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Abstract

Matrix Free Methods for Large Scale Optimization

Jiashan Wang

Chair of the Supervisory Committee:
Professor James V. Burke
Department of Mathematics

Sequential quadratic optimization (SQP) methods are widely used to solve large-scale non-
linear optimization problems. We build two matrix-free methods for approximately solving
exact penalty subproblems that arise when using SQP methods to solve large-scale optimiza-
tion problems. The first approach is a novel iterative re-weighting algorithm. The second
approach is based on alternating direction augmented Lagrangian technology applied to our
setting. We prove that both algorithms are globally convergent under loose assumptions.

SQP methods can be plagued by poor behavior of the global convergence mechanisms.
Here we consider global convergence results that use an exact penalty function to compute
stepsizes. To confront this issue, we propose a dynamic penalty parameter updating strategy
to be employed within the subproblem solver in such a way that the resulting search direction
predicts progress toward both feasibility and optimality. We prove that does not decrease the
penalty parameter unnecessarily in the neighborhood of points satisfying certain common
assumptions. We also discuss a coordinate descent subproblem solver in which our updating
strategy can be readily incorporated.

In the final application of the thesis, we consider a block coordinate descent (BCD)
method applied to graphical model learning with special structures, in particular, hub
structure and latent variable selection. We tackle the issue of maintaining the positive
definiteness of covariance matrices for general rank 2 updates. An active set strategy is em-

ployed to speed up BCD for hub structure problem. For latent variable selection problems,



we propose a method for maintaining a low rank factorization for the covariance matrix
while preserving the convexity of the subproblems for SBCD. We show that our proposed
method converges to a stationary point of a non-convex formulation. Extensive numerical

experiments are discussed for both models.
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Chapter 1
INTRODUCTION

1.1 Matrix-free Method for Exact Penalty Subproblem

The prototypical convex-composite optimization problem is

min f(z)+dist (F(z) |C), (1.1.1)

rzeX
where the sets X C R”™ and C C R™ are non-empty, closed, and convex, the functions

f:R* - Rand F: R*" — R™ are smooth, and the distance function is defined as
dist := inf —
st (y | C) i= inf, fly — 2]

with ||| a given norm on R™ [7, 25, [56]. The objective in problem (|1.1.1)) is an exact penalty

function for the optimization problem

mi)r(l f(z) subject to F(x) € C,
Tre

where the penalty parameter has been absorbed into the distance function. Problem
is also useful in the study of feasibility problems where one takes f = 0.

Problems of the form and algorithms for solving them have received a great deal
of study over the last 30 years [2, 27, 59]. The typical approach for solving such problems
is to apply a Gauss-Newton strategy to either define a direction-finding subproblem paired
with a line search, or a trust-region subproblem to define a step to a new point [7, [56]. The
first part of this thesis concerns the design, analysis, and implementation of methods for
approximately solving the subproblems in either type of approach in large-scale settings.

These subproblems take the form

1
min g7z + ZoT Ha + dist (Az 4+ b | C), (1.1.2)
zeX 2

where g € R", H € R™" is symmetric, A € R™*" b € R™, and X C R" and C C R™

may be modified versions of the corresponding sets in (1.1.1). In particular, the set X



may include the addition of a trust-region constraint. In practice, the matrix H is an
approximation to the Hessian of the Lagrangian for the problem 18, 25l 56], and so
may be indefinite depending on how it is formed. However, in this paper, we assume that
it is positive semi-definite so that subproblem is convex.

To solve large-scale instances of , we develop two solution methods based on linear
least-squares subproblems for the set C' which can be written as a product of simple sets.
These solution methods are matrix-free in the sense that the least-squares subproblems
can be solved in a matrix-free manner. The first approach is a novel iterative re-weighting
strategy [3, 51 54, 61, 69], while the second is based on ADAL technology [4, 22, 63]
adapted to this setting. We prove that both algorithms are globally convergent under loose
assumptions, and that each requires at most O(1/e?) iterations to reach e-optimality of
the objective of . We conclude with numerical experiments that compare these two
approaches.

Chapter 2 introduces the IRWA and establishes its global convergence property, while
chapter 3 adapts ADAL to our setting to solve . Chapter 4 includes extensive nu-
merical comparison of these two approaches. Chapter 5 introduces a possible extension of

IRWA.
1.2 Dynamic Penalty Parameter Updating

We consider the use of sequential quadratic optimization (commonly known as SQP) meth-
ods for solving large-scale instances of nonlinear optimization problems (NLPs). While
they have proved to be effective for solving small- to medium-scale problems, SQP meth-
ods have traditionally faltered in large-scale settings due to the expense of (accurately)
solving large-scale quadratic subproblems (QPs) during each iteration. However, with the
use of matrix-free methods for solving the subproblems, one may consider the acceptance
of inexact subproblem solutions. Such a feature offers the possibility of terminating the
subproblem solver early, perhaps well before an accurate solution has been computed. This
characterizes the types of strategies that we propose in this paper.

Recently, some work has been done to provide global convergence guarantees for SQP

methods that allow inexact subproblem solves [I§]. However, the practical efficiency of such



an approach remains an open question. A critical aspect of any implementation of such an
approach is the choice of subproblem solver. This is the case as the solver must be able
to provide good inexact solutions quickly, as well as have the ability to compute highly
accurate solutions—say, by exploiting well-chosen starting points—in the neighborhood of
a solution of the NLP. In addition, while a global convergence mechanism such as a merit
function or filter is necessary to guarantee convergence from remote starting points, an NLP
algorithm can suffer when such a mechanism does not immediately guide the algorithm
toward promising regions of the search space. To confront this issue when an exact penalty
function is used as a merit function, we propose a dynamic penalty parameter updating
strategy to be incorporated within the subproblem solver so that each computed search
direction predicts progress toward both feasibility and optimality. This strategy represents
a stark contrast to previously proposed techniques that only update the penalty parameter
after a sequence of iterations [50, §18.3] or at the expense of multiple subproblem solves
within a single iteration [9, [10] 12| 23] 30], [50], §18.5].

In we introduce a basic penalty-SQP algorithm that will form the framework for
which we will introduce our penalty parameter updating strategy (see §7.2)) and a coordinate
descent subproblem solver (see Chapter 6 and . We discuss the results of extensive
numerical experiments in Concluding remarks are provided in

1.3 Block Coordinate Descent for Structured Graphical Model

Graphical models play a ubiquitous role in machine learning and statistical modeling. Ex-
isting literature [67] has focused extensively on addressing the problem of inference using
graphical models. There has also been some literature [28| [19, 37] on learning the struc-
ture of undirected graphical models. In the literature, sparsity is often used as a prior
for learning graphical models. Sparse graphical models that have a small maximum clique
size enjoy efficient inference [67]. Also, sparse graphical models are also more interpretable
with applications in computational biology [19], social networks [57], etc. However there is
often more prior information in these applications than just sparsity. For example, consider
the problem of learning two gene-regulatory networks, where one corresponds to a healthy

condition and the other corresponds to a cancer condition. The prior information that can



be leveraged in this application is that the networks themselves are sparse (making them
interpretable) and that there could possibly be a few mutant genes [19] that change their
correlations drastically between the two networks. Leveraging this prior information into a
model would make the model more accurate. As another example, in directed social net-
works, it is of interest to identify influential nodes [36] in the network. In the context of
learning undirected graphical models, instead of learning just a sparse network, it would
be more appropriate to model social networks through scale-free graphical models (to iden-
tify influential nodes) [44], 20]. Recently, convex optimization models have been proposed
[48, [64] for learning Gaussian graphical models with hub structure. These models leverage
the prior information that the graph contains a few hubs (although the location or the num-
ber of these nodes is unknown). This is done through a convex regularizer that promotes
hub structure in graphical models. Another example of a model that leverages structured
sparsity is when learning the structure of latent Gaussian variables in graphical models [17].
In this model, the precision matrix is expressed as the sum of a low-rank and a sparse
matrix. While these models are convex, the problem includes either a log-determinant term
(e.g. graphical lasso [28], hub graphical lasso [64], latent variable selection [17], etc) or an
explicit positive definite constraint (e.g. hub covariance selection problem [64] ). The posi-
tive definite constraint necessitates the use of computationally expensive SVD in standard
algorithms such as ADMM [5] and first-order methods such as proximal gradient descent
[62]. Thus these algorithms don’t easily scale to larger problem sizes (i.e. when the problem

dimension p is on the order of thousands of variables).

1.3.1 Optimization model
In chapter 8, we consider the following optimization problem:

subject to V+ VT =0 (or = 0),
where f: RP*P x SP — R U {+o0} is convex and continuously differentiable on its domain
and g : RP*P x SP — R U {400} is convex and block separable in the columns of V' and

Z. Many problems in the context of learning Gaussian graphical models can be modeled



through (1.3.1)) (see e.g. [28] 19, [64] 17]).
1.8.2  Applications
We mention a few applications of the optimization model in (1.3.1)) below:

1. Learning a Gaussian precision matrix with hub structure. Hub graphical lasso [64] 48]

was proposed as a model for this problem:

minimize —logdet(V + VT + 2)+ (V+ VT + 7, S)+
A1]|Z — Diag(Z)|[1 + A2||V — Diag(V)|[1 + As[|V — Diag(V)[1.2
Here,
f,Z) = —logdet(V+VT+2)+(V+VT+25)

9(V,Z) = X\l|Z —Diag(Z)|[1 + A2||V — Diag(V)|[1 + As[|V — Diag(V)][12

2. Learning a Gaussian covariance matrix with hub structure. Hub covariance selection

[64] was proposed as a model for this problem:

e . 1 T 2 .
minimize s||V 4+ V* —S||4 + M|V — Diag(V
minimize 3] I3+ AlIV — Diag(V)

1,2 (1.3.2)

Here,

fv)y = slv+v?h -S|
g(V) = AV — Diag(V)]l12

3. Learning latent variables in graphical models. A low-rank and sparse formulation [17]

was proposed as a model for this problem:

minimize —logdet(Y — L) + (Y — L, S) + A\1||Y||1 + A2 trace(L). (1.3.3)
L=0,Y =0

Let L=V 4+ VT and Y = Z, then (1.3.3) is equivalent to

minimize — logdet(Z —V — VI) 4+ (Z —V = VT S) + A\ Z||1 + 2)2 trace(V)).
V+VT=0

In this case, we have
f(V,2) = —logdet(Z— (V+VE))+(Z—-(V+VT),S)
gV, Z) = M| Z|1 + 2 2 trace(V)



1.8.8 Literature review

While there is much literature on inference given a graphical model, learning the structure of
graphical models plays an important role in biological applications [24], social networks [57],
etc. In biological applications, it is often useful to have an interpretable graphical model. A
sparse graphical model (e.g. a scale-free network) is much more interpretable than a graph
that is densely connected. Thus, much of the literature has focused on learning sparse
graphical models with an emphasis on the popular convex model of graphical lasso [28]. A
whole range of algorithms have been proposed for graphical lasso including GLasso, QUIC,
etc [47, 4], 53, [42] 2], 60]. As an extension to learning a single graphical model, there has
been literature [19, [74] [65] B8] on learning two or more graphical models where there is a
sharing of information between the graphical models. While most of these models promote
sparse graphical models with sparse sharing of information, there has also been literature
on learning graphical models with specific structures. One such structure is learning graphs
with hubs. This has been explored through convex models such as the hub graphical lasso[64]
and perturbed node joint graphical lasso [48]. In these models, instead of just learning a
sparse graphical model, structured sparse graphical models are learned, thus encoding prior
information better than a sparse graphical model. Other examples of learning structured
graphical models include a low-rank and sparse model which arises in the context of learning
latent variables in a graphical model [I7]. There are a few efficient algorithms that have
been proposed for graphical lasso that can scale to large problem sizes with thousands of
variables (see e.g. [42 21]). On the other hand, existing algorithms (e.g. ADMM) for
learning structured graphical models for the applications mentioned above mostly use a
SVD based approach which can be very expensive when scaling to larger problem sizes. In
[21] an SVD-free proximal Newton method is proposed to solve ([1.3.1]) with only one variable
V and without any explicit constraint. Although this method applies to hub graphical lasso
[64], it doesn’t appply to other problems such as hub covariance selection [64], latent variable
selection [I7] and problems that have an explicit positive definite constraint. Similarly the
Glasso algorithm for graphical lasso [28] can be extended to solve the hub graphical lasso

(see chapter 8), but it doesn’t easily extend to solve other problems.



In §8.3] we introduce the framework of SBCD algorithm. In §8.2] we apply SBCD to
learn graphical models with hub structures and extensive numerical results are presented.
In SBCD is applied to solve the latent variable selection problem. Our contribution is

summarized as

1. We apply and specialize the SBCD algorithm to the following problems: hub graphical
lasso, hub covariance selection problem [64] and latent variable selection problem [17].
We propose efficient ways to ensure positive definiteness of iterates in our algorithm.
Specifically, we give precise step-size bounds for which a rank two update to a positive
definite matrix preserves positive definiteness. This proves useful for designing block-
coordinate descent algorithms for problems involve a positive definite constraint such
as hub graphical lasso, hub covariance selection problem [64], and latent variable
selection problem. The cost of this update is O(p?). For hub graphical lasso and hub
covariance selection problem, we propose an active set strategy which speeds up SBCD
significantly. For latent variable selection application [I7], we propose an efficient
method to compute and update a low-rank factorization for a low-rank positive semi-
definite matrix. We show that our proposed SBCD method converges to a stationary
point of a non convex formulation. A practical version of SBCD for latent variable
selection problem is introduced to reduce the per iteration cost from O(p?) to O(rp?)

where r is the rank for the latent part.

2. Our empirical results for the above problems demonstrate the efficiency of our algo-
rithm. As an example, on synthetic data sets for hub graphical lasso we observe that
SBCD with active set is faster than the SVD-based ADMM algorithm by a factor
of 200 for p = 1000. Similarly, for a real data example for hub graphical lasso with
p = 500, we are faster than ADMM by a factor of 1000. For latent variable selection
problem, our proposed P-SBCD is at least 10 time faster on p = 1000, 2000, 3000, 4000.



Chapter 2
ITERATIVE RE-WEIGHTED ALGORITHM (IRWA)

2.1 Introduction

As a first refinement of (1.1.1)), we suppose that C has the product space structure
C:=C x---x(, (2.1.1)

where, for each ¢ € 7 := {1,2,...,1}, the set C; C R™ is convex and ) ;.7 m; = m.
Conformally decomposing A and b, we write

Ay by

A= |: and b=1| |,

A b
where, for each i € 7, we have A; € R™*™ and b; € R™i. On the product space R™ x - .- x
R™ we define a norm adapted to this structure as

Nwlows sy =Y il - (2.1.2)
i€l

It is easily verified that the corresponding dual norm is

[yl = sup [lyilly -
€L

With this notation, we may write
dist (y |C) = Z dista (y; | Ci), (2.1.3)
1€
where, for any set S, we define the distance function dists (y | S') :=inf.cg ||y — 2||,. Hence,

with p(x) = gTa + %a:THa:, subproblem ([1.1.2)) takes the form

min Jo(z), where Jyo(z):=¢(x)+ ; diste (Ajz +b; | Cy) . (2.1.4)

Throughout our algorithm development and analysis, it is important to keep in mind that

llyll # llyll, since we make heavy use of both of these norms.



Example 2.1.1 (Intersections of Convex Sets). In many applications, the affine constraint
has the representation Az +be C = Nicz Ci, where C; C R™: is non-empty, closed, and
convex for each i € Z. Problems of this type are easily modeled in our framework by setting

A;:=Aand b;:=bforeachi€Z, and C:=C; x -~ x C.
2.2 Notation

Much of the notation that we use is standard and based on that employed in [59]. For
convenience, we review some of this notation here. The set R™ is the real n-dimensional
Euclidean space with R} being the positive orthant in R"™ and R’} , the interior of R’}. The
set of real m x n matrices will be denoted as R™*". The Euclidean norm on R" is denoted
||I-|5, and its closed unit ball is By := {z |[|z|l, <1}. The closed unit ball of the norm
defined in will be denoted by B. Vectors in R™ will be considered as column vectors
and so we can write the standard inner product on R” as (u, v) := u”v for all {u,v} C R".
The set N is the set of natural numbers {1,2,...}. Given {u,v} C R", the line segment
connecting them is denoted by [u,v]. Given a set X C R", we define the convex indicator
for X by

0 ifx e X,
(x| X):=
+oo ifx ¢ X,
and its support function by

5 (y | X) := sup (y, 7).
zeX

A function f: R® — R := RU {+co} is said to be convex if its epigraph,

epi(f) :==A{(z,p) [ f(z) <p},

is a convex set. The function f is said to be closed (or lower semi-continuous) if epi(f)
is closed, and f is said to be proper if f(z) > —oo for all x € R"™ and dom (f) :=
{z | f(x) < oo} #0. If f is convex, then the subdifferential of f at Z is given by

of(z):={z|f(@)+(z,z —2) < f(x) Ve e R"}.
Given a closed convex X C R", the normal cone to X at a point z € X is given by

NZ|X)={z](z,z—Z)<0VzeX}.
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It is well known that N (2| X) = 9 (z | X); e.g., see [59]. Given a set S C R™ and a matrix

M € R™*™ the inverse image of S under M is given by
M™'S:={z |MzcS}.

Since the set C' in (2.1.1) is non-empty, closed, and convex, the distance function
dist (y |C') is convex. Using the techniques of [59], it is easily shown that the subdiffer-
ential of the distance function (2.1.3)) is

odist (p | C) = adiStQ (pl | Cl) X oo X 8diSt2 (pl | Cl) s (2.2.1)
where, for each ¢ € Z, we have

(prc.)pi . .
e R, lf 1 g A(p>7
adisty (p; | C;) = { 1T=Feril, (2.2.2)
BaN N (p; ’ Cz) ifi € A(p)
Here, we have defined

A(p) :={i € T |dista (p; |C;) =0} VpeR™,

and let Po(p) denote the projection of p onto the set C' (see Theorem [2.3.2)).

Since we will be working on the product space R™! x --- x R™  we will need notation
for the components of the vectors in this space. Given a vector w € R™! x --- x R™, we
denote the components in R™ by w; and the jth component of w; by w;; for j =1,...,m;
and i € Z so that w = (w?,... ,wlT)T. Correspondingly, given vectors w; € R™ for ¢ € Z,
we denote by w € R™ the vector w = (w{,...,w])T.

2.3 IRWA

We now describe an iterative algorithm for minimizing the function Jy in , where
in each iteration one solves a subproblem whose objective is the sum of ¢ and a weighted
linear least-squares term. An advantage of this approach is that the subproblems can be
solved using matrix-free methods, e.g., the conjugate gradient (CG), projected gradient,
and Lanczos [34] methods. The objectives of the subproblems are localized approximations

to Jy based on projections. In this manner, we will make use of the following theorem.
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Theorem 2.3.1. [73] Let C C R™ be non-empty, closed, and convex. Then, to every

y € R™, there is a unique §y € C such that
ly —glly = dist2 (y [C).-
We call y = Po(y) the projection of y onto C'. Moreover, the following hold:
1. y=Po(y) if and only if y € C and (y —y) € N (g|C) [58].
2. For all {y,z} C R™, the operator Pc yields

I1Pe(y) — Po(2)|12+ |(I — Po)y — (I — Po)z||2 < |ly — =|2.

Since H is symmetric and positive semi-definite, there exists Ag € R™0*"™ where mg :=
rank(H), such that H = AL Ag. We use this representation for H in order to simplify
our mathematical presentation; this factorization is not required in order to implement our
methods. Define by := 0 € R", Cp := {0} C R", and Z := {0} UZ = {0,1,...,1l}. Using
this notation, we define our local approximation to Jy at a given point  and with a given

relazation vector € € ]RZ_H_ by

N 1
Gao(r) =gz + 3 > wiE ) || Az + b — Po,(Aid + b;)[3
IS

where, for any = € R”, we define
wo(z,€) =1, wi(z,e) == (distd(Aiz+b; | Ci) +€2)* VieT, (2.3.1)
and W(x,e¢) := diag(wo(z, €)Ing, - - ., wi(z, €)Ip,).

Define

A= . (2.3.2)

We now state the algorithm.

We now describe an iterative algorithm for minimizing the function Jy in (2.1.4), where
in each iteration one solves a subproblem whose objective is the sum of ¢ and a weighted

linear least-squares term. An advantage of this approach is that the subproblems can be
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solved using matrix-free methods, e.g., the conjugate gradient (CG), projected gradient,
and Lanczos [34] methods. The objectives of the subproblems are localized approximations

to Jy based on projections. In this manner, we will make use of the following theorem.

Theorem 2.3.2. [73] Let C C R™ be non-empty, closed, and convexr. Then, to every

y € R™, there is a unique § € C such that
ly — glly = distz (y | C).

We call y = Pc(y) the projection of y onto C. Moreover, the following hold:
(1) § = Poly) if and only if § € C and (y — ) € N (5| C).
(2) For all {y,z} C R™, the operator Pc yields

1Pe(y) = Pe(2)|5 + I(I = Po)y = (I = Pe)zls < lly — 2115

Since H is symmetric and positive semi-definite, there exists Ay € R™0*" where myq :=
rank(H), such that H = AL Ag. We use this representation for H in order to simplify
our mathematical presentation; this factorization is not required in order to implement our
methods. Define by := 0 € R", Cp := {0} C R", and Zp := {0} UZ = {0,1,...,l}. Using
this notation, we define our local approximation to Jy at a given point  and with a given
relazation vector € € RﬂmL by

A 1
Gaol@) =g"v+5 D wi(@,e) | A +bi — Po,(Aid + b3 (2.3.3)
1€Zo

where, for any x € R”, we define

wo(z,€) =1, wi(z,€) = (dist3(Aix +b; | C;) + 6?)_1/2 VieZ, (2.3.4)

and W(x,e) := diag(wo(z, €)Img, - - ., wi(x, €)Ln,).

Define

A
A= . (2.3.5)
A

We now state the algorithm.

Iterative Re-Weighting Algorithm (IRWA)




Step O:

Step 1:

Step 2:

Step 3:
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(Initialization) Choose an initial point 2° € X, an initial relaxation vector € € R, ,,
and scaling parameters n € (0,1), v > 0, and M > 0. Let 0 > 0 and ¢’ > 0 be two
scalars which serve as termination tolerances for the stepsize and relaxation parameter,

respectively. Set k := 0.

(Solve the re-weighted subproblem for z*+1)

k+1

Compute a solution x to the problem

G(z* ) min G (gt oy (). (2.3.6)
(Set the new relaxation vector eF*1)
Set
qF = Ay (2" —2%) and rF = (I — Po,)(Aix® +b;) VieT.
If
2 14y

‘qf 2 g]\4[Hr§H2+(ef)2}2 Vi€, (2.3.7)

then choose €11 € (0, ne’]; else, set eF+1 := €.

(Check stopping criteria)

If Ha:’“‘l — xk||2 < o and HekH2 < ¢/, then stop; else, set k := k + 1 and go to Step 1.

Remark 2.3.3. In cases where C; = {0} C R for all i € Z and ¢ = 0, this algorithm

has a long history in the literature. Two early references are [3] and [61]. In such cases,

the algorithm reduces to the classical algorithm for minimizing || Az + b, using iteratively

re-weighted least-squares.

Remark 2.3.4. If there exists zg such that AE‘)FZO = g, then, by setting by := zg, the linear

term in the definition of G, namely g’ z, can be eliminated.

Remark 2.3.5. It is often advantageous to employ a stopping criterion based on a percent

reduction in the duality gap rather than the stopping criteria given in Step 3 above [7, 9].
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In such cases, one keeps track of both the primal objective values Jé“ := Jo(2*) and the dual
objective values
Jk = %(g + ATATH g+ ATaE) 6T+ Y o (| ¢
€L
where the vectors @¥ := Wyr¥ are dual feasible (see for a discussion of the dual
problem). Given o € (0,1), Step 3 above can be replaced by

Step 3’: (Check stopping criterion)
If (Jg + jé“) < o(J} — Jb), then stop; else, set k := k + 1 and go to Step 1.

This is the stopping criterion employed in some of our numerical experiments. Nonetheless,
for our analysis, we employ Step 3 as it is stated in the formal description of IRWA for those
instances when dual values jé“ are unavailable, such as when these computations are costly

or subject to error.

2.8.1 Smooth approzimation to Jy

Our analysis of IRWA is based on a smooth approximation to Jy. Given e € R | define the

e-smoothing of Jy by

J(x,€) = p(x) + Z \/dist%(Aix +bi | Ci)+ €. (2.3.8)

1€L

Note that Jo(z) = J(x,0) and that J(x,¢€) is jointly convex in (x,€) since

J(x,€) = p(z) + E dists + |C; x {0} |,
ieT 0 ef| \e 0

where e; is the ith unit coordinate vector. By [59, Corollary 10.11], (2.2.1)), and (2.2.2)),

DJo(x) = 0y J (x,0) = Vo(x) + ATadist (- |C) (Az +b) = (2.3.9)

r_ (I = Po,)(Aix + bi) T b | O
Vo) + Y Al = P (A b0, > ATBaN N (Aim +bi| Cy)).

ig A(Az+b) i€ A(Az-+b)

Given € R™ and € € Rﬂr 4, we define a weighted approximation to J(-,€) at Z by

1
. T (7 2 diat2 . . .
Gae(r) =g z+ 5 'GEI w;(Z, €)dist; (Ajz + b; | Cy).
1<Lo
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Observe that G is defined similarly to G from (2.3.3), except that in G the distance from
A;x + b; is taken to the projection of A;T + b;, not to that of A;x + b; itself.

We have the following fundamental fact about solutions of G(Z, €) defined by ({2.3.6]).

Lemma 2.3.6. Let i € X, ¢ € R, é € (0,¢], and & € argmin,y @(E,g)(az). Set w; =

w;i(Z,€) and q; := Aij(& — &) fori € Iy, W := W(&,¢), and q := (gd,....q)T. Then,

N - 1 ~
Gap(t) = Gag (@) < —50"' Wa (2.3.10)
and
. o1
J(Z,€) — J(z,€) > 54 Wq. (2.3.11)

Proof. We first prove (2.3.10). Define #; := (I — P¢,)(A;Z+b;) and 7; := (I — Pe, ) (AiZ + b;)

fori € Ty, and set 7 := (7 ,..., 71 )T and 7 := (7{, ..., 7] )T. Since & € argmin .y é(i’g) (x),

there exists 0 € N (& | X) such that
0=g+ ATW(Ai +b— Po(Az + b)) + 0 = g+ ATW(q + 7) + 9,

or, equivalently,

— =g+ ATW(q+7). (2.3.12)
Moreover, by the definition of the projection operator Pc,, we know that
17illy = I(I — Po) (Al + bi)|ly < [|Ai@ + b — Po, (A + bi)lly = llai + 7ill,

so that

17015 — llg +7ill3 <0 Vi € Zo. (2.3.13)
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Therefore,
G,6(2) — Gz,6(7)
= §7(0 8 + 5 Sieg, @illFll3 — 1703
= 97 = 8) + 5 Sieg @il 13 — i + 7 + (las + 7l — 17l

Loy 1 - - _
<" (# = 8) + 5 Dier, Billlas + 7ill; = IIFill3] (by (2.3.13))

o1 ) _
=g" (@ %)+ 3 2ieT, @illlgill3 + 2 (g, 7))
Tisn = 1 - 2 -
= g7 =) + 5 Siez, Bil— aill3 + 2 (ai, a5+ 7))
1 ~ .. = -
= =30 Wa+g (@ —2)+q W(g+7)
1 I 2, ~ T T ~
= =50 Wat (@ —2) (g + AT W(g+7)
1 ps ~ T~
= d Wt (- )T (by (@3.12))
1 7=
< — "W
= 2‘] q,

where the final inequality follows since £ € X and 0 € N (2| X).
We now prove ([2.3.11]). Since v/# is a concave function of t on R, we have

A R .
Vi< Vi VLD c Ry,
2\/£ { } ++

and so, for i € Z, we have

Vdist3 (A +b; | C) + &

n distg (A2 + b, |C;) — dist% (AT +b; | CZ)

(2.3.14)
2\/dist§ (A% +b; | Cy) + &

< \/distg (AT +b; |Cy) + &

Hence,

J(5,6) < J(,8) = 0(@) + 3 \/dist} (A +b; | i) + &
€T
. R N 1 dist3 (4;2 + b; | C;) — dist3 (4,2 + b; | C;
< (@8 + (p(0) —pl@) + ;3 TRAT T C) Z A (AT 4 b [C)
i€l \/dist% (Azi' + b; ’ CZ) + E?

= J(%,&) + [G(z,0 (%) — G0 (7)]

. 1
S J(CL’, 6) - §qTWQa



17

where the first inequality follows from € € (0, €], the second inequality follows from (2.3.14)),
and the third inequality follows from ([2.3.10)). O
2.8.2  Coercivity of J

Lemma tells us that IRWA is a descent method for the function J. Consequently,
both the existence of solutions to (2.1.4]) as well as the existence of cluster points to IRWA
can be guaranteed by understanding conditions under which the function J is coercive, or
equivalently, conditions that guarantee the boundedness of the lower level sets of J over X.

For this, we need to consider the asymptotic geometry of J and X.
Definition 2.3.7. [59, Definition 3.3] Given Y C R™, the horizon cone of Y is
Y = {z ‘ 3tF 10, {¥*} C Y such that tF* — z} .
We have the basic facts about horizon cones given in the following proposition.

Proposition 2.3.8. The following hold:

(1) [59, Theorem 3.5] The set Y C R™ is bounded if and only if Y*° = {0}.
(2) [29, Exercise 3.11] GivenY; C R™ fori € I, we have (Y1 x---xY])® =YX x..-xY,*.

(3) [59, Theorem 3.6] If C' C R™ is non-empty, closed, and convex, then

C®={z|C+zcCC}.

We now prove the following result about the lower level sets of J.
Theorem 2.3.9. Let >0 and € € R{F be such that the set
L(a,e) :={x e X | J(z,¢) < a}
is non-empty. Then,
Lla,e)® ={z€X®|g'z<0, Ht =0, AT€C™}. (2.3.15)
Moreover, L(a,¢€) is compact for all (a,€) € ]lel if and only if

[z € X Nker(H)N ATLC™ satisfies g7 % < 0] <= z=0. (2.3.16)
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Proof. Let x € L(a,€) and let Z be an element of the set on the right-hand side of ([2.3.15)).
Then, by Proposition for all A > 0 we have x + AT € X and AA;Z + C; C C; for all

1 € Z, and so for each i € Z we have

= dist ((AZSU + bl) + NA;T ’ ANAT + Cl)

Therefore,

T+ 286 = @)+ rg"e+ 3 \/dist] (Ai(e +A2) + b | i) + €2

i€

< ox) + Z\/distg (Aiz+b; |C;)+ €2 = J(z,e) < a.
€T

Consequently, T € Lo, €)>.

On the other hand, let Z € L(a, €)*. We need to show that Z is an element of the set
on the right-hand side of . For this, we may as well assume that Z £ 0. By the fact
that 7 € L(a, €)*, there exists t* | 0 and {z¥} C X such that J(z¥,¢) < a and tFa* — 7.

Consequently, & € X°°. Moreover,
gt (thah) = th(gTah) <t J(aF e) <tha — 0
and so

0< HAg(thk)H2 = (th2") T H (t*2%) = (%) (%) T Hz*

< (tM)22(J(zF, €) — gTa) < ()220 — tF 29T (tF2F) — 0.

Therefore, g7 < 0 and HZ = 0. Now, define z* := Pg(A2* 4 b) for £ € N. Then, by
Theorem [2.3.2(2), we have

4], = o = porcast + o]+ 4ot 1] < o s+

2 )
which, since A(t*z*) 4+ t*b — Az, implies that the sequence {t*2*} is bounded. Hence,

without loss of generality, we can assume that there is a vector Z such that t*2¥ — 2, where



19

by the definition of z* we have z € C*°. But,
0< HA(thk) +thp - (tkzk)HQ — tFdist (Aack +b C)
<thJ(aF, ) — thgTak < tha — g7 (tF2%) — 0,

while
HA(thk) . (tkzk)H2 = || Az — ],

Consequently, Z € X, ¢72 <0, Hz = 0, and AT € C*, which together imply that Z is
in the set on the right-hand side of ([2.3.15]). O

Corollary 2.3.10. Suppose that the sequence {(zF, ")} is generated by IRWA with initial
point 20 € X and relazation vector € € RLJF. Then, {xk} 1s bounded if (2.3.16)) is satisfied,

which follows if at least one of the following conditions holds:

(1) X is compact.
(2) H is positive definite.

(3) C is compact and X Nker(H) Nker(A) = {0}.
Remark 2.3.11. For future reference, observe that
ker(H) Nker(A) = ker(A), (2.3.17)
where A is defined in .

2.4 Convergence of IRWA

We now return to our analysis of the convergence of IRWA by first proving the follow-
ing lemma that discusses critical properties of the sequence of iterates computed in the

algorithm.

Lemma 2.4.1. Suppose that the sequence {(z*, €*)} is generated by IRWA with initial point
z° € X and relazation vector € € RfH, and, for k € N, let qf and rf for i € Iy be as

defined in Step 2 of the algorithm with

¢ = ((a6)",- -, (a)")" and = (05T, D))
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Moreover, for k € N, define

wh = wi(xF, ¥ fori e Ty and Wy := W (zF, "),

(2

and set S := {k | "t < ek }. Then, the sequence {J (", €")} is monotonically decreasing.
Moreover, either infrey J (2%, €¥) = —00, in which case inf ¢ x Jo(x) = —o00, or the following

hold:
(1) Ziio(q’“)Tqu’“ < 00.
(2) & — 0 and H(z*' — 2F) - 0.
(3) Wig" 5 0.

(4) whrk =k /\J|Irk]5 + € € Bo NN (Po,(Aiak +5) | i), i € T, k €N
(5) —ATWid* € (Vo(ak) + 3,c7 ATwbrt) + N (28| X), k € N.
(6) If {dist (Az* + b | C) }res is bounded, then ¢* 5.

Proof. The fact that {J(x*, ¢*)} is monotonically decreasing is an immediate consequence of
the monotonicity of the sequence {¢}, Lemma[2.3.6] and the fact that W}, is positive definite
for all k € N. If J(2*, ") = —o0, then infyex Jo(z) = —oo since Jo(z) = J(x,0) < J(z,¢€)
for all z € R" and ¢ € Ry. All that remains is to show that Parts (1)—(6) hold when
infren J(2%,€¥) > —oo, in which case we may assume that the sequence {J(z¥,e¥)} is
bounded below. We define the lower bound J := infjen J(xF, €*) = limpey J(2F, €F) for the

remainder of the proof.

(1) By Lemma for every positive integer k we have

R
D (@) Wig® < [T e
= k

k=0

o J(a:kJrl, 6k+1)]

N | =
Il

IN

k
[J (", ")
=0
J(.TO,EO) _ J(xl_ﬂ+17el_c+1)
J(0, %) —J

&)
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Therefore, as desired, we have

i(q VWit < 2(7(2°,€%) — J) < occ.
k=0

Since € (0,1), if €¥ - 0, then there exists an integer k& > 0 and a scalar € > 0
such that ¥ = € for all k¥ > k. Part (1) implies that (¢¥)TWq¢" is summable so that

wk qu H qu H = wk qu H2 — 0 for each ¢ € Zy. In particular, since wlg := 1 for all
k € N, this implies that qo — 0, or equivalently that H(z**! — 2¥) — 0. In addition,

since for each ¢ € Z both sequences {qu H } and {w? qu } cannot be bounded away

I,
from 0, there is a subsequence S c Nand a partition {Z;,Zs} of Z such that quHQ 50

for all 4 € Z; and wk qu — 0 for all ¢ € Z,. Hence, there exists kg € S such that

I, =
for all k > kg we have

IN

1
M|z +2]*" vier
M|+ vie.

a7l

and wk qu

IN

I

Therefore, since w¥ = (||r¥||2 + (¢¥)2)~1/2, we have for all kg < k € S that

2 14y
2§M[Hr§H2+€ﬂ2 Viel.

a

However, for every such k, Step 2 of the algorithm chooses €T! € (0,n€*]. This

contradicts the supposition that ¥ =€ > 0 for all k > k, so we conclude that e¥ — 0.

It has just been shown in Part (2) that wi¢f = ¢§ — 0, so we need only show that

wk qu H2 — 0 for each i € 7.

Our first step is to show that for every subsequence S c S andig € Z, there is a
further subsequence S C S such that w qu ) H2 — 0. The proof uses a trick from the
proof of Part (2). Let S C S be a subsequence and ig € Z. Part (1) implies that

wk Hq H Hq H = wk Hq H2 — 0 for each i € Zy. As in the proof of Part (2), this
implies that there is a further subsequence S C S and a partition {Z1,Z5} of T such
—~> 0 for all i € Zo. If ig € Zo, then we

that qu 500 for all i € 7; and wk qu

I I

would be done, so let us assume that ig € Z;. We can assume that S contains no
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subsequence on which wfo quOH , converges to 0 since, otherwise, again we would be

S . S ) - .
done. Hence, we assume that wfo quo H2 -+ 0. Since quo — 0 as 19 € 7, this implies

I,
that there is a subsequence Sy C S such that wfo 5 00, i.e., (HrfoH; + (6,’;0)2) 5
But, by Step 2 of the algorithm, for all k € S,

2 5+
qf” QSM[HerQ—i—(ef)Q}Q Viel,

or, equivalently,

k k
w; ||4; %

2
< M| HrkH + (e’?)Q]7 viel,
2 2

giving the contradiction wfﬂ qukOHQ % 0. Hence, wfo quOHQ —5> 0, and we have shown

that for every subsequence S c Sandige 7, there is S C S such that wf quHQ A 0.

Now, if Wy,q" A 0, then there would exist a subsequence S c S and an index i € Z such
that {w? Hqﬂb} reg Temains bounded away from 0. But, by what we have just shown

0.

in the previous paragraph, S contains a further subsequence S c S with wf qu H2

This contradiction establishes the result.

By Theorem we have
ke N (Pci(Ai:ck b)) ci) VieTo, keN,
from which the result follows.

k+1

By convexity, the condition z"*' € argmin, .y é(xk,ek)(ﬂ?) is equivalent to

o
m

Vg;é(xk7€k)($k+l) + N <.’Ek+1 ’X)
= g+ Z ATwb(gF + 78y + N <xk+1 | X)
i€Zp
= flTquk + ch(xk) + ZAiwarf + N (a:kH |X) .
i€l

Let i € Z. We know from Part (3) that w? | aF 50, 1t qu”H2 X 0, then there exists

I
a subsequence S C S such that {quH o keg 18 bounded away from 0, which would
imply that (Herg + (F)2) 712 = Wb 2 0. But then %], 5 50 since 0 < €F < e,

which contradicts the boundedness of {dist (Az* + b | C') }res.
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O

In the next result, we give conditions under which every cluster point of the subsequence
{2¥}1e5 is a solution to minge x Jo (), where S is defined in Lemma Since Jy is convex,
this is equivalent to showing that 0 € 0.Jy(z) + N (z | X).

Theorem 2.4.2. Suppose that the sequence {(z*,€*)} is generated by IRWA with initial
point 2° € X and relazation vector € € R, ,, and that the sequence {J(z*,€*)} is bounded

below. Let S be defined as in Lemma[2.7.1 If either
(a) ker(A) Nker(H) = {0} and {dist (Az* 4+ b |C)}res is bounded, or
(b) X =R",

then any cluster point T of the subsequence {x*}res satisfies 0 € 0Jo(Z) + N (| X). More-

over, if (a) holds, then (xFT1 — z*) 30.

Proof. Let the sequences {¢*}, {r*} and {W}} be defined as in Lemma and let z be
a cluster point of the subsequence {:ck tres. Let ScShbea subsequence such that z* ﬁ> z.
Without loss of generality, due to the upper semi-continuity of the normal cone operator
[59, Proposition 6.6], the continuity of the projection operator and Lemma [2.4.1(4), we can

assume that for each i € A(AZ + b) there exists

i € Bo NN (A +b; | C;)  such that wfrF 5 . (2.4.1)

)

Also due to the continuity of the projection operator, for each i ¢ I(AZ + b) we have

whok S, = Foi) (A + bi)

T Po) (A + bl (2.4.2)

Let us first suppose that (b) holds, i.e., that X = R" so that N (z|X) = {0} for all
x € R™. By (2.4.1)-(2.4.2)), Lemma Parts (3) and (5), and (2.3.9), we have
_ I — PCA)(Aii’ + bi) T B
0 € Vo(z) + AT ( B - AT (By NN (AT + b; | C;
w0 2 AT R, | 2 MV k)
1¢ A(AZ+D) 1€ A(AZ+D)

= 8.Jy(2).
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Next, suppose that (a) holds, i.e., that ker(A)Nker(H) = {0} and the set {dist (Az* + b | C) }xes
is bounded. This latter fact and Lemma 6) implies that ¢* 5 0. We now show that
(xh 1l — 2F) 0. Indeed, if this were not the case, then there would exist a subsequence
S C S and a vector @ € R™ with ||@|, = 1 such that {Hl‘k+1 kH2}S is bounded away

from 0 while | tt ot i w. But then ¢*/ H$k+1 kHz = 0 while ¢*/ kaﬂ - xkuz =

o],

e k+1

A —ot 5 Aw, where A is defined in (2.3.5). But then 0 # @ € ker(H) Nker(A) =

T+,

ker(A), a contradiction. Hence, (z¥+1 — ) 50, and so %! = 2k + (zh+l — k) 5
In particular, this and the upper semi-continuity of the normal cone operator imply that
limsupgeg N (zF1| X) € N (2] X). Hence, by (2.4.1)-([2.4.2), Lemma Parts (3) and

5), and (2.3.9), we have

I — Po,)(AiT + by) )
0evV ar L s AT(By N (AiZ + b | G
P> (I — Po,)(Aiz +b;)|, + ) AT(Ba NN (AZ +b; | Cy))

zgéI(Ax-‘,-b i€I(AZ+b)
+ N (z|X)
— 0Jo(x) + N (z] X),
as desired. ]

The previously stated Corollary provides conditions under which the sequence
{2*} has cluster points. One of these conditions is that H is positive definite. In such cases,
the function Jy is strongly convex and so the problem has a unique global solution
¥, meaning that the entire sequence converges to x*. We formalize this conclusion with

the following theorem.

Theorem 2.4.3. Suppose that H is positive definite and the sequence {(a:k, ek)} 1$ generated
by IRWA with initial point 2° € X and relazation vector ¢ € RQLJF. Then, the problem
[2.14) has a unique global solution x* and z* — z*.

Proof. Since H is positive definite, the function J(z, €) is strongly convex in x for all € € Rﬂr.
In particular, Jy is strongly convex and so has a unique global solution z*. By Corol-
lary the set L(J (20, €"), ) is compact, and, by Lemma [2.3.6] the sequence J(z*, €¥)
is decreasing; hence, {z*} C L(J(2°,¢%),€). Therefore, the set {dist (Az* +b |C)}res is
bounded and ker(H) Nker(A) C ker(H) = {0}, and so, by Theorem the subsequence
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{2*} 15 has a cluster point Z satisfying 0 € 0.Jy(Z) + N (| X). But the only such point is
z = z*, and hence z¥ 5,

Since the sequence {J(z*, €¥)} is monotonically decreasing and bounded below by Corol-
lary it has a limit J. Since 2% > 2*, we have J = mingex Jo(z). Let S be any sub-
sequence of N. Since {xk}keg C L(J(2%,€%),¢€%) (which is compact by Corollary (2)),
this subsequence has a further subsequence Sy C S such that z* % Z for some T € X. For
this subsequence, J(z*, %) % J, and, by continuity, J(z*, ) i J(z,0) = Jo(z). Hence,
T = 2* by uniqueness. Therefore, since every subsequence of {x*} has a further subsequence

that converges to x*, it must be the case that the entire sequence converges to x*. O
2.5 Complexity of IRWA
A point € X is an e-optimal solution to ([2.1.4)) if

) < inf . 2.5.1
Jo(Z) _;QXJO(UC)‘F& (2.5.1)

In this section, we prove the following result.

Theorem 2.5.1. Consider the problem (2.1.4]) with X = R™ and H positive definite. Let

e>0andec R{F+ be such that
llell; <e/2 and e <A4lg, (2.5.2)

where & := min;e7 €;. Suppose that the sequence {(z*,€¥)} is generated by IRWA with initial
point z° € R™ and relazation vector € = € € RZ_H_, and that the relazation vector is kept

fized so that € = ¢ for all k € N. Then, in at most O(1/¢2) iterations, z* is an e-optimal

solution to [2.1.4)), i.e., (2.5.1) holds with & = x*.

The proof of this result requires a few preliminary lemmas. For ease of presentation,
we assume that the hypotheses of Theorem hold throughout this section. Thus, in
particular, Corollary [2.3.10] and the strict convexity and coercivity of J tells us that there

exists 7 > 0 such that

kaz — €

) <7 forall k€N, (2.5.3)
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where z€ is the solution to mingegn J(z,€). Let w; for i € Z and A be given as in (2.3.4)
and ([2.3.5)), respectively. In addition, define

T

Ri(r;) i= ———, i = (I — Po.)(4; b;) fori el
(r) = ri(x) = (I = Pe,)(Aiz + b;) for i
I7ill3 + €

and wu(z,e€) := V() + Z w;(z, €) AL r; ().
ieT

Recall that

0pJ(z,€) = Vo(x)+ > wilxz,e) Al ri(z)
i¢ A(Az+b)

+ Z w;(z, €) AT (By N N(Asz + b|Cy)),
1€ A(Az+Dd)

so that u(x,€) € 0, J(x,€). It is straightforward to show that, for each i € Z, we have

1 T
Vi Ri(ri) = (I - TZ;z 2>
Virdz+e \ lrillz 6

IV Ri(ri)lly < 1/€e; Vs (2.5.4)

so that

Consequently, for each ¢ € Z, the function R; is globally Lipschitz continuous with Lipschitz
constant 1/¢;. This allows us to establish a similar result for the mapping u(z,€) as a

function of x, which we prove as our next result. For convenience, we use
e (7 A (5 k. k

= u(Z,€), 4 :=u(Z,e), and u" := u(z",€),

and similar shorthand for w;(x,€;), W(z,¢€), and r;(z).

Lemma 2.5.2. Let the hypotheses of Theorem hold. Moreover, let A be the largest
eigenvalue of H and o1 be an upper bound on all singular values of the matrices A; for
i € Z. Then, as a function of x, the mapping u(x,€) is globally Lipschitz continuous with

Lipschitz constant B := X + lo? /.

Proof. By Theorem for all {z,z} C R", we have

17i = Filly < [|Ai(Z = 2)lly < o1 |7 = 2], (2.5.5)
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Therefore,
Ju—dal, = HH(E — &)+ > AT (Ri(7:) — Ri(#4))
ieT 9
< NH 172 = #lla + 2D 1 Ailly 17 = 7ill,
icT
= _ A 20~
< | Hly 12—l + £ 14ll3 12 - 2,
icT

< (A+lof/e) |z -l

where the first inequality follows from (12.5.4]), the second from ([2.5.5)), and the last from

the fact that the 2-norm of a matrix equals its largest singular value. O
By Lemma [2.5.2) and the subgradient inequality, we obtain the bound

0<J(z,e)—J(Z,e) = (0, z—2) <{(u—1,z—3) <B|z— .@H; (2.5.6)

Moreover, by Part (5) of Lemma we have
—ATWigt = —ATWL AP — 28 = uF € 9,J(aF, €).
If we now define Dy, := flTkal, then % — 2! = D,;luk and
()T Wig" = (aF — )T Dy (aF — 2F ) = (uk)TDlzluk. (2.5.7)

This gives the following bound on the decrease in J when going from z* to 2#+1.
Lemma 2.5.3. Let the hypotheses of Lemma[2.5.9 hold. Then,

J(@H e) — J(F,e) < —allu®|l3,

where o := £/(203) with oq the largest singular value of A.

Proof. By Lemma [2.3.6| and (2.5.7]), we have

1 1 _
J(xk+17 6) - ‘](ajku 6) < _§(qk)Tquk = _i(uk)TDk’ luk'

Since the || Dgll, < HW;”H%HAH%, we have that the largest eigenvalue of Dy is bounded

above by o2 /¢. This implies %(uk)TD,;luk >« HukHZ, which gives the result. O
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The following theorem is the main tool for proving Theorem [2.5.1]

Theorem 2.5.4. Let the hypotheses of Lemma hold, and, as in (2.5.3), let x¢ be the

solution to mingern J(x,€). Then,

32020272 lu|ly e + 7(Ae + lo})

J(2* €) — J(2f.¢) < 0 2 L : 2.5.8
(€)= T ) < =5 | urllye + r (v + 4207) 1 Sio3/k (2.5.8)

Therefore, IRWA requires O(1/¢?) iterations to reach e-optimality for J(z,¢), i.e.,

J(zF,€) — J(z€,€) <e.
Proof. Set 6/ := J(x7,¢) — J(z¢,¢€) for all j € N. Then, by Lemma [2.5.3
0 <ot = g e) — J(a€, €)

(2.5.9)

< J(al,e) = J (@) —allWl |5 = 67 — afu |5 < 67

If for some j < k we have 7 = 0, then (2.5.9) implies that §¥* = 0 and u* = 0, which in
turn implies that 2*+1 = 2¢ and the bound (2.5.8)) holds trivially. In the remainder of the
proof, we only consider the nontrivial case where §/ > 0 for j =0, ...,k — 1.

Consider j € {0,...,k — 1}. By the convexity of J and ([2.5.3)), we have
0 = J(2!,€) = J(a%,€) < ()T (27 — %) < | |l2]|a? — 2| < 7l o
Combining this with (2.5.9)), gives
Sl < 51 — % (50)2,
<ol - o)
Dividing both sides by 6/t1§7 and noting that 5;-5% > 1 yields

1 1 a & o

Summing both sides of (2.5.10) from 0 to k£ — 1, we obtain
1 ak 1 ad’k + 72
FZ gt m = (2.5.11)
or, equivalently,
50 2
ke 0T (2.5.12)
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The inequality (2.5.6) implies that
0" = J(2°,€) = J(a,€) < (u)(2? — 2) + |2 — 2|5 < 7(||ul2 + B7),

which, together with (2.5.11]), implies that

adVk + 712 _ ak 1
i g o
501 T T(||ulle + BT)

Rearranging, one has
20 (s +Br)
akd® + 72 = ak(||uf|lz + BT) + T

Substituting in 8 = A+ lo?/& and o = £/(202) defined in Lemmas and respec-
tively, and then combining with (2.5.12) gives

T2(HU€H2+T()\+ZU%/§)) B 20872 [ Huﬂbé—l—dAé—i—la%)
(5/(208))k(||u5||2+T()\+l0'%/t:))+7’ ké Hu€H2€~+T(/\€~+lU%) +27’a§/k '

ok <

Finally, using the inequalities ¢ < 4I€ and & < ¢ (recall (2.5.2))) gives

sk < 32120372 [uclly e + 7(Ae + lo?)
ke |ully e + 7(Ne + 41203) + 8lTo [k |’
which is the desired inequality. O

We can now prove Theorem [2.5.1

Theorem [2.51. Let x* = argmingcgn Jo(z). Then, by convexity in e,

J(z€,€) — J(x*,0) < [0 (€, )] (e — 0)

Z 61‘ SZel:”thg/?
iez \/llri(@)|3 + € ez

By Theorem IRWA needs O(1/£?) iterations to reach

J(zF €)= J(af,€) < /2.

Combining these two inequalities yields the result. O
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Chapter 3

ALTERNATING DIRECTION AUGMENTED LAGRANGIAN
ALGORITHM (ADAL)

3.1 Introduction

For comparison with IRWA, we now describe an alternating direction augmented Lagrangian
method for solving problem (22.1.4). This approach, like IRWA, can be solved by matrix-free

methods. Defining

J(x,p) == p(x) +dist (p |C),
where dist (p | C') is defined as in (2.1.3)), the problem (12.1.4) has the equivalent form

min J(zx,p) subject to Az + b= p, (3.1.1)
zeX,p

where p := (pf,...,p/)T. In particular, note that Jo(z) = J(z, Az + b). Defining dual
variables (up,...,u;), a partial Lagrangian for is given by
L(z,p,u) := j(x,p) +{u, Ax+b—p)+0(z|X),
and the corresponding augmented Lagrangian, with penalty parameter p > 0, is
L(z,pyu, p) i= J(2,p) + o | Az +b = p+ pull — §ul3 +6 (x| X).

(Observe that due to their differing numbers of inputs, the Lagrangian value L(z, p,u) and
augmented Lagrangian value L(x,p, u, 1) should not be confused with each other, nor with
the level set value L(c, €) defined in Theorem [2.3.9])

We now state the algorithm.

Alternating Direction Augmented Lagrangian Algorithm (ADAL)

Step 0: (Initialization) Choose an initial point 2° € X, dual vectors u{ € R™i for i € Z,
and penalty parameter 4 > 0. Let ¢ > 0 and ¢” > 0 be two scalars which serve
as termination tolerances for the stepsize and constraint residual, respectively. Set

k:=0.
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Step 1: (Solve the augmented Lagrangian subproblems for (zF*1, pF+1))

k+1

Compute a solution p to the problem

Ly(z, p, ", p) - min L(z*, p,u", ),

k+1

and a solution x to the problem

b, p) s min L, M et ).

Loz, p

Step 2: (Set the new multipliers u*+1)

Set

bt =k 4 i(A:EkJrl +b—phth).

Step 3: (Check stopping criteria)
If ||2* —:UkH2 < o and |[Az"T + b — pFT|| < o”, then stop; else, set k :=k + 1

and go to Step 1.

Remark 3.1.1. As for IRWA, one can also replace the stopping criteria of Step 3 with a
criterion based on a percent reduction in duality gap; recall Remark

3.2 Properties of the ADAL Subproblems

Before addressing the convergence properties of the ADAL algorithm, we discuss properties
of the solutions to the subproblems £, (z, p,u, 1) and Ly (z,p,u, p).
The subproblem L, (x*, p,u*, 1) is separable. Defining

st = Ak 4 b+t VieT,
the solution of Ep(xk,p, uF, 1) can be written explicitly, for each i € Z, as

Pe,(sf) if disty (55 [C) < p
pith= i1c) (3.2.1)

k k k R k
sy — m(sz — Pe,(sF)) if disty (sF | Cy) > p.
Subproblem L’x(az,pkﬂ,uk, i), on the other hand, involves the minimization of a convex

quadratic over X, which can be solved by matrix-free methods.
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Along with the dual variable estimates {u}}, we define the auxiliary estimates
aF = M — iqk, where ¢* := A(z**1 — 2%) as in IRWA Step 2.

First-order optimality conditions for (3.1.1)) are then given by

0€adist(p|C)—u, (3.2.2a)
0 e Vo(x)+ ATu+ N(z|X), (3.2.2b)
0=Az+b—p, (3.2.2¢)

or, equivalently,
0 € dJo(x) = Vo(z) + ATadist (- |C) (Azx +b) + N (z| X).
The next lemma relates the iterates to these optimality conditions.

Lemma 3.2.1. Suppose that the sequence {(z*,p*, u*)} is generated by ADAL with initial
point z° € X. Then, for all k € N, we have

4Pt € odist (pkH \C) and — %Aqu € Vo(zFth) + ATaH ¢ N (ackH \X) . (3.2.3)

Therefore,
—iAqu € Vo(zF) + ATddist (pk“Ll |C’) +N (:E]H_l \ X) .
Moreover, for all k > 1, we have

,&kz

a1 |

<, and HpkH <, (3.2.4)
*

* *

where i := max{, sup|s_ <, [ Po(s)|.} < oo.
Proof. By ADAL Step 1, the auxiliary variable p**! satisfies
0 € odist <pk+1 ]C) —uk - %(Aa:k +b—phth,
which, along with ADAL Step 2, implies that
uF 1 e adist <pk+1 | C) + %(Aaclerl +b—prth — ;(Awk +b—prth

= Odist (pkH |C) + %qk.



33

Hence, the first part of holds. Then, again by ADAL Step 1, 2¥*1 satisfies
0 € Vo(z) + ;AT(Aka + b — p" L puf) + N (2P X).
which, along with ADAL Step 2, implies that
0 € Vo(aF) 4+ ATy 4+ N(2*HY X). (3.2.5)

Hence, the second part of (3.2.3)) holds.
The first bound in (3.2.4) follows from the first part of (3.2.3). The second bound in
(3.2.4) follows from the first bound and the fact that for £ € N we have

Sk — A:ck _|_b+'uuk — Muk+1 _qk — /,L?:Lk—i_l.

As for the third bound, note that if, for some i € Z, we have disty (sffl ]CZ> < u,
then, by (3.2.1), we have pr“z < [1; on the other hand, if dist, (sf_l ]Cz> > i so that
0 < & := p/disty (sf‘l |CZ) < 1, then, by (3.2.1]) and the second bound in (3.2.4)),

|

Consequently, HpkH* = SUP;c7 pr”2 < fi. O

Py Sf’luerﬁﬂgﬂ.

, <=9

For the remainder of our discussion of ADAL, we define the residuals
L= Akt 4 — phtL,

Lemma tells us that the deviation of (p*+1, a**+1) from satisfying the first-order sta-
tionary conditions for (3.2.2)) can be measured by

Ek+1

= max{qu zkHH*}. (3.2.6)

)

3.3 Convergence of ADAL

In this section, we establish the global convergence properties of the ADAL algorithm. The
proofs in this section follow a standard pattern for algorithms of this type (e.g., see [4]).

We make use of the following standard assumption.
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Assumption 3.3.1. There exists a point (z*,p*,u*) satisfying (3.2.2).

Since (3.1.1) is convex, this assumption is equivalent to the existence of an optimal
solution. Moreover, the optimality conditions imply that (x*,p*) is a minimizer of the
convex function L(z,p,u*) over X. We begin our analysis by providing bounds on the

optimal primal objective value.

Lemma 3.3.2. Suppose that the sequence {(z*,p¥, u¥)} is generated by ADAL with initial
point 20 € X. Then, under Assumption we have for all k € N that

(u*)Tzk+1 > j(x*,p*) _ j($k+1,pk+1)

Y

(W 1YT R+ ;<qk>T<p* P (33

Proof. Since (x*, p*,u*) is a saddle point of L, it follows that Az*+b—p* = 0, which implies
by the fact that 2! € X that

J(J?*,p*) — L(x*,p*,u*) < L(xk+1,pk+1,u*).

Rearranging, we obtain the first inequality in (3.3.1]).
We now show the second inequality in (3.3.1). Recall that Steps 1 and 2 of ADAL tell
us that (3.2.5) holds for all k£ € N. Therefore, by convexity, 2**! is an optimal solution to
min ¢(z) + (u*)T Az,

reX

Since this is a convex problem and z* € X, we have
o(z*) + (T Az* > o(ab1) + (Wh+)T Azh+1, (3.3.2)
Similarly, by the first expression in and convexity, p**! is an optimal solution to
n;in dist (p | C) — (@) Tp.
Hence, by the convexity of this problem, we have

dist (p* | C) — (@51 Tp* > dist (pkﬂ |c) (@ TpRt, (3.3.3)
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By adding and , we obtain
J(z*,p*) — J(&* T, pM
> (@ (pF — pF) 4 (T A 2¥)
= @t - ) - LT )+ ) AG —a)
= (T ("~ Aa®) = b) = (! = A2k —p)) — L(gH)T ()
= (TR — L (T (p" — "),
O

which completes the proof.

Consider the measure of distance to (z*,u*) defined by
2

2 k *
—l—uHu —u
2

) .

whi=1 HA(xk — ")
“w
In our next lemma, we show that this measure decreases monotonically.

Lemma 3.3.3. Suppose that the sequence {(x*,p¥ u¥)} is generated by ADAL with initial
point z° € X. Then, under Assumption we have for all k > 1 that

2 2

i(szHHQ 4 quH2) (et - T H (L k) < Wk b (3.3.4)

Proof. By using the extremes of the inequality (3.3.1]) and rearranging, we obtain

(uk—H - u*)Tzk—H _ i(qk)T(p* _pk+1) < 0.
Since (z*, p*,u*) is a saddle point of L, and so Az* + b = p*, this implies
(W — )T = LT 4 L (@M - M) T AT A - 2%) <0, (3.3.5)
The update in Step 2 yields u*T1 = u* + %zkﬂ, so we have
2

. (3.3.6)

2
k41 _ o \T k+1 _ |k o T k+1 . 1 || k+1 1 || k41
(u W)z [(u’ W) E 2p HZ H2] t o Hz Hz

Let us now consider the first grouped term in (3.3.6). From ADAL Step 2, we have zF! =

p(uF Tt — uF), which gives
2

(=) g || =t — )T (@ — k) R — 3
,U'(uk _ u*)T(ukJrl _ u*) - M( k _ u*)T(uk _ u*)

k k
+ BN =) — (Wf — )3

= G = w3 = [l — ). (3.3.7)
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Adding the final term ﬁ sz"H H; in (3.3.6) to the second and third terms in (3.3.5)),

1 (1 ZkHHz (YT (R k)T AT g(gh ) x*)>
2
_ % (; 2k+1H2 ()T g (P = YT AT A — o)+ (oF — x*)))

2

=334 - A - BT A -0
2

G4 - o[, + dlActt o) — @F - a3

+ (($k+1 _ $*) _ (xk _ x*))TATA(Ik _ .T*))

2
= (Hz’““ = ¢, + 4G — ) - A" - w*)l!%) (3.3.8)

From (3.3.6)), (3.3.7), and (3.3.8)), we have that (3.3.5) reduces to

2

q

1
R P szﬂ_ kH

)
Since ((3.2.5)) holds for k£ > 1, we have

_(,Uk—I—l _ Uk) — H({L‘k+1 _ {L‘k) + AT(uk—f—l _ uk)’
for some vF*! € N(2F1X) and v* € N(2¥|X). Therefore,

(ukJrl _ uk)qu — _(Uk+1 _ vk)T($k+1 _ l‘k) o (:L,k+1 _ :Z:k)TH(karl _ xk)

< — (a2 T H (M - 2h), (3.3.9)

where the inequality follows since the normal cone operator N (- |C') is a monotone operator
[59]. Using this inequality in the expansion of the right-hand side of (3.3.9) along with the

equivalence 2! = p(ubtt — o), gives

k+1 k

WA= < (5B 2 - )T + 163
< =3 (G + t3) + 2(ub ! — b))
< =2+ g 1B) — 264 — )T H (@b = 2b),
as desired. ]

We now state and prove our main convergence theorem for ADAL.
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Theorem 3.3.4. Suppose that the sequence {(z*, p*, u*)} is generated by ADAL with initial
point 2° € X. Then, under Assumption we have

lim ¢* =0, lim z"*'=0, andso lim EF=0.
k—o0 k—o0 k—o0

Moreover, the sequences {u*} and {Az*} are bounded and

lim J(z*, p%) = J(a*, p*) = Jo(z*).

k—o00

Proof. Summing (3.3.4) over all k > 1 yields

o

> (20 = R T - 2b) + L+ ) <o
k=1

which, since H > 0, implies that z¥*! — 0 and ¢¥ — 0. Consequently, E* — 0.

The sequence {u*} is bounded since @*t! + (1/p)¢* = u**1, where {@*} is bounded by
and ¢* — 0. Similarly, the sequence {Az*} is bounded since p(uFtt — uF) 4 pF+t —
b = Az**1, where the sequence {p*} is bounded by . Finally, by , we have
that j(xk,pk) — J(a*,p*) since both z¥ — 0 and ¢* — 0 while {p*} and {u*} are both
bounded. O

Corollary 3.3.5. Suppose that the sequence {(z*, p*, u¥)} is generated by ADAL with initial
point 2° € X. Then, under Assumption every cluster point of the sequence {x*} is a

solution to (2.1.4)).

Proof. Let # be a cluster point of {*}, and let S C N be a subsequence such that z* 5.
By (3:24), {p*} is bounded so we may assume with no loss in generality that there is a p
such that p” 5 p. Theorem tells us that AZ + b = p and J(Z,p) = Jo(z*) so that
Jo(z) = J(z, Az +b) = J(z,p) = Jo(z*). O

We now address the question of when the sequence {z*} has cluster points. For the IRWA
of the previous section this question was answered by appealing to Theorem which
provided necessary and sufficient conditions for the compactness of the lower level sets of the
function J(x,€). This approach also applies to the ADAL algorithm, but the assumptions

of Theorem [2.3.9| in conjunction with Assumption [3.3.1] are more than necessary. In the

next result we consider two alternative approaches to this issue.
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Proposition 3.3.6. Suppose that the sequence {(z*,p* u*)} is generated by ADAL with
initial point 2 € X. If either

(a) [z € X Nker (H)NAT'C™ satisfies g'2 < 0] < =0, or

(b) Assumption holds and

[ € X°° Nker(H) Nker(A) satisfies g’ % < 0] < & =0, (3.3.10)

then {*} is bounded and every cluster point of this sequence is a solution to (2.1.4).

Proof. Let us first assume that (a) holds. By Theorem the condition in (a) (recall
(2.3.16)) implies that the set L(J(z°,0),0) is compact. Hence, a solution x* to
exists. By [58, Theorem 23.7], there exist p* and u* such that (z*, p*, u*) satisfies (3.2.2),
i.e., Assumption [3.3.1] holds. Since

J(z*,0) = o(z*) + dist <Aa:k +b ]C)

o(z*) + H(Aa:k 4 b) — Po(Az® + b)H

IA

o)+ || (A2 4 0) = || + [ = Poh)|| + | Petw®) - Pota® + )|

= J(z*,p*) +2 sz

)

the second inequality in (3.3.1]) tells us that for all £ € N we hvae

TL0) < Ja )+ 2 [ T T ).
By Lemma and Theorem the right-hand side of this inequality is bounded for
all k£ € N, and so, by Theorem the sequence {z*} is bounded. Corollary then
tells us that all cluster points of this sequence are solutions to ([2.1.4]).

Now assume that (b) holds. If the sequence {z*} is unbounded, then there is a sub-
sequence S C N and a vector z € X such that ||."L‘kH2 5 o0 and zk/ vakHQ 5 % with
|z|, = 1. By Lemma {p*} is bounded and, by Theorem Z¥ — 0. Hence,
(Azh + b —pP)/||a*|, = 2%/ 2", %0 so that A7 = 0. In addition, the sequence
{j(mk,pk)} is bounded, which implies j(:vk,pk)/ kaHg % 0 so that HZ = 0. Moreover,
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since H is positive semi-definite, g* (z*/ kaHz) < J(zF,p*)/ kaHQ 5 0 so that g’z <0.
But then (b) implies that # = 0. This contradiction implies that the sequence {z*} must
be bounded. The result now follows from Corollary O

Note that, since ker(A) C A7'C™, the condition given in (a) implies (3.3.10)), and that
(3.3.10)) is strictly weaker whenever ker(A) is strictly contained in A=1C°°.

We conclude this section by stating a result for the case when H is positive definite.
As has been observed, in such cases, the function Jy is strongly convex and so the problem
has a unique global solution z*. Hence, a proof paralleling that provided for Theorem
applies to give the following result.

Theorem 3.3.7. Suppose that H is positive definite and the sequence {(x*,p*,u¥)} is gen-
erated by ADAL with initial point 2° € X. Then, the problem ([2.1.4) has a unique global

solution =* and x* — x*.
3.4 Complexity of ADAL

In this subsection, we analyze the complexity of ADAL. As was done for IRWA in Theo-
rem we show that ADAL requires at most O(1/e?) iterations to obtain an e-optimal
solution to the problem (2.1.4). In contrast to this result, some authors [31, 32] establish
an O(1/e) complexity for e-optimality for ADAL-type algorithms applied to more general
classes of problems, which includes . However, the ADAL decomposition employed
by these papers involves subproblems that are as difficult as our original problem ,
thereby rendering these approaches unsuitable for our purposes. On the other hand, un-
der mild assumptions, the recent results in [68] show that for a general class of problems,
which includes , the ADAL algorithm employed here has J (z*, p*¥) converging to an
e-optimal solution to with O(1/¢) complexity in an ergodic sense and ||Az + b — p)||3
converging to a value less than ¢ with O(1/¢) complexity. This corresponds to an O(1/g?)
complexity for e-optimality for problem . As of this writing, we know of no result
that applies to our ADAL algorithm that establishes a better iteration complexity bound
for obtaining an e-optimal solution to ([2.1.4)).

We use results in [68] to establish the following result.
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Theorem 3.4.1. Consider the problem (2.1.4) with X = R™ and suppose that the sequence
{(z*, pk,u*)} is generated by ADAL with initial point x° € X. Then, under Assumption

3.3.1, in at most O(1/2) iterations we have an iterate xF with k < k < 2k — 1 that is

e-optimal to 2.1.4), i.e., such that [2.5.1) holds with & = z*.

The key results from [68] used to prove this theorem follow.

Lemma 3.4.2. [68, Lemma 2] Suppose that the sequence {(zF,p*,uF)} is generated by
ADAL with initial point 2° € X, and, under Assumption|3.3.1], let (z*, p*, u*) be the optimal
solution of . Then, for all k € N, we have

. . 2 2 2
J(xk+1’pk+1)_J(x*7p*) < %(Hukﬂz_ Huk+1H2) B iHAxk+b_pkHH2
2 2
(e - aat] e - aukt ).
+2”(H T x ) T T 2)

Lemma 3.4.3. [68, Theorem 2] Suppose that the sequence {(z*,p* u¥)} is generated by
ADAL with initial point 2° € X, and, under Assumption|3.3.1], let (z*, p*,u*) be the optimal
solution of . Then, for all k € N, we have

2 2
HAack +b —pkH2 + HAack - Axk_1H2 <1 (HA(:nO - $*)H§ + u? Huo - u*H;) ,
i.e., in particular, we have
k k)? o1 0 Y [12 2,0 *||2
o+ 620 < 3 (JlA® - )2+ 0 [ = w]2)
Remark 3.4.4. To see how the previous two lemmas follow from the stated results in [6§],
the table below provides a guide for translating between our notation and that of [68], which

considers the problem

min f(z)+ g(z) subject to Az + Bz = c. (3.4.1)

)
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Problem Problem
(z,p) (2,2)
2 g
dist (- |C) f
A B
—I A
—b c

For the results corresponding to our Lemmas and [68] requires f and g in
(3.4.1)) to be closed, proper, and convex functions. In our case, the corresponding functions
dist (- |C') and ¢ satisfy these assumptions.

By Lemma the sequence {w*} is monotonically decreasing, meaning that {||Az* —
Az*||3} and {|u*|3} are bounded by some 71 > 0 and 72 > 0, respectively. The proof of

Theorem [3.4.1| now follows as a consequence of the following lemma.

Lemma 3.4.5. Suppose that the sequence {(x*,p¥, u*)} is generated by ADAL with initial
point z° € X, and, under Assumption let (x*,p*, u*) be the optimal solution of .
Moreover, let k € K := {k,k+1,...,2k — 1} be such that J(z*,p¥) = mingeg J (¥, p*).
Then,

- HIA(20 — 24|12 2 |0 — u*ll?
@) — Jo(a) S\/<|| @ =) a2 0= l) | gt e

Proof. Summing the inequality in Lemma forj=k—1,...,2(k —1) yields

W2 ' A
> J@T Pt | = k(@ pY)
j=k—1
2 2 2 2
o 1 e s W e ) EE
< E(||u , u 2)+ 2u( x x , x x 2)

< pro+ 11 /1 (3.4.2)
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Therefore,

< 3 (ume +11/p), (3.4.3)

where the last inequality follows from (3.4.2)).

Next, observe that for any x € R™ and p, we have

Jo(x) — J(x,p) = p(z) +dist (Ax +b | C) — (p(z) +dist (p |C))
=dist (Az+b |C) —dist(p | C)

< ||[Az +b - pll
= ) l[Ai + b; — pill,
€L
< Vi|Az+b—p|,. (3.4.4)

where the first inequality follows since |dist (z | C') —dist (w | C') | < ||z—w||, and the second

follows by Jensen’s inequality. Combining (3.4.3)) and ({3.4.4]) gives

Jo(a) = Jo(a?) = Jo(a) = (2, p7)
= Jo(a®) = J(aF,pF) + J(aF ) = J (", ")

g\ﬁwﬁﬁ+b—pﬂ2+““t:”“

. \/z<||A<a:0 — o+ 2~ 3) | o/
—= k k )

where the second inequality follows by Lemma and the fact that k > k. O
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Chapter 4
IMPLEMENTATION OF IRWA AND ADAL

4.1 Nesterov Acceleration

In order to improve the performance of both IRWA and ADAL, one can use an accelera-
tion technique due to Nesterov [49]. For the ADAL algorithm, we have implemented the
acceleration as described in [33], and for the IRWA algorithm the details are given below.
We conjecture that each accelerated algorithm requires O(1/e) iterations to produce an

e-optimal solution to (2.1.4), but this remains an open issue.

IRWA with Nesterov Acceleration

Step 0: (Initialization) Choose an initial point z° € X, an initial relaxation vector ¢® € R,
and scaling parameters n € (0,1), v > 0, and M > 0. Let 0 > 0 and ¢’ > 0 be two
scalars which serve as termination tolerances for the stepsize and relaxation parameter,

respectively. Set k:= 0, y" := 2%, and t; := 1.
Step 1: (Solve the re-weighted subproblem for z*+1)

k+1

Compute a solution x to the problem

ko ky . A
G(y"®, € : ;Iél)l(lG(yk7Ek)(l').

Let
144/ 1+4(tk)2
thrl = D)

k41 t’“—l(karl _ xk)'

k+1 .
and y =z o

Step 2: (Set the new relaxation vector e*+1)
Set
G = Ay(a®t — o) and 7= (I — Po)(Aif + b)) Vie.

i
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If

2 3+
+ () " vier,

~k
T

SM[
2

~k
4q;

2
then choose e"*1 € (0, ne¥); else, set ¥+ = eb. If J(yF*L, Ftl) > J(aktl ktl)

k+1 . k+1

then set y =z

Step 3: (Check stopping criteria)

If kaH — kaQ < o and HekHQ < ¢/, then stop; else, set k:= k + 1 and go to Step 1.

In this algorithm, the intermediate variable sequence {y*} is included. If y**! yields an
objective function value worse than z¥*!, then we re-set y**! := 2*+1. This modification

preserves the global convergence properties of the original version since

J(karl’ekJrl) _ J(l‘k,ﬁk)

= J(xk—‘rl? 6k+1) - J(yka Ek) + J(yka Ek) - J(mkv ek)

< I ER) = T(yF,€)
< - %(xk—H _ yk)TATWkA(xk—‘rl _ yk) (4‘1_1)
= —3(@")" W,

where the inequality (4.1.1) follows from Lemma [2.3.6, Hence, %(cjk)Tchjk is summable,
as was required for Lemma [2.4.1] and Theorem [2.4.2]

4.2 Application to Systems of Equations and Inequalities

In this section, we discuss how to apply the general results from §?7? and §77 to the particular
case when H is positive definite and the system Az+b € C corresponds a system of equations
and inequalities. Specifically, we take [ = m, X = R", C; = {0} for i € {1,...,s}, and
C;i=R_forie{s+1,...,m} sothat C :={0}* x R™"° and

Jo(z) = ¢(x) +dist; (Az + b |C)

=)+ > |Aw+bil+ > (Aiw+bi)s. (4.2.1)

=1 i=s+1
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The numerical performance of both IRWA and ADAL on problems of this type will be
compared in the following section. For each algorithm, we examine performance relative to a
stopping criterion based on percent reduction in the initial duality gap. It is straightforward
to show that, since H is positive definite, the Fenchel-Rockafellar dual [58, Theorem 31.2]
to is
miniumize Hg+ATWTH (g4 ATu) —bTu+ 3,7 6" (ui | Cy) (42.2)
subject to wu; € By Vi e L,
which in the case of reduces to
miniumize g+ ATw)TH (g + ATu) — bTu
subject to —-1<wu;<1,i=1,...,s
0<uy; <1, 1=s+1,...,m.

In the case of linear systems of equations and inequalities, IRWA can be modified to
improve the numerical stability of the algorithm. Observe that if both of the sequences |r¥
and ef are driven to zero, then the corresponding weight wf diverges to +o00, which may
slow convergence by unnecessarily introducing numerical instability. Hence, we propose
a modification that addresses those iterations and indices i € {s + 1,...,m} for which

(A;xF4+b;)_ < 0, i.e., those inequality constraint indices corresponding inequality constraints
k+1

that are strictly satisfied (inactive). For such indices, it is not necessary to set ;" < ef.
There are many possible approaches to address this issue, one of which is given in the

algorithm given below.

IRWA for Systems of Equations and Inequalities

Step 0: (Initialization) Choose an initial point #° € X, initial relaxation vectors ¢ = €V €
Rl++> and scaling parameters n € (0,1), v > 0, and M > 0. Let ¢ > 0 and ¢’ > 0
be two scalars which serve as termination tolerances for the stepsize and relaxation

parameter, respectively. Set k := 0.

Step 1: (Solve the re-weighted subproblem for z*+1)

k+1

Compute a solution x to the problem

G(zk, ) Ixrél)l} é(zk7€k) (z).
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Step 2: (Set the new relaxation vector ¢**1)

Set
qF = A2t — 2% and rF = (T - Po)(Ai® +b) Vi=0,...,m.
If
k 2 om2]ftT
q; 2§M[ T 2—}—(@)} Vi=1,...,m, (4.2.3)
then choose éF*1 ¢ (0, nék] and, fort=1,...,m, set
éf“ ,i=1,...,s,
et = e* ;i > s and (A2 4+ b;)_ < —éb,
€f+1 , otherwise.

Otherwise, if (4.2.3) is not satisfied, then set é¥*1 := ¥ and 1 := €*.

Step 3: (Check stopping criteria)

If kaH — kaQ < o and HékHQ < ¢/, then stop; else, set k := k + 1 and go to Step 1.

Remark 4.2.1. In Step 2 of the algorithm above, the updating scheme for € can be modified

1

in a variety of ways. For example, one can also take e,’f+ = ¥ when i > s and (A;z%+b;)- <

0.
This algorithm yields the following version of Lemma [2.4.1

Lemma 4.2.2. Suppose that the sequence {(z*,€*)} is generated by IRWA for Systems of
Equations and Inequalities with initial point 2° € X and relazation vector ¢ € Rl++’ and,

for k €N, let ¢ and ¥ for i € Ty be as defined in Step 2 of the algorithm with
¢" = (@) (@)D" and = (05)T, . (D))
Moreover, for k € N, define

wh = wi(z¥, ¥ fori e Ty and Wy = W (zF, "),

(2
and set S := {k ‘ e+l < ek}, Then, the sequence {J(z*,€")} is monotonically decreasing.
Moreover, either infiey J(:ck, ek) = —00, in which case inf,cx Jo(x) = —o0, or the following

hold:
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(1) S520(d")" Wie" < 0.

(2) & — 0 and H(z" — 2F) — 0.

(3) Wig" > 0.

(4) whrk =k /|5 + € € Ba NN (P, (Asx® + b)) |Ci) , i € T, k € N.
(5) —ATWid* € (Vo(a*) + X ,cr ATwbrF) + N (2F+1| X) , k € N.

(6) If {dist (Az* 4+ b | C)}res is bounded, then ¢~ 0.

Proof. Note that Lemma [2.3.6] still applies since it is only concerned with properties of the

functions G and J. In addition, note that

gl < ek and < fl < vE> 1.

With these observations, the proof of this lemma follows in precisely the same way as that

of Lemma except that in Part (2) {é¥} replaces {€*}. O

With Lemma it is straightforward to show that the convergence properties de-
scribed in Theorems [2.4.2] and [2.4.3] also hold for the version of IRWA in this section.

4.3 Numerical Comparison of IRWA and ADAL

In this section, we compare the performance of our IRWA and ADAL algorithms in a set of
three numerical experiments. The first two experiments involves cases where H is positive
definite and the desired inclusion Az + b € C corresponds to a system of equations and
inequalities. Hence, for these experiments, we employ the version of IRWA as tailored for
such systems given in the previous section. In the first experiment, we fix the problem
dimensions and compare the behavior of the two algorithms over 500 randomly generated
problems. In the second experiment, we investigate how the methods behave when we scale
up the problem size. For this purpose, we compare performance over 20 randomly generated

problems of increasing dimension. The algorithms were implemented in Python using the
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NumPy and SciPy packages; in particular, we used the versions Python 2.7, Numpy 1.6.1,
SciPy 0.12.0 [43 52]. In both experiments, we examine performance relative to a stopping
criterion based on percent reduction in the initial duality gap. In IRWA, the variables

¥ := WyrF are always dual feasible, i.e.,

ﬂieBgﬂdom@*(-\Ci)) Viel

(recall Lemma[2.4.1)(4)), and these variables constitute our kth estimate to the dual solution.
On the other hand, in ADAL, the variables 4% = u*F — %qk are always dual feasible (recall
Lemma , so these constitute our kth estimate to the dual solution for this algorithm.
The duality gap at any iteration is the sum of the primal and dual objectives at the current
primal-dual iterates.

In both IRWA and ADAL, we solve the subproblems using CG, which is terminated
when the ¢3-norm of the residual is less than 10% of the norm of the initial residual. At
each iteration, the CG algorithm is initiated at the previous step 2*~!. In both experiments,
we set 2¥ := 0, and in ADAL we set u° := 0. It is worthwhile to note that we have observed
that the performance of IRWA is sensitive to the initial choice of € while ADAL is sensitive
to p. We do not investigate this sensitivity in detail when presenting the results of our
experiments, and we have no theoretical justification for our choices of these parameters.
However, we empirically observe that these values should increase with dimension. For each
method, we have chosen an automatic procedure for initializing these values that yields
good overall performance. The details are given in the experimental descriptions. A more
principled method for initializing and updating these parameters is the subject of future
research.

In the third experiment, we apply both algorithms to an [; support vector machine
(SVM) problem. Details are given in the experimental description. In this case, we use the
stopping criteria as stated along with the algorithm descriptions in the paper, i.e., not a
criterion based on a percent reduction in duality gap. In this experiment, the subproblems

are solved as in the first two experiments with the same termination and warm-start rules.

First Experiment: In this experiment, we randomly generated 500 instances of problem

[@.2.1). For each, we generated A € R609x1000 anqd chose C' so that the inclusion Az +b € C
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Figure 4.1: Efficiency curves for IRWA (left panel) and ADAL (right panel). The percentage
of the 500 problems solved is plotted versus the total number of CG steps. IRWA terminated
in fewer than 460 CG steps on all problems. ADAL required over 460 CG steps on 8 of the

problems.

corresponded to 300 equations and 300 inequalities. Each matrix A is obtained by first
randomly choosing a mean and variance from the integers on the interval [1, 10] with equal
probability. Then the elements of A are chosen from a normal distribution having this
mean and variance. Similarly, each of the vectors b and g are constructed by first randomly
choosing integers on the intervals [—100, 100] for the mean and [1, 100] for the variance with
equal probability and then obtaining the elements of these vectors from a normal distribution
having this mean and variance. Each matrix H had the form H = 0.1] + LLT where the
elements of L € R™*™ are chosen from a normal distribution having mean 1 and variance 2.
For the input parameters for the algorithms, we chose 1 := 0.6, M := 104, v := %, =100,
and €) := 2000 for each i € Z. Efficiency curves for both algorithms are given in Figure
which illustrates the percentage of problems solved versus the total number of CG steps
required to reduce the duality gap by 50, 75, 90 and 95 percent. The greatest number
of CG steps required by IRWA was 460 when reducing the duality gap by 95%. ADAL
stumbled at the 95% level on 8 problems, requiring 609, 494, 628, 674, 866, 467, 563, 856, 676
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Figure 4.2: Box plot of CG steps for IRWA and ADAL for each duality gap threshold.

and 911 CG steps for these problems. Figure [4.2] contains a box plot for the log of the
number of CG iterations required by each algorithm for each of the selected accuracy levels.
Overall, in this experiment, the methods seem comparable with a slight advantage to IRWA

in both the mean and variance of the number of required CG steps.

Second Experiment: In the second experiment, we randomly generated 20 problems of
increasing dimension. The numbers of variables were chosen to be n = 2004500(j —1), j =
1,...,20, where for each we set m := n/2 so that the inclusion Az + b € C corresponds to
equal numbers of equations and inequalities. The matrix A was generated as in the first
experiment. Each of the vectors b and g were constructed by first choosing integers on
the intervals [—200,200] for the mean and [1,200] for the variance with equal probability
and then obtaining the elements of these vectors from a normal distribution having this

mean and variance. Each matrix H had the form H = 40] + LDL”, where L € R**F
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Figure 4.3: Increase in CG steps for each duality gap (left panel) and CPU time (right
panel) for IRWA and ADAL as dimension is increased.

with £ = 8 and D was diagonal. The elements of L were constructed in the same way as
those of A, and those of D were obtained by sampling from the inverse gamma distribution
f(x) = Fb((;):n*afle*b/x with @ = 0.5, b = 1. We set n := 0.5, M := 10, and ~ := %, and
for each j = 1,...,20 we set ) := 10>+1:312G+10) for cach i = 1,...,m, and p := 500(1 + 7).

In Figure [4.3] we present two plots showing the number of CG steps and the log of the
CPU times versus variable dimensions for the two methods. The plots illustrate that the

algorithms performed similarly in this experiment.

Third Experiment: In this experiment, we solve the [;-SVM problem as introduced in
[75]. In particular, we consider the exact penalty form
m n
min 1 —yi Zﬂ%’jﬁj + A8l (4.3.1)
j=1

BeRrr
= -

where {(z;,y;)}/", are the training data points with z; € R™ and y; € {—1,1} for each

t=1,...,m, and A is the penalty parameter. In this experiment, we randomly generated
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40 problems in the following way. First, we sampled an integer on [1,5] and another on
[6,10], both from discrete uniform distributions. These integers were taken as the mean
and standard deviation of a normal distribution, respectively. We then generated an m x s
component-wise normal random matrix 7', where s was chosen to be 19423, 7 =0,1,...,39
and m was chosen to be 200 + 105, j = 0,1,...,39. We then generated an s-dimensional
integer vector B whose components were sampled from the discrete uniform distribution on
the integers between —100 and 100. Then, y; was chosen to be the sign of the i-th component
of Tﬁ . In addition, we generated an m x t i.i.d. standard normal random matrix R, where ¢
was chosen to be 200+303, j = 0,1,...,39. Then, we let [z1, 22, ...,2,,]" := [T, R]. For all
40 problems, we fixed the penalty parameter at A = 50. In this application, the problems
need to be solved exactly, i.e., a percent reduction in duality gap is insufficient. Hence,
in this experiment, we use the stopping criteria as described in Step 3 of both IRWA and
ADAL. For IRWA, we set €) := 10% for all i € Z,  := 0.7, M := 10%, vy := %, o:=10"% and
o' :==1078. For ADAL, we set  := 1, 0 := 0.05 and ¢” := 0.05. We also set the maximum
iteration limit for ADAL to 150. Both algorithms were initialized at 5 := 0. Figure has
two plots showing the objective function values of both algorithms at termination, and the
total CG steps taken by each algorithm. These two plots show superior performance for
IRWA when solving these 40 problems.

Based on how the problems were generated, we would expect the non-zero coefficients
of the optimal solution § to be among the first s = 19+ 24, j = 0,...,39 components
corresponding to the matrix 7. To investigate this, we considered “zero” thresholds of
1073,10~% and 107?; i.e., we considered a component as being “equal” to zero if its absolute
value was less than a given threshold. Figure [4.5] shows a summary of the number of
unexpected zeros for each algorithm. These plots show that IRWA has significantly fewer
false positives for the nonzero components, and in this respect returned preferable sparse
recovery results over ADAL in this experiment.

Finally, we use this experiment to demonstrate Nesterov’s acceleration for IRWA. The
effect on ADAL has already been shown in [33], so we only focus on the effect of accelerating
IRWA. The 40 problems were solved using both IRWA and accelerated IRWA with the

parameters stated above. Figure shows the differences between the objective function
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Figure 4.4: In all 40 problems, IRWA obtains smaller objective function values with fewer

CG steps.

normal-—accelerated % 100
accelerated

values ( ) and the number of CG steps (normal — accelerated)
needed to converge. The graphs show that accelerated IRWA performs significantly better
than unaccelerated IRWA in terms of both objective function values obtained and CG steps

required.

4.4 Conclusion

In this paper, we have proposed, analyzed, and tested two matrix-free solvers for approx-
imately solving the exact penalty subproblem . The primary novelty of our work
is a newly proposed iterative re-weighting algorithm (IRWA) for solving such problems in-
volving arbitrary convex sets of the form . In each iteration of our IRWA algorithm,
a quadratic model of a relaxed problem is formed and solved to determine the next it-
erate. Similarly, the alternating direction augmented Lagrangian (ADAL) algorithm that
we present also has as its main computational component the minimization of a convex
quadratic subproblem. Both solvers can be applied in large scale settings, and both can be
implemented matrix-free.

Variations of our algorithms were implemented and the performance of these imple-
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Figure 4.5: For both thresholds 10~ and 107°, IRWA yields fewer false positives in terms

of the numbers of “zero” values computed. The numbers of false positives are similar for the

threshold 1073. At the threshold 107°, the difference in recovery is dramatic with IRWA

always having fewer than 14 false positives while ADAL has a median of about 1000 false

positives.

mentations were tested. Our test results indicate that both types of algorithms perform

similarly on many test problems. However, a test on an £;-SVM problem illustrates that

in some applications the IRWA algorithms can have superior performance. Overall, our

investigation leads to a variety of open questions:

e How should the relaxation vector € in IRWA and the penalty parameter p in ADAL

be initialized and updated in order for the methods to be most effective when solving

a particular problem instance?

e Are there certain problem classes for which one should expect superior performance

of IRWA over ADAL, or vice versa? If so, then what feature(s) of a given problem

class leads to the different levels of performance? For example, although IRWA was
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Figure 4.6: Differences in objective function values (left panel) obtained by normal

and accelerated IRWA (nom;zé}j;ii(zilgéated x 100), and differences in numbers of CG

steps (right panel) required to converge to the objective function value in the left panel
(normal — accelerated). Accelerated IRWA always converged to a point with a smaller ob-
jective function value, and accelerated IRWA typically required fewer CG steps. (There
was only one exception, the last problem, where accelerated IRWA required two more CG

steps.)

superior on the [;-SVM problem presented in our third experiment (see Figures [4.4
and , we do not have a clear understanding of why this was the case. Conversely,
are there instances within the problem class where ADAL is clearly superior
to IRWA?

e We have observed that, although IRWA and ADAL performed similarly on many
of the problems in our first experiment, IRWA seemed to perform better as greater

accuracy was requested, whereas ADAL occasionally stumbled under these requests

(see Figures and . Further numerical testing did not reveal a strategy for
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consistently improving the performance of ADAL when higher accuracy was desired.
Is there a way to tune ADAL to overcome this drawback, or is this perceived drawback

simply an artifact of our experimental design?

Our implementation of both IRWA and ADAL uses the Nesterov acceleration, and
this innovation can have a dramatic impact on the performance of these methods (see
Figure . However, we have not been successful in providing a complexity analysis
for these implementations. We conjecture that the accelerated algorithms require

O(1/e) iterations to produce an e-optimal solution to (2.1.4)).
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Chapter 5

GENERALIZATION OF IRWA
5.1 Introduction

Consider the following optimization problem:
N
min > fi(x), (5.1.1)
X
i=1

where f; : R” — R are convex but not necessarily smooth. Define a smoothed approximation

of the objective function using Moreau envelopes by

N
min Fy(z) := Ze,\ifi(x), (5.1.2)
i=1
where ey, fi(z) := inf,(fi(w) + 21\1, |lw — z||?) is the Moreau envelope function and A =

(A1, , An]. We first consider the case of fixed A. Instead of solving (5.1.2)), at each z* we

solve a weighted least squares problem given by

. 2
P = argmin, Gy e(@) == S0 fi0h) + b o~ F] (5.1.3)

N 1.k
41 Zi:l Tipi

where pf = PIroxy, (zF). Tt is easily seen that xF*+! = SRR We have the following
=13,

proposition about the iterates z* obtained in this way.

Proposition 5.1.1. Assume Fy(z) > —oco Vo € R™. If {a*}3° | are generated by solving

(5.1.3) iteratively for fized A > 0, then

s 2
ZkaH —ka < 00. (5.1.4)
k=1
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Proof. First observe that

Goaahy (@) = Gy oty (2)

1 2 2
= a TM( ‘xkﬂ —P? - Hﬂfk —Pi'c )
1 k+1 kH2
(; 2, o+ -2
In addition,
k+1 . 1 k1 ||?
ex Jil@* ) = inf fiw) + 5 |w - o* 7
(]
k L
Sfi(pi)+27)\i D —x H .
Hence,
N
Ja (xk—i-l) — Z‘f)\ifi(xk+l)
i=1
N 1 9
ok kE_, k+1
S;fz(pi)‘i‘Q)\i p; — T H
= Gpzm (@),

Notice that Fj(z*) = G(A7xk)($k). Therefore

Fy(2*h) — Fy(a)

< Gaahy (@) = G iy (2)

2

N
< _(Z i) kaﬂ _ ka '
- 2\

=1

Summing over k from 1 to N, we have
N 2
Z kaH - ka < By(z!) = Fy (2™ < o0,
k=1

where the last inequality is due to Fy(z) > —oo. Let N — oo, we have

> 2
Z ka'H — :ckH < Q.
k=1
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Theorem 5.1.2. Assume Fy(x) > —oo Vax € R™. If {xk}zozl are generated by solving
(5.1.3)) iteratively for fired A > 0, then every cluster point of {xk}io:l s a global solution to

the optimization problem (j5.1.2)).

Proof. Proposition shows that zFt! — 2% — 0. Assume {2¥};cs is a convergent sub-

. S _
sequence, i.e. zF 2 Z. Then we have

= prox/\ifi(xk) 5 prox,, s () i=1,---,N.
Optimality condition of ([5.1.3)) implies
N Ju—
Z T pp 0, (5.1.5)

i.e.

<

Yok ph AN TR
Z " Z+(Zy)(x+ —z%) =0.
t i=1

i=1
Let k > 0o and by z**t1 — 2% — 0, we have

if prOX/\fZ( ) —0

=1

Hence Z solves (5.1.2)). O

Corollary 5.1.3 (Coercivity). Let Fy and {xk}zozl be as given in Theorem . If any
one of the functions f; i € {1,...,N} is coercive, then Fy is coercive and the sequence

{z*}9° | has cluster points that are global solutions to the optimization problem (5.1.2)).

Proof. The result follows from Theorem [5.1.2] once it is shown that F) is coercive. For
this we need only show that ey, f; is coercive for some i € {1,...,N}. Let i € {1,..., N}
be chosen so that f; is coercive so that 0 € intr(dom (f);) [59, Theorem 11.8]. Then

(ex,fi)* = f++ Xi/2||-|l3. Hence, 0 € intr(dom (() ey, fi)*), and so ey, f; is coercive by [59
Theorem 11.8]. O
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5.2 Continuation and Practical Version

A good guess of )\f is ka — pht

)

H + 6?, where ef is a non-negative constant. ef will be up-
dated based on the relation between ||z — z¥ ||, and ka - pf_lH b I ||aF T — 2R ||, <
2
ka — pfle + ef, then set ef“ = nef, n € (0,1), otherwise = ef. Hence we have the
2

following algorithm for ([5.1.1)), see Algorithm

Algorithm 1 GIRWA
Initilization: 2% 7 € (0,1),\? > 0,6 >0, i=1,--- , N and ¢ > 0.

Step 1: Set pf := prox)\@f(xk), and

N 1.k
D=1 e Pi

N 1
D1 NF

k+1

X

Step 2: Update Al and €. If |[zFH! —2F||, < ka —pf‘le + ¢, then set 1 =

7

E+1 _ &
i =€

Set. X = [+ — ph ], + e+

nek, n € (0,1), otherwise €

Step 3: Check stopping criteria.

Nesterov’s acceleration [49] could be combined with GIRWA naturally. Instead of using
z* to obtain pf, we use a combination of z* and z#~! to calculate pf. Then we have the

accelerated GIRWA, see Algorithm
5.3 Numerical Experiments

Experiment 1: Consider the [y regularized regression problem

1 2
min 5 || Az = blf; + B |z, -

A is an m X n random matrix with each element sampled i.i.d. from standard normal
distribution. We set m = 600 and n = 5000. We test our algorithm with 8 = 5,10. No
warm start is used. We compare our algorithm with ADMM. Figure [5.3|shows that GIRWA

is able to converge faster to a better solution than ADMM.
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Algorithm 2 Accelerated GIRWA

Initilization: 2°,y° =2% 7€ (0,1),\? >0,tg =1, >0, i=1,--- N and € > 0.

Step 1: Set pf = pI'OX/\I_vf(yk)a and

N 1k /
xk-{-l:Zi:l AP L+ /1448

1 =

N 1

SNk 2
k1 k1 =1 ki

y =" 4 ——(z

_ xk)
te+1

Step 2: Update A¥ and €. If ||* —:1:’“”2 < ka —pflez + ¢k then set e =

nek, n € (0,1), otherwise ei-““ = ek

Set 3 = 1 — ]+

i .

Step 3: Check stopping criteria.

10

10%-

.
B8

pmmmm=—
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e T | B e
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A
:
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S

N
)
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’
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...........

' ' '
100 200 300

Figure 5.1: Left panel is for 8 = 5 and right panel is for g = 10.
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Chapter 6
LINEARLY CONSTRAINED NONLINEAR PROGRAMMING

6.1 Introduction

Consider the linearly constrained nonlinear programming problem which is defined as

(LNP) min, f(2)
st. Er=e (6.1.1)
Gr <p,

where f(z) is twice differentiable, E € R™*" and G € R™2*". We assume the linear con-
straints of (6.1.1)) are consistent. Problem (6.1.1]) can be approached by solving a sequence of
quadratic subproblems. Taking the quadratic approximation of f(x) at a feasible point 2*,

the subproblem becomes the following linearly constrained quadratic programming problem
1
min §dTde + V(") Td
s.t. Ed=0 (6.1.2)

Gd + Gz* < p,

where Hj, is the Hessian approximation of f(x) at 2*.

If has only bound constraints, i.e. | < z < ¢, [14] applied limited memory BFGS
together with gradient projection to solve it quite successfully. However gradient projection
technique can not be employed to solve for general linear constraints. Active set
and interior point methods are the most widely used techniques to solve . These
have been implemented in packages like [29, SNOPT] and [I5, KNITRO]. The package
[66, IPOPT] employs an interior point algorithm to solve while [I5, KNITRO)]
implements an interior point algorithm which either solves the Newton equation directly or
through conjugate gradient (CG) method. The package [I, CVXOPT] is a conic program
solver which uses a path-following algorithm to solve . All these methods solve the

underlying linear systems of equation by (sparse) factorization or CG.
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6.2 Review of Limited Memory BFGS
Suppose {z¥} is a sequence generated to solve (6.1.1]). Define

Sk — l'k+1 _ l’k, yk — vf(xk—i-l) _ Vf(l‘k)

Sk = [80a817 te 78k_1]7 Yk = [y07y17 T 7yk_1]'

Then the direct BFGS update formula is given by

HkskSkTHk ykykT

Hy1 = Hy, —
+ SKT sk yFT gk’

(6.2.1)

where s*7 := (s¥)T. The compact update of Hj can be summarized in the following theorem

[16, Theorem 2.3].

Theorem 6.2.1. [16, Theorem 2.3] Let Hy be symmetric and positive definite and assume
that the k pairs {s',y’ f;ol satisfy s"Ty* > 0. Let Hy, be obtained by updating Hy k times
with direct BFGS formula using the pairs {s*,y* f;ol. Then

-1

S{HoS, Py STH,
Hy = Ho = [Hosk Yk} : . i N (6.2.2)
By —Dy, Yy

where Py is the k X k matriz

g(i=DTyi—1 ifi >

(Pk)z,] =

0 otherwise,

and Dy, = diag[soTyU7 ... 7S(k‘71)Tyk71]_

In the limited memory setting, we only keep the r most recent s* and y* in S; and Yy,

l.e.

Sk — [Skfr’ . ,Skfl]

Yk = [ykir7 U 7yk71]'
In this setting, Hj, can be written as

Hy:=al — LYY, (6.2.3)
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where L € R™?" and H n ! can be computed by the Sherman-Morrison-Woodbury formula
1

(ol —LX'LT)y ™ = Z[I - L(aZ + L7L)~'LT]. (6.2.4)
o

Define
A=[ET,GMT, b=[0]

mys (P — GzMTT, and X = [ul, 07T,
where © € R™ is the Lagrangian multiplier corresponding to the equality constrains and
v € R™2 corresponds to inequality constraints (6.1.2]) so that A € R™ with m = m; + mao.
A direct calculation shows the Lagrangian dual of (6.1.2) is
1
min ~ATAHTATA + 2T (b+ AH 'V f(2?))
uv 2
(6.2.5)
s.t. v>0.

If A is a solution to (6.2.5), then the solution to (6.1.2) can be recovered as d = —H, * (AT A+
Vf(*)).

Before introducing our algorithm for (6.1.1]), we describe a coordinate descent algorithm

for solving (6.2.5)).

6.3 Coordinate Descent Algorithm

In this section, we describe a coordinate descent algorithm to solve bound constrained
quadratic programming problems of the form

1 .

min d(u) = §uTAH_1ATu +ul'b

(6.3.1)
st.l <u<eg,

where A € R™" h e R™, H = ol — LY LT e R", © € R, |; € [—00,00) and ¢; €
(—o0,00] with [; < ¢;, i =1,2,...,m. Plugging (/6.2.4]) into the objective function of (6.3.1])

gives

1 1 .
d(u) = %UTAATU - %UT(AL)(QE + LTL) Y AL) u+ u"b

R™% 2r R™MX 2r

We assume L € can fit into memory, and we can compute and store AL €

and (AL)(aX + LTL)~' € R™*?", Defining Q := AL and Q := AL(aX + LTL)~", (6.3.1)
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becomes ) )
min d(u) = —uT AATu — —u"QQTu + uTb
2 20 (6.3.2)
st.l<u<e

Coordinate descent algorithm introduced in [45] is applicable to solve (6.3.1). The

algorithm in [45], see Algorithm [3| is designed to solve a problem like

min  f(u) := g(Mu) + wlu
uek (6.3.3)
st. [ <u<e

Define U := {u| | < u < ¢} and
sz(u) ll‘ <u; < ¢
proj(Vf(u)) := ¢  min(V;f(u),0) u; =1
max(V;f(u),0) wu; = ¢,

where V; f(x) denotes the i-th component of the gradient of f(x).

Algorithm 3 Coordinate Descent Algorithm (CDA)
Step 1: Initialize u° and e.

Step 2: While Hp}roj(Vj‘"(uk))Hoo >

Fori=1,...,m,

k+1 _ . k+1 k+1 k k
;= largmm J™ T ug, g g ) (6.3.4)
i<u;<c;

In order to prove the convergence of Algorithm [45] imposed the following assumptions

on (533)

(a) The set of optimal solutions for (6.3.3) denoted by U* is non-empty.
(b) g has a open domain and is strictly convex twice continuously differentiable.

(c) V2g(Mu*) is positive definite for all u* € U*.
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Our problem (6.3.1)) satisfies these assumptions by a direct verification. Defining

1 R
g(u) = §uTH_1u, M=AT w=h,

assumptions (a), (b), (c) can be trivially verified. Theorem 2.1 in [45] shows that under the
above assumptions, at least a linear convergence can be guaranteed.

The main computation of CDA comes from solving sub-problem . Next, let us see
how we can solve sub-problem efficiently. This sub-problem minimizes the objective
over one coordinate, for ease of presentation, we drop the sup index k£ and k+ 1 and assume
u; is the coordinate to be minimized over while fixing all the other coordinates at their
current values. The i-th component of the gradient of d(u) is
m
> (ala; — ¢ qs)u; + b, (6.3.5)
j=1

Vid(u) =

SRS

where a! qiT and (]’ZT denotes the i-th row of A, @Q, and Q respectively. Then the solution

7

to (6.3.4) is given by

l; if ala; — Gl ¢; = 0 and V;d(u) > 0

[li, ] if al'a; — Gl ¢; = 0 and V;d(u) =0

" 1 if aiTal- — ijl-Tqi =0 and V;d(u) <0
kmin(max(Zm(_ﬁ?;i?;j)ﬁa@ li), ci) if al a; — G} ¢ # 0.

(6.3.6)

Since aZTaZ- — cjoqi is the i-th diagonal element of AAT — QQT, we can pre-compute the

diagonal of AAT — QQT and store it. The solution mapping shows that the key
computation is V;d(u). Direct calculation of V;d(u) takes O(m(n + r)) operations, where
7 is the average number of non-zeros in the A’s rows. If m is large, then so is O(m(n + 1))
and the computation is expensive. To avoid the expensive of this calculation, we use a key
observation from [40] that reduces the cost of the update of V;d(u) to O(n+r). The update
technique takes advantage of the structure of AAT —QQT. Assume ® is the initial point for

CDA. Let w = 2311 u?aj and v = 301, u?qj. With the track of w and v, the calculation
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of V;d(u) can be carried out as

1 .
Vid(u) = a(a?w —Glv) + by (6.3.7)

k+1

Besides updating u;, we keep updating w and v as well. Suppose we change uf to u; ",

then we set w = w + a;(u¥ ™ — uF) and v = v + ¢;(uF! — uF). The computation in (6.3.7)
only involves the inner product of two vectors whose complexity is O(7 + k). Incorporating
the update computation of w and v, the total complexity is still O(7n + k) which is much

cheaper than O(m(n + k)).
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6.4 LBFGS for Linearly Constrained Non-linear Programming

Now we are ready to introduce Algorithm [4] for (6.1.1]).

Algorithm 4 LBFGS for LNP
Step 0: Initialize a® > 0, tolerance constants e; > 0, e5 > 0, maximum iteration number

N and we keep r pairs of {s’,4'} for limited memory BFGS.

Step 1: Initial feasible point. Use CDA to solve with H, = o’ and
b+ AH_ 'V f(zF) = 0. Let A° be the solution. Set z! := —%AO. x! is the first fea-
sible point. Set k =1 and H; = o 1.

Step 2: While k < N:

(a) Solve 1) with zF and tolerance 5 to obtain A*, then d¥ := —Hk_l(AT)\k +
Vf(a*)).
(b) Check stopping criteria: if HVf(ack) + AT)\kHOO < &1, stop.

(¢) Line search along d* to find step length t; satisfying Wolfe condition

f(a:k + tdk) < f(mk) + t01Vf(:Uk)Tdk
(6.4.1)

Vi(* +td")'d" > eV f(ah)"dP,
where ¢; := 10~% and ¢y := 0.9.

(d) Set zF+l = 2F 4 t,.d~.

kT, k

(e) Set s* = td*, yF = Vf(2"*h) — Vf(2F), of ! = % and Hy = o**'I. Then
update Hy to Hy41 based on Theorem with limited memory BFGS constant 7.

Remark 6.4.1. 1. Unit step length is always initially tested for acceptability for two
reasons. First, ¥ 4+ d* is always feasible, and secondly, it is always the case that
f(z¥ + d¥) < f(2F) with equality holds only if d* = 0. If the weak Wolfe condition
is not satisfied for unit step length, backtracking line search is used to find a
step length ¢;. We observe that in the most iterations, a unit stepsize satisfies the

Wolfe condition (|6.4.1]).
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2. In practice, stopping criteria HV fz*) + ATAkHOO may be hard to achieve in some
cases. In our implementation, we also terminate if either a non-descent direction is

generated or an insufficient decrease of objective f(x) occurs in 4 successive iterations.

3. The great advantage in using CDA to solve lies in its ability to take full ad-
vantage of the sparse structure of the constraint matrix A. Although other methods
mentioned above could also benefit from the sparse structure of A, their performance
will rely on sparse linear algebra techniques. Moreover, factorization is memory in-

tensive, so memory limits curtail the ability to solve very large scale problem.
6.5 Numerical Experiments

In this section, we present five numerical experiments. The 1st and 2nd experiments solve
for varying sizes and different structures of A. The 3rd experiment is the entropy
maximization problem taken from the CVXOPT package. The 4th experiment is a simu-
lated linearly constrained least square problems, while the 5th experiment contains a set
of simulated very large scale linearly constrained least square problems which are out of
the reach of CVXOPT. The 3rd and 4th experiments contain a comparison with CVXOPT
conic program and quadratic program solvers. We see a clear advantage of our proposed
algorithm in terms of running time.

For the simulated study, a random normal matrix A from N (u, o) with density p means
the elements of A are sampled independently from N (u, o) and the ratio between the number
non-zero elements of A and the total number of elements of A is p.

All the experiments were run on MacBook Air with a 1.4 GHz Intel Core 15 processor

and 4GB RAM.

First Experiment: In this experiment, we randomly generate 6 problems with increasing

dimensions. Set m = 5000, 10000, 50000, 100000, 300000, 500000, s = %, k = 20, n = 2m,
a =10.0, = 100.0, p = 1072,1072,5 x 1074,2 x 107%,3 x 107°,3 x 107°. A is a random
normal matrix A from N (10, 20) with density p. L is a random normal matrix from N (5, 20)

with density 1. 3 is a diagonal matrix with diagonal elements i.i.d ~ gamma (0.5,1). b

is sampled i.i.d from N(0,600) while g is sampled i.i.d from N(0,300). We use CDA to
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Figure 6.1: The left panel shows the trajectory of ||proj(V . For all the 6 problems
)
within less than 40 iterations, HpI"OJ (Vf(u H reaches the requ1red stopping tolerance

€ = 1075, The right panel presents the elapsed time of all 6 problems. It takes less than 1

minute to solve the largest problem.

solve these 6 problems with tolerance ¢ = 1075, Figure presents the trajectory of
HpI"O_] (Vf(u H and the elapsed time for all 6 problems. For all the 6 problems, within
less than 40 iterations, HprOJ (Vf(u H reaches the required tolerance e = 1076, The right
panel presents the elapsed time of all 6 problems. It takes less than 1 minute to solve the
largest problem.

Second Experiment: Set m = 3000, 30000, 90000, 300000, 600000, n = m and s = m. Set

B -1 0
A=|-I B -I|,
0 —-I B

m m m
. M M

where B € R3 %3 with 4 on the main diagonal and —1 on two sub-diagonal, and [ € R3 "3

is the identity matrix. L, b, g, a, u, k and € are the same as in the first experiment.
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Figure 6.2: The left panel shows the traJectory of HpI‘OJ Vf(u H For all the 5 problems,
within less than 30 iterations, HprOJ (Vf(u H reaches the required tolerance ¢ = 1075,

The right panel presents the elapsed time of all 5 problems. It takes less than 1 minute to

solve the largest problem.

Figure [6.2| presents the trajectory of HpI‘OJ Vi(u H and the elapsed time for all 5
problems. For all the 5 problems, within less than 30 iterations, HprOJ (Vf(u H reaches
the required stopping tolerance ¢ = 1076, The right panel presents the elapsed time of all
5 problems. It takes less than 1 minute to solve the largest problem.

Third Experiment (Entropy Maximization): Linearly constrained entropy maximiza-

tion in [6] is defined as

n
rr}ﬁcin Z x; log(z;)

i=1
st. Ex =e
Gz < p,

where the constraints are usually moment constraints for the distribution. We are go-
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Table 6.1: Comparison of f(x) and elapsed time

n f(x) Time(s) max(||Ez — ]|, , (Gz — p)5)
LBFGS | CVXOPT | LBFGS | CVXOPT | LBFGS CVXOPT
100 | -4.386294 | -4.386294 | 0.05 0.11 10-10 107
1000 | -6.671064 | -6.671064 | 0.29 0.83 10710 1079
2000 | -7.363175 | -7.363175 | 0.57 5.85 10710 1079
4000 | -8.055801 | -8.055801 | 2.52 45.71 10710 1079
6000 | -8.461093 | -8.461093 | 5.70 156.47 10710 1079
ing to solve one of the examples given in [I]. Let a € R™ be made of n equidistant

points in [~1,1]. Define h := 0, and set h; = 1 if a; < 0. Set E := 17 ¢ :

p:=[0.1,0.1,0.6, —0.5, —0.2,0.3,0.4, —0.3]" and

where a? denotes the componentwise square of a.

A:=[a,—a,a®, —a? 3a® — 2a, —3a® + 2a, h, —h]T,

1

)

We solve this problem using 'cp’ solver in [I] and LBFGS for LNP with n =100, 1000,

2000, 4000, 6000. Parameters for ’'cp’ solver in [I] are all default except the absolute
tolerance reset to 1074, We set a = 102, ¢; = 1072, e = 10710, » = 10 and N = 1500. If
decrease of objective f(x) is less than 107 4 times in a row, we also terminate LBFGS for
LNP. The results are summarized in Table It shows that both algorithms converging
to the same solution. LBFGS outperforms CVXOPT in all 5 problems in terms of running
When p = 6000, LBFGS for LNP is 30 times faster than CVXOPT. Figure [6.3

time.

shows the optimal solution comparison. Two solutions overlap with each other, i.e. both

algorithms converge to the same solution.
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Figure 6.3: Optimal solution comparison

Fourth Experiment: Consider the following problem

1 2
min o 1Cx + g5
st. Ex=e

Gz < p.

We generate 5 problems with number of variables n = 2000, 3000, 4000, 5000, 6000, and %
constraints with half equality and half inequality constraints. C' € R™*" is a random normal
matrix from N(5,20) with density 0.2. E and G are random normal matrices from N(2,5)
and N (5,10) respectively. Both E and G have a density 0.05. ¢ is a random normal vector
from N(50,200). To make sure the inequality constrains are always consistent, we generate
random normal vectors z from N (10,50) and ¢ from N(10,4) and let p := Gz + ¢%q. e
is a random vector from N(5,30). Set a = 103, 61 = 1072, &9 = 1078, r = 10 and N =
1500. The condition number of C' is approximately 69072.0, 89450.0, 166783.0, 66634.0 and
95756.0. CVXOPT qgp solver takes all default parameters. Table shows the comparison.
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Table 6.2: Least Square Comparison of LBFGS and CVXOPT

n 1O + g2 Time(s) | max(|Ee — ||, , (Gz — p)s)
LBFGS CVX LBFGS | CVX | LBFGS CVX
2000 | 3555229505.17 | 3555229505.52 5.04 6.66 10~10 10~
3000 | 5961872832.29 | 5961872845.93 12.94 20.13 1079 10712
4000 | 3919393694.13 | 3919393694.25 24.56 48.40 1011 10~12
5000 | 2073100245.36 | 2073100246.09 41.39 90.10 10711 10712
6000 | 6538672026.86 | 6538672026.94 62.24 159.84 1011 10712

Table 6.3: Over-determined Least Square Comparison of LBFGS and CVXOPT

n LCa + |1 Time(s) | max(|Ex — ell, . (Ga — p),)
LBFGS CVX LBFGS | CVX | LBFGS CVvX
2000 | 358408646467.03 358408646468.23 1.29 10.27 1010 1012
3000 | 694034599282.74 694034599337.79 3.02 33.09 10~ 10~12
4000 | 1196359539210.19 | 1196359539230.58 4.82 77.82 10~ 10~12
5000 | 1595675771435.67 | 1595675771459.56 9.97 131.90 10~ 1 1012
6000 | 2218234061219.69 | 2218234061220.45 22.36 254.30 10~11 10~12

LBFGS converges to a better objective function with less CPU time. However in terms of
constraint violation, CVXOPT has smaller constraint violation.

We also test the case when Cx 4+ g = 0 is an over-determined system, i.e. C' has more
rows than columns. Let n = 2000, 3000, 4000, 5000, 6000, C' € R(19")%"  The only difference
is the dimension of C' and g. The rest of this set of test problems is the same as previous
one. Table shows the comparison between LBFGS and CVXOPT. LBFGS is around 10

times faster than CVXOPT, and it is much more memory efficient.

Fifth Experiment: In this experiment, we try to scale up the scale of constrained least

square as large as possible. We simulated 5 problems. Let n = 100000, 200000, 400000,
800000, 1600000 and p = 0.001, 0.001, 0.0001, 0.0001, 0.00001. And C € R20*", E € R26 %"
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Table 6.4: Large scale test of LBFGS

n Time(s) | ||Vf(z) + AN | max(||Ez — e, (Gz —p)y)
100000 15.66 0.008 1078
200000 67.25 0.009 1078
400000 | 122.87 0.022 108
800000 | 558.619 0.012 1078
1600000 | 2301.06 0.074 1078

and G € R16*™. (' is a random normal matrix with density p from N (5,20). E is a random
normal matrix with density p from N(2,5). G is a random normal matrix with density p
from N(5,10). g is a random normal vector from N (50,400), e is a random normal vector
from N (5,100). To make sure the inequality constraints is consistent, we sample two random
normal vectors u from N (3,10) and v from N(3,5) and let p := Au + v?. Set a = 10°,
e1 =107% g9 = 1078, 7 = 10 and N = 1500. We only report the result for LBFGS, since
CVXOPT does not work for this set of problems due to memory issue. Table presents
the results. It takes less than 1 hours to solve a problem of more than 1.5 million variables

and half a million constraints.
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Chapter 7
A DYNAMIC PENALTY PARAMETER UPDATING STRATEGY

7.1 A Penalty-SQP Framework

In this section, we formulate our problem of interest and outline the basic components of a
penalty-SQP algorithm [26]. This method represents the framework in which we will define
our dynamic penalty parameter updating strategy and matrix-free solvers whose purposes,
respectively, are to guide the algorithm toward promising areas of the search space and
approximately solve the direction-finding subproblems.

We formulate our problem of interest as the following nonlinear optimization problem
with equality and inequality constraints for which we assume that the functions f : R — R

and ¢ : R” — R™ are continuously differentiable:

min f(z)

s.t. ci(x) =0, 1 € {1,...,m} (NLP)
ci(x) <0, ie{m+1,...,m}.
For our penalty-SQP framework, we define two functions used in the implementation of the

algorithm and for characterizing first-order stationary points. The first is our measure of

infeasibility
v(@) = lei@) + Y (cil@)y
i=1 i=mt1

and the second is the associated exact penalty function

o(x;p) = pf(x) +v(x),

where p € Ry is the penalty parameter. Generally speaking, our penalty-SQP framework
aims to solve (NLP] through systematic minimization of ¢(z;p) for appropriately chosen
values of p > 0. However, if the constraints of (NLPJ|) are infeasible, then the algorithm is

designed to return an infeasibility certificate in the form of a stationary point for ¢(z;0) =
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v(x). Second, we define the Fritz John function for (NLP|) which, given p € Ry and n € R™,
is
F(z;p,n) = pf(x) + (n, c(z)).

We remark that we have defined p € Ry as having the dual role of penalty parameter in ¢
and objective multiplier in F'. In fact, this makes sense from both theoretical and practical
perspectives. First-order stationarity conditions for can be written in terms of VF,
the constraint function ¢, and bounds on the dual variables; see [11].

In the k-th iteration of our penalty-SQP framework, the search direction computation
is based on a local model of the penalty function about the current primal iterate z* € R"

that makes use of the dual iterate n* € R™. We define this model as

1
J(d;a®, p.n®) = pV [ (@) d+ Sd"H(a", p,)d

+Z|cz )+ Vei(@®)Tdl + > max{e;(z") + Ve;(a")d, 0},

i=m+1

where H represents an approximation of V2_F so that
H(z", p,n*) m V3, F (2", p,n*) = pV3, f(2") + Z 0 ViaCi

Ultimately, the search direction computed in the k-th iteration represents, for some X C R"™

containing {0} and penalty parameter p* > 0, an approximate solution of the subproblem

min J(d; AN (QP)

(We introduce the set X to allow for the possibility of employing, say, a trust region con-

straint; e.g., for some A > 0, we may define X such that X C {d : ||d||2 < A}). In fact,

#=1] is to be computed during the subproblem solve in order to satisfy

the value p* € (0,p
two critical inequalities. First, as is typical in the context of a penalty-SQP method, we
intend for the pair (d¥, p*) to be computed such that the search direction d* is a direction

k

of sufficient descent for ¢(-; p¥) from z¥. This is guaranteed if the reduction in the local

model J(-; 2%, pF, 1) yielded by d*, namely,

AJ(d; 2%, pF ") = J(d¥; 2%, pF 0Py — T(0;2F, pF, ),
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is sufficiently negative, and consequently steers the exact penalty function with penalty
parameter p¥ in a descent direction. This requirement—which we formulate concretely in
§7.2.2}—represents the first critical inequality satisfied by our search direction. The second
critical inequality that we impose is similar, except that it relates to the reduction yielded

by d”* in the local model J(-;2*,0,7*) along d* for feasibility alone, namely,
AJ(d;2*,0,1%) = J(d; 2*,0,7*) — J(0; 2%, 0,7").

The dynamic strategy for setting p* is designed so that this reduction is also sufficiently
negative at the end of the search direction computation, implying that d¥ is also a direction
of sufficient descent from z* for ¢(-;0) = v. It is important to note that since both v and ¢

are convex-composite function [7), 8, [13], we have
¢ (2%:d¥) < AJ(d;a®, pF nF)  and  W/(a¥;d") < AJ(di2F,0,7).

Overall, the k-th iteration of our penalty-SQP strategy proceeds in the following manner.
First, a search direction and penalty parameter pair (d¥, p¥) is computed by a subproblem
solver such that the resulting search direction yields reductions in the models of the penalty
function and measure of infeasibility that are sufficiently large. Then—potentially after

additional updates of the penalty parameter—a line search may be performed for the merit

k

function ¢(-; p*) from z* along the search direction d”, yielding the step-size of € R, .

k+1

Finally, the new iterate is set as x — z¥ + a*d* and the algorithm proceeds to the

(k + 1)-st iteration. We formally state this framework as Algorithm [5 below.

Algorithm 5 A Framework of Sequential Quadratic Optimization Algorithm
1. (Initialization) Choose v,6; € (0,1). Set k + 0 and choose (z¥, p¥,n").

2. (Subproblem Solution) Solve (QP) to obtain a primal-dual solution (d*,7*) and the

penalty parameter p”.

3. (Line Search) Let o* be the largest value in {7°,~!,42,...} such that
o(a + atd*, pF) — g(a”, p*) < —0r1a* AT (d; ¥, p ).

4. Set x*t1 « 2% + oFd¥ and k «+ k + 1 and go to step 1.
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7.2 A Dynamic Penalty Parameter Updating Strategy

In this section, we present our new dynamic penalty parameter updating strategy. Our
method is unique in that it is intended to be employed within a solver for the subproblem
arising in our penalty-SQP framework. A potential pitfall of such an approach is that,
since the penalty parameter dictates the weight between the objective terms in , one
may disrupt typical convergence guarantees of the subproblem solver by manipulating this
weight during the solution process. However, under reasonable assumptions, we prove that
for sufficiently small values of the penalty parameter, our updating strategy will no longer
be triggered. Consequently, once the penalty parameter reaches a sufficiently small value,
it will remain fixed and the subproblem solver will effectively be applied to solve for
a fixed value of p*. We state our proposed updating strategy in such a way that it can be

incorporated into various subproblem solvers; see

7.2.1 Preliminaries

As our penalty parameter updating strategy is to be employed in each iteration of our
penalty-SQP framework, we can present our strategy generically by focusing on the k-th
iteration of the framework. Thus, for ease of exposition in this section, we utilize the
following shorthand notation to drop the dependence of certain quantities on the iteration

number:
g=Vfb), a; = Ve (@¥), b = c;(2F), A=Tar,--,am]”,
(7.2.1)

m
Hy =~ V2, f(z*), Hy~ anvgxci(azk), H, = pHf + Hy.
i=1
We also make the following assumption about the subproblem data.
Assumption 7.2.1. The data matrices A, Hy, and Hy for the subproblem are such that

k‘—l]; and

(i) H, is positive definite for any p € [0, p
(i) ||aill2 >0 for alli e {1,...,m}.

We claim that this assumption is reasonable due to the following considerations. First, in

large-scale contexts, it is typically impractical or inefficient to construct complete second-
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derivative matrices. Hence, as indicated in , we assume that H; and Hy represent
approximate (low-rank) Hessian matrices with at least Hy being positive definite. Second,
if a; = 0 for any 7 € {1,...,m}, then the i-th constraint in the subproblem is superfluous
and can be removed from consideration. The zero rows of A can be detected during a
preprocessing phase for the subproblem, so for simplicity in our discussion we assume that
each constraint gradient is nonzero. As such, for notational convenience, we define the
scaled quantities @; := a;/||a;||2 and b; := b;/||a;||2 for all i € {1,...,m}.
Of central importance in the subproblems are the convex sets
Ci:={deR":ald+b; =0}, ic{l,...,m}
and C;:={deR":ald+b;<0}, ic{m+1,...,m}.

The penalty term in the model J can thus be written as

m

> laillz dista (d | Ci),

i=1
meaning that, without loss of generality (i.e., assuming ||a;||o = 1 for alli € {1,...,m}) we

may rewrite (in shorthand) the penalty-SQP subproblem as

J(d; p) = (d; p) + Y _ dista (d | C;) + 6(d] X)
min J(d;p), where i=1 (QP,)

deR™ T 1 .
pldip) = pg"d+ 5d" Hyd.

We refer to with p > 0 as a penalty subproblem, whereas we refer to (QP,) with

p = 0 as the feasibility subproblem. Direct calculation shows the Fenchel-Rockafellar dual

of subproblem is given by

m
ueRgia-?FxR" D(u;p) st Umt1 221% and wu; € By forall i€ {1,...,m}, (DQP,)
1=

where the dual objective function is given by

m

1 _ % X
D(w; p) = —(uo — pg) H,  (uo — pg) = > (il Ci) — " (um 1] X).
=1

An interesting aspect of the dual subproblem (DQP,) is that the penalty parameter appears
only in the objective function; thus, if u satisfies the constraints of (DQP,)), then it is dual-

feasible regardless of the value of p appearing in the subproblem. As a result, by weak
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duality, we have for any primal-dual feasible pair (d,u) that both
D(u;0) < J(d;0) and D(u;p) < J(d;p). (7.2.2)

We close this subsection by noting that projections onto the set C; for any ¢ € {1,...,m}

are especially easy to compute; in particular,

PCi('r):x_(a’f‘r"i'Ei)aia iE{l,...,m}

and Pc,(z) =z — (@] x +b)ra;, i€{m+1,...,m}.

Then _
J(d;p) = (dip)+ > _|ald+b| + Y (ald+b;)s+6(d|X)
i=1 i=m+1 (7.2.3)

= o(d; p) + disty (Ad+b| {0}™ x R™™™) + 6(d|X).
We also observe that if X = R", then the Fenchel-Rockafellar dual of (QP,) reduces to

m
epex L D(u;p) st. 0= Zul and u; € By forall i € {1,...,m},

=0
where
1 m
D(w; p) = —5(uo — pg) " Hy (w0 — pg) - 25*(%‘@0-

7.2.2  Updating p

We now present our dynamic penalty parameter updating strategy. For a given p > 0, let
(dy,uy) represent an optimal primal-dual pair for the penalty subproblem corresponding
to p; in particular, (dj, uj) represents an optimal primal-dual pair for the feasibility sub-
problem. We present our algorithm in the context of a subproblem solver that generates
two sequences of iterates: The first sequence of iterates, call it {(dV), ul))}, represents a se-
quence of primal-dual feasible solution estimates for a penalty subproblem, while the second
sequence of iterates, call it {w(j )}, represents a sequence of dual feasible solution estimates
for the feasibility subproblem. (In our strategy, we do not make separate use of a sequence
of primal solution estimates for the feasibility subproblem; rather, the sequence {d(j )} plays

this role as well.) Without loss of generality, we assume that the j-th dual solution estimate

w0 represents a better (or no worse) dual solution for the feasibility subproblem than u®
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in the sense that D(w@);0) > D(u);0). This is a reasonable assumption since if this
inequality were not to hold, then one could simply replace w9 with ul?) as the j-th dual
feasible solution estimate for the feasibility subproblem.

Observe that, by the definition of the model .J, we have

JO .= J(0;0) = J(0; p) :i i (b;)+

for any p > 0. We then define, for any given value of the penalty parameter p > 0, the
following ratios corresponding to the j-th subproblem solver iteration:

G) JO — J(d@); pli))
o J(O) — D(u(J),p(J))

(7.2.4)

The critical property of these ratios is that, if they are sufficiently large, then the corre-
sponding subproblem solver iterate must yield a reduction in the penalty function model
that is proportional to that yielded by an exact subproblem solution. In particular, suppose

that for some prescribed constant 3, € (0,1) we have

r) > B, (Ry)

v -

We may then observe that the reduction in the linearized constraint violation model J(-;0)

(relative to a zero step) yielded by the subproblem solver iterate dY) satisfies
JO — J(dD;0) > 8,(JO — D(wP;0))
> B,(J” = D(ug; 0)) > B,(J© — J(d5;0)),

where the first inequality follows by (R,), the second follows by optimality of uj with respect
to the dual of the feasibility subproblem, and the last follows by weak duality. Similarly, if

for some prescribed constant 3, € (0,1) and p > 0 we have

then it follows that
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Our penalty parameter strategy is motivated by the desire to ensure that if the j-th
iterate of the subproblem solver represents a sufficiently accurate solution of the penalty
subproblem for p > 0, then it should also represent a sufficiently accurate solution of the
feasibility subproblem; if not, then the penalty parameter should be reduced. Specifically,
choosing parameters

0<By<By<1, (7.2.6)

we initialize p(® + pF~1 (from the preceding iteration of the penalty-SQP framework) and
apply the subproblem solver to to initialize the sequence {(d¥),u"), wU))}. If, at
the start of the j-th subproblem solver iteration we have that is not satisfied, then
we continue the iteration to solve for the current value of p. Otherwise, if is
satisfied but is not, then we reduce the penalty parameter by setting

pV) pr(j_l) (7.2.7)

for some prescribed constant 6, € (0,1). (The remaining case is that and are both
satisfied, in which case we do not change the penalty parameter and may either terminate
the subproblem solver or continue to compute a more accurate solution of . The
determination of whether to terminate or continue the subproblem solver should be made
based on the demands of the penalty-SQP method.)

We summarize our dynamic updating strategy below:

For (d(j), u(j),w(j)), if (Ry) holds but does not, then apply ([7.2.7)). (DUST)

We close this subsection by making a few practical remarks regarding the use of
within a subproblem solver for . In particular, while we have defined the sequence
{(d9),u), w))} as being generated by (a single run of) the solver, it may be reasonable to
reinitialize the solver—or at least perform some auxiliary computations—after any iteration
in which is invoked. That being said, it is reasonable to assume that, during any
sequence of iterations in which p does not change, the subproblem solver would be applied as
if it were being applied to a (static) instance of . In such a manner, any convergence
guarantees for the subproblem solver would hold if/when the penalty parameter stabilizes

at a fixed value, as is guaranteed to occur in certain situations described next.
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7.2.8  Finite Updates

The purpose of this subsection is to show that if is employed within an algorithm
for solving , then, under reasonable assumptions on the subproblem data, for any
p¥) e (0, p] for some sufficiently small p > 0 whose value depends only on the subproblem
data, if is satisfied, then is also satisfied. In other words, after finite iterations,
the updating strategy will never be triggered. Let ), and Ao be the smallest and

largest eigenvalues of Ho, and so forth for A, and 5\,) for H,. Notice that
A = min(A0,2) and A < max(X 0, Ao)- (7.2.8)
We formalize our assumptions for this analysis as the following.

Assumption 7.2.2. Let {(dY),ul) w0} be a sequence such that, for all j € N, the
vectors u) and w'9) are feasible for (DQP,)). Moreover, let {p)} be a sequence generated
along with {(d9), a9, wU)} by applying (DUST)). Then, corresponding to the set

U=1{j: (d(j)7u(j)) satisfies }7

the subsequences {||[u®)|s}pcys and {||w |2 vey are bounded by a constant kg > 0 inde-

pendent of {p\9)}.

The boundedness assumption on dual estimates are reasonable since our subproblems
are assumed to be strictly convex. We can also easily show the primal variables {d(j)}jeu

are also bounded.

Lemma 7.2.3. If Assumption[7.2.1] and[7.2.79 hold, then we know

POllgllz + 1/ (p©)21g]3 + 4 max(X 0, Ao) O
2min(A ), Ag) ’

[dD]|g < iy o= jeu. (7.2.9)

Proof. By Assumption (i), {dV};e € X which implies §(d%)|X) = 0 for j € U. By
(Ry), every (d(j), ul, p(j)) must satisfies ((7.2.5)), which implies

N . N .
J(d9); p)y = p) gTqli) 4 5(d(]))THp<j>d(J) < JO,
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It follows that
Ao A3 < TO +1pDgTdD| < O + pOigo[|dD],,

a quadratic polynomial inequality in ||d)||y. Consequently,

POllgllz + /(P 1gl13 + 42,0 T

dD, <
]z < . ,
which, together with (7.2.8)), proves (7.2.9). O

The next lemma shows the difference between the primal values of the optimality sub-
problem and the feasibility subproblem at iteration j € U depends on p, and consequently,

so does the difference between dual values.

Lemma 7.2.4. Suppose Assumption [7.2.1 and [7.2.2 hold. Then there exists a constant

k3 >, independent of j € U, such that

|J(dD); p)Y — J(dD);0)] < kop'),  and (7.2.10a)

|D(u); p)y — D(w9);0)| < kgp), (7.2.10b)
with

ko = 5|1 Hyll257 + llgll2r1,

RO +p(0)||g||2 -1 1 _1
= 5 lHy H = Hy'H :
K3 min(Ap(m,Ao)(H o Hylla + 2”9”2) + [1Hg " Hyll2llgll2

Proof. For primal value, we have
N , . 1 N ,
1J(d9); pDy — J(dD); 0)| = |pWgTa) + 5(d(‘a))Tlrj[p(j)d(J) _ 5(d(y))Tlrj[Od(J)|
= [pDgTdd 4 %“(d(j))THfd(jH (7.2.11)
< P llgll2 + 511 H 211 12) 1],

which combined with Lemma immediately proves (7.2.10al).

Let ) = Hp_}) (u(()j) — pWg) and 7U) = Ho_lu(()j). By Lemma |7.2.3] one can show

ko + pU)||g|l2 < ho + 0O lgl2
Ap0) ~ min(A,0),Ag)’

1992 <
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and {||7"%) |2} jes are all bounded by constant

1591 < 57
It follows that
pWg = w9 (u(()j) — pWg) = Hyy) — Hp(j)g)(j) = Hy(y) — ) — p(j)Hfg)(j),
which implies for any j € U,
159 = 51> = 1oV Hy  Hy (5 + g)l]

< pW | Hy " Hyll2[|99 + gl

: llgl
< D H1H ko + 119112 ‘
> p || 0 f||2 min(Ap(O),AO) + ||g||2

(7.2.12)

The difference between the dual values of optimality subproblem and feasibility subproblem

is then given by

[D(u); p9)) — DY 0)]

1, . B . , 1 1
== 5’ = pD9)"H } (ug” — pVg) + 5 () Hy Mg
1 o N R
- ‘i(y(y) _ y(J))Tu(()J) + §p(J)gTy(J)‘

IA

T o g ; 1 .. N
159 = 3Dl 2 + 509 1gl25:

' ) + pOlg]l- 1o ko + ol
< pO [ |HT || [ 22T P92 +5lglle —~—=7
=P (H o Hill min(A ), Ag) Il QHQHQmiH(Ap(O),AO)

_ G <I‘€0+P(0)H9H2

1
H'H - H'H
min(Ap(o),Ao)(” 0 fH2+2H9H2)+H 0 szHgH2>,

where the last inequality is by (7.2.12) and Lemma This completes the proof of
(7.2.10D). O

Now we are ready to prove our main result.

Theorem 7.2.5. Given g, Hy, Hy, p\9) and set C' satisfying Assumption . Consider an
algorithm for solving (QP,|) such that Assumption is satisfied. Let

ﬁ(j) — 1_\éﬁv/iﬂﬁ((]o _ D(u(j);())) and j* = 1_\gﬁv/iﬂ‘i’((]o — D(ug;0)).
3 3
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For with any pU) € (0, p19)), if the primal-dual iterate {(d9),u9))} generated by the
algorithm satisfies conditz’on then the primal-dual iterates {(d9), w@W)} also satisfy .
In particular, since 0 < pU) < §* for all j, for any pU) € (0, %), the (DUST)) update to pl9)

s never triggered.

Proof. By Lemma we can see that for problem (QP,|) with sufficiently small pl9) >0,

the primal-dual iterates in U generated by the given algorithm satisfy

T — 7(d0; p0y N\ By (7.2.13a)
J? — D(u"; p\7)) > JY — D(u”®; p\)) &7 (72.13b)
JO—D(wk;0) = J°— D(u*;0) 55

by the fact that % € (0,1). This implies that for j € U

rg) J0— J(d9;0) J°— D(u;p) _ B,
Téj) JO — J(dW); pli)) JO — D(ul);0) = By’

yielding
r(”z@r(”zﬁv, jeu

where the last inequality follows from the fact that 'r((i)j) > By for all j € U.
Now we determine the values of p that guarantee (7.2.13bf). For any j € U, we have

from (|7.2.10Db))
—r3pl) < D(u(j);p(j)) — DuY;0) < rgpd),
which implies that

JO— D(u@;0) = JO— Dul;0) — JO — D(u;0)

It follows that (7.2.13b|) holds true for any
1— /B, : ,
M(JU — D(uY);0)) = ).

=p
K3

1—

) <

Next recall that D(ul);0) < D(u;0) for all j, and so 0 < p* < pU) for all j. Therefore,
for any p € [0, p], the (DUST]) is never triggered. O
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7.3 Coordinate Descent Subproblem Solver

In this section, we present a coordinate descent algorithm (CDA) which solves (QP,)) with
X =R". We have the following two problems of interest:

. 1 m m
min J(x;p) = §$TH’)$ + pglz + Z laXz + b| + Z (alx +b;)y, and (7.3.1)
e i=1 i=m+1
: 1 T < T . T
min J(z;0) := 37 Hyz + Zl la; z + bi| + | Zﬂ(ai z4b;)+. (7.3.2)
1= =m

Note that this is the same objective function as appears in (7.2.3)) but with the over bars
removed.

Direct computation shows the Lagrangian dual problems of (7.3.1)) and (7.3.2) are re-

spectively
1 _
max D(; p) = —5 (AT — pg) H; (AT = pg) +1"b (7.3.3)
1
max D(X;0) := —ATAH; ATA + ATb (7.3.4)
I<A<c 2
where [ = [-17,07 _]T and ¢ = 1,,. Observe that if we let u; = ma; i = 1,--- ,m,

Ums1 = Oy, ug = ATy, then is equivalent to . In particular, p = 0 gives the
equivalence between (7.3.4)) and . Then it is straightforward to verify that CDA
satisfying Assumption so that can be incorporated. The solutions to (|7.3.1))
and are recovered by x = —Hgl(pg + ATn) and z = —Hy ' AT X respectively.

At iteration k, define

. JO — J(z*;0)

v g(0) — max{D(n*;0), D(A*;0)}
PR Cavin

?7 JO — D(pk; ph1)’

then we have an algorithm which combines the coordinate descent with dynamic penalty

parameter updating, see Algorithm [6]

7.4 Numerical Experiments

In this section, we test our proposed dynamic penalty updating strategy on 20 Cuter prob-

lems [35] whose objective and constraints are both non-linear. Coordinate descent algorithm
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Algorithm 6 Coordinate Descent Method for Penalty-SQP Subproblems
1: Initialization Set n°, B, By, 0, € (0,1) and k = 0.

2: (Update n* and A¥) For i =1,...,m

0t = argmin D(n¥, ..., 0F 1, m, 77§+_11> ke P (7.3.5)
li<ni<c

AP = argmin DO}, ... A, N AL AR 0) (7.3.6)
li<Ai<c

3: Update zF := —Hp_l(pg + ATqpk), 7“5) and 7,
4: (Update p*)(DUST) If rg > By and 78 < B, set pk «+ 0,pF L.
5: Set k+ k+ 1.

described in §7.3| is used to solve the subproblems. We set p = 1, 84 = 0.7, 8, = 0.05,
0, = 0.5 and the maximum iteration to be 100 for SQP algorithm. Define the maximum

constraint violation v (z) and the optimality error e (x) as

Voo () := max{|c;(x)| i=1,---,m, (¢i(x))y+ i=m+1,--- ,m},

IV (2) + Ve(@)n] o -

€oo(T) :

We terminate the algorithm if v () < 1077 and e (7) < 1073, or the consecutive improve-
ment of the sum of constraint violation and objective function value is less than 10~*. The
experiments were run on MacBook Air with a 1.4 GHz Intel Core i5 processor and 4GB

RAM.

Figure [7.1] presents the update of p from iteration to iteration. Table shows the
summary of final objective function values, €., p, running time and v, of our algorithm.
19 out of these 20 problems are solved to the specified accuracy. Only EG3 is terminated
due to the consecutive improvement of constraint violation and objective function value is
too small. All problems are solved successfully within 40 seconds, except EG3 takes around

80 seconds.
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N

2 4 8 0 5 10 15

B e e e e e e e e
10 20 30 40 0 5 10 15 20 0 10 20 30 40 O 20 40 60

10 20 30 40 500

Figure 7.1: p update
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Name Num_Con Num_Eq Num_Var Obj Opt_Err p Time Violation

1 DTOCINA 3996 3996 5998 4.1389E400 3.8650E-05 3.9062E-03 3.6857E-+00  9.9967E-08
2 DTOCINB 3996 3996 5998 7.1388E+00 1.2129E-04 3.9062E-03 1.2981E+401  7.4492E-08
3 DTOCIND 3996 3996 5998 4.7603E401 5.5031E-05 4.7684E-07 5.4458E+00  1.9515E-08
4 EG3 20000 1 10001  3.4834E-04 2.6197E-02 1.5625E-02 7.0970E+01  5.2612E-10
5 EIGENA2 1275 1275 2550  3.0204E-12 3.3435E-08 3.9062E-03 1.9689E-+00 0.0000E+00
6 EIGENACO 1275 1275 2550  4.5418E-09 6.2817E-07 3.9062E-03 2.1289E+00  1.7764E-15
7 EIGENBCO 1275 1275 2550  4.9000E4-01 7.8237E-05 6.2500E-02 1.6198E+00  2.8207E-09
8 GILBERT 1 1 5000 2.4595E4-03 3.8443E-05 1.9531E-03  5.5580E-01  9.8979E-09
9 JANNSON4 2 0 10000 9.8020E+03 2.7347E-09 7.8125E-03 1.6501E+00  4.4094E-11
10 LUKVLE1 9998 9998 10000 6.2325E4+00 2.7028E-07 2.5000E-01 2.5797E+00  3.6903E-12
11 LUKVLE10 9998 9998 10000 3.5351E+03 5.6940E-04 1.5625E-02 7.4686E+00  9.0493E-08
12 LUKVLE3 2 2 10000 2.7587E+01 7.6157E-06 3.8147E-06 3.5032E+00  2.1330E-10
13 LUKVLES6 4999 4999 9999  6.2864E4+05 9.2954E-06 7.4506E-09 5.1310E+00  3.0809E-12
14 LUKVLI10 9998 0 10000 3.5351E+403 2.3222E-03 1.2500E-01 4.9544E+00  2.4736E-09
15 LUKVLI11 6664 0 9998  5.0882E-05 8.3197E-04 2.9802E-08 4.7913E4+00  2.6160E-08
16 LUKVLI13 6664 0 9998 1.3219E+02 4.8303E-04 1.8626E-09 9.9030E4+00  4.8814E-08
17 LUKVLI18 7497 0 9997 2.8250E-04 7.0668E-04 T7.4506E-09 3.3149E4+01  8.4118E-09
18 LUKVLI3 2 0 10000 6.7819E+02 9.2782E-06 2.3283E-10 3.9321E4+00  4.4420E-12
19 LUKVLI6 4999 0 9999  6.2864E+05 2.2232E-06 1.9531E-03 3.0957E4+01  5.8365E-12
20 LUKVLI9 6 0 10000 9.9893E+02 3.9280E-04 7.6294E-06 1.6746E+00 0.0000E+00

7.5 Conclusion

Table 7.1: 20 Cuter problem results

In this chapter, we propose a dynamic penalty parameter updating strategy to be incorpo-

rated within the subproblem solver so that each computed search direction predicts progress

toward both feasibility and optimality. We test our penalty parameter updating strategy

with a coordinate descent subproblem solver on 20 Cuter problems with thousands of vari-

ables. Our numerical experiments demonstrate that our penalty updating strategy works

well on those problems we have tested. In the future, we can examine other subproblem

solvers to be combined with our dynamic penalty updating strategy.
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Chapter 8

SVD-FREE BLOCK-COORDINATE DESCENT METHOD FOR
LEARNING STRUCTURED GAUSSIAN GRAPHICAL MODELS

8.1 SVD-free Block Coordinate Descent Algorithm (SBCD)

Recall that our optimization model in ((1.3.1)) is given by:

minimize f\V,Z)+49(V,Z)
VERPXP, ZESP (8.1.1)

subject to V +VT =0 (or = 0),
where f: RP*P x SP — R U {+o0} is convex and continuously differentiable on its domain
and g : RP*P x SP — RU {400} is convex and block separable in the columns of V' and Z.
A key bottle-neck in algorithms for is checking for the positive-definiteness of the
the expression V 4+ V7T or the implicit constraint of log det term as shown in hub precision
matrix learning and latent variable selection problem at each iteration. Many algorithms
for learning Gaussian graphical models such as ADMM [48] or proximal Newton method
(QUIC) [41] use either the singular value decomposition (SVD) or Cholesky decomposition
to check for positive-definiteness. While the Cholesky decomposition is faster than SVD
for larger problem sizes, it is still more expensive than a matrix-vector multiply. Here
we propose a simple rule, depending only on matrix-vector multiplies, that preserves the

positive definiteness of the intermediate iterates in our step-size selection procedure.

8.1.1 Step-size selection for positive definiteness

Our proposed algorithm for solving the problem uses a block-coordinate descent
update where the block is given by a row and a column of a matrix. This translates to a
rank-two update to a positive definite matrix. We therefore ask the following question:
Given © € S, for what range of o is © + a(uw? +wul) € S% ., where u,w € RP?
Answering this question will help us choose a step-size that maintains the positive definite-

ness of the iterates. Interestingly, we can compute this range of « in closed form. Choosing
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such a step-size ensures that in each iteration of our approach, we stay within the positive
definite cone while also making progress towards an optimal solution.

To arrive at a range for o, we need to examine the eigenvalues of © + a(uw? + wu®).
Assume that © > 0 with eigenvalues 0 < 1, < np—1---1m2 < 11. Before we examine the
eigenvalues of © + a(uw? +wul), let us take a look at the eigenvalues of B := uw’ +wu?.

These are given in the following elementary lemma.

Lemma 8.1.1. Let B := vw” + wul where v and w are not linearly dependent, then B
has p — 2 zero eigenvalues and two non-zero eigenvalues w’ u = ||ul|||w| with corresponding

eigenvectors u/||ul| £ w/||w||, respectively. We order the eigenvalues of B as
whu — JJufllw] =: By <0 =Bp1 =By = Po < B :=w u+ [uf|w]. (8.1.2)

Before we give a full characterization of the eigenvalues of © + aB, we need another

lemma which is a consequence of the eigenvalue interlacing lemma due to Weyl.

Lemma 8.1.2. [39, Theorem 4.3.1] Let © and B be symmetric and denote the ordered
eigenvalues of ©, B and ©+ B, respectively, by ny < np—1 < -+ <1, Bp < fpo1 < -+ < S,

and Ny < Ap—1 < --- < Ai. Then

mp <Xi—Bi<m i=1,---,p (8.1.3)
We now give our main result on the eigenvalues of © + a(uw’ + wu®).

Theorem 8.1.3. Let © = 0 and B = uw” +wu” where u and w are not linearly dependent,

then © + aB = 0 if and only if det(© + aB) > 0, or equivalently,

S HwTe tu — \/(uT@_lu)(wT@_lw)) <a< i Hw'eo™u+ \/(uT@_lu)(wTG_lw),
(8.1.4)

where § = (T O~ ) (w0 1w) — (uT' ©~1w)2.

Proof. Denote the eigenvalues of © by 0 <7, <n,-1 <--- < and those of of © + aB by
Ap < Ap—1 < --- < A1. Lemma @ shows the eigenvalues of B satisfy

Bp <0=0p1=0p2 =P <P,
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while Lemma implies that
np <ANi—afi<m i=1,---,p. (8.1.5)
In particular,
M>np+af >0 and N >n+afi=n>0 i=2--- ,p—1.
This means © 4+ aB has at most one negative eigenvalue A,. Observe that
det(© + aB) = II_, \;,

hence det(© + aB) > 0 if and only if A, > 0.
Note that

det(X +uw?) = det(X)det(I + X tuw?)

(8.1.6)
= det(X)(1 +wl X 1u),

where we use the fact that the only non-zero eigenvalue of a rank one matrix ab’ is given
b"a. Using (8.1.6) twice, we have that

det(© + (vw” +wuT)) = det(0)[(1 + w0 'u)? — (W' O tw)(u? © 1), (8.1.7)
which, in turn, implies that

det(© + aB) = det(0)[(1 + cw’ @ 'u)? — * (w0 w)(u" O 1u)].
Therefore, det(© + aB) > 0 if and only if
(1 + aw’07u)? — *(we  w) (W0~ 1u) > 0. (8.1.8)
From the Cauchy-Schwartz inequality, we have that
§:= (wreo tw)(we 1 u) — (w0~ u)? >0,

where equality holds if and only if v and w are linearly dependent. If we expand the

expression on the left-hand side of (8.1.8]) we get
—5a® + 2o w)a + 1,

where 6 > 0 since u and w are linearly independent. The result now follows from the

quadratic formula. I
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Remark 8.1.4. Theorem can be proven for the special case of w = e; through the use
of Schur complement conditions for the positive-definiteness of a matrix (see e.g. [72]). This
special case is used to check for positive definiteness of iterates in hub structure. However
Theorem [8.1.3]is a more general result that provides a range for the step-size a so that any
symmetric rank two update of a positive definite matrix preserves positive definiteness. We

require the general more result for the latent variable selection problem.

8.1.2 SVD-free block-coordinate descent

When applying SBCD [71] to solve , one alternates between the columns of V' and
those of Z. In SBCD, when one optimizes a column of V, all other columns of V and Z
are kept fixed. In order to employ , we make the assumption that we modify V or Z
through a rank 2 update. The SBCD is described in Algorithm [7}

Algorithm 7 SBCD algorithm
1: Input: f,g,q,¢€.

2: Qutput: (V,2).
3: V update: For i € {1,2,...,p}

- 1
1. d < argmin([Vy f(V, Z)];,d) + §dTHd +Ag(V +del', Z)
d

2. Choose «a s.t. « satisfies Armijo rule as stated in Algorithm [§ and (8.1.4) with
0=V+VT

3. VieVi+ad
4: Z update: Forie {1,2,...,p}
i} 1
1. d < argmin([Vzf(V, Z)];,d) + 5dTHd +Xg(V, Z + de} +el'd)
d

2. Choose « s.t. « satisfies Armijo rule as stated in Algorithm [§ (and (8.1.4) if
necessary) with © =V + V7T,

3. Z + Z+ a(del +eld)

Remark 8.1.5. 1. Armijo rule for sufficient descent: In each iteration of Algorithm

we use the Armijo rule to select a step-size « that ensures sufficient descent in the
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Algorithm 8 Armijo rule for minimizing the sum of a smooth function /(x) and a non-

smooth convex function ¢(z)

Input: Functions [, ¢, current iterate x, direction d and initial oy
Output: a.

Initialize: Initial step size o = nir, Armijo parameters o = 0.5, 5 = 0.5, Atmin = 1076,
1 Set A =q(z+d) — q(z) + (Vi(x),d) .

2 While I(z + ad) + q(z + ad) — l(z) — q(z) < acA and a > amyin, set a = af.

3 If a < amin, set a = 0.

4 Set & = «.

objective value of (8.1.1]). More formally, consider the following problem: mxinl () +
q(x) where [ is smooth and convex while ¢ is convex. Given a direction d and an initial
point z, the Armijo rule is used to select a step size « that ensures that x + ad gives
sufficient decrease of the objective. The Armijo rule for this problem is summarized

in Algorithm [8] and is an instance of the Armijo rule for convezr-composite functions

7.

2. Updating the inverse: In each iteration of Algorithm [7], we need to compute the step-
size . To ensure that © stays positive definite, we need « to satisfy . This
requires the computation of the inverse of ©. Since the update to © involves a rank-2
update, the inverse of © can be easily updated using the Sherman-Morrison-Woodbury

identity [70]. The cost of the inverse update is O(p?).

8.2 SBCD for Learning Graphs with Hubs

We consider two problems in this section: Learning a precision matrix with hub structure

and learning a covariance matrix with hub structure.
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8.2.1 SBCD for hub precision matriz

A simple version of the hub graphical lasso (see section 3 of [64]) (where we ignore the

sparsity promoting regularizers for the sake of simplicity) is given by the following model:

minimize —logdet(V + V1) +(V + VT S) + \|V — Diag(V)|1.2, (8.2.1)
VVAVT -0

where we assume that the domain of log det(-) is the set of all positive definite matrices and
V2= P IIVilly. Let u\ denote a copy of the vector u with the i-th coordinate set

to zero. In particular, we let v\ denote (V;)\\.

Note that (8.2.1)) is equivalent to:

p
minimize —logdet(V + V) +2(S,V) + A} Hv\i (8.2.2)
=1

V:V4+VT=0

.
We use Algorithm [7] to solve (8.2.2) with f(V) = —logdet(V + V7T) +2(S,V) and g(V) =
AP Hv\iHQ. To do this, we need to compute the search direction d of Algorithm

efficiently. We first note that optimizing V.; while fixing other columns of V yields the

following subproblem:
minimize f(V +uel) + g(V + uel), (8.2.3)

which is equivalent to

minimize —logdet(V + VT +uel + e;ul) + 2(S,V + uel)
u
AL [|(V + uel — Diag(V +ue] ).,

and ignoring the constant terms gives

minimize — logdet(V + V7T +uel + eu”) +25Tu + A Hv\i +uM , (8.2.4)
u

The challenge in (8.2.4]) is that evaluations of the objective function in the line search of
Algorithm [7] involves the log-determinant which can be expensive. To address this difficulty,
we give the following lemma which transforms (8.2.4)) into a simpler problem.

Lemma 8.2.1. Problem s equivalent to the following optimization problem:

minimize h(u) :== l(u) + q(u), (8.2.5)
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where
I(u) = —log[(1 + el 0 )2 — (ef O te) (v O 1u)] + 25T w. (8.2.6)
and
g(u) = A Hv\i + i, (8.2.7)
Proof. Let
I(w) :== f(V +uel) = —logdet(© + ue! + e;u’) +25%u, (8.2.8)

and assume we keep track of the inverse of © := V + V7. Then using (8.1.7) we get that
optimizing I(u) + ¢(u) with respect to u is equivalent to optimizing I(u) + ¢(u) with respect
to u.

O

Note that [(u) as defined in (8.2.6)) does not involve the computation of a determinant
and hence is more efficient to compute. Now we are ready to describe the computation of

searching direction d of Algorithm m Consider the following approximation to (8.2.5)) at w

minimize h(u; %) := 1(@) + (VI(@), u — ) + %(u W THu— 1) + A Hv\i + i,

(8.2.9)

where H is the an approximation to the Hessian of [(u). Consider a simple case H = 1

and define

T : N ~\z’)_\i
! <1 HWZ@)W—5<v\i+a\i>HQ>+<” U= GVI@Y ) ot

where (z); = max{0,z}, then the solution to ({8.2.9) is

ut = K ek (8.2.10)
~(VI@)),/B+T;  ifj=i

Furthermore VI(u) can be computed easily as:

(1+efo )0 te, — (efO7te))0

l(u) = —
V) = e T — (Tole) (w6 w)

+ 29, (8.2.11)

where the main computation is © u.
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Algorithm 9 SBCD algorithm for hub graphical lasso (|8.2.1])
Input: Sample covariance matrix S, A, optimality tolerance ¢ > 0.

Output: e-approximate optimal solution V.
Initialization: Set o € (0,1), A= {}, V = 1(Diag(5))™!,© = V+V7T and ©~! = Diag(9).
While A° # {}

1 Forv=1,2,...,p

AN [0 if v\ £ 0
;=420 —25)V  if o\ =0and [[(20;! —25.,)V[2 < A (8.2.12)
-1 7 . .
A (205725 if v\ = 0 and [|(20;" — 25,)\i[|5 > A.

1205 ~28.)\ ]2
2 Identify active set: A= {i: H—2@;1 +28;+ 4| <€}

3 For i € A°

(a) Set d := argmin h(u;0). The solution in closed form is given by (8.2.10).
u

(b) Set ainit to be the upper bound in (8.1.4) with v = d,w = e;.
(¢) Set V,; < V,;+ ad, where « is the output of Algorithm With input I, g,z = 0, d, aiinit
where [, g are as in (8.2.6)), (8.2.7).

(d) Update ©~! = (V + VT)~! using the Sherman-Morrison-Woodbury rank two update

scheme.
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8.2.2 Active set heuristic

Under the assumption that we have only k& hubs in the true precision matrix, we would
expect that most of the columns of V' would converge to 0 after sufficiently many iterations.

Thus, it would be more efficient to skip the columns that already attain optimality accuracy.

The optimality condition of (8.2.1)) is
2071 — 25 € d(\g(V)).
For the i-th column of V| its optimality error 7; is computed as

mi=_ min_||-20;" +25; + T . (8.2.13)
Ted(Ag(V) >

The minimum is achieved by I'.; defined below

MV [0V |2 if v\ # 0

L;=1 (205" —25,)\ if v\ =0 and [|(20;1 — 25.:)V[]2 < A (8.2.14)

(201 —25.,)\!

A ——
(205" =25.)\]2

if v\ = 0 and [|(20;1 — 25.,)V||l2 > A.

Define the active set A := {i:n; <€}, and A° := {1,--- ,p} \ A be the complement of
A. In every iteration of Algorithm [9) we first identify .4 and only update the columns in

A€ to obtain the next iterate V. An initialization of A which works well in practice is

{i: HS\;

) < %} The SBCD algorithm with this active set heuristic for hub graphical lasso
is given in Algorithm [9]

The active set heuristic allows for the efficient computation of the solution path (which
refers to the set of solutions output by the algorithm as we sweep over A\) when combined

with warm starts. Assume we have A € [0, K|, where K = 2||S — Diag(.5) where

o020
| X || oo,z denotes the maximum | - |2 norm of the columns of the matrix X. We then pick
m equally spaced points in the interval [0, K| and denote them by a; = K — K/m X i,
1=0,1,...,m — 1. In our numerical experiments, we sequentially solve with A = a;
by initializing it with the solution of with A =a;4q fori=m—-2m—1,...,0. We

discuss this further in Section [8.2.4] and Section [8.2.6]
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8.2.83 HGlasso algorithm for hub graphical lasso

While SBCD is a SVD-free approach, there have been other SVD-free approaches which
have been proposed for learning sparse graphical models. Indeed, Glasso [47] is a SVD-
free algorithm proposed for graphical lasso. It is straightforward to extend Glasso to the
problem of hub graphical lasso; see Algorithm [10] below. We refer to this algorithm as the
HGlasso algorithm. We also note that active set heuristic in Algorithm speeds up the

algorithm considerably.

Remark 8.2.2. In HGlasso note that once vis is updated, veo is updated in step 3e) of
Algorithm as vgg = ﬁ + %9{2(911)_1012 (here @27 = 012). This ensures the positive
definiteness of the iterates. Indeed, since ©1; = 0, we require that 6oy — 01T2@1_11012 > 0.
But since 093 = 2v99 = %22 + 9{2(@11)*1012, it follows that 099 — 0{291_11012 = wim > 0.

The inverse @fll is easily computed from W = ©~!. Indeed from the block matrix inversion

lemma (see e.g. [70], [55]), we have that O7' = W11 — wiawly/was.

Remark 8.2.3. In our implementation of Algorithm the subproblem in step 3b) is
solved using the proximal gradient method. Whenever a column of V' is updated, a row
and a column of ©® = V + V7 is updated. This translates to a rank two update to ©. Thus
we can update W = ©7! in O(p?) by applying the Sherman-Morrison-Woodbury update
scheme (see e.g. [70]).

8.2.4 Experimental results for hub graphical lasso

Synthetic data results: We generated a precision matrix ©g with hubs similar to the

Erdos-Renyi setup as described in [64]. For any given problem dimension p, we let the
number of hubs k£ in ©g equal 0.03 x p. We generated the sample covariance matrix S,
from ©g using a sample size, n = 0.1 X p x k. We use two metrics for comparison of
algorithms: F-score and run-time in seconds. Let © = V + VT denote an approximate

solution provided by an algorithm. Let 7g and T be the support or set of non-zero entries

[7T07o]

of ©y and @, respectively. Then the precision is given by 7] and the recall is given

by ‘T%?'. The F-score equals the harmonic mean of the precision (P) and recall (R), i.e.,
F-score = 2;,1;?{}2. If the solution output by an algorithm has an F-score of 0, this implies
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Algorithm 10 The HGlasso algorithm for hub graphical lasso (8.2.1)).
Input: Sample covariance matrix S, A, optimality tolerance ¢ > 0

Output: e-approximate optimal solution V'
Initialize: V = (Diag(S))~!/2,0 = (Diag(S))~!,W = 67! = Diag(S) and active set,

A=)
While A¢ # {}

1 Fori=1,2,...,p

Ao\ /||| if v\ £ 0
Ii=426;'-25,)V  ifv\ =0and [|(20;" —25,)\ ]2 < A (8.2.15)
Amfsj_*—g))\\h if o\ = 0 and (205" — 25.)V ||y > .
2 Identify active set: A= {i: | —2W,; 4+ 25,; + [ < €}.
3 For i € A°

(a) Permute rows and columns of V' so that the ith column of V' before permutation is
Vii vz

now the last column of V. Do the same for ©,W. Let V = where
Ugl V22

Viip € RP=XP=1 40 € RP71 99 € R. Let ©,W = ©~!, S have a similar block matrix

decomposition.

(b) Fix Vi1,va1,v22 and optimize for wvie: @ = argmin uT(GH)_lu + uT(2312 +
22 (©11) va1) + Allul: ’

(c) vig2 = Us22.

(d) 012 = vi2 + va1, O21 = V12 + Va1,

(e) va2 = 5o+ $0%,(011) 7101,

(f) Update W = ©~! using the Sherman-Morrison-Woodbury identity.

(g) Unpermute rows and columns of V, W, ©.
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that the algorithm has either a zero precision or zero recall. On the other hand, an F-score
of 1 implies that both the precision and recall equal 1. Thus, the higher the F-score, the
better the performance of the algorithm on this metric. We now describe our experimental
results. All the algorithms in the following sections are implemented in C and use the BLAS
and LAPACK linear algebra libraries. The experiments were run on MacBook Air with a

1.4 GHz Intel Core i5 processor and 4GB RAM.

1. In the first set of experiments in Figure [8.1] we plot the metrics against a range
of regularization parameters A\ for different choices of p. In particular, we consider
p = 500,1000. We vary X as follows: Let Apax = 2||S — Diag(5)||co,2, where we define
the || X||oo,2 norm as the maximum ¢ norm of the columns of X. We then generate
a A grid by dividing the interval [0, Apax] into 30 equal parts. Denote these points
by {\i}, ¢ = 1,...,30. The solution path for a given algorithm refers to the set of
solutions output by the algorithm for regularization parameters A; through Asg. We
use warm-starts to speed up the computation of the solution path for the algorithms,
i.e. we start by running an algorithm for A3y and then successively use the solution
for ;11 to initialize the algorithm for the computation of solution for A;. Since the
solution from a previous \; will be a better starting point than any random starting
point, warm-starting speeds up the computation of the solution path. If for some
i, the solution output by the algorithm has more than 10% non-zero columns, then
we stop the computation of the solution path at this point. This is done because,
with more than 10% non-zero columns, the solution is no longer sparse. Since we
are interested in structured sparse solutions, computing the remaining solution path

wouldn’t be of use.

We set the optimality tolerance e for all the algorithms to be 1074

As can be seen from the top panel of Figure the F-scores match up for ADMM,
HGlasso and SBCD. In the bottom panel of Figure 8.1 we see that in precisely this
good regime, both HGlasso and SBCD are around 100 times faster than the SVD
based ADMM algorithm for p = 500, 1000.
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Figure 8.1: The figures compare three algorithms, ADMM, HGlasso and SBCD over two
metrics, F-score and run time. The top panel shows F-score vs A comparisons for p =
500, 1000 which match for all of the algorithms as expected. The top panel is useful in
deciding the range of A in which the F-score is high. The bottom panel shows the run
time comparison against A for p = 500,1000. SBCD and HGlasso take much less time than
ADMM in the range of interest where the F-score is high.
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Figure 8.2: This plot compares the total solution path time of SBCD , HGlasso and ADMM
across different problem dimensions p. The plot shows that SBCD is about 2 times faster
than HGlasso and about 200 times faster than ADMM. We compute the solution path time
of ADMM only for p < 1000 since ADMM timed out for p equal to 2 and 4 thousand.
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Figure 8.3: Run time (in seconds) comparison of ADMM and SBCD on a real data set with
p = 500,n = 401. SBCD is around 1000 times faster than ADMM for a wide range of A.
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2. In the second set of experiments in Figure 8.2 we compare the solution path time
of ADMM, HGlasso and SBCD against the problem dimension p. The solution path
time for a given p and a given algorithm, is the total time taken by the algorithm
to compute the solution path (i.e. the total run time across A in Figure . For
p = 4000, SBCD is 2 times faster than HGlasso. It is interesting to note that, for
p = 4000, SBCD takes only 25% of the run time that ADMM takes for p = 1000.
Although we haven’t plotted the solution path time for ADMM for p = 4000, we
expect it to be at least an order of magnitude slower than SBCD. The gains in run
times are due to a combination of the absence of SVD factorizations in SBCD and
the ability of SBCD to exploit the sparse solution structure (for example, through the

active set heuristic) more readily than the ADMM algorithm.

Real data results: We next consider a real data experiment on a gliblastoma mutliforme

(GBM) cancer data set over p = 500 genes. The sample covariance matrix S is generated
from 401 samples using the procedure outlined in Section 6.2 of [64]. Figure shows the
run-time results on this data. We allow A to range in a manner similar to the procedure
used in synthetic data experiment of the previous section. We note that SBCD is around

1000 times faster than ADMM across this range of A.

8.2.5 SBCD for hub covariance selection

A simpler version of the hub covariance selection problem [64] (where we ignore the regu-
larization parameters that promote sparsity) is as follows:
e . 1 2 .
minimize 5||© — S||% + M|V — Diag(V)]|1,2
o-0 ? F (8.2.16)
s.t. O=V+VvT
An ADMM algorithm is proposed in [64] to solve (8.2.16)). The ADMM algorithm requires
an eigenvalue decomposition computation in each iteration. In this section, we describe the
SBCD algorithm for hub covariance selection. The problem (8.2.16)) can be reformulated as

inimize ||V 4+ VT — S||% + M|V — Diag(V)||1.2. 8.2.17
minimiz o1l I + Al iag(V)|l1,2 ( )
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Due to the simplicity of the objective in (8.2.17]), we can solve (8.2.17)) in each column
exactly (keeping all other columns fixed). The update for the i-th column is obtained by

solving the problem
1
muin §HV + VT fuel +eu” — S||% 4+ AV + uel — Diag(V + uel )12 (8.2.18)

Let u\! denote a copy of the vector u with the i-th coordinate set to zero. Then the
optimization in (8.2.18)) can be implemented by optimizing for u; and u\ separately. Let 4
denote the optimal solution to (8.2.18)). Note that @; = %(Sii—2‘/;;7j). Let b= (V4+VT-8),,

v ="V, and y = vV + u\". Then @\* can be obtained by solving
minimize |\ 4+ y — vV||2 + A|jy]|2. (8.2.19)
y
The optimal solution to (8.2.19)) is given by

- A 7 7

Hence the solution @ to (8.2.18)) is given by

1 oo .
(S — 2V ifj=1
iy = 2 ) / : (8.2.21)

U; — vj otherwise

As for hub graphical lasso, in our implementation of Algorithm [11]| below, we maintain
and update the inverse W = ©~!. Every time a column of V is updated, © incurs a rank-
two update, and so, by using the Sherman-Morrison-Woodbury identity (see e.g. [70]), we

can update W efficiently in O(p?).

8.2.6 Ezperimental results for hub covariance selection

We generated a covariance matrix ©g with hubs similar to the Erdos-Renyi setup described
in Section 4.2 of [64]. For any given problem dimension p, we let the number of hubs k in
O¢ equal 0.03 x p. We generated the sample covariance matrix S from Oy using a sample
size n =0.1 X p X k.

We use two metrics for comparison of algorithms: F-score and run-time in seconds.The

2XPXR
P+R

F-score equals the harmonic mean of the precision (P) and recall (R), i.e., F-score =
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Algorithm 11 SBCD with active set heuristic for Hub covariance selection

Input: Sample covariance matrix, S, A and optimality tolerance e

Output: e-approximate optimal solution 1%

Initialize: V = Diag(5)/2, © = V + VT = Diag(S), W = (0)~! = (Diag(5))~! and active
set A= {}.

While A # {}

1 Fori=1,2,...,p

X0\ /[0 if v\ #£ 0
Ii=1(20,;—25,)\ if v\ = 0 and [|(20.; — 25.) V|| < X (8.2.22)

0.,—-25,; \i . i 7
)\M if v\ = 0 and [|(20.; — 25.)\[l2 > A.

2 Identify active set: A= {i: | —20.,;+25; + Tl <€}
3 Forie A°

(a) Set d = @, where the 4 is given by (8.2.21).

(b) Choose a step size o that satisfies (8.1.4) with u =d,w = ¢;, @~ = W.
(c) Vi=V,;+ad.

(d) =V +VT.

(e) Update W = (©)~! using the Sherman-Morrison-Woodbury identity.
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As mentioned earlier, higher the F-score, the better the performance of the algorithm on

this metric. We now describe our experimental results.

1. In Figure we plot the metrics against a range of regularization parameters A for
different choices of p. In particular, we consider p = 500, 1000. We vary A as follows:
Let Amax = 2||S — Diag(S)]|co,2, where we define the || X||s,2 norm as the maximum
£5 norm of the columns of the X. We then generate a A\ grid by dividing the interval
[0, Amax| into 30 equal parts. Denote these points by {\;}, i =1,...,30. We compute
the solution path starting at A\sg and ending at A\;. We use warmstarts to speed up the
computation of the solution path. If for some A;, the solution output by the algorithm
has more than 10% non-zero columns, then we stop the computation of the solution
path at this point. We set the optimality tolerance for all the algorithms to be 1074,
As can be seen from the top panel of Figure the F-scores match up for ADMM
and SBCD. Indeed this makes sense, as the two algorithms are solving the same HGL
formulation. The top panel reveals the regime of A for which the F-score is high. In
the bottom panel of Figure we see that in precisely this good regime, SBCD is up
to 100 times faster than the SVD based ADMM algorithm for a significant range of A

values.

2. We next compare the solution path time of ADMM and SBCD in Figure As can
be seen from the figure, SBCD is 200 times faster than ADMM for p = 1000. It is
also interesting to note is that the solution path time taken by SBCD for p = 4000
is 3 times less than the time taken by ADMM for p = 1000. This illustrates that
SBCD can be significantly faster than an SVD-based ADMM algorithm. The gains in
run times are due to the absence of SVD factorizations in SBCD combined with the
ability of SBCD to exploit the sparse solution structure as compared to the ADMM

algorithm.

Our experimental results show that SBCD is indeed much faster than an SVD-based

ADMM algorithm. However, we note that there could be potentially much faster algorithms
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Figure 8.4: Comparison of ADMM and SBCD algorithms on the metrics of F-score and run
time in seconds. The top panel shows F-score comparison of algorithms for p = 500, 1000
against A. As expected, we see that the F-scores for the two algorithms match over the range
of A\. The top panel is useful in deciding the range of A\ in which the F-score is high. The
bottom panel shows run time comparison of algorithms for p = 500, 1000 against A. In the
range of interest for A, we see that SBCD is consistently faster than ADMM, sometimes by
a factor of 100. The computation time for SBCD increases as A decreases, while ADMM’s

computation time stays almost the same for all .
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Figure 8.5: Solution path time of ADMM and SBCD vs p. SBCD is about 200 times faster
than ADMM for p = 1000. Also note that SBCD for p = 4000 is 3 times for faster than
ADMM for p = 1000.

than ADMM for the hub covariance selection problem (aside from our algorithm) and we

leave more extensive comparison of algorithms for future work.

8.3 SBCD for Latent Variable Selection

Recall that the low-rank and sparse model proposed for latent variable selection problem

[17] is given as follows:

mii}liLIE(i]ze F(Y,L;S) := —logdet(Y — L) + (Y — L, S) + \||[Y][1 + Ag trace(L) (8.3.1)
Our approach is to iteratively alternate the optimization of Y keeping L fixed and optimize
L keeping Y fixed. The Y update follows from the Z update in Algorithm [7|with g(V, Z) =
M| Z|]1 +2X2(V) where V + VT := L and Z := Y. Our updating strategy for L is far more

complex and depends on a low rank factorization.
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8.3.1 Updating a low-rank factorization for L

Suppose we wish to update the ith row and column of L. Let T; denote the pxp transposition
matrix which exchanges the ith and pth rows of a matrix by left multiplication, i.e., T'L is the
matrix obtained from L by exchanging L’s ith row with its last row. In particular, we have
T[l =T, = TZ-T. Hence conjugation by T;, L — TiLTiT, is also a similarity transformation

on L wherein the objective of (8.3.1)) is invariant under conjugation by 73, i.e.
F(Y,L; S) = F(LYT]  T,LT]; T,ST).

In the remaining, we will assume this transformation is applied when we update ¢th column
and row of L where ¢ # p. That is, given L and an index ¢ € {1,2,...,p}, we obtain an
update to the last row and column of L; := Tl-LTZ-T, say AL;, to obtain a new I~/2 = L;+AL;.
Then the corresponding update to L is T;AL;T;. Hence, for every index ¢ € {1,2,...,p},
updates to the i¢th row and ith column of L can be completely described by describing a

corresponding update to the last row and column of L.

Let
I L1 2
iy lao

with L1 € 8P, l12 € RP, and l9g € R. We now describe an update to the last row and

column of the form
li2 l12 + Alyo
—

l22 log + Algo

(8.3.2)

We derived this update from a low-rank factorization of L. To this end let L = WW7 be a
low-rank factorization of L where W has full column rank and set

Wi

T
Wy

W =

We consider two cases depending on whether Wy has full rank. If Wj is not of full rank,

then we need to derive from W another low rank factorization L = WWT, where

—~ Wi 0

T
Wy W22
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with W of full column rank so that wogy # 0 and Wiy is necessarily of full rank. The
procedure for obtaining W is described below.
Low-rank factorization of L:

Let L = WWT be a low-rank factorization of L where W has full column rank.

Case (a): W is full-rank. Then we set wW=Ww.

Case (b): Wj is not full -rank. First compute the reduced QR factorization of Wi, say
Wi = QR, and the SVD of RRT = AXAT. Then the reduced SVD of Wi W{ =
USUT, where U = QA. Since W; is not full rank and W is full rank, then
exactly one diagonal value of ¥ is 0. Remove the 0 diagonal from Y and the
corresponding column of U and denote the resulting matrix as 5 and U. Notice

that UTU = I. Let

(8.3.3)

it is easily verified that (8.3.3) satisfies that L = WW7 = WwT,

Given this low-rank factorization set

(W1, w2), if W7 has full rank,
(E,w) = (8.3.4)

(Wll, Wa1), otherwise.

Since L = WW7 (= WWT), we have

Ly 1 EET Ew
L= |1 2 , (8.3.5)
l’{2 lgg (EIT))T l22

with Ran(Li;) = Ran(E).
We construct the update (8.3.2)) to maintain the positive semi-definiteness of

L 119 + Al
L. = H e (8.3.6)
(lia + Alyg)T oo + Algo
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This places constraints on the choice of Aljs and Alss. These constraints are derived from

the well-known [] fact that
L*>0 if and only if L1~ 0, log — Z?QLllTllg > 0, and [ € Ran(LH).

Since we assume that L > 0, these conditions are satisfied by L and they establish the

restrictions on Alyg and Algg so that Ly > 0. Specifically, given L > 0, then Ly > 0 if and
only if

Aljs € Ran(L11) = Ran(F) and (8.3.7)

lag + Alog > (I + Alia) LY (i + Aly). (8.3.8)

We now use (F,w) in (8.3.5) to re-express these conditions in a more convenient form.

Note that l1o = Ew and, since Aljs € Ran(FE), we may write l19 + Alyo = E(w + dy) for

some vector dy. For consistency of notation, we define ds := Al giving

A112 E 0 dl
AZQQ 0 1 dQ

If we now suppose that E has SVD E = UXVT with VVT = I (since F has full column
rank), then LL = UX2UT. With this notation, the inequality (8.3.8) becomes

lyo +dy > (0 + d)TVSUTUS2UTUSVT (@ + dy) = || @ + di]f3 -

Hence the update L4 in (8.3.6)) can be written as

0 Ed1 dl
Ly =L+ D(d), where D(d):= and d= ,
d{ET d2 d2
with the condition that
lyo +do > || + du 3. (8.3.9)

8.3.2 Computing Ly

Let

F(L) := —logdet(Y — L) + (Y — L, S) + Ag trace(L). (8.3.10)
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For each i = 1,...,p, define
dp(L;i) := argmin {f(d) = (VF(L),D(d)) + %dTHd—i— d(d|L+D(d)>=0) }, (8.3.11)
d

where 4 stands for the row-column index of L we are updating and H is a Hessian approxi-
mation to f at d = 0. When clear from the context, we will use dyy as the abbreviation for

dg(L;i) and d* for dy.(LF;4). Then we have the following descent lemma.
Lemma 8.3.1. Given any Y = L >0 and H > 0, let dy be as defined by , then
(VF(L),D(dy)) < —d5;Hdy.
Proof. For any a € (0, 1), first notice that ¢ (ady | L + D(adg) > 0) = 0. Then we have
(VE(L), Dldn)) + g} Hdn < (VE(L), Dladi) + 1 (ods)" H(ady)

= a(VF(L),D(dy)) + %oﬂdngH.

Hence,
(1 —a)(VEF(L),D(dg)) + %(1 —a)(1+a)dhHdy <0,
or, equivalently,
(VF(L),D(dy)) + %(1 +a)d5Hdy <0.

By letting a 1 1, we have
(VF(L), D(dn)) < —dy Hdpy.

]
We now consider how to solve (8.3.11)). By (8.3.9)), problem (8.3.11]) is equivalent to
min (VF(L),D(d)) + +d"Hd
d ? (8.3.12)
s.t. do + log > |’d1+@H2.
G g 2FETg
Assume VF(L) := , then (VF(L),D(d)) = hTd where h := . In
QT 922 922

particular, if H = kI, the objective in (8.3.12)) can be written as

(VF(L),D(d)) + %dTHd
2

1 1
—hTd + ngd = 2 |ld+—h| = o lInl3.

K
2 2
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Ignoring the constant term —i HhHg in the objective, (8.3.12) is equivalent to

min Elld+Ln 2
i gl b s
s, dy+log > ||dy + 3|7
Now let d := d + v with u = . With this change of variable, we have (8.3.13|
lao
equivalent to
- 2
min 5 (|d —u+ %h ’
d , 2 (8.3.14)

s.t. 652 Z HCZ1’

Solving ([8.3.14)) is equivalent to evaluating the projection ofu—%h onto ) := {d ’ dy > ||d; H2 }
We now show that the projection onto €2 can be computed in closed form. For this

consider the projection problem

_ 1 _ 1 _
Po(da, dy) := argmin  (dz — do)? + Slld1 - dy||3. (8.3.15)
deq

The KKT conditions for (8.3.15]) give
dy—dy—X =0
dy — Cil +2X\d; =0
MdFdy —dy) =0
A >0.

1. If d_Q Z ||d_1||%, then PQ(d_Q,d_l) = (d_g,d_l).

2. If dy < ||d1||3, then Pq(dy,d1) = (da + A, 15125\), where X is given by the positive root
of the cubic equation (dg + A)(1 + 2X)? — ||d1]|3 = 0 (this cubic has two complex and

one positive real root). If we set & := 1/27 + ||d1]|3 — d2, then

, 1\ , 1\? 1/3
(f+< —36> (5‘( —36> 3

After solving (8.3.11]), we do a line search with Armijo rule to find the step size as stated
in Algorithm

1/3
+

—

o 1
A=3
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Algorithm 12 Armijo rule for one row-column of L update

1: Initialization: Line search parameters § € (0,1), o € (0,1), v € [0,1), and update data

LF e S, H* € S, and d]}{ € R? satisfying

A* = (VF(L*), D(d%)) 4+ ~(d§)T H*d%, < 0. (8.3.16)

2: Set

k S
(6% = max
s:O,I,mﬁ

s.t. F(L¥ 4 B°D(d%)) < F(LF) + g°cA*.

3: Set LF1 = LF + D(a*dk)).

8.3.8 Update of the low-rank factorization for L

Assume that we start with an L such that rank(L) = r < p and its low rank factorization

is L = WWT where W € RPX". The output of Algorithm |12|is

. EET Ew
L= R (8.3.17)
WTET g
where & = @ + ady, logy = lay + ady and (E, ) is as defined in (8.3.4). We now compute a

low rank factorization of Lof the form

s e EET Ew
L=wwl = EE (8.3.18)
w' FE l22

with W of full column rank. To find W, there are two cases to consider.

Case (a): If Iy > w7, then it is easy to verify that

_ |E 0
W= (8.3.19)

~ )
W Vg —wTw

satisfies L = WW 7T,
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Case (b): If [y = @7, then it is casy to verify that

_ |E
W = (8.3.20)

i,
satisfies [ = W\WT

Note that due to the way the matrix F is defined in , this update to W can either
leave the rank of L unchanged, or it can increase or decrease the rank by 1. The algorithm
for updating one row-column of L is given in Algorithm [I3] The overall algorithm for
optimizing L is given in Algorithm Next, we show that Algorithm converges to a

stationary point of a non convex problem.

Algorithm 13 Algorithm for the one row-column update of L
Input: Row-column index 7 of L to be updated. L and a low-rank factorization of L =

WWT. The inverse @ := (Y —L)~!. Line search parameters 3 € (0,1), o € (0,1), v € [0,1).

Output: L = I//I\/WT, Q:=(Y - f))*l and dg(L;1).
1. Obtain a new factorization L = WW7 as outlined in Section m
2. Solve the sub-problem (8.3.11)) to get di(L;7) and run Algorithm [12|to obtain L.

3. Update the factorization for L = wwT.

Case (a): Iy > w71, Set W = _
W7 gy — Tw
~ — E
Case (b): lyo = W . Set W =
wT

8.3.4  Convergence analysis for Algorithm [T
Let L° = 0 be the initial value of L with F((L°) < co. Denote

C:={L|F(L)<F(L°, L=0}.
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Algorithm 14 SBCD for optimizing L
1: Initialization L°, 8 € (0,1), o € (0,1), v € [0,1), k = 0, 7 = 0 and tolerance constant

e > 0.
2: Compute Q¥ := (Y — L*)~! using matrix inversion lemma.

3: Fort=1,--- p,

(i) Run Algorlthm.vvlth LF = WEWH"T index i, QF := (Y — L¥)~! and line search
parameter 3 € (0,1), o € (0,1), v € [0,1) to obtain LF*1 = WkHL(WkT and
d¥ := dgi(LF;4).

(ii) Set 7 =7+ ||d*| and k =k + 1.

4: If 7 < ¢, stop; Else set 7 = 0 and return to Step 2.

Proposition 8.3.2. The mapping VF : SP — RU{+oo} is Lipschitz continuous on C, i.e.
JK > 0 such that

VE(L1) = VF(L2)|| < K||[Ly — Lo||  VL1,L2 € C.
Proof. 1t is easily seen that de > 0 such that VL € C, Y =Y — L = el. Therefore,

IVE(Ly) = VF(Lg)|

=¥ = L)' = (Y = Lo) |

= [|(¥ = L)) "N (La = La)(Y — La)™Y||
<Y = L) M ||V = L) 7| L2 — La
< K(e) || L2 — Lall,
where K(e) T oo as € | 0. 0

In the rest of this chapter, it is assumed that V F'(L) is Lipschitz continuous with constant
K which depends on L° only. For an index i, let Y; be the sub-matrix of Y obtained by

deleting the i-th column and row from Y. Define

n = maX{la)\max(}/i) 11 € {1" o ,p}}-
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Lemma 8.3.3. Let L € C and i € {1,...,p}. Assume H = A\ and d := dy(L;1i) is given
by 8.3.11). If a € [0,(1 — o + oy)N/(Kn)], then

F(L+aD(d)) < F(L) + acA,

where A is defined in (8.3.16)).

Proof. The Fundamental Theorem of Calculus and Lipschitz continuity of VF imply that

F(L + aD(d)) — F(L)

—a(VF(L), D(d)) + / 1<VF(L +taD(d)) — VF(L), aD(d))dt
0
1
<a(VF(L), D(d)) +a /0 IVE(L + taD(d)) - VE(L)| | D(d)]| dt

<a(VF(L), D() + 3 Ka? | D(d)|

—a(VF(L), D(d)) + %Koﬂ(z IEd: || + d2) (Note cd= (Zl))

2

SO(VF(L), D)) + 3 Ko® Cunax(V0)2 |da | + ) (Note : Yi = BET)
<a({VF(L), D(d)) + 5 Ken(2 |di | + d3)
<a(VF(L), D(d)) + Ka?y ||

=aA — ayd"Hd + Koy ||d|* .
If a €0,(1—0+0y)A/(Kn)], then

—~d"Hd + Ko ||d|)?
< —~d"Hd+ (1 —0+ov)d' Hd
=(1—0)(1 —~)d"Hd

< - (1 - U)A7
where the last inequality follows the definition of A in (8.3.16) and Lemma so that

A := (VF(L),D(d)) +~vd"Hd < —(1 — ~)d" Hd.
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Hence

F(L+aD(d)) — F(L)
<aA — ayd"Hd + Koy ||d|]?
<aA —a(l —o)A

=aoc/A
O

Theorem 8.3.4. Assume M\ = H* = M, where A\ > A > 0. Let o € (0,1), v € [0,1),
B € (0,1). Suppose {L* Wk HEd*} is generated by Algorithm n Let (L, W) be any cluster
point of {(L*, Wk)}, where, by construction, L¥ = W*(W*)T. Then the following hold:

(i) d* — 0.
(ii) Fori € {1,--- ,p}, let H" denote a cluster point of {H“ij}]o-io, and
_ 1 o _
dgi(L:i) = argmin {(VF(L), D(d)) + 5d"H'd+6 (d | L+ D(d) = 0) } (8.3.21)
d
then dgi(L;i) = 0.
(iii) For all d such that L + D(d) = 0, we have

(VF(L), D(d)) > 0.

(iv) W € RPX" is a stationary point of

min G(W) := FWWT). (8.3.22)
WeRpxT
Proof. (i) Note that
F(LMY — F(LF) < ofoAF < —aFo(1 — 7)d"Hd", (8.3.23)

where the second inequality follows from Lemma Summing (8.3.23)) from k& =0

to N, we have

N
F(L"*Y = F(L°) <> —a*o(1 —v)d*H*d".
k=0
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Since H* = M\, we have
N
FIN) — F(LY) < Y —afo(1 -+ )\HdkH
k=0
By Lemma implies that & := inf &* > 0, which gives
N 2
FINY) ~ F(L%) < —ao(1 - 7)A Y Hd’f” . (8.3.24)
Since F(L) > —oo on C, we can take the limit as N 1 oo to find that
>0 2
> ||H]| < oo
k=0

Hence, in particular, d* — 0 and

00 p o
S [ = o3 fantzremia < .
k=0

i=1 j=0
hence, for any index i, dg (L*~'+7P;i) — 0 as j — oo. Moreover,
(VE(L™'P), D(dp (L'147;0)) + §(dH(LZ_1+]p; i) H Py (LT G)

. ) 1 . ) . )
< (VF(L'7'9P), D(d)) + 5dTHZ—“ﬂD +6(d|LP 4+ D(d) =0) VdeRP

By letting j — oo along the subsequence for which (L*, W*) — (L, W) and using

continuity, we have
_ 1 _ _
0 <(VF(L),D(d)) + 5dTH%d +6(d|L+D(d) =0) VdeRP

Therefore, by definition, dy(L;i) =0 Vi=1,--- p.

(iii) Follows directly from (ii).

(iv) Assume not, then 3Dy € RP*" such that

(VG(W), D) < 0.
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Let D%,V € RPX" denote a zero matrix with the i-th row replaced by the i-th row of

Dy . Then for at least one i € {1,--- ,p}, WLOG, say p, such that
(VG(W), DY) <O0.

Then Ja > 0, such that G(W + aD¥,) < G(W). We absorb « into D%, i.e. G(W +
DY) < G(W). Let L:= W+ DY YW + D8 )T = 0 and L differs from L only on the
last row and column, and F(L) < F(L). Contradiction to (iii).

O

Remark 8.3.5. The dimension of W is not pre-determined. Algorithm [14]is different from
solving the non-convex formulation (8.3.22)) with a fixed dimension for W.

8.3.5 Final tuning of rank by singular value shrinkage

Once Algorithm [14] has terminated, we apply a simple procedure for reducing the rank of
L even further. For this, we compute the reduced eigenvalue decomposition of L = USUT
from its low rank factorization L = WW? as in where ¥ = diag{o?,03, - ,02%},
U € RPX" and UTU = I,. Next consider the problem

min —logdet(Y — L — ayuzul’) + (Y — L — ayuul’, S) + Ag trace(L + cuiul’)
@i
s.t. a; > —o?,
or equivalently, the problem

min  —log(1 — ayu? (Y — L)) + ay(Ag [Jui]|3 — ul Su;)
@i (8.3.25)
2

7

s.t. a; > —0

Define
1 1

4 .
ul (Y = L)7lui Mg [|ugll3 — ul Su

If @ > —02, then o; = @ solves (8.3.25)). Otherwise o; = —02-2 solves (|8.3.25]).

a =

8.3.6  Practical version of SBCD (P-SBCD)

The main computation in Algorithm occurs while updating (Y — L)™! and (Y11 —

L11)"'Wi1 which is O(rp?) for a single row-column update of L. Hence one sweep of all
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row-columns of L requires O(rp3) operations, which is even more expensive than an SVD
based method.

To make our algorithm more efficient, we do not apply Algorithm Instead we fix
Y — L and apply Algorithm [13] sweeping all p row-columns of L. At the end of the sweep,
we have I, = WWT. This gives a search direction Dy := W — W which is a non-negative
linear combination of descent directions for G(W) := F(WW?). Hence Dy, is a descent
direction for G as well. Consequently, we can think of Dy, as the basis for a column
update to W and perform this update column by column. Observe that each execution of
Algorithm requires O(pr?) operations, and so one sweep of all row-columns of L takes
O(p*r?) operations. Next we update W column by column with a line search (described
below). This takes a total of O(p?r?) operations, which is much better than O(rp?®) when
rp.

We now describe the column-by-column line search procedure. Let D.; denote the i-th
column of Dys. A backtracking line search is employed to find a step size « such that
an Armijo condition is satisfied. A key requirement is the need to preserve the positive
definiteness of Y — (W + aD.e] )(W + aD. el ). The following proposition addresses this

issue.

Proposition 8.3.6. Let W € RP*" and i € {1,...,7}, and let w denote the i-th column of
W. AssumeY —WWT =0, Q := (Y -WWDH)™, and W := W+deZT, thenY —WWT =0
if and only if (1 — d' Qw)? — (d'Qd)(w' Quw + 1) > 0.

Proof. Observe that

Y -WWT =y —wwT — dw” —w'd — dd"

:Y—WWT—d(w—Fg)T— (w+g)dT.

Theorem implies that Y — WW7T = 0 if and only if det(Y — WWT) > 0. Direction

computation shows that
det(Y — WWT) = det(Y — wwT) [(1 — dTQuw)? — (d¥Qd) (wTQu + 1)),

hence the result follows. O



125

Let us now examine the cost of one sweep of algorithm [I3] across all p row-columns of L.
During this sweep, the matrix L remains fixed, and so the initial low rank factorization of
L remains fixed throughout the sweep. This reduces the total cost incurred. In particular,

the computation of the Armijo stepsize depends on the evaluation of
F(L+ aD(d)) — F(L).

In our practical version of SBCD, this can be done in O(r?). Indeed, direct calculation

shows that
F(L+aD(d)) - F(L)= —log[(1 — ad?BTQe,)? - aQ(dTBTQBd)(engp)] (8.3.26)
—2ad” BT Se, + 20)0d” Be,, -
E 0
where B = . and Q = (Y — L)~!. The expression (8.3.26]) shows that the evaluation
0 3

of objective function F(L + aD(d)) — F(L) requires BTQB, BTQe, and BT Se,. These
matrices can be obtained from K := WTQW and A := WTQ with O(r?) operations since

Q11 q12
W remains fixed during the sweep. To see this, let Q = , then
CJ?Q q22
ETQuE $ETq; ETq1o
BTQB = . , BTQe, =
%‘J%E 1422 %Q22

Hence we need only compute ET Q1 E and ET q15. Moreover,
ETQUE=K — A.pU)QT — wQTA.p + quwgwg and

ETQ12 = A-p — g22W2,

that is BTQB and BT Qe, can be obtained from K and A with O(r?) operations.

8.3.7 Numerical Fxperiments

In this section, we compare P-SBCD with ADMM on a series of synthetic problems. We
generate our data in the following way. Y is a symmetric p X p random Gaussian sparse

matrix with density 2%, i.e. 2% non-zero elements. X is p X r random Gaussian matrix.
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And let L = X X7 /900. Then add a multiple of identity o to Y to make Y — L = 0, where
« equals the absolute value of the minimum eigenvalue of Y — L plus 1. We use Y — L as
the true precision matrix to generate a sample covariance matrix S with sample size N. We
terminate both algorithms if the reduction of the objective function is less than 1073, We

implement the ADMM with continuation as introduced in [46].

1. In the first set of experiments, we generate 5 problems with p = 1000, 2000, 3000, 4000, 6000
and r = 10 with sample size N = p. For p = 6000, we terminate ADMM after 10
hours, so we do not have the result for ADMM in this case. Figure shows that
P-SBCD is at least 10 times faster for the first 4 problems. Table presents the
objective function values of both algorithms. P-SBCD’s objective is slightly better
than ADMM. Both algorithms take around 50 iterations to stop. The speedup of

P-SBCD comes from the low per-iteration computation cost.

p A X2 ADMM P-SBCD
1000 0.0080 0.3200 -1243.8724  -1243.8694
2000 0.0050 0.2800 -3040.2937  -3040.3240
3000 0.0028 0.2400 -5229.9635  -5230.0703
4000 0.0020 0.2100 -7565.1355  -7565.3030
6000 0.0015 0.1800 NA -12516.9303

Table 8.1: Objective comparison of ADMM and P-SBCD for different dimension p.

2. In the second set of experiments, we test both algorithms on different sample sizes
with p = 2000. Let v =1,2,10, 50, then we use N = p as the sample size. Figure|8.8
shows that P-SBCD is at least 10 times faster than ADMM. Table presents the
objective function values of both algorithms. P-SBCD’s objective is slightly better
than ADMM. Figure presents the sparsity of Y and rank of L for the final solution
of both algorithms. We see that P-SBCD converges to solution with larger sparsity and

smaller rank. Notice that as the sample size increases, the rank discrepancy between
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—%— ADMM

Time(s)

--y-- P-SBCD

1 1 1 1 1
1000 2000 3000 4000 6000

Figure 8.6: Time comparison of ADMM and P-SBCD for p = 1000, 2000, 3000, and 4000.
From the picture, we see that P-SBCD is 10 times faster than ADMM. Notice the run-time
of P-SBCD solving p = 6000 is only 20% of the CPU time of ADMM solving p = 4000.

Sparsity Rank
98.55% - A

98.53% - 144

97.64% -

97.58% -

97.57% - 12- =
-y P-SBCD

97.03% -

96.92% -

96.30%- 101 o

96.18% -

v

i U U i U U U l U U
1000 2000 3000 4000 6000 1000 2000 3000 4000 6000

Figure 8.7: P-SBCD converges to a solution with smaller rank of L and larger sparsity of Y’
when p = 2000, 3000, 4000. When p = 1000, the sparsity of Y for P-SBCD is 97.57%, while
the sparsity of Y for ADMM is 97.58%.
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ADMM and P-SBCD is decreased. For sample sizes 10p and 50p, both algorithms

converge to an L with the same rank.

vy A1 A2 ADMM P-SBCD

0.0050 0.2800 -3040.2937 -3040.3240
2 0.0035 0.1800 -3164.0180 -3164.0235
10 0.0030 0.1300 -3144.5471 -3144.5878
50 0.0030 0.1200 -3122.1790 -3122.1955

Table 8.2: Objective comparison of ADMM and P-SBCD for different sample sizes of p =
2000

103.6 -

1034 - ./\/‘

103.2 -

3_
10 —%— ADMM

Time(s)

--v-- P-SBCD

Figure 8.8: Time comparison of ADMM and P-SBCD for v = 1,2,10,50 and p = 2000.
From the picture, we see that P-SBCD is around 10 times faster than ADMM.

3. In the third experiment, we test the effect of Ay by fixing Ay for p = 2000, N = p.
Set Ay = 0.005 and Ao = 0.27,0.29,0.31,0.33,0.35. We solve these problems using
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Sparsity Rank
98.73% - Ve

98.72% -
17.5-

98.71% -

—%— ADMM

98.55% - 15.0-

--v-- P-SBCD
98.53% -

12.5-
98.42% -

98.39% -
10.0-

Figure 8.9: P-SBCD converges to solution with larger sparsity and smaller rank. Notice
that as the sample size increases, the rank discrepancy is decreased. For sample size 10p

and 50p, both algorithms converge to an L with the same rank.

P-SBCD only. Figure[8.10shows the rank of L and the sparsity of Y. As Ay increases,
the rank of L and the sparsity of Y are decreased. The CPU time to solve each of
these problems by P-SBCD is similar to the first and second experiments for p = 2000.
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Sparsity Rank
98.56% 15
98.55% 10
98.54% 5
98.53% 0
0.27 0.29 0.31 0.33 0.35 0.27 0.29 0.31 0.33 0.35
Az A

Figure 8.10: As Ay increases, the rank of L is decreased and the sparsity of Y as well.
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