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Computer Science and Engineering

Halide is a domain-specific language for high-performance image processing and tensor
computations, widely adopted in industry. Internally, the Halide compiler relies on a term
rewriting system to prove properties of code required for efficient and correct compilation.
This rewrite system is a collection of handwritten transformation rules that incrementally
rewrite expressions into simpler forms; the system requires high performance in both time
and memory usage to keep compile times low, while operating over the undecidable theory
of integers. In this work, we apply formal techniques to prove the correctness of existing
rewrite rules and provide a guarantee of termination. Then, we build an automatic program
synthesis system in order to craft new, provably correct rules from failure cases where the
compiler was unable to prove properties. We identify and fix 4 incorrect rules as well as 8
rules which could give rise to infinite rewriting loops. We demonstrate that the synthesizer
can produce better rules than hand-authored ones in five bug fixes, and describe four cases in
which it has served as an assistant to a human compiler engineer. We further show that it
can proactively improve weaknesses in the compiler by synthesizing a large number of rules
without human supervision and showing that the enhanced ruleset lowers peak memory usage
of compiled code without appreciably increasing compilation times.

We then turn from the goal of improving a handwritten term rewriting system to synthe-

sizing an entirely new one. We argue that an artifact from a TRS termination proof, a special



type of order over terms known as a reduction order, is an effective and expressive means
of writing a specification for a term rewriting system. We demonstrate its own on a case
study of another component of the Halide compiler called the variable solver. We present a
synthesis process that takes a specification written in the form of a reduction order and a
set of sample input expressions and produces a new ruleset. Furthermore, we show that we
can use this synthesis process to allow users to experiment with different specifications by
automatically generating new TRSs and evaluating them empirically, without ever handing

to write a rule by hand.
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Chapter 1
INTRODUCTION

Halide is a widely used, open source image processing language intended to deliver
very high performance in its compiled programs. Like many compilers, in order to apply
optimizations, the Halide compiler must perform a variety of analyses of the input program’s
properties. For example, if the user marks a loop to be fully unrolled, the compiler must infer
a constant upper bound for the extent of the loop. If the user marks a loop as parallel, the
compiler must prove the absence of data races. These analyses also affect performance more
than in most compilers. In Halide, the compiler infers loop bounds and allocation sizes. If
these are overestimated, the generated code may perform an amount of wasted work sufficient
to alter the computational complexity of the algorithm. The reasoning engines that make
these judgments within the Halide compiler are crucial to exploiting opportunities for these
optimizations. In fact, Halide relies so heavily on one of these engines that restricting it
to mere constant-folding causes a geomean 5.1x increase in compilation times and a 26.4 x
increase in runtimes across Halide’s benchmark suite.

Such a reasoning engine must balance three key criteria:

e Completeness: It must work in the theory of integers, which is undecidable, and
make use of operations such as Euclidean division and maximum/minimum which can
be especially difficult for automated reasoning. Any solver in this theory is necessarily
incomplete, but in general, the compiler can generate higher-performing code as the

reasoning engine becomes more powerful.

e High performance: However, the engine is called many thousands of times over the

course of a single compilation, and so requires high performance and low memory usage.



e Determinism: The compiler must always return the same result for the same program,

regardless of what platform runs the compiler, so the engine must be deterministic.

Halide addresses these reasoning tasks with term rewriting systems. Using a custom
algorithm that greedily applies rules in a fixed order and keeps only the expression being
currently rewritten as state, a term rewriting system (TRS) can provide the performance and
determinism that the compiler requires. This algorithm scales well in terms of the number
of rules in the TRS, so Halide developers continue to improve and increase the reasoning
engines’ power by refining the ruleset and adding new rules by hand.

However, maintaining term rewriting systems by hand presents significant challenges.
Rules are carefully inspected and fuzz-tested, but are not formally proven sound. The rule
application algorithm itself is not guaranteed to terminate, so changing, adding, or reordering
rules may result in cycles on untested inputs. Debugging the system can be difficult, since it
is not clear which rule or combination of rules is responsible for undesired behavior. The TRS
is not complete enough to address all compiler queries (for example, it may fail to compute
tight bounds on intermediate arrays, leading to over-allocations). Finally, the precise goal of
a reasoning engine, or the strategy it uses to achieve that goal, may be recorded only in the
form of the rewrite rules themselves. If developers are not familiar with an entire ruleset, or
the full variety of applications in which the ruleset is invoked, they may inadvertently add a
rule that makes the simplifier worse for some of its usecases.

In this work, we propose to show how authoring and maintaining term rewriting systems
can be made easier through the use of formal methods and program synthesis. We will
demonstrate how these techniques can support all degrees of human involvement: from
verifying the correctness of an existing handwritten term rewriting system, to learning new
rules to augment an existing system, to synthesizing a new ruleset entirely from scratch.

In this work we make the following contributions:



o We show formal methods and program synthesis can usefully assist the authors of term
rewriting systems. Formal proofs of soundness and guarantees of termination can find
bugs in large, widely-deployed term rewriting systems, and automatic program synthesis
can be used to find new rewrite rules to augment these systems. Our work has identified
and patched bugs in the Halide codebase, been used by Halide developers to support
code maintenance, and automatically produced new rewrite rules that have been merged

into the compiler.

o We present an effective means of encoding a specification for the synthesis of term
rewriting systems. Besides providing a proof of termination, we claim that reduction
orders can serve as a useful formalization of the intent behind a term rewriting system,

and can be used as a specification when synthesizing rewrite rules.

We evaluate our work in two case studies. In the first, we investigate the first claim by
using formal methods to enhance a pivotal term rewriting system within the Halide compiler
called the simplifier. We found that we were able to identify bugs, prove the absence of future
errors, and increase the rewriting power of the system. We review our evaluation of the first
claim in section [l

In the second case study, we take a look at a smaller and less mature term rewriting system
in Halide called the variable solver. Previously, we synthesized new rules for the simplifier
largely guided by its large existing ruleset. Here, we plan to evaluate our proposed means
of writing specifications for term rewriting system by synthesizing a ruleset entirely from
scratch. We lay out our means of writing specification and our evaluation of the synthesized

rulesets in chapter [5

1.1 Maintaining an existing term rewriting system

The Halide compiler contains a hand-authored term rewriting system commonly called the
simplifier. It is used in many cases within the compiler for making expressions shorter and

in a form better suited to downstream uses. Sometimes the simplifier is used as a prover:



the truth value of an expression is checked by rewriting it with the simplifier to see if it will
be rewritten to the constant true. At the time we began this work, the simplifier was fairly
mature: it had been deployed in production for over a year, was both unit tested and fuzz
tested, and comprised almost a thousand rules.

Is it necessary to apply formal methods to the authoring of term rewriting systems? In
chapter [3, we show that applying formal methods can identify and remedy real issues in the
simplifier TRS. Conversely, we observe that implementing expression-transforming code as
a term rewriting system is useful precisely because it allows easy integration with formal
methods. We also show in chapter {4] that we can improve this term rewriting system by
synthesizing new rewrite rules automatically and that this synthesis process can be used in the
compiler’s development process. This work has been published at OOPSLA 2020 [Newcomb
et al., [2020].

1.1.1  Proof of soundness

First, we formally verify that each rule in the Halide simplifier ruleset is semantics-preserving,
demonstrating that proofs of soundness are possible despite the lack of a decision procedure
for our theory. We do this by modeling the semantics of the Halide expression language in
SMT2. We then implemented a pretty-printer to translate each rule in the simplifier ruleset
to an SMT query to be checked by the solver Z3 [De Moura and Bjgrner} 2008]. About 12%
of the ruleset could not be verified by Z3, and we proved those rules correct by hand using
the proof assistant Coq |Coq Development Team, 2019]. Even though the code had been
deployed for over a year and had been fuzz-tested, we found that four of the existing rules
were incorrect and submitted patches. In constructing the Coq proofs, we also noticed that
17 rules had predicates that were overly conservative, and submitted patches for the relaxed
predicates as well.

While this project was ongoing, the Halide semantics for division was changed: division by
zero was no longer undefined behavior, but now returned zero. It was simple for us to amend

our modeled semantics and rerun rule verification in Z3. Again about 12% of the ruleset



had to be hand-proven using Coq, but we were able to leverage many of the existing proofs
from our previous verification. Our verification identified 44 rules which were not correct
under the new semantics and 37 rules whose predicates could be relaxed under the semantics
change. This shows the value of our formal methods infrastructure, which allowed Halide
developers to push a fairly major change with a higher degree of confidence in the soundness

of the simplifier than could have been achieved with either manual testing or fuzzing.

1.1.2  Proof of termination

The Halide simplifier algorithm successively applies rewrite rules until the resulting expression
can no longer be rewritten. Thus, if some sequence of rewrites to some input expression
can form a cycle, the simplifier algorithm will not terminate. These non-termination errors
have been observed in the past (resulting in the compiler throwing a stack overflow error
and crashing). Without a specific input expression on which to reproduce a cycle, it is very
difficult to examine a set of around a thousand rules and find a subset on which a cycle could
occur; even once a cycle has been identified, it is difficult to know the best way to repair
it. Without insight into how these cycles might be formed, it was possible to introduce The
ruleset was thus very brittle; deleting, altering, or reordering existing rules has caused new
non-termination errors in the past as well.

A term rewriting system can be proven to terminate using a formalism called a reduction
order [Baader and Nipkow, [1999]. A reduction order is an order over a language of terms;
if for every rule in a term rewriting system, we can show that the rule’s left-hand side is
strictly greater than the right-hand side in this order, then we know that there can be no set
of rules that can form a cycle, and thus the ruleset must always terminate. A reduction order
is distinguished by a few special properties to ensure that these ordering holds no matter
how input expressions are matched to the left-hand side term, as well as when a rule is used
to rewrite a subterm inside of a larger input expression.

We devised a reduction order that fit as many of the existing simplifier rules as possible.

Eight rules could not be fit to our ordering, and we submitted patches to either delete or



modify them. Once this was done, not only was a class of bugs eliminated, but the ruleset
could now be safely modified without fear of introducing new non-termination behavior. It
was also now safe to add any new rule so long as the rule conformed to the reduction order.

We observe that this reduction order serves to encode the meaning of simplification in
the context of the Halide TRS by formalizing what it means for a rule to usefully modify
an expression. While many notions of “simpler” are possible, we encode the specific criteria
for Halide expressions by defining an ordering over the left-hand and right-hand terms of
the rules in the TRS that captures the intentions behind the rewrites. This ordering means
that every local change caused by the application of a rewrite rule moves the expression in
some useful direction. By composing several orders lexicographically, we can express many
different intuitions about what makes an expression simpler in a defined priority: we may
want to remove as many vector operations as possible, then reduce the overall size of the
expression, and so on. Maintaining this order as an invariant over any future rules means any

additions to the ruleset will not undo progress made by existing rules.

1.1.8 Strengthening the ruleset

We can empirically observe that the simplifier ruleset is not sufficiently powerful to deal
with all expressions it may be called upon, by instrumenting the compiler and logging any
expressions that the simplifier cannot further solve. In the past, ruleset authors might look at
these failed expressions and write rules to address them by hand. In chapter ] we automated
this progress by synthesizing these rules instead.

However, even given the constraints imposed by the termination order, the space of
equivalences in the Halide expression language is infinitely large. How do we choose which
rules to add? We observe that there is some bias on the distribution of expressions seen by the
compiler on realistic inputs over the full expression space. We take advantage of this bias by
gathering expressions from realistic compilations on which the current TRS is “stuck” and can
make no further progress. We synthesize rules through a pipeline that takes these expression

as input and uses CEGIS loops to synthesize an equivalent right-hand side and (if necessary)



a predicate guard that indicates when it is safe to apply the rule. Our pipeline produces
more general rules by mining input expressions for larger patterns and by replacing constants
with fresh variables. We also find variants on synthesized rules by applying associativity and
commutitativity laws to their left-hand sides. We choose candidate left-hand sides for rules
from this corpus and synthesize equivalent right-hand terms that obey the termination order.
In our experiments, we found that our synthesis pipeline could produce patches to ruleset
bugs as good or better than those that were authored by hand. We also observed Halide
developers integrating the rule synthesizer into their workflow. Our synthesis procedure
is also capable of finding large numbers of useful rules without human oversight; although
the existing compiler is mature and well-tuned for our suite of benchmarks, we show some

performance gains without increases in compilation time when our newly synthesized suite of

rules is added to the TRS.
1.2 Synthesizing a new term rewriting system

For the Halide simplifier, we synthesized individual rules to augment an already mature term
rewriting system. Next, we demonstrate the synthesis of term rewriting systems completely
from scratch. We do this using the Halide variable solver as a case study. The variable solver
takes a Halide expression and a variable found within that expression (the target variable)
and attempts to eliminate as many instances of that variable as it can and isolate the variable
to one side of the expression as best it can. (If the expression is an equality, this would
consitute ‘solving’ the expression for the chosen variable.)

An idealized version of our proposed synthesis procedure is laid out in algorithm [1 This
procedure requires a goal function, which returns true if a term is in some desired form and
false otherwise; a semantic equivalence relation; and a reduction order over terms, as well of
a set of training expressions F, which should be representative of the types of expressions the
term rewriting system will take as input and a set of test expressions S on which to evaluate
the behavior of the term rewriting system.

The key input to the synthesis procedure is the reduction order over terms, which serves



as a specification for the synthesis of rules. The reduction order is a means of formalizing
either the intent of the term rewriting system—the form into which the TRS should rewrite
expressions—or the strategy by which the TRS will rewrite expressions to be closer to the
desired form. While TRS authors are likely to have good intuition as to what rewriting
strategy their system should employ, choosing the best reduction order for the task is still not
a trivial exercise. Our synthesis process gives users the chance to experiment and determine
which reduction order serves their purpose best; rather than hand-turning rules, they can
synthesize a ruleset entirely from scratch for a given reduction order and evaluate it directly.

We have used the Halide variable solver as a case study to demonstrate how synthesis
can be used to evaluate reduction order specifications. We lay out the refined synthesis
algorithm, with some discussion of how best to search the space of candidate rules, and show
how reduction orders can be encoded efficiently as metasketches. We evaluate our claims by
synthesizing two rulesets from two different reduction orders in a fully automated way and

evaluate their performance against the existing handwritten solver on a suite of benchmarks.
1.3 Outline of dissertation

In this dissertation, we first lay out some necessary background in chapter we give a
formal definition of term rewriting systems and related concepts, describe the two TRSs
within the Halide compiler that will serve as our case studies, and provide some discussion
of the rationale behind some of the Halide rewriting algorithm design choices. In chapter 3]
we detail our work proving the correctness of the Halide simplifier, showing that the TRS
is both semantics-preserving and guaranteed to terminate. Next, in chapter 4] we show
how we were able to increase the robustness of the simplifier TRS by using a key artifact
from our termination proof, a reduction order, as a specification to synthesize new rewrite
rules. We demonstrate that our synthesis process can produce high-quality bug fixes, discuss
some ways in which our techniques have been used to support Halide developers’ work, and
perform a large-scale experiment synthesizing an additional 4,000 new rules, with the effect of

reducing peak memory usage of benchmark programs with no increase in compilation times.



In chapter [5] we synthesize a ruleset for the Halide variable solver entirely from scratch, using
our method of specifying rulesets through reduction orders. We discuss the efficient encoding
of reduction order specifications using sketches, and furthermore show that our synthesis
pipeline gives users an automatic tool for empirically evaluating alternative specifications
without ever having to manually write rules. Finally, in chapter [6, we conclude with some

directions for future work.
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Chapter 2
BACKGROUND

We define term rewriting systems and give some background. We briefly describe Halide
and the Halide expression language we will be operating on throughout this work. We then
describe the uses of term rewriting systems within the Halide compiler, including the term
rewriting algorithm used by the compiler, the requirements that led to its design choices, and
the two term rewriting systems we use as case studies in this work, the simplifier and the

variable solver.
2.1 Term Rewriting Systems

Term rewriting systems |Gorn|, [1967] are sets of rewrite rules used to transform expressions
into a new form. Such systems are widely used in theorem proving |Baader and Nipkow,
1999 and abstract interpretation [Cousot and Cousot), 1977, 1979].

Terms are defined inductively over a set of variables V' and a set of function symbols
Y. Every variable v € V' is a term, and for any function symbol f € X with arity n and
any terms tq,...,t,, the application of the symbol to the terms f(y,...,%,) is also a term.
(Constants are considered zero-arity functions.) We refer to the set of terms constructed from
the variables V' and the function symbols ¥ as T'(3, V).

A rewrite rule is a directed binary relation [ — g r such that [ is not a variable, and all
variables present in r are also present in [ (i.e., Var(l) 2 Var(r)). A set of rewrite rules is
called a term rewriting system.

Consider a set of terms T'(X, V') such that ¥ = {&, ¢} and V' is an infinite set of variables.
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Let the term rewriting system R consist of a single rule:

R = {xlﬂﬂz —R Il@@}

We use R to rewrite the term

(yloyl)&(yzéyg)

The first step is matching; we find a substitution that will unify the left-hand side (LHS) of

the rule with the term we are rewriting. Here, one possible substitution is:

{z1 = (11 Ow), 2 — (y2dys)}

We then apply this substitution to the right-hand side (RHS) of the rule to obtain the

rewritten version of the original term:

(y10y1) O (y2dboy3)

2.2 Halide and the Halide expression language

The Halide compiler contains term rewriting systems that manipulate terms in the Halide
expression language. This language operates over vectors and scalars of integers, booleans,
and real values. However, in this work we concentrate on the TRS as it applies to integer
and boolean values, for both vectors and scalars, because the most important uses of the
TRS within the compiler apply to these types. The Halide expression language contains the
usual arithmetic operators and uses the Euclidean definition for division and modulo. It
also contains the boolean operators and, or, and not, as well as the usual comparators. The
select operator takes three arguments and behaves like an if-then-else statement, returning
the second argument if its first evaluates to true and the third argument otherwise. There are
two operators that can create vectors from scalars: broadcast(v, s), which creates a vector

of size s with each value initialized to v, and ramp(v, s, k), which creates a vector of size s
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(i) (i) (i) (iv)
Figure 2.1: We demonstrate the Halide rewriting algorithm using a TRS R = {max(x,z) —r
z,(x —y)+vy —pr z} and an expression min(a,b) — max(c, ¢) + max(c,c). The algorithm
attempts to simplify all subtrees bottom up; here, no rule applies to min(a,b) so it is not
changed. Next (i), rule 1 rewrites max(c, ¢) to c. No rule applies to min(a, b) — ¢, so we move
to the rightmost subtree and rewrite again (ii) to obtain ¢ from max(c, ¢). Finally, we consider
the entire tree min(a, b) — ¢) + ¢ (iii) and apply rule 2 to produce min(a, b). No rules match

this expression, so we are left with min(a,b) (iv).

where the first value is initialized to v and each subsequent value is increased by the stride k.
Most operators that take integer or boolean arguments can also take vector arguments whose

values are integer or boolean type respectively. For the full Halide expression grammar, see

appendix [A]
2.3 Term rewriting systems in the Halide compiler

2.3.1 The Halide rewriting algorithm

A term rewriting system is simply a set of rewrite rules; when we use a TRS to transform
an expression, we also need to define a procedure for applying those rewrite rules to the
expression. In a TRS, a single rule may be able to match an input expression in multiple ways,
and there may be multiple rules in the ruleset which could be used to rewrite the expression.

A term rewriting algorithm might choose one of many alternatives and later backtrack if it
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turns out not to be fruitful; it might make use of heuristics to choose a next step; it might
exercise all the alternatives and keep the results in equivalence classes, as in an e-graph. The
Halide term rewriting algorithm keeps only one expression in state and applies rules greedily,
in a fixed priority. This is very fast and requires very little memory; the tradeoff is that the
algorithm may pick the “wrong” rule and have no way of undoing that decision. Since the
rewriter is invoked thousands of times with each call of the compiler, it chooses to sacrifice
some solving power in exchange for performance.

The Halide term rewriting algorithm simplifies an input expression in a depth-first, bottom-
up traversal of the expression AST. At each node, it uses the root node to pick a list of
rules, then attempts to match the subtree expression with the rule LHSs in a fixed priority.
Matching is performed purely syntactically, using C++ template metaprogramming. Halide
rewrite rules contain special metavariables, called symbolic constants, that can match only
with constant values; all other variables can match any subterm as usual. When a match is
found, the algorithm rewrites the subtree expression using the RHS of that rule, and then
recurses and starts applying rewrites on the newly rewritten expression. If no rule matches
the subtree, the traversal continues; when the entire expression cannot be simplified further,
the rewritten expression is returned. See Figure for a worked example.

The rewrite rules optionally contain a predicate guard. These guards contain only special
variables whose values are known at the time of rule applicatiorﬂ when the LHS of a rule
matches an expression, its guard is evaluated and only if it is true will the rewrite be applied.

Halide rewrite rules are applied in a fixed priority, organized so that the TRS first attempts
very basic rules such as constant folding, then tries more specific rules before more general
ones. (We do not evaluate the current rule priority in this work.)

Associativity and commutativity laws are particularly troublesome for term rewriting
systems. For one expression e, the number of semantically equivalent expressions grows

exponentially in terms of the number of AC operations e contains. Some term rewriting

'Existing rules sometimes have predicates that check if non-constant variables can be shown to have
certain properties at compile time, but these are expensive and used sparingly.
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systems perform a full AC matching step during rewriting. Halide’s TRS does not perform
this matching, but instead includes multiple AC variations of rules. However, a small number
of Halide’s rewrite rules have the effect of canonicalizing some commutative expressions.
(For example, if a commutative expression has a multiplication as its first operand and a
subtraction as its second operand, a rule will switch their positions.) These rules are all early
in the application priority, so later rules can rely on expressions having a quasi-canonical

form.

2.3.2  The rewriting algorithm’s design requirements

Because a reasoning engine implemented as a term rewriting system may be invoked thousands
of times in a single compilation, the rewriting algorithm outlined above was designed to be
fast and use very little memory. For that reason the algorithm is non-backtracking and keeps
only one expression in state, sacrificing some potential solving power for performance. In
this work, we operate within the scope of Halide’s TRS algorithm and work to make the
TRSs used by that algorithm as correct, general, and robust as possible. Because the space of
expressions we consider constitutes an undecidable theory, any complete TRS is impossible.
Instead, we strive to improve correctness by ensuring the TRSs will always terminate on any
expression and that each individual rewrite preserves semantics; and we improve generality
by expanding the rulesets to contain rewrites that apply to real-world expressions, rather
than arbitrary new rules that may not apply to any expressions the compiler will encounter.

These improvements require overcoming challenging obstacles. First, we must perform a
post-hoc verification of a large body of existing rules; proving a subset of rules correct or that
a subset of rules do not result in infinite rewriting loops is insufficient to guarantee robust
behavior. Secondly, these rewrites operate in an undecidable theory, making automated
verification difficult. Finally, because of this undecidability, we cannot necessarily rely on
traditional automated techniques to discover new rules.

Given that we make use of the Z3 solver [De Moura and Bjgrner;, [2008] for both verification

and synthesis, it is natural to ask why Halide could not simply call Z3 as its reasoning
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Table 2.1: We compare the performance of Z3 and the Halide TRS in proving a set of 4304
expressions gathered from realistic compiler output. Note that expressions in the “not proven”
column include expressions that are true but not found to be so by the solvers as well as

expressions that are not true.

Tool ‘ Runtime ‘ Proven expressions | Not proven
73 Tm29s 1125 3179
Halide TRS 2s 885 3419

engine. 73 is the product of extensive development and is a very powerful, general-purpose
solver. However, the Halide term rewriting system has a few key properties that Z3 does
not: deterministic output, low memory and compute requirements, and domain-specific
optimizations.

As discussed above, the Halide compiler must return the same schedule every time the
same pipeline is run. Z3 can fix a random seed, but long-running queries may complete on a
more powerful server while timing out on a different machine.

While the Halide algorithm is less powerful than Z3, its deterministic, greedy rule
application strategy gives it a smooth performance curve, whether it succeeds or fails in
simplifying an input expression. A solver like Z3 tends to give very good performance most
of the time but gets bogged down in difficult cases, requiring the use of timeouts. The Halide
algorithm “fails fast”: on an input expression which does not match any rule, the Halide
algorithm will complete in time linear to the size of the expression, taking on the order of one
CPU cycle per term in the expression per rule in the TRS. To demonstrate this performance
tradeoff, we gathered 4304 expressions from queries the Halide compiler made when compiling
realistic pipelines, including both provably true expressions and expressions that are not
provably true. Z3 could prove approximately 30% more expressions true (within a 60 second
timeout), but was starkly less performant. As shown in Table , 73 took over 7 minutes to

check the set of expressions while the Halide TRS took just 2 seconds. This set of expressions
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is much smaller than the number of calls the compiler makes to the rewriter in compiling a
single pipeline.

Because the Halide algorithm at every step chooses one rule to apply to the single
expression it is working on, it scales well in terms of the number of rules in the TRS.
See Section for an evaluation of the effects of adding newly synthesized rules on the
performance of the compiler.

Finally, Z3 is a very powerful general-purpose solver, but Halide TRSs can be targeted for
their specific use cases. For example, when rewriting an expression to be shorter, gathering
like terms in some cases can actually prevent Halide or LLVM optimizations from applying.
The Halide TRSs use domain-specific strategies to guide expressions into more optimizable

forms and can be changed or tuned as needed if further optimizations are discovered.

2.3.8  The Simplifier

To compile an image processing pipeline written in the Halide language, the compiler must
perform a variety of analyses of the pipeline’s properties. For example, if the user marks a
loop to be fully unrolled, the compiler must infer a constant upper bound for the extent of the
loop. If the user marks a loop as parallel, the compiler must prove the absence of data races.
These analyses also affect performance more than in most compilers. In Halide, the compiler
infers loop bounds and allocation sizes. If these are overestimated, the generated code may
perform an amount of wasted work sufficient to alter the computational complexity of the
algorithm. These analyses all depend critically on the quality of Halide’s expression simplifier.
In fact, Halide relies so heavily on its simplifier that restricting it to mere constant-folding
causes a geomean H.1X increase in compilation times and a 26.4 X increase in runtimes across
Halide’s benchmark suite.

While the Halide compiler makes use of the TRS in numerous ways, the most important
applications of the TRS are its uses as a fast simplifier and as a proof engine. In many parts
of the compiler, the TRS is used to rewrite expressions into simpler forms, which are easier for

the compiler to reason about, and result in less code being generated for LLVM to consume
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at the backend. Most importantly, the compiler uses the TRS to simplify expressions into
constants or expressions that are monotonic with respect to loop bounds; these simplifications
are core to Halide’s ability to generate drastically different loop nests for different schedules.

For example, consider the simple two-stage imaging pipeline g(z) = f(x—1)+f(x)+f(x+1).
Halide enables programmers to fuse the computation of f into g at an arbitrary granularity
using the compute at scheduling directive. This requires Halide to automatically reason
about which region of f is required for a specific sub-region (or tile) of g, using interval
arithmetic over symbolic values for the size of a tile of g. For a tile size of 8, a tile of ¢
is the region [g.tile min, g.tile min+7]; the region of f required is [g.tile min-1,
g.tile min+8]; and the number of values of f to compute is then g.tile min + 8 + 1
- (g.tile_min - 1). If the TRS can determine this is a static value of 10, the Halide
compiler can then safely perform transformations requested by the user. In this case, the
compiler can use stack memory instead of inserting a dynamic allocation; or the loop can
be completely unrolled; the loop can be vectorized; or f can be mapped to GPU threads
(since a single threadblock must have a compile-time-known size). More generally, this kind
of region analysis operates most effectively when the expressions are monotonic in the loop
bounds; otherwise, interval arithmetic can result in vast overestimates of required regions.
These simplifications are essential for the compiler to work, and are usually not as simple as
this example.

The rules for simplifying to perform cancellations and ensure monotonicity are incredibly
important for compiler performance. When we disabled all but the constant-folding rules
to measure the importance of the simplifier, it was the absence of these specific rules that
caused the (26.4x) slow-down mentioned in Section [Il Without these rules, Halide is useless
for high-performance image processing.

The use as a proof engine occurs when the compiler must prove properties about the code
in order to guarantee the correctness of specific transformations or the relationships between
bounds of different loops or producer-consumer relationships. In such cases, the compiler

constructs an expression that must be true (or false) in order to guarantee correctness, then
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applies the TRS to see if the expression simplifies to a single constant boolean value.

For example, Halide uses Euclidean division, which rounds according to the sign of the
denominator. Lowering this to code requires emitting several instructions, which can be slower
than native division. When the compiler can statically prove the signs of the numerator and
denominator, in some cases the code can be replaced by native division or even a different
instruction altogether. For example, for an expression x / max(y, 1) the compiler will try
to prove 0 < max(y, 1). The TRS first invokes a rule to transform this to 0 < y || 0 < 1, which
then is transformed to true (since the second clause is always true). Thus, the compiler is
able to replace Euclidean division with machine division.

Simplifier failures have adverse results on the compiler, making it unpredictable and
thus difficult for Halide program authors to reason about the performance of their schedules.
When the TRS fails to properly simplify an expression or prove a property, the consequences

include:

e Insufficiently tight bounds on loops and allocations, which may result in runtime failures

(e.g. due to memory overallocation) or performance issues;

e Failure of the compiler to apply optimizations, also resulting in slow performance;

e Dynamic checks in the generated code for properties that could have been proven at

compile time, leading to slower code;

e Compilation failures, when the compiler is unable to correctly produce code even though

the properties required hold, or when the proof engine itself crashes or loops infinitely.

Thus, correctness and generality of the simplifier are essential qualities for making the

compiler robust and able to generate fast code.
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2.3.4 The Variable Solver

The Halide compiler contains a SolveExpression class that implements functionality that
we will refer to as a variable solver in this work. It takes an expression and a variable name
as inputs and ‘solves’ the expression for that variable, isolating it on the left of an expression.

SolveExpression currently rewrites expressions using a recursive visitor that “matches”
the expression using if statements. We have translated this into a term rewriting system
that contains about a hundred rules. This system is much smaller and less mature than the
simplifier, and using synthesis to author new rulesets will potentially result in much bigger
performance gains than we saw with the more highly optimized simplifier.

We formally define the purpose of the variable solver as follows. Let |t|, represent the
number of occurrences of the variable x in the term ¢t. We use the special variable z° to stand

for the target variable, or the variable that the TRS is 'solving’ for.

We say that a term ¢ is in solved form if it is in the form:

1. |t|s = 0 (the term t does not contain the target variable z'). If we took the term
(2t — 2') + y and rewrote it to y, y would be in solved form, as it does not contain any

instances of xf.

2. t = x' (the term ¢ is precisely the target variable x*). If we took the term z' + (y*(z — 2))
and rewrote it to 2!, 2* would then be in solved form, as it consists of the target variable

alone.

3. t = 2 ®t', where ® is any binary operator in the Halide expression language, and
||+ = 0. Terms in this form are only considered ‘solved’ if no term w in either of the
above two forms exist such that ¢ =, u. If we took the term (y 4+ z') + z and rewrote it
to ' + (y + 2), it would then be in solved form. (Note that z' + (2 + y) would also in
solved form.) However, ! + (y — y) would not be in solved form, since a semantically

equivalent term z! is in the second form.
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The variable solver in the Halide compiler is used to reason about the bounds over variables
and about their dependencies. As a worked example, let’s consider the TrimNoOps stage
of the compiler, in which the compiler tries to identify regions of loops in which no work is
performed and thus those loop iterations can be skipped completely.

Consider a simple Halide function over the variables x and y. Whenever 2 - x is greater
than y, the function returns 5, otherwise it returns nothing. The function is then tiled using

a 4 by 4 tile size.

Func F;
Var x, v;

f(x, y) = select(2 * x <y, 5, undef<int>());

Var xi, yi;

f.tile(x, y, xi, yi, 4, 4);

The code is lowered to a set of nested for loops. The variables  and y now represent the
number of tiles in their respective dimensions; at each iteration, they calculate the starting
point for the next tile as the variables yi base and xi base. The variables zi and yi then

iterate over each point in the current tile.

for(y=0; y < (y_extent+3)/4; y++) {
yi_base = min(y * 4, y_extent - 4);
for(x=0; x < (x_extent+3)/4; x++) {
xi_base = min(x * 4, x_extent - 4);
for(yi=0; yi<4; yi++) {
for(xi=0; xi<4; xi++) {
if (xi_base + xi)*2 < (yi_base + yi) {

flidx] = 5;
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Note that the body of the innermost for loop is an if statement. If the condition of the if
statement is true, the loop will set the current location of the output (here idealized as idz)
to the value 5. If the condition of the if statement is not true, then the loop will do nothing.
Thus, if we can identify regions of the innermost loop where the condition of the if statement
can never be true, we can optimize by skipping those regions entirely.

To see if we can identify such a region, we take the condition of the if statement:
(xi_base + xi) * 2 < (yi_base + yi)

and use the variable solver to ‘solve’ for the variable wi.
xi <= ((yi_base + yi) - (xi_basex 2) - 1)/2

Here the variable solver is successful in rewriting the condition in terms of x¢. Furthermore,
we are able to state the expression as an upper bound of xi. We can thus calculate the

maximum value of xz for which the inner loop will perform any work.
xi_new_max = ((yi_base + yi) - (xi_basex 2) - 1)/2

We can then use this new maximum as a new extent for the loop, allowing us to skip loop

iterations where no work will be performed:

for(xi=0; xi<(xi_new_max + 1); xi++) {
if (xi_base + xi)*2 < (yi_base + yi) {

flidx] = 5;
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The variable solver is used in various other places in the compiler as well. For example,
by ‘solving’ expressions within functions for relevant variables, the variable solver can remove
spurious dependencies and allow the compiler to place computations over GPU code more
efficiently. The variable solver is also used to attempt to prove associativity of functions. If
the operations within a function can be shown to be associative (for example, a sequence
of adds and multiplies), the compiler can rearrange the associative components in whatever
order will be most efficient. ‘Solving’ such an expression for each variable in turn has the

effect of normalizing it, making associativity easier to prove.
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Chapter 3
VERIFICATION

We improve the Halide simplifier term rewriting system by ensuring its soundness in two
ways: first, we verify that each individual rule is correct, meaning that the rewrite preserves
semantics. Then we verify that the term rewriting system is guaranteed to terminate on all
inputs by ensuring that no sequence of rule applications, on any input expression, can form a

cycle.

3.1 Correctness

We verify each individual rule is correct by modeling Halide expressions in SMT2 and using
the SMT solver Z3 [De Moura and Bjgrner} |2008] to prove that the rule’s left- and right-hand
sides are equivalent. Most Halide expression semantics map cleanly to SMT2 formulas. The
functions max and min are defined in the usual way, and select in Halide is equivalent to
the SMT2 operator ite. Division and modulo are given the Euclidean definitions in both
Halide and SMT2 [Boute, 1992], though division and modulo by zero is handled differently
(in Halide both evaluate to zero). All integer and boolean operators can be coerced to vector
operators on vector inputs of the appropriate type. Halide’s TRS uses two vector-constructing
operators, broadcast and ramp. broadcast(x, 1) projects some value x to a vector of
length [; because of the type coercion, we can simply represent broadcast(x, 1) as the
variable x in SMT2. ramp(x, s, 1) creates a vector of length [ whose initial entry has the
value z and all subsequent entries increase with stride s. In SMT2, we represent this term as
the symbolic expression x + [ * s, where [ must be zero or positive.

Given this modeling, for each rule, we assert any predicate guards are true, then ask

73 to search for a variable assignment that makes the LHS and RHS not equivalent. If Z3



24

indicates no such assignment exists, the LHS must be equivalent to the RHS and the rule
must be correct. We implemented an SMT2 printer for Halide rewrite rules that automatically
constructs an SMT2 verification problem for each rule. Rule verification using 73 is fully
automated and can be run for the current set of rewrite rules used in the compiler via a
script.

However, for 123 rules, Z3 either timed out or returned unknown. Nearly all of these
rules used either division or modulo. We used the proof assistant Coq to manually prove the
correctness of these remaining rules. In the course of these proofs, we discovered we were also
able to relax the predicate guards of 17 rules; for example, in some cases a rule with a guard
requiring some constant to be positive would be equally valid if the constant was non-zero.

This mostly-automated approach to verification assists with changing the language seman-
tics. Our initial work on verification was not on the semantics described above: division or
modulo by zero was originally considered undefined behavior. Since we had already modeled
Halide semantics in SM'T2, it was easy to alter the definitions of division and modulo and
re-run the verification scripts. We proved 141 rules manually in Coq after Z3 failed to verify
them; since in the previous round all Coq proofs included the assumption that all divisors
were non-zero, in most cases we had only to add a case to show that the rule was true when
the divisor was zero as well. In the course of reviewing these proofs, we identified 37 rules
whose predicates included the condition that a divisor be non-zero and where that condition
could safely be lifted. We found that 44 rules were not correct under the new semantics and

submitted a patch to amend them.

3.2 Termination

Under the umbrella goal of simplifying expressions, the Halide TRS uses many strategies: it
may attempt to make expressions as short as possible; it may factor out vector operations or
more expensive operations such as division; it may attempt to canonicalize subexpressions
so they can cancel or be shown equivalent. These strategies are not necessarily aligned and

may even undo each other. Crafting new rules can thus require a detailed understanding of
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the ruleset and its various applications. In this section we formalize the Halide expression
simplification strategy that was previously only encoded in the ruleset itself. In doing so, we
also prove that since each rule strictly makes progress in accordance to this strategy, the
Halide TRS always terminates.

Consider a term rewriting system containing only one rule: x +y —g vy + x. The term
3 4+ 5 matches the LHS of the rule and is rewritten to 5 + 3, which can again be matched
to the rule and rewritten to 3 + 5, and so on. Termination failures in the Halide TRS have
occurred in the pastﬂ causing unbounded recursion and eventually a stack overflow in the
compiler. This is tricky to debug, and may not always be reported by users, since the error is
fairly opaque. To show that this type of error has been eliminated, we must prove that there
is no expression in the Halide expression language that can be infinitely rewritten by some
sequence of rules that form a cycle.

Intuitively, we can think of Halide expressions as existing in some multi-dimensional space;
when an expression is rewritten by a rule, it moves from one point in that space to another.
If each rule always rewrites expressions such that they move monotonically in some direction
through the expression space, then no sequence of rules can form a cycle. These directions
correspond to our intuition about why certain rules are useful (like the examples at the
beginning of this section). We can consider each of these directions as a dimension in the
expression space. If we formalize this desirable ordering and show that all rewrites from one
expression to another strictly obey it, then we will have a proof of termination.

We provide this formalism and prove that the Halide term rewriting system must terminate
by constructing a reduction order, a strict order with properties that ensure that, for an order
> and a rule [ —g r,if [ > r, then for any expression e; that matches [ and is rewritten
by | —pr r into es, it must be true that e; > e,. Crucially, this order is evaluated over rule
terms, and not over all expressions that those terms may match. We take the definition of a

reduction order and the next two theorems from [Baader and Nipkow, 1999).

1See for example https://github.com/halide/Halide/pull /1525
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Theorem 3.2.1. A term rewriting system R terminates iff there exists a reduction order >

that satisfies | > r for alll —r r € R.

A reduction order is a strict order that must be well-founded, meaning that every non-
empty set has a least element with regard to the order, to prevent infinitely descending chains.

It must be compatible with Y-operations: for all expressions si, So, all n > 0, and all f € X:

S1 > S9 — f(tl,...ti,l,sl,tiﬂ, ,tn) > f(tl, ---ti71732>ti+17'--7tn)

for all 7,1 < i < n and all expressions ty,...t;_1,%;41,...,t,. This property means that if a
rewrite rule transforms a subtree in some expression e, the > relation is preserved between
the original expression e and the rewritten expression €¢’. Finally, a reduction order is
closed under substitution: for all expressions sy, so and all substitutions o € Sub(T(3,V)),
s1 > 89 = o(s1) > o(s2). When we match some left-hand side term [ to some expression
e, we are defining a substitution for each of the variables in [ with some subtree in e; we
then use that substitution to rewrite e to €¢’. If our order is closed under substitutions, we
know that for any expression we match to [, the resulting rewritten expression will obey the
ordering.

Choosing a single monotonic direction in which to rewrite expressions would be overly
restrictive. The Halide TRS is used both to prove expressions true and to simplify them;
when using it as a prover, we want to put both sides of an equality into some normal form, but
it doesn’t particularly matter what that form is. When using the TRS to simplify expressions,
on the other hand, reducing the size of an expression has important performance benefits.
Since we need an ordering that covers the full Halide simplification strategy, we make use of

the following theorem:
Theorem 3.2.2. The lexicographic product of two terminating relations is again terminating.

Thus, our strategy in finding a reduction order to cover the handwritten ruleset is to pick
an order >, such that for all rules | —x r, either [ >, r or [ =, r. Then, we pick another

order >; such that for all rules | — g r where [ =, r, either [ >, r or [ =, r. We continue in
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this way until a sequence of orders has been found such that for their product >, [ >, r
holds for the entire ruleset. Our final ordering consists of 13 component orders, given in full
in appendix [B]

Many of our component orders are defined using measure functions that count the number
of particular operations or other features in a term. We say that s > ¢ when s has more vector
operations than ¢, then when s has more division, modulo and multiplications operations,
and so on. As a sample proof sketch of this flavor of order, consider an order s; >, s, that
holds when the number of multiplication operations is greater in s; than in s5. We represent
this through a measure function |s;|, that returns the count of multiplication operations in
s1; since this function maps a term to a natural number, the order is clearly well-founded.

The order is also compatible with Y-operations; we compute our measure function as follows:

i 1 if f=x

0 otherwise

It clearly follows that given |si|. > |s2|., it must be true that:

|f(tr, - tica, Sttt oo b)) [ > | f(1, b1, S2,ti1, s tn) |

To ensure the order is closed under substitution, we need to add one more constraint.
Imagine a rule x * 2 — g x + z. Although there are fewer * symbols in the righthand term
than on the left, that would not be true for a substitution o = {x +— (2 % 2)}. We add a
condition that for every variable present in sq, it must occur either fewer or an equal number
of times in so. With this constraint there is no possible substitution that increases the value
of the measure function in sy that would not result in an increase by an equivalent or greater

amount in s;. This gives us the order:

S1 > So iff [s1]« > [s2]« AV € Var(sy).|s1|e > [s2]z

Most of the component orders in the full reduction order take the form above. These orders
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guarantee termination no matter what sequence rewrite rules are applied to an expression.
However, in a few exceptional cases, we were obliged to take into account the order in which
rules are applied in the Halide TRS algorithm.

For example, one existing rule is the canonicalization (¢ —z) +y —r (y — x) + co where
co is a constant. If y is also a constant, this rule forms a cycle with itself, and could not
possibly obey any reduction order. Fortunately, the rule immediately before it in the TRS
handles that specific case (((co — x) + ¢1 — g fold(co+ ¢1) — x)), so by this sort of non-local
reasoning we know that y is not a constant, and therefore the rule strictly decreases a measure
which counts the number of constants on the right-hand side of an addition.

Relying on non-local reasoning makes our order more brittle; if the simplifier algorithm
were to be changed, the termination guarantee could be lost. However, we use only a small
number of basic rules in this way, which are unlikely to be changed.

Besides giving a termination guarantee, the reduction order is necessary if we want to
synthesize new rewrite rules. If we do not constrain newly-synthesized rules to obey a
consistent reduction order with the existing human-written ones, they may form cycles with
the existing rules and cause infinite recursion in the TRS. Additionally, the reduction order
is the formal encoding of the types of transformations we find desirable, so the reduction
order limits synthesis to rules that rewrite expressions in a useful direction; this is discussed
in greater detail in chapter [5]

In constructing the reduction order, we found 8 rules that contradicted a desirable ordering,
and submitted patches to either delete or modify them. With this amendment, the reduction
order can be shown to hold over the entire Halide ruleset, and the guarantee of termination is
complete. To ensure this guarantee is preserved, we built a script that automatically checks

the full set of rules in the compiler to ensure they respect the reduction order.

3.2.1 Fvaluation of verification work

Changes to the simplifier ruleset undergo a stringent development process: new rules are

peer reviewed after they are proven on paper, and fuzz-testing is used to discover bugs. It is



29

thus reasonable to ask whether mechanized verification can add any value. Our verification
discovered 4 previously-unknown correctness bugs and 17 instances of rules whose predicates
were overly restrictive. The former bugs eluded the fuzzer; the latter are deemed too hard to

detect so the fuzzer does not look for them. Some of the corrected rules are listed in more

detail in table B.1I

Furthermore, because the verification infrastructure was in place, it was possible to verify
a change of division semantics without much additional effort, identifying 44 rules that were
incorrect under the new semantics. This change to the semantics of Halide may not have
even been attempted without the verifier. In this change, Halide defined division or modulo
by zero to evaluate to zero, instead of being undefined behavior, in response to an issue
discovered by Alex Reinking |Reinking, 2019]. Existing tests and real uses of Halide were
useless as a test of this change, as they were all carefully written to never divide by zero.
Within the TRS, this change required rechecking every rewrite rule that involves the division
and modulo operators. Whereas previously each rule assumed that a denominator on the
LHS could not be zero, now it was necessary to either show that the rule was still correct
in the case where a denominator was zero, or constrain the rule to only trigger when the
denominator was known to be non-zero. This was done by encoding the new semantics into
the verifier, and reverifying all rules. Because division and modulo is involved, these rules
cannot always be mechanically verified. 141 rules were reverified with a human in the loop
by revisiting and modifying existing Coq proofs. The mechanical re-verification was all but
push-button; the manual effort for updating the Coq proofs was non-trivial, but about half
of the effort of writing the original proofs from scratch. In this process, 44 existing rules
were found to be incorrect in the new semantics and fixed? Two of them were in fact not
related to division, but were instead the first discovery of the bugs injected in a patch after
the initial ruleset verification. The remaining 42 rules were modified to only trigger when

the denominator was known to be non-zero, either by adding a predicate to the rule, or by

Zhttps://github.com/halide/Halide/pull/4439
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exploiting the TRS’s ability to track constant bounds and alignment of subexpressions. Three

examples of now-incorrect rules were:

(@/y)xy + (% y) 2ra
—1/z —pgselect(z <0,1,—1)

(x+y)/r —-ry/x+1
The first was modified to:
(x/co) *xco+ (x Y% co) —r xifcg #0

and the other two were constrained to only trigger when the denominator is known to be
non-zero via other means.

The cases discussed in Section [4.2.1] all concern fixing existing problems while not intro-
ducing new ones. By giving a proof of soundness, showing that the ruleset is correct and
that the rules are cycle-free, we also remove two entire classes of future bugs. For reference,
over the life of the Halide project there have been 14 pull requests that fix incorrect rules,
and 3 pull requests that modify rules in order to avoid cycles. Fixing a reduction order also
guarantees that no new cycles can be introduced as long as new rules obey this order; without
such a guide, it is possible to introduce a rule that would close a loop in some sequence of

existing rule applications and cause a cycle, resulting in infinite recursion during compilation.

3.3 Related Work

An equivalence graph or e-graph (introduced by |Nelson, [1980], see [Willsey et al., [2021]
for a recent treatment) is a data structure used to compute applications of the rules of a
term rewriting system. The algorithm builds up equivalence classes by successively applying
all rules to all expressions within those classes, then queries to see if two expressions are

equivalent by checking if they are present in the same class. Like our algorithm, it does not
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Table 3.1: Rules corrected through the first round of verification.

Rule Counterexample
Wrong | £ —p mifcl%0020/\cl>0 co=—-1,c1=2x=1
Fixed | #2 —p mifcl%coz()/\co>0/\z—é7é0
Wrong (“””j—fo)*cl—x —Sr2%cifc;>0ANcp+1=¢; co=2,¢0=3,2=-b
Fixed (mi—fo)*cl—x —p —x%ecifep >0Acp+1=0¢
Wrong :B—(wjfo)*cl —p (2% c)ife; >0N+1=¢ co=2,c,=3,x=-5
Fixed | z — (%2%) xc1 =g ((x+co) 1) +—coif et >0Aco+1 =0

backtrack, but the e-graph can require significant amounts of memory, which our algorithm

avoids.

AProVE |[Giesl et al, 2004, 2017] is a tool that automatically generates proofs of ter-
mination for term rewriting systems (as well as programs in Java, C, Haskell, and so on).
It employs a variety of techniques for doing so. It may prove a TRS terminations through
direct termination proofs, or finding a reduction order that fits all rules in the TRS, as we
do in our work, searching classes of orders including path orders, Knuth-Bendix orders, and
polynomial orders. It may also prove termination through dependency pairs (finding all
instances in which terms of RHSs can unify with rule LHSs, then showing that a weakly
monotonic ordering holds over all dependency pairs) or by abstracting rules by their effect
on term height and proving that rule application must cause term height to decrease. It
also employs techniques to remove portions of the ruleset that have no effect on termination
and for reducing the size of the ruleset to make termination proof search more efficient. A
proof of termination by term height abstraction would not be useful for synthesis, since it
encodes no information about progress towards a goal state. A proof of termination through

dependency pairs could do so, and since it uses weakly rather than strongly monotonic orders,
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it could permit rewriting strategies that our technique cannot. However, this method requires
reasoning over the full ruleset rather than individual rules, so using it as a specification
for synthesis would result in a significantly more complicated synthesis task. However, it
would be interesting to see if AProVE can find a direct termination proof for the Halide
simplifier and handwritten variable solver TRSs and if those direct termination proofs are
human-interpretable. If AProVE can find reduction orders to fit, it would also be interesting

to see what rulesets could be synthesized using them as an input to our synthesis pipeline.
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Chapter 4

AUGMENTING A TERM REWRITING SYSTEM THROUGH
SYNTHESIS

Although a Halide-expression term rewriting system is necessarily incomplete, we can
strengthen it by finding expressions on which the TRS can no longer make progress and creating
rules that will rewrite them further. In this section, we describe a workflow for automatically
augmenting the Halide simplifier TRS with new rules. We evaluate the usefulness of our
process by comparing synthesized rules to those written by human programmers; describing
some uses of the process by Halide developers; and carrying out a large-scale experiment in
synthesizing rules for the simplifier in bulk, which resulted in new rules being merged into

the Halide compiler.

4.1 Synthesizing rewrite rules

Given an input expression that the TRS failed to simplify, our goal is to find a rule that
can rewrite it. A high-level view of the synthesis pipeline is shown in Figure 4.1} At a high
level, we begin with an expression we would like to be able to further simplify, and use it to
choose patterns to act as candidate LHSs for new rules. We then attempt to synthesize RHSs
that match those candidates LHSs We begin with an expression we will attempt to further
simplify; first, we synthesize rules that contain concrete constants from the input expression.
Next we generalize those rules by replacing constant values with symbolic constants and
synthesizing compile-time predicate guards that check the validity of the rule on the values
matched by the symbolic constants. If we find such a rule, we know that adding it to the
TRS will enable it to simplify the input expression as well as any similar expressions it may

encounter.
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(a) Input expression (y+2) < select(u < z,—3,4)+ (y+2)
‘ =
Generated LHS (@1 +2) < 22 + (21 +2)
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\dd variants (Sec.[4.1.5 T .
() v ( 1 < 1 + select(xy,co,c1) —r 22 if 0 <3 A <0

Figure 4.1: Overall flow of the synthesis pipeline (in blue) with worked example (in orange).
(a) We harvest expressions from real compilations on which the TRS could make no further
progress. (b) We enumerate all subtrees of these to generate left-hand sides that would match
each expression. Our example will focus on one such pattern. (¢) We obtain a right-hand
side by first checking if any reassociated or commuted variants of it match an existing TRS
rule. (d) If not, we superoptimize the pattern using CEGIS. (e) This rule is specific to the
particular values of any constants that appear. We then replace any constants with new
variables cg, c1, etc., to obtain a more general version of the rule. We must now synthesize a
sufficient condition on these new variables under which the rule still holds. (f) To do this, we
treat the rewrite as an equality and take the conjunction over a set S of different values for

the non-constant variables xg, z1, etc. (g) Simplifying the result gives a candidate predicate.
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4.1.1 Generating LHS Patterns

Useful input expressions may come from a bug report, or may be gathered from compiler
logs. With logging enabled, the compiler records two kinds of problematic expression for
which new simplifier rules may be helpful: non-monotonic expressions, which can result in
over-conservative bounds for loops and memory allocations; and proof failures, which may
prevent Halide from performing certain optimizations (see Section . Of course, absent
an oracle, it is difficult to know if the TRS has fully simplified some expression or if it lacks
the solving power to continue simplification. When the simplifier is used as a proof engine,
its goal is to reduce an expression to true. In this case, we can fuzz-test failed proofs by
assigning all variables in an expression random values and evaluating; if we cannot find an
assignment that evaluates to false, the expression may indeed be reducible to true, so we log

it as an input expression.

Our first step is to find LHS terms that could match the input expression, or any portion
of it. We can enumerate all such terms through a kind of inverse matching. When we rewrite
an expression with a rule, we match the expression to the rule’s LHS by finding a substitution
for all variables in the LHS that will unify it with the input expression. Here, we start with an
input expression, then fix a substitution by mapping some of its subterms to fresh variables.
We replace those subterms with the new variables, constructing a term that can be matched
with the input term. If we perform this inverse matching for all sets of subterms, we find all
possible LHSs that could match the input expression. When a subterm occurs more than
once in the input expression, we construct a LHS that uses the same variable to replace it in
multiple places and LHSs that replace its occurrences with different variables. We repeat
the procedure on all subterms of the input expression. The result is the set of all LHSs that

match any part of the input expression. See Figure for a worked example.

This number of LHSs is exponential in the size of the input expression, so we use a few
heuristics to narrow our search. We bound the size of candidate LHSs to have seven or fewer

leaves, since longer terms are less likely to result in rules general enough to justify inclusion in



36

N (z42) +min(z,y —2) min(z,y—2) 2+2 y—=z
/\ vy +min(z,y — 2) min(x, vy)
+ min
A A v + min(x, vs)
z 2 X b= (2 4 2) + min(z, vs)
y/\z V1 + V2

Figure 4.2: Given the input expression (z + 2) + min(x,y — z), we find all possible LHS
patterns by substituting fresh variables for subterms, for all valid combinations. Then, we
repeat the process for each individual subterm. This process yields the list of candidate LHS

terms on the right.

the ruleset. Additionally, since we process input expressions in batches, we remove duplicate
LHSs as well as LHSs that differ only in the values of their constants. Finally, we have found
it helpful to keep a blacklist of LHSs for which we previously failed synthesize rules; for

example, v; + v3 cannot form a rule, so we filter it out as a candidate.

4.1.2  Synthesizing Right-Hand Sides

Given a candidate left-hand side, we attempt to synthesize a right-hand side that is se-
mantically equivalent and respects the simplifier reduction order, such that LHS > RHS.
We employ two strategies for synthesizing right-hand sides: delayed AC matching, and
counter-example guided inductive synthesis (CEGIS) of the RHS followed by synthesis of the

rule predicate guard.

Finding Right-Hand Sides through AC Matching

The first strategy reflects the Halide design decision not to perform any AC matching in the
TRS, for efficiency reasons. Instead, AC matching can effectively performed through adding

additional rules. It is possible that our candidate LHS, which currently cannot be rewritten
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by the simplifier rules, could be matched by an existing rule after a suitable application
of associativity and commutativity laws to the LHS. To this end, we generate all possible
reassociations and commutations of the candidate LHS term and pass them to the existing
TRS. If any of them can be simplified, we create a new rule that rewrites the original,
untransformed LHS term to the result of the simplification. Note that this result may include
applications of more than one rewriting step, so the new rule is not merely an AC-variant of
an existing rule.

For example, assume our TRS includes the rule (z+y) —2 —g vy, and let ((u+2)+v) —u
be a candidate LHS term. The rule does not match the candidate but it matches its variant
(u+ (v+2)) — u, rewriting it to the result v + 2. The candidate and the result give us the
rule (v +2)+v) —u =g v+ 2.

We can consider this procedure a kind of lazy offline AC matching, because if the Halide
TRS performed full AC matching while rewriting expressions, it would be able to apply the
rule (z +y) —x —pr y to the candidate expression ((u + 2) + v) — u after reassociating it to
(u+ (v+2)) — u, obtaining the result v 4+ 2. Delaying AC matching to synthesis has the effect
of restricting the system to a single, offline round of AC and memoizing the result in the
form of a new TRS rule if we are successful. Note that the synthesis procedure below could
have found this rule, but checking for AC variants of existing rules is far cheaper. About

three-quarters of our synthesized rules are generated by this method.

Finding Right-Hand Sides through CEGIS

If the first method fails, we apply counterexample guided inductive synthesis (CEGIS) [Solar+
Lezama), 2009] to superoptimize the left-hand side pattern. In superoptimization [Massalin,
1987), we take a program and search for an equivalent program within some grammar that is
preferable according to some cost function. Here our grammar is that of the Halide expression
language, the method for testing program equivalence is the Z3 solver, and we use the node

count of the programs as a proxy for our full reduction order.
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Similar to prior work in superoptimization [Sasnauskas et al.; 2017b, Phothilimthana
et al., 2016a], we search the expression space for an equivalent RHS using a CEGIS loop.
This loop alternately calls Z3 as a verifier, which checks if a candidate RHS is equivalent to
the LHS on all inputs, and a learner, which finds a candidate RHS that is equivalent to the
LHS on a limited set of inputs. We begin by choosing a single-op RHS and ask the verifier if
it is equivalent to the LHS. If it is not, we get back a counterexample of assignments to the
variables for which the right- and left-hand side are not equivalent, which we keep as a set of
test inputs. We then ask the learner for a new RHS that is equivalent to the LHS only on
the counterexample assignments we found in the last step. If we cannot find an equivalent
single-op sequence, we iteratively increase the number of operations, ensuring we find shorter
sequences first. If CEGIS returns a sequence semantically equivalent to the LHS pattern with

fewer operations, we use it together with our LHS to form a candidate rule.

The learner portion of the CEGIS loop creates a candidate RHS by creating a sketch [Solar+
Lezama,, 2009, Torlak and Bodik, [2014] that consists of a small bytecode interpreter that
encodes the possible operations and operands the RHS can use, along with a bound on the
number of instructions. The learner uses Z3 to query for a sequence of bytecodes within the
bound, that, when run through the interpreter, is semantically equivalent to the LHS over the
test inputs. If a solution is found, substituting the produced bytecode values into the sketch
and applying the TRS reduces it to a concrete candidate RHS. One complication arising from
this approach is that a bytecode sequence of a fixed number of ops may produce expression
trees of a larger size if intermediate values are reused. We reject any such solutions in a
post-pass by checking each synthesized RHS against the LHS using the full reduction order.
An alternative solution would be introducing let bindings into our search space so that the
size of the expression tree could be bounded by the number of ops in its SSA form. However,
we could not identify any significant rewrite rules lost to this filtering, so we deemed this an

unnecessary complication.

While Z3 is a powerful tool for synthesis, there are certain types of expressions containing

division or modulo that Z3 nearly always fails to reason about during the CEGIS process.
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Table 4.1: Sample rules synthesized by our process.

LHS RHS Predicate

(zxy) = (2 + (wx 1)) (% (y —w)) — 2

r<(y+x)+z 0<(y+2)

max(z * x,y) + max(z,w *xw) < ¢y false cp <=0

select(x, co,y) < min(select(x,cy,y),c2) | false min(ci, c2) <= ¢

min((z + ((y — x)/co) * co) + c1,9) Yy l<=ca AN-1<=(-1/cp)*xco+c1

(We experimented with the SMT solvers Yices2 [Jovanovic, 2017] and MathSAT5 |[Cimatti
et al., 2013], but were not able to obtain appreciably better results.) Z3 is better able to
reason about expressions containing concrete constants, rather than universally quantified
variables, so we synthesize rules using candidate LHSs with concrete constants from the
input expression and generalize them later. We limit the use of division and modulo in our
op-codes to be division or modulo by 2 only, and rely on the generalization step described
next to widen the set of denominators for which a rule applies. Because of this restriction,
our synthesized rules cannot contain non-constants in denominators or the right-hand side of

a modulo. As a result, our synthesis system cannot construct all rules a human can.

4.1.83  Generalizing Constants and Finding Predicate Guards

If either AC-matching search (section or CEGIS-based synthesis (section were
successful, we now have a candidate rewrite rule that contains concrete values originating from
the input expression. To generalize the rule, we replace such constants with fresh symbolic
constants and synthesize a guard that is true when the rule is valid. Recall that in the Halide
TRS, a variable in the LHS matches any subterm, while a symbolic constant matches only a
constant value (see section ; the guards, which are predicates over symbolic constants,

can thus be evaluated at compile time.

Our goal is to generalize the equality by synthesizing a guard predicate ¢ over the symbolic



40

constants in the LHS and RHS terms such that our rule is valid whenever ¢ evaluates to true:
VeVr . ¢(¢) = LHS(Z,¢) = RHS(Z,C)

First, we check to see if this condition is satisfied when ¢ is always true. If it is, then no
predicate guard is needed. Otherwise, we need to synthesize an expression for ¢. We find
candidates for ¢ iteratively by first choosing a small set of values S for the variables in ¥ and
finding the candidate guard ¢g. We check to see if ¢g is a sufficient predicate guard for all 7;

if it is not, we add counterexamples to the set S and repeat.

Vevz € S . ¢s(@) = LHS(7,&) = RHS(Z,?)

We initialize S with all basis vectors, which are values ¥ = (0,...,0,1,0,...,0) that
include exactly one unit value, plus the zero vector. We then unwind the right-hand side of

the implication and substitute in the concrete values from S to get:

VeVE € S . ¢5(6) = (LHS(47,0) = RHS(41,8) A ... N LHS(4},¢) = RHS (4}, ©))

We use the Halide TRS itself to simplify the conjunction on the right-hand side of the
implication. Since all occurrences of  have been replaced with concrete values, we get back
an expression that contains only symbolic constants, which we use as our candidate guard ¢g.

We test whether ¢g is sound on all 7.
3¢3r . LHS(Z,¢) # RHS(Z,¢)

If this query has a solution Z, then the guard is unsound. If so, we add the counterexample
Z to S, and construct a new guard ¢g. We repeat this process for several iterations (four, in
our experiments) and if we fail to find a sound guard, we switch to an alternative strategy
that converts the current (unsound) candidate ¢g to disjunctive normal form and tests each
clause in turn to check if it is a sufficient guard. If it is, that clause becomes the guard. If no

clause is sound, we discard the rule. If the loop terminates with Z3 timing out or returning
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“unknown”, we return the current ¢g, flagging it as requiring a manual proof. We exclude all
such cases from our experiments.

As an example, consider the candidate rule:
xo < select(xy,co,c1) + 9 —r T
We initialize S with three basis vectors {(0, false), (0, true), (1, false)} and construct ¢g:

¢s(6) <= Vizes . LHS(Z,¢) = RHS(Z,0)
<= 0 < select(false, o, c1) + 0 = —false A
0 < select(true,co,c1) + 0 = —true A
(

1 < select(false,cy,c1) + 1 = —false

Simplifying the RHS with the TRS, we obtain ¢g:
0s(0) <= 0<c1Nep<0

Next we check whether ¢g is sound for all . It is, so we have a completed rule:

xo < select(xy,co,c1) +x9) =g a1 if 0<cp Ay <0

4.1.4 Adding Rule Variants

Once we have a generalized rule with a valid predicate, we eagerly compensate for the
lack of AC matching in the Halide TRS by adding AC variants of the rule as well. We
find all commuted variants of the rule’s LHS, with respect to the partial commutative
canonicalization as described in Section [2.3.1] (This is exponential in the size of the number
of commutative operators, which is tractable given our bounds on LHS term size). Then, we
find all reassociations of the rule’s right-hand side. For each variant LHS, we choose a RHS
variant by serializing expressions to strings and finding the RHS that has the shortest edit
distance from that LHS.
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For example, the LHS of the first rule below has four additions and can be commuted to
16 variants. The RHS of the rule can be reassociated in two different ways. For the commuted
variant of the LHS on the second line, we choose the other means of reassociating the RHS

as it has a smaller edit distance.

(x+@Wy—(z+(w+zx)+u)) 2r y—(z+ (w+u)))

(y—((w+z)+2)+u)+z —-r y— ((z+w) +u)

The intuition is that there is no a priori reason to prefer one reassociated variant to
another; they are almost certainly equal in terms of our reduction order. Thus, we choose the
RHS that perturbs the structure of the LHS as little as possible, in order to avoid rewriting

common subexpressions in the hopes of canceling them out later.

4.1.5  Filtering Rule Output

As a final step, we check each output rule for redundancy with the rule batch found by the
synthesis pipeline. For each new rule, we check that no earlier rule has precisely the same
LHS and predicate; if so, it can be discarded. Then, we check that no earlier rule is more
general than the current rule: a rule is more general than another if they have similar LHSs,
but a variable appears in the first rule in a place where the second rule has a more specific
subterm, or if they have the same LHS but the predicate of the first rule implies the predicate
of the second.

Finally, we check that the candidate rule obeys our reduction order in order to preserve
our termination guarantee. If the candidate rule passes these filters, and the predicate has
not been flagged for human review, the rule can be added to the TRS ruleset automatically

without any human auditing.
4.2 Evaluation of Simplifier TRS Synthesis

In evaluating the benefits of the verifier and synthesizer, we answer the following questions:
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e Does the synthesizer produce better rules than a human expert? The TRS
has been manually extended five times in response to bug reports pointing out limitations
of the compiler. We synthesized these five rulesets automatically and found that the

human-authored rules were less general and in one case were incorrect. (Section |4.2.1])

e What is the best way to use synthesis and verification in development? We
survey several cases from recent Halide development where human experts used the
synthesis machinery as an assistant, finding that this hybrid model is more powerful

than either the human developer or the synthesizer alone. (Section [4.2.2))

e Can synthesis be used for large-scale improvements of the TRS? We gather
a corpus of over 100,000 expressions on which the TRS can make no progress and
iteratively synthesize rules using the corpus as input. We synthesize 4127 rules and add
them to the TRS ruleset without a human audit. We find that the enhanced ruleset
reduces peak memory usage in compiled code, sometimes dramatically, in 197 of our
benchmarks. We also find no significant compile-time slowdown even with this 4.5-fold

increase in ruleset size. (Section [4.2.3))

e Could the entire TRS have been synthesized? Encouraged by the large-scale
experiment, we ask how far we are from being able to bootstrap the entire TRS
automatically—something that we considered too ambitious originally. First, we find
that 69% of the existing ruleset is accessible to our current synthesizer in principle;
the remaining rules contain operators not yet supported by the tool. We test the
synthesizer’s power by removing 321 accessible rules from the original ruleset one by
one and attempting to synthesize a replacement, successfully finding a replacement rule

58% of the time. We find this encouraging for future applications of the synthesizer.

(Section [4.2.1)

We discuss these findings in more detail below, grouping them into three sections. First

we examine bug reports from Halide’s past and evaluate whether the machinery presented
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in this paper could have fixed them automatically. Second, we examine cases where beta
versions of our verifier and synthesizer assisted humans both in fixing bugs and in correctly
making larger changes to the compiler. Third, we fuzz the compiler to mine for issues that
could be fixed with new simplifier rules, and automatically fix them before they ever appear
as a bug in a real program. In this way we demonstrate that this machinery would have been
useful in the past, is useful in the present, and will help avoid entire classes of bugs in the

future.

4.2.1  Comparing the Synthesizer to Human-Authored Rules
Does the Synthesizer Produce Better Rules than a Human Ezxpert?

We searched through Halide’s change history and selected the five pull requests that addressed
issues by adding new rewrite rules to Halide’s TRS. These pull requests occurred before
the Halide developers started routinely using the verifier and synthesizer when changing
the TRS, labeled here as A-E. These can be found in their original form as patches on the
Halide project website [} Creating these rewrite rules as a human is an amount of work
disproportionate to the size of the change. The author of the rules must prove them correct
on paper, and a second reviewer must check their work. As we will see, bugs can slip through
despite this review.

In each case we take the test expressions committed as part of the change and feed them
to our synthesizer to see if it would have produced the same rewrite rules as the humans did.
In cases where humans did not check in tests for their new rules, we wrote our own. In total,
across these five cases humans added 24 new rules. The synthesizer generated 42, covering
all but one of the human rules, while correcting and generalizing others. In cases A, C, and

[E, the rules generated by the synthesizer are an exact match to the human-generated rules.

LA: https://github.com/halide/Halide/pull/3719
B: https://github.com/halide/Halide/pull/3761
C: https://github.com/halide/Halide/pull/3765
D: https://github.com/halide/Halide/pull/3770
E: https://github.com/halide/Halide/pull/3780


https://github.com/halide/Halide/pull/3719
https://github.com/halide/Halide/pull/3761
https://github.com/halide/Halide/pull/3765
https://github.com/halide/Halide/pull/3770
https://github.com/halide/Halide/pull/3780
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In case B the synthesizer matched the human but also crafted 8 commuted variants of the
human rules, making them more widely applicable.

As an example, for the human-written rule:

max(max(z,y) + co,x) —pg max(z,y+ co) if cg <0

The synthesizer produced effectively the same rule, along with a variant:

max((max(z,y) + co),r) —r max((y + c),x) if ¢g <0

max(z, (max(x,y) + ¢p)) —r max(z, (y+¢)) if co <0

Case D is the most interesting. It contains four rules involving comparisons of min and
max operations. What happened for each was identical, so we will only discuss the min rules.

The first rule is:

min(x,cy) < min(x,c;) + ¢y —g falseif ¢g > ¢ + o)

This rule is incorrect (consider ¢y = ¢y =1, x = ¢; = 0). It can be fixed by adding the
term ¢y < 0 to the predicate. The synthesizer produced the correct version of this rule, along

with two generalizations of it:

min(x, ) <min(x,c;) +co —pg falseif .o <OA e+ < ¢
min(z,co) <min(z,y)+ ¢ —r ¢ —c <min(z,y) if g <0

min(z,co) < min(y,z) + ¢ —r co— ¢ <min(y,z) if ¢; <0
The second human rule was:

min(x, ) <min(x,c;) —g falseif ¢y > ¢



46

The synthesizer found a more general rule, along with three other commuted variants (elided
for space):

min(z,y) < min(z,2) —p y <min(z,2)

Any expression which matches the human-written rule would also match the synthesized one.
The synthesized version does not simplify to the constant false in a single step. However,
after applying this rule to the case considered by the human, we get ¢y < min(z, ¢;) where
co > c¢1. The simplifier then reduces this to false in a second step, so the human-written rule
becomes unnecessary. The synthesizer considered the human-written rule, but discarded it as
less general than the one above.

Case D also included the rewrite rule:
x %z —r 0

which was the sole rule the synthesizer could not generate, as we did not include modulo by
non-constants in our CEGIS interpreter.

With this one exception, across these five code changes the synthesizer generated more
general, more correct rules than the humans, and would clearly have been a useful assistant

to the Halide developers if they had had it at the time.

What Fraction of the Halide Rules Could Have Been Synthesized?

If the simplifier ruleset had not yet been written by hand, would it have been possible to
synthesize it automatically? Given the space of possible rewrites explored by the synthesizer,
we believe that it can currently produce at most 69% of rules that exist in the current TRS.
The obstacles to synthesizing all human-written rules include (i) the inability to automatically
verify some rules or preconditions (see Question 3 above); and (ii) lack of support for some
operators in our synthesizer.

We tested the synthesizer’s ability to recreate the original ruleset in the following experi-
ment. We instrumented the ruleset to associate expressions from compilations of Halide’s

correctness test suite with individual rules invoked when those expressions are rewritten. We
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gathered a set of rules for which we had at least three expressions that matched the rule,
and filtered out those rules that are out of scope for the current synthesizer, because their
right-hand sides contain operators we do not support. This gave us a set of 321 rules. For
each of these rules, we disabled the rule in the TRS, then used its matching expressions as
input to the synthesizer. The synthesizer was able to find rules in 186 cases, or about 58% of
the rules. Of the other 135 cases, in 43 of them other rules in the existing TRS happened to
combine to rewrite the specific input expression even without the target rule; for example, this
often occurred when the matching expression contained combinations of constants that could
be exploited by other rules. 10 of the 92 failure cases were due to timeouts in the synthesis
process, while 15 specifically failed to synthesize a predicate. Given that it was difficult to
target the desired rule precisely, we found this to be promising; efforts to synthesize a term

rewriting system entirely from scratch are described in chapter 5]

4.2.2  Practical Uses of the Synthesizer and Verifier
What is the Best Way to Use Synthesis and Verification in Development?

We have found that human experts can leverage the strengths of the synthesis tool by using
it as an assistant: for example by synthesizing a rule and then generalizing or simplifying
it by hand, or by writing a rule and asking the tool to synthesize a valid predicate. Most
importantly, this avoids committing new bugs, but it also accelerates rule development.
Halide developers report that adding new rules by hand takes about 30 minutes per rule
starting from sample input expressions through final review. Starting from the same input
expressions, the synthesis tool can produce a batch of 10 verified rules in about 5 minutes.

Here we survey some cases from recent Halide development where the synthesis machinery
was used in this way, labeled here as F through I. The diffs are available as on the Halide
project websitd?]

2F: https://github.com/halide/Halide/pull/4721
G: https://github.com/halide/Halide/pull/4772
H: https://github.com/halide/Halide/pull/4439


https://github.com/halide/Halide/pull/4721
https://github.com/halide/Halide/pull/4772
https://github.com/halide/Halide/pull/4439
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In case F a Halide developer encountered expressions that seemed like they could be
simpler while working on real code, and rather than inventing a rule from scratch searched
the logs of the synthesizer project for a known-correct synthesized rule that handled the case

in question. This added four new rules that are variants of:
max(y, z) < min(z,y) —gr false

In case G a developer wrote 24 new rules, proving them on paper, and then checked their
work by resynthesizing the predicates using the synthesizer, ensuring that the synthesized
predicates agreed with the human’s and that those predicates were as broad as possible. Here
the synthesis machinery served as a reviewer of rules rather than an author. Eight of these
rules were in fact manual rederivations of the synthesizer’s output on case D above. The

remaining 16 are generalizations that add constant terms. One example:
min(y + ¢, 2) < min(y,x) —pg min(z,y+cy) <z if cg <0

Halide endeavors to be a safe language, meaning that certain things are checked at compile
time or runtime rather than being undefined behavior. In case I, Halide was changed such
that instead of asserting that no output value has a dependency on any out-of-bounds input
values, it now asserts the stricter condition that no out-of-bounds loads occur on the input,
even if those loaded values cannot possibly affect an output.

This is a harder thing for the compiler to check, and analysis often conservatively found
that it was possible for code to read out of bounds, when in fact it would not. The Halide
developers ameliorate this in part by minimizing the number of non-monotonic expressions
using aggressive simplification. In total 59 new rewrite rules were added as part of this change.
Eight of these were synthesized automatically by copy-pasting a non-monotonic expression
from a bug report into the synthesis machinery. Another 28 came from generalizing those
rules by hand and then verifying the result. Twenty more were written by hand and then

verified. Finally, there were three rules that could not be verified, because they involve the

I: https://github.com/halide/Halide/pull/4850


https://github.com/halide/Halide/pull/4850
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interaction of division and modulus. During this process a large number of bugs were found in
human-written early versions of these rules. We found that with the verifier and synthesizer
in hand, humans work quickly and rely on the machinery to catch their mistakes.
Generalizing from these four cases, we have found that having the verifier and synthesizer
available as tools reduces the number of bugs committed, uncovers and fixes old bugs, and
helps developers work more quickly by not only mechanizing correctness checking but also
by synthesizing correct code. We also found that the guarantees these tools provide mean
that the developers can make large changes to the compiler with confidence. Anecdotally,
developers also report that eliminating these classes of bug makes triaging new issues simpler,
because they could now not possibly be due to an incorrect rule or an infinite loop in the

term rewriting system.

4.2.83 Using the Synthesizer to Prevent Future Issues
Can Synthesis be Used for Large-scale Improvements of the TRS?

Although we now have a guarantee of soundness, we have no such guarantee of completeness.
There are almost certainly Halide compilations for which the addition of some desirable rule
would strengthen the TRS enough to unlock some optimization or achieve a tighter bound
on some region. However, we don’t know what they are because no human has encountered
them yet (or more likely, no human has been sufficiently motivated to submit a bug report
for them yet).

We attempted to probe for such opportunities for improvement using fuzzing. We selected
the 12 most complex example applications in the open source repository, and generated
64 random schedules for each using the autoscheduler [Adams et al., 2019], which can be
configured to generate random likely-good schedules. This produced 768 separate compilations.
We also instrumented most of the Halide code at Google for an additional 5032 compilations,
this time using the original human-written schedules. Note that this is qualitatively different

to randomly-generated schedules: we do not expect Halide users at Google would check in
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code that behaves poorly due to an issue with the compiler.

We instrumented these compilations to log expressions that might represent a TRS
failure of some kind. From each compilation we log all integer expressions found that are
non-monotonic with respect to a containing loop, and all failed proof attempts made during
compilation. That is, we log all boolean expressions passed to the TRS in the hope that they
will reduce to the constant true so that some optimization can correctly be performed. This

resulted in a corpus of roughly one hundred thousand unique expressions.

Using this corpus as input, we synthesize new rewrite rules, add all rules found back to
the ruleset, and rerun all compilations to gather new expressions, repeating this process until
convergence. In total we created 4127 new rewrite rules in this way, more than quadrupling

the number of rules in the TRS. For some examples, refer to Table [1.1]

We then generate a fresh set of 256 random schedules per application (to avoid testing on
our training set), and compile and run all the generated code, looking for any compilations
which behave significantly differently between the baseline condition (compiled using unmodi-
fied Halide) and the test condition (compiled with the 4127 additional rewrite rules). The

interesting findings are summarized below.

Adding new rules lowers peak memory usage by up to 50% Halide sizes internal
allocations using symbolic interval arithmetic, which (as described in Section is prone
to overestimating bounds when expressions do not either monotonically increase or decrease
with respect to some containing loop. By extending the TRS, we automatically fix 197 cases
where this kind of error increases the peak memory usage of an application at runtime by more
than 10%, including one case where the increase was more than a gigabyte. This represents
nearly 6% of all compilations tested. We believe this captures a widespread problem, as
instances of overallocation are a common source of complaint from users. See Figure for

the full distribution.
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Figure 4.3: Reduction in runtime peak memory usage of 3072 pieces of compiled code when
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before’

the synthesized rules reduced memory consumption. In 197 cases, peak memory usage drops

by more than 10%.

Term rewriting systems written without verification have bugs On our initial run
of this experiment, 55 compilations (1.6%) crashed at runtime with memory corruption errors
in the baseline condition (no new rules added). We traced this to an incorrect transformation
in the variable solver, which had never been verified (and was not yet implemented as
a formal TRS). This bug had existed for four years, but had only recently become an
important code path due to change I mentioned above. The incorrect transformation was
min(x —y,r — 2) —r x —min(y, z), which should be min(x — y,x — 2) —r = —max(y, z).
If this secondary TRS had been written using verification, this bug would never have been
introduced. We discuss efforts to replace the current implementation of the variable solver

with a correct-by-construction TRS in chapter

The TRS scales well with the number of rules Remarkably, more than quadrupling

the size of the TRS increased total compile times by only 0.3%. On further examination we
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found that the additional rules increased the amount of time spent inside the TRS by 30%,
and that only 1% of the the total compile time of the average Halide program is spent inside

the TRS.

We did not find significant effects on runtime of the generated code or code size. We
also found no significant differences on any metrics within the Google corpus. This may be
because the random schedules we generate are especially complex compared to human-written

ones, or simply because humans don’t commit code that causes the compiler to misbehave.

While adding the synthesized rules does not come at any significant cost we could measure
to users of Halide, Halide developers were reluctant to add the full 4,000 rule set for two reasons.
One is that adding 4,000 lines of code to the simplifier caused a significant slowdown in the
compilation time of the Halide compiler itself, which was burdensome for compiler developers.
The other was that while the thousand handwritten rules were difficult for programmers to
reason about and maintain, adding 4,000 more rules made it almost completely unreadable.
In the summer of 2021, Evan Lee of the University of Waterloo undertook a Google Summer
of Code project to analyze which rules were crucial to the performance gains observed above.
He found that the AC variants of 11 rules, or 31 rules overall, were sufficient to realize the
performance gains on the standard application suite benchmarks. Those rules were merged

into the Halide codebase in August 2021}

These results show that having verification and synthesis available as a tool for compiler
authors fixes existing bugs, prevents entire classes of new bugs, and even helps compiler
writers change the semantics of their language with confidence. Halide developers plan to
continue to use verification and synthesis to maintain the TRS, and based on this experience

plan to expand its use elsewhere in the compiler.

3https://github.com/halide/Halide/pull/6174
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4.3 Limitations & Future Work

For this work, we considered only the subset of the term rewriting system that is used to
prove properties over infinite integers; the full TRS includes rules for simplifying expressions
with floating point values as well as rules for fixed-bitwidth integers. As a result, we do not
consider cases where the TRS must also reason about whether overflow can occur. Extending
our improvements and automation to such rules could be done in future work.

One major limitation of the synthesis process we use is that our solver, Z3, often cannot
reason about expressions with divisions or modulo where the right operand is a variable.
Though we work around this to synthesize rules with generalized predicates on right hand
side constants, the overall synthesis machinery cannot generalize these to non-constants.
Extending the synthesizer may be more tractable for rules that operate on integers with finite

bitwidths.
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Chapter 5

SPECIFYING AND SYNTHESIZING A NEW TERM
REWRITING SYSTEM

In chapter [ we devised a reduction order to prove that the simplifier ruleset was
guaranteed to terminate, and then made use of that order in synthesizing new rules for
that ruleset. In a way, we could consider this an extended instance of programming by
demonstration—we received around a thousand example programs, manually derived a
specification that described all of those examples, and then used it to synthesize new
programs. The natural question to ask is whether a user might simply write the specification

and synthesize the desired TRS without seeding it with any handwritten rules at all.

The Halide simplifier was a fairly mature system, in production for over a year and
consisting of almost a thousand rules. The Halide variable solver, by contrast, is a much
smaller system, currently implemented as general-purpose C++ code rather than a formal
term rewriting system, and consisting of the equivalent of less than a hundred rules. The
simplifier’s use cases were quite varied and complex, and the existing ruleset required a
complex composite reduction order to cover their full purpose. The variable solver is much
smaller and more focused and can be captured by much simpler reduction orders. With
the variable solver, therefore, we have the opportunity to experiment with various reduction
orders to find the one that fulfills the system’s purpose best, and to synthesize a TRS entirely

from scratch, rather than augment an existing system.

In this chapter, we argue that the reduction order is a useful and powerful way of writing
specifications for term rewriting systems. We demonstrate this using the Halide variable
solver term rewriting system as a case study. First we will discuss the rationale behind

using reduction orders as specifications and the design of our synthesis pipeline. We define
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some possible reduction orders that represent strategies or gradients along which to rewrite
expressions to bring them closer to the desired solved form. We then evaluate these orders
by synthesizing entirely new term rewriting systems using the orders as specifications and

evaluating their performance on a suite of benchmarks.
5.1 Rationale for synthesis pipeline

Here we lay out the rationale for our proposed synthesis pipeline. In particular, we will discuss
three key assumptions: that a reduction order can be an effective heuristic for guiding term
rewrites to a desired form; that a term rewriting system can be synthesized incrementally
rule by rule; and that choosing candidate left-hand sides gathered from realistic inputs is an
efficient means of finding rules that will have high impact on the performance of the term
rewriting system.

When we specify a term rewriting system in this work, we say that it must have three

properties:
e it must be semantics-preserving
e it must terminate on all inputs

e it must rewrite terms into a form that has some desired property

The first two properties are required, but the third is not achievable in absolute terms.
As our language is undecidable, we can’t create a TRS that is able to rewrite all terms into
the desired form. Our incremental synthesis pipeline is thus designed to grow the ruleset rule
by rule, such that with each successful iteration of the synthesis algorithm, the ruleset is able
to move more terms further toward the desired form.

In chapter [3| we showed that the Halide simplifier was semantics-preserving by verifying
that for each rule (I —g r) € R, | =, r, where the equality relation =, was checked via

an SMT solver. We showed that the TRS was terminating by choosing an order > over
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terms and showing that every rule in R rewrote terms to be strictly less in that order. When
we synthesized new rules to add to the simplifier ruleset, we did not explicitly define the
third criterion, but allowed the termination order fitted to the existing ruleset to guide the
synthesis pipeline.

In this section, we will define more precisely the goal or intent behind a term rewriting
system. We argue that an effective means of specifying this intent for the purpose of synthesis
is to use a reduction order to capture the notion of rewriting a term to be closer to some goal
state.

First, we define the goal property that describes the underlying intention of the term
rewriting system. We write the goal property as a predicate function ¢ such that ¢(s) is true
if 5 is in the goal state and false otherwise. When a term s satisfies ¢, we say that s is in
goal form. We denote a language of terms, T'(X, V'), and a semantic equivalence relation over
those terms =, (as opposed to a syntactic equivalence relation, which we will write =).

We can thus write the domain of the term rewriting system as a language £ C T'(X, V),

defined as

L={s|scT(E,V)AGteT(S,V).s=tAd(t)}

We want our term rewriting system to put every term in £ into a form that satisfies our
goal function ¢. When we specify how a term rewriting system rewrites terms into a goal
state, we refer only to terms in £; when the TRS rewrites a term that in is 7'(%, V') but not
in £, it need only obey the semantics-preserving and termination propertiesﬂ

To illustrate these definitions, we will develop formal specifications for two example term
rewriting systems that represent different aspects of the Halide simplifier TRS. As discussed
in section [2.3.3] the simplifier is used in many places in the Halide compiler under a number
of difference circumstances, perhaps explaining the extremely complex reduction order we

devised to fit its ruleset. Here, we will isolate two of the simplifier’s important function:

"'We might prefer that the term rewriting system act on terms not in £ as little as possible, but this is
purely for performance reasons and can be set aside for now.
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showing that a term must always evaluate to true, and showing that a term is strictly
increasing or strictly decreasing.

As in the rest of this work, we assume that T'(X, V') is the Halide expression grammar.
First, we consider a prover TRS, which tries to determine if an expression is equivalent to the
booleans values true or false, or if its truth value is unknown. We state that the prover has a
domain language Lp, which contains all terms in the Halide expression language that are
equivalent (=) to true or false, and a goal state function ¢p that returns true if its input
syntactically equivalent (=) to true or false and false otherwise. This goal function encodes
the purpose of the TRS, which is to transform all terms that are semantically equivalent to
true or false to the boolean constants true or false. (Again, the goal function says nothing

about terms in the Halide language, e.g. x < y, that are not provably true or provably false.)

¢p(s) == s =trueV s = false

Lp={s|seT(E,V)A(s=ctrueVs=, false)}

The second example is a TRS that seeks to show that a given expression is monotonic.
The goal function for this TRS is a bit more subtle. The Halide compiler’s means of querying
the monotonicity of an expression is sound but not complete: it walks the expression to see if
it is in a syntactic form that can be recognized as monotonically increasing, monotonically
decreasing, or constant. If it cannot recognize the expression as any of these three, it returns
unknown. The job of the monotonic rewriter TRS is to put expressions into the syntactic
form the query function recognizes wherever possible. We say then that the domain language
of the monotonic rewriter £, is all terms s in 7°(3, V') where there exists some term ¢ such
that s =, t and t is in a syntactic form that can be recognized as monotonic or constant by
the function is monotonic in the Halide codebase. The goal state function ¢, returns false
when is_monotonic returns unknown on an input term, and true otherwise. (Again, ¢,

may return false for a term that is not in monotonic form because it is not in Ly, i.e. no
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semantically equivalent monotonic form exists, but we can disregard this case.)

With these definitions in hand, we are now ready to formally specify the three properties
we require of a term rewriting system (semantics-preserving, terminating, and rewrites terms
into a desired form). We write R(s) for the output of a term rewriting system R on the
input term s. Assume we use the means of assuring semantics preservation and termination
as used above. Then, for an equivalence relation =, and a goal function ¢, we write that a

specification for an ideal TRS R thus:

Vs e L.o(R(s)) ANVt e T(X,V) .t =c R(t) AN R(t) terminates

Of course, since our theory is undecidable, the Vs € L . ¢(R(s)) portion of our specification
is almost certainly unrealizable in the general case. Instead, we would like to encode a means
of making progress towards this goal, rather than ruling out all TRSs that do not achieve it.
We can think of this as a strategy for rewriting terms to be closer to the desired goal state.

For example, imagine we started writing rules for the prover, and started with this pair:

r=x —pgr true

r+(y—y)=x —pr true

We might note that the second rule is canceling like terms, and add more rules that cancel
like terms without necessarily putting the rewritten term into the goal state, such as the rule
x4+ (y—y) —r z. If we wanted to formally encode this strategy, we could do so using an
order over terms, such that terms that satisfy the goal condition ¢ would be least elements in
that order. In the case of the prover, the order could be to compare terms by their length;
since the boolean constant true is of the shortest possible length in the Halide expression
language, it is a least element of this order. Let us call such an order a goal order (>,) and

add it as a condition to our specification:
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Figure 5.1: A set of terms that are semantically equivalent. In a TRS with no reduction
order requirement, a rewrite from any term to any term would be legal. The terms and all

legal rewrites between them thus form a fully-connected, bidirectional graph.

Vse L.p(R(s)Ns >y R(s) ANVt e T(X,V) .t =. R(t) A R(t) terminates

Imagine terms as nodes in a graph and rewrite rules as transitions between those nodes.
In figure 5.1, we see a set of terms which are semantically equivalent; in the absence of
an ordering over terms, any rewrite from any term to any other would be a valid rule. In
figure |5.1, we fix an ordering in which shorter terms are less than longer terms; now only
rewrites that obey that ordering are available as possible transitions. We wish to fix an order
over the terms in £; the goal order >, could be considered an order traversal from terms not

in the goal state to terms that are.
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min(x,z - 1)

Figure 5.2: A set of terms that are semantically equivalent, ordered by size from top to
bottom. In a TRS using a reduction order that sorts terms by size, a rewrite is only legal if
its LHS is longer than its RHS. The unidirectional edges in this graph show all possible legal

rewrites that obey this order.
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Now, assume we have been given some solution to our specification in the form of a
term rewriting system R. How can we prove that it fulfills our criteria? In chapter [3, we
proved that a term rewriting system was semantics-preserving (V¢ € T'(X,V) . t =, R(t)) and
terminating (V¢ € T'(X,V) . R(t) terminates ) by showing that those properties held over
every rule in the ruleset. We can use a similar strategy here: if the goal order >, holds for

every rule in R, then it must hold for all of R as a whole.

Assumption 1. We can relax our requirement that the ruleset R rewrite every term in L to
the goal state to the requirement that every rule in R rewrites terms to be closer to the goal

state, as described by a goal order >.

In order for the goal order to hold over every term that may match and be rewritten
by a rule, it must be a valid reduction order: well-founded, »-operation compatible, and
closed under substitution (see [Baader and Nipkow, [1999]). Usefully, this means we do not
need a separate termination order; since a goal order requires that each rewrite moves a term
monotonically lower in the order, it also provides a termination guarantee.

We can now restate our term rewriting system specification like so:

Vse L.p(R(s)AV(l =wpr)eER. I=cr Nl >4

Since any term rewriting system we wish to synthesize will be semantics-preserving, the

major decision we need to make in specifying a term rewriting system is to pick a goal order:

Assumption 2. We can effectively formalize the goal of a term rewriting system by choosing
a goal order over terms such that, for two terms s and t such that s >, t in this order, t is

assumed to be closer to the goal state.

Finding a goal order that encodes progress towards a goal state is a difficult task, and
requires human intuition and ingenuity. Our work does not directly aid in this task, which is
still up to the human author of the term rewriting system; however, our synthesizer machinery

can aid in experimenting with and selecting goal orders.
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TRS Goal function ¢ Goal order s > t holds if

Prover ¢(s) if s is true or false | s is longer than ¢

Monotonic rewriter | ¢(s) := is_monotonic(s) | s has more % ops than ¢

s has more constants than ¢

Table 5.1: Two term rewriting systems, goal functions that encode their intent, and goal

orders that represent moving towards those goals

As discussed above, the prover could adopt a strategy of making expressions shorter,
with the aim of eventually being able to reduce them to the constants true or false. For
the monotonic rewriter, one expression in the goal state is x - ¢y where ¢y is a positive
constant; the monotonicity checker recognizes this form as monotonically increasing. So,
one possible strategy could be to move constants to the right side of an equation wherever
possible. We may also want to employ sub-strategies: if the prover TRS contains the rule
r =2 —p true, we might choose a strategy of putting expressions into a kind of canonical
form wherever possible, so we can rewrite an expression e; = ey into €/ = ¢’ and then apply
the identity rewrite rule. The simplifier reduction order, which was composed of several
orders lexicographically, could be said to employ a series of sub-strategies in this way. See
table for the prover and monotonic rewriter goal functions and some goal orders that
approximate them.

If we accept the assumption that a reduction order can encode the strategy of rewriting a
term to be closer to our goal, we now have a specification that should hold for every individual

rule we synthesize:

V(I wp r)eR. I=cr Nl>yr

Finally, we need a strategy for choosing which rule to add to growing ruleset at each step.
As the space of potential rules is so large, even if term sizes are bounded, simply sampling at

random may not be effective. Our synthesis pipeline defines a strategy for growing a ruleset
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so that it is able to rewrite more and more of £, in a way that is of practical benefit to the
compiler. In prior work, we gathered a corpus of expressions seen by the compiler in realistic
circumstances and mined them for general patterns to form candidate LHS terms. We then
attempted to synthesize RHSs for each candidate LHS term to form rules. We assert that

this is an effective method of creating a ruleset that is effective under realistic workloads.

Assumption 3. An effective heuristic for choosing candidate left-hand side terms for new
rules is to gather expressions seen by the compiler under realistic circumstances and mine

them for general patterns.

Note that when we gathered input expressions in prior work, we did not check to see
if those expressions were in the TRS domain £. Any means of checking membership in
L is necessarily incomplete, so any ruleset learned from a checked input list would inherit
the incompleteness of the checker. Also, note that we will want to rewrite subterms of
expressions that are not themselves in £: in the prover TRS, although all input expressions
are boolean-valued, we will want to rewrite subterms of all possible types. For example, given
the ruleset R = {x =x —p true,x +x —p -2}, we need the second rule that rewrites a
numeric-valued expression so that we can rewrite x +x = - 2 to true. In section [5.4f we will
see that useful rules can be learned from expressions not in L.

Given these three assumptions, we propose the synthesis pipeline in algorithm
5.2 The variable solver reduction orders

The variable solver’s goal is to pull out a specified target variable from an input expression
as much as possible. Here we refer to target-matching variables as variables that can be
unified with the target variable or subterms that contain the target variable. Variables that
cannot be unified with the target variable or subterms that contain the target variable are
called non-target-matching variables. All variables that occur in the variable solver ruleset
are either target-matching or non-target-matching. Allowing variables that can match either

target variable-containing subterms or non-target variable containing subterms complicates
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reduction order definitions.

Here we define a reduction order that encodes a strategy for rewriting terms to be closer to
the variable solver’s desired solved form, which we will call the gradual order. This reduction
order composes three sub-orders: an order that reduces occurrences of target-matching
variables; an order that moves target-matching variables to the left in an expression; and
an order that moves target-matching variables higher up in an expression. We give proof
sketches to show that these three orders are in fact valid reduction orders. We also define a
reduction order, which we will call the goal form order, which partitions the term language
into two equivalence classes, terms that are in the variable solver’s goal form and terms that
are not, and states that terms in goal form are ordered less than terms that are not. We show
that this, too, is a valid reduction order.

We represent target-matching variables as z', 3!, etc., and non-target-matching variables

as 2", y", and so on.

5.2.1 Reduce occurrences of target-matching variables
81> 8y == Va' € Var(sy)|si|et > |52]et

The proof that this order is a valid reduction order is straightforward. The order is clearly
well-formed, since |s|;, has a minimum value of 0. The order is compatible with Y-operations;

for any

s1>¢ 89 = f(t1,..tic1, S1,tiet, o tn) >0 f(t1, - tica, S2, b, -os tn)

i—1 n i—1 n
D0 ltklog + Isalog + D twlat > DD [tklag + [s2lag + ) ltlay

zt€Var 0 i+1 zt€Var 0 i+1
Since |s|,+ is always non-negative, the implication clearly holds.
Finally, the order is closed under substitutions. A substitution ¢ could increase the

number of target-matching variables in s, by replacing some z! with a subterm containing
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multiple target-matching variables, but since all target-matching variables in s must occur
an equal or greater number of times in s;, the order must be preserved. Any substitution for
a non-target-matching variable will have no effect on the number of target-matching variables
in s; or sy by definition.

Note that this order does not require that the number of non-target-matching variable
occurrences in s; be equal or greater to the number of occurrences in so; it is perfectly fine to
increase the size of the rewritten expression so long as the count of target-matching variables
goes down. For example, the rule ty <= (to + n1) —r n1 >= 0 introduces a new constant

on its RHS, but obeys the order as it reduces the number of occurrences of .

5.2.2  Mowve occurrences of target-matching variables to the left

The intuition behind the order is simple, but we will have to take care in our definition to
make sure it is a valid reduction order. We define this order by transforming terms into
strings and then comparing the strings lexicographically.

To transform a term into a string (we write this function as varstr(s)), we first take
the sequence of all occurrences of variables and constants in the term, in the order in which
they occur. We truncate the sequence by removing everything after the last occurrence of
a target-matching variable. We then replace all target-matching variables with 'a’ and all
non-target-matching variables or constants with 'b’, and compare the resulting string with

that of another term in lexicographic order (such that a < b).

ng + tog >t + ng
(noto) >(t0n0)
(noto) >(to)

ab >a
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This order is clearly compatible with ¥-operations; if varstr(s;) > varstr(ss), then the

order will still hold if identical prefixes and suffixes are added to both terms.

S1 > S9 — f(th Slvtn> > f(t17827tn)
varstr(s;) > varstr(ss) = varstr(t;) + varstr(s;) + varstr(t,) >

varstr(t;) + varstr(sy) + varstr(t,)

However, we need to add an additional condition to make the order closed under substitu-

tion. Consider a rule

(TLO -+ nl) —+ (f}() -+ 712) —R (ng -+ to) —+ (Tlo + nl)

The rule appears to move the target-matching variable to the left and thus seems to be in
conformance with the order. However, given the substitution o = {ng — y",ny — 2", t; —

zt ng = ((u™ +v™) +w™)}, we obtain the transformation
(" +2") + (@ + (" + ") +w") =g (0" +0") + ") +25) + (v +27)

which actually shifts the target-matching variable to the right. The problem occurs
because the non-target-matching variables have been reordered from the LHS term to the

RHS. A similar issue arises if we reorder the target-matching variables:

(to —+ TL()) —+ tl —R (tl —+ t()) + ng
o = {tO — xta ng — yn7t1 = ((Zn + wn) + xt)}
(' + ") + (" +w") +2") =g (" +w") +2") +2") + 9"
To disallow this ordering, we add the condition that a rewrite rule that follows this order

cannot permute the sequence of target-matching variables or the sequence of non-target-

matching variables; it can only change how the two sequences are interleaved. More precisely,
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if we take the sequence of target-matching variable instances from s; and sy, we should be
able to fix a mapping from each variable instance in s, to an instance of that same variable
in s; such that, after deleting all variable instances in s; that are not mapped, the two
sequences are identical. We must be able to do the same with the non-target-matching
variables in both terms, after omitting all non-target-matching variables that occur after the
final instance of a target-matching variable in their respective terms. With these condition,
there is no substitution that can introduce a non-target-matching variable in the s, term
without introducing at the same or earlier position in s;, and thus the order is closed under

substitution.

5.2.3 Mowe occurrences of target-matching variables up

Much like the previous order, this order is an intuitive step in isolating the target variable to
the left of a top-level binary operator. To define this order formally, we first define a function
bfs hash that takes a term and a variable, and returns a hash whose keys are the depths
of the AST representation of that term and whose values are the number of instances of
that variable that occur at those depths. We say that bfs_hash(s;,x) < bfs_hash(ss, z)
if bfs_hash(sy,x)[0] < bfs_hash(sy, x)[0], or if bfs_hash(sy, x)[0] = bfspash(ss, z)[0] A
bfs_hash(s;, x)[1] < bfs_hash(sy, z)[1], and so on.

We then say that s; >4 sy if, for every target-matching variable x; that occurs in s,
there are an equal or greater number of occurrences of that variable in s; than in s,, and
bfs_hash(s,x) < bfspash(sse, z), and if there exists at least one target-matching variable

whose bfs hash value is strictly greater in s, than in s;.

S1 >T Sy < \V/ZEt S V@T(Sl) . (’81|$t 2 |82|It/\
bfs_ hash(sy,x;) < bfs_hash(sy, z;))

A 3z' € Var(sy) . bfs_hash(sy, ;) < bfs_hash(sy, 7))

For example, consider the rule
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(to —77,0) <ni —Rr o < (no +7’L1)

Both the LHS and RHS have the same number of target-matching variables. bfs -
hash((tp — no) < ni,to) = {0 : 0,1 : 0,2 : 1}, while bfs_hash(ty < (ng + n1),t) =
{0:0,1:1,2:0}. As bfs_hash((ty — ng) < ni1,t)[0] = bfs_hash(ty < (ng + n1),to)[0] and
bfs_hash((tp — no) < n1,t0)[1] < bfs_hash(ty < (ng + n1,to))[1], the order holds over this

rule.

This order has a least element with regard to a fixed number of target-matching variables:
one in which all target-matching variables occur in the highest level of the AST. As the
number of target-matching variables in any RHS must be less than or equal to the number of
target-matching variables in the LHS, it is not possible to construct an infinitely descending

chain in this order, so the order is well-founded.

The order is Y-compatible; for each target-matching variable,
bfs_hash(f(t1,...,ti1,51,ti—1,...,t1) is the sum of the bfs_hash of its subterms (with
the depths incremented by one). As bfs_hash(f(t1,...,t-1,S2,ti—1,...,t1) is the sum
of precisely the same subterms but with bfs_hash(s;) replaced by bfs_hash(ssy), the

requirement holds.

The order is also closed under substitutions. As all variables are necessarily terminals in
a given AST, substituting a subterm for a given variable cannot “push down” any part of the
term that is not directly part of the substitution. Any substitution for a non-target-matching
variable will have no effect on the bfs hash output. For every instance of a target-matching
variable in a RHS term, we can fix a corresponding instance of that same variable in the
LHS term at an equal or lower depth. Any change to the bfs hash counts therefore cannot

possibly result in a violation of the order.
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5.2.4  Put rewritten expression into fully solved form

The orders described above describe a strategy for manipulating terms towards the goal state
of putting them in fully solved form. Is it possible to encode the goal state directly as an

order? Recall that we defined ‘solved form’ as:
1. |t|z« = 0 (the term ¢ does not contain the target variable x').
2. t = z' (the term ¢ is precisely the target variable z*).

3. t =2'®t, where ® is any binary function in ¥, and |¢’|,+ = 0. Terms in this form are
only considered ’solved’ if no term u in either of the above two forms exist such that

t =, u.

Reduction orders must be checkable syntactically, so we relax the requirement that the
second form is only considered solved if no equivalent term in the first form exists and so on.
Then, we can formalize these forms into orders such that terms that are solved are ordered

less than terms that are not solved.
1. 81 >p 5o <= Ja' € Var(s)) A —~3z" € Var(ss)
2. 81 > 89 < Tzt € Var(sy) A sy £ ' ANsy=at

3. 81 >f3 S <= 51 cannot match f(t,ng) for any f € ¥, and s; can match f(tg, ng) for

some f € X

Are these valid reduction orders? All three are well-founded, in that they partition the set
of all expressions into two equivalence classes (expressions in solved form and expressions not
in solved form) and orders all members of the first class as less than the second. However,
none of the three are -compatible; if an expression in solved form is added as a subterm

in a larger expression, the new expression is necessarily not in solved form. The second
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and third orders are also not closed under substitution; in the second and third type of
solved form expression, if the single x; variable is substituted for a longer term containing a
target-matching variable, the resulting expression will not be in solved form. (The first order
is closed under substitution, since we can substitute any non-target-matching variable with
any term not containing a target-matching variable and remain in solved form.)

This demonstrates that any specification for a ruleset will represent a strategy for rewriting
expressions towards a goal state, and not necessarily a means of putting expressions into a

goal state in all circumstances. Consider the following rule, whose RHS is in solved form

(to + nl) ==MNg —R to == (no — 77,1)

which can be used to rewrite the following three expressions

Tt +Yn = Zn —R Tt = Zn — Un

(zn < W) AT+ Yp = 20 —r (20 < W) ATy = 2, — Yn

(Tt %3) +yn =20 —r (T4%3) = 2p — Un
In the first instance, the rewritten expression is in solved form, but the second and third

instances are not.

Although the ‘solved form’ orders are not valid reduction orders, it seems clear that
rulesets following these orders must terminate, and in fact this is true. For any rule that
obeys one of the above orders, its RHS will be the least element of one of the reduction orders

we outlined above. Thus the rule will conform to a reduction order, and any such ruleset is

guaranteed to terminate.

S1 >f1 S2 <= S1 >¢ S2
S§1 >f2 S2 = 51 > S

81 >¢3 S <= 81 >4 S2
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We could thus think of rules that obeyed the ‘solved form’ orders as rules that take the
largest possible step in the direction of the goal state. If we limited our ruleset to such rules,
would the result be more powerful than a ruleset that allowed all rules that obey the reduction

orders above? We will investigate this in our evaluation.
5.3 The synthesis algorithm

Our synthesis algorithm takes as inputs

e A goal function ¢, which returns true when applied to a term in the goal state and false

otherwise.

e A semantic equivalence relation =, over terms. A concrete implementation of this
relation is required to be sound, but it will almost certainly be incomplete (unless

working in a decidable theory).

e A reduction order >, which encodes a desired strategy of moving terms in the direction

of the goal state.

e A set of training expressions E, which will be used to choose candidate left-hand sides
for new rules. These expressions should be likely inputs to the TRS when it is used for

its desired task.

An idealized version of the algorithm is presented in Algorithm [I We initialize with an
empty ruleset R. We choose an expression from our training set £, and from that expression
choose a pattern that could match with it to serve as a candidate left-hand side. We query
the synthesizer for a right-hand side that is semantically equivalent to the LHS and is ordered
less than the LHS in our reduction order. If we cannot find such a RHS, we choose another
candidate LHS and continue. When we do find a RHS that satisfies our specification, we
have learned a new rule. We add this new rule to the end of the ruleset R. We then use the

updated ruleset to rewrite every training expression in £, discarding any expressions that can
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satisfy ¢ after being rewritten (since the newly updated TRS is capable of rewriting those
expressions to the goal state, we do not need to learn any more rules from these expressions).
The remaining expressions in the updated set E have been rewritten as far in the direction of
the goal state as the new ruleset is capable of. If the test set condition is not yet met, we
want to learn rules that will bring these expressions even further toward the goal state, so we

choose a candidate LHS on our next iteration from this newly normalized set.

Algorithm 1: Idealized procedure for synthesizing a term rewriting system

Input: goal function ¢, semantic equivalence relation =., reduction order >, set of
training expressions £
Result: a term rewriting system R
while F # @ do
choose e € E/, [ € 1hs patterns(e);
query synthesizer for r such that [ =, r Al > r;
if r is found then
R+ RU{(l —r r)};
E « {R(e)le € EN=¢(R(e))};

end

end

We implement this algorithm using Rosette |[Torlak and Bodik, 2014], a solved-aided
programming language extending Racket for performing verification and synthesis tasks. We
chose Rosette over the C++ implementation of the simplifier synthesis pipeline as it allowed for
quick experimentation in development of our process. Rosette performs symbolic evaluation
over functions taking symbolic values as inputs, easily lifting Racket code to SMT2-language
formulas that can be passed to solvers. We wrote an interpreter for the Halide expression
language in Rosette to allow for this symbolic evaluation of Halide expressions. In order to
handle the disparity between the Halide/C++ semantics and Racket semantics (particularly
the different truth values of non-boolean types), we had to add some lightweight typechecking

to our interpreter to ensure that integer-typed values were not coerced to boolean values. As
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our synthesis pipeline requires renormalization of inputs every time a rewrite rule is learned,
we also implemented a term rewriting algorithm with target-variable-aware matching in
Rosette (making use of the ML code in [Baader and Nipkow| [1999]), as well as checkers for
our two reduction orders.

Our synthesis pipeline is implemented as a recursive function that takes an inputs a
training set of expressions and an initially-empty TRS. We take our first training expression
and iterate over its subterms in the order that the Halide rewriting algorithm would attempt
to match them, in a bottom-up, depth-first search order. At each subterm, we find all patterns
that could match it. On the rationale that more general rules are more useful, we sort the
resulting patterns by size and try the smallest first.

Now we have a candidate left-hand side expression. We attempt to form a rule by
synthesizing a matching right-hand side. We do this by issuing a query to synthesize a RHS
that is semantically equivalent to the candidate LHS. When we ask Rosette to synthesize an
expression, we typically give it a sketch: a skeleton program that the solver will complete in
a way that satisfies our requirements. To encode the requirement that the synthesized RHS
must obey the desired reduction order with regard to the LHS, we can write sketches in such
a way that any valid solution to them must satisfy the reduction order. This constrains the
search space for valid solutions: the solver will then only look for ways of completing the
sketch in such a way that the completed sketch is equivalent to the candidate LHS for all
possible values of the variables.

Both our goal form order and gradual order are compositional orders. We encode this by
issuing not one synthesis query per candidate LHS, but several, first searching for a solution
to the first order in the compositional order, and, if no solution can be found, moving on to
search for the next. This further divides the search space, such that each individual query
is likely to be either solved or found to be unsatisfiable quickly. As detailed below, each
component order is further broken out into several queries. Sketches used for partitioning
and ordering the search space are known as metasketches (see |Bornholt et al.| [2016]).

If any of those queries finds a solution, we have learned a new rule. We add it to our
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TRS, and then use the updated TRS to rewrite our current training expression. We then
begin transverse the rewritten expression from the beginning just as before. If none of our
queries was able to find a satisfying RHS, we move on to the next in our list of candidate
LHS patterns on the current subterm, and if none of those patterns yield a valid rule, we
move on to the next subterm in our traversal. If our traversal continues all the way to the
top of the expression and all synthesis queries have failed, we conclude that we cannot learn
any new rules from this expression, discard it, and continue with the next expression in our

training set. When the training set is empty, the function returns the learned TRS.

5.3.1 The fully solved order as sketches

The fully solved order is a composition of three orders, encoded as the sketches detailed

below.

No target-matching variables sketch

The only constraint on a sketch of this kind is that the synthesized solution does not contain
any of the target variables. The sketch is thus a valid Halide expression in which the solver is
constrained to use only non-target-matching variables. For efficiency, we further break down
the search space by first querying for an expression that contains only one Halide operator,
then only two, incrementing until we reach the number of operators present in the candidate
LHS. At that point, we conclude that no RHS in this form exists and continue to the next
type of sketch.

Target-matching variable alone sketch

This type of sketch is very simple: for each unique target-matching variable present in the
candidate LHS, we query to see if that variable is equivalent to the LHS. Note that while
the no target variable order is ahead of this order in the fully solved order composition, if

a solution in this form exists, then there is no solution in the form of a term that does not
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contain any target variables, and vice versa. After checking each target-matching variable
in the LHS, if none are found to be equivalent to the LHS, we move on to the third type of
sketch.

Target variable-operator-expression sketch

Here, we take each unique target-matching variable in the candidate LHS in turn. We ask the
solver to complete a sketch where it can choose any binary operator in the Halide grammar
where its first operand is the currently-considered target-matching variable and its second
operand is an expression that contains no target-matching variables. This second operand is
the completion of a sketch just like the ‘no target-matching variable’ sketch above. Similarly,
we check for solutions in which the number of operators in the second operand term is one,

then two, up until the number of operators in the candidate LHSs.

5.3.2  The gradual order as sketches

Similarly, the gradual order is encoded as a series of three sketches.

Fewer target-matching variables order sketch

This is the only one of our sketches that is not guaranteed to return a solution that fulfills its
reduction order, but is only a heuristic. We simply ask the solver for the smallest expression
it can find that is equivalent to the LHS, using any variable present in the LHS pattern. We
do this by asking for an expression using first only one operator and then incrementing with
each query, as in the sketches above, stopping when the number of operators present in the
LHS is reached. Any RHS expression that is smaller than the LHS pattern in operator count
is guaranteed to use fewer instances of variables than the LHS does. If a solution that uses
fewer instances of target-matching variables exists, the solver is likely to discover it. As it
is possible for the solver to find a solution that uses the same number of target-matching

variables, however, any solutions are checked to conform to the reduction order. If the solution



76

does not satisfy the reduction order, we assume no satisfying solution exists, and move on.

Move target-matching variables left or up order sketch

Here, we cannot allow the solver to find any expression of a predetermined size; we also need
to constrain the position of the target-matching variables in the RHS. Our insight here is that
if we knew the positions of the target-matching variables, we could check that those positions
would be ordered less in the reduction order than the candidate LHS, even without knowing
which operators were present in the solution or even exactly which target-matching variables
were in those positions. We precalculate all possible AST shapes for expressions up to a
certain size (3 operators). Then, for a given candidate LHS, we check all possible assignments
of target-matching and non-target-matching status to the terminals of those ASTs. For an
assignment that satisfies the reduction order, we then ask the solver to choose operators
to fill in the AST nodes and to choose variables to fill in the terminals of the appropriate
target-matching or non-target-matching status. Multiple variable-status assignments may
satisfy the reduction order, so we find all possible satisfying sketches and then sort them
using the reduction order itself, querying the solver for solutions for the sketch that is least
in the order and continuing up. Since all RHSs that move a target variable left are ordered
less than RHSs that move a target variable up, we can check for both types of sketches in the

same step.
5.4 Evaluation of synthesized TRSs

We evaluate our synthesis process by synthesizing two term rewriting systems, one using the
goal form order as a specification and one using the gradual order. We gathered a set of
expressions by instrumenting calls to the existing Halide variable solver and running a suite
of applications with randomly generated schedules, as we did in section As our current
synthesis pipeline does not support synthesis of rules guarded by predicates, there was no
need to consider constant values, so we replaced all constants in the gathered expressions

with fresh variables. After removing all duplicate expressions modulo alpha renaming, we had
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a set of 4218 expressions to serve as benchmarks. Note that not all of these benchmarks can
be put into solved form, and since we lack a decision procedure for this undecidable problem,

we do not know how many of the benchmarks can be solved.

We chose 33 of those expressions as a training set. We chose these expressions randomly,
excluding expressions that were so large as to cause performance issues during synthesis.
Recall that the Halide rewriting algorithm attempts to rewrite each subterm of an expression,
and that each subterm can be matched by many potential LHS patterns. Thus, the set of 33
expressions yielded about 500 candidate LHS expressions (the exact number depends on how
successful the learned TRS is at rewriting expressions—if a rule is learned that can transform

an input expression, the newly rewritten expression may yield more candidate patterns).

We ran two synthesis experiments, taking as a specification the goal form order and the
gradual order respectively. The goal form order task synthesized 21 rules, while the gradual
order task synthesized 32. All of the rules in the goal form TRS were also present in the
gradual TRS. Both the goal form and gradual TRS are able to solve 11 of the 33 training set

expressions.

Of the 4218 benchmarks (including the 33 training set expressions), the goal form TRS
was able to put 949 of them into solved form, while the gradual TRS was able to solve 966
of them; in other words, the goal form TRS performed fairly well and the gradual TRS
performed slightly better. There were 18 expressions that the gradual TRS was able to solve
that the goal form TRS was not.

In all 18 cases, both TRSs applied the same sequence of rewrites up to a certain point,
when the goal form TRS was unable to continue. The gradual TRS was able to further
rewrite the expression with a rule that was not present in the goal form TRS, and from there

was able to continuing rewriting the expression into a solved form.

For example, consider this input expression E]

2The expression has been simplified by replacing subterms that have no bearing on the final result with

fresh variables. For example, y«c:co - ¢1 has been replaced by .
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max(((y + ((z + 2) —w)) + c1), (u+ ((z + 2) —w))) + (v = (v + 2))

Both the goal form and gradual TRS rewrite it to

(z +max((((z — w) +y) + 1), ((z = w) +w))) + (w = (v + 2))

at which point no rules in the goal form TRS can be applied. However, the gradual TRS
can apply the rule

to + (n1 — tg) —R to — (tg — nl)

to produce the expression

((z +maz((((z —w) +y) + &1), ((z = w) +w))) = ((z + 2) —w))

The gradual TRS can then apply further rewrites to cancel the target variable and arrive

at an expression in solved form:

max((((z = w) +y) + 1), ((z = w) + u)) = (z = w)

Interestingly, in 15 of the 18 expressions that the gradual TRS was able to solve when
the goal form TRS was not, the rule that unlocked the expression for the gradual TRS was
actually one that obeyed the goal form order. Recall that when we synthesize rules from an
input expression, we attempt to rewrite it just as we would with a concrete TRS, but rather
than rewriting with existing rewrite rules we ask the solver if we can find a new rule that

would allow us to make progress. On the input expression

e (o - (=B ) )

C3

Both tasks were able to normalize to the following form using rules they already knew
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(2 - o) + <(y+ 2) - <<<(Select((a: > 1), 00,01) + (2 +y))> s 03)> -c;;))

C3

From there, the goal form order task was not able to learn any new rules. However, the
gradual order task was able to apply one more rule to the expression, which moves a target

variable to the left but does not put the term into fully solved form.

(no +n1) — tQ —Rr Ng — (tg — nl)

The gradual order task was then able to learn two new rules from the resulting expression,

including one in goal form order

(to —n1) —na —g to— (N2 +n1)

Although this rule obeys the goal form order, the goal form order task never encountered
the input expression that would have matched its LHS, and so it never synthesized the rule.
It is perhaps not surprising that a TRS is able to successfully rewrite more expressions
than a TRS that is its strict subset. More surprising is the fact that the goal form TRS was

able to solve one expression that the gradual TRS could not. On the benchmark expressionﬂ

(y+2)—2)-c1 —w)+ (x -1 +u)

the goal form TRS immediately applies a rule that cancels out the target variable.

((((no — t1) - m2) —n3) + ((t1 - n2) +na)) —r ((n4 —n3) + (no - n2))

(y+2)—2)-aco—w)+ (2 -atu) 2r (t=-w)+((y+2) a))

However the gradual TRS first applies a rule not in the goal form TRS

3Similarly simplified.
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(n() + nl) — 19 — R No — (tQ — nl)

(y+2)—z) a—w +(x-c1+u) =-r (y—(x—2)) 1) —w)+ (x-c1 +u)

Although the gradual TRS contains the rule the goal form TRS used to reach solved form,
this additional rewrite means that the rule no longer applies, and the gradual TRS gets stuck.
We will discuss this type of problem more fully in section [6.1.2] but for now we will observe
that adding new rules is guaranteed to absolutely improve performance on benchmarks.

In developing our synthesis process, we constructed several other variable solver TRSs; we
compare their performance against our two synthesized TRSs here (see table for the full
results). First, we translated the ‘rules’ in the C++ version of the variable solver currently
in the Halide compiler into formal rewrite rules. We removed any rules that were guarded
by predicates, as our synthesis process does not currently support rule predicates. We then
filtered that ruleset by the two reduction orders for comparison. (In fact, when running the
unfiltered ruleset on the benchmarks, it failed to terminate, from which we can conclude
that there is no reduction order that can be made to fit the full original ruleset. The Halide
compiler version terminates now because it does not recurse on every rewrite but in certain
cases simply returns.)

When the ‘original’ ruleset was filtered by the gradual order, it consisted of 75 rules,
more than twice the size of the synthesized gradual TRS. However it performed surprisingly
poorly, solving only 106 benchmarks. However, it was able to solve 21 benchmarks that the
synthesized gradual TRS was not.

When verifying the rewrite rules in the simplifier, we had to prove some of them were
sound using the proof assistant Coq. The Coq standard library contains a large set of integer
axioms, and we wondered how powerful those axioms might be as a TRS. We chose the
relevant integer axiom libraries, scraped them for axioms, and transformed those axioms into
rewrite rules by considering each assignment of target-matching and non-target-matching

status to the variables in each equality and retaining any equality that could be oriented
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using one of our two reduction orders. The resulting TRS using the gradual reduction order
was quite large, 480 rules, but was only able to solve 792 benchmarks, 174 fewer than the
synthesized ruleset. It was able to solve 107 benchmarks that the synthesized TRS could not,
however. Filtering the Coq TRS by the goal form order resulted in a much smaller ruleset

(148 rules) with very similar solving performance (787 solved benchmarks).

In an earlier synthesis experiment, we tried using smaller inputs for our training set. Our
reasoning was that smaller inputs would quickly yield small, highly general rules, which
would allow a TRS to be bootstrapped more quickly. We sorted the 4218 benchmarks by
size and chose the smallest 400 expressions as a training set, synthesizing using the gradual
reduction order as a specification. The resulting 38-rule TRS was able to solve only 492 of
the full benchmark set; it was able to solve 66 expressions that the first synthesized gradual
ruleset was not. Its training set contained patterns that the randomly selected training set
did not; for example, both TRSs learned the rule ny < t; —g t; > ng, but only the TRS
trained on the shorter expressions learned the rule ng > t; —g t; < ng. For comparison’s
sake, we filtered the small-inputs synthesized TRS by the goal form order, resulting in a TRS
of 29 rules. This was the only case in which the goal form order version of a TRS performed
markedly worse than its gradual counterpart; it solved only 251 benchmarks and only 44 that

the synthesized gradual TRS could not solve.

Finally, observing that all of these TRSs solved at least one expression that the synthesized
gradual TRS could not, we took the union of all of the TRSs by simply concatenating all the
rulesets into one. The resulting union TRS performed the best of all, solving 1124 benchmarks
including 179 that the synthesized gradual TRS could not. Filtering the union TRS by
the goal form order, however, resulted in even better performance with 1180 expressions
solved. Much like the one expression that the synthesized goal form TRS could solve but the
synthesized gradual TRS could not, clearly some of the rules in the union gradual TRS are

preventing helpful rewrites from occurring. Again, we will further discuss this issue in|6.1.2]
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Table 5.2: Comparison of the performance of several variant TRSs on the variable solver

benchmark set.

Name |R| | Solved exprs | Solved exprs
not solved by Gradual

Synthesized Gradual 32 966 | 0

Synthesized Goal form 21 949 | 1

Original (gradual) 75 106 | 21

Original (goal form) 53 105 | 20

Coq axiom 480 792 | 107

Coq axiom (goal form) 148 787 | 103

Small inputs 38 492 | 66

Small inputs (goal form) | 29 251 | 44

Union 625 1124 | 179

Union (goal form) 253 1180 | 218
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5.5 Related work

Perhaps the closest related work is the Alive project |[Lopes et al., 2015, Menendez and
Nagarakatte], 2017]. The fundamental difference between Alive and this work is that Alive
works within the decidable theory of bitvectors, while (because of Halide semantics) we
must use the undecidable theory of integers; this constraint is the major reason for many
of our design choices. In addition: Alive verifies optimizations (and Alive-Infer synthesizes
preconditions), while we synthesize rewrites and predicates, as well as verify them; Alive
must contend with more types of undefined behavior, which the Halide expression language
need not consider; and Alive uses a simple reduction order in which all optimizations reduce
program size, while our termination proof is more complex. We originally tried synthesizing
rule predicates with the approach used by Alive-Infer but were not successful: using 73 to
generate positive and negative examples did not scale for us, requiring seconds to minutes
per query due to the underlying theory of integers. Moreover, queries with division/modulo

over the integers often did not work at all, simply returning “unknown.”

Most recently, leveraging a TRS along with synthesized rules has been applied to optimizing
fully-homomorphic encryption (FHE) circuits [Lee et al., 2020]. This system synthesizes
equivalent circuits with lower cost from small example circuits, then applies the equivalences in
a divide-and-conquer manner; the rewrites do not contain preconditions. In further contrast to
our work, the domain of FHE yields a simple cost function (the depth of nested multiplications

in the circuit), and the underlying theory of boolean circuits is decidable.

Herbie [Panchekha et al., |2015], a tool for improving the accuracy of floating point
arithmetic, uses an egraph term rewriting system made up of a small library of axioms to
find repairs once a fault has been localized. Herbie assures termination by bounding the
number of rewrites their system may apply, and achieves good performance by pruning the

expression search space and applying rewrites only to particular expression nodes.

Besides the closely-related projects described above, program synthesis has been applied

to term rewriting systems in several domains. Swapper [Singh and Solar-Lezamal [2016]
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synthesizes a set of rewrite rules to transform SMT formulas into forms that can be more
easily solved by theory solvers, similar to the use of the Halide TRS as a simplifier, using the
SKETCH tool. [Butler et al., 2017] learns human-interpretable strategies (essentially rewrite
rules) for puzzle games such as Sudoku or Nonograms and [Butler et al., 2018] finds tactics
for solving K-12 algebra problems, both using a CEGIS loop similar to our synthesis process.
None of these address termination, although Swapper likely screens out non-terminating
rulesets through its autotuning step. The Butler works both focus on synthesizing small,
highly general rulesets that are similar to human rewriting strategies, unlike the Halide
TRS which tolerates very large rulesets. The A\? tool [Feser et al., 2015] for example-guided
synthesis performs inductive synthesis from examples, using a combination of inductive and
deductive reasoning combined with enumerative search. While our rewrite rules do not
have the benefit of examples, it may be possible to apply this technique to obtain more

sophisticated predicate synthesis for our rewrites.

Superoptimization, a process of finding a shorter or more desirable program that is
semantically equivalent to a larger one, is similar to our work synthesizing right-hand side
terms for candidate LHSs. STOKE [Schkufza et al., 2013] uses Monte Carlo Markov Chain
sampling to explore the space of x86 assembly programs, while [Phothilimthana et al., 2016b]
describes a cooperative superoptimizer that searches for better programs using multiple
techniques in a way that allows them to learn from each other. Souper [Sasnauskas et al.
2017a] is a recent synthesis-based superoptimizer for LLVM, which was used in evaluating
the effectiveness of Alive-Infer’s precondition synthesis.

PSyCO [Lopes and Monteiro|, 2014] synthesizes preconditions that guarantee a compiler
optimization is semantics-preserving, using a counterexample-driven algorithm similar to our
rule CEGIS loop (although not like our predicate synthesis algorithm). PSyCO finds the
weakest precondition from a finite language of constraints, while the space of our predicate
search is theoretically inifinite but in practice bounded by our iteration limit. PSyCO must
reason about side effects by tracking read and write behavior in optimization templates, while

our expression language is side effect—free. More recently, Proviso [Astorga et al., 2019] finds
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preconditions for C# programs using an active learning framework composed of a machine
learning algorithm for decision trees as a black-box learner and a test generator that acts as a
teacher providing counterexamples. Like this work, the logic of preconditions they synthesize
is in an undecidable domain.

Other software that can solve equations in the manner of the Halide variable solver include
SymPy [Meurer et al., 2017], MATLAB [Higham and Higham) 2016], and GNU Octave |Eaton
et al., [1997]. These languages use a set of rewrite rules to perform this task as well. However,
none of them precisely fulfill the variable solver’s objective, generally solving only equalities

or inequalities.
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Chapter 6
FUTURE WORK AND CONCLUSION

Our work in synthesizing term rewriting systems suggests several further directions. We

detail some intended future work here and conclude.
6.1 Future Work

6.1.1 Replacing the Halide variable solver

In our evaluation (section [5.4), we showed that we were able to synthesize effective term
rewriting systems to address the variable solver’s task. However, our ultimate, practical aim
is to synthesize a term rewriting system that can replace the existing variable solver in the
Halide compiler altogether. There are three main issues that need to be addressed before we

can achieve that goal.

Support for rule predicates

In our previous evaluation, we did not attempt to synthesize predicates that must be fulfilled
for a rule to be applied, as we did in the simplifier work. For that reason, we replaced all
constant values in our benchmarks with fresh variables. However, calls to the variable solver
frequently involve constants that are known at compiler time, as seen in the TrimNoOps
example in section Rules that can exploit information about those constants to apply
further rewrites could be crucial in solving expressions that our synthesized TRSs cannot
solve now.

Our process for synthesizing rule predicates for the simplifier was fairly involved and
computationally expensive. However, we believe we could take a much simpler approach for

the variable solver. For the simplifier, we first synthesized a RHS for a LHS expression that
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contained constants, then replaced those constants with fresh variables. If the equivalence
between LHS and RHS no longer held, we attempted to synthesize a predicate that implied that
equivalence. For the variable solver, rather than attempt to synthesize arbitrary predicates,
we believe we could get similar performance with a small set of fixed predicates, such as
¢>0,c<0,c+#0, and conjunctions of the above. For each candidate LHS, we might choose
one of those fixed predicates and a (symbolic) constant in the LHS to apply the predicate to,
and ask the solver to find a RHS that is equivalent to the LHS assuming that predicate is
true. This would multiply the number of queries to the solvers up to the size of the predicate

set, but for a relatively small set this is still highly tractable.

Support for division and modulo

Integer division and modulo operations are difficult for SMT solvers such as Z3 to reason
about, as discussed in section [1.1.2] In earlier experiments, candidate LHSs that contained
division and modulo operations almost always resulted in solver queries that timed out, and
almost no RHS expressions that contained those operations were ever synthesized. For that
reason, in the variable solver experiments in section |5.4] we skipped all candidate LHSs that
contained division or modulo and removed those operations from the language grammar
from which RHSs were synthesized. This saved large amounts of processing time and made
virtually no difference to the synthesized results. However, the variable solver is frequently
invoked on expressions that contain those operations, so it will be important for the variable
solver TRS to be able to handle them. (Indeed, the TRS based on Coq axioms described
in section [5.4] included many rules which used division and modulo, which may be why it
was able to solve many benchmarks that our synthesized TRSs could not, even though it
solved few benchmarks than the synthesized TRSs overall.) We plan to investigate more
performant ways to reason about these operations, such as approximating integers with

bitwidth encodings.
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Conclusive benchmarks

Our evaluation showed that a relatively small, randomly sampled training set is sufficient to
learn a ruleset that is capable of solving a sizable fraction of a much larger test set. However,
in order to propose a TRS that can serve as a substitute for the existing variable solver, we
need a benchmark set that acts as a good proxy for realistic workloads the Halide compiler
will encounter in the wild. We propose to work with Halide developers to gather such a
benchmark set. We also did not demonstrate that a TRS-based variable solver with greater
solving power would produce beneficial downstream effects in compiled pipelines, as we did
for the simplifier; such a demonstration would be a useful argument for replacing the existing
code with a synthesized TRS.

No matter how confident we are in our choice of benchmarks, it is difficult to draw a bright
line and declare a synthesized TRS to be good enough—it is always possible to continue

learning new rules, as our problem remains undecidable in the general case.

6.1.2 Completion

We know by observation that the Halide simplifier TRS cannot prove certain equalities that
are in fact true, or reduce certain expressions that can be further simplified. Our goal is to
learn new rules that would strengthen the TRS and allow it to make further progress on these
“stuck” expressions. This goal seems similar to that of completion, which constructs a decision
procedure through syntatic rewrites for a set of identities. We do not use completion directly,
although our synthesis algorithm could be considered analogous to completion in some ways.

In the standard Knuth-Bendix completion algorithm [Knuth and Bendix, [1983], we take
a finite set of identities ' and a reduction order > on terms as inputs; if successful, the
algorithm will return a finite, convergent set of rules R that is equivalent to F. The algorithm
may also fail, or fail to terminate. At each step the algorithm maintains a set of identities
and a set of rules, both of which can be updated; the algorithm may transform an identity

into a new rule, find a new identity as a consequence of the ruleset, or use the present ruleset
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to refine either an identity or a rule. The algorithm runs until the ruleset has converged;
specific implementations may use some conditions under which to terminate with a failure.

No finite set of identities exists for the theory of integers. We could fix a set of identities
to use in a completion procedure, but choosing these axioms is a non-trivial task. One issue
is that the theory contains axioms such as commutativity; an identity such asz +y =y + =
cannot be oriented by any possible reduction order, so our completion algorithm cannot
make use of this fact. Another is that any sufficiently powerful set of identities would almost
certainly result in a non-terminating completion procedure. In addition, even if we use a
subset of the Halide TRS for our identities (thus yielding a confluent Halide TRS), our
experience shows that many failures in the compiler’s use of the TRS are due to missing
semantic facts that are not derivable from the current Halide ruleset.

In the absence of a finite set of identities, we treat an SMT solver as a decision procedure
to determine if a suggested identity holds in our theory (of course, the solver itself is also
incomplete; we only make use of the soundness of the solver and cannot derive any information
in the case where the solver cannot show that an identity holds). If the identity holds and
can be oriented using our reduction order, it is added as a rule. It is possible that the
newly-synthesized rule may be a consequence of the existing ruleset and thus could have been
found by running completion, but we know that many synthesized rules contain information
that is previously unknown to the TRS.

If we consider our solver as standing in for an infinite set of identities that make up our
theory, we clearly could synthesize an infinite number of rules. Here we make use of the fact
that expressions encountered by the compiler have some bias and are not sampled randomly
from the entire expression space. In a preliminary experiment, we tried generating LHSs at
random within a certain expression size and synthesizing RHSs to serve as new rules. We
were able to find an extremely large number of “missing” rules not represented in the current
TRS, but the new ruleset had no measurable performance impact on benchmarks. Thus, we
only synthesize rules if their LHS could be applied to at least one expression observed by the

compiler under realistic usecases.
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As we observed in the variable solver evaluation, adding a new rule is not guaranteed to
strictly increase the number of benchmarks a TRS can solve. Particularly, we saw a case
in which the synthesized goal form TRS was able to solve a particular expression when the
synthesized gradual TRS was not; the application of a rule that only existed in the gradual
TRS blocked the use of a rule that could have fully solved the expression. This occurred
because the gradual TRS was not confluent. In a confluent ruleset R, for any expression s, if
some sequence of rule applications from R can transform s to ¢, and some other sequence of
rule applications can transform s to ¢/, then both ¢ and ¢ must be eventually rewritten by R
to the same form u. In other words, R will always normalize its inputs to the same form no

matter what order rewrites are applied in.

If a ruleset R is finite and terminating, then a decision procedure exists to determine
whether or not R is confluent. Thus, we are able to detect if adding a new rule to a ruleset
we are synthesizing would change it from confluent to non-confluent, giving rise to potential
issues like the failing benchmark above. If we can detect these issues, can we address them at

the time the rule is synthesized?

One strategy is suggested by completion algorithms. A completion algorithm takes a set
of (undirected) equalities and a reduction order and returns a terminating, confluent term
rewriting system that has the same expressive power as the set of equalities. As a term
rewriting system is also a set of (directed) equalities, these algorithms can also transform a
non-confluent TRS into a confluent one. However, success is not guaranteed; the algorithm
may succeed, fail, or fail to terminate. Thus naively running a completion algorithm on a
synthesized ruleset will not necessarily prevent these issues and may also be computationally
expensive. However, we plan to investigate how a modified completion algorithm could be
used to prevent some instances of non-confluence without paying a large penalty in either

performance or in ruleset size.
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6.1.3 Other Future Work

As discussed earlier, choosing a gradual order that describes a strategy or gradient towards a
desired goal form is not a trivial task and requires human intuition. Not only must the order
describe a gradient over terms towards the goal, but it also must be a valid reduction order;
if it is not, then the resulting term rewriting system (as well as the synthesis pipeline that
produces it) is not guaranteed to terminate or indeed to actually make progress towards the
goal. Proving an order is a valid reduction order is sometimes tricky, and appealing orders
are often found not to be valid reduction orders after closer inspection. Reduction orders
over terms often follow a set of patterns, such as orders that reduce the size of expressions or
reduce the number of particular operations or variables. It would be a useful contribution
to produce a handbook of these reduction order families, as well as strategies for efficiently
encoding them into sketches for synthesis.

Finally, we intend to explore other applications of this work to other problems, other
types of rewriting, and other domains. For example, synthesizing rewrite rules for a very
different rewrite algorithm such as that used in an e-graph might require a very different
strategy. Synthesizing a term rewriting system for a decidable theory, such as bitwidths of

finite width or linear integer arithmetic, might also look very different.

6.2 Conclusion

Term rewriting systems can serve as a key reasoning component within compilers, allowing
them to successfully apply optimizations to produce performant code. In this work, we have
demonstrated how formal methods such as verification and synthesis can assist compiler
authors in creating and maintaining correct and powerful TRS-based reasoning engines. We
have shown how these techniques can be used on existing, handwritten TRSs, by first providing
proofs of correctness and termination for an existing system, and then using synthesis to
grow the system’s reasoning power. Our work has resulted in bug fixes and improvements to

the system that have since been merged into the main Halide codebase. We then showed
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how synthesis can be used to create a new term rewriting system, saving the programming
effort of writing rules by hand. We argued that an efficient way to write specifications for a
term rewriting system is through a reduction order, and discussed ways of translating the
purpose of a TRS into this formalism. We showed that our refined synthesis pipeline is able
to produce general and robust TRSs that perform well when compared to TRSs created using
other means for the same purpose. Finally, we presented some directions for future work,
including the goal of synthesizing a TRS that can act as a drop-in replacement for an existing

compiler component written in general-purpose code.



Appendix A
HALIDE EXPRESSION GRAMMAR

(Expr) ::= (BoolExpr)
| (IntEzpr)
| (VectorExpr)

(BoolExpr) ::= ‘true’

‘false’

IntExpr) ‘<’ (IntEzpr)
IntExpr) >’ (IntExpr)
IntEzpr) ‘<=" {IntExpr)
IntEzpr) >=" (IntExpr)
IntExpr) ‘=" (IntExpr)
IntExpr) ‘'=" (IntExpr)
VectorExpr) ‘<’ (VectorExpr)

)

)
VectorEzpr) ‘<=" ( VectorEzpr)
VectorExpr) >=" ( VectorEzpr)
VectorEzpr) ‘=" (VectorExpr)
) “1=" (VectorExpr)
BoolExpr) ‘&&’ (BoolExpr)
BoolExpr) ‘|| (BoolExpr)

" (BoolExpr)

{

{

{

{

{

{

{
(VectorExpr) > (VectorEzpr)
{

{

{
(VectorExpr
{

{

(IntExpr) ::== (IntExpr) ‘+’ (IntExpr)
| (IntEzpr) =’ (IntExpr)



(IntExpr) *’ (IntExpr)

(IntExpr) /’ (IntExpr)

(IntExpr) ‘% (IntExpr)

‘max’ (IntEzpr) (IntExpr)

‘min’ (IntExpr) (IntExpr)

‘select’ (BoolEzpr) (IntExpr) (IntExpr)

integers

(VectorEzpr) := ‘broadcast’ (IntExpr)

‘ramp’ (IntEzpr) (IntExpr)

VectorExpr) ‘+’ ( VectorExpr

(0

VectorEzpr) ‘=" ( VectorExpr

(YR

VectorExpr) */

{ { )
{ { )
(VectorEzpr) ‘** (VectorExpr)
( (VectorExpr)
{

VectorExpr) ‘% (VectorEzpr)

‘max’ (VectorEzpr) (VectorExpr)

‘min’ ( VectorEzpr) (VectorExpr)
‘select’ (BoolExpr) (VectorExpr) (VectorExpr)
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Appendix B
THE FULL HALIDE SIMPLIFIER REDUCTION ORDER

8 >yqr tiff Ir.|s|, > |t A Ve € X0.=To.o(x) = ¢ (B.1)

The order >y, holds if there is one variable with strictly fewer occurrences in s than in ¢,

and if that variable cannot be a ground term.

S >pee t U |S]pee > |tlvee AV € Var.|s|, > |t]. (B.2)

The order >,.. holds if there are strictly more vector operations in s than in ¢.

S >dmm t iff |5’dmm > ’t|dmm AVx € V, |S|x > |t‘x (BS)

The order > g,,m holds if the total count of division, modulus, and multiplication operations

is strictly greater in s than in ¢.

S >leaft ift ‘Syleaf > ‘ﬂleaf AVx € ‘/a ‘S‘CL‘ 2 ‘t’x (B4)

We define the measure function |s|ieas as the number of leaves or terminals in the term s

represented as an abstract syntax tree. Thus >.,¢ holds if s has more leaves than ¢.

§ Sop LY " [sly >ty AVE €V |sly > |t]a (B.5)

fex fex
The order >, holds if the count of all operations (all symbols in 3 that are not zero-arity)

in term s is strictly greater that of ¢.
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s >0/1 L iff |slicay = [slo +[s[1 > [tlieas = [tlo = [t]y

A |5|leaf = |t|l6af (B.6)

AV € Var(sy).|s1]e > |52]e

AVz € Var(s).—Jo.(c(z) Z0ANo(x) # 1)

The order >g/; holds if there are strictly more occurrences of the constants 0 and 1 in ¢
than in s and if for all variables in s, there is no substitution such that x can be substituted

with the constants 0 or 1.

s > tiff |s|y > |t|y AVx € Var.|s|, > |t|, (B.7)

This order represents a composition of orders over each operation in the Halide expression

grammar. The operations are checked in this order:

1. ramp

2. broadcast

3. select

4. division

5. multiply

6. modulus

7. subtraction

8. addition

9. min, max
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10. or

11. and

12.

v

13. >

14.

IN

15. <

16. #

18. not

) >lpo t (BS)

The order >, is a lexicographic path order induced by an order defined over the Halide
operations. We further refine the Halide operations by distinguishing addition, multiplication,
select, min, and max where both arguments must not be ground terms from their counterparts
whose arguments may be a ground term. We also separate subtraction where the left operand

is the constant 0 from substractions where the left operand cannot be the constant 0.

e add by constant <

e multiply by constant <

e {subtract from 0, select from constant } <
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e max with constant <
e {min with constant, max, min, add, mul, subtract } <

e all other operators

5 >gur I dyur(5) < Pur(8) AV €V, |8]s > |t (B.9)

The order >, is checked by calculating the function ¢g,., which traverses the input term
depth-first and replaces each constant with ”b” and each variable with ”a”. The resulting

strings are then compared lexicographically.

§ >nege t HE [S|nege > |tlnege AVZ € V. |s|p > |t (B.10)

The order >4 holds when s contains strictly more negative constants than t.

S > nmode tiff |3|nm0dc > |t|nmodc /\VZL‘ S Vv; |8|.Z’ Z |t|ac (Bll)

The order >,,,,04c holds when s contains strictly more constants that are not within the

range 0 < ¢ < ¢/, for some constant c,,.

. 3 . . >
u
S >unig t M [S|unig > [tlunig A VT € V,|s|s > |t|s (B.12)

The order >,,;, holds when s contains strictly more unique subtrees than ¢.

Finally, these two rules are well-ordered because they associate min and max to the left.

max(max(z,y),max(z,w)) — g max(max(max(z,y), z), w) (max106)

min(min(z,y),min(z, w)) —g min(min(min(z, y), 2), w) (min106)
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