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Coherent structures are persistent, large-scale spatiotemporal features in fluid flow fields.
Optimal control theory is a branch of mathematics highly relevant to engineering for ma-
nipulating the behavior of dynamical systems. In this work, we explore the interplay and
connections that arise between these two concepts in two different contexts. In the first con-
text, we are motivated by the problem of path planning of ocean drifters moving within
flow fields. Here, we are interested in how the background coherent structures character-
ized by the Lyapunov exponents of the flow impact and shape energy efficient trajectories
of the robot moving within. In the second context, we investigate a strategy for controlling
the dynamics of swirling vortex structures in flow fields. In this case, we consider “coher-
ent structures” of the flow field characterized by Koopman eigenfunctions. In particular,
we investigate how formulating control in terms of these eigenfunctions changes the vor-
tex dynamics. Given that there has been much recent work in data-driven computation of
these coherent structures, we anticipate this work to be of considerable interest to scientists

and engineers.
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2.2

Overview of the proposed methodology for analyzing the connections be-
tween finite-horizon energy optimal trajectories and the FTLE field. A self-
propelling agent is controlled to transit from a starting location to a goal
location through a finite-time horizon energy-optimal trajectory in a time-
varying double gyre flow field. The resulting agent trajectory, along with the
finite-horizon predicted trajectories at each time step, are shown and color-
coded based on instantaneous energy expenditure (top left). The trajectory
history (solid) and the future forecast trajectory bundle (dashed) at an ex-
ample time instant are shown (top right); the instantaneous FTLE ridges are
also shown below these with blue indicating the repelling LCS and red in-
dicating the attracting LCS. As can be observed from the snapshots taken
at four particular times (bottom), the energy expenditure along the planned
trajectory, given by the color of the dashed line), and the shape of the finite-
horizon trajectory depend on the evolution of the local FTLE ridges.

Dependency of the resulting sensor trajectories on the ratio between the
penalties on energy expenditure (R) and state error (Q), for a fixed time
horizon Ty = 4. The trajectories are color-coded by instantaneous energy
expenditure. There are three costs shown in the top right figure: J = J,,+ J,
Je = > Qx — mg)T(ac — x4)At, and J, = S RuTuAt. Here, J generally
increases with R/Q. The trajectories undergo several qualitative changes
(bifurcations) as R/Q is increased, forming different types of periodic orbits
shown on the bottom of the figure. ~An example of this is when R/Q is
changed from 25 to 26, we observe a major change in the shape of the final
orbit around the goal, as opposed to the minor change from R/Q = 15 to 25,
where the final eye-shaped orbit only gradually increases in size. The for-
mation of these orbits are dependent on the background flow FTLE, as can
be seen from the inset of case R/Q) = 2. We observe that as the LCS move,
the stable and unstable LCS intersect at a point, whose location changes ev-
ery instant, and the sensor moves in a manner in which it is right on top of
this intersection point for most of the time when R/Q = 2 (top left box).
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Different instances of a trajectory for different time horizons while keeping
R/Q = 2 fixed. By varying the time horizon, T, we see that the extra loop
in Figure 2.2 is due to a sensitivity of the planned path with respect to T,
where the agent becomes stuck in the right gyre for lower Ty. We can see
here with reference to Figure A.1 how as the time horizon increases, the
agent moves less aggressively and improves its timing with the gyre oscil-
lations to reach the goal sooner without taking an extra loop. Another inter-
esting aspect of this plot can be seen at t3 = 4 and ¢4 = 6 where the multiple
agents line up to mirror the movement of the red LCS, further confirming

the strong correlation finite-horizon optimal trajectories and the FTLE ridges. 18

Influence of the FTLE ridges on the energy expenditure both along predic-
tion horizon (right top) and instantaneously (right bottom) under parame-
ters Ty = 4.0, R/Q = 100, and At = 0.1. An agent’s motion along with the
predicted forecast trajectory (dashed line) are shown on the left, together
with the repelling (blue) LCS and the attracting (red) LCS. There is a cor-
relation between the spike in both the instantaneous energy spent (right
top) and the cost along the forecast trajectory (right bottom) with move-
ment across an FTLE ridge. Here, unlike in Figure 2.2, the summations
Jo = Y. Qx — zy)T(x — z4)At and J, = Y RuluAt are only along the
forward dashed line in the plots under "snapshots’ and not along the entire
trajectoryasin Figure2.2 . . . . . . ... ... oL oL

The mobile sensor settle on periodic orbits around the goal state (left) and
the magnitude of the Fourier transform of the instantaneous energy spent
by the mobile sensor (right). We observe that the time series of the energy
spent is periodic with frequencies at integer multiples of the double gyre
oscillation frequency, which correspond to the peaks in the right plot. . . . .

Variations of agent trajectory under different double gyre oscillation fre-
quencies. The frequency of the periodic orbits depends on the double gyre
oscillation frequency. . . . . . . . ... L L oL o

Multiple simulations were carried out at each R/() ratio spaced logarithmi-
cally, from 0 to 100, time horizon ranging from 1 to 10, and gyre frequency
ranging from 27 /4 to 27 /14. The data presented here is in the form of scat-
ter plots for each gyre frequency with each color representing the Pareto
optimal tradeoff curve between the total energy spent along each trajectory
and the sum of deviations from target along the trajectory. The trajectories
shown in the bottom row correspond to the highlighted purple circles (1,2,3)
in the Pareto optimal corresponding tows = 27/10. . . . ... ... ... ..
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As the sensor moves in the double gyre flow field, it is constantly taking
control actions v = [uy,u,], where, u,,u, are the x and y-components of
its actuation respectively. At each instant, the sensor is also moving over a
background double gyre flow velocity vector whose components, v, and v,
are given by (1.15). The top row of histograms are of the magnitude of con-
trol actions ||ul| taken (in red), against the magnitude of the background cur-
rent velocity ||v(zs, ys,t)|| (in grey), where, x5, y, are the sensor coordinates
at time ¢. The second row shows the heading angle of the sensor (the ori-
entation of dx/dt), plotted in red, against the orientation of the background
tflow field velocity vector, plotted in grey. The corresponding trajectories are
shownonthebottom. . ... ... ... ... .. .. ... ... ... .....

MPC trajectories with varying R /() ratio, starting from different initial con-
ditions with the same goal location. We find that eventually, the trajectories
converge to similar periodic orbits thereby using the LCS in similar ways to
orbit around the goal location despite having different transients. . . . . . .

MPC trajectories to different goal locations with varying R/Q ratio for the
same initial condition. We find that in the case of placing the goal near the
middle to bottom region (top left and top middle plots) of double gyre, the
sensor is able to form stable orbits near the attracting LCS, where the sensor
moves with the base of the attracing LCS. However, placing the goal near
the repelling LCS causes more difficulty for MPC in forming small stable
orbits (top right). The bottom plots show that it is possible to form small
periodic orbits in the corners of the double gyre flow field when the goal is
placed closetothem. . . . ... ...... .. .. .. ... ... ... ...

MPC trajectories formed by the sensor in an ABC flow field as a function of
the R/Q ratio. We observe that for a time horizon of 5, we are able to find
several cases of periodic orbits loitering close to the goal location. In these
cases, the initial position is Xsart = [77/2, 1, 6] and the goal is xgoq1 = [5,2, 1]

This scatter plot shows the performance of MPC in the ABC flow field simi-
lar to Figure 2.7. We observe that MPC trajectories with short time horizons
are able to reach the goal state and increasing the time horizon has a benefit
of decreasing the actuation energy usage. We also observe that the inflection
points and breaking off points correspond to bifurcations in the trajectories.
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This figure shows the use of MPC to plan trajectories in the Gulf of Mex-
ico dataset. We have chosen the region highlighted in dashed dotted lines
in the top left plot. The bottom six plots show the trajectory generated for
R/Q = 1 (full trajectory can be seen in the rightmost plot in Figure 2.14)
and u;,uy < 2 km/hr in color shading from yellow to purple to high-
light how energy is spent along the path. The units on the x and y axis
are longitude and latitude respectively. The red cross in the figures show
start location, Xstart = [—85.5,19.8], the green cross shows the goal location,
Xgoal = [—83.7,18.9]. The black dot shows the instantaneous sensor location.
Viewing the six figures in sequence we observe that the sensor moves across
the blue repelling LCS from ¢ = 6 to t = 8, where t is the time in days. We
observe a spike in the instantaneous energy spent and a slow drop as we
move away from the repelling LCS (as seen in the top right plot of u(t)). We
then observe that the sensor synchronizes with the attracting LCS to move
towards the goal location. . . . . ... ... .. ... ... . 0 oL

This figure shows the change in MPC trajectories in the Gulf of Mexico as
the R/Q ratio is varied. We see an aperiodic loitering state near the goal
location. Given that the time horizon in this case Ty = 9.6 hours, which
is relatively short compared to the total trajectory time of 100 days, we can
see that even with short time horizons the MPC trajectories are capable of
making it to the goal location . . . . . ... ... ... .. ... .. ... ...

This figure outlines the methodology of cFTLE which takes Lagrangian con-
trolled trajectories as input and outputs LCS curves which highlight interest-
ing transport features of the control law which are generally not visualizable
by simply plotting all the trajectories or by plotting the control vector field.
The left most figure shows that in order to evaluate our control algorithm,
we generate the simulation from a mesh grid of initial agent positions at
t = 0. We end the simulations at t = T4 (as shows in the middle figure).
Finally we use the FTLE algorithm on this data to generate “cFTLE” ridges
which highlight important features in the domain. . . ... ... ... ...

Control FTLE ridges separate dynamically different regions of agents mov-
ing in the flow field. We show two distinct patches of agents - a purple and
a yellow patch. Both patches start initially on different sides of the cFTLE
ridge. The time evolution shows that cFTLE ridges separate the patches that
undergo different paths and accrue largely different short-term state error
cost despite starting close toeach other. . . . . ... ... .. .. ... ... ..
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cFTLE boundaries enclose regions in the domain which accrue similar cost.
Despite the fact that the purple and the yellow patch start far from each
other, they meet in short time since they are in the same lobe. This can be
viewed particularly at ¢ = 3.6 on, where the yellow and purple patch are
within the same bounded cFTLE region. These structures are not apparent
when viewing the control law or the flow field alone. An application of visu-
alizing such regions in the domain may aid in solving rendezvous problems
in the ocean where two distinct groups of agents may need to meet in finite
time . . . . . .

The plot (a) shows the control FTLE ridges for double gyre setup at an R/Q
ratio of 80 on the left, with a time of advection T4 = 15, T = 3. The agents
are tracking the goal set point at x4,,; = [0.5, 0.5]. On the right (b), we show
the accumulated state error Jr for a meshgrid of agents in the domain for
the same R/() and Ty. We see that the cFTLE ridges are located where there
is a drastic change in color on the right figure. This indicates that the cFTLE
ridges at a particular 74 partition the domain by the cost spent (i.e., large
changein Jr). . . . . . .. L

On the left, we plot the instantaneous energy spent by an agent starting
from a meshgrid of initial conditions moving to a goal location on the left
(Xgoar = [0.5,0.5]) at t = 0. On the right, we plot the accumulated state error
over the time horizon of MPC (Ty = 4.5, R/Q = 15). In both plots, the
streams are the control law generated by all the MPC agents, and the cFTLE
ridges are shown where the time of advection is equal to the time horizon
of the MPC, T4y = Tx. We observe here that the cFTLE ridge overlaps with
regions where actuation energy expenditure peaks locally. Also, similar to

41

Figure 3.4, the cFTLE divides the domain where the cost gradient is the largest. 41

This figure shows the cFTLE ridges for four different R/Q) ratios of 20, 40, 60, 80,

and how the barriers shrink as the aggressiveness of the MPC increases.
Here, the time of advection for cFTLE T4 = 15, and the time horizon of MPC
is Ty = 3. We observe that as the aggressiveness of the control decreases,
the cFTLE approaches the passive FTLE. . . . . . .. ... ... ... .....

This figure highlights the change in cFTLE ridges as a function of the goal
location. Here, R/Q = 15,74 = Ty = 4.5. The streamplot on both plots
show the control law. The color in the background shows the regions where
most energy is spent (brighter yellow shows larger energy spent and darker
shows less). On the left plot, the goal location is set to the right gyre, and
on the right plot, the goal location is set to the left gyre. We observe how
the fluxes generated by the control law moves the passive FTLE ridge. A
left flux moves the cFTLE ridge to the right, and vice versa. This figure
continues to highlight the connection between the terms in the cost function
and cFTLEridge asin Figure3.4. . . . . . ... ... ... . ... ......
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This figure shows the change in cFTLE field for time horizon values Ty =
{2,3,4,5}, using an advection time of 74 = 15 and R/Q = 50 at t; = 0.
Unlike in Figure 3.6, the cFTLE ridge changes due to more intelligent use
of control and not because of sheer use of greater effort. The cFTLE ridges
exhibits more structures, and the curves have more branches due to several
ridges coming close to each other and collapsing on each other. . . . .. ..

This figure shows the range of policies that can be generated at time ¢t =
0. The policies considered in this chapter vary with time ¢. The left and
middle policies are generated using MPC with a time horizon of 1.0 and 3.0,
respectively. The policy on the right is generated by using DDPG and can be
considered the “infinite-horizon” case. All policies have an R/ ratio of 70.
From left to right, there is an increase in spatial complexity of the policy as it
begins to use more information of the flow field. This spatial complexity in
turn influences the cFTLE ridges computed, which can be seen in Figure 3.8
and Figure3.10. . . . . . ... ... L L

This example shows the repelling cFTLE field plotted for a policy generated
using DDPG with R/Q = 70. Much like Figure 3.2, we use two patches to
highlight transport mechanisms. We also use the same initial patch locations
forcomparison. . . .. ... L L

Uncontrolled vortex dynamics: The key dynamic states of a 4-vortex sys-
tem are highlighted: periodic (or single-frequency periodic), quasi-periodic
(or multi-frequency periodic), and chaotic (broadband frequency). These
dynamic states differ by the angle the vortices initially make with the ori-
gin [18]. The control demonstrated in this work aims at switching between
these different states. From left to right, we show the mixing of tracer par-
ticles (starting from the initial distribution to the left), vortex trajectories
and the Fourier transform (FFT) applied to the x-component of a single vor-
tex to characterize occurring frequencies. A broad spectrum implies chaos,
whereas sharp peaks at discrete frequencies can imply quasiperiodicity or
periodicity. . . . . ...

Impact of reference tracking of the four invariants of the vortex system on
the vortices’ trajectories using an actuator in a fixed position. From top row
to bottom: (1) Different dynamic regimes appear depending on a higher or
lower reference value for the Hamiltonian. (2) Increasing angular impulse
translates the vortices away from the origin. Negative A shows that vor-
tices merge closer in a similar strategy to increasing the Hamiltonian. (3-4)
Change in linear impulse manifests as translation of the vortex configura-
1570
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4.3

44

4.5

4.6

MPC control signals (circulation) corresponding to the different cases of in-
variant control displayed in Fig.2. Red curves are associated with a higher
reference value, while blue curves represent a lower reference value in the
objective function. From left to right: (1) We can observe here that the red
curve is oscillatory with increasing frequency in time while the blue curve
decreases the frequency in time. (2) While an increase in angular momen-
tum results in a step function, a decrease yields consistent periodic behavior
similar to the Hamiltonian but without convergence. (3) In contrast, conver-
gence can be quickly achieved using a step function for both increasing and
decreasing linear impulse. . . . . ... ... ... Lo L oL

This figure summarizes the resulting dynamics from multi-invariant con-
trol. The first row shows the vortex trajectories with the reference change in
angular impulse. The second row is for the change in Hamiltonian . . . . .

Schematic diagram for transitions: On the left, we show how multi-invariant
control can be used to move between periodic and quasi-periodic regimes
as seen in Figure 4.1. Here, the average radius/variance of the vortex distri-
bution and the center of vorticity or the mean can both be controlled. When
the Hamiltonian is increased under these constraints, the vortex merging is
constrained to states along the dotted circle, which exhibit quasi-periodic
behavior. Transitioning between different dynamic regimes is very limited
using single-invariant control, whereas multi-invariant control enables one
to reach a more diverse set of states. On the right, we show that a similar
transition is possible from periodic to chaotic behavior by shifting the centre
of vorticity to the right, thereby causing an asymmetry in the vortex con-
figuration. These particular configurations have been exhaustively studied
independently in [18]. The key difference between these configurations is
the angles the vortices make with the origin. . . . . ... ... ... ... ..

This plot shows the power spectral density of the x-component of a single
vortex for both single- and multi-invariant Hamiltonian control. This in-
formation can be used to classify different dynamic regimes as shown in
Figure 1. We see that in single-invariant control, increasing the Hamiltonian
yields periodic behavior with a single frequency, whereas decreasing the
Hamiltonian modifies the dynamics towards chaotic behavior with broad-
band frequency characteristics. However, for multi-invariant control, this
chaotic transition does not occur. Instead, when increasing the Hamiltonian
quasi-periodicity with multiple frequencies can be observed. This is due to
enforcing symmetry in the case of multi-invariant control. . . . .. ... ..

ix

63



4.7 This plot shows the comparison between single invariant and multi invari-
ant Hamiltonian control in terms of mixing. The plots are scatter plots of ac-
tuator effort [ w(t)dt over time on the z-axis and the KL-Divergence on the
y-axis. We observe that enforcing symmetry decreases the KL-divergence in
the case of decreasing Hamiltonian. This is due to vortex dynamics being
restricted to periodic behavior instead of chaotic. In the case of increasing
Hamiltonian, the mixing improves due to a transition to quasiperiodicity.
We also observe that multi-invariant control uses more energy than single-
invariantcontrol. . . . ... ... L oo

A.1 In Figure 2.2, we observe that for Ty = 4, R/() = 2, the trajectory makes a
loop in the right gyre before ultimately reaching the goal. This is not the case
for R/Q) = 3 which is more greedy in spending energy. This is somewhat
counter-intuitive, since we expect that spending more energy should drive
the mobile sensor more rapidly to the goal. In this plot, we show the differ-
ence in how the control energy is spent comparing R/Q) = 2 and R/Q = 3.
We observe that R/ = 2 takes longer to reach the goal because good perfor-
mance is very sensitive to timing in the gyre. We see in the above figure that
the aggressive control (grey trajectory) moves too far ahead the non aggres-
sive control (purple trajectory) to make use of the gyre dynamics to move
directly tothe goalstate. . . . . ... ... .. .. ... . ... . o L.
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A.3 Trajectories for various R/Q at a time horizonof Ty =2. . .. ... ... ..
A4 Trajectories for various R/(@ at a time horizonof Ty =3. . . . ... ... ..
A5 Trajectories for various R/(@ at a time horizonof Ty =4. . . . ... ... ..
A.6 Trajectories for various R/Q at a time horizonof Ty =5. . . . .. ... ...
A.7 Trajectories for various R/() at a time horizonof Ty =6. . . ... ......
A.8 Trajectories for various R/Q at a time horizonof Ty =7. . . ... ... ...
A9 Trajectories for various R/Q at a time horizonof Ty =12. .. ... ... ..
A.10 Trajectories for various R/Q at a time horizon of Ty = 12 with warm start. .

106
107



A.11 As the sensor moves in the double gyre flow field, it is constantly taking

B.1

B.2

control actions v = [uy,u,], where, u,,u, are the x and y-components of
its actuation respectively. At each instant, the sensor is also moving over a
background double gyre current vector whose components v,, v, are given
by (1.15). The top row is a histogram of the x-component of control actions
u, taken (in red), against the x-component of the background current veloc-
ity vy (s, ys, t) (in black), where, x5, y, are the sensor coordinates at time ¢.
The second row is a similar plot for the y-component. We observe that the
gyre takes values beyond the actuation capacity of the sensor, which high-
lights the under-actuated nature of the problem. Also, at low R/Q ratios,
the distribution of control actions follows a distribution with two peaks at
+/ — 0.1, which corresponds to a situation similar to bang-bang control. As
we increase the R/(Q ratio, the distribution of control actions move to a sin-
gle peak centered around zero corresponding to the use of very little control
effort when compared to the background velocity. . . . ... ... ... ...

This figure shows two patches of agents - one purple, and one yellow start-
ing on opposite sides of a repelling cFTLE ridge computed with 7y = 15 and
evolving through the unsteady flow field with control. We also plot the at-
tracting cFTLE ridges to show the full picture of high the cFTLE ridges gov-
ern the dynamics. We see that the attracting cFTLE ridges highlight curves
of long term attraction . . ... ... ... .. ... ... ... L.

We plot the passive FTLE ridges in the uncontrolled double gyre on the left,
and the deformed ridges under the action of MPC at Ty = 3.0, R/Q = 80
on the right. The blue curves are repelling structures, and the red curves are
attracting structures. . . . ... ... Lo o
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Chapter 1
INTRODUCTION

Broadly speaking, this work investigates the use of control theory in the field of fluid
dynamics. Fluid flow fields typically display spatiotemporal coherence in their dynamics
that are colloquially termed coherent structures. While intuitively, the notion of a coher-
ent structure can be imagined (e.g. swirling vortex patterns in fluids), there exist several
mathematical definitions of coherent structures (eg. exact coherent structures, Lagrangian
coherent structures, vorticity, Koopman modes etc.).

In this work, we investigate two different notions of coherent structures from dynami-
cal systems theory. The first is the use of Lagrangian coherent structures for path planning
within fluid flow fields. This will be the focus of majority of the text (Chapters 1-3). The
second context discussed in Chapter 4 investigates the use of Koopman eigenfunctions for
the control of a fluid flow (vortex dynamics).

In the current chapter we outline the motivating problem, literature review, background
on Lagrangian coherent structures, optimal control theory and the model problem rele-
vant to and investigated in Chapters 2 and 3. Chapter 4 makes use of the optimal control
ideas developed in this chapter; however, since the motivating problem and background
for Koopman eigenfunctions and vortex dynamics are quite different from the material in
other chapters, they are discussed in Chapter 4, making it more self-contained. In Chapter

5 we summarize the ideas of the dissertation and provide commentary on future work.

1.1 Motivating Problem

The ability to generate energy-efficient trajectories that take advantage of the inherent mo-
tions of a background flow field has significant implications for monitoring large bodies of
water with intelligent mobile sensors [11, 135, 190], furthering our understanding of the cli-

mate and natural ecosystems [35, 50, 194]. Developments in this area also present economic



opportunities for cost reduction in industries that rely heavily on maritime transport and
shipping. Self-powered mobile sensors typically have complex performance tradeoffs, lim-
iting size, weight, and power (SWAP). Further, most mobile sensors will only have partial
and imperfect information about the ambient flow field, resulting in a finite-horizon pre-
dictive window to make decisions about its trajectory. Improving the generation of energy-
efficient trajectories that intelligently leverage the flow field to go with the flow may have
significant benefits in extending the duration and reach of these mobile sensing platforms.
This work provides an extensive analysis of trajectories generated through a finite-horizon
model predictive control (MPC) optimization of a mobile sensor in a time-varying back-
ground flow across a wide range of system parameters. Further, we establish connections
between the control performance and efficiency with the alignment of these trajectories

along coherent structures in the background flow.

1.2 Overview and Literature Review

For mobile agents with actuation capabilities, there exists a vast literature on various algo-
rithms for trajectory generation in dynamic fluid environments. For example, graph search
algorithms and stochastic optimization have been investigated for path planning [88, 133,
170]. Assimilating in-situ observations obtained by mobile sensors in an adaptive fashion
into ocean models has also been explored, for example with mixed integer programming
algorithms [96, 192]. Coordinated control of ocean gliders for adaptive ocean sensing has
been exhaustively studied in Monterey bay [16, 48, 94, 95]. Algorithms inspired from com-
putational fluid dynamics have also been used to explore coordinated control of swarms
in flow fields [99-101, 163, 164].

There has been relatively little work in developing a deep understanding of the con-
nection between the dynamics of the flow field and the nature of the optimal trajectories
within the flow fields, with a few notable exceptions [70, 73, 151, 193]. A key challenge in
exploring this connection is the complexity of fluid flow fields, which typically involve the
existence of multiple scales in space and time.

To understand the complexity of fluids, techniques from dynamical systems are often



employed. Lagrangian coherent structures (LCS) have emerged as a robust and princi-
pled approach to uncover invariant manifolds that mediate the transport of material in
unsteady fluid flows [65, 66, 68, 154, 156, 157, 171]. Specifically, LCS define the transport
barriers in a flow field where passive drifters are attracted to or repelled by. There has been
considerable work in the development of algorithms to accurately and efficiently compute
these structures from data [24, 31, 47, 67, 68,98, 152, 153, 156, 176].

In dynamical systems, Lyapunov exponents provide a measure of the sensitivity of the
trajectory to initial conditions. In chaotic vector fields, two almost identical initial con-
ditions can lead to flows that diverge exponentially in finite time. The finite-time Lya-
punov exponent quantifies this stretching over a fixed, finite-time horizon, resulting in a
scalar field over a domain of interest highlighting the most sensitive regions to perturba-
tions in the initial conditions [31, 59, 68, 98, 156]. Moreover, the FTLE has also been used
in fluid dynamics applications to compute Lagrangian coherent structures (LCS), which
are finite-time analogues of invariant manifolds that mediate the transport of material in
unsteady fluid flows [59, 65, 66, 68, 154, 156, 157, 171]. The LCS, and consequently the
FTLE, define transport barriers in a flow field where passive drifters are attracted to or
repelled from. The FTLE method has been successfully applied to bio-propulsion [189],
medicine [49, 158], the spread of microbes [177], and the study of aerodynamics [140, 141],
among other domains.

The ideas from both trajectory generation and the theory of LCS have been related
in the past [70, 73, 151, 193]. A predecessor of this was the planning of space missions
using invariant manifolds [84]. In the context of ocean transport, Inanc, Shadden, and
Marsden [73] showed that the optimal trajectories of autonomous agents generated using a
receding-horizon optimal control algorithm overlap with Lagrangian coherent structures.
Moreover, Senatore and Ross [151] exploited this idea further to generate energy optimal
paths by controlling the agents to track the background LCS. Recent papers have further
explored the connections between optimal control and LCS [89, 90, 132] in the context of
path planning in the ocean. However, there is still a need to better understand how the
prediction horizon and relative cost of actuation in the autonomous agent optimization

relate to the use of coherent structures in the unsteady background flow. These ideas will



be the main focus of Chapter 2.

Moreover, when planning trajectories, many applications aim at achieving certain ob-
jectives ranging from reaching a static goal location to maintaining certain connectivity of
a multi-agent sensor network for part of or the entire mission [163, 164]. In such applica-
tions, it is still imperative to carefully choose the deployment locations since the agent’s
ability to reach certain regions is largely determined by its actuation limits and the back-
ground flow dynamics. For example, it might be impossible for two groups of agents that
are dominated by close-by, but different flow structures, to rendezvous. Furthermore, tun-
ing the hyperparameters of an on-board control strategy to obtain the best performance
is a challenging task. The ability to summarize and visualize the dependence of the con-
trol performance on the control hyperparameters may aid in this process. To address these
challenges, in Chapter 3, we investigate the use of finite-time Lyapunov exponents (FTLEs)
to quantify the performance and sensitivity of planning and control algorithms. In other
words, we compute the FTLE of the controlled system.

Among the existing control methods, model predictive control [34, 55] and reinforce-
ment learning [17, 33, 62, 134, 173] are among the most useful paradigms in modern con-
trol [25], and analyzing these control laws and policies with FTLE will be the focus of Chap-
ter 3. This is in contrast with Chapter 2 where we analyze individual trajectories. We also
discover a mathematical connection between optimal control and FTLEs of the controlled
flow (which are different from the original flow field). This study is therefore valuable for
strategies to deploy and track sensing platforms such as weather balloons, ocean floats,

underwater vehicles, ocean gliders, etc.

1.3 Background

In this section, we introduce the mathematical details of an approach, each for analyzing
and generating fuel-efficient trajectories for a mobile sensor in an unsteady background
flow: FTLE fields and MPC. First, we introduce the computation of FTLE fields [66, 68, 156]
for passive tracer particles to extract Lagrangian coherent structures from a time-varying

flow field. This method is particularly important to characterize the uncontrolled behavior



of drifters in terms of finite-time attraction and repulsion behaviors. Next, we introduce
the preliminaries of finite-horizon MPC, which is an online control optimization algorithm
that optimizes a cost function defined over a finite-time prediction horizon. These concepts
will be used throughout this dissertation

We will use MPC for trajectory optimization of a mobile sensor in an unsteady back-
ground flow. MPC is a natural choice, since the mobile sensor will have limited actuation
authority, and information about the flow field will only be approximate as it is limited
to a finite-time horizon. the reader might correctly observe that MPC is used extensively
in this work to establish connections between energy-optimal trajectories and the FTLE.
However, these connections are not unique to MPC; policies generated through other for-
mulations of optimal control can also be related to the FTLE, as we will show with the case
of reinforcement learning in Chapter 3. With this in mind, we broadly introduce the reader

to optimal control theory and notions of the value function in this section.

1.3.1 Finite-Time Lyapunov Exponents
The original FTLE [66, 68, 156] primarily addressed dynamical systems of the form

d
() = £(x(8), ). (1.1)

where the function f (x(¢), ) : R™ x R — R" represents the system dynamics (in our case,
the vector field within which our drifter is moving in). ¢t € R represents time, and x(¢) € R"
is the state of the system (for our purposes, the position of the drifter/sensor in a flow
field). We consider n = 2 or 3, depending on the dimension of space. An FTLE algorithm
takes a dynamical system as input and generates a scalar variable that can be used in
the computation of separatrices, known as Lagrangian coherent structures (LCS) in the
flow field. These separatrices demarcate the boundaries between different regions in a
domain of interest where passive tracers remain trapped [80]. This shall be seen later in
Chapter 3, particularly highlighted in Figure 3.2. In the past, FTLE analysis has mostly
been performed using passive drifters to study time-varying vector fields, such as ocean

flows [13, 14, 122] and pollution transport models [92]. More broadly, FTLE has also been



used to compute coherent structures for a wide range of other flows [51, 59, 108, 124, 125,
139].

The FTLE field for the dynamical system f (x(¢), t) can be computed as follows. First,
we initialize a grid of passive drifter particles at time ¢y and numerically integrate them
through f(x(t),t) for a fixed amount of time (i.e., the advection time) Ty € R, resulting in

a flow map @igJ“TA : R — R™

to+T1'a
‘I’§8+TA : x(to) + x(to) +/ f (x(7),7) dr. (1.2)

to
The operator <I>§8+TA maps an initial state x(to) to a final state x(to + T'4) by the differential
equation flow induced in phase space.

Next, a Jacobian matrix of partial derivatives of the flow map, D@igJ“TA, is computed
using finite differences for each drifter on the grid, represented by the grid node indices
i,j € Z*, such that

Az (to+Ta)  Az;(to+T4a)
(D@iO"‘TA) - Azi(to) Ayj(to)
0

i Ayi(to+Ta) Ay, (to+Ta)
Ax; (to) Ay]’ (to)

Tit1,j (t0+TA)7CCi,1’j (t0+TA) Cl7z‘,j+1(tO*FTA)*Cvi,jfl(750+,Tz¢'4)
_ Tit1,5(to)—zi—1,5(to) Yi,j+1(to)—¥i,5-1(to)
)—yi—1,;(to+Ta)  yij+1(to+Ta)—yij—1(to+Ta)
) )

(1.3)

Yit1,5(to+Ta ’

Tit1,5(to)—zi—1,5(to) Yi,j+1(to)—vi,j—1(to)

where z,y € R are the horizontal and vertical components of the position vector x(t). The
key idea here is that nearby initial conditions that rapidly separate from each other in finite
advection time are highlighted as regions of large FTLE, representing repelling coherent
structures. This flow map Jacobian is used to compute the Cauchy-Green deformation

tensor

A, = (D@ ) Dajyt T, (1.4)

where * represents the matrix transpose. Finally, the largest eigenvalue Amax of A; ; for

each drifter 4, j is used to compute the FTLE field:

1

0;; = —1In
Y T

(Amax); ;- (1.5)



Alternatively, o; ; can be viewed as the maximum singular value from the singular value
decomposition (SVD) of D<I>§g T4 Tt is important to note that for unsteady flow fields, the
FTLE field will also vary in time, so that at each new time step a new grid of drifters must
be reinitialized and advected through the flow. This procedure is typically quite expensive
to compute, although there are algorithms to speed up the calculations [31, 98].

The ridges of the computed FTLE field can be extracted to visualize manifolds in the
domain, known as Lagrangian coherent structures. This requires an additional step of
computing the Hessian of o; ; for ridge extraction. FTLE based on drifter particles inte-
grated forward in time (74 > 0) result in coherent structures that repel particles. Similarly,
FTLE based on particles integrated backward in time (T4 < 0) results in attracting coherent
structures. These can be seen in Figure 2.1 and Figure 3.1 as red and blue curves, where
the red curves are attracting and the blue are repelling.

The FTLE field can be used to determine the LCS of an unsteady vector field [66, 68,
156]. The LCS are curves or surfaces in the domain where nearby trajectories x(t) are
strongly attracted to or repelled from, making them time-varying analogues of stable and
unstable invariant manifolds in dynamical systems theory [71]. FTLE fields and the result-
ing LCS are related to almost invariant sets from statistical dynamical systems [42, 52-54].
In particular, LCS act as separatrices in the flow, segmenting different regions where pas-
sive tracers remain trapped [80]. FTLE and LCS have also been extensively used to ana-
lyze ocean flows [13, 14, 122], for example, to model the spread of pollution [92]. More
broadly, FTLE has also been used to compute coherent structures for a wide range of other
flows [51, 59, 108, 124, 125, 139]. In this work, we will use FTLE fields generated from
passive particles to investigate the trajectories of active mobile sensors, to understand how

and when these sensors exploit structures in the flow field for energy-efficient transport.

1.3.2 Model Predictive Control

The dynamics of mobile sensors operating in real environments are often strongly non-
linear and subject to hardware constraints, time delays, non-minimum phase dynamics,

instability, and restrictions on actuation capability. These limitations make the use of tra-



ditional linear control approaches challenging, motivating the powerful model predictive
control optimization [34, 55, 78, 110] described here. In this work, we use MPC to generate
trajectories for a mobile sensor in an unsteady background flow and investigate how these
trajectories vary with the optimization parameters.

In general, the dynamics of a nonlinear system with actuation u € R can be written

as
d

7 X(t) = g(x(t),u(t), 1), (1.6)
where g is the vector field with control.

MPC is a powerful method for calculating the actuation u by formulating an iterative
optimization problem that minimizes a cost function over a finite-time horizon. The con-
troller enacts this optimized actuation policy for a short time, often for a single time step,
and then the optimization problem is recomputed and initialized at the current state. In
this way, MPC is quite robust to model uncertainty and disturbances, as the optimization
is continuously being reinitialized as new information is available about how the system
actually responds to the actuation. Computing over a finite-time horizon might also make
MPC more flexible and faster than a global optimization technique, especially for chaotic
systems, which may result in stiff long-time optimizations. These benefits make MPC more
versatile and widely used over other traditional trajectory generation algorithms. Finally,
the FTLE and MPC computations are both performed over a finite time horizon, suggest-
ing the potential for a connection between the outputs of the two algorithms.

Typically, the optimization cost for MPC can be formulated as

to+T'y
J =e(to+Tr)  Qoe(to + Ty ) + / [e(T)TQle(T) + u(T)TRu(T)] dr, (1.7)

to

subject to the system dynamics in (4.13) and control constraints imposed by physical limi-
tations:

Upin < U—(t) < Upmax. (18)

Here, umin and umax are the minimum and maximum values the components of u can take,

respectively. For example, the actuators may be unable to produce thrusts beyond a certain



value. The state error is given by e(t) = x(t) — Xgoa- The finite-time horizon over which
we forecast our model for the optimization is Ty € RT; this term is similar to T4, the ad-
vection time used to calculate FTLE. R € R"*™ is a positive definite matrix that quantifies
the penalty on actuation effort, and Q; € R"*" and Q2 € R"*" are positive semi-definite
matrices that quantify the penalty on deviations of the state from the goal throughout the
trajectory and at the final time step, respectively. For computational purposes, (4.12) is
often discretized. The sampling time step is At, the discretization of dr. In our work, the
At serves as the “replanning frequency”, or, the time after which the a re-optimization of
a trajectory is carried out. It is possible to improve the computational speed and conver-
gence of the algorithm with a warm start, which uses the trajectory computed in a previous

instance as the initial guess for the trajectory in the next instance [72].

1.3.3 Optimal Control Theory
Going back to Equation (1.6),

Cx(t) = g (x(1),u(t), 1), (19)
where g (x(t),u,t) : R” x R™ x R — R", t € R represents time, and x(¢) € R" is the state
of the agent. The agent is also able to apply actuation (such as propulsion) that is modeled
as u € R™ as explained later in Section1.4.

In optimal control, one seeks to find a control policy u(x, ¢) that minimizes a cost func-
tion J. Intuitively, this function often penalizes two terms, the distance from the goal we
wish to drive the system states toward and the energy spent. Therefore, when the control
is found which minimizes this function, the agent moves toward the goal in an energy effi-
cient manner. In our work, we primarily consider a linear—quadratic regulator (LQR) type

quadratic cost function given by

to+Twy
JrLor(xo,t) = /t [e(xo, T)TQ e(xo,7) + u(T)TR u(r)| dr, (1.10)

0

where xg € R" is the initial spatial location of an agent, ¢y € R is the initial time, e(x, t) £
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X(X0,t) — Xgoal is the distance from goal or the state tracking error starting from an initial
condition xg, u € R™ is the control vector, Ty € R is the time horizon, Q € R™"*" is the
state penalty matrix, and R € R™*" is a matrix of control penalty.

Functions of the form described by (1.10) are value functions [173], which can also be
viewed theoretically as solutions to the Hamilton-Jacobi Bellman (HJB) equations [25].
These functions assign a scalar value to each initial condition in the domain corresponding
to the future cost that will be accrued from that particular initial condition following the
optimal policy. The field of deep reinforcement learning often involves estimating these
functions using neural networks from limited data of the agent moving through the do-
main or from having limited-to-no knowledge of the governing dynamics. Analytically,
some useful mathematical relations have been established [167, 179] when using cost func-
tions of the above form, coupled with control-affine or kinematic models highlighted in

Eq. (3.1). One major result is
u*(xo,t) = —R™'VJqr(x0, 1), (1.11)

which directly relates the spatial gradient of the cost function in the domain to the optimal
control law u*(x,t) that minimizes Eq. (1.10). We will use this result later to establish
connections to FTLE. When u(x,t) is plotted spatially, it can be viewed as a policy. To
end this section, we note that MPC (the previous section) is actually a numerical method for

computing the theoretical ideas discussed in this section.
1.4 Model Problem

We now discuss the models used to simulate the agent dynamics and the unsteady flow
field the mobile sensor operates within. We also provide specific parameters that are used

for all numerical experiments.

1.4.1 Sensor Dynamics

In a two-dimensional setting, a simple kinematic model for the dynamics of the mobile sen-

sor is given by adding the velocity due to actuation, u(¢), to the background flow velocity
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v(x(t),t) : R?2 x R — R2:
d

$X(t) = v(x(t),t) +u(t). (1.12)
The state x(t) = [z,y] € R? is the position vector. The key assumption in this model is that,
without control, the velocity of the sensor, dx/dt, matches the velocity of the background
fluid flow. Thus, the uncontrolled mobile sensor can be considered as a passive Lagrangian
drifter, and (1.12) degenerates to (1.1) when u(¢) = 0 all all times. Moreover, it assumes
that the sensor can generate its own relative velocity u(t) = [uy, u,] € R? in addition to the
flow-induced velocity. It is possible to develop more sophisticated models for the mobile
sensor dynamics that include inertial and rotational dynamics; in Zhang et al. [193], it
was shown that trajectories based on such models also show strong correlation with the

presence of background LCS.

1.4.2  Double Gyre Flow Field

As a running example through this text, we will investigate the motion of the mobile sen-
sor above in the unsteady double gyre flow field described here. The double gyre flow is
an analytically defined, periodic vector field that is often used to study mixing and coher-
ent structures related to those found in geophysical circulations. In particular, the double
gyre represents a typical large-scale ocean circulation phenomenon often observed in the
northern mid-latitude ocean basins. This circulation is quite dominant and is persistent,
consisting of sub-polar and sub-tropical gyres. As a major type of ocean circulation, sev-
eral main features of the double gyre phenomena have been identified through analyzing
observational data and numerical simulations [74, 165, 166].

The double gyre velocity field is derived from the stream function

¢(x,y,t) = Asin(m f(z, 1)) sin(my), (1.13)
where the time dependency is introduced by

f(z,t) = a(t)z? + b(t)z, (1.14)
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with time dependent coefficients
a(t) =esin(wt) and b(t) =1 — 2esin(wt).

This flow is defined on a nondimensionalized domain of [0, 2] x [0, 1], where A, ¢,w, z,y,t €
R. Here, € dictates the magnitude of oscillation in the z-direction, w is the angular oscil-
lation frequency, and A controls the velocity magnitude. Unless stated otherwise, the pa-
rameters used for the double gyre flow field are as in Shadden et al. [156], where A = 0.1,
e = 0.25, and w = 27/10. The resulting velocity field is given by

¢
——r |:7rA sin(7 f (x,t)) COS(WQ)] . (1.15)

b 7t = ay -
v(z,y,t) ) T A cos(mf(x,t))sin(my)
ox

1.4.3  Specific Control Objective

By combining the mobile sensor model and the double gyre flow field, the dynamics of the

il

The objective in a lot of this thesis is to move a mobile sensor from a starting location at

sensor are given by,

(1.16)

wAcos(mf(x,t))sin(my) Uy

WAsin(ﬂf($;t))Cos(7ry)] 4 |:ux] .

coordinates Xgtart = (2, 1] to a goal location at Xgoal = [0.5,0.5]. The cost function is given
by
to+TH
J= / le(r)"Qe(r) + u(r)"Ru(r)] dr, (117)

to
where e(t) £ x(t) — Xgoa is the state tracking error. This cost function is subject to con-

straints on the actuation of the mobile sensor
luz| <0.1 and |u,| <0.1,

which ensure that the maximum sensor velocity is significantly smaller than the largest

background flow field velocity, 7A ~ 0.314. This constraint is imposed to model the lim-
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ited actuation available in real world scenarios. The discretized time step across all double
gyre simulations is At = 0.1. Each simulation was run for 800 steps. In Chapter 3, for
each agent, the control algorithm computes u(x, t) numerically for a grid of initial con-
ditions in the domain. To solve the resulting optimization problems of MPC, we use the
CasADi [2] and MPCTools [138] packages, which use an interior point filter-line search al-
gorithm (IPOPT). The discretized time step used for RK4 methods and for direct multiple
shooting collocation in MPC across all double gyre simulations is At = 0.1. In later ad-
vanced examples with reinforcement learning, we use the stable baselines package [130].
A relevant aspect of MPC is that it computes the optimization over a finite time horizon
Tp, which is similar to how FTLE performs its computations over a time of advection Ty4.
From Eq. (1.10), in our case, Q = QI2x2 and R = RIyx», where I is the identity matrix. We
combine these two parameters into one parameter, namely the R/Q), the specific values for

which will be elaborated on as they appear in the text.
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Chapter 2

INTERPLAY OF SENSOR DYNAMICS WITH LAGRANGIAN COHERENT
STRUCTURES

2.1 Introduction

In this chapter (drawing the results from [87]), we investigate the explicit connections be-
tween finite-horizon energy-optimal trajectories of a mobile sensor and the underlying
background flow dynamics. We specifically analyze how key parameters of the MPC-
based optimization affect how the resulting autonomous agent trajectory utilizes unsteady
fluid coherent structures for energy-efficient transport. This analysis is performed primar-
ily on the double gyre flow field, which is a testbed to understand mixing and transport in
the ocean. Subsequently, we also further verify our observations on advanced flow fields
including the Arnold-Beltrami—Childress (ABC) flow, a three-dimensional incompressible
analytical flow field, and unsteady flow data from the Gulf of Mexico.

A summary of our methodology is shown in Figure 2.1. The choice of MPC is par-
ticularly relevant in this work, as both the FTLE and MPC rely on finite-time horizons in
their computations. To explore this connection, we perform an exhaustive search through
several of the trajectory optimization parameters that are important to practitioners, in-
cluding the prediction time horizon and step size for MPC, the relative cost of actuation
versus state tracking error, and the maximum agent velocity. We find that there are strong
correlations between the presence of background FTLE ridges and the actuation energy
expenditure at the corresponding locations along the trajectory.

This chapter is organized as follows. In Section 1.3, the core methodology of MPC and
FTLE are discussed. MPC will be the primary optimization algorithm used to generate tra-
jectories, and these will be analyzed using FTLE fields. Section 1.4 describes models for the
mobile sensor dynamics and actuation, along with the dynamics of the unsteady double

gyre background flow field. The main results are presented in Section 2.2, including in-
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Figure 2.1: Overview of the proposed methodology for analyzing the connections between
finite-horizon energy optimal trajectories and the FTLE field. A self-propelling agent is
controlled to transit from a starting location to a goal location through a finite-time hori-
zon energy-optimal trajectory in a time-varying double gyre flow field. The resulting agent
trajectory, along with the finite-horizon predicted trajectories at each time step, are shown
and color-coded based on instantaneous energy expenditure (top left). The trajectory his-
tory (solid) and the future forecast trajectory bundle (dashed) at an example time instant
are shown (top right); the instantaneous FTLE ridges are also shown below these with
blue indicating the repelling LCS and red indicating the attracting LCS. As can be ob-
served from the snapshots taken at four particular times (bottom), the energy expenditure
along the planned trajectory, given by the color of the dashed line), and the shape of the
finite-horizon trajectory depend on the evolution of the local FTLE ridges.

depth analysis of trajectories generated across a wide range of system parameters. In par-
ticular, the time horizon of the MPC optimization, the relative cost of actuation versus state
tracking error, and the frequency of the background flow oscillation are all investigated.
In Section 2.3, we highlight the use of MPC on other flow fields and demonstrate our ob-
servations on the ABC and Gulf of Mexico flow fields. Section 2.4 provides a summary of

results and a discussion of limitations with suggestions for future work. Appendix A also
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provides additional plots and analysis of the data that was not presented in the main text.

2.2 Double Gyre Results

In this section, we examine energy-efficient trajectories for an active mobile sensor gen-
erated using MPC across a range of hyperpameters, including the prediction horizon,
penalty weights on the state error and control effort, and the double gyre oscillation fre-
quency. The MPC results for this thorough parameter sweep are presented in Section 2.2.4
and summarized in Figure 2.7. Our goal is to understand the sensitivity of the trajectory
to parameters and to uncover performance tradeoffs, for example with the time horizon
of optimization. We find a large sweet spot where effective, energy-efficient trajectories are
generated. Further, we establish connections between the efficient mobile sensor trajecto-

ries and the Lagrangian coherent structures of the underlying flow field.

2.2.1 Trajectories with Different Relative Actuation Cost, R/(Q

Figure 2.2 shows the effect of varying the ratio of control effort penalty R to the state er-
ror penalty () on the trajectories, for a fixed time horizon of Ty = 4; similar plots for a
range of time horizons from Ty = 1 to Ty = 12 are shown in Figures A.2-A.10 in the Ap-
pendix. The ratio R/() quantifies the relative cost of actuation, and varying this parameter
is important to understand performance tradeoffs when the mobile sensor has a limited
actuation budget. As R/( is increased, corresponding to actuation being more expensive,
the agent actuates less, and the state tracking error increases. This increase in state track-
ing error tends to correspond to larger steady-state limit cycles about the goal state. The
weighted actuation cost J,, = > Ru?uAt increases with R/Q, as we fix Q = 1 and increase
R; however, the unweighted actuation ) uTuAt decreases with R/Q. Importantly, the
trend of cost versus R/(Q is not strictly monotonic, and there are discontinuous jumps cor-
responding to bifurcations in the orbit; the non-monotonic behavior and bifurcations are
more pronounced for other Ty in the Appendix. For small R/(Q values such as R/Q = 2
and R/Q = 3, the agent moves around the goal state in a tight orbit, and this orbit contin-

uously expands as R/Q increases, as shown for R/(Q) = 15. However, between R/Q = 25
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Figure 2.2: Dependency of the resulting sensor trajectories on the ratio between the penal-
ties on energy expenditure (R) and state error (), for a fixed time horizon Ty = 4. The tra-
jectories are color-coded by instantaneous energy expenditure. There are three costs shown
in the top right figure: J = J, + Je, Je = >, Q(z — z4)T (x — z4)At, and J, = > Rul uAt.
Here, J generally increases with R/Q. The trajectories undergo several qualitative changes
(bifurcations) as R/Q is increased, forming different types of periodic orbits shown on the
bottom of the figure. An example of this is when R/Q is changed from 25 to 26, we
observe a major change in the shape of the final orbit around the goal, as opposed to the
minor change from R/Q = 15 to 25, where the final eye-shaped orbit only gradually in-
creases in size. The formation of these orbits are dependent on the background flow FTLE,
as can be seen from the inset of case R/} = 2. We observe that as the LCS move, the stable
and unstable LCS intersect at a point, whose location changes every instant, and the sensor
moves in a manner in which it is right on top of this intersection point for most of the time
when R/Q = 2 (top left box).

and R/() = 26 the trajectory undergoes a rapid qualitative change, where the radius of the
orbit around the goal state jumps.

It is interesting to note in Figure 2.2 that the R/(Q) = 2 agent has an initial loop in the
right basin, while the R/Q = 3 agent does not. This behavior is counter-intuitive, as the

R/Q = 2 agent should expend control more freely, and thus more aggressively seek the
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Figure 2.3: Different instances of a trajectory for different time horizons while keeping
R/Q = 2 fixed. By varying the time horizon, T, we see that the extra loop in Figure 2.2
is due to a sensitivity of the planned path with respect to T, where the agent becomes
stuck in the right gyre for lower 7. We can see here with reference to Figure A.1 how
as the time horizon increases, the agent moves less aggressively and improves its timing
with the gyre oscillations to reach the goal sooner without taking an extra loop. Another
interesting aspect of this plot can be seen at t3 = 4 and t4 = 6 where the multiple agents
line up to mirror the movement of the red LCS, further confirming the strong correlation
finite-horizon optimal trajectories and the FTLE ridges.

goal state. As shown in Figure A.1 in the Appendix, the more aggressive agent does move
away from the starting state faster initially; however, it becomes trapped on the side of a
repelling LCS farther away from the goal location and must make an entire orbit around
the right gyre before approaching the goal state. The maximum agent velocity is smaller
than the maximum gyre velocity, so even the most aggressive agents are unable to break
out of the right gyre without precise timing. This type of bifurcation also occurs for fixed
R/Q = 2 by varying the time horizon, as in Figure 2.3. In this case, the behavior is more
consistent with intuition, as the longer time horizon trajectories avoid being trapped in the
right gyre.

Previous work [73] suggests that low-energy trajectories tend to coincide with the LCS
of the background flow. In our example, even for R/Q = 2 and R/ = 3, the mobile agent
can be seen aligning with and exploiting the coherent structures. For example, in the top

left of Figure 2.2, the R/() = 2 sensor moves along on the intersection of the attracting and



19

repelling LCS as it orbits the goal state. In the next section, we will see that the agent also
precisely times its actuation before and after crossing a repelling LCS to take advantage of

the background drift.

2.2.2  Instantaneous Energy v.s. FTLE Ridge

Given the existing connection of low-energy trajectories and FTLE ridges, we are interested
in how the energy is utilized along a trajectory. Figure 2.4 shows how the agent ‘schedules’
an increase in actuation to cross a repelling (blue) FTLE ridge. After crossing, the agent
decreases its actuation, as it is naturally repelled from the blue ridge and attracted by the
red ridge into the left basin. Similar timing and utilization of the FTLE ridges is observed
for a wide range of time horizons and control aggressiveness. This occurs in the double
gyre only across the repelling hyperbolic LCS near the middle of the domain, as opposed
to the shear-driven LCS near the goal location. This can be observed across the all gyre
trajectories, where the yellow (high energy) regions in the trajectory are in the middle of

the domain.

2.2.3  Periodic Orbits

We observe that controlled trajectories often form periodic orbits around the goal state, as
seen in Figures 2.2, 2.5, and 2.6. Because the background flow field is periodic, the agent
would require constant actuation to stay fixed at the goal state. Instead, the agent trajectory
tends to form a periodic orbit around the goal, balancing state tracking error and control
expenditure. Typically, this orbit is larger for agents with a tighter energy budget (i.e.,
for larger R/()). Many past studies have focused on trajectory planning where the final
state is fixed at the goal. However, given the constantly evolving background flow field
and its dominant effect on mobile sensor dynamics, it is important in practice, to consider
the cases where the final state cannot be fixed. Figure 2.6 also indicates that the shape of
the final periodic orbit depends on the frequency of the double gyre oscillation, with the
frequency of the agent orbit synchronizing with the gyre frequency. In the other example

flows observed below, similar periodic orbits are observed, where the agent loiters around
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Figure 2.4: Influence of the FTLE ridges on the energy expenditure both along prediction
horizon (right top) and instantaneously (right bottom) under parameters 7y = 4.0, R/Q =
100, and At = 0.1. An agent’s motion along with the predicted forecast trajectory (dashed
line) are shown on the left, together with the repelling (blue) LCS and the attracting (red)
LCS. There is a correlation between the spike in both the instantaneous energy spent (right
top) and the cost along the forecast trajectory (right bottom) with movement across an
FTLE ridge. Here, unlike in Figure 2.2, the summations J. = . Q(z — z4)” (v — z4) At and
Ju = > RuTuAt are only along the forward dashed line in the plots under ‘snapshots’ and
not along the entire trajectory as in Figure 2.2

the goal state. It will be interesting to investigate these orbits in more detail, including the

classes of flows they exist in, and the conditions under which they bifurcate.

2.2.4 MPC Parameter Sweep

We now present an exhaustive sweep through two of the most critical parameters for MPC,
the prediction horizon T and the cost function penalty ratio R/Q, for different gyre os-
cillation frequency w. The first two parameters are related to the power and prediction
capability of the mobile sensor, and the third parameter characterizes the unsteadiness of
the background flow. We perform a full parameter sweep for the time horizon (T € [0, 10])
and the cost penalty ratio R/Q € [0, 100], for the double gyre frequency w € [r/6, 7/3]. For
each parameter value, we compute the state tracking error and the (unweighted) actuation
energy expenditure, integrated along the entire trajectory.

Figure 2.7 shows the results from the MPC parameter sweep. For all time horizons
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Figure 2.5: The mobile sensor settle on periodic orbits around the goal state (left) and the
magnitude of the Fourier transform of the instantaneous energy spent by the mobile sensor
(right). We observe that the time series of the energy spent is periodic with frequencies at
integer multiples of the double gyre oscillation frequency, which correspond to the peaks
in the right plot.
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Figure 2.6: Variations of agent trajectory under different double gyre oscillation frequen-
cies. The frequency of the periodic orbits depends on the double gyre oscillation frequency.

and gyre frequencies, we observe that the trajectories sweep out a Pareto front in control
expenditure versus state tracking error as R/(Q) is varied logarithmically from 0 to 100. The
bottom row of Figure 2.7 shows three representative trajectories along the Pareto front.
As R/Q is increased, there is often a sharp drop in control cost with a relatively small
increase in state tracking error, suggesting that there are energy-efficient trajectories that
achieve relatively good tracking performance. However, we observe a break point in this
monotonic trend, beyond which increasing R/(Q results in rapid deterioration of the state
error with relatively little decrease in control cost. This break point corresponds to the

scenario where the motion of the sensor is dominated by the background flow, and the
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Figure 2.7: Multiple simulations were carried out at each R/() ratio spaced logarithmically,
from 0 to 100, time horizon ranging from 1 to 10, and gyre frequency ranging from 2 /4
to 27/14. The data presented here is in the form of scatter plots for each gyre frequency
with each color representing the Pareto optimal tradeoff curve between the total energy
spent along each trajectory and the sum of deviations from target along the trajectory. The
trajectories shown in the bottom row correspond to the highlighted purple circles (1,2,3) in
the Pareto optimal corresponding to w4 = 27/10.

chaotic nature of the flow field dominates the state and energy errors. This phenomenon
is more evident for smaller time horizons.
It is observed that longer prediction horizons produce trajectories that are more energy

efficient with smaller state errors. This is expected, as longer time horizons include more



23

.-~ Histograms of drifter velocity to the background velocity for 7; = 4.0 with different R/Q---------------z2moommmeeees .
® Background sampled velocity Mobile sensor relative velocity

R/IQ=1 R/IQ=15 R/Q =30 R/Q =100

©
>

Velocity Magnitude
o
N

o
o

Absolute
Heading Angle

Trajectories

Figure 2.8: As the sensor moves in the double gyre flow field, it is constantly taking control
actions u = [ug, uy], where, u,, u, are the x and y-components of its actuation respectively.
At each instant, the sensor is also moving over a background double gyre flow velocity
vector whose components, v, and v,, are given by (1.15). The top row of histograms are
of the magnitude of control actions ||u|| taken (in red), against the magnitude of the back-
ground current velocity ||v(zs,ys,t)|| (in grey), where, x5, y, are the sensor coordinates at
time ¢. The second row shows the heading angle of the sensor (the orientation of dx/dt),
plotted in red, against the orientation of the background flow field velocity vector, plotted
in grey. The corresponding trajectories are shown on the bottom.

information about the flow field in the optimization. This trend is weaker for small-to-
moderate R/ and is more pronounced for larger R/Q). The shape of the Pareto curve
also changes with the double gyre frequency. This shape change is particularly evident
for moderate frequencies, suggesting a “resonance” in the interaction of trajectories with
the background flow. Resonance with changing gyre frequency has been explored in the

context of inertial particles in the double gyre flow [171].
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Figure 2.9: MPC trajectories with varying R/() ratio, starting from different initial con-
ditions with the same goal location. We find that eventually, the trajectories converge to
similar periodic orbits thereby using the LCS in similar ways to orbit around the goal loca-
tion despite having different transients.

2.2.5 Sensor Velocity

To gain further insight into the dependency of sensor actuation velocity on the background
flow velocity, we compare their distributions along the resulting trajectory at different R/
values. Figure 2.8 shows histograms of the magnitude and orientation of the sensor actu-
ation velocity versus the background flow velocity, for a range of R/Q values. It can be
observed that more aggressive agents with smaller R/Q have larger actuation velocity
magnitudes and tend to move perpendicular to the background flow. Agents with larger
R/Q), corresponding to more conservative actuation policies, tend to have smaller actua-
tion velocity and align their actuation in the direction of the flow field to take advantage
of the background flow. Except in the most aggressive R/() = 1 case, the mobile sensor
rarely uses the maximum control velocity. Additional plots with the z- and y-components

of the agent velocity are presented in Figure A.11 in the Appendix.

2.2.6 Different Start and End Locations

Figure 2.9 shows the MPC optimized trajectories for six different starting locations along
the right and lower boundaries of the domain. Although the paths have different initial
transients, the trajectories evolve onto the same periodic loitering orbits around the goal
state, indicating that they are ultimately leveraging similar flow structures. Similarly, Fig-

ure 2.10 shows the MPC optimized trajectories for several different goal states. Some goal
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Figure 2.10: MPC trajectories to different goal locations with varying R/Q ratio for the
same initial condition. We find that in the case of placing the goal near the middle to
bottom region (top left and top middle plots) of double gyre, the sensor is able to form
stable orbits near the attracting LCS, where the sensor moves with the base of the attracing
LCS. However, placing the goal near the repelling LCS causes more difficulty for MPC in
forming small stable orbits (top right). The bottom plots show that it is possible to form
small periodic orbits in the corners of the double gyre flow field when the goal is placed
close to them.

states are much more difficult to reach than others, because of the strong unsteady back-
ground flow field. With more aggressive control (R/Q = 1) the trajectories generally form
tighter loitering orbits. However, for the case when the goal state is in the upper middle
of the domain, it is clear that none of the MPC trajectories are able to find a suitable loiter-
ing pattern. This diversity of orbits highlights the importance of choosing a suitable goal

location, which would likely involve a higher level of planning.

2.3 Advanced Test Cases

From the analyses in the double gyre flow field, we observed the strong dependency of
energy-efficient MPC trajectories on the LCS of unsteady periodic flow fields. In this
section, we study the use of MPC on more challenging test cases: an analytical three-
dimensional incompressible flow field and a real-world flow field reconstructed from ocean
model datasets. The goal is to demonstrate how and when these results generalize to better

understand the dependency of energy-efficient MPC trajectories on FTLE-based LCS.
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2.3.1 Arnold-Beltrami-Childress

We now demonstrate the use of MPC on the ABC flow field [32, 136], which is an incom-
pressible model for a flow evolving in a three-dimensional periodic domain. It has been
studied exhaustively in the past as a stepping stone to understanding turbulent flow fields.
The three-dimensional space contains six interwoven vortices. An important feature of this
flow field is that even the steady version of the flow field can give rise to chaotic trajecto-
ries. However, for our purposes, we investigate the unsteady case. Similar to (1.16) for the
double gyre flow field, the equation for a mobile sensor evolving in the ABC flow is given

by

x A(t)sin(z) + C cos(y) Uy
a2 |v| = | Bsin(z) + A(t) cos(2) | + |uy (2.1)
z C'sin(y) + B cos(z) Uy

with parameters A, B, C, e,w € R, where A(t) = A+ ecos(wt) is a time-varying component
that makes the flow field unsteady. We investigate trajectories in the regime where A :
B : C = /3 :/2: 1, which has been exhaustively studied numerically and analytically
(with C = 0.1 specifically in our simulations), u,,u,,u, < A+ B + C and w = 27/10.
All ABC simulations presented were run for 2000 time steps with a step size of At = 0.1.
The cost function used was the same as Eq. 1.17. In Figure 2.11, we show the trajectories
planned by the MPC for a time horizon Ty = 5. Across these simulations, we observed
that, similar to the double gyre, that it is possible to form loitering orbits close to the goal
point. These loitering orbits become larger for larger R/Q. Results across different time
horizons and R/Q are further summarized in Figure 2.12. We found that relatively short
time horizon (compared to the period of oscillation 7" = 10) trajectories are able to reach
the goal state, and similar to the double gyre, longer time horizons reduce error with lesser
energy consumption. The inflection points and breaking off of points from the curve (for
example, the black dots near E' = 1500) correspond to drastic changes in trajectory shape

(bifurcations).
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Figure 2.11: MPC trajectories formed by the sensor in an ABC flow field as a function of
the R/Q@ ratio. We observe that for a time horizon of 5, we are able to find several cases
of periodic orbits loitering close to the goal location. In these cases, the initial position is
Xstart = [7/2,1,6] and the goal is xg0a = [5, 2, 1].
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Figure 2.12: This scatter plot shows the performance of MPC in the ABC flow field similar
to Figure 2.7. We observe that MPC trajectories with short time horizons are able to reach
the goal state and increasing the time horizon has a benefit of decreasing the actuation
energy usage. We also observe that the inflection points and breaking off points correspond
to bifurcations in the trajectories.
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2.3.2  Gulf of Mexico

For the final example, we consider the Gulf of Mexico surface velocity estimates from the
HYbrid Coordinate Ocean Model (HYCOM). This data-assimilative model synthesizes re-
motely sensed and in-situ measurements on a hybrid coordinate system. We used daily
1/12.5°-resolution data from the HYCOM 1992-1995 experiment 19.0 to generate a vector
tield. We then used linear interpolation on this vector field in space and time to generate a
function that could be used for model predictive control. The parameters were chosen to
be At = 0.1 day, Ty = 0.4 day, uz,uy < 2km/hr, and R/Q = 1. The step size At = 2.4
hours for the MPC. The full trajectories in Figure 2.14 were computed for 1000 time steps
(100 days).

We observe similar spiking behaviour in the energy spent when moving across a repelling
LCS, which is seen in panels t = 6 to ¢t = 10. Here, ¢ is the time in days (specifically, t = 0
corresponds to the flow field on Day-1 of the HYCOM dataset). We observe that the sen-
sor synchronizes with the attracting LCS to move towards the goal location. In periodic
flow fields such as the double gyre, we observe the formation of periodic orbits. How-
ever, in case of the Gulf of Mexico (aperiodic), we observed the formation of an aperiodic
loitering trajectory in proximity to the goal location. The time horizon here is relatively
short compared to the total trajectory time. We can see that even with short time horizons
the MPC trajectories are capable of making it to the goal location. Although the trajectory
does evolve towards a loitering orbit near the goal state, it can be seen in Figure 2.14 that
for more aggressive control (R/Q = 0.5 and R/Q = 0.1), the trajectory is able to get much

closer to the goal state, with a tighter orbit.

2.4 Discussion

In this work, we have investigated the behavior of trajectories optimized over a finite hori-
zon for a controlled mobile sensor in unsteady flow fields, as both the control and flow
field parameters were varied. A thorough study was conducted on the double gyre flow
field, and selected results were further verified on more advanced flow fields such as the

ABC and the Gulf of Mexico. In particular, finite-time model predictive control was used
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Figure 2.13: This figure shows the use of MPC to plan trajectories in the Gulf of Mexico
dataset. We have chosen the region highlighted in dashed dotted lines in the top left plot.
The bottom six plots show the trajectory generated for R/Q = 1 (full trajectory can be seen
in the rightmost plot in Figure 2.14) and u,,u, < 2 km/hr in color shading from yellow
to purple to highlight how energy is spent along the path. The units on the = and y axis
are longitude and latitude respectively. The red cross in the figures show start location,
Xstart = [—85.5,19.8], the green cross shows the goal location, x40, = [—83.7,18.9]. The
black dot shows the instantaneous sensor location. Viewing the six figures in sequence we
observe that the sensor moves across the blue repelling LCS from ¢t = 6 to t = 8, where ¢
is the time in days. We observe a spike in the instantaneous energy spent and a slow drop
as we move away from the repelling LCS (as seen in the top right plot of u(t)). We then
observe that the sensor synchronizes with the attracting LCS to move towards the goal
location.
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Figure 2.14: This figure shows the change in MPC trajectories in the Gulf of Mexico as the
R/Q ratio is varied. We see an aperiodic loitering state near the goal location. Given that
the time horizon in this case Ty = 9.6 hours, which is relatively short compared to the
total trajectory time of 100 days, we can see that even with short time horizons the MPC
trajectories are capable of making it to the goal location

to generate energy-efficient trajectories for a range of parameters, particularly the predic-
tion horizon and the relative penalty between the state error and control effort. The double
gyre oscillation frequency was varied to study its influence on the resulting trajectories. We
have constrained the maximum actuation velocity to be less than the largest background
flow velocity such that some degree of intelligent planning is required to efficiently tra-
verse the flow.

Through a quantitatively exhaustive study, we have uncovered several interesting trends
and established connections between the finite-horizon optimized mobile sensor trajecto-
ries and the coherent structures of the underlying flow field. By varying the relative cost of
actuation and deviations in the state (i.e., R/Q), the control cost and state error sweep out
a Pareto front, and there is often a sweet spot where relatively good state tracking perfor-
mance can be achieved with low actuation costs. These energy-efficient trajectories tend
to align with the Lagrangian coherent structures to take advantage of the unsteady back-
ground flow. We also found that locations where the sensor spends most energy correlated
with the presence of repelling hyperbolic LCS. These findings could be better understood
by recalling that repelling LCS are defined as material barriers in the flow field. This ex-
plains the expenditure of more energy close to the repelling LCS, as energy needs to be

spent to overcome barrier for movement. Furthermore, as the energy spent for movement
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goes to zero, the sensor behaves similar to a passive tracer. It is known that the short term
dynamics of passive tracers are governed by movement with the FTLE. This suggests that
these connections hold for energy optimality. Importantly, we find that it is often possi-
ble to generate effective, energy-efficient mobile sensor trajectories with a relatively short
prediction horizon, which is promising for the future design of trajectories with limited or
partial knowledge of the background flow field.

We observe a rough trend of lower state error when control is less expensive, which
agrees with the intuition that the agent is able to more directly pursue the goal state by
actuating more aggressively. However, this trend is not monotonic, as there are several
cases where slightly decreasing the control cost results in worse state tracking perfor-
mance. These non-monotonic changes in the cost versus R/ correspond to bifurcations
in the agent trajectories, which either correspond to longer trajectories, or to discontinuous
jumps in the shape and size of the periodic orbit around the goal state. These bifurcations
are more common for smaller prediction horizons, which is also consistent with the intu-
ition that smaller prediction horizons may lead the agent to get trapped by unfavorable
flow structures. Similarly, for a fixed relative control cost, there are bifurcations in the opti-
mized trajectory with variations in the time horizon. These bifurcations are relevant in the
context of generating mobile sensor trajectories using model predictive control, as small
changes in the weights can lead the drastically different trajectories. Upon closer inspec-
tion, these bifurcations correspond to the agent trajectory passing through a Lagrangian
coherent structure, after which the two trajectory behaviors diverge.

It is also important to note that the energy-efficient trajectories typically result in peri-
odic orbits around the target position, since the unsteady double gyre is periodically oscil-
lating. Previous studies in trajectory generation have mainly focused on solving boundary
value optimizations for trajectories keeping the start and end points fixed. Our results
show that these assumptions can be relaxed, and moreover, it is possible to reach periodic
steady states with little actuation even when the uncontrolled drifter dynamics are chaotic.
These periodic orbits correspond to, often desirable, station keeping or hovering behavior.

This work has several implications for the control of individual mobile robots and

swarms of robots in geophysical flows. The ability to generate energy-efficient trajectories
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that take advantage of the background flow with a short prediction horizon is promising
for practical applications. The ability to maintain close periodic orbits around the goal
state may also enable efficient long-time monitoring. For example, fix-wing unmanned
aerial vehicles must often loiter over an area for sensing and monitoring. Variations in the
shape of periodic orbits and the Pareto optimal curves over different R/Q ratios with the
gyre oscillation frequency have implications for ocean applications, which exhibit a wide
range of spatiotemporal scales with varying oscillating frequencies. We also observed an
increase in the expenditure of the sensor’s actuation energy as it approached background
LCS. This result is beneficial in the context of identifying background coherent structures
by observing the energy expenditure patterns of controlled agents. This is an important
problem with ongoing work [104, 115, 116]. These results are also potentially useful in the
design of scalable navigation algorithms for mobile sensor swarms where the objective is
to maintain cohesion or connectivity between agents.

This work motivates a number of interesting future directions. Our results indicate
that it is possible to design nearly optimal, energy-efficient trajectories, even with short
prediction horizons for the model predictive control; however, it was assumed that the
background flow was known perfectly for this short horizon. It will be important to fur-
ther explore the robustness of these trajectory optimizations to more realistic scenarios
with partial, noisy, and uncertain information about the background flow. This analysis
may benefit from recent works that have investigated the sensitivity of FTLE calculations
to uncertain flow field data [9, 23] as well as how FTLE can be used to propagate uncertain-
ties through chaotic flow maps [102]. Because the optimization result depends strongly on
how the MPC trajectories interact with LCS of the background flow field, it may also be
possible to incorporate knowledge about the LCS more directly to the optimization. Even
with uncertain or partially-observed flow field information, often the LCS are quite per-
sistent, and it may be possible to develop time-varying maps of the coherent structures in
different geographical regions, for example off the Horn of Africa or in the Gulf of Mexico.
In addition, it will be interesting to explore the use of other coherent structure and modal
decomposition identification techniques [150, 174]. Further study is also required to char-

acterize the dynamics and coherent structures of the controlled vector field of the agent
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given a specific control policy. In addition, all the results in this chapter were developed
through the study of the double gyre flow field. It will be interesting to perform similar
investigations for a variety of flow fields. For example, it will be important to explore how
these results change when the flow exhibits a wider range of multiscale behavior in space
and time. Particularly, multiscale turbulence will affect the prediction horizon, as uncer-
tainties will be magnified making it challenging to forecast flow structures. These multi-
scale structures will also impact energy efficiency, both through the forecast uncertainty,
but also through making optimal paths more circuitous. Finally, extending the analysis to

additional three-dimensional turbulent flows will also be critical.
Code Availability

The code used in this study is openly availableathttps: //github.com/karkris41295/

single-agent-MPC-FTLE.
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Chapter 3

FINITE-TIME LYAPUNOV EXPONENT ANALYSIS OF CONTROLLED
AGENTS IN FLOW FIELDS

3.1 Introduction

A control policy, for example from MPC or RL, maps each agent state in the domain of
fluid flow to an action, which can ultimately be visualized as a vector field. When agents
follow a policy within an unsteady flow field, their behavior can be understood as passive
drifters operating within an entirely new active flow field — one that is a combination of
the original background flow field and the control policy. Given the applicability of FTLE
for understanding passive, uncontrolled transport in unsteady fluid flow fields, it is natural
to extend it to understand active transport given an agent’s control policy, which is the
focus of this chapter. Policies derived from optimal control methods, and by extension the
resulting active flow fields, can often be spatially discontinuous or non-smooth depending
on the hyperparameters used. Therefore, our work also contributes to understanding the
use of FTLE on non-smooth systems.

In this chapter (drawing results from [85]), we compute FTLE on active agents navi-
gating within an unsteady fluid flow field. Specifically, we examine the controlled trajec-
tories using either a finite-horizon model predictive control optimization or a reinforce-
ment learning strategy to learn a policy that drives an agent towards a goal state. We then
perform control FTLE (cFTLE) analysis on the combined flow field generated from the
background flow and the control policy, illustrated in Fig. 2.1. Similar studies have been
performed in the past for biological applications, where FTLE was used to understand the
behavior of plankton actively propelling away from feeding jellyfish [126]. We confirm
that, much like the traditional FTLE, cFTLE can be used to visualize transport barriers,
which allow us to understand the transport of agents following a control policy. These

results are useful in the context of finding ideal deployment locations for rendezvous and
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Figure 3.1: This figure outlines the methodology of cFTLE which takes Lagrangian con-
trolled trajectories as input and outputs LCS curves which highlight interesting transport
features of the control law which are generally not visualizable by simply plotting all the
trajectories or by plotting the control vector field. The left most figure shows that in order
to evaluate our control algorithm, we generate the simulation from a mesh grid of initial
agent positions at ¢ = 0. We end the simulations at ¢t = T4 (as shows in the middle figure).
Finally we use the FTLE algorithm on this data to generate “cFTLE” ridges which highlight
important features in the domain.

coordinated multi-agent goal tracking. We further relate the features of cFTLE, which un-
cover exponential divergence of initial conditions, to the sensitivity of optimization cost
functions used in trajectory planning. We also show that these findings are not exclusive
to policies generated through MPC or RL, but to policies generated by any optimal control
method with a particular structure in cost function, which we elaborate on. In a previ-
ous work by the authors [87], it was found that large energy expenditure of active agents
corresponded with the presence of large background FTLE. Here, we further explore this
connection and find that the energy spent has a closer correlation with cFTLE, which are
deformations of the passive FTLE ridges. Given the connections to optimal control, we
perform sweep through a range of parameters that govern the aggressiveness of the con-
trol, the set point to track, and the amount of future information about the background
flow field available, which creates spatial discontinuities. In the future, this study could
potentially aid in methods for faster learning of control policies with partial knowledge of
the control FTLE and vice versa, and aid in summarizing the effectiveness of policies used

for flow navigation.
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3.2 Methodology for Control FTLE (cFTLE)

In our work, we propose the use of FTLE in the analysis of policies generated through
methods such as MPC and reinforcement learning. However, generating policies in this
manner presents obstacles in the computation of cFTLE ridges, which will be elaborated in
the following subsections. In this section, we outline how the computation of cFTLE can

be derived from the traditional direct application of FTLE on unsteady flow fields.

3.2.1 Control Finite Time Lyapunov Exponents (cFTLE)

Extending the FTLE from Chapter 1 to incorporate control, the equations governing the
dynamics of an actuated agent from Eq. (1.9) are used. In this work, we shall consider the

class of kinematic models [73] where
g (x(t),u,t) = v (x(t),t) + u. 3.1)

These models assume that the sensor can generate its own flow relative velocity u(t) =
[uz, uy] € R? in addition to the flow-induced velocity. Alternatively, models that incorpo-
rate inertial effects can also be used [126, 171, 193]. The function v (x(¢), ?) is the unsteady
flow field within which the agent is moving. For the majority of this study, we consider
this function to be given by the non-autonomous double-gyre equations [74, 165, 166]. Be-
cause the control u is typically a full-state feedback control law, u(x, t), the resulting flow
tield g may be considered to be a function of x for a given policy u.

Similar to traditional FTLE, we initialize a grid of agents at time ¢y and numerically

integrate through g(x(t), u, t) for a fixed amount of time (i.e., the advection time) 74 € R,
= to+T'4

resulting in a flow map @, :R™ x R™ — R™
o to+T4 to+Ta
>, :x(to) — x(to) + / g (x(7),u, 1) dr. (3.2)
to

The flow map operator is particularly important in our work as it will later be used to

understand the connections between cFTLE and value functions in optimal control. The
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operator <§§8+TA maps an initial agent position x(¢y) to a position advected forward by
time to x(typ + T'a) by the flow field and agent propulsion.

FTLE based on agents integrated forward in time, 7’4 > 0, result in coherent structures
that repel agents, which can be seen in the right most plot in Figure 3.1 where the blue
curves are visible, and later figures in this work. Compared to the backward time FTLE,
the forward time cFTLE is more straightforward, assuming that the policy for all states is
known beforehand. To calculate the backward time cFTLE, we need both flow field and
policy data backwards in time, which is not possible in realistic scenarios. FTLE based on
agents integrated backward in time, Ty < 0, results in coherent structures which attract
agents. These can be computed for periodic flow fields as both policy and flow field can

be extrapolated backwards due to periodicity (as demonstrated in the Appendix).

3.2.2  Computation Using Interpolation

For the computation of cFTLE, Egs. (1.9) and (3.2) often require the use of a dense grid
of initial conditions. Generally, with MPC, this would incur a large computational cost as
a full closed-loop MPC optimization would need to be computed over the prescribed time
horizon, Ty, for the advection time, T4, for each spatial initial condition at each simulation
time step. To reduce the total number of optimizations computed and reduce the require-
ment for several closed-loop MPC simulations, we pre-compute an open-loop policy for
the entire space and time domain. We consider agent initial conditions fixed to a grid (as
in the left plot in Figure 3.1) and compute the control actions at the grid node locations (as
seen later in the plots of Figure 3.9). To keep the computational cost down, we make use
of a coarse grid and then use linear interpolation to compute the policy for off-grid initial
conditions. This allows us to build a lookup-table function a(x,¢) for every point in space
and time. We then integrate a dense grid of passive particles through the combined vector
field of fluid flow and estimated open-loop control through the following ODE,

%X(t) = v (x(t),t) + 1, (3.3)
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Figure 3.2: Control FTLE ridges separate dynamically different regions of agents moving
in the flow field. We show two distinct patches of agents - a purple and a yellow patch.
Both patches start initially on different sides of the cFTLE ridge. The time evolution shows
that cFTLE ridges separate the patches that undergo different paths and accrue largely
different short-term state error cost despite starting close to each other.
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where 1 is the estimated open loop control law using liner interpolation. We then follow

the computation method outlined in Section 3.2.1 to obtain the Lagrangian trajectories.

3.3 Results

In this section, we first verify that cFTLE behaves much like regular FTLE and demon-
strate how this property can be used diagnostically for the analysis of control laws. Next,
we highlight a connection between value functions from optimal control theory and cF-
TLE ridges. Finally, given the aforementioned connection, we study the deformation of
cFTLE ridges under the change in parameters of MPC. We show that these changes in cF-
TLE ridges can be used to understand the change in value functions useful for optimal
control. We also show that cFTLE ridges can be a powerful tool for numerically identi-

tying switching surfaces and approximations to time-varying invariant manifolds. This
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could potentially aid in using various techniques from non-smooth analysis, and knowl-
edge about global bifurcations to analyze and predict the oncoming changes in system
stability as hyperparameters are varied. Note: The discretized time step across all double
gyre simulations is At = 0.1. Each simulation was run for 800 steps. In the following sec-
tions, we will vary the relative cost of actuation versus state error, given by the ratio R/Q,

and analyze how this impacts the mobile sensor trajectories.

3.3.1 Interpretations of cFTLE

We first discuss the interpretations of cFTLE ridges in comparison with the traditional
view of FTLE when applied to the transport of agents through a flow field. We will vary
the relative cost of actuation versus state error, given by the ratio R/, the time horizon
Ty, position of the goal and analyze how this impacts the cFTLE. In the limit of an infinite

cost of control, the cFTLE should converge to the traditional passive FTLE.

Transport Barriers

Forward time cFTLE ridges form transport barriers similar to traditional FTLE ridges [189].
This can be observed from Figure 3.2, where we have two patches of agents moving to-
wards a common goal. We observe that in the time of advection, the purple patch and
yellow patch are separated by the cFTLE ridge as a dividing barrier. Agents that fall on a
cFTLE ridge are further stretched apart at later times, which will be especially highlighted
later in Section 3.4. Such analysis is useful in the context of analyzing control laws for
large-scale transport of under-actuated mobile sensors in fluid flows. For instance, deter-
mining the deployment locations for intelligent mobile sensors is a challenging task with
significant cost and schedule complications [178]. cFTLE can be potentially useful in find-

ing locations where the control law is able to transport agents effectively.

Rendezvous Through Lobe Transport

Building upon the idea of transport barriers from the previous section, cFTLE barriers can

surround agents with barriers that persistently keep the agents trapped. This behavior has
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Figure 3.3: cFTLE boundaries enclose regions in the domain which accrue similar cost.
Despite the fact that the purple and the yellow patch start far from each other, they meet
in short time since they are in the same lobe. This can be viewed particularly at ¢ = 3.6
on, where the yellow and purple patch are within the same bounded cFTLE region. These
structures are not apparent when viewing the control law or the flow field alone. An appli-
cation of visualizing such regions in the domain may aid in solving rendezvous problems
in the ocean where two distinct groups of agents may need to meet in finite time

been exhaustively studied in dynamical systems theory [145, 188]. Attracting and repelling
invariant manifolds intersect and form lobes that trap passive particles. Traditionally, at-
tracting and repelling FTLE ridges have been used to visualize such trapping regions. We
observe this in the context of cFTLE in Figure 3.3. Despite not plotting the attracting cFTLE
ridges, we can see that the repelling cFTLE barriers, inside of which the purple and yellow
patches are placed, form a single trapping structure that brings the two patches to meet
in forward time, while they move towards the goal. This idea is potentially useful in the
context of multi-agent planning, where drop locations can be found that allow agents to
rendezvous in forward time. Such rendezvous problems are important in the context of

path planning [163].



41

a)

Figure 3.4: The plot (a) shows the control FTLE ridges for double gyre setup at an R/Q
ratio of 80 on the left, with a time of advection T4 = 15,7y = 3. The agents are tracking
the goal set point at x40,y = [0.5,0.5]. On the right (b), we show the accumulated state
error Jr for a meshgrid of agents in the domain for the same R/(Q) and T. We see that the
cFTLE ridges are located where there is a drastic change in color on the right figure. This
indicates that the cFTLE ridges at a particular 74 partition the domain by the cost spent
(i.e., large change in Jr).

Energy spent State error component of J LOR

Figure 3.5: On the left, we plot the instantaneous energy spent by an agent starting from
a meshgrid of initial conditions moving to a goal location on the left (x40, = [0.5,0.5]) at
t = 0. On the right, we plot the accumulated state error over the time horizon of MPC
(Ty = 4.5, R/Q = 15). In both plots, the streams are the control law generated by all the
MPC agents, and the cFTLE ridges are shown where the time of advection is equal to the
time horizon of the MPC, Ty = Tx. We observe here that the cFTLE ridge overlaps with
regions where actuation energy expenditure peaks locally. Also, similar to Figure 3.4, the
cFTLE divides the domain where the cost gradient is the largest.

3.3.2  Connections to Optimal Control

In this section, we discuss cFTLE from the perspective of optimal control. Inspired by the

first term in Eq. (1.10), Figure 3.4 (right) displays the value function landscape of

Jr = HX(TA) - Xgoal”%? (3.4)
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which, intuitively, is the square of the agent distance from the goal after a time T4 has
elapsed, as a function of where the agent initially started. By definition, Jr only depends
on the final state error at time T4, in contrast to Jrgr, which depends on the state error
and control energy spent integrated over the trajectory. The general idea of this section is
that we will use Jr as a simple model to gain insight into Jzgr.

When Jr is viewed in comparison to the cFTLE on the left in Figure 3.4, we observe
that the cFTLE ridges overlay with regions where there is a sharpest change in value of Jp.
This indicates that cFTLE ridges coincide with regions of high sensitivity in the state error
of a cost function, which will be further verified later in this section. This is in agreement
with the definition of the FTLE, which is a measure of sensitivity of final conditions to
infinitisimilly close initial conditions.

Furthermore, the left plot in Figure 3.5 displays the energy spent by the control action
taken, |[u*||, as a function of initial condition. We see that cFTLE ridges fall on regions
where the energy spent by the agent is the largest. We know that Eq. (1.11) implies that
|u*||3 = || R"*VJLgrl3, and, we established in the previous paragraph that cFTLE ridges
are connected to sharpest change in Jp. In image processing, the sharpest change of an
image or function value (e.g., Jr) can be found by taking the magnitude of the gradient
of the function (||VJr||3). These results specifically highlight a connection between cF-
TLE ridges, sensitivity in value functions ||V.J||3, and the instantaneous energy spent by
optimal control policies ||u*|)3.

It is also possible to further explore this connection mathematically. When using the

~ to+Txa

fact that x(T4) = ®,, " (x(t0)), the gradient of J is given by

< to+T,
VJp = 2[x(Ta) — Xgoat] D&, . (3.5)
By comparing to the FTLE definition, we can observe that the flow map operator used
in the computation of FTLE is deeply connected to the gradient of cost functions with
quadratic state error. Specifically, the maximum cost function gradient is related to the
maximum singular value of the flow map Jacobian, which is related to the FTLE.

At each instant over the horizon, we compute a complete finite-horizon optimization



43

and take only the first control action, a standard practice of MPC. On the right plot in Fig-
ure 3.5, we plot the integrated state error cost of this finite-horizon optimization at the first
step - the first term of Jrgr. If we were to make 7'y = Ty, the Jr plot in Figure 3.4 would
look similar to the right plot in Figure 3.5, further highlighting the connection between
cFTLE and sensitivity in Jror. We observed across our simulations that the cost function
from Jr and Jrgr had very similar qualitative features, and one could potentially use
whichever is easier to compute to gain insight into the other.

In model-free control approaches, such as reinforcement learning, one is interested in
generating fast approximations to the value function as the agent is moving through the
flow field. These results show that cFTLE ridges can have a potential impact on estimating
these value functions when such model free approaches are used. We will further explore

reinforcement learning in Section 3.4.

3.3.3  Deformation of cFTLE with change in MPC parameters

We have now shown that cFTLE ridges contain information about the sensitivity of a con-
trol policy, the regions of large magnitude of control, and the boundaries between finite-
time invariant sets. In this section, we study how these ridges depend on the aggressive-
ness of the control law and the location of the goal. Particularly, these two parameters
direct the strength and magnitude of fluxes generated by the model predictive control pol-
icy over the unsteady flow field. We also study change in cFTLE as the time horizon T is
varied. This parameter changes the spatial complexity of the control policy. These results
can be potentially useful for anticipating changes in the cFTLE for a different parameter
value. In the next section (Section 3.4), we finally use the ideas learned in this section to in-
terpret a policy generated through another popular optimization-based control approach

- reinforcement learning.

Varying the Cost of Control, R/Q

Figure 3.6 shows cFTLE ridges plotted for incremental changes in R/Q ratio. We find
that as the R/(Q) ratio increases, the aggressiveness of the MPC strategy decreases, and the
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Figure 3.6: This figure shows the cFTLE ridges for four different R/ ratios of 20, 40, 60, 80,
and how the barriers shrink as the aggressiveness of the MPC increases. Here, the time of
advection for cFTLE Ty = 15, and the time horizon of MPC is Ty = 3. We observe that as
the aggressiveness of the control decreases, the cFTLE approaches the passive FTLE.

average magnitude spent for control decreases, while the direction of control for each state
does not change appreciably. Extremely aggressive control (small R/Q) pushes the cFTLE
ridges further towards the right when the goal is in the left gyre, and shrinks the size of
the left cFTLE ridge completely. For less aggressive control (large R/Q), the cFTLE ridges
lengthen and begin to approach passive FTLE ridges. These results are intuitive, given that
when the control becomes less aggressive, the agent behaves more like a passive particle

due to lack of control authority.

Changing the Goal Location, X o4

The results of changing the goal location can be found in Figure 3.7. When a control law
or policy acts over an unsteady flow field, it generates an added flux to transport particles
towards the goal. This is visualized by the grey arrows in Figure 3.7. Here, we observe how
the cFTLE changes depending on this newly added flux. For instance, creating a sink in the

right gyre moves the cFTLE ridge to the left from the initial position of the corresponding
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Figure 3.7: This figure highlights the change in cFTLE ridges as a function of the goal
location. Here, R/Q) = 15,T4 = Ty = 4.5. The streamplot on both plots show the control
law. The color in the background shows the regions where most energy is spent (brighter
yellow shows larger energy spent and darker shows less). On the left plot, the goal location
is set to the right gyre, and on the right plot, the goal location is set to the left gyre. We
observe how the fluxes generated by the control law moves the passive FTLE ridge. A left
flux moves the cFTLE ridge to the right, and vice versa. This figure continues to highlight
the connection between the terms in the cost function and cFTLE ridge as in Figure 3.4.

passive FTLE ridge. Creating a sink to the left moves the cFTLE ridge to right. This shows

us that cFTLE ridges move in the direction opposite to the flux of flow generated.

Varying the Time Horizon, Ty

Figure 3.8 shows the change in cFTLE field as the time horizon parameter 7T is varied.
Note that we plot the contours of the FTLE field as opposed to the FTLE ridges since agents
following the policy cause the ridges to be less sharp, and therefore, more challenging
to extract and visualize through thresholding. Unlike the deformation of the cFTLE in
the previous section, looking at the deformation of cFTLE in Figure 3.8, we observe that
cFTLE undergoes a deflation-type effect and the cFTLE field becomes non-smooth with
several branches. In Figure 3.9, the first two figures show the policy changing as a function
of Ty. The time horizon parameter captures the amount of future knowledge of the flow
field being incorporated in taking the present action. Therefore, the policy changes from a
naive sink-like behavior to become spatially more complex as the time horizon is increased.
These spatially complex policies make better use of actuation to escape regions or lobes

dictated by the passive FTLE, where the agent will be advected away from the goal and
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Figure 3.8: This figure shows the change in cFTLE field for time horizon values Ty =
{2,3,4,5}, using an advection time of T4 = 15and R/Q = 50 at ¢y, = 0. Unlike in Figure 3.6,
the cFTLE ridge changes due to more intelligent use of control and not because of sheer
use of greater effort. The cFTLE ridges exhibits more structures, and the curves have more
branches due to several ridges coming close to each other and collapsing on each other.

increase the cost function value.

We also observe in Figures 3.5 and 3.7 that the cFTLE highlights regions in space where
the policy becomes spatially discontinuous. The streamlines on either side of the cFTLE
ridge are in different directions. This is intuitive, as regions spatial discontinuity in a vector
field can potentially also generate large Lyapunov exponent values, in addition to effects
from shear and normal hyperbolicity. When using optimal control methods, the policy
can often make the controlled system a non-smooth dynamical system [149]. These results

shows that the cFTLE can be used for switching manifold detection in controlled systems.

3.4 Example from Reinforcement Learning

Thus far, we have discussed the use of cFTLE exclusively on policies generated from

model predictive control. However, cFTLE can be used to analyze policies generated from
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Figure 3.9: This figure shows the range of policies that can be generated at time ¢ = 0. The
policies considered in this chapter vary with time ¢. The left and middle policies are gener-
ated using MPC with a time horizon of 1.0 and 3.0, respectively. The policy on the right is
generated by using DDPG and can be considered the “infinite-horizon” case. All policies
have an R/Q ratio of 70. From left to right, there is an increase in spatial complexity of the
policy as it begins to use more information of the flow field. This spatial complexity in turn
influences the cFTLE ridges computed, which can be seen in Figure 3.8 and Figure 3.10.

Figure 3.10: This example shows the repelling cFTLE field plotted for a policy generated
using DDPG with R/Q = 70. Much like Figure 3.2, we use two patches to highlight trans-
port mechanisms. We also use the same initial patch locations for comparison.

any control or planning methods. Reinforcement learning (RL) is a powerful alternative

paradigm to model predictive control for policy generation [25, 134]. A key difference be-
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tween the two paradigms is that RL is typically model free, i.e., policies can be generated
without any knowledge of the flow field, but rather from data alone. In this study, we use
the deep deterministic policy gradient (DDPG) method [97] available in the stable base-
lines package [130] to demonstrate the use of cFTLE analysis on reinforcement learning
policies.

Much like model predictive control, RL requires the definition of a reward function.
Typically, the cumulative reward over the simulation is computed. For this, we make use
of the negative of the discretized LQR cost function, defined in Eq. (1.10) due to the fact that
the convention is to maximize the reward, as opposed to minimizing the cost in methods
such as MPC. We make use of an Euler time-stepping scheme to propagate an agent’s state
forward in time with a time step of 0.1. Each complete RL simulation (or episode) is run
for 800 time steps, which totals to 80 units as in the MPC case.

At a high level view, RL runs multiple episodes with random policies and random
initial states to generate data of cumulative rewards over each episode. This data is then
used to iterate towards a policy that maximizes the reward over each episode, also known
as the cumulative reward. The setup of DDPG used in this chapter does not explicitly
incorporate a time horizon; however, the resulting policy can be interpreted as a solution
of an infinite horizon problem. The right plot in Figure 3.9 shows an RL policy generated
over the double gyre flow field for the same objective outlined in the problem setup section.
Metrics such as the average cumulative reward are often used to judge the performance
of the policy [173]. These metrics do not provide a spatial description or boundaries in
space where the reward declines, which is possible through cFTLE analysis. RL generates
a lookup table policy function, described by a neural network u(x, t) for each state in space
and time. Therefore, unlike in the MPC case, computing the FTLE of an RL policy does not
require the use of interpolation as mentioned earlier. As in the previous section, we plot
the cFTLE field as opposed to cFTLE ridges to better visualize these invariant structures.

Figure 3.10 shows the integration of two patches of different colors with the same ini-
tial configuration of Figure 3.2. We observe in contrast to Figure 3.2, that, since the purple
patch starts on the cFTLE ridge as opposed to on one side of it, it undergoes large deforma-

tion normally along the cFTLE ridge in the middle of the domain, while the yellow patch
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maintains cohesion for longer time. However, at time ¢t = 9.0, we see that a part of the
yellow patch lies on the the other side of the cFTLE ridge, therefore, we can predict that in
the future, the yellow patch will also be stretched out. Since the RL policy can be viewed
as an infinite-horizon extension of the MPC case, we can interpret the several streaks of
large cFTLE value as passive FTLE structures that have collapsed very close to each other.
This can be visualized at t = 3.0 where the FTLE ridge takes a “P” shape that appears as
a branch off the middle hyperbolic LCS, which occurs due to the shrinking and collapsing
of a passive FTLE lobe as seen from the large time horizon case. This is similar to the case
of time horizon 4.0 and 5.0 in Figure 3.8.

Value functions for RL methods can find interesting pathways through passive dynam-
ics that traditional methods miss. This is due to the highly non-convex nature of RL algo-
rithms, which makes it challenging to bound and analyze the policies generated through
these methods. cFTLE provides a principled method of analyzing these policies. More-
over, given that value functions are connected to the cFTLE as demonstrated earlier, we
can potentially use cFTLE to minimize the steps required to compute policies, leading to

faster convergence.

3.5 Discussion

We studied the use of the FTLE method on active agents that use actuation to move to-
wards a fixed goal in an unsteady flow field. In particular, we focused on the FTLE analysis
of agents using model predictive control and reinforcement learning independently to gen-
erate policies in a double gyre flow field. Broadly speaking, this work can be interpreted
through the lens of its potential applications to the following problems:

1) Invariant sets: We first compute the cFTLE for agents using policies generated through
MPC. We confirm that, much like passive FTLE, cFTLE can be used to find barriers that
separate different regions of agents following a particular policy. This suggests that cF-
TLE can be useful to identify finite-time invariant sets and invariant manifolds for active
agents, which is particularly useful in the context of navigating unsteady aperiodic flow

fields as coherent structures only persist for finite time. Invariant sets are useful in optimal
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control from the perspective of analyzing robustness and designing model predictive con-
trol policies [131]. The areas with smaller cFTLE values correspond to regions where the
control is robust to small changes in the parameters of the controller.

2) Multi-agent path planning: Next, we find that cFTLE can be used to identify trapping
regions or regions closed off by barriers or lobes. When viewing these trapping regions
at large scales in an unsteady flow field, we can find regions in which, when following
the optimal policy, agents can move towards a goal cohesively without getting separated
at large distances. When viewing these barriers at small scales, they can be used to find
deployment locations where the agents would not collide with physical objects in the flow
tield or other agents following the same policy.

The latter part of the chapter focuses on the deformation of cFTLE ridges, or rather,
the intuition behind how the cFTLE ridges move when new fluxes from the control policy
are added to the passive unsteady flow field. We find that the cFTLE ridge moves opposite
to the direction of the added flux from the flow field. We also find that control can cause
a trapping barriers to shrink and collapse into multiple branches emerging from a larger
ridge. This can highlight regions (or lobes) in space that are integral in escaping or entering
to move towards the goal effectively. An interesting observation is that cFTLE ridges can
highlight the presence of switching manifolds in controlled systems, where the optimal
policy renders the controlled dynamical system non-smooth. This is possible since regions
of discontinuity in a vector field can generate large Lyapunov exponents. Finally, the com-
putation of cFTLE ridges itself is challenging. Control policies generate sources and sinks,
where innovations in the computation of compressible FTLE can be used [58]. Potentially,
many of these ideas can be tested in realistic experimental systems with three-dimensional

flows and multi-scale turbulence.
Code Availability

The code for this work has been made available on GitHub at https://github.com/

karkris41295/cFTLE.
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Chapter 4

CONTROL OF POINT VORTEX DYNAMICS USING KOOPMAN
EIGENFUNCTIONS

4.1 Introduction

The control of vortices in fluid flows is of prime importance in many engineering applica-
tions [40, 45, 83, 119]. Point vortex models, governed by the Biot-Savart equations, offer
a powerful framework to study vortex dynamics of ideal two-dimensional flows [5, 120].
For example, point vortex models have been used to describe various vortex phenom-
ena in wakes [168, 169]. In this chapter, we develop a new set of strategies for controlling
point vortices based on a recently developed connection between conserved quantities and
Koopman control theory [76, 77]. These results are from my paper [86].

In the past, ideas from optimal control theory, such as the direct application of the Pon-
tryagin maximum principle [121, 183] have been used to find control strategies for simple
cases involving a small number of point vortices in the domain [180, 181]. Other meth-
ods arising from chaos theory, such as OGY (Ott, Grebogi and Yorke) control [128] have
also been used to find control strategies for periodic flows. However, little work has been
done in recasting the point vortex equations in terms of conserved quantities for control.
This idea is inspired by recent work in Koopman operator theory [27, 114] that shows that
invariant quantities are Koopman eigenfunctions corresponding to zero eigenvalue [77],
and that it is possible to control these eigenfunctions using a Koopman with control frame-
work [76]. Direct application of model-predictive control on the governing equations has
been used to control vortex dynamics [148], although, in this chapter, we study the use
of model-predictive control on the model formulated in terms of the conserved quanti-
ties. This gives a global description of the dynamics written in terms of energy, angular
impulse, and linear impulse, as opposed to the local description of the positions of each

vortex.
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Figure 4.1: Uncontrolled vortex dynamics: The key dynamic states of a 4-vortex system are
highlighted: periodic (or single-frequency periodic), quasi-periodic (or multi-frequency
periodic), and chaotic (broadband frequency). These dynamic states differ by the angle
the vortices initially make with the origin [18]. The control demonstrated in this work
aims at switching between these different states. From left to right, we show the mixing
of tracer particles (starting from the initial distribution to the left), vortex trajectories and
the Fourier transform (FFT) applied to the x-component of a single vortex to characterize
occurring frequencies. A broad spectrum implies chaos, whereas sharp peaks at discrete
frequencies can imply quasiperiodicity or periodicity.

We primarily focus on the four-vortex system. The dynamics of point vortices in a do-
main are well understood for up to four vortices [120]. It is known that for up to three
vortices, the conserved quantities of the system can be used to reduce the dynamics to an
integrable form that can exhibit mostly periodic solutions. However, when n = 4, the sys-
tem of vortices loses integrability and behaves like a system of coupled oscillators [6, 21].

When the number of vortices is n > 4, the vortex system begins to exhibit chaotic behavior.
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The 4-vortex system in particular, has been exhaustively studied with respect to mapping
out the phase space and the period-doubling bifurcations the system undergoes as a re-
duced Hamiltonian energy is varied [21]. Four vortex systems have also been studied
from the perspective of mixing, where periodic, quasi-periodic, and chaotic vortex config-
urations have been parameterized by the angle between a single vortex and the origin [18].
These configurations are shown in Figure 4.1. Therefore, the four-vortex system is an ideal
test case for studying invariant control due to the range of phenomena exhibited by the
configuration and its simplicity.

In this work, we alter the vortex dynamics from a periodic configuration characterized
by the four vortices arranged in a square (Thomson solution) as in the top panel of Fig-
ure 4.1. Control is applied through a virtual cylinder which is modeled as a stationary
point vortex, whose circulation can be changed through model-predictive control (MPC).
Importantly, the control is applied in a new coordinate system, defined by the vortex in-
variants, as this establishes a Koopman invariant subspace in which control becomes more
tractable [76, 77]. We first investigate changing the conserved quantities independently,

with no constraints on the other conserved quantities, with relatively intuitive results:

* increasing/decreasing the Hamiltonian has the effect of merging/separating vor-

tices;

¢ increasing the linear momentum produces translation; and,

¢ changing the angular momentum affects the variance of vorticity in the distribution.

We find that changing a single invariant typically causes other invariant values to change;
therefore, we first investigate the change in a single invariant while keeping other invari-
ants fixed through penalization in the MPC cost function. We then show that by using
multi-invariant control, we can restrict the transition to states not reachable through single
invariant control alone. We also show that conserved quantities may be used to enforce
or break symmetry, which enables both quasi-periodic and chaotic states with the same

Hamiltonian/kinetic energy. In other words, it is possible to limit the configuration to
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reach a quasi-periodic state as opposed to chaotic states using control. From [21], it is also
known that Thomson solutions are surrounded by regions of quasi-periodic configurations
in phase space characterized by the vortices arranged in a rectangle. When using invari-
ant control, we observe transitions to these nearby states, particularly, when changing the
linear impulse. Finally, we highlight the difference between single-invariant and multi-
invariant control in a simple mixing example. We compare the KL divergence of these

states and how much actuator energy it requires to move to them.
4.2 Methodology

4.2.1 Point vortex dynamics

Consider the governing dynamics of an inviscid, incompressible fluid given by the Euler
equation as
ou

= . —— 4.1
En +u-Vu Vp, (4.1)

where u(x,t) is the flow velocity, and p(x,t) is the scalar pressure field at each spatial
coordinate x and time ¢. With a systematic reduction of the symmetries of the system [106],
the vorticity field (w = V x u) from the Euler equations in the two-dimensional plane can

be distilled to a discrete point vortex solution of the form

n

Ki
wx)=>" 5 0(x%) (4.2)
iz1 "
where 0(x) is the Dirac delta function, and x; is the strength of point vortexi = 1,2,...,n.

The position of each point vortex r; = (x;, y;) evolves according to the Biot-Savart law as

dI‘i " Kj /A{ X (I‘i — I‘j)

— = T RARAR KA. A 43

dt Z ,27‘( Hri_er2 ’ ( )
J=1,i#j

where £ is a unit vector normal to the 2D plane. Each vortex is influenced by the induced
velocity of every other point vortex in the system and the self-induced components are
Zero.

An important property of the point vortex system is that it exhibits a Hamiltonian struc-
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ture [120, 146]. The Hamiltonian which represents the interaction kinetic energy between

the point vortices is given by

n n
H = —% Xi:]%;jﬁmj log ||r; — rj]|, (4.4)

such that dH /dt = 0 for the unforced point vortex system. In addition to time-invariance,

the Hamiltonian also exhibits invariance with respect to the translation and rotation groups [36].

As a consequence of Noether’s theorem, the point vortex system conserves the linear and

angular impulse due to translation and rotational invariance, respectively. The impulses

are

Linear impulse : (X,Y) = Zn: kiri, Angular impulse : A = Zn: IR (4.5)
i i

By observing the form of these equations, we note that the linear impulse is directly pro-
portional to the center of vorticity of the point vortex system, and the angular impulse is di-
rectly proportional to the variance of vorticity of the vortex configuration. The two vortex
system (n = 2) is trivially integrable. Through a series of canonical transformations [3, 6],
the three-vortex identical point vortex system (n = 3) can be completely described by the
specification of the Hamiltonian and impulses. This configuration has been studied ex-
haustively on different geometries [19, 20], and in itself has been useful for understanding
higher dimensional vortex phenomena [168].

In general, the motion of a system with four or more vortices (n > 4) is non-integrable,
exhibiting a range of dynamical behaviors including chaos. The invariant dynamics of the
point vortex system reduces to

d

Zp=0 4.6
i (4.6)

with ¢ = [H, A, X, Y]T. The invariant dynamics represents the global behavior of the point
vortex system as opposed to the local dynamics for each point vortex of the Biot-Savart law.
Next, we introduce forcing inputs which alter the global dynamics of the system of point

vortices.
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4.2.2  Multi-invariant control of point vortices

The (forced) Biot-Savart equation can be written as

d - .
ZR=N®)+f. (4.7)

where, R = [r},r2, - ,r,]7 € R?®, N(R) is the nonlinear term on the right-hand side of
Eq. (4.3), and f is the external forcing added to the flow. In this work, we introduce this
external forcing through “virtual vortices”. A physical example of these virtual vortices
could be the use of rotating cylinders in the domain. Rotating stirring rods are common
in mixing applications. Rotating cylinders can also be used to model fans or propellers.
Assuming that the vortices are sufficiently far from the stirring rods/cylinders, the viscous
effects of their interaction with the vortices can be ignored.

For a system with a large number of point vortices, multiple virtual vortices can be

considered. For a system of m actuator cylinders, the forcing input f = Bu is defined such

that ) )
D(ry,a1) D(ry,as) e D(r1,a)

B_ D(rg.,al) D(rg.,ag) . D(rz., am) e RIm. (48)
| D(ry,a1) D(r,,as) - D(rp,an)

where a; is the position of actuator cylinders in the domain. The interaction function D
computes the induced velocity of the control cylinders (of unit strength) on the vortices in

the domain, given by the same law as the interaction between vortices as

. 1 l;:x(ri—aj)
2r ||r; —ajl?

D(I'Z', aj) (49)
The influence of the actuator cylinder on the vortices is modulated by the circulation
strength of each cylinder u = [uy,ug, -+, up)T € R™.

We describe the global invariant dynamics of the forced system as

R=—"— NR)+ 8"? -Bu. (4.10)

OR dt = AR R
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The first term on the right hand side of the equation cancels to zero from Eq. (4.6) yielding

d
7= Vay - Bu (4.11)

The right-hand side of this equation is the directional derivative of the invariants with
respect to the state R of the vortices. We can explicitly calculate the gradient of the invari-
ants with respect to the vortex position from Eq. (4.4) and Eq. (4.5). Due to the symplectic
structure of vortex dynamics and Hamiltonian systems, the gradient of the Hamiltonian
is orthogonal and equal in magnitude to dR/dt. Thus, it can be calculated by swapping
the x and y components of Eq. (4.3). To compute the circulation strengths of the actuator

cylinders u, we use model predictive control using Eq. (4.11) as our model.

4.2.3 Model predictive control

Model predictive control (MPC) [1, 34, 46, 56, 91, 109, 117] has gained widespread adoption
due to its success in a range of applications, its ability to incorporate customized cost func-
tions and constraints, and extensions to nonlinear systems. In particular, MPC has become
the de-facto standard advanced control method in process industries [129] and has gained
considerable traction in the aerospace industry due to its versatility [46].

MPC represents an optimal control problem over a receding horizon, subject to sys-
tem dynamics and constraints, to determine the next control action. The optimization
problem aims to solve for a sequence of control inputs {u(tp), u(t1),...,u(to + TH)} over
the time horizon Tz that minimizes a pre-defined objective function J. The time horizon
Ty = NAt, where N is the number of time steps over which the optimization is calculated,
and At is the discrete size of the time step of d7, given in the integral in Eq (4.12). Typically,
only the first control input u(ty)°P* is applied. The optimization problem is re-initialized
each time a new measurement is collected and, thus, adaptively determines optimal con-
trol actions adjusting to model discrepancies and changing conditions in the environment
and disturbances. The most critical part of MPC is the identification of a dynamical model
that accurately and efficiently represents the system behavior in the presence of actuation.

If the model is linear, minimization of a quadratic cost functional subject to linear con-
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straints results in a tractable convex problem. In this work, we combine nonlinear MPC
with control-affine models describing the dynamical evolution of the conserved quantities
under the influence of an external control variable.

The receding-horizon optimization problem can be stated as follows. Nonlinear MPC [1]

aims to minimize the following quadratic objective function,

to+T'y
J = / [e(T)TQe(T) + u(T)TRu(T)] dr, (4.12)

to
subject to, nonlinear system dynamics,
d

“ox(t) = N(x(1)) + Bu(o), (4.13)

and input constraints,

Umin < u(t) < Umax- (4.14)

where u(t) is the control input, e(t) £ x(t) — Xgoal 18 the difference in the desired
state and predicted state along a finite-horizon trajectory. In our work specifically, e(t) =
p(t) — @ The weight matrices R € R?%9, and Q € R™*" are positive semi-definite and
penalize the inputs, and deviations of the predicted output along a trajectory respectively,
and set their relative importance. We define the control sequence to be solved over the
receding horizon as {u(tp), u(t1), ..., u(to + Tx)} given the measurement x(¢p). The mea-
surement x(t() is the current output of the system, whose dynamics are governed by the
invariants of the Biot-Savart equations (4.11), and is used to provide the initial condition
for the optimization problem.

If the model is linear, minimization of a quadratic cost functional subject to linear con-
straints results in a tractable convex problem. Nonlinear models may yield significant im-
provements; however, they render MPC a nonlinear program, which can be expensive to
solve, making it particularly challenging for real-time control. Fortunately, improvements
in computing power and advanced algorithms are increasingly enabling nonlinear MPC
for real-time applications. Generally, MPC applied to the Navier-Stokes equations would

result in a high-dimensional, nonlinear optimal control problem. By reformulating the dy-



59

namics in terms of conserved quantities, we aim to reformulate the problem as a bilinear,

significantly lower-dimensional problem which is significantly more feasible.

4.2.4  Specific control setup

We set the weight matrix Q as

Q- . (4.15)

The limits on actuation are such that
lu(t)| < 1. (4.16)

The actuator limits are set so that the maximum circulation the actuator produces does
not exceed the circulation of the vortices. Thus, the controller will make use of the nat-
ural dynamics of the system. The model we use for model-predictive control is given by
Eq (4.11). We optimize over this model to generate an action u(¢), which is then fed into
the f term in Eq (4.7) for simulation. The time horizon is given by NAt = 0.03 time units
with time step of At = 0.01 and N = 3. The V¢ - B matrix changes with change in state.
However, for the purposes of optimization, we assume that over our short time horizon
Ty, the state R is constant. The MPCTools [138] and CasADi [2] packages were used for

the computation of control in this chapter.

4.3 Single invariant control results

In this section, we show how changes in invariants manifest in changes in the dynamics
of vortices. We use the invariants to influence transitions between chaotic, quasiperiodic,
and periodic states, which can in turn impact the mixing properties of the system. For this

study, we investigate the dynamics of a 4-vortex system, as 4-vortices can exhibit chaotic
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Figure 4.2: Impact of reference tracking of the four invariants of the vortex system on
the vortices’ trajectories using an actuator in a fixed position. From top row to bottom:
(1) Different dynamic regimes appear depending on a higher or lower reference value for
the Hamiltonian. (2) Increasing angular impulse translates the vortices away from the
origin. Negative A shows that vortices merge closer in a similar strategy to increasing
the Hamiltonian. (3-4) Change in linear impulse manifests as translation of the vortex

configuration.
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behaviour due to non-integrability of the governing equations. These configurations have
also been studied extensively in the past [6, 18, 21]. The initial vortex cores are arranged
in a square. The circulation  of all our vortices are taken to be 1.0 for this configuration,
so that the uncontrolled behaviour is for the vortices to move in a periodic circle. This
is known as the Thomson equilibrium. The invariant values for this configuration are
(H,A,X,Y) = (—0.22,4,0,0) when the vortices are all equally spaced at 1 unit from the
origin. Over the next few subsections, we explore the changes in vortex dynamics with
changing invariant values, and the form of the control signal used by MPC used to change

the vortex dynamics.

4.3.1 Controlled vortex dynamics

The plots corresponding to positive AH show that increasing the Hamiltonian has the
effect of bringing vortices closer together. Decreasing the Hamiltonian has the effect of
vortex cores moving apart from each other. This observation is in agreement with the form
of the equation of the Hamiltonian, which is the sum of the log of the distance between
each vortex pair. When there are multiple vortices present (not arranged symmetrically in
a square), the MPC control law will pick one pair of vortices and bring them closer together
when the Hamiltonian is increased. Using MPC and the conserved quantity framework, it
is also possible to make the Hamiltonian oscillate or follow complicated trajectories. This
manifests in the system as the vortices moving in closer and farther apart. The panels in
the first row of Figure 4.2 show the trajectories of the 4-vortex system for different reference
values for the Hamiltonian to track. We observe that decreasing the Hamiltonian makes
the vortex system enter a quasi-periodic regime and further decrease makes it transition
into a chaotic regime as can be seen by taking the Fourier transform of the x-component of
trajectories (after it has converged to the steady state). However, increasing the Hamilto-
nian moves it into a periodic regime with slight translation. The mean peak in the Fourier
transform plots correspond to translation of the vortex system.

The linear impulse is linked to the mean or center of vorticity for the system of vortex

cores. Therefore, we observe that changing the linear impulse results in translation of the
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vortex configuration. The X or Y impulse corresponds to translations along the x or y axis
respectively. This is because moving the vortex distribution changes the center of vorticity
distribution.

Unlike the previous two cases, the vortex dynamics for angular impulse changes de-
pending on if we are increasing or decreasing the angular impulse. For increasing angular
impulse, the behavior is to translate the vorticity distribution, but decreasing angular im-
pulse occurs by moving inwards symmetrically towards the origin. The angular impulse
of a vortex configuration is proportional to the variance from the origin. Thus, one way
of increasing the variance from the origin is by translating the distribution away from the
origin.

A key observation across all the cases is that changing one invariant also causes a
change in other invariants. For example, angular impulse is increased through transla-
tion, which, also increases the linear impulse. We can also increase the angular impulse

without translation with MPC. We discuss this in a later section.

4.3.2 MPC Control Law

Hamiltonian

We observe in Figure 4.3 that the control commanded by the MPC algorithm to increase the
Hamiltonian is an oscillating input, where the frequency of the oscillation increases over
time. For decreasing, the switching frequency decreases. In the Hamiltonian control plot,
the H was increased /decreased by 0.07 units. Vainchtein et al. [182] showed that merging
a vortex pair through control can be performed by perfectly timing a train of Dirac delta
pulses in phase with the rotation of the vortex pair. Given that increasing the Hamiltonian
can be viewed as bringing vortices closer (or merging), our results are consistent with this
observation, as the oscillating control is also in phase with the rotation of the four vor-
tices. Moreover, as the vortices move closer, the frequency of cylinder vorticity switching

increases, to match the co-rotating frequency of the 4-vortex system.
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Figure 4.3: MPC control signals (circulation) corresponding to the different cases of invari-
ant control displayed in Fig.2. Red curves are associated with a higher reference value,
while blue curves represent a lower reference value in the objective function. From left to
right: (1) We can observe here that the red curve is oscillatory with increasing frequency
in time while the blue curve decreases the frequency in time. (2) While an increase in an-
gular momentum results in a step function, a decrease yields consistent periodic behavior
similar to the Hamiltonian but without convergence. (3) In contrast, convergence can be
quickly achieved using a step function for both increasing and decreasing linear impulse.

Linear impulse

In Figure 4.3 we observe that the control law used for increasing the linear impulse takes
the form of a step function. In the plot, the linear impulse was increased /decreased by
0.2 units. A step function control law causes the vortex configuration to translate along
a curved trajectory as seen in Figure 4.2. Changing the X linear impulse causes a transla-
tion in the x-direction and the effect is similar in the y-direction. We observe in Figure 4.2
panels corresponding to the linear impulse that the translation also causes a net shearing
effect. Vortices closer to the actuator translate more than vortices farther away from it
because vortices impact each other proportional to 2. This shearing effect is also the mech-
anism by which vortex trajectories move from perfectly periodic states to quasi-periodic
states. The paper by Aref et al. [6] diagrammatically maps out the phase space of the

4-vortex system, showing the proximity of periodic and quasi-periodic states on a KAM
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(Kolmogorov—Arnold-Moser) torus.

Angular impulse

In Figure 4.3, we observe that for increasing the angular impulse, the control law is a step
function, similar to the case of linear impulse. The cylinder actuation produces translation
by “pivoting” the vortex system around the actuator. This means that the actuator can
only translate up to a limit (where the vortex distribution moves diametrically across from
the starting point, taking the actuator as the center). For the case of an actuator located at
(2,2), the maximum translation corresponds to an angular impulse AA ~ 130. For angular
impulse, the direction of translation is the direction where the control expenditure is the
least, as given in the linear impulse results. The control law for decreasing the angular
impulse is the same control law used in increasing the Hamiltonian. This is due to the
fact that increasing the Hamiltonian causes merging, which brings the vortex distribution
closer to the origin when starting from a uniform 4-vortex configuration. In the plots, the

angular impulse was increased /decreased by 2 units.

4.4 Multi-invariant control results

In the previous section, we discussed single-invariant control. This section is about multi-
invariant control. As discussed earlier, the Biot-Savart equations for vortex dynamics has
4 conserved quantities, and we can change multiple conserved quantities at once. The
advantage of simultaneously changing multiple conserved quantities is to change the dis-
tribution of vortices to states that are not possible through single invariant control. We

demonstrate this with two examples.

4.4.1 Restricting translation in angular impulse control

We observed in §4.3.2 that the angular impulse increases through translation in single-
invariant control. This also implies that single-invariant control changes the quantity A by
changing the linear impulse. We can now use multi-invariant control to change the angular

impulse by penalizing the linear impulse. This forces the controller to keep the linear
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Figure 4.4: This figure summarizes the resulting dynamics from multi-invariant control.
The first row shows the vortex trajectories with the reference change in angular impulse.
The second row is for the change in Hamiltonian

impulse close to 0. The result can be seen in Figure 4.4, where, as we increase the angular
impulse, the trajectories move outward in a manner that keeps the linear impulse close
to 0. We observe that for our choice of MPC parameters, the trajectories transition from
periodic to quasiperiodic to chaotic as the angular impulse increases. Since the controller
is unable to hold the linear impulse exactly at 0, we observe chaos upon larger increases
in A, which can be understood using the right plot schematic in Figure 4.5. Moving the

center of vorticity causes chaotic transitions.

4.4.2  Enforcing symmetry in Hamiltonian control

We observed earlier that using single-invariant control to change the Hamiltonian changes
the other conserved quantities. In this example, we use multi-invariant control to change

the Hamiltonian, but use the MPC cost function to penalize changes in the other invari-
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Figure 4.5: Schematic diagram for transitions: On the left, we show how multi-invariant
control can be used to move between periodic and quasi-periodic regimes as seen in Fig-
ure 4.1. Here, the average radius/variance of the vortex distribution and the center of
vorticity or the mean can both be controlled. When the Hamiltonian is increased under
these constraints, the vortex merging is constrained to states along the dotted circle, which
exhibit quasi-periodic behavior. Transitioning between different dynamic regimes is very
limited using single-invariant control, whereas multi-invariant control enables one to reach
a more diverse set of states. On the right, we show that a similar transition is possible from
periodic to chaotic behavior by shifting the centre of vorticity to the right, thereby causing
an asymmetry in the vortex configuration. These particular configurations have been ex-
haustively studied independently in [18]. The key difference between these configurations
is the angles the vortices make with the origin.

ants. Particularly, when we increase the Hamiltonian, vortices come closer and move in a
smaller periodic circle as seen in the top row of Figure 4.2. However, if the other invariants
are not allowed to change, we can move to quasi-periodic states as the vortices are now
constrained to merge in a way that preserves the variance or center of vorticity (as shown
in Figure 4.5). We note that the final states reached in Figure 4.4 are not exactly the final
states described on the left in Figure 4.5, however, Figure 4.5 provides a useful guide for
understanding switching between regimes. In Figure 4.2, we observe that in the case of

increasing Hamiltonian, the vortices merge such that translating the center of vorticity is
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Figure 4.6: This plot shows the power spectral density of the x-component of a single
vortex for both single- and multi-invariant Hamiltonian control. This information can be
used to classify different dynamic regimes as shown in Figure 1. We see that in single-
invariant control, increasing the Hamiltonian yields periodic behavior with a single fre-
quency, whereas decreasing the Hamiltonian modifies the dynamics towards chaotic be-
havior with broadband frequency characteristics. However, for multi-invariant control,
this chaotic transition does not occur. Instead, when increasing the Hamiltonian quasi-
periodicity with multiple frequencies can be observed. This is due to enforcing symmetry
in the case of multi-invariant control.

prohibited, and maintaining the same average radius/variance from the center. We also
make note that the symmetry of the configuration is generally broken when vortices move
to chaotic states.

We also perform a sweep through different increases in  with and without keeping the
other invariants fixed and compute the frequency spectra of the vortex time series. Similar
numerical studies have been performed in [37] to highlight the transition between different
regimes. The power spectral density for the time series of an x-component for different
baseline regimes can be seen in Figure 4.1. We observe that when the angular impulse
and center of vorticity are fixed, transitions to chaotic states are prevented. We observe
on the right in Figure 4.6 that the final states are quasi-periodic when performing multi-
invariant control. At AH = 0.09, the 4-vortex system groups into a cluster of 3 vortices,

as though it is a single vortex, and the remaining vortex orbits the 3-vortex system. The
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Figure 4.7: This plot shows the comparison between single invariant and multi invari-
ant Hamiltonian control in terms of mixing. The plots are scatter plots of actuator effort
J u(t)dt over time on the z-axis and the KL-Divergence on the y-axis. We observe that en-
forcing symmetry decreases the KL-divergence in the case of decreasing Hamiltonian. This
is due to vortex dynamics being restricted to periodic behavior instead of chaotic. In the
case of increasing Hamiltonian, the mixing improves due to a transition to quasiperiod-
icity. We also observe that multi-invariant control uses more energy than single-invariant
control.

states of decreasing Hamiltonian converge to their reference value at an extremely slow
rate, and for these cases, the simulation was ended at 80% of the reference value. Over our
simulations, we observed that states which retain the periodic nature, but reducing radius,
which occur also in the case of decreasing single-invariant A as seen in Figure 4.2, take

extremely long to reach the reference state and hence, use a large amount of energy.

4.5 Mixing

To enhance mixing, we are interested in rapidly dispersing some substance within the fluid
such that the substance is well distributed within the domain. There has been past work
using chaotic advection through fixed stirring rods [4, 22], and methods such as adjoint

optimization [44]. In this section, we formulate the mixing problem in terms of control
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of conserved quantities in the 4-vortex system. The four vortices act as “moving stirring
rods” for the passively advecting distribution.

For the simulations in this section, we advect a grid of particles, using a symplectic
Euler scheme, for a short time through the flow field generated by the 4 vortices after
the invariants converge to the reference values. These results are plotted in Figure 4.1,
where the left plot shows the initial colored tracer distribution. Then, we compute the KL-
divergence of the distribution, with respect to the initial distribution of the grid of particles
to compare our results. The KL-divergence is a measure of similarity between two prob-
ability distributions [28]. We initialize a grid of uniformly distributed points and observe
how the histogram of this grid distorts under the action of the flow field induced by the
vortex dynamics. The right panels in Figure 4.1 show the final distribution depending on
the vortex configuration. The formula of KL-divergence is given by

P(T)
P(0)’

KL= P(T)log
reEX

(4.17)

where, P(0) is the initial histogram distribution of tracer particles and P(7) is the final dis-
tribution of tracer particles. The single-invariant and multi-invariant Hamiltonian control
cases we encountered so far encompass the wide range of dynamical phenomena that the
4-vortex system can exhibit. Hence, for the mixing study, we use this data, summarized
in Figure 4.7. On the left plot, we have the results for decreasing the Hamiltonian, and
on the right, we have results for increasing the Hamiltonian. We find that in the regime of
increasing Hamiltonian, for the same A [, multi-invariant control can generate greater KL-
divergence than in the case of single-invariant control with a slight increase in actuation
effort. It is possible to increase the KL-divergence the most by decreasing the Hamiltonian
in single-invariant control. However, this causes the vortices to move apart chaotically.
In applications to mixing in confined spaces, it may be beneficial to use multi-invariant

control.
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Code Availability

The code for this work has been made available on GitHub at https://github.com/

karkris41l295/invariant-vrtx—-ctrl
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Chapter 5
CONCLUSION

In this work, two parallel threads run that make use of different notions of coherent
structures from dynamical systems theory. The first is the use of Lagrangian coherent
structures for path planning within fluid flow fields, and the second is the use of Koop-
man eigenfunctions for the control of of a fluid flow (vortex dynamics). In the following

sections, we review and summarize these threads, along with suggestions for future work.
5.1 Control within a flow field

511 Summary

Chapters 1-3 investigate the problem of a robot operating within a generic unsteady fluid
flow field. Out of the discussion sections of each of these chapters, the main motivating
idea was to determine if the control action u of the robot can be written directly as a func-
tion of the (Lagrangian) coherent structures in the background. By this, we are interested
in writing u = f(LCS). This would have massive implications for control algorithms in
flow fields that are able to potentially compute control laws without a computationally
expensive non-convex optimization algorithm in a chaotic system.

Following this thread of thought, Chapter 1 investigated how individual low-energy
trajectories of a robot and the background LCS overlap over a range of planning param-
eters. Chapter 2 looked at the same problem from the perspective of policies or in other
words, “What the instantaneous control action from each location in space has to be to
achieve the control objective?”. The latter perspective is different from the former in that
the former is more interested in individual trajectories. The duality between Chapters 1
and 2 is very similar to the duality between the Lagrangian and Eulerian views in fluid
dynamics. Interestingly, a similar duality also exists in optimal control theory between

the Pontryagin maximum principle approach to generating trajectories and the Bellman
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method of computing instantaneous control in state space.

A highlight contribution of this thread can be found in Equation (3.5), closing the loop
on if control can be traced back to coherent structures. This equation can also be used to
explain the phenomena we encounter in Chapter 1 - why the control magnitude is largest
at the FTLE fields, the direction of control vector is orthogonal to the FTLE ridges, why
the trajectories for longer time horizons no not converge to a smooth trajectory or how the
non-convexity increases with the time horizon. The following subsection covers selected
future work in line with the overarching themes of this thesis, however, more ideas can

also be found within the discussion sections of chapters 2 and 3.

5.1.2  Future Work
Optimal control theory

Value functions are scalar functions defined over the domain that map each state to the
expected sum of future rewards from that state. From this perspective, control policies
(in the context of the kinematic models considered in this this work) are gradients of the
value function that direct individual agents to “climb up” to states with greater values.
Value functions are, generally speaking, solutions to the HJB equation. Modern equation-
free control methods such as reinforcement learning ultimately attempt to solve the H]B
equation approximately. Recent works along this direction in the context of navigating
flow fields include [43, 187]. In Chapter 3, we show that cFTLE ridges can be deeply con-
nected to the boundaries of a value function, where the cost function is most sensitive to
perturbations. We also highlight that regions most sensitive to perturbation are also the
regions where greatest energy is spent by the agent. These results can potentially aid de-
veloping methods for faster computation of value functions or policies. For example, only
the value of states where the cFTLE field is large can be updated, since other states will
be less sensitive to perturbations when a parameter like the R/() is varied. This can save
on redundant computation at states which do not change value under perturbation. Fur-
thermore, a deeper connection can be potentially highlighted mathematically connecting

the singular values/vectors of the flow map Jacobian, which are related to cFTLE, and the
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value function.

Bifurcation and stability analysis

In Chapter 3, when the R/Q ratio approaches 0, the policy has the actuation capability to
turn the goal state into an attracting fixed point. As we increase the R/( ratio, the policy
loses the ability to create a strongly attracting fixed point, and instead, creates a limit cy-
cle oscillation around the goal state, as was reported previously in [87]. When there is no
actuation (i.e., in the limit of R/Q going to o), trajectories in the double gyre are chaotic.
This points to the possibility that changing the R/() ratio generates successive bifurca-
tions, ending in chaos. Invariant manifolds, cFTLE ridges in this case, play a crucial role
in global bifurcations, which could be useful in understanding the change in stability de-
scribed above [60, 61]. In the context of transport of autonomous agents, this would allow
us to understand and predict the onset of loss of stability around the goal for different R/Q
ratios, extrapolating from known positions of the cFTLE ridges. This would ultimately aid

in tuning the R/() parameter.
5.2 Control of a flow field

5.2.1 Summary

In Chapter 4, we investigate the control of vortex dynamics using vortex invariants, in-
spired by a recent Koopman-based control scheme. Specifically, the Hamiltonian and the
linear and angular impulses are conserved quantities that form a set of Koopman eigen-
functions, and we demonstrate that it is possible to control these invariants to manipulate
the overall vortex dynamics. We demonstrate this approach on the 4-vortex system, where
there is a range of possible phenomena, including periodic, quasi-periodic, and chaotic
dynamics. Using model predictive control, we show that it is possible to manipulate sin-
gle invariants or multiple invariants at once, and that changing these invariants results in
broad behavioral changes to the vortex dynamics (e.g., periodic to chaotic, or vice versa).
Finally, we investigated the effects of invariant control on mixing by integrating a grid

of passive tracers through the flow field generated by the 4-vortices and evaluating the
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KL-divergence of the distribution.

Through our study, we found that increasing (or decreasing) the Hamiltonian causes
merging (or separation) of vortices. This is achieved by oscillating the vorticity of our
control cylinder at a frequency that depends on the vortex configuration. We also observed
that changing a single conserved quantity using a vortex actuator causes a change in the
other invariants. Multi-invariant control enables us to manipulate the dynamics of a 4-
vortex system from periodic behavior to different regimes by specifying different invariant
values. Importantly, we were able to do this by using a very short time horizon in model-
predictive control. This is promising for the control of larger vortex systems, particularly
when used with methods that cluster vortices [111, 118, 172, 175]. Our method could also
be potentially combined with recent methods that extract point-vortex models from flow

field data [41].

5.2.2  Future Work

There are many future directions based on this work. Extending this approach to the con-
trol of dissipative, viscous flows would be an interesting study. Such flow fields or vortex
systems do not conserve Hamiltonian/kinetic energy, and therefore the approximate short-
time conserved quantities can be learned, upon which, the framework used in this chapter
can be applied. Investigating the control of higher-dimensional vortex systems would also
bring this closer to relevant flows, such as turbulent shear layers [7]. Studying lower-
dimensional vortex configurations has been useful for understanding higher-dimensional
phenomena, including control of 2-vortex systems for wakes [38], and control of 3-vortex
systems for plasma dynamics [127]. This study could also be extended to understand
the role of conserved quantities in modeling vortex-body interactions, as in the case of
robot/animal locomotion [82, 159, 185, 186], capturing three-dimensional fluid-structure
interactions in the context of lift and drag on turbines [142, 143], and mitigating or de-
flecting large scale vortical structures in wakes behind aircraft [39, 113]. Many of these
applications involve complicated boundary conditions that require the use of additional

mirror vortices. Future work may involve formulating these objectives within the frame-
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work of varying conserved quantities. In addition, the controllability and observability of
point vortex systems can be more rigorously validated using differential geometric meth-
ods. Finally, the change of coordinates to conserved quantities can be incorporated into

Hamiltonian/energy modeling frameworks such as port-Hamiltonian systems [112, 184].
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Appendix A
SUPPLEMENTARY DATA - CHAPTER 2

Here we present additional information that provide a more detailed analysis of the
performance of MPC trajectories for various parameters.

In Figure A.1, we see the evolution of trajectories with R/Q = 2 and R/Q = 3 with a
time horizon Ty = 4 to explain why the R/Q) = 2 trajectory initially appears to perform
worse than the R/Q = 3 trajectory in Figure 2.2 from the main text. In particular, it appears
that the more aggressive R/() = 2 agent ends up on the wrong side of the blue LCS, which
forces it to take a full revolution in the right gyre before making it to the left gyre where
the goal state resides. We observe this phenomena in several different parameter regimes,
where small changes in the parameters may cause agents to get forced into extra orbits in
the right gyre.

Figures A.2-A.10 provide similar information to Figure 2.2 in the main text, but with
different time horizons. Even for a short time horizon of T = 1, the most aggressive con-
trollers achieve relatively good state tracking performance. However, the cost versus R/Q
curves for Ty < 3 are considerably less monotonic than those for Ty > 4, indicating sev-
eral more bifurcations in the trajectory shape. For Ty € [4, 7], the behavior is fairly regular,
exhibiting the same qualitative bifurcation behavior. Interestingly, there is a trend of bifur-
cations occurring later for larger T in this range, as the longer time-horizon controllers
are able to achieve slightly better trajectories for larger R/Q) values.

Finally, Figure A.11 provides the histograms of the - and y-components of the agent

velocity, complementing the data in Figure 2.8 from the main text.
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Figure A.1: In Figure 2.2, we observe that for Ty = 4, R/Q) = 2, the trajectory makes a
loop in the right gyre before ultimately reaching the goal. This is not the case for R/Q =3
which is more greedy in spending energy. This is somewhat counter-intuitive, since we
expect that spending more energy should drive the mobile sensor more rapidly to the goal.
In this plot, we show the difference in how the control energy is spent comparing R/Q) = 2
and R/Q = 3. We observe that R/() = 2 takes longer to reach the goal because good
performance is very sensitive to timing in the gyre. We see in the above figure that the
aggressive control (grey trajectory) moves too far ahead the non aggressive control (purple
trajectory) to make use of the gyre dynamics to move directly to the goal state.
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Figure A.2: Trajectories for various R/(Q at a time horizon of Ty = 1.



100

{2001

} 100
P 0
-4
RIQ=2 S RIQ =14
/' RIQ=38
1.00
0.754
0.501
0.251 1
=74 R/Q = 86 RIQ =9
0.00 T T T T T T 3
0.0 0.5 1.0 1.5 2.0

Figure A.3: Trajectories for various R/Q at a time horizon of T = 2.
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Figure A .4: Trajectories for various R /@ at a time horizon of Ty = 3.
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Figure A.5: Trajectories for various R/Q at a time horizon of T = 4.
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Figure A.6: Trajectories for various R /@ at a time horizon of Ty = 5.
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Figure A.7: Trajectories for various R/Q at a time horizon of Ty = 6.
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Figure A.8: Trajectories for various R /@ at a time horizon of Ty = 7.



106

--Cost Over Trajectory Ty, = 12

v 100 1

300

200

Y |
RIQ=2 RIQ =14 RIQ =26
R/IQ =138 R/IQ =50 R/IQ =62
1.00
0.75
0.50
0.25
RIQ=T4 R/IQ =86 R/IQ =98
0.00+ T T T T .
0. 0.5 1.0 1.5 2.0

Figure A.9: Trajectories for various R/Q at a time horizon of Ty = 12.
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Figure A.10: Trajectories for various R/() at a time horizon of Ty = 12 with warm start.
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.-- Comparison of x—component of drifter velocity changing with R/Q for T; = 4.0
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Flgure A.11: As the sensor moves in the double gyre flow field, it is constantly takmg
control actions v = [uz,uy], where, Ug, Uy are the x and y-components of its actuation
respectively. At each instant, the sensor is also moving over a background double gyre
current vector whose components v,, v, are given by (1.15). The top row is a histogram
of the x-component of control actions u, taken (in red), against the x-component of the
background current velocity v, (x5, ys, t) (in black), where, x5, y, are the sensor coordinates
at time ¢. The second row is a similar plot for the y-component. We observe that the
gyre takes values beyond the actuation capacity of the sensor, which highlights the under-
actuated nature of the problem. Also, at low R/() ratios, the distribution of control actions
follows a distribution with two peaks at +/ — 0.1, which corresponds to a situation similar
to bang-bang control. As we increase the R/() ratio, the distribution of control actions
move to a single peak centered around zero corresponding to the use of very little control
effort when compared to the background velocity.
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Appendix B
SUPPLEMENTARY DATA - CHAPTER 3

In Chapter 3, much of the discussion revolved around the repelling cFTLE. This is due
to the fact that the policy for moving towards a goal is well known in forward time. To
compute an attracting cFTLE, it is important to know the policy in backward time. This is
easier if the flow field is periodic since the policy can simply be reversed in time sequence.
However, in more realistic situations, it is challenging to have the flow field data and a
control policy at times before the initial condition, which is generally not possible. There-
fore, the attracting cFTLE can only be visualized at times (¢t —t9) > T4, where { is the time
point at which the flow field data is available.

In Figure B.1, the data from Figure 3.2 is plotted, but this time with the attracting cFTLE
also visualized. The attracting cFTLE looks markedly different from the passive FTLE in
Figure B.2. The double gyre system contains six fixed points counting the corners of the do-
main and the two on the edges. When control is applied, the unstable manifolds from each
of these fixed points connect to an attractor formed around the goal by the control policy.
This causes the attracting cFTLE to have multiple curves leading into the domain, taking
a spiral structure. In the passive case, these unstable manifolds align with the boundaries
of the domain. Depending on the aggressiveness of the control policy due to the hyper-
parameters, the attracting set can either be a fixed point, a limit cycle, or a chaotic set. In
Figure B.1, T4 is much shorter in timescale than the time it takes for all the trajectories to
fall on the attractor. This can lead to the attractor not being fully resolved when the cFTLE
ridges are plotted. Being able to visualize attracting sets is useful in the context of global
bifurcation analysis [60]. We observe that the attracting cFTLE forms curves in space, to

which, patches latch onto in forward time.
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Figure B.1: This figure shows two patches of agents - one purple, and one yellow starting
on opposite sides of a repelling cFTLE ridge computed with Ty = 15 and evolving through
the unsteady flow field with control. We also plot the attracting cFTLE ridges to show the
tull picture of high the cFTLE ridges govern the dynamics. We see that the attracting cFTLE
ridges highlight curves of long term attraction

Passive FTLE

1.0
w
0.8
0.6
0.4 1

0.2+

0.0 T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Figure B.2: We plot the passive FTLE ridges in the uncontrolled double gyre on the left,
and the deformed ridges under the action of MPC at Ty = 3.0, R/Q = 80 on the right. The
blue curves are repelling structures, and the red curves are attracting structures.



