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Let A be an n by n matrix with numerical range W (A) := {q∗Aq : q ∈ Cn, ‖q‖2 = 1}. We

are interested in functions f̂ that maximize ‖f(A)‖2 (the matrix norm induced by the vector

2-norm) over all functions f that are analytic in W (A) and satisfy maxz∈W (A) |f(z)| ≤ 1. It

is known that there are functions f̂ that achieve this maximum and that such functions are

of the form B◦φ, where φ is any conformal mapping from W (A) to the unit disk D and B is a

Blaschke product of degree at most n−1. Michel Crouzeix has conjectured that ‖f̂(A)‖2 ≤ 2

and he proved that ‖f̂(A)‖2 ≤ 11.08 [M. Crouzeix, Numerical range and functional calculus

in Hilbert space, J. Funct. Anal., vol. 244, issue 2, 2007, p. 668-690]. Later Crouzeix and

Palencia proved ‖f̂(A)‖2 ≤ 1 +
√

2 [M. Crouzeix and C. Palencia, The Numerical Range is a

(1 +
√

2)-Spectral Set, SIMAX, vol. 38, 2017, p. 649-655]. However, the conjectured bound

of 2 remains unproven in general.

Other questions about the optimal function f̂ remain open as well. Here we consider

questions about uniqueness of the optimizing function f̂ and show that for 2 by 2 matrices,

f̂ is unique (up to multiplication by a scalar) but for certain 3 by 3 matrices this is not

the case. It has been observed numerically that the optimal Blaschke product B̂ associated

with a given conformal mapping φ often has degree less than n− 1, and we prove this for a

certain class of matrices. We also evaluate ‖f̂(A)‖2 explicitly for certain classes of matrices

with elliptical numerical range. Our goal is to learn as much as possible about the optimal



function f̂ , the associated Blaschke product B̂, and the actual value of ‖f̂(A)‖2 for matrices

with elliptical numerical range. In doing this, we make use of known and new cyclic identities

involving Jacobi elliptic functions.
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Chapter 1

INTRODUCTION

Given a square matrix A ∈ Cn×n, it is often necessary to estimate or bound ||f(A)||2,

where f is a given analytic function and ||·||2 denotes the matrix norm induced by the 2-norm

for vectors; i.e., the largest singular value. This problem arises, for instance, in analyzing

the stability of solutions of differential equations, for example, f(A) = exp (tA), t > 0,

and in analyzing the convergence rate of iterative linear system solvers such as the GMRES

algorithm.

The simplest bound is in terms of the eigenvalues and eigenvectors of A, or, more gen-

erally, in terms of its Jordan form; if A = V ΛV −1, where Λ is the Jordan normal form and

κ(V ) = ||V ||2 · ||V −1||2 is the 2-norm condition number of V , then

||f(A)||2 ≤ κ(V )||f(Λ)||2.

If κ(V ) is very large, however, then this may be a large overestimate of ||f(A)||2. Another

idea is to bound ||f(A)||2 based on the size of f on some region Ω ⊂ C that contains the

spectrum of A:

||f(A)||2 ≤ C(Ω, n) sup
z∈Ω
|f(z)|. (1.1)

The smallest constant C(Ω, n) for which inequality (1.1) holds for all analytic functions f

may be independent of n for some classes of matrices or some sets Ω, and in this case we

can write

C(Ω, n) = C(Ω).

M. Crouzeix [7] chose Ω to be the numerical range (or, field of values) of A:

W (A) = {q∗Aq : q ∈ Cn×1 and ||q||2 = 1},
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and he proved 2 ≤ C(W (A)) ≤ 11.08, independent of n. He conjectured that C(W (A)) = 2;

i.e., for all analytic functions f :

||f(A)||2 ≤ 2 sup
z∈W (A)

|f(z)|.

It is easy to see that C(W (A)) cannot be less than 2; it was shown by M. Crabb [5] and

later D. Choi [4] and M. Crouzeix [15] that the matrices

J2 =

0 2

0 0

 , Jn =



0
√

2 0 · · · 0 0

0 0 1 · · · 0 0
...

... 1 0

0 0 · · · · · · 0
√

2

0 0 · · · · · · 0 0


, n > 2 (1.2)

satisfy

||Jn−1
n ||2 = 2 sup

z∈W (Jn)

|zn−1|, n ≥ 2.

Recently, M. Crouzeix and C. Palencia [9] made a major breakthrough and showed that

C(W (A)) ≤ 1 +
√

2.

The goal of my research is to study some special classes of matrices and not only show

that Crouzeix’s conjecture holds for these matrices (in some cases this has already been

shown) but identify the smallest constant C such that ||f(A)||2 ≤ C supz∈W (A) |f(z)| for

these classes and find a function (or functions) f̂ for which ||f̂(A)||2 = C supz∈W (A) |f̂(z)|. I

will answer some open questions about the uniqueness of the extremal function f̂ . The form

of f̂ is known: f̂ = B̂ ◦ φ, where φ is a conformal mapping from W (A) to the unit disk D,

and B̂ is a finite Blaschke product of degree at most n− 1. From numerical experiments, it

appears that B̂ often has degree less than n − 1, and we give several examples that B̂ has

degree strictly less than n− 1.
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1.1 Some Matrices and Functions for which Crouzeix’s Conjecture holds

1.1.1 Example 1

If A is normal, we have A = U∗ΛU , where U is unitary and Λ is diagonal, and then

||f(A)||2 = ||U∗f(Λ)U ||2 = ||f(Λ)||2 = sup
z∈σ(A)

|f(z)| ≤ sup
z∈W (A)

|f(z)|,

since the spectrum of A, σ(A) ⊂ W (A). The upper bound is C(W (A)) = 1 for normal

matrices, and any function f , whose maximum value on W (A) (the convex hull of the

spectrum of A) occurs at an eigenvalue, achieves this optimal bound.

1.1.2 Example 2

If matrix A is diagonalizable with a matrix of eigenvectors V such that κ(V ) ≤ 2, we know

||f(A)||2 ≤ κ(V )||f(Λ)||2 ≤ 2||f(Λ)||2 ≤ 2 sup
z∈W (A)

|f(z)|,

since σ(A) ⊂ W (A).

1.1.3 Example 3

Define the numerical radius of matrix A as

r = max
z∈W (A)

|z|.

If W (A) is a disk centered at α with radius r0, we know that the conformal mapping is linear

φ(z) =
1

r0

(z − α),

and the numerical radius of φ(A) is

r(φ(A)) = 1.

By Ando’s theorem (See section 1.2.2), C(W (A)) ≤ 2.
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1.1.4 Example 4

If A is a 2-nilpotent matrix (nonnormal), A2 = 0, then W (A) is a disk centered at the

origin [17] and

r(A) =
1

2
||A||2.

Thus, Crouzeix’s conjecture holds, the exact bound is C(W (A)) = 2, the conformal mapping

is

φ(z) =
2

||A||2
z,

and the unique extremal Blaschke product is

B̂(z) = z.

One interesting case is

A =

0m×m Ã

0k×m 0k×k


(m+k)×(m+k))

, ∀Ã ∈ Cm×k.

See Appendix A for a short proof. This is also a special case of the class of half-radial

matrices, described in the paper [19].

1.1.5 Example 5

It is also known that for any matrix the conjecture holds for special functions:

(1) f(z) = c0z + c1, c0, c1 ∈ C,

(2) f(z) = zm, m ∈ N,

(3) f(z) =
N∑
k=0

akz
k, if ak ≥ 0 and r(A) ∈ W (A).

Proof. (1) For any square matrix A, we have [21]

||A||2 ≤ 2 sup
z∈W (A)

|z| = 2r(A),

and it follows that

||c0A+ c1I||2 ≤ 2r(c0A+ c1I) = 2 sup
z∈W (c0A+c1I)

|z| = 2 sup
z∈W (A)

|c0z + c1|,
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since W (c0A+ c1I) = c0W (A) + c1.

(2)

||Am||2 ≤ 2r(Am) ≤ 2r(A)m.

This is the power inequality of C. Berger and C. Pearcy [30].

(3)

||f(A)||2 = ||
N∑
k=0

akA
k||2 ≤

N∑
k=0

ak||Ak||2 ≤ 2
N∑
k=0

akr(A)k = 2 sup
z∈W (A)

|f(z)|.

See [21] for details.

1.1.6 Example 6

A. Greenbaum and D. Choi [4, 14] proved that the conjecture holds for perturbed Jordan

blocks Jε, D. Choi extended this to diagonally scaled perturbed Jordan blocks, and C. Glader,

M. Kurula, and M. Lindström noted that it also holds for A = PJα [11], where P is any

permutation matrix, and

Jε =



0 1 0 · · · 0

0 0 1 · · · 0
...

. . . . . .
...

0 0 · · · 0 1

ε 0 0 · · · 0


n×n

,

Jα =



0 α1 0 · · · 0

0 0 α2 · · · 0
...

. . . . . .
...

0 0 · · · 0 αn−1

αn 0 0 · · · 0


n×n

. (1.3)

In the same paper, C. Glader et al. proved the case of 3× 3 matrices with elliptic numerical

range centered at an eigenvalue.
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1.1.7 Example 7

Suppose that A ∈ Cn×n and M ∈ CN×N (n < N). M is defined as a dilation of A if

A = PM |Cn , where P is the orthogonal projection from CN onto Cn. For example,

M =

A ∗

∗ ∗

 .
M is a power dilation of A if Mk is a dilation of Ak for every positive integer k. Then, if M

is similar to a normal matrix N via a similarity transformation with a moderate condition

number κ (M = S−1NS, NN∗ = N∗N and κ = ||S||2||S−1||2), for any polynomial p we have

||p(A)||2 ≤ ||p(M)||2 ≤ κ sup
z∈σ(M)

|p(z)|.

If κ ≤ 2 and σ(M) ∈ W (A), then Crouzeix’s conjecture holds for matrix A. This is one

method T. Caldwell, A. Greenbaum and K. Li used to study Crouzeix’s conjecture in the

paper [13].

1.2 Tools

In this section, I will discuss some useful tools in this work. First I show two inequalities, von

Neumann’s inequality and T. Ando’s theorem, and then I explain how conformal mapping

and Blaschke products are used in the analysis.

1.2.1 von Neumann’s inequality

A matrix or operator C is a contraction if

||C||2 ≤ 1.

J. von Neumann showed [29] that for any polynomial p, the 2-norm of p(C) is bounded by

the supremum of |p| in the closed unit disk D,

||p(C)||2 ≤ sup
z∈D
|p(z)|, if ||C||2 ≤ 1.



7

1.2.2 T. Ando’s theorem

Define the numerical radius of an operator or matrix A as

r(A) = sup
z∈W (A)

|z|.

Given a constant K > 0, a set Ω ⊂ C is said to be a K-spectral set of operator or matrix A,

if the spectrum of A, σ(A) ⊂ Ω and

||f(A)||2 ≤ K sup
z∈Ω
|f(z)|,

where f is any function analytic in Ω and continuous on the boundary of Ω.

Theorem 1 (T. Ando). If r(T ) ≤ 1, then the unit disk D is a 2-spectral set for operator or

matrix T .

T. Ando [1] pointed out that the numerical radius of an operator T is less than or equal

to 1 if and only if T can be written in the form

T = (I +H)
1
2C(I −H)

1
2 ,

where H is a self-adjoint contraction and C is a contraction. Since

H = H∗ and ||H||2 ≤ 1,

we can write

H = QRQ∗,

where Q is unitary and R is diagonal with real elements in the interval [−1, 1]. Thus,

R = cos(R̃),

where R̃ is diagonal with real elements in [0, π].

H = Q cos(R̃)Q∗ = cos(QR̃Q∗) = cos(U),
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where U = QR̃Q∗. Hence,

(I +H)
1
2 = Q(I + cos(R̃))Q∗ =

√
2Q cos(R̃/2)Q∗ =

√
2 cos

(
U

2

)
,

(I −H)
1
2 = Q(I − cos(R̃))Q∗ =

√
2Q sin(R̃/2)Q∗ =

√
2 sin

(
U

2

)
,

and

T = 2 cos

(
U

2

)
C sin

(
U

2

)
.

Taking g(z) = max(1, 2| cos(z)|), we have

| sin(z)|g(z) = max(| sin(z)|, | sin(2z)|),

and, if we define

V = g

(
U

2

)
,

then V is nonsingular and

||V ||2 ≤ 2, ||V −1||2 ≤ 1,

|| sin
(
U

2

)
V ||2 ≤ 1, ||V −12 cos

(
U

2

)
||2 ≤ 1,

||V −1TV ||2 ≤ ||V −12 cos

(
U

2

)
||2||C||2|| sin

(
U

2

)
V ||2 ≤ 1.

Hence, for any analytic function f ,

||f(T )||2 ≤ ||V ||2||f(V −1TV )||2||V −1||2 ≤ 2 sup
z∈D
|f(z)|.

1.2.3 Orthogonality of singluar vectors of f̂(A)

Theorem 2. If f̂(z) defined on W (A) is one optimal function for A ∈ Cn×n, i.e.,

C(W (A), n) =
||f̂(A)||2
sup

z∈W (A)

|f̂(z)|
,

and if C(W (A), n) > 1, then the left and right singular vectors corresponding to the largest

singular value of f̂(A) are orthogonal to each other; that is, if v1 is the right singular vector

corresponding to the largest singular value σ1 so that f̂(A)v1 = u1σ1, then u∗1v1 = 0.
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See proposition 2.2 in [8]. We use this property to argue the uniqueness of f̂(z) for some

cases.

1.2.4 Conformal mapping

From Riemann’s mapping theorem, there is a bijective conformal mapping φ from the interior

of W (A) to the interior of the unit disk D, and by the Caratheodory theorem, it can be

extended continuously to the boundary

φ : W (A)→ D.

If we choose one point z0 inside W (A) such that φ(z0) = 0, then this mapping is unique up

to multiplication by a scalar of modulus 1 (eiβ), which is the rotation of angle β around the

origin. In Crouzeix’s conjecture, our goal is to find the upper bound C(W (A)) or

sup
f

||f(A)||2
sup

z∈W (A)

|f(z)|
≡ sup

f

||f(A)||2
||f ||W (A)

.

It is equivalent to consider

sup
f

||f(A)||2
||f ||W (A)

= sup
h

||h(M)||2
||h||D

,

where M = φ(A) and f = h ◦ φ, since

||f(A)||2 = ||h(M))||2,

and

||f ||W (A) = ||h ◦ φ||W (A) = ||h||D.

1.2.5 Blaschke products

From the definition of functions of a matrix, f(A) is uniquely determined by the values of f

(and perhaps some of its derivatives) at the eigenvalues of A. Suppose

f̂ = arg sup
f

||f(A)||2
||f ||W (A)

.
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Then, of all functions f satisfying f(A) = f̂(A) (i.e., all functions f that match f̂ and

appropriate derivatives at the eigenvalues of A), f̂ must be the one that minimizes the

denominator above, ‖f‖W (A).

Pick-Nevanlinna interpolation shows us that of all functions that take n given values (or

given derivative values) at given points in the unit disk D, the one with minimal∞-norm on

D is a scalar multiple of a Blaschke product of degree at most n− 1, i.e.,

B(z) = exp(iγ)
n−1∏
j=1

z − αj
1− ᾱjz

, |αj| ≤ 1.

Since Blaschke products map the unit disk to itself and thus have magnitude 1 on the

boundary, our goal is equivalent to find

sup
f

||f(A)||2
||f ||W (A)

= sup
B
||B ◦ φ(A)||2,

where φ is any conformal mapping from W (A) to D. While the optimal Blaschke product

B̂ (corresponding to a given conformal mapping φ) is often uniquely determined (to within

multiplication by a unit scalar), we will see in the following part that this is not always the

case; thus f̂ = B̂ ◦ φ is also not unique.

1.2.6 Jacobi elliptic functions and Jacobi theta functions

An elliptic function is a meromorphic function that is periodic in two directions on the

complex plane. In the discussion, we take the Jacobi form. One definition is the inverse of

the incomplete elliptic integral. Take

u =

∫ ψ

0

dθ√
1−m sin2(θ)

,

where 0 ≤ m ≤ 1. The elliptic sine is defined as sn(u),

sn(u) = sin(ψ),

the elliptic cosine is given by cn(u),

cn(u) = cos(ψ),
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and the delta amplitude dn(u) is

dn(u) =
√

1−m sin2(ψ).

If we choose ψ and m as two parameters, Jacobi elliptic functions can be written as

sn(u,m), cn(u,m), dn(u,m), etc. The elliptic modulus k is

k =
√
m,

and the complements of k and m are defined as

m′ = 1−m,

and

k′ =
√
m′.

The quarter periods along the real axis and the imaginary axis, K and K ′, can be written

in terms of m or k. By introducing the Jacobi theta functions,

ϑ1(z, q) = −i
∞∑

n=−∞

(−1)nq(n+1/2)2 exp ((2n+ 1)iz),

ϑ2(z, q) =
∞∑

n=−∞

q(n+1/2)2 exp ((2n+ 1)iz),

ϑ3(z, q) =
∞∑

n=−∞

qn
2

exp (2niz),

and

ϑ4(z, q) =
∞∑

n=−∞

(−1)nqn
2

exp (2niz),

where q is the nome, we can rewrite Jacobi elliptic functions and the parameters as follows:

sn(u, k2) =
ϑ3(0, q)ϑ1(u/2K, q)

ϑ2(0, q)ϑ4(u/2K, q)
,

k =

(
ϑ2(0, q)

ϑ3(0, q)

)2

,
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and

K =
π

2
ϑ3(0, q)2.

Gabor Szegö [31] showed that the conformal mapping of the interior of an ellipse with foci

points ±1 onto the unit disk is

φ0(z) =
√
k sn

(
2K

π
sin−1 z, k2

)
,

if we map the origin to itself. The nome

q =

(
m1 −m2

m1 +m2

)2

,

where m1 and m2 are the lengths of the semi-major and semi-minor axes respectively.

In this thesis, when k = k(q), we denote

sn(u) = sn(u, k2).

Otherwise, the second parameter is given explicitly, for example,

kn = k(qn−1), n = 2, 3, · · · .
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Chapter 2

SOME NEW RESULTS

It is known that Crouzeix’s conjecture holds for matrices with circular numerical range.

In this chapter, we show the relation between matrices with circular numerical range and

matrices with elliptical numerical range, and give several examples of how we take advantage

of the tools in the previous chapter to study the exact upper bound and uniqueness (up to

multiplication by a scalar) of the extremal function. We point out that the extremal function

is not always unique even for the circular cases.

2.1 Theorems

Theorem 3. If f̂(z) defined on W (A) is one optimal function for A ∈ Cn×n, i.e.,

C(W (A), n) =
||f̂(A)||2
sup

z∈W (A)

|f̂(z)|
,

then f̂(z) is one optimal function for AT , and f̂(z̄) is one optimal function for both Ā and

A∗.

Proof. For any unit vector q, taking p = q̄, we have

p∗ATp = (p∗ATp)T = pTAp̄ = q∗Aq,

p∗Āp = p∗Āp = p̄∗Ap̄ = q∗Aq,

and

q∗A∗q = (q∗A∗q)∗ = q∗Aq.

That is,

W (A) = W (AT ) = W (Ā) = W (A∗).
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For any analytic function g(z) on W (A), g(z̄) is defined on W (A), h(z) = g(z̄) is also analytic

on W (A), and we have

||g(AT )||2
sup

z∈W (AT )

|g(z)|
=
||g(A)||2
sup

z∈W (A)

|g(z)|
≤ ||f̂(A)||2

sup
z∈W (A)

|f̂(z)|
= C(W (A), n),

the equality holds when taking g = f̂ . By the same token,

||g(Ā)||2
sup

z∈W (Ā)

|g(z)|
=
||g(Ā)||2
sup

z∈W (A)

|g(z̄)|
=
||h(A)||2
sup

z∈W (A)

|h(z)|
≤ ||f̂(A)||2

sup
z∈W (A)

|f̂(z)|
= C(W (A), n),

||g(A∗)||2
sup

z∈W (A∗)

|g(z)|
=
||g(A∗)∗||2
sup

z∈W (A)

|g(z̄)|
=
||h(A)||2
sup

z∈W (A)

|h(z)|
≤ ||f̂(A)||2

sup
z∈W (A)

|f̂(z)|
= C(W (A), n).

Both inequalities can hold when taking h = f̂ , i.e., g(z) = f̂(z̄).

Theorem 4. For any square matrix A and complex number α ∈ C,

W (A+ αA∗) = {w + αw∗|w ∈ W (A)},

and

∂W (A+ αA∗) = {w + αw∗|w ∈ ∂W (A)}.

Proof. For any unit vector q, we have

q∗(A+ αA∗)q = q∗Aq + q∗αA∗q = (q∗Aq) + α(q∗Aq)∗,

thus,

W (A+ αA∗) = {w + αw∗|w ∈ W (A)}.

The boundary points of W (A) are the set of values q∗Aq where q is a normalized eigenvector

corresponding to the largest eigenvalue of

eiθA+ e−iθA∗

2
, 0 ≤ θ < 2π. (2.1)



15

The boundary points of W (A+ αA∗) are the set of values p∗(A+ αA∗)p = p∗Ap+α(p∗Ap)∗

where p is a normalized eigenvector corresponding to the largest eigenvalue of

eiγ(A+ αA∗) + e−iγ(A∗ + α∗A)

2
=

(eiγ + α∗e−iγ)A+ (αeiγ + e−iγ)A∗

2
, 0 ≤ γ < 2π. (2.2)

Taking eiγ+α∗e−iγ = reiθ, the matrix in equation 2.2 is a positive multiple of that in equation

2.1, so eigenvectors corresponding to the largest eigenvalue of the two matrices are the same,

∂W (A+ αA∗) = {w + αw∗|w ∈ ∂W (A)}.

2.2 Circular case

2.2.1 Uniqueness of the extremal function for Jordan Blocks

We know that for the n by n Jordan block

J =



0 1 0 · · · 0

0 0 1 · · · 0

0 0 0
. . . 0

0 0 0 · · · 1

0 0 0 · · · 0


n×n

,

W (J) is a disk centered at the origin of radius cos( π
n+1

), and the conformal mapping φ that

maps W (J) to the unit disk D is

φ(z) =
1

cos( π
n+1

)
z = cz, c =

1

cos( π
n+1

)
> 1.

We can rewrite

φ(J) = D−1JD,

where

D =


1

c
. . .

cn−1


n×n

.
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Since ||J ||2 = 1, by von Neumann’s inequality,

||B(J)||2 ≤ 1,

and we know for any Blaschke product B that

B(φ(J)) = D−1B(J)D,

and

||B(φ(J))||2 ≤ κ(D)||B(J)||2 = cn−1||B(J)||2 ≤ cn−1.

One extremal Blaschke product is

B̂(z) = zn−1,

since

||B̂(φ(J))||2 = cn−1.

To prove uniqueness, suppose the extremal B(z) takes the form

B(z) =
n−1∏
j=1

z − αj
1− ᾱjz

, αj ∈ C, and |αj| ≤ 1,

then

B(J) = p0I + p1J + · · ·+ pn−1J
n−1,

or

P = B(J) =



p0 p1 · · · pn−2 pn−1

0 p0 p1 · · · pn−2

0 0
. . . . . .

...

0 0 · · · p0 p1

0 0 · · · 0 p0


,

since Jn = 0. Here pj is 1/j! times the jth derivative of B(z) evaluated at z = 0 and can be

expressed in terms of the αj’s:

p0 = (−1)n−1

n−1∏
j=1

αj,
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p1 = (−1)n−2

n−1∑
j=1

((∏
k 6=j

αk

)
(1− |αj|2)

)
,

...

We know that the pj’s satisfy

||P ||2 = ||B(J)||2 ≤ 1,

and

||B(φ(J))||2 = ||D−1PD||2 ≤ ||D−1||2||P ||2||D||2 ≤ cn−1, (2.3)

with equality in both places if B is extremal. Suppose that the first right and left singular

vectors of D−1PD are v1 and u1 respectively, i.e.,

u∗1D
−1PDv1 = cn−1, ||v1||2 = ||u1||2 = 1.

Then equality holds in (2.3) only when ||P ||2 = 1, u1 is parallel to the first right singular

vector of D−T = D−1, that is e1 ( ej’s are the standard basis), v1 is parallel to the first right

singular vector of D (i.e., en), D−1u1 is parallel to the first left singular vector of P , and Dv1

is parallel to the first right singular vector of P . Thus, we have

|pn−1| = 1,

and

||[p0 p1 · · · pn−1]T ||2 =

(
n−1∑
j=0

|pj|2
) 1

2

≤ ||P ||2 = 1

gives us

pj = 0, j = 0, 1, · · · , n− 2.

Further, p0 = 0 means B(0) = 0, from which we get some αj = 0. Without loss of generality,

take α1 = 0. Then

B(z) = z

n−1∏
j=2

z − αj
1− ᾱjz

, αj ∈ C, and |αj| ≤ 1.
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Differentiating B(z) we see B′(0) = 0 (i.e., p1 = 0), which implies that one of the remaining

αj’s is 0, i.e.,

B(z) = z2

n−1∏
j=3

z − αj
1− ᾱjz

, αj ∈ C, and |αj| ≤ 1.

Doing this step by step, finally we get

α1 = α2 = · · · = αn−1 = 0.

That is, B̂(z) = zn−1 is the only extremal Blaschke product.

2.2.2 A Diagonally Scaled 3 By 3 Jordan Block

Here we identify one example for which the extremal function is not unique.

Let

A =


0 1 0

0 0 1− t

0 0 0

 , t ∈ [0,
√

3− 1].

W (A) is a disk centered at the origin with radius

r =

√
(1 + (1− t)2)

2
≤ 1.

The conformal mapping φ that maps W (A) to the unit disk D is

φ(z) =
1

r
z,

which means

φ(A) =
1

r
A =


0 1

r
0

0 0 1−t
r

0 0 0

 = D


0 1 0

0 0 1

0 0 0

D−1 = DJ3D
−1,

where

D =


1 0 0

0 r 0

0 0
r2

1− t

 , J3 =


0 1 0

0 0 1

0 0 0

 .
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Since 0 ≤ t ≤
√

3− 1, we get
√

3− 1√
2
≤ r ≤ 1√

2
,

and
1

2
≤ r2

1− t
≤ 1.

Then, for any Blaschke product B we obtain

B(φ(A)) = DB(J3)D−1,

and

||B(φ(A))||2 ≤ ||D||2||B(J3)||2||D−1||2 = 1 · 1 · ||D−1||2 = max

(
1− t
r2

,
1

r

)
.

Taking B1(z) = z, we find

||B1(φ(A))||2 =
1

r
,

and taking B2(z) = z2, we find

||B2(φ(A))||2 =
1− t
r2

.

In addition, on the interval [0,
√

3 − 1], the function h(t) =
1− t
r

=
2√

1 + 1
(1−t)2

decreases

monotonically as t increases. We find the value t0 after which ||B1(φ(A))||2 starts to exceed

||B2(φ(A))||2 by solving
1

r
=

1− t0
r2

,

or

h(t0) = 1.

We get

t0 = 1− 1√
3
.

When t ≤ t0, the extremal Blaschke product is z2; when t ≥ t0, it is z; at the value t0, both

Blaschke products (z and z2) give the same extremal result

||B(φ(A))||2 =
√

3.
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Figure 2.2.1: ||B̂(φ(Jt))||2 vs. t. Blue is B̂(z) = z2, and red is B̂(z) = z.

Figure 2.2.1 shows a plot of maxB ||B(φ(A))||2 = max{||B1(φ(A))||2, ||B2(φ(A))||2} as t

ranges between 0 and
√

3− 1. In addition to showing nonuniqueness, the extremal Blaschke

product has degree less than the maximal degree n−1. This has been observed in numerical

experiments, and we have now proved it for this class of matrices when 1−1/
√

3 < t <
√

3−1.

At the point t = t0 = 1− 1√
3
, we have

φ(A) =


0
√

3 0

0 0 1

0 0 0

 and D =


1 0 0

0 1√
3

0

0 0 1√
3

 .
Suppose that the first right and left singular vectors of DB(J3)D−1 are v1 and u1 respectively,

i.e.,

u∗1DB(J3)D−1v1 =
√

3, ||v1||2 = ||u1||2 = 1.

We see that u1 must be parallel to the first right singular vector of DT = D (i.e., e1), v1

should be parallel to the first right singular vector of D−1 (i.e., e2 or e3). In fact, the choices
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of v1 (v1 = e2 or v1 = e3) correspond to different extremal Blachke products z and z2,

respectively.

2.3 Elliptic case

There are several ways to extend A. Greenbaum and D. Choi’s result for Jα in section

(1.1.6). We can take A = Q∗(λI + Jα)Q, where Q is a unitary matrix and λ ∈ C; let

A = D(λI + Jα)D−1, where D is diagonal (since DJαD
−1 is still in the form of equation

(1.1)); define

J̃ =


λαI + Jα

λβI + Jβ
. . .

λωI + Jω

 ,

where Jα, · · · , Jω are all in the form of equation (1.1.6) (Crouzeix’s conjecture holds for each

block of J̃ , so it also holds for J̃ . This includes the standard Jordan form); or construct

A = Jα + bJ∗α, b ∈ [0, 1].

Especially, since Crouzeix’s conjecture holds for any matrix with a circular numerical range,

by Theorem 4, if the numerical range of a square matrix A is an ellipse with semi-major and

semi-minor axes m1 and m2 respectively, then we can translate and rotate A to the form

Ã = exp(−iβ)A+ αI,

where α is the center of W (A) and β is the angle between the major axis and x-axis (real).

Then W (Ã) is an ellipse centered at the origin, the major axis is on the x-axis, and the

minor axis is on the y-axis. The boundary of W (Ã) is

∂W (Ã) = m1 cos(θ) + im2 sin(θ), θ ∈ [0, 2π).

If m1 = m2, this is the special case where W (Ã) and W (A) are disks. Otherwise, taking

b =
m1 −m2

m1 +m2

, r =
m1 +m2

2
,
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we know that

Ã = C + bC∗, (2.4)

where

C =
1

1− b2

(
Ã− bÃ∗

)
,

and the boundary of W (C) is

∂W (C) =

{
1

1− b2
(z + bz∗)|z ∈ ∂W (Ã)

}
= r exp(iθ), θ ∈ [0, 2π).

W (C) is a disk centered at the origin with radius

r =
m1 +m2

2
.

In this way, given any matrix A with elliptic numerical range, we can find b and matrix C,

such that W (C) is a disk; given a matrix C with circular numerical range and a parameter b,

by equation (2.4) we can construct a matrix A with elliptic numerical range. It is shown [3]

that the two focal points are eigenvalues of matrix A. In the next part, we discuss the elliptic

cases derived from some special matrices with a disk numerical range.

2.3.1 2 by 2 case

For any 2 by 2 matrix, W (A) is an ellipse and Crouzeix [6] proved that

C(W (A), 2) = 2 exp

(
−
∑
n≥1

(−1)n+1

n

2

1 + ρn

)
,

where

ρ =
1 +
√

1− ε2
ε

,

and ε is the eccentricity of the ellipse W (A). Here we give an equivalent expression for the

bound C(W (A), 2) and prove that B̂ (or f̂) is unique.

It can be shown that, after a proper translation and rotation, any 2 × 2 matrix A 6= cI

(trivial case) is unitarily similar to a matrix of the form0 a

d 0

 ,
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where a > 0, d ≥ 0. If a < d, it is equivalent to consider AT , so without loss of generality

we can assume a ≥ d ≥ 0. The matrix A is normal if and only if a = d, and in this

case ||f(A)||2 ≤ maxz∈W (A) |f(z)|; otherwise, W (A) is an ellipse. From G. Szegö [31], the

conformal mapping is

φ0(z) =
√
k sn

(
2K

π
sin−1 z

)
.

We can multiply A by the scalar
√
k/(ad) and write

A =

 0

√
k

b√
kb 0

 ,
where 0 ≤ b = d

a
≤ 1 and 0 < k = k(b2) < 1. The conformal mapping maps A to itself, since

A is diagonalizable and it maps the eigenvalues of A, ±
√
k, to themselves.

φ(A) = A =

1 0

0
√

b
k

0 1

k 0

1 0

0
√

k
b

 = T−1CT.

Since ||C||2 = 1 and the condition number of T , κ(T ) = 1 ·
√

k
b
, for any Blaschke product B,

by von Neumann’s inequality [29],

||B(φ(A))||2 ≤
√
k

b
.

The equality holds when

B̂(z) = z,

see Figure 2.3.1.

Further, the extremal B is unique if A is nonnormal (a > d or b < 1). Suppose an

extremal B is of the form

B(z) =
z − α
1− ᾱz

, |α| ≤ 1.

We will show that α must be 0.

By Theorem 2, an extremal Blaschke product B satisfies

B(φ(A))v1 = ||B(φ(A))||2u1,
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and

u∗1v1 = 0,

where u1 and v1 are the first left and right singular vectors of B(φ(A)). Taking

V = [v1 v2] = [v1 u1],

we have

V ∗V = V V ∗ = I,

and the diagonal elements of V ∗B(φ(A))V are 0, i.e., the eigenvalues of V ∗B(φ(A))V or

B(φ(A)) are of the form ±λ; i.e.,

√
k − α

1− ᾱ
√
k

= −−
√
k − α

1 + ᾱ
√
k
, 0 < k ≤ 1,

which gives

α = ᾱk.

When 0 < b < 1, we know 0 < k < 1 and

α = 0;

when b = 1, we know k = 1 and the matrix A is normal.

2.3.2 3 by 3 elliptical case with one parameter

Since W (J3) is a disk, we can construct a matrix A

A = J3 + bJ∗3 ,

and from the previous discussionW (A) is an ellipse. C. Glader, M. Kurula, and M. Lindström

argued that Courzeix’s conjecture holds in this case [11]. We give the exact upper bound

and prove uniqueness here.
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Figure 2.3.1: ||B̂(φ(A))||2 =
√

k
b

vs. b

Scale A by the factor
1

2
√
b cos(π

4
)
, thus

A =
1√
2b


0 1 0

b 0 1

0 b 0

 , b ∈ (0, 1].

The eigenvalues of A are 0 and the two foci of W (A), ±1. The conformal mapping φ is

φ(z) = k
1
2 sn

(
2K

π
sin−1(z)

)
,

that is,

φ(A) = cA,
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where c = φ(1) = k1/2. We can rewrite

φ(A) =


0

√
k

2b
0√

kb

2
0

√
k

2b

0

√
kb

2
0

 = T−1CT,

where

T =


1 0 0

0
1√
t

0

0 0
1

t

 ,

C =


0

√
kt

2b
0√

kb

2t
0

√
kt

2b

0

√
kb

2t
0

 ,

and

t =
b(1 +

√
1− k2)

k
.

We can check that

||C||2 = 1,

and
1

2
< t ≤ 1, if b ∈ (0, 1].

When b→ 0, t→ 1

2
, i.e., b = 0 is a removable singularity of t.

By von Neumann’s inequality, for any Blaschke product B, we have

||B(φ(A))||2 = ||T−1B(C)T ||2 ≤ ||T−1||2||B(C)||2||T ||2 ≤ 1 · 1 · 1

t
=

k

b(1 +
√

1− k2)
.

Taking

B̂(z) =
z2 − α2

1− ᾱ2z2
,
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Figure 2.3.2: ||B̂(φ(A))||2 = 1
t

vs. b

where

α = φ(
1√
2

) =

√
k

1 +
√

1− k2
,

we can achieve the extremal Blaschke product. That is, for this class of matrix

B̂(C) =


0 0 1

0
k

1 +
√

1− k2
0

1−
√

1− k2

1 +
√

1− k2
0 0

 ,

B̂(φ(A)) =


0 0

1

t

0
k

1 +
√

1− k2
0

1−
√

1− k2

1 +
√

1− k2
t 0 0

 ,

||B̂(φ(A))||2 =
1

t
=

k

b(1 +
√

1− k2)
.
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To prove uniqueness, assume the extremal Blaschke product is in the form

B(z) =
z − α1

1− ᾱ1z

z − α2

1− ᾱ2z
.

Since the minimum polynomial of C is

C3 − kC = 0,

we have

B(C) = p0I + p1C + p2C
2,

where 

p0 = α1α2

p1 = −α1
1− |α2|2

1− ᾱ2
2k
− α2

1− |α1|2

1− ᾱ1
2k

+ k(ᾱ1 + ᾱ2)
1− |α1|2

1− ᾱ1
2k

1− |α2|2

1− ᾱ2
2k

p2 = −α1ᾱ2
1− |α2|2

1− ᾱ2
2k
− ᾱ1α2

1− |α1|2

1− ᾱ1
2k

+ (1 + kᾱ1ᾱ2)
1− |α1|2

1− ᾱ1
2k

1− |α2|2

1− ᾱ2
2k

. (2.5)

On the other hand,

||B(φ(A))||2 ≤ ||T−1||2||B(C)||2||T ||2 ≤
1

t
,

with equality in both places if and only if B is extremal. Then, we must have

||B(C)||2 = 1,

and e1 and e3 must be parallel to the first left and right singular vectors of B(φ(A)) (or

B(C)), respectively. Thus, we have

B(C) =


0 0 x13

x21 x22 0

x31 x32 0

 ,
and

1 = |x13| = ||B(C)||2.
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Without loss of generality, taking x13 = 1, we can obtain
p0 = − k

1 +
√

1− k2

p1 = 0

p2 =
2

1 +
√

1− k2

,

and

B(C) = B̂(C).

Combining with expressions (2.5) for p0 and p1 in terms of α1 and α2, we have

α1 = −α2 =

√
k

1 +
√

1− k2
or α1 = −α2 = −

√
k

1 +
√

1− k2
.

One can double check that the expression (2.5) for p2,

2

1 +
√

1− k2
= p2 = −α1ᾱ2

1− |α2|2

1− ᾱ2
2k
− ᾱ1α2

1− |α1|2

1− ᾱ1
2k

+ (1 + kᾱ1ᾱ2)
1− |α1|2

1− ᾱ1
2k

1− |α2|2

1− ᾱ2
2k
,

is also satisfied. In sum, the extremal Blaschke product is unique

B(z) = B̂(z).

Further, we can find the relation of Figure 2.3.2 with Figure 2.3.1 by showing the relation

between k(q2) and k(q) √
k(q2) =

k(q)

1 +
√

1− k(q)2
, q ∈ [0, 1].

Proof. We know that the Jacobi theta functions satisfy

θ3(q)4 = θ2(q)4 + θ4(q)4, (2.6)

and we can rewrite them in terms of the Dedekind eta function

θ2(q) =
2η(2τ)2

η(τ)
,

θ3(q) =
η(τ)5

η(2τ)2η
(
τ
2

)2 ,



30

θ4(q) =
η
(
τ
2

)2

η(τ)
,

where q = exp(πiτ). Substituting all θj into equality (2.6), we find

η(τ)24 = η
(τ

2

)8

η(2τ)8

(
16η(2τ)8 + η

(τ
2

)8
)
.

It follows that

η
(τ

2

)8

=
−8η(2τ)12 +

√
64η(2τ)24 + η(τ)24

η(2τ)4
,

η(2τ)8 =
−η
(
τ
2

)12
+
√

64η(τ)24 + η
(
τ
2

)24

32η( τ
2
)4

,

or

η(4τ)8 =
−η(τ)12 +

√
64η(2τ)24 + η(τ)24

32η(τ)4
.

Expressing η(4τ) and η( τ
2
) in terms of η(τ) and η(2τ) on the left hand side, we have an

identity

η(τ)2η(4τ)4

(
η(τ)12 + η(2τ)4η

(τ
2

)8
)

= 2η(2τ)14η
(τ

2

)4

.

This can be written in terms of θj’s,

θ2(q2)
(
θ3(q)2 + θ4(q)2

)
= θ2(q)2θ3(q2),

which is equivalent to the equality√
k(q2) =

k(q)

1 +
√

1− k(q)2
.

Figure 2.3.2 and Figure 2.3.1 match the functions

√
k(b4)

b2
and

√
k(b2)

b
respectively.

2.3.3 3 by 3 elliptical case with two parameters

Let

A =
1√

b(1 + t2)


0 1 0

b 0 t

0 bt 0

 , b ∈ (0, 0.7], t ∈ [0, 1].
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We know that A has eigenvalues 0 and ±1. The numerical range W (A) is an ellipse with

major and minor axes 1±b√
b

and focal points ±1. The conformal mapping φ is an elliptic

function and

φ(A) = k
1
2A,

where k = k(b) is the elliptic modulus. From the numerical tests, we seem to have different

extremal Blaschke products for different choices of parameters t and b. It is shown in Figure

2.3.3 that we can take

B(z) =


z, (b, t) ∈ Region I

z − β
1− βz

, (b, t) ∈ Region II

z2 − α2

1− α2z2
, (b, t) ∈ Region III

, (2.7)

where the parameter α depends only on k (or b).

α2 =
k

1 +
√

1− k2
=

1−
√

1− k2

k
> 0,

and β can be written in terms of b and t as

β = ±

√√√√−c3 +
√

∆−
√

(c3 −
√

∆)2 − 16c2
4

4c4

,

∆ = c2
3 − 4c2c4 + 8c2

4.

See Appendix D for the details of the coefficients cj’s and ej’s in this section. In fact, assuming

that the extremal Blaschke product is of degree 1 with parameter β, then maximizing

||B(φ(A))||2 =

∥∥∥∥φ(A)− βI
I − β̄φ(A)

∥∥∥∥
2

, |β| ≤ 1

reveals that β2 is the minimum root of the quartic equation

c4x
4 + c3x

3 + c2x
2 + c3x+ c4 = 0.

This quartic equation has positive real roots β2 ∈ (0, 1) in Region II, and extremal Blaschke

products are obtained by taking β to be ± the square root of β2; it has no real roots in
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Region I, and the boundary point β = 0 gives the extremal Blaschke product, as shown in

equation (2.7).

In Region I, we have

B(φ(A)) = φ(A) =
√
kA,

and its norm is

LI =
√
k||A||2 =

k(1 + t2b2)

b(1 + t2)
.

In Region II,

B(φ(A)) =
φ(A)− βI
I − βφ(A)

=



ββ1k

(1 + t2)
− β, β1

√
k

b(1 + t2)
, ββ1

kt

b(1 + t2)

β1

√
kb

(1 + t2)
, ββ1k − β, β1t

√
k

b(1 + t2)

ββ1
kbt

(1 + t2)
, β1t

√
kb

(1 + t2)
, ββ1

kt2

(1 + t2)
− β

,

where

β1 =
1− β2

1− β2k
,

and the norm of of B(φ(A)) is

LII =

√√√√√1

3

e1 +
−1−

√
3i

2

3

√
d1 +

√
d2

1 − 4d3
2

2
+
−1 +

√
3i

2

3

√
d1 −

√
d2

1 − 4d3
2

2

,
where

d1 = −e1e2

6
+
e3

1

27
+
e3

2
,

d2 =
e2

3
− e2

1

9
.

In fact, L2
II is the maximum root of the cubic equation

x3 − e1x
2 + e2x− e3 = 0.

In Region III,

B(φ(A)) =
φ(A)2 − α2I

I − α2φ(A)2
=

k

(1 +
√

1− k2)(1 + t2)


(1− t2) 0 2t

b

0 (1 + t2) 0

2bt 0 (t2 − 1)

,
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Region I Region II

Region III

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.0
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0.6

0.8

Figure 2.3.3: Turning point t0 vs. b

and its norm is

LIII =
k
(
t(1− b2) +

√
(b2 + t2)(1 + b2t2)

)
b(1 + t2)(1 +

√
1− k2)

.

In Figure 2.3.3, LI = LII gives us the blue curve. On the left of this curve LI > LII , and on

the right of this curve LI < LII . Similarly, LI = LIII gives us the red curve, and LII = LIII

gives us the black curve. These 3 curves divide [0, 0.7] × [0, 1] into 3 regions: in Region I,

LI > LII and LI > LIII ; in Region II, LII > LI and LII > LIII ; in Region III, LIII > LI

and LIII > LII . In Region I and III, we can expect a unique extremal Blaschke product up

to multiplication by a scalar, while in Region II and on the curves, the extremal Blaschke

product is not unique.

The figure agrees with our analysis in the previous sections. For example, when t = 0, we

have

A =
1√
b


0 1 0

b 0 0

0 0 0

 .
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Since (b, 0) is in Region I, we can expect a unique Blaschke product B(z) = z. This is the

same as the 2 by 2 case in section (2.3.1). When b→ 0, we can consider the matrix

√
b(1 + t2)A =


0 1 0

0 0 t

0 0 0

 .
From section (2.2.2), we know that the turning point is t0 = 1√

3
, which is exactly the left

boundary point of the red curve. When t = 1, we have

A =
1√
2b


0 1 0

b 0 1

0 b 0

 .
Since (b, 1) is in Region III, we can expect a unique Blaschke product

B(z) =
z2 − α2

1− α2z2
.

This is the same as the 3 by 3 case in section (2.3.2).
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Chapter 3

EXTENSION OF THE CHOI-CROUZEIX-CRABB MATRIX

We know that Crouzeix’s conjecture holds for the Choi-Crouzeix-Crabb matrix and the

upper bound 2 is achieved in this case. The numerical range of the Choi-Crouzeix-Crabb

matrix is a disk, thus by equation (2.4) we can extend this matrix and analyze the exact

upper bound and uniqueness of the extremal function.

The Choi-Crouzeix-Crabb matrix is defined as

C =



0
√

2 0 · · · 0 0 0

0 0 1 · · · 0 0 0

0 0 0 · · · 0 0 0
...

. . . . . . . . .
...

0 0 0 · · · 0 1 0

0 0 0 · · · 0 0
√

2

0 0 0 · · · 0 0 0


n×n

.

The numerical range W (C) is a disk centered at the origin with radius 1. The conformal

mapping is

φ(z) = z.

The unique optimal function is B̂(z) = zn−1, and the upper bound is ||B̂(C)||2 = 2, showing

that the upper bound 2 can be achieved.
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Take

A =
1

2
√
b
(C + bC∗) =

1

2
√
b



0
√

2 0 · · · 0 0 0
√

2b 0 1 · · · 0 0 0

0 b 0 · · · 0 0 0
...

. . . . . . . . .
...

0 0 0 · · · 0 1 0

0 0 0 · · · b 0
√

2

0 0 0 · · · 0
√

2b 0


n×n

, b ∈ (0, 1],

D =



b
0
2

b
1
2

. . .

b
n−2
2

b
n−1
2


.

Then

A =
1

2
DHD−1,

where

H =



0
√

2 0 · · · 0 0 0
√

2 0 1 · · · 0 0 0

0 1 0 · · · 0 0 0
...

. . . . . . . . .
...

0 0 0 · · · 0 1 0

0 0 0 · · · 1 0
√

2

0 0 0 · · · 0
√

2 0


n×n

.

Thus H is real, symmetric and Hermitian. Here W (A) is an ellipse centered at the origin

with semi-axes 1±b
2
√
b
. In the following sections, we prove that Crouzeix’s Conjecture holds

for certain values of n, that the upper bound is
√

k(b2n−2)
bn−1 and that the extremal function

f̂ = B̂ ◦ φ is unique up to multiplication by a scalar.
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We use the notation:

q = b2, k = k(b2) = k(q), kn = k(b2n−2), K = K(k), Kn = K(kn).

3.1 Find the conformal mapping of W(A) to the unit disk

We first determine the eigenvalues and eigenvectors of H. Solving

Hx = λx,

we have 

√
2x2 = λx1

√
2x1 + x3 = λx2

xj−1 + xj+1 = λxj, j = 3, 4, · · · , n− 2

xn−2 +
√

2xn = λxn−1

√
2xn−1 = λxn

.

Solving the difference equations, we find

xj = C1t
j
1 + C2t

j
2, j = 2, 3, · · · , n− 1,

where

t1 =
λ+
√
λ2 − 4

2
, t2 =

λ−
√
λ2 − 4

2
.

Thus, 

x1 =

√
2x2

λ

xn =

√
2xn−1

λ
C1

C2

=
2t1 − λ

λ2t1 − 2t1 − λ
C1

C2

=
λt1 − (λ2 − 2)

(λ2 − 2)t2n−2
1 − λt2n−3

1

,

and

(λ2 − 1)(t2n−1
1 − t1) = 0;
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that is

t2n−2
1 = 1,

t1 = exp(i
(j − 1)π

n− 1
), j = 1, 2, · · · , n.

Then,

t2 =
1

t1
= exp(i

(1− j)π
n− 1

),

and

λj = 2 cos(
(j − 1)π

n− 1
), j = 1, 2, · · · , n.

The corresponding eigenvectors are

vj = [vj1, vj2, · · · , vjn−1, vjn]T , j = 1, 2, · · ·n,

where 

vj1 =
1√
2

vjk = cos(
(k − 1)(j − 1)π

n− 1
), k = 2, 3, · · · , n− 1

vjn =
(−1)j−1

√
2

,

and

||vj||2 =


√
n− 1, j = 1 or n√
n− 1

2
, j = 2, 3, · · · , n− 1

.

Normalizing these eigenvectors, we obtain the real symmetric matrix

S = [S1, S2, · · · , Sn]n×n = [Sij],

where

Sij =

√
21−η1−η2−η3−η4

n− 1
· cos

(
(i− 1)(j − 1)π

n− 1

)
, (3.1)

η1 =

1, if i = 1

0, otherwise

, η2 =

1, if j = 1

0, otherwise

,
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η3 =

1, if i = n

0, otherwise

, η4 =

1, if j = n

0, otherwise

.

We can check that

ST = S = S−1, S2 = I.

The eigenvalue matrix of A is

Λ =



1
. . .

cos

(
(j − 1)π

n− 1

)
. . .

−1


,

and

A = DSΛS−1D−1 = DSΛSD−1.

W (A) is an ellipse with axes 2(1±b)√
b

and foci ±1. The conformal mapping from the interior

of the ellipse to the unit disk is

φ(z) = k
1
2 sn

(
2K

π
sin−1(z)

)
,

where sn is one of Jacobi’s elliptic functions, and k = k(b2) and K = K(k) are the elliptic

modulus and quarter period respectively.

We have

φ(A) = DSΨSD−1, (3.2)

where Ψ is the eigenvalue matrix of φ(A) and the diagonal elements are

ψj = k
1
2 sn

(
2K

π
sin−1

(
cos(

(j − 1)π

n− 1
)

))
= k

1
2 sn

(
K(1− 2(j − 1)

n− 1
)

)
, j = 1, 2, · · · , n.

We have

ψn+1−j = −ψj



40

√
k = ψ1 > ψ2 > · · · > ψn−1 > ψn = −

√
k.

and φ(A) is real and persymmetric (φ(A)i,j = φ(A)n+1−j,n+1−i) with non-zero elements every

other diagonal.

3.2 Construct a contraction that is similar to φ(A)

To construct a contraction from the conformal mapping of A, we need some Jacobi elliptic

equalities involving sn(·), cn(·) and dn(·). We use a similar method from A. Khare, A.

Lakshminarayan and U. Sukhatme [24–26]. We first prove the equality

k(qn) = kn
bn
2
c−1∏

m=0

sn4

(
(2m+ 1)K

n

)
= kn

n−1∏
m=0

sn2

(
(2m+ 1)K

n

)
, (3.3)

where q is the nome, k = k(q) is the elliptic modulus, K = K(k) = K(q) is the quarter

period and n is any positive integer.

Proof. Since

1 + xn =
n−1∏
m=0

(exp(
(2m+ 1)πi

n
) + x)

=


(1 + x) ·

n−1
2
−1∏

m=0

(1− 2 cos(
(2m+ 1)π

n
)x+ x2), n odd,

n
2
−1∏

m=0

(1− 2 cos(
(2m+ 1)π

n
)x+ x2), n even,

and
√
k sn (u, k2)

2 sin(
πu

2K
)

= q
1
4

∞∏
j=1

(
1− 2 cos(πu

K
)q2j + q4j

1− 2 cos(πu
K

)q2j−1 + q4j−2

)
,
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we can interchange the order of two products (absolute convergence) to obtain

k(qn) = 4q
n
2

∞∏
j=1

(
1 + q2jn

1 + q(2j−1)n

)4

=


4q

n
2

∞∏
j=1

( 1 + q2j

1 + q2j−1

)
·

n−1
2
−1∏

m=0

(
1− 2 cos( (2m+1)π

n
)q2j + q4j

1− 2 cos( (2m+1)π
n

)q2j−1 + q4j−2

)4

, n odd

4q
n
2

∞∏
j=1

 n
2
−1∏

m=0

(
1− 2 cos( (2m+1)π

n
)q2j + q4j

1− 2 cos( (2m+1)π
n

)q2j−1 + q4j−2

)4

, n even

=



kn

4n−1

n−1
2
−1∏

m=0

 sn
(

(2m+1)K
n

)
sin
(

(2m+1)π
2n

)
4

, n odd

kn

4n−1

n
2
−1∏

m=0

 sn
(

(2m+1)K
n

)
sin
(

(2m+1)π
2n

)
4

, n even

=
kn

4n−1

bn
2
c−1∏

m=0

 sn
(

(2m+1)K
n

)
sin
(

(2m+1)π
2n

)
4

.

When q → 0, we have

k(0) = 0, K(0) =
π

2
,

and

sn

(
(2m+ 1)K

n
, 0

)
= sin

(
(2m+ 1)π

2n

)
;

When q → 1, we have

k(1) = 1, K(1)→∞,

and

sn

(
(2m+ 1)K

n
, 1

)
= 1, m = 0, 1, · · ·

⌊n
2

⌋
− 1.

Thus, for any positive integer n

4n−1

bn
2
c−1∏

m=0

sin4

(
(2m+ 1)π

2n

)
= 1.
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and

k(qn) = kn
bn
2
c−1∏

m=0

sn4

(
(2m+ 1)K

n

)
.

Since sn (z) = sn (2K − z) and sn(K) = 1, we have

k(qn) = kn
bn
2
c−1∏

m=0

sn4

(
(2m+ 1)K

n

)
= kn

n−1∏
m=0

sn2

(
(2m+ 1)K

n

)
.

Define

Ωi,j =
n∑
l=1

Si,lψlSl,j =
√
k

n∑
l=1

Si,l sn

(
K

(
1− 2(l − 1)

n− 1

))
Sl,j,

and

Ω′i,j =
n∑

l=1,ψl 6=0

Si,l/ψlSl,j =
1√
k

n∑
l=1,ψl 6=0

Si,l
1

sn
(
K
(

1− 2(l−1)
n−1

))Sk,j.
We have that

Ωi,j = Ωj,i = Ωn+1−i,n+1−j,

Ω′i,j = Ω′j,i = Ω′n+1−i,n+1−j,

n∑
l=1

Ωi,lΩ
′
l,j =

δi,j, n even

δi,j − Sin+1
2
Sn+1

2
j, n odd

,

Ωi,j = Ω′i,j = 0, when i, j are both odd/even.

When n is even, we prove that

k(qn−1) =
Ω1,n

Ω′1,n
= k

1 +
n−1∑
j=2

(−1)j−1 sn

(
K(1− 2(j − 1)

n− 1
)

)

1 +
n−1∑
j=2

(−1)j−1/ sn

(
K(1− 2(j − 1)

n− 1
)

) . (3.4)

Proof. We take advantage of the properties of the Jacobi elliptic functions

sn(z) = sn(2K − z), ∀z ∈ C,
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sn(z∗ − z) = − sn(z∗ + z),

where z∗ = iK ′ + 2miK ′,m ∈ Z are the simple poles of sn. The left hand side is

k(b2n−2) = kn−1

bn−1
2
c−1∏

m=0

sn4

(
(2m+ 1)K

n− 1

)
= kn−1

n−2∏
m=0

sn2

(
(2m+ 1)K

n− 1

)
,

and the right hand side is

k

1 +
n−1∑
j=2

(−1)j−1 sn

(
K(1− 2(j − 1)

n− 1
)

)

1 +
n−1∑
j=2

(−1)j−1/ sn

(
K(1− 2(j − 1)

n− 1
)

)

=k

sn(K) +
n−1∑
j=2

(−1)j−1 sn

(
K(1− 2(j − 1)

n− 1
)

)

sn(K) +
n−1∑
j=2

(−1)j−1/ sn

(
K(1− 2(j − 1)

n− 1
)

)

=k

(−1)

n

2
−1

n−2∑
j=0

(−1)j sn

(
(2j + 1)K

n− 1

)

(−1)

n

2
−1

n−2∑
j=0

(−1)j/ sn

(
(2j + 1)K

n− 1

)

=k

n−2∑
j=0

(−1)j sn

(
(2j + 1)K

n− 1

)
n−2∑
j=0

(−1)j/ sn

(
(2j + 1)K

n− 1

) .

Letting

f1(z) = kn−2

n−2∏
m=0

sn2

(
z +

(2m+ 1)K

n− 1

) n−2∑
j=0

(−1)j/ sn

(
z +

(2j + 1)K

n− 1

)
,

f2(z) =
n−2∑
j=0

(−1)j sn

(
z +

(2j + 1)K

n− 1

)
,
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we prove f1(z) = f2(z) and equation (2) is just f1(0) = f2(0). We see that f1(z) and f2(z)

are two doubly periodic functions, since

sn(z∗ − z) = − sn(z∗ + z), ∀z ∈ C,

or

1/ sn(z∗ − z) = −1/ sn(z∗ + z), ∀z ∈ C.

The double poles of f1(z) are removable, for example,

lim
z→iK′−K

(z +K − iK ′)2f1(z) = 0.

Thus f1(z) and f2(z) only have the same simple poles as sn. Since

sn(z + iK ′) =
1

k sn(z)
,

the residues of f1(z) and f2(z) are

lim
z→z∗

(z − z∗)f1(z) = ±

n−2∑
j=0

(−1)j cn

(
2jK

n− 1

)
dn

(
2jK

n− 1

)

kn−3

n−2∏
j=1

sn2

(
2jK

n− 1

) ,

and

lim
z→z∗

(z − z∗)f2(z) = ±1

k
,

where z∗ is a simple pole of f1(z) or f2(z). Defining

C1 =

n−2∑
j=0

(−1)j cn

(
2jK

n− 1

)
dn

(
2jK

n− 1

)

kn−2

n−2∏
j=1

sn2

(
2jK

n− 1

) ,

we have that

f1(z)− C1f2(z) = C2,
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and since sn(z) is odd and periodic,∫ 2K

−2K

sn(z + r)dz = 0, ∀r ∈ R,

∫ 2K

−2K

f1(z)dz = 0,

∫ 2K

−2K

f2(z)dz = 0,

and ∫ 2K

−2K

(f1(z)− C1f2(z))dz = 0 = 4KC2,

which gives C2 = 0.

Further, from f1(0)− C1f2(0) = 0 and f1(iK ′)− C1f2(iK ′) = 0, we get

C1 =
f1(0)

f2(0)
=

kn−2

n−2∏
m=0

sn2

(
(2m+ 1)K

n− 1

) n−2∑
j=0

(−1)j/ sn

(
(2j + 1)K

n− 1

)
n−2∑
j=0

(−1)j sn

(
(2j + 1)K

n− 1

)

C1 =
f1(iK ′)

f2(iK ′)
=

n−2∑
j=0

(−1)j sn

(
(2j + 1)K

n− 1

)

kn−2

n−2∏
m=0

sn2

(
(2m+ 1)K

n− 1

) n−2∑
j=0

(−1)j/ sn

(
(2j + 1)K

n− 1

) =
1

C1

,

thus, C1 = 1. In sum, f1(z) = f2(z).

We not only prove equation (3.4), but also get two equalities

f1(z) = f2(z),

and
n−2∑
j=0

(−1)j cn

(
2jK

n− 1

)
dn

(
2jK

n− 1

)
= kn−2

n−2∏
j=1

sn2

(
2jK

n− 1

)
.
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When n is even, we prove

Ω1,j+1Ω1,n+1−kΩ
′
1,nΩ′k,j+1 = Ω′1,j+1Ω′1,n+1−kΩ1,nΩk,j+1. (3.5)

Similarly, when n is odd, we prove

h = (−1)
n−1
2

(Ω2
1,i+1 + Ω2

n,i+1)− ((−1)
n−1
2 Ω′1,i+1 − Ω′n,i+1)2

Ω1,i+1Ωn,i+1

, i = 1, 3, · · · , n− 2, (3.6)

where h does not depend on i.

When n is odd, we prove k(qn−1) is the smaller root of the quadratic equation

x2 − hx+ 1 = 0. (3.7)

We proved these equations for the first few integers n = 2, 3, 4, 5, 6, and we numerically

tested a lot of cases (different n and q = b2) in Mathematica.

Lemma 5. Given a matrix A ∈ Cm×n, if Ã is a submatrix of A with selected row in-

dices {r1, r2, · · · , rp} and selected column indices {c1, c2, · · · , cq}, and the entries of rows

{r1, r2, · · · , rp} and columns {c1, c2, · · · , cq} are 0’s except for those in Ã, then the singular

values of Ã are a subset of the singular values of A.

Proof. Taking the standard basis {ej}, we have

Ã = P1AP2, P1 =


eTr1

eTr2
...

eTrp

 , P2 =
[
ec1 , ec2 , · · · , eTcq

]
.

We can add the missing indices to extend P1 (adding rows) and P2 (adding columns) to be

two permutation matrices P̃1 and P̃2. Thus,

P̃1AP̃2 = P̃1UAΣAV
∗
AP̃2 =

 Ã 0p×(n−q)

0(m−p)×q X

 =

UÃ 0

0 UX

ΣÃ 0

0 ΣX

V ∗Ã 0

0 V ∗X

 .
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Now we have the conformal mapping of A, and we can choose a diagonal matrix T such

that Tφ(A)T−1 is a contraction,

T =


1

T1

. . .

Tn−1

 .

Letting tj = Tjb
j−1
2 , when n is even, we take

t21 =
Ω1,2

Ω′1,2

t22 = t2n−1/t
2
n−3

t23 =
Ω1,4

Ω′1,4
...

t2n−3 =
Ω1,n−2

Ω′1,n−2

t2n−2 = t2n−1/t
2
1

t2n−1 =
Ω1,n

Ω′1,n
= k

1 +
n−1∑
j=2

(−1)j−1 sn

(
K(1− 2(j − 1)

n− 1
)

)

1 +
n−1∑
j=2

(−1)j−1/ sn

(
K(1− 2(j − 1)

n− 1
)

) = k(b2n−2)

, (3.8)

we get that

Tφ(A)T−1 =


1

t1
. . .

tn−1

M


1

t1
. . .

tn−1



−1

,

where

M = [Ωij] =
n∑
l=1

SilψlSlj.
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Tφ(A)T−1 is symmetric along the secondary diagonal, i.e., N = Tφ(A)T−1P is symmetric,

where

P =


1

...

1

1

 .

From equation (3.4) and (3.5) we can check

(N + I)(N − I)(N +
n∏
j=1

ψjI) = 0, (3.9)

that is, the singular values of N and Tφ(A)T−1 are n− 1 1’s and
n∏
j=1

ψj < 1,

||Tφ(A)T−1||2 = 1.

We can also use lemma (5) to solve a simpler version of equation (3.9). Since φ(A) has all

0’s along its main diagonal and every other diagonal, we can divide N into 2 submatrices.

For example, when n = 4, we have

N =


0 M12

1
t1

0 M14
1
t3

M21
t1
1

0 M23
t1
t2

0

0 M32
t2
t1

0 M34
t2
t3

M41
t3
1

0 M43
t3
t2

0




1

1

1

1

 ,

and the two submatrices N1 and N2 are

N1 =

M14
1
t3

M12
1
t1

M34
t2
t3

M32
t2
t1

 ,
N2 =

M23
t1
t2

M21
t1
1

M43
t3
t2

M41
t3
1

 .
By checking

NT
1 N1 = I,
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and

(N2 + I)(N2 − I)(N2 −
n∏
j=1

ψjI) = 0,

we also get

||Tφ(A)T−1||2 = 1.

Further,

1 ≤ ||T ||2||T−1||2 =

√
k(b2n−2)

bn−1
≤ 2, 0 ≤ b ≤ 1.

When n is odd, take 

t21 = t2n−1/t
2
n−2

t22 =
t2n−1Ωn,2 − (−1)

n−1
2 Ω1,2

Ω′n,2 − (−1)
n−1
2 Ω′1,2

t23 = t2n−1/t
2
n−4

...

t2n−3 = t2n−1/t
2
2

t2n−2 =
t2n−1Ωn,n−1 − (−1)

n−1
2 Ω1,n−1

Ω′n,n−1 − (−1)
n−1
2 Ω′1,n−1

t2n−1 = k(b2n−2)

, (3.10)

and we can check that equation (3.9) is also satisfied. Since ψn+1
2

= 0, we have

(N + I)(N − I)N = 0.

In sum, when n is a positive integer

||Tφ(A)T−1||2 = 1,

and

1 ≤ ||T ||2||T−1||2 =

√
k(b2n−2)

bn−1
≤ 2, 0 < b ≤ 1.
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3.3 Find one extremal mapping

Find one mapping B̂ (which will be proved to be the unique extremal Blaschke product in

the next section) such that

||B̂(φ(A))||2 = ||T ||2||T−1||2 =

√
kn
bn−1

,

so the upper bound should be exactly

√
kn
bn−1

. It might be hard to solve nonlinear equations

to obtain the roots of a Blaschke product as we did in the previous section. Instead, by the

Nevanlinna–Pick theorem, we check the Pick matrix to prove the existence and uniqueness

of B̂. Suppose (without assuming that B̂ is a Blaschke product) that B̂ has the form

B̂(φ(A)) =
n−1∑
j=0

pjφ(A)j.

We have

||TB̂ (φ(A))T−1||2 = 1,

and e1 and en must be the first left and right singular vectors of B̂(φ(A)) (or TB̂(φ(A))T−1)

respectively. Hence, B̂(φ(A)) takes the form

B̂(φ(A)) =


0 · · · 0

√
kn
bn−1

∗ ∗ ∗ 0

∗ ∗ ∗ ...

∗ ∗ ∗ 0


,

and by taking the first row or last column we can solve a linear system to get the pj’s. Let

Z =


z1

z2

. . .

zn

 =
n−1∑
j=0

pjΨ
j.

We know

B̂(φ(A)) = DSZSD−1,
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or

SZS =


0 · · · 0

√
kn

∗ ∗ ∗ 0

∗ ∗ ∗ ...

∗ ∗ ∗ 0

 .

Taking the first row or last column on both sides, we get the linear system

S



S11

S12

. . .

S1j

. . .

S1n





z1

z2

...

zj
...

zn


=



0

0
...

0
...
√
kn


,



S11

S12

. . .

S1j

. . .

S1n





z1

z2

...

zj
...

zn


= S



0

0
...

0
...
√
kn


=
√
kn



S1n

S2n

...

Sjn
...

Snn


,



z1

z2

...

zj
...

zn


=
√
kn



1

−1
...

(−1)j−1

...

(−1)n−1


.
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Thus,

B̂(φ(A)) = DSZSD−1 =

√
kn
bn−1



1

b

b2

...

bn−3

bn−2

bn−1


n×n

, b ∈ (0, 1]. (3.11)

In addition, we can find pj’s by solving (there is no need to solve for the pj’s here)

Z =


z1

z2

. . .

zn

 =
n−1∑
j=0

pjΨ
j,

V


p0

p1

...

pn−1

 =
√
kn


1

−1
...

(−1)n−1

 , V =


1 ψ1 · · · ψn−1

1

1 ψ2 · · · ψn−1
2

...
...

...
...

1 ψn · · · ψn−1
n

 . (3.12)

Since all ψj’s are distinct, the Vandermonde matrix V is nonsingular and we expect a unique

solution of pj’s.

3.4 Uniqueness of the extremal Blaschke product

From part 3, we know that the mapping B̂ maps the eigenvalues of φ(A) to the eigenvalues

of B̂(φ(A)), i.e., ±
√
kn. By the Nevanlinna–Pick interpolation theorem, we check the Pick

matrix NP (real and symmetric)

NP =

[
1− zjzi
1− ψjψi

]n
i,j=1

=

[
1− zjzi
1− ψjψi

]n
i,j=1

. (3.13)
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If the matrix NP is semi-positive definite with rank n − 1, then B̂ is the unique extremal

Blaschke product of degree n − 1. We will check this matrix for n = 2, 3, 4, 5, 6 in the next

chapter by analytically determining its eigenvalues or doing Cholesky decomposition. We

also performed numerical tests for many integers n in Mathematica.

In addition, we can get this Blaschke product by the method in paper [12]. The matrix Cn

is real,

Cn =
√
knV

−1



1

−1
. . .

(−1)j−1

. . .

(−1)n−1


V P, (3.14)

and the matrix M2n is also real

M2n =

Cn 0

0 −Cn

 ,
thus we can get the real coefficients of the extremal Blachke product {β0, β1, · · · , βn−1},

which is the eigenvector of Cn corresponding to the eigenvalue 1,

Cn


β0

β1

...

βn−1

 = 1


β0

β1

...

βn−1

 ,

B̂(z) =
β0 + β1z + · · ·+ βn−1z

n−1

β0zn−1 + β1zn−2 + · · ·+ βn−1

.
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3.5 Another look at the result matrix

Given an n× n per-diagonal matrix

M =



1

b

b2

...

bn−3

bn−2

bn−1


n×n

, b ∈ (0, 1].

We have

W (M) = {(x̄1xn + bn−1x1x̄n) + (bx̄2xn−1 + bn−2x2x̄n−1) + · · · | ||x||2 = 1},

W

 0 1

bn−1 0

 = {(x̄1x2 + bn−1x1x̄2)| ||x||2 = 1}.

On the one hand, we know

W

 0 1

bn−1 0

 ⊆ W (M),

by taking x2 = x3 = · · · = xn−1 = 0 in W (M).

On the other hand, since 0 ≤ b ≤ 1,

· · · ⊂ W

 0 b2

bn−3 0

 ⊂ W

 0 b

bn−2 0

 ⊂ W

 0 1

bn−1 0

 ,

we have

W (M) = {(x̄1xn + bn−1x1x̄n)| ||x||2 = 1}.

Thus,

W

 0 1

bn−1 0

 = W (M).
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W (M) is an ellipse with two axes 1± bn−1. The eigenvalues of M are ±bn−1
2 . The conformal

mapping for M is written as

φ(z) =
√
kn sn

(
2K

π
sin−1(b−

n−1
2 z)

)
,

φ(M) =
√
knb
−n−1

2 M,

where kn = k(b2n−2). Here the parameter is bn−1 instead of b. Taking

T =



t0

t1

t2
. . .

tn−2

tn−1


,

φ(M) = T−1
[
Tφ(M)T−1

]
T,

we choose tj as

tn−1−j = max
(

1, k
1
2 b−

n−1
2 bj

)
,

tj = 1,

where j = 0, 1, · · · ,
⌊
n−1

2

⌋
. Hence,

1 = t0 ≤ t1 ≤ · · · ≤ tn−2 < tn−1 = k
1
2
n b
−n−1

2 ,

and

||Tφ(M)T−1||2 = 1.

For any Blaschke product,

B(φ(M)) = T−1B(Tφ(M)T−1)T,

||B(φ(M))||2 ≤ ||T−1||2||B(Tφ(M)T−1)||2||T ||2 ≤ κ(T ) = k
1
2
n b
−n−1

2 =

√
kn
bn−1

.
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Figure 3.5.1: ||B̂ ◦ φ(M)||2 =
√

kn
bn−1 vs bn−1

By taking

B̂(z) = z,

we ensure the equality holds, i.e.,

||B̂(φ(M))||2 =

√
kn
bn−1

≤ 2.

See figure 3.5.1, which illustrates that the Crouzeix’s Conjecture holds, and we get 2 when

b = 0, which is the result using the Crabb-Choi-Crouzeix matrix. We see the upper bound

decreases as b increases, and if b 6= 0, the upper bound increases as n increases. Further, the

Blaschke product is unique by checking the Pick matrix (all ones)

P =


1 1 · · · 1

1 1 · · · 1
...

...
...

...

1 1 · · · 1


n×n

=
[
1 1 · · · 1

]


1

1
...

1

 .

It is a rank 1 positive semi-definite matrix with eigenvalues/singular values n and n− 1 0’s,

so we can expect a unique Blaschke product of degree 1, as above B̂(z) = z.



57

Chapter 4

EXAMPLES AND NUMERICAL RESULTS

We will discuss several examples for specific integers n mentioned in the previous chapter

and compare the results with numerical tests. The numerical methods include several steps:

1. Use Chebfun [10] to find the boundary of the numerical range of matrix A; 2. Find the

conformal mapping φ from W (A) to the unit disk D using the Szegö kernel or Kerzmann-

Stein integral equation [23]; 3. Calculate a Cauchy integral to find φ(A); 4. Optimize the

roots αj’s of a Blaschke product to maximize ||B(φ(A))||2.

4.1 Numerical Algorithm

4.1.1 Chebfun

We know the numerical range of A is a closed convex set in the complex plane C [16], and

we use the method in [22] and Chebfun package [10] to get the boundary of the numerical

range of A up to the limits of machine precision in Matlab. This boundary σ(t) consists

of values v∗tAvt, where vt is a normalized eigenvector of (eitA + e−itA∗)/2 corresponding to

the largest eigenvalue of this Hermitian matrix. If no eigenvalue of A lies on ∂W (A), then

the boundary of W (A) is smooth, but if A has a normal eigenvalue (one whose eigenspace

is orthogonal to the eigenspaces of all eigenvectors corresponding to different eigenvalues),

then that eigenvalue lies on ∂W (A) and creates a corner point. Since Chebfun attempts to

represent this boundary by a linear combination of smooth Chebyshev polynomials, such a

corner point can cause problems. Consider, for example, the matrix

A =


2 0 0

0 0 2

0 0 0

 ,
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Figure 4.1.1: Numerical range of A

whose numerical range is plotted in Figure (4.1.1). For such matrices, one can find the

eigenvector(s) v corresponding to this normal eigenvalue λ ∈ ∂W (A) (Chapter 1 1.6.5 [21])

and construct a unitary matrix

U = [v, q1, · · · , qn−1],

such that

U∗AU =

λ 0

0 A1

 .
Since ‖f(A)‖2 = max{‖f(A1)‖2, |f(λ)|}, if one works instead with the submatrix A1 and

shows that ‖f(A1)‖2 ≤ C supz∈W (A1) |f(z)|, for some C ≥ 1, then it follows that

‖f(A)‖2 ≤ C sup
z∈W (A1)∪λ

|f(z)| ≤ C sup
z∈W (A)

|f(z)|.

Thus, C is an upper bound on the Crouzeix constant for A. We can repeat this step again

and again until the matrix we consider has no normal eigenvalues, and then the boundary
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of the numerical range is smooth for the numerical test.

4.1.2 Szegö kernel

Suppose σ(t) = ∂W (A), where now we parameterize by arc length t (counter clockwise).

Define

σ̇(t) =
dσ(t)

dt
,

γ̇(σ) =
σ̇(t)

|σ̇(t)|
,

φ′(z) =
dφ(z)

dz
, z ∈ W (A).

Then γ̇(σ) is the unit tangent vector of ∂W (A) at point σ(t). From [23], we know the

conformal mapping φ(z) satisfies the integral equation

√
φ′(z) +

∫ L

0

k(z, w(s))
√
φ′(w)ds =

1

2πi

(
γ̇(z)

a− z

)
, z, w ∈ σ(t), 0 ≤ s ≤ L, (4.1)

where L is the length of ∂W (A), a is the point mapped to the origin (i.e., φ(a) = 0 and

φ′(a) > 0), and the kernel is

k(z, w) =


0, if w=z,

− 1

2πi

((
γ̇(z)

z − w

)
+

γ̇(w)

w − z

)
, if w 6= z.

We solve the integral equation (4.1) for φ′(z) and then we get φ(z) from

φ(z) = −iγ̇(z)φ′(z)

|φ′(z)|
.

We follow the method in [23] to solve this integral equation. We choose N equidistant

collocation points

sj =
j

N
L, j = 0, 1, · · · , N,

and use the trapezoidal rule to discretize the integral equation (4.1) to get an N by N system,

(I +B)x = y,
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where I is the identity matrix,

Bjk = k (σ(sj), σ(sk)) ∆s =
L

N
k (σ(sj), σ(sk)) ,

and

yj =
1

2πi

(
γ(σ(sj))

a− σ(sj)

)
.

Since

||I +B||2 ≤ ||I||2 + ||B||2 ≤ 1 + ||B||F ,

and ||B||F is small in most cases, this system is well-conditioned and we use Gaussian elim-

ination to get x (i.e.,
√
φ′(z)).

Finally, one choice of a is the average of ∂W (A),

a =

∫ L
0
σ(s)ds

L
.

For the class of matrices in the previous part, since W (A) is an ellipse centered at the origin,

this results in a = 0.

4.1.3 Cauchy Integral

Now that we have the numerical conformal mapping of W (A), i.e., φ(z), there are several

ways to get the conformal mapping of the matrix φ(A). One way is to find the Jordan normal

form of matrix A,

A = PAJP
−1
A ,

then we can get φ(J) from

φ(m)(λj) =
m!

2πi

∮
W (A)

φ(z)

(z − λj)m+1
dz,

and thus

φ(A) = PAφ(J)P−1
A .



61

Unfortunately, one cannot reliably find the Jordan form numerically when there are nontrivial

Jordan blocks or when the condition number of PA is huge.

Another way is to calculate φ(A) directly from the Cauchy integral,

φ(A) =
1

2πi

∮
W (A)

φ(z)

zI − A
dz.

However, when one eigenvalue of the matrix A is on the boundary of the numerical range

of A, zI − A is singular. We work instead with the matrix A1 discussed in section 4.1.1 to

avoid this difficulty.

4.1.4 Optimal Blaschke Product

To get the optimal Blaschke product

B(z) = exp(iγ)
n−1∏
j=1

z − αj
1− ᾱjz

, |αj| ≤ 1,

that maximizes ||B(φ(A))||2, we can rewrite the parameters αj, j = 1, . . . , n− 1, as

αj = rj exp(iθj),

where

0 ≤ rj ≤ 1, 0 ≤ θj < 2π, j = 1, 2 · · · , n− 1.

These 2(n− 1) parameters rj’s and θj’s are used in the Matlab function fmincon with lower

bound 0 and upper bound 1 and 2π respectively. Note that ||B(φ(A))||2 is not a convex

function of these parameters; thus 100 random inital values are chosen to search for the

global maximum point, but in certain cases it remains difficult to get it, as shown below.

Following Chapter 3, we obtain matrix S from equation (3.1), φ(A) from equation (3.2),

T from equations (3.8) or (3.10) (n even/odd), Np from equation (3.13), V from equation

(3.12) and Cn from equation (3.14), and then we check that ||C||2 = ||Tφ(A)T−1||2 = 1 is

a contraction and we calculate the coefficients β and roots αj’s of the extremal Blaschke

product.
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4.2 Example n=2

When n = 2, we get that

S =


1√
2

1√
2

1√
2
− 1√

2

 ,

φ(A) =

 0

√
k

b√
kb 0

 .
The eigenvalues of φ(A) are ±

√
k. Also

T =

1 0

0

√
k

b

 ,

C = Tφ(A)T−1 =

 0 1
√
k 0

 ,
the singular values of C are 1 and

√
k. Thus C is a contraction and

B̂ (φ(A)) =

 0

√
k

b√
kb 0

 = φ(A).

The Pick matrix is

NP =

1 1

1 1

 =

1

1

[1 1
]
.

Np is positive semidefinite with eigenvalues 2 and 0. Therefore the optimal Blaschke product

of degree 1 is unique. Let

V =

1
√
k

1 −
√
k

 ,
C2 =

√
kV −1

1

−1

V P =

k
1

 ,
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Figure 4.2.1: The solid blue line is the analytic result and red dots represent the numerical

result

the eigenvector of C2 corresponding to eigenvalue λ = 1 is

β =

0

1

 .

Thus,

B̂(z) = z.

All the results are the same as in section (2.3.1). In addition, we can compare our analytic

results with the numerical tests in figure (4.2.1) and table (4.2).
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Table 4.2.1: Analytic and numerical α1

b α1 = 0 Numerical α1

0.01 0 -9.067e-05 + 5.775e-06i

0.05 0 -4.380e-05 - 1.587e-06i

0.09 0 -6.721e-05 + 1.214e-05i

0.13 0 -4.630e-05 - 4.931e-05i

0.17 0 -8.857e-05 - 1.591e-06i

0.21 0 -7.422e-05 + 1.537e-07i

0.25 0 -1.256e-04 - 1.188e-05i

0.29 0 -4.099e-06 - 3.197e-06i

0.33 0 -3.423e-06 - 3.284e-06i

0.37 0 7.513e-06 - 2.014e-06i

0.41 0 -1.254e-07 + 2.484e-06i

0.45 0 1.351e-05 - 1.462e-06i

0.49 0 3.677e-06 + 1.011e-06i

0.53 0 1.626e-04 - 5.533e-06i

0.57 0 2.888e-05 - 5.881e-07i

0.61 0 2.435e-04 + 0.0001097i

0.65 0 8.711e-05 + 3.137e-07i

0.69 0 2.777e-04 - 3.495e-07i

0.73 0 3.965e-04 - 6.768e-07i

0.77 0 3.723e-04 - 1.065e-06i

0.81 0 4.303e-04 - 1.217e-06i



65

4.3 Example n=3

When n = 3, we get that

S =


1

2

1√
2

1

2
1√
2

0 − 1√
2

1

2
− 1√

2

1

2

 ,

φ(A) =


0

√
k

2b
0√

kb

2
0

√
k

2b

0

√
kb

2
0

 ,

the eigenvalues of φ(A) are 0 and ±
√
k.

T =


1 0 0

0

√√
k3

b
0

0 0

√
k3

b

 ,

C = Tφ(A)T−1 =


0

√
k

2
√
k3

0√
k
√
k3

2
0

√
k

2
√
k3

0

√
k
√
k3

2
0

 ,

where

k3 =
k2

(1 +
√

1− k2)2
.
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The singular values of the matrix C are two 1’s and one 0, thus C is a contraction.

B̂ (φ(A)) =


0 0

k

(1 +
√

1− k2)b

0
k

1 +
√

1− k2
0

kb

(1 +
√

1− k2)
0 0



=


0 0

√
k3

b2

0
√
k3 0

√
k3b2 0 0

 .

the eigenvalues of B̂ (φ(A)) are

±
√
k3 = ± k

(1 +
√

1− k2)
.

Hence, the Pick matrix is

NP =
2

1 +
√

1− k2


√

1− k2 1 1

1

√
1− k2

1− k

√
1− k2

1 + k

1

√
1− k2

1 + k

√
1− k2

1− k

 ,

and Np is positive semidefinite with eigenvalues

σ1 = λ1 =
4√

1− k2
− 6

1 +
√

1− k2
+ 2

σ2 = λ2 =
4k√

1− k2
− 4k

1 +
√

1− k2

σ3 = λ3 = 0

.

Thus, the optimal Blaschke product of degree 2 is unique. Let

V =


1
√
k k

1 0 0

1 −
√
k k

 ,
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C3 =
√
k3V

−1


1

−1

1

V P =
k

1 +
√

1− k2


0 0 −1

0 1 0

1 0
2

k

 .
The eigenvector of C3 corresponding to eigenvalue λ = 1 is

β =


− k

1 +
√

1− k2

0

1

 ,

thus,

B̂(z) =

z2 − k

1 +
√

1− k2

1− k

1 +
√

1− k2
z2

.

The roots of this Blaschke product are

α1,2 = ± 4
√
k3 = ±

√
k

1 +
√

1− k2
.

All the results are the same as in section (2.3.2). We can compare our analytic results with

the numerical tests in figure (4.3.1) and table (4.3).

4.4 Example n=4

When n = 4, we get that

S =



1√
6

1√
3

1√
3

1√
6

1√
3

1√
6
− 1√

6
− 1√

3
1√
3
− 1√

6
− 1√

6

1√
3

1√
6
− 1√

3

1√
3
− 1√

6


,



68

Table 4.3.1: Analytic and numerical α1 and α2

b α1, α2 = ± 4
√
k3 Numerical α1 and α2

0.01 ±0.1414 -0.14142+1.9078e-04i 0.14142-2.0249e-04i

0.05 ±0.3162 -0.3162-7.061e-05i 0.3162+9.412e-05i

0.09 ±0.4242 -0.4242+6.089e-05i 0.4242-1.009e-04i

0.13 ±0.5098 -0.5098+2.861e-05i 0.5098-5.856e-05i

0.17 ±0.5826 -0.5826-1.956e-05i 0.5826+4.943e-05i

0.21 ±0.6468 -0.6468+4.77e-07i 0.6468-1.437e-06i

0.25 ±0.7044 -0.7044-9.232e-06i 0.7044+3.552e-05i

0.29 ±0.7563 -0.7563-1.758e-07i 0.7563+9.503e-07i

0.33 ±0.8030 -0.8030+8.241e-07i 0.8030-8.818e-06i

0.37 ±0.8447 -0.8447+2.423e-06i 0.8447-1.779e-05i

0.41 ±0.8813 -0.8813-9.579e-07i 0.8813+9.109e-06i

0.45 ±0.9128 -0.9128-8.895e-07i 0.9128+1.076e-05i

0.49 ±0.9389 -0.9389-1.497e-06i 0.9389+2.295e-05i

0.53 ±0.9598 -0.9598-8.054e-07i 0.9598+1.612e-05i

0.57 ±0.9755 -0.9755-3.966e-07i 0.9755+1.06e-05i

0.61 ±0.9865 -0.9865-1.692e-07i 0.9865+6.379e-06i

0.65 ±0.9935 -0.9935-5.408e-08i 0.9935+3.395e-06i

0.69 ±0.9974 -0.9974-5.115e-09i 0.9974+1.695e-06i

0.73 ±0.9992 -0.9992+1.986e-08i 0.9992+2.917e-07i

0.77 ±0.9998 -0.9998+2.543e-09i 0.9998+1.322e-07i

0.81 ±0.99998 -0.99998+1.154e-08i 0.99998+1.3183e-08i
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Figure 4.3.1: The solid blue line is the analytic result and red dots represent the numerical

result

φ(A) =
√
k



0

√
2

3
(1 + ϕ1) b−

1
2 0

1− 2ϕ1

3
b−

3
2

√
2

3
(1 + ϕ1) b

1
2 0

2− ϕ1

3
b−

1
2 0

0
2− ϕ1

3
b

1
2 0

√
2

3
(1 + ϕ1) b−

1
2

1− 2ϕ1

3
b

3
2 0

√
2

3
(1 + ϕ1) b

1
2 0


,

where

ϕ1 = sn

(
K

3

)
.

The eigenvalues of φ(A) are ±
√
k and ±

√
kϕ1. We can also write ϕ1 in terms of k and use

it to simplify our calculation below. By the addition formulas
sn(x+ y) =

sn(x) cn(y) dn(y) + sn(y) cn(x) dn(x)

1− k2 sn2(x) sn2(y)
,

cn(x+ y) =
cn(x) cn(y)− sn(x) sn(y) dn(x) dn(y)

1− k2 sn2(x) sn2(y)
,
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and the equality sn2(u) + cn2(u) = 1

dn2(u) + k2 sn2(u) = 1

,

we have

0 = cn(K) = cn

(
K

3

)
cn

(
2K

3

)
− sn

(
K

3

)
sn

(
2K

3

)
dn

(
K

3

)
dn

(
2K

3

)
,

and

sn

(
2K

3

)
= 2

sn

(
K

3

)
cn

(
K

3

)
dn

(
K

3

)
1− k2 sn4

(
K

3

) ,

that is

k2 sn4

(
K

3

)
− 2k2 sn3

(
K

3

)
+ 2 sn

(
K

3

)
− 1 = 0, (4.2)

or

ϕ1 =
1

2

1−

√
1 +

(
4(1− k2)

k4

)1/3

+

√√√√√√√2−
(

4(1− k2)

k4

)1/3

−
2− 4

k2√
1 +

(
4(1− k2)

k4

)1/3

 .

Taking

T =



1 0 0 0

0

√
kϕ1

b
0 0

0 0 kϕ1

√
ϕ1

b2
0

0 0 0 kϕ2
1

√
k

b3


,
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then

C = Tφ(A)T−1

=



0

√
2

3
√
ϕ1

(1 + ϕ1) 0
1− 2ϕ1

3kϕ2
1

k
√

2ϕ1

3
(1 + ϕ1) 0

2− ϕ1

3ϕ1

0

0
kϕ1(2− ϕ1)

3
0

√
2

3
√
ϕ1

(1 + ϕ1)

k2ϕ2
1(1− 2ϕ1)

3
0

k
√

2ϕ1

3
(1 + ϕ1) 0


.

Taking

N1 =


√

2

3
√
ϕ1

(1 + ϕ1)
1− 2ϕ1

3kϕ2
1

kϕ1(2− ϕ1)

3

√
2

3
√
ϕ1

(1 + ϕ1)

 ,

N2 =

k
√

2ϕ1

3
(1 + ϕ1)

2− ϕ1

3ϕ1

k2ϕ2
1(1− 2ϕ1)

3

k
√

2ϕ1

3
(1 + ϕ1)

 ,
the singular values of matrix N1 are two 1’s and the singular values of matrix N2 are 1 and

k2ϕ2
1. Thus, by lemma (5) the singular values of matrix C are three 1’s and k2ϕ2

1, i.e., C is

a contraction.

B̂ (φ(A)) =



0 0 0

√
k4

b3

0 0

√
k4

b
0

0
√
k4b 0 0

√
k4b3 0 0 0


,

where

k4 = k3ϕ4
1.

the eigenvalues of B̂ (φ(A)) are

±
√
k4 = ±k

√
kϕ2

1.
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Hence, the Pick matrix is

NP =



1− k3ϕ4
1

1− k
1 + k3ϕ4

1

1− kϕ1

1− k3ϕ4
1

1 + kϕ1

1 + k3ϕ4
1

1 + k
1 + k3ϕ4

1

1− kϕ1

1− k3ϕ4
1

1− kϕ2
1

1 + k3ϕ4
1

1 + kϕ2
1

1− k3ϕ4
1

1 + kϕ1

1− k3ϕ4
1

1 + kϕ1

1 + k3ϕ4
1

1 + kϕ2
1

1− k3ϕ4
1

1− kϕ2
1

1 + k3ϕ4
1

1− kϕ1

1 + k3ϕ4
1

1 + k

1− k3ϕ4
1

1 + kϕ1

1 + k3ϕ4
1

1− kϕ1

1− k3ϕ4
1

1− k


,

Np is positive semidefinite with eigenvalues



σ1 = λ1 =
3− 8ϕ1 + 11ϕ2

1 − 2ϕ3
1 +
√

∆

2(1− ϕ1)2(2− ϕ1)

σ2 = λ2 =
kϕ1(1− 2ϕ1 + 5ϕ2

1)

(1− ϕ1)2

σ3 = λ3 =
3− 8ϕ1 + 11ϕ2

1 − 2ϕ3
1 −
√

∆

2(1− ϕ1)2(2− ϕ1)

σ4 = λ4 = 0

,

where

∆ = 25− 88ϕ1 + 114ϕ2
1 − 108ϕ3

1 + 137ϕ4
1 − 84ϕ5

1 + 20ϕ6
1.

Thus, the optimal Blaschke product of degree 3 is unique. Let

V =


1

√
k k k

√
k

1
√
kϕ1 kϕ2

1 k
√
kϕ3

1

1 −
√
kϕ1 kϕ2

1 −k
√
kϕ3

1

1 −
√
k k −k

√
k

 ,
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C4 =
√
k4V

−1


1

−1

1

−1

V P

=
ϕ1

1− ϕ1


−k3ϕ3

1 0 −k2ϕ2
1 0

0 −k2ϕ2
1 0 −k(1− ϕ1 + ϕ2

1)

k2ϕ1(1− ϕ1 + ϕ2
1) 0 kϕ1

2

k
0

0 kϕ1 0 1

 ,

the eigenvector of C4 corresponding to eigenvalue λ = 1 is

β =


0

−kϕ1(2− ϕ1)

0

1

 ,

thus,

B̂(z) = z
z2 − kϕ1(2− ϕ1)

1− kϕ1(2− ϕ1)z2
.

The roots of this Blaschke product are 0 and ±
√
kϕ1(2− ϕ1).

We compare our analytic results with the numerical tests in Figure (4.1(a)) and Table

(4.4). We see in the figure that the numerical methods do not give an accurate result

when the ellipse is slim or some eigenvalues of the matrix are close to the boundary of the

numerical range, since in this case we may have difficulty in evaluating the Szegö kernel or

in optimizing the Blaschke product as shown in the table. This happens when the upper

bound
√

kn−1

bn−1 drops dramatically with respect to the parameter b, i.e., when the magnitude

of the derivative of
√

kn−1

bn−1 with respect to b is large, and some of the optimal parameters αj’s

are also sensitive to b. Thus, when n ≥ 4, we expect this happens and the dropping region

moves to 1 as the integer n increases. For example, when n = 4 and b > 0.6, the eccentricity
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is

ε =
2
√
b

1 + b
> 0.9682,

meaning that the ratio of major to minor semiaxis is about 4. Although somewhat long

and narrow, we have found that the conformal mapping routine can accurately map ellipses

whose ratio of major to minor semiaxis is as large as about 9, so we do not expect that this

is the source of the error. In fact, the relative error of the conformal mapping of the matrix

A is

eφ(A) =
||φ(A)e − φ(A)n||2
||φ(A)e||2

∼ O(10−10), b ∈ [0, 0.81],

where φ(A)e is the exact result and φ(A)n represent the numerical result from the Cauchy

integral. The numerical conformal mapping is accurate while we can see in Figure (4.4.2) that

the numerical values of ||B̂(φ(A))||2 are below the accurate upper bound since the numerical

roots of the Blaschke product are quite different from the analytic ones in Table (4.4). One

way to improve the optimization results is to force the roots α’s to be real as in our analysis.

See details in Figure (4.1(b)) and (4.5.1).

4.5 Example n=5

When n = 5, we get that

S =
1

2



1√
2

1 1 1 1√
2

1 1 0 −1 −1

1 0 −
√

2 0 1

1 −1 0 1 −1

1√
2
−1 1 −1 1√

2


,
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(a) Complex α’s
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(b) Real α’s

Figure 4.4.1: The solid blue line is the analytic result and the red and green dots represent

the numerical results



76

Table 4.4.1: Analytic and numerical α1, α2 and α3

b
α1 = 0, α2,3 =

Numerical α1, α2 and α3
±
√
kϕ1(2− ϕ1)

0.01 0, ±0.1731 -0.003552+0.005717i -0.1715-0.002851i 0.175-0.002861i

0.05 0, ±0.3855 -4.012e-04+0.001288i -0.3861-5.542e-04i 0.3865-6.988e-04i

0.09 0, ±0.5138 -2.618e-04+7.03e-04i -0.5153-2.558e-04i 0.5156-3.88e-04i

0.13 0, ±0.6119 -8.323e-05-1.615e-04i -0.6141+4.683e-05i 0.6142+8.838e-05i

0.17 0, ±0.6916 -2.054e-05+1.589e-04i -0.6941-3.811e-05i 0.6941-7.579e-05i

0.21 0, ±0.7577 -8.874e-05+1.485e-04i -0.7602-2.485e-05i 0.7602-6.801e-05i

0.25 0, ±0.8128 -1.656e-04+2.555e-04i -0.8151-3.042e-05i 0.8151-1.004e-04i

0.29 0, ±0.8585 -1.973e-04+1.999e-04i -0.8604-1.429e-05i 0.8604-7.112e-05i

0.33 0, ±0.8960 -2.073e-04-1.679e-04i -0.8974+6.818e-06i 0.8974+5.042e-05i

0.37 0, ±0.9260 -2.361e-04-1.261e-04i -0.927+1.758e-06i 0.927+3.421e-05i

0.41 0, ±0.9495 -2.563e-04-9.851e-05i -0.9501-6.257e-08i 0.9501+2.274e-05i

0.45 0, ±0.9672 -2.779e-04-8.05e-05i -0.9675-5.212e-07i 0.9675+1.458e-05i

0.49 0, ±0.9800 -6.847e-04-1.493e-04i -0.9801-1.144e-06i 0.9801+1.982e-05i

0.53 0, ±0.9887 -8.568e-04-1.597e-04i -0.9888-7.84e-07i 0.9888+1.266e-05i

0.57 0, ±0.9942 -5.064e-04+5.569e-05i -0.9943+3.062e-07i 0.9943-3.305e-06i

0.61 0, ±0.9974 -0.172-6.084e-06i -0.2985+0.9544i 0.9973+1.317e-06i

0.65 0, ±0.9990 -0.1808+4.992e-06i -0.2853+0.9584i 0.999-2.833e-07i

0.69 0, ±0.9997 -5.455e-04-5.7e-06i -0.2749-0.9615i -0.3951+0.9186i

0.73 0, ±0.9999 -0.003328-8.579e-04i -0.2613-0.963i 0.9999-4.318e-07i

0.77 0, ±1.000 -0.00145-2.554e-07i -0.1429-0.9897i -0.116+0.9932i

0.81 0, ±1.000 -2.473e-05+9.98e-05i -0.3548-0.9349i -0.1307+0.9914i
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Figure 4.4.2: The red dots are the optimal results from 100 random inital guesses at n =

4, b = 0.61 and the blue line is the analytic value

φ(A) = D
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The eigenvalues of φ(A) are 0, ±
√
k and ±

√
k sn(K

2
) = ± 4

√
k3. We take

T =



1 0 0 0 0

0 T1 0 0 0

0 0 T2 0 0

0 0 0 T3 0

0 0 0 0 T4


,

where 

T1 = 4

√√
1 + k5 + 1−
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k5√

1 + k5 − 1 +
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,

T2 =
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T4,

T3 =
T4
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,
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k2
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√
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√

1− k2)2b2
,

and

k5 = k4 sn4
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K

4

)
sn4

(
3K

4

)
.

In the following simplification, we take advantage of the relations


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The matrix C is

C = Tφ(A)T−1

=
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 ,
we have

NT
1 N1 = I,

and

N2N
T
2 = I,

where I is the 2 by 2 identity matrix. The singular values of matrix N1 and N2 are 1’s. Thus,

by lemma (5) the singular values of matrix C are four 1’s and one 0, i.e., C is a contraction.
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The extremal Blaschke product of φ(A) is

B̂ (φ(A)) =



0 0 0 0

√
k5

b4

0 0 0

√
k5

b2
0

0 0
√
k5 0 0

0
√
k5b2 0 0 0

√
k5b4


.

The eigenvalues of B̂ (φ(A)) are

±
√
k5 = ±k2 sn2

(
K

4

)
sn2

(
3K

4

)
.

Hence, the Pick matrix is

NP =



1− k5

1− k
1 + k5

1−
√
k
√
k3

1− k5
1 + k5

1 +
√
k
√
k3

1− k5

1 + k
1 + k5

1−
√
k
√
k3

1− k5

1−
√
k3

1 + k5
1− k5

1 +
√
k3

1 + k5

1 +
√
k
√
k3

1− k5 1 + k5 1− k5 1 + k5 1− k5

1 + k5

1 +
√
k
√
k3

1− k5

1 +
√
k3

1 + k5
1− k5

1−
√
k3

1 + k5

1−
√
k
√
k3

1− k5

1 + k

1 + k5

1 +
√
k
√
k3

1− k5
1 + k5

1−
√
k
√
k3

1− k5

1− k


,

Np is semi-positive definite with eigenvalues/singularvalues

σ1 = λ1 =
2(4− 2k2 +

√
1− k2)

(1− k2)
3
4 (1 + 4

√
1− k2)2

+
2
√

∆1

(1− k2)
3
4 (1 + 4

√
1− k2)2(1 +

√
1− k2)

5
2

σ2 = λ2 = 2k
(2 +

√
1− k2) +

√
9− 5k2

(1− k2)
3
4 (1 + 4

√
1− k2)2

σ3 = λ3 =
2(4− 2k2 +

√
1− k2)

(1− k2)
3
4 (1 + 4

√
1− k2)2

− 2
√

∆1

(1− k2)
3
4 (1 + 4

√
1− k2)2(1 +

√
1− k2)

5
2

σ4 = λ4 = 2k
(2 +

√
1− k2)−

√
9− 5k2

(1− k2)
3
4 (1 + 4

√
1− k2)2

σ5 = λ5 = 0

,
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where

∆1 =400− 1124k2 + 1193k4 − 559k6 + 96k8 − 2k10 + 400
√

1− k2

− 924k2
√

1− k2 + 781k4
√

1− k2 − 259k6
√

1− k2 + 22k8
√

1− k2.

Thus, we find the unique optimal Blaschke product of degree 4

V =



1
√
k k k

√
k k2

1 4
√
k3

√
k3

√
k3

√
k3 k3

1 0 0 0 0

1 − 4
√
k3

√
k3 −

√
k3

√
k3 k3

1 −
√
k k −k

√
k k2


,

C5 =
√
k5V

−1



1

−1

1

−1

1


V P

=

√
k5

1− k2



0 0 0 0
√

1− k2

0 −2k 0 −2−
√

1− k2 0

−2k 0 −2−
√

1− k2 0 −2(1+
√

1−k2)2

k

0 2 +
√

1− k2 0 2(1+
√

1−k2)
k

0

2 +
√

1− k2 0 2(1+
√

1−k2)
k

0 2(1+
√

1−k2)2

k2


,

the eigenvector of C5 corresponding to eigenvalue λ = 1 is

β =



√
k5

0

−(1 +
√
k5)k

0

1


=



k2 sn2(
K

4
) sn2(

3K

4
)

0

−
(

1 + k2 sn2(
K

4
) sn2(

3K

4
)

)
k

0

1


,
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Figure 4.5.1: The solid blue line is the analytic result and the green dots represent the

numerical result

thus,

B̂(z) =
z4 − k(1 +

√
k5)z2 +

√
k5

1− k(1 +
√
k5)z2 +

√
k5z4

.

The roots of this Blaschke product are

α1,2,3,4 = ±

√
(1 +

√
k5)k ±

√
(1 +

√
k5)2k2 − 4

√
k5

2
.

We compare our analytic results with the numerical tests in Figure (4.5.1) and Table (4.5).

We choose our α’s to be real in the numerical tests.

4.6 A Short Summary

In this thesis, we proved that Crouzeix’s conjecture holds for several special classes of matri-

ces with elliptical numerical range and found the extremal function(s) and the exact upper

bound. The Jacobi elliptic function sn(·) maps the interior of an ellipse onto the unit disk,
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Table 4.5.1: Analytic and numerical α1, α2 and α3

b Analytic α’s Numerical α’s

0.01 ±0.07655,±0.1847 -0.07694 0.07693 -0.1846 0.1846

0.05 ±0.1717,±0.4117 -0.1717 0.1717 -0.4117 0.4117

0.09 ±0.2322,±0.5481 -0.2322 0.2322 -0.5481 0.5481

0.13 ±0.2825,±0.6507 -0.2825 0.2825 -0.6507 0.6507

0.17 ±0.3284,±0.7322 -0.3284 0.3284 -0.7322 0.7322

0.21 ±0.3723,±0.7977 -0.3723 0.3723 -0.7977 0.7977

0.25 ±0.4158,±0.8502 -0.4158 0.4158 -0.8502 0.8502

0.29 ±0.4598,±0.8919 -0.4598 0.4598 -0.8919 0.8919

0.33 ±0.5048,±0.9243 -0.5048 0.5048 -0.9243 0.9243

0.37 ±0.5512,±0.9489 -0.5512 0.5512 -0.9489 0.9489

0.41 ±0.5991,±0.9671 -0.5991 0.5991 -0.9671 0.9671

0.45 ±0.6484,±0.9799 -0.6484 0.6484 -0.9799 0.9799

0.49 ±0.6987,±0.9886 -0.6987 0.6987 -0.9886 0.9886

0.53 ±0.7494,±0.9940 -0.7494 0.7494 -0.9940 0.9940

0.57 ±0.7996,±0.9972 -0.7996 0.7996 -0.9972 0.9972

0.61 ±0.8477,±0.9989 -0.8477 0.8477 -0.9989 0.9989

0.65 ±0.8921,±0.9996 -0.8921 0.8921 -0.9996 0.9996

0.69 ±0.9305,±0.9999 -0.9305 0.9305 -0.9999 0.9999

0.73 ±0.9611,±1.000 -0.9611 0.9611 -1.000 1.000

0.77 ±0.9823,±1.000 -0.9823 0.9823 -1.000 1.000

0.81 ±0.9943,±1.000 -0.9942 0.9946 -1.000 1.000



84

and thus finding the extremal function and proving its uniqueness is equivalent to optimizing

the finite Blaschke product and arguing its uniqueness. The exact upper bound depends on

the nome (and the dimension of the matrix). We gave several examples that the extremal

function is unique up to multiplication of a scalar and several cases that are not. It is inter-

esting to see the transition from unique extremal function to nonunique ones as the elements

of the matrix change.

Our analysis of elliptical cases introduces new equalities involving Jacobi elliptic functions

and trigonometric functions. It is the extension of cyclic identities involving Jacobi elliptic

functions, and we should develop a general method to simplify (i.e., lower their degree) these

equalities.

It remains an open problem if Crouzeix’s conjecture holds for the elliptical numerical

range case, and we need to explore more about the structures and properties of the matrix

A and f(A).
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Appendix A

2-NILPOTENT MATRIX

Theorem 6. For any matrix A ∈ Cn×n with A2 = 0 (2-nilpotent matrix) and A 6= 0 (trivial),

W (A) is a disk centered at the origin with radius r(A) = 1
2
||A||2. Hence Crouzeix’s conjecture

holds and the upper bound 2 is achieved by the extremal function f̂(z) = z. This extremal

function is unique up to multiplication by a scalar.

Proof. Since A2 = 0, all eigenvalues of A are 0, and A has the Jordan normal form

A = V ΛV −1,

where Λ has k = rank(A) J2 blocks and (n− 2k) J1 blocks along its diagonal

Λ =



J2

. . .

J2

J1

. . .

J1


,

J2 =

0 1

0 0

 ,
J1 =

[
0
]
,

V = [v1, v2, · · · , vn],

V −1 =


u∗1

u∗2
...

u∗n

 ,
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and all vi, uj ∈ Cn for i, j = 1, 2, · · · , n.

Thus,

A =
k∑
j=1

v2j−1u
∗
2j, (A.1)

and V −1V = I gives us

u∗i vj = δij. (A.2)

Assuming

Ṽ = span{v1, v3, · · · , v2k−1},

and

Ũ = span{u2, u4, · · · , u2k},

we know that for any v ∈ Ṽ and u ∈ Ũ

u∗v = v∗u = 0.

Taking W̃ to be the subspace of Cn, such that

Ṽ ⊕ Ũ ⊕ W̃ = Cn,

we have

v∗u = v∗w = u∗w = 0, ∀v ∈ Ṽ , ∀u ∈ Ũ , ∀w ∈ W̃ .

We can decompose any vector x ∈ Cn,

x = αvx + βux + γwx, vx ∈ Ṽ , ux ∈ Ũ , wx ∈ W̃ .

By the definition of ||A||2,

||A||2 = max
||x1||2=||x2||2=1

x∗1Ax2.

Taking

x1 = α1vx1 + β1ux1 + γ1wx1 ,

x2 = α2vx2 + β2ux2 + γ2wx2 ,
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where vx1 , vx2 ∈ V ,ux1 , ux2 ∈ U , and wx1 , wx2 ∈ W are all unit vectors, we have

|α1|2 + |β1|2 + |γ1|2 = 1,

|α2|2 + |β2|2 + |γ2|2 = 1,

and from equations (A.1) and (A.2),

||A||2 = max
||x1||2=||x2||2=1

x∗1Ax2 = max
||x1||2=||x2||2=1

α∗1β2v
∗
x1
Aux2 .

Thus, we need

|α1| = |β2| = 1, α2 = β1 = γ1 = γ2 = 0,

and vx1 ∈ Ṽ and ux2 ∈ Ũ are the corresponding first left and first right singular vectors of A

up to some scalar α1β
∗
2 .

For any unit vector q, we can write

q = αvq + βuq + γwq,

where vq ∈ Ṽ , uq ∈ Ũ , wq ∈ W̃ are all unit vectors. Again, we have

|α|2 + |β|2 + |γ|2 = 1,

and

|q∗Aq| = |α∗βv∗qAuq| ≤
|α|2 + |β|2

2
||A||2 ≤

1

2
||A||2.

Hence,

r(A) = max
||q||2=1

|q∗Aq| ≤ 1

2
||A||2.

On the other side, for any matrix A

||A||2 ≤ 2r(A),

and we obtain

r(A) =
1

2
||A||2.
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The equality holds if we take

α = β =
1√
2
, γ = 0,

and vq and uq to be the corresponding first left and first right singular vectors of A respec-

tively, that is

q =
1√
2

(vq + uq) .

In fact, taking

q(θ) =
1√
2

(
vq + eiθuq

)
,

we can get the boundary of the numerical range of A,

∂W (A) = q(θ)∗Aq(θ) =
1

2
eiθ||A||2.

W (A) is a disk centered at the origin with radius 1
2
||A||2. By T. Ando’s theorem, Crouzeix’s

conjecture holds for this case. The upper bound 2 can be achieved by taking f̂(z) = z.

To prove the uniqueness of the extremal function, we know the conformal mapping from the

numerical range of A to the unit disk is

φ(z) =
1

r(A)
z =

2z

||A||2
,

thus,

φ(A) =
2

||A||2
A.

Suppose the extremal Blaschke product is

B(z) =
n−1∏
j=1

z − αj
1− αjz

, |αj| ≤ 1.

We have

B(φ(A)) = p0I + p1φ(A),

since φ(A)2 = 0. We have the expressions of p0 and p1 in terms of the αj’s,

p0 = (−1)n−1

n−1∏
j=1

αj,
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and

p1 = (−1)n−2

n−1∑
l=1

∏
j 6=l

αj(1− |αl|2).

Since the first left and right singular vectors of the extremal Blaschke product B(φ(A)),

u1, v1, are orthogonal, we have

u∗1B(φ(A))v1 = p0u
∗
1v1 + p1u

∗
1φ(A)v1 = 2,

that is
p1

||A||2
u∗1Av1 = 1.

Since p1 depends only on the αj’s, we must have (the choice of v1 and u1 may not be unique,

since the first two singular values of A may be the same)

|u∗1Av1| = ||A||2,

and

|p1| = 1.

On the other hand, taking the unitary matrix Q,

Q = [u1, q2, q3, · · · , qn−1, v1],

we have

2 = ||B(φ(A))||2 = ||Q∗B(φ(A))Q||2 =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



p0 +
2p1u∗1Au1
||A||2 0 · · · 0 2

0
. . .

...

0

p0



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
2

,

hence,

p0 = 0,
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which requires that at least one root of the Blaschke product is 0. Without loss of generality,

taking α1 = 0, we have

p1 = (−1)n−2

n−1∏
j=2

αj,

thus,

|p1| ≤ 1.

Since

|p1| = 1,

we have

|α2| = |α3| = · · · = |αn−1| = 1,

and B(z) = z is the only extremal Blaschke product up to multiplication by a scalar.

Alternatively, we can take a look at the unitary similarity transformation of the 2-

nilpotent matrix A,

Ã = Q∗AQ,

where Q is a unitary matrix, since f̂(z) is one extremal function of A if and only if it is one

extremal function of Ã. We can choose Q as

Q = [q1, q2, · · · , qn],

where q1, · · · , qk is an orthonormal basis of Ṽ , qk+1, · · · , qn−k is an orthonormal basis of

W̃ , and qn−k+1, · · · , qn is an orthonormal basis of Ũ . That is, the 2-nilpotent matrix A is

unitarily similar to a block matrix

Ã = Q∗AQ =

 0k,n−k Mk,k

0n−k,n−k 0n−k,k

 =

0 M

0 0

 , 2 ≤ 2k ≤ n.

Then, we can argue for Ã in a similar way.

If A2 = 0 and A is nonnormal, taking

Ab = A+ bA∗, b ∈ (0, 1],
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then W (Ab) is an ellipse centered at the origin with semiaxes ||A||2(1±b)
2

. Crouzeix’s conjecture

holds for Ab with the upper bound

√
k(b2)

b
.
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Appendix B

INVOLUTORY MATRIX

Theorem 7. For any involutory matrix A ∈ Cn×n, i.e., A2 = I, and A nonnormal (trivial),

W (A) is an ellipse centered at the origin with focal points ±1 and two semiaxes 1±b
2
√
b
, where

b = 1
||A||22

. Crouzeix’s conjecture holds and the upper bound
√

k
b

is achieved by the extremal

function

f̂(z) = sn

(
2K

π
sin−1(z)

)
,

where k = k(b2) is the elliptic modulus and K is the quarter period. This extremal function

is unique up to multiplication by a scalar.

Proof. Suppose the singular decomposition of A is

A =
n∑
j=1

σjujv
∗
j , ||A||2 = σ1 ≥ σ2 ≥ · · · ≥ σn > 0,

since A = A−1 is invertible.

If A is normal, the singular values of A are the absolute values of the eigenvalues of A, that

is

σ1 = · · · = σn = 1,

and

A =
n∑
j=1

ujv
∗
j ,

thus, A is unitary.

If A is nonnormal, then we have σ1 > 1, otherwise

1 ≥ σ1 ≥ · · · ≥ σn,
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and

1 = | det(A)| =
n∏
j=1

σj ≤ 1.

The only case where the equality holds is

σ1 = · · · = σn = 1,

but then

A =
n∑
j=1

ujv
∗
j ,

or A is normal. This is a contradiction!

We can get the singular decomposition of A−1 = A:

A = A−1 =
1∑

j=n

1

σj
vju
∗
j , ||A||2 = σ1 ≥ σ2 ≥ · · · ≥ σn > 0,

thus, the singular values of A come in pairs:

σn =
1

σ1

, σn−1 =
1

σ2

, · · · .

Hence, if n is odd, we know A has at least one singular value of 1.

In addition, since A2 = I, we have

σjσkv
∗
juk = u∗jvk = v∗kuj,

when σj 6= 1,

σ2
j v
∗
juj = v∗juj,

and we obtain

v∗juj = 0, vj ⊥ uj.

Especially, since σ1 > 1 and σn = 1
σ1
< 1, we can get

v1 ⊥ u1,

Av1 = σ1u1,
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and

Au1 =
1

σ1

v1.

Taking the unitary matrix

Q1 = [u1, v1, q3, · · · , qn],

we can obtain

Q∗1AQ1 =



u∗1Au1 u∗1Av1 u∗1Aq3 · · · u∗1Aqn

v∗1Au1 v∗1Av1 v∗1Aq3 · · · v∗1Aqn

q∗3Au1 q∗3Av1 q∗3Aq3 · · · q∗3Aqn
...

...
...

. . .
...

q∗nAu1 q∗nAv1 q∗nAq3, · · · , q∗nAqn


=


0 σ1 0
1

σ1

0 0

0 0 A1

 .

The numerical range of the left upper submatrix

T1 =

 0 σ1

1

σ1

0

 ,
W (T1) is an ellipse centered at the origin with focal points ±1 and two semiaxes 1

2

(
σ1 ± 1

σ1

)
for σ1 > 1.

Since

||Q∗1AQ1||2 = ||A||2 = σ1,

and

(Q∗1AQ1)2 = I,

we have

||A1||2 ≤ σ1,

and

A2
1 = In−2,

where In−2 is the identity matrix of dimension n− 2, i.e., A1 is also an involutory matrix.

If A1 is normal, then W (A1) is the interval [−1, 1] or just one point ±1. All three cases
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satisfy

W (A1) ⊂ W

 0 σ1

1

σ1

0

 ,

and W (A) = W (T1).

If A1 is nonnormal, then we can repeat this process. Choosing another unitary matrix

Q2 =

I2

Q̃2

 ,
such that

Q̃∗2A1Q̃2 =


0 ||A1||2 0
1

||A1||2
0 0

0 0 A2

 ,
||A2||2 ≤ ||A1||2,

and

A2
2 = In−4.

The numerical range of the submatrix

T2 =

 0 ||A1||2
1

||A1||2
0

 ,
W (T2) is an ellipse centered at the origin with focal points ±1 and two semiaxes

1
2

(
||A1||2 ± 1

||A1||2

)
. Also, W (T2) ⊂ W (T1) since σ1 ≥ ||A1||2.

By induction, if Al is normal for some integer l, then we can get

W (Al) ⊂ W (Tl) ⊂ · · · ⊂ W (T1),

and then W (A) = W (T1). Otherwise, taking

Q = Q1Q1 · · ·Qbn
2
c,
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the matrix A is unitarily similar to the matrix

Q∗AQ =


T1

T2

. . .

Tp

 ,

where

p =


n

2
, if n even

n+ 1

2
, if n odd

,

Tj =

 0 σj
1

σj
0

 , j = 1, 2, · · · , p− 1,

and

Tp =



 0 σp

1

σp
0

 , if n even

1 or − 1, if n odd

.

Again,

W (Tp) ⊂ W (Tp−1) ⊂ · · · ⊂ W (T2) ⊂ W (T1),

and we have that W (A) = W (T1).

Since Crouzeix’s conjecture holds for all the block matrices {T1, T2, · · · , Tp} or

{T1, T2, · · · , Tl, Al}, it also holds for the involutory matrix A. From the discussion for

the 2 by 2 matrix, we know the upper bound for A is

max
j

{
σj

√
k

(
1

σ4
j

)}
= ||A||2

√
k

(
1

||A||42

)
=

√
k

b
, (B.1)

where k is the elliptic modulus k = k(b2) and

b =
1

||A||22
.
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The conformal mapping from W (A) to the unit disk is

φ(z) =
√
k sn

(
2K

π
sin−1(z)

)
,

where K is the quarter period K = K(k) = K(b). Thus,

φ(A) =
√
kA,

and the eigenvalues of φ(A) are ±
√
k.

Assuming the extremal Blaschke product is

B = exp(iβ)
n−1∏
j=1

z − αj
1− αjz

, |αj| ≤ 1.

Here β is chosen so that

B(
√
k) ≥ 0.

Since
√
k is in the interior of W (φ(A)),

B(
√
k) < 1.

We know

B(φ(A)) = p0I + p1A,

since φ(A)2 = kI. We can find the epxressions of p0 and p1 in terms of αj’s. Suppose the

expansion of B(z) about z = 0 is

B(z) =
∞∑
j=0

ajz
j,

then we have

B(φ(A)) =
∞∑
j=0

ajφ(A)j

=

(
∞∑
j=0

a2jk
j

)
I +

(
∞∑
j=0

a2j+1k
j

)
φ(A)

=
B(
√
k) +B(−

√
k)

2
I +

B(
√
k)−B(−

√
k)

2
A.
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That is,

p0 =
B(
√
k) +B(−

√
k)

2
,

p1 =
B(
√
k)−B(−

√
k)

2
,

and

|p0| ≤
|B(
√
k)|+ |B(−

√
k)|

2
≤ 1,

|p1| ≤
|B(
√
k)|+ | −B(−

√
k)|

2
≤ 1.

Since the first left and right singular vectors of the extremal Blaschke product B(φ(A)),

ũ1, ṽ1, are orthogonal, we have

||B(φ(A))||2 = ũ∗1B(φ(A))ṽ1 = p0ũ
∗
1ṽ1 + p1ũ

∗
1Aṽ1 = p1ũ

∗
1Aṽ1.

To maximize ||B(φ(A))||2, ũ1 and ṽ1 should be parallel to the first left and right singular

vectors of A (the choice of ũ1 and ṽ1 may not be unique, since the first two singular values

of A may be the same), thus,

||B(φ(A))||2 = |p1| · ||A||2. (B.2)

From equation (B.1), we obtain

|p1| =
√
k. (B.3)

To find the extremal Blaschke product, taking the unitary matrix Q̃

Q̃ = [ũ1, q2, q3, · · · , qn−1, ṽ1],

we have

||B(φ(A))||2 = ||Q̃∗B(φ(A))Q̃||2 =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



p0 0 · · · 0 |p1| · ||A||2
0

. . .
...

0

p0



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
2

,
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hence,

p0 = 0,

which gives

B(
√
k) = −B(−

√
k),

and

p1 = B(
√
k) =

√
k,

since B(
√
k) ≥ 0 and |p1| =

√
k. This extremal Blaschke product maps the eigenvalues of

φ(A), ±
√
k, to ±B(

√
k) = ±

√
k, respectively. Thus, the Pick matrix is

NP =

1 1

1 1

 .
NP is positive semi-definite with

rank(Np) = 1.

By the Nevanlinna–Pick theorem, we can expect a unique extremal Blaschke product of

degree 1, and p1 = B(
√
k) =

√
k gives

B(z) = z.

The extremal function

f̂(z) = B(φ(z)) =
√
k sn

(
2K

π
sin−1(z)

)
,

is unique up to multiplication by a scalar.

Take

C =
||A||42
||A||42 − 1

(
A− A∗

||A||22

)
.

If A2 = I and A is nonnormal, then by Theorem (4) the numerical range of matrix C is a

disk centered at the origin with radius ||A||2
2

.
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Appendix C

MATRIX WITH DEGREE 2 MINIMAL POLYNOMIAL

A. Horn and V. Sergeichuk [20] proved that if A2 or ĀA is normal then A is unitarily

similar to a direct sum of 1 × 1 and 2 × 2 blocks, so it follows that Crouzeix’s conjecture

holds and we can get the upper bound from the 2× 2 blocks (similar to equation (B.1)). We

can obtain the extremal function for some special cases, and one example follows.

Corollary 8. Suppose the degree of the minimal polynomial of the matrix A is at most 2,

then Crouzeix’s conjecture holds for A. If A is nonnormal, the extremal function f̂(z) is

unique up to multiplication by a scalar. When W (A) is elliptic, the upper bound can be

achieved by taking f̂(z) to be Jacobi elliptic sn(·); when W (A) is circular, the upper bound

2 can be achieved by f̂(z) = z.

Proof. Suppose the minimal polynomial of the matrix A is

a2A
2 + a1A+ a0I = 0.

If a2 = 0, A is normal. This is a trivial case.

If a2 6= 0, we have (
√
a2A+

a1

2
√
a2

I

)2

=
a2

1 − 4a0a2

4a2

I.

Taking

∆ = a2
1 − 4a0a2,

when ∆ = 0, we can consider the matrix

Ã =
√
a2A+

a1

2
√
a2

I.
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Then Ã2 = 0, and this is discussed in Appendix A.

When ∆ 6= 0, we can consider the matrix

Ã =
1√
∆

(2a2A+ a1I).

Then Ã2 = I, and this is discussed in Appendix B.
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Appendix D

COEFFICIENTS TABLE

These coefficients are printed from Mathematica.

c4 =4b5k4t12 − 8b5k3t12 + 4b5k2t12 + 6b7k4t10 + 4b6k4t10 + 4b5k4t10 + 4b4k4t10 + 6b3k4t10

+ 2b8k3t10 − 12b7k3t10 − 10b6k3t10 − 8b5k3t10 − 10b4k3t10 − 12b3k3t10 + 2b2k3t10

− 2b8k2t10 + 6b7k2t10 + 6b6k2t10 + 4b5k2t10 + 6b4k2t10 + 6b3k2t10 − 2b2k2t10 + 2b9k4t8

+ 5b8k4t8 + 6b7k4t8 + 11b6k4t8 + 12b5k4t8 + 11b4k4t8 + 6b3k4t8 + 5b2k4t8 + 2bk4t8

− b9k3t8 − 6b8k3t8 − 16b7k3t8 − 26b6k3t8 − 22b5k3t8 − 26b4k3t8 − 16b3k3t8 − 6b2k3t8

− bk3t8 + b8k2t8 + 6b7k2t8 + 15b6k2t8 + 16b5k2t8 + 15b4k2t8 + 6b3k2t8 + b2k2t8 + b10k4t6

+ 2b9k4t6 + 7b8k4t6 + 8b7k4t6 + 16b6k4t6 + 12b5k4t6 + 16b4k4t6 + 8b3k4t6 + 7b2k4t6

+ 2bk4t6 + k4t6 − 2b9k3t6 − 16b8k3t6 − 8b7k3t6 − 32b6k3t6 − 44b5k3t6 − 32b4k3t6

− 8b3k3t6 − 16b2k3t6 − 2bk3t6 + 6b8k2t6 + 18b6k2t6 + 32b5k2t6 + 18b4k2t6 + 6b2k2t6

+ 2b9k4t4 + 5b8k4t4 + 6b7k4t4 + 11b6k4t4 + 12b5k4t4 + 11b4k4t4 + 6b3k4t4 + 5b2k4t4

+ 2bk4t4 − b9k3t4 − 6b8k3t4 − 16b7k3t4 − 26b6k3t4 − 22b5k3t4 − 26b4k3t4 − 16b3k3t4

− 6b2k3t4 − bk3t4 + b8k2t4 + 6b7k2t4 + 15b6k2t4 + 16b5k2t4 + 15b4k2t4 + 6b3k2t4 + b2k2t4

+ 6b7k4t2 + 4b6k4t2 + 4b5k4t2 + 4b4k4t2 + 6b3k4t2 + 2b8k3t2 − 12b7k3t2 − 10b6k3t2

− 8b5k3t2 − 10b4k3t2 − 12b3k3t2 + 2b2k3t2 − 2b8k2t2 + 6b7k2t2 + 6b6k2t2 + 4b5k2t2

+ 6b4k2t2 + 6b3k2t2 − 2b2k2t2 + 4b5k4 − 8b5k3 + 4b5k2
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c3 =16b5k4t12 − 8b6k3t12 − 48b5k3t12 − 8b4k3t12 + 16b6k2t12 + 48b5k2t12 + 16b4k2t12 − 8b6kt12

− 16b5kt12 − 8b4kt12 + 20b7k4t10 + 16b6k4t10 + 24b5k4t10 + 16b4k4t10 + 20b3k4t10

+ 2b8k3t10 − 72b7k3t10 − 82b6k3t10 − 80b5k3t10 − 82b4k3t10 − 72b3k3t10 + 2b2k3t10

− 8b8k2t10 + 76b7k2t10 + 120b6k2t10 + 104b5k2t10 + 120b4k2t10 + 76b3k2t10 − 8b2k2t10

+ 6b8kt10 − 24b7kt10 − 54b6kt10 − 48b5kt10 − 54b4kt10 − 24b3kt10 + 6b2kt10 + b8k5t8

− 2b7k5t8 − b6k5t8 + 4b5k5t8 − b4k5t8 − 2b3k5t8 + b2k5t8 + 3b9k4t8 + 16b8k4t8 + 36b7k4t8

+ 48b6k4t8 + 34b5k4t8 + 48b4k4t8 + 36b3k4t8 + 16b2k4t8 + 3bk4t8 − 10b9k3t8 − 54b8k3t8

− 124b7k3t8 − 194b6k3t8 − 196b5k3t8 − 194b4k3t8 − 124b3k3t8 − 54b2k3t8 − 10bk3t8

+ 3b9k2t8 + 40b8k2t8 + 148b7k2t8 + 264b6k2t8 + 290b5k2t8 + 264b4k2t8 + 148b3k2t8

+ 40b2k2t8 + 3bk2t8 − 3b8kt8 − 42b7kt8 − 117b6kt8 − 156b5kt8 − 117b4kt8 − 42b3kt8

− 3b2kt8 + b10k5t6 − 2b9k5t6 − b8k5t6 + 4b7k5t6 − 4b5k5t6 + 4b3k5t6 − b2k5t6 − 2bk5t6

+ k5t6 − 2b10k4t6 + 10b9k4t6 + 38b8k4t6 + 16b7k4t6 + 60b6k4t6 + 76b5k4t6 + 60b4k4t6

+ 16b3k4t6 + 38b2k4t6 + 10bk4t6 − 2k4t6 − 3b10k3t6 − 14b9k3t6 − 103b8k3t6 − 128b7k3t6

− 246b6k3t6 − 292b5k3t6 − 246b4k3t6 − 128b3k3t6 − 103b2k3t6 − 14bk3t6 − 3k3t6 + 6b9k2t6

+ 96b8k2t6 + 144b7k2t6 + 320b6k2t6 + 468b5k2t6 + 320b4k2t6 + 144b3k2t6 + 96b2k2t6

+ 6bk2t6 − 18b8kt6 − 36b7kt6 − 142b6kt6 − 248b5kt6 − 142b4kt6 − 36b3kt6 − 18b2kt6

+ b8k5t4 − 2b7k5t4 − b6k5t4 + 4b5k5t4 − b4k5t4 − 2b3k5t4 + b2k5t4 + 3b9k4t4 + 16b8k4t4

+ 36b7k4t4 + 48b6k4t4 + 34b5k4t4 + 48b4k4t4 + 36b3k4t4 + 16b2k4t4 + 3bk4t4 − 10b9k3t4

− 54b8k3t4 − 124b7k3t4 − 194b6k3t4 − 196b5k3t4 − 194b4k3t4 − 124b3k3t4 − 54b2k3t4

− 10bk3t4 + 3b9k2t4 + 40b8k2t4 + 148b7k2t4 + 264b6k2t4 + 290b5k2t4 + 264b4k2t4

+ 148b3k2t4 + 40b2k2t4 + 3bk2t4 − 3b8kt4 − 42b7kt4 − 117b6kt4 − 156b5kt4 − 117b4kt4

− 42b3kt4 − 3b2kt4 + 20b7k4t2 + 16b6k4t2 + 24b5k4t2 + 16b4k4t2 + 20b3k4t2 + 2b8k3t2

− 72b7k3t2 − 82b6k3t2 − 80b5k3t2 − 82b4k3t2 − 72b3k3t2 + 2b2k3t2 − 8b8k2t2 + 76b7k2t2

+ 120b6k2t2 + 104b5k2t2 + 120b4k2t2 + 76b3k2t2 − 8b2k2t2 + 6b8kt2 − 24b7kt2 − 54b6kt2

− 48b5kt2 − 54b4kt2 − 24b3kt2 + 6b2kt2 + 16b5k4 − 8b6k3 − 48b5k3 − 8b4k3 + 16b6k2

+ 48b5k2 + 16b4k2 − 8b6k − 16b5k − 8b4k
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c2 =4b7t12 + 16b6t12 + 24b5t12 + 16b4t12 + 24b5k4t12 + 4b3t12 − 16b6k3t12 − 80b5k3t12

− 16b4k3t12 + 4b7k2t12 + 48b6k2t12 + 112b5k2t12 + 48b4k2t12 + 4b3k2t12 − 8b7kt12

− 48b6kt12 − 80b5kt12 − 48b4kt12 − 8b3kt12 + 24b7t10 + 96b6t10 + 144b5t10 + 96b4t10

+ 28b7k4t10 + 24b6k4t10 + 40b5k4t10 + 24b4k4t10 + 28b3k4t10 + 24b3t10 + 4b8k3t10

− 112b7k3t10 − 148b6k3t10 − 160b5k3t10 − 148b4k3t10 − 112b3k3t10 + 4b2k3t10 − 4b8k2t10

+ 180b7k2t10 + 316b6k2t10 + 312b5k2t10 + 316b4k2t10 + 180b3k2t10 − 4b2k2t10 − 120b7kt10

− 288b6kt10 − 336b5kt10 − 288b4kt10 − 120b3kt10 + 60b7t8 + 240b6t8 + 360b5t8 + 2b8k5t8

− 4b7k5t8 − 2b6k5t8 + 8b5k5t8 − 2b4k5t8 − 4b3k5t8 + 2b2k5t8 + 240b4t8 + 2b9k4t8

+ 22b8k4t8 + 60b7k4t8 + 74b6k4t8 + 44b5k4t8 + 74b4k4t8 + 60b3k4t8 + 22b2k4t8 + 2bk4t8

+ 60b3t8 − 2b9k3t8 − 80b8k3t8 − 248b7k3t8 − 352b6k3t8 − 316b5k3t8 − 352b4k3t8

− 248b3k3t8 − 80b2k3t8 − 2bk3t8 + 6b9k2t8 + 110b8k2t8 + 408b7k2t8 + 706b6k2t8

+ 780b5k2t8 + 706b4k2t8 + 408b3k2t8 + 110b2k2t8 + 6bk2t8 − 54b8kt8 − 300b7kt8

− 666b6kt8 − 840b5kt8 − 666b4kt8 − 300b3kt8 − 54b2kt8 + 80b7t6 + 320b6t6 + 480b5t6

+ 2b10k5t6 − 4b9k5t6 − 2b8k5t6 + 8b7k5t6 − 8b5k5t6 + 8b3k5t6 − 2b2k5t6 − 4bk5t6

+ 2k5t6 + 320b4t6 − 6b10k4t6 + 16b9k4t6 + 62b8k4t6 + 16b7k4t6 + 88b6k4t6 + 128b5k4t6

+ 88b4k4t6 + 16b3k4t6 + 62b2k4t6 + 16bk4t6 − 6k4t6 + 80b3t6 + 10b10k3t6 − 24b9k3t6

− 198b8k3t6 − 192b7k3t6 − 420b6k3t6 − 592b5k3t6 − 420b4k3t6 − 192b3k3t6 − 198b2k3t6

− 24bk3t6 + 10k3t6 + 12b9k2t6 + 228b8k2t6 + 464b7k2t6 + 876b6k2t6 + 1160b5k2t6

+ 876b4k2t6 + 464b3k2t6 + 228b2k2t6 + 12bk2t6 − 108b8kt6 − 376b7kt6 − 852b6kt6

− 1168b5kt6 − 852b4kt6 − 376b3kt6 − 108b2kt6 + 60b7t4 + 240b6t4 + 360b5t4 + 2b8k5t4

− 4b7k5t4 − 2b6k5t4 + 8b5k5t4 − 2b4k5t4 − 4b3k5t4 + 2b2k5t4 + 240b4t4 + 2b9k4t4

+ 22b8k4t4 + 60b7k4t4 + 74b6k4t4 + 44b5k4t4 + 74b4k4t4 + 60b3k4t4 + 22b2k4t4 + 2bk4t4

+ 60b3t4 − 2b9k3t4 − 80b8k3t4 − 248b7k3t4 − 352b6k3t4 − 316b5k3t4 − 352b4k3t4

− 248b3k3t4 − 80b2k3t4 − 2bk3t4 + 6b9k2t4 + 110b8k2t4 + 408b7k2t4 + 706b6k2t4

+ 780b5k2t4 + 706b4k2t4 + 408b3k2t4 + 110b2k2t4 + 6bk2t4 − 54b8kt4 − 300b7kt4

− 666b6kt4 − 840b5kt4 − 666b4kt4 − 300b3kt4 − 54b2kt4 + 24b7t2 + 96b6t2 + 144b5t2
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+ 96b4t2 + 28b7k4t2 + 24b6k4t2 + 40b5k4t2 + 24b4k4t2 + 28b3k4t2 + 24b3t2 + 4b8k3t2

− 112b7k3t2 − 148b6k3t2 − 160b5k3t2 − 148b4k3t2 − 112b3k3t2 + 4b2k3t2 − 4b8k2t2

+ 180b7k2t2 + 316b6k2t2 + 312b5k2t2 + 316b4k2t2 + 180b3k2t2 − 4b2k2t2 − 120b7kt2

− 288b6kt2 − 336b5kt2 − 288b4kt2 − 120b3kt2 + 4b7 + 16b6 + 24b5 + 16b4 + 24b5k4

+ 4b3 − 16b6k3 − 80b5k3 − 16b4k3 + 4b7k2 + 48b6k2 + 112b5k2 + 48b4k2 + 4b3k2 − 8b7k

− 48b6k − 80b5k − 48b4k − 8b3k

e1 =
1

b2 (1 + t2)2 (1− β2k)2 (3b2β2 + b2β6k2 + 2b2β2k2 + b2β6k2t4 + b4β6k2t2 − 2b4β4k2t2

+ 4b2β4k2t2 + 2b2β2k2t4 + b4β2k2t2 + 2b2β2k2t2 + b3β4k − 2b2β4k − 2b3β2k − 4b2β2k

+ b3β4kt4 − 2b2β4kt4 + 2b3β4kt2 − 4b2β4kt2 − 2b3β2kt4 − 4b2β2kt4 − 4b3β2kt2

− 8b2β2kt2 + b3kt4 + 2b3kt2 + b3k + 3b2β2t4 + 6b2β2t2 + bβ4k − 2bβ2k + bβ4kt4

+ 2bβ4kt2 − 2bβ2kt4 − 4bβ2kt2 + bkt4 + 2bkt2 + bk + β6k2t2 − 2β4k2t2 + β2k2t2)

e2 =
1

b2 (1 + t2)2 (1− β2k)2 (3b2β4 + 2b2β4k2 + 2b2β4k2t4 + b4β4k2t2 + 2b2β4k2t2 + bβ2k

+ 4b2β2k2t2 + b2k2t4 + b4k2t2 + b2k2 + b3β6k − 2b3β4k − 4b2β4k + b3β2k − 2b2β2k

+ b3β6kt4 + 2b3β6kt2 − 2b3β4kt4 − 4b2β4kt4 − 4b3β4kt2 − 8b2β4kt2 + b3β2kt4 + k2t2

− 2b2β2kt4 + 2b3β2kt2 − 4b2β2kt2 + 3b2β4t4 + 6b2β4t2 + bβ6k − 2bβ4k − 2b4β2k2t2

+ bβ6kt4 + 2bβ6kt2 − 2bβ4kt4 − 4bβ4kt2 + bβ2kt4 + 2bβ2kt2 + β4k2t2 − 2β2k2t2)

e3 =
β2(k − 2β2)2

(1− β2k)2
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