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Lowell F. Thompson
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Applied Mathematics

Kolmogorov’s theory of probability emphasizes a given state space Ω and a given probability

measure P, then constructs the entire calculus of measurable functions X : Ω → R. From

this perspective, the properties and dynamics of given families of probability measures are

viewed as technical subjects within the general theory. In this work, we show that two

fundamental concepts from statistical physics - entropy and energy - are themselves stochastic

objects when one considers change of measure to be the natural representation of real-world

dynamics. A relationship between thermodynamics and probability theory is formulated in

terms of large deviation principles and affine structures on the space of measures.
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Chapter 1

INTRODUCTION

1.1 Probability, statistics, and statistical physics

For the past three centuries, applied mathematics has rested on the pillar of differential equa-

tions. The resulting techniques have been extremely successful, but have also met formidable

challenges, particularly when faced with complicated behaviors and complex systems such as

nonlinear chaotic dynamics and extremely high-dimensional systems like the atomic motions

in a protein molecule. In recent years, the mathematical theory of probability, along with

that of time-dependent stochastic processes, has emerged as a new workhorse of applied

mathematics [31, 33].

In physics and chemistry, the theory of statistical dynamics has provided the foundation

for our current understanding of matter as a high-dimensional system in terms of Newtonian

mechanical particles. Since its early development by L. Boltzmann and J.W. Gibbs in the

late nineteenth century, this field known as statistical thermodynamics has relied - at its

core - on classical mechanical ideas. In the past few decades, however, surprising discoveries

have led to the suggestion that “the essence of a thermodynamic description is not found

in its connection to conservation laws, microscopic reversibility, or the equilibrium state

relation they entail, despite the central role those play.” [39] Furthermore, it has been

hypothesized that these fundamental Newtonian concepts and behaviors may well be the

consequences of a probabilistic, entropic description of space, time and numbers. More

precisely, while the theories of probability and statistics provide a kinematic description

of stochastic behavior, Gibbs’ theory of statistical ensembles provides an additional layer

of description that encompasses the notions of energies, conservation laws, equations of
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state and thermodynamics itself [34]. One can think of the physicists’ approach as a third

alternative to the frequentist and Bayesian schools. It combines the ideas of both schools

and with the celebrated limit theorems of probability: The law of large numbers and the

large deviation principles [11].

The concept of entropy figures prominently in this new, “de-mechanized” theory of sta-

tistical thermodynamics, albeit extended far beyond that of Gibbs’ in equilibrium statistical

mechanics and Shannon’s in information theory. Entropy provides a mathematical descrip-

tion for the change from one probability space to another - from (Ω,F ,P1) to (Ω,F ,P2). This

change can be quantified in terms of the Radon-Nikodym derivative as ln
(

dP2

dP1
(ω)
)

, which

is itself a random variable. Recent work in nonequilibrium stochastic thermodynamics has

shown that fluctuation theorems and the Jarzynski-Crooks equality naturally arise from the

mathematics for change in probability measures [47]. In concert with recent developments

in optimal transport and nonlinear partial differential equations, these ideas also point to-

wards a formulation of thermodynamics in terms of “the space of probability measures” and

the theory of information geometry [2]. It is interesting to note that Fisher’s information,

along with the concepts of sufficient statistics, Fisher-Neyman factorization theorem, and

Pitman-Koopman-Darmois exponential families, play a central role in the theory of informa-

tion geometry and have also long been argued by B. B. Mandelbrot [29] as key elements of

yet another statistical approach to classical thermodynamics pioneered by L. Szilard [41].

This dissertation explores the mathematical foundations of thermodynamics through

spaces of measures, both from a general geometric point of view and through the simpler

idea of affine structures and their associated tangent spaces [14].

1.2 Modeling complex systems

At the core of mathematical modeling of real world phenomena is a choice of mathematical

representation. Since the birth of calculus and Newtonian mechanics, differential equations

representing the spatial motions of mechanical particles have been a dominant choice. How-

ever, in a wide variety of complex systems, the notion of “counting heads” actually provides
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a more natural representation. We shall offer some observations here on the mathemat-

ical modeling of complex systems over a wide variety of scales through some emblematic

examples:

• An ideal gas can be modeled on the finest level as a classical mechanical system. (This

is, by assumption, an exact description of the system.) If the system is large enough,

we can use the laws of classical (equilibrium) thermodynamics (e.g., PV = NRT ) to

present the system in terms of key “macroscopic variables”, P , V , N , and T , which

stand for pressure, volume, number of particles and temperature, respectively. We can

also employ mesoscale descriptions like small system thermodynamics [28].

• A chemical reaction network could, in principle, be modeled as an enormous quantum

mechanical system. In practice, the smallest scale one actually uses is a large mechan-

ical system of molecules combined with some stochastic reactions. We can also use

mesoscale descriptions like a chemical master equation. If the system is large enough,

we can use deterministic macroscale models like the law of mass action.

• Gene regulatory networks are, in principle, just enormous chemical reaction networks,

and so one could use models from the previous example to study them. However, no

one actually knows all of the chemicals and/or reactions involved, and so we are forced

to use abstractions such as stochastic gene networks. As in the previous examples,

if the system is large enough then we can use macroscale deterministic gene network

models instead.

All of these examples share a common theme. They can (at least in principle) be modeled

at a more refined level in a fundamentally correct manner, but the fine level model is so

large that it is unwieldy. In order to simplify these models, one can perform some sort of

coarse-graining procedure to create a mesoscale model. These mesoscale models are lower

dimensional (by design), but inevitably become stochastic even if the finer description is
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deterministic. Finally, if some measure of system size (typically the number of particles

or the volume) becomes sufficiently large, then these stochastic mesoscale models can be

replaced with deterministic macroscale models. One good example of this is Kurtz’s theorem

[24].

If we have a fundamental, microscopic description of our system in hand, then we can

always construct the coarser models. However, in practice the microscopic level description is

generally unavailable. At best, we might know the fundamental description, but the models

involved are so large that using them is computationally infeasible. More often, the best

available models are many layers of abstraction away from the fundamental microscopic

description.

1.2.1 From mechanics to thermodynamics

Classical physicists (and quantum physicists, to a large extent, but we will ignore such com-

plications here) have staked out the path from microscopic to mesoscopic to macroscopic

descriptions of many large systems. This is the field of statistical mechanics and thermody-

namics proper.

The microscopic description of a system in classical physics is always essentially the same:

A collection of N point masses that can be described by specifying the positions and momenta

of all the particles in the phase space R6N . The evolution of this system is governed by a

Hamiltonian H : Q→ R, where Q ⊂ R6N .

Classical (equilibrium) thermodynamics furnishes meso- and macroscopic descriptions

of a system. The system can be described by specifying a handful of measurable physical

quantities with deterministic values (e.g., energy E, entropy S, volume V and temperature

T ). In small systems, some of these values can fluctuate according to a given distribution,

while in large systems the values are fixed since the deviations can be safely neglected.

Statistical mechanics bridges the gap between these sets of descriptions. Thermodynamic

variables are now thought of as functionals on the phase space Q, and thermodynamic states

are the intersection of the level sets of these functionals. If a functional is conserved by the
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Hamiltonian dynamics, then its value is fixed. Otherwise, the stationary distribution on Q

(generally furnished by some ergodicity assumptions about H) leads to fluctuations. When

the number of particles becomes very large, this distribution approaches a Dirac-δ function

and so the thermodynamic variables become deterministic.
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Chapter 2

COARSE-GRAINING AND A LARGE DEVIATIONS
APPROACH TO THERMODYNAMICS

2.1 Underlying dynamics and coarse-graining

In this work, we will consider some underlying process X(t) on a phase space Q. For the

moment, we will be quite vague about the nature of this process and even about the space

itself. It will suffice to think of Q as Rn with some appropriate sigma algebra and assume

that X is stochastic and has a stable stationary distribution1 and that the system is ergodic

on some appropriate set. Note that the assumption of ergodicity is quite important. If

X is a diffusion process, then this ergodicity arises almost automatically (with some minor

assumptions about the diffusion coefficient). On the other hand, if X is a deterministic

process (such as a Hamiltonian system) then it will at best be ergodic on level sets of the

Hamiltonian. In practice, this is often not true. The theory that follows could likely be

extended to such non-ergodic systems, but we make no attempt to do so.

It is safe to remain deliberately vague about the nature of X because we will never actually

measure it directly. Instead, we will only be able to work with some collection of observables

Xi : Q→ R. In particular, we will limit ourselves to an extremely special set of observables.

Partition Q into n disjoint, measurable sets

ω1, . . . , ωn ⊆ Q (2.1)

and define the maps

Xi : Q→ R such that Xi = 1ωi . (2.2)

1We will use the terms steady state, stationary and equilibrium essentially interchangeably. It is partic-
ularly important to emphasize that we will use the word equilibrium in the dynamical systems sense as
something that does not change in time. With the exception of some discussion in chapter 6, the word
equilibrium will not have any relation to detailed balance or concepts from physics or chemistry.
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Instead of being able to observe X(t) directly, we will be limited to observing the values of

each Xi(X(t)). In other words, instead of knowing the exact configuration of our system at

any given time (i.e., knowing a point in Q) we only know the coarse-grained state ωi.

In principle, we would like to study measures on Q, but in practice we will only be able to

observe frequencies (and their limiting frequencies) on the finite set of coarse-grained states

Ω = {ω1, . . . , ωn}. (2.3)

In particular, if ρ is a measure on Q (with the appropriate sigma algebra), then there is a

corresponding measure µ on
(
Ω, 2Ω

)
such that

µ({ω}) ≡ ρ(ω). (2.4)

In addition to measures on Q and Ω, we are also interested in classical thermodynamic

quantities. Two quantities of particular importance are entropy and energy. We will explore

the idea of entropy in much more detail later, but the connection between coarse-graining of

probability measures and entropy is fairly well established. It is much less obvious how to

translate ideas of energy from the phase space Q to the coarse-grained space Ω. To see how we

might go about this, we will take inspiration from statistical mechanics and thermodynamics.

We will see that energy should be treated as a random variable on Ω. This idea may seem

surprising to someone more familiar with mechanics or classical thermodynamics, where it

is common to think of the energy as a constant or parameter, or perhaps as a conserved

quantity that can be determined from an initial state.

In mechanics, the energy of a system is typically thought of as a Hamiltonian function

H : Q → R on the phase space. Unlike in our setup, the dynamics of a mechanical system

are entirely governed by this Hamiltonian function. It is important to notice that although

the Hamiltonian is a function on all of Q, it is conserved by the dynamics of the system,

and so any given mechanical system will have a constant energy for all time. In this sense,

the energy of a mechanical system is a single number which can be varied by modifying the

initial conditions.
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In classical (equilibrium) thermodynamics, the state of a system is quite different: A

system is described by specifying the values of a handful of functions on phase space. (For

instance, one might specify the energy, entropy and volume.) Some of these values are

assumed to be fixed, while others are allowed to vary under some specified distribution.

Unlike in mechanics, equilibrium thermodynamics does not attempt to describe the trajectory

of a system beyond the idea that some values can fluctuate.

Classical statistical mechanics attempts to bridge the gap between these two descriptions.

The (micro)state of a system is a point in phase space, just like in classical mechanics, and the

microstates evolve according to some Hamiltonian dynamics. In contrast, thermodynamic

states are level sets of some specified functions, and so they are entire regions of phase space.

Some of these functions (such as the Hamiltonian H) are conserved, and so their values

are fixed along one trajectory, but others are not. In order to understand the values of

these fluctuating functions, one typically assumes (and in some very special cases one can

prove) that the dynamics are ergodic on some appropriate set. This ergodicity assumption

means that the fluctuating functions can be described probabilistically through the invariant

distribution of the Hamiltonian system. It is important to note that a Hamiltonian system

cannot be ergodic on all of Q, but at most on the level sets of H (or some subsets thereof).

This means that any description of a Hamiltonian system with fluctuating H requires more

than just an ergodicity assumption. There are many historical approaches to this issue. A

common tactic is to think of an “ensemble” of systems with different energies rather than

one trajectory through phase space. Another approach is to give up on the idea that our

underlying system is a Hamiltonian and assume that the dynamics are actually ergodic on

all of Q.

Stochastic (equilibrium) thermodynamics takes the latter approach. The system is as-

sumed to evolve through some ergodic stochastic process (equivalent to our X(t)). From a

physical perspective, the noise in this process might arise because the original mechanical

system is immersed in a heat bath. In this context, thermodynamic states are random vari-

ables on Q. This neatly avoids the question of how energy can fluctuate in a Hamiltonian
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system, but leaves open the question of how to translate the random variable H on Q to a

“coarse-grained energy” on Ω.

2.2 Sanov’s theorem and the potential of entropic force

In order to define an appropriate energy function on Ω, we will need to look in more depth

at how an observer would obtain measurements of the process X(t). Rather than observing

states in Q directly, we are restricted to observing the states of Ω or (equivalently) the

values of the observables Xi. If we take many such measurements, we can obtain an empirical

frequency of states in Ω. The rate of convergence can be quantified through Sanov’s theorem2

and we will see that Sanov’s large deviation rate function provides a basis for the definitions

of both entropy and energy.

We will make two important assumptions about this measurement process. First, suppose

that the underlying dynamics of X(t) operate on a sufficiently fast time scale so that the

system reaches equilibrium3 before each measurement. Second, assume that we have time

to take arbitrarily many measurements. In other words, we assume that the underlying

dynamics are much faster than a single measurement, which is in turn much faster than

the entire experiment. The former assumption can be relaxed, and we will explore the

consequences in a later chapter, but the latter assumption is necessary. These conditions

are relatively common in practice. For example, chemical reactions are typically observed in

solution. By the time a property of the solution (such as the concentration of a particular

species) can be measured, it is not unreasonable to assume that the solution has reached

equilibrium. In turn, the process of measuring concentration is fast enough that one can

take as many measurements as needed throughout the day.

To make the idea of measuring empirical frequencies more precise, consider the random

2We will actually phrase the mathematics in terms of Cramér’s theorem, but the two are equivalent in
this setting.

3Remember that we assumed in the previous section that X had an ergodic steady state.
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vector

X = (X1, . . . , Xn) = (1ω1(X), . . . ,1ωn(X)) . (2.5)

where the Xi are the observables defined in (2.2). Suppose that we obtain M i.i.d. samples

of X. This is where the separation of time scales assumptions enter in. Since the process

X(t) is ergodic, we can obtain i.i.d. samples by taking repeated measurements, but these

measurements generally need to be taken sufficiently far apart in order to be independent.

Now define the empirical frequencies

π(M) =
1

M

M∑

i=1

X(i). (2.6)

and let πi(M) denote the ith component of π(M). From the law of large numbers, we know

that the measures π(M) converge to the law of X, which we will denote by π. In particular, if

X(t) has a steady-state distribution ρss on Q and each X(i) is drawn from this steady-state

distribution, then we can define the frequency π on Ω by

πi ≡ ρss(ωi). (2.7)

This frequency necessarily sums to one (because the vector X always sums to one), and

under some reasonable assumptions about ρss and our partition Ω, each πi will be strictly

positive.

Let P (Ω) denote the set of all such frequencies on Ω (i.e., frequencies that sum to one with

strictly positive components) and let A ⊆ P (Ω). If π /∈ Ā, then we must have Prπ(π(M))→ 0

as M →∞. (The notation Prπ is used to emphasize that the probability of drawing a certain

sequence of X(i)’s, and therefore a certain empirical measure π(M), depends on the law of X,

which we have denoted π.) We can characterize the rate of this convergence with a large

deviation principle (LDP) and a corresponding rate function.

In particular, Cramèr’s theorem [11] tells us that

− inf
µ∈IntA

ϕ(µ) ≤ lim inf
M→∞

1

M
ln Prπ(π(M) ∈ A) ≤ lim sup

M→∞
ln Prπ(π(M) ∈ A) ≤ − inf

µ∈Ā
ϕ(µ), (2.8)
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where ϕ(µ) is the Legendre-Fenchel transform of ψ(h), which is the logarithmic moment

generating function defined by

ψ(h) = lnEπ

[
exp

(
n∑

i=1

hiXi

)]
(2.9)

= ln
n∑

i=1

πieh
i

(2.10)

More explicitly, this means that

ϕ(µ) = sup
h
{〈µ, h〉 − ψ(h)} (2.11)

=
n∑

i=1

µi ln

(
µi

πi

)
. (2.12)

The supremum in (2.11) is attained when

hi = ln
µi

πi
, (2.13)

but this formula for hi is not unique. In general, we can add any constant to each hi (using

the same constant for each i) and still attain the same supremum. In other words, h has a

gauge freedom with respect to this additive constant. This gauge freedom arises because the

observables Xi are not arbitrary - we know that
∑n

i=1Xi = 1.

There is a dual relationship between ψ and ϕ. Not only is ϕ the Legendre-Fenchel

transform of ψ, but ψ is also the Legendre-Fenchel transform of ϕ. That is,

ψ(h) = sup
µ∈P (Ω)

{〈h, µ〉 − ϕ(µ)} . (2.14)

The supremum in equation (2.14) is attained when

µi =
πieh

i

∑n
j=1 π

jehj
. (2.15)

The variables hi and µi are conjugate variables. The latter already has an obvious

interpretation in terms of our coarse-grained system - they are the observed probability

mass of the coarse-grained states ωi. The dual variable hi, however, does not have a standard
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meaning in this context. We will once again take inspiration from statistical mechanics to

interpret these quantities.

In this context, ψ(h) might appear to be little more than a useful mathematical tool to

calculate the truly important function ϕ(µ). However, in statistical physics, the function

−kBTψ
(
h/kBT

)
in (2.10) is of extreme importance - it is known as the Helmholtz free en-

ergy. The above result thus, provides a cogent mathematical basis for a thermodynamically

meaningful partition function. In particular, if one identifies hi as the negative mechanical

energy (in kBT units), then ψ is the logarithm of the partition function. In classical ther-

modynamics, −kBTψ
(
h/kBT

)
is also known as the free entropy of the mechanical system.

This gives us a natural way to define4 energy as a random variable H : Ω → R. We

require that H(ωi) ∝ −hi and interpret (2.14) as “free energy is equal to mean energy minus

entropy.” Here, 〈h, µ〉 should be thought of as the mean energy, and thus h corresponds to

an energy function on Ω. The constant of proportionality can be used to fix units for energy

(and therefore temperature). It will usually be convenient to set this constant to 1 and to

set the additive constant to zero, and so

H(ω;µ, π) = − ln
dµ

dπ
(ω). (2.16)

It is useful to note that

ϕ(µ) = −
n∑

i=1

µiH(ωi;µ, π). (2.17)

It is worth taking a moment to summarize the core ideas of the last two sections and to

compare and contrast our approach with that of statistical physics. We take many observa-

tions of our system through the observables Xi = 1{ωi}, and then average these observations

to obtain a probability frequency µi. If we take a sufficiently large number of observations,

then we expect the observed frequencies to converge to the steady-state probability mass πi,

4This notation is confusing for (at least) two reasons: First, we have introduced extra minus signs to agree
with the notation for energy in physics. For historical reasons, physicists and mathematicians use different
signs when computing the Legendre-Fenchel transform. Second, many sources refer to the function ϕ as
H, because this is a standard name for the KL divergence. We plan to emphasize the analogy between
our H and a Hamiltonian function, and so we have reversed the typical notation.
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and the large deviation rate function ϕ(µ) characterizes the rate of this convergence. One

should think of ϕ as describing just how surprising it would be to observe the frequency µ

instead of π. We then use the dual function ψ and the conjugate variables h to define the

energy of the system.

The analogous approach in statistical physics is quite similar, but in some sense in reverse.

In this context, we know the energy function H in advance. Suppose, for the moment, that we

really do know the correct energy function, which matches the definition in (2.16). Instead

of using the the observables Xi from (2.2), we use the functions Yi = H(ωi)1{ωi}. If we

take a sufficiently large number of observations, then we expect the average of these Yi to

converge to πiH(ωi), and the large deviation rate function for this process ϕ̂ (along with

its Legendre transform ψ̂) characterizes the rate of this convergence. One can think of

ˆvarphi(x) as describing just how surprising it would be to observe the “energies” x instead

of the value we expected. The functions ϕ̂ and ψ̂ are slightly different than our ϕ and ψ, but

the conjugate relationship between energy and frequency remains the same. This approach

is well understood in principle (e.g., [21, 49]), but rarely followed in practice.

One reason5 why this exact method is not often followed is that the given function H,

and therefore ψ̂, might not actually match equation (2.16). In particular, both (2.16) and

the closest appropriate formula for ψ - given in (2.10) - rely on the equilibrium measure π.

In general, this measure might not be known in advance. Even if it is known, physicists tend

to ignore it and use a more convenient measure like the counting measure #. Fortunately,

the corresponding conjugate variables will still provide the correct probability frequencies,

even if H is measured “incorrectly”.

With this in mind, we will allow a more general definition of energy, where we permit an

arbitrary reference measure λ rather than the stationary measure π. That is, in the absence

of a mechanical definition, we will define the energy of a stochastic system with an observed

5There is another important issue that is somewhat trickier to resolve. In practice, it is often not possible
to measure the energy of each state individually. Instead, one can only measure the sum of these energies.
This changes the problem in a rather fundamental way because we now only have one observable, and
therefore only one conjugate variable. We will forgo a discussion of this issue until chapter 6.



14

steady-state frequency µ and an arbitrary reference measure λ as H : Ω→ R such that

H(ωi) = −β−1
0

(
ln
µi

λi
+ C

)
, (2.18)

where β0 is a constant of proportionality to set units and C is an arbitrary constant. We

will typically just set β0 = 1 and C = 0.

If we insist that λ be a probability measure, then this is a somewhat restrictive definition

of H, but in practice λ is usually non-normalized. (In particular, the counting measure is

a standard choice.) In that case, for a fixed stationary distribution µ we can arrive at any

energy function H by the appropriate choice of λ. This might seem to make our definition

of energy useless, since we are now allowing arbitrary random variables, but we will often

be interested in situations where we have observed multiple different frequencies, but the

reference measure is fixed. In that case, this will give a useful way of relating two energy

functions.

In the rest of this document, substantial focus will be placed on the concept of the energy

defined in (2.18). Beginning in the next chapter, we will take a much deeper look at this

definition of energy, but first we will take a brief diversion to discuss frequencies and measures

on Ω.

2.3 Spaces of Measures

The frequencies µ obtained through the process described in the previous section look very

much like probabilities, but strictly speaking they are just vectors of numbers that sum to

one. It is really only in the limiting case where we take infinitely many measurements that

we can identify a frequency with a measure. However, we are not ultimately interested in

a theory about frequencies - we are interested in a theory about the underlying process

that produced these frequencies. We have made the fairly strict assumption that all of our

measurments are obtained from an i.i.d. process with some fixed distribution π, and so we

can naturally identify the underlying process with the measure π on
(
Ω, 2Ω

)
.

Suppose that we go through the process described above and obtain an empirical fre-
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quency µ 6= π. Conditional on seeing this mean frequency, our sequence of observations will

not look like it came from an i.i.d. π-distributed process. Instead, it will almost surely look

like it came from an i.i.d. µ-distributed process. This result is fairly trivial in our context, but

is a special case of a formal technique in large deviations theory known as tilting [11]. In this

context, µ is called a tilted measure. From now on, we will identify the observed frequency µ

with the i.i.d. µ-distributed process, and therefore with the measure µ. This means that we

will identify the number µi with the probability mass µ({ωi}). Such an identification has the

useful side effect of simplifying a lot of our notation. In particular, ratios of the form µi/πi

appear throughout this work. They can now be thought of as Radon-Nikodym derivatives:

dµ
dπ

(ωi). In particular, this means that the energy function H(·;µ, λ) can be written as

H(ω;µ, λ) = −β−1
0

(
ln

dµ

dλ
+ C

)
(2.19)

The measures µ obtained through this process are necessarily probability measures, but

it will often be useful to refer to arbitrary unsigned measures µ on Ω as well. (In particular,

we will allow the arbitrary reference measure λ to be non-normalized.)

As a reminder of some terminology: A measure µ on
(
Ω, 2Ω

)
is called strictly positive

(s.p.) if µ(A) = 0 implies that A = ∅; it is called locally finite (l.f.) if µ({ω}) <∞ for every

ω ∈ Ω; it is called normalizable if µ(Ω) <∞; and it is a probability measure if µ(Ω) = 1.

In this document, we will focus entirely s.p., l.f. measures on
(
Ω, 2Ω

)
. Of course, many

measures on Q correspond to measures on Ω that are not s.p. and/or not l.f. We have chosen

to focus on this particular class of measures for mathematical convenience. It is rarely an

issue to insist on s.p. measures; if µ({ωi}) is zero, then we should simply have removed ωi

from our partition of Q. Insisting on l.f. measures is slightly more problematic, because

many interesting measures on Q necessarily correspond to a non-l.f. measure on Ω. (For

example, if Q = Rn, then the Lebesgue measure on Q will lead to at least one coarse-grained

state with infinite measure.) We will eventually solve this issue by allowing Ω to be infinite.

It is worth taking a moment to address the choice to focus on measures on Ω and not

simply discuss frequencies, because it is not standard language in the field. For the moment,
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assume that Ω = {ω1, . . . , ωn} has cardinality n < ∞. We can write any s.p., l.f. measure

on Ω in the form

µ =
n∑

i=1

µiδωi , (2.20)

where each µi ∈ (0,∞). These µi are exactly the empirical frequencies obtained through our

limiting process. Similarly, any n-tuple of positive real numbers µi corresponds to a s.p., l.f.

measure µ. Moreover, the usual addition of countably additive measures corresponds exactly

to vector addition of these n-tuples. It is therefore common to dispense with the terminology

of measures and work solely with vectors in Rn. The one caveat to keep in mind is that we

are only allowed to use vectors with strictly positive components, so it is important to check

that any vector space operations (in particular, subtraction or linear transformations) do not

result in a vector with a negative component. Exactly the same concept applies when Ω is

countably infinite, except we must replace Rn with RN. In the case of infinite Ω, some care

is required in choosing a topology on RN, and the idea that these vectors represent measures

is helpful in finding the most useful topology, but otherwise we can essentially forget that

the underlying objects are measures. This approach is particularly common in information

geometry, where one tends to think of a probability measure as a point (p1, . . . , pn) on the

simplex Σn−1.

Equivalently, one can also frame everything in terms of functions on Ω. In this case,

one identifies the measure µ with the function mapping ω 7→ µ({ω}). This is identical to

the previous approach, but it helps to illustrate a point that is often left implicit. We are

identifying the measure µ with the function dµ/d# : Ω → R, where # is the counting

measure on Ω. That is, instead of working with measures directly, this approach works

with densities with respect to the counting measure. This is relevant because the counting

measure is not always a good choice of reference measure. Similarly, when studying detailed-

balanced Markov processes it is frequently more useful to work with densities with respect to

the equilibrium measure. Indeed, we already saw this in the previous section. The natural

definition of energy that arises from Sanov’s theorem involves a density with respect to π,
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not the counting measure. Of course, one can correct this while still identifying measures

with vectors or functions, but such an identification tends to slightly obscure the issue.

The two above approaches are perfectly valid as long as Ω is countable. However, if Ω is

uncountable, then equation (2.20) is no longer valid, and one can certainly not use dµ/d#

for any reasonable measure on Ω. If Ω is a subset of Rn, then it is common to work with the

density dµ/dλ, where λ is the Lebesgue measure, but for more abstract Ω there is no obvious

choice of reference measure. More importantly, even if we confine ourselves to subsets of Rn,

it is not unusual to encounter measures that are not absolutely continuous with respect to

the Lebesgue measure. It is therefore necessary to take much more care in representing

measures on uncountable Ω, and it is generally safer to work with measures directly rather

than densities. In this document, however, we will work almost exclusively with countable

state spaces, and so it is reasonable to ask why we have bothered with this more abstract

formalism. The main reason is that we eventually hope to extend these results to applications

with uncountable state spaces. In particular, in population biology it is extremely common

to represent genotypes or phenotypes as elements of some subset (typically all) of Rn and to

study how the distribution of these types changes over time. Several technical difficulties arise

when trying to write the evolution equations for these distributions in terms of densities, but

those difficulties can be avoided by working with measure-valued processes instead ([8, 9]).

In addition, the solutions to these problems can be constructed by first discretizing the state

space and studying the evolution of atomic measures on this discretization ([9, 10, 13]). One

can therefore hope that a thorough understanding of measures on a (necessarily countable)

set of atoms will be immediately applicable to more complex biological models.

As discussed earlier, we are interested not just in the properties of one measure on the

space
(
Ω, 2Ω

)
, but in the properties of a wide class of measures. Exactly which measures we

allow will have far-reaching implications. There are three reasonable candidates:

1. The set P(Ω) of all strictly positive probability measures on Ω.

2. The set MN(Ω) of all strictly positive normalizable measures on Ω.
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3. The set M(Ω) of all strictly positive, locally finite measures on Ω.

In information geometry and probability theory in general, one almost always uses P(Ω).

This space is also often encountered in studies of population genetics, where the probability

measures represent allele frequencies.

In chemistry and biology, one also frequently encounters measures from MN(Ω). For

instance, there is no reason to expect that the concentration of various chemicals or the

population density of different species will be normalized, but there will generally be some

finite total concentration or population density. One can, of course, divide by the total

density µ(Ω) to obtain a probability measure, but in general the dynamics of these quantities

will depend on the non-normalized totals and not just their relative proportions6, and so we

cannot just normalize everything. With that said, it is often the case that the normalization

factor µ(Ω) is of limited importance at steady-state. That is, transient dynamics might

depend heavily on total density, but long-term properties depend only on the normalized

proportion of states. In general, outside of the realm of probability one cannot assume that

measures are normalized, but one can hope that steady-state properties depend only on the

corresponding normalized distribution.

Non-normalizable measures may seem unusual in physical applications, since one expects

quantities like population density or species concentration to remain finite, but there are

important examples of non-normalizable measures that we don’t wish to rule out. One

such class of examples arises in statistical mechanics when the Boltzmann distribution is

non-normalizable, such as the asymptotic distribution of particle positions under a Lennard-

Jones potential [12]. More importantly, it is frequently useful to treat measures as densities

with respect to some non-normalizable reference measure. We have already seen that it

is common to use the counting measure # in this context, but it has also recently been

shown that the second law of thermodynamics can be naturally formulated for non-detailed

balanced Markov processes, and a non-normalizable reference measure naturally arises in

6For example, density-dependent population models depend heavily on the total population µ(Ω), and
this quantity is not usually conserved.



19

this case [44]. As a general rule, one can expect non-normalizable measures to arise in

applications in one of two ways: Either as the limiting case of normalizable measures (as

with the Lennard-Jones potential) or as natural reference measures.

We will take the following approach: In general, we will study measures and flows µt

in the space M(Ω), but we will devote considerable effort to tracking the normalization

constant µt(Ω) and determining when it becomes infinite. Furthermore, we will insist that

the normalization map N :MN(Ω)→ P(Ω), defined by

N(µ)(A) =
µ(A)

µ(Ω)
(2.21)

preserves important steady-state properties of these flows.

For the purposes of this dissertation, we will generally assume that Ω is not only countable

but finite. This neatly avoids several topological complications. In particular, there is

only one reasonable choice of topology and vector space structure for P(Ω) and for M(Ω)

(shown in appendix A) and we do not have to worry about difficulties with non-normalizable

measures. As we have discussed above, though, we believe that it is important to extend

these ideas to cover countably infinite state spaces. In such cases, we need to make non-

trivial choices about the topology and geometric structure on P(Ω),MN(Ω) andM(Ω). In

particular, it is very important that if the log partition function defined through (2.10) is

finite at some measure, then it should also be finite throughout a small neighborhood of that

measure as well. Unfortunately, none of the usual topologies on these spaces meet such a

requirement. Much of the work to solve these issues has already been done (see [32]), but

it is outside the scope of this document. In this work, we will only deal with infinite Ω in

chapter 5, and in that section we will avoid any such topological issues. Everywhere else, we

will simply assume that Ω is finite.
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Chapter 3

POTENTIAL ENERGY OF GENERALIZED GIBBS
MEASURES

In section 2.2, we defined the energy of a steady-state measure µ as

H(ω) = − ln
dµ

dλ
(ω), (3.1)

where λ is some appropriate reference measure. The equilibrium distribution π of our under-

lying stochastic process X naturally arises as a reference measure, but it is also common to

choose a more arbitrary reference like λ = # and write this as H(ω) = − ln Pr(ω) These re-

lated definitions of energy have been used before (e.g., [30, 43]), but they are unusual enough

that they merit substantial justification. In the rest of this chapter, we will present several

arguments for why it is natural to use such a formula for the energy of a coarse-grained

stochastic process.

3.1 Equilibrium potential of mean force

It is widely believed that complex physical systems can ultimately be described as mechan-

ical systems of molecules or atoms or other particles interacting through complicated force

fields. However, exact formulas for these force fields are not known for even moderately

complicated systems. For example, the study of protein folding through molecular dynamics

is ultimately just a classical (or perhaps quantum, but such complications are not germane

to this discussion) mechanics problem, but the relevant intermolecular forces are not known

explicitly. Instead, the field of molecular dynamics relies on approximations to these fields

that have been refined over the past fifty years [27]. Such a setting seems ripe for the appli-

cation of ideas from statistical mechanics, but it is not a priori obvious how to apply such

ideas with only an approximate and coarse-grained energy function.
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To understand this issue, we will first note an important mathematical equality. Consider

a product space Ω = Ω1 × Ω2 with product measure (on some appropriate sigma algebra)

µ = µ1 × µ2, and consider a function H(x) = H(x1, x2), where x ∈ Ω and each xi ∈ Ωi. We

have

Z(β) =

∫

Ω

e−βH(x) dµ

=

∫

Ω1

∫

Ω2

e−βH(x1,x2) dµ2 dµ1 (3.2)

=

∫

Ω1

e−βϕ(x1;β) dµ1,

where

ϕ(x1; β) = −β−1 ln

∫

Ω2

e−βH(x1,x2) dµ2. (3.3)

This means that if we think of ϕ as a “potential function” for the system in the coarse-

grained state space Ω1 then we obtain the same partition function Z(β). That is, ϕ(x1; β) is

the energy of the system with a fluctuating x2 and a fixed x1. The important caveat in this

argument is that the coarse-grained potential depends on β, whereas the original potential

H does not.

J.G. Kirkwood provided a very illuminating interpretation of the potential ϕ(x1) for a

continuous space Ω1 [23]: It is the potential of a “mean force” acting on an equilibrium

system which is fixed at x1. In mathematical terms,

− dϕ

dx1

∣∣∣∣
x1

= −
∫

Ω2

∂H(x1,x2)
∂x1

e−βH(x1,x2) dµ2∫
Ω2
e−βH(x1,x2) dµ2

(3.4)

= −
∫

Ω2

∂H(x1, x2)

∂x1

peq(x2 | x1) dµ2,

where peq(x2 | x1) is the conditional equilibrium probability of x2 given x1 and the term

−∂H(x1,x2)
∂x1

is the mechanical force in the x1 direction with a given x2. That is, −dϕ/dx1 is

the mean force on x1.

In other words, the negative logarithm of of the marginal equilibrium probability distri-

bution for x1 is the potential of mean force if one chooses F (β) = −β−1 lnZ(β) as the zero
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energy reference point:

ϕ(x1) = −β−1 ln

∫

Ω2

peq(x1, x2) dµ2 + F (β). (3.5)

It is important to keep in mind that this coarse-grained potential ϕ is a function of β.

This is well known in physical chemistry, where one typically creates a statistical mechanical

model using a temperature-dependent potential of mean force from the start rather than a

mechanical energy function. A simple calculation lets us rewrite

ϕ(·; β) =
∂(βϕ)

∂β
− 1

β

(
− ∂ϕ

∂(1/β)

)
. (3.6)

In the context of physical chemistry, the first term represents an energetic component, while

the second term represents an entropic component. These notions naturally arise as soon as

the potential function varies with temperature.

This line of reasoning suggests that even if one does not have access to a true mechanical

energy function, one can still use the tools of statistical mechanics on a coarse-grained system

by using a temperature-dependent potential of mean force. This potential of mean force is

simply −β times the logarithm of the equilibrium probability of a coarse-grained state (with

an appropriate choice of gauge). Such reasoning places the logarithm of probability center-

stage as an analogue of energy.

3.2 Deterministic correspondence and large deviation rate

Any mathematical representation of reality necessarily includes both stochastic and deter-

menistic elements. As has been pointed out in [17, 18, 19], it is the interaction between

these elements that leads to complex behavior and self-organization. Because of this, it is

important to be able to “envision” deterministic dynamics that corresponds to some given

stochastic dynamics. The typical approach is to look at the given stochastic system in the

limit as some system size parameter grows large or small. For instance, the natural parame-

ter for a stochastic differential equation dx(t) = b(x) dt+ ε dB(t) is the noise strength ε; the



23

natural parameter in classical statistical mechanics is the system’s size (or possibly temper-

ature); and the natural parameter in a Dellbrück-Gillespie process is the system’s volume

[37].

This is a useful approach when such a natural parameter is available, but it is not im-

mediately obvious how one should proceed when there is no obvious analogue of “system

size”. An increasingly common approach is to use the modal value of a distribution as a

“deterministic counterpart” to a given stochastic system. According to this view, a bimodal

distribution corresponds to a bistable system [35]. Note that the idea of using the mean dy-

namics 〈x(t)〉 as a deterministic counterpart of a stochastic x(t) is widely held but mistaken.

For a stochastic differential equation, 〈 dx(t)〉 6= b(〈x(t)〉 in general. More importantly, while

〈x(t)〉 is a determenistic function of t, it is not a trajectory of any meaningful, self-contained

dynamical system. This point is well illustrated by observing the fact that the differential

equation describing 〈x(t)〉 typically depends on higher moments such as 〈x2(t)〉. Further-

more, for a discrete system, even when the mean is well-defined it does not usually lie in the

same space as x(t).

In [42], we proposed the following “deterministic counterpart” to a random variable x

with probability mass pssx :

x∞ = lim
β→∞

xβ, (3.7)

where

pssxβ(x) =
pssx (x)β

Z(β)
, (3.8)

with normalization constant

Z(β) =
∑

x

pssx (x)β. (3.9)

In that paper, we focused on random variables and their probability mass functions, but the

notion easily generalizes to an arbitrary normalizable measure µ ∈ MN(Ω) and its density

with respect to some other measure λ ∈M(Ω). We can define

µ(∞) = lim
β→∞

µ(β), (3.10)
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where

µ(β)(A) =

∫
A

(
dµ
dλ

)β
dλ

Z(β)
(3.11)

for any measurable set A ⊆ Ω, where

Z(β) =

∫

Ω

(
dµ

dλ

)β
dλ. (3.12)

In [42], we assumed that µ ∈ P(Ω) and that λ = #. We will follow that convention here,

since it makes the interpretation of µ(∞) slightly simpler, but the mathematics does not

substantively change in the general case.

The measure µ(∞) is concentrated on a finite number of states (the states with highest

density dµ/dλ). In particular, if dµ/dλ is unimodal, then µ(∞) is a delta measure on the

modal value, which justifies the name “deterministic counterpart”. On the other hand, if

dµ/dλ is multimodal, then there is no unique deterministic counterpart and µ(∞) will be

non-zero on the (finitely many) modes of µ.

It is worth noting that similar definitions are often introduced formally as analogues to

inverse-temperature without any discussion of deterministic correspondence (e.g., [30, 43]).

We have devoted so much space to this idea in order to emphasize that it can arise naturally

in a study of stochastic systems without any reference to thermodynamic concepts. The

scaling factor β can be thought of as a formal method for introducing temperature to a

system, and the measure µ(∞) can be thought of as a corresponding zero temperature limit,

but it is also useful to think of this as a natural feature of any probabilistic system.

To see how this idea of a deterministic counterpart relates to the function H(ω) =

− ln dµ/ dλ(ω), define E∗ = minΩ H(ω) and for any E ≥ E∗ define

DE = {ω ∈ Ω |H(ω) = E} and (3.13)

XE = {ω ∈ Ω |H(ω) ≤ E}. (3.14)

Finally, let ωE be an arbitrary element of DE whenever DE is nonempty.

For any E > E∗, we know that µ(β)(Ω \ XE) approaches zero as β goes to infinity. We
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would like to know how quickly this quantity decays. We can write

µ(β)(Ω \XE) = e−βI(E)+o(β), (3.15)

where

I(E) = − lim
β→∞

1

β
lnµ(β)(Ω \XE)

= − lim
β→∞

ln

(
dµ
dλ

(ωE)
)β
λ(DE)

(
dµ
dλ

(ωE∗)
)β
λ(DE∗)

= H(ωE)−H(ωE∗).

In other words, the energy defined by H describes the rate of convergence of µ to its corre-

sponding deterministic system.

3.3 Informational Representation of Stochastic Change

A stochastic phenomenon can be modeled by a probability space (Ω,F , µ). In real applica-

tions, however, one can rarely observe events ω ∈ Ω directly. Instead, one makes observations

through a (typically quite small) set of random variables u : Ω→ R. If one is able to make

many measurements of u in a short time, or if we assume that the underlying probability

measure µ is stationary, then one can also observe the distribution of u, characterized by its

cumulative distribution function Fu : R→ [0, 1].

Suppose that we attempt to calculate the cdf Fu a second time and finds that it has

changed to Fũ 6= Fu. There are two possible explanations for this phenomenon: On the one

hand, it is possible that we actually measured a different observable ũ : Ω→ R rather than

the original u. On the other hand, it is possible that the underlying measure changed from

µ to a different measure µ̃.

In [36], we discuss some of the implications of these different representations of a change of

distribution. The mathematics in that paper relies fairly heavily on using Ω = Rn, and so we

will not present it in full here, but one of the key points is that the random variable H(ω) =

− ln dµ/ dµ̃(ω) arises naturally when one switches between these two representations.
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Chapter 4

AFFINE STRUCTURES ON M(Ω) AND P(Ω)

We saw in the previous section that the function H(ω) = − ln dµ
dλ

(ω) should play a key

role in any discussion of the relation between thermodynamics and probability. In particular,

in section 3.2 we showed that the set of measures µ(β) defined by

µ(β)(A) =

∫
A

(
dµ
dλ

)β
dλ

∫
Ω

(
dµ
dλ

)β
dλ

=

∫
A
e−βH(ω) dλ∫

Ω
e−βH(ω) dλ

. (4.1)

provide a key link between stochastic and deterministic dynamics. Our theory should reflect

the importance of these measures in some mathematical structure. In particular, we can

think of µ(β) as being a curve in P(Ω) (parametrized by β). We will insist that curves of this

form be “straight lines.” So far, we have not endowed the space P(Ω) (or M(Ω)) with any

mathematical structure. In order to make the notion of “straight” precise, we will need to

give some sort of structure. One setting in which this notion makes sense is that of differential

geometry. If we endow P(Ω) with a smooth atlas and an appropriate affine connection (and,

optionally, a Riemannian metric) then we could ensure that the curves µ(β) were geodesics.

Ultimately, this is probably the correct choice, particularly when Ω is infinite, but we will

soon see that for finite Ω the full machinery of differential geometry is not required. Instead,

we can equip P(Ω) with an appropriate affine structure and ensure that the curves µ(β) are

affine curves. This is really just a special case of the aforementioned geometric approach,

but in the author’s opinion the concept of an affine space provides more useful intuition.

Appendix A discusses how to make this idea more rigorous.

In this section, we will provide a basic overview of affine spaces and show how this can be

applied to both P(Ω) and M(Ω). Throughout this section, we will assume that Ω is finite.
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4.1 Review of affine spaces

The following is a brief review of the relevant properties of affine spaces. Proofs of the

general properties of these spaces, along with a discussion of the relevant topological issues,

are included in appendix A. Any proofs that are not included can be found in various

textbooks, such as [14] or [38].

Definition 4.1.1 An affine space is a triple (M,V,⊕), where M is a set, V is a (real) vector

space (with addition and scalar multiplication denoted by + and ·) and ⊕ : M × V → M is

a function such that the following hold:

(a) p⊕ 0 = p for any p ∈M , where 0 denotes the zero element of V .

(b) (p⊕ x)⊕ y = p⊕ (x+ y) for any p ∈M and x, y ∈ V .

(c) For every p ∈M , the map x 7→ p⊕ x is a bijection.

In other words, if we think of V as a group under vector addition, ⊕ is a free and transitive

group action of V on M .

We will need the map from part c so often that it will be useful to name it:

Definition 4.1.2 For any p ∈M , let Φp : V →M be defined such that

Φp(x) = p⊕ x. (4.2)

The definition of an affine space asserts that each Φp is bijective, and so Φ−1
p : M → V

exists.

If we have an affine space (M,V,⊕), we will refer to M as the point space and V as the

vector space. If we need to distinguish between + : V × V → V and ⊕ : M × V → M , we

will call + vector addition and ⊕ affine addition. Our definition gives a sensible way to add

two vectors together (vector addition) and to add a vector to a point (affine addition), but

not to add two points together.
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Although we can’t add two points together, we can make a sensible definition for the

difference between two points.

Definition 4.1.3 If q, p ∈M , then we define 	 : M ×M → V such that

q 	 p = Φ−1
p (q). (4.3)

That is, if q 	 p = x, then q = p⊕ x.

This definition of subtraction has some useful properties.

Lemma 4.1.4 For any p, q, r ∈M and any x, y ∈ V , the following are true:

(a) p⊕ (q 	 p) = q.

(b) (p	 q) + (q 	 r) = p	 r.

(c) (p	 q) = −(q 	 p).

(d) (p⊕ x)	 (p⊕ y) = x− y.

Proof (a) This is true by definition. For any q, p ∈ M , we have q − p = Φ−1
p (q), which is

the unique vector x such that p⊕ x = q. Therefore, p⊕ (q − p) = q.

(b) Choose p, q, r ∈M . We have

r ⊕ ((p− q) + (q − r)) = r ⊕ ((q − r) + (p− q))

= (r ⊕ (q − r))⊕ (p− q)

= q ⊕ (p− q)

= p.

Therefore, (p− q) + (q − r) = p− r, as desired.

(c) From part (b), we know that (p−q)+(q−p) = (p−p). Since Φp is a bijection, p−p = 0,

so we have (p− q) + (q − p) = 0. Therefore, (p− q) = −(q − p) as desired.
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(d) Define z = (p⊕ x)− (p⊕ y). We have

p⊕ x = (p⊕ y)⊕ z = p⊕ (y + z),

so x = y + z, and therefore z = x− y, as desired. �

We have emphasized that, in an affine space, points and vectors are different objects.

However, it is also important to note that they are not too different. In particular, if we

choose one privileged point (or origin) p ∈M , then the map Φp endows M with a canonical

vector space structure. That is, we identify the point q with the vector q 	 p.

Lemma 4.1.5 Choose p0 ∈M and define + : M ×M →M and · : R×M →M such that

p+ q = Φp0

(
Φ−1
p0

(p) + Φ−1
p0

(q)
)
, and (4.4)

α · p = Φp0

(
αΦ−1

p0
(p)
)
. (4.5)

When equipped with the preceding multiplication and addition operations,M is a vector space

and p0 is the additive identity element. Moreover, this structure preserves affine addition in

the sense that

Φ−1
p0

(p⊕ x) = Φ−1
p0

(p) + x. (4.6)

Proof We need to show the following:

(a) p+ (q + r) = (p+ q) + r for any p, q, r ∈M .

(b) p+ q = q + p for any p, q ∈M .

(c) p+ p0 = p for any p ∈M .

(d) For every p ∈M , there exists a q ∈M such that p+ q = p0.

(e) α · (β · p) = (αβ) · p for every α, β ∈ R and every p ∈M .

(f) 1 · p = p for every p ∈M .
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(g) α · (p+ q) = α · p+ α · q for every α ∈ R and p, q ∈M .

(h) (α + β) · p = α · p+ β · p for every α, β ∈ R and p ∈M .

These are mostly a matter of unravelling definitions and using the vector space structure of

V .

(a) Let p, q, r ∈M . We know that

p+ (q + r) = p+ Φp0

(
Φ−1
p0

(q) + Φ−1
p0

(r)
)

= Φp0

(
Φ−1
p0

(p) + Φ−1
p0

(
Φp0

(
Φ−1
p0

(q) + Φ−1
p0

(r)
)))

= Φp0

(
Φ−1
p0

(p) + Φ−1
p0

(q) + Φ−1
p0

(r)
)

= Φp0

(
Φ−1
p0

(
Φp0

(
Φ−1
p0

(p) + Φ−1
p0

(q)
))

+ Φ−1
p0

(r)
)

= Φp0

(
Φ−1
p0

(p) + Φ−1
p0

(q)
)

+ r

= (p+ q) + r.

(b) Choose p, q ∈M . We have

p+ q = Φp0

(
Φ−1
p0

(p) + Φ−1
p0

(q)
)

= Φp0

(
Φ−1
p0

(q) + Φ−1
p0

(p)
)

= q + p.

(c) Let p ∈M . We know that Φ−1
p0

(p0) = 0, so

p+ p0 = Φp0

(
Φ−1
p0

(p) + Φ−1
p0

(p0)
)

= Φp0

(
Φ−1
p0

(p)
)

= p.
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(d) Choose p and q = Φp0

(
−Φ−1

p0
(p)
)
. We have

p+ q = Φp0

(
Φ−1
p0

(p) + Φ−1
p0

(
Φp0

(
−Φ−1

p0
(p)
)))

= Φp0

(
Φ−1
p0

(p)− Φ−1
p0

(p)
)

= Φp0(0)

= p0.

(e) Let p ∈M and α, β ∈ R.

α · (β · p) = α · Φp0

(
βΦ−1

p0
(p)
)

= Φp0

(
αΦ−1

p0

(
Φp0

(
βΦ−1

p0
(p)
)))

= Φp0

(
αβΦ−1

p0
(p)
)

= (αβ) · p.

(f) Let p ∈M . We have

1 · p = Φp0

(
1 · Φ−1

p0
(p)
)

= Φp0

(
Φ−1
p0

(p)
)

= p.

(g) Let p, q ∈M and α ∈ R. We have

α · (p+ q) = α · Φp0

(
Φ−1
p0

(p) + Φ−1
p0

(q)
)

= Φp0

(
αΦ−1

p0

(
Φp0

(
Φ−1
p0

(p) + Φ−1
p0

(q)
)))

= Φp0

(
α
(
Φ−1
p0

(p) + Φ−1
p0

(q)
))

= Φp0

(
αΦ−1

p0
(p) + αΦ−1

p0
(q)
)

= Φp0

(
Φ−1
p0

(
Φp0

(
αΦ−1

p0
(p)
))

+ Φ−1
p0

(
Φp0

(
αΦ−1

p0
(q)
)))

= Φp0

(
Φ−1
p0

(α · p) + Φ−1
p0

(α · q)
)

= α · p+ α · q.



32

(h) Let p ∈M and α, β ∈ R. We have

(α + β) · p = Φp0

(
(α + β)Φ−1

p0
(p)
)

= Φp0

(
αΦ−1

p0
(p) + βΦ−1

p0
(p)
)

= Φp0

(
Φ−1
p0

(
Φp0

(
αΦ−1

p0
(p)
))

+ Φ−1
p0

(
Φp0

(
βΦ−1

p0
(p)
)))

= Φp0

(
Φ−1
p0

(α · p) + Φ−1
p0

(β · p)
)

= α · p+ β · p.

Finally, to see that (4.6) holds, choose p ∈M and x ∈ V . By definition, p0⊕Φ−1
p0

(p) = p,

so

Φ−1
p0

(p⊕ x) = Φp0

((
p0 ⊕ Φ−1

p0
(p)
)
⊕ x
)

= Φp0

(
p0 ⊕

(
Φ−1
p0

(p) + x
))

= Φ−1
p0

(p) + x.

�

Although each choice of origin gives rise to a different vector space structure on M , these

spaces have some important similarities. In particular, constant speed straight curves are the

same in each vector space (although their speeds need not be). These curves can therefore

be defined without recourse to a vector space structure. With this in mind, we will define

the following as an analogue of constant speed straight curves in an affine space:

Definition 4.1.6 Let J ⊆ R be an interval and choose p ∈ M and x ∈ V . The function

c : J →M such that c(t) = p⊕ (t · x) is called an affine curve.

The image c(J) will be called a line segment, or simply a line if J = R. There are also

analogues of planes and the like, defined in a similar manner, but we will not need them

here.

By far the simplest example of an affine space arises when we let M = V = Rn, where

we simply forget the operations + and · on M and let p⊕ x = ι(p) + x. (Here, ι : M → V is
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the natural inclusion map.) One traditionally thinks of M as the set of points in Rn and of

V as the set of arrows (or directions) in Rn. That is, p, q ∈ M are points, then q 	 p is an

arrow with its base at p and its head at q. If we choose 0 ∈ M as our origin of M , then Φ0

provides M with the standard vector space structure and makes M and V identical. We will

make no distinction between this space with zero chosen as the origin and Rn itself. Affine

curves in this space are quite literally straight lines.

(There is nothing particularly special about Rn in this example; one can perform the

same construction with any vector space. The affine space (V, V,+) should be thought of as

the vector space V without a privileged zero element.)

4.2 Application to M(Ω)

A more interesting example of an affine space arises when we let M = M(Ω) and let V =

V(Ω) be the set of functions on Ω with the usual vector space structure. (There are some

important topological decisions to be made when Ω is infinite, but we will defer them until

later.) We will define ⊕ :M(Ω)× V(Ω)→M(Ω) such that

(µ⊕ f) (A) =

∫

A

ef dµ (4.7)

for any A ⊆ Ω. For any ω ∈ Ω, we have ef(ω) ∈ (0,∞) and µ({ω}) ∈ (0,∞), and so

(µ⊕ f)({ω}) = ef(ω)µ({ω}) ∈ (0,∞), which means that µ⊕ f is strictly positive and locally

finite. This means that ⊕ is well-defined.

Lemma 4.2.1 (M(Ω),V(Ω),⊕) is an affine structure on M(Ω).

Proof To prove this, we need to show three things:

(a) µ⊕ 0 = µ for any µ ∈M(Ω), where 0 denotes the zero function on Ω.

(b)
(
µ⊕ f

)
⊕ g = µ⊕

(
f + g

)
for any µ ∈M(Ω) and f, g ∈ V(Ω).

(c) For every µ ∈M(Ω), the map Φµ : V(Ω)→M(Ω) such that Φµ(f) = µ⊕f is a bijection.
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To prove (a), choose µ ∈M(Ω). For any A ⊆ Ω, we have

(µ⊕ 0)(A) =

∫

A

e0 dµ =

∫

A

dµ = µ(A),

so (µ⊕ 0) = µ, as desired.

To prove (b), choose µ ∈M(Ω) and f, g ∈ V(Ω). For every A ⊆ Ω, we have

(µ⊕ f)(A) =

∫

A

ef dµ, so

((µ⊕ f)⊕ g)(A) =

∫

A

eg d(µ⊕ f)

=

∫

A

efeg dµ

=

∫

A

ef+g dµ

= (µ⊕ (f + g))(A).

Therefore, ((µ⊕ f)⊕ g) = µ⊕ (f + g), as desired.

To prove (c), choose µ ∈M(Ω) and define Φµ such that Φµ(f) = µ⊕ f . That is, for any

A ⊆ Ω, we have

(Φµ(f)) (A) =

∫

A

ef dµ. (4.8)

The map exp : V(Ω) → V(Ω) such that exp(f) = ef is one-to-one, and its range is the

set V+ = {f ∈ V(Ω) | f(ω) > 0 for all ω ∈ Ω}, so exp is a bijection onto V+. From the

Radon-Nikodym theorem, every measure ν ∈ M(Ω) is of the form
∫
A
F dµ with F ∈ V+,

and therefore of the form
∫
A
ef dµ, so Φµ is a surjection. The Radon-Nikodym theorem also

tells us that F , and therefore f is defined uniquely µ-almost everywhere. Since µ is strictly

positive, it is only zero on the empty set and so f is unique. Therefore, Φµ is a bijection, as

desired.

Moreover, a simple computation shows that

Φ−1
µ (ν) ≡ ν 	 µ = ln

dν

dµ
. (4.9)

�
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To characterize the affine curves in M(Ω), it will be convenient to identify the measure

µ with the vector

µ ∼= (µ({ω1}), . . . , µ({ωN})) ≡
(
µ1, . . . , µN

)
,

and to identify the function f with the vector

f ∼= (f(ω1), . . . , f(ωN)) ≡ (f1, . . . , fN) ,

where ω1, . . . , ωN is an arbitrary (but fixed) ordering of Ω. If we choose a point µ ∈ M(Ω)

and a function f ∈ V(Ω), then we have

[µ⊕ (t · f)]i = µietfi . (4.10)

In particular, if we choose µ = # and f = ν 	# for some measure ν ∈ M(Ω) and rename

t ≡ β, then we have

[µ⊕ (β · f)]i = eβfi , (4.11)

and so # ⊕ (βν 	#) = ν(β), where ν(β) is the re-scaled measure defined in chapter 3. This

is almost saying that ν(β) = β · ν. The reason we have had to go through the preceding

mathematical contortions is that scalar multiplication is not defined on an affine space - this

definition depends on the choice of reference measure.

4.3 Application to P(Ω)

In a similar spirit, we can define an affine structure on the space P(Ω). This time, the case

of infinite Ω is much more delicate. We will therefore assume that Ω is finite. The relevant

mathematics for infinite Ω is covered in [32], and we hope to explore it in more detail later.

For finite Ω, essentially all we need to do is normalize the measures in our definitions from

the previous section. To make this precise, however, we need to establish a few technical

details.

Let V(Ω) be the set of all functions from Ω to R, as before. For any f, g ∈ V(Ω), we will

say that f ∼ g if and only if there is some a ∈ R such that f(ω)− g(ω) = a for every ω ∈ Ω.
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Lemma 4.3.1 ∼ is an equivalence relation.

Proof To see this, we need to prove the following:

(a) f ∼ f for every f ∈ V(Ω).

(b) For any f, g ∈ V(Ω), if f ∼ g then g ∼ f .

(c) For any f, g, h ∈ V(Ω), if f ∼ g and g ∼ h, then f ∼ h.

To prove (a), choose f ∈ V(Ω). For each ω ∈ Ω, we have f(ω) − f(ω) = 0. Therefore,

f ∼ f .

To prove (b), choose f, g ∈ V(Ω) such that f ∼ g. That is, there is some a ∈ R such that

f(ω)− g(ω) = a for each ω ∈ Ω. We therefore have g(ω)− f(ω) = −a, so g ∼ f .

To prove (c), choose f, g, h ∈ V(Ω) such that f ∼ g and g ∼ h. That is, there exist

a, b ∈ R such that f(ω) − g(ω) = a and g(ω) − h(ω) = b for all ω ∈ Ω. We therefore have

f(ω)− (h(ω) + b) = a, so f(ω)− h(ω) = a+ b. Therefore, f ∼ h. �

Define V0(Ω) = V(Ω)/ ∼. That is, V0(Ω) is the set of all equivalence classes of V(Ω) that

differ by a constant. Furthermore, define + : V0(Ω) × V0(Ω) → V0(Ω) and · : R × V0(Ω) →
V0(Ω) such that

[f ] + [g] = [f + g] and α · [f ] = [α · f ], (4.12)

for each [f ], [g] ∈ V0(Ω) and each α ∈ R.

Lemma 4.3.2 The preceding definitions of + and · are well-defined, and V0(Ω) is a vector

space when equipped with these operations, with [0] as the zero element.

Proof To see that + and · are well-defined, choose f1, f2, g1, g2 ∈ V(Ω) such that f1 ∼ f2

and g1 ∼ g2 and choose α ∈ R. We have some a, b ∈ R such that f1(ω) − f2(ω) = a and

g1(ω)− g2(ω) = b for each ω ∈ Ω. We therefore have

f1(ω) + g1(ω) = f2(ω) + a+ g2(ω) + b = f2(ω) + g2(ω) + (a+ b),



37

so

[f1] + [g1] = [f1 + g1] = [f2 + g2] = [f2] + [g2].

Likewise, we have

αf1(ω) = α (f2(ω) + a) = αf2(ω) + αa,

so

α · [f1] = [α · f1] = [α · f2] = α · [f2].

Therefore, the operations + and · are well-defined on V0(Ω).

To prove that V0(Ω) is a vector space, we need only show that [0] is a subspace of V(Ω).

This means that we must show that for any α ∈ R and any f, g ∈ V(Ω) such that f ∼ 0 and

g ∼ 0, we have (f + g) ∼ 0 and (α · f) ∼ 0.

With this in mind, choose α ∈ R and f, g ∈ V(Ω) such that f ∼ 0 and g ∼ 0. There exist

a, b ∈ R such that f(ω) = a and g(ω) = b for all ω ∈ Ω. We therefore have f(ω)+g(ω) = a+b,

so (f + g) ∼ 0. Likewise, we have αf(ω) = αa, so (α · f) ∼ 0. Therefore, V0(Ω) is a vector

space. �

Now define ⊕ : P(Ω)× V0(Ω)→ P(Ω) such that

(µ⊕ [f ]) (A) = (Z(f, µ))−1

∫

A

ef dµ, (4.13)

for every A ⊆ Ω, where

Z(f, µ) =

∫

Ω

ef dµ. (4.14)

Lemma 4.3.3 ⊕ is well-defined1.

Proof We need to show that µ⊕ [f ] ∈ P(Ω) and that the value of µ⊕ [f ] does not depend

on the choice of representative function f ∈ V(Ω).

1This is why we have temporarilly assumed that Ω is finite. If Ω is infinite, then there is no guarantee
that either of the integrals in this definition are defined, and so we will need to take much more care with
our definition.
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First, choose µ ∈ P(Ω) and f ∈ V(Ω). Since µ is strictly positive and ef > 0 on Ω, it is

clear that µ⊕ [f ] is also strictly positive. Since ef(ω)µ({ω}) is finite for all ω ∈ Ω and Z(f, µ)

is also finite, we know that (µ⊕ [f ])({ω}) is also finite, and so µ⊕ [f ] is locally finite. The

only thing to check is that it is normalized. We have

∫

Ω

d (µ⊕ [f ]) = (Z(f, µ))−1

∫

Ω

ef dµ

=

(∫

Ω

ef dµ

)−1

·
∫

Ω

ef dµ

= 1.

Therefore, µ⊕ [f ] ∈ P(Ω) as desired.

Next, choose f, g ∈ V(Ω) such that f ∼ g. By definition, there is some a ∈ R such that

f − g = a. We have

Z(f, µ) =

∫

Ω

ef dµ

=

∫

Ω

eg+a dµ

= ea
∫

Ω

eg dµ

= eaZ(g, µ).

Therefore, for every A ⊆ Ω we have

(µ⊕ [f ]) (A) = (Z(f, µ))−1

∫

A

ef dµ

= (eaZ(g, µ))−1

∫

A

eg+a dµ

= e−a (Z(g, µ))−1

∫

A

egea dµ

= (Z(g, µ))−1

∫

A

eg dµ

= (µ⊕ [g]) (A).

Therefore, µ⊕ [f ] = µ⊕ [g] as desired. �
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Finally, we can show the following:

Lemma 4.3.4 The triple (P(Ω),V0(Ω),⊕) is an affine space.

Proof To prove this, we need to show three things:

(a) µ⊕ [0] = µ for any µ ∈ P(Ω), where 0 denotes the zero function on Ω.

(b)
(
µ⊕ [f ]

)
⊕ [g] = µ⊕

(
[f ] + [g]

)
for any µ ∈ P(Ω) and any [f ], [g] ∈ V0(Ω).

(c) For every µ ∈ P(Ω), the map Φµ : V0(Ω) → P(Ω) such that Φµ([f ]) = µ ⊕ [f ] is a

bijection.

To prove (a), choose µ ∈ P(Ω). We have

Z(0, µ) =

∫

Ω

e0 dµ =

∫

Ω

dµ = µ(Ω) = 1.

Therefore, for any A ⊆ Ω we have

(µ⊕ [0]) (A) = (µ(Ω))−1

∫

A

e0 dµ =

∫

A

dµ,

so µ⊕ [0] = µ.

To prove (b), choose µ ∈ P(Ω) and [f ], [g] ∈ V0(Ω). We have

Z(f + g, µ) =

∫

Ω

ef+g dµ and

Z(g, µ⊕ [f ]) =

∫

Ω

eg d (µ⊕ [f ])

= (Z(f, µ))−1

∫

Ω

egef dµ

=
Z(f + g, µ)

Z(f, µ)
.
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For any A ⊆ Ω, we have

((µ⊕ [f ])⊕ [g]) (A) = (Z(g, µ⊕ [f ]))−1

∫

A

eg d (µ⊕ [f ])

=
Z(f, µ)

Z(f + g, µ)
(Z(f, µ))−1

∫

A

egef dµ

= (Z(f + g, µ))−1

∫

A

ef+g dµ

= (µ⊕ ([f ] + [g])) (A),

so (µ⊕ [f ])⊕ [g] = µ⊕ ([f ] + [g]), as desired.

To prove (c), choose µ, ν ∈ P(Ω) and define

f = ln
dν

dµ
.

We have

Z(f, µ) =

∫

Ω

dν

dµ
dµ = ν(Ω) = 1.

For every A ⊆ Ω, we therefore have

(µ⊕ [f ]) (A) = (Z(f, µ))−1

∫

A

ef dµ =

∫

A

dν

dµ
dµ =

∫

A

dν = ν(A).

Therefore, µ⊕ [f ] = ν. Since ν was arbitrary, Φµ is surjective.

Now choose [f ], [g] ∈ V0(Ω) such that µ⊕ [f ] = µ⊕ [g]. For any A ⊆ Ω, we have

(µ⊕ [f ]) (A) = (Z(f, µ))−1

∫

A

ef dµ = (Z(g, µ))−1

∫

A

eg dµ = (µ⊕ [g]) (A).

In particular, if we choose A = {ω} for some ω ∈ Ω, then we have

(Z(f, µ))−1 ef(S)µ({ω}) = (Z(g, µ))−1 eg(ω)µ({ω}),

so

ef(ω)−g(ω) =
Z(f, µ)

Z(g, µ)
,

and therefore

f(ω)− g(ω) = ln
Z(f, µ)

Z(g, µ)
.
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Since ω was arbitrary, this means that f ∼ g, so [f ] = [g]. Therefore, Φµ is injective, and so

it is a bijection as desired.

Moreover, this means that

Φ−1
µ (ν) ≡ ν 	 µ =

[
ln

dν

dµ

]
.

�

To characterize the affine curves in P(Ω), we will use the same identification as in the

previous section. That is, for any µ ∈ P(Ω) we will identify

µ ∼= (µ({ω1}), . . . , µ({ωN})) ≡
(
µ1, . . . , µN

)
,

and for any [f ] ∈ V0(Ω) we will identify

[f ] ∼= [f(ω1), . . . , f(ωN)] ≡ [f1, . . . , fN ] ,

with the obvious equivalence relation. If we choose a point µ ∈ P(Ω) and a vector [f ] ∈
V0(Ω), then we have

[µ⊕ (t · [f ])]i =
µi

Z(tf, µ)
etfi . (4.15)

The key point is that this is the same as a normalized affine curve in M(Ω). That is:

Lemma 4.3.5 Define N :M(Ω)→ P(Ω) such that

N(µ)(A) =
µ(A)

µ(Ω)
.

For any µ ∈M(Ω) and any f ∈ V(Ω) and any t ∈ R, we have

N (µ⊕ (t · f)) = N(µ)⊕ (t · [f ]).
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Proof Choose µ ∈M(Ω) and f ∈ V(Ω) and t ∈ R and let A ⊆ Ω. We have

Z(tf, µ) =

∫

Ω

etf dµ

= µ(Ω)

∫

Ω

etf

µ(Ω)
dµ

= µ(Ω)

∫

Ω

etf dN(µ)

= µ(Ω)Z(tf,N(µ)).

Therefore,

N (µ⊕ (t · f)) (A) =
(µ⊕ (t · f)) (A)

(µ⊕ (t · f)) (Ω)

=

∫
A
etf dµ∫

Ω
etf dµ

= (Z(tf, µ))−1

∫

A

etf dµ

= (µ(Ω)Z(tf,N(µ)))−1

∫

A

etf dµ

= (Z(tf,N(µ)))−1

∫

A

etf

µ(Ω)
dµ

= (Z(tf,N(µ)))−1

∫

A

etf dN(µ)

= (N(µ)⊕ (t · [f ])) (A).

Since A was arbitrary, we have N(µ⊕ (t · f)) = N(µ)⊕ (t · [f ]) as desired. �

This means that affine lines in P(Ω) are just the projections of affine lines in M(Ω), where

the projection is defined by N.
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Chapter 5

ENTROPY AND CRITICALITY

In sections 3 and 4, we established the curves µ(β) inM(Ω). One of the most important

features of these curves is that they may not remain normalizable for all β. In particular, if

we fix µ, λ ∈M(Ω) and define H(ω;λ) = − ln dµ/dλ(ω), then the curve µ(β) is defined by

µ(β)(A) =

∫

A

e−βH(ω;λ) dλ. (5.1)

The normalization factor (if it exists) is

Z(β;λ) ≡
∫

Ω

dµ(β). (5.2)

It is a simple matter to find examples where Z(β) /∈ (0,∞) for some finite β. For instance,

if Ω = Z+, λ = # and
dµ

dλ
=

x−α

ζ(α)
, (5.3)

where α > 1 and ζ is the Riemann zeta function, then Z(β;λ) = ∞ for all β < 1/α [42].

This means that an affine line through some measure µ ∈ M(Ω) may not lie entirely in

MN(Ω). In addition, the curve µ(β) and the function Z(β;λ) may have different regularity

properties at different values of β (and this may depend on the reference measure λ). In the

previous example, one can show that Z(β;λ) is analytic (as a function of β) wherever it is

positive and finite [42], but it is not immediately obvious that this should hold for arbitrary

µ and λ.

The question of where Z loses regularity is extremely important in statistical physics. As

we have already discussed in chapter 3, the function Z(β; #) is analogous to the canonical

partition function in statistical mechanics. In that context, real values of β where Z becomes

zero or infinite or otherwise ceases to be analytic are known as critical temperatures, and
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systems that exhibit such behavior for some β ∈ (0,∞) are said to undergo a phase transition

(see, for example, [48, 46, 26, 7]).

In this section, we will outline one of the major results of our previously published paper

[42]. In particular, we will define quantities analogous to Gibbs and Boltzmann entropy in

statistical mechanics for a measure µ and show that the existence and value of a critical

temperature βc where Z becomes non-analytic depends on the relationship between entropy

and energy. That paper was written early in the development of this theory and it has a

slightly different focus and notation. Most relevant to us, that paper worked solely with a

probability measure µ ∈ P(Ω) and with the reference measure λ = #. In this document, we

will allow µ ∈MN(Ω) - i.e., we will allow any measure with µ(Ω) <∞, not just µ(Ω) = 1 -

but we will follow the original paper in choice of reference measure and not allow arbitrary

λ. We believe that extending this theory to arbitrary λ is a worthwhile endeavor, but it is

outside the scope of this dissertation.

With the preceding discussion in mind, fix a normalizable measure µ ∈ MN(Ω) and

let λ = # be the counting measure. Define µ(β) as in equation (5.1) for all β such that

Z(β) ∈ (0,∞). We will characterize the domain of Z in detail in short order, but for the

moment it is safe to assume that µ(β) is well-defined on some open interval J ⊆ R containing

[1,∞).

In this section, we will rewrite Z in terms of values of H rather than directly in terms of

states in Ω. The mathematics is quite simple, but it involves the definition of some ancillary

quantities that have direct analogues in statistical mechanics. We will therefore take a brief

diversion to discuss several definitions of entropy in the context of mechanics.

5.1 Gibbs, Boltzmann and Shannon entropies in mechanical systems

The terms discussed in this section can be found in any reasonable text on statistical me-

chanics. A particularly cogent summary can be found in [20].

Suppose that one has a classical system described by a Hamiltonian H(x), where x

denotes the “microscopic state” of the system. (We will not concern ourselves with what
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qualifies as a “microscopic state”. One can obtain a perfectly good intuition for the subject

by assuming that x ∈ R6N is a vector with the positions and momenta of N particles.)

Furthermore, assume that the system is ergodic on level sets of H and that the states are

distributed according to the density

ρ(x | E) =
δ(E −H(x))

D(E)
, (5.4)

where D(E) is a normalization constant describing the density of states given by

D(E) = Λ

∫
δ(E −H(x)) dx, (5.5)

where the integral is over all microscopic states and Λ is a constant expressing some informa-

tion about the symmetry of the system (e.g., whether or not particles are distinguishable) and

giving appropriate units. For mathematical convenience, we will assume that D is smooth.

The integrated density of states is given by

X(E) =

∫
Θ(E −H(x)) dx, (5.6)

where Θ is the Heaviside function. We therefore have D = dX/dE. It is important to note

that X is unitless, but that D has units of inverse energy.

One can use either D or X to define the entropy of the system. The preceding definitions

are uncontroversial, but the choice of which to use as a basis for entropy has elicited sub-

stantial debate. One option is to define the entropy as the logarithm of X (with associated

units). This method was originally proposed by J.W. Gibbs [15] and is therefore known1 as

the Gibbs entropy:

SG = kB lnX(E), (5.7)

where kB is Boltzmann’s constant.

Alternatively, one can define the entropy of this system as the logarithm of D (with

appropriate units). This method is generally attributed to Boltzmann, and so the resulting

1This terminology is not entirely standard, but it is relatively common.
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entropy is known as the Boltzmann entropy:

SB = kB ln εD(E), (5.8)

where kB is Boltzmann’s constant and ε is a positive constant with units of energy2.

In typical statistical mechanical applications (in particular, when the number of particles

N goes to infinity) these two definitions of entropy usually coincide. In situations where

the two are different, though, there is serious debate over which is a better fundamental

definition. One of the key points of contention is that X(E) is always monotonic, while

D(E) need not be. This means that one can use SG to define a temperature that is never

negative, but the corresponding temperature using SB can have any sign. We certainly don’t

pretend to have settled the debate in this document, but it will turn out that the analogue

of Gibbs entropy plays a more important role in our discussion.

Both SG and SB are microcanonical entropies - that is, they depend on E, which is

assumed to be fixed. It is also possible to define an entropy S in the context of fluctuating

energy. In that context, it no longer makes sense to have entropy be a function of E, since

our system no longer has a unique energy. Instead, one usually thinks3 of S as a function of

“average energy”. This quantity is called the canonical entropy4

S =

∫
ρ(x) ln ρ(x) dx. (5.9)

2If ε is sufficiently small, one can think of εD(E) as being the volume in phase space of an ε-width shell
around the level set H(x) = E.

3There are many mathematically equivalent ways to arive at these definitions. One that is particularly
apropos is to define S as a function of the density ρ and then show that for any densities ρ1, ρ2 chosen
from some suitable family, we have S(ρ1) = S(ρ2) whenever U(ρ1) ≡

∫
H(x)ρ1(x) dx =

∫
H(x)ρ2(x) dx ≡

U(ρ2). One can then think of S as a function of U .

4In this case, the definition is standard, but the name is not. The function S is also often called Gibbs
canonical entropy, Gibbs entropy, Shannon entropy, or simply entropy. In this document we will generally
refer to S as Shannon entropy if there is any potential for confusion, since that is standard in information
theory and statistics.
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5.2 Gibbs, Boltzmann and Shannon entropies in M(Ω)

The ideas from the previous section are straightforward to translate to the context of a

measure on Ω. We will treat Ω as the phase space of our system and treat the function

H = − ln dµ/dλ as an (effective) Hamiltonian (as discussed in chapter 3). The operator

δ(E−H(ω)) makes perfect sense in this context, but the definition of D requires an additional

choice. In equation (5.5), we integrated with respect to the Lebesgue measure dx on phase

space. This is a natural choice in the context of a Hamiltonian system, since H preserves

Lebesgue volume, but there is no such natural choice on an arbitrary set Ω. We will integrate

with respect to the (already arbitrarily chosen) λ. (In [42], we used λ = # without comment.

Some of the proofs in the next section will rely on that choice, but it is worth emphasizing

that this is completely arbitrary and that different choices will lead to qualitatively different

results.) We therefore have

D(E) =

∫

Ω

δ(E −H(ω)) dλ. (5.10)

(Note that we have chosen Λ to have a value of 1 in the appropriate units. D(E) still has

units of inverse energy.) This can be rewritten as

D(E) = λ({ω ∈ Ω |H(ω) = E}). (5.11)

If λ = # then this is the degeneracy of E - i.e., the number of states with energy E. Our

analogue of the Boltzmann entropy is therefore

SB(E) = kB ln εD(E), (5.12)

where D is defined through (5.11) and kB and ε are constants with appropriate units. Note

that, since Ω is discrete, the set {ω ∈ Ω | H(ω) = E} is empty for almost all values of E,

and so D(E) = 0 and SB = −∞ for those values. Fortunately, this is the only issue that can

arise and SB is finite for all other values of E.

Lemma 5.2.1 If µ ∈ MN(Ω) and λ ∈ M(Ω) and there exists ω ∈ Ω such that H(ω) = E,

then D(E) is finite.
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Proof Choose E ∈ R such that there exists some ω ∈ Ω with H(ω) = E and define

DE = {ω ∈ Ω | H(ω) = E} 6= ∅. We have D(E) = λ(DE). Since λ is strictly positive and

DE 6= ∅, we know that D(E) > 0. For every ω ∈ DE, we have

E = H(ω) = − ln
dµ

dλ
(ω) = − ln

µ({ω})
λ({ω}) , (5.13)

and so

λ({ω}) = µ({ω})eE. (5.14)

If we sum over all ω ∈ DE, then we obtain

D(E) = λ(DE) = µ(DE)eE ≤ µ(Ω)eE <∞. (5.15)

�

Note that the assumption that µ is normalizable is much stronger than necessary, but some

restriction is still required on µ. Two trivial examples with Ω = Z+ and λ = # will serve to

illustrate the point. On the one hand, if µ({ω1}) 6= µ({ω2}) whenever ω1 6= ω2, then D(E)

is zero or 1 for all E ∈ R. For instance, if µ({ω}) = 1/ω for each ω ∈ Z+, then µ is not

normalizable but the conclusion of the lemma would still be true. On the other hand, if

µ = # then D(0) =∞, and the conclusion would certainly be false.

Similarly, we have

X(E) =

∫

Ω

Θ(E −H(ω)) dλ = λ({ω ∈ Ω |H(ω) ≤ E}), (5.16)

and the corresponding analogue of Gibbs entropy is

SG(E) = kB lnX(E), (5.17)

where X is defined through (5.16). Once again, if the set {ω ∈ Ω |H(ω) ≤ E} is empty then

X(E) = 0 and SG(E) = −∞. As before, this is the only problem that can arise. For all

other values of E, the Gibbs entropy is finite.
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Lemma 5.2.2 If µ ∈ MN(Ω) and λ ∈ M(Ω) and there exists ω ∈ Ω such that H(ω) ≤ E,

then X(E) is finite.

Proof Choose E ∈ R such that there exists some ω ∈ Ω with H(ω) ≤ E and define

XE = {ω ∈ Ω | H(ω) ≤ E} 6= ∅. We have X(E) = λ(XE). Since λ is strictly positive and

XE 6= ∅, we know that X(E) > 0. Furthermore, we know that

XE =
⋃

h≤E
Dh =

⋃

h∈I
Dh, (5.18)

where I = {h ≤ E |Dh 6= ∅}. Since XE is non-empty, so is I. Since Ω is countable, I is also

countable. We therefore have

X(E) = λ(XE) =
∑

h∈I
λ(Dh) =

∑

h∈I
D(h). (5.19)

Since µ is normalizable, each term in this sum is finite. For each h ∈ I, we have

D(h) = λ(Dh) = ehµ(Dh), (5.20)

and so

X(E) =
∑

h∈I
λ(Dh) =

∑

h∈I
ehµ(Dh) ≤ eE

∑

h∈I
µ(Dh) = eEµ(XE) <∞. (5.21)

�

Note that the assumption that µ be normalizable is still stronger than necessary (although

it is acceptable for our purposes).

It is also important to note that if λ(Ω) is finite (i.e., if λ ∈ MN(Ω)), then X(E) <

∞ for all E ∈ R. In particular, this means that if λ is a probability measure, then the

Gibbs entropy of any µ is finite. This serves as a useful illustration of the point that these

thermodynamic properties are not just properties of the measure µ - they depend on the

choice of representation.

Finally, we come to Shannon entropy. This is probably the most familiar of the three

in the context of measures, and yet the analogy is not quite as immediate. There are two
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important issues: First, one usually defines the Shannon entropy as a function of a density,

not a measure. This means that we still need to choose a reference measure and define

the entropy relative to that reference. In other words, we should be working with the KL

divergence between two measures. Second, the Shannon entropy (and KL divergence) are

generally only defined for probability measures, not for arbitrary positive measures. Recall

from chapter 2, however, that we can safely define equilibrium quantities for normalizable

measures only. We will therefore define the entropy of a measure µ (with reference measure

λ) as

S(µ;λ) =




−
∫

Ω
dN(µ)

dλ
ln dN(µ)

dλ
dλ if µ(Ω) <∞,

∞ otherwise,
(5.22)

where N is the normalization function from (2.21). It will often be more convenient to write

this as

lnµ(Ω)−
∫

Ω

ln
dµ

dλ
d(N(µ)). (5.23)

When µ and λ are probability measures, this is just DKL(µ||λ).

S(µ;λ) is not necessarily finite for all µ ∈MN(Ω), even when both µ and λ are probability

distributions. For our purposes, it is sufficient to assume that dλ/d# is bounded away from

zero. In particular, if µ ∈MN(Ω) and λ is the counting measure, then S is finite.

In statistical mechanics, one generally thinks of S as a function of the average energy U of

the canonical ensemble of systems. We can derive an analogous relationship in the space of

measures by looking at the family of measures µ(β) defined in (5.1) and (5.2). In particular,

for any normalizable measure µ ∈ MN(Ω) and any reference measure λ ∈ M(Ω), we will

define the average energy of µ at β as

U(β;µ, λ) =

∫

Ω

H(ω) dN(µ(β)) = − 1

µ(β)(Ω)

∫

Ω

ln
dµ

dλ
(ω) dµ(β). (5.24)

When µ and λ are clear from context, we will simply refer to this as U(β). Similarly, we will

define the entropy of µ at β as

S(β;µ, λ) ≡ S(µ(β);λ). (5.25)
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Again, when µ and λ are clear from context, we will refer to this quantity as S(β).

We will now derive several classical relations concerning U and S. First, we have

U(β) =
1

µ(β)(Ω)

∫

Ω

H(ω) dµ(β)

=
1

Z(β)

∫

Ω

H(ω)e−βH(ω) dλ

=
1

Z(β)

∫

Ω

− ∂

∂β
e−βH(ω) dλ

= − 1

Z(β)

∂

∂β

∫

Ω

e−βH(ω) dλ (5.26)

= − 1

Z(β)

∂Z

∂β

=
d

dβ
[− lnZ(β)] .

(We will justify the exchange of derivative and integral in the next section.) The function

− lnZ(β) will arise often enough that it is worth naming. We will define the free entropy

Φ(β) = − lnZ(β). (5.27)

It is well known that Φ is strictly concave on the interior of its domain. This means that

we can use the inverse function theorem to write β as a function of U . Moreover, Φ has a

Legendre transform given by

L [Φ] (U) = β(U) · U − Φ(β(U))

= β(U) · U + lnZ(β)

= β ·
∫

Ω

H(ω) dN(µ(β)) + lnµ(β)(Ω)

= lnµ(β)(Ω)− β
∫

Ω

ln
dµ

dλ
(ω) dN(µ(β))

= lnµ(β)(Ω)−
∫

Ω

ln
dµ(β)

dλ
(ω) dN(µ(β))

= S(β).

That is, the entropy S is the Legendre transform of the free entropy.
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5.3 Convergence and analyticity of Z(β)

In this section, we will reproduce one of the main results from [42]. We will assume through-

out that λ = # and µ ∈ P(Ω).

With the definitions from the previous section in hand, we can rewrite equation (5.2)

without direct reference to Ω. In particular, we have

Z(β) =

∫ ∞

0

e−βE dX(E). (5.28)

This is exactly the Laplace-Stieltjes transform of X. It is worth taking a moment to point

out the attractive, but incorrect, interpretation of this equation. One can identify D(E) =

dX/dE and therefore write

Z(β) =

∫ β

0

e−βE
(

dX

dE

)
dE =

∫ ∞

0

e−β(E−(kBβ)−1SB(E)) dE. (5.29)

This is mistaken because SB = kB ln(εD(E)) requires an extra constant ε to correct units.

We therefore need to write

Z(β) =
1

ε

∫ ∞

0

e−β(E−(kBβ)−1SB(E)) dE. (5.30)

The two equations are identical if we ignore units, but only (5.30) is correct.

A more satisfying interpretation of Z arises if we integrate by parts, obtaining

Z(β) = β

∫ ∞

0

e−βEX(E) dE = β

∫ ∞

0

e−β(E−(kBβ)−1SG(E)) dE. (5.31)

In statistical mechanics, both (5.30) and (5.31) are referred to as the “canonical partition

function”. Which equation is chosen depends entirely on the author’s preference between

Gibbs and Boltzmann entropies. As we have just seen, our definition of Z(β) is compatible

with both versions.

One of many advantages of writing Z(β) as a Laplace transform is that we can apply

several useful theorems from classical analysis. All of the relevant theorems can be found in

[45]. First, there exists some value βc ∈ [−∞,∞] such that Z(β) converges for all β ∈ C with



53

real part greater than βc and diverges for all β ∈ C with real part less than βc. Moreover,

Z(β) is analytic for all β with real part greater than βc. The value βc is called the abscissa

of convergence.

Second, if the state space Ω is finite, then Z(β) is a sum of finitely many terms and

therefore converges for any β. In other words, βc = −∞, and so Z(β) is analytic on all of C.

however, if Ω is infinite then the partition function will not converge for all β. In particular,

it cannot converge when β = 0, because Z(0) = λ(Ω) = ∞. However, we do know that

Z(β) converges when β = 1, since Z(1) = µ(Ω) < ∞. For infinite systems, the abscissa of

convergence must therefore lie somewhere in [0, 1]. Since this abscissa is non-negative, we

have

βc = lim sup
E→∞

lnX(E)

E
, (5.32)

or

kBβc = lim sup
E→∞

SG(E)

E
. (5.33)

We now know that the canonical partition function Z(β) is analytic for all complex β with

real part greater than βc, where βc is found as in (5.33). However, we have not yet shown

that Z(β) cannot be extended analytically beyond β = βc. For a general Laplace-Stieltjes

transform, this might be possible. (In the worst case, a Laplace transform may have a finite

abscissa of convergence but still have an analytic continuation to the entire complex plane.)

Fortunately, since X(E) is monotonic, Z(β) has a singularity at βc. (This also means that

βc 6= 1.)

This means that the partition function Z(β) has a singularity at some positive βc if and

only if the Gibbs entropy SG is asymptotic to the energy E in the sense of (5.33). That is, if

the Gibbs entropy grows sufficiently quickly as a function of energy, it can become dominant

in the computation of Z(β) (and therefore µ(β)) at a finite temperature.

As a special case, consider the example where Ω = Z+, λ = # and µ is the power law

distribution defined by
dµ

dλ
(ω) =

ω−α

ζ(α)
, (5.34)
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where α > 1 and ζ is the Riemann zeta function. This gives us

H(ω) = α lnω + ln ζ(α), (5.35)

SG(E) =
kB
α

(E − ln ζ(α)) and (5.36)

βc =
1

α
. (5.37)

This means that power law distributions have a finite critical temperature. This result was

previously demonstrated in [30]. The frameworks for the two results are similar, but neither

is entirely a generalization of the other. Our result gives a sufficient and necessary condition

for any probability distribution µ ∈ P(Ω) to have a critical temperature and is not limited

to power laws, but the proof in [30] applies to uncountable state spaces Ω.
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Chapter 6

THERMODYNAMICS ON M(Ω) AND P(Ω)

In the following chapter, we will look at a special case of great interest in nonequilibrium

thermodynamics. Suppose that the underlying process X(t) has a steady-state distribu-

tion ρeq with corresponding coarse-grained distribution π on Ω, but after going through the

process described in section 2.2, we observe a stationary distribution µ on Ω.

We will think of ρeq and π as the equilibrium distributions of our system (on Q and Ω

respectively) and the measure µ as a non-equilibrium steady state. Note that the distinction

between “equilibrium” and “non-equilibrium” is not inherent to the distributions themselves;

these terms only have meaning in the context of the underlying dynamics of X(t) on Q.

Assuming µ 6= π, this is an unusual state of affairs. Exactly how unusual it is can be

quantified by Sanov’s large deviation rate function (from section 2.2). If we continue to make

observations from our system and update our coarse-grained distribution µ, then we expect

(because of the law of large numbers) that it will eventually return to π. Such a change in

distribution should be thought of as a spontaneous relaxation process on Ω.

We are interested in how various “thermodynamic properties” of our system change under

this relaxation process. The dynamics of many such thermodynamic properties are discussed

extensively in [22]. In this chapter, we will reproduce some of the key results from that paper

using notation more in line with the rest of this dissertation.

6.1 Non-equilibrium entropy decomposition

Any meaningful discussion of “thermodynamic properties” must include a definition of a

state function for entropy. In our case, the state of the system should be thought of as the

(typically non-equilibrium) steady state distribution µ, and so we need a definition of the
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entropy of µ. There is a thoroughly standard choice for this definition - the Shannon entropy.

That is, we can define

S[µ] = −
∫

Ω

p(ω) ln p(ω) dω, (6.1)

where p ≡ dµ
d#

is the probability mass of the steady state measure µ. However, the result

from 2.2 supplies us with a more natural choice of entropy function:

S[µ] = −
∫

Ω

ln

(
dµ

dπ

)
dµ (6.2)

These two functions are quite similar. In particular, they are both KL divergences between

the steady state measure µ and another measure on Ω (either the counting measure # or

the equilibrium distribution π). In the work that follows, we will define the entropy more

generally as the KL divergence between µ and some arbitrary (but fixed) reference measure

λ. In practice, if we have obtained µ through a very large sequence of i.i.d. observations

of the underlying dynamics X(t), then we might not actually know π and will therefore be

forced to use an arbitrary reference measure. However, it is important to keep in mind that

the dynamics of our system ultimately provide us with a correct reference measure π.

With this in mind, we will define the entropy of µ as

S[µ; λ] ≡ −
∫

Ω

dµ

dλ
ln

(
dµ

dλ

)
dλ. (6.3)

This is identical to the definition in (5.22), but since µ is a probability measure the formula

simplifies considerably. When λ = #, this is just the Shannon entropy, and when λ = π

this is the Sanov large deviation rate function from section 2.2. In the context of our affine

structure on M(Ω), we can rewrite (6.3) as

S[µ; λ] = Eµ [λ	 µ] . (6.4)

The change in entropy as the steady state relaxes from µ to π is

∆S[µ, π; λ] ≡ S[π; λ]− S[µ; λ] = ∆S(i) + ∆S(e), (6.5)
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where

∆S(i) ≡
∫

Ω

ln

(
dπ

dµ

)
dµ = Eµ [µ	 π] and (6.6)

∆S(e) ≡ −
∫

Ω

ln

(
dπ

dλ

)
dπ +

∫

Ω

ln

(
dπ

dλ

)
dµ = Eπ [H(·; π, λ)]− Eµ [H(·; π, λ)] (6.7)

We will refer to ∆S(i) as the internal entropy production and ∆S(e) as the entropy exchange.

It is important to note that the internal entropy production is never negative (and is strictly

positive as long as µ 6= π). This is a straightforward consequence of Jensen’s inequality:

∆S(i) = Eµ [µ	 π]

≥ − lnEµ
[
e−(µ	π)

]
(6.8)

= − ln(π(Ω))

= 0.

The idea that Eµ
[
e−(µ	π)

]
= π(Ω) is surprisingly powerful. From this equation, one can

derive wide variety of fluctuation theorems, including the Jarzynski equality and the Crooks’

fluctuation theorem. These ideas have been more thoroughly explored in [47]. In contrast

to the internal entropy production, the entropy exchange can have any sign.

The internal entropy production depends only on the equilibrium distribution π and the

non-equilibrium steady state µ, not on the reference measure λ. In contrast, the entropy

exchange is reference dependent. Both the quantity and sign of ∆S(e) can vary based on

our choice of λ. However, if we define our entropy through (6.2) by choosing λ = π, then

the entropy exchange vanishes and we are left with only (non-negative) internal entropy

production.

6.2 Temperature dependence and free energy

If we follow the logic of chapters 2 and 3, then we should think of H(ω; π, λ) ∝ − ln dπ
dλ

(ω)

as the equilibrium internal energy function for our system. The constant of proportionality

amounts to a choice of units for temperature. Until now, we have set this constant to 1
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for convenience, but now it will be useful to explicitly include it. In particular, we will let

H(ω; π, λ) = −β−1
0 ln dπ

dλ
(ω), where β0 ∈ R+. Since this choice was arbitrary, we should also

consider the 1-parameter family of energy functions with different choices of β0. To do so,

we will consider the affine line of distributions running from λ to π. That is, we will look at

the 1-parameter family of measures

π(β) = λ⊕ [−βH], (6.9)

where ⊕ is affine addition1 in P(Ω). Note that π(β0) = π and π(0) = λ.

We have defined π(β) in terms of affine addition on P(Ω), but it would be much simpler

if we could define this family in terms of addition on M(Ω) instead. This certainly works

when β = β0, because λ ⊕ [−β0H] is identical to λ ⊕ (−β0H). However, if β 6= β0 then

in general π(β) 6= λ ⊕ (−βH). The issue is that addition in P(Ω) has a gauge freedom:

The term [−βH] is only defined up to an arbitrary choice of constant. However, addition

in M(Ω) does not have this freedom. If we want π(β) = λ ⊕ (−βH), then we have choose

an appropriate additive constant for H. We will denote this constant2 by F eq(β; π, λ) and

define it so that

λ⊕ [−βH] = λ⊕−β(H − F eq(β; π, λ)). (6.10)

It is straightforward to check that this relation uniquely defines

F eq(β; π, λ) = −β−1 ln

∫

Ω

e−βH(ω; π,λ) dλ. (6.11)

This quantity is analogous to the equilibrium Helmholtz free energy in statistical mechanics.

Once we have the equilibrium free energy F eq(β; π, λ) in hand, we can use affine addition

on M(Ω) for all of our calculations, instead of the more cumbersome addition on P(Ω).

The equilibrium free energy has a particularly useful decomposition (which follows di-

rectly from the results of section 5.2):

F eq(β; π, λ) = U(β; π, λ)− β−1S(β; π, λ), (6.12)

1For the remainder of this section, the notation λ⊕[f ] (with the function in brackets) will denote addition
in P(Ω), while the notation λ⊕ f or λ⊕ (f) (without brackets) will denote addition in M(Ω).

2F eq is a constant function on ω. It generally depends on β as well as π and λ.
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where

U(β; π, λ) =

∫

Ω

H(ω; π, λ) dπ(β) (6.13)

is the average energy of λ⊕−β(H + F eq(β; π, λ)) (as defined in 5.24) and

S(β; π, λ) = −
(

dF eq(β; π, λ)

dβ−1

)
= S[π(β); λ] (6.14)

is the entropy of λ⊕−β(H + F eq(β; π, λ)) (as defined in 5.25).

So far in this section, we have not made any reference to the steady-state distribution µ.

Notice that the only real distinction between µ and π is at the level of the dynamics of X(t).

On the level ofM(Ω) or P(Ω), the two are really on an equal footing. (To put this another

way, if we obtained µ and π by making coarse-grained observations of our system through

equation (2.5), then we would not have enough information to distinguish the equilibrium

and non-equilibrium distribution, and so we would be forced to treat the two symmetrically.)

With this in mind, we can go through the same construction using µ in place of π.

There is an additional layer of complexity when choosing units of temperature, though. We

would like to define our energy as −β−1
1 H(ω; µ, λ), where β1 ∈ R+ is another arbitrary

constant. However, if µ is already on the affine line π(β), then we should not arbitrarilly

choose temperature units. Instead, we should choose β1 so that π(β1) = µ. For the purposes

of this chapter, assume that this is not the case and so we are free to choose β1 arbitrarilly3.

We define the “energy” as H(ω; µ, λ) = −β−1
1 ln dµ

dλ
(ω) and define the 1-parameter family of

measures µ(β) = λ ⊕ [−βH]. As before, we have µ(β1) = µ and µ(0) = λ. Our free energy

becomes

F eq(β; µ, λ) = −β−1

∫

Ω

e−βH(ω; µ,λ) dλ (6.15)

and we obtain the relation

F eq(β; µ, λ) = U(β; µ, λ)− β−1S(β; µ, λ), (6.16)

3What we should really do is choose a basis for V and use that basis to define each β. In particular,
we could take n affinely independent measures {µi} (in addition to our reference measure) and choose a
different arbitrary βi for each of them. The energy for any other measure could then be written as a linear
combination of the {β−1

i H(·; µi, λ)} without any further arbitrary choice.
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where

U(β; µ, λ) =

∫

Ω

H(ω; µ, λ) dµ(β) (6.17)

and

S(β; µ, λ) = −
(

dF eq(β; µ, λ)

dβ−1

)
= S[µ(β); λ] (6.18)

It is no longer entirely fair to identify these functions with equilibrium quantities from clas-

sical thermodynamics, because we know that µ is not an equilibrium distribution. Instead,

we will think of these as “fictitious equilibria”. In other words, F eq(β; µ, λ) is what the free

energy of µ(β) would be if µ were really an equilibrium.

If we choose λ carefully, we can drastically simplify many of these quantities. In partic-

ular,

F eq(β; π, π) ≡ 0, (6.19)

U(β; π, π) ≡ 0, (6.20)

S(β; π, π) ≡ 0. (6.21)

However, unless π = µ (in which case there is no spontaneous relaxation process) we cannot

simultaneously eliminate F eq(β; π, λ) and F eq(β; µ, λ).

6.3 Non-equilibrium free energy

In addition to the equilibrium (or at least fictitious equilibrium) quantities defined above,

we need to define non-equilibrium counterparts. It may seem odd to define F eq(β; µ, λ) for

a non-equilibrium steady state µ as we did above and then not use it as the non-equilibrium

free energy, but this definition would violate one of the core assumptions of non-equilibrium

thermodynamics. In particular, the change in free energy between two steady states should

be equal to the temperature β−1 and the internal entropy production ∆S(i) [16]. With the

additional requirement that the non-equilibrium free energy of an equilibrium steady state
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should be equal to the equilibrium free energy, there is only one viable definition:

F neq[µ, β; π, λ] = β−1∆S(i)[µ, π] + F eq(β; π, λ) (6.22)

= β−1Eµ [µ	 π] + F eq(β; π, λ). (6.23)

The reference measure only appears in the second term, and so the change in free energy

over a spontaneous relaxation process

∆F neq[µ, β; π] = β−1∆S(i)[µ, π] (6.24)

is reference independent.

This quantity is not the same as the difference in fictitious equilibrium free energies. In

particular, we find that

∆F neq[µ, β; π] = [U(β1; µ, λ)− U(β0; π, λ)]− β−1
0 [S(β1; µ, λ)− S(β1; π, λ)] +W [µ, π;λ],

(6.25)

where

W [µ, π;λ] ≡ Eµ [W [µ, π]]

= Eµ
[
β−1 ln

(
d(λ⊕ (−βH(·;µ, λ)))

d(λ⊕ (−βH(·; π, λ)))

)]
(6.26)

The quantity W can be thought of as the irreversible work associated with the relaxation

process. Despite appearances, it is not actually a function of β (although it does depend on

β0 and β1 through the definitions of H). We have written it in this manner to emphasize the

fact that the work depends on the Radon-Nikodym derivative between two non-normalized

measures. That is, this formula makes sense because we are working in M(Ω) and not just

P(Ω).

On the basis of these definitions, one can derive a wide variety of thermodynamic relations.

We will leave the rest of these results to [22].
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Chapter 7

FUTURE WORK

We have begun to explore several different avenues to extend the ideas discussed in this

dissertation. Most of these extensions revolve around the set of observables (X1, . . . , Xn)

from (2.5). One possibility is to allow more general observables Xi instead of requiring them

to be the indicator functions Xi = 1ωi . Cramér’s theorem still applies to a fairly broad range

of observables, but our interpretation would need some modification. For one thing, the

limiting “frequencies” from (2.6) would no longer really be frequencies. In particular, they

would not be normalized, and so the limiting objects would not be analogous to probability

measures in P(Ω). However, if the observables were all non-negative, then it might still be

possible to think of these limits as elements of M(Ω). For another, the large deviation rate

function ϕ(µ) and the corresponding conjugate variables hi would be drastically different.

Some consequences of these differences are obvious, but others (particularly those involving

the affine structures defined in chapter (4)) are more difficult to generalize.

Another approach is to keep the indicator functions Xi but to relax the assumption that

the samples be i.i.d.. In this case, the fundamental objects of study are still probability

frequencies and measures, but the large deviation rate function ϕ is quite different. We have

begun some analysis of this problem.

7.1 Beyond i.i.d. samples

Suppose that the random variables X(i) from equation (2.6) are defined as before, but with

one exception. Rather than being independently distributed, they are generated from a

Markov chain.

There are several equivalent ways to approach this problem. One method is to consider
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a continuous time Markov process on Ω with generator and then measure the proportion of

time spent in each state. That is, we measure

Lti =
1

t

∫ t

0

Xi(X(s)) ds. (7.1)

It is a simple matter to show that

lim
t→∞

Lti = π({ωi}). (7.2)

One can show [3] that the large deviation rate function for this limit is of the form

ϕ(µ) = Eµ[V ], (7.3)

where V : Ω→ R is of the form

V (ωi) =
n∑

j=1

(
1− ehj−hi

)
qij. (7.4)

The parameters hi satisfy a system of nonlinear equations (derived in [3]), and if the under-

lying Markov process is detailed balanced then they have a simple closed form expression:

hi =
1

2
ln

dµ

dπ
(ωi)−

1

2

n∑

j=1

ln
dµ

dπ
(ωi). (7.5)

Using this result, we can obtain an explicit formula for the large deviation rate function:

ϕ(µ) =
n∑

i=1

n∑

j=1,j 6=i
µiqij

(
1− exp

(
1

2
ln
µjπi

µiπj

))

=
n∑

i=1

n∑

j=1,j 6=i
µiqij

(
1−

√
µjπi

µiπj

)

=
n∑

i=1

n∑

j=1,j 6=i

qij
πj

(
µiπj −

√
µiµjπiπj

)

=
n∑

i=1

n∑

j=i+1

qij
πj

(
µiπj + µjπi − 2

√
µiµjπiπj

)

=
n∑

i=1

n∑

j=i+1

qij
πj

(√
µiπj −

√
µjπi

)2

. (7.6)
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An equivalent, and perhaps more useful, formula is

ϕ(µ) = −
n∑

i=1

n∑

j=1

√
µi

(
qij
√
πi√
πj

)
√
µj (7.7)

As an alternative approach, we can think of the X(i) as arising from a discrete time

Markov chain and measure the normalized pair frequencies along an infinitely long path [11]:

ϕ(2)
(
{νij}; {πipij}

)
=
∑

i,j

νij log
νij
fipij

, fi =
∑

k

νik =
∑

k

νki, (7.8)

in which pij = Pr{Xn+1 = j|Xn = i} is the transition probability of the Markov chain, which

we assume to be aperiodic and irreducible, with ergodic invariant probability {πi} given by

∑

i

πipij = πj.

The constraint on the two marginals of νij being equal is known as shift invariance and

is an essential feature of pair frequencies obtained from an infinitely long path. We have

ϕ(2)({νij}) =∞ for all {νij} without shift invariance.

From ϕ(2)({νij; {πipij}) it is straightforward, using the method of Lagrange multipliers,

to obtain ϕ(1)(f ; π) for the normalized singleton frequency :

ϕ(1)(µ; π) = inf
{νij}

{
ϕ(2)

(
{νij}

)
∣∣∣∣∣
∑

k

νik =
∑

k

νki = µi

}

= sup
{ξi>0}

{∑

i

µi log
ξi∑
j pijξj

}
(7.9)

One can show that this is equivalent to the rate function in (7.6).

The Legendre-Fenchel transform of ϕ(1)(µ; π):

ψ(1)(h) = sup
µ∈P(Ω)

{
〈h, µ〉 − ϕ(1)(µ; π)

}
(7.10)

= lim
n→∞

1

n
lnE

[
exp

(
n

n∑

i=1

hiXi

)]
(7.11)

= ln Λ
(
{pijehi}

)
, (7.12)
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where Λ
(
A
)

is the principal eigenvalue of the positive matrix A.

For continuous time diffusion process in R, (7.9) becomes [11]

ϕ(1)(µ; π) = sup
ξ(x)>0

−
∫

R

(L[ξ](x)

ξ(x)

)
dµ(x), (7.13)

in which L[ξ] is the generator of the diffusion process Xt: L = D(x) d2

dx2
+V (x) d

dx
, L∗[π] = 0,

and the empirical measure for finite time T

µ(T )(x) =
1

T

∫ T

0

δ(Xt − x)dt. (7.14)

7.2 Geometry of the space of measures

The previous section shows two ways to generalize the setup from this dissertation. Both

methods result in a new large deviation rate function. Some of our earlier analysis immedi-

ately carries over to the new settings. For instance, it is clear that we should re-define the

entropy of a measure µ from (6.3) as ϕ(µ), where ϕ is the new rate function. Similarly, we

should define the energy function H so that H(ωi) = hi, where hi is the conjugate variable

to µi in our new large deviation principle.

However, it is not immediately obvious how to generalize other parts of our analysis. In

particular, throughout this work we took advantage of the fact that our definition of energy

induced an affine structure on M(Ω) and P(Ω). This is not generally true for other large

deviation principles. It is possible, though, to use a more general information geometric

approach. As described in appendix A, an affine structure is essentially a special example

of a connection from differential geometry. In particular, an affine space is necessarily a flat

manifold with a global chart. The affine structures we have discussed are equivalent to the

−1 α-divergences on M(Ω) and P(Ω) (see, for example, [2]), and their geometry has been

well explored (at least in the context of finite Ω). At present, our contributions to geometry

are limited to a novel pedagogical approach which is relegated to appendix A.

The key insight that should allow us to connect these ideas to more interesting geometric

structures comes from [1]. In that work, it was shown that any divergence function on a
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manifold M induces a Riemannian metric and a pair of affine connections. A large deviation

rate function supplies just such a divergence. (One can think of ϕ(µ) as the divergence

between µ and π. If one replaces π with an arbitrary measure, then one obtains a new

divergence.) The geometry we have focused on so far onM(Ω) is induced in this manner by

the KL divergence, but different divergences will induce different geometries. It is therefore

of great interest to find divergence functions that are relevant to thermodynamics or to

a particular application and investigate the resulting geometry. We are in the process of

exploring the relevant geometry induced by (7.6). One interesting preliminary result is that,

in the special case of a 2-state Markov process, we have explicitly calculated the induced

Riemannian metric and affine connection and shown that the master equation of the Markov

process is the gradient of the cross-entropy
∑

i π
i lnµi under this induced geometry.

We also introduced a new family of divergences on M(Ω) in [22] defined by

D[µ, ν; βa, βb, λ] =
1

βa

∫

Ω

ln
dµ

dλ⊕ βa(ν 	 λ))
dµ+

1

βb

∫

Ω

ln
dν

dλ⊕ βb(µ	 λ))
dν. (7.15)

Except for some special cases (in particular, if βa = βb = 1 then this reduces to the sym-

metrized KL divergence), these divergences do not appear to arise from any obvious large

deviation principle. In that work, we showed that this quantity was intimately related to the

concepts of work and free energy defined in chapter 6 and used it to derive a generalization

of Carnot’s inequality. It would be interesting to explore the geometry induced by these

divergences, and also to investigate whether or not this can be thought of as the consequence

of a different large deviation principle.

The second approach from the previous section also provides a useful insight. Important

properties of a Markov process can often be much more easily defined in terms of pair

frequencies rather than singleton frequencies. This suggests that the spaces P(Ω) andM(Ω)

may be too limited. Instead, it might be more interesting to study the product space of

P(Ω) and the space of possible transition rates on the edges between states. There have been

numerous recent results characterizing the large deviation rate functions of frequencies and

“empirical flows” of Markov processes on these spaces (e.g., [4, 6, 5]). These rate functions
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could be used to construct an associated divergence, and therefore to induce a geometry.
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Appendix A

GEOMETRY AND AFFINE STRUCTURES

In this appendix, we establish appropriate topologies on an affine structure (M,V,⊕)

and discuss how the connection between affine structures and differential geometry naturally

endows M with a smooth structure and a connection, as well as an associated family of

Riemannian metrics. The content of this appendix was originally intended as a pedagogical

tool, and so it reproduces many standard results from differential geometry that can be found

in many textbooks (e.g., [25] or [40]). Throughout, we will assume that M and V are finite

dimensional. Because we have restricted ourselves to the finite dimensional case, many of

the following results are fairly elementary. A discussion of some of the issues arising in the

infinite dimensional case (along with the solutions to many such issues) can be found in [32].

A.1 Topology of affine spaces

To have any hope of doing any analysis on affine spaces, we will need the notions of conver-

gence and continuity. To this end, when we discuss an affine space (M,V,⊕), we will restrict

ourselves to topological spaces M and V . In particular, we will insist that the operations of

vector addition + : V ×V → V and vector scalar multiplication · : R×V → V be continuous

(with the usual product topology on all product spaces). Furthermore, we will require each

Φp and each Φ−1
p to be continuous as well. These turn out to be very serious restrictions.

Lemma A.1.1 If V is finite dimensional (and we will work exclusively in finite dimensions),

then there are only two topologies on V such that + and · are continuous.

1. The trivial topology {∅, V },
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2. The topology induced by any vector space isomorphism T : V → RN , where RN is

equipped with the usual topology.

The proof can be found in most introductions to functional analysis (e.g., [38]). We will

assume without further comment that V is equipped with the second of these topologies.

Similarly, the assumption that each Φp and Φ−1
p be continuous severely restricts the

possible topologies on M . Since we know the topology of V , requiring any bijection between

M and V to be a homeomorphism endows M with a unique topology as well. In particular,

this means that, for any choice of p ∈ M , there is exactly one topology on M such that

Φp : V → M is a homeomorphism. All that remains is to check that different choices of p

result in the same topology.

Lemma A.1.2 There is a unique topology on M such that each Φp : V → M is a homeo-

morphism.

Proof Choose p, q, r ∈M . By definition, we have p⊕Φ−1
p (r) = r = q⊕Φ−1

q (r). It therefore

follows that

r = p⊕
(
Φ−1
p (q)− Φ−1

p (q) + Φ−1
p (r)

)

=
(
p⊕ Φ−1

p (q)
)
⊕
(
Φ−1
p (r)− Φ−1

p (q)
)

= q ⊕
(
Φ−1
p (r)− Φ−1

p (q)
)
.

Since Φq is a bijection, we therefore have

Φ−1
q (r) = Φ−1

p (r)− Φ−1
p (q).

In particular, if we let r = Φp(x), then

(
Φ−1
q ◦ Φp

)
(x) = x− Φ−1

p (q).

This means that Φ−1
q ◦Φp is continuous. By an identical argument, Φ−1

p ◦Φq is also continuous.
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If we endow M with the topology such that Φp is a homeomorphism, then we have

Φq = Φp ◦
(
Φ−1
p ◦ Φq

)
and Φ−1

q =
(
Φ−1
q ◦ Φp

)
◦ Φ−1

p ,

which are both compositions of continuous maps, so both are continuous. Therefore, Φq is

also a homeomorphism.

This means that, at least for finite dimensional V , there is exactly one non-trivial topology

on M and V that is compatible with the affine structure, in the sense that vector addition,

affine addition and scalar multiplication of vectors are all continuous. From now on, we will

assume without comment that the space of points M and space of vectors V in any affine

space are always equipped with these topologies.

As an example, take the affine space (M,V,+) with M = V = Rn. The identity map

Id : V → Rn is a vector space isomorphism, so we are forced to use the standard topology

on Rn for V . Likewise, if we choose 0 ∈ M as the origin, then the map Φ0 : V → M must

be a homeomorphism, but Φ0 is just the identity map, so M must also be equipped with the

standard topology. This gives the comforting result that the affine space (Rn,Rn,+) uses

the usual topology for both copies of Rn. Indeed, the same is true of (V, V,+) for any vector

space V .

Now let’s look at the spaces (M(Ω),V(Ω),⊕) and (P(Ω),V0(Ω),⊕). To determine the

appropriate topologies onM(Ω) and V(Ω), we first need to find a vector space isomorphism

T : V(Ω)V → RN . To do so, choose an arbitrary bijection R : {1, . . . , N} → Ω and define T

such that

T (f) = ((f ◦R)(1), . . . , (f ◦R)(N))T .

This is clearly a vector space isomorphism, and so it determines a topology on V . There are

no surprises here – this is just the usual topology of pointwise convergence.

Let µn = µ({(f ◦ R)(n)}) for each n = 1, . . . , N (that is, µn is the probability mass of

ωn ≡ R(n)) and let λ be the counting measure. The map Φλ : V →M is a homeomorphism,

as is exp ◦T ◦Φ−1
λ :M→ Rn, where exp : RN → (R+)N maps (x1, . . . , xN) 7→

(
ex

1
, . . . , ex

N
)

.
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This map is given by
(
exp ◦T ◦ Φ−1

λ

)
(µ) =

(
µ1, . . . , µN

)T
.

That is, the map identifying a measure with its vector of probability masses is a homeomor-

phism, so the requisite topology is the usual one based on open neighborhoods of probability

mass. As hoped for, this is the standard topology that one would want to use regardless.

A.2 Differentiation in Affine Spaces

In the previous appendix, we showed that there was a natural choice of topology for an affine

space. With that in hand, we can coherently discuss continuous maps between these spaces.

That is, if we have two affine spaces (M,V,⊕) and (N,W,⊕), then we can decide whether

a map f : M → N is continuous. (Subscripts on ⊕ are awkward enough that we will use

the same symbol for both addition operations, although one is defined on M × V and the

other is defined on N ×W . It should generally be obvious from context which we are using.)

We cannot yet, however, say whether such a map is differentiable. If M and V were vector

spaces, then we would say that f is differentiable at x ∈M if and only if there were a linear

operator L : M → N such that

f(x+ h) = f(x) + L(h) + o(h), (A.1)

where o(h) is a function g : M → N such that

lim
h→0

‖g(h)‖
‖h‖ = 0. (A.2)

This definition should strike the reader as suspect, since we have never specified a norm

for our vector spaces. However, as long as we restrict ourselves to finite dimensional vector

spaces (which we always will) then all norms are equivalent and this definition is the same

regardless of our choice of norm.

Unfortunately, neither (A.1) nor (A.2) make any sense in the context of affine spaces.

Equation (A.2) is ill-defined since we have no concept of a norm on either M or N . Even

if o(h) could be sensibly defined here, equation (A.1) would still be incomprehensible since
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neither the notions of addition nor linear operators can be defined. We can solve both of

these problems at once by rearranging (A.1). We will say that f : M → N is differentiable

at p ∈M if and only if there is a linear operator L : V → W such that

f(q)− f(p) = L(q − p) + o(q − p), (A.3)

where o(q− p) represents a function g : V → W which otherwise satisfies (A.2). Notice that

q − p is a vector in V and f(q) − f(p) is a vector in W , so the definitions of linearity and

little-oh are sensible and the only addition performed is between vectors in W .

If M = V and N = W , with each ⊕ as just vector addition, then this definition coincides

with the classical version. That is, if (V, V,+) and (W,W,+) are affine spaces, then f : V →
W is differentiable as a map between affine spaces if and only if it is differentiable as a map

between vector spaces, where V is given the vector space structure from some isomorphism

Φp and W is given the vector space structure from some Φq, for arbitrary p ∈ V and q ∈ W .

In similar fashion, we can define differentiability of maps between an affine space and a vector

space and vice versa. From now on, we will casually conflate the two definitions.

Most of the properties of differential maps between affine spaces (existence/uniqueness,

the chain rule, etc.) carry over from classical calculus in the obvious fashion and we will

not reproduce their proofs here. Since the linear operator L is unique (if it exists), we will

denote L ≡ Df(p) and refer to this operator as “the derivative of f at p”. If Df(p) exists

for all p ∈M , we will say that f is differentiable (dropping the “at p”).

Lemma A.2.1 Affine curves are differentiable. In particular, if c : R→M is defined by

c(t) = p⊕ (t · x)

for some p ∈M and some x ∈ V , then we have

Dc(t)(s) ≡ c′(t) · s = x · s. (A.4)

Proof Choose t, s ∈ R. We have

c(t+ s)− c(t) = (p⊕ (t+ s)x)− (p⊕ tx) = sx = x · s,
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as desired.

Affine curves are a special case of affine maps. An affine map f : M → N is a map such

that (p− q) 7→ f(p)− f(q) is a linear operator (from V to W ). It should be clear from the

definition that all affine maps are differentiable.

A.3 Smooth Structures

As we have seen, affine structure gives us a way to define differentiable maps on sets without

an intrinsic vector space structure. Differential geometry provides a very different (although

ultimately quite related) approach. Since our ultimate goal is to studyM(Ω) and P(Ω), it is

worth recalling a classical approach to the study of stochastic processes on these spaces. One

typically begins by identifying M(Ω) or P(Ω) with an open subset of RN . (In particular,

M(Ω) is typically identified with the positive quadrant of RN and P(Ω) is identified with

an open simplex in this quadrant.) We have no objection to this idea in general. Indeed,

the maps Φp from an affine space (M,V,⊕) can be thought of as identifications between a

set M and RN . (Even here, some subtlety is warranted: Each Φp identifies M with V , not

RN . As a finite dimensional vector space, we can certainly continue by identifying V with

RN , but there is no canonical way to do so.) What we do object to is the rather arbitrary

selection of one particular identification. Instead, we wish to allow a large family of such

identifications and to treat them all on the same footing. This is precisely the problem that

differential geometry was built to solve.

In this section, we will give a brief overview of basic differential geometry and show how

the tangent bundle of an affine space, the assembly of all the tangent spaces at different points

on a manifold “smooth glued together”, can be intimately tied to its associated vector space.

A.3.1 Charts and Atlases

A manifold M can be thought of as a topological space combined with a set of coordinate

charts (x, U), where U ⊆ M is open and x : U → Rn is a homeomorphism onto its image.
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(Technically, we need a somewhat regular topology. In particular, we will always assume

that M is Hausdorff and second countable. If M is the point set of an affine space, then

these requirements are automatically satisfied.) The set U is called the chart domain, and

we will often refer to x alone as a chart if its domain is obvious from context. If M is also

part of an affine space, then it is already endowed with a particular topology. Furthermore,

we have already encountered several charts on M . For instance, if T : V → Rn is a vector

space isomorphism and p ∈ M and we define x = T ◦ Φ−1
p , then (x,M) is a chart. These

charts are actually extremely special, and a characteristic feature of affine spaces – their

domains are all of M . Most manifolds do not have global charts. For instance, the circle is

a one dimensional manifold, but there is no homeomorphism between the circle and any Rn.

The existence of such charts makes many structures on M trivial, but also allows for more

specialized structures. A chart need not have a global domain, and it need not preserve any

sort of vector space structure; for the moment, all we require is that it be a homeomorphism

onto its image.

A manifold M is said to have dimension n at p if there is a chart whose domain contains

p and whose codomain is Rn. There is a classic, although surprisingly difficult, proof that

the dimension of M at p is unique. Moreover, the dimension of M is constant throughout a

connected component. As a simple corollary, if M is connected then it has the same dimen-

sion at every point, so we say the dimension of M is n. When discussing arbitrary manifolds,

we will follow the common (albeit somewhat annoying) convention of using manifold M with

dimension n and manifold N with dimension m.

By far the most important manifold we will encounter is Rn itself. In particular, the

identity function Id : Rn → Rn is a chart, as are its restrictions to any open subset of Rn.

Notice that if (x, U) and (y, V ) are charts of M, then the transition functions

x ◦ y−1 : y(U ∩ V )→ x(U ∩ V ) and (A.5)

y ◦ x−1 : x(U ∩ V )→ y(U ∩ V ) (A.6)

are also homeomorphisms (between open subsets of Rn). This is vacuously true if U ∩ V is
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empty.

One should think of a chart as a (local) identification of M with Rn. That is, once

we have specified a chart, we will intentionally avoid distinguishing between p ∈ M and

x(p) ∈ Rn. As long as one is careful to only use results that are independent of the choice of

x, this makes life far simpler. This will occasionally prove confusing, particularly in the case

of M = Rn where geometers often use the chart (Id,M) without comment, but it is worth

becoming accustomed to.

Similarly, if M and N are manifolds and f : M → N , then we can (at least locally) think

of f as a function between Euclidean spaces. In particular, for any p ∈M , if we choose charts

(x, U) on M and (y, V ) on M such that p ∈ U and f(p) ∈ V , then we will identify f with its

coordinate representation y◦f ◦x−1 : x(U ∩f−1(V ))→ y(V ). Since x(U ∩f−1(V )) ⊆ Rn and

y(V ) ⊆ Rm, this is just a usual function between Euclidean spaces. If M = Rn (or a subset

of Rn), then we will generally assume x = Id without comment and write the coordinate

representation as y ◦ f : f−1(V ) → y(V ). Likewise, if N = Rm (or a subset of Rm), then

we will assume that y = Id without comment and write the coordinate representation as

f ◦x−1 : x(U)→ Rm. If both M and N are subsets of Euclidean spaces, then we use identity

charts on both manifolds and treat f as function between classical spaces. We can now bring

the usual tools of real analysis to bear on these coordinate representations. It is particularly

useful to note that a function f on M is continuous at p if and only if one (and therefore all)

of its coordinate representations is continuous at x(p). This means that continuity is indeed

independent of our choice of coordinates.

As a naive first attempt to define smooth maps on manifolds, we could declare that a map

f on M is differentiable at p if and only if its coordinate representations are differentiable

at x(p). Unfortunately, this definition immediately runs into trouble. For instance, take

M = R and the charts (x,M) and (y,M) where x(p) = p and y(p) = 3
√
p. Both functions

are homeomorphisms onto R, so they are certainly charts. However, if f is a function on

M such that x ◦ f ◦ x−1 is smooth, then y ◦ f ◦ x−1 cannot be smooth. This means that

differentiability depends, at least to some extent, on the choice of coordinates.
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It turns out that this is a fundamental issue – if we allow all homeomorphisms (x, U)

to be charts, then we cannot make a suitable definition of differentiability. Instead, we are

forced to restrict our definition of “coordinate chart” in some fashion. To this end, we will

say that two charts (x, U) and (y, V ) are C∞-related if and only if their transition functions

are C∞. (We will only be interested in infinitely smooth maps from here on. It is relatively

straightforward to translate our results to Cr maps, but all proofs would then require tedious

counting of derivatives.) An atlas A′ of charts on M is a set of charts such that every pair of

charts in A′ is C∞-related. Since we don’t want to privilege any particular charts (or worry

about keeping track of them all the time), we will always insist on a maximal atlas A. That

is, A is the largest possible set of C∞-related charts that contain A′.
With these definitions in hand, we can now define smooth maps as we wanted to in the

first place: A map on M is smooth if and only if one (and therefore all) of its coordinate

representations is.

In particular, this means that if (x, U) is a chart on M , then x : U → x(U) and x−1 :

x(U)→ U are both smooth.

As an example, consider an n-dimensional vector space V . Any vector space isomorphism

T : V → Rn is a global chart on V . Moreover, if T and S are two such charts, then

T ◦ S−1 : Rn → Rn and S ◦ T−1 : Rn → Rn are both linear maps, and therefore C∞, so T

and S are C∞-related. We can therefore define A as the maximal atlas containing all vector

space isomorphisms from V to Rn. From now on, we will always assume that a vector space

V is equipped with this atlas.

Similarly, if (M,V,⊕) is an affine space, then we would like to endow M with a smooth

structure such that the maps Φp and Φ−1
p are smooth. To this end, choose p ∈ M and a

smooth chart (x, U) on V . The map x ◦ Φ−1
p : Φp(U) → x(U) is a homeomorphism, so it is

a coordinate chart on M .

Lemma A.3.1 Any two charts of the form x ◦ Φ−1
p : Φp(U) → x(U) are C∞ related. That

is, if p, q ∈ M and (x, U) and (y,W ) are charts on V , then the charts x ◦ Φ−1
p and y ◦ Φ−1

q
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are C∞-related.

Proof This is vacuously true if Φp(U) ∩ Φq(W ) are empty, so suppose that this is not the

case. We need to show that the transition maps

x ◦ Φ−1
p ◦ Φq ◦ y−1 : y

((
Φ−1
q ◦ Φp

)
(U) ∩W

)
→ x

(
U ∩

(
Φ−1
p ◦ Φ−1

q

)
(W )

)
and

y ◦ Φ−1
q ◦ Φp ◦ x−1 : x

(
U ∩

(
Φ−1
p ◦ Φ−1

q

)
(W )

)
→ y

((
Φ−1
q ◦ Φp

)
(U) ∩W

)

are smooth. To see this, note that both Φ−1
p ◦ Φq : V → V and Φ−1

q ◦ Φp : V → V are

linear maps, and therefore smooth. In particular, the restriction of these maps to any open

subset of V are also smooth. This means that each of the above functions is a composition

of smooth maps, and therefore smooth. �

From now on, we will assume without comment that every affine space M is endowed with

the maximal atlas containing all such charts. With this in mind, we can drop all references

to atlases in the future. Whenever we say (x, U) is a chart on M , we mean that it is a smooth

chart in the natural atlas defined above.

A.3.2 Standard and Affine Charts

As we have seen, there are a wide variety of possible coordinate charts on any given manifold.

(Indeed, that is much of the point of this geometric approach.) However, we are mainly

interested in the manifolds Rn, M(Ω) and P(Ω), and these spaces already come equipped

with some standard coordinate systems that will prove useful. The standard coordinate

chart on Rn is just the identity map y : Rn → Rn such that y(x) = x. This is (by definition)

a chart in our usual maximal atlas on Rn.

The space M(Ω) also come with some rather standard charts, which we will take the

time to specify here. Recall that an element µ ∈ M(Ω) is a measure over the finite set Ω.

The standard charts on these spaces are only defined up to a choice of order on Ω. With that

in mind, choose a bijection R : {1, . . . , n} → Ω and, for each 1 ≤ i ≤ n, define ωi ≡ R(i).

We will define the standard chart onM(Ω) as yR :M(Ω)→ Rn such that yiR(µ) = µ({ωi}).
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In general, the bijection R will be unimportant, so we will simply refer to the standard chart

as y.

The space P(Ω) is somewhat trickier because it is only (n − 1)-dimensional. That is, a

chart must be of the form y : U → Rn−1. This means that if we want to use probability

masses as coordinates then we have to omit one of the states. We will define the standard

coordinates as yR : P(Ω) → Rn−1 such that yiR(µ) = µ({ωi}). If the bijection R (and

therefore the ωi that is omitted) is obvious from context then we will simply refer to this

chart as y.

The charts y are by far the most common coordinate systems for these two spaces, but

we will find that they are not always the most convenient. In particular, it will often prove

useful to use charts that reflect the affine structure of our spaces. We will therefore use the

following construction:

Definition A.3.2 Let (M,V,⊕) be an affine space. Choose a point p0 ∈M and a basis v1,

v2, . . . , vn of V . Every point p ∈M can be written uniquely as

p = p0 ⊕
(

n∑

i=1

xivi

)
. (A.7)

We will define the affine chart x : M → Rn such that x(p) = (x1, . . . , xn), where the xi are the

unique coefficients from (A.7). In general, the base point p0 and the basis {vi} will be obvious

in context, but if we need to be explicit we will write x(p; p0, v1, . . . , vn) or x(p; p0, {vi}).

In particular, consider the affine space (M(Ω),V(Ω),⊕). If we choose a base point

π ∈M(Ω) and the basis {1{ωi}} of V(Ω) (where each 1{ωi} is the indicator function for the

set {ωi}), then the corresponding affine chart is given by x(µ) = (x1, . . . , xn) with

xi = ln

(
µi

πi

)
, (A.8)

where µi = µ({ωi}) and πi = π({ωi}). If we choose a general basis {vi}, then

n∑

j=1

vijx
j = ln

(
µi

πi

)
, (A.9)
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where vij = vj(ω
i), and therefore

xi =
n∑

j=1

vij ln

(
µj

πj

)
, (A.10)

where [vij] is the inverse of [vij].

Similarly, consider the affine space (P(Ω),V0(Ω),⊕). If we choose a base point π ∈ P
and a basis {[vi]} of V0(Ω) (where each vi ∈ V(Ω)), then the corresponding affine chart is

given by x(µ) = (x1, . . . , xn−1) with

− lnZ(x; π) +
n−1∑

j=1

vijx
j = ln

(
µi

πi

)
, (A.11)

where µi = µ({ωi}), πi = π({ωi}), vij = vj(ω
i) and

Z(x; π) =
n∑

i=1

πi exp

(
n−1∑

j=1

vijx
j

)
, (A.12)

Unfortunately, unless we choose a rather special basis {vi}, we cannot explicitly solve this

system for xi.

A.4 Differentiation on Manifolds

A.4.1 Partial Derivatives

Now that we have a working definition of differentiable maps, we would like to actually

calculate their derivatives. As a naive first approach, suppose that f : M → N is smooth

and (x, U) and (y, V ) are charts on M and N containing p and f(p) respectively. It would be

nice to define the derivative of f as the derivative of its coordinate representation y ◦f ◦x−1.

Unfortunately, this definition is hopelessly dependent on our choice of charts. To see why

this is such a problem, consider a function f : Rn → Rm and think of x and y as choices of

basis. The total derivative of f is supposed to be a linear map from Rn → Rm, and so it

should not depend on the choice of basis. In contrast, the partial derivatives of f do depend

on the choice of basis – they are derivatives in the direction of a basis vector. We can also
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specify a matrix representation of the derivative of f – the Jacobian matrix – by choosing

particular bases for the domain and range.

In the same spirit, we will define (coordinate dependent) partial derivatives of smooth

maps on manifolds and (coordinate dependent) Jacobian matrices. We will start with smooth

maps f : M → R. If (x, U) is a chart on M and p ∈ U , then we will define the ith partial

derivative of f at p with respect to the chart x as

∂f

∂xi

∣∣∣∣
p

= Di

(
f ◦ x−1

)
(x(p)), (A.13)

where Di denotes the ith partial derivative in the classical sense (since f ◦ x−1 is a function

between Rn and R). Similarly, we will define the Jacobian of f at p with respect to the chart

x as

Df |p = D
(
f ◦ x−1

)
(x(p)) =

[
∂f
∂x1

∣∣
p
· · · ∂f

∂xn

∣∣
p

]
, (A.14)

where D(f ◦ x−1) is the classical total derivative. Really, we should specify the chart x in

our notation, but in practice this is generally obvious from context.

Similarly, if f : M → Rm is a smooth map and (x, U) is a chart with p ∈ U , then we

define
∂f j

∂xi

∣∣∣∣
p

= Di([f ◦ x−1]j)(x(p)), (A.15)

where [f ◦ x−1]j is the jth component of f ◦ x−1. The Jacobian of f at p with respect to the

chart x is then

Df |p = D(f ◦ x−1)(x(µ)) =




∂f1

∂x1

∣∣∣
p
· · · ∂f1

∂xn

∣∣∣
p

...
. . .

...

∂fm

∂x1

∣∣
p
· · · ∂fm

∂xn

∣∣
p


 . (A.16)

Likewise, if f : M → N is smooth and (x, U) and (y, V ) are charts such that p ∈ U and

f(p) ∈ V , then we define

∂f j

∂xi

∣∣∣∣
p

=
∂ [y ◦ f ]j

∂xi

∣∣∣∣
p

= Di

(
[y ◦ f ]j ◦ x−1

)
(x(p)), (A.17)

and the Jacobian of f at p is defined just as in (A.15).
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We can also extend all of these definitions to all of U in the obvious manner. For instance,

∂f/∂xi|p may be regarded as a function of p with domain U .

As we have emphasized, these definitions depend heavily on the choice of coordinate

charts. An important question is how these derivatives change when you choose different

charts. In particular, if we have two charts (x, U) and (y, V ) and a point p ∈ U ∩ V and we

know ∂f/∂xi for some function f : M → R, how can we write ∂f/∂yj? We have

∂f

∂yj

∣∣∣∣
p

= Dj(f ◦ y−1)(y(p))

= Dj

(
f ◦ x−1 ◦ x ◦ y−1

)
(y(p))

=
n∑

i=1

Di(f ◦ x−1)((x ◦ y−1)(y(p))) ·Dj([x ◦ y−1]i)(y(p))

=
n∑

i=1

Di(f ◦ x−1)(x(p)) ·Dj([x ◦ y−1]i)(y(p))

=
n∑

i=1

∂xi

∂yj

∣∣∣∣
p

· ∂f
∂xi

∣∣∣∣
p

. (A.18)

This definition extends in the obvious manner to functions f : M → Rm and f : M → N .

It is often very useful to think of these definitions in a slightly different light. We have

defined the nth partial derivative of f as the nth partial derivative of its coordinate repre-

sentation f ◦ x−1. While this leads to extremely satisfying notation, one can also approach

derivatives as follows. If c : J → M is a smooth curve defined on some interval J ⊆ R with

c(0) = p and f : M → R is a smooth function, then f ◦ c : J → R is smooth, and the

derivative (f ◦ c)′(0) is well defined in the classical sense. In particular, we can choose the

curve c such that c(t) = x−1(x(p) + tei), where ei is the ith basis vector of Rn. With this

definition,
∂f

∂xi
=

d

dt

∣∣∣∣
t=0

(f ◦ c) , (A.19)

where d/ dt is the usual derivative of a function from R to R. That is, partial derivatives on

M are just the derivatives of appropriately chosen curves. In the author’s experience, (A.13)

is more convenient for computation, but (A.19) provides more useful intuition.
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A.4.2 The Tangent Bundle

Much of the study of smooth manifolds amounts to adorning each point with various vector

spaces to create new vector bundles. The most important such bundle for our purposes is

the tangent bundle TM . There are several ways to construct TM , but we will begin with a

method based on equation (A.19). For every p ∈M , define C∞p (M) as the set of all smooth

curves through p. That is,

C∞p (M) =
{
c : J →M | J ⊆ R is an interval,

c is smooth and c(0) = p
}
. (A.20)

We don’t know how to define the derivatives of these curves in a coordinate independent

manner, but we do have the following important result:

Lemma A.4.1 For any two curves c1, c2 ∈ C∞p (M) and any two charts (x, U) and (y, V )

such that p ∈ U ∩ V , if
d

dt

∣∣∣∣
0

(x ◦ c1) =
d

dt

∣∣∣∣
0

(x ◦ c2) ,

then we also have
d

dt

∣∣∣∣
0

(y ◦ c1) =
d

dt

∣∣∣∣
0

(y ◦ c2) .

This means that, although we can’t yet meaningfully assign a value to the derivative of a

curve, we can say that two curves have the same derivative. With this in mind, we will say

that two curves in C∞p (M) are equivalent if and only if their derivatives are equal in any

(and therefore every) coordinate representation.

We will let TpM denote the space of all equivalence classes of curves under this relation.

This is called the tangent space of M at p. For any given chart (x, U) with p ∈ M , we can

identify TpM with Rn through the map Fx : TpM → Rn defined such that

Fx([c]) =
d

dt

∣∣∣∣
0

(x ◦ c) . (A.21)

This is a well-defined injection by the definition of our equivalence relation. Furthermore, it

is a surjection because Fx([x
−1(x(p) + tv)]) = v for any v ∈ Rn. Therefore, Fx is a bijection.
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We can use this map to give TpM a vector space structure by defining

[c1] + [c2] = F−1
x (Fx([c1]) + Fx([c2])) and (A.22)

α[c1] = F−1
x (αFx([c1])) . (A.23)

Furthermore, if (y, V ) is another chart with p ∈ V then we have

Fy([c]) = D(y ◦ x−1)(x(p)) · Fx([c]). (A.24)

Since D(y ◦ x−1)(x(p)) is a linear map, this means that the vector space structure induced

by Fy is the same as that induced by Fx. Therefore, this vector space structure is coordinate

independent.

We will follow traditional notation and denote elements of TpM by capital letters with the

subscript p, such as Xp and Yp. These elements are called tangent vectors at p. If [c] = Xp,

then we will say that c is a representative curve of Xp.

This definition of TpM provides excellent geometric intuition for tangent vectors, but is

not always the most practical. We will therefore give a very different approach to the same

space.

Let C∞(M) denote the space of all smooth functions f : M → R, equipped with the

usual pointwise addition and multiplication operations. We will define a derivation at p as

a linear map ` : C∞(M)→ R that satisfies

`(f · g) = `(f)g(p) + `(g)f(p). (A.25)

That is, a derivation is a linear map that satisfies the product rule. We will (temporarily)

denote the space of all derivations at p by T̂pM .

We have already encountered many derivations. In particular, if (x, U) is a chart with

p ∈ U , then the maps ∂/∂xi|p : C∞ → R such that

∂

∂xi

∣∣∣∣
p

(f) =
∂f

∂xi

∣∣∣∣
p

(A.26)

are all derivations. That is, partial derivatives are derivations.
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If we give T̂pM the usual pointwise addition and scalar multiplication operations (i.e.,

`(f + g) = `(f) + `(g) and `(αf) = α`(f)), then it is a vector space. However, it is not

immediately clear what the dimension of this space is. Fortunately, a standard theorem of

differential geometry states that

Lemma A.4.2 If M is an n-dimensional manifold, then T̂pM is an n-dimensional vector

space. Moreover, for any coordinate chart (x, U) with p ∈ U , every derivation ` ∈ T̂pM can

be written as

` =
n∑

i=1

`(xi)
∂

∂xi

∣∣∣∣
p

. (A.27)

That is, the partial derivatives in any coordinate system form a basis for T̂pM .

(This is one of the few cases where the distinction between C∞ and Cr is fairly important.

If we only required that derivations be Cr for some finite r, then T̂pM would actually be

infinite-dimensional. This is not an insurmountable problem, but it does make life more

difficult.)

Notice that if (x, U) and (y, V ) are charts with p ∈ U ∩ V , then we have (using equation

(A.18))

`(f) =
n∑

i=1

`i
∂f

∂xi

∣∣∣∣
p

=
n∑

i=1

`i

[
n∑

j=1

∂yj

∂xi

∣∣∣∣
p

· ∂f
∂yj

∣∣∣∣
p

]

=
n∑

j=1

[
n∑

i=1

`i
∂yj

∂xi

∣∣∣∣
p

]
· ∂f
∂yj

∣∣∣∣
p

.

This means that

n∑

i=1

ai
∂f

∂xi

∣∣∣∣
p

=
n∑

i=1

bi
∂f

∂yi

∣∣∣∣
p

if and only if

bi =
n∑

j=1

aj
∂yi

∂xj

∣∣∣∣
p

.
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As the name might suggest, T̂pM is not so different from TpM . In particular, if (x, U) is

a chart with p ∈ U , then we can define a vector space isomorphism between T̂pM and TpM

by assigning each derivation ` to the equivalence class of the curve

t 7→ x−1

(
x(p) + t

n∑

i=1

`iei

)
, (A.28)

where `i = `(xi) and ei is the ith standard basis vector of Rn.

It is relatively straightforward to check that this isomorphism does not depend on the

choice of chart. Now that we have this isomorphism, we will routinely identify an equivalence

class of curves with its corresponding derivation, and whenever we are working in coordinates

(x, U), we will refer to `(f) by the coordinate vector (`1, . . . , `n) such that

`(f) =
n∑

i=1

`i
∂f

∂xi

∣∣∣∣
p

. (A.29)

(That is, we will use the derivations ∂/∂xi as a basis for TpM .)

If we want to talk about derivatives on all of M rather than at a single point p, then we

need to combine the spaces TpM in some way. With this goal in mind, we will define the

tangent bundle of M as

TM =
⊔

p∈M
TpM. (A.30)

That is, the tangent bundle is the disjoint union of tangent spaces. Using our earlier notation,

we will typically name elements of the tangent bundle Xp or Yp. That is, Xp ∈ TM means

that it is a derivation at p. We will also define the standard projection map as π : TM →M

such that π(Xp) = p.

The notion of a tangent bundle allows us to define vector fields. Intuitively, a vector

field should just be a tangent vector at every point on a manifold (exactly like the standard

picture of a differential equation on Rn). To make this more precise, we define a (smooth)

vector field X on a manifold M as a smooth function X : M → TM such that π(X(p)) = p.

That is, X maps each point to a vector in the tangent space TpM . Since M and TM are both

smooth manifolds, it makes sense to talk about smooth functions between these manifolds.
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Fortunately, there is an obvious characterization of vector fields that makes it easy to check

smoothness. If (x, U) is a chart on M , then for all p ∈ U we can write a vector field X as

X(p) =
n∑

i=1

X i(p)
∂

∂xi

∣∣∣∣
p

, (A.31)

where each X i is a real-valued function of U . The vector field X is smooth if and only if

each X i is.

The vector field X is naturally identified with a derivation, so we can apply X to any

smooth function f : M → R in an obvious way. In particular, we say that X : C∞(M) →
C∞(M) such that X(f)(p) = X(p)(f). In coordinates, this just means that

X(f)(p) =
n∑

i=1

X i(p)
∂f

∂xi

∣∣∣∣
p

, (A.32)

or equivalently

X(f) =
n∑

i=1

X i ∂f

∂xi
. (A.33)

It is worth pointing out that a vector field is an example of something called a section.

In particular, if π : E → M is a vector bundle1 then a (smooth) function s : M → E such

that π(s(p)) = p is called a (smooth) section of the vector bundle. Therefore, vector fields

are sections of the tangent bundle.

The connection between vector fields and ordinary differential equations is very impor-

tant: In coordinate charts every vector field is equivalent to an ordinary differential equation

on Rn. To understand this idea, suppose that (x, U) is a chart on M with some point

p ∈ U and X =
∑n

i=1X
i ∂
∂xi

on the domain U . We call a curve c : J ⊂ R → U such that

dc
dt

∣∣
t

= X(c(t)) and c(0) = p the flow of X through p. In the coordinates x, this flow is

governed by the initial value problem

d(x ◦ c)i
dt

(t) = X i(c(t)). (A.34)

1We will not worry too much about the general definition of a vector bundle. Suffice it to say that E is
the disjoint union of vector spaces with some nice compatibility properties. In our case, E = TM and π
is the usual projection.
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The existence and uniqueness of flows on manifolds follows directly from the corresponding

theorems for ordinary differential equations on Rn.

A.4.3 Affine Structure and the Tangent Space

In order to identify TpM with Rn, we used the curves x−1 (x(p) + tv) as representative curves

for our equivalence classes. As should be obvious from the definition, these curves are highly

dependent on our particular choice of coordinate charts. However, if (M,V,⊕) is an affine

space then we actually have an intrinsic choice of curve: the affine curve p⊕ tv.

To see how this works, let’s switch to some particularly convenient coordinate charts. In

particular, we will choose a base point p0 ∈M and a basis {vi} of V and let x : M → Rn be

the affine chart defined in A.3.2. That is, we define x(p) = (x1, . . . , xn) such that

p = p0 ⊕
n∑

i=1

xivi. (A.35)

Since {vi} is a basis for V , we can write any v ∈ V as

v =
n∑

i=1

`ivi, (A.36)

where the `i are some uniquely defined constants. We therefore have

p0 ⊕ tv = p0 ⊕
(
t

n∑

i=1

`ivi

)
= p0 ⊕

(
n∑

i=1

t`ivi

)
. (A.37)

This means that

xi(p0 ⊕ tv) = t`i, (A.38)

and so
d

dt
(xi(p0 ⊕ tv)) = `i (A.39)

In particular, note that
d

dt
(x(p0 ⊕ tv)) =

d

dt
(x(p0 ⊕ tw))

if and only if v = w, so each distinct affine curve through p0 is the representative curve

of a distinct tangent vector. Moreover, we can clearly choose v to make p0 ⊕ tv be the
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representative curve of any tangent vector Xp0 that we want. There is therefore a natural

one-to-one correspondence between affine curves through p0 and tangent vectors in Tp0M .

From now on, if (M,V,⊕) is an affine space, {vi} is a basis of V and p ∈M , then we will

identify the following:

1. The vector v ∈ V such that

v =
n∑

i=1

`ivi (A.40)

2. The equivalence class of curves Xp = [p⊕ tv].

3. The derivation

Xp =
n∑

i=1

`i
∂

∂xi

∣∣∣∣
p

,

where x(· ; p, {vi}) is an affine chart on M .

This identification lets us think of each tangent space TpM as a copy of the vector space V .

We will refer to all three of these as tangent vectors at p. It is very important to emphasize

that the values of `i depend on the choice of basis {vi}, but the vector v does not. That is,

the vector v and the derivation Xp will always be identified with the same vector v, regardless

of basis, but we will need to choose different `i for each choice of basis. This is because we

have identified tangent vectors with elements of the vector space V , but we have not chosen

a canonical representation of V .

It also seems like this identification depends on the base point p, but this dependence

is largely illusory. In particular, if we choose p, q ∈ M and a basis {vi} of V and let

xp ≡ x(· ; p, {vi}) and xq ≡ x(· ; q, {vi}) be the affine charts at these two base points, then

∂

∂xp
=

∂

∂xq
. (A.41)

That is, derivatives (and therefore tangent vectors in general) depend on the chosen basis

but not on the chosen base point.
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Note that this identification furnishes us with a few simple choices of vector fields on an

affine space. For example, suppose we fix some point q ∈ M . We can then define a smooth

vector field X such that X(p) = p	q. It is obvious from this definition that X is independent

of the coordinates on M , so we might as well choose a convenient chart. In particular, if we

choose a basis {vi} of V then we can work in the affine coordinates x(·; q, {vi}). In these

coordinates, we identify p	 q with
∑n

i=1 x
i(p) ∂

∂xi

∣∣
p
, and so we have

X =
n∑

i=1

xi
∂

∂xi
. (A.42)

We can find the flow of X through some p0 ∈M by solving the initial value problem

dxi

dt
= xi, with xi(0) = xi(p). (A.43)

(The notation for the initial condition is admittedly confusing. Really, this is a differential

equation for (x ◦ c)(t) and the initial condition should be xi(c(0)) = xi(p), but it is standard

to drop most references to the curve c.)

More generally, if A : V → V is a linear map, then we can define a vector field X(p) =

A(p	 q). The corresponding differential equation in affine coordinates x(·; q, {vi}) is then

dx

dt
= Ax. (A.44)

This is the affine analogue of linear differential equations. (In fact, linear differential equa-

tions on Rn are exactly this, with q = 0.) There isn’t really anything special about linear

maps A. We can do the same thing with any map A : V → V .

Consider the special case of the affine space (M(Ω),V(Ω),⊕). Fix some reference measure

π ∈ M(Ω) and consider the vector field X(µ) = π − µ. It is most convenient to use the

basis {vi} ≡ {1{ωi}} and corresponding affine chart x(·; π, {vi}). We then have π 	 µ ≡
∑n

i=1 ln
(

dµ
dπ

(ωi)
)

∂
∂xi

. This corresponds to the differential equation

dxi

dt
= −xi, (A.45)
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and so we have xi(t) = xi0e
t. In the standard chart y(µ) = µ({ωi}), this translates to

yi(t) = π({ωi})
(

yi0
πi({ωi})

)e−t
. (A.46)

These are just affine lines with reparametrized time, but that form is something of a coin-

cidence. These curves are affine lines because the solutions of equation (A.45) are straight

lines in Rn. If we use more general maps A : V → V then the solutions will no longer be

lines.

A.5 Connections

A.5.1 Connections

We have already seen that if we have a smooth function on a manifold M we can use the

tangent space TM to sensibly talk about first derivatives of this function. In particular, if

we choose a coordinate chart (x, U) then we can write a tangent vector Xp ∈ TM as

Xp =
n∑

i=1

X i ∂

∂xi

∣∣∣∣
p

.

If f : M → R is a smooth function, then taking the derivative of f at p in the direction Xp

can be written as

Xpf =
n∑

i=1

X i ∂f

∂xi

∣∣∣∣
p

.

More generally, we can define a vector field X : M → TM as

X(p) ≡ Xp =
n∑

i=1

X i(p)
∂

∂xi
.

The only difference is that the X i are smooth functions on M instead of constants. We can

now write the derivative of f in the direction of X as

Xf(p) ≡ Xpf =
n∑

i=1

X i(p)
∂f

∂xi
(p).
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We would like to be able to take second derivatives in a similar manner. The naive approach

fails almost immediately, but it is instructive to see why. If we want to find the second

derivative of f along a curve c : J →M , we could try to define it as

c′′(t) = lim
h→0

c′(t+ h)− c′(t)
h

.

We can define the first derivatives c′(t + h) and c′(t) unambiguously as tangent vectors. In

particular, c′(t + h) ∈ Tc(t+h)M and c′(t) ∈ Tc(t)M . Unfortunately, although every term on

the right hand side of this definition is well-defined, the entire expression is not. The issue

is that c′(t + h) and c′(t) lie in entirely different vector spaces, so there is no sensible way

to subtract them. (It does not help to note that they both lie in the vector bundle TM ,

because this bundle is a disjoint union of vector spaces. There is still no way to subtract

tangent vectors at different points.)

To solve this issue, we need a way of identifying tangent vectors at different points.

Actually, in the general case we need something substantially weaker than that - we need

a way to identify tangent vectors at “infinitessimally close” points. Because of the obvious

difficulties in defining anything involving infinitessimals, the standard approach in differential

geometry skips this identification and only defines the second derivative as a whole, but it is

useful to think of this as solving the problem of “identifying” tangent vectors. In particular,

notice that identifying two tangent spaces amounts to choosing an isomorphism between

them, and we are free to choose a different isomorphism if c moves in a different direction.

The space of directions that we could travel in from the point p is just TpM , which is n-

dimensional and the space of isomorphisms between tangent spaces is n2 dimensional. We

should therefore need to make n3 choices at every point in order to identify a tangent space

with all of its “infinitessimally close” neighbors. One should therefore not be surprised to

learn that defining second derivatives requires the choice of n3 smooth functions on M .

To this end, let T (M) denote the space of all smooth vector fields X : M → TM . Define

a connection ∇ on M as a map ∇ : T (M) × T (M) → T (M) that satisfies the following

three properties:
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(1) ∇(X, Y ) ≡ ∇XY is linear over C∞(M) in the first argument. That is, for any smooth

functions f, g : M → R,

∇fX+gZY = f∇XY + g∇ZY.

(2) ∇XY is linear over R in the second argument. That is, for any constants α, β ∈ R,

∇X(αY + βZ) = α∇XY + β∇XZ.

(3) For any smooth function f : M → R,

∇X(fY ) = f∇XY + (Xf)Y.

(One should think of this as the product rule.)

The tangent vector (∇XY )(p) is the derivative of Y in the direction of Xp at the point p.

Once we have a connection on M , we can define the second derivative of a smooth curve

c : J → M as follows: Let X be a smooth vector field on M such that Xc(t) = c′(t) for all

t ∈ J . We can then define

c′′(t) = (∇XX)(c(t)).

(This is not an ideal definition. The issue is that we can’t always find such a vector field X.

For example, if c(t1) = c(t2) but c′(t1) 6= c′(t2) then we will be stuck. We could repair this

definition by somehow restricting our connection to the image of c in some neighborhood of

t, but we won’t worry about such details here.)

In practice, one always works in local coordinates, so we need to be able to define ∇
in terms of a local coordinate chart. To this end, let (x, U) be a chart on M and let

X, Y ∈ T (M) be smooth vector fields. We can write

X =
n∑

i=1

X i ∂

∂xi
and Y =

n∑

i=1

Y i ∂

∂xi
,

where X i and Y i are smooth, real-valued functions on M . One can show that every connec-

tion on M can be written as

∇XY =
n∑

i=1

n∑

j=1

n∑

k=1

(
X i∂Y

k

∂xi
+ ΓkijX

iY j

)
∂

∂xk
,
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where each Γkij : M → R is a smooth function on M . The functions Γkij are called the

Christoffel symbols of ∇ with respect to x, and ∇ is uniquely determined by these symbols

(at least on U).

A.5.2 Identification of Tangent Vectors in an Affine Space

If (M,V,⊕) is an affine space, then we have a very natural way to identify tangent spaces:

We can identify each tangent vector with a vector v ∈ V . We already laid the groundwork

for this identification in section A.4.3. In that section, we showed that for any given base

point p ∈ M and basis {vi} of V , there is a natural identification between the vector space

V and TpM . In particular, if we let xp : M → Rn be the corresponding affine chart, then we

can identify the tangent vector

Xp =
n∑

i=1

`i
∂

∂xip

∣∣∣∣
p

(A.47)

with the vector

v =
n∑

i=1

`ivi. (A.48)

Likewise, if we choose a different base point q ∈ M and let xq(· ; q, {vi}) be the affine chart

with the same basis and the new base point q, then we can identify

Xq =
n∑

i=1

`i
∂

∂xiq

∣∣∣∣
q

(A.49)

with the same vector v. This means that we can identify

Xp =
n∑

i=1

`i
∂

∂xip

∣∣∣∣
p

∼=
n∑

i=1

`i
∂

∂xiq

∣∣∣∣
q

= Xq. (A.50)

It is somewhat unwieldy to have to use a different chart for every point. Since xp and xq are

both (global) affine charts with the same basis {vi}, we can easily rewrite this in terms of

just one chart. In particular, if x(· ; r, {vi}) is an affine chart with any base point, then we

can identify

Xp =
n∑

i=1

`i
∂

∂xi

∣∣∣∣
p

∼=
n∑

i=1

`i
∂

∂xi

∣∣∣∣
q

= Xq. (A.51)
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This means that once we choose an affine chart we can think of all the tangent spaces as

identical.

The reader is probably quite comfortable with this idea in the context of Rn. Indeed,

we are so used to conflating vectors at different base points in Rn that it is often difficult to

notice that they are different mathematical objects. However, in other affine spaces we often

work with different coordinate systems, and so these identifications are not as obvious. For

instance, consider the space (M(Ω),V(Ω),⊕) and the basis {1{ωi}} of V . Let # ∈M(Ω) be

the counting measure on Ω and µ ∈M(Ω) be some other measure. If we let x(· ; #, {vi}) be

the corresponding affine chart onM(Ω) (remember that the base point is irrelevant for this

discussion - we chose # for convenience), then we can use (A.51) to identify derivations at #

with derivations at µ. However, most work with measures is not done in an affine chart; it is

done using the standard coordinates y :M→ Rn, such that yi(µ) = dµ
d#

(ωi). (In particular,

yi(#) = 1.) In the standard coordinates, we have

∂

∂xi
=

n∑

j=1

∂yj

∂xi
∂

∂yj
= yi

∂

∂yi
, (A.52)

so we can identify

Xλ =
n∑

i=1

`i
∂

∂yi

∣∣∣∣
λ

∼=
n∑

i=1

`iyi(µ)
∂

∂yi

∣∣∣∣
µ

= Xµ. (A.53)

In other words, we have to weight the coefficients of the tangent vector by the mass at each

point. A similar situation arises in every non-trivial affine space.

A.5.3 Trivializations and Induced Connections on Affine Space

We can think of this identification as a vector bundle isomorphism φ : TM →M × V . This

isomorphism is enough to define a connection, but it is more convenient to instead have a

vector bundle isomorphism ϕ : TM → M × Rn. We can obtain such a map by further

specifying an isomorphism between V and Rn. The obvious method is to choose a basis

{vi} of V and then map vi 7→ ei. In order to demonstrate that the choice of basis is not

structurally relevant, we will go one step more general and map vi 7→ Aei, where A is an

arbitrary element of GL(n,R).



99

To make this more explicit, choose a basis {vi} of V and a base point p0 ∈ M and let

x(· ; p0, {vi}) be the corresponding affine chart on M . Define ϕ : TM →M × Rn such that

ϕ

(
n∑

i=1

`i
∂

∂xi

∣∣∣∣
p

)
= (p,Av) , (A.54)

where

v =
n∑

i=1

`ivi. (A.55)

This is called a trivialization of TM (because M × Rn is the trivial bundle).

One of the very nice features of a trivialization is that it induces a connection on M . To

construct this connection, we must first choose a basis on Rn. This choice does not affect

the final connection (it is already bundled into our choice of A), so we might as well just

choose it to be the standard basis. For each i, define si : M → M × Rn and ei : M → TM

such that

si(p) = (p, ei) and ei(p) = ϕ−1(si(p)). (A.56)

Every vector field X : M → TM can then be written as

X(p) =
n∑

i=1

X i(p)
∂

∂xi

∣∣∣∣
p

=
n∑

i=1

hi(p)ei(p), (A.57)

for some uniquely determined functions hi. (That is, we have declared the functions ei to be

the standard basis vectors for TM .)

We can now define a connection ∇ : T (M) × T (M) → T (M) (where T (M) denotes

the space of all smooth vector fields on M) such that

∇(X, Y ) ≡ ∇XY = ∇X

(
n∑

i=1

hiei

)
=

n∑

i=1

(
Xhi

)
ei. (A.58)

In particular, if X = ∂/∂xi and Y = ∂/∂xj for some fixed i and j, then we have

∇XY = ∇X

(
n∑

i=1

aijei

)
=

n∑

i=1

(
∂

∂xi
aij

)
ei =

n∑

i=1

0ei = 0. (A.59)
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(This follows from the fact that the functions aij(p) are the constant entries of A with respect

to the appropriate basis.) Therefore, the Christoffel symbols for ∇ with respect to the affine

chart are identically zero. We will write these as

Γkij ≡ 0. (A.60)

Note that the Christoffel symbols are, in general, highly dependent on the choice of chart.

What we have shown here is that the symbols for ∇ are identically zero with respect to any

affine chart, but not necessarily with respect to any other chart.

In general, it is not at all trivial to find a metric (let alone all metrics) that corresponds

to a given connection. However, our connection has such a simple form that finding all of the

associated metrics is trivial. In general, ∇ is the Levi-Civita connection for a Riemannian

metric g if and only if Γkij = Γkji and

∂

∂xk
gij =

n∑

`=1

[
Γ`kig`j + Γ`kjgi`

]
. (A.61)

If the symbols Γkij are at all complicated, then it can be impossible to integrate these dif-

ferential equations, but in our case it is clear that the only possible metrics have constant

coefficients gij. It is once again worth emphasizing that these coefficients depend heavily on

the choice of coordinates. They are constant if we choose ∂/∂xi|p as the basis vectors for

each TpM .

This means that there is only one connection that is consistent with a given affine struc-

ture, and its symbols with respect to any affine chart must be identically zero. There are

many Riemannian metrics that are consistent with this structure, but they all must have con-

stant coefficients with respect to any affine chart. This should not really come as a surprise.

We declared affine curves to be the analogue of straight lines, which gives us a natural way

to define parallel lines, which means that there is a natural choice of connection. However,

we do not have a natural method to determine the angles between lines or the length of line

segments, so we are still left with many choices for our metric. The metric g should really
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be thought of as an inner product on V . Once we choose this inner product, the connection

∇ gives us a way to “move the inner product around M”.

It is worth pointing out that we constructed ∇ using a particular choice of coordinates,

but a connection is a well-defined object independent of the choice of chart. In particular,

we can write the Christoffel symbols with respect to another coordinate chart (say y) as

Γ̂kij =
n∑

`=1

∂yk

∂x`

[
n∑

α=1

n∑

β=1

Γ`αβ
∂xα

∂yi
∂xβ

∂yj
+

∂2x`

∂yi∂yj

]
=

n∑

`=1

∂yk

∂x`
· ∂2x`

∂yi∂yj
. (A.62)

Likewise, if we have a Riemannian metric g whose coefficients with respect to an affine chart

x are gij, then the coefficients with respect to some other coordinate chart y are given by

ĝij =
n∑

α=1

n∑

β=1

gαβ
∂xα

∂yi
∂xβ

∂yj
. (A.63)

As a simple example, consider the two-state sample space Ω = {ω1, ω2} and a continuous

time Markov process on this space. That is, we will look at an Ω-valued Markov process

X(t). If we let p(t) ≡
[
p1(t) p2(t)

]
, where pi(t) = Prob(X(t) = ωi), then all such processes

are governed by the differential equation

d

dt
p(t) = p(t)


−a a

b −b


 , (A.64)

where a and b are non-negative constants. We will make the further assumption that a and

b are strictly positive. This system has an equilibrium

π =
(
π1, π2

)
=

(
b

a+ b
,

a

a+ b

)
, (A.65)

and a general solution of the form

pi(t) = πi +
(
pi(0)− πi

)
e−(a+b)t. (A.66)

In many ways, these processes are entirely trivial. In addition to being very easy to solve

explicitly, they are always detailed balanced, which lends them many useful properties. Nev-

ertheless, it will prove instructive to examine them through the lens of the geometry and

affine spaces we have established above.
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We can think of a continuous time Markov process as a flow on P(Ω). That is, instead

of p(t) we can think of a curve µt of probability measures on Ω. Instead of being a solution

to (A.64), µt is an integral curve of some vector field on P(Ω).

If we want to work on P(Ω), then it behooves us to choose some coordinate charts. The

easy choice is the standard coordinates y : P(Ω) → R, such that y(µ) = µ({ω1}). This

would make

y(µt) = π1 + (p1(0)− π1)e−(a+b)t. (A.67)

(There is, of course, nothing special about choosing ω1. We could have used y(µ) = µ({ω2})
instead and achieved similar results.) This has the advantage of mapping directly to our

original, classical notation. However, we have already seen that the standard coordinates

may obscure some useful features of our system. To remedy this, it may be more convenient

to work in an affine chart.

To construct an affine chart, we need a basis for V0(Ω). This is a 1-dimensional vector

space, so we just need to pick one (nonzero) element of V0(Ω). All such vectors are of the

form [v], where v(ω1) = −v(ω2), so for convenience we will choose the basis vector [v] with

v(ω1) =
1

2
and v(ω2) = −1

2
. (A.68)

Likewise, we need to choose a base point in P(Ω). For convenience, we will choose the

equilibrium measure π. We can now define the affine chart x : P(Ω)→ R, where x(µ) is the

unique value such that

µ = π ⊕ x(µ)v. (A.69)

In particular, if we evaluate both sides of this equation at {ω1}, we obtain

y(µ) =

∫
{ω1} e

x(µ)v dπ
∫

Ω
ex(µ)v dπ

=
π1ex(µ)/2

π1ex(µ)/2 + π2e−x(µ)/2
. (A.70)

Dropping the (µ) notation, we obtain

y =
π1ex/2

π1ex/2 + π2e−x/2
, (A.71)
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and

x = ln

(
π2

π1

)
+ ln

(
y

1− y

)
. (A.72)

The following formulas will also prove quite useful:

dy

dx
=

π1π2

(π1ex/2 + π2e−x/2)2
= y · (1− y), (A.73)

dx

dy
=

1

y
+

1

1− y . (A.74)

Since x is an affine chart, the Christoffel symbol for ∇ in the x-coordinates is Γ1
11 = 0 and

the associated Riemannian metric g has the constant coefficient g11. This means that in the

standard coordinates y, the Christoffel symbol for ∇ is

Γ̂1
11 =

∂y

∂x

∂2x

∂y2
=

2y − 1

y(1− y)
, (A.75)

and the coefficient of the associated Riemannian metric is

ĝ11 = g11

(
∂x

∂y

)2

=
g11

y2(1− y)2
. (A.76)
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Abstract: In this paper, we revisit the notion of the “minus logarithm of stationary probability”
as a generalized potential in nonequilibrium systems and attempt to illustrate its central role in
an axiomatic approach to stochastic nonequilibrium thermodynamics of complex systems. It is
demonstrated that this quantity arises naturally through both monotonicity results of Markov
processes and as the rate function when a stochastic process approaches a deterministic limit. We then
undertake a more detailed mathematical analysis of the consequences of this quantity, culminating in
a necessary and sufficient condition for the criticality of stochastic systems. This condition is then
discussed in the context of recent results about criticality in biological systems.

Keywords: nonequilibrium steady states; stochastic nonequilibrium thermodynamics; generalized
potentials; entropy

1. Introduction

This is part II of a series on stochastic nonlinear dynamics of complex systems. Part I [1] presents
a chemical reaction kinetic perspective on complex systems in terms of a mesoscopic stochastic
nonlinear kinetic approach (e.g., Delbrück–Gillespie processes) as well as a stochastic nonequilibrium
thermodynamics (stoc-NET) in phase space. One particularly important feature of the theory in [1] is
that it takes the abstract mathematical concepts seriously—that is, it follows what the mathematics
tells us [2]. For example, it was shown that the widely employed local equilibrium assumption in the
traditional macroscopic theory of NET can be eliminated when one recognizes the fine distinction
between the set of random events, the S in a probability space (S ,F , P) and a random variable that
is defined as an observable on the top of the measurable space, x : S → R. The local equilibrium
assumption is needed only when one applies the phase space stoc-NET to physically measurable
transport processes [3].

The same chemical kinetic approach can be applied to other biological systems.
Biological organisms are complex systems with a large number of heterogeneous constituents,
which can be thought of as “individuals”. To be able to develop a scientific theory for such a
complex system with any predictive power, one must use a probabilistic treatment that classifies
the individuals into “statistically identical groups” [4–6]. Thermodynamics and statistical mechanics
provide a powerful conceptual framework, as well as a set of tools with which one can comprehend and
analyze these systems. The fully developed statistical thermodynamic theory taught in college physics
classes is mainly a theory of equilibrium systems. The application of its fundamental ideas, however,
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is not limited to just equilibrium systems or molecular processes. Stoc-NET [3,7–10], along with the
information theoretical approach [6,11–14], is a further development in this area.

One of the key elements of the theory presented in [1] was the nonequilibrium steady state
(NESS) potential, or “energy”, defined as the minus logarithm of the stationary probability distribution
of a kinetic model. In the past, this quantity has appeared repeatedly in the literature [15–19], but most
of the studies focus on its computation. In this paper, we attempt to illustrate its central role as a novel
“law of force”, a necessary theoretical element in the stoc-NET of complex systems.

Once this connection between energy and probability is established, it is possible to formally
define probabalistic quantities analagous to other physical variables such as temperature and entropy.
(Notice that the term “entropy” is somewhat overloaded. In the context of probability distributions,
it typically refers to the Shannon entropy S =

∫
p(x) ln p(x)dx. In statistical physics, it is more

often used to refer to the Gibbs or Boltzmann entropy, both of which are defined in terms of the
volume of some region in the phase space of a Hamiltonian system. These various definitions are
related but not equivalent. In this work , particularly in Section 4.1, we define analogues of Gibbs
and Boltzmann entropies for probability distributions.) In particular, we extend the notion of critical
temperatures to the realm of stationary stochastic processes and find a necessary and sufficient
condition for the existence of such criticalities. Loosely speaking, at low temperatures, the dynamics
of a stochastic process are dominated by energy considerations and become nearly deterministic
(i.e., the system is almost always in a ground state). At high temperatures, the dynamics are dominated
by entropic considerations and become nearly uniform (i.e., the system traverses all states, regardless
of energy). The former occurs for any stationary process, and the rate of approach is given by the energy.
In contrast, the entropic effects typically dominate only at infinite temperatures, but some systems can
reach uniformity at a finite temperature. We define such a temperature as critical.

Note that we are not presenting an alternative to existing statistical mechanical literature on
criticality and phase transition. Instead, we are attempting to generalize these notions from statistical
mechanics to a much broader context where the concept of criticality does not yet exist. One can
certainly craft stationary distributions from an equilibrium statistical mechanics problem and apply
our theory, but this will not produce results that differ from classical approaches.

The paper is organized as follows: In Section 2, we provide a brief historical review of the use of the
negative logarithm of a stationary probability distribution as an energy potential. In Section 2.1, we first
look at the history of using minus-log-probability to equilibrium chemical thermodynamics and briefly
review Kirkwood’s fundamental idea of the potential of mean force and the notion of entropic force.
In Section 2.2, we describe two recent results identifying the minus-log-probability as “energy”:
a self-contained and consistent mesoscopic stoc-NET [20], and a precise agreement between its
macroscopic limit and Gibbs’ theory [21,22]. These two results provide strong evidence for the
validity of such an identification. In Section 2.3, we discuss the legitimacy and centrality of stationary
distribution in the “entropy inequality” for a Markov process from a mathematical standpoint.
In Section 3, we propose a definition of the “corresponding deterministic dynamics” of a stochastic
process using power-scaling of probability densities. In Section 3, we show that the rate of convergence
to this corresponding deterministic process coincides with the minus-log-probability definition of
energy. With the justifications given in Sections 2 and 3, we carry out a more detailed analysis of such a
probability distribution in Section 4. In Section 4.1, terms analogous to Boltzmann’s and Gibbs’ entropy
are defined, along with their corresponding microcanonical partition functions. We also discuss the
relative merits of these definitions. In Section 4.2, we prove that the system has a critical temperature if
and only if the Gibbs’ entropy of the system is asymptotic to the energy. In Section 4.3, we discuss
several example distributions in order to emphasize some subtleties in the choice of distribution and to
illustrate the connection between this theory and equilibrium statistical mechanics. Finally, in Section 5,
the ideas from previous sections are related to some recent results on biological systems.
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2. A Novel Law of Force: Potential of Entropic Force

In Boltzmann’s statistical mechanics, phenomenological thermodynamics is given a Newtonian
mechanical basis. Based on the already well developed concepts of mechanical energy and
its conservation, Boltzmann [23] derived the relation

peq(x) ∝ e−U(x)/kBT , (1)

where U(x) is the mechanical energy of a microstate x and peq(x) is the probability of state x when
the system is in thermal equilibrium—a concept which had also already been well established in
thermodynamics via the notion of quasi-stationary processes. (It is important to distinguish between
a mechanical microstate and a thermodynamic state. A thermodynamic state is a state of recurrent
motion, defined by an entire level set A = {x |U(x) = E}. Thus, Boltzmann [23] also introduced
his celebrated entropy SB(E) = kB ln Ω(E), where SB is the entropy and Ω(E) is the number of
microstates consistent with a given energy E. That is, Ω(E) is the cardinality of A. In terms
of E, then peq(E) ∝ Ω(E)e−E/kBT = e−[E−TS(E)]/kBT .) In a thermodynamic equilibrium, there is
no net transport of any kind. (In the thermodynamics before Gibbs, macroscopic transport processes
were driven by either a temperature or a pressure gradient in the three-dimensional physical space.
In Gibbs’ macroscopic chemical thermodynamics, a chemical equilibrium has no net flux in the abstract
stoichiometric network. In the current mesoscopic, stochastic thermodynamics, an equilibrium has no
net probability transport in an appropriate state space. The notion of detailed balance independently
arose in physics [24,25], chemistry [26,27] and in probability theory [28].)

It is also worth noting that Boltzmann’s mathematical derivation matched the modern maximum
entropy principle with the constraint of given mean value for energy, which yields an exponential law
for the energy distribution. (The mathematical statements of energy conservation ∑N

k=1 Ek = C and
fixed mean energy 1

N ∑N
k=1 Ek = c are equivalent when N is given.)

Inspired by Boltzmann’s law (1), generalizations of the concept of equilibrium thermodynamic
potentials have been proposed in many studies. These generalizations go by a variety of names:
generalized thermodynamic potential, kinetic potential, nonequilibrium potential, pseudo-potential,
emergent landscape, etc. [15–19,29]. One of the common features of all these names is that the
“potential function” is defined by applying Equation (1) in reverse. One defines a potential

H(x) = − ln peq(x) (2)

based on the stationary probability, which can be obtained in many statistical models and whose
existence can be mathematically proven for a large class of systems. Most importantly, many systems
with stationary probability have non-zero transport flux(es).

In fact, this tradition of taking (2) as a legitimate potential function started in equilibrium statistical
chemical thermodynamics. Note that according to Equation (1), the term −kBT ln peq(x) is simply the
total mechanical energy of state x, which is known a priori. Therefore, there is no reason to define (2)
in studies of a pure mechanical system. However, in statistical chemical thermodynamics, one usually
does not have a full Hamiltonian function for a complex molecule at hand. It is at this juncture that the
notion of a potential of mean force [30] enters the theory.

2.1. Equilibrium Potential of Mean Force

Physical chemists deal with complex molecules and force fields. Even though in molecular
dynamics (MD) a molecule has a classical mechanical representation in terms of atoms as point masses,
the precise potential energy is not known. The force fields in MD have therefore been under
intense development over the past 50 years [31]. With such complexities, is it even possible to
do statistical mechanics?
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Let us first note a very important mathematical equality in connection to Equation (1). We consider
a function U(x) with x = (x1, x2) where x ∈ S = S1 ⊕S2, x1 ∈ S1 and x2 ∈ S2. Then,

Z(T) =
∫
S e−U(x)/kBTdx

=
∫
S1

∫
S2

e−U(x1,x2)/kBTdx1dx2

=
∫
S1

e−ϕ(x1)/kBTdx1,
(3)

ϕ(x1) = −kBT ln
∫

S2

e−U(x1,x2)/kBTdx2. (4)

Notice that if we consider ϕ(x1) as a “potential function” for the system in (coarse-grained)
state x1, then we can obtain the same Z(T) using Equation (3), which is in the exact same form as in (1).
More importantly, we see that ϕ(x1) is the free energy with fluctuating x2 and fixed x1.

After reading the calculations above, one is naturally led to the question, “what does this potential
energy function ϕ(x1) defined in (4) represent?” J. G. Kirkwood answered this question in a very
satisfying manner [30]: it is the potential function of a “mean force”, in equilibrium, acting on the
system which is fixed at x1:

−dϕ(x1)
dx1

= −

∫

S2

(
∂U(x1, x2)

∂x1

)

x2

e−U(x1,x2)/kBTdx2
∫

S2

e−U(x1,x2)/kBTdx2

= −
∫
S2

(
∂U(x1,x2)

∂x1

)
x2

peq(x2
∣∣x1
)
dx2,

(5)

in which peq(x2|x1) is the conditional equilibrium probability distribution for x2 given x1, and the
partial derivative −(∂U(x1, x2)/∂x1)x2 is precisely the mechanical force in the x1 direction, with the
given x2. Averaging over the fluctuating x2 with distribution peq(x2|x1), Equation (5) is the mean force
on x1.

In other words, Equation (4) states that the negative logarithm of the marginal probability
distribution for x1 is simply the potential of mean force if one chooses the free energy of the
entire system, F(T) = −kBT ln Z(T), as the zero energy reference point.

− kBT ln
∫

S2

peq(x1, x2)dx2 = ϕ(x1)− F(T). (6)

One of the most important facts, as is clear from (4), is that the potential of mean force ϕ(x1)

is itself a function of temperature. In physical chemistry, one usually builds a statistical mechanical
model using such a potential of mean force rather than using a mechanical energy function. That is,
one uses a free energy function with certain degrees of freedom fixed and averaged over all the others.

Since ϕ(x1) is temperature dependent, it has its own energy part and entropy part:

ϕ(x1; T) =
∂(ϕ/T)
∂(1/T)︸ ︷︷ ︸

energy

−T
(
− ∂ϕ

∂T

)

︸ ︷︷ ︸
entropy

. (7)

A potential of mean force can be purely entropic. One of the best known examples is
rubber elasticity, which arises from a Gaussian polymer chain [32]. If the temperature is suddenly
dropped to zero, the force (and its associated energy) disappears instantly.

Observing this significant conceptual distance between chemical thermodynamics and its
mechanical origin, and the essential statistical nature of Gibbs’ energy based on minus-log probability
in all modeling practices, it is not surprising that some researchers who mainly work with biochemical
thermodynamics strongly feel that one could reformulate statistical thermodynamics (at least in
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connection to energy) in terms of a “measure of information” and abandon the very term “entropy”,
along with its root in mechanics [33].

2.2. Nonequilibrium Steady State Potential

For stochastic models of equilibrium systems, therefore, (2) yields a meaningful free energy
function in kBT units. It embodies an exact coarse-graining procedure. For stochastic models
of nonequilibrium steady state with non-zero transport flux, we now have sufficient evidence to
suggest that

H(x) = − ln pss(x), (8)

where pss is a stationary distribution, but may or may not be an equilibrium distribution, is also a
meaningful energy function. We start with some conceptual discussions.

First, outside classical mechanics, the question “what is a force and how do we quantify it” is
highly non-trival and vague. Onsager, however, introduced the notion of a thermodynamic force in
his theory of irreversible processes [34]. Intuitively, a force is the cause of an action. In Newtonian
mechanics, a force is the cause of a change in the vector d

dt~x. However, in an “overdamped world”,
which emcompasses most of chemistry, biology, and society, a force is actually needed to cause a
meaningful movement (i.e., a transport).

In terms of the mathematical theory of stochastic dynamics, there is a universal conception for
movement or “dynamics”: Given the option to move to one of many states, a system is most likely to move to
the state with the highest stationary probability. One should immediately note that this statement is highly
problematic from a rigrous mathematical standpoint. Nevertheless, at least in one class of systems,
the above notion is attainable: the class of systems whose dynamics have an invariant measure that
is ergodic.

When discussing statistical mechanics, Montroll and Green have stated that [35] “The aim of
statistical mechanics is to develop a formalism from which one can deduce the macroscopic behavior
of physical systems composed of a large number of molecules from a specification of the component
molecular species, the laws of force which govern intermolecular interactions, and the nature of
their surroundings”. With the rise of equilibrium chemical thermodynamics, it is clear that the
“laws of force” themselves can be discovered from the equilibrium distribution. In fact, most such laws
of force in biophysical modeling are statistical in nature and can be seen as entropic forces.

Indeed, “[t]o date no one has succeeded in deriving the laws of nonequilibrium phenomena
from the [Newtonian] equations of motion merely by allowing the number of particles involved
to become infinite. However, considerable success has been achieved by introducing various
statistical hypotheses” [35]. Recent studies have shown that if one identifies H(x) as a “generalized
Helmhotz or Gibbs energy function”, a complete and consistent mesoscopic thermodynamics can be
formulated that includes nonequilibrium steady states [3,20]. Furthermore, if one passes the system
from mesoscopic to macroscopic by allowing the number of particles involved and the system’s volume
to become infinite, two macroscopic thermodynamic laws can be derived [21]. If the mesoscopic system
is a general chemical reaction network with detailed balance, the macroscopic emergent potential was
shown mathematically to be Gibbs’ function G(x), where xi are the concentrations of chemical species
and ∂G/∂xi are the chemical potentials for the i-th species. The same theory also proves the existence
of, and provides an equation for computing, a generalized Gibbs function for an open chemical reaction
network under a chemostat, which approaches a nonequilibrium steady state.

2.3. Stationary Distribution and Entropy Inequalities of Markov Processes

Unless stated otherwise, we will exclusively deal with a denumerable state space S (either finite
or infinite) for the remainder of the paper.
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A stronger monotonicity result. The strongest version of a monotoic entropy result that we are aware
of is [36,37]

d
dt

D
[
{px(t)}‖{qx(t)}

]
≡ d

dt ∑
x∈S

px(t) ln
(

px(t)
qx(t)

)
≤ 0, (9)

in which px(t) and qx(t) are two solutions to the Kolmogorov forward equation with different initial
distributions. Equation (9) immediately yields a variety of related inequalities:

(i) When qx(t) ≡ πx ∀t, where {πx} is a stationary distribution of the Markov process, then (9) is the
widely known “free energy theorem” [38,39].

(ii) When qx(t) ≡ πx ∀t, and pi(0) = δi`, one has

d
dt ∑

j∈S

p`j(t) ln

(
p`j(t)

πj

)
≤ 0 ∀`; (10a)

therefore,
d
dt

I
[
xt
∥∥x0
]
=

d
dt ∑

`,j∈S

π`p`j(t) ln

(
p`j(t)
π`πj

)
≤ 0, (10b)

where I[xt
∥∥x0] is the mutual information between x0 and xt of a stationary Markov

process. Similarly,

d
dt


− ∑

`,j∈S

π`p`j(t) ln p`j(t)


 ≥ 0. (10c)

This result was in [40]. The term inside (· · · ) is the conditional Shannon entropy H[xt|x0] for the
stationary xt. It is also the Kolmogorov–Sinai (KS) entropy of every t steps of the stationary xt:

lim
n→∞

1
n

H
[
x0, xt, x2t, · · · xnt

]
.

The result is more easily understood when interpreted this way: KS entropy quantifies the
randomness in a “map”. The randomness does not decrease with map composition.

(iii) When px(t) ≡ πx (and when we then rename qx(t) as px(t)), we have

d
dt ∑

x∈S

πx ln
πx

px(t)
≤ 0. (11)

To explain this result more intuitively, we note that the sum in (11) can be interpreted as the
information lost when predicting πx from px(t). Roughly speaking, if t1 < t2, then it takes more
information to predict the distant future (πx) from time t1 than it does from time t2 because the
prediction from px(t1) has to account for the random events that can happen within the time
interval [t1, t2].

Filtration and entropy monotonicity. Even though the original Shannon entropy used an
implicit uniform prior, the necessity for an explicit prior has been widely discussed in information
theory [41,42]. (The entropy with respect to an explicit prior is more accurately called the relative
entropy or cross-entropy, and its expression is analagous to the free energy in statistical mechanics.)
More importantly, for a continuous random variable, the logarithm of a probability density is simply
ill-defined mathematically. All the various monotoic “entropy” results in the previous section provide
the legitimacy of using {πx} as the reference measure for a Markov process. We would like to argue
that this is, in fact, necessary.

We consider a Markov process in a more general setting in this section. Let the triple (S ,F , P)
be a probability space; let (I ,≤) be a totally ordered index set; and let (S, Σ) be a measurable space.
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If X : I ×S → S is a stochastic process, then its natural filtration of F with respect to X is a sequence{
F (X)

i | i ∈ I
}

such that

F (X)
i = σ

{
X−1

j (A)
∣∣∣ j ∈ I , j ≤ i, A ∈ Σ

}
. (12)

That is, F (X)
i is the smallest σ-algebra on S that contains all pre-images of Σ-measurable subsets

of S for times j up to i. The definition given in (12) yields a monotonic relation

F (X)
j ⊆ F (X)

i if i, j ∈ I , j ≤ i. (13)

Such a property is called non-anticipating; in other words, “when including the future,
the dynamics are at least as random as up to now”.

The monotonicity in Equation (13) can be expressed in terms of Shannon’s information entropy as

H[X0, X1, · · · , Xi] ≤ H[X0, X1, · · · , Xi, Xi+1]. (14)

This inequality is true because H[X0, · · · , Xi+1] − H[X0, · · · , Xi] is the conditional Shannon
entropy H[Xi+1|X1, · · · , Xi], which is never negative.

Notice that Equations (13) and (14) are concerned with the sequences of
{

Xj | j ≤ i
}

, but the
“entropy monotonicity” results in statistical physics deal with individual Xi and Xi+1; and entropy has
deterministic values that are different for different times. The relationship among Xi, Xi+1, and the
filtration is shown as

(S ,F ) Xi−−−−→ (S, Σ)
X−1

i−−−−→
(
S , F(X)

i

)

∥∥∥
∥∥∥ time stepping

y

(S ,F ) Xi+1−−−−→ (S, Σ)
X−1

i+1−−−−→
(
S , F(X)

i+1

)
. (15)

We now consider the information lost from Xi to Xi+1 when the event ω occurs, i.e.,
ln PXi+1(ω)− ln PXi (ω). Its expected value with respect to the stationary, invariant measure µπ(ω) is
given by

E
[
ln PXi+1 − ln PXi

]
=
∫

Ω ln
(

dPXi+1
dPXi

(ω)

)
dµπ(ω)

=
∫

Ω ln
(

dPXi+1
dµπ

(ω)

)
dµπ(ω)−

∫
Ω ln

(dPXi
dµπ

(ω)
)

dµπ(ω).
(16)

If both Xi and Xi+1 are real valued (i.e., S = R) with density functions fXi (x) and fXi+1(x)
respectively, then (16) becomes

E
[
ln PXi+1 − ln PXi

]
=
∫

R
ln
( fXi+1(x)

π(x)

)
π(x)dx−

∫

R
ln
(

fXi (x)
π(x)

)
π(x)dx, (17)

where π(x) = dµπ/dx is the density of the stationary measure. We know that Equation (17) is
never negative; therefore, the mean information lost

∫

Ω
ln
(

dPXi+1

dPXi

(ω)

)
dµπ(ω) ≥ 0, (18)

or equivalently,

H
[
Xss‖Xi

]
≥ H

[
Xss‖Xi+1

]
≥ 0, (19)

where Xss : S → S is a random variable distributed according to the stationary distribution π. This is
essentially equivalent to the result in Equation (11).

111



Entropy 2016, 18, 309 8 of 20

Equation (18) states that information lost from Xi to Xi+1, averaged with respect to the
invariant density, is always greater than zero, while Equation (19) suggests that “the infinitely distant
future has more information to gain from Xi than from Xi+1”. There is a subtle difference between
these statements and the following: “when including the future, the world is at least as random
as up to now”. The reason for this, we suggest, is that (18) and (19) require the existence of the
stationary measure. Knowing the existence of a stationary behavior, “the future is at least as random
as now”.

3. Deterministic Correspondence and Infinite β

Any representation of reality requires elements of both chance and determinism. These correspond
to the stochastic and deterministic components of complex dynamics. As repeatedly pointed out
in [43–45], it is the interaction between these two that yields self-orgranization and complex behavior.
Therefore, the ability to “envision” a corresponding deterministic dynamics to some given
stochastic dynamics, even when there is no obvious “system size parameter”, provides a deeper
understanding of complex dynamics. The natural parameter for a stochastic differential equation
(SDE) dx(t) = b(x)dt + adB(t) is the noise strength a; the natural parameter in classical statistical
mechanics is the system’s size (or one could use the temperature); and the natural parameter in a
Delbrück–Gillespie process is the system’s volume.

How can one envision such a deterministic correspondence when no obvious natural
parameters exist? It is becoming increasingly common to use the modal value of a distribution as a
“deterministic” counter part to the stochastic system. According to this view, a bimodal distribution
corresponds to a bistable system. Note it is a widely held misconception that the mean dynamics
〈x(t)〉 are the deterministic counterpart of a stochastic x(t). For an SDE, 〈dx(t)〉 6= b(〈x〉) in general.
More importantly, while 〈x(t)〉 is a non-random function of t, it is not a trajectory of any meaningful,
self-contained dynamical system. This point is best illustrated by the fact that the differential equation
describing 〈x(t)〉 usually depends on higher moments like 〈x2(t)〉. Moreover, for a discrete system,
even if the mean is defined, it does not usually lie in the same space as x(t).

We propose the following “deterministic” counterpart for a random variable x with probability
mass function pss

x , and we will show that it is intimately related to the energy defined in (8). We will
define the “deterministic” variable x∞ as

x∞ = lim
β→∞

xβ, (20)

where

pss
xβ
(x) =

pss
x (x)β

Z(β)
, (21)

with normalization constant

Z(β) = ∑
x

pss
x (x)β.

The random variable x∞ will be concentrated on a finite number of states (the most probable
ones of px(x)) with a probability of 1. In particular, if pss

x (x) is unimodal, then x∞ really will
be a deterministic system. On the other hand, if pss

x (x) is multimodal, then there is no unique
deterministic counterpart. Applying this idea to a discrete-state Markov process, the corresponding
dynamics become a deterministic transformation as discussed in [46].

It is worth noting that similar definitions are often introduced formally as analogues to
inverse-temperature without any discussion of deterministic correspondence, e.g., [12,13]. We spend
so much time on the concept in order to emphasize that it arises naturally in a study of stochastic
systems without any reference to thermodynamic concepts. The scaling factor β should not just be
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thought of as a formal method for introducing temperature to a system, but as a natural feature of any
probabilistic system.

With this definition in hand, the obvious question becomes “how fast does the limit
in (20) converge?” In the next section, we will try to make this question more rigorous. In the
process, we will provide more evidence that H(x) is an important quantity.

Large Deviation Principle for Infinite β

We will now investigate the rate of convergence of the limit in (20). This is a question well suited
to the methods of large deviation theory. However, before we can use such methods, we need to
frame the question somewhat more rigorously. Strictly speaking, we should be dealing with limits of
measures rather than limits of random variables.

Let (S ,F , P) be a discrete probability space with probability mass function pss and define the
family of measures Pβ on (S ,F ) whose probability mass functions are given by

p(x, β) = pss(x)β

Z(β)
, where

Z(β) = ∑x∈S pss(x)β.
(22)

As we will show later, this is always possible for β ≥ 1. In addition, let (S, Σ) be a measurable
space and choose a function σ : S → S. This defines a family of S-valued random variables Oβ where

Pr
{
Oβ = z

}
= Pβ ({x ∈ S | σ(x) = z}) , (23)

where σ : S → S is a measurable map. In particular, if σ is one-to-one, then Pr
{
Oβ = z

}
=

p(σ−1(z), β). The random variables Oβ are observables on the measurable space (S ,F ). In some
cases, the distinction between such measurable processes and the underlying measure space becomes
vitally important [3]. As we will see here, though, the rate of convergence of these measures is the
same whether we phrase the question in terms of observables or the original measure space.

For unimodal distributions, we know that, as β goes to infinity, the distribution of Oβ becomes
concentrated on a single value z∗ ∈ S. However, it is not clear a priori how the rate of this convergence
depends on our choice of O. It is conceivable that different observables could lead to different
convergence rates. Moreover, we could eschew observables altogether and work solely with the
measures Pβ. In this section, we will show that the rate of convergence is identical for a wide range of
observables and that it is intimately related to H(x).

Case (i): Let S = R. We will not restrict σ to be one-to-one, but we will assume that if σ(x1) = σ(x2)

for some x1, x2 ∈ S , then pss(x1) = pss(x2). We will let N(x) denote the (necessarily finite) number
of elements y ∈ S such σ(y) = σ(x). Finally, let x∗ ∈ S be a state with maximal probability. We
know that

lim
β→∞

Pr
{∣∣Oβ − σ(x∗)

∣∣ ≥ η
}
= 0 (24)

for any η ∈ R+. In fact, Pr
{∣∣Oβ − σ(x∗)

∣∣ ≥ η
}

is a non-increasing step function of η. Under reasonable
conditions, we can write

Pr
{∣∣Oβ − σ(x∗)

∣∣ ≥ η
}
= e−βI1(η)+o(β), (25)

where
I1(η) = − lim

β→∞
ln Pr

{∣∣Oβ − σ(x∗)
∣∣} . (26)

113



Entropy 2016, 18, 309 10 of 20

If we define x̂η = argmaxx∈S {|σ(x)− σ(x∗)|}, then we have

I1(η) = − lim
β→∞

1
β

ln


 1

Z(β) ∑
x:|σ(x)−σ(x∗)|≥η

pss(x)β




= − lim
β→∞

1
β

ln
(

N(x̂η)p(x̂η , β)

N(x∗)p(x∗, β)

)

= − ln
(

p(x̂η , 1)
p(x∗, 1)

)

= H(x̂η)− H(x∗).

Case (ii): Instead of creating a somewhat arbitrary family of observables Oβ, we can also work
solely with the measures Pβ. To make this more convenient, we will introduce some additional notation.

Let Y = H(S ) ⊂ R and let y∗ be the minimum value in Y . For any h > y∗, let
Sh = {x ∈ S | H(x) < h} and Yh = {y ∈ Y | y < h}. Let bhc denote the minimum value of Y \Yh.
Finally, define

Zh(β) = ∑
x∈Sh

pss(x)β. (27)

We know that Pβ (S \Sh) approaches zero as β goes to infinity. Much like the previous case,
we would like to know how quickly this quantity decays. We have

Pβ (S \Sh) = e−βI2(h)+o(β), (28)

where

I2(h) = − lim
β→∞

1
β

ln Pβ (S \Sh)

= − lim
β→∞

1
β

ln
(

1− Zh(β)

Z(β)

)

= − lim
β→∞

1
β

ln

(
∑x:− ln pss(x)=bhc pss(x)β

∑x:− ln pss(x)=y∗ pss(x)β

)

= bhc − y∗.

In fact, this is in some sense just a special case of case (i). If we choose σ = H and let h = η + y∗,
then I1 and I2 are identical.

Case (iii): One of the key insights from the theory of large deviations is that in the limit as β→ ∞
the probability Pr

{
xβ /∈ Sh

}
is determined by one particular x∗ /∈ Sh – the one with p(x∗, 1) ≥ p(x, 1)

for all x /∈ Sh. Therefore, one has limβ→∞ p(x, β) ≈ e−βI3(x) for any z ∈ S . This is essentially the
same as the WKB (Wentzel–Kramers–Brillouin) ansatz. We then have

I3(x) = − lim
β→∞

1
β

ln p(x, β)

= − ln p(x, 1) + lim
β→∞

1
β

ln ∑
x∈S

pβ(x, 1)

= − ln
(

p(x, 1)
p(x∗, 1)

)
+ lim

β→∞

1
β

ln

[
1 + ∑

x∈S ,x 6=x∗

(
p(x, 1)
p(x∗, 1)

)β
]

= − ln
(

p(x, 1)
p(x∗, 1)

)

= H(x)− H(x∗).
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Whether we work with observables on top of (S ,F ) or if we work with the underlying measure
space itself or even if we make substantial approximations as with the WKB ansatz, we always obtain
essentially the same rate of convergence. The energy given in (8) describes the rate of convergence of
pss to its corresponding deterministic system.

4. Entropy, Energy and Criticality in Systems with Generalized Potential

The results of the previous section suggest that H(x) = − ln pss(x) is a mathematically relevant
quantity and that it can reasonably be interpreted as an energy. We will now investigate some of
the consequences of this definition in more detail. In particular, we will shed some light on the
distinction between Gibbs and Boltzmann entropies and derive a necessary and sufficient condition
for the existence of a critical temperature in stationary stochastic systems.

Let us again suppose that our system takes on possible states from a discrete (finite or
countably infinite) set S , and let pss : S → [0, 1] be the probability mass function describing
the chance that event x ∈ S ocurrs. As above, we will define the energy of a state x ∈ S as

H(x) = − ln pss(x). (29)

In addition, we will avoid substantial difficulties later if we endow H with units of energy. If we
do so, then we can no longer simply write pss(x) = e−H(x). Instead, we need to introduce another
parameter β with units of inverse energy. This gives us

pss(x; β) =
1

Z(β)
e−βH(x), (30)

where the partition function Z(β) is defined as

Z(β) = ∑
x∈S

e−βH(x). (31)

Note that the partition function is necessarily a dimensionless quantity, as discussed in [47–49].
These distributions are precisely the probability mass functions of the measures Pβ defined in Section 3.

With this definition, there is a serious concern that the sum in (31) might not converge. Since pss

is a probability distribution, however, we do know that the sum converges for β = 1 (in fact, we know
that Z(1) = 1.) We will spend much of the following sections discussing the cases where the sum
in (31) diverges, but for the moment we will simply assume that Z(β) is well-defined on some subset
of R containing [1, ∞).

In classical statistical mechanics, one typically has the mechanical energy function in hand before
pss and then shows that the system at finite “temperature” β−1 has an equilibrium distribution
among the states described by (30). Note that when β→ ∞, the distribution pss(x; β) converges to a
uniform probability distribution on the set of states with minimal H. For certain non-convex H(x),
the phenomenon of phase transition occurs [50]. This limit gives precisely the deterministic
correspondence described in Section 3.

In a classical statistical mechanical problem, S is a continuous space describing the positions
and momenta of all particles in the system, H is a Hamiltonian for this system and β = (kBT)−1 is the
inverse temperature. One would then be interested in level sets with constant energy h. In particular,
Gibbs’ and Boltzmann’s entropies are concerned with the phase volume and phase surface area of
such level sets.

Unlike in a classical problem, though, our state space S is arbitrary, and, in general, may not be
useful as a phase space. In particular, S often does not come equipped with a metric or even any sort
of order. To remedy this, we will define the rank of a state x as

R(x) = #
∣∣{y ∈ S | H(x) ≥ H(y)

}∣∣, (32)

115



Entropy 2016, 18, 309 12 of 20

where # |·| denotes cardinality. That is, the rank of x is the number of states which have lower
energy than x (or are at least as probable as x). Since R depends on x only through pss(x), we can
unambiguously define the rank in terms of energy as V : [0, ∞)→ Z+ as

V(h) = #
∣∣{x ∈ S | H(x) ≤ h

}∣∣, (33)

so that R(x) = V(H(x)) for every x ∈ S .
Notice that V , as opposed to R, is no longer defined on a discrete space – it is a function of the

continuous variable h. However, because S is discrete, V can be written as a non-decreasing piecewise
constant function.

It is also worth noting that our assumption of a countable state space cannot be easily relaxed
in this approach. If S were uncountable, then one could not hope to order the states by their rank.
Indeed, R and V would generally be infinite for almost all input. Such issues arise because pss is,
by assumption, a probability density with respect to the counting measure. We could have instead
assumed that pss was a density with respect to some other measure (e.g., the Lebesgue measure on
S = R), but this would introduce many other subtleties later on.

4.1. Microcanonical Partition Functions and Entropy

If we take the liberty of treating the derivative of a Heaviside function as a Dirac−δ function,
then we can write V as

V(h) =
∫ h

0
dV(y) =

∫ h

0

∂V
∂y

dy. (34)

It is very important to note that ∂V(h)/∂h has units of inverse energy. It is tempting (and often
quite useful) to define

Ω(h) = #
∣∣{x ∈ S | H(x) = h

}∣∣, (35)

and then write

V(h) =
∞

∑
n=0

Ω(hn), (36)

where the sum is taken over the values hn ≤ h such that Ω(hn) > 0. (For any finite h, note that
V(h) ≤ eh because the distribution pss sums to 1. The number of distinct values hn ≤ h is no
greater than V(h), so it too is finite.) However, one should keep in mind that dV/ dh 6= Ω(h).
That is, dV/ dh is not really just a number of states; it is a density. (This is a common point of
confusion in probability theory as well. The probability of an event A should always be written as∫

A dF =
∫

A(dF/dx)dx =
∫

A f (x)dx, where F is the cumulative probability measure and
f = dF/dx is a density with respect to some other measure. When the other measure is a counting
measure, however, it is commonplace to replace the integral with a sum and use the probability mass
p(x) = (dF/dx)dx instead. This is numerically correct but often leads to confusion over units.)

One of the main reasons we have introduced this notation with V is that it gives us a much
more convenient way to write Z(β). In particular, we can write Z without reference to the individual
states x:

Z(β) = ∑
x∈S

e−βH(x) =
∫ ∞

0
e−βh dV(h). (37)

This is exactly the Laplace–Stieltjes transform of V .
It is tempting to rewrite Z as

Z(β) =
∫ ∞

0
e−βh

(
∂V
∂h

)
dh =

∫ ∞

0
e−β(h−(kB β)−1kB ln Ω(h)) dh, (38)

and to then identify ∂V/∂h as the microcanonical partition function and kB ln Ω(h) as the entropy.
Unfortunately, this is entirely wrong. Equation (38) relies on the identification of ∂V

∂h with Ω(h), which
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is invalid. This method can be salvaged by introducing a factor ∆h with units of energy so that
the (38) becomes

Z(β) =
∫ ∞

0

1
∆h

e−βh
(

∆h
∂V
∂h

)
dh, (39)

and the entropy becomes

SB = kB ln
(

∆h
∂V
∂h

)
. (40)

In fact, if we choose ∆h as a constant, then this is exactly the Boltzmann entropy. Such a solution
is somewhat unsatisfying; the introduction of arbitrary constants to correct units generally suggests a
deeper misunderstanding. Worse yet, there is no real reason for ∆h to be constant so long as it has the
correct units.

A much more satisfying interpretation of Z arises if we integrate by parts, obtaining

Z(β) = β
∫ ∞

0
e−βhV(h)dh = β

∫ ∞

0
e−β(h−(kB β)−1kB lnV(h)) dh. (41)

Here, we can interpret V(h) as the microcanonical partition function and

SG = kB lnV(h) (42)

as the entropy. We have chosen the subscripts G and B to emphasize that SB corresponds to Boltzmann
entropy while SG corresponds to Gibbs entropy.

There has been much debate over the relative merit of these definitions of entropy in
statistical mechanics, e.g., [51–54]. While we do not claim to have resolved this question, Equations (38)
and (41) suggest that Gibbs entropy is the more natural choice. Furthermore, as we will see in the
next section, Gibbs entropy plays a central role in the notion of criticality.

It is worth noting that the terminology surrounding Boltzmann and Gibbs entropy is not
entirely consistent. Most notably, some authors, e.g., [55,56], use the phrase “Boltzmann entropy” to
refer to the logarithm of the volume of any phase space region corresponding to a suitable macrostate
and use “Gibbs entropy” to refer to the quantity

∫
p ln p dx, where p is some probability density.

Using this terminology, Equations (40) and (42) would both be Boltzmann entropies but would use
different macrostates.

Instead, we follow the convention used in, e.g., [51–54] and use “Boltzmann entropy” to indicate
the logarithm of the volume of a thin shell in phase space and “Gibbs entropy” to indicate the logarithm
of the volume of the interior of such a shell. If the quantity

∫
p ln p dx is needed, we will refer to it as

Shannon entropy.

4.2. Analyticity of Z as a Function of β

The analyticity of Z(β), which is analogous to the partition function in statistical mechanics,
is intimately related to phase transitions and critical phenomena [57–60]. Our system has a critical
temperature (in the statistical mechanical sense of the term) if and only if the partition function is
non-analytic for some β ∈ (0, ∞). Since Z(β) is a Laplace transform, we have access to some useful
theorems from classical analysis (all of which can be found in [61]).

First, there is some value βc ∈ [−∞, ∞] such that Z(β) converges for all β ∈ C with real part
greater than βc and diverges for all β ∈ C with real part less than βc. The value βc is called the abscissa
of convergence.

Second, if the state space S is finite then Z is a sum of finitely many terms and therefore
converges for any β (i.e., βc = −∞). However, if S is infinite, then the partition function will not be
analytic for all real β. In particular, it cannot converge when β = 0 because Z(0) = # |S |. However,
by definition, we know that Z(β) converges when β = 1 since Z(1) is the normalization constant of
pss. For infinite systems, the abscissa of convergence must therefore lie somewhere in [0, 1].
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Since the abscissa of convergence is non-negative, we have

βc = lim sup
h→∞

lnV(h)
h

, (43)

or

kBβc = lim sup
h→∞

SG(h)
h

. (44)

We now know that the partition function is analytic for all complex β with real part greater
than βc, where βc is found as in (44). However, we have not yet shown that Z(β) cannot be extended
analytically beyond β = βc. For a general Laplace–Stieltjes transform, this might be possible (in the
worst case, a Laplace transform may have a finite abscissa of convergence but still have an analytic
continuation to the entire complex plane). Fortunately, since V is monotonic, Z(β) has a singularity
at βc (this also means that βc 6= 1).

This means that the partition function Z(β) has a singularity at some positive βc if and only if SG
is asymptotic to h in the sense of (44). That is, if the Gibbs entropy of the system grows sufficiently
fast as a function of energy, it can become dominant in the computation of Z (and therefore pss) at a
finite temperature.

4.3. Examples

So far, we have let our system be very general. The arguments above apply equally well to a wide
range of systems—from the single electron of a hydrogen atom (where S is the set of possible orbits)
to the configuration of amino acids in a strand of DNA. It is not immediately clear how (44) might be
influenced by the structures of S and pss. To illustrate the consequences of our result, we will look at
a few examples.

First, we will investigate two so-called “non-degenerate” cases where each state has a distinct
probability (i.e., Ω ≡ 1). Since we only care about the rank of states, we will suffer no loss of generality
by assuming that S = Z+ and that the states are ordered so that pss(x) > pss(y) whenever x < y.
As an example, consider the distribution:

pss(x) = 2−x. (45)

We have
H(x) = x ln 2,
SG(h) = kB ln h− kB ln ln 2, and
βc = 0.

(46)

This distribution, therefore, does not have a nonzero critical temperature (which should not
be surprising, since it is exponential).

Alternatively, consider a power law distribution.

pss(x) =
x−α

ζ(α)
, (47)

where α > 1 and ζ is the Riemann zeta function. This gives us

H(x) = α ln x + ln ζ(α),
SG(h) =

kB
α (h− ln ζ(α)) and

βc = 1
α .

(48)

This means that power law distributions do indeed have a finite critical temperature. This result
was already demonstrated in [12] but arises as a special case of our work.
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These examples highlight the main feature of criticality: a system will be critical if and only if the
probability of a state decays too slowly as a function of rank. That is, critical distributions are fat-tailed
in “phase space”.

We observe a similar result when Ω is not identically 1 (“degenerate” distributions). For example,
consider a distribution where, for each n ∈ Z+, there are 2n states with stationary probability 2−2n.
That is, for each hn = 2n ln 2, we have Ω(hn) = 2n. In this case,

V(h) = 2 (2n − 1) for hn ≤ h < hn+1, (49)

and we find that βc = 1/2. In light of our previous examples, this should not be surprising:
when written as a function of rank, pss decays like x−2 so this βc is exactly what we expect. However,
it also illustrates the importance of how we label our state space.

Suppose that we observed the system given above but that we could not identify each
individual state. If instead of observing 2n distinct states, each with probability 2−2n, we only
measured 1 state with probability 2−n, we would then calculate the probability distribution
pss(x) = 2−x, for which βc = 0. Depending on how states are counted, the distribution could
either have a finite critical temperature or not! This distinction is exactly why the partition functions in
classical and quantum statistical mechanics differ by a factor of N!. The classical version overcounts
the number of possible microstates because it assumes particles are distinguishable. Without the
correction term, this would often lead to substantially different predictions between the two theories.
Fortunately, we know that quantum mechanics is the correct theory and so we are able to choose the
correct definition of a microstate.

In many applications, however, we do not know what a true microstate looks like. For example,
imagine a particle undergoing a random walk on a lattice X and suppose that we can measure only the
distance r between a particle and the origin. It would be natural to define a microstate of this system
by the distance between the particle and the origin. If X = Z+, then this is exactly correct. However, if
X = Z, then there are really two microstates for each r. Worse yet, if the lattice is two-dimensional
(i.e., X = Z×Z), then each r corresponds to a different number of microstates and this number grows
without bound. As discussed in Section 2.1, we can still find a reasonable interpretation for the energy
of such a system. If we treat each r as a microstate, then H(r) is the potential of mean force in the
radial direction. However, our notions of entropy and criticality may change drastically depending on
how we define our state space.

For a slightly more involved example, consider the so-called “zipper model” (described in,
e.g., [62–64]). This is a highly simplified model of, among other things, the conformation of a
double-stranded DNA molecule. Suppose there are N base pairs along the DNA molecule (where N
can be a positive integer or ∞; if N = ∞ then think of the molecule as having a fixed left end but
extending infinitely to the right), each of which can either be linked or broken. We will assume that
there is only one possible linked configuration for each base pair but that there are G possible broken
configurations for each pair, where G is a positive integer. Furthermore, we will suppose that bonds
are only broken from left to right. That is, it is possible for a base pair to be in one of the G broken
configurations if and only if every base pair to the left is also broken. (This assumption is not entirely
necessary, but makes the analysis simpler. Allowing the bonds to break from both ends does not
qualitatively alter the behavior of the system, but makes the formulas that follow somewhat more
complicated. On the other hand, allowing arbitrary bonds to be broken will make the state space
of our system uncountable when the chain becomes infinite. As we will discuss in the next section,
this has important consequences.) Suppose that the energy of a linked base pair is 0 and that the
energy of any of the G broken configurations for a single base pair is E > 0 if all base pairs to the
left are broken and infinite otherwise. When N = ∞ and G > 1, this system has a phase transition at
βc = ln G/E. Otherwise, it has no critical temperature [63]. We will show that this critical behaivor is
reproduced using (44).
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The state space S of this system is the collection of all possible allowed configurations of linked
and broken base pairs. Each configuration consists of m broken base pairs followed by N −m linked
base pairs, and there are Gm distinct states for each m. Notice that S is finite whenever N is and
countably infinite when N = ∞. The probability of each of these configurations is given by

pss(x; N) =
1

QN
e−mE, (50)

where m is the number of broken base pairs in x and QN is a constant that depends on N (but not x).
Note that it is not immediately obvious from the previous assumptions that pss(x; N) is well-defined,
but one can show that Q∞ is non-zero and finite for sufficiently large E (in fact, we can solve for
Q∞ exactly, but for our purposes, it is enough to know that it is finite).

Since S is finite whenever N is, we know that there is no critical temperature for pss(·; N) when
N < ∞, so consider the case where N = ∞. The possible energy values are hm = mE− ln Q∞ for any
m ∈ Z+. The Gibbs entropy is therefore

SG(hm) = kB ln

(
m

∑
k=0

Gk

)
= kB ln

(
Gm+1 − 1

G− 1

)
, (51)

if G > 1 and SG(hm) = kB ln (m + 1) if G = 1.
Applying (44), we therefore have

βc = lim sup
m→∞

ln
(
Gm+1 − 1

)
− ln (G− 1)

mE− ln Q∞
= lim

m→∞

(m + 1) ln G
mE

=
ln G

E
, (52)

when G > 1. If G = 1, we have

βc = lim sup
m→∞

ln (m + 1)
mE− ln Q∞

= 0. (53)

These critical temperatures exactly match the known values and the mechanism for this behavior
is easy to see. When G = 1, the phase-volume V(h) grows linearly with h, but when G > 1 the
phase-volume grows exponentially. This allows the entropy SG to keep pace with the energy as
h grows, leading to a criticality.

The preceding calculations are quite similar to those used in the equilibrium statistical mechanical
approach of Kittel [63], but the procedure is very different in spirit. In Kittel’s approach, one finds QN
for arbitrary N, then uses QN to calculate a statistic such as the expected number of broken base pairs.
Finally, one takes the limit as N → ∞ and demonstrates that this statistic becomes non-analytic at
some finite temperature. In particular, Kittel [63] warns that “it is dangerous to write ... the partition
function for N = ∞; the correct procedure is to evaluate the thermodynamic quantities for finite N
and then to examine the limit”. In our approach, we start by finding pss(x; ∞) (up to a constant). Once
we have obtained this distribution, we can calculate SG(h) for the infinite system and directly obtain
βc. The danger that Kittel describes is still present: our method will fail if pss(x; ∞) is not well-defined.

This example illustrates a general principle. If an equilibrium statistical mechanical problem has a
well-defined equilibrium distribution over a countable state space, then both approaches will identify
the same critical temperature.

5. Discussion

It is worth taking a moment to discuss not only what we have shown in the previous sections,
but also what we have not shown. We have demonstrated that a stationary distribution over a discrete
state space has a finite critical temperature if and only if the Gibbs entropy of the distribution (42)
satisfies the relation (44). At such a critical temperature, entropic considerations dominate the dynamics
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of the stationary process (as opposed to a deterministic system where energetic considerations
are dominant). The terminology used here is deliberately suggestive, but one should not take it
too far. The novelty of this description of criticality is not as an alternative to (or even as a complete
characterization of) the existing statistical mechanics literature on criticality and phase transitions.
Instead, we have attempted to generalize some of the notions from statistical mechanics to the broader
context of stationary stochastic processes where the notion of criticality does not exist at present.

In particular, notice that there are phase transitions in equilibrium statistical mechanics that do
not seem to fit the description given in Section 4. The Lee–Yang theorem, for instance, describes cases
where the partition function becomes zero rather than infinite, and two-dimensional Ising models can
exhibit various types of phase transitions.

The key point is that we have assumed, from the outset, the existence of a well-defined stationary
probability distribution on a countable state space. Such a distribution has a critical temperature βc if
Z(β) approaches either zero or infinity as β→ βc. Because pss(x; β = 1) is a probability mass function,
Z(β) cannot become zero for any finite β. That is, a Lee–Yang type criticalities can only occur if
the stationary distribution pss is not well-defined for any temperature. Ising models, on the other
hand, may have well-defined equilibrium distributions even in the thermodynamic limit. However,
these models typically have an uncountable state space when N → ∞. For such a distribution,
the proofs of Section 4 do not hold as written and other types of criticalities may be present.

Our theory does agree with existing statistical mechanics in the following sense: if one can find a
well-defined equilibrium distribution over a countable state space (either for given parameter values
such as N and V or in the thermodynamic limit), then (44) will identify the same critical temperature
as standard methods. That is, this theory will not produce any new criticalities in a classical problem.

Mora and Bialek have also discussed this approach in regards to Ising models [12]. In particular,
they showed that systems where pss(x; N) ∝ R(x)−α follows a power law have a critical temperature
given by βc = 1/α when N goes to infinity. Their result utilized the identification of SG with SB,
which becomes precise in the thermodynamic limit. In the present paper, we have shown that
such an identification is unnecessary and that the critical temperature conditions are still exact
in “smaller” systems. Moreover, we have found a broader condition for the existence of a critical
temperature, of which the power law relationship is a special case.

After Mora and Bialek’s paper, there has been much discussion about the idea that biological
systems are poised at a critical point. This idea arose because researchers obtained estimates of pss

for a wide range of biological systems and all appeared to follow some sort of power law. Such a
distribution would indicate a non-zero abscissa βc. The result from Section 4.2 does seem like it should
indicate a criticality in such cases, but there are some important caveats worth considering.

First, it is notoriously difficult to calculate tail properties (such as βc) from an estimated
distribution. Estimates of pss are necessarily based on a finite number of samples and therefore cannot
give reliable information about arbitrarilly low probability events, which is required to calculate (44).

Second, and much more insidious, many biological processes are not in a true steady state.
The formal analogies we have made with statistical mechanics only make sense in the context
of stationary systems. If pss actually varies slowly with respect to some other variable
(most importantly time), then our notion of criticality does not necessarily correspond to any interesting
feature of the system. For instance, Schwab, Nemenman and Mehta [65] have shown that slowly
varying latent variables can give rise to apparent power law distributions, which necessarily have a
non-zero βc, even in conditionally independent systems.
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Radon–Nikodym (RN) derivative between two measures arises naturally in the affine
structure of the space of probability measures with densities. Entropy, free energy,
relative entropy, and entropy production as mathematical concepts associated with RN
derivatives are introduced. We identify a simple equation that connects two measures
with densities as a possible mathematical basis of the entropy balance equation that is
central in nonequilibrium thermodynamics. Application of this formalism to Gibbsian
canonical distribution yields many results in classical thermomechanics. An affine
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the space of probability measures. It is shown that thermodynamic work, as a conditional
expectation, is indicative of the RN derivative between two energy representations
being singular. The entropy divergence and the heat divergence yield respectively a
Massieu–Planck potential based and a generalized Carnot inequalities.
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1. Introduction

A subtle distinction exists between the prevalent approach to stochastic processes in traditional applied mathematics
and the physicist’s perspective on stochastic dynamics: In Kolmogorov’s theory of stochastic processes, the dynamics
are described in terms of a trajectory {x(t) : t ∈ [0, ∞)}. Applied mathematicians treat each of these trajectories as a
random event in a large probability space and then study probability distributions over the space of all possible trajectories
x(t). Physists, however, are more accustomed to thinking of a ‘‘probability distribution changing with time’’, ρ(x, t). In
the case of continuous-time Markov processes, ρ(x, t) is described by the solution to a Fokker–Planck equation or a
master equation, while for a Markov chain simply by a stochastic matrix. This latter perspective can perhaps be more
rigorously formulated in the space of probability measures. The dynamics are then represented as a change of measure. The
Radon–Nikodym (RN) derivative is a key mathematical concept associated with changes in measures [1]. Interestingly,
RN derivative between two measures is also at the heart of the concept of fluctuating entropy [2,3].

This ‘‘probability distribution changing with time’’ view is, of course, not foreign to mathematics. Actually in the 1950s,
the stochastic diffusion process developed by Feller, Nelson, and others was precisely a such theory [4–7]. That approach,
based on solutions to linear parabolic partial differential equations, was formulated in a linear function space. We now
know that a more geometrically intrinsic representation for the space of probability measures cannot be linear: There is
simply no natural choice of origin. Rather, an affine space is more appropriate [8,9].
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Entropy and energy are key concepts in the classical theory of thermodynamics, which is now well understood to
have a probabilistic basis. In fact, one could argue that the very notion of ‘‘heat’’ arises only when one treats the motions
of deterministic Newtonian point masses as stochastic. In the statistical treatment of thermodynamics, Gibbs’ canonical
energy distribution is one of the key results that characterize a thermodynamic equilibrium [10]. As we shall see, it figures
prominently in the affine space.

The foregoing discussion suggests the possibility of re-thinking thermodynamics and information theory in a novel
mathematical framework [11]. Both information theory and thermodynamics are concerned with notions such as entropy,
free energy and relative entropy. These concepts are introduced in Section 2 under a single framework based on the
Radon–Nikodym derivative, as a random variable relating two different measures. In its broadest context, we are able to
capture the essential mathematics used in the theory of equilibrium and nonequilibrium thermodynamics. This approach
significantly enriches the scope of ‘‘information theory’’ [12]. The RN derivative should not be treated as an esoteric
mathematical concept: It is simply a powerful way to quantify even infinitesimal changes in the probability distributions;
it is the calculus for thinking of change in terms of chance [13].

In Section 3, the notion of a temperature, T = β−1 is introduced through the canonical probability distribution
Z−1(β)e−βU(ω). It has been shown recently that this Gibbsian distribution has a much broader applications than just
thermal physics: It is in fact a limit theorem of a sequence of conditional probability densities under an additive
quasi-conservative observable [14]. The focus of this section is to show the centrality of RN derivative in the theory of
thermodynamics. The RN derivative is used to describe several results in physics that includes the thermodynamic cycle,
equation of states, and the Jarzynski–Crooks equalities.

Next, in Section 4 we equip the space of probability measures with an affine structure and show that the canonical
distribution with a random variable U(ω) and a parameter β becomes precisely an affine line in the space of probability
measures when one particular measure P is chosen as a reference point. With this, the tangent space becomes a linear
vector space of random variables and it provides a representation for the space of probability measures. A series of results
are obtained. Readers who are more mathematically inclined can skip Section 3, come directly to Section 4, and then go
back to Section 3 afterward.

Section 5 contains some discussions.
The presentation of the paper is not mathematically rigorous. The emphasis is on illustrating how the pure mathe-

matical concepts can be fittingly applied in narrating this branch of physics. More thorough treatments of the subject are
forthcoming [9].

2. Entropy, relative entropy, and a fundamental equation of information

2.1. Information and entropy

Information theory owes (to a large extent) its existence as a separate subject from the theories of probability and
statistics to a singular emphasis on the notion of entropy as a quantitative measure of information. It is important to point
out at the outset that information is a random variable, defined on a probability space (Ω,F,P), through a Radon–Nikodym
derivative dP

dµ (ω), ω ∈ Ω , between two measures P and µ that are absolutely continuous w.r.t. each other [2,3,15]. If the
Ω ⊆ Rn and µ is the Lebesgue measure, then

− ln
(
dP
dµ

(ω)
)

(1)

is the self-information [16,17], which is a random variable and its expected value is the standard form of Shannon entropy:

S[P] ≜ −

∫
Ω

f (x) ln f (x) dx, (2)

in which the Radon–Nikodym derivative is the probability density function, dP
dµ ≡ f (x).

In general, if µ is normalizable, then one has a maximum entropy inequality S[P] ≤ lnµ(Ω) < +∞. Similarly, one
has the free energy

H[P ∥ µ] ≜
∫

Ω

ln
(
dP
dµ

(ω)
)
dP(ω) ≥ − lnµ(Ω). (3)

When µ is also a normalized probability measure P′, the H[P ∥ P′
] is called the relative entropy or Kullback–Leibler (KL)

divergence. The minimum free energy inequality in (3) becomes the better known, but less interesting, H[P ∥ P′
] ≥ 0.

From now on, we will drop most references to the underlying space (Ω,F). Moreover, we will assume that Ω ⊆ Rn

with the usual σ -algebra and that P is absolutely continuous w.r.t. the Lebesgue measure. These conditions are not strictly
necessary, but they simplify the notation considerably in illustrating our key ideas.
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2.2. Fundamental equation of information

With the various forms of entropy introduced above and some straightforward statistical logic, one naturally has the
following equation that involves three measures: two probabilistic and the Lebesgue. In particular, let P1 and P2 be two
probability measures with density functions f1(x) and f2(x) with respect to the Lebesgue measure:

∆S = S[P2] − S[P1] =

∫
R
f1(x) ln f1(x)dx −

∫
R
f2(x) ln f2(x)dx

=

∫
R
f1(x) ln

(
f1(x)
f2(x)

)
dx  

∆S(i): entropy production

+

∫
R

(
f2(x) − f1(x)

)(
− ln f2(x)

)
dx  

∆S(e): entropy exchange

. (4)

The entropy production ∆S(i) is never negative, while the entropy exchange ∆S(e) has no definitive sign. If f2(x) is the
unique invariant density of some measure-preserving dynamics [18], then − ln f2(x) is customarily referred to as the
‘‘equilibrium energy function’’, then ∆S(e) is the change in the ‘‘mean energy’’, which is related to ‘‘heat’’.

Entropy and free energy in (2) and (3) have their namesakes in the theory of statistical equilibrium thermodynam-
ics [10]. The Second Law, in terms of entropy maximization or free energy minimization, has its statistical basis precisely
in the two inequalities associated with S and H . The ∆S(i) term on the rhs of (4), however, is a nonequilibrium free energy
associated with a nonequilibrium distribution, either due to a spontaneous fluctuation or a man-made perturbation [19]. In
the theory of stochastic dynamics, one uses a probability distribution ρ(x, t) to represent the state of a system; thus any
ρ that differs from the equilibrium distribution is a nonequilibrium distribution. In applications to laboratory systems, the
ρ can only be obtained from a data-based statistical approach. This approach can rely on either a time scale separation,
or a system of many independent and identically distributed subsystems, or a fictitious ensemble. Ideal gas theory and
the Rouse model of polymers are two successful examples of the second type [19].

Eq. (4) in fact has the form of the fundamental equation of nonequilibrium thermodynamics. It states that if f2(x) is
uniform, then ∆S = ∆S(i) ≥ 0; and if one identifies U(x) ≜ −T ln f2(x), where T is a positive constant, then one can
introduce F [P] ≜ EP

[U] − TS[P], and ∆F = T∆S(i) ≥ 0. Unifying the various forms of the Second Law to a single concept
of entropy production was a key idea of the Brussel school of thermodynamics [20].1 See [3,11,21,22], and the references
cited within, for the theory of entropy production of Markov processes.

2.3. Two results on relative entropy

With regards to relative entropy, there are two results worth discussing.
First, as the expected value of the logarithm of the Radon–Nikodym derivative ξ ≡ ln

(
dP1
dP2

(ω)
)
, the relative entropy

between two probability measures can be written as

H
[
P1 ∥ P2

]
=

∫
R
f1(x) ln

(
f1(x)
f2(x)

)
dx = EP1

[
ξ (ω)

]
, (5)

with respective probability density functions f1(x) =
dP1(x)
dx and f2(x) =

dP2(x)
dx . The non-negativity of the H[P1 ∥ P2] can

actually be framed as a consequence of a stronger result, an equality

EP1
[
e−ξ (ω)]

= 1, (6)

and an inequality for convex exponential function:

EP1
[
ξ (ω)

]
≥ − lnEP1

[
e−ξ (ω)]

= 0. (7)

Eq. (6) implies that the Second Law and entropy production could even be formulated through equalities rather than
inequalities. Indeed, variations of (6) have found numerous applications in thermodynamics, such as Zwanzig’s free energy
perturbation method [23], the Jarzynski–Crooks relation [24,25], and the Hatano–Sasa equality [26].

Second, if the density f2 contains an unknown parameter θ , then f2(x; θ ) is the likelihood function for θ . In this case,
with respect to the change of measure,

Iℓ(θ ) ≜ −EP2

[
∂ℓ

∂θ ℓ
ln f2(ω; θ )

⏐⏐⏐⏐ θ]
= −

∫
R
f2(x; θ )

∂ℓ

∂θ ℓ
ln f2(x; θ )dx

1 The second author would like to acknowledge an enlightening discussion with M. Esposito in the spring of 2011 at the Snogeholm Workshop
on Thermodynamics, Sweden.
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= −

∫
R

{(
f2(x; θ )
f1(x)

)
∂ℓ

∂θ ℓ
ln
(
f2(x; θ )
f1(x)

)}
f1(x)dx

= EP1

[
e−ξ (ω) ∂ℓ

∂θ ℓ
ξ (ω; θ )

]
. (8)

I0(θ ) is the Shannon entropy of X2(θ ), I1(θ ) ≡ 0, and I2(θ ) is the Fisher Information for X2(θ ):

I2(θ ) = E

[(
∂

∂θ
ln f2(X2; θ )

)2
⏐⏐⏐⏐⏐ θ
]

. (9)

3. Canonical distribution and thermodynamics

In many applications, stochastic dynamics exhibit a separation of slow and fast time scales [27,28]. In mechanical
systems with sufficiently small friction, the dynamics are organized as fast Hamiltonian dynamics with slow energy
dissipation through heat. The theory of thermodynamics arises in this context when the mechanical motions of point
masses are described stochastically. It can be shown then that the probability distribution for the energy E of a small
mechanical system in equilibrium with a large heat bath takes a particularly canonical form

pE(y) =
Ω (B)(y)e−βy

Z(β)
, (10)

in which β−1
= T is the temperature of the heat bath [10,14]. In fact, if x denotes random variable in an appropriate state

space and U(x) is the mechanical energy function, then one has distribution fx(x) ∝ e−βU(x), and

pE(y)dy =

∫
y<U(x)≤y+dy

fx(x)dx =

(
Ω (B)(y)e−βy

Z(β)

)
dy, (11)

in which

Ω (B)(y) =
1
dy

∫
y<U(x)≤y+dy

dx =
dΩ (G)(y)

dy
, Ω (G)(y) =

∫
U(x)≤y

dx. (12)

lnΩ (B) and lnΩ (G) are called Boltzmann’s entropy and Gibbs’ entropy in statistical mechanics [29]. They are related via
dΩ (G)(y) = Ω (B)(y)dy. That is, Ω (G) is a cumulative distribution function and Ω (B) is its density function.

Note that the expected value of any function of the energy U(x) (e.g., g(U)) is invariant under different representations
as a result of the rules of changes of variable for integration. For example, if x is a state space representation and E is the
energy representation, then∫

g
(
U(x)

)
fx(x)dx =

∫
R
g(y)

(
e−βy

Z(β)

)
Ω (B)(y)dy

=

∫
R
g(y)pE(y)dy.

In contrast, the thermodynamic entropy in statistical mechanics is not invariant under different representations [30]:

−

∫
px(x) ln px(x)dx = −

∫
R
pE(y) ln

(
pE(y)

Ω (B)(y)

)
dy (13a)

̸= −

∫
R
pE(y) ln pE(y)dy. (13b)

The rhs of (13a) is precisely the negative free energy with non-normalized Ω (G)(y) as the reference measure (which has
density Ω (B)(y)). The missing term from (13a) to (13b)∫

R
pE(y)

(
− lnΩ (B)(y)

)
dy. (14)

is contributed by the reference measure. It is mean-internal-energy like. We see that while lnΩ (B)(y) is widely considered
as an ‘‘entropic’’ term, it actually plays the role of an energetic term in the energy representation in (13a). In terms of
this measure-theoretic framework, the distinction between entropy and energy is always relative. This has long been
understood in the work of J. G. Kirkwood on the potential of mean force, which is itself temperature dependent [31].

3.1. Thermodynamics under a single temperature

Equilibrium statistical thermodynamics. In terms of the canonical distribution in (10), an equilibrium system under
a constant temperature T = β−1 has its mechanical energy distributed according to the canonical distribution peq(y) =
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Z−1(β)Ω(y)e−βy. (We have dropped the superscript in Ω (B)(y) to avoid cluttering.) The mean internal energy associated
with the peq(y) is then the expected value

U(β) =

∫
R
y
(

Ω(y)e−βy

Z(β)

)
dy = −

d ln Z(β)
dβ

, (15a)

which can be decomposed into an equilibrium free energy and an entropy, U(β) = F eq(β) + β−1S(β), where:

F eq(β) = −β−1 ln Z(β)  
free energy

and S(β) = −

(
dF eq(β)
dβ−1

)
  

entropy

. (15b)

One can verify that the S(β) is the same as (13a), but not (13b).
Nonequilibrium statistical thermodynamics. For deep mathematical reasons that will become clear in Section 4,

discussions of nonequilibrium systems should begin in the full state space. Intuitively, the canonical energy representation
peq(E) based on a given energy function U(x) is a ‘‘projection’’ in the space of probability measures that is nonholographic.

Consider a system outside statistical equilibrium with a nonequilibrium probability measure µneq. Suppose that this
measure is absolutely continuous w.r.t. some other probability measure P, with density ρ(x) =

dµneq

dP (x). The measure µneq

possesses a nonequilibrium free energy functional (a potential that can cause change) given by

Fneq[ρ; β
]
≜ F eq(β) + β−1

∫
Ω

ρ(x) ln
(

ρ(x)
peq(x)

)
dx (16a)

= β−1
∫

Ω

ρ(x) ln
(

ρ(x)
e−βU(x)

)
dx. (16b)

One should recognize the fraction in (16b) as a Radon–Nikodym derivative of ρ w.r.t. the non-normalized canonical
equilibrium measure e−βU(x). The minimum free energy inequality in (3) takes the form Fneq

[
ρ; β

]
≥ F eq(β) for any

distribution ρ. In fact, β{Fneq
[
ρ; β

]
−F eq(β)} is the entropy production associated with the spontaneous relaxation process

of the distribution ρ tending to peq.
The Fneq

[
ρ; β

]
also has another expression:

Fneq[ρ; β
]

= β−1
∫

Ω

ρ(x) ln ρ(x)dx  
neg-entropy

+

∫
Ω

ρ(x)
(
−β−1 ln peq(x) + F eq(β)

)
  

internal energy of state x, F eq as reference

dx. (17)

Eq. (17) is very telling: The internal energy of a system in state x is given in the second term with a fixed energy gauge
(i.e., the arbitrary constant in the U(x)) according to the equilibrium F eq, where U(x) = F eq(β) − β−1 ln peq(x). This fact
implies that a change in the energy function from U1(x) to U2(x) necessarily involves a change of gauge. Mechanical
work in classical thermodynamics can be understood as a consequence of gauge invariance. One particular β defines an
autonomous, time-homogeneous stochastic dynamical system with a unique peq. All the energetic discussions in such a
system are with respect to the equilibrium free energy F eq(β), which fixes a choice for the energy gauge. In the theory of
probability, the gauge invariance is achieved through the notion of conditional probability and the law of total probability.

3.2. A clarification of Eq. (16)

A discussion on the meaning of the expression in (16) is in order. To do that, let us only consider discrete xk, and the
corresponding

Fneq
[ρ; β] =

∑
k

ρ(xk)
[
β−1 ln

(
ρ(xk)

peq(xk)e−βFeq(β)

)]
. (18)

For a particular state z, if ρ(x) = δx,z , then Fneq
[ρ; β] = F eq(β) − β−1 ln peq(z), which represents the traditional potential

energy of the system in the state z. A question then naturally arises: Why is Fneq
[ρ; β] the average of

β−1 ln
(

ρ(xk)
peq(xk)e−βFeq

)
, (19a)

but not

β−1 ln
(

1
peq(xk)e−βFeq

)
? (19b)

Actually, (19b) is the potential energy for a deterministic initial state xk. It is natural, therefore, the average would be
carried out over (19b) if the initial state of the system were a mixture of heterogeneous states (mhs). However, if the initial
state is a stochastic fluctuating state (sfs), then the entropy of assimilation applies [32] and the Fneq

[ρ; β] in (16a) is the
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average carried out over (19a). The change from mhs to sfs is analogous to a change from the Lagrangian to the Eulerian
representation in fluid mechanics; in stochastic terms, the potential for an sfs to do work is lower than an mhs [33].

3.3. Work, heat, and Jarzynski–Crooks’ relation

We now consider the case where the distribution ρ(x) in (16) arises from the equilibrium distribution peq(x) as the
consequence of a temperature change from Ta to Tb: ρ(x) = Z−1(βa)e−βaU(x), and the peq(x) = Z−1(βb)e−βbU(x). Note that
in the energy representation they can be written as ρE(y) = Z−1(βa)Ω(y)e−βay and peqE (y) = Z−1(βb)Ω(y)e−βby; they share
the same Gibbs entropy lnΩ(y) determined by U(x) as in (12). Then

Fneq[ρ; βb
]
− F eq(βb) = β−1

b

∫
Ω

ρ(x) ln
(

ρ(x)
peq(x)

)
dx (20a)

= β−1
b

∫
R

ρE(y) ln
(

ρE(y)
peqE (y)

)
dy (20b)

=

[
U(βa) − β−1

b S(βa)
]

−

[
U(βb) − β−1

b S(βb)
]
. (20c)

The equation from (20a) to (20b) utilizes a key property of a Radon–Nikodym derivative: When it exists, it is invariant
under a change of measure.

Eq. (20c) is not widely discussed, but it is a highly meaningful result. It contains the essence of Crooks’ equality in
time-inhomogeneous Markov processes [25]. It implies that at the instant of switching from Ta to Tb, the system has
internal energy U(βa), entropy S(βa), and nonequilibrium free energy

Fneq
[ρ; β] = U(βa) − TbS(βa). (21)

Assuming that both ρ(x) and peq(x) have the same Ω(y), Eq. (20) gives the free energy change that is expected to
be the maximum reversible work that can be extracted. We now explicitly consider a change from ρ(x) to peq(x) that
involves changing the mechanical energy function from U1(x) to U2(x). Even though the corresponding canonical energy
distributions are ρE(y) = Z−1

1 (βa)Ω1(y)e−βay and peqE (y) = Z−1
2 (βb)Ω2(y)e−βby, these RN derivative dρE

dpeq (ω) can be infinity!
Thus in this case one has to start with the full distributions on the state space:

β−1
b

∫
Ω

ρ(x) ln
(

ρ(x)
peq(x)

)
dx =

[
U1(βa) − U2(βb)

]
− β−1

b

[
S1(βa) − S2(βb)

]
+

∫
Ω

ρ(x)
[
U2(x) − U1(x)

]
dx. (22)

The last term in (22) is identified as the irreversible work associated with the isothermal relaxation process with
mechanical change from U1(x) to U2(x),

W12(βa) =

∫
Ω

ρ(x)W12(x)dx, (23)

in which W12(x) should be considered as the logarithm of the Radon–Nikodym derivative between two non-normalized
measures

W12(x) = β−1
a ln

(
e−βaU1(x)

e−βaU2(x)

)
= β−1

b ln
(
e−βbU1(x)

e−βbU2(x)

)
. (24)

W12(x) is actually not a function of β; work done in an isothermal process is independent of the temperature. In the
canonical energy representation of U1(x), then,

W12(βa) =

∫
Ω

ρ(x)
[
U2(x) − U1(x)

]
dx

=

∫
R

(
Ω1(y)e−βay

Z1(βa)

)⎧⎪⎪⎨⎪⎪⎩
∫
y<U1(x)≤y+dh

U2(x)dx∫
y<U1(x)≤y+dh

dx
− y

⎫⎪⎪⎬⎪⎪⎭ dy. (25)

The first term inside {· · ·} is a conditional expectation: E
eq[

U2(x)
⏐⏐U1(x) = y

]
, where E

eq
is the expectation in terms of the

equilibrium measure peq(x).
The transferred irreversible heat is

Q(βb) ≜ β−1
b

{
S1(βa) − S2(βb) +

∫
Ω

ρ(x) ln
(

ρ(x)
peq(x)

)
dx
}

. (26)
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Then the relation

S2(βb) − S1(βa) +
Q(βb)
Tb

= ∆S(i) =

∫
Ω

ρ(x) ln
(

ρ(x)
peq(x)

)
dx ≥ 0 (27)

is known as the Clausius inequality in thermodynamics. The equality is a special case of the fundamental equation of
nonequilibrium thermodynamics.

Concerning the work W12(x) in (24), we have Jarzynski–Crooks’ relation [24,25]:∫
Ω

(
e−βaU1(x)

Z1(βa)

)
e−βaW12(x)dx =

∫
Ω

e−βaU2(x)

Z1(βa)
dx =

Z2(βa)
Z1(βa)

. (28)

Note that the work is performed under βb, but the rhs of (28) is evaluated at βa. The original Jarzynski–Crooks’ equality
emphasized path-wise average over a stochastic trajectory, but Eq. (28) is an ensemble average over a single step, which
can be generalized to many different other forms [34].

The concept of exergy. In Eq. (21), equilibrium internal energy and entropy under temperature Ta, U(Ta) and S(Ta)
are assembled with temperature Tb ̸= Ta to form a nonequilibrium free energy Fneq

= U(Ta) − TbS(Ta), which plays
a central role in our analysis of canonical systems. This quantity has been extensively discussed in the literature on
thermodynamics: Exergy of a system is ‘‘the maximum fraction of an energy form which can be transformed into work’’.
The remaining part is the waste heat [35]. After a system reaches equilibrium with its surrounding, its exergy is zero.
Therefore, the concept of exergy epitomizes a nonequilibrium quantity [36]. Its identification to the entropy production
in Eq. (20) implies its importance in information energetics. Even though the term ‘‘exergy’’ was coined as late as in 1956,
the idea had been already in the work of Gibbs.

Mechanical work of an ideal gas. For an ideal gas with total mechanical energy U(x) = Up(x1)+Uk(x2), where Up and
Uk are potential and kinetic energy functions, and x1 and x2 are position and momentum state variables,

U(x) =

N∑
i=1

{
x22,i
2mi

+ HV
(
x1,i
)}

, (29)

in which HV (z) = 0 when 0 < z < V and HV (z) = +∞ when z ≤ 0 or z ≥ V . The V represents the ‘‘volume’’ of a box
containing the ideal gas. Then

Ω(E, V ) =
VN

dE

∫
E<Uk(x2)≤E+dE

dx2 = VNΩ̃(E,N), (30)

in which the Ω̃ is independent of V . Therefore, the mechanical work associated with a change in V1 = V → V2 = V +∆V
is given by

β−1 ln
(

Ω(E, V2)
Ω(E, V1)

)
= NT ln

(
V + ∆V

V

)
=

NT∆V
V

= p̂∆V , (31)

where p̂ = NkBT/V is the pressure of an ideal gas. (We have set Boltzmann’s constant kB ≡ 1 throughout the present
paper.)

3.4. Application to heat engines and thermodynamic cycles

Carnot cycle. Applying Eqs. (24) and (26) twice for thermomechanical (i.e., temperature and mechanical) changes from
{Ta,U1} to {Tb,U2} and from {Tb,U2} back to {Ta,U1}, we derive the celebrated Carnot efficiency for a heat engine. For
each of the processes described in the left column below, the energetic status of the system is shown in the right column:

adiabatic switching {Ta,U1} → {Tb,U1}: Fneq
1 (Tb) = U1(Ta) − TbS1(Ta), (32a)

isothermal relaxation {Tb,U1} → {Tb,U2}: U1(Ta) − U2(Tb) = Q12(Tb) − W12, (32b)
equilibrium under Tb: F eq

2 (Tb) = U2(Tb) − TbS2(Tb), (32c)

adiabatic switching {Tb,U2} → {Ta,U2}: Fneq
2 (Ta) = U2(Tb) − TaS2(Tb), (32d)

isothermal relaxation {Ta,U2} → {Ta,U1}: U2(Tb) − U1(Ta) = Q21(Ta) − W21, (32e)
equilibrium under Ta: F eq

1 (Ta) = U1(Ta) − TaS1(Ta). (32f)

In (32f), the system is returned to the equilibrium state under Ta. Without loss of generality, let Ta > Tb. In the ideal
Carnot cycle, one assumes that the processes of switching the temperatures are adiabatic without free energy dissipation.
That is, the Fneq

1 (Tb) in (32a) is strictly equal to F eq
1 (Ta) in (32f), with a reversible change of gauge reference, and similarly
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the Fneq
2 (Ta) in (32d) is strictly equal to F eq

2 (Tb) in (32c). In the two processes of isothermal relaxation, irreversible heat
Q12(Tb) = Tb{S1(Ta) − S2(Tb) + ∆S(i)12} and Q21(Ta) = Ta{S2(Tb) − S1(Ta) + ∆S(i)21} each contain an entropy production term,

∆S(i)jk =

∫
R
peqj (y) ln

(
peqj (y)

peqk (y)

)
dy ≥ 0. (33)

In a Carnot cycle with quasi-static processes, they are assumed to be zero. Then, the total work done by the system over
the cycle is

W = −

(
W12 + W21

)
= −Q12(Tb) − Q21(Ta)

= Tb

{
S2 − S1 −

∫
R
peq1 ln

(
peq1
peq2

)
dy
}

+ Ta

{
S1 − S2 −

∫
R
peq2 ln

(
peq2
peq1

)
dy
}

≤ Tb
[
S2(Tb) − S1(Ta)

]
+ Ta

[
S1(Ta) − S2(Tb)

]
, (34)

in which the reversible heat being absorbed at Ta is Qh = Ta[S1(Ta) − S2(Tb)] > 0, and the heat being expelled at Tb is
Ql = Tb[S2(Tb) − S1(Ta)] < 0. Thus the Carnot (first-law) efficiency

ηCarnot =
W
Qh

≤ 1 −
Tb
Ta

. (35)

On the other hand, since the rhs of (34) is the maximum possible work, the second-law, exergy efficiency

ηexergy =
W

(Ta − Tb)[S1(Ta) − S2(Tb)]
=

W

Qh

(
1 −

Tb
Ta

) ≤ 1. (36)

Stirling cycle. There are many different realizations of heat engines in terms of thermodynamic cycles. We now consider
the Stirling cycle below.

isothermal working {Ta,U1} → {Ta,U2}: U1(Ta) − U2(Ta) = Q12(Ta) − W12, (37a)
isochoric cooling {Ta,U2} → {Tb,U2}: U2(Ta) − U2(Tb) = Q2(Ta, Tb), (37b)

equilibrium under {Tb,U2}: F eq
2 (Tb) = U2(Tb) − TbS2(Tb), (37c)

isothermal working {Tb,U2} → {Tb,U1}: U2(Tb) − U1(Tb) = Q21(Tb) − W21, (37d)
isochoric heating {Tb,U1} → {Ta,U1}: U1(Tb) − U1(Ta) = Q1(Tb, Ta), (37e)

equilibrium under {Ta,U1}: F eq
1 (Ta) = U1(Ta) − TaS1(Ta). (37f)

After two isothermal processes in (37a), (37d), the system is still in the equilibrium states with free energy F eq
2 (Ta) =

U2(Ta)− TaS2(Ta) and F eq
1 (Tb) = U1(Tb)− TbS1(Tb) respectively. Notice the difference between the equilibrium free energy

above and the non-equilibrium free energy functions Fneq
2 (Ta) and Fneq

1 (Tb) defined in (32a) and (32d). The irreversible
heats for the two isothermal processes are

Q12(Ta) = Ta

[
S1(Ta) − S2(Ta) +

∫
Ω

ρ1(x; Ta) ln
(

ρ1(x; Ta)
ρ2(x; Ta)

)
dx
]

, (38)

Q21(Tb) = Tb

[
S2(Tb) − S1(Tb) +

∫
Ω

ρ2(x; Tb) ln
(

ρ2(x; Tb)
ρ1(x; Tb)

)
dx
]

. (39)

Meanwhile, those for the isochoric cooling and heating processes are

Q2(Ta, Tb) = Tb

[
S2(Ta) − S2(Tb) +

∫
Ω

ρ2(x; Ta) ln
(

ρ2(x; Ta)
ρ2(x; Tb)

)
dx
]

, (40)

Q1(Tb, Ta) = Ta

[
S1(Tb) − S1(Ta) +

∫
Ω

ρ1(x; Tb) ln
(

ρ1(x; Tb)
ρ1(x; Ta)

)
dx
]

. (41)

Summarizing the whole heat cycle, we find that

W = −

(
W12 + W21

)
= −Q12(Ta) − Q2(Ta, Tb) − Q21(Tb) − Q1(Tb, Ta)

≤ (Ta − Tb)
[
S2(Ta) − S1(Tb)

]
. (42)

This will lead to the same conclusions on the first-law and second-law efficiency for the Stirling cycle.
Realization of a reversible cycle. The Carnot cycle and Stirling cycle considered above are not truly reversible, once

U1 ̸= U2 or Ta ̸= Tb. To achieve the theoretical maximal efficiency, we need to construct a reversible heat cycle through a
series of quasi-static processes, each of which involves only an infinitesimal change in either U or T . Taking the Stirling
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cycle as an example. In the first isothermal working step, we insert N − 1 intermediate states between {Ta,U1} and
{Ta,U2}, that are {Ta,U1 + △U}, {Ta,U1 + 2△U}, . . . , {Ta,U1 + (N − 1)△U} with △U = (U2 − U1)/N . In the limit of
N → ∞, △U → 0, which means each transition between two adjacent states can be treated as a quasi-static process.
Therefore, the whole step between {Ta,U1} and {Ta,U2} becomes reversible with the help of those intermediate states.
Applying similar procedure to other three steps, we will achieve a true thermodynamically reversible Stirling cycle by
requiring an infinitesimal change in either U or T for each sub-step.

3.5. Work as a conditional expectation in energy representation

Consider once again two distributions ρ(x) and peq(x) with respective energy representations, ρE(y) = Z−1
1 (βa)Ω1(y)

e−βay and peqE (y) = Z−1
2 (βb)Ω2(y)e−βby. The key thermodynamic quantity that arises in (22), the irreversible work, cannot

be expressed in terms of the six quantities: Ω1(y), Z1(β), Ω2(y), Z2(β), and βa, βb. We note that∫
Ω

ρ(x)
[
U2(x) − U1(x)

]
dx =

∫
R

(
Ω1(y)e−βay

Z1(βa)

){
U2|U1=y − y

}
dy, (43)

in which

U2|U1=y =

∫
y<U1(x)≤y+dh

U2(x)dx∫
y<U1(x)≤y+dh

dx
, (44)

is a conditional expectation of U2(x) given U1(x) = y. The energy functions U1(x) and U2(x) are only two observables
on the probability space and they certainly do not provide a full description of the probability space. Actually, knowing
the canonical energy distributions ρE(y) and peqE (y) is not equivalent to knowing their joint probability distribution; the
missing information on their correlation is captured precisely in (44).

The lhs of (43) can also be expressed as∫
Ω

ρ(x)
[
U2(x) − U1(x)

]
dx

=
1
βa

[
ln

Z1(βa)
Z2(βa)

+

∫
Ω

ρ(x) ln
{
e−βaU1(x)Z2(βa)
Z1(βa)e−βaU2(x)

}
dx
]

. (45)

The term inside {· · ·} indeed can be understood as a Radon–Nikodym derivative between the two probability measures,
which is well-defined on the entire σ -algebra F as well as the restricted joint σ -algebra FU1,U2 . However, it is singular
on the further restricted σ -algebra FU1 or FU2 .

3.6. The role and consequence of determinism

Consider a sequence of measures µϵ and two real-valued continuous random variables x(ω) and y(ω), with correspond-
ing probability density functions pϵ(x) and qϵ(x). Their relative entropy is then

H
[
x ∥ y; µϵ

]
=

∫
Ω

pϵ(x) ln
(
pϵ(x)
qϵ(x)

)
dx. (46)

If the sequence of measures µϵ tends to a singleton with corresponding pϵ(x) → δ(x− z) and qϵ(x) → δ(x− y∗) as ϵ → 0,
we call the limit deterministic.

It can be shown under rather weak conditions, or more properly through the theory of large deviations, that as ϵ → 0
the pϵ(x) and qϵ(x) have asymptotic forms

ln pϵ(x) = −
ϕp(x)

ϵ
+ O(ln ϵ), ln qϵ(x) = −

ϕq(x)
ϵ

+ O(ln ϵ), (47)

in which ϕp(z) = ϕq(y∗) = 0. This asymptotic relation is known as the large deviations principle in the theory of
probability [37]. Therefore,

lnH
[
x ∥ y; µϵ

]
∼

ϕq(z)
ϵ

+ O(ln ϵ), (48)

as x → z. Even though y → y∗, the relative entropy in (46) provides the ϕq as a function of z fully supported on Rn. If
the qϵ is an invariant measure of a stochastic dynamical system, then the ϕq(z) is thought of as a ‘‘deterministic energy
function’’, which can be obtained as the asymptotic limit of determinism. The normalization of e−ϕq(x)/ϵ , however, is lost
in the ln ϵ-order term. This corresponds to a certain gauge freedom.
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A combination of the determinism with the canonical distribution immediately yields a key relationship that is well
known in thermodynamics. Specifically, if the probability density function

Ω (B)(E)e−βE

Z(β)
=

e−βE+lnΩ(B)(E)

Z(β)
→ δ

(
E − E∗

)
, (49)

in an asymptotic limit, then one has the equation of state[
d
dE

(
βE − lnΩ (B)(E)

)]
E=E∗

= 0. (50)

A system in macroscopic thermodynamic equilibrium possesses one less degree of freedom [10]. Eq. (50) implies

β =
d lnΩ (B)(E∗)

dE
=

d
dE Ω (B)(E∗)
Ω (B)(E∗)

, (51)

in which

Ω (B)(E) =
1
dE

∫
E<U(x)≤E+dE

dx =

∮
U(x)=E

dΣ · n̂
∥∇U(x)∥

=

∫
U(x)≤E

∇ ·

(
∇U(x)

∥∇U(x)∥2

)
dx, (52)

dΩ (B)(E)
dE

=
1
dE

∫
E<U(x)≤E+dE

∇ ·

(
∇U(x)

∥∇U(x)∥2

)
dx

=

∮
U(x)≤E

∇ ·

(
∇U(x)

∥∇U(x)∥2

)
dΣ · n̂

∥∇U(x)∥
. (53)

Therefore,

d lnΩ (B)(E)
dE

=

∮
U(x)=E

∇ ·

(
∇U(x)

∥∇U(x)∥2

)
dΣ · n̂

∥∇U(x)∥∮
U(x)=E

dΣ · n̂
∥∇U(x)∥

. (54)

That is, the equilibrium β is the average of

∇ ·

(
∇U

∥∇U∥2

)
=

∥∇U∥∇
2U − 2∇U · ∇∥∇U∥

∥∇U∥3 , (55)

on the level-surface {x : U(x) = E∗
}. For a given energy function U(x), or an observable [14], Eq. (54), which generalizes

the virial theorem in classical mechanics, provides the function β(E).

4. The space of probability measures

4.1. Affine structure, canonical distribution and its energy representation

We will now give a brief, non-rigorous introduction to the theory developed in [9]. Let M be the set of all probability
measures on (Ω,F) that are absolutely continuous w.r.t. some probability measure P (and therefore absolutely continuous
w.r.t. each other) and let V be an appropriate set of real-valued functions on Ω . (Note that any choice of P in M would
do; one only cares that all measures in M are absolutely continuous w.r.t each other.) One now defines ⊕: M×V → M
such that

(
µ ⊕ g

)
(A) =

∫
A
egdµ∫

Ω

egdµ
, (56)

for any A ∈ F . Assuming the denominator is finite (which requires some assumptions on V), the positivity of eg implies
that (µ⊕g) is also absolutely continuous w.r.t. P. Since (µ⊕g)(Ω) = 1, it is a probability measure. These two facts mean
that (µ⊕ g) ∈ M, so the operation ⊕ is well-defined. Note that µ⊕ g = µ⊕ (g + c) for any constant c , so this addition is
not actually one-to-one. We can remedy this issue by restricting V to functions that sum to zero, or we can replace each
function with an equivalence class of functions that differ by a constant. One can then show that (M,V, ⊕) is an affine
structure on M [8,9]. If one chooses a particular measure P ∈ M as the origin, then any other measure µ ∈ M will have
a Radon–Nikodym derivative dµ

dP (ω), and µ = (P ⊕ g) where g = ln
( dµ
dP

)
.
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Let J ⊆ R be an interval and U ∈ V . The function p: J → M such that p(β) = P ⊕ (−βU) is an affine straight line.
More explicitly, we have the family of probability densities

e−βU(ω)

Z(β)
P(dω), (57)

where Z(β) is the normalization factor.
In Kolmogorov’s theory, the real-valued function U(ω), when thought of as a random variable, has its own probability

density function w.r.t. the Lebesgue measure:

P
{
y < U(ω) ≤ y + dh

}
=

ΩU (y)
Z(β)

e−βydh, (58)

in which lnΩU (y) is the Gibbs entropy associated with function U(ω), defined in Eq. (12):

ΩU (y) =
1
dh

∫
y<U(ω)≤y+dh

P(dω). (59)

The relation between the distributions in (57) and (58) establishes a map between the observables in the tangent space V
ofM and the standard probability density functions. (This is analogous to the dual relation between the Koopman operator
on the space of observables and the Perron–Frobenius operator on the space of densities in dynamical systems theory.)
We call (57) the canonical representation for the space of probability measures (SoPMs), and (58) its energy representation.
Note that the energy representation of a given probability measure is not unique. The choice of U depends on both P and
β .

A pair of observables. We now discuss the notions of joint, marginal, and conditional probability in terms of the
canonical representation in V , with a fixed ‘‘origin’’ P, which should be thought of as the P in the probability space
(Ω,F,P), à la Kolmogorov. The SoPMs M then is represented by observables U(ω) ∈ V , the tangent space of M.

Consider two observables
(
U1(ω),U2(ω)

)
, where U2 ̸= aU1 + b. The corresponding ‘‘flat plane’’ can be parametrized as

e−βaU1(ω)−βbU2(ω)

Z1,2(βa, βb)
P(dω), (βa, βb) ∈ R2. (60)

We note that each observable induced a restricted σ -algebra on R: FU1 and FU2 respectively, and the joint observable
induces FU1,U2 = σ (FU1 ∪ FU2 ). With respect to FU1,U2 , the distribution in (60) can expressed on as:

Ω1,2(y1, y2)
Z1,2(βa, βb)

e−βay1−βby2dy1dy2, (61a)

in which

Ω1,2(y1, y2) =
1

dy1dy2

∫
y1<U1(ω)≤y1+dy1, y2<U2(ω)≤y2+dy2

dP(ω) (61b)

=
∂2

∂y1∂y2

∫
U1(ω)≤y1, U2(ω)≤y2

dP(ω). (61c)

We note that the marginal distribution∫
R

Ω1,2(y1, y2)
Z1,2(βa, βb)

e−βay1−βby2dy2 =
1

Z1(βa)

(∫
R

Ω1,2(y1, y2)dy2

)
e−βay1 . (62)

This implies that

1
Z1(βa)

∫
R

Ω1,2(y1, y2)dy2 =
1

Z1,2(βa, βb)

∫
R

Ω1,2(y1, y2)e−βby2dy2. (63)

Since the rhs of (63) is not a function of βb, we have the following equality:

∂ ln Z1,2(βa, βb)
∂βb

= −

∫
R
y2Ω1,2(y1, y2)e−βby2dy2∫
R

Ω1,2(y1, y2)e−βby2dy2
. (64)

Eq. (63) can also be re-arranged into∫
R

Ω1,2(y1, y2)e−βby2dy2∫
R

Ω1,2(y1, y2)dy2
=

Z1,2(βa, βb)
Z1(βa)

, (65a)
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R

Ω1,2(y1, y2)e−βby2
(
eβby2

)
dy2∫

R
Ω1,2(y1, y2)e−βby2dy2

=
Z1(βa)

Z1,2(βa, βb)
. (65b)

Relative entropy between two random variables. The relative entropy between two measures µ1 =
(
P⊕ (−βaU1)

)
∈

M and µ2 =
(
P ⊕

(
−βbU2(ω)

))
∈ M, when transformed into the energy representation, is given by:∫

Ω

ln
(
dµ1

dµ2
(ω)
)
dµ1(ω) =

∫
Ω

e−βaU1(ω)

Z1(βa)
ln
(
Z2(βb)
Z1(βa)

e−βaU1(ω)+βbU2(ω)
)
dP(ω)

=

∫
R

ΩU1 (h)e
−βah

Z1(βa)
ln
(

ΩU2 (h)e
−βah

Z1(βa)ΩU1 (h)

)
dh (66a)

+ βb

∫
Ω

U2(ω)
(
e−βaU1(ω)

Z1(βa)

)
dP(ω) + ln Z2(βb). (66b)

Note that the first term in (66b) again contains the U2|U1=h1 that appeared in (25) and (44). It cannot be expressed in
terms of the energy representations of µ1 and µ2. Unless g2 = ag1 + b, the two measures µ1 and µ2, with densities
dµ1 = eg1dP and dµ2 = eg2dP, do not share the same restricted σ -algebra.

4.2. Entropy divergence in the SoPMs

Consider two probability measures µ1, µ2 ∈ M in the SoPMs, with Radon–Nikodym derivatives w.r.t. P given by f1(ω)
and f2(ω) respectively. One can introduce the following divergence on M:

d2
(
µ1, µ2

)
=

∫
Ω

(
f1(ω) − f2(ω)

) ( ln f1(ω) − ln f2(ω)
f1(ω) − f2(ω)

) (
f1(ω) − f2(ω)

)
P(dω). (67)

This divergence can also be rewritten as the sum of two non-negative terms in the form of relative entropy, a
symmetrized version of the latter:

d2 (µ1, µ2) =

∫
Ω

ln
(
dµ1

dµ2
(ω)
)

µ1(dω) +

∫
Ω

ln
(
dµ2

dµ1
(ω)
)

µ2(dω). (68)

From this second form, it is clear that d is symmetric with respect to µ1 and µ2 and is zero if and only if µ1 = µ2 on
F . This form also has the advantage of making it clear that d is invariant with respect to the choice of an origin P. Note
that, despite our notation, this quantity is not a metric because it does not satisfy the triangle inequality. It is only a local
metric. That is, if µ1, µ2 and µ3 are sufficiently close together then d(µ1, µ2) + d(µ2, µ3) ≥ d(µ1, µ3).

Divergence in energy representation. If µ1 and µ2 are written in their respective energy representations, i.e. fE1(y1) =

Z1(βa)Ω1(y1)e−βay1 and fE2(y2) = Z2(βb)Ω2(y2)e−βby2 . Then from Eq. (68), we have

d2
(
µ1, µ2

)
= βb

∫
R

(
Ω1(y1)e−βay1

Z1(βa)

)
U2|U1=y1 dy1 − βaU1(βa) − βbU2(βb)

+ βa

∫
R

(
Ω2(y2)e−βby2

Z2(βb)

)
U1|U2=y2 dy2. (69)

There are three interesting special cases:
Different β’s and same Ω. If Ω1(y) = Ω2(y) = Ω(y),

d2
(
µ1, µ2

)
=
(
βb − βa

)(
U(βa) − U(βb)

)
. (70)

Different Ω’s and same β. With same βa = βb = β but different Ω ’s,

d2
(
µ1, µ2

)
= β

∫
R

(
Ω1(y1)e−βy1

Z1(β)

)[
U2|U1=y1 − y1

]
dy1 (71a)

+ β

∫
R

(
Ω2(y2)e−βy2

Z2(β)

)[
U1|U2=y2 − y2

]
dy2 (71b)

= β

(
W12(β) + W21(β)

)
. (71c)

Here, following (22) and (23), we have identified the terms in (71a) and (71b) as W12(β) and W21(β), respectively.
Different Ω’s and β’s.

d2
(
µ1, µ2

)
= βbW12(βa) + βaW21(βb) +

(
βb − βa

)(
U1(βa) − U2(βb)

)
. (72)
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Eq. (72) implies an inequality that, being different from (35) and (36), is based on Massieu–Planck potential:

−

(
W12

Tb
+

W21

Ta

)
≤

(
U1 − U2

)( 1
Tb

−
1
Ta

)
. (73)

4.3. Heat divergence

One can also introduce another related divergence on M. For fixed βa, βb > 0, define:

d2β (µ1, µ2) =
1
βa

∫
Ω

f1(ω) ln

(
f1(ω)

f (βa)
2 (ω)

)
P(dω) +

1
βb

∫
Ω

f2(ω) ln

(
f2(ω)

f (βb)
1 (ω)

)
P(dω)

=

∫
Ω

(
e−βaU1(ω)

Z1(βa)
−

e−βbU2(ω)

Z2(βb)

)(
U2(ω) − U1(ω)

)
P(dω) (74)

+
1
βa

ln
(
Z2(βa)
Z1(βa)

)
−

1
βb

ln
(
Z2(βb)
Z1(βb)

)
,

in which

f1(ω) =
e−βaU1(ω)

Z1(βa)
and f2(ω) =

e−βbU2(ω)

Z2(βb)
(75)

are the densities of µ1 and µ2 with respect to P and

f (βa)
2 (ω) =

e−βaU2(ω)

Z2(βa)
, f (βb)

1 (ω) =
e−βbU1(ω)

Z1(βb)
. (76)

The same caveats as before apply: This is not a metric on M because it does not satisfy the triangle inequality, but it is
a local metric in the sense that the triangle inequality is satisfied when all measures are sufficiently close together. We
shall call dβ (·, ·) in (74) the heat divergence. In terms of

W12(ω) =
1
βa

ln
(
e−βaU1(ω)

e−βaU2(ω)

)
, W21(ω) =

1
βb

ln
(
e−βbU2(ω)

e−βbU1(ω)

)
, (77)

we have

d2β (µ1, µ2) = Eµ1
[
W12(ω)

]
+ β−1

a lnEµ1
[
e−βaW12(ω)

]
+ Eµ2

[
W21(ω)

]
+ β−1

b lnEµ2
[
e−βbW21(ω)

]
. (78)

Using the Jarzynski–Crooks relation from (28), Eq. (78) implies

W12(βa) + W21(βb) + F1(βa) − F2(βa) + F2(βb) − F1(βb) ≥ 0. (79)

This result generalizes Carnot’s inequality.

4.4. Infinitesimal entropy metric associated with ∆β

Consider an infinitesimal change in β → β + ∆β and corresponding dµ = e−βUdP → d(µ + ∆µ) = e−(β+∆β)UdP.
Then we have

d2
(
µ, µ + ∆µ

)
= (∆β)2

∫
∞

0

Ω(y)e−βy

Z(β)

[(
d ln Z
dβ

)
+ y

]2
dy

= (∆β)2
∫

∞

0

Ω(y)e−βy

Z(β)

(
y − E[U]

)2
dy

= (∆β)2 Var
[
U
]
. (80)

This is a very important relation that connects the entropy divergence with temperature and energy fluctuations. Further-
more, we have

d2
(
µ, µ + ∆µ

)
= (∆β)2

(
−

d2 ln Z(β)
dβ2

)
= (∆β)2

(
d
dβ

E
[
U
])

. (81)

The term inside (· · ·) on the rhs is called the heat capacity in thermodynamics. Internal energy E[U] is a ‘‘slope’’ and the
Var[Xβ ] is a curvature of the ‘‘potential function’’ − ln Z(β).
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4.5. A mathematical remark

Log-mean-exponential inequality and equality. We see that both entropy divergence in (68) and heat divergence in
(78) are based on a very general inequality involving the log-mean-exponential of a random variable ξ (ω) [38]: Jensen’s
inequality.

E
[
ξ (ω)

]
+ β−1 lnE

[
e−βξ (ω)]

≥ 0. (82)

In (68), the two ξs are the information ln dµ1
dµ2

(ω) and ln dµ2
dµ1

(ω); and in (78), the two ξs are the work W12(ω) =

β−1
a ln e−βaU1(ω)

e−βaU2(ω) and W21(ω) = β−1
b ln e−βbU2(ω)

e−βbU1(ω) . They are all different forms of Radon–Nikodym derivatives. In the entropy
divergence, the second, log-mean-exponential term in (82) is zero according to the Hatano–Sasa equality. In the heat
divergence case, the same term gives a Jarzynski–Crooks’ free energy difference.

Eq. (82) should be recognized as ‘‘mean internal energy minus free energy’’. Thus it should be some kind of entropy:

EP[ξ (ω)
]
+ β−1 lnEP

[
e−βξ (ω)

]
= EP

[
ln
(

dP
dP′

(ω)
)]

, (83)

in which P′
= P ⊕ (−βξ ) is the affine sum of P and (−βξ ). Eq. (83) could be argued as the fundamental equation for

isothermal processes under a single temperature T = β−1. The implication of this interesting ‘‘Jensen’s equality’’ to the
affine geometry of the SoPMs is currently being explored.

5. Discussion

It has been well established, through the work of Gibbs, Carathéodory, and many others, that geometry has a role in
the theory of equilibrium thermodynamics [39–41]. Classical thermodynamics is not based on the theory of chance, but
there is no doubt that the notion of entropy has its root in the theory of probability. In the present work, we propose that
the space of probability measures as a natural setting in which thermodynamic concepts can be established logically. In
particular, an affine structure is naturally related to the canonical probability distribution studied by Boltzmann and Gibbs
in their statistical theories, and almost all thermodynamic potentials are different forms of Radon–Nikodym derivatives
associated with changes of measures. Even the fundamental equation of nonequilibrium thermodynamics, together with
the distinctly nonequilibrium notion of entropy production, naturally emerges.

Statistical mechanics, as a scientific theory, differs from Kolmogorov’s axiomatic theory of probability in one essential
point: The latter demands a complete probability space and a normalized probability measure, while in the former every
probability distribution is a conditioned probability under many known and unknown conditions. More importantly, the
probability of the conditions, themselves as random events, are usually not knowable. In the theory of the space of
measures, we see that one mechanical system with a given energy function U(ω) corresponds to a straight line, and the
fixing of the origin in M in terms of P or the normalization in terms of Z(β) [which translates to the arbitrary constant
in U(ω)] amount to the idea of gauge fixing. Thermodynamic work then arises in the rotation from U1(ω) to U2(ω). In the
theory of probability, associated with any ‘‘change’’ is a change of measure: Radon–Nikodym derivatives simply provide the
calculus to quantity the fluxion! In Newtonian mechanics, change in space is absolute; but in probability, it is a complex
matter, and it is all relative.

The probability theory of large deviations is now a recognized mathematical foundation for statistical thermodynam-
ics [37,42,43]. Such a theory is concerned with the deterministic thermodynamic limit. In Section 3.6, we see that the
combination of our theory and a deterministic limit gives rise to the concept of macroscopic equations of state in classic
thermodynamics [10].

Equilibrium mean internal energy U(β) depends on both the intrinsic properties of a system and its external
environment. This is most clearly shown through the canonical distribution that is determined by U(ω) and β . The
decomposition in Eq. (15), a simple example of the much more general (83), connects the internal energy with ‘‘work’’
and ‘‘heat’’, or the ‘‘usable energy’’ and ‘‘useless energy’’, or entropy production and entropy change. These are all just
different interpretations under different perspectives.
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Ternary Representation of Stochastic Change and the Origin of Entropy and Its Fluctuations

Hong Qian,∗ Yu-Chen Cheng,† and Lowell F. Thompson‡

Department of Applied Mathematics, University of Washington, Seattle, WA 98195, U.S.A.

A change in a stochastic system has three representations: Probabilistic, statistical, and informational: (i) is
based on random variable u(ω) → ũ(ω); this induces (ii) the probability distributions Fu(x) → Fũ(x), x ∈
Rn; and (iii) a change in the probability measure P → P̃ under the same observable u(ω). In the informational
representation a change is quantified by the Radon-Nikodym derivative ln

(
dP̃
dP (ω)

)
= − ln

(
dFu
dFũ

(x)
)

when
x = u(ω). Substituting a random variable into its own density function creates a fluctuating entropy whose
expectation has been given by Shannon. Informational representation of a deterministic transformation on
Rn reveals entropic and energetic terms, and the notions of configurational entropy of Boltzmann and Gibbs,
and potential of mean force of Kirkwood. Mutual information arises for correlated u(ω) and ũ(ω); and a
nonequilibrium thermodynamic entropy balance equation is identified.

I. INTRODUCTION

A change according to classical physics is simple: if one
measures x1 and x2 which are traits, in real numbers, of
a “same” type, then ∆x = x2 − x1 is the mathematical
representation of the change; ∆x ∈ Rn. How to characterize
a change in a complex world? To represent a complex,
stochastic world [1], the theory of probability developed by A.
N. Kolmogorov envisions an abstract space (Ω,F ,P) called
a probability space. Similar to the Hilbert space underlying
quantum mechanics [2], one does not see or touch the objects
in the probability space, ω ∈ Ω, nor the P. Rather, one
observes the probability space through functions, say u(ω),
called random variables which map Ω → Rn. The same
function maps the probability measure P to a cumulative
probability distribution function (cdf) Fu(x), x ∈ Rn.

Now a change occurs; and based on observation(s) the
Fu(x) is changed to Fũ(x). In the current statistical data
science, one simply works with the two functions Fu(x) and
Fũ(x). In fact, the more complete description in the statistical
representation is a joint probability distribution Fuũ(x1, x2)
whose marginal distributions are Fu(x1) = Fuũ(x1,∞) and
Fũ(x2) = Fuũ(∞, x2).

If, however, one explores a little more on the “origin” of
the change, one realizes that there are two possible sources:
A change in the P, or a change in the u(ω). If the P → P̃
while the u(ω) is fixed, then according to the measure theory,
one can characterize this “change of measure” in terms of
a Radon-Nikodym (RN) derivative dP̃

dP(ω) [3–5]. In the rest
of this paper, we will assume that all the measures under
consideration are absolutely continuous with respect to each
other and that all measures on Rn are absolutely continuous
with respect to the Lebesgue measure. This ensures that all
RN derivatives are well-defined. Note, this is a mathematical
object that is defined on the invisible probability space. It
actually is itself a random variable, with expectation, variance,
and statistics.

∗ hqian@u.washington.edu
† yuchench@u.washington.edu
‡ lfthomps@u.washington.edu

What is the relationship between this informational
representation of the change and the observed Fu and Fũ?
For u(ω), ũ(ω) ∈ R, the answer is [52]:

dP̃
dP

(ω) =

[
dFu

dFũ

(
u(ω)

)]−1

. (1)

On the rhs of (1), dFu

dFũ
(x) is like a probability density function,

which is only defined on R. However, substituting the
random variable u(ω) into the probability density function,
one obtains the lhs of (1). Putting a random variable back
into the logarithm of its own density function to create a
new random variable is the fundamental idea of fluctuating
entropy in stochastic thermodynamics [6, 7], and the notion
of self-information [8–10]. Its expected value then becomes
the Shannon information entropy or intimately related relative
entropy [11]. The result in (1) can be generalized to u, ũ ∈ Rn.
In this case,

dFu

dFũ

(
x1, · · · , xn

)
=

∂nFu

∂x1···∂xn

∂nFũ

∂x1···∂xn

. (2)

In the rest of the paper, we shall consider the u(ω) ∈ R. But
the results are generally valid for multidimensional u(ω).

In this paper, we present key results based on this
informational representation of stochastic change. We show
all types of entropy are unified under the single theory. The
discussions are restricted on very simple cases; we only touch
upon the stochastic change with a pair of correlated u(ω) →
ũ(ω), which have respective generated σ-algebras that are
non-identical in general. The notion of “thermodynamic
work” will appear then [5].

The informational and probabilistic representations of
stochastic changes echo the Schrödinger and Heisenberg
pictures in quantum dynamics [12]: in terms of wave
functions in the abstract, invisible Hilbert space and in terms
of self-adjoint operators as observables.

II. INFORMATIONAL REPRESENTATION OF
STOCHASTIC CHANGE

Statistics and information: Push-forward and pull-back.
Consider a sequence of real-valued random variables of a
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same physical origin and their individual cdfs:

Fu1 (x), Fu2 (x), · · · , FuT (x). (3)

According to the axiomatic theory of probability built on
(Ω,F ,P), there is a sequence of random variables

u1(ω), u2(ω), · · · , uT (ω), (4)

in which each uk(ω) maps the P(ω) to the push-forward
measure Fk(x), x ∈ R. Eq. 5 illustrate this with u and ũ
stand for any ui and uj .

P(ω) Fu(x)

P̃(ω) Fũ(x)

✲

✲

◗
◗
◗
◗
◗
◗s❄

u(ω)

u(ω)

ũ(ω)dP̃
dP (ω) =

[
dFu

dFũ

(
u(ω)

)]−1
(5)

Informational representation, thus, considers the (3) as the
push-forward of a sequence of measures P1 = P,P2, · · · ,PT ,
under a single observable, say u1(ω). This sequence of Pk

can be represented through the fluctuating entropy inside the
[· · · ] below:

dPk(ω) =

[
dFu1

dFuk

(
u1(ω)

)]−1

dP(ω). (6)

Narratives based on information representation have rich
varieties. We have discussed above the information
representation cast with a single, common random variable
u(ω): Pk(ω)

u−→ Fk(x). Alternatively, one can cast the
information representation with a single, given F ∗(x) on R:
Pk(ω)

uk−→ F ∗(x) for any sequence of uk(ω). Actually
there is a corresponding sequence of measures Pk, whose
push-forward are all F ∗(x), on the real line independent of
k. Then parallel to Eq. 5 we have a schematic:

P(ω) Fuk
(x)

Pk(ω) F ∗(x)

✲

✲

◗
◗
◗
◗
◗
◗s❄

uk(ω)

uk(ω)

u1(ω)dPk

dP (ω) =
[
dFuk

dF∗
(
uk(ω)

)]−1 (7)

If the invariantF ∗(x) is the uniform distribution, e.g., when
one chooses the Lebesgue measure on R with F ∗(x) = x,
then one has

− EP
[
ln

(
dFuk

dx

(
uk(ω)

))]
= −

∫

R
fuk

(x) ln fuk
(x)dx.

This is precisely the Shannon entropy! More generally with a
fixed F ∗(x), one has

EP
[
ln

(
dFuk

dF ∗
(
uk(ω)

))]
=

∫

R
fuk

(x) ln

[
fuk

(x)

f∗(x)

]
dx

= −
∫

R
fuk

(x) ln f∗(x)dx +

∫

R
fuk

(x) ln fuk
(x)dx. (8)

This is exactly the relative entropy w.r.t. the stationary
f∗(x). In statistical thermodynamics, this is called free energy.
−β−1 ln f∗(x) on the rhs of (8) is called internal energy,
where β stands for the physical unit of energy. The integral
is the mean internal energy.

Essential facts on information. Several key mathematical
facts concerning the information, as a random variable defined
in (1), are worth stating.

First, even though the u(ω) appears in the rhs of the
equation, the resulting lhs is independent of the u(ω): It is a
random variable created from P, P̃, and random variable ũ(ω),
as clearly shown in Eq. 5. This should be compared with a
well-known result in elementary probability: For a real-valued
random variable η(ω) and its cdf Fη(x), the constructed
random variable Fη

(
η(ω)

)
is a uniform distribution on [0, 1]

independent of the nature of η(ω).
Second, if we denote the logarithm of (1) as ξ(ω), ξ(ω) =

ln dP̃
dP , then one has a result based on the change of measure

for integration:

EP[η(ω)
]
=

∫

Ω

η(ω)dP(ω) =

∫

Ω

η(ω)

(
dP
dP̃

(ω)

)
dP̃(ω)

=

∫

Ω

η(ω)e−ξ(ω)dP̃(ω)

= EP̃
[
η(ω)e−ξ(ω)

]
. (9a)

And conversely,

EP̃[η(ω)
]
= EP

[
η(ω)eξ(ω)

]
. (9b)

In particular, when the η = 1, the log-mean-exponential
of fluctuating ξ is zero. The incarnations of this equality
have been discovered numerous times in thermodynamics,
such as Zwanzig’s free energy perturbation method [13],
the Jarzynski-Crooks equality [15, 36], and the Hatano-Sasa
equality [16].

Third, one has an inequality,

lnEP[ξ(ω)
]
≤ lnEP

[
eξ(ω)

]
= 0. (10)

As we have discussed in [5], this inequality is the
mathematical origin of almost all inequalities in connection
to entropy in thermodynamics and information theory.

Fourth, let us again consider a real-valued random variable
η(ω), with probability density function fη(x), x ∈ R, and its
information, e.g., fluctuating entropy ξ(ω) = − ln fη

(
η(ω)

)

[6]. Then one has a new measure P̃ whose dP̃
dP(ω) = eξ(ω),

and
∫

x1<η(ω)≤x2

dP̃(ω) =
∫

x1<η(ω)≤x2

eξ(ω)dP(ω)

=

∫

x1<η(ω)≤x2

[
fη
(
η(ω)

)]−1
dP(ω)

=

∫ x2

x1

(
fη(y)

)−1
fη(y)dy

= x2 − x1. (11)
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This means that under the new measure P̃, the random variable
η(ω) has an unbiased uniform distribution on the R. Note
that the measure P̃(ω) is non-normalizable if η(ω) is not a
bounded function.

Entropy is the greatest “equalizer” of random variables, as
physical observables inevitably biased!

The forgoing discussion leaves no doubt that entropy (or
negative free energy) ξ(ω) is a quantity to be used in the form
of eξ(ω). This clearly points to the origin of partition function
computation in statistical mechanics. In fact, it is fitting to
call the tangent space in the affine structure of the space of
measures its “space of entropies” [5]; which represents the
change of information.

III. CONFIGURATIONAL ENTROPY IN CLASSICAL
DYNAMICS

By classical dynamics, we mean the representation of
dynamical change in terms of a deterministic mathematical
description, with either discrete space-time or continuous
space-time. The notion of “configurational entropy” arose in
this context in the theories of statistical mechanics, developed
by L. Boltzmann and J. W. Gibbs, either as Boltzmann’s
Wahrscheinlichkeit W , the Jacobian matrix in a deterministic
transformations [17] as a non-normalizable density function,
or its cumulative distribution. Boltzmann’s entropy emerges
in connection to macroscopic observables, which are chosen
naturally from the conserved quantities in a microscopic
dynamics.

In our present approach, the classical dynamics is a
deterministic map in the space of observables, Rn. The
informational representation demands a description of the
change via a change of measures, and we now show the notion
of configurational entropy arises.

Information in deterministic change. Let us now consider
a one-to-one deterministic transformation R → R, which
maps the random variable u(ω) to v(ω) = g−1

(
u(ω)

)
,

g′(x) > 0. Then

dFv(x)

dFu(x)
=

(
fu(g(x))

fu(x)

)
g′(x). (12)

Applying the result in (1) and (5), the corresponding RN
derivative

− ln

[
dP̃
dP

(ω)

]
=

[
ln fu(g(x)) − ln fu(x) + ln g′(x)

]
x=v(ω)

(13a)

= − ln fu
(
v(ω)

)
+ ln

(
dg

dx

(
v(ω)

))

︸ ︷︷ ︸
information of v under observable u

(13b)

−
(
− ln fu

(
u(ω)

))

︸ ︷︷ ︸
information of u

(13c)

in which the information of v = g−1(u), under observable
u(ω), has two distinctly different contributions: energetic part
and entropic part.

The energetic part represents the “changing location”,
which characterizes movement in the classical dynamic sense:
A point to a point. It experiences an “energy” change where
the internal energy is defined as −β−1 ln fu(x) = ϕ(x).

The entropic part represents the resolution for measuring
information. This is distinctly a feature of dynamics in
a continuous space, it is related to the Jacobian matrix in
a deterministic transformation: According to the concept
of Markov partition developed by Kolmogorov and Sinai
for chaotic dynamics [18], there is the possibility of
continuous entropy production in dynamics with increasing
“state space fineness”. This term is ultimately related to
Kolmogorov-Sinai entropy and Ruelle’s folding entropy [19].

Entropy and Jacobian matrix. We note that the
“information of v under observable u”

− ln fu
(
v(ω)

)
+ ln

(
dg

dx

(
v(ω)

))
6= − ln fv

(
v(ω)

)
! (14)

This difference precisely reflects the effect of “pull-back”
from R to the Ω space, there is a breaking symmetry between
u(ω) and v(ω) in (13a), when setting x = v(ω). Actually,
the full “information entropy change” associated with the
deterministic map

− ln fv
(
v(ω)

)
+ ln fu

(
u(ω)

)
= − ln

(
dg

dx

(
v(ω)

))
, (15)

as expected. The rhs is called configurational entropy. Note
this is an equation between three random variables, i.e.,
fluctuating entropies, that is valid for all ω. For a one-to-one
map in Rn, the above |dg(x)/dx| becomes the absolute value
of the determinant of n × n Jacobian matrix, which has a
paramount importance in the theory of functions, integrations,
and deterministic transformations. The matrix is associated
with an invertible local coordinate transform, yi = gi(x),
1 ≤ i ≤ n, x ∈ Rn:

D [y1, · · · , yn]
D [x1, · · · , xn]

=




∂g1
∂x1

· · · ∂g1
∂xn

...
. . .

...
∂gn
∂x1

· · · ∂gn
∂xn


 , (16)

whose determinant is the local “density change”. Classical
Hamiltonian dynamics preserves the Lebesgue volume.

Measure-preserving transformation. A change with
information preservation means the lhs of (13a) being zero for
all ω ∈ Ω. This implies the function g(x) necessarily satisfies

− ln fu(x) + ln

(
dg(x)

dx

)
= − ln fu

(
g(x)

)
. (17)

Eq. 17 is actually the condition for g preserving the measure
Fu(x), with density fu(x), on R [18]:

fu(x) = fu(g(x))

(
dg(x)

dx

)
= fv(x), (18a)

Fu(x) =

∫ x

−∞
fu(z)dz = Fu

(
g(x)

)
. (18b)
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In this case, the inequality in (14) becomes an equality.
In terms of the internal energy ϕ(x), then one has

β =
1

ϕ
(
g(x)

)
− ϕ(x)

ln

(
dg(x)

dx

)
, (19)

which should be heuristically understood as the ratio ∆S
∆E

where ∆S = ln dg(x) − ln dx and ∆E = ϕ
(
g(x)

)
− ϕ(x).

For an infinitesimal change g(x) = x+ ε(x), we have

β =
ε′(x)

ϕ′(x)ε(x)
. (20)

Entropy balance equation. The expected value of the lhs of
(13a) according to measureP is non-negative. In fact, consider
the Shannon entropy change associated with Fũ(x) → Fu(x):

∫

R
fũ(x) ln fũ(x)dx −

∫

R
fu(x) ln fu(x)dx (21a)

=

∫

R
fũ(x) ln

(
fũ
fu

)
dx

︸ ︷︷ ︸
entropy production ∆S(i)

+

∫

R

[
fũ(x) − fu(x)

]
ln fu(x)dx

︸ ︷︷ ︸
entropy exchange ∆S(e)

= EP
[
ln

(
dP
dP̃

(ω)

)]
(21b)

+EP
[
ln

(
dFu

dx

)(
ũ(ω)

)
− ln

(
dFu

dx

)(
u(ω)

)]
. (21c)

This equation in fact has the form of the fundamental equation
of nonequilibrium thermodynamics [20, 21]: ∆S = ∆S(i) +
∆S(e). The entropy production ∆S(i) on the rhs is never
negative, the entropy exchange∆S(e) has no definitive sign. If
fu(x) =

dFu(x)
dx = C is a uniform distribution, then ∆S(e) =

0 and entropy change is the same as entropy production.
Contracted description, endomorphism, and matrix

volume. We have discussed above the Rn → Rn deterministic
invertible transformation y = g(x) and shown that the
determinant of its Jacobian matrix is indeed the informational
entropy change. The informational representation, in
fact naturally, allows us to also consider a non-invertible
transformation in the space of observable u(ω) ∈ Rn through
a much lower dimensional g(x) ∈ Rm, m ≪ n. In this
case, the original Rn is organized by the m-dimensional
observables, called “macroscopic” (thermodynamic) variables
in classical physics, or “principle components” in current data
science and model reduction [22].

The term endomorphism means that a deterministic map
u → v = g−1(u) in (12) is many-to-one. In this case, a simple
approach is to divide the domain of u into invertible parts.
Actually, in terms of the probability distributions of g(x) =
(g1, · · · , gm)(x), the non-normalizable density function

W (y1, · · · , ym) =
∂m

∂y1 · · ·∂ym

∫

g1(x)≤y1,··· ,gm(x)≤ym

dx,

(22)
now plays a crucial role in the information representation. In
fact, the W in (22) is the reciprocal of the matrix volume,

e.g., the absolute value of the “determinant” of the rectangular
matrix [23]

det

(
D [y1, · · · , ym]

D [x1, · · · , xn]

)
, (23)

which can be computed from the product of the
singular values of the non-square matrix. Boltzmann’s
Wahrscheinlichkeit, his thermodynamic probability, is when
m = 1. In that case,

W (y) =
d

dy

∫

g(x)≤y

dx =

∮

g(x)=y

dΣ

‖∇g(x)‖ , (24)

in which the integral on rhs is the surface integral on the level
surface of g(x) = y .

One has a further, clear physical interpretation of
− lnW (y1, · · · , ym) as a potential of entropic force [24], with
force:

∂ lnW

∂yℓ
=

1

W

∂W

∂yℓ
, (1 ≤ ℓ ≤ m). (25)

In the polymer theory of rubber elasticity, a Gaussian density
function emerges due to central limit theorem, and Eq. 25
yields a three-dimensional Hookean linear spring [25].

IV. CONDITIONAL PROBABILITY, MUTUAL
INFORMATION AND FLUCTUATION THEOREM

In addition to describing change by ∆x = x2−x1, another
more in-depth characterization of a pair of observables
(x1, x2) is by their functional dependency x2 = g(x1), if any.
In connection to stochastic change, this leads to the powerful
notion of conditional probability, which we now discuss in
terms of the informational representation.

First, for two random variables (u1, u2)(ω), the conditional
probability distribution on R× R:

Fu1|u2
(x; y) =

P
{
y < u2(ω) ≤ y + dy, u1(ω) ≤ x

}
∫

y<u2(ω)≤y+dy

dP
. (26)

Then it generates an “informational” random variable

ξ12(ω) = ln

[
∂Fu1|u2

(x; y)/∂x

dFu1(x)/dx

]

x=u1(ω),y=u2(ω)

, (27)

which is a conditional information, whose expected value
is widely know in information theory as mutual information
[26]:

E [ξ12(ω)] =

∫

R2

fu1u2(x, y) ln

[
∂Fu1|u2

(x; y)/∂x

dFu1(x)/dx

]
dxdy

=

∫

R2

fu1u2(x, y) ln

[
fu1|u2

(x; y)

fu1(x)

]
dxdy

=

∫

R2

fu1u2(x, y) ln

[
fu1,u2(x, y)

fu1(x)fu2(y)

]
dxdy

= MI(u1, u2). (28)
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We note that ξ12(ω) is actually symmetric w.r.t. u1 and u2.
The term inside the [· · · ] in (27

fu1|u2
(x; y)

fu1(x)
=

fu1,u2(x, y)

fu1(x)fu2 (y)
=

fu2|u1
(x; y)

fu2(x)
. (29)

In fact the equality ξ12(ω) = ξ21(ω) is the Bayes’ rule.
Furthermore, MI(u1, u2) ≥ 0. It has been transformed into
a distance function that satisfies triangle inequality [27, 28].

In statistics, “distance” is not only measured by their
dissimilarity, but also their statistical dependence. This
realization gives rise to the key notion of independent and
identically distributed (i.i.d.) random variables. In the
informational representation, this means u1 and u2 have same
amount of information on the probability space, and they have
zero mutual information.

Finally, but not the least, for Fu1u2(x, y), one can introduce
a F̃u1u2(x, y) = Fu1u2(y, x). Then entropy production,

ξ(ω) = ln

[
dFu1u2

dF̃u1u2

(x, y)

]

x=u1(ω),y=u2(ω)

(30a)

= ln




∂2Fu1u2 (x,y)

∂x∂y

∂2Fu1u2 (y,x)

∂x∂y



x=u1(ω),y=u2(ω)

, (30b)

satisfies the fluctuation theorem [35, 37]:

P{a < ξ(ω) ≤ a+ da}
P{−a− da < ξ(ω) ≤ −a} = ea, (31)

for any a ∈ R. Eq. 31 characterizes the statistical asymmetry
between u1(ω) and u2(ω), not independent in general. Being
identical and independent is symmetric, so is a stationary
Markov process with reversibility [35].

V. CONCLUSION AND DISCUSSION

The theory of information [26] as a discipline that exists
outside the field of probability and statistics owes to its
singular emphasis on the notion of entropy as a quantitative
measure of information. Our theory shows that it is
indeed a unique representation of stochastic change that is
distinctly different from, but complementary to, the traditional
mathematical theory of probability. In statistical physics,
there is a growing awareness of a deep relation between the
notion of thermodynamic free energy and information [29].
The present work clearly shows that it is possible to narrate the
statistical thermodynamics as a subject of theoretical physics

in terms of the measure-theoretic information, as suggested
by some scholars who studied deeply thermodynamics
and the concept of entropy [30]. Just as differential
calculus and Hilbert space providing the necessary language
for classical and quantum mechanics, respectively, the
Kolmogorovian probability, including the informational
representation, provides many known results in statistical
physics and chemistry with a deeper understanding, such
as phase transition and symmetry breaking [31], Gibbsian
ensemble theory [32], nonequilibrium thermodynamics [35–
38], and the unification of the theories of chemical kinetics
and chemical thermodynamics [39]. In fact, symmetry
principle [40] and emergent probability distribution via limit
laws [41] can both be understood as providing legitimate
measures a priori, P(ω), for the physical world or the
biological world. And stochastic kinematics dictates entropic
force and its potential function, the free energy [42]. [53]

For a long time the field of information theory and the study
of large deviations (LD) in probability were not integrated:
A. Ya Khinchin’s book was published the same year as
the Sanov theorem [43, 44]. Researchers now are agreed
upon that Boltzmann’s original approach to the canonical
equilibrium energy distribution [45], which was based on a
maximum entropy argument, is a part of the contraction of
Sanov theorem in the LD theory [46]. In probability, the
contraction principle emphasizes the LD rate function for
the sample mean of a random variable.[54] In statistics and
data science, the same mathematics has been used to justify
the maximum entropy principle which emphasizes a bias, as
a conditional probability, introduced by observing a sample
mean [47]. In all these work, Shannon’s entropy and its
variant relative entropy, as a single numerical characteristic of
a probability distribution, has a natural and logical role. Many
approaches have been further advanced in applications, e.g.,
surprisal analysis and maximum caliber principle [48, 49].

The idea that information can be itself a stochastic quantity
originated in the work of Tribus, Kolmogorov [8, 9], and
probably many other mathematically minded researchers [50].
In physics, fluctuating entropy and entropy production arose
in the theory of nonequilibrium stochastic thermodynamics.
This development has significantly deepened the concept of
entropy, both to physics and as the theory of information. The
present work further illustrates that the notion of information,
together with fluctuating entropy, actually originates from
a perspective that is rather different from that of strict
Kolmogorovian; with complementarity and contradistinctions.
In pure mathematics, the notion of change of measures goes
back at least to 1940s [51], if not earlier.
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(
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−∞
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dFu(u)
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