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Sustainable energy systems have the potential to significantly reduce climate change and
improve economic and social welfare. However, transitioning to renewable energy resources
has brought uncertainties into all facets of the decision-making processes across the energy
system. For example, the optimal power flow (OPF), a foundational resource allocation
problem in power systems, has now to be solved repeatedly for numerous scenarios within
tight timeframes to adjust to rapid fluctuations in electricity demands. While machine
learning (ML) has emerged as a promising approach to accelerating the computation of op-
timization problems, standard ML algorithms face challenges in enforcing the constraints of
physical systems and providing generalization guarantees. These challenges underscore the
necessity for a nuanced design of ML algorithms to ensure efficient and optimal operations
in energy systems, especially when faced with high penetration of renewables and signifi-
cant uncertainties. In this dissertation, we propose machine learning-based algorithms for
efficient and optimal operations of power systems under large uncertainty.

More specifically, we develop a flow-based generative approach to model residential load
behaviors and generate varied and plentiful future scenarios for residential load demand.
Then, to optimize and plan power systems across these diverse scenarios, we design neural
network-based solvers to offer solutions orders of magnitude faster than conventional meth-

ods. By integrating problem-specific structural insights, we ensure learned solutions satisfy



engineering and operational constraints within power systems. These insights also enhance
the data efficiency and generalization capabilities of the learning algorithms. In addition,
we apply the proposed algorithmic designs to the fundamental resource allocation problem
in power system operations, i.e., optimal power flow, to showcase the effectiveness of these
methods. The specific contributions of this dissertation include (i) a flow-based generative
approach is proposed to model residential load demand and generate varied load scenarios;
(ii) a convex neural network-based algorithm is developed for solving the DC Optimal Power
Flow (DCOPF) problem, providing generalization guarantees; (iii) an unsupervised neural
network-based algorithm is introduced for solving the two-stage DCOPF problem, ensuring
feasibility guarantees; (iv) a Lagrangian-based iterative algorithm is proposed to enhance
the solution quality of the AC Optimal Power Flow (ACOPF) by iteratively refining the
initial point for local solvers.; (v) using insights from the Lagrangian function, a neural
network-based learning algorithm is developed to provide high-quality warm starts for solv-
ing the ACOPF; (vi) an analytical method is presented to construct the convex restriction

of the feasible set for AC power flows in radial networks.
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Chapter 1
INTRODUCTION

The increasing penetration of intermittent renewable resources, responsive loads, electric
cars, and other new technologies have made it more and more challenging to build accurate
models for power grid optimization and control. This leads to the popular use of machine
learning in power system applications because of the universal approximation capabilities
of neural networks. However, despite many advances in this area, most existing machine
learning approaches are data-driven and do not consider the underlying physics in power
systems. As a result, these approaches often require a large number of high-quality training
data and complicated neural network structures. There are also serious concerns that ma-
chine learning results are very likely to violate critical physical constraints. All these make
machine learning-based approaches less appealing when applied to power systems.

In this dissertation, we develop physics-informed machine learning approaches for power
system planning and optimal operation, including scenario forecasting of residential load and
faster optimal power flow solvers. By leveraging the unique structure of these problems,
we incorporate physics-based information into the design of neural networks to improve
data efficiency and ensure that predictions from the neural networks satisfy critical physical
constraints.

In Chapter 2, we focus on generating scenario forecasts of future residential load by
conditioning on historical realizations. Instead of utilizing point forecasts, we resort to
(deep) generative models, flow-based models, to generate new scenarios with variations by
learning the true distribution of the future load. Flow-based models are not only eligible
for conditioning on continuous-valued vectors but also easy-to-use. It is also worth noting
that flow-based models explicitly model the data distribution and maximize the value of
the probability density function (PDF) for the modeled distribution. By employing a series

of specially-designed reversible transformations, flow-based models are able to calculate the



PDF value very efficiently. Our experiment results also show that flow-based generative
models achieve significantly better performance in generating high-quality residential load
scenario forecasts given the past observations.

In Chapter 3, we propose a two-step approach for solving DCOPF. Firstly, a neural
network is used to learn the value (i.e., the optimal cost) of the DCOPF, and its gradient
with respect to the load is the locational marginal prices (LMPs). Then the binding con-
straints are identified based on the LMPs. This process is robust in the sense that if they
are approximately correct, then the binding constraints are correctly identified. We provide
a formal guarantee to the generalization capability of this method by directly designing the
fundamental features of the DCOPF problem into the machine learning algorithm. Specifi-
cally, we constrain the neural network architecture to be convex and build KKT conditions
into the training process. First, by utilizing the convexity of DCOPF problem, we train
an input convex neural network. Second, we construct the training loss based on KKT
optimality conditions. By combining these two techniques, the trained model has prov-
able generalization properties, where small training error implies small testing errors. In
experiments, our algorithm significantly outperforms other machine learning methods.

In Chapter 4, we overcome the challenge in policy design and solving two-stage DCOPF
problems by presenting a neural network (NN)-based architecture that is computationally
efficient and also guarantees the feasibility of learned solutions. In particular, our architec-
ture involves two neural networks, one each for the first and second stages. The first neural
network learns the mapping from the load forecast to the first-stage decisions. The second
neural network approximates the cost-to-go given the net-load realization and the learned
first-stage decisions. So, instead of using the affine policy, we offer an NN-based policy to
solve the second-stage OPF problem. A technique called the gauge map is incorporated into
the learning architecture design to guarantee the learned solutions’ feasibility to the network
constraints. Namely, we can design policies that are feed forward functions and only output
feasible solutions. Simulation results on standard IEEE systems show that, compared to
iterative solvers and the widely used affine policy, our proposed method not only learns
solutions of good quality but also accelerates the computation by orders of magnitude.

In Chapter 5, we propose a simple algorithm that can effectively escape from strict local



solutions to find better ones. By moving from one solution to another while reducing the
cost, we can successively move towards the globally optimal solution. In contrast to algo-
rithms that are launched repeatedly with random initializations, our proposed algorithm
is deterministic. And it relies on duality theory to provide better warm starts to existing
solvers. First, we solve the ACOPF problem using some solver (e.g., IPOPT [1] or Mat-
power [2]). From the solution and its associated dual variables, we form a partial Lagrangian
by dualizing the power balance equations. We then optimize this partial Lagrangian, which
leads to a different solution. Using this second solution as a warm start, we again call the
solver for the ACOPF problem. We show that our algorithm can quickly escape from local
solutions and find lower cost solutions. This feature holds even for ACOPF problems with
disconnected feasible spaces, for example, the 2-bus network shown in Section 5.4.1, which
has been traditionally difficult to deal with [3, 4]. For networks with known global solutions
(3, 9, 22, 118, 300-bus), we show that our algorithm can find the globally optimal solution
in a single iteration, even starting from a strict local solution.

In Chapter 6, we present a machine learning architecture that overcomes the challenge of
multiple suboptimal local solutions in the training data set. We first learn a neural network
that maps load to the dual variable of the power balance constraints. These dual variables
are the locational marginal prices and would be readily available from any modern nonlinear
solver. These dual variables are used to form a partial Lagrangian, whose solution we also
learn via a neural network. Then we use the predicted solution of the partial Lagrangian as
a warm start [5]. Interestingly, this warm starting point tends to be closer to the globally
optimal solution of the ACOPF, even if the training data set only has suboptimal solutions
or a mixture of global and local solutions. Therefore, by using the learned warm start as
an initialization point, we could have better solution quality than directly learning based
on load/solution pairs.

In Chapter 7, we focus on convex restrictions of OPF feasible sets in radial networks.
We propose to construct the convex restriction in a transformed coordinate space of voltage
phase angles. Specifically, we apply a change of variables such that the active and reactive
power equations become naturally convex after variable change, hence eliminating the need

to approximate the bus power upper bound constraints. The lower bound constraints can



be approximated using the first-order Taylor approximation, which is the best (the least
conservative) upper bound one could have for concave functions. We use a 3-bus line network
as an example (Figure 7.1) to show that the convex restriction constructed in this way can
be a maximal convex subset, meaning it cannot be contained within any other convex
subset. As different tangent points can produce different first-order Taylor approximations,
thus leading to different convex restricted sets, we introduce an iterative algorithm that
progressively refines the locations of tangent points to find the optimal convex restriction,
one that contains the optimal solution of the original problem. We test our method on the
IEEE 123-bus distribution network with three types of objective functions applied: power
loss minimization, generation cost minimization, and state estimation. The simulation
results show that the iterative algorithm that builds on the proposed convex restriction
method always finds a good feasible solution within at most 10 iterations, even when the
traditional methods failed.

Finally, in Chapter 8, we conclude this dissertation and discuss future research directions.



Chapter 2
SCENARIO FORECASTING OF RESIDENTIAL LOAD PROFILES

2.1 Introduction

Distribution systems are becoming more dynamic and more decentralized because of the
emergence of new technologies and services. Instead of operating distribution networks as
passive systems, utilities start to account for distributed energy resources such as rooftop
solar, electric vehicles and demand response programs. Since these resources are stochastic
and intermittent, accurate forecasting of residential load becomes important for operators
to decide how to integrate distributed energy resources and where to deploy energy storage
so as to match customers’ demand and make better use of energy [6]. Furthermore, as the
energy system is transformed into a more distributed architecture, forecasting residential
load for a single or a small number of households becomes necessary for many services and
applications. For example, demand response programs require forecasting the residential
load of each participating household to make personalized adjustment in the demand and
also allow customers to manage individual costs such as peak demand charges [7, 8]. Other
applications include stochastic energy management in distribution grids, where forecasting
in much smaller aggregation scales-individuals or small groups of households-is considered
for voltage stability issues because of the use of plug-in hybrid electric vehicles (PHEVS) [9,
10, 11].

Compared to standard load forecasting used in transmission system operations, residen-
tial level forecasting have received less attention until relatively recently. For introductions
and surveys on this topic, the readers can refer to [12, 13, 14] and the references within.
Despite these advances, residential load forecasting, especially for a single or a small num-
ber of households, remains a challenging problem for two reasons. Firstly, individual load
naturally exhibits higher volatility compared to a larger aggregation of loads because of the

randomness of human behaviors and smaller base loads [15, 16, 17]. This makes achieving



very accurate point forecasts fundamentally difficult and the standard metric of the distance
between forecasted and realized values becomes less useful as a figure of merit [18]. Secondly,
the increasing deployment of distributed solar, the popularity of PHEVs and the emerging
trend of behind-the-meter energy storage bring even more uncertainties to the electricity
demand of users. Therefore, methodologies should capture and reflect these uncertainties
in the forecasting process.

An important method in load forecasting used to describe the future uncertainties asso-
ciated with a load is scenario forecasting [19]. Different than the conventional deterministic
point forecasting approach [20, 21, 22|, which generates the most likely forecast for the
future load as a single estimate, scenario forecasting provides a wide range of possible re-
alizations of the future that can occur. Scenario forecasting can be more useful compared
to probabilistic forecasts by not only informing operators of the uncertainties about the
future in the form of prediction intervals or quantile forecasts, but also generating a set of
plausible time series for early planning [18]. This also opens more possibilities of generating
realistic residential load profiles to compensate for the lack of measured residential load
datasets. These datasets are difficult to collect because of changes in occupancy and spotty
deployment of smart meters [23, 24]. As a result of insufficient measured data, average load
profiles are commonly used in research studies, which may lead to misleading results due to
a lack of diversity [25]. In these settings, scenario forecasting provides a promising method
for generating artificial residential load profiles that have similar properties to measured
data and hence can be used in downstream tasks in power systems.

Previous works on generating scenario forecasts for residential load fall into two main
categories. The first category is to make use of the point load forecasts coming from the
pre-trained models and then add noise to them [26]. Specifically, the residuals of the point
forecasts are modeled with a normal distribution, which is then added back to the original
point load forecasts to generate a set of possible scenarios. The other category of methods
take advantage of the relationship between the weather and the load, and generate proba-
bilistic forecasts of load based on simulated weather scenarios [27, 28, 29, 30]. For example,
a group of weather scenarios are created based on the historical data, and then each gen-

erated weather scenario is fed into the point load forecasting model to obtain a different



set of point forecasts for the load. The former category suffers from the fact it creates
scenarios centered at the point forecast, which may not capture the diversity in load behav-
iors, especially if there are multiple modes in the data. The latter category can generate
more diverse scenarios, but does not overcome the fundamental issues since it pushes the
question to that of how to select a set of good weather profiles. More fundamentally, both
methods are based on point forecasts, which are designed to be the deterministic solutions
that minimize a distance metric. However, the goal of scenario forecasting is different, being
that we want to generate i.i.d. samples of possible future load realizations.

Recently, generative models based on (deep) neural networks have been applied to sce-
nario forecasts generation to overcome the challenges in more traditional methods. The
works in [31, 32] use the Generative Adversarial Network (GAN) [33] to generate scenarios
for renewable resources (i.e., wind and solar). This method is then extended by [34] to
generate scenario forecasts for residential load. Particularly, the work in [34] built the GAN
model based on the Auxiliary Classifier GAN (ACGAN) [35] to generate load profiles with
specific load patterns. It is worth noting that these generative models are not really fore-
casting models, since they can only include discrete-valued conditional information (e.g.,
winter vs. summer days). However, in most practical forecasting applications, the side
information to be conditioned on is typically continuous-valued, like the past observations
of the residential load.

In this chapter, we focus on generating scenario forecasts of future residential load by
conditioning on historical realizations. Instead of utilizing point forecasts, we resort to
(deep) generative models, such as GANs and flow-based models, to generate new scenarios
with variations by learning the true distribution of the future load. It is interesting to note
that the performance of the conditional GAN (CGAN) [36] is not satisfactory for this task
because the conditional information is continuous and vector-valued, and the training of
GAN models is notoriously unstable because of its two constantly competing components-
the generator and the discriminator [37]. In contrast, flow-based models are not only eligible
for conditioning on continuous-valued vectors but also easy-to-use. It is also worth noting
that, unlike GANs, flow-based models explicitly model the data distribution and maximize

the value of the probability density function (PDF) for the modeled distribution. By em-
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Figure 2.1: Realized residential load versus a group of generated scenario forecasts using our
methods. Red curves are generated scenarios, the blue curve is the realized load data and the black

curve is the historical load data. Generated scenario forecasts exhibit both accuracy and diversity.

ploying a series of specially-designed reversible transformations, flow-based models are able
to calculate the PDF value very efficiently. Our experiment results also show that flow-
based generative models achieve significantly better performance in generating high-quality
residential load scenario forecasts given the past observations. We show examples of gen-
erated daily scenarios using the flow-based model in Fig. 2.1. For these reasons, we adopt
flow-based generative models [38, 39, 40] for conditional scenario forecasting in this chapter.

The rest of this chapter is organized as follows: Section 2.2 introduces the flow-based
generative models; Section 2.3.2 extends the flow-based models to conditional generative
models, and employ the flow-based conditional generative models to conditional scenario
forecasting for residential load; simulation results are illustrated and evaluated in Section

2.4.5; and Section 2.5 concludes this chapter.
2.2 Flow-Based Generative Models

In this section, we introduce the flow-based generative models [38, 40, 39]. Unlike the
other types of generative models, such as Generative Adversarial Networks (GANs) [33]
and Variational Encoders (VAEs) [41], whose training objectives either avoid constructing

the PDF of data or utilize a lower bound instead, flow-based generative models are trained



to directly maximize the value of the modeled PDF. We first review the change-of-variable
technique and use this technique to formulate the objective function for training flow-based
models, then we talk about the architectures adopted in flow-based models that enable the
efficient computation of the training objective.

Consider a D—dimensional data variable X, with x as its realization. Denote the true
value of the PDF of X at the point x by px(x), and we train a flow-based generative model
to estimate this value. Specifically, we first draw a D—dimensional latent variable z from a
simple prior distribution pz and provide it as the input to the flow-based model. Suppose
there exists a bijective mapping f : RP® — R such that f(x) = z and f~'(z) = x. Then,
according to the change-of-variable formula, the density function of X at the given point x

can be represented by [39]

px(x) = p2(£(x))det( L)) (2.1)
log px () = logp (1 (x)) + log et L) (2.2

Typically, the density function pz is chosen to be standard multivariate Gaussian, i.e.,
N(0,1), and det(aafT(Tx)) is the determinant of the Jacobian matrix of f at x. Since the
ground truth bijective mapping f that can map the distribution pz to the true PDF of
X is unknown, we implement a parameterized bijective function fy that can be learned by

training the flow-based model. From the change-of-variable formula in (2.1) (or (2.2)), the
modeled PDF of X under the mapping of fy is given by

0folx),
oxT

log px (x;0) = log pz(fa(x)) + log |det(

px (x;0) = pz(fo(x))|det( (2.3)

0 fo(x)
oxT

) (2.4)

where the modeled PDF of X, px(x;6), can be considered as a function of the parameter 6,
which is called the likelihood function, and the log of it is called the log-likelihood function.
Using the maximum likelihood estimation (MLE) method, we can train the flow-based model
to choose the appropriate value of 6 such that the likelihood in (2.3) or the log-likelihood
in (2.4) is maximized:

0fo(x)
oxT

maxlog px (x;6) = log pz(fs(x)) + log|det( )l (2.5)
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In flow-based models, the parameterized bijective function fy is chosen to be the com-
position of a sequence of reversible transformations, that is, fy = f1 o foo--- o fx, such

that the mapping from x to z and the inverse mapping from z to x can be represented as

follows:
XLX1£>X2'-'XK_1K>XK=Z (2.6)
- frt o
z=foi>xK_1 2 Xk_9 X1 Lx. (2.7)

The sequence of reversible transformations in (2.6) is called a normalizing flow [40]. Based

on the design of the normalizing flow in (2.6), the log-determinant of the Jacobian matrix
dfo(x)

a‘;iT can be written as follows by using the chain rule:
0fo(x)\ _ < ox;
log |det = » log|det 2.8
og |det(—_ 7] ; og|de (ax;{l)’ (2.8)
where xg = x, and xxg = z. To facilitate the computation of the log-determinants of

Jacobian in (2.8), each reversible transformation f; in (2.6) and (2.7) is implemented as
an affine coupling layer. Take the affine coupling layer design in Real-valued Non-Volume
Preserving (RealNVP) model [39] as an example. Given a D—dimensional input x, we can
split it into two parts, x1.4 and x4.1.p, where d < D. Then the output y of an affine

coupling layer is given by

Yi:d = X1:d (2.9)

Yd+1:D = Xd+1:0 @ exp(s(X1:q)) + 7(X1:4) (2.10)

where ©® represents element-wise product, and s(-) and 7(-) are scaling and translating
functions, respectively. ! Following the transformations in (2.9) and (2.10), the Jacobian

matrix of y at x is a lower-triangular matrix

oy I 0
oy (2.11)
oxT #  diag(exp(s(x1.q)))

!Note that the other flow-based generative model, Non-linear Independent Component Estimation (NICE)
model [38], uses a similar affine coupling layer structure as in (2.9) and (2.10) but without scaling, and
the latest generative flow (Glow) model [40] adopts the same affine coupling layer as RealNVP.



11

and its log-determinant is simply sum(s(x1.4)). Note that, in (2.11), the operation diag(-)
constructs a diagonal matrix from a vector, and the value of * has no impact on the log-
determinant of this Jacobian.

In order to get the series of transformations in (2.6), multiple coupling layers like (2.9)
and (2.10) are combined in an alternating way to construct a normalizing flow[39]. As
a result, the log-determinant of the Jacobian matrix %(f) in (2.4) is just a sum of lower-

triangular matrices’ log-determinants, which makes the efficient computation of the training

objective in (2.5) possible.
2.3 Conditional Scenario Generation

In this section, we first show flow-based generative models can be extended to conditional
generative models by providing some side information c¢ as the conditioning input in the
training process. Particularly, different than previous conditional generative models which
typically condition on discrete-valued categorical labels [36], flow-based conditional gen-
erative models can condition on continuous-valued data, such as time-series observations.
Aside from the basic structure of flow-based conditional generative models, we also provide
a new structure design for the transformations in the normalizing flow in order to capture
as much information as possible from the conditioning input. At the end of this section, we
describe how to employ flow-based conditional generative models to scenario forecasting for

residential load by considering the historical observations.

2.3.1 Conditional Flows

Considering the data sample x € RP and the associated side information x¢ € RY', we
train a flow-based generative model to estimate the value of the conditional PDF of X at
the point x given x¢, i.e., px|xe(x|x°). Specifically, we first draw a latent variable z from
distribution pz. Then we construct a parameterized bijective function fy that takes x¢ as
an extra input such that fp(x;x¢) = z and f, '(z;x°) = x. Using the change-of-variable

formula in (2.1) (or (2.2)), the modeled conditional PDF of X under the mapping of fy can
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be written as

Pt (<) = pa(folxs ) et T2 (2.12)

)

0 ; X°¢
log px < () = log pz (fo(xi ) + log Jdet( 25X (2.13)

Using the MLE method, we train the flow-based model to maximize the conditional likeli-

hood of X in (2.12) or the conditional log-likelihood of X in (2.13):

0 fo(x;x°¢
maclog pix (e 0) = logpz (fo(xix)) +log det (2O (2.1

Suppose we collect N independent identically distributed (i.i.d.) samples (x!,x®1), .- (xV, x®N)
from the ground-truth conditional distribution px|x-« (x]x€), following the objective function

in (2.14), we can train the flow-based model on this dataset through the following optimiza-

tion:

N

N
] (x| = 1 . Gl
rneao{izg1 0g Px|x (x"[x“") i; ogpz(fo(x";x7"))

0 fo(x'; x%")

N
+ ) log |det( T ). (2.15)

i=1

When constructing the parameterized bijective function fy for flow-based conditional
generative models, we provide ¢ as an extra input to both the scaling and translating
functions for each affine coupling layer in the normalizing flow, that is, given the input x,

the output of the affine coupling layer is given by

Yid = X1d (2.16)

Yd+1:D = Xd+1:0 O exp(s(X1.4, X)) + 7(xX1:4, X°). (2.17)

We call the flow-based conditional generative models with the basic structure in (2.16) and
(2.17) the vanilla-flow.

We can see from (2.16) and (2.17), in each affine coupling layer of vanilla-flow, only
one part of the output is affected by the condition. In order for the output to have more
dependencies on the conditioning input, we extend the structure design in vanilla-flow to

get a new structure. Specifically, the part of the input that remains unchanged in (2.16)
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also goes through scaling and translating transformations to reach the output:

Yi.d = X144 @ eXp(S(XC>) + T(Xc) (218)
Yd+1:D = Xd4+1:D © exp(s(X1:4, X)) + 7(x1.4, X°). (2.19)

We call the flow-based conditional generative models with this new structure the reinforced-
flow. It is worth pointing out that, in (2.18), the scaling and translating functions associated
with x1.4 only have the condition c as their inputs. With this design, the Jacobian matrix

of the transformation given in (2.18) and (2.19) is still lower-triangular:

anyT _ | diag(exp(s(x))) | 0 N (2.20)
* diag(exp(s(x1:4,x%)))

As a result, the calculation of the log-determinants of Jacobian and hence the training

objective in (2.14) for reinforced-flow is as efficient as for the vanilla-flow.

Now we apply flow-based conditional generative models to scenario forecasting for resi-
dential load. Specifically, we focus on generating a set of scenario forecasts for future load
from the given historical realizations. Assuming at time ¢, we have H observations of the
previous realized residential load, which are collected in the vector €pqsr = {€i—pr, -+ ,li—1} €
R . Given this historical data £pqst, We generate scenario forecasts for future H' time points,
and H' is referred to as the forecasting horizon. Suppose we have access to the realized load
over the H' look-ahead time points, which is denoted by £yyure € RH' then (Lpast L future)
can constitute a training sample for training flow-based models, with £, as the condition-
ing input and £,sre as the data input. Note that the data sample (Lpast, £ future) is actually
a time series of length (H + H'). If we have a long time series of the realized residential load
over W time points and W » H + H’, then we can break down this long time series into
small pieces where each piece corresponds to a time-series data sample and overlaps with

the following one. To be specific, the i—th piece consists of (£

past> E}uture), and the following

(i 4 1)—th piece consists of (€71, €571 ) where €571, is exactly £

past> € puture past In this way, we can

Future:
construct our training dataset {(€),q;, ;utwe)}f\i , for training flow-based models through
the optimization in (2.15).

Suppose the learned value of parameter 6 through the optimization in (2.15) is denoted

by é, and the associated learned bijective function is denoted by f;. Given any available
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historical residential load time series £, of length H, we can generate scenario forecasts

for the following H' time points using the inverse function of f; as follows

éfutu’re = fgl(z;gpast) (221)

where z € R¥ is any sample taken from the standard multivariate Gaussian distribution.
If we can take N samples from the standard multivariate Gaussian distribution, then we
can produce N conditional scenarios for the future residential load through (2.21). The
architecture of the flow-based model that we use for training and residential load scenario

forecasting is given in Fig. 2.2 and Fig. 2.3.

Standard Multivariate
Realized Time Series Flow (forward) Normal Distribution

R =

Historical Time Series

Figure 2.2: Training Phase

Standard Multivariate

Normal Distribution Flow (inverse) Generated Scenarios

-1

- f

Figure 2.3: Forecasting Phase
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2.3.2 Flows with Wasserstein Distance

From Section 2.2 we know the objective function for training flow-based generative models is
to maximize the log-likelihood of the training data. It turns out this objective is equivalent
to minimizing the Kullback-Leibler (KL) divergence between the true data distribution and
the modeled one [42]. To show this, recall the objective function in (2.5), and rewrite it as

follows

N
0 = arg max Z log px (x']0) (2.22)

i=1
where 6 is the set of trained parameters. Suppose the ground-truth value of the parameter
0 is denoted by 0*. Since the optimization problem in (2.22) is independent of the ground

truth value 6*, we can rewrite it as follows

N
. 1 ‘
0 = arg Max - Z log px (x']0) (2.23)
i=1
N N
1 o -
= argmax — > log px (x']6) — ~ > log px (x']6") (2.24)
i=1 i=1
N .
B 1 px (x']0)
= argmax - Z; log P (<716°) (2.25)

. minlil px (x'[6") (2.26)
= arg N og .

“7 px(xi0)
The expression in (2.26) is exactly the empirical KL divergence between the true data
distribution px(x|0*) and the modeled data distribution px(x|#). That is to say, the goal
of the flow-based generative models is to minimize the KL divergence between the true data
distribution and the modeled one.

There are well-known advantages and disadvantages in using the KL divergence as the
distance measure between two probability distributions [43]. An undesirable effect of using
it in scenario generation is that it is asymmetric: in the cases where, for a given point x, the
true data distribution px (x|6*) is non-zero, while the learned distribution px(x|6) is close
to zero, then the KL divergence can be very large; however, when the true data distribution
px (x|0*) is close to zero at the point x, but the learned distribution px (x|€) is non-zero, the

KL divergence is small. As a result, by minimizing the KL divergence between the learned
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data distribution and the true one, the learned data distribution tend to spread out, which
leads to good coverage of the data points that come from the true data distribution, but also
tend to create superfluous data points that are not a part of the true distribution. Notably,
the learned data distribution can have a relatively larger variance than the true one.

A simple example of this effect can be found in Fig. 2.4. Suppose there is a one-
dimensional Gaussian mixture model with two equally weighted components. The first
component has mean p1 = —1.0 and variance o2 = 0.1, while the second has mean s = 1.0
and variance ag = 0.1. Now suppose we hope to fit a zero-mean Gaussian distribution
Q = N(0,0%) to this Gaussian mixture model by tuning values of the variance o2 to
minimize the KL divergence. This is a one dimensional minimization problem and can be

2

solved by simply graphing the KL divergence while varying o-. It turns out the optimal

02 is around 1.05 and the ground-truth distribution px(x) and the optimal distribution
QXL = N(0,1.05) are shown in Fig. 2.4. This figure shows that the fitted Gaussian
distribution covers both components of the Gaussian mixture model and even has a much

larger variance.

T
1 ——true dist
—KL fit

— Wass-1 fit
0.8 | i

Figure 2.4: An example of fitting a mixed Gaussian distribution with a zero-mean Gaussian dis-
tribution using the KL divergence and Wasserstein distance. Under the KL divergence, the fitted
distribution tends to be spread out to cover the true distribution, while under the Wasserstein
distance the fitted distribution tends to concentrate to minimize the distance between the two com-

ponents.

Since in many situations the parametrized distribution we learn by minimizing the KL
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divergence would not include the true data distribution, it becomes desirable to balance the
impact of KL divergence using another distance metric. To this end, we use the Wasserstein
distance as a regularizer in the flow objective. This is inspired by the performance of
the Wasserstein based generative adversarial networks (WGAN) [37]. The impact of the
Wasserstein distance can be seen again in Fig. 2.4. Here we fit the Gaussian mixture model
by minimizing the Wasserstein distance between the ground-truth distribution px(z) and
the fitted distribution @ = N(0,0?%) in order to decide the optimal value of o. It turns
out that there is a closed-form expression for the Wasserstein-1 distance between two one-

dimensional distributions [44]:
1
Wi(P.Q) = | 1F7() - 67 () (2.27)
0

where F' and G are the cumulative distribution functions (CDFs) of P and Q. Using (2.27),
the optimal o turns out to be close to 0, which is the delta function (point distribution) at 0
as shown in Fig. 2.4. This fit is much more “concentrated” than the fit using KL divergence,
but it does not cover the true distribution.

The intuition gained in this toy example carries over to more complex and higher di-
mensional distributions, which leads to a natural solution of combining the objective of
the flow-based generative models (KL divergence) with the Wasserstein distance. This both
decreases the variance of the generated scenarios and at the same time generate plausible fu-
ture realizations that have significantly non-zero probabilities to occur. Specifically, we add
a weighted Wasserstein distance metric to the training objective of flow-based generative

models:
maxpx (x|0) + W (px (x[67, px (x/0)) (2.28)

We call the flow-based generative models that are trained using the combined objective
function in (2.28) W-flows, and the flow-based conditional generative models trained in this
way are called conditional VW-flows, particularly, which include the vanilla-WW-flow and the

reinforced-VW-flow.



18

2.4 Simulation Studies

In this section, we study the performance of our proposed flow-based approach in conditional
scenario forecasting of residential load. We focus on generating daily scenario forecasts by
conditioning on the observed realizations in the previous day with hourly resolution. We
first show that our approach can provide accurate forecasts for residential load at different
aggregation levels in the form of quantile forecasts and prediction intervals. We also use
a practical example in demand response to show that our approach can generate scenarios
that cover a wider range of possibilities than the standard method of adding noise to point
forecasts, and hence has better performance for planning. We note that Gaussian noise is
used for the standard method. Also, scenario forecasting does not generate a central forecast,
so we use the median value of a group of generated scenarios for illustrative purposes. Then
we quantitatively evaluate our approach to show the scenarios generated using our approach
can have better reliability and sharpness than those generated by the standard method.
The experiments in this section are implemented using Pytorch [45] and the latest Glow
model [40]. The flow-based model adopted in the simulation is composed of chained 9 blocks
of reversible transformations. In the normalizing flow of the adopted flow-based model, the
scaling and translating functions that only take the condition as the input are implemented
as fully-connected Neural Networks (NNs), while all the other scaling and translating func-
tions are implemented using three-layer 1D-Convolutional Neural Networks (1D-CNNs).
Batch-normalization is applied in 1D-CNNs before every layer except the input layer to
increase the stability of learning. The activation functions for all scaling transformations
are tanh function while rectified linear units (ReLUs) are used as the activation functions in
all translating transformations. All models in this section are trained using Adam optimizer

146].

2.4.1 Dataset Description

All experiments in this section use real measurement data from actual homes in the United
States. Specifically, hourly measurements of power consumption from households in Austin,

Texas are collected and published on Dataport by the Pecan Street Corporation [47].
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We select the power consumption measurement data of 128 households from 1/1/2013 to
12/31/2017 in the database. We note that, out of the 128 households, only 105 of them
are consistent in the dataset. Therefore, we restrict our dataset to these 105 households.?
The data from 1/1/2013 to 10/1/2017 is used for training and validation, and the last three
month’s data is used for testing. We conduct our simulation experiments for different aggre-
gation scales, and, particularly, the residential load data from single household, 10 house-
holds and 100 households are used. At each aggregation level, we repeat the experiment for

10 independent runs.

2.4.2  Simulation Results

We first show the load scenario forecasting results of our proposed approach for the residen-
tial load from a varying number of households. Both structures of the flow-based model,
i.e., reinforced-flow and wvanilla-flow, are used for this experiment. We select one 48-hour
long sample from the test data at each aggregation level. All the samples are taken from
the same month in a year, i.e., October, 2017. These samples are given in Fig. 2.5. In each
sample, we plot the median value of the generated scenarios to compare with the realized
residential load. We also plot the 50% prediction interval (PI), i.e., the interval between the
25t and the 750 quantiles, as a colored belt to show the confidence level in the generated
scenario forecasts.

We can see from Fig. 2.5b and Fig. 2.5c¢ that, for the aggregated residential load of
10 or 100 households, both structures can provide accurate day-ahead forecasts for the
coming time and power value of load peak and load valley in the form of median values. At
a single household level, the median values of the generated scenario forecasts from both
flow structures deviate from the realized load because of the randomness inherent in the
dataset. We also note that, when the residential load from 100 households is forecasted, for
both flow structures, the 50% prediction interval of the generated scenarios is the narrowest
among three aggregation levels, and the realized load is completely covered by the 50%

prediction interval. When only a single household is considered, the 50% prediction interval

2We also note that all the data used in this section can be found on Dataport with each household’s ID,
location, enrollment date, and withdrawal date recorded.
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Figure 2.5: Scenario forecasts of residential load from single household (a), 10 households (b), and
100 households (c) are shown. Scenarios generated by the two structures of the flow-based model,

i.e., reinforced-flow (red) and vanilla-flow (blue), are compared.

of the generated scenarios using reinforced-flow can cover more parts of the realized load
in comparison to that of using wanilla-flow. This is because the residential load from a
single household has large randomness and is typically hard to be forecasted accurately.
Under this circumstance, reinforced-flow can have better performance than wvanilla-flow
due to the improved structure design of the affine coupling layer, which makes a stronger
coupling relationship between the future load and the historical realizations, as discussed
in Section 2.3.1. For the residential load from 10 households, although the randomness is
reduced by aggregation, the realized load is still corrupted by a certain degree of noise and
show volatility. In this setting, we can see from Fig. 2.5b that reinforced-flow also shows

better performance than vanilla-flow by including more parts of the realized load in its 50%
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Figure 2.6: An example to show that reinforced-flow can generate scenarios that are more closely
related to historical observations than wvanilla-flow. The realized residential load is represented by
the black dotted line, the median value of the generated scenarios is plotted as the red solid line
for reinforced-flow and blue dashed line for wvanilla-flow, and the colored banded area indicates
the 50% prediction interval of generated scenarios. The scenarios generated by reinforced-flow are
more correlated to the historical realizations and can provide more accurate forecasts even when the

realized load goes through sudden changes.

Recall from Section 2.3.1 that we extend the structure design in vanilla-flow to a new
structure in reinforced-flow, where the conditioning input and the output in affine layers
have a stronger coupling relationship. To further validate if the new structure in reinforced-
flow can have better performance in learning more rich information from the condition, we
show the forecasting results of both structure designs for a series of four days in Fig. 2.6,
where the median values and the 50% prediction intervals of the generated scenarios are
plotted. From Fig. 2.6, we can see the change in the pattern of the realized load that the
second peak around 24 : 00 becomes flat from the second day. We note that the median
value of the scenarios generated by reinforced-flow goes through a similar change from the
third day to become more close to the realized load. The 50% prediction interval produced

by reinforced-flow also changes to cover the realized load as much as possible. However,

3Since the residential load from a single household is notoriously difficult to be forecasted accurately
because of the large randomness, and the forecasting for an aggregation of 100 households is typically an
easier task [12], we only use the forecasting results for 10 households as examples in the remaining part of
Section 2.4.5 to illustrate the performance of our approach.
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the median value and the 50% prediction interval of the scenarios generated by vanilla-flow

show little changes.
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Figure 2.7: Scenarios generated by vanilla-flow (a) and reinforced-flow (b) versus those by adding

noise to point forecasts from a CNN for the worst-case planning of the amount of power to purchase.

Next, we consider a practical example in demand response to illustrate the application

of our proposed approach in probabilistic load forecasting. We also compare the forecasting

performance of our approach against that of the standard method of adding noise to point

forecasts. We note that the point forecasts for residential load are derived from a CNN,
which is composed of two convolutional layers, followed by a max-pooling layer and a linear

output layer. ReLLUs are used as the activation functions in convolutional layers. This CNN
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takes the 24-dimensional historical residential load as input and produces the point forecasts
for the residential load in the next 24 hours.

In this example, utilities want to decide the amount of power to purchase one day ahead
to match the residential load in the next day for a group of 10 households. To this end,
they use probabilistic load forecasting to know possible residential load in the future. To
prevent blackouts or power waste, they target at the 90% prediction interval of the generated
scenario forecasts for the worst-case planning of the amount of power to purchase. We select
the two days from 11/1/2017 to 11/2/2017 to show the probabilistic load forecasting results
of our proposed approach and compare them with the results of the CNN-based standard
method. We plot the mean value and the 90% prediction interval of the generated scenarios
in Fig. 2.7. Particularly, the CNN-based standard method is compared against vanilla-flow
in Fig. 2.7a, and compared to reinforced-flow in Fig. 2.7b. We can see from Fig. 2.7 that
the point forecasts from CNN are very close to the mean value of the generated scenarios
using our approach; however, the peak value of the realized residential load is not covered
by the 90% prediction interval produced by the CNN-based standard method. By contrast,
the realized residential load is almost always included in the 90% prediction interval of the
scenarios generated by our approach. That is to say, if the CNN-based standard method
is used for probabilistic load forecasting in this example, it is very likely to underestimate
the possible residential load in the next day and result in power shortage. For the two days
shown in Fig. 2.7, we can see that the bias in the underestimation could be up to 5 kW for

a 10-households customer group.

2.4.83 Quantitive Bvaluation

In the forecasting literature, two properties have been used to examine the quality of gen-
erated scenario forecasts: reliability and sharpness [48, 49]. The reliability of generated
scenario forecasts is that they should cover the actual value as much as possible, and
the sharpness requires that the generated scenario forecasts should be able to provide a
situation-dependent assessment of forecasting uncertainty. For the example of residential

load scenario forecasting, it is intuitively expected that the forecasting uncertainty should
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not be the same when the power consumption drops to the lowest point and when the peak
demand occurs, because the smallest level of load demand is usually the base load and can
be more fixed than the peak demand.

To examine the quality of the scenarios generated by our approach, we first evaluate the
reliability of the generated scenarios using the Deviation-Coverage Area plot. Particularly,
the Deviation-Coverage Area plot gives the amount of deviation from the realized load as
a function of the size in the coverage area of quantiles. Specifically, considering a coverage
area of size 1 —a, 0 < a < 1, then we calculate the a/ch and (1 — a/2)th quantiles of the
generated scenario forecasts at each time point ¢. Denote the value of realized residential
load at time t by ¢;, and the oz/2th and (1 — oz/2)th quantiles of the scenario forecasts at
time t by @?/ % and é} —o/ 2, respectively. Then the amount of deviation from ¢; for a coverage

area with size 1 — « can be calculated as follows:

0 if ¢, € [(%%, 0°);
devi™ ={ 2 g, if g, < 1% (2.29)

A R TN

Particularly, when o = 1, the coverage area has size zero, and both the «/ 2th and (1—a/ 2)th
quantiles become the median values. In this case, the deviation amount for the coverage area
with size zero is simply the distance between the realized residential load and the median
value of the generated scenarios. After generating the scenario forecasts over T' look-ahead
time points, we average the amounts of deviation over all T time points for each coverage

area size to get the Deviation-Coverage Area plot:
1 T
l-a _ 11—«
Dev ™% = T t:E 1 dev, ™. (2.30)

Intuitively, the closer the Deviation-Coverage Area plot is to the origin, the higher reliability.

The Deviation-Coverage Area plots of the generated scenarios for the residential load
from a varying number of households are given in Fig. 2.8. Particularly, we plot the
Deviation-Coverage Area plots for both our approach and the standard method of adding
noise to point forecasts from the CNN for comparison. Recall that the closer the Deviation-

Coverage Area plot is to the origin, the higher level of reliability. We can see from Fig.
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Figure 2.8: Deviation-Coverage Area plots of generated scenario forecasts for residential load of

single household (a), 10 households (b), and 100 households (c).

2.8 that the scenarios generated by reinforced-flow exhibit the highest level of reliability
among all methods at every aggregation level. When a single household is considered,
the generated scenarios using vanilla-flow can have a higher level of reliability than those
using the CNN-based standard method. As the residential load of 10 or 100 households
is aggregated, although the point forecasts from the CNN have smaller deviation from the
realized residential load than the mean value of the scenarios generated by vanilla-flow, the
50% or larger coverage area generated by wvanilla-flow can be closer to the realized load.
To evaluate the sharpness of the generated scenario forecasts, we calculate the width of

the 50% prediction interval, and investigate its variations over 24 hours. The width of the
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Figure 2.9: The variations of the 50% prediction interval width over 24 hours for the generated
scenario forecasts when single household (a), 10 households (b), and 100 households (c) are included.
The x-axis is the forecasting horizon at an hourly resolution, and the y-axis is the width of the 50%

prediction interval of generated scenarios in the unit of kW.

50% prediction interval for the scenarios generated using our approach is given in Fig. 2.9,
and is compared against that using the CNN-based standard method. We can see from Fig.
2.9 that, for all three aggregation levels, the width of the 50% prediction interval of the
scenarios generated using our approach has noticeable changes over 24 hours. Particularly,
if compared to the realized load in Section 2.4.2, the width can be narrower when the load
is relatively small, which represents higher confidence level in the forecasting results, and
becomes larger when the load demand reaches the highest point in order for the generated
scenarios to cover a wider range of possibilities. By contrast, the prediction interval width of
the scenarios generated by the CNN-based standard method almost does not show changes

during one day.
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2.4.4 Cases Where Our Methods May Fail
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Figure 2.10: A case where the scenarios generated by reinforced-flow (red) and vanilla-flow (cyan)
may fail to provide accurate forecasts. The realized residential load is represented by the black dotted
line, the median value of the generated scenarios is plotted as the red solid line for reinforced-flow and
blue dashed line for vanilla-flow, and the colored banded areas indicate the 50% prediction interval
of generated scenarios. Starting from the second day, the realized residential load becomes too noisy
and can not provide useful information to aid conditional scenario generation. As a result, the flow-
based model ignores the noisy historical observations and generate scenarios that are irrelevant to

the condition.

In the simulation experiments, we also find there are certain cases where the generated
scenarios using our approach may fail to provide accurate forecasts for the future load, and
the derived prediction interval may not be able to cover the realized data. To show this, we
give an example in Fig. 2.10. We can see from this figure, the realized load becomes noisy
and has relatively small values in most of the time. Although one can hardly detect a clear
pattern from the realized load in Fig. 2.10, the median value of the generated scenarios
using our approach shows a clear pattern that is different than the realized load, and the
50% prediction interval fails to cover the realized load. In this case, the inaccurate scenario
forecasting can be explained by the objective function used for training flow-based models.
Recall from Section 2.3.1 that the objective of training flow-based conditional generative
models is to maximize the conditional log-likelihood on the training set. That is to say,
given the historical observations, a flow-based model always generates the scenarios that

are most likely to occur under this condition. However, if the historical observations to be
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conditioned on are too noisy, then they can not provide useful side information to the flow-
based model. Without helpful side information, the flow-based model simply maximizes the
log-likelihood instead of conditional log-likelihood. As a result, the scenarios that are likely

to occur under normal circumstances are generated by the flow-based model.

2.4.5 Conditional Scenario Generation with Wasserstein Distance

Recall from Section 2.3.2 that we add a weighted Wasserstein distance metric to the training
objective of flow-based generative models to balance the large variety of scenarios generated
by minimizing the KL divergence and the small variance of those generated by minimizing
the Wasserstein distance. In order to validate if the scenarios generated by minimizing
both metrics can have smaller variance compared to those generated by only minimizing
the KL divergence metric, we use the aggregated residential load data from 10 households,
and compare the conditional scenario forecasting results in these two cases. Considering
that reinforced-flow can have better performance than vanilla-flow, as shown in previous
simulation results, we take the reinforced-flow and its counterpart reinforced-VW-flow as
examples to illustrate the effect of adding a weighted Wasserstein distance metric to the
training objective.

Particularly, the Wasserstein distance between the true data distribution and the learned

one is calculated through the dual formulation [50]:

W(px (x]0%), px (x0))

= sup Ex~px(x\9*)[g(x)]_Ex~px(x|6')[g(x)] (231)
glglr <1

where ¢ represents any 1-Lipschitz function that maps from R” to R, and D is the dimension
of x. In our case of conditional scenario generation, the 1-Lipschitz function g is implemented
as an 1D-CNN with the condition as an extra input. To enforce the 1-Lipschitz property
on g, we utilize the weight clamping technique in [37].

In Fig. 2.11, we show the scenarios generated by reinforced-flow and its counterpart
reinforced-YW-flow, and plot the median values and the 50% prediction intervals of the

scenarios generated by these two models. Particularly, to validate that reinforced-WW-flow
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Figure 2.11: Scenarios generated by minimizing both KL divergence and Wasserstein distance
(reinforced-W-flow) versus those generated by only minimizing the KL divergence (reinforced-flow).
Example (a) represents the case where the realized residential load has less volatility, while (b)

represents the case where the realized residential load has larger randomness.

can reduce the variance of the generated scenarios in both cases of large uncertainties and
small uncertainties, we have shown two samples in Fig. 2.11, where the residential load
in Fig. 2.11b has larger volatility than that in Fig. 2.11a. We can see from Fig. 2.11
that, in both samples, the 50% prediction interval of the scenarios generated by reinforced-
W-flow is narrower than that in reinforced-flow. That is to say, the scenarios generated
by reinforced-VW-flow can have smaller variance and are more centered around the median
value. Particularly, the variance of the generated scenarios is reduced more in Fig. 2.11b

when the realized load curve is more volatile than in Fig. 2.11a. In each given sample in Fig.
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2.11, when the residential load to be forecasted is relatively low, the scenarios generated by
reinforced-YW-flow can have very thin 50% prediction interval. When the residential load
comes to the peak value and hence is more unpredictable, the 50% prediction interval of the
scenarios generated by reinforced-VV-flow becomes wider but is still narrower than that in
reinforced-flow. We note that the median value of the scenarios generated by reinforced-WW-
flow can also provide more accurate forecasts for future residential load than those generated

by reinforced-flow, especially when the residential load is more volatile as shown in Fig.

2.11b.

—
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Figure 2.12: The 50% prediction interval of scenarios generated by reinforced-W-flow (cyan-colored
band) versus that generated by reinforced-flow (red-colored band). The black solid line represents
the realized residential load. The scenarios generated by reinforced-VW-flow have narrower 50%

prediction interval at all time points compared to those generated by reinforced-flow.

To quantitatively investigate the effect of adding a weighted Wasserstein distance metric
to the objective function, we calculate the average 50% prediction interval of all generated
daily scenarios for both models and plot them in Fig. 2.12. We can see from Fig. 2.12
that, in both models, the 50% prediction interval can completely cover the realized load.
However, the 50% prediction interval of the scenarios generated by reinforced-W-flow is
narrower compared to those generated by reinforced-flow at all time points during one day.
That is to say, the scenarios generated by minimizing both KL divergence and Wasserstein

distance metrics can have smaller variance than those generated by only minimizing KL
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divergence. Also, recall from Section 2.4.3 that the width of 50% prediction interval can be
used to evaluate the sharpness of generated scenarios. We note that the scenarios generated
by reinforced-VW-flow can also provide situation-dependent confidence levels in forecasting
results. Therefore, by adding a weighted Wasserstein distance metric, we can not only

reduce the variance of generated scenarios but also keep the sharpness.

2.5 Conclusions

In this chapter, we study the problem of scenario forecasting for a single or a small group of
households. Because of the advancement of solar PV, electric vehicles and demand response,
accurately forecasting the behavior at the household level becomes an important step in the
operation of distribution systems. Since the high variability and small base load make
providing accurate point forecasts difficult, we focus on providing a group of scenarios that
capture the potential behavior of future load. We adopt the so-called flow-based generation
method, where we generate time series representing the future load conditioned on past
historical observations. This approach can generate scenarios that are both diverse and
follow the true pattern of the load. The simulation results show the flow-based designs
significantly outperform existing methods in scenario forecasting for residential load by

providing both more reliable and more sharp scenarios.
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Chapter 3
A CONVEX NEURAL NETWORK SOLVER FOR DCOPF

3.1 Introduction

The optimal power flow (OPF) problem is a fundamental tool used in the planning and
operation of power systems [51, 52, 53]. The OPF problem finds the least cost genera-
tor outputs that satisfy the power flow equations and other operational constraints. In
this chapter we specifically consider the DCOPF formulation of the OPF problem, which
linearizes the power flow equations [54].

The DCOPF problem has been studied extensively for almost half a century and is a
workhorse of the power industry. If the generator cost is linear, the DCOPF is a linear
program (LP). These LPs can be solved efficiently by a variety of algorithms, which have
been implemented in a number of software packages [2, 55]. Today, a DCOPF problem can
be solved quickly for fairly large networks [54].

Even though solving a single instance of DCOPF problems is easy, computational chal-
lenges are arising because of the increase in renewable resources, since they introduce sig-
nificant uncertainties into generation and load [56, 57]. To account for these uncertainties,
operators often need to repeatedly solve the DCOPF problem for a large number of sce-
narios [58, 59, 60]. If these scenarios are analyzed close to real-time, then using standard
solvers can become too inefficient. For example, suppose a single instance of DCOPF can be
solved in 1 second. Then solving a thousand instances would require more than 15 minutes,
which would likely be too slow.

Recently, end-to-end neural network architectures have been proposed as surrogates to
conventional LP solvers [61, 62, 63, 64, 65, 66, 67]. These neural networks treat load as the
input and output the generation values. Since they only require simple function evaluations,
they offer orders of magnitude speedup compared to iterative algorithms. Despite the

increase in speed, these machine learning approaches lack provable guarantees on their
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performances. There are two broad classes of approaches using neural networks for DCOPF.
In [61, 62, 63, 64], the neural network is used to directly approximate the functional mapping
from load to the optimal generations. In [65, 66, 67], neural networks are used to identify the
binding constraints and the solutions are recovered by solving linear systems of equations.
Both of these approaches rely on training with a large set of labeled data, then showing the
performance of the algorithms through simulations.

A fundamental barrier in adopting these methods in practice is the need to show that
small training error implies small testing errors. That is, we need to show that the method
generalizes. Using machine learning for DCOPF is most useful when operators are faced
with unfamiliar conditions, but there are many examples when machine learning precisely
fails in these conditions [68, 69, 70]. The hesitancy in using machine learning (especially
deep learning) methods also comes from the perception that they rely on “black-boxes” that
are hard to understand [71, 72].

In this chapter we propose a two-step approach for solving DCOPF. Firstly, a neural
network is used to learn the value (i.e., the optimal cost) of the DCOPF, and its gradient
with respect to the load is the locational marginal prices (LMPs). Then the binding con-
straints are identified based on the LMPs. This process is robust in the sense that if they
are approximately correct, and the binding constraints are correctly identified. We provide
formal guarantee to the generalization capability of this method by directly designing the
fundamental features of the DCOPF problem into the machine learning algorithm. Specif-
ically, we constrain the neural network architecture, and building KKT conditions into the
training process.

The first technique we use to guarantee generalization is to constrain the neural network
to have an input convex structure, since the cost of the DCOPF is a convex function of the
loads. Therefore, we use input convex neural networks (ICNNs) to learn this relationship [73,
74, 75]. The ICNNs represent functions that are convex from input to the output by using
ReLU as the activation functions and restricting the weights to be nonnegative. Then the
convex structure follows from the composition of convex functions [74]. It turns out that
the convex structure of the neural network is key to its generalization capability.

We show that a small training error for a finite number of samples implies that the
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error would be small for entire regions of inputs. Intuitively, this means that the gradient
of the function (the LMPs) would be roughly correct as long as some points in the input
region are sampled during training. This result is in contrast with standard generalization
results in the literature, where most are of a statistical nature [76]. Instead, we show that
the structure of the neural network is the key, since if convexity is not imposed, we can
construct cases with zero training error but arbitrary large testing errors.

The second technique we use is to add KKT conditions to the training process. Perhaps
the most direct way to improve generalization is to increase the number of labeled samples.
However, for even moderately large power systems, covering the whole load space with
labeled data is intractable due to the curse of dimensionality. We overcome this challenge
by using that at optimality, the primal and dual variables satisfy the KKT conditions [77].
Interpreting the dual variables as the partial derivatives of the value function with respect
to different parameters, the KKT conditions can be written as a set of partial differential
equations. We train the ICNN by minimizing the training loss that is based on this set of
partial differential equations. This enables us to include a much larger set of inputs without
explicitly adding labeled training data.

The challenge in solving DCOPF repeatedly for different loads is similar in spirit to
solving linear systems of equations for changing right-hand-side vectors. In this chapter
we are trying to solve a parametric optimization problem rather than a parametric linear
system [78]. However, unlike LU factorization, it is hard to guarantee that the machine
learning methods would always recover the right answer. The approach in [79] can bound
the worst case errors for a trained neural network with fixed parameters. But these types of
ex post analysis is hard to generalize and do not shed light on why a method may perform
better or worse. In this chapter, we show how designing the structure of the neural network
can lead to more robust guarantees. A similar observation was made in the context of
voltage regulation problems in [80].

This chapter is organized as follows. Section 3.2.2 provides the DCOPF model and
Section 3.3.2 describes the solution method. Section 3.4.2 describes the neural network
design and the training loss based on KKT conditions, and Section 3.5.3 states and proves

the generalization guarantees. Simulations illustrating the results are shown in Section 3.6.2.
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Section 3.7 concludes this chapter.

3.2 DCOPF Model

3.2.1 Model

Consider a power system where the n buses are connected by m edges. For each of the bus,
we let pf denote the output of the generator located at the bus, and let ¢; denote the load
consumed at the bus. Let p9 = (pY,...,p%) and £ = (¢1,...,£,) be the generation and load
vectors, respectively. The generation cost vector is denoted as ¢ € R™. We assume that c is
non-negative and has at least one positive component. We assume the system is connected.
For notational simplicity, we assume that all buses have generation and load. Without loss
of generality, we assume p? is bounded by 0 and pJ . If bus i does not have any generation
capability, we set p! = 0.

The line flows are related to the bus power injections through a linear relationship.
Because of Kirchhoff’s laws, not all flows in the m lines are independent. In particular, there
are only n — 1 fundamental flows and the rest of m —n + 1 flows are linear combinations of
the fundamental ones [81, 82]. Let p® € R"~! denote these n — 1 fundamental flows. More
details on line flow modeling is given in Appendix A.1.

The DCOPF problem asks for the least cost generations while satisfying all the loads

and flow constraints:

J*() = rgrgl,ir% c'p? (3.1a)
s.t. 0 < p? <p’ (3.1b)

—p/ <M p® <p/ (3.1c)

p? + MPp¢ = ¢, (3.1d)

where the matrix MY e R™*(=1 maps p¢ to the flows on all edges, and the matrix

MZE e R"*(»=1) ig the modified incidence matrix that maps the fundamental flows to the

1Since the power flow equations are linear, nonzero lower bounds can be shifted to be zero by subtracting
a constant from the generation values.
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nodal power injections. The value of the optimization problem is denoted as J*(€) and the
optimal solution is denoted as p9*(£).

The DCOPF problem in (3.1) is an LP and is readily solved by most optimization
packages such as CPLEX or Gurobi [2]. These solvers have been optimized to the point
that a single LP can be solved in the order of seconds even for large systems. The challenge
comes from the fact that repeatedly solving (3.1) for changing loads can be time-consuming,
even if the time it takes for a single instance is small. The formulation in (3.1) can be easily

extended to quadratic costs and is given in Appendix A.4.

3.2.2  Ezxample

we present a small example that is used to illustrate many of the points in this chapter.
Consider a single-bus system with three generators (with cost $1/MW, $2/MW and $3/MW,
respectively) serving a load. The DCOPF problem becomes

J*(¢) = min p{ + 2p§ + 3p} (3.2a)
st. 0<p! <pl,i=1,2,3 (3.2b)
Pl +pd+p =L (3.2¢)

Figure 3.1 plots the cost against the load. In an end-to-end approach, the goal is to learn
the generations directly. In the next section we will introduce a method that learns the

curve J*(¢) and its derivatives.

3.3 Learning Active Constraints

The goal of using machine learning is to avoid resolving (3.1) every time the load changes.
A number of algorithms have been proposed to directly learn the functional mapping from
£ to p9*(£) [65, 66, 67]. However, it is difficult to ensure the learned solutions satisfy the
constraints in (4.1b) to (3.1d). For the example in Fig. 3.1, each of the generations have
upper and lower bounds as well as the load balance constraint (sum of generation is equal
to the load). Instead of using end-to-end neural networks, the mapping J*(£) is learned.
Then the associated dual variables are obtained from the global dependence on the right-

hand-side vector in the LP. With the value of the dual variables, we are able to find out
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Figure 3.1: The cost curve of a single bus load with three generators. Let 21 be p{, 22 be p§, and
z3 be pj. The curve is piecewise linear, convex and increasing, with each piece corresponding to a

different generation profile.

a set of active constraints for (3.1). The exact value of p9*(£) is then found by solving a

system of linear equations.

3.3.1 Global dependence on the right-hand side vector

The global dependence of the optimal cost function J*(£) on the load vector £ can be found
through standard duality theory [77]. The Lagrangian associated with (3.1) is

E(pgu peazafaé) X? l’l’) = chg - ITpg + ?T(pg - I_)g)_

AT(p! + M p®) + AT(M p® —p/) + p (£ —p? —MPp°), (3.3)

where T, 7 € R™ are the dual variables associated with generator capacity constraints (4.1b),
A, X € R™ are the dual variables associated with flow capacity constraints (3.1c), and u € R
are the dual variables associated with equality constraints (3.1d). The dual variables p
are called the locational marginal prices (LMPs) since they represent the marginal cost of

supplying one more unit of power at a bus [83].
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The dual problem of (3.1) is

max pll—Ape — XTpe — #1py (3.4)
720
st. c—Tt+T—-—pn=0 (3.4a)
~MPA+MPIA-—ME =0 (3.4b)
TTAA20 (3.4c)

We assume that the load £ is feasible. From the value of p, we can learn the active constraints
set for (3.1). To be specific, the optimal solutions for (3.1) are associated with the following

active/inactive constraints through the value of p*:

0, if ur —e¢; <0
r =14 7 if i —¢i >0 (3.5)
(0,p7), otherwise,
and
o, if A7 — A >0
Pt =1 -l if A —AF <0 (3.6)
(—;5{, ]5{), otherwise,

where, given the value of p*, the value of ;\; — A can be determined by solving the following

optimization problem:

min [, (3.7)

s.t. MFszag(p{a e 7ﬁf )V = MBT“’)

m

where diag(-) is a diagonal matrix. The value of \¥ — \¥ is related to v by A} — A} = v; /ﬁf .
Due to space constraints, we skip the detailed derivations. They are straightforward and
can be found in the online companion in [67].

It turns out the learning problem becomes much simpler from the dual problem. Instead
of directly learning the optimal solutions or the active constraints (neither are continuous
in the load), it suffices to learn J*, which is a scalar function that is continuous in £. The
multipliers p can be then recovered from the following theorem about the global dependence

of the optimal cost J*(£) on load £:
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Theorem 3.1. A vector p* is an optimal solution to the dual problem (3.4) if and only if
it is a (sub)gradient of the optimal cost J*(€) at the point £, that is,

Ve* = pt. (3.8)

The proof of this theorem is standard and can be found, for example, in [84]. The
subgradient part of the statement comes from the fact that J* is differentiable for almost
all £, but not everywhere. If this is the case, p* is customarily taken as the (componentwise)

largest vector in the set of subgradients.

3.8.2  Solving DCOPF with known marginal prices

Suppose we can learn the cost function J*. Then p (the gradient with respect to the input)
can be easily obtained through back propagation. For a nondegenerative LP problem, there
would be exactly the same number of constraints as there are variables. Therefore, after
using p* to find the active constraint sets, a linear system of equations is solved to find the
optimal solution.

We summarize the algorithm to solving problem (3.1) after the value of p is known
in Algorithm 3-1. This algorithm can offer an order of magnitude speedup compared to
iterative solvers, since it only requires solving a sparse linear system of equations. This
speed up is comparable to end-to-end regression methods which uses a feed forward neural
network to obtain the generation solutions [61] (the detailed computation times are given
in [67]). Here we concentrate on the feasibility and generalization properties of our proposed

approach.

3.4 Network Architecture and Training Loss Design

The previous algorithm essentially states that if we can learn pu* well, then we can obtain
the optimal solution to (3.1). Note that p* need not to be learned perfectly. Take the
middle segment in Fig. 3.1 as an example. As long as the learned J(¢) has a derivative
between 2 and 3 in this segment, we would detect the correct binding constraints. Therefore
the key to success is to ensure that the learned p* always have small error. However,

small training error does not guarantee small generalization error. The effectiveness of
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Algorithm 3-1: Solving DCOPF with given LMPs

Inputs: u, £

Parameters: M?, M”, ¢, p/, p?

1: Given p, identify active nodal constraints using (3.5)
2: Given p, identify active flow constraints using (3.6)
3: EquationSolver(p? + MPp€ = £, active constraints)

Outputs: Optimal solutions p9* to (3.1)

Table 3.1: Solving DCOPF for given LMPs.

most machine learning algorithms are demonstrated through simulations, but engineering
applications usually require some a priori guarantees, since well-trained models can fail to
make reasonable inference on unseen input samples. In this section, we introduce two design
features to guarantee the generalization ability of the trained model. By generalization, we
mean a neural network that has a small training error in learning p* should have small
testing errors on new samples. To guarantee generalization, we first utilize the convexity of
the cost function to train an Input Convex Neural Network (ICNN). Then we leverage the

Karush-Kuhn-Tucker (KKT) optimality conditions to design the training loss.

3.4.1 ICNN architecture

A useful result from linear programming that constrain the structure of J* is that it is a

convex function:

Theorem 3.2. The optimal cost J*(€) is a convex function of £ with its domain as the set

of all feasible loads. .

The proof of this theorem is again standard and can be found in [84]. We adopt a special
category of deep neural networks (DNNs), called Input Convex Neural Network (ICNN) to
leverage this result [74, 73]. The network architecture that we use is shown in Fig. 3.2.
The basic construction of ICNNs comes from composition of convex functions. Given two

functions g and h, if g is convex and h is convex and nondecreasing, f = g o h is convex.
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Figure 3.2: The architecture of the trained ICNN. The weights Wl(z), - ngz_)l are restricted to

be nonegative. The pass through links W1(£)7 ey W/i€)1 are not sign restricted.

ICNNSs satisfy this property by using ReLLU as the activation functions and restricting the
weights of the network to be nonnegative. This construction is shown to approximate all
Lipschitz convex functions arbitrarily closely [74].

Suppose the fully-connected ICNN has k+1 layers, i.e., k hidden layers with “passthrough”

and one extra linear output layer. The architecture can be written as follows:

ziy1 = o(W P2 + W24 b)), fori=0,--+ k—1 (3.9)
J = cT(z), (3.10)
where z; represents the output of the i-th hidden layer, Wl(.z) represents the weight that
connects the ¢ — 1-th hidden layer to the ¢-th hidden layer, and they are restricted to be
nonnegative. The weights Wz@1 represent the matrices that directly connects the input £
to the i-th hidden layer. The symbol o(-) represents the ReLU activation function.

We let 6 denote all trainable parameters in (3.9) and (3.10), i.e., 8 = {ngl,
Wg,)c_l,bo:k_l}, and the parameterized function fg(-) denote the mapping from £ to J.
Then (3.9) and (3.10) can be written in a more compact form as J = fg(£). The estimated
value of p can be obtained by taking the derivative of fg(€) with respect to £, and is
denoted by fi = Vgfg(£). We show in Section 3.5.3 that convexity is fundamental to the
generalization property of the neural network.

The goal of training the network is to learn the value of @ which minimizes a specified

loss function L, i.e.,
6 = argmin L(fo(£), Vefo(£)). (3.11)

Next, we illustrate how to construct this loss function.
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3.4.2 Capturing KKT conditions

When the load vector £ changes by certain amounts, the active constraint set and therefore
the value of pu* remain unchanged. In fact, we can divide the feasible input space of £ into
a finite number of regions 2. Each of these region is a convex polytope and corresponds to
a different combination of active constraints and a value of p*.

If we have a number of ground-truth values of (J*, u*) for every possible region, then
we can train the neural network by minimizing the regression loss. However, the number
of possible regions grows quickly with respect to size of the system. For moderately sized
system, there maybe a large number of regions and it is unlikely that historical observations
would include data in every region. Even if data is generated offline, exhaustively covering
all of the regions with labeled data become cumbersome.

If the data set only samples a small number of regions, the model trained by minimizing
the regression loss performs poorly for input samples that come from unseen regions. This
is not unexpected since there is no data to make prediction for these unseen regions. But in
practice the value of using machine learning is to quickly determine what might happen for
a large number of loads where some would come from unseen regions. Interestingly, because
we are solving a well-defined optimization problem, we can mitigate this data challenge
again by looking at duality theory.

We develop an augmented training approach for the neural network fg(€) based on

2Note that the division of the feasible input space is just for the analysis and illustrative purpose. We do
not do the division in the practice and the implementation of our algorithm does not require this division
either.
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violations of KKT conditions. Recall KKT conditions for the LP in (3.1) is

c—T7+7T—pn=0 (3.12a)
~MPIA s MFIA-MB =0 (3.12b)
0 <p?<p’ (3.12¢)
—-p/ <M"p° <p/ (3.12d)
p? + MPp = ¢ (3.12¢)
7T AAZ>0 (3.12f)
p] =0, Ti(p] —pf) =0, Vie{l,-- ,n} (3.12g)
(] + M) = 0 (3.12h)
xj(M]FTlDe—zﬁj»c) =0, Vje{l,--- ,m}, (3.12i)

where M JF is the j—th column of matrix M T
Before introducing the loss term related to violations of KKT conditions, we have the

following lemma:

Theorem 3.3. The dual variables T,7, A\, A, pu satisfy the KKT conditions in (3.12) if and

only if they satisfy equations (3.13):

A+ Mpe—pH]T=A=0 (3.13a)
A-M"p°+p/)IT-A=0 (3.13b)
[T+ @' —p9)] " —7=0 (3.13¢)

[r —p?]" — (3.13d)

Proof. Here we consider (3.13a) and the rest follow in similar fashions. In particular, we

prove the following two conditions are equivalent:
1. MFp® < p/ A= 0,(MFp — p)OA=0
2. A+ (MFpe—pHt—x=0

where © represents element-wise multiplication.
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First we show that 1) implies 2). If M¥p® < pf, then we must have A = 0 from the

complementary slackness condition (MF p¢ —p’ YOX=0. So

A+ (MFp® —p/)]" — X = [MFp® —p/]" =0.

If MFp® = pf and A > 0, then we have

A+ M p° —p/)]" = A

I
>
+

|
>

Next we show 2) implies 1). The right-hand-side implies the following dual feasibility

since [A + (MPp® — p/)]* — X = 0 gives

A=A+ Mp"—p)))" 0.

Suppose the primal feasibility does not hold, i.e., M¥p¢ — p/ > 0, then

A+ (MFpe —p/)]" - A
=X+ (M"p°—p/) - A
=M"p° - p/

=0.

Therefore, we at most have M p¢ = pf and M¥'p€ cannot exceeds p/.

For complementary slackness, suppose Mfp® < pf but A # 0, then we have

[A+ (MPp - p/)]* — A

either X + (M¥p¢ —pf) =X = MFp* —p/ =0

or0—A=0,

3.14

w
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5

w
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)
)
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17)
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(

(3.18)

(3.19)

which contradicts our assumption. So, if M¥'p¢ < pf, we must have A = 0. Suppose A > 0

but M¥p¢ < pf, we arrive a similar contradiction.

Note that dual variables 7,7, , and X can all be represented in terms of . To be

specific, based on (3.12a) and (3.12f), we can express the dual solutions 7 and T as follows

(3.20a)

(3.20Db)
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where the notation [a]T represents [a]* = max{a,0}. The dual solutions A and A can be
expressed in terms of p by solving the ¢1-minimization problem in (3.7), and we denote
them by A(u) and A(p), respectively.

Plugging the expressions 7(u), (1), A(p) and A(u) into (3.13a)-(3.13d), we obtain a
system of equations only related to p. To capture the KKT optimality conditions in (3.12),

we define violation degrees associated with equations (3.13) as follows

vy = [A+ Mp® —pH]T — A (3.21a)
va=[A— (M P +p/)]" -2 (3.21b)
=[7+ (P’ -p9)]" — (3.21c)
vr=[r-p']" —1 (3.21d)

v, = £ —p? — MPp°. (3.21e)

Based on wiolation degrees given in (3.13a)-(3.13d), we define the loss term to minimize

violations of KKT conditions as follows
Li(0) = |vs(Vefo(0)|3 + |v5(Vefo(£))]3
+ vz (Vefo(0) 5 + |ve(Vefo()]5 + |vpl3-  (3.22)

We also define the regression loss as follows

Lr =|[fo(€) = J*| +[Vefo(£) — 1’|, (3.23)

where the first term is the regression loss defined between fg(£) and J* over the neural
network’s outputs, and the second term is the regression loss between Vyfg(€) and p* over
calculated derivatives.

By combining the the regression loss defined in (3.23) and the KKT-related loss term

(3.22), we can express the training loss for our proposed algorithm as follows
L(0) = Lr(0) + Lk(0). (3.24)

By minimizing the loss function in (3.24), we can get the trained model fg(€) and use it to

make predictions in an on-line way.
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Note that the KKT-related loss term in (3.22) can be calculated for both labelled and
unlabelled datasets. For the unlabelled dataset, denoted as D, the data points in it only
contain the input load, i.e., {E(l), 02 ... ,E(N)}. To calculate the KKT-related loss on D,
does not require any ground-truth labels. Since dual variables 7,7, X, and X can all be
represented in terms of p by solving the ¢1-minimization problem in (3.7) and using the
expressions in (3.20), they can be obtained by learning g from the input load. Besides, as
shown in the architecture of the ICNN in Fig. 3.2, we can interpret the layer before the
output layer as the prediction of the power generation p?, from which we can get the value of
the flow p® using the equation (3.12e). Then we do not have to consider the violation degree
in (3.21e). For calculating the rest of violation degrees in (3.21), all the information required
can be obtained by learning from the load. Therefore, to construct the KKT-related loss
on Dy, we do not ask for ground-truth labels.

We summarize our proposed algorithm for training the ICNN in Table 3.2, and call it
Algorithm 3-2. Although adding KKT-related loss term makes the loss function complex,
we do not observe any numerical issues during the training process. In the simulations, the

loss function always decreases and converges to a low level.

Algorithm 3-2: Algorithm for Training the ICNN

Inputs: Samples with labels D,,

Inputs: Samples without labels D,

Inputs: Model to be trained fg(£)

Parameters: M3, MF, p/, p9, p’

1: Calculate regression loss term Lg on D,, using (3.23)

2: Calculate KKT conditions-related loss term Ly

on Dy, and D, using (3.22)

3: Minimize L(8) in (3.24) to get the optimal parameter 6
Outputs: Trained model f4(£)

Table 3.2: Algorithm for training the ICNN.
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3.5 Generalization

In this section we consider the generalization performance of our proposed method. By
generalization, we mean the algorithm should perform well on test samples that were not
seen during the training process. We adopt the standard method of analysis here: we assume
that the neural network can be trained to zero error on the training samples, then we study

the errors for testing samples [85, 86, 87]. We use the following definition as a shorthand:

Definition 3.4. We say a neural network is well-trained if it achieves zero loss on the

training data.

Understanding the generalization properties is important because zero training error
does not imply small test error. Consider the example given in Fig. 3.3. Suppose we are
fitting a piece-wise linear function but only given two points that lie on a line and the
training loss is the regression loss. There are infinitely many functions that pass through
these points, implying that they have zero training error. Obviously, many of them can
have large testing errors for other points on the line. This example also shows that it is
not sufficient to just impose convexity or provide gradient information on their own. There
are also infinitely many convex functions passing through the labeled points, and there are
infinitely many functions with the right gradients at the given points. To constrain the class

of functions to be learned, both convexity and the gradient information are needed.

==« Ground Truth
No Training Error

el
-

Figure 3.3: Given two points on a line, there are infinitely many piecewise linear functions passing
through them. Therefore, small training error (passing through the points) does not necessary imply

small generalization error (recovering the line).

Since J* is piece-wise linear, we study generalization for two settings. The first is we

assume that there are multiple training data within a region where J* is linear, and we are
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interested in the testing performance of a new input from the same region. This setting is
about whether the model is constrained enough to not overfit during training. We provide
a positive (and simple) answer in Theorem 3.5.

The second setting is to assume that the test data lies in a region that was unseen during
the training process. This question is normally not asked since there is no expectation that
learning would be useful for these type of unseen data. However, since there are large number
of possible LP regions for DCOPF, it is likely that not all regions would be included in the
training data. Therefore, learning algorithms must provide some guarantees on unseen
regions. This is especially important as operating conditions change and the historical data
are no longer reflective of future scenarios. In Theorem 3.6, we provide a positive answer

showing that the gradients of the unseen region are still bounded.

3.5.1 Generalization for A Linear Region

In this part, we study the case where all training samples have the same value for p. That is,
they come from the same LP region. Let us denote the set of training samples as Dy, and
convhull D, is the convex hull of set Dy,,,. The following theorem states the performance

of the neural network for a new input £"¢V that is not in Dy,.

Theorem 3.5. Given N input loads Dy = {€',... €N} and assume Vg fz(€") = p for all
i=1,...,N. Assume the ICNN model gg(£) is well-trained on Dyy,. Then for all points
£ e convhull Dy, Viefo(€Y) = p.

This theorem is useful for LP problems because the gradient of J is piecewise constant
over convex polytopic regions. If we are given some points from a region, then a well-trained
neural network guarantees that the function is learned correctly for all points within their
convex hull. This result implies the correctness of the overall algorithms since they only
rely on the gradient (dual variable) information.

Technically, the above theorem says that if the gradients of a convex function are equal
at a set of points, then the function is linear on the convex hull of these points. This is
not a surprising result, but it does show that by constraining the structure of the neural

network and using gradient information, we can generalize to uncountable number of points
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(compact regions) by learning from a finite number of training points. The proof of the

theorem is given in Appendix A.2.

3.5.2 (Generalization with KKT Loss

If training samples may not represent all possible regions, we can construct the KKT con-
ditions augmented loss in (3.22) on a set of unlabeled data points, for which we only have
access to the input load values but not the optimal cost and the optimal LMPs. Since we
do not ask for labels, we can sample as many data points as we want. This allows us to
train with a very large set. We call this set of unlabeled data points the helper set. To
construct the KKT loss on the helper set, we calculate the violations of KKT conditions
through equations (3.21), where the Lagrange multipliers are determined from the learned
p by following steps (3.5) and (3.6) in the training process.

By training with the helper set, unseen regions become “seen” in the sense that the
outputs from the trained model must satisfy KKT conditions. As long as the model is
well-trained, the analysis of generalization is the same as Section 3.5.1. Therefore, the
generalization performance of training with helper set can also be guaranteed by Theorem

3.9.

3.5.83 Generalization for Unseen Regions

Here we consider the case where a region is not represented at all by the training data,
including both labeled and helper sets. Then if a test sample comes from this region, would
our method output anything useful? Methods like classification and dictionary learning
cannot make useful predictions since there is no basis to make inferences about unseen
regions. The next theorem shows that our approach is still partially successful because the

gradient of a test data point is bounded by the gradient of the training points:

Theorem 3.6. Given N input loads Dy, = {£€1, ..., £V}, assume the ICNN model gg(£) is
well-trained on Diyy. Assume that N = n + 1 and Dy, does not lie in a lower dimensional
subspace in R™. Then for all points €"" € convhull Dy, Vefe(L™Y) is contained in a

bounded convex polytope.
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The exact characterization of the polytope is given in the proof in Appendix A.3 and
depends on the values of {€!,... £V} and V,fg(£7°"). The significance of the theorem lies
in that training data are able to constrain the gradient for all points that lies in its convex
hull. Intuitively speaking, as long as some surrounding points are included in training, the
gradient cannot be “very wrong” even for points coming from LP regions that were not seen
during training.

Consider the curve in Fig 3.1. Suppose we learned the two end pieces correctly but
there was no training data for the middle piece, as shown in Fig. 3.4. Then by Theorem 3.6,
the slope of the middle piece is constrained to be between the slope of the two end pieces.
Furthermore, even if the neural network is trained in such a way that there are more than
one piece of the middle region, the slopes of all of the pieces are still bounded between the
two end pieces. Since Algorithm 3-1 only relies on getting p to be in the correct range, the

active constraints would be identified correctly for all of these cases.

J*(1)

Figure 3.4: Example when the middle region has no data. But as long as the other two regions are
well trained (black lines), the slopes in the middle region are bounded (blue and red dashed lines)

by Theorem 3.6. Then the active constraint detection (Algorithm 3-1) would still be correct.

Theorem 3.6 formalizes the picture in Fig. 3.4 to higher dimensions, but the geomet-
ric intuition remains the same. This theorem also formalizes the empirical observation
in [79], where the error of neural network-based OPF is reduced if training points are on

the boundary of the feasible region.
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Input variations 30% 50%
Solutions Optimality Feasibility Infeasibility || Optimality Feasibility Infeasibility
End-to-End 18.34 21.98 78.02 17.76 46.30 53.70
Our model 94.93 94.93 5.07 93.08 93.08 6.92

Table 3.3: Quality of solutions. We compare the solutions quality of our model to the end-to-end
model. The ratios of optimal, feasible and infeasible solutions are listed and the numbers represent
percentages. Results under two different input variations are given, i.e., 30% and 50% deviations
from the nomial load value. More than 90% of the solutions obtained from our algorithm are optimal,

while less than half of the solutions from the end-to-end model are feasible.

3.6 Simulation Studies

In this section, we demonstrate experimental results of using Algorithm 2 for training the
ICNN and Algorithm 3-1 for solving DCOPF. We use the IEEE 14-bus system as the
benchmark. We first examine the quality of solutions in terms of feasibility and optimality,
then we examine the generalization performances. In Section 3.6.2, we show the simulation

results of our model in the IEEE 118-bus system.
3.6.1 14-bus System

To generate the training set, we first sample £ from the uniform distribution. We use two
different variations from nominal load values: 30% and 50%. The total size of data samples
is 50000 for each setting. Then, for each value of £, we solve the primal and dual problems
using CVXPY [88] powered by CVXOPT [89]. The optimal cost and the dual solutions
are recorded. We hold 20% of all data samples as the test set and use the remaining for
training. The ICNN we train has 4 hidden layers.

In order to better evaluate the performance of the model trained using our algorithm,
we also provide experimental results of the end-to-end learning model, which is by far
the most popular in the field of using deep learning for solving DCOPF [61, 62, 63, 64].
We constructed the end-to-end model with an architecture similar to [62], although other

architectures do not change the conclusions. To be specific, for the end-to-end model, we
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train a 4-layers fully-connected ReLLU network by minimizing the regression loss, and use
the trained model to directly predict the optimal solution to (3.1).

Both the end-to-end model and our model using Algorithm 2 are implemented on the
Tensorflow platform and are trained until the training loss converges. The end-to-end model
can be implemented using existing modules in Tensorflow, however, calculating KKT-related
loss is specific for solving DCOPF and cannot be implemented using existing modules in
Tensorflow. So we need to do some customization. In our experiments, the customized mod-
ules take longer time to train than existing functions or modules in Tensorflow. Therefore,

the training time of our model for each epoch is longer than the end-to-end model.

Owverall performance

To evaluate the quality of solutions obtained by different learning models, we divide solutions
into three categories: optimal, feasible, and infeasible solutions. In our model, we feed £
into the neural network and find the active constraints set. Then we solve a system of linear
equations using a standard solver to obtain final solutions. The end-to-end model can
directly outputs the solution to pY. The ratios of optimal, feasible and infeasible solutions
obained by different learning models are listed in Table 3.3. As shown in Table 3.3, the
optimality ratio of the solutions obtained from our model is higher than 90% under both
input variations. In comparison, almost 50% of the solutions obtained from the end-to-end
model are infeasible. In terms of computational time, both methods are much faster than
iterative solvers in online DCOPF solving.

To examine the solution feasibility in the end-to-end model, we use the output pY and
the nodal power balance (3.1d) to obtain p®. The value of feasibility ratio depends on how
large the error tolerance is. In this section, 0.3% mismatch is allowed when we calculate
feasibility ratios. In Table 3.4, we also list the ratios of solutions that do not satisfy the nodal
power balance, the limits on generators’ outputs, and the limits on line flows, respectively.
From Table 3.4, we can see that more than 98% of the solutions obtained from our model
satisfy both generators limits and line flows limits. By contrast, only 24% of the solutions

from the end-to-end model satisfy the line flow limits.
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Input variations 30%
Infeasibility Nodal balance Generators limits Lines limits
End-to-End 16.88 0 76.79
Our model 5.07 0 1.18
Input variations 50%
Infeasibility Nodal balance Generators limits Lines limits
End-to-End 47.45 6.33 6.46
Our model 6.92 0 0.79

Table 3.4: Infeasibility of solutions. We compare our model to the end-to-end model. The ratios
of solutions that do not satisfy the nodal power balance, generators’ limits and the line limits are
listed. 0.3% mismatch is allowed. We give results under two different input variations, i.e., 30%
and 50%. In both settings, more than 98% of the solutions obtained from our model satisfy both
generators limits and line flows limits, and more than 90% of our solutions satisfy the nodal power

balance.

Generalization on Unseen Regions

To evaluate the generalization ability of our model, we create an illustrative example in the
14-bus system. Particularly, we examine the generalization performance on new data points
that comes from region without any training samples. To generate the training set for this
case, we only change the load values at two buses, but keep the remaining load values fixed.
In this way, the space of input loads can be regarded as a two-dimensional plane. When
varying the load values at the two buses, we can have four different combinations of active
constraints, which correspond to four different values of pu*. Therefore, we divide the input
load space as four regions, denoted as Ry, R;, Ro and Rs3. The division of the input space is
shown in Fig. 3.5. We take training samples from Ry, Ro, and R3, and take testing samples
from R;. Let us denote the training set as Dy, and the testing set as Dyg.

We use two different training approaches for our model. In the first training approach,
we only use Dy, for training and minimize both the regression loss and the KKT-related

loss on Dy,.,. For the second training approach, we construct an additional training set,
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Figure 3.5: Division of the input space. The axes are load values at the two buses. In this example,
based on different combinations of active constraints, the input load space can be divided into four
regions. We take samples from R; as the testing set and samples from surrounding regions Ry, Ra

and Rj3 as the training set.

called helper set Dy, which only contains the input load, i.e., {B(l),ﬁ(z), e ,E(N)}, and
do not have any ground-truth values. To generate the helper set, we can sample £ from
uniform distributions ¢5 ~ Uniform(2,6) and £ ~ Uniform(2,6). Therefore, Dy, contains
the testing region R;. Aside from minimizing (3.24) on Dy, we also minimize the KKT-
augmented loss (3.22) on Dp.yp,. 3 End-to-end model only use labeled samples and is trained
on Dy,

We list the ratios of optimal, feasible and infeasible solutions obtained from different
learning models in Table 3.5. As we can see, when we use Dj,y, as an additional training
set, we can obtain an optimality ratio as high as 96%. Even without Dp,jp,, more than half
of the solutions obtained from our model can achieve optimal values. As a comparison, the
end-to-end model fails to make feasible predictions on test samples that come from never
seen regions in the training process. The reason that our proposed algorithm outperforms

the end-to-end model can be attributed to the KKT-related loss. By minimizing the KKT-

3We know from Section 3.4.2 that to calculate the KKT-augmented loss on Dy does not require ground-
truth labels.
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Optimality Feasibility

End-to-end 5.52 8.6
Our model, with Dy, 97.24 97.24
Our model, without Dy, 62.25 72.31

Table 3.5: Generalization performance on test samples coming from never seen regions. With the
helper set, our method is optimal 97% of the time (62% without). The end-to-end model fails to

make reasonable predictions.

related loss term, the trained model is able to learn the underlying KKT conditions in all

four regions and make better predictions of p* on Dyg.

3.6.2 118-bus System

In this part, we evaluate our model in the IEEE 118-bus system, where 54 generators and 183
edges are located, and compare with the classification approach. To generate the training
set, we sample load values £ from a Gaussian distribution with mean of 1.0 and standard
deviation of 0.03. Then, for each value of £, we solve the primal and dual problems using
CVXPY powered by CVXOPT. We solve 60000 samples and split 20% of all data samples
for testing and 80% for training. For our model, we train a 5-layer ICNN to learn the
mapping from load values to cost function values. For the classification method, a 5-layer
fully-connected neural network is constructed to predict the set of active constraints. We
use one-hot encoding of different active sets as labels, and use cross-entropy as the loss
function. The simulation results show that our model achieves an accuracy of 88.96% in
terms of finding optimal solutions. In comparison, the accuracy for the classification task

is 39.61%.

3.7 Conclusions

This chapter proposes a new framework to use neural networks for solving DCOPF. By

leveraging rich linear programming theories, we prove our framework guarantees general-
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ization. First, using the convexity of optimal cost in DCOPF, we constrain the neural
network to have an input convex structure. Second, using the KKT optimality conditions,
we add violations of KKT conditions to the training loss. In this way, we are able to ex-
ploit large amounts of unlabeled data points for training and improve the generalization
performance. Our method is evaluated on the IEEE 14-bus and 118-bus. The experimen-
tal results demonstrate that our method significantly outperforms existing end-to-end and

classification approaches.
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Chapter 4

AN EFFICIENT LEARNING-BASED SOLVER FOR TWO-STAGE DC
OPTIMAL POWER FLOW WITH FEASIBILITY GUARANTEES

4.1 Introduction

The optimal power flow (OPF) problem is one of the fundamental tools in the operation
and planning of power systems [51, 52, 53]. It determines the minimum-cost generator
outputs that meet the system demand and satisfy the power flow equations and operational
limits on generators, line flows and other devices. Traditionally, the OPF is formulated as
a deterministic optimization problem, where a solution is computed for some nominal and
fixed demand. However, with significant penetration of renewable energy into the power grid
as well as demand response programs, the fluctuation in the demand should be explicitly
taken into account [90].

To take uncertainties in the net-load into account,' stochastic programming methods are
a type of common tools used to to reformulate the OPF as a multi-stage problem [91, 92, 93].
In these problems, decisions are made sequentially at each stage, based on the forecast of
the net-load and the fact that additional adjustments can be made in future stages when
the uncertainties are better known.

In this chapter, we consider a two-stage stochastic program based on the DC optimal
power flow (DCOPF) model. The DC power flow model linearizes the power flow equa-
tions and is the workhorse in power industries [54]. The two-stage DCOPF problem is also
becoming increasingly popular as a canonical problem that incorporates the impact of un-
certainties arising from renewable resources [94, 95]. In more general terms, the two-stage
DCOPF problem falls under the category of two-stage stochastic linear programs with (fized)
recourse (25-SLPR) [96].

In this chapter, we use the term net-load to capture both renewable generation in the system [91] and
the load.
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Like other 2S-SLPR problems, the second stage of the two-stage DCOPF involves an
expectation of the uncertain parameters ( i.e., the randomness in the net-load) over some
probability distribution. In practice, the probability distributions are rarely known and
difficult to work with analytically. Therefore, several different approaches have been used
to approximate 2S-SLPR problems. Among these, the most popular is the sample average
approximation (SAA) [97, 98, 99].

The SAA is a basic Monte Carlo simulation method, which represents the random pa-
rameter using a finite set of realizations (scenarios), yielding a (possibly large) deterministic
two-stage linear programming problem. Though the SAA approach is easy to implement,
directly using it to solving two-stage DCOPF may result in computational challenges. A
reason for this is that the SAA method tends to require a large sample set in order to gen-
erate a good-quality solution [100, 101, 102], rendering the SAA formulation for two-stage
DCOPF into a very large-scale linear program. In some sense, the challenge has moved
from generating many high quality samples from a probabilistic forecast to being able to
solve an optimization problem using these samples [103, 61, 104]. Secondly, as decisions
in power system operations are made in a more online (or corrective) manner [95, 105],
OPF problems need to be solved repeatedly in real time. Even though solving single linear
programs is easy, solving two-stage DCOPF problems are not [106, 61].

A common approach to reduce the computational burden in solving two-stage DCOPFs
is to model the second stage decisions using an affine policy. More specifically, the second-
stage (or the recourse) dispatch decision is restricted to be an affine function of the realized
net-load and the first-stage decisions [107, 108, 109]. Once the affine policy is determined,
the decision-making in the real time is just simple function evaluations. This method has
been observed to provide good performance when the net-load variations are small or are
restricted to a few possible instances [110, 111, 112]. However, if the variations are large or
include many possible values, the affine policy method tends to not perform well. In fact, it
may produce decisions that do not even satisfy the constraints in the two-stage optimization
problem.

In this chapter, we overcome the challenge in policy design and solving two-stage DCOPF

problems by presenting a neural network (NN)-based architecture that is computationally
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efficient and also guarantees the feasibility of learned solutions. In particular, our architec-
ture involves two neural networks, one each for the first and second stages. The first neural
network learns the mapping from the load forecast to the first-stage decisions. The second
neural network approximates the cost-to-go given the net-load realization and the learned
first-stage decisions. So, instead of using the affine policy, we offer an NN-based policy to
solve the second-stage OPF problem.

Recently, many machine-learning based algorithms have been proposed to accelerate the
computational speed for OPF, please see [61, 65, 113, 114, 115] and the references within.
However, many of the existing algorithms are not suitable in a two-stage problem. To
enhance computational speed, the proxy of the second-stage cannot involve multiple steps
(e.g., a neural network followed by a power flow solver. For feasibility, the solutions need to
have feasibility guarantees. In this chapter, we use an NN policy that is constructed using
a technique called the gauge map [116, 117, 118], which allows the output of the NN to be
guaranteed to satisfy the DCOPF constraints. Since this policy also involves only function
evaluations, it preserves the speed of affine policies. At the same time, a neural network is
much more expressive than an affine function, and can provide much better approximations
to the true solution.

The rest of this chapter is organized as follows: In Section 4.2.3, we describe the gen-
eral setup of the two-stage DCOPF problem and the two widely-used formulations of two-
stage DCOPF. Section 4.3 presents the proposed learning approach to solving the two-
stage DCOPF problem, including the overall architecture design, the training of it and
the decision-making procedure. Section 4.4.2 illustrates how to incorporate the gauge map
technique into the architecture design to ensure the feasibility of the neural networks’ pre-

dictions. Section 4.5.2 provides the simulation results and Section 4.6 concludes the chapter.

4.2 Two-stage DCOPF Model

In this section, we provide more details about the formulation of two-stage DCOPF prob-
lems. Consider a power network with n buses connected by m transmission lines. Without
loss of generality, we assume each bus ¢ has a generator as well as a load, and the load is

uncertain. We denote the randomness in the system by w € R™, which is a random vector,
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and the net-load at each bus 7 is a function of w, denoted by ¢;(w). Note that this notation
allows us to capture the fact that the load depend non-trivially on the underlying ran-
domness. The algorithms developed in this chapter is compatible with any scenario-based
forecasting algorithms.

In the first stage of a problem, the exact value of ¢;(w) is not known. Rather, we assume
a forecast is available. Specifically, we adopt a scenario-based probabilistic load forecasting
framework in this chapter and assume a set of samples (scenarios) that are representative
of w are available [18, 119, 34, 30, 120]. It is useful to assume that a nominal load—for
example, the mean of /;(w)—is known in the first stage. We denote this nominal load by
¢;, and based on the scenario forecasts and /;, the system operator (SO) chooses a first-
stage generation dispatching decision, denoted by pf . Then once the actual demand /;(w) is
realized, a second-stage (recourse) decision le is determined to balance the power network.

For concreteness, we specifically consider two widely used formulations of the two-stage
DCOPF problem, risk-limiting dispatch (RLD) [91] and reserve scheduling [111]. Both are
two-stage stochastic linear programs with recourse, and both highlight the structure and

difficulty of two-stage problems.

4.2.1 Risk-Limiting Dispatch

The RLD problem seeks to find a first-stage dispatching decision pz-l at each bus ¢ that
minimizes expected total cost in two stages. The second-stage decisions, le, are made after
the net-load is observed.

We assume that the cost of dispatching generation at bus 7 is cip{ in the first stage and
¢:[pf]" in the second stage, where ¢; and ¢; are prices measured in dollars per MW ($/MW)
and the notation [z]* = max{z,0} means that only power purchasing (pf > 0) incurs a
second-stage cost and any excess power (pfLz < 0) can be disposed of for free [91, 121, 122].

The cost minimization problem is:

Tia(£) = min c'p’ +E[Q((w) —p';q)|€] (4.1a)

st. pl >0, (4.1b)
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where the expectation is taken with respect to the probability distribution of £(w) condi-

tioned on £, and Q(£(w) —p’; q) is the second-stage cost or cost-to-go. Given the first-stage

decision p! = [p!,---,pl]" and a particular realization of £(w), the second-stage cost is
given by

Q(t(w) —p';q) = pin, a"[p"]* (4.22)

s.t. Bo™ = pff — (L(w) — p!) (4.2b)

—p/ <F&™ < p’, (4.2¢)

d <E& <4, (4.2d)

where (4.2b) is the DC power flow constraints, (4.2c) is the line flow limit constraints and
(4.2d) is angle difference limit constraints. Without loss of generality, we assume bus 1 is
the reference (slack) node and set its voltage angle to be zero. The notation 6™ € R"~!
denotes the voltage angles at non-slack buses, the matrix B € R™ (=1 maps § to the
nodal power injections, the matrix F € R™*("~1) maps § to the flows on all edges, and
the matrix E € R™*(=1) ig the incidence matrix of the network graph. See Appendix B.1
for details on constructing B, F and E.

Note that the second-stage problem (4.2) can be seen as a deterministic DCOPF problem
with the demand £(w) — p’. Since the recourse decision p’? is not bounded, (4.2) is feasible
for any given demand input.

We approximate the expectation in (4.1) using samples. Let {(.uk}f:1 be a collection
of samples of w, and {€(w¥)}X | be the collection of load realizations. We determine the

first-stage decision by solving the following scenario-based problem that is a deterministic
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linear program:

JE () = min c'p

~
~
+
= =
=
Q
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ho}
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€
=
=
=
w
£

st. pl=o0 (4.3b

where the second-stage decisions {p®(w*), ™ (w*)} | are functions of w and the con-
straints (4.3c)-(4.3e) related to the second-stage decisions need to be satisfied for every load

realization £(wk).

4.2.2  Two-stage DCOPF with Reserve

Sometimes the second-stage recourse decision p* cannot be arbitrarily positive or nega-
tive. Instead, p” is limited by various factors such as generator capacities or real-time
(second-stage) electricity market structure. This is captured by a two-stage DCOPF where
reserve services are provided to deal with the possible mismatch between the prescheduled
generation and the realized load [95, 111].

Specifically, we consider the spinning reserve service in this chapter. In the first stage,
in addition to choosing an initial dispatching decision piI at each bus ¢, the SO also needs to
decide the up and down reserve capacities, denoted by 7; and 7;, respectively. In this way,
the first-stage cost at each bus ¢ includes both the cost of dispatching pi[ , 1.e., cz-pl-[ , and of
providing reserve services that is given by ~;(7; + 7;), where ¢; and ~; are prices measured
in $/MW.

The second-stage recourse decision le at each bus ¢ is constrained by the reserve ca-
pacities, 7; and 7;. To quantify the amount by which the reserve capacities decided in
the first stage might be exceeded, we define the cost of dispatching pZR at each bus 7 as a
piecewise-affine function given by q;“es<[pZR — )" = [pE + Fi]*>, where ¢;* is penalty cost

in $/MW and [z]” = min{z, 0}. This cost function means that there would be no cost for
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second-stage dispatching within the reserve amounts that are allocated in the first stage.
The two-stage DCOPF with reserve scheduling can be formulated as the following

stochastic program:

Tres (€) =
. T .1 T~ | % 1.5 % res)|p]
min ¢’ 'p’ +7 (T+7) +E[QU(w) —p';T,F,q")|£] (4.4a)
5
st. 0<p <p? (4.4b)
pl—¥>0 (4.4d)
r, >0, (4.4e)

where (4.4c)-(4.4e) constrain the up and down reserve at each bus i to be positive and no
larger than the available capacities around pf. Given the first-stage decisions (p!,¥,¥) and

a particular realization of £(w), the second-stage cost is given by

min g ([p" —F]" P47 (4.53)
st. Bo™ = pff — (L(w) — p!) (4.5b)
—pf <F&™ < pf (4.5¢)

d <E& <4, (4.5d)

which can also be seen as a deterministic DCOPF problem with demands £(w) —p’ and the
cost being the penalty imposed on the generation amount if it exceeds the reserve capacities.
This “penalizing deviations” technique is commonly employed by stochastic programmers

to promote the feasibility of second-stage problems for any given first-stage decisions [123].
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The SAA method solves the following scenario-based problem associated with (4.4):

T (£) = min c'pl+4T(E+T) +
7r7r7
(PR (wh) 87 (W),

K
=Y <qresT([pR<wk> ] [pf(w) + ﬂ—)> (4.62)
k=1

st. 0<p! <p’ (4.6b)
pl +T < p’ (4.6¢)
pl—-¥>0 (4.6d)
£, ¥>0 (4.6e)
B&"(w") = p(w*) — (£(w") — '), Vk (4.6f)
—p/ <F&™(WF) < pf vk (4.6g)
8 <E&™(wF) < 6,Vk (4.6h)

4.2.8  Computational Challenges

To have a sample set of load realizations that is representative enough of the true distribution
of the random net-load, a large number of realizations are required for even a moderately
sized system [124]. Therefore, although (4.3) and (4.6) are linear programs, they are often
large-scale problems. In addition, since both the first and second-stage decisions depend on
the mean of the scenario forecasts, £, every time the set of scenarios changes, we need to
re-solve (4.3) and (4.6). Even if a single instance can be solved efficiently using commercial
solvers such as CVXPY [88, 125] and GLPK [126], repeatedly solving large-scale linear
programs can still impose considerable computational burdens.

The scale of the problems can grow quickly as the size of the system and the number
of scenarios grow. Therefore, an affine policy is often used to approximate (4.2) and (4.5).
However, finding a good policy that satisfies the constraints ((4.3c),(4.3d), (4.3e), (4.6f),
(4.6g), and (4.6h)) can be difficult. In the next section, we present an NN-based learning

architecture to enable more efficient computation.
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4.3 Proposed Learning Algorithm

In this section, we present the learning algorithm to solve the scenario-based problems in
(4.3) and (4.6). To start with, we rewrite the two-stage problem in a more compact way as

follows

TE@) = min 2(x) + 0 (x (W, @) (4.72)

X

st. xeX (4.7b)

where x denotes the first-stage decisions, which is p! for (4.3) and (p’,T,¥) for (4.6), and
the set X collects all constraints that x has to satisfy, i.e., (4.3b) or (4.6b)-(4.6e). The
notation ¢(-) is the generic representation of the first-stage cost and QK (x; {wk}szl,ﬁ) is
the estimated second-stage cost based on a collection of scenarios {€(w*)}£ .

Here we use a simple decomposition technique such that (4.7) becomes much easier to
work with. To be specific, if the first-stage decision x is taken as given, then the second-stage

cost QF (x; {wh}E || q) is separable:
- 1 &
QN (6 {w" N1, @) = = D) Q¥ (se(xsw");x, @)
K3

where we use the notation sy(x; w*) = £(w*) —p’ to represent the demands that are not bal-
anced by the first stage when the load realization is actually £(w"), and @k(Sg(x; wh);x,q)
is the optimal value of each scenario problem for a particular load realization £(w*). Each
of these scenario problems can be seen as a deterministic DCOPF problem with demands
se(x;w") and an objective function ¢f(-;x,q) that takes x as given and § as parameters.

The deterministic DCOPF problem can be written in the following generic form:

Qlsexiw)ix,@) + min  q"(p"ix.) (4.82)
s.t. Bo™ = pft — s5y(x;w) (4.8b)

—pf <F& <p (4.8¢)

8 <E§ < 6. (4.8d)

In a similar fashion, by exploiting the decomposable structure of (4.7), the proposed

learning algorithm consists of two subnetworks, denoted by f! and f%, respectively. The
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Figure 4.1: The architecture used for training in the proposed algorithm. When making decisions

in real time, we only need the network f! to predict the first-stage decisions from the given load

forecast.

first subnetwork f! learns the mapping from £ to x, i.e., fI : R} +—— A, while the
second one learns the mapping from s¢(x;w) to Q(ss;x,q) considering x as given, i.e.,
B sp(x,w)|X — [0,+00], where s;(x,w) is the set of all possible mismatches, i.e.,
se(x,w) = {f(w) — pl|(x,w) € & x O}, and Q is the sample space of w. Note that the
second network f% takes two inputs. The first input is the unbalanced demand Sg(X;wk)
when the load realization is £(w*). The second input is the first stage decision x, which is
treated as a given value. For the sake of analysis, we introduce an augmented vector Sy that
includes both inputs, specifically: &, = (s4(x; w¥), x).

The two subnetworks can be implemented using neural networks. Once trained, these
neural networks can produce solutions much faster than existing solvers. However, a key
question also arises: how to make neural networks satisfy constraints, namely, how to ensure
the output from f! lies within the feasibility set X and the constraints of the optimization
problem in (4.8) are satisfied? Notably, we want to avoid steps such as projecting to the
feasible set since these introduce additional optimization problems [127], which somewhat
defeats the purpose of learning. This key question will be tackled in the next section, and

for the rest of this section, we first treat the two subnetworks as black boxes to provide an
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overview of the proposed algorithm.

This algorithm includes a training process and a prediction process. The architecture
used for training is shown in Fig. 4.1. When the learning algorithm is used in practice, i.e.,
in the prediction process, just the network f! is required to predict the first-stage decisions
from a scenario forecast. The reason why we need a second network f is that the two
networks need to be trained together in order to obtain a network fI that can predict the
solution to (4.7) accurately. We now describe how the two networks in Fig. 4.1 are trained.

Let 6! and 6% denote the respective parameters, i.e., the weights and biases, of neural
networks f! and f®. The goal of training is to learn the optimal values for 8 and 6% that
minimize a specifically designed loss function. Unlike standard machine learning practices,
where the loss function is based on prediction errors using generated ground truth data,
our model is trained in an unsupervised manner, which means the training dataset does not
incorporate ground truth information. Instead, the parameters of f!/ and f% are updated
to minimize the empirical mean of the total cost associated with the two-stage problem.

Concretely, given a batch of training data consisting of N load forecasts, denoted by
{1} |, the training loss function for our model is formulated as follows:

min L(07,6%) =
6! oF

'\m—‘

N
Z L6, 0™, (4.9)
where

Li(61,0%) = (f[(ez 01) i <~zk )

We use the double superscript in 5}}’“ to represent that, for each instance of £, we need to
sample an independent set of scenarios {w*}X . Note that the loss function in (4.9) rep-
resents exactly the average total cost of the two-stage DCOPF problem across the training
dataset. In particular, the parameters of the first network f! are updated by jointly min-
imizing the first stage cost and the anticipated cost-to-go associated with its predictions.
For the second network f%, its parameters are updated to minimize the recourse cost across
a collection of sampled load realizations. This is because, given a first stage decision x, the

best decision that f can make is actually the minimal cost one.
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After formulating the loss function (4.9) during the forward pass, the gradients of this
loss function with respect to 87 and 6% are calculated through the backward pass. Following
that, the stochastic gradient descent (SGD) method is used to minimize the loss function.
The formulas for updating 87 and 6 using SGD can be found in Appendix B.2.

Once parameters 87 and 8 reach a local minimum and the training process terminates,
we can use the trained network f! that is parameterized by the learned 6 to predict the
first-stage decisions from load forecasts. We summarize our learning algorithm, including
the training and the decision-making procedures, in Table 7.1.

In the next section, we show the detailed architecture design of the two networks and
answer the key question about how to make them satisfy the constraints in the optimization

problems.
4.4 Network Architecture Design

In this section, we show the network design of f/ and ff that ensures the feasibility of the
networks’ outputs. Particularly, each network consists of a sequence of neural layers, which
are convolutional or fully connected layers with an activation function applied after each
layer, then followed by a series of transformations that map the output of the neural layers
to a feasible solution.

We first deal with first-stage constraints that must be satisfied by f!. These constraints,
as given in (4.3b) or (4.6b)-(4.6e), describe axis-aligned rectangular regions and are easy to
satisfy. We will then deal with the second-stage constraints that f% must satisfy. To be
specific, 7 is learning the optimal value of the second-stage DCOPF problem and must
satisfy all the constraints in the optimization problem; otherwise, the estimated second-
stage cost may have a large deviation from the true value and mislead the training of fI.
In turn, if the first-stage decisions are poorly made, the resulting second-stage cost can be
potentially very high when the uncertainties are realized. In particular, the constraints in
the second-stage problem describe a high-dimensional polyhedral set that is dependent on

the input data; thus, guaranteeing feasibility requires some more nontrivial techniques.
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Proposed Learning Algorithm

Training Procedure
1:  Inputs: Number of iterations 7', a minibatch of

training data, {€}/_,, sample space Q of w

2:  Parameters: 0, 9%

3: fort=1,---,T do

4: Randomly sample {wik}i=1:]7k=1:K from .

5: Forward pass f1<{£7}i[:1;91) — {x}_,

6: for k=1,--- , K do

7 Calculate sp(x?, w'™*) for i =1,--- ,I.

8: Forward pass fR({sz(xi,wik) {:1;9R> —
[ uwtyix @)

9: end for

10: Construct the loss function using (4.9).

11: Randomly pick a data point £’ and calculate the
stochastic gradients using (B.1).

12:  Update 67 and 6% using (B.2).

13: Check stopping criterion.

14:  end for

15:  Outputs: Trained networks f! and f%

Decision Making Procedure
1: Inputs: Load forecast £V, trained network f!
2:  Forward pass f! (Enew; o' ) — xHeV

3:  Outputs: Predicted first-stage decision x"°%

Table 4.1: The proposed learning-based algorithm to solve (4.7).

4.4.1 Design of the first-stage network: f'

The network f! in the RLD formulation must satisfy the non-negative orthant constraints

in (4.3b), which can be guaranteed by using a ReLLU activation after the last neural layer,
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Figure 4.2: In the RLD problem, non-negative orthant constraints can be enforced using ReLLU
activation in the last neural layer. For the reserve scheduling problem, the Tanh activation is used
at the last neural layer and then the hypercubic output is passed through the transformation layers

in (4.10) to obtain a feasible solution.

and no additional transformation is needed.? For the reserve scheduling problem, we can
rewrite the constraints in (4.6b)-(4.6e) in a more compact way as x € [X, x|, where X =
P97, (p? — p!)7, pIT]T and x = [07,07,07]7. In this way, the constraints in (4.6b)-(4.6e)
can be treated as axis-aligned rectangular constraints.

To enforce such axis-aligned rectangular constraints, we start by using a Tanh activation
on the last neural layer and denote its output as u. Since the tanh function has a range
between —1 and 1, we have u € By, where By, is the unit ball with ¢,,-norm given by
By = {z € R"| — 1 < z < 1,Vi}. Next, we apply the following scaling and translating
operations to transform u to a feasible solution that satisfies (4.6b)-(4.6e):

1
xi = o (i + 1)(Ti — ;) + 2, Vi, (4.10)

A diagram is provided in Fig. 4.2 to illustrate the separate network architectures of fI for

(4.3) and (4.6).

2The ReLU activation function is max(z, 0).
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4.4.2 Network Design of f%

The network architecture design for f% is not as straightforward as for f! because the
constraints in (4.8b)-(4.8d) can not be enforced by simply scaling and translating the neural
layers’ outputs. More importantly, these constraints involve two sets of variables, namely,
p? and 6™, which are interconnected by the equality constraints (the power flow equations)
in (4.8b). To this end, we can use (4.8b) to express the recourse variable pf* as an affine
function of 6™*. As a result, we can use f only for predicting 6™, and then reconstruct
p’t using the power flow equations. Therefore, the constraints that £ need to satisfy have

been reduced to only (4.8c) and (4.8d), which define a polyhedral space of dimension n — 1:
Preas = {5”S| — b < Fo™ < pl, 8 < B < 5}. (4.11)

Next, we describe the architecture design of f that transforms the output of neural layers
to a point within Pyeqs.

Concretely, we again use a Tanh activation function on the last neural layer and denote
the output from it by u, which satisfies u € By, as we have discussed. Then we utilize
the gauge map technique [116] to fulfill the transformation. Particularly, the gauge map
can establish the equivalence between two C-sets using the gauge functions associated with
them. The definitions of C-sets and gauge functions are provided in [116], and we present
them again here for the sake of clarity. We will also show that, by these definitions, both

By and Ppeqs are C-sets.

Definition 4.1 (C-set [128]). A C-set is a convex and compact subset of R™ including the

origin as an interior point.

By Definition 4.1, the unit hypercube By, is a C-set. To see that the polyhedral set Pyeqs
also satisfies Definition 4.1, we first note that the origin is already located within Pyeqs, as
the origin satisfies the inequalities defining Pgeqs in (4.11). Regarding the compactness of

Pteas, we provide the following theorem.

Theorem 4.2. The polyhedral set Ppeqs given by (4.11) is bounded.
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The proof of Theorem 4.2 is given in Appendix B.3. Together, we can conclude that
Peas is also a C-set. Before describing the gauge transformation between By, and Preqs,

we first introduce the concept of the gauge function associated with a C-set.

Definition 4.3 (Gauge function [128]). The gauge function associated with a C-set P is a

mapping gp : R™ — [0, +0], given by
gp(z) =min{\:z€ AP, A > 0,z € R"}.
If C-set P is a polyhedral set of the form
P ={zeR"|Az <b,A cR™" beR"},

then the gauge function associated with it is

T
gp(z) = max {Z7}
1

where a; is the i-th row of A and b; is the i-th element of b. The proof of Proposition
4.4.2 is provided in Appendix B.4. By using the gauge function defined in Definition 4.3,

we can express the gauge map as follows.

Definition 4.4 (gauge map[116]). The gauge map between any two C-sets P and Q is a
bijection G : P — Q given by

G(z|P, Q) = iggz;z

According to this definition, for each point u within By, it is possible to convert it into a
feasible solution within Py..s, denoted as d;;°, by establishing a one-to-one correspondence
(image) between By, and Pyeqs through the following gauge map:

8% = G(ulBar, Preas) = Mu (4.12)
where g, (u) and gp,,,, (1) can be calculated using Proposition 4.4.2. Particularly, gg, (u) =
ullso. It is worth noting that the feasibility of the transformed point §]° is ensured by

this definition of gauge map. To this end, we present the following theorem.
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Figure 4.3: An illustrative example of the gauge map from By, to a polyhedral C-set Q. The 1, %,

% and % level curves of each set are plotted in blue. For each point in B, it is transformed to its

image (marked using the same color) in Q with the same level curve.

Theorem 4.5. Given any point u € By, the transformed point 8;)° by the gauge map in

(4.12) lies within Pfeqs-

The proof of Theorem 4.5 can be found in Appendix B.5. Moreover, we provide an
illustrative example in Fig. 4.3, visualizing the gauge transformation from B, to a randomly
generated polyhedral C-set.

Once a feasible solution of 6™ is obtained, the values for p® and the output of f, i.e.,
the objective value of the deterministic DCOPF in (4.8), can be be easily computed. We
summarize the network design of f% in Fig. 4.4.

Lastly, we discuss the differentiability properties of the function in (4.12) since training
the network architecture in Fig. 4.1 requires a backward pass that can calculate the gradients
in (B.1). This is a nuanced point since both (4.12) and the layers used in neural networks
are not everywhere differentiable. Here, we show that the non-differentiability introduced
by the gauge map is no more severe than the non-differentiability that is already present in
the neural network activation functions, and the end-to-end policy is differentiable almost

everywhere:

Theorem 4.6. Let P and Q be polyhedral C-sets. Standard automatic differentiation pro-
cedures, when applied to the gauge map G(- | P, Q), will return the gradient of G(- | P, Q)

for almost all ze P.
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Figure 4.4: The hypercubic output from the neural layers is transformed to a feasible solution for

0™ by the gauge map. Then the value of the objective function can be easily computed.

Proof. The set P can be partitioned such that the gauge map is a different analytic function
on each region of the partition (excluding the origin). By setting G(0 | P, Q) := 0, we obtain
a function for which standard automatic differentiation procedures will compute the gradient
of G(- | P,Q) at all z € P except possibly on a set of measure zero [129]. Details are in
Appendix B.6. |

Theorem 4.6 shows that the gauge map is differentiable with respect to the output of the
neural layers, and hence enables the computation of backpropagation gradients in (B.1) and
the training of the architecture in Fig. 4.1. In the next section, we validate the effectiveness

of the proposed learning architecture on a modified IEEE 118-bus system.

4.5 Simulation Studies

In this section, we provide the experimental results of using the proposed algorithm in
Table 7.1 to solve two-stage DCOPF problems. Particularly, we consider two application
contexts, namely, the risk-limiting dispatch and reserve scheduling problems on two systems,

the IEEE 118-bus system [130] and a 2000-bus synthetic grid based on ERCOT [131]. Our

algorithm learns the first-stage solutions to the scenario-based problems in (4.3) and (4.6),
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respectively. We implement our learning algorithm in Google Colab [132] using Pytorch.

Network architecture: Two convolutional neural networks are constructed, with one
representing f! and the other representing f%. Each network consists of a 4-layer structure,
including 2 convolutional layers followed by 2 fully connected layers. A dropout layer with
the rate of 0.5 is used on each of the fully connected layer before the output. The network
architectures are trained offline using Adam Optimizer [133] and the default learning rate is
adopted. The size of the hidden layer is tuned for each application context and the details
can be found in our public code repository.

Data generation: There are two types of data in our algorithm. The first type is the
load forecasts. They are inputs to the learning algorithm and comprise the datasets on
which we train and test the network architecture. In both application contexts, the training
dataset consists of 50000 load forecasts and testing dataset of 100. 3 The second type of
data is the load realizations that are used to solve the scenario-based problems (estimating
the expected second-stage cost) or to evaluate the solution quality through ex-post out-of-
sample simulations [109]. During training, after experimenting with various load realization
sampling sizes, we found that using 20 load realizations led to a more notable reduction in
the training loss over a fixed time period. Therefore, we opt to sample 20 load realizations
independently for each batch to approximate the expected second-stage cost. For testing,
the first stage solutions obtained using different methods are evaluated on a shared set of
load realizations. To ensure a precise evaluation of the solution quality, we use 500 load
realizations for out-of-sample simulations.

Both types of data are generated using the Gaussian distribution but with different
choices of the mean and standard deviation. When generating load forecasts, we use the
base load of the system as the mean and set the standard deviation to be 10% of it. To
solve the two-stage problem for a given load forecast, we sample load realizations from a

Gaussian distribution centered around this forecast, with a standard deviation of 5% of this

3The reason for limiting our testing to a small dataset in these experiments is not because of our learning

algorithm, rather it was due to the high computational cost of generating benchmark solutions using
CVXPY. As we will see, obtaining 100 benchmark solutions for the reserve scheduling problem in a 118-
bus network took approximately 5 hours. By contrast, since our model directly optimizes the objective
function, we do not need ground truth data for training, so we can have a large training set.
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forecasted load value.

Baseline solvers: In both application contexts, we call the solver from CVXPY [88]
to solve the scenario-based problems in (4.3) and (4.6) on the testing dataset to establish
a benchmark. We also compare the solutions produced by our method to that by using
the affine policy method, which is a widely applied approximation policy to make the two-
stage stochastic programs tractable [134]. Specifically, the affine policy approximates the
recourse decision p by representing it as an affine function of the uncertain parameter.
This allows it to solve a simplified version of the original problem and save solving time.
Further information on how to implement the affine policies for each specific application
can be found in Appendix B.7.

Evaluation procedure: For each testing instance, we apply various methods to pro-
duce their respective first-stage solutions. To evaluate the quality of a specific first-stage
solution, we compute the total cost arising from it by aggregating both the first-stage cost
and the corresponding cost-to-go. The cost-to-go associated with a given first-stage solution
is derived by solving the second-stage problem defined in (4.8) over a common set of 500
load realizations. We then compare the performance of different methods based on their

resulting average total costs and solving times on the testing dataset.

4.5.1 Application I: Risk-Limiting Dispatch

The results of using different methods to solve the risk-limiting dispatch problem in (4.3)
on the 118-bus system and the 2000-bus system are provided in Table 4.2 and Table 4.3,
respectively. The average total costs of different methods are compared against the cost
values produced by CVXPY. In both cases, our learning method is faster than applying
CVXPY solver by 6 orders of magnitude while the difference in average total cost is less
than 2%. In comparison, using the affine policy reduces the average running time by half,
however, it also performs 20% to 100% worse. This is because the affine policy has bad
generalization when applied to never-seen instances of load forecasts, and tend to resort to

load shedding in the second stage, leading to high costs.
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Application I: Risk-limiting dispatch on 118-bus system

Increase in Total cost Solving Time
Methods
(average, %) (average, seconds)
CVXPY - 24
Proposed 0.77 1-1077
Affine policy 99.4 1.2

Table 4.2: Performances of our method and the affine policy method to solve the risk-limiting
dispatch problem in (4.3) on the 118-bus system. The resulting total costs and solving times are
averaged out over 100 test instances and compared against the benchmark solutions obtained from

CVXPY.

Application I: Risk-limiting dispatch on 2000-bus system

Increase in Total cost Solving Time
Methods
(average, %) (average, seconds)
CVXPY - 71
Proposed 1.5 1.2-1074
Affine policy 19.6 3.6

Table 4.3: Compare the performance of using our method and the affine policy method to solve risk-
limiting dispatch on the 2000-bus system. The resulting total costs and solving times are averaged

out over 1000 test instances and compared against the benchmark solutions obtained from CVXPY.

4.5.2  Application II: Reserve Scheduling

We summarize the results of using different methods to solve the reserve scheduling problem
in (4.6) on the 118-bus system in Table 4.4. All reported total costs are normalized in
reference to the cost values obtained from CVXPY. Compared to the risk-limiting dispatch
problem, the reserve scheduling problem has more decision variables and constraints, which
make it more challenging to solve. It takes minutes to solve a single instance in CVXPY. By
using an affine policy to approximate the recourse dispatch decision, the average running

time per instance can be reduced by an order of magnitude, but the average total cost also
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increases by an order of magnitude due to poor generalization. In contrast, our learning
method not only learns to provide good solution quality (within 10% of the benchmark
produced by CVXPY solver) but is also able to speed up the computation by 4 orders of

magnitude.

Application II: Reserve scheduling on 118-bus system

Total cost Solving Time
Methods
(average, %) (average, minutes)
CVXPY 100 3.210
Proposed 110 1074
Affine policy 1813 0.343

Table 4.4: Compare the performance of using our method and the affine policy method to solve the
reserve scheduling problem in (4.6) on the 118-bus system. The resulting total costs and solving times
are averaged out over 100 test instances and compared against the benchmark solutions obtained

from CVXPY.

Next, we compare our method with the widely used K-means scenario reduction method.
Specifically, we reduce a collection of scenarios (load realizations) into two reduced sets: one
with 5 scenarios and the other with 2 scenarios. To generate load realizations, we use a
Gaussian distribution centered around the the input forecast, with standard deviation of
50% of this forecast.

We assess the performance of our method and the K-means scenario reduction approach
across different experimental configurations by comparing their average total costs and
solving times across 100 test instances against the benchmark solutions obtained using
CVXPY. The results are detailed in Table 4.5. Particularly, all cost values are normalized
relative to CVXPY’s solutions, and we report the average increase in total cost within the
table.

As we can see, our method achieves the smallest increase in total cost while requiring
the least amount of time across both datasets with small and large load variations. Notably,

in order to achieve a solving time comparable to ours, the scenario reduction method needs
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to shrink the scenario set by a factor of 10, i.e, to 2 scenarios. However, this considerable
reduction significantly diminishes its performance when contrasted with both our method
and the case using a reduced set of 5 scenarios. On the other hand, although using a
factor of 10, corresponding to 5 scenarios, gives improved performance for the K-means
scenario reduction method compared to the use of 2 scenarios, the resulting average total
cost remains higher than our method’s, and the solving speed is considerably slower, being

100 times slower than ours.

Comparions with Scenario Reduction

Increase in Total cost Solving Time
Methods
(average, %) (average, seconds)
CVXPY - 29
Proposed 2.8 6-1074
2 scenarios 6.6 3-1072
5 scenarios 4.4 6-1072

Table 4.5: Compare the performance of using our method and the K-means scenario reduction
method for the 118-bus system. The resulting average total costs and solving times across 100 test

instances are compared against the benchmark solutions obtained from CVXPY.

4.6 Conclusions

This chapter presents a learning algorithm to solve two-stage DCOPF problems efficiently.
The algorithm uses two neural networks, one for each stage, to make the dispatch deci-
sions. The gauge map technique is built into the network architecture design so that the
constraints in two-stage DCOPF problems can be guaranteed to be satisfied. This allows
the proposed model to be trained in an unsupervised way without the need for generating
ground truth data. The numerical results on the IEEE 118-bus and 2000-bus systems
validate the effectiveness of the proposed algorithm, showing that it can speed up com-

putation by orders of magnitude compared to the commercial solver while still learning
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high-quality solutions. A direction of future work is to generalize our learning algorithm to

solve non-convex programs, for example, using the AC optimal power flow model.
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Chapter 5

IMPROVING SOLUTION QUALITY FOR AC OPTIMAL POWER
FLOW PROBLEMS FROM A LAGRANGIAN PERSPECTIVES

5.1 Introduction

The optimal power flow (OPF) problem is a fundamental resource allocation problem in
power system operations that minimizes the cost of power generation while satisfying de-
mand. The ACOPF formulation of the problem uses nonlinear power flow equations, re-
sulting in nonlinear and nonconvex optimization problems [135, 3, 136]. The consequence of
the nonconvexity of ACOPF we study in this chapter is the presence of multiple solutions.

Most ACOPF problems are solved via variations of nonlinear optimization algorithms,
including Newton-Raphson, sequential programming, interior points and others (see [3, 137,
138] and the references within). These algorithms are in general only able to certify whether
a solution is locally optimal, that is, they satisfy first order and/or second order optimality
conditions. Because of the existence of multiple local solutions, it is often difficult to find
the globally optimal one and the system loses efficiency.

The existence of multiple local solutions of the OPF problem has been well-known for
several decades [139, 140, 141]. Despite this, a common assumption is that OPF problems
tend to have a single “practical” solution that is globally optimal, and therefore the fact
that multiple solutions can exist do not impact day-to-day operations [142, 143]. However,
an increasingly large body of work have pointed to that multiple solutions do occur under
reasonable conditions and cannot be easily ruled out [4, 144, 3]. For example, during day-to-
day operations, small changes in the load could lead to a solver jumping between solutions
that are far apart from each other [145, 146]. In addition, [4] shows how modifications
of the standard IEEE benchmarks can lead to each having more than one local solution.
Statistical studies in [147, 148] show that there are more solutions than previously thought

in many systems.
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An open question in the field is to develop algorithms that can find globally optimal
solutions, or at least improve upon local ones. In addition to lowering the operating cost,
understanding and distinguishing between locally and globally optimal solutions can lead to
important theoretical discoveries about the ACOPF problem. Consequently, several classes
of algorithms have been developed. For example, holomorphic embedding has been used
in [149, 150], but are slow and require very high numerical precision. Genetic algorithms
can escape a local minimum, but are random in nature and require repeated trial and
error [151, 152]. Robust optimal power flow can alleviate convergence issues, but may
not improve on the quality of the solution [153]. Compared to meshed networks, radial
networks are less complicated and there have been advances in the solving techniques for
radial networks to avoid being kept at strictly local solutions. A common method is to
convexify the nonlinear and nonconvex power flow equations [154, 155, 156, 157]. However,
these relaxations can have difficulties when there are lower bounds on reactive or active

power and the feasibility region of the problem becomes disconnected.

AN L) p— dual variable j

‘-

"~ _ [ Lagrangian
solver

Update the warm start l
(v, 50

Figure 5.1: Outline of our algorithm. We form partial Lagragians at local optima and solve it

to provide better warm starting points. Note that the partial Lagrangian is solved using the same

initialization as in the first call of the solver.

In this chapter, we propose a simple algorithm that can effectively escape from strict
local solutions to find better ones. By moving from one solution to another while reducing
the cost, we can successively move towards the globally optimal solution. In contrast to
algorithms that are launched repeatedly with random initializations, our proposed algorithm

is deterministic. And it relies on duality theory to provide better warm starts to existing
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solvers.

Our process is outlined in Fig. 5.1. First, we solve the ACOPF problem using some solver
(e.g., IPOPT [1] or Matpower [2]). From the solution and its associated dual variables, we
form a partial Lagrangian by dualizing the power balance equations. We then optimize this
partial Lagrangian, which leads to a different solution. Using this second solution as a warm
start, we again call the solver for the ACOPF problem. Interestingly, this iterative process
moves from higher cost to lower cost ones.

The key reason for the success of the algorithm is that the geometry of the partial
Lagrangian is much more “friendly” than the geometry of the original ACOPF problem.
We provide both theoretical analysis on tree networks and simulation results on standard
9-bus, 22-bus, 39-bus, 118-bus and 300-bus meshed networks and also on the IEEE 141-bus
radial network. We show that our algorithm can quickly escape from local solutions and
find lower cost solutions. This feature holds even for ACOPF problems with disconnected
feasible spaces, for example, the 2-bus network shown in Section 5.4.1, which has been
traditionally difficult to deal with [3, 4]. For networks with known global solutions (3, 9,
22, 118, 300-bus), we show that our algorithm can find the globally optimal solution in a
single iteration, even starting from a strict local solution.

Our approach can be seen as a way to provide good warm starts to nonlinear optimization
solvers. DCOPF is commonly used, although it can fail to find good starting points as shown
by our simulations as well as existing results [158]. More sophisticated approaches either
randomizes (stochastic gradient in [145] and load fluctuations in [146]) or uses a previous
solution as the starting point [159]. The former tends to be time consuming, while the latter

tends to lead to system being stuck in a strict local solution [4].
5.2 Model and Problem Formulation

Consider a power system network of n buses and m lines. For bus i, let V; denote its voltage
magnitude, J; its angle, pf and qf the active and reactive output of the generator and pf

and qld the active and reactive load. The admittance between ¢ and j is g;; — jb;;, the active

f

power and reactive power flow from i to j is i

5; — §;.

and quj and d;; is used as a shorthand for
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The ACOPF problem is to minimize the cost of active power generations while satisfying
a set of constraints [4]. Out of the feasible solutions, we focus on two classes: local solutions
and global solutions. Local solutions are all the solutions that satisfy local optimality
conditions, for example, the KKT conditions or second order ones [160]. Out of this set,
the solutions with the lowest cost are called the global ones. We sometimes refer to the
local solutions that are not global as strict local solutions. We assume both strict local
solutions and the global solutions are regular and the KKT conditions always hold at these
solutions [160]. Therefore, there always exist unique Lagrangian multipliers and we can use
them to form the partial Lagrangian.

Specifically, the ACOPF problem is given by the following optimization problem:
in > c;(p? 1
win 2, ci(py) (5.1a)

st. pf = pl + i g)eE p{j (5.1b
q = a + 2 G.g)ee qifj
pl; = Vigi; — ViVj(gij cos(di;) — bij sin(0i;))
quj = V;2by; — ViVj(bij cos(0i5) + gij sin(dy5))

V,<VvisV

7

(
. 5
p! <p! <p]

9 ~9
@ <q <

(f)* + (af))* < (S5™)? (5.1i
where Eij = b;; + 0.565- and bg- is the line charging susceptance. The constraints (5.1b)
and (5.1c) enforce power balance, (5.1d) and (5.1e) are the AC power flow equations, (5.1f)
limits the bus voltage magnitudes, (5.1g) and (5.1h) represent the active and reactive limits
and (5.1i) are the line flow limits. We assume the cost at each bus 4, i.e., ¢;(-), is increasing.
Other than that, the cost can be linear, quadratic or other functions. We assume problem
(5.1) is feasible in this chapter.

Over the years, many nonlinear programming (NLP) solvers have been developed for the
ACOPF problem, and their speed and efficiency have improved dramatically (e.g., see [135]

and the references within). However, NLP solvers are typically only able to return local
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solutions. Since a local solution is not necessarily global, we propose an iterative approach
to improve the solution quality by alternatively solving (5.1) and a partial Lagrangian. Any

NLP solver can be used, and we use IPOPT [1] in this chapter.
5.3 Proposed Iterative Algorithm

Our algorithm starts with a call to a NLP solver with some initial guess, denoted by dinit,

Vinit- For example, this can be the standard flat start with voltage magnitudes being 1

p.u. and angles set to 0. Then we assume the solver returns a feasible solution. Of course,

we don’t know whether this solution is globally optimal or not. At this solution, we record

the dual variables associated with the power balance equations (5.1b) and (5.1c), denoted
P

as i and @®. Using these dual variables, we form the following partial Lagrangian by

dualizing the power balance equations:

LV, 8,171 = Yewl + Yl W+ X5 vl — )

Ji(i,5)€€
+omulat+ Yl —d)).
@ Ji(i,5)e€
We then minimize the partial Lagrangian by solving
min £(V, 8, u”, u?) (5.3)

s.t. (5.1d) — (5.10).

The problem in (5.3) can be solved using any NLP solver. Since the partial Lagrangian has
less constraints than the primal problem, its feasible solution space is larger. Therefore, the
problem in (5.3) is feasible if the original ACOPF problem is feasible.

We solve the problem in (5.3) starting from the same initial point (Vipit, dinit) that was
used to solve the original primal problem in (5.1). Denote this solution to (5.3) by (V,4d).
Note (V,68) will not be the same as (Vinit, init) since they come from different problems.
Then we start the NLP solver again to solve (5.1) but with the initial point (V, ). This
process can be repeated until the solutions stop changing or up to a predefined number of

iterations.
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The key observation in this chapter is that the solution (V, &) found by solving the partial
Lagrangian is often a much better starting point than the original choice of (Vipit, dinit)-
Therefore, by repeating these steps, we can iteratively improve the solution quality (i.e.,
reducing the cost). The algorithm is summarized below as Algorithm 5.1. We illustrate the
intuition behind this algorithm in the next section using 2-bus and 3-bus networks. Formal
proofs are given in Section 5.5.2, and simulations results for larger IEEE benchmarks are

presented in Section 5.6.7.

Algorithm 5.1: Solving ACOPF iteratively

Inputs: 6@ v -0

init> ¥ init’

1: At i-th iteration: Initialized at 652“ Vi(r?it:

2: Call NLP solver for (5.1), record (ﬂg), ﬂg)).

3: Given (ﬂg), ﬂg)), call solver for the partial
Lagrangian in (5.3), record the solutions as (6(*), V),

4: Call IPOPT for (5.1) initialized at (6@, V),
record solutions (6, V(®).

5: If the solution from line 4 does not reduce the cost,
terminate the algorithm.

6: Otherwise, update initial points:
50 = 50, Vi) - V0,

7: Repeat 1-6 until the maximum number of

iterations is reached.

Table 5.1: Solving ACOPF iteratively.

In terms of computational overhead, each iteration of Algorithm 5.1 solves an ACOPF
problem twice and an OPF-like problem (minimizing the partial Lagrangian) once. In
practice, we observe that the cost is reduced after every iteration and the global solution
can be reached in a small number of iterations (for the cases where the global solution is

known). Therefore, in contrast to algorithms that resolve the ACOPF problem from a large
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number of random initialization points [145], Algorithm 5.1 is much more computationally

efficient.
5.4 Geometry and Intuition

In this section, we study the geometry of the ACOPF problem to shed some light on why
Algorithm 5.1 might be successful. We find that the main reason is that the optmization
landscape of the partial Lagrangian is much “better” than the landscape of the original
problem. To illustrate this geometric property, we use the 2-bus and 3-bus networks as

examples. The formal proofs are provided in Section 5.5.2.

5.4.1 2-bus network

In this part, we consider a 2-bus network. For simplicity, we ignore the reactive power and
set both voltage magnitudes to 1 p.u.. Suppose bus 1 is a generator and also the reference
(slack) bus with an increasing cost function ¢(+), and bus 2 is the load bus with angle —4.
The line admittance is g — jb. Given a load of [ at bus 2 and ignoring all constraints except

for the load balancing one, the ACOPF in (5.1) becomes
méin c(g — gcos(d) + bsin(9)) (5.4a)
s.t. £+ g — gcos(d) — bsin(d) = 0. (5.4b)
This is an example of an OPF with a disconnected feasible space, since there are two discrete
solutions to (5.4b) and we are asking for the one with lower cost.

To see how a NLP solver would approach this problem, we adopt a common practice [160,
146] and form a penalized version of (5.4). ! The penalized unconstrained problem is given
by

L, =c(g — gcos(d) + bsin(6)) (5.5)

+ p/2(0 + g — gcos(8) — bsin(6))?,

"We use quadratic penalties only as an analysis method that allows us to obtain cleaner theoretical results.
This approach is standard in convergence analysis of nonlinear programming, for example, see [160] (Chap.
1), [146], and [161]. All simulation and numerical results in this chapter are obtained using state-of-the-art
solvers rather than quadratic penalty method.
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where p is a penalty parameter. For large enough p, the solutions of (5.5) would coincide
with those of (5.4) [160]. The function £, is plotted in Fig. 5.2 (green line). We can see
that there are two local minimas, with the left one being global. The strict local minimum
(the right one) satisfies both first and second order optimality conditions. Therefore, if
we initialize an NLP solver with a bad starting point, it would be stuck at the strict local
solution. For this example, if the initial point is to the left of the maximum of the green
curve, a solver would converge to the left solution; and if the initial point is to the right,
a solver would find the right (suboptimal) solution. Hence, a flat start would lead to the
global solution. However, for larger systems, flat starts are often not successful (e.g., see
the 22-bus system in Section 5.6.7). Therefore, this 2-bus example is useful as it illustrates
the geometry of the optimization landscape.

Now suppose p is the multiplier corresponding to the equality constraint (5.4b) at the
strict local solution. The partial Lagrangian of (5.4) by dualizing (5.4b) is:

L, =c(g — gcos(d) + bsin(d)) (5.6)

+ (€ + g — gcos(d) — bsin(9)).

Since the sinusoidal functions are periodic with period 27, let us consider the range 0 €
[—m, ). It is interesting now to compare the solution of £, and the original problem in (5.4)
(or equivalently, £,). The blue curve in Fig. 5.2 plots £,,. We observe two interesting facts.
The first is that unlike £,, £, in this 2-bus network only has a single minimum. Therefore,
no matter where we initialize the NLP solver for £,, we would reach this minimum. The
second fact is that the minimum of £, is close to the global minimum of £,. Therefore,
if we start a NLP solver for the ACOPF at the solution of £,, we would reach the global
solution. Interestingly, we are using the multiplier at the strict local solution. So even if a
solution is not global, it is still very useful, since by solving £,, as an intermediate step, we
would not be stuck at the strict local solution. We prove that this procedure is guaranteed

to work for tree networks in the next section.
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Figure 5.2: Geometry of the penalized objective functions £, and the partial Lagrangian £,,. The

line admittance is 1 — j4 and the penalty parameter is 2.

5.4.2  8-bus network

Now, let us show that the intuitions built in the 2-bus example still carry over into the

3-bus network. We again ignore the reactive power and set all voltage magnitudes to 1 p.u.

to optimize over the angles. Suppose bus 1 is a generator and also the reference bus with

an increasing cost function ¢(-), while bus 2 and bus 3 are load buses with angles —ds and

—d3, respectively. The load at bus 2 is 5 and at bus 3 is £3. Then the ACOPF in (5.1) can

be simplified to

min ¢( Z g1 — g1 cos(d;) + byjsin(;))

02,03 =23

s.t.

52 + Z (QQJ' — ggj COS((SQj) — ij Sin((SZj)) =0

=13

U5+ . (g3 — g cos(635) — ba;sin(ds;)) = 0.

j=1,2

(5.7a)

(5.7b)

(5.7c)

As in the 2-bus case, to understand how a NLP solver may approach (5.7), we form its
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penalized version:

ﬁp = C( Z 915 — 915 COS((SJ') + blj Sin((Sj)) (5.8)
j=2,3

2
p .
+5 (fz + ) (927 — gaj cos(ba;) — by Sm(52j)))

Jj=13

2
p .
+5 (53 + Z (937 — g3j cos(d3;) — by Sln(53j))) :

j=12
It turns out that there are four local solutions (one of which is global) for (5.8).2 All of
these solutions satisfy both first order and second order conditions and they are listed in
Table 5.2. At these solutions, the gradients V£, are zero and the Hessians V2£p are positive
definite. This makes £, look like valleys (convex) at all of the minimas. So it can be hard
for an NLP solver to get out of being trapped at a strict local minima. The level sets around
the solutions of £, are plotted on the left of Fig. 5.3, where there is little difference between

the local and the global minima.

Solution Bus 2 Bus 3 Hessian matrix of £,

Ist (global) £0.52 £0.52 Positive definite

2nd 0.7 /2.2 Indefinite
3rd £2.2 /0.7 Indefinite
4th /£2.09 £2.09 Negative definite

Table 5.2: The four solutions to problem (5.7) through grid search. The Hessian of £, is positive
definite at all solutions. The definiteness of the Hessian of £, is listed. The parameters are g2 —

Jbiz = g13 — jbiz = 1 — j4 and go3 — jboz = 0.1 — jO.4.

Now we show that a partial Lagrangian behaves qualitatively differently. Suppose that
we choose a strict local solution of (5.7). Let the multipliers corresponding to the equality

constraints (5.7b) and (5.7¢) be uy and pug, respectively. The partial Lagrangian for (5.7)

2They are found via a grid search, i.e., we finely discretize the space and exhaustively check all points.



91

0.8 0.
V — 7
0.7 0.7 2.3
22 (
0.6 0.6 “ @
05 <05 2.1 \
0.4 0.4 2.0\ K/
03 0.3] 1.9 \\\
\
0“\\* 0, 1, 5\ \
0.2 03 0.4 05 0.6 0.7 0.8 8.2 03 04 0.5 06 07 0.8 6.2 0.3 0.4 0.5 0.6 0.7 0.8
-6, -6, -6,
(a) L,, global solution (b) L, global solution (c) L,, local solution
\
2.3
22
2.1 ,
//
20 »
1.9
03 04 05 06 07 08 g ; X 5 ; 3 8819 20 21 22 23
-6, -6,
(d) Ly, local solution (e) L,, local solution (f) L, local solution

Figure 5.3: The contour plot of £, and £, nearby the 1st, 2nd and 4th solution. The Hessian
matrix of £, is positive definite in (b), indefinite in (d), and negative definite in (f). The black

arrows in (d) and (f) indicates the descent directions of the function value.

is:
Ly =c( D] 915 — g1 cos(8;) + bijsin(5;)) (5.9a)
=23
+ 1 (l2 + Z (925 — g2j cos(d2;) — baj sin(d25))) (5.9b)
J=1,3
+ pa(ls + ) (935 — g3y c0s(d3;) — baj sin(ds))). (5.9¢)
j=1,2

In contrast to the penalized problem, there is only a single solution for £, which satisfies
both the first order and second order optimality conditions. It is close to the global solution
of £, (the black dot in Fig. 5.3(b)), even though the multipliers used in forming £, are

from a strict local solution.
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If we look at the Hessian of L,, we see that the Hessian is either negative definite or
indefinite at the strict local solutions of £, (the definiteness of the Hessians for £, at the
local solutions of L, are listed in Table. 5.2). If the Hessian is not positive semidefinite,
then there is always a direction to lower the objective value of a function. For example,
these descent directions are shown as dotted arrows in Fig. 5.3(d) and Fig. 5.3(f).

All together, Fig. 5.3 shows how Algorithm 5.1 would get around the strict local solutions
in £,. Suppose we solve the Lagrangian from a point around the global minimum x*. Since
V2£u (x*) is positive definite, this means the starting point is at a valley of the Lagrangian
surface. So solving the Lagrangian would return the global solution. Now let us use a point
around the local solution, say X, as an initial point to solve the Lagrangian. As shown
in Fig. 5.3(d)) and 5.3(f)), V2L, (X) is negative definite or indefinite, so the surface of the
Lagrangian is concave down or has a saddle. Then we can find at least one descent direction

to get out of being trapped at the current point.
5.5 Analysis of Algorithm 5.1

In this section, we provide a rigorous analysis of Algorithm 5.1. As a first step, we focus
our attention on systems with a tree topology and ignore the reactive power. For mesh
networks with both active and reactive power flows, we provide detailed simulation studies
in Section 5.6.7 and show how the intuition from tree networks applies. Formal proofs for
meshed systems is an important part of our future work.

We first consider a tree network with fixed voltage magnitudes and show that the mini-
mizer of the Lagrangian falls into the attraction basin of the global minimum of the ACOPF
problem, which generalizes the observations in Section 5.4.1. Then we optimize over both
voltage magnitudes and angles for a 2-bus network, and look at the Hessian matrix of the
Lagrangian as we do in Section 5.4.2. We prove that the Hessian matrix of the Lagrangian
is positive definite at the global minimum and negative definite or indefinite at the local

minimum.
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Figure 5.4: Illustrative figure of Definition 5.1. There are two local minimums, i.e., 1 and xs.

The attraction basins of each of them are marked as intervals and annotated with blue fonts.

5.5.1 Fized voltage magnitudes

In this part, we consider a tree network with fixed voltage magnitudes. We note that the
NLP solver we use in this chapter, IPOPT, uses a barrier function to solve a sequence of
unconstrained optimization problems using a mixture of gradient descent and Newton-type
methods (with many different ways of tuning stepsizes). Without loss of generality, we
assume that the NLP solver runs either a gradient descent or a Newton-type algorithm. For
either algorithm, there is a theorem called the Capture Theorem (see [160], Prop. 1.2.4 for
gradient-like algorithms and Prop. 1.4.1 for Newton-type algorithms) saying that once the
algorithm enters the region of attraction around a local minimum it has to go to this local
minimum. This means starting the solver from an initial point in the region of attraction
of a solution would return this solution. Formally, the region of attraction of a solution is

defined as follows [160]:

Definition 5.1. Let x* be an unconstrained local minimum to f : R™ — R. Assume there
exists a set X such that f(x) is continuously differentiable on X and x* € X. For every

point x # X* and x € X, if the following inequality holds, then X is a subset of the region
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of attraction around x*:
Vix)T(x* —x) <0, Vx #x",x€ X, (5.10)
where V f(x) represents the gradient of f(-) at the point x.

An illustrative figure of Definition 5.1 is given in Fig. 5.4. Intuitively, the inequality
in (5.10) implies that the direction where the function value decreases (the descent direc-
tion) is aligned with the negative gradient. Now we give the following theorem about the

performance of Algorithm 5.1 for a tree network with fixed voltage magnitudes:

Theorem 5.2. Consider a n-bus radial network and keep the voltage magnitudes fixed to
optimize over voltage angles. If the NLP solver gets stuck at a strictly local solution when it
starts from an initialization point, then starting Algorithm 5.1 from the same initialization

point is able to escape from this strictly local solution.

Proof. Since Algorithm 5.1 uses the solution of the partial Lagrangian as a new initializa-
tion point to solve the primal problem again, we prove Theorem 5.2 by showing that the
minimizer of the partial Lagrangian falls into the region of attraction around the global
minimum of the ACOPF problem. As we assumed at the beginning of this part, the NLP
solver is running either a gradient descent or a Newton-type algorithm. Both of the two
follow the Capture Theorem in [160]. As a result, starting the solver from the minimizer of
the Lagrangian would be able to find the global minimum.

We do the proof by induction starting with a 2-bus network. The ACOPF problem for
the 2-bus network is given in (5.4) and its Lagrangian is given in (5.6). We first study the
solutions to (5.4) by looking at the equality constraint h(d) = ¢+ g — gcos(d) — bsin(d) = 0.

Its gradient can be written as
h'(8) = gcos(8)(tan(d) — b/g).
Suppose § € (—7/2,37/2), then the gradient h' is zero at § = tan~!(b/g). We also have

h(6) <0,¥ e (—g,tanfl(b/g)) (5.11a)

R (6) >0,V § € (tan~1(b/g), tan"1(b/g) + 7). (5.11b)



95

This implies that § = tan~!(b/g) is a minima of h(§). Since for a feasible problem, the
solution to ~(4) = 0 must exist within (—/2,37/2), then by the intermediate value theorem,

there are two solutions to (5.4), which satisfy the following inequalities:
—7/2 < 6* < tan"!(b/g) < 6 < 37/2, (5.12)

where 6* is the global minimum and & is the local minimum (see Appendix C.1 for more
details).

Now we use (5.10) to show that the interval (—m/2,tan~!(b/g)) is a subset of the attrac-
tion region of 6*. For a sufficiently large penalty, the globally optimal solution §* can be very
close to the global minimum of the unconstrained penalized problem in (5.5). Therefore,

this is equivalent to showing
7 (6)T(5* T tan~1(b 5.13
LH0)7(5" ~6) < 0,9 & (7 tan~ (b/g). (5.13)

As p is sufficiently large, the sign of £7,(9) is dominated by the gradient of the second term
in (5.5), i.e.,

L,(8) ~p(£ + g — gcos(d) — bsin(d))(gsin(d) — beos(d))

—ph(8)(5).

For any § € (—7/2,tan"1(b/g)), we have h/(5) < 0 from (5.11a), which means the function
h(9) is decreasing on the interval

(—7m/2,tan"1(b/g)). Also, the global minimum §* must satisfy h(6*) = 0. Therefore we have

h(6) >0,V § € (—7/2,6%)

h(5) <0,V & € (6%, tan"1(b/g)).
Then the inequality in (5.13) follows from above. Therefore, by Definition 5.1, the interval
(—m/2,tan"1(b/g)) is a subset of the attraction region of §*.

To obtain the minimizer of £,, we write out the optimality condition of (5.6) for the

primal-dual optimal solution (5 L)

(¢ + p)gsin(d) + (¢ — fi)bcos(8) = 0, (5.16)
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Figure 5.5: The two types of three bus networks with the tree structure.

where ¢ is a shorthand for ¢/(g — g cos(6) + bsin(é)) and is the gradient of the cost function.
Suppose 8 € (—7/2,37/2), then § solves

=
tan 1(;1+ =b/g) + kr, k= 0,1, (5.17)

where the smaller value is the minimum of £, and the larger one is the maximum (see
Appendix C.2 for more details). Let 4 be the minimum, which satisfies —7/2 < § <
tan~1(b/g). Since the interval (—7/2,tan~1(b/g)) is a subset of the attraction region of §*,
no matter what initial point we start Algorithm 5.1 from, solving the Lagrangian gives us
a solution lying in the attraction region around the global minimum. Following from the
Capture Theorem in [160], Algorithm 5.1 is able to get out of a strict local solution and
reach the global minimum.

Now we induct from 2-bus to 3-bus networks. There are two types of tree topology for a
3-bus network, which are shown in Fig. 5.5. Since the topology in Fig. 5.5(b) is equivalent
to two 2-bus networks, we focus on the 3-bus branch in Fig. 5.5(a), where bus 1 is the
reference bus.

The ACOPF problem for Fig. 5.5(a) can be written as follows:

min ¢(py) (5.18a)

812,023
s.t. by + phy + ply = 0 (5.18b)
03+ ply = 0. (5.18¢)

Note that only bus 1 generates power and to deliver the power to bus 3 the power has to
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be delivered to bus 2 first. Since the cost function ¢(-) is increasing, given the load at bus
2 and bus 3, minimizing the power generation cost in (5.1) is equivalent to minimizing the
power transfer cost on both lines. Therefore, (5.18) can be decomposed into two parts, and
each part is nothing but solving the ACOPF for a 2-bus network with voltage fixed and
ignoring reactive power, i.e., the formulation in (5.4). To make this clear, we first rewrite

(5.18) as follows:

min ¢; (p{Q) + ¢ (p£3) (5.19a)

812,023
s.t. lo + phy +pls = 0 (5.19Db)
03+ ply = 0. (5.19¢)

With /s fixed, for every given d23, we can always pick some d12 to satisfy (5.19b).
Therefore, we can regard d23 as the optimization variable first. Then the problem (5.19) is
reduced to

min 6(p§3)
023

where ¢&(+) is some increasing cost function that takes into account the effect of da3 on p{Q.
This problem has exactly the same formulation as the 2-bus network in (5.4). As we proved
for the 2-bus network, if we start Algorithm 5.1 from a point where do3 is at the local
minimum, then we still can get out of this local minimum.

Now we optimize d1o for a given do3, then we can add p£3 to fa. Therefore, (5.19) is

reduced to
min cl(p{Q)
012
s o
st. lo+py =0

where lo = 05 + p£3. This problem also has the same formulation as the 2-bus network in
(5.4). Therefore, if the initial point is a local minimum for d;2, Algorithm 5.1 still can get

out of this local minimum.
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Let us assume Theorem 5.2 holds for a (n — 1)-bus radial network and consider a n-bus
radial network. Similar to the proof for a 3-bus network, we can reduce the ACOPF problem
for a n-bus network to the case of (n — 1)-bus. So by induction, Theorem 5.2 holds for the

n-bus radial network. [ |

5.5.2  Optimizing both voltage magnitudes and angles

In this part, we optimize both voltage magnitudes and angles for a 2-bus network. For
simplicity, we ignore the reactive power. Suppose bus 1 is a generator and also the reference
(slack) bus with linear cost $1/MW, and bus 2 is the load bus with load {. The ACOPF in
(5.1) can be simplified as

min gV — ViVa(gcos(8) — bsin(d)) (5.22a)
8,1,V

s.t.l + Viig — ViVa(gcos(8) + bsin(d)) = 0 (5.22b)

V<V, Va<gV. (5.22¢)

Let us collect all the variables into the vector x = (§,V1,V2). We denote the objective
function by f(x), and the equality constraint (5.22b) by h(x) = 0. The following theorem

gives the property of the Hessian matrix of the Lagrangian.

Theorem 5.3. Denote the global solution of (5.22) as x* and the local solution as X. Then
the Hessian matriz of a Lagrangian of (5.22), formed with multipliers at any of the local

solutions, is positive definite at x* and negative definite or indefinite at X.

Proof. To study the solution to (5.22), we look at the equality constraint (5.22b) directly.
Its gradient with respect to § can be written as
0h/dd = gsin(d) — bcos(d) = gcosd(tan(d) — b/g).

Suppose 0 € (—7/2,3m/2), then 0h/d6 is zero at tan~—!(b/g) +km, k = 0, 1, where the smaller
value is located at the global minimum and the larger value is at the local minimum. Denote
the global minimum as §* and at the local minimum as §. They satisfy (see Appendix C.1

for the details):

—m/2 < §* < tan"'(b/g) < & < 31/2. (5.23)
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In Appendix C.3, we show that at least one of V; and V5 need to be binding at a
constraint, but both voltages cannot be binding at the same time. This allows us to consider
the cases where V] is binding or V5 is binding separately.

First, suppose Vi is inactive and V5 is binding. In this case, V5 is a constant and the

Lagrangian of (5.22) can be written as
L =Ff(x)+ ph(x) + A (Vi = Vinax) + A (=V1 + Viin) -

The multipliers are associated with some local solution, and p is the Lagrange multiplier
related to the equality constraint, and A; and )\; are the multipliers related to the inequality
constraints of V;.
Denote the Hessian matrix of £y ,, as V2L, ,,(x). To determine its definiteness, we write
out all leading principal minors at a solution x (see Appendix C.4 for the details):
AYR) = TiTp— 290 (5.24a)
gcos(d)(tan(d) — b/g)
Ag(X) = 2gA1(X). (5.24b)

Following from the inequalities in (5.23), both leading principal minors in (5.24) are positive
at the global minimum and negative at the local minimum. This means the Hessian matrix
at x* is positive definite. In contrast, the Hessian matrix at X is negative definite.

Now we suppose Va is inactive and Vj is binding. In this case, V; is a constant and the

Lagrangian is:
Ly =f(x)+ ph(x) + X2 (Vo — Vinax) + Ao (—V2 + Vinin) -

where the multipliers are associated with some local solution. Let us denote the Hessian
matrix of the Lagrangian as @2[%“ (x). Its leading principal minors at a feasible solution
x are (see Appendix C.4 for the details):
~ - —2gb
AL(%) = 1T L (5.25a)
gcos(9)(tan(d) — b/g)

Ag(X) = 2971A (X). (5.25b)

Since the multiplier u represents the marginal price of consuming each additional unit of

load, it is positive at the global minimum. This means Ag(X) has the same sign as A;(X).
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For the global minimum x*, A;(X) is positive from (5.23), hence both leading principal
minors in (5.25) are positive and the Hessian matrix is positive definite at x*. In contrast,
at the local minimum X, A;(X) is negative following from (5.23). Then the Hessian matrix

is either negative definite or indefinite at X. |

The simulation results in the next section do not need to make any of the assumptions
in Theorem 5.2 and 5.3. They are about mesh networks with all constraints included.
Therefore, we suspect the theory can be made much stronger and would extend to larger
meshed networks. However, analyzing these cases is challenging and is a future direction

for us.
5.6 Simulation Studies

In this section we report the simulation results to validate the effectiveness of our algorithm.
The NLP solver used here is IPOPT [1] and the convergence tolerance is set to 0.0001. It
returns a feasible solution, which may or may not be a global optimum. We test our
algorithm on TEEE meshed networks with 3, 9, 22, 39, 118 and 300 buses, and also on the
IEEE radial network with 141 buses. For the 3-bus, 9-bus, 22-bus, 118-bus and 300-bus
networks, the local and global solutions are known and listed in [4, 162]. We use the strict
local solutions as starting points for the solver to demonstrate the ability of Algorithm 5.1
of getting out of local solutions. For the 39-bus and 141-bus networks, we do an exhaustive
search by discretizing each variable within their bounds to find the global solution. The
simulation results show that for the 3, 9, 22, 118, 300 and 141-bus networks, Algorithm 5.1
finds the globally optimal solution in 1 iteration. For the 39-bus networks, it takes at most

3 iterations for Algorithm 5.1 to obtain the optimal solution.

5.6.1 3-Bus Mesh Network

The 3-bus network we use is shown in Fig. 5.5a and the voltage bounds are [0.95,1.05].
Two solutions exist and they are listed in Table 5.3. This was an example used in [162] to
show that multiple reasonably looking local solutions can exist, and contrary to conventional

wisdom, the higher voltage one is the suboptimal one (although the cost difference is small).
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If we start the nonlinear solver from an initial point near the second solution, then the
solver cannot get out of the attraction basin and always returns the second solution. In
contrast, if we launch Algorithm 5.1 using the second solution as a starting point, then the
algorithm converges to the first solution (the global solution) after one iteration. Although
the cost difference is small between the two solutions, larger networks will have bigger cost

differences.

Bus 1 Bus 2 Bus 3 Cost
Solution 1 0.9520 0.95/-0.48 0.984-0.53 1
Solution 2 0.95Z0 1.01£—-0.46 1.056£-0.51 1.0021

Table 5.3: The two local solutions for the 3-bus network in Fig. 5.5a. The cost is normalized to 1

for the global solution.

5.6.2 9-Bus Mesh Network

In the 9-bus network, there are 3 generators (bus 1, 2 and 3) and 9 transmission lines. The
voltage bounds are [0.9,1.1]. Four solutions exist. The cost of the worst local solution is
38% more than the cost at the global solution. We also find that the solutions at generators
2 and 3 and load buses 6, 7, and 8 are important to improve the cost. The power transfer
along the lines between these buses tend to get stuck at a suboptimal solution, which leads
to a cost more than 30% higher than the lowest one. For the nonlinear solver, we need
to relaunch it using different initial points in order for these five nodes to get around the
attraction basin. This requires many trials. In contrast, Algorithm 5.1 only requires one
iteration to achieve the global solution, even starting from the local solution with the highest

cost.

5.6.3 22-Bus Mesh Network

In the 22-bus network, the buses are connected in a loop. There are 11 generators and 22

transmission lines. The voltage bounds are [0.95,1.05]. There exist two solutions, and the
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Bus 2 Bus 7 Bus 12 Bus 17 Bus 22 cost
Solution 1 1.0285£—0.045 1.05Z0 1.0285/4—0.045 1.05£0 1.02854—0.045 1
Solution 2 0.95/4-0.339 1.0145/24.57 0.952£3.089 1.0145/1.714  0.9520.233 1.306

Table 5.4: The two solutions for the 22-bus network. We pick five buses and show their voltage

and angles. The costs at the two solutions are normalized such that the globally optimal cost is 1.

cost of the local solution is 30% higher than that of the global solution. The two solutions
are quite different. We pick 5 buses that are evenly spaced and list their solutions in Table
5.4. Since the two solutions are very different, it is hard for a nonlinear solver to get around
the local solution.

Particularly, if we initialize the solver with a flat start, we obtain the strict local solution.
Furthermore, we generate 100 random points uniformly at random within the bounds of each
variable. If these points are used to initiate the nonlinear solver, the local solution is always
obtained and the global one cannot be reached. In comparison, Algorithm 5.1 can achieve
the global solution after one iteration regardless of the initial point. This is an example where
using random search is very computationally inefficient, and our deterministic algorithm

turns out to be much more successful.

5.6.4 39-Bus Mesh Network

In the 39 bus network, there are 10 generators and 46 transmission lines. The voltage
bounds are [0.95,1.05]. Unlike the previous smaller networks, the number and the cost of the
solutions are not previously known for this network. Therefore we conducted an exhaustive
search to find the global solution. To evaluate the effectiveness of Algorithm 5.1, we choose
600 random points within the bounds of each variable using the uniform distribution. Then
we start Algorithm 5.1 with these random points to observe the improvement of the solution
quality.

In Fig. 5.6, we plot the fraction of global solutions in the set of all 600 results after each
iteration. The x-axis represents the number of iterations that Algorithm 5.1 is ran, and

y-axis represents the percentage of globally optimal solutions after each iteration. When
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Figure 5.6: Percentage of globally optimal solutions for the 39-bus network after each iteration.
Using a set of random starting points, 47% of them leads to the global optima after a direct call to
IPOPT. The fraction of global optimal solutions increases to 98%, 99.93% and 100% after running

one, two and three iterations of Algorithm 5.1 | respectively.

we make a direct call to the solver, less than half of the solutions are globally optimal. One
application of Algorithm 5.1 increases the percentage of globally optimal solutions to 98%.
After two iterations, only four cases are not globally optimal. When we run Algorithm 5.1
for three iterations, all solutions are globally optimal.

We also calculate the average cost of the 600 solutions after each iteration of Algo-
rithm 5.1 and plot the result in Fig. 5.7. The x-axis is the number of iterations of running
Algorithm 5.1 , and y-axis represents the average cost of 600 solutions, which is normalized
using the optimal cost as the factor. After a direct call to the solver, the average cost is 30%
higher than the optimal cost. As Algorithm 5.1 is ran, the average cost decreases quickly.
After one iteration, the average cost is only 1.5% more than the globally optimal cost, and

after three iterations all solution are at the global optimum.
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Figure 5.7: The average cost of all 600 solutions for the 39-bus network after each iteration. The
cost is normalized such that the optimal cost is 1. After a direct call to IPOPT, the average cost
is 30% higher than the optimal cost. Then the average cost reduces to 1.5%, 0.4% higher than
the optimal value after running one and two iterations of Algorithm 5.1 | respectively. After three

iterations, the average cost is exactly the optimal cost.

5.6.5 118-Bus Mesh Network

The topology of the 118-bus meshed network can be found in [4]. There are 54 generators
and 186 transmission lines. When the voltage bounds are [0.94,1.06] and power generation
bounds are scaled by 4, two locally optimal solutions are known and listed in [4]. The
strictly local minima has a cost that is 28.8% higher than the global minimum.

To show how the proposed algorithm can escape from the strictly local minima by using
the solution to the partial Lagrangian as a warm start, we choose two subsets of buses from
the 118-bus meshed network and plot the angle of the voltage solutions for each subset. The
angle solutions for the subset composed of buses from 34 to 61 are plotted in Fig. 5.8a, and
for the subset composed of buses from 69 to 88 plotted in Fig. 5.8b.

When the NLP solver reaches the strictly local solution (marked as blue diamonds) from
some initialization point, it terminates at this solution. To escape from this suboptimal so-

lution, we call the solver to solve the partial Lagrangian starting from the same initialization



105

—&— local solution
solution of Lagrangian
3 —k— global solution

125

1.00

0.75

g 0.50 —49— local solution é
o solution of Lagrangian o
= i =
S —k— global solution s,

000 W

o Mallallallafal R Rkl
—-0.25
—0.50
35 40 45 50 55 60 69 73 77 81 85
Bus Bus

(a) Angles of solutions for buses from 35 to (b) Angles of solutions for buses from 69 to
61. 88.

Demonstration of how the proposed algorithm can escape from the strictly local minima for the 118-
bus meshed system. Use two subsets of buses to show the relationship between the local minimum,
the solution of the Lagrangian and the global minimum solution (Figures (a) and (b)).The solution
to the partial Lagrangian (yellow squares) provides a good warm start for the solver to escape from
the strictly local minima. Using the yellow squares as initialization points, the NLP solver is able to

find the globally optimal solutions (red stars).

point and get the solution marked as yellow square. We use this solution as the new warm
start to solve the primal problem again, then we can obtain the global minima (marked as
red stars) with a single run of Algorithm 5.1 . As is shown in Fig. 5.8a and Fig. 5.8b, the
solution to the partial Lagrangian jumps quite far away from the local solution but stay
close to the global solution. Therefore, it provides a good initialization point for the NLP

solver to escape from the strictly local minima and get to the global minima.

5.6.6 300-Bus Mesh Network

The topology of the 300-bus meshed network can also be found in [4]. There are 69 genera-

tors and 411 transmission lines. When the voltage bounds are [0.93,1.07] and the reactive
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Bus1 Bus30 Busb0 Bus80 Bus 121 relative cost
PG(MW) at solution 1 3.2578 5.7791  7.9975 5.0351  9.768 1
PG(MW) at solution 2 3.664  4.7109 8.2127 3.8811 13.8361 1.115
PG(MW) at solution 3 4.3365 5.1223  7.039 4.9725  9.5491 1.026

Table 5.5: The active power generation at a subset of generator buses at the three optimal solutions

for the 141-bus radial network. The costs are normalized such that the global optimal cost is 1.

power generation lower bounds are tightened to —100 Mvar for all generator buses, two
locally optimal solutions are known and listed in [4]. The strictly local minimum has a
cost that is 0.62% higher than the global minimum. For the NLP solver to escape from the

strictly local solution, only a single run of Algorithm 5.1 is needed.

0.4
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0.0

6 in radius

—&— local solution
solution of Lagrangian
—0.4| —#— global solution
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Bus

Figure 5.8: Demonstration of how the proposed algorithm can escape from the strictly local minima
for the 300-bus meshed system and plot of angle solutions for the subset of buses from 148 to 166.
The solution to the partial Lagrangian (yellow squares) jump far away from the strictly local minima
(blue diamonds). As a result, starting from the yellow squares, the NLP solver is able to escape

from the strictly local solution and find the globally optimal solution (red stars).

To show how the proposed algorithm can escape from the strictly local minimum by

using the solution to partial Lagrangian as an initialization point, we choose a subset of
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buses from 148 to 166 and plot the angles of their voltage solutions in Fig. 5.8. As Fig. 5.8
shows, the solution to the partial Lagrangian (marked as yellow squares) jumps far away
from the strictly local solution and thus act as a good warm start for the NLP solver to

escape from the strictly local minima and find the global minima.

5.6.7 141-Bus Radial Network

The topology of the 141-bus radial network can be found in [163]. There are 9 generators
and 140 transmission lines. When the voltage bounds are [0.83,1.17] and the reactive power
generation lower bounds are tightened for buses 2, 7 to 5 Mvar and bus 5 to 15 Mvar, 3
locally optimal solutions are found. The two strictly local minima has costs that is 11.5%
and 2.6% higher than the global minimum, respectively. The active power generation at a
subset, of the generator buses for each of the solutions are shown in Table 5.5.

To test the performance of our algorithm and demonstrate how it escapes from local
minima, we randomly generate 1000 initial points within the bounds of each variable using
a uniform distribution, and call the NLP solver to solve the primal AC OPF problem starting
from these initial points.

To demonstrate how the solution of partial Lagrangian can be a good warm start, we
choose a subset of buses from the 141-bus radial network and plot the angle of the voltage
solutions. First, we show how the proposed algorithm escapes from the first local minimum.
In Fig. 5.9a, the NLP solver reaches local solution-1 (marked as blue diamonds) from an
initialization point. The NLP solver terminates at this solution. To escape from this
suboptimal solution, we call the solver to solve the partial Lagrangian starting from the
same initialization point and get the solution marked as yellow square. We use this solution
as a new warm start to solve the primal problem again, then we can obtain the global
solution (marked as red stars) with only a single run of Algorithm 5.1 . As Fig 5.9a shows,
the solution to the partial Lagrangian jumps quite far from the local minimum and provides
a good starting point for the NLP solver to reach the global minimum.

In Fig. 5.9b, we show how our proposed algorithm escapes from the second local min-

imum solution. For an initialization point where the NLP solver reaches local solution-2,
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Demonstration of how the proposed algorithm can escape from the strictly local minima for the
141-bus radial system. Specifically, Figure (a) shows how the solutions escape from the first local
minimum and (b) shows how they escape from the second minimum. Using our proposed algorithm,
the solution of the partial Lagrangian is able to escape the local minimum (blue diamonds). Using
these (yellow squares) as initialization points, the NLP solver is able to find the globally optimal

solution (red stars).

we solve the partial Lagrangian. Initializing the NLP solver from the solution of the par-
tial Lagrangian allows us to reach the global solution, and we show the voltage angles of

different solutions for buses 60 to 69 in Fig. 5.9b.3
5.7 Conclusions

In this chapter, we propose a simple algorithm to iteratively improve the solution quality of
ACOPF problems. First, we solve the ACOPF problem using an existing nonlinear solver.

From the solution and its associated dual variables, we construct a partial Lagrangian

3The reason why we choose different subsets is that the local and global solutions in the subset composed
of buses 89 to 110 are very similar. To better illustrate the effectiveness of our method, we choose the
subset composed of buses 60 to 69, where the local and global solutions are quite different.
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by dualizing the power balance equations. Optimizing this partial Lagrangian leads to
a new solution. With this solution as an initial point, we again call the solver for the
ACOPF problem. By repeating these steps, we can iteratively improve the solution quality,
escaping from local solutions to find better ones. We illustrate the intuition behind our
algorithm using 2 and 3-bus networks, which shows that the partial Lagrangian has a
flatter optimization landscape compared to the original primal problem. We prove that the
algorithm is guaranteed to work in tree networks. Theoretical analysis for more general
networks is an important part of our future work. We validate the effectiveness of our
algorithm on standard 9-bus, 22-bus, 39-bus, 118-bus and 300-bus mesh networks and also
on the IEEE 141-bus radial network. Regardless of the initial points, our algorithm always

finds the global optimum within at most three iterations.
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Chapter 6

LEARNING TO SOLVE THE AC OPTIMAL POWER FLOW VIA A
LAGRANGIAN APPROACH

6.1 Introduction

In this chapter, we present a machine learning architecture that overcomes the challenge
of multiple suboptimal local solutions in the training data set. Instead of focusing on the
load /solution pairs, we can think of these machine learning methods to be producing a good
warm start for a solver, and learning a good warm start would offer significant computational
speedups and improvement on solution quality [160].

We first learn a neural network that maps load to the dual variable of the power balance
constraints. These dual variables are the locational marginal prices and would be readily
available from any modern nonlinear solver. These dual variables are used to form a partial
Lagrangian, whose solution we also learn via a neural network. Then we use the predicted
solution of the partial Lagrangian as a warm start [5]. Interestingly, this warm starting
point tends to be closer to the globally optimal solution of the ACOPF, even if the training
data set only has suboptimal solutions or a mixture of global and local solutions. Therefore,
by using the learned warm start as an initialization point, we could have better solution
quality than directly learning based on load/solution pairs.

We show that our duality-based approach outperforms existing approaches on modified
IEEE 22-; 39-, and 118-bus networks [4]. The difference is especially significant if the

training data set contains some strictly suboptimal solutions.
6.2 Problem Formulation

6.2.1 ACOPF Formulation

Consider a power system network of n buses and m lines. For bus i, let V; denote its voltage

magnitude, §; its angle, p! and ¢/ the active and reactive output of the generator and pf
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and q;-j the active and reactive load. The admittance between ¢ and j is g;; — jb;;, the active

power and reactive power flow from i to j is plfj

d; — 0;.
The ACOPF problem is [4]:

and quj and d;; is used as a shorthand for

2

min 3 ci(p}) (6.1a)
s.t. pl = pf + i g)eE pzfj (6.1b)
¢ =q + Dli(irg)eE quj (6.1c)

pl; = Vg1 — ViV;(gij cos(6;5) — b sin(d;5)) (6.1d)

qifj = V?l;ij — ViV (bij cos(6i5) + gij sin(6i5)) (6.1e)

vV, <V, <V, (6.1f)

p? <p! <p! (6.1g)

¢ <¢ <q (6.1h)

)

W])? + (a})? < (52 (6.1

where l;ij = b + 0.5b§ and bg is the line charging susceptance. The constraints (6.1b)
and (6.1c) enforce power balance, (6.1d) and (6.1e) are the AC power flow equations, (6.1f)
limits the bus voltage magnitudes, (6.1g) and (6.1h) represent the active and reactive limits
and 6.1i are the line flow limits.

The problem in 6.1 is nonconvex and can have multiple local solutions. More precisely,
local solutions are all the solutions that satisfy local optimality conditions, for example, the
KKT conditions or second order ones [160]. Out of this set, the solutions with the lowest
cost are called the global ones. We sometimes refer to the local solutions that are not global

as strict local solutions.

6.2.2 Challenges of Using Learning for ACOPF

Machine learning is often applied to the optimization problem in 6.1 by viewing it as the
mapping from the demands p? and q? to the solutions V and &, with the goal of finding a

proxy function to this mapping. Training data is generated by solving 6.1 for a number of
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demands and collecting the corresponding solutions. Several different learning architectures
have been proposed, including direct regression [164], using sensitivity information [165],
and emulation of an iterative solver [166]. The constraints in 6.1b to 6.1i are nontrivial to
enforce, and an additional call of power flow or optimal power flow on a smaller problem
are often used [166, 167].

However, existing learning methods face a common challenge, stemming from the fact
that the ACOPF problem in 6.1 is nonconvex and may have multiple solutions [4, 144, 3].
A number of recent works have shown that for reasonable operation conditions, there could
be multiple solutions that differ significantly in cost, but all have practical values (e.g., with
voltages being all close to 1 p.u.) [139, 140, 141, 147].

Many nonlinear programming (NLP) solvers have been developed for the ACOPF prob-
lem, and their speed and efficiency have improved dramatically (e.g., see [135] and the
references within). But NLP solvers are typically only able to return one of the feasible
solutions, and there is generally no way to tell whether these feasible solutions are globally
optimal. Therefore, using the solutions returned by NLP solvers as ground truth data for
training may fundamentally limit the performance of the learning algorithm.

The solution returned by an NLP solver is also sensitive to a variety of factors, and
small changes in demand can lead to a large change in the solution. For example, small
changes in demand can lead to the solution switching between global and local. Therefore, a
data set created directly using the solutions returned by NLP solvers may very well consist
of a mixture of local and global solutions, which tend to be very confusing for a learning

algorithm.
6.3 Algorithm

In this section, we describe our learning approach to find more optimal solutions to ACOPF
problems using neural networks, even when the training data set contains a mixture of local

and global solutions.



113

6.3.1 Lagrangian-based Approach

In chapter 5, we gave an iterative approach to improve the solution quality by alternatively
solving (6.1) and its partial Lagrangian. The partial Lagrangian for (6.1) is formed by
dualizing the active and reactive power balance constraints 6.1b and 6.1c. Suppose the
Lagrangian multipliers associated with 6.1b and 6.1c are ,ulP and ;L?, respectively, then the
partial Lagrangian for 6.1 is:
LOV,8, 1" 1) =D ep! + Y uf 0f + D) pl—p)
i i j:(5,5)€E

+ 3l + Y ) (6.2a)
i Ji(i.4)e€

s.t. (6.1d) — (6.14).

It turns out the solution of the partial Lagrangian in (6.2) tends to be close to the global
optimal solution of the original ACOPF in (6.1). This is true even if the multipliers u”
and @ are the ones associated with the strict local solutions (see [5] for more details).
Therefore, the solution of (6.2) serves as a good warm start point for an ACOPF solver.

In this chapter, we train two neural networks to replace explicitly solving (6.1) and
(6.2). The first one predicts the dual variables of the active and reactive power balance
constraints from the load, and the second one to predicts the solution of (6.2) from the
load and the predicted multipliers using the first neural network. The output of the second
neural network is used as a warm start point for an ACOPF solver. Since this starting point
is close to the global solution, the ACOPF solver is solved much faster and is more likely

to find the global solution than a solver with a flat or random start.

6.3.2 Training of Neural Networks

The architectures of the two neural networks are shown in Fig. 6.1. The first neural network
takes the active and reactive load demands (p?,¢q?) as the input, and the output is the
predicted multipliers, denoted by (ftp, ftg). Let x be the collection of voltage magnitudes
and angles, p be the collection of (up, pg), and (x%, ') be the i-th pair of data in the

training set, then the first neural network, denoted as f,,s and parameterized by 6,,;, is
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Figure 6.1: The two neural networks to be trained.

trained by minimizing:

mmN Z — Fopr (X5 00p1))>. (6.3)

Oopy

The second neural network emulates solving the partial Lagrangian in (6.2). The input
for the second neural network is the active and reactive load demands (pd, qd), as well as
the associated dual variable solutions (u”, u?). The output of the neural network is the
solution to (6.2), denoted by (V,8). Let z be the collection of inputs for the second neural
network, y be the collection of outputs, and (z¢,y?) be the i’th pair of data in the training
set, then the second network, denoted by fguq. With weights 04,4 is trained by minimizing

N

min = 3y = fanat (2 Oanat))- (6.4)

dual i=1

6.3.3 Making Predictions in Real-time

After training, we use the process in Fig. 6.2 to make predictions. We use the first trained
neural network to predict the dual variables (ﬂP , ﬁQ) from the input load. Then from the
predicted dual variable solutions, we use the second trained neural network to predict the
solutions (V, &) of the Lagrangian. Then we call the NLP solver to solve (6.1) using (V, )

as the initial point. This learning algorithm is summarized below as Algorithm 6.1.
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Figure 6.2: Outline of the solution process.

Algorithm 6.1: Solving ACOPF using learning

Inputs: (p?,q?)

First trained neural network to predict multipliers:
fopf(pda qd§ aopf) - (ﬁpy ﬂQ)

Second trained neural network to predict solutions

to (6.2):

=1]]

fdual(pda qd’ IlP> ﬁQ; Odual) - (va )
Call NLP solver for (6.1) initialized at (V,4);
Outputs: Solutions (V,8) to (6.1).

Table 6.1: Algorithm for solving ACOPF using learning.

In our approach, even when the training data set contains suboptimal solutions, the
solution of the Lagrangian would be a good warm start that makes the NLP solver get
around being trapped at strictly local solutions. The reason is that the partial Lagrangian
in (6.2) has “nice” geometry: It has minimums that are near the globally optimal solution
of the ACOPF problem, even if it is formed with the multipliers obtained at local optimal
solutions of the ACOPF problem [5].

Also, our algorithm is robust in the sense that the solutions to partial Lagrangian are
not sensitive to the variations in @. That is, even if the multipliers @& associated with
different local solutions are different, the resulting solutions to partial Lagrangian do not
change much. This also means we do not ask the predictions of the neural network to
be very accurate. Therefore, the training set for our algorithm need not be very large.

We sketch the geometric intuitions behind our algorithm in Section 6.4. We validate our
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algorithm in standard and modified IEEE benchmark systems, and report simulation results

in Section 6.5.3.

6.4 Geometry and Intuition

In this section, we use a 2-bus network as an example to shed some light on why Algorithm
6.1 might learn more globally optimal solutions, even when the training data consists of a
lot of local solutions. In the 2-bus network, for simplicity, we ignore the reactive power and
set both voltage magnitudes to be 1 per unit. Suppose bus 1 is a generator and also is the
reference bus with an increasing cost function ¢(-), and bus 2 is the load bus with angle —¢.
The line admittance is g — jb. Given a load of £ at bus 2 and ignoring all constraints except

for the load balancing one, the ACOPF in (5.1) becomes

main c(g — gcos(d) + bsin(6)) (6.5a)

s.t. £+ g — gcos(d) — bsin(d) = 0. (6.5b)

This is an example of an OPF with a disconnected feasible space, since there are two distinct
solutions to (6.5b) and we are asking for the lower cost one.

To see how an NLP solver would approach this problem, we adopt the common practice
in nonlinear programming and form a penalized version of (6.5) [160, 146]. The penalized

unconstrained problem is given by

L, =c(g — gcos(d) + bsin(6)) (6.6)

+ g(ﬁ + g — gcos(d) — bsin(d))?,

where p is a penalty parameter. For large enough p, the solutions of (6.6) would be very
close to those of (6.5) [160]. The function £, is plotted in Fig. 6.3. We can see that there
are two local minima, with the left one being global. However, both minima satisfy first-
and second-order optimality conditions. Therefore, if an NLP solver is initialized with a
poor starting point, it would be stuck at the strict local solution.

Now suppose p is the multiplier corresponding to the equality constraint (6.5b) at the



117

20.0 ---- £, formed at §*

175 —-— L, formed at §
—_ L,

15.0 % global minimum §*

125 # local minimum §

Function values
=
o
o

7.5
5.0
2.5
0.0
-1 0 1 2 3
1

Figure 6.3: Geometry of the penalized objective function £, and the partial Lagrangian £,,. The
line admittance is g — jb and the penalty parameter is 2. The red curve is the partial Lagrangian

formed at the strict local solution and the black curve is formed at the global solution.

strict local solution. The partial Lagrangian of (6.5) by dualizing (6.5b) is:

L, =c(g — gcos(d) + bsin(d)) (6.7)

+ pu(l + g — gcos(d) — bsin(9)).

Since the sinusoidal functions are periodic with period 2w, let us consider the range § €
[—m,7]. It is interesting now to compare the solution of £, to the original problem in (6.5)
(or equivalently, £,). The red curve in Fig. 6.3 plots £,, at the local minimum and the black
curve at the global minimum. We can observe an interesting fact that the minimum of £,
is close to the global minimum of £,, even when the multiplier at the strict local solution
is used.

It is instructive to think about a training data set with both local and global solutions for
the same load, and compare the learned warm starts using direct regression and Algorithm
6.1. Suppose a regression method is used to minimize the distance between a predicted
solution and the solutions in the training set. Since a mixture of local and global solutions
are used in training, the learned neural network would make a prediction that is the average
of the two solutions, as shown in Fig. 6.4. But it may be closer to the local solution rather

than the global one. Preprocessing the training data may alleviate some of these issues, but
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that is likely to be cumbersome and removes some of the appeals of using machine learning.
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Figure 6.4: When the training set has both local and global solutions, the predicted warm start

using direct regression is marked as red, which is closer to the strict local minimum. A solver

initialized with this warm start would converge to the strict local minimum.

When Algorithm 6.1 is used, we first predict the multipliers from the load. Since the
training set is a mix of local and global solutions, the predicted multiplier would be some
point lying between the locally and globally optimal values. The predicted multiplier is
plotted in Fig. 6.5a, where we adopt a linear cost function for ¢(-) in (6.7) and set the cost
coefficient to be one, i.e., ¢(x) = . Then we predict the solution of £, from the predicted
multiplier. For a given multiplier fi, the solution to £, is found through the optimality
condition of (6.7):

(¢ + )gsin(d) + (¢ — p)bcos(8) = 0, (6.8)

where ¢ is a shorthand for the derivative ¢/(g—g cos(d)+bsin(0)). By varying the multipliers,

we can represent the mapping from the multipliers to the solutions of £, as follows:

i

(=gl

which is plotted in Fig. 6.5a. The set of solutions of £, that is mapped from the multipliers
varying between the locally and globally optimal values is denoted by set I. The predicted
solution of £,, would lie in set I. We also plot set I in Fig. 6.5b. We can see that every
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point in set I is close to the global minimum of £,. More precisely, every point is in the

basin of attraction of the global solution. This means if we use the predicted solution of £,

as a warm start, the solver would converge to the global minimum.
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(b) The learned warm start point using Al-
gorithm 6.1 is marked as red, which is close
to the global minimum of the ACOPF prob-
lem. If this predicted warm start is used, the

solver would converge to the global solution.

Figure 6.5: Use Algorithm 6.1 to learn a warm start point for the ACOPF solver.

In the next section, we test Algorithm 6.1 on IEEE benchmark systems and show the

intuition developed in this section is true for much larger and more complex problems.

6.5 Simulation Results

In this section, we demonstrate the simulation results of using Algorithm 6.1 to predict

solutions to the ACOPF problem. We test our algorithm on IEEE networks with 22, 39,

and 118 buses. The full specifications for these networks can be found in [4] and [162].

The popular solver IPOPT [1] is used to generate training samples for each network. For a

comparison baseline, we use the method in [166], where a deep neural network is trained to
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learn the mapping from load to optimal generation values by minimizing the loss between
the learned and ground-truth values. Then power flow equations are solved to recover and
ensure the feasibility of the overall ACOPF solutions.

Our method can obtain globally optimal solutions even when the training data only
contains local solutions and using the warm starts learned by our algorithm can speed up
the computation time of solving ACOPF problems using IPOPT.

We use fully-connected neural networks with 2 hidden layers for both Algorithm 6.1 and
the baseline method. For the baseline method, the activation function of the neural network
is sigmoid for all layers. For Algorithm 6.1 , we use ReLU as an activation function except
for the output layer, where a linear activation function is used. All neural network models

are implemented using the Tensorflow software library.

6.5.1 22-bus Network

In the 22-bus network, there exist two solutions for a given load, where the cost of the
local solution is 30% higher than that of the global solution. We generate the training data
by varying the load around the nominal value. For each given load, we solve the ACOPF
problem using IPOPT to obtain both solutions (this is done by using a number of random
initial points). Then we construct 5 different training sets by adjusting the proportion of
strictly local solutions in the data. There are 4000 training samples. We use 90% of them
for training and 10% for testing.

The generation costs of the obtained solutions using both methods on different training
sets are reported in Fig. 6.6, where the generation costs are represented proportionally to
the globally optimal cost. In Fig. 6.6, as the proportion of strictly local solutions in the
training set increases, the predicted cost using the baseline method also increases and is
larger than the globally optimal cost on every training set. In contrast, Algorithm 6.1 is
able to obtain the global solution, even when the training set is comprised only of strictly
local solutions. This implies that Algorithm 6.1 is not sensitive to the quality of the training

set, and local solutions can also be useful. This observation carries over to larger networks.
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Figure 6.6: Normalized generation costs of the obtained solutions using Algorithm 6.1 and baseline
algorithm for the 22-bus network as the proportion of strictly local solutions in the training set
increases. Algorithm 6.1 is not sensitive to the quality of training data and is able to obtain the
global solution, where the performance of the baseline learning method degrades as the training data

quality degrades.

6.5.2 39-bus Network

A key benefit of using machine learning for ACOPF is to speed up computation. Here,
we take the IEEE 39-bus network and compare the solution speed of using Algorithm 6.1
to that of directly using IPOPT on random (Gaussian) initial points. We evaluate the
computation time on Macbook Pro with Intel Core i5 8259U CPU @ 2.30GHz.

We call IPOPT with both initializations for 200 instances and report the computation
time for each instance in Fig. 6.7. The computation time of using the learned warm starts
given by Algorithm 6.1 is plotted as the blue line, which is much faster than the random ini-
tialization (red) almost for every instance. Note that the neural networks used in Algorithm
6.1 are feed-forward functions, and their evaluation time (sub-milliseconds) is negligible for

the comparison in Fig. 6.7.

6.5.3 118-bus Network

For the 118-bus network, there exist three solutions for a given load. The worst cost is 39%

higher than the globally optimal cost. We generate the training data by varying the load



122

—— Random |

©
=
©

©
-
'S

Computation time (seconds)
o
=
[=)]

o
=
N

| M
0 25 50 75 100 125 150 175 200

Test instances

Figure 6.7: Computation time of calling IPOPT to solve the ACOPF problem in 39-bus network

with different initialization. The blue curve is the computation time when the warm starts learned
by Algorithm 6.1 are used as initial points, which is lower than the random initialization (red curve)

almost for every instance.

around the nominal value. For each given load, we solve the ACOPF problem using IPOPT
to obtain multiple solutions (this is done by using a number of random initializations). Then
we construct 3 different training sets with different proportions of strict local solutions as
shown in Fig 6.8. There are 1900 training samples and 90% used for training and 10%
for testing. In Fig. 6.8, we compare the generation costs, which are normalized to the
global optimal value, of the obtained solutions using Algorithm 6.1 to that predicted by the
baseline method.

The predicted cost using the baseline method is larger than the globally optimal cost on
every training set, and increases as the quality of the training data degrade (the proportion
of local solutions increases).

In contrast, Algorithm 6.1 is able to obtain the globally optimal cost regardless of the
quality of the training data. Even when the training data only contains the solutions with
the highest cost, the predicted cost using Algorithm 6.1 is globally optimal. This confirms
with the intuition in Section 6.4 that the predicted solutions of the partial Lagrangian would

be close to the global minimum of the ACOPF problem, and hence could be good warm
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starts for the solver to reach the global solution.
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Figure 6.8: Generation costs of the obtained solutions using Algorithm 6.1 and the baseline method
on different training sets for the 118-bus network. All the generation costs are represented propor-
tionally to the globally optimal cost. Algorithm 6.1 is able to obtain the global solution even when

the training data only consists of local solutions.

6.6 Conclusion

In this chapter, we propose a partial Lagrangian-based learning approach to predict solutions
of the ACOPF problem. First, we use a neural network to learn dual variables of the ACOPF
problem. Then we use a second neural network to predict solutions of the partial Lagrangian
from the predicted dual variables. Using the predicted solutions of the partial Lagrangian as
warm starts, the ACOPF solver can reach more globally optimal solutions. We validate the
effectiveness of our algorithm on standard 22-bus, 39-bus and 118-bus networks, and show

our algorithm is able to obtain the globally optimal solutions and offer significant speedups.
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Chapter 7

CONVEX RESTRICTION OF FEASIBLE SETS FOR AC RADIAL
NETWORKS

7.1 Introduction

Many problems in power systems determine an optimal network operating point that seeks to
minimize a certain objective, all while satisfying a set of power flow equations and engineer-
ing constraints, such as optimal power flow (OPF), state estimation, voltage regularization,
etc. However, the inherent nonlinearity of power flow equations gives rise to nonconvex
feasible sets for these problems, which makes even finding feasible solutions nontrivial [168].

One strategy to address the nonconvexity of OPF problems is to convexify the con-
straints. This results in convex problems that are simpler to solve. There are mainly
two convexification approaches. First is convex relaxation, which finds an outer approx-
imation of the feasible set by modeling the original problem as a semidefinite or a conic
program [169, 170, 171, 172]. If the solution obtained from relaxation is also a feasible
solution for the original problem, then it is a globally optimal solution [154, 173]. This
implies that the relaxation is tight. However, in practice, the convex relaxation can lead to
non-physical solutions when it is not tight (this is common when bus power lower bounds
are binding) [174]. In such situations, distinguishing between whether the original problem
is genuinely infeasible or if the relaxation method has failed becomes challenging.

Unlike convex relaxation, the second approach, convex restriction, provides an inner
approximation to the feasible region. Optimization within these convex subsets guarantees
the feasibility of solutions for the original OPF problem. In essence, if the convex restriction
algorithm produces a solution, that solution is guaranteed to be physically attainable [175,
176]. In this chapter, we focus on convex restrictions of OPF feasible sets in radial networks.
It’s noteworthy that most distribution networks are operated radially. Due to the growing

need for integrating distributed generation and facilitating demand response [177], solving
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OPF in distribution networks has become increasingly important.

Most existing convex restriction approaches work in the power injection space [178, 179].
It turns out working in this space often requires an assumption that the admissible power
injection space or voltage space (or both) has a polytopic shape for analytical convenience.
Determining a non-conservative polytopic inner approximation of the original feasible set
can be nontrivial. It may involve solving nonconvex optimization problems [178]. Attempts
to simplify or bypass this computationally intensive step often result in overly conservative
results (see e.g., Figure 7.1 as an example). Moreover, this assumption itself may be overly
restrictive as it approximates every nonlinear constraint using a linear one.

To address these challenges, we propose to construct the convex restriction in a trans-
formed coordinate space of voltage phase angles. Specifically, we apply a change of variables
such that the active and reactive power equations become naturally convex after variable
change, hence eliminating the need to approximate the bus power upper bound constraints.
The lower bound constraints can be approximated using the first-order Taylor approxima-
tion, which is the best (the least conservative) upper bound one could have for concave
functions. We use a 3-bus line network as an example (Figure 7.1) to show that the convex
restriction constructed in this way can be a maximal convex subset, meaning it cannot be
contained within any other convex subset.

One may note that different tangent points can produce different first-order Taylor ap-
proximations, thus leading to different convex restricted sets. Therefore, we introduce an
iterative algorithm that progressively refines the locations of tangent points to find the op-
timal convex restriction, one that contains the optimal solution of the original problem. We
test our method on the IEEE 123-bus distribution network with three types of objective
functions applied: power loss minimization, generation cost minimization, and state estima-
tion. The simulation results show that the iterative algorithm that builds on the proposed
convex restriction method always finds a good feasible solution within at most 10 iterations,
even when the traditional methods failed.

This chapter is organized as follows. In Section 7.2, we present the original formulation
of the AC optimal power flow problem. Section 7.3.3 introduces our proposed convex re-

striction method and the resulting convex restricted OPF. We examine the geometry of our
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constructed convex restricted set in Section 7.4. Based on the insights from Section 7.4, we
present the iterative algorithm in Section 7.5.3 to obtain an optimal solution for the original
OPF problem. Additionally, in Section 7.5.3, we also compare the proposed method against
several baseline methods using the IEEE 123-bus distribution network. Finally, Section VI

concludes this chapter.

7.2 DModel and Problem Formulation

Consider a radial network, where A is the set of buses and £ the set of lines. For simplicity,

we assume that the voltage magnitudes are at 1 p.u. and consider the following problem:

min c(p™, ") (7.12)
S.t.pjnj = Zj:(i,j)eé' Gij — Gij €08 (035) + byj sin (d;5) (7.1b)
" = Y jree big — bij cos (;5) — gij sin (65;) (7.1c)
P, <pi™ <P, Q, < ¢ < Q; 8y < 0y < 0 (7.1d)

where 4 is the voltage angle vector, d;; = §; — d; is the angle difference between bus i and

J, gij — jbij is the admittance of the line (4, ), and pind

1

and ¢'™

; © are active and reactive

power at each bus i, respectively. We do not explicitly specify whether a bus is a generator
or a load. This information can be inferred from the upper and lower bounds on power,
for example, if P; is negative, then bus i is a load bus. We will come back to the objective
in later sections, but it suffices to think of ¢ as some cost function in active and reactive
power.

The constraint §;; < d;; < Sij is important to our analysis. Particularly, we assume
that the limits satisfy [d;;,04] < (=5, 7). Under this assumption, sin(d;;) is a monotonic
function of 4;;, which forms the basis of our approach. We believe this assumption is likely
to be true in practice, since it is difficult to think of a distribution system where the angle
differences would be larger than 90 degrees.

We denote the feasible set of (7.1) as §. Since § is not convex in general, solving (7.1) is

nontrivial and a number of numerical methods have been developed [180, 154, 155, 156, 157].

A drawback of all these methods is that if they do not return a solution—for example,
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when a convex relaxation is not tight or when a Newton-type algorithm fails to converge—
it’s not easy to tell whether the problem itself is infeasible or it’s the algorithm that has
failed. Unlike these methods, convex restriction finds an inner subset of 4. If this convex
subset is not empty, it serves as evidence that the original problem is indeed feasible,
and optimization over this subset is guaranteed to produce a feasible solution. In the next
section, we introduce a simple change of variables technique that helps to construct a convex

restriction of 9.
7.3 Convex Restriction Algorithm

We introduce the following change of variables: Let z;; = sin(d;;), for all (4, j) € £. Note that
this transformation preserves the feasibility and optimality of (7.1), namely, the problem in
the transformed coordinates is equivalent to (7.1). Since the sine function is monotonically
increasing in (—7%, ) and is invertible, the angle difference d;; and hence the angles them-
selves § can be readily obtained from z;;. Therefore, in the rest of this chapter, we focus
on solving the problem in the transformed coordinates. Next, we look at how each of the

constraints in (7.1) are represented after this change of variables.

7.8.1 Angle Difference Constraints

The angle difference constraints §;; < &;; < Sij become ¢,; < Sinfl(zij) < 63;. This
appears to be nonconvex in z;;, but a simple observation is that because sin is monotonically

increasing, the constraint is equivalent to z;; < z; < Z;, with z;; = sin—! 9;; and Z;; =

sin~! §;;, which are linear inequalities (and hence convex).

7.3.2 Active and Reactive Power Constraints

Using the simple fact that for § € (=3, %), cos(d) = 4/1 — sin(6)?, the power flow from bus

p{j('zij) = gij — gij\/ 1 — 275 + bijzij

7 to bus j is
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in the z;; variables. Then letting z = {z;;, (,5) € £}, the nodal active power injection at

pi(z) = Z 9ij — 9ijn/ 1 — 2’12] + bijzij, (7.2)

F(ig)e€

bus 7 is

with the relevant constraint being P, < p;(z) < P;.

The affine terms in (7.2) cause no difficulty. The nonlinear term, —g;j, /1 — zfj, is more
interesting. By elementary calculations, 4 /1 — zgj is a concave function of z;;. Therefore,
—Gija/1l — 22-2]- is convex in z; j. Consequently, the upper bound on the active power, p;(z) <
P;, is a convex constraint. In contrast to other methods where every nonlinear constraint
need to be approximated [178, 179] and causes the convex restriction to shrink, the upper
bounds on active power are naturally convex in the z variables. This actually recovers a
known result in OPF, where the problem tends to be convex under a condition called load
over-satisfaction, meaning that the lower bounds are removed [52].

The lower bound on active power has the form of a convex function greater than a
constant, and is nonconvex. We replace it by a supporting hyperplane of the convex function,
to create an upper estimate of the lower bound. Specifically, given a differentiable function

f, it is convex if and only if the following first order condition is satisfied:

fx) = fly)+ Vi) (x—y) (7.3)

for all x and y in its domain. Applying (7.3) to pY(z), we define:
p,(2) == pi(2)) + Vpi(a)" (z — 7), (7.4)

for some base point z!. With (7.4), the two convex inequalities, p;(z) < P; and p,(z) = Py,
together imply the original nonconvex inequality P; < p;(z) < P;. Particularly, in order to
find a supporting hyperplane for each lower bound constraint, one must choose base points
where these constraints are active. A valuable insight is that the constraint p;(z) < P, is
indeed convex. Therefore, a base point for each lower bound constraint can be found by

starting with a strictly feasible point z° and projecting z° onto the lower bound constraints.

Details of this procedure are described in the next section.
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The reactive power constrains can be treated in exactly the same way, by noticing that

qi(z) = Z bij — bija/1 — 235 — gij2ij, (7.5)

ji(irg)eE

is convex. The lower bounds can be handled by defining
¢,(2) = 4i(2)) + Vai(2)" (z - 2)), (7.6)

at some base point Zg. Then the convex restriction of the nonconvex inequality Ql < ¢i(z) <

Q, can be represented as two convex inequalities, ¢;(z) < @, and Qi(z) > Q,

7.3.3 OPF with a Convex Feasible Set

All together, the convex restricted version of the problem in (7.1) is

min ¢(p(z), q(z)) (7.7a)
s.t.(7.2), (7.5), (7.7b)
z<z<1%, (7.7c)
pi(z) < Pi, qi(2) < Q;, (7.7d)
p(2) = Py q.(2) > Q. (7.7¢)

The following theorem summarizes the main result of this section:

Theorem 7.1. The feasible set of (7.7) is convex, and a feasible solution of (7.7) is a
feasible solution of (7.1).

In Figure 7.1, we use a three bus line network as an example to illustrate the discussions
in this section. The top figure shows its feasible set in the § space (green-colored area) and
the bottom figure shows the transformed feasible set in the z space, which is the cyan-colored
area overlaid by the yellow-colored area. Particularly, the yellow region in the bottom figure
is the convex restriction constructed using the techniques introduced in this section. For
comparison, the magenta-colored region, obtained from the method in [179] (it appears
nonconvex because of the change in coordinates), is much more restricted than ours.

In fact, in this example, it is not possible to find another convex subset of the feasible

region that contains the yellow region. Therefore, the yellow region can be considered as
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Figure 7.1: A 3-bus line network example. Top is the feasible set in the § space, and bottom is the
feasible set in the z space. Yellow is the convex restriction found by our method and magenta is the

set found by the method in [179].

the maximal convex subset. In the next section, we will take a closer look at the geometry

of the feasible set for (7.7) and show why it is in some sense an optimal convex restriction.
7.4 Geometry of Convex Restrictions

We start with the following definition:

Definition 7.2 (Maximal convex restriction). Let f be a function from R™ to R. Let
A= {x: f(x) <0} be a set in R". We say a convez set B is a mazimal convex restriction

of Aif 1) BS A, and 2) there does not exist another convex set C such that B < C c A.

Note that the bus power lower bound constraints all take the form of A = {x : f(x) < 0}.
Definition 7.2 says that given a set defined in this form, a convex restriction is maximal
if it is not included in a larger convex subset of the set A. The convex restriction shown
in Fig. 7.1 illustrates this point. The yellow region at the bottom is maximal, since there
does not exist another convex subset of the feasible region that contains it. But it is not
the only maximal set, since the line that forms P, could be tangent to the curve p;(z) = P,

at other points. In fact, by changing the tangent lines, we obtain the family of maximal
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convex restrictions to the feasible set. We formalize this observation in the next theorem.

Theorem 7.3. If (7.1) is strictly feasible, then each of the constraints defining the feasible

set of (7.7) forms a convex restriction that is maximal in the sense of Definition 7.2.

We want to emphasize that the maximal property is defined at a per-constraint level.
Because multiple restricted sets can be maximal, the size of the feasible set in (7.7) depends
on the choice of the base points. After stating the proof of Theorem 7.3, we outline an
iterative procedure to select the base point that jointly optimizes the convex restrictions of
all constraints.

The proof of the theorem follows from the fact that the convex restriction of the bus
power lower bound constraints is to find the best concave lower bound of a convex function,

which is one of its supporting hyperplanes. More precisely, we have the following lemma:

Lemma 7.4. Let f(x) be a convex function. Let g(x) be a concave function. If g(x) < f(x)

for all x, then there exist an affine function h(x) such that g(x) < h(x) < f(x).

Proof. First consider where the inequality is strict, that is, g(x) < f(x). A fundamental
result in convex geometry is that there exist a separating hyperplane between f and g [77],
and it serves as the function h. If the inequality is not strict, then pick a y such that
9(y) = f(y). Because f is convex and g is concave, there is a supporting hyperplane through

the point y in the form of an affine function h(x) such that g(x) < h(x) < f(x). [ |

Lemma 7.4 states that using affine functions to replace the active and reactive power
lower bounds is the best one could do, and there does not exist another type of functions
that will convexify the constraints while enlarging the feasibility region. Because the affine
functions p (z) and g,(z) are tangent to a point on the original lower bound, they are then
maximal in the sense of Definition 7.2.

Next, we show how these tangent points can be found due to the following lemma, which

requires the strict feasibility condition in the statement of Theorem 7.3.

Lemma 7.5. Let z° be a strictly feasible solution for (7.1) and define P; = {z : pi(z) < P;}.

P _

Let z! be the Euclidean (2-norm) projection of z° onto Py, i.e., 2 = argmingep_ |z — z°|3.

Then the projection Zf lies on the curve p;(z) = P; whenever P; is nonempty.
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By defining Q, = {z : qi(z) < Q@}, we have the same argument for reactive power

equations that the projection onto Q; lies on the curve g;(z) = Ql

Proof. Since z° is a strictly feasible point, z° ¢ P,. Further, the set P; is convex. Due to
these facts, the Euclidean projection of z° onto P; lies on the boundary of P,. Now suppose
for the sake of contradiction that the projection is an interior point of P;, i.e., p;i(z}) < P;.
Since the function p;(«) := p;(az! + (1 — a)z®) is continuous for « € [0, 1], and p;(0) > P;
and p;(1) < P;, there exists a* € (0, 1) such that p;(a*) = P;. Let o’z + (1 — a*)z° = z°,
and we have |z — z°|2 = [a*%} + (1 — a*)z° — 2°|% = o*?||Z} — 2°|% < |2} — 2z°|3. This
contradicts with if being the projection. The same proof logic applies to the reactive power

equations. ]

Lemma 7.5 suggests that we can obtain a series of tangent points by projecting a strictly
feasible point onto each of the lower bound constraints in (7.7d) and (7.7¢). Figure 7.2 shows
the linearization of the lower bound constraints on active and reactive power for a 3-bus
line network using the tangent points found by projection. Note that if P, is empty, then it
does not need to be linearized since the corresponding constraint p;(z) > P; is vacuous and
never active. This is easily checked when solving the projection. If the projection problem
is infeasible, then a base point is not needed and the constraint can be removed.

It’s important to note that by choosing a different initial feasible point z°, a different
set of tangent points can be obtained, hence resulting in a different convex restricted set.
Building on this insight, in the next section, we will introduce an iterative algorithm that
progressively refines the choice of the feasible point and hence locations of the tangent points.
As a result, a sequence of convex restricted sets are generated and each contains solutions
progressively approach the optimal ones. We will evaluate the algorithm’s performance using

the IEEE 123-bus distribution network, considering various types of objective functions.
7.5 Simulation Studies

In this section, we present the algorithm for solving (7.1) by iteratively solving a sequence
of (7.7). In each iteration, we use the solution from the previous step to update the convex

restricted feasible set for the next problem in the sequence. Since these problems have
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Figure 7.2: The cyan-colored region is the feasible set for a 3-bus line network and the brown cross
in it is a strictly feasible point. The red stars are its projections onto the convex sets P, = {z :
p2(z) < Py} and Q, = {z : q2(z) < Q5"™}, respectively. In the bottom figure, the red dashed
lines illustrate the linearization around these projected points and the resulting convex restriction

is represented by the yellow region.

convex feasible sets, finding a solution is always possible, which ensures the viability of
this algorithm. The iterative procedure can be terminated once the obtained solutions stop
changing or after a predetermined number of steps.

Note that the convexity of the overall problem in (7.7) (both constraints and objective
function) depends on the specific form of the objective function. We will show later that for
a commonly used class of objective functions—positive linear combination of the generation
costs—(7.7) is convex. For other cost functions, we will show that the iterative algorithm

still performs very well.

7.5.1 Iterative Algorithm for Solving (7.1)

Starting from an initial feasible point z>°, denote the feasible point at the k-th iteration
as z°F. Let {Zf’k,ig’k}ia\/ be the projected (tangent) points of z>* onto each of the lower

bound constraints in (7.7d) and (7.7e), and Z* the convex restricted set constructed using
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Proposed Iterative Algorithm for Solving (7.1)

1: Inputs: Initial feasible point z°, stopping criterion e,
maximum number of iterations K.
2:  For iteration k:
3:  Project z>* onto P, and Q, to get tangents points
for linearization:
"

o

= arg Mingep, [z — 2z

"’Q7k
7

z a2

= argmingeo_ [z — z

4:  With the obtained tangent points {ka iq’k}ie/\/,

linearize bus power lower bounds using (7.4) and (7.6).

5:  Formulate the convex restricted problem (7.7).

6:  Solve (7.7) by calling a solver to obtain a solution z*

and the associated objective value ¢é*.

7:  Update the feasible point by 2% — z%F+1,

8 Letk+1—k.
9: Repeat the above procedure until ||¢* — ¢#=1|2 < ¢
or k=K.

10: Outputs: optimal solution z* and objective value ¢*.

Table 7.1: The iterative algorithm for solving (7.1) using the proposed convex restriction technique,

starting with an initial feasible point z°.

these tangent points, i.e., Z¥ = {z: (7.7b) — (7.7d)}. To solve (7.7) with Z*, we can call a
convex solver such as CVXPY [88] if the objective function is convex, or an NLP solver like
IPOPT [1] if the objective is non-convex. We denote the obtained solution as z¥, which is
surely a feasible point, and use it to derive a new set of tangent points through projection.
With these updated tangent points, we construct another convex feasible set Z¥*! and solve
(7.7) on it. This iterative process continues until the sequence of objective values converges

or a maximum number of steps is reached. We summarize this iterative algorithm for solving

(7.1) in Table 7.1.
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7.5.2  Convexity of Objective Functions

In this part, we provide a condition on when the objective functions are convex in the z

space, thus making the entire optimization problem in (7.7) convex.

Lemma 7.6. If the cost function can be written as
c(p(2),a(2)) = 3 fi(pi(2)) + gi(4i(2)), (7.8)

and each f; and g; are nondecreasing and convex functions, then the cost c(p(z),q(z)) 18

conver in z.

Proof. Note that the active and reactive power injections in the z space, given by (7.2) and
(7.5), are convex functions. Using the fact that composition of a convex function and a
convex and nondecreasing function is convex [77], we have that the objective function is

convex. [ |

Lemma 7.6 applies to many standard OPF objective functions that are of the form
c(p(z),q(z)) = Zf\il ¢ipi(z), ¢; = 0, such as minimizing total power loss and total generation
cost. It’s interesting to note that the conditions on the cost in Lemma 7.6 are the same as

the ones found in SDP [174] or SOCP relaxations [156].

7.5.83 Numerical Results

In this part, we use the iterative algorithm from Table 7.1 to solve (7.1) for the IEEE 123-bus
distribution network [181], testing with different types of objective functions: loss minimiza-
tion, generation cost minimization and state estimation. We compare our method against
several baseline approaches. The first is running the runopf module in MATPOWER |[2],
which is based on Newton-Raphson type algorithms. The second is the second-order cone
program (SOCP) relaxation [169, 172]. The third method creates a convex region in the
power injection space by restricting the permissible voltage phase angles within a polytope

and approximating each nonlinear constraint [179].
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Loss Minimization. The first problem we consider is to minimize the total active power

loss in meeting the load. The objective function in this case is
c(p(2),q(z)) = > pi(z),
i

which satisfies the condition in Lemma 7.6. As a benchmark test, we set the lower bounds
in (7.1) such that they satisfy the conditions (see [156] for details) where the SOCP relax-
ation is exact. Therefore, the SOCP solution is optimal and we are interested in if we can

achieve the same loss through convex restriction.
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Figure 7.3: Comparison of the proposed algorithm against the baseline method on the 123-bus
network for active power loss minimization. The Y-axis is normalized to the minimum objective
value within the sequence generated by our algorithm. The lower bounds in (7.1) are set such that
the SOCP relaxation is exact. Our algorithm starts at a higher loss (with a random starting point),

but quickly achieves the same loss as SOCP relaxation after 2 iterations.

Figure 7.3 shows the performance of our algorithm compared to the solution of SOCP.
We start with a random intialization point that has a high loss, but we quickly reach the
same loss as SOCP relaxation in two iterations. This shows that our convex restricted
feasible set (after an iteration) contains the optimal solution of the original non-convex
problem. It’s worth noting that both the SOCP and our algorithm solve convex problems

of the same size, and they have roughly the same computational speed.
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Generation Cost Minimization. Here, we consider a cost in the form of
C(D(Z)a Q(Z)) = Z cipi(z),
i

where ¢; are positive constants. We set the lower bounds such that the conditions for
SOCP relaxation to be exact are not met and test the performance of our algorithm in
these scenarios. Indeed, when the SOCP relaxation is solved, it does not give a physical
solution,! and thus it does not return a feasible solution to the original problem. In addition,
the runopf module in MATPOWER also fails to find a solution. As for the method that
assumes a polytopic phase angle feasible set, it proves to be overly restrictive and results in
an empty set unless we carefully adjust the hyperparameters used for approximating each

nonlinear constraint.
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Figure 7.4: Performance of the proposed algorithm on the 123-bus network for generation cost
minimization. The Y-axis is normalized to the minimum objective value within the sequence gener-
ated by our algorithm. SOCP turns out to be inexact in this case and does not produce a feasible
solution. The runopf routine in MATPOWER also fails to converge. In contrast, our algorithm

reliably decreases the cost and converges to a physically feasible solution.

In Figure 7.4, we show the performance of our algorithm, where our method reliably

decreases the cost and converges to a good feasible solution. This shows the benefit of

! Essentially, the SOCP relaxation relaxes an equality constraint of the type Rfj +IZ-2]- = linto R;;+1;; <1,

where R;; and I;; are variables associated with line i5. When the relaxation is exact, the optimal solution
(R?;)? and (I};)* will satisfy the equality constraint. However, if (R};)* + (I;)? < 1, the relaxation is not
exact and we cannot recover a solution to the original problem (7.1).
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working with a convex restriction, since we are always guaranteed to find a feasible solution
of the original problem.

State Estimation Given some measurements of nodal active and reactive power injections,
the goal of state estimation is to find the optimal z that best matches these measurements.
For example, suppose we take active and reactive power measurements at each bus, denoted

by {p1,...,PN,q1,---,qdn}, state estimation solves (7.7) with the following objective:

N N
c(p(z),a(z)) = X (B —p(=)i)* + X, (4 — a(2):)*. (7.9)
i=1 i=1

Due to the non-monotonicity in the objective function (7.9), (7.7) is non-convex, but it can
still be solved using a nonlinear solver such as IPOPT. Note that since the feasible set of the
convex restricted problems are convex, we are still guaranteed that the solution is feasible

(although perhaps not optimal).
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Figure 7.5: Performance of the proposed algorithm on the 123-bus network for state estimation.
The Y-axis is normalized to the minimum objective value within the sequence generated by our
algorithm. SOCP turns out to be inexact and the cost returned by it is not actually achievable. But

it serves as a lower bound, and our algorithm is not very far from this bound, and it produces a

sequence of feasible solutions.

In the case of state estimation, the SOCP relaxation is quite far away from being exact.
This is expected, since the objective function is not increasing in the active power, and

convex relaxation algorithms tend to struggle to produce physically meaningful solutions.
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In contrast, our proposed algorithm continues to perform effectively. To illustrate this, we
present the convergence of the objective value sequence generated by our algorithm in Figure
7.5. Since the SOCP is inexact, the dashed line in Figure 7.5 is not actually achievable. But
it serves as a lower bound, and our algorithm converges to a physically feasible solution not

very far from this bound.

7.6 Conclusions

In this chapter, we focused on developing a convex restriction approach for solving AC power
flow problems in radial networks. We introduced a simple change of variables technique,
showing that the active and reactive power equations are naturally convex in the trans-
formed coordinate space. A detailed procedure was provided to construct a convex subset
in this transformed space, and the convex restriction constructed in this way was shown
to be a maximal one. Furthermore, we proposed an iterative algorithm to improve on the
solution quality by constructing a series of convex restricted sets, each containing solutions
progressively closer to the optimal ones. We conducted numerical experiments on the IEEE
123-bus distribution network and solved the ACOPF problem by applying different types of
objective functions. The numerical results showed that our method produced good feasible
solutions within just a few iterations for all study cases, even when traditional methods

failed to return a solution.
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Chapter 8
CONCLUSIONS

In this dissertation, we develop machine learning algorithms for faster and more optimal
power system operations in uncertain environments by incorporating problem-specific struc-
tural insights into algorithm design. More specifically, we develop a flow-based generative
approach to model residential load behaviors and generate varied and plentiful future sce-
narios. Then, to optimize and plan power systems across these diverse scenarios, we design
neural network-based solvers to offer solutions orders of magnitude faster than conventional
methods. By integrating problem-specific structural insights, we ensure learned solutions
satisfy engineering and operational constraints within power systems. These insights also
enhance the data efficiency and generalization capabilities of the learning algorithms. In
addition, we apply the proposed algorithmic designs to the fundamental resource allocation
problem in power system operations, i.e., optimal power flow, to showcase the effectiveness
of these methods.

In Chapter 2, we propose a novel scenario forecasting approach for residential load us-
ing flow-based conditional generative models. Compared to existing scenario forecasting
methods, our approach can generate scenarios that are not only able to infer possible future
realizations of residential load from the observed historical data but also realistic enough
to cover a wide range of behaviors. In Chapter 3, we propose a novel algorithm for solving
DCOPF that guarantees the generalization performance. First, by utilizing the convexity
of DCOPF problem, we train an input convex neural network. Second, we construct the
training loss based on KKT optimality conditions. By combining these two techniques,
the trained model has provable generalization properties, where small training error implies
small testing errors. In experiments, our algorithm significantly outperforms other machine
learning methods. In Chapter 4, we propose a learning method to solve the two-stage prob-

lem in a more efficient and optimal way. A technique called the gauge map is incorporated
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into the learning architecture design to guarantee the learned solutions’ feasibility to the
network constraints. Simulation results on standard IEEE systems show that, compared
to iterative solvers and the widely used affine policy, our proposed method not only learns
solutions of good quality but also accelerates the computation by orders of magnitude. In
Chapter 5, we propose a simple iterative approach to improve the quality of solutions to
ACOPF problems. First, we call an existing solver for the ACOPF problem. From the
solution and the associated dual variables, we form a partial Lagrangian. Then we optimize
this partial Lagrangian and use its solution as a warm start to call the solver again for the
ACOPF problem. By repeating this process, we can iteratively improve the solution qual-
ity, moving from local solutions to global ones. We show the effectiveness of our algorithm
on standard IEEE networks. The simulation results show that our algorithm can escape
from local solutions to achieve global optimums within a few iterations. In Chapter 6, we
propose a Lagrangian-based learning approach to overcome the challenge that the training
data for ACOPF may contain suboptimal solutions. First, we use a neural network to learn
the dual variables of the ACOPF problem. Then, from the predicted dual variables, we
use a second neural network to predict solutions of the partial Lagrangian and use the pre-
dicted solutions as warm starts for the ACOPF problem. We test our approach on standard
and modified IEEE networks and show that our approach can reach more globally optimal
solutions with significant computational speedup even when the training data consists of
mostly suboptimal solutions. In Chapter 7, we propose an analytical method to construct
the convex restriction of the feasible set for AC power flows in radial networks. The con-
struction relies on simple geometrical ideas and is explicit, in the sense that it does not
involve solving other complicated optimization problems. We also show that the construct
restrictions are in some sense maximal, that is, the best possible ones. The numerical exper-
iments on the IEEE 123-bus distribution network show that our method finds good feasible
solutions within just a few iterations and works well with various objective functions, even
in situations where traditional methods fail to return a solution.

Possible future directions include:

e Extending the proposed learning algorithm for two-stage DCOPF problems to accom-
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modate multiple stages. In practical applications, transmission networks are often
managed over long time horizons, making them suitable for being modeled as multi-
stage optimization problems. However, multistage optimization presents significantly
more challenges than two-stage optimization. Incorporating neural networks into this
framework requires ensuring that their outputs satisfy the constraints at each stage
of the optimization process. To the best of the authors’ knowledge, there is currently
a lack of research on learning-based algorithms that solve multistage OPF problems
while guaranteeing feasibility. Exploring this area could be very promising for facili-

tating dynamic decision-making in power systems with uncertainty.

Integrating the gauge map technique and the convex restriction method to develop a
learning-based algorithm for solving ACOPF with guaranteed feasibility. In Chapter
4, the gauge map technique is used to transform the neural network’s output into an
interior point of the feasible set of DCOPF. By designing an algorithm that maps
the neural network’s output into the convex restriction of the feasible set of ACOPF,
we can ensure that the learned solutions are feasible. This is particularly benefi-
cial because finding feasible solutions for ACOPF is generally challenging due to the
problem’s non-linear and non-convex nature. By combining learning and the convex
restriction technique, we can significantly accelerate the solving process, achieving
orders of magnitude improvements in speed while always guaranteeing feasible, high-

quality solutions.

Developing machine learning-based optimization methods for applications beyond
power system operations, such as transportation and smart building control. A signif-
icant issue in modern transportation is electrification and its impact on power system
operations. For example, the limited capacity of distribution systems makes simul-
taneous charging of electric vans in urban delivery fleets impractical. Power system
operators must therefore distribute charging activities across different times and lo-
cations. This distribution can cause inconvenience for drivers, who may need to alter

their routes or charge frequently to complete their deliveries on time. It will be in-
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teresting to design efficient, learning-based algorithms for jointly optimizing charging
schedules and delivery routes to maintain power system stability, ensure timely deliv-

eries, and enhance driver satisfaction.
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Appendix A
APPENDIX OF CHAPTER 3

A.1 Fundamental Flows

In the DC power flow model, the power flow on the lines are determined by the angle
differences. Let &; be the angle of bus i. Let plfj = b;;(0; — 0;) be the flow along the line
connecting ¢ and j. If a network has cycles, let buses 1,,...,n. be the buses in a cycle,
counted in either clockwise or counterclockwise direction. The weighted sum p{Q/blg +
p£3 Jbaz + -+ pﬁcl /bn.1 = 0 and therefore, the flows lie in a subspace.

Repeating the above calculation for every cycle in a network gives that the flows lie in a
subspace of dimension n— 1 for a connected network with n buses. A basis of this subspace is
called a set of fundamental flows. There are multiple bases to choose the fundamental flows
from. A popular way is to choose a spanning tree and consider the flows on the branches

as fundamental, and everything else can be derived from them.

A.2 Proof of Theorem 3.5

Proof. Since £"°V is in the convex hull of Dy,.,, there are positive coefficients aq,...,an
such that

0 = o 0 + -+ ant,
and a1 + ...,a, = 1. By convexity,
fo€) < aifo(€') + - + an fo(£"). (A1)
By the assumption that fg(£) is well-trained, we have
Vefo(#) =p, fori=1,--- N, (A.2)

Using first-order conditions of convex functions, we have fg(£%°V) > fg(£%) + p(£7V — £°)

for all ¢. Multiplying the i’th equation by «; and summing gives

fo(€) = a1 fo(€') + -+ + an fo(£V). (A.3)
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Combining (A.1) and (A.3) gives

fo(£"™) = a1 fo(£') + - + an fo(£V). (A.4)

This implies the function is linear in the convex hull of Dy, and all the points have the

same gradient. [ ]
A.3 Proof of Theorem 3.6

Suppose fg : R — R is a convex function. Given £',..., €Y in the domain of g and let p’ =
Vefo(£?). Let £°° be a point in the convex hull of £, ..., €Y and denote Vyfe(£"Y) = p.

By the convexity of gg, we have
(Vefo(€)) — Vofo(£™)T (€7 — £") < 0, Vi. (A.5)

The inequalities in (A.5) constrain the values that Vg fg(£"¢") can take. We show that these
inequalities actually describe a bounded polytope in R™ through a proof by contradiction.

Suppose the region defined by the inequalities in (A.5) is not bounded. Then V fg(£"")
can be scaled arbitrarily and all of the inequalities in (A.5) would still hold. Then we can
take the norm of Vg fe(£"?) to be large enough such that it would dominate the Vfg(£%)
terms. Then (A.5) becomes

Vefo (£ )T (7Y — £%) > 0, Vi. (A.6)

Since £°¢% is in the convex hull of £, ... €N we can write it as £%V = €' + - + aneV

and «a; > 0 and sums up to 1. Substituting this into (A.6) and rearranging the terms, we

have
eNvefg (ﬁnew)Tez > Z aivlfe (enew)Tez‘
i=1
By the assumption that N > n + 1 and £',...,£" are not in a lower dimensional subspace

of R™, Ve fe(£™")T £ will be nonzero for at least two i’s. But it is not possible to have a
convex combination of scalars (the Vyfg(£7%)T £’s) larger than every scalar in the set when
at least two are nonzero (this follows from Farkas’ lemma). This contradicts the assumption

that the polytope created by (A.5) is unbounded.
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A.4 Quadratic Costs

The DCOPF problem with quadratic cost is:

NG g2
J(£) = m 9% + eip? AT
© =i 350l + e (A7a)
s.t. (1b), (1c) and (1d), (A.7b)

where ¢; and ¢; are the cost coefficients. As with the linear cost case, we assume that the
multipliers (p) with respect to the power balance equations have been learned. If ¢;’s are

not zero, the dual of (A.7) is

max pl £—XTpf —XTpf —oTp? (A.8a)
A D v
st. Qx+c—p—-v+v=0 (A.8Db)
~MB - M A+ M A =0 (A.8¢)
7=0,r=>0X=>0M\>0, (A.8d)

where Q is a diagonal matrix with the value of ¢; on the ¢’th diagonal. There are two
differences between the linear and quadratic costs. The first is that the constraint associated
with the generations, (A.8b), also include the primal variables x. The second is that a
quadratic program may not have the same number of binding constraints as the variables.
We use the following simple lemma to determine whether a generator constraint is bind-
ing by following simple economic principles. Specifically, given the optimal LMP p*, p? is

associated with the following active/inactive constraints:

7, if pf — ;i —2qip7 >0
i =140 if pf —e; <0 (A.9)

(0, p7), otherwise

Once p is known, the dual problem associated with A and X is identical to the linear
cost case and the binding line constraints can be recovered through the same process.
Once we identify all of the binding constraints, we can encode it into a matrix of the

form My = a, where y is the concatenation of x and p®. Here the number of constraints
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(rows of M) can be less than the number of variables and we still need to solve the following

optimization problem:

1 s

min inQy +ely (A.10a)

s.t. My = a, (A.10Db)

where Q is a diagonal matrix with (q1,---,Gn,0,...0) on its diagonal and ¢ =
(c1,...,¢n,0,...,0). Fortunately (A.10) can be solved as a linear system. Following stan-

dard quadratic programming results, let 7* be the optimal Lagrangian multiplier of (A.10b),
then the optimal solution of (A.10) is given by the following linear system
Q M7 | |y* —¢
Q i . (A.11)
M 0 T* a

Once the active constraints are identified, a linear system of equations can again be solved

to find the optimal solutions.
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Appendix B
APPENDIX OF CHAPTER 4

B.1 Expressions of B, F and E

Suppose we use £ to denote the set of all lines in the power system and (i,j) the line
connecting bus-i and bus-j. Without loss of generality, we can assume the line (i, 7) is the
k-th out of all lines. Let b;; be the susceptance for the line (i,5), then the flow on line
(1,7) is pzfj = b;;(6; — 0j). The nodal power injection by bus-i is pinj = Zk:(i’k)egp{k =
2k:(ik)ee bij(0i —65). As aresult, the matrix B that transforms the phase angle 6" € R71
into the nodal power injections at all buses can be expressed as

—byj, if (i,j) e Eand i # j

Vi,j i Bij =\ Y jree bhjr if (i,5) € € and i = j
0, otherwise.

The matrix F that maps 6™ to flows on all lines is given by

Fi; = bij, Fij = —byj,

Vke{l,--- ,m},i,je{l,--- ,n} and i # j.
The incidence matrix E has a row for each line and a column for each node. To construct
E, we can treat the power network as a directed graph, where each line has a starting node
(source) and an ending node (target), For instance, consider a line denoted by (i, ) as the
k-th among all lines, with ¢ > j. In this setup, we assume that the node with a smaller
index, i.e., node %, serves as the source node, while node j is designated as the target node.
Accordingly, the entry Ejp; ;1) in E is assigned a value of 1, and the entry Ey, ;7 is assigned
—1.

B.2 SGD Updating Rules

The stochastic gradients of the loss function with respect to 8/ and 8% at a randomly

chosen data point £° are calculated using the chain rule in the backward pass, which can be
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expressed as follows

oL'(0',0%) _ of'(£0") | Z oftEen ot ofleen)  p
001 = ¢ 001 K agzk afl([z';gl) 001 e

oL(6',6%) ot (st M)

TR K 2 T aen (B-1b)

k=1
where ¢ is the derivative of ¢(-). At each iteration ¢, SGD repeats the following updates on

0" and 6% until a certain stopping criterion is reached:

(t+1) [0 oLY(6',0%)
0 — 0" = (B.2a)
R(t+1) Rty  OLY(67,67)

where p denotes the step size. Note that all the backward pass gradients given by (B.1)
can be computed using the automatic differentiation engine in machine learning libraries,
such as autograd in Pytorch [207, 208], and the SGD updating rules in (B.2) can also be

implemented therein.

B.3 Proof of Theorem 4.2

To show that the polyhedron given by (4.11) is bounded, we use the definition of a bounded

polyhedra: a polyhedra is bounded if IK > 0 such that |0 < K, for all 6™ € Ppeqs.

From Appendix B.1, we know that the flow on line (i,j) can be expressed as pzfj =

b; j(8; — 6;); therefore, we can rewrite the polyhedra in (4.11) as
—pl < b (6 —6;) <pl. Vi, j) €€
Pij < bij(0i —6;5) <pj V(i j) €E,

which are equivalent to
_af =f
P g5y < P

that is, both ¢; and §; must be bounded, otherwise, (B.3) would be violated. Since every

V(i j) €€, (B.3)

bus in the system must be connected to at least one other bus, (B.3) implies that 3K; € R
such that |0;] < K;,Vi € {1,---,n}, therefore, we can choose K = max;{K;} and then we
have [|6"*|| < K. By definition, the polyhedra given by (4.11) is bounded.
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B.4 Proof of Proposition 4.4.2

By Definition 4.3, we can express the gauge function associated with the polyhedral set P =

{z e R"|Az < b, A € R"*" b € R"} as the optimization problem gp(z) = min{\|Az < Ab},

which is equivalent to finding a value of A such that alz < Ab;,Vi € {1,---,m}, that is,
T
A= agiz,Vi € {1,---,m}. Therefore, the optimal value of A, namely, the value of the gauge

. . alz
function gp(z), can be given by max;_i ... », {EZT}
B.5 Proof of Theorem 4.5

. aTu . aTu . . .
Since gp;,,, (1) = max;—1,... m {g—,}, it follows that b S IPreas (u), which is equivalent

1 T

to ——maru < by, for any index k. Given that u lies within the unit hypercube By, =
feas

{z e R"| — 1 < z; < 1,Vi}, it follows that |ullc < 1. Bringing these together, we have

lulw T
——=a
gpfeas (ll) k

gPHuin(u)Au < b. By using (4.12), we can then conclude that Ad;/* < b, which indicates
feas

u < by, for any k. This series of inequalities can be compactly expressed as

that &, is a feasible point lying within the set Pyeqs.
B.6 Proof of Theorem 4.6

Let P = {z € R" | Az < b} and Q = {z € R" | Cz < d} with A € R™" b €
R7. ,C € RE*™ and d € ]R’fH. Let A;; be the polytope described as {z € P | ¢ €

al

T
Sz . c;z . .
argmax;_y .., 4—,J € argmax;_j . ;T} The set {A;; |iel,---,m, jel,-- k}

forms a polyhedral partition of P, and the gauge map is an analytic function on the interior

of each A;; except when c]Tz = 0 or z = 0. Specifically, the gauge map on the interior of
T .
Aij € P can be written as G(z | P, Q) = :%://21_ .
G J
For any je1,--- K, c;-pz = ( if and only if z = 0: since @ forms a full-dimensional and

bounded polytope, C must be full-rank and tall (k > n). Thus, Cz = 0 if and only if z = 0.
We can now justify the choice G(0 | P, Q) := 0 as follows. Let z = ah for some o > 0 and
h € R™\{0}. There exist some (4, j) and sufficiently small € > 0 such that z € A;; V o € (0, ¢).

T .
The limit of j;zz//;’f z as o — 0 is equal to 0 € R".
7 J

By the above analysis, the gauge map is piecewise analytic under analytic partition

(PAP) on P which implies desirable properties for automatic differentiation [129]. Specifi-
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cally, PAP functions can be composed with one another (they obey a chain rule), they are
differentiable almost everywhere (except possibly on a set of measure zero), and standard
automatic differentiation tools will compute the derivatives at all points where the function

is differentiable.
B.7 Formulation of Affine Policy

Given a first stage dispatch p’, we adopt the following affine policy to approximate the
recourse dispatch pf(w”) by representing it as an affine function of the load realization
L(wh):

p(wh) = €17 b(wh) — 17p1). (B.4)

Here, & = [&1,- - ,fn]T € R™ denotes the participation factor vector, which represents the
contribution of each generator to balancing the discrepancy between the actual load and

the first-stage dispatch. These participation factors are subject to the following constraints:

§&=0Vieg, &=0YieN/G, > & =1, (B.5)
1€g

where the set G represents all buses hosting generators, and the set A/ /G includes all buses
except for those connected to generators. Note that the values of € are determined during
the first stage and are not influenced by the particular load realization in the second stage.

To implement the affine policy, we start by substituting the variable pR(wk) with the
affine function (B.4) in the original problem formulations (4.3) and (4.6). This enables us
to solve the following approximation problems to determine the values of &:

Approximation problem of risk-limiting dispatch:

pl g
{oms (W),

K
. 1, 1 Tre1Tp(, kY 1T I+
min o'+ 3% aTlETEwH) - 17p)]

s.t. (4.3b) — (4.3¢), (B.4), (B.5).
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Approximation problem of reserve scheduling;:

min cI'pl +4TE+F) +

s.t. (4.6b) — (4.6L), (B.4), (B.5).

Once determined, £ is treated as fixed and we solve the following simplified linear programs
to obtain the first-stage decisions for a set of anticipated load realizations:

Implement affine policy for risk-limiting dispatch:

K
min  <Tpl + = 3 g [E(AT (W) — 17 (B)

K
(6ns (W =1

s.t. (4.3b) — (4.3¢), (B.4).

Implement affine policy for reserve scheduling:

min cIpl +4TE+7¥) +
p’ T F,
{07 (W)},

K
=Y <qresT([s<1Te<w’“> —17p) — 7* — [g(1Te(w") — 17p") +ﬂ)> (B.9)
k=1
s.t. (4.6b) — (4.6h), (B.4).

In contrast to the original problems presented in (4.3) and (4.6), the linear programs in
(B.8) and (B.9) reduce numbers of both decision variables and constraints. As a result,

these simplified linear programs can be solved more quickly.
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Appendix C
APPENDIX OF CHAPTER 5

C.1 Determine global minimum for ACOPF

In Section 5.5.1 and 5.5.2, we find two solutions to the supply /balance equality constraint,
which satisfy the inequalities in (5.12) or (5.23). In this part, we give the reason why the
smaller solution in (5.12) (or (5.23)) is the global minimum and the larger solution is the
local minimum.

Let us subtract the power received at the load bus from the generation at the generator,

then we have the transmission loss as follows:

loss = g — gcos(d) + bsin(d) — (—g + gcos(d) + bsin(d))

= 2¢(1 — cos(9)).

Due to the periodicity of arctangent function, the larger value § must be larger than /2.
Then the loss at * is smaller than the loss at §. So ¢* is an more optimal solution than .
Since there are only two solutions for this example, §* must be the global minimum and &

is the strict local minimum.
C.2 Determine global minimum for the Lagrangian

In this part, we determine the global minimum of the Lagrangian problem for the 2-bus
network, where we fix the voltage magnitudes and optimize over the angles.
Let us denote the two solutions of the Lagrangian problem in (5.6) as § and 8, and the

multipliers associated with them are i and [, respectively. Then from (5.17), we have

™ 2 71 /:L_C,b 71 b
— 5 < 6 = tan (/:L i 0/5) < tan (5) (Cla)
E<5—tan_l(ﬂ_dé)+7T<tan_1(9)+7r (C.1b)
2 i+cyg g '
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Also we can represent the multiplier using § by rearranging the terms in (5.16). We take
(5 ,f1) as an example, and i can be represented using J in a similar way. The expression of

[i in terms of § is
R sin(8) + beos(d
PR L (%) (9) (C2)
gsin(d) — bcos(0)

Now let us write out the second-order derivative of the Lagrangian function, and plug (C.2)
into it. Then we have:

L7(6) = (1 + f1)gcos(d) — (1 — f1)bsin()
2gb
g cos(d)(tan(d) —

3

Qo

Using the inequalities in (C.1), we have
Lh(5) >0,
"rs
L£5(6) <0.
Based on the first-order and second-order optimality conditions, ¢ is the minimum of the

Lagrangian problem, and ¢ is the maximum.

C.3 Voltage Inequality Constraints

In this part, we prove that not all inequality constraints in (5.22c) are inactive by contradic-
tion. We first suppose all inequality constraints in (5.22c¢) are inactive, and convert (5.22)

to the penalized unconstrained formulation:

Lo(x) = f(x) + p/2[n(x)]*. (C.3)

Assume p is sufficiently large, then (C.3) can be viewed as being equivalent to the original
problem (5.22). Let us take gradients of L£,(x) with respect to Vi and V3 at a feasible
solution %. Since X satisfies h(x) = 0, the terms multiplied by ph in the gradients can be

ignored. So the gradients are given by

g‘ﬁ/f = 29V} — Va(g cos(d) — bsin(4)) (C.4a)
0Ly _ —Vi(gcos(8) — bsin(é)). (C.4b)

Wy
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1) If % = 0, then we have

g c0s(3) — bsin(3) = 292 (Vs # 0). (C.5)

Plug (C.5) into (C.4b) and we get

oL, V2
aVZ g VQ

This means if V; is inactive, then V5 must be on the boundary of the constraint set.

2) Suppose gf/g = 0. Since V; # 0, we have

gcos(0) — bsin(d) = 0. (C.6)

If we plug (C.6) into (C.4a), then we have

oL, -
—L —2 .
o gV1 >0

That is, if V5 is inactive, then V; must be on the boundary of the constraint set. Therefore
one of V] and V5 must be binding, and (5.22) can be reduced to the bivariate optimization

problem.
C.4 Hessian matrix of the Lagrangian

In this part, we derive the Hessian matrix of the Lagrangian function for problem (5.22),
where we optimize both voltage magnitudes and angles for a 2-bus network. In Appendix
C.3, we have shown that one of V7 and V5 must be binding, so here we consider the cases
where V; is binding or V5 is binding separately.
We first suppose V; is inactive (equivalently, V5 is binding). Then the Hessian matrix of
the Lagrangian is
%Ly, 2Ly,

2 B 962 d60V1
Vilyp = 2Ly, PLap

BoVi v
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The two leading principal minors of V22 au at a feasible solution x are

L
A1(®) = 55;’“

= ViVa[(1 + 1)g cos(6) — (1 — fi)bsin(d)]

Ao(X) = VZLy
= 2921 (%) — V3[(1 + f1)gsin(0) + (1 — ji)bcos()]?

where i is the dual solution associated with x. If (X, ) are the optimal primal-dual solu-

tions, then we can write out the first-order optimality condition of the Lagrangian w.r.t.
:
(1 + f)gsin(é) + (1 — z)bcos(d) = 0. (C.8)

From (C.8), Ay(%x) can be simplified as
(%) = 2901 ().

Also, we can represent i in terms of 5

g sin(8) + b cos(0)
5 o

. C.9
gsin(d) — beos(0) (G9)

i =
If we plug (C.9) into A;(x), then we have

- -~ —2gb
A1(x) =W = ~ .
1% =" *gcos(3) (tan(d) — 1)

Following from the inequalities in (5.23), A;(X) and hence Ay (X) are positive at the global
minimum and negative at the local minimum. Therefore, Theorem 5.3 holds for the case
where V) is inactive and V5 is binding.
Now we suppose V5 is inactive (equivalently, V; is binding). Then the Hessian matrix of
the Lagrangian is
62£A’M 62,(:)\,“

=72 _ 062 060V2
ViLlyp= 2ra, PLa, | (C.10)
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The two leading principal minors of V2£ au at a feasible solution x are

oL
Mi®) = "
oy —2gb
A A -
" g cos(@) (tan(d) — ©) (C.11a)
AQ(SC) = 62£)\,y,
= 2g7iA1 (%) — VA[(1 + f1)gsin(6) + (1 — j)bcos(4)]? (C.11D)

where fi is the dual solution associated with x. If (X, /i) are the optimal primal-dual so-
lutions, then the first-order optimality condition w.r.t. § takes the same form as in (C.8).

Then Ay (%) in (C.11b) can be simplified as
Ay (%) = 2gjiA1 (X). (C.12a)

Since the multiplier i represents the marginal price and is positive at the global minimum,
Ay (%) has the same sign as Aj(X). From the inequalities in (5.23), A;(X) is positive,
hence the Hessian matrix @Q.CA# is positive definite at the global minimum. For the local
minimum, since A;(X) is negative from (5.23), the Hessian matrix @2[,)\7“ cannot be pos-
itive definite. This means it is either negative definite or indefinite at the local minimum.

Therefore, Theorem 5.3 also holds for the case where V5 is inactive and V; is binding.



