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Abstract. An Ito-type formula is given for an asymptotically 4-stable process.

1. Introduction. The purpose of this note is to give a rigorous version of the It6 formula
for a stochastic process introduced in mathematical physics by Madrecki and Rybaczuk
(1989,1993). Our model approaches the equation d,u = —d+u from a probabilistic point of
view by the means of a process which is 4-stable in an asymptotic sense. The mathematical
foundations of the model have been laid in our previous article (Burdzy and Madrecki
(1994)). We plan to develop further elements of stochastic calculus for the asymptotically
4-stable process in a future paper.

“Squared Laplacian” appears in many equations of mathematical physics. The re-
search presented in Madrecki and Rybaczuk (1993) was motivated by several concrete
examples. Here is a review of two of those examples.

The first example is concerned with the Hamiltonian in the “momentum representa-

tion,”
2 0
H=2 1v(-—in=),
2m Oop
where p represents momentum and m stands for mass. If we consider the anharmonic

oscillator described by

2 2 2
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with P(x) = A(a? —n?)—Ant, A < 0, n? = mw?/(4)), we obtain an equation with potential
discussed in Vainstein, Zakharov, Novikov and Shifman (1982).
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Another example is provided by a relativistic particle with mass m moving at high

velocity. The relativistic kinetic energy F is given by

2 4
E— p2c2+m2c4—m02%p—— P, ...
2m  8m3c3

where p is momentum, m is mass and c is the speed of light. If the particle is moving in

the potential field V' (z) then retaining the first two terms we get
10! L1 9?
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This leads to a Schrodinger equation of the form
0*u(z,t) 0%u(z,t) Ou(z,t)
4 I T2 5 .
0z 0z ot
See Madrecki and Rybaczuk (1993) for more details and bibliography.
This note is a part of a larger project which aims at developing a usable stochastic

+ V(x).

+ V(2)u(z,t) =

C

calculus which may be successfully applied to equations involving the squared Laplacian
in the same way the classical stochastic calculus is applied to equations involving classical
Laplacian. Next we will review other attempts at “forth order” stochastic calculus and
point out their limitations.

There were at least three other attempts at constructing a “4-stable process” (we
use the quotation marks since it is a classical fact that a genuine 4-stable process does
not exist). The oldest construction, due to Krylov (1960), uses a signed finitely additive
measure with infinite variation on C[0, 1] as an analogue of the Wiener measure. The
model has been further developed by Hochberg (1978), Hochberg and Orsingher (1994),
and later by Nishioka (1985,1987,1994) but the finite additivity of the underlying measure
puts strong limitations on the model.

Funaki (1979) used a composition of two Brownian motions to represent some solutions
of O;u = 0%u. The idea has been developed in a slightly different direction by Burdzy (1993,
1994) who considered “iterated Brownian motion” (IBM) but so far there is no stochastic
calculus or potential theory for IBM.

Another model, quite similar to ours in many respects, has been recently proposed by
Sainty (1992). However, his Definition 3.1 can only be interpreted as that of an n-stable
process with homogeneous, independent increments which does not exist for n > 2.

One can also probabilistically approach the problem of “squared Laplacian” without
introducing a 4-stable process. Helms (1967) used only standard Brownian motion in his
paper but it seems that his ideas have not been developed any further.

Our model has been inspired by a sequential approach to distributions (see, e.g.,
Antosiewicz, Mikusiriski and Sikorski (1973)).
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The next section contains a review of the basic definitions and results from Burdzy and
Madrecki (1994). Stochastic integral with respect to an asymptotically 4-stable process is
defined in Section 3. An It6 formula is proved in Section 4.

2. An asymptotically 4-stable process—a review. All definitions and results in this
section are taken from Burdzy and Madrecki (1994). The reader is asked to consult that
paper for the proofs. The sets of all natural, real and complex numbers will be denoted
N,R and C, resp. It will be convenient to identify the complex plane C with R? and
occasionally switch from complex notation to vector notation.

Let (Q,F,P) be a probability space. We will concentrate on CN-valued random
variables Z : (Q,F, P) — (CN,BY), where BY is the Borel o-algebra of CN. Clearly, Z
is a CN-valued random variable iff Z is a sequence {Z, } of complex random variables.

If Z = {Z,} is a CN-valued random variable and f is a function defined on C then
f(Z) will stand for the sequence {f(Z,)}.

Definition 2.1. If Z = {Z,} is a CN-valued random variable on (£, F, P) and

lim,, .o, £Z, exists then the limit will be denoted £Z and called the first (asymptotic)
moment of Z or (asymptotic) expected value of Z. For example, the k-th (asymptotic)
moment of Z is given by EZ% = lim,, ., EZ¥ (if the limit exists).

Definition 2.2. Suppose that a CN-valued random variable Z = {Z,} satisfies the
following two conditions.
(i) Write Z,, = U, +iV,, = (Up,V,,) and let u, be the distribution of V,,. Then p, has

the two-sided Laplace transform, i.e.,

/ e pp(dv) < oo,
R

for every t € R and n € N, and,
(ii) the complex sequence {E exp(itZ, )} is convergent.
Then we define the (asymptotic) characteristic function 1z (t) = (Z,t) of Z by the
formula
Vz(t) = (Z,t) = Ee"? = lim Eexp(itZ,), tecR.

n—oo

The set of Z satisfying (i)-(ii) will be denoted R(£2, CN).

Suppose that X and X,, are random elements with values in CN. We will say that
X, converge to X in L7 if limy,— 00 (X, — X)P = 0.

The distribution of a CN-valued random variable Z will be denoted L, i.e., Lz(B) =
P{Z~1(B)} for all Borel sets B € CN.



Proposition 2.1. (i) If a1, a2 € R and Zy, Z5 are two independent random elements from
R(Q, CN) then a1 Z1 + asZs also belongs to R(Q, CN) and

V(1 Z1 + aaZa,t) = P(Z1, cant)P(Za, at)

for t € R. Moreover, 17(0) = 1 for any Z € R(Q,CN). If Z € R(Q,CN) is such that
Z :Q — RN then sup,cg [z (t)] = 1.

(ii) Let X = {X,} be a sequence of real random variables. If the sequence {X,}
tends to Y in the sense of distribution then 1x (t) = EeY | i.e., 1x(t) is the characteristic

function of Y in the classical sense.

Proposition 2.1 shows that the (asymptotic) characteristic function ¥z has properties
similar to those of the classical characteristic functions of real-valued random variables.

However, one can show that 1z does not determine L.

Definition 2.3. We will say that a CN-valued random variable Z has a p-stable (asymp-
totic) distribution with 0 < p < 4 if there exist two complex numbers m and o and a real
number 7 > 0 such that

(2.1) Wz (t) = exp(imt + o|t|P/? + 7|t|P), teR.

The asymptotic distribution £, of such Z will be denoted S,(m, o, 7). We will also write
Z ~ Sy(m,o,T).

The set S,(m, o, T) is non-empty for each p with 0 < p < 4 and each triplet (m,o,7) €
C2 X R+.

Proposition 2.2. Suppose that Z ~ Sy(m1,01,71), Y ~ Sp(me, 02, 72) and aq, a2 € R.
If Z and Y are independent then

(alZ + CYQY) ~ Sp(alml + oMy, 04117/20'1 + 0412)/20'2, Oéll)Tl + ang).

Proposition 2.2 and (2.1) justify the name “stable distribution” for S,(m, o, 7) as they
show that these distributions have similar properties to the classical stable distributions.

It will be convenient to renormalize the parameters m,oc and 7. Namely, we will write
Ny(m,o,7) instead of Sy(m,/30/2,7/8), i.e., Z ~ Ny(m,o,7) iff

Yz (t) = exp(imt + V3012 /2 + 7t*/8), t e R.
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With this normalization of parameters, m and ¢ may be interpreted as the mean and
variance of Ny(m, o, 7) (see Theorem 2.1 (ii) below). The third parameter, 7, is normalized
to give the simplest form to the statement of the “Cental Limit Theorem” (see Theorem
2.1 (iii) below). The distribution N4(m, o, 7) may be looked upon as an analogue of the

normal distribution.

Theorem 2.1. (i) Assume that Z and Y are independent, Z ~ Ny(mi,o1,71), ¥ ~
N4(m2,02,7'2) and o1, g, € R. Then

2 2 4 4
(alZ + OCQY) ~ N4(a1m1 + QoMa, 101 + Q502,01 T1 + 0427'2).

(ii) Suppose that Z ~ Ny(m,o,7). Then for each j € N there exists j-asymptotic
moment £(Z7) and £EZ = m, E(Z —m)? = o and E((Z — m)? — 0)? = 3r. Moreover, if
m = o = 0 then the j-th derivative of ¥z (t) at zero exists and

D) =ile(2).

(iii) (Central Limit Theorem) Let {Z}]' : k,n € N} be a family of complex random
variables and let Z" = (Z{',Z3, ..., Z}}, ...). Assume that for all m,n € N,
(1) Z™ and Z™ have the same asymptotic distribution, i.e., L. = LY.,
(2) for a fixed n, the random variables {Z¥};>1 are jointly independent,

(3) Z™ has the first four asymptotic moments,
E(ZM) =E(ZM)? =E(Z2™)° =0
and for some T > 0 independent of n
E(ZM*=1>0,

(4) the 4-th derivatives w(;z of the characteristic functions E exp(itZ]') are uniformly
convergent on some opel;l neighborhood of 0 as k — oo.
Then
lim ¥([Z 4 Z2 + ...+ Z"]/n'* ) = exp(Tu?/8), ueR,

n—oo

i.e., the distributions of the normalized sums S,, = (Z' 4 ... + Z")/n'/* tend in a very

weak sense to the “normal” distribution Ny (0,0, 7).

In order to define an asymptotically 4-stable process, it will be convenient to work
with a product of two probability spaces (2, F, P) = (Q,F1, P1) X (2, F2, P»). First

we define on (€3, Fs, P») a standard Brownian motion {b; : t > 0} and two families
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{bf(n) : t > 0}p>1 and {b; (n)

conditions (the space (22, Fa, P2) has to be sufficiently rich).

(i) For each n € N, bf (n) = by (n) = 0 and the processes b (n) and —b~(n) have non-
decreasing paths, i.e., 0 < bf(n) < b (n) and b; (n) < b5 (n) <0forall 0 < s <t < oo.
(ii) For all t > 0,

: t > 0}p>1 of processes which satisfy the following

lim (b (n) +b; (n)) =b; Pr-a.s.

n—oo
(iii) Let bs(n) = b (n) +b; (n). For every pair (n,t) € N x R4, the random variable b;(n)
has a Gaussian density on R.
Here is one way to construct such processes. We will limit ourselves to the interval

[0,1]. Recall that a Haar function is given by

2m=1/2if (k—1)/2™ < 1 < k/2™,
H(t)=H(m,k,7)=q —2m=1/2 jf p/om <+ < (k+1)/2™,
0 otherwise.
Let {H,} be an ordering of all Haar functions for m > 0 and k£ = 1,3,5,...,2™ — 1, such
that H(mq,kq, -) comes earlier in the sequence {H,} than H(mag, ko, -) if my < mqy. Let

X, be ii.d. real standard normal random variables. Let

oo t
= an(w)/ H,(r)dr, 0<t<1.
n=0 0

Thus defined b; is a Brownian motion. Let sgn(x) denote the sign of z with the convention
sgn0 = 0 and let x1(.), x—1(.) be the indicator functions of the sets {0, 1} and {—1}, resp.
Then let

’n.

bl (n kZOXk [Xl sgnXy) / max(Hy(7), O)dT+X—1(Sank)/O min(Hk(T),O)dT}

and
b, (n) = kZ_OXk [Xl(sank)/O min(Hyg(7),0)dr + X_l(sank)/O maX(Hk(T>,O)dT:|.

These processes satisfy conditions (i)-(iii). A typical Brownian path has unbounded varia-
tion and, therefore, it cannot be represented as a sum of two monotone functions. Functions
b (n) and b; (n) provide an “approximate” decomposition of this type as they represent the
increasing and decreasing parts of the truncated series in the Haar function representation
of Brownian motion.

We will also need 2 independent Brownian motions w} = (w} (t) : ¢ > 0) and w, =
(w, (t) : t > 0) starting from z € R and defined on (1, F;, P1). The processes w™,w™
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and b may be looked upon as three independent processes defined on the product space
(Q,F,P). A generic element of © will be denoted w = (w1, ws).

Definition 2.4. Suppose that a = a; + ias € C. A CN-valued process {Z¢ : t > 0}
defined by the formula

Zi(w,n) = Zi (w1, wa,n) = wy (w1, b (w2, n)) + iwg, (w1, —b; (wa2,m))
will be called 4-stable motion starting from a.

In the sequel we will write Z instead of Z° and we will call Z the standard 4-stable
motion.

Since our probability space is a product space, the expected value functional £ for
CN_valued random variables may be written as

EZ = lim (Ey(Er1Z(n)))

n—oo

where E; is the expected value on the probability space €2;.

Theorem 2.2. The 4-stable motion Z* = {Z : t > 0} has the following properties.

(i) For each (t,n) € Ry x N the function w — Z{(w,n) is F-measurable, i.e., it is a
random variable.

(ii)) Z§(n) = a a.s.

(iii) For any t > s > 0 the CN-valued random variable (Z¢ — Z%) has the 4-stable asymp-
totic distribution N4(0,0,t — s).

(iv) For each natural number | € N and every 0 < s < t, the expectation £(Z¢ — Z2)!
exists. If | is divisible by 4 and | = 4p then

E(Z8 — Z%) = (4p — 1)N(2p — (L — s)P,

where k!! = 1-3-5-...-k. Ifl is not divisible by 4 then £(Z{ — Z%)! = 0. In particular
E(Z8 — Z0) =0if j =1,2,3 and E(Z¢ — Z%)* = 3(t — s).

(v) For each p € N, every sequence ty < t; < ... < tp, for arbitrary multi-indices o =
A1y ..,Qp) € and for arbitrary complex numbers c,,, the asymptotic expectation
») € NP and f bitrary 1 b the asymptoti tati
P
g( Z Ca H(Ztam _Zg)ai>
a=(ai,...,ap) =1

exists, provided the sum extends over a finite set of multi-indices «.
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(vi) The increments of Z® are asymptotically uncorrelated, i.e., for every sequence ty, <

t1 < ... <t, and each multi-index a = (v, ..., ),

p p
S(H(me — Zg)%) =[[ezt,, -zt~
=1

=1

(vii) For every (31,32 € N and all disjoint intervals (s,t) and (u,v) we have
EW(Zf — 28)7 (by —bu)™] = E(ZF — Z3)P E(by — bu)™.

(viii) The paths t — Z%(wy,ws) € CN are continuous assuming that CN is endowed with
the product topology.
(ix) For each fixed (w2,n) € Qo x N, the stochastic process {Zf(-,ws,n) : t > 0} has

independent increments.

3. Stochastic integral with respect to Z.

We will continue to work with the probability space (Q2,F,P) = (1,F1,P1) %
(Q2, Fa, P3) introduced in the previous section. Recall the Brownian motion b used in the
construction of Z. From now on, we will use the letter B to denote it, i.e., By(w) = b(wo2)
for w = (w1, ws). For notational convenience we will consider only the process Z starting
from 0, i.e., Zg = 0.

We will identify the stochastic integral with a sequence of “approximating sums.” A
similar idea has been applied in Hochberg (1978). Consistency requires that we define
in a similar way analogues of the It6 integral with respect to Brownian motion and the

Riemann integral.

Definition 3.1. Suppose that X = {X;(n)} is a CN-valued stochastic process. For an
interval [a,b] and integer m > 1, let t; = a + j(b— a)/m.

(i) An (asymptotic) stochastic integral of X with respect to Z is a CN' -valued random
variable ff X dZ, defined by the formula

(/: Xsts) (m,n) = mz—:lth (n) (Zo,..(n) — Z,, (n)).

=0
(ii) An (asymptotic) It6 integral of X with respect to B is given by

—1

( / XSdBS> (m,n) =Y X;,(n) (B, — Bi,) .

7=0
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(iii) We define an (asymptotic) Riemann integral f; Xsds by
b
< / Xsds) (m,n) =

We would like to define an “asymptotic expectation” operator E for the integrals

defined above. Since they are doubly-indexed families of random variables, we have to

specify the order in which we pass to the limit. We will write

b af b
E/ X.dZ, = lim (hm E (/ XSdZS(m,n)>> ,

and similarly for the other two integrals.

Proposition 3.1. (i) The mapping X — f: XdZs is C-linear.
(i) If Xy = X - X[¢,a)(u), where [¢,d) C [a,b), the random variable X is CN-valued

and X|c,q) is the characteristic function of [c,d), then

b
( / XSdZs> (m,n) = X(n)(Za(n) — Zo(n)).

(iii) The mapping X — fj XsdZ has the following “isometry property” for X which

b 4 b
E(/ XSdZS) :3/ E(XHds

(iv) The asymptotic It6 integral has the classical isometry property for X which are

E (/ab XSdBS)2 = /abg(xf)ds

Proof: We omit easy proofs of (i) and (ii).
(iii) We have

b 4 b 4
o[ 5o e e ] ) )

are polynomials in Z,

polynomials in Z, i.e.,

4
= hm hmE Z X, (n) (Zy, ., (n) — Zy,(n))
7=0
m—1 4
(3.1) =1lim & > X, (n) (Z,,,(n) = Zy,(n))

=0



Since X is a polynomial in Z, the expression

4

m—1
Z th (n) (th+1 (n) - th (TL))

may be represented as a finite sum of terms of the form

[1%,,0. () = 2o, ()™,

k

where the product is taken over a finite set of k. If any power rj is less than 4 then
SH(thk+1(n) — Zy;, (n))™ =0
k

by Theorem 2.2 (iv) and (vi). The only terms that may have non-zero expectation have

the form
X;lj (n)<th+1 (n) - th (n))4

and so (3.1) is equal to
lim ' E ((Xe,)) (Zy,,, (n) — Zy, (n)?).

Another application of Theorem 2.2 (iv) and (vi) shows that this is equal to

m—1

lim
m

- b
S(th)4(tj+1 — tj) = 3/ & (X;l) ds.
J=0 “

The proof of (iv) is analogous to that of (iii). |

4. It6 formula.

Theorem 4.1. For all polynomials f and integers p > 1,
(4.1)

E<f<zb>—f<za>— / F(z.iz. - L2 |z~ ¢ [ f(4)(Zs)d$> —0,

First we will prove two lemmas. The first one is a generalization of Theorem 2.2
(vi)-(vii).
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Lemma 4.1. Suppose that «;,3; € N for every j =1,...,r. Assume that

{(sj,tj)}1<j<r is a family of pairwise disjoint intervals. Then

o e - 2, - B = ﬁlg(@j - 2B, - B ).

=1

Proof: Recall the notation from Section 2. Recall that B; = b; depends only on ws and that
By (n) converge to B; as n — 0o. Assume for a moment that ws is fixed and j # k. Since b

and b~ are monotone, the increments Z;, — Z,. and Z;, — Z, are functions of increments

Sk
of wt and w™ over disjoint intervals. Hence, they are conditionally independent.
First consider the case when for every j, a; = 27; where «; is an integer. Then the

conditional independence discussed above and (4.6) of Burdzy and Madrecki (1994) give

r

= H El[(th (n) - ZSj (n))aj (Btj - st)ﬁj]
= H<27j - 1)”(Btg (n) - st (n))w (Btj - st)ﬁj'

One can check that these random variables are Es-uniformly integrable by calculating their
higher moments. Thus one can pass to the limit in the following formula,

e(1, - 2.0, - 8.7

= Jim_ B, <E1 ( jl;[l (Ze;(n) = Zs; () (B, — BSf)ﬁi))

= Jim (H(% = DBy, (n) = By, () (By, — BSJ')BJ)
- f{@w ~ B, — B (B, - B.,)” )

= T Bl = 0B, =5, = 5

If we take r = 1 in this identity, we obtain
g[(th - Zsj)aj (Btj - st>ﬁj] = E2[(271 - 1)”(Btg - st )rYj (Btj - st)ﬁj]

11



and so

Hg[(th - Zsj)aj (Btj - st)ﬁj] - H EQ[(2’7] - 1)"(Btg - st)’Yj (Btj - st)ﬁj]'

Jj=1

The right hand side of this identity is the same as the right hand side of the the identity
obtained in the previous paragraph. It follows that the left hand sides are equal as well
and this proves the lemma.

It remains to consider the case when one of a;’s is not even. In this case, the product

T

[1(Z, () = 2., () (B, = B.,)*

=1

contains a factor of the form (w*)* or (w™)! where either k or [ is odd and, therefore, the
FE-expectation of the product must be zero. The same remark applies to a factor on the

right hand side of the equation given in the statement of the lemma. |

The following lemma is a slight generalization of Lemma 5.1 of Burdzy and Madrecki
(1994).

Lemma 4.2. Suppose that 31,32 € N. Then for s < t,
8[(Zt - Zs)ﬁl (Bt - Bs)ﬂ2] = (61/2 + 52 — 1)”(t - 8)B1/4+ﬁ2/2

if By and (1/2 + (B2 are even. Otherwise the expectation is equal to 0.
Proof: If 51 and (31 /2 + (32 are even then the result follows from Lemma 5.1 of Burdzy and
Madrecki (1994). It remains to discuss what happens when one of these conditions is not
satisfied.

If 31 is even but (31 /2+ 32 is odd then the proof of Lemma 5.1 in Burdzy and Madrecki
(1994) shows that

E((Z — Zs)" (B, — B,)™] = E5(B; — By) /2472,

Since the distribution of B; — By is centered normal, the expectation is equal to 0.

If 1 is odd then we argue as in the proof of Lemma 4.1. The expression (Z;(n) —
Z4(n))?1(B; — Bs)% must contain a factor of the form (w*)* or (w™)! where either k&
or [ is odd and, therefore, the F;-expectation of this expression must be zero. When we
apply the Fs-expectation and pass to infinity with n, we obtain zero for the value of the

expectation in the statement of the lemma. |
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Proof of Theorem 4.1: Fix some interval [a, b] and an integer m > 1. Let t; = a+j(b —a)/m
and

Atj = tjp — 1,
ABj = By, ., — By,
AZj = th+1 - th?
AU; = (Zy,,, — Z4,)* — (L+iV2)(By,,, — By,),
AVj = (Zy,,, — Zy,)* = 3(tj41 — t)).
Recall that f is a polynomial and Zy = 0. Let d be the degree of f. We have

j—1
th = Z(Ztk+1 - Ztk)
k=0
and p
®)(Z,.
f(th+1) - f(th) - f/(th)AZj = Z %(thrl - Zta‘)k‘
k=2

Therefore, (4.1) is a limit of

o3 (L %z, 2,20+ B, . - 5,

J
=0

T(th-H - th)3 + T[(th+1 - th)4 - 3(tj+1 - tj)]
d (k) P
+ Z M(Zthrl _ th)k)‘|

k!
k=5
m " Jj—1 7 4
_ 5[; <f (Zk:o( 215!k+1 tk)) [(th+1 . th)Q . (1 + iﬂ)(Btﬂ_l . Btj)]
(3) —1 _
+ f (Zi_O(ithrl Ztk))(th+1 i th)B
D (I Zipy — Z
+ f (Zk:0(4!tk+1 tk)) [(th_H _ th)4 _ 3(tj—|—l . t])]
d i—1
f(T)(Z]: (Zk+1_Zk)) r g
I L |-
The last expression is equal to
N
(4.3) 5( Yoo clah B Aw) D 11z~ (AUkj)ﬁj(Aij)”)
{1 A8 1A} ki,....kn j=0
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where
(i) the first sum is taken over all sequences of integers {a;}, {8;},{v,;} between (and

including) 0 and N = pd,

(ii) the second sum is taken over a subset (depending on {c;}, {3;},{v;}) of all sequences
k1,...,kn of integers between (and including) 0 and m,

(iii) the coefficients c¢({a;},{8;}, {7;}) can be equal to zero for some {a;},{3;},{7;}-
Let us consider the expectation of a single term in (4.3). It follows easily from Lemma

4.1 that

(4.4) (H (AZy,)™ (AU, )% (AVA,) ) H [(AZy,)% (AU, )% (AVR,) 7]

We will analyze expectations of the form &[(AZy,)* (AU, )" (AVy,;)%]. First suppose
that v; > 1 and write

(4.5) E[(AZy,)Y (AU, )% (AVi, )] = E[(AZy,)™ (AU, (AVE,) T AV, ]

Observe that (AZy,)* (AU, )P (AVy,)~1 is a sum of terms of the form c(Z(tg,41) —
Z(tkj))a or C(B(tkj_H) — B(tkj))b or C(Z(tkj+1) — Z(tkj))a(B(tkj+1) — B(tkj))b where a
and b are integers. Here ¢ may contain the (non-random) factor Aty;. If a is divisible by

4 and a > 0 then according to Theorem 2.2 (iv),

E[e(Z(tr;41) — Z(tx,;))* AVi,]
= Ele(Z(th;+1) = Z(te, ) (Z(try 1) = Z(tr;))* = 3ty 41 — ;)]
(4.6) =C (Atkj)1+a/4 — CQ(Atkj)1+a/4 = Cg(Atkj)1+a/4 = Cg(Atkj)al,

where a; = 14+a/4 > 2. If a > 0 but a is not a multiple of 4 then the same theorem implies
that the expectation in (4.6) is equal to 0. Another application of the same theorem shows
that EAV,, = 0 and so we conclude that the expectation in (4.6) is equal to 0 if a = 0.
We see that (4.6) holds for all a if we allow c3 to be equal to 0.

A similar argument based on Lemma 4.2 shows that

E[e(B(th, 1) — Blti,))"AVy]
= E[C(B(tijrl) - B(tkj))b((z(tk‘j+1) - Z(tk‘j))4 - B(tijrl - tk‘j))]
(47) = Cl(Atkj)1+b/2 — CQ(Atkj)1+b/2 = Cg(Atkj)1+b/2 = Cg(Atkj)a2

Y

with as =14 b/2 > 2 provided b is even and greater than 0. Otherwise the expectation is
0 so (4.7) holds with ¢3 = 0.
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Finally we analyze the most complicated case. We observe that

Ele(Z(thy 11) — Z(ta,)*(Bltr, 11) — Bty )P AV |
= g[c(z(tijrl) - Z(tkj))a(B(tkj+1) - B(tk‘j))b((z(tijrl) - Z(tkj))4 - S(tkj+1 - tkj))]
(48) — cl(Atkj)1+a/4+b/2 o CQ(Atkj)1+a/4+b/2 — CB(Atkj)1+a/4+b/2 — CB(Atkj)a?’;

with a3 = 14 a/4 + b/2 > 2 assuming a is divisible by 4 and b is even (see Lemma 4.2).
In other cases the expression is equal to 0.
When we combine (4.6)-(4.8) and assume that v; > 1, (4.5) shows that

(4.9) E[(AZy,)* (AU, ) (AVi, )] = e(Aty,)™

where a4 > 2 and c is a constant which may be equal to 0.
Next we assume that v; = 0. Hence, the expectation in (4.5) becomes
E[(AZy,)* (AU, )% ]. Assume first that 3; > 2 and write as in (4.5)

(4.10) E [(Aij)aj (AUkj)Bj} =& [(Aij)aj (AUkj)ﬁj_z(AUkj )2] .

If ; =0 and B; — 2 = 0 then we can show just as in the proof of Theorem 5.1 of Burdzy
and Madrecki (1994) that

(4.11) E[(AZy,)Y (AU,)%] = E[(AU,)?] = 0.

Now suppose that either a; > 0 or 3; —2 > 0. Then (AZy,)* (AUy,)% 2 is a sum of
terms of the form ¢(AZy,)*(ABy;)? where a and b are integers. We have

E [C(Aij)a(ABkj)b(AUkj)Q] =¢& [C(Aij)a(ABkj)b(Aij)ﬂ
—2(1+iV2)E[e(AZk,) " (ABy, )" (AZy,)*ABy, |
(4.12) + (1 +iv2)2E[c(AZk,)*(ABy, )P (ABy,)?].

Since either a or b is greater than 0, Lemma 4.2 and Theorem 2.2 (iv) show that each
expectation on the right hand side of (4.12) is either equal to 0 or is equal to c(Atg;)" with
r > 2. It follows from this and (4.11) that if 5; > 2 then

(4.13) E[(AZy,)* (AU, )] = e(Aty,,)"

with » > 2 and some ¢ which may be equal to 0.
Suppose that 8; = 1. Then

(4.14)  E[(AZy,)™ (AU, ] = E[(AZk))* (AZK,)?] — (1 +iV2)E[(AZy,)™ ABy,|

15



and another application of Lemma 4.2 and Theorem 2.2 (iv) shows that the expectations
on the right hand side are either equal to zero or equal to c(Aty,)” with r > 2 provided
a; # 2. Thus (4.13) is true also in the case §; = 1 and «; # 2.
If 3; =1 and a; = 2 then
(4.15)
E[(AZy)™ (AU = E[(AZ1,)2(AZ1,)?] — (1 +iV2)E[(AZy,)*ABy,| = cAty,.

By analyzing all possible products in (4.2) we see that we may remove from formula (4.3)
all the products H;YZO(Aij)O‘j(AUkj)Bj (AVj, )% with v; =0, 8; = 1 and o; = 2 unless
there is m # j such that ~,, > 1 or au,, > 3, «y, F# 4.

Finally, assume that both 3; and v; are equal to 0. Then Theorem 2.2 (iv) yields

(4.16) E(AZy,)Y = c(Aty,)"
for some r > 2 if a; # 4 (c may be equal to 0). If a; = 4 then
(417) E(Aij)aj = CAtkj.

However, if a; = 4 then we may assume that there exists m # j such that «,, > 3,
. # 4. The products which do not satisfy this condition do not contribute anything to
the expectation in (4.2).

Now we combine the estimates contained in (4.9), (4.13) and (4.16) to obtain

(4.18) E[(AZy,)™ (AU, )% (AVi, )] = e(Aty,)"

for some r > 2 unless one of the following conditions is true
(i) v, =0,0; =1and o =2 or
(ii) v =0, B; =0 and o = 4.
If any of these two conditions holds then

(4.19) E[(AZy,)Y (AU, ) (AVi, )] = cAty,
and there exists m # j such that
(4.20) E[(AZ,, )%™ (AU, )™ (AVE,, )] = e(Aty,, )"

with r > 2. Hence, in view of (4.3), estimates (4.18)-(4.20) give

ki,....kn =0 ki,...kn
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N
= 3 Jelazi)® (AU (AV:,)]

kl,...,kN jIO

N
_ . T
= Y J]ei(at,)?
E1,....kn §=0

A
—.
QQ
>
=
s

(4.21)

where at least one 7; is greater than 1. The inequality sign in (4.21) is due to the fact that
the summation in (4.3) is taken over some but not necessarily all k;’s between 0 and m.
Let A*t = max; At;. Then the right hand side in (4.21) is less than or equal to

(b—a)™(A%t)
with some p > 1 and, therefore,
N
K1,....kn j=0

converges to 0 as A*t — 0. The first sum in (4.3) extends over a finite set of sequences, so
the expectation in (4.3) goes to 0 as A*t — 0. H

For many functions f, the process f'(B;) is a martingale and then

1

b
Bf(By) ~ Ef(Ba) = 5 [ Ef'(Bu)ds

We have the following analogue of this identity for the asymptotically 4-stable process Z.

Corollary 4.1. If f is a polynomial then

1

b
(4)
8/ EfYY(Zs)ds.

a

Ef(Zy) —Ef(Za) =

Proof: If we apply Theorem 4.1 with p = 1, we see that it will suffice to show that
[P 1(2)dZy = 0 and [° f”(Z,)dBs = 0. Tt will be enough to show that

[ay

m—

& f/(th (n>) (th+1 (n) - th (n)) =0

3=0
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and
-1

& (X, (n) (B, — Bi;) =0.

3

<.
I
o

We obtain these identities from the fact that the increments of Z and B are “asymptotically

uncorrelated” (recall that f is a polynomial and use Theorem 2.2 (vi) and Lemma 4.1). H

We owe the following remarks to an anonymous referee.

Remark 4.1. (i) One may consider an asymptotic integral given by

—_

m
3

3 th (n) (th+1 (n) - th (’I’L)) ’
=0

cf. Definition 3.1 (i). This integral is analogous to an integral considered by Hochberg
(1978). In a sense, this is “an integral with respect to a process composed of a 3/2-stable
process and a Brownian motion.”

(ii) It seems that Theorem 4.1 should hold for holomorphic functions.
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