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Abstract

Crouzeix’s Conjecture and Beyond for Special Classes of Matrices

Kenan Li

Chair of the Supervisory Committee:
Professor Anne Greenbaum
Department of Applied Mathematics

Let A be an n by n matrix with numerical range W (A) := {¢*Aq : ¢ € C", ||q|]2 = 1}. We
are interested in functions f that maximize || f(A)||2 (the matrix norm induced by the vector
2-norm) over all functions f that are analytic in W (A) and satisfy max.cwa |f(2)| < 1. It
is known that there are functions f that achieve this maximum and that such functions are
of the form Bo¢, where ¢ is any conformal mapping from W (A) to the unit disk D and B is a
Blaschke product of degree at most n— 1. Michel Crouzeix has conjectured that || f(A4)][]s < 2
and he proved that || f(A)||]» < 11.08 [M. Crouzeix, Numerical range and functional calculus
in Hilbert space, J. Funct. Anal., vol. 244, issue 2, 2007, p. 668-690]. Later Crouzeix and
Palencia proved || f(A4)]|2 < 14 v/2 [M. Crouzeix and C. Palencia, The Numerical Range is a
(1 + v/2)-Spectral Set, SIMAX, vol. 38, 2017, p. 649-655]. However, the conjectured bound
of 2 remains unproven in general.

Other questions about the optimal function f remain open as well. Here we consider
questions about uniqueness of the optimizing function f and show that for 2 by 2 matrices,
f is unique (up to multiplication by a scalar) but for certain 3 by 3 matrices this is not
the case. It has been observed numerically that the optimal Blaschke product B associated
with a given conformal mapping ¢ often has degree less than n — 1, and we prove this for a
certain class of matrices. We also evaluate || f(A)|, explicitly for certain classes of matrices

with elliptical numerical range. Our goal is to learn as much as possible about the optimal



function f, the associated Blaschke product B, and the actual value of || f(A)||» for matrices
with elliptical numerical range. In doing this, we make use of known and new cyclic identities

involving Jacobi elliptic functions.
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Chapter 1
INTRODUCTION

Given a square matrix A € C™", it is often necessary to estimate or bound ||f(A)|2,
where f is a given analytic function and |||, denotes the matrix norm induced by the 2-norm
for vectors; i.e., the largest singular value. This problem arises, for instance, in analyzing
the stability of solutions of differential equations, for example, f(A) = exp(tA), t > 0,
and in analyzing the convergence rate of iterative linear system solvers such as the GMRES
algorithm.

The simplest bound is in terms of the eigenvalues and eigenvectors of A, or, more gen-
erally, in terms of its Jordan form; if A = VAV ™!, where A is the Jordan normal form and

k(V)=|V||2- |V~ is the 2-norm condition number of V', then

F (A2 < £(V)[[F(D)]]2-

If K(V) is very large, however, then this may be a large overestimate of ||f(A)||2. Another
idea is to bound ||f(A)||2 based on the size of f on some region 2 C C that contains the

spectrum of A:

F (A2 < C(Q,n)sup [ f(2)]. (1.1)

zeQ

The smallest constant C'(£2,n) for which inequality (|1.1)) holds for all analytic functions f
may be independent of n for some classes of matrices or some sets 2, and in this case we

can write

C(Q,n) = C(Q).

M. Crouzeix |7] chose 2 to be the numerical range (or, field of values) of A:

W(A) ={q"Aq: q € C™" and ||q||; = 1},



and he proved 2 < C(W(A)) < 11.08, independent of n. He conjectured that C(W(A)) = 2;

i.e., for all analytic functions f:

(A2 <2 sup [f(2)]
zeW(A)

It is easy to see that C'(W(A)) cannot be less than 2; it was shown by M. Crabb [5| and
later D. Choi [4] and M. Crouzeix [15] that the matrices

0 vV2 0 0 0
0 0 1 0 0
0 2
Jy = I = 1 0|, n>2 (1.2)
0 0
0 0 0 V2
0 0 0 0

satisfy

1Ty =2 sup [z"7Y|, n>2.
zeW (Jn)

Recently, M. Crouzeix and C. Palencia |[9] made a major breakthrough and showed that
C(W(A)) <1+ V2.

The goal of my research is to study some special classes of matrices and not only show
that Crouzeix’s conjecture holds for these matrices (in some cases this has already been
shown) but identify the smallest constant C' such that [|f(A)[lz < Csup,cy () |f(2)] for
these classes and find a function (or functions) f for which ||f(A4)|l, = C'Sup, e (a) 1f(z)]. T
will answer some open questions about the uniqueness of the extremal function f . The form
of f is known: f = Bo ¢, where ¢ is a conformal mapping from W (A) to the unit disk D,
and B is a finite Blaschke product of degree at most n — 1. From numerical experiments, it
appears that B often has degree less than n — 1, and we give several examples that B has

degree strictly less than n — 1.



1.1 Some Matrices and Functions for which Crouzeix’s Conjecture holds

1.1.1 Ezample 1

If A is normal, we have A = U*AU, where U is unitary and A is diagonal, and then

(Al = IU7FA)Ull2 = |[F (M)l = sup [f(z)] < sup |f(2)],

z€0(A) z€W(A)

since the spectrum of A, o(A) € W(A). The upper bound is C(W(A)) = 1 for normal
matrices, and any function f, whose maximum value on W(A) (the convex hull of the

spectrum of A) occurs at an eigenvalue, achieves this optimal bound.

1.1.2  Ezample 2

If matrix A is diagonalizable with a matrix of eigenvectors V' such that x(V') < 2, we know

F A2 < s(V)IF M)z < 2[|F(A)]]2 <2 s 7 (),

since o(A) C W(A).
1.1.3  Ezample 3

Define the numerical radius of matrix A as

r= max |z|.
zeW (A)

If W(A) is a disk centered at a with radius rg, we know that the conformal mapping is linear

1
o(z) = 7“_0<Z —a),
and the numerical radius of ¢(A) is
r(¢(4)) = L.

By Ando’s theorem (See section [1.2.2)), C(W(A)) < 2.



1.1.4 FEzample 4

If A is a 2-nilpotent matrix (nonnormal), A? = 0, then W(A) is a disk centered at the
origin [17] and
1
A) = =||A||5.
r(4) = 214l
Thus, Crouzeix’s conjecture holds, the exact bound is C(W(A)) = 2, the conformal mapping

is

2

¢(2) = 7%
[|Al]2
and the unique extremal Blaschke product is
B(z) ==z

One interesting case is

Omxm A .

A=|" , VA e Cmrk,
Okxm O
kx kxk (mk) x (m+k))

See Appendix [A] for a short proof. This is also a special case of the class of half-radial

matrices, described in the paper [19].

1.1.5 FEzxzample 5

It is also known that for any matrix the conjecture holds for special functions:
(1) f(Z):COZ+Clu Co, C1 EC?
(2) f(z)=2", meN,

N
3) f(z) = Zakzk, if ap > 0 and r(A) € W(A).

k=0
Proof. (1) For any square matrix A, we have [21]

|All2 <2 sup [z] = 2r(A),
zeW(A)

and it follows that

llcoA+crllls < 2r(coA+al) =2 sup |z[ =2 sup ez +al,
z€W (coA+crl) zeW(A)



since W(coA + c11) = coW (A) + ¢;1.

2)
1A™]; < 20(A™) < 2r(A)".

This is the power inequality of C. Berger and C. Pearcy [30].
(3)
N N N
LA = 11D arA¥|ls <D anl| M|l <2 arr(A)F =2 sup [f(2)]-
k=0 k=0 k=0

zeW(A)

See [21] for details. O

1.1.6 Ezample 6

A. Greenbaum and D. Choi [4,|14] proved that the conjecture holds for perturbed Jordan
blocks J., D. Choi extended this to diagonally scaled perturbed Jordan blocks, and C. Glader,
M. Kurula, and M. Lindstrom noted that it also holds for A = PJ, [11], where P is any

permutation matrix, and

01 0 0
00 1 0
J. = ,
00 - 0 1
e 0 0 of
(0 @ 0 0 |
0 0 ay - 0
Jo = : (1.3)
0 0 «+ 0 s
0 00 0|

In the same paper, C. Glader et al. proved the case of 3 x 3 matrices with elliptic numerical

range centered at an eigenvalue.



1.1.7 FEzxzample 7

Suppose that A € C"™™ and M € CV*N (n < N). M is defined as a dilation of A if

A = PM]|cn, where P is the orthogonal projection from CV onto C". For example,

M=
* *

M is a power dilation of A if M* is a dilation of A* for every positive integer k. Then, if M
is similar to a normal matrix N via a similarity transformation with a moderate condition

number £ (M = ST'NS, NN* = N*N and k = ||S]]2||S7|]2), for any polynomial p we have

lp(All2 < l[p(M)ll2 < & sup [p(2)].
z€o(M)

If Kk < 2and o(M) € W(A), then Crouzeix’s conjecture holds for matrix A. This is one
method T. Caldwell, A. Greenbaum and K. Li used to study Crouzeix’s conjecture in the

paper [13].
1.2 Tools

In this section, I will discuss some useful tools in this work. First I show two inequalities, von
Neumann’s inequality and T. Ando’s theorem, and then I explain how conformal mapping
and Blaschke products are used in the analysis.

1.2.1 won Neumann’s inequality

A matrix or operator C'is a contraction if
IC]]2 < 1.

J. von Neumann showed [29] that for any polynomial p, the 2-norm of p(C') is bounded by

the supremum of |p| in the closed unit disk D,

Ip(C)]l2 < sup Ip(2)], i [|C2 < 1.
zE



1.2.2 T. Ando’s theorem

Define the numerical radius of an operator or matrix A as

r(A) = sup |z|.
zeW(A)

Given a constant K > 0, a set {2 C C is said to be a K-spectral set of operator or matrix A,

if the spectrum of A, o(A) C Q and

1A < Ksupl (2.

where f is any function analytic in €2 and continuous on the boundary of €.

Theorem 1 (T. Ando). If r(T) < 1, then the unit disk D is a 2-spectral set for operator or

matriz T .

T. Ando [1] pointed out that the numerical radius of an operator T is less than or equal

to 1 if and only if T' can be written in the form
T=(I+H):C(—H)z,

where H is a self-adjoint contraction and C' is a contraction. Since
H = H"and ||H||; < 1,

we can write
H = QRQ",
where @ is unitary and R is diagonal with real elements in the interval [—1, 1]. Thus,

R = cos(R),

where R is diagonal with real elements in [0, 7.

H = Qcos(R)Q* = cos(QRQ*) = cos(U),



where U = QRQ*. Hence,

(I+H):

QI + cos(R ))Q V20Q COS(R/Q)Q = /2 cos (%
<I—Hﬁ=@u—ammxr:vﬂmm@mmr:¢%m(g)

T = 2cos (%) C'sin (%) )

Taking ¢(z) = max(1, 2| cos(z)|), we have

and

|sin(2)]g(z) = max(|sin(z)], [ sin(22)]),

U
V= (E)’
V]l <2, [V <1,

| sin (U) Vi <1, [|V~"2cos (U) o<1,

U
HVlTWb<HV1%%( )Humuwm( )vm<1

and, if we define

then V' is nonsingular and

Hence, for any analytic function f,

1Az < NIVIERIFVTTV) IV < 2szlelglf(2)l-

1.2.3  Orthogonality of singluar vectors of f(A)

Theorem 2. If f(z) defined on W (A) is one optimal function for A € C"*", i.e.,

F(A
sup |f(z)]
zeW (A)
and if C(W(A),n) > 1, then the left and right singular vectors corresponding to the largest
singular value of f(A) are orthogonal to each other; that is, if vy is the right singular vector

corresponding to the largest singular value oy so that f(A)vl = w01, then ujv, = 0.



See proposition 2.2 in [§]. We use this property to argue the uniqueness of f (z) for some

cases.

1.2.4  Conformal mapping

From Riemann’s mapping theorem, there is a bijective conformal mapping ¢ from the interior
of W(A) to the interior of the unit disk D, and by the Caratheodory theorem, it can be

extended continuously to the boundary
¢: W(A) — D.

If we choose one point zj inside W (A) such that ¢(zy) = 0, then this mapping is unique up
to multiplication by a scalar of modulus 1 (e*), which is the rotation of angle 8 around the

origin. In Crouzeix’s conjecture, our goal is to find the upper bound C(W(A)) or

[1f (A2 Hf( 1IEY

Sup ————— =su

© sup [FG S 1 fllwen
zeW(A)

It is equivalent to consider
M

||f( A2 _ NP
Plwe  n Al

where M = ¢(A) and f = ho ¢, since

F(A)ll2 = [[(M))]]2,

and

1 fllweay = |Ih o @llway = |7

1.2.5 Blaschke products

From the definition of functions of a matrix, f(A) is uniquely determined by the values of f

(and perhaps some of its derivatives) at the eigenvalues of A. Suppose

: Al
f= s



10

Then, of all functions f satisfying f(A) = f(A) (i.e., all functions f that match f and
appropriate derivatives at the eigenvalues of A), f must be the one that minimizes the
denominator above, || f||wa)-.

Pick-Nevanlinna interpolation shows us that of all functions that take n given values (or
given derivative values) at given points in the unit disk D, the one with minimal co-norm on

D is a scalar multiple of a Blaschke product of degree at most n — 1, i.e.,

n—1
Z—
B(z) = exp(iv) eyl < 1.
jl_[l 1—a;z !

Since Blaschke products map the unit disk to itself and thus have magnitude 1 on the

boundary, our goal is equivalent to find

A
sup A2 _ sup |5 0 6(4)] |

£ I llwcay
where ¢ is any conformal mapping from W(A) to . While the optimal Blaschke product

B (corresponding to a given conformal mapping ¢) is often uniquely determined (to within
multiplication by a unit scalar), we will see in the following part that this is not always the

case; thus f =Bo ¢ is also not unique.

1.2.6  Jacobi elliptic functions and Jacobi theta functions

An elliptic function is a meromorphic function that is periodic in two directions on the
complex plane. In the discussion, we take the Jacobi form. One definition is the inverse of

the incomplete elliptic integral. Take

/¢ do
u= ,
0 /1 —msin?(9)

where 0 < m < 1. The elliptic sine is defined as sn(u),

sn(u) = sin(v),

the elliptic cosine is given by cn(u),

en(u) = cos(4),
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and the delta amplitude dn(u) is

dn(u) = 1/1 — msin®(v).

If we choose ¥ and m as two parameters, Jacobi elliptic functions can be written as

sn(u, m), en(u, m), dn(u, m), etc. The elliptic modulus & is

k= +/m,

and the complements of k£ and m are defined as

and
E=vm'.

The quarter periods along the real axis and the imaginary axis, K and K’, can be written

in terms of m or k. By introducing the Jacobi theta functions,

Di(z,q) = —i > (=1)"q" P exp ((2n + 1)iz),
Doz q) = Y g exp (2 + 1)i2),

Is(2,9) = > ¢ exp (2niz),

n=—oo

and
o

9a(z,q) = Y (=1)"q" exp (2niz),

n=—oo

where ¢ is the nome, we can rewrite Jacobi elliptic functions and the parameters as follows:

93(0, q)01 (u/2K, q)
U5(0, ¢)4(u/2K, q)’

sn(u, k%) =
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and

T
K= 5193(07@2-

Gabor Szegd [31] showed that the conformal mapping of the interior of an ellipse with foci

points +1 onto the unit disk is

do(z) = Vksn (% sin~! z, k2) :

™

if we map the origin to itself. The nome

. (ml —m2)2
1 mi + Mo ’

where m; and ms are the lengths of the semi-major and semi-minor axes respectively.

In this thesis, when k = k(q), we denote
sn(u) = sn(u, k%).
Otherwise, the second parameter is given explicitly, for example,

kn = k(qn—l), n = 2737 e
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Chapter 2
SOME NEW RESULTS

It is known that Crouzeix’s conjecture holds for matrices with circular numerical range.
In this chapter, we show the relation between matrices with circular numerical range and
matrices with elliptical numerical range, and give several examples of how we take advantage
of the tools in the previous chapter to study the exact upper bound and uniqueness (up to
multiplication by a scalar) of the extremal function. We point out that the extremal function

is not always unique even for the circular cases.

2.1 Theorems

Theorem 3. If f(z) defined on W (A) is one optimal function for A € C"*", i.e.,

1F Az
sup (=)

zeW(A)

C(W(A),n) =

then f(z) is one optimal function for AT, and f(Z) is one optimal function for both A and

A*.
Proof. For any unit vector ¢, taking p = ¢, we have

p*ATp = (p*ATp)" = p" Ap = ¢" Aq,

p*Ap = p*Ap = p*Ap = ¢* Aq,

and

¢ A"q = (¢*A*q)* = q*Aq.

That is,

W(A) = W(AT) = W(A) = W(A*).



14

For any analytic function g(z) on W (A), g(2) is defined on W (A), h(z) = g(Zz) is also analytic

on W(A), and we have

AT Ilg(A)lls 1F ()]l

— _ =C(W(A
sup 1902~ sup 193] = sup 1f) Y A
zEW (AT) zEW(A) €W (A)

the equality holds when taking g = f . By the same token,

lolle _ Mol _ Al 1Al _ g0,
sup [g(2)]  sup [g(z)]  sup Jh(2)] T sup |f(2)| o
zeW (A) 2EW (A) zeW(A) 2EW (A)
oAl _ llotA7lle e UFe o
sup 19(=)l  sup |g(z)]  sup [h()l T sup |f(2)] |
ZzEW (A*) Z2EW(A) 2€W(A) zeW(A)
Both inequalities can hold when taking h = f, i.c., g(z) = f(2). O

Theorem 4. For any square matriz A and complexr number a € C,

W(A+ aA") ={w+ aw*|lw e W(A)},
and

OW(A+ aA") = {w+ aw'|lw e OW(A)}.
Proof. For any unit vector ¢, we have
¢"(A+aA")qg=q Aqg+ q"aA™q = (¢"Aq) + a(q" Aq)",

thus,

W(A+ aA") ={w+ aw*|lw € W(A)}.

The boundary points of W (A) are the set of values ¢* Aq where ¢ is a normalized eigenvector
corresponding to the largest eigenvalue of

eiGA + e—z'@A*

5 ,0<6 <2 (2.1)
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The boundary points of W (A + aA*) are the set of values p*(A + aA*)p = p*Ap + a(p*Ap)*

where p is a normalized eigenvector corresponding to the largest eigenvalue of
¢7(A+ad) +26”(A* +atd) (7 +ate M)A : (e DA o (22)

Taking e’ 4+a*e™" = re?, the matrix in equation is a positive multiple of that in equation

2.1] so eigenvectors corresponding to the largest eigenvalue of the two matrices are the same,

OW(A+aA™) ={w+ aw'|w € OW(A)}.

2.2 Clircular case

2.2.1 Uniqueness of the extremal function for Jordan Blocks

We know that for the n by n Jordan block

01

o o o O
o o o O
o o O )
o - o O O

] - nXn

W(J) is a disk centered at the origin of radius cos(;75), and the conformal mapping ¢ that
maps W (J) to the unit disk D is

1 1
o(z) = —2=cz, c= —>1
cos(n—H) cos(n—H)
We can rewrite
o(J) = DD,
where ~ ~
1
c
D=
Cn—l
L 4 nXn
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Since ||J||2 = 1, by von Neumann’s inequality,
IB()]l2 <1,
and we know for any Blaschke product B that
B(¢(J)) = D™'B(J)D,

and

|1 B(o()l2 < &(D)|B(J)]|2 = " HIB()||2 < "
One extremal Blaschke product is
B(z) = 2",

since
1B(6())]]s = "

To prove uniqueness, suppose the extremal B(z) takes the form

z (6 7]
B(z) = J . €C, and || < 1
(Z) ' 1 - O?jZ7 a] ) al |aj| —
j=
then
B(J) = po] +p1J+ s +pn_1J"_1,
or _ _
Po P1  DPn-2 DPn-1
0O po P11 " Dn2

0o 0 - Do P1
0O 0 --- 0 Do

since J" = 0. Here p; is 1/;! times the j derivative of B(z) evaluated at z = 0 and can be

expressed in terms of the a;’s:

n—1
po= (=1 H aj,
=1
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P = (—1)”_22_: ((H Oflc) (1- |aj|2)> ;

We know that the p;’s satisty
1Pl = [[B(J)]]2 < 1,

and

1B(¢(N)l2 = ||DT'PD]|z < [|[D7H o] |P]l2]| D2 < "7, (2:3)

with equality in both places if B is extremal. Suppose that the first right and left singular

vectors of D™'PD are v; and w,; respectively, i.e.,
UID_lpD’Ul = Cn_l, ||U1H2 = Hu1H2 =1.

Then equality holds in (2.3) only when ||P||z2 = 1, u; is parallel to the first right singular
vector of D~T = D! that is e; ( e;’s are the standard basis), v; is parallel to the first right
singular vector of D (i.e., e,,), D~ u; is parallel to the first left singular vector of P, and Duv,

is parallel to the first right singular vector of P. Thus, we have

|pn—1| = ]-7

and

NG

n—1
lpo P+ pua]"ll2 = (Z \ij) <|[Pll2=1
7=0

gives us

pj=0, =01 ,n—2

Further, py = 0 means B(0) = 0, from which we get some «; = 0. Without loss of generality,
take oy = 0. Then

. a; € C, and || < 1.
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Differentiating B(z) we see B'(0) =0 (i.e., py = 0), which implies that one of the remaining

- .
a;’s1s 0, L.e.,

n—1
B(z) = 2] L, a; €C, and |oy| < 1.
e 1—a;z

Doing this step by step, finally we get
0412042:"':()[”_1:0.

That is, B(z) = 2""! is the only extremal Blaschke product.

2.2.2 A Diagonally Scaled 3 By 3 Jordan Block

Here we identify one example for which the extremal function is not unique.

Let
01 0
A= 10 0 1—t|,te0,V3-1].
00 0
W (A) is a disk centered at the origin with radius
r= (1+<1_t)2)<1.

5 =

The conformal mapping ¢ that maps W (A) to the unit disk D is

1
¢(2)_;27
which means
0+ 0 010
p(A)=-A= 10 0 =t|=D|o 0 1| D '=DJD,
T T
00 0 0 0 0
where
1 0 0 01 0
D=10r 0 |, J3=10 0 1
7”2
0 0 0 0 0
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SinceOgtS\/g—l,W(eget

il oL

V2 2
and

1 r2

- < <1

27 1—-¢t—

Then, for any Blaschke product B we obtain

B(¢(A)) = DB(J5)D™",

and
1 1 1—-t 1
1B(e(A))llz < 1Dl B(J5)][2[D7 |z =1 -1+ ID7 ]2 = max { —5=, ).
Taking B (z) = z, we find
1
1Bl = 1.
and taking By(z) = 22, we find
1—t
IBa(ell = 5.
o . _ 1—1 2
In addition, on the interval [0,+/3 — 1], the function h(t) = = decreases

" \/ 1 + (1—1t)2

monotonically as t increases. We find the value ¢, after which || By (¢(A))||2 starts to exceed

|| Ba(¢(A))]|2 by solving

I 11—t
ro o2
or
h(to) = 1.
We get
to=1 !
0 Vel

When t < t(, the extremal Blaschke product is 2%; when t > t,, it is z; at the value ¢y, both

Blaschke products (z and z?) give the same extremal result

1B(o(A))]]2 = V3.
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1.9 ]

Optimal
;

1.7

1.6 ‘ ‘ ‘

Figure 2.2.1: ||B(¢(J,))||2 vs. t. Blue is B(z) = 22, and red is B(z) = .

Figure shows a plot of maxp |[B(¢(A))|l2 = max{[[Bi(¢(A))l]2, [|B2((A))]]2} as t
ranges between 0 and /3 — 1. In addition to showing nonuniqueness, the extremal Blaschke
product has degree less than the maximal degree n — 1. This has been observed in numerical

experiments, and we have now proved it for this class of matrices when 1—1/ V3 <t<3-1.

At the point t =ty = 1 — -, we have

\/ga
0 V3 0 1 0 0
_ _ 1
#p(A)=10 0 1 andD_()73 0
1
0 0 0 00 &%

Suppose that the first right and left singular vectors of DB(J3) D! are v; and u; respectively,

le.,
wiDB(J3) D™ oy = V3, [[ur]la = [Jua]|> = 1.

We see that u; must be parallel to the first right singular vector of DT = D (i.e., e1), v

should be parallel to the first right singular vector of D~! (i.e., ey or e3). In fact, the choices
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of v; (v = ey or v = e3) correspond to different extremal Blachke products z and 22,

respectively.
2.3 Elliptic case

There are several ways to extend A. Greenbaum and D. Choi’s result for J, in section
(L.1.6). We can take A = Q*(A + J,)Q, where Q is a unitary matrix and A € C; let
A = DM + J,)D™!, where D is diagonal (since DJ, D~ is still in the form of equation
(1.1)); define
WA

Mgl + Jj3

SN
Il

Aod + Jy

where J,, -+, J, are all in the form of equation ([1.1.6)) (Crouzeix’s conjecture holds for each
block of J, so it also holds for J. This includes the standard Jordan form); or construct
A=J,+bJ: bel0,1].

Especially, since Crouzeix’s conjecture holds for any matrix with a circular numerical range,
by Theorem [], if the numerical range of a square matrix A is an ellipse with semi-major and

semi-minor axes m; and msy respectively, then we can translate and rotate A to the form

A =exp(—if)A+ al,

where « is the center of W(A) and f is the angle between the major axis and x-axis (real).

Then W(fl) is an ellipse centered at the origin, the major axis is on the z-axis, and the

minor axis is on the y-axis. The boundary of W(A) is

OW (A) = my cos(f) + imgysin(f), 6 € [0,2n).

If my = ma, this is the special case where W(A) and W (A) are disks. Otherwise, taking

mi1 — Mo m1+m2
b:— T = —

ml—l—mg’ 2 ’
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we know that
A=C+0C7, (2.4)
where

and the boundary of W(C) is
1 -
oW (C) = {1_—b2(z +b2%)|z € 8W(A)} = rexp(if), 0 € [0,2n).

W(C) is a disk centered at the origin with radius

m1+m2

2

In this way, given any matrix A with elliptic numerical range, we can find b and matrix C,
such that W (C') is a disk; given a matrix C' with circular numerical range and a parameter b,
by equation (2.4) we can construct a matrix A with elliptic numerical range. It is shown [3]
that the two focal points are eigenvalues of matrix A. In the next part, we discuss the elliptic

cases derived from some special matrices with a disk numerical range.

2.3.1 2by 2 case

For any 2 by 2 matrix, W(A) is an ellipse and Crouzeix [6] proved that

C(W(A),2) =2exp (—Z (_IT)LM : fp") ,

n>1

where

14++V1—¢
pP=—"">7
€

and € is the eccentricity of the ellipse W(A). Here we give an equivalent expression for the
bound C(W(A),2) and prove that B (or f) is unique.
It can be shown that, after a proper translation and rotation, any 2 x 2 matrix A # cl

(trivial case) is unitarily similar to a matrix of the form
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where a > 0,d > 0. If a < d, it is equivalent to consider AT, so without loss of generality
we can assume a > d > 0. The matrix A is normal if and only if @ = d, and in this
case ||f(A)|]2 < max.cwa)|f(2)]; otherwise, W(A) is an ellipse. From G. Szego [31], the

conformal mapping is

¢o(2) = Vksn (ﬁ sin ™! z) .

™

We can multiply A by the scalar y/k/(ad) and write

A= b,
Vib 0
where 0 < b = g <1land 0 < k= k(b*) < 1. The conformal mapping maps A to itself, since

A is diagonalizable and it maps the eigenvalues of A, +vk, to themselves.

1 o] lo 1l]1 o X
P(A) = A= = T7'CT.

0 /2| [k O] [0 /%

Since ||C||> = 1 and the condition number of T', x(T') = 1- /%, for any Blaschke product B,

by von Neumann’s inequality [29],

k

IB@AIE < /5.

The equality holds when
B(z) = z,

see Figure [2.3.1]
Further, the extremal B is unique if A is nonnormal (¢ > d or b < 1). Suppose an

extremal B is of the form
B(z)= —% o] < 1.
1—az

We will show that o« must be 0.

By Theorem [2, an extremal Blaschke product B satisfies

B(o(A))vr = |[B(¢(A))||2u1,
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and

ujv; =0,
where u; and vy are the first left and right singular vectors of B(¢(A)). Taking
V= [Ul UQ] = [Ul 'LLl],
we have
ViV =VV*=1,

and the diagonal elements of V*B(¢(A))V are 0, i.e., the eigenvalues of V*B(¢(A))V or
B(¢(A)) are of the form +); i.e.,

VE—a _ —VE-a
1—avk 1+avk’

0< k<1,

which gives

a = ak.
When 0 < b < 1, we know 0 < k < 1 and
a = 0;

when b = 1, we know k = 1 and the matrix A is normal.

2.3.2 3 by 3 elliptical case with one parameter

Since W (J3) is a disk, we can construct a matrix A
A=J;5+bJ;,

and from the previous discussion W (A) is an ellipse. C. Glader, M. Kurula, and M. Lindstrom
argued that Courzeix’s conjecture holds in this case [11]. We give the exact upper bound

and prove uniqueness here.
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Optimal
2.0

1.8
1.6
1.4

1.2

S S S
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.3.1: [|B(o(A)l2 = /% vs. b

1
Scale A by the factor —=———, thus
2v/bcos(%)
010
1
A=—1b 0 1|, be(0,1].
v 01
0 b0

The eigenvalues of A are 0 and the two foci of W(A), £1. The conformal mapping ¢ is

™

o) = ks (s i(s))

that is,



where ¢ = ¢(1) = k'/2. We can rewrite

_ - -
0 % 0
kb k 1
A) = > | =T"CT,
¢(A) > 0 5
kb
Y Ve Y
where
1 0 0
T 0 L 0
— i 7
1
0O 0 -
t
_ - -
0 ”2_17 0
=1 /% uay
2t 2b
kb
LYV 0
and
L b(1+ 1 —k?)
— : )
We can check that
1C]]2 =1,

and

1
§<t§1, if b € (0,1].

1
When b — 0, t — o i.e., b =0 is a removable singularity of ¢.

By von Neumann’s inequality, for any Blaschke product B, we have

k
1B = [T BT < ([T LIBO LTI < 1-1- =

t o b(1+1—k?%)

Taking
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Optimal
2.0

1.8
1.6
1.4

1.2

gl s N
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.3.2: ||B(6(A))]|| = 2 vs. b

1 k
=R e

we can achieve the extremal Blaschke product. That is, for this class of matrix

where

0 0 1
. k
B(C) = 0 e Y.
Y gy = ) .
FERv _
0 0 %
B _ 0 i 0
(¢(A4)) = T+ ViR |
1_— ”1_k2t 0 0
ViR ]
B2 = ;
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To prove uniqueness, assume the extremal Blaschke product is in the form

zZ— 01 Z— Q9

B(Z): — — .
1—0a12z1—anz

Since the minimum polynomial of C' is

% —kC = 0,
we have
B(C) = pol + p1C + prC?,
where
(
Po = 102
1 —|as]? 1 —ay]? N R L e P
. - k
PL= 0y gy T g (a1 + @) 1— a2k 1 — a2k (2.5)
1= 1—ayf? I —arP 1T —as)?
— @ a1 g g
(P2 T T e T T ek S T ey

On the other hand,
_ 1
1B(a(A))l2 < 1T 2 BO) /7|2 < o

with equality in both places if and only if B is extremal. Then, we must have
1B(O)]]2 =1,

and e; and e must be parallel to the first left and right singular vectors of B(¢(A)) (or
B(C)), respectively. Thus, we have

0 0 13
B(C>: Tor T2z 0 |,

x31 w32 0

and

1= el = |BO)]l
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Without loss of generality, taking x13 = 1, we can obtain

( k
Y
plZO )
2
P2=——F——
\ 1—}—\/1—]62

and

B(C) = B(C).

Combining with expressions (2.5]) for py and p; in terms of a; and as, we have

[k k
N1 = —09 = ——F—— 0l (¥] = — (V9 = — R —
' TV rievicRe ? 1+VI- k2

One can double check that the expression (2.5)) for po,

14++/1—K2 1— a2k 1—a%k

is also satisfied. In sum, the extremal Blaschke product is unique

1L — oy’ 1 — |ay)?
1 — a2k 1 — a2k’

+ (1 + kajae)

B(z) = B(2).

Further, we can find the relation of Figure 2.3.2| with Figure by showing the relation
between k(¢®) and k(q)

_ k(q)
14+ /1 - k(g)?

Proof. We know that the Jacobi theta functions satisfy

k(q?) , ¢ €1[0,1].

03(q)* = 02(q)* + 04(q)*, (2.6)

and we can rewrite them in terms of the Dedekind eta function

bula) = 12
03(q) = 77(7—)5 29
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where ¢ = exp(mi7). Substituting all 6; into equality (2.6), we find
24 7\® 8 8 7\®
n(m)* =n (5) ner)® (16920 +0(3) ).

It follows that

T\ —8n(27)1 + \/64n(27) + 1(T)*
1(3) =

2 n(27)4 ’
oo (5 e g (5)
n(2r)°" = 320(2)" :

or

8 _ —n(7)12 + /64n(27)2* + ()%
32n(7)4 '

Expressing 7(47) and n(%) in terms of n(7) and n(27) on the left hand side, we have an

n(4r)

identity
2 4 12 4 (T\® u, (TV
n(r)nar)* (n(r)2 +n2r)tn (3) ) = 2020 (3) -
This can be written in terms of §;’s,

02(¢°) (63(q)* + 04(0)?) = 62(q)*05(¢?),

which is equivalent to the equality

k(q)

1+ 1 K(?

: : . k(bh) k(b?) :
Figure [2.3.2{ and Figure [2.3.1) match the functions R and 5 respectively.

2.3.8 8 by 3 elliptical case with two parameters

k(q?)

Let
01 0

A=—w0——1|b 0 t|, be(0,0.7], te]0,1].
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We know that A has eigenvalues 0 and £1. The numerical range W (A) is an ellipse with
major and minor axes 1—\%’ and focal points +1. The conformal mapping ¢ is an elliptic
function and

H(A) = k2 A,

where k = k(b) is the elliptic modulus. From the numerical tests, we seem to have different
extremal Blaschke products for different choices of parameters ¢ and b. It is shown in Figure

[2.3.3] that we can take

(

% (b,t) € Region I

B(2) = o (b,t) € Region II (2.7)
122—_522
1_ 2.2 (b,t) € Region III

where the parameter o depends only on k (or b).

o k _1-VI-R
14+ V1— k2 k

and 8 can be written in terms of b and ¢ as

> 0,

—es + VA~ \[(es — VB — 1663

4C4

A = cg — 4cgey + 80421.

See Appendix@for the details of the coefficients ¢;’s and e;’s in this section. In fact, assuming

that the extremal Blaschke product is of degree 1 with parameter 5, then maximizing

1BH(A))]]2 = H 181 <

Iﬁcb

reveals that 42 is the minimum root of the quartic equation
4 3 2 _
4T+ c3x” + cox” + cs3xr + ¢4 = 0.

This quartic equation has positive real roots 5% € (0,1) in Region II, and extremal Blaschke

products are obtained by taking 3 to be £ the square root of 4%; it has no real roots in
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Region I, and the boundary point # = 0 gives the extremal Blaschke product, as shown in
equation ([2.7)).

In Region I, we have

and its norm is

B  R(L+ %)
Ly = VK[| A]]; = A
In Region II,
[ BBk k kt i
” (1+t2)_5’ b b(1+t2) 6516(14—752)
(A - Bl 2 B R
B(g(A)) = T—Ba(4) b a+e) BBk — B, Pt —b(21 o) |
kbt kb kt
_ﬁﬁlm, 51t\/ma 551@ - /B_
where
_1-p
pr = 1= 3

and the norm of of B(¢(A)) is

1 1\/§i§/d1+\/d%4d§+1+\/§i§/d1\/d%zld%)
2 2 ’

LH: 5 e+

2 2
where \
e e?
o=~ — o

In fact, L?; is the maximum root of the cubic equation

22— e12? + eox —e3 = 0.

In Region III,

(1-2*) 0 2
B d(A)? — a®I B k )
B =gy ~ avicmaae | 0 ) 0
20t 0 (t* —1)




0.8F

0.0t

and its norm is

In Figure 2.3.3] L; = Lj; gives us the blue curve. On the left of this curve L; > L;;, and on

0.6+
0.4r

0.2+

Region I

Region | Region I

Figure 2.3.3: Turning point ¢y vs. b

k (t(l —0%) + /(02 +2)(1 + b2t2)>
b(1 + £2)(1 + V1 — k?)

LIII =

33

the right of this curve L; < Ly;. Similarly, L; = Ly gives us the red curve, and L;; = Ly

gives us the black curve. These 3 curves divide [0,0.7] x [0, 1] into 3 regions: in Region I,

Ly > Ly and L; > L[[[; in Region II, L > L; and L > L[][; in Region IIL L > Ly

and Ly;; > L. In Region I and III, we can expect a unique extremal Blaschke product up

to multiplication by a scalar, while in Region II and on the curves, the extremal Blaschke

product is not unique.

The figure agrees with our analysis in the previous sections. For example, when ¢ = 0, we

have

010
b 0 0
000

A:

Sl-
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Since (b,0) is in Region I, we can expect a unique Blaschke product B(z) = z. This is the
same as the 2 by 2 case in section (2.3.1)). When b — 0, we can consider the matrix

01 0
b(1+t)A= {0 0 ¢
0 0 0

From section ([2.2.2), we know that the turning point is t; = \%7 which is exactly the left

boundary point of the red curve. When ¢t = 1, we have

010
A=—1b 01
V2b

0 b 0

Since (b, 1) is in Region III, we can expect a unique Blaschke product

22— a?
B = —
(2) 1 — 222

This is the same as the 3 by 3 case in section ([2.3.2]).
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Chapter 3

EXTENSION OF THE CHOI-CROUZEIX-CRABB MATRIX

We know that Crouzeix’s conjecture holds for the Choi-Crouzeix-Crabb matrix and the
upper bound 2 is achieved in this case. The numerical range of the Choi-Crouzeix-Crabb
matrix is a disk, thus by equation (2.4) we can extend this matrix and analyze the exact
upper bound and uniqueness of the extremal function.

The Choi-Crouzeix-Crabb matrix is defined as

0 vV2 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
C =
0 0 0 0 1 0
0 0 0 0 0 V2
0 0 0 00 0]

The numerical range W (C) is a disk centered at the origin with radius 1. The conformal

mapping is

o(2) = z.

The unique optimal function is B(z) = z"~!, and the upper bound is ||B(C)||, = 2, showing
that the upper bound 2 can be achieved.
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Take
[0 V2 0 0 0 0]
VvV2b 0 1 0 0 0
0 b 0 0 0 0
AZQL\/Z_)(CMO*):%\/I_) be(0,1],
0 0 0 0o 1 0
0 0 0 b 0 V2
|0 0 0 0 V2b o
s ]
bz
D =
b
b
Then
A:%DHD‘l,
where _ _
0 V2 0 0 0 0
V2 0 1 0 0 0
0 1 0 0 0 0
H =
o 0 0 --- 0 1 0
0 0 0 -~ 1 0 2
00 0 - 0 V2 oy

Thus H is real, symmetric and Hermitian. Here W (A) is an ellipse centered at the origin

with semi-axes %%’ In the following sections, we prove that Crouzeix’s Conjecture holds
for certain values of n, that the upper bound is 4/ % and that the extremal function

f = Bo ¢ is unique up to multiplication by a scalar.
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We use the notation:
q="0, k=k(*) =k(q), k., =k ?), K =K(k), K, = K(ky,).
3.1 Find the conformal mapping of W(A) to the unit disk
We first determine the eigenvalues and eigenvectors of H. Solving
Hx = Az,

we have

V21s = Ay

V2x1 + 25 = A\xo

Tji1+xjp = Ary, Jj=3,4,--,n—2
Tps + V20 = A\tp_1

\/irnfl = /\xn

Solving the difference equations, we find

\

x; = Cytl +Cot), §j=2,3,---,n—1,

where
p = A+ VA2 —4 by — A—VA2—4
2 ' 2 ’
Thus,
( \/§$2
xr1 = )\
o \/ixn—l
" A
Ol . 2t — A ’
Cy N2t — 2t — A
Cy Aty — (A2 —2)
(O (A2 =22 2\ 3
and

(2= 1)@ — 1) =0,



that is

Then,

and

t%an
—1
tl = eXp(Z (] ])_ﬂ_),
1
to = — = exp(i
t

j = 2cos

The corresponding eigenvectors are

v; = [Vj1, Vja, -+

where
( 1
Vi = ——
j V2
v = cos(
an =
\
and

Normalizing these eigenvectors, we obtain the real symmetric matrix

where

[lvill2 =

(U—Uﬂ

n—1

9

S = [51752a"' ,Sn]nxn =

n—1

\/21771 —N2—"M3—"4

ifi=1

otherwise

Y

Up;

'COS(

— 1,2,

(1—j)m
—1

j:1727'”

T .
3 an—la 'an] y J

1S5

L,

0,

(i-1)( - 1>w)

n—1

if j =1

otherwise

Y

Y

38
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1, ifi=n 1, ifj=n
N3 y M4 =
0, otherwise 0, otherwise

We can check that
ST =5=6"1 §2=1.

The eigenvalue matrix of A is

1

and
A=DSAS'D ' = DSASD™.

W(A) is an ellipse with axes 2(1—\;”) and foci £1. The conformal mapping from the interior

of the ellipse to the unit disk is

o) = ks (2 sin (),

™

where sn is one of Jacobi’s elliptic functions, and k = k(b?) and K = K (k) are the elliptic
modulus and quarter period respectively.
We have

$(A) = DSUSD™!, (3.2)

where W is the eigenvalue matrix of ¢(A) and the diagonal elements are

;= k2 sn (% sin™! (cos(@))) = k2sn (K(l _ 20 _11))) . j=1,2,- ,n.

™ n —

We have
Ypy1-j = —Y;
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\/E:¢1>¢2>"'>¢n—1>¢n=—\/g-

and ¢(A) is real and persymmetric (¢(A); ; = ¢(A)n+1—jn+1-:) With non-zero elements every

other diagonal.

3.2 Construct a contraction that is similar to ¢(A)

To construct a contraction from the conformal mapping of A, we need some Jacobi elliptic
equalities involving sn(-), cn(-) and dn(-). We use a similar method from A. Khare, A.

Lakshminarayan and U. Sukhatme [24-26]. We first prove the equality

) = k" H < ( 2m+1)K) :k”ﬁsn2 (M), (3.3)

m=0

where ¢ is the nome, k = k(q) is the elliptic modulus, K = K(k) = K(q) is the quarter

period and n is any positive integer.

Proof. Since

n—1 .
(2m + 1)mi
142" = T
#or = [0 1
PR = (2 +1)
2m+1)7 9

1 . 1-2 —_— dd
(o) [T - 2eos(Z 00 402y noaa

— m=0
n_q

= 2 1
H (1-— 2COS(M)£L‘ + 2?), n even,
n

\ m=0

and

VE sn (u, k?) . ﬁ ( 1 — 2cos(%)g% + ¢ )
—ru. 4 — vl B
QSln(ﬁ) Py 1 —2cos(F)g¥ = + q¥
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we can interchange the order of two products (absolute convergence) to obtain

( n—1 4

W [ (e 21—[_1 1 — 2 cos(2mtmy 2 | g4 Ny
’ 1T 21 ) , no
4 =1 1 -+ q2‘]_1 m—0 1 2 Cos(w)qu—l + q4j—2
- 4
~ (3 emem 25
n 1— 2005(—)q1+qy
4q> 1_[1 1_[0 ( — 2 cos( (2m+1) @rmy 2j1 | g4 ) n even
\ j=1 \m=
¢ o L ( (2m+1) K)
gn—1 7;!1) Sin 2m+1)7r> , n odd
n even
\ 47’1—1 =0 Sin 2m+1
o |2]-1 2m+1 K)
- 4n—1 0 SlIl 2m+1 7r)
When ¢ — 0, we have
KO) =0, K@) =1,

and
When ¢ — 1, we have

and

2 HK
sn(w,l) =1, mzo’l"”LﬁJ — 1.
n

Thus, for any positive integer n
l5]-1

2 1
qn—1 H sin? <W) =1.

m=0
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and

k(g") = k" Lrﬁl on (M) .

n
Since sn (z) = sn (2K — z) and sn(K) = 1, we have

l3]-1

k(q") = k" 1—_10 sn’ (M) — k" ﬁ sn2 (M) _

m= n m=0 n
O]
Define
- a 2(1—1)
Qi,j = Z Si,lwlsl,j = \/EZ Si,l S1 K 1— n— 1 Sl,j7
=1 =1
and
= I 1
Q.= Z Sii/ Sy = —= Z Si Sk
1,) 1y 5J 2y _ 5]
1=1,1,70 vk I=17p0  SI (K (1 - %))
We have that
Qij =i = Qny1-int1-j,
Q;j = Q;z = Q;H—l—i,n-l-l—j?
n i js n even
Z Ql’lQEJ - )
=1 51‘7]' — SiLHSLH]-, n odd
2 2
Q;; = ; =0, when i, j are both odd/even.
When n is even, we prove that
n—1 2( . 1)
1+ ) (=1)"'sn <K(1 LY 1 ))
. Oy =2 e
kg = 5" =k T (3.4)
o 1+ Y (=1)7!/sn (K(l — b))
s n—1

Proof. We take advantage of the properties of the Jacobi elliptic functions

sn(z) =sn(2K — z), Vz € C,
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sn(z* — z) = —sn(z2* + 2),
where 2* = iK' + 2miK’', m € Z are the simple poles of sn. The left hand side is

252 -1

k) =kt [ st (M) e T s (M) |

n—1 n—1

m=0 m=0

and the right hand side is

2 S (B8

Letting
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we prove f1(z) = fa(z) and equation (2) is just f1(0) = f2(0). We see that fi(z) and fo(2)

are two doubly periodic functions, since
sn(z" —z) = —sn(z* + z2), Vz € C,
or
1/sn(z" —z) = —1/sn(z" + 2), Vz € C.

The double poles of fi(z) are removable, for example,

. s N2 —
ZJ%I/EK(Z—FK iK' fi(z) = 0.

Thus fi(z) and fa(z) only have the same simple poles as sn. Since

1

sn(z +iK') = Fen(e)’

the residues of f1(z) and fy(z) are

and

lim (z — 2%) fa(2) = :I:%,

z—z*

where z* is a simple pole of fi(2) or f3(z). Defining

we have that



and since sn(z) is odd and periodic,

2K
/ sn(z +r)dz =0, Vr € R,

2K

fl( )dz
/ ha(z

/_ (A1)~ Cufal2))dz =0 = 4KCy,

and

which gives Cy = 0.
Further, from f;(0) — C1f2(0) =0 and f1(i:K') — Cy f2(1K') = 0, we get

thus, C; = 1. In sum, fi(z) = fa(2).
We not only prove equation ((3.4)), but also get two equalities

fl(z) = f2(2’),

(1Y en (E{Kl) " (jj_Kl) — 2Hsm (n%_Kl)

and

T ()
T ()

fiGK") j:z(—l)j sn <(2‘2++1)K)
U e () S (e
\ " el s n—1

45



46

When n is even, we prove

/ / ey, /
11 Q112 Q1 = Q0 12 Qi (3.5)

Similarly, when n is odd, we prove

n—1
no1 (Q%,H-l + Qi,i-ﬁ-l) —((=1)> Qll,i-i—l - Q;z,i-&-l)Q

h=(-1
=1 Q1 it

L i=1,3,--.n—2 (3.6

where h does not depend on 1.

When n is odd, we prove k(g"') is the smaller root of the quadratic equation
2* —hr+1=0. (3.7)

We proved these equations for the first few integers n = 2,3,4,5,6, and we numerically

tested a lot of cases (different n and ¢ = b?) in Mathematica.

mxn it A s a submatriz of A with selected row in-

Lemma 5. Given a matrix A € C
dices {ry,r2,--+ ,1p} and selected column indices {ci,ca,--- ,¢,}, and the entries of rows
{ri,ma,- -+ ,1p} and columns {c1,ca,--- ,c,} are 0’s except for those in A, then the singular

values of A are a subset of the singular values of A.

Proof. Taking the standard basis {e;}, we have

A:PIAP% P1: T’2 7P2: "'76T

6(:17 ecza cq .

We can add the missing indices to extend P; (adding rows) and P, (adding columns) to be

two permutation matrices P, and P,. Thus,

o i A Opein U; 0| |=; o v oo
PLAP, = BUsS AV Py = Ol I e A A
Om g X 0 Uc| |0 x| |0 W
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Now we have the conformal mapping of A, and we can choose a diagonal matrix 7" such

that Té(A)T~! is a contraction,

1
r—| "
Tn—l
Letting t; = ij%, when n is even, we take
(tQ o QLQ
1 Q/

1,2
t% = tifl/t,?%:}
t2 _ Q174

Sy

t2_3 o Ql,n—2 s (38)

Q,l,n—2
tiﬂ = t% 1/%

n—1 .
2(7—1
1+ ) (=1)"'sn (K(l _ 20 : ))
Ql,n =2 e n—
1+ (-1 s (K(l Y ))
, n—1
\ J=2
we get that
- - - - -1
1 1
t t
TH(A)T ' = ! M| ,
tn—l tn—l

where

M = [Qy] =) SuthSy.
=1
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T¢(A)T~! is symmetric along the secondary diagonal, i.e., N = T'¢(A)T 1P is symmetric,

where ~ _

1

P =
1
1
From equation (3.4) and (3.5) we can check
(N+ (N = DN+ [[e5D) =0, (3.9)
j=1

that is, the singular values of N and T¢(A)T~! are n — 1 1’s and H Y <1,

J=1

1T¢(A)T ]2 = 1.

We can also use lemma to solve a simpler version of equation (3.9). Since ¢(A) has all

0’s along its main diagonal and every other diagonal, we can divide N into 2 submatrices.

For example, when n = 4, we have

0 Mpt 0
My % 0 M23§—;
0 MpZ 0
_]\/[411%3 0 M43,t5—2

and the two submatrices N; and N, are

Myt

Ny = e
to

| My, 2

Mas 1t

N, = ‘2
ts

| M

By checking

Mt 1
0 1
M34i—§ 1
0 1

1
Mt
Myt

327, |

t
My &

t
My &

N[N, =1,



and
(Ny+ I)(Ny = I)(Ny = [ [ w3 1) = 0,
j=1
we also get
ITo(A)T ][> = 1.
Further,

k(b?"2)

L TIlIT e =\ Ty

<2, 0<0< 1.

When n is odd, take

(
t% = t%—l/ti—Q

2= ti—ﬁnz - (_1)7? Q1,2
5=

Oy — (—1)"7

t% - t%fl/t12174

1

tas = th1/13

t%—lgn,nfl _ (_1)%191,7171
2 = 1

; (_1)%9,1,71—1

nn—1 "

t2 L= k(b2n72)

n—

2
n—

and we can check that equation (3.9) is also satisfied. Since wnTH = 0, we have
(N+I)(N—-I)N=0.
In sum, when n is a positive integer
1T(A)T |2 = 1,

and
k(b2n72)
bn—l

L<||T|L/|T7 ]2 = <2, 0<b<1.
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(3.10)
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3.3 Find one extremal mapping

Find one mapping B (which will be proved to be the unique extremal Blaschke product in

the next section) such that

) k,
1BA)]l2 = 1T/ ]2 = 4/ it

so the upper bound should be exactly it It might be hard to solve nonlinear equations
to obtain the roots of a Blaschke product as we did in the previous section. Instead, by the
Nevanlinna—Pick theorem, we check the Pick matrix to prove the existence and uniqueness

of B. Suppose (without assuming that B is a Blaschke product) that B has the form
n—1
B(¢(A)) = > pid(A).
5=0
We have
ITB(¢(A) Tl =1,

and e; and e, must be the first left and right singular vectors of B(¢(A)) (or TB(p(A)T)
respectively. Hence, B(¢(A)) takes the form

_ 0
0 --- 0 =

A * ok % 0

B(#(A)) = ,
x k% :
* ok % 0

and by taking the first row or last column we can solve a linear system to get the p;’s. Let

Z1

Z9

n—1
Z = => p¥.
2

Zn

We know
B(¢(A)) = DSZSD™,



or

Sll

SZS =

S12

Slj
21
Z9
Zj
Zn

Sln

21

22

ol



o2

Thus,

b2
be(0,1]. (3.11)

B(¢(A)) = DSZSD™' = -

bn73

bn—2

bn—l

L - nxXn

In addition, we can find p;’s by solving (there is no need to solve for the p;’s here)

21
29 n—1
7= => pv,
pars
zn
Po 1 |
-1 1 9y --- gfl

vIiP =ve | v TR (3.12)

Paci (~1)nt 1o et

Since all 1;’s are distinct, the Vandermonde matrix V' is nonsingular and we expect a unique

solution of p;’s.
3.4 Uniqueness of the extremal Blaschke product

From part 3, we know that the mapping B maps the eigenvalues of ¢(A) to the eigenvalues
of B (¢(A)), i.e., £k,. By the Nevanlinna-Pick interpolation theorem, we check the Pick

matrix Np(real and symmetric)

1—zz 1" 1—ziz |"
Np = [—_J] _ [_]] . (3.13)
1 __¢U¢% ij=1 1-_/¢j¢% 1,7=1
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If the matrix Np is semi-positive definite with rank n — 1, then B is the unique extremal
Blaschke product of degree n — 1. We will check this matrix for n = 2, 3,4, 5,6 in the next
chapter by analytically determining its eigenvalues or doing Cholesky decomposition. We
also performed numerical tests for many integers n in Mathematica.

In addition, we can get this Blaschke product by the method in paper [12|. The matrix C,

is real,
1
-1
C, =k, V! ' , VP, (3.14)
(-1t
S
and the matrix M, is also real
C, 0
M?n - 5
0 —-C,
thus we can get the real coefficients of the extremal Blachke product {5y, 51, ,Bn_1},

which is the eigenvector of C), corresponding to the eigenvalue 1,

Bo Bo
c. b | _ . b |
_ﬁnfl_ _ﬁnfl_

B(z) _ Bo+ Brz+ -+ Bpo12"
Bozm V4 L1272+ o4 By
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3.5 Another look at the result matrix

Given an n x n per-diagonal matrix

1
b
62
M = ,be (0,1].
bn73
bnf2
bn—l
- d nxn
We have
W(M) = {(z12, + V" 'a12) + (0Ton—y + 0" 229Tpg) + -+ | |2|la = 1},
0 1 - L
={(T122 + V"2 1Z9)|  ||z||l2 = 1}
bnfl 0

On the one hand, we know

0 1
C W(M),
b=t 0
by taking o =23 =---=z,_; = 0in W(M).
On the other hand, since 0 < b <1,
0 b 0 b 0 1
e CW cWwW cw ,
30 b2 0 b=t 0
we have
Thus,

= W(M).
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W (M) is an ellipse with two axes 14 b"!. The eigenvalues of M are +b"z". The conformal

mapping for M is written as

O(M) = \/kb™"F M,

where k, = k(b*"2). Here the parameter is b" ! instead of b. Taking

to
131
123

we choose t; as

where j =0,1,--- | L"T’IJ Hence,
1
L=t <ty <o <ty o <ty1=kib"" 7,

and

1T¢(M)T |2 = 1.

For any Blaschke product,

B(¢(M)) =T ' B(To(M)T )T,

1Bl < 1T R BTN RIITs < 5(T) = ki3 =[5
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Optimal

2.0»—
rf
rof
1.4;

12+

PO S S S ST S SO BT SO S | {bn—1}
0.2 0.4 0.6 0.8 1.0

Figure 3.5.1: ||B o ¢(M)||s = /722 vs b7

By taking

we ensure the equality holds, i.e.,

A k,
IB@AN)IL =1/ <2

See figure |3.5.1] which illustrates that the Crouzeix’s Conjecture holds, and we get 2 when
b = 0, which is the result using the Crabb-Choi-Crouzeix matrix. We see the upper bound
decreases as b increases, and if b # 0, the upper bound increases as n increases. Further, the

Blaschke product is unique by checking the Pick matrix (all ones)

11 -1 1
111 1
=l = ]
111 1
= 4 nXxXn -

It is a rank 1 positive semi-definite matrix with eigenvalues/singular values n and n — 1 0’s,

so we can expect a unique Blaschke product of degree 1, as above B (2) = z.
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Chapter 4
EXAMPLES AND NUMERICAL RESULTS

We will discuss several examples for specific integers n mentioned in the previous chapter
and compare the results with numerical tests. The numerical methods include several steps:
1. Use Chebfun [10] to find the boundary of the numerical range of matrix A; 2. Find the
conformal mapping ¢ from W (A) to the unit disk D using the Szego kernel or Kerzmann-
Stein integral equation [23]; 3. Calculate a Cauchy integral to find ¢(A); 4. Optimize the
roots «;’s of a Blaschke product to maximize ||B(¢(A))||2.

4.1 Numerical Algorithm

4.1.1  Chebfun

We know the numerical range of A is a closed convex set in the complex plane C [16], and
we use the method in [22] and Chebfun package [10] to get the boundary of the numerical
range of A up to the limits of machine precision in Matlab. This boundary o(t) consists
of values v} Av;, where v; is a normalized eigenvector of (e A + e~ A*)/2 corresponding to
the largest eigenvalue of this Hermitian matrix. If no eigenvalue of A lies on OW (A), then
the boundary of W (A) is smooth, but if A has a normal eigenvalue (one whose eigenspace
is orthogonal to the eigenspaces of all eigenvectors corresponding to different eigenvalues),
then that eigenvalue lies on OW (A) and creates a corner point. Since Chebfun attempts to
represent this boundary by a linear combination of smooth Chebyshev polynomials, such a

corner point can cause problems. Consider, for example, the matrix

2 00
A=10 0 2|,
000



o8

1.5} 1

o
o
T

1

Figure 4.1.1: Numerical range of A

whose numerical range is plotted in Figure (4.1.1)). For such matrices, one can find the
eigenvector(s) v corresponding to this normal eigenvalue A € 9W (A) (Chapter 1 1.6.5 [21])

and construct a unitary matrix

U= [U7q17 e aqn—l]a

such that

A0
U AU =
0 A
Since ||f(A)|l2 = max{[|f(A1)|2,|f(A)|}, if one works instead with the submatrix A; and

shows that || f(A1)[l2 < Csup,cyy(a,) | f(2)], for some C > 1, then it follows that

[F(A)ll <€ sup  [f(2)] <C sup [f(2)]-

2EW (A1)UA zeW(A)
Thus, C' is an upper bound on the Crouzeix constant for A. We can repeat this step again

and again until the matrix we consider has no normal eigenvalues, and then the boundary
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of the numerical range is smooth for the numerical test.

4.1.2  Szego kernel

Suppose o(t) = 0W(A), where now we parameterize by arc length ¢ (counter clockwise).

Define

(1) = 20

o

"=
d

Then (o) is the unit tangent vector of OW(A) at point o(t). From [23], we know the

conformal mapping ¢(z) satisfies the integral equation

V'(2) +/0 k(z,w(s))v/¢'(w)ds = %(M) zow€o(t), 0<s <L, (4.1)

m\a—z
where L is the length of OW(A), a is the point mapped to the origin (i.e., ¢(a) = 0 and
¢'(a) > 0), and the kernel is

0, if w=z,
k(z,w) = 1 (73N -
——f((lgl)+1@1>, it w 2.
2mt zZ—w w—z
We solve the integral equation (4.1)) for ¢/(z) and then we get ¢(z) from

_h(2)¢'(2)
()]

We follow the method in [23] to solve this integral equation. We choose N equidistant

¢(2) =

collocation points

Sj:%[/a J:()?L 7N7

and use the trapezoidal rule to discretize the integral equation (4.1)) to get an N by N system,

(I +B)x =y,
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where [ is the identity matrix,

By = k(0(s;),0(s)) As = =k (o(s,), o(s))

N
and
2
Since

11+ Blla < [[]l2 + [IB]l2 < 1+ [|Bl[r,
and ||B||r is small in most cases, this system is well-conditioned and we use Gaussian elim-

ination to get x (i.e., \/¢'(2)).

Finally, one choice of a is the average of JW (A),

For the class of matrices in the previous part, since W (A) is an ellipse centered at the origin,

this results in a = 0.

4.1.3  Cauchy Integral

Now that we have the numerical conformal mapping of W(A), i.e., ¢(z), there are several
ways to get the conformal mapping of the matrix ¢(A). One way is to find the Jordan normal
form of matrix A,

A= P,JP*,

then we can get ¢(J) from

and thus
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Unfortunately, one cannot reliably find the Jordan form numerically when there are nontrivial
Jordan blocks or when the condition number of P, is huge.

Another way is to calculate ¢(A) directly from the Cauchy integral,

o(A) ! % Mdz.

" 2mi way 2L — A
However, when one eigenvalue of the matrix A is on the boundary of the numerical range
of A, zI — A is singular. We work instead with the matrix A; discussed in section to
avoid this difficulty.

4.1.4  Optimal Blaschke Product

To get the optimal Blaschke product

n—1

, z—
B(2) = e"pw}l e lul <L
that maximizes ||B(¢(A))||2, we can rewrite the parameters o, j=1,...,n — 1, as

aj = rjexp(ib;),

where

0<r;<1,0<0;,<2m, j=1,2-- ,n—1.

These 2(n — 1) parameters r;’s and §,’s are used in the Matlab function fmincon with lower
bound 0 and upper bound 1 and 27 respectively. Note that ||B(¢(A))||2 is not a convex
function of these parameters; thus 100 random inital values are chosen to search for the

global maximum point, but in certain cases it remains difficult to get it, as shown below.

Following Chapter , we obtain matrix S from equation , ¢(A) from equation (3.2)),
T from equations or (n even/odd), N, from equation (3.13), V' from equation
and C, from equation (3.14), and then we check that ||C||s = ||[T¢(A)T |, = 1 is
a contraction and we calculate the coefficients § and roots «;’s of the extremal Blaschke

product.
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4.2 Example n=2

When n = 2, we get that

i
S5l
Sl

I
V2
k
0 r
¢(A) = b
VEkb 0
The eigenvalues of ¢(A) are £v/k. Also
1 0
T = ,
0 /F
b
0 1
C=Top(A)T ' = )
vk 0

the singular values of C' are 1 and vk. Thus C is a contraction and

B(¢(A)) = bl =a¢(A)
VEb 0
The Pick matrix is
N 11 B 1 [1 1}
N E 1 '

N, is positive semidefinite with eigenvalues 2 and 0. Therefore the optimal Blaschke product

of degree 1 is unique. Let

1 VE
1 —Vk
k
Cy = VEV™ VP = ,
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Optimal

Figure 4.2.1: The solid blue line is the analytic result and red dots represent the numerical

result

the eigenvector of Cy corresponding to eigenvalue A = 1 is

Thus,

B(z) = z.

All the results are the same as in section (2.3.1). In addition, we can compare our analytic
results with the numerical tests in figure (4.2.1) and table (4.2)).



Table 4.2.1: Analytic and numerical a;

b a; =0 Numerical oy
0.01 0 -9.067e-05 + 5.775e-061
0.05 0 -4.380e-05 - 1.587e-06i
0.09 0 -6.721e-05 + 1.214e-05i
0.13 0 -4.630e-05 - 4.931e-05i
0.17 0 -8.857e-05 - 1.591e-06i
0.21 0 -7.422e-05 + 1.537e-07i
0.25 0 -1.256e-04 - 1.188e-05i
0.29 0 -4.099e-06 - 3.197e-06i
0.33 0 -3.423e-06 - 3.284e-061
0.37 0 7.513e-06 - 2.014e-06i
0.41 0 -1.254e-07 + 2.484e-061
0.45 0 1.351e-05 - 1.462e-06i
0.49 0 3.677e-06 + 1.011e-061
0.53 0 1.626e-04 - 5.533e-061
0.57 0 2.888e-05 - 5.881e-07i
0.61 0 2.435e-04 + 0.00010971
0.65 0 8.711e-05 + 3.137e-07i
0.69 0 2.777e-04 - 3.495e-07i
0.73 0 3.965e-04 - 6.768e-07i
0.77 0 3.723e-04 - 1.065e-06i
0

0.81

4.303e-04 - 1.217e-061

64



4.3 Example n=3

When n = 3, we get that

1 0 0
T=10 @ 0
o o Yk
L b
i k
0
2v'ks
C = TH(A)T = ’f\g’% 0
0 k/ks
| 2
where
k2

(e}




The singular values of the matrix C' are two 1’s and one 0, thus C' is a contraction.

i k
0
(14+V1—-E?)b
. k
B(¢(A)) = 0 —_— 0
o) L iR
—— 0 0
| (1+ V1 —k?)
- P
0 0 5]
—1 0 ks O
VEsb? 0 0
the eigenvalues of B (¢(A)) are
Y S
I ey )
Hence, the Pick matrix is
V1—k? 1 1
2 V1I—k* V1-k
NP_1_|_,/1_k2 L 1—k 1+k |’
VIZIE VT= 2
| 1+k 1—k

and N, is positive semidefinite with eigenvalues

(

4 6
=M= - +2
AENT T iR

\ Ak Ak
o\ _

PTRT /TR 1+VI R
0'3:)\3:()

Thus, the optimal Blaschke product of degree 2 is unique. Let

1 Vk k
V:1 0 07
1 —Vk k

66



| 00 -1

k
Co=vkV'| -1 |vP=—""" 101 0
’ ’ ! 1+ V1 k2 5
1 Lo -

The eigenvector of C5 corresponding to eigenvalue A =1 is

k
1+ VIR
ﬁ = 0 )
1
thus,
5 k
TR
A 1 —+ _
B(z) = 7 .
14+ v1—Fk?
The roots of this Blaschke product are
a9 =+ ks =% L
1,2 3 T+ i

67

All the results are the same as in section (2.3.2). We can compare our analytic results with

the numerical tests in figure (4.3.1) and table (4.3)).

4.4 Example n=4

When n = 4, we get that

1oL 1 1]
s=|v 8
V6 V3 V3 V6L




Table 4.3.1: Analytic and numerical a; and as

b | a0 =+Vks Numerical a; and as
0.01 +0.1414 -0.14142+1.9078e-04i | 0.14142-2.0249e-04i
0.05 +0.3162 -0.3162-7.061e-051 0.3162+9.412e-051
0.09 +0.4242 -0.4242+4-6.089e-05i 0.4242-1.009e-041
0.13 £0.5098 -0.5098+-2.861e-05i 0.5098-5.856e-051
0.17 +0.5826 -0.5826-1.956e-051 0.5826+4.943e-051
0.21 +0.6468 -0.6468+4.77e-07i 0.6468-1.437e-061
0.25 +0.7044 -0.7044-9.232e-06i 0.7044+3.552e-051
0.29 +0.7563 -0.7563-1.758e-071 0.7563+9.503e-071
0.33 £0.8030 -0.8030+-8.241e-07i 0.8030-8.818e-061
0.37 +0.8447 -0.8447+42.423e-06i 0.8447-1.779e-051
0.41 +0.8813 -0.8813-9.579¢-07i 0.881349.109e-06i
0.45 +0.9128 -0.9128-8.895e-07i 0.9128+1.076e-051
0.49 +0.9389 -0.9389-1.497e-06i 0.9389+2.295e-05i
0.53 +0.9598 -0.9598-8.054e-07i 0.959841.612e-051
0.57 +0.9755 -0.9755-3.966e-071 0.9755+1.06e-05i
0.61 +0.9865 -0.9865-1.692e-071 0.98654-6.379e-061
0.65 +0.9935 -0.9935-5.408e-08i 0.99354-3.395e-061
0.69 +0.9974 -0.9974-5.115e-091 0.9974+1.695e-061
0.73 +0.9992 -0.9992+-1.986e-08i 0.9992+4-2.917e-07i
0.77 +0.9998 -0.9998+-2.543e-09i 0.9998+-1.322e-07i
0.81 +0.99998 -0.99998+1.154e-081 | 0.99998+1.3183e-081

68
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Optimal

Figure 4.3.1: The solid blue line is the analytic result and red dots represent the numerical

result
[ 2 1—-2 i
0 %:a+¢gbz 0 s
2 2 —
£ (1 + SOI) b2 0 1 b 0
0 3@%l 0 5 (L4 )b
1—2 2
Pl 0 V2o 0
i 3 3 i
where

The eigenvalues of ¢(A) are vk and =v/kp;. We can also write ¢; in terms of k and use

it to simplify our calculation below. By the addition formulas

_sn(z) en(y) dn(y) +sn(y) cn(z) dn(x)
sn(z +y) = 1— k?sn2(z)sn 2(dy '
Cntt%_y)zzcn(x)Cﬂ@D-—Sn( z)sn(y) dn(z) dn(y)

1 — k?sn?(x) sn?(y) ’



70

and the equality

sn?(u) + en?(u) =1

dn?(u) + k?sn?(u) = 1

and

that is

k? sn (g) — 2k*sn® (g) +2sn (g) —1=0, (4.2)

or

1 4(1 — k2)\ V3 41— KD\ V3 24
=i e () 7 () :
\/ 41— k2
1+ —=7

Taking
1 0 0 0 |
2

0 w/% 0 0

r= 0 0 ko2 o |’
PY1 b_2

2

0 0 0 kot 5
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then
C=Tep(A)T™!
[ V2 1 =2,
0 1+ 0
Vg"ol (1+¢1) 0 3:0“101 0
0 k%(zg_ #1) 0 3\/2 (1+ 1)
v/ 01
2,201 _
kpi(1 — 2¢1) 0 k21 (1+ 1) 0
5 3 3 i
Taking
V2 (14 ¢1) L= 2201
N, = 3\/ Y1 Bk(pl
kp1(2 — ¢1) V2 (1t o) ;
3 31
) 2 —
A () I
Ny = 1 ,
? k290%(1 - 2801) k201 (1 n )
3 3 71

the singular values of matrix N; are two 1’s and the singular values of matrix N, are 1 and
k2p?. Thus, by lemma (5) the singular values of matrix C' are three 1’s and k?p?, i.e., C is

a contraction.

0 0 0 \/]Z—_;‘
Be=| 0 0 5 0],
0 ki 0 0
VED 0 0 0
where
ky = k3ot

the eigenvalues of B (¢(A)) are
+/ky = £kVk?.



Hence, the Pick matrix is

(1 — Ko

1+ k3]

1— Kl
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1+ k3ot ]

1—k
1+ k3pt

1 — ke
1 — ki

1+ kg
1+ k3pf

11k
1— k)

1 — ke
1 — K}

1 — ket
1+ K3}

1+ ky?
1— K¢

1+ key
1+ k]|

1 + kgol
1+ k3t

1+ ky?
1 — ki

1 — ky?
1+ k3]

1 — kg
1=Kyl

1+k

1+ kpy

N, is positive semidefinite with eigenvalues

0'1:/\1—
0'2:)\2:
9
0'3:/\3:
0'4:)\4:
\

where

1—]{3(,01

1—k

3— 8o + 1192 — 2% + VA

2(1 — ¢1)%(2 — 1)
ko1 (1 — 2p1 4 5¢3)

(1 —1)?

3—8py + 1192 — 293 — VA’

2(1 = 1)2(2 — 1)

A =25 — 88 + 114p? — 1083 4 137} — 84¢° + 204°.

Thus, the optimal Blaschke product of degree 3 is unique. Let

—_

VE
\/E%?l
_\/E%

kp?
kp?

kVk
vk}
—kvVkg!
NG
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1
-1 -1
Cy =V kiV VP
1
-1
[ B 0 -k} o
o 0 —k22 0 ) —k(1 — @1 + o)
I ¥1 /{2@1(1 — 1 + 90%) 0 k’ngE 0 ’
L 0 k:gol 0 1 ]

the eigenvector of Cy4 corresponding to eigenvalue A =1 is

thus,

. 2 _ Lo (2 —
B(Z) — < 901( ()01)2'
1—ke1(2— 1)z

The roots of this Blaschke product are 0 and £++/k¢1(2 — ¢1).

We compare our analytic results with the numerical tests in Figure and Table
(4.4). We see in the figure that the numerical methods do not give an accurate result
when the ellipse is slim or some eigenvalues of the matrix are close to the boundary of the
numerical range, since in this case we may have difficulty in evaluating the Szego kernel or

in optimizing the Blaschke product as shown in the table. This happens when the upper

bound 4/ ]ZZ:} drops dramatically with respect to the parameter b, i.e., when the magnitude

of the derivative of 4/ 'ZZ:} with respect to b is large, and some of the optimal parameters o;’s

are also sensitive to b. Thus, when n > 4, we expect this happens and the dropping region

moves to 1 as the integer n increases. For example, when n = 4 and b > 0.6, the eccentricity
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18

€= 12—\—?1) > 0.9682,
meaning that the ratio of major to minor semiaxis is about 4. Although somewhat long
and narrow, we have found that the conformal mapping routine can accurately map ellipses
whose ratio of major to minor semiaxis is as large as about 9, so we do not expect that this
is the source of the error. In fact, the relative error of the conformal mapping of the matrix

Ais

_ 19(A)e = 6(A)ll

= 01071, b € [0,0.81],
€p(A) ||¢(A)e||2 ( ) [ ]

where ¢(A). is the exact result and ¢(A), represent the numerical result from the Cauchy
integral. The numerical conformal mapping is accurate while we can see in Figure that
the numerical values of || B(¢(A))]|» are below the accurate upper bound since the numerical
roots of the Blaschke product are quite different from the analytic ones in Table . One

way to improve the optimization results is to force the roots a’s to be real as in our analysis.

See details in Figure (4.1(b)|) and (4.5.1)).

4.5 Example n=5

When n = 5, we get that

1 1
5 1 1 1 &
1 1 0 -1 -1
1

5:5 1 0 =2 0o 1],
1 -1 0 1 -1
1 1
z 1T -1 ]
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Optimal

0.0 0.2 0.4 0.6 0.8 1.0

(a) Complex a’s

0.0 0.2 0.4 0.6 0.8 1.0

(b) Real a’s

Figure 4.4.1: The solid blue line is the analytic result and the red and green dots represent

the numerical results



Table 4.4.1: Analytic and numerical oy, as and as

76

ap =0, agg =

b Numerical aq, as and as
£k (2 — 1)
0.01 0, £0.1731 -0.0035524-0.0057171 | -0.1715-0.002851i 0.175-0.002861i
0.05 0, £0.3855 -4.012e-044-0.001288i | -0.3861-5.542e-04i | 0.3865-6.988e-04i
0.09 0, £0.5138 -2.618e-04+7.03e-041 | -0.5153-2.558e-04i | 0.5156-3.88e-04i
0.13 0, £0.6119 -8.323e-05-1.615e-04i | -0.6141+4-4.683e-051 | 0.6142+8.838e-051
0.17 0, £0.6916 -2.054e-05+1.589e-04i | -0.6941-3.811e-05i | 0.6941-7.579e-05i
0.21 0, £0.7577 -8.874e-05+41.485e-04i | -0.7602-2.485e-051 | 0.7602-6.801e-051
0.25 0, £0.8128 -1.656e-04+4-2.555e-04i | -0.8151-3.042e-051 | 0.8151-1.004e-04i
0.29 0, £0.8585 -1.973e-0441.999e-04i | -0.8604-1.429e-051 | 0.8604-7.112e-05i
0.33 0, £0.8960 -2.073e-04-1.679e-041 | -0.89744-6.818e-061 | 0.8974+5.042e-051
0.37 0, £0.9260 -2.361e-04-1.261e-041 | -0.92741.758e-061 | 0.92743.421e-05i
0.41 0, £0.9495 -2.563e-04-9.851e-051 | -0.9501-6.257e-081 | 0.9501+2.274e-051
0.45 0, £0.9672 -2.779e-04-8.05e-051 | -0.9675-5.212e-071 | 0.967541.458e-051
0.49 0, £0.9800 -6.847e-04-1.493e-04i | -0.9801-1.144e-061 | 0.9801+1.982e-05i
0.53 0, £0.9887 -8.568e-04-1.597e-041 | -0.9888-7.84e-07i | 0.9888+1.266e-051
0.57 0, £0.9942 -5.064e-044-5.569e-051 | -0.9943+4-3.062e-071 | 0.9943-3.305e-061
0.61 0, £0.9974 -0.172-6.084e-06i -0.2985+4-0.9544i | 0.997341.317e-06i
0.65 0, £0.9990 -0.18084-4.992¢-06i -0.285340.95841 0.999-2.833e-07i
0.69 0, £0.9997 -5.455e-04-5.7e-061 -0.2749-0.96151 -0.39514-0.91861
0.73 0, £0.9999 -0.003328-8.579e-04i -0.2613-0.963i 0.9999-4.318e-07i
0.77 0, £1.000 -0.00145-2.554e-07i -0.1429-0.9897i -0.116+0.9932i
0.81 0, £1.000 -2.473e-05+9.98e-051 -0.3548-0.93491 -0.1307+0.9914i
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Figure 4.4.2: The red dots are the optimal results from 100 random inital guesses at n =

4, b= 0.61 and the blue line is the analytic value

i 2%  VEk Vok Wk
0 \/4_+ 23 0 4 23
V2 4 1
—4k+ ;3 0 5k 0
1 1
#(A) =D 0 3 k 0 5\/E
/ 4
jk_ 2k3 0 % i 0
V2k Vs ok Vs
0 Yo 0o — 4
| 4 2 4 9
— V2 + 2sn %)
0 ™G 0
(V2+2sn(5))vh 0 1
4 9
=k 0 \/75 0
(V2 — 250 (5) VPP . N
4 9
0 (\/§—an(§))\/17_3 0
i 4

0
\/ﬂ_ VK3
4 2
0 D!
\/ﬂJr ks
4 2
0 -
V2 - 250 ()
v
0
L
2v/b
0
(V2+2sn (£))vb
4
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The cigenvalues of ¢(A) are 0, =k and £V sn(L) = £v/k;. We take

1 0 0 0 O
07y 0 0 O
I'=10 0 T, 0 0],
0O 0 0 T3 O
0O 0 0 0 T4
where
JVI+ks+1—VEsks 1+ 1—k34k3
Viths —1+vVE? N1+ /T-k Vb
T4a
Ty
T; =
3 — Tl
e %
VY VIR + V- )2
and

K K
k5 = k4 SIl4 (Z) SIl4 (37) .

In the following simplification, we take advantage of the relations

" (g) Vi \/11—71::2
on (5) _ R
2 14++v1— k2
. (g) - \/(1 +VI-R)(1+ \1/1—71#)(1 +en(5))
. (%) _ [ 14en(5)
\ 4 14+ v1—k2



The matrix C is
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C=Te(A)T™!
i 0 \/§+28n(§) 0 ﬂ—?sn(%) 0
AT, 4T,
(V2 +2sn (5)T . T . (V2 =280 (5))T1
4 - 2T, - 4T,
_ -2 =2
=k 0 T 0 o 0
(V2 —2sn ()13 0 I 0 (V2+2sn (5))1;
4 2T2 4CT4
0 (\/5— 2 sn (%))ﬂ (\/§+ 2 sn (%))ﬂ 0
i 4T, 4T,
Taking
Vicosn (%) VE—2m(§) ]
471:1 47I3
N, — -2 -2
1= Vk 2T, 2T, ’
(\/_—2SI1 (%))ﬂ (\/§+28n (%))T4
| 4T1 4T3 m
and
(\/§ + 28I1 (%))Tl E (\/§ -2 Sn (%))Tl
Ny — Vi 4 2T, AT, ’
2 (V2 — 2sn (%))Tg s (V2 + 2sn (%))Tg},
4 275 4T,
we have
NIN, =1,
and
NoNJ =1,

where [ is the 2 by 2 identity matrix. The singular values of matrix N; and Ny are 1’s. Thus,

by lemma the singular values of matrix C' are four 1’s and one 0, i.e., C' is a contraction.



The extremal Blaschke product of ¢(A) is

The eigenvalues of B (¢(A)) are

Hence, the Pick matrix is

ks
0 0 0 0 ﬁ
k
0 0 0 b_; 0
B(6(A)) =
(#(A)) 0 0 VE 0 0
0 Vksb? 0 0 0
Vksb*
K K
++/ks = +k%sn? (—) sn? (3—) )
4 4
1— k5 1+ ks 1k 1+ ks 1— ks
L=k 1 VivE  1+kvEs Ltk
1+ k5 1 — ks Lk 1 — ks 1+ ks
1— kvl L1—ks 14 vVEks 14V
1 — ks 1+ ks 1 — ks 1+ ks 1— ks ,
1+ k5 1 — ks - 1 — ks 14 ks
1+ kvl L+ vks Y1 —Vhks 1k
1— k5 1+ ks & 1+ ks 1— ks
L+k 14k, S TR/, S

N, is semi-positive definite with eigenvalues/singularvalues

g1 :)\1

0'2:)\2

03:)\3

0'4:)\4

0'5:)\5

2(4 — 2k + VI — 2 2/,

(1—k2)3(14 v1—k?)? i (1—k2)i(1+vVI—k2)2(1+V1—k2)2
2k(2+\/1 — k?) + V9 — bk?
(1—k2)1(1+ vV1—k?)?
2(4 — 2k* + V1 — k?) 2v/AL

1-k)I0+VI-R)? (1-k)i1+ VIRl +vVI_k)s

op 2+ VI ) — VO 5k
(1—k2)3(1+ 1 — k?)?

30



where

Ay =400 — 11242 + 1193k* — 559k5 + 96k° — 2k + 400V 1 — k2

81

— 924k*V1 — k2 4+ T81K*V/1 — k2 — 259k5v/1 — k2 4 22k%V/1 — k2.

Thus, we find the unique optimal Blaschke product of degree 4

1 VE ok Wk ok
L VEks VEk VEsVks ks
V=11 0 0 0 0f-
1 —Vks ks —VksVks ks
1 vk k —kVE K
_1 ;
—1
05 =V k5V*1 ]_ VP
—1
1
0 0 0 0
0 —2k 0 —2— /1 —k?
k
=\iom | 2% 0 2 V1 k2 0
2(1+v1—k?
0 2+v1— k2 0 AtvI-F)
2(1+V1—K2
2+ VI—#2 0 AHVIZE) 0
the eigenvector of C5 corresponding to eigenvalue A = 1 is
- - i K K T
S Bt ()
0 0
K K
o= |- vir| = |- (e rarhme) ) b
0 0
A | 1 |

V1—k?
0
2(1+vV1—k2)2
k

0
2(1+v1-k2)?
k’2
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Optimal

Figure 4.5.1: The solid blue line is the analytic result and the green dots represent the

numerical result

thus,
Bla) = LT VR E Vs
1 — k(1 4+ VEs)22 4+ VEszt

The roots of this Blaschke product are

T jE\/(l + VEs)k £ V(1 + VEs)?k? — 4Vks
1,2,34 = 5 .

We compare our analytic results with the numerical tests in Figure (4.5.1)) and Table (4.5)).

We choose our a’s to be real in the numerical tests.
4.6 A Short Summary

In this thesis, we proved that Crouzeix’s conjecture holds for several special classes of matri-
ces with elliptical numerical range and found the extremal function(s) and the exact upper

bound. The Jacobi elliptic function sn(-) maps the interior of an ellipse onto the unit disk,



Table 4.5.1: Analytic and numerical oy, as and as

b Analytic a’s Numerical a’s
0.01 | £0.07655,40.1847 | -0.07694 | 0.07693 | -0.1846 | 0.1846
0.05 | +0.1717,£0.4117 | -0.1717 | 0.1717 | -0.4117 | 0.4117
0.09 | +0.2322,4£0.5481 | -0.2322 | 0.2322 | -0.5481 | 0.5481
0.13 | £0.2825,£0.6507 | -0.2825 | 0.2825 | -0.6507 | 0.6507
0.17 | £0.3284,£0.7322 | -0.3284 | 0.3284 | -0.7322 | 0.7322
0.21 | £0.3723,£0.7977 | -0.3723 | 0.3723 | -0.7977 | 0.7977
0.25 | £0.4158,£0.8502 | -0.4158 | 0.4158 | -0.8502 | 0.8502
0.29 | £0.4598,£0.8919 | -0.4598 | 0.4598 | -0.8919 | 0.8919
0.33 | £0.5048,£0.9243 | -0.5048 | 0.5048 | -0.9243 | 0.9243
0.37 | £0.5512,+£0.9489 | -0.5512 | 0.5512 | -0.9489 | 0.9489
0.41 | £0.5991,+£0.9671 | -0.5991 | 0.5991 | -0.9671 | 0.9671
0.45 | £0.6484,£0.9799 | -0.6484 | 0.6484 | -0.9799 | 0.9799
0.49 | £0.6987,£0.9886 | -0.6987 | 0.6987 | -0.9886 | 0.9886
0.53 | £0.7494,£0.9940 | -0.7494 | 0.7494 | -0.9940 | 0.9940
0.57 | £0.7996,£0.9972 | -0.7996 | 0.7996 | -0.9972 | 0.9972
0.61 | £0.8477,£0.9989 | -0.8477 | 0.8477 | -0.9989 | 0.9989
0.65 | £0.8921,£0.9996 | -0.8921 | 0.8921 | -0.9996 | 0.9996
0.69 | £0.9305,£0.9999 | -0.9305 | 0.9305 | -0.9999 | 0.9999
0.73 | £0.9611,41.000 | -0.9611 | 0.9611 | -1.000 | 1.000
0.77 | £0.9823,4£1.000 | -0.9823 | 0.9823 | -1.000 | 1.000
0.81 | =40.9943,4£1.000 | -0.9942 | 0.9946 | -1.000 | 1.000
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and thus finding the extremal function and proving its uniqueness is equivalent to optimizing
the finite Blaschke product and arguing its uniqueness. The exact upper bound depends on
the nome (and the dimension of the matrix). We gave several examples that the extremal
function is unique up to multiplication of a scalar and several cases that are not. It is inter-
esting to see the transition from unique extremal function to nonunique ones as the elements

of the matrix change.

Our analysis of elliptical cases introduces new equalities involving Jacobi elliptic functions
and trigonometric functions. It is the extension of cyclic identities involving Jacobi elliptic
functions, and we should develop a general method to simplify (i.e., lower their degree) these

equalities.

It remains an open problem if Crouzeix’s conjecture holds for the elliptical numerical
range case, and we need to explore more about the structures and properties of the matrix

A and f(A).



1]

[10]

[11]

[12]

85

BIBLIOGRAPHY

T. Ando. Structure of operators with numerical radius one. Acta. Sci. Mat. (Szeged),
34:11-15, 1973.

T. Caldwell, A. Greenbaum, and K. Li. Some extensions of the Crouzeix—Palencia result.
SIAM J. Matriz Anal. Appl., 39(2):769-780, May 2018.

W. Cheung and C. Li. Elementary proofs for some results on the circular symmetry of
the numerical range. Linear and Multilinear Algebra, 61(5):596-602, 2013.

D. Choi. A proof of Crouzeix’s conjecture for a class of matrices. Linear Algebra and
Its Applications, 438(8):3247-3257, 2013.

M. J. Crabb. The powers of an operator of numerical radius one. Michigan Math. J.,
18(3):253-256, 07 1971.

M. Crouzeix. Bounds for analytical functions of matrices. Integral Equations and Op-
erator Theory, 48(4):461-477, Apr 2004.

M. Crouzeix. Numerical range and functional calculus in Hilbert space. Journal of
Functional Analysis, 244(2):668 — 690, 2007.

M. Crouzeix, F. Gilfeather, and J. Holbrook. Polynomial bounds for small matrices.
Linear and Multilinear Algebra, 62(5):614-625, 2014.

M. Crouzeix and C. Palencia. The numerical range is a (1 + v/2)-spectral set. SIAM
Journal on Matriz Analysis and Applications, 38(2):649-655, 2017.

T. A Driscoll, N. Hale, and L. N Trefethen. Chebfun guide, 2014.

C. Glader, M. Kurula, and M. Lindstrom. Crouzeix’s conjecture holds for tridiagonal 3
x 3 matrices with elliptic numerical range centered at an eigenvalue. SIAM Journal on
Matriz Analysis and Applications, 39(1):346-364, 2018.

C. Glader and M. Lindstrom. Finite Blaschke product interpolation on the closed unit
disc. Journal of Mathematical Analysis and Applications, 273(2):417-427, 2002.



[13]

[14]

[15]

[16]

[17]

[20]

[21]

[22]

23]

[24]

[25]

36

A. Greenbaum, T. Caldwell, and K. Li. Near normal dilations of nonnormal matrices and
linear operators. SIAM Journal on Matriz Analysis and Applications, 37(4):1365-1381,
2016.

A. Greenbaum and D. Choi. Crouzeix’s conjecture and perturbed Jordan blocks. Linear
Algebra and its Applications, 436(7):2342 — 2352, 2012.

A. Greenbaum and M. L. Overton. Numerical investigation of Crouzeix’s conjecture.
Linear Algebra and its Applications, 542:225 — 245, 2018. Proceedings of the 20th ILAS
Conference, Leuven, Belgium 2016.

K. E. Gustafson, D. K. M. Rao, and P. R. Halmos. Numerical Range: The Field of
Values of Linear Operators and Matrices. Universitext. Springer New York, New York,
NY, 1996.

U. Haagerup and P. De La Harpe. The numerical radius of a nilpotent operator on a
Hilbert space. Proceedings of the American Mathematical Society, 115(2):371-379, 1992.
ID: unige:12076.

P. Henrici. Applied and Computational Complexr Analysis. Vol. 3. John Wiley & Sons,
Inc., USA, 1986.

[. Hnétynkova and P. Tichy. Characterization of half-radial matrices. Linear Algebra
and its Applications, 559:227 — 243, 2018.

R. Horn and V. Sergeichuk. Canonical forms for unitary congruence and *congruence.
Linear and Multilinear Algebra, 57, 10 2007.

R. A. Horn and C. R. Johnson. Topics in Matriz Analysis. Cambridge University Press,
1991.

C. R. Johnson. Numerical determination of the field of values of a general complex
matrix. SIAM Journal on Numerical Analysis, 15(3):595-602, 1978.

N. Kerzman and M. R. Trummer. Numerical conformal mapping via the Szego kernel.
Journal of Computational and Applied Mathematics, 14(1):111-123, 1986.

A. Khare, A. Lakshminarayan, and U. Sukhatme. Cyclic identities for jacobi elliptic
and related functions. ii. Journal of Mathematical Physics, 44(4):1822-1841, Apr 2003.

A. Khare, A. Lakshminarayan, and U. Sukhatme. Local identities involving Jacobi
elliptic fuentions. Pramana, 62(6):1201, June 2004.



[26]

[27]

28]

[29]

[30]

[31]

87

A. Khare and U. Sukhatme. Cyclic identities involving jacobi elliptic functions. Journal
of Mathematical Physics, 43:3798-3806, 2002.

K. Li. On the uniqueness of functions that maximize the Crouzeix ratio. Linear Algebra
and its Applications, 599:105-120, 2020.

B.S. Nagy, C. Foias, H. Bercovici, and L. Kérchy. Harmonic Analysis of Operators on
Hilbert Space. Universitext. Springer New York, 2010.

J. von Neumann. Eine spektraltheorie fiir allgemeine operatoren eines unitaren raumes.
erhard schmidt zum 75. geburtstag in verehrung gewidmet. Mathematische Nachrichten,
4(1-6):258-281, 1950.

C. Pearcy. An elementary proof of the power inequality for the numerical radius. Michi-
gan Math. J., 13(3):289-291, 1966.

G. Szego. Conformal mapping of the interior of an ellipse onto a circle. The American
Mathematical Monthly, 57(7):474-478, 1950.



38

Appendix A
2-NILPOTENT MATRIX

Theorem 6. For any matriz A € C™*™ with A*> = 0 (2-nilpotent matriz) and A # 0 (trivial),
W (A) is a disk centered at the origin with radius r(A) = ||A|ls. Hence Crouzeiz’s conjecture
holds and the upper bound 2 is achieved by the extremal function f(z) = z. This extremal

function is unique up to multiplication by a scalar.

Proof. Since A% = 0, all eigenvalues of A are 0, and A has the Jordan normal form
A=VAV,

where A has k = rank(A) J, blocks and (n — 2k) J; blocks along its diagonal

J2

Ji
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and all v;,u; € C" fori,5 =1,2,--- ,n.
Thus,
k
A= Z 'l}gj,lu;j, (Al)
j=1
and V1V =TI gives us
u;v; = i (A.2)
Assuming
‘7 = Span{vla Vg, - 71}216—1}’
and
U= span{ug, Uy, - -+, Uk},

we know that for any v € V and u € U
u'v =v'u=0.

Taking T to be the subspace of C", such that

we have

vu=v'w=uw=0 YoeV,Vuel, YweW.

We can decompose any vector x € C",
T = Qug + Buy + YWy, U, Gf/, Uy € ﬁ, Wy ewW.

By the definition of ||A]|s,

| All2 = max  x]Axs.
llz1[[2=]lz2]|2=1

Taking

T = 041?]331 + /Bluzl + 71wx17

Ty = QaUg, + Polly, + YoWs,,



where v, , vy, € V Uy, Uy, € U, and w,,, w,, € W are all unit vectors, we have
Jen]” + |81 + [m]* =1,
loaf? + [Baf” + el =1,

and from equations (A.1]) and (A.2)),

[|All2 = max  xjAzry = max o] fBovy Aty,.
[|z1]l2=[|z2||]2=1 [lz1]]2=[|z2||]2=1

Thus, we need

] =Bl =1, as =P = =72 =0,

90

and v,, € V and u,, € U are the corresponding first left and first right singular vectors of A

up to some scalar ;5.

For any unit vector ¢, we can write
4 = v, + Bug + iy,

where v, € v, Ug € U, wy € W are all unit vectors. Again, we have
ol + 8] + * =1,

and

laf” + |8
2

* * * ]'
4" Aq| = | Bog Au,| < 14]2 < 5[ All2.

Hence,

1
r(A) = max |¢*Aq| < §||A||2

llgll2=1

On the other side, for any matrix A
[1A]2 < 2r(A),

and we obtain

1
r(4) = SllAll
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The equality holds if we take

1
@:B:E, ’Y:O,

and v, and u, to be the corresponding first left and first right singular vectors of A respec-
tively, that is
= (0 + 1)
= — (v, + uy) -
q /2 q
In fact, taking
1 .
q(0) = —= (Uq + elQUQ> 3

V2

we can get the boundary of the numerical range of A,
OW(A) = q(0)" Ag(0) = Ze”||All>

W (A) is a disk centered at the origin with radius 3||A]|>. By T. Ando’s theorem, Crouzeix’s
conjecture holds for this case. The upper bound 2 can be achieved by taking f (2) = z.
To prove the uniqueness of the extremal function, we know the conformal mapping from the

numerical range of A to the unit disk is

1 2z
"W Al
thus,
2
Y= TRt
Suppose the extremal Blaschke product is
n—1
mw:gf;ﬁm%ml

We have
B(o(A)) = pol +p19(A),

since ¢(A)? = 0. We have the expressions of py and p; in terms of the a;’s,

n—1
po= (=1 H aj,
=1
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and
n—1

=02 S [Tyt~ ).

=1 j#l

Since the first left and right singular vectors of the extremal Blaschke product B(¢(A)),

uq,vq, are orthogonal, we have
uyB(¢(A))v1 = poujvi + prujd(A)vr = 2,

that is
y41
|| A2

Since p; depends only on the «;’s, we must have (the choice of v; and w; may not be unique,

uyAvy = 1.

since the first two singular values of A may be the same)
|up Avi| = || Alls,

and
|p1| =L

On the other hand, taking the unitary matrix @,

Q = [u17q27QB7 T >qn—1>U1]7

we have
po+ R 0 - 02
0
2 =|B(¢(A))||l2 = [|Q"B(¢(A))Ql|2 = N
0
L po_ 5

hence,

I
o

Po
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which requires that at least one root of the Blaschke product is 0. Without loss of generality,

taking ay = 0, we have

n—1
pr=(=1)"" H aj,
j=2

thus,
Ip1 < 1.
Since
Ip1| =1,
we have
|o| = lag| = -+ = |ona| =1,
and B(z) = z is the only extremal Blaschke product up to multiplication by a scalar. O

Alternatively, we can take a look at the unitary similarity transformation of the 2-

nilpotent matrix A,
A=QAQ,
where @ is a unitary matrix, since f (z) is one extremal function of A if and only if it is one

extremal function of A. We can choose Q as

Q = [ChaQQ,"' 7Qn]7

where ¢i,--- ,qx is an orthonormal basis of V, Qi1 ,qn_k 18 an orthonormal basis of
W, and Qn—k+1,** ,qn is an orthonormal basis of U. That is, the 2-nilpotent matrix A is

unitarily similar to a block matrix

- 0. M 0 M
A=QAg=| =" S - L 2< 2k <n.
On—tn—t Op_rp 0 0

Then, we can argue for A in a similar way.

If A2=0 and A is nonnormal, taking

Ay = A+bA*, be(0,1],



94

[|A]l2(1£b)

5 Crouzeix’s conjecture

then W (A,) is an ellipse centered at the origin with semiaxes

k(%)

holds for A, with the upper bound o
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Appendix B
INVOLUTORY MATRIX

Theorem 7. For any involutory matriz A € C"*", i.e., A2 =1, and A nonnormal (trivial),

W (A) is an ellipse centered at the origin with focal points 1 and two semiazes %%’, where
b= m. Crouzeix’s conjecture holds and the upper bound \/% 1s achieved by the extremal
function

f(z) =sn (% sinl(z)) ,

where k = k(b?) is the elliptic modulus and K is the quarter period. This extremal function

1 unique up to multiplication by a scalar.

Proof. Suppose the singular decomposition of A is
n
A= ZO']‘U]‘U;(, ||A||2 =01 209220, > 0,
j=1
since A = A~! is invertible.
If A is normal, the singular values of A are the absolute values of the eigenvalues of A, that
is
o1 = =0y =1,
and
n
A=) uuj,
j=1
thus, A is unitary.

If A is nonnormal, then we have o7 > 1, otherwise



and

but then
n
A= uj,
j=1
or A is normal. This is a contradiction!

We can get the singular decomposition of A~ = A:

1

1
A:Aflzza—vju;, HA’|2:0120'22"'207L>0,

j=n "7

thus, the singular values of A come in pairs:

1 1
Op = — Op—1 = —* " .
01 02

Hence, if n is odd, we know A has at least one singular value of 1.

In addition, since A% = I, we have

* _ * _ * i

when o; # 1,

2, % J— * .
oV U = ViU,

and we obtain

* — . .
viu; =0, vy L .

Especially, since o7 > 1 and o, = Uil < 1, we can get
v1 L uq,

A’Ul = o1Uuy,

96
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and

Au1 = —Vg.
Taking the unitary matrix
Ql = [Ul,?}h gz, 7Q’rl]7

we can obtain

ujAu; ujAvy uiAqs - ujAg,
viAu; viAv, viAgs - viAg, 0 oo O
QAQ = | Au ggAv GGAgs 0 GAG. | = O,ll 0 0
: : : : o 0 A

A g A g Ags, e 4 AGn

The numerical range of the left upper submatrix

0 01

=11 ;
— 0
01

W (Ty) is an ellipse centered at the origin with focal points +1 and two semiaxes % <01 + i)

o1

for o1 > 1.
Since
1QTAQ ]2 = [[A]l2 = 01,
and
(QTAQ)* =1,

we have

|Au]l2 < o1,
and

Al =TI,

where [,,_5 is the identity matrix of dimension n — 2, i.e., A is also an involutory matrix.

If Ay is normal, then W (A;) is the interval [—1, 1] or just one point +1. All three cases



satisfy

and W(A) = W(T}).

If A; is nonnormal, then we can repeat this process. Choosing another unitary matrix

I,
QQ - - )
Q2
such that
0 [l O
~ ~ 1
A = |— 0 0],
QQ lQZ HA1H2
0 0 Ay
[Azl2 <[] A2,
and
As =1,y
The numerical range of the submatrix
0 [|A4]]2
T2 = 1 ;
|| Ax]]2
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W(Tz) is an ellipse centered at the origin with focal points +1 and two semiaxes

S (1Al s ) Also, W(T3) € W(T}) since 0y > |4

By induction, if A; is normal for some integer [, then we can get
W(A) CcW(T) C---Cc W(Th),
and then W(A) = W(T}). Otherwise, taking

Q=0Q:1Q1---Qz),
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the matrix A is unitarily similar to the matrix

T
QT AQ = | ,
T,
where
n .
-, if n even
P=92., ,
BTl ifnodd
0 O'j
irj - 1 O ) .] - ]-)27 y D 17
7
and
(
0 o
1 , if n even
T, = — 0
Op
klor -1, if n odd
Again,

W(T,) C W(T,—1) C--- C W(T3) C W(TY),

and we have that W(A) = W(Ty).

Since Crouzeix’s conjecture holds for all the block matrices {77, T5,---,7,} or
{Th, Ty,---,T;, A}, it also holds for the involutory matrix A. From the discussion for
the 2 by 2 matrix, we know the upper bound for A is

m{o\/@} - HAHQ\/@= \/E (B.1)

where k is the elliptic modulus & = k(b?) and

1

b= — .
14|13
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The conformal mapping from W (A) to the unit disk is

¢(z) = Vk sn (% sin_l(z)) ,

™

where K is the quarter period K = K (k) = K(b). Thus,

and the eigenvalues of ¢(A) are +v/k.
Assuming the extremal Blaschke product is

n—1

B = exp(if3) H

Jj=

Z —
1_—7

|aJ|<1

Here (3 is chosen so that

B(VE) > 0.
Since vk is in the interior of W (¢(A)),
B(Wk) < 1.
We know
B(¢(A)) = pol +p14,

since ¢(A)? = kI. We can find the epxressions of py and p; in terms of a;’s. Suppose the

expansion of B(z) about z = 0 is
o
=D a7,
=0

then we have

A) =3 a0(4y

= (Z agjk’j> I+ (Z CLQJ_H]C])
j=0

_BWR+ BVE), | B - BVE
2 2

I+ A.
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That is,
o — B(Vk) + B(—Vk)
0 9 )
y = B(Vk) — B(—Vk)
1 9 9
and
] < BB+ 1BV
= 2 — 7
[ < BOBL+| = BVR)

5 <
Since the first left and right singular vectors of the extremal Blaschke product B(¢(A)),

i1, U1, are orthogonal, we have
|B(0(A))[|2 = u1 B(¢(A))v1 = pottjy + p1uj Aty = prj Avy.

To maximize ||B(¢(A))||2, @1 and ; should be parallel to the first left and right singular
vectors of A (the choice of @y and #; may not be unique, since the first two singular values

of A may be the same), thus,

1B(@(A)]]2 = |pa| - [[All2- (B.2)

From equation (B.1]), we obtain

p1| = VE. (B.3)

To find the extremal Blaschke product, taking the unitary matrix Q

Q = [a17q27Q37 T 7Qn7177~]1]7

we have

Po 0 - O [pi|-[JAll)
0

1B(¢(A))]]2 = ||Q*B(¢(A))Q]> = : :

Po
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hence,

which gives

and

since B(v/k) > 0 and |p1| = v/k. This extremal Blaschke product maps the eigenvalues of
#(A), £Vk, to £B(Vk) = £Vk, respectively. Thus, the Pick matrix is

11
Np =
1 1
Np is positive semi-definite with
rank(N,) = 1.

By the Nevanlinna—Pick theorem, we can expect a unique extremal Blaschke product of

degree 1, and p; = B(Vk) = Vk gives

B(z) = z.
The extremal function
= Blote) = Vi sn (2 s 2)).
is unique up to multiplication by a scalar. O
Take 1Al y
0= e (4 )

If A2 =T and A is nonnormal, then by Theorem the numerical range of matrix C' is a

[ All2

disk centered at the origin with radius *5=.
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MATRIX WITH DEGREE 2 MINIMAL POLYNOMIAL
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A. Horn and V. Sergeichuk [20] proved that if A% or AA is normal then A is unitarily

similar to a direct sum of 1 x 1 and 2 x 2 blocks, so it follows that Crouzeix’s conjecture

holds and we can get the upper bound from the 2 x 2 blocks (similar to equation (B.1])). We

can obtain the extremal function for some special cases, and one example follows.

Corollary 8. Suppose the degree of the minimal polynomial of the matrix A is at most 2,

then Crouzeix’s conjecture holds for A. If A is nonnormal, the extremal function f(z) 18

unique up to multiplication by a scalar. When W (A) is elliptic, the upper bound can be

achieved by taking f(z) to be Jacobi elliptic sn(-); when W (A) is circular, the upper bound

2 can be achieved by f(z) = z.
Proof. Suppose the minimal polynomial of the matrix A is
a2A2 + CLlA + CL()] =0.

If as = 0, A is normal. This is a trivial case.

If ay # 0, we have

aq 2 a% — dagas
Vas A+ l) =——1I.

2\/CL_2 4&2
Taking

A= CL% — 4(10&2,
when A = 0, we can consider the matrix

a1

.
2./

A= JaA+



Then A% = 0, and this is discussed in Appendix

When A # 0, we can consider the matrix

1

A = —(ZCLQA + CLll).

VA

Then A2 = I, and this is discussed in Appendix .

104
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Appendix D
COEFFICIENTS TABLE

These coefficients are printed from Mathematica.
cqg =APK? — SR 4+ AbP K212 + 667k + 4bSkA0 + 40P K10 + Abi R0 4 603 K410
+ 208K310 — 1207K3 410 — 100%K3¢10 — 8b° k310 — 100* k3410 — 128° K310 4 202 K310
— 268K%10 + 607 k20 + 600k 10 + 407 kA0 + 60 k%10 + 6P K210 — 202K + 20°k18
+ 50%kH® 4 60 kM + 1100k S + 120°k4° + 116K + 602K 4 507k S + 20k 8
— b3 — 6L3K3tE — 1607 K3t — 2605k31% — 220°k3t% — 260 K35 — 1603 k3t — 6b%K3t8
— b 4 B3 RHS + 607K + 1505K4S + 166° k%5 + 156 K%t2 + 663 K%t® + b2 k28 + b0k
+ 26°K*0 + To% kM8 4 8bTEMC + 160k + 1207k + 166 K*° + 8b° k0 + b2 k*°
+ 20k 4+ k45 — 209k345 — 166°K3° — 8bTEP® — 3200k310 — 44b° K315 — 3207 K3t°
— 8V3K3t° — 166735 — 20K3t° + 6b°%k2t0 4 180%k21® + 320°k2t° + 18 k%% + 6b* k210
+ 207kt 4 50kt + 60 kMt + 1100k Mt 4 126° KM + 110k Mt + 60 kMt + 5b2 k4
+ 20k — BOR3tY — 6B5E3tY — 1607 K3t — 2605K3t1 — 2207 K3t — 2601 k3t — 1663 K3t
— 602 K3t — bR 4+ bBE2tY + 607K 4 1505kt + 1607kt + 1504 K" + 603Kt + b2EAt?
+ 607k 2 + 4bSKA? + AWK + 46K 4 603K M 4 20831 — 1207 K32 — 1005k3¢?
— 8V K — 106 K32 — 120°K312 4 20% K3t — 20%k21% + 6b7k*t? + 600kt + 4b°k*t?

+ 66 K2 + 603Kt — 202 K22 + 4b°k* — 8Lk + 4b°K?
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cs =160°k ' — b0k 1% — 48K kP! — 8 K3t 4 16b°k* "% 4 48b°K*t'% 4 166 K*t'? — 8b0kt!?
— 16b°kt"% — 8b1kt'? + 2007 k110 + 160°k110 4 246° K410 + 1601 K110 4 2002 K410
+ 268310 — 7207 BP0 — 8205k 110 — 80B° K310 — 820 K30 — 7207 kP10 + 202Kt
— 8b% k210 4 7607 K210 4 1200°k%10 + 1046° K310 4 12007 k%10 + 7603 k210 — 82Kt
+ 6%kt — 24b7kt0 — 54b°Kt10 — 48D°Kt10 — 54b*kt!0 — 243Kt + 662 Kt10 4 bEKOEE
— 20"kt — DORO® 4 40K — BAEPES — 26P KPS 4 BPECS + 3B 4 160%kM® + 3607 KM®
+ 48P KM® + 347k P + 4801 kS + 3603 KM® 4 1667k + 30k S — 1007 k3% — 540°K3t°
— 12407E3 % — 194b°K3® — 1960° k3% — 194b* k3% — 1240° k3% — 54b%k3t° — 10638
+ 37K21® 4 4065K*® + 148D k% + 2640°k*t® + 2900°k*t® + 264b* k>t + 148b° k13
+ 400% K% + 3bkt® — 368Kt — 4207 kt® — 11700kt® — 1566°kt® — 1170*kt® — 420°kt®
— 307kt 4 b0kt — 209Kt — b35S + 4D KPS — Ab°KPtS + 4bPEPt® — D255 — 2056
+ k515 — 2010%40 4+ 106K % + 3803kt + 1667k ° + 6005k t5 + 7607 k10 4- 60b* k*
+ 16b°kM° + 382 KkM° + 106k 5 — 25 — 30"°k35 — 1407k3¢% — 1030°%k3¢0 — 12807 k3t°
— 2465315 — 2926° k3% — 246b* k3% — 1280%k31% — 1030%k31% — 14bK3t° — 3K%° + 667 k*t0
+ 960°K2t5 + 1440 k2t + 32005k2t0 + 46807 k210 + 32007 kt0 4 144b°k*t° + 960 k>
+ 6bk*t% — 18b%kt® — 360" kt® — 1420°kt® — 2480°kt® — 142b%kt® — 360°kt® — 18b%kt®
+ B8Ot — 207Kt — VSR + ABPEP Y — bR — 203Kt + D2 St 4 30kt + 1668k
+ 360 kMt + 4800kt 4 34b° KM + 480 kMt 4 36b° KM + 1607kt + 3bk*tt — 10673t
— BABSEAtY — 12407 k3t — 19405K3t1 — 1960° K3t — 1946 K3t — 1240% k3" — 54b% K3t
— 103" + 30Kt 4 4065K2t* + 14807 k*t* 4 26405kt + 2906° k2t + 264" k>t
+ 14863 k%1 + 400° K%t + 3bk*tt — 368kt — 420 kt* — 11705kt — 15607kt — 1170 kt?
— 420%kt* — 307 kt* + 200 kM2 + 166k + 24b° kM + 160 kM2 + 200° kM2 + 20% k32
— T207E3t — 8200k31? — S0b° K3t — 82 k3% — 7203 k312 + 202 k3t — 8BSk + 6L kA t?
+ 1200°K%t% + 104b° k%% + 1206°k*t* + 76b°k*t? — 8b%kt? + 6b%kt? — 240" kt? — 54b°kt?
— 48D kt* — AL Ekt? — 24b%kt® + 6b%Kt? 4 160°k* — S8b°k® — 48b°K® — 8b* k3 + 160°k?

+ 480°Kk? + 1664 k% — 8b%k — 160°k — 8b*k:
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co =4b"t'%  16b°t12 4 240512 + 1662 + 2407k + 4b3t'% — 16653412 — 80b°K3t!?
— 166 K312 4 4D K212 + 4805212 + 1120°K2t12 4 480 K2 t1% + 403 k12 — 8b7kt'?
— 48V0kt'? — 800°kt'? — 48b kt'? — 8P kt'? 4 24b"t'0 + 9605410 + 1446°t° + 96010
+ 280 k410 4 2400k 10 + 406° K10 + 2407 K410 + 2803 kA0 4 2403410 4 403 k310
— 11267 k3410 — 1485 k3410 — 16067 k3410 — 148 k3410 — 1126° k3410 + 40?3410 — 4b® 1210
+ 1800 k210 + 3160°k%"° + 3120°K%t10 4 3160* K10 + 1806° k1Y — 4b?k*t'° — 12067 kt'°
— 28805kt10 — 3360°kt'0 — 288b*kt'0 — 1200°kt'0 4 60b7® 4- 24005¢° + 3606°t® 4 20° k>
— 4DTESE® — 205K51® + 8B KPS — 26 kPt — AB3EPtS + 207 K5 % + 24065 + 20°K4°
+ 2265 K*® + 6007k ® + TASKMS + 44b° KM 4 TAb KM + 600° K4S + 2207 K4S + 20k* 8
+ 600°t% — 207k — 80b®K3t® — 24807 k3% — 35200k%t% — 316b°K3t® — 35201 k3¢S
— 24803 K31% — 8002 k3% — 20k3t + 607k ® + 1100%kt® + 4080 k>t + T06b°kt®
+ T80L° K28 + 7066 K2t + 40803 K>S + 1100%k2t5 + 6bEk*t® — 54b°kt® — 30067 kt®
— 666b°Kkt® — 8400°kt® — 6660kt — 300b°kt® — 54b%kt® + 80b7t° + 3200°¢° + 4806°¢°
+ 2010515 — 4b°KPt0 — 2081515 + 8bTkP15 — 8VPKtS + 8B3KPt® — 202515 — 4bkOt°
+ 2K°t% + 3206*° — 6610k 5 + 166°KM° 4 6208k 5 + 1607 k1t0 4 88b°k* 5 + 1286° k415
+ 881 kM0 + 160°k45 + 6207k 5 + 16Dk 5 — 6Kk*° 4 80b%t° 4+ 100'0K3° — 240°K3t°
— 1986%K345 — 19207 k345 — 42005k3¢% — 5920°k3t% — 42001 k31% — 1920°k3t° — 198b?k3t°
— 24bk>t% + 1035 + 1267K%t5 + 228b°K%5 + 464b"k*t° + 8760°k*t® + 11600°k>t°
+ 876 k*t° + 46463 k*° + 22807 k%% + 120k%t° — 108b°kt5 — 3760 kt® — 85268kt
— 1168b°kt® — 852b*kt® — 37603 kt® — 108b%kt® + 606 t* + 2400°* 4 360b°t* + 203Kt
— APt — 2055t + VKOt — 26 KOt — AP KP4+ 207k5t + 2400** + 207 kA
+ 220Kkt + 6007 kMt 4 TABO KM + 4407 kMt 4 TAD KM + 600 KMt 4 2267 K + 2Bk
+ 60631 — 207 k3t* — S0BBEPt — 248b7 K3t — 35200k3t1 — 3160°k3t* — 35201 K3t
— 24803 K3t — 80023t — 20k3t* + 607 k2t + 1100%k>t* + 40807 k2t* + T06b° Kt
+ 7800k t* 4 7060 k2! 4 408b3 Kt + 1106k t* + 6bk*t* — 54b%kt* — 30007 kt*

— 6660°kt* — 840b°kt* — 6660 kt* — 30063kt* — 54Vt + 240712 + 960512 + 144b°t>
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C TR e (- )

€3

TR (L) (1 - 5k
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+ 960 2 + 2807 kt? 4 2405k 2 + 4007k P 4 246 kM2 + 2803 kM2 + 2437 + 4bPEPH?
— 11207 k342 — 1480°k31? — 1600°k3t% — 148b k3% — 1120°K3t% + 462312 — 403 K>t>
+ 1800 kt? 4 3160kt + 3126°k*t + 3160 k%t + 180b°K*t? — 4b*k*t? — 120" kt?
— 28805kt — 336b°kt* — 288b kt* — 1200°kt? + 4b7 + 16b° + 24b° + 16b* + 24b°k*
+ 4b% — 16b°K> — 80b°k> — 166 k> + 4b"k? + 48052 + 112b°k> + 48 k* + 4b3k> — 8bk
— 4805k — 80b°k — 48b*k — 8b°k
1

(3026% + b2 3%k? + 202 B%k? + b* B0kt + b* B0k — 2b* k212
+ A0 B 207 BPR 01 BPRRE 207 8RR+ 00 B — 20° BTk — 20° 8%k — 40P 5%k
+ 3Bt — 207 Bkt + 203 B kt? — AW B Kt? — 203 B2kt — 4D B2kt — 4V B2 kit

— 8V 3%kt + L3 kt* 4 203kt? + b3k + 3% 8%th + 602 5%t% + bBk — 205k + bkt

4+ 208%kt? — 2087 kt* — 4bB%kt? + bkt* + 2bkt? + bk + Bk — 2B K% + BPEt?)
1

5 (36254 4 26264]{2 + 2b254k2t4 + b4ﬁ4k2t2 + 2b2ﬁ4k2t2 + bBQk
+ 4D B2 4+ DR + VAR 4 0P 4 B30k — 2038k — 4?5k + VP 5Pk — 207 B2k
+ B30kt + 203 B0kt — 20351kt — 4D B ktt — AVPBAEt? — 8D B Kt + VP B2kt + Kt?
— 202 B2kt + 20352 kt? — 42 B2kt 4 302 B + 62842 + b5k — 2084k — 20 2Kt
+ bBOkt* 4 206%kt? — 203kt — 4bBKt* + bB2kt* 4 2052kt + (K2 — 28%K*t?)

B2(k — 252)?
(1 - B%k)?
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