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Black-box optimization is ubiquitous in machine learning, operations research and engineering
simulation. Black-box optimization algorithms typically do not assume structural information
about the objective function and thus must make use of stochastic information to achieve sta-
tistical convergence to a globally optimal solution.

One such class of methods is multi-start algorithms which use a probabilistic criteria to: de-
termine when to stop a single run of an iterative optimization algorithm, also called an inner
search, when to perform a restart, or outer search, and when to terminate the entire algorithm.
Zabinsky, Bulger & Khompatraporn introduced a record-value theoretic multi-start framework
called Dynamic Multi-start Sequential Search (DMSS). We observe that DMSS performs poorly
when the inner search method is a deterministic gradient-based search.

In this thesis, we present an algorithmic modification to DMSS and empirically show that
the Revised DMSS (RDMSS) algorithm can outperform DMSS in gradient-based settings for a
broad class of objective test functions. We give a theoretical analysis of a stochastic process
that was constructed specifically as an inner search stopping criteria within RDMSS. We discuss
computational considerations of the RDMSS algorithm. Finally, we present numerical results

to determine its effectiveness.
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Chapter 1
INTRODUCTION

Mathematical optimization traditionally seeks to minimize or maximize an objective func-
tion subject to some constraints. In unconstrained optimization, properties like smoothness or
convexity of the objective function facilitate the derivation of optimality conditions that can be
used to guarantee analytic convergence to locally or globally optimal solutions.

In black-box optimization, such properties are not generally available nor are they practi-
cal to determine globally. Algorithms like Simulated Annealing [10] converge in probability to
a global optimum for continuous objectives because they leverage distributional properties of
Markov transition probabilities or restart probabilities. The usage of probabilistic restart con-
ditions persists throughout this thesis and motivates the primary class of global, black-box op-
timization algorithms that we consider, known as multi-start algorithms.

The goal of global optimization is to obtain a global solution to an objective function f. A

general optimization problem is given by:
min f(x) (1.1)
xeX

where we define a global solution (sometimes referred to as an optimum) as a value x* € X such
that f(x*) < f(x) for all x € X. Another related definition is that of a local optimum or solution.
A local optimum is defined as an X € X such that f(%) < f(x) for all x € 4 (X) c X where A (X)
denotes a neighborhood around x.

The existence of global optima under specific conditions is the subject of many texts in the
mathematical optimization community [9]. Here we state some general theorems in order to

proceed with the fewest possible assumptions about Problem (1.1).

Theorem 1 (Weierstrass). If the objective function f is continuous and X is closed and bounded,



then x* € X exists.

This is a fundamental theorem in global optimization [8]. Itimplies that if the feasible region
of a continuous function f is real-valued, its compactness is sufficient to achieve a globally
optimal solution. A corollary of this can be stated for a closed feasible region with an additional

condition on f.
Corollary. Ifthe objective function f is continuous and coercive i.e.,

lim f(x) =400
[lx|]—o00

on a closed X, then x* € X exists.

What is notable about these two results is their generality, which allows for application to
black-box functions. Many real systems that are modeled by a computational oracle can only
be calculated on closed or compact domains. Coercivity is also a realistic property in that sim-
ulated functions generally will not admit upper/lower bounds. With these results in mind, we
make the following key assumption that allows many algorithms to achieve asymptotic conver-

gence:

The black-box function f is equipped with an oracle f(.) such that we can calculate

avalue f(x) forall x € X.

Given the above, we state the formal optimization setting that we remain in henceforth:

%gf(x) (1.2)

where f: 2 < R? — R has a compact domain 2. We refer to the global minimum of the func-

tion f with respect to the domain & as x* € argmiﬂ}rgl f(x) with corresponding minimum value
XE

[ =rx".



The outline of this thesis is as follows. In Chapter 2 we discuss adaptive random search and
multi-start algorithms. We focus on Dynamic Multi-start Sequential Search (DMSS) as an al-
gorithmic framework but also discuss its underlying conceptual algorithm Hesitant Adaptive
Search with Power-Law Improvement Distribution (HASPLID) [21]. In Chapter 3 we present the
Revised DMSS (RDMSS) algorithm along with an analysis of the stochastic record-improvement
slope process, which is built off of the assumptions of HASPLID. Chapter 4 presents the numeri-
cal results and experimental evidence to examine the choice of RDMSS over DMSS for gradient-

based inner search settings. Lastly, we discuss future directions in Chapter 5.



Chapter 2
BACKGROUND

Unconstrained nonlinear programming approaches such as gradient descent, conjugate
gradient methods and trust region methods are examples of local optimization techniques or
local searches [19]. What distinguishes them from global optimization techniques is that they
are not guaranteed to achieve global optimality under the most general conditions.

Gradient descent, one of the most commonly-used first order optimization methods in sci-

entific computing, is said to have achieved an optimal solution if, for some smooth f,
Vi®) =0

for some X that lies in a general domain X. However, without additional information such as
convexity of f, there is not sufficient information to determine if ¥ = x*, namely, if X is a globally
optimal solution. Many times in practice, it is not and it is for this reason that gradient-based
methods suffer from the phenomena of being “trapped" in local optima, hence the name local

search. See Figure 2.1.

2.1 Overview of Multi-Start

To remedy this, the technique of randomly restarting a local search has been studied exten-
sively [12]. Upon completion of a local search, the modified optimization algorithm equipped
with restart functionality employs a stochastic criterion to initiate a restart, at which point the
local search will resume again from a potentially unexplored initial point in the domain.

A multi-start framework [13] formalizes the idea of performing successive local optimiza-

tion algorithms with different restart locations as initial starting points. There are four key com-



f(x)

Starting pt.

Local minima

Global minima

Figure 2.1: Classical gradient descent algorithm getting “trapped" at a local optimum [3].

ponents that characterize multi-starts. These are the:

(i) outer loop

(i) outer search

(iii) inner loop

(iv) and inner search.

The outer loop serves as a global termination criterion verifier. In other words, it is the
particular statement within the algorithm that decides whether or not it has found a sufficiently
close estimate of the global optimum. It is responsible for iteratively performing outer searches.
The outer search is a sampling method that stochastically regulates where in the domain the al-
gorithm should search next. In other words, the outer search generates the initial point for each
independent run of the particular local optimization method that the algorithm employs. Most
multi-start algorithms assume independence of local searches, however some methods explore

dependence, for example [14]. The importance of the independence between outer searches



cannot be over-stated, it is a key assumption in this thesis which we shall return to later.
The inner search and inner loop are components of the local optimization method. In the
example of gradient descent as the local search method, consider a single update of the se-

quence of estimated optimal locations (xn)ﬁy:l of a smooth f with step-size y:
Xn+1 = Xn =YV f(xp).

A single such update is what is referred to as an inner search while the sequence of inner searches
is terminated subject to a condition imposed by the inner loop, analogously to the relationship
of the outer search and its loop. More generally, an inner search is simply one search iteration
of a local optimization method given some initial point and the inner loop determines when a
local termination criterion has been reached. We tie the above concepts together with a high-
level flowchart (Figure 2.2) and associated pseudo-code (Algorithm 1).

Returning to the example of gradient descent once more, we can see that f(x,+1) < f(x5)
by construction. The optimality condition makes the inequality tight and, as such, no improve-
ments can be made to the estimated optimum. Another way to frame this is in the language
of records. A record value is simply an improvement over the running best estimate of an op-
timal point. This may refer to an estimated local optimum or an estimated global optimum.
In the case of gradient descent, every x, is a record since f(x;,) < f(x,-1) for all n < N until
the optimality condition is achieved, at which point xy = X. The same property holds for all
gradient-based local searches.

The analysis of records is more interesting for global methods. Successive local searches
performed by the outer loop may or may not yield continuously improving results. It is for this
reason that the outer search, the stochastic sampling method, is often used to derive a proba-
bilistic global termination criteria. The independent samples allow us to perform a statistical
analysis of “when" records should appear. This theory, called record-value theory, is intimately
related to order statistics [1],[6],[15].

Before discussing the main example of a multi-start framework which we will be dissecting

in the remainder of the thesis, we present common considerations when developing or analyz-



General Multi-start Algorithm Flow
f(~) : objective function with computation oracle
Returns: y* = f(x)

initialize outer termination metrics

initialize overall result (X', y‘)

outer search
termination

criteria
satisfied?

generate new restart location (outer search) update (x*, y*)
initialize inner termination metrics update outer termination metrics

inner search

termination

criteria

satisfied?

perform one iteration of local search (inner search)

update inner termination metrics

No obtained

record?

update estimated local optimum

further update inner termination metrics

Figure 2.2: General Multi-Start Algorithm



Data: [ : objective function with computational oracle

Result: (x*,y*): global minimum y* = f(x*) and associated location x*

Algorithm(f):

initalize outer termination metrics

initialize (x*,y™)

while outer termination criteria not satisfied do

generate new restart location — perform outer search

initialize inner termination metrics

while inner termination criteria not satisfied do
obtain search iterate — perform inner search

update inner termination metrics

if a record was obtained then
update estimated local optimum

further update inner termination metrics

end

end

update (x*,y")

update outer termination metrics

end

return (x*,y")
Algorithm 1: General Multi-Start Algorithm



ing multi-starts. That is, how to balance exploration vs. exploitation. Exploration refers to effi-
cient discovery of the sample space. In black-box settings, even with compactness or closure of
the domain, the issue of discovering new sample points is routinely emphasized in developing
computational solvers. To add further complexity, we want to consider any potential underly-
ing structure and exploit the information that is being gathered during each local search. In
other words, we would like our global optimization algorithm to cover as much “ground" on
the domain as possible, since a global optimum may lie anywhere on it, while simultaneously
making intelligent use of past discovery.

An illustrative example of an intelligent restart strategy is the Stochastic Optimization for
Adaptive Restart (SOAR) framework [14]. SOAR exploits the previously collected information by
making use of a Gaussian Process as a surrogate model for its outer search method. Thus, the
restart location is chosen via a posterior distribution that is updated upon every function eval-
uation throughout the algorithm. This yields a statistical basis for how the algorithm chooses to
progress. In order to also use the surrogate model as a means of exploration, a criterion is built
into the sampler that fixes the algorithm’s subsequent search space to the set of un-sampled
points. Meaning, if the algorithm determines that the estimated Gaussian Process on any par-
ticular iteration is not expected to yield a “successful" local search at the distributionally-generated
point, then the algorithm will restart at a completely new, unexplored location and resume
Gaussian Process updates from there. Here, we use the word “successful" to mean whether
or not the local search yields a record and the word “expected” in both its colloquial and prob-
abilistic sense.

Some analytic considerations of multi-start include (1) the conditions upon which to per-
form a restart, (2) the global termination criteria, i.e., when to stop performing restarts, (3) the
number of iterations taken by the local search per restart, (5) the number of iterations required
to first achieve a sufficiently close estimate of the global optimum and (6) the total number
of restarts. Unlike SOAR, which takes a fixed computational budget and decrements it until it
has been fully expended, Dynamic Multi-start Sequential Search (DMSS) [21] addresses (1), (2)

and (3), choosing to use an adaptive computational expense metric to progress successive local
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searches. The difference is that DMSS assumes independent restart sample points and cannot
make use of distributionally learned information to sample in the way that SOAR’s Gaussian

Process did. We revisit these considerations closely in the following section.

2.2 Dynamic Multi-start Sequential Search

Dynamic Multi-start Sequential Search (DMSS) is a specific multi-start framework that exploits
results from record-value theory in order to define stochastic metrics that limit the computa-
tional expense of finding the global optimum. Before performing an in-depth analysis of these
metrics, we note that DMSS is modeled by Hesitant Adaptive Search with Power-Law Improve-
ment Distribution (HASPLID) [21]. We summarize the key results of the conceptual algorithm
HASPLID in order to motivate the subsequent analysis of DMSS and its variant, the Revised
DMSS algorithm.

2.2.1 Hesitant Adaptive Search with Power-Law Improvement Distribution

The stopping and restarting conditions for DMSS are built on a parametrized conceptual model
called the Hesitant Adaptive Search with Power-Law Improvment Distribution (HASPLID) algo-
rithm. HASPLID formulates criteria for stopping a single run of an executed search for an opti-
mum and determines whether to restart another run or terminate the whole algorithm. A key
quantity in HASPLID is the range distribution p, which is an implicitly defined measure that is

written in terms of the sampling distribution g on &:
p(T) = u(f~1(D))

for T € B(R) and its CDF p(y) = u(f 1 (o0, y))).
We assume the distribution p to be continuous and introduce two parameters: « € [0,1]
which controls the difficulty of finding improvements and A € R, which controls the distribu-

tion of the quality of improvements found. As in [21], we consider a power-law transformation
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pW of the range distribution p for an arbitrary termination set T < R:

p(’“(T):f d(p(Z))A=/1f (p(2)M dp(2).
zeT zeT

The relationships between CDF p™ of p™™ and CDF p of p still hold as defined above but are
now specifically given by:

PP ) = (py*

The normalized restriction of p™Y to the left half-line (—oo, y] is given by:

P =A™ f (peN*'dp(2)
zeTN(—00,y]
with CDF R
Wy — P(J’z))
Py (2) (p(yl)

for y; < y» < ywhere y;,), € .

The parametrized algorithm HASPLID(a, A; p) is given by the following pseudocode:

HASPLID(a, A; p) c.f. [21]

Step 0. Set j = 0. Sample Y; according to p™.

Step 1. With probability (p(Y;))%, sample Y, according to p%). With probability 1 —
(p(Yj))“, set Y;41 = Y;. Note that this construction yields: Yo =Y, =--- > Y; in

the case of minimization.

Step 2. If a stopping criteria is met, stop; otherwise, increment j and return to Step 1.

The weak monotonicity of the random variables (Y;) is significant. HASPLID is a general
adaptive search algorithm that decides, at each sampling iteration, whether to sample in the set
of improving points with an associated probability (p(y))?, called the bettering probability [20],
or remain at its currently sampled iterate with probability 1 — (p(y))¢. This implies that at each
iteration j of a HAS algorithm, Y;,; will either be a record Y;.; < Y; with probability (p( N or
Yj.1 = Y; with probability 1 - (p(y))*.
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We state this formally and introduce notation to distinguish between records and raw search
iterates: (Y;)jen forms a non-increasing Markov Chain in which no result of any given search
is greater than the running minimum over the set of all random searches. By contrast, the col-
lection of records (Yg(i)) k,r(k)en is a strictly monotone decreasing Markov Chain that represents
every improving result over the set of all terminated random searches. In this notation, Y;j is
a record denoted Yg() := Y; with R(k) = j if Yp—_1) > Yj for j > R(k—1). See Figure 2.3 for a

graphical depiction and example.

Iteratively Sampled Minimizations and their Records
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Figure 2.3: Graphical representation of inner search iterates and their record values. Every point
is the result of an inner search but only the red points are records. For example, Y; = 5 but
YR(5) =1and R(5) =8.
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We now characterize some of the key behaviors of HASPLID which underlie DMSS:

Proposition 2 (c.f. see [21]) Let N(y) denote the number of records obtained by HASPLID(a, A;p)
before obtaining a value of y or better. Then N(y) ~ Poi(-Alogp(y)).

Proposition 3 (c.f. see [21]) The probability
k-1

[FD(YR(]C) > y) =1- (p(y));L Z

(=Alogp(y)*
s=0 s!

= G(k,—-Alogp(¥)).
where G(n,x) =1- e * Y ! x%/s! denotes the incomplete gamma function.
Proposition 5 (c.f. see [21]) The probability of obtaining k records in the first j iterates of

HASPLID(a, 1; p) is:

i ) ri+Ala)
AMa) Vs(i k)| —————=
Ala)"1s(j, k) TG+ Ala)
where s(j, k) is a Stirling number of the first kind and I'(x) denotes the complete gamma func-
tion.

Proposition 6 (c.f. see [21]) The expected number of records found by HASPLID(«, A; p) in the

first j iterates is:

where v is the digamma function.
Proposition 7 (c.f. see [21]) The probability that R independent runs of HASPLID(a, A; p), with
ki, ko, -+, kg records obtained respectively, never approach the e—target region around the global

optimum is:

R
[] Gk;,—Aloge). 2.1)
r=1

2.2.2 Outer Loop (DMSS)

We begin our discussion of DMSS from the “top-down". This section is dedicated to the charac-

terization of DMSS’ outer termination metrics and global termination criterion. Like all multi-
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start algorithms, the outer loop addresses the analytic consideration of “when to stop perform-
ing restarts”, this is implemented by the global termination condition. DMSS introduces a sec-
ond consideration, the “total number of restarts", into the global termination condition. In
particular, the DMSS global termination condition leverages past restarts in deciding whether
or not the globally estimated optimum is sufficient.

Before defining the condition, we consider the information available to the algorithm upon
start. The conceptual HASPLID algorithm takes two parameters, a € [0,1] and A € R* from
which DMSS inherits only the parameter a and introduces two new parameters 0 < € < 1 and
0 < 6 < 1. The parameter € specifies the size of the e—target region, defined as the (2¢)?-sized
hypercube around the global optimum where d = dim(%’) is the dimension of the domain of
the objective function f: % — R. We will return to 6 shortly.

DMSS invokes Proposition 7 in defining its primary outer termination metric:

R
prai = [ | G(ky,—Aloge)

r=1

where G is the incomplete gamma function. The é parameter simply serves as a user-defined
upper bound for the pray, the probability that DMSS fails to achieve a sufficiently close es-
timate of the global optimum. Thus the global termination criterion is nothing more than
praiL < 0. The form of this probability in (2.1) makes it clear why independence was needed as
an assumption when motivating multi-starts; without it, the global termination criteria could
not be defined this way.

Note the absence of p(y) in the ppay;, metric. Proposition 5 makes use of a limiting prop-
erty of Stirling numbers and characterization of HASPLID iterates as exponentially-distributed
record statistics to vanish the distribution p(y) that appears in Propositions 1-3.

One computational issue is that DMSS cannot calculate explicitly ppar; without A. To com-
bat this [21] invokes Proposition 1 of [21] and works instead with the ratio A/a. They define
(= % and solve the following maximum likelihood equation for { on each run

R

R
Y (k=D +|RyA+) =Y w(jr+(|=0 2.2)
r=1

r=1
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which is derived from Proposition 5 of [21]. This allows us to replace A with a( in (2.1).

2.2.3 Outer Search (DMSS)

The power of DMSS lies in its outer/inner search flexibility. The outer search in particular is
responsible for generating restart locations which are fed to the first inner search within a par-
ticular run. These sampling locations only require independence from one another. In theory,
the sampling locations need not be identically distributed; however, in practice, i.i.d. uniform
random samples are the most straightforward to implement. In all analyses going forward, we

fix the outer search distribution to be i.i.d uniform random.

2.2.4 Inner Loop (DMSS)

The inner loop of DMSS, like its outer loop, couples two analytic considerations to formulate the
termination criterion. Like all multi-start algorithms, the inner loop addresses when to perform
a restart but it does so using the number of records found on a particular run. We note that
Proposition 2 [21] states that the number of records required to obtain a particular value y is
distributed as a Poisson random variable with parameter —Alog p(y). It can be shown [15] that
thisimplies the “time" between records or inter-record timeis distributed as a geometricrandom

variable with parameter (p(y))“. In other words,
R(k+1)—R(k) ~Geo((p(»)*)

where Ypg() = y. Here we use time to mean “number of raw search iterates". This fact, along with
independence between record values and inter-record times, allows the use of Propositions 5

and 6 to define the primary inner termination metric

nRECORD::& v j+& - A (2.3)
a a a

which represents the expected number of raw search iterates prior to achieving a record. Note

that this value depends on j, the number of raw search iterates, so this value updates as more



16

and more inner searches are performed. Intuitively, we would like stop performing inner searches
when the number of raw search iterates exceeds ngrrcorp meaning that it is taking longer than
expected to find a record. This is exactly the inner (local) termination criterion: jr < nRecorD

where jg is the number of raw search iterates on run R.

Like the outer loop, we note several computational issues. DMSS continues making use of
a( in place of A. Additionally, we must now devise a way to distinguish between the number of
records in run R and the number of raw search iterates in run R. We use the indexed variables

kr and jg respectively. Clearly jr = kg.

2.2.5 Inner Search (DMSS)

The inner search of DMSS is once again flexible. In [21], the numerical results presented fix an
elitist random ball walk as the inner search method, which is stochastic. However, this can easily
be modified to be a deterministic search such as gradient descent. In the following chapter, we
discuss a particular consideration of a deterministic, gradient-based inner search and how it
motivates the Revised DMSS algorithm.

Putting these components together yields the full DMSS algorithm. See Figure 2.4 and Algo-

rithm 2.



DMSS (a, 6, €)
f(~): objective function with computation oracle
Returns: ¥ = f(x7)

initialize pram, R, C
initialize overall result (X*; y”)

Pram < 07
'l
S AR ~ Uniform[X] update (x*, ")
initialize NRecORD, fr, kR update pram, R, C

Yes

jr < MRECORD ?

: out
Xj, < nner search(xR )

update MRECORD, jr, K

obtained
record?

update estimated local optimum
update NRECORD

Figure 2.4: DMSS(«, 6, ¢€)



Data: f : objective function with computational oracle

Result: (x*,y*): global minimum y* = f(x*) and associated location x*

Algorithm(f):

initalize ppai, R,{

initialize (x*,y*)

while ppr <6 do
yt—Uniform|%)
initialize nrecorp, jr, kr
while jr < nrecorp do

Xj, — inner search(x%"")
update nrecorp, Jr, kr

if a record was obtained then
update estimated local optimum

update nrecorp, kr

end

end

update (x*,y*)

update prai, R, ¢
end

return (x*,y")
Algorithm 2: DMSS
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Chapter 3

REVISED DYNAMIC MULTI-START SEQUENTIAL SEARCH

Preliminary observations made during experimental tests showed that DMSS did not per-
form well when the inner search was a determinstic, gradient-based search. The reason for
this is the inner termination criteria. Recall that a deterministic, gradient-based optimization
method obtains a record on every iteration except its last by definition. This means that kz and
jr of DMSS are being updated simultaneously on every iteration of the inner loop until a local
optimum has been found. From an algorithmic standpoint, the local search seems to be do-
ing extremely well and thus, by the construction of ngrgcorp, the inner termination metric of
DMSS, it remains relatively large. But when the local optimum is found, kr will stop updating
and jg will need to iterate many more times before exceeding nrgcorp. This results in a waste of
computational expenditure and mimics the “trapping" phenomena that make gradient-based
searches unsuitable for global optimization of multimodal test functions.

The Revised DMSS (RDMSS) algorithm was designed primarily to address the issue dis-
cussed above. Our algorithm was formulated in a manner that leverages HASPLID and con-
tinues to take advantage of the theoretical results that characterize number of record values per
run. We accomplish this by introducing a second inner termination metric that works in tandem
with the original metric, ngrcorp, to sharpen the criteria upon which a run is terminated. While
nrecorp regulates the number of raw search iterates, the new metric regulates the difference in
magnitude between record values.

To provide experimental control and ultimately determine whether or not RDMSS outper-
forms DMSS in gradient-based settings, we fix the inner searches of both algorithms to be an
arbitrary determinstic, gradient-based search henceforth. For the experiments performed in

Chapter 4, this method is chosen to be the Newton Conjugate-Gradient method.
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3.1 Outer Loop (RDMSS)

The outer loop of Revised DMSS continues using the outer termination metrics/criteria of DMSS.
This was done to leverage the HASPLID-specific results that were derived in [21]. The re-use of
the independence assumption allows us to use pgar, for the outer termination criteria without

modification. Hence, the outer loops of RDMSS and DMSS are identical.
3.2 Outer Search (RDMSS)

The outer search of Revised DMSS is also unchanged from its predecessor. The reason for this
is, once again, the independence assumption that results in the ppa;, metric. Relaxing this as-
sumption means re-examining the question of exploration vs. exploitation and possibly losing
the ability to use the expected number of records to formulate our inner and outer termination
criteria. Thus, for RDMSS, we continue to assume i.i.d uniform random restart locations across

the domain.
3.3 Inner Loop (RDMSS)

The inner search termination criterion is where RDMSS deviates from DMSS. Our new criterion
is built upon the following definition:
Def. The slope process is a collection of random variables (Si) with a common distribution.

Each Si is given by the ratio

.~ YRt ~ YR(k+1)
T RE+D-RM)

(3.1

This definition relies heavily on the assumptions and implications of HASPLID. We are pro-
vided an extensive analysis of the time between records or the number of sampling iterations
between record k and record k+ 1 for all k = 1 in [21]. Further, [1] explains that for the clas-
sical record model, the raw sampling iterates (Y;) are i.i.d exponential random variables with

parameter 1. Generalizing slightly, we let (Y;) ~ exp(A). Due to the memory-less property of
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the exponential distribution, the sequence (Yrx) — Yrk+1)) k=0 ~ G(k + 1,A) for all kK where G
denotes the incomplete gamma function. Note that under the assumption that (Y;) has a con-
tinuous common CDF (in the case of HASPLID, this is defined as p(y)), the survival function for
the (k +1)-st record value is given by

k
P(Yriesny >y )=1—-eV > (y)*/sfor y* > 0.
s=0

Further note that if A := —Alogp(y), we obtain Proposition 3 from [21]. By the exponential
characterization of HASPLID and its record values, we invoke results of both ([1], [15]) which
establish the independence of the process (Yrx) — Yrk+1)) k=0 from the sequence of inter-record
times (R(k+1) — R(k)) k1.

Using this fact, we introduced the new stochastic process (3.1) which we call the record im-
provement slope process or slope process for brevity. Its name comes from its expression as the
ratio of two HASPLID-specific quantities that characterize vertical, record value improvement,
and horizontal, inter-record times, movement. Geometrically one can think of this random
quantity as the “derivative" of the overall minimization evaluated tangent to a particular record.

Note that the numerator Yz — Yr(x+1) denotes the amount of improvement between record
values and is positive and continuous for each k. The denominator R(k + 1) — R(k) denotes the
number of inner search iterations between two consecutive records and is a discrete random

variable which only takes on values in N for each k.

In order to define the new inner termination metric which is used in tandem with DMSS’
original metric, ngrecorp, we first state a result that aids in its construction. Namely, we would

like to know the distribution of the slope process:

Thm 1. The common distribution of the slope process is:
© A-1 k-1 d
P(Sk<s) = —}Lf (PN H(=Alnp(y)*” d—yp(y)

. Z Glk+ 1,—Alnp(s6r—y))(1_(p(y))“)5r—1 dy.
0,eN
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Proof.

P(Sk < $)

f P(Sk < 5l Y = 1) - PV = 3) dy

—00

o0
f P(Yri) — Yrk+1) < - (R(k+1) = RUK)DI YRy = ¥) - P(Yriy =) dy
-0

= f P(Ygri) — Yr(k+1) = - (R(k+1) = R(k))IR(k+1)—=R(k) =6, Yriy = ¥)

‘P(R(k+1)—R(k) =6,Yray =) - P(Yray = y) dy

We calculate each probability component-wise. The first component is:

P(Yr — Yrik+1) < S+ (R(k+1) = R(k)IR(k+1)=R(k) =6, Yriy = V)
=P(-Yrk+1) <86, — )
=P(Yrk+1) > $6r—y)

=G(k+1,-Alogp(sé,—y)).

The second component is:
P(R(k+1)—R(k)=6/Yru) = y)

= (p (1 - p(»H°L,

The third component is:
P(Yr = ¥)

d
=—-—G(k,—11
dy ( ogp(y))

= (~Alogp(y) k- Letlosr). diy(—/llogp(y))

Ay d
= (-1 k-1, 7‘-(——)-— .
(=Alogp(»)) (p(») () dyP(J/)
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Substituting these quantities into the above integrand and simplifying gives the desired result.

a

Providing a closed-form solution to the distribution above may not, and is likely not, possi-
ble. Thus, for algorithmic purposes, we turned to the expectation of the slope process. In order

to levy our intuition on the metric, we condition the expected slope by the previous record value.

Thm 2. The conditional expectation of the kth slope value is given by:

E[Sk|Yrpy =yl = - (p(}):)) . (3.2)

Proof.

E[Sk|Yriy =yl =E

Yroo) — Yr(k+1) ]
Vo =
R+ —R(o| RO TY

By the memory-less property of the exponential record value differences and the continuity of
their common distribution, we invoke independence of Y ) — Yg(k+1) and R(k+1) — R(k) which

allows us to use the Law of the Unconscious Statistician:

Yro) — Yrik+1)
Y, =
Rk+D-R(o)| BB=Y
=E[Yr — Yriern) | Yoo = Y1 -EIR(k+1) = R(K) ™ | Yy = 1
1

1
= — P(R(k+1)—R(k)=06+Yr =
o500 a,ZeNér (R(k+1) = R(k) = 8 Yy = ¥)

1 1 a ay6,-1
I — 1-— r
“Alogp(y) 6r§€|\|6r (YN~ =(p(yN)™)

E[Sk| YRy = y1 =E

(p(y)* 1 ado—1
-, — . (1- r
myypren 6§r€N 5= (1= (PN

(p(y? o
P
Logp0) og((p(yN)
_ a-(p(yN* -

A
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This is exactly the metric that we impose as an inner terminating condition on top of the
already existing nrgcorp metric. For the kth inner search that results in a record, we update
the slope process as defined in (3.1) and, like nrgcorp, compare it to its expectation. Specifi-
cally, we bound the actual slope by its expectation. This serves two purposes, the first is that
it ensures the algorithm’s computational budget is not being wasted sitting in “plateaus". Even
if the nrecorp value has not been exceeded by the number of raw iterates, the small difference
in magnitude of slopes will force Si = 0 and thus, terminate the inner loop. The second is that
it allows us to record the average “rate" of improvement as the inner loop progresses which we

can use as an analytical measure to potentially exploit in a later run.

Before incorporating the expected slope metric, which we denote E[S|Yr)] for the sake
of convenience, we must address several computational considerations. The first is that of a/A
that appearsin (3.2). Luckily, since the outer search was unchanged, we can simply approximate
this by (7! as the value of { continues to update per outer search by (2.2). The second compu-
tational issue is the estimation of p(y). Recall that this is defined as the CDF of the sampling
measure p which is a parameter of the conceptual algorithm HASPLID. The primary motivation
of DMSS, which is modeled by HASPLID, was to avoid computing the measure p which is almost

never available in practice, nor would its estimation be worth the computational expense.

Unfortunately, since the expected slope includes the magnitude in the difference of record
values along with record times, as opposed to solely record times, we cannot invoke Proposition
5 to vanish p(y). Instead, we make some observations to determine a suitable approximation
for it. The first observation is that p(y) is a CDF; by definition, it must admit a value between
0 and 1. The second is that @ € [0,1] and A € R* means that the overall expectation is “well-
conditioned" in the sense that

alpy+1)*  alp()®
A A

—0 as7t—0

and for most reasonable values of A. Note that A denotes the improvement distribution param-
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eter and thus we expect it not to be trivially close to 0. With these observations in mind, it is rea-
sonable to approximate p(y) by any exponential, logarithmic or sufficiently smooth activation
function that is frequently used in machine learning literature. A particularly tame approxima-
tion is
py)y=1-e7? (3.3)
which is a modified sigmoid function. Note that, because [21] uses a bettering probability
(p(¥)%, we expect p(y) to increase as y increases. In other words, the greater Yz = y is rela-
tive to the minima of the objective, the greater the probability of improvement should be. This
approximation reflects that. Another alternative is the hyperbolic tangent function. We name
the functional approximation of p(y) to be p.
One final note is that Si. and E[Sk|Yr(x)] are indexed by k and not kg because both are native
to a particular run (inner loop). Once a restart is performed, we assign kr — k and refresh the

slope index k.
3.4 Inner Search (RDMSS)

As explained in the beginning of this chapter, we fix RDMSS’ inner search to be a single iteration
of a deterministic, gradient-based search method. In the experiments that follow in Chapter 4
we test the Newton-Conjugate Gradient algorithm. This is to evaluate the effectiveness of the

slope metric for dealing with gradient-based local search methods.

Finally, we illustrate each major “piece" of both DMSS and RDMSS in the following table
and consolidate them into the subsequent flowchart (Figure 3.1) and pseudo-code (Algorithm

3).



Multi-start “Piece" DMSS RDMSS
Outer Termination PraiL < 0 PraiL < 0
Criteria
Outer Termination praiL, R, ¢ PrAlL, R, ¢
Metrics
Outer Search Method i.i.d uniform random i.i.d uniform random

sample over &

sample over &

Inner Termination

Criteria

JR < NRECORD

JR < nReCORD, and

Sk <E[Sk|Yr]

Inner Termination

Metrics

NRECORD: JR» kR

NRECORD, JR, kr, Sk and

E[Sk|Yri]

Inner Search Method

Newton-Conjugate

Gradient

Newton-Conjugate

Gradient

Table 3.1: Algorithmic feature comparison table
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Data: f : objective function with computational oracle

*

Result: (x*,y*): global minimum y* = f(x*) and associated location x

Algorithm(f):

initalize ppar, R, ¢

initialize (x*,y*)

while ppy;; <6 do
yt—Uniform|%]
initialize nrecorp, jr, kr, Sk

while jR < NRECORD do
Xj, — grad update(x3"")

update jr

if a record was obtained then
update estimated local optimum

update kg, "RECORD, Sk

if Sk, <E[Skz| YR(kz-1)] then
| break

end

end
end

update (x*,y")

update PFAIL, R: (
end

return (x*,y")
Algorithm 3: RDMSS
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f(~)- objective function with computation oracle

RDMSS(a, 6, €)

Returns: y* = f(x°)

initialize PraiL, R, C
initialize overall result (X*, y*

Prai < 07

/.

T
Tl X ~ Uniform[X]

initialize WRECORD, Jr, kR

update (x’, y")
update praiL, R, C

Yes

jr < MRECORD ?

xj, — grad update[x’é”t)

update MRECORD, JrR, KR, Sk

No obtained

record?

update estimated local optimum

update nRECORD, E[Sk, | YRkp-1y ]

Figure 3.1: RDMSS(«, 6,€). Dashed line indicates additions to DMSS.
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Chapter 4

NUMERICAL RESULTS

In this chapter we subject Revised DMSS to a series of tests designed to address motivating
questions. Our primary task is to compare RDMSS and DMSS when equipped with a determin-
istic, gradient-based inner search, specifically, the Newton-Conjugate Gradient method. This
was original reason why we modified DMSS and so we prioritize the first set of experiments
to answer that question. The second set of experiments is designed to compare RDMSS as a
stand-alone framework against its local search method with no restarts. For example, if we fixed
the Newton-Conjugate Gradient method as the inner search for RDMSS, we would like to see
how RDMSS compares to a full run of the Newton-Conjugate Gradient method with its native
optimality condition. The purpose of this test is to observe a baseline comparison between
RDMSS, as a representative of the multi-start framework, against a purely deterministic opti-
mization method. Lastly, we aim to deduce the effects of dimensionality on RDMSS for the

Newton Conjugate-Gradient inner search method.

4.1 Performance: Multi-start Comparison (RDMSS vs. DMSS)

To tackle the primary objective, we first fix the inner searches of both DMSS and RDMSS to be
the Newton-Conjugate Gradient (NC-G) iterative unconstrained nonlinear optimization method.
RDMSS uses both nrecorp and E[Sk, | Yr(ky)] as its inner loop termination metrics while DMSS
only uses nReCORD-

We perform our experiments on several objective test functions where f : & < R> — R. We
fix & to be the subset of 5-dimensional Euclidean space upon which our oracle is defined. We
also fix both algorithm’s parameters as € = (0.01)°,8 =0.001, and a = 0.5. For each objective test

function, we plot 50 individual function histories of both DMSS and RDMSS, distinguished by
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color. The function history is simply a record of every time the algorithm used the computa-
tional oracle f(.) and what its output was. In other words, we are plotting every raw search iter-
ate across every inner loop until the algorithm is globally terminated. The objective test func-
tions we experimented were all standard test functions with known global optima. They are
the: Zakharov, Rosenbrock, Rotated Hyper-Ellipsoid, Styblinski-Tang, Shifted-Sinusoidal and
Centered Sinusoidal test functions, as specified in Appendix A.
For each test function, we observe the overall error between the returned solutions of DMSS/RDMSS

and the known global optimum. We also include several metrics which are typically used to

characterize the performance of multi-start algorithms on any given global run. These are:

1. Total number of restarts

2. Number of function evaluations required to reach the global optimum

3. Average number of raw search iterations per inner loop

4. Total number of function evaluations

For the set of all fifty runs per algorithm, we aggregate the above metrics as averages and we

also calculate

1. Ratio of runs that entered the e—target region to those that did not (success %)

These metrics are consolidated in Table 4.1.

4.1.1 Zakharov

In Figure 4.1 we notice that RDMSS is successful in reducing the number of overall function
evaluations and increasing the frequency of restarts. Additionally, it does not lose accuracy. All
of the RDMSS runs reach the global optimum as supported by the success rates given in Table
4.1. The plots in Figure 4.1 clearly show that RDMSS restarts much earlier than DMSS when

performing inner searches. In other words, the slope criterion makes the algorithm perform
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a restart much sooner, only giving each inner loop just enough time to sufficiently explore its
particular local search neighborhood and find an optimum. We hypothesize that for other test
functions, we will continue seeing a sharp reduction in the average number of inner loop itera-

tions.

4.1.2 Rosenbrock

The Rosenbrock test function, whose experiment is given in Figure 4.2, does feature a reduction
in the total number of function evaluations, but its average number of inner searches per inner
loop reduces too dramatically, at the cost of success rate. However, this is expected behavior.
The Rosenbrock function is “valley" shaped while the Zakharov function is “plate-shaped". The
initially “steep" descent to the global minimum at the origin followed by an increasingly “flat"
hyper-dimensional surface means that initially biased expected slope will admit a soft inflection
point. It is likely that the slope measurement is prematurely considered “bad" by the inner
search criterion and then activated as a result. To verify this, we take the same runs given in
Figure 4.2 and plot their sorted errors instead of their raw function histories, see Figure 4.3. Even
though the plot depicts a case of RDMSS being “too impatient", we note that the target region
for five dimensions is given by [-(0.01)°,(0.01)°] = [-1071%,10!°]. The RDMSS runs reach an
estimated optimum between 1073 and 107> (estimated visually), the difference in true optimum
f(x*) =0 and the estimated optimum f(%*) = 10> against the number of evaluations required
to reach an improvement is negligible i.e., corresponds to a near-zero slope and thus, decides
to terminate. It is clearer that objectives with “flattening” around a global optimum will exhibit

similar behavior.

4.1.3 Rotated Hyper-Ellipsoid

The Rotated Hyper-Ellipsoid function in Figure 4.4 is another example of RDMSS being too
aggressive in its inner search termination criteria. Like the Rosenbrock function, the Rotated

Hyper-Ellipsoid surface begins with a sharp drop-off and levels out as it reaches its global min-
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imum at the origin. In fact the Rotated Hyper-Ellipsoid function, also known as the sum of
squares function, is convex and defined on a relatively large domain [-65.536,65.536], which
once again supports the geometric argument presented in the previous analysis of the Rosen-
brock experiments. As in the previous experiments, we see a too sharp of a decrease in average

number of inner search iterations, leading to a 0 success rate, given in Table 4.1.

4.1.4 Styblinski-Tang

The Styblinski-Tang experiment shown in Figure 4.5 deviates from the previous three test func-
tions. We see that RDMSS actually takes “longer" to terminate globally and Table 4.1 shows that
RDMSS actually reduced the total number of restarts by nearly 1. Again, shape likely plays a role
here but herein lies the power of multi-start frameworks in general. Unlike the previous three
test functions, Styblinski-Tang is multimodal. Its overall shape is indeed roughly bowl-shaped
however the presence of local minima means that there are several inflection points which were
circumvented by restarts. This objective highlights the advantage of the slope metric as opposed
to the nrecorp metric as record-difference or “jump" (see Appendix B) magnitude becomes an
important variable by which the algorithm decides whether or not to traverse the domain, i.e.,

perform a restart.

4.1.5 Shifted Sinusoidal

The Shifted Sinusoidal experiments also yield promising results. It is not evident from Figure
4.6, but Table 4.1 shows that with a maintained average of 6 restarts, RDMSS was able to ar-
rive at the e—target region in fewer iterations and the average number of inner search iterations
was reduced along with the total number of function evaluations required for termination. The
success rates were identical, however. Once again, the shifted sinusoidal function is very mul-
timodal. It is at this time that we can start to formulate a conclusive hypothesis that RDMSS
performs better in multimodal settings since the slope criterion, which is directly correlated to

the gradient step-size, takes algorithmic precedence over the number of iterations required to
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terminate (i.e., ngecorp) allowing the algorithm to spend more time exploring the search do-

main and less time trapped in local search spaces.

4.1.6 Centered Sinusoidal

To reinforce the idea that the sharper inner termination criteria of RDMSS is advantageous
for multimodal functions, we also test the centered sinusoidal objective in Figure 4.7. Table
4.1 shows a similar pattern for both the shifted and centered sinusoidal functions, the average
number of inner loop iterations decreased and the total number of restarts remained constant,
resulting in less overall function evaluations. In this set of experiments, we experienced a slight
reduction in the overall success rate but, as with the Rosenbrock function, this is expected since

the e-target region is so small and our slope metric tends to zero.
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Multi-start Performance Comparison: Zakharov Test Function
105 ] l\' W

100 1

105 4

1010

10715 ‘

10720

Function Value

10725 -
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10730 » F |

—— Revised DMSS
—— Original DMSS
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Raw Search Index

Figure 4.1: Raw function histories for RDMSS (green) and DMSS (red) applied to the Zakharov
function
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Multi-start Performance Comparison: Rosenbrock Test Function
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Figure 4.2: Raw function histories for RDMSS (green) and DMSS (red) applied to the Rosenbrock
function
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Multi-start Performance Comparison: Rosenbrock Test Function
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Figure 4.3: Sorted function errors for RDMSS (green) and DMSS (red) applied to the Rosenbrock
function
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Multi-start Performance Comparison: Rotated Hyper-Ellipsoid Test Function
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Figure 4.4: Raw function histories for RDMSS (green) and DMSS (red) applied to the Rotated
Hyper-Ellipsoid function
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Multi-start Performance Comparison: Styblinski-Tang Test Function
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Figure 4.5: Raw function histories for RDMSS (green) and DMSS (red) applied to the Styblinski-
Tang function
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Multi-start Performance Comparison: Shifted Sinusoidal Test Function
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Figure 4.6: Raw function histories for RDMSS (green) and DMSS (red) applied to the Shifted
Sinusoidal function
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Multi-start Performance Comparison: Sinusoidal Test Function
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—— Original DMSS
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Figure 4.7: Raw function histories for RDMSS (green) and DMSS (red) applied to the Sinusoidal
function

Before moving on to the next experiment, we would like to present a consideration on the
Rosenbrock test function’s numerical results which was found upon doing a deeper dive into
why its results were so starkly different from the rest. Considering the form of the p in (3.3), the

assumed functional form of the range CDF of HASPLID that models DMSS, we find that
pyy=1-e V=1

for almost any positive y = 3. When evaluating across the domain of the Rosenbrock (recall
it's “valley-shape") in high dimensions, p(y) is far more likely to admit a value trivially close to

one, biasing the early iterates of the slope process and subsequently cause the expected slope
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avg. # of
function avg. # of # of
total # of
avg. # evaluations searches successes
Objective Method function
of restarts toreach  perinner out of
evaluations
e—target loop 50
region
Zakharov DMSS 8.08 69.6 19.78 159.74 50
RDMSS 9.56 19.92 9.40 108.1 50
Rosenbrock DMSS 4.10 91.36 36.91 150.18 50
RDMSS 14.90 N/A 4.10 61.08 0
Rotated
DMSS 5.88 44.12 15.17 88.46 50
Hyper-Ellipsoid
RDMSS 7.00 N/A 6.60 46.20 0
Styblinski-Tang ~ DMSS 5.90 24.43 15.74 92.44 0
RDMSS 5.00 49.00 24.56 122.78 13
Shifted
DMSS 5.94 35.69 14.36 85.02 39
Sinusoidal
RDMSS 6.16 29.28 12.58 74.14 39
Centered
DMSS 5.98 37.28 14.36 85.8 43
Sinusoidal
RDMSS 6.08 2791 12.85 75.66 34

Table 4.1: Figures generated for @ = 0.5,6 = 0.001 and € = (0.01)° for compact domain ¥ c RS
aggregated over 50 individual runs per method.
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Comparison of Performance - Rosenbrock Test Function
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Figure 4.8: Raw function histories for RDMSS (green) and DMSS (red) applied to the Rosenbrock
function in & < RS with p(y) = 1-e V'@

to be greater than it should be i.e., expect more aggressive improvements. In order to effectively
“scale" this function out in accordance to the high dimensionality of &', we attempted the same

experiment with the approximation
By =1-e/@"

for d = 5 and obtained the results in Figure 4.8. Immediately we see that RDMSS behaves almost
exactly like DMSS except, strangely, it looks as if RDMSS is taking longer than DMSS and which
is exactly the opposite of what it was built for.

However, upon further investigation, it is not strange at all. DMSS places an upper bound

on the fotal number of records per inner search while RDMSS places an upper bound on the
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number of records since the previously obtained record. This is a subtle but important distinc-
tion because it means that the ngrgcorp metric is only applied after the “rate" of the local search,
modeled by the slope, slows down.

In other words, by adjusting the scaling of the approximation function, we can effectively
turn RDMSS into DMSS. This opens up the possibility of dynamically adjusting how “econom-
ical" we want our algorithm to be with its computational expense when searching for local op-
tima. With no scaling, the most conservative case is RDMSS while, with a high scaling factor,

the least conservative case is DMSS.

4.2 Performance: Deterministic Comparison

To address our secondary objective, we test RDMSS equipped with NC-G as its inner search
against fifty unadulterated runs of NC-G with no stochastic restarts. The purpose of these tests
is to highlight the importance of multi-start and perform an analysis of the trade-offs that occur
in its use. Some of the factors we consider in our analysis include: computational expense,
accuracy of solution and “speed". Here we use “speed" to mean the average number of function
evaluations required to enter the e—target region.

The initial points for both algorithms are identical for each individual global run, this is done
by means of a fixed random seed. We use the same RDMSS parameters as stated in Section 4.1
and assign our test-function domains a dimension of 5. We run the experiment for the same set

of test functions as stated in Section 4.1.

4.2.1 Zakharov

The Zakharov function experiments depicted in Figure 4.9 show that the NC-G method is able to
approach the global optimum very quickly and accurately. We see that on several runs, RDMSS
is keeping up with NC-G and then suddenly restarts. Itis likely that at this point, RDMSS decides
thatitis no longer worth the negligible increase in accuracy to continue searching in the current

neighborhood and breaks from the inner loop to search a different local search domain. Despite
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the increase in number of evaluations required to reach the global optimum and the overall
number of function evaluations, the success rates of RDMSS and NC-G are both 100 %, see

Table 4.2.

4.2.2 Rosenbrock

The deterministic Rosenbrock experiments sing a very similar tune to the multi-start perfor-
mance experiments. RDMSS approaches the e—target region but determines that the relative
improvement is no longer worth the computational expense. However, as mentioned in the
previous experiment, there is a way to “scale" the termination condition for the slope via the
p. What is particularly notable about this experiment is that some of the randomly initialized
starting points of the N-CG runs were poor enough that the NC-G algorithm did not converge

to the e—target region 100 % of the time.

4.2.3 Rotated Hyper-Ellipsoid

The Rotated Hyper-Ellipsoid function, like the Rosenbrock function, has a shape that is not
conducive to the slope criteria that RDMSS uses as its primary inner optimization mechanism.
Unsurprisingly, its convexity is why NC-G has no trouble at all reaching the global optimum in

very few iterations.

4.2.4 Styblinski-Tang

The Styblinski-Tang function responded positively to this test as it did in the Multi-start perfor-
mance comparison. The NC-G method, although fast, was not accurate enough and seemed to

get trapped in local optimum over 90% of the time as per Table 4.2.

4.2.5 Shifted-Sinusoidal

The Shifted Sinuosidal function, like the multimodal Styblinski-Tang function, shows in Figure

4.14 why multi-start is necessary. We can clearly see that the NC-G method gets trapped in local
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optima the majority of the time while RDMSS’ restarts allow it to escape and eventually con-
verge to the correct target region. RDMSS presents a substantial increase in accuracy, obviously

at the expense of a greater number of function evaluations.

4.2.6 Centered Sinusoidal

The Centered Sinusoidal test function exhibits behavior similar to its shifted version. Once
again, we can clearly see that the NCG runs get trapped in local optima while the RDMSS runs

have a much higher probability of escaping. This is supported by the metrics in Table 4.2.
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Figure 4.9: Raw function histories for RDMSS (green) and NCG with no restarts (blue) applied
to the Zakharov function
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Deterministic Performance Comparison: Rosenbrock Test Function
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Figure 4.10: Raw function histories for RDMSS (green) and NCG with no restarts (blue) applied
to the Rosenbrock function
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Deterministic Performance Comparison: Styblinski-Tang Test Function
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Figure 4.11: Raw function histories for RDMSS (green) and NCG with no restarts (blue) applied
to the Styblinki-Tang function
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Deterministic Performance Comparison: Rotated Hyper-Ellipsoid Test Function
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Figure 4.12: Raw function histories for RDMSS (green) and NCG with no restarts (blue) applied
to the Rotated Hyper-Ellipsoid function
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Deterministic Performance Comparison: Shifted Sinusoidal Test Function
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Figure 4.13: Raw function histories for RDMSS (green) and NCG with no restarts (blue) applied
to the Shifted-Sinusoidal function
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Deterministic Performance Comparison: Sinusoidal Test Function
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Figure 4.14: Raw function histories for RDMSS (green) and NCG with no restarts (blue) applied
to the Sinusoidal function

4.3 Scalability: Effect of dimension on performance

Our last question pertains to the robustness of the RDMSS algorithm. In particular, we de-
vise tests to analyze the effects of dimension of the compact domain & on the performance of
RDMSS, specifically the error between the estimated global optimum and the known solution.
We expect the algorithm to lose accuracy with dimension as numerical error compounds more
and more significantly. In order to determine whether or not this is the case, we test RDMSS
with parameters € = 0.0)%, @ = 0.5 and & = 0.001 where d € {5,15,25,50}. We execute 50 global
runs per dimension and plot the function histories on the same axes. In these experiments,

we plot only a subset of the previous six objective tests, choosing only the Zakharov, Rotated
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avg. # of
function total # # of
evaluations of successes
Objective Method
to reach function out of
e—target  evaluations 50
region
Zakharov NC-G 11.64 11.66 50
RDMSS 19.92 108.10 50
Rosenbrock NC-G 37.33 47.36 43
RDMSS N/A 61.08 0
Rotated Hyper-Ellipsoid  NC-G 10.88 10.90 50
RDMSS N/A 46.20 0
Styblinski-Tang NC-G 6.67 8.50 3
RDMSS 49.00 122.78 13
Shifted Sinusoidal NC-G 7.33 8.24 12
RDMSS 29.28 74.14 39
Sinusoidal NC-G 7.00 8.50 15
RDMSS 35.90 78.50 41

Table 4.2: Deterministic performance comparison for ¢ =0.5,6 =0.001 and € = (0.01)° for com-
pact domain & < R® aggregated over 50 individual runs per method.
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Hyper-Ellipsoid and Styblinski-Tang functions as these were the ones that yielded visually no-
table results.

One important consideration is that in our previous experiments, we plotted raw function
histories i.e., each function evaluation was plotted in chronological order. For the scalability
tests, we plot sorted function histories. This is simply to illustrate an overall trend that persists
per dimension. Additionally, the sorted function history is a better overall representation of the
global algorithm since, at the outer loop level, the global estimate is non-increasing. This was
inappropriate for performance tests as illustrating the restarts was an important consideration.

In the plots that follow, restarts will not be visible.

4.3.1 Zakharov

Once again we begin our experiments on the Zakharov test function. The economical use of
computation that we observed for the Zakharov function during the multi-start and determin-
istic comparison tests begins to lead to problems in accuracy as dimension increases. What we
can see from Figure 4.15 is that as dimension increases, the RDMSS algorithm must overcome
increasingly larger “humps". Clearly, by the form of the Zakharov function (see Appendix A),
we notice that the objective function values increase logarithmically, which means that the “in-
flection error" that was alluded to in Section 4.1 compounds logarithmically as well, creating
sharper bounds on the expected slope metric. This is why we can see most of the runs in higher
dimensions getting stuck, with fewer and fewer “breaking through". Additionally, for higher di-
mensions, even the runs that do break through their respective humps do not come close to
an acceptable target region relative to their dimension. However, this may be a problem with

NC-G itself.

4.3.2 Rotated Hyper-Ellipsoid

RDMSS did not converge to the target region for Rotated Hyper-Ellipsoid function in any of the

tests. However, it is of interest to visualize the linearity in error as dimension scales evident
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from Figure 4.16. We can see that the sorted function histories “cut off" at increasingly higher
objective function values which suggests that the performance of RDMSS stays relatively static
and we could, once again, be seeing the effects of dimensionality on NCG itself as opposed to

RDMSS.

4.3.3 Styblinski-Tang

Lastly, we observe the special case of Styblinski-Tang, which RDMSS performed well on. What
is notable about the Styblinski-Tang objective is that its global optimum depends on dimension
of the domain (see Appendix A). Although it is difficult to see on the logarithmic scale, the global
optimum is —39.16599 - d where d = dim(%Z’). Hence, RDMSS does indeed approach the global
optimum as dimension increases with an interestingly static number of function evaluations.
However, we see that the accuracy begins to suffer once we go higher than dimension 15. Once
again, the inherent “impatience" of our algorithm does not care for small relative improvements

and chooses to terminate earlier than required to reach the appropriate e—target region.
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Effect of Dimensionality on Performance: Zakharov
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Figure 4.15: Sorted function histories for RDMSS in dimensions d € {5,15,25,50} applied to the
Zakharov function
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Effect of Dimensionality on Performance: Rotated Hyper-Ellipsoid
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Effect of Dimensonality on Performance: Styblinski-Tang
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Chapter 5

CONCLUSION

In this thesis we consider a particular class of black-box optimization methods known as
multi-start frameworks. A key question in multi-start methods is: how many inner loops (local
optimization problems) to initiate and when to terminate (restart). The Dynamic Multi-start
Sequential Search (DMSS) algorithm and its conceptual model, Hesitant Adaptive Search with
Power-Law Improvement Distribution (HASPLID), addresses these questions but was not tested
for a deterministic, gradient-based inner search. It was speculated in early observations that
DMSS would perform inefficiently in such cases.

This fact motivated the main subject of the thesis, called the Revised DMSS (RDMSS) frame-
work. In RDMSS, we introduce a new inner loop termination criterion based on the consistent
incremental improvement of local search records in addition to the time between records that
was already developed in DMSS. The new termination condition is devised by analyzing a new
stochastic process called the record improvement slope process which is based on HASPLID. We
proved distributional properties of the slope process and derived a closed-form expectation.
This expectation allowed us to define the metric that would become part of RDMSS’ inner ter-
minating criterion.

Upon designing the revised framework, we subjected it to a series of experiments to answer
three questions. The first was: how does RDMSS compare to DMSS for gradient-based inner
searches, specifically with respect to computational expense? We demonstrated an empirical an-
swer to this question in the case of the Newton-Conjugate Gradient method for the inner search
applied to six test functions.

The Rosenbrock and Rotated Hyper-Ellipsoid test function experiments were indicative of a

reduction in accuracy at the expense of too aggressive of a decrease in inner loop termination



58

time. In four of the six test functions, RDMSS performed better than DMSS in terms of success
rate and overall computational expense (total number of function evaluations). We found that
the performance was sensitive to the shape of each specific test function. Intuitively, objective
functions that experience a “flattening" around the global optimum will ¢rick the inner termi-
nation criterion into terminating prematurely and thus will not allow enough time to enter the
e—target region. The Zakharov function is a notable exception due to its “plate-shape", meaning
that the objective’s entire hyper-dimensional surface is flat and thus the expected slope admits
a less aggressive bound, allowing the algorithm to enter the e—target region.

The multimodal test functions, Styblinski-Tang, Shifted and Centered Sinusoidal, on the
other hand, did in fact produce the predicted outcome. Namely, the Styblinski-Tang experi-
ments showed that RDMSS was able to enter the e—target region 26% of the time as opposed
to DMSS’ 0 %. Additionally, it was able to do so in less overall restarts on average. The Shifted
Sinusoidal function maintained its number of restarts but reduced the average number of in-
ner search iterations and converged to the global optimum in fewer overall function evalua-
tions while maintaining accuracy. These positive results support the hypothesis that RDMSS’
more conservative slope metric was successful in reducing the overall computational expense
for functions with many local minima.

In answering our second question, we sought to compare RDMSS to NCG with no restarts to
illustrate a benchmark performance for multi-start as opposed to algorithms with no restarts.
We found that clearly deterministic methods are far superior in terms of success rate and com-
putational expense for the case of unimodal objectives. RDMSS, a multi-start method, is far
superior for multimodal cases. What is interesting to note is that the rates at which both meth-
ods converge to the e—target region is comparable, even for unimodal cases.

Lastly, we stress-tested RDMSS in high dimensions. We focused on the Zakharov, Rotated
Hyper-Ellipsoid, and Styblinski-Tang test functions. All three tests supported the dependency
of RDMSS’ performance on modality of the objective test function with the scalability tests of-
fering an extra insight about the potential drawbacks of gradient-based inner searches in gen-

eral. For example, the Rotated Hyper-Ellipsoid test function was not amenable to the RDMSS
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algorithm and yet its error grew linearly as dimension increased. This suggests that the NC-G

algorithm itself may be contributing to the weaker performance in high dimensions.

Finally, we close our discussion with potential future work. For further modification of the
inner search in RDMSS, one can focus on the dynamic behavior of the expected slope metric as
regulated by a scaling factor in the p approximation function for the CDF of the range measure
p in HASPLID. Modifying the algorithmic precedence of the nrrcorp inner termination criteria
could also yield interesting results. Lastly, modifying the outer search to be a more exploitative
method, such as the Gaussian Process in SOAR, could improve its performance. However, this
would require a re-derivation of all the outer termination metrics as their expressions all assume

independence, which would no longer hold in the case of dependent restarts.
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Appendix A
OBJECTIVE TEST FUNCTIONS

Note that d denotes the dimension of &', the domain of the respective test function f.

1. Zakharov Function

d d 2 (a4 4
fo)= Zx§+(z o.5ix,-) +(Z o.5ix,-) A1)
i=1 i=1 i=1
with domain & = [-5,10]% and f(x*)=0forx* =(0,0,---,0).
. Rosenbrock Function
d
) =3 (1000xi1 = x)% + (x; = 1)?) (A.2)

i=1
with domain & = [-2.048,2.048]% and f(x*)=0forx*=(,1,---,1).

. Rotated Hyper-Ellipsoid
d i

f=) ) (A.3)
i=1j=1

with domain & = [-65.536,65.536]¢ with global minimum f(x*) = 0 for x* = (0,0,---,0).

. Styblinski-Tang

1 5
fo=3 (x} = 16x% +5x;) (A.4)

i=1
with domain & = [-5,5]% and global minimum f(x*) = —39.16599 - d at x* =

(—2.903534, -+, —2.903534).
. Shifted Sinusoidal
d d

f(x) ==2.5]]sin(x; + 60) — [ | sin(5(x; + 60)) (A.5)

i=1 i=1

with domain & = [-90,90] and global minimum f(x*) = —3.5 at x* = (30,30, --,30).



6. Centered Sinusoidal

d d
f(x) = =2.5]]sin(x; +90) — [ | sin(5(x; +90))
i=1 i=1

with domain & = [-90,90]¢ and global minimum f(x*) =-3.5at x* =(0,0,---,0).
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(A.6)
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Appendix B
RECORD VALUE THEORY

A standard record value process is given by (Xi)xen Which are i.i.d. to X with CDF F. An
observation X; is called a lower-record value or record if X; < X; for all i < j. Note that this is
equivalent to the definition of an order statistic. Assuming discrete-time, our index set {k € N}
denotes the chronology in which our observations (X;) appear.

Thus, the record time sequence, (R(k)) xen is defined by:
RO)=1 wp.]1

and

R(k) = mln{] : X] < XR(k)—l}

for k = 1. This is simply the collection of indices upon which records appear. Note that each
R(k) is itself a random variable. Note: In general, it is assumed that the process (Xi) does not
admit an unbreakable record i.e., X; does not have a lower bound. However, in the context of
optimization, existence of an optimum clearly indicates admittance of an unbreakable record,
namely, the optimal value itself.

The record incrememt process {Yrx) — Yr(k-1), k = 1}, sometimes called a jump process [1], is
defined as above where Yr(1) — Yr() = Yrq) since we initialize the Oth record at co. Of similar im-
portance is the the inter-record time sequence {R(k) — R(k—1), k = 1}. If (Xj) arei.i.d continuous

random variables, [1] names this setting the classical record model.
B.1 Classical Record Model

What makes the classical record model work is the assumption that observations are ex-

ponential. If X = (X;) ~Exp(1) random variables then the lack of memory property yields
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{Yri — Yr(k-1), k = 1} ~Exp(1) and thus,
Yro ~ Glk+1,1). (B.1)
Further, if X has a continuous CDF F, then
H(X):=-log(1-F(X)) (B.2)

is the distribution of the standard exponential random variable. Now, since the sequence of
records is monotone, we can obtain the following expression:
n

P(Ygay >r) =" - Y (r)F/k, r*>0. (B.3)
k=0



