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Exploring Quantum Phenomena in 2D Materials: From Valley Topology and Exciton Selection
Rules to Tuning Magnetic Correlations

Tharindu Fernando

Chair of the Supervisory Committee:

Ting Cao

Department of Materials Science & Engineering

This thesis presents two independent parts under the common theme of quantum phenomena in 2D

materials: Part I introduces a gauge-invariant, quantized interband index for multiband 2D systems

and uses it in two applications: A) to analyze valley topology, and B) to derive gauge-invariant

exciton selection rules. Part II investigates monolayer Nb3Cl8, quantifies magnetic anisotropy, and

shows that biaxial strain tunes antiferromagnetic, paramagnetic, and ferromagnetic behavior.

Part I, Application A: Interband index and valley topology. We introduce a novel

gauge-invariant, quantized interband index in two-dimensional (2D) multiband systems. It provides

a bulk topological classification of a submanifold of parameter space (e.g., an electron valley in a

Brillouin zone), and therefore overcomes difficulties in characterizing topology of submanifolds.

We confirm its topological nature by numerically demonstrating a one-to-one correspondence to

the valley Chern number in k · p models (e.g., gapped Dirac fermion model), and the first Chern

number in lattice models (e.g., Haldane model). Furthermore, we derive a band-resolved topological

charge and demonstrate that it can be used to investigate the nature of edge states due to band

inversion in valley systems like multilayer graphene.

Part I, Application B: Gauge-invariant optical selection rules for excitons. Excitons

are central to the photophysics of 2D semiconductors and photonic devices. Prior circular selec-

tion rules for excitons in 2D are successful but gauge-dependent due to assumptions that exclude

singular gauge behavior at band edges. By developing a chiral form of the interband index from



Application A above, we obtain selection rules that are manifestly gauge-invariant. This frame-

work is directly compatible with numerical workflows used in device modeling, and strengthens the

theory of quantum materials, especially two-dimensional semiconductor photophysics.

Part II. Strain-tunable magnetism in Nb3Cl8. Recent research suggests the possibility

of the two-dimensional breathing-Kagome magnet Nb3Cl8 hosting a quantum spin liquid state,

warranting further study into its magnetic properties. Using ab initio calculations, we show that

monolayer Nb3Cl8 has short-range antiferromagnetic correlations among Nb3 trimers with S = 1/2,

and becomes magnetically frustrated due to the underlying effective triangular lattice geometry,

and is evidenced by a frustration index of f > 1. The high-temperature susceptibility shows a

negative Weiss temperature from Monte Carlo calculations. Considering spin-orbit coupling, we

investigate the magnetic anisotropy, including anisotropic exchange, single-ion anisotropy and the

Dzyaloshinskii–Moriya interaction using the four-state energy mapping formalism. Although the

elements have relatively small atomic numbers, the Dzyaloshinskii–Moriya interaction is comparable

in magnitude to the anisotropic exchange. Additionally, we show that biaxial strain tunes the short-

range correlations between antiferromagnetic, paramagnetic and ferromagnetic. These findings

strengthen our understanding of Nb3Cl8 and advance its applications in current condensed matter

physics and materials science research, including nanoscale mechanical and spintronics applications.

Summary. Part I supplies a valley-focused topological index and a gauge-invariant theory of

exciton selection rules. Part II elucidates the magnetic anisotropy and tunability of magnetism in

monolayer Nb3Cl8. Collectively, these findings fulfill the thesis aim of exploring quantum phenom-

ena in 2D materials.
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Part I

APPLICATIONS OF NOVEL QUANTIZED INTERBAND TOPOLOGICAL
INDEX IN 2-DIMENSIONAL QUANTUM SYSTEMS



2

Chapter 1

BACKGROUND AND MOTIVATION

In the first part of this dissertation, we explore the gauge-invariant quantized topological index

for submanifolds in 2-dimensional quantum systems that was introduced in Ref. [173,180]. Conse-

quences of this index in quantum physics were not apparent at first glance. So, following theoretical

and computational investigations carried out over several years, we found two new applications of

this index: one in valley topology (Chapter 2), and the other in optical selection rules for excitons

(Chapter 3). In this chapter, we present background concepts to set the stage for discussions on

our findings.

This work began during my undergraduate years at UC San Diego under the guidance of Chao

Xu and Professor Congjun Wu, before I started my graduate studies at the University of Washington

under Professor Ting Cao. I am grateful for all of them for their patience and guidance, and also

thank Professors Yi-Zhuang You, Yafei Ren and Di Xiao for helpful discussions.

1.1 Geometry and Topology in Condensed Matter in 2-Dimensional Systems

In this section, we present a concise, high-level overview of basic concepts in condensed matter

theory that are most relevant for our work on the novel interband index. We highlight the adiabatic

theorem, Bloch bands, Berry phase and curvature, and connection to topological invariants. These

concepts form the foundation needed to introduce and motivate the interband index developed in

sections that follow. This is not intended to be a comprehensive review, as there’s a substantial

amount of literature covering these topics (e.g., Ref. [43, 176]).
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1.1.1 Adiabatic Theorem and Time-Independent Schrodinger Equation

A physical system may be modeled by a Hamiltonian H that is dependent on time via parameters

R = R(t) = (R1, R2, ...) ≡ Rµ:

H = H(R). (1.1)

In condensed matter systems, external perturbations typically vary much more slowly than elec-

tronic timescales. So, we consider the system’s adiabatic evolution, where R(t) traverses slowly in

the parameter space M along a path ∂M. The quantum adiabatic theorem [73, 119] states that

a system starting in an eigenstate |m(R(0))⟩ will remain an instantaneous eigenstate of H(R(t))

throughout an adiabatic evolution, up to an arbitrary R-dependent phase factor (or gauge) of

|m(R)⟩. This gauge has to be smooth and single-valued along ∂M, but could be chosen in a way

to overcome the arbitrariness. This situation can be modeled by the time-independent Schrödinger

equation, which could be represented using an instantaneous orthonormal basis of the eigenvectors

of H(R):

H(R) |m(R)⟩ = Em(R) |m(R)⟩ . (1.2)

Solving the above eigenvalue equation at each value of R yields the instantaneous eigenstates

|m(R)⟩ and instantaneous energy eigenvalues Em(R).

When studying crystals, it is beneficial to Fourier transform real-space coordinates r to reciprocal

(momentum) k coordinates. By Bloch’s theorem, the instantaneous eigenstate |m(R)⟩ (where R is

the arbitrary parameter) satisfies

⟨r | m(R)⟩ = e iR·r um
(
r;R

)
, (1.3)

where we have periodicity um(r + rℓ;R) = um(r;R) for any lattice vector rℓ. If we choose k-space

as the parameter space R ≡ k = (kx, ky, kz), then

⟨r | m(k)⟩ = e ik·r um
(
r;k
)

⇐⇒ |m(k)⟩ = e ik·r |um(k)⟩ , (1.4)

with k restricted to the Brillouin zone (a region of k-space with periodic boundaries). If we have a

non-degenerate N -level system, we may determine an N ×N Hamiltonian matrix H(k) using the
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time-independent Schrödinger equation

H(k) |m(k)⟩ = Em(k) |m(k)⟩ , (m = 1, 2, ..., N) (1.5)

to calculate Em(k) and |m(k)⟩. When Em(k) is plotted over the Brillouin zone as a band diagram,

the electronic structure of the solid is revealed. Band diagrams help determine a solid’s electronic

phase (e.g., metallic, semiconducting, or insulating) by revealing gap sizes, dispersions, and band

connectivity that signal phase transitions through gap closings or band reorderings, while also

underpinning optical transitions, transport properties, and topological phenomena. Since this work

focuses on 2-dimensional crystals, we work with R ≡ k = (kx, ky) parameters going forward.

For generality, we also relabel time t with parameter λ, which allows k to be parameterized as

k = (kx(λ), ky(λ)) ≡ kµ.

Following from Eq. (1.2), the quantum state at a time λ is:

|ψm(λ)⟩ = exp iγm(λ) exp
[
− i

ℏ

∫ λ

0
dλ′Em

(
k(λ′)

)]
|m
(
k(λ)

)
⟩ . (1.6)

Above, the second exponential is the dynamical phase factor determined completely by Em(k), and

γm(λ) is a so-called geometric phase, since it depends on the path taken through parameter space.

1.1.2 Berry Phase

When Eq. (1.6) is inserted into the time-dependent Schrödinger equation

iℏ
∂

∂λ
|ψm(λ)⟩ = H

(
k(λ)

)
|ψm(λ)⟩ (1.7)

and the product with ⟨m(k(λ))| is taken from the left, we can express the geometric phase γm

appearing in Eq. (1.6) as:

γm(k) =

∫
∂M

Aµ
m(k) dλµ, (1.8)

where the Berry connection Am(k) is

Aµ
m(k) = i ⟨m(k)| ∂

∂λµ
m(k)⟩ (1.9)
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It should be noted that Aµ
m(k) is a gauge-dependent quantity, since a gauge transformation with

an arbitrary single-valued smooth function θ(k)

|m(k)⟩ −→ e iθ(k) |m(k)⟩ (1.10)

will lead to the transformation

Aµ
m(k) −→ Aµ

m(k) − ∂

∂k
θ(k). (1.11)

It was originally believed that one could always choose θ(k) such that γm = 0, leaving only the

dynamical phase to contribute to the overall phase. However, Berry considered the case of a closed

path ∂M, with the initial and final points being the same: k(0) = k(T ) [7]. Since θ(k) has to be

single-valued,

θ(k(0)) − θ(k(T )) = 2π × integer. (1.12)

Therefore, γm cannot be removed, and can only change by an integer multiple of 2π under gauge

transformations. This makes γm a U(1) gauge-invariant, and therefore a physically observable,

quantity, and is called the Berry phase γBm:

γBm(k) =

∮
∂M

Aµ
m(k) dλµ, (1.13)

The discovery of the Berry phase revealed that quantum states acquire a path-dependent phase

determined solely by the geometry of parameter space. This opened up the the field of topological

physics and inspired work that led to the Nobel prize in 2016.

1.1.3 Stokes’ Theorem and Berry Curvature

Because the Berry phase is a line integral over a closed curve, Stokes’ theorem lets us write it as a

surface integral of a 2-form (using language from differential geometry). In this notation, the Berry

connection 1-form ω is

ω = Am = Aµ
m(k) dλµ, (1.14)
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and its exterior derivative defines the Berry curvature 2-form dω:

dω = Fm = dAm =
1

2
Fµν
m (k) dλµ ∧ dλν , where Fµν

m (k) =
∂

∂λµ
Aν

m − ∂

∂λν
Aµ

m. (1.15)

Above, Fµν
m (k) is the Berry curvature, and dλµ ∧ dλν denotes the antisymmetric wedge product,

satisfying dλµ ∧ dλν = − dλν ∧ dλµ. Finally, Stokes’ theorem gives

γm =

∫
∂M

Aµ
m dλµ =

∫∫
M
Fµν
m dλµ dλν . (1.16)

Note that Stokes’ theorem applies when the parameter space manifold is smooth and oriented with

a well-defined, piecewise-smooth boundary, and the differential form being integrated is smooth

(i.e., no singularities, which are points where the derivative of Am fails to exist) throughout the

region and its closure. If singularities do exist, the number of singularities Φm (i.e., the quantized

‘amount’ by which Stokes’ theorem fails) is given by:

Φm =

∫
∂M

Aµ
m dλµ −

∫∫
M
Fm dλµ dλν . (1.17)

Φm could be interpreted as the signed number of Dirac strings in a condensed matter context. In

this work, we refer to Φm as Berry singularities, and it will be used subsequently in the definition

of the novel interband index in Eq. (1.33). Note that Φm can be positive, negative, or 0 depending

on the values of the integrals.

A brief discussion of the Berry curvature is in order. For completeness, we note that we could

use the Hellmann–Feynman-like expression

〈
m

∣∣∣∣ ∂H∂k
∣∣∣∣n〉 = (Em − En)

〈
∂m

∂k

∣∣∣∣n〉 , for m ̸= n. (1.18)

to rewrite the Berry curvature as:

Fµν
m (k) = i

∑
m ̸=n

⟨m|∂H/∂kµ|n⟩⟨n|∂H/∂kν |m⟩ − (ν ↔ µ)

(Em − En)2
. (1.19)
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The expression Eq. (1.19) is beneficial because it can be calculated for any gauge, since it does

not require taking derivatives of wave functions. This is important because the wavefunction phase

is not guaranteed to be smooth in standard numerical diagonalization algorithms.

The Berry curvature also has a sum rule, which states that the total Berry curvature of all levels

of the system vanishes: ∑
m

Fµν
m (k) = 0. (1.20)

The Berry phase has important consequences in condensed matter physics, of which topology

is an important example.

1.1.4 Topology and First Chern number

In two dimensions, due to the periodicity in both directions kx and ky, the Brillouin zone (BZ)

is topologically a torus T 2. Therefore, using language from differential geometry, the collection of

eigenstates |m(k)⟩ form a U(1) line bundle over T 2. Analogous to how the Gaussian curvature K

characterizes the geometry of a 2-dimensional surface, the Berry curvature characterizes this line

bundle (for each point in parameter space of a quantum system, we have an associated Hilbert space,

i.e., the line bundle). In other words, one can define a topological invariant by integrating curva-

ture over the base manifold. Such a topological invariant remains unchanged under any smooth

deformation of the bundle that does not involve eigenvalue degeneracies, thereby distinguishing in-

equivalent global properties. Just as the Gauss-Bonnet theorem on a closed 2-dimensional manifold

M relates the topological Euler characteristic index χ(M) to the area integral (with area element

dA) of Gaussian curvature

χ(M) =
1

2π

∫∫
M
K dA, (1.21)

the first Chern number of band m is defined as:

Cm =
1

2π

∫∫
k∈BZ

Fµν
m (k) dλµ dλν , (1.22)

where the integration of the Berry curvature Fµν
m (k) is over the entire Brillouin zone. Remarkably,

Cm is generally an integer. Because T 2 is not simply connected, nonzero Cm implies there is no way

to choose a single, smooth gauge for |m(k)⟩ globally on the torus. Instead, we cover the Brillouin
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zone by overlapping patches that each allow a smooth local gauge. The overlaps of the patches

differ by a phase e iθ(k) as in Eq. (1.10), and the winding of these phases around noncontractible

loops in the manifold accounts for the integer flux 2πCm.

Notice in Eq. (1.19) that Fµν
m (k) becomes singular if Em = En at any k. Such points in

parameter space correspond to monopoles of Berry curvature. Integrating Fµν
m (k) over a small

region around these monopoles yields a quantized flux that contributes to Cm. Therefore, nonzero

Cm indicates a global obstruction in the eigenstate bundle. Following from the Berry curvature

sum rule Eq. (1.20),
∑

mCm = 0. But when the occupied bands carry net Chern number C =∑
m∈occupiedCm ̸= 0, the crystal is a Chern insulator.

Since C is a topological invariant, it is does not change under any smooth deformation of the

Hamiltonian that does not close its gap (i.e., when the eigenvalues remain nondegenerate). Indeed,

the phase classification here is beyond that from symmetry or local order parameters. C cannot

be changed by small impurities, lattice distortions, or other interactions that do not close the

energy gap. This makes the phase resistant to many types of disorder. In practice, this robustness

forms the foundation of topologically protected edge states that appear at the Chern insulator

boundary. Even if the sample has defects or rough edges, these one-way conducting channels

remain gapless and immune to backscattering. Another manifestation of C is in the quantized Hall

conductivity σxy = (e2/h)C: imperfections in the crystal do not spoil the exact integer value of σxy.

In the integer quantum Hall effect, C is the number of filled Landau levels. In the quantum Hall

literature C is known as the TKNN invariant [164, 165]. Beyond the quantum (anomalous) Hall

effect, similar topological arguments explain protected surface states in 3-dimensional topological

insulators, chiral edge modes in Chern-simulating photonic crystals, and even unidirectional magnon

transport in magnetic skyrmion lattices. In each case, the first Chern number (or its higher-

dimensional analogues) guarantees that certain physical observables remain quantized and that

boundary modes cannot be moved unless the bulk gap closes. This ensures stability against real-

world imperfections.
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1.1.5 The Haldane Model for the Quantum Anomalous Hall Effect

To illustrate the first Chern number C using a concrete example, we look at the Haldane model

for the quantum anomalous Hall effect [56]. Using this model, Haldane showed how one could

realize a nonzero first Chern number (and hence a Hall conductance) on a lattice without any net

magnetic field. The model, presented in Section 4.2.1, can give topologically nontrivial first Chern

numbers that may yield topologically-protected edge states [56]. The Chern number changes when

the band gap closes and reopens at the high-symmetry points (K or K ′), as shown in Fig. 1.1.

The physics at these high-symmetry valleys is therefore significant, because their gap closings can

change the topology, and therefore edge state physics. This observation is important and will be

used in subsequent discussions of the interband index.

(a) (b)

Figure 1.1: (a) A phase diagram of the first Chern number C for the Haldane model as a function
of (M,ϕ). The topological phase transitions occur by gap closures at K or K’. (b) Conduction and
valence bands of the Haldane model for M/t2 = 3

√
3, ϕ = π/2, and t1 = 4t2 = 1. The gap closure

at K’ corresponds to the phase boundary marked with a cross × in (a).
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1.2 Novel Quantized Interband Index

With the context provided in the previous section, we are now ready to introduce the interlevel

index introduced in Ref. [173,180] that makes the focus of the first part of this dissertation. We first

introduce the quantum geometric potential from Ref. [173], then the novel gauge-invariant quantum

interlevel index from Ref. [180], with insight from a differential geometric perspective. We then use

the interlevel index Eq. (1.29) to derive a new interband index Eq. (1.33) which allows for direct

application in condensed matter momentum k-space. We also define a new interband frequency Eq.

(1.34) which provides insight into the behavior of the interband index before presenting intuition

from a Hilbert space standpoint. We then share some observations from preliminary investigations

of the interband index, which motivate the application of the index in valley systems in the following

chapter.

1.2.1 Quantum Geometric Potential and Quantum Adiabatic Condition

A key ingredient for the novel interband index studied in this work is the quantum geometric

potential ∆mn that was introduced in Ref. [173]. For this setup, as we did in the previous sec-

tion in Eqs. (1.1)-(1.17), we consider an N -level Hamiltonian H(λ(t)) controlled by real vec-

tor λ = (λ1(t), λ2(t), ..., λl(t)) of length l as a function of time t. At each t, we have instanta-

neous orthogonal eigenstates |m(λ)⟩ and eigenvalues Em(λ) determined by the time-independent

Schrödinger equation H(λ) |m(λ)⟩ = Em(λ) |m(λ)⟩ (m = 1, 2, ..., N). In this notation, the Berry

connection is Aµ
m = i

〈
m(λ)

∣∣ ∂λµ

∣∣m(λ)
〉

(µ = 1, 2, ..., l). Then we define:

∆mn = An −Am +
d

dt
arg ⟨m|ṅ⟩ , (1.23)

where Am = Aµ
mλ̇µ, the overhead “.” is the time-derivative, and arg is the complex argument

of the interlevel matrix element ⟨m|ṅ⟩. This gives the adiabatic solution to the time-dependent

Schrödinger equation i∂t |ψm(λ(t))⟩ = H(λ(t)) |ψm(λ(t))⟩ as

|ψm(t)⟩ = exp

[
− i

ℏ

∫ t

0
Em(τ) dτ

]
|m̃(t)⟩ , (1.24)
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where |m̃(t)⟩ = exp[
∫
iAm dt] |m(t)⟩, if the initial state is |ψm(0)⟩ = |m(0)⟩. Then, ∆mn can be

rewritten as:

∆mn =
d

dt
arg
〈
m̃
∣∣∣ ˙̃n
〉
. (1.25)

We see that ∆mn is gauge-invariant under U(1)⊗U(1) local gauge transformations (see Eq. (1.10)).

The authors of Ref. [173] showed that when ∆mn is applied to time-dependent systems, the quan-

tum adiabatic condition for nondegenerate systems can be improved to describe the instantaneous

energy gaps more appropriately. This improved condition states that if we have adiabaticity, for

nondegenerate systems with m ̸= n:

| ⟨m | ṅ⟩ |
|Em(t) − En(t) + ∆mn(t)|

≪ 1. (1.26)

What is remarkable and most relevant to our discussion is that ∆mn was shown to be equivalent

to the geodesic curvature kg of the path of the magnetic field orientation on the Bloch sphere.

1.2.2 Novel Gauge-Invariant Quantum Interlevel Index

Xu et al. [180] used the equivalence between ∆mn Eq. (1.23) and the geodesic curvature in differ-

ential geometry to derive a quantum mechanical analog of the Gauss-Bonnet theorem Eq. (1.21)

generalized to the case of a manifold with boundary. This theorem states that for a 2-dimensional

compact Riemannian manifold M with smooth boundary ∂M,

2πχ(M) =

∫∫
M
K dA+

∫
∂M

kg ds, (1.27)

where dA is the area element of the surface M and ds is the line element of the boundary ∂M.

It should be noted that the line integral of kg along a closed loop (the boundary) is the total

geodesic curvature of the closed curve, i.e., the total rotation (holonomy) of the curve’s tangent

vector relative to geodesic (parallel) transport. By convention, a counterclockwise loop indicates

that the area of integration is the region inside the loop. On the other hand, the area integral

above is the total Gaussian curvature of the region enclosed by the loop, i.e., the accumulated

intrinsic curvature of that patch of surface. Together, they give the Euler characteristic of the

region enclosed by the loop which characterizes the topology of the manifold with boundary. Note
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that the full version of the Gauss-Bonnet theorem includes a term that sums any corner angles if

the boundary is piecewise-smooth with sharp corners. This term does not exist in our case since

we consider an adiabatic loop that is smooth across the entire loop.

With the above setup in mind, the authors defined a new differential 1-form ω and 2-form dω

(c.f. the conventional forms we saw in Section 1.1.3):

ω = (Aµ
n −Aµ

m) dλµ, F = dω = Fn −Fm, (1.28)

where d is the exterior derivative, and Fm is as defined in Eq. (1.15). Then, using F as the quantum

mechanical analog of the Gaussian curvature K, the authors defined the quantum mechanical

analog of the Gauss-Bonnet theorem with boundary for an N -level quantum system Eq. (1.2),

introducing a novel gauge-invariant topological interlevel quantized character Θmn analogous to

the Euler characteristic χ:

2πΘmn =

∫∫
M

F −
∫
∂M

∆mn dt

= Φm − Φn −
∫
∂M

darg ⟨m|ṅ⟩ (1.29)

= ∆Φ −
∫
∂M

darg ⟨m|ṅ⟩ ,

where the net number of Berry singularities is ∆Φ = Φm−Φn, and the number of Berry singularities

Φm is as defined in Eq. (1.17). A key observation is that Θmn is manifestly gauge-invariant, since

a gauge transformation of the form in Eq. (1.10) will leave Θmn unchanged. This gauge invariance

is indicative of physical manifestations of Θmn. Indeed, Part I of this dissertation presents two new

applications of this interlevel index. Another crucial observation is that Θmn is manifestly quantized

as an integer, since ∆Φ in Eq. (1.29) counts the number of Berry singularities (an integer). And

because the line integral W [z] =
∫
∂M darg ⟨m|ṅ⟩, which we shall refer to as the winding integral in

this work, counts the number of times (an integer) the complex-valued z(t) = ⟨m|ṅ⟩ winds around

the origin of the complex plane. For completeness, we mention that in Ref. [180], the authors also

introduced a version of Θmn for degenerate systems. We also note that the interlevel index Eq.

(1.29) above is slightly different from the interband index we focus on in this work, both notationally
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and contextually. The interband index will be introduced in the next section.

A brief discussion on the differential geometric picture is due. This picture is contextualized by

a curve X(s) (parameterized by arc length s) on a 2-dimensional manifold in 3-dimensional real

space R3. X(s) is the displacement vector for a point on the curve. The geodesic curvature kg

is the deviation of the curve from the local geodesics (locally distance-minimizing curves). The

tangent vectors V(s) along the curve X(s) live in the tangent space at position X(s). If V(s) is

parallel transported along X(s), kg = dθ/ds, where θ is the angle between V(s) and the velocity

vector T(s) = dX(s)/ds. We can draw analogies between this picture and the quantum mechanical

one represented by Eq. (1.29). For a 2-dimensional parameter space that lives in Hilbert space,

we consider the ‘curve’ |ñ(t)⟩ (recall from Section 1.2.1 that the overhead tilde implies inclusion

of the Berry phase: |ñ(t)⟩ = exp[
∫
iAn dt] |n(t)⟩). This curve is parameterized by time t in the

Hilbert space. | ˙̃n(t)⟩ is the analogy of the ‘tangent’ vector, and |m̃(t)⟩ corresponds to the parallel-

transported vector field along the curve. Then, ∆mn = dθ/dt is the time-derivative of the angle

θ = arg
〈
m̃
∣∣∣ ˙̃n
〉

. This setup is illustrated in Fig. 1.2.

Figure 1.2: Context underlying the interlevel index Eq. (1.29) in a 2-dimensional parameter space
manifold living in Hilbert space. The quantum mechanical notation in the figure is analogous to
notation from differential geometry: |ñ(t)⟩ ↔ X(s), | ˙̃n(t)⟩ ↔ T(s), |m̃(t)⟩ ↔ V(s), θ(t) ↔ θ(s) =
∠(V(s),T(s)), and ∆mn ↔ kg.

The authors of Ref. [180] illustrate the quantization and gauge invariance of Θ using the simple

2-level Hamiltonian given in Section 4.2.2. To calculate Θ in this example, we could consider the
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gauge in Eq. (4.18). In that gauge, Φm = 2π if ∂M encloses the north pole, Φn = −2π if it

encloses the south pole, and Φm = Φn = 0 otherwise. On the other hand argz(t) = arg ⟨m|ṅ⟩ =

arg[(θ̇− i sin θϕ̇)/2]. For a closed loop ∂M, z(t) is a closed loop in the complex plane. The winding

number of z(t) relative to the complex origin is the winding integral W [z] defined earlier. If ∂M

does not enclose the north/south pole, W [z] = −2π. Similar analyses reveal that Θ = 1 for any M

on the sphere.

Figure 1.3: Bloch sphere parameter space parameterized by (θ, ϕ) for the 2-level Hamiltonian in
Section 4.2.2. The loop ∂M defines the boundary of the submanifold M of the sphere for which
the interlevel index Θ may be calculated. X,Y, Z are Cartesian axes, and the dark green arrow
indicates a normal vector at a point along ∂M.

1.2.3 Novel Quantum Interband Index

To make its relevance to 2-dimensional condensed matter systems more apparent, we rewrite the

λ-dependent interlevel index Eq. (1.29), which we refer to as Θλ, explicitly in terms of momentum k-

space parameters by stripping the original format of its explicit time(λ)-dependence. For specificity,

we will focus on 2-dimensional k-space (kx, ky) with loops parameterized by time t ≡ λ and use the

same setup as in the previous section.

For this derivation, first recall that if a function F (k) is integrated over a loop parameterized
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by t, the integration element dk becomes |k̇| dt (where |k̇| = |dkdt | =
√
k̇2), and:

∮
∂M

F (k) dk =

∮
∂M

F (k(t))|k̇| dt. (1.30)

Similarly, the winding integral W [z] of Θλ becomes:

∮
∂M

d

dt
arg

〈
m

∣∣∣∣ d

dt
n

〉
dt =

∮
∂M

∂

∂k
arg

〈
m

∣∣∣∣ d

dt
n

〉
dk

1

|k̇|
, (1.31)

where we applied the total derivative assuming that the left hand side is a function of t while

the right hand side is a function of k. Recall that for a function f(t) of variable t, the total

derivative gives df = df
dt dt, and that for a function f(x, y) of variables x, y, the total derivative

gives df = ∂f
∂x dx+ ∂f

∂y dy.

However, ⟨m| ddtn⟩ is still in terms of t. So, we use the chain rule to get:

∮
∂M

d arg

〈
m

∣∣∣∣ d

dt
n

〉
1

|k̇|
=

∮
∂M

d arg

〈
m

∣∣∣∣ ∂∂kn
〉

k̇

|k̇|

=

∮
∂M

d arg ⟨m|∇kn⟩ · êτ ,
(1.32)

where we used d
dt = ∂

∂ki
k̇i = ∂

∂kx
k̇x + ∂

∂ky
k̇y in the first equality above, êτ = k̇

|k̇| ≡ ∂
∂ki
êτi ≡

∂
∂kx

êτx + ∂
∂ky

êτy is the unit tangent vector to a point on ∂M, and ∇k is the vector differential

operator. This gives us expressions for the new Θk that are devoid of time-dependence, which we

introduced in Ref. [38]:

2πΘk ≡ 2πΘmn = ∆Φ −
∮
∂M

d arg ⟨m | ∇kn⟩ · êτ

= ∆Φ −
∮
∂M

d arg
⟨m | ∇kH |n⟩

Enm
· êτ ,

(1.33)

where the second equality above follows from Eq. (1.18) with Enm = En − Em. This setup is

illustrated in Fig. 1.4. We use the methods in Chapter 4 to calculate Θ.
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Figure 1.4: Center: 2D k-space Brillouin torus for a 2-level system. The counterclockwise loop
is ∂M, and defines the shaded region of the torus as M by convention. Left: Two bands of
the dispersion E (valence and conduction bands of a material system, for example) for a region
near a high-symmetry point. If the k-space loop is parameterized by λ, the expressions H(λ) ≡
H(kx(λ), ky(λ)) are equivalent descriptions of the adiabatic loop ∂M shown on the Brillouin zone
underlying E. Φm and Φn in (1.33) count the number of Berry singularities inside M. Right: For k
constrained to a closed loop ∂M, the tangential vector e⃗τ (k) at a point is denoted in red. K,K′ are
high-symmetry points. For the discussion in Chapter 3, we mention that the uniquely-determined
counterclockwise chiral operator e⃗+(k) for Θ+ may be represented by the same ∂M. Θ− would
have used the same loop, but instead with the clockwise-oriented chiral operator e⃗−(k).
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1.2.4 Interband Frequency

Arguably, the notation used in the definition of the inter-level/band index does not make it straight-

forward to understand how the index behaves. To shed more light into it, we rewrite Eq. (1.29) as

follows, as we introduced in Ref. [38]:

2πΘmn =

∫∫
M

Fn −
∫∫
M

Fm −
∮

∂M

Im
⟨m|Ḧ|n⟩
⟨m|Ḣ|n⟩

−
∮

∂M

∑
q ̸=m,n

1

Enq

(
2 − Enm

Eqm

)
Im

⟨m|Ḣ|q⟩⟨q|Ḣ|n⟩
⟨m|Ḣ|n⟩

.

(1.34)

The above expression is derived using the mathematical relation d arg z = Imdz(λ)
z(λ) for z(λ) ∈ C\{0}.

We now define the overhead dot ˙ and d to both denote derivation with respect to λ. To prove this

relation, notice that z = |z|eiArg(z) implies that log z = log |z| + iArg(z). Although Arg is defined

only up to a constant multiple of 2π (≡ c), this ambiguity disappears when we take the derivative:

d
dλarg(z) = d

dλ(Im log z
|z| + c) = Im ż

z . Note that the derivative of arg(z) is well-defined locally when

z ∈ C\{0}. Consider a general N -level model with non-degenerate bands. Then, for z(λ) = ⟨m|ṅ⟩:

d arg⟨m|ṅ⟩ = Im
d⟨m|ṅ⟩
⟨m|ṅ⟩

,

and Im(d⟨m|ṅ⟩) = Im(⟨ṁ|ṅ⟩ + ⟨m|n̈⟩).
(1.35)

Then, for levels |m⟩ , |n⟩ and |q⟩,

⟨ṁ|ṅ⟩ =
∑
q

⟨ṁ|q⟩⟨q|ṅ⟩

= ⟨ṁ|m⟩⟨m|ṅ⟩ + ⟨ṁ|n⟩⟨n|ṅ⟩ +
∑

q ̸=m,n

⟨ṁ|q⟩⟨q|ṅ⟩

= −⟨m|ṁ⟩⟨m|ṅ⟩ − ⟨m|ṅ⟩⟨n|ṅ⟩ −
∑

q ̸=m,n

⟨m|q̇⟩⟨q|ṅ⟩ (1.36)

= ⟨m|ṅ⟩

iAm + iAn −
∑

q ̸=m,n

⟨m|q̇⟩⟨q|ṅ⟩
⟨m|ṅ⟩

 ,
where we used the definition for the Berry connection ⟨a|ȧ⟩ = −iAa and the relation d⟨a|b⟩ = d(0)

implies that ⟨ȧ|b⟩ = −⟨a|ḃ⟩ for orthonormal states {|a⟩ , |b⟩}.
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To treat the last term in (1.35), recall that for any two functions f, g of λ, the second derivative

is d2(fg) = (d2f)g + 2(df)(dg) + f(d2g). Applying this to Schrödinger’s equation H|n⟩ = En|n⟩

gives:

Ën|n⟩ + 2Ėn|ṅ⟩ + En|n̈⟩ = Ḧ|n⟩ + 2Ḣ|ṅ⟩ +H|n̈⟩. (1.37)

Applying ket ⟨m|, using ⟨m|n⟩ = 0 and the notation Enm = En − Em:

⟨m|n̈⟩ =
⟨m|ṅ⟩
Enm

(
−2Ėn +

⟨m|Ḧ|n⟩
⟨m|ṅ⟩

+ 2
⟨m|Ḣ|ṅ⟩
⟨m|ṅ⟩

)
. (1.38)

For a general N -level Hamiltonian, the numerator of the last term above becomes:

⟨m|Ḣ|ṅ⟩ =
∑
q

⟨m|Ḣ|q⟩⟨q|ṅ⟩

= ⟨m|Ḣ|m⟩⟨m|ṅ⟩ + ⟨m|Ḣ|n⟩⟨n|ṅ⟩ +
∑

q ̸=m,n

⟨m|Ḣ|q⟩⟨q|ṅ⟩. (1.39)

Using the Hellmann-Feynman-type relation ⟨m|Ḣ|n⟩ = Enm⟨m|ṅ⟩, the above

= ⟨m|ṅ⟩

⟨m|Ḣ|m⟩ + Enm⟨n|ṅ⟩ +
∑

q ̸=m,n

Eqm
⟨m|q̇⟩⟨q|ṅ⟩

⟨m|ṅ⟩

 . (1.40)

For β = {⟨m|Ḣ|m⟩} with Ėn ∈ R, we have Im(β) = 0. Finally, we get:

Im
d⟨m|ṅ⟩
⟨m|ṅ⟩

= d arg⟨m|ṅ⟩

= Am −An + Im
⟨m|Ḧ|n⟩
⟨m|Ḣ|n⟩

+
∑

q ̸=m,n

Im
⟨m|q̇⟩⟨q|ṅ⟩

⟨m|ṅ⟩

(
2
Eqm

Enm
− 1

)
(1.41)

= Am −An + Im
⟨m|Ḧ|n⟩
⟨m|Ḣ|n⟩

+
∑

q ̸=m,n

Im
⟨m|Ḣ|q⟩⟨q|Ḣ|n⟩

⟨m|Ḣ|n⟩

(
2

Enq
− Enm

EqmEnq

)
.

When plugged into Eq. (1.29), we get Eq. (1.34).

Notice that all terms in Eq. (1.34) are gauge-independent following gauge transformations of

the form Eq. (1.10), and so, potentially observable. The first two terms in the right hand side of

Eq. (1.34) make the difference between the Berry curvature integrals. The third boundary term
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includes ⟨m|Ḧ|n⟩/⟨m|Ḣ|n⟩, which we call the interband frequency, since it resembles the ratio of

an acceleration-like quantity to a velocity-like quantity. Since k → ∞ implies the loop-parameter

(e.g., time) λ → ∞, we intuit that the frequency (∝ 1/λ) → 0. We show later in Fig. 2.1 that

as k → ∞, this correction term also tends to 0 in our numerical calculations on 2-band models.

To our knowledge, the interband frequency is new to the literature. Due to its dependence on the

tangential vector êτ , a unique vector field may be defined only after a loop is chosen. This makes

the individual terms in the interband frequency ratio differ from existing quantities in the literature

(such as the interband acceleration in second order nonlinear responses [63,77]).

1.2.5 Hilbert Space Picture

For intuition on the behavior of the winding element
∮
∂M

d arg ⟨m | ∇kn⟩ · êτ ≡
∮
∂M

d arg
〈
m
∣∣ d
dλn

〉
appearing in the interband index Eq. (1.33), we refer the reader to Figure 1.5. Notice that we use

the single-parameter version of the interband index Θ(λ) ≡ Θλ instead of the Θ(kx, ky) ≡ Θk given

previously. To help illustrate key points using Figure 1.5, we use a fictitious model and assume

a convenient energy dispersion E (bottom-left). The figure in the center is a 3-band extension of

the 2-band illustration proposed by Haldane in [57]. The k-space torus (top-left) for each band is

geometrically illustrated as tori (center). We partially represent the Berry curvature by the local

curvature of the torus (with peaks representing high Berry curvature, for instance). As shown by

the band diagram at the bottom-left, EA = EB at the K ′ point. While this degeneracy leads to a

Berry curvature singularity in k-space, it is a ‘wormhole’ in Hilbert space (as indirectly depicted in

the bottom-center by the link between tori for |A⟩ and |B⟩). The other band extrema (bottom-left)

may correspond to potential gap closing points often associated with high-symmetry points and

large sources of Berry curvature flux (torus peaks in the center). The red loops in the center are

Hilbert space vector trajectories mapped from the blue k-space loop on the top-left, to the k-space

tori in the center. Depending on details of the Hamiltonian, the orientation of these red loops in

Hilbert space may be different from the k-space loop’s (clockwise, etc.). One may calculate the

interband indices ΘBA,ΘCA and ΘCB if the system is fully-gapped (i.e. if the degeneracy at K ′

did not exist). These indices would describe the topology of the regions defined by the blue loop

in the top-left (which are mapped to the red loops in the center). The inset on the right shows the
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Figure 1.5: Example k-space geometric, and Hilbert space picture of an arbitrary 3-band model
with states |A⟩ , |B⟩ , |C⟩ (EA < EB < EC).

eigenstates involved in ΘCB, as vectors in Hilbert space. Since the terms AB −AC + d arg
〈
C
∣∣∣ Ḃ〉

in the definition of Θ(λ) was proposed as a quantum mechanical analog of the geodesic curvature

from differential geometry [180,198], they may be interpreted as the rate of rotation of the tangent

to the curve, around the normal to some regular, oriented surface. In other words, it is the rate

of angular rotation of the ‘parallel-transported’ ‘tangent’ |C⟩ moving along the curve specified by

|B⟩ with ‘velocity’ |Ḃ⟩ [156,180]. Then, the geodesic curvature’s closed loop line integral along the

curve may be interpreted as the total geodesic curvature, or the total rotation of the curve on the

oriented surface. Disclaimer: The visualization presented in this figure must be used with caution,

as it combines different standard representations of involved concepts in an unconventional way

intended to illustrate the complex context underpinning the interband index formalism.

This figure is an abstract representation of Hilbert space and the k-space geometric/topological

manifolds, inspired by Haldane’s description in Ref. [57]. To quote that reference: There is a striking

analogy to the idea of ‘wormholes’ connecting different universes, where here the two ‘universes’

are Bloch bands, and ‘space’ is k-space.



21

This concludes the introduction of the technical interband index formalism and definitions.

1.3 Preliminary Observations

In this section, we present preliminary observations from when we started seeking potential

applications of Θ in condensed matter systems. Since we conducted explorations from multiple

angles, the subsections below might appear disjointed, with no clear flow in the presentation. The

subsections are as follows: similarities between Θ and other quantities in the literature; demonstrat-

ing Θmn = −Θnm; a discussion on the tangential vector dependence of the winding element in the

definition of Θ; some correlations in 2-band models (between Θ and: the sign of Berry curvature;

the winding integral; the orientation of the normal vector to the Bloch sphere); and a discussion

on the choice of k-space loops. Numerical methods are presented in Chapter 4.

Inspired by these observations, we go on to propose two new applications of Θ, one in valley

topology, and another in optical selection rules for excitons.

1.3.1 Similarities in Literature

A natural part of the process of exploring the interband index involved identifying its occurrence

in the literature. We verified that the interband index is a novel addition to the literature from

Ref. [38,173,180]. However, Θ (or just some of the terms appearing in its definition in Eq. (1.33)),

does show up in the literature at least notationally (i.e., not conceptually). We assert that Θ is

fundamentally different from the following quantities.

The tangential vector dependence of Wi (i = λ, k) makes it starkly different from the similar-

looking shift vector and interband frequency-like terms appearing in nonlinear optical effects [63,

77, 161]. The shift vector may be interpreted as the relative Berry phase difference between two

levels, that measures the real-space displacement of an electron wavepacket’s center of charge when

it undergoes an interband optical transition. The same applies even to Ref. [42], that features a

quantized relationship between the zone-averaged shift photocurrent and polarization differences:

their approach relies on a well-defined vector field whose quantities are independent of loop choice.

Similar arguments hold for why Θk differs from the expression for the side-jump contribution

to the quantum anomalous Hall effect [157], and other quantities involving the quantum geometric
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tensor [24]. This argument also applies to the ideas presented about the so-called dipole curvature

in Ref. [20], and the curvature in Ref. [161].

We also remark that a quantity like Wk appears in Ref. [61]. However, this is in a different

context of degenerate multiplets, and the inability to define a unique vector field doesn’t allow

Θk to be an application of the argument principle as in Ref. [61] and Ref. [42]; here we may not

calculate the net number of zeros and poles for the associated meromorphic function
〈
m
∣∣ d
dλn

〉
.

We also mention that the quantity
〈
m
∣∣ d
dλn

〉
has been in the literature for a while, in the contexts

of non-Abelian Berry phases, so-called off-diagonal Manini-Pistelosi phases [113], and Bargmann

invariants [124,125]. However, we emphasize that these quantities are not quantized and generally

have more constraints and different applications.

Wk is indeed similar to the interband matrix element occurring in optical selection rules for

excitons, and this is explored in Chapter 3 as a new application of Θ.

We separately remark that the expression for the number of Berry singularities Eq. (1.17) has

appeared in the calculation of the Z2 index [44].

Besides notation, some other potential avenues for conceptual exploration might be the follow-

ing. Note that the author is not well-versed in the following areas, and so the following might

not be applicable at all. However, they are presented here to encourage the reader to think about

and potentially investigate how the interband index plays into the following science concepts: Un-

derstanding interband frequency using planar geometry; reframing the interband index using the

time-dependent Schrodinger formalism in the Heisenberg picture and Ehrenfest’s theorem; covariant

acceleration from quantum field theory; interband index in terms of Christoffel symbols; interband

index in polar basis; de Rham cohomology; fiber bundle perspective; second-order tangent bundles;

argument principle, ramification index and Poincare-Hopf; Atiyah-Patodi-Singer index theorem;

extending definition to include sharp corners (preliminary analyses support that these terms do

not exist in adiabatic evolutions); spectral flow; semiclassical dynamics; side-jump scattering and

Bloch wavepacket picture; transition amplitude in second-order perturbation theory; Z2 insulators;

Haldane’s correction to Fermi liquid theory; Manini-Pistolesi off-diagonal phase; Mead-Berry con-

nection; exotic holonomy; gapless systems and non-Abelian interband index; index in Bargmann

invariant perspective; improving quantum adiabatic theorem (as in Ref. [173]); so-called Berry flux

vortices in gauge field in degenerate systems; amongst others.
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For completeness, we mention that, during the time of our investigations into Θ, the following

works appeared citing the interband index (in addition to our own contributions Ref. [36, 38]).

Their titles are: Geodesic nature and quantization of shift vector [170]; Nonreciprocal landau–zener

tunneling [77]; Nonadiabatic nonlinear optics and quantum geometry—Application to the twisted

Schwinger effect [162]; Multitunneling effect of nonreciprocal Landau-Zener tunneling: Insights from

DC field responses [163]; Many-body quantum geometry in time-dependent quantum systems with

emergent quantum field theory instantaneously [171]; Demonstration of geometric diabatic control

of quantum states [151].

In the following subsections, we present various potentially-disjointed observations from prelim-

inary investigations into the interband index.

1.3.2 Demonstrating Θmn = −Θnm

From Eq. (1.33) ∆Φmn = Φm − Φn = −(Φn − Φm) = −∆Φnm. Next, we consider the term ⟨m|ṅ⟩

(using the λ formulation for simplicity). Notice that: d(0) = d(⟨m|n⟩) = ⟨ṁ|n⟩ + ⟨m|ṅ⟩ = 0. It

follows that ⟨ṁ|n⟩ = −⟨m|ṅ⟩. Putting all this together, we get Θmn = −Θnm.

1.3.3 Tangential Vector Dependence of Winding Element

We must be careful about the derivatives in the interband winding element z(λ) = ⟨m |ṅ⟩ in

Eq. (1.29). As implied by its time derivative (and as shown explicitly in ⟨m | ∇kn⟩ · êτ and

⟨m | ∇kH |n⟩ · êτ in Eq. (1.33)), z(λ) explicitly depends on the tangential direction, i.e., the

vector êτ . Therefore, z(λ) can be defined only once a k-space loop has been chosen (i.e. sub-

manifold boundary). Figure 1.6 demonstrates this subtlety. This is unlike the λ-independent k-

space derivatives that appear often in discussions of geometric properties elsewhere in the literature,

where a unique vector field may be defined prior to choosing a k-space loop (e.g, in the usual Berry

curvature F which contains terms such as ⟨m |∇kn⟩).

Nevertheless, even though the winding loops z(λ) might look different on the complex plane,

they might still have the same winding number if describing the same topological area and have

the same ∆Φ.
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Figure 1.6: Consider a simple case where ∆Φ = 0 (no Berry singularities). Then, Θ = −W (λ).
Now take a circular k-space loop ∂M1 (blue loop on the left) that gives W = +1. This ∂M1 gives
a complex loop z1 with some shape that winds counterclockwise once about the complex origin.
Ignoring λ dependence for brevity, consider a point g0 = (gx, gy) on the k-space ∂M1 (indicated by
the X on the left) and notice that it is mapped to a point z1(g0) on the complex plane (right). Then
take a differently-shaped elliptical loop ∂M2 (red loop on the left) that also gives W = +1 and
goes through the same k-space g0. Notice how the tangential vector along each loop at g0 points
in a different direction as shown by the black arrows on the left. So, the corresponding complex
loop z2 will in general look different from z1, as the point g0 will not necessarily be mapped to the
same point on the complex plane because of the different tangential directions in k-space. That
is, z1(g0) ̸= z2(g0) in general. For pedagogical reasons, we assume all loops above are oriented
counterclockwise and make one revolution about their origins.



25

Figure 1.7: Method: Using small loops to sample the entire Brillouin zone. We calculated Θ as a
function of the loop’s center (Kx,Ky).

1.3.4 2-band Models

A few numerically-motivated results that hold for 2-band models are presented here. In this section,

we use the Haldane model for the quantum anomalous Hall effect (Section 4.2.1).

Sign of Berry curvature F of either eigenstate in k-space vs. value of interband index Θ

In 2-band models, we found that if a loop does not enclose a high-symmetry K point, Θ is ∝ sgn(F ),

and can take only values ±1 (i.e. |Θ| = | sgn(F )| = 1). With the exception that Θ = 0 when at

least one point along the k-space loop has F = 0 (sgnF = 0). We use either eigenstate because, in

2-band models, F ≡ Fm = −Fn due to the Berry curvature sum rule Eq. (1.20).

To see this, we used small loops to sample the entire Brillouin zone, as shown in Figure 1.7.

Then we compared this with the Berry curvature, as illustrated in Figure 1.8.
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Figure 1.8: For the Haldane model with M = 0, ϕ = π/2, we take very small loops (of radius 0.04)
to sample the approximate area of the first Brillouin zone for insight into the behavior of Θ when
it does not enclose a high-symmetry point. We do this by changing the loop’s center coordinates
such as to cover the entire Brillouin zone as in Figure 1.7. As shown on the right, we see that Θ
is proportional to the sign of Berry curvature F . F is plotted on the left. For loops that include
regions of both F > 0 and F < 0 — i.e., when F = 0 at at least one point along the loop (such
as in the loop labeled 3 on the right) — we see Θ = 0. As shown in Figure 1.10, Θ = 0 = Ξ
when the loop intersects with the Bloch sphere boundary, which correlates to F = 0 contours. The
counterclockwise-oriented loops labeled 1, 2 and 3 are for usage in Figure 1.10.
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Winding number vs. value of interband index Θ

We have the following correspondence between the winding number W =
∮

∂M d arg z of loop

z = ⟨m |ṅ⟩ (and therefore sign of Berry curvature per the preceding point above): Θ ∝ sgn(W ) ∝

sgn(F ), and Θ = W = 0 when at least one point along the k-space loop has F = 0. This is

numerically seen in the absence of Berry singularities (∆Φ = 0), which gives Θ = −W (λ). However,

we illustrate this further visually in Figure 1.9.

Interband index Θ vs. orientation of normal vector to the Bloch sphere (a.k.a. pseudospin surface)

We also found a correspondence between the interband index Θ and the orientation of the normal

vector along the k-space loop when mapped to the Bloch sphere.

Note that a 2× 2 Hamiltonian H(k) may be written in terms of the Pauli matrices σi: H(k) =

h0(k)σ0 + h(k) ·σ, with h(k) = (hx, hy, hz) and σ = (σx, σy, σz). The closed 2D k-space Brillouin

zone/torus can therefore be mapped to the closed oriented surface (Bloch sphere) via a vector

comprising the above h(k). For the Haldane model used in this section, h(k) is given in Eq. (4.15).

Due to the role of the Pauli matrices’ mapping to the spin-1/2 Hamiltonian Eq. (4.2.2), we could

also call this Bloch sphere a pseudospin surface. In this picture, the direction of the 3-vector h(k)

plays the role of a momentum-dependent “magnetic field” in the 2-level space, and its winding over

the Brillouin zone encodes the band topology. Since h0(k)σ0 only shifts both bands uniformly in

energy and does not affect the relative orientation of the pseudospin vector h(k), it can be dropped

when discussing band topology.

To clarify, the pseudospin surface for the Haldane model Eq. (4.15) h(k) = h(kx, ky) should

technically be normalized to get a sphere (c.f. so-called Gauss map in differential geometry).

However, to facilitate illustration, we use the unnormalized Bloch sphere h(kx, ky) in this exposition.

This choice of normalization does not qualitatively change the results.

In the literature (e.g., in Ref. [43]), this h(kx, ky) surface has been used as a technique to calculate

the Chern number and other related topological quantities. For instance, for a given Bloch sphere,

the Chern number is the number of times a ray drawn from the origin (0, 0, 0) to infinity intersects

with the sphere, taking the surface’s orientation into account. See Figure 8 of [43].

However, in our simulations we noticed a subtlety. Consider a closed loop k(λ) in k-space and
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(a) We take tiny loops (in green) near the red path on the top-left to see how the interlevel winding loop
z(λ) = ⟨m| ṅ⟩ changes in complex projective space. The loops at the bottom are random loops that include
the boundary, which yield Θ = 0. The different colors (blue vs dirty orange) correspond to regions of different
Θ or Berry curvature in (kx, ky) space (as in Figure 1.8 right).

(b) As we go from the dirty orange to the blue region in Fig. (a) above, these complex winding loops
(Rez, Imz) for z(λ) = ⟨m| ṅ⟩ show how the winding number changes due to the counterclockwise loop
enclosing the complex plane origin (red asterisk *) [left], not enclosing it [center], and then enclosing it again
(but now clockwise) [right]. These cases give winding numbers +1, 0 and −1 respectively. Notice that the
left-most loop gives +1 even if it appears to self-intersect because it can be contorted/untangled to make a
counterclockwise unit circle without crossing the origin.

Figure 1.9: Seeing how the complex winding number term of the interband index changes.
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its image on the unnormalized Hamiltonian/pseudospin/Bloch surface,

r(λ) =
(
hx(k(λ)), hy(k(λ)), hz(k(λ))

)
, (1.42)

with unit tangent

T =
dr/dλ

∥dr/dλ∥
=

dr

ds
, s(λ) =

∫ λ

0

∥∥∥ dr
du

∥∥∥ du. (1.43)

The surface normal (up to a scale factor α) is given by the cross-product of the Hamiltonian

gradients,

S =
∂H(k)

∂kx
× ∂H(k)

∂ky
, Ŝ =

S

∥S∥
. (1.44)

The geodesic curvature is then

κg =
dT

ds
· Ŝ, (1.45)

which measures how rapidly T turns toward the in-plane normal Ŝ. We computed Ŝ numerically

over the Bloch sphere and found that its orientation correlates directly with the sign of the Berry

curvature F (k). If this holds generally, then the usual method of counting ray-intersections to

obtain the Chern number could depend on the choice of projection ray (and so should be used with

caution), since the relative orientation of Ŝ and that ray fixes the sign assignment; perhaps in many

studied models the Berry curvature happens to be unipolar over the Brillouin zone. We visualized

Ŝ only along the k-space loop mapped to the Bloch sphere, and illustrate this and present results,

in Figures 1.10 and 1.11.

Choosing k-space loops

Above, we saw that the k-space loop chosen determines the value of Θ (e.g., correlation to sign of

Berry curvature F ). This implies that the topology of the submanifold defined by the loop might

differ based on location within the Brillouin zone. Taking into account the fact that the Haldane

model has two special high-symmetry points K and K ′ that might influence topology (see Section

1.1.5), we construct (M/t2, ϕ) ‘phase diagrams’ similar to Fig. 1.1 (a) to search for clues. We

construct these diagrams by calculating Θ as M and ϕ are varied for a fixed loop.

Fig. 1.12 is for when the loop does not include any high-symmetry points, and Figure 1.13 is
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Figure 1.10: Using Figure 1.8 for reference, we map loops giving different values of Θ (loops labeled
1, 2 and 3) onto the unnormalized Bloch sphere surface (indicated by Θ = 1,−1 and 0 respectively
for loops 1, 2 and 3). The origin (hx, hy, hz) = (0, 0, 0) is depicted by the black dot. We also plot
the vectors normal to the surface along the loop (defined as Ŝ = α(∂H(k)/kx × ∂H(k)/ky), for
some scaling constant α used to emphasize the vectors’ directions). We see that Θ = 1 and Θ = −1
give normal vectors of differing directions. Although not too visible due to the pixelation on the
black loops, the k-space counterclockwise loop in this example is mapped to a counterclockwise
pseudospin space loop when Θ = 1, but to a clockwise loop when Θ = −1. When Θ = 0 (loop
3 in Figure 1.8), we see that the normal direction is not well-defined in pseudospin space. The
green dots indicate regions where the k-space loop intersects the F = 0 boundary. This boundary
of the Haldane model is probably the one discussed in Ref. [108]. If the Hamiltonian surface is
normalized into the Bloch sphere, the loop appears to self-intersect (similar to the right panel in
Figure 1.11 when the loop crosses a boundary). Figure 1.11 further clarifies that this behavior is
due to a boundary.
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Figure 1.11: Berry curvatures of each level (left) in (ϕ, θ)-space mapped to the Bloch sphere (right)
for the simple 2-level model for a spinor in magnetic field B: H(k) = Bn · σ⃗, for B > 0 and
n = (sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)) (see Section 4.2.2; and we mapped angular variables (θ, ϕ)
to (kx, ky)). We observe that Θ = 1 for all loops that do not intersect with the parameter space
boundary, and that the sign of Berry curvature is either only positive or only negative for each
level |m⟩ , |n⟩ (unlike the Haldane model in Figures 1.8 and 1.10). Notice how a loop crossing the
parameter space boundary is mapped to a self-intersecting loop on the Bloch sphere (and gives
Θ = 0). When a loop is outside the parameter space boundary (non-intersecting F on the left), Θ
reverses sign, clarifying the relationship to sign(F ). This suggests that the Θ = 0 case in Figure
1.10 is due to a boundary on the Bloch sphere; but this argument needs clearer definitions and
more thought.



32

Figure 1.12: The phase diagram for a loop not centered at a high-symmetry point in the Haldane
model. Above, we used a loop of radius 0.2 centered at (2.7, 1). Due to the lack of nice symmetries
that make the K points special, we get a phase diagram that is not symmetric, and that may not
be as useful in recovering quantities such as the first Chern number.

for when the loop encloses both valleys K and K ′. Besides the relationship Θ ∝ sgn(F ) discussed

previously for the case of Fig. 1.12, it is not clear what these figures might represent because

they do not seem to correspond to existing phase diagrams in the literature to the best of our

knowledge. Given the geometric/topological nature of Θ, there is very likely some relation to

geometry/topology; but its nature is unclear. We additionally conjecture that the given ‘phase

diagrams’ might be some indicator of the system’s underlying symmetry.

Even though the cases of not having any high-symmetry points within the loop and having both

points were not promising, we made headway in the case when the loop enclosed only one high-

symmetry point P . Based on our numerical results, these P are high-symmetry points associated

with crystal symmetry (such as K,K ′,M,Γ, X, ...). They may not necessarily be points where

the band gap may close. We observe that the interband matrix element ⟨m |∇kn⟩ · êτ from Eq.

(1.33) diverges at these P . However, due to the matrix element’s gauge-dependence, we doubt that

this observation can be used to identify P besides what’s already determinable via the model’s

prescription. This is also due to the fact that, in a non-azimuthal basis, we do not have a unique

k-space vector field prior to choosing a loop. Otherwise, its critical points may have been used to
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Figure 1.13: The same phase diagram for a loop enclosing both K and K ′ valleys in the Haldane
model. Again, it is not clear how one may extract a useful quantity (such as the first Chern number)
using this information. However, one may venture that this diagram is a result of the loop always
containing at least one Berry flux-source (regardless of whether it is K or K ′), and therefore is
a reflection of the system’s time-reversal symmetry. We additionally observe the outline of the
sinusoidal curves in the middle to be the same shape as Haldane’s phase diagram given in Fig. 1.1
(a).
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identify P . The case of having only one high-symmetry point (or valley) within the chosen loop

forms the foundation of one of our key results that makes the content of the next chapter in the

context of the application of the interband index in valley topology.
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Chapter 2

APPLICATION I: MULTIBAND VALLEY TOPOLOGY

In this chapter, we present a new application of the gauge-invariant, quantized interband index

Θmn that was introduced in the previous chapter. Θmn provides a bulk topological classification of

a submanifold of parameter space, and therefore overcomes difficulties in characterizing multiband

topology of submanifolds. In this chapter, we focus on submanifolds comprising electron valleys in

the Brillouin zone. We confirm the topological nature of Θmn by numerically demonstrating a one-

to-one correspondence to various Chern numbers in both k · p and lattice models. Furthermore, we

derive a band-resolved topological charge Ξmn and demonstrate that it can be used to investigate

the nature of edge states due to band inversion in valley systems like multilayer graphene. Numerical

methods are presented in Chapter 4.

The work in this chapter culminated in the publication of Ref. [38] as a Letter in APS Physical

Review B, as an Editor’s Suggestion. We acknowledge use of the material in Ref. [38] in this work.

2.1 Conventional Valley Chern Number and Limitations

In the previous chapter, we mentioned that it was promising to explore Θ in the case of a k-space

submanifold/loop containing a single high-symmetry point. We call these submanifolds containing

high-symmetry points, which often correspond to the vicinity of band edges, valleys. In valleytronics

(i.e., the study of physical phenomena at valleys), quasiparticles in 2-dimensional crystals with a

periodic lattice structure may possess a valley degree of freedom at special points in the Brillouin

zone (such as K,Γ,M , etc.), where the band energy gaps may be small (and potentially become

zero and change the band topology). Systems used in valleytronics often possess time-reversal

symmetry and have broken inversion symmetry [176]. Due to large momentum space k separation

between valleys, inter-valley scattering tends to be suppressed, making the valley index a good

quantum number. These valley degrees of freedom play key roles in future electronics and quantum
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information science, as quasiparticles residing in the valleys may carry information much like charge

and spin [34,35,52,69,71,93–95,110,114,127,139,140,148,153,167,177,181,185,191,192].

The topology of valleys is characterized by the valley Chern number. This number can be used

to characterize several effects, such as valley Hall effects. These effects drive valley-polarized trans-

verse currents that manifest as counterpropagating, valley-resolved edge states at sample bound-

aries. Valleytronics has recently received much interest as a result of theoretical and experimental

advancements in several 2-dimensional material systems ranging from simple monolayer transition

metal dichalcogenides to those demonstrating Moirè effects (as in multilayered graphene).

Generally, both k ·p and lattice models have proven useful in the study of topological phenomena

of valleys. k · p effective models often follow from low-energy expansions about a high-symmetry

point or band extremum P , and can describe important band inversions leading to chiral edge

states [60, 69, 71, 114, 127, 167, 185, 191, 192]. However, being subspaces of the complete Hilbert

space, these models may not have a closed k-space manifold (e.g., 2-dimensional Brillouin torus).

The conventional valley Chern number ν̄P is usually given by the k-space integral of the Berry

curvature Fm of filled bands in the vicinity of a valley centered at P , integrated to infinity:

ν̄P =
∑

i∈filled

∫∫
k→∞

Fi ≡
∑

i∈filled

C̄P
i . (2.1)

Above, C̄P
i is the valley Chern number at P per band |i⟩, and the overhead bars indicate that

we used the conventional definition of (2.1) in contrast to the new definition that we will discuss

subsequently. Topological quantities like ν̄P are only approximately quantized, unless the range of

the integral in k is truly infinite.

Lattice models (e.g., the Haldane model previously discussed; Section 4.2.1) describe quantum

degrees of freedom confined to the sites of a discrete, periodic lattice with prescribed local hoppings

or interactions, providing a minimal framework to capture collective phenomena and emergent

phases in solids. Unlike with k · p models, in lattice models, there is no general quantized character

to describe valley topology when the Berry curvature is not peaked at the valley; at least not

without low-energy expansions or additional synthetic dimensions [41, 60]. This is because the

Berry curvature is not necessarily highly localized at P , and the area of the valley available for

integration is finite. Therefore, quantities like ν̄P cannot often be directly acquired from lattice
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models. This is arguably inconvenient, because the physics at valleys can be significant even in

lattice models, as we saw in Fig. 1.1 for the Haldane model.

It must be noted, however, that in some cases where the Berry phase is peaked in some subman-

ifold around point P (in both lattice and k · p models), one could use a finite k-space integration

of Berry curvature (similar to Eq. (2.1)), or a loop integral of the Berry connection:

ν̄P =
∑

i∈filled

∮
∂MP

Ai. (2.2)

However, the above equation is arguably restrictive due to requiring a non-singular gauge.

An issue with the conventional valley Chern number is that, as just seen, there are arguably

inconsistencies in its definition. In addition to the above, some references, such as [34], even define

the valley Chern number as the difference between two ν̄P (as defined above in this section), whether

calculated around two different valleys, or at the same valley but across a domain wall. To minimize

ambiguity and generalize, we refer to this quantity as the number of edge modes b, which follows

from the bulk-edge correspondence:

b = |Tα − T β|, (2.3)

where α and β indicate two systems and T γ is some topological character for context γ. For

example, two adjacent Chern insulators with Chern number C give: b = |Cα − Cβ| [60]. Or, for a

domain boundary between two valleys, we have [34,140]:

b = |νK − νK
′ |. (2.4)

The domain boundary above could be between 1D strips separating a K-edge from a K ′-edge. Or

within one Brillouin zone, when inter-valley scattering is suppressed [176]. Another example is that

if the boundary is due to two bulk systems with different external potentials U1 and U2 at the same

P , we get [140]:

b = |νP,U1 − νP,U2 |. (2.5)

In Eq. (2.4) and Eq. (2.5) above, we did not use the overhead bar in anticipation of using our new

definitions for the valley Chern number.



38

In summary, starting with inconsistent definitions, we find several issues with the conventional

formalism for the valley Chern number. In k ·p models, we usually only have approximate quantiza-

tion even though the number of edge states is quantized. Even then, the k-space area of integration

must be taken to infinity (which may be inconvenient both numerically and analytically). In lattice

models, we do not have a general quantized character for valley topology without further model

manipulations. In general, relating existing bulk indices to edge modes by the bulk-edge corre-

spondence often requires summing the valley Chern number over all filled bands [176], and/or

downfolding multiband Hamiltonians into simpler models [8, 104, 107]. This may cause a loss of

information on the topological origin of edge states. For example, if the edge state arises from

inverting a pair of bands among many bands, such band-resolved information would be missing in

the valley Chern number description.

We found that we can use Θ to resolve all of the above issues.

2.2 Correspondence between Interband Index Θ and Conventional Valley Chern
Number

2.2.1 k · p Models

Using Θ instead of ν̄P Eq. (2.1) gives manifestly quantized integers using a finite loop about P .

This property may be considered advantageous since we do not need an infinite area of integration.

Indeed, the relation to topology becomes clear when we show that the interband index is twice the

valley Chern number, i.e., Θ = 2ν̄P in 2-band k · p models.

For illustration, consider the 2D gapped Dirac fermion model in Section 4.2.3. For a circular

loop parameterized as (kx, ky) = (r cos(λ), r sin(λ)) and centered at the K’ point (see Fig. 1.4

(left)), the first three integrals in Eq. (1.34) conspire to give quantized Θ. The last term in Eq.

(1.34) does not exist in 2-band models. As the area of integration approaches the limit k → ∞,

the third integral in Eq. (1.34) contributes less, making Θ the difference in integrals of Fm and Fn.

In the k → ∞ limit, these two integrals are just C̄K
m and C̄K

n (Eq. (2.1)). We demonstrate this in

Fig. 2.1, where we used w = 3, ∆ = 1, γ = 1 and α = 1. See Section 4.2.3 for more on the model’s

Berry curvature.
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To verify Θ = 2ν̄K
′
, consider the k → ∞ limit. The Berry curvature sum rule

∑
i Fi = 0 gives

Fn = −Fm for 2-band models. Since ν̄K
′

=
∫∫

Fn in this limit, the claim follows from Eq. (1.34)

since the interband frequency integral tends to 0. Indeed, the figure shows
∫∫

Fn → −1.5 = ν̄K
′
.

With Θ = −3, we verify Θ = 2ν̄K
′
.

Figure 2.1: Berry curvature area integrals of upper and lower bands, integral of interband frequency,

and the interband index in Eq. (1.34) as we vary the size of k loops using r =
√
k2x + k2y.

2.2.2 Lattice Models

Next, we discuss Θ in lattice models. For demonstration, we use Haldane’s 2-band model for the

quantum anomalous Hall effect (Section 4.2.1). As discussed in Section 1.1.5, this model can give

topologically nontrivial first Chern numbers that may yield topologically-protected edge states.

The Chern number changes when the band gap closes and reopens at the high-symmetry points

(K or K’), as shown in Fig. 1.1. The physics at these valleys is therefore significant, because

their gap closings can change the topology, and therefore edge state physics. However, as discussed

previously, unlike with the Dirac fermion model, it is not easy to define an analogous near-quantized

topological quantity at valleys in lattice models.

However, Θ can again provide a quantized valley characterization using a small loop centered

at P . Fig. 2.2 shows ‘phase diagrams’ analogous to Fig. 1.1 (a), but showing Θ for each valley.

Clearly, when ΘK and ΘK′
are summed at each phase space (M/t2, ϕ) point in Fig. 2.2 (a) and (b),
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we recover Haldane’s phase diagram Fig. 2.2 (a): ΘK + ΘK′
= 2C 1. Hence, compared to the state

of the art, we now have a tool to analyze each valley in lattice models without using low-energy

expansions.

(a) (b)

Figure 2.2: (a) ΘK(M/t2, ϕ) using a fixed k-space loop of radius 0.2 around the K point (b)
ΘK′

(M/t2, ϕ). Notice that ΘK(M/t2, ϕ) + ΘK′
(M/t2, ϕ) = 2C(M/t2, ϕ), which is exactly twice the

expected phase diagram for the first Chern number in Fig. 1.1 (a).

2.3 New Band-Resolved Topological Charge

2.3.1 Motivation and Definition

The connections between the interband index and local topological characteristics just seen motivate

us to define a band-resolved topological charge ΞP for each high-symmetry point P that would add

up to the Chern number C. For example, in the Haldane mode, we can define ΞK + ΞK′ ≡

ΘK/2 + ΘK′
/2 = C. This band-resolved topological charge can be generalized to valley and

multiband problems. This allows us to not only calculate band-resolved and valley topological

1The factor of 2 is a peculiarity of 2-band models that arises from the Berry curvature sum rule
∑

i∈all bands Fi = 0,
which guarantees us that the Berry curvature at each k-point of each band differs only by a sign. Therefore, the
first two integrals in Eq. (1.34) simplify to a single integral with a factor of 2 (i.e., either 2

∫
M Fn or −2

∫
M Fm).
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indices, but also to identify the number and source of edge states from inverting bulk bands without

downfolding Hamiltonians.

To make this multiband functionality apparent, we use Θmn Eq. (1.33) to define the novel

generalized band-resolved topological charge Ξγ
i per band |i⟩, of context γ (e.g., γ could be P ,

such as K). For an N -level Hamiltonian, the N possible Ξγ
i values may be found by solving the

overdetermined simultaneous equations:

{Θγ
mn = Ξγ

n − Ξγ
m,

∑
i

Ξγ
i = 0}. (2.6)

We choose N − 1 of the N(N − 1)/2 equations involving Θγ
mn that make an appropriate linearly

independent subset of equations along with
∑

i Ξγ
i = 0, which is a conservation condition that

resolves linear dependence. This conservation condition is analogous to the Berry curvature sum

rule Eq. (1.20): for a complete basis, the topological charges should sum to 0. Notice that since

Θγ
mn is always an integer, it is reasonable to expect Ξγ

i to be rational. Also note that, since Ξγ
i exists

for each band, we now have a topological character for each band (including unoccupied bands),

and so now have a framework to aid in the study of excited state topology (which we exemplify in

the next chapter). This is in addition to the conventional standard of considering sums of quantities

over all filled bands.

Motivated by how ν̄P is a sum over filled bands (Eq. (2.1)), we define2:

νγ =
∑

i∈filled
Ξγ
i . (2.7)

We numerically find that Ξγ
i and νγ are sufficient to calculate the number of edge modes, without

using conventional topological quantities such as the Chern number and valley Chern number. Our

numerical results shown in the next section support these claims.

Before proceeding, we state that we can use this new νγ to calculate the number of edge modes

b Eq. (2.3). We can also use νγ to re-define existing topological indices. To use a specific example,

consider a spinful system with only two P (K,K ′) for each spin label (↑, ↓). This could be the spinful

2Recall that we used an overhead bar ν̄P in Eq. (2.1) to denote conventional definitions. νγ in Eq. (2.7) lacks an
overhead bar to differentiate our novel contribution, which is quantized as a rational number.
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Dirac Hamiltonian on a monolayer honeycomb lattice (see Section 4.2.4). Then, per Ref. [34], the

first, valley, spin, and spin-valley Chern numbers are respectively:

C = νK,↑ + νK
′,↑ + νK,↓ + νK

′,↓

V = (νK,↑ + νK,↓) − (νK
′,↑ + νK

′,↓)

2Cs = (νK,↑ + νK
′,↑) − (νK,↓ + νK

′,↓)

2Csv = (νK,↑ + νK
′,↓) − (νK

′,↑ + νK,↓).

(2.8)

Under certain symmetries, the Z2 index for topological insulators = Cs (mod 2) [34]. For all models

tested3, we recovered the expected topological quantities Eq. (2.8). For instance, we got the Nπ

Berry phases for the N -layer graphene models, and the V in Ref. [192].

2.3.2 Models Tested

We tested several models to successfully confirm the correspondence between the novel band-

resolved topological charge Ξ and existing topological quantities (such as various Chern numbers per

P and the ones in Eq. (2.8)). We tested the following k · p models: 2-band gapped Dirac fermion

model [196]; 4-band gapped bilayer graphene model [192]; 4-band spinful Dirac Hamiltonian on

monolayer honeycomb lattice [34]; 4-band ferrimagnetic honeycomb lattice model for the valley-

polarized quantum anomalous Hall effect [199] (see also Ref. [131, 169, 200]); 6-band ABC-Stacked

trilayer graphene [80]; 8-band gated bilayer graphene with Rashba spin-orbit coupling and exchange

field [140]. We tested the following lattice models: Haldane model for the quantum anomalous Hall

effect [56]; Qi-Wu-Zhang model [3]; 3-band generalized Haldane model on optical lattice [102]; and

models allowing |C| > 1 such as the ones engineered in Ref. [159].

We demonstrate some of these results in the remainder of this section.

k · p models

We first exemplify the quantities we introduced using the gapped Dirac fermion model in

Section 4.2.3. For the example discussed in Section 2.2.1 with w = 3, ∆ = 1, γ = 1 and α = 1, we

3With the exception of Ref. [100], which remains an open problem.
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use Θ = −3 and solve the simultaneous equations {−3 = Ξn − Ξm,Ξn + Ξm = 0} Eq. (2.6) to get

Ξn = −1.5 and Ξm = 1.5, which is consistent with the conventional valley Chern number per band

Eq. (2.1) C̄K
n ≈ −1.5 and C̄K

m ≈ 1.5; see Fig. 2.1.

The 4-band gapped bilayer graphene model (see Section 4.2.5) gives ΞK = (ΞA,ΞB,ΞC ,ΞD) =

(0,−1, 1, 0) and ΞK′
= (0, 1,−1, 0) at valleys K and K ′ respectively. We set µ = 1,∆ = 1, γ = 0.1.

For sanity, we see that the first Chern number C = ΞK + ΞK′
= (0, 0, 0, 0) is a expected due to the

system’s time-reversal symmetry. This is expected in the analysis in Ref. [192].

As another example, we see that the 6-band model for ABC-stacked trilayer graphene

(see Section 4.2.6) gives ΞK = (ΞA,ΞB,ΞC ,ΞD,ΞE ,ΞF ) = (−1/2, 1/2,−3/2, 3/2,−1/2, 1/2) and

ΞK′
= (1/2,−1/2, 3/2,−3/2, 1/2,−1/2) regardless of whether it is for a loop of radius r = 0.001,

or r = 5. Again, we see that the first Chern number C = ΞK + ΞK′
= (0, 0, 0, 0) is a expected due

to the system’s time-reversal symmetry.

We may use Ξ even in non-degenerate spinful systems4. For instance, we can use the low-

energy expansion the spinful Dirac Hamiltonian on a monolayer honeycomb lattice in

Ref. [34] (see Section 4.2.4) and consider the individual 2 × 2 blocks corresponding to each spin to

recover the authors’ results easily using Ξ. For the case |mz| < λSO, we get (ΞK
↑ ,Ξ

K′
↑ ,ΞK

↓ ,Ξ
K′
↓ ) =

(1/2, 1/2,−1/2,−1/2) and using Eq. (2.8):

C = ΞK
↑ + ΞK′

↑ + ΞK
↓ + ΞK′

↓ = 0

V = ΞK
↑ − ΞK′

↑ + ΞK
↓ − ΞK′

↓ = 0

2Cs = ΞK
↑ + ΞK′

↑ − ΞK
↓ − ΞK′

↓ = 2

2Csv = ΞK
↑ − ΞK′

↑ − ΞK
↓ + ΞK′

↓ = 0,

(2.9)

where Cs and Csv are respectively the spin Chern number and spin-valley Chern number. Above,

↑, ↓ respectively correspond to spin-up and spin-down. Note that, under certain symmetries, the Z2

index for topological insulators = Cs (mod 2) (Ref. [34]). We remark that an analysis that directly

uses the 4 × 4 Hamiltonian does not coincide with the above analysis since the added off-diagonal

couplings may make it different from the 2 × 2 block case just discussed.

4the study of degenerate systems is outside the scope of this work, although Ref. [180] presents a version of Θ for
degenerate systems
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We see that for these low-energy-expansion systems, we have a robust quantity Ξ that appears

to characterize the valley topology. We present more results for k · p models in Section 2.3.2 in the

discussion of edge modes.

Lattice models

Our results hold even in the lattice models we tested.

For the Haldane model from Section 2.2.2, we simply get the same diagrams as in in Fig. 2.2,

but with ΞK = ΘK/2 and ΞK′
= ΘK′

/2. Clearly, we then have C = ΞK + ΞK′
to match the phase

diagram in Fig. 1.1 (a).

For another example, consider the topologically trivial C = 0 regimes |u| > 2 of the Qi-Wu-

Zhang model with four valley points X,X ′,M,Γ (see Section 4.2.7). Then, considering only the

filled band,

C =
∑

i∈valleys
Ξi = ΞX + ΞX′

+ ΞM + ΞΓ (2.10)

gives us C = 1/2+1/2−1/2−1/2 = 0 for u < 2 and C = −1/2−1/2+1/2+1/2 = 0 for u > 2. For

the nontrivial regime −2 < u < 2, we similarly get |C| = 1 (such as using 1/2+1/2−1/2+1/2 = +1

for u = −1). We draw attention to how the Berry phase around each valley point is not peaked

(as discussed previously in the context of lattice models). For instance, for u = −1 and a loop of

r = 0.3, we have the Berry curvature integral within it as ≈ (0.02, 0.02,−0.002, 0.02) × 2π to one

significant figure.

We also verified our results using the generalized 3-band Haldane model on an optical

lattice (see Section 4.2.8). Our findings are presented in Fig. 2.3. This example shows that

electron-hole symmetry is not necessary for our conclusions to hold, since this model inherently

lacks electron-hole symmetry.

Number of edge states

We now demonstrate how the relationships between Ξi and bulk topological invariants just discussed

allow us to count edge states without downfolding a multiband Hamiltonian into fewer-band ones.

Context matters in this application, as one must have an appropriate problem (such as a domain

wall) in terms of a k-space Hamiltonian H(k). Then, a Hamiltonian parameter (such as valley,
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Figure 2.3: We recover the phase diagram in Ref. [102] (see Section 4.2.8) for the first Chern number
C per level by calculating ΞK (top left) and ΞK′

(top right). To replicate the authors’ results, we
recover the Chern number per level {CA, CB, CC} using C = ΞK + ΞK′

at each (∆a,∆b). However,
we achieve this without relying on the gauge-dependent Berry connection the way the authors did.
Notice that this calculation differs from other examples because we consider the Chern number of
each band (see Eq. (2.1)), as opposed to the sum of filled bands.
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electric/magnetic field or stacking order) may be used to define two different domains in order to

calculate the number of edge modes Eq. (2.3) b = |Tα − T β|.

For instance, for the 4-band gapped bilayer graphene model (see Section 4.2.5), a change

in sublattice registry from AB (µ = 1) to BA (µ = −1) stacking may make (ΞA,ΞB,ΞC ,ΞD)

change from (0,−1, 1, 0) → (0, 1,−1, 0) at the K point. Since |A⟩ , |B⟩ are the filled states, we have

νµ=1 = Ξµ=1
A + Ξµ=1

B = 0 + (−1) = −1 and νµ=−1 = 0 + 1 = 1, which gives b = |νµ=1 − νµ=−1| =

|(−1) − (1)| = 2. This number of edge modes is consistent with the authors’ work.

As another example, consider the 6-band model for ABC-stacked trilayer graphene (see

Section 4.2.6), which has Fermi level between states |C⟩ and |D⟩. For a loop of radius 1, the Berry

curvature integrals of each valence band for first case of valley K (which has the same results as

the case of bias potentials (U1, U2, U3) = (−0.2, 0, 0.2) at valley K) are ≈ (0.087, 0.49,−2.1) × 2π,

and

(ΞA,ΞB,ΞC ,ΞD,ΞE ,ΞF ) = (−1/2, 1/2,−3/2, 3/2,−1/2, 1/2). (2.11)

For the second case of valley K’ (and also of bias potentials (U1, U2, U3) = (0.2, 0,−0.2) at valley

K), we have ≈ (−0.087,−0.49, 2.1) × 2π and

(ΞA,ΞB,ΞC ,ΞD,ΞE ,ΞF ) = (1/2,−1/2, 3/2,−3/2, 1/2,−1/2). (2.12)

Then, the valley Chern number ν = −3/2 in the first case and ν = 3/2 in the second. This

gives b = |3/2 − (−3/2)| = 3 as the number of edge modes, both when considering a domain

boundary between K and K’; and a domain boundary separating two regions of the bias potentials

whose values are given above. Note that Ξi aren’t the exact apparent limits of the Berry curvature

(example: the Berry curvature of band |A⟩ seems to tend to 0 whereas |ΞA| = 1/2). However, if we

sum the Berry curvatures of filled bands, we get | ± 1.5× 2π| = 3π in both cases, as is expected for

ABC-stacked trilayer graphene.

Finally, consider the 8-band model for gated bilayer graphene with Rashba spin-orbit

coupling and exchange field (see Section 4.2.9). As the spin-orbit coupling parameter is tuned

from λR = 0.2t to 0.4t, we expect a band inversion at the K valley, as in Fig. 2.4 (a). For

these two values of λR, we present Ξi in Table 2.1. We map the ΞλR
i in Table 2.1 to existing
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topological quantities: First, we see that for each choice of λR, C = νK + νK
′

= 0, due to

ΞλR,K
i = −ΞλR,K′

i . This is consistent with the time-reversal symmetry of the model. We note, as

we’ve seen before, that the limit of each C̄P
i may not tend to the quantized Ξi in N -band models

with N > 2. To see this, we calculated C̄P
i at valley K in the k → ∞ limit using Eq. (2.1). For

λR = 0.2t, (C̄K
A , C̄

K
B , C̄

K
C , C̄

K
D , ...) ≈ (−0.01, 0.99,−1.99,−0.99, ...). We see that C̄A ≈ −0.01 → 0,

which is different from ΞA = −1/2. This mismatch arises from the last two correction terms in

Eq. (1.34), which do not necessarily tend to 0 in models with N > 2 bands. However, again,

a difference between indices may indicate the number of edge states. Consider a valley problem

with a domain boundary between K and K ′ for fixed λR at half-filling. From Table 2.1, we have

b = |νK −νK′ | = |−1−1| = 2 for λR = 0.4t, and b = |−2−2| = 4 for λR = 0.2t. If we instead take

a domain boundary problem at K for the two λR values, we get b = |ν0.4− ν0.2| = |− 1− (−2)| = 1

as the number of edge modes due to the band inversion. These results are consistent with Ref. [140].

(a)

Figure 2.4: Band diagram at the K point (kx, ky) = (0, 0) for the 8-band bilayer graphene model.
At λR = 0.2 t, the bands are labeled EA, EB, . . . , EH as we go from −1 to +1 along the vertical
axis. As λR is varied from 0.2 t to 0.4 t, the bands ED and EE invert at λR ≈ 0.33 t.
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ΞA ΞB ΞC ΞD ΞE ΞF ΞG ΞH

Ξ0.4
i −1

2
1
2 −3

2
1
2 −1

2
3
2 −1

2
1
2

Ξ0.2
i −1

2
1
2 −3

2 −1
2

1
2

3
2 −1

2
1
2

Table 2.1: ΞλR
i for the K valley of the 8-band model for gated bilayer graphene. At K ′, ΞλR,K′

i =

−ΞλR,K
i .

Sources of edge states

In the previous subsection we saw that Ξ could be used to determine the number of edge states

using existing bulk topological invariants. Now, we use Ξ to identify the sources of these edge

modes (e.g., which orbitals the edge states are from if an orbital basis is used). We claim that there

is a correspondence between Ξ values that change, and band ordering. With this observation, we

can identify the bulk bands and orbitals causing edge states in lieu of the standard techniques. The

standard techniques used to identify the two bands swapped involves either tracking the energy

dispersion at the band crossing point with respect to the external parameter (e.g., as in Fig. 2.4),

or by inspecting the wavefunction density in the vicinity of the band crossing.

To clarify the procedure, consider a system with bands A,B, ...N , and a context α (e.g.,

valley K, or potential U) with a set of Ξα
i : (Ξα

A,Ξ
α
B, ...,Ξ

α
N ), and a different context β with

Ξβ
i : (Ξβ

A,Ξ
β
B, ...,Ξ

β
N ). We numerically verified that if only two bands touch/invert and repre-

sent an edge state, all Ξγ
i will be the same between the two contexts, except for two from each

context which correspond to the bands that invert.

For example, in the 8-band model just discussed (i.e., gated bilayer graphene with Rashba

spin-orbit coupling and exchange field; Section 4.2.9), Table 2.1 shows that the only indices

that differ between λR = 0.4t and λR = 0.2t are ΞD and ΞE (which respectively correspond to

bands ED and EE). From Fig. 2.4, we confirm that the orbitals causing edge states are indeed

from bands ED and EE .

To verify that the edge states are indeed from bands ED and EE , we used Kwant [53] to model a

tight-binding nanoribbon of 120 sites that is periodic in the y-direction, that has a domain boundary

in the x-direction at site i = 60, as in Fig. 2.5 (a) (top). We discretized the continuum model
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Eq. (4.30) to get a tight-binding model that includes both valleys. Our calculations [53] show that

edge states accumulate at the domain boundary. We then calculated the nanoribbon bands in Fig.

2.5 (a) (bottom), which shows one zero-energy edge state from each valley. Fig. 2.5 (b) shows

that these edge states are composed of orbitals from ED and EE , evident from the large overlap

between the zero-energy edge state wavefunction |ϕ⟩ and the bulk wavefunctions |ψ⟩ of ED and EE

(calculated in a homogeneous nanoribbon at λR = 0.2t).

(a) (b)

Figure 2.5: Verifying sources of edge states in 8-band bilayer graphene model. (a) Top: Schematic of
real-space nanoribbon with a domain boundary in the x-direction separating regions of two different
λR. The shaded area represents the calculated wavefunction density. Bottom: Nanoribbon bands
at kx = 0 along the ky direction. (b) Left: Bulk bands at kx = 0 for λR = 0.2 t. Right: Gaussian-
broadened overlap element between bulk and domain boundary band wavefunctions |⟨ϕ|ψ⟩|2.

From the discussion above, we confirm that the novel band-resolved topological charge Ξ may

be used to count, and identify the sources, of edge states.
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Identifying band reordering using Θ

Before moving on, we also state that we empirically discovered an algorithm that uses Θ (instead

of Ξ) to identify band reorderings.

Consider a fixed k-space loop that is traversed twice adiabatically using H(k, α1) and H(k, α2)

separately, where the Hamiltonian H’s external parameters αi have the potential to change the

energy band ordering. This is regardless of whether the band reordering is topologically non-trivial

or not. We claim that all the interband indices Θmn (superscript now indicating that the indices

correspond to bands |m⟩ and |n⟩) can be used to uniquely identify the bands that swapped positions

(or inverted) using our algorithm and example in Figure 2.6.

As another example, we consider the gated bilayer graphene with Rashba spin-orbit cou-

pling and exchange field (see Section 4.2.9). To cross-check against the band inversion demon-

strated in Fig. 2 of the model’s source in Ref. [140], occurring for λR ≈ 0.33t we calculate the inter-

band indices (Θ21,Θ31,Θ32,Θ41,Θ42,Θ43,Θ51,Θ52,Θ53,Θ54,Θ61,Θ62,Θ63,Θ64,Θ65,Θ71,Θ72,Θ73,

Θ74,Θ75,Θ76,Θ81,Θ82,Θ83,Θ84,Θ85,Θ86,Θ87), using the same band labeling convention as the au-

thors: E1 < E2 < E3 < E4 < E5 < E6 < E7 < E8. With M = 0, U = 0.3t and t⊥ = 0.143t, for

H(λR = 0.2) we get Θi = (−1, 1, 2, 0, 1,−1,−1, 0,−2,−1,−2,−1,−3,−2,−1, 0, 1,−1, 0, 1, 2,−1, 0,

−2,−1,−0, 1,−1), and for H(λR = 0.4) we get Θf = (−1, 1, 2,−1, 0,−2, 0, 1,−1, 1,−2,−1,−3,−1,

− 2, 0, 1,−1, 1, 0, 2,−1, 0,−2, 0,−1, 1,−1). Then, our algorithm correctly identifies that the correct

band swap was |4⟩ ↔ |5⟩.

The Θi and Θf in Figure 2.6 are for a loop enclosing the valley K. However, for a similar loop

enclosing K ′, we see that Θi = (1,−1,−2) = Θf for both ∆b = 6 and ∆b = 10 (implying no band

swap in this region). This highlights the role of Θ as a descriptor of only the chosen submanifold.

It also stresses the importance of an appropriate setup/experiment: Since the gap closing occurs

only at K for chosen ∆b, Θ for K ′ cannot reveal the band reordering that occurred elsewhere. Θ

also may not be used to identify avoided crossings within the same band. For instance, consider

a 3-band model with bands labeled |A⟩ , |B⟩ , |C⟩ (with eigenvalues EA < EB < EC). Even if it

is known that A,B are inverted only in the vicinity of a Γ point but not inverted elsewhere in

k-space, ΘBA will be the same in all regions of k-space, unless the bands switch orders (i.e. to

EB < EA < EC , or EA < EC < EB, etc). This is a consequence of the algorithm requiring both a
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Figure 2.6: Algorithm for detecting band reordering, introduced by example. We consider the
3-band generalized Haldane model on optical lattices with bands labeled |A⟩ , |B⟩ , |C⟩ (eigenvalues
initially labeled EA < EB < EC when H(∆a = −6,∆b = 6)). Then, we consider a loop of radius
0.3 centered at the K point (4π/3

√
3, 0) and calculate the initial interband indices Θmn

i and final
indices Θmn

f , respectively for H(∆a = −6,∆b = 6) → H(∆a = −6,∆b = 10). This results in a
reordering between bands |B⟩ ↔ |C⟩, as confirmed by the figure on the right. The algorithm on
the left considers only non-identity mappings |m⟩ ̸→ |m⟩, and may take only a few seconds to run
using an appropriate program. The rule Θmn = −Θnm is demonstrated in Section 1.3.2. As shown,
our algorithm correctly identifies the swapped bands.
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Θi and a Θf .

To the best of our knowledge, this algorithm correctly and uniquely identifies the band pair

swapped as long as: the bands in the ‘initial’ and ‘final’ configurations are fully gapped inside and

on the loop; and that the k-space loop chosen encloses only one high-symmetry point. If there

are several potential band crossings, the result may be ambiguous. For example, in the 3-band

model example above with bands |A⟩ , |B⟩ , |C⟩, consider a loop that does not enclose a valley

point, where (ΘBA,ΘCA,ΘCB) from (−1,+1,−1) → (+1,−1,+1) after some external parameter

change. Then, our algorithm accurately identifies that all three possible band swaps are valid (i.e.

|B⟩ ↔ |A⟩ , |C⟩ ↔ |A⟩ , |C⟩ ↔ |B⟩). On the other hand, it is also possible that no valid band swaps

will be identified. This may happen if the bands are not fully gapped, or if the indices calculated

are from a complicated, non-bijective-mapping case potentially involving several variables (such

as H(k, α1, β1) → H(k, α2, β2)). Such cases often correspond to when the absolute values of the

elements of the unordered sets are different: |Θmn
i | − |Θmn

f | ≠ 0.

Also consider the 4-band gapped bilayer graphene model (see Section 4.2.5). Changing the

sign of parameter µ indicates a transition from AB to BA interlayer registry. As the authors of that

model’s source Ref. [192] demonstrate, this transition is accompanied by and comes with propagat-

ing chiral boundary modes. At valley K, for H(µ = −1), we have (Θ21,Θ31,Θ32,Θ41,Θ42,Θ43) =

(−1, 1, 2, 0, 1,−1) while H(µ = +1) gives us = (1,−1,−2, 0,−1,+1). Then, our algorithm correctly

identifies that the second and third bands invert (and result in edge states). But unlike their work,

we were able to deduce this without simplifying the Hamiltonian further into a 2-band model.

Unlike existing methods of detecting band reordering, we are now able to acquire the same

information in a quantifiable, and arguably more-elegant manner that can be applied in broader

generality to any N -band system using orthogonal instantaneous energy eigenstates.

2.4 Chapter Summary

In this chapter, we introduced a novel quantized topological interband index Θmn Eq. (1.34)

that characterizes the multiband topology of a submanifold of 2-dimensional parameter space.

This is in contrast to the conventional theoretical framework that uses the entire parameter space

in lattice models, and an infinite parameter space in k · p models. This is also in contrast to how



53

conventional methods sum quantities over all filled bands, as opposed to giving a quantity that ex-

plicitly characterizes the topology of a pair of bands (including unoccupied bands; thereby allowing

for the study of excited state topology). We introduced a complementary interband frequency Eq.

(1.33) which gives further insight into the behavior Θmn. We applied Θmn to the context of valley

topology and introduced a novel band-resolved topological charge Ξmn. This quantity, compared to

the conventional method of summing topological quantities over all filled bands only, additionally

gives a perfectly quantized topological character for each band (including unoccupied bands). To

highlight its topological nature, we mapped Ξmn to existing standard topological quantities (such

as various Chern numbers), but now with the added advantages of being able to do so without

downfolding multiband Hamiltonians to simpler models and without necessarily having to sum

quantities over filled levels. We thereby preserve information on the origin of edge states, while

verifying the number of edge modes is as expected. In k · p models, we are now able to use a finite

k-space integration which yields a perfectly quantized number (as opposed to an infinite integration

yielding approximate quantization). And in lattice models, we are able to define a valley character

even if the Berry curvature is not peaked at the valley. Overall, we claim that Θmn and Ξmn offer

a new theoretical framework that arguably improves the classification of submanifold topology.

The work in this chapter culminated in the publication of Ref. [38] as a Letter in APS Physical

Review B, as an Editor’s Suggestion. In the next chapter, we introduce another application of the

interband index, now in the context of optical selection rules for excitons.
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Chapter 3

APPLICATION II: EXCITON SELECTION RULES

In the previous chapter, we presented an application of the novel interband index Θmn Eq.

(1.33) in the context of valley topology. We now present a second application of the interband

index in a very different context, of exciton selection rules. Presently, the optical selection rules for

excitons under circularly-polarized light are manifestly gauge-dependent. The interband index Θmn

may improve the topological classification of material excited states because it is intrinsically an

inter-level quantity. In this chapter, we expand on this index to introduce its chiral formulation, and

use it to make the selection rules gauge-invariant. We anticipate this development to strengthen the

theory of quantum materials, especially two-dimensional semiconductor photophysics. Numerical

methods are presented in Chapter 4.

The contents of this chapter culminated in the publication Ref. [36] in Physica B: Condensed

Matter by Elsevier. We acknowledge use of this reference in this work.

3.1 Background and Motivation

Excitons in semiconductors are excited states with electron-hole pairs bound by mutual Coulomb

interactions [26,172]. Their ability to mediate light-matter interactions allows them to play signif-

icant roles in phenomena such as optoelectronic, spintronic, and valleytronic properties in a wide

array of material systems at the forefront of contemporary condensed matter research, particu-

larly 2-dimensional semiconductors [25,78,89,111,115,142,152,178,187]. Example systems include

materials such as hexagonal boron nitride (hBN) [27, 46, 81, 135], transition-metal dichalcogenides

(TMDs) [47, 54, 128, 141, 166], gapped graphene systems [21, 70, 134, 196], and 2-dimensional pho-

tonic devices such as light-emitting diodes (LEDs) and lasers [178]. Excitonic effects can have a

significant influence on the optical response of solids [1, 6, 91, 129, 147], which can provide valuable

information about material properties such as band structure [14, 188], and act as a sensor for
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probing charge ordering and quantum phases [23] (e.g., Mott insulators in twisted bilayer moiré

superlattices [182], and fractional quantum Hall states in twisted bilayer MoTe2 [18]). Excitons

therefore offer a lucrative platform to study fundamental quantum phenomena, along with applica-

tions in tunable materials devices such as future excitonic-carrier devices in quantum computation

and excitonic circuits [178]. Therefore, it is important to have a unified theoretical framework

to determine excitonic properties, which can offer important insights for experiments and device

applications. A crucial step in predicting the excitonic response is determining whether a bright

or dark exciton is formed in response to light. This is determined by the optical selection rules for

excitons.

The original optical selection rules for excitons [32] can be explained by the hydrogen model,

since the constituent electron-hole pairs form hydrogen-like bound states [26,172]. For conventional

semiconductors, these rules would state that in dipole-allowed materials like TMDs, s-like excitons

are optically active, while p-like excitons are optically inactive; and that in dipole-forbidden ma-

terials, the optically active excitons are p-like states, while s-like states are optically inactive [21].

However, it was recently shown that for 2-dimensional systems, the states near the band edge may

be of multiple orbital and spin components, and the bands can have nontrivial topological charac-

teristics arising from band topology (including Berry phase effects) [21, 176, 196]. This nontrivial

topology was accounted for by Refs. [21, 196] when they proposed new optical selection rules for

excitons under circularly polarized light. These modified rules build on the fact that the opti-

cal response of excitons depends on the oscillator strength (which relies on the exciton envelope

function), and the interband velocity matrix element characterized by angular momentum. Then,

whether a bright or dark exciton shows for a given angular momentum is governed by the selection

rule:

m = −l∓ (mod n), (3.1)

where n is from the system’s discrete n-fold rotational symmetry, m is the angular momentum

quantum number, and l± is the winding number of the interband dipole matrix element ⟨m | p̂ |n⟩·ê±

in left (+) and right (−) circular polarization, where p̂ is the momentum operator and ê± = 1√
2
(êkx±

iêky) are the chiral unit vectors, for unit vectors êkx and êky in momentum space k = (kx, ky). These

new selection rules Eq. (3.1) have since been experimentally verified (e.g., in Ref. [70]), and are



56

key to understanding the photophysics of semiconductors.

Yet, despite their success, these modified selection rules may arguably be considered incomplete

from a theoretical standpoint due to their inherent gauge-dependence, which arises from requiring a

hydrogenic gauge that doesn’t allow singularities at the band edge [21,196]. This gauge-dependence

might impose limitations on the scope of theoretical calculations involving the selection rules, and

therefore impact the potential to verify experiment and propose new physical applications. We

address this issue in this work by making the selection rules gauge-invariant. We do this using

the interband index Θmn Eq. (1.33) from the previous chapters. We will denote this Θmn as

Θk in this chapter to indicate the tangential vector dependence, to prevent confusion with the

interband index’s chiral formulation Θ± Eq. (3.2) that we will introduce. We use Θ± to make the

selection rules Eq. (3.1) into gauge-invariant selection rules Eq. (3.4). This gauge-invariance may

strengthen the theory of excitonic optical selection rules, thereby making associated phenomenology

more accessible for both theoretical and experimental work.

3.2 Gauge-Invariant Optical Selection Rules for Excitons

3.2.1 Chiral formulation of interband index Θ±

As just mentioned, we make the selection rules gauge-invariant using a new chiral version of the

original interband index Θk. The k-dependent form of Θk in Eq. (1.33) makes it clear that the

tangential vector êτ may be replaced by an appropriate vector that preserves a winding property

of the matrix element ⟨m |∇kH |n⟩. Therefore, we introduce another physically-useful formulation

of the interband index in terms of the chiral unit vectors ê± (see Fig. 1.4, right):

2πΘ± = ∆Φ −
∮
∂M

d arg
⟨m |∇kH |n⟩

Enm
· ê±, (3.2)

where

ê± =
1√
2

(
êx ± iêy

)
. (3.3)

All the terms in the definitions of the interband index work together to give a quantized, gauge-

invariant quantity.
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3.2.2 New gauge-invariant optical selection rules

The chiral unit vectors ê± are known to decompose the interband matrix element ⟨m | p̂ |n⟩ into

chiral components ⟨m | p̂ |n⟩ · ê+ and ⟨m | p̂ |n⟩ · ê−. These may respectively correspond to left-

and right-circularly polarized photon modes (σ− and σ+) [21]. This means that the complex-

valued ⟨m | p̂ |n⟩ · ê± yield two unique vector fields with possibly different winding patterns over

k-space. Since p̂ is the k-space derivative of the Hamiltonian, we observe that the winding number

of ⟨m | p̂ |n⟩· ê± is simply the interband line integral in our chiral formulation of the interband index

Eq. (3.2). Therefore, we rid the optical selection rules Eq. (3.1) of their explicit gauge-dependence

by rewriting them as:

m = −Θ∓ (mod n). (3.4)

One could argue that the above selection rule Eq. (3.4) strengthens the theory of excitons due to

explicit gauge-invariance.

3.2.3 Verifying new selection rules

We computationally verified Eq. (3.4) by calculating Θ± (and m) for the biased bilayer graphene

model in Section 4.2.10, which we present here again:

H =

 ∆ αk2+

αk2− −∆

+ 3γ3

 0 k−

k+ 0

 , (3.5)

where k± = kx ± iky, γ3 is the interlayer hopping amplitude, 2∆ is the energy gap, and we set the

factor α = 1.

Without the interlayer hopping term (i.e. γ3 = 0), the biased bilayer graphene system has C∞

symmetry and yielded Θ+ = −3 and Θ− = −1 (i.e. m = 3 and m = 1 from Eq. (3.4)), as expected

in Ref. [196]. Non-zero γ3 reduces C∞ to C3 and should give m = −2, 0, 1, 3 = 0, 1 (mod 3). Using

γ3 = 0.3, we got Θ+ = 0 and Θ− = −1 (i.e. m = 0 and m = 1), as expected. However, we

caution against using this reasoning to determine which excitons show, without first calculating

the oscillator strength explicitly. This is because the mapping involving Θ± may be many-to-one,

while the full calculation might specify a many-to-many relation in the sense that different m may
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result from the same Θ± (as we saw when mapping m = −2, 0, 1, 3 → 0, 1).

3.3 Chapter Summary

We showed how the interband index Θ± Eq. (3.2) may be used to make the gauge-dependent

optical selection rules for excitons Eq. (3.1) gauge-invariant Eq. (3.4). This gauge-invariance may

broaden the scope of the types of theoretical calculations that may be done, since we now do not

need to fix the gauge or transform between different gauges. This may lead to fewer ambiguities in

physical interpretations that stem from gauge-dependence, since we now have a unified theoretical

framework that is consistent across different materials and models. By this enhancement of the

predictive power of theoretical models, our new selection rules may now allow for clearer physical

insights into excitonic effects, since they may allow for more-accurate comparisons between theoreti-

cal simulations and experiments (which are typically gauge-invariant). This may lead to potentially

new phenomena and advances in material design (especially of quantum materials possessing novel

electronic and optical properties), which may be achievable in the near-term given today’s high rate

of advances in interband physics and topological effects in systems like multilayer graphene, TMDs,

Moiré heterostructures, qubits, and even other kinds of quasiparticles that can couple with each

other (e.g., excitons, magnons, polaritons, polarons, plasmons, and phonons). These advantages

may directly influence the development of advanced materials and technologies, with potential ap-

plications in optoelectronics, photovoltaics, quantum computing, excitonics, spintronics, and other

exciting research fronts in contemporary materials science and condensed matter physics.



59

Chapter 4

METHODS

In this chapter, we outline techniques one could use to calculate the interband index numerically,

and list the model Hamiltonians used in this project.

4.1 Calculating Interband Index

In this section, we demonstrate techniques one could use to calculate the interband index.

Although we used Python, MATLAB and Mathematica in this work, the choice of programming

language should not matter as long as the computational schemes are accurate and consistent.

Recall from Eq. (1.33) that

2πΘk ≡ 2πΘmn = ∆Φ −
∮
∂M

d arg ⟨m | ∇kn⟩ · êτ

= ∆Φ −
∮
∂M

d arg
⟨m | ∇kH |n⟩

Enm
· êτ

= ∆Φ −W,

(4.1)

where we take W to be the interband winding integral (which yields a winding number of the

interband matrix element in the complex plane). Recall that ∆Φ = Φm − Φn is the net number of

Berry singularities between levels, and is given by the difference between the Berry curvature area

integral and Berry connection line integral in the chosen parameter space region, as given in Eq.

(1.17) (replicated below):

Φm =

∫
∂M

Aµ
m dλµ −

∫∫
M
Fm dλµ dλν . (4.2)

So, to calculate Θk, one must:

1. Choose a submanifold M of 2-dimensional k-space by defining a k-space loop ∂M parame-



60

terized by some parameter λ.

2. Using the loop ∂M, calculate the winding number of the interband matrix element along the

loop.

3. Separately, inside M, calculate the Berry curvature and Berry connection integrals for each

band involved to get ∆Φ.

4. Put everything together in Eq. (4.1) to calculate Θmn.

In the context of this work, Hamiltonian models H(k) are N × N matrices and generally do

not have simple analytic expressions, even for their eigenstates |m(k)⟩ and eigenvalues Em(k) (all

of which are quantities that are required for the calculation). So we use numerical methods to

discretize M and ∂M into finite k = (kx, ky) segments, and use these coordinates to numerically

solve the eigenvalue problem Eq. (1.5). As we shall see in this section, we use finite differences

to take derivatives of quantities. Note however, that in some simple cases such as the gapped

Dirac fermion model (Section 4.2.3), we can directly use analytic expressions for H(k), |m(k)⟩ and

Em(k), and analytically take derivatives with respect to k to calculate Θ and even the interband

frequency Eq. (1.34) (which contains a second derivative of the Hamiltonian).

We now elaborate on the above steps required to calculate Θ.

4.1.1 Choosing k-space M and ∂M

To choose a submanifold to calculate Θ for, one must first define a loop ∂M in k-space. Since

Θ is a topological quantity, the result should not depend on the shape of the loop as long as the

same high-symmetry point is enclosed, as long as the loop is smooth, and at least in the case of

2-band models when the sign of Berry curvature is the same within the loop (see Section 1.3.4).

So, without loss of generality, we can use a parameterization for a counterclockwise elliptical loop

or radii (rx, ry) centered at (Kx,Ky):

kx(λ) = Kx + rx cos(λ),

ky(λ) = Ky + ry sin(λ).
(4.3)
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Although we tested Θ using elliptical loops, for further simplicity, we used circular loops (rx =

ry = R) in most of our calculations. In a numerical discretization scheme (as we require for the

loop when calculating W ), one simply chooses to discretize/break the loop into n segments by

having λi = 2π (i−1)
n ∈ [0, 2π] (i = 1, 2, . . . , n). Unless otherwise noted, we used n = 250 in our

simulations. Since ∂M is counterclockwise (CCW), the area of integration is the area inside the

loop by convention, as shown in Fig. 4.1 (left).

Figure 4.1: The domain of integration M (light-purple) depends on the orientation of the loop.
High-symmetry points P are indicated by black dots, and loops as the circles with arrows indicating
orientation. For the CCW loop on the left, only one P is counted. For the CW loop on the right,
both are. In general, one cannot expect Θ calculated for these two examples to correspond to the
same topological situation.

4.1.2 Calculating winding number W

To calculate W , one must calculate the winding number of the complex-valued quantity z(k) =

⟨m | ∇kH |n⟩/Enm ∈ C Eq. (4.1). To do this, we evaluate z(kx, ky) at each discretized (kx, ky)

point of the loop and use the curve (Re(z), Im(z)) to calculate the winding number (i.e., the number

of times the curve winds around the complex origin). This winding number is exactly what the

integral W above evaluates to. To numerically evaluate the first-order derivative appearing in z(k),

we use a central finite difference. For a function f(k), the first-order derivative f ′(k) = df(k)/dk

with error O(∆k2) could be approximated as:

f ′(k) =
f(k + ∆k) − f(k− ∆k)

2∆k
. (4.4)
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Figure 4.2: Examples of Winding numbers for various CCW and CW loops. The black dots denote
the complex origin. Source: Wikipedia.

Instead of taking derivatives of the wavefunctions |m(k)⟩, we take derivations with respect to H(k)

(c.f. the second line of Eq. (4.1)) since the derivatives of non-degenerate H(k) are guaranteed to

be well-defined (unlike |m(k)⟩ due to arbitrary complex phases that may be singular). Then, we

get z(k) by solving the eigenvalue equation to get H(ki), |m(ki)⟩ , |n(ki)⟩ , Em(ki) and En(ki) at

each point ki = (kx(λi), ky(λi)) (computationally represented as an array, for instance) along the

loop Eq. (4.3). Bear in mind that the computed eigenstates must be normalized, and that we have

the relationship |m(k)⟩ = ⟨m(k)|†, where † denotes the complex conjugate transpose.

From here, one just has to compute the winding number of z(k). Although one could visually

determine the winding number (e.g., see Fig. 4.2), it is convenient to do so computationally. For

instance, see the Python code in Listing 4.1 [5].

Listing 4.1: Compute the winding number of the complex contour z(k)

1 def winding_number(w):

2 """

3 Compute the winding number of the complex loop z(k).

4 Parameters

5 ----------

6 w : array_like of complex
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7 Sampled points of the loop z(k) in the complex plane.

8 Adjacent changes in arg(z) must be less than pi for accuracy.

9 Returns

10 -------

11 int

12 The integer winding number of the loop.

13 """

14 out = 0

15 for k in range(len(w) - 1):

16 # handle branch cut at negative real axis

17 if (np.imag(w[k+1]) == 0) and (np.real(w[k+1]) < 0):

18 kp = np.pi * np.sign(np.imag(w[k]))

19 else:

20 kp = np.imag(np.log(w[k+1] / np.linalg.norm(w[k+1])))

21 if (np.imag(w[k]) == 0) and (np.real(w[k]) < 0):

22 kc = np.pi * np.sign(np.imag(w[k+1]))

23 else:

24 kc = np.imag(np.log(w[k] / np.linalg.norm(w[k])))

25 # choose the smaller phase increment

26 opt1 = kp - kc

27 opt2 = -(2 * np.pi - abs(opt1)) * np.sign(opt1)

28 out += opt1 if abs(opt1) <= abs(opt2) else opt2

29 # normalize by 2pi and round to nearest integer

30 return int(round(out / (2 * np.pi)))

If one desires to calculate the chiral version of the interband index Θ± Eq. (3.2), the only change

in the algorithm is to use the chiral vectors ê± Eq. (3.3) instead of the tangential vector êτ . This

translates to calculating the winding number of the quantity ⟨m | ∇kH |n⟩·ê± as
〈
m
∣∣∣ dH
dkx

± i dHdky

∣∣∣n〉
(up to scaling by constants), which again can be carried out using finite differences, or using analytic

expressions if feasible.

Finally, we note that the interband frequency Eq. (1.34) was calculated only algebraically in

this work (see Fig. 2.1). We used Mathematica to take derivatives and products of the quantities

in Section 4.2.3. However, a numerical second-order central finite-difference could have been used.
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4.1.3 Calculating ∆Φ using Berry curvature and connection integrals

To calculate ∆Φ, one must calculate Φm and Φn Eq. (4.2). To calculate Φm, we discretized the two-

dimensional k-space grid in the region inside the circular loop, and computed for each energy level

the phases from both the Berry curvature Fm and Berry connection Am integrals separately. For

the Fm integral, we used the standard numerical technique given in Ref. [45] to determine the phase

of the product of so-called overlap matrices around each closed rectangular path of the k-space grid,

but only for the rectangles inside the circular loop. The Am integral was obtained by summing the

phases of the individual overlap matrices along each segment of each closed rectangular path.

To elaborate, one first discretizes the region inside the loop into a rectangular mesh, as in Fig.

4.3. Unless otherwise noted, in this work, we used a 50 × 50 mesh and shift the coordinates of

the constituent rectangles by an infinitesimal amount (on the order of 1/100000) to avoid potential

numerical divergences of relevant quantities to infinity. With this setup, following the procedure in

Ref. [45], we define matrices Uij to calculate the Berry curvature and Berry connection integrals.

The discrete contribution of each integral in each rectangle (see Fig. 4.3):

k1 = (kx, ky), k2 = (kx + ∆kx, ky), k3 = (kx + ∆kx, ky + ∆ky), k4 = (kx, ky + ∆ky),

(4.5)

is used to calculate the overlap matrices

U12 =
〈
m(k2)

∣∣ m(k1)
〉
, U23 =

〈
m(k3)

∣∣ m(k2)
〉
, (4.6)

U34 =
〈
m(k4)

∣∣ m(k3)
〉
, U41 =

〈
m(k1)

∣∣ m(k4)
〉
. (4.7)

Then the discrete contribution of the rectangle to the Berry curvature integral
∫∫

M Fm dλµ dλν is

arg
(
U12 U23 U34 U41

)
, (4.8)

and the discrete contribution to the Berry connection integral
∫
∂MAµ

m dλµ is

arg(U12) + arg(U23) + arg(U34) + arg(U41), (4.9)
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Figure 4.3: Visualizing discretization of M into a rectangular grid.

where arg() is the complex angle (equivalently Imlog()). We use this technique to calculate Φm

and Φn to get ∆Φ. For illustration, Fig. 4.4 shows what the Berry curvature and Berry connection

integrals could look like when plotted.

4.1.4 Calculating Θmn

We finally calculate Θk using: 2πΘmn = ∆Φ−W Eq. (4.1). By calculating all possible N(N−1)/2

values of Θmn for an N -level Hamiltonian, one could the go on to use N − 1 of them to solve the

overdetermined simultaneous equations to calculate the N values of the band-resolved topological

charge Ξm Eq. (2.6).

4.2 Model Hamiltonians

Following are details of some of the model Hamiltonians that were explored in this project.
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Figure 4.4: Visual representation of quantities used in calculating number of Berry singularities
Φm, shown over entire Brillouin zone for illustration (instead of within a chosen loop). Simulated
for the Haldane model (Section 4.2.1). Left (z-axis values): local Berry curvature integral. Center:
Berry connection integral. Right: Φm. Notice the peaks occurring at values ≈ |6.3| ≈ |2π| → |1|
singularity. As an aside, if the sum of the Berry curvature integral (left) is taken over the entire
Brillouin zone, we get the first Chern number, as in Ref. [45].

4.2.1 Haldane model

On a honeycomb lattice, the Haldane model’s Hamiltonian can be written in a Bloch state basis

on two sublattices A,B, using Pauli matrices σi:

σ0 = I =

1 0

0 1

 , σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 . (4.10)

Below, t1 is the nearest-neighbor hopping, t2 the amplitude of the complex second-neighbor hopping,

ϕ the phase accumulated by the t2 hopping, and M the on-site energy between the A and B

sublattices. ai are displacements from a B site to its three nearest-neighbor A sites, and bi are
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displacements for nearest-neighbor sites in the same sublattices [43,56]:

H(k) = 2t2 cosϕ

[∑
i

cos (k · bi)

]
σ0

+ t1

[∑
i

[cos (k · ai)σx + sin (k · ai)σy]

]
(4.11)

+

[
M − 2t2 sinϕ

(∑
i

sin (k · bi)

)]
σz.

Above,

a1 =

√
3/2

1/2

 , a2 =

−
√
3/2

1/2

 , a3 =

 0

−1

 , (4.12)

and

b1 = a2 − a3, b2 = a3 − a1, b3 = a1 − a2. (4.13)

Notice that we can write the above Hamiltonian Eq. (4.11) in the form

H(k) = h0(k)σ0 + h(k) · σ, (4.14)

with h(k) = (hx, hy, hz) and σ = (σx, σy, σz), and

h0(k) = 2 t2 cosϕ
∑
i

cos
(
k · bi

)
,

hx(k) = t1
∑
i

cos
(
k · ai

)
,

hy(k) = t1
∑
i

sin
(
k · ai

)
,

hz(k) = M − 2 t2 sinϕ
∑
i

sin
(
k · bi

)
. (4.15)
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4.2.2 Spin-1/2 in external magnetic field

This simple 2-level Hamiltonian is of the form

H(t) = Bn(t) · σ, (4.16)

where B is a constant dictating the strength of the external magnetic field, n(t) is a 3-dimensional

unit vector and the entire parameter space is the S2 Bloch sphere. The angular variables (θ, ϕ)

could be made to parameterize the parameter space with

n(θ, ϕ) = (sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)). (4.17)

This setup is illustrated in Fig. 1.3.

For calculations, one could select a gauge where the two wavefunctions are:

|n(θ, ϕ)⟩ =

sin
(
θ
2

)
e−iϕ

− cos
(
θ
2

)
 , |m(θ, ϕ)⟩ =

cos
(
θ
2

)
e−iϕ

sin
(
θ
2

)
 . (4.18)

4.2.3 Gapped chiral fermion model

The 2-dimensional gapped Dirac fermion model [29,56,195,196] has a k ·p Hamiltonian with integer

winding number w:

H(k) =

 ∆ α|k|γeiwϕk

α|k|γe−iwϕk −∆

 , (4.19)

where the energy gap is 2∆, and ϕk = tan−1(ky/kx). While γ can take on arbitrary integral values in

graphene multilayers [196], we note that in monolayer MoS2 and gapped topological surface states,

α(|k|) ∝ |k| =
√
k2x + k2y (that is, γ = 1), and that in biased bilayer graphene, α(|k|) ∝ |k|2 (γ = 2).

The energy dispersions for the upper (Em) and lower (En) bands are respectively ±
√

∆2 + α2|k|2γ .

Diagonalizing Eq. (4.19), we can get the eigenstates

|m(k)⟩ =

 cos
θk
2

sin
θk
2
e−iwϕk

 , |n(k)⟩ =

sin
θk
2
eiwϕk

− cos
θk
2

 , (4.20)
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where θk = cos−1
(

∆
Em

)
, and the eigenstates have U(1) gauge freedom, meaning you can multiply

the states by some arbitrary k-dependent phase eiθ(k).

Using the above expressions, the Berry curvature of the gapped Dirac fermion model is calculated

as [176]:
γω∆α2|k|2(γ−1)

2(∆2 + α2|k|2γ)3/2
. (4.21)

Fig. 4.5 shows the Berry curvature distribution to supplement the argument around Fig. 2.1.

Notice that the Berry curvature sums to ≈ 1.5 × 2π Å−2.

Figure 4.5: Berry curvature of the gapped Dirac fermion model along the line ky = 0. This is the
same case as in Fig. 2.1, where varying r from 0 to 80 encompasses −80 ≤ kx ≤ 80.

4.2.4 Spinful Dirac Hamiltonian on monolayer honeycomb lattice

Ref. [34] gives the following low-energy Hamiltonian:

H(k) = ℏvF (ηzkxτx + kyτy) + λSOηzσzτz +mzσzτz, (4.22)

at the K or K ′ point. Above, sz = ±1 for spin (↑, ↓), τz = ±1 for sublattice (A,B) and ηz = ±1 for

valley (K,K ′). The Pauli matrices σa, τa and ηa are used for spin, sublattice pseudospin and valley

pseudospin respectively. The first term represents electron hoppings with Fermi velocity vF ; the

second term describes spin-orbit coupling defined by λSO; and the third term breaks time-reversal

symmetry (equivalent to antiferromagnetic exchange magnetization in z-direction).
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4.2.5 Gapped bilayer graphene with layer-stacking wall

Ref. [192] uses the following 4-band Hamiltonian to study topological properties in a layer-stacking

domain wall problem:

H(k) = ∆τz + νkxσx + kyσy +
γ

2
(σxτx − µσyτy), (4.23)

where the Brillouin zone corners K and K ′ are at the origin and labeled by the valley index ν = ±1

respectively. ∆ controls the strength of the applied electric potential difference, γ is the renormalized

nearest-interlayer-neighbor hopping amplitude, and µ → ±1 controls the interlayer registry (i.e.

whether an AB or BA sublattice is used). In our calculations, we used ∆ = 0.05, γ = 0.1, and

ν = +1. The band edge is at the origin.

4.2.6 ABC-stacked trilayer graphene

Ref. [80] gives the following effective Hamiltonian around a K valley:

H(k) =


D1 V W

V ∗ D2 V

W ∗ V ∗ D3

 , (4.24)

where the 2 × 2 blocks, for i = 1, 2, 3 are

Di =

Ui vπ∗,

vπ Ui

 , (4.25)

V =

−v4π∗ v3π

γ1 −v4π∗

 , (4.26)

W =

0 γ2/2

0 0

 , (4.27)

for π = ξkx + iky, ξ the valley index, v = (
√
3/2)aγ0/ℏ, v3 = (

√
3/2)aγ3/ℏ, v4 = (

√
3/2)aγ4/ℏ, γ0 =

3.16, γ1 = 0.39, γ2 = −0.020, γ3 = 0.315, γ4 = 0.044, a = 2.46, and choose (U1, U2, U3) = (−0.2, 0, 0.2)

for a loop centered around band edge (0, 0).
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4.2.7 Qi-Wu-Zhang (QWZ) model

In the spirit of Haldane’s model, Qi, Wu and Zhang introduced this simple toy model for a two-

dimensional Chern insulator leading to the Quantum Anomalous Hall Effect. This model is the

basic building block for the Bernevig-Hughes-Zhang model for the quantum spin Hall effect. While

the reader is referred to Ref. [3] for a review of the Qi-Wu-Zhang model, we draw from it information

on its k-space Hamiltonian, information of high-symmetry points, and topological phases.

The model is given by:

H(k) = sin kxσx + sin kyσy + [u+ cos kx + cos ky]σz (4.28)

The energy gap

E±(kx, ky) = ±
√

sin2(kx) + sin2(ky) + [u+ cos(kx) + cos(ky)]2

closes when u = ±2, 0 at the following four inequivalent Dirac points in the Brillouin zone chosen

as (kx, ky) ∈ [−π/2, 3π/2] × [−π/2, 3π/2]:

• (kx, ky) = (0, 0) when u = -2 (Γ point),

• (kx, ky) = (0, π) and (kx, ky) = (π, 0) when u = 0 (inequivalent X points),

• (kx, ky) = (π, π) when u = +2 (M point).

4.2.8 Generalized 3-band Haldane model on optical lattice

Ref. [102] gives the following 3-band Hamiltonian:

H(k) =


ξka λk∗a 0

λka ξkc λk∗b

0 λkb ξkb

 , (4.29)



72

where:

ξka(b) = ∆a(b) − 2tΣi cos(k · ui + ϕi)

ξkc = −2tΣi cos(k · ui − ϕi)

λka(b) = λa(b)Σie
ik·νi ,

for ui = (b1, b2, b3) and νi = (a1, a2, a3) given by honeycomb lattice vectors:

a1 =

√
3/2

1/2

 , a2 =

−
√
3/2

3/2

 , a3 =

 0

−1

 ,

b1 =

−
√
3/2

3/2

 , b2 =

−
√
3/2

−3/2

 , b3 =

√
3

0

 .

In this model, ∗ denotes complex conjugation (or conjugate transpose).

The 2D Brillouin zone used was (kx, ky) ∈ [π/
√
3, 3π/

√
3] × [−2π/3, 2π/3], with Dirac points at

(kx, ky) = (±4π/3
√
3, 0). We set the coupling strength λa(b) as λa = 0.3 and λb = 1.7 (their values

do not affect Chern numbers). For consistency with the authors’ analysis, we stick to the isotropic

case with ϕi = 2π/3.

4.2.9 Gated bilayer graphene with Rashba spin-orbit coupling and exchange field

Ref. [140] gives the following momentum space 8-band effective Hamiltonian for the valley points

K and K ′ (centered at the origin (0, 0) and respectively labeled by η = ±1):

H(k) = v(ησzkx + σyky)1s1τ +
t⊥
2

(σxτx − σyτy)1s

+
λR
2

(ησxsy − σysx)1τ +Msz1σ1τ + Uτz1s1τ ,

(4.30)

where s, σ and τ are Pauli matrices representing the spin, AB sublattice, and top-bottom layer

degrees of freedom respectively. 1i are 2 × 2 identity matrices. The Fermi velocity is given by

v = 3at/2 with a the lattice constant, and t the hopping amplitude. t⊥ is the interlayer tunneling

amplitude, λR the Rashba spin-orbit coupling, U the interlayer potential, and M the exchange

field. We used a = 1, t = 2.6, t⊥ = 0.143t,M = 0, U = 0.3t and tR = 0.058t.
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We ignored the exchange field M in our calculations for simplicity in presentation. However,

using M ̸= 0, we were able to reproduce the phase diagrams in Ref. [140] which classify quantum

anomalous Hall, quantum valley Hall, and metallic phases (c.f. Fig. 15 of the reference).

4.2.10 2-band biased bilayer graphene model

From Ref. [117,132,196], we have:

H =

 ∆ αk2+

αk2− −∆

+ 3γ3

 0 k−

k+ 0

 , (4.31)

where k± = kx ± iky, γ3 is the interlayer hopping amplitude, 2∆ is the energy gap, and we set the

factor α = 1.

4.3 Part I Summary

In Part I of this dissertation, we explored the theory behind the novel interband index, and

presented two new applications of the index: 1) in valley topology [38]; and 2) in optical selection

rules for excitons [36]. We have thus shown that the interband index, although appearing abstract

at first, does have physical manifestations in the real world.
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Part II

MAGNETISM IN MONOLAYER Nb3Cl8



75

Chapter 5

BACKGROUND AND MOTIVATION

The study of two-dimensional (2D) magnetic phenomena in quantum materials has gained

significant interest due to its potential to reveal novel quantum states and exotic magnetic prop-

erties [17, 67, 194]. The ability to control and tune the magnetic order of a material is particularly

appealing because it allows us to explore new physical phenomena, develop advanced technologies,

and improve the performance of existing materials and devices [92,189]. This ability facilitates sev-

eral applications in condensed matter physics and materials science, such as in quantum information

science and technology [190,202], the development of spintronic devices and memory [190,202], mag-

netic sensing and imaging [28], and the exploration of phenomena in quantum materials including

novel electronic and magnetic materials [17, 67, 194] and magnetic frustration [118]. The phe-

nomenon of magnetic frustration, where competing interactions prevent the system from adopting

a simple magnetic order, is particularly appealing. In particular, frustrated systems can host exotic

quantum states, such as spin liquids, which offer insights and applications in high-temperature

superconductivity, quantum computation, and other emergent phenomena [4,16,118]. In this work,

we explore the tuning of magnetic correlations in a 2D breathing kagome lattice material which

may yield frustration.

A kagome lattice consists of corner-sharing triangles that tile the plane to form hexagons. Its

band structure can host Dirac crossings, van Hove singularities, and nearly dispersionless flat bands

that amplify interaction effects and enable unusual transport and topology [103,116]. ARPES has

directly observed several of these signatures in kagome compounds [72,130], which has driven inter-

est in using kagome platforms to explore topological responses and correlation-enhanced phenomena

with device relevance [144,145].

A breathing kagome lattice is a variant where the triangles alternate between large and small,

so bond lengths and triangle areas are modulated across the plane. This alternation can stabilize

(sometimes topological) flat-band features, modify Dirac gaps through symmetry breaking, and even
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allow coupling to polar distortions and ferroelectricity in some cases [11,96]. Because the breathing

pattern reshapes the low-energy electronic structure and the spin Hamiltonian, it provides extra

handles for tuning magnetic anisotropy and exchange, which makes it a natural setting for strain

control.

The Nb3X8 family (X = Cl, Br, I) are layered van der Waals semiconductors whose Nb planes

realize a breathing kagome motif [109]. They have moderate band gaps, can be exfoliated to

monolayers, and integrate well into heterostructures, which is attractive for optoelectronic and

spintronic architectures [75, 160]. Prior work has highlighted kagome-derived flat-band features

and semiconducting behavior in this family using ARPES, and has motivated detailed studies of

how lattice geometry couples to magnetism. My own contributions include DFT calculations for

works studying phonon modes using Raman spectroscopy on Nb3Cl8 [65], as well as for works using

ARPES measurements on Nb3Br8 [39, 145] and Nb3I8 [144]. However, in this dissertation I focus

on monolayer Nb3Cl8 and show how controlled strain can be used to tune its magnetic order, as

given in Ref. [37].

5.1 Monolayer Nb3Cl8

Several factors motivate a focused study of Nb3Cl8. It may host topological flat bands in

its electronic dispersion [19, 30, 65, 101, 146, 160], which in turn can stabilize strongly correlated

insulating phases [2, 64, 155]. It has also been identified as a candidate to realize the Hubbard

model [48, 55, 197], Mott-insulating behavior [48, 55, 64, 99, 158, 183, 197], field-effect transistors

[90, 106], topological insulators [15], heterostructure phenomena [105, 184], excitonic effects [74],

and charge-ice physics [158]. Magnetically, both bulk and monolayer Nb3Cl8 are paramagnetic at

high temperature [48,133,158], with bulk material undergoing a ∼90 K transition to a nonmagnetic

singlet ground state [13,48,58,59,65,76,99,133,154]. However, the exact magnetic ground state of the

monolayer remains unsettled, with reports ranging from ferromagnetic [66,76] to antiferromagnetic

[2,55,59,158,160,186] and even quantum spin liquid candidates [55,59,64,99,197]. To date, there are

very few studies addressing the impact of spin–orbit coupling (SOC) in the monolayer or exploring

how its magnetic order can be tuned. Strain is especially important, as it can drive changes in

the ground state; yet aside from Ref. [122], which considered strain only in terms of mechanical
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properties, strain effects in Nb3Cl8 have not been examined.

In this work, we focus on the magnetic properties of monolayer Nb3Cl8. Recent studies of the

monolayer cover a wide range of topics [48,55,64,66,122,158,160,186,197], including evidence that

its synthesis may be experimentally achievable [66, 122, 160, 186]. Nb3Cl8 belongs to space group

156 (P3m1), which lacks inversion symmetry, permitting nonzero Dzyaloshinskii–Moriya interac-

tions (DMI) in the presence of SOC. SOC further enriches the magnetic landscape by introducing

anisotropy and extending the role of extended-neighbor interactions, whose combined influence on

the magnetic order remains unexplored.

5.2 Band Diagrams

As a first illustrative step, we use DFT calculations (using methods in Chapter 6.1) to present

band diagrams for monolayer Nb3Cl8 in Fig. 5.1 (a)-(c). We note that our band diagram for the

case without spin polarization Fig. 5.1 (a) compares well with diagrams from other references,

such as Ref. [55, 160] even though they used PBE as the exchange-correlation energy functional

(compared to the LDA we used, see Sec. 6.1).

We also present a plot of magnetization (i.e., spin density) in Fig. 5.1 (d).

5.3 Effective Triangular Lattice and Frustration

As mentioned, Nb3X8 has a breathing Kagome lattice consisting of alternating large and small

Nb3 triangles. However, it is a molecular cluster magnet because each small Nb3 triangle, or Nb3

trimer, shares a single molecular orbital with a S = 1
2 moment [48, 55, 58, 59, 64, 99, 126, 133, 154,

155, 158, 186, 197]. The Nb3 trimers share a single spin-12 moment because the three Nb 4d t2g

orbitals {dxy, dyz, dxz} on each site hybridize strongly within a face-sharing triangle to form cluster

molecular orbitals that split into a bonding singlet 1a1, a bonding doublet 1e, and a higher bonding

level 2a1. With a total of seven 4d electrons per [Nb3]
8+ unit, six electrons fully occupy the lower

bonding states, 1e4 1a21, and the seventh electron resides in the 2a1 level, giving the configuration

(1e)4(1a1)
2(2a1)

1,
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(a) No spin polarization. (b) Spin polarized, but without SOC. Blue bands
are the spin up channel, and red bands spin down.

(c) With SOC. Bands are doubly-degenerate. (d) Magnetization in monolayer Nb3Cl8.

Figure 5.1: (a)-(c) Band diagrams for monolayer Nb3Cl8 along the path Γ −M − K − Γ in the
Brillouin zone. (d) Magnetization (yellow) in monolayer Nb3Cl8 unit cell, viewed from above the
ab-plane. The magnetization is calculated by subtracting the spin up density by the spin down
density. Nb atoms are in green, and Cl atoms in purple. Most of the magnetization is from the Nb
atoms, while the small yellow bubbles in the top-left are minor contributions from Cl atoms.
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Figure 5.2: Nb3Cl8 crystal structure shown as a 4×4×1 supercell, viewing the ab-plane from above
[120]. The semi-transparent atoms show the Nb (green) and Cl (purple) atoms of the breathing
Kagome lattice (with alternating big and small Nb3 triangles). A few Nb3 trimers (small Nb3

triangles sharing a single S = 1
2 moment) are marked as yellow triangles. If each yellow triangle is

considered a single point, we see the overlying triangular lattice. The arrows connecting triangles
indicate the trimer bond pairs we chose in calculating NN (blue), 2NN (red), and 3NN (black)
interactions. The triangle with three arrows pointing towards it is considered the atom with the
first index in each bond.

so that one unpaired electron is delocalized over the trimer and yields an effective spin-12 per Nb3

cluster [58].

So, despite having a Kagome lattice, Nb3X8 effectively behaves as a triangular lattice magneti-

cally, with each Nb3 trimer corresponding to a single triangle vertex (see Fig. 5.2). The triangular

lattice makes Nb3X8 susceptible to magnetic frustration, because the geometric arrangement of

spins in an equilateral triangle prevents all three spins from simultaneously aligning antiferromag-

netically, leading to competing interactions that cannot be satisfied simultaneously. If the magnetic

correlations could be tuned between antiferromagnetic and other states, we would have an exciting

means to progress in the hunt for quantum systems offering magnetic control. Therefore, it is

important to accurately model the magnetic properties of Nb3X8 to understand its potential for

hosting exotic quantum states, and as a playground for manipulating magnetic order.



80

5.4 This Work

A common approach to study magnetic anisotropy is to calculate energy differences among

distinct spin configurations. The 4-state energy mapping formalism is especially powerful in this

regard [150,174,175]. It reduces ambiguity in near-degenerate cases, accounts comprehensively for

interactions (including anisotropic exchange), and, when based on accurate ab initio calculations,

can yield good agreement with experiment. Yet for Nb3Cl8, this formalism has not been applied

to the effective triangular lattice formed by Nb3 trimers [2, 48,55,58,112,154,158,160,193].

To address this gap in the literature, we employ the 4-state mapping method [150] on the triangu-

lar trimer lattice to extract magnetic anisotropy parameters for a generalized Heisenberg-like Hamil-

tonian [Eq. (6.9)], including interactions up to third-nearest neighbors. To capture the system’s

complexity more accurately, we extend beyond isotropic exchange [2,48,55,58,112,154,158,160,193]

by incorporating SOC-induced anisotropic exchange, DMI, and single-ion anisotropy. Using ab ini-

tio calculations, we determine these parameters, which are collectively absent in prior studies, and

subsequently calculate the magnetic susceptibility using classical Monte Carlo simulations. Fitting

the data to the Curie-Weiss law reveals local antiferromagnetic correlations with a negative Weiss

temperature, consistent with frustration on the triangular lattice (which is also evidenced by the

calculated moderate frustration index). We also find nonzero DMI of comparable magnitude to the

anisotropic exchange. Finally, we demonstrate that biaxial strain can tune the magnetism between

antiferromagnetic, paramagnetic, and ferromagnetic correlations, providing a route to manipulate

the magnetic properties of Nb3Cl8.

In the next Chapter 6 we present the methods used in this work, and in the following Chapter

7 we present our results. My work on Nb3X8 appears in Ref. [37, 39,40,65,144].
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Chapter 6

METHODS

6.1 Density Functional Theory Calculations

In this work, we use ab initio Density Functional Theory (DFT) in our ground-state calcula-

tions. First-principles DFT recasts the interacting N -electron problem in terms of the ground-state

electron density n(r), rather than the full many-body wavefunction, thereby making calculations

for real materials tractable [62, 79]. DFT is commonly implemented in plane-wave codes such as

VASP [85] and Quantum Espresso [49].

6.1.1 Kohn–Sham Equations

Under the Born–Oppenheimer approximation [12], the nuclei are treated as fixed, and the electronic

Hamiltonian (in atomic units ℏ = m = e = 1) reads

H =

N∑
i

(
−1

2∇
2
i + Vext(ri)

)
+ 1

2

N∑
i ̸=j

1

|ri − rj |
, (6.1)

where the first term is the kinetic energy of the electrons, the second term is the external potential

due to the fixed nuclei, and the last term accounts for electron-electron Coulomb repulsion. The

exact many-electron wavefunction Ψ(r1, . . . , rN ) satisfies

H Ψ = EΨ. (6.2)

Because solving Eq. (6.2) directly is exponentially expensive in N , DFT uses two theorems by

Hohenberg and Kohn [62] to show that the ground-state energy E[n] is a functional of n(r) and

that the correct n(r) minimizes this functional.

Kohn and Sham [79] derived a practical scheme in which one solves a set of effective single-
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particle equations [
−1

2∇
2 + Vext(r) + VH(r) + Vxc(r)

]
ψi(r) = εi ψi(r), (6.3)

where the electron density is built from the occupied Kohn–Sham orbitals,

n(r) =
N∑
i=1

|ψi(r)|2. (6.4)

In Eq. (6.3), the Hartree potential

VH(r) =

∫
n(r′)

|r− r′|
dr′ (6.5)

describes the classical electrostatic repulsion of the total electron density (including a self-interaction

error), and Vxc is the exchange-correlation potential defined by the functional derivative

Vxc(r) =
δExc[n]

δn(r)
. (6.6)

6.1.2 Exchange–Correlation Functionals

Since the exact Exc[n] is unknown, practical DFT uses approximations. In the local density ap-

proximation (LDA), one assumes the exchange–correlation energy density at each point equals that

of a uniform electron gas of density n:

ELDA
xc [n] =

∫
n(r) εxc

(
n(r)

)
dr, (6.7)

where εxc(n) is taken from quantum Monte Carlo data for the homogeneous electron gas [22,138].

Generalized gradient approximations (GGA) are also popular and include dependence on the

density gradient ∇n:

EGGA
xc [n] =

∫
n(r) εxc

(
n(r), ∇n(r)

)
dr. (6.8)

Common GGA forms include the Perdew–Wang (PW91) [137] and Perdew–Burke–Ernzerhof (PBE)

[136] functionals.

In this work, we use LDA.
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6.1.3 Simulation Details

First-principles DFT+U+SOC calculations were performed using the VASP package version 6.4.1

[82–84, 86, 87], for Hubbard U and spin-orbit coupling (SOC). The valence electron and core in-

teractions were described using the projector augmented wave (PAW) method [10, 88]. For the

exchange-correlation energy functional, we used the local density approximation (LDA) [79]. Within

the applied PAW pseudopotentials, we included semicore 4s and 4p states as valence electrons for

Nb, and only the standard 3s and 3p states as valence electrons for Cl. We used a 4× 4× 1 super-

cell for the monolayer. Since lattice parameter information from experiment is not available for the

monolayer, we used the parameters a = 6.744 Å and α = 120◦ from single-crystal X-ray diffraction

data for α-Nb3Cl8 [109], which is the multi-layer high-temperature structure that is proposed to

lead to exotic spin phenomena and remain in the α phase at low temperatures if exfoliated at high

temperatures [55, 99, 133]. A vacuum spacing of 25Å along the c-direction was applied to avoid

interactions between periodic images of the monolayers. We used a 1× 1× 1 Γ-centered mesh with

automatically-determined k points. The conjugate-gradient algorithm was used to relax only the

atom positions until the norms of all the forces were smaller than 10−7 eV/ ˙̊A.

We constrained all magnetic moments of the Nb atoms to be in the x-direction in the relaxation,

to account for the in-plane anisotropy, which we verified by noting that in-plane moments yielded

the lowest energies. To reach this conclusion, we compared the energies of several configurations

that differed in the direction of magnetic moments assigned. All Nb atoms in each case had one of

the following directions: (1,−1.73205, 0), (−0.5, 0.8660254, 0), (1, 0, 0), (0, 1, 0),(−1.73205,−1, 0),

(1, 1, 0), (−1, 1, 0), (0, 1, 1), (1, 0, 1), (0, 0, 1).

In order to accurately capture the shared spin-1/2 moment, we constrained the direction and sign

of the assigned moment, but not the size (which we let the software determine). When considering

different spin configurations between Nb3 trimers (e.g., for the 4-state energy mapping analysis in

Sec. 6.3), each Nb atom in a trimer is assigned the same initial magnetic moment, to correspond

to the desired moment of a triangle vertex point. The convergence criterion of the total energy was

10−8 eV. The energy cutoff for the plane-wave basis set was ENCUT = 400 eV, which is greater

than the standard value of 1.3× the highest ENMAX value appearing in POTCAR (in our case,

ENMAX = 293.304). This is with the exception for the Jk
ij vs. strain plots Fig. 7.4,7.5,7.6, which
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use ENCUT = 350 eV; see Sec. 7.2). We used Gaussian smearing, with a smearing width of

0.03 eV. The Wigner-Seitz radii for Nb and Cl were 1.270 Å and 1.111 Å respectively; and the

LAMBDA parameter (which sets the weight with which the penalty terms of the constrained local

moment approach enter into the total energy expression and the Hamiltonian) was set to 9. The

simplified (rotationally invariant) approach to DFT+U introduced by Dudarev et al. [31] was used

to incorporate the DFT+U formalism. A Hubbard potential of U = 1 eV was used on Niobium

d orbitals to account for effective on-site Coulomb interactions. Our optimized structure yielded

an Nb-Nb bond length of 2.8112 Å within an Nb3 trimer. This is only 0.01% different from the

experimental bond length of 2.8109 in Ref. [58, 59], although it is quite different from the 2.85 Å

bond length in Ref. [179].

6.1.4 Strain Tuning

We applied biaxial strain in our DFT calculations by changing the a and b lattice vectors by the

same percentage, and relaxing atom positions before running self-consistent field calculations.

6.1.5 Phonon Dispersions

We used VASP to perform Density Functional Perturbation Theory (DFPT) calculations for the

monolayer unit cell with SOC, with unconstrained Nb magnetic moments starting in the (1, 0, 0)

direction. Otherwise, the calculation details are as described in Sec. 6.1.3.

6.2 Spin Hamiltonian

For the model we consider in this work, which includes anisotropies allowed by SOC and

extended-neighbor interactions, the corresponding generalized Heisenberg-like spin Hamiltonian

on the triangular lattice (see Fig. 5.2) becomes:

H =
∑
i<j

Si · Jk
ij · Sj +

∑
i

Ai(S
z
i )2 (6.9)

where k = 1, 2, 3 corresponds to nearest-neighbor (NN), second-nearest-neighbor (2NN) and third-

nearest-neighbor (3NN) pairs respectively. We use the index k to make explicit the usual J1, J2,
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J3 notation for NN–3NN couplings. Si = (Sx
i , S

y
i , S

z
i ) represents the spin-1/2 operator at site i.

Jk
ij is the anisotropic exchange interaction between spins at sites i and j, and Ai is the single-ion

anisotropy constant at site i. We assume this form of the single-ion anisotropy contribution to the

Hamiltonian due to the system’s easy-plane anisotropy that we numerically determined. Otherwise,

we would have the general form [175]:

Ai,xx(Sx
i )2 +Ai,yy(Sy

i )2 +Ai,zz(Sz
i )2 + 2Ai,xyS

x
i S

y
i + 2Ai,xzS

x
i S

z
i + 2Ai,yzS

y
i S

z
i .

In our case, we have Ai(S
z)2 ≡ (Ai,zz −Ai,xx)(Sz

i )2.

We note that, to the best of our knowledge, the complete Hamiltonian in Eq. (6.9), including

anisotropic exchange, DMI, and single-ion anisotropy up to third-nearest neighbors, has not been

systematically explored in previous studies of spin-1/2 triangular-lattice systems. Earlier works

have typically considered simplified models, such as isotropic or XXZ-type exchanges, sometimes

including DMI or up to only second-nearest-neighbor interactions, within limited parameter regimes

[9,50,51,68,149,168]. By using the full Hamiltonian, we can capture the combined influence of SOC-

induced anisotropies and extended-neighbor couplings on the competition between ferromagnetic

and antiferromagnetic correlations, the emergence of noncollinear spin textures, and possible chiral

ground states, which cannot always be accessed within the simplified forms.

6.3 4-state Energy Mapping Analysis

To investigate magnetic properties, a common strategy is to calculate magnetic anisotropy

parameters using test cases that differ in how spins are assigned to atoms. The 4-state energy

mapping formalism has proven to be quite powerful in calculating these parameters [150,174,175].

It can provide close agreement to experiment depending on the accuracy of the underlying ab

initio calculations. It also offers a comprehensive consideration of interactions (e.g., including

anisotropic exchange), and reduced ambiguity when dealing with spin configurations with near-

degenerate energy levels (compared to two-state approaches and fitting methods, for instance). It

is also simpler and more efficient to implement compared to Green’s function and random phase

approximation (RPA) methods, and is particularly well-suited to analyzing magnetic order.
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Recall our Hamiltonian Eq. (6.9) (replicated below):

H =
∑
i<j

Si · Jk
ij · Sj +

∑
i

Ai(S
z
i )2 (6.10)

where k = 1, 2, 3 corresponds to nearest-neighbor (NN), second-nearest-neighbor (2NN) and third-

nearest-neighbor (3NN) pairs respectively. Si = (Sx
i , S

y
i , S

z
i ) represents the spin-1/2 operator at

site i. Jk
ij is the anisotropic exchange interaction between spins at sites i and j of form (using a

Cartesian frame of reference, and ignoring the superscript k = 1, 2, 3 for brevity):

J =


Jxx Jxy Jxz

Jyx Jyy Jyz

Jzx Jzy Jzz

 , (6.11)

and Ai is the single-ion anisotropy constant at site i. Note that we can get the components of the

Dzyaloshinskii–Moriya interaction (DMI) vectors from Jk
ij , i.e., Dk = (Dk

x, D
k
y , D

k
z ), in a Cartesian

frame of reference as:

Dk
x = 1

2

(
Jk
yz − Jk

zy

)
,

Dk
y = 1

2

(
Jk
zx − Jk

xz

)
,

Dk
z = 1

2

(
Jk
xy − Jk

yx

)
.

(6.12)

The general idea behind the 4-state energy mapping technique is that, for each component in

Eq. (6.10) (e.g., Jxz
12 ), we calculate the energies of 4 different spin configurations, and combine them

in a way that isolates the contribution of the component. In this notation, the superscript now

indicates the Cartesian component (e.g., xz) instead of which neighbor hopping it is (e.g., 1, 2, 3).

The anisotropic exchange constants Jij between two magnetic sites i and j along directions α

and β can be obtained by combining energies from four specific spin arrangements:

Jαβ
ij =

E1 + E4 − E2 − E3

4S2
. (6.13)

Here, i and j index different lattice sites; α, β are two distinct Cartesian axes; and E1 . . . E4 are

the total energies of the following spin configurations: the moments Si and Sj point along ±α and
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±β, while all other spins Sother̸=i,j lie along the remaining axis.

For example, to isolate Jxz
12 , one uses these four states (all other spins along y):

State 1: S1 = (+S, 0, 0), S2 = (0, 0,+S),

State 2: S1 = (+S, 0, 0), S2 = (0, 0,−S),

State 3: S1 = (−S, 0, 0), S2 = (0, 0,+S),

State 4: S1 = (−S, 0, 0), S2 = (0, 0,−S),

and all others Sk ̸=1,2 = (0,+S, 0) or Sk ̸=1,2 = (0,−S, 0) depending on the low energy state. These

give four energies:

E1 = S Jxz
12 S +

∑
j ̸=2

S Jxy
1j S +

∑
i ̸=1

S Jyz
i2 S +

∑
i ̸=1,j ̸=2

S Jyy
ij S + S Axx

11 S + S Azz
22 S +

∑
i ̸=1,2

S Ayy
ii S,

E2 = −S Jxz
12 S +

∑
j ̸=2

S Jxy
1j S −

∑
i ̸=1

S Jyz
i2 S +

∑
i ̸=1,j ̸=2

S Jyy
ij S + S Axx

11 S + S Azz
22 S +

∑
i ̸=1,2

S Ayy
ii S,

E3 = −S Jxz
12 S −

∑
j ̸=2

S Jxy
1j S +

∑
i ̸=1

S Jyz
i2 S +

∑
i ̸=1,j ̸=2

S Jyy
ij S + S Axx

11 S + S Azz
22 S +

∑
i ̸=1,2

S Ayy
ii S,

E4 = S Jxz
12 S −

∑
j ̸=2

S Jxy
1j S −

∑
i ̸=1

S Jyz
i2 S +

∑
i ̸=1,j ̸=2

S Jyy
ij S + S Axx

11 S + S Azz
22 S +

∑
i ̸=1,2

S Ayy
ii S.

Combining these,

E1 + E4 − E2 − E3 = 4S2 Jxz
12 ,

so indeed

Jxz
12 =

E1 + E4 − E2 − E3

4S2
. (6.14)

The off-diagonal single-ion anisotropy components (α ̸= β) at site i can be written as

Aαβ
ii =

E1 + E4 − E2 − E3

4S2
,

where α, β ∈ {x, y, z} are two distinct axes. Note that in this work, A ≡ Ai ≡ Aii. Here E1 . . . E4

are the total energies of the four spin orientations in which the moment Si lies in the αβ plane at

angles of

(+α,+β), (−α,+β), (+α,−β), (−α,−β),
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each separated by 45◦, while every other spin Sother̸=i is fixed along the remaining Cartesian axis.

For the diagonal anisotropy terms (α = β) one forms the difference between the αα and xx

components:

Aαα
ii − Axx

ii =
E1 + E2 − E3 − E4

2S2
, α ∈ {y, z}.

In this case E1 . . . E4 are the energies with Si pointing along ±α and ±x, and all other spins

orthogonal to both α and x.

In a two-dimensional crystal that has three-, four-, or six-fold rotational symmetry, the sign of

A = Azz −Axx,

which appears in Eq. (6.10), determines the easy-axis orientation: A > 0 for easy-plane anisotropy;

A < 0 for out-of-plane anisotropy; and A = A0 = 0 for the isotropic case, where Axx = Ayy =

Azz = A. In the isotropic limit the single-ion term reduces to a constant A0 S
2 in the Heisenberg

Hamiltonian and does not affect its spectrum.

The above exposition is derived from Ref. [150]. The formulae for almost all parameters (except

Jαβ, α ̸= β) are explicitly listed in Ref. [175] (which should be followed with caution, following the

subtleties discussed in Ref. [150]).

In our calculations, we used S = 1/2. We also used the trimer pairs indicated by arrows in Fig.

5.2. The magnetic parameters between different trimer pairs will differ by rotations of the exchange

matrices Eq. (7.2); for instance, by 60◦ for adjacent NN trimer pairs. In the DFT calculations, Nb

atom in a Nb3 trimer is assigned the same magnetic moment, to correspond to the desired moment

of a triangle vertex point. We caution the reader that since we used a 4×4×1 supercell, we are not

excluding interactions between periodic images when calculating magnetic anisotropy parameters

between third-nearest-neighbors (i.e., J3
ij). So, we deviate from the standard 4-state energy mapping

technique in the 3NN case by accounting for this change in coordination number by dividing all

computed J3
ij by 2 since each interaction occurs twice for this choice of supercell. A 5 × 5 × 1 (or

larger) supercell would have mitigated this issue. However, we could only converge our calculations

for the collinear Heisenberg case with a 5×5×1 supercell despite experimenting with a wide range
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of LAMBDA and Wigner-Seitz radii. Despite this, we confirm that the isotropic Heisenberg J4 from

4NN interactions is negligible using the collinear case. This justifies truncating interactions past

3NN interactions even using the 4-state mapping method. This is consistent with other works like

Ref. [112] considering interactions only until 3NN, and our own spin-spiral calculations mapping to

the spin-1/2 Heisenberg model for the case without SOC (which gave J4 = 0.01 meV).

6.4 Curie-Weiss Law and Monte Carlo Simulations for Susceptibility

6.4.1 Curie-Weiss Law

The DFT-derived magnetic parameters were used to calculate the magnetic susceptibility using

Monte Carlo simulations, and used with the Curie-Weiss law to classify the magnetic correlations.

The Curie-Weiss law describes the magnetic susceptibility χd (in d = x, y, z directions) of antifer-

romagnetic (AFM) and ferromagnetic (FM) materials above their respective critical temperatures

(Néel temperature TN for antiferromagnets, and Curie temperature TC for ferromagnets):

1

χd
=
T − θd
C

. (6.15)

Above, we have the temperature T , Curie constant C and Weiss temperature θd. θd is typically

negative for AFM correlations, 0 for paramagnetic (PM) correlations, and positive for FM correla-

tions [123]. Although anisotropy, which is present in this work, may suppress long-range magnetic

order, the sign and magnitude of θd still reflect the presence of local magnetic correlations.

6.4.2 Atomistic Monte Carlo Simulations

We use classical Monte Carlo (MC) sampling of a spin Hamiltonian to predict magnetic order-

ing temperatures. The open-source package VAMPIRE 6.0 [33] implements this approach on an

atomistic lattice. The spin Hamiltonian defined in VAMPIRE can be mapped to Eq. (6.9) up to

sign.

In the Metropolis MC algorithm each spin is randomly perturbed and accepted with probability

P = min
(
1, exp[−∆E/(kBT )]

)
,
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where ∆E is the energy change of the trial move, kB is Boltzmann’s constant and T the temperature.

After equilibration, thermal averages of the magnetisation

M =
∑
i

Si

are collected over many MC sweeps. The magnetic susceptibility along the z-axis, for instance, is

obtained from its fluctuations via

χz(T ) =
⟨M2

z ⟩ − ⟨Mz⟩2

kBT V
,

where V is the sample volume. The Curie temperature TC is identified by the peak in χz(T ).

Our first-principles calculations supply the tensors Jαβ
ij and single-ion anisotropy A together

with the crystal structure to VAMPIRE. The code builds a periodic supercell, reads in these pa-

rameters, and carries out MC sampling across a temperature grid to map out M(T ) and χ(T ).

We employed a 2D triangular lattice of size 100 × 100 nm, with periodicity in the x and y

directions. This yields 25628 atoms for the unstrained structure, 27234 atoms for the −3% biaxial

strained structure, and 27900 atoms for the −4% biaxial strained structure.

We modeled the triangular lattice in VAMPIRE using a 2D rectangular ‘unit cell’ of dimensions

a × a
√

3 × 1000 (for lattice vector a and ‘vacuum spacing’ 1000), with two Nb3 ‘atoms’ placed at

(0.25, 0.75, 0) and (0.75, 0.25, 0) in fractional coordinates. When specifying anisotropic exchange

matrices J Eq. (7.2), we ensured that J calculated for the bonds indicated in Fig. 5.2 are appro-

priately rotated in the 2D plane to account for the other bonds’ orientations. For instance, the NN

bond immediately clockwise to the NN bond indicated in Fig. 5.2 would have the same J , except

rotated clockwise by 60◦.

We used temperature increments of 0.2 K, 2.5×106 equilibration time steps, and 2.5×106 loop

time steps. We additionally assigned the initial spins to be in random directions.
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6.4.3 Fitting Susceptibility to Curie-Weiss Law

Due to the system’s anisotropy, we do not expect χd to always be the same for different d. θd

can be easily found by fitting the linear portion of χ−1
d vs. T data to a line, and calculating T at

which χ−1
d = 0. This is simply the negative of the vertical intercept b divided by the gradient m:

θd = −b/m. The propagated uncertainty σθ of θd (without the small covariance term) is calculated

using

σθ ≈
√(

σb
m

)2
+
(
b σm
m2

)2
,

where σb is the standard error of b, and σm is the standard error of the m. C in Eq. (6.15) is the

inverse of the gradient, and then the effective magnetic moment is µeff =
√

8CµB (for the Bohr

magneton µB). For a spin-1/2 moment, we expect µeff ≈ 1.73µB [123].

When fitting our data to a line, we used the data only above 50 K, in order to ensure we are

within the paramagnetic region for which the Curie-Weiss law is applicable, well above the kinks

in susceptibility that arise at or below ∼20 K in all our cases (see Fig. 7.1).
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Chapter 7

RESULTS

7.1 Antiferromagnetic Correlations

We use the methods in Chapter 6: DFT+U+SOC calculations were performed as outlined in

Sec. 6.1. The spin Hamiltonian in Sec. 6.2 was used, along with the 4-state energy mapping

technique in Sec. 6.3, to extract our magnetic parameters.

For the triangle vertex pairs illustrated in Fig. 5.2, we calculated the following (in units of

meV):

J1 =


1.49 −0.15 0.89

0.15 1.59 −0.01

−0.89 −0.01 1.47

 , J2 =


0.96 0.00 0.04

0.00 0.97 −0.02

−0.04 0.02 0.95



J3 =


−0.73 0.00 0.00

0.00 −0.74 0.00

0.00 0.00 −0.73


(7.1)

where the anisotropic exchange Jk is (using a Cartesian frame of reference, and ignoring the super-

script k = 1, 2, 3 for brevity):

J =


Jxx Jxy Jxz

Jyx Jyy Jyz

Jzx Jzy Jzz

 . (7.2)

The single-ion anisotropy constant was A = 0.56 meV. The DMI vector Dk = (Dx, Dy, Dz) was

calculated to be D1 = (0,−0.89,−0.15) meV, D2 = (−0.02,−0.04, 0) meV, and D3 = (0, 0, 0)

meV. Our values are accurate up to 2 decimal places in meV. Using the convention dictated by Eq.

(6.9), Jk
mn > 0 is an AFM interaction (and Jk

mn < 0 is FM), for m,n being x, y, z. A > 0 implies

easy-plane anisotropy.
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Notice that most of the nonzero components of J1 and J2 are > 0, suggesting that they are

antiferromagnetic. Indeed, using our classical Monte Carlo calculations outlined in Sec. 6.4, we

found the Weiss temperatures

(θx, θy, θz) = (−46.98 ± 0.50,−46.87 ± 0.50,−48.75 ± 0.51) K.

The susceptibility data used to calculate θd is given in Fig. 7.1 and Fig. 7.2. In all cases, we obtained

an effective moment µeff ≈ 1.77µB, corresponding to a Landé g-factor of ≈ 2.04, which is in good

agreement with the expected value of 1.73µB for a spin-1/2 system (g ≈ 2). These θd compare

well with reported values of isotropic θ from Curie-Weiss fittings of susceptibility from DFT and

experimental single crystal and powder data. These θ fall within the range of −70.1 < θ < −13.1

K [48, 58, 59, 99, 112, 133, 154, 160, 201]. This is with the exception of the reported ferromagnetic

Weiss temperatures of +15 K (from single crystals) [76] and +31 K (from DFT) [66].

Since all our θd < 0, we have local AFM correlations. The system’s clear antiferromagnetism

suggests that it could be frustrated due to the triangular lattice structure, as an AFM configuration

cannot be fully satisfied in such a geometry. We support this claim by calculating the frustration

index f [143]:

f = − θd
TN

.

Using the TN values in Fig. 7.1 (i.e., TN ∼20.2 ± 0.5 K), we have (fx, fy, fz) ∼(2.3, 2.3, 2.4) ± 0.1,

which indicates frustration since f > 1. This frustration may be a stepping stone towards realizing

exotic magnetic phenomena, such as quantum spin liquids.
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Figure 7.1: Inverse susceptibility 1/χd (arb. units) vs. temperature T (K) in the d = x-direction
for 0% (unstrained), −3%, and −4% biaxial strain. Data from Monte Carlo simulations are shown
as dots, and the black lines are linear fit using data from 50 ≤ T ≤ 300 K. We chose this range
to ensure that we are within the paramagnetic region for which the Curie-Weiss law applies, well
above any kinks in susceptibility. In all of our cases, these kinks occur at or below ∼ 20 K. For
0%, they occur at TN ∼20.2 ± 0.5 K (same for x, y, z within the range of error, as expected). For
clarity in illustration, we show Monte Carlo data for only the range we use for fitting, with the
exception of 0% strain in this figure, which exemplifies the aforementioned kinks. The equations
of the linear fits are given in the inset in the top-left along with the coefficient of determination
R2. The R2 values very close to 1 indicate that the fits explain the variance in data quite well.
The Weiss temperature θd and uncertainty for each case is given alongside the vertical dashed line
denoting the intersection of the linear fit with the T axis.

7.1.1 Dzyaloshinskii–Moriya Interaction

The DMI vectors extracted from Eq. (7.1) for the unstrained case are D1 = (0,−0.89,−0.15) meV,

D2 = (−0.02,−0.04, 0) meV, and D3 = (0, 0, 0) meV. D1 is visualized in Fig. 7.3.
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(a) d = y (b) d = z

Figure 7.2: Inverse susceptibility 1/χd (arb. units) vs. temperature T (K) in the d = y and d = z-
directions for 0%, −3%, and −4% biaxial strain. Notation is as used in Fig. 7.1.

Figure 7.3: D1 for the unstrained case, visualized in the xy (left) and yz (right) planes. The Dz

component is −0.15 meV for all NN bonds.

We note that the calculated DMI vectors are consistent with the symmetry constraints imposed

by the crystal (Moriya’s rules) and, upon enforcing the full little group at the bond midpoint, reduce

to D1
x = 0 for the NN bond in direction (−1, 0, 0), D2

z = 0 for the 2NN bond in direction (−1, 1, 0),

and D3
x = 0 for the 3NN bond in direction (−2, 0, 0), where the bond directions are expressed in

the (a, b, c) lattice basis (see Fig. 5.2).

The origin of these constraints can be understood by considering the site symmetry (little group)

at each bond midpoint and applying Moriya’s rules for the DMI. For the NN and 3NN bonds

oriented along the a-axis, the relevant vertical mirror plane in P3m1 is perpendicular to the bond
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and passes through its midpoint. This operation exchanges the two end sites, and the invariance of

the antisymmetric exchange term Dij · (Si ×Sj) requires the DMI vector to be invariant under this

mirror. Because D transforms as an axial vector, the component along the bond direction changes

sign under reflection and must vanish, hence D1
x = D3

x = 0. In contrast, for the 2NN bond along

(−1, 1, 0), the bond midpoint lies on both the perpendicular-bisector mirror (which exchanges the

sites) and a mirror that contains the bond (which does not). The first again enforces D⊥ bond;

the second requires D to be odd under reflection, i.e. parallel to the in-plane normal of that mirror

(perpendicular to the bond and within the plane), which eliminates the out-of-plane component:

D2
z = 0.

Separately, we notice that the calculated DMI is comparable in magnitude to the components of

the anisotropic exchange. The ratio between the Frobenius norm of J1 (|J1| = 2.92) and Euclidean

norm of D1 (|D1| = 0.90) is |D1|/|J1| = 0.31. This implies the strength of the DMI is relatively

large, as the expected value of this ratio is on the order of 0.1 [121, 175]. We see that the role of

the DMI may be significant, implying consequences such as the stabilization of non-collinear spin

structures.

7.2 Strain Tuning between AFM, PM and FM correlations

Given the potential for frustration in Nb3Cl8, we explore its magnetism further using biaxial

strain tuning to better understand and manipulate its magnetic characteristics. We used the 4-state

energy mapping technique to calculate magnetic anisotropy parameters as we applied compressive

and tensile strain (Sec. 6.1.4).

For computational efficiency in generating exchange vs. strain diagrams, we used a slightly

lower energy cutoff for the plane-wave basis set (ENCUT = 350 eV) compared to the cases that

we explore using Monte Carlo calculations (ENCUT = 400 eV). For ENCUT = 350 eV, we got

a single-ion anisotropy of 0.56 meV (same as with 400 eV), and the anisotropic exchange in Eq.
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(7.3). These values are very close to the values for 400 eV given previously in Eq. (7.1):

J1 =


1.44 0.16 −0.88

−0.16 1.52 0.00

0.88 0.00 1.40

 , J2 =


0.96 0.00 0.04

0.00 0.96 −0.04

−0.04 0.04 0.96



J3 =


−0.72 0.00 0.00

0.00 −0.72 0.00

0.00 0.00 −0.72


(7.3)

The initial observation from these strain investigations is that the diagonal components of J1 and

J3 Eq. (7.1) can change sign (and magnitude), indicating switching between antiferromagnetic and

ferromagnetic correlations. This is illustrated in Fig. 7.4. NN interactions and single-ion anisotropy

are presented in Fig. 7.5, and 2NN interactions in Fig. 7.6. Note that for all percentages of strain

applied, the non-diagonal components of J3 (and therefore DMI) are 0 up to our 2 decimal place

accuracy.

(a) Diagonal matrix elements of J1 (meV) vs
strain (%)

(b) Diagonal matrix elements of J3 (meV) vs
strain (%)

Figure 7.4: Diagonal matrix elements Jxx, Jyy and Jzz of J1 and J3, with respect to strain (hori-
zontal axis). Note that some of the Jxx, Jyy, Jzz curves in each case heavily overlap with each other.
The red circles highlight the three test cases explored in our Monte Carlo calculations: 0%, −3%
and −4%.

To verify that the magnetic correlations can change, we used magnetic susceptibility data to
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(a) Non-diagonal matrix elements of J1 (meV)
vs strain (%)

(b) Components of DMI vector D1 =
(Dx, Dy, Dz) (meV) and single-ion anisotropy A
(meV) vs strain (%)

Figure 7.5: Non-diagonal elements of J1, DMI from NN interactions, and single-ion anisotropy,
with respect to strain (horizontal axis).

explore three test cases: 0%,−3% and −4%. For 0% strain, we have the results in Eq. (7.1), and

for −3%, we got single-ion anisotropy A = 0.46 meV and, using the same convention in Eq. (7.2),

the anisotropic exchange:

J1 =


−1.57 −0.34 0.61

0.33 −1.47 0.00

−0.62 0.00 −1.57

 , J2 =


0.71 0.00 0.06

0.00 0.72 −0.03

−0.07 0.04 0.71



J3 =


0.63 0.00 0.00

0.00 0.63 0.00

0.00 0.00 0.63


(7.4)
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(a) Diagonal matrix elements of J2 (meV) vs
strain (%)

(b) Non-diagonal matrix elements of J2 (meV)
vs strain (%)

(c) Components of DMI vector D2 =
(Dx, Dy, Dz) (meV) vs strain (%)

Figure 7.6: Diagonal elements of J2, non-diagonal elements of J2, and DMI from 2NN interactions,
with respect to strain (horizontal axis).

For −4% strain, we got single-ion anisotropy A = 0.43 meV and anisotropic exchange:

J1 =


−2.79 −0.38 0.48

0.39 −2.69 0.01

−0.47 0.01 −2.79

 , J2 =


0.63 0.00 0.06

0.00 0.62 −0.04

−0.06 0.03 0.62



J3 =


1.10 0.00 0.00

0.00 1.10 0.00

0.00 0.00 1.10


(7.5)
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Using these parameters in Monte Carlo simulations, for −3% strain, we got

(θx, θy, θz) = (−0.56 ± 0.38, 0.80 ± 0.41,−1.15 ± 0.40),

and for −4% we got

(θx, θy, θz) = (12.62 ± 0.40, 12.38 ± 0.39, 11.58 ± 0.39).

See Fig. 7.1 and Fig. 7.2 for the Monte Carlo susceptibility and fitting data. Since θd for −3%

strain are very close to 0, it is reasonable to infer that θd ∼ 0 and that we have PM correlations.

For −4% strain, we clearly have FM correlations since θd > 0.

7.2.1 Verifying Correlation Changes

The above results on strain-dependent exchange interactions and short-range correlations do not

themselves establish the presence or absence of long-range magnetic order in the ground state. To

further assess the magnetic tendencies, we directly compared the total energies of representative

magnetic configurations.

We perform ab initio supercell and spin-spiral calculations as consistency checks to show that

the unstrained and −4% strained structures have energies close to the energies of standard com-

mensurate 120◦ AFM and FM states, respectively. For the unstrained structure, this is consistent

with recent works which suggest that monolayer Nb3Cl8 has a 120◦ AFM ground state [2, 55,112].

However, due to the significant DMI we observe, it is reasonable to expect the true ground states

to be incommensurate.

For the ab initio supercell calculations, we choose possible magnetic configurations that are com-

mensurate with the supercell cell: FM, stripe (using a 2 × 2 supercell), and 120◦ order (
√

3 ×
√

3

supercell). With SOC included, we tested several different spatial and orientational alignment of

spins in each configuration (e.g., 120◦ with spins pointing inwards vs. outwards for a reference

triangle; stripes along horizontal and vertical directions; and in-plane vs out-of-plane FM configu-

rations). We found that for 0% strain, the 120◦ configurations yielded the lowest energy per unit

cell, with stripe configurations being higher by about 0.39 meV per unit cell, and the FM con-
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figurations being higher than 120◦ order by about 1.55 meV. In comparison, for −4% strain, the

FM configurations have the lowest energy, with the 120◦ configurations being higher by about 2.05

meV per unit cell, and stripe configurations being higher than FM by about 2.45 meV. Thus, while

genuinely incommensurate states are inaccessible in single-supercell calculations, the energetics of

the accessible commensurate configurations point to ground-state order close to 120◦ AFM at 0%

strain and FM at −4% strain.

Next, we perform additional calculations based on spin-spirals without SOC, following the ap-

proach of Ref. [112]. We performed spin-spiral calculations without SOC, because VASP’s spin-

spiral implementation uses the generalized Bloch theorem: Adding SOC couples spin and lattice

degrees of freedom, and thereby breaks the spin-rotation invariance required for the spiral boundary

conditions. Due to the lack of SOC, the results in this section are intended only as a qualitative

reference and not as a replacement for the SOC-based results in the main text.

We computed the spin-spiral dispersion for the unstrained and −4% biaxial strained struc-

tures. The spiral energies were fitted to an isotropic spin-1/2 J1–J2–J3–J4 Heisenberg model of the

following form (using notation consistent with Eq. (6.9)):

H =
∑
i<j

Jk
ij Si · Sj ,

from which excellent linear fits were obtained (see Fig. 7.7). For 0% strain the best fit parameters

were

(J1, J2, J3, J4) = (0.99, 0.22, 0.35, 0.00) meV,

and for −4% strain the parameters were

(J1, J2, J3, J4) = (−2.72, 0.27, 0.73, 0.00) meV.

The extracted exchange constants differ from those obtained from the 4-state mapping method

because SOC is not included in the spin-spiral calculations and therefore the anisotropic contribu-

tions to the exchange constants are absent. However, in both cases, we still see dominant AFM J1

for 0% strain, and dominant FM J1 for −4% strain.

As seen in Fig. 7.7, for 0% strain, the minimum of the spin-spiral dispersion occurs at the K
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Figure 7.7: Spin-spiral energies as a function of ordering vector for 0% and −4% biaxial strain,
with the energy at Γ set to 0.

point, which is consistent with 120◦ AFM order. For −4% strain, the minimum lies close to the Γ

point (0.08 meV away from the energy at Γ, with the total energy variation between the maximum

and minimum being 2.52 meV). This implies a tendency towards FM order. These trends agree

qualitatively with the strain-tunable magnetic behavior demonstrated by the 4-state mapping and

supercell calculations with SOC.

All these observations suggest that Nb3Cl8 exhibits a strain-tunable magnetic response, making

it a promising material to explore short-range AFM, PM, and FM correlations for future applica-

tions.

7.2.2 Phonon Dispersions and Structural Stability

We use phonon dispersions (Sec. 6.1.5) to show that our structures are stable for the 0,−3% and

−4% biaxial strained cases.

Indeed, we see from Fig. 7.8 that the phonon frequencies are positive and imply stable structures.

Note that there is a small pocket of negative frequencies near Γ, with the minima of the negative

frequencies being ∼ −0.27 THz for 0%, ∼ −0.22 THz for −3% and ∼ −0.21 THz for −4%. These
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(a) Unstrained structure (b) −3% biaxial strained structure

(c) −4% biaxial strained structure

Figure 7.8: Phonon dispersions.

small values lie within the ∼ −1 THz threshold commonly attributed to numerical noise near the

Γ point [97,98], and is therefore not indicative of a true structural instability.

7.3 Discussion

Our findings provide deeper insights into the magnetic behavior of Nb3Cl8. We showed that

monolayer Nb3Cl8 may be magnetically frustrated. This result supports recent work that suggests

exotic magnetic phenomena in Nb3Cl8. Even though our classical Monte Carlo calculations do not

capture quantum fluctuations, the AFM interaction and frustration index f > 1 indicate the possi-
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bility of Nb3Cl8 being a quantum spin liquid, due to the spin-1/2 nature of the system and the strong

quantum fluctuations. These ground states are very exciting due to the wide array of potential

applications in exploring fundamental quantum mechanics, quantum computing, spintronics, and

the development of advanced materials with novel magnetic and electronic properties. We further

showed that the short-range correlations may be tuned between AFM, PM and FM using strain,

which is appealing due to the demand for controllable magnetic properties in quantum materials

technologies. A potential next step would be to identify the role of the observed relatively-significant

DMI, and confirm whether it can stabilize exotic non-collinear spin structures such as spin spirals

or skyrmions. Further explorations could also involve establishing a comprehensive phase diagram

for the system. By elucidating the role of magnetic anisotropy and extended interactions, our

work paves the way for further theoretical and experimental studies aimed at harnessing the unique

properties of Nb3Cl8 for applications in condensed matter research, device engineering, and beyond.

Thank you for your attention.
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breathing kagomé monolayers of nb3(cl,br,i)8 from first-principles calculations. arXiv preprint
arXiv:2411.04839, 2024.

[113] Nicola Manini and Fabio Pistolesi. Off-diagonal geometric phases. Physical Review Letters,
85(15):3067, 2000.



114

[114] Ivar Martin, Ya M Blanter, and AF Morpurgo. Topological confinement in bilayer graphene.
Physical Review Letters, 100(3):036804, 2008.

[115] MFC Martins Quintela, JCG Henriques, LGM Tenório, and NMR Peres. Theoretical methods
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Yang, and Igor Žutić. Quantum spin-valley hall kink states: From concept to materials design.
Physical Review Letters, 127(11):116402, 2021.

[201] YZ Zhou, X Han, J Luo, DT Wu, AF Fang, B Shen, BJ Feng, YG Shi, J Yang, and R Zhou.
Antiferromagnetic spin fluctuations and structural transition in cluster mott insulator candi-
date nb3cl8 revealed by 93nb-and 35cl-nmr. Chinese Physics Letters, 2025.
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