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Abstract

Large Strain Finite Element Analysis of Spinodal Shell Structures

Colin Gabriel Wilson

Chair of the Supervisory Committee:
Assistant Professor Lucas Meza

Mechanical Engineering

Nanoarchitected materials combine architecture properties with nano-scale size effects such as

increased tensile strength, but often suffer from localized failure and low mechanical efficiency.

Architectures derived from spinodal decomposition have promising material properties due

to their continuous doubly curved surfaces with minimal stress concentrations.

In this work, finite element analysis was used to model spinodal shell structures, allowing

the study of the architecture properties and inspection into the interior of the structure to

allow a better understanding of the nanomaterial behavior. Isotropic, lamellar, columnar,

gradient, and bioinspired conch architectures were simulated up to 0.5 strain at relative

densities (ρ̄) between 0.001 and 0.01, in order to match the conditions of nanoindenter tests

of the same structures.

The simulations provided results close to the experiments in elastic stiffness and plateau

stress. Each of the architectures scales elastic modulus and yield strength proportional to

ρ̄2. The experiments showed extensive localization effects, especially localized buckling at

the bottom layer and localized fracture in the top layer, but the simulations showed only

localized auxetic behavior in the middle of the structures. Strain localization was observed

in the gradient structures, as the changing anisotropy encouraged strain to localize to each

layer, but this strain did not cause localized failure. The stress state within the structures

showed stress concentrations occur in areas of connections between layers, but the structures



may have additional load paths that can be activated when the highly stressed areas buckle

or fracture, preventing catastrophic failure and enabling recovery.

This work shows the benefits of the spinodal architecture in eliminating localized defor-

mation, controlling strain patterns through anisotropic and gradient architecture designs.
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Chapter 1

INTRODUCTION AND BACKGROUND

1.1 Architected Materials

Materials research has traditionally relied on empirical trial and error methods to create

materials with optimized properties, often with new chemical combinations of materials, and

new methods of heat treatment or cold-working. These processes have been fully developed,

so they can produce only slight improvements compared to the existing materials. Archi-

tected materials offer an additional method for improving properties, using a combination

of different materials or voids to create a material with different properties. The goal of

developing these new materials is to expand the material property space, which represents

the combination of all material properties, and new materials are sought which fill new areas

of the property space, as shown in Figure 1.1. Composite materials and foams are both

classes of architected materials since composites are made up of multiple materials, and

foams are made up of solid materials combined with voids, both in ways that provide some

improvement to properties compared to constituent materials[1].

Research into different lattice architectures has provided a significant body of data into

properties of architected materials at different scales and relative densities[2, 3, 4, 5, 6, 7].

One of the key benefits found in the study of lattice architectures is that of recovery and

resilience. Despite the damage experienced during compression testing, lattices are often

able to recover to their original shape, continuing to carry load for repeated cycles, a feature

that is enabled by buckling in the lattice beams. When damage or plasticity occurs, the

properties will be substantially degraded on subsequent cycles, but the ability to carry load,

absorb energy, and maintain its original shape is largely maintained. In addition, tests

show a hysteresis in the stress-strain curve between the compression and the recovery, and
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this difference represents the energy absorbed during the test [2, 3, 4]. The high resilience

and energy absorption in such metamaterials leads to applications in space debris impact

protection and ballistic defence[8].

Figure 1.1: A representation of the material property
space referred to as an Ashby chart, showing density vs.
strength. A target for expansion of the material property
space in this representation is the blank space up and to
the left of the currently shown materials, since this would
result in higher strength and lower density, both desirable
traits for most material applications. Image from [1]

Lattices have different me-

chanical behaviors which drive

performance characteristics, in-

cluding material fracture, Eu-

ler buckling, and shell buckling

in hollow lattices [3]. Though

solid lattices are mechanically effi-

cient, at low relative density they

tend to buckle because buckling

strength reduces quickly at low

relative density and Euler buck-

ling becomes the dominant fail-

ure mode[9].Hollow lattices re-

duce the buckling threshold to a

lower relative density, but they

often perform poorly due to the

lack of stiffness of the connect-

ing nodes. Were it possible to in-

crease the stiffness of the nodes during manufacturing, they would have significantly higher

strength[10]. They are also highly sensitive to imperfections, especially imperfections intro-

duced by the manufacturing process. One study (Meza et al.) found the effective stiffness of

hollow alumina beams in a lattice was reduced by 70% due to waviness of the surface caused

by vibration during manufacturing[4].

The weaknesses of lattice architectures have led to new architectures being used in meta-

material research, especially continuous, smoothly curved shell architectures. Shells are thin
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structures which transmit load primarily through membrane stresses[11]. One set of shell

designs is the triply periodic minimal surfaces (TPMS), which have constant zero mean cur-

vature on the entire surface, with double curvature, in which the two principal curvatures

are non-zero. This constant curvature means that it does not have the stress concentrations

seen at the nodes of hollow lattices[12, 13]. Double curvature has proven to increase stiffness

of structures by increasing the energy requirement to undergo bending, so that loads tend

to be carried in tension and compression[14].

TPMS inspired architectures have been used to create shell-based architected materials.

Due to their continuous nature, and lacking the nodes of lattices, shells made from these

surfaces do not suffer from stress concentrations which cause premature structural failure

and low stiffness at low relative density[15]. TPMS-inspired architectures, such as a Schoen

F-RD type surface, showed substantially higher energy absorption compared to a truss lattice

[16]. At high relative densities, shell architectures can be quite stiff, reaching 70% of the

Hashin-Shtrikman bound, a theoretical limit for material stiffness[17]. Like lattices, they

can also to be sensitive to imperfections, such as the surface roughness introduced by 3D

printing, which can cause premature buckling[18]. Due to their periodic nature, such shell

structures tend to collapse layer by layer or with the formation of shear bands. This localized

collapse results in softening, seen as negative stiffness in the stress-strain curve[13, 18, 17,

16].

1.2 Spinodal Shell Materials and Spinodal Decomposition

The spinodal interface surface, defined by spinodal decomposition, is doubly curved with

many features similar to TPMS surfaces[13]. Prior work has shown the behavior of spinodal

materials with small strain, showing the the elastic modulus for different material archi-

tectures and relative densities[19]. Spinodal shell structures have shown low sensitivity to

imperfections compared to other shell structures, and they tend to perform much better

than lattices and other shell materials at relative density below 1%[20]. In experimental

tests, they have shown excellent recovery in thin walled shells, but typically see extensive
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Figure 1.2: The process of spinodal composition, where the two phases, shown as black and
white, coalesce together into larger and larger feature sizes. Image courtesy Yonatan Oren,
from Wikimedia.

fracture damage in thicker shells. Similar to lattices, in repeated cycling, there is some loss

in properties with successive cycles, but some structural integrity is maintained after the

initial compression[15]. The behavior of solid spinodal materials has also been studied, with

glassy carbon spinodal structures showing high stiffness and energy absorption[21].

Spinodal decomposition is a process by which dissimilar materials in a solid solution

separate into multiple phases, in order to reach a more energetically optimized state[22].

Each phase of the spinodally decomposed material is bicontinuous and following a tortuous

path. As time progresses, the feature size becomes coarser as the phases concentrate together

more and more, as shown in Figure 1.2. A spinodal metamaterial can be created by removing

one of the phases produced during spinodal decomposition, leaving the remaining phase as a

porous, continuous material. While the spinodal decomposition process has been understood

for some time, the usefulness of this process for creating metamaterials was not found until

much later[15, 19, 21, 20].

Spinodal decomposition is modeled using the Cahn-Hilliard equation. In describing the

natural process, this equation produces an isotropic material, but it has been modified to

allow for preferential directions for the interface surface between the phases. This has been

used to test the impacts of anisotropy on nano-scale architectures. The anisotropic equation
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is[23, 24, 25]

∂φ

∂t
= M∇ ·

(
ϵφ∇

(
γ(n)

ϵ
φ

(
φ2 − 3

2
φ+

1

2

)
− ϵ∇ · (γ(n)∇φ+ |∇φ|(I− n⊗ n)∇nγ(n))

))
(1.1)

where φ represents the concentration of one phase, M represents the mobility constant, ϵ

represents the length scale, and n represents the concentration gradient unit vector. The

difference between isotropic and anisotropic equations lie in the γ(n) and ϵφ terms. In the

conventional formulation of the equation, ϵφ equals ϵ, but for the anisotropic version it is

made a function of φ to increase mobility at the phase interface, and is equal to φ(1−φ)/2.

γ(n) has the effect of reducing free energy when a surface is aligned with a preferential

direction, and is defined as

γ(n) = 1−
α∑

i=1

ai(n ·mi)
4H(n ·mi) (1.2)

where α is the number of preferential directions, ai is the degree of anisotropy, mi is the set

of preferential directions, and H represents the heaviside step function. When α is 0, with

no preferential directions, the system is isotropic, and γ(n) equals 1. When anisotropy is

introduced, the dot product and ai coefficients are nonzero and γ(n) is not constant, so that

the equation prefers energy minima that develop in the direction of mi. This equation does

not have a closed-form solution and is solved numerically, which is computationally intensive

and is not practical for studying large numbers of structures. The solution produces a

grid of values between 0 and 1 representing the phase volume fraction, with a value of 0.5

representing the phase interface.

A similar topology can be created which is useful for approximating the Cahn-Hilliard

solution while requiring less computation time. This spinodoid is a stochastic structure which

can produce similar architectures to both isotropic and anisotropic spinodal materials, by

generating a Gaussian Random Field (GRF) using a large number of sine waves. Random

vectors ni are generated, and those within a specified angle of the preferential direction
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vectors are kept and used to generate the GRF φ according to

φ(x) =

√
2

N

N∑
i=1

cos(βni · x+ γi) (1.3)

where N is the number of vectors, β is the wave number chosen in the input parameters, x

represents the location in cartesian space, and γi is the randomly generated wave phase[19,

26]. The preferential directions have a shorter wavelength resulting in a smaller feature size

compared to other directions. By using this periodic function, regions of each phase are

generated, with a feature size determined by β, so that the result is like a spinodal with two

bicontinuous phases. The full formulation is described in detail in Appendix A.

Spinodal decomposition may be used as a method to reduce the cost of production of

advanced materials. For example, a mixture of a two part epoxy with polyethylene glycol

(PEG) initiates spinodal decomposition where one phase is the hardened epoxy and the

other is PEG. Because PEG is soluble in water, it can be easily removed creating a cellular

polymer structure[15, 27]. Another step may be taken by coating the polymer structure with

alumina using atomic layer deposition (ALD). After coating the structure, the coated cellular

polymer can be removed creating a hollow shell structure[15]. While many metamaterials

require slow 3D printing techniques to manufacture, using this self-assembly technique could

allow higher amounts of material to be made leading to possible industrial applications. With

self-assembly, 3D printing induced imperfections are eliminated, potentially allowing higher

performance. It is still useful to use 3D printing to create test models so that the identical

model can be used to create a finite element analysis (FEA) model. This introduces some

imperfections into the experiments, but allows experiments and FEA simulations to be run

on identical structures.

1.3 Localization of Deformation and Damage

The failure mode of most materials involves some sort of localization, in which material

damage, such as fracture or plastic deformation, is unequally distributed throughout the
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structure, with critical loads reached only in some parts of the structure. This can be

observed in the shear bands found in conventional tensile test samples caused by plastic de-

formation[28]. Porous metamaterials show localization effects, notably in stretch-dominated

materials, which tend to have post-yield softening when failure occurs, and can lead to

catastrophic failure[29]. Softening of one weak part of the structure, by buckling or fracture,

causes nearby areas to also fail, causing shear bands or entire layers to collapse. Post-collapse

softening may occur repeatedly when a structure has periodic layers[9]. In order to miti-

gate the risk of catastrophic collapse of structures, designs must introduce large factors of

safety introducing substantial extra material, in order to ensure that the structural behavior

remains in the stable linear elastic region[28].

Figure 1.3: An ideal foam has no
softening at σp (negative slope), but
typical porous materials will see
a negative slope causing a reduc-
tion in stress before seeing increased
stress with densification at ϵd. Im-
age from Hutchens et al.[30].

Porous materials can be modeled as having post-

yield hardening, followed by softening, and then con-

tinued hardening, although an ideal foam would be

perfectly plastic during the hardening phase, as shown

in Figure 1.3. The softening is caused by buckling,

which reduces the load in the buckled members and re-

distributes load elsewhere in the structure. The final

hardening represents densification of the material, in

which material self-contact occurs providing additional

load paths and thus an increase in stiffness[31, 30]. In

layer-by-layer collapse, each collapsed region will un-

dergo this hardening-softening-hardening process until

the stress reaches the previous peak and the other re-

gions begin to increase stress again.

The stochastic nature of spinodal architectures

opens the possibility of eliminating certain localization effects seen in periodic structures,

such as layer collapse and shear banding. Careful control of the load path in a lightweight

material has demonstrated a reduced tendency to form shear bands. This can be done by
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creating discontinuous load paths, rather than direct connections of areas under compressive

loading[28, 32]. Spinodal materials have been tested for compression strength, and localiza-

tion of damage and deformation has been observed in these tests[15]. FEA simulations have

typically been limited to very small strains, showing the initial stiffness without exploring

post-buckling behavior, or with architectural parameters putting the material response into

yielding rather than buckling[20].

Localization may be quantified using a delocalization coefficient to show the differences

in performance between various architectures. This is defined as

ηd = 1− std(ϵv)

stdmax

(1.4)

where stdmax is the maximum expected standard deviation and ϵv is volumetric strain

(ϵv = ϵx + ϵy + ϵz; Bauer et al. used unit cell area). A coefficient value of 1 represents full

delocalization, or homogeneous strain, indicating high structural efficiency and potentially a

higher performance material. The use of this delocalization coefficient with lattice structures

showed that with certain lattice architectures, localization was largely eliminated[28].

1.4 Nanomaterial Properties

The architecture of a metamaterial heavily influences its properties, especially the stiffness,

anisotropy, and recoverability. These properties can be studied at a macro scale, where the

material properties are well understood. An architected nanomaterial allows the inclusion

of nano-scale size effects which can improve material properties. As the size of critical

architecture features is reduced, the number of flaws in the material will be reduced[9]. This

is shown in the equation for fracture strength of a thin shell

σf ∝
(
1

t

)(1/m)

(1.5)
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with t as the shell thickness and m as the Weibull modulus. As thickness is reduced, the

fracture strength will increase, so that material strength is increased at nano-scale. This is

particularly notable with ceramics, which have no plasticity to increase material toughness

and see a wide distribution of failure strengths, resulting in a small Weibull modulus which

leads to substantial improvement in strength as thickness decreases. This increase in strength

is caused by a reduction in flaws, and will eventually reach a material limiting strength,

shown in Figure 1.4, which represents the atomic bond strength[33]. The increased material

strength combined with architecture allows ceramics to buckle rather than break, allowing

recoverability even when some parts of the structure fracture[9].

Figure 1.4: Reduction in shell wall thick-
ness results in an increase in fracture
strength, up to a limiting strength defined
by atomic bond strength. Image from Jang
et al.[33].

Crack propagation is also effected by nano-

scale size effects. With sufficiently thin curved

shell walls, cracks will form in ways that pre-

vent their propagation through the structure.

This results in thinner shells experiencing buck-

ling and recovery, while thicker shells see catas-

trophic fracture failure[21].

1.5 Natural Materials

Many natural materials provide examples of ar-

chitected materials which can be used directly

or as inspiration for new architected materials.

Natural architected materials include the conch

shell and the cuttlefish bone, shown in Figure

1.5. A conch shell microarchitecture serves to

increase fracture toughness of the conch shell by 10000 times compared to the brittle ce-

ramic aragonite (CaCO3) from which it is composed. This toughness is caused in part by the

delocalization of cracking, in which cracks in the shell take multiple branching paths which

increases the energy absorption[34]. This architecture has been used in bioinspired materials
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Figure 1.5: A conch shell is primarily made from aragonite, with layers of aragonite held
together with an organic binder. It is structured in 3 macroscopic layers, each of which are
made up of multiple orders of lamellae, with the 2nd order lamellae oriented at 45 degrees
to the outside surfaces[34]. The cuttlefish bone provides structure and aids in buoyancy,
and has a porous and periodic structure (scale bar 0.1mm). Images from Gu et al.[35] and
Cadman et al. [36]

designed to increase fracture toughness by similarly deflecting cracks to increase tough-

ness[35]. The cuttlefish bone is a highly anisotropic, columnar architecture also made from

aragonite. It is periodic, porous and has high bending stiffness and compressive strength,

and functions as both skeleton structure and buoyancy tank allowing the cuttlefish to pump

water in and out of the bone to maintain its or change its position[36, 37]. The natural

architecture has been used to create biocompatible scaffolds[38] and has been studied as

inspiration for bioinspired cellular materials[36].

1.6 Cellular Material Scaling and Properties

As relative density is reduced in a material, properties such as elastic modulus and yield or

tensile strength are reduced as well. The theoretical limit on elastic modulus in a material is

the Voigt bound, or the rule of mixtures, which is the elastic modulus of the solid multiplied

by the relative density, which is defined as ρ̄ = ρ/ρs where ρ is the effective density, and ρs

is the density of the solid material. A slightly lower limit is the Hashin-Shtrikman bound,

which is a function of relative density and elastic, shear, and bulk moduli[39]. Real material
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properties are lower than these due to architectural and material limitations.Elastic modulus

and yield stress are often suggested to scale according to a function of relative density

E

Es

= Bρ̄m,
σy

σys

= Cρ̄n (1.6)

where B and C are proportionality constants, m and n are scaling exponents, and Es and

σys are the elastic modulus and yield stress of the solid material, respectively[29]. A scaling

exponent of 1 would indicate no loss of specific performance with a reduction of relative den-

sity. Architectures are often categorized as stretching and bending dominated architectures,

depending on whether loads are carried in tension and compression or bending. An ideal

material scales linearly, indicating no loss of specific performance with a reduction of relative

density (m = n = 1), while a theoretical bending-dominated architecture may see values

of m = 2 and n = 1.5[9, 29]. The validity of the scaling equations, and the categorization

of materials as stretching or bending dominated is in question, since the behavior of actual

structures are much more complicated than a simple truss structure. However, they remain

a useful metric for understanding the relative performance of lightweight materials[40].

The study of material property scaling is focused on producing lightweight materials

with better material properties, such as higher elastic modulus and strength. Hollow lattices

materials have shown good properties at low relative density[4], but conventional lightweight

materials, such as foams, perform poorly[9]. Aerogels perform worse than conventional foams,

due to poor mechanical efficiency[41]. Solid spinodal structures are difficult to test at low

relative density, but spinodal shell materials at low density have performed similarly to other

lightweight materials at low relative density[20, 15], however study of spinodal architectures

tends to focus on the benefits of its stochastic features and self-assembly.

1.7 Experimental Setup

The experimental data used in this work was collected using a set of samples built using

the same mesh developed for the FEA simulations. Test samples were made by printing
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a spinodal scaffold structure using 2-photon polymerization, with a size of 125µm on each

side. Each scaffold was coated with alumina (Al2O3) using ALD, with coating thicknesses

of 10nm, 40nm, and 80nm. The top surface of each sample was damaged using a focused

ion beam (FIB) to allow for the polymer to be etched from the inside of the structure. The

scaffold was removed in an inductive oxygen plasma etcher, leaving behind the alumina shell

without damage. Compression tests were conducted using an Alemnis In-Situ Nanoindenter,

completing a full cycle of displacement controlled compression up to 0.5 strain at 0.01 strain

rate, followed by recovery back to 0 strain at the same strain rate. At each increment of 0.1

strain, the displacement was pulled back slightly to determine the local recovery modulus.

Load and displacement data are generated by the nanoindenter, and videos are available

from an SEM during the entire test.

1.8 Research Goals

This research is focused on understanding the mechanical behavior of spinodal shell architec-

tures through FEA simulations, using different architectures to gain a broad understanding

of anisotropic and gradient spinodal architectures. This includes using the natural conch

shell architecture to create a bioinspired gradient material to study if a conch shell inspired

architecture can also mitigate damage propagation. After validating the FEA model, the ma-

terial properties for the metamaterial will be calculated, including elastic modulus, poisson’s

ratio, and yield stress.

There are several important aspect of nanoarchitected materials which can be studied

using FEA. First, the study of localization is useful for developing efficient architected ma-

terials. Using experiments to observe localization may cause the results to be affected by

manufacturing defects and material fracture which do not represent the properties of the

material architecture. This will also help in understanding the impact of anisotropic and

functionally graded spinodal architectures.

FEA simulations allow investigation to the behavior of internal parts of the metamaterial

which cannot be observed with SEM imagery, including a full stress and strain field and
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buckling modes. This may be used to discover the features in the structures which are prone

to damage or may contribute to a reduction in performance of the architecture.

The simulations will provide a simplified model of the entire material and architecture

system allowing investigation into each separately. Discrepancies between simulation and

experiment provide new insights into the behavior of the nanomaterials and a better under-

standing of the process for manufacturing and testing nanomaterial samples.
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Chapter 2

STRUCTURE DEFINITION AND MESH GENERATION

2.1 Architecture Descriptions

In this study, spinodal and spinodoid shell architectures were used for experimental testing

and numerical simulations. The architectures designed for this study were isotropic (iso),

lamellar (lam), columnar (col), and gradient (grad) spinodal architectures and a bioinspired

spinodoid conch architecture, all shown in Figure 2.1. The architectures are designed to be

equal in surface area, so that the relative density should be similar when using the same

ALD coating thickness.

The isotropic structure represents the natural geometry that emerges from spinodal de-

composition processes, with no preferential anisotropic direction. The surface maintains near

constant curvature, and is highly interconnected. The columnar and lamellar structures each

use a single preferential direction vector, with the difference between the structures being

only the orientation of the testing. The curvature of these structures is not constant like the

isotropic, as the preferential direction has created many flat lamellae oriented perpendicular

to the direction vector. The gradient architecture uses a lamellar architecture for its base

and top surfaces, with a columnar band in the middle. This design is intended to allow use

as a surface coating, where the lamella on the bottom would provide a suitable surface for

attachment to a substrate, and the lamella on the top provide a stronger barrier to high air

pressure than would a columnar architecture.

The conch mesh is a spinodoid mesh generated with lamellae inclined 45 degrees and built

in 8 layers with the lamellae pointed into 4 directions, forming a helicoidal path inspired by

the conch shell architecture. This structure uses a different preferential direction vector for

each layer, which like the spinodal lamellar architecture produces lamellae perpendicular to
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Figure 2.1: The different tested architectures. The arrows show the orientation of the pre-
ferred directions (mi) used by the Cahn-Hilliard equation and spinodoid function.

the preferential vector.

These architectures were selected to determine if the gradient architectures (conch and

spinodal gradient) can be used to inhibit the localization which is problematic in architected

materials, especially the formation of shear bands.

2.2 Mesh Generation

2.2.1 Mesh Creation

Both the Cahn-Hilliard equation and the spinodoid code produce a 3D grid of values from

which a phase boundary can be estimated. Here we use the MATLAB isosurface and isocaps
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functions generate a mesh of triangular elements from the 3D grid, creating elements at the

estimated location of the phase boundary, and closing the exterior surface to represent the

inside and outside of the material. This mesh is then exported to a STL file which can be

imported into Abaqus and Meshlab. It is noted here that the conch mesh, which is generated

with a periodic function, has smoother surfaces than the spinodal meshes, which seem to

have some surface roughness caused by the numerical solution to the Cahn-Hilliard equation.

2.2.2 Mesh Cleaning

Figure 2.3: The process of mesh cleaning with a bad mesh on the left, showing numerous
high aspect ratio elements. After a round of automated mesh cleaning, most of the high
aspect ratio elements have been eliminated, but one in the red circle in the middle image
remains. This was corrected and the mesh refined in the right image.

The isosurface function creates many elements with a high aspect ratio, so mesh cleaning

is required, as shown in Figure 2.3. High aspect ratio elements can cause slow FEA simula-

tions because the Abaqus/Explicit time step is proportional to element area, which tends to

be low for high aspect ratio elements. A script was developed in Meshlab to automatically

complete much of the cleanup; the process is shown in Figure 2.4. First, isolated faces were

removed, in which the total number of elements are small compared to the size of the mesh.

Although the spinodal structure should be bicontinuous, around the edges of the structure,

there may be isolated components separated from the main structure. Non-manifold edges
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Figure 2.4: Flowchart of automated and manual mesh cleaning, to remove mesh features
which may cause FEA errors.

(edges sharing more than 2 elements) and vertices (where two surfaces connect at a point)

are removed and the holes patched. Close vertices are merged, in order to remove elements

with high aspect ratio. This may result in some non-manifold edges and vertices so it is nec-

essary to check again for them. Duplicate elements and vertices are merged, and zero area

faces are removed. The “Isotropic Explicit Remeshing” filter is used to produce a mesh with

a consistent aspect ratio. This is operated on the entire mesh, and multiple attempts may

be required to reach a desired mesh density. Additional checks for faces with excessive edge

length, poor aspect ratio, excessive normal angle, or which are self-intersecting are done, and

these faces are selected and locally remeshed.
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Figure 2.2: A 2D slice of the GRF
for the gradient architecture. The
red curves represent the position of
the isosurface in the structure.

Even after the automated script, some manual

cleanup is required, which involves searching for ele-

ments which did not get detected or properly cleaned

by the standard script. This may require visual in-

spection of an area of the mesh to determine the best

solution, since simpler issues could have already been

resolved through the automated process. A query is

done to find self-intersecting elements, elements with

high aspect ratio, or elements with high angles to ad-

jacent elements. Based on the visual inspection, three

options to correct issues were used: Isotropic Explicit

Remeshing, deleting the erroneous area and closing the

hole, or using Laplacian smoothing. Based on the expe-

rience of doing this mesh cleanup, Laplacian smoothing

is generally the best choice. The Laplacian smoothing filter in Meshlab was found after much

of the mesh cleaning was already done, and for future mesh cleaning operations, it would be

useful to add to the automated script. After cleanup is completed, the STL file is imported

into Abaqus to run simulations.

2.2.3 Mesh Refinement

In order to support the requirements for mesh convergence (see Section 3.4), a process for

mesh refinement is required to allow the use of smaller elements than were originally in the

mesh. It is trivial to remesh the entire mesh, but finding and remeshing the critical faces

was done using these steps:

• Faces with greater than 10 degrees of angle between them are selected.

• Faces with vertices along the outer surface of the model are removed from this selection.
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• The selection is dilated and eroded to eliminate small isolated selections from the

overall selection.

• “Isotropic Explicit Remeshing” filter is used on the selection to produce a finer mesh

in areas with higher curvature.

• The mesh refinement may result in additional mesh errors, which must be manually

cleaned.
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Chapter 3

FEA MODEL AND STUDIES

3.1 Finite Element Model Setup

The large strain applied to the structures results in very large deformations and rotations

which change the problem as a function of time. To best capture the time dependence

of the problem, Abaqus/Explicit was used, with the S3RS element type. Abaqus/Explicit

calculates the structural state with an iterative process at many time steps, so effects such

as buckling and post-buckling behavior are captured, which cause issues for standard FEA

algorithms.

The FEA model setup for this study was developed to represent the experiment described

in Section 1.7. Each of the 5 architectures was tested with shell thicknesses of 5nm, 10nm,

20nm, and 40nm. While the experiments did include tests on 80nm thick shells, their be-

havior was primarily fracture dominated and was outside the scope and predictive power of

this model.

The material model used was taken to be fully elastic with no plasticity or damage,

amorphous alumina (Al2O3) with properties of E=164GPa, ν=0.24[42]. Material density

is ρ=3.85g/cm3, which is comparable to the wide range of accepted values[43]. Yield and

ultimate strength are not included in the material model. While the architectures studied

here have shown fracture damage in previous experiments, this model was developed to

study buckling as a localization mechanism in the architectures, and to show regions of high

stress. Fracture data for amorphous alumina is unavailable and would be too computationally

intensive to provide a reasonable amount of data.

Each model was tested to 12.5% strain to observe the elastic response, plateau stress, and

recovery. The 10nm models were additionally run to 30% and 50% strain. This was done
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because the 10nm architectures experience much less damage than the 40nm architectures,

which noticeably start cracking after 10% strain.

The nanoindenter was represented with an analytical rigid mesh which was translated

with an average strain rate of 0.01, using smooth step displacement, and fixed in translation

and rotation. The spinodal mesh allows all degrees of freedom at the interface to the nanoin-

denter. The bottom of the spinodal mesh is fixed in translation, but rotation is allowed. The

entire model has general contact applied to prevent interference between surfaces.

3.2 Mesh Type

The isosurface function in MATLAB produces a mesh of 3 node triangular elements, provid-

ing a choice of S3R and S3RS element types. The S3R element is a general use shell element

designed to work with standard and explicit simulations[44]. It is intended to eliminate

shear locking by using an assumed strain distribution and uses a single integration point[45].

This element is applicable to problems with large membrane strains, as the thickness of each

element is updated as each element is strained[44]. The S3RS element is designed to be used

when element membrane strain is small, because the change in thickness of the shell is not

accounted for in the formulation. The excessive stiffness observed by triangle elements is

dealt with by introducing a shear flexibility factor which can reduce the transverse shear and

increase flexibility of the mesh. It works only in Abaqus/Explicit due to the formulation

using strain rate ϵ̂, also referred to as velocity strain[46]

ϵ̂ = Bv̂ (3.1)

where B represents the FEA B matrix, and v̂ represents the nodal velocities in the local coor-

dinate system. Because the S3RS element is specifically designed for use in Abaqus/Explicit

simulations, it is used for the simulations shown in this work.

The difference in yield stress between the mesh types was variable in the spinodal meshes.

Running simplified tests to compare results showed no differences between the results of the



22

two meshes, but the spinodal meshes are significantly more complex and difficult to pinpoint

the cause of any differences. The main disadvantage to the S3RS is inaccuracy that may occur

due to large membrane strains, but few elements were observed with very high membrane

strain, but few elements were observed with such high membrane strain, so any error is likely

to be small.

3.3 Indenter and Test Sample Imperfections

In our samples, the bottom of the sample is fixed to the substrate, but the indenter may

not be perfectly flat, and this is represented by using an analytical rigid top plate with a

curvature so that the sample is gradually contacted by the indenter. This has little impact

on the plateau stress, but it creates a toe region similar to the experimental data. In some

experiments, the entire sample is warped and not firmly adhered to the substrate, peeling

upward at the edges; the indenter is observed to not make immediate contact with the entire

surface of the sample[15].

3.4 Mesh Convergence

An ideal mesh density produces accurate FEA solutions while limiting computation time,

with a finer mesh producing more accurate results. The conch architecture was used to

study mesh convergence, and showed significant sensitivity to mesh density, shown in Figure

3.1. To address this problem, selective mesh refinement was used to allow mesh convergence

with fewer elements. The changing plateau stress is related to the onset of shell buckling,

so remeshing targeted places where buckling onset would be sensitive to mesh density. A

coarse mesh will not allow the formation of localization bands that are critical to determining

the overall performance[47]. Areas of high curvature (high element-to-element angle) were

refined, and this resulted in a stress-strain curve similar to the fine mesh. Further refinement

of the curved areas led to convergence of the results with 1.98 million nodes.

Mesh density was studied using a cylinder of similar size to the test structures described

in Appendix B. The point of convergence in the conch was consistent with the mesh seed
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Figure 3.1: (A) Mesh size dependence of the conch architecture, showing lack of convergence
up to 5.5 million nodes. These tests show evidence of high kinetic energy due to high mass
scaling required to complete these simulations. No further tests were done with a finer mesh,
since computing time was excessive. (B) Impact of selective mesh refinement of the conch
mesh. The coarse and fine meshes have homogeneous mesh density. The 3 curves described
as ”Selective Refinement” (dotted and dashed) are 1.27, 1.98, and 2.4 million nodes, from top
to bottom. The 2.4 and 1.98 million node meshes are sufficiently close together to indicate
convergence at the lower level.

size in the cylinder tests, so the same parameters were used for each mesh. The process

described in Section 2.2.3 was developed to support this mesh convergence study with the

final mesh refinement step targeting an element edge length of 0.0004mm. The outside flat

surfaces and the internal areas with low curvature (minimal element-to-element angle) were

also refined, but neither of these attempts resulted in a different result from the comparable

unrefined mesh, and are not shown in Figure 3.1B.

3.5 Mass Scaling

Mass scaling artificially increases the mass of elements to increase the time increment for

each iteration of the simulation. This increase in mass can result in high kinetic energy

which can affect the results of quasi-static simulations. The minimum time step of the S3RS
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element is proportional to the area of the element and the square root of the density, so

larger elements and higher density elements will decrease computation time[46].

Each of the architectures was simulated with three steps to allow for different mass scaling

target time increments, where a larger increment indicates a faster solution. The first step

was given a time step of 0.03ms during the initial stiff elastic response. The second step

increased the mass scaling time increment to 0.05ms due to a softer response after the onset

of buckling. The third step used a smaller time increment of 0.02ms as larger increments

caused errors.

To determine mass scaling parameters, tests were run with a variety of target time in-

crements to ensure that the ratio of internal energy to kinetic energy is low, and that the

load-displacement curve does not show evidence of high kinetic energy, such as shown in

Figure 3.1A. A model-wide mass scaling factor resulted in excessive kinetic energy and sim-

ulation time, a target time increment was used, scaling each element until the desired time

increment is reached. Using these target time increments kept the ratio of internal to kinetic

energy high for each of the simulations described in this work.

3.6 Parameters not Included in Final Model

In addition to the FEA parameters used in the final models, a number of additional pa-

rameters were studied and found to have little effect on the results, especially localization.

Other parameters were deemed too complex to include in this study and could be included

in future versions of this work.

3.6.1 Model Distortion and Preload

The test samples have some reduction in size from the original printed size, typically on

the order of 10 to 15% in height and width at the free top surface. The bottom surface

is adhered to the substrate and does not see a change in size, so the structure tapers from

the original width to the reduced width in the lower third of the structure. This distortion

was introduced into the model to investigate if it caused any change to the results, but the
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reaction force remained unchanged, and no localization was induced.

The distortion was introduced by changing the node locations in the Abaqus input file

and did not add any residual stress. Because the model has shrunk at the free surfaces

but remained attached to the substrate at the fixed surface, it may be assumed that some

residual stress exists in the model in the area close to the substrate. In order to determine

this preload, the model size was reduced to the as-tested size, then stretched at the substrate

to return them to the undeformed position. This resulted in a tapered structure similar to

that observed in the experiments. Following this deformation, the structure was compressed

in the FEA simulation. This did not result in an increased chance of localization compared

to the undeformed model, and preventing model errors required displacement to be kept

unrealistically small.

3.6.2 Model Damage and Waviness

Figure 3.2: Waviness observed
in the experimental sample.

Attempts were made to introduce sinusoidal waves into the

mesh in order to represent the imperfections of the experi-

mental model, seen in Figure 3.2. Waviness may come from

the layer by layer building of the structure, reflection off

the silicon substrate causing errors in writing, or vibration

during printing.

It was hypothesized that the waviness of the experimen-

tal samples would have the effect of reducing the stiffness

of models by promoting the onset of buckling throughout

the model. In addition, if the waviness was found only at

the bottom, this could explain the localized collapse of the

10nm experimental samples.

Full model waviness did have the effect of reducing the

initial model stiffness as well as the plateau stiffness. While this was desirable for matching

experimental results, the wavelength and amplitude required to achieve these results were
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not representative of the imperfections in the experimental samples, requiring very large

amplitude (0.3µm) and wavelength (5µm). The short wavelength of the experimental samples

(relative to the mesh size) resulted in poorly formed elements which required extensive model

cleanup to address.

Waviness in the bottom layer was modeled as sinusoidal waves decreasing in amplitude

up to 25µm above the substrate. This also did not result in localized deformation of the

bottom layer in the simulation, indicating that the sample waviness was not a factor in this

localization.

Figure 3.3: 10nm conch and gradient experimental samples, showing substantial FIB-induced
damage on the sides of the structures, in areas which exhibited localized damage.

The FIB is intended to damage the non-critical top surface of the structures, but the

side surfaces were also damaged in some of the 10nm structures, as seen in Figure 3.3. This

damage was not duplicated in the final FEA model, though it may have had some impact,

and this is an area of future work.
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3.6.3 Changes to Top and Bottom Boundary Conditions

Boundary conditions changes were tested at both the top and bottom interfaces. Tests

were done to allow additional degrees of freedom in the top interface, including rotation

and translation of the indenter, which resulted in additional model instability but no change

in stiffness or localization. The bottom surface was similarly revised to constrain only z

displacement with no change in results. Other simulations were run with the bottom surface

elements removed completely. It is assumed that in the tested samples, the bottom surface

would be absent due to adhesion between the build scaffold and the substrate. With this

bottom surface removed, and a variety of boundary conditions tested, there was no change

to the mechanical properties or strain localization of the model.
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Chapter 4

RESULTS AND DISCUSSION

4.1 Results

4.1.1 Experimental Results and Correlation with FEA Results

The experimental data summarized in Table 4.1 shows the difference in performance between

different architectures and the 10nm and 40nm shell thicknesses. The 10nm samples each

show localized buckling deformation at the bottom of the structure, with no visible fracture

damage. By the time the full 0.5 strain is reached, the entire structures have buckled or

otherwise deformed, but each structure fully recovered. In the columnar architecture, the

buckling is particularly pronounced, while in the conch architecture, some layers do not

show full collapse. The 40nm samples show fracture damage close to the indenter, but the

post-yield behavior varies by architecture, with none of the samples showing evidence of

elastic buckling. The columnar and iso samples continue to localize fracture at the top, with

Table 4.1: Experimental results, in terms of localization, damage, and recovery.

Arch. Thickness Localization Visible Damage Recovery
Col 10nm Bottom; Shear Band None Full
Col 40nm Top; Shear Band High 91%
Conch 10nm Bottom None Full
Conch 40nm Minimal Some layer collapse Full
Grad 10nm Bottom None Full
Grad 40nm Bottom, then top High, in lamellar layers 98%
Iso 10nm Bottom None Full
Iso 40nm Top, Shear Band High at top and in shear band 90%
Lam 10nm Bottom None Full
Lam 40nm Bottom Some layer collapse N/A
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Figure 4.1: Comparison of experiments and FEA simulations of 10nm columnar, conch, and
gradient architectures at 0.3 strain. The columnar experiment (A) shows localized collapse
at the bottom near the substrate, as well as a shear band following the red line. The FEA
(B) shows substantial buckling of the columns, but not in any aligned way that could be
considered a shear band. (C) The conch experiment shows localized collapse at the bottom
near the substrate, while the FEA simulation (D) shows more localized deformation in the
center of the structure. The gradient architecture experiments (E) and FEA (F) both show
the lamellar portions at the top and bottom having collapsed, with columnar section in the
middle largely unaffected. The experiments show that the bottom layer has collapsed more
than the top, while the FEA results show no such localization.
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additional fracture bands forming at high strains. The conch shows delocalized deformation;

some fracture bands form at high strain, but these do not spread between layers. Only

the conch architecture fully recovered at 40nm. The gradient and lamellar architectures do

not show much fracture until 0.25 strain, but the gradient architecture, having the stiffer

columnar band, shows significant damage to the lamellar bands at high strains but still shows

good recovery. 80nm samples were also tested, but the results were largely dominated by

fracture, so no FEA simulations were conducted at this thickness.

Figure 4.1 shows a comparison of selected FEA simulations with experiments at 10nm

shell thickness and 0.3 strain. The columnar structure shows localized deformation at the

bottom in the experiment, and also the formation of a shear band. The FEA simulation of

this model shows substantial buckling of the columns, but a shear band is hard to discern

clearly. The conch experiment shows substantial localized deformation at the bottom, with

little change at the top. The FEA simulation shows localized shear deformation in the

middle of the structure, but not the collapse at the bottom. The gradient structure shows

the lamellar sections collapsing, while the columnar section has not begun to deform, with

the experiment showing more deformation in the bottom lamellar band than the top.

4.1.2 Stress-Strain Curves and FEA Model Validation

The FEA data was validated against the experimental data using the stress-strain curves

shown in Figures 4.2 and 4.3. Stress and strain for the whole structure were calculated from

the load and displacement outputs from the nanoindenter and FEA simulation, and using

the nominal size of the model of 0.125mm on each side, to provide a consistent calculation

despite the reduction in size of the experimental samples.

Reproduction of the experimental behavior was focused on matching the initial linear

elastic response and the initial yield stress. Based on the results of the 40nm tests, which

show values of elastic modulus and yield stress close to the experimental values, it appears

that the FEA model produces results consistent with the experiments.

Each of the FEA stress-strain curves shows a similar path, in which there is an initial
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Figure 4.2: Stress-strain curves for the 5nm and 10nm simulations and 10nm experimen-
tal data. When comparing the FEA simulations to the experimental data, the 5nm FEA
matches best with the 10nm experiments. The results for the Conch, Lamellar, and Gradient
experiments show such low stress that an initial elastic response cannot be calculated, due
to the high level of signal noise.
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Figure 4.3: Stress-strain curves for the 20nm and 40nm simulations and 40nm experimental
data. The 40nm FEA matches well with the corresponding experiments.
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linear elastic response, which eventually levels off at a plateau stress. This plateau stress is

used as a yield stress point, but it is caused by buckling, not plastic deformation. The 10nm

experiments show results that align closely with the 5nm FEA simulations. This result may

be due to underestimation of the coating thickness during ALD. The conch, lamellar, and

gradient samples at 10nm each are so soft that there is no clear elastic response due to the

high amount of noise in the load output. The 10nm simulations show that the stiffness at

this plateau point increases with strain, due to increasing contact between layers of the shell

increasing the critical buckling load, and leading to a stiffer response.

Figure 4.4: Poisson’s Ratio (ν) is calculated
from the average strain values in x, y, and z
directions. Auxetic behavior decreases (less
negative ν) as the shell thickness increases.

The impact of fracture on the results

of the experiments is substantial in the

40nm tests. In the columnar, conch, and

isotropic samples, fracture occured primar-

ily near the indenter, however the colum-

nar and isotropic samples continued to frac-

ture as the test progressed, resulting in re-

peated softening shown in the stress-strain

curve. The conch, gradient, and lamellar

structures showed much less fracture, and as

a result, some post-yield hardening is seen,

similar to the experimental results. Although

the 40nm simulations were not taken to the

full 0.5 strain, the 10nm samples show sig-

nificant hardening after yield, similar to the

results for the 40nm lamellar and gradient

experiments which exhibit less fracture than

other samples. From this, it appears that the columnar and isotropic spinodal architectures

are more prone to fracture than the softer conch, gradient, and lamellar architectures, which

show post-yield hardening similar to the FEA simulations.
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Figure 4.5: (A) Scaling of elastic modulus from this work compared to similar works[15,
20], showing consistency with the scaling trends of prior works and the experimental results.
Scaling exponents: m = 1.92 (col), 1.91 (conch), 1.89 (grad), 1.99 (iso), 1.82 (lam). (B)
Comparison of yield stress values from this work with the experimental results. The yield
stress of experiments and simulations at ρ̄ = 0.1 (40nm) are close, but at 10nm shell thickness
the isotropic performed better than simulations, and the columnar performing worse; other
architectures did not demonstrate a yield stress.

4.1.3 Material Properties

The basic material properties from each simulation were calculated from the stress-strain

curves and the strain field described in Appendix C. The elastic modulus was calculated

based on the highest slope of the stress-strain curve prior to yield. Yield stress was calculated

at a 0.2% strain offset. Most notably, every simulation showed auxetic behavior of the

architecture, shown in Figure 4.4, and this auxetic behavior decreases with shell thickness,

with the only the columnar 40nm simulation showing a positive νzx. As the material thickness

increases, so does the buckling critical load, so the change in poisson’s ratio likely relates

to buckling properties of the architectures. Poisson’s ratio is also not constant through the

simulation, although it is uncertain if this is a material effect, or the result of the the sampling

of displacement outputs.
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Figure 4.6: A band of stress caused by buckling in a vertical lamella prior to yield stress,
likely contributing to the low stiffness of the columnar architecture.

The comparison of elastic modulus and yield stress between different architectures and

with experimental data is shown in Figure 4.5. The elastic modulus for these simulations is

consistent with previous works at similar relative density as well as higher relative density

in a structure that experienced plasticity.

The columnar architecture consistently shows slightly lower stiffness and yield strength

compared to the isotropic, despite containing more direct load paths from the indenter

to the substrate. However, during the initial elastic response, the columnar architecture

shows long bands of shell buckling, such as the one shown in Figure 4.6, which may lead

to a reduction in stiffness, even early in the simulation prior to reaching the yield point.

Buckling in the isotropic architecture does not show the same patterns due to the more

consistent curvature. The gradient, conch, and lamellar architectures have similar elastic

modulus and yield strength across the relative densities studied here, each being made of

lamellae with compliant deformation modes. Even though the gradient architecture has a

section of columnar architecture in the middle, the lamellar component deflects substantially

so that the extra stiffness of the columnar portion has little impact on the overall modulus.

4.2 Discussion

4.2.1 Localization

The localization of each architecture is an important part of its properties. The experiments

showed different modes of localized damage and deformation (see Table 4.1), and if all

conditions in the experiment can be exactly replicated in the FEA, then the same localization
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Figure 4.7: Maximum principal strain of the columnar, conch, gradient, isotropic, and lamel-
lar architectures at 0 strain (A,C,E,G,J) and 0.3 strain (B,D,F,H,K). Auxetic behavior can
be seen most clearly in B, F, and H, which are the structures with the most negative ν.
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Figure 4.8: Strain in the conch architecture through the thickness at 0.3 strain. (A) Orange
and Green curves are γxz and γyz. (B) Dotted and dashed curves are ϵx and ϵy. (C) Alter-
nating directions of the conch architecture lamellae lead to alternating high and low shear
strains. The peaks and valleys of the shear strain plots align with the lamella orientation
favorable to such deformation.

should be seen. The FEA simulations show some strain localization, but they do not match

the behavior of the experiments, which typically show localization at the top and bottom

of the structures. To quantify this localization, average z strain values are calculated based

on the strain field described in Appendix C. The values of the strain tensor are expected to

be relatively homogeneous in x and y, but changing in z (with the substrate at z=0 and the

indenter at z=0.125), so strain is averaged in x and y to show the change of strain along the

z axis.

Figure 4.7 shows that the middle of the structures tend to shrink during compression,

but not the top and bottom, but this is likely caused by the boundary conditions. The conch

architecture exhibits shear strain localization due to the nature of its architecture, as the

angled lamellae encourage shear strain in a single direction only, as shown in Figure 4.8,

but this also contained shear in each layer, preventing the formation of shear bands between

layers of the structure, which is consistent with the experimental results. The columnar
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Figure 4.9: Strain in the columnar architecture through the thickness at 0.3 strain. (A)
Orange and Green curves are γxz and γyz. (B) Dotted and dashed curves are ϵx and ϵy. (C)
and (D) show the structure at 0 and 0.3 strain, respectively. The tensile strains are much
higher than that of the conch, and different in the x and y directions, reflecting the different
properties in each axis. The shear strains do not follow a pattern, but reflect some random
buckling which can be seen in (C) and (D), which show substantial buckling of the columns
which will be seen in the bulk material as shear strain.

Figure 4.10: Tensile strain in the grad architecture at 0.3 strain. ϵz is substantially reduced
in the columnar region due to increased stiffness in this region. ϵx is significantly higher in
this area than ϵy due to the reduced stiffness in the x axis.



39

architecture, on the other hand, does not show any pattern of shear strain, as shown in

Figure 4.9, but localized high levels of shear strain does occur, which may indicate some

susceptibility to shear band formation, which was also seen in the experiment. The gradient

architecture shown in Figure 4.10 sees a significant reduction in ϵz in the columnar band, due

to the increased stiffness in this area. ϵx is also high in this area due to the higher stiffness

of the y axis compared to the x axis resulting in more auxetic strain.

The localization shown in the conch (Figure 4.11) and iso (Figure 4.12) demonstrates

that although the strain is not constant through the structure, the relative distribution of

volumetric or shear strain does not change substantially as the simulation progresses. No

Figure 4.11: Mean volumetric (A) and shear strain (B) for the conch architecture. (C) shows
the orientation and application of load. The curves marked a, b, c, d in the plots represent
strains of 0, 0.2, 0.24 (after strain pullback), and 0.5, which are shown in (D) through (G),
respectively. The volumetric strain is highest in the middle of the structure, reduces slightly
near the indenter, and is much lower near the fixed boundary at the bottom.
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Figure 4.12: Mean volumetric (A) and shear strain (B) for the iso architecture. (C) shows
the orientation and application of load. The strains marked a, b, c, d in the plots represent
strains of 0, 0.2, 0.24 (after strain pullback), and 0.5, which are shown in (D) through (G),
respectively. The volumetric strain is highest in the middle of the structure throughout the
simulation, reflecting the auxetic behavior seen in the images. Shear strain in the iso is in-
significant and more than an order of magnitude lower than the volumetric strain, indicating
shear strain does not depend on vertical position.

layer collapse is observed as in lattices or the bottom layer of the spinodal shell experiments.

In comparing these 2 architectures, it can be observed that the volumetric strain is signif-

icantly higher in the iso compared to the conch, due to a lesser degree of auxetic behavior

in the conch, so that ϵx and ϵy are less in the conch. Only the conch shows significant shear

strain, where it is about an order of magnitude higher than the shear strain in the iso, since

the iso architecture does not encourage tension-shear coupling.

The experiments show localization in the form of bulk volume change, typically seen at

the bottom of the 10nm structures, where fracture is not a major factor. Although some
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variations in volumetric strain are seen in the structures, this tends to be limited to some

layers collapsing due to a stochastic lack of connectivity in a given area. The bottom layer

localization is not seen in any simulation, despite many changes in simulation parameters

described in Section 3.6.

4.2.2 Stress Distribution

The distribution and magnitude of strain and stress in the structure has a significant impact

on the performance of an architected material. The FEA results data can provide this distri-

bution to understand the differences between the architectures, which is shown in Figure 4.13

at 0.3 strain in each architecture. Each of the architectures show a high element count with

near zero stress, and a small number that exceeds an estimated failure stress of 5GPa[48],

which would have failed if damage had been included in the model. The stiffer architec-

tures (isotropic and columnar) show higher stress, since more load is being carried, but the

columnar shows higher values than the isotropic, indicating higher bending stresses, likely

buckling related, which may have contributed to the low modulus of the columnar architec-

ture. The experiment results seem to confirm this with the 40nm isotropic and columnar

structures experiencing progressive fracture failure at the indenter, while the lamellar, gra-

dient, and conch materials show moderate fracture and better recovery. The structures with

a wider distribution of stress should expect to see more areas of failure from both fracture

and buckling.

The stress concentrations shown in 4.13D and E suggest that buckling will occur in the

architectures at a low strain, but due to the stochastic nature of the architecture, alternate

load paths are available which carry loads when other members buckle or fracture. In the

conch architecture, the areas of high stress are surrounded by regions with lower stress,

so that any damage to occur by buckling or fracture will not affect the remainder of the

structure, and can be expected to carry some load which will contribute to its full recovery.
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Figure 4.13: (A) and (B) show stress in the iso and conch architectures, at a midplane section
cut. (E) and (D) show detail views of each of those showing stress concentrations in areas of
critical connection and high curvature. This is a view at very low strain, showing high stress
concentrations in a few areas. (C) Shows the distribution of max in-plane principal stress in
each architecture at 0.3 strain. Probability is highest of a near-zero strain for each structure,
indicating that most elements are in bending. Highest strain values occur in the stiffest
structures, but the columnar shows higher strains than the isotropic indicating a cause for
its poorer performance.
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4.2.3 Structural Recovery

In the 0.5 strain (10nm) simulations, the structures did not fully recover to the initial state,

recovering only 0.1 to 0.3 strain. The experiments showed complete recovery in the compa-

rable 10nm tests, so some mechanism to describe this is needed.

After exceeding 0.3 strain, the viscous dissipation (ALLVD history output) and frictional

dissipation (ALLFD) parameters increase dramatically causing mismatch between internal

energy (ALLIE) and work (ALLWK), and a loss of stability in total energy (ETOTAL). In

Abaqus/Explicit simulations, viscous dissipation is used as a mechanism to reduce instabil-

ities in the simulation, and is governed in part by the bulk viscosity parameter defined in

the model setup. It is preferred in quasi-static simulations to maintain a constant ETOTAL

value, so this change indicates a lack of accuracy of further results. The 0.125 strain samples

recover well and also have more stable ETOTAL value. The energy plots of the conch and

iso 10nm simulations are shown in Figure 4.14.

A reduction of bulk viscosity was tested a simplifed cylinder model (Appendix B) as

a method to reduce ALLVD. While some reduction occurred when reducing bulk viscosity

in half, it did not result in full recoverability of the cylinder and this change caused the

simulation to fail. Because viscous dissipation pressure is proportional to density, a reduction

of mass scaling was tested, since ALLVD begins to increase rapidly after 0.3 strain when mass

scaling was higher, but this did not substantially reduce ALLVD.

During the cylinder tests, it was observed that element viscous dissipation (ELVD field

output) increased after the cylinder snapped between buckled states, and elements that

experienced this may see instability which requires damping to prevent simulation failure. A

comparison of two consecutive field output frames in Figure 4.15 shows a change in buckling

states resulting in an increase in ELVD.

In the spinodal and spinodoid simulations, high ELVD values were primarily observed

at places of self-contact, due to the effects of the general contact interaction, as shown in

Figure 4.15C. At the low strain levels used for most of the tests, the level of self-contact
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Figure 4.14: Energy balance of the 10nm conch (A) 0.3 strain and (B) 0.5 strain and iso (C)
0.3 strain and (D) 0.5 strain tests. Both the conch and iso architectures show substantial
energy dissipation (frictional and viscous dissipation) in the 0.5 strain tests, but at 0.3 strain,
the conch has lower dissipation, lower residual strain energy at the end of the simulation,
and better recovery at the end. Energy balance of tests to 0.125 strain did not show any
problems.
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Figure 4.15: Locations where element viscous dissipation (ELVD) can be high: (A) shows the
cylinder test before and (B) shows after snapping between two buckled states, causing the
ELVD parameter to increase substantially. (C) shows an area of self-contact in the gradient
architecture which resulted in viscous dissipation during unloading, but the contact did not
release to the original state.

Figure 4.16: Comparison of the initial strain (A) of the gradient architecture with the final
strain at the end of the test after compression to 0.3 strain (B) and 0.5 strain (C). The 0.5
strain test resulted in substantial self-contact in this feature, resulting in residual strains
when the indenter returns to its original position. The 0.3 strain test shows some residual
strain, but in the image there is no residual contact. Image strain scale from -0.01 to 0.04
with high positive strain represented by red or gray. The red line across each image shows
the approximate location of the same lamella, showing the difference in recovery between
the different simulations.
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was low, so this effect was minimal. At high strain, the amount of contact is dramatically

higher, and the ELVD parameter increases as well, since it appears that damping is used

to prevent self-intersection of elements. The self-contact results in residual strains because

the contacting surfaces do not always release during recovery, as shown in Figure 4.16. This

results in a different metastable state, but one that is held in place by unnatural connections

between elements. The lack of recovery in the large strain simulations likely is caused by

the residual contact, but the impact of the high total energy parameter may have resulted

in other undesired effects during the recovery.

4.2.4 Delocalization Efficiency

The delocalization coefficient was calculated for each architecture using Equation 1.4, with

the results for 10nm and 40nm structures shown in Figure 4.17. The calculation of the strain

field (see Appendix C) may have resulted in some spurious outlying values which can impact

the results, so the largest and smallest 20 values were excluded from this calculation.

Each of the plots show a rapid drop from the start to the first data point, which results

from the curved indenter applying strain to a localized area. After this, the linear elastic

region of the 40nm shows a plateau around a value of 0.9, before dropping to a new plateau

after yield. The linear elastic plateau is shown in the 5nm and 20nm results as well, but the

lower frequency of data outputs in the 10nm simulations did not capture this.

The relative lack of connectivity of the shell structures is similar between the various

architectures, leading to little difference between them in localization. This is particularly

notable during the linear elastic response, due to minimal buckling at this stage, and with

the same model setup. The gradient architecture shows larger variation in volumetric strain

and an increase in localization due to the different orientations of lamellae resulting in large

differences in ϵz, however at higher strain, the localization decreases due to increasing ϵx and

ϵy caused the the poisson effect. The conch architecture, though it is made up of layers of

oriented lamellae, has slightly decreased localization compared to the homogeneous lamellar

architecture, especially at higher strain levels.
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Figure 4.17: Delocalization coefficient as a function of strain. A rapid drop in coefficient
to around 0.9 occurs in each plot due to the curved indenter forcing a variation in strain
through the structure. (A) 10nm simulations, showing close alignment of the results during
the elastic response (until 0.025 strain). After buckling, the results remain largely constant,
indicating that no additional localization is occurring. The gradient architecture coefficient
increases at high strain due to the poisson effect. (B) 40nm simulations, which show a brief
plateau of coefficient prior to buckling. This is not seen in the 10nm plot due to its lower
frequency of data outputs.
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Chapter 5

SUMMARY AND FUTURE WORK

5.1 Summary

The results of this work have demonstrated a novel understanding of metamaterial behavior

by using FEA to inspect a defect-free spinodal nanomaterial. Previous experimental results

demonstrated spinodal shell material behavior, but the mixture of architecture and material

properties make it difficult to determine the true cause of the behavior seen in the experi-

ment. The simulations used in this study have been validated against the experimental data

through the confirmation of the stress-strain curves which show strong correlation with the

experimental data in both elastic modulus and plateau stress.

From the comparison of experimental data with the FEA data, it is apparent that the

localization of spinodal shells is a result of a combination of real material behavior and man-

ufacturing flaws. The fracture observed in many of the tests lead to significant differences

between experiments and simulations. This is especially noticeable after yield, where the sim-

ulations show continued hardening, but fracture-prone columnar and isotropic architectures

show no hardening, and repeated softening events caused by fracture.Flaws such as shell

thickness variation and FIB-induced damage resulted in imperfections which could cause

localization due to stress concentrations or premature buckling. This may be applicable

to other shell-based nanomaterials, such as TMPS surfaces, since other shell structures are

periodic with architectures that are prone to localized collapse. Other variations of spinodal

shell materials with different anisotropy, gradients, or feature sizes may also be tested using

the same methods, and testing of self-assembled spinodals would be of value to observe the

effect of reduced manufacturing defects.

The gradient architectures in this test have shown the ability to control the response
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and localization properties of the spinodal and spinodoid metamaterials. In particular, the

conch architecture showed full recovery and much lower damage than other samples during

experimental testing at 40nm. In the FEA results, the conch showed localization of shear

strain by layer, but this did not result in diagonal shear bands forming as is often seen

in periodic structures. Although the conch outperformed other materials in recovery, its

stiffness and plateau stress were also much lower, so the use of this material will depend

on the required application. The gradient architecture, with alternating layers of lamellar

and columnar structure, showed behavior quite similar to the lamellar layers it contains.

As a result, the gradient showed the yield stress and elastic modulus similar to a lamellar

structure.

Among spinodal shell materials, architecture has little bearing on the scaling properties,

with scaling of modulus ranging from scaling exponent of 1.82 to 1.99 and scaling of yield

strength ranging from scaling exponent of 2 to 2.06. Even with different types of anisotropy

and gradients, the different architectures show similar features of having large areas of un-

supported lamellae which results in an increase in buckling through the structure, which

leads to higher scaling exponent. Thus, for future spinodal architectures, we can expect to

see similar features and similar behavior.

The stress distribution in each architecture may be inspected in detail using the FEA

results, leading to a better understanding of the behavior of each architecture. The archi-

tectures have substantial differences in the range of stress values in the structure, indicating

that some architectures (columnar, isotropic) may be prone to early failure due to a small

number of critical elements which may result in damage propagation in the structure. The

conch architecture may experience increased resiliance as the areas of high stress tend to be

in areas of connection between lamellae, but if these features were to fail, it would not result

in a catastrophic failure or a localized collapse due to the presence of alternate load paths

in these locations.

FEA simulations of complex shells such as a spinodal architecture are vulnerable at large

displacements to energy losses and persistent self-contact which adversely affects results.
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The point at which this problem begins depends on the feature size and architecture design,

but it may be seen as the limit to the large strain analysis in FEA for any shell architecture.

5.2 Future Work

The results of this research can be used to inform future work which can provide improve-

ments and resolve unanswered questions.

Further study into the cause of the experimental localization would be useful to try

to further understand the differences between the experiments and the simulations. This

could include applying a fracture model to the FEA simulations. Ideally, a full damage

model for amorphous Alumina would be developed based on experimental validation of its

fracture properties. Also, using the curved indenter was useful for validating the FEA to

the experimental results, but it may not exactly represent the theoretical properties of the

material, and similar simulations should be run without the added curvature.

This research used the S3RS mesh due to its design specifically for Abaqus/Explicit, but

it was difficult to verify exactly why its results differed from the S3R mesh. Most similar

works use S3R with no explanation, and no comparison of performance and results of the

two mesh types could be found, so it may be useful to study the element types more in

depth. It would also be useful to develop a 6 node linear strain quadratic element to provide

higher accuracy with a lower element count. Currently, 6 node triangular elements are not

available in Abaqus/Explicit.

Over the course of this project, it became clear that the original scripts used to clean the

meshes needed improvements. For future work using similarly generated meshes it is best to

reduce the amount of manual mesh cleaning, so improvements to the mesh cleaning scripts

should be made, such as the use of Laplacian smoothing.

Spinodal decomposition shows promise as a method to develop materials, but more work

is needed to determine how to control the process to produce a desired architecture. The me-

chanical properties of self-assembled spinodal materials need to be confirmed in comparison

to 3D printed structures.
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The results of this work show a path forward to finding optimal spinodal architecture

designs, and understanding their performance. The FEA model and scripts used to prepare

and process the data may be applied to any other shell architecture, which opens vast

possibilities for the exploration of nanoarchitecture properties, especially understanding the

fracture mechanisms leading to poor performance of nanomaterials. Ultimately, this research

can lead to the design of better architected materials.



52

Appendix A

SPINODOID STRUCTURES

A.1 Gradient Spinodoid Architectures

The spinodoid architecture is created by using a large number of randomly generated waves

to generate a Gaussian Random Field (GRF) which produces a solution similar to the Cahn-

Hilliard equation. The positive and negative values of the GRF represent the two phases

of the spinodoid structure[19]. The rapid processing time of the spinodoid code allows the

generation of the spinodoid structure used in this work in about one minute.

The original spinodoid code is part of the GIBBON open source project[49]. The op-

eration of the spinodoid function is based around generation of a large number of random

number vectors which represent a direction in space. When specifying input parameters,

three angles θi are defined which determine the preferred direction of anisotropy. When the

input angles are large, the structure will be more isotropic, and if the angles are small, the

structure will be anisotropic. Using the dot product, these are compared to the maximum

allowed angles in each primary axis êi, so that if vector k satisfies one of

|k · êi| > cos θi, for i = 1, 2, 3 (A.1)

the vector will be stored in a list of vectors n, where 1000 vectors were typically generated.

This allows an anisotropic selection of vectors to create anisotropic structures. Based on the

selection of vectors, a GRF is generated, where the material phase is represented by φ, where

φ(x) =

√
2

N

N∑
i=1

cos(βni · x+ γi) (A.2)
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where N is the number of vectors, β is the wave number chosen in the input parameters,

x represents the location in cartesian space, and γi is the randomly generated wave phase.

The result is that the directions in which more vectors are found have a shorter wavelength

resulting in a smaller feature size compared to other directions.

For this project, the GIBBON spinodoid code was modified to support gradient archi-

tectures, based on the November 1, 2020 commit to the GIBBON repository. The spinodoid

code defines a unit cell in which a structure is generated, while the revised gradient code

defines multiple unit cells along a 1, 2, or 3D grid which each may have different properties.

Each unit cell is allowed a certain overlap to the neighboring unit cell over which the values

of the GRF are linearly tapered from one unit cell to the next, allowing a smooth transition.

In order to support the conch architecture, changes were made to the code, listed below.

• Allowed multiple unit cells in x, y, and z directions, including transitions between unit

cells. The values for each unit cell are calculated only for the elements of that unit

cell. 3 nested for loops are added to loop through each of the unit cells, and a GRF is

generated for each cell in the inside loop.

• Theta values may vary between unit cells.

• Rotation tensor may vary between unit cells. This is done by assigning a rotation

tensor for each unit cell, and applying the unique rotation tensor during the generation

of wave directions for each unit cell.

The morphology of the isotropic spinodoid models has a strong resemblance to a true

spinodal material, allowing it to be a useful stand-in for a spinodal mesh. A lamellar spin-

odoid has few connections between lamellae, and the connections tend to be highly aligned,

due to the use of periodic functions to generate the spinodoid. The lamellar spinodal, in

contrast, has more plentiful connections which are stochastically located. The conch archi-

tecture described in this work uses eight lamellar unit cells with different orientations. The
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limitations of the architecture are not obvious in this scale, because the short lamella length

does not lead to large unsupported sections.

In the initial phase of this project, prior to the availability of spinodal decomposition

data, the compression test videos from Portela et al. were used for experimental data to guide

model development, with the 11nm shell thickness isotropic sample used as the baseline, due

to its elastic behavior. A spinodoid mesh was generated to match the feature size of the

experimental model as closely as possible, and the FEA model used this mesh to test various

model parameters, and the stress-strain plots were compared with each iteration.

A.2 Large Gradient Spinodoid Structures

Figure A.1: A portion of the large continuously graded spinodoid mesh, showing 4% of the
full mesh. This version does not show the isocaps due to resource constraints. Change in
relative density can be seen in the two closeup views.

The use of gradient spinodoid structures in this project was limited to variation in a single

dimension, with 8 unit cells. Some of the modifications to the spinodoid code, including

gradients of relative density, speed improvements, and status reporting, were added to the

code to allow larger scale spinodoid structures to be generated. These changes are listed

below, in addition to those described in Section A.1.
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• Relative density may vary between unit cells. This is accomplished by changing the

levelset (the value of the GRF at which the surface is to be placed) from the isosurface

function to the GRF generation. Rather than adjusting the value of the levelset in

the isosurface function, the levelset in the isosurface function is set to zero, then the

levelset value is added to the GRF for each unit cell. This allows a smooth gradient in

relative density between unit cells.

• Added timing and status messages, to help with large gradient structures.

• Various speed related improvements: Keeping only the largest group of faces is disabled

by default. Certain mathematical operations have been reordered to make them more

efficient. Colors are optional.

The speed of the spinodoid code allows a large number of spinodoid structures to be

generated. This enables the use of machine learning to define a spinodoid architecture that

matches desired stiffness parameters allowing stochastic structures to be generated to mimic

natural materials such as bone[26, 19]. One use of this machine learning model was to create

a 100x100 unit cell continuously gradient spinodoid, to allow a continuous gradient of stiffness

matrix components. Having the built-in unit cell management allowed efficient operation,

and having status logging allowed slow points in the code to be found and improved or

disabled.

A structural optimization routine was used to find optimal stiffness values for each of the

points in the large grid. These stiffness values were then input into the machine learning

model, which produced values for the theta angles and relative density at each grid point,

which could then be used as inputs for a spinodoid generation. Using the inputs, the revised

3D spinodoid generation code was able to generate a large mesh, shown in Figure A.1,

although the mesh was not used for FEA simulations so it is beyond the scope of this work

to discuss the viability of using such a large mesh for analysis.
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Appendix B

CYLINDER MESH CONVERGENCE

A cylinder shell with length 0.125mm and diameter of 0.040mm was used as a simplified

model to study mesh convergence for shell buckling. The same FEA model parameters

were used as with the spinodal tests. A displacement is applied to the cylinder to apply

compression and initiate shell buckling. Starting from a mesh seed size of 0.002mm, the seed

size was reduced as far as 0.0001mm. The peak reaction force was found for each test, as a

measure of mesh convergence.

Figure B.1: (A) Mesh convergence of cylinder, showing different mesh seed dimensions. Black
dot represents the analytical solution. Both plots represent meshes with S3R elements. (B)
The Mises stress in the buckled cylinder at the onset of buckling (bottom of cylinder has
been cut off due to no buckling in that area).

A theoretical shell buckling critical load was calculated for the test sample according

to the method used by Hilburger [50]. This resulted in a minimum critical buckling load
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of 0.3155mN. However, this value is based on an empirical factor which assumes some im-

perfections in the real materials which would always cause a reduction in buckling load.

Assuming no knockdown factor, the expected buckling load is 0.9805mN, which is close to

the mesh convergence at a buckling load of around 1.0mN, with a 0.0004mm element size. In

Figure B.1, this buckling load is plotted against the force-displacement curves of the mesh

convergence studies.
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Appendix C

DISPLACEMENT AND STRAIN FIELDS

In order to characterize the bulk properties of the spinodal materials, a strain field was

calculated based on a sampling of FEA nodal displacements. To simplify output during

postprocessing, a subset of nodes is sampled from the mesh and assembled into a node set

during preprocessing. The nodes are sampled with a preference for the nodes furthest from

the mesh center, with a minimum spacing required between the nodes, in order to include

points close to the corners and edges to maximize the usable volume of the interpolation.

The target number of sampled nodes is between 1000 and 2000, as too few will have limited

data, and too many will slow down postprocessing. This results in an evenly distributed

sampling of nodes. The nodal displacement outputs for this node set are used to calculate a

detailed displacement field throughout the structure. An interpolation function (scipy Lin-

earNDInterpolator) is created based on these points that can calculate displacement values

for any point contained within the interpolation function.

Based on the displacement field, the gradient is calculated to obtain a strain field of all

6 strain tensor components and volumetric strain. The FEA simulation nodal strains were

not used to accomplish this because the nodal strains do not take into account the collapse

of the gaps between shell surfaces. The strain components are obtained on a regular grid

and can be used to determine the overall behavior of the material.

The strain field is demonstrated with the conch architecture, as conch can be expected to

have high shear strain when the orientation of lamellae is favorable towards shear strain in a

particular direction, leading to alternating high and low strains in the γxz and γyz directions.

This is shown in Figures 4.8 and 4.11.

The function used to create the displacement and strain fields is shown below. The input
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file is exported from abaqus, with listings of displacement values in columns labeled with

’Ux’, ’Uy’, and ’Uz’, with each frame in 3 unique columns.

def gr idValues ( f i l ename , modelheight , modelwidth , numGrPt ) :
from s c ipy . i n t e r p o l a t e import LinearNDInterpo lator
df = pd . r ead c sv ( f i l ename )
UxIndex = [ i for i , l in enumerate ( df . columns . va lue s ) i f ’Ux ’ in l ]
UyIndex = [ i for i , l in enumerate ( df . columns . va lue s ) i f ’Uy ’ in l ]
UzIndex = [ i for i , l in enumerate ( df . columns . va lue s ) i f ’Uz ’ in l ]
pt = df [ [ ’ x ’ , ’ y ’ , ’ z ’ ] ] . to numpy ( )

va l u e sL i s t = [ None ] ∗ ( len (UxIndex)+1)

x = np . l i n s p a c e (min( pt [ : , 0 ] )+ . 0 0 0 0 1 ,max( pt [ : , 0 ] ) − . 0 0 001 , numGrPt)
y = np . l i n s p a c e (min( pt [ : , 1 ] )+ . 0 0 0 0 1 ,max( pt [ : , 1 ] ) − . 0 0 001 , numGrPt)
z = np . l i n s p a c e (min( pt [ : , 2 ] )+ . 0 0 0 0 1 ,max( pt [ : , 2 ] ) − . 0 0 001 , numGrPt)
for i in range ( len (UxIndex ) ) :

l iUx = LinearNDInterpo lator ( pt , df . i l o c [ : , UxIndex [ i ] ] )
l iUy = LinearNDInterpo lator ( pt , df . i l o c [ : , UyIndex [ i ] ] )
l iUz = LinearNDInterpo lator ( pt , df . i l o c [ : , UzIndex [ i ] ] )

xGrid , yGrid , zGrid = np . meshgrid (x , y , z , index ing=’ i j ’ )
xVec = np . reshape ( xGrid , np . s i z e ( xGrid ) )
yVec = np . reshape ( yGrid , np . s i z e ( yGrid ) )
zVec = np . reshape ( zGrid , np . s i z e ( zGrid ) )
Ux = np . reshape ( l iUx ( l i s t ( zip ( xVec , yVec , zVec ) ) ) , np . shape ( xGrid ) )
Uy = np . reshape ( l iUy ( l i s t ( zip ( xVec , yVec , zVec ) ) ) , np . shape ( yGrid ) )
Uz = np . reshape ( l iUz ( l i s t ( zip ( xVec , yVec , zVec ) ) ) , np . shape ( zGrid ) )

ex = l i n e a r S t r a i n 2 (Ux, xGrid , ax i s=’x ’ )
ey = l i n e a r S t r a i n 2 (Uy, yGrid , ax i s=’y ’ )
ez = l i n e a r S t r a i n 2 (Uz , zGrid , ax i s=’ z ’ )
gxy = shea rS t ra in2 (Ux,Uy, xGrid , yGrid , ’ xy ’ )
gxz = shea rS t ra in2 (Ux,Uz , xGrid , zGrid , ’ xz ’ )
gyz = shea rS t ra in2 (Uy,Uz , yGrid , zGrid , ’ yz ’ )
v a l u e sL i s t [ i +1] = { ’Ux ’ :Ux , ’Uy ’ :Uy , ’Uz ’ : Uz , ’ ex ’ : ex , ’ ey ’ : ey ,

’ ez ’ : ez , ’ ev ’ : ex+ey+ez , ’ gxz ’ : gxz , ’ gyz ’ : gyz , ’ gxy ’ : gxy}
return va l u e sL i s t

def l i n e a r S t r a i n 2 (ux , x , ax i s ) :
i f ax i s == 1 or ax i s == ’ 1 ’ or ax i s==’x ’ :
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ind = 0
e l i f ax i s == 2 or ax i s == ’ 2 ’ or ax i s==’y ’ :

ind = 1
e l i f ax i s == 3 or ax i s == ’ 3 ’ or ax i s==’ z ’ :

ind = 2
return np . g rad i en t (ux ) [ ind ] / np . g rad i en t ( x ) [ ind ]

def shea rS t ra in2 ( ux1 , ux2 , x1 , x2 , ax i s ) :
i f ax i s in [ 1 2 , 21 , ’ 12 ’ , ’ 21 ’ , ’ xy ’ , ’ yx ’ ] :

ind = [ 0 , 1 ]
e l i f ax i s in [ 1 3 , 31 , ’ 13 ’ , ’ 31 ’ , ’ xz ’ , ’ zx ’ ] :

ind = [ 0 , 2 ]
e l i f ax i s in [ 2 3 , 32 , ’ 23 ’ , ’ 32 ’ , ’ yz ’ , ’ zy ’ ] :

ind = [ 1 , 2 ]
return np . g rad i en t ( ux1 ) [ ind [ 1 ] ] / np . g rad i en t ( x2 ) [ ind [ 1 ] ]

+ np . g rad i en t ( ux2 ) [ ind [ 0 ] ] / np . g rad i en t ( x1 ) [ ind [ 0 ] ]
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