SYNCHRONOUS COUPLINGS
OF REFLECTED BROWNIAN MOTIONS IN SMOOTH DOMAINS

Krzysztof Burdzy, Zhen-Qing Chen and Peter Jones

Abstract. For every bounded planar domain D with a smooth boundary, we
define a “Lyapunov exponent” A(D) using a fairly explicit formula. We consider
two reflected Brownian motions in D, driven by the same Brownian motion (i.e.,
a “synchronous coupling”). If A(D) > 0 then the distance between the two
Brownian particles goes to 0 exponentially fast with rate A(D)/(2|D|) as time
goes to infinity. The exponent A(D) is strictly positive if the domain has at most
one hole. It is an open problem whether there exists a domain with A(D) < 0.

1. Introduction and main results.

Suppose D C R? is an open connected bounded set with C*-smooth boundary, not necessarily
simply connected. Let n(x) denote the unit inward normal vector at x € 9D. Let B be standard
planar Brownian motion and consider the following Skorokhod equations,

t
Xi =20+ By +/ n(X,)dLY for t >0, (1.1)
0
t
Y =yo+ By + / n(YS)dLZ for t > 0. (1.2)
0

Here L is the local time of X on dD. In other words, L¥ is a non-decreasing continuous process
which does not increase when X isin D, i.e., fooo 1p(X;)dL¥ =0, a.s. Equation (1.1) has a unique
pathwise solution (X, LX) such that X; € D for all t > 0 (see [LS]). The reflected Brownian motion
X is a strong Markov process. The same remarks apply to (1.2), so (X,Y) is also strong Markov.
We will call (X,Y) a “synchronous coupling.” Note that on any interval (s,t) such that X, € D
and Y, € D for all u € (s,t), we have X,, — Y, = X, — Y for all u € (s,1).

Before we state our main results, we will introduce some notation and make some technical
assumptions on dD. We will assume that for every point x € 9D, there exists a neighborhood U of
x and an orthonormal system C'S, such that n(z) = (0,1) and z = (0,0) in CS,, and 90D NU is a
part of the graph of a function yo = 1, (y1) satisfying 1. (y1) = (1/2)v(z)y? + O(y3). This defines
the curvature v(z) for 0D at x. We will assume that there is N; < oo such that for every unit
vector m, there are at most Ny points z € 9D with n(z) = m. Recall that D is assumed to be
C*-smooth. We will assume that there is only a finite number of x € D with v(x) = 0 and that
for every such x, we have ¥, (y1) = c.y; + O(y}) with ¢, # 0. The distance between z and y will
be denoted d(z,y).
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Theorem 1.1. If D satisfies the above assumptions and it has at most one hole then d(X;,Y;) — 0
ast — 00, a.s., for every pair of starting points (xg,%0) € D x D.

The above theorem complements the results in [BC] where it has been proved that the distance
between X; and Y; converges to 0 as t — oo for two classes of domains: (i) polygonal domains, i.e.,
domains whose boundary consists of a finite number of closed polygons, and (ii) “lip domains”, i.e.,
bounded Lipschitz domains which lie between graphs of two Lipschitz functions that have Lipschitz
constants strictly less than 1. The number of holes plays no role in the case of polygonal domains
but it is an open problem whether it does in the case of smooth domains (see Section 2).

Earlier research of Cranston and Le Jan ([CLJ1, CLJ2]) on synchronous couplings of reflected
Brownian motions was focused on convex domains. In that case, it is clear that ¢ — d(X¢,Y;) is
non-increasing. Cranston and Le Jan proved that for a large class of convex domains, d(X¢,Y;) > 0
for all t > 0, a.s., if d(Xp,Yp) > 0. The present paper, especially Theorem 1.2 below, answers a
problem posed at the end of [CLJ1] and improves on the estimate given in the Appendix of [CLJ2].

Next we will present our main technical result on the “Lyapunov exponent,” which is a crucial
step in the proof of Theorem 1.1. We need some more notation. Let o;X = inf{s > 0: LY > t}.
For every bounded planar domain D we have lim; o, L;¥ = 0o so 0;X < oo for all t > 0, a.s.
The arc length measure on 0D will be denoted “dz”, e.g., we will write faD f(x)dx to denote
the integral of f with respect to the arc length. For any z,y € 9D, we let a(x,y) be the angle
formed by the tangent lines to 0D at x and y, with the convention that a(z,y) € [0,7/2]. For
every point = € 9D, let w,(dy) be the “harmonic measure” on 9D with the base point x, defined
as follows. Let K(z,y), y € D, be the Martin kernel in D with the pole at z, i.e., the only (up
to a multiplicative constant) positive harmonic function in D which vanishes everywhere on the
boundary of D except for a pole at x. Then we let w,(dy) = a, 0K (z.y)

on(y)
chosen so that lim,_,, 7d(x,y)?w,(dy)/dy = 1. Let |D| denote the area of D.

dy where the constant a, is

Theorem 1.2. Let
A(D) :/ V(x)dx+/ / | log cos oz, y)|w, (dy)dz. (1.3)
oD aD JoD

If A(D) > 0, then for any xg,%0 € D, a.s.,

logd(X,Y) _AD)
t—o0 t 2|D|

(1.4)

By the Gauss-Bonnet Theorem, the first integral in (1.3), that is, [, v(z)dz, is equal to
27x(D), where x(D) is the Euler characteristic of D. In our case, x(D) is equal to 1 minus the
number of holes in D. We are not aware of a simple representation of the second (double) integral
in (1.3). The integral [, v(x)dz, which appeared in [CLJ2], emerges in our arguments as the limit
of (1/t) fg v(X)dLX when t — co. See [H] for some results involving fg v(Xs)dLX.

It is elementary to check using the definition (1.3) that A(D) is invariant under scaling, i.e.,
for any a > 0, A(D) = A(aD), where aD = {z € R? : z = ay for some y € D}.

2



We will now explain the intuitive content of Theorem 1.2. The disc with center z and radius
r will be denoted B(x,r). Suppose that at some time ¢, d(X;, Y;) is very small so that when one of
the processes is on the boundary of the domain then 9D looks like a very flat parabola inside the
disc B(X;,2d(Xy,Y;)). Suppose further that the line segment X;,Y; is “almost” parallel to dD.
Then the local time components in (1.1) and (1.2) will be almost identical over a short time period
[t,t + At], except for a small difference between the reflection vectors due to the curvature of 9D.
This small difference translates into the first integral in (1.3). From time to time, X makes large
excursions from 0D, whose endpoints are at a distance comparable to the diameter of D. At the end
of any such excursion, one and only one of the processes X or Y gets a substantial local time push,
until again X;,Y; is almost parallel to dD. This results in the reduction of d(X;,Y;) by a factor
very close to cosa(x,y), where z and y are the endpoints of the excursion. The double integral
on the right hand side of (1.3) represents the change in d(X¢,Y;) due to large excursions. We
find it surprising and intriguing that the magnitudes of the two phenomena affecting the distance
d(X;,Y;), described above, are comparable and give rise to two “independent” terms on the right
hand side of (1.3).

We will briefly sketch the idea behind the proof of Theorem 1.2. First, we prove that the
distance between the particles will be small at least from time to time, so that we can apply
methods appropriate for processes reflecting on very flat parabolas. The main part of the proof
deals with the two phenomena described in the previous paragraph. When the line segment X,,Y;
is “almost parallel” to 0D and one or both processes reflect on 9D, the change of d(X¢,Y;) is
“almost” deterministic in nature and so are our methods. The change in d(X¢,Y;) due to “large”
excursions of X; in D is much harder to analyze and that part of the proof is very complicated. We
list here several of the challenges. First, it is conceivable that even a single excursion may result in
a reduction of d(X¢, Y;) to 0, if the endpoints of the excursion are at x,y € 0D with cos a(z,y) = 0.
Proving that this is not the case takes considerable effort. Second, we use excursion theory and
ergodicity of X; to prove that logd(X,Y;) obeys a strong law of large numbers, in the sense of
(1.4). The problem here is that although X} is recurrent and ergodic, the vector process (X, Y;)
is neither, and so we have to analyze the behavior of Y; by proving that it is “close” to that of X;.
Finally, one has to find upper bounds for probabilities of various “unusual” events which clearly
cannot happen, from the intuitive point of view, but which have to be accounted for in a rigorous
argument.

The rest of the paper is organized as follows. Section 2 is devoted to the discussion of some
open problems and examples, mostly related to Theorem 1.1. It also contains a (very short) proof
of Theorem 1.1. The proof of Theorem 1.2, consisting of many lemmas, is given in Sections 3 and 4.
Most arguments in Section 3 are deterministic or analytic in nature. Section 4 contains arguments
based on the excursion theory.

We are grateful to Greg Lawler, Nick Makarov, Don Marshall and Balint Virag for very useful
discussions and advice.

2. Examples and open problems.
The paper was inspired by the following problem which still remains open.
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Problem 2.1. (i) Does there exist a bounded planar domain such that with positive probability,

limsupd(X;,Y;) > 07

t—o0

(ii) Does there exist a bounded domain D with A(D) < 07
The two problems are related to each other via the following conjecture.
Conjecture 2.2. If A(D) < 0 then with probability one, limsup,_, ., d(X, Y:) > 0.

We believe that the above conjecture can be proved using the same methods as in the proof
of Theorem 1.2. Since we do not know whether any domains with A(D) < 0 exist, we have little
incentive to work out the details of the proof for Conjecture 2.2.

A technical problem arises in relation to Problem 2.1 (i)—it is not obvious how to define a
“synchronous coupling” of reflected Brownian motions in an arbitrary domain. It is desirable from
both technical and intuitive point of view to have the strong Markov property for the process
(Xt,Y:). See [BC] for a discussion of these points. So far, the existence of synchronous couplings of
reflected Brownian motions with the strong Markov property can be proved only in these domains
where the stochastic Skorokhod equations (1.1)-(1.2) have a unique strong solution. A recent paper
([BBC]) shows that this is the case when D is a planar Lipschitz domain with the Lipschitz constant
less than 1.

We will next present some speculative directions of research related to Problem 2.1 (ii). We
start by explaining how Theorem 1.1 follows from Theorem 1.2.

Proof of Theorem 1.1. If D has at most one hole then the first integral on the right hand side
of (1.3) is equal to 27 or 0, by the Gauss-Bonnet Theorem. The integrand in the double integral in
(1.3) is non-negative and it is easy to see that it is strictly positive on a non-negligible set. Hence,
A(D) > 0 and, consequently, (1.4) holds, according to Theorem 1.2. Thus, Theorem 1.1 follows
from Theorem 1.2. O

The above proof suggests the following strategy for finding a domain with A(D) < 0. One
should find a domain where the first integral on the right hand side of (1.3) is significantly less
than zero. This is because the contribution from the second term is always non-negative. In other
words, one has to consider domains with many holes because, as we have already mentioned in
Section 1, the first term is equal to 1 minus the number of holes, multiplied by 27. The obvious
problem with this strategy is that punching holes in a domain may increase the double integral on
the right hand side of (1.3), and this may offset the effect of holes on the first integral.

Here is a possible avenue of research based on the above idea. Suppose that D has a large
number of small holes. Here “small” means that the holes have diameters very small in comparison
with the diameter of the domain. Let us assume that distances between different holes, and distances
between holes and the outside boundary of D are large in comparison with diameters of holes. Then
it is not hard to see that the right hand side of (1.3) is very close to the sum of analogous formulas
for each connected component of dD. In other words, there is little interaction between different
connected components of 9D, if the holes are small and far apart. If we can find a hole with the
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shape which yields A(D) < 0 for a single hole, then A(D) < 0 for a domain D with a large number
of small holes of this shape.

Simple heuristic estimates show that if 9D has “approximate” corners, like a polygonal domain
(the corners have to be “approximate” because the domain has to be smooth), then the double
integral on the right hand side of (1.3) is very large. Domains, or rather holes, with this property
will not help us in our search for a domain D with A(D) < 0. The ultimate domain without corners
is a disc. At the moment we are concerned with “holes” so we will find A(D) for D which is the
exterior of a disc.

Recall that a disc with center = and radius r is denoted B(z, ).

Proposition 2.3. If D = 5((0,0),1)¢ then A(D) = 0.

Proof. Recall that the first integral in (1.3) is equal to —27w. We will parametrize 0D using
6 € [0,27) and writing x = ¥ for z € dD. The formula for the harmonic measure in D is well
known and easy to derive using standard complex analytic methods (conformal mappings). This
easily leads to the following formula for the “harmonic measure” w,,

we(dy) 1

dy — Ar sin®(45%)’

where 2 = ¢ and y = ¢'?". Thus the double integral in (1.3) is equal to

27 27 / 27 ™
/ / ‘log’COSG 9>Hd9d0’:27‘(’/ \logfcos( )H _/ ‘10g|COS(9)Hd0
0 0

4rsin®(52) 47 sin?(0/2) sin?(0/2)
We have
/2 1 /2 1
/ | og !2608(9)!\ g0 = — / 9g;08(9) "
0 sin“(0/2) o sin“(0/2)
O=m/2

= [2(0 + cot(0/2) log cos 6 — log(cos(6/2) — sin(6/2)) + log(cos(0/2) + sin(6/2))] o

=7+ 2log2,
and ™1 0 ™1 0

[ el [ dosocone),
x/2 sin”(6/2) x/2 sin“(0/2)
= [2(0 + cot(0/2) log(— cos ) — log(sin(0/2) — cos(0/2))
O=m
+ log(cos(0/2) + sin(&/?))}
0=m/2
=m—2log?2,
50 2 2 /
[ et [ Vet
477 sin? ) o sin“(6/2)

and A(D) = 0. O



We have proved that A(D) = 0 for the exterior of a disc by a brute force calculation. It is a
natural question whether the same result follows from some elegant symmetry argument—we have
not found one so far.

Since A(D) = 0 for the exterior of the disc, discs are not helpful as holes in the (hypothetical)
construction of a domain D with A(D) < 0. Our next observation is that the exterior of a line
segment would be a great candidate for a useful hole. This is because for any points x and y on
a line segment, we have a(x,y) = 0 and, therefore, the double integral on the right hand side
of (1.3) vanishes for the exterior of a line segment. Hence, A(D) < 0 for the exterior of a line
segment. Unfortunately, we cannot use line segments as holes because their boundaries are not
smooth. Instead, we can try a domain “close” to a line segment but with a smooth boundary. A
natural candidate is a very elongated ellipse. Our preliminary numerical calculations showed that
A(D) = 0 for the exterior of any ellipse. We are grateful to Bélint Virag for the following rigorous
proof of this result.

Proposition 2.4. If D is the exterior of an ellipse then A(D) = 0.

Proof. We will use complex analysis and complex notation in this proof. Recall that A(D) is
invariant under scaling. Hence, we can consider any ellipse with the given eccentricity. In other
words, it is enough to prove that the proposition holds for any ellipse D that can be represented
as D = g(U), where U = B(0,1), g(z) = 2+ a/z, and a is any real number in (0, 1).

We start by proving the following claim. Suppose that f is an analytic function in U, f(1) is
purely imaginary, and f’(1) is real. Then

1 Rif(@)
= sl = . (2.1)
Since R f(y) is harmonic in U and continuous on U,
_ 1 1— [yl

for y € U. We have assumed that f(1) is imaginary and f’(1) is real, so, by dominated convergence,

L RFL-n) R 1/ 1ot
f (1) _TJ%)I};}>O r _TJ(I)I,?>0 27 8U§R (x)rll_ ’2‘d ’

1 R
‘wéUu—ﬂ“““

We have shown that (2.1) holds.
The first integral in (1.3) is equal to —27. It will suffice to show that the second (double)
integral is equal to 2w. The second integral in (1.3) is equal to

w y)|

log % . )
| 0 .
ouU Jou y\

Note that ¢’(z) =1 —a/2% and for 2 € U, z = l/z. Let 8 =1/(2¢'(y)y) for some y € OU. If we

write h(z) = R <§Z:EZ))) then for x € 9U, we have

h(z) = R(204 (x)z) = B (2)z + By ()T = B(1 — a/a?)z + B(1 — az?)(1/x).
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We have

o (20 Y

19" ()| yg'(y)

/—:
<
=

o * (o)) = () +evco
= Rlog (g;g;) + Rlog h(x) = Rlog <h(m) : g:%) .

Hence,

zg'(z) |9’ (W)l o)
1 log §t (\g/(x)\ : yg’(y)) 1 Rlog (h(x) . /(@)
dz] = |dx|.

oU ou

m |z —y|?

Q

|z —y|? ™

™

Recall that |y| = 1. Substituting = = y/v, we see that the last integral is equal to

1 Rlog (h(y/v) : ﬁ%)) 2|2 1 Rlog <h(y/v) : gg(;%))
- Sl do| = = |dvl.
oU oU

m [z =yl vl m 11— of?
We have
h(y/v) - W) B = a/(y/v)*)(y/v) + B(1 — aly/v)*)(1/(y/v)))g' (¥)
9'(y/v) - L —a/(y/v)?
- ()" V(B — ay@ _+ay;<ﬁ —ap)
Let

k(v) = v <h(y/v) W) ) = (2= D) + (B = af)

2 2 )
y J—

and note that, since |v| = 1,

g'(y)

) / %log <h(y/v) . gl(y/v)) ]dv\ . 1 / MW’UL
oU

™

1= “

Next we will verify that (2.1) can be applied to f(x) = log k(x). We have for y € 9U,

oL 1 oy
29wy 200—a/y?)y 22 —a)’
G- U _ 1/y Yy
20 —a)  2((1/y)?—a) 2(1—-ay?)’
B_y—a
B 1—ay*

B—ap _ 2(y2y—a) B a2(1—yay2) _ 1+a?— 2ay2
B —ap 2(1—yay2) - aQ(y%J—a) y? — 2a 4 a2y?’
v (B —aB) +y*(B—aB) _ 1 v*(B - af) +y*(B — ap)

! _
k(v) =g'(y)y 2 — a2 =23 2 — a2

)



1

20
(

k(1) =

y’—a
1—ay?

(B —aB) +y*(B - aB)
y?—a
—a)+y*(l—a

_ (B/B-a)+32(1— aB/B)
202 — a)

y’—a
1—ay?

)

g Wy

1
2(y* — a) ’

log k(1) =0,
2(F — aB)(y? — av?) + 2av[v?(B — af) + (8 — aB)]

(y2 _ av2)2
20(F — aB)(y” — av?) + 2a0[v* (B — aB) + y*(3 — aF)]
(v — av?)[v*(6 — af) + y*(8 — apb)] ’

— k/(l)/k(l) — 2(/8 — aﬂ)(yZ B (Z) + 20‘[(6 — G‘/B) + yz(ﬁ — G‘/B)]

(y> — a)[(B — apB) + y*(B — af)]
2(8 — ap)
(B—aB)+y*(B
2

K (v)/k(v) =

(log k)"(1)

2a
(y* —a)

—a)
2a

)+(y2—a)

2a

y? —a)

—af) +y
L+y? (=2
2

(5
(

1+a2—2ay? ) + (
y2

2(y? — 2a + a*y?)
B 2y% — 2a + 2a%y? — 2ay*
(A =a?)y?
(12 —a)(1 —ay?)

L+ y2 y?2—2a+a?

2a

" (y2 — a)

Since Rlogk(1l) = 0 and (logk)’(1) is real, we can apply (2.1) to obtain
1

3/

wg "(z) .
Ig @[

T auU -yl

Rlog k(v)

s oo 1=

—(log k)'(1),

and

/
lg"(

yg (y) %logk
O ey = [ [ RI0BEO) 101 ay
ou T Jou

/ (1 —a )y
- /B U(logk) (1)|dy] = /6 o dy]

—a)(1 —ay?
(1-a®y* 1

N i/arf W — )1 —ag?) ™

)

(2.2)

The function W% has two poles inside U, at y = ++/a, and the residue is equal to 1/2 at
each of these points. Hence, by the residue theorem, the right hand side of (2.2) is equal to 27
This completes the proof of the proposition. O



The last result raises some questions, but before we state them as a formal conjecture, we rush
to add that it is very easy to see that A(D) > 0 for exteriors of some convex smooth domains, for
example, those that have “approximate” corners.

Conjecture 2.5 (i) If D is the exterior of a simply connected domain then A(D) > 0.
(ii) If D is the exterior of a simply connected domain and A(D) = 0 then D¢ is a disc or an
ellipse.

Another problem, hard to state as a formal conjecture, is to find an (easy) way to derive A(D)
for the exterior of an ellipse from the value of this constant for the exterior of a disc. We point out
an obvious fact that A(D) is not invariant under conformal mappings. It is not hard to see that
A(D) is not invariant under the transformation (x1,x3) +— (cx1,z2).

Problem 2.6. Let D be the exterior of a disc. Is it true that d(X;,Y;) — 0 ast — oo, a.s.”?

The last problem might be hard because it deals with the “critical” case, i.e., the case when
A(D) = 0. On the other hand, the symmetries of the disc might be the basis of a reasonably easy
proof, specific to this domain.

3. Analysis of Skorokhod transforms.

Notation. The following notation will be used throughout the paper.

All constants c¢q, ca, . .. will take values in (0, 00) unless stated otherwise. We will write a Vb =
max(a,b) and a A b = min(a, b). Recall that the distance between x,y € R? is denoted as d(z,y);
the same symbol will be used to denote the distance between a point and a set, etc. Our arguments
will involve elements of R or R?, and one- or two-dimensional vectors. We will use | - | to denote
the usual Euclidean norm in all such cases. For z,y € R?, the meaning of |z — y| is the same
as that of d(z,y) but we will nevertheless find it convenient to use both pieces of notation. The
disc with center z and radius r will be denoted B(x,r). Recall the definition of curvature v(x)
at a point z € 9D, from the Introduction and let v* = sup,c5p |v(z)|. The unit inward normal
vector at x € 9D will be denoted as n(z). We will indicate coordinates of points and components
of vectors by writing X; = (X}, X?), YV; = (Y,},Y?), By = (B}, B?), and n(z) = (n;(z),nz(7)),
but this notation may refer to a coordinate system specific to a proof and different from the usual
one. The angle between vectors p and r will be denoted Z(p,r), with the convention that it takes
values in [0, 7]. Recall that a(z,y) = Z(n(x),n(y)) A (7 — Z(n(x),n(y))), for z,y € dD.

The area of D and the length of its boundary will be denoted |D| and |0D], resp.

The distribution of the solution {(X;,Y;),t > 0} to (1.1)-(1.2) will be denoted P*¥ and the
distribution of { X, ¢ > 0} will be denoted P*. We will suppress the superscripts when no confusion
may arise. We will denote the usual Markov shift operator by 6;.

In the first of our lemmas, we will prove that for an arbitrarily small ¢y > 0, for any two
points zg, 3o € D, two synchronously coupled reflecting Brownian motions X and Y starting from
xo and yo respectively will come within e-distance from each other in finite time a.s. This claim is
very similar to Lemma 3.3 of [BC] but sufficiently different to make it impossible for us to use that
lemma in the present paper. Regrettably, we could not find a shorter proof of this seemingly quite
intuitive result.



We will write 77 = 77(e) = inf{t > 0 : d(X;,Y;) > ¢} and 77 = 7 (¢) = inf{t > 0 :
d(Xt7 }/;) S 6}'
We remark that the following lemma holds for smooth domains in any dimension.

Lemma 3.1. Consider any g > 0, any xq,yo € D, and assume that (Xq,Yy) = (20, y0). Then
T~ (e0) < 00 a.s.

Proof. The proof will consist of several steps. In the first two steps, we will prove some properties
of the deterministic Skorokhod mapping.

Step 1. Let v = (y1,~4%) : [0,00) — R? be a continuous function with v(0) € D and finite variation
on each bounded interval of [0,00). Let |v|s; denote the total variation of v on [s,t]. We will
use analogous notation for other functions. By the results of [LS], there exists a unique pair of
continuous functions 3 : [0,00) — D and 7 : [0,00) — R? with the following properties:

(1) [n])st < |7]s.e for every 0 <s < t,

(ii) fo 1{[356D}d€ = 0, where Et L77J0ta
(iii) n fo n(f3s)dls for every t > 0, and
) Bt =y +mn, forall t >0.

We will call (8,n) the Skorokhod transform of v; sometimes we will call § the Skorokhod

transform and denote [ by S(7).

We will show that
(La) |B]st < |7v]s: forall t > s >0, and
(1.b) for ¢; € (0,1), c2,¢5 € (0,00), there exists ¢4 > 0 such that if 8}, — 85 < (1 —c1)(v, — %)s
Y, =6 > c2, and [y]o,, < s then |y]or, — [Bos, > ca

According to (8’) of [LS],

(iv

dly = —1op(B:)(n(B:), dye) (3.1)

and so
dpy = dye +n(B)dly = dyy — 1op(Be)n(B) (n(Be), dye)- (3.2)

This proves that [5]s: < |7]s,: for any 0 < s < t, i.e., this proves (1.a).

Let 6, denote the angle between n(3;) and d; whenever 8; € 9D and d~; is defined. Otherwise,
define 0; = /2. Note that ¢, is non-decreasing, by its definition in (ii), so (3.1) implies that
0; € [5, m]. Recall that n(z) = (n1(z),nz(x)). By (3.2),

tl tl
/ | cos Os]|dvs| > / n; (5s) cos Osdys
0 0
= (v, =) — (B, — Bp)

> c1(v, — %) = cico.
Since fg’l |dvs| = [V]o,t, < c3, for 6 :=min{1, c1cz/(2¢c3)} we have from the above
ty
/ |cosOs|1i, e[z +6,x13|dVs| = crc2 — czsind > cie2/2. (3.3)
0
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On the other hand, |df3;| = |d7|sin6; and so

o — 1Blos = / (1= sin8,)]dv|

0

1
/ cos? O|drs|

0
t1
/1{9se[g+5,7r]}008293!d%|
0

sin

ty
z = / Lig, e[z +6, ]3] cos Os] |ds|
0

c1Co Sin o
> 2 =y
4

v

2
1
2

This proves (1.b).

Step 2. Since D is bounded and has a smooth boundary, there is a constant ¢; < oo such that any
two points z,y € D can be connected by a O curve inside D of length ¢t; = t;(z,y) < ¢;. Consider
any x,y € D, and fix some C* curve v : [0,#;] — D with the natural (length) parametrization,
and such that t; < c1, yo = and v, = y.

In this step, we will extend the definition of  from [0, ¢1] to [0, 00). We will show that for any
D and e > 0, there exists a constant co € [c1,00) such that any curve 7 defined initially on [0, ¢4]
may be extended to [0,00) in such a way that for some ¢ < ¢3,

Ve =S(y+y—x)] <e. (3.4)

Recall that S(v) is the Skorokhod transform of v (see Step 1).

Let {8:,0 <t < t1} be the Skorokhod transform of {v; + v, — 70,0 < t < ¢;}, defined as
in Step 1. We will inductively define ~; for all ¢ > 0. Let v = (i, for t € [t1,2t1], and let
{B:,t € [t1,2t1]} be the Skorokhod transform of {v: + y2t, — V4,,t € [t1,2t1]}. We continue by
induction, i.e., we let v, = By_ps, for t € [kt1, (k4 1)t1],, k > 2, and we let {5, t € [kt1, (k+1)t1]}
be the Skorokhod transform of {7V + y(x+1)t, — Vrt,,t € [kt1, (k+1)t1]}. Note that both v, and 3
stay in D for all ¢ > 0. Clearly

B=8S(v+y—x) and Yt = Bi—y, for every t > t;. (3.5)

By (1.a) in Step 1 and (3.5), we have |y]s; <t —sforall 0 <s <t < o0.
If |70 — Bo| < e then we are done. Otherwise, at least one of the following inequalities holds,
Ve — B > e/2 or |n¢ — B3] > £/2. We will assume without loss of generality that it is the
first of the two inequalities that holds and we will make another harmless assumption that in fact
Yo — By < —€/2, or, equivalently, v/, —~5 > €/2. Let ¢z be the diameter of D. Fix some ¢4 € (0,1)
and integer j > 1 such that Eizl " 1e/2 > 2¢5. If we had
Tty — V(kal)tl > 64(/7(1k71)t1 - 7(1k72)t1) for every 2 < k < j, (3.6)

then we would obtain
J J
1 1 1 1 k—1
Vit — Y0 = E Vetr ~ Vik=1)t, = E ¢y e/2> 2cs,
k=1 k=1

11



and that would contradict the definition of ¢3 as the diameter of D. So there must be some kg < j
such that
Vhotr — Vko—1)tr < €4V ko1t — Viho—2)t1)- (3.7)

Let kg be the smallest integer with this property. Then
1 1 1 1
Yty — Vk—1)ts = AV k—1)tr — V(k—2)t1)

for all k < kg and so '7(1k0_1)t1 - 'y(lk0_2)t1 > ¢he/2. The following is equivalent to (3.7),

ﬂ(lko—l)h - ﬁ(lko—Z)fq = 04(7(1]“0—1)1‘/1 o fy(lko—Q)h)'

By (1.b) of Step 1, for some c5 > 0,

Y] (ko—2)t1,(ko—1)t2 — LB (ko—2)t1,(ko—1)t1 = C5- (3.8)

If V] (k=1)t, ,kt; < € for some k < j + 1 then

Yh—1)t1 = Be—1)t | = [V k=1)ts = Veta| < 1V (k=181 012 < €5

and we can take cy = jt1, i.e., there exists t < jt; with |y — 0] < e.
If [v](k—1)t1,kt, > € for all k < j +1, then by Step 1 and (3.8),

i
Vogt = LBlogts = D [V th-1ytrkts — LB h—1ytr ks

k=1
> [V (ko—2)t1,(ko—1)t2 — LB (ko—2)t1,(ko—1)t1 = C5-

Thus we have shown that either there exists 0 < ¢ < jt; with |y, — B¢ < e or |v]s 41y, =
1Blo.jt: < [7V]o,jt, — ¢5. The same argument shows that either there exists t € [kt1, (k + j)t1] with
[ve — Bl <€ or

|v] (k+1)t1,(k+145)t1 — LﬁJktl,(kﬂ')tl < v kty,(k+j)t; — C5- (3.9)

Recall that [v]os, = t1 < c1, and [7]py (br1)ts = B e—1)t1 k02 < [7](=1)t1 k¢, for all k. Hence,
|7]o,jt: < jei, and if (3.9) holds for all £ < m, then

0 < [Vmty ,(mjyt: < Je1 —mes.

This can be true only if m < jei/c5. Hence, for some k < jei/c5 + 1 and some ¢ € [0, (k + j)t1] we
have |y — 0] < e.

Step 3. First, we will present a version of the “support theorem” stronger than that given in
Theorem I (6.6) in [Ba]. Recall that one calls a continuous non-decreasing function ¢ : [0,00) —
[0,00) with 4(0) = 0 a modulus of continuity for a function v : [0,¢;] — R? if for all s,t € [0,]
we have |y: — 5| < (|t — s|). Let K+, denote the family of all functions v : [0,#1] — R? with
modulus of continuity 1. Let P denote the Wiener measure on C|0,]?, i.e., the distribution of
the planar Brownian motion. It follows easily from the existence of “Lévy’s modulus of continuity”
(see Theorem 2.9.25 in [KS]), that for every ¢; € (0,00) and py < 1 there exists ¢ such that
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P(Ky.t,) > po. This fact can be used to modify the proof of Proposition I (6.5) of [Ba] to show
that there exists ¢ such that for any € > 0 one can find p; > 0 with

P{ve Kyt : sup |yl <e})>pi. (3.10)

0<t<t;

Let ¥\ (t) = ¥(t) + At and for ¢ : [0,¢;] — R?, let
Kyirpe =17 €Ky o sup |y — ¢ <e}.
0<t<t

If v € Ky, and ¢ is Lipschitz with constant A then v+ ¢ € ICy, +,. The proof of Theorem I (6.6)
in [Ba] can be easily modified to yield the following version of the support theorem. Suppose that
g,p1 > 0 and ® satisfy (3.10). Then for every A, t; < oo and &’ > 0 one can find py > 0 such that
for any function ¢ : [0,¢1] — R? which is Lipschitz with constant A and satisfies ¢(0) = 0, we have
P(Ky, t1.6.er) = p2. The important aspect of the last assertion is that p, does not depend on ¢.
Fix a function 1 satisfying this statement for the rest of the proof.

Recall that S(y) denotes the Skorokhod transform of v (see Step 1) and let £y be as in the
statement of the lemma. Let ¢; be the constant defined in Step 2 and ¢ > ¢ be the constant in Step
2 relative to g9/5 in place of e. By Theorem 1.1 in [LS], the Skorokhod mapping S : C([0, co], R?) —
C(]0, c2], R?) is Hélder continuous on compact sets. Let K = {y € Ky,.c, : Y0 € D}. The set K is
compact so one can find g1 € (0,20/5) such that if v,7 € K and [7; — | < &1 for 0 < ¢ < ¢g, then
ISH): — S(7)t] < ep/b for 0 <t < co.

Recall from Step 2 that for every pair of points z,y € D there is a curve y = 4% : [0,00) — D
such that vo =z, ¢, = y for some 0 < t; < ¢q, and |7v]s < t—s, for all s and ¢ in [0,¢;]. By Step
2, we can extend v to be a curve in D satisfying (3.4) and (3.5). Note that v is a Lipschitz curve
on [0,00) with Lipschitz constant 1.

Recall that reflected Brownian motions X; and Y; are defined in (1.1)-(1.2) relative to a Brow-
nian motion B; and assume that Xy = z and Yy = y. Find pa > 0 such that P(Ky, c,.6.c,) > D2
for every Lipschitz function ¢ with Lipschitz constant 1 satisfying ¢(0) = 0. It follows that

P({B:+2,0<t<cs} € Kyyeoyeve) > P (3.11)
Consider w such that B.(w) + 2 € Ky, cpyzv,e; C Kyy,eo. Then
|S(B. + ) —S(Y"Y)¢| <eo/5 for every 0 <t < cs.
Clearly B. +y € Ky,.c,. Since [Bi+y — (7Y +y —x)| <e; for t € [0, 2], we have
IS(B.+y) =S +y —x)| <eo/5 for 0 <t < co.

Note that by Step 2 and our choice of ¢z, there is some ty € [0, ¢2] such that |y;¥ — S(y™¥ +
Y — )4, | < €0/5, for some tg € [0, ca]. Note also that since v[0,00) C D, by the uniqueness of the
Skorokhod problem, S(y) = 7. Combining these observations, we conclude that

‘Xto - }/to| = ‘S(B +x)t0 - S(B +y)t0|
= ’S(B +x)t0 - %fo‘ + h/to _S(PY"’_Z/ - x)to| + ‘S(7+y - x)to - S(B +y)to‘
§€0/5+€0/5+€0/5<50.
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It follows from (3.11) that there exists p, > 0 such that for any x,y € D, X = x, Yy = ¥, the prob-
ability that there exists tg < co with d(Xy,,Y:,) < o is greater than po. By the Markov property
applied at times jca, j = 1,2, ..., the probability that there is no ¢ty < kco with d(Xy,,Y:,) < e is
bounded above by (1 — p2)*. This implies easily that with probability one, there exists ¢ < co with
d(X:,Y:) < ep. O

Lemma 3.2. Let 6(z) denote the Euclidean distance between x and 0D. Define Tp = inf{t >
0: Xy ¢ D} and 735,y = inf{t > 0 : Xy ¢ B(x,r)}. Then there exists c; < oo such that for
Xo=x9€ D,

P(Tg(zmr) <71p) < c10(xg)/r for r > 6(xp). (3.12)

Proof. We are going to prove that (3.12) holds for any bounded C*'-smooth domain in R™, for
any n > 2.

Since D is a bounded C''-smooth domain, the “uniform” boundary Harnack principle holds
for D (see [A]), that is, there exist ro > 0 and ¢ > 0 such that for z € 9D, r € (0,r¢] and any
non-negative harmonic functions v and v in DN B(z, 2r) that vanish continuously on 9D N B(z, 2r),
we have

for any z,y € DN B(z, 7).

Let {Kp(z,2); v € D, z € D} denote the Poisson kernel of the Brownian motion W killed
upon leaving D; that is,

E* [p(Wp)] = al)](D($,Z)¢(Z)U(dZ)

for every continuous function ¢ on 0D, where o denotes the surface area measure. Since D is
bounded C'!'-smooth, it is known (see [Z]) that there are constants c3 > ¢y > 0 such that

c20(x) < Kp(z,2) < c30(x)
|z —z[" |z —z["

for every x € D and z € 9D. (3.13)

Note that x — Kp(z,z) is a harmonic function in D and vanishes continuously on 9D \ {z}.

The lemma clearly holds when d(z¢) > 7¢/8. This is because, since D is bounded, there is
R > 0 such that for every o € D, D C B(zo, R) and so (3.12) holds trivially for » > R. Thus in
the case of 6(xo) > 79/8, (3.12) holds for every r > 0 by choosing ¢; sufficiently large.

We now assume 6(xg) < ro/8. Without loss of generality, we may and do assume that r >
85 (xg) and B(xg,2r)° N D # (). We can further assume that r < rg since D is bounded.

Define h(z) = P (78(z0,r) < 7p). Clearly, h is a harmonic function in DNB(z, ) and vanishes
continuously on 9D N B(zg,r). Let yo € 0D be such that §(xg) = dist(zo,yo). By the triangle
inequality, B(yo,r/2) C B(zo,7). Now take z € D\ B(xzo,2r). Since ¢ € B(yo,r/4), we have by
the boundary Harnack inequality,

h(zo) h(z)
Kp(xg,2) = CKD(x,z)

for every x € B(yp,r/4).
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Let x = 20 + g (2o — yo). Note that h(z) <1,
1
§]z—m0| < |z —x| <2z — x|,

and 0(z) > r/8. These facts and (3.13) imply that h(zg) < ¢10(z¢)/r. This proves the lemma. O

We fix parameters aq,as > 0 for the rest of the paper. We will impose bounds on their values
later on. Let Sog = Uy = 0 and for £ > 1 define
Sk =inf{t > Up_1 : d(X;,0D) v d(Y;,0D) < aod(Xy, Y;)?},
Up = inf{t > Sy : d(Xt, Xs,) Vd(Yy, Ys,) > a1d(Xs,, Ys, )}
We will assume that a; < 1/4. Then it is easy to see that P(Uy < oo | S < 00) = 1, for every

k. Finiteness of Sy’s is less obvious. The next lemma contains a result that is significantly stronger
than the finiteness of Sj’s. This stronger result is needed in later arguments.

Lemma 3.3. There exist ¢1,ca,c3,¢4 € (0,00) and eo,79,po > 0 with the following properties.
Assume that Xy € 0D, d(Xo,Yo) = ¢, d(Yo,0D) = r and let

T1 = 1nf{t > 0: d(Xt,Xo) vV d(Y}/,YU) > Cl’l“}.

(i) If e < eg and r < 1o then P(S; < Tl,Lfgf1 — L < cor) > po.
(ii) If e < ¢ and r < c3e then E(L‘;‘;ATJr(EO) — L) < eqr.

Proof. (i) Recall the notation from the beginning of this section. Let C'S; be the orthonormal
coordinate system such that Xo = 0 and n(Xj) lies on the second axis. Assume that ry < g9 <
1/(200v*). Let ¢5 € (0,1/6) be a small constant whose value will be chosen later. The following
definitions refer to the coordinates in C'Sy,

Ty = inf{t > 0:Y? > 2r},

Ty = inf{t > 0:|Y,'! = Y| > csr},

Ty =inf{t >0:Y; € 0D},

Ay ={Ty < Th NT3},

Ts = inf{t > 0: | X} — X;| > 2c57}.

First we will assume that r < /2. We will show that T5 > Th A T3 ATy if A; holds. We will

argue by contradiction. Assume that A; holds and Ts < 15 A T3 A Ty. Then Bt1 — Bé = Yt1 — YO1
for t € [0,T5] so | B} — B}| < esr for the same range of t’s. We have

Ts
X1, — X§ = By, — B} +/0 ny (X;)dL;¥,

SO ‘fOTE’ nl(Xt)stX‘ > csr. We assume that g9 > 0 is so small that for r» < g9 and z € B(0, 2¢c57),
we have ng(x) > |nj(x)|/(2v* - 2¢57). Tt follows that

Ts
/0 ny(X)dLY > csr/(2v - 2e57) = 1/(40%).
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Note that B? — B2 = Y2 — Y§ for t € [0,T4]. Since d(Xo,Yy) = €, we have
d(Xo,Y:) <e++(2r)2 4+ (c5r)2 <e+3r<3e for t < Th ATy ATy.
Therefore for t < Ty AT ATy, |Y?| < 3e. Since Ty < Ty A T3 A Ty, it follows that

|Bf = BI| = Y7 = Y2 <|Y2[+ Y2 <6 fors,te(0,T5].

Thus
Ts
XF, - X3 2 -|Bh, ~ B}l + | ma(X)ar
0
> —6e + 1/(4v*) > —6eg + 1/(4v*) > 44ey,

and X%5 > 44eg + X§ = 44eq. Let Ts = sup{t < T : X; € OD}. Then B%s - B%G = X%5 — X%G >
44eq — 1 > 43¢9, a contradiction with the fact that |B? — B2?| < 6e < 6¢q for s,t € [0,T5]. This
proves that Ty > Ty A T3 ATy if A; holds.

We will show that if A; holds then S; < T;. Assume that A; holds and let 77 = sup{t < Ty :
X; € 0D}. Note that neither X; nor Y; visit 9D on the interval (7%, T,). Hence, Xz, — Y, = Xp, —
Yr,. If €9 and rq are sufficiently small then | X3 — Y| > /2 because r < ¢/2 and d(Yy, D) = r.
We have assumed that A; holds so |Yr_}4 — Y01| < ¢5r. We have proved that T > T4 on Ajq, so
\Xh — X}| < 2¢57r. Recall that c; < 1/6 and r < /2. Tt follows that

d(XT7>YT7) = d(XT4>YT4) > |X71“4 - Y%4|
> |Xg = Yo | = Yz, = Yo' | = | X7, — Xg| > /2 = 3esr > ¢/4.

On the other hand, assuming €9 > 0 is small,

d(XT7,YT7) < d(XT7,X0) + d(Xo, }/0) + d(Yo,YT7)
<2|Xp — X{|+e+d(Yo,Yr) <225 +¢+3r < 3.

We have
|YT14 — Yi! = |Y714 — Y01| + |YO1 — Y%7| < esr +csr = 2c57.

Since YT4 S 8D, XT7 S 8D, XT7 — YT7 = XT4 — YT4, d(XT7,YT7) S 36, and ’YYE — Y%7| S 2057“,
we have /(n(Yr,),n(Xr,)) < 2v* - 2(3e + 2¢51) < 16v*e. This and easy geometry show that

d(Yr,,0D) < 2-2csr - 16v*e = 64csrv*e. Hence,

d(Yr,,0D) < 64csrve

= 256¢5rv" < 128cs5v™e < 32¢50"°d( Xy, Y, ).
d(XT77YT7) - 6/4 ey = GV €= CsV ( T7» T7)

We choose c¢5 > 0 so small that 32c50* < ay. Then d(Yr,,0D) < aed(X7,,Yr,)%. We obviously
have d(Xr,,0D) < asd(X7,,Yr,)? because X7, € dD. This shows that S; < T and completes
the proof that if A; holds then S < Tj.

Assume that A; holds and suppose that fOT4 ny(X;)dL;¥ > 20r. We will show that this leads
to a contradiction. Recall that |B? — B2| < 8r for s,t € [0,Ty]. We obtain

Ty
X2, = X2 — X2> —|B — B| + /0 no(X))dLE > —8r + 207 = 12r.
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Recall that Ty = sup{t < Ty : X; € dD}. We have B}, — B}, = X7, — X3 > 12r —r = 1lr,
a contradiction with the fact that |B? — B2?| < 8r for s,t € [0,74]. Hence, if A; holds then
f0T4 ny(X;)dL;¥ < 20r. Note that ny(x) > 1/2 for all z € 9D N B(0, 67), assuming that g9 > 0
is small and r < rp < g9. We have shown that if A; holds then T5 > T}, so na(X;) > 1/2 for
t € [0,T}4] such that X; € 9D. This implies that,

(1/2)(Lg, — L§) < (1/2)(L7, — L§) < /OT4 ny(X,)dLX < 20r.

We have shown that {S; < 77, Lg(l — L <40r} C A;. Tt is easy to see that P(A;) > p; for some
p1 > 0 which depends only on ¢5. This completes the proof of part (i) in the case r < £/2, with
c1 = 2 and ¢y = 40.

Next consider the case when r > ¢/2. Let

Ts = inf{t > 0:d(Y:, Xo) > 2¢},

Ty =inf{t > 0: X; € 0D,d(Y;,0D) < d(X,Y:)/2},
Tyo = inf{t > 0: L;* — L > 20¢},

Ay ={Ty < Ty},

As = {Ty < Ts NTho}-

We will show that A C Asz. Assume that A, holds. First, we will prove that Lj)i — L5< < 20e.
Suppose otherwise, i.e., L%l — Lé( > 20e. Recall that we are using the coordinate system C'S; with
the origin at Xo € 0D. Let Ty; = inf{t > 0: | X} — X}| > 5¢}. We will show that Ty; > Ty. We
will argue by contradiction. Assume that 171 < T4. We have assumed that Ay holds, so 117 < Tg.
Then B} — B} =Y,! =Y, for t € [0,T11] and |B} — B}| < 4¢ for the same range of t’s. We have

AT
| mdn| = ik, = X5 = (B, — Byl = 1Xh, ~ X3~ |Bh, ~ BY| > 5~ 4e =<,

If &g > 0 is sufficiently small and ¢ < gg then na(x) > |ny(z)|/(2v* - 5e) for z € 9D N B(0,5¢), so
fOT“ ny(X;)dL¥ > ¢e/(2v* - 5e) = 1/(10v*). We have B? — B2 = Y2 — Y§ for t € [0,T11], because
Ty < Ty, so |B? — B2| < 4e for s,t € [0,T1]. Recall that ¢ < g9 < 1/(100v*). We obtain,

T11
X%ll = X%n - Xg > _‘B%n - B(Q)‘ +/0 n2(Xt)stX
> —4e +1/(100%) > 6e.

Let Tyo = sup{t < Ty : X; € 0D}. Then B%u —B%u = X%H —X%u > 6e —e = be, a contradiction,
because |B? — B2| < 4¢ for s,t € [0, T11]. This proves that Ty; > Ty.

Recall that we have assumed that L7} — Ly > 20e. We have ny(z) > 1/2 for z € §DNB(0, 10¢),
assuming g > 0 is small and € < gg. Since T11 > Ty, na(X;) > 1/2 for t < T such that X, € 9D,
SO

Ty
X3, = X2 — X2> |B — B+ / no(X)dLE > —de + (1/2)(L5, — L)
> —4e 4+ 10e = 6e.
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Recall that T; = sup{t < Ty : X; € dD}. Then Bri — B% = X%4 — X% > 6 — e = be,
a contradiction, because |Bf — B2| < 4e for s,t € [0,711]. This proves that if Ay holds then
Ly, — Lyt < 20e < 40r.

Note that X1, — Y, = Xp, — Y, Y7, X1, € 0D, and Ty < Ty < Ty;. Assuming that g9 > 0
is small, these facts easily imply that the angle between X7 — Y7 and the tangent line to 0D
at X, is smaller than 7/8, so d(Yr,,0D) < d(Xr,, Yr,)/2. Hence, Ty < Ty and, therefore, if A
occurs then Ty < Ty < Ty A Tyo. This completes the proof that As C As.

It is easy to see that P(As) > po > 0, where ps depends only on g9 and D. It follows that
P(Ag) > pa.

We may now apply the strong Markov property at the stopping time Ty and repeat the ar-
gument given in the first part of the proof, discussing the case r < ¢/2. It is straightforward to
complete the proof of part (i), adjusting the values of ¢y, co, 0,79 and py, if necessary.

(i) Let ¢; and ¢ be as in part (i) of the lemma, let T3 = 0, and for k > 1 let

TF =inf{t > TF . d(Xpx-1, Xe) VA(Ype-1,Yy) > crd(Ypu-1,0D)},

5
Ty =inf{t > T¢~": LY — L1 > cad(Yy-1,0D)},
5 5
T¥ =inf{t > TF' .Y, € 9D},
TF =TFEANTF AT,
TF =inf{t > Ty : X, € OD}.

Let €9 > 0 be the constant which works for part (i) of the lemma. An examination of the proof of
part (i) shows that we have in fact proved a statement stronger than that in part (i) of the lemma,
namely, using the notation of the first part of the proof,

P(Sy <Ty ATy, LE, — L < car) > po. (3.14)

Next we will estimate Ed(Yzpnr+ (), 0D). By Lemma 3.2,

P( sup d(Xy, Xgx) € [27771,279] | Fry) < cd(Xq,0D) /277

te(Ty,Ty]

< C7d(YT5k_1,8D)/2_j. (3.15)

Write v = d(Y,x-1,0D), and let jo be the largest integer such that 2770 > diam(D). Consider j
5 .

such that sup, ¢k 7xar+ g0y (Xt Xpx) < 277 It is not hard to show that if jo < j < [logeo| then

d(Y7k prt (e0): D) < 760277 for some c7 < oo. If j > |log o] then d(Y7kprt (ey): OD) < Y+cgee277.
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This and (3.15) imply that

E<d(YT5"’/\T+(50)76D) ’ fo)

< Z creo2 /P( sup d(Xy, Xpx) € 277127 | Frr)

k k
jo<i<|log ol telTy T5]

Y (+ec2 )P sup d(Xe Xey) € 27771277 | Fry)

k k
|log 0] <j<|log~| te[Ty, T3]

S (e P( sup d(Xe, Xpp) € 27971, 279] | Fp)
te[Th, Tk * *

j=|log |
<Y eEe27l(v/27)
Jjo<j<|logeo|
+v+ Z 1060277 (7/277) + Z 1060277
[logeo|<j<|log | j=|log |
< enneo|logeg| + v + c1aveo| logy| + c13ve0 < Y(1 4 c1360]logep)).

Thus

E(d(YTé"/\T+(50)7aD) ’ fo)l{T§*1<7—+(go)}
< 1{T§71<T+(60)}(1 + 61360‘ log €O|)d(YT:71/\’T+(Eo)’ aD)

This, (3.14) and the strong Markov property yield,

E(d(YTé/\T+(£0)78D)1{512Tf}1{T5k_1<7—+(50)})
= E(l{slsz}l{T;'*1<T+(50)}E(d(YT§/\T+(ao)a aD) | fo))
< (1 + 61350‘ log 60‘)E(]‘{S12Tf}1{T5k*1<T+(50)}d(YTk71/\T+(50)’8D))

5

< (1 + 01350‘ log EQDE(d(YTk—1AT+(€O), 8D)1{T5k_1<7—+(50)}E(1{512Tf} ’ fTsk_l))

5
VE(A(Ypr-1,r4 (o) 8D)1{512T4'“’1} Lt crt(eo}

5

x(I=P(T7 < S < TP S = T3 )
< (1 + 01350‘ IOg 60‘)(1 — po)E(d(YT;cfl/\TJr(go), 8D)1{312Tf71}1{T§71<T+(80)})

< (1 + c13e0]log e

< (]. + 61360‘ log 80‘)(1 — pO)E(d(YTkil/\T'F(Eo)’ 8‘D)1{512Tf71}1{T§72<7’+(50)})'

5

We obtain by induction,

E(A(Yrpnr+ (00), OD) L >y Lipp =t <ot (c)})
< (1 + crzeol log o) * (1 — po) *Ed(Yrp, 9D).
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It follows that

X X X X
B(LS nrt e~ L6) = DB <(L51/\T+(Eo) — Ly >1{s1e[T§,T§“>}>
k=0

oo k
_ . X X
- Z E 1{51€[T5’“7T§+1)} Z l{Té <T+(so)}(LTg’+1AT+(so) - LTg/\T+(so))
k=0 Jj=0
(o) k
<D B Lsiemrrry 2 Limi-tcrt ey 24 (Y ot ), OD)
k=0 j=0
< D B(A(Yrpart () OD) (s, 518y L g1 ot (o))

B
Il
o

M]3

<> a1+ cazeollog o))" (1 — po) " Ed(Yro, OD).

>
I
o

If we assume that g9 > 0 is sufficiently small, this is bounded by 014Ed(YTg,6D) = ¢14d(Yp, D).
O

Recall that a; and ay are parameters in the definitions of S;’s and Uy’s stated at the paragraph
preceding Lemma 3.3.

Corollary 3.4. For any aj,as > 0, and any starting points (Xo,Yy) = (z0,y0) € D x D, all
stopping times Sy are finite a.s.

Proof. Let ¢y and r¢ be as in Lemma 3.3. By Lemma 3.1, there is a finite stopping time 77 such
that d(Xr,, Yr,) < eoArg. So there exist p; > 0 and ¢; < oo such that P(T7 < ¢1) > p; > 0. Let Th
be the first time after 7 when either X or Y hits 0D, and note that d(Xr,, Yr,) = d(Xr,, Y ) <
€o AN rg. Let

T; = inf{t > Ty d(Xt,XTQ) \Y d()/t, YTQ) > 027"0}.

It is easy to see that P(Ty < T3 < oo | 71 < oo) = 1 when ¢ > 0 is small. Select such
¢ > 0 and apply the strong Markov property at T and Lemma 3.3 (i) to see that there exists
p2 > 0 such that P(S; < T3 | 71 < o0) > p2. On the other hand, for some c3 < oo, we have
P(T; <Ty+c3 | Th < 0) >1—po/2. Tt follows that P(S1 < T5 < ¢1 + ¢3) > p1p2/2 and so
P(S; > ¢ +¢3) < 1— P22 By the Markov property, P(S1 > k(cy + ¢3)) < (1 — BE2)* for k > 1,
so S < 00, a.s.

Recall that P(Uy < oo | S < 00) = 1 for every k, according to the remark made before the
statement of Lemma 3.3. By induction and the strong Markov property applied at Si’s and Up’s,
all stopping times Sy and Uy are finite a.s. O

Lemma 3.5. For any c; > 0, one can choose a1,a2 > 0 and 9 > 0 so that for every k > 1 and all
s, t € (S A7T(e0),Ux A TF(e0)), a.s.,
L( Xy =Yy, Xs = Y5) S crd(Xgart(c0)s YSpnart(eo))-
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Proof. Recall that D is assumed to be C*-smooth. Elementary geometry shows that for any
c1 > 0 there exist €p,a1,a2 > 0 with the following properties. Suppose that x,y € 0D and
r=d(z,y) <ep/2. Let

Ay = B(z,2a17) N OD, (3.16)
As = B(y,2a17m) N 0D,
A3 ={z € D:d(z,2) < 2ayr,d(z,0D) < 2ayr*},
Ay ={z€ D :d(y,z) < 2a;r,d(2,0D) < 2a2r2},
As={z€D: e A, u,w€Ay:z2=v—u+w},
As={2€D:Fwe Ay, u,w€ A :2=v—u+w},
A7 = A U As,
Ag = Ay U Ag,

B = sup{Z(xo — Yo, 21 — Y1) : To, 71 € A7,y0,y1 € Ag}.

With a suitable choice of small €g,a1,a2 > 0, we have 5 < (¢1/4)r.

We will assume that Sy < 71 (g0) because otherwise (S AT1(g0), U AT (g0)) = 0 and there is
nothing to prove. Let © € 0D be the closest point to Xg, and let y € 0D be the closest point to Yg, .
Note that if ¢g and ag are small then d(z,y) =r < 2d(Xg,,Ys,). We use points x and y to define
sets Ay, as in (3.16). We will argue that /(X; — Y, Xs — Ys) < 283, for all s,t € (Sg, Ux A 71 (g0)).
Note that Xg, € A3 and Ys, € A4. This and the definition of § imply that /(Xg, —Ys,,x—y) < .

Suppose that there exists ¢t € (Sg, Up A7V (g0)) with £(X; —Y;,z —y) > § and let T = inf{t >
Sk L(X¢y — Y,z —y) > [}. By continuity, /(X — Ypr,x —y) = (. It is impossible that both
X7t and Yr are in D, because then we would have X; — Y; = X1 — Y7 for some ¢t > 0 and all
t € (T —tg, T +tg). This would imply that /(X; — Y,z —y) = B for t € (T —to, T + to), and,
therefore, inf{t > S, : £(X; — Y,z —y) > B} > T + to, a contradiction. We will show that it
cannot happen that X, Yy € 0D. Suppose that it is true that Xp,Yr € 0D and recall that we
are working under assumption that 7" < Uy. The definition of Uy implies that X7+ € A3 C A7 and
Yr € Ay C Ag. Since Z(X7p —Yr,z —y) = (3, it follows that the supremum in the definition of 3 is
attained for points zg, z1,y0,y1 € 0D (take o = z,yp = y,z1 = X7 and y; = Yr). Easy geometry
shows that this cannot be the case because we can slightly move either yy or y; into the interior of
D to increase the value of Z(xg — yo, 1 — y1)-

Suppose without loss of generality that X; € 0D and Ypr € D. For some random ¢; > 0,
the process Y will not touch the boundary within [T, T + t;], while the local time L¥ will have
a non-zero increment, a.s. It is easy to see that the local-time-term push that X will get over
[T, T + t1] will make /(X — Yy, x — y) smaller, and hence /(X; — Yy, —y) < B for t € [T, T + t1],
contradicting the definition of 7. We conclude that /(X; — Y,z —y) < 8 for t € (Sk, Ux ATT(0)).
This and the fact that /(Xgs, — Ys,,z —y) < [ imply that

Z(‘)(if - }/taXs - YS) S 2/8 S (CI/Q)T S C]_d(XSk,YSk),
for all s,t € (Sk, Up A 7T (e0)). O
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Recall the definition of the stopping times S, Uy from the paragraph preceding Lemma 3.3.
For k£ > 1, define
_ d(X, YY)
Pt = d(Xo, Yo)’

oo

~ d(XUj/\taij/\t)
Pt = Jl_[l a(

)
Xs;nts Ysjat)

R

t

_ lo—O[ d(XSj_H/\ta YSj+1/\t)

§=0 d(XU]'/\tv YUj/\t) ’

with the convention 0/0 = 1. Note that p; = p¢p,. Let T = Uy, (Sk, Ux] and T¢ = (0,00) \ 7.

Lemma 3.6. For any ¢; > 0 there exist ag,e9 > 0 such that if a1, a2 € (0,a9) and d(Xo, Yy) < €o
then for all t > 0, a.s.,

1

log Par(eo) + / (v(Xo)dLY +v(Yo)dLY )| < 1 <L5\T(EO) + Lfm@)) :
[0,tAT(e0)]NT

2

Proof. Since D is assumed to be C*-smooth, for any ¢y € (0,1) and ¢3 > 0, we can find 9 > 0 so
small that for any =,y € 0D with d(z,y) < 2,

(= (14 e)(1/2)v(@) — es/2)d(,y) < gom o n(@) < (= (1= e)(1/2v(@) + ¢0/2)d(,p)

This, Lemma 3.5, differentiability of v and simple geometry show that one can choose small a1, as >
0 and g9 > 0 so that for every k > 1 and all ¢t € [Sy, Ux A 77 (g0)] such that X; € 0D, assuming
S <T + (60),

(~(1+e2)(1/2)0(X1) = )X ¥s,) < 35

< (=(1 =) (1/2)p(X) + ¢3)d(Xs,,, Vs, )-

-n(Xy)

Analogous estimates hold for 2¢=Xt. . n(Y;). We obtain for ¢ € [S, Ur A 77 (£0)],

d(Y;, X:)
d(Xt,Yt)d(ng,ng):/S mm(xs)dL§+L mm(n)dﬁ
< / (—(1 — 2) (1/20(X,) + e5)d(Xs, , Vs, )AL
Sk
n / (—(1 = e2)(1/2w(Ya) + e3)d(Xs, Vs, JdLY
Sk
Thus
M <1-(1-e)(1/2) /S (W(X)ALX + v(Y.)dLY) + cs /S (AL +dLY).
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We obtain in a similar way,

d(Xt7}/;ﬁ) t x v t < v
A(Xs,, v — L )/ /Sk(V(Xs)dLs +u(Y)dLY) - ¢ /Sk(dLs +dLY).

Note that d(X;,Y:)/d(Xs,,Ys,) € [1 — 2a1,1 + 2a4] for t € [Sk, Ux A 77 (g0)], s0

d(X,,Y;)
d(XSk7YSk)
< (14 2a1) A (1 —(1- c2)(1/2)/ (V(X5)dLY 4+ v(Yy)dLY) —1—03/ (dLX + de)) ,
Sk Sk
and
d(X,Yy)
d(XSk7YSk)
> (1-2ay) Vv <1 -1+ c2)<1/2)/ (V(Xs)dLY +v(Y,)dLY ) — ¢3 /t (dry +dLZ)> :
Sk Sk

We have 1+a < e® for all a. For any ¢4 > 0 we can choose a; > 0 so small that 1+a > ete~calal for
a € [—2ay,2a1]. Hence, for sufficiently small a1, and t € [Sy, Ux, A 77 (g0)], assuming Si < 77 (o),

k—1

~ Xtyi/;f XU 7YU
pr = 711
d(Xs,,Ys,) e d(Xs,,Ys;)

<1 —(1/2 = ¢3/2) /t (W(X)ALE + v(Y)dLY) + c3 /Si(de + dL;”))

Sk

1j<1— 1/2—02/2)/

Sj

IN

U; U;

(X )ALX + v(Y)dLY ) + cs /

(dLX + dL§)>
S

< exp ( —(1/2 = ¢2/2) / (V(X,)dLY + v(Ys)dLY)

[0,tAT(e0)]NT

+ ¢35 / (dLX +dLY) |,
[0,tAT(e0)INT

and

pzen | - (/24 c) ((X)dALY + v(Y,)dLY)
[0,tAT(g0)]NT

— 23 / (ALY +dLY)
[0,tAT(g0)]NT

—a/zee) [ (Iw(X.)JdLY + [w(¥)ldL))
[0,tAT(20)]NT

+ 23 / dLX + dL;“)) .
[0,¢AT(20)]NT

23



Since |v| is bounded and ca, c3 and ¢4 are arbitrarily small, the last two estimates yield the lemma.
O

Recall that we have assumed that for every x € 0D, there are only finitely many points y € 0D
with a(z,y) = 0.

Lemma 3.7. Suppose that z € 0D and let K = {y € 0D : a(z,y) = 0} and My = {y € 9D :
a(z,y) € [27%,27 1}, There exist kg, c; < oo and ca > 0 not depending on z such that for k > ky,
the arc length measure of My, is less than c127%/2 and the distance from M, to K is bounded below
by 622_k.

Proof. We have assumed that the boundary of D is C*-smooth and that there exist at most a finite
number of points x1,xa,...,z, such that v(xy) = 0, k = 1,...,n. Moreover, we have assumed
that the third derivative of the function representing the boundary does not vanish at any xy.
This implies that there exist dg, c3,cq4 > 0 such that if z € 9D and d(z,zx) < &g for some k then
lv(x)| > esd(z, zy); moreover, if x € D and d(z, xy) > dp for every k =1,...,n, then |v(z)| > ¢4.
We make dp smaller, if necessary, so that d(x;,xy) > 4d¢ for all j # k. It is elementary to see that
there exists c5 > 0 with the following properties (i)-(iii).

(i) For every point z € 0D such that d(z,xy) > 20y for every k =1,...,n, and every y € 0D
with d(z,y) < dp, we have |a(z,y)| > csd(z,y).

(ii) If x € 9D and d(x, zx) < 20¢ for some k, y € 9D, d(z,y) < dy, and y lies on the same side
of x as x then |a(x,y)| > csd(x, y)d(z, x).

(iii) If z = @y, for some k, y € D and d(x,y) < &y then |a(z,y)| > csd(z, y)?.

Make d¢ smaller, if necessary, so that for any x,y € 0D with |a(z,y)| > 7/4, we have d(z,y) >
450.

Consider any z € 9D and let z1,29,..., 2, be all points in 9D such that a(z,z;) = 0 or
a(z,z,) = w/2. The number m of such points is bounded by a constant my depending on D but

not on z. The family of points {z1,...,2m,21,...,2,} divides 9D into n + m Jordan arcs Ty,
k=1,...,n+m. Let X denote the arc length measure on 9D, i.e., A\(dz) is an alternative notation
for dx.

Fix some I'y, and note that the curvature v(x) has a constant sign on this arc because there are
no x;’s between the endpoints of I';. Since there are no points z; between the endpoints of I'y, the
function © — a(z,z) is monotone on this arc. For an arc I'y, let y, and y,j denote its endpoints
and assume that o(z,z) takes the maximum on I'y at z = y, . It is elementary to deduce from
(i)-(iii) that for some c¢g > 0 depending only on D, and all j,

Az €Ty alz,yy) €[277,27771}) < ¢6277/2,
Since the number of I'y’s is bounded by a constant independent of z,
M{z €dD:a(x,z) e [277,27771}) < ;27972

Conditions (i)-(iii) easily imply that d(M;, K) > 27 for some cg depending only on D. 0O
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Lemma 3.8. There exists ¢; < oo such that for any s > 0,

ps < exp(er (LY + LY)).

Proof. Since D is assumed to be C*-smooth, there exists ca < oo such that for any = € D and
yeD,

z—y
1) ‘n(z) < cod(z,y). (3.17)

Let Ty =0, and for k > 1,

Ty = inf{t > Tk—1: d(Xtayt) ¢ (%d<XTk717YT1«71)7 2d(XTk717YTk71))}
Anf{t > Ty : L — Ly, > 1} Ainf{t > Ty : LY — L}, >1}.

Then, by (3.17), for any k > 1 and ¢t € (T—1, Tx],

d(Xt, th) - d(XTk_1 ) YTk:—l)

t t
(Xs — YS) X / (Ys - XS) Y
= e n(XG)dLY + e n(Ys)dL;
/Tk_l d(Xs,Y5) 7, d(Ys, X;)

Tk Tk
g/ czd(Xs,YS)dL§+/ cod(X,,Y,)dLY
Ti_1 Ti_1
Tk

< 2ch(XTk1,YTk1)/ (dLX 4 dLY).
Trk_1

This implies that for any t € (T_1, Tk],

<1+2c(Ly, — L3 +L} —LY )

< exp(2c2(Ly, — Ly, + Ly, — Ly, ),

and
k—1
d(X,Ys) d(Xry, Yr,)
d(X:,Yr) —
d(XTk 17YTk 1 1;1 17YTj )
k
< | [ exp(ea(L7, — L7, | + LY, — LT, )
j=1
(202(L + LTk))
This proves the lemma. O

We define a partial order for two distinct points z = (z1,22) and y = (y1,y2) by saying
that x < y if 1 < y1, or x1 = y; and 2o < ys. Let Z; be the closest point in 0D to the pair
{Xt,Y:}, if there is only one such point. In the case when there are multiple points in 9D with
the minimum distance to {X¢,Y;}, we let Z; be the point which is the smallest one according
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to <; an easy argument based on compactness of 9D shows that there exists such a point. Our
choice of the tie-breaking convention is arbitrary—it plays no role in the proofs. Note that if
Ty = inf{t >0: X, €0DorY; € 8D} then ZTO = XTO if XTO € 0D and YTO ¢ 8D, ZTO = YTO if
Yr, € 0D and X1, ¢ 0D; Zr, can be either X, or Y, if both X7, € 0D and Yr, € 0D.

The following piece of notation will be used in many lemmas,

F(s,u,z,a) = { sup d(X¢,x) < a}.

s<t<u

The proof of the next lemma is the most complicated and delicate argument in this paper.

Lemma 3.9. Let Ty = inf{t > 0: X; € 9D orY; € 0D} and ¢ = d(Xy,Yy). There exist
Bo € (1/2,1) and ¢y, co < oo such that the following hold. Assume that,

|m/2 — /(X0 — Yo,n(Zp))| < c1d(Xo, Yo)™ and d(Xo,dD) < cod(Xo, Yo). (3.18)
(i) There exist c3 < oo and €9 > 0 such that whenever ¢ < ¢,
E|logd(Xs,,Ys,) — logd(Xo, Yo)| < cse.
(ii) For some (31 > 0, B2 > 1, ¢4 < 00 and g¢ > 0, we have for all ¢ < g,
E (1FC(TO7SI7Z(TO),€51) |logd(Xs,,Ys,) — logd(Xo,Yp)|) < cse™.

(iii) Let K = {x € OD : tana(Zy,x) > e~M}. For some 3; > 0, B2 > 1, c5 < oo and gy > 0,
we have for all ¢ < gg,

E (1{ZTOEK} |1Ogd(X517YS1) - 1Ogd(X0’ YO)|) S C5€B2-

Proof. (i) Step 1. For some cg < 00, let

Ty = inf{t > Ty : d(X;,dD) A d(Y;,dD) < d(X,, Yy),
7/2 = L(0(Z), Xi = Ya)| < exd(Xy, Ya)™},

Ty = inf{t > Ty : d(Xy, X1,) > cd(X1,, Y7, )},

T3 =inf{t > Ty : X; € 8D}1{YTO€8D} +inf{t > Ty :Y; € 8D}1{YTO¢3D},

Ty =inf{t >T» : X; € 9D or Y; € 0D},

Ts = inf{t > Ty : d(Xy, X1,) > c6d(X1,, Y7,)},

T = inf{t > Ty : Xy € 0D}y, copy +inf{t > Ty : Yy € D} 1y, ¢op)-
It is elementary to see that for a suitable choice of ¢, {T5 < T2} C {T1 < T»}, and similarly
{Ts < T5} C {11 < T5}.

We will now estimate changes in the distance between X; and Y; over the interval [Ty, T1 A T5)
under various scenarios, and probabilities of these scenarios.
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Let M, = {z € 0D : a(z,Zy) = w/2}. For integer k and any = € M,, let M) = {y € 9D :
tana(y,r) € [27%,27**1)}. Let N be such that Z7, € My. Let k; be the largest integer with
d(My,, M,) > 4ced(Xo, Yp)%. Since we are concerned with the case when d(Xy,Yp) is small, we
can assume that k; > 0.

Suppose that —k; < k < 0. Then, by Lemmas 3.2 and 3.7, P(N = k) < c7d(Xo, Yp)27F. If
N =k then d(X7,,0D) vV d(Yy,,dD) < csd(Xy, Yy)2*. This and Lemma 3.2 imply that

P(Ty>To [N =k)<P(T3 >T» | N =k) < cod(Xr,, Y7,) 702",

and, therefore,
P(N =k, Ty > Tb) < ciod(Xp,, Yp, )2 7.

Elementary geometry shows that the distance between X; and Y; is reduced by at most a factor of
1 — ¢1122% over the interval [Ty, T) A Ts], so we have d(X7, a1y, Y7 a1,) > (1 — €1122%)d (X0, o).
Next assume that 0 < k < k;. It follows from Lemmas 3.2 and 3.7 that P(N = k) <
c12d(Xo, Yp)27%/2. We obviously have d(Xr,,0D) Vv d(Yy,,dD) < d(Xo, Yp). This and Lemma 3.2
imply that
Py >Ty |N=k)<P(IT3>Ty | N =k) < c13d(Xp,, Y, )1 7,

and, therefore,
P(N =k, Ty > Ty) < c1ad(X7,, Y, )2~ P27/2,

We have /(n(Z;), Xy —Y;) € (c1527F, 7 — ¢1527%) for t € [Ty, Tp]. It follows that the distance
between X; and Y; is reduced by at most a factor of ¢142* over the interval [To, Th A Ty, so
d(X 1, a1y, Y1, a13) = 16277 d (X0, Y0).

The next case is N < —k;. We trivially have P(N < —k;) < 1. If N < —k; then d(X1,,0D)V
d(Yz,,0D) < c17d(Xo, Yp) 0. Lemma 3.2 implies that

P(N < —k,T1 >2T) <P(Th > Ty | N < —k1) (3.19)
<P(T5>Ty | N < —ki) <c13d(Xry, Y1y,)-

The distance between X; and Y; is reduced by at most a factor of 1 — c19d(Xr,, Y1,)%% over the
interval [To,Tl VAN Tg], SO d(XTl/\T27YT1/\T2) > (1 - Clgd(XTO,YTO)Q’@U)d(XQ, YQ)

Let N’ be such that Xp, € My if Xp, € 0D and Yr, € My if Yp, € 9D. We will analyze the
change to d(X,Y?) over the interval [Ty, Th A T3] for different values of N’, assuming that 77 > Tb
and N < —k;.

Suppose that —k; < k < 0. Since d(Xp,,0D) < cz0d(Xo, Yp)?, Lemmas 3.2 and 3.7 im-
ply that P(N' = k | N < —k;, Ty > Ty) < co1d(Xo,Yp)P?27%. If N’ = k then d(Xr,,0D) V
d(Yz,,0D) < co2d(Xo, Yp)2F. This and Lemma 3.2 imply that

P(Ty >T5 | N <=k, T4 >To, N' =k) <P(T5 >T5 | N < —ky, Ty > T, N' = k)
S ngd(XTO,YTO)l_BOQk.

We combine estimates of probabilities in this paragraph with (3.19) to obtain,
P(N < —ki,N' =k, T1 > T5) < coaud (X1, Y1, )°.
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The distance between X; and Y; is reduced by at most a factor of 1 — c952%% over the interval
[To, T1 A T5), so d(Xryats, Yroars) > (1 — ¢2522%)d(Xo, Yo).
Next consider the case 0 < k < k;. By Lemmas 3.2 and 3.7,

P(N'=k|N < —ki,T1 > Tp) < caed(Xo, Yp) 02772,

If the event {N < —ky,Ty > T5} holds then d(Xr,,0D) Vv d(Yr,,0D) < d(Xo,Ys). This and
Lemma 3.2 imply that
P(Ty >Ts | N < k1, Ty >To,N' =k) <P(Ts >T5 | N < —k1,T1 > To, N = k)
< co7d(Xr,, Y,)' 77,

and, using (3.19),
P(N < —k|,N' =k, Ty > T5) < cosd(X7,, Y1, )?27%/2.

We have /(n(Z;), Xy — ;) € (co027%, 7 — c0927%) for t € [Ty, T5]. Tt follows that the distance
between X; and Y; is reduced by at most a factor of c3p2* over the interval [To,T1 A Ts], so
d(X 7 a1y, Yroamy) > c30277d(Xo, Yo).

Consider the case N < —k;. We trivially have P(N' < —ky | N < =k, Ty > Ts) < 1. If
N’ < —k; then d(Xr,,0D) VvV d(Yr,,0D) < c31d (X, Yp)! TP, This and Lemma 3.2 imply that

P(Ty >Ts | N < k1, Ty >To,N' < —k) <P(T5 >T5 | N < —ky, Ty > To, N' < —ky)

< c32d(Xy, Y13)
and, using (3.19),
P(N < —ki,N' < k1, Ty > T5) < c33d(X,, Y1,)°.

If N’ < —kq, the distance between X; and Y; is reduced by at most a factor of 1 —034d(XTO,YTO)2ﬁ0
over the interval [Ty, Ty A Ts], so we have d(Xp, a7y, Yo a1 ) > (1 — e34d( X1, Y7, )2%0)d( X0, Yo).
An argument similar to those given above yields

P(N < —ky, Ty > To, N’ > k1) < e35d (X, Yp) H3%0/2,

If {N < —ky,T1 > Ty, N' > k;} holds then d(X7,,Y7,) > (1 — c36d (X7, Y1, )270)d (X0, Y0).

Finally, by Lemmas 3.2 and 3.7, we have P(N > k) < c37d(Xg, Yp) TF50/2,

Step 2. Recall that 8 denotes the usual Markov shift operator and let
A= ({’N| < kl} N {Tl < TQ}) @] ({N < —]{31} N {Nl < ]{51} M {Tl < T5}),
Tr =Ti1a+Too 01,1 Nj<kyn{Ti>Ty + Tol{n>k}
+Tpo 9T51{N<—k1}ﬂ{N’§k1}ﬂ{T1>T5} + T41{N<—k1}m{N/>k1}-

Note that d(Xr,, Yr,) < d(Xo, o).

Let D(a) = {z € D : d(x,0D) < a}. We will define a number of stopping times and events
involving a parameter B3 > 1 whose value will be chosen later. Recall that Z; is the closest point
on 0D to the pair {X;,Y;}. Let § = d(Xr,, Yz, ) and for k£ > 0,

Vi = inf{t > T7 : X,,¥; € D(6%)},
Gr = {|7T/2 - Z(n(ZVIc)’ XVk - YVk)| > cld(XVk’YVk)IBO}‘
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We will define some stopping times ij and related events Ai assuming that Vi > T7 (otherwise
ij ’s and Ai’s can be defined in an arbitrary way). If G holds, we let V,g =V} for all j. We will
state the definitions in the case when G} holds and Xy, € <‘9D(55§) \ dD. In the case when Gy,
holds and Yy, € BD((WZ]”C ) \ 9D, the roles of X; and Y; should be interchanged in the definitions
of V,g ’s and Ai’s. Let C'Si be the orthonormal coordinate system with the origin at the point in
OD that is closest to Xy, , whose first axis is tangent to 9D. We will write X; = (X}, X?) in this
coordinate system. Note that X‘l/k: =0 in CSi. Let

V! =inf{t > Vi : X, € D(6% /2)},

Al = {v,g < inf{t > Vi : X, € D(26%)° or [X}| = 5@5?}} ,
V2 =inf{t > Vi : X, € D(6%)°},

A2 = {v,f <inf{t > Vi : X, € D(6% /4) or | X}| = 2555}} .

If § is small then D N B(Xy, ,2d(Xv,, Yy, ) V 26% ) is almost flat. If events A} and A occur, the
process X; moves towards the boundary of D and then away from the boundary, without moving
too much in the horizontal direction in C'Sg. The result is that the distance from Yy to 9D is

greater than 675 /8.

It follows from Lemma 3.7 and its proof that there exists dg, c3gs > 0 depending only on D, such
that if § < §o then either (i) Z(n(z), n(y)) > c3562% for all z = (21,22) € 9D and y = (y',y?) € OD
with 367 < —z! < 96% and 36% < y! < 95%, or (i) Z(n(x),n(y)) > c3302% for all x,y € OD
with 106% < —z! < 166% and 106% <y < 1667, in C'S;. We have to consider cases (i) and (ii)
because there might be a (single) z € 9D with —166% < 2! < 165% and v(z) = 0. Depending on

the sign of X‘lf2 Yl
k

2, one of the following events holds,
k

k

[(Xyz = Yyon(z) > 3s0%%,  forz € 0D, 30% <a' < 95%, (3.20)
L(Xy2 = Yyz,n(z)) = c356%55 | for z € D, 36% < —z' < 96%, (3.21)
[(Xyz = Yyo,n(z) > c5s6%%,  forz € 9D, 106% < ' <165%. (3.22)
L(Xy2 = Yyz,n(z)) = c336%55 | for z € 0D, 106% < —z' < 165%. (3.23)

We will discuss only cases (3.20) and (3.22). The other cases are symmetric—we leave them to the
reader. In case (3.20) we let

V3 =inf{t > V2 : X} = 65% 1,

A3 = {V,f <inf{t > V2: X! = —36% or X, € D(26%)° U D(aﬁé"/z)}} ,
V& =inf{t > V3 : X, € D% )},

Ab = {v,j <inf{t > V3 : X, € D(36%)° or | X} — 65% | = 55:’?}} .
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In case (3.22), we let
V3 =inf{t > V2 : X} = 136%},
af = {Vi <inf{t > V2 X} = =36% or X, € D(20%)° U D(6% /2)} ],
Vi =inf{t > V3 : X, € D(6% )},
Al = {v,j <inf{t > V3 : X, € D(36%)° or | X} — 136% | = 5%“}} .

In either case, let Ay = Af N A2 N A3 N A}, and similarly in cases (3.21) and (3.23).

We will assume that dg > 0 is so small that 685 < 585 /4 for 6 < 6g. We will later impose
an upper bound on f3 which, in turn, will impose an upper bound on dg. Note that given this
assumption about dg, if d(Xo,Yy) < dp and A holds then Vk4 < Vk41, S0 we can estimate the
probability of the intersection of consecutive Ax’s using the strong Markov property at times V.

Let
VP =inf{t >V, : X; € 9D},

Cp = sup  d(X;, Xy,) < 55§_1/2 )
te[Vi, V2]

By Lemma 3.2,
P(CS | Xy, € OD(5%)\ OD) < c396% /6% " = c396%  (Ba=1), (3.24)
We will find a lower bound for sup;cy, vs) d(X;,Y;) assuming that d(Xr,, Y7 ) > 5% and

Gk N Ay N Cyyy occurred. First consider the case when | X, — Yy | > 55§/8. Then it is easy
to see that the distance between X; and Y; is reduced between times V, and V,f by at most a
constant factor ¢4, so d(Xy, Y:) > 041(555 for t € [Vi, V?]. Next suppose that |X‘1/k - Y‘}k| < 555/8.
Then |X}! —Y}!| < 555 /4 for t € [Vi, V}?], because the boundary of D is “flat” in the neighborhood
under consideration. After time V;2, processes X; and Y; move along dD without touching it, to
the place where the angle between the line passing through both particles and the normal to the
boundary of the domain is bounded below by 63852f8§ . It follows that for t € [Vi, V}?], the process
Y; is reflecting on the part of the boundary where the angle between the line passing through both
particles and the normal to the boundary of the domain is bounded below by 638525§ . Hence, the
distance between X; and Y; is reduced between times Vj and V,f by at most a factor of 64252'8§ .
This implies that if Gy N Ay, N Cpyq holds then d(Xy,Y;) > ¢436%% for ¢ € [Vi, V).
Let
Fyp = U (anU(GmﬂAmmCm—H))v
k<m<2k
and note that
U 4nn () Cnnc U GLUGnNA))N (] Cmsr CFr
k<m<2k k<m<2k k<m<2k k<m<2k

It is elementary to see that the probability of Ay is bounded below by p; > 0, not depending on k
or 33, assuming ¢ is small. By the strong Markov property applied at stopping times V,,,, we have

P(ﬂk§m<2k Afn) S (1 _pl)ka 50

Pl | 4n|z1-0-p)~ (3.25)
E<m<2k
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By (3.24),
P ﬂ C,|>1- Z 6395,3;,”_1(53*1)'
k<m<2k k<m<2k

The quantity on the right hand side is bounded below by 1 — (1 —p;)*, for small §. This and (3.25)
imply that P(Fy) > 1 —2(1 — py)*, for small 4. Let

Ts = inf{t > Ty : d(X;,0D) A d(Y;, dD) < d(Xy,Y3),
|m/2 — £(n(Z,), X, — Y1)| < exd(Xy, Yy)™).

Note that if G§ U (G N Ak N Cy1) occurs then Ty < VP and d(Xr,, Y, ) > 130393 . In view of the
estimate for the probability of Fj, we see that for k > 1,

P(d(Xz,,Yz,) < c36®®) < 2(1 — p1)*.
We choose 35 > 1 so that $3(1 —p;1) < 1.

Step 3. Let cqq be the same as ¢y in the statement of Lemma 3.3, and let c45 be the same as ¢; in
the statement of that lemma. Let Ty = T and for k > 1,

Ty = inf{t > T3 : d(X, Xgp) V d(YVz, Ypr) > 2(d(X g, D) V d(Ygp,8D))},
TF =inf{t > Ty : X, € 0D},
TF, = inf{t > Ty : Y; € OD},
Tf =inf{t > TF : L;* - Lg}fﬁ > caad(Yrr , OD) YL rn < 3
TF =inf{t > T : LY — Lékl > caad(Xgp , OD) YLk 7ty
Tfs = inf{t > T{; : Y; € ODY1 g <ps 3.
Tty = inf{t > T{; : X; € ID}ypp opn 3,
Tyt =inf{t > Ty : d(Xs, Xpp) V d(Yy, Ygp) > 2¢45(d(Xgp, D) V d(Ypy, OD))}
A (Tl + Ti) A (T + Tig)-
Note that d(X71,Yq) = d(Xn,, Yr) < d(Xo,Yo). It is easy to see that if eo > 0 is small and

d(Xo,Yy) < g0, we have P(TF, < TF,) > pa > 0, where py depends only on D. By the strong
Markov property applied at Tf, A TF, and Lemma 3.3 (i), for some p3 > 0,

P(S) < Ty | Fry {S1 > Tg}) = ps.
Let ko be such that (1 — p3)*2~1 < 1/2. Then

P(S) > Tp2) < (1—p3)kt <1/2.

Step 4. Let T17 = Té” and note that
d(‘X'Tg1 ’ XT17) v d(YVTQ1 ) YT17) < C4G(d(XT91 ) aD) \ d(YVTQ1 ) 8D)),
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where ¢4 = (2045)’“2. For t between Tgl and 777, the angle between the vector of reflection for any
of the processes and X; — Y; is bounded below by a quantity depending on IN; we will next discuss
this dependence and its consequences. We will examine various cases in the same order as in Step
1 and we will also recall some estimates from Step 1. There will be many cases to consider—we
will label them for future reference.

We start with a general remark that applies to many of the cases discussed below. If T} < Tb
then the lower bounds for d(Xp, a1y, Y1, a1, ) Obtained in Step 1 apply also to d(Xr,,, Yr,,), for the
same reasons, but with constants that may be different. The same is true when T < T.

(a) Consider the case when N = k and —k; < k < 0. Then we have P(N = k) <
card(Xo, Yo)27F,

P(N =k, T > Ty) < casd(Xr,, Y1,)° 7,

and (1 — ¢4922%)d(X0,Y0) < Ad(X7 a1y, YTam,) < d(Xo,Yy). If Ty < Ty then d(X7,,,Y7,,) >
(1 — ¢5022%)d(Xy, Yp). Note that the distance between X; and Y; does not increase before time
Ty = Ty. The increase of the local time L;¥ between times Ty and Ty7 is bounded by c51d (X, Yo),
and a similar bound holds for the increment of L), so, according to Lemma 3.8, d(Xr,,, Y7,,) <
d(Xo,Yp)(1 + c52d(Xo, Yp)), assuming that d(Xp,Yp) is small. Combining the two estimates, we
obtain

(1 = e502?)d(Xo,Y0) < d(X7y7, Y1) < d(Xo, Yo)(1 + e50d(Xo, Vo))

(b) Next consider the case when N = k, —k; < k < 0, and T5 < Ty. Then, d(X7,Y7) <
d(Xo,YE)), d(X17,Y17) < C53d(X8,Y8), and using Step 2, for n > 1,

2n
P(N =k, Ty > T5,d(Xr1,,, Y1,,) < c54d(Xo, ¥0)*") < e55d(Xpy,, Y, )* 70 (1 — py)"H 1.
(¢) Assume that 0 < k < k;. Then P(N = k) < ¢56d(Xo, Yp)27%/2,
P(N =k, T1 > Ty) < c57d(Xr,, Y, )* %272,
and 65827kd(X07Y0) S d(XT1/\T27YT1/\T2) é d(X(J?Yb) If Tl S T2 then we have d(XT177YT17) 2
5027 %d(Xy,Yp). The bound d(X7,.,, Yr,.,) < d(Xo, Yo)(1+ce0d(Xo, Yp)) holds for the same reason
as in case (a). Combining the two estimates, we see that

582 7d (X0, Yy) < d(X1y,, Y1,,) < d(Xo, Yo)(1 + ceod(Xo, Y0)).

(d) Next consider the case when N = k, 0 < k < ky, and T < 7. Then, d(X7,Y7) <
d(Xo,Yy), d(X17,Y17) < ¢61d(Xs, Ys), and using Step 2, for n > 1,

P(N =k > T2>d(XT17a YT17) < 662(05827kd(X07}/0))3ﬁ§n)
< C63d(XTO,YTO)2_'602_k/2(1 — pl)"+1.

(e) The next case is when N < —k;. We will use the trivial estimate P(N < —k;) < 1. We
have d(X7, a1, YT am) > (1 — coad(X1,, Y1, )2%0)d( X0, Yp). If Ty < Ty then

(1= cgsd(Xy, Y1, )*7)d(Xo, Yo) < d(X1y,, Yy,) < d(Xo, Yo) (1 + ce6d(Xo, Yo))-
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(f) Recall that N’ is defined by the following conditions, X7, € Mys if Xp, € 9D, and
Yr, € Mn/ it Y7, € OD. Suppose that —k; < k < 0. Then

P(N < —ki,N' =k, Ty > T5) < ce7d(Xr,, Y1,)?,

and (1 — c6s2%%)d(Xo, Y0) < d(Xpaty, Yroary) < d(Xo,Yo). I N < —ky, N' =k, —k; < k <0,
and T} < T then we have d(Xr,,, Y7,,) > (1 — c692%)d(Xo, Yy) and

(1 — 692*")d (X0, Yp) < d(X1y,, Y1y,) < d(Xo, Yo)(1 + c70d (X0, Y0)).

(g) IfN < —k‘l, N' = k, —kil < k < 0, and T5 < Tl then, d(X7,Y7) < d(Xo,Yo), d(X17,Y17) <
cr1d(Xs, Ys), and using Step 2, for n > 1,

P(N < ki, N' =k, Ty > Ts,d(Xry,, Y1y.) < er2d(Xo, ¥) ¥ ")
< er3d(Xpy, Y1, )?(1 — pr)" T

(W) If0 < & < ki then
P(N < ki, N' =k, T1 > Ts) < crad(Xr,, Y1, )?27%/2,

and C752_kd(X0,Y0) S d(XTl/\T57YT1/\T5) S d(X(),Y()). IfTN S —kh N/ = k, 0 <k S k’l, and
T < T5 then d(XTH,YT”) > C762_kd(X0,Y0) and

C762_kd(X07 YU) < d(XTna YTl?) < d(Xo, YO)(]- + C77d(X0a }/0))

(1) IfN < —kq, N' = k,0 <k <k, and T5 < T} then, d(X7,Y7) < d(XmYb), d(X17,Y17) <
crsd(Xs, Ys), and using Step 2, for n > 1,

2n
P(N < —ky,N' =k, Ty > Ts,d(X1,,, Y1,,) < crolers2 7 d(Xo, Yp))?%")
< csod(X1y, Y,)?2772(1 — p1)" .

(j) The next case to be considered is when N < —k; and N’ < —k;. We have P(N' < —Fkq |
N < —k,T1 >T) <1,

P(N < —ki,N' < —ky,T1 > T5) < es1d(X1,, Y1,)%,

and d(XTl/\T5,YT1/\T5) > (1 — ngd(XTO,YTO)zﬁo)d(Xo,Yb). If N < —k‘l, N’ < —k‘l, and T1 < T5

then d(Xr,,, Yr,,) > (1 — cg3d(Xr,, Y1, )2%)d (X0, Yp) and

(1 — cs3d(Xg,, Y1,)*P)d(Xo, Yo) < d(X7y,, Y1,,) < d(Xo, Yo)(1 + csad(Xo, Y0)).

(k) If N < —k‘l, N’ < —kl, and T5 < T1 then, d(X7,Y7) < d(Xo,Yo), d(X17,Y17)
cs5d(Xs, Ys), and using Step 2, for n > 1,

IA

/ 3p2n
P(N < —ki,N' < =k, Th > T5,d(X1,;, Y1) < cg6d(Xo,Yo)""s )
S 687d(XT07 YT0)2(1 - pl)n+1'
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(1) Consider the case when N’ > k; and note that P(N < —ky, Ty > To,N' > ki) <
ngd(Xo,}/b)l+3ﬂ0/2. If N S —kl, N/ Z ]{1, and T1 Z T2 then we have d(XT4,YT4) Z (1 —
cgod (X7, Y1, )2%0)d(Xo, Yp). If, in addition, T3 < Ts then

d(X1,;, Y1) > (1 = cood (X1, Y1, )*7)d (X0, Yo)

and
(1= cood(Xgy, Y1,)*P)d(Xo, Yo) < d(X7y,, Y1,,) < d(Xo, Yo)(1 + co1d(Xo, Yp)).

(m) If N S —k‘l, N’ Z kl, and T5 < T1 then, d(X7,Y7) S d(Xo,}/b), d(X17,Y17)
co2d(X5s, Ys), and using Step 2, for n > 1,

IN

, 3,[‘32”
P(N < —ki,N' < -k, T > T5,d(X1y;, Y1,,) < co3d(Xo, Y0)""2 )
< cgsd(X1y, Y7 )2 (1 — pr)" T

(n) Finally, we consider the case N > k;. We have P(N > ki) < cosd(Xo, Yo)!T#/2. Then,
d(X7, Y7) < d(Xo, }/0), d(X17, Y17) < Cg6d(X8,Y8), and using Step 2, for n > 1,

P(N < —k;,N' < —ky, Ty > T5,d( X1y, Y1,,) < 097d(X07Y0)355n)
S C9Sd(XT07 YT0)1+BO/2(1 - pl)n+1'

The estimates for values of d(Xr,,,Yr,,) and the corresponding probabilities listed above as
(a)-(n) yield the following inequality. Its lines are labelled according to the case they represent.

E|logd(Xr,,,Yr,,) —logd(Xo, Yo)| (3.26)
< Z cood(Xo, Y0)2 ™" (c1002°" + c101d(Xo, Y0)) (a)
—ky <k<O0
Y Y ca0ed (X, Vo) (1 p1) " (eron + (363" — D[logd(Xo, o)) (b)
—k <k<On>1
+ Z c104d(Xo, Y0)2 72 (c105k + c106d(Xo, Y0)) (c)
0<k<ki
+ Z Z crord(Xo, Yo)2 P27 k/2(1 — py )t
0<k<kin>1
x (€108 + c10003" + c110kB5™ + (383" — 1)|log d(Xo, Yo)|) (d)
+ c111d(Xo, Y0)?? + c112d(Xo, Yo) (e)
+ Z c113d(Xo, Y0)2(c1142%F + ¢115d( X0, Y0)) (f)
—ky <k<O0
+ Z Z 0116d(X0,Y0)2(1 —pl)nH(Cn? + (35§n - 1)‘ log d(XO,Y0)|) (9)
k1 <k<O0n>1
+ Z c118d(Xo, Y0)?27%/2 (cr10k + 120d(Xo, Y0)) (h)
0<k<ki
+ Z Z c121d(Xo, Yo)?27F/2(1 — py )"
0<k<kin>1
X (c122 + 612353%" + 0124k3532,n + (353%” —1)|log d(Xo, Yo)|) (i)
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+ c125d(Xo, Yo)wo + c126d (X0, Yp) (7)

+ Z c127d(Xo, Y0)2 (1 — p1)" T (cras + (363" — 1)|log d(Xo, Yo)|) (k)
n>1

+ c120d (X0, Y0) 1 T350/2 (¢130d (X, Y0) 2% + c131d(Xo, Vo)) (1)

+ Z c132d(Xo, Y0)2 (1 — p1)" T (c133 + (365" — 1)|log d(Xo, Yo)|) (m)
n>1

+ 3 ersad(Xo, Y0) /(1 — 1) (a5 + (365" — 1)] log d(Xo, Y0)))- (n)
n>1

Recall that 3y € (1/2,1) and 33(1—p;) < 1. Given these constraints on the values of the parameters,
it is straightforward to check that (3.26) implies that

E’ lOg d(XT17, YT17) — lOg d(Xo, Yo)’ S 6136d(X07 Y())

Step 5. It is easy to check that our estimates on the size of d(X4,Y;) apply not only at 717 but on
the whole interval [0,737]. Hence,

E ?up | | log d(Xt, Y}/) — 10g d(Xo,Y0)| é 0136d(X0,Y0).
te[0,T17

At several places in our argument we have assumed that d(Xg,Yp) is small. Let e > 0
be such that the last inequality holds if d(Xp,Yy) < e1. Let Qo = 0, Q1 = Ti7 A 77 (1) and
Qr = Q100qg, , for k> 2. Note that if d(Xq,,Yn,) = 1 then d(Xq,,,Yp, ) =1 for all n > k.
If Qp =Ti700g, , < 7t(e1) o 0g, , then we can apply the argument given in Steps 1-4 to the
post-Qy process, by the strong Markov property, because condition (3.18) is satisfied for t = Q) in
place of ¢t = 0. It follows that if d(Xo, Yy) < €1 then

E S[up ]|log d(X;,Y;) —logd(Xo, Yp)| < c136d(Xo, Y0),
t€[0,Q1

and
E( sup |1Ogd(Xt’ }/t) - logd(XQk—1 ) YQk—1)| ‘ ka—1)
te[Qr—1,Q1]

< 6137d(XQk_1 > YQk—l )

The argument given in part (a) of Step 4 shows that, a.s.,
d(Xq,,Yq,) < d(Xq,_,, Y, 1) + c138d(Xq,_,, Yo, ,)*.
If d(Xo,_,, Yo, ,) < 2d(Xo, Yo) then
0138d(XQk—17YQk—1)2 < 40138d<XQoa YQ0)2
and, therefore, d(Xg,,Yq,) < 2d(Xy,Yy) for
k < d(Xq,, Ya,)/(4c133d(X gy, Yo,)?) = 1/(4c13sd(Xo, Yo)).-
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This implies that for & < 1/(4c133d(Xo, Y0)),

E( sup Hogd(Xtv Y;f) - 1Ogd(XQk71’YQk71)| | ‘FQkfl) < Cl39d(X07 1/0)7
te[Qr—1,Qk]

and

E( sup | IOg d(Xt, Yt) — log d(Xo, Yo)| | ka_l) S 6140kd(X0, Yb)
t€[Qr—1,Qk]

For k > 1/(4c138d(Xo,Yp)), we use the bound d(Xq, ,,Yqo, ,) < €1 to conclude that

E( sup ‘1Ogd(Xt7 )/;‘/) - logd(XQkflﬁkafl)‘ ’ FQkfl) < C141,
t€[Qr—1,Qk]

and

E( sup Hog d(Xt, th) — logd(Xo, Yo)‘ ’ ka71> < 0142k.
te[Qr—1,Qk]

By Step 3, if d(Xo,Yy) < &1 then P(S; > Q) < 27%. Hence

E | |logd(Xs,,Ys,) —logd(Xo,Yo)| - 1 | | J{S1 € [Qk, Qrs1]} (3.27)
k>0

<Y E((s,€(00.Que)y  SUp  |logd(X,,Y;) —logd(Xo, Yp)|)

k>0 t€[Qr, Qr+1]

<Y E(lis,>q0p swp  |logd(Xy,Y:) —logd(Xo, Yo)|)
k>0 t€[Qr,Qr+1]

< Z 27 % e 40kd (X, Yo) + Z 27140k
k<1/(4c138d(Xo0,Y0)) k>1/(4c138d(X0,Y0))

< c143d(X0, Yp) + c144d(Xo, Yo) ! exp(—cra5d(Xo, Yo) 1)
< c146d(Xo, Y0).

Suppose that d(Xp, Yy) < €2 and let

W’ = min{Qy : d(Xq,,Yq,) = €1},
W” = mf{t > 0: Xt S 8D,H(Xt) : (§/t — Xt) < 0}
Ainf{t >0:Y; € 0D,n(Y}) - (X; — Y;) <0},

with the convention that inf() = co. Note that sup,cjo ) d(X,Y;) < d(Xo,Yp). This implies
that W"” < W', and if W < oo then,

d(XW// 5 8D) V d(YW//,aD) § 6147d(XW//, YWH)2 S 6147d(X0, YE))Q
By Lemma 3.8,

(L)VI(/’ - Li)/‘(///) + (L}V/V’ - L%//Vu) > Cl4g| log d(XW//, YW//) - log d(XW/, YW/)| (328)
> cias|log d(Xo, Yo) — log d(Xw, Yw)| = c149.
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Suppose €7 is less than €y in Lemma 3.3. Then, by Lemma 3.3 (ii) and the strong Markov property
applied at W’
E(L3 awr — Livn) + E(LE, o — L) < c150d(Xo, Yo)?.

This and (3.28) imply that,
P(W' < 81) < c151d(Xo, Yp)% (3.29)

Let W = inf{t > W' : d(X,Y:) = d(Xo,Yp)} and Wy = T o Q. By the last formula in
Step 2 and the strong Markov property,

E’ lOg d(XW17YW1) — lOg d()(vv///7 Yw///)‘ S C152. (330)
Let Qle = Q o 0w, . Then, by the strong Markov property at Wi, (3.27), (3.29) and (3.30),
Wi
E | |logd(Xs,,Ys,) —logd(Xo,Yo)| - 1 | [ J{S1 € [Q", QA1 | Lwr<siy
k>0
< c153d(Xo, Yo)*.
Let Wy, = Wj o6y, _, and Q‘,;Vj = Qg o Ow,;. By induction we have
P(Wi < 81) < e154d(Xo, Yo)?,

and for j > 1,

E | |logd(Xs,,Ys,) —logd(Xo,Yp)[- 1 | | J{S1 € O | 1w <y
k>0
< c155d (X0, Y)¥. (3.31)
Note that d(Xp,Ys) is bounded by the diameter of the domain so
logd(Xs,,Ys,) — logd(Xo, Yo) < 156 + c157|log d(Xo, Yo)|.
This, (3.29) and (3.30) imply that
E(|logd(Xs,,Ys,) — logd(Xo, Yo)| - Lywr<s,<w}) < c158d(Xo, Yp)?| log d(Xo, Yo)|. (3.32)
Let W] = W' o 0w,. Then, for k > 1,
E(|logd(Xs,,Ys,) —logd(Xo, Yo)| - Liw; <s,<wih}) < c150d(Xo, Yo) 22| log d(Xo, Y0)|. (3.33)

It is straightforward to check that

Ul@w Qe b U™, @ 0 7, Wil u I Wiea] = [0,00).

Hence, part (i) of the lemma follows from (3.27), (3.31), (3.32) and (3.33).
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(ii) Let A* = F°(Ty, S1, Z(Tp),d(Xo, Yp)?') and assume that 3; € (0,1). Recall the estimates
for the probabilities that N takes values in [—k1, 0] or [0, k1] from Step 1 of part (i) of the proof.
Analogous estimates, the strong Markov property applied at time Ty, and an argument similar to
that given in Step 3 but with ks replaced by k3 = min{k : 27% < d(X,, Yp)?'}, yield for some
Ba > 0,

P(A*) < c160d(Xo, o)™, (3.34)
P({—ks <N <0} NA") < c161d(Xo, Yp) T2k
P({0 < N < k3} N A*) < cr160d(Xp, Yo) P4,

We will estimate
E(| lOg d(XT17’ YT17) - IOg d(Xo, }/0)|1A*)

by splitting the integral into the sum of integrals over various events, as in (3.26). An upper bound
for the above expectation can be obtained by using the same estimates as in (3.26), lines (b), (d),
and (f)-(n), and replacing estimates in lines (a), (c) and (e) by the following estimates. By estimates
similar to those in Step 2 (a), for some 5 > 0,

E(|logd(Xry., Y1,;) — log d(Xo, Y0)|1{—k, <n <01 <T5}n4*) (3.35)
< Z P(N =k, Ty < Tb)(c1632% + c164d(X0, Y0))
—k1<k<—k3

+ P({—k‘g <N 0} N A*)(Cl6522k3 + Clggd(Xo, Yb))
Y cerd(Xo, Y0)2  (c1682°F + cr160d(Xo, Y0))

—ky <k<—ks
+ e170d(Xo, Yo) 74255 (1712727 + ¢172d(Xo, Y0))
< e173d(Xo, Yo) ' + 174d (X, Yp)? P
+ crsd(Xo, Yo) O 4 e176d (X0, Yo ) 2T
< e177d(Xo, Yo) ' 1.

IN

Similarly, by estimates similar to Step 2 (c), for some g > 0,

E(‘ logd(XT177 YT17) — log d(X07 YE))|1{O<NSI€1,T1 ST2}WA*) (336)
< Z P(N =k, Ty <T3)(ci7sk + ci79d(Xo, Y0))
k3<k<k;

+P({0 < N < kz} N A*)(c1s0ks + c181d(Xo, Y0))
< Z c182d(Xo, Y0)27*/2 (c183k + c184d (X0, Y0))

ks <k<ki
+ c185d(Xo, Yo) 7 (c1s6k3 + c187d(Xo, Vo))
< c188d(Xo, Yo) TP/ |log d(Xo, Yo)| + crsod(Xo, Yo) >4/
+ c190d (X0, Y0)' T log d(Xo, Yo)| + c101d(Xo, Yp)* 7
< c192d(Xo, Yp) ' .
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Recall that Gy € (1/2,1). We apply estimates similar to those in Step 2 (e) to see that for some
/87 > 07

E(|logd(Xry., Y1,;) —log d(Xo, Y0)[1{n<—r, 1y <15 }n4%) (3.37)
< P(A%)(c193d(Xo, Y0)? + c194d(Xo, o))
< c195d(Xo, o)™ (cro6d(Xo, Y0)* + cr97d(Xo, ¥o))
< c198d(Xo, Yo)' 7.

Note that the sum of lines (b), (d), and (f)-(n) in (3.26) is bounded by c199d(Xg, Yp)?® for some
c199 and fg > 1. This and (3.35)-(3.37) imply that for some ca99 and Gy > 1,

E(|logd(X7,,, Y1,;) — log d(X, Yo)[1a-) < ca00d(Xo, Y0)™
As in part (i), we note that in fact we have proved that

E( ?Up ]|10gd(Xt7Yt) —log d(Xo, Y)|1a~) < ca00d(Xo, Yo)™
te[0,T17

Recall from part (i) that for k < 1/(4¢135d(Xo, Yo)) we have d(Xo,, Yo, ) < 2d(Xo, Yp). Let
Af = F(Tyobg, ,,51,Z(Too0g, ), d(Xg, ., Yo, .)™).

Then for k < 1/(4c138d(Xo, Y0)),
E( sup |logd(X,Y:) —logd(Xq, ,,Yo, ,)|1a+)

t€[Qr—1,Qk]

< E( sup Hogd(XhY;f) _logd(XQkflﬂYQkfﬂllAZ)
t€[Qr—1,Qk]

< ¢901d(Xo, Yo)ﬁg-

We have the following estimate analogous to (3.27),

E | |logd(Xs,,Ys,) —logd(Xo,Yo)| - 1 | | J{S1 € [Qk, Qrsa]} | 1 (3.38)
k>0

<Y E(lsici@ueiny  swp |logd(Xy, ;) —logd(Xo, Yo)[1a-)
k>0 t€[Qr,Qr+1]

<Y E(l(s,ciguquayy s |logd(X:,Yy) —logd(Xo, Yo)[1a: )
k>0 tE[Qr,Qri1]

<) E( Lisizqu _ sup  [logd(X,,Y)) —logd(Xo, Yo)lLay )
k>0 [kaquLl}

< Z 27 eg01kd (X0, Yo)™ + Z 27 e1aok
k<1/(4c138d(Xo0,Y0)) k>1/(4c138d(X0,Y0))

< c202d (X0, Y0)™ + c203d (X0, Yo) ~* exp(—c204d(Xo, Yo) 1)
< ¢a05d(Xo, Yo)™.
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The expectation
E (| log d(XS1 ) YSI) - log d(X07 YO)|1FC(TO,S1,Z(TO),€51))

is bounded by the estimates on the right hand sides of (3.31), (3.32), (3.33) and (3.38). This easily
implies part (ii) of the lemma.

(iii) Let C = {Zg, € K}. Note that C signifies the event discussed in part (n) of Step 4 in
part (i) of the proof. Recall from that step that P(C) < capsd(Xo, Yo)?' for some B9 > 1. If we
add the factor 1¢ to the left hand side of (3.26), the right hand side of (3.26) is reduced to line
(n), and we obtain

E (| logd(XTn? YT17) - logd(X()? YO)‘]-C)

< Z ca07d(Xo, Yo) P72 (1 — p1) " (ca0s + (383" — 1)|log d(Xo, Yp)|)
n>1

< c209d (X0, Yo) 11,

for some 117 > 1. We have the following formula similar to (3.38),

E | |logd(Xs,,Ys,) —logd(Xo,Yo)| - 1 | | J{S1 € [Qk, Qrs1]} | 1
k>0

< E(1{s,<@,}|logd(Xs,,Ys,) —logd(Xo, Yo)[1c)

+ Z E(I{SIE[Qkka+1]}| logd(XSUYSl) - logd(X(]? }/0)|10)
k>1

< E(1{s,<@,}|logd(X5s,,Ys,) —logd(Xo,Yo)[1c)
+ZE(1{SIZQR} sup  |logd(Xy,Y:) — logd(Xo, Yo)|1¢)

E>1 t€[Qr,Qri1]
< ca00d (X, Yo) " + > 27 eon1kd(Xo, Yo) ot
kgl/(40210d(X0,Y0))
+ Z 27k0212kd(X07Y0)Bw+1

k>1/(40210d(X0,Y0))
< ca00d (X0, Y0)P1t 4 co13d(Xo, Y5)P10 + c214d(Xo, Yo) ™1 P10 exp(—ca15d(Xo, Yo) 1)
< c16d(Xo, Y0)7'2, (3.39)

for some (312 > 1. We can bound

E (|logd(Xs,, Ys,) — log d(Xo, Yo) 1 (7, ek )

by the sum of the right hand sides of (3.31), (3.32), (3.33) and (3.39). Part (iii) of the lemma
follows. O

4. Arguments based on excursion theory.
We start this section with a review of the excursion theory. See, e.g., [M] for the foundations
of the theory in the abstract setting and [B] for the special case of excursions of Brownian motion.
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Although [B] does not discuss reflected Brownian motion, all results we need from that book readily
apply in the present context. We will use two different but closely related “exit systems.” The first
one, presented below, is a simple exit system representing excursions of a single reflected Brownian
motion from 0D. The second exit system, presented after Lemma 4.2, is more complex as it encodes
the information about two reflected Brownian motions X and Y, and stopping times Sy and Uy.

An “exit system” for excursions of the reflected Brownian motion X from 9D is a pair
(Ly, H”) consisting of a positive continuous additive functional L} and a family of “excursion
laws” {H®*},cop. We will soon show that L} = L;¥. Let A denote the “cemetery” point outside
R? and let C be the space of all functions f : [0,00) — R? U {A} which are continuous and take
values in R? on some interval [0,¢), and are equal to A on [(,00). For x € 0D, the excursion
law H* is a o-finite (positive) measure on C, such that the canonical process is strong Markov on
(to, 00), for every to > 0, with the transition probabilities of Brownian motion killed upon hitting
0D. Moreover, H* gives zero mass to paths which do not start from z. We will be concerned
only with the “standard” excursion laws; see Definition 3.2 of [B]. For every = € D there exists a
unique standard excursion law H® in D, up to a multiplicative constant.

Excursions of X from 9D will be denoted e or es, i.e., if s < u, X, X, € 0D, and X; ¢ 9D
for t € (s,u) then es = {es(t) = Xiys, t € [0,u — s)} and ((es) = u — s. By convention, e,(t) = A
fort >(,soe, =Aifinf{s >t: X, € 90D} =t. Let &, = {es : s < u}.

Let oy =inf{s > 0: L} >t} and let I be the set of left endpoints of all connected components
of (0,00) \ {t > 0: X; € 9D}. The following is a special case of the exit system formula of [M],

ZVt'f(@t)

tel

E

_E /0 V, HX@)(f)ds = B /0 VHX(f)dL, (4.1)

where V; is a predictable process and f : C — [0,00) is a universally measurable function which
vanishes on excursions e; identically equal to A. Here and elsewhere H*(f) = fc fdH?®.

The normalization of the exit system is somewhat arbitrary, for example, if (L}, H*) is an
exit system and ¢ € (0,00) is a constant then (cLj, (1/c)H?") is also an exit system. One can even
make ¢ dependent on z € dD. Let PY, denote the distribution of Brownian motion starting from
y and killed upon exiting D. Theorem 7.2 of [B] shows how to choose a “canonical” exit system;
that theorem is stated for the usual planar Brownian motion but it is easy to check that both the
statement and the proof apply to the reflected Brownian motion. According to that result, we can
take L} to be the continuous additive functional whose Revuz measure is a constant multiple of
the arc length measure on 9D and H*’s to be standard excursion laws normalized so that

H(4) = lim 5 P50 (4), (4.2)
for any event A in a o-field generated by the process on an interval [ty, 00), for any ¢y > 0. The
normalization of the local time is linked to the normalization of w,, given before the statement of
Theorem 1.2.

The Revuz measure of L¥ is the measure dz/(2|D|) on 8D, i.e., if the initial distribution of
X is the uniform probability measure p in D then E# fol 14(X,)dLY = [, dx/(2|D]) for any Borel
set A C 0D, see Example 5.2.2 of [FOT].

We will show that L; = L;X. It is sufficient to verify that the normalization L} = L;X works
for the half-space D, = {(z1,22) : 2 > 0}. Let K, = {(z1,72) € R? : 25 = a} and T,, = inf{t >
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0: B; € K,}. Note that PO:0O+m(O0)(T, < Typ ) = 6/a for 6 < a, so HON(T, < Typ,) = 1/a,
assuming that H (9 is normalized as in (4.2). The reflected Brownian motion X; in the half-plane
D, with Xo = (0,0), and its local time L;X on D, may be constructed from the planar Brownian
motion B; = (B}, B?) starting from (0,0) by the following formula

(X, L¥) = (<Bt1, B2 — min B§> , — min Bﬁ).

0<s<t 0<s<t

Note that the y-coordinate of an excursion of the reflecting Brownian motion X from 0D* is just an
excursion of 1-dimensional Brownian motion away from 0. It is well-known that such 1-dimensional
excursions form a Poisson point process. The event that X; — (0, LX) does not hit K; before time
o is the same as the event that there is no excursion of X from 9D, such that it starts at a time
t with L¥ = a, a € [0,1], and the height of the y-coordinate of the excursion exceeds 1 + a. If
we assume that L} = L;X, then according to the exit system formula (4.1), the probability of this
event is equal to the probability that a Poisson random variable with parameter fol 1J%ada takes

value 0, i.e., this probability is equal to

exp <— /01 1iada> =1/2. (4.3)

The event “X; — (0, L;¥) does not hit K; before time 07" is the same as the event “B; does not hit
K, before hitting K_;,” and, obviously, the last event has probability 1/2. This agrees with (4.3)
so the assumption that L} = L is correct. In other words, the normalization of the local time

L contained implicitly in (1.1) and the normalization of excursion laws H* given in (4.2) match
so that (dL;¥, H®) is an exit system for X; from dD.
Let Typp, = inf{t > 0: B, € 9D, }. Then by Theorem I1.1.16 of [Ba,

1

P(070)+5n((070))(Bl(TaD*) € dy) - W

dy.

Hence,
1 n
HOO (e(¢—) € dy) = %ﬁ)lgp(o,o)w (©O)(BY(Typ.) € dy)

1 1 1
—lms ———__dy= —.
s Sri o) Y T w2

This means that w,(dy) = H"(e((—) € dy), and it is easy to see that this result extends to all
C?-smooth domains D.

Lemma 4.1. For some c1, ¢z, c3 € (0,00) and any z,y € D and a > 0,
1) P™Y(LX > a) < 2e %% and
(i) i
(ii) Pw’y(sz(l) > a) < coe” B9,

Proof. (i) Since D is a bounded C%-smooth domain in R?, it is known (cf. [BH]) that the transition
density function p(t¢,x,y) of the reflecting Brownian motion in D satisfies the estimate

p(t,z,y) < cqt~Lemcsle—yl?/t for t € (0,1] and =,y € D.
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Therefore,

sup E?[L] = ¢ sup/ / s, x,y)dsdy < oo.
oD

z€D zeD
Take ¢7 > 0 so that sup, 5 E*[L{] < 1/(2¢7). It follows from Khasminskii’s inequality that
sup E* [e”Lig} < 2.
z€D

This implies that for any a > 0,
P*Y(LY > a) < 2e 7.

(ii) We have proved in part (i) that sup, 5 E®e erliy < 9. This, the additivity of L*X and the
Markov property of (X,Y), imply that Eexp(07(L — LX 1)) < 2. A routine application of the
Markov property at times t = 1, 2,... shows that

E®Y exp(cr L) = E®Yexp | ¢; Z (L}X — L?{l) < 2k,
1<j<k
It follows that if cg > 0 is sufficiently small, then for integer k£ of the form k = cga,

P™Y (LY > a) = P™Y (exp(erLy ) > exp(cra))
< 2% exp(—cra) = 2% exp(—cra) < exp(—ca/2)

Since y — PY(LY > 1) = [, (3,9, z)PZ(L}//2 > 1)dz is continuous on D, there is p; > 0 such
that inf 5 PY(L} >1) > p;. Hence

PoU(LY, <1) = PUU(LY < 1) < (1—p1)* = (1— py)*s® = e=on.
For a of the form a = k/cg, where k > 1 is an integer, we obtain,

csa

<PYY(LY, >a)+P™Y(LY , < 1)

cga —

< e—C7a/2 +e coa < c10€ —cua

PYY(LYy ) > a) S P™Y(LE, > a) + P™Y (0¥ (1) > csa)

It is elementary to see that by adjusting the values of the constants c1g and c¢;; we can make the
formula valid for all @ > 0. By interchanging the roles of X; and Y;, we obtain part (ii) of the
lemma. O

Recall that |D| and |0D| denote the area of D and the length of its boundary.

Lemma 4.2. Let o € C(0D). For any §,p > 0 there exists ty < oo such that for every x € D, we
have

(i)

1/75 x
— | o(Xs)dLy — — ydy‘2(5><
iy P =gy ), P

P” <sup
t>to



(ii) In particular,

£ " 2D[| = p-

P” (sup
t>to

meﬁ E”L{ < co.
Since ¢(x) is bounded, it follows that sup 5 E”| fo ©(X5)dLE| < 0o and EH| fo $)dLX| < oo.

Since p is the stationary distribution for X, the ergodic theorem shows that P#-a.s.,

Proof. Let p be the uniform probability distribution on D. By Lemma 4.1 (i), sup

1
lim Z ( ALY = Jim (1/k) > / X,)dLX = E“/ (X, )dLX.
n— 1 0

t—o0
1<n<k

The Revuz measure of LX is dz/(2|D|) on 9D and ¢(x) is a continuous function, so it is easy to
see that

1
1
B / p(X)dLX = o(y)dy.
0 2\D| oD

Therefore, P#-a.s.,
t

1
lim — X,)dLY = d
Am g ) eXs) 3] J,p, P
and .
1 1
P (sun ;[ ptxary - o w(y)dy‘ >6/6) <p/6, (1.4
t>to 0 2|D| oD

for any given §,p > 0 and some ty < co.
The arguments on p. 6 of [BB] or Theorem 2.4 in [BH| show that there are constants ¢, ca > 0
such that

sup_|pe(x,y) — | Sere”t fort > 1. (4.5)

z,yeD |D‘

Let t; < oo be so large that the right hand side of (4.5) is p/6. Then the Markov property applied
at t1, (4.4) and (4.5) imply that for x € D,

1t 1
P <sup - / O(X)dLY — —— (y)dy' > 5/6> (4.6)
tZtO t t1 2|D| oD
1 t1+¢ 1 p p
<P"(su / dLY — —— d‘256)+<.
<t253 w P ) [, AW 00) g <
We can increase t, if necessary, so that for all z € D,
1 t1+t 1 t1+t
P (g [ wtrga - g [ ea| zes) <psc )
t>to t1 tr+1t Jy,
and
1 h
P <Sup / o(X)dLX| > 5/3) < p/3. (4.8)
t>to |11 +1
Part (i) of the lemma follows from (4.6)-(4.8) and the triangle inequality. Part (ii) follows from (i)
by taking ¢ = 1. O
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We will have to analyze excursions of X from 0D containing intervals (Sk,Uy). The exit
system (L;¥, H®) is inadequate for this purpose so we will now introduce a “richer” version of this
exit system, capable of keeping track of some extra information.

Let £(t) = max{Sk : k > 0, Sk € [0,t]}. Consider the strong Markov process (X;, Y;, Xo1), Yoqr))
and let es(t) = (Xott, Yott, Xo(stt), Yo(st¢)) for t > 0 and s such that X, € 9D and ((es) A inf{t >
s:X; € 9D}—s > 0. For all other s, we let e; = A (a cemetery state added to R®). Note a technical
difference with the previous version of the exit system—here, the excursions are not killed at {(ey)
but are continued after that time; this version of the exit system is discussed in Maisonneuve [M].

We will describe an exit system (L;X, H(*1:¥1:22:92)) for the process (X4, Ys, Xy, Yory) from
the set D x D". For any (z1,y1,T2,y2) € 0D x E?), H@1:v1,:22,92) ig g g-finite measure defined as
follows. The first component of (X¢, Yz, Xy (1), Yg(t)) under H (#1:¥1:72:92) hag the same distribution on
[0,¢) as an excursion under H*!, defined previously. Under H (1,y1,72,92) the process Xy continues
after ¢ as a reflected Brownian motion in D, starting from X:_, but otherwise independent of
{X¢,t €[0,¢)}. The other components of (X¢, Ys, Xy (1), Yo(r)) are determined by the first component
as follows. First, we find B, the Brownian motion driving X, using the uniqueness of the solution

to (1.1). Then we use B and (1.2) to define a reflected Brownian motion Y in D staring from yj.
We set S{ =U§ =0 and for k& > 1,

Uy =inf{t > 0: d(X¢,22) Vd(Yz,y2) > ard(z2,y2)},
S¢ =inf{t > Ug_, : d(X;,0D) v d(Y;,0D) < axd(Xy, Y;)?},
Up =inf{t > Sp : d(Xy, Xg¢) V(Y Y ) > ard(Xse, Vse)}

Let £°(t) = max{S§ : k > 1,55 € [0,#]}. The last two components of the process under H (*1:¥1:72:v2)
are defined to be Xye() and Ype(y) if £9(2) > 0, and z3 and ys, if £°(t) = 0.

Note that the exit system for (X;,Y;, Xo(4), Yo)) from 0D x ok is equivalent, in a sense, to
the exit system of X; from 0D because D’ is the state space for (Y3, Xy4), Yir)). Moreover, since
X and Y are strong solutions to the stochastic Skorokhod equations (1.1)-(1.2) driven by the same
Brownian motion, it follows that (Y;, Xy, Yy()) is a deterministic function of {X,,0 < s < t}. We
included (Y, Xy(¢), Yo(+)) in the process so that we can keep track of the stopping times Sy, and Ty
inside the excursions of X; away from 9D.

In the present context, the exit system formula of [M] changes its form from that in (4.1) to

ES V.- f(e) = E / V,x HXE@OY @)X E@NY @0 ()45 (4.9)
0

t>0

_E / VXWX X E0)Y ) fyar
0

where V; is a predictable process and f is a non-negative universally measurable function which
vanishes on excursions identically equal to A, and those with {(e) = 0.
Let
T° =inf{t > Uy : X, € 0D or Y; € 0D},

and recall that Zpe = Xpe if Xpe € 0D and Zpe = Ype otherwise. Recall also that F(s,u,z,a)
denotes {sup,<;<, d(X¢,z) < a}. Let Tx(A) =inf{t > 0: X; € A}.
We assume that the constant a; in the next lemma satisfies Lemma 3.6.
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Lemma 4.3. (i) For any cq > 0 there exist ¢; < oo and gy > 0 such that if 1 € 0D, y1,2,y2 € D,
d(x1,22) Vd(y1,y2) < ard(z2,92), d(w1,y1) > cod(z2,92), d(w1,y1) < & < g0, and |7/2 — L(y1 —
z1,n(21))] < g 'd(z1, 1), then

H (1:91,22,92) (|]0ngf — logpsg\ | Uy < C) < cqe.

(ii) For any cg, 51 > 0, there exist ¢; < oo and g9 > 0 such that if x1 € 0D, y1,22,y2 €
D, d(z1,22) V d(y1,y2) < ard(z2,¥2), d(z1,y1) > cod(22,92), d(z1,91) < € < g0, & > 1, and
|7/2 = L(y1 — z1,n(x1))| < co_ld(xl,yl), then

H(z1.y1,22,v2) (‘ log pue — log pse 14+(k—1)B1

k+1

Lpe<rt@mngy [UT £C) < e

(iii) For any cq > 0 there exist 31 > 0, 32 > 1, and £¢ > 0 such that if z1 € D, y1, 2,92 € D,
d(z1,22) Vd(y1,92) < ard(z2,¥2), d(z1,y1) > cod(w2,¥2), d(z1,51) < e < o, and [7/2 — L(y1 —
$1,n($1))| < Cald(xlay1)7 then

w292 (|log puy —1og s Lze<sgy Lpe(re,sg.z00 21y | UF <€) <™.

(iv) For any co > 0 there exist 31 > 0, 3 > 1, and €9 > 0 such that if z; € 0D, y1,z2,y2 € D,
d(x1,22) Vd(y1,y2) < ard(z2,y2), d(w1,y1) > cod(22,92), d(w1,y1) < & < g0, and |7/2 — L(y1 —
z1,m(x1))| < ¢5'd(z1,y1), then

H(Il,yl,r%?ﬁ) <‘ longle — 10gp5'§|1{S§§Te}1FC(S§,T6,ZTe,551) ’ Ule < C) < 5/62.

(v) For any cg, 3y > 0 there exist 31 > 0, f > 1 and g9 > 0 such that ifxy € dD, y1, 2,92 € D,
d(wlaxQ) V d(ylny) < ald(x27y2)7 d($17y1) 2 Cod($2792); d(l’l;yl) S 5 S €0, and ‘71-/2 - Z(yl -
xl)n(l‘l))‘ < C()_ld(ml7y1)7 then

H($17y17x27212) (|]0ngle — IOg,OSS 1{S§§T+(Ef30)}1Fc(T67TX(8D),ZTe,531) | Ule < C) < 562'

(vi) Let K = K(x1,¢,01) = {x € 0D : tana(xy, ) > 7}, Forany cy > 0 there exist ¢; < 00,
B1 >0, B2 >1 and g > 0 such that if z1 € 9D, y1,x2,y2 € D, d(z1,22) Vd(y1,92) < ard(z2,y2),
d(z1,y1) > cod(z2,y2), d(z1,y1) <€ < &g, and |7/2 — L(y1 — x1,n(21))| < ¢g 'd(21,y1), then

H(xlzy17$2vy2) (‘ longf —_ lngS§|1{ZTEEK} | Ule S C) S 618/82-

(vii) Let K be defined as in (vi). For any cy > 0 there exist By,31 > 0, B2 > 1 and g9 > 0
such that if x1 € D, y1,22,y2 € D, d(z1,72) V d(y1,y2) < ard(x2,%2), d(z1,y1) > cod(x2,92),
d(z1,y1) < e <ep, and |7/2 — L(y1 — x1,n(21))| < co_ld(cvl,yl), then

H(@1:91,22,y2) <| ]ongle — log PS;|1{S2€§7—+(550)}l{X(TX(aD))eK} ’ Ule < C) < Pz
Proof. Parts (i), (iii) and (vi) of the lemma follow from the strong Markov property applied at Uy
and Lemma 3.9 (i), (ii) and (iii). Part (vii) follows from (v) (proved below) and (vi). It remains to
prove (ii), (iv) and (v).
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(ii) For k > 2, if d(Xse ,Vse ) < €% then both processes are within distance cpe?%t of 9D
at time Sj,_,. Brownian motion starting at a point z at most coe?P1 units away from 9D will hit
0D before hitting 0B(z, %) with probability no less than 1 — c3e®'. This and the strong Markov
property applied at S%_,, j =2,3,...,k, imply that

H(@1y1,22,92) (Ug < THEP)YAC|US < () < cqcF—DBL

We combine this with part (i), using the strong Markov property at time U, to see that (ii) holds.
(iv) If S5 < T° then d(Xsg,Yss) < € and d(Xg2,0D) < c1e2. Suppose that 3; € (0,2).
Brownian motion starting at a point z at most c;e? units away from 9D will hit 9D before hitting
0B(z,eP) with probability not less than 1 — cpe?~#1. By the strong Markov property applied at
53,
Honeen) (F(S5, Ty (0D), Xsg,e™) | U < (.85 < T¢, Fag) < cae” .

This, the strong Markov property applied at S§ and part (i) of the lemma imply part (iv), for a
suitable choice of 8 and (5.
(v) We have for some (3 > 1,

Hwovr2v) (\ log pue —10g psg |7+ (cp0)>55) Lre(re Tx (0D), Zpe e | UT < C)
< H@1y1e2,92) <| log pe — logpsg\ch(Te7S§’ZTe,Eg1/2) | Uy < ()

+ H(ml,yl,m,yz) (| log pUle — IOg pS2E

Lise<rt(ePo)aTx (0D)} L (Te S5, Ze 251 /2)
X Lpe(se Ty (9D),X (59),c1 /2) | UT < C)

<ebf2 4 H (1,91,22,92) (| log pue — log Psg

1(ge<r+(cPo)ATx (9D)}

X Lpe(se Ty (9D),X (59),c1 /2) | UT < C>, (4.10)

where the last inequality follows from (iii). It will suffice to bound the second term on the right
hand side. If d(Xgg,Ys:) < e, then d(Xg2,0D) < ¢1e2%. Choose 1 > 0 so that 26y — 81 > 0.
Brownian motion starting at a point z at most ¢,£2%0 units away from 9D will hit 9D before hitting
OB(z,eP1 /2) with probability not less than 1 — coe?% =81, By the strong Markov property applied
at S5,

Hrvvnmv2) (Fe(SS T (0D), Xsg,e™ /2) | Uf < ¢, 85 < 77 (%), Fge) < ege?P =P,
This, the strong Markov property applied at S§ and part (i) of the lemma imply that the second

term on the right hand side of (4.10) is bounded by c4e!7260=F1 This completes the proof of the
lemma. O

Lemma 4.4. (i) There exists ¢; < oo such that for x; € dD, yy, 72,92 € D,
H@vyie292) | og cos (g, Xe_ )| < 1.
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(ii) Let K = K(z1,6,81) = {x € 0D : tana(xy,z) > ¢ ™}. For any ¢y > 0 there exist
B1 >0, B > 1 and g9 > 0 such that if z1 € D, y1, 72,92 € D, d(z1,22) V d(y1,y2) < ard(x2,y2),
d(z1,y1) > cod(z2,y2), d(z1,y1) <€ < &g, and |7/2 — L(y1 — x1,n(21))| < ¢y 'd(21,y1), then

H(@1y1,2.92) (Ilog cos a(w1, Xc—)|Lix(ry (opyexy | UF <) <™.

(iii) For any cy > 0 there exist 31 > 0, B2 > 1 and g > 0 such that if x; € dD, y1,x2,y2 € D,
d(x1,22) Vd(y1,y2) < ard(z2,y2), d(w1,y1) > cod(22,92), d(w1,y1) < & < g0, and |7/2 — L(y1 —
xbn(xl))‘ S Cald(xlayl)a then

H (®1:91,@2,y2) (’IOgCOSQ(xlaXC—)’1{T6§S§}1FC(T€,S§,ZTc,sﬁ1) ‘ Ule < C) < P2

(iv) For any co > 0 there exist 31 > 0, 32 > 1 and g9 > 0 such that if z; € D, y1, 72,92 € D,
d(z1,22) V d(y1,y2) < ard(z2,92), d(z1,y1) > cod(w2,2), d(21,91) < € < €o, and [7/2 — /(y1 —
xhn(wl))‘ < Co_ld(xlvyl)7 then

H@1y1,22:92) (llogcos (@1, Xe-)[Lsg<reylpe(se,me, zge o1y | UT < C) <e

(v) For any cq > 0 there exist 31 > 0, 82 > 1 and g9 > 0 such that if v1 € OD, y1,22,y2 € D,

d(z1,2z2) Vd(yi,y2) < ard(z2,y2), d(z1,y1) > cod(z2,y2), d(z1,y1) < e < e, and |7/2 — L(y1 —
xl)n($l))| < Cald(x17y1)7 then

H(@1:y1,82,92) (|logcosoz(:zzl,XC_)|1FC(Te7TX(aD),ZTe,561) | Ut < C) <P

Proof. (i) Recall from Section 1 that we have assumed that the boundary of D is C*-smooth and
that there exist at most a finite number of points x1,xs,...,z, such that v(zy) =0, k=1,...,n,
and the third derivative of the function representing the boundary does not vanish at any x;. This
implies that there exist dg, c2, c3 > 0 such that if x € 9D and d(z, z) < g then |v(x)| > cod(x, zk);
moreover, if € 0D and d(x, zx) > dp for every k = 1,...,n, then |v(x)| > c3. We make Jy smaller,
if necessary, so that we can assume that d(z;,x) > 49y for all j # k. It is elementary to see that
there exists ¢4 > 0 with the following properties (a)-(c).

(a) For every x € 0D such that d(z,z) > 2dp for k = 1,...,n, and every y € 9D with
d(z,y) < dp, we have |a(z,y)| > csd(x,y).

(b) If x € 0D and d(z, z1) < 26y for some k, y € 0D, d(z,y) < dp, and y lies on the same side
of xy, as x then |a(x,y)| > cad(z,y)d(z, xx).

(c) Suppose that x = x, for some k. If y € D and d(z,y) < &y then |a(z,y)| > cad(x, ).

Make 9y smaller, if necessary, so that for any x,y € 0D with |a(z,y)| > 7/4, we have d(z,y) >
450.

It is standard to prove, using the same methods as in the proof of Lemma 3.2, that for some
cs,c6 < oo and all z € D, we have w,(dy) < csd(z,y) 2dy if d(z,y) < do, and w,(dy) < cedy if
d(z,y) > do.

Consider any z € 0D and let z1, 22, ..., 2, be all points in 0D such that a(z, zx) = 7/2. The
number m of such points is bounded by a constant my depending on D but not on z. Let I'; be the
set of points on the same connected component of 9D as z, within the distance dg from z. The family
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of points {z1,..., 2Zm,Z1,..., %, } divides 9D\ T into Jordan arcs 'y, 2 < k < ng, with ng < n+m.
For an arc Ty, let y, and y; denote its endpoints, and let I';, = {z € Ty : d(y;,z) < &},
I ={zely:d(y,z) <d},and I'Y =T\ \ (T, UTY).

Since

HEv1w2:92) | og cos az, X¢_ )| = H*|logcos a(z, X¢_ )| = / | log cos a(z, y)|w. (dy),
oD

we will estimate the integral on the right hand side. We will split the integral into the sum of
integrals over T'y’s. Let A\ denote the arc length measure on 9D, i.e., A(dz) is an alternative and
equivalent notation for dz.

Since v(x) is bounded over 9D, for z € T'; we have a(z, z) < ¢7d(z, z) and so |log cos a(x, z)| <
csd(x, 2)?. Recall that w,(dy) < esd(z,y) 2dy if d(z,y) < dp. This implies that

do
| log cos a(z, y)|w: (dy) < 2/ csuesu2du < cgdp. (4.11)
T, 0

Consider an arc I'y with k > 2. First assume that the distance between y, and y,j is greater
than dg. Since the curvature v(x) has the constant sign on I'y, the function z — «(z,z) takes its
maximum at one or both endpoints of I';. Recall that, by convention, a(z,z) < w/2. This and
(a)-(c) show that

Mz eTy i 7m/2—alz,y;) € [279,27971}) < ¢0279/2

We have w, (dx) < ¢gdx for x € Ty so
/ |log cos a(z, y)|w.(dy) < c11 22‘7'2*3'/2 = ¢12, (4.12)
ry §>1

and similarly

/+ |log cos a(z,y)|w.(dy) < c1a.
r

k

By (a), for z € T, 7/2 — a(x,2) > c13 > 0, where c;3 does not depend on z or k. Hence,

/O |log cos a(z, y)|w.(dy) < c14|0D| = ¢15.
r

k

Next suppose that the distance between y, and y,j is less than dg. Then one of the endpoints
of I'y, say y, , is a point x; , and y,j is a point z;,. By Lemma 3.7,

Mz €Ty m/2 —alz,y,) € 277,27771}) < e16277/2,

for 277 < ¢17d(y;, , yi ). Hence,

/ | log cos a(z, y)|w. (dy) < cig > 72792 < eq. (4.13)
Ty

277 <e1rd(y;, y))
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Since the number of arcs ng is bounded by a constant independent of z, we obtain
HEy1w292) | Jog cos az, X )| < Z/ | log cos a(z, y)|w. (dy) < ca.
kYT

1) It 1s not hard to prove, using (4.2), that 1Y1,%2,42 < > co€” 7, so part (1) implies
i) It i hard ing (4.2), that H(@1v1:22.92) (¢ ! i) impli
that

H@vyne292) (11og cos al(x, X )| | UE <€) < cze. (4.14)

The proof of part (ii) can be finished by applying the same ideas as in part (i). The only modification
that is needed is to restrict the range of j in (4.12) to 277 < &P, and similarly for (4.13).
(iii) We have
H(m1,y1,zz7y2) (| ]og COSs Oé(xl,XC_)|1{T5S55}1FC(TQVS§,ZT67851) | Uf < C) (4.15)
< H(z1,y1,22,92) (’ log cos 01(561,XC_)|1F6(T6735’XT67551)1{TeSS§7XT6:ZTE} | Uy < C)
+ H(m1,y1,zz7y2) <‘ log COS Oz(:l?l, XC—)‘1FC(TX(8D),S§,ZTe,551 /2)
X L(yre=zge Tx (0D)<s55} | UT < C)
+ H(m1,y1,127y2) <‘ log COS a(ml, XC—)‘]‘FC(TP‘,T)((BD),YTE 81 /2)

X l{YTe:ZTe,TSSTx(aD)} ‘ Ule S <)

The first term on the right hand side is bounded by c;e” for some 3 > 1 by (4.14), the strong
Markov property applied at T, (0D), and (3.34). A similar bound holds for the second term, by the
strong Markov property applied at Tx (0D). To estimate the last term, we fix a §4 € (1,1 + (1)
and note that,

H($17y17$27y2) (’logcosa(acl,Xg,)|1Fc(Te7TX(aD)7YTE7€ﬁ1/2)1{ch:ZTc,TeSTX(aD)} ‘ Uf § C)

< qHEvvnr22) (|log cos awr, Xe—)|1a(ry (00) 21)<2:01y | U <€)
+ H(wynr2.y2) (‘108;C0304($17Xc—)‘l{d(XUf,aD)gem} | Uy < C)
+ H@0v1m2:82) (|log cos a(a1, Xeo) [ La(ry (90),01)>2e%1 A(Xye OD)>e01)
X Lpe(e 1 (9D), Yo %1 /2) L {Ype=Zpe Te<Tx (0D)} | UT < ¢). (4.16)

To bound the first term on the right hand side we use the same idea that underlies (4.11). The
conditioning on {Uf < (} transforms the excursion law H into a probability distribution. The event
in question concerns Brownian motion starting at X (Uf) and killed upon hitting the boundary.
The starting point, X (UY), is at most coe units away from x;. For points y € 9D with d(z1,y) €
(2%, 27k*1] we have |logcosa(ry,y)| < c3272F, and the probability of hitting the set of such
points is bounded by c4e2*, by Lemma 3.2. Let k; be the smallest integer such that 2751 < ¢, and
let k2 be the smallest integer such that 2—k2 < 261 Then the first term on the right hand side of
(4.16) is bounded by

ko
E 0327%0452k < 0552.
k=k,
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We turn to the second term on the right hand side of (4.16). It is rather easy to show, using
(4.14) and the same ideas as in part (i) of the proof, that for any r > 0,

H@vyie292) (| log cos a(r1, X )| | U < ¢, d(Xye,0D) = 1) < cee.
It is straightforward to see that
H(’”I’yl’xz’yZ)(d(XUf,aD) <r|U<C) <epre .

One can use these estimates to find a bound of the form cge® with 5 > 1, for the second term on
the right hand side of (4.16).

To bound the third term on the right hand side of (4.16), we condition the process {X;,t €
(Ug,¢)} under H(@uy1w2,92) op jts endpoints Xye and X1, (9p)- The result is an h-process R, in
the sense of Doob, starting at Xy and killed at Xr, (9p). Consider random sets

Ky ={z € D:d(z,0D) < coc' ™" d(z,21) < " /2,d(2, X1 (0p)) > 7 /2},
Ky ={x € D:d(z,0D) <e,d(z,x1) > Eﬂ1/2,d($,XTX(aD)) > 651/2},

for some cg. Suppose that the events in the indicator functions in the last term on the right hand side
of (4.16) hold. If d(x1, Z7-) < €% /2 then the process R must hit K, otherwise it must hit K. The
following two estimates follow from standard properties of harmonic measure. If d(Xye,9D) > b
then the probability that the h-process R hits K is bounded by cipe' 71 =74, and the probability
that it hits K5 is bounded by c11e17P1. The conditioning on {Uf < (} contributes a factor of cj2e
(see (4.14)), so we obtain a bound ¢;3(e2t#1=F4 4 ¢2751) < 145 for the third term on the right
hand side of (4.16), for some 35 > 1. All terms on the right hand side of (4.16) have bounds of this
form so this finishes the proof of part (ii) of the lemma.
(iv) We have

H(m,yum,yz) (’logcos O[(xlaXC*)’]-{S;STE}1FC(S§,T€7ZT57551) | Uf S C)
< H@uy1w2,02) <| logcosa(asl,Xg,)|1{55§TX(aD)}lpc(sg,Tx(6D),XTX(5D),551) | Ut < C) :

This can be estimated just like the last term on the right hand side of (4.15), i.e., (4.16). The
crucial point is that the distance from X to D must be less than c;e? at time S5. The estimates
of the third term on the right hand side of (4.16) are based on the fact that the distance from X
to D at time T is bounded by coe' 8 (see the definition of K7).

(v) This estimate has been already proved in part (iii) because the relevant expression appears
as the last term on the right hand side in (4.15). O

Lemma 4.5. (i) There exist 3y, 31 > 0, 32 > 1 and ¢y, g9 > 0 such that if z; € D, y1, 2,92 € D,
d(z1,22) V d(y1,y2) < ard(z2,92), d(z1,y1) > cod(w2,2), d(21,91) < € < go, and [7/2 — L(y1 —
z1,n(21))| < g 'd(z1, 1), then

g (@1,y1,22,92) ( |log pue — log pse — |log cos a1, X Lise<rt(cho))
X Lp(re s, Zre e81) LE(Te Tx (9D), Z7e eo1) | UL < C) <P
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(i) There exist By > 0, 31 > 1 and cg,e0 > 0 such that if 1 € D, y1,22,y2 € D, d(x1,72) V
d(y1,y2) < ar1d(z2,92), d(z1,y1) > cod(z2,y2), d(z1,y1) <€ < &g, and |7/2— L(y1 —z1,n(21))| <
¢y d(z1,y1), then

H(@1.y1,22,2) (‘1ngUf —log psg — |1ogcosa(x1,X4_)|’ Lise<r(efoyy | UT < C) < ehr,

Proof. (i) Let 21, 22, ..., 2m, € 0D be all points with «o(z1, 2,) = 7/2. For integer k, let M} C 0D
be the set of all points y such that tana(y,z;) € [27%,27%+1]. Fix some B3 such that 0 < 3 <
B1 < 1. Let ko be the smallest integer with 2% < e7% and K = J, ., My. By Lemmas 4.3 (vii)
and 4.4 (ii), we have for some Gy > 0, B2 > 1, -

H(@1,y1,22,92) ( ‘]og pue — log pse — | log cos oz(xl,XC,)H
X Ligecrt(cpo)y Lix(rx(oD))exy | UT < C)
< H(ml,yl,m2,y2) (‘ log Pus — 10gps§’1{S§§T+(650)}1{X(TX(BD))6K} ‘ Uf < C)

+ H(wl’yl’m’yg) (‘ logcos a(a:l,XC,)\l{X(TX(aD))eK} ’ Ule S C)

< P2
It follows that it will suffice to show that for some G4 > 1,

B (x1,91,22,92) ( ‘log pus — log psg — | log cos a(z1, XC—)H
X X (Tx (0D)¢ K} LP(Te 85, Zre ) LE(Te Txc (0D), Ze 1) | UT < C) < e
Let

Ty = S§ Ainf{t > Uf : Y; € 9D and |Z(n(Y;), X; — Vi) — 7/2] < exd(z1,92)"'}
Ainf{t > Uf: X; € 9D and |/(n(X;), X, — V) — /2| < erd(z1,42)" ).

for some ¢;. We will assume that events F(T¢,S5, Zre,e%) and F(T°,Tx(0D), Zre,e) hold
and we will estimate ‘log pue —log pry, — | log cos Oé($1,Xq—)H using this assumption. Let k; be the
smallest integer with d(z1, My,) < P, If X(Tx(0D)) € Ursk, My then T1 = Tx (0D) A Ty (9D).
Hence, d(Xye, Yye) = d(Xq,, Y7, ) and |logcos (a1, X¢—)| < cpe??'. Thus, in this case,

‘longie —log pr, — |log cosa(:cl,XC_)H < g,

Now we make an extra assumption that 51 > 1/2 and we conclude that

H(@1y1,22,92) ( |log pue — log pse — | log cos a(z1, Xeo)|| 1{X(TX(8D))6U My}

k>kq
2 5
X 1F(Tc,sg,ZTc,eﬁ1)1F(T8,TX(8D),ZTe,eﬁ1) | Uy < C) < coe o= 0256 ) (4.17)
for some (5 > 1.
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Suppose that X(Tx(0D)) € My with k; < k < ko. Note that, by assumption, |«a(x1,Z;) —
a(wy, Xc-)| < czeP for all t € [Uf, Ti] such that one of the processes X or Y is on the boundary
at time t. We have (d/dv)|logcosvy| = tan+y for v € (0,7/2). This and easy geometry imply that
the change in p; on the interval [Uf,T1] is equal to logcos a(x1, X¢—) up to an additive constant
bounded by ¢,2 %% i.e.,

‘logpyle —log pr, — |logcos a(xq, XC—)H < 27 kel
By the strong Markov property applied at Uy and Lemma 3.2,
H@vne292) (X (T (OD)) € My, | Uf < ¢) < e5e2F,

so for k1 < k < ko,

H@nw2.02) ( |log pue — log pse — |1og cos a1, X¢_)|| Lix (1 (90))en}

1+
X 1F(Te,S§,ZTe,eﬁl)1F(T6,TX(6D),ZTe,sf’1) | Uf < C) < cge Bl,

and

H (@1,y1,22,92) ( ylongle — log psg — |log cos Oé(SUth—)H 1{X(Tx(8D))eU

M,
k1 <k<kg K}

1+
X Lp(re 8¢, Zpe &P ) LP(Te Tx (0D), Zye P1) | Uy < C) < ezt loge| < ese,

for some g > 1. This and (4.17) imply that for some §7 > 1,

H(@1.y1,72,2) ( ‘log pue —log pr, — |logcos a(wy, XC,)H (4.18)

X Lix (1 (00)¢ K} LP(Te 55, Zpe 1) LE(Te T (0D) Zge 1) | UT < C) < coe.

The following definitions assume that Xk € oD. If Yrr € 0D then the roles of X and Y
should be interchanged in the definitions of T, T TF, TF and TF. Let T} = T} and for k > 1,

Ty = inf{t > T : d(Ys, Yor) > 2d(Yye, 0D)},

TY =inf{t > TF : Y; € D},

T8 =inf{t > TF: LY - L;ik > c10d(Yrx,9D)},

TF =T5 NTY ATY,

TF =inf{t > TF: X, € 9D or Y; € dD}.

T <7 (ef) and d(Xqp, Xpe) < e then [1/2—/(n(Z;), X, = Y;)| < crie for ¢ € [T, T
and Léflk+1 - L%flk < clgd(Xle,Yle)sﬂl. The change of d(Xy,Y;) on the interval [le,le"'l] is
bounded by the product of these numbers, that is Cl3d(Xle,Yle )e2P1. This implies that the

increment of |log p;| on the interval [TF, TF™'] is bounded by ¢14¢??. By Lemma 3.3 (i), the
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probability that S§ > T¥ is bounded by p}, for some p; < 1. We obtain, by the strong Markov
property applies at 11,
H(w1,y1,x2,y2) ( ’log pPTy — log PS; 1{S§§T+(€BO)}1F(Te,S§,ZTe,Eﬁl) | Uf S C)

< g phe1ae® < e = ¢z,
k>1

The exponent (g is greater than 1 provided 5, > 1/2. Part (i) of the lemma follows from the last
estimate and (4.18).
(ii) We have
H (\IOgPUf —log psy — [log cos a(w1, X¢-)|| Lyse<rt(eo0)y | UT < C)
< H@1y1e2.92) ( |log pue — log pse — | log cos a(a:l,XC_)H Lise<rt (o))
X Lp(re S¢, Zre 8 LE(Te Tx (0D), Zpe eo1) | UL < C)
+ HEve2p2) (Uonge —log psg|1ire<ssipe(re s¢ ze i1y | UD < C)

+ H(@1y1,72,2) [log puy —log psg|1{sg<re}Lpe(ss, e, zpe iy | UL < C)

+H(m1,y1,m2,y2) ’]ogCOSOz xl,Xq ’1{Tc§52e}lFa(T5752e7ZTE’Eﬁ1) ‘ Ule S C)

+ H(@1y1,32,2) (! log pue —log psg |1 (s <r+(ct0)} Lpe(re 1 (0D), Zpe 1) | UT < C)
+ H(®@1y1w2,02) <llogcosa 21, Xeo ’1{S€<T6}1FL(S"‘ T¢,Zre,eP1) | Ut < C)
+ H@1y1,22,92) (1 log cos (@1, X¢—)|[Lpe(re 1y (D), Zpe 81 | UT < ()

Part (ii) of the lemma follows from the above formula, part (i) of this lemma, and estimates in
Lemma 4.3 (iii)-(v) and Lemma 4.4 (iii)-(v). O

Lemma 4.6. For any 5, € (1,2) there exist B2 > 0, and €y > 0 such that if ¢ < ¢p and
d(Xo,Yy) < ¢ then
P(d(Y,x,0D) > eM) <&,

Proof. By Lemma 4.1 (ii), P(LYx > a) < ¢c;e”“. Hence, for any 3 > 0 and some 34 > 0,
P(L}:f( > B3llogel) < c1 exp(—cof3|logel) =
If the event A, & {LYx < fs]logel} holds then, by Lemma 3.8,

sup d(X;,V;) < d(Xo, Yy) exp(ea(1+ B3|loge|)) < czel P = czel =P,
te[0,07]

Choose (83 > 0 so small that we can find B¢ and (37 such that 85 < B < 67 < 1 — B5 and
pr=1— 5+ Ce.
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Let Ty = inf{t > 0: X; € 9D} and {V;,0 <t < off —= 1} E{X,x ,,0 <t < of — T}
If we condition on the values of X7, and ngc, the process V is a reflected Brownian motion
in D starting from X,x and conditioned to approach X, at its lifetime. It is easy to see that
P(d(Xr,, X,x) < &) < coe.

Suppose that the event Ay = {d(X7,, X,x) > %) holds. Conditional on this event, the
probability that V does not spend €7 units of local time on the boundary of 9D before leaving the
disc B(Vp, %) is bounded by =P Let Az be the event that V spends %7 or more units of local
time on the boundary of D before leaving the disc B(Vp,e%). If A3 holds then it is easy to see
that d(Y,x,0D) < gl=Fstfs = A1 We have shown that d(Y,x,0D) < efif Ay N Ay N Az holds.
Since P((A; N Ay N A3)¢) < &Pt + cgePe + eP77P6 | the lemma follows. O

Recall that e; denotes an excursion of X from the boundary of D starting at time s and let

a(es) = a(es(0),es(¢—)).
Lemma 4.7. For any §,p > 0 there exist ty, cy < oo such that for every x € D, we have
(i)

P* Z |logcosales)| > co | <p,
es€E,

(ii)

1 1
P* | sup |- log cos a(eg —/ / log cos a(z,y)|w, (dy)dz
(@m " > (€s)] 5D Jo 8D! (2, ) |w(dy)

es€Ey

25><p.

Proof. (i) It suffices to show that Zese&o | log cos ar(es)| has a finite expectation, bounded by a
constant independent of z. This follows from the exit system formula (4.1), Lemma 4.1 (i) and
Lemma 4.4 (i).

(ii) Suppose that Xy has the uniform distribution in D. Then, by the exit system formula,
and since the Revuz measure of LX is dz/(2| D)),

1
E Z | log cos ar(es)| :E/ HX)(]log cos a(es)])dLX
0

es€E
51,
= — |log cos a(z, y)|w. (dy)dz.
2|D[ Jop Jop

By Lemma 4.4 (i) and its proof, the last integral is finite.
Let Vi, = > . ceone, , 1108 cosa(es)]. By the ergodic theorem,

es€Ey 1<n<k

51,
= — log cos a(z,y)|w. (dy)dz.
20D Jo Jo |8
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Recall from (4.5) that the transition density p;(z,y) of reflected Brownian motion converges to

1/|D| exponentially fast as t — oo, uniformly in (x,y) € D”. This can be used to finish the proof
of part (ii) of the present lemma, using the same argument as in the proof of Lemma 4.2 (i). O

Recall that 7¢ = J,.(Ug, Sk+1]-

Lemma 4.8. There exist c1,e9 > 0 such that if d(Xo,Yp) < e < ¢ then for any t > 1,

E/ dLX < cite|logel.
Ten[0,0X ATdH]

S5

Proof. It is easy to deduce from Lemma 3.3 that

E(LY . —L{,) < ce. (4.19)

Sl/\’7'5+

Next we will estimate (Lfg(k+1 - L?](k)l{Uk<T5+}' Fix some k > 1 and assume that Uy < 7.
Note that d(Xy, ,0D)Vvd(Yy,,0D) < csd(Xy,, Yu, ). Let T1 be the first time after U, when either
X or Y isin 0D. Let ng be the greatest integer such that 27"° is greater than the diameter of D
and let ny be the least integer greater than |logd(Xy,, Yy, )|/log2. By Lemma 3.2,

P(d(XUkaXTl) > 27n) < C3d(XUk7YUk)2na
for ng < n < ny. This obviously implies that
P(d(Xy,, Xr,) € 27,27 M) < e3d(Xp,, Y1, )27,

for ng < n < n;. Simple geometry shows that if d(Xy,, X7,) € [277,27"!] and Z7, = X7, then
d(YTl,aD) < C4d(XUk,YUk)2_n, and if ZT1 = YT1 then d(XTl,ﬁD) < C4d(XUk,YUk)2_n. Hence,

P(d(Xr,,0D) Vv d(Yr,,0D) € [cyd( Xy, , Yy, )2 "1, csd( Xy, , Y, )27 ™))
S ng(XUk ) YUk)2n7

for ng < n < nq, and
E(d(X7,,0D) VvV d(Yr,,0D)) < csd(Xu,, Yu,)?|logd(Xy, , Yu,.)|-
By Lemma 3.3 (ii), assuming that ¢ is small,

E (LX —LE | Uy < T;) < ced(Xu,, Yir, )| log d(Xur,, Yo, ).

Sk41
It is elementary to check that
E (L, — L | Sk < 1) > c7d(Xs,,Ys,),
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and the conditional distribution of L{j — L3 given {Sy < 7} is stochastically bounded by an
exponential random variable with mean csd(Xg,,Ys, ). Note that d(Xy,, Yy, ) < cod(Xs,,Ys, ).
Hence,

df
N S ) croelloge|(L55, = LE ) g, ooy — (L3, — L)L (0, <oy
k=1
is a submartingale with respect to the filtration F7 = Fx Sm+1 If
M =inf{m: > (L§, — L3,) >t}
k=1
and M; = M A j then
MJ
E |loge|(L{, — LE )1 — (L — L) >0
C10€|10g € {Sp<r} Sk+1 U/ HUp<rF}) =9
k=1
and
M; M;
E (L§k+1 L‘T)J(k)l{Uk<T:} <E Z 0106‘ logal(L[)](k B ngk)]'{sk<7';'}'
k=1 k=1
We let j — oo and obtain by the monotone convergence
M M
EZ Sepr — )1{Uk<7'g+} < Echga| loga](L)U(k = Lg(k)l{sk<T€+} < c11tellogel.
k=1 k=1
Hence,
E/ dLY < E L3 - Lyl +y < cntellogel.
Ten[Us,oX ATt (e)] ,; e (U<}
This and (4.19) imply the lemma. O

Recall that e, denotes an excursion of X from 0D starting at time s, a(es) = a(es(0), es((—)),
and &; is the family of excursions es with s < ¢. See the beginning of Section 3 for the definition of

Pt
Lemma 4.9. Let £*(t) be the restriction of & to those excursions e, that satisfy the condition

SUDsefu,utc(en)) A(Xss Vs) < e, For any By € (0,1) there exist 31 € (3/2,2), 9,32 > 0 and
c1 < 0o such that if Xog € D, ¢ < g9, d(Xo,Yy) < € and d(Yy,dD) < € then,

E |logp,x — Z |log cos a(e,)|| < 1.
es€E*(o7%)
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Proof. Recall the “rich” version of the exit system introduced before Lemma 4.3, and the accom-
panying notation, i.e., stopping times Sy and Ug. Let k; be the smallest (random) integer such
that Sk, > oiX. We will show that the triangle inequality yields

log pyx — Z | log cos a(es)]| < Z Live>¢(e.)y| logcos afes)|
es€E*(o5X) es€E*(0X),seT

+ Z Live<c(en)) |longie — log psg — |log cos a(es)H
es€E*(0X),seT

o Zl{UzSC(es)}‘logPUﬁ*logpsiﬂ

c.€E (o) k22
+ Z | log cos a(ey)|
es€E*(0X),s¢T

+ [log ps, —log po| + |log ps,, —log p,x|. (4.20)

We will argue that the right hand side properly accounts for all the terms on the left hand side of the
last formula. All the terms of the sum Eeses*(af) | log cos a(ey)|, appearing on the left hand side,
are accounted for on the first, second and fourth lines on the right hand side. The quantity log Pox
can be represented as the sum of log py, — logps, ,, for all k such that 0 < Uy < Spy1 < o,
except that there are two extra terms corresponding to subintervals at the very beginning and at
the end of [0,07]. The two extra subintervals are accounted for on the last line of (4.20). The
intervals [Ug, Sk+1] C [0,07 ] are matched with excursions e in the following way. Consider a Uy
and find an excursion e; = {es(t),t € [s,s + ((es))} such that Uy € [s,s + ((es)]. Then Uy is one
of the times Uf for this excursion. Note that if Uf > ((es) for an excursion e, then there are no k
such that Uy € [s,s + ((es)], so we restrict the sums on the second and third lines appropriately.
We split the sums according to whether k£ = 1 or £ > 2, and whether s € 7 or not. The sums on
the second and third lines do not contain terms corresponding to U{ with s ¢ 7. This is because
if s ¢ T then [s,S5] is a subinterval of [Uk, Sky1] with Si41 = S§. Then Uy, = Uje* for some j and
some excursion e}, with u < s but note that we cannot have j = 1 and v ¢ 7. Hence, there is
already a term accounting for the interval [Uy, Sk+1].

The following estimate is based on the same ideas as the proof of Lemma 4.4 (i). If d(z1,y1) <€
then

£
H(xl’yl’“’y?)(I{Ufzg(es)}\ log cos ar(z1, X )|) < / 027’_2\ log cos(csr)|dr
0
I
g/ cor ™ 2cy(esr)?dr = cse.
0

Hence, by the exit system formula (4.9),

E ) Lwiscellogeosale)| < ese. (4.21)
es€E*(0X),s€T

We have H(®@1v1:22:92)|log cos (w1, X )| < ¢ for all (z1,y1,72,y2) by Lemma 4.4 (i) so, by
the exit system formula (4.9) and Lemma 4.8,

E Z | log cos a(es)| < cGE/ dLX < c7e™|logel. (4.22)
es€E*(0),5¢T Ten[0,0{ AT (eP0)]
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We have by Lemma 4.5 (ii), for some 3 > 1,

H (@1.91,22,92) (’1()ng1@ —log psg — | log cos a(z1, X¢- )| Lige<r+(epoyy | UL < C)
< crd(z, 1)

so, by the strong Markov property applied at U7,

H (@1.y1,22,2) (‘10ng1€ — log psg — |logcosa(x1,X<,)|| 1{S;§T+(gﬁo)}1{yf§<})
< c7d($1’yl)BSH(wlay1,$27y2) (Ue <¢).

This and the exit system formula (4.9) yield,
E ) Lys<cen logpup —logps; — [logcos ales)l| Lisg<rs (oo
es€E*(0),seT
<E Z crd( X, Y3) B Lipe<¢(en)y- (4.23)

e, EE* (o‘f(),SET

We will now estimate the right hand side of (4.23). Let
M, = (553‘1(L§j ~L¥) - csd(XUj,YUj)ﬂs) 1(s, <t (i)}

It is not hard to check that E(L{fj —L:)g(j | Fs;) > cod(Xs,,Ys;) and d(Xy,, Yu,) < c10d(Xs,,Ys;).
Hence for an appropriate cg > 0, we have EM; > 0 and the process N = ) | i<k M; is a submartin-
gale. Let K = inf{k : ZJ<,€(LX Lfgi) > 1}. Tt is easy to check that L[)fj - L‘gj is stochastically
majorized by an exponential random variable with mean c¢;;d(Xg;,Ys;) < c11”. By the strong
Markov theorem applied at time o5%, we have E ngK(L?J{_,- - Lfg‘;) <1+ c11e™. By the optional
stopping theorem we have ENgn, > 0 for any fixed n, so

E Y d(Xu, Yu,) P Lig coreooyy S€PTE Y (LY — L)) L(s, < (o0
JI<KAn I<KAn

< P11+ e116™).

Letting n — oo, we obtain

E > d(Xy,,Yy,)" s, < t(co0)y < c126™ 7 (4.24)
J<K

Note that

E ) edX, V) lpeceey SBE Y d(Xu,, Yu,) P 1, <ot b0y
es€E*(03),seT J<K

so this, (4.23) and (4.24) imply that

E Z Lipe<¢(ey 10 pue —log psg — |logcos a(es)]| Lise<rt(ef0)}
es€E*(0),seT

< i3, (4.25)
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By Lemma 4.3 (i) and the strong Markov property applied at U¢, if d(x1,y;) < €% and k > 2

then

H o202 (|log pe — log ps: Polk=1)/2,

k+1|1{U§§r+(sﬁo/2)A<}1{Uf§<}) < c14€

so the exit system formula (4.9) implies

E D) D lwiccen) ‘long;; —logpse, | <D crae®EI2 < eppel

8365*(0f)k22 k>2

for some (B4 > 0.
By Lemma 3.9 (i),

E|log ps, — log po| < ci6e.
By Lemma 4.6, for some (5 > 0,
P(d(Y,x,0D) > ™) < &2

By Lemma 3.9 (i),

E <| log ps,,, — log Paf<|1{d(yax,ap)<aﬁ1}> < erre™.
1

The lemma follows from (4.20), (4.21), (4.22), (4.25), (4.26), (4.27), (4.28) and (4.29).

(4.26)

(4.27)

(4.28)

(4.29)

Proof of Theorem 1.2. The proof will consist of three steps. First we are going to define some
events. Then we will estimate their probabilities and choose the values of the parameters so that
the probabilities of the events defined in Step 1 are large. Finally, we will prove that if all of the
events defined in Step 1 hold then d(X4,Y;) has the asymptotic behavior asserted in the theorem.

Step 1. Suppose that A(D) > 0 and fix arbitrarily small §,p > 0. Assume that 6 < A(D)/8.

We will define a number of events and stopping times, depending on parameters ¢, kg, c1, . . ., cg,
whose values will be specified later on. We will assume that all these parameters are reals in (0, ),
except that kg > 0 is a (large) integer. The constant € will represent the initial distance between

the two Brownian particles, i.e., ¢ = d(Xg, Yp). Let

A ={1-06<(s/0™(5))(2|D|/|0D|) <1+46, Vs>ko},

As = {sup (LZX(t) — 275) < 0} N { sup d(X.,Y:) < cl} ,
tzko tSG’X(ko)
1 [ 1
Asg = sup / V(X )dLY — —— V(y)dy‘ <0y,
t>0% (ko) | T Jo 2|D| Jap
i 1/t (Vo)L — ()d‘<6
= Sup |— V(rs s T oI vy)ay )
’ t>0X (ko) | T Jo 2D Jap
A sup ! Z | log cos a(es)] ! / / | log cos a(z, y)|w. (dy)dz
4 = - s)l T a1~ ) z
uzoX (ko) |U 5. 2|D| Jop Jop
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As = q 108 Pox (kg) — Z |log cos au(es)|| < o™ (ko)d ¢,

€5 €€, X (k)
Ag = / v(Xs)dLX
TeN[0,0%X (ko)]
i, = {

/ v(Ys)dLY
TeN[0,0% (ko)]

For each event A; on the above list, let A; denote the event defined in the same way except that

< UX(ko)5} ;

< UX(k0)5} -

kg is replaced by kg — 1. The same remark applies to gj and /T;
For integer k > 0, let

Af = {LUYX(kOJrkJrl) — L2 x (k) < (calog(k + 2))2} ;
T = 0 (o + k + 1) A 7" (exp(—calho + K)(A(D) = 78) + ex(1 + (cs los(k +2))2) ),
Ty =inf{t > o™ (ko +k+1): L — LYx (48 = (c3log(k +2))*}

At (2 exp(=calko + K)(A(D) = 76) + ea(1 + (es log(k + 2))%)),

Af =11
8 {d(XaX(k0+k)7YaX(k0+k))S5 exp(—ca(ko+k)(A(D)—76))}

S 026}7

Ak =21
8 {d(XcX(kOJrk)’YaX(k0+k))§5 exp(—ca(ko+k)(A(D)—76))}

S 025}7

A§ = {d(Xox (ko 18) Yox (ko k) > € exp(—ca(ko + k)(A(D) — 76))}
UA{d(Yox (kg k41), 0D) < €% exp(—csca(ko + k) (A(D) — 70))}.

X v(X,)dLE

Lcﬁ[dx(k0+k),Tk]

X v(Ys)dLY

/Tcm[aX(k0+k),T;]

Let £%2(s,t) be the subset of & \ & consisting of these excursions e,, that satisfy

sup d(X,,Y,) <& exp(—cgea(ko + k)(A(D) — 70)),
vE[u,u+((ew))

and let

k
A10 = { H 1{d(XUX(k0+j)7Y(,X(kO+j))§Eexp(—52(k0+j)(A(D)_76))}
0<i<k

x |log w - Z |log cos au(es)]| < 025}.
PoX(koth) o cghe(oX (koth),oX (ko+h+1))
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Step 2. In this step, we will choose the parameters so that all events defined in the previous step
have large probabilities. All the bounds on probabilities will hold uniformly for all starting points
(Xo,Yp) € D? with d(Xy,Yy) = . The starting points will not be reflected in the notation. We
can assume that € > 0 is arbitrarily small in view of Lemma 3.1.

First we use Lemma 4.2 (ii) to choose kg so large that P(A;) > 1 —p. Let ¢ € (0,1) be such
that if Ay holds then for all £ > 0,

co(ko + k) < 0¥ (ko + k). (4.30)

We choose c¢; to be the constant €y of Lemma 3.6, assuming that the constant ¢; in that lemma
takes the value c26/3.

Lemma 4.2 is stated for the process X; but it applies equally to Y;. It is an easy consequence
of part (ii) of that lemma applied to both X; and Y; that if we enlarge ko, if necessary, then

P (suptZko(LUYX(t) —2t) < O) > 1 —p. It follows from Lemma 3.8 that if LZX(ko) < 2kp and € is

sufficiently small then sup,<,x 4,y d(X¢, Yz) < c1. Hence, for sufficiently small e, P(Az) > 1 — p.
Using Lemma 4.2 (i) we can find ¢; so large that

t
P (sup 1/ v(X)dLX — L V(y)dy‘ < 5) >1-p/2. (4.31)
0 2|D] Jop

>t

By part (ii) of the same lemma, we can enlarge ko, if necessary, so that P(c% (ko) > t1) > 1 —p/2.
Hence, for this value of ky we have P(A3) > 1 — p. Since (4.31) holds with X replaced by Y, our
argument shows that P(gg) > 1 — p for the same value of kg.

Enlarge ko, if necessary, so that P(c% (ko) > to) > 1 — p/2, where t; is the constant in the
statement of Lemma 4.7 (ii), assuming that in that lemma p is replaced with p/2 and ¢ is replaced
with c2d. Then it is easy to check, using Lemma 4.7 (ii), that P(A4) > 1 — p holds with this choice
of ko.

We will next show that with an appropriate choice of the parameters, P(A5) > 1 —p. Suppose
that 5y > 0 and (3 € (3/2,2) so that we can apply Lemma 4.9 with these parameters. Recall the
notation £*(t) from that lemma. Let

F = {d(Xcr,f?YakX) < 61} N {d(Yai"aD) < 8?1}7

Gi = [lo8 oy fop) = . llogeosales)| < o (ko)6/(2h0) §
e €6 (0, \E* (o)

Gr =4 108y foy) — > llogcosale,)l| < o (ho)3/(2ko)
6565(0'?_'_1)\5(0'2()

Choose €1 > 0 so small that for ¥ = 0,1,...,ky — 1, using Lemma 4.9 and the strong Markov
property at 0%, P(G% | Fi) > 1 — p/(4ko). This implies that P(G%) > 1 — p/(4ko) — P(FY).

By Lemma 4.6, we can find 5 > 0 so small that for k = 1,..., kg—1, the conditional probability
of {d(Ygg,é)D) < &1} given {d(XUf_l’Yaf_l) < g9} is greater than 1 — p/(8kp). By Lemmas 3.8
and 4.1 (ii), we can make ¢ so small that d(X,x ,Y,x ) < e Aepfor b =1,....k — 1 with
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probability greater than 1 — p/(8ky). With this choice of ¢ we have P(G}) > 1 — p/(2ko) for
k=0,...,kg—1,s0 P(U0§k§k0—1 Gy)>1-—p/2.

It follows from Lemmas 3.8 and 4.1 (ii) that if  is sufficiently small then P(r+(kJ") > ko) >
1—p/2. If 7H(kF") > ko then £*(ko) = E(ko), so we obtain P(Uo<r<r,—1 Gk) = 1 —p. Tt is easy
to check that Uogkgko—l G C As, so with our choice of parameters € and kg, P(A5) > 1 —p.

Recall that v* = sup,csp |V(x)| < co. Lemma 4.8 implies that for some £; > 0, C; < 0o, and
€<¢eo e,

E/ [V(X,)|dLY < v*Cikoeo|log o).
TeN[0,0X (ko)ATT (g0)]
It follows that,

P / ‘Z/(XS)’dL‘SX 2 62k05 < V*Clkoe’fo‘ IOg 80‘/(62]{05). (432)
T<N[0,0% (ko)ATH (g0)]

According to (4.30), if A; holds then cykgd < o (kg)d. Suppose that gy is so small that we have
v*Chkoeo|logeg|/(cakod) < p/2. We have shown that P(Suptgax(ko)d(Xt,Yt) <c)>P(Ay) >
1 — p if € is small. The same argument applied with €y in place of ¢; shows that we can choose ¢
so small that P(7F(eg) > 0¥ (ko)) > 1 — p/2. This and (4.32) imply that P(A4; N Ag) > 1 — 2p.

We make kg larger, if necessary, so that by Lemma 4.2 (ii) we have P (oY (2kg) < 0% (ko)) < p/6.
By the same lemma, we can choose Cs so that P(Cykd < 0% (kg)6) > 1 — p/6. Then we can make
e so small that the same argument that leads to (4.32) gives

p(/ W(YLY > Cokod | < p/6.
Ten[0,0Y (2ko)ATT (€0)]

Recall that P(77(g9) > 0% (ko)) > 1 — p/2. Combining all these estimates, we obtain P(4; N Ag N
Ag) >1—3p.

Recall the definition of events A; and /T; By enlarging ko, if necessary, and making & smaller,
we obtain the same estimates for events A’; and Z; as for A; and Zj, for example, P(A]NA;NAL) >
1 — 3p.

By Lemma 4.1 (ii), for some Cs5,Cy € (0, 00),

P(AY) < C3exp(—Cy(cslog(k + 2))?).

We choose c3 so large that Y, P((4%)¢) < p.
Let ¢4 be the constant called ¢; in Lemma 3.8.
We make € smaller, if necessary, so that

v £ eexp(—calko + k) (A(D) — 70) + ca(1 + (3 log(k + 2))?))

is smaller than the constant £y in Lemma 4.8, for £ > 0. Let C5 be the constant ¢; of Lemma 4.8.
Using the strong Markov property at o (kg + k), and applying Lemma 4.8, we see that for k > 0,

1

P((45)°) < —E v(Xs)dLy

/Tcm[ax(ko+k):Tk}
1

< I/*E/ dL‘SX

CQ(S Ten[oX (ko+k),Tk]

1 *
< —v*Cs7v|log .
025
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We make e smaller, if necessary, so that Y p P((A%)¢) <p.
We apply Lemma 4.8 to Y; in place of X; to see that for k > 0,

P((A})") < —E

Y,)dLY
" v(Ys)dLg

/Tcﬂ[ax(ko-i-k),ka]

1
< —Vv'E

drY
62(5 s

/Tcm[aX(ko+k),T;]

L.
< — 1" Cs(e3log(k + 2))%y| log /.
62(5
We make & smaller, if necessary, so that Y ;- , P((glg)c) <np.
We choose ¢5 € (3/2,2) and Cg such that, by Lemma 4.6,

P((45)%) < £ exp(—Cocs (ko + k) (A(D) — 76)).

By making ¢ smaller, if necessary, we obtain > .- | P((4%)¢) < p/2. Note that the summation
index starts from k = —1, not k = 0 (obviously, we can assume that ko > 1).
Choose a cg € (0,1). By Lemma 4.9, for some C7,Cs, and k > 0,

P((A5o) | A5™Y) < 621507608 exp(—Cgca (ko + k)(A(D) — 76)).
We make € smaller, if necessary, so that > p- , P((A5)° U (45,)°) < p.

We decrease the value of € once again so that the argument of 77 in the definition of T}, is less
than the constant ¢ in the statement of Lemma 3.6 for k > kg, assuming that the constant ¢; in
Lemma 3.6 takes the value c2d/3.

By our choice of the parameters we arrive at the following bound,

P(A1mA20A3QZ3HA4mA5mA6mZ6
NAY N A, N Ay N AL 0 AN AL N AN AL

N ()(AknAE N AL Abn A’f0)> >1-21p, (4.33)
k=0

Step 3. We will assume that all parameters have the values chosen in the previous step and that
all events that appear in (4.33) hold. Given this assumption, we will prove that (logp:)/t €
[~A(D) — 85, —A(D) + 86] for all t > o (ko).

Recall that d(Xo,Yy) = ¢ > 0. First we will deal with the case t = o (ko). Since As, Avg,Aﬁ
and Ag hold,

1
/ V(X)dALE — 0% (ko)== [ v(y)dy| < 20% (ko)d, (4.34)
TA[0,0% (ko)] 2|D[ Jap
and
1
/ v(Ys)dLY — o (ko)== v(y)dy| < 207 (ko)é. (4.35)
TN[0,0% (ko)] 2|D[ Jop
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Since A; and A, hold, we can use Lemma 3.6 and (4.30) to conclude that

108 P X (1) — (1/2)/ (V(Xs)dLY + v(Ys)dLY )| < (¢26/3)(ko + LYx 4,)
TN[0,0% (ko)]
< O'X (k‘())5
This and (4.34)-(4.35) yield,
~ 1
10g P (k) — 0% (ko) =— V(y)dy‘ < 50 (ko)0. (4.36)
2|D] Jop

Since A4 and As are assumed to hold,

S 20’X (k}o)(s

_ 1
10g Do (1) — aX(ko)m /aD /aD | log cos a(z, y)|w. (dy)dz

This and (4.36) imply

1
)y =7 (o) g0 /8 ) /8 1o cosatz, )l (dy)ds

1
‘10gPaX(k0) - O'X(ko)m -

< 70 (ko)6.

Hence we have log p,x (5,)/0™ (ko) € [=A(D) — 76, —=A(D) + 76]. Using events A and A; in place
of Aj and Ej, we can also prove that log pox (1, —1)/0 (ko — 1) € [=A(D) — 78, —A(D) + 76].
Suppose that

lOg pUX(ko+j)/UX(k0 + j) S [_A(D) - 757 _A(D) + 76]

for some k£ > 0 and all j < k. We will show that the same holds for j = k + 1.
The event A% holds so

L vty = Lox rork) T Lox (horisr) = Lox (hgwy < 1+ (e3log(k +2))°. (4.37)
By the induction assumption,
A(X o (kg4 Yo X (kotk)) < €exp(—0™ (ko + k) (A(D) — 76)). (4.38)
This, (4.37) and Lemma 3.8 imply that

sup d(X;,Y;) < cexp(—o™ (ko + k)(A(D) — 78) + ca(1 + (c3log(k + 2))?).
te[oX (ko+k),o X (ko+k+1)]

This and the assumption that A% holds show that Tj, = 0X (ko + k + 1) < T},
By (4.38) and (4.30),

A(XoX (ko k) YoX (ko)) < €exp(—ca(ko + k)(A(D) — 76)),
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so the indicator functions in the definitions of events A% and A¥ take values 1. Since these events
are assumed to hold, we obtain

/ V(X )dLE | < 90,
Ten[oX (ko+k),0X (ko+k+1)]
and
/ v(Ys)dLY | < ¢y0.
Ten[oX (ko+k),0X (ko+k+1)]
By the induction assumption, these estimates hold for all n = 0,1, ...,k in place of k, so
/ v(X)dLY | < ca(k 4 1)6,
Ten[0,0X (ko+k+1)]
and
/ v(Ys)dLY | < ea(k + 1)0.
Ten[0,0X (ko+k+1)]
This, (4.30), and the inequalities in Az and As imply that
1
/ v(X)dLE —oX (ko +k+1)=— [ v(y)dy| <20% (ko +k+1)5,  (4.39)
TO[0,0X (ko-+k+1)] 2D Jap
and
1
/ v(Y)dLY — o (ko +k+1)== | v(y)dy| <20% (ko +k+1)5.  (4.40)
TO[0,0X (ko+k+1)] 2|D| Jap

Since Ty, = 0% (ko + k + 1) < T} and As holds, Lemma 3.6 and (4.39)-(4.40) imply that,

~ 1
108 fox (ko +kt1) — 0 (ko + k + 1)m - V(?/)dy‘ (4.41)

< (e20/3)(ko + LYx (1,,) + 40~ (ko + k + 1)d
< 50X (ko + k + 1)d.

In view of the assumption that A4, A5 and A{O hold for all j = 0,...,k, and using (4.30), we
have

1
1087 o i) — 0 (o +h+ Do [ Jlogeosa(z, e (dy)ds
2|D| Jop Jop
<205 (ko + k + 1)6.
This combined with (4.41) shows that

1
108pox (ky 1k 11) — 07 (ko + K + 1)@ - v(y)dy

1
— 0% (ko +k+1) == / / |log cos oz, y)|w. (dy)dz| < To™ (ko + k + 1)6.
2|D| Jop Jop
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In other words, 10g pox (k4k+1)/0 (ko + k + 1) € [-A(D) — 76, —A(D) + 76]. This completes the
induction step.

We have proved that if the events in (4.33) hold then log p,x (1,+x)/0 (ko + k) € [-A(D) —
76, —A(D) + 76] for all integer £ > 0. We will extend this claim to all real ¢ greater than some
t; < oo. By Lemma 4.2 (i), limg oo 0~ (ko + k + 1)/0X (ko + k) = 1, a.s. Lemma 3.8 and (4.37)
imply that for ¢t € [0 (ko + k), 0™ (ko + k + 1)] we have

10g pi — 108 Pox (1y+k) < Co(1 + (c3log(k +2))?),
108 P (g +1+1) — 108 pr < Co(1 + (c3log(k +2))?).

These observations easily imply that for some t; < oo and all real t > ¢; we have (logp;)/t €
[—A(D)—8d, —A(D)+80]. Recall from Step 2 that this holds with probability greater than 1 —21p.
Since p and § are arbitrarily small, the proof is complete. O
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