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The dynamics of the ocean surface boundary layer are examined using theory, high-resolution
moored observations from the equatorial Atlantic ocean, and idealized modeling. An approx-
imate solution is found for the ocean response to wind-forcing in the presence of baroclinic
pressure gradients, surface wave shear, and spatially varying turbulent mixing. The man-
ner in which these parameters modify the classic physical model of the wind-forced ocean
is discussed, and estimates of their spatial distribution are provided. Next, the role of
time-varying shear in determining the near-surface eddy viscosity is assessed using velocity
observations from the equatorial Atlantic, and the implications for several simple param-
eterizations are considered. These observations are then utilized to provide a first in situ
observational assessment of the diurnal cycle of shear and stratification in the equatorial
Atlantic, demonstrating how mixed-layer dynamics modulate the diurnal cycle of sea surface
temperature, coupling the dynamic and thermodynamic responses. Further, these results
suggest the existence of a deep-cycle turbulence layer in the equatorial Atlantic, providing
a complementary perspective on similar recent work from the Pacific. Finally, the effect of
time-varying eddy viscosity on the low-frequency wind-driven flow is assessed using theory
and idealized modeling, providing a new conceptual tool for understanding the dynamics of

the near-surface ocean, and for guiding the interpretation of observations. A particular focus



throughout this thesis is the role of ocean dynamics in determining the near-surface ocean

response to surface atmospheric fluxes.



TABLE OF CONTENTS

Page
List of Figures . . . . . . . . iii
List of Tables . . . . . . . . . xi
Chapter 1:  Introduction . . . . . . . . . . ... ... 1

Chapter 2:  Wind, waves, and fronts: Frictional effects in a generalized Ekman model 3

2.1 Imtroduction . . . . . . . .. 4
2.2 Theory . . . . .o )
2.3 Limiting Cases . . . . . . . .. 12
2.4 Frictional Secondary Circulation . . . . . . . .. .. .. ... ... 17
2.5 Discussion and Further Implications . . . . . . . .. .. ... ... ... ... 21
2.6 Summary . . ... 26
2.7 Appendix A: Derivation . . . . .. ... 28
2.8 Appendix B: Accuracy of approximate solution . . . . ... ... ... ... 31

Chapter 3: ~ Wind Stress and Near-Surface Shear in the Equatorial Atlantic Ocean 51

3.1 Introduction . . . . . . . . ... 51
3.2 Dataand Methods . . . . . . . . . . ... 52
3.3 Results. . . . . . 54
3.4 Discussion . . . . . . .. 58

Chapter 4:  Dynamics of the surface layer diurnal cycle in the equatorial Atlantic

Ocean (0°,23°W) . . .. ... 66
4.1 Introduction . . . . . . . .. 67
4.2 Data . . . .. 69
4.3 Seasonal Cycle . . . . . .. 71
4.4  Enhanced Monitoring Period . . . . . . . .. ... 0oL 73



4.5
4.6
4.7
4.8

Marginal Instability . . . . . .. . ... oL 80
SUMMATY . . . . o o ot 83
Appendix A: Uncertainty in dSSTa . . . . . . . .. .. ... ... ... ... 85
Appendix B: Errors in S2,; . . . . . ... 85

Chapter 5: Simple models of wind-driven ocean currents with time-varying viscos-

ity: From spin-up to rectification . . . . . .. ... ..o 102

5.1 Imtroduction . . . . . . . .. 103

5.2 Time-Dependent Ekman Formulation . . . . . . . .. ... ... .. ..... 105
5.3 Time-Periodic, Steady Forcing . . . . . . . . .. ... ... ... ... .. 110
5.4 Discussion of Results . . . . .. .. . oo o 116
5.5 Summary ... 121
5.6 Appendix A: Numerical Model . . . . . . .. .. ..o 123
Chapter 6:  Conclusion . . . . . . . . .. 145

i



LIST OF FIGURES

Figure Number

2.1

2.2

2.3

24

Example profiles of stress and velocity for an exponentially decaying eddy
viscosity, A, = Avoeﬁ for numeric (solid black) and WKB solution given
by equation (2.7) (dashed blue), and for constant eddy viscosity A, = Ay
(thin dashed black). Top row, stress profiles, normalized by the surface wind
stress value, 7 = 7(z)/|7,|. Bottom row, velocity profiles, normalized by, . =
w(2) |70/ (pfhee(0))]”". The WKB solution overlaps the numerical solution
to within the thickness of the plotted line. . . . . . .. ... ... ... ...

Green’s function, (2.9), for a point source located at zy in a boundary layer of
depth h = 6hEk ...................................

Schematics of the ageostrophic flow induced by a horizontal buoyancy gradi-
ent, with thin lines indicating density contours. a) Uniform viscosity and buoy-
ancy gradient leads to a downgradient ageostrophic flow in the near-surface
Ekman layer, and upgradient flow in a bottom Ekman layer. b) Uniform
viscosity and linearly decaying buoyancy gradient leads to a downgradient
ageostrophic flow in the Ekman layer, and a uniform weak upgradient flow
throughout the remainder of the layer. c) linearly decaying viscosity and uni-
form buoyancy gradient leads to a similar pattern of flow as in the middle
panel. Figure is based on Thomas and Ferrari (2008), their Figure 1.

Stress and ageostrophic velocity for a zonal surface wind stress, 7, = 0.1 Nm ™2,
in the presence of a downwind wave field with Stokes velocity amplitude Uy =
0.22ms™! and depth scale, h, = 3.4m (Komen, 1996). a) Hodograph of
total stress (black), wind-forced component (blue), component forced by the
effective surface stress arising from the Coriolis-Stokes stress (solid red), and
the Coriolis-Stokes stress (dashed red). b) Zonal ageostrophic velocity profile
with components as in a, ¢) as in b but for meridional velocity. In b and ¢ the
Ekman depth (solid black) and h, (dashed black) are indicated. . . . . . ..

1ii

Page

35

36

37



2.5 Schematic of the components of the frictional ageostrophic response to a
horizontal buoyancy gradient, with contours of constant p shown in gray.
The geostrophic stress is rotated by an angle A from the geostrophic shear,
which points along lines of constant p. The divergence of this geostrophic
stress drives an ageostrophic velocity, ugy, and transport Ty, rotated 90°
to the right (N. Hemisphere). Geostrophic stress at the surface drives an
Ekman response, through an effective surface stress —7,.,, with associated
velocities ugy, and transport Tg,. The surface velocity is given by g, r =
upr(0) + upk(0). Vectors are not to scale. . . . . .. ... ... .. 39

2.6 Contour plots of A (°, positive solid, negative dashed), the angle of the geostrophic
stress relative to the direction of the geostrophic shear, as defined in the text

by (2.16), evaluated at z = 0. Left panel: Linear A, (Av(z) = Ay[l + hLAU])
and linear Vb (Vb(z) = B[l + i]), right panel: modified Gaussian A,

P

h
<Av(z) = Awli + O.25]exp[—%(ﬁ)2 + %]), as discussed in Appendix B, and

exponential Vb(z) <Vb(z) = Boeﬁ) In both plots positive parameter values
indicate fields which decay downwards. . . . . . . . .. .. ... ... .... 40

2.7 Across-front sections of the idealized two-dimensional front discussed in sec-
tion 2.4, with contours of constant p indicated in solid black. Upper left:
along-front geostrophic velocity, Upper right: A,, Lower panel: frictional
ageostrophic overturning streamfunction (m?s~!, eq. (2.24)), with contours

of constant A, ingray. . . . . . .. ... 41

2.8 Frictionally driven boundary layer vertical velocity. Top: Total vertical ve-
locity, Middle: vertical velocity arising from the gradient in the horizontal
buoyancy gradient, Bottom: vertical velocity due to gradient in A,. The
dashed line indicates the turbulent surface boundary layer depth, defined by
(2.23). Note reduced colorscale in bottom panel. . . . . . .. ... ... ... 42

2.9 Global climatology, 2001-2011, by seasons with months indicated in plot titles,

for ygro as defined in the text by equation (2.27). . . . . . .. ... ... .. 43
2.10 As in figure 2.9 but for y¢g as defined in the text by equation (2.28). . . .. 44
2.11 Zonal, and temporal, averages of ygro and vos. . . . . . . . ... 45

v



2.12

2.13

2.14

2.15

2.16

3.1

3.2

3.3

Global area-weighted joint probability density function (PDF) of ygro and
Yos, center panel, estimated monthly from 2001-2011. Left panel shows the
PDF of vggo, lower panel the PDF of v¢g. Climatological average values are
indicated in the center panel for the locations of several previous Ekman layer
studies, Long Term Upper Ocean Study (‘x’, Price et al., 1987), Transpa-
cific Hydrographic Survey (basin averaged, ‘o', Wijffels et al., 1994), Eastern
Boundary Current experiment (‘4’, Chereskin, 1995), and 2°N, 140°W (‘o’,
Cronin and Kessler, 2009). . . . . . . .. .. .. Lo

Example single month estimate of ygro and v¢g, showing additional spatial
detail not evident in the climatological maps (figures 2.9, 2.10). . . . . . ..

Frictional flux of vertical potential vorticity due to the wind-driven differential
horizontal buoyancy advection across the Ekman layer. Numerical solutions
of flugk - Vb],_, are plotted (solid) as a function of the eddy viscosity depth
scale, where A,(z) = Aye*/"v. Values are normalized by (2.29). Also plot-
ted is the scaling suggested by (2.30) (dashed), which overlaps the numerical
solution for most of the parameter space. . . . . . . . . .. ... ... ....

Vertical structure of A, models considered in Appendix B. In each case the
normalization is such that h =1, f =1, and Ay = Ek x 1m?s™t. . . . . ..

Accuracy of WKB approximation as a function of Ekman number for the
A, profiles shown in figure B1. Top panel is for wind-forcing, bottom panel
for a vertically uniform horizontal buoyancy gradient. Errors are normalized
according to (2.61). . . . . . ..

a) Daily averaged shear direction vs. wind stress direction with shear magni-
tude (color scale, s71), b) hourly shear magnitude vs. wind stress magnitude,
superimposed over the value of A, predicted by (1) (color scale, m*s~!, and
log contours), ¢) A, vs. wind stress, with shear magnitude (color scale, s71),
d) A, vs. shear, with wind stress magnitude (color scale, Pa). . .. ... ..

Variance preserving spectra for, Top: Zonal components of wind stress (solid)
and shear at 5.64 m (dashed), with 95% confidence intervals (shaded), Bottom:
As in top, but for meridional components. Both shear and stress spectra are
non-dimensionalized as discussed in Section 3.3.1. . . . . . . . ... ... ..

Daily shear magnitude at 5.64 m vs. mixed layer depth (scatter), binned mean
shear with 95% confidence intervals based on a one sample t-test (solid line),
and daily wind stress magnitude (color scale). . . . . .. ... .. ... ...



3.4

3.5

4.1

4.2

4.3

Overview of observations, a) Wind vectors oriented with North up, and East
right (m s™1), b) Zonal velocity (m s™1), tick marks inside the left vertical axis
indicate observation depths, black and white line indicates mixed layer depth
defined as a Ap = 0.125kgm™2 from the 1 m value. Data from a subsurface
upward-facing ADCP deployed approximately 6 km from the surface mooring
is included to provide velocities below 35 m for context, c¢) as in (b) but for
meridional velocity, d) as in (b) but for shear magnitude (s™!), with logarith-
mic color scale, e) density (kgm™3), tick marks inside the left vertical axis
indicate temperature observation depths. . . . . . . . ... ...

Model comparisons to A,, a) Model 1, b) Model 2, ¢) Model 3, d) SF90. All
units are m2s~t. The roll-off of modeled values at high values of A, results
from the gradient of A, in the plane being increasingly aligned with the shear
axis for high values of A, (Fig. 1 b). This can also be observed in the (A,, T)
plane, where high values of A, are associated with increased scatter (figure

3.1C).

Location of the Prediction and Research Moored Array in the Tropical At-
lantic moorings (grey diamonds, study location gray square), with seasonal
average variables for a) boreal summer (June, July, August) and b) boreal
winter (December, January, February). Colorscale: Sea surface temperature
(SST) from 1999 to 2014 from NOAA Optimally Interpolated SST version 2
(Reynolds et al., 2002). Vectors: wind stress from 1999 to 2009 from the Scat-
terometer Climatology of Ocean Winds (Risien and Chelton, 2008), with scale
shown on plot. Contours: NOAA interpolated top of atmosphere Outgoing
Longwave Radiation (OLR, values shown on contours in units of Wm™2) from
1999 to 2014 (Liebmann, 1996). . . . . . . . . . ...

Overview of the full monthly averaged timeseries, a) diurnal SST amplitude
(dSSTa), b) wind speed, c¢) thermal stratification (AT = Ty, — T5.m), d)
isothermal mixed layer depth (solid line, AT = 0.4°C) and depth of the
20°C isotherm (dashed line), e) downwelling short wave radiation (solid line)
and top of atmosphere outgoing longwave radiation (dashed line) (Liebmann,

89

1996). Solid vertical lines denote the enhanced monitoring period (section 4.4). 90

Monthly averaged climatology for diurnal SST amplitude (black line), wind
speed (blue line), and short wave radiation (red line). Shading denotes + one
standard error of the mean. . . . . . . . ... ...

vi



4.4

4.5

4.6

4.7

4.8
4.9
4.10

4.11

Overview of atmosphere and ocean conditions during the EMP using daily
averaged data. a) Diurnal SST amplitude (dSSTa) smoothed with a 5-day
moving average, b) smoothed net surface heat flux (solid black line) defined
positive into the mixed layer with components as indicated in the legend,
¢) evaporation minus precipitation, d) wind vectors (magnitude indicated by
vector length with scale on the ordinate, direction indicated by vector orien-
tation with north up), e) zonal velocity, f) meridional velocity, g) logio(u?),
h) logio(N?), i) median daily S2,. For plots e-i, dashed black line shows
MLD, and measurement depths are indicated by tick marks inside the left
axis. Vertical black lines indicate the two compositing regimes discussed in

section 4.4. . . .

Sample hourly timeseries of the diurnal shear layer. a) Net surface heat flux,
b) subsurface temperature, c) logio(4 x N?) multiplied to facilitate comparison
with shear, d) logio(u?), e) S% ;. Plots d,e are smoothed with a 1-2-1 filter in
time and depth to improve presentation clarity, solid line in b-e denotes the

MLD. . .o

Composite diurnal cycle during steady trade wind conditions (section 4.4.1).
a) net surface heat flux, b) SST anomaly, ¢) wind vectors plotted along the
z=0 line, current vectors (relative to the 20 m currents) plotted at their ob-
servation depths (vectors are oriented with North up, and magnitude scale is
shown in upper left), also plotted are the temperature anomaly (relative to the
time-depth average, color scale), and MLD (dashed line), d) eddy viscosity,
calculated as discussed in section 4.4.1. . . . . . . . ...

Fraction of diurnal composite observations during the steady trade wind con-
ditions (section 4.4.1) for which S2, > 0, indicating flow unstable to shear
instabilities. S2, bin center-points are indicated with black triangles on the
ordinate, and average MLD is plotted with the dashed line. Bins are smoothed

with a 1-2-1 filter in time and depth to improve presentation clarity. . . . . .
As in Figure 4.6, for the variable wind period (section 4.4.2). . . . . . . . ..
As in Figure 4.7, for the variable wind period (section 4.4.2). . . . . . . . ..

Overview of hourly observations during the passage of a TIW. a) Net surface
heat flux, b) SST, ¢) meridional velocity, d) logio(N?), e) logio(u?), f) S2,.
For plots c-f the MLD is shown in heavy black line, and the depth of the
1025kgm™2 isopycnal is shown in light black line. . . . . .. ... ... ...

As in Figure 4.7, for a) TIW cold phase from 15 October through 30 October,
b) TIW warm phase from 31 October through 15 November. Note modified
colorscale relative to Figure 4.7. . . . . . . . .. ..o

vil

94

98

99



4.12

4.13

5.1

5.2

5.3

5.4

9.5

Marginal instability (MI) by time period. a) Median S?; (solid line) with
interquartile range (shaded), b) distribution of S? ; for observations between
22-50 m depth, c) as in b, but for Richardson number (Ri = N?u_?). Dashed
horizontal lines in (a) indicate the mean MLD, solid vertical lines in (b) and

(c) indicate the critical value for stability. . . . .. .. ... ... ... ...

Monthly averaged (5% trimmed) turbulent dissipation rates, exwp (W kg™!),
over the layer 20-50 m below the hourly MLD. Estimates are calculated for
3 different values of Ri. as indicated in the legend. The trimmed mean for
April (Ri. = 0.25) equals 0 and is not plotted. This results from the definition
of the Kunze et al. (1990) parameterization, which equals zero whenever the
instability criteria are not met (Section 4.5). Vertical error bars indicate
95% confidence intervals on the trimmed mean, estimated using the bootstrap
method. . . . . ..

Estimated transfer function amplitude, by phase. The theoretical constant
viscosity Ekman transfer function (dashed black) is unbounded at o = —f.
All values shown are estimated numerically for consistency, and normalized
by the maximum estimated value of the constant viscosity solution. . . . . .

Rotary spectral phase of the velocity transfer function, as a function of depth
(normalized by the steady state Ekman depth). Top: Steady Ekman solution.
Following panels, H (o) defined by the Fourier transform of (5.11), with initial
A, phase as indicated in the left column. . . . . . . .. ... 0000

Zonal current response to impulsively started steady zonal wind stress, with
0 = 0.9, and phase, 9, as indicated on each panel. The diffusive depth scale
—24/Q(t) is shown in red, the constant A, diffusive scale —2/A,t is dashed
black, and the rotational depth scale — fthgyo in solid black. The dotted black
line indicates the half-pendulum day, t =2f~1 . . . . .. ... ... .. ...

Hodographs of the menagerie of spin-up problems resulting from rotary wind
stress forcing, with rotary frequency indicated along the bottom row, and A,
phase indicated at left. In each plot, zonal velocity is along the x-axis (m s 1),
meridional velocity along the y-axis (ms™!), and orange lines indicate the
0 = 0 solution, blue lines the solution for 6 = 0.8. The solution is shown for 8
inertial periods, with problem parameters: |7 = 0.1Nm™2, f =1 x 107457,
and Ay =1x10"2m?2s™t. . . .

Composite diurnal cycle in A, at 0°, 23°W, 2 = —5.6 m, inferred from observa-
tions (blue), and a sinusoidal fit (dashed), with § = 0.35. These observations
are discussed in detail in Wenegrat and McPhaden (2015a, their section 4.1).

viil

130



5.6

5.7

5.8

9.9

5.10

5.11

5.12
5.13

5.14

5.15

5.16

Bessel function wind-stress coupling coefficients for the first 10 modes at 10°
(dashed) and 50° (solid), for values of 0 as indicated . . . . . . . . ... ...

Time dependence for the first £10 modes, assuming § = 0.9, and latitude 50°.
Top, real components, bottom: imaginary components. . . . . . . ... ...

Example diurnal cycle velocity hodograph, with hgr, = 14m and 6§ = 0.7.
At each depth the velocity vector traces a closed contour over one 24 hour
period, plotted for selected depths, beginning at z = 0 and decreasing in
increments of 2m (thin lines, with color scale indicating hour of day). The
time averaged diurnal velocity is shown (heavy black), as is the steady state
solution (dashed black). All velocities are normalized by the steady-state
Ekman surface velocity. . . . . . . . ...

Modeled diurnal cycle at 45°N, for vertically uniform A,, and § = 0.75.
Velocities are normalized by 7/(pv/fAyo), and shear normalized by 27/(pA.),
twice the surface shear for the constant viscosity solution. Contours are non-
linearly spaced to capture the deep variability. . . . . . .. .. ... ... ..

Momentum balance terms for the same case considered in figure 5.9, with
values normalized by 7/(phgko). - - « -« oo

Comparison of numerical model and theoretical solution for 45° N, with 7 =
0.1Nm~2. Parameters for the theoretical solution are diagnosed from the
numerical solution following the discussion in Appendix A, and the boundary
value problems (5.20) are solved numerically rather than utilizing the WKBJ
approximate solution. Times of negative (red) and positive (blue) net surface
buoyancy flux are indicated in each plot for z >0. . . .. ... ... ....

Effect of varying § with parameters and normalization as given for figure 5.9.

Effect of varying latitude, with parameters and normalization as given for
figure 5.9. Note both the velocity and depth normalizations are a function of
latitude. . . . . . . .

Effect of vertically varying A,, such that A(z) = A,0e*/"4v, with parameters
and normalization as given for figure 5.9. Negative (positive) values imply A,
that increases (decreases) downwards. Solutions are found numerically.

Parameter dependence of the theoretical rectification solution (5.40) for ve-
locity (left) and shear (right). . . . . . ... ... ... ... ... ... ...

Validation of the rectification implied by the time-periodic solution against
a numerical solution of the initial-boundary-value problem as discussed in
section 5.4.3. . . . L

1X

131

132

133

134

135

136
137

138

139

140



5.17

5.18

5.19

Effective eddy viscosities inferred from the time mean solution for vertically
uniform A, and various § values as shown in the legend. AE// magnitudes
are normalized by the true A,, angles (°) are relative to the local mean-shear
direction. . . . . . . L

Idealized diurnal cycle of net surface heat flux used to force the numerical
model discussed in Appendix A. . . . . . ...

Comparison of inferred rectification in the KPP model against theoretical
predictions for velocity (left) and shear (right). In each plot, colorscale gives
the inferred 0, symbol shape gives the magnitude of the surface wind-stress as
shown in the legend, and the dashed line indicates the 1-1 line. Correlation
coefficients are shown above each plot. . . . . . .. ... ... ... .....



LIST OF TABLES

Table Number Page
2.1 Parameters for equations (2.19-2.23). . . . . ... L. 34
3.1 Summary of Model Parameters. . . . . . . . . ... .. ... ... 60
4.1 Summary of 0°, 23°W data. . . . . . .. ... 88

x1



ACKNOWLEDGMENTS

There are many people from the University of Washington, the UW Applied Physics
Laboratory, and the NOAA Pacific Marine Environmental Laboratory who I thank for their
role in this work, as well as for their camaraderie and friendship throughout my time here.
I feel honored to have had the opportunity to participate in this wonderful community of
scientists.

In particular, I thank my advisor Mike McPhaden, who gave me the support, guidance,
and most of all the tremendous intellectual freedom necessary to pursue these ideas. I also
thank my committee for their advice, encouragement, and generosity with their time through-
out this process: Curtis Deutsch, Charlie Eriksen, Dennis Hartmann, Ren-Chieh Lien, Jim
Murray, and Steve Riser. LuAnne Thompson welcomed me into her group, and Susan Hau-
tala gave me the opportunity to co-instruct a class with her, both of which significantly
enhanced my experience as a graduate student.

Two of the chapters of this thesis utilize data from the PIRATA array in the equatorial
Atlantic, and I thank Paul Freitag, the TAO project office at PMEL, as well as all those
involved in the global tropical mooring arrays. The data collected through these efforts are
invaluable.

I thank my parents, Anne and Brant Wenegrat, for instilling in me an appreciation for
higher education and science, and for all their support along my path to this point.

Finally, none of this would have been possible or worthwhile without the encouragement

(and enablement) of my wife Julia Wenegrat, and my son Ezra Wenegrat.

x1i



DEDICATION

For Julia and Ezra.

xiil



Chapter 1
INTRODUCTION

The dynamics of the near-surface ocean play a central role in determining air-sea inter-
actions, critical across many aspects of the earth system. Connecting the atmosphere and
ocean, physical processes in the ocean surface boundary layer (OSBL) mediate the exchange
of heat and momentum, as well as a wide range of biological and chemical fluxes. Despite
the critical importance of the dynamics of the OSBL, it remains largely under-sampled, as
observational investigation poses particular challenges to traditional forms of oceanographic
measurement, with shipboard measurements typically limited to below the ship’s draft, and
moored observations often lacking the vertical resolution necessary to resolve detailed bound-
ary layer processes. Modern forms of oceanographic observations, including autonomous
floats, gliders, and remote sensing, have greatly improved our overall understanding of the
OSBL, but generally lack detailed information on the velocity field!, arguably the most
fundamental dynamical measurement. Where near-surface velocity is resolved by these mea-
surement techniques it is often only at a single depth, as for instance with the Global Drifter
Program whose drifting surface buoys report ocean currents at 15 m depth (Lumpkin and
Johnson, 2013), and thus do not resolve the vertical structure of boundary layer currents.
This relatively scarcity of observational evidence has amplified the importance of theory and
modeling in informing our understanding of the physical processes which take place in the
near-surface ocean, and many important open questions remain. This thesis contributes
to our understanding of the dynamics of the OSBL, using a combination of basic theory, a

unique set of high-resolution moored observations of near-surface velocity, and idealized mod-

LA notable exception to this being the EM-APEX floats (Sanford et al., 2005).



eling. Particular focus is given to the role of ocean dynamics in determining the boundary
layer response to surface fluxes of momentum and heat.

This work begins with a re-examination of the basic theory of frictionally driven flows
in the OSBL (chapter 2). Building on recent observational and theoretical work (Polton
et al., 2005; Cronin and Kessler, 2009; Gula et al., 2014; McWilliams et al., 2015), the
classic Ekman theory (Ekman, 1905) of wind-driven frictional flow is extended to include the
effects of ocean sources of shear, and spatial variability in mixing (Wenegrat and McPhaden,
2015b). Special consideration is given to shear arising from baroclinic pressure gradients, and
the Stokes shear associated with the surface wave field, both of which, it is argued, have the
potential to be of first-order importance to boundary layer flows across much of the global
oceans. In chapter 3, the role of time-varying near-surface shear in determining the turbulent
viscosity is explored using near-surface velocity observations taken in the equatorial Atlantic
at 0°, 23°W (Wenegrat et al., 2014). The implications of this variability for parameterizations
of turbulent viscosity are also discussed.

Chapter 4 extends the analysis of these observations to focus on the diurnal cycle of
near-surface stratification and shear, where the ocean dynamical response to wind-driven
surface momentum flux is shown to modulate the diurnal sea surface temperature cycle, with
enhanced near-surface shear leading to conditions favorable for shear instability, deepening
the mixed layer and limiting near-surface temperature anomalies (Wenegrat and McPhaden,
2015a). The stability characteristics of the flow below the mixed layer are also found to
be suggestive of an equatorial deep-cycle turbulence regime, providing an important first
counterpart of this type to the limited direct microstructure measurements available in this
area (Hummels et al., 2013, 2014), and complementing similar recent work from the Pacific
(Smyth and Moum, 2013; Smyth et al., 2013). In Chapter 5 the role of time-varying turbulent
mixing on the Ekman solutions is addressed, using a combination of theory and idealized
modeling, with a focus on the physical mechanisms through which time-varying mixing

results in low-frequency rectification, altering the vertical structure of boundary layer flows.



Chapter 2

WIND, WAVES, AND FRONTS: FRICTIONAL EFFECTS IN A
GENERALIZED EKMAN MODEL

Ocean currents in the surface boundary layer are sensitive to a variety of parameters not
included in classic Ekman theory, including the vertical structure of eddy viscosity, finite
boundary layer depth, baroclinic pressure gradients, and surface waves. These parameters
can modify the horizontal and vertical flow in the near-surface ocean, making them of first-
order significance to a wide range of phenomenon of broad practical and scientific import.
In this work, an approximate Green’s function solution is found for a model of the frictional
ocean surface boundary layer, termed the generalized Ekman (or Turbulent Thermal Wind)
balance. The solution admits consideration of general, more physically realistic, forms of
parameters than previously possible, offering improved physical insight into the underly-
ing dynamics. Closed form solutions are given for the wind-driven flow in the presence of
Coriolis-Stokes shear, a result of the surface wave field, and thermal wind shear, arising from a
baroclinic pressure gradient, revealing the common underlying physical mechanisms through
which they modify currents in the ocean boundary layer. These dynamics are further illus-
trated by a case study of an idealized two-dimensional front. The solutions, and estimates
of the global distribution of the relative influence of surface waves and baroclinic pressure
gradients on near-surface ocean currents, emphasize the broad importance of considering

ocean sources of shear and physically realistic parameters in the Ekman problem.*

L An edited version of this chapter was published as: Wenegrat, J.O. and M.J. McPhaden, 2015: Wind,
waves, and fronts: Frictional effects in a generalized Ekman model. J. Phys. Ocean.
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acknowledged. Any use of material in this work that is determined to be ‘fair use’ under Section 107 of the
U.S. Copyright Act September 2010 Page 2 or that satisfies the conditions specified in Section 108 of the U.S.
Copyright Act (17 USC 108, as revised by P.L. 94-553) does not require the AMS’s permission. Republication,



2.1 Introduction

Diagnosing velocities in the ocean boundary layer is key to many issues of broad practical
and scientific importance, from larval dispersion, to search and rescue, to the general ocean
circulation. Today much of our understanding of boundary layer currents remains rooted
in classic Ekman theory, which holds that, with some knowledge of the turbulent eddy
viscosity, the ageostrophic ocean response is completely determined by the surface wind stress
(Ekman, 1905). However, despite the tremendous explanatory power of Ekman theory, basic

observational confirmation of the structure of flow in the boundary layer has been challenging.

In response to discrepancies between the theory and observations, a large literature has
developed, focused on modifications to the classic Ekman theory. Broadly speaking the pro-
posed modifications to Ekman theory can be divided into local one-dimensional mechanisms,
such as time-variability (Price et al., 1986; Schudlich and Price, 1998; Price and Sundermeyer,
1999; McWilliams et al., 2009), vertical structure in eddy viscosity (Madsen, 1977; Miles,
1994; Grisogono, 1995), or finite boundary layer depth (Welander, 1957; Stommel, 1960;
Lewis and Belcher, 2004; Elipot and Gille, 2009), and mechanisms that involve non-local
effects such as horizontal buoyancy gradients (McPhaden, 1981; Cronin and Kessler, 2009),
surface waves (Huang, 1979; Jenkins, 1986; Xu and Bowen, 1994; Lewis and Belcher, 2004;
Polton et al., 2005), and non-linearity (Stern, 1965; Niiler, 1969; Thomas and Rhines, 2002).
Many of these proposed modifications have closed the gap between theory and observations,
however, generally analytic solutions are only available for specific forms of parameters, lim-
iting the possibility for inter-comparison of the various proposed mechanisms, and critically,

their application to realistic ocean fields.

Here we utilize a simple model of the viscous boundary layer, termed the generalized

Ekman model (Cronin and Kessler, 2009), or the Turbulent Thermal Wind balance (Gula

systematic reproduction, posting in electronic form, such as on a web site or in a searchable database, or other
uses of this material, except as exempted by the above statement, requires written permission or a license
from the AMS. Additional details are provided in the AMS Copyright Policy, available on the AMS Web site
located at (http://www.ametsoc.org/) or from the AMS at 617-227-2425 or copyrights@ametsoc.org.



et al., 2014). This model contains many of the modifications to basic Ekman theory that
have been proposed individually, and has already proven successful in explaining observed
horizontal currents (Cronin and Kessler, 2009), as well as modeled boundary layer vertical
velocities (Gula et al., McWilliams et al., 2015). Previously, solutions to this model with
physically realistic parameters required numerical methods, with analytic solutions available
only for greatly simplified forms of the parameters (Bonjean and Lagerloef, 2002; Cronin and
Kessler, 2009; McWilliams et al., 2015), limiting insight into the underlying dynamics.

In this manuscript we significantly extend these earlier results by providing an approxi-
mate solution to the generalized Ekman (Turbulent Thermal Wind) model that can accom-
modate a wide-range of physically realistic parameters, providing a unifying framework for
many of the individually proposed modifications to classic Ekman theory (section 2.2). Us-
ing this solution, two limiting cases, corresponding to a surface wave field and a horizontal
buoyancy gradient, are explored to further illuminate the underlying dynamics (section 2.3).
The approximate solutions to these limiting cases reveal how these two ocean dynamic pro-
cesses modify the Ekman solution in similar ways, drawing a previously unnoted connection
between these processes, and their accompanying literatures.

In section 2.4 the solution is applied to an idealized front, illustrating how thermal wind
shear in the presence of viscosity can alter both the Ekman layer flow as well as drive
overturning circulations in the boundary layer (Garrett and Loder, 1981; Thompson, 2000;
McWilliams et al., 2015). Estimates of the global distribution of wave and baroclinic pressure
gradient effects on frictional boundary layer flow (section 2.5), and scaling analysis, suggest
that these ocean dynamical processes can be expected to be of first order importance in

determining near-surface currents for much of the world’s oceans.
2.2 Theory

We consider steady, Boussinesq, flow in hydrostatic balance, where the complex horizontal

velocity is denoted by u = u + v, and V = 2

. 8 . o . . .
= gz Tigy Horizontal mixing is ignored, and

vertical mixing is parameterized by a turbulent eddy viscosity, A,, which is considered to



be a specified parameter, allowed to vary vertically subject to moderate constraints imposed
by the approximation technique utilized, as discussed below. The horizontal and vertical

momentum equations are thus given by,

. 1 0 ou
qu = —%VP + & (Ava) s (21)
1 0P
0= —%a—i—b. (22)

Where the Rossby number, ¢ = U/fL, is assumed small, and therefore the non-linear
advection terms are excluded. Equation (2.2) expresses the hydrostatic balance, where b =
—gp/po is the buoyancy, also considered to be a known quantity, allowed to vary in the

horizontal and vertical.

Equation (2.1), a balance between the Coriolis acceleration, the pressure gradient force,
and the turbulent diffusive flux convergence provides the basic starting point for Ekman
theory. Deriving Ekman’s 1905 result begins with a decomposition of the total velocity into
a geostrophic velocity in balance with the pressure gradient force (ug = i(pof) 'V P), and
solving for the ageostrophic velocity (u, = u — u,) in a boundary layer with characteristic
thickness hg, = \/m , the Ekman depth, where it is assumed that A, is vertically uniform
and Vb = 0 (see for example Gill, 1982, section 9.6). Equation (2.1) is a second order linear
ordinary differential equation for velocity and so requires two boundary conditions on wu,
given for the classic Ekman problem by pA,0u,/0z = T, at the surface, where 7, is the

surface wind stress, and u, — 0 as z — —o0.

Here we take a more general approach that does not require separating into geostrophic
and ageostrophic components, by first vertically differentiating (2.1), and multiplying by
poAy(z) to form an equation for the stress, 7 = ppA,(z)0u/0z, which we refer to as the
generalized Ekman model (following Cronin and Kessler, 2009),

0*r

Av(z)@ —ifT = poA,(2)Vb, (2.3)



7(0) = T, (2.4)
T(—h) =0. (2.5)

The relationship of this model to various alternate Ekman layer formulations is discussed
in detail by Cronin and Kessler (2009), however we further note that this is the same model

termed the Turbulent Thermal Wind balance by Gula et al. (2014, and McWilliams et al.

2015) in their investigation of submesoscale cold filament dynamics.

The surface boundary condition, (2.4), is unchanged from the classic Ekman problem,
however the bottom boundary condition, (2.5), is posed as a no-stress condition, applied at a
finite depth z = —h, rather than the no-slip condition utilized in the classic Ekman problem.
This formulation of the problem maintains the classic Ekman transport, even in the presence
of geostrophic shear at the base of the layer (Cronin and Kessler, 2009), and is applicable at
low latitudes or in depth limited seas (Stommel, 1960; Bonjean and Lagerloef, 2002). The
solution technique utilized below is a global method, as opposed to a local boundary layer
expansion, and thus sufficiently far from the boundary layer the solution will approach the
inviscid limit. This gives a measure of flexibility in the choice of an appropriate h, however on
the basis of physical arguments, developed further below, A should be chosen to be deeper
than significant sources of geostrophic stress (defined in section 2.3.2), so as to avoid the
creation of a spurious interior ‘Ekman’ layer. When h > hpgy, as is the case for most of
the extra-tropics, the near-surface solution is insensitive to the particular bottom boundary
condition, and we further note that for the solutions given below letting h — oo results
in simplified forms of the solutions that are equivalent to applying the bottom boundary
condition 7 — 0 as z — —oo. However, if a no-slip boundary condition is desired, the
derivation follows directly from that given in Appendix A.

To solve this linear inhomogeneous ordinary differential equation with non-constant co-
efficients, we first approximate a solution to the homogenous formulation of equation (2.3)
using the Wentzel-Kramer-Brillouin (WKB) method (Bender and Orszag, 1978; Grisogono,

1995), and then solve for the inhomogeneous solution using variation of parameters (Hidaka,



1955; Berger and Grisogono, 1998). A detailed derivation of the full solution is presented in

Appendix A, however, briefly, the WKB method assumes the solution can be represented as:

o G(SO+S16+S252+“')%‘ (26)

Here, we use the physical optics approximation, and solve to first order (S7). The dis-
tinguished limit for the small parameter ¢ is found to be § ~ Ek%, where Ek = A,/ fH?,
the Ekman number. The classic non-dimensionalization of (2.1), for uniform A,, identifies
H as the depth scale of the interior flow, which for values typical of a stratified mid-latitude
ocean (A, ~102m?s™!, f ~ 107%™, H ~ 100m) gives Fk ~ O(1072). However, retaining
vertical structure in A, introduces an additional vertical length scale, h 4, into the problem.
We thus have six physically relevant terms (A,, f, uy, tq, H, ha,), with two physical dimen-
sions (time and length). Application of the Buckingham Pi theorem (Buckingham, 1914)
then gives 4 non-dimensional parameters, 2 of which take the form of an Ekman number,
7 = Ay/fH? and Ty = Ao/ fh%,. The latter of these is likely to be a stricter constraint

on the validity of the WKB expansion when applied to realistic forms of A, (Appendix B).

Formally, the use of the WKB approximation requires that the properties of the medium
vary more slowly than the solution (Bender and Orszag, 1978), a condition which may be
violated in some geophysical flows. Further analysis of this requirement is given in Appendix
A, however, as discussed in Appendix B, we find good agreement between numerical and
approximate solutions for a range of A, profiles, and values of Ek (see also Grisogono, 1995),
although we emphasize that care must be taken to assess the accuracy of the solution when
applied to any specific A, profile. For simplicity we also require that A, > 0 throughout
the layer, so as to avoid the additional complexity of singularities in the equation. This
constraint, and the WKB condition (A12), does not allow the direct application of the
solution to cases where A, — 0 as z — 0, a structure which is implied by Monin-Obukhov
similarity theory, and which occurs in commonly utilized parameterizations such as the K-

Profile Parameterization (KPP) (Large et al., 1994). If necessary, this restriction can be



removed by patching the WKB solution to an inner solution, valid in a thin layer as A, — 0,
an example of which is given in Appendix B. Despite these limitations, the simplicity, and
generality, of the WKB method argue its utility, particularly in comparison to the often

strict parameter requirements associated with other analytic solutions techniques.

Once the WKB solution to the homogenous problem is identified, the inhomogeneous
solution can be found using variation of parameters, and stated in terms of a Green’s function.

The full solution (as derived in Appendix A) is thus given by,

) =7 (ZES;Y sinh [0(2)] +/ G(z,5) [po V] ds. (2.7)

Where,
0(z) = \/z’f/ A7)} dz, (2.8)
—h
and, G(z, s) is the symmetric Green’s function,

0)] Ay ()4 Ay (2) 1

sinh[6(z)] sinh[0(s)—6( .
G(z,s) = smhBOIViF ; s>z (2.9)
sinh[f(s)] sinh[0(2)—0(0)]Av(s) 1 Ay(2)4 ifs < 2
sinh[0(0)]V/if :

This general solution is a primary result of this manuscript.

Velocity shear follows directly from the definition of stress. However, equation (2.3) is a
third-order linear ordinary differential equation in velocity, and hence to go from shear to
velocity requires an additional boundary condition. Here, to determine velocity we use the

solution for stress directly in the momentum equation (2.1),

ifu= —lvp+lai, (2.10)
p p Oz

where 7 is now known through (2.7). This approach ensures that the vertically integrated

ageostrophic velocity satisfies the classic Ekman transport relation.
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2.2.1  Wind-Driven Component

The wind-driven component of the stress is given by the first term on the RHS of (2.7),
which can be compared to the exact solution for the case where A, is vertically constant

(Stommel, 1960; Bonjean and Lagerloef, 2002),

sinh [\/A:fv(z + h)} | 211)

sinh [ A—ih]

7(2) = Tw

The parallels between the WKB approximation, (2.7), and the solution of the constant-A,
problem (2.11) are apparent, with the leading order modification appearing in the argument
of the hyperbolic functions, 6(z), given by (2.8). This term can be understood as introducing
a stretched vertical coordinate system, defined by the integral in (2.8) (Lupini et al., 1975).
Accordingly, hgp(z) = \/W defines a vertically localized Ekman depth, analogous to
the local wavenumber found in WKB solutions to the wave equation (see for example Gill,

1982, section 8.12).

The amplitude of the stress is also modified by vertical variations in viscosity, which
appears as a ratio to the 1/4 power. For a slowly vertically decaying A,, the effect of this term
will be apparent only as z — —h, where the ratio of A,(z)/A,(0) < 1. Figure 2.1 compares
example vertical profiles of stress and velocity for the case of A, decaying exponentially with
depth, and for constant A,, to illustrate the modification of the vertical structure arising
from retaining a depth-dependent A,. This depth dependent amplitude term allows the stress
amplitude, and hence the ageostrophic velocity, to decay over a different vertical depth scale
than the rotation of the stress vector, a feature which is commonly noted in observations
but cannot be accommodated in classic Ekman theory (Price et al., 1986; Wijffels et al.,
1994; Chereskin, 1995; Price and Sundermeyer, 1999). It is apparent that if A, is vertically
constant in (2.7), the standard solution (2.11), as originally identified by Stommel (1960) in

an investigation of the dynamics of the equatorial undercurrent, is immediately recovered.
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2.2.2  Inhomogenous Forcing

The second term on the RHS of (2.7) is a Green’s function integral, which can accommodate
arbitrary vertical structure in both ocean sources of stress, which appear as inhomogenous
forcing terms in (2.3), as well as in the profile of A,(z), subject only to the constraints imposed
by the WKB method. The Green’s function kernel takes the form of paired Ekman layers
above and below interior sources of stress (figure 2.2), which demonstrates how ocean sources
of shear in the presence of viscosity drive an ageostrophic frictional response felt throughout
the entire boundary layer (Hidaka, 1955; Csanady, 1982). Far from the boundaries the profile
of the Green’s function is symmetric above and below interior shear, however approaching the
boundaries of the domain the shape of the Green’s function becomes increasingly asymmetric,

and the integral contribution serves to satisfy the boundary conditions (2.4) and (2.5).

The ageostrophic flow associated with several simplified forcings are shown in schematic
form in figure 2.3. In the absence of wind-stress, with vertically uniform A, and Vb, Ekman
layers are generated, both at the surface as well as at the base of the boundary layer, to
satisfy the boundary conditions (Bonjean and Lagerloef, 2002). A more physically realistic
case is given in figure 2.3b, where a vertically decaying buoyancy gradient gives rise to both
a surface Ekman layer, as well as a diffuse interior ageostrophic flow. The strength of the
interior portion of the flow, for the situation shown in figure 2.3b, scales as hgy/h relative to
the surface ageostrophic flow, and is therefore often assumed small and neglected. However,
we note that this flow is necessary to balance the transport in the surface Ekman layer so
as to maintain the classic Ekman transport relation. Further, this flow need not always be
small, as illustrated in section 2.3.1 discussing surface wave effects, and hence should be
retained. The final panel shows the case of a decaying A, profile, with constant Vb. The
resulting ageostrophic velocities are similar to those in figure 2.3b, however the associated
buoyancy fluxes will differ between the two cases, emphasizing how horizontal fluxes will be
a complex function of the spatial structure of both the background fields and A,, discussed

further in section 2.5.2.
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The total frictional ageostrophic response thus consists of a directly wind-forced compo-
nent, as well as an integral over Ekman-like responses to interior shear. Therefore, in order
to understand the oceanic response to wind-forcing it is also necessary to understand the
ageostrophic frictional response to ocean dynamical processes (Cronin and Kessler, 2009).
Recent observational work has emphasized the importance of removing estimates of the
geostrophic shear in order to isolate the ageostrophic flow (Chereskin and Roemmich, 1991;
Polton et al., 2013; Roach et al., 2015), however the analysis developed here suggests that
to fully isolate the wind-driven component of this flow it is also necessary to account for
ageostrophic flow driven by the geostrophic shear (section 2.3.2). Further, although we have
so far limited the discussion to shear which arises from baroclinic pressure gradients, we
note that any other forcing terms in the momentum equations will act in a similar manner,
and the case of Stokes shear from surface waves is discussed in section 2.3.1. In order to
further illustrate the underlying dynamical mechanisms we now consider two limiting cases
representing important sources of shear in the ocean surface boundary layer which admit

further simplification of the full solution.

2.3 Limiting Cases

2.8.1 Stokes Shear: hy < hg,

Surface waves modify the oceanic boundary layer in a variety of important ways (Xu and
Bowen, 1994; McWilliams et al., 1997; McWilliams and Restrepo, 1999; Sullivan and McWilliams,
2010; Belcher et al., 2012; McWilliams et al., 2012). Here we focus on one particular aspect,
termed the Coriolis-Stokes force, which appears as an additional term in the Eulerian mo-
mentum equation that arises from rotation acting on the Stokes drift, leading to a tilting

of wave-orbitals in the along-crest direction (Polton et al., 2005). The Coriolis-Stokes force
has been shown to significantly modify flow in both the very near-surface layer, as well as
throughout the entire Ekman layer (Huang, 1979; Jenkins, 1986; Lewis and Belcher, 2004;
Polton et al., 2005; Aiki and Greatbatch, 2012; McWilliams et al., 2014).
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Equation (2.1) can be re-written to include the Coriolis-Stokes force as,

) 1 0 ou

with u, the Stokes velocity, given by, us(z) = [, 20kx(k)e***dk, and where o is the wave
frequency, k the wavenumber vector, and x (k) the directional wave spectrum (Huang, 1971).
We make the common simplifying assumption that us can be treated as a monochromatic
wave such that w, = Upers §(t), where h, = (2|k|)"!, and 8(t) is a unit vector in the
direction of the waves, which is not necessarily aligned with the local surface wind stress.
The wavenumber, k£, and amplitude, U, are assumed to be known or parameterized. It
is important to note that for a time-varying wave field, the Coriolis-Stokes force initially
accelerates an ‘anti-Stokes’ flow (McWilliams and Fox-Kemper, 2013), with transients that
decay as 1/ ft (Lewis and Belcher, 2004). In the steady-state problem, including the Coriolis-
Stokes force results in an additional forcing term on the RHS of (2.3), perpendicular to the
wave direction, given by ifpA,0us/0dz. This appears in the full solution (2.7) within the
Green’s function integral, replacing the bracketed term with, [pVb +ifpdus/0z]. Hence,
both horizontal buoyancy gradients and Stokes shear modify the standard Ekman solution

in mathematically identical ways.

In order to provide an asymptotic approximation to (2.7), we can take advantage of the
scale separation between the typical depth scale of the surface waves, h,, which is of order
several meters, and hg, which is of order tens of meters, such that hy < hgi. For simplicity
in deriving the given form of (2.13), it is also assumed that Tcg(—h) ~ 0, and ha, > hg
where h 4, is the depth scale over which A, varies, however neither of these assumptions are

critical. After repeated integration by parts of (2.7) an asymptotic approximation is given

by,

NI
w0
o
=
=
=
N

h2
hik

A“(’Z>) 0. (2.13)

7(:) ~ [~ 7os0)] (5265
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The surface wave field therefore introduces a Coriolis-Stokes stress,

ou,
0z

(1+ ilh%k(z))‘l, (2.14)

TCS(Z) = —pAv B hz

which is rotated (90 + A)° to the left of the wave direction (Northern Hemisphere) where
A ~ tan~'(h%/h%,) (Figure 2.4). This stress modifies the ageostrophic frictional response
in two ways. First, the Coriolis-Stokes stress can balance a portion of the applied surface
wind stress, leading to a total Ekman layer response which can be considered as forced by
an effective stress, given by the first bracketed term on the RHS of (2.13), rather than by
the wind stress alone (Polton et al., 2005; McWilliams et al., 2014). Second, the Coriolis-
Stokes stress directly affects a layer of depth scale h,, through the last term on the RHS
of (2.13). The vertical divergence of this term, in (2.12), drives near-surface ageostrophic
velocities that tend to rotate the surface flow into the down-wave direction (Fig. 2.4b.c).
Together these two modifications introduce a boundary layer transport of —Uyhs, canceling
the Lagrangian Stokes transport (see Polton et al., 2005, for a detailed discussion of the
frictional Coriolis-Stokes transport).

The results of this section confirm the analysis of Polton et al. (2005), and extend them
to an arbitrary vertical structure of A,, subject to the aforementioned constraints. As
discussed by Polton et al. (2005, their section 2c), (2.13) and (2.14) imply that in the limit
h%/h%, — 0, the wave modification to the Eulerian currents can be modeled solely through
a modification to the surface boundary condition. The proceeding analysis confirms this
result is fully independent of the particular form of vertical mixing, and consequently may
be of general use in guiding observational or modeling studies where the Stokes layer is not

directly resolved.

2.3.2  Thermal wind shear: hg, < h,, ha,

A similar simplification of equation (2.7) can be found for the case of a horizontal buoyancy

gradient driving a thermal wind shear in the near-surface layer. We assume that the Ekman
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depth is shallow relative to the depth scales over which the horizontal density gradient
and A, vary, ie. hgp < h,, ha,. An example of the scales associated with a mesoscale
frontal system can be found from observations of the Azores front (Rudnick, 1996), where,
using parameters from Nagai et al. (2006), hgr ~ 15m, hs, ~ 40m, based on the depth
of the transition layer below the mixed layer, and h, ~ 100m, based on the depth of the
thermocline and the observed geostrophic frontal velocity. This limiting case is marginally
valid for these parameter values, and thus can be considered as requiring a fairly idealized
frontal configuration (cf. Thomas and Lee, 2005), included largely for the insight it offers

into the basic dynamics of (2.7), and for comparison with (2.13).

For simplicity it is also assumed that A,Vb — 0 at z = —h. If this assumption is
not made the solution requires an additional bottom Ekman layer at 2 = —h in order to
satisfy the bottom boundary condition (2.5), as shown schematically in Fig. 2.3a. Repeated

integration by parts of equation (2.7) leads to an asymptotic approximation given by,

2

Wi
2

hva’u

+ TgeO(Z)a

Av(z)> 7 sinh [0(2)] 0. (2.15)

T(2) ~ [Tw — Tyeo(0)] (AU(O) sinh [6(0)]

Where,

ug

o (1 —ih3,.(2)

defines the geostrophic stress, with primes denoting vertical differentiation.

Vo T84, 32

ALVY LV 3AL 3 (AN
Tgeo(Z) = pAU o A A

A,V 2

) . (2.16)

Closely paralleling the solution for the Coriolis-Stokes stress, (2.13), the modification
of the surface boundary layer stress by horizontal buoyancy gradients also consists of two
components. The first is a modification to the Ekman layer, whereby the Ekman response
is forced only by that portion of the wind stress that is out of balance with the geostrophic
stress, which again can be considered as defining an effective surface stress, given by the

first bracketed term on the RHS of equation (2.15) (Thompson, 2000; Nagai et al., 2006;
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Cronin and Kessler, 2009). Thus, even in the case of 7, = 0, thermal wind shear will
drive an ageostrophic flow within the Ekman layer, with implications for frontal spin-down
(Garrett and Loder, 1981; Csanady, 1982; Thompson, 2000; Thomas and Rhines, 2002),
filament frontogenesis (Gula et al., 2014; McWilliams et al., 2015), and near-surface fluxes
(Thomas and Ferrari, 2008), discussed in section 2.5.2. It is worth noting that advection of
the horizontal buoyancy gradient by the ageostrophic frictional flow can modify the buoyancy
gradient and thereby feedback into the Ekman solution, which is discussed in further detail

in Thompson (2000), and McWilliams et al. (2015).

The second term on the RHS of equation (2.15) represents the turbulent stress that arises
directly from a thermal wind shear in the presence of a viscosity, often termed the geostrophic
stress, given by (2.16). The divergence of this term drives a weak flow throughout the entire
layer with velocities that scale as hgy/h relative to the ageostrophic velocity in the Ekman
layer, but with a vertically integrated transport that exactly cancels the transport in the
Ekman layer driven by the surface geostrophic stress. The definition of geostrophic stress
given here, (2.16), differs from that given by previous investigators, who, considering only
vertically uniform A, and Vb, suggest Tgeo(z) = pAv%. Including vertical structure in
these parameters gives rise to four additional terms in the definition of geostrophic stress,

bracketed in (2.16), which enter the asymptotic approximation at order hy, /h? 4 .

These additional terms are imaginary, and thus have the effect of rotating the geostrophic
stress vector slightly from the geostrophic shear vector. This is illustrated in figure 2.5, where
the geostrophic stress vector is rotated by an angle, A, which scales as A\ ~ tan~'(h%, / h27 o)
or equivalently, A\ ~ tan~!(2Ek) (figure 2.6). Transport in the Ekman layer, Tgy, is opposed
by geostrophic stress driven transport over the full boundary layer depth, Tp;. Surface
velocity is given by usy,r = ugk(0) + upr(0), a combination of the Ekman ageostrophic
velocity forced by the effective surface stress (upg), and an interior ageostrophic velocity
forced by the divergence of the geostrophic stress (upr). The direction of the near-surface
frictional flow relative to the buoyancy gradient is consequently a function of both the angle

of the geostrophic stress, determined by vertical structure in A, and Vb, as well as the ratio
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upr/upr ~ hgr/h. As a corollary to this, a latitudinal dependence in A appears implicitly
through the Ekman depth, as h%, / hli A — 00 as f — 0, with the geostrophic stress vector

becoming increasingly parallel to the buoyancy gradient at low latitudes.

2.4 Frictional Secondary Circulation

The cross front circulation which arises from frictional effects, shown schematically in figure
2.3, acts to spin-down ocean fronts, and sharpen cold filaments, due to buoyancy fluxes as-
sociated with the ageostrophic velocities necessary to match the surface boundary condition,
(2.4), in the presence of a geostrophic shear (Garrett and Loder, 1981; Thompson, 2000;
McWilliams et al., 2015). Further, in the case that Vb # 0, convergences (divergences) of
this cross-front ageostrophic circulation will drive negative (positive) vertical velocities in
the boundary layer (Garrett and Loder, 1981; Thompson, 2000). These effects have been
examined primarily in the context of submesoscale dynamics, where the Rossby number,
€, is not small, and hence are generally diagnosed within the context of non-linear models
(eg. Nagai et al., 2006). However, recent comparisons with modeled submesoscale eddies
and filaments have suggested that vertical velocities in the boundary layer can be accurately
diagnosed using this simple linear theory even at high e (Ponte et al., 2013; Gula et al., 2014;
McWilliams et al., 2015). At larger spatial scales, similar effects are also suggested in an
ocean global climate model (Cronin and Tozuka, 2015). Therefore, friction acting on the
baroclinic component of the flow may be important to boundary layer dynamics across a
range of spatial scales.

Vertical velocity for the generalized Ekman model is given by the standard relationship,

~ T(z,y, 2)

w(x,y,z) =—k-V X 7 + L(x,y), (2.17)

where L(x, y) is a constant of vertical integration chosen to fulfill a rigid lid boundary
condition. To illustrate how the various components of the full solution enter the calculated

vertical velocity we can utilize the simplified definition of stress given by (2.13), and (2.15),
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in (2.17), which for a two dimensional configuration, invariant in the y-direction, reduces to,

vt =~ [ 722 (420 e 2 [ et s

The first term on the RHS represents upwelling occurring within the Ekman layer, which
is now forced by an effective stress, Tgss = Tw — Tcs(0) — Tgeo(0). The second term on the
RHS gives the boundary layer vertical velocity arising solely from the gradient of the interior
forcing, Trnt = Tes + Tgeo- When (2.18) is evaluated at the base of the layer, z = —h, it
reduces to the classic Ekman upwelling driven solely by the curl of the wind-stress, however,
within the layer, both horizontal gradients in the forcing and horizontal gradients of the
vertical structure can drive vertical velocities. For the Ekman layer, this can be envisioned
as Ekman transport occurring along contours of constant hgy, which, for a spatially varying

A,, have a vertical component.

Below the surface Ekman layer, where 7¢s(z, z) =~ 0, and in the limit of h%, /h2 , — 0,
(2.18) reduces to the scaling given by Garrett and Loder (1981), w ~ gf2p~'0(A,0p/0x) /0.
Thus, vertical velocity in the boundary layer interior, outside the Ekman layer, is driven by
gradients in thermal wind shear and A,, with order h%,/h2 4 modifications due to the gra-
dient of the bracketed terms in (2.16), reflecting the role of the vertical structure of A, and
Vb in setting the direction of the geostrophic stress vector (section 2.3.2, figure 2.6). Ap-
proaching the surface, vertical velocity decays exponentially over an Ekman layer of depth
scale hgg, with additional near-surface vertical velocities in a thin layer of depth scale hg

driven by the Coriolis-Stokes stress.

To illustrate the secondary circulation that arises from the balance (2.1), we examine an
idealized front in the x-z plane (200 km width, h=500 m), based on an approximation of the
Frontal Air-Sea Interaction Experiment (FASINEX) data (Pollard and Regier, 1992), similar

to Thompson (2000). We set 7, = 0 and T7cg = 0 as the solution is linear and these effects
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are simply additive. The buoyancy in this model is given by,

~

1 —ald —
b(x,z):§bftanh 2= ol — )

do

= ZO} + %bb tanh [z ;120] ; (2.19)
with values of parameters given in Table 1 and the hat notation indicating non-dimensionalized
coordinates ranging from 0 to 1. Values of A, are based on the approximation used in
McWilliams et al. (2015), designed to be broadly consistent with KPP (Large et al., 1994).
This is used simply to illustrate several general features of the solution that arise from
horizontal and vertical structure in mixing across a frontal region, rather than provide an
absolutely accurate diagnostic, and the qualitative discussion that follows is not sensitive to

the detailed particulars of our choice of A,.

_ h(&) __
A'U(x7 Z) - AUOG(C) hO + Avba C - iL(l’)7 (220)
GO =2+ @G0 -0 (<1, (221)
G(O)=0, ¢>1. (2.22)

G has a maximum value of 1 in the boundary layer, (y is a small parameter introduced to
avoid a singularity at z = 0, and h is the surface boundary layer depth, taken here as,

h(z) = ho + 0, (tanh {O‘(xd;ox“)g} - %) . (2.23)

All parameter values for equations (2.19-2.23) are given in Table 1. Figure 2.7 shows the
structure of the idealized front, and the eddy viscosity, along with the associated along front
geostrophic flow, implying € ~ 0.05. We further assume w = 0 at z = 0 (rigid lid), and
define an ageostrophic cross-front streamfunction such that (u,g, w) = (¢, —1),). Using the

meridional momentum equation, Im[Eq. (2.1)], gives

Y = %Ty(x, z). (2.24)
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The secondary overturning circulation arising from the geostrophic stress is found numer-
ically, and shown in figure 2.7. This is a thermally direct circulation, with a counter-clockwise
sense of rotation, that tends to tilt the front and restratify the near-surface (Thompson,
2000). Downwelling velocities on the dense side of the front are stronger than the upwelling
on the buoyant side of the front, consistent with previous findings (Samelson, 1993; Thomp-
son, 2000). Streamlines are closed, indicating zero vertically integrated horizontal transport,
as required to maintain the classic Ekman transport. This is a general result that does not
depend on the frontal configuration. Note however that although the vertically integrated
horizontal transport is zero, the associated fluxes need not be zero, as discussed further in
section 2.5.2. Further, the vertical buoyancy flux associated with the secondary overturning
circulation can be non-zero (McWilliams et al., 2015), and hence may play a role in the

general circulation through vorticity stretching of the interior.

To illustrate the importance of spatial variability in A,, we decompose the total vertical
velocity field (figure 2.8a), wyotq, into vertical velocities due to the gradient in the forcing
(V?b), which we designate w oreing, and the remainder which is a function only of the spatial
structure in A,, which we designate wy,, as discussed in relation to (2.18). For the particular
frontal configuration examined here w4, is ~ 25% of wya. However, locally near the base
of the turbulent boundary layer (Fig 2.8, dashed line) w4, can be the dominant term, and
hence may be of particular importance for vertical fluxes into the near-surface layer. For a

geostrophic stress, the ratio of vertical velocities is given by,

W Av -~ Lforcing : (225)
W forcing LAv

where L indicates the relevant horizontal length scales. Observations suggest that horizontal
length scales over which vertical mixing varies are comparable to frontal features (Dewey and
Moum, 1990; Nagai et al., 2006), and hence these effects may be first order in determining
the vertical velocity in the boundary layer. A similar scaling holds within the Ekman layer,

where for a surface wind stress aligned orthogonal to a horizontal gradient in A,, the ratio
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of vertical velocities at z = —hpy is,

W Av L forcing

. 2.26
W forcing 4LA1) ( )

2.5 Discussion and Further Implications

The solutions presented here build upon prior work by allowing vertical variation in A,, as
well as realistic structure in ocean fields, such as Vb and the Coriolis-Stokes force. Examina-
tion of the solutions (2.7, 2.13, 2.15), suggests many ways in which including more physical
realism in the problem parameters can modify the expected ageostrophic flow, however to
further motivate the importance of this added complexity, we first consider scaling arguments
relating the importance of geostrophic stress and Coriolis-Stokes stress to wind stress. The
global distribution of these fields are then estimated using a combination of model output
and reanalysis data. Finally, we comment briefly on the importance of these modifications

to determining horizontal fluxes in the boundary layer.

2.5.1 Scaling and Geographic Distribution

The boundary conditions utilized here ensure that the classic Ekman transport relation is
maintained, even in the presence of ocean sources of stress. However, as demonstrated in
Section 2.2, ocean sources of stress can greatly modify the vertical structure of currents,
and hence are fundamental to understanding boundary layer dynamics. Determining the
magnitude of both the geostrophic stress and the Coriolis-Stokes stress depends critically
on the value of A,, which complicates their determination from observations. However, at
low frequencies, variability in near-surface A, may be controlled by variability in the surface
wind stress (Wenegrat et al., 2014). Taking hg, ~ u*/f (Caldwell et al., 1972), where
ut = \/U , gives A, ~ u*?/f, and hence the ratio of the geostrophic stress to the surface

wind stress can be scaled as,

Tgeo Vb

S —,
Tw f?

YeEO = (2.27)
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The direct proportionality of vggo to Vb, and independence from 7,, highlights how the
geostrophic stress can be expected to be a ubiquitous forcing of ageostrophic flow at sharp
frontal features, and consequently may be fundamental for understanding horizontal heat
flux at buoyancy fronts. The f~2 dependence indicates a rapid increase at low latitudes.
Further, utilizing the stratified Ekman depth scaling, kg, ~ u*/\/Nf (Pollard et al., 1973),
in (2.27) gives yggo ~ Bu, where Bu = NH/fL is the Burger number, defined such that
b ~ N2H. Determination of Bu is thus dependent on the geometry of the particular front
being considered, however, for many oceanic flows observations suggest Bu ~ O(1), implying

vaeo ~ O(1) (Nagai et al., 2006; Boccaletti et al., 2007).

The Coriolis-Stokes stress can be scaled relative to the surface wind stress as,

D
s = 8 oL a2l (2.28)
T,

Tw w h gk
Therefore, ycg is proportional to the Stokes transport divided by the wind-driven Ekman
transport (McWilliams and Restrepo, 1999; Polton et al., 2005). Alternatively, this can be
rewritten using the turbulent Langmuir number, La = (u*/Upy)"/?, which scales the ratio of
wind forced production of turbulent kinetic energy (TKE) to the wave forced production
of TKE (McWilliams et al., 1997; Grant and Belcher, 2009), with typical values of 0.2-0.5
(Smith, 1992; Belcher et al., 2012). This suggests that ycs ~ O(1) for hs/hg of 0.04 - 0.25.

To form estimates of the global distributions of y¢go and v¢g a combination of reanalysis
data and model output is utilized. The total Stokes transport is found from the WaveWatch
[T (WWIII) model, reported every 6 hours on a 0.5° grid (Rascle et al., 2008; Rascle and
Ardhuin, 2013). For consistency with the WWIIT model forcing, we utilize NCEP Climate
Forecast System Reanalysis (CFSR) wind stress, temperature and salinity at 5 m, and hor-
izontal currents at 5 and 15 m depth (Saha et al., 2006). To estimate the geostrophic stress
we calculate buoyancy gradients from monthly 5 m temperature and salinity (0.5° resolu-
tion), and then infer approximate monthly values of A, using the surface boundary condition,

A, = 7,(pou/0z)~1, with the near-surface shear magnitude approximated using CFSR, ve-
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locities at 5 and 15 m, Ou/0z ~ |u(—5) — u(—15)|/10. Alternate parameterizations of A,
were tested, including wind-stress only parameterizations (Wenegrat et al., 2014) and bulk
Richardson number closures (Pollard et al., 1973), and found to give similar results (not
shown here). Monthly values of the Stokes transport and 7, over the period 2001-2011 are
then used to form climatologies of vgpo and v¢5s.

Figures 2.9 and 2.10 show the global seasonal climatology of v¢ro and ~¢g, respectively.
The dependence on latitude through the Coriolis frequency is apparent in both quantities,
with vgpo peaking at low latitudes, and vos dominating at higher latitudes (figure 2.11).
Regional variability is also evident, with v7ggo enhanced in boundary currents, along the
equatorward edges of the subtropical gyres, and through much of the Indian ocean and east-
ern subtropical Pacific. These parameterized results can be compared to estimates derived
from model output and alternate parameterizations of A,, which indicate similar spatial
patterns (Chu, 2015; Cronin and Tozuka, 2015).

In the zonal average, and temporal average, yog becomes larger than vgpo poleward of 15°
(figures 2.10 and 2.11), following a spatial pattern that in large part reflects the variability
in Stokes transport (McWilliams and Restrepo, 1999). This latitudinal pattern may also
reflect the effect of the coarse resolution products utilized here on estimating yggo, as the
first baroclinic Rossby radius at 15° is ~ 100km (Chelton et al., 1998), which is close to
the resolved meridional Nyquist wavelength, and hence Vb may be underestimated at higher
latitudes. Wide swaths of the world oceans have yog ~ 0.25, emphasizing how important
these effects may be for Ekman layer currents. Intensification of yog in the southern ocean
is also evident. In the Northern Hemisphere there is a general enhancement of vog in the
eastern side of the ocean basins, with seasonal variability in both extent and magnitude,
resulting from enhanced Stokes transport associated with increased wintertime wind-forcing.

The relative influences of the geostrophic stress and the Coriolis-Stokes stress can be con-
sidered using the joint probability density function (PDF) of the monthly estimates of ygro
and vcg, evaluated between 5° — 73.5° from 2001-2011 (figure 2.12). Consistent with the

spatial maps, the PDF has a broad peak at vog ~ 0.1 —0.25 with negligible y¢rpo. However,
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the distribution of yggo is long-tailed, reflecting its spatial and temporal inhomogeneity,
evident in comparing an example month (figure 2.13) and the climatological maps (figure
2.9). Considering the total relative change in the effective surface stress arising from both
the geostrophic stress and the Coriolis-Stokes stress, 77 = varo + Ycs, 36% of all points
have vy > 0.25. Together the estimates presented above, while only a rough approximation,
suggest that surface waves will be of O(1) importance for much of the extra-tropics, while
baroclinic pressure gradients will dominate at low latitudes, in frontal systems, and poten-
tially over shorter timescales, and smaller spatial scales, than resolved here, specifically at
the submesoscale, where geostrophic stress effects have been demonstrated to significantly

modify the ageostrophic flow (Ponte et al., 2013; Gula et al., 2014; McWilliams et al., 2015).

2.5.2 Horizontal Fluzes

The proceeding analysis, and theory, highlights how ocean sources of stress can be expected
to modify the frictional response within the near-surface layer, affecting the magnitude, di-
rection, and vertical profile of the ageostrophic flow. These modifications to the ageostrophic
velocity can often be approximated using the concept of an effective stress, 755, (section 2.3),
leading to a modified Ekman velocity scale of, ugy ~ 7gsr/(pfhei). This has wide-ranging
implications for horizontal advective fluxes, where for example, the geostrophic stress will
always enhance heat flux down the buoyancy gradient relative to the classic Ekman solution,
as well as for other dynamically important quantities such as the wind-work on the total
ageostrophic flow, 7, - wgk, which will be reduced for winds aligned with the surface frontal
jet (down-front winds), and enhanced for winds aligned against the frontal jet (up-front
winds).

A brief example, which highlights the role of vertical structure in A,, is given by con-
sidering the differential horizontal buoyancy flux across the surface Ekman layer, which can
change the stratification, and hence the potential vorticity (PV), of the near surface layer
(Thomas and Ferrari, 2008). A scaling for the frictional flux of the vertical component of

PV due to a surface wind stress aligned orthogonally to a horizontal buoyancy gradient is
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given by (Thomas, 2005; Thomas and Ferrari, 2008),

Tw

JE ~

phEka. (2.29)

However, if A, is allowed to vary vertically, with depth scale h 4,, this scaling is modified to

become,

F Tw hEk
T L <1 + 4%) . (2.30)

This relationship is shown in figure 2.14, for a wind stress aligned with the front, and an
exponential A, profile that decreases (increases), ha, > 0 (ha, < 0), with depth. As |ha,|
approaches hgy the surface cross-front current is enhanced (reduced) for ha, > 0 (ha, < 0),
modifying the frictional PV flux. A similar result can be easily derived for the influence of
vertical structure of A, on the frictional PV flux associated with the frontal spin down by
the geostrophic stress (Thomas and Ferrari, 2008). Thus, the vertical structure of mixing is
linked to the flux of vertical potential vorticity through its effect on the differential horizontal

advection of buoyancy.

A conceptual example of how this might affect the ocean boundary layer is is found by
considering the near-surface response to up-front and down-front winds. Down-front winds
advect dense water over light water, leading to gravitational instability, whereas up-front
winds advect light water over dense, enhancing stratification (Thomas and Lee, 2005). Mak-
ing the idealization that down-front winds lead to a well-mixed layer with A, ~ constant,
whereas up-front winds lead to a stratified near-surface layer with A, decreasing with depth,
would imply the existence of an asymmetry in PV fluxes between the two cases. Conse-
quently, for the same wind stress and buoyancy gradient magnitudes, wind-driven frictional
PV fluxes may be enhanced in up-front wind conditions relative to down-front winds, pro-
viding a possible alternative route to the creation of positively skewed PV distributions

(Thomas, 2007).
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2.6 Summary

In this manuscript we present an approximate solution to the generalized Ekman (Cronin
and Kessler, 2009), or Turbulent Thermal Wind (Gula et al., 2014; McWilliams et al., 2015),
balance. While this theory omits many aspects of boundary layer physics that are likely to
be active in the real ocean, the simplicity and generality of the solution provides a useful
tool for gaining insight into the underlying dynamics beyond that available from numerical
methods. The full solution, (2.7), given in terms of an integral over a Green’s function, can
be applied quite generally to a variety of sources of near-surface shear, and further allows for
arbitrary vertical structure in A,, subject to the constraints imposed by the WKB method.
Many existing modified Ekman theories can thus be considered as particular cases of this

solution, providing a framework for comparing their effects on ageostrophic ocean currents.

Two important aspects of surface layer dynamics which are not as readily accommodated
in this framework are time-dependence, and non-linearity. Observations suggest significant
diurnal variatiability of near-surface shear (Price et al., 1986; Schudlich and Price, 1998;
Cronin and Kessler, 2009; Smyth et al., 2013; Wenegrat and McPhaden, 2015a), which has
been suggested as an explanation of observed discrepancies with classic Ekman theory (Price
and Sundermeyer, 1999). However, analysis of near-surface velocity observations appears to
suggest that some of the observed features which have been used to argue for the role of time-
variability, such as a flattened spiral, can also be very well explained by alternate mechanisms
that do not invoke time-dependence (Lewis and Belcher, 2004; Polton et al., 2005; Cronin
and Kessler, 2009). Disentangling these effects using observations is further complicated by
measurement challenges, particularly for moored observations which can be biased by surface
waves (Rascle and Ardhuin, 2009). A focus of future work should be clarifying the relative
contributions of, and interactions between, the diverse sources of near-surface ageostrophic

flow.

Non-linear effects may be of particular importance in examining sharp horizontal buoy-

ancy gradients (Stern, 1965; Niiler, 1969; Thomas and Rhines, 2002; Mahadevan and Tandon,
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2006). However, a range of modeling efforts which include more complete physics indicate
that the basic dynamical mechanisms discussed here continue to be of first order importance
in the boundary layer, even at high e (Thompson, 2000; Nagai et al., 2006; Ponte et al., 2013;
Gula et al., 2014; McWilliams et al., 2015). We also note that the work of Wu and Blu-
men (1982), and Tan (2001), can be considered as a blueprint for how the semi-geostrophic

momentum approximation could be incorporated into the solution given here.

Examining two limiting cases, the first for Stokes shear of shallow depth relative to hgy,
and the second for a front much deeper than hgy, reveals the key underlying dynamics.
Ocean sources of shear, in the presence of viscosity, act as sources of stress. These ocean
sources of stress are, as a first approximation, independent of the surface wind stress, and
are capable of driving their own ageostrophic flow, including creating a surface Ekman layer.
The equivalency of the closed form solutions for the two limiting cases emphasizes how robust
this interpretation of the underlying dynamics is, suggesting the same interpretation holds
for the more general Green’s function solution (2.7), and highlighting a previously unnoted

connection between the frictional effects of surface waves and fronts.

The solutions presented here are unique in their ability to incorporate arbitrary vertical
structure in A,, which is motivated physically by modeling and direct turbulence measure-
ments (Zikanov et al., 2003; Kirincich, 2013; Soloviev and Lukas, 2014), and is shown here
to lead to modifications of both horizontal and vertical flows. Improved understanding of
the spatial variability of mixing is key to understanding and parameterizing these effects
on boundary layer flow. Finally, it should be emphasized that the various dynamical pro-
cesses discussed here should not be considered as the addition of new parameters to the
Ekman problem, but rather as fundamental components of the frictional response of the
ocean boundary layer, whose influence may be of the same order of magnitude as the surface
wind stress throughout large portions of the global oceans. The total frictional ageostrophic
response is a combination of a response to the surface wind, as in the classic Ekman theory,

and a response to ocean sources of shear.
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2.7 Appendix A: Derivation

Let A,(2) = Ayt (2), then, after non-dimensionalizing (2.3) as discussed in section 2.2, we

have,

Ek7" — ¢(Z)T = &(2), (2.31)
7(0) = Tu, (2.32)
T(—h) =0, (2.33)

where primes indicate vertical derivatives and all variables are non-dimensional unless other-
wise noted. The RHS of (2.31) is given in terms of a generic inhomogeneous forcing function,
&(z), which could arise from geostrophic shear or Coriolis-Stokes shear as discussed in section

2.3. Solving first for the homogenous solution, and making the WKB assumption,

T o eSo+S16+528°+.)/8 (2.34)

gives,
S// 512 2S/S/ Z
Fk|=2 4+ =2 =l 4§+ 82— ——7=0. 2.35
5 + 52 + 5 +5, +57 | T w(Z)T ( )

The distinguished limit for the parameter ¢ is therefore, § ~ Ek%, and the balance

conditions are given by,

06 %: S,==+ ek (2.36)
o™ ™hH: 9 _2%,6 (2.37)

Taking the positive root of S gives,

So = \/%/Zw(Z)—é 4z, (2.38)
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and,

Sy = ilogw(z). (2.39)

A similar argument is followed for the negative root, giving the two solutions to the ODE,

which dimensionally are given by,
7(2) = C1Ay(2)7e"® + Chd, (2) 17", (2.40)

where,

0(2) = \/if /_ ZAU(Z)‘é az. (2.41)

For the WKB approximation to hold, two conditions must be satisified (Bender and
Orszag, 1978),

Ekz )
U, Bk 0, (2.42)
So
Ek2S, < 1, Ek2 —0, (2.43)

discussed further in Appendix B.

Variation of parameters gives the inhomogeneous portion of the solution,

y26(2) y1€(2)
P . Wy, y2) ’ Wy, y2) ( )
Where W is the Wronskian,
W (y1,42) = Y15 — y2yy = —2+/if. (2.45)

—0(2) i ) (=) i
rp= Aua)er) [CRAIIEC) g, g ot [ R . ag
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Changing the limits of integration gives,

_ [ sinh[0(z) = 0(s)] Au(2)1 Au(5)3E(s) |
T — /0 N ds. (2.47)

So, the total solution, before application of the boundary conditions, is given by,

* sinh[0(2) — 0(s)] Au(2) Ay (5)3E(s) d

Mﬂ:a&@%w+@&@ﬁﬂ@+/
0

. s-
Vif
(2.48)
Applying the surface BC gives,
T = C1A(0)1?© + Cy A, (0)1e ), (2.49)
therefore,
T(2) = QClAv(z)iee(O)smh [0(2) — 60(0)] + Tw (jvggg) e9(0)-0(2)
‘ N (2.50)
n /Z sinh [0(z) — 0(s)] Ay(2)1A,(s)1E(s) ds.
0 Vif

The lower BC gives,

0 = 201 A, (—h) 1€’ sinh [0(—h) — 6(0)] + Tw (

Following Hidaka (1955), we multiply equation (2.50) by sinh[—6(0)], equation (2.51) by



- <A,j?£z’1)> " sinh[0(z) — 0(0)], and add them, giving,

N

n / “ sinh [0(z) — 0(s)] si?h[(?(o)]ﬁ (5)Au(5)1Ay(2)
0 (1f)z sinh[A(0)]

B /h sinh [0(z) — 6(0)] si?h[e(s)]g(s)Av(s)%Av(z)%
0 (if)2 sinh[A(0)]

This can be re-written as,

0() = /if / :Av<z>% az.

sinh[0(2)] sinh[0(s)—0(0)] Au ()T A, (2)

P

G(z,8) = sinh[6(0)]v/if : if s > 2
) sinh[0(s)] sinh[0(2)—0(0)] Au()TAu(2)T 3¢ o
sinh[0(0)]V/if .

2.8 Appendix B: Accuracy of approximate solution

ds.
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ds

(2.52)

(2.53)

(2.54)

(2.55)

The validity of the physical-optics WKB approximation requires the criteria (2.42) and (2.43)

be satisified (Bender and Orszag, 1978). The relative error in the approximation will then

be a function of the small parameter § ~ Ek'/? and the first ignored term, S2, in (2.34),

which involves both first and second derivatives of A,. Thus, errors will be a function of the

Ekman number, Fk, as well as the particular vertical structure of A,. Anecdotally, the WKB

solution (2.7) has proven extremely accurate across a wide-range of vertical structures of A,,

and values of Fk, considered in developing the model (see also Grisogono, 1995; Berger and

Grisogono, 1998). However, to better illustrate the accuracy of the approximate solution we

consider the relative error associated with 3 idealized forms of A, (figure 2.8).

Case I is a simple exponentially decaying profile,

Ay(2) = Ayoei,

(2.56)
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chosen for its analytic simplicity, and consistency with observations (Peters et al., 1988;

Dillon et al., 1989). Case Il is a linearly decaying profile,

~

Ay(2) = Ay (1 + < j u) , (2.57)

where p is a small value added to avoid a singularity at z = —h. Case III is a modified

Gaussian profile (Parmhed et al., 2005),
Ao(z) = Awoze 2@ 4+, (2.58)

where, ¢ = ez, which approximates the polynomial profile of O’Brien (1970), and p is
a small parameter added for computational regularity (eg. McWilliams and Huckle, 2006).
The results of the error analysis are not dependent on the value of u, which we take to be
p = 10"%m?s™!. This profile violates (2.42) in a thin layer near 2 = 0, where A, — 0, and
hence the WKB solution must be patched to an inner solution valid in this thin near-surface
region. The depth at which the patching occurs, z,, can be determined following Parmhed

et al. (2005) as,

2, = —}1 {W (%)F (2.59)

where W is the Lambert W function (Corless et al., 1996). For the values used here, z, =
—0.06. For the case of a surface wind stress, an appropriate inner solution is determined by
assuming a linearized eddy viscosity, A, (2) = ¢|2| + p, valid for 2 — 0, giving (Madsen,
1977),

VB K (2vP)
VB0 K, (2/50)

TInner =

(2.60)

where ((z) = %, and K is the first-order modified Bessel function of the second kind

(Abramowitz and Stegun, 1964). This solution is then patched to the WKB solution at

Z = Zp.
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Determining the appropriate patched solution for the inhomogeneous problem is beyond
the scope of the present work. Thus, for assessing the error associated with geostrophic stress
forcing we make the simplifying approximation of applying the surface boundary condition
directly to the WKB solution at z,, similar to the introduction of a roughness length scale
(Madsen, 1977), and equivalent in the error analysis to the requirement that any inner
solution be exact. The validity of this approximation is supported by the accuracy of the
patched homogeneous solution (figure 2.8), which suggests that an appropriate inner solution
for the inhomogeneous problem could be identified using variation of parameters (section 2.7).

To form an estimate of the relative error as a function of Ek, WKB solutions (2.7)
are compared to numeric solutions, found using a shooting method, and the normalized

maximum error identified in each vertical profile,

maz {|twks(2, Bk) — Tpum(z, EK)|}
max {lTnum(za Ek)|}

Terr(Ek) = (2.61)

Results are plotted in figure 2.8, for the patched-solution with wind stress forcing (top),
and solutions forced by a vertically uniform buoyancy gradient (bottom). Also plotted for
reference is the value of the small parameter, § ~ Ek'/2. Errors are generally small, and,
for Ek < 107!, the only case with relative errors exceeding 5% is the modified exponential
profile, (2.58). The errors associated with this profile are strongly dependent on the choice of
patching depth, z,, rather than the overall vertical structure, as can be anticipated through
the logarithmic singularity evident in (2.42). Hence caution is required in applying (2.7) in

cases where A, — 0 near a boundary.



Table 2.1: Parameters for equations (2.19-2.23).

Parameter Value Physical Interpretation

by —0.6pi0 Buoyancy change across front

by, %f Buoyancy change across thermocline
« —1.185 Horizontal scaling factor

20 0.75 Vertical position

Z 1 Horizontal position

do 0.125 Horizontal scale

dy 0.125 Vertical scale

f 6.88 x 1075571 Coriolis frequency
Ao 3 x 1072m?2s7! Eddy viscosity magnitude
Ay 1 x 107*m?s7! Background viscosity

ho 0.84 Turbulent boundary layer depth
op 0.05 Across front change in boundary layer depth
Co 5x 1073 Regularization constant

34
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Figure 2.1: Example profiles of stress and velocity for an exponentially decaying eddy vis-
cosity, A, = Aye’er for numeric (solid black) and WKB solution given by equation (2.7)
(dashed blue), and for constant eddy viscosity A, = A, (thin dashed black). Top row,
stress profiles, normalized by the surface wind stress value, 7 = 7(2)/|7,|. Bottom row,

velocity profiles, normalized by, @ = w(z) |7/(pfher(0))]". The WKB solution overlaps
the numerical solution to within the thickness of the plotted line.



36

3 x x
—Re[G(z,3)]
- = Im[G(z,3)]

-_ o

_3 L 1
-1 -0.5 0 0.5 1
Normalized Amplitude

Figure 2.2: Green’s function, (2.9), for a point source located at z in a boundary layer of
depth h = 6h .
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Figure 2.3: Schematics of the ageostrophic flow induced by a horizontal buoyancy gradient,
with thin lines indicating density contours. a) Uniform viscosity and buoyancy gradient leads
to a downgradient ageostrophic flow in the near-surface Ekman layer, and upgradient flow in
a bottom Ekman layer. b) Uniform viscosity and linearly decaying buoyancy gradient leads
to a downgradient ageostrophic flow in the Ekman layer, and a uniform weak upgradient flow
throughout the remainder of the layer. c) linearly decaying viscosity and uniform buoyancy
gradient leads to a similar pattern of flow as in the middle panel. Figure is based on Thomas
and Ferrari (2008), their Figure 1.
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Figure 2.4: Stress and ageostrophic velocity for a zonal surface wind stress, 7, = 0.1 Nm~2,
in the presence of a downwind wave field with Stokes velocity amplitude Uy = 0.22ms~* and
depth scale, hy = 3.4m (Komen, 1996). a) Hodograph of total stress (black), wind-forced
component (blue), component forced by the effective surface stress arising from the Coriolis-
Stokes stress (solid red), and the Coriolis-Stokes stress (dashed red). b) Zonal ageostrophic
velocity profile with components as in a, ¢) as in b but for meridional velocity. In b and ¢
the Ekman depth (solid black) and hy (dashed black) are indicated.
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p'<0

Figure 2.5: Schematic of the components of the frictional ageostrophic response to a hori-
zontal buoyancy gradient, with contours of constant p shown in gray. The geostrophic stress
is rotated by an angle A from the geostrophic shear, which points along lines of constant p.
The divergence of this geostrophic stress drives an ageostrophic velocity, ugr, and transport
Tgy, rotated 90° to the right (N. Hemisphere). Geostrophic stress at the surface drives an
Ekman response, through an effective surface stress —7,,, with associated velocities wg,
and transport Tpg;. The surface velocity is given by ey = upr(0) + ugk(0). Vectors are
not to scale.
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Figure 2.6: Contour plots of A (°, positive solid, negative dashed), the angle of the
geostrophic stress relative to the direction of the geostrophic shear, as defined in the text

by (2.16), evaluated at z = 0. Left panel: Linear A, <Av(z) = Aypll + h—;]) and linear Vb
<Vb(z) = Bo[l + %]), right panel: modified Gaussian A,

<Av(z) = Awol; + O.25]exp[—%(ﬁ)2 + %]), as discussed in Appendix B, and exponential
Vb(z) (Vb(z) = Boe%) In both plots positive parameter values indicate fields which decay

downwards.
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Figure 2.7: Across-front sections of the idealized two-dimensional front discussed in section
2.4, with contours of constant p indicated in solid black. Upper left: along-front geostrophic
velocity, Upper right: A,, Lower panel: frictional ageostrophic overturning streamfunction

(m2s71, eq. (2.24)), with contours of constant A, in gray.



42

40 60 80 100 120 140 160 180
km

20

Figure 2.8: Frictionally driven boundary layer vertical velocity. Top: Total vertical velocity,
Middle: vertical velocity arising from the gradient in the horizontal buoyancy gradient,
Bottom: vertical velocity due to gradient in A,. The dashed line indicates the turbulent
surface boundary layer depth, defined by (2.23). Note reduced colorscale in bottom panel.
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Figure 2.9: Global climatology, 2001-2011, by seasons with months indicated in plot titles,

for vapo as defined in the text by equation (2.27).



Figure 2.10: As in figure 2.9 but for 7¢g as defined in the text by equation (2.28).
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Figure 2.12: Global area-weighted joint probability density function (PDF) of vgro and 7¢s,
center panel, estimated monthly from 2001-2011. Left panel shows the PDF of vggo, lower
panel the PDF of y¢¢. Climatological average values are indicated in the center panel for
the locations of several previous Ekman layer studies, Long Term Upper Ocean Study (‘x’,
Price et al., 1987), Transpacific Hydrographic Survey (basin averaged, ‘o', Wijffels et al.,
1994), Eastern Boundary Current experiment (‘+’, Chereskin, 1995), and 2°N, 140°W (‘o’,
Cronin and Kessler, 2009).
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Figure 2.13: Example single month estimate of ygrpo and v¢g, showing additional spatial
detail not evident in the climatological maps (figures 2.9, 2.10).
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Figure 2.14: Frictional flux of vertical potential vorticity due to the wind-driven differential
horizontal buoyancy advection across the Ekman layer. Numerical solutions of f [ugy - V], _,
are plotted (solid) as a function of the eddy viscosity depth scale, where A,(z) = A, oe*/"av.
Values are normalized by (2.29). Also plotted is the scaling suggested by (2.30) (dashed),
which overlaps the numerical solution for most of the parameter space.
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Figure 2.15: Vertical structure of A, models considered in Appendix B. In each case the
normalization is such that h =1, f =1, and A,g = Fk x 1m?s 1.
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Figure 2.16: Accuracy of WKB approximation as a function of Ekman number for the A,
profiles shown in figure B1. Top panel is for wind-forcing, bottom panel for a vertically

uniform horizontal buoyancy gradient. Errors are normalized according to (2.61).
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Chapter 3

WIND STRESS AND NEAR-SURFACE SHEAR IN THE
EQUATORIAL ATLANTIC OCEAN

The upper ocean response to wind stress is examined using eight months of unique near-
surface moored velocity, temperature, and salinity data at 0°N, 23°W in the equatorial
Atlantic. The effects of wind stress and shear on the time-varying eddy viscosity are inferred
using the surface shear-stress boundary condition. Parameterizations of eddy viscosity as a
function of wind stress and shear versus wind-stress alone are then examined. In principle,
eddy viscosity should be proportional to the inverse shear but how it is represented implicitly
or explicitly can affect estimates of the near-surface flow field. This result may explain
some discrepancies that have arisen from using wind stress dependent parameterizations to

characterize the effects of turbulent momentum mixing. !

3.1 Introduction

The turbulent vertical flux of wind-driven momentum plays a crucial role in the near-surface
momentum budget (Smyth et al., 1996), and is critical for accurate understanding and model-
ing of near-surface currents. This is particularly important at low latitudes, where diminished
rotational constraints increase the sensitivity of modeled currents and sea surface temper-
ature to vertical mixing (Schneider and Mller, 1994). Most commonly, the Reynolds stress
is approximated by assuming down-gradient transport by turbulence, parameterized by a
turbulent eddy viscosity, denoted A,. Closing the equations of motion then becomes a task

of correctly parameterizing A, as a function of known variables.

! An edited version of this chapter was published by AGU. Copyright (2014) American Geophysical Union:
Wenegrat, J.O., M.J. McPhaden, and R.-C. Lien, 2014: Wind stress and near-surface shear in the equa-
torial Atlantic Ocean. Geophys. Res. Lett., 41 (4), 1226-1231. DOI: 10.1002/2013G1.059149
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Ultimately, accurate parameterizations of near-surface A, need to account for a wide-
variety of physical processes, including shear instabilities, thermal convection, Langmuir
circulation, and wave breaking (cf. Sullivan and McWilliams, 2010). However, a simple
approach that is often applied within the unstratified surface mixed layer, where Richardson
number dependent parameterizations are not applicable, is to parameterize A, as a function
of the wind stress alone. This approach has a long history in the literature, dating back to
Ekman (1905), and more recently Santiago-Mandujano and Firing (1990, herinafter SF90).
The simplicity of this type of parameterization lends itself well to analytic studies of the
Ekman layer (Cronin and Kessler, 2009) or in applications where detailed upper ocean data
are lacking, such as with the Ocean Surface Current Analysis - Real Time (OSCAR) surface
current product (Bonjean and Lagerloef, 2002), which utilizes only remotely sensed data.

Despite the widespread use of wind-stress parameterizations of A,, the literature contains
a large spread of coefficients (Huang, 1979, SF90), and lacks clarity on their appropriate
usage. Progress on this topic has been hampered by the relative scarcity of observations of
near-surface velocity, as shipboard current profilers are limited by ship draft, and moored
upward-facing Acoustic Doppler Current Profilers (ADCPs) are subject to surface reflection
effects. Here we utilize a unique dataset from a moored downward-facing ADCP in the
equatorial Atlantic, providing both high vertical resolution as well as an extended time series
of near-surface velocity. Using this data we infer an eddy viscosity based on wind stress data
and near-surface shear, and examine three parameterizations. Model 1 is based on regression
analysis using only wind stress, following SF90. Models 2 and 3 are formulated explicitly to
include the mean shear, which improves their generality and may lead to significantly more

accurate modeling of near-surface flow.
3.2 Data and Methods

As part of an engineering comparison of current meters, a 600 kHz ADCP was deployed at
the 0°N, 23°W Prediction and Research Moored Array in the Tropical Atlantic (PIRATA)
(Bourles et al., 2008) mooring from 13 October 2008 through 18 June 2009. The ADCP was



93

deployed facing downwards on the mooring bridle, and returned data in 0.75 m vertical bins
between z = -3.76 m and z = -38.26 m (Fig. S1 b, ¢). To limit the effect of mooring motion
due to surface waves, velocity data was recorded as the ensemble average of 120 consecutive
1 Hz samples, once per hour at the top of the hour.

Several ADCP velocity bins were biased by side-lobe reflection off instruments on the
mooring line. Corrupted bins were identified visually based on discontinuities in profiles
of echo intensity and velocity, and removed from the data. Data collected during 14-15
October 2008 and 18-19 March 2009 were particularly noisy, and consequently excluded
from the analysis. ADCP velocity data was compared with point current meters located
at depths of 6, 10, 17, 20, and 26 m. After correction for a systematic bias in the ADCP
compass headings, the hourly zonal (meridional) interpolated ADCP velocities compared
favorably with the point current meters, with correlation coefficient r = 0.994 (r = 0.985)
and RMS differences of 0.032 m s~! (0.038 m s~!) at 6 m depth.

Near-surface shear was calculated by forward differencing between z = -3.76 m and z =
-7.51 m, the uppermost uncorrupted bins, giving a nominal depth for the uppermost shear
bin of 5.64 m (Fig S1 d). A white-noise threshold for shear was determined from the spectra
of shear components by taking the average spectral level (S) from 4.8 cycles per day (cpd)
to the Nyquist frequency (NF), and estimating the RMS shear error as op = [S X NF ]%.
For the hourly shear magnitude, o = 1.2 x 1072571, consistent with estimates derived from
RMS differences between the point current meters and the ADCP.

Temperature and salinity were recorded every 10 minutes, at depths of 1, 5, 10, 13, 20,
23, 40, and 60 m and 1, 5, 20, 40, and 60 m respectively. The 1 m salinity data was only
returned for the first 22 days of the record. During this period the 5 m salinity values were
highly correlated with the 1 m values (R? = 0.98), hence linear regression was used to fill the
missing 1 m salinity data using the 5 m observations for the remainder of the record. Density
was then calculated using hourly averaged data, and linearly interpolated to a uniform grid

(figure 3.4e). Mixed layer depth was defined as the depth at which the density first exceeds
the 1 m density by 0.125 kgm™ (Levitus, 1982).
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Wind stress was calculated from mooring observations of wind speed at 4 m height (figure
3.4a), using the COARE 3.0b algorithm (Fairall et al., 2003). We consider A, parameteriza-
tions formulated as functions of the wind stress, rather than the wind speed. This approach is
most general, and avoids issues of consistency in the choice of wind stress parameterizations
when the A, parameterization is applied to new datasets. Where necessary for compari-
son with prior work, we approximate the conversion between wind speed and wind stress
as 7 = painCy|U|U, where U is the wind velocity vector at 10 m, pe;, = 1.18kgm™3, and
Cy = 1.14 x 1073 chosen for consistency with SF90.

Observations where the velocity shear and wind stress components are of opposite signs
(implying a negative A,), where A, exceeds 0.045 m?s™!, the 99th percentile estimated using
the bootstrap method, or where the uppermost bin of shear is below the mixed layer, were

excluded from analysis.
3.3 Results

3.3.1 FEddy Viscosily

Continuity across the air-sea interface requires that the surface ocean stress match the wind
stress. This leads to the standard surface boundary condition, pA,u, = 7 for z = 0, where
p is the density of seawater, @ the horizontal velocity vector, z the vertical coordinate de-
fined positive upwards, 7 the wind stress vector, and subscript z denotes differentiation.
Assuming wind stress and shear are aligned (discussed below), the boundary condition can

be rearranged to give a formula for A,,

A, = ! , forz=0, (3.1)
pUz

where the vector notation has been dropped to indicate vector magnitudes.
We evaluate (3.1) using hourly wind stress and shear, assuming uniform stress in a layer
between the surface and 5.64 m. Observational evidence suggests that near-surface stress

profiles decay smoothly from the surface wind stress value (Smyth et al., 1996), however,
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temporal variability of the vertical structure of near-surface stress is not well understood,
and may be a function of Richardson number (Soloviev et al., 2001) or free-surface effects
(McWilliams et al., 2012). Assuming a linear decay of stress between the surface and the
thermocline (Hebert et al., 1991; Smyth et al., 1996), the average stress at 5.64 m will be
92% of the surface stress, which does not materially alter our analysis. Given this, we do not
attempt to correct for a decaying near-surface stress profile, and proceed with the assumption
of a uniform stress layer. Free surface effects may modify the shear profile near the surface,

thus the value of A, we infer is most conservatively treated as the 5.64 m value.

Daily values of the shear direction are generally aligned with the wind stress direction
(figure 3.1a), although greater scatter is observed in hourly values. Misalignment between
wind stress and shear would suggest a vector A,. However, as (3.1) still defines the magnitude
of A,, we don’t further consider the directionality of A, here. Consistent with SF90, we find
that the shear magnitude is not well correlated with the wind stress magnitude (figure 3.1b),
confirming that A, must be a time-varying quantity in order to fulfill the surface boundary
condition. Observations span several decades of magnitude of A, (figure 3.1b, color scale),

with comparable variance in each dimension.

The variance of A, can be approximated using the first order Taylor expansion of (1),

72 <Var(7') N 2Cov(T,uz)

p2-2) 72 T

giving Var(A,) ~ ( + V‘g; Z)>, where overbars denote mean values.
The first and third terms on the RHS are comparable in magnitude, and together are ap-
proximately 5 times larger than the covariance term. Two-dimensional projections of A, as a
function of each independent variable (figure 3.1c,d) also emphasize that although A, can be
approximated as a univariate function of either stress or shear, both independent variables
contribute to the true A,. The accuracy of wind-stress only parameterizations will decline

with increasing shear variance, and so, before discussing parameterizations, we characterize

the variability of the shear.
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3.3.2  Shear Variability

Figure 3.2 shows the variance preserving spectra of the wind stress and shear components.
Each component is normalized by the square of its time domain mean, as it appears in the
first-order Taylor series expansion of the A, variance (Section 3.3.1), allowing a frequency-
domain estimate of the relative contribution of each variable to the eddy viscosity. At the
lowest frequencies variability is dominated by the wind stress, with comparable contributions
from both shear and stress between frequencies of approximately 0.05 to 0.8 cpd, above
which shear variance surpasses stress variance. Wind-stress only parameterizations are thus
expected to perform best at the lowest frequencies, where the relative shear variance is low,
and to miss significant portions of the true variance at frequencies at or above 0.05 cpd,
where the shear variance increases.

Shallow mixed layers were found to be associated with both increased variability, and
mean values, of near-surface shear (figure 3.3). This is believed to result both from the
formation of an afternoon near-surface stratified diurnal jet (Price et al., 1986), as well as the
vertical advection of the high shear region on the upper flank of the equatorial undercurrent
during periods of low wind stress (figure 3.3 color scale, figure 3.4). Consequently, for the
equatorial region, wind-stress only parameterizations may not be appropriate in the case
of shallow mixed layers, or low wind stress. Alternatively, our assumption of uniform stress
between the surface and 5.64 m may be violated when the mixed layer is shallow. Attempts to
relate shear to other physical variables, such as the thermocline depth or the Monin-Obukhov
length were unsuccessful.

Next, we consider three models that parameterize A, as a function of wind stress.

3.3.3 Model 1: Wind-Stress Only

Previously, parameterizations of A, as a function of wind stress alone have specified a model
of the form A, = 7, where [ is estimated by least squares regression. When an intercept

term is included it is found to not be significantly different than zero, as anticipated from
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(3.1), and we proceed using regression through the origin, which produces the following

estimate of the coefficient:

Uy

A A, 1/1 Cov (172, u;?
B:ZTQ :_< )+ (T_z) (32)
2T p pT?

For our dataset 3 = 0.113m2s~!Pa~! (Table 1, figure 3.5), similar to that of SF90. We
note that SF90 also considered a regression based on the logarithm of (3.1), however in the

wind ranges considered here (0 - 10 ms™!) the two formulations are very similar.

3.8.4 Model 2: Mean Inverse Shear

In our dataset, the correlation between inverse shear and squared stress is weak, thus a

simple and transparent estimate for [ is given by,

il (33)

In the case of completely uncorrelated inverse shear and squared stress (3.3) is exactly
equivalent to (3.2), and our estimate 3 = 0.108 m?s~!Pa~! is within the confidence intervals
of our estimate of 3 (Table 1, figure 3.5). Model 2 has the advantage of explicitly including
the dependence on the mean inverse shear, a dependence that is obscured in regression based

coeflicients.

3.3.5 Model 3: Mean Shear

One important consequence of utilizing a parameterization where A, is directly proportional
to the wind stress is that it follows immediately from (3.1) that u, = (pB)~'. Hence,

the estimated surface shear magnitude is assumed constant by definition. Generally w, #

-1
<u;1> , so the shear calculated using model 1, or 2, will be biased relative to the true shear.

This argues for the parameterization,
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B:lé (3.4)

which is the first term in a Taylor expansion of (3.1), exact only when the true shear
is constant. Table 1 shows that by traditional measures model 3 underperforms the other
models, and additionally we note that it is the most biased of the models (figure 3.5). How-
ever, model 3 minimizes 3 (u, — (pB)~!)?, the mean-square error of shear estimated using
the surface boundary condition, desirable for modeling surface currents. This is discussed

further below.

3.4 Discussion

In the absence of detailed upper ocean data it is often necessary to rely on very simple pa-
rameterizations of A,, and wind-stress only parameterizations have a history in the literature
of over a century and remain an appealing goal (Huang, 1979). However, wind-stress only
parameterizations, of any form, imply u, = 7 [pA,(7)]"", or equivalently u, = f(r). With-
out the inclusion of additional parameters to constrain the relationship between shear and
stress, Figure 3.1b suggests that the best possible choice may simply be constant u,, which
implies A, o 7. Within the framework of Ekman dynamics, this can be understood as the
boundary layer depth adjusting to the wind stress, maintaining constant near-surface shear.
Our analysis suggests that this form of parameterization may not be accurate at frequencies
above 0.05 cpd, and in the case of shallow mixed layers and low wind stress.

Examining the algebraic statement for the regression coefficient (3.2) highlights the first
order dependence on the mean inverse shear. Thus, discrepancies in published coefficients for
wind-stress only parameterizations could result simply from the different mean shears across
observations, a fact that also raises doubts about the generality of these parameterizations.
Accordingly, rather than relying on published coefficients, it is preferable to use some local
estimate of the mean shear which might come from either in-situ or historical data when

available. A high correlation between monthly averaged bulk shear and bulk stratification
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over the upper 30 m (R? = 0.80) is consistent with the observed relationship between shear
and mixed layer depth (section 3.3.2), and suggests the possibility that in-situ stratification
data might be used to infer an expected near-surface shear when no direct estimate is avail-
able, a form of Richardson number closure (cf. Pollard et al., 1973; Price et al., 1986; Ralph
and Niiler, 1999).

Coefficients proportional to the mean inverse shear, as is implicit in regression-based
models, result in considerably biased estimates of the surface shear. Comparing the OSCAR
model, which is based on the analytical model of Bonjean and Lagerloef (2002) and utilizes

I eastward

the SF90 parameterization for equatorial A,, to our data set reveals a 25cms™
bias in the OSCAR currents. This is consistent with a recently identified eastward bias in
the OSCAR climatology throughout the equatorial Atlantic and Pacific Oceans (Lumpkin
and Johnson, 2013). For this data set model 3 implies surface shears 35% larger than
SF90, suggesting that a portion of the observed bias may be related to the choice of A,
parameterization. However, velocity errors are sensitive to both the surface value and the

vertical profile of shear, highlighting the need for further study of the vertical structure of

A, in the near surface layer.
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Table 3.1: Summary of Model Parameters.

B x 10? R? R; SEx10° NRMSE
Model 1 11.3 (10.8, 11.9) 0.61 0.33 2.54 1.18
Model 2 10.8 (10.3, 11.4) 0.56 0.33 2.54 1.16
Model 3 6.59 (5.50, 7.67) 0.21 0.14 2.99 1.00
SF90 8.9 0.38 0.28 2.65 1.07

B (m?s™! Pa™!) coefficients with 95% confidence intervals calculated using the wild
bootstrap method; R? is the coefficient of determination for regression through the origin
(Eisenhauer, 2003); R? is the standard squared correlation coefficient; SE is the
heteroscedastic-consistent standard error (m?s™!) (Cribari-Neto, 2004); and NRMSE is the
RMS error of the estimated shear, normalized by the standard deviation.
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Figure 3.1: a) Daily averaged shear direction vs. wind stress direction with shear magnitude
(color scale, s71), b) hourly shear magnitude vs. wind stress magnitude, superimposed over
the value of A, predicted by (1) (color scale, m?s~!, and log contours), ¢) A, vs. wind stress,
with shear magnitude (color scale, s71), d) A, vs. shear, with wind stress magnitude (color

scale, Pa).
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Figure 3.2: Variance preserving spectra for, Top: Zonal components of wind stress (solid)
and shear at 5.64 m (dashed), with 95% confidence intervals (shaded), Bottom: As in top,

but for meridional components. Both shear and stress spectra are non-dimensionalized as
discussed in Section 3.3.1.
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Figure 3.4: Overview of observations, a) Wind vectors oriented with North up, and East right
(ms™1), b) Zonal velocity (m s™1), tick marks inside the left vertical axis indicate observation
depths, black and white line indicates mixed layer depth defined as a Ap = 0.125kgm—3
from the 1 m value. Data from a subsurface upward-facing ADCP deployed approximately 6
km from the surface mooring is included to provide velocities below 35 m for context, ¢) as in
(b) but for meridional velocity, d) as in (b) but for shear magnitude (s7!'), with logarithmic
color scale, e) density (kgm™3), tick marks inside the left vertical axis indicate temperature
observation depths.



65

-1 -
a) 10 b) 10
= ~
i) : ° :
he] : he] :
S : = :
2 : =) :
. : . :
< : < :
w* 100 1000 10" w0t 100 100 10!
A, (Eq. 1) A (Eq. 1)
-1 -1
c) 1 — ] 9
~
g
he] )
=1 :
2 :
<
10t 100 100 10" 0t 100 100 10!
A (Eq. 1)

Figure 3.5: Model comparisons to A4,, a) Model 1, b) Model 2, ¢) Model 3, d) SF90. All
units are m?s~1. The roll-off of modeled values at high values of A, results from the gradient
of A, in the plane being increasingly aligned with the shear axis for high values of A, (Fig.
1 b). This can also be observed in the (A,, 7) plane, where high values of A, are associated

with increased scatter (figure 3.1c).
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Chapter 4

DYNAMICS OF THE SURFACE LAYER DIURNAL CYCLE IN
THE EQUATORIAL ATLANTIC OCEAN (0°, 23°W)

A 15 year time series (1999-2014) from the 0°, 23°W Prediction and Research Moored Ar-
ray in the Tropical Atlantic (PIRATA) mooring, which includes an 8-month record (10,/2008-
6/2009) of high-resolution near-surface velocity data, is used to analyze the diurnal variability
of sea surface temperature, shear, and stratification in the central equatorial Atlantic. The
ocean diurnal cycle exhibits pronounced seasonality that is linked to seasonal variations in
the wind field. In boreal summer and fall steady trade winds and clear skies dominate,
with limited diurnal variability in sea surface temperature. Diurnal shear layers, with re-
duced Richardson numbers, are regularly observed descending into the marginally unstable
equatorial undercurrent below the mixed layer, conditions favorable for the generation of
deep-cycle turbulence. In contrast, in boreal winter and spring winds are lighter and more
variable, mixed layers are shallow, and diurnal variability of sea surface temperature is large.
During these conditions diurnal shear layers are less prominent, and the stability of the un-
dercurrent increases, suggesting seasonal covariance between diurnal near-surface shear and
deep-cycle turbulence. Modulation of the ocean diurnal cycle by tropical instability waves
is also identified. This work provides the first observational assessment of the diurnal cy-
cle of near surface shear, stratification, and marginal instability in the equatorial Atlantic,
confirming previous modeling results, and offering a complementary perspective on similar

work in the equatorial Pacific. !

! An edited version of this chapter was published by AGU. Copyright (2015) American Geophysical Union:
Wenegrat, J.O., and M.J. McPhaden, 2015: Dynamics of the surface layer diurnal cycle in the equatorial
Atlantic Ocean (0°, 23°W). J. Geophys. Res. Oceans, 120 (1), 563-581.
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4.1 Introduction

The daily cycle of solar insolation is one of the most fundamental drivers of variability in the
Earth system, with prominent effects on both the atmosphere and oceans. The diurnal cycle
of heat flux between the surface ocean and the atmosphere results in a concomitant cycle
of sea surface temperature (SST), which was observed as early as 1854 by William Henry
Smyth, who recorded 3-4°C diurnal variations in Mediterranean SST (Smyth, 1854). Around
the same time the importance of these diurnal SST variations for ocean variability and air-
sea interaction was posited by Maury (1864) who vividly described the diurnal variability
of atmosphere and ocean as ‘cogs, and ratchets, and wheels in that grand and exquisite

machinery which governs the sea.’

Subsequent to those early observations, it was established that much of the global ocean
exhibits significant diurnal variability of SST (Stommel et al., 1969; Halpern and Reed, 1976;
Stuart-Menteth, 2003), with the largest annual mean diurnal SST ranges reaching 0.5-1°C in
the tropics (Bernie et al., 2007). The diurnal cycle of SST has also been shown to feedback
to the atmosphere in a variety of important ways (Clayson and Curry, 1996), including
modifying the heat and moisture content in the atmospheric boundary layer, with significant
effects on the lifecycle of convective cloud systems and associated precipitation (Chen and
Houze, 1997; Clayson and Chen, 2002; Dai and Trenberth, 2004; Woolnough et al., 2007).
Modeling studies also reveal that diurnal variability modifies SST on intraseasonal, seasonal,
and longer timescales (Shinoda, 2005; Danabasoglu et al., 2006; Bernie et al., 2007, 2008),
which presents a challenge for accurate climate modeling (Flato and al, 2013; Sillmann et al.,

2013).

The diurnal cycle of solar heating also has important dynamic effects, as afternoon strat-
ification of the near-surface layer inhibits the vertical transfer of momentum that is input at
the ocean surface by the wind (Price et al., 1986). Over the course of the day, the trapping
of momentum can lead to the creation of a highly sheared near-surface diurnal jet. After

the mid-day peak of solar insolation, this sheared diurnal jet can decrease the near-surface
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Richardson number, moving the flow towards shear instability (Price et al., 1986; Cronin
and Kessler, 2009; Smyth et al., 2013). Recent work in the tropical Pacific suggests that
the descent of this low Richardson number shear layer into a marginally unstable equatorial
undercurrent system can provide the initiation mechanism for deep-cycle turbulence (Smyth
et al., 2013; Pham et al., 2013), leading to large vertical fluxes of heat and momentum
through the thermocline (Lien et al., 1995; Moum et al., 2013).

While the fundamental role that the diurnal cycle of near-surface stratification, and shear,
plays in the dynamics of the equatorial Pacific has been extensively documented (Gregg et al.,
1985; Moum and Caldwell, 1985; Peters et al., 1994; Sun et al., 1998), to date the diurnal
cycle in the equatorial Atlantic has not been as fully characterized. Recent microstructure
field campaigns have provided an initial view into the turbulent processes occurring in the
upper equatorial Atlantic, with suggestions of deep cycle turbulence, although reduced in
strength relative to the Pacific (Crawford and Osborn, 1979; Hummels, 2012; Hummels et al.,
2013, 2014). The diurnal cycle of turbulence has not been as clearly identified in observations,
although this may result from limited temporal resolution, as modeling studies suggest an
expectation of processes similar to those identified in the Pacific (Skielka et al., 2011; Wade
et al., 2011).

Here we utilize a long time series spanning 15 years of atmosphere and ocean data from
the 0°, 23°W PIRATA mooring in the central equatorial Atlantic (Fig. 4.1) (Servain et al.,
1998; Bourles et al., 2008) to address the dynamics of the surface layer diurnal cycle. This
mooring is located in the Atlantic cold tongue region (Fig. 4.1), enabling comparisons with
the extensive diurnal cycle literature from 0°, 140°W in the Pacific (Gregg et al., 1985;
Moum and Caldwell, 1985; Bond and McPhaden, 1995; Lien et al., 1995; Sun et al., 1998;
Smyth et al., 2013). Additionally, this time series is augmented with data from an 8-month
enhanced monitoring period (EMP) where high resolution velocity observations resolved
hourly horizontal currents between depths of 3.75 m and 150 m.

Together these observations, which are described in Section 4.2, enable a unique descrip-

tion of diurnal variability spanning from the ocean surface to the thermocline. Section 4.3
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begins with a description of the seasonal cycle of diurnal SST in relation to atmospheric
forcing, followed in Section 4.4 by a detailed examination of the mixed-layer processes which
mediate the surface response to forcing. Finally, Section 4.5 examines the seasonal cycle of
stability of the undercurrent layer below the mixed layer, a proxy for deep-cycle turbulence
(Smyth et al., 2013). To the best of our knowledge this represents the first in-situ obser-
vational assessment of the diurnal cycle of near-surface shear, stratification, and marginal

instability in the equatorial Atlantic Ocean.

4.2 Data

4.2.1 PIRATA Data

PIRATA moorings are instrumented with a suite of subsurface temperature and salinity
measurements (Table 1). In addition to the subsurface measurements, the 0°, 23°W mooring
collects enhanced atmospheric measurements as part of the OceanSITES program of deep-
water flux measurement sites (http://www.pmel.noaa.gov/tao/oceansites/). Included in the
surface instrumentation are measurements of wind speed and direction, air temperature, rel-
ative humidity, rainfall, and downwelling shortwave and longwave radiation. Daily averaged
observations are transmitted from the mooring via real-time telemetry, with 1-10 minute
resolution data available on recovery of the mooring. Surface and subsurface observations

utilized in this study are summarized in Table 4.1.

The uppermost temperature observation is at 1 m depth. Significant temperature gradi-
ents can develop in the upper few meters of the water column, particularly during conditions
of low wind stress (Donlon et al., 2002; Ward, 2006). Thus, while we will reference the 1m
observations as being representative of a bulk SST, they do not necessarily represent the

skin temperature directly associated with atmosphere-ocean heat flux.

Surface flux, and wind stress, values are calculated from mooring data using the COARE

3b bulk algorithm (Fairall et al., 2003).
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4.2.2  Enhanced Monitoring Period Data

During an Enhanced Monitoring Period (EMP) from 13 October, 2008 through 17 June, 2009
the mooring was instrumented with a 600 kHz acoustic Doppler current profiler (ADCP), de-
ployed in a downward facing position on the mooring bridle, returning horizontal velocities
between 3.75m - 35m depth in 0.75m vertical bins. Hourly means were formed from ensem-
ble averages of 120 1 Hz consecutive samples at the top of the hour in order to limit the effect
of mooring motion due to surface waves. Several of the near-surface ADCP bins were biased
by side-lobe reflection off instruments on the mooring line. Corrupted bins were identified
by visual inspection of echo intensity and vertical profiles of velocity, and were removed from
subsequent analysis. ADCP velocity measurements were validated against point current me-
ter observations at several depths, with typical correlation coefficients greater than r=0.98,
and root-mean-square differences less than 3.5cms™! (see Wenegrat et al. (2014) for addi-
tional discussion of ADCP data). An additional upward-facing 150 kHz ADCP was deployed
approximately 12.5 km west of the surface mooring, measuring hourly horizontal currents in

8 m vertical bins which were then mapped to a uniform 5m grid between 150 m and 35 m.

During the EMP the 10 m temperature sensor did not return data, however additional
temperature observations were available, including observations at 13m (Table 4.1). The 1 m
salinity sensor returned data for only the first 22 days of the record, and the 5 m observations
were flagged while being quality controlled and are excluded from this analysis. Near-surface
salinity exhibits limited diurnal variability at this location (~ 40.01psu, Drushka et al.
(2014)), and correlation between the available 1 m and 20 m salinity observations was high
(r=0.93). Hence, we fill the missing salinity observations through linear regression using
the 20m values. Our results are not sensitive to this choice, and a variety of alternate
approaches for filling missing salinity observations, as well as density calculations based

solely on temperature, were tested.
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4.3 Seasonal Cycle

SST variance at the diurnal frequency is isolated using complex demodulation. This tech-
nique expresses a signal as a linear combination of a component oscillating at the frequency
of interest, with slowly varying amplitude and phase, and additional variability at other fre-
quencies which is removed by filtering (Bloomfield, 1976). Complex demodulation is applied

to the 1 m temperature observations, 7} ,,, giving,

Tim(t) = A(t)cos (wt — ®(t)) + Z(t)

where A(t) is the diurnal SST amplitude (dSSTa), w the diurnal frequency, ®(¢) the phase,
and Z(t) variability at other frequencies. The peak-to-peak diurnal SST range will thus be,
2xdSSTa. Diurnal SST maxima occur near 1400 Local Time (LT) throughout the record,
so we do not discuss the phase information, ®(¢), further. An alternate estimate of dSSTa
was formed by directly differencing daily maxima and minima after removing low-frequency
trends (following Cronin and McPhaden (1999)). Estimates of monthly averaged dSSTa from
the two methods are highly correlated (r=0.99), with regression analysis indicating a slight
bias (17%) towards higher values of dSSTa using the differencing method. We thus proceed
with complex demodulation as providing a conservative estimate of diurnal SST variability
(uncertainty estimates for dSSTa are discussed in Appendix 4.7).

Figure 4.2a shows the clear seasonal cycle in monthly averaged dSSTa. Maximum values
are found in boreal winter and spring, with typical diurnal SST ranges of 0.5-0.6°C (dSSTa
of 0.25-0.3°C), consistent with estimates for this location derived from modeling and remote
sensing studies (Stuart-Menteth, 2003; Bernie et al., 2007; Clayson and Weitlich, 2007). In
boreal summer and fall the diurnal SST range is reduced to 0.2-0.3°C (dSSTa of 0.1-0.15°C).
The seasonal cycle of dSSTa covaries inversely with the seasonal cycle of wind stress (Fig.
4.3, Fig. 4.2b), reflecting the mixing of surface heat fluxes through deeper diurnal mixed
layers during periods of enhanced wind stress, as discussed in section 4.4 (Price et al., 1986;

Brainerd and Gregg, 1993; Cronin and Kessler, 2002).
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PIRATA temperature measurements have finer vertical resolution, and are less gappy,
than salinity measurements, so for the full time series we define an isothermal mixed layer
depth (M LDr) as the depth at which temperature is 0.4°C' less than the 1 m temperature,
which is approximately equivalent to a density change of 0.125kgm™ (Fig. 4.2d). Alternate
definitions of M LDy were tested with similar results. The calculation of M LD+ is not lin-
ear with respect to temporal averaging, so we calculate M LDy first using daily temperature
values linearly interpolated to a 1 m grid, and subsequently take the monthly average. Addi-
tional measures of near-surface stratification are the depth of the 20 °C isotherm, a proxy for
the thermocline depth (Fig. 4.2d), and the near-surface thermal stratification (A7), which
we define as the difference between temperature observations at 1 m and 5m (Fig. 4.2c).

Consistent with the seasonal cycle in dSSTa, these measures of near-surface stratification
all exhibit a seasonal cycle driven by seasonal changes in wind stress. Wind speeds are at
their maximum in boreal summer and fall, and the near-surface layer is well mixed with
deep M LDy and thermocline, and low AT. As the wind speed begins to drop in boreal
winter the mixed layer shoals rapidly, and near-surface stratification and dSSTa increase.
The thermocline also begins to shoal in boreal winter, however its response is often slower
than M LDy, with minimum thermocline depths occurring later in the seasonal cycle. This
time lag reflects the basin scale dynamics involved in setting the depth of the equatorial
thermocline, which linear theory predicts will respond to the zonally integrated wind stress
(McPhaden, 1993), whereas M LDy responds rapidly to local forcing.

A monthly climatology, formed from all available data, is shown in Figure 4.3. The annual
pattern of monthly averaged wind stress and SWR reflects the seasonal meridional migration
of the ITCZ in the Atlantic (Fig. 4.1) (Waliser and Gautier, 1993). As the ITCZ shifts south
during late boreal fall and winter, SWR and wind speed both decrease. dSSTa reaches an
annual monthly averaged maximum of 0.28 °C in March, despite shortwave radiation (SWR)
being 31 Wm~2 below its October maximum. Later in the year, the ITCZ shifts further
north of the equator, leading to clear skies and steady trade wind conditions, associated

with low dSSTa. This climatology suggests available surface heat flux is secondary to near-
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surface mixing in setting the diurnal SST amplitude, with reduced wind stress, shallow mixed
layers, and increased stratification during boreal winter linked to larger near surface diurnal
SST signals. The precise mechanisms responsible for variations in dSSTa will be discussed
further using data from the EMP in section 4.4.

Interannual variability in the Atlantic is weak compared to the seasonal cycle (Xie and
Carton, 2004), and interannual anomalies of dSSTa at 0°, 23°W are of smaller amplitude than
those in the Pacific (Clayson and Weitlich, 2007). Using similar moored data at 0°, 110°W,
Cronin and Kessler (2002) observed interannual variability of the diurnal SST amplitude
on the order of £0.1°C associated with the El-Nino Southern Oscillation. The primary
modes of interrannual variability in the tropical Atlantic are the Atlantic Meridional Mode
and the zonal Atlantic Nifio Mode (Servain, 1991; Zebiak, 1993). Although the time-range
of observations covers both positive and negative Atlantic Meridional Mode and Atlantic
Nino events, we do not observe monthly average dSSTa values exceeding £0.05°C from the

climatological values.
4.4 Enhanced Monitoring Period

Atmosphere and ocean conditions during the 8-month EMP are summarized in Figure 4.4.
The EMP began in October 2008, during a regime characterized by steady southeast trade
winds, limited precipitation, and average dSSTa of 0.13°C. In early January, winds became
lighter and more variable in direction and there was more frequent rain and cloudiness
(Fig. 4.4b, c¢), with significant variance of dSSTa on sub-monthly timescales. This basic
seasonality is consistent with the climatology (Fig. 4.3), although in boreal spring 2009
the ITCZ shifted anomalously far south due to a strong negative AMM event, leading to
negative anomalies in wind speed magnitude (—1ms™') and SWR (=30 Wm™2) at 0°, 23°W,
as well as anomalously high sea surface height and SST across the equatorial basin (Foltz and
McPhaden, 2010; Foltz et al., 2012). After the period of variable winds, steady trade winds
were re-established, followed by a dramatic 5°C cooling of the cold tongue region between

June and August attributed to upwelling dynamics (Foltz and McPhaden, 2010). Conditions
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during boreal spring 2009 are thus not entirely representative of a typical year, although the
limited dSSTa anomalies during this period (Figure 2) suggests that diurnal variability may

not have been as strongly atypical.

Zonal velocity is dominated by the strong eastward flowing undercurrent in the thermo-

1

cline exceeding 1 ms™, with the westward South Equatorial Current above it in the surface

layer. This results in a high shear region on the upper flank of the undercurrent core below
the mixed layer (MLD), which is defined during the EMP as the depth at which density
first exceeds the 1m value by 0.01kgm™3. The limited vertical resolution of the PIRATA
mooring adds uncertainty to the calculation of MLD, however this criteria was found to best
identify the diurnal mixed layer based on visual inspection of density profiles, was highly
correlated with other more generous definitions of MLD, and provides consistency with prior
work (Brainerd and Gregg, 1995). Meridional velocity is generally small, except during the
passage of several tropical instability waves (TTWs) in the early part of the record, evident in
the alternating north-south flow with period of approximately 30 days (Legeckis, 1977; Grod-
sky, 2005). Below the mixed layer, buoyancy frequency squared (N? = —p~1gp.) increases
downwards towards the thermocline, with near-surface enhancement during the southward

phase of a TTW in November 2008.

To quantify the likelihood of shear driven mixing, we use reduced shear squared, defined
as,

L

where u, is the vertical shear of horizontal currents. To account for uneven spacing of

temperature, salinity, and velocity observations, S?

2 4 18 calculated using first differences with

a vertical separation of 5.25 m between 3.75-30 m and 10 m separation below 30 m. Errors in

2

the calculated values of S- ,; can arise from a variety of sources, including instrument noise,

horizontal separation between the deep ADCP and temperature and salinity measurements,

and the coarse vertical resolution. These sources of error are addressed in Appendix 4.8, and

while they introduce significant uncertainty into the hourly estimates of S2 ,, they do not
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alter the basic interpretation of the statistics used in this analysis.

52 , is simply a rearrangement of the Richardson number (Ri = NZ?u;?), such that
when S2, > 0,Ri < 0.25. Thus, when S2, is positive it implies flow regimes that are
unstable to shear instabilities, whereas negative values imply stability. For our purposes,
characterizing the flow as stable or unstable, S% , is preferable to Richardson number as it
linearizes the effect of observational errors in velocity shear, its distribution is less skewed
than the Richardson number, and it retains additional information about the kinetic energy
of the flow (Hazel, 1972; Kunze et al., 1990; Sun et al., 1998). It is worth noting that the true
stability boundary for stratified shear flows is not solely a function of the Richardson number,
and may depend on the turbulent Reynolds number, as well as pre-existing turbulence in
the flow (Smyth et al., 2013). However, defining a critical value of Ri = 0.25 (S%,=10) is a

common and useful first approximation.

Throughout the EMP, S2, is elevated between the surface and the thermocline, due to
high near-surface shear and low near-surface stratification. During steady trade wind con-
ditions there is an approximately 40 m thick layer below the mixed layer where S? ; ~ 0,
indicating marginal instability and potentially active deep-cycle turbulence (Smyth et al.,
2013), which is discussed further in Section 4.5. A thinner marginally stable layer, approxi-
mately 15m thick, persists throughout the variable wind conditions, following the shoaling
of the equatorial undercurrent and thermocline (Fig. 4.4i).

A sample 7 day period of hourly data, taken when the trades were relatively steady dur-
ing the cold phase of a TIW, clearly demonstrates the diurnal cycle of near-surface shear
and stratification (Fig. 4.5). The daily cycle of solar insolation leads to rapid morning shoal-
ing of the mixed layer, and increasing thermal stratification that begins at the surface, and
penetrates deeper into the water column as the day progresses. This thermal stratification
inhibits the vertical transfer of momentum from the wind, leading to intensified near surface
shear (Price et al., 1986; Bond and McPhaden, 1995). Beginning between 1200 and 1400 LT,
the mixed layer begins to deepen. This occurs before the surface heat flux has changed sign,

and is associated with positive values of S? , suggesting shear instability as a mechanism
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for this deepening. While there is significant temporal and spatial variability, as well as

uncertainty, in our hourly estimates of S2 ,, this picture is qualitatively similar to recent

red
observations from the Pacific, where descending diurnal shear layers associated with sub-
critical Richardson numbers were shown to provide an initiation mechanism for deep-cycle
turbulence (Smyth et al., 2013).

In order to further examine the dynamics of the diurnal mixed layer, we divide the EMP
into two regimes. The early part of the record is characterized by relatively steady trade
winds, clear skies, deep mixed layers and thermocline, and marginal instability of the upper
equatorial undercurrent. In contrast, the latter part of the record exhibits weaker and more
variable winds, frequent cloudiness and precipitation, shallow mixed layers, and a shoaling of

the undercurrent and thermocline. Diurnal composites for these two regimes are described

in the following two sections.

4.4.1 Steady Trade Wind Conditions

A composite diurnal cycle over the upper 30m is formed by phase averaging hourly obser-
vations from 13 October 2008 through 6 January 2009. Wind stress and horizontal currents
are vector averaged, and horizontal currents referenced to the 20 m values, giving the sheared
component of the flow. Temperature observations are phase averaged, and the time-depth
mean removed to give the diurnal anomaly. We define an eddy viscosity, A,, using the shear-
stress surface boundary condition, pA,u, = 7, where p is the density of seawater, u, is the
vertical shear magnitude, and 7 is the surface wind stress magnitude. This can be rearranged

to give an equation for A, (Santiago-Mandujano and Firing, 1990; Wenegrat et al., 2014),

We evaluate this using the uppermost valid velocity observations, giving a nominal shear
depth of 5.64m. This approach can be treated as an assumption of uniform stress between

the surface and 5.64m, and thus the value of A, we infer will be approximate. It can be



7

considered analogously to the mixing length scaling of Prandtl, which defines a mixing length,
[, based on dimensional considerations as the ratio between friction velocity, u, = (Tp_l)l/ 2
and shear, [ = u,u_ ! (Stull, 1950). Thus, A, = [*u.. The distribution of A, is highly skewed,
with a small number of very large values occurring as u, — 0, and hence values which exceed
the 99th percentile (A, > 0.045m?s71), estimated using the bootstrap method (Efron and

Tibshirani, 1993), are excluded prior to compositing using the geometric mean.

Figure 4.6 shows the diurnal composite for the steady trade wind period. Surface heat
flux becomes positive into the mixed layer shortly after 0600 LT, leading to a rapid shoaling
of the mixed layer from 13m to 3.5m. Near surface temperature begins to rise, and a
diurnal jet develops in the downwind direction. At 1400 LT, SST reaches its maximum
diurnal amplitude of 0.18°C and shortly after, at 1500 LT, surface shears reach 20 cms™!

relative to the 20 m currents. As there is limited diurnal variance in the wind, the afternoon

maximum of near-surface shear is associated with a daily minimum of A, = 3.3x 1073 m?s !,

reduced more than a factor of 2 from nighttime values (Wenegrat et al., 2014). In the late
afternoon the mixed layer begins to deepen, A, increases, and diurnal temperature anomalies
are spread over an increasingly deep mixed layer, limiting the magnitude of the dSSTa, as

noted in Section 4.3 (Price et al., 1986; Bond and McPhaden, 1995).

Composites of 5%, are presented in terms of the fraction of hourly observations in each
time-depth bin that are unstable to shear instability (S%, > 0, Fig. 4.7) which we denote

as F(S2,). During steady trade wind conditions there is a clear diurnal cycle of S2,,, with

an increasingly stable near-surface layer formed at the surface and penetrating deeper into
the layer as the day progresses. Minimum daily values of F(S? ;) are found at 1000 LT at
6.37m depth, and at 1900 LT at 22.12m depth. F(S?

= 4) increases throughout the afternoon,

and by 1600 LT, shortly before the surface heat flux changes sign, approximately 40% of

observations in the upper 20m have unstable values of S? . The deepening of the mixed

red*

layer, which begins midday, along with increased F(S?,), suggest that shear instabilities

may be forming in the diurnal shear layer. After the surface heat flux changes sign the

2

mixed layer continues to deepen, and F(S?-,,) increases as a result of convective mixing.

r
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4.4.2  Variable Wind Conditions

The diurnal composite formed during the period of variable wind forcing, 7 January 2009
through 24 May 2009 exhibits a very different evolution (Fig. 4.8). Consistent with the
climatological pattern (Fig. 4.3) maximum net heat flux is reduced by 128 wm™2, and wind

speed by 2.7ms™!

, compared to the steady trade wind conditions. Diurnal temperature
variations are strongly surface trapped, with peak diurnal SST amplitude reaching 0.3°C at
1400 LT and persisting later in the day than during steady wind conditions. Corresponding
to this, the mixed layer remains shallow throughout both day and night, and does not
display the rapid afternoon deepening seen in the stronger wind conditions. A, is reduced to

approximately 1072 m?

s7!, and lacks a significant diurnal cycle, indicating less near-surface
mixing than during steady wind conditions. Despite the absence of strong wind forcing, the
near-surface layer remains highly sheared below the mixed layer, resulting from the shallow

equatorial undercurrent.

Above 20m, S?% ; undergoes a diurnal cycle (Fig. 4.9) controlled by changes in stratifi-
cation (Fig. 4.8). During daytime hours the near-surface layer becomes increasingly stable,
with the daily minimum F(S?,,) persisting until 1400 LT, much later than during the steady
wind conditions. A pre-dawn enhancement of F(SZ2 ), similar to that observed during the
steady trade wind conditions, can be attributed to nighttime convective mixing that decreases

near-surface stratification. Below 20 m, isopleths of F(S?, ) show only a slight diurnal cycle,

red

suggesting limited vertical penetration of surface forced diurnal anomalies.

4.4.3  Tropical Instability Waves

After the seasonal cycle, the most prominent timescale of variability during the EMP is that
associated with the passage of several TIWs from October through January (Fig. 4.4f).
During TIWs, alternating north-south meridional flow with period of approximately 30 days
advects the background SST gradient (Fig. 4.1) and modifies near surface S>

TE

4 through
changes in both u, and N? (Weisberg and Weingartner, 1988; Jochum et al., 2004; Grodsky,
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2005; Moum et al., 2009). TIWs are also known to modulate equatorial turbulence (Lien
et al., 2008; Moum et al., 2009), with enhanced mixing during the transition from north (cold
SST) to south (warm SST) phases (Lien et al., 2008; Inoue et al., 2012). In our data, winds
remain relatively steady across TIW phases (see Chelton and Xie (2010) for a discussion
of TIW-atmosphere coupling), and while TIWs change the local SST, there is only limited
TIW modulation of dSSTa (Fig. 4.4a, and Cronin and Kessler (2002)). However, subsurface
conditions differ dramatically by TIW phase, as is evident in Figure 4.10, which shows the
passage of a TIW, beginning in the cold (north) phase, progressing into the warm (south)

phase around 31 October, and then returning to a cold phase around 16 November.

During the cold phases, diurnal cycling of the MLD is pronounced, with nighttime mixed
layers reaching 20-40 m and daytime mixed layers shoaling to less than 5m. Stratification

and shear are enhanced along the base of the mixed layer, and a layer of elevated S?

2 4 extends

from the mixed layer towards the core of the undercurrent in the thermocline. In the warm
phase of the TIW SST warms by approximately 1.5°C (Fig. 4.10b), and there is a reduction
in net surface heat flux (Fig. 4.10a). During this phase of the TIW the diurnal SST anomaly
does not change appreciably from the cold phase. However a subsurface diurnal cycle is less
evident, with a consistently shallow mixed layer and a less clearly defined diurnal cycle of

5?2, potentially due to our inability to resolve velocity above 3.75m.

Additionally, during the warm phase the layer of enhanced S2 ; below the mixed layer
bifurcates into two distinct layers, separated by a thin region of stable S% ; centered at ap-
proximately 40 m depth. Moum et al. (2009) first noted this feature in the tropical Pacific,
and termed the lower of these layers the upper core layer. They found the upper core layer
continued to show enhanced turbulent dissipation, but appeared to be dynamically isolated
from the surface-forced diurnal cycle. While qualitatively similar to the upper core layer
observed in the Pacific, the layer observed here is thinner, and does not appear as distinctly
isolated from the near-surface layer of elevated shear, potentially due to the shallower ther-
mocline at this location or our lower resolution observations (Inoue et al., 2012). We also

observe an enhancement of S? ; at the base of the deep-cycle layer during the cold phase,
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due in part to enhanced meridional shear.

The composite diurnal cycle of section 4.4.1 will average across TIWs, so here we segment
by TIW phase. The 0°, 23°W mooring does not evenly sample all TIW phases, being offset
to the south from the center of the TIW wave midline, as determined from satellite SST
imagery. Hence, we divide the observations into only two phases, a cold phase on 15 October
through 30 October, and a warm phase from 31 October through 15 November.

In the cold phase of the wave, S?

.o undergoes a very clearly defined diurnal cycle (Fig.

4.11a). The nighttime near-surface layer has low stratification, and 86% of observations at
5.26 m have 5%, > 0 at 0300 LT. Following dawn, the upper water column rapidly stabilizes

TEe

due to thermal stratification. The afternoon increase of shear, leading to increased F(S5%,),
that was discussed in section 4.4.1 is even more clearly defined during the TIW cold phase. At
1300 LT the mixed layer begins to deepen, along with rapidly increasing F (52 ,), suggesting
that shear instabilities are eroding the diurnal thermal stratification.

The composite diurnal cycle is very different during the warm phase of the TIW, where
the warmer, more strongly stratified, near-surface layer is more stable throughout the diurnal
cycle (Fig. 4.11b). F(S2,) is reduced at all hours, and only a weak diurnal cycle of S? ; is
apparent above 15m depth. However, the low dSSTa during this phase of the TIW suggests
that a similar wind-driven mixing is continuing to occur in the shallow mixed layer above

our observation depths, with limited vertical penetration of the diurnal shear layers.
4.5 Marginal Instability

Recent work using long moored measurements of dissipation at 0°, 140°W suggests that flows
with Richardson numbers distributed around the critical value of 0.25, a form of statistical
equilibrium termed marginal instability, may indicate regimes where deep cycle turbulence is
active (Thorpe and Liu, 2009; Smyth et al., 2013). While the existence of marginal instability
does not quantify the strength of turbulence, it is particularly well suited to evaluation from
moored records. Smyth et al. (2013) demonstrate that increasing the vertical separation over

which Richardson number is calculated alters the skewness of the resulting distribution, but



81

does not eliminate the distribution’s peak near the critical value. Consequently, marginal
instability continues to be clearly identifiable regardless of vertical scale. Deep-cycle turbu-
lence is one of the defining features of the diurnal cycle on the equator and, as we lack direct
measurements of dissipation, we can use measures of marginal instability as a proxy for the
existence of active deep-cycle turbulence.

Figure 4.12 shows median profiles of S2,, for the two wind forcing regimes, as well as the
distribution of observations in the 22-50 m depth range. During steady trade wind conditions
there is a 40 m thick layer below the mixed layer where S2 , ~ 0, while during variable wind
conditions this same layer becomes increasingly stable with depth. This is further illustrated

in Figure 4.12b, where the distribution of S?2

e

4 1s sharply peaked around 0 for the steady
trade wind conditions, while it is skewed towards more negative (stable) values when the
winds are light and variable. Figure 4.12c shows this same shift in distribution in terms of
Richardson number. This shift in the stability of the equatorial undercurrent layer below
the mixed layer suggests a seasonal cycle in deep-cycle turbulence, which is discussed further
below.

Additional shorter time-scale variability in the stability of the near-surface layer is also
distinguishable in Fig. 4.4i. Notably, the thick layer of 5%, ~ 0 below the mixed layer
during steady wind conditions persists into late January, well after the change in local wind
stress, and cessation of the strong diurnal cycle of shear flow. This occurs coincident with
the south phase of a TIW (Fig. 4.4f), with a large component of the total shear coming from
shear in the 20-40 day period band, including significant contributions from the meridional
component. This enhanced shear, along with a deep thermocline, contributes to the persis-
tence of marginal instability above 50 m, despite the absence of strong local surface forcing
and diurnal shear layers.

Estimates of the turbulent dissipation rate, €, below the mixed layer can be formed using

parameterizations based on S?

= 4> or Richardson number. While a comparison of dissipation

parameterizations is beyond the scope of the present work, for completeness we apply the

turbulence parameterization of Kunze et al. (1990) to provide a quantitative estimate of the
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turbulent mixing implied by the marginal instability noted above. This parameterization is

based on the energetics of Kelvin-Helmholtz instabilities, and gives,

Az? /), N? N
€ = —(u, - Uy — ,
KWE ™= "96 \"*  Ri, VRi.

Where (x) = 0if x < 0 and (z) = x for + > 0, and Az is the vertical separation over

which u, and N are calculated (Kunze et al., 1990; Peters et al., 1995; Polzin, 1996). The
critical Richardson number, Ri., was assumed in Kunze et al. (1990) to be 0.25, however
it may also be treated as a free parameter to account for observational constraints such as
vertical resolution (Polzin, 1996). We present results for several possible choices of Ri. (Fig.
13), with Ri. = 0.4 suggested based on the vertical scale of our observations (Polzin, 1996).
Ocean turbulence statistics are highly skewed (Peters and Gregg, 1988), hence estimates of
average exwp are formed using the trimmed mean, excluding the highest and lowest 5% of
hourly observations before averaging, which provides a robust estimator of central tendency

for heavy-tailed distributions (Wilcox, 2010).

Calculated values of €y g demonstrate a seasonal cycle of turbulence, regardless of choice
of Ri., with elevated exwp during the steady trade wind conditions, and values decreasing
by 1-2 orders of magnitude during the variable wind regime in boreal spring (Fig. 13). We

note that exwp is enhanced at high Sf

., and thus also follows a diurnal cycle similar to that

discussed in Section 4.4. The seasonal modulation of turbulent dissipation, and marginal
instability, below the mixed layer indicates a seasonal cycle of deep-cycle turbulence in the
central Atlantic broadly consistent with estimates derived from heat budgets at this location
(Foltz, 2003; Hummels et al., 2014), and similar to the seasonal cycle of dissipation observed
at 0°, 10°W in the eastern Atlantic (Hummels et al., 2013), and at 0°, 140°W in the Pacific
(Moum et al., 2013; Smyth et al., 2013). Further, these finding suggests in-phase seasonal

variability of the marginally unstable layer and the prominence of diurnal shear layers.
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4.6 Summary

We have provided an assessment of diurnal SST, near-surface shear, and stratification at 0°,
23°W in the central equatorial Atlantic using a 15 year time series in conjunction with an
8-month enhanced monitoring period of high-vertical resolution velocity observations. Major

results can be summarized as follows:

1) The diurnal cycle of SST in the central equatorial Atlantic is strongly modulated
by wind-stress, with climatological monthly mean diurnal SST amplitude reaching 0.28 °C
during the light and variable wind conditions prevalent in boreal winter and spring. Climato-
logically, the highest diurnal range in SST occurs during periods of reduced SWR, suggesting
that wind driven mixing determines the seasonal modulation of diurnal SST amplitude. In-
terannual variability of diurnal SST amplitude at this location is small compared to the

seasonal cycle.

2) During relatively steady trade wind conditions, we regularly observe descending diurnal
shear layers, corresponding to an increased frequency of S2, > 0 (Ri < 0.25). The mixed
layer frequently begins to deepen while the surface heat flux is still into the ocean, suggesting
that instabilities of the sheared diurnal jets are mixing the near surface layer. This mixing
reduces the maximum achievable diurnal SST amplitude by spreading heat over deeper layers.

During light and variable wind conditions we see a near-surface diurnal cycle of 5>

= 4> resulting

primarily from diurnal variability of N2. Mixed layers are shallow and diurnal temperature

anomalies are strongly surface trapped, resulting in larger diurnal SST signals.

3) TIWs modulate the diurnal cycle in the mixed layer of the tropical Atlantic. During
the cold (north) phase, subsurface conditions resemble a more clearly defined version of those
described earlier in relation to the steady trade winds period. In the warm (south) phase, the
mixed layer shoals and there is not a well defined diurnal cycle of shear flow at our uppermost
observation depth of 6.37m. Negligible TTW modulation of diurnal SST amplitude is found,
suggesting that similar wind-driven mixing continues above our observation depth, albeit

with limited vertical penetration of the diurnal shear layers.
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4) Concurrent with the descending diurnal shear layers observed during steady trade wind
conditions, we observe marginal instability of an approximately 40 m thick layer below the
mixed layer and above the thermocline. The strength of this layer appears to vary seasonally,
tracking the shoaling thermocline and thinning substantially during the period of reduced
wind stress in boreal winter. This property of marginal instability, along with the estimated
turbulent dissipation rates, suggests a seasonality of deep cycle mixing that agrees with prior
estimates of the seasonal cycle of mixing in the equatorial Atlantic (Foltz, 2003; Hummels,
2012; Hummels et al., 2013, 2014) and the equatorial Pacific (Smyth et al., 2013). After
the seasonal relaxation of local surface wind stress we observe an approximately two week
period where enhanced vertical shear during the south phase of a TIW contributes to the

maintenance of a thick marginally unstable layer in the absence of diurnal shear variance.

These findings provide observational confirmation of prior diurnal cycle modeling work
(Skielka et al., 2011; Wade et al., 2011), and indicates that many of the same dynamic
processes that have been studied in the Pacific may also be active in the Atlantic (Gregg
et al., 1985; Moum and Caldwell, 1985; Peters et al., 1994; Sun et al., 1998). In particular,
observations of diurnal shear layers descending into the marginally unstable undercurrent
layer suggests that we see both a mechanism for the initiation of deep-cycle turbulence
(Smyth et al., 2013; Pham et al., 2013), as well as the resulting footprint on the flow stability
(Smyth et al., 2013). The regular occurrence of descending diurnal shear layers throughout
the 2.5 months of observations during steady trade wind conditions can also be considered as
evidence for the suggested role of diurnal shear in initiating deep-cycle turbulence, a finding
enabled by the unique long moored-ADCP record of near-surface currents we utilize here.
Currently, the limited dissipation measurements in the central equatorial Atlantic have been
inconclusive in characterizing the diurnal cycle of turbulence (Crawford and Osborn, 1979;
Hummels, 2012; Hummels et al., 2013, 2014). However our findings suggest that future
measurements are warranted, and will provide a useful point of comparison and contrast

with the existing literature from the Pacific.



85

4.7 Appendix A: Uncertainty in dSSTa

The good agreement between complex demodulated dSSTa and estimates derived from direct
differencing of daily maxima and minima gives us a basic level of confidence in our approach
of estimating dSSTa (Section 4.3). Additional uncertainty estimates for the complex de-
modulated dSSTa can be formulated using Monte Carlo simulation. Complex demodulation
was performed on repeated realizations of a synthetic signal, consisting of a diurnal oscilla-
tion of known amplitude plus Gaussian white noise with variance scaled to match the SST
observations in a spectral window surrounding the diurnal frequency, excluding the diurnal
peak (Pawlowicz et al., 2002). Standard errors are then estimated from the synthetic signals
using the median absolute deviation, and are found to be a very weak function of amplitude.
Hence, 95% confidence intervals on the complex demodulated diurnal SST amplitude are

well approximated by a constant value, £0.031°C for daily averaged estimates.

4.8 Appendix B: Errors in S?

red

We consider errors in calculated values of S2,

4 arising from three sources: instrumental noise,
the approximately 12.5km horizontal separation between the deep ADCP mooring and the
surface mooring on which temperature and salinity observations were made (Section 4.2.2),

and the vertical resolution of the observations.

4.8.1 Instrumental Noise and Horizontal Separation

We assume that instrumental noise, and horizontal separation, can be treated as additive
errors, such that u.ps = v + €, and pops = p + €,.

Above 35m, €, will result solely from instrumental error, which can be calculated using
the published single-ping variance for the 600 kHz ADCP configured as deployed, giving
€w = 8.7 x 1073ms~! for ensemble averaged values. Below 35m, €, will consist of both
instrumental error and errors due to the approximately 12.5 km horizontal separation between

the ADCP mooring and the surface mooring. The upward and downward facing ADCPs have
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overlapping velocity observations at 35m depth, and hence we can treat the RMS difference
between these observations as representing error due to horizontal separation. Using this

approach we find ¢, = 0.17ms '

This value is also roughly consistent with alternate
estimates derived by adopting Taylor’s frozen turbulence hypothesis, equating temporal shifts

with horizontal separation (see also Smyth et al. (2013), their Supplementary Information).

The value of ¢, is calculated in a similar manner, using the ATLAS mooring temperature
(salinity) sensor accuracy of £0.02°C (£0.02) (Freitag et al., 2005). A linearized equation
of state is used to give €, = 6.4 x 1073kgm™ for ensemble hourly averages of 10 minute
data. This estimate is likely conservative, as it applies post-deployment sensor drift errors

to the entire observational period (Freitag et al., 2005).

The effect of these observational errors on finite difference calculations can be assessed

using,

v

== (4.1)

€z

where we have assumed that errors are uncorrelated across depth bins. Application of 4.1
gives, €,. = 2.3 x 107357 (e,. =24 x 1072s7!), and ey2 = 1.7 x 107°s72 ((ey2 = 8.7 ¥

107%s72) for hourly estimates above (below) 35m.

These values are then used in the propagation of errors formula to give an estimate of

the total error in an hourly calculated value of S,

1
952 > [08% 2|
e l(a—> +(niten) | 2bid +adl

where we have ignored a term involving the covariance between u, and N? as it is found

N

(4.2)

to be small compared to other terms. Using average values for u,, we find errors in hourly

calculated values of S?; on the order of 1.1 x 107*s72 (8.9 x 107*s72) above (below) 35m

Te

depth. Uncertainties of this magnitude do not alter the interpretation of the statistics used

in this analysis.
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4.8.2  Vertical Resolution

The effect of the vertical separation between instruments, in particular the coarse resolution
of temperature and salinity, cannot be assessed directly using our data. However, previous
work suggests that the effect of lowering vertical resolution on the calculation of Richardson
number is to alter the skewness of the distribution, rather than fundamentally altering the
basic shape of the probability distribution (Smyth et al., 2013). We thus expect that the

coarse mooring vertical resolution will shift the calculated S?

- 4 towards more stable values,

without qualitatively changing our major findings.

It is possible to estimate the effect of vertical resolution on the calculation of N? in
the upper 100m using 38 available CTD casts from the World Ocean Database (Boyer,
2013) within £1° of latitude and longitude of the mooring that have vertical resolution of
at least 1m and the first observation above 40m depth. To accomplish this, estimates of
N2 are calculated for each CTD profile using the full resolution of the profile, which we
treat as representing the true N2. CTD observations of temperature and salinity are then
decimated to observation depths consistent with the mooring sampling scheme, and new
N2 are calculated. Differences between these values can be considered as errors due to the
vertical sampling scheme employed by the PIRATA mooring.

Values of N? and N3, calculated in this manner are well correlated above 30 m (r=0.78),
and over the upper 100m (r=0.62). We use robust linear regression of the form N3 =

BN 2 + €, where € are the errors in N2 _ that we seek to minimize. Applying this to the CTD

data between the surface and 100 m depth gives, B = (.84, suggesting a low bias in N7 . We

dec*
re-ran the analysis of this study after adjusting the observed values of N2 to account for this
bias, and found that the major results are robust to this change. Further, alternate values of
B ranging from 0.5 to 1.5 were tested, and the results were found to be qualitatively robust

to these adjustments.



38

¢’ uorjoes vos ‘AI[iqelrese eyep [erIed ,

POLIDJ SULIOJTUOTN poduRquUy ,

(orquuesud z Gz10°0XSh) A[INOKH
(e1quesue zH 1X(g]) A[MNOY

(surq w Q) w (OCT - G¢
»(SUlq W G)0) GE - ¢Le

odOUV ZHY 04T
»dOUV ZHY 009

U ()] 0ZT ‘00T 08 ‘09 ‘0F ‘0T ‘4G ‘qT Ajrurreg

opurt 0T 0ZT ‘00T ‘08 ‘09 ‘0% ‘»€C0T ‘wET 40T G 'T omjeraduoy,
Kouenboaiyg Surdureg (w) yade(g UOTYRAIIS ()

SUOT)RAISS( () 9ORJINSANG

anurat () € AYyIpTamy OATye[aY

onuI ()1 ¢ aunjersduwoy Iy

oI O g€ urey

ojnuru ¢ g€ HMNT

onurut ¢ g€ qMS

onuIm ()] 7 uorpeIp/paads purpy
AKouenbaiy Surdureg (w) ySey UOTYRAIDS ()

SUOTRAIOS( () 90RJING

"BIBD MET ‘o0 JO Aremung 1§ 9[qR],



89

a)

June/July/August

20°N

20°W 10°W

b)
December/January/February

20°N

10°N

Figure 4.1: Location of the Prediction and Research Moored Array in the Tropical Atlantic
moorings (grey diamonds, study location gray square), with seasonal average variables for a)
boreal summer (June, July, August) and b) boreal winter (December, January, February).
Colorscale: Sea surface temperature (SST) from 1999 to 2014 from NOAA Optimally Inter-
polated SST version 2 (Reynolds et al., 2002). Vectors: wind stress from 1999 to 2009 from
the Scatterometer Climatology of Ocean Winds (Risien and Chelton, 2008), with scale shown
on plot. Contours: NOAA interpolated top of atmosphere Outgoing Longwave Radiation
(OLR, values shown on contours in units of Wm™2) from 1999 to 2014 (Liebmann, 1996).
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23°W Climatology
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Figure 4.3: Monthly averaged climatology for diurnal SST amplitude (black line), wind speed
(blue line), and short wave radiation (red line). Shading denotes + one standard error of
the mean.
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Figure 4.4: Overview of atmosphere and ocean conditions during the EMP using daily av-
eraged data. a) Diurnal SST amplitude (dSSTa) smoothed with a 5-day moving average, b)
smoothed net surface heat flux (solid black line) defined positive into the mixed layer with
components as indicated in the legend, ¢) evaporation minus precipitation, d) wind vectors
(magnitude indicated by vector length with scale on the ordinate, direction indicated by
vector orientation with north up), e) zonal velocity, f) meridional velocity, g) logio(u?), h)
log10(N?), i) median daily S?,,. For plots e-i, dashed black line shows M LD, and measure-
ment depths are indicated by tick marks inside the left axis. Vertical black lines indicate the
two compositing regimes discussed in section 4.4.
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Diurnal Composite
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Figure 4.6: Composite diurnal cycle during steady trade wind conditions (section 4.4.1).
a) net surface heat flux, b) SST anomaly, ¢) wind vectors plotted along the z=0 line, cur-
rent vectors (relative to the 20 m currents) plotted at their observation depths (vectors are
oriented with North up, and magnitude scale is shown in upper left), also plotted are the
temperature anomaly (relative to the time-depth average, color scale), and MLD (dashed
line), d) eddy viscosity, calculated as discussed in section 4.4.1.



95

2
Sred

0 0.5

S 0.4
~ 10 """" )
g 10.3 A
~ =
< 1SN\ —. | S
o) loo 2
2 5 s

<
[

0O 2 4 6 8 10 12 14 16 18 20 2
Local Hour

Figure 4.7: Fraction of diurnal composite observations during the steady trade wind condi-
tions (section 4.4.1) for which S2,;, > 0, indicating flow unstable to shear instabilities. S%,
bin center-points are indicated with black triangles on the ordinate, and average MLD is
plotted with the dashed line. Bins are smoothed with a 1-2-1 filter in time and depth to

improve presentation clarity.



Wind, Current Shear
Depth (m)

—
S

—
N

NAOANNOCOOOO

Diurnal Composite

[ e -~ -

‘Wind: 4 m/s

e

et 20 s &

10.25

i

10 12 14
Local Hour

16 18 20 22

0.5

Temperature Anomaly cc)

|
I
N
U

Figure 4.8: As in Figure 4.6, for the variable wind period (section 4.4.2).
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Figure 4.9: As in Figure 4.7, for the variable wind period (section 4.4.2).
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Figure 4.11: As in Figure 4.7, for a) TIW cold phase from 15 October through 30 October, b)
TIW warm phase from 31 October through 15 November. Note modified colorscale relative
to Figure 4.7.
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Turbulent dissipation rate below the MLD
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Figure 4.13: Monthly averaged (5% trimmed) turbulent dissipation rates, exwp (W kg™!),
over the layer 20-50 m below the hourly MLD. Estimates are calculated for 3 different values
of Ri. as indicated in the legend. The trimmed mean for April (Ri. = 0.25) equals 0 and
is not plotted. This results from the definition of the Kunze et al. (1990) parameterization,
which equals zero whenever the instability criteria are not met (Section 4.5). Vertical error
bars indicate 95% confidence intervals on the trimmed mean, estimated using the bootstrap
method.
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Chapter 5

SIMPLE MODELS OF WIND-DRIVEN OCEAN CURRENTS
WITH TIME-VARYING VISCOSITY: FROM SPIN-UP TO
RECTIFICATION

The effects of time-varying turbulent viscosity on horizontal currents in the ocean sur-
face boundary layer are considered using two simple analytic models of the time-dependent
Ekman layer. First, the time-dependent transfer function for wind-forced velocity is derived,
demonstrating how monochromatic variability in eddy viscosity leads to modification of the
vertical structure of velocity across all frequency bands. A dependence in the transfer func-
tion on the phase of the time-varying eddy viscosity, relative to the surface wind stress, is
illustrated physically by the early response of a motionless ocean to an impulsively started
wind stress. Next, a simple periodic model, which allows both vertical and temporal vari-
ability in eddy viscosity, is formulated. This analytic model is shown to reproduce major
aspects of the near-surface ocean diurnal cycle in velocity and shear, while retaining direct
parallels to the steady-state Ekman solution, providing a useful conceptual tool. The pa-
rameter dependence of this model is explored qualitatively, and quantitative measures of
the low-frequency rectification of velocity and shear are derived. Results demonstrate that
time-variability in eddy viscosity leads to significant changes to the time-averaged velocity
and shear fields, with important implications for the interpretation of observations. These
findings mirror those of more complex numerical modeling studies, suggesting that some
of the rectification mechanisms active in those studies may not require feedbacks between

near-surface shear and viscosity, which are absent in the analytic models considered here.
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5.1 Introduction

The daily transit of the sun causes a daily cycle in surface heat flux that is a principal forcing
of upper ocean variability. This diurnal cycle in surface heat flux initiates a diurnal cycle
in temperature, stratification, and near-surface mixing (Smyth, 1854; Stommel et al., 1969;
Brainerd and Gregg, 1993). The effects of these changes have been the subject of widespread
study, both from the oceanographic perspective, where, beyond the purely physical implica-
tions, a host of bio-physical interactions on the diurnal scale have been identified (McCreary
et al., 2001; Kawai and Wada, 2007), and from the atmospheric perspective, where diurnal
sea-surface temperature variability is critical to boundary layer moisture content and con-
vection, which respond non-linearly to temperature (Chen and Houze, 1997; Clayson and
Chen, 2002; Dai and Trenberth, 2004). The ability of the diurnal cycle in surface heat flux
to modify low-frequency ocean temperature variability, a process termed rectification, has
also been widely studied in the context of models, where it is shown that diurnal variability
modifies the mean state on intraseasonal and longer timescales (Shinoda, 2005; Danabasoglu

et al., 2006; Bernie et al., 2007, 2008).

While the thermodynamic response has been the subject of much work, the dynamic
response remains less well understood. Observations have established that diurnal variability
in stratification can serve to inhibit turbulent vertical momentum flux, causing the near-
surface convergence of wind-driven momentum, and leading to the creation of a downwind
diurnal jet (Price et al., 1986). These jets are highly sheared, lowering the flow Richardson
number, allowing the development of shear instabilities that deepen the mixed layer before
the surface heat flux has changed sign, suggesting the dynamics of the ocean response are
intertwined with the thermodynamic response (Cronin and Kessler, 2009; Smyth et al., 2013;
Wenegrat and McPhaden, 2015a). Diurnal variability of mixing has also been implicated in
departures of time-averaged velocity fields from the predictions of classic Ekman theory
(Price and Sundermeyer, 1999), although the observational evidence alone has not been

conclusive in this regards (Lewis and Belcher, 2004; Rascle and Ardhuin, 2009).
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Much of the theoretical work on the dynamics of the ocean diurnal cycle has focused on
the use of slab layer models, which while useful in their simplicity, by construction do not
offer any insight into the vertical structure of the flow. Further, observations suggest that
Ekman theory provides a more consistent description of low-frequency variability than slab
layer models do (Davis et al., 1981; Weller and Plueddemann, 1996; Kim et al., 2014), and
hence utilizing slab layer physics to understand rectification effects may not be appropriate.
Thus, despite the recognized importance of the diurnal cycle, questions remain about the

dynamical response, in particular regarding the possible routes to dynamical rectification.

Important work on this topic was undertaken by McWilliams and Huckle (2006), and
McWilliams et al. (2009), in the context of idealized numerical models. In these works,
transient winds, surface buoyancy fluxes, and interior eddy fluxes were all shown to result in
rectification to the time-mean flow, attributed principally to modifications of the turbulent
boundary layer depth and nonlinearities in the parameterized eddy viscosity (McWilliams
and Huckle, 2006; McWilliams et al., 2009). These findings are significant contributions to
our understanding of dynamical rectification effects, particularly in their ability to elucidate
the terms controlling changes in turbulent mixing under different forcing regimes. However,
as is often the case, the greater physical realism enabled by the numerical model comes at
the expense of additional complexity, and thus the parameter dependence and underlying

physics are not as clearly illuminated as with theoretical approaches.

Here we take a simpler approach, situated in complexity between analytic slab layer
models and more realistic numerical models, and consider two models of the time-dependent
Ekman layer. In both cases the eddy viscosity is allowed to vary in time, approximating the
known time-variability of mixing by making an ad hoc assumption that it can be separated
from the wind-driven shear without feedbacks. This is at best a crude first-order approxima-
tion (cf. McWilliams et al., 2009), however the ability of the resulting models to reproduce
major aspects of the diurnal cycle in the near-surface ocean, as well their analytic tractability
and possibility for insight into the underlying physical processes suggest it is a worthwhile

exercise. In this respect, aspects of this work are similar to approaches used extensively in
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the study of the dynamics of low-level jets in the atmospheric boundary layer (Buajitti and
Blackadar, 1957; Singh et al., 1993; Tan and Farahani, 1998; Zhang and Tan, 2002), which
to our knowledge have not yet been applied to the oceanographic problem.

We begin in section 5.2 with consideration of the response of an ocean with time-varying
eddy viscosity to an impulsively started wind-stress. This model is used to examine the
initial formation process of near-surface currents. Results from this section suggest that
a time-periodic model is reasonable for the case of steady wind stress, and in section 5.3
we formulate an analytic model of a time-periodic Ekman layer with periodically varying
turbulent viscosity. This model allows for a simple expository discussion of the parameter
dependence, and the expected low-frequency rectification effects of time-dependent mixing

(section 5.4).

5.2 Time-Dependent Ekman Formulation

We consider a linearized model of time-dependent horizontal flow, written using complex

notation as @ = u + tv. The horizontal momentum equations are thus given by,
L s 1 "
Uy +ifu= —;Vp + (Ay(z, D)), (5.1)

with subscript ¢, and z, denoting differentiation with respect to time and the vertical coor-
dinate, respectively. It is assumed that the horizontal pressure gradient, Vp, is independent
of z, allowing separation into geostrophic and ageostrophic components. The focus of this
work is on the wind-driven flow, hence for the remainder we set Vp = 0, although we caution
that baroclinic pressure gradients can be expected to significantly modify ageostrophic flows
in the real ocean (Wenegrat and McPhaden, 2015b). For simplicity we also begin with an
assumption that the turbulent eddy viscosity, A,, is vertically constant. This assumption

will be removed in section 5.3. We thus seek a solution to,

i+ ifi = Ay(t)ils.. (5.2)
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Transforming @ = e~/ reduces (5.2) to the one-dimensional heat equation with a time-
varying coefficient,

@ = Ay (1) (5.3)

This equation arises in the study of a wide-range of physical phenomenon, including non-
Newtonian fluids where the viscosity is a function of the shear-stress (Lister and Stone,
1996), diffusion in porous materials such as concrete (Mangat and Molloy, 1994), and heat
conduction in radioactive materials (Cannon, 1984). For arbitrary A,(t) it is possible to find

a unique transformation of the time coordinate such that (cf. Cannon, 1984, 13.1.1-13.1.8),
U_}< = wzzu (54)

where

Clt) = /0 A,(T)aT. (5.5)

Here we are interested in solutions corresponding to an impulsively started wind stress, with

no initial velocity distribution #(z,0) = 0. The boundary conditions are given by,

7(t)
pA,(t)’
4—0, z—> —o0, (5.7)

u.(0,t) = (5.6)

which are the standard boundary conditions on the Ekman problem. The solution to (5.2)

is thus,

e e ()
— — ¢ ) ——~(d 5.8
TN w7 dn, (5.8)
= A, (T)dT. 5.9
W = [ A (5:9)

This solution was considered briefly by Csanady and Shaw (1980), in regards to a constant

wind-stress and an exponentially asymptotic A,(t), and we expand upon that work here.
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An intuitive way to write (5.8) is as a convolution between a transfer function and the

time-dependent wind stress,

@ = h(t) * 2, (5.10)

where
e—zft 42

) F@(ﬂewcz(t), (5.11)

and Y (¢) is the Heaviside step-function. Equation (5.11) thus represents the surface cur-

h(t) = Y(t

rents generated in response to an impulsive wind-forcing, a combination of decaying inertial
oscillations, and diffusive momentum transfer over a time-dependent depth scale of 2@
(Lewis and Belcher, 2004). In the case that A, is constant in time, this reduces to the
Fredholm solution given by Ekman (1905), and considered further by Gonella (1971, 1972),

~ efift 2

h(t) = Y () =™

¢ T (5.12)

While the solution (5.8) is fully general in regards to the time-dependence of A,, we are
particularly interested in the role of time-periodic A,. This is motivated by observations of
the diurnal cycle of the upper ocean, where an increase in afternoon thermal stratification
modulates mixing (Brainerd and Gregg, 1993; Bond and McPhaden, 1995; Smyth et al.,
2013; Wenegrat et al., 2014), and leads to the acceleration of a sheared diurnal jet (Price
et al., 1986; Cronin and Kessler, 2009). This diurnal jet has been shown to play an important
role in modulating air-sea interaction, as it can lead to shear-instability mixing of the near-
surface layer, limiting diurnal sea surface temperature anomalies (Wenegrat and McPhaden,

2015a), thus coupling the dynamic and thermodynamic response.

Our focus for the remainder of this section is thus on eddy viscosities of the form,

Ay(t) = Ayo(1 4 dcos(wt + 1)), (5.13)
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where A, is the time-mean eddy viscosity, § € [0,1), w = %, and ® is the phase of A,

relative to the onset of the wind forcing.

Insight into the dynamics of (5.11) can be had by examining the transfer function in
the spectral domain. The Fourier transformed (5.11), which we denote H(o), gives the
ocean velocity response to rotary wind stress at each frequency, with positive (negative)
frequencies representing anti-clockwise (clockwise) rotation (Gonella, 1972). The amplitude
of the theoretical response function is infinite at ¢ = —f, the resonant inertial frequency
(figure 5.1), and decays rapidly outside the inertial band. The phase of the transfer function,
relative to the rotating surface wind stress gives information about the vertical structure of

the forced currents, as shown in figure 5.2, with a frequency dependent Ekman depth defined

as hpr(0) = \/|24,0/(f + o)|. In the constant A4, solution surface phase is always £45°, with
a 90° phase shift across the negative inertial frequency, representing the lead-lag relationship
of the currents to the rotating wind stress (Gonella, 1972; Elipot and Gille, 2009).

Notably, although the time dependence in A, considered here, as given by (5.13), does
not change the time-mean value, it introduces a complex modulation of the Ekman transfer
function across all frequencies bands, including as ¢ — 0. Particularly significant changes in
vertical structure are also evident at the frequencies 0 = —(f & w). The sensitivity at these
frequencies can be best understood in a frame of reference following the rotating surface
wind stress vector. In this frame, the wind stress remains constant in direction, and inertial
oscillations will appear to be rotating at frequency ogsr = F|w|. The time-varying A, is
thus phase-locked with the apparent inertial oscillation, introducing significant modifications
to the vertical structure of the currents, as well as small variations in amplitude (figure 5.1).
At the diurnally resonant latitudes 30°, where f = 4w, this modulation will occur for a
steady-wind stress forcing, suggesting the low-frequency vertical structure of currents at these
latitudes may be particularly sensitive to diurnal variations in mixing. This mechanism is
distinct from the resonance of local inertial oscillations with diurnally varying winds. Similar
effects might also be expected at other latitudes due to physical processes, such as baroclinic

tides or inertial shear, which modulate near-surface mixing at different frequencies. This
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finding, and the nonlinear dependence of (5.8) on (5.9), suggests that time-variability in A,

will give rise to a low-frequency rectification, the focus of section 5.4.3 below.

The sensitivity to the phase of A, in the transfer function can be best understood by
examining the early formation of an Ekman layer in response to an impulsively started steady
wind stress (figure 5.3). This process can be divided conceptually into three regions (Pollard
et al., 1973; Lewis and Belcher, 2004). The first region falls between the depth scale of
diffusive momentum penetration (red line, zp;ff(t) = 4Q)(t)), and the arrest of the flow
by rotation (solid black line, zg.(t) = —fthgg). In this region the flow is accelerated by
the turbulent momentum flux convergence, which is sensitive to the early values of A,(t).
Later, for z > zg, and t < 2f~! the flow begins to be turned by Coriolis. When t >
2f~! the solution consists of a surface Ekman layer and decaying inertial oscillations. An
alternate definition of the Ekman depth thus arises as simply the depth scale of diffusive
penetration before arrest by rotation at half a pendulum day, hpr = 2pirr(2f7') , hence,

hgr = f 2/7 A,(T)dT, which is sensitive to the initial values of A,

The characteristics of the initial surface velocity response to rotary wind forcing at dif-
ferent frequencies can be seen in figure 5.4, where orange lines indicate the standard time-
dependent Ekman solution (Gonella, 1972), § = 0, and blue lines indicate § = 0.8. The
modulation at 0 = —(f + w), as discussed above, is evident, as is the inertial resonance
which is not affected by the time varying A,. At ¢ = —w there is evident hysteresis, with
the time-mean currents dependent on the early spin-up trajectory. For steady-state forc-
ing the initial spin-up is as discussed in regards to figure 5.3, with the phase dependence
disappearing on the timescale of the initial transients, t ~ f~!. Of particular interest is
the oscillatory steady-state response to the steady-wind forcing, which alters the time-mean
flow, hence rectifying the diurnal cycle of mixing to the steady-state solution. We can take
advantage of the oscillatory nature of the response, along with the independence from the
initial phase during spin-up, to seek periodic solutions for the case of steady-wind forcing

which further clarify these dynamics.



110

5.3 Time-Periodic, Steady Forcing

As in section 5.2, the linearized wind-driven component of the flow will satisfy,

T+ ifid = (Ay(2, 1)), (5.14)

considered here subject to the following conditions,

2
Az, t) =z, t + =), (5.15a)
w
7__‘
7.(0,t LA 5.15b
:(0.1) pA,(0,1) (5:15b)
u—0, z— —o0. (5.15¢)

Equation (5.15a) expresses the periodic-time boundary condition, with frequency w. As
above, we will identify this with the diurnal cycle, although the solution is valid generally
for any w. The surface boundary condition, (5.15b), is the standard shear-stress boundary
condition, as used in (5.6), however here the wind stress is assumed constant in time, and the
eddy viscosity is allowed to be a function of both time and space, A,(z,t). The results of this
section are not sensitive to the particular bottom boundary condition, hence for simplicity
we use, (5.15¢), the standard Ekman bottom boundary condition. The derivation given can
easily be applied to alternate boundary conditions.

Ay(z,t) is assumed to be a known parameter, and we require that it be separable in time
and space, A,(z,t) = A(2)K(t). The dimensional vertical structure, A(z), can take any
form that satisfies the requirements of a Wentzel-Kramers-Brillouin-Jeffreys approximation
(WKBJ, Bender and Orszag, 1978), discussed below. However, we require that the time

dependence take a particular form (Buajitti and Blackadar, 1957),

K(t) =1+ dcos(wt), (5.16)

with 0 € [0,1), determining the strength of the periodic cycle of mixing. These mathemati-
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cally expedient requirements on A, are not expected to accurately reflect the diurnal cycle
of near-surface mixing, which remains an active area of observational work. Notably, param-
eterizations based on similarity theory with time varying boundary layer depth, such as the
K-Profile Parameterization (Large et al., 1994), result in A, where space-time dependence is
not separable. However, the idealized form of A, we use here can be justified in part based on
observations of the diurnal cycle of near-surface A, which suggests that a sinusoidal time de-
pendence is a reasonable first approximation (Wenegrat and McPhaden, 2015a). An example
composite diurnal cycle, estimated indirectly from ~ 3 months of moored observations fol-
lowing the method given in Wenegrat et al. (2014), is shown in figure 5.5, demonstrating the
essentially sinusoidal time-dependence. Further support for this idealized time-dependence
of A, comes from a posteriori comparisons of the theory with more complete numerical mod-
els (section 5.4.1, and Appendix A). Note also that the periodic time-variability in (5.16)
introduces no change to the diurnally averaged A,, which simplifies comparison to the steady

(0 = 0) solution.

Similar to the approach taken in section 5.2, we define w(z,t) = ¢/!ii(z,t), and rewrite
equation (5.14) as,
Wy(z,t) = [A(2) K (t)W(z,t),]. (5.17)

Transforming the time coordinate, such that ( =t + § /wsin(wt), gives,

i = [A()d]. (5.18)

In the new coordinate system the periodic boundary condition can be written as, w(z, (+

20) — 4j(2,¢)e S (Zhang and Tan, 2002), which is true of,

W(z,¢) = wy Z W, (2) eI FE, (5.19)

n=—0oo
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Substituting Eq. 5.19 into equation 5.18 gives a series of ordinary differential equations,

[A(2)(W,,).]. —i(f + nw)w, = 0. (5.20)

Each of the n-equations defined by Eq. 5.20 can be approximated using the WKBJ

method (Grisogono, 1995), which assumes,

Wy, X g (SoteSi+éss..) (5.21)

Non-dimensionalizing gives,
Ek,, [A(z)(wn)gg + A(z})gwé] — i =0, (5.22)
where the hat notation indicates non-dimensional quantities, Fk, = (ff:wW’ and Ay is a

representative scale value of A,. We identify D with the depth scale over which A(z) varies,
as per the discussion in Wenegrat and McPhaden (2015b). Ek, thus characterizes the ratio
of the depth scale of the n* mode boundary layer to the depth scale over which A(z) varies.
Using (5.21) in (5.22) gives € ~ Eké, and the WKBJ balance equations,

So = \/Z/OA(Z)—% A (5.23)

Sy = —}1 log A(2). (5.24)

Use of the WKBJ approximation requires that,

1
EE2ZS 1
L <1, EkZ—=o, (5.25)
So
1 1
EBkiS, <1, EkZ—0, (5.26)

which physically can be understood as requiring slow variation of A, relative to the boundary
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layer thickness of the n'® mode. The constraint this places on the validity of the WKBJ
approximation will be strongest for the n = 0 mode, as higher modes become rapidly surface
trapped. We also require that A(z) > 0, so as to not violate (5.25), although this restriction
can be removed by patching an appropriate inner solution as in Wenegrat and McPhaden
(2015b). A specific case where this WKBJ expansion is formally incorrect is the case of
f = £nw, where mode Fn will have Ek, — oo. However, these modes are zeros of the

Bessel functions used in the solutions below, so do not contribute to the total solution.

The solution for an arbitrary mode after application of the bottom boundary condition

is thus,

Wa(2) = CpA(z) G V2 hip(£)dZ, (5.27)

such that h, g, defines the mode’s depth dependent Ekman depth, h,gr(2) = \/2A(z)/(f + nw).

The upper BC can be considered by returning to the series expansion Eq. (5.19), in terms

of w,(z, ().

o ift(¢)
Cov/2ixn (0)h L (0)A(0) HelilF4mod = &~ 5.28
where we have set wy = %’J, and,
V=21 A(z2),
Transforming back to the original time coordinate,
oo ift
V2, hfl A -1 i(f+nw)t+i§(£+n)sin(wt) — € ' )
> CaV2ixa(0)h, 1 (0)A(0) e OI0) (5.30)

n=—oo

Writing K (t) as K(t) = 1+6/2(e™* +e~**)  and dividing through by the right-hand side
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gives,

S OV (O (0)A0)

n=—oo

J

|:6inwt+i5(£+n)sin(wt) + gei(n+l)wt+i5(£+n)sin(wt) + §6i(n—1)wt+i§(£+n)sin(wt) -1 (531)

Note that if integrated in time each of the exponential terms takes the form of a Bessel

function of the first kind (Temme, 1996; Zhang and Tan, 2002), thus,

o0

> (—1)"Cuv2in (0 (0) A(0)
J"((S(g +n) - an+1<5<§ +n)) - anl(é(g +n))| =1. (5.32)

Such that the surface boundary condition is satisfied if,

N =200,(6(L + n)) bk (0) (5.33)

= ) L (0A0)

For simplicity in presentation we assume that A does not vary significantly at z = 0
relative to the mode Ekman depth, ie. x,,(0) ~ 1, although we retain this factor in subsequent

calculations.

The full approximate solution is thus given by,

u(z,t) = W if Z (—=1)" LJn () Qu(2) gnettmsin@h) | (5 345)

ﬁ—/
P/ fA(0) n=—00 R f+nw T 11

-

I
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where
_ A(0) i —(144) [Ph L (2)dZ
Q,(2) = (A(z)) e / , (5.34b)
Vo = (5(5 +n), (5.34c¢)

and where J, is the n'" Bessel function of the first kind (Temme, 1996).

The term outside the summation defines the standard Ekman velocity scale, as arises in
the steady-state problem. This amplitude term then multiplies an infinite series of oscillating
vertical modes, with vertical structure determined by the boundary layer ordinary differential
equation (5.20). Term II (eq. 5.34b) defines the vertical structure of each individual mode,
each of which is a solution to a steady-state Ekman problem with a modified rotational
frequency of f + nw. Thus, higher modes are progressively more surface trapped, with
boundary layer depth scale h,gr. The extent of the vertical trapping of higher modes can be
noted by considering that for the diurnal period considered here, mode n = 2 has a vertical
depth scale less than that of a traditional Ekman layer at latitude 90°. It follows from this
that, in the time-periodic problem, oscillating A, leads to a shoaling of the mean flow relative
to the constant A, solution.

By construction the vertical derivative of the full summation in (5.34a) will always equal
unity for z = 0. However for a given value of 4 some modes will be excited more than others.
Term I of (5.34a) thus can be considered as determining how efficiently the wind stress
projects onto each mode, with higher values of ¢ leading to more significant excitation of
higher modes (figure 5.6), with rapid roll-off for increasing n. The ratio f/w in v determines
the symmetry of modes that are excited, with f/w — 0 leading to a symmetric excitation
of positive and negative modes, whereas larger values of f/w are skewed towards positive
modes (figure 5.6). For 6 = 0, Jy(0) = 1, such that only the zeroth Bessel function is excited,
and the steady state Ekman solution is recovered.

The time-dependence in (5.34a) is a complex modulated oscillation (figure 5.7). Math-

ematically the time-dependence takes the form of a frequency-modulated signal, w, with
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carrier frequency nw. This similarity can be exploited to rewrite (5.34a) with a simpler
time-dependence, at the expense of a more complex expression for the mode amplitude and

depth dependence,

—

de) =2 30 Y [t ) ) () e 539

Py fA(O) l=—0c0on=—00 f + nw

5.4 Discussion of Results

In this section several pertinent aspects of the time-periodic solution (5.34a) will be explored,
including a quantitative formulation of the rectification of velocity and shear in the time-

averaged solution.

5.4.1 Qualitative Solution Characteristics

Figure 5.8 shows an example solution hodograph, where it assumed that A, is elevated
between 1800 — 0600 hours, with the daily minimum occuring at 1200 hours. Velocity vectors
trace closed contours over a 24 hour period, the time average of which is shown (heavy black),
and which can be compared to the steady-state Ekman solution (dashed black). Differences
between these lines represent rectification of the diurnal variability in A, to the low-frequency
velocity. Understanding and quantifying these rectification effects is the focus of section 5.4.3
below.

Further insight into the solution comes from considering the solution in the time-depth
plane. Figure 5.9 shows an example solution for a mid-latitude Ekman layer forced by a
constant zonal wind stress. In the early morning hours A, is high, and the Ekman layer is
at its deepest. As A, decreases towards its mid-day minimum the Ekman layer begins to
shoal, most clearly evident in the shoaling of the zero zonal velocity line from ~ —1hggg to
~ —0.5hgro. A surface intensified diurnal jet develops (Price et al., 1986), associated with a
highly sheared near surface layer. Below this high shear region, weak anticyclonic oscillations,

with upward propagating phase, begin. In the near-surface ocean, near-inertial variability
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with upward propagating phase is often attributed to inertial waves with downward energy
propagation. However the one-dimensional nature of the solution considered here precludes
the existence of inertial waves, and instead suggests these features should be interpreted as
inertial oscillations, with phase propagation determined by the diurnal cycle in viscosity, as

discussed further below.

The primary zonal momentum balance throughout the diurnal evolution is between the
Coriolis acceleration, —fv, and the turbulent momentum flux convergence, (A,u,),, con-
sistent with Ekman layer dynamics (figure 5.10). Near-the surface there is an alternating
acceleration and deceleration of the flow on either side of the diurnal jet maximum, with
weaker, upward propagating signals below. These signals are balanced largely by Coriolis
acceleration, particularly in the deeper portion of the layer, a signature of inertial oscilla-
tions. These signals can thus be interpreted as inertial oscillations initiated by the loss of
Ekman balance caused by the decreasing mid-day A,. In this manner they are similar to
the inertial oscillations observed in simple models of the nocturnal low-level jet in the atmo-
spheric boundary layer, where it is found that a layer which abruptly transitions from viscid
to inviscid dynamics, representing the change between daytime and nighttime dynamics,
causes inertial oscillations around the mean state solution (Blackadar, 1957; Van de Wiel
et al., 2010). In the model considered here the reduced A,, as contrasted to a full transition
to inviscid dynamics, leads to inertial oscillations which progressively shoal, following the
shoaling Ekman layer.

Figure 5.11 compares a more realistic simulation from a 1D model forced by a diurnal
cycle in surface buoyancy fluxes (Appendix A), utilizing the KPP parameterization (Large
et al., 1994). The right panels represent the time-periodic solution, forced by the same surface
wind stress, using values of A, diagnosed from the KPP model output. Major features are
well reproduced, including the near-surface diurnal jet, mid depth minima in zonal velocity,
descending shear layers, suppressed nighttime shear, and enhancement of shear near the
base of the turbulent boundary layer. Other features which are not well reproduced are the

stronger inertial oscillations below the boundary layer evident in KPP, arising in part from
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the slow decay of initial transients associated with the lack of internal wave radiation in the
1D model configuration, as well as the deep evolution of the descending diurnal shear layers,
whose descent slows in the KPP model relative to the theoretical prediction, likely due to

the space-time coupling of turbulent viscosity in KPP.

5.4.2  Parameter Dependence

In this section the parameter dependence of the solution (5.34a) will be explored to illustrate
how the dynamics evolve across different regimes. The aspects of the solution unique to the
diurnal cycle are evidently controlled by only two parameters, § the strength of the diurnal A,
cycle, and f/w, the ratio between the local inertial frequency and the period of the viscosity.
Figure 5.12 illustrates the modification of boundary layer currents as J is varied. Increasing
0 increases the strength of the near-surface diurnal jet, as expected from the momentum
balance discussed above. The strength, and location, of the inertial oscillations are also
effected, with increasing ¢ leading to higher velocities, occurring closer to the surface and
slightly later in the day. Similarly, with higher ¢ the enhanced near-surface shear persists
later in the day, with evident subsurface maxima occurring several hours after the minimum

A,.

Figure 5.13 compares the effect of varying latitude, holding ¢ constant. At low latitudes
an afternoon deepening of the sheared diurnal jet is evident, whereas the shear response
becomes increasingly symmetric around the mid-day minimum in A, as latitude increases.
Upward phase propagation is evident only for 45°, which may arise from the inability of the
periodic domain considered here to support inertial oscillations for latitudes < 30°, where
the inertial period exceeds 1 day. This evolution is also affected by the vertical structure of
A, (figure 5.14), with lines of constant phase more nearly horizontal for values of A, which

decay away from the surface.
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5.4.83  Rectification

Diurnal variability poses a challenge for the interpretation of observational data in terms of
Ekman dynamics, as observations are frequently averaged in time in order to improve the
signal to noise ratio and remove other forms of variability. Understanding the effect of time
variability in A, is thus critical to understanding time-averaged observations. Integrating
the time-dependent solution (5.34a) over one diurnal cycle allows for comparison with the
steady state solution (§ = 0), which can be used to examine the rectification effects of the

diurnal cycle in mixing. We define a diurnal average of a quantity X (¢) as,

27

(X) = — /0 © X(t)dt. (5.36)

T or

The solution for velocity averaged over one diurnal cycle is given by,

7, i{ VT

e s Ve

Jn (7)? Qn(z)} (5.37)

This takes on a particularly simple form at the surface where,

- 7_—;0 — T - \/7 2
(o) =Pt 30 | (5.39)
py/ FA(0) nzz_oo Vi +nw
As discussed above, the squared projection coefficients, J2, roll off quickly with increasing
mode number, particularly with the (f + nw)_% dependence. Thus, the time average so-
lution for velocity will be dominated by the low modes. Similarly, the solution for surface
shear averaged over one diurnal cycle can be found by vertically differentiating (5.37) and

evaluating at z = 0,

(ﬁzm)) = pATEJO) Z In (’771)2 (5-39)

n=—o00
The higher modes will contribute more to the time average shear solution, which will lead

to larger rectification effects, emphasizing how surface velocity and shear will have different
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responses to diurnal cycle in mixing, a result which is independent of the vertical structure

of A,.

A simple normalized measure of rectification, for a variable, X, can be defined as,

o _ 01— IX]]

Xg = T, (5.40)
where angle brackets as before represent averaging over the diurnal cycle and the bar notation
represents the steady state solution, assuming no time variability in A, (6 = 0). This measure
of rectification, (5.40), can then be applied to modeled and theoretical values of velocity and
shear to assess the degree of rectification. This is shown for velocity and shear in figure 5.15
as functions of the controlling parameters. Velocity rectification increases with increasing 9,
with reduced rectification effects at low-latitudes, due in part to the enhanced total velocities
in the Ekman solution as f — 0. Shear rectification is essentially latitude independent,
which can be anticipated from (5.39), with a rapid increase at high 6 and maximum values
of (7;{ > 3 as 0 — 1. Thus while both velocity and shear are subject to rectification effects

at all latitudes, the vertical structure of the time-averaged currents are more sensitive to

time-variability in A, than their magnitude, consistent with the findings from section 5.2.

As a basic confirmation of this parameter dependence we compare the approximate theory
to a numerical solution which does not impose the same constraints on periodicity. To do this
we numerically solve (5.2), subject to the boundary conditions (5.6) and (5.7). This initial-
boundary value problem is initiated from a state of rest with a constant zonal wind stress,
and the solution found for a sinusoidally varying A, using a finite element Galerkin method
(Skeel and Berzins, 1990). Model integrations are carried out for 50 days, and averages are
taken over the last half of the integration. Rectification in this idealized model can be seen
to follow closely to the theoretical prediction (figure 5.16), with only slight deviations for the
predictions of shear rectification at high d, potentially due to the finite difference estimates of
shear we employ here. This result holds regardless of latitude, suggesting the time-periodic

domain is not unduly influencing this result. Comparisons to a more complete model are
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presented in Appendix A.

One additional consequence of the changes in the time-mean solution introduced by time-
variability in A,, (5.37), is that the time-mean current no longer directly satisfies a steady
state Ekman solution. It can thus be anticipated directly from the solution that in order
to effectively fit a steady Ekman layer solution to the resulting currents it will be necessary
to define an ‘effective’ A, which may differ significantly from the mean of the time-varying
values, a result familiar from previous work on Ekman layer rectification (McWilliams et al.,
2009).

Following McWilliams et al. (2009, equations 19-21) we can find a complex, depth-
dependent, effective eddy viscosity AZ// that fits the time-rectified diurnal solution to a
steady-state Ekman model. This is shown for a diurnal cycle of A, that is uniform in depth,
which more clearly illustrates the modifications arising solely from diurnal variability (figure
5.17). The diurnal cycle of A, leads to a reduction in near-surface A/ necessary to gen-
erate the enhanced near-surface shears. In all cases there is a mid-depth maximum of AZ//
which moves deeper for increasing values of § (off vertical scale for § = 0.9). The effective vis-
cosity is rotated cyclonically relative to the mean shear, consistent with observations (Price
and Sundermeyer, 1999), and numerical models (McWilliams et al., 2009). These results can
be compared to those from McWilliams et al. (2009, their figure 20) which follow a similar
overall structure, suggestive that the rectification mechanisms captured here are relevant to

the more complete model physics considered therein.
5.5 Summary

In this work we have presented two simple models of the time-dependent Ekman layer with
time-varying eddy viscosity, intended as a basic approximation of the complex and interde-
pendent processes governing the real evolution of the ocean surface boundary layer under
time-varying forcing. These models have the advantage of simplicity, illustrating the basic
physics of how time-variability in mixing changes the ocean response to impulsively started

wind forcing (section 5.2), and rectifies to the time-mean solution (section 5.3). This simplic-
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ity comes at the trade-off of physical realism, particularly so in the constraints placed on the
vertical structure of eddy viscosity, and that the turbulent viscosity is not allowed to evolve
as a function of the resulting near-surface shear flows. The utility of these models can thus
be viewed principally as a means of building physical insight and isolating processes which
do not rely on these feedback mechanisms to occur, as for instance is discussed in regards
to the time-mean effective eddy viscosity found in section 5.4.3. In this regards they can
be considered similar to approaches adopted in the atmospheric sciences literature on the
dynamics of nocturnal low-level jets (Blackadar, 1957; Buajitti and Blackadar, 1957; Sheih,
1972).

As guidance for the interpretation of observations, several conclusions can be drawn
directly from the work presented here. The discussion of section 5.2 hints at the complexity
of trying to infer the true A, from measurements of interior velocities or boundary flux values
(Wenegrat et al., 2014), which in general will require solution of a non-linear equation, the
subject of a large body of literature on inversion techniques for the one-dimensional heat
equation (cf. Cannon, 1984). The common approach of fitting steady-state Ekman models
to time-averaged fields can be expected to result in values of A, possibly complex, which
depart significantly from the true values, complicating their interpretation. This follows
directly from changes in the mean vertical structure of the time-dependent solution, without
requiring any feedback mechanism between shear flow and A,,, providing a simple explanation
of observations (Price and Sundermeyer, 1999), that differs in interpretation from previous
investigations (McWilliams et al., 2009).

Time-variability in A, modifies both the early establishment of ocean currents and rec-
tifies to the low-frequency flow. Velocity shear is more strongly rectified than velocity, and
in both cases the magnitude of the rectification is only weakly dependent on latitude and
dominated by the strength of the periodic variations in mixing. Finally, we note the upward
propagating inertial oscillations which appear in our solution (figure 5.10), forced by the
diurnal cycle in viscosity, and with vertical phase propagation speed determined by the rate

at which the diffusive boundary layer shoals. The dynamics of these oscillations are exactly
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those implicated in the creation of atmospheric nocturnal jets (Van de Wiel et al., 2010),
however their presence in the oceanic boundary layer is less clearly documented, and hence

deserves further investigation.

5.6 Appendix A: Numerical Model

In addition to the basic numerical solution discussed in section 5.4.3, we utilize the MITgem
(Marshall et al., 1997), run in an idealized one-dimensional configuration with 2 m vertical
resolution, spanning from z = —500 to z = 0. This resolution is sufficient to resolve the
Ekman layer in all simulations used. The model is initiated from a state of rest with a
weak, vertically uniform, temperature stratification, equivalent to N? = 2 x 107°s72 (T, =
0.01Cm™). A two-component surface buoyancy flux is imposed, consisting of incoming
short-wave radiation which is absorbed in the surface layer using a Jerlov Type II absorption
profile (Jerlov, 1976), and an outgoing surface flux, held steady in time. The idealized diurnal

cycle is thus a repeating cycle of a function given by,

(£-0.5)

Qswr(t) = —Qoe_(W)Q, (5.41)

where Qy = 900 Wm 2, and ¢ ranges from 0 — 1 daily. A constant outgoing surface heat flux
is given by Qrw = 125 Wm =2 This particular profile leads to ~ 12 hours of heat flux into the
mixed layer (figure 5.18), which is an idealization taken to facilitate comparison between the
model results and theory. These surface fluxes are held constant in time and latitude, which
ignores variations in solar heat flux as a function of latitude and season, which will result in
variability at frequencies other than the diurnal. Also important to note is that this forcing
profile leads to a net heat flux into the ocean, which in the 1D configuration utilized here
can only lead to increasing temperature stratification at the base of the turbulent boundary
layer, affecting the evolution of the boundary layer depth. This can be accounted for by
imposition of a restoring interior heat flux (as in McWilliams et al., 2009), however here we

are simply comparing the basic theory to the model based on diagnosed fields, and are not
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concerned with the detailed evolution of the turbulent boundary layer depth, and hence we
do not impose additional sources of interior cooling.

Surface wind stress is taken to be purely zonal, with magnitude varied to affect variations
in the strength of the diurnal mixing cycle. Turbulent viscosity is parameterized using KPP
(Large et al., 1994), with parameters as in Large and Gent (1999), and calculated viscosities
are output at every time step. The calculation of surface layer viscosities in KPP couples
vertical structure and time-dependence, providing a more realistic model of near-surface
turbulence than the simple dependence we require in section 5.3. All model integrations are
performed for 100 days with a 20 minute integration time step.

The model output is principally useful as a point of qualitative comparison, as in figure
5.11. However, it is also possible to provide at least a basic assessment of the rectification
effects discussed in section 5.4.3. To do this we run the above model repeatedly, varying
latitude from 5° — 90° in 5° increments, and wind stress 7 = 0.1 — 0.4 Nm~2, holding the
diurnal surface buoyancy flux profiles constant across runs. In KPP the coupling of space-
time variability in A, means there is no principled manner to effect the decomposition in
order to estimate a steady-state solution for calculation of rectification values. Here we make
the simple ad hoc assumption that the vertical structure can be taken as the time average
A,(z) over the last-half of the integration period. We then estimate ¢ by fitting a diurnally
periodic sine function to the average A, in the turbulent surface boundary layer. Using these
two estimates it is possible to compare the estimated rectification to the theory, shown in
figure 5.19.

Velocity rectification is reproduced remarkably well, however shear rectification is greatly
overestimated for values of § > 0.8. Several reasons for this are suggested. One, the method of
estimating ¢ is somewhat arbitrary, as the coupling of spatial structure and time-dependence
in KPP means that near-surface A, is generally subject to smaller diurnal fluctuations than
deeper in the boundary layer. Shear rectification is particularly sensitive at high ¢ (figure
5.15), and hence may be particularly sensitive to incorrect estimates of this parameter.

Secondly, higher vertical modes contribute more strongly to shear rectification than velocity
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rectification. These higher modes, with their small vertical scale and the associated strong
shear, may be damped in a more realistic turbulence closure such as KPP, where wind-driven
shear feeds back into the determination of A,. Finally, the cases of high 0 tend to occur
at low latitudes, associated with the deeper boundary layers in KPP generated in response
to periodic buoyancy forcing (McWilliams et al., 2009), which results in increasingly non-
sinusoidal time-variability of A,. Hence, some of the departure of the model results from the
theory may implicate the time-varying structure of A, as departing from the basic theoretical

assumptions.
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Figure 5.1: Estimated transfer function amplitude, by phase. The theoretical constant
viscosity Ekman transfer function (dashed black) is unbounded at o = —f. All values shown
are estimated numerically for consistency, and normalized by the maximum estimated value
of the constant viscosity solution.
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Figure 5.2: Rotary spectral phase of the velocity transfer function, as a function of depth
(normalized by the steady state Ekman depth). Top: Steady Ekman solution. Following
panels, H (o) defined by the Fourier transform of (5.11), with initial A, phase as indicated
in the left column.
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Figure 5.3: Zonal current response to impulsively started steady zonal wind stress, with
d = 0.9, and phase, 1, as indicated on each panel. The diffusive depth scale —2,/Q(t) is
shown in red, the constant A, diffusive scale —2v/A,ot is dashed black, and the rotational
depth scale — fthgo in solid black. The dotted black line indicates the half-pendulum day,
t=2f"1
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Figure 5.4: Hodographs of the menagerie of spin-up problems resulting from rotary wind
stress forcing, with rotary frequency indicated along the bottom row, and A, phase indicated
at left. In each plot, zonal velocity is along the x-axis (m s~!), meridional velocity along the y-
axis (m s~!), and orange lines indicate the § = 0 solution, blue lines the solution for § = 0.8.
The solution is shown for 8 inertial periods, with problem parameters: |7] = 0.1 Nm™2
f=1x10"%s71 and A,y =1 x 1072m?s~ L.
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Figure 5.5: Composite diurnal cycle in A, at 0°, 23°W, z = —5.6 m, inferred from observa-
tions (blue), and a sinusoidal fit (dashed), with 6 = 0.35. These observations are discussed
in detail in Wenegrat and McPhaden (2015a, their section 4.1).
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Figure 5.6: Bessel function wind-stress coupling coefficients for the first £10 modes at 10°
(dashed) and 50° (solid), for values of ¢ as indicated
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Figure 5.7: Time dependence for the first +10 modes, assuming 6 = 0.9, and latitude 50°.
Top, real components, bottom: imaginary components.
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Figure 5.8: Example diurnal cycle velocity hodograph, with Ag, = 14m and § = 0.7. At each
depth the velocity vector traces a closed contour over one 24 hour period, plotted for selected
depths, beginning at z = 0 and decreasing in increments of 2m (thin lines, with color scale
indicating hour of day). The time averaged diurnal velocity is shown (heavy black), as is
the steady state solution (dashed black). All velocities are normalized by the steady-state
Ekman surface velocity.
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Figure 5.9: Modeled diurnal cycle at 45° N, for vertically uniform A,, and 6 = 0.75. Velocities
are normalized by 7/(pv/ fAw), and shear normalized by 27/(pA.o), twice the surface shear
for the constant viscosity solution. Contours are non-linearly spaced to capture the deep
variability.



135

| (AVuZ)Z

0 4 8 12 16 20 240 4 8 12 16 20 240 4 8
Hour Hour Hour

16 20 24

—_
8}

Figure 5.10: Momentum balance terms for the same case considered in figure 5.9, with values
normalized by 7/(phgko)-
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Numerical Model Theory

Figure 5.11: Comparison of numerical model and theoretical solution for 45°N, with 7 =
0.1 Nm~2. Parameters for the theoretical solution are diagnosed from the numerical solution
following the discussion in Appendix A, and the boundary value problems (5.20) are solved
numerically rather than utilizing the WKBJ approximate solution. Times of negative (red)
and positive (blue) net surface buoyancy flux are indicated in each plot for z > 0.
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Figure 5.12: Effect of varying ¢ with parameters and normalization as given for figure 5.9.
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Figure 5.13: Effect of varying latitude, with parameters and normalization as given for figure
5.9. Note both the velocity and depth normalizations are a function of latitude.
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Figure 5.14: Effect of vertically varying A,, such that A(z) = A,ge*"4», with parameters
and normalization as given for figure 5.9. Negative (positive) values imply A, that increases
(decreases) downwards. Solutions are found numerically.
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Figure 5.15: Parameter dependence of the theoretical rectification solution (5.40) for velocity
(left) and shear (right).
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Figure 5.16: Validation of the rectification implied by the time-periodic solution against a
numerical solution of the initial-boundary-value problem as discussed in section 5.4.3.
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Figure 5.17: Effective eddy viscosities inferred from the time mean solution for vertically
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by the true A,, angles (°) are relative to the local mean-shear direction.
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Figure 5.18: Idealized diurnal cycle of net surface heat flux used to force the numerical model
discussed in Appendix A.
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Chapter 6
CONCLUSION

The results presented in this thesis further our understanding of the dynamics of the
upper ocean, with an emphasis on how ocean dynamical processes affect the upper ocean
response to atmospheric forcing. Ocean sources of shear in the presence of viscosity act as
sources of stress, modifying boundary layer flows. Shear variability modifies the near-surface
eddy viscosity, with important implications for parameterizations. The dynamical response
of the wind-forced mixed layer to the diurnal cycle of surface buoyancy flux leads to a diurnal
cycle of turbulent mixing, associated with equatorial deep-cycle turbulence. Rectification of
time-varying mixing modifies the low-frequency boundary layer flow.

Understanding of the upper ocean response to surface forcing is thus predicated on an
understanding of the feedbacks and interactions between physical processes which occur
in the boundary layer. Many of these interactions and physical processes remain poorly
understood compared to the basic theoretical conceptual model of an ocean responding
passively to surface forcing. The broad range of spatial and temporal scales over which
these dynamics are active, as well as the intrinsic difficulty of observing this near-surface
layer, make this an ongoing challenge for the oceanographic community. However, the broad
importance of understanding these boundary layer dynamics suggests that it should remain

a focus for future theoretical, numerical, and observational work.
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