

Proof of Corollary 3.4.2. We only consider the WLE with modified calibration, 6 N,mec- The
other two cases are similar.

Let Quelo = AZ where A = AjAy with A; = Po[(ng (V) — 1)40Z"] and Ay =
{Po[(mg H(V) — 1) Z%2]} 1. Recall that 5" = Var{(¢/m(V))lo}. In view of (3.19), it suf-
fices to show that Cov{(&/mo(V))lo, (&/mo(V) — 1)AZ} is equal to Var ((&/mo(V) — 1)AZ).

This is true since

& - &—m(V) - £ - &—m((V) T
C"V{mvf‘” (V) AZ}‘E{WOWW (V) Z}A

-sffan{ G ot

1 —mo(V) > } T T
_p | Lo m0WV)G 2| AT — 4,4, A7

and

Var (5 ;072/()‘/ ) AZ) — AVar (5 ;{:E;’/()V ) Z) AT
mo(V)

= AF [Var (5;0(‘/)2‘)(, V)} AT

+AVar <ZE [5;07(?/()‘/)‘ X, V]) AT
g2l —mo(V)

= ap |70

] AT 4 0= A,4,AT.
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O

Proof of Corollary 3.4.3. (1). We first consider stratified Bernoulli sampling. The case for
éN,C was proved in [5]. We only consider the WLE with modified calibration, 6 N,me- The

other two cases, (3.12) and (3.14) corresponding to éN,e and 0AN7CC, are similar.
L ZUNT with ZU) = [(V € V;)Z", we compute A1 = Py[(my (V) —

For Z = (ZW)
1) Z"] and Ay = {Py[(my (V) — 1)Z®2]}~1. Note that Quclo = A1AsZ. The matrix
A = [/Nlm, Ay s] is a partitioned matrix where
i 1—m(V); ¢ L—pj; r k
Al:] = PO (ﬂ_o(‘/)goz(‘j)) = V]P()‘] < D gOZ € RPX .

and the matrix A, is the block diagonal matrix the jth block of which is

doy = R oM gonme) T [ g P e gk
TEUY mV) 7, '

Thus, the matrix A = A; A, is a partitioned matrix A = [A4;, .

.., Aj] where
i1 5 T ®2 1
Aj = A1jAz; = By (EOZ ) {Po 2=}

It follows by the definition of the ZU)’s that
L~y ®2 Ly ®2

— Ry, {ZO - Ajz}®2 — Ry, {(I - ng>)20}®2 .

Since

Lo\ ®2 - - 1 -
Pyj; (AjZ) = A;Py; Z%* AT = Py (&)ZT) [Py; 222} Py, (EOZT> ,

and

Poy; (0027) AT = Poy; (002" {Poy; 2%} " Py (ZOZT)T,

it follows that

Ny ®2 5 -
Foys {(I - Qﬁj))fo} = P05 — Py {QY)0}*2.

Substitution of this into (3.10) gives (3.13).
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(2). Next, we consider the second part of Corollary 3.4.3 concerning stratified sampling
without replacement. For Z = (Z(l), .. .,Z(J))T with Z0) = I(V e Vj)ZT, we compute
By = Pol(mg (V) = Dlo(Z — uz)"] and By = {Po[(mg (V) = 1)(Z — uz)**]}~". Note
that Qccgo = ByBsZ and By = (uigvl,...,,ugt])T. The matrix B; = [BL]_,...,BLJ] is a
partitioned matrix where

) L= 7o(V)~ . 1
Bij=h (Wo((‘)/())&)(Z(]) - M%,j)) = VP <

pjgo(Z - ,uz,j)T> .

and the matrix By is the block diagonal matrix the jth block of which is

—mo(V ; ! 1—pj -

BQJ‘ = {PO

Thus, the matrix B = By B, is a partitioned matrix B = [Bl, ..., By] where

-~ ~ -1
Bj = BuBay = Poy (0(Z = n2)") {Poy(Z = 1z5)*} "
It follows by the definition of Z@)’s that
Var0|j {(I — Qcc)go} = Var0|j {20 — B(Z — ,uz)}
= Val"mj {20 - Bj(Z - /LZJ')} = Var0|j {(I - ngc))go} .

Then, since

Varo); (BJ(Z - Mz,j)) = BjVaxg;(Z)B]
- _ - T
= Py (50(2 - uz,j)T) {Vary;(2)} ' Py (50(3 - MZ,j)T) :
and
COVO|j (207 BJ(Z - MZ,j)) = P0|j (EO(Z - MZ,j)T> B]T
- _ ~ T
= Py (fo(Z - MZ,j)T) {Vary;(2)} ' Py (KO(Z - uz,j)T) ,
it follows that
Va,I'0|j {(I — ng))go} = V&ro‘j (Z()) - Var0|j{ng)éo}

Substitution of this last identity into (3.5) gives (3.15). O
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Chapter 4
VARIANCE ESTIMATION

In the previous chapter, we derived asymptotic distributions of WLE’s. A next nat-
ural question in order to carry out statistical analysis is variance estimation for a finite-
dimensional parameter. However, the presence of an infinite-dimensional nuisance parame-
ter often results in non-explicit expressions for asymptotic variance. This is the case for the
Cox proportional hazards model with current status data, which is discussed in the next
chapter in detail. Moreover, the phase II variances due to our “without replacement” sam-
pling scheme are not easily estimated by simple modifications of existing methods. Our goal
of this chapter is to develop two general methods for variance estimation under two-phase
sampling that cover the case where the asymptotic variance involves unknown functions.

Before describing our methods, we illustrate difficulties in this statistical problem in a
relatively simple situation. Suppose that the efficient influence function for complete data
ng is a known function up to a parameter (¢,7), and that a plain WLE 0 ~ has asymptotic

variance

~~ Dj

J
_ 1—p; ~
Y= IO ! + E Vj ‘ JV&I‘QU(EO),
. j=1
phase I variance

phase II variances
as in (3.1). With complete data, the asymptotic variance I ! of the MLE 6 can be estimated
by IP’NZZA%; where 7} is the MLE of 1 because we expect that the Glivenko-Cantelli theorem
implies that
PNZ;?; —p Pol5? = It
Simple application of this idea to our situation by replacing the empirical measure Py
by the IPW empirical measure P%; does not lead to valid variance estimation since our

Glivenko-Cantelli theorem (Theorem 6.1.1) is expected to yield

Igt =PRE2 . —p Pl =13 #3,

)T
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where 7 is the WLE of n. The problem here is failure to estimate the phase II variances. In
fact, this difficulty is seen in other “naive” applications of available methods for complete
data (the method of [35], or a discretized efficient information matrix on observed data)
to two-phase sampling in that existing methods with the empirical measure replaced by
the IPW empirical measure only estimate the phase I variance. This problem motivates
the development of two new bootstrap-based procedures for two-phase sampling described
below.

For the sake of completeness, we present a discussion of variance estimation in the above
example. In fact, we do not need a new method in this simple example. We estimate Var, jgo
by Va\rmj(go) = pjgg?j’m - {pjgé]\,,ﬁw}@ where for j = 1,...,J, P;f = PLFI(V € V).
Also, we estimate v; and p; by ©; = N;/N and p; = n;/Nj;, respectively. Then a variance

estimate 3 can be defined by

J ~
~ A R l—p/\ ~
E:Iol—F E Vj ﬁ jVarO‘j(fo).
=1 J

The cases for other WLE’s are similar with Q4, # € {e, ¢, mc, cc} estimated. For example,
Q.f is estimated by

A ~1

Qcf(Vi, Xi, &) = PR (f2) {PRZ2%%} " Z,

so that we can estimate Varg; ((I - Qc)fo) by

Varoy (1= Qo) = B {00tV { B - @0, 1 )
Although variance estimation can be accomplished as above when the asymptotic variance
is expressed in terms of a function gg,n known up to (6,7n), our problem of interest is to
develop general methods for variance estimation including cases where an explicit formula
for the asymptotic variance is unavailable.

In the following, we introduce two general bootstrap-based procedures for estimating
asymptotic variances of the WLE’s of a finite-dimensional parameter. The first method
estimates phase I and II variances separately by an extension of [35] and a survey bootstrap
of [18] and [3], respectively. The second method estimates phase I and II variances simul-

taneously based on the single bootstrap procedure with survey bootstrap as a foundational
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building block. The first method allows us to compare a design with complete data and
a two-phase design while the second method correctly estimates asymptotic variance even

under model misspecification. All proofs are presented at the end of this chapter.

4.1 Separate Estimation for the Phase I and II Variances

4.1.1  Estimation for the Phase I Variance

We estimate the phase I variance by extending the method of [35] to two-phase sampling.
This method requires more conditions than imposed in Chapter 3.

A modified version of the conditions imposed in [35] are as follows.

Condition 4.1.1. The weighted likelihood estimator is the mazximizer of the weighted like-
lihood;

(O, iin) = argmaxyee ye nPiloglik(6, n),
where loglik(0,n) is the log likelihood at (0,7m), or equivalently, Oy mazimizes the weighted
profile likelihood 6 — M7 (0) given by

M7 (6) = sup PRloglik(6, 7).
neH

The estimator Oy of 0 is consistent and asymptotically normal with
VN (O — 60) = I G0 + op(1), (4.1)

where £y is the efficient score and Iy = P0(€8)®2 is the efficient information for 0 in the

complete data model.
Condition 4.1.2. Let ¢ = (0,7), and, for a fived 0, fjp v = argmax, c yPFloglik(0,n) and
o = (0,76,n).

(1) For each v = (0,n) there exists a map t — Qt(d}) from a fized neighborhood of 6 to
the parameter set for n such that the map t — £(t,v)(x) defined by

€(t, ¥)(x) = loglik(t,n,(¢))(x)

is twice continuously differentiable for all x € X where the derivatives are denoted by

((t, ) (x), and 0(t,¥)(x), respectively.
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(2) The p-dimensional submodel with parameters (t,n,(1)) passes through ¢ = (0,n) at
t=0;
n,(0,n) =mn, every (6,n). (4.2)
This submodel is the least favorable in the sense that
£(00, o) (x) = £
(3) It holds that ﬁéN,N —p no for every Oy —p 6.

Condition 4.1.3. For any random sequences 6 and ¢ such that 8 —p 6y and ¥ —p Yo,

NE(B,9) = GR LG + op(1), (4.3)
N0, 9) —p 1o, (4.4)
Pol(8,9; ) = —Io(6 — 6) + op (Hé — o] + N—1/2) . (4.5)

The weighted likelihood estimator in Condition 4.1.1 is formulated as the M-estimator
rather than the Z-estimator in Chapter 3. This formulation is plausible because the WLE
as the M-estimator is often obtained from solving the weighted likelihood equations as in

Chapter 3. Moreover, the condition

(On,7n) = argsupygee e p P loglik(6, ),
can be replaced by the conditions

PRloglik(An,in) = sup  PRloglik(6,n) + op(N 1),
0cOneH

and the weighted likelihood equations (2.7) or (3.6). For ease of the presentation, we do
not present the details on this relaxation. The rest of Condition 4.1.1 can be verified either
by Theorems 3.2.1 or 3.3.1 after establishing consistency of the estimators. Condition 4.1.2
and the equation (4.5) in Condition 4.1.3 are identical to the conditions imposed on the
complete data model in [35]. The equation (4.3) in Condition 4.1.3 can be verified by
the result on the asymptotic equicontinuity with appropriate additional conditions such as
Theorem 6.3.2, Lemmas 6.3.1 or 6.3.2. The convergence in (4.4) in Condition 4.1.3 can be
also verified with the aid of the Glivenko-Cantelli Theorem 6.1.1. See also Lemma 2.2 of

[35] for appropriate conditions to verify (4.3) and (4.4).
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Theorem 4.1.1. Suppose that Conditions 4.1.1, 4.1.2 and 4.1.3 are satisfied. Then

_2M7]§[(é1\7 + hNUN) — M%(é]v)
I

—p Ugjovo, (46)

for every random sequence hy —p 0 such that (VNhy)~! = Op(1) and for every sequence

UN — P V).

Remark 4.1.1. This theorem is formulated with numerical differentiation of the profile
likelihood for the case where the efficient information for the complete data model contains
unknown functions. However, this theorem also justifies use of the first or second derivatives
of the profile likelihood with respect to the finite-dimensional parameter for estimating the

efficient information as seen in the Cox model with right censored data. See a discussion in
[35].

Remark 4.1.2. Under model misspecification, the phase I variance typically takes the form
of a “sandwich formula” rather than Iy but the method described above will estimate Iy. In

contrast, bootstrap methods we discuss below automatically respect model misspecification.

4.1.2  Estimation for the Phase II Variances
Survey Bootstrap

We introduce the survey bootstrap for the IPW empirical processes, which reproduces the
phase II variances. This bootstrap procedure is based on the method proposed by [18, 3]
for a stratified sample from a finite population. We illustrate the procedure by example.
For simplicity, suppose that there is one stratum so that we can suppress indices. The
first step is to create a bootstrap equivalent to the phase I population. If N = 900 and
n = 300 so that N = 3n, we create an pre-bootstrap phase I population or an “artificial
population” in the terminology of [18], by copying 300 phase II observations 3 times. This
bootstrap population does not contain observations not sampled at the second phase but
these observations are not used in weighted likelihood estimation from the first except for
adjusting weights. The next step is sample n observations without replacement. If N is
not divisible by n, say, N = 1000 and n = 350 (N = 2n + 300 = kn + r), we create

two pre-bootstrap phase I populations, by copying phase II observations & = 2 times and
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k + 1 = 3 times, respectively. Then we sample n observations from the first pre-bootstrap
phase I population with probability s = (1 —7r/n)(1—r/(N —1)) or from the second phase I
population with probability 1—s. For the case of multiple strata, we carry out the procedure

described above for each stratum.

More formally, the survey bootstrap is described as follows. For the jth stratum, let
(Wl(j ), cees ,%)) € R™ be a vector of an exchangeable weights that follows the mixture
of the multivariate hypergeometric distribution M H (njk;,n;, (kj,...,k;)) with probabil-
ity s; = (1 —rj/n;)(1 —rj/(N; — 1)) and the multivariate hypergeometric distribution
MH(nj(kj + 1),n5,(k; +1,...,k; + 1)) with probability 1 — s; where N; = kjn; + r;,
kj,r; € N with 0 < r; < nj;. See Section 4.3 for notation and basic results on the mul-
tivariate hypergeometric distribution. We define Wy, ;; by Wy, ;; = 0 if §;; = 0 and
Wi, gi = W,Ej ) where the observation (V4,8 X54, &) has the kth smallest index i among
the observations with &;; = 1 in the jth stratum. We denote Wy; for Wh, 4 in the same

way as other notations when we do not specify the stratum where the observation belongs.

Define the survey bootstrap IPW empirical measure by

13 17 1 Nj
Wri—0x, = — Wi, 5.i€5,i0x,
(Vi) N ]z; n;/Nj ZZ; FIISIER,

>
>3
n
I
==
M=

1

1

N PES

J j,n]‘7

Il
2|~

<
Il
A

where the survey bootstrap phase Il empirical measure for the jth stratum is given by

Nj
ses L .
Phs = — > Wa,ji&idx, J=1,...,J.
Ji=1
Also, define the survey bootstrap IPW empirical process by
GT® = VNP - PR).

We decompose the survey IPW empirical process as in the decomposition (2.1) of the IPW
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empirical process;

&y
=23
9}

|
3
RS
a=H
2 2]

W)
ZJ éj’ — 1)(5)( .

1i=1
&S &
Ny (B~ )

I
M&

J

- 5 5
MK

j=1
N; |Nj A AES
- N\ 7 (4.7)
j=1 N\ ny o
where
¢ I
Pj,nj = nj;é-j’iéXj’“ ] = 17_”,(]’
~ES .S 3 .
Gj,nj = @(Pj7nj _]P)j,n]')’ ] = 1,...,J.

Survey Bootstrap with Adjusted Weights

We propose two calibration methods for bootstrapping the IPW empirical process. The
differences are how to view the original samples to be calibrated leading to different centering
of estimators. The first method we propose does not require information on adjusting
weights in the original sample in order to calibrate a bootstrap sample. In other words,
we calibrate the sample {(Wy;(V;, &X5, &)Y :L1. In the original sample, we calibrate the
sample to the known phase I average. The corresponding quantity in the pre-bootstrap

phase I population is

N 2D kiiiZii= ZZW( % =PRZ,
j=11i=1 j=li=1 "0V
when N; = k;jn; for j =1,...,J. This observation leads to calibrating a bootstrap sample

to the Horvitz-Thompson estimator of Z. Specifically, the estimators of a we propose
for calibration, modified calibration and centered calibration in survey bootstrap are the
solution to the bootstrap calibration equation

N
1 §iGe(Vi; a) 1 &i
N wy etz = 2N Sz, 4.
N;JVMM Ngw (48)
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or I@)X;SGC(V; &f\,)Z = P} Z, the solution to the bootstrap calibration equation

ZWMM Z 5@ . (4.9)
=1

mo(Vi mo(V;

or ]@’%sGmc(V; CVN”C)Z = PR3 Z, and the solution to the bootstrap calibration equation

ZWMW(Z PY,Z) =0, (4.10)
i=1

A~

or P GV ACC)( — PR Z) =0, where

—mo(V)

Gees(V,a) =G (1 (V) {Z —]P”](,Z}T a> ,

respectively. As we discussed in Section 3.4.3, certain calibrations with some choice of

(transformation of) auxiliary variables lead to the same asymptotic variance of the WLE

with estimated weights, and hence we do not propose a method specific to estimating

m,S,c

weights. The calibrated survey bootstrap IPW empirical process is defined by G
VN (I@’;{;S’C — IP%,) where the calibrated bootstrap IPW empirical measure is defined as

IP)ﬂ'ScE ZWNZ& c( z,Ol 5X _ ZWNz

)
770( &c ‘/l) Xir

and &y is the solution to (4.8). The calibrated survey bootstrap IPW empirical processes

GW,S,mc GTI’,S,CC

and with modified calibration and centered calibration and corresponding

,S,me ,S,ce
measures IE”Tr and IP’7r

are defined analogously. Note that the centering process is P%;
regardless of the method used to adjust the weights.

The second method we propose uses information on adjusting weights in the original sam-
ple. The bootstrap sample to be calibrated in this method is {G4(Vj; & )WNZ(V“ EXi, EOIN L,
with # € {¢, me, cc}. The estimators of a we propose for calibration, modified calibration

and centered calibration in survey bootstrap are the solution to the bootstrap calibration

equation

—_
Z

N
1 Gc(Vi; 0)Ge(Vi; én)
= § JGe(Vi; &) Go(Vi; &%) Zi, (4.11)

o (Vi)

or I@’X;SGC(V; &%)GC(V; an)Z =Py°Z, the solution to the bootstrap calibration equation

N N
1 &iGmc(‘/i;a)Gmc(Va Amc) 1 szmc(m7@N)
E Wi Zi = — E 7 4.12
£ N mo(V;) e ) (4.12)
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or PT5 G eV &4m) G e(V ) Z = PY™Z, and the solution to the bootstrap calibration

equation

éz (:CS(LMCV)GCC(L ) Acc) T,CC
— E W Z; — Py Z) =0, 4.13
— TF()(V) ( N ) ( )

or ]P> GCCS(V AdCC)GCC(Vi; an)(Z —PY“Z) = 0, where with the abuse of notation

GCC,S(V,Q)EGCWO({Z Pz} )

respectively. We call these methods of adjusting weights for bootstrap double (modified
and centered) calibrations. The doubly calibrated survey bootstrap IPW empirical process
is defined by @;{;dc = VN (I@’}(;S’dc — P%°) where the calibrated bootstrap IPW empirical
measure is defined as

N 2 ~ N
~ 1 ngc(‘/z adC)Gc(W' a5 «
]Pﬂr,S,dc = W ; y N ) N = . ‘/i. c 6 )

N N ; N WO(Vi) X; g ’/T dc(v) ( ,OéN) Xi»

ad & is the solution to (4.11) and &% is the solution to the calibration equation (2.4). We
suppress ¢, dc, mc, dme, cc, dee for &y and & & n for ease of presentation. We define the doubly
calibrated survey bootstrap IPW empirical processes @X}S’dmc =N (I@’%S’dmc —PY™) with
modified calibration and G7; Sdee — /N (I@)X}S’dw — PL) with centered calibration where
P%S’dmc and ]P’X,’S’dcc are defined analogously. Note that centering each bootstrap calibrated
IPW empirical process is done by the corresponding IPW empirical process depending on
methods of adjusting weights.

We explicitly define the probability space for (V,£X,§) and W. Let W = {W,,. ;; :i =
1,...,nj,n; =1,2,....} be a triangular array defined on the probability space (Z;, &, PWj)
for j =1,...,J. Define the probability space (Z,&, Py) = H}-le(Zj, &j, Pw,) for the boot-
strap weights. We denote the probability space for (V;,&;X;,&;),1 = 1,2,...,as (X, B>, P>),
and denote

(X, B, P*) x (Z,E,Py) = (X x Z,B® x &, Pr),
where Pr = P* x Py. We let P* and P, denote the outer and the inner probability,
respectively, corresponding to P°.

We repeatedly use the definitions and results in [60]. For a real function Ay defined on

the joint probability space (X x Z,B% x &, Pr), we say that Ay is of an order op,, (1) in
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P*-probability if for any € > 0 and n > 0,
P*{Pw (|JANn| > €) > n} — 0,

as N — oo, and Ay is of an order Op,, (1) in P*-probability if for any 7 > 0 and for every

]\4]\[—>OO7

P* {PW (’AN| > MN) > 77} — 0,

as N — oo. The important result is if Ay is of an order op,(1) or Op,.(1) then it is of
an order op,, (1) or Op,, (1) in P*-probability, respectively. This result allows us to freely
translate stochastic orders in joint probability space to the probability space for bootstrap

weights. We summarize several results in the following lemma.

Lemma 4.1.1. Let Ay be a real function defined on the joint probability space (X>° x
Z,B% x &, Pr).

If ANy = opr(1), then Ay = op,, (1) in P*-probability.

If An = opy, (1) in P*-probability and Ay is measurable, then An = opy(1).

If AN = Opy(1), then An = Op,, (1) in P*-probability.

If AN = Op,, (1) in P*-probability and Ay is measurable, then Ay = Op,(1).

Survey Bootstrap Z-theorems

We require the following conditions in place of Conditions 3.1.2 and 3.2.1, respectively;

Condition 4.1.4. Conditions 3.1.2(b)-(e) hold with either

(a-1) (i) The estimator &y = 02‘?\7 is a solution of the calibration equation (4.8),

(ii) The estimator an = oi%c is a solution of the calibration equation (4.9),

(iii) The estimator Gy = &i‘f is a solution of the calibration equation (4.10), or

(a-2) (i) The estimator &y = 547\? is a solution of the calibration equation (4.11),

(ii) The estimator an = &(ijmc is a solution of the calibration equation (4.12),

(iii) The estimator Gy = &‘f\fc is a solution of the calibration equation (4.13).
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~

Condition 4.1.5 (Consistency). The bootstrap estimator (éN,%N) is consistent for (6o, m0)

i P*-probability and solves the bootstrap weighted likelihood equations

- TS _
UN1(0,n) =Py by, = ops, <N 1/2> :

Jeszemi, =

PR (Boh = PagBogh)||, = or, (N7V2),  (4.14)

in P*-probability where P%, may be replaced by IP’;:;S’C, P%s’mc, ]P’X;S’CC P%s’dc, P;{;S’dmc or

I@’;{,’S’dcc for the estimators with calibration, modified calibration, centered calibration, double
calibration, double modified calibration, double centered calibration with the corresponding
estimators denoted as (GN,S,CaﬁN,S,C)f (QN,S,mC7ﬁN,S,mc)7 (9N757007ﬁN,S,cc)7 (ON,S,dcaﬁN,S,dc)?

(HN,S,dmca 'ﬁN,S,dmc), and (GN,S,dcw ﬁN,S,dcc); respectively.

The following is the survey bootstrap version of Theorem 3.2.1. Note that the asymp-
totic variances only consist of the phase II variances as expected. Note also that double
calibrations have right centering of bootstrap WLE’s while single calibrations need center-
ing by the plain WLE O to obtain the same phase II asymptotic variances for the WLE’s

with the original sample.

Theorem 4.1.2. Suppose that Conditions 3.2.2, 3.2.83 and 4.1.5 hold.

(1) Under Condition 4.1.4 with 4.1.4(a-1),

VN(ns—b0y) = GCl+op (1) ~ Zs ~ Ny0,35s),
\/N(éN,Sc —0y) =GR+ ops, (1)~ Zse ~ Np(0,Xg),
m(éN,S,mc —0y) = G lh+ops (1) ~  Zsme ~ Np(0,Ssme),
VN(Onsee—0n) = GC¥%h+op (1) ~ Zsee ~ Np(0,Sge),



54

in P*-probability where

N = i vt ;lpﬂ' Vary; (%), (4.15)
j:l

Yo = Z VJ ” Pizarg ; (I = Qe)lo), (4.16)

Y Sme = Z y] VarOU((I Qme)lo), (4.17)

Scc = Z v b Varou((f Qec)lo), (4.18)

and Qc, Qme and Qe are defined in Theorem 3.2.1.
(2) Under Condition 4.1.4 with 4.1.4(a-2),

VN(On,5.4c — One) = Gyl +op, (1) ~ Zse ~ Np(0,3s,),
\/N(éN,S,dmc - éN,mc) = G%&dmch + OP"/‘V (1) ~ ZS,mc ~ Np(Oa ES,mc)y
\/N(éN,S,dcc - éNycc) = G%S’dccgo + OP(R/ (1) ~ ZSvCC ~ NP(O’ ZS,CC)’

in P*-probability.

We prove the survey bootstrap version of Theorem 3.3.1. Note again that the asymptotic
variances consist of the phase II variances only and that double calibrations have right

centering of the bootstrap WLE’s. To prove this theorem, we require the following condition.

Condition 4.1.6 (Consistency and rate of convergence). (1) The bootstrap estimator

(9N75,#,ﬁN757#) satisfies the bootstrap weighted likelihood equations

VR 150, @) = B # b, = opy, (N717)

™ * A7T,S, * —
VR (0,m,0) [07) = 5% By [07] = oy, (N71/2). (4.19)

in P*-probability where # is null for the case corresponding to the plain bootstrap WLE or
# € {c,mc, cc,dc,dme, dec}.

(2) The estimator (HAN7S7#,77N,57#) of (6o, m0) satisfies \(/9\]\7,5,# —0o| = op,, (1), and ||NN.s 4 —
noll = Op,, (N~P) for some 3 > 0 in P*-probability where # is null for the case correspond-
ing to the plain bootstrap WLE or # € {c, mc, cc,dc,dme, dec}.
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Theorem 4.1.3. Under Conditions 3.3.1-3.3.4, 4.1.4 and 4.1.6,

VN (By.s — by) = Glhtop,(1)  —~ Zs  ~ N0,%g),
\/N<5N,S,c —On) = Gy %+ ops. (1)~ Zse ~ Np(0,Zs.),
W(éN,s,mc —0n) = G0+ ops (1)~ Zsme ~ Np(0,Zsme),
VN(Onsee—0y) = GE5U+op (1) ~ Zsew ~ Np0,Ts0),
m(éN,S,dc On.c) = GY%+ops (1) ~ Zse ~ Ny0,Zg.),
\/N(éj\w dme = Onme) = GO Uy+op: (1) ~  Zsme ~  Np(0,Zsme),
VN (5N,S,dcc —Onee) = G}’\;&d“@o +opr (1)~ Zgee ~ Np(0,Zsec)

in P*-probability where Iy and ly are defined in Condition 3.3.2.

4.2 Simultaneous Estimation for the Phase I and II Variances

4.2.1 Two-phase Bootstrap

We introduce the two-phase bootstrap, which yields both phase I and II variances at the
same time. The bootstrap weights we propose consist of two distinct parts, the first part
capturing the phase I variance and the second part grasping the phase II variances. The
first part, the phase I bootstrap weights, are i.i.d. weights, used in the weighted bootstrap
[31], that reproduce randomness due to sampling from a population. The second part, the
phase II bootstrap weights, are exchangeable weights from the survey bootstrap, which is
already justified above for the phase II variances. The two-phase bootstrap uses the product

of these two types weights as its bootstrap weights to simultaneously yield phase I and II

variances.
For each j = 1,...,J, let the phase I bootstrap weights WT(L]U”, i =1,...,Nj, for the
jth stratum be i.i.d. P‘%) satisfying 0 < WTS)N < M < oo for some M > 0,

EW =1, Va(WD ) =p;/2-p) =

nj:j77' J

We assume that the phase I bootstrap weights are independent across strata and satisfy

P(W(l)

nj 7j7i

=0)=0forj=1,...,J,i=1,...,N;. The phase II bootstrap weights w®

nj 7]7i

are defined in the same way as survey bootstrap weights, which are independent of the phase

I bootstrap weights. Define the two-phase bootstrap weights W, ;; = W w®  We

TL],_],Z nj:jzi.
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denote Wy, W](Vl) and W,(VQZ-) for W, i w

(2) . .
7 o and an, i respectively in the same way as

other notations when we do not specify the stratum where the observation belongs. We also
denote the probability measures for the phase I and II bootstrap weights by PIEI}) = szl PI%)
and P{? and define Py = P{}) x P\,

Define the two-phase bootstrap IPW empirical measure by

D &i
o= ZWNZ Vi) ox = NZnJ/NZ T(L;v)ﬂ nulgﬂ‘sxw

_ 1 B
j=1

where the bootstrap phase Il empirical measure for the jth stratum is given by

N;

; _ 1 1 2 .
Pg’"j T Z Wéj’)j’iwqgj?ﬂgjvi‘sxj,i J=1...J
J =1

and define the two-phase bootstrap IPW empirical process by
GY = VNPT — P}).
We decompose the two-phase bootstrap IPW empirical process;
&y = VN@L-PY)
= VN@ER - PR + VN @R - B
A (1) | A (2)
Gy + Gy,

where @ﬂ( = \/>( pm() _pr V) = \/NIP)K,(WJ(VD—l) is the phase I bootstrap IPW empirical
process, G ™) = \/N(]f’”](, - A} )) = \/N]P’}(,W](\})(W](VQ) —1)- is the phase II bootstrap IPW

empirical process, and the phase I bootstrap IPW empirical measure is given by

. 1 & i
EAEE DIE SIS D aE W,

J
=y Nipto
- N VEUZ] ’
j=1

Here the bootstrap phase I empirical measure for the jth stratum is given by

s _ 1 (1) _
Pr, = EZanJ,igj,iaxw j=1,...,J
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As their names suggest, the phase I and II bootstrap IPW empirical processes yield the
phase I and II variances, respectively.

We further decompose the phase I bootstrap IPW empirical process as in the decompo-

sitions (2.1) and (4.7) of the (survey bootstrap) IPW empirical processes;

G = VR (B ) = ZJ:NJ (B -, )

N 2,mj
Jj=1

\/> i (4.20)

I
M~
==

<.
Il
—

. AE(1) _ 56,(1 .
where for each j = 1,...,J, Giflj) = 1/nj(}P’;](\,j) — IP’E’NJ) is the phase I bootstrap IPW
empirical processes for the jth stratum with ]P’inj = (N;/ nj)IP’§ N, Also, we decompose the

phase II bootstrap IPW empirical process;

N j7n] ]7”,7

@7\;(2) _ m(%}b _@%(1)) _ ZJ:NJ <P§ | _P@(l))
j=1

= ¥ Ny &@ﬁ,;(?) (4.21)

where for each 7 = 1,...,J, G?fj) = . /n (IP>£

7,

Agv(l) 3
— ijj ) is the phase II bootstrap IPW
empirical process for the jth stratum. These decompositions are used for establishing weak

convergence of two-phase bootstrap IPW empirical process.

We also introduce several definitions and decompositions for calibrations. Define the

two-phase bootstrap (doubly) calibrated bootstrap IPW empirical measures with (modified
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and centered) calibrations by

J N;

7R 2 i Wi Gl Vis 4501 (X,

>
=3
o2
Il
=3
N
N
=
Qs>
20
=
|
—

J .
_ 1 1 W @ 4de L ac N
- N Z ]/Nj A an,j,iWn,‘JJgJﬂ (VJ i & )Gc(vjﬂa O‘N)f(XJ,z)v

j=1 =1
1 1 Y
NS = BRGne(ViaRIT = 5D ZW,W W€ Cme (Vi 6R) (X0,
j=1 J J =1
BYf = BRGue( VAN )Ge(ViaRe) f
J J
1 ~amc AMTce
:N.Zln]/ Zanl njjzgjl mc(‘/}zv A )GmC(ijaOKN )f(Xj,i)7
]: :

>
>3
8
~
Il

Acc 1 1
GScc(V = N Z: TLj/N Z TLJ,j’L n] ngj ZGSCC(V] laaN)f(Xj,i)a

pPRIcr = A’TGSCC(V'&?V )Gee(V;659) f

N
= N Z nj ; n],.]z njjzfj ZGSCC(V7 'l7a )GCC(V] 74? Acc)f(Xjﬂ:)?

the two-phase bootstrap calibrated bootstrap IPW empirical processes with (modified and

centered) calibrations by
Gy = VN(@Y* - P),

with # € {¢, mc, cc} and the two-phase bootstrap doubly calibrated bootstrap IPW empir-

ical processes with (modified and centered) calibrations by
GV = VNERF - ),

with # € {dc,dmec,dcc}. Here ézf/ with {c, mc, cc} are obtained from (2.4)-(2.6) and &ﬁ
with {c, dc, me, dme, cc,dcc} are obtained from (4.8)-(4.13).

We decompose the two-phase bootstrap calibrated IPW empirical processes (with mod-
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ified and centered calibration);

G = VN@PTF -PY)
= VNETY - Py) + VNETF - PR

_ @7]3(1)+G7]§;(2),#’

where # € {c, me, cc}, GE(D is the phase I bootstrap IPW empirical process defined above,
@7](}(2)’# = VN (}13’7]:,# — I@’X;(l)) is the phase II bootstrap calibrated IPW empirical process
(with modified and centered calibration).

We decompose the two-phase bootstrap doubly calibrated IPW empirical processes (with

modified and centered calibration);

Gy = VN@ERT - Py
= VNEYOW _pr#) + VN @R - B0

@7]2;(1)@# + @7]:;(2)@#7

where # € {c, mc,cc}, @7]:;(1)"1# = \/N(If”g,’(l)’d# - IP’E#) is the phase I bootstrap doubly
calibrated IPW empirical process (with modified and centered calibration), @7\,’(2)’d# =
VN (]f”;(,’d# — I@’gf’(l)’d#) is the phase II bootstrap doubly calibrated IPW empirical process
(with modified and centered calibration), and the phase I bootstrap doubly calibrated IPW

empirical measure (with modified and centered calibration) is given by

N ~
~mo(1),dec 1 1 giGCC(‘/i;O‘CC)
PN( ) = ¥ Z W( 1) N

5x,
nt 7.(.0(‘/;) Xz

4.2.2  Two-phase Bootstrap Z-theorems

We prove the two-phase bootstrap version of Theorem 3.2.1. Now, the asymptotic variances
of the bootstrap WLE’s are the same as in the original sample. The issue of centering seen

in Theorems 4.1.2 and 4.1.3 remain in this theorem. We assume the following condition.
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Condition 4.2.1 (Consistency). The bootstrap estimator (@\ N:%\N) is consistent for (6o, mo)

in P*-probability and solves the bootstrap weighted likelihood equations

@%,1(9777) = IED?-V@@,T] = ops, <N_1/2> ,

|95 20.mn||, = ||BR (Bowh = PonBoah)|, = om, (N2), (4:22)

in P*-probability where I@”](, may be replaced by ]IADX;C, ]@%mc, I@)X;CC I@%dc, I@’Edmc or I@’K}dec for
the estimators with calibration, modified calibration, centered calibration, double calibration,
double modified calibration, double centered calibration with the corresponding estimators
denoted as (HN,CaﬁN,c)f (HN,mmﬁN,mc)z (GN,ccvﬁN,cc)z (GN,dCaﬁN,dc): (GN,dmcaﬁN,dmc)’ and

(ON,dee» TN dec) Tespectively.

Theorem 4.2.1. Suppose that Conditions 3.2.2, 3.2.83 and 4.2.1 hold.
(1) Under Condition 4.1.4 with 4.1.4(a-1),

VNOx —by) = Glo+opy (1)  ~ Z ~ Ny(0,%),
VNOxe—0y) = GCXl+op,(1) ~ Zo ~ Ny0,5),
VNOnme—0n) = CE™lo+0p: (1) ~  Zme ~  Ny(0,Zime),
VNOnee—Oy) = G5 +op (1) ~ Zuw ~ Ny0,%e),

in P*-probability where Q¢, Qme and Qe are defined in Theorem 3.2.1.
(2) Under Condition 4.1.4 with 4.1.4(a-2),

VNOnae—One) = Gy lh+op,(1) ~ Zo ~ Ny(0,%),
\/N(éN,dmc - éN,mc) = G%dmcgo + OP(/‘V (1) ~ ch ~ Np(ov Ema);
\/N(éN,dcc - éN,cc) = G%dccgo + OP;‘V (1) ~ ch ~ Np(oa Ecc)v

in P*-probability.

We prove the two-phase bootstrap version of Theorem 3.3.1. Note again that the asymp-
totic variances for the bootstrap WLE’s are the same as in Theorem 3.3.1 and that the issue

of centering is seen in this theorem, too. To this end, we require the following condition.
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Condition 4.2.2 (Consistency and rate of convergence). (1) The bootstrap estimator (éN,#, NN #)

satisfies the bootstrap weighted likelihood equations

000~ o, ()

R (0:m,0) [17] = B3 B[] = opy, (N7112)), (4.23)

in P*-probability where # is null for the case corresponding to the plain bootstrap WLE or
# € {c,mc, cc,dc,dme, dec}.

(2) These estimator (§N7#,ﬁN,#) of (6o, n0) satisfies |§N7#—00| =op, (1), and || )N 4 —n0l| =
OpW(N_B) for some B > 0 in P*-probability where # is null for the case corresponding to
the plain bootstrap WLE or # € {c, mc, cc, de, dme, dec}.

Theorem 4.2.2. Under Conditions 3.3.1-8.8.4, 4.1.4 and 4.2.2,

VN(Oy — ) = Giltopy() ~ Z  ~ N9
VN (O.e — On) = GTh+op (1) ~ Zo o~ Ny0,%),
\/N(5N7m0 —0y) = Gy™l+op; (1) ~ Zme ~ Np(0,Zme),
VNOyee—0n) = GCWl+op, (1) ~ Zu ~ Ny(0,5e),
VNOnge —Oxe) = G ltop (1) ~ Zo ~ Ny0,%),
VN Oy dme — Onme) = Gl + ops (1)~ Zme ~  Np(0,me),
\/N(éN,dcc —Onee) = G%dccgo +ops, (1)~ Zee ~  Np(0,Zc)

in P*-probability where Iy and by are defined in Condition 3.3.2.

4.3 Proofs
Proof of Theorem 4.1.1. For Oy = Oy + hyvy, we have by (4.2)

M7 (6n) — M (On) = PR loglik(On, 75, ) — PR loglik(Bn, 75, )
> P, log lik @N’%N (q,ziéN,N)) ~ P, loglik (éN,QéN (%N,N))
< Py loglik (.1, (95, x)) — PR loglik (.1, (5, )
Both the upper and the lower bounds are differences PR£(0y, 1)) — P%ﬂ(éN, ¥) with ¢ =

%N y and ¥ = ﬂéN > respectively. We apply a two-term Taylor expansion to these differ-

ences leaving 1 fixed.
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For the lower bound, we expand around Oy and obtain that this is equal to
B Pxi(Oy, 12 oL PR i,
NONPNL( N’¢éN,N)+§ NONPRE(ON, Y5 N )UNS

for 9~N, a convex combination of Oy and éN. The first term is zero because the map

t — PR, log lik(t,ﬂt(zz)é]v ) is maximized at t = 0. The second term is
Lo 75
_ihN('UNIOUN +op(1)),

by (4.4).

For the upper bound, we expand around fy and obtain that this is equal to
Tmor j(D 7 1 2 Tor jip 7
hN’UNIP)Ng(HN?%N,N) — §hN’UNIPN€(9N7%N7N>’UN
for éN, a convex combination of § and éN. The second term is
Lo 73
ihN('UNIO’UN + OP(l)),

by (4.4). The first term is equal to

hy T 0(h 7, (9 )
\/7NUJTV N€(0N7 w@N,N) + h‘N,U]CZ\}POe(HN’ q’nguN)
o o _
= (R oV/N (O = bo) + 0p(1)) = v {vRTo(@x — b0) + 0p (I — o]l + N72)},

by (4.1), (4.3) and (4.5). This reduces to
fh?v(v%fomv +op(1))
by the assumption of hx and the definition of 6. O

Proof of Lemma 4.1.1. The first two statements are proved in [60].
We prove the third statement. Let 7 > 0 be arbitrary. Since Ay = Op,(1), there exists
a sequence My such that Pr(|Ay| > My) — 0 as N — oo. It follows from Markov’s

inequality and Fubini’s theorem that

P*{P5 (AN > My) > 1} < 7 E*PL (|An| > My) < Pro(|Ax| > My) — 0.
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We prove the fourth statement. Let n > 0 be arbitrary. Since Ay = Op,, (1) in P*-
probability, there exists My > 0 possibly depending on 7 such that
P*{P,(|JAn| > My) >n} — 0 as N — oco. Then it follows from Fubini’s theorem that

Pr(|An| > My) = E"{Pjy(|An| > Mn)}
= E* [Py (AN > MN)I{Py(|Ax| > My) > 1}]

+E* [Py (JANn| > Mn)I{ Py (|An| > My) < n}]

IN

E* [Py (JAn] > My)I{ Py (|Ax| > My) > 03] +1

IN

E*I{ Py (|An| > My) >n} +n

IN

P{Py(JAn| > My) >n}+n—mn,

as N — oo. Since 7 is arbitrary, this completes the proof. O

The following proposition is the bootstrap version of Proposition 3.5.1.

Proposition 4.3.1. Suppose that Condition 4.1.4 holds. (i) Then |5zﬁ — ag| = py, 0 with
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# € {c,me, cc} in P*-probability, and

\/N(&?v*&o)
1§:G<0>_1{P 2807 S (W, 1) 2+ opay (1)
VN 2 ’ m(Vo) ' 1T 0P
~ {P Z®2} Zf pJG Z.
VN (&3¢ — ao)
B 1 N 1 1 7T()<V) ) —1 5Z
_W;G(O) {Po (V) Z®} Wo(%)(WM_l)Z + 0payy (1)
o eyt [ p L= m(V) o 1 _[1-p
() {PO o) 2 } Hﬁ 62,

-1 J
N e R > R ),

in P*-probability where the Py ;-Brownian bridge processes, Gj, are independent.
(i) The same conclusion holds if we replace éva, aNe, aN by aN, oz‘]jvmc, and a‘]l\?c, respec-

tively.

Proof. First we consider modified calibration with an = amc obtained as the solution to
the equation (4.9). The cases for (centered) calibration (i.e., &y = aN and dy = aN) are

similar.

Define &y (@) = Py Grne(V; ) Z — PLZ and ®pe(@) = Bo[(Gme(V; ) — 1)Z]. Note
that & N,mc(éz ~) = 0and ¥,,.(0) = 0. We apply Theorem 5.7 of [56] for a consistency proof.
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For the first condition of the theorem, we have

sup @N,mc(a) — @mc(a)H

acRk

= sup ||(PL° — PT)Gone(Vi ) Z + PG {Gome(Via) — 1} Z — Py {Gme(Vi ) — 1} ZH
aERF

< sup ||(BF" ~ PR)Gme(V; ) Z| + sup (PR = P) {Grme(Via) = 1} 2],
a€cRFk a€RF

where ||-|| is the Euclidean norm. Applying Theorems 7.1.1 and 6.1.1 to the first and second
terms, respectively, together with Lemma 4.1.1 yields the above display is 0p‘»;v(1) in P*-
probability. This established the first condition of Theorem 5.7 of [56]. The second condition
of Theorem 5.7 of [56] was verified in the proof of Proposition 3.5.1 and hence & N —ps, Q0
in P*-probability.

We apply Theorem 3.3.1 of [58] to show the asymptotic normality of an. For the

asymptotic equicontinuity condition, note that

‘i)N,mc(al) - i)N,mc(OQ) = HAlﬂ]:[’s{C:mc(vv7 041) - Gmc(v; 042)}2,

(I)mc(al) - (I)mc(OQ) = PO{Gmc(V§ 061) - Gmc(v§ a2)}Z-
Thus, it follows by Taylor’s theorem that

\/N((I)N,mc - (I)mc)(éN) - \/N((I)N,mc - q;)mc)(OfO)
= \/N(EAD%S - ]P)TFN){GmC(Va &N) - 1}Z + \/N( N~ PO){Gmc(V; &N) - 1}Z
= (G} + CR{GmelVs ) - 112

= (G + G Come(V; 0y =2V ;07(?/()V ) 292(én — 00)
= (B~ PY) + (B — P0)}Cme(V:a) W) 702 /Ay — ),

mo(V)

where o* is some convex combination of a4y and ag. It follows from Theorems 6.1.1 and
7.1.1 that this term is op(1 + v/N|ax — ap)|). Next, we show the weak convergence of the
process \/N(@ch — &) () at ap = 0. It follows from Theorem 7.3.1 that

VN(®N e — Ppe) (@) = VNS N 1e(0) = VN (PR —PE)Z ~ G52,
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in P*-probability. Thus, by Theorem 3.3.1 of [58] we obtain

\/N@N = _(i)mc(o)\/ﬁ(q)]\f,mc — 1) (0) + OP"/‘V(l)

- =G0) T {Po(mo(V) L = 1)222) G5 7

in P*-probability.

Next, we consider modified calibration with &y = o}f,ivm

equation (4.12). Define <i>N7dmc(oz) = I@’ESGmC(V;a)GmC(V; an)Z — PRGme(V;an)Z and
Bppe(@) = Po[(Gme(V;a) — 1)Z). Note that &y gme(dn) = 0 and ¥,,.(0) = 0. We apply

¢ obtained as the solution to the

Theorem 5.7 of [56] for a consistency proof. For the first condition of the theorem, we have

sup (i)N,dmc(a) — @mc(a)H

a€Rk

= sup ‘(I@’X;S’dmc —PN")Z — Po{Gme(V;00) = 1} Z
a€Rk

P Cne (V3 0) Z + PGV a)ZH

= sup [|(BF° = PR)Gome(V5 )GV ax)Z + (B = Po){Gime(Vi ) — 11|

a€RF
< sup |[(B° = PR)Cruel(V: @) Crnel Vi G) Z|| + sup [|(B3™ = Po){Gune(Via) = 1}2]].
a€ER a€ER

Applying Theorems 7.1.1 and 6.1.1 to the first and second terms, respectively, together
with Lemma 4.1.1 yields the above display is op: (1) in P*-probability. Since the second
condition of Theorem 5.7 of [56] was verified in the proof of Proposition 3.5.1, an — P, Q0

in P*-probability.

We apply Theorem 3.3.1 of [58] to show the asymptotic normality of an. For the

asymptotic equicontinuity condition, note that

i)N,clmc(O‘l) - (i)N,dmc(OQ) = P;:}SGmc(V§ dN){Gmc(Va 061) - Gmc(v§ Oég)}Z.
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Thus, it follows by Taylor’s theorem that

\/ﬁ((IDN,dmc - q)mc)(&N) - \/N((I)N,dmc - (I)mc>(a0)
= VNP — PR)Grme(V; AN {Gme(Vian) — 137
+VN(PR"™ — P){Gme(Vién) — 1} 2

. ) 1— .
= (IP%S — PN)Gme(V; aN)Ge(V oz"‘)77r 7(“‘)/()‘/) Z%%/N(ay — )
0

SER = P nelVia) ) 25 R Gy o)

where a* is some convex combination of 4y and ag. It follows from Theorems 6.1.1 and
7.1.1 that this term is op,, (1 + vV N|ay — ag)|) in P*-probability. Next, we show the weak
convergence of the process v N (@ N,dme — Pme) (@) at ag = 0. It follows from Theorem 7.3.1
that

\/N((i)N,dmc - q)mc)(O‘O) = \/N(i)N,dmc(O) = \/N(I@)x& - IP)WN)Gmc(VvQ dN)Z
= G Z + G {Gme(V;an) — 132
1 —m(V)

= G5O Z + (BT — PR) Gone(V; o) —— 2 2V N (6 — ),
mo(V)

where o* is some convex combination of &y and «g. The first term converges to G™ in P*-
probability by Theorem 7.3.1. Since v'N(ay — ag) = Opz, (1) in P*-probability, it follows
from Theorem 6.1.1 that the second term is OP;;V(l) in P*-probability. Thus, by Theorem
3.3.1 of [58] we obtain

\/NdN = _(i)mc(o)\/ﬁ(q)N,mc - (I)mc>(0) + O Pxyy (1)

s =GO Py(mo (V) = 1292V 65

in P*-probability.
O

We prove the lemma below to prove Theorem 4.1.2 as its corollary. Let Oy be an

estimator of # obtained as a solution of the estimating equations given by

Uy (0) = [PaB(O)lly = op+(NV/?),
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where B(0) is a map from some index set H to R indexed by 6. Under two-phase sampling,
let HA% # be an estimator of # obtained as a solution of the weighted estimating equations

given by

SOES

PYEB(O)||, = op-(N712).

Also, éf{, .4 be the survey bootstrap estimator of 6 given by

D5 (0) = |

37,5, —
Py #B(G)HH = ops (N /2,
in P*-probability and é}{, » be the two-phase bootstrap estimator of 6 given by

V7 (0) = |

PR#B0)||, = ory, (N7,

in P*-probability where # is null for the case corresponding to the plain (bootstrap) WLE
or # € {c¢,me, cc,dc,dme,dcc}. Let U(0) = PyB(6) be a map from © to £>°(H).

Condition 4.3.1. For the true parameter 6y € ©, VU (6y) = 0 and the set {B(6p)h : h € H}

ts Donsker.
Condition 4.3.2. Suppose that V is Fréchet differentiable at 0g;

|w(6) = w(80) o6 — 60) |, =019 ol
Moreover, \ilo is continuously invertible at 0y with inverse denoted as \Ilal

Condition 4.3.3. For any oy — 0, the following stochastic equicontinuity condition holds
at 90,’
sup VN (U = ¥)(0) = VN(Tw — ©)(60) 13 = op- (1 + VN[0 — bo])).
10—60l|<dn
We study é}{, g and é% 54 with # € {¢,me,cc}. The survey bootstrap IPW empir-
ical processes applied to B(f) are denoted as GR°7B(9) = VNPV — PL)B(0) =
VN (\fﬂ](, 54 — PN )(0). Note that these estimators are all centered around é}rv
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Theorem 4.3.1. Suppose that Conditions 4.3.1-4.3.3 hold and that estimators é%,& é%,S,#

with # € {c,me, cc} are consistent for 6y. Then

VN5 — 0%) ~ —; 1Zf pﬂGBwo)

s>

VN (0 5.0 — 0%) ~ —wolzf pr(I Qc)B(6o),

VN(OF sme — %) ~ —05 1Z\F %(I Qume)B(00),

VN(OF 500 — OF) ~ —Ty 1Z\F %(1 Qee) B(0)),

in £>°(H) in P*-probability.

Proof. We only prove the claim for the modified calibration. Other cases are similar. First,

Condition 4.3.1 together with Theorem 7.3.1 implies that

J

GTH™ B (6, Z pﬂ@([ Qo) B(0), in (=(H),
= Dj

in P*-probability.

For a fixed arbitrary sequence {dx} with dy — 0, let

_ [ B()(h) — B(6o)(h) . 3
Dy = { L+ VN0 — 6ol cheH,|6 00||§5N}

= {Bn(0,60)(h) : h € H,[|0 — 6| < én}.

Condition 4.3.3 can be rewritten as |Gy||py = op<(1). This implies that E|Gy|p, — 0
as N — oo by Theorem 6.3.2. It follows by Lemma 7.4.8 that EHG%SHDN —0as N — o0

and therefore HGX;SHDN = opz (1) in P*-probability. In view of the proof of Lemma 7.3.3,
GW,S,mc < GW,S,mc AT GW,S,mc _ 1
IGN"" oy < IGN"™ = GRlloy + Gy lloy = ory, (1)

Moreover, Theorem 6.3.2 implies that |G"“||p, = op+(1). Thus, consistency of é}r\/,S,mc

to 6y and Condition 4.3.3 imply that

7, S,mc 271’ -
G (B0F §me) — B(00) I = ops (1 + VN[0% g.me — bol)),
IGH ™ (B0 §me) — B(00) |l = ops (1 + VN|0F 5.me — o)),
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in P*-probability.
We prove v N ||02% s.me — 0ol = Opg, (1) in P*-probability. We have in P*-probability
that
G5 B(60) + CF B(8o) + VN V(6% 5me) — ¥ (60)
— G35 (B(60) — B(OF5me)) + G (B(0) — B0F 5 me)) + G B0 5me)
+CRBOF sme)  + VN(PyB(OF: 5.me) — PoB(60))
— G5 (B(6) — B(0F 5,me)) + CR(B(60) — B(
VN (B — BR)B(0F; 5 me) + VN (PF — Po) BOF: 5me)
+VN(PoB(0F; 5 me) — PoaB(60))
— G5 (B(60) — BOF; 5me)) + CR(B(00) — B0F: 5me)
FVNBES B0 5 me) + VN PaB(00))

= BT (B(0) — B0 5,me)) + G (B(0) — B0% 5.me)) + 0pz, (1).

NSmc))

Here we used PR gr.Smey _ ops (N~1/2) in P*-probability and PyB(6y) = 0. Thus,
N w

|V W 50— WO0))||, ~ [|ER7B®0)|, ~ 16K B0)l,

"

<||ERI B0 ~ BOR sme))|, + | CHBO0) = BOK e))||, + oy, (1)

< || 655 B(00) + CH B(0) + VN (¥ (0F 5yne) — W(60)

= opg, (DL + VNII0F, 5.me — 0ll) + 0pg, ()(L + VN 0% 5me — boll) + 0pz, (1)
= opg, (D1 + VN[0F,5,mc — boll)

in P*-probability. Since by the continuous invertibility of ¥g at 6y implies that there is

some constant ¢ > 0 such that

cl|0%,5.me = Ooll < 1O .5me) — ¥ (00) |12,
we have
C\/N“é%,s,mc - GOH
< [ VN 5me) 20|
< Jes )

o, TIGNB(0)lls, +opg, (D1 + VN05 5.me = boll);



71

in P*-probability. By Condition 4.3.1, G}, B(fy) = Op-(1) and G;{,’S’ch(Go) = Opz (1) in
P*-probability. Thus, the claim v N Hé}{, s.me — Boll = Opy, (1) in P*-probability follows.
Now we prove the asymptotic normality of HEC We have
VN(E(0F,5,0) — VEF)) + G5B (6)
= VN(U(0F,5,m0) — P(OR)) + CF ™ B(0) + VNEF ™ BOF, 5,m0)
—VNPLB(0}) + VNPRBE}) — VNPYB(60) — VNPY B0, 5,) + VNPYB(60)
VNERS B0 g o) + VNPE BB 5 me)
= VNBRS"B(03,5me) — VNPLB(F)
+VNP%B(0%) — VNPyB(6%) — VNPYB(8y) + VNPyB(6y)
~VNBB(OF, 5,me) + VNPOB(0 5 ) + VNPYB(60) — VN PoB(60)
~VN(EF™ — PY)B(OF 5,m) + CF " B(60)
= VNEL B0, 5,me) — VNPRB(6R) + GR(B(OX) — B(6o))
~GR (B sme) — B(60)) ~ G (B(OF,5,mc) — B(60)
Since \/NHéf{,Smc —0oll = Opy, (1) in P*-probability, we have
|63 (B0 5.me) — BOW|, = 0rg, V(1 + Oy, (1)) = 0, (1),

in P*-probability. Similar reasoning implies

|G BOR 5.me) — BOD)|, = 0m, (D1 + Oy, (1) = 0, (1),

|65 (BER) - B@)|, = omy (D@ +0r;, (1) = 0y, (1),

in P*-probability. Moreover, P35 B (é% Some) = 0Py, (N ~1/2) in P*-probability and
PT,B(0%,) = op-(N~'/2). Thus,
VN (W (OF,5mc) = U (0F)) = G B(6o) + oy, (1) (424)
in P*-probability.
By Fréchet differentiability of ¥(6) at 6y and v/N-consistency of é} and é% S.me implies
that

VN(W(OF) = 9(0)) = b0 (VN(EF — 00)) + op- (1)
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and

~

VN (@05, 5,0) — 0(00)) = B0 (VN (0F, 5, — 00) ) + 0ry, (1)

in P*-probability. Subtraction gives

VN(OF 5me) = W (OF)) = o (VN (R, 5,me — 03) ) + 0p+ (1) + 0z, (1),

Combine this with (4.24) and use the invertibility of ¥(6) at 6y to obtain
VNOR sme = 0F) = =85 G B(6o) + ory, (1)

in P*-probability. This completes the proof.

O]

Next, we study doubly calibrated bootstrap estimators. Note the difference in centering

from the previous theorem. The survey bootstrap IPW empirical processes applied to

B(0) in these cases are denoted as Go% B(0) = VN (PY™* — PL#)B(0) = \/N(\i/%s# -

W 4)(0).

Theorem 4.3.2. Suppose that Conditions 4.3.1-4.3.3 hold and that é}TV# and é&d# are

consistent for 0y with # € {c, mc,cc}. Then

\/>(‘9NSdc O ) ~ —¥g lzxﬁ ij(I Qc)B(0o),
7j=1

\/7(92 N,S,dmc — Hch ~ ‘Il IZf pJG (I ch) ( )

\/7(@ N,S,dcc — HNcc ~ \I/ 12\/> p]G (I Qcc) ( )

in £°(H) in P*-probability.

Proof. The proof is similar to the previous theorem. We only prove the claim for éN,g,mC.

Other cases are similar.

First, Condition 4.3.1 implies that

GTB(p Z\F pf@([ Que)B(6o), in (1),

in P*-probability.
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For a fixed arbitrary sequence {dn} with oy — 0, let

_ [ B(0)(h) — B(bo)(h) | _
Dy = { L+ VNI0— ol theH, |0 00\|<5N}

= {Bn(0.00)(h) : h e H, |0 — 0] < On}.

Condition 4.3.3 can be rewritten as |Gy|lpy = op+(1). This implies that E|Gy|py, — 0
as N — oo by Theorem 6.3.2. Tt follows by Lemma 7.4.8 that E[|G%|py — 0 as N — oo

and therefore HG}HbN = op;, (1) in P*-probability. In view of the proof of Lemma 7.3.3

IGK " Ipy < IGK = G llpy + IGH "Iy = opy, (1).

T,mc

Moreover, Theorem 6.3.2 also implies that |Gy""||py = op«(1). Thus, consistency of
é}{,’smc to 6y and Condition 4.3.3 imply that
IGR™(B(OR5.me) — B(6o)llse = opy, (L + VN|10,5,me — boll),

~m,S,dme A A
IGR> " (B(0,5,mc) — B(60))ll2 = opy, (1 4+ VN|10x,5,mc — Ool));

in P*-probability.

We prove \/NH@%SdmC —boll = Opy, (1) in P*-probability. We have

G5B (0) + G B(6) + VN (T (0§ gme) — (60))

— GRS (B(0)) — BOF 5.dme)) + CY " (B(60) — BOF. 5 4me)) + CH>“BOF, 5.4mme)
+ G BOF 5.4me) + VN (Po(0F 5.4me) — PoB(680)

— GRS (B(80) — BIF; 5me)) + G5 (B(60) — BOF 5.me))
VN ERS — PY")BOF, 5.dme) + VN (PY" = Po) BOF: 5 4me)
VN (Po(0F, 5.4me) — PoB(60))

= G5 (B(0y) — BOF s.dme)) + CR"(B(00) — B0F: 5 ame))
+\/Np§rv’s’d63(5§/,s,mc) +VNPyB(6))

=GN “(B(00) — B(0% 5.ame)) + GN"(B(00) — B0 g dime)) + 0ps (1).
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Here we used P74 (47 = op= (N~1/2) in P*-probability and PyB(6y) = 0. Thus,
N N,S;mc W

VN (EOF 5ame) — ¥ (00Dl — IEF5 B(60) s — 1GT"B(6o) |

< GRS B(60) + G B(8) + VN(W(OF, 5.4me) — ¥(80))|1n

< GRS (B (B0) — B0F:5.ame)) Il + IGY ™ (B(60) — B 5,4me)llst + 0y, (1)
— opg, (D(L+ VN5 5.dme — boll) + 05, (D1 + VNIIF, 5.dme — boll) + 0z, (1)

= opy, (1)(1+ VNIIOK, 5 dme — 0o,

in P*-probability. Since by the continuous invertibility of ¥g at 6y implies that there is

some constant ¢ > 0 such that

e s.ame = Ooll < [(OR 5.dme) — ¥ (60) I,

we have

C\/NHGA}TV,S,dmc - 90”
< VN (W0 5,4me) — ¥ (60) 1%
~m,S,dme T,mc A
< IGR>B(bo)ll3 + IGK™B(6o)ll3 + oy, (1) (1 + VNII0F 5 4me — Ooll),

in P*-probability. By Condition 4.3.1, G “B(6y) = Op+(1) and GES’dmCB(ﬁo) = Op: (1)
in P*-probability. Thus, the claim v/ N H@A}{, s.dme — ol = Opz, (1) in P*-probability follows.
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Now we prove the asymptotic normality of é% S.dme- We have

VN (075 ame) — C(0F o) + CF5B (o)

= VN0 5 dme) — V0T o)) + G B(00) + VNEG CB(OF, 5 gone)
VNP B0 o) + VNPE B0, 1) — VPR B(6p)
VNPT

+ \/NP%mCB(é}TV,S,de

s>

%,S,dmc) + \/NP}:;mCB(QO) - \/NPX/’S’@B( A%,S,dmc)

= VNP B0, 5 ) — VNER™ BR )
+VNPYB(0% o) — VNPyB(0% 1) — VNP B(6) + VN Py B(6o)
—V NP B( 2%,S,dmc) + \/NPOB(QQ]T{/,S,dmc) + VNP B(6y) — VNPyB(6o)
VN EFE — P BOF; 5 4me) + G B(60)

= VNP B0% g ame) — VNEY B(OF; ) + G (B(OF; pme) — B(60))

~

G (BOF 5,0me) — B(00)) — G (BOF, g,4me) — B(60))
Since vV N HHQ}{[ s.dme — 0ol = Opz (1) in P*-probability, we have
IG5 (B(0F 3 ame) — B(80)) 3¢ = org, (1)(1 + Op, (1)) = oy, (1),
in P*-probability. Similar reasoning implies
IGH (BOF 5.dme) — BO))Iln = ops, (1)(1+ O (1)) = ops (1),
IGR (B(0R: me) — B(00)) 2 = opy (1)(1 + Ops (1)) = op; (1),

in P*-probability. Moreover, ]@’X;S’dCB(é%’S’dmc) = opz, (N~1/2) in P*-probability and
PN B(0% ) = op+(N71/2). Thus,
5 A AT,S,d

VN(E(OF 5 ame) = YO me)) = =GN B(6o) + opy, (1) (4.25)

in P*-probability.
By Fréchet differentiability of ¥(6) at 6y and v/N-consistency of é} and é% S.me implies

that

VN (03 1n0) = ¥(00)) = o (VN (O e = 00)) + 0p-(1)
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and

~

VN (OF, 5 dme) — (600)) = W0 (VN s.ame — 00) ) +0py (1)
in P*-probability. Subtraction gives
VN (@05, 5 me) = ¥ OFne)) = F0 (VNOF same — ) ) + 0P+ (1) + 0my, (1),
Combine this with (4.25) and use the invertibility of ¥(6) at 6y to obtain
VN (0%, N,S,dme — 0% .me) = —g G B(00) + ops, (1)
in P*-probability. This completes the proof. O

We study doubly calibrated two-phase bootstrap estimators. The two-phase boot-
strap IPW empirical processes applied to B(f) in these cases are denoted as G’T # B 0) =

VNP — PR*)B(0) = VN (U5, — U ,)(0).

Theorem 4.3.3. Suppose that Conditions 4.3.1-4.53.8 hold and that Oy, é}{,, ég’#, and

~

é}{,,d# with # € {c,me, cc} are consistent for 6y. Then

VN (0F, — 0%) — —irg"! G+Zf B(6) ¢ -

VN, — 0%) ~ —rp G+Z\r %(I Qo)B() ¢,

7j=1

VN o — 0% ) ~ —5! G+Z\F %u Qe)B(0) }

VN O me — 03) ~ — 05 1{G+Z\f pJG(I Qme) B(6 )}7

J=1

— 2 A . 1—p;
N(eg,dmc - GJT{T,mc) ~ _\IJO ! {G + E VVj p}p] Gj(I - ch)B(QO)} s
J

~

VN (O o0 — 0F) ~ —15? G+Z\F %u Qee) B(6o) ¢

\/N(é N,dcc — GNCC)W \Ij ! G"i_Z\/» p]G (I Qcc) ( ) )
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in £>°(H) in P*-probability.

Proof. The proof is similar to proofs of Theorems 4.3.1 and 4.3.2. O

Proof of Theorem 4.1.2. This is a corollary of Theorems 4.3.1 and 4.3.2. O
We give a proof of Theorem 4.1.3.

Proof of Theorem 4.1.3. We only consider the WLE with modified calibration, 6 N,S,mec- The
other cases are similar.
We evaluate the stochastic order of v N I@’K}S’mclfgom + /NPyl . . Because

eN,S,mc:ﬁN,S,nLc

}}A"%’S’mcé: =op: (N ~1/2) in P*-probability by assumption and Pylg, ,, = 0, we

eN,S,mcvﬁN,S,mc
have

\/NEDTJ:;&mCEHOWO + \/Npoéé
~ .S, . .
- _\/N(PN e PO)(géN,S,mc’ﬁN,S,mc B EGOJ]O) + OPJV (1)

= — (G + GY™)(¢; — Lgomo) + 0P (1),

gN,S,mcvﬁN,S,mc

N,S,mc:ﬁN,S,nLc

in P*-probability. Since (é N,S,mes ﬁNﬁ,mc) are consistent for (6y, 7o), it follows from Lemmas
6.3.2 and 7.3.3 that the above display is opz (1) in P*-probability in the same way as in
the proof of Theorem 3.3.1. Similarly, vV NPL>™ By, .o [0*] + VNP B: . [h*] =

ON,S,me>TIN,S,me

OP‘;/(I) in P*-probability. These stochastic orders and Condition 3.3.4 imply that

Py {—éeg,m (ég;,no (éN,S,mc — o) + Bag,no [ﬁN’S,mC o 770])}

N ~ Py .
+ 0 (I055.me = 001} + O (Iv,5.me = m0ll*) +BF*" L,

= Po{—Lgy.0 (€5, o (On.S:me — 00) + Bog.no [1N,5,me — 10]) — ééN T Lm0}
+ 0 (10n.5me = 001) + O (Iinsme = moll™) + Pols . 4 BFI" Uy,
N,S,mc>"IN,S,mc
= opz (N7'/%) (4.26)

in P*-probability, and, furthermore, that

Po {=Bay ny 11 (5, 1 (O 5.me = 60) + Baom [ 5me — 0])
+ 0 (103,5.me = 00l ) + O (I73,5.me = m0ll*) + B> By ny [

— opg, (N7112), (4.27)
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in P*-probability.
By Condition 4.1.6 and a8 > 1/2, \/NOP‘;*V (HﬁN - 770||°‘) = opy (1) in P*-probability.
So by Condition 3.3.2 and taking the difference of (4.26) and (4.27), we have

—-P ({éeo,no — Bogy.mo [ﬁ*]} éﬁTo,no) (éN,mc — 90> + o (‘HANymC — 00’>
+opy, (NTY2) = op,, (N~V/2) 4 PR5me (égmo — Boom, [ﬁ*])

_ OPW(N_I/Q) _ OPW(N_I/z),
in P*-probability or

—IO(éN,mc —6) = I@”;;S’mc <é90,n0 — Boy o [ﬁ*]) + oPJV(Nfl/2)7
in P*-probability. It follows by the invertibility of Iy that

VN (éN,S,mc - 90) = _\/Nﬁpx&mclo_l <é90,770 = Bao,mo [E*D + Opﬁv(l)’
in P*-probability. Since we have in the proof of Theorem 3.3.1 that
VN (éN - 90) = —VNP}I;! (égo,,,o — By [@*]) +op: (1),
in P*-probability, taking a difference yields
VN (émmc —0x) = —VNEF"™ =PRI (g — Booo [17]) + 05, (1),

in P*-probability. Apply Theorem 7.3.1 to complete the proof. O

Proof of Theorem 4.2.1. This is a corollary of Theorems 4.3.3. O

Proof of Theorem 4.2.2. The proof is similar to the proof of Theorem 4.1.3. O
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Chapter 5

EXAMPLES AND NUMERICAL RESULTS

In this chapter, we apply results developed in the previous chapters to several examples.
We apply our Z-theorems (Theorems 3.2.1 and 3.3.1) to the Cox proportional hazards
model with right censored and interval censored data in Section 5.1. We discuss verification
of the required conditions for Z-theorems in detail with tools from Chapter 6. These
examples illustrate how to develop asymptotic results in a specific model. Next, we study
the finite sample properties of the WLE’s in simulation studies for the Cox model with
right censored data. We compare our bootstrap methods developed in Chapter 4 with
the Horvitz-Thompson estimators of the asymptotic variances of WLE’s. We also touch
the issue of different designs (classical versus exposure stratified, Bernoulli sampling versus
sampling without replacement). In Section 5.3, we reanalyze data from the National Wilms

Tumor Study (NWTS) [14, 17].
5.1 Applications to the Cox Proportional Hazards Model

To prove asymptotic normality of WLE’s, consistency and rate of convergence need to
be established in order to apply our Z-theorems in the previous chapter. To this end,
general results on IPW empirical processes discussed in the next chapter will be useful.
We illustrate this in the Cox proportional hazards models with right censoring and interval
censoring under two-phase sampling.

Let T ~ F be a failure time, and X be a vector of covariates with bounded supports in

the regression model. The Cox model [13] specifies the relationship
At]z) = exp(67x)A (1),

where § € © C RP is the regression parameter, and A € H is the (baseline) cumulative

hazard function. Here the space H for the nuisance parameter A is the set of nonnegative,
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nondecreasing cadlag functions defined on the positive line. The true parameters are 6y and
Ao.

In addition to X, let U be a vector of auxiliary variables collected at phase I which
are correlated with the covariate vector X. For simplicity of notation, we assume that
the covariates X are only observed for the subjects sampled at phase II. Thus, if some of
the coordinates of X are available at phase I, then we include an identical copy of those

coordinates of X in the vector U.

5.1.1  Cox model with right censored data

Under right censoring, we only observe the minimum of the failure time T and the censoring
time C' ~ G. Define the observed time Y = T'AC and the censoring indicator A = I(T" < C').
The phase I data is V = (Y, A,U), and the observed data is (Y, A, £X, U, ) where € is the
sampling indicator.

We assume the following conditions adopted from [57].

Condition 5.1.1. The finite-dimensional parameter space © is compact and contains the

true parameter 0y as an interior point.

Condition 5.1.2. The failure time T and the censoring time C are conditionally indepen-
dent given X, and that there is T > 0 such that P(T > 7) > 0 and P(C > 1) = P(C =

7) > 0. Both T and C have continuous conditional densities given the covariates X = x.

Condition 5.1.3. The covariate vector X has bounded support. For any measurable func-

tion h, P(X # h(Y)) > 0.

Let A(t) = (d/dt)A(t) be the baseline hazard function. With complete data, the density
of (Y,A, X) is

T 4 T 1-§
pe,m,a,x):<A<y>e"”-“y>€9 Z<1—G><y\x>) (e—W g<y|x>) px(@),

where px is the marginal density of X and g(-|z) is the conditional density of C' given

X = x. The score for 6 is given by

é@}A(y, dx) == (5 — eeTxA(y)> ,
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and the score operator By : H +— Lo(Fpa) is defined on the unit ball H in the space
BV0, 7] such that

Boah(y,6,x) = 6h(y) — e’ * / hdA.
(0,y]

Because the likelihood based on the density above does not yield the MLE with complete

data, we define the log likelihood for one observation with complete data by

0 T,
fanl0.0) = tog { (0 (03) AT o) + 0670 - o),

where A{t} is the (point) mass of A at ¢t. Then maximizing the weighted log likelihood
PRfo.a reduces to solving the system of equations PTJ{,EQ, A = 0 and PF, By ah = 0 for every

h € H. The efficient score for § with complete data is given by

* . _% _ 0 x _%
fiaa06) =8 (2= 5710 ) = [ 5 (2= o) anot)

and the efficient information for § with complete data is

fao,/\o =E [(EZO,AO)@)Z} =FE {605}( /OT (X - %;(?D) - (1 - G)(?/|X)dAD(y)} ,

where

Mi(s) = Poya, X5 B XI(Y > 5), k=0,1.

Theorem 5.1.1 (Consistency). Under Conditions 3.1.1, 3.1.2, 5.1.1-5.1.3, the WLE’s are

consistent for (6p, Ag).

Proof. We only consider the WLE with modified calibration. Proofs for the other four
estimators are similar. Our proof closely follows the consistency proof for the MLE with
complete data in [57].

Because of the assumption on 7, we restrict our attention to the interval [0,7]. For a
bounded function h € Ly(A), define a perturbation d/A\NMC,t =(1 —|—th)d[\N7mC of IA\Nvmc. The
weighted log likelihood with modified calibration, PRy A, evaluated at (HANMC, /AXN,mQt)
viewed as a function of ¢ is maximal at ¢ = 0 by the definition of the WLE with modified
calibration. Thus, differentiating at ¢ = 0 we obtain P3;"“B; i h=0,or

eN,mcyAN,mc

T

PTmCAR(Y) = PTCelhmeX / hdA x e
[0,Y]

7T, MmcC HT A
— /]P)]\[’ {eeN,chI[YZS]}h(S)dAN,mC(S)
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NT

Let MMO(S) = P}T\;mceeN»chI(Y > s). Replacing h in the above display by h/MN,O yields

) h ; A Ah(Y
AN mch = / ﬂpgmc {e"fTv,ch Iy > s)} AAN me(s) = ]P’}(;mc#.
MN,O(S) MN,O(Y)

Similar reasoning via PyBoh = 0 leads to Agh = PyAh(Y)/My(Y'). Let
Axh = PR AMY) /Mo(Y).

Since P(T' > 7) > 0 and P(C = 7) > 0, we have for s < 7 that My(s) > My(r) > 0.
The function (y,d) — dh(y)/My(y) is bounded, and therefore {0h(y)/Mo(y) : h € H} is
Glivenko-Cantelli by a Glivenko-Cantelli preservation theorem (Theorem 3, [59]) and the
fact that H is Glivenko-Cantelli. Thus, |[Ay|lx —p+ [|Pag.acARY)/Mo(Y) % = || Aoll%-
Moreover, since Axme{Yi} = Anmedy; = N7UE /may (Vi) (Ai/ My o(Yi)), and similarly

AN{Yi} = N7 &/ man (Vi) (Ai/Mo(Yi)),

it follows that
ANme{YitJAN{Y:} = Mo(Y;)/ My o(Y5).

Since the weighted log likelihood with modified calibration evaluated at (HANvmc, A N.me)

is larger than at (6y, Ay), we have

0 S P%mc (eéN,mmAN,mc o eeOvAN>
= (Onme — 00 PRAX — PR (M X Ay (v) - B XAy (Y))
My(Y
+ Py Alog AO#.
Mno(Y)

We take the limit of this on N. Because © is compact, there is a subsequence of {fx} that
converges to 0., € ©. It follows by Theorem 6.1.1 that along the convergent subsequence
of {0y}
(éN — Ho)TP%chX — p* ((900 — QO)TPQOJ\OAX.
For the second term, note that Ay (7) is uniformly bounded, because ef"

bounded in # and X, and /A\N(T)IP%mce%XI(Y =7)< ]P’X,’mceé%vchfXN(Y) =Py A < 1.

is uniformly

Here we use the weighted likelihood equation with 2 = 1 above. Since {Ay .} and {Ay} are
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both subsets of the class of monotone, bounded cadlag functions that is Glivenko-Cantelli,
it follows by a Glivenko-Cantelli preservation theorem (Theorem 3, [59]) and Theorem 6.1.1
that

P (eéva,chf\N(Y) _ % XAN(Y)>

= Pagng (¥ A (V) = XX AN (Y)) + 0p- (1), (5.1)

along a subsequence of éMmc.

For the third term, note that {M N0} is a subset of the class of monotone, bounded, cad-
lag functions, which is Glivenko-Cantelli, and hence so is it. Note also that M No(T) =
P%mceé%mc){ I(Y = 7) is bounded away from zero with probability tending to 1 since
P(T > 7) > 0 and P(C = 7) > 0. Since Myo(t) > Mpyo(r) for t < 7, the set
{8log(Mo(y)/Mno(y))} is Glivenko-Cantelli by a Glivenko-Cantelli preservation theorem
(Theorem 3, [59]) again so that

P%ch ]Og(MQ(Y)/MN,O(Y)) = Peo,AoA log(Mo(Y)/MN(Y)) + op= (1) (5.2)

by Theorem 6.1.1.

The set {5h(y) /Mpo(y):h e 7—[} is Glivenko-Cantelli by a Glivenko-Cantelli preserva-
tion theorem (Theorem 3, [59]) so that [|An|l% = [|Poy.aeAR(Y)/ My o(Y)|3 + op-(1) by
Theorem 6.1.1. Since we have by Theorem 6.1.1 that

T

My o(s) = PTme/NmeX (Y > 5) = pr Pyy po”>¥I(Y > 5) = Moo o(s)
uniformly in s, it follows by the dominated convergence theorem that

IAnle = [ PayaoAR(Y)/Nxo(Y) 3 + 0 (1)

= [Py 0o AMY ) Moo o(Y) I3 = [[Acolln;

along a subsequence of éN.
Apply the dominated convergence theorem to replace A N,me A N, and M ~N,0 by Aso, Ao,

and My in (5.1) and (5.2) and conclude

0 < (00 — 00)  Poy ag AX — Py ag (e‘)oToXAOO(Y) — e XAO(Y))

My(Y')
My(Y)

+ PgmAOAlOg (5.3)



84

Since My/Moso = dAso/dAo, (5.3) is in fact minus one times the Kullback-Leibler divergence

K(PHO,on Peoanoo) = P907A0 log {peo,l\o/peoo,/\oo} >0,

for the complete data model. Thus, (5.3) is exactly zero. But since K(Py,a,, FPpn) is
strictly positive unless (6,A) = (6p, Ag) by the identifiability of parameters, we must have

(0ooy Aso) = (6o, Ap). This is true for any subsequence of HANvmc, and the result follows. [

We apply our Z-theorem (Theorem 3.2.1) to show the asymptotic normality of the
WLE’s.

Theorem 5.1.2 (Asymptotic normality). Under Conditions 3.1.1, 3.1.2, 5.1.1-5.1.3,

éN - 90) = \/N]Pﬂ]:/geo,/\o + OP*(l) —a N (072)7
One —00) = VNP Loy ay +0p+(1) =4 N (0,%,),

)

VN(
VN(
VN(On,. — o) = VNP Loy g + 0P (1) =4 N (0,%,),
VN(
VN(

)

where geo,AU = Iﬁ_o}/\ogzo,/\o is the efficient influence function for 6 with complete data, and

3, Ye, Ye, Zime and Y. are given in Theorem 3.2.1.

Proof. We verify the conditions of Theorem 3.2.1. Condition 3.2.1 holds by Theorem 5.1.1.
Conditions 3.2.2 and 3.2.3 hold under the present hypotheses as was shown in [56], section
25.12. O

A ®2
For variance estimation regarding Oy, Iy = P74 {62 A } can be used to estimate
NHYAN
S ~ ~ ~ o~ A~ ) ®2 A o~
Iy. Letting ¢y = Igflfz K. We can estimate Varg;{p by ijgm — {ijo} where Pjly =
NHAN

IP’”NEOI(V €V;) and Pil$? = IP’”NE%@?I(V € V;). The other four cases are similar.

5.1.2 Cox Proportional Hazards Model with Interval Censored Data

Let Y be a censoring time that is assumed to be conditionally independent of a failure time

T given a covariate vector X. Under the case 1 interval censoring, we do not observe 7" but
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(Y,A) where A = I(T <Y). The phase I data is V = (Y, A,U) and the observed data is
(Y, A, £X,U, &) where ¢ is the sampling indicator.
With complete data, the log likelihood for one observation is given by

LO,F) = dlog {1 — F(y)exp(GTw)} +(1-6)log F(y)exp(OTx)

= dlog {1 —exp(—A(y) exp(672)) } — (1 = 6) exp(§" ) A(y)
00, A),

where F =1 — F. The WLE (6, Ay) of (6, A) maximizes P%((6, A).

The score for 6 and the score operator By p for A with complete data are
fo.0 = 2 exp(0T2)A()(Or(y, 230, A) — (1 - 9)),
By a[htbp][= exp(0”z)h(y) {or(y, z;0,A) — (1 —6)}.
where

exp (— eXp(gTw)A@/))
1 —exp (—exp(0T2)A(y))

The efficient score for # with complete data is given by

r(y,z;0,A) =

E [Xe29§XO(Y|X)|Y - y}

* Tz
690,/\0 = 690 Q(y767x;007A0)A0(y) T = > |:e290TXO(Y|X)’Y _ y}

where Q(y, 6,2;0,A) = dr(y,z;0, A) — (1 - 6) and O(ylz) = Fo(ylz)/

[1— Fo(y|lz)]. The efficient information for § with complete data is

Ty = E[(6, 2,)%%] = E [R(Y,X) {X _ EXR(Y,X)|Y] H

E[R(Y, X)|Y]
where R(Y, X) = A2(Y|X)O(Y|X). See [21] for further details.

We impose the same assumptions made for complete data in [21].

Condition 5.1.4. The finite-dimensional parameter space © is compact and contains the

true parameter 0y as its interior point.

Condition 5.1.5. (a) The covariate vector X has bounded support; that is, there exists
such that | X| < ¢ with probability 1. (b) For any 0 # 6, the probability P(6T X # 01 X) >
0.
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Condition 5.1.6. Fy(0) = 0. Let 7, = inf{t : Fy(t) = 1}. The support of Y is an interval

S[Y] = [ly,Uy], and 0 < ly <uy < TR, -

Condition 5.1.7. The cumulative hazard function Ag has strictly positive derivative on
SY], and the joint function G(y,z) of (Y, X) has bounded second order (partial) derivative

with respect to y.

Characterization of the WLE

We characterize the WLE’s before studying their asymptotic properties. Let n = ZZ]\L 1 &
be the number of observations sampled at phase II. Let Y(y),...,Y¥(;) be the order statistics
of Vi,..., Yy with § = 1,4 = 1,...,N. Let Ap), X(;), Ugy), and &y correspond to Y;y;
for example, if Y{;) = Y], then Ay = Aj. Let 7(;) = mo(V(;)). Because only fully observed
subjects contribute to the weighted likelihood, AN(}Q) for subjects with & = 0 does not
matter in the maximization. In fact, /A\N(Y(Z)) = /A\N(Y(i_l)) for subjects with ;) = 0 for
i > 2. The WLE Ay of A corresponds to z = (A(l), e A(N)) that maximizes
n
o0,z) = Z ! [log {1 — exp (—eBTX@) xl} —(1- A(i))eeTX(i)xi

i—1 ()

at éN subject to 0 < z7 < --- < x,. The monotonicity constraint on z is imposed to
guarantee that an estimate of A is nondecreasing. Note that ¢(6, x) is concave in z.
Without loss of generality, we can assume that Ay =1 and A,y = 0. If Ay =0 or
Ay = 1, then AN(lf(l)) =0or AN()/(H)) = 00, so that the first or the last summand in
¢ is zero. Hence ignoring these terms does not change the maximization of the weighted

likelihood.
Proposition 5.1.1. Assume that Ay =1 and A,y = 0. Then the WLE (éN,AN) satisfies
FAN(Y) exp(O X)XQ(Y, A, X Oy, An(Y)) =0,
; fr(é))Q(Y(j)vA(j)aXo);9N,AN)exp(é}§X(j)) <0, fori=1,...,n,
J>i

QYA X;0n, Ax) exp(0F X)An(Y) = 0.

Moreover, the corresponding (in)equalities hold for the WLE’s with estimated weights and

(modified and centered) calibration.
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Proof. The first equation is simply the weighted score equation for 6.

For the second inequality, let 1; be the vector which has 1’s as its last j components and
zeros as its first n — j components. Let Ay = (AN(if(i)))?zl. For € > 0, the vector Ay + €l;
satisfies the monotonicity constraint. It follows by the definition of the WLE that

el0 €

"1
=Y — |Ap"
i1 (i)

. )
—e"NED Ay (V) +0% X3y

iT X, S
T — (L= A)e 0| 162 ),
1_e €V D AN (Ys))
Relabeling ¢ and j gives the desired result. Note that the assumption that Ay = 1 and
A(p) = 0 guarantees that the above derivative is finite.
The last equality follows for the same reason that

lim ¢(éNaAN + hAN) - ¢(éN,AN)

h—0 h =0

Note that adding terms associated with & = 0 does not contribute to the sum in the above
derivative.

For the other four estimators, change weights appropriately. ]

Consistency

We prove consistency of the WLE’s in the metric given by
d((01, A1), (02, A2)) = (|60 — Oaf| + [|A1 — Azl p,

where ||-|| for 6 is the Euclidean distance,

4= Aalfy = [ (A1) - Aalw))? Py,

and Py is the marginal probability measure of the censoring variable Y. The idea of our
proof is first to show the consistency in the Kullback-Leibler divergence. To this end, we use
the Glivenko-Cantelli theorem for the IPW empirical processes (Theorem 6.1.1) in Chapter
6. Then noting that the Kullback-Leibler divergence bounds the Hellinger distance, we apply
the inequality of Lemma A5 of [34] which bounds the metric d by the Hellinger distance.
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Theorem 5.1.3 (Counsistency). Under Conditions 3.1.1, 3.1.2, 5.1.4-5.1.7, the WLE’s are

consistent in the metric d.

Proof. We only prove consistency for the WLE. Proofs for the other four estimators are
similar. Instead of directly working on H, let H be the set of all subdistribution functions
defined on [0, 0c]. We denote the WLE of F as Fy =1 — exp (—AN>.

Define the set F of functions by

F={0.F) =50~ F(y)>" )+ (1 - )F(y)>"=) ;0 6,F e I }.

Boundedness of X and compactness of © C R? imply that the set {exp(67z) : § € O}
is Glivenko-Cantelli. The set H is also Glivenko-Cantelli since it is a subset of the set of
bounded monotone functions. Thus, it follows from boundedness of functions in F and a
Glivenko-Cantelli preservation theorem (Theorem 3, [59]) that F is Glivenko-Cantelli.

Let 0 < a < 1 be a fixed constant. It follows by concavity of the function u — logu and

Jensen’s inequality that

oo {1+ (g 1) f <o (0 1o (555 1))
o (1- 0o L0

where the first equality holds if and only if 1+ a(f (6, F)/f(6o, Fo) — 1) is constant on S[Y],
in other words, (0, F)) = (6y, Fo) on S[Y] by the identifiability condition 5.1.5. Note also

<0

f— )

that by monotonicity of the logarithm

Py [log{l +a <m - 1> H > Py[log {1+ a (0 —1)}] = log(1 — ).

[0, F)
g:{lo {1+a<_1 JO.F) e F
g (00, Fo) f(0,F)
has an integrable envelope. To see this, form a sequence (6, F},) such that
f(On, Fr) ) }
n = logdl4+a|l—"F——=-1
! g{ (f(eoyFo)
N sup log{1+a<f(9’F))1>}

0O, FcH f (6o, Fo

Thus, the set

G.



89

Then {g, —log(1 — a) }hen is @ monotone increasing sequence of nonnegative functions. By

monotone convergence theorem,
Pogn —log(l — o) » PyG —log(1l — ) < —log(1 — «).

Thus we can choose G V —log(1 — «) as an integrable envelope. Moreover, the set G is
Glivenko-Cantelli by a Glivenko-Cantelli preservation theorem (Theorem 3, [59]).
Now, by the concavity of the map u — logu, and the definition of the WLE, we have

PR log {1 +a (ff((eé\(;’ 11::(])\;) — 1) }

f(él\hFN)

f (0o, Fo)

—a {P;rv log f(0y, Fx) — P% log f(eo,Fo)} > 0.

> Py ((1 — a)log(1) + alog

Since © and H are compact, there exists a subsequence of (éN,FN) that converges to

(0o, Fio) € © x H. Along this subsequence it follows by Theorem 6.1.1 that

- f(On, Fn)
ngNlog{l—i—a(M—l)}

—p+ Py, [log {1 + o <f;f;z:§:;) — 1) H <0.

Thus, we have

f(Boos Foo) )} _
P90,F0 log {1 +« (f(@o, FD) 1 =0.

This is possible only at (0, Foo) = (6o, Fo) because (6, F) — Pllog{1+a(f(0, F)/f (00, Fo)—
1)}] attains its maximum only at (6, Fy). Hence conclude that (A, Fy) converges to
(Ao, Fp) in the sense of Kullback-Leibler divergence. Since the Kullback-Leibler divergence
bounds the Hellinger distance, it follows by Lemma A5 of [34] that d ((é N> AN, (6o, A0)> =
op+(1). O

Rate of Convergence

We prove the rate of convergence of the WLE is N1/3. We apply the rate theorem (Theorem
6.2.1) in Chapter 6. Since we proved the consistency of (éN, AN) to (0o, Ap) on S[Y], under
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Condition 5.1.6 we can restrict a parameter space of A to
Hy={AeH:M'<A<M, onS[Y]},
where M is a positive constant such that M~! < Ag < M on S[Y]. Define
M={(0,N):0cO,Aec Hy}.
Theorem 5.1.4 (Rate of convergence). Under Conditions 5.1.4-5.1.7,
d ((éN,AN), (GO,AO)) = Op (N—1/3> .

This holds if we replace the WLE by the WLE'’s with estimated weights and (modified and

centered) calibration assuming Conditions 3.1.1 and 3.1.2.

Proof. Since the rate of convergence for the WLE is easier to verify than the other four
estimators, we only prove the theorem for the WLE with modified calibration. The cases
for the WLE’s with estimated weights and (centered) calibration are similar.

We proceed by verifying the conditions in Theorem 6.2.1. The bound (6.4) follows by
Lemma 6.2.2 in Chapter 6 and Lemma A5 of [34].

For the bound (6.5), we follow the proof of (6.3) in [21]. Since &y is consistent, we can
specify the small neighborhood Ay, of a zero vector such that G,.(z; ) is contained in a
small interval that contains 1 and consists of strictly positive numbers. Thus, multiplying the
log likelihood by a uniformly bounded quantity, G,,.(z; &) only require a slight modification

of Huang’s proof of his Lemma 3.1 to obtain
suplog Npj (6, GM, L2(Q)) S el
Q

for e small enough where the supremum is taken over the all discrete probability measures,
and GM = {Gpe(;0)l(0,A) : o € A, £(0,A) € M}. Thus, it follows by Lemma 3.2.2
of [58] that

12 51/2
E* |G <4 1+ M| = d),
|| N||GM5 ~ 52\/N ¢N( )
where the set G My is
{m(0, A, a) — m(0p, Ao, ) : m(0, A, ) € GM,d ((0,A),(0p,Ng)) <4}

Apply Theorem 6.2.1 to conclude ry = N/3. O
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Asymptotic Normality of the Estimators

We apply Theorem 3.3.1 to derive the asymptotic distributions of the WLE’s.
Theorem 5.1.5 (Asymptotic normality). Under Conditions 3.1.1, 3.1.2, 5.1.4-5.1.7,

N — 600) = VNPT Lg, a, + 0p<(1) ~ N (0,%),

0

On.e — 00) = VNP Uy, a, + 0P+ (1) ~ N (0,%.)
éN,mc — 90) = \/NIP}T\;CEQ()?AO + Op*(l) ~ N (O, EC) ,
0

Nome — 00) = VNP Uy, n, + 0p+(1) ~> N (0, Zne) ,

229232 %

(
(
(
(
(Once — 00) = VNP Ly po + 0p+(1) ~ N (0, cc)

where gg(),AO = I;O%AOE;O’AO is the efficient influence function with complete data and %, %,

Yie, Yme and Xe. are given in Theorem 3.3.1.

Proof. We give a proof for the WLE with modified calibration by verifying the conditions
of Theorem 3.3.1. The cases for the other four estimators are similar.

Condition 3.3.1 is satisfied with 8 = 1/3 by Theorems 5.1.3 and 5.1.4. Conditions
3.3.2-3.3.4 are verified by [21] with

Ao(y)E [X exp (205 X)O(Y|X)|Y = y]
E [exp(207 X)O(Y|X)|Y = y]

h(y) =

Since P3¢ = 0 by Proposition 5.1.1, it remains to show that

éN,mchN,mc
P?;mCBéN,mc:AN,mc [h*] = op(N~2). Let go = h* o A;* be the composition of A* and the
inverse of Ag. Note that Ag is a strictly increasing continuous function by our assumption.
Since go(f\ N.me(y)) is a right continuous function and has exactly the same jump points as

/A\N,mc(y), by characterization of /A\ch in Proposition 5.1.1,
TT,mc A 0T X N A
N 90 (AN,mc(Y)> e Nyme Q(Y7 A7 X; 9N,TTLC7 AN,mc) =0.

By Conditions 5.1.5-5.1.7, A* has bounded derivative. This and the assumption that Ag has

strictly positive derivative by Condition 5.1.7 imply that gy has bounded derivative, too.
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So, noting that h* = gy o Ay, we have

PY"“B [h*]

9N,mchN,mc —

= mecb* (Y)egg’mCXQ(va A, X; éN,mm AN,mc)
T, mc N )T ~ ~
=P {90 0 8o(¥) = go(Anmel(Y)) } *5mX QY, A, X0 gmes A me)
T,Mmec A HT N ~
= (PN — Pyo,n0) {go oAo(Y) — go(AN,mc(Y))} N meX QY A, X508 mes AN me)

A~ AT ~ N
+ POO,AO {90 © AO(Y) - gO(AN,mC(Y))} eeN'chQ(Ya Aa X; eN,mca AN,mc)-

[21] showed that the second term in the display is op+ (N~'/2). We show that the first term
in the display is also op«(N~'/2). Let C' > 0 be an arbitrary constant. Define for a fixed

constant n > 0
D(U) = {w(yaxveaA) : d(<67A) ) (007A0)) < naA € HM}a

where ¥(y, d,2;60,A) = {goo Ao(y) — gO(A(y))}eeTIQ(y, d,2;0,A). Because [21] showed that
D(n) is Donsker for every n > 0 and that |G| pn-1/3) = op+(1), it follows by Lemma
6.3.2 with Fy replaced by D(CN~'/3) that IGN"llp(cn-1/3 = op=(1). This completes
the proof. O

Unlike the previous example, /5 , depends on additional unknown functions, and the
bootstrap-based methods discussed in Chapter 4 will be applied to estimate asymptotic

variances.

5.2 Simulations

We study finite sample properties of WLE’s in a simulation study. We generated 2000
data sets for each of three different scenarios based on the Cox proportional hazards model
with right censored data with various combinations of parameters. In each scenario, we
compare four different sampling schemes; the exposure stratified case cohort designs under
sampling without replacement or under Bernoulli sampling, or the classical case cohort
designs (stratified only by the censoring indicator) under sampling without replacement or
under Bernoulli sampling. For the exposure stratified case cohort designs, we generated a

single data set and then produced 2000 bootstrap samples based on two-phase bootstrap
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and survey bootstrap to estimate variances of estimators. All simulations are based on the

statistical software R and in particular the survey package [29].

5.2.1 Model 1

The first scenario considers the case where time to the event or censoring Y = min{T, C'},
censoring indicator A and auxiliary variable V are available at the first phase but the

exposure X of interest is missing. Specifically, the hazard function is given by
A(tlz) = Ao(t) exp(0z)

where ¢ is a failure time and = € {0, 1} is the exposure of interest. We chose 6 = log2. The
simulation results for § = 0 are similar and now shown. The auxiliary variable V' € {0,1}

is related to the exposure X by sensitivity and specificity given by
PV=1X=1)=a PV=0X=0)=5.

We chose o« = 5 € {.5,.9} in a simulation study. The prevalence of X is P(X = 1) = .5.
The censoring time C' is distributed as Unif(0,1.1).

For the exposure stratified case cohort design, three strata are formed based on A and
V. The first stratum consists of observations with A = 1. The second and third strata
consist of observations with A = 0 and V =0 or A = 0 and V = 1, respectively. The

sampling probability for each stratum is

Pe=1A=1)=1,
P(=1A=0,V =0)=p1e=.3,
P(=1A=0,V =1)=py. =.3,

regardless of Bernoulli sampling or sampling without replacement. For the classical case

cohort design, there are two strata, consisting of observations with A = 0 and A = 1. The

sampling probability for this design is

Ple=1A=1)=1,

P =1A=0)=p1c=.3
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5.2.2 Model 2

The second scenario considers the case where time to the event or censoring Y = min{T’, C'},
censoring indicator A and exposure X of interest are available at the first phase but the

confounder V is missing. Specifically, the hazard function is given by

At|z,v) = Ao(t) exp(b1z + O2v)

where ¢ is a failure time, x € {0,1} is the exposure of interest and and v € {0,1} is the
confounder. We chose 6 = (01,602) = (log2,0) or 8 = (01,602) = (log 2,log2). We focus on
estimation of #; in the following discussion (see Model 3 for comparison). The confounder

V € {0, 1} is related to the exposure X by sensitivity and specificity given by

PV=1X=1)=a=.9 PV =0X=0)=8=.09.

The prevalence of X is P(X = 1) = .5 and the censoring time C is distributed as Unif(0, 1.1)
as before.

For the exposure stratified case cohort design, three strata are formed based on A and
X. The first stratum consists of observations with A = 1. The second and third strata
consist of observations with A = 0 and X =0 or A = 0 and X = 1, respectively. The

sampling probability for each stratum is

Ple=1A=1)=1,
PE=1A=0,X=0)=p1=.3,

PEl=1A=0,X=1)=p2e=.3,

regardless of Bernoulli sampling or sampling without replacement. For the classical case
cohort design, there are two strata, consisting of observations with A =0 and A = 1. The

sampling probability for this design is

PE=1A=1)=1,

P =1A=0)=p1.=.3.
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5.2.3 Model 3

The third scenario considers the case where time to the event or censoring Y = min{T, C'},
censoring indicator A and a confounder V' are available at the first phase but the exposure

X of interest is missing. Specifically, the hazard function is given by
A(t|z,v) = Ao(t) exp(bhz + O2v)

where ¢ is a failure time, x € {0, 1} is the exposure of interest and v € {0,1} is a confounder.
The difference from the first scenario is that V is now in the outcome model. We chose
0 = (01,02) = (log2,0). We focus on estimation of #; in the following discussion. The

confounder V' € {0, 1} is related to the exposure X by sensitivity and specificity given by
PV=1X=1)=a=9  PV=0X=0=p8=.9

The prevalence of X is P(X = 1) = .5 and the censoring time C'is distributed as Unif(0, 1.1)
as before. Strata and corresponding sampling probabilities are defined similarly to the model

1.

5.2.4 Results

Estimators compared are the plain WLE, the calibrated WLE with calibration on Y, the
within-stratum calibrated WLE on Y and the within-stratum centered calibrated WLE on
Y for the exposure stratified case cohort studies. For the classical case cohort designs,
calibrations on V for models 1 and 3 and X for the model 2 are also considered. Note that
the information on V' is not used for stratum formation in the classical case cohort studies.

Tables 5.1 - 5.5 shows sample sizes at the first and second phases. Tables except Table

5.4 with the regression coefficient § = (log 2,log2) are similar.

Adjusting Weights

We first consider results for Models 1 and 2 except the Model 1 with « = 8 = .5 and the
Model 2 with 6 = (log2,0) and N = 250 to discuss the advantage of the within-stratum

centered calibration. We then cover the rest of results to see its limitations.
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Table 5.1: Sample sizes for a = § = .9 in Model 1. N is a phase I sample size. WR and Ber
stand for sampling without replacement and Bernoulli sampling, respectively. The numbers
without parentheses denote the numbers n; of observations sampled at the second phase
and the numbers inside parentheses are corresponding numbers IV; to the phase I sample.

stratum | exposure stratified classical
N |A|V WR Ber WR Ber
250 | 1 37 (37) 37 (37) 37 (37) 37 (37)
00 31 (102) | 31 (102) | 64 (213) | 64 (213)
01 33 (111) | 33 (111)
total 101(250) | 101(250) | 101(250) | 101 (250)
500 | 1 73 (73 ) 73 (73) 73 (73) 73 (73)
00 61 (205) | 62 (205) | 128 (427) | 128 (427)
01 67 (222) | 66 (222)
total 201 (500) | 201 (500) | 201 (500) | 201 (500)

Table 5.2: Sample sizes for « = = .5 in Model 1. N is a phase I sample size. WR and Ber
stand for sampling without replacement and Bernoulli sampling, respectively. The numbers
without parentheses denote the numbers n; of observations sampled at the second phase
and the numbers inside parentheses are corresponding numbers IN; to the phase I sample.

stratum | exposure stratified classical
N |A|V WR Ber WR Ber
250 | 1 37 (37) 37 (37) 37 (37) 37 (37)
0| O 107) | 32 (107) | 64 (213) 64 (213)

32 (
0] 1 | 32(107) | 32 (107)
total || 101(250) | 101(250) | 101(250) | 101 (250)
500 | 1 73(73) | 73(73) | 73 (73) 73 (73)
0] 0 || 64(213) | 64 (213) | 128 (427) | 128 (427 )
0] 1 | 64(213) | 64 (213)
total | 201 (500) | 201 (500) | 201 (500) | 201 (500)
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Table 5.3: Sample sizes for « = 8 = .9 and 6 = (log2,0) in Model 2. N is a phase I
sample size. WR and Ber stand for sampling without replacement and Bernoulli sampling,
respectively. The numbers without parentheses denote the numbers n; of observations
sampled at the second phase and the numbers inside parentheses are corresponding numbers
N to the phase I sample.

stratum | exposure stratified classical
N |A|V WR Ber WR Ber
250 | 1 37 (37) | 37(37) 37 (37) 37 (37)
0| 0 || 34(112) | 34 (112) | 64 (213) | 64 ( 213 )
0| 1 || 30(101) | 30 (101)
total 101 101 101 101
500 | 1 74 (74) | 74 (74) 74 (74) 74 (74)
0| 0 | 67(224) | 67 (224) | 128 (426) | 128 (426)
0| 1 | 61(202) |61 (202)
total 202 201 202 201

Table 5.4: Sample sizes for « = f = .9 and 6 = (log2,log2) in Model 2. N is a phase I
sample size. WR and Ber stand for sampling without replacement and Bernoulli sampling,
respectively. The numbers without parentheses denote the numbers n; of observations
sampled at the second phase and the numbers inside parentheses are corresponding numbers
N to the phase I sample.

stratum | exposure stratified classical
N |A|V WR Ber WR Ber
250 | 1 48 (48) | 48 (48) 48 (48) 48 (48)
0| 0 | 31(102) | 31(102) | 61 (202) | 61 (202)
0| 1 || 30(100) | 30 (100)
total 109 109 10 109
500 | 1 97 (97) | 97 (97) 97 (97) 97 (97)
0| 0 | 61(204) | 62 (204) | 121 (403) | 121 (403)
0] 1 || 60(199) | 60 (199)
total 218 218 218 218
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Table 5.5: Sample sizes for a = = .9 in Model 3. N is a phase I sample size. WR and Ber
stand for sampling without replacement and Bernoulli sampling, respectively. The numbers
without parentheses denote the numbers n; of observations sampled at the second phase
and the numbers inside parentheses are corresponding numbers IV; to the phase I sample.

stratum | exposure stratified classical
N |A|V WR Ber WR Ber
250 | 1 37 (37) | 37 (37) 37 (37) 37 (37)
0| 0 | 31(102) | 31 (102) | 64 (213) | 64 (213)
0| 1 || 33(111) | 33 (111)
total 101 101 101 101
500 | 1 73 (73) | 73 (73) 73 (73) 73 (73)
0| 0 || 61(205) | 61 (205) | 128 (427) | 128 (427)
0| 1 | 67(222) |66 (222)
total 201 201 201 201

For Models 1 and 2 except the Model 1 with o = 8 = .5 and the Model 2 with 8 =
(log2,0) and N = 250, the within-stratum centered calibration improved efficiency most
among different calibrations. This is particularly seen for the classical case cohort designs
in Tables 5.6, 5.7, 5.11, 5.12 and 5.13. For example, within-stratum centered calibration on
V and Y achieved variance reduction over the plain WLE by 11% and 13% (.179 to .159 and
.0879 to .0764) for N = 250 and N = 500 respectively in the classical case cohort designs
under sampling without replacement (Tables 5.6 and 5.7). Overall variance reductions seen
by this method are 1-7% (sampling without replacement) and 2-6% (Bernoulli sampling)
for the exposure stratified case cohort design with calibration on Y, and 7-13% (sampling
without replacement) and 7-15% (Bernoulli sampling) for the classical case cohort designs
with calibration on V' and Y (Tables 5.6, 5.7, 5.11, 5.12 and 5.13). The variance reductions
at the second phase are also important because adjusting weights only improve efficiency
In Tables 5.6, 5.7 and 5.13 where the phase I variances are

on the phase II variances.

reliably estimated, variance reductions at the second phases are 24%, 28% and 1% for the
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Table 5.6: Summary of simulations in Model 1 for N = 250 and « = § = .9. (1), (2), (3),
(4) stand for the exposure stratified case cohort designs under sampling without replace-
ment and Bernoulli sampling, and the classical case cohort design under sampling without
replacement and Bernoulli sampling, respectively. WLE, CalY, CalVY, CalYs, CalVYs,
CalYsc, CalVYsc stand for the WLE, the calibrated WLE on Y, the calibrated WLE on V'
and Y, the within-stratum calibrated WLE on Y, the within-stratum calibrated WLE on V
and Y, the within-stratum centered calibrated WLE on Y and the within-stratum centered
calibrated WLE on V' and Y, respectively. Var (emp), Vary,1(R), Vari(R), Vara(R) stand
for the empirical variance, the average of the reported variance, phase I variance and phase
IT variance from the survey package [29].

Sampling || Estimator | Mean | Var (emp) | Vary,,1(R) | Vari(R) | Vara(R)
Full 0.708 0.124 NA NA NA

(1) WLE 0.713 0.155 0.157 0.129 0.0274

CalY 0.713 0.156 0.159 0.130 0.0292

CalYs 0.715 0.147 0.150 0.130 0.0192

CalYsc 0.714 0.146 0.150 0.130 0.0206

(2) WLE 0.717 0.154 0.157 0.129 0.0280

CalY 0.717 0.157 0.160 0.130 0.0298

CalYs 0.716 0.145 0.150 0.130 0.0192

CalYsc 0.714 0.145 0.150 0.129 0.0210

(3) WLE 0.711 0.179 0.179 0.130 0.0499

CalY 0.711 0.182 0.181 0.130 0.0509

CalVY 0.711 0.183 0.183 0.131 0.0525

CalYs 0.712 0.182 0.181 0.130 0.0509

CalVYs 0.714 0.164 0.163 0.131 0.0327

CalYsc 0.711 0.180 0.180 0.130 0.0500

CalVYsc | 0.709 0.159 0.157 0.130 0.0275

(4) WLE 0.714 0.184 0.181 0.130 0.0507

CalY 0.714 0.187 0.182 0.131 0.0519

CalVY 0.714 0.189 0.185 0.131 0.0538

CalYs 0.715 0.187 0.183 0.131 0.0519

CalVYs | 0.719 0.162 0.165 0.131 0.0336

CalYsc 0.715 0.186 0.181 0.130 0.0509

CalVYsc | 0.717 0.156 0.158 0.130 0.0282
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Table 5.7: Summary of simulations in Model 1 for N = 500 and o« = 5 = .9. (1), (2), (3),
(4) stand for the exposure stratified case cohort designs under sampling without replace-
ment and Bernoulli sampling, and the classical case cohort design under sampling without
replacement and Bernoulli sampling, respectively. WLE, CalY, CalVY, CalYs, CalVYs,
CalYsc, CalVYsc stand for the WLE, the calibrated WLE on Y, the calibrated WLE on V
and Y, the within-stratum calibrated WLE on Y, the within-stratum calibrated WLE on V
and Y, the within-stratum centered calibrated WLE on Y and the within-stratum centered
calibrated WLE on V and Y, respectively. Var (emp), Var;;,1(R), Vari(R), Vara(R) stand
for the empirical variance, the average of the reported variance, phase I variance and phase

IT variance from the survey package [29].

Sampling || Estimator | Mean | Var (emp) | Vari,:,1(R) | Vari(R) | Vara(R)
Full 0.702 0.0623 NA NA NA

(1) WLE 0.709 0.0778 0.0756 0.0623 | 0.01324

CalY 0.709 0.0777 0.0761 0.0625 | 0.01365

CalYs 0.709 0.0725 0.0716 0.0625 | 0.00907

CalYsc 0.708 0.0725 0.0718 0.0623 | 0.00944

(2) WLE 0.703 0.0762 0.0759 0.0624 | 0.01352

CalY 0.702 0.0765 0.0766 0.0626 | 0.01399

CalYs 0.704 0.0723 0.0719 0.0626 | 0.00929

CalYsc 0.704 0.0723 0.0720 0.0624 | 0.00963

(3) WLE 0.700 0.0879 0.0869 0.0624 0.0245

CalY 0.700 0.0882 0.0873 0.0625 0.0248

CalVY 0.700 0.0883 0.0877 0.0626 0.0251

CalYs 0.700 0.0882 0.0873 0.0626 0.0247

CalVYs 0.704 0.0785 0.0783 0.0626 0.0156

CalYsc 0.700 0.0880 0.0869 0.0624 0.0245

CalVYsc | 0.702 0.0764 0.0757 0.0624 0.0132

(4) WLE 0.700 0.0874 0.0871 0.0624 0.0247

CalY 0.700 0.0877 0.0877 0.0626 0.0251

CalVyY 0.700 0.0880 0.0883 0.0627 0.0256

CalYs 0.701 0.0878 0.0877 0.0626 0.0250

CalVYs | 0.703 0.0796 0.0786 0.0627 0.0159

CalYsc 0.700 0.0876 0.0873 0.0625 0.0248

CalVYsc | 0.703 0.0774 0.0759 0.0625 0.0134
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Table 5.8: Summary of simulations in Model 1 for N = 250 and o« = § = .5. (1), (2), (3),
(4) stand for the exposure stratified case cohort designs under sampling without replace-
ment and Bernoulli sampling, and the classical case cohort design under sampling without
replacement and Bernoulli sampling, respectively. WLE, CalY, CalVY, CalYs, CalVYs,
CalYsc, CalVYsc stand for the WLE, the calibrated WLE on Y, the calibrated WLE on V'
and Y, the within-stratum calibrated WLE on Y, the within-stratum calibrated WLE on V
and Y, the within-stratum centered calibrated WLE on Y and the within-stratum centered
calibrated WLE on V' and Y, respectively. Var (emp), Vary,1(R), Vari(R), Vara(R) stand
for the empirical variance, the average of the reported variance, phase I variance and phase
IT variance from the survey package [29].

Sampling || Estimator | Mean | Var (emp) | Vary,,1(R) | Vari(R) | Vara(R)
Full 0.704 0.134 NA NA NA

(1) WLE 0.707 0.181 0.179 0.130 0.0498

CalY 0.708 0.182 0.181 0.130 0.0508

CalYs 0.707 0.182 0.181 0.131 0.0500

CalYsc 0.706 0.182 0.179 0.130 0.0493

(2) WLE 0.710 0.187 0.1810 0.130 0.0513

CalY 0.710 0.188 0.1825 0.130 0.0521

CalYs 0.710 0.189 0.1819 0.131 0.0512

CalYsc 0.708 0.189 0.1805 0.130 0.0506

(3) WLE 0.701 0.188 0.179 0.130 0.0498

CalY 0.700 0.191 0.181 0.130 0.0508

CalVY 0.698 0.193 0.182 0.131 0.0512

CalYs 0.701 0.191 0.181 0.131 0.0507

CalVYs 0.700 0.192 0.181 0.131 0.0504

CalYsc 0.700 0.189 0.180 0.130 0.0499

CalVYsc | 0.699 0.190 0.180 0.130 0.0496

(4) WLE 0.714 0.194 0.180 0.130 0.0506

CalY 0.713 0.197 0.182 0.130 0.0515

CalVY 0.714 0.199 0.183 0.131 0.0518

CalYs 0.714 0.197 0.182 0.130 0.0515

CalVYs 0.715 0.197 0.182 0.131 0.0511

CalYsc 0.714 0.196 0.180 0.130 0.0506

CalVYsc | 0.714 0.196 0.180 0.130 0.0503
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Table 5.9: Summary of simulations in Model 1 for N = 500 and o = 5 = .5. (1), (2), (3),
(4) stand for the exposure stratified case cohort designs under sampling without replace-
ment and Bernoulli sampling, and the classical case cohort design under sampling without
replacement and Bernoulli sampling, respectively. WLE, CalY, CalVY, CalYs, CalVYs,
CalYsc, CalVYsc stand for the WLE, the calibrated WLE on Y, the calibrated WLE on V
and Y, the within-stratum calibrated WLE on Y, the within-stratum calibrated WLE on V
and Y, the within-stratum centered calibrated WLE on Y and the within-stratum centered
calibrated WLE on V and Y, respectively. Var (emp), Var;;,1(R), Vari(R), Vara(R) stand
for the empirical variance, the average of the reported variance, phase I variance and phase

IT variance from the survey package [29].

Sampling || Estimator | Mean | Var (emp) | Vari,:,1(R) | Vari(R) | Vara(R)
Full 0.704 0.0670 NA NA NA

(1) WLE 0.705 0.0943 0.0869 0.0624 0.0246

CalY 0.704 0.0949 0.0874 0.0626 0.0248

CalYs 0.704 0.0951 0.0873 0.0626 0.0247

CalYsc 0.704 0.0949 0.0869 0.0625 0.0245

(2) WLE 0.696 0.0962 0.0874 0.0624 0.0250

CalY 0.696 0.0970 0.0879 0.0626 0.0253

CalYs 0.696 0.0972 0.0878 0.0627 0.0251

CalYsc 0.696 0.0968 0.0874 0.0625 0.0249

(3) WLE 0.703 0.0976 0.0870 0.0624 0.0246

CalY 0.702 0.0982 0.0874 0.0626 0.0248

CalVY 0.702 0.0987 0.0877 0.0628 0.0249

CalYs 0.702 0.0982 0.0874 0.0626 0.0248

CalVYs 0.702 0.0984 0.0874 0.0627 0.0247

CalYsc 0.702 0.0978 0.0870 0.0625 0.0246

CalVYsc | 0.703 0.0980 0.0870 0.0625 0.0245

(4) WLE 0.708 0.0937 0.0871 0.0624 0.0247

CalY 0.709 0.0938 0.0874 0.0625 0.0249

CalVyY 0.708 0.0937 0.0877 0.0627 0.0250

CalYs 0.709 0.0938 0.0874 0.0625 0.0249

CalVYs | 0.708 0.0938 0.0874 0.0626 0.0248

CalYsc 0.708 0.0937 0.0871 0.0624 0.0247

CalVYsc | 0.708 0.0936 0.0871 0.0624 0.0246
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Table 5.10: Summary of simulations in Model 2 for N = 250 and 6 = (log2,0). (1),
(2), (3), (4) stand for the exposure stratified case cohort designs under sampling without
replacement and Bernoulli sampling, and the classical case cohort design under sampling
without replacement and Bernoulli sampling, respectively. WLE, CalY, CalXY, CalYs,
CalXYs, CalYsc, CalXYsc stand for the WLE, the calibrated WLE on Y, the calibrated
WLE on X and Y, the within-stratum calibrated WLE on Y, the within-stratum calibrated
WLE on X and Y, the within-stratum centered calibrated WLE on Y and the within-
stratum centered calibrated WLE on X and Y, respectively. Var (emp), Vari i.1(R),
Vary(R), Varg(R) stand for the empirical variance, the average of the reported variance,
phase I variance and phase II variance from the survey package [29].

Sampling || Estimator | Mean | Var (emp) | Vary,,1(R) | Vari(R) | Vara(R)
Full 0.717 0.335 NA NA NA
(1) WLE 0.782 1.404 0.706 0.589 0.117
CalY 0.782 1.413 0.701 0.583 0.119
CalYs 0.777 1.394 0.692 0.585 0.108
CalYsc 0.775 1.398 0.708 0.600 0.107
(2) WLE 0.743 1.079 0.698 0.579 0.118
CalY 0.747 1.091 0.649 0.528 0.121
CalYs 0.749 1.058 0.643 0.533 0.110
CalYsc 0.739 1.037 0.696 0.587 0.109
(3) WLE 0.771 1.539 0.577 0.429 0.148
CalY 0.771 1.547 0.577 0.428 0.149
CalXY 0.770 1.543 0.569 0.413 0.156
CalYs 0.772 1.549 0.578 0.429 0.149
CalXYs 0.769 1.491 0.558 0.426 0.131
CalYsc 0.768 1.553 0.575 0.428 0.147
CalXYsc | 0.763 1.557 0.539 0.424 0.115
(4) WLE 0.760 1.156 0.649 0.496 0.153
CalY 0.760 1.151 0.645 0.491 0.155
CalXY 0.760 1.161 0.643 0.479 0.164
CalYs 0.761 1.152 0.646 0.491 0.155
CalXYs | 0.760 1.139 0.624 0.487 0.137
CalYsc 0.755 1.145 0.647 0.496 0.151
CalXYsc | 0.763 1.149 0.609 0.488 0.121
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Table 5.11: Summary of simulations in Model 2 for N = 500 and § = (log2,0).
(2), (3), (4) stand for the exposure stratified case cohort designs under sampling without
replacement and Bernoulli sampling, and the classical case cohort design under sampling
without replacement and Bernoulli sampling, respectively. WLE, CalY, CalXY, CalYs,
CalXYs, CalYsc, CalXYsc stand for the WLE, the calibrated WLE on Y, the calibrated
WLE on X and Y, the within-stratum calibrated WLE on Y, the within-stratum calibrated
WLE on X and Y, the within-stratum centered calibrated WLE on Y and the within-
stratum centered calibrated WLE on X and Y, respectively. Var (emp), Vari,i,1(R),
Vary (R), Varg(R) stand for the empirical variance, the average of the reported variance,

phase I variance and phase II variance from the survey package [29].

Sampling || Estimator | Mean | Var (emp) | Vari,:,1(R) | Vari(R) | Vara(R)
Full 0.703 0.169 NA NA NA

(1) WLE 0.732 0.269 0.242 0.182 0.0608

CalY 0.731 0.269 0.244 0.182 0.0616

CalYs 0.731 0.263 0.238 0.182 0.0554

CalYsc 0.729 0.261 0.237 0.182 0.0554

(2) WLE 0.729 0.262 0.2441 0.183 0.0616

CalY 0.730 0.263 0.2459 0.184 0.0623

CalYs 0.730 0.258 0.2398 0.184 0.0559

CalYsc 0.729 0.258 0.2394 0.183 0.0560

(3) WLE 0.736 0.294 0.265 0.187 0.0784

CalY 0.737 0.295 0.267 0.188 0.0789

CalXY 0.737 0.299 0.269 0.187 0.0814

CalYs 0.737 0.295 0.267 0.188 0.0789

CalXYs 0.733 0.281 0.257 0.188 0.0687

CalYsc 0.736 0.295 0.266 0.187 0.0784

CalXYsc | 0.729 0.270 0.249 0.187 0.0618

(4) WLE 0.730 0.285 0.259 0.181 0.0780

CalY 0.730 0.287 0.261 0.183 0.0784

CalXY 0.729 0.290 0.264 0.183 0.0809

CalYs 0.730 0.288 0.261 0.183 0.0784

CalXYs | 0.729 0.275 0.251 0.183 0.0679

CalYsc 0.730 0.285 0.259 0.182 0.0777

CalXYsc | 0.726 0.265 0.243 0.182 0.0611
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Table 5.12: Summary of simulations in Model 2 for N = 250 and 6§ = (log2,log2). (1),
(2), (3), (4) stand for the exposure stratified case cohort designs under sampling without
replacement and Bernoulli sampling, and the classical case cohort design under sampling
without replacement and Bernoulli sampling, respectively. WLE, CalY, CalXY, CalYs,
CalXYs, CalYsc, CalXYsc stand for the WLE, the calibrated WLE on Y, the calibrated
WLE on X and Y, the within-stratum calibrated WLE on Y, the within-stratum calibrated
WLE on X and Y, the within-stratum centered calibrated WLE on Y and the within-
stratum centered calibrated WLE on X and Y, respectively. Var (emp), Vari i.1(R),
Vary(R), Varg(R) stand for the empirical variance, the average of the reported variance,
phase I variance and phase II variance from the survey package [29].

Sampling || Estimator | Mean | Var (emp) | Vary,,1(R) | Vari(R) | Vara(R)
Full 0.699 0.252 NA NA NA
(1) WLE 0.780 0.484 0.401 0.295 0.1059
CalY 0.780 0.492 0.404 0.298 0.1065
CalYs 0.787 0.482 0.395 0.299 0.0966
CalYsc 0.784 0.477 0.393 0.296 0.0967
(2) WLE 0.783 0.546 0.413 0.308 0.1053
CalY 0.782 0.551 0.411 0.304 0.1065
CalYs 0.787 0.538 0.404 0.307 0.0966
CalYsc 0.784 0.533 0.404 0.308 0.0965
(3) WLE 0.781 0.538 0.439 0.308 0.131
CalY 0.783 0.541 0.440 0.308 0.131
CalXY 0.782 0.545 0.446 0.306 0.140
CalYs 0.784 0.543 0.441 0.310 0.131
CalXYs 0.783 0.521 0.418 0.304 0.114
CalYsc 0.783 0.542 0.440 0.310 0.130
CalXYsc | 0.798 0.495 0.404 0.302 0.102
(4) WLE 0.783 0.559 0.427 0.296 0.130
CalY 0.783 0.564 0.426 0.296 0.130
CalXY 0.781 0.576 0.430 0.292 0.138
CalYs 0.784 0.565 0.427 0.297 0.130
CalXYs 0.784 0.543 0.408 0.297 0.111
CalYsc 0.782 0.565 0.425 0.296 0.129
CalXYsc | 0.803 0.500 0.399 0.298 0.101
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Table 5.13: Summary of simulations in Model 2 for N = 500 and 6 = (log2,log2). (1),
(2), (3), (4) stand for the exposure stratified case cohort designs under sampling without
replacement and Bernoulli sampling, and classical case cohort design under sampling with-
out replacement and Bernoulli sampling, respectively. WLE, CalY, CalXY, CalYs, CalXYs,
CalYsc, CalXYsc stand for the WLE, the calibrated WLE on Y, the calibrated WLE on X
and Y, the within-stratum calibrated WLE on Y, the within-stratum calibrated WLE on X
and Y, the within-stratum centered calibrated WLE on Y and the within-stratum centered
calibrated WLE on X and Y, respectively. Var (emp), Var;,¢,1(R), Vari(R), Vara(R) stand
for the empirical variance, the average of the reported variance, phase I variance and phase

IT variance from the survey package [29].

Sampling || Estimator | Mean | Var (emp) | Vari,:,1(R) | Vari(R) | Vara(R)
Full 0.691 0.114 NA NA NA

(1) WLE 0.736 0.205 0.178 0.117 0.0614

CalY 0.737 0.206 0.179 0.117 0.0616

CalYs 0.738 0.203 0.174 0.117 0.0564

CalYsc 0.736 0.201 0.174 0.117 0.0565

(2) WLE 0.725 0.194 0.180 0.117 0.0631

CalY 0.725 0.195 0.180 0.117 0.0633

CalYs 0.728 0.189 0.175 0.117 0.0578

CalYsc 0.726 0.188 0.175 0.117 0.0580

(3) WLE 0.738 0.218 0.194 0.117 0.0764

CalY 0.738 0.219 0.194 0.118 0.0765

CalXY 0.738 0.220 0.196 0.118 0.0781

CalYs 0.739 0.220 0.195 0.118 0.0766

CalXYs 0.739 0.209 0.184 0.118 0.0661

CalYsc 0.737 0.218 0.194 0.118 0.0762

CalXYsc | 0.738 0.203 0.179 0.118 0.0614

(4) WLE 0.738 0.219 0.195 0.117 0.0776

CalY 0.737 0.219 0.195 0.118 0.0776

CalXY 0.737 0.221 0.197 0.118 0.0791

CalYs 0.737 0.219 0.195 0.118 0.0776

CalXYs | 0.732 0.203 0.185 0.118 0.0672

CalYsc 0.736 0.217 0.195 0.117 0.0773

CalXYsc | 0.735 0.195 0.180 0.118 0.0623
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Table 5.14: Summary of simulations in Model 3 for N = 250. (1), (2), (3), (4) stand for the
exposure stratified case cohort designs under sampling without replacement and Bernoulli
sampling, and the classical case cohort design under sampling without replacement and
Bernoulli sampling, respectively. WLE, CalY, CalVY, CalYs, CalVYs, CalYsc, CalVYsc
stand for the WLE, the calibrated WLE on Y, the calibrated WLE on V and Y, the
within-stratum calibrated WLE on Y, the within-stratum calibrated WLE on V and Y, the
within-stratum centered calibrated WLE on Y and the within-stratum centered calibrated
WLE on V and Y, respectively. Var (emp), Var;;,1(R), Vari(R), Varz(R) stand for the
empirical variance, the average of the reported variance, phase I variance and phase II
variance from the survey package [29].

Sampling || Estimator | Mean | Var (emp) | Vary,,1(R) | Vari(R) | Vara(R)
Full 0.699 0.316 NA NA NA
(1) WLE 0.748 0.988 0.746 0.600 0.146
CalY 0.745 0.996 0.700 0.552 0.148
CalYs 0.747 1.000 0.702 0.555 0.147
CalYsc 0.745 1.002 0.740 0.597 0.143
(2) WLE 0.765 0.923 0.660 0.509 0.151
CalY 0.767 0.935 0.630 0.478 0.153
CalYs 0.768 0.940 0.633 0.482 0.151
CalYsc 0.767 0.938 0.652 0.504 0.147
(3) WLE 0.717 1.200 0.690 0.544 0.147
CalY 0.720 1.214 0.680 0.532 0.147
CalVY 0.719 1.225 0.672 0.519 0.153
CalYs 0.720 1.216 0.679 0.531 0.147
CalVYs 0.722 1.220 0.676 0.527 0.148
CalYsc 0.717 1.217 0.690 0.545 0.145
CalVYsc | 0.723 1.309 0.669 0.524 0.145
(4) WLE 0.795 1.911 0.880 0.732 0.148
CalY 0.794 1.911 0.746 0.595 0.151
CalVY 0.793 1.920 0.827 0.667 0.159
CalYs 0.795 1.912 0.777 0.626 0.151
CalVYs | 0.798 1.934 0.843 0.691 0.152
CalYsc 0.793 1.923 0.886 0.739 0.147
CalVYsc | 0.816 2.178 0.946 0.800 0.146
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Table 5.15: Summary of simulations in Model 3 for N = 500. (1), (2), (3), (4) stand for the
exposure stratified case cohort designs under sampling without replacement and Bernoulli
sampling, and the classical case cohort design under sampling without replacement and
Bernoulli sampling, respectively. WLE, CalY, CalVY, CalYs, CalVYs, CalYsc, CalVYsc
stand for the WLE, the calibrated WLE on Y, the calibrated WLE on V and Y, the
within-stratum calibrated WLE on Y, the within-stratum calibrated WLE on V' and Y, the
within-stratum centered calibrated WLE on Y and the within-stratum centered calibrated
WLE on V and Y, respectively. Var (emp), Var;,;,1(R), Vari(R), Varz(R) stand for the
empirical variance, the average of the reported variance, phase I variance and phase II
variance from the survey package [29].

Sampling || Estimator | Mean | Var (emp) | Vari,:,1(R) | Vari(R) | Vara(R)
Full 0.702 0.162 NA NA NA

(1) WLE 0.721 0.288 0.259 0.181 0.0781

CalY 0.722 0.290 0.260 0.181 0.0786

CalYs 0.722 0.291 0.260 0.182 0.0784

CalYsc 0.722 0.293 0.259 0.181 0.0776

(2) WLE 0.723 0.296 0.2600 0.181 0.0791

CalY 0.723 0.298 0.2615 0.182 0.0796

CalYs 0.724 0.298 0.2617 0.182 0.0794

CalYsc 0.724 0.298 0.2605 0.182 0.0787

(3) WLE 0.740 0.284 0.262 0.184 0.0776

CalY 0.740 0.285 0.263 0.185 0.0780

CalVY 0.741 0.287 0.264 0.184 0.0793

CalYs 0.740 0.285 0.263 0.185 0.0780

CalVYs 0.741 0.286 0.264 0.185 0.0783

CalYsc 0.741 0.284 0.262 0.185 0.0774

CalVYsc | 0.746 0.283 0.261 0.183 0.0776

(4) WLE 0.718 0.287 0.262 0.184 0.0786

CalY 0.717 0.288 0.263 0.184 0.0790

CalVyY 0.716 0.291 0.265 0.185 0.0803

CalYs 0.717 0.289 0.263 0.184 0.0790

CalVYs | 0.718 0.290 0.263 0.184 0.0793

CalYsc 0.719 0.287 0.262 0.184 0.0784

CalVYsc | 0.721 0.288 0.261 0.182 0.0785
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exposure stratified case cohort designs under sampling without replacement and 45% 46%
and 19% for the classical case cohort designs, respectively. Note that large improvements
on efficiency at the second phase are required in order to see noticeable differences in the
overall variances because the phase II variances are much smaller than the phase I variances

in general.

Efficiency improvements are greatly influenced by different designs. First, the magni-
tudes of variance reductions differ between the exposure stratified and the classical cohort
designs. As we discussed, the best possible efficiency improvements are larger in the classi-
cal case cohort designs. On the other hand, the best estimators in the classical case cohort
designs are, at best, as efficient as the plain WLE in the exposure stratified case cohort
designs. For instance, we see in Table 5.6 that the within-stratum centered calibration on V'
and Y in the classical case cohort design has empirical variance .159 while the plain WLE

in the exposure stratified case cohort design has empirical variance .155.

Second, calibrations that gain efficiency the in one design may not improve efficiency
in another design even if the same auxiliary variables are chosen for calibrations. Within-
stratum calibrations on Y achieved variance reduction over the plain WLE in the exposure
case cohort designs while they gained no efficiency at all in the classical case cohort design.
Instead, within-stratum (centered) calibrations on V' and Y led to efficiency gains. Note

that the usual calibration did not improve efficiency at all for all cases.

Third, adjusting weights may have no effects on variance reduction when strata for-
mation based on an uncorrelated auxiliary variables. Adjusting weights did not affect the
performance of estimators in Tables 5.8 and 5.9 where the auxiliary variable V' is indepen-
dent of X, Y, A. This result indicates that it is important to consider which variables to

be collected for stratification at the first phase when planning a two-phase design.

Lastly, when the exposure of interest is collected at the second phase and a stratifying
variable is a confounder in the outcome model (Cox model), adjusting weights may not

influence efficiency gain. This is a result from Model 3 (Tables 5.14 and 5.14).
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Table 5.16: R outputs and bootstrap results based one data set in Model 1 of the exposure
stratified case cohort designs for a = g = .9. Mean (R), Var,;,1(R), Vari(R), Vara(R)
are outputs from the R survey package [29] for mean, variance, the phase I and phase
IT variances. Mean (tp), Var(tp), Mean (svy), Var(svy) are mean and variance from the

two-phase and survey bootstraps, respectively.

Estimator | Mean (R) | Vari ,)(R) | Vari(R) Vary(R)

WLE 1.43 0.167 0.132 0.0352

CalY 1.43 0.167 0.132 0.0348

CalYs 1.34 0.159 0.132 0.0268

CalYsc 1.33 0.159 0.132 0.0271
N=250 Mean (tp) Var(tp) Mean (svy) | Var(svy)
WLE 1.47 0.1777 1.44 0.0368

CalY 1.47 0.1793 1.44 0.0375

CalYs 1.38 0.1628 1.35 0.0289

CalYsc 1.38 0.1618 1.34 0.0295

Estimator | Mean (R) | Vary ,1(R) | Vari(R) Varz(R)

WLE 0.629 0.0705 0.0597 0.01072

CalY 0.629 0.0705 0.0597 0.01076

CalYs 0.543 0.0660 0.0598 0.00626

CalYsc 0.547 0.0663 0.0600 0.00633
N=500 Mean (tp) Var(tp) Mean (svy) | Var(svy)
WLE 0.638 0.0721 0.633 0.01131

CalY 0.638 0.0728 0.633 0.01142

CalYs 0.554 0.0608 0.548 0.00687

CalYsc 0.558 0.0646 0.552 0.00680
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Table 5.17: R outputs and bootstrap results based one data set in Model 1 of the exposure
stratified case cohort designs for a = 8 = .5. Mean (R), Vari,,1(R), Vari(R), Vara(R)
are outputs from the R survey package [29] for mean, variance, the phase I and phase II
variances. Mean (tp), Var(tp), Mean (svy), Var(svy) are means and variances from the
two-phase and survey bootstraps, respectively.

Estimator | Mean (R) | Var,,(R) | Vari(R) Vary(R)

WLE 1.03 0.183 0.132 0.0514

CalY 1.02 0.189 0.133 0.0551

CalYs 1.04 0.189 0.134 0.0548

CalYsc 1.05 0.188 0.134 0.0537
N=250 Mean (tp) Var(tp) Mean (svy) | Var(svy)
WLE 1.07 0.187 1.04 0.0547

CalY 1.05 0.193 1.03 0.0598

CalYs 1.07 0.198 1.05 0.0604

CalYsc 1.09 0.191 1.06 0.0599

Estimator | Mean (R) | Var ,1(R) | Vari(R) Varz(R)

WLE 0.831 0.0845 0.0598 0.0247

CalY 0.830 0.0848 0.0599 0.0249

CalYs 0.832 0.0846 0.0599 0.0247

CalYsc 0.836 0.0843 0.0599 0.0244
N=500 Mean (tp) Var(tp) Mean (svy) | Var(svy)
WLE 0.843 0.0878 0.829 0.0248

CalY 0.841 0.0884 0.828 0.0252

CalYs 0.845 0.0882 0.830 0.0253

CalYsc 0.851 0.0849 0.835 0.0253
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Table 5.18: R outputs and bootstrap results based one data set in Model 2 of the exposure
stratified case cohort designs for § = (log2,0). Mean (R), Vary,i,1(R), Vari(R), Vara(R)
are outputs from the R survey package [29] for mean, variance, the phase I and phase II
variances. Mean (tp), Var(tp), Mean (svy), Var(svy) are means and variances from the

two-phase and survey bootstraps, respectively.

Estimator | Mean (R) | Vari ,)(R) | Vari(R) Vary(R)
WLE 1.59 0.871 0.536 0.334
CalY 1.69 0.774 0.474 0.300
CalYs 1.62 0.761 0.479 0.282
CalYsc 1.53 0.813 0.523 0.290
N=250 Mean (tp) Var(tp) Mean (svy) | Var(svy)
WLE 1.86 1.146 1.86 0.670
CalY 1.92 0.979 1.92 0.541
CalYs 1.87 0.968 1.87 0.541
CalYsc 1.86 1.008 1.81 0.610
Estimator | Mean (R) | Vary ,1(R) | Vari(R) Varz(R)
WLE 0.863 0.242 0.190 0.0528
CalY 0.869 0.244 0.191 0.0527
CalYs 0.842 0.244 0.193 0.0512
CalYsc 0.854 0.245 0.194 0.0506
N=500 Mean (tp) Var(tp) Mean (svy) | Var(svy)
WLE 0.852 0.260 0.891 0.0630
CalY 0.857 0.265 0.897 0.0636
CalYs 0.828 0.257 0.873 0.0621
CalYsc 0.831 0.264 0.882 0.0616
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Table 5.19: R outputs and bootstrap results based one data set in Model 2 of the exposure
stratified case cohort designs for 6 = (log 2,log2). Mean (R), Var,(,1(R), Vari(R), Vara(R)
are outputs from the R survey package [29] for mean, variance, the phase I and phase II
variances. Mean (tp), Var(tp), Mean (svy), Var(svy) are mean and variance from the two-
phase and survey bootstraps, respectively.

Estimator | Mean (R) | Var,,(R) | Vari(R) Vary(R)
WLE 1.18 0.361 0.161 0.199
CalY 1.18 0.362 0.163 0.200
CalYs 1.17 0.397 0.176 0.221
CalYsc 1.13 0.416 0.181 0.234
N=250 Mean (tp) Var(tp) Mean (svy) | Var(svy)
WLE 1.31 0.401 1.33 0.270
CalY 1.31 0.407 1.33 0.276
calYs 1.33 0.450 1.36 0.327
calYsc 1.32 0.473 1.33 0.356
Estimator | Mean (R) | Var ,1(R) | Vari(R) Varz(R)
WLE 0.578 0.192 0.117 0.0747
CalY 0.668 0.203 0.120 0.0828
CalYs 0.464 0.196 0.123 0.0733
CalYsc 0.505 0.204 0.128 0.0753
N=500 Mean (tp) Var(tp) Mean (svy) | Var(svy)
WLE 0.598 0.254 0.615 0.108
CalY 0.690 0.270 0.704 0.122
calYs 0.490 0.252 0.499 0.115
calYsc 0.532 0.257 0.543 0.113
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Table 5.20: R outputs and bootstrap results based one data set in Model 3 of the exposure
stratified case cohort designs. Mean (R), Vari;,1(R), Vari(R), Vara(R) are outputs from
the R survey package [29] for mean, variance, the phase I and phase II variances. Mean
(tp), Var(tp), Mean (svy), Var(svy) are means and variances from the two-phase and survey

bootstraps, respectively.

Estimator | Mean (R) | Vari ,)(R) | Vari(R) Vary(R)

WLE 0.879 0.674 0.533 0.140

CalY 0.770 0.728 0.601 0.127

CalYs 0.768 0.740 0.610 0.129

CalYsc 0.854 0.691 0.555 0.136
N=250 Mean (tp) Var(tp) Mean (svy) | Var(svy)

WLE 0.888 0.953 0.945 0.212

CalY 0.763 0.953 0.826 0.180

CalYs 0.760 0.969 0.825 0.185

CalYsc 0.855 0.863 0.918 0.206

Estimator | Mean (R) | Vary ,1(R) | Vari(R) Varz(R)

WLE -0.029 0.203 0.147 0.0561

CalY -0.029 0.203 0.147 0.0561

CalYs -0.002 0.202 0.148 0.0536

CalYsc -0.012 0.203 0.150 0.0527
N=500 Mean (tp) Var(tp) Mean (svy) | Var(svy)
WLE -0.036 0.244 -0.043 0.0768

CalY -0.040 0.244 -0.050 0.0771

CalYs -0.005 0.234 -0.018 0.0753

CalYsc -0.006 0.230 -0.024 0.0748
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Table 5.21: Bootstrap results based on four different data sets in Model 2 of the exposure
stratified case cohort designs for with 6 = (log2,0). Vary.,1(R), Vari(R), Varz(R) are
outputs from the R survey package [29] for variance, the phase I and phase II variances.
Var(tp), Mean (svy), Var(svy) are variances from the two-phase and survey bootstraps,

respectively.
Original Bootstrap
Estimator | Vary,¢,1(R) | Vari(R) | Vara(R) || Var (tp) | Var(svy)

(1) WLE 0.117 0.0729 0.0437 0.139 0.0567
CalY 0.121 0.0732 0.0480 0.146 0.0626

CalYs 0.105 0.0735 0.0319 0.114 0.0441

CalYsc 0.106 0.0735 0.0325 0.117 0.0439

(2) WLE 0.186 0.135 0.0511 0.212 0.0688
CalY 0.186 0.132 0.0549 0.217 0.0762

CalYs 0.171 0.132 0.0388 0.189 0.0569

CalYsc 0.170 0.133 0.0367 0.191 0.0539

(3) WLE 0.408 0.320 0.0881 0.452 0.150
CalY 0.406 0.312 0.0938 0.466 0.165

CalYs 0.401 0.320 0.0815 0.455 0.150

CalYsc 0.402 0.320 0.0815 0.446 0.141

(4) WLE 0.804 0.766 0.0378 0.782 0.0396
CalY 0.676 0.634 0.0418 0.664 0.0457

CalYs 0.675 0.633 0.0417 0.660 0.0439
CalYsc 0.738 0.696 0.0420 0.696 0.0455
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Separate Variance Estimation

The efficient score for the complete data can be estimated from the derivative of the weighted
partial likelihood with respect to the regression coeflicients as it is estimated from the partial
likelihood in the complete data model. Thus, the efficient information for the complete
data can be estimated from the Horvitz-Thompson estimator of the square of the estimated
efficient score for the complete data. This method is implemented in the R survey package

[29] and is justified by Theorem 4.1.1.

The performance of this method can be measured by comparison of the variance of the
MLE for the complete data and the R output for the phase I variance in Tables 5.6 - 5.15.
These two are in good agreement in the Model 1 and the Model 2 with N = 500 and 8 =
(log 2,log 2). However, the method overestimated the phase I variance in other simulations.
For example, the estimated phase I variances for the plain WLE for the exposure stratified
case cohort design in Table 5.10 are .582 for N = 250 and .182 for N = 500 while the
variance of the MLE for the complete data are .335 for N = 250 and .169 for N = 500.
These bias became smaller as sample sizes increased, but sufficient sample sizes vary greatly

from model to model.

The phase II variances for the exposure stratified case cohort design under sampling
without replacement are reported in Tables 5.16-5.21. Since the empirical variances and the
estimated variances from the R outputs are in good agreement in the Model 1 as well as
the empirical variances of the MLE and the estimated phase I variances are, the estimated
phase II variances in the Model 1 are reliable. Tables 5.16 and 5.17 show that estimated
phase II variances from the survey bootstrap are in good agreement with the outputs for a

single data set on which the survey bootstrap is based and the results in Tables 5.6-5.9.

For other cases, we observe that the estimated total variances from the R outputs are
generally smaller than the empirical variances (Tables 5.10- 5.15) while the estimated phase
I variance from the R outputs tend to be larger than the truth (Tables 5.10- 5.15 except
Table 5.13). This indicates that the estimated phase II variances are greatly underestimated.
Tables 5.18-5.20 show that the estimated phase II variances from the survey bootstrap are

larger than the phase II variances reported from the R outputs. This suggests that the
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survey bootstrap corrected the reported underestimated phase II variances but how precise
the corrections are is unknown. To study this question is difficult since the bootstrap
depends on the original data. That is, if the original data where the bootstrap is based are
extreme enough by chance, a perfect correction of the bias by bootstrap is unlikely. We

address this questions below after discussing results of the two-phase bootstrap.

Simultaneous Variance Estimation

The two-phase bootstrap estimated variances sufficiently close to the reported variances
from the R output and the results in Tables 5.6-5.9. Recall that total variances, and phase
I and phase II variances are well estimated from the Horvitz-Thompson estimators in these
cases. In other words, N = 250 is sufficiently large for the Model 1. Thus, good performance
of the two-phase bootstrap in the Model 1 means that this method performs very well for

sufficiently large sample sizes.

As mentioned above, the total variances reported from the R outputs are smaller than
the empirical ones in other cases, or for insufficient sample sizes. As the survey bootstrap,
the two-phase bootstrap yielded the estimates larger than the reported ones as seen in
Tables 5.18-5.20. Thus, the two-phase bootstrap also captured the enough variances not

reported from the R output, too.

Table 5.21 shows the results for our bootstrap methods based on four different original
data sets in the Model 2 with N = 500 and 6 = (log 2,log2). We observe from Table 5.18
that if the original data set is a good representative of the population (see the R outputs
in Table 5.18 and results in Table 5.11 are in good agreement), results from the both boot-
strap methods yielded reliable variance estimates. The two-phase bootstrap did not provide
reliable estimates for all four cases in Table 5.21. This method tried to correct the bias up-
ward for the cases where reported variances are (1) too small, (2) moderately small, (3)
moderately large, while estimates from the two-phase bootstrap are smaller than reported
ones for the case where the reported variance is too large (4). The survey bootstrap reliably
estimated the phase II variances for the cases where the reported variances are small (1 and

2) while it overestimated the phase II variances for the case of (3) and (4). This method
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yielded larger estimates than reported ones for all four cases. As the sample sizes increases,
the probability of getting a data set of “good representative” of the population becomes
larger and our bootstrap method became more likely to perform reliably as the “in prob-
ability” statement of bootstrap Z-theorems (Theorems 4.1.2 and 4.1.3) expect. However,

the finite sample performance greatly depends on the original data set for bootstrap.
5.3 Data Analysis

We analyze data from the National Wilms Tumor Study [14, 17]. The data set is available
online from the website of Dr. Norman E. Breslow
(http://faculty.washington.edu/norm/TEA08.html). In this study, 3915 patients with Wilms
tumor diagnosed during 1980-1994 were followed until the disease progression or death. The
baseline covariates are age at diagnosis, stage of disease (I-IV), histology (favorable versus
unfavorable) from the registering institution and the central reference laboratory, and tumor
diameter. Although information on outcomes and baseline covariates are known for all
patients, we take a subsample from this study to create an artificial two-phase design as
considered in [5, 6]. Specifically, we create nine strata based on age (less than or greater than
one year of age), severity of stage (I-II versus I1I-IV), and institutional histology in addition
to a censoring indicator. Moreover, we treat histology from the central reference laboratory
as the gold standard (sensitivity 74% and specificity 98%) and known for patients sampled
at the second phase. Though there are nine strata, all patients are sampled except three
strata. For the first stratum, 120 patients are sampled from 452 patients with favorable
institutional histology, stage I or II and less than one year of age. For the second stratum,
160 patients are sampled from 1620 patients with favorable institutional histology, stage I
or II and greater than one year of age. For the third stratum, 120 patients are sampled
fro-rm 914 patients with favorable institutional histology, stage III or IV and greater than
one year of age. The overall phase II sample size is 1329.

The estimators we consider are the plain WLE and the within-stratum centered cali-
brated WLE on the time to event or censoring, stage (I-IV), and age (continuous). We
compare these two estimators with the calibrated WLE with imputation proposed by [27]

which was considered in [5, 6]. The statistical model considered is the same as that consid-
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ered in [5, 6].

Table 5.22: R outputs for one data set for the MLE for the complete data, the plain
WLE, the within-stratum centered calibrated WLE on the time to event or censoring,
stage, and age, and the calibrated WLE with imputation of [27]. UH stands for unfavorable
histology from the central reference laboratory,agel and age2, piecewise linear terms for age
at diagnosis (years) before and after 1 year, respectively, stg34 is a indicator of the stage
ITI-IV, tumdiam is tumor diameter, stgdiam is a stage times tumor diameter, and UH:agel
and UH:age2 are interaction between UH and agel or age2.

Full WLE Cal dfbeta
UH 4.042 (0.413) | 4.136 (0.532) | 4.264 (0.516) | 4.190 (0.525)
agel -0.661 (0.326) | -0.742 (0.372) | -0.640 (0.333) | -0.603 (0.337)
age2 0.104 (0.017) | 0.095 (0.026) | 0.107 (0.018) | 0.100 (0.017)
stg34 1.346 (0.244) | 1.028 (0.350) | 1.019 (0.347) | 1.399 (0.277)
tumdiam | 0.069 (0.014) | 0.058 (0.020) | 0.057 (0.020) | 0.074 (0.015)
stgdiam || -0.076 (0.019) | -0.050 (0.029) | -0.050 (0.028) | -0.082 (0.022)
UH:agel | -2.635 (0.46) | -2.965 (0.617) | -3.097 (0.601) | -3.023 (0.605)
UH:age2 || -0.058 (0.034) | -0.006 (0.056) | -0.012 (0.054) | -0.010 (0.053)

Table 5.22 summarizes results from three estimators for one simulated data set. All
point estimates from three estimators are similar to each other and their 95% confidence
intervals all include point estimates of the MLE based on the complete data. The within-
stratum centered calibration and the method of [27] improved efficiency over the plain
WLE. Improvements by these methods are similar for estimation of most of coefficients,
but our method sometimes gained better efficiency gain (UH), though improvement on
estimation of stg34 is large for the method of [27]. Tables 5.23 and 5.24 are results for the
variance estimation for the plain WLE and the within-stratum centered calibrated WLE
based on two-phase and survey bootstraps. Our bootstrap results agree well with the R
outputs. Although the method of [27] was implemented via calibration as in [5, 6], a variable

for calibration is estimated by imputation of a missing variable (in this case, UH). Thus,

variance estimation for this method is outside the scope of our bootstrap-based variance
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Table 5.23: Variance estimation of the plain WLE from two-phase and survey bootstraps.
sd(tp) and sd(svy) denote standard deviations of estimators based on two-phase and survey
bootstrap methods, respectively. sdii,1(R) and sd2(R) stand for the reported total and
phase II standard deviations from the R survey package [29], respectively. The bootstrap
samples were generated 2000 times.

sd(tp) | sdipta1(R) | sd(svy) | sda(R)

UH 0.549 0.532 0.169 0.165
agel 0.381 0.372 0.176 | 0.169
age?2 0.027 0.026 0.021 0.020
stg34 0.356 0.350 0.222 0.222
tumdiam | 0.020 0.020 0.014 0.014
stgdiam || 0.029 0.029 0.020 0.020
UH:agel || 0.638 0.617 0.277 0.275
UH:age2 || 0.055 0.056 0.045 | 0.045

Table 5.24: Variance estimation of the calibrated WLE from two-phase and survey boot-
straps. sd(tp) and sd(svy) denote standard deviations of estimators based on two-phase
and survey bootstrap methods, respectively. sd;i,1(R) and sd2(R) stand for the reported
total and phase II standard deviations from the R survey package [29], respectively. The
bootstrap samples were generated 2000 times.

sd(tp) | sdiota1(R) | sd(svy) | sda(R)
UH 0.503 0.516 0.116 0.119
agel 0.329 0.333 0.080 | 0.080
age?2 0.014 0.018 0.0010 | 0.009

stg34 0.347 0.347 0.222 0.220
tumdiam | 0.020 0.020 0.014 0.014
stgdiam || 0.029 0.028 0.019 0.019
UH:agel || 0.595 0.601 0.243 0.246

UH:age2 || 0.052 0.054 0.042 0.043
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estimation methods. In fact, bootstrap-based methods did not yield enough variances in

our simulations (not shown).
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Chapter 6
GENERAL RESULTS FOR IPW EMPIRICAL PROCESSES

The IPW empirical measure and IPW empirical process inherit important properties
from the empirical measure and empirical process, respectively. We emphasize the similarity
between empirical processes and IPW empirical processes. All proofs are presented in the

end of this chapter.

6.1 Glivenko-Cantelli theorem

The next theorem states that the Glivenko-Cantelli property for complete data is preserved

under two-phase sampling.

Theorem 6.1.1. Suppose that F is a Py-Glivenko-Cantelli class. Then

PR = Pollz =p- 0 (6.1)

T, MC

where ||-|| 7 is the supremum norm. This also holds if we replace PF; by PR, Py, PR or

PN, assuming Conditions 3.1.1 and 3.1.2.
6.2 Rate of convergence

The rate of convergence of an M-estimator with complete data is often established via
maximal inequalities for the empirical processes. If we follow the same line of reasoning,
it is natural to derive maximal inequalities for IPW empirical processes, though this may
require some efforts. Fortunately, these maximal inequalities for empirical processes (or
slight modifications of them) suffice to establish the same rate of convergence under two-

phase sampling.

Theorem 6.2.1. Let M = {my : 0 € O} be the set of criterion functions and define
Ms = {my — mg, : d(0,00) < d} for some fized 6 > 0 where d is a semimetric on the

parameter space ©.
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(1) Suppose that for every 0 in a neighborhood of 6y,

Po(mg — ma,) S —d*(0,00); (6.2)

~

here a < b means a < Kb for some constant K € (0,00). Assume that there exists a

function ¢n such that § — ¢n(0)/0% is decreasing for some o < 2 (not depending on N)

and for every N,
E*|GNllms S ¢ (0), (6.3)

where Gy is the empirical process. If an estimator On satisfying IP”TNméN > PRme, —
Op«(ry?) converges in outer probability to 6y, then rnd(0x,00) = Op-(1) for every sequence
rn such that r3.¢n(1/rn) < VN for every N.

(2) Suppose Condition 3.1.2 holds. Suppose also that for every 6 € © in a neighborhood
of o,

Po{Gme(V;a)(mg —mgy)} < —d?(0,60) + o — ao|*. (6.4)
Assume that
E*|Gnllam; S én(6), (6.5)

where GMs = {Gme(50)f @ o] < §,a € An,f € Ms} for some Ay C Ame. If an
estimator with modified calibration, Ox e, satisfying P%mcméMmc > PN mg, — Ops(ry?)
converges in outer probability to 6y, then rNd(éch,Go) = Op+(1) for every sequence ry
such that T]2V¢N(1/TN) <N for every N.

(8) Suppose Conditions 3.1.1 and 3.1.2 hold. Under the same conditions of (2) with G,
replaced by mo/Ge, Ge or Gee, the same conclusions hold for an estimator with estimated
weights, HAN,G, satisfying IP’?\}eméN,e > PR mg, —Op+(ry>), an estimator with calibration, HAN@
satisfying PﬁcméN’c > P}i}cmgo —Op~ (7"]_\,2), and an estimator with centered calibration, HAN@,

T, CC

satisfying Py mg, = PN “mg, — Op~ (7"]}2), respectively.

Remark 6.2.1. The key to establishing a general theorem for the rate of convergence is to
make use of the boundedness of the weights in the IPW empirical process and also deal with
the dependence of the weights. In treating independent bootstrap weights in the weighted
bootstrap [31], Lemmas 1-3, require the boundedness of bootstrap weights, because the prod-

uct of an unbounded weight and a bounded function is no longer bounded. Our theorem
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exploits the boundedness of sampling indicators in the IPW empirical processes by applying
a multiplier inequality for the case of bounded weights (Lemma 6.2.1) to cover more general

Cases.

The following is a multiplier inequality for bounded exchangeable weights. Note that

the sum of stochastic processes in the second term is divided by n'/2 rather than k'/2.

Lemma 6.2.1. (1) For i.i.d. stochastic processes Zi,...,Zy, every bounded, exchangeable
random vector (&1,...,&,) with each & € [l,u] that is independent of Z1,...,Zy,, and any
1 < no < n,

*

E

1 n
7n ;’fizi

_F

2(ng—1) - 13 1 &

0 * i

< - - 7 . 27 — R .
- ZEIE ||ZZ||]:E1121?<}%\/H+2(U 0) ngI<1%><<nE NG E Z;

i=ng

f
(2) Let Zu,...,Zy, be i.i.d. stochastic processes with E||Z;|r < oo independent of the
Rademacher variables €1, ...,e,. Then for every i.i.d. sample &1, ...,&, of bounded mean

zero random variables independent of Z1,...,7Z, and any 1 <ng <n withl <& <u

1 n
E =>4
\/ﬁizl F
< 2(ng — 1)E*||Z1|| rE max &l +2(u—1) max E* ! gk €Z;
=20 e 1<i<n \/n no<k<n N v
i=ny F

The bound (6.5) is not difficult to verify in the presence of the bound (6.3) since G, (+; a)
is a bounded monotone function indexed by a finite dimensional parameter. The bound (6.4)
may be verified through the lemma below for some applications including the Cox model

with current status data.

Lemma 6.2.2. Suppose Conditions 3.1.1 and 3.1.2 hold. Let my be the log likelihood log pg
where pg is the density with dominating measure u, and d is the Hellinger distance. Then
the bound (6.4) and the corresponding bounds for the WLE’s with estimated weights and
(centered) calibration hold.
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6.3 Donsker theorem

The next theorem yields weak convergence of the IPW empirical processes under sampling

without replacement.

Theorem 6.3.1 (Donsker theorem for two-phase sampling). Suppose that F with || Pyl r <
oo is a Py-Donsker class and Conditions 3.1.1 and 3.1.2 hold. Then,

T G = G+Z\F p]G], (6.6)

GY G”—G+Z\F pf@( Qc), (6.7)

T G“-G+Z\f pﬂ@( Qe), (6.8)

GT™ s G™Me = G + Z N pﬂ@ (= Qme), (6.9)

GL™ s G™ = G + Z N p]@ (= Qee), (6.10)

in (>°(F) where the Py-Brownian bridge process, G, indexed by F and the Fy;-Brownian

bridge processes, G;, indexed by F are all independent.

Remark 6.3.1. The integrability hypothesis ||Po|lr < oo is only required for the IPW

empirical processes with estimated weights and (modified and centered) calibration.

Remark 6.3.2. An immediate application of Theorem 6.3.1 is establishing that the weighted
Kaplan-Meier estimator and the weighted Nelson-Aalen estimator under two-phase sampling
are asymptotically Gaussian. To see this, establish weak convergence of IF’%#I (T <t) and
P;:,’#AI(T < t) via Theorem 6.3.1 with # is null or # € {c, mc, cc} and apply the functional

delta method. Here T is time to event and A is a consoring indicator.

If the index set F is Donsker, then it follows by the previous theorem and Lemma 2.3.11
of [58] that asymptotic equicontinuity in probability and in mean follows for the metric that

depends on the limit process. In applications, it is of interest to have these results for the

original metric pp,(f,9) = op,(f — g).
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Theorem 6.3.2. Let F be Donsker and define Fs = {f —g: f,g € F,pp,(f,g9) <} for

some fixed § > 0. Then, for every sequence dn | 0,

E* HG}TVHBN — 0,

7#
GT ‘

and consequently, |G|z, = op+(1). Moreover, = op~(1) for # € {e,c,mc, cc}
N

Fon
assuming Conditions 3.1.1 and 3.1.2.

We end this chapter with two important lemmas. The first lemma is an extension of
Lemma 3.3.5 of [58] and will be used in our proof of Theorem 3.2.1 to verify asymptotic

equicontinuity.

Lemma 6.3.1. Suppose F = {1g, — Yoo, : |0 — bol| < 0,h € H} is Py-Donsker for some
0 > 0 and that supjcy Po(wg’h—¢907h)2 — 0, as0 — 0y. If éN converges in outer probability

to By, then
HGT&(%NJL - ¢eo,h)HH = op+(1).

This also holds if we replace G%, by G°, G, Gy or GY° assuming Conditions 3.1.1

and 3.1.2. hold and || Py||F < oc.

The second lemma is used to verify asymptotic equicontinuity in the proof of Theorem
3.3.1, the first part for the IPW empirical process and the second part for the other four

IPW empirical processes with estimated weights and (modified and centered) calibration.

Lemma 6.3.2. Let Fn be a sequence of decreasing classes of functions such that |Gy || ry =
op=(1). Assume that there exists an integrable envelope for Fu, for some No. Then
E|Gn|ry = 0 as N = co. As a consequence, |G} ||y = op+(1).

Suppose, moreover, that Fn is Py-Glivenko-Cantelli with HP(]H]:N1 < oo for some Ny, and
that every f = fn € Fn converges to zero either pointwise or in Li(Py) as N — oco. Then
IGN 7y = op+(1), IGK 7y = op=(1), IGF™ 7y = op+(1) and |G| 7y = op-(1),

assuming Conditions 3.1.1 and 3.1.2.
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6.4 Proofs

Proof of Theorem 6.1.1. First consider P},. By the decomposition (2.1) of the IPW empir-

ical processes (see also [8]), we have

Pj N,

s —Po|f<HPN—Po||f+iMM B, -
N - ; N n; F

Ny N
i1 J

The first term is op«(1) since F is Glivenko-Cantelli. Since (N;/N)(N;/n;) —p+ vj/pj,
each summand in the second term is op«(1) by the bootstrap Glivenko-Cantelli theorem,
which is an easy corollary to Lemma 3.6.16 of [58].

Consider IP’@G. Because & — p+ ag by Proposition 3.5.1, it suffices to consider a compact
neighborhood K C R/** of ag. Since Z is bounded and G. is continuous, {7 (V)}~! =
{G.(aTZ)}~" is bounded in this neighborhood. Because « is a vector in R’** and G, is
monotone, {{G.(a)} ! : a € K} is a VC subgraph class by Lemmas 2.6.15 and 2.6.18 of
[58]. Boundedness of G, implies that the set

{ro{Ge(-Q)} 'f: f € Fae K}

is Pp-Glivenko-Cantelli by a Glivenko-Cantelli preservation theorem (Theorem 3, [59]).
Since &y — p+ ag, we have by (6.1) that

PR — Pl # —p+ 0, by recognizing that

N
e 1 & WO(W) }
Py = — ox, ¢ -
NN ; mo(Vi) {Ge(&%Zi) -

Consider Py, The cases for Py and Py are similar. We verified in the proof of

Proposition 3.5.1 that {Gp.(-;a) : @ € RF} is a VC subgraph class. Boundedness of G

implies that the set
{Gmc(-;a)f feF,ae Rk}

is Pp-Glivenko-Cantelli by a Glivenko-Cantelli preservation theorem (Theorem 3, [59]).

Since & converges to zero in probability by Proposition 3.5.1, the result follows by (6.1). [

Several lemmas are required for the proof of Theorem 6.2.1.
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Lemma 6.4.1. Let F be a class of functions with Py|f| < oo for every f € F. Then,
S EY|GN|lz, foreach j=1,...,J.

N
\/W]I(Nj > 0)G; v, .

Proof. Let ¢;, ¢ =1,..., N, be independent Rademacher variables, independent of X;,i =

E*

1,...,N, and N;. It follows from the symmetrization inequality (Lemma 2.3.6) of [58]

E*||GnllF

~

N
—F eif(Xz
=1

f
Rewrite this and use Jensen’s inequality again with E [e f(X)] =0 to obtain

E* N >0\/ zf z
\/72 Js Js .
Z E* N >O\/ \/—]Z jlf jz

Here we implicitly change the law. This can be justified by Proposition A.1 of [8].

f

Now applying the Lemma 2.3.6 of [58] to the jth stratum, this is further bounded below,

up to some constant, by

E* N>0\/ — Py f
\/7311 O‘J)

I(Nj > 0) Nj/NGj,Nj
f

f

= F*

O

The following is a multiplier inequality for bounded exchangeable weights. Note that

the sum of stochastic processes in the second term is divided by n'/2 rather than k'/2.

Proof of Lemma 6.2.1. (1) This follows the proof of Lemma 3.6.7 of [58] up to the last line.
Since the &;’s can be split into their positive and negative parts, we only consider the case

where they are nonnegative. Thus for any 1 < ng < n,

*

n * no—1
E|> &z B2 & >Z T > 7
=1 F Jj=no F
<E<1rga<>;£z> 1ZillF + B Zsl)z :
i=ng




where f(z),l = 1,...

second term, we substitute ;) = Zzzi(é(k)

of summation to obtain

Zsl)z

i=ng

E

,n, are the reverse order statistics of &;,7 = 1,...

3w -

1=ng k=1

k=ngo
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,n. To bound the

— &(k+1)) With £, 1) = 0, and change the order

k:+1

f

k *
—&(k+1)) Z Zi

1=ng

]:

It follows from the triangle inequality and the independence of the £’s and Z;’s that this is

bounded by

> &

k=ng

= &(k+1)

>

k=ng

> Fie

k=ng

> B

k=ng

k

IN

n

k
) > Zi

i=ng

—&(k11))

— &) BT

max FE*
— &(k+1)) max

— E* _ *
> Ew £(k+1>)n§%}§<nﬁ7
k=ng

< _

- (U l noné%}énE Z ZR

i=ng F

*

using the boundedness of the &;’s in the last line. The proof for the negative parts of the

&;’s is similar and the inequality follows.

The case (2) is similar.

O]

The following lemma is a key to establishing a rate of convergence of Z-estimators under

two-phase sampling.

Lemma 6.4.2. For an arbitrary set F of integrable functions,

E*IGR 7 S B IGN| £
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Proof. We decompose G7; as in (2.1): thus

J
. . Nj (Nj\ ¢
Bkl = 5o+ X (52) i
J= F

Nj (Ni\ ¢
Vv ()

It therefore suffices to show that each E* Hijj N; H 7 is bounded up to some constant by

E*||Gy || where m; = (Nj/N)'/*(N;/n;).

J
< EYGh|s+ Y B
j=1

F

Rewrite Gé N, a8

ns
Gg,Nj Y NJ (Pg,Nj - N‘ZP ) = Zgjv - j) :

-7 i=1
Now we condition on N = (Ny,...,Ny), and write Ey for E(|N). Since &;; € {0,1}, it
follows by the multiplier inequality of Lemma 6.2.1 applied conditionally with ng = 1 and
Z; =m;(0x;, — Pj ;) that Ex|lm;G$ y ||+ is bounded by

*

k
(1-0) oy, By 2} Z—wa
N. - '
= Ey |~ |—= - :

Note that N;/n; < o~! for some o > 0 by assumption so that we can replace N;/n; by o~!

in the last display to obtain an upper bound. Then, apply the triangle inequality to further
bound this by

max E

1<k<N; X POU)

(Pjn; = POU)H]-"} :

Since dx,, — Pp; has mean zero, it follows by Jensen’s inequality that the first term is
bounded by

N

1
Ey||— E P0| = Fx
N J N
=1

_F
The second term is bounded by E H VN;/NG;;, N; H - Now compute unconditionally and
apply Lemma 6.4.1 to find that both terms are bounded by E*||Gy||£. O

N;

F



131

Proof of Theorem 6.2.1. It follows by Lemma 6.4.2 and the assumption on E*||Gy|| a1, that
E*|GNllpm; S B IGN vy < & (9).

By application of Theorem 3.2.5 of [58], we conclude that the conclusion of (1) of the
theorem holds.

For the second statement, note that Theorem 3.2 of [35] holds in a general setting where
Pymg,, and P,myg,, are replaced by the deterministic function M(#,7n) and the stochastic
process M, (0,7n), respectively. Our parameters « and 6 play roles of their 6 and 7, re-
spectively. Our choice of M and My is PyGme(V;a)mg and P “my. The condition 6.4
corresponds to (3.5) of [35]. The condition 6.5 together with Lemma 6.4.2 verifies their
(3.6). Apply their Theorem 3.2 to obtain d(fx me, 6o) < Op= (65" + |an — agl) = Op(53).

The cases for Oy ¢, Oy, and Oy . are similar. ]

Proof of Lemma 6.2.2. We consider modified calibration. Other three cases are similar.
Because G(0) = 1 and Z is bounded, consistency of &y implies that there exists Apc2 C
Ape such that for some fixed constant C' > 0, Ge(v; ) > C and Gmc(v; a) > C for every
a € Apeo and P(ay € Ame2) — 1. Then, for arbitrary a € A2,

PoGone(V30)(ma = may) = FoGone(Vi ) log - 2

< 2Py Ge(V; ) ( o 1>

Poq

= /Gmc(v; a) {—(pé/2 — ") +po — Peo} dp

—C/(pé/2 - pééz)Qdu + /{Gmc(v; @) — 1}(pg — po,)dpe

— —Ch(pp, pay) + / Cime(v; 0%) (3 (v) — 1)o7 (p — pay)dpi(x — ap),

IN

where o is some convex combination of o and ag. Because the integral in the last display
is a bounded row vector, the second term in the last display is bounded by |a — ap|? up to

some constant. Thus, the condition (6.4) holds. O

The following lemma is useful when showing asymptotic equicontinuity of processes

involving P3¢, P, PY™ and P.
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Lemma 6.4.3. Suppose Conditions 3.1.2 and 3.1.1 hold. Let F be a Glivenko-Cantelli

class. Then

sup ‘\/N(PN - Py) { : f— fv)f}‘ = op+(1), (6.11)

feF Tan (V) Tayg (
where T4, is either an estimated or calibrated probability (with modified or centered calibra-

tion).

Proof. We only consider modified calibration. The cases for estimated weights and (cen-

tered) calibration are similar. It follows by Taylor’s theorem that

it ’*/N(PN ~B) {mfmf ) H

= sup |(PF; = Po) (7' (V) = 12 Gne(Z:0) ) [ VNl =l

for some a* with |o* — ag| < |an — ag|. Because v N(ay — ag) = Op=(1) by Proposition
3.5.1, it follows that (6.11) is op«(1) by Theorem 6.1.1 and Proposition 3.5.1 if the set
{(mo(V)™' = 1) ZTG{(my ' (V) — 1)Z7a} : @ € Apes, f € F} is Py-Glivenko-Cantelli where
Ames C Ame is some compact set containing ag = 0. This is easily verified in the same way

as in the proof of Proposition 3.5.1. O

Proof of Theorem 6.53.1. The result (6.6) follows from [8]. Consider the IPW empirical

process with modified calibration. It follows by Taylor’s theorem that

GY"f — GRS

=G (mf(V) B Woj(v)) S+ VN (ﬂng(V) - Wo‘f(v)) !

- N <mf<v> - waf<v>> f

L—mo(V) 7, s R
+ Py (WZTGmC(V,a )f) VN (an — ag), (6.12)

where o* is some convex combination of & and ag. The first term is op« (1) by Lemma 6.4.3.
Since (mo(V)~' = 1)Z7 G, is bounded and f is integrable, it follows from the dominated

convergence theorem that

1-m{V) 7. o 1—mo(V)
P0< oy 2 eV )f>—>P0( —a Z G(O)f).
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Apply the result (6.6) and Proposition 3.5.1 to conclude the finite-dimensional convergence

ﬂ'me Gf+( ﬂmC_GTr)f

HdeﬁLZ\F p]Gf

_ R (;OTV()V)zTGm)f) G(0)™ {POWZ ®2}_1

xz\ﬁ p]GZ

—Gf+Z\F p]Gf Z\F p]Gchf

—Gf+Z\F pﬂG (= Quel).

Next, we prove the asymptotic equicontinuity of G} with respect to the metric pp.

defined by

— P Varg;(f — g)-

J
1
Poc(£:9) =Po(f = 9)° + Y _vj—
= P

First recall that G7; is asymptotically equicontinuous with respect to the metric p defined

by
J
Atg) = o3 (f—0)+ 3 v

J=1

—p;
LVarg; (f — g)-
j

The part 01230 (f —g) corresponds to the empirical process Gy = VN (Py — Pp) in the decom-
position (2.1) of the IPW empirical process. However, this empirical process Gy is asymp-
totically equicontinuous with respect to the Lg(P)-metric with an assumption || FPy||r < oo
in view of Problem 2.1.2 of [58]. Thus, G% is asymptotically equicontinuous with respect
to pme. Now, it remains to verify the asymptotic equicontinuity of G — G7. Let
hn € Fsy ={f—9:f,9 € F,pme(f,g) < In} for an arbitrary sequence dy | 0. In view of
(6.12)

T, mc T 1-— Vv

V) ZTGmc(V;Oé*)hN> Op+«(1),

where a* is some convex combination of &y and «g. Because each element of a vector

(mo(V) ™' = 1)ZTGe(V; %) is bounded, it follows from the Cauchy-Schwarz inequality
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that each element of Po{(mo(V) ™' = 1)ZTGpne(V;*)hy} is bounded up to some constant
by Po(h%;). Since pme(f,g) — 0 implies Py(f — g)* — 0, we have Poh — 0 as N — oc.
This verifies the asymptotic equicontinuity of G;(;mc and hence completes showing its weak
convergence.

The cases for G°, G° and Gy follow analogously. O

Proof of Theorem 6.3.2. Since F is Donsker, it follows by Lemma 2.3.11 of [58] that
E*||Gn|l 5, — 0 for every sequence y | 0. Thus, the result follows from Lemma 6.4.2.
Apply Markov’s inequality to obtain [|GF,|| Fiy = op+(1). For the second statement, con-
sider the expansion (6.12) of G"“f — G} f with f € Fs,. The first term is op«(1) by
Lemma 6.4.3. Since f converges to zero in La(Fp), the second term is op«(1) by the domi-
nated convergence theorem and Proposition 3.5.1. Apply the triangle inequality to conclude
IG5 I, = or-(2).

The proofs for G, G and G* are similar. O

Proof of Lemma 6.3.1. Without loss of generality, assume that Oy takes its values in Oy =
{0 € ©: |0 — || <} because of consistency of Oy to 6. Define a function f : £°(0s x
H) X O — (>°(H) by f(z,0)h = z(0,h). Note that f is continuous at every point (z, )
such that ||z(6,h) — z(6o, h)||% — 0, as 8 — 6y. To see this, suppose zy — z and O — 6p.
Then, for a fixed € > 0, there exists ng such that ||zy — z|| < € and || — Oy|| < € for

N > Ny. For N > Ny, we have

Ilf(zn,0n) — f(2,60)]l%
< | f(zn,0n) = f(20,0n)]I3 + | f(20,0n) — £ (20, 00)|

< sup |zn(0,h) — 2(0,h)| + [|2(0n, h) — 2(60, 1) [
0cOs,heH

< 2e.
Define a stochastic process Zy indexed by ©5 x H by
Zn(0,h) = Gy (Yo, — 1oo,n) -

Because {9g,n, — Yoy.h : |6 — Oo|| < 0,6 € ©,h € H} is Donsker, Theorem 6.3.1 implies that
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the sequence Zy converges in £*°(0Os x H) to a tight Gaussian process Z given by

1

—G;.
Py

J
Z = G + Z A /Vj
j=1
This process has continuous sample paths with respect to the semimetric p given by

p2 ((917 h1)7 (627 h2)) - P (¢91,h1 - weo,hl - weg,hg + ¢90,h2)2

because (05 x H, p) is totally bounded and Z is uniformly p-continuous. To see the latter,

note that

p* ((01,h1), (02, hs)) > P { (Yo, by — Yog,h1 — Voa,he + weo,hQ)Q‘ Ve Vj} v;

for each j =1,...,J. By assumption

sup p° (0, h), (6o, h)) = sup P (vgn — Yagn +0)° = 0,
heH heH

as 6 — 0. Thus, f is continuous at almost all sample paths of Z.

By Slutsky’s theorem, (Zy, Oy) ~ (Z,0p). By the continuous mapping theorem, Zy () =
F(Zn,0x) ~ [(Z,00) = 0 in £2(H).

The other cases for G, G, Gy and G} follow analogously; see the proof of

Theorem 6.3.1. O

Lemma 6.4.4. Let Z1,Zs, ... be i.i.d. stochastic processes indexed by Fn with E*||Z1|| 7y
uniformly bounded in N. Suppose that ||Sy||ry
= |V, Zill 7y = 0p<(1). Then

E*HSN”]:N —-0, N —o0.

Proof. Fix e > 0. Let Y; be independent copies of Z; and define Ty = Zfi 1 Y;, and Uy =
T — S Since [[Uy]lz, = op+ (1), limsupy P(|Uxllzy = 2vN) < limsupy P([Ux|lzy >

x) = 0 by the portmanteau theorem. This implies that there exists Ny such that for N > Ny

P*(|Uy||7y > 2VN) < €/z>.
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Since Uy is a sum of independent symmetric processes, we can apply Lévy’s inequality to

obtain

P* <max 1Z; — Yil| 7y > NN) < 2P*(|[Un|l 7y > 2VN) < 2¢/22.

1<i<n

In view of Problem 2.3.2 of [58], for every N > Nj,
B’ NP*(|Z1 = Y1|| 7y > 2VN) < 4e.
Note that on the event that ||Z;|r, > x, we have
B (@) = Pe(IVallry < 2/2) < Po(IZ1 — Yillzy > 7/2).
Integrating both sides with respect to Z gives
By ()P ([[Zall 7y > ) < P([|Z1 — Yi| 7y > 2/2).
By Markov’s inequality,
An(x) =1 = P*(|Yillzy = 2/2) > 1227 E|| Y15,

Since E||Y; |7, is uniformly bounded in N, it follows that, for x sufficiently large, By (x)~!
is uniformly bounded in N and, therefore, P*(||Z1||7y, > 2v/N) is bounded by P*(||Z; —
Y17y > v N) up to some constant for every N. Hence this proves that P*(||Z; ||, >
z) = o(z72).

Now we apply the Hoffmann-Jgrgensen inequality to obtain
E*|ISnllFy S B max||Zill 7y + Gy ()
for an absolute constant u where
Gn(t) = PY(|[Snllry < 1).

Since P*(||Z1]| 7y > z) = o(x™2), E* max;<n||Zi|| 7y — 0 in view of Problem 2.3.3 of [58].

The second term goes to zero since ||[Sy|| 7, = op«(1). This completes the proof. O

Proof of Lemma 6.3.2. Define Gy = {N~Y2f : f € Fx}. We apply Lemma 6.4.4 with Z;

and Fy in Lemma 6.4.4 replaced by dx, —Fp and Gy, respectively. The uniform boundedness
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condition of Lemma 6.4.4 is satisfied, because E*||0x, — Po||r, < oo for N > Ny, and this
expectation is decreasing in N > Ny. Thus, E*|Gy| 7, = E*|2N,(6x, — P)llgy — 0.
Apply Lemma 6.4.2, and Markov’s inequality to obtain |G|z, = op+(1).

For the IPW empirical process with modified calibration, consider the expansion (6.12)
of (GN"“—G%)f. Then the first term is op«(1) by Lemma 6.4.3. Suppose that f = fy € Fy
converges to zero pointwise. Since (mo(V) ™! — 1)ZGne is bounded, the second term in the
expansion (6.12) is op«(1) by the dominated convergence theorem and Proposition 3.5.1.
Suppose instead that f = fy € Fn converges to zero in L1(FPp). Then the same conclusion
that the second term in the expansion (6.12) is op«(1) follows directly. Apply the triangle
inequality to conclude HG;TV’mCH Fay = op+(1).

The proofs for G3°, Gi* and Gy are similar. O
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Chapter 7

GENERAL RESULTS FOR BOOTSTRAP IPW EMPIRICAL
PROCESSES

We present asymptotic results on several bootstrap schemes proposed in Chapter 4. All

proofs are presented at the end of this chapter.

7.1 Glivenko-Cantelli Theorem

The following theorem is a survey bootstrap version of of a Glivenko-Cantelli Theorem for

bootstrapped two-phase sampling (Theorem 6.1.1).

Theorem 7.1.1 (Glivenko-Cantelli theorem for bootstrapped two-phase sampling). Sup-
pose that F is a Py-Glivenko-Cantelli class.
(1) (a) Then

in P*-probability where ||-||7 is the supremum norm. This also holds if we replace ]IA”X,S

DTS T
P _ pr,

F —>p€v 0, (71)

by I@’;{;S’C, I@’;:;S’mc or I@’;{;S’Cc, assuming Condition 3.1.2 with 3.1.2(a) replaced by Condition
1.4 (a-1).
(b) Under Condition 3.1.2 with 3.1.2(a) replaced by Condition 4.1.4(a-2), it holds that

in P*-probability where # € {c,mc,cc}.
(2)
I@)ﬂ',mc

in P*-probability. This also holds if we replace I@’}(, by I@’;:;C, N oT ]f”?v’cc, assuming Con-

dition 3.1.2 with 3.1.2(a) replaced by Condition 4.1.4(a-1).

PRI —B#|| -y 0,

Py — P

F —)p";v 0, (72)

(b) Under Condition 3.1.2 with 3.1.2(a) replaced by Condition 4.1.4(a-2), it holds that

DT, dH F
% —p#|| om0,
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in P*-probability where # € {c,mc, cc}.
7.2 Rate of Convergence

The following theorem is a bootstrap version of Theorem 6.2.1. It follows from this theorem
(Theorem 7.2.1) and Theorem 6.2.1 that rates of convergence all agree for M-estimators
with complete data, IPW M-estimators under two-phase sampling, and bootstrap IPW
M-estimators under two-phase sampling. For notational simplicity, some subscripts and
superscripts indicating either of survey or two-phase bootstrap are suppressed because these

differences do not play a role in the theorem.

Theorem 7.2.1. Let M = {my : 0 € O} be the set of criterion functions and define
Ms = {my — my, : d(6,00) < 8} for some fized § > 0 where d is a semimetric on the
parameter space ©.

(1) Suppose that for every 0 in a neighborhood of 6y,

Py(mg —mg,) S —d*(9,00);

~

here a < b means a < Kb for some constant K € (0,00). Assume that there ezists a

function ¢n such that § — ¢n(0)/0 is decreasing for some o < 2 (not depending on N)

and for every N,

E*|Gnllms S on(9),

where Gy is the empirical process. If the bootstrap estimator éN satisfying I@”]{,méN >
E"}(,mgo—Op;V (7‘]}2) in P*-probability converges in outer Py, -probability to 6y in P*-probability,
then rNd(éN, bo) = Opz, (1) in P*-probability for every sequence rn such that r3on(1/rn) <
VN for every N.
(2) Suppose Condition 3.1.2 holds. Suppose also that for every 6 € © in a neighborhood
of bo,
Po{Gme(V;a)(mg — mg,)} < —d*(0,600) + |a — agl?.

~

Assume that

E|Gnllam; < on(9),
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where GMs = {Gue(sa)f : o] < 6,0 € An, f € Ms} for some Ay C Ape. If a
bootstrap estimator with modified calibration, Oy me, satisfying ]IA”X;mCmG:N - > I@’K;mcmgo -
Op;. (7“;,2) in P*-probability converges in outer Py, -probability to 0y in P*-probability, then
rNd(éN’mc7 0o) = Op‘;v(l) in P*-probability for every sequence ry such that T]2V¢N(1/TN) <

V'N for every N.

(8) Suppose Condition 3.1.2 holds. Under the same conditions of (2) with G, replaced
by G. or Gecs5, the same conclusions hold for a bootstrap estimator with calibration, 5N,c;
satisfying ]f”?,’cme:N’C > ]f”;(,’cmgo —Ops, (ry°) in P*-probability, and a bootstrap estimator with
centered calibration, éN,CC, satisfying ﬁ”?}ccmél\rm > I@’%ccmgo — Ops, (7‘;,2) in P*-probability,

respectively.

7.3 Donsker Theorem

The next theorem yields weak convergence of the survey bootstrap IPW empirical processes
(Section 4.1.2). Compare this theorem with a Donsker theorem for two-phase sampling
(Theorem 6.3.1) to see that G is lacking in the limiting processes for the survey bootstrap
IPW empirical processes. This means that the survey bootstrap yields the phase II variances

only as expected.

Theorem 7.3.1 (Donsker theorem for survey bootstrap). Suppose that F with || Pyl <
oo is a Py-Donsker class and Condition 3.1.2 holds with Condition 3.1.2(a) replaced by



141

Condition 4.1.4(a-2). Then,

GTS s G™S = Z N pJ G, (7.3)

GTS v G = Z S pJG (= Qe), (7.4)
G;:[,S,dc - G5, (7.5)
GrSme L, grSme = Z N p]G (- = Qume), (7.6)
GTSAme ., GrSme, (7.7)
G5 v GTSee = Z N pﬂ@ §(- = Qeer)s (7.8)
G%,S,dcc s G5 (7.9)

in >°(F) in P*-probability where the Py-Brownian bridge process, G, indezxed by F and the
Pojj-Brownian bridge processes, Gj, indexed by F are all independent and Qy are defined
in Theorem 8.2.1.

Remark 7.3.1. The result (7.3) is a partial extension of [3] to the process level. [3] con-
sidered asymptotics for the weighted sample mean but under more general sampling schemes

mncluding ours.

The following lemma is the uncentered conditional multiplier central limit theorem. This
lemma and a Donsker theorem for survey bootstrap (7.3.1) are used to prove a Donsker
theorem for two-phase bootstrap (Theorem 7.3.2). The lemma itself is also of interest
because it provides a rigorous justification of the weighted bootstrap of [31] by choosing
Gy, = \/ﬁ(]li’n—]P’n) with P, = n~! > widx, where w; are positive i.i.d. bootstrap weights,
independent of X;’s, with Ew; = 1 and Var(w;) = 1. For related results, the conditional
multiplier central limit theorem and the uncentered unconditional multiplier central limit

theorem are given in Theorem 2.9.6 and Corollary 2.9.4 of [58], respectively.

Lemma 7.3.1 (uncentered conditional multiplier CLT). Suppose that a class of measurable

functions F is Donsker with ||Pyl|r < oo. Let Xy,...,X, be i.i.d. Py. Let &,...,&,
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be i.i.d. random variables with mean zero, variance ¢® and ||&1||21 < oo, independent of
X1,..., Xy Let G, =n~1/2 Yor i &idx, and G = G+ ZP, where G is a Py-Brownian bridge
process independent of the standard normal random variable Z. Then, sup,epr, \Egh(@n) —
h(c@)| — 0 in outer probability and the sequence G, is asymptotically measurable. Moreover,
if Po||f — Pof||% < oo, then suppepr, |Ech(Gp) — h(cG)| — 0 outer almost surely, and the
sequence |E¢h(Gy)* — h(cG)«| — 0 almost surely for every h € BLy. Here h(G,)* and
h(@n)* denote measurable majorants and minorants with respect to (&1, ...,&n, X1,..., X5)

jointly.

The next theorem is a Donsker theorem for the two-phase bootstrap IPW empirical pro-
cesses (Section 4.2). The process G appearing in the limiting processes is the Py-Brownian
motion process, not the FPy-Brownian bridge process appearing in Theorem 6.3.1. Because
of this difference, the two-phase bootstrap has a distributional consistency only when the
index set F is a set of mean zero functions. This issue is not a problem when considering

bootstrap WLE’s (see Theorems 4.2.1 and 4.2.2).

Theorem 7.3.2 (Donsker theorem for two-phase bootstrap). Let F be a Donsker class with

| Pol|l7 < co. Then,

GT, G””—GJrZ\F pﬂG],

7j=1

GWCWGthc_G‘FZ\/» pJG( Qc')a

G%dc s GTAPC

G;},mc G™ ;tp,me — G + Z \/> p]G ( ch‘)7

G;:[,dmc — Gw,tp,mc

Gwcc thpcc_G+Z\/7 p]G ( Qcc')v

G}({,dcc — Gﬂ,tp,cc7

in £°(F) in P*-probability where Py- Brownian motion process G and Py |j-Brownian bridge

processes G; are all independent and QQy are defined in Theorem 3.2.1.
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Remark 7.3.2. Theorem 7.8.2 holds when replacing the boundedness condition W](Vll-) <M

for the phase I bootstrap weights by the Lo 1-condition |Wyil[2,1 < oc.

The next two lemmas are bootstrap versions of Lemmas 6.3.1 and 6.3.2. These are useful

in establishing the asymptotic equicontinuity of the bootstrap IPW empirical processes.

Lemma 7.3.2. Suppose F = {¢gn, — Yo,.n : |0 — 6ol < 6, h € H} is Py-Donsker for some
d > 0 and that supyeqy Po(ton — wgo,h)2 — 0, as 0 — 0g. If éN converges in Py -outer
probability to 0y, then
~T,S
HGN (Vgpm — ¢90,h)HH = opy, (1),

in P*-probability. This also holds if we replace GES by @}TV’S’C, Gﬁs’mc, G;}S’CC,GR’S’CIC,

G or G5 assuming Conditions 3.1.1 and 3.1.2. hold and || Py 7 < oo.

Lemma 7.3.3. Let Fn be a sequence of decreasing classes of functions such that |Gn||ry =
op=(1). Assume that there exists an integrable envelope for Fn, for some Ny. Then
||G}S||]:N = op: (1) in P*-probability.

Suppose, moreover, that Fi is Py-Glivenko-Cantelli with | Fy|| 7y, < oo for some N1, and
that every f = fn € Fn converges to zero either pointwise or in L1(Py) as N — co. Then
IGY Ny = org, (1, IGR " Iry = ory, (1) and IG5 7y = oy, (1), 16K 7y =
OP‘jV(l), H@T]:;S’dmCHfN = OP‘;/(l) and ||©ES’dCCHJ:N = oPV*V(l) in P*-probability, assuming

Condition 4.1.4.
7.4 Proofs

7.4.1 Multivariate Hypergeometric Distribution

Denote, as M H(N,n, (m1,...,ms)), the multivariate hypergeometric distribution [24], pages
171 - 177, where n balls are sampled without replacement from the population consisting
of the disjoint subgroups of size m;, i = 1,...,s, with >.7 ;m; = N. Let (Xi,...,X;) ~
MH(N,n,(mi,...,ms)). Note that X; is the number of balls sampled from the ith sub-

group. Namely,

P(X1=$1,~--7Xs=96s):4
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where Y7 @ =n, >.;_ym; = N. Since X; marginally follows the hypergeometric distri-

bution,

nm;

N 9

@N—mi N-—n

EXz: = )
N N 'N_-1

Var(Xi)

1=1,...,8s.

Consider drawing a ball s times from the population described above. For a fixed i,j5 €
{1,...,s}, let Y, and Z;, | = 1,...,n, be indicators of sampling from the ith and jth
subgroups in the Ith draw, respectively. We can then treat X; =7 Vyand X; =) ", Z;.

Note that
m; mj
EFY,=FEY1=—, FEZ.=FEZ = —
l 1 N’ k 1 Na
mg
EY? = EY? = EY; = N
B B @mi—l
EYLY}Q_EYVlYVQ_NN_la ll?élZ
m;m; — 1
EZ, 7, = EZ\Zy = —2 2 I #1
1141y 142 N N—]_’ 17é 2
EY,Z; =0,
mj m;
EY,,Z;,=EY1\Zy =P(Zy=1Y1 =1)P(Y1 =1) = N1 N’ Iy # ls.
Then
n 2 n n n
ext - 6] -YEe 3y Y e
=1 =1 Li=11la=1,1 #l>
m; m,;(mi—l)
— _ _1 N v 7
nN+n(n )N(N—l)
nm; (m; —1)(n—1)
= 1
N ( + N-—-1 ’
and

n n n n
EX;X; = EY iy Z,=> Y EY, 7,
=1 lo=1 I1=112=1
n

B mim; ~n(n—1)mym;
— ;<0+(n—1)N(N_1)>— NIN=-1) i # J.
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Thus,

— V)mym; : ,
Cov(X;, X;) = EXiX;— EX;EX; = ”(;‘[ o >_m1;”3 - ”ZL ”;‘J

- %(Nn(n—l)—n%]\f—l))
_ ~mimin(N —n)
N2(N —1)

In relation to the survey bootstrap weights and phase II bootstrap weights, we consider
a special case where a vector of random variables (W1, ..., W,,) follows the multivariate
hypergeometric distribution M H (nr,n, (r,...,r)). Note that (Wp1,..., Wy,) is exchange-
able. In general, a random vector from the multivariate hypergeometric distribution does
not satisfy exchangeability. However, exchangeability holds when the sizes of the subgroups

are all equal; my = mo = ... = ms. We have

— 1< 1
Whi € {0,1,...,7}, Wn:nz;Wm:nnzl.
1=

Since each Wy;,i = 1,...,n, marginally follows the hypergeometric distribution,
nk
knk—k nk—n 1n-1,k-1
Var(Wm)—% nk nk—1 _n n o nk—1

It follows from the result above that

5 _ nk (k=1)(n—1)\ 2nk—-n—k
EWm_nk(l—i_ nk —1 - onk—1

and that

_k2n(nk—n) _ k-1
n2k2(nk —1)  nk—1’

Cov(Whi, Wnj) = i # J-

7.4.2 Bootstrap IPW Empirical Processes

As a foundational building block for our bootstrap methods, we consider the case where
there is one stratum where N and n are sample sizes at phase I and phase II, respectively,

with n/N — p > 0. To focus on the phase II observations, we define Y;,i = 1,...,n,
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as the observations X; with & = 1. The phase II empirical measure is defined by P, =

n~t3"" | dy,. Note that

1 1 g
]P)n:*E 5:75 — 5y, =P%,. 7.10
it YN i=1 n/N XZ " ( )

Note also that Y;’s are independent since they do not involve the sampling indicators &;
(see Remark 4.3 of [48]) and hence the usual Donsker theorem applies to obtain G, =
Vn(P, — Py) ~ G in £*°(F) where F is a Donsker class, G is the limit process of the

empirical process for complete data given by

N
1
GNEJN(N;@Q—PO),

and Py is the law for X;. Let Wyx;, 7 =1,..., N, be bootstrap weights from the survey boot-
strap. That is, a vector of Wi; with & = 1 follows the mixture of the multivariate hyperge-
ometric distributions M H (nk,n, (k,...,k)) with probability s = (1 —r/n)(1 —r/(N — 1))
and MH(n(k+1),n,(k+1,...,k+ 1)) with probability 1 — s where N = kn+r, k,r € N

with 0 < r < n. We define the bootstrap empirical measure by

A~

N n
. 1 & 1
_ pm,S 2 : — E :”r
i=1 1=1

and the bootstrap empirical process by Gn = \/H(I@’n —P,,). Here we write W, ¢ for Wy
which corresponds to Y; through X; with §; = 1.
The following lemma is a Glivenko-Cantelli theorem and a Donsker theorem for the

survey bootstrap IPW empirical process for one stratum.

Lemma 7.4.1. Let G, = /n(P, —P,) where P, and P, are defined in (7.10) and (7.11),

respectively. Let F be a Glivenko-Cantelli class. Then
’ Pn - ]P)n

Let F be a Donsker class. Then

P 0, P*—a.s. (7.12)

Gn:\/ﬁ(Pn_PO)WGv
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in U(F), and
Gy, = \/ﬁ(fp)n - Pn) M/ 1 —pG,

in U(F) in P*-probability.

Proof. We first prove the weak convergence of G,. As discussed in Remark 4.3 of [48],
Y;,i = 1,...,n, are i.i.d. Py and hence the Donsker theorem applies. Here we provide
a different proof using the same argument as [8]. Noting that there is only one stratum

(Nj = N,n; = n), it follows from the decomposition (2.1) of the IPW empirical process (see
also [8]) that

1
_ |Per [P~ VDN e
Cn = \FON=y/FONT N; N LN
n N
= Oty gGiN

~ PG +p 2/p(1 = p)Gy ~ G,

where Gy is independent of G and G; ~ G.

Next, we consider asymptotic results for the bootstrap empirical measure. Recall that
N =kn+r, k,7 € N, r < n. Note that k, which implicitly depends on N and n, is

uniformly bounded in N and n because n/N — p > 0. Suppose, to the contrary, that

k — oo as N — oo. Then,
1=N/N =k(n/N)+r/N > k(n/N) = oo,

as N — oo, which is a contradiction. Thus, W, ¢ € {0,1,...,k},i = 1,...,n, is bounded
by some M > 0 uniformly in n. This implies that max; W; ¢ /n — 0 and Lemma 3.6.16 of
[58] yields (7.12).

For weak convergence of the bootstrap empirical process, we take advantage of the
fact that Y;,i = 1,...,n, are i.i.d. Py so that the theory of [41] easily applies. Uniform

boundedness of exchangeable bootstrap weights implies the first two of the conditions of
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(3.6.8) of [58]. For the third condition of (3.6.8) of [58], note that

1 & 1 & RS 1
2 er

w2 Woss =1 = 50 W =23, 2 Wane  m

1=

i=1 i=1
I~
= > Wie—1.
i=1

Thus, it reduces to obtaining the limit of n ! Sy Wzm in Py-probability. We first obtain
lim, 0o Eln~1 30 Wgzgl Note that N = kn + r implies that nk —1 = N —r — 1, and
n(k+1)—1=N+n—r—1. Note also that s = {(n —7)(N — 1 —r)}/{n(N — 1)} and
l-s=r(N+n—-r—1)/{n(N —1)}. Then we have

1n
E|=) W2 | =EW;?

n; ni,& nl,§

2nk —n —k 2n(k+1)—n—(k+1)
s (11—

ey e ( aw yp
_2—-n/N—-1/n
-~ 1-1/N
—2—p.

Since 0 <n 1Y%, sz‘,g <M?% {n7 'Y, ang} is uniformly integrable and there exists
a subsequence {n;} of {n} such that n; ' 31, W(in)i7€ — w € [0, M?] as | — oo. It follows
from Vitali’s theorem that Eln; ' 3™, W(2m)z‘,§‘ — Elw| = w as | — oco. But this w must
be 2 —p. Since this is true for any subsequence of {n}, we have n=1 " | ng —ps, 2—p.
This implies that n~! > ng —1—=p 1-p= c?. Thus, it follows from Theorem 3.6.13
of [58] that

Gy~ G = V1—=pG, in (>(F),

in P*-probability. O

We redefine I@’ﬁi and IP’inj in order to use Lemma 7.4.1. Let

N nj
b, 1 _ 1 .
Pon, = — D Wii&gidx, = — D> Wajiedx, o0 J=1....7
i J iz
i=1 i=1
1 N 1 2
e _ _ o
Piny = o Zéjﬂ'éxm‘ = fZéXj,i,as’ g=1.
[ "3
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Here W, jie and X;; ¢ are Wy, ;. and Xjj respectively where £ is the ith smallest index
among the observations in the jth stratum with & = 1. Recall that I@’gfj and IP’in]_ are first

defined in Section 4.1.2.

We prove a Glivenko-Cantelli theorem for bootstrapped two-phase sampling.

Proof of Theorem 7.1.1. It follows from Lemma 7.4.1 applied to each I@’fgj - IP§ n in the

decomposition (4.7) of the survey bootstrap IPW empirical process that

in P*-probability. Note that we used N;/N = Op,, (1) in P*-probability.

7,5
BTS _ pr,

TN TN
_ J (€S '3 J ||pEsS 3
F Z N (Pj,nj _Pj,nj) < Z N HPJ}nj N Pj,nj F =y, 0,
: P

Jj=1

For ‘I@’Es’mc—P% 2 note that F; = {Gme(sa)f : f € F,a € RF} and F, =
{Gme(z;0)(1/mo(v) — 1)2T f(x) : f € F,a € R¥} are Py-Glivenko-Cantelli by a Glivenko-

Cantelli preservation theorem (Theorem 3, [59]). It follows from the fact that I@R’S’mc f=

P%’SGmc(V; &N)f and Taylor’s theorem applied to G (V; &N) — 1 that

| ;

=[BRS — PRGinclVian)f + PR G Vi én)f — PR

1-— 7T0(V)
mo(V)

T ,S,me s
prSme _ pr.

< % = BRIGetvidn ], + PR Cone(vi) 27 £l — )

f
TS
< &% Py,

AT 1PNz, (an — ao),

where a* is some convex combination of &y and ag. The first term is OP‘;V(l) by the result
we just established above. For the second term, [P}z, is Op,(1) so that it is of order

Opy, (1) in P*-probability by Lemma 4.1.1, Since ay —ag = op (1) in P*-probability by

Proposition 4.3.1, the second term is OPJV(I) in P*-probability. The arguments for I@’X;S’C

~r S ..
and IP);TV’ ““ are similar.

37,S,dme T, MC
IP:N - ]PN

We consider - Note that F3 = {Gme(;01)Ge(00)f - f € Foar, a0 €
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R} is Py-Glivenko-Cantelli. As in the above, we have

|

37,S,dme T, MC
]P)ﬂ—u ) _ ]P) )
N N

f
_ ’ @%Sdmcf . P;r\/lmchC(V; &N)f + P%mchc(V; 34N>f _ ]Pﬂ]:/lmcf ‘]:
7S T, MC 2
< |3 - 23, + BRI, (i = o0
= op: (1),

in P*-probability. The cases for sz’dc and P%S’dcc are similar.

fpﬂr,dmc . Pﬂ',mc

We consider ‘ N N

- The cases for I@’”N,}}A‘%#,]@%d# with # € {c,mc, cc} are

. ~
similar. We decompose IP”]{; me }Pﬂ]l;;mc;

I@)Tr,dmc i Pfr,mc

~m,(1),dme T, IC

3,dme >, (1),dme

< |

|
f

= | @5~ PR Gme(v: dN)fHF +|

F F

3,dme ~m,(1),dme
]PN - IED]\f

F

Note that {Gpe(v;a)f @ a € Ape, f € F} is Glivenko-Cantelli by a Glivenko-Cantelli
preservation theorem (Theorem 3, [59]). It follows from Lemma 7.4.5 that the first term in
the display is opx (1) in P*-probability. For the second term, we make use of the observation
made in Chapter 4 that /7; (prAme —]f”%(l)’dmc) can be viewed as the survey bootstrap IPW
empirical process with modified calibration conditional on (X} 1, Wé;?j,1)> (X2, Wrg;?jﬁ)’ e
ng(\i), j=1,...,J,i=1,...,Nj (see also a discussion on the probability space in the proof

of Lemma 7.4.7). Thus the result just established above implies that the second term is

also opy (1) in P*-probability. This completes the proof. O

Rate of convergence for bootstrap IPW M-estimators are easily established since bound-
edness of bootstrap weights allows us to use the multiplier inequality for bounded weights

(Lemma 6.2.1).
Proof of Theorem 7.2.1. The proof is similar to the proof of Theorem 6.2.1. O

We establish the weak convergence of the survey bootstrap IPW empirical processes

based on the theory of exchangeably weighted bootstrap [41].

Proof of Theorem 7.5.1. Recall the decomposition (4.7) of the survey bootstrap IPW em-
pirical process. For @T]{;S, note that /N;/N — \/Vj, P*-almost surely by the strong law of



151

large numbers and \/N;/n; — pj_l/ 2 by assumption, It follows from Lemma 7.4.1 that

T =

in P*-probability.

For G}:;S’mc, we have

G;(;S,mcf _ G%S,mcf N G?;;Sf + G;:}Sf _ G;(],Sf + \/N(H}%,S,mc . ]@?;;S)f

AN DT . * 1-—- Vv N
= G+ PG (Vi a )7T7(T;)/())ZTf\/N(aN — @)
0

Apply the bootstrap Glivenko-Cantelli theorem (Theorem 7.1.1) and Proposition 4.3.1 to
obtain the finite-dimensional convergence. For asymptotic equicontinuity, proceed in the
same way as in the proof of Theorem 6.3.1. The cases for G;{;S’c and G%S’Cc are similar.

A, S,d
For st’ ¢ we have

CRmef = VNEGS — PR f = VNBG Gone (Vi aw) f + VB Gone(Vi ) f
= VNPT G (V5 GN{ G (Vs b)) — 1} f + VNPT (W — 1) f. (7.13)

Applying Taylor’s theorem, the first term can be written as

B {Gmc(v; )GV dN)l;;(?f)V)ZTf} VN (& — ao),

where a* is some convex combination of &y and ag. It follows from the bootstrap Glivenko-
Cantelli theorem with o*, &y —ps ao in P*-probability and Proposition 4.3.1 that this

converges to

-P, {GmC(V;ao)l;(:Eg/()V)ZTf} G(O)fl {PO:HO(V)Zegz}l /5 1 _ijjZ

Py
== Z \/7 LG; chf7
in P*-probability. The second term of (7.13) can be written as

VNPY Grne (Vi an)(W = 1) f = G f + VNPRAGme(Vian) — 1HW — 1) f.
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The first term converges to @K,S f ~ G™Sf from the result above. Applying Taylor’s

theorem to the second term to obtain

VNPFAGme(V;an) — 13} (W = 1) f
. 1—m(V)

=PR(W — 1)Gme(V;a*) ——22ZT fV/N(an — ap)
mo(V)

= (P, — PR)Gme(V; a*)LO(V)ZT FVN(an — ap).
mo(V)

Since VN (dn — ag) = Op;, (1) in P*-probability by Proposition 3.5.1 and Lemma 4.1.1,
the bootstrap Glivenko-Cantelli theorem (Theorem 7.1.1) implies that

VNPRAGme(Vsan) — LW = 1) f = op (1)Op;, (1) = opy (1),

in P*-probability. Asymptotic equicontinuity can be verified in the same way as in the proof

of Theorem 6.3.1. This completes the proof. O

We consider the uncentered version of the conditional multiplier central limit theorem.
We first prove our version of Lemma 2.9.5 of [58]. This establishes the (conditional) finite

dimensional convergence of n=/23"" | &6, .

Lemma 7.4.2. Let Y1,Ys,..., be i.i.d. Euclidean random vectors with E|Y;||?> < oo inde-
pendent of the i.i.d. &,&, ..., with E§ = 0 and Eﬁf = c2 > 0. Then, conditionally on
Yi,Yp...,

1 n
n Zfzyz ~ N(0,*EY®?),
i=1
for almost every sequence Y1,Yo, .. ..

Proof. We apply the Lindeberg central limit theorem with S, = n=1/2 Yo Zi = n—1/2 S &Y
Note that p; = EcZ; = E¢&Y; =0 and 02 = Varg(Y;) = E§§1.2Y;®2 -0= c2Y;®2. Thus,

n n
n_lsdfl =n! g 01-2 =cnt E Yi®2 — C2EY1®2,
i=1 i=1
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for almost all sequences by the strong law of large numbers. For every ¢ > 0,

n~t Y IYilPE Gl > ev/n}
=1

n
<n7t Y IV EeIG] max (V3] > ev/n}
i=1 VRS

n
=n" ) |Yi|PELH{ 4| mas (V5] > ev/n}
=1 YA

i=1

- <n Znnn?) Eeet{l&] max [V, > v}

— 0,

for almost all sequences, because E|Y;||? < oo implies maxj<;<n||Y;||/v/n — 0 for almost

all sequences. O

The next lemma concerns integrability of the empirical process when the Lo(FPp)-metric
is used. This lemma is used to prove the uncentered conditional multiplier central limit

theorem (Lemma 7.3.1).

Lemma 7.4.3. Suppose that F is a Donsker class with ||Py||r < oco. Let X1,Xoa,... be
1.4.d. Py, independent of i.i.d. Rademacher variables €1,¢€a,.... Define the process @’n =
n'2 300 b, Let p(f.g9) = {Po(f = 9)*}/? and F5 = {f — g : p(f,9) < 6, f,9 € F}.
Then E*||GL ||z, — 0 for every 6, | 0.

Proof. Since F is Donsker with || Pyl < oo, it follows from Corollary 2.9.4 of [58] that
G/

1, weakly converges to the Brownian motion process in ¢°°(F) and @;L is asymptotically

equicontinuous in probability with respect to the Lo(Fp)-metric p. Moreover, F possesses
an envelope F with P(F > x) = o(z~2) by Corollary 2.3.13 of [58]. This implies that
P(|le1dx, |7 > x) = P(F > ) = o(x~2). In view of Problem 2.3.3 of [58],

o e lei0x 17
1<i<n \/n

It follows from the triangle inequality that the same is true with F is replaced by Fs, .

— 0.

Because asymptotic equicontinuity in probability implies ||G/, || 75, —+p 0 for every 4, | 0,
the sequence of quantile functions of G;l converges to zero pointwise. We can apply the

Hoffmann-Jgrgensen inequality to obtain the desired result. ]
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We prove the uncentered conditional multiplier central limit theorem.

Proof of Lemma 7.3.1. The sequence G converges to a c times a Pyp-Brownian motion pro-
cess G in £°°(F) by Corollary 2.9.4 of [58], and thus it is asymptotically measurable.

A Donsker class F is totally bounded for the Lo(FPp) metric since || Pp||z < oo (Problem
2.1.1 of [58]). For each fixed 6 > 0 and f € F, let [[; f denote a closest element in a given
finite d-net for F. By continuity of the limit process G, we have G o I[Is— G almost surely
as 0 | 0. Hence it follows that

Eh <CG o H) — Eh(cG)

)

sup —0, 0J0.

heBL,

Also, it follows from Lemma 7.4.2 that for every fixed § > 0

Ech (Gn o H) — Eh(cG)

sup —0, n— oo,
heBL, 5
for almost every sequence X1, Xo, ... as in a proof of Theorem 2.9.6 of [58]. For completeness

of the proof, we present details in the following. Define A : RP +— (°°(F) by (Ay)f = v
if [[sf = fir Then h(cG o [[;5) = g(cGfi,...,cGf,), for the function defined by g(y) =
h(Ay). If h is bounded Lipschitz on ¢*°(F), then ¢ is bounded Lipschitz on R? with a
smaller bounded Lipschitz norm. Since BL;(RRP) is separable for the topology of uniform
convergence on compacta, the supremum in the preceding display can be replaced by a
countable supremum. It follows that the variable in the display is measurable because

h(cG o [[4) is measurable. Next,

sup |E¢h (@n o H) — E¢ch(Gy)| < sup Eg|h (@n o H) — h(G,)
heBL1 5 heBLy 5
< E§ @nOH_@n < E5||GnHF57
J F

where F5 = {f — g : Po(f — g)* < §?}. Thus, the outer expectation of the left side is
bounded above by E*||Gy| 7,
Since the assumption [|£1]]2,1 < oo implies E£} < oo, we have E maxi<i<n |&]/v/n — 0.

Thus, taking a limit on n on both sides of the multiplier inequality (Lemma 2.9.1 of [58])
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yields

lim F*

n—o0

IN

9

1 — 1 k
= f'(in 2\/§ & 2,1 Sup E*||— €‘5Xi
\/77; Z &1 no<k \/E; !

Fs Fs
for every ng and § > 0 where ¢; are i.i.d. Rademacher random variables independent of
& and X;. The left hand side of the inequality converges to zero as ng — oo followed by
8 | 0 because limy,_o E||G} |7, — 0 as § | 0 by Lemma 7.4.3 where G/, = n= /23" | €;0x,.
Combining this with the previous display with the triangle inequality yields the first part
of the claim.

For the second part of the claim, the proof of the first part applies except that it must

be argued that EgH@H*ﬂ converges to zero outer almost surely as n — oo followed by ¢ | 0.

Since Pyl f — Pof||% < o0 and || Py 7 < oo implies

Pyl f(X0)IF < Rollf(X1) = Rof + Pof 7

< Po{|lF(X1) = Pof% + |1 PofIF + 21 F = Pofll= Pofll=} < oo,
it follows from Corollary 2.9.9 that
lim sup Ee |G, < 6v/2limsup E*|C .
n—oo n—oo

almost surely. The right-hand side decreases to zero as § | 0 as shown above. To see that

the sequence E¢h(G,,) is strongly asymptotically measurable, obtain first by the same proof,
but with a star added, that

|Ech(G,)* — ERh(cG)| a5 0.

The same proof also shows that this is true with a lower star. Thus, the sequence Egh(@n)* —

h(G)« converges to zero almost surely. O

Now, we consider the i.i.d. weights wy,...,w, with Fw; = 1 and Var(w;) = ¢ that are
independent of Xi,..., X,. Since we later consider the weak convergence of the two-phase
bootstrap IPW empirical processes conditionally on X1, X», ..., and the phase I bootstrap

weights W, i, 7 = 1,...,J, 7 =1,..., N;, the following lemma allows us to easily apply

the weak convergence results in Theorem 7.3.1.
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Lemma 7.4.4. Let the class of functions F be Donsker with ||Po||r < co. Let Xi,..., X,
be i.i.d. Py and define the empirical process G, = n~1/2 S (0x, — Po). Let wi,...,wy
be i.i.d. Py with BEwy = 1, Var(wy) = ¢® < 0o and ||wy]|2,1 < oo that are independent of
X1,...,Xpn. Then the class of functions WF = {g : g(z,w) = wf(x), f € F} is Py x Py -

Donsker.
Proof. Note that for g(x,w) = wf(z) € WF,

Gng \/E(inf - PO(wf)) = \/E(inf - POf)

n_1/2 Z(dXz - PO)f + n_1/2 Z(wl - 1)(6Xi - PO)f
=1 i=1

+ n*1/2 Z(wz — 1)P0f.
i=1
Thus in view of Corollary 2.9.4 of [58],
Gp~ G+ G +cZPy, inl*(WF),

where G and G’ are independent Brownian bridge process that are independent of the

standard normal random variable Z. O

Several results (Lemmas 7.4.2-7.4.4) regarding the uncentered conditional multiplier
central limit theorem provide useful tools to study the phase I bootstrap IPW empirical
process. We first prove a Glivenko-Cantelli theorem for the phase I bootstrap IPW empirical

process.

Lemma 7.4.5. Let F be a Glivenko-Cantelli class. Then HI@%(I) - Pyl =py 0 in P*-

probability.

Proof. Note the decomposition (4.20) of the phase I bootstrap IPW empirical process to
obtain P}, = ijl(Nj /N )(]P’f,(;) - Pg}nj). It follows from the triangle inequality that

/\71
PR — PR

L Nj e
Nj o) pe
]-‘Sj; N HPF”J‘ Fin, F
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Note that N;/N = OPW( ) in P*—probability we can apply Lemma 3.6.16 of [58] to each

A 1 _
PJ’T(LJ) ]P)g - Let W - Zz 1 nJ Js 26] i We have
1Y
56 (1) _ me _ (1)
]P)] L] ]Pjﬂnj o ;J Z anvjvzgj @ X] i Z 5]7 5X] 7
=1

N; (1) 'S]

—1) 1 W, gt (1)
= W; *.Z — g (0x; = Pop) + (W57 = )Ry
n] - W
=1 j

By assumption, ng) —py 1. Because n;1 vazjl(anyj,ifj,i/Wg-l)) = 1, applying Lemma

3.6.16 of [58] yields that

Nt Nowh g
—m) 1 n-,j,zfm —), || 1 n-,j,zfm
i E : ) (5X]z PO\j) = |Wj | ni E i(l) (5Xj,i - PO\j)
Tist W - IS W .

= OPW(l)OPW(l) = OPW(1)7
in P*-probability. Thus, it suffices to show || Py|;]|7 < oco. To see this, notice that

|1Pojjllz = v; ' El|ox Iv; (V) — v Py — dx Iy, (V) || 7

< y;lEH(SXIVj (V) — I/jP0|j||.7-' + V;1E||5XIVJ- (V)H]:
J
< V{lE Z((Svaj (V) — VjP0|j) + V;1E||5XIVJ' (V)”]-'
j=1
_F
= v 'E|f — PofllF + vy Ellox Iy, (V)| 7

<v;'E|f - Pofll7 +v; Ellox]|F.

Because F is Donsker, and hence Glivenko-Cantelli, the first term is bounded. Moreover,

since ||P||z < oo, the second term is bounded by EF* < oo for some envelope function F

in view of Problem 2.4.1 of [58]. This completes the proof. O

Next, we prove the conditional weak convergence of the phase I bootstrap IPW empirical

process.

Lemma 7.4.6. Let F be a Donsker class with |Py||r < oo. Then,

() -
" Xy

J

in £°°(F),
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where the Fy;-Brownian motion processes @5-1) are all independent.

The same holds when @T]i}(l) is replaced by GE(U’# with # € {dc,dmc, dcc}.

Proof. First, we prove the claim for Gﬁ(l). Recall the decomposition (4.20) of the phase I

J
Z /NJ / )
]nj7

bootstrap IPW empirical process;

where
~E(L) £,(1)
ijnj = \/7 (P] nj ) \/7 Z TLJ,j [ - 5.] Z(SX] i’
=1

Note that X;;, ¢« = 1,...,N;, with §;; = 1 are independent. Note also that ww -

nj,J,8

WT(J)J , — 1 has mean zero and variance cjz satisfying HWT(L )J ;2,1 < oo in view of Problem
2.9.2 of [58]. Because we showed || Py;||7 < oo for j = 1,...,J, in the proof of Lemma 7.4.5,
it follows from the uncentered conditional multiplier central limit theorem (Lemma 7.3.1)
applied to each of the phase I bootstrap IPW empirical processes ng) for the jth stratum
j=1,...,J that

G5y~ (G + Z;Pyy) in £(F),

in P*-probability where Gg.l) is a Py|;-Brownian bridge process independent of the standard

normal random variables Z;. Note that Gg-l) and Z;, j = 1,...,J, are all independent.

J J
A,(1) Vi by (1)
GV = D g G+ 2Ry =D
j=1 pPj Pj j=1

in (°°(F) in P*-probability, where the Py;-Brownian bridge processes G; and the standard

Hence

Gl + Z;Pyyy),

normal random variables Z; are all independent. Note that Ggl) +Z;Py|; are Py;-Brownian

motion processes.

m,(1),de

Next, we prove the claim for G . Other cases are similar. Note from definitions of

I@’%(l)’dc and P3¢ that

Wy = VN@YDC - PR f = VNERY - PR)G(Viak) f = GFVGe(Viaq) /.
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For a finite-dimensional convergence, we have for f € F that

@E(l)ydcf _ G%(l)f + (G%(l),dc _ Gﬁ(l))f
= G+ @LY —PR)G(V;a") ZT VNS — ao)
where o™ is some convex combination of &% and oy. It follows from Lemma 7.4.5 together
with Proposition 3.5.1 that the second term is op,, (1)Op,, (1) = op,, (1) in P*-probability.

Asymptotic equicontinuity can be verified in the same way as in the proof of Theorem 6.3.1.

O

For the weak convergence of the phase II bootstrap IPW empirical processes, we condi-

tion on both the data and the phase I bootstrap weights.

Lemma 7.4.7. Let F be a Donsker class with |Py||r < co. Then,

: WZ\/> pJG(Z)(W )7

7j=1

G ’wzf % {(I - Q)W;+},

™ WZ\F p](G {I = Q)Wj-},
GW )me Z‘F p] G(2 { = Qme)Wj-1,
).dime Z VT pﬂ G<2>{(1 Qume)Wj-},
@, Z JTi pﬂ@ DT~ Q)W ),
& )dee Z N p] ((}(2){(] Qme)Wj-},
in L>°(F) in P*X P‘S&) -probability where Py ;-Brownian bridge processes GE'Q) and Gg'l) and Z

defined in Lemma 7.4.6 are all independent, W; are independent with mean 1 and variance

c? that are independent of (X, V'), Qu with # € {c,mc, cc} are defined in Theorem 3.2.1.
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Proof. We first prove the claim for GZ@). Recall the decomposition (4.21) of the phase II

[ Nj a6
GJ ny o

bootstrap IPW empirical process;

E

2y

where
Nj
~E(2) £ (1) -1/2 1)
Gj,nj =Vvn (PMLJ - PJ n; ) " Z(anl N )EN{WW i 0x;:}-
i=1
Note that (W, 75 )N,in), i=1,...,Nj, with {;; = 1 are independent. Since F; = {g(z,w) =

wf(z): feF}is Py x P( ) -Donsker by Lemma 7.4.4, it follows from Lemma 7.4.1 that

-7’ T /1 ij in £2°(F;),

)s (X2, Wéjl_?ﬂ), .... Note that G§2) are independent of Ggl)

conditionally on (X} 1, Wflj_)j 1

and Z; for j =1,...,J. Hence it follows that

Gm® Z\ﬁ p]G ;W) e (F),

in P* x Péé)—probability where Wj(l) is independent of X with mean 1 and variance c?.

Another way to derive this result is that conditional on (Xj 1, Wél)] 1), (X2, Wé;?jg), Ce
ij(\i) can be viewed as the survey bootstrap IPW empirical process indexed by the set
{9(z,w) = wf(z) : f € F} as discussed in Chapter 4. Although we only define the
conditional distributions of W](Vl ) given the stratum membership, there exists a probability
distribution, say, Py, such that W](Vli), t=1,...,N are iid. Py y. See the Appendix A
of [8] for details. Thus, the result follows from Theorem 7.3.1. From this viewpoint, the
claims for other phase II bootstrap IPW empirical processes, which can also be viewed as
the survey bootstrap IPW empirical processes, are proved by Theorem 7.3.1. Of course, we
can prove those statements based on Lemma 7.4.1 by closely following the argument in the

proof of Theorem 7.3.1 without considering the probability distribution Py . O

Proof of Theorem 7.3.2. We first prove the claim for G% Other cases are similar. De-

compose @’fv into @;}(1) + G;}Q) and apply Lemmas 7.4.6 and 7.4.7 to obtain a mean-zero
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Gaussian process as a limit process. Recall that CJZ =p;/(2 —p;) and VVj(l) is independent

of X. Its covariance function evaluated at f,g € F is given by

J
1] 1 —p;
Z { J PO|J(f - 9)2 + vj J VaroU(Wj(l)f o Wj(l)g)}

T \2-p Pj
- Z {2 ijpj Py (f — 9)* + le;jm [E(Wj(l))QPOU(f —9)% - {EWJ'(l)Pou(f - 9)}2} }
j=1
= {2 S Pyy(f —9)? +vj pjp] (2 + )Py (f — 9) = {Poy (f — g)}2]}
j=1
J .
= Z {V]POU(f - 9)2 + v ;jpj Var0|j(f - 9)}
=1
J ; o
= Po(f—9)*+ > vj——"Varg;(f - 9).
j=1

Since this covariance function is the same as that for the process of our claim, the result

follows.

Next, we consider the claim for G3™. Arguments for other two-phase bootstrap IPW
empirical processes are similar. Recall the definition of Q,.f in Theorem 3.2.1. It follows

from the independence of Wj(l) and (X,V) and EVVj(l) = 1 that

QuaW V= Pol(ng (V) = OW F 2T Pol(mg (V) = 1) 272} 2
= BWOR(n (V) = ) 2T Pol(mg L (V) — 1) 292} 2
= Ry (V) = DFZTP(rg (V) - )22} 2

= chf

Thus, we have QueW, " f ~ QueW, g = Que(f —g). We compute Varg); (I~ Qme) W, f
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I QuaW,Vg);
Varg); (I = Qme) W f = (I = Que) Wi g)
= Varo (W (f = 9) = Que(f — 9))
= Varg; (W (f = 9)) + Var(Qume(f — 9)) — 2Cov(W Y (f — 9), Que(f — 9))
= Py (f — 9)* + Varg; (f — 9) + Var(Qme(f — 9))
—2[EW Py i {(f = 9)Qmc(f — 9)} — EW Py ;(f — 9)FPo|jQume(f — 9)]
= ¢S Py;(f — 9)*Varg;(f — g) + Var(Qme(f — 9))
=2[Py;{(f = 9)Qme(f — 9)} — Poji(f — 9)PojjQme(f — 9)]
= ¢ Py (f — 9)*Varg;(f — g) + Var(Qme(f — 9)) — 2Cov(f — g, Que(f — 9))
= ¢} Py (f — 9)* + Varg (I = Qme).f — (I = Qme)9)-

Note that we used the independence of Wj(l) and (X, V) and EWJ-(U = 1. Now, proceed

similarly to the case for G}{, to compute the covariance function of the limiting process for
G}T\,’dmc evaluated at f and g, and verify that the covariance function is the same as that of

G™tPme a5 desired. O

The following is the bootstrap version of Lemma 6.4.2. Because the survey and two-
phase bootstrap weights are bounded, we can make use of the multiplier inequality for

bounded weights (Lemma 6.2.1).
Lemma 7.4.8. For an arbitrary set F of integrable functions,

E* G%

&\, s B lenl, B

< E* |G .
IS IGN |l 7

Proof. We first prove the claim on @X,S We have

J
« (| ATS Nj [Nj . || aes
EICR I < Ly arEw |5,
]:
J
~1/2 « || AES
7=1

where Eyy denotes the conditional expectation E(-|(V;, &X;, )X ) given all data (V;, & X;, &)X ;.
Here we used N;/N < 1 and N;/n; < o~!. Taking expectation with respect to P, it suffices
to show that each E*

Gﬁsj Hf is bounded up to some constant by E* |G y|| £
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Rewrite Gis = n-_l/ 2 S 1 Why jie(0x, Note the conditional exchangeability

JaE ] nj )
of W, jie, i =1,...,n; given all data (V;, §; X, &N | with n; —1 ZZ 1 Wh, jie = 1. Note also

that 0 < anjﬂg < M; for some constant M; > 0 uniformly in n; because of the same
argument in the proof of Lemma 7.4.1. Apply the multiplier inequality of Lemma 6.2.1

conditionally to obtain

*

k

1
'
N > 0x,—F5,)

Ewl|G5 |7 < (M; —0) max EW|
J =1

1<k<n;

_F

Then, apply Jensen’s inequality and the triangle inequality to further bound this by

*
*

+ M;Ew H\/nj (B, — Piny)

n.
1 J

]:

+M; Ew H\/7Tj(]P>jvnj - PUlj)H;'

Taking expectation unconditionally, it follows from Jensen’s inequality that the first term

is bounded by

M,E”

P0|g < Mjail/QE* HijNij7
F

nJ ]zl

since dx;,; — Fp; has mean zero. Now, apply Lemma 6.4.1 to find that this is bounded
by E*||Gn||z. The third term is handled exactly the same way as the first term. For the

second term, noting that Pﬁ,nj = (N;/ nj)IF’? Ny the multiplier inequality of Lemma 6.2.1

1

Now, following the proof of Lemma 6.4.2, the unconditional expectation of this term is

yields

*

< M; max FEw
F T 1<k<N;

Z o J"ﬂ

]zl

M; Ew H\ﬁ J,ng)

bounded by E*||Gy||z up to some constant. This completes the proof for @K,S

Next, we prove the claim for @7]{, Note that W, ;; = — W W(Q) are bounded uni-

nj,J,0 " Mj,g,0

formly in N so that the multiplier inequality for bounded weights (Lemma 6.2.1) can apply.
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Recall that

Gy = VN P%fm)

TN, 1
J
- YA EW 0x, = — S &,
/N — nj s 15] i X] i n] — é.]»l X],Z

j=1
J Nj Nj
N; [ 1 ) 1) 1
= 23 W2 &a(WD 6, — Po) — — 3 &a(0x,, — Py
JZ:; VN \ nj ; nyi8ii (W, i0%, = Foyg) nj = &5.i(0x;. = Foj;)
LN & 2) (1) !
— _ ) Wn"ig'i(Wn-‘iéXf'i_P fz ; — P )
;nj ﬁN; 35354575 isJs s 0lj ; \/*E : J,i\V X, 0|7

Here we used the fact that nj_l vazq §NW7(5)M =1 and nj_l 25\21 & = 1. Thus, we have

J N
G% N < Z \/>Z nj,Jj, 7,5]7 nJ ]z Xji T P0|j)
i=1 -
J N;
Z Z §i(0x,, = Pojy)
=1 - F
s (2) (1)
S Z \/7 Z n]m?’ 6'7 i Wn] \J5% XJJ' - Polj)
f
J 1 N
+o' Y JN > &ildx, — Py - (7.14)
j=1 i=1 F
For the jth summand in the first term in (7.14), note that, with a slight abuse of notation,
(Wnp ],1@,17 A Wflj)j Njfj} Nj) is exchangeable bounded weights among observations with

&j,i = 1. Note also that we can rewrite the summand as

N.
LN~ p®
Z n; ngjz n; jléXj,i - P0|j) = ﬁ Zan,j,ing((sz,i - POU) )
F = Wi F
where W, F = {g(x,wj(.l)) = w](-l)f(x) . f € F} since PO‘jo(l)f(X) = Py f(X) since
EWéJ?] ;, = 1. Apply the multiplier inequality for bounded weights (Lemma 6.2.1) with

no = 1 and Z,; = 0x,, — Py|; conditionally on the phase I bootstrap weights WO to obtain

k
\/1N Z((szz - P0|j)

1 J
E_wao Wi > Wi, 5i&i(6x,, — Pojy) S max E_y0
i=1 Wi F - =
J

W, F

)
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where E_y;,(1) denotes the conditional expectation given the phase I bootstrap weights. By

N.
\/ WJGJ;NJ-

Since N;/N < 1, the expectation of this term is further bounded by

Jensen’s inequality, this term is bounded by

max F —g ox., — Pyi) =F
—_w) ( X 0|7 —_w@)
1<k<N; v/ '
N i=1
W, F

W;F

N;

E 2
N

IN

Gjn, E|Gjn, (W — 1)f + Gy, /7

W;F

IN

E||Gn, (WD = D fll7 + E|Gj, fllF

The second term in the last display is bounded by E||Gx |7 by Lemma 6.4.1. Since W, ;i
are bounded and exchangeable, it follows from the multiplier inequality for the bounded
exchangeable weights (Lemma 6.2.1) with ng = 1 that the first term in the last display is

bounded, up to some constant, by

max FE

Y
1<k<N; 0ls)

J i= 1 F
This term is bounded by E||Gy||# by Jensen’s inequality and Lemma 6.4.1. Apply the
multiplier inequality and Jensen’s inequality to the jth summand in the second term in

(7.14) as above to obtain

1 < .
7 2o G, ~ Py S 73 205~ )|
N
< max FE 1 (6x., — Poi;)
T k<N, VN & Xii = 0l
B F
NA
< F W]Gj’NJ .
f
This completes the proof. -

The following lemma is useful when showing the asymptotic equicontinuity of bootstrap
IPW empirical processes as Lemma 7.4.9 for the arguments of the asymptotic equicontinuity

of IPW empirical processes.
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Lemma 7.4.9. Suppose that Condition 4.1.4 holds. Let F be a Glivenko-Cantelli class.
Then

sup
feFr

VN(Py — R) {W:W(gv)f - erg/)f}' =opz (1), (7.15)

in P*-probability where a (doubly) calibrated probability (with modified or centered calibra-

tion) and weights W can be either survey or two-phase bootstrap weights.

Proof. The proof is similar to the proof of Lemma 6.4.3. Note that

Gmc(v§ al)Gmc(V; 042) -1= Gmc<v; al)Gmc(V; 042) - Gmc(v; al) + Gmc<v; al) -1

. 1—7T0(V) T : 1_7TO(V) T
= Gme(V; Gme(V; 5)————2 - Gme(V; V———2 - >
(V501)Gme(V; a3) (V) (a2 — ag) + Gme(V; 07) o) (01 —ao)
where 04;? is some convex combination of a; and ayp. O
Proof of Lemma 7.3.2. The proof is similar to the proof of Lemma 6.3.1. O

Proof of Lemma 7.3.3. Apply Lemma 7.4.8, and Markov’s inequality to obtain |G} ||, =
ops (1) in P*-probability.
For the IPW empirical process with modified calibration, we have by Taylor’s theorem

that

~

GTImer — GTof = VNBLI™ — BTS) f = VNP Gre (Vi an) f — P f)

_ I@X;SWGWW; o) fZTV/N (b — ao)

— B R Vi) 270, (1)

= (% - PR o V1)1 270, (1)
+P — )T Vi) 270, (1)
=W Vit £270p. (1),

mo(V)
in P*-probability. The first and second term in the last display are o Py, (1) in P*-probability
by Theorems 7.1.1 and 6.1.1, respectively. The last term is 0}(1) by the same argument as
in the proof of Lemma 6.3.2 and hence op (1) in P*-probability.

The proofs for other cases are similar. O
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