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This thesis presents three results of relevance to the simulation of quantum dynamics on

quantum computers. The first is the development of hybridized methods of quantum simu-

lation with Alessandro Roggero and Nathan Wiebe [1]. Conventional methods of quantum

simulation, such as qDRIFT, Trotterization, and qubitization, involve trade-offs that limit

their applicability to specific contexts where their use is optimal. We develop a frame-

work that allows different simulation methods to be hybridized via the interaction picture

and thereby improve performance for interaction picture simulations over known algorithms.

These approaches show asymptotic improvements over the individual methods that comprise

them and further make interaction picture simulation methods practical in the near term.

Physical applications of these hybridized methods yield a gate complexity scaling as log2 Λ

in the electric cutoff Λ for the Schwinger model and independent of the electron density

for collective neutrino oscillations, outperforming the scaling for all current algorithms with

these parameters. For the general problem of Hamiltonian simulation subject to dynamical

constraints, these methods yield a query complexity independent of the penalty parameter

λ used to impose an energy cost on time-evolution into an unphysical subspace.



Our second result concerns fault-tolerant error correction procedures [2] developed with

Alessandro Roggero and Nathan Wiebe for certain lattice gauge theories (LGTs) with a view

towards simulating their dynamics on quantum computers. Quantum simulations of LGTs

are often formulated on an enlarged Hilbert space containing both physical and unphysical

sectors in order to retain a local Hamiltonian. We provide simple fault-tolerant procedures

that exploit such redundancy by combining a phase flip error correction code with the in-

trinsic Gauss’ law gauge symmetry to correct one-qubit errors for a Z2 or truncated U(1)

LGT in 1+1 and 2+1 dimensions with a link flux cutoff of 1. Unlike existing work on detect-

ing violations of Gauss’ law, our circuits are fault tolerant and the overall error correction

scheme outperforms a näıve application of the [5, 1, 3] code. The constructions outlined can

be extended to LGT systems with larger cutoffs and can be used in understanding how to

hybridize error correction and quantum simulation for LGTs in higher space-time dimensions

and with different symmetry groups.

Lastly, we present a classical randomized algorithm developed with Nathan Wiebe for

topological data analysis [3], the problem of determining the approximate Betti numbers of

simplicial complexes constructed from data sets. This problem has attracted considerable

interest in recent years due to claims of exponential advantage for this task on quantum

computers over classical methods such as Gaussian elimination or the Lanczos algorithm

that scale exponentially with the size of the input. Our algorithm demonstrates a partial

dequantization of this problem via the classical simulation of the imaginary time-evolution

of the combinatorial Laplacian with the path integral Monte Carlo method. We show this

algorithm can extract approximate Betti numbers in polynomial time in some of the same

regimes where quantum computers were claimed to provide exponential advantage over clas-

sical computers. This implies that having exponentially large dimension and Betti number

are necessary but not sufficient conditions for super-polynomial advantage on quantum com-

puters.
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Chapter 1

INTRODUCTION

The field of quantum computation arose in part to answer the question of what computa-

tional and information processing tasks can be performed using quantum mechanical systems

as computational devices, i.e. using “quantum computers”. The first rigorous notion of a

universal quantum computer, analogous to the universal Turing machine in classical com-

puting, was developed by David Deutsch in 1985 [4]. Such an idealized quantum computer

is universal in the sense that it is capable of simulating any finite dimensional and physically

realizable system with arbitrarily high accuracy.

The fundamental unit of information for this model is the qubit. While a classical bit

can be in one of two possible states, 0 or 1, a qubit can be thought of mathematically as

a unit vector in C2 and can exist in a linear superposition of the |0⟩ and |1⟩ basis vectors.

The role of “logical gates” implemented by the quantum computer acting on a qubit or

collections of qubits is played by unitary operators, denoted by U(2n) with n the number

of qubits. An especially important set of single and two-qubit unitary operators are the

Hadamard, phase, π/8, and CNOT gates. The Hadamard gate, denoted by H, can be

thought of as a two-dimensional quantum Fourier transform on a single qubit and has the

action H|0⟩ = |0⟩+|1⟩√
2

and H|1⟩ = |0⟩−|1⟩√
2

. The phase gate S applies a phase of i when

acting on the |1⟩ computational basis state and the π/8 gate T is, up to an unimportant

global phase, a rotation about the ẑ-axis by π/4. The two-qubit CNOT gate has the action

CNOT|a⟩|b⟩ = |a⟩|a ⊕ b⟩, where the ⊕ denotes a bit-wise sum. In other words, the CNOT

gate flips the state of the second qubit if the state of the first qubit is |1⟩. Although there are

an uncountably infinite number of possible unitary operators in U(2n), any such operator can

be approximated to a desired level of accuracy by taking finite sequences of these operators
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or tensor products of them. The notion of approximation here is with respect to a distance

function induced by the choice of a norm on U(2n), such as the Frobenius norm, and it is

in this sense that a universal quantum computer implementing a gate set like the above can

simulate any finite dimensional, physically realizable system.

This computational model would only be of theoretical interest unless computational

tasks that can be performed more efficiently on quantum computers than on classical com-

puters are identified. The first such task to be proposed in a seminal work by Richard

Feynmann [5], even before Deutsch’s rigorous notion of a universal quantum computer, was

the simulation of the dynamics of quantum mechanical systems on quantum computers.

Much of the interest in this problem was driven by the fact that simulating the dynamics

of quantum systems on classical computers generically requires significant computational

resources, often scaling linearly with the dimension of the Hilbert space of the system in

question [4, 5, 6]. Since the dimension of the Hilbert space in turn scales exponentially in

the number of particles in the system, the resulting classical simulation can often be in-

tractable. Considerable research has therefore been undertaken on the problem of quantum

simulation for a wide variety of Hamiltonians, as it is a major area where quantum computers

are expected to outperform even classical supercomputers [6, 7, 8, 9, 10].

Quantum simulation algorithms approximate the unitary time-evolution under a time-

dependent or time-independent Hamiltonian via a finite sequence of simpler unitary oper-

ations that can be performed on a quantum computer. They therefore encompass a broad

class of problems relevant for simulating physical systems ranging from complex molecules

to quantum field theories given a suitable input Hamiltonian [9, 7]. Applications extend

even beyond the simulation of physical systems to other mathematical problems, and one

especially important example is the Harrow-Hassidim-Lloyd (HHL) quantum algorithm for

solving linear systems of equations, which are ubiquitous throughout the sciences [11]. This

algorithm exploits the simulation of the unitary time-evolution of a Hermitian matrix cor-

responding to a linear system of equations to compute the expectation value of an operator

with respect to the solution vector, and has a run time exponentially faster than the best
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corresponding classical algorithm in the number of variables in the linear system.

One might nonetheless expect the simulation of unitary time-evolution operators to re-

flect only a portion of the space of all decision problems that can be solved, with probability

greater than 2/3, on a quantum computer using a polynomially large number of operations.

This class is denoted by BQP in the field of computational complexity theory, which con-

cerns itself with the classification of classical and quantum computational problems. Several

problems that are believed to have no efficient implementation on classical computers, such

as the integer factorization and the discrete logarithm problem, have been proved to lie in

BQP [11, 12] and it is not immediately obvious how one might frame these in terms of

the time-evolution of a suitable Hamiltonian. It has been proved however that the problem

of approximating the unitary time-evolution of a Hamiltonian is in fact BQP-complete [6],

which essentially implies that any problem in BQP can be efficiently reduced to this one.

Quantum simulation algorithms are therefore not just of considerable practical interest but

of broader theoretical significance to the field of quantum computation.

This perspective on the close relationship between quantum simulation algorithms and a

larger class of quantum computation problems is a major emphasis of this thesis. Chapter 2

introduces new hybridized quantum simulation algorithms developed in a joint work with

Alessandro Roggero, and Nathan Wiebe [1] that exploit the interaction picture to yield

improvements in simulating certain classes of Hamiltonians such as for the Schwinger model,

collective neutrino oscillations, and for constrained dynamics. Rigorous error bounds are

proven for algorithms that use various combinations of these methods, and regimes where

some of these algorithms might outperform others are analyzed in terms of generic properties

of the input Hamiltonian.

In Chapter 3, we consider the problem of how the quantum simulation of lattice gauge

theories, an important stepping stone for the simulation of quantum field theories on quantum

computers, can time-evolve an initial state into unphysical sectors of the Hibert space where

gauge constraints are violated. In a work with Alessandro Roggero, and Nathan Wiebe [2],

we address this by demonstrating how single qubit errors occurring in simple 1+1 and 2+1
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dimensional lattice systems with truncated U(1) or Z2 gauge groups can be corrected fault

tolerantly by exploiting the intrinsic Gauss’ law gauge symmetry present in such systems.

The resulting algorithms require less qubits than an application of the best single-qubit

error correcting code, the [5, 1, 3] code, to every qubit of the system and provide a pathway

to integrating error correction protocols with quantum simulation circuits that require less

qubits.

Lastly, as the determination of what problems can or cannot be efficiently performed on a

quantum computer is critical to assessing the power of quantum over classical computation,

we consider the problem of topological data analysis on quantum computers in Chapter 4.

This problem is concerned with extracting the Betti numbers of simplicial complexes con-

structed from input data sets. A recently proposed quantum algorithm claimed to find all the

Betti numbers of simplicial complexes in a run-time exponentially faster than the best clas-

sical algorithms by applying quantum algorithms such as phase estimate and Grover’s search

on an object called the combinatorial Laplacian [13]. We address this claim by developing in

a joint work with Nathan Wiebe [3] a classical algorithm that performs the imaginary time-

evolution of the combinatorial Laplacian using the path integral Monte Carlo method and

show it can efficiently determine the Betti numbers of simplicial complexes, under certain

conditions, in some of the same regimes where quantum algorithms were initially believed

to provide an advantage over classical computers [14, 15]. This not only demonstrates the

broader utility of quantum simulation methods in analyzing other types of comptuational

problems but adds to an existing body of work that shows the conditions under which quan-

tum computational problems achieve a speedup over their classical counterparts are more

subtle than initially surmised.

1.1 Quantum Simulation

The problem of quantum simulation is as follows: given a 2n × 2n Hermitian matrix H with

n the number of qubits, an evolution time t, and an error tolerance ϵ, generate a sequence of

unitary operations Ui(t) such that ∥
∏

i Ui(t)−e−iHt∥ ≤ ϵ for an appropriate norm ∥·∥ on the
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Lie group of unitary matrices U(2n) and such that the computational cost of the sequence

of unitary operations in terms of a universal gate set is minimal. It is assumed that we do

not explicitly know the matrix elements of e−iHt, so it is necessary to construct this unitary

only using information about the Hermitian matrix H.

Connected to the approximation of the time-evolution operator is the mapping between

the states |ψ⟩ of the physical system being “simulated” and the states in the quantum

computer. The states of the latter are typically expressed in terms of two-level systems, i.e.

qubits, or tensor products of them. Thus given a quantum computer with n qubits, a state

of the quantum computer |ψ⟩c is a vector in C2n . The state of the physical system |ψ⟩ must

be mapped onto the states of the quantum computer via some injective mapping ϕ1. The

approximation of the ideal time-evolution e−iHt under a Hermitian H then acts on ϕ(|ψ⟩).

This results in the state
∏

i Ui(ϕ(|ψ⟩)) and thus ϕ−1(
∏

i Ui(ϕ(|ψ⟩))) is an approximation

of e−iHt|ψ⟩ in the physical system. It is in this sense that the quantum device is said to

“simulate” the original system. The map ϕ however will greatly depend on the physical

system in question and the particular experimental realization of the quantum computer.

We mainly focus on the problem of approximating time-evolution operators.

A variety of simulation methods have been developed over the years to approximate the

ideal time-evolution operator or the corresponding quantum channel on density matrices.

The oldest ones are the Trotter-Suzuki formulas and their time-ordered generalizations [6,

16, 17, 18, 19]. These involve decomposing the true time-evolution operator into products

of time-evolution operators involving the summands of the full Hamiltonian H =
∑

j Hj.

Their error scaling with respect to the simulation time t, error ϵ, and the norms of the

commutators [Hi, Hj] have been extensively investigated, e.g. Refs. [16, 19, 20]. Analogous

recursive formulas for the decomposition of the path-ordered exponential of a time-dependent

Hamiltonian also exist [17], but their scaling with respect to t, ϵ, and other properties of the

1Such a map will need to preserve additional algebraic structure depending on the physical system
under consideration. One example is anti-commutation or commutation relations for fermionic or bosonic
systems respectively.
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Hamiltonian is less understood. All these formulas are space efficient in the sense that they

do not require additional qubits beyond those needed to specify the system. The asymptotic

scaling of such formulas however often comes with large constant factors and a dependence

on the number of terms in the Hamiltonian [19]. Smaller time steps are also required for

the more accurate higher order formulas, which translates to requiring larger depth quantum

circuits.

Recent years have seen several additions to the repertoire of quantum simulation tech-

niques. The method of qubitization [21, 22, 23, 24, 25, 26, 27] involves the implementation

of a certain “walk” operator whose eigenvalues are an efficiently computable function of

those of H and achieves linear scaling in the simulation time t, logarithmic scaling in the

inverse error tolerance ϵ−1, and scaling independent of the number of terms in the Hamilto-

nian. The function in question can be inverted via the recently developed quantum singular

value transformation algorithm, which transforms the singular values of an operator by a

desired polynomial, to recover the original spectrum of the Hamiltonian [23]. Many other

quantum algorithms can be recast under this framework, demonstrating the wider utility

of such algorithms in efficiently implementing a variety of other computational tasks [26].

The major drawbacks of qubitization are that it requires additional qubits beyond those

needed to specify the physical system being simulated and does not apply to time-dependent

Hamiltonians.

The quantum stochastic drift protocol [28], or qDRIFT, approximates the unitary time-

evolution of a time-independent Hamiltonian by first sampling from a classical probability

distribution which is biased towards summands in the input Hamiltonian with large spectral

norm. The output of this classical distribution determines the summand of the Hamiltonian

whose time-evolution is implemented. Repeating this procedure for each sub-interval of

the full simulation time interval yields a product of operator exponentials, and this drifts

towards the correct unitary time-evolution with high precision and with a gate complexity

independent of the number of terms in the Hamiltonian. qDRIFT was later generalized to

the continuous qDRIFT protocol for time-dependent Hamiltonians, which scales in cost as
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the time-integral of the absolute value of the Hamiltonian’s coefficients [29]. The principal

disadvantages of this approach are that it has a larger scaling in the simulation time t

compared to other algorithms and does not exploit any commutator structure between the

terms of a Hamiltonian.

Given that each of these simulation protocols comes with their own advantages and

disadvantages, a goal of this thesis is to show how different simulation methods can be

hybridized after moving into the interaction picture (I.P.). This comes in the form of “hybrid”

algorithms that combine the various conventional approaches for quantum simulation. These

approaches show asymptotic improvements over the individual methods that comprise them

and further make interaction picture simulation methods practical in the near term. This

is significant because while the interaction picture simulation method provides the best

asymptotic scaling known for many problems, the constant factors involved can make it

impractical for many applications [30]. This issue is mitigated by combining algorithms such

as qDRIFT and qubitization at different stages of the overall simulation procedure within

the interaction picture. Since the interaction picture transformation involves conjugation

of Hamiltonian summands
∑

k ̸=j Hk via eitHj , the unitary invariance of the L1-norm scaling

from qDRIFT essentially eliminates the contribution of Hj to the query complexity of the

hybrid protocols.

The next few sections will provide additional details on basics of each of these stan-

dard simulation methods, the interaction picture, and how these simulation methods can be

combined after an interaction picture transformation.

1.1.1 Continuous qDRIFT

In this subsection, we outline the continuous qDRIFT protocol used to simulate time-

dependent Hamiltonians with a scaling depending only on the L1-norm of the Hamilto-

nian. At its heart is a classical sampling protocol which randomly samples a simulation

time τ ∈ [0, t] according to a probability distribution and evolves a given state under the

time-independent Hamiltonian H(τ). The probability distribution is chosen such that it is
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biased towards τ with large ||H(τ)||∞. The result is a simulation protocol that stochastically

drifts towards the ideal unitary time evolution with small error in the diamond norm (see

Appendix A for an overview of the diamond norm).

We present relevant results from Ref. [29] used throughout this thesis without proof. Let

H(τ) be a time dependent Hamiltonian defined for 0 ≤ τ ≤ t. Unless otherwise specified,

we make the following assumptions of H(τ):

1. It is non-zero and continuously differentiable on [0, t]

2. It is finite dimensional, i.e. H : [0, t]→ CM×M

3. There exists an oracle W : R2 7→ CM×M such that for any τ ∈ [0, t] and ∆ ∈ R,

W (τ,∆) = e−iH(τ)∆

The specific implementation of W depends on the simulation protocol in question. For

instance, a concrete realization involves “qubitization oracles” to be discussed later in the

thesis. For our present purposes, it suffices to assume the existence of such an oracle and

analyze the query complexity of algorithms invoking it as a black box.

The ideal evolution of H(τ) for time t is given by E(t, 0) = expT(−i
∫ t
0
dτH(τ)) and the

quantum channel corresponding to this is

E(t, 0) = E(t, 0)ρE†(t, 0) = expT

(
− i
∫ t

0

dτH(τ)

)
ρ exp†

T

(
− i
∫ t

0

dτH(τ)

)
, (1.1)

where the subscript T in expT denotes the time-ordered exponential. Generalizations of

these channels to non-zero initial times can be accomplished simply by changing the limits

of integration.

Since it is difficult in practice to implement the ideal channel due to the presence of time-

ordered exponentials, we can instead approximate it by a mixed unitary channel defined

by

U(t, 0)(ρ) =

∫ t

0

dτ p(τ)e−i
H(τ)
p(τ) ρei

H(τ)
p(τ) , (1.2)
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where

p(τ) :=
||H(τ)||∞
||H||∞,1

is a probability density function defined for 0 ≤ τ ≤ t and

||H||∞,1 :=

∫ t

0

dτ∥H∥∞ .

(i.e. the outermost subscript indicates an L1 norm while the innermost subscript indicates

a Schatten infinity norm). This channel can be implemented via a classical sampling protocol

and has the following features:

(a) p(τ) is biased towards those τ ∈ [0, t] with large ||H(τ)||∞

(b) p(τ) decreases with the evolution time t since ||H(τ)||∞,1 involves an integral over [0, t]

(c) With a time τi ∈ [0, t] obtained from sampling p(τ), we can query the oracle W cited

above by inputting W (τi, p(τi)
−1) to obtain an implementation of the unitary time-

evolution operator e−iH(τi)/p(τi)

This classical sampling protocol and the unitary channel (1.2) implemented by it is de-

noted by “continuous qDRIFT”. We assume the spectral norm ||H||∞ or an upper bound

is already known and that we can efficiently sample from p(τ). We then have the following

theorem when the simulation time t is assumed to be sufficiently small:

Theorem 1.1.1 (L1-norm error bound for continuous qDRIFT, short-time version). Let

H(τ) be a time-dependent Hamiltonian defined for 0 ≤ τ ≤ t and satisfying conditions 1 and

2 above. Define E(t, 0) and U(t, 0)(ρ) as in equations (1) and (2) respectively. Then

||E(t, 0)− U(t, 0)||⋄ ≤ 4||H||2∞,1 . (1.3)

Here the diamond norm, denoted ∥ · ∥⋄, is defined to be the largest possible trace norm of

the object over all possible input states and further maximized over all possible ancillary qubit

registers attached to the input state. For this reason it upper bounds standard notions of
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distance for quantum channels such as the trace distance and further gives information about

the maximum possible distinguishability between two quantum channels. (See Appendix A

for information about the diamond norm for quantum channels).

When the simulation time t is large, we will need to divide the simulation interval [0, t]

into sub-intervals [tj, tj+1] where 0 = t0 < t1 < · · · < tr = t and apply the continuous

qDRIFT protocol within each to control the simulation error. In these cases, we have a

“long-time” version of Theorem 1.1.1:

Theorem 1.1.2. (L1-norm error bound for continuous qDRIFT for long simulation time)

Let H(τ) be a time-dependent Hamiltonian defined for 0 ≤ τ ≤ t and satisfying conditions

1 and 2 above. Define E(t, 0) and U(t, 0)(ρ) as in (1) and (2) respectively. For any positive

integer r, there exists a division 0 = t0 < t1 < · · · < tr = t∥∥∥∥∥E(t, 0)−
r−1∏
j=0

U(tj+1, tj)

∥∥∥∥∥
⋄

≤ 4
∥H∥2∞,1

r
. (1.4)

To ensure the simulation error is at most ϵ, it suffices to choose

r ≥ 4

⌈∥H∥2∞,1

ϵ

⌉
.

The value of r above can also be interpreted as the query complexity of the continu-

ous qDRIFT protocol, i.e. the number of queries to the oracle W needed to implemented

channel (1.2) and satisfy (1.4) with error less than ϵ.

1.1.2 Qubitization and Quantum Singular Value Transformations

Having considered continuous qDRIFT, we now briefly review the basics of the qubitization

simulation protocol which we seek to combine with the former. We will also frame qubiti-

zation as an example of the general notion of the block-encoding of non-unitary matrices

within larger unitary ones.

Qubitization is a method of Hamiltonian simulation involving the synthesis of the time-

evolution operator eiHt, where H is a time-independent Hamiltonian, via the implementation
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of a walk operator W(H) whose eigenvalues are an efficiently computable function of those

of H. Assuming that we have decomposed H as a linear combination of unitary matrices,

the desired walk operator can implemented with the so-called SELECT and PREPARE

qubitization oracles. The spectrum can then be transformed efficiently using techniques

involving singular value transformations which transform the singular values of an operator

by a polynomial function [21, 22].

Block-encoding refers to the embedding of a non-unitary matrix H into a larger unitary

U , typically as the upper-left block of U . Once a block-encoding is achieved, a quantum

circuit can be expressed in terms of U . This greatly broadens the applicability of quantum

computers, particularly in the domain of the simulation of unitary quantum dynamics. We

largely follow the treatments in Refs. [27, 31].

Let H ∈ End(CN), where N = 2n, be a Hermitian operator. Suppose there exists an

(m+ n)-qubit unitary matrix UH ∈ End(CMN), where M = 2m, such that

UH =

H/α ·

· ·

 ,

where α > 0 is a known normalization constant. We may then get access to H/α by

H/α = (⟨0|m ⊗ In)UH(|0⟩m ⊗ In) .

To quantify how “close” the block encoded matrix is to the original one, we introduce

the following general definition. This definition can also be extended to the case of block-

encodings within superoperators, which we will need to consider for the proofs of some later

theorems:

Definition 1.1.3 (Block Encoding). Suppose that A is an n-qubit operator, α, ε ∈ R+, and

m ∈ N. We then say that the (m+ n)-qubit unitary UH is a (α,m, ε)-block-encoding of A if

∥A− α(⟨S| ⊗ In)UH(|S⟩ ⊗ In)∥∞ ≤ ε .

where |S⟩ is an m-qubit state.
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Similarly, we say that a quantum channel Λ is a (α,m, ε)-block-encoding of A if

max
ρ
∥AρA† − α(⟨T | ⊗ In)Λ(|T ⟩⟨T | ⊗ ρ)(|T ⟩ ⊗ In)∥∞ ≤ ϵ,

where the maximization is over density matrices ρ and |T ⟩ is an m-qubit state.

Here |S⟩ or |T ⟩ are referred to as the “signal state”. The previous example involving H

is a (1,m, 0)-encoding where |S⟩ = |0⟩m.

Now suppose we are given a time-independent H. H can be decomposed into a linear

combination of unitary operators

H =
L−1∑
l=0

wlHl, wl ∈ R+
0 , H2

l = I . (1.5)

Here we assume that any complex phases are absorbed into Hl. The two oracles used are

a preparation oracle whose action on |0⟩logL is defined as follows:

PREPARE |0⟩logL =
L−1∑
l=0

√
wl
λ
|l⟩ = |L⟩ , (1.6)

where

λ =
∑
l

wl ,

and a selection oracle whose action on an ancilla register |l⟩ and system register |Ψ⟩ is as

follows:

SELECT =
L−1∑
l=0

|l⟩⟨l| ⊗Hl , (1.7)

SELECT |l⟩|Ψ⟩ 7→ |l⟩Hl|Ψ⟩ . (1.8)

In other words, the SELECT oracle “selects” a unitary Hl conditioned on the state of

the ancilla register |l⟩. Using (1.7) and (1.8), it can be shown that SELECT squares to the

identity operator and can therefore be considered as a “reflection” operator. Note that we

also have the following result for the action of SELECT on |L⟩:

(⟨L| ⊗ I)(SELECT)(|L⟩ ⊗ I) =
1

λ

∑
l

wlHl =
H

λ
. (1.9)
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The previous equation is a condition for qubitization and oracles that satisfy this condi-

tion are referred to as “qubitization oracles” [22]. If we define

UH = (PREPARE† ⊗ I)(SELECT)(PREPARE⊗ I) ,

it follows from (1.9) that UH is a (∥w∥1, logL, 0)-block encoding of H, where ∥w∥1 =
∑

l |wl|.

The desired walk operator, also known as the “iterate”, can now be defined as follows:

W = RL · SELECT, RL = (2|L⟩⟨L| ⊗ I − I) . (1.10)

W is of the form of a Szegedy walk operator since it is the composition of two reflections.

From a lemma by C. Jordan on the common invariant subspaces of two reflections [32], it

follows that the Hilbert space of the system decomposes under the action of W into a direct

sum of 1 and 2-dimensional irreducible subspaces, where the latter is spanned by |L⟩|k⟩ and

an orthogonal state |ϕk⟩. Here, |k⟩ is an eigenstate of H with eigenvalue Ek and |ϕk⟩ is the

component of W|L⟩|k⟩ orthogonal to |L⟩|k⟩. Using (1.9), this can be expressed as

|ϕk⟩ =
(I − |L⟩⟨L| ⊗ |k⟩⟨k|) · SELECT|L⟩|k⟩
||(I − |L⟩⟨L| ⊗ |k⟩⟨k|) · SELECT|L⟩|k⟩||

=
(SELECT− Ek

λ
I)|L⟩|k⟩√

1− (Ek

λ
)2

. (1.11)

In the 2-dimensional subspaces, W acts as a rotation whereas on the 1-dimensional sub-

spaces, it has ±1 eigenvalues. The matrix elements of W within a two-dimensional subspace

can be computed using the above relations. Using (1.9), the top-left entry is

⟨k|⟨L|W|L⟩|k⟩ =
Ek
λ
,

and the upper-right entry using (1.11) is

⟨k|⟨L|W|ϕk⟩ =

√
1−

(
Ek
λ

)2

.

The other elements can be computed in an analogous way and we obtain for the form of

the 2-dimensional blocks of W
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
Ek

λ

√
1−

(
Ek

λ

)2

−

√
1−

(
Ek

λ

)2
Ek

λ

 = ei arccos(Ek/λ)Y . (1.12)

The controlled walk operator can be implemented using the circuit in Figure 1.1, see

Ref. [31]. It is clear from this that W requires one query to SELECT and at most two

queries to PREPARE to implement. The controlled-SELECT operation can be approximated

as requiring the same gate complexity to implement as the SELECT operation.

• • •
|α⟩ /

W
= |α⟩ /

SELECT RL

=

|ψ⟩ / |ψ⟩ /

• Z

|α⟩ /
SELECT

PREPARE† PREPARE

|ψ⟩ /

Figure 1.1: Controlled-walk operator in terms of the SELECT and PREPARE oracles

Note that if the condition that H2
l = I in (1.5) does not hold, we no longer have the

interpretation of SELECT acting like a reflection operator. It then follows that W cannot

be interpreted as a Szegedy walk operator and we can no longer apply Jordan’s lemma to it.

However, we can still define W as in (1.10) and the subsequent computations involving the

calculation of matrix elements of W when restricted to the two-dimensional subspace spanned

by the orthogonal states |L⟩|k⟩ and |ϕk⟩ remain unaffected. It can still be shown that the

Hilbert space decomposes as a direct sum of such 2 dimensional irreducible subspaces as W

does not take vectors within the subspace to those outside of it.

The arccos in (1.12) can be efficiently inverted to recover the original spectrum of H

via techniques involving singular value transformations and quantum signal processing. The

impetus for the development of the general formalism of singular value transformations was
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the Quantum Signal Processing techniques introduced by Low et al. [33]. They considered

the following problem: if one applies a gate sequence of the form

eiϕ0σzeiθσxeiϕ1σzeiθσx · · · eiθσxeiϕkσz ,

for unknown θ, where eiθσx is the “signal unitary” and where we have control over the angles

ϕ0, · · · , ϕk, what unitary operators can be constructed in this manner? This problem lies at

the heart of “Quantum Signal Processing”.

The answer to this problem is given in Theorem 3 of Ref. [23] and involves polynomial

transformations of the entries of the signal unitary. This idea behind Quantum Signal Pro-

cessing can be generalized to situations where we apply an arbitrary unitary U between

phase operators. It can be shown that this induces polynomial transformations to the sin-

gular values of a particular block of the unitary U . In the application to qubitization we are

concerned with, Quantum Signal Processing can be applied to the two-dimensional invariant

subspaces of the walk operator W.

As we saw in Section 1.1.2, qubitization exploits a lemma by C. Jordan’s on the invariant

subspaces of two reflection operations and the decomposition of the entire vector space into a

direct sum of those subspaces. One of the reflections in the lemma can be replaced by a phase

gate in the context of quantum search algorithms [33]. In Ref. [23], the other reflection is

replaced by an arbitrary unitary U and the invariant subspaces in question are those arising

from the singular value decomposition of a block of the unitary matrix. For our purposes,

we only need the following results.

Definition 1.1.4 (Theorem 17 of Ref. [23]). Let HU be a finite-dimensional Hilbert space

and U,Π, Π̃ ∈ End(HU) be linear operators on HU such that U is unitary and Π, Π̃ are

orthogonal projectors. Let Φ ∈ Rn. Then we define the phased alternating sequence UΦ as

follows

UΦ :=

e
iϕ1(2Π−I)U

∏(n−1)/2
j=1 (eiϕ2j(2Π−I)U †eiϕ2j+1(2Π̃−I)U) if n is odd∏n/2

j=1(e
iϕ2j−1(2Π−I)U †eiϕ2j(2Π̃−I)U) if n is even

.
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Figure 1.2 shows the circuit implementation of the alternating phase modulation sequence

for even n.

U eiϕn(2Π̃−I) U † eiϕn−1(2Π−I) U eiϕ2(2Π̃−I) U † eiϕ1(2Π−I)· · ·

Figure 1.2: Circuit for UΦ when n is even

Theorem 1.1.5 (Quantum Singular Value Transformation: Theorem 17 of Ref. [23]). Let

HU be a finite-dimensional Hilbert space and let U,Π, Π̃ ∈ End(HU) be linear operators on

HU such that U is unitary, and Π, Π̃ are orthogonal projectors. Let P ∈ C[x] and Φ ∈ Rn.

Then

P (SV )(Π̃UΠ) =

Π̃UΦΠ if n is odd

ΠUΦΠ if n is even

,

where P (SV ) is a polynomial of degree at most n that performs a singular value transformation

on the operator to which it is applied.

The polynomials in the above theorem are required to satisfy the conditions listed in

Corollary 8 of Ref. [23]:

(a) P has parity n mod 2

(b) ∀x ∈ [−1, 1] : |P (x)| ≤ 1

(c) ∀x ∈ (−∞,−1] ∪ [1,∞) : |P (x)| ≥ 1

(d) If n is even, then ∀x ∈ R : P (ix)P ∗(ix) ≥ 1
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|0⟩⊗L

...
...

|0⟩ RZ(2ϕi)

Figure 1.3: Circuit for fractional reflection gadget, ei2ϕj(2Π−I), used in quantum singular value

transformations.

Qubitization works by inverting the arccosine. While in principle this boils down to the

problem of applying a cosine transformation to the input, in practice a Fourier-Chebyshev

expansion is used via the Jacobi-Anger expansion that requires both the odd and even terms

to closely approximate the desired function and guarantee that it is within [−1, 1] for the

entire domain to use the bounds provided in the work. This process is described in detail in

Ref. [33] as well as in Section 5 of Ref. [23].

Applying the preceding theorems to U = CTRL(W) and Π = Π̃ = |0⟩L⟨0|L ⊗ I, where L

is the number of qubits in the register |α⟩ in Figure 1.1, will enable us to invert the arccos

in the spectrum of the walk-operator. A circuit for the unitary operator ei2ϕj(2Π−I) is given

in Figure 1.3.

Note that we are merely concerned with the existence of a transformation of the spectrum

of the walk-operator by a polynomial via the preceding theorem rather than the finding of the

phase factors needed to effect a given polynomial transformation. Constructive algorithms

for finding these phase factors are outlined in Refs. [26, 27, 34, 35].

The overall query complexity for qubitization and the singular value transformation is

given by the following result as expressed in the language of block encodings.

Theorem 1.1.6 (Corollary 60 of Ref. [23]). Let ϵ ∈ (0, 1
2
), t ∈ R and α ∈ R+. Let U

be an (α, a, 0)-block encoding of the unknown Hamiltonian H. In order to implement an
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ϵ-precise Hamiltonian simulation unitary V which is an (1, a + 2, ϵ)-block encoding of eitH ,

it is necessary and sufficient to use U a total number of times

Θ

(
α|t|+ log(1/ε)

log(e+ log(1/ε)/(α|t|))

)
. (1.13)

Letting α = λ in our notation and assuming that ε is small, we can simplify (1.13) as

Θ

(
λt+

log(1/ε)

log log(1/ε)

)
. (1.14)

The linear term comes from the qubitization portion of the procedure while the logarith-

mic term stems from the transformation of the singular values via the procedure outlined

above. This result can be equivalently interpreted as the query complexity for qubitization in

terms of the number of queries (modulo irrelevant constants) needed to the PREPARE and

SELECT oracles, since U = CTRL(W) is related to PREPARE and SELECT via Figure 1.1.

1.1.3 Trotterization

Trotterization is the oldest method of quantum simulation based on product formulas. We

present the relevant results on Trotterization errors used in this thesis. Our ultimate goal is

to synthesize this method of simulation with the interaction picture and continuous qDRIFT,

and compare it with a hybrid continuous qDRIFT and qubitization protocol. This will be

followed by an application of both methods to several physical models.

Let H =
∑Γ

i=1Hi be a time-independent Hamiltonian expressed as a sum of Γ terms.

The unitary time-evolution operator generated by H is then eit
∑Γ

i=1Hi . There are a variety of

product formulas that can be used to decompose the time-evolution operator into a product of

exponentials involving the individual terms Hi. The most basic is the first-order Lie-Trotter

formula

S1(t) := eitHΓ · · · eitH1 .

Higher order generalizations are the Suzuki formulas defined recursively as

S2(t) := ei
t
2
H1 · · · ei

t
2
HΓ−1eitHΓei

t
2
HΓ−1 · · · ei

t
2
H1 ,
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S2k(t) := S2k−2(ukt)
2S2k−2((1− 4uk)t)S2k−2(ukt)

2 ,

where uk = (4 − 4−(2k−1))−1. There is an extensive literature devoted to investigating the

utility and performance of various product-formulas for a variety of physical systems and

applications [8, 9, 19]. While there are multiple strategies for addressing the time-ordering

of the operators for the time-ordered operator exponentials that emerge when simulating

time-dependent Hamiltonians, we broadly follow the analysis outlined in Ref. [18].

Let H(t) =
∑

S HS(t) be a time-dependent Hamiltonian acting on N particles, where

S ⊂ {1, . . . , N}, and each term has bounded norm and acts on at most k particles with k a

constant independent of N . The time-evolution operator E(t, 0) governing the evolution of

the system from time 0 to t is determined by the Schrodinger equation

d

dt
E(t, 0) = −iH(t)E(t, 0) ,

which admits a solution in terms of a time-ordered exponential

E(t, 0) = expT

{
− i
∫ t

0

H(s)ds

}
.

It turns out that the Trotter-Suzuki formulas given above can be generalized to time-

dependent scenarios, even in situations where the Hamiltonian experiences fluctuations on

time-scales shorter than the time step ∆t [18]. Suppose we wish to simulate the time-

evolution of our system up to time tr + ∆t = T from t0 = 0. The exact time-evolution

operator can be broken up into shorter segments of the form

E(T, 0) =
r∏
i=0

E(ti + ∆t, ti) ,

where

E(ti + ∆t, ti) = expT

(
− i
∫ tj+∆t

tj

ds
∑
S

HS(s)

)
. (1.15)

In the case where the sum over S involves only two terms, H1 and H2, the generalized

Trotter-Suzuki expansion is of the form

ETS(tj + ∆t, tj) = expT

(
− i
∫ tj+∆t

tj

dsH1(s)

)
expT

(
− i
∫ tj+∆t

tj

dsH2(s)

)
= ETS

1 (tj + ∆t, tj)E
TS
2 (tj + ∆t, tj) , (1.16)
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and gives rise to a simulation error of

∥E(tj + ∆t, tj)− ETS(tj + ∆t, tj)∥∞ ≤ c12(∆t
2) , (1.17)

where c12 is given by

c12 =
1

(∆t)2

∫ tj+∆t

tj

dv

∫ v

tj

du∥[H1(u), H2(v)]∥∞ ≤
1

2
max
u,v

(∥[H1(u), H2(v)]∥∞) . (1.18)

1.1.4 Interaction Picture

The interaction picture or Dirac picture of quantum mechanics is one of the three repre-

sentations of operators and states in quantum mechanics [36, 37]. It is intermediate to the

Schrodinger and Heisenberg pictures of quantum mechanics, where the former is character-

ized by state vectors that evolve in time but with operators constant in time, and vice versa

for the latter. Within the interaction picture however, both operators and states have time

dependence but the latter evolves according to the interaction Hamiltonian consisting of the

left-over terms in the original Hamiltonian. This picture is particularly useful with dealing

with terms in a Hamiltonian that can be treated as small perturbations to a main term

such as in time-dependent perturbation theory, where it is used in deriving transition rates

via Fermi’s golden rule and the Dyson series perturbative expansion of the time-evolution

operator [38]. It also finds widespread application in interacting quantum field theories, e.g.

Refs. [39, 40, 41].

We follow the derivation in Ref. [38]. Consider a time-independent Hamiltonian H =∑
iHi. Suppose the energy eigenvalues and eigenstates of Hj for some j are known.

At t = t0, let the state of the physical system be given by |α⟩. At a later time t, we

denote the state in the Schrodinger picture by |α, t0; t⟩S. Now define

|α, t0; t⟩I := eiHjt|α, t0; t⟩S , (1.19)

where we have implicitly set ℏ = 1 and where the subscript I indicates the same situation

as represented in the so-called “interaction picture” (I.P.).
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We also define observables in the interaction picture as

AI(t) := eiHjtASe
−iHjt . (1.20)

The physical implication of this definition is that we pick any term in the Hamiltonian and

move into its “interaction frame” via conjugation by eiHjt. The major difference between

this definition and the analogous one in the Heisenberg picture is the appearance of Hj in

the former as opposed to the full H in the latter.

We now take the time derivative of equation (1.19):

i
∂

∂t
|α, t0; t⟩I = i

∂

∂t

(
eiHjt|α, t0; t⟩S

)
= −Hje

iHjt|α, t0; t⟩S + eiHjt(Hj +
∑
i ̸=j

Hi)|α, t0; t⟩S

= eiHjt
∑
i ̸=j

Hie
−iHjteiHjt|α, t0; t⟩S = HI(t)|α, t0; t⟩I , (1.21)

where we used the Schrodinger equation in the second equality. Thus we have

iℏ
∂

∂t
|α, t0; t⟩I = HI(t)|α, t0; t⟩I , (1.22)

with

HI(t) = eiHjt

(∑
i ̸=j

Hi

)
e−iHjt =

∑
i ̸=j

HI
i , (1.23)

where

HI
i = eiHjtHie

−iHjt .

This is a Schrodinger-like equation for the time-evolution of the interaction picture state but

with the Hamiltonian H replaced by HI .

It is important to note the distinction between how observables in the interaction picture

are represented in (1.20) versus the interaction Hamiltonian above. Naively, we would expect

the full Hamiltonian to be what is conjugated within the big parentheses in (1.23) by analogy

with (1.20). This “discrepancy” merely arises from the fact that we needed to define HI as

above to obtain the Schrodinger-like equation (1.22).
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We can apply the interaction picture to the continuous qDRIFT protocol outlined before

and obtain the following simple lemma.

Lemma 1.1.7. (L1-norm error bound for IP continuous qDRIFT for long simulation time)

Let HI(τ) be an interaction picture Hamiltonian as in (1.23). Suppose it is defined for

0 ≤ τ ≤ t and satisfies conditions 1 and 2 in Section 1.1.1. Define E(t, 0) and U(t, 0) as

in (1.1) and (1.2) respectively but with HI(τ). Then for any positive integer r, there exists

a division 0 = t0 < t1 < · · · < tr = t such that∥∥∥∥∥E(t, 0)−
r−1∏
j=0

U(tj+1, tj)

∥∥∥∥∥
⋄

≤ 4t2
∥
∑

i ̸=j Hi∥2∞
r

. (1.24)

To ensure the simulation error is at most ϵ, it therefore suffices to choose

r ≥ 4

⌈
t2∥
∑

i ̸=j Hi∥2∞
ϵ

⌉
.

Proof. We can substitute (1.23) directly into equation (1.4) and the expression for r. Note

however the spectral norm of an operator (and the Schatten norms more generally) is invari-

ant under unitary transformations of that operator. We then obtain the simplification

||HI ||∞,1 =

∫ t

0

dτ∥HI(τ)∥∞ =

∥∥∥∥∑
i ̸=j

Hi

∥∥∥∥
∞
t ,

so that ∥∥∥∥EI(t, 0)− UI(t, 0)

∥∥∥∥
⋄
≤ 4

(∥
∑

i ̸=j Hi∥∞)2t2

r
, (1.25)

and

r ≥ 4

⌈
(∥
∑

i ̸=j Hi∥∞)2t2

ϵ

⌉
,

to ensure our simulation error is less than some desired ϵ.

As before, r can also be interpreted as the number of queries to the oracle W defined

in Section 1.1.1. Each resulting time-independent piece will need to be simulated using

techniques like Trotterization or Qubitization and the main goal of the thesis is to quantify
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the overall query and gate complexity of “hybrid” protocols combining these with the IP

continuous qDRIFT technique outlined here.

Comparing this result to Theorem 1.1.2, we see that moving into the interaction frame

of a fixed term Hj of the overall Hamiltonian effectively “eliminates” its contribution to the

error. Moreover, due to the properties of the spectral norm and the interaction Hamiltonian,

L1-norm dependence of the results in Theorem 1.1.2 reduce to those reminiscent of the time-

independent case. This behavior recurs in subsequent results and is particularly useful when

dealing with terms with unbounded behavior or large ∞-norm, such as the electric term in

the Schwinger Model considered later in this thesis.

1.2 Error Correction of Abelian Lattice Gauge Theories

As gauge theories lie at the heart of the framework governing the interactions and forces

described by the Standard Model, considerable effort has been expended in numerical simu-

lations of these theories to extract physical quantities. Lattice gauge theories (LGTs) have

been among the most fruitful formulations of non-perturbative approaches amenable for im-

plementation on classical computers [42, 43, 44, 45, 46]. In regimes where classical simulations

are plagued by an exponential scaling of the computational cost, digital quantum computers

have emerged as a promising platform for the efficient simulation of LGTs. Notable examples

are real-time dynamics or the study of systems at finite density [47, 48, 49, 50].

Despite considerable advances on this front, digital quantum simulation of LGTs can

time-evolve a given initial state into unphysical sectors where gauge symmetries are violated

due to noise and the approximation error associated with the simulation protocol used. A

popular approach to mitigate this problem, especially useful for ground-state calculations

but shown to be useful also out-of-equilibrium [51], is to enforce Gauss’ Law by adding an

energy penalty term to the Hamiltonian (see e.g. Refs. [48, 52, 47, 53, 51] and also Ref. [1]

for techniques to reduce the gate cost of adding penalty terms). Another proposal for error

mitigation in gauge theories uses random gauge transformations to suppress the component

of the quantum state in the unphysical Hilbert space [54, 55]. The recent approach proposed
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in Ref. [56], and its generalization to non-Abelian theories [57], uses instead a quantum oracle

to detect the presence of gauge violating errors by performing explicit Gauss’ Law checks

and flagging an ancilla qubit. These techniques are suitable for error detection but in general

do not possess error correction capabilities and are not fault-tolerant.

With the long-time goal of performing quantum simulation of LGT on fault-tolerant

protocols, an intriguing possibility is to tailor general purpose error correction schemes to best

exploit the structural properties of these theories in order to reduce the resource requirements

for early explorations (see e.g. Ref. [58] for a recent attempt in this direction using the surface

code). The physical intuition behind the approach followed here is that error correcting codes

can be seen as artificial gauge theories where the logical Hilbert space is determined by states

that satisfy a suitable local symmetry. When simulating LGTs which themselves need to

satisfy a physical local symmetry, it might then be advantageous to exploit this natural

redundancy to reduce the cost of the full error correction encoding.

We now review the basics of abelian LGTs and repetition codes that will be used for the

constructions presented in Chapter 3.

1.2.1 Structure of Abelian Lattice Gauge Theories

We follow the basic outline given in Ref. [56] and review the structure of abelian lattice

gauge theories, specifically for the general gauge groups G = Zn and G = U(1) which

contain those considered throughout this thesis. There are several physical models for which

the gauge symmetries discussed here are important such as the Schwinger Model, i.e. QED

in 1+1 dimensions on a lattice [59, 60]. It is the one of the simplest concrete examples of an

Abelian LGT and serves as a convenient setting for the analysis and application of Gauss’

Law symmetries to error correction. This model has been extensively used as an important

stepping stone in simulations of lattice field theories using both tensor networks and quantum

devices [61, 62, 52, 63, 64].

We discretize space on a cubic lattice L with sites labeled by s and links labeled by l.

We assume that the lattice consists of N sites for even N ≥ 0 and that a staggered fermion
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Figure 1.4: Schematic illustration of the differences between two error correcting schemes for

a simple one-dimensional LGT: a traditional bit-flip encoding scheme and the two schemes

proposed here exploiting the Gauss’ Law gauge symmetry.

representation is used wherein every second site is positronic. Each link l is associated an

independent separable Hilbert space Hl with the same orthonormal basis:

⟨ϵ′|ϵ⟩ = δm′,m, Î =
∑
ϵ

|ϵ⟩⟨ϵ| (1.26)

with

ϵ′, ϵ ∈

Zn, if G = Zn

Z, if G = U(1).

The Hamiltonian for this LGT is a function of the link operators Ûl and their conjugate

electric fields Êl defined explicitly in this basis by

Ûl =
∑
ϵl

|ϵl + 1⟩⟨ϵl|, Êl =
∑
ϵl

ϵl|ϵl⟩⟨ϵl|. (1.27)

From this expression we can see that Ûl acts as a raising operator and its adjoint as a

lowering operator on the Hilbert space Hl of the link. Operators defined on different link
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Hilbert spaces commute while the same-link commutation relations are given by

[Êl, Ûl] = Ûl, G = U(1) (1.28)

Q̂lÛlQ̂
†
l = Ûle

2πi/n G = Zn (1.29)

where

Q̂l := e2πiÊl/n =
N−1∑
ϵl=0

e2πiϵl/n|ϵl⟩⟨ϵl|.

The form of the commutation relation for Zn is due to the fact that the electric field values

are periodic, so the Hamiltonian depends on Q̂l.

When considering fermionic matter fields on the sites, we work in the occupation number

basis where number operators nσ are diagonal with eigenvalues {0, 1}. Here, σ is a collective

index denoting the relevant species or indices (like flavor or spinor) involved. The global

state of the entire lattice is spanned by a basis given by a specification of electric fields on

the links of the lattice and occupation numbers on the sites. Due to the locality of the

symmetry, we will typically consider a particular site on a lattice and those links attached

to it and denote the corresponding basis states by

|E, ρ⟩ → ⊗Di=1|Ei(s)⟩ ⊗Di=1 |Ei(s− êi)⟩ ⊗σ |nσ⟩,

where D is the spatial dimension of the lattice and ρ is a discretized charge density defined

by

ρ̂(s) =
∑
σ

eσn̂σ(s),

and eσ = ±1. Due to gauge invariance, states in the physical Hilbert space satisfy a local

Gauss’ Law which relates the state of a site with the state of the links emanating from it.

Gauge-invariant states are in the kernel of the operator

Ĝs := (∇ · Ê)(s)− ρ̂(s)

:=
D∑
i=1

(Êi(s)− Êi(s− êi))−
∑
σ

eσn̂σ(s) ,
(1.30)

where the second line is obtained by discretization of the gradient operator on the lattice.
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When dealing with a U(1) gauge group, it is necessary to truncate the link electric field

values to enable digital quantum simulation with a finite number of qubits. This can be

accomplished by ”wrapping” the electric field at a cutoff Λ:

Êl =
Λ−1∑
ϵl=−Λ

ϵl|ϵl⟩⟨ϵl| (1.31)

Ûl|Λ− 1⟩ = | − Λ⟩ (1.32)

Û †
l | − Λ⟩ = |Λ− 1⟩. (1.33)

This choice of discretization results in a modification of the commutation relations as

follows:

[Êl, Ûl] = Ûl − 2Λ| − Λ⟩⟨Λ− 1| (1.34)

[Êl, Û
†
l ] = −Û †

l + 2Λ|Λ− 1⟩⟨−Λ|. (1.35)

Note that with our choice of the lower and upper bound, the link Hilbert spaces are

even-dimensional and can therefore be mapped onto a ⌈log(2Λ)⌉-qubit Hilbert space. In this

thesis, we will restrict the discussion to Λ = 1 and comment on the prospects of generalizing

our constructions to arbitrary cutoffs in Section 3.4.

1.2.2 Repetition Codes

We now review the basics of the bit and phase flip error correction codes following the

treatment given in Ref. [65]. First consider a noisy classical communications channel through

which we wish to send a bit between two locations and suppose its behavior is such that it

flips the bit with probability p. To protect the bit against the effects of noise, we can employ

what is known as a ”repetition code”. This involves replacing the bit with three copies of

itself, i.e. 0 → 000 and 1 → 111. These new bit strings are denoted as the “logical 0” and

“logical 1” and we send these through the channel. The receiver then attempts to decode

what the original bit was. If the output is 010 for instance, then provided the probability

p of error is not high and the noise acts independently on each bit, it is likely the second



28

|ψ⟩ • •

|0⟩

|0⟩

Figure 1.5: Circuit for creating the encoded logical state |ψ⟩L = a|000⟩ + b|111⟩ for the

bit-flip code.

bit was flipped and that the original bit was 0. This is known as majority voting, since the

intended original message is determined by whatever bit value appears more in the output.

This can obviously fail if more than one bit was flipped. It can be easily determined that

with this encoding scheme, the transmission becomes more reliable if p < 1/2.

Now consider a noisy quantum channel that applies a bit-flip, or X gate, to a state |ψ⟩

sent through it with probability p. We write |ψ⟩ in terms of the computational basis as

|ψ⟩ = a|0⟩ + b|1⟩ and encode it in three qubits as a|000⟩ + b|111⟩. In other words, we have

a mapping between the ”physical” qubits |0⟩ and |1⟩ to the logical qubits |0⟩L = |000⟩ and

|1⟩L = |111⟩ respectively, where the subscript L denotes a logical state. Such an encoding

can be accomplished by the circuit in Figure 1.5.

Each qubit in the encoded state is passed through a separate bit-flip channel. If a bit-flip

occurs on at most one qubit, we can measure the parities of the qubits by performing pro-

jective measurements of the operators Z1Z2 and Z2Z3, where the tensor product is implied.

This process is known as making “syndrome measurements” for the error syndromes Z1Z2

and Z2Z3. These operators have eigenvalues of ±1. Z1Z2 measures the parities of the first

two qubits and yields the eigenvalue −1 if they differ and +1 if they do not. Z2Z3 acts in

the same way for the second and third qubits. The measurement outcomes of either oper-

ator allows us to determine which qubit was flipped. For instance, if eigenvalues of −1 are

obtained from the measurement of both operators, we know that with high probability the

second qubit was flipped. We can then perform error correction by applying an X gate on
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Encoding Recovery

|ψ⟩ • • Z X

|0⟩ Z Z X

|0⟩ Z X

|0⟩ H • H • •

|0⟩ H • H • •

Figure 1.6: Full circuit for correcting a bit flip error on a general state |ψ⟩.

Z1Z2 Z2Z3 Correction

1 1 III

1 -1 IIX

-1 1 XII

-1 -1 IXI

Table 1.1: Syndrome measurements outcomes, and correction operations for bit flip error

correction code.

the 2nd qubit to flip it back to its original state. Note that the measurement of these oper-

ators gives no information about the amplitudes a and b of the encoded state and therefore

do not destroy the state we wish to perform error detection and correction on. Table 1.1

outlines the possible measurement outcomes for the syndromes Z1Z2 and Z2Z3 and the error

correction operations to perform. Figure 1.6 gives the full circuit to correct bit-flip errors.

An equivalent circuit used for the projective measurement of the stabilizers Z1Z2 and Z2Z3

is presented in Figure 1.7. We will use this decomposition in the rest of this work.

Now suppose we have a noisy quantum channel that applies a phase flip (i.e a Z gate)

with probability p to a qubit in the state |ψ⟩ = a|0⟩ + b|1⟩. Unlike the bit-flip encoding,
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|ψ⟩ •

|0⟩ • •

|0⟩ •

|0⟩

|0⟩

Figure 1.7: Equivalent circuit for the measurement of the stabilizers Z1Z2 and Z2Z3 for the

bit-flip error correction code. This can be obtained from the identity HZH = X and the

fact that controlled-Z gates are equivalent to a controlled-Z gate with the control and target

flipped.

there is no classical analogue of applying a “phase” to a bit. However, we can convert this

channel to a bit flip channel by working in the |+⟩ = (|0⟩+ |1⟩)/
√

2 and |−⟩ = (|0⟩−|1⟩)/
√

2

basis. With respect to this basis, the Z operator takes |+⟩ to |−⟩ and therefore acts as a

bit flip. We can then apply the same logic for error correction in the bit-flip case to the

present case by switching from the computational basis to the |+⟩ and |−⟩ basis via the

Hadamard gate. In our present work, we will find it convenient to use the logical codeword

basis |0⟩L = (|+++⟩+|−−−⟩)/
√

2 and |1⟩L = (|+++⟩−|−−−⟩)/
√

2. Then to detect errors,

we can perform projective measurements of the stabilizers X1X2 and X2X3 to determine the

parity of the bits. Based on the measurement outcomes, we can apply Z gates to correct

the errors accordingly. The encoding circuit and the phase-flip error correction procedure

are depicted in Figure 1.8 and Figure 1.9 respectively.

The constructions given in Ref. [66] allow us to ensure the fault tolerance of the encoding,

error detection, and recovery operations in either code. The underlying technique involves

introducing an extra “flag” qubit prepared in the |+⟩ state and performing CNOT operations

from it on the syndrome ancilla qubit at key points in the circuit (see Figure 3(b) in Ref. [66]).

This flag qubit is then measured in the X basis and a result of |−⟩ indicates an error of weight

two or more on the data qubits. Additional flag qubits can be added between each gate in
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|ψ⟩ H • • H

|0⟩ H

|0⟩ H

Figure 1.8: Circuit for creating the encoded logical state |ψ⟩L = a|0⟩L + b|1⟩L for the phase-

flip code, where |0⟩L = (|+ ++⟩+ | − −−⟩)/
√

2 and |1⟩L = (|+ ++⟩ − | − −−⟩)/
√

2.

Encoding Recovery

|ψ⟩ H • • H X Z

|0⟩ H X X Z

|0⟩ H X Z

|0⟩ H • H • •

|0⟩ H • H • •

Figure 1.9: Full circuit for correcting phase flip errors on a general state |ψ⟩.

the stabilizer measurement to ensure a localization of errors. Similar constructions apply in

creating fault-tolerant versions of other important subroutines like logical state-preparation

and stabilizer measurements (see Appendix A in Ref. [66]).

1.3 Topological Data Analysis

The subject of topology in mathematics is concerned with determining the properties of

topological spaces that are invariant under continuous deformations, or more accurately

under homeomorphisms or homotopy equivalences. Invariant properties help us classify

topological spaces as follows: if two spaces are topologically equivalent, then they have the
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same invariants. Equivalently, if two spaces do not have the same invariants, then they are

not topologically equivalent to each other.

One such invariant property is the number of holes of different dimensions in the topo-

logical space, which are called the Betti numbers. For example, it is intuitive that the sphere

and the torus cannot be continuously deformed into each other since the sphere has no 1-

dimensional hole whereas the torus has two, a hole in the center of the “doughnut” and

one in the tube. The tool of singular homology, and its special case of simplicial homology

we will mainly deal with, rigorously captures these notions and its fundamental objects are

simplicial complexes. Simplicial complexes are topological spaces obtained from attaching

objects called simplices together, which are points, lines, triangles, tetrahedra, and their

higher-dimensional generalizations. Simplicial complexes can serve as approximations to

topological spaces that nevertheless reflect their topological properties, and their discrete

nature makes the determination of properties like the Betti numbers more tractable.

Simplicial homology has antecedents as far back as the 1800s, but its application to the

problem of determining on computers the topological properties of data sets is more recent

[67, 68, 69]. An important goal in data analysis is to extract features of a data set and use

them to cluster or classify the data. This data set can be represented as a set of points in

some metric space, such as Rn with the Euclidean distance function. One approach for the

analysis is to convert the point cloud into a graph where the vertices are the given data points

and the edges are determined by whether or not pairs of points lie within a chosen distance

ϵ. This approach can capture features such as connectivity but ignores potential higher

dimensional features, especially if the data points are sampled from some underlying high-

dimensional manifold [70]. Topological data analysis (TDA) attempts to extract such higher

dimensional global topological features, namely the Betti numbers or estimates thereof, of

simplicial complexes constructed out of an underlying data set via simplicial homology.

Classical deterministic algorithms for estimating Betti numbers of simplicial complexes

have a run time typically exponential in the dimension of the simplicial complex and are thus

intractable for even a moderate amount of data [71, 72]. Lloyd et al. developed a quantum
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algorithm for extracting all the Betti numbers of a simplicial complex with a runtime they

claimed was exponentially faster than the best classical algorithms [13]. This algorithm was

not immediately “dequantizable” with the same techniques used to dequantize a wide classes

of quantum algorithms with claimed exponential speedups over their classical counterparts

at the time [73, 74], thereby generating considerable interest in TDA as a potential example

of a genuine quantum advantage [15, 75].

One main problem of interest in this thesis is to therefore develop a classical randomized

algorithm that finds the Betti numbers of a simplicial complex associated to an input graph

with runtime polynomial in the number of points. We briefly develop in the next few sections

the necessary background material needed to understand simplicial homology for topological

data analysis, loosely following the treatment in Ref. [76].

1.3.1 Simplicial Homology

Let v0, . . . , vk be k + 1 distinct points in Rn. The set {v0, . . . , vk} is said to be affinely

independent if the set {v1 − v0, . . . , vk − v0} is linearly independent. In other words, we

consider the given set of points to be affinely independent if when we take one of the points to

be the “origin” (say v0 WLOG) and draw vectors from this point to the others, the collection

of the resulting vectors is linearly independent.

If {v0, . . . , vk} is affinely independent, the k-simplex spanned by them is the set

[v0, . . . , vk] :=

{ k∑
i=0

tivi : ti ≥ 0 and
k∑
i=0

ti = 1

}
(1.36)

Equivalently, a simplex is just the convex hull of its affinely independent set of vertices. The

points vi are the vertices of the simplex and the integer k is the dimension of the simplex.

Figure 1.10 shows some examples of simplices. Note that it follows from the definitions given

that k ≤ n since any set of n+2 points or more cannot be affinely independent. This in turn

is because no collection of n + 1 vectors or more in an n-dimensional vector space can be

linearly independent. Such a collection of vectors therefore cannot determine any simplicies

of dimension n+ 1 or higher.
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Let σ be a k-simplex. A simplex spanned by a non-empty subset of the vertices of σ is

a face of σ. For example, the 0-dimensional faces of σ are its vertices and its 1-dimensional

faces are the edges, which are spanned by two vertices. Faces of σ that are not equal to σ

are called proper faces. The (k− 1)-dimensional faces of σ are called its boundary faces

and their union is its boundary.

Figure 1.10: A 0-simplex (point), 1-simplex (edge), 2-simplex (triangle), and 3-simplex

(tetrahedron) from left to right.

Definition 1.3.1 (Simplicial Complex). A simplicial complex S is a finite collection of

simplices satisfying the following conditions:

1. If σ ∈ S, every face of σ is in S

2. If σ1, σ2 ∈ S, then σ1 ∩ σ2 = ∅ or σ1 ∩ σ2 is a face of σ1 and σ2

The first condition says that a simplicial complex should also contain all the faces of

a given simplex in the complex. The second condition says that any two simplices in a

simplicial complex either do not intersect or intersect at a common face of both. We define

the dimension of a simplicial complex to be the maximum of the dimensions of all

simplices in the complex.

It can be shown that a simplicial complex is completely determined by its vertices and

information about which sets of vertices span which simplices. This provides the motivation

for the following definition.

Definition 1.3.2 (Abstract Simplicial Complex). An abstract simplicial complex is a

collection C of non-empty finite sets such that if s ∈ C, then every non-empty subset of s is

also in C.
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Figure 1.11: (Left) A 2D simplicial complex in R2. (Right) A set that is not a simplicial

complex in R2. It violates condition 2 of Definition 1.3.1.

This general notion of a simplicial complex is particularly useful when we wish to con-

struct one without reference to a particular embedding into Euclidean space.

We will mainly be concerned with computing the Betti numbers of certain simplicial

complexes called clique complexes associated to graphs. This problem is known as “clique

homology”. The graphs serving as inputs into our classical algorithm are not necessarily

induced by any finite-dimensional data and are instead abstract graphs, i.e. abstract simpicial

complexes.

Definition 1.3.3 (Graphs). A graph G is a pair of objects G = (V,E), where V is a set

of elements referred to as the “vertices” of G and E is a set consisting of pairs of vertices

thought of as “edges” connecting the pairs of vertices.

Equivalently, we may also define a graph as a 0 or 1 dimensional simplicial complex.

Given an undirected graph, i.e. one in which the edges are not assumed to have direction, a

clique C of a graph is a subset of V such that every pair of distinct vertices in C is connected

by an edge. C is called a k-clique if |C| = k.

We now define the notion of a clique complex alluded to earlier:

Definition 1.3.4 (Clique Complex). The clique complex of a graph G is the abstract

simplical complex formed by associating a k-simplex to every (k + 1)-clique in G.

The topological data we are most interested in are the Betti numbers of a simplicial
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complex, which give the number of holes of a given dimension in that simplicial complex.

We now show how to determine the Betti numbers of a simplicial complex.

Let K be a simplicial complex and consider the set of k-simplices in K. In what follows,

we could like to make sense of taking “linear combinations” of the k-simplices in K with

coefficients in some field R (we will only need R = R or R = C in this thesis). Since the set

of k-simplices is merely a set and carries no algebraic structure, this does not make sense

literally. However, given any set S, we can construct a corresponding R-vector space with

the elements of S serving as a basis in the following way.

First consider the set of functions f : S → R which take non-zero values on only finitely

many elements of S. This is an R-vector space under pointwise addition and scalar multi-

plication by elements of R and is called the “free R-vector space” on S, denoted by FR(S).

Note that for each element s ∈ S, there is a unique function fs ∈ FR(S) that takes the

value 1 on s and 0 on all other elements of S. Thus we can identify each s ∈ S with the

corresponding function fs ∈ FR(S) and therefore think of S as a subset of FR(S). Every

element of f ∈ FR(S) can be written as a linear combination f =
∑

s∈S rsfs where rs ∈ R.

Thus S is a basis for FR(S) and FR(S) is finite-dimensional iff S is finite, which is always

the case for our data analysis applications. In this case, we may simply identify the elements

of S viewed as a subset of FR(S) with the standard basis vectors ei = (0, . . . , 1, . . . , 0)T ,

where the 1 is in the i-th spot.2

The free R-vector space on the set of k-simplices in K is denoted by Ck(K,R), Ck(K),

or Ck depending on if the simplicial complex or field are understood, and is called the k-th

chain group. Its elements are called k-chains and can be written as linear combinations∑
i riσi, where σi are the k-simplices of K (viewed as basis elements in Ck(K,R)) and

ri ∈ R. It follows from the considerations in the preceding paragraph that as a vector space,

2The preceding constructions can be generalized to create free R-modules on a set S, where R can be
any commutative ring. This is what is often needed in algebraic topology to make sense of taking linear
combinations of simplices with coefficients in such rings. Linear combinations of simplices with coefficients
in arbitrary abelian groups are also necessary in algebraic topology, but we will not need such general
constructions for our applications.
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dimCk(K,R) is simply the number of k-simplices in K.

Definition 1.3.5 (Boundary Map). Let σ = [u0, . . . , uk] be a k-simplex. The boundary

map on k-simplices is a map

∂k : Ck(K)→ Ck−1(K) (1.37)

that acts as

∂kσ =
k∑
i=0

(−1)i[u0, u1, . . . , ûi, . . . , uk] (1.38)

where ûi denotes that the vertex i has been removed.

The boundary map acts on k-simplices σ ∈ Ck(K) and gives a (k − 1)-simplex ∂kσ that

can be interpreted as the boundary of σ. The boundary of a 0-simplex, i.e. a point, is simply

0.

An k-cycle is an k-chain c ∈ Ck(K) such that ∂kc = 0. Therefore, k-cycles are precisely

the kernel of the boundary map and are a subspace of Ck(K) denoted by Zk = ker ∂k. An k-

chain c is an k-boundary if there exists an (k+1)-chain σ ∈ Ck+1(K) such that c = ∂k+1(σ).

Equivalently, k-boundaries are precisely the image of the boundary map and form a subspace

denoted by Bk(K) = Im ∂k+1. Figure 1.12 shows an example of a 1-boundary and 1-cycle.

Figure 1.12: (Left) The 1-boundary of a 2-chain as indicated by the arrows. (Right) A

1-cycle that is not the boundary of any 2-chain.

It turns out that there is a relationship between the two subspaces as implied by the

following fundamental result in homology theory:

Proposition 1.3.6. ∂k ◦ ∂k+1(σ) = 0 for all k + 1 chains σ in K and all 0 ≤ k < dimK.
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Proof.

∂k(∂k+1(σ)) =
k∑
i=0

(−1)i∂k+1([u0, . . . , ûi, . . . , uk+1]

=
k∑
i=0

(−1)i

(∑
j<i

(−1)j[u0, . . . , ûj, . . . , ûi, . . . , uk+1] +
∑
j>i

(−1)j−1[u0, . . . , ûi, . . . , ûj, . . . , uk+1]

)

Note the factor of (−1)j−1 in the second sum. This occurs because if j = i+ 1 for instance,

this really corresponds to the i-th iteration in the sum since the i-th vertex was removed.

Hence we must shift the original factor of (−1)j down. Then

=
∑

0≤j<i≤k+1

(−1)i+j[u0, . . . , ûj, . . . , ûi, . . . , uk+1]−
∑

0≤i<j≤k+1

(−1)i+j[u0, . . . , ûi, . . . , ûj, . . . , uk+1]

Exchanging the roles of i and j in the second sum gives the result.

The above proposition essentially says that the boundary of a boundary is 0. This

immediately implies that the image of ∂k+1, Bk, is contained in the kernel of ∂k, Zk. This

allows us to define the homology groups as follows:

Definition 1.3.7 (Homology Groups). The k-th homology group Hk of a simplicial

complex is the quotient vector space

Hk(K,R) = Zk(K,R)/Bk(K,R) = Ker ∂k/Im ∂k+1 . (1.39)

Definition 1.3.8 (Betti Numbers). The k-th Betti number βk is the dimension of the

k-th homology group.

The k-th homology groups range from k = 0 to k = dimK, the dimension of the simplicial

complex. They are generated by k-cycles that are not the k-boundaries of any simplex. In

other words, these are simplices that enclose a “void” or “hole” (see the right image of

Figure 1.12 above). It is worth noting that β0, the 0th Betti number, represents the number

of connected components the simplicial complex has.
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The problem of computing the Betti numbers of a simplicial complex therefore reduces

to the problem of computing the rank of the boundary map. A common and simple classical

approach to doing this at the computational level is as follows.

Let K be a simplical complex and assume for simplicity that we are working over the field

Z2. Label the p-simplices in Cp(K) by x1, . . . , xnp and the (p − 1)-simplices in Cp−1(K) by

y1, . . . , ynp−1 . These simplices form bases for Cp(K) and Cp−1(K) as mentioned previously.

We can then represent the action of the boundary map ∂p on Cp(K) as follows

∂p(xj) =

np−1∑
i=1

aijyi where aij =

1 if yi is a face of xj

0 otherwise

(1.40)

Then for any p-chain c =
∑np

j=1 ajxj, we can write the above in matrix form

∂pc =


a11 a21 . . . a

np

1

a12 a22 . . . a
np

2

...
...

. . .
...

a1np−1
a2np−1

. . . a
np
np−1




a1

a2
...

anp

 (1.41)

Thus the boundary map on Cp(K) can be represented as an np−1×np sparse matrix with

entries in Z2. The columns of this matrix span Im ∂p = Bp−1, so rank ∂p = dimBp−1 = bp−1.

The boundary matrix can brought into the Smith Normal Form via a generalization of

Gaussian elimination which applies to any principal ideal domain (this includes fields). This

results in a matrix with a number of 1’s on the diagonal equal to the rank of the bound-

ary matrix. Gaussian elimination for ∂p takes O(np−1np min(np, np−1)) time and requires

O((np−1 + np)
2) memory [69, 77]. When working over arbitrary fields, the same procedure

holds with the exception that the matrix elements of the boundary operator can be ±1 or 0.

For our purposes though, we will find it more convenient to work with a different but

simpler to analyze object to determine the Betti numbers of K.

Definition 1.3.9 (Combinatorial Laplacian). The k-th combinatorial Laplacian3 is

3This operator is sometimes defined in terms of the coboundary operator acting on cochains, in which
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the operator ∆k : Ck(K)→ Ck(K) defined by

∆k = ∂†k∂k + ∂k+1∂
†
k+1.

∂†k : Ck−1(K) → Ck(K) is the adjoint of ∂k when viewed as a matrix with respect to

the standard basis of Ck(K) and Ck−1(K). It is immediate from the definition that ∆k is

Hermitian and even positive semi-definite when Ck(K) has the standard Hermitian inner

product ⟨v, w⟩ := v†w, with v, w ∈ Ck(K). The most important for our immediate purposes

however is the following theorem.

Theorem 1.3.10. dim ker(∆k) = βk.

Proof. We endow Ck(K) with the standard Hermitian inner product ⟨v, w⟩ := v†w where

v, w ∈ Ck(K). We first claim that ker ∆k = ker ∂†k∂k ∩ ker ∂k+1∂
†
k+1. Clearly if v ∈ Ck(K) is

in ker ∂†k∂k ∩ ker ∂k+1∂
†
k+1, then ∆kv = (∂†k∂k)v+ (∂k+1∂

†
k+1)v = 0, so v ∈ ker ∆k. Conversely,

let v ∈ ker ∆k. Then (∂†k∂k)v + (∂k+1∂
†
k+1)v = 0. Multiplying on the left by v†, we have

v†(∂†k∂k)v + v†(∂k+1∂
†
k+1)v = (∂kv)†(∂kv) + (∂†k+1v)†(∂†k+1v) = ⟨∂kv, ∂kv⟩+ ⟨∂†k+1v, ∂

†
k+1v⟩ = 0

Since the inner products are each greater than or equal to 0, they must vanish independently

for the last equality to hold. By the definition of an inner product, we therefore have

∂kv = 0 and ∂†k+1v = 0, which implies ∂†k∂kv = 0 and ∂k+1∂
†
k+1v = 0 and thus v ∈ ker ∂†k∂k ∩

ker ∂k+1∂
†
k+1.

Next, note that for any operator A : V → W between finite-dimensional vector spaces

V,W endowed with Hermitian inner products, ker(AA†) = ker(A†). To show this, let x ∈

ker(A†). Then A†x = 0 =⇒ AA†x = 0, so x ∈ kerAA†. If x ∈ ker(AA†), then

AA†x = 0 =⇒ ⟨AA†x, x⟩ = ⟨A†x,A†x⟩ = 0 =⇒ A†x = 0,

case the dimension of its kernel is actually the dimension of the singular cohomology group Hk(K,R).
However, all our homology groups are finite dimensional vector spaces and are therefore finitely generated.
The universal coefficient theorem from algebraic topology then implies Hk(K,R) ∼= Hk(K,R), so it is
immaterial which version of the combinatorial Laplacian we study.
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so x ∈ kerA†. This result shows ker(∂†k∂k) = ker ∂k and ker(∂k+1∂
†
k+1) = ker ∂†k+1, so

ker(∆k) = ker ∂k ∩ ker ∂†k+1.

Lastly, using the same notation as above, we show (Im(A))⊥ = kerA†. Let y ∈ (Im(A))⊥.

Then for all x ∈ V , ⟨Ax, y⟩ = 0. Let x = A†y. Then

⟨AA†y, y⟩ = ⟨A†y, A†y⟩ = 0 =⇒ A†y = 0,

so y ∈ kerA†. Conversely if y ∈ kerA†, then for any x ∈ V

⟨Ax, y⟩ = ⟨x,A†y⟩ = 0 =⇒ y ∈ (ImA)⊥.

This result shows ker ∂†k+1 = (Im(∂k+1))
⊥.

Putting all these results together:

ker ∆k = ker ∂†k∂k ∩ ker ∂k+1∂
†
k+1

= ker ∂k ∩ ker ∂†k+1

= ker ∂k ∩ (Im(∂k+1))
⊥

∼= Hk(K)

Thus dim(ker ∆k) = dimHk(K) = βk.

From an algorithmic standpoint, we can therefore determine the Betti numbers of a

simplicial complex, or approximations of them, by studying eigenstates corresponding to

sufficiently small eigenvalues. The computational complexity of determining the low-lying

eigenstates of general Hermitian operators is well-studied in the complexity theoretic litera-

ture. In the next section, we give a brief summary of the complexity theoretic results that

have been established for this problem and for topological data analysis in general.

1.3.2 Computational Complexity of Topological Data Analysis

There are several variations on the problem of determining the Betti numbers of simplicial

complexes on classical or quantum computers. The determination of exact Betti numbers of
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simplicial complexes is known to be NP-hard for classical computers [78] and even PSPACE-

hard for complex (projective) algebraic varieties [79], which are zero sets of (homogeneous)

polynomials with coefficients in C (see Appendix C for a brief overview of some classes from

quantum and classical complexity theory). In line with these classical results is that of

Ref. [80], which shows that deciding if a combinatorial Laplacian has a trivial or non-trivial

kernel on quantum computers is QMA1-hard. Thus this problem is likely not efficient even

for quantum computers in the worst case scenarios.

Given these results, one may instead attempt to broaden the problem in various ways.

Rather than determining the exact number of zero eigenvalues of the combinatorial Lapla-

cian, one can instead attempt to count to number of eigenvalues below a certain sufficiently

small threshold for instance. This can still be meaningful since results like Cheeger’s in-

equality show that the magnitudes of the small non-zero eigenvalues of the graph Laplacian

(a special case of the combinatorial Laplacian for graphs) characterises the connectedness of

the graph [81], with analogous results holding for combinatorial Laplacians on their corre-

sponding simplicial complexes [82]. Such a quantity may be more computationally tractable

to determine as well. For example, it has been conjectured that the magnitude of the small-

est non-zero eigenvalue of combinatorial Laplacians typically scales inverse polynomially in

even difficult instances of the problem [83]. If this is true, the number of “small” eigenvalues

would then coincide with the number of zero eigenvalues under a suitable choice of thresh-

old. Unfortunately, if the combinatorial Laplacians have a sufficiently large spectral gap,

determining the number of zero eigenvalues could still be QMA1-hard if the threshold chosen

happens to be below the spectral gap.

Another variation on the problem is to determine normalized Betti numbers with inverse

polynomial additive error, where the normalized Betti number is the ratio of the number

of zero eigenvalues of ∆k to the total number of eigenvalues of ∆k (i.e. the number of k

simplices in the simplicial complex). This is more natural from a quantum computational

perspective since a quantum computer estimates probabilities or normalized quantities. It

has been shown that the problem of estimating the low-lying spectral density for arbitrary
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Hermitian operators, i.e. the ratio of the number of small eigenvalues within a certain range

to the total number of eigenvalues, is DQC1-hard and thus likely to be immune to “dequanti-

zation”, i.e. be efficiently solvable on classical computers (see Appendix C) [15]. Subsequent

work [84], using tools supersymmetric many-body physics and homological algebra, showed

the problem remains DQC1-hard when restricting the input to combinatorial Laplacians of

general chain complexes, though whether DQC1-hardness persists when considering com-

binatorial Laplacians on clique complexes, the case primarily considered here, remains an

open problem. More specifically, it may be possible to come up with an efficient classical

algorithm for this problem and this is what we address in this thesis.
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Chapter 2

HYBRIDIZED METHODS OF QUANTUM SIMULATION IN
THE INTERACTION PICTURE

We summarize the scaling of the newly introduced hybrid schemes and compare them

to standard approaches in Table 2.1. These are expressed in terms of the oracle complexity

for approximating the time-evolution under a Hamiltonian H =
∑L

i=1Hi. For the Trot-

ter/qDRIFT based I.P. methods, we show the asymptotic scaling in terms of queries to

oracles {Wk}Lk=1 implementing Wk(t) = e−iHkt for any choice of summand Hk. For the hy-

brid qubitization I.P. based methods, the queries are instead to the SELECT/PREPARE

oracles (see Section 1.1.2 for details) and the oracle Wl(t) = e−itHl . The latter is specifically

used to implement the time evolution of the term Hl to enter the interaction picture, while

the oracles {Wk}Lk=1 above are used to implement all the time-evolutions. The constants λ

and λα are obtained by first writing H as a linear combination of unitaries H =
∑

k ωkUk

with real ωl > 0. Then we have λ =
∑

k ωk and λα =
∑

k ̸=l ωk = λ − ωl. As anticipated

above, the hybrid I.P. schemes introduced here can become advantageous when λα ≪ λ or

∥H −Hl∥∞ ≪ ∥H∥∞, that is, when the Hamiltonian term Hl has a large norm (here and in

the rest of the thesis, ∥H∥p denotes the Schatten p-norm of a matrix. See Appendix B for

further details).

2.1 Hybrid Trotterization and qDRIFT Protocol

We now present an analysis of our first hybrid simulation protocol where a generalization of

the time-dependent Trotter-Suzuki formula given in (1.16) proved below is combined with

continuous qDRIFT. Let H(t) =
∑L

k=1Hk(t). The procedure is as follows:

1. Use the Trotterization technique below to approximate the time-ordered exponential



45

of H(t) as a product of L time-ordered exponentials.

2. Use continuous qDRIFT to approximate each time-ordered exponential by the chan-

nel (1.2). Implementing this channel involves sampling from a probability distribution

and yields a product of r time-independent terms of the form exp (−iHI(τk)/p(τk)),

where r is the number of sub-intervals of the whole simulation interval.

Before proving the error bounds for these processes, we first show the following simple

lemma with time arguments suppressed for notational convenience:

Lemma 2.1.1. Let ETS denote the superoperator representing the Trotter-Suzuki decompo-

sition of the time-ordered exponential in (1.16) and let E be as in (1.1). If D2n is the set of

density operators in the domain of E, then

∥E− ETS∥∞ := sup
ρ∈D2n

∥E(ρ)− ETS(ρ)∥∞ ≤ 2∥E − ETS∥∞ . (2.1)

Proof. From the triangle inequality we have that

∥E− ETS∥∞ ≤ sup
ρ∈D2n

∥EρE† − ETSρE†∥∞ + sup
ρ∈D2n

∥ETSρE† − ETSρ(ETS)†∥∞

= sup
ρ∈D2n

∥(Eρ− ETSρ)E†∥∞ + sup
ρ∈D2n

∥ETS(ρE† − ρ(ETS)†)∥∞

= sup
ρ∈D2n

∥(E − ETS)ρ∥∞ + sup
ρ∈D2n

∥(E − ETS)ρ∥∞

≤ 2∥E − ETS∥∞ .

In the third line, we used the unitary invariance of the infinity norm and that ∥A∥∞ =

∥A†∥∞ for any bounded square operator A. The latter follows from the fact that the Schatten

infinity norm is the spectral norm, which is the largest eigenvalue of
√
AA† and coincides

with the largest eigenvalue of A†A. In the fourth line, we used the sub-multiplicativity of

the infinity norm and the fact that ∥ρ∥∞ ≤ 1 for all density operators.

We now have the following results for quantum simulation with this hybrid protocol:
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Theorem 2.1.2 (Hybrid Trotterization and qDRIFT Simulation). Let {Hk(t) : k = 1, . . . , L}

be a set of time-dependent Hermitian operators satisfying conditions 1 and 2 in Section 1.1.1.

Let Uk denote the superoperator representing the continuous qDRIFT channel for the time-

dependent summand Hk(t) as in (1.2). Then given a decomposition of [0, t] into r sub-

intervals of length ∆t = t/r,∥∥∥∥E(t, 0)−
r∏
j=1

L∏
k=1

Uk(tj + ∆t, tj)

∥∥∥∥
∞
≤ L2cmax

r
t2 + 4r

L∑
k=1

∥Hk∥2∞,1 . (2.2)

Here cmax is defined as cmax = 1
L2 maxu,v

∑L
p ∥[Hp(u),

∑L
q>pHq(v)]∥∞ and the 1-norm in

∥Hk∥2∞,1 denotes an integral over an interval of size ∆t.

Proof. We first generalize (1.16) to the case where H(t) is the sum of L time-dependent

terms. Suppose we break up H(t) as H(t) = H1(t) +
∑L

k>1Hk(t). Treating the sum as our

“second” term and considering a specific time-step [tl, tl + ∆t], we can substitute these into

the expression for c12 above. Our proof of the error bound from recursively applying the

bound in (1.16) is inductive. Let us consider the base case. Using (1.18) we have that∥∥∥∥∥ expT

(
−i
∫ tj+∆t

tj

H1(t) +
L∑
k=2

Hk(t)dt

)

− expT

(
−i
∫ tj+∆t

tj

H1(t)dt

)
expT

(
−i
∫ tj+∆t

tj

L∑
k=2

Hk(t)dt

)∥∥∥∥∥
∞

≤ 1

2
max
u,v

∥∥∥∥∥
[
H1(u),

L∑
q>1

Hq(v)

]∥∥∥∥∥
∞

∆t2 (2.3)

Next assume that for some p ≥ 1 we have that∥∥∥∥∥ expT

(
−i
∫ tj+∆t

tj

H1(t) +
L∑
k=2

Hk(t)dt

)

−
p∏
q=1

expT

(
−i
∫ tj+∆t

tj

Hq(t)dt

)
expT

(
−i
∫ tj+∆t

tj

L∑
k=p+1

Hk(t)dt

)∥∥∥∥∥
∞

≤ 1

2

p∑
ℓ=1

max
u,v

∥∥∥∥∥
[
Hℓ(u),

L∑
q>ℓ

Hq(v)

]∥∥∥∥∥
∞

∆t2 . (2.4)
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We then have from the triangle inequality and the unitary invariance of Schatten norms that

for p+ 1∥∥∥∥∥ expT

(
−i
∫ tj+∆t

tj

H1(t) +
L∑
k=2

Hk(t)dt

)

−
p+1∏
q=1

expT

(
−i
∫ tj+∆t

tj

Hq(t)dt

)
expT

(
−i
∫ tj+∆t

tj

L∑
k=p+2

Hk(t)dt

)∥∥∥∥∥
∞

≤ 1

2

p∑
ℓ=1

max
u,v

∥∥∥∥∥
[
Hℓ(u),

L∑
q>ℓ

Hq(v)

]∥∥∥∥∥∆t2+

∥∥∥∥∥ expT

(
−i
∫ tj+∆t

tj

L∑
k=p+1

Hk(t)dt

)

− expT

(
−i
∫ tj+∆t

tj

Hp+1(t)dt

)
expT

(
−i
∫ tj+∆t

tj

L∑
k=p+2

Hk(t)dt

)∥∥∥∥∥
∞

≤ 1

2

p∑
ℓ=1

max
u,v

∥∥∥∥∥
[
Hℓ(u),

L∑
q>ℓ

Hq(v)

]∥∥∥∥∥
∞

∆t2 +
1

2
max
u,v

∥∥∥∥∥
[
Hp+1(u),

L∑
q>p+1

Hq(v)

]∥∥∥∥∥
∞

∆t2

=
1

2

p+1∑
ℓ=1

max
u,v

∥∥∥∥∥
[
Hℓ(u),

L∑
q>ℓ

Hq(v)

]∥∥∥∥∥
∞

∆t2 . (2.5)

This demonstrates the induction step and combined with the base case in (2.3) shows the

error bound we need inductively.

Since this analysis was for the time interval [tj+∆t, tj] and since there are r such intervals

sub-dividing our simulation interval, we can multiply our previous result by r using Box 4.1

in [65]. Since ∆t = t/r, we then have

∥E(t, 0)− ETS(t, 0)∥∞ ≤
L2cmax

2r
t2 . (2.6)

Now note that from (1.3) that if we denote the time evolution under Hk to be given by the

unitary superoperator Ek(tj + ∆t, tj), then

∥Ek(tj +∆t, tj)−Uk(tj +∆t, tj)∥∞ ≤ ∥Ek(tj +∆t, tj)−Uk(tj +∆t, tj)∥⋄ ≤ 4∥Hk∥2∞,1 . (2.7)

Using the sub-multiplicativity and triangle inequality for the induced infinity norm for su-

peroperators, we get∥∥∥∥ L∏
k=1

Ek(tj + ∆t, tj)−
L∏
k=1

Uk(tj + ∆t, tj)

∥∥∥∥
∞
≤ 4

L∑
k=1

∥Hk∥2∞,1 , (2.8)
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where the 1-norm in the subscript on the RHS denotes an integral over an interval of size

∆t from tj to tj + ∆t. Note that this notation causes the duration of the integral over time

to be implicitly rather than explicitly defined. Despite this drawback, we use this notation

in places throughout the thesis for brevity.

A straightforward generalization of the argument in Box 4.1 in [65] using the sub-

multiplicativity and triangle inequality for the diamond norm, and the fact quantum channels

have diamond norm at most 1 yields∥∥∥∥ r∏
j=1

L∏
k=1

Ek(tj + ∆t, tj)−
r∏
j=1

L∏
k=1

Uk(tj + ∆t, tj)

∥∥∥∥
∞
≤ 4r

L∑
k=1

∥Hk∥2∞,1 . (2.9)

From the above inequality, Lemma 1.1.7, and Lemma 2.1.1 we obtain that the bound of the

induced ∞-norm of the difference between the super-operator and the hybridized channel is∥∥∥∥E(t, 0)−
r∏
j=1

L∏
k=1

Uk(tj + ∆t, tj)

∥∥∥∥
∞
≤

∥∥∥∥E(t, 0)−
r∏
j=1

L∏
k=1

Ek(tj + ∆t, tj)

∥∥∥∥
∞

+

∥∥∥∥ r∏
j=1

L∏
k=1

Ek(tj + ∆t, tj)−
r∏
j=1

L∏
k=1

Uk(tj + ∆t, tj)

∥∥∥∥
∞

≤ L2cmax

r
t2 + 4r

L∑
k=1

∥Hk∥2∞,1 . (2.10)

Note that since the 1-norm in ∥Hk∥2∞,1 denotes an integral over a time-interval of size

∆t, this term scales with t2/r. If we implement each qDRIFT channel Uk with some error

ϵ, an easy application of the triangle inequality will add an additional subdominant term of

rLϵ to (2.2).

It should also be noted that the result of Theorem 2.1.2 applies for both the case of time-

dependent as well as time-independent Hamiltonian evolution. This is relevant because it

shows that the lowest-order Trotter-Suzuki formula can be combined with qDRIFT profitably

wherein small terms in the Hamiltonian can be reallocated between the Trotter and the

qDRIFT portions of the Hamiltonian to reduce the simulation cost. This can be seen as an

extension of the coalescing strategy of Ref. [85].
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If we compare this result with that given in Theorem 7’ of Ref.[29], we find that the error

in the latter approach using solely continuous qDRIFT scales with ∥Hk∥2∞,1,1, where the last

1 in the subscript denotes a sum over k, and we square after performing the integral and

sum. While the result in (2.2) adds a term which scales at worst quadratically in the number

of terms L in the Hamiltonian, we will find that for systems like those considered later in

this thesis, we can exploit the commutation relations between the terms in the Hamiltonian

to give bounds that scale linearly with L.

Corollary 2.1.3 (Hybrid Trotterization and qDRIFT Simulation in Interaction Picture). Let

H =
∑L

k=1Hk be a time-independent Hamiltonian where each summand satisfies conditions

1 and 2 in Section 1.1.1. Then given a decomposition of [0, t] into r sub-intervals of size ∆t,

we can perform the Hamiltonian simulation of H in the interaction frame of Hl as in (1.23)

such that ∥∥∥∥E(t, 0)−
r∏
j=1

L∏
k ̸=l

Uk(tj + ∆t, tj)

∥∥∥∥
∞
≤ t2

r

(
cI + 4

L∑
k ̸=l

∥Hk∥2∞
)
, (2.11)

where cI =
∑L

p ̸=l ∥[Hp,
∑L

q>pHq]∥∞. To ensure the simulation error in the infinity-norm is

less than ϵ, it therefore suffices to choose

r ≥ t2

ϵ

(
cI + 4

L∑
k ̸=l

∥Hk∥2∞
)
. (2.12)

Proof. When moving into the interaction frame of a particular term Hl in H as in (1.23), we

have

[HI
p , H

I
q ] = HI

pH
I
q −HI

qH
I
p = eiHltHpHqe

−iHlt − eiHltHqHpe
−iHlt = [Hp, Hq]

I .

Since the infinity norm is unitarily invariant, we then have that

∥[Hp, Hq]
I∥∞ = ∥[Hp, Hq]∥∞ .

As the time-dependence came only from the eiHlt terms, we can drop the maximization over

times in cmax. The sums in cmax will be over those indices p, q ̸= l and we define this simplified

quantity as cI as above.
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The 1-norm in ∥Hk∥2∞,1 denotes an integral over an interval of measure ∆t, so it again

follows from the unitary invariance of the infinity-norm that ∥Hk∥2∞,1 = (∆t)2∥Hk∥2∞. Sub-

stituting ∆t = t/r into (2.2) then yields the desired expression.

We can frame the complexity of the preceding process in terms of oracles defined as

follows:

Definition 2.1.4. Let H =
∑

kHk be a time-independent Hamiltonian in CM×M . We define

oracles {Wk}Lk=1 such that for each k, Wk : R 7→ CM×M with the action Wk(∆) = e−iHk∆.

These oracles can be used to implement the interaction frame transformation and the

time evolution under specific summands of H at various fixed times. Equation (2.12) then

gives an upper bound on the number of queries to the oracles Wk needed to ensure the

simulation protocol is within error ϵ.

2.2 Hybrid Continuous qDRIFT and Qubitization Protocol

We would also like to consider the scenario where we simulate a time-independent Hamilto-

nian H with the following procedure:

1. Move into the interaction frame of a term Hj in H to turn the simulation problem into

one involving a time-dependent interaction Hamiltonian HI(τ) as in (1.23).

2. Use continuous qDRIFT to approximate the ideal time-evolution by the channel (1.2).

Implementing this channel involves sampling from a probability distribution and yields

a product of r time-independent terms of the form exp (−iHI(τk)/p(τk)), where r is

the number of sub-intervals of the whole simulation interval.

3. Use qubitization to simulate each time-independent term above and perform a singular

value transformation to transform the spectrum in (1.12) and recover the original

spectrum of H.
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We first make the following definition:

Definition 2.2.1. Let H =
∑

k wkHk be a time-independent Hamiltonian in CM×M . We

define an oracle Wj such that Wj : R 7→ CM×M with the action Wj(∆) = e−iHj∆

We use this oracle to transform to the interaction frame of a particular summand Hj in

the Hamiltonian H in the following theorem:

Theorem 2.2.2 (Hybrid qDRIFT and Qubitization I.P. Simulation). Let H = Hj + Hα ∈

C2n×2n be a time-independent Hamiltonian such that Hα has an LCU decomposition Hα =∑L
l ̸=j wlHl, where wl ∈ R+, and each wl and Hl are obtained by oracles PREPARE and

SELECT in (1.6) and (1.7) respectively.

There exists a quantum algorithm such that for any ϵ, t > 0, it implements a quantum

channel Λ that is a (1, O(logL), ϵ) block-encoding of e−iHt using a number of queries to

PREPARE, SELECT, and Wj(t) in

O

(
λαt+

(
∥Hα∥2∞t2

ϵ

)
log(∥Hα∥∞t/ϵ)

log log(∥Hα∥∞t/ϵ)

)
, (2.13)

where λα =
∑

l ̸=j |wl|.

Proof. From Theorem 2.2, we have that for any positive integer r, there exists a division of

[0, t] where 0 = t0 < t1 < · · · < tk < · · · < tr = t such that (1.4) holds, where E(t, 0) and

each U(tk, tk+1) are understood as involving the interaction Hamiltonian HI(τ) of (1.23).

By equation (1.4) ∥∥∥∥∥E(t, 0)−
r−1∏
j=0

U(tj+1, tj)

∥∥∥∥∥
⋄

≤ 4
∥HI∥2∞,1

r
.

From the relationship of the trace norm to the diamond norm in (A.3) and the mono-
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tonicity of the Schatten p-norm, we get after choosing r ≥ 8
∥HI∥2∞,1

ϵ
that∥∥∥∥∥E(t, 0)−

r−1∏
j=0

U(tj+1, tj)

∥∥∥∥∥
∞

:= max
ρ∈D2n

∥∥∥∥∥E(t, 0) ◦ ρ−

(
r−1∏
j=0

U(tj+1, tj)

)
◦ ρ

∥∥∥∥∥
∞

≤ max
ρ∈D2n

∥∥∥∥∥E(t, 0) ◦ ρ−

(
r−1∏
j=0

U(tj+1, tj)

)
◦ ρ

∥∥∥∥∥
1

=

∥∥∥∥∥E(t, 0)−
r−1∏
j=0

U(tj+1, tj)

∥∥∥∥∥
⋄

≤ 4
∥HI∥2∞,1

r
≤ ϵ

2
. (2.14)

Next, let Q(tk+1, tk) denote a channel which implements the three-step procedure outlined

in the beginning of the section and let

Λ =
r−1∏
j=0

Q(tj+1, tj) ,

We claim Λ is the desired channel. To show this, note that from Definition 1.1.3, we have

upon fixing a signal state |T ⟩ = |0⟩m and setting α = 1 (which can be done since we’re

implementing qubitization) that

max
ρ∈D2n

∥E(t, 0)(ρ)− (⟨0|m ⊗ In)(Λ(|0⟩⟨0|m ⊗ ρ))(|0⟩m ⊗ In)∥∞

≤ max
ρ∈D2n

∥∥∥∥∥E(t, 0)(ρ)−

(
r−1∏
j=0

U(tj+1, tj)

)
(ρ)

∥∥∥∥∥
∞

+ max
ρ∈D2n

∥∥∥∥∥
(
r−1∏
j=0

U(tj+1, tj)

)
(ρ)− (⟨0|m ⊗ In)(Λ(|0⟩⟨0|m ⊗ ρ))(|0⟩m ⊗ In)

∥∥∥∥∥
∞

≤ ϵ

2
+ rmax

j
max
ρ∈D2n

∥U(tj+1, tj)(ρ)− (⟨0|m ⊗ In)(Q(tj+1, tj)(|0⟩⟨0|m ⊗ ρ))(|0⟩m ⊗ In)∥∞ .

(2.15)

Recall that sampling from U(tk, tk+1) yields a time-independent term exp (−iHI(τk)/p(τk))

where τk ∈ [tk, tk+1] ⊂ [0, t] is a specific time in some sub-interval [tk, tk+1] at which HI(τ)

is being evaluated. The latter term above can thus be interpreted as the maximum spectral

norm of the difference between an ideal implementation of the time-evolution operator for

t ∈ [tk, tk+1] and an implementation involving qubitization, maximized over all sub-intervals.
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This can be made as small as desired via singular value transformation techniques discussed

previously. Choosing

max
j

max
ρ∈D2n

∥U(tj+1, tj)(ρ)− (⟨0|m ⊗ In)(Q(tj+1, tj)(|0⟩⟨0|m ⊗ ρ))(|0⟩m ⊗ In)∥∞ ≤
ϵ

2r
,

we then have

max
ρ∈D2n

∥E(t, 0)(ρ)− (⟨0|m ⊗ In)(Λ(|0⟩⟨0|m ⊗ ρ))(|0⟩m ⊗ In)∥∞ ≤
ϵ

2
+ r

ϵ

2r
= ϵ .

We now define

H̃i(τ) = Hi(τ)/p(τ) ,

for i ̸= j. Using the following identity which holds for all invertible matrices U

UeAU † = exp(UAU †) , (2.16)

we have

exp(−iHI(τ)/p(τ)) = exp

(
eiHjτ

(
− i
∑
i ̸=j

H̃i

)
e−iHjτ

)
= eiHjτ

(
exp

(∑
i ̸=j

−iH̃i

))
e−iHjτ .

(2.17)

Each exp (−iHI(τk)/p(τk)) term obtained from sampling U(tk+1, tk) can be expanded as

in (2.17). Using the unitary invariance of the spectral norm, we have the simplification

p(τk) =
∥HI(τk)∥∞
∥HI(τ)∥∞,1

=
∥eiHjτk(

∑
i ̸=j Hi)e

−iHjτk∥∞∫ tk+1

tk
dt∥eiHjτk(

∑
i ̸=j Hi)e−iHjτk∥∞

=
∥
∑

i ̸=j Hi∥∞
∥
∑

i ̸=j Hi∥∞
∫ tk+1

tk
dt

=
1

tk+1 − tk
.

Thus, we obtain a product of terms of the form

exp(−iHI(τk)(tk+1 − tk)) = eiHjτk exp

(
− i(tk+1 − tk)

∑
i ̸=j

Hi

)
e−iHjτk .

We then obtain the overall query complexity by summing (1.14) as applied to each sub-

interval [tk, tk+1] from 0 to r − 1 with error in the QSP transformation at most δ:

O

( r−1∑
k=0

(
λα(tk+1 − tk) +

log(1/δ)

log log(1/δ)

))
= O

(
λαt+ r

log(1/δ)

log log(1/δ)

)
. (2.18)

Letting δ = O(ϵ/r) for our choice of r in the above completes the proof.
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Lastly, we consider a hybrid Trotter, qDRIFT, and qubitization I.P. protocol which ex-

tends the results of Theorem 2.1.3 to include a qubitization step at the end to simulate all the

resulting time-independent exponentials. This procedure is largely similar to that outlined

in the beginning of the section but with an additional Trotter step:

1. Move into the interaction frame of a term Hj in H to turn the simulation problem into

one involving a time-dependent interaction Hamiltonian HI(τ) as in (1.23).

2. Use the Trotterization technique outlined in Section 1.1.3 to split the resulting time-

ordered exponential into a product of L time-ordered exponentials, one for each sum-

mand in the Hamiltonian.

3. Use continuous qDRIFT to approximate each of the L time-ordered exponentials by the

channel (1.2). Implementing this channel involves sampling from a probability distribu-

tion that yields a product of r time-independent terms of the form exp (−iHI(τk)/p(τk))

for each of the L time-ordered exponentials.

4. Use qubitization to simulate the rL time-independent pieces and perform a singular

value transformation to transform the spectrum in (1.12) and recover the original

spectrum of H.

This yields the following theorem:

Theorem 2.2.3 (Hybrid Trotter, qDRIFT, and Qubitization I.P. Simulation). Let the as-

sumptions of the previous theorem hold. There exists a quantum algorithm such that for any

ϵ, t > 0, it implements a quantum channel Γ that is a (1, O(logL), ϵ) block-encoding of e−iHt

using a number of queries to PREPARE, SELECT, and Wj(t) in

O

(
λαt+ rL

log(rL/ϵ)

log log(rL/ϵ)

)
, (2.19)

where λα =
∑

l ̸=j |wl| and r is as in (2.12).
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Proof. Let Γ denote a channel which implements the four-step procedure outlined above.

Using the notation from the proof of the preceding theorem, we can express Γ as

Γ =
r∏
j=1

L∏
k=1

Qk(tj+1, tj)

where the subscript k denotes the quantum channel performing steps 3-4 above for a specific

Hamiltonian term Hk.

Replicating the arguments of the preceding theorem, we can pick

max
k

max
j

max
ρ∈D2n

∥Uk(tj+1, tj)(ρ)− (⟨0|m ⊗ In)(Qk(tj+1, tj)(|0⟩⟨0|m ⊗ ρ))(|0⟩m ⊗ In)∥∞ ≤
ϵ

2rL
.

(2.20)

From Corollary 2.1.3, we can pick r ≥ 2t2

ϵ

(
cI + 4

∑L
k ̸=l ∥Hk∥2∞

)
. Then from the triangle

inequality, we have

max
ρ∈D2n

∥E(t, 0)(ρ)− (⟨0|m ⊗ In)(Γ(|0⟩⟨0|m ⊗ ρ))(|0⟩m ⊗ In)∥∞

≤ max
ρ∈D2n

∥∥∥∥∥E(t, 0)(ρ)−

(
r∏
j=1

L∏
k=1

U(tj+1, tj)

)
(ρ)

∥∥∥∥∥
∞

+ max
ρ∈D2n

∥∥∥∥∥
(

r∏
j=1

L∏
k=1

U(tj+1, tj)

)
(ρ)− (⟨0|m ⊗ In)(Γ(|0⟩⟨0|m ⊗ ρ))(|0⟩m ⊗ In)

∥∥∥∥∥
∞

≤ ϵ

2
+ rLmax

k
max
j

max
ρ∈D2n

∥U(tj+1, tj)(ρ)− (⟨0|m ⊗ In)(Q(tj+1, tj)(|0⟩⟨0|m ⊗ ρ))(|0⟩m ⊗ In)∥∞

≤ ϵ

2
+ rL

ϵ

2rL
= ϵ . (2.21)

The overall query complexity is obtained by summing (1.14) as applied to each of the δ =

t/r sized sub-intervals and summing over the magnitude of the coefficients in the interaction

Hamiltonian. We then have, after choosing δ = ϵ
2rL

that

O

(
r

L∑
k=1

(
λi∆t+

log(1/δ)

log log(1/δ)

))
= O

(
λαt+ rL

log(rL/ϵ)

log log(rL/ϵ)

)
. (2.22)
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Note that the above methods can also be used to hybridize these simulation methods in

the time-independent case. Unlike the Trotter-methods, the scaling of the query complexity

is not substantially improved. Instead, any potential cost improvements to the simulation

come from simplifications to PREPARE and SELECT.

Finally, we note that one can choose other combinations than an outer qDRIFT or Trotter

loop and an inner qubitization loop. The first step in each of these hybrid procedures is to

exploit the L1-norm invariance of continuous qDRIFT by begining with a time-independent

Hamiltonian and transforming into the interaction frame of a particular summand. This

results in a time-dependent Hamiltonian, which cannot be simulated via qubitization and

constrains us to use either Trotter or qDRIFT first. This still leaves open the possibility of

whether trading an inner qDRIFT loop for another Trotterization procedure that decomposes

the time-ordered exponentials to ordinary exponentials or randomly interleaving qDRIFT or

Trotter procedures can result in additional speedups, and we leave such investigations for

future work.

2.3 Hamiltonian Simulation of Schwinger Model

2.3.1 Schwinger Model and Query Complexity Bounds

We apply these ideas in simulating the Schwinger Model, quantum electrodynamics in 1+1

dimensions on a lattice [59, 60]. This model has been extensively used as an important

stepping stone in simulations of lattice field theories using both tensor networks (see e.g. [61,

62]) and quantum devices (see e.g. Refs. [52, 63, 64]).

Using the Hamiltonian formulation of lattice gauge theory in the U(1) compact case [42,

86], the Hamiltonian of the model with N − 1 links and N/2 spatial sites (half of which are

electronic and half are positronic), is given by

H = HE +Hh +HM (2.23)
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with

HE =
g2a

2

∑
r

E2
r (2.24)

Hh =
1

2a

∑
r

Urψ
†
rψr+1 − U †

rψrψ
†
r+1 (2.25)

HM = m
∑
r

(−1)rψ†
rψr, (2.26)

where a is the lattice spacing, m the fermion mass, and g is the coupling constant. HE can

be interpreted as the electric energy given in terms of Er, the integer-valued electric fields

residing on the links. The remaining terms are expressed in terms of the fermionic operators

ψr and ψ†
r living on each site r, and the unitary link operators Ur = eiaAr are expressed

in terms of the gauge-potential Aµ = (0, A1) in the temporal-gauge. Hh is a lattice analog

of the minimal coupling of the Dirac fermionic field to the gauge field and HM is the mass

energy of the Dirac fermions, which are staggered based on the (−1)r factor.

We also have the following commutation relations between the link operators Er and Ur

[Er, Us] = Urδrs ⇒ [Er, U
†
s ] = −U †

r δrs, (2.27)

and between the fermionic creation and annihilation operators

{ψr, ψs} = {ψ†
r, ψ

†
s} = 0 (2.28)

{ψr, ψ†
s} = δrs. (2.29)

We can map the fermionic creation and annihilation operators in equations (2.25) and (2.26)

onto a corresponding set of operators acting on spin degrees of freedom via the Jordan-Wigner

transformation

ψ†
r =

(Xr − iYr)
2

r−1∏
j=1

Zj. (2.30)

Substituting the above into (2.25) and (2.26) and simplifying yields

Hh =
1

2a

N−1∑
r=1

[Urσ
−
r σ

+
r+1 + U †

rσ
+
r σ

−
r+1]
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=
1

8a

N−1∑
r=1

[(Ur + U †
r )(XrXr+1 + YrYr+1) + i(Ur − U †

r )(XrXr+1 − YrYr+1)] (2.31)

and

HM =
m

2

N∑
r=1

(−1)r+1Zr. (2.32)

Note that a factor of I/2 was dropped in the above equation since terms proportional to the

identity in a Hamiltonian merely shift the spectrum by a constant. The derivation above also

assumes open boundary conditions, but generalizations to periodic boundary conditions are

straightforward. In that case the total number of links becomes N instead of N − 1 and the

asymptotic results we derive below for simulating the Schwinger Model remain unchanged.

It is customary to use the electric eigenbasis |ϵ⟩r for the infinite-dimensional Hilbert space

of each link. In this basis, the Er operator takes the diagonal form

Er =
∑
ϵ

ϵ|ϵ⟩r⟨ϵ|r

and Ur takes the form

Ur =
∑
ϵ

|ϵ+ 1⟩⟨ϵ|,

i.e. of a raising operator. Note that in order to map these degrees onto a quantum computer,

it is customary to truncate the link Hilbert space by wrapping the electric field at a chosen

cutoff Λ. This requires modifying the commutation relations in (2.27) but this issue is not

directly relevant for our present work.

Since Hh and HM are manifestly a sum of unitary operators, we can use the PREPARE

and SELECT oracles from the qubitization simulation technique outlined previously. The

overarching strategy is to move into the interaction frame of the HE term, employ our hybrid

protocols as outlined in the previous sections, and determine the query complexity in terms

of the qubitization query model. The physical reasons for selecting the HE term for the

interaction picture is that the spectral norm of Er is either large for a large cutoff Λ or

unbounded in the strong coupling regime where g → ∞. Choosing this term “removes” it

from consideration in the interaction Hamiltonian as per equation (1.23). Additionally, since
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the Er operators are diagonal in its eigenbasis and the matrix elements are computable in

polynomial time, the cost of simulating HE in isolation is in O(poly(n log(1/ϵ)) [16]. This

efficiency justifies the choice to consider such simulations as oracles in the prior discussion.

As HM commutes with the HE term and is also 1-sparse, we may also opt to move into

the combined interaction frame of the HE and HM terms. In this case, it will suffice to

simulate only the Hh term via qubitization, and the simulation of this term will be the

biggest asymptotic driver of the query complexity.

Recall that the PREPARE oracle acts on an empty ancilla register of O(logL) qubits, if

L is the number of terms in the decomposition of the Hamiltonian into unitary operators,

and prepares the superposition state

PREPARE ≡
L∑
l=1

√
wl
λ
|l⟩⟨0|,

where wl denotes the coefficients of the terms in the decomposition of Hh and λ =
∑

l |wl| is

the sum of the absolute value of the coefficients in the Hh term. Note that this oracle does not

get altered when moving into the interaction frame since the coefficients wl remain the same.

Since there are 8(N − 1) terms in the LCU decomposition of Hh, we may set L = 8(N − 1).

There is only one type of coefficient in Hh in terms of magnitude, so wl/λ = 1/L and we

obtain for our situation

PREPARE ≡ 1√
L

L∑
l=1

|l⟩⟨0|. (2.33)

As a result, we can scale every term in our Hamiltonian by a factor of 8a and scale the

simulation time by a factor of 1/(8a).

On the other hand, a modification of the traditional select oracle is used to incorporate

the interaction picture:

SELECT′ ≡
∑
l

|l⟩⟨l| ⊗ ei(HE+HM )tH ′
le

−i(HE+HM )t

= (I ⊗ ei(HE+HM )t)(
∑
l

|l⟩⟨l| ⊗H ′
l)(I ⊗ e−i(HE+HM )t). (2.34)
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This is merely the customary SELECT oracle but conjugated by the unitary operator

eiHEteiHM t on the data qubits since HE and HM commute. It thus suffices to give circuit

implementations of the usual SELECT oracle.

To summarize, since the conditions of Theorem 2.2.2 are satisfied, we have the following

corollary:

Corollary 2.3.1 (Hybrid qDRIFT and Qubitization I.P Simulation for the Schwinger Model).

Let H = HE + HM + Hh be the Schwinger model Hamiltonian as given in (2.24), (2.25),

and (2.26). Then we can perform the Hamiltonian simulation of H with the method of

Theorem 2.2.2 using a total number of queries to PREPARE, SELECT, and WHM+HE
(t) in

O

(
N2t2

a2ϵ

log(Nt/aϵ)

log log(Nt/aϵ)

)
. (2.35)

Here, N is the number of sites in the system, a is the lattice spacing, t ≥ 0 is the simulation

time, and ϵ is the error quantifying the distance in 1-norm from the ideal time-evolution

channel.

Proof. Note that Hh is manifestly a linear combination of unitary operators and that HM and

HE are diagonal, and therefore 1-sparse, and commute with each other. Thus, the conditions

of Theorem 2.2.2 are satisfied and we may move into the interaction frame of both the HM

and HE terms.

To compute the explicit form of λ′, note that Hh consists of a sum over 8(N − 1) unitary

terms each with a coefficient of absolute value 1/(8a). We therefore have (N − 1)/a for the

overall sum. Thus

λ′ =
N − 1

a
. (2.36)

Now note that ∥U∥∞ = 1 for any unitary operator U . Then we have ∥Hh∥∞ ≤ λ′ by

using the triangle-inequality and the sub-multiplicativity of the Schatten infinity norm. Sub-

stituting these relationships into (2.13) and retaining the dominant terms gives the claimed

query complexity.
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Corollary 2.3.2 (Hybrid Trotter, qDRIFT, and qubitization I.P Simulation for Schwinger

Model). Let H = HE+HM+Hh be the Schwinger model Hamiltonian as given in (2.24), (2.25),

and (2.26). Then we can perform the Hamiltonian simulation of the Schwinger model with the

method of Theorem 2.2.3 using a number of queries to PREPARE, SELECT, andWHE+HM
(t)

in

O

(
Nt2

a2ϵ

log(Nt2/(a2ϵ2))

log log(Nt2/(a2ϵ2))

)
. (2.37)

Proof. We directly apply Corollary 2.1.3 to the situation where we move into the interaction

frame of HE and HM , leaving only the Hh term of the Schwinger model remaining. For the

terms in Hh, we use the notation Urσ
i
rσ

j
r+1, where i = 1 or 2 so that σ1

r = Xr and σ2
r = Yr.

Since [Ur, Us] = 0 for all r, s and [Ur, U
†
r ] = 0 since Ur is unitary (and therefore normal), we

need only focus on the commutators between the Pauli matrices in computing cI . But since

Pauli operators acting on different sites commute, we can further specialize to considering

those terms that yield [Xr, Yr] = iZr. Therefore, given a term Urσ
i
rσ

j
r+1, it fails to commute

with only Ur−1σ
k
r−1σ

l
r and Ur+1σ

m
r+1σ

n
r+2, with analogous statements holding for U †

rσ
i
rσ

j
r+1. In

other words, the terms involving a particular site r fail to commute with only those involving

adjacent sites. Terms such as [UrXrXr+1, UrYrYr+1] do not contribute since

[UrXrXr+1, UrYrYr+1] = U2
rXrYrXr+1Yr+1 − U2

r YrXrYr+1Xr+1 = 0,

where we’ve used in the anti-commutation relation twice {Xk, Yk} = 0 to obtain the last

equality.

Therefore, we can decompose Hh into “even” and “odd” pieces as follows:

Heven
h =

1

8a

(N−1)/2∑
r=1

[(U2r + U †
2r)(X2rX2r+1 + Y2rY2r+1) + i(U2r − U †

2r)(X2rX2r+1 − Y2rY2r+1)]

Hodd
h =

1

8a

(N−1)/2∑
r=1

[(U2r−1 + U †
2r−1)(X2r−1X2r + Y2r−1Y2r) + i(U2r−1 − U †

2r−1)(X2r−1X2r − Y2r−1Y2r)].

From the preceding discussion, given a particular term in the “odd” sum, there are exactly

two terms in the even sum that fail to commute with it. In particular, there is exactly one
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term in Heven
I with higher site index that fails to commute with it. Then by the definition

of cI ,

cI = ∥[Heven
p , Hodd

q ]∥ =
(N − 1)

2

1

64a2
=
N − 1

128a2
.

Similarly, since each term in Hh has norm 1, we have

4
N−1∑
r=1

∥Hh∥2∞ ≤
32(N − 1)

64a2.

Substituting these into (2.12) gives

r ≥ 65(N − 1)t2

128a2ϵ
. (2.38)

Substituting this and L = 2 into (2.19) and retaining the dominant terms gives

O

(
Nt2

a2ϵ

log(Nt2/(a2ϵ2))

log log(Nt2/(a2ϵ2))

)
(2.39)

as claimed. Note that these choices for the errors ensure that the total error for approximation

of the ideal time-evolution channel via this entire procedure is ϵ/2+(2r)(ϵ/4r) = ϵ/2+ϵ/2 =

ϵ.

Comparing the results of the preceeding corollaries, we see that Trotterizing first before

applying qDRIFT can result in improvements in the query complexity in situations where the

Hamiltonian has additional commutator structure that can be exploited. For unstructured

problems, the additional Trotterization step is not generally useful.

2.3.2 Construction of Prepare and Select Oracles

We now give high-level circuit implementations of the aforementioned SELECT and PRE-

PARE oracles for the Hh term of the Schwinger model.

We opt to employ a unary encoding of the control qubits |ci⟩ needed for the prepare and

select oracles, i.e. |i⟩ = |0...1...0⟩, where the 1 occurs on the i-th spot in the ket. Though this

encoding requires a number of qubits linear in the number of terms in the LCU decomposition
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rather than logarithmic for the implementation of the oracles, it greatly simplifies the control

structures required within the circuits.

To implement the select oracle for Hh, we exploit certain patterns within the coefficients

of the terms in Hh. Note that there are terms with U †
r and Ur, phases of ±i, and Xr

and Yr. We can switch between X and Y via the identity SXS† = Y . From techniques

involving two’s complement numbers, there exists a unitary operator Q that can flip Ur to

U †
r [87]. Lastly, the factors ±i can be inserted via suitable insertions of controlled-Z gate

and controlled-S gate operations. The circuit that accomplishes this is given in Figure 2.1.

|c1⟩ • •
|c2⟩ • •

...
|cN−1⟩ • •
|l1⟩ Q† U1 Q

|l2⟩ Q† U2 Q
...

|lN−1⟩ Q† UN−1 Q

|q1⟩ S† X1 S

|q2⟩ S† X2 X2 S

|q3⟩ S† X3 S
...

...
. . .

...

|qN−1⟩ S† XN−1 S

|qN ⟩ S† XN S

|0⟩ H • • • • • • • •

|0⟩ H • • •

|0⟩ H S Z

Figure 2.1: SELECT circuit for the Hh term in Schwinger Model

Here, |cr⟩ represent the control qubits used to implement the controlled operations, |lr⟩
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the qubits corresponding to the links of the system, and |qr⟩ the qubits corresponding to the

sites. Note how the control gate structure in this unary encoding is much more simple than

what would have been required with a binary encoding. Though the latter encoding would

have required only log(N − 1) control qubits instead of N − 1 as above, the advantage there

is mitigated by the fact that numerous multi-controlled gates would have been required.

Since the terms in Hh for a given r only differ by coefficients of ±1 or ±i, these can be

implemented via the insertion of a Z or S gate through the above constructions that exploit

the aforementioned patterns in Hh. Note that the number of qubits needed to specify the

state of link |lr⟩ will depend on the cut off for the electric energy term chosen. If our cutoff

is Λ, then |lr⟩ will be a log Λ-qubit state and Ur a log Λ-qubit operator.

The circuit implementation of the PREPARE oracle reduces to preparing a uniform

superposition state in binary, as per (2.33), and then converting the encoding to a unary one.

The overall circuit with the general pattern is depicted in Figure 2.2 with k = log(8(N − 1))

ancilla control qubits. Note that since in the unary encoding an integer k is expressed as

a state with a 1 in the k-th spot and 0’s elsewhere, the X gate on |0⟩1 and the subsequent

swaps have the effect of permuting the 1 to the appropriate position.

|b1⟩ H
...

. . .

|bk−1⟩ H • •

|bk⟩ H • •

|c⟩1 X × ×
|c⟩2 × ×
|c⟩3 ×
|c⟩4 ×...

... · · ·
|c⟩N−1

Figure 2.2: PREPARE circuit for the Hh term in Schwinger Model

The control structure on the bits bj encoding the binary integers for the controlled-swap
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gates is given precisely by the binary representation of that index. For example, since the

binary integer |00 . . . 1⟩ gets mapped to |01 . . . 0⟩ in our unary encoding, we have to do a

swap on the |0⟩1 and |0⟩2 qubits controlled on the first k− 1 b qubits being 0 and bk being 1.

2.3.3 Gate Complexity Analysis

We now analyze the gate complexity per query to CTRL(W) of our simulation protocol and

do so by analyzing the circuits given in Figure 2.1 and Figure 2.2. It suffices to express

the complexity in terms of Toffoli gates since they dominate the computational complexity

compared to Clifford operations.

Our analysis proceeds as follows:

1. First consider the PREPARE† and PREPARE operations in Figure 1.1. We make the

approximation that they have roughly the same gate complexity and that it therefore

suffices to determine the gate complexity of just the PREPARE circuit.

From Figure 2.2, note that we have N − 1 multiply-controlled swap gates since we

needed to perform a binary-to-unary conversion to the N − 1 qubits we have. Each

can be converted to standard Ck(SWAP) by inserting X gates on either side of the 0

controls. Since we are assuming Pauli operations are approximately cost-free, it suffices

to determine the gate complexity of these N − 1 Ck(SWAP) gates. Standard circuit

arguments show that the following identities hold:

• • • • •
• • • • •...

...
...

...= =• • • • •
• • •

k

× • •
× • • • •

Thus, each Ck(SWAP) gate can be decomposed into a Ck+1(NOT) gate and 2 CNOT

gates. From Corollary 1 in Ref. [88], we get that Ck+1(NOT) gate can be decomposed

into 8(k+ 2)− 24 = 8k− 8 Toffoli gates using only a single auxiliary qubit that can be
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reused. This gives roughly 2(N − 1)(8k− 8) Toffoli gates that are needed for both the

PREPARE and PREPARE† parts of Figure 1.1. Overall we have a gate complexity of

O(N logN)

with 1 ancilla qubit needed.

The methods in Ref. [89] can be used to perform PREPARE circuit with N logN

controlled swap gates, each of which can be decomposed into at most four non-Clifford

operations using the techniques in Ref. [90]. This results in a smaller gate cost but

ultimately does not affect the asymptotic gate complexity shown above.

2. The multiply-controlled Z gate in Figure 1.1 is controlled only on the N − 1 control

qubits that make up the unary encoding portion of Figure 2.2. Applying the above

corollary again, we get a gate complexity of

O(N)

with 1 ancilla qubit needed.

3. To analyze the gate complexity of the controlled-SELECT operation in Figure 1.1,

we first examine the operations that don’t involve Ur and Q. The external control

distributes among the operations involving the 2(N − 1) controlled-S and controlled-

S† gates, 2(N − 2) + 2 controlled-Xr gates, and the final 3 CNOT operations. Adding

these together yields a total of 4N − 1 Toffoli gates, giving a gate complexity of

O(N)

with no ancilla qubits needed.

4. For the Ur gates, note that its action on states is that of an incrementer. This can be

implemented by utilizing the quantum ripple-carry adder circuit given by Cuccaro in
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Ref. [91]. Since we increment log Λ-qubit numbers, the gate complexity is given in the

thesis to be 2 log Λ− 1 Toffoli gates, 5 log Λ− 3 CNOTs, and 2 log Λ− 4 negations.

Since we must perform a controlled-Ur operation for the walk operator, we get (5 log Λ−

3) Toffoli gates, and (2 log Λ− 1) C3(NOT) gates. Again from Corollary 1 in Ref. [88],

the latter is equivalent to 8(2 log Λ− 1) Toffoli gates with 1 extra qubit needed. Since

we must perform N−1 of these Ur operations, we have altogether (N−1)(21 log Λ−11)

Toffoli gates, giving a gate complexity of

O(N log Λ)

with 1 ancilla qubit needed.

5. The Q and Q† operations can be implemented with O(log(Λ)) Toffoli gates each (see

Ref. [87]), with the extra controls giving only constant pre-factors to the cost. Since

there are 2(N − 1) of these operations performed, we have a gate complexity of

O(N log Λ)

6. Finally, the cost of performing the diagonal Hamiltonian simulation is O(N log2(Λ))

as the computation of the diagonal elements of the Hamiltonian involves squaring the

input value, which can be performed in time O(log2(Λ)) (see Lemma 2 of Ref. [92]).

These considerations give us the following corollaries:

Corollary 2.3.3 (Gate Complexity for Hybrid qDRIFT and Qubitization I.P. Simulation

of Schwinger Model). Let H = Hh +HM +HE be the Schwinger model Hamiltonian as given

in (2.24), (2.25), and (2.26). Then the Hamiltonian simulation of H can be performed using

the method of Theorem 2.2.2 with a gate complexity in

O

(
N3t2

a2ϵ

log(Nt/aϵ)

log log(Nt/aϵ)
log2(NΛ)

)
, (2.40)
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with an ancilla qubit overhead of O(1). In Õ notation, the gate complexity is

Õ

(
N3t2

a2ϵ
log2 Λ

)
. (2.41)

Proof. Summing up the scaling results from steps 1-6 as outlined above, we get a per-query

gate complexity of

O(N log2(Λ) +N log(N)) ⊆ O(N log2(NΛ)). (2.42)

Multiplying these by (2.35) and retaining the dominant terms yields the stated results.

Corollary 2.3.4 (Gate Complexity for Hybrid Trotter, qDRIFT, Qubitization I.P. Simula-

tion of Schwinger Model). Let H = Hh +HM +HE be the Schwinger model Hamiltonian as

given in (2.24), (2.25), and (2.26). Then the Hamiltonian simulation of H can be performed

using the method of Theorem 2.2.3 with a gate complexity in

O

(
N2t2

a2ϵ

log(Nt2/(a2ϵ2))

log log(Nt2/(a2ϵ2))
log2(Λ)

)
, (2.43)

with an ancilla qubit overhead of O(1). In Õ notation, the gate complexity is

Õ

(
N2t2

a2ϵ
log2(Λ)

)
. (2.44)

Proof. Multiplying (2.37) by N log(NΛ) gives the big-O cost. Dropping all sub-dominant

logarithmic factors gives the Õ scaling.

2.3.4 Comparison with Trotterization

The results of (2.41) and (2.44) can be directly compared with the result given in Corollary

11 of Ref. [92] for using a second-order Trotter-Suzuki formula to perform the quantum

simulation of the Schwinger model. We will first consider the regime in which simulations

are carried at constant 1/(ga) = O(1) and for fixed m/g = O(1). For this condition, we can

use the result in Corollary 9 of Ref. [92] which after rescaling the time variable T → ag2t/2
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to align with our normalization conventions for the Schwinger Model Hamiltonian, gives a

total T -gate cost of

Õ

(
N3/2t3/2Λa1/2g2

ϵ1/2

)
= Õ

(
N3/2t3/2Λg3/2

ϵ1/2

)
.

In the same regime, the result of (2.44) gives a gate complexity in

Õ

(
N2t2

a2ϵ
log2(Λ)

)
= Õ

(
N2t2g2

ϵ
log2(Λ)

)
.

We then see that the hybrid I.P. scheme provides a quasi-exponential speedup with respect

to the electric cutoff Λ over the second-order Trotter-Suzuki approach, at the expense of a

slightly worse scaling in all the other parameters (N, t, g, ϵ).

In order to extract physical observables however, it is important to consider that the

number of sites N and the the lattice spacing cannot be chosen independently as the product

L = Na gives the physical size of the system. In past numerical simulations it was found

that choosing Nga = O(10) is appropriate for a large number of configurations (see e.g.

Ref. [61]). In order to keep our derivation general, we will then introduce the dimensionless

parameter l = Nga. In addition to the thermodynamic limit Na → ∞, one also has to

work with ga→ 0 in order to recover the continuum limit of the theory. The resulting gate

complexity of the hybrid I.P. algorithm from Corollary 2.3.4 is found to be

Õ

(
l2t2

g2a4ϵ
log2(Λ)

)
,

while for the second order Trotter-Suzuki scheme we have to consider two distinct regimes

• large cutoff limit Λga > 1, in which case the T -gate count is bounded by

Õ

(
l3/2t3/2Λ

a3/2ϵ1/2

)
,

• small lattice spacing limit Λga < 1, in which case the result of Corollary 9 of Ref. [92]

does not hold anymore. The T-gate count can be found instead by using the more

general result from Corollary 11 there, resulting in the Λ-independent scaling

Õ

(
l3/2t3/2

g3/2a3ϵ1/2

)
.
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These results show that for fixed error ϵ and lattice extent l, the hybrid I.P. approach

can be especially beneficial in the first regime thanks to the poly-logarithmic dependence on

the cutoff Λ. In the small lattice spacing regime relevant for the continuum limit, the second

order Trotter-Suzuki scheme developed in Ref. [92] has instead a better scaling with respect

to all the parameters.

Finally, for the continuum limit it might be possible to improve the the gate complexity

in some regimes by choosing to perform the I.P. simulation in the rotating frame given by

the the interaction Hamiltonian Hh instead. Using the hybrid Trotter and qDRIFT scheme

from Corollary 2.1.3, together with the implementation via qubitization of the time evolution

operator for Hh derived in Section 2.3.2, this scheme has gate cost in

Õ

(
N2t

a
+
N2t2

ϵ

(
m2 + g4a2Λ4

))
.

For m/g = O(1) and introducing the dimensional lattice size l = Nga, this becomes

Õ

(
l2t

g2a3
+
l2t2

a2ϵ
+
l2t2

ϵ
g2Λ4

)
.

This is clearly worse than either the Hybrid approaches discussed above or the second order

Trotter-Suzuki scheme from Ref. [92] in the large cutoff limit Λga > 1, but can become

competitive in the small lattice spacing limit Λga < 1 for some choices of (ϵ, l,Λ).

A detailed comparison of these different schemes to extract continuum quantities of phys-

ical interest in the Schwinger model with some target precision δ would require a more careful

analysis of the scaling of the lattice size l and the electric field cutoff Λ, as well as a more

careful consideration of the logarithmic factors hidden by the Õ notation. We leave this

interesting extension of the present work to future studies.

2.4 Collective Neutrino Oscillations

In extreme astrophysical environments, such as supernova explosions, neutrinos are present

in such large densities that neutrino-neutrino interactions can become important to describe

flavor evolution [93, 94]. These interactions are responsible for the appearance of collective
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modes in flavor oscillations and have traditionally been studied with the help of a mean-

field approximation (see e.g. Refs. [95, 96] for reviews). Due to the presence of interactions,

many-body effects and quantum correlations could be important in understanding these

phenomena and a number of studies is underway with a variety of techniques: from exact

diagonalization [97] to Bethe-ansatz solutions [98], from tensor networks [99, 100] to digital

quantum simulations [101, 102]. Quantum computing might offer a promising route to study

these phenomena in situations where the entanglement entropy grows too fast with system

size for tensor network simulations to remain feasible.

An important obstacle towards describing collective oscillations in realistic regimes is

the fact that besides interactions with other neutrinos, scattering with external leptons

(especially the abundant electrons) is an important effect external to the proto-neutron

star. The matter interaction terms can become the dominant contributions in this regime,

requiring very small time-steps for an accurate simulation of the flavor dynamics. On the

quantum computing side, this requirement translates into a large number of gates required

for the simulation and it is therefore important to design simulation algorithms with a gentle

computational scaling with the external matter density.

The Hamiltonian of interest in the regime external to the star can be written as follows

(see e.g. Ref. [103] for a derivation)

H =
N∑
i=1

ωi
2
B⃗ · σ⃗i +

λ

2

N∑
i=1

Zi +
µ

2N

N∑
i<j

Jijσ⃗i · σ⃗j . (2.45)

Here σ⃗i is the vector of Pauli matrices acting on the i-th qubit and the single particle

energies ωi are positive for neutrinos and negative for anti-neutrinos. The coupling matrix

Jij takes values in [0, 2] and the normalized vector B⃗ contains the vacuum mixing angle as

B⃗ = (sin(2θ), 0,− cos(2θ)). The constants are given by λ =
√

2GFne and µ =
√

2GFnν ,

with GF Fermi’s constant and ne and nν the electron and neutrino densities respectively. In

typical situations the electron contribution λ is the dominant term. A standard approach

to deal with this problem is to move to the rotating frame defined by the unitary Ue(t) =
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exp(−i t
2
λ
∑N

i=1 Zi) and define the Hamiltonian in the interaction picture as

H(t) = U †
e (t)HUe(t)− iU †

e (t)
∂

∂t
Ue(t)

= sin(2θ)
N∑
i=1

ωi
2

(cos(λt)Xi − sin(λt)Yi)− cos(2θ)
N∑
i=1

ωi
2
Zi +

µ

2N

N∑
i<j

Jijσ⃗i · σ⃗j

= eiλ
∑

i ZitHνe
−iλ

∑
i Zit,

(2.46)

where

Hν =
N∑
i=1

ωi
2
B⃗ · σ⃗i +

µ

2N

N∑
i<j

Jijσ⃗i · σ⃗j . (2.47)

Typically only the leading order contribution in the Magnus expansion is retained, giving

the time-independent Hamiltonian

H0 = − cos(2θ)
N∑
i=1

ωi
2
Zi +

µ

2N

N∑
i<j

Jijσ⃗i · σ⃗j . (2.48)

In this limit, flavor states will not experience oscillations and typically this is solved by

defining the flavor axis to be rotated by a small phenomenological amount away from the Z

axis. It would be desirable however to be able to exercise more control in this approximation.

Expansions to high orders in the Magnus expansion quickly produce higher order interactions

which will complicate the implementation of the corresponding time-independent evolution.

Here we use the time-dependent algorithm described above to work directly in the interaction

picture without introducing uncontrollable errors.

2.4.1 Trotter Suzuki Approximations in Interaction Frame

As a first step, let us consider simulating the Hamiltonian in the interaction frame using a

kth-order Trotter-Suzuki formula such as those in Ref. [17]. To do this, we need to introduce

a notion of the typical energy scale of the time-dependent Hamiltonian with respect to

the Trotter decomposition of the interaction frame Hamiltonian. If we use a conventional

Trotter decomposition, as opposed to (1.18), we find that the error incurred from using a

first-order Trotter formula for an ordered operator exponential U1(t) formed by evaluating
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the Hamiltonian at t = 0 and then Trotterizing the resultant ordinary operator exponential

is ∥∥∥∥expτ

(
−i
∫
H(t)dt

)
− U1(t)

∥∥∥∥
∞
∈ O((max

t
∥H ′(t)∥∞ +

∑
p,q

max
t
∥[Hp(t), Hq(t)]∥∞)t2),

(2.49)

where the specific constants can be found using the techniques in Ref. [85]. The derivative

of the Hamiltonian in the interaction frame is in

∥H ′(t)∥∞ ∈ O(θNλ). (2.50)

The commutator sum similarly obeys

∥
∑
p,q

max
t,t′
∥[Hp(t

′), Hq(t)]∥∞ ∈ O
(
Nωθ + µNθ + ωNµ+Nµ2

)
= O (N(θ(ω + µ) + µ(ω + µ)))

⊆ O
(
Nµ2)

)
, (2.51)

where ω = maxi |ωi| and in the last term we take µ≫ ω.

The overall error in the simulation is therefore

O
(
(Nµ2 + θNλ)t2

)
. (2.52)

If we break the overall evolution into r time slices, then it follows that the error in the

simulation can be made at most ϵ by choosing

r ∈ O
(
N(µ2 + θλ)t2

ϵ

)
. (2.53)

As there are O(N2) operator exponentials per time step, the total number of operator expo-

nentials needed to perform the simulation is

Nexp ∈ O
(
N3(µ2 + θλ)t2

ϵ

)
. (2.54)

Since each operator exponential requires O(1) gates from the H,Rz,CNOT gate library,

the gate complexity is also proportional to this [16]. Interestingly, using the swap-network
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protocol from Ref. [101] (and inspired from their fermionic variant [104]), this cost is not

affected by limited connectivity in the device despite the interaction being all-to-all. This

cost also coincides with the optimal scaling with λ permitted by the no-fast forwarding

theorem [33], despite being a low-order formula that has inferior scaling with respect to the

other parameters relative to alternative simulation methods.

Higher-order time-dependent Trotter formulas for the simulation can be used, but the

advantage gleaned by using them with respect to the λ scaling is less clear. Such algorithms

scale with the parameter [17]

Λk+1
k /rk = max

j≤k
(∥∂jtH(t)∥1/j+1

∞ )k+1/rk ∈ O(λk/rk), (2.55)

where k represents the order of the Trotter formula. It then follows that these formulas

ultimately lead to the same linear scaling in the gate complexity with λ (assuming that θ ∈

Θ(1)). By contrast, if we did not use the interaction picture algorithm, the cost of simulation

using the kth-order Trotter time-independent formula would scale as O(λ1+1/2k) [16, 17]. This

illustrates that for problems with an imbalance in the scales of the operators, switching to

an interaction frame can be beneficial at virtually no cost overhead.

2.4.2 Simulating Neutrino Oscillations using Hybrid Trotter-qDRIFT

Now we will apply Corollary 2.1.3 to compare this cost to that required by the hybrid Trotter

and continuous qDRIFT algorithm. Specifically, the error in an r-segment simulation is of

the form (under the assumption that µ≫ ω)

t2

r

(
cI + 4

L∑
k ̸=l

∥Hk∥2∞
)
∈ O

(
Nµ2t2

r

)
. (2.56)

As each segment of qubitization requires application of a first order Trotter formula, the cost

per segment in terms of operator exponentials scales as O(N2). Thus if we demand that the

error is at most ϵ, the cost is

Nexp ∈ O(N2r) ⊆ O

(
N3µ2t2

ϵ

)
, (2.57)
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wherein each operator exponential requires O(1) applications of H,Rz and CNOT. This

shows that the above asymptotic scaling applies in the gate complexity as well as the number

of exponentials.

Interestingly, in the limit where λ≫ 1, this result provides better scaling than even the

gate complexity of the truncated Dyson series [105, 106] which scales in the interaction frame

as log(λ). In our case, the quantum computational complexity is completely independent of

λ. Of course, poly-logarithmic costs with these algorithms need to be incurred at the classical

side to compute the rotation angles that go into the single qubit rotations but such costs are

assumed to be negligible in our cost model. This implies that for such cases where the cost

of the simulation is gated by the cost of preparing and controlling from the time-register,

switching to a method that only requires classical controls can allow us to outperform such

methods and make the gate count (rather than just the query complexity [106]) independent

of the magnitude of the norm of the interaction Hamiltonian.

As a final note, similar scaling can also be attained by using the approach of Ref. [18] to

time-order the operator exponentials that we use in the interaction frame. The performance

of this method is summarized in (1.18) and gives an alternative to the hybrid approach

considered here and yields comparable scaling with λ.

2.5 Constrained Hamiltonian Dynamics

As a final application of these techniques, let us consider the application of quantum simu-

lation to dynamics subject to dynamical constraints. Specifically, we will consider a Hamil-

tonian of the form

H = Hf + λPc, (2.58)

where Hf ∈ C2n×2n is the free Hamiltonian and Pc ∈ C2n×2n is a projector onto an infeasible

region. The idea behind our approach to simulating constrained quantum dynamics is that

if we choose λ ≫ ∥Hf∥∞ and an initial state |ψ⟩ = (I − Pc)|ψ⟩, then the dynamics of the

quantum system will, up to small errors, be confined to within the dynamically feasible

region specified by the null-space of Pc. Note that this result is reminiscent of others in the
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literature such as Refs. [107, 108]; however, this result is specialized to time evolution and is

simpler to employ in this context.

Lemma 2.5.1. Let Hf ∈ C2n×2n be a free Hamiltonian for a system and let λ be a variable

describing the strength of the constraint such that ∥Hf∥∞ ≪ λ. We then have that for any

|ψ⟩ in the null-space of Pc,

∥e−i(Hf−λPc)t|ψ⟩ − lim
λ→∞

e−i(Hf−λPc)t|ψ⟩∥2 ∈ O
(
∥Hf∥2∞t

λ

)
where ∥ · ∥2 refers to the vector 2-norm.

Proof. In order to show the deviation in each eigenvector of the Hamiltonian that arises from

adding the small Hamiltonian Hf to the constraint term, we will introduce

Hf (x) := Hfx+ λPc, (2.59)

where x ∈ [0, 1]. For x = 0, Hf (0) = λPc has a degenerate null-space denoted P0. Let |vj(x)⟩

denote the eigenvectors of Hf (x) with corresponding eigenvalues Ej(x). We then have from

perturbation theory that the derivative of |vj(x)⟩ is

∂|vj(x)⟩
∂x

=
∑
k ̸=j

|vk(x)⟩⟨vk(x)|Hf |vj(x)⟩
Ej(x)− Ek(x)

(2.60)

Assuming that the eigenvalue gaps are non-zero, we further have that the second derivative

is finite. From the definition of a Riemann integral, we get

|vj(1)⟩ =

∫ 1

0

∂|vj(x)⟩
∂x

dx = |vj(0)⟩+ lim
r→∞

r∑
p=2

∑
k ̸=j

|vk((p−1)/r)⟩⟨vk((p− 1)/r)|Hf |vj((p− 1)/r)⟩
Ej((p− 1)/r)− Ek((p− 1)/r)

1

r
.

(2.61)

This expression allows us to relate the shift in the eigenvectors recursively. First let us

consider the initial time step. As Hf (x) is degenerate at x = 0, we can choose the eigen-

vectors such that the matrix with components ⟨vj(0)|Hf |vk(0)⟩ is a diagonal matrix for all

|vj(0)⟩, |vk(0)⟩ ∈ P0 or |vj(0)⟩, |vk(0)⟩ ∈ P0⊥. In the former case we have that (I−Pc)|vj(0)⟩ =

|vj(0)⟩, so ⟨vj(0)|Hf |vk(0)⟩ = ⟨vj(0)|(I − Pc)Hf (I − Pc)|vk(0)⟩. Thus we can achieve the di-

agonal criteria by choosing each |vj(0)⟩ to be an eigenvector of (I−Pc)Hf (I−Pc). Similarly,
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we can achieve the diagonal criteria for each vector in P0⊥ by choosing each |vj⟩ to be an

eigenvector of PcHfPc. We then have that for any |vj(0)⟩ in P0,

|vj(1/r)⟩ = |vj(0)⟩+
1

r

∑
k ̸=j

|vk(0)⟩⟨vk(0)|Hf |vj(0)⟩
Ej(0)− Ek(0)

= |vj(0)⟩ −
∑

k:|vk(0)⟩̸=P0

|vk(0)⟩⟨vk(0)|Hf |vj(0)⟩
λr

. (2.62)

In turn

∥|vj(0)⟩ − |vj(1/r)⟩∥2 ∈ O(∥Hf∥∞/λr). (2.63)

Furthermore from Ref. [109], we have that for all k, |Ek(x)−Ek(0)| ≤ x∥Hf∥∞. Now let us

assume that for some integer q ≥ 0

∥|vj(0)⟩ − |vj(q/r)⟩∥2 ∈ O(q∥Hf∥∞/λr) . (2.64)

We then have

|vj((q + 1)/r)⟩ = |vj(q/r)⟩+
1

r

∑
k ̸=j

|vk(q/r)⟩
⟨vk(q/r)|Hf |vj(q/r)⟩
Ej(q/r)− Ek(q/r)

(2.65)

and therefore

∥|vj((q + 1)/r)⟩ − |vj(q/r)⟩∥2 ∈ O
(

∥Hf∥∞
(λ− 2∥Hf∥∞)r

)
= O

(
∥Hf∥∞
λr

)
. (2.66)

Thus we have

∥|vj((q + 1)/r)⟩ − |vj(0)⟩∥2 ≤ ∥|vj((q + 1)/r)⟩ − |vj(q/r)⟩∥2 + ∥|vj(0)⟩ − |vj(q/r)⟩∥2

∈ O
(

(q + 1)∥Hf∥∞
λr

)
. (2.67)

This in turn shows us that

∥|vj(1)⟩ − |vj(0)⟩∥2 ∈ O
(
∥Hf∥∞
λ

)
. (2.68)

Next by examining the differential equation for the eigenvalues, we have that the correspond-

ing eigenvalue Ej(1) obeys

Ej(1) = Ej(0) +

∫ 1

0

∂Ej(x)

∂x
dx =

∫ 1

0

∂Ej(x)

∂x
dx

=

∫ 1

0

⟨vj(x)|Hf |vj(x)⟩dx = ⟨vj(0)|Hf |vj(0)⟩+O

(
∥Hf∥2∞
λ

)
. (2.69)
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Similarly for any |vj(0)⟩ ∈ P0⊥, Ej(1) = λ + ⟨vj(0)|Hf |vj(0)⟩ + O
(

∥Hf∥2∞
λ

)
. We therefore

have from the triangle inequality that

∥H(1)−
∑
k

(λδ|vk⟩∈P0⊥ + ⟨vk(0)|Hf |vk(0)⟩|vk(0)⟩⟨vk(0)|)∥∞

∈ O
(
∥Hf∥2∞
λ

)
. (2.70)

We therefore have from the fact that ∥e−iHt − e−iH
′t∥∞ ≤ ∥H − H ′∥∞t for all Hermitian

matrices H and H ′ of equal dimension that

∥e−iH(1)t − e
−i

∑
k

(
λδ

|vk⟩∈P0⊥+⟨vk(0)|Hf |vk(0)⟩|vk(0)⟩⟨vk(0)|
)
t
∥∞ ∈ O

(
∥Hf∥2∞t

λ

)
. (2.71)

Therefore for any |ψ⟩ ∈ P0 we have that

∥e−iH(1)t|ψ⟩ − lim
λ→∞

e−iH(1)t|ψ⟩∥2 ∈ O
(
∥Hf∥2∞t

λ

)
. (2.72)

This shows that we can simulate constrained dynamics for time t within error ϵ by

choosing λ ≥ ∥Hf∥2∞t/ϵ. This in turn leads to a substantial degradation of the scaling

of most simulation algorithms if [Hf , Pc] ̸= 0, because the Hamiltonian’s norm scales with

both the evolution time and the uncertainty desired in the simulation. This makes such

constrained dynamics impractical for many applications.

This drawback can, however, be mitigated through the use of an interaction frame trans-

formation. By transforming to the interaction frame of the constraint, we can perform the

simulation at cost that is (in some cases) independent of the choice of λ. The cost of such

simulations using a hybrid qubitization and qDRIFT algorithm is given below. We cite the

complexity of this algorithm rather than truncated Dyson methods because such methods

explicitly have a cost that scales logarithmically with λ; whereas in some cases the quantum

gate complexity will be independent of λ.

Theorem 2.5.2. Let the assumptions of Theorem 2.2.2 hold. Then there exists a quan-

tum algorithm that implements, for any t > 0 and ϵ > 0, a quantum channel that is a
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(1, O(log(L)), ϵ) block encoding of e−i(Hf+λPc)t. Further this implementation requires a total

number of queries to PREPARE, SELECT and WPc in

O

(
βt+

(
∥Hf∥2∞t2

ϵ

)
log(∥Hf∥∞t/ϵ)

log log(∥Hf∥∞t/ϵ)

)
.

Proof. The proof follows directly from previous results. Specifically we have that

∥V |ψ⟩ − lim
λ→∞

e−i(Hf+λPc)t∥2

≤ ∥V |ψ⟩ − e−i(Hf+λPc)t|ψ⟩∥2 + ∥e−i(Hf+λPc)t|ψ⟩ − lim
λ→∞

e−i(Hf+λPc)t|ψ⟩∥2 . (2.73)

From Theorem 2.2.2, we have that the number of queries to PREPARE, SELECT and WPc

needed to implement a (1, O(log(L)), ϵ/2) block encoding is in

O

(
βt+

(
∥Hf∥2∞t2

ϵ

)
log(∥Hf∥∞t/ϵ)

log log(∥Hf∥∞t/ϵ)

)
.

Next, from Theorem 2.5.1 we have that there exists a value of λ ∈ O(∥Hf∥2∞t/ϵ) such that

∥e−i(Hf+λPc)t|ψ⟩ − limλ→∞ e−i(Hf+λPc)t|ψ⟩∥2 ≤ ϵ/2. The result then follows from the triangle

inequality.

These results show that query efficient methods exist for simulating Hamiltonian dynam-

ics; however, the existence of a query efficient algorithm for simulating dynamics subject to a

particular constraint does not imply the existence of a gate efficient algorithm. For example,

let us consider the case where Pc|x⟩ = |x⟩ if and only if E(x) ≤ δ for some δ > 0 and E(x) is

the energy function for an arbitrary Ising model. Since this problem is NP-hard [110], a gate

efficient version of this constraint is only possible if NP ⊆ BQP, which is strongly believed

to be false. For this reason, we provide below a sufficient, but not a necessary, condition for

the WPc to be simulatable in O(polylog(2nλt/ϵ)) gate operations.

Proposition 2.5.3. Let Pc ∈ C2n×2n be a projector matrix. Suppose there exist functions

such that for any x, y ∈ Z2n, g(x, y) = ⟨x|Pc|y⟩ and f(x, i) yields the column index of the ith

non-zero matrix element of Pc as represented in the computational basis. If
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1. Pc has at most 1 non-zero matrix elements in each row when expressed in the compu-

tational basis.

2. f is computable using a number of quantum gates that are in O(poly(n)) and g within

error 2−m using O(poly(nm)) quantum operations

then for any λ ≥ 0 and t ≥ 0, a unitary Ũ can be constructed such that ∥Ũ −UI(λ; t)∥∞ ≤ ϵ

using O(polylog(2nλt/ϵ)) quantum operations.

Proof. The proof follows straight forwardly. If we assume that g(x, y) can be implemented

within zero error with m bits of precision, we have from Ref. [111] that e−iλPct can be

implemented with zero error using O(1) applications of f and g as well as O(poly(nm))

auxillary quantum operations.

Now let us assume that g(x, y) cannot be computed within zero error using m <∞ bits

of precision. If we denote g̃(x, y) to be the approximate version of g, we have from the fact

that Pc is one-sparse that

∥e−iλt
∑

x g(x,f(x,1))|x⟩⟨f(x,1)| − e−iλt
∑

x g̃(x,f(x,1))|x⟩⟨f(x,1)|∥∞

= max

(
max

x:x ̸=f(x,1)
∥e−iλtg(x,f(x,1))(|x⟩⟨f(x,1)|+|f(x,1)⟩⟨x|) − e−iλtg̃(x,f(x,1))(|x⟩⟨f(x,1)|+|f(x,1)⟩⟨x|)∥∞

, max
x:x=f(x,1)

∥e−iλtg(x,f(x,1))|x⟩⟨x| − e−iλtg̃(x,f(x,1))|x⟩⟨x|)∥∞

)
≤ λtmax

x
|g(x, f(x, 1))− g̃(x, f(x, 1))| ≤ λt2−m . (2.74)

Thus to achieve an error of ϵ, we need to take m ∈ O(log(λt/ϵ)). The result immediately

follows from the assumptions on the cost of f and g.

There are a number of applications of this approach to solve constrained versions of

quantum dynamics. One such application involves the simulation of quantum field theories

within a particular gauge, which describes a choice of a dynamically unobservable feature

of the system that is needed to unambiguously determine the dynamics. For example, the
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Lorenz gauge involves choosing the vector potential such that ∂µA
µ = 0. Rather than fixing

the gauge by a clever choice of an equation of motion, this approach allows us to impose

such gauges by penalizing all configurations that violate this.

Another application involves Gauss’ law in quantum electrodynamics [52, 112]. For D-

dimensional quantum electrodynamics, Gauss’ law reads ∇ · Ê(s)− ρ̂(s) = 0, where Ê(s) is

the electric field operator at position s and ρ̂(s) is the charge density there. On a lattice,

this can be further simplified to G(s) :=
∑D

i=1(Ê(s)− Ê(s−ei))−
∑

s,σ eσnσ(s), where nσ(s)

is the number of electrons (or positrons) at a site and eσ is ±1 depending on the site. From

this, the constraint projector Pc can be expressed using the properties of discrete Fourier

transforms as Pc = I − 1
N

∑N
i=1 e

−i2πG(s)/N [112]. This is relevant because Gauss’ law is only

approximately held for methods such as Trotter-Suzuki simulations and so the application of

this constraint oracle can be used to filter out the unphysical components of simulation error.

Specifically, consider a constraint on |ψ⟩ ∈ P0 given by the projector Pc that commutes with

the Hamiltonian. In other words, [Pc,
∑

j Hj] = 0; however there may exist k′ such that

[Hk′ , Pc] ̸= 0. This creates problems for the Trotter-Suzuki expansion, but we can address

this by transforming into the interaction frame as discussed below

e−i
∑M

j=1Hjt|ψ⟩ = e−i(
∑M

j=1Hj+λPc)t|ψ⟩ = e−iλPct expτ

(∫ t

0

eiλPcs
∑
j

Hje
−iλPcsds

)
|ψ⟩. (2.75)

We can then implement the time-ordered operator exponential in (2.75) using one of our

previous methods, such as a hybridized Trotter-qDRIFT method or that used in the previous

section. This allows us to impose a constraint, such as Gauss’ law, on the integration formula

at low cost. By contrast, if we were to try to do so using a high-order Trotter formula,

we would have remainder terms in the Trotter-Suzuki expansion that are in O(poly(λt)).

From Theorem 2.5.1, this is in O(poly(∥Hf∥2∞t2/ϵ)) and thus cannot be implemented at low

cost in the limit where ϵ≪ 1, unlike in the interaction picture approach.

A similar simple example of this is solving the Schrodinger equation for a particle con-

strained to a given surface. As an example, consider solving the Schrodinger equation for a

particle constrained to be on the surface of a Figure-8 immersion of a Klein bottle, which is
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a non-orientable surface with no boundary. Such a surface is given, for some fixed value of

r > 2, by the following parameterized surface over the angles θ, v ∈ [0, 2π)

x = (r + cos(θ/2) sin(v)− sin(θ/2) sin(2v)) cos(θ)

y = (r + cos(θ/2) sin(v)− sin(θ/2) sin(2v)) sin(θ)

z = sin(θ/2) sin(v) + cos(θ/2) sin(2v), (2.76)

where in Cartesian coordinates θ = arctan(y/x) and v is found implicitly through the above

expressions. As all these coordinate functions are Lipshitz continuous, a least square solution

can be found using gradient descent after dividing up the surface in (θ, v) coordinates into

a finite number of regions and then performing gradient descent of ∥x⃗− x⃗(r, θ, v)∥. Thus by

following this procedure, we can decide within ϵ error whether a given (x, y, z) lies on the

surface of Klein bottle. In turn, Pc can be constructed by using reversible logic to evaluate

this in time O(poly(log(1/ϵ))). Thus, complicated quantum dynamics on unusual manifolds

can be simulated through the use of our approach to constraints, even in cases like the figure-

8 immersion of the Klein bottle where no simple coordinate system is available that makes

the computation of the Laplacian operator in (r, v, θ) coordinates trivial. This is because the

gradient fails to be defined there, as the normal vector cannot be defined at the intersection

in the figure-8. Instead, we can rely on the constraint operator to force the dynamics to lie

on the surface of the bottle and use the standard Laplacian in Cartesian coordinates.

As a final point of discussion, let us consider applying these ideas to simulate a universal

Hamiltonian with a quantum circuit. A universal Hamiltonian is a Hamiltonian such that

the groundstate of the Hamiltonian encodes a quantum superposition of the history of a

quantum computer via a clockstate of the form 1√
T

∑
t |t⟩|ψ(t)⟩ where |ψ(t)⟩ is the state of

the quantum computer after t gates have been applied to it [113, 114, 115, 116]. In order

to minimize the locality needed by these constructions, techniques such as “perturbative

gadgets” are employed which allow restricted interactions such as 2-local ones to simulate

the action of a Hamiltonian of greater k-locality. It is tempting therefore to ask whether our

techniques could be used to accelerate the simulation of these constrained Hamiltonians.
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As an example, the work of Ref. [116] shows that a translationally invariant 1D Hamil-

tonian of the following form for parameters T , ∆ is universal

H =
∑
⟨i,j⟩

∆h
(3)
ij + T

∑
i

h
(2)
i , (2.77)

where each h
(3)
ij is a two-body translationally invariant Hamiltonian and each hi is a transla-

tionally invariant one-body Hamiltonian. At first glance, the latter term appears to be fast

forwardable. This is significant, because the value T corresponds to the number of gates

employed in the circuit. Thus we would be able to fast forward an arbitrary calculation if

this were, by itself, true.

However, the value of ∆ needed to provide a close approximation to the dynamics gener-

ically dominates the remaining term in Ref. [116]. In particular if we demand a simulation

error on the order of ϵ, then it suffices to take ∆ ∈ O(T 4/ϵ) (for all other simulation param-

eters fixed). Thus the translationally invariant 2-body term dominates asymptotically and

even if were possible to fast-forward the simulation of this Hamiltonian, the best case scenario

would lead to a method that has scaling O(T log(1/ϵ)) from the one-body term. However,

this construction is not self-evidently fast-forwardable and so a polynomial improvement is

expected at best from transitioning to the interaction frame of the two-body operator.

2.6 Conclusions

We have developed novel simulation protocols that combine the standard simulation pro-

tocols of Trotterization, continuous qDRIFT, and qubitization in the interaction picture to

simulate time-independent Hamiltonians. By exploiting the interaction picture, we can enter

into the interaction frame of a fast-forwardable term with large or unbounded norm. Con-

tinuous qDRIFT is used to split the resulting time-ordered exponential into a product of

time-independent exponentials with bounds proven for the number of time steps needed to

achieve a desired error ϵ. In the case of Hamiltonians with underlying commutator structure,

Trotterizing first can reduce the query complexity further. Qubitization is then used for im-
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plementing the final time-independent exponentials, though other simulation techniques can

be used.

The hybrid protocol using Trotterization before continuous qDRIFT in the interaction

frame of a fast-forwardable term in the Hamiltonian has a query complexity of O(t2(cI +∑L
k ̸=l ∥Hk∥2∞)/ϵ), where cI depends on the sum of norms of commutators. For Hamiltonian

simulation problems with commutator structure, this is a drastic improvement over the

complexity O(∥Hk∥2∞,1,1/ϵ) obtained from directly employing conventional qDRIFT methods

to a linear combination query model. The qubitization and continuous qDRIFT hybrid I.P.

protocol has a query complexity bounded by Õ(λαt + ∥Hα∥2∞t2/ϵ), where the quantities λα

and Hα only involve the terms in the interaction Hamiltonian. If the term selected for the

interaction frame is unbounded or of large operator norm, this again yields an improvement in

the scaling with the ℓ1-norm of H compared to qubitization. Our approach does not require

a complicated clock construction either, which makes it more practical than truncated Dyson

series methods [106].

Direct application of these techniques to the Schwinger Model yield a logarithmic scal-

ing in the electric field cutoff Λ for the query complexity. For the Hamiltonian model of

collective neutrino oscillations, the query complexity is independent of the typically large

constant λ =
√

2Gfne representing the electron density, with the same scaling with respect

to other parameters compared to conventional Trotter-Suzuki methods. The scaling with

these parameters outperforms those achieved by current simulation methods.

Further applications of these methods appear in simulating constrained dynamics. We

show that the magnitude of the constraint term in the Hamiltonian needs to be prohibitively

large to apply such a constraint using traditional simulation methods, such as qubitization.

However, using our approaches we can simulate the dynamics using a number of gate op-

erations that (for certain constraints) is independent of the magnitude of the constraint.

This allows approximation methods similar to Trotter-Suzuki simulations to be employed

while guaranteeing that the simulation does not break important symmetries present in the

underlying dynamics (such as Gauss’ law).
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Another interesting fact to note is that even when Trotter formulas are used for the entire

simulation, transforming to the interaction picture can have an advantage over performing the

simulation in the laboratory frame. This is because Trotter formulas have costs that scale

with fractional powers of the derivatives and lead to costs that are linear in the strength

of the interaction term, rather than a super-linear function as would be expected from a

simulation in the laboratory frame [17, 19]. Although hybrid methods that provide L1-norm

scaling are shown to be advantageous in this regard, this advantage can be useful and may

lead to improved methods to reduce the cost of simulation purely within the Trotter-Suzuki

formalism wherein the structure of commutators can be more easily exploited.

These hybrid techniques are primarily useful in contexts where there are not only terms

of large operator norm in a Hamiltonian but when those terms are diagonalizable, one-

sparse, or more generally fast-forwardable. However, situations often arise in quantum sim-

ulation where it might be desirable to enter the interaction frame of terms that are not

fast-forwardable, such as the hopping term Hh of the Schwinger model in the continuum

limit. As a näıve application of the present methods would involve doubling the number of

times the non fast-forwardable term would be need to be simulated (see equation (2.17)),

additional work is needed to develop interaction picture algorithms, hybrid or otherwise,

that are more optimized with respect to parameters that define certain physical regimes of

interest.



86

Algorithm Number of oracle calls to Wk

or PREPARE/SELECT and Wl

Trotter [19] O
(
α̃1/pt1+1/p

ϵ1/p

)
qDRIFT [28] O

(
t2

ϵ

[∑L
k=1 ∥Hk∥∞

]2)
Qubitization [21, 22] O

(
λt+ log(1/ϵ)

log(log(1/ϵ))

)

Trotter + qDRIFT + I.P. [Cor. 2.1.3] O
(
t2

ϵ

∑L
k ̸=l

[
∥Hk∥2∞ +

∥∥∥[Hk,
∑L

q>k,q ̸=lHq

]∥∥∥
∞

])
qDRIFT + Qubitization + I.P. [Th. 2.2.2] O

(
λαt+

(
∥H−Hl∥2∞t2

ϵ

)
log(∥H−Hl∥∞t/ϵ)

log log(∥H−Hl∥∞t/ϵ)

)
Table 2.1: Query complexities for standard qDRIFT, Trotter, qubitization, and the hybrid

schemes from Corollary 2.1.3 and Theorem 2.2.2 where H =
∑L

i=1Hi with L the number of

summands in the Hamiltonian H, t the simulation time, and ϵ the simulation error. In the

Trotter formula, p is the order of the Trotter formula and α̃ involves sums of commutators

nested p times. The query complexity for qDRIFT and Trotter-based algorithms are given in

terms of upper bounds for queries to each of the Wk oracles that implement time-evolution

under a summandHk. The query complexity for the qubitization methods are given in queries

to the oracles Wl implementing time-evolution for the interaction picture transformation,

SELECT, and PREPARE. For the latter methods, H is decomposed as a linear combination

of unitaries H =
∑

k ωkUk with real ωl > 0. Then λ =
∑

k ωk and λα = λ− ωl. The hybrid

I.P. schemes can become advantageous when λα ≪ λ or ∥H −Hl∥∞ ≪ ∥H∥∞.
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Chapter 3

QUANTUM ERROR CORRECTION WITH GAUGE
SYMMETRIES

We develop fault-tolerant algorithms for error correction suitable for Z2 or truncated

U(1) lattice gauge theories in 1+1, and 2+1 spacetime dimensions with a cutoff of 1 on the

links. These algorithms combine the physicality constraint provided by Gauss’ Law with bit

and phase flip error correction codes [117] to detect and correct errors stemming from device

noise that occur on a site or its adjacent links. Error correction for a 1D lattice with 2N

links and 2N staggered fermionic sites with periodic boundary conditions is accomplished by

tessellating these encodings across the whole lattice so that errors occurring on a particular

site and its adjacent link can be detected by a Gauss’ Law check on the next set of sites and

links. The extension to 2D follows a similar idea using instead plaquettes and links coming

out of them as the fundamental blocks of the partition.

3.1 Integrating the repetition code with Gauss’ Law

We are now in the position to discuss how the expression of Gauss’ Law in Eq. (1.30) can

remove the need to use an explicit bit flip code in fault tolerant LGT simulations. To simplify

the discussion we will henceforth consider the one dimensional case (D = 1) with staggered

fermionic sites, where only one fermionic flavor with charge es is present on any given site s.

The Gauss’ Law operator at site s between links l and l + 1 simplifies then to

Ĝs = Êl+1 − Êl − esn̂(s) , (3.1)

and in the simpler pure gauge case with no matter to

Ĝs = Êl+1 − Êl . (3.2)
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We start by discussing the latter case and consider a general state of the two links in the

electric basis

|Ψl,l+1⟩ =
∑
ϵl

∑
ϵl+1

Ψϵl,ϵl+1
|ϵl⟩ ⊗ |ϵl+1⟩ . (3.3)

Following the discussion in Sec. 1.2.1, a physical state needs to be in the kernel of the Gauss’

Law operator. Using Eq. (3.2) above we see that Ĝs acts on |Ψl,l+1⟩ as

Ĝs|Ψl,l+1⟩ =
∑
ϵl

∑
ϵl+1

Ψϵl,ϵl+1
(ϵl+1 − ϵl)|ϵl⟩ ⊗ |ϵl+1⟩ , (3.4)

and is zero only if the coefficient matrix is diagonal

Ψϵl,ϵl+1
(ϵl+1 − ϵl) = 0 ⇔ Ψϵl,ϵl+1

= Ψϵlδϵl,ϵl+1
. (3.5)

This argument, which can be easily generalized to the case where the state of the links is

mixed, shows that gauge invariant states are analogous to a bit-flip repetition code with only

two copies: |0⟩L = |0⟩⊗|0⟩ and |1⟩L = |1⟩⊗|1⟩. The distance between these codewords is not

sufficient to allow for error correction but is sufficient for error detection (see e.g. Ref. [118]).

This explains in an intuitive way why oracles like those presented in Ref. [56] are capable of

detecting bit-flip errors without requiring additional qubits for the encoding.

It is now easy to see how the use of Gauss’ Law allows for a space reduction in the bit-flip

encoding: the standard procedure described above will require three link registers to encode

a logical link as

|Φl⟩L :=
∑
ϵl

Φϵl |ϵl⟩ ⊗ |ϵl⟩ ⊗ |ϵl⟩

=
∑
ϵl

Φϵl |ϵl⟩L. (3.6)

The fact that physical states satisfy Eq. (3.4) means we need only two registers per link and

can use one of the two registers for the l+ 1 link across a site s when we measure stabilizers

and perform error recovery. Since only three registers are involved in this procedure, we will

consider a construction with two qubit registers for even links and only one register for the
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odd links in order to minimize the memory cost. More explicitly, we will use the alternative

encoding

|Φl⟩GLE :=
∑
ϵl

Φϵl |ϵl⟩ ⊗ |ϵl⟩ =
∑
ϵl

Φϵl |ϵl⟩GLE , (3.7)

for the even links in the lattice and

|Φl⟩GLO :=
∑
ϵl

Φϵl |ϵl⟩ =
∑
ϵl

Φϵl |ϵl⟩GLO , (3.8)

equivalent to a bare encoding, for the odd links. For physical states that satisfy the Gauss’

law constraint in Eq. (3.5) we have then

|Φl,l+1⟩GL =
∑
ϵl

∑
ϵl+1

Ψϵl,ϵl+1
|ϵl⟩GLE ⊗ |ϵl+1⟩GLO

=
∑
ϵl

Ψϵl |ϵl⟩GLE ⊗ |ϵl⟩GLO

=
∑
ϵl

Ψϵl |ϵl⟩ ⊗ |ϵl⟩ ⊗ |ϵl⟩ ,

(3.9)

and we can now use the stabilizer measurements and recovery operation on the three qubits

as in the bit-flip repetition code. The second line is obtained by ensuring that the logical

state |Φl,l+1⟩GL is in the kernel of the logical Gauss’ Law operator derived from Eq. (3.2)

Ĝ(GL)
s = Ê

(GLO)
l+1 − Ê(GLE)

l

= Êl+1 − Êl ⊗ Êl .
(3.10)

The expressions above apply directly to sites s between l even and l + 1 odd, but it is

straightforward to generalize them to the site s + 1 where the left link is odd and the right

link is even as follows

|Φl+1,l+2⟩GL =
∑
ϵl+1

∑
ϵl+2

Ψϵl+1,ϵl+2
|ϵl+1⟩GLO ⊗ |ϵl+2⟩GLE

=
∑
ϵl+1

Ψϵl+1
|ϵl+1⟩GLO ⊗ |ϵl+1⟩GLE

=
∑
ϵl+1

Ψϵl+1
|ϵl+1⟩ ⊗ |ϵl+1⟩ ⊗ |ϵl+1⟩ . (3.11)
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The gauge invariant logical state is again equivalent to the standard bit-flip encoding shown in

Eq. (3.6). Since Gauss’ Law only detects errors in the flux value, which in our representation

corresponds to bit-flip errors, each register of qubits in the construction presented above

needs to be encoded in a phase-flip code to ensure that all single errors are correctable.

With this concatenation, the gauge-invariant logical states |Φl,l+1⟩GL and |Φl+1,l+2⟩GL become

equivalent to a full 9-qubit encoding [117]. However, we encode two full links using the

9-qubit encoding as opposed to each link separately. This encoding therefore has better

memory efficiency than error correcting codes that act on individual qubits, the best one

requiring 5 qubits [119, 120]. Note that it is still possible to find codes with even higher

memory efficiency when multiple logical qubit are encoded. For instance, 3 logical qubits

can be encoded into 8 while correcting all single errors (see e.g. Ref. [121, 122]).

Adding fermions to the system modifies the relation between link states across a site

so that they do not necessarily need to be the same. The full state around a site s is a

generalization of Eq. (3.3) and should now be written as

|Ψs
l,l+1⟩ =

∑
ϵl

∑
ϵl+1

∑
n=0,1

Ψn
ϵl,ϵl+1

|ϵl⟩ ⊗ |ϵl+1⟩ ⊗ |n⟩s . (3.12)

The gauge-invariance constraint becomes therefore

Ψ0
ϵl,ϵl+1

(ϵl+1 − ϵl) = 0 ,

Ψ1
ϵl,ϵl+1

(ϵl+1 − ϵl − es) = 0 .
(3.13)

A state belonging to the physically meaningful portion of the Hilbert space is then

|Ψs
l,l+1⟩ =

∑
ϵl

∑
n=0,1

Ψn
ϵl
|ϵl⟩ ⊗ |ϵl + nes⟩ ⊗ |n⟩s , (3.14)

where we recall that es = 1 for a fermionic site and es = −1 for an anti-fermionic site. In

order to obtain a useful encoded state for error correction, we can then apply a lowering

operator Û †
l+1 (for es = 1) or a raising operator Ûl+1 (for es = −1) to the link l+ 1 controlled

on the state of the site qubit. Calling this operation Ŵs, for a site between an even and an
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odd link we have that

Ŵs|Ψs
l,l+1⟩GL =

∑
ϵl

∑
n=0,1

Ψn
ϵl
|ϵl⟩GLE ⊗ |ϵl⟩GLO ⊗ |n⟩s

=
∑
ϵl

∑
n=0,1

Ψn
ϵl
|ϵl⟩ ⊗ |ϵl⟩ ⊗ |ϵl⟩ ⊗ |n⟩s (3.15)

and the error correction procedure can be carried out on this new state. After one site

has been processed, we apply the inverse Ŵ †
s and move to the next site. In this approach,

we effectively move from a gauge-invariant encoding that satisfies Eq. (3.13) to a logical

encoding equivalent to the bit-flip code by using Ŵs and its inverse. This operation needs

to be performed fault-tolerantly in order to ensure a controlled propagation of errors. In the

next section we will restrict the discussion to the simpler case where the link registers are

formed by a single qubit (i.e. the flux cutoff is set to one). In that case, we show that the

construction can be done in a fault-tolerant way.

It is preferable to avoid directly implementing the Ŵs operation in practice as bit-flip

errors can propagate from the site used as the control for the l+ 1 link. This can be done for

instance by adopting a full bit-flip encoding for the site alone and using the measurement of

its stabilizers to correct for the induced error in the link. A more efficient strategy however is

to compute the parity between the between the l+ 1 link and the adjacent site and store the

result in a physical ancilla qubit, as shown schematically in Equation 3.1. The ancilla qubit

can then be used as part of a logical encoding for the even-numbered links. We can catch

errors of weight two or higher that occur from errors propagating past the logical CNOTs

with the use of flag qubits (see Ref. [66]) and an example of this is shown in Figure 3.3.

This construction can be readily extended to situations with large cutoffs if we employ a

unary encoding for the flux state using m qubits per link, in which case we will require m

ancilla qubits. Generalizing the approach to larger cutoff values with various encodings is

an important issue which will need to be addressed in future work (see also Sec. 3.4). As we

show in more detail in the next section, using ancilla qubits to temporarily store the parity

of the two links allows for a fault-tolerant error correction of a gauge theory with dynamical
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|ψ⟩L • |ψ⟩L •
|ϕ⟩L |ψ ⊕ ϕ⟩L ≡ |ϕ⟩L •

|0⟩ |ψ ⊕ ϕ⟩

Figure 3.1: Equivalence for logical CNOT between logical qubits and for two logical-to-

physical CNOTs.

fermions using the unencoded sites directly, providing a significant saving in qubits.

In summary, the number of link registers required for the Gauss’ Law aided bit-flip error

correction is 3N for a system with a total of 2N links. The total number of qubits required

in a pure gauge simulation is therefore 9N+ O(1) when restricting the unit electric cutoff

case as done above and accounting for the additional 3 physical qubits required for the

phase-flip encoding. With the addition of dynamical fermions on 2N sites, one can exploit

the relationship given by Gauss’ law between the state of a site and its adjacent links to do

error correction with a total of 15N+ O(1) qubits, 9N for links and 6N for sites. These are

impossible results if one instead attempts to perform error correction on individual qubits.

The total space required would instead be 10N for the non-dynamical case and 20N for

the dynamical one using the perfect 5-qubit encoding from Refs. [119, 120]. As mentioned

previously, better ratios are possible if one encodes multiple logical qubits at a time and we

leave the extension to the more efficient encodings for future work [121, 122].

3.2 Applications to 1D Lattice Gauge Theories

We specialize to a Z2 or truncated U(1) gauge theory in 1+1 dimensions with a cutoff of

Λ = 1 for the flux in each link in this section. We work with a system with 2N sites and 2N

links with PBCs. Site k, for an integer k ≥ 1, is denoted by S1
k and the links coming into

and out of the site are written as L1
k and L1

k+1 respectively.

Unless otherwise specified, every circuit in this section is a concatenated one, with every
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qubit encoded within the phase flip error-correcting code as in Figure 1.8. Logical qubits

arising in this manner will be denoted with the subscript L.

This section presents applications of the previous analysis to a few gauge theories in order

of increasing generality. Beginning with the pure gauge theory case with no matter present

on the sites, Gauss’ Law gives the equality between the incoming and outgoing flux on a

site. This allows us to use |L1
k⟩ and |L1

k+1⟩ as part of a single logical qubit for a concatenated

bit-flip error correction procedure, where an additional qubit is introduced only if the links

are even-numbered.

This situation is easily generalized to a theory with static charges or non-dynamical

fermions on the sites by applying a link lowering operator on an odd-numbered link con-

ditioned on the classical state of the adjacent site. We then perform the error correction

procedure on the appropriate logical link qubit before restoring the odd link’s flux value

with a raising operator.

The scenario with dynamical fermions is dealt with by computing the parity between an

odd-numbered link and its adjacent site and storing the result in a physical ancilla qubit.

This qubit is then used as part of a logical encoding for the even-numbered links. Bit-flip

checks can be performed on two sets of adjacent links and sites and the information from

them can be used to correct errors on all the relevant qubits, provided there is a single bit-flip

error per two such checks.

Note that we cannot perform this analysis entirely within the stabilizer formalism since

our controlled operations are not logical ones at the level of the bit-flip encoding. While

certain aspects of our treatment therefore rely on standard constructions within the stabilizer

formalism, others involving Gauss’ Law require us to move between physical and logical

states.

3.2.1 Error Correction for Pure Gauge Theory

We adopt the notation |Lnk⟩L and |Snk ⟩L to denote link and site logical qubits respectively

in the phase flip code, and On
k for operators acting on the k-th logical link or site qubit.
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|L1
2k⟩L • X

|L2
2k⟩L • • X

|L2k+1⟩L • X

|0⟩ • •

|0⟩ • •

Figure 3.2: Bit-flip syndrome measurement and correction operations for links. The subscript

L denotes the phase-flip encoding of these qubits shown in Figure 1.8. Each CNOT oper-

ation here consists of three individual CNOTs from the qubits in the underlying phase-flip

encoding. Here X is the operation X ⊗X ⊗X which acts as a logical X.

The case where n = 1 in the superscript denotes the original logical qubit and logical qubit

operator, while values of n greater than 1 denote the auxiliary link or site qubits introduced

for the error correction procedures. If a given logical site or link is the only one of its kind,

we will drop the superscript.

In each of the subsequent circuits, we introduce no additional qubits for the odd numbered

links and an auxiliary qubit |L2
2k⟩L for each even numbered link |L1

2k⟩L that is arranged to

have the same state as |L1
2k⟩L. The constraint that the fluxes satisfy Gauss’ Law at site

|S1
2k⟩L with associated link qubits {|L1

2k⟩L, |L2
2k⟩L, |L2k+1⟩L} will then ensure that |L1

2k⟩L =

|L2
2k⟩L = |L1

2k+1⟩L, or more precisely that the wave-function factorizes as in Eq. (3.9) above.

As noted in the previous section, the grouping {|L1
2k⟩L, |L2

2k⟩L, |L2k+1⟩L} acts as a 3-

qubit logical encoding for the link logical qubit |L1
2k⟩L that can be used in the bit flip error

correction code outlined in Figure 3.2. The circuit is however sensitive to single qubit phase

flip errors that propagate to weight two or three phase flip errors. This is due to the use

of logical to physical CNOT gates, which enable the propagation of physical Z errors from

the target of these CNOTs to logical Z errors on the links. We therefore employ the fault-
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tolerant logical-to-physical CNOT depicted in Figure 3.3. This CNOT is implicitly used in

all the subsequent circuits where logical-to-physical CNOT operations occur.

•
•

•

|0⟩ Z Z Z

|+⟩ • • H • |+⟩ • • H • |+⟩ • • H •

Figure 3.3: Fault tolerant logical-to-physical CNOT using flag qubits.

There is an alternative way to accomplish this error correction procedure without intro-

ducing an additional logical qubit for the even numbered links. This method simply requires

doing overlapping Gauss’ law checks on the qubits {|L2k⟩L, |L2k+1⟩L, |L2k+2⟩L} and the qubits

in Figure 3.2 can then be replaced with these respectively. The number of qubits required to

fully error correct a 1+1 lattice system with 2N links would then be 6N instead of 9N . How-

ever, we can then only tolerate at most one error occurring over a larger portion of the lattice,

namely a group of three consecutive links, compared to the previous scenario where we could

tolerate at most one error over the more localized grouping {|L1
2k⟩L, |L2

2k⟩L, |L2k+1⟩L}. Thus

there is a trade-off between the number of qubits needed for our compressed encoding and

the spatial region over which the Gauss’ law checks need to be performed to localize a bit-flip

error. This pattern will recur in the subsequent cases we consider and becomes less favorable

in larger dimensions.

3.2.2 Error Correction for Non-Dynamical Fermions

It is straightforward to generalize the results of the preceding subsection to the case where we

have non-dynamical fermions on the sites. Since we know in this case whether or not a certain

physical site S1
2k (this is not a logical site qubit but a classical binary variable) has a fermion,

it is not necessary to introduce an ancilla qubit and use the equivalence in Equation 3.1.
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The controlled operation Ŵs introduced above (see Eq. (3.15)) is instead replaced by its

classically controlled counterpart. As such, we apply a classically conditioned link-lowering

operator to |L2k+1⟩L to “lower” its flux value and have it match that of |L1
2k⟩L. We then

apply the preceding bit-flip error correction code and restore the flux value of |L1
2k+1⟩L back

to its original value with a classically conditioned link-raising operation.

Given our assumptions on the flux cutoff, we have the circuit in Figure 3.4 for the non-

dynamical fermionic case. This construction also holds for an arbitrary site Sk and not

just even numbered ones. Note that the circuit can be expressed in a simpler form by

exploiting commutation relations to move the initial classically controlled X to the end of

the circuit. This effectively replaces this operation with a classically controlled flip of the

last measurement outcome.

As in the pure gauge theory case, we can dispense with the extra logical qubit |L2
2k⟩L

and extend the Gauss’ law check to the group of qubits {|L1
2k⟩L, |L2

2k⟩L, |L2k+1⟩L}, replacing

the link qubits in Figure 3.4 accordingly. The number of qubits needed for this approach is

again 6N like the pure gauge case instead of 9N with the above encoding, and the trade-offs

are identical as well.

3.2.3 Error Correction for Dynamical Fermions

A näıve approach to extend the preceding constructions to the case with dynamical staggered

fermions on the sites is to apply a CNOT gate to |L2k+1⟩L conditioned on the state of |S2k⟩L.

We could then introduce additional qubits |S2
2k⟩L and |S3

2k⟩L to create a bit-flip encoding of

|S2k⟩L and thereby protect it from bit-flip errors. Errors propagating to |L2k+1⟩L, |L1
2k⟩L, and

|L2
2k⟩L can be corrected with a separate bit-flip code involving these qubits, with additional

recovery operations included to account for the propagation of X errors past the control of

the CNOT.

This construction only involves Clifford operations and can easily be made fault tolerant.

It however requires 18N + 6N + 3N = 27N qubits for an 2N site and 2N link system

excluding ancillas, which is suboptimal compared to the 20N qubits obtained from using the
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S2k • •

|L1
2k⟩L • X

|L2
2k⟩L • • X

|L2k+1⟩L X • X X

|0⟩ • •

|0⟩ • •

Figure 3.4: Syndrome measurement and correction operations for LGT system with non-

dynamical fermions. The circuit holds for arbitrary sites Sk and not just even numbered

ones. Note that the circuit can be simplified by using commutation relations to move the

initial classically controlled X to the end of the circuit, thereby replacing the classical controls

with a classically controlled flip of the last measurement outcome.

[5, 1, 3] encoding for each site and link.

We instead develop a procedure that further exploits Gauss’ law to reduce the cost to

15N qubits. This is achieved by noticing that, as discussed in Sec. 3.1, given the state on a

site S2k+1 and its adjacent links L2k+1 and L2k+2, a bit-flip error on any of these qubits will

cause a violation of Gauss’ law. The ambiguity in where the error occurred can be resolved

by overlapping Gauss’ law checks on the preceding and subsequent site and their adjacent

links. In fact, we will show only two such checks are needed to resolve the ambiguity.

Figure 3.5 depicts to overlapping Gauss’ law checks G2k and G2k+1 on sites S2k and S2k+1

respectively. Consider G2k+1 in particular. We can compute the parity between |S2k+1⟩L and

|L2k+1⟩L as per Equation 3.1 and store this result into a physical ancilla qubit |0⟩, which

serves as a proxy for |L2k+1⟩L but with its flux value reset. We can then treat |0⟩, |L1
2k+2⟩L,

|L2
2k+2⟩L as a logical qubit for a bit-flip error correction code and uncompute the value in |0⟩

afterwards. These steps constitute G2k+1 for the odd sites and their neighboring links and
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G2k+1 G2k

|S2k⟩L • • X

|S2k+1⟩L • • X

|L1
2k⟩L • X

|L2
2k⟩L • X

|L2k+1⟩L • • • • X

|L1
2k+2⟩L • X

|L2
2k+2⟩L • X

|0⟩ • • |0⟩ • •

|0⟩ • • |0⟩ • • •

|0⟩ • • |0⟩ • • •

• •
• •

Figure 3.5: Circuit for using information from Gauss’ Law checks G2k and G2k+1 on S2k, S2k+1,

and their adjacent links to correct bit-flip errors on them. Bit-flip errors on even-numbered

links can be corrected using the information obtained from one such check. Bit-flip errors

on sites and odd-numbered links require information from two such checks to be corrected.

See Table 3.1 for the corresponding syndrome outcomes.

are repeated analogously across the lattice.

To see how the information obtained from the stabilizer measurements employing the last

two ancilla qubits in Figure 3.5 helps us correct errors on the data qubits, consider G2k+1 first.

The syndrome measurement outcomes 10 and 01 uniquely identify bit-flip errors occurring

on the even links |L1
2k+2⟩L and |L2

2k+2⟩L respectively. The remaining non-trivial outcome 11

indicates a bit-flip error on either |L2k+1⟩L or |S2k+1⟩L with no way to resolve the ambiguity.

If the error occurred on |S2k+1⟩L however, we would obtain the syndrome 00 from the

check G2k as Gauss’ law is satisfied between S2k, L2k, and L2k+1. If the error occurred on

|L2k+1⟩L, we would then obtain the syndrome 11 from G2k. As these two cases yield distinct
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syndromes, we can resolve the aforementioned ambiguity as shown in Table 3.1. Note that

this analysis will only hold if a bit-flip error occurs once during the checks G2k and G2k+1.

To assess the fault-tolerance of this construction, we first consider the possibility that

single-qubit bit flip errors occurring at the physical level can propagate to undetectable

errors at level of the phase-flip code. Consider WLOG an error of the form X ⊗ I ⊗ I

occurring at the level of the underlying phase-flip code. On the logical codespace defined by

the basis |0⟩L = (| + ++⟩ + | − −−⟩)/
√

2 and |1⟩L = (| + ++⟩ − | − −−⟩)/
√

2, this error

maps |0⟩L 7→ |1⟩L. In other words, a physical bit-flip error propagates to a logical bit-flip

error which can be detected by our bit-flip correction code. It is easily seen that two bit flip

errors leave our code space invariant. The circuit’s sensitivity to single qubit phase flip errors

propagating to weight two or three phase flip errors from the logical-to-physical CNOT gates

is again resolved with the fault-tolerant CNOT construction shown in Figure 3.3.

Logical bit-flip errors occurring on the logical qubits only propagate to the ancilla qubits

and not to the data qubits. The possibility of more than one such error occurring on the data

qubits is suppressed by higher powers of p, where p is the probability of an error occurring.

We can again consider the situation where we dispense with the extra qubits for the even-

numbered links and correct bit-flip errors solely based on information obtained from Gauss’

law. This modified situation is depicted in Figure 3.6 and shows how three overlapping Gauss’

law checks can be used to detect an error on |S2k+1⟩ or its adjacent links. Note that this

G2k+1 G2k Error Location

00 00 None

00 11 |S2k⟩L
11 00 |S2k+1⟩L
11 11 |L2k+1⟩L

Table 3.1: Table showing how to resolve the ambiguity in the location of a bit-flip error

associated to the syndrome 11 for G2k+1 using the syndrome results of G2k. See Figure 3.5.
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Figure 3.6: Schematic illustration of how one can correct any single-qubit error on S2k+1 and

its adjacent logical link qubits by 3 overlapping Gauss’ law checks. This requires that only

one single-qubit error occurs over the links and qubits involved in the 3 Gauss’ law checks.

requires only one single-qubit error to occur on the links and qubits involved in the checks,

and so we can lessen the memory overhead required for error-correction in this setting at the

expense of a worse error tolerance over a larger region of the lattice. This modified approach

then requires 3(2N) + 3(2N) = 12N qubits for a 1+1 dimensional lattice system with 2N

staggered fermions and 2N links. The corresponding circuit is similar to Figure 3.5, with

the exception that the extra even-numbered link qubits and intermediate classical recovery

operations in each Gj are removed and the logical qubits |S2k+2⟩L, |S2k+3⟩L are present. We

simply perform the parity checks G2k,G2k+1,G2k+2, store the results into 3 ancilla qubits, and

use the outcomes to correct the error that happened on |S2k+1⟩L, |L2k+1⟩L, |L2k+2⟩L. Table 3.2

depicts the possible outcomes from these checks and shows that we can localize the error.

3.3 Extension to two dimensions

The scheme described in the previous sections can be also extended to higher spatial di-

mensions. In order to give a concrete example we describe here how one could implement

a compressed error correcting code for a simple 2+1 dimensional lattice gauge theory. We

consider in detail the case of Z2 but the construction can be also applied to U(1). We start

from a different form of Gauss’ law which allows for a more direct connection to the stabilizer

formalism. The Gauss’ operator at each site s = (xs, ys) and it’s neighboring links is defined
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G2k G2k+1 G2k+2 Error Location

0 0 0 None

0 1 1 |L2k+2⟩L
0 1 0 |S2k+1⟩L
1 1 0 |L2k+1⟩L

Table 3.2: Table showing how to localize the error occurring on |S2k+1⟩L or its adjacent logical

link qubits |L2k+1⟩L, |L2k+2⟩L by overlapping Gauss’ law checks. Each error is associated with

a unique syndrome, enabling error correction. See Figure 3.6 as well.

Figure 3.7: Convention for the indexing of the link variables around a fermionic site s =

(xs, ys).

as

Ĝ(s) = Zx
sZ

y
sZ

x
s+xZ

y
s+y(−1)q̂(s) , (3.16)

and physical states satisfy the condition

Ĝ(s)|Ψ⟩phys = |Ψ⟩phys . (3.17)

In the expression Eq. (3.16) we use the indexing convention for the links as displayed in

Fig. 3.7 and the charge operator using staggered fermions is given by

q̂(s) = ψ†(s)ψ(s)− 1

2

(
1− (−1)xs+ys

)
, (3.18)
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Figure 3.8: Panel (A) shows the adopted bi-partition of the 2D lattice into plaquettes used

for the two rounds of the error correction procedure: the first round acts on bold links and

sites (e.g. the region delimited by the dashed line) the second round acts on the light colored

links and sites and the 8 external links attached to them (e.g. the regions delimited by dotted

lines). The blue shaded are shown in panel (A) is the patch of the 2D lattice where one bit

flip error can occur and be corrected. Panel (B) shows in detail the structure of the relevant

region for one round of the error correction procedure.
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with ψ̂†(s) and ψ̂(s) the fermionic creation and annihilation operators at site s. With this

definition, at even site the states {|0⟩, |1⟩} indicate the absence/presence of a fermion of

charge 1 while for odd sites the role is reversed and {|0⟩, |1⟩} represent the presence/absence

of an anti-fermion of opposite charge. In the following we will denote fermionic sites with

a red color (as in Fig. 3.7) and anti-fermion sites with a green color. The convention for

the indexing of links is unaffected. The presence of static charges at different sites is easily

included by adding their contributions in the charge at the site. In order to keep the current

exposition simple we neglected this possibility.

Using the Pauli Z operator at the site we can express the Gauss’ law operator more

explicitly as

Ĝ(s) = (−1)xs+ysZx
sZ

y
sZ

x
s+xZ

y
s+yZs , (3.19)

and we see then that physical states are eigenvectors of

Zx
sZ

y
sZ

x
s+xZ

y
s+yZs (3.20)

with positive eigenvalue on even sites and negative eigenvalue on odd sites. As alluded above,

this form is reminiscent of the stabilizer formalism.

The error correcting procedure proceeds as follow: (1) we first partition the full lattice into

square plaquettes and their neighboring links and proceed in two rounds by first considering

the plaquettes indicated with bold colors in panel (A) of Fig. 3.8 (see e.g. the one indicated

by the dashed line) and in the second round we consider the second half of the plaquettes

denoted with light colors (for the highlighted plaquette, these correspond to those indicated

by dotted lines); (2) for each individual plaquette we perform a sequence of parity checks.

Before describing these, note that we require an additional qubit for every pair of links

denoted as a blue curved line in the diagrams of Fig. 3.8. These qubits are used to store the

parity of the two links they touch, for instance

Zx
(1,0)Z

y
(1,0)|Φ⟩ = ZA10|Φ⟩ , (3.21)
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P a
(0,0) P b

(0,0) P c
(0,0) P a

(0,1) P b
(0,1) P c

(0,1) P a
(1,1) P b

(1,1) P c
(1,1) P a

(1,0) P b
(1,0) P c

(1,0) error location

+ + + + - - + + + + - - none

+ + + + - - + + + - - + A10

+ + + + - - - + - + - - A11

+ + + - - + + + + + - - A01

- + - + - - + + + + - - A00

+ + + + - - + + + - + - Lx10

+ + + + - - - - + + - - Ly21

+ + + - + - + + + + - - Lx02

- - + + - - + + + + - - Ly00

+ - - + - - + + + - + - Ly10

+ + + + - - - - + + + + Lx11

+ + + - + - - - + + - - Ly11

- - + + + + + + + + - - Lx01

+ + + + - - + + + + + + s10, L
y
20

+ + + + - - + - - + - - s11, L
x
12

+ + + + + + + + + + - - s01, L
y
01

+ - - + - - + + + + - - s00, L
x
00

Table 3.3: Syndrome measurements outcomes, and corresponding error location, for the 12

stabilizers used on one complete plaquette. The labeling conventions follow Fig. 3.8 (B). We

have excluded outcomes corresponding to more than one error.
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where with |Φ⟩ we denote the full state. This can be achieved by simply applying two CNOT

gates with control on the links and target on the ancillary qubit initially set in |0⟩. Then,

whenever we modify the state of a link, we correspondingly update the state of the ancilla

by applying another CNOT. These are CNOT operations between phase-flip encoded qubits

and can be done transversally. At this point three separate parity checks are performed on

each site participating in the plaquette and its four connected links. Starting from the site

(0, 0) on the bottom left, we have the stabilizers

P a
(0,0) = Zy

(0,0)Z
x
(0,1)ZA00

P b
(0,0) = Zy

(0,0)Z
x
(0,1)Z

y
(1,0)Z

x
(0,0)Z(0,0)

P c
(0,0) = ZA00Z

y
(1,0)Z

x
(0,0)Z(0,0) ,

(3.22)

where Z(0,0) is the operator acting on the qubit at the site. The parity check table for

one site is reported in Tab. 3.4, together with the possible error location. We can see that

only 4 outcomes correspond to either one error or no errors. In the following discussion on

the complete plaquette we restrict our attention to these situations only. Note however that

errors on the ancillas As can be uniquely determined by only stabilizer measurements on

sites and we could therefore detect and fix an arbitrary number of them.

We will use the same convention for all the other sites and take P a
s to be the weight 3

stabilizer between the ancilla As and the two link connected to it, P b
s the weight 5 stabilizer

from the Gauss’ law operator Eq. (3.20) and P c
s the weight 4 stabilizer obtained applying

Gauss’ law to the ancilla As, the two links not connected to it and the site. Accounting for

the difference between the correct eigenspace of the Gauss’ law stabilizer for even (fermionic)

and odd (anti-fermionic) sites, the parity check table for a complete plaquette is reported in

Tab. 3.3. Note that the last four syndrome outcomes do not allow to uniquely localize the

error as it could have happened on either the site or the external link opposite to the location

of the ancilla As. Similarly to the construction described above for the one dimensional case,

this ambiguity can be completely resolve by measuring one stabilizer on the neighboring

plaquettes. In particular, under the assumption that only one error can occur in the shaded
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P a
(0,0) P b

(0,0) P c
(0,0) error location

+ + + none

+ + - 2+

+ - + 2+

+ - - s00,L
x
00,L

y
10

- + + 2+

- + - A00

- - + Ly00, L
x
01

- - - 2+

Table 3.4: Syndrome measurement outcomes and corresponding error location(s) for the

parity check around a single site. Two or more errors are denoted generically as 2+.

area in panel (A) of Fig. 3.8 during the two rounds of check, it is enough to measure the

P a stabilizers on the four highlighted sites. For completeness, we report the full syndrome

measurement table required to distinguish these cases in Tab 3.5.

The extended 2D scheme presented here uses only standard stabilizer measurements over

phase-flip encoded qubits and can thus be implemented in a fault tolerant way using similar

techniques to those discussed in the 1D case. The main non-standard component of the

scheme is the presence of the ancillae As which do not store the state of another qubit but

the parity of a pair. The initial logical state can be initialized in a straightforward way by

starting the system in a physical product state and making sure that any change performed

to the state of the links connected to a given ancilla are also applied to the latter. For

example, when implementing a hopping term which changes the flux on one of the links, the

same change has to be enacted on the ancilla touching that link before continuing. In the Z2

case these extended operations can be achieved with just Clifford gates as they correspond

simply to doubling the number of CNOT required.

The total qubit count for a square system with 4NxNy sites and 8NxNy links using a
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P a
(0,0) P b

(0,0) P c
(0,0) P a

(0,1) P b
(0,1) P c

(0,1) P a
(1,1) P b

(1,1) P c
(1,1) P a

(1,0) P b
(1,0) P c

(1,0) P a
(0,−1) P a

(−1,1) P a
(1,2) P a

(2,0) location

+ + + + - - + + + + + + + + + + s10

+ + + + - - + - - + - - + + + + s11

+ + + + + + + + + + - - + + + + s01

+ - - + - - + + + + - - + + + + s00

+ + + + - - + + + + + + + + + - Ly20

+ + + + - - + - - + - - + + - + Lx12

+ + + + + + + + + + - - + - + + Ly01

+ - - + - - + + + + - - - + + + Lx00

Table 3.5: Full parity check outcomes required to uniquely localize the errors on sites or

external links opposite to the location of the As ancillas obtained using four additional P a

stabilizer measurement on neighboring sites.

standard [5, 1, 3] code, and neglecting ancillae required for the stabilizer measurements, would

be 60NxNy while the scheme proposed in this work requires only 48NxNy qubits. Similarly to

the 1D case discussed in previous sections, the proposed mapping has the additional benefit

of allowing simpler implementations of transversal operations. The savings afforded by this

scheme can be improved in a similar way as what we did for the one dimensional case: if one

can tolerate a single fault in a larger region than the one depicted in panel (A) of Fig. 3.8

then some of the ancilla registers As could be removed. For instance, if one extends the

region where we can tolerate one error to enclose the four plaquettes neighboring a specific

plaquette, a fault-tolerant scheme can be devised using only half of the As registers.

The present discussion of the 2D case can serve as a guideline to design similar error

correction codes for higher dimensional geometries by adding additional ancilla registers to

store the parity of subsets of links. Finally, extensions of the present scheme to ZN or to

U(1) with larger flux cutoffs could be constructed in principle using the same unary encoding

map proposed for the one dimensional case.
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3.4 Conclusion

Error correction involves extending the original Hilbert space of the system to a larger one

and endowing the larger Hilbert space with local symmetries that define the codespace.

Stabilizers of the codespace are in effect “Gauss’ Law” operators of that symmetry. We

have outlined a simple fault tolerant algorithm which exploits local symmetries to reduce

the space requirements for performing error correction on Z2 or U(1) LGT systems with a

flux cutoff of 1. The logical qubits were concatenated within a phase flip code to attain fault

tolerance since phase flip errors commute with the Gauss’ Law of these theories.

The construction proposed in Sec. 3.1 for the 1D case using an alternating encoding with

two qubits per even link and one qubit per odd link requires 9N qubits (excluding ancillas)

for the theory with non-dynamical fermions and for pure gauge theory. This improvement in

space complexity can also be extended to accommodate dynamical fermions by using Gauss’

law to fix errors on the sites and requires 15N qubits, excluding ancillas. The 2D scheme

presented in Sec. 3.3 allows for an even more compact encoding where only 48NxNy qubits are

required in the dynamical case and 36NxNy for the pure gauge case for a lattice with 8NxNy

links and 4NxNy sites. Such costs cannot be attained from error correcting individual qubits

only. Moreover, while we considered only local Gauss’ law checks, examining the links coming

in and out of larger spatial regions can be used identify errors of Pauli weight more than 2.

It would be interesting to investigate how the present constructions can be generalized to

increase the distance of the effective bit-flip code that LGTs provide via Gauss’ law. We also

note that when multiple logical qubits are encoded together, an even lower physical-to-logical

qubit ratio is achievable [121, 122]. The question of whether more efficient encodings could

be found by following a more holistic approach as opposed to those using only Gauss’ Law

on local degrees of freedom like sites, links, and plaquettes is left for future work.
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Chapter 4

BETTI NUMBER ESTIMATION WITH PATH INTEGRAL
MONTE CARLO

Existing literature on quantum algorithms for topological data analysis shows there are

cases where they can provide exponential advantages over deterministic classical algorithms

for TDA. The question of how randomized classical algorithms perform in this setting is com-

parably understudied. There are works studying generalizations of random walk operators

corresponding to higher order Laplacians for simplicial complexes [123, 124, 125]. These are

specific to the combinatorial Laplacian context and while they could lead to more efficient

classical approaches, no such result based on these methods is known at present.

To address this gap, we present a high level overview of a randomized classical algorithm

for computing approximate normalized Betti numbers of clique complexes in polynomial time

under certain assumptions and present a more detailed analysis in the subsequent section.

The implication of such an algorithm is that the sufficient conditions needed for quantum

algorithms to provide an advantage for this problem are more subtle than initially believed

and that simply having a high-dimensional vector space does not necessarily guarantee a

super-polynomial speedup. For example, one case where a quantum advantage has been

argued is when the clique density, i.e. the ratio of number of k-cliques in the input graph

to the number of all possible k-cliques, is high [14, 15]. This corresponds to having a high-

dimensional vector space of (k−1)-simplices in the associated clique complex. As a corollary

of our constructions, we will show that there are cases where the clique density is high but

where our randomized classical algorithm can achieve scaling that is polynomially equivalent

to quantum algorithms.

We make the assumption throughout that our input graph G is polynomial in size and
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is stored in classical memory. Given a set of k vertices in the graph, we can explicitly

verify in O(k2) operations whether they form of a k-clique by checking whether all possible(
k
2

)
≈ O(k2) pairs are connected by an edge.

Suppose G has n vertices and let Hk denote the vector space of all possible k-cliques

(or (k − 1)-simplices) on n vertices, which has dimHk =
(
n
k

)
= dk−1. Let HG

k denote the

vector space of k-cliques that are actually present in the graph. We can define the boundary

operator ∂Gk−1 : HG
k → HG

k−1 acting on HG
k as in Definition 1.3.5 and the corresponding

combinatorial Laplacian

∆G
k−1 = ∂G†

k−1∂
G
k−1 + ∂Gk ∂

G†
k . (4.1)

Note that we do not need to explicitly perform matrix multiplication to determine ∆G
k−1.

We can efficiently compute its matrix elements via the definition of the boundary operator

because they are both sparse matrices (see Corollary 4.2.2 for an upper bound on the sparsity

of the boundary operator and combinatorial Laplacian).

The main idea of our algorithm is to simulate the imaginary-time dynamics of ∆G
k−1 via

the path-integral Monte Carlo method to create a projector onto its kernel. Since ∆G
k−1 is

Hermitian, it has a complete set of orthonormal eigenvectors. This implies that any unit

vector |ψ⟩ ∈ HG
k can be decomposed as

|ψ⟩ = cos(θ)|ψg⟩+ sin(θ)|ψb⟩, (4.2)

where |ψg⟩ is the projection of |ψ⟩ onto the kernel of ∆G
k−1 and |ψb⟩ is its orthogonal com-

plement in HG
k with respect to the standard Hermitian inner product.

Then

e−∆G
k−1t|ψ⟩ = cos(θ)|ψg⟩+ e−∆G

k−1t sin(θ)|ψb⟩. (4.3)

Let ∆G
k−1|λµ⟩ = λµ|λµ⟩ such that λ1 ≤ λ2 ≤ · · · ≤ λ|Clk(G)|, where |Clk(G)| = dimHG

k is the

number of k-cliques in the graph. Since ∆G
k−1 is positive semi-definite, we have

0 ≤ ⟨ψ|e−∆G
k−1t|ψ⟩ = cos2(θ) + sin2(θ)⟨ψb|e−∆G

k−1t|ψb⟩ ≤ cos2(θ) + sin2(θ)e−γmint, (4.4)
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where γmin is the smallest non-zero eigenvalue of ∆G
k−1. If we then pick

t ≥ log(1/ϵ)/γmin, (4.5)

the expectation value will be at most cos2(θ)−O(ϵ).

Since we do not a priori know the k-cliques that actually exist in the graph, |ψ⟩ will need

to be uniformly sampled from the space of all possible k-cliques Hk and checked to see if it

corresponds to a state in the subspace HG
k . If |ψ⟩ ∈ Hk is such that it is a column of a Haar

random unitary over Hk, the expectation value in (4.4) will approach as t tends to infinity

the Haar expectation of cos2(θ), which is

EHaar(cos2(θ)) =
βk−1

dk−1

. (4.6)

Note that here that matching the Haar average is necessary as we aim to have an unbiased

estimator of the normalized Betti number; however, matching the higher moments of the

Haar average is not necessary for our argument1. Thus performing imaginary time evolution

and a Haar expectation value will give the required normalized Betti number.

Of course, we cannot directly implement the exponential of ∆G
k−1 on a classical computer

in general. To circumvent this issue, consider a decomposition of the Hamiltonian of the

form

∆G
k−1 =

D∑
p=1

cpHp, (4.7)

where each Hp is one-sparse and unitary. Then the eigenvalues λpi,νi of each Hp are ±cp,

where νi is an index of the eigenvalue and pi is the index of the Hamiltonian. The Jordan-

Wigner decomposition of ∆G
k−1 in terms of fermionic operators is an example of such an

efficient one-sparse and unitary decomposition.

With such a decomposition, we use a path-integral Monte-Carlo simulation of exp(−∆G
k−1t)

to perform the time-evolution and compute the expectation value while reducing the vari-

ance of the Haar averaging procedure via importance sampling. The path integral expansion

1More specifically, a unitary 1-design suffices.



112

works by first breaking up e−t∆
G
k−1 into r timeslices as (e−t∆

G
k−1/r)r, Trotterizing over the ma-

trices in the one-sparse decomposition of ∆G
k−1, and then expanding each one-sparse matrix

in its eigenbasis. Since one sparse matrices can be efficiently diagonalized, this process is

classically efficient.

As notation, let Γ denote a particular path of eigenvectors in the path integral represen-

tation, W (Γ) be the product of overlaps between the eigenvectors and λpi,Γi
be the eigenvalue

corresponding to the eigenvector that appears in the ith step in the path Γ. Finally, let Pr(Γ)

be a probability distribution from which the paths are drawn that can be chosen to reduce

the variance (as is standard in importance sampling). We show in Section 4.1 that taking

the Haar-expectation of the result leads to

EHaar(cos2(θ)) =
1

dk−1

EΓ

exp
(
−λp1,Γ1t/r −

∑2rD−1
i=2 λpi,Γi

t/2r
)
W (Γ)δk1,k2rD

Pr(Γ)

 . (4.8)

We then average over a finite ensemble of these random paths to estimate the expectation

value drawn from an appropriate probability distribution. We propose, for general purposes,

a Metropolis-Hastings based algorithm for selecting appropriate paths in the decomposition

that are unlikely to have zero values of W (Γ).

The algorithm works by drawing an initial eigenstate of the first term in the one-sparse

decomposition of ∆G
k−1 uniformly. Then a path is drawn by transitioning to one of the two

possible connected eigenstates for it randomly. As the terms are Hermitian by assumption,

the eigenvalues at each step in the path integral are the same up to a sign. This means that

there are only two choices when constructing a path: either we choose to traverse the positive

eigenvalue or the negative eigenvalue. Thus each path can be described using O(log(dk−1)rD)

bits. A path that has non-zero overlaps between the neighboring eigenstates can then be

selected in O(log(dk−1)rD) time. This is used as an initial guess that is improved using

Metropolis-Hastings, wherein the probability of transitioning between two randomly chosen

paths Γ(a) and Γ(b) is:
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P (Γ(b)|Γ(a)) =
exp

(
−2λ

p1,Γ
(b)
1
t/r −

∑2rD−1
i=2 λ

pi,Γ
(b)
i
t/r
)

exp
(
−2λ

p1,Γ
(a)
1
t/r −

∑2rD−1
i=2 λ

pi,Γ
(a)
i
t/r
) . (4.9)

The equilibrium distribution leads to a thermal distribution over the path with

Pr(Γ) =
exp

(
−2λp1,Γ1t/r −

∑2rD−1
i=2 λpi,Γi

t/r
)
δΓ∈SΓ∑

Γ∈SΓ
exp

(
−2λp1,Γ1t/r −

∑2rD−1
i=2 λpi,Γi

t/r
) , (4.10)

where SΓ is the set of all valid paths that start and end at the same vertex. The number

of such updates needed to achieve this distribution (within fixed error) scales as O(1/γM),

where γM is the gap of the Markov chain. We show in Section 4.1 that, provided this gap

is large, this distribution can be efficiently sampled from and forms a good choice for the

importance distribution for the paths that minimizes the variance over the paths.

We ultimately find that the number of arithmetic operations needed to estimate the

ratio of the kernel of ∆G
k−1 to the size of the set of all k-simplices within additive error ϵ is,

assuming that the sample variance in the estimates yielded by Algorithm 1 is σ2, is in

Õ

(
σ2

ϵ2

(
k2dk−1

|Clk(G)|
+
D4

γM

κ3

ϵ

(
log(dk−1)D

−2 +
κ3

ϵ

)))
(4.11)

where κ is the ratio of the largest eigenvalue to the smallest non-zero eigenvalue, i.e. the

condition number of the combinatorial Laplacian. This shows that even in cases where

|Clk(G)| is exponentially large, we can use path integration to estimate the ratio of dim ker ∆k

to dk−1 using a number of operations that scales polynomially with the number of vertices

n provided that σ, D, κ, and γ−1
M are at most poly(n). We show that σ can be polynomially

large in some cases in Section 4.1.

To summarize, the algorithm we propose proceeds as follows:

1. Given an input graph, sample a collection of k-points from the graph.

2. Explicitly verify whether they form a k-clique. If so, use this as a starting vertex in

a Markov chain we construct with stationary distribution (4.10). The vertices are the
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eigenvectors of the one-sparse matrices in the one-sparse decomposition of ∆k and the

edges are determined by the Metropolis-Hasting rule of (4.9).

3. Sample from the stationary distribution (4.10) of our Markov chain. This yields a path

indicated by a set of labels corresponding to vertices in the Markov chain. Note that

the starting and ending point of the path are the same and fixed prior to the sampling,

as they are determined by the procedure in the previous step. The expression for the

Haar average (4.8) shows that the choice of the initial vertex does not matter.

4. Compute the eigenvalues λpi corresponding to the eigenvectors given in the sample

and compute the expression in the parentheses of (4.8). This only requires knowing

the eigenvalues corresponding to the 1 or 2 dimensional blocks of the one-sparse ma-

trices that act on the initial vertex or simplex state and can therefore be efficiently

determined.

5. Repeat steps 3-4 a number of times given by σ2/ϵ2 and compute the average as in

(4.8) to get an estimate of the normalized Betti number βk of the corresponding clique

complex.

Quantum algorithms for TDA were thought to outperform classical counterparts in the

clique dense case [15], but this algorithm serves as a counter-example. Thus while an expo-

nentially large dimension is a necessary condition for an exponential speedup for quantum

TDA, it is not a sufficient condition. This implies that further work is needed in order to

understand when, and even if, quantum algorithms can provide truly exponential advantages

relative to all classical randomized algorithms for TDA.

4.1 Dequantization using path integral Monte Carlo

As discussed in the previous section, our algorithm looks at imaginary time evolution of the

Hermitian operator ∆G
k−1. Given an upper bound on the sparsity s of the combinatorial
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Algorithm 1: Classical randomized algorithm for Betti number computation.

Data: k > 0, n > 0, Nsamp > 0, t ≥ 0, r ≥ 0, a function Pr(Γ) which assigns a

non-zero probability to each vector Γ ∈ R2rD, a function

W (Γ) = ⟨λp1,Γ1 |λp2,Γ2⟩ · · · ⟨λp2rD−1,Γ2rD−1
|λp1,Γ1⟩ where |λpj ,Γj

⟩ is the Γth
j

eigenvector of the one sparse matrix Upj .

Result: Estimate Ē which is an unbiased estimator of βk−1/dk−1

for q from 1 to Nsamp do

Σ← a set of k points encoded as an integer

while Σ is not a (k − 1)-simplex do

Σ← a random set of k points encoded as an integer

end

Draw a vector Γ = [Σ,Γ2, . . . ,Γ2rD] from the probability distribution Pr(Γ).

Eq ← 1
dk−1

(
exp (−λp1,Γ1

t/r−
∑2rD−1

i=2 λpi,Γi
t/2r)W

Pr(Γ)

)
end

Ē ← 1
Nsamp

∑
q Eq average of E.

Laplacian, we can obtain the decomposition ∆G
k−1 =

∑D
p=1 cpHp, where Hp is one-sparse and

unitary and D = O(s2), in polynomial time using distributed graph coloring algorithms.

These algorithms also let us compute the position of the non-zero matrix element in row x

of Uα using a number of queries to ∆G
k−1 that scales as O(log∗(D)) [16]. We will provide

explicit bounds on the sparsity of the combinatorial Laplacian in the subsequent section.

In order to set up the relevant path integrals, we must first employ a Trotter-decomposition.

This allows us to represent the exponential in terms of exponentials of the one-sparse ma-

trices, which can then be simulated through randomization. This leads us to the conclusion

that

e−∆G
k−1t = (e−∆G

k−1t/r)r =

(
D∏
p=1

e−cpHpt/2r

1∏
p=D

e−cpHpt/2r +O

((∑
p |cp|

)3
t3

r3

))r

. (4.12)
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As Hp is Hermitian, it has a complete set of eigenvectors. Hp is also one-sparse and since such

matrices can be written as the direct sum of irreducible one and two-dimensional matrices,

we can parameterize the eigenvectors to respect the structure of the two dimensional space

via

Hp|λp,ν⟩ = λp,ν |λp,ν⟩ (4.13)

Note that each eigenvector |λp,ν⟩ is such that ⟨p|λp,ν⟩ is non-zero for only two different

computational basis vectors.

Note that the first term on the RHS of (4.12) contains 2rD terms. If we introduce a vector

of indices p = {1, . . . , r, 1, . . . , r, . . . , r} with 2rD entries denoted by pi, we can express the

expectation of the exponential of the boundary operator as (H stands for the Haar average)

EH|ψ⟩

(
2rD∏
i=1

e−cpiHpi t/2r

)
:= EH⟨ψ|

(
2rD∏
i=1

e−cpiHpi t/2r

)
|ψ⟩. (4.14)

Next we set up our path integrals by selecting sets of 2rD indices that correspond to the

eigenstates that we transition to in the path integral. We denote such a path via the vector

Γ where Γj corresponds to the index of the jth eigenstate in the path. Using this notation

we can insert resolutions of the identity of the form
∑

Γj
|λpj ,Γj

⟩⟨λpj ,Γj
| consisting of the

eigenvectors |λpj ,Γj
⟩ of each Hpj in between each of the 2rD terms and defining ρ = |ψ⟩⟨ψ|

gives

EH|ψ⟩

(
2rD∏
i=1

e−cpiHpi t/2r

)
= EH Tr

(
ρ

2rD∏
i=1

e−cpiHpi t/2r

)

= EHTr

(
ρ

∑
Γ1,...,Γ2rD

exp

(
−
∑
i=1

λpi,Γi
t/2r

)
|λp1,Γ1⟩⟨λp1,Γ1| · · · |λp2rD,Γ2rD

⟩⟨λp2rD,Γ2rD
|

)

= EHTr

(
ρ

∑
Γ1,...,Γ2rD

exp

(
−
∑
i=1

λpi,Γi
t/2r

)
W (Γ)|λp1,Γ1⟩⟨λp2rD,Γ2rD

|

)

= EHTr

(
ρ EΓ

exp (−
∑

i=1 λpi,Γi
t/2r)W (Γ)|λp1,Γ1⟩⟨λp2rD,k2rD |

Pr(Γ)

)
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= EHEΓTr

(
ρ

exp (−
∑

i=1 λpi,Γi
t/2r)W (Γ)|λp1,Γ1⟩⟨λp2rD,Γ2rD

|
Pr(Γ)

)
=

1

dk−1

EΓTr

(
exp (−

∑
i=1 λpi,Γi

t/2r)W (Γ)|λp1,Γ1⟩⟨λp2rD,Γ2rD
|

Pr(Γ)

)

=
1

dk−1

EΓ

exp
(
−λp1,Γ1t/r −

∑2rD−1
i=2 λpi,Γi

t/2r
)
W (Γ)δΓ1,Γ2rD

Pr(Γ)

 (4.15)

where we have defined for convenience the quantity

W (Γ) = ⟨λp1,Γ1 |λp2,Γ2⟩ · · · ⟨λp2rD−1,Γ2rD−1
|λp2rD,Γ2rD

⟩ (4.16)

with Γ = [Γ1, . . . ,Γ2rD]. In the fourth line, we divided and multiplied by a probability Pr(Γ)

to express the sum as an average, which allows to use importance sampling to minimize the

variance via a judicious choice of Pr(Γ). In the last line, we used the fact that p2rD = p1 for

the symmetric Trotter formula.

If we wish to estimate this value by sampling, the primary driver of the complexity will

be the estimation of the expectation value through the sample mean which corresponds to

the optimal unbiased estimator of the population mean. The number of samples scales with

the variance of the set that one averages over and the variance over Γ of the above Haar

expectation is then simply

VΓ

(
1

dk−1

Tr

(
exp (−

∑
i=1 λpi,Γi

t/2r)W (Γ)|λp1,Γ1⟩⟨λp2rD,Γ2rD
|

Pr(Γ)

))

=
1

d2k−1

∑
Γ1,...,Γ2rD−1

exp
(
−2λp1,Γ1t/r −

∑2rD−1
i=2 λpi,Γi

t/r
)
|W (Γ)|2δΓ1,Γ2rD

Pr(Γ)

−

 1

dk−1

EΓ

exp
(
−λp1,Γ1t/r −

∑2rD−1
i=2 λpi,Γi

t/2r
)
W (Γ)δΓ1,Γ2rD

Pr(Γ)

2

≤ 1

d2k−1

∑
Γ1,...,Γ2rD−1

exp
(
−2λp1,Γ1t/r −

∑2rD−1
i=2 λpi,Γi

t/r
)
|W (Γ)|2δΓ1,Γ2rD

Pr(Γ)
(4.17)

There are many probability distributions that we could choose to sample from to minimize

the variance in (4.17). The most straight forward distribution to choose, and the appropriate
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one to pick in the limit of short t, is a uniform distribution. However, in practice the

eigenvalues in the sum may have wildly varying sizes and so the importance of each of the

different paths can swing substantially. A more natural choice to make for the probability

of drawing each path is

Pr(Γ) =
exp

(
−2λp1,Γ1t/r −

∑2rD−1
i=2 λpi,Γi

t/r
)
δΓ∈SΓ∑

Γ∈SΓ
exp

(
−2λp1,Γ1t/r −

∑2rD−1
i=2 λpi,Γi

t/r
) , (4.18)

where SΓ is the set of valid paths with 2rD vertices such that each edge corresponds to

a path of connected eigenvectors for the one-sparse matrices used in the decomposition of

∆G
k−1. The delta function constraint ensures that we further restrict to paths that are valid

and have a non-zero expectation.

The central challenge in employing this formula is to estimate the value of the sums over

the values of Γi. Let us further assume that the Hj in used in the derivation are Hermitian

and unitary such that

λpi,Γi
= ±cpi . (4.19)

Furthermore, a one-sparse decomposition is chosen the matrix elements are all off diagonal

with the exception of any diagonal matrix that appears in the decomposition. This can

be seen explicitly using the discussion of the Jordan-Wigner representation of the Dirac

operator. This means that each eigenvector couples to at most two eigenvectors. At most

one term is diagonal in the standard Trotter decomposition of the Dirac operator [16]. A

simple combinatorial argument leads to the conclusion that the total number of valid paths

is at most dk−12
2r(D−1)−1.

Given this choice, the normalization constant (which is analogous to a partition function)

can be expressed (assuming that the diagonal element is always pi = D) as

∑
Γ∈G

exp

(
−2λp1,Γ1t/r −

2rD−1∑
i=2

λpi,Γi
t/r

)

= dk−12
2rD−1−r cosh(2cp1t/r)

2rD−1∏
i=2

(cosh(cpit/r)δpi ̸=D + δpi=De
−λpi,Γi

t/r/2). (4.20)
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This can be computed using O(poly(rD)) arithmetic operations and so does not ruin the

efficiency of the algorithm. Note that were the sum over the W (Γ) terms considered in-

stead, then the result would be computationally difficult to compute as these terms generate

correlations that would prevent us from performing an independent sum for each of the

factors.

The variance σ2 over the values of k chosen in the path integrals for the expression for

the Haar average is then

σ2 =
1

d2k−1

(∑
Γ∈SΓ

|W (Γ)|2
)(∑

Γ∈SΓ

exp

(
−2λp1,Γ1t/r −

2rD−1∑
i=2

λpi,Γi
t/r

))

− 1

d2k−1

∣∣∣∣∣∑
Γ∈SΓ

exp

(
−λp1,Γ1t/r −

2rD−1∑
i=2

λpi,Γi
t/2r

)
W (Γ)

∣∣∣∣∣
2

≤ 22rDe2Dtmaxi λpi,Γi

dk−1

≤ 22rD(1/δ)2Dmaxi |λpi,Γi
|/γmin

dk−1

(4.21)

This shows that the variance after making this substitution is precisely equal to the gap in

the Cauchy-Schwarz inequalty in the latter sum. This suggests that in certain cases where

the Cauchy-Schwarz inequality is tight, the variance may be extremely small given that we

have the ability to sample from the distribution Pr(Γ).

4.1.1 Metropolis Hastings algorithm

Outside of specific cases such as graphs, it is difficult in general to sample from the probability

distribution Pr(Γ) to employ the above variance reduction strategy. It is therefore necessary

to provide a general method to obtain these samples if we wish to understand how we could

address the problem more generally. One way to address the issue of how to sample from

the distribution Pr(Γ) is to use the Metropolis Hastings algorithm. The idea behind the

algorithm is to design a Markov chain whose stationary distribution equals our choice of

Pr(Γ).
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We first start with a connected, undirected graph on the set of all possible states Γ1,Γ2, . . . ,Γ2rD−1

which represent the “paths” involved in our Trotter decomposition. Each vertex of the graph

then represents one possible collection of values for Γ1, . . . ,Γ2rD−1.

At each vertex a, we have the following transition rules: if a neighboring vertex b is

selected and the probability of transitioning

pb := Pr(Γ)b = exp

(
−2λ

p1,Γ
(b)
1
t/r −

2rD−1∑
i=2

λ
pi,Γ

(b)
i
t/r

)
(4.22)

is at least as great as the probability of remaining pa := Pr(Γ)a, we transition to b. If pb < pa,

then we transition to b with probability pb/pa, where b ∈ N(a) with N(a) referring to the

neighbors of a and

pb
pa

=
exp

(
−2λ

p1,Γ
(b)
1
t/r −

∑2rD−1
i=2 λ

pi,Γ
(b)
i
t/r
)

exp
(
−2λ

p1,Γ
(a)
1
t/r −

∑2rD−1
i=2 λ

pi,Γ
(a)
i
t/r
) . (4.23)

Otherwise we remain at a with probability 1− pb/pa. Defining

pab :=
1

R
min

(
1,
pb
pa

)
(4.24)

and

paa := 1−
∑
b̸=a

pab (4.25)

we can easily verify papab = pbpba. By the Fundamental Theorem of Markov Chains [126], it

follows that the stationary probabilities are pa as needed.

The cost of computing the ratio pb/pa is O(rD) arithmetic operations, which coincides

with the cost of performing an update. The number of such updates needed to reach δ error

from the stationary distribution, where δ is the total variational distance (TVD) from the

stationary distribution desired, is

T ∗ ∈ O
(

log(1/δ)

γM

)
, (4.26)

where γM := 1 − λ2 is the eigenvalue gap of for the transition matrix p. This implies that

the number of arithmetic operations needed to sample from a distribution that is δ−close to
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the stationary distribution is in

O

(
rDlog(1/δ)

γM

)
. (4.27)

If one samples from a distribution, P ′, that is δ−close to the intended distribution P then

the expectation value of any function f is |
∑

j(P (j)f(j)) −
∑

j(P
′(j)f(j))| ≤ δmax |f(j)|.

Similarly, the variance obeys |
∑

j P
′(j)f(j)2 − (

∑
j P

′(j)f(j))2| ≤ V(f) + O(δmax |f(j)|2).

Thus if we want the error in the mean to be less than some error ϵM , we require

δ = ϵM/max |f(j)|. (4.28)

Note that in our situation

|f | =

∣∣∣∣∣∣
exp

(
−λp1,Γ1t/r −

∑2rD−1
i=2 λpi,Γi

t/2r
)
W (Γ)

Pr(Γ)

∣∣∣∣∣∣ (4.29)

where r is the number time-steps needed in the Trotterization procedure to attain a desired

Trotter error ϵT . Further, we have the following bound from the Cauchy-Schwartz inequality

∑
Γ1,...,Γ2rD−1

∣∣∣∣∣W (Γ) exp

(
−2λp1,Γ1t/r −

2rD−1∑
i=2

λpi,Γi
t/r

)∣∣∣∣∣
≤
√ ∑

Γ1,...,Γ2rD−1

|W (Γ)|2

√√√√∑
Γ∈SΓ

exp

(
−4λp1,Γ1t/r − 2

2rD−1∑
i=2

λpi,Γi
t/r

)
(4.30)

Note that when we sum over a specific pi,Γi in |W (Γ)|2, we get 1 since the eigenvectors are

orthonormal. Performing all 2rD− 2 sums therefore gives 1 from all the inner products and

the last sum involving the (2rD−1)-th index gives a factor of dk−1. Additionally, each λpi,Γi

can either be positive or negative but is upper-bounded by ∥∆G
k−1∥max ≤ ∥∆G

k−1∥∞ = γmax,

i.e. the largest eigenvalue of ∆G
k−1. We can then bound fmax as follows

|f | ≤ fmax ≤ dk−1e
2γmaxtD2r(D−1/2). (4.31)
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4.1.2 Trotter error in path integration

From Corollary 12 of Ref. [127], the multiplicative Trotter error m for a p-th order Trotter

formula is asymptotically bounded by

O

(
α

(
t

r

)p+1

exp

(
2t

r
Υ

Γ∑
ℓ=1

∥Hℓ∥

))
(4.32)

where the operator H is decomposed into a sum of Γ terms,

α =
∑

ℓ1,ℓ2,...,ℓp+1=1

∥[Hℓp+1 , . . . , [Hℓ2 , Hℓ1 ] · · · ]∥ (4.33)

and Υ is the number of “stages” of the formula. For the symmetric Trotter-Suzuki formula,

Υ = 2(5)q−1 for a TS formula of order 2q, where q = 1 and p = 2 for our case. Γ = 2rD and

α can be upper bounded by

α ≤ (2rD)4 max
p

(cp)
3 ≤ 8rDγ3max (4.34)

Since this is the short time multiplicative error bound for simulating an operator for time

t/r, we want to bound the resulting error when simulating for large t. To this end note that

if we have an operator A we approximate by an operator B up to some multiplicative error

m, then B = A(I + mC) where C is an operator such that ∥C∥ ≤ 1, and m is a constant.

Then

∥B∥r ≤ (∥A∥(I +m∥C∥)r ≤ ∥A∥r
(

1 +
r∑
q=1

(m∥C∥)q
(
r

q

))

≤ ∥A∥r
(

1 +
r∑
q=1

mq

(
r

q

))
≤ ∥A∥r

(
1 +

r∑
q=1

(
mre

q

)q)

≤ ∥A∥r
(

1 +
r∑
q=1

(mre)q

)
≤ ∥A∥r

(
1 +

mre

1−mre

)
. (4.35)

Therefore the long-time multiplicative error is bounded by mre/(1−mre) and we would

like this to be less than some desired error ϵT > 0. This implies that we must have mre ≤

ϵT/(1 + ϵT ) ≤ ϵT . In our context, A = etH/r, B is an approximation to A as given by a

Trotter formula, and m is the short-time multiplicative Trotter error bound cited above.
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Using the bound on m and substituting in the parameters relevant for our situation, we

have

mre ≤ eα
t3

r2
exp

(
4t

r

2rD∑
ℓ=1

∥Hℓ∥

)
≤ ϵT . (4.36)

If r ≥ 4t
ln 2

∑
ℓ ∥Hℓ∥, then

mre ≤ 2eα
t3

r
≤ 2eα

t3

r2
≤ ϵT (4.37)

which implies that

r = tmax

{(
4etα

ϵT

)1/2

,
4

ln 2

∑
ℓ

∥Hℓ∥

}
. (4.38)

The former term dominates asymptotically, so we will henceforth take r ∈ Θ

(
t
(

4etα
ϵT

)1/2)
.

The systematic error in the estimate of the expectation value from the Trotter-Suzuki

formula and the finite length Markov chain is at most

∥e−∆G
k−1t∥ϵT + ϵM := ϵTM . (4.39)

The total number of operations needed to draw a single sample from the distribution with

bias at most ϵTM is from (4.27) in

O

(
rDlog(1/δ)

γM

)
= O

(√
αt3/2Dlog(fmax/ϵM)

√
ϵTγM

)
. (4.40)

Next taking ϵM = ϵTM/2 and similarly for ∥e−∆G
k−1t∥ϵT , we have that the number of operations

needed to draw a sample with the required bias is in

O


√
∥e−∆G

k−1t∥αt3/2Dlog(fmax/ϵTM)
√
ϵTMγM

 . (4.41)

Finally, if we set the error ϵTMH to be the error also including the bias in the mean estimate

of dim ker ∆k from having t = log(1/ϵ)/γ, we have after choosing both sources of error to be

equal that the systematic error can be made less than ϵTMH using a number of operations in

Õ


√
∥e−∆G

k−1 log(1/ϵTMH)/γ∥αD log(fmax/ϵTMH)
√
ϵTMHγMγ

3/2
min

 ⊆ Õ

(
D
√
αlog(fmax/ϵTMH)
√
ϵTMHγMγ

3/2
min

)
. (4.42)
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4.1.3 Sample bounds

We finally need to consider the sampling error ϵS that arises from taking only a finite number

of samples. Standard probabilistic arguments show that the number of samples NS needed

to achieve a given ϵS scales as σ2/ϵ2S. The mean-squared error ϵ2 is then

ϵ2 = ϵ2S + ϵ2TMH . (4.43)

As before, we choose to make the two contributions to the error equal. There is a final source

of complexity that needs to be considered though. Algorithm 1 begins by drawing a valid

(k − 1)-simplex to start at to ensure that we are within the space of interest. This means

that we need to randomly draw vertices until we find a k-clique. The probability of drawing

such a simplex is |Clk(G)|/dk−1, which is the clique density for the graph. Thus with high

probability, a number of samples proportional to the reciprocal of this will be needed. Each

such sample requires clique detection, which scales as O(k2). This leads us to a cost of

Nop ∈ Õ

(
k2dk−1σ

2

|Clk(G)|ϵ2
+
D
√
α log(fmax/ϵ)

ϵ5/2
σ2

γMγ
3/2
min

)
(4.44)

We now substitute α, fmax for variables related directly to the properties of the com-

binatorial Laplacian. We substitute t ≥ log(1/ϵ)/γmin throughout and drop subdominant

logarithmic terms. Firstly, from (4.34) we get

α ≤ 8rDγ3max ∈ Θ̃

(
Dt3/2α1/2γ3max

ϵ1/2

)
=⇒

√
α ∈ Θ̃

(
D

γ3max

γ
3/2
minϵ

1/2

)
. (4.45)

This bound on
√
α, Eq. (4.38), and the fact that ∆G

k−1 is positive semi-definite imply

r ∈ Õ
(
∥e−∆G

k−1t/2∥
√
αt3/2/

√
ϵ
)

= Õ
(
Dγ3max/ϵγ

3
min

)
. (4.46)

From (4.31), the logarithm scales as

log

(
fmax

ϵ

)
∈ Θ̃

(
log(dk−1) +

D2γ3max

γ3minϵ

)
. (4.47)
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The prior bound on the variance in (4.21) evaluates to

σ2 ≤ 22rD(1/ϵ)2Dmaxi |λpi,Γi
|/γmin

dk−1

∈ 2O(D2κ3/ϵ))(1/ϵ)2Dκ

dk−1

, (4.48)

where we have defined the condition number κ = γmax/γmin. Substituting these expressions

in Eq. (4.44) then implies the number of operations for the algorithm obeys

Nop ∈ Õ
(
k2dk−1σ

2

|Clk(G)|ϵ2
+
D4σ2γ3max

γ3minϵ
3γM

(
log(dk−1)D

−2 +
γ3max

γ3ϵ

))
∈ Õ

(
σ2

ϵ2

(
k2dk−1

|Clk(G)|
+
D4

γM

κ3

ϵ

(
log(dk−1)D

−2 +
κ3

ϵ

)))
. (4.49)

This implies that in the event we assume the worst case bound on the variance the total

number of operations is in

Nop ∈ Õ

(
2O(D2κ3/ϵ))

dk−1ϵ2+2Dκ

(
k2dk−1

|Clk(G)|
+
D4

γM

κ3

ϵ

(
log(dk−1)D

−2 +
κ3

ϵ

)))
. (4.50)

This shows that under worst case scenario scaling for the variance, our algorithm is efficient

if Dκ is poly-logarithmic in n, κ/ϵ is a constant and γ−1
M and the inverse density of cliques

are polynomial in n.

While the above restrictions on the situations where the classical randomized algorithm is

efficient are significant, they do imply that the TDA algorithm can be efficient even in cases

where dk−1 =
(
n
k

)
is exponentially large provided the graph is clique-dense. This possibility

is not obvious if one only compares to classical algorithms like diagonalization, which scales

polynomially with the dimension.

Finally, the number of operations varies in (4.50) with the variance of the path integrals

which we upper bound with an exponential in D. While this scaling may seem prohibitive

in the case where the graph is nearly complete, the variance bound in this case is extremely

loose and using a particular bound designed for this scenario yields much better scaling as

we will see later.



126

4.2 Analysis

In order to give bounds on the sparsity of the combinatorial Laplacian, we first define a

few terms. Let K be a simplicial complex with N vertices. The up-degree of a k-simplex

σ ∈ K, denoted by degU(σ), is the number of k+ 1 simplices in K that σ is in the boundary

of. The lower-degree of σ, denoted by degL(σ), is the number of k− 1 simplices in K that

are in the boundary of σ. If two k-simplices σ1, σ2 ∈ K both contain a k − 1 simplex in

their boundary, they are said to be lower adjacent. If σ1, σ2 are in the boundary of a k+ 1

simplex, they are said to be upper adjacent. Lemma 3.2.4 of Ref. [128] shows that if σ1, σ2

are distinct and lower adjacent, their common (k − 1)-simplex is σ1 ∩ σ2 and is unique if it

exists. Similarly, Lemma 3.2.2 of Ref. [128] shows that if σ1 and σ2 are upper adjacent, their

common (k + 1)-simplex is unique.

The down degree of a k-simplex σ ∈ K is always k+ 1 for any simplicial complex simply

because any k-simplex contains
(
k+1
k

)
= k + 1 simplices of dimension k − 1 in its boundary.

For the up-degree, we have the following bound:

Proposition 4.2.1. Let K be a simplicial complex with N vertices and let σ be a k-simplex

in K. The up-degree of σ is bounded by min{N − k− 1, d}, where d is maximum (up)-degree

of all the vertices in K.

Proof. We present two arguments for the N − k − 1 bound. The most simple argument is

that the up-degree is bounded by the number of possible ways to extend a k-simplex to a

k+ 1 simplex by adding another point. Since we have N −k−1 other points to choose from,

the up-degree is bounded by this quantity.

A more rigorous argument is to consider the largest eigenvalue of the combinatorial

Laplacian ∆k = ∂†k∂k + ∂k+1∂
†
k+1 has the bound λmax(∆k) ≤ N [129]. The diagonal matrix

elements of ∆k are given in Theorem 3.3.4 of Ref. [128] as degU(σi) + k + 1 for all the k-

simplices σi ∈ K when k > 0. Since ∆k is a real symmetric matrix, the Courant-Fischer

minimax principle and the preceding bound on its largest eigenvalue together imply degU(σ)+

k + 1 ≤ N , which in turn shows degU(σ) ≤ N − k − 1.
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The other upper bound of d holds because a vertex added to a k-simplex to turn it into a

(k + 1)-simplex has to be connected to all vertices in the k-simplex. The number of vertices

connected to all the vertices in the k-simplex is upper bounded by d. Hence we may take

degU(σ) ≤ min{N − k − 1, d}.

Corollary 4.2.2. ∂k has row-sparsity equal to min{N − k− 1, d} and column sparsity equal

to k + 1. ∆k has row and column sparsity bounded by (k + 1)(N − k − 1).

Proof. Recall that ∂k acts on the vector space of k-simplices in K with the standard basis

vectors corresponding to the k-simplices themselves. Its column sparsity equals the down-

degree of any k-simplex in K, i.e. k + 1, because ∂k has non-zero elements in a column

corresponding to a fixed k-simplex only when a k − 1-simplex is the boundary of that k-

simplex. Its row sparsity is given by the largest up-degree of all k-simplices in K and from

the preceding proposition is bounded by min{N − k − 1, d}.

∆k is Hermitian, so the column and row sparsity of ∆k coincide. It in fact equals the

maximum of the number of k-simplices c′ such that c∩ c′ is a (k−1)-simplex and c∪ c′ is not

a (k + 1)-simplex for all k-simplices c (see Theorem 3.3.4 of [128]). In order to construct for

a given k-simplex c another k-simplex c′ as above, we can remove any of the k + 1 vertices

from c and add any of the (N − k − 1) vertices not in c to form c′, giving an upper bound

of (k + 1)(N − k − 1).

Note that the bound on the sparsity of ∆k only considers constructing k-simplices with a

common (k−1)-simplex and does not take into account whether they form a (k+1)-simplex

together. It is possible to give tighter bounds by using the largest degree d of a vertex.

Thus another upper bound on the sparsity of ∆k is O(kd). Thus we can set D = O(k2d2)

or D = O(k2(N − k)2) for the number of terms D in the one-sparse decomposition of the

combinatorial Laplacian depending on if d or N−k−1 is smaller (see the discussing preceding

equation (4.12)).

We now consider a few cases where our algorithm can run efficiently. Our first example

will be the extreme case where the input to the algorithm is the completely disconnected
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graph on N vertices. The only non-zero Betti number of the associated clique complex in

this case is β0 = N . Since dim ker(∆0) = β0 = N , ∆0 is the N × N zero matrix and κ is

undefined. We therefore cannot directly use the preceding asymptotic expressions for the

number of samples required. The analysis is simple if we refer to the general formula for σ2

in (4.21) however and gives the following result:

Proposition 4.2.3. Let K be the completely disconnected graph on N vertices. The variance

of the path-integral Monte Carlo sampling procedure for the Betti numbers of K is 0.

Proof. In this case, λ = 0 for all the eigenvalues of ∆0. We can choose the standard basis

vectors for theN -dimensional vector space of 0-simplices, where each basis vector corresponds

to a 0-simplex, as the eigenvectors of ∆0. Then W (Γ) in (4.21) is merely a product of

Kronecker delta functions. There are precisely N valid paths (loops) for the Markov chain

corresponding to each of the N vertices, so
∑

Γ∈SΓ
W (Γ) =

∑
Γ∈SΓ
|W (Γ)|2 =

∑
Γ∈SΓ

= N .

The variance then reduces to σ2 = N2

d20
− N2

d20
= 0.

Even though the variance is precisely 0 for this case, we do not have a priori knowledge

of the structure of the input graph from the standpoint of this algorithm, aside from an

upper bound on the degree of the vertices. We only possess access to it via oracle queries

that verify whether a collection of vertices forms a k-clique. Therefore, we cannot conclude

anything definite about the Betti numbers with only a single sample in this situation as the

zero variance result might suggest, unless given an additional promise that the least upper

bound is a fixed value or 0.

Another simple case is when the input is a complete graph on N = n+ 1 vertices:

Proposition 4.2.4. Let K be the clique complex of the complete graph on N = n+1 vertices.

The variance of the path-integral Monte Carlo sampling procedure for the Betti numbers of

K is 0.

Proof. The clique complex of this graph corresponds to an n-simplex. From Theorem 3.3.4

of Ref. [128], (∆k)ii = degU(σi) + k + 1 and the off-diagonal entries are either 0 or ±1 if
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k > 0. We argue that in this case, all the off-diagonal entries are 0. From the same theorem,

it suffices to show that for a fixed k-simplex σi, the sum of the number of other upper

adjacent simplices and other non-lower adjacent simplices must equal
(
n+1
k+1

)
− 1 (since ∆k is

a
(
n+1
k+1

)
×
(
n+1
k+1

)
matrix).

We first calculate the up-degree of any k-simplex in our n-simplex. The number of (k+1)-

simplices in an n-simplex is
(
n+1
k+2

)
. The number of k-simplices in a (k+1)-simplex is k+2. The

number of k-simplices in an n-simplex is
(
n+1
k+1

)
. Intuitively, we can determine the up-degree

by finding the number of k-simplices contained in the boundary of all (k + 1)-simplices and

dividing by the actual number of k-simplices in an n-simplex to account for over-counting.

This quantity is precisely

(k + 2)
(
n+1
k+2

)(
n+1
k+1

) = n− k

and we thus get that the diagonal entries of ∆k are all equal to n+ 1 when k > 0 (note that

this saturates the bound on the up-degree of a k-simplex in any simplicial complex given

earlier with N = n+ 1).

Now fix a particular k-simplex σ in the n-simplex. We want to count the number of

other k-simplices that are not lower adjacent to σ. σ has k + 1 simplices of dimension

k − 1 in its boundary. From the above result, each of these (k − 1)-simplices has up-degree

n − (k − 1) = n − k + 1. Then the number of potential lower adjacent k-simplices is

(k + 1)(n − k + 1). But by the uniqueness of common upper simplices, we have counted σ

k + 1 times, one for each of the (k − 1)-simplices in the boundary of σ. Thus the number

of other lower adjacent simplices is (k + 1)(n − k + 1) − (k + 1) = (k + 1)(n − k). Thus

the number of other k-simplices not lower adjacent to σ is
(
n+1
k+1

)
− (k + 1)(n − k) − 1. On

the other hand, the number of other k-simplices that are upper adjacent to σ is given by

multiplying the up-degree n − k of σ, which gives the number of k + 1 simplices that are

upper-adjacent to σ, by the number of k-simplices in each k+ 1-simplex which is k+ 2. But

this overcounts σ by n − k, so (n − k)(k + 2) − (n − k) = (n − k)(k + 1). The sum of this

and
(
n+1
k+1

)
− (k+ 1)(n− k)− 1 is clearly

(
n+1
k+1

)
− 1, so the only non-zero entries in ∆k are the



130

diagonal ones when k > 0.

When k = 0, Theorem 3.3.4 in Ref. [128] shows the diagonal entries of ∆0 are the degree

of the vertices in our n-simplex, which is precisely n. It also implies all the off-diagonal

entries are 0 since every vertex is upper-adjacent in an n-simplex. Thus in either the k = 0

or k > 0 case, ∆k is proportional to the identity. We can then set D = r = 1 in (4.21) and

the number of valid paths summed over is precisely dk. By an analogous reasoning to the

completely disconnected case,
∑

Γ∈SΓ
W (Γ) =

∑
Γ∈SΓ
|W (Γ)|2 =

∑
Γ∈SΓ

= dk and

σ2 = e−2tλ

(
d2k
d2k
− d2k
d2k

)
= 0,

where λ = n+ 1 when k > 0 and λ = n when k = 0.

Analogous arguments on needing a promise on the least upper bound on the degree of

the vertices hold as in the case of the completely disconnected graph above.

We briefly comment on the general behavior of some parameters in Equation (4.49).

For κ, it is known that orientable simplicial complexes of dimension d ≤ 2 have κ ∈ O(n2
k),

where nk denotes the number of k-simplices and 0 ≤ k ≤ 2, and it is further conjectured that

κ ∈ O(n
2/d
k ) in most cases [83]. This latter bound is quite favourable for high-dimensional

simplices, i.e. when d ∼ n and with the approximation that nk ∼ 2n. While naive arguments

from perturbation theory on the behavior of κ and σ2 when ∆k is perturbed slightly away

from the two extreme cases considered above imply κ and σ2 remain O(1), it is difficult to

give tight bounds on σ2 in (4.50) for arbitrary simplicial complexes. The behavior of the

Markov chain spectral gap γM is likewise generically difficult to determine, though we know

from the Peron-Frobenius theorem that it has the bound 0 < γM ≤ 1.

4.3 Conclusion

We developed above a path integral Monte Carlo algorithm for estimating the normalized

Betti numbers of an arbitrary clique complex via an estimate for ratio of the kernel of

the combinatorial Laplacian ∆k to the number of k-simplices (or (k − 1)-cliques) present in
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the clique complex. Unlike deterministic classical algorithms for estimating Betti numbers of

simplicial complexes, this algorithm does not generically depend exponentially on the number

of data points in the input graph and, given suitable bounds on the variance, performs well

in the clique-dense regimes where quantum algorithms were thought to prove advantageous

[14, 15].

Apers et al. in Ref. [130] subsequently developed another classical path-integral Monte

Carlo algorithm which can also be efficient in some of the regimes where the quantum al-

gorithm for Betti number estimation works best. They claim a runtime of nO(γ−1 log(1/ϵ)) for

general simplicial complexes, where n is the number of vertices, ϵ the additive error, and

γ ≤ λ2(∆k)/λ̂ with λ̂ ∈ Θ(λmax(∆k)). For clique complexes in particular, their runtime is

generically poly(n) · (n/λ̂)O(γ−1 log(1/ϵ)), or 2O(γ−1 log 1/ϵ) when k or the maximum up-degree

(see the last section of Section 4.1 for the definition) of the k-simplices are O(n).

For general simplical complexes, their runtime depends exponentially on γ−1 of ∆k, which

is an upper bound on the condition number κ. They thus require constant γ and ϵ for general

simplicial complexes. By contrast, our classical algorithm above has a run time depending

on fixed polynomials in γ−1 and ϵ−1, and can thus tolerate poly(n) scaling for both provided

σ2 also depends polynomially on κ and 1/ϵ. For clique complexes, their best-case runtime

is polynomial if γ ∈ Ω(1) and ϵ = 1/poly(n), or γ ∈ Ω(1/ log n) and ϵ ∈ Ω(1). Analogous

conclusions hold for our classical algorithm in these regimes if we are once again given suitable

promises on the polynomial dependence of σ2 on those parameters. Given the difficulty in

analyzing the dependence of σ2 on κ and ϵ−1 in general, our algorithms cannot be easily

compared. In the worst case bound for σ2 given in (4.48), we would require Dκ to be poly-

logarithmic in n and κ/ϵ a constant at worst and thus also cannot tolerate inverse polynomial

error scaling or spectral gap.

While we do not ultimately expect our classical TDA method to be efficient generically,

there do exist sufficient conditions under which it can be used to extract Betti numbers in

polynomial time without suffering from the exponential dependence on the number of data

points characteristic of other classical TDA algorithms. Furthermore, it creates uncertainty
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about the necessary and sufficient conditions for an exponential advantage for quantum TDA

as the cases where this algorithm has an exponential advantage relative to the deterministic

classical algorithm are analogous to those for quantum algorithms. This means that an

identification of clear cases where exponential advantage is likely remains an important open

problem within the domain of quantum algorithms for TDA.
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Chapter 5

CONCLUDING REMARKS

We have presented three main results in this thesis. The first is the development of novel

hybrid quantum algorithms that combine existing quantum simulation algorithms after an

interaction picture transformation. The second is showing how Gauss’ law symmetries in

certain abelian LGTs can be leveraged to reduce the number of qubits needed to correct all

single qubit errors on the system. The third is developing a classical randomized algorithm

for topological data analysis. We briefly review these results and discuss avenues for future

research in these topics.

5.1 Hybridized Quantum Algorithms in the Interaction Picture

In Chapter 2, we proved rigorous error bounds for a variety of hybridized quantum algorithms

that take an interaction picture Hamiltonian as their input. Since these algorithms scale

with the norm of the input Hamiltonian and since the interaction picture transformation is a

unitary transformation, their query complexity is independent of the Hamiltonian summand

whose interaction frame we entered. Improvements in gate complexity with respect to certain

parameters compared to existing algorithms in the literature were also demonstrated for

simulating the Schwinger model, collective neutrino oscillations, and the generic class of

Hamiltonians subject to dynamical constraints.

One drawback of these methods is that even though the query complexity of the simu-

lation algorithms is independent of the norm of summand we transform into the interaction

frame of, it is still necessary to simulate the unitary operator involved in the interaction

picture transformation (see equation (1.23)) at the gate level. If this unitary operator is dif-

ficult to implement, then the cost of implementing the interaction picture transformation may
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dominate the gate complexity of the simulation. These hybrid simulation protocols therefore

work best when applied to summands of a Hamiltonian that are simple to exponentiate such

as diagonal, one-sparse, or fast-forwardable Hamiltonians. Developing simulation protocols

that exploit the interaction picture transformation but that can also be applied to terms

whose operator-exponential is difficult to implement is therefore an important generalization

of these current methods.

Another area for further investigation is whether or not other combinations of quantum

simulation algorithms combined with the interaction picture transformation can yield ad-

ditional improvements. Since we perform the interaction picture transformation first, only

simulation algorithms that act on time-dependent Hamiltonians such as continuous qDRIFT

or Trotterization can applied in the outer-loop of the algorithms. Other possibilities include

mixing the qDRIFT and Trotter steps or even applying an interaction picture transformation

after one or more of these have been applied. Whether these alternatives yield any practical

advantages will require further analytical and numerical investigations, like in Ref. [131].

Lastly, interaction picture methods are particularly suited to dealing with unbounded

Hamiltonians. Since the exponential of an unbounded operator is a bounded one, moving into

the interaction frame of an unbounded term in a Hamiltonian can be a powerful technique in

the simulation of such systems. Such an analysis has been conducted for classes of unbounded

Hamiltonians whose terms satisfy certain constraints [132], but it remains an open problem

to extend them to broader classes of unbounded Hamiltonians, particularly in the context of

continuous variable systems.

5.2 Error Correction with Gauge Symmetries

As we have primarily investigated 1+1 dimensional systems with a flux cutoff of 1 in Chap-

ter 3, we outline the difficulties one encounters when attempting to generalize these proce-

dures to arbitrary dimensions and flux cutoffs.

For further levels of concatenation, our techniques incorporating Gauss’ law can only

be applied at the highest logical level where the bit-flip encoding is implemented instead of
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within every other level of the concatenation. Our approaches can conceivably be used to

suppress simulation errors resulting from the approximation of the true time-evolution via

methods such as Trotterization, but the impact of our approach on these errors is left for

future work as not all them will lead to violations of Gauss’ law.

For arbitrary flux cutoffs and with non-dynamical matter fields on the sites, the classical

CNOT gates in Figure 3.4 must be replaced with a classically controlled version of the Ŵs

operation described in Sec. 3.1. These are controlled on the state of an appropriate site qubit

and can be implemented with adder circuits such as those described in Refs. [56, 133]. A fault-

tolerant adder will however require non-Clifford operations for a binary integer encoding. In

principle, these can be applied using standard techniques like state injection [134] even with

our logical encoding. A more scalable solution however is to instead use a unary integer

encoding, for which a fault-tolerant incrementer can be implemented using only Clifford

gates. The more efficient construction relying on ancilla qubits to compute the XOR between

a site and a link variable shown in Equation 3.1 can also be implemented in a straightforward

way when using unary encoding. It has been shown recently that in the context of dynamical

simulations, the cutoff only grows as polylog(1/ε) in many physical situations [132] for a fixed

error ε. Thus the scaling in the number of qubits needed for integrating our error correction

procedures with quantum simulation of such systems in a unary encoding is more optimal

than the naive expectation of linear in the cutoff. However, existing unary encodings require

non-stabilizer codes, so constructing generalized unary encodings which are stabilizer codes

and exploring how the constructions given in Figure 3.5 generalize to this setting is currently

under investigation.

We also do not claim to encode the full continuous gauge group, as this would violate

the fact that finite dimensional quantum systems which correct erasure have no continuous

symmetries but only a discrete subgroup thereof [135]. As such, we only encode the U(1)

symmetry group with a finite cutoff approximation. The construction of error correcting

codes analogous to the ones presented here for other structure groups will therefore need to

be tailored to their admissible discrete subgroups.
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There is the final observation that the loop string hadron formalism allows the diagonal-

ization of Gauss’ law for non-abelian gauge theories, converting them into analogues of those

in abelian gauge theories [57, 136]. It is expected that this will be an important step in ex-

tending these algorithms to more complex theories where additional commuting constraints

are needed.

5.3 Quantum and Classical Algorithms for Topological Data Analysis

We have developed a randomized classical algorithm for estimating normalized Betti numbers

of clique complexes. This algorithm can run in polynomial time under certain assumptions

and without a generic exponential dependence on the number of vertices n in the input

graph.

A major drawback of our algorithm is that although it depends polynomially on n, the

condition number κ of the combinatorial Laplacian, and on the inverse error 1/ϵ, it also

depends directly on the variance on the Markov chain sampling procedure. As the variance

is generically difficult to estimate and may depend exponentially on n in some cases, this

makes comparisons with quantum algorithms and other randomized classical algorithms

difficult. While we have sufficient conditions for our algorithm to run in polynomial time in

the generic and worst case scenarios of equations (4.49) and (4.50), giving tighter bounds

for classes of simplicial complexes which are less trivial than those considered in this thesis

but also frequently arise in practical applications is considerably more challenging. Giving

analogous bounds the spectral gap γM of the Markov chain appearing in this algorithm or

relating it to other properties of the input graph and the combinatorial Laplacian is another

problem we leave for future work.

Recall that while the problem of determining the low-lying spectral density of the com-

binatorial Laplacian has been proven to be DQC1-hard for general cochain complexes, an

analogous result for clique complexes remains an open problem [84]. In particular, and as

pointed out in Apers et. al., it remains an open problem to prove or disprove the exis-

tence of a classical algorithm with a runtime of poly(n, κ, 1/ϵ) [137]. The resolution of this
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problem on a complexity theoretic level may involve additional tools at the intersection of

topology, complexity theory, and many-body physics beyond those used to prove the existing

DQC1-hardness results.
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[82] Anna Gundert and May Szedláky. Higher dimensional discrete Cheeger inequalities.

Journal of Computational Geometry, 6(2):54, 2015. doi:10.20382/jocg.v6i2a4.

[83] Joel Friedman. Computing Betti numbers via combinatorial Laplacians. Algorithmica,

21(4):331–346, 1998. doi:10.1007/PL00009218.

[84] Chris Cade and P. Marcos Crichigno. Complexity of supersymmetric systems and the

cohomology problem. arXiv:2107.00011, 2021. URL https://arxiv.org/abs/2107.

00011.

[85] Dave Wecker, Matthew B Hastings, Nathan Wiebe, Bryan K Clark, Chetan Nayak, and

Matthias Troyer. Solving strongly correlated electron models on a quantum computer.

Physical Review A, 92(6):062318, 2015. doi:10.1103/PhysRevA.92.062318.

[86] T. Banks, Leonard Susskind, and John Kogut. Strong-coupling calculations of lattice

gauge theories: (1 + 1)-dimensional exercises. Phys. Rev. D, 13:1043–1053, Feb 1976.

doi:10.1103/PhysRevD.13.1043.

https://doi.org/10.1016/j.comgeo.2016.05.003
https://doi.org/10.1016/j.jco.2007.03.008
https://arxiv.org/abs/2209.11793
https://doi.org/10.1016/0095-8956(89)90029-4
https://doi.org/10.20382/jocg.v6i2a4
https://doi.org/10.1007/PL00009218
https://arxiv.org/abs/2107.00011
https://arxiv.org/abs/2107.00011
https://doi.org/10.1103/PhysRevA.92.062318
https://doi.org/10.1103/PhysRevD.13.1043


149

[87] Yuval R. Sanders, Dominic W. Berry, Pedro C.S. Costa, Louis W. Tessler, Nathan

Wiebe, Craig Gidney, Hartmut Neven, and Ryan Babbush. Compilation of fault-

tolerant quantum heuristics for combinatorial optimization. PRX Quantum, 1(2), Nov

2020. ISSN 2691-3399. doi:10.1103/prxquantum.1.020312. URL http://dx.doi.org/

10.1103/PRXQuantum.1.020312.

[88] Yong He, Mingxing Luo, E. Zhang, Hong-Ke Wang, and Xiao-Feng Wang. Decompo-

sitions of n-qubit toffoli gates with linear circuit complexity. International Journal of

Theoretical Physics, 56, 07 2017. doi:10.1007/s10773-017-3389-4.

[89] Johannes Bausch. Fast black-box quantum state preparation, 2020. URL https:

//arxiv.org/abs/2009.10709.

[90] Cody Jones. Low-overhead constructions for the fault-tolerant toffoli gate. Physical

Review A, 87(2):022328, 2013. doi:10.1103/PhysRevA.87.022328.

[91] Steven A Cuccaro, Thomas G Draper, Samuel A Kutin, and David Petrie Moulton.

A new quantum ripple-carry addition circuit. arXiv preprint quant-ph/0410184, 2004.

URL https://doi.org/10.48550/arXiv.quant-ph/0410184.

[92] Alexander F. Shaw, Pavel Lougovski, Jesse R. Stryker, and Nathan Wiebe. Quan-

tum algorithms for simulating the lattice schwinger model. Quantum, 4:306, Aug

2020. ISSN 2521-327X. doi:10.22331/q-2020-08-10-306. URL http://dx.doi.org/

10.22331/q-2020-08-10-306.

[93] James Pantaleone. Neutrino oscillations at high densities. Physics Letters B, 287(1):

128 – 132, 1992. ISSN 0370-2693. doi:https://doi.org/10.1016/0370-2693(92)91887-F.

[94] Huaiyu Duan, George M. Fuller, J. Carlson, and Yong-Zhong Qian. Coherent devel-

opment of neutrino flavor in the supernova environment. Phys. Rev. Lett., 97:241101,

Dec 2006. doi:10.1103/PhysRevLett.97.241101.

https://doi.org/10.1103/prxquantum.1.020312
http://dx.doi.org/10.1103/PRXQuantum.1.020312
http://dx.doi.org/10.1103/PRXQuantum.1.020312
https://doi.org/10.1007/s10773-017-3389-4
https://arxiv.org/abs/2009.10709
https://arxiv.org/abs/2009.10709
https://doi.org/10.1103/PhysRevA.87.022328
https://doi.org/10.48550/arXiv.quant-ph/0410184
https://doi.org/10.22331/q-2020-08-10-306
http://dx.doi.org/10.22331/q-2020-08-10-306
http://dx.doi.org/10.22331/q-2020-08-10-306
https://doi.org/https://doi.org/10.1016/0370-2693(92)91887-F
https://doi.org/10.1103/PhysRevLett.97.241101


150

[95] Huaiyu Duan, George M. Fuller, and Yong-Zhong Qian. Collective neutrino os-

cillations. Annual Review of Nuclear and Particle Science, 60(1):569–594, 2010.

doi:10.1146/annurev.nucl.012809.104524. URL https://doi.org/10.1146/annurev.

nucl.012809.104524.

[96] Sovan Chakraborty, Rasmus Hansen, Ignacio Izaguirre, and Georg Raffelt. Collective

neutrino flavor conversion: Recent developments. Nuclear Physics B, 908:366 – 381,

2016. ISSN 0550-3213. doi:https://doi.org/10.1016/j.nuclphysb.2016.02.012. Neutrino

Oscillations: Celebrating the Nobel Prize in Physics 2015.

[97] Ermal Rrapaj. Exact solution of multiangle quantum many-body col-

lective neutrino-flavor oscillations. Phys. Rev. C, 101:065805, Jun 2020.

doi:10.1103/PhysRevC.101.065805.

[98] Michael J. Cervia, Amol V. Patwardhan, A. B. Balantekin, S. N. Coppersmith, and

Calvin W. Johnson. Entanglement and collective flavor oscillations in a dense neutrino

gas. Phys. Rev. D, 100:083001, Oct 2019. doi:10.1103/PhysRevD.100.083001.

[99] Alessandro Roggero. Entanglement and many-body effects in collective neutrino oscil-

lations. Phys. Rev. D, 104:103016, Nov 2021. doi:10.1103/PhysRevD.104.103016.

[100] Alessandro Roggero. Dynamical phase transitions in models of collective neutrino

oscillations. Phys. Rev. D, 104:123023, Dec 2021. doi:10.1103/PhysRevD.104.123023.

[101] Benjamin Hall, Alessandro Roggero, Alessandro Baroni, and Joseph Carlson. Simu-

lation of collective neutrino oscillations on a quantum computer. Phys. Rev. D, 104:

063009, Sep 2021. doi:10.1103/PhysRevD.104.063009.
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[118] A.D. Córcoles, Easwar Magesan, Srikanth J. Srinivasan, Andrew W. Cross, M. Steffen,

Jay M. Gambetta, and Jerry M. Chow. Demonstration of a quantum error detection

code using a square lattice of four superconducting qubits. Nat. Comm., 6:6979, 2015.

doi:10.1038/ncomms7979. URL https://doi.org/10.1038/ncomms7979.

[119] David P. DiVincenzo and Peter W. Shor. Fault-tolerant error correction

with efficient quantum codes. Phys. Rev. Lett., 77:3260–3263, Oct 1996.

https://doi.org/10.1145/780542.780552
https://doi.org/10.1103/PhysRevA.99.042301
https://doi.org/10.48550/arXiv.quant-ph/0302079
https://doi.org/10.48550/arXiv.quant-ph/0302079
https://doi.org/10.1137/080734479
https://doi.org/10.1088/0034-4885/75/2/022001
https://doi.org/10.1007/s00023-021-01111-7
https://doi.org/10.1103/PhysRevA.52.R2493
https://link.aps.org/doi/10.1103/PhysRevA.52.R2493
https://link.aps.org/doi/10.1103/PhysRevA.52.R2493
https://doi.org/10.1038/ncomms7979
https://doi.org/10.1038/ncomms7979


153

doi:10.1103/PhysRevLett.77.3260. URL https://link.aps.org/doi/10.1103/

PhysRevLett.77.3260.

[120] Raymond Laflamme, Cesar Miquel, Juan Pablo Paz, and Wojciech Hubert

Zurek. Perfect quantum error correcting code. Phys. Rev. Lett., 77:198–201, Jul

1996. doi:10.1103/PhysRevLett.77.198. URL https://link.aps.org/doi/10.1103/

PhysRevLett.77.198.

[121] Daniel Gottesman. Class of quantum error-correcting codes saturating

the quantum hamming bound. Phys. Rev. A, 54:1862–1868, Sep 1996.

doi:10.1103/PhysRevA.54.1862. URL https://link.aps.org/doi/10.1103/

PhysRevA.54.1862.

[122] A. R. Calderbank, E. M. Rains, P. W. Shor, and N. J. A. Sloane. Quan-

tum error correction and orthogonal geometry. Phys. Rev. Lett., 78:405–408, Jan

1997. doi:10.1103/PhysRevLett.78.405. URL https://link.aps.org/doi/10.1103/

PhysRevLett.78.405.

[123] David Cohen-Steiner, Weihao Kong, Christian Sohler, and Gregory Valiant.

Approximating the spectrum of a graph. Proceedings of the 24th ACM

SIGKDD International Conference on Knowledge Discovery & Data Mining, 2018.

doi:https://doi.org/10.1145/3219819.3220119.

[124] Sayan Mukherjee and John Steenbergen. Random walks on simplicial com-

plexes and harmonics. Random structures & algorithms, 49:379–405, 2016.

doi:https://doi.org/10.1002/rsa.20645.

[125] Ori Parzanchevski and Ron Rosenthal. Simplicial complexes: spectrum, homol-

ogy and random walks. Random Structures & Algorithms, 50:225–261, 2017.

doi:https://doi.org/10.1002/rsa.20657.

https://doi.org/10.1103/PhysRevLett.77.3260
https://link.aps.org/doi/10.1103/PhysRevLett.77.3260
https://link.aps.org/doi/10.1103/PhysRevLett.77.3260
https://doi.org/10.1103/PhysRevLett.77.198
https://link.aps.org/doi/10.1103/PhysRevLett.77.198
https://link.aps.org/doi/10.1103/PhysRevLett.77.198
https://doi.org/10.1103/PhysRevA.54.1862
https://link.aps.org/doi/10.1103/PhysRevA.54.1862
https://link.aps.org/doi/10.1103/PhysRevA.54.1862
https://doi.org/10.1103/PhysRevLett.78.405
https://link.aps.org/doi/10.1103/PhysRevLett.78.405
https://link.aps.org/doi/10.1103/PhysRevLett.78.405
https://doi.org/https://doi.org/10.1145/3219819.3220119
https://doi.org/https://doi.org/10.1002/rsa.20645
https://doi.org/https://doi.org/10.1002/rsa.20657


154

[126] Olle Häggström. Finite Markov chains and algorithmic applications. Cambridge Uni-

versity Press, 2002.

[127] Andrew M. Childs, Yuan Su, Minh C. Tran, Nathan Wiebe, and Shuchen Zhu.

Theory of Trotter error with commutator scaling. Phys. Rev. X, 11:011020, Feb

2021. doi:10.1103/PhysRevX.11.011020. URL https://link.aps.org/doi/10.1103/

PhysRevX.11.011020.

[128] Timothy E Goldberg. Combinatorial laplacians of simplicial complexes. Senior Thesis,

Bard College, 2002.

[129] Art Duval and Victor Reiner. Shifted simplicial complexes are laplacian integral. Trans-

actions of the American Mathematical Society, 354(11):4313–4344, 2002.

[130] Simon Apers, Sayantan Sen, and Dániel Szabó. A (simple) classical algorithm for
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Appendix A

DIAMOND NORM

The diamond distance is often used as a measure of error between two quantum channels.

It is defined as follows:

d⋄(E,N) =
1

2
||E−N||⋄, (A.1)

where || . . . ||⋄ is the diamond norm

||P||⋄ := supρ;||ρ||1=1||(P⊗ I)(ρ)||1 (A.2)

and E and N are two quantum channels or superoperators. Note that I acts on the same

size Hilbert space as P and ρ is a density matrix. All operators here are expressed as square

matrices and ρ can represent states entangled with qubits that are not operated on. We then

need an identity matrix to “pad out” the missing dimensions so that P⊗ I can act sensibly

upon ρ.

The diamond norm is simply the trace distance but maximized over all possible input

states and satisfies two key properties:

(1) Triangle inequality: ||A + B||⋄ ≤ ||A||⋄ + ||B||⋄

(2) Sub-multiplicativity: ||AB||⋄ ≤ ||A||⋄||B||⋄

It follows from the definition of the diamond norm that if we apply the channel E and N

to the quantum state σ, we have

dtr(E(σ),N(σ)) =
1

2
||E(σ)−N(σ)||1 ≤ d⋄(E,N). (A.3)

The trace norm distance is important since it bounds the error in expectation values. To

see this, consider the expression |Tr(ME(σ)) − Tr(MN(σ))|. The expectation value of an
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operator M with respect to a state ρ can be found by taking the trace of their product, i.e

Tr(Mρ). Thus, in the above expression, we first send a state σ through our two channels.

Then we find the expectation value of M with respect to their outputs and take the absolute

value of the difference to find the error in expectation values.

We can bound this error in expectation values by the following inequalities

|Tr(ME(σ))− Tr(MN(σ))| = |Tr[M(E(σ)−N(σ))]| ≤ 2||M ||dtr(E(σ),N(σ))

≤ 2||M ||d⋄(E,N). (A.4)

In the first inequality, the von-Neumann trace inequality

|Tr(AB)| ≤
n∑
i=1

αiβi

was used where αi, βi are the singular values of the operators A and B respectively. This

inequality can be further bounded by recognizing that αi ≤ αmax for all i, where αmax is the

largest singular value of A. The largest singular value of A is precisely ||A||∞ so

|Tr(AB)| ≤
n∑
i=1

αiβi ≤
n∑
i=1

αmaxβi = ||A||∞ ||B||1.

The second inequality in the above expression follows directly from the definition of the

diamond norm.

Now note that if we have a projection operator P , P †P = P since projection operators

are Hermitian and square to themselves. Their eigenvalues are 1 and 0 so it immediately

follows that ||P ||∞ = 1. So if M is a projection operator and we have ε error in the diamond

distance, then

|Tr(ME(σ))− Tr(MN(σ))| ≤ 2ε.

This justifies the statement that measurement statistics are correct up to a factor of 2ε

with an ε error in diamond distance.
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Appendix B

NOTATION FOR QDRIFT

We establish the following notational conventions from Ref. [29] for describing the time-

dependent qDRIFT scaling. Let α ∈ CL be a vector. The notation ||α||p represents the lp

norm of α and we define a few cases as follows:

||α||1 :=
L∑
j=1

|αj|, ||α||2 :=

√√√√ L∑
j=1

|αj|2, ||α||∞ := max
j∈{1,2,...,L}

|αj| .

If A is a matrix, ||A||p denotes the Schatten-p norm of A. A few important examples are:

||A||1 := Tr(
√
A†A), ||A||2 :=

√
Tr(A†A), ||A||∞ := max

|ψ⟩
||A|ψ⟩||2 .

If f : [0, t] → C is a continuous function, ||f ||p denotes the Lp norm of the function.

Thus,

||f ||1 :=

∫ t

0

dτ |f(τ)|, ||f ||2 :=

√∫ t

0

dτ |f(τ)|2, ||f ||∞ := max
τ∈[0,t]

|f(τ)| .

These norms can be combined to obtain vector and operator-valued functions. Suppose

α : [0, t] → CL is a continuous vector-valued function with components at time τ denoted

by αj(τ). ||α||p,q denotes taking the lp norm ||α(τ)||p for all τ and computing the Lq norm

of the resulting scalar function, e.g.

||α||1,1 =

∫ t

0

dτ
L∑
j=1

|αj| .

Similar reasoning applies when dealing with the Schatten p-norm of a time-dependent

operator and then applying an Lq norm to the resulting scalar function, i.e. ||A||p,q. For

example,

||A||1,2 =

√∫ t

0

dτ (Tr
(√

A†A
)
)2 .
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Note that this notation, while compact, is not well suited for describing evolution within

a sub-interval of the entire evolution. In the event that a shorter evolution needs to be

described, we explicitly use the integral expression over the domain in question.

For time-dependent linear combinations A(τ) =
∑L

l=1Al(τ), the notation ||A||p,q,r means

taking the Schatten p-norm ||At(τ)||p of each term in the sum and applying the lq and Lr

norms to the resulting vector-valued functions, e.g.

∥A∥1,1,∞ := max
τ∈[0,t]

L∑
l=1

∥Al(τ)∥1 .
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Appendix C

COMPLEXITY CLASSES

We provide non-rigorous definitions here of some terminology from complexity theory

and of a few quantum and classical complexity classes that are referenced throughout this

thesis.

• P : class of decision problems (computational problems with a ‘yes’ or ‘no’ answer)

that can be solved in polynomial time on a Turing machine

• NP : class of decision problems such that a ‘yes’ answer can be verified in P

• PSPACE : class of decision problems that can be solved by a Turing machine using

polynomial amount of space (but not necessarily a polynomial amount of time)

• BPP : class of problems that can be solved in polynomial time if a bounded probability

of error (typically 1/3) is allowed in the solution

On the quantum complexity side, we have the following classes:

• BQP : class of decision problems solvable in polynomial time by a quantum Turing

machine with at most 1/3 probability of error. This is the quantum counterpart of the

class BPP

• QMA : class of decision problems whose solution can be verified in polynomial time by

a quantum Turing machine with high probability (typically 2/3). This is the quantum

counterpart of the class NP. The class QMA1 is similar, with the exception that the

yes-instances of the problem are accepted with probability 1.
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• DQC1 : class of problems solvable by a BQP computer where a single qubit is initialized

in the ‘0’ state and the remaining qubits are initialized in the maximally mixed state

A problem is hard for a given complexity class if it is at least as computationally hard as

all the problems in that class. It is complete if the problem also resides in that class; more

specifically, an algorithm for solving a complete problem can be adapted to solve any other

problem in that class. Thus for example, an NP-hard problem need not reside in NP but an

NP-complete problem does.

An important result concerning the DQC1 class is that one can efficiently estimate the

trace of an arbitrary unitary operator in this model via the Hadamard test [138]. Since trace

estimation of a unitary is believed to be a hard problem for classical computers [138], this

implies that a DQC1-hard problem cannot be “dequantized”, or be solved via an efficient

classical algorithm in BPP unless DQC1 ⊆ BPP. This containment is widely believed to be

false.
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