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G R A P H I C A L A B S T R A C TH I G H L I G H T S

• A methodology that enables the direct 

3D printing of flat, curved, and 3D struc­ 

tural networks with self-programmed 

tension gradients.

• The method accounts for the mechanistic 

interplay between geometric and ma­ 

terial properties throughout fabrication 

and assembly.

• The required shape, stability, and com­

pliance design objectives of a network 

can be realized and maintained automat­ 

ically upon assembly, eliminating the 

need for undesirable force calibration of 

each structural element.

• A self-programmed tension gradient 

methodology for direct 3D printing of 

flat, curved, or 3D structural network.
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A B S T R A C T

Each element in tensioned structural networks—e.g., tensegrity or architectural fabrics—requires a specific ten­ 

sion to achieve the desired shape and stability. These structures are challenging to manufacture, 3D print, or 

assemble because flattening them during fabrication introduces multiplicative inaccuracies in the final tension 

gradients. We overcome this challenge by offering an algorithm for direct 3D printing of such networks with 

programmed tension gradients, analogous to the spinning of spiderwebs.

The algorithm: (i) defines the desired network and prescribes its tension gradients; (ii) converts it into an 

unstretched counterpart by optimizing element lengths and converting straight elements into arcs; and (iii) de­ 

composes the network into printable toolpaths; with the option to: (iv) flatten curved 2/3D networks to ensure 

printing compatibility; and (v) automatically resolve unwanted crossings introduced by flattening. Experimental 

validation is achieved using 2D unit cells with <1.0 % strain error in the tension gradients. The method remains 

effective for networks with a minimum element length of 5.8 mm and a maximum stress of 7.3 MPa. Fabricating 

complex cases is demonstrated for flat spiderweb, curved mesh, and tensegrity networks. The method represents 

a stepping-stone toward developing compact, integrated cable networks and orthotic devices with programmable 

moment-exerting structures.
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1 . Introduction

In any tensioned membrane structural system, precise tension levels 

between individual elements are critical to achieving and maintaining 

the desired stability, compliance, and geometry. While historically ap­ 

plied in civil engineering contexts such as lightweight catenary systems 

and tensioned fabric roofs [1–3], these systems now demonstrate signif­ 

icant potential across emerging domains. For example, recent advances 

include assistive wearables for medical rehabilitation [4], enhanced 

actuation in soft robots [5–7], tensegrity networks for lightweight 

robots [8–11], structural health monitoring [12], and adaptive systems 

for space debris removal [13–16]. In all applications, cable tension dis­ 

tribution is fundamental, not only for maintaining structural integrity 

but also for defining dynamic behaviors, such as natural frequencies 

and deflection modes [17,18]. Nevertheless, achieving a precise ten­ 

sion distribution in such structures remains a persistent challenge due to 

two main engineering limitations: (1) tension often only emerges after 

the application of external loads, rather than being inherent in the ini­ 

tial fabrication, and (2) conventional fabrication methods are inefficient 

and may fail to produce consistent or optimal prestress states [19–21]. 

These limitations are especially pronounced in miniaturized or thin 

systems, where minor deviations in prestress can cause unintended 

substantial variations in the mechanical performance. Inspired by the 

tensioning process in spiderwebs, the authors developed and experimen­ 

tally validated an algorithm to engineer self-tensioning elements within 

3D-printed membrane/mesh networks that overcome these limitations.

1.1 . Challenges and recent advancements

Despite advances in optimization techniques for defining the tension 

of structural elements, realizing the intended tension state during manu­ 

facturing remains technically difficult [23]. This is because construction 

often requires jigs, multiple people, or time-consuming assembly of 

individual components. Assembly solutions can limit passive cable con­ 

trol or require active cable control [24–26]. Additive manufacturing 

has offered a promising route to fabricating small, prestressed struc­ 

tures and has been used to produce tensegrity lattices with tunable 

band gaps and dynamic properties [27,28]. Parallel developments in 

3D knitting have further enabled localized tailoring of mechanical re­ 

sponses by varying material composition and patterning [29,30]. While 

notable progress has been made in 3D printing and 3D knitting, both 

approaches exhibit inherent limitations. In current fully automated 3D 

printed tensegrities, designed tension states emerge only after an ex­ 

ternal load is applied [27,28,31]. These automated methods aim to 

overcome the labor-intensive nature of piecewise fabrication, where 

cables and bars are assembled separately. However, the as-printed struc­ 

tures are typically unstressed. In contrast, 3D knitting allows fully 

automated fabrication of complex, deformable structures, but requires 

more costly equipment than widely available 3D printers. Several efforts 

have explored 3D printing prestressed structures using Fused Filament 

Fabrication (FFF), including strategies that involve post-processing to 

remove sacrificial molds [17,31,32]. Still, a scalable method to di­ 

rectly manufacture tension-programmed networks remains a persistent 

challenge.

1.2 . Why spiderwebs-inspiration?

Spiderwebs are natural networks designed for tunable tension gra­ 

dients. For instance, the typical tension ratio in an orb web between 

its anchor threads, frame threads, and radii is approximately 10:7:1 

[33], see Fig. 2. Spiders build these structures in a matter of hours 

by sequentially laying down continuous elements such as bridging 

threads, primary/secondary frames, radii, sticky spirals, and a cen­ 

tral hub [34,35]. This remarkable fabrication approach of a tensioned 

structure is created seamlessly, with the spider constantly maintaining 

the desired tensions as it builds. While spiderwebs are built strand by 

strand under tension, the networks we propose are fabricated in an 

Fig. 1. Conceptual illustration of how a 3D printed tensioned network with 

programmable tension gradients could be applied to a custom, patient-specific 

compression cast. The steps to automatically manufacture them consist of 1) 

designing a network with a tension gradient; 2) flattening it; 3) finding the net­ 

work’s unstretched counterpart that will result in the target design and tension 

gradient when the patient wears the compression cast; 4) decomposing the cast 

into continuous paths; and 5) 3D printing the structure. The full implementation 

is openly available on GitHub [22].

Fig. 2. A 3D-printed spiderweb-like structure suspended in a frame. The web 

incorporates design features commonly observed in spider orb webs. These fea­ 

tures are annotated in the figure according to the nomenclature reported by 

Zschokke et al. [36].

unstressed state and only take on their designed tensioned shape upon 

application. Nonetheless, they are similarly constructed as a continuous 

path—making them well-suited for extrusion-based 3D printing.

1.3 . Approach

In this study, we presented a method for manufacturing network 

structures with programmable tension gradients using accessible 3D 

printing, thereby overcoming the limitations mentioned above. The ap­ 

proach is also explained graphically in Fig. 1. Desired tension networks, 

for example, were designed using the Force Density Method (FDM). 

Although 3D printing a network in its equilibrium shape produced the 

correct geometry, it would not achieve the intended tension distribution. 

Therefore, the network was converted into an unstressed counterpart 

that attained the desired shape and tension after assembly. To manufac­ 

ture systems similar to orb spider webs, the network was decomposed 

into continuous printable paths. The approach was not limited to planar 

networks such as spider webs; procedures were also provided to flatten 

curved 2D (2.5D) or fully 3D structures. The novelty of our method is 
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reported in this study, which is fundamentally different from 3D knit­ 

ting, as programmable deformation was achieved by tuning the tension 

in individual edges rather than by adjusting local material properties.

1.4 . Impact

Our tension programmable method for structural networks opens the 

door to impactful, real-world applications. One of the clearest oppor­ 

tunities lies in the design of compression casts or splints. Traditional 

materials, such as plaster and fiberglass, are rigid and non-adjustable, 

often resulting in excessive pressure that requires valving [37] or com­ 

plete recasting [38]. In contrast, our approach enables compression to 

be actively and locally tuned by embedding programmable tension gra­ 

dients during fabrication. When combined with a ratcheting system or 

control cable, it becomes possible to design splints that adapt to the pa­ 

tient over time—improving comfort and reducing the need for medical 

intervention. Because our method is compatible with low-cost 3D print­ 

ers, these devices can be manufactured locally, in homes or community 

spaces, enabling affordable and patient-specific care.

A second application area is wearable robotics. Devices like cable-

driven exosuits (e.g., CAREX [39] and CRUX [4]) depend on tensioned 

elements to transmit forces and assist movement. Our method directly 

encodes these elements with programmable stiffness and directional 

force transfer, thereby reducing complexity and enabling more compact, 

lightweight designs. The ability to print such structures without bulky 

knitting machines further expands access to research, prototyping, and 

personalized solutions in rehabilitation and assistive technologies.

Stress relaxation is a known limitation in 3D-printed polymers and 

tensioned elements, leading over time to gradual force decay and loss 

of prestress. While our method cannot eliminate stress relaxation, this 

effect is inevitable for most polymers, and its rate and magnitude can 

be managed through design—by over-tensioning, embedding reinforce­ 

ment, or scheduling periodic re-tensioning, as is standard practice in 

both medical and robotic applications [40]. For most short-term appli­ 

cations (e.g., wearable orthoses, temporary supports, rapid prototyping), 

stress relaxation does not undermine initial utility, and long-term utility 

can often be maintained with simple manual adjustments. Similarly, un­ 

der cyclic loading, 3D printed TPU quickly reaches a steady-state stress– 

strain response after initial degradation. While this work used pristine 

material properties, future designs could adopt these steady-state values 

to better represent long-term behavior [41].

Additionally, our method can be applied to deployable space sys­ 

tems [42] in which tensioned cables are used to support the deployment 

process itself, but are not required to maintain the structure under 

operational loads. Examples include deployable booms, reflectors, or 

antennas where cable tension ensures reliable transformation to the fi­ 

nal shape, after which the main structure is rigidized or locked, and 

the cables may relax or even be removed. This capability reduces mass 

and complexity compared to traditional assembly, broadening the util­ 

ity of programmable tension networks in aerospace and field-deployable 

systems.

Finally, this methodology is particularly well-suited for rapid proto­ 

typing of tensioned cable systems. Even when a different manufacturing 

or assembly method is ultimately chosen for the final product, the ability 

to quickly and accurately realize programmable prestress and direc­ 

tional force transfer in a single printed network enables rapid iteration 

on routing, stiffness gradients, and deployment strategies before com­ 

mitting to costlier processes. This reduces design risk and accelerates 

translation for applications ranging from medical wraps to deployable 

mechanisms, where early-stage verification of tension fields and load 

paths is a primary bottleneck.

This article is structured as follows. In Section 2, the applicability of 

the method to three cases is detailed; namely, a 2D spiderweb-inspired 

network (Section 2.1), a 2.5D moment-exerting mesh (Section 2.2), and 

a 3D tensegrity system (Section 2.3). In Section 3, the method’s steps 

for designing, processing, and manufacturing network structures are 

described. A Python code accompanying this paper is publicly available 

to reproduce the results and test its applicability to other networks [22]. 

The method’s experimental validation and limitations are described in 

Section 4. The results and conclusions are provided in Section 5.

2 . Results

In this section, we demonstrate three cases of structural networks 

manufactured using the proposed method. Case-1 was an orb spider web 

to illustrate nature-tensioning in a 2D network. Case-2 was a moment-

exerting mesh for a medical arm compression, which was a 2.5D 

network. Finally, Case-3 was a 3D tensegrity network to demonstrate 

the applicability of our method to a complex structural system.

2.1 . Case-1: spider web

A spider web was the source of our inspiration due to its ingenious 

tension-gradient approach to realizing its remarkable, highly specialized 

structural network. Using the proposed method, spiderweb-like struc­ 

tures were fabricated with controlled tension distributions that closely 

mimic those of real webs. The structure presented here follows av­ 

erage design variability as measured by Vollrath et al. and Rhisiart 

et al. [43,44], with modeled tension gradients based on measurements 

by Wirth et al. [33]. The designed orb web with tension gradient and its 

unstretched printable counterpart are depicted in Fig. 3.

Fig. 3. a) A spiderweb-like network is designed using the Force Density Method. The color of the edges indicates the tension in Newton. b) An unstretched counterpart 

of the web with arcs before 3D printing. Post-processing involves adding eight connection loops and manually modifying a hole at the center to prevent material 

aggregation.

Materials & Design 261 (2026) 115281 

3 



T.C.P. Masmeijer, C.C. Swain, J.R. Hill et al.

The target geometry was initially generated using the force density 

method, detailed in Section 3.1. Converting the target geometry into an 

unstretched counterpart involved three steps: relaxing the vertices, scal­ 

ing down the web, and converting edges into arcs with target arc lengths. 

Details are provided in Section 3. The final network was decomposed 

into continuous paths that mimic the building steps of real spider webs: a 

central hub spiral, a catching spiral with a U-turn, a primary frame, eight 

secondary frame sections, and eight anchor threads. Descriptions of the 

web sections are illustrated in Fig. 2. Methods for decomposing networks 

into continuous paths are detailed in Section 3.3.1. The 3D-printed re­ 

sult, suspended in a customized frame, is shown in Fig. 2. Optimization 

convergence was achieved after 1852 iterations with a final error, 𝜖 1852 

, 

of approximately 0.153 (using a damping parameter 𝛽 = 0.1 and an op­ 

timization convergence tolerance 𝜏 = 10 

−6 ). The web was scaled by a 

factor 𝑠 = 0.993; the underlying rationale is described in Section 3.2. 

The web was fabricated in 14 min.

The successful printing of this web-like structure demonstrated that 

complex, highly connected networks could be constructed directly and 

automatically using our method. The capability to integrate tension gra­ 

dients into spider web-like structures distinguished our approach from 

experimental studies on artificial spider webs [45,46], which focused 

on geometry and material properties but did not account for appropri­ 

ate tensions. Quantitative validation was performed using simple unit 

cells (Section 4).

2.2 . Case-2: moment-exerting mesh

Tension gradients in a network can be designed to deform and exert 

loads in desirable ways. To demonstrate this, a moment-exerting mesh 

of a thin-walled cylinder was presented. The surface of the thin-walled 

cylinder under bending experiences stress, which can be described by

𝜎 bending = 𝑀𝑅 cos 𝜃
𝐼 

, (1)

where 𝑀  is the bending moment, 𝑅 the radius, 𝜃 the circumferential 

angle, and 𝐼  is the second moment of area.

To replicate this stress distribution, the cylinder was unwrapped into 

a flat sheet and discretized using 𝑛 𝑥 = 35 vertical and 𝑛 𝑦 

= 32 horizontal 

members, as shown in Fig. 4, ensuring that all edge lengths exceed those 

used in the validation study. In a post-processing step, the left and right 

sides were connected using a nylon wire that alternately passed through 

the gaps on both sides and was secured with a knot. The force density 

of the vertical edges was varied as a function of 𝜃 using

𝑞(𝜃) = 𝑞 

0 + Δ𝑞 sin(𝜃), 𝑞 𝑖 

= 𝑞(𝜃 𝑖), 𝜃 𝑖 

= 

2𝜋𝑖 

𝑛 𝑥
, 𝑖 = 0,… , 𝑛 𝑥 

− 1. (2)

Fig. 4. Moment exerting wrap. a) The network tension gradient of an unwrapped cylinder is used to generate, b) a design file of the network after optimizing the 

edge lengths, then to 3D print c) the network of the cylinder mesh using 3Dn nScrypt.

Fig. 5. Moment exerting wraps on balloons next to unloaded balloons. (a) Two 

wraps in the same orientation, resulting in a U-shape. (b) Two wraps in opposing 

directions, resulting in an S-shape.

with 𝑞 

0 = 0.16 N/mm, and Δ𝑞 = 0.076 N/mm. Horizontal elements 

were assigned a constant force density of 0.035 N/mm. Boundary ver­ 

tices were fixed. The resulting network is shown in Fig. 4(a). To ensure 

sufficient stiffness, vertical members were printed with three layers of 

filament. The designed mesh was relaxed, scaled down, and the edges 

were turned into arcs, as detailed in Section 3.2. The optimized shape 

is shown in Fig. 4(c). The mesh was relaxed using a damping 𝛽 = 0.7 

and convergence tolerance 𝜏 = 10 

−6 . After 1703 iterations, the shape 

converged with an error of 𝜖 1703 

= 0.017, and the mesh was scaled by a 

factor of 𝑠 = 0.996. Fabrication of the mesh was completed in 26 min.

To enable physical testing, loops were added at the top and bottom of 

each vertical strand, allowing a metal ring to pass through. When applied 

to a balloon, the wrap produced a directional moment: two wraps in the 

same direction generated a U-shape, while opposing directions yielded 

an S-shape (see Fig. 5).

This approach demonstrates how stress gradients can be embed­ 

ded into a 3D printed network to control out-of-plane deformation. 

Parallel developments in 3D knitting have shown that local pattern­ 

ing can tune the mechanical response in soft robots and assistive 

gloves [29,30]. Our method achieves a similar outcome, but through 

force-based optimization and filament deposition, offering a distinct 
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Fig. 6. a) Graphical image of the expandable octahedron (red: struts, blue: 

cables) and b) the assembled tensegrity.

working mechanism. Potential applications include customizable com­ 

pression casts or splints with locally adjustable tension [37,38]. 

2.3 . Case-3: tensegrity system

Printing 3D cable networks suspended in the air is typically not 

feasible using planar 3D printing techniques, such as FFF. Instead, a 

network must first be flattened while preserving its topology, which 

is particularly challenging when the network is spatially complex and 

densely connected, as is the case in tensegrity structures. Flattening can 

introduce internal crossings between edges that were not originally in­ 

tersecting in 3D space. These crossings must be identified and resolved 

to preserve the intended topology (see Section 3.4 for details). Note that 

the flattening and crossing resolution steps are automated to ensure the 

method can be scaled to more complex networks.

To showcase this challenge, a classic tensegrity structure is manu­ 

factured: the expandable octahedron [47]. This structure includes an 

intricate 3D cable network, making it a good candidate for validating 

the flattening and intersection-resolution methods. It consists of three 

parallel pairs of struts connected by 24 cables, forming a symmetric, 

force-balanced configuration. 

The force density method is a useful tool for designing tensegrity 

structures, but not every set of force densities results in a stable config­ 

uration. Previous work has shown that the force density ratio −𝑞 strut = 

1.5𝑞 cable did not result in a stable system where each cable and each 

strut has equal lengths, and the length ratio between struts and cables 

was 1.632 [48–50]. The designed structure is depicted in Fig. 6(a) (an 

animation is available in the supplementary material). For a strut length 

of 80 mm and a cable stress of 7.5 MPa (∼ % strain), the resulting force 

densities were −0.018 for struts and 0.012 for cables.

The tensegrity was fabricated in two steps: struts were printed using 

PETG, and the cable network was made from TPU. Due to the signif­

icantly higher stiffness of PETG and the larger cross-sectional area of 

the struts compared to the cables, the strut deformation was neglected: 

𝑙 

0 = 𝑙 

1.

The cable network was flattened using a polar coordinate trans­ 

formation, and intersecting edges were resolved before optimization. 

The designed and fabricated tensegrity networks are shown in Fig. 6. 

Flattening the cable network had the side effect of introducing addi­ 

tional crossings. These additional crossings were automatically resolved 

using the methods described in Section 3.4. 

Optimization was performed with parameters 𝛽 = 0.1, 𝜏 = 10 

−6, 

yielding a final error 𝜖 1907 

= 1.7 × 10 

−4 . The network was scaled down 

by a factor of 𝑠 = 0.9999. The tensegrity was manufactured in 1 minute 

and 7 s.

Programmable tensegrity structures such as this could support ap­ 

plications in cable-driven exosuits, such as CAREX [39] or CRUX [4], 

where tunable stiffness and force transmission are critical. 

3 . Methods

This section discusses methods for manufacturing 3D-printed net­ 

works with programmable tension. We detail the methods for (i) 

defining the goal network using the force density method; (ii) converting 

this goal network into an unstretched counterpart; (iii) transforming the 

network into a 3D printing compatible structure; (iv) flattening 2.5D/3D 

networks; and (v) accounting for unwanted crossings. Steps (i) and (ii) 

are also described graphically in Fig. 7, step (iii) in Fig. 8, and steps (iv) 

and (v) in Fig. 9. 

3.1 . Form-finding

Tensioned structural networks are typically defined using a form-

finding technique: the force density method [51]. This technique was 

developed to design tensioned networks with equilibrated structures for 

given boundaries and topologies [52], such as tensioned roofs (e.g., the 

Munich Olympic Stadium roof (1972) [53] and fabric formwork systems 

for the construction of curved concrete shells [54]). The force density 

method linearizes the static force equilibrium equations, enabling the 

fast form-finding of networks with desired shapes and tension gradients. 

First, the topology of a network containing 𝑀  edges and 𝑁  vertices is 

described by an 𝑀 × 𝑁  connectivity matrix 𝐶 𝑠 

: 

𝐶 𝑠(𝑖, 𝑗) =

⎧ 

⎪ 

⎨ 

⎪ 

⎩ 

+1 if edge i starts at vertex j 
−1 if edge i ends at vertex j 
0 in the other cases.

(3)

Next, a force density 𝑞 𝑖 

 is assigned to each 𝑖-th edge in the network, 

where 𝑞 𝑖 

 represents the ratio of tension 𝐹 𝑖 

 to stretched length 𝑙 𝑖 

 of the 

edge, as 𝑞 𝑖 

= 𝐹 𝑖 

∕𝑙 𝑖. Vertices are divided into free x and fixed x 𝑓 

 vectors. 

Optionally, an external load vector p can be applied at x. The free vertex 

coordinates x can be found by solving 

x = 𝐷 

−1 

( 

p − 𝐷 𝑓 

x 𝑓 

) 

, with 
𝐷 = 𝐶 

𝑇 𝑄𝐶, and 
𝐷 𝑓 

= 𝐶 

𝑇 𝑄𝐶 𝑓 . 

(4)

where 𝑄 represents the diagonal matrix of force densities 𝑞 𝑖 

. The full 

connectivity matrix is divided into free and fixed columns according 

to 𝐶 𝑠 

= [𝐶 𝐶 𝑓 ]. The tension in each edge can be determined using 

𝐹 𝑖 

= 𝑙 𝑖 

𝑞 𝑖. Optionally, a user can update the force densities in a network 

until the desired shape and tension gradient are achieved. If required, a 

nonlinear force density method can be used to incorporate constraints 

on the network’s node locations, tensions, edge lengths, or any desired 

combination of these. A network that meets these constraints is found 

by employing numerical optimization [53]. The force density method 

does not require a constitutive model for form-finding. The unstretched 

lengths of the edges, 𝑙 

0 , are determined only after form finding, based 

on the engineering strain relationship and the general stress definition. 

These quantities are computed independently for each edge: 

𝑙 

0
𝑖 = 

𝑙 𝑖
1 + 𝜖(𝜎)

, where 𝜎 𝑖 = 

𝐹 𝑖 

𝐴 𝑖
. (5)

This calculation requires a constitutive model, 𝜖(𝜎) ∶= 𝑓 (𝜎), and the 

cross-sectional areas 𝐴 of the edges. An Ogden hyperelastic material 

model is constructed from tensile tests, and the cross-sectional area is de­ 

termined by printing a 36 m continuous fiber and measuring the amount 

of filament used (more info in Appendix A). 

3.2 . Network optimization, scaling, and arc generation

Printing the equilibrated form directly would result in the correct ge­ 

ometry, but without tensions. To ensure the designed tension gradient, 

each edge in the network must be manufactured with the unstretched 

lengths 𝑙 

0 . The first step toward achieving this is by numerically opti­ 

mizing the vertex locations.

The optimization problem is highly coupled since adjusting the co­ 

ordinates of a vertex to satisfy one length constraint inevitably affects 

the lengths of neighboring edges. This coupling makes the optimiza­ 

tion procedure challenging, as a coordinate update in one iteration can 
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Fig. 7. a) A unit cell topology with user-described force densities 𝑞 times a thousand (N/mm) labeled at each edge. The corner circles indicate fixed points x 𝑓 

. b) 

The stretched shape as found with the force density method, see Section 3.1. The color represents the tension in the edge in Newton. c) The shape of the network 

after optimization and scaling. d) Each edge is converted to an arc with arc length 𝑙 

0 . Note the dashed arc: Edges can be turned into arcs in two directions. Directions 

should be flipped to ensure no overlapping features.

Fig. 8. A unit cell network (a) is used for validating the method. The unit cell can be decomposed into parts b, c, and d.

propagate errors into subsequent ones, leading to oscillations or slow 

convergence. Common state-of-the-art optimization techniques, such as 

l-BFGS-B [55], update all coordinates simultaneously based on global 

gradient and Hessian approximations, which can result in conflicting 

updates across coupled regions. These methods often produce exact but 

computationally intensive steps, making them relatively inefficient for 

problems with strong local dependencies. In contrast, a Gauss-Seidel op­ 

timization algorithm—often referred to as a relaxation method—updates 

a single vertex pair at a time and immediately incorporates each change 

into subsequent corrections, promoting more stable and efficient con­ 

vergence. Moreover, because these updates are localized, the algorithm 

scales linearly with network size in sparse systems, making it well-suited 

for large-scale form-finding tasks [56].

An overview of the Gauss-Seidel optimization algorithm is summa­ 

rized as follows:

(i) Use the form retrieved with the force density method as the ini­

tial guess 𝐱 0 

. For curved or 3D networks, the initial guess first 

requires flattening and possibly intersection resolution, as detailed 

in Section 3.4.

(ii) Iterate over each vertex pair in the network and update their 

coordinates 𝐱 

𝑎  and 𝐱 

𝑏 . The update procedure for a generic 

edge is 

𝐱 

𝑎
𝑘+1 = 𝐱 

𝑎
𝑘 + 𝛽(𝑙 

0 − 𝑙 

1
𝑘)
𝐱 

𝑎
𝑘 − 𝐱 

𝑏
𝑘

2𝑙 

1 

𝑘

,

𝐱 

𝑏
𝑘+1 = 𝐱 

𝑏 

𝑘 − 𝛽(𝑙 

0 − 𝑙 

1
𝑘)
𝐱 

𝑎
𝑘 − 𝐱 

𝑏
𝑘

2𝑙 

1
𝑘

.

(6)

Here 𝑙 

1
𝑘 = ‖𝐱𝑎𝑘 − 𝐱 

𝑏
𝑘‖ is the current edge length in iteration 𝑘, and 

𝛽 ∈ (0, 1] is a numerical damping factor to improve convergence 

(e.g., 𝛽 = 0.1).

(iii) Repeat step (ii) until convergence or until a maximum num­

ber of steps is reached (10,000 steps unless stated otherwise). 

Convergence is reached when the difference between the current 

total error 𝜖 𝑘 

 and the previous step’s error 𝜖 𝑘−1 

 is smaller than a 

predefined tolerance 𝜏, e.g., 10 

−6 .

In many optimization problems, care is taken to avoid convergence 

to local minima in favor of finding a global minimum. This is typically 
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Fig. 9. Network transformation on the tensegrity network in Section 2.3. (a) The cable network of the tensegrity is flattened. c = (0, 0, 0), and no rotations are applied 

before the Cartesian-to-polar transformation, i.e., t = [0; 0; 1]. b) Steps to remove crossings: Identify the vertex with the most crossings, 𝑉 𝑐 

= 9, and duplicate it to 

create 𝑉 𝑛 = 13. The new vertex 𝑉 𝑛 

 is placed along the direction from the network center 𝐶 toward the midpoint of the complementary vertices 𝑉 −𝑐 

= {1, 2}. Its distance 

from mid is set to the mean target length 𝑙 

0  of the edges in 𝐸 𝑐 

. At the intersecting edges, the old vertex 𝑉 𝑐 

 is replaced with 𝑉 𝑛 

, as indicated by the dashed blue edges 

changing to solid blue edges. c) Repeat the process until no crossings are left. d) The network after relaxation.

addressed by exploring a variety of initial conditions or applying regular­ 

ization techniques. However, in our case, the nearest local minimum is 

preferred. While a lower-error configuration could, in theory, be found 

by allowing a vertex to move beyond its neighboring vertices, such a 

result would introduce edge crossings and distort the initial geometry. 

This would lead to forms that are difficult or impossible to manufacture. 

To preserve manufacturability, the optimization is constrained to main­ 

tain the original geometric layout. Therefore, a low damping factor, 𝛽, is 

recommended to ensure that vertex updates are conservative and do not 

cause significant, destabilizing changes in geometry. The importance of 

the initial form x 

0 , which influences the local minimum reached during 

optimization, is further emphasized by the process of flattening 2.5D 

and 3D networks, as detailed in Section 3.4.

Some residual errors may remain after optimizing the vertices. To 

resolve these residual errors, the network is scaled down with a scalar 

𝑠 = min 

( 

l 

1 ∕l 

0 

) 

, such that all edge lengths in the network are shorter than 

or equal to their unstretched counterparts (𝑠l 

1 ≤ l 

0 ).

The final step is to turn each edge into an arc with a curve length 

𝑙 

0 . Each arc is defined by a radius 𝑅 and an angle 𝛼, which can be 

determined for a generic edge by solving

𝑙 

0 = 𝑅𝛼 (Arc length equation) (7)

𝑠𝑙 

1

2
= 𝑅 sin 

𝛼
2

 

(Trigonometric relation) (8)
( )

Rewriting Eqs. (8) and (7) yields an expression for the length ratio 

as a function of the arc angle 𝛼: 

𝑠𝑙 

1

𝑙 

0
= 

2
𝛼
sin 

(𝛼
2

) 

. (9)

A cubic interpolation function of Eq. (9) is set up to avoid solving a 

transcendental equation every time an arc angle needs to be determined 

from a length ratio. Further details can be found in Appendix C.3. One 

final post-processing step is considered: leaf edges. Consider an edge 

of which one vertex is connected to only one other vertex. After scal­ 

ing down the network, the leaf edges can be made to the exact desired 

length without penalty. Leaf edges are accounted for by moving their 

free vertex in the direction of the edge’s long axis such that the edge has 

a length of 𝑙 

0. 

3.3 . Network fabrication

The steps to convert the flattened, relaxed, and scaled networks into 

machine code compatible with FFF are as follows. Decompose the net­ 

work into continuous paths (Section 3.3.1). Account for intersections 

between the printed path and previously printed paths (Section 3.3.2).

3.3.1 . Path decomposition

The FFF process is most unstable at the beginning and end of a 

print path, primarily due to the viscoelastic behavior of the melted 

polymers. This viscoelasticity introduces a delay between the intended 

and actual start/stop locations, which may compromise printing preci­ 

sion. Therefore, minimizing the number of start–stop events by printing 

structures in as few continuous paths as possible is highly desirable. In 

this work, structures are manually decomposed into printable paths. For 

example, a unit cell structure, later used for validation, can be divided 

into three sections: a horizontal path, a vertical path, and a loop, as 

shown in Fig. 8(a).

Automatic decomposition of networks into continuous edge-covering 

paths can be achieved using optimization-based methods [57]. However, 

computing exact solutions is an NP-hard problem, which limits the feasi­ 

bility for large graphs. To address this, developments such as the Hybrid 

Lagrangian Relaxation and Particle Swarm Optimization (LaPSO) ap­ 

proach offer relatively scalable approximations that yield practical so­ 

lutions for complex networks [58]. These methods provide a promising 

foundation for automating and generalizing the decomposition process, 

especially when manual design becomes impractical.

3.3.2 . Intersections

After decomposing the network into printable paths, the intersec­ 

tions between them must be identified. For each printable path, a set of 

intersecting vertices is computed by finding the intersection between its 

vertices and the union of the vertices from all previously printed paths. 

When the print path approaches an intersection, the print nozzle raises 

to avoid collision. This raising follows a linear trajectory, beginning 

0.6 mm before the intersection point (1.5 times the nozzle diameter) 

and lifting by one layer height. The transition is designed with a slight 

overlap to ensure good adhesion between layers. A parameter study 

confirmed that this approach results in reliable adhesion with minimal 

damage to previously printed paths. In practice, permanent deformation 

of the meshes was observed to occur before debonding at intersections.

3.4 . Flattening and accounting for crossing edges

To print curved (2.5D) or 3D networks on a flat 2D printer bed, net­ 

works must first be flattened, i.e., projected onto a planar surface. It 

is vital that the original geometric layout of the network is preserved 

as much as possible to ensure reliable manufacturability. The proposed 

flattening procedure is a coordinate transformation from Cartesian space 

to a polar or spherical coordinate system defined with respect to a user-

defined unit vector t and center point c. The final flattening procedure 

Materials & Design 261 (2026) 115281 

7 



T.C.P. Masmeijer, C.C. Swain, J.R. Hill et al.

consists of disregarding vertex-specific radii and using a mean radius for 

all vertices. The procedure is set out in more detail in Appendix C.2.

The resulting flat 2D network can be seen as the initial guess x 0 for 

the Gauss-Seidel relaxation procedure (Section 3.2). However, the fol­ 

lowing issue needs to be addressed first. The flattened network can have 

new internal crossings, thereby altering its inherent topology. The first 

step in accounting for these new crossings is to identify them all. This is 

achieved by checking all possible edge pairs for crossings, which scales 

with 𝑂(𝑀 

2 ), where 𝑀  is the number of edges. Despite this quadratic 

scaling, the process remains efficient for moderately sized networks. For 

instance, a network with 1000 edges is expected to process in under 1 s, 

assuming an edge-edge check takes approximately 0.1 µs. The resolution 

of a crossing is explained in Fig. 9. The center of all vertices is defined 

as 𝐶. For each vertex involved in crossing edges, the number of cross­ 

ings it participates in is counted. The vertex with the most crossings is 

denoted 𝑉 𝑐 

= 9, and its crossing edges are 𝐸 𝑐 = [1, 9] and [2, 9]. The 

complementary vertices of these edges are 𝑉 −𝑐 

= {1, 2}. A new vertex 𝑉 𝑛
is introduced along the direction from 𝐶 toward the midpoint of 𝑉 −𝑐 

. Its 

distance from 𝐶 is set to the mean target length 𝑙 

0  of the edges in 𝐸 𝑐 

. 

The vertices 𝑉 𝑐 

 in edges 𝐸 𝑐 

 are then reassigned to 𝑉 𝑛 

. This duplication 

and reassignment process is repeated until all crossings are resolved.

3.5 . Limitations

The manufacturability of a network depends strongly on its topology, 

the tension gradients it is designed to achieve, and the extent to which it 

deviates from a flat geometry, making it challenging to quantify general 

limitations. In networks with steep tension gradients or in 2.5D/3D con­ 

figurations where radii vary widely after coordinate transformation, the 

Gauss-Seidel optimization may cause a vertex to move past a neighbor. 

This can introduce unintended crossings and alter the network’s inher­ 

ent form. A method to resolve such crossings is discussed in Section 3.4, 

although it introduces additional assembly effort.

Despite the difficulty in quantifying manufacturability in general 

terms, a theoretical lower bound can be established based on geometric 

constraints. Take an overdefined network, that is, no vertex position ex­ 

ists that satisfies all desired edge lengths. To overcome this, the methods 

allow for global scaling and printing of edges as arcs. However, the min­ 

imum achievable arc-to-chord length ratio is 0.6366 (see Eq. 9 at 𝛼 = 𝜋), 

establishing a hard lower bound on the manufacturability of designs.

The force density method is a form-finding technique for structures 

composed of elements that bear loads only in the axial direction, such 

as bars and cables. In this work, the network edges were made from a 

flexible polymer, TPU, using a high-precision 3Dn nScrypt printer. The 

edges were assumed to behave like cables. This assumption is only valid 

as long as their lengths are significantly greater than their widths: 𝑙 

0 ≫ 

𝑤. It is expected that, as networks are printed with shorter edges, the 

method’s accuracy decreases. This limitation is tested, and the results 

are presented in Section 4.1.

Similarly, cases with short lengths and large radii need to be consid­ 

ered. In such cases, the edge length will vary across its thickness. The 

inner length will be shorter, and the outer length will be longer than the 

designed length 𝑙 

0 . This limitation has also been tested, and the results 

are presented in Section 4.1.

The flattening technique provided in Section 3.4 is limited to basic 

3D designs. For more complex 3D structures, the authors recommend 

exploring sophisticated unwrapping algorithms designed to handle com­ 

plex topologies, such as Lévy et al. [59] in future studies.

4 . Validation

The methods for manufacturing networks with programmable ten­ 

sions are validated using a unit cell structure suspended within a frame. 

The design process is described in Fig. 7, and the printed unit cell is 

shown in Fig. 10. The unit cell is photographed orthogonally on top of 

printed paper with a 1 mm–spaced grid, allowing the vertex locations x 

𝑚 

to be measured. Exact vertex positions can be interpolated between the 

Fig. 10. The unit cell corresponding to 7.3 MPa in Fig. 11(a) suspended in 

the frame. The tables shows the designed x and measured x 

𝑚 vertex locations, 

enabling evaluating Eq. (10) to determine the mean edge length error to be 

0.52 %.

Fig. 11. a) Blue axis (left): Relative edge length error versus maximum speci­ 

men stress. Orange axis (right): Average measured stress–strain relationship of 

TPU. High accuracy is observed for stresses up to 7.3 MPa. b) Relative edge 

length error versus arc angle for Long (≈62 mm), Medium (≈21 mm), and Short 

(≈5.8 mm) edges.

grid lines in the photograph by counting pixels, achieving a measure­ 

ment tolerance of 0.1 mm. The frame ensures the unit cell is in contact 

with the grid paper, minimizing image distortion and perspective er­ 

rors. The agreement between the measured and designed edge lengths 

is quantified using 

error = 

1
𝑀

𝑀
∑ 

𝑖=1

|𝑙1,𝑚𝑖 − 𝑙 

1
𝑖 |

𝑙 

1
𝑖

⋅ 100 % (10)

where the distance is normalized with the target edge lengths to make 

the error scale-invariant. Since the vertex coordinates and tensions are 
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linked through equilibrium equations (e.g., see Eq. 4), validating the ver­ 

tex positions implicitly validates the tensions. The validation structures 

are intentionally asymmetrical, ensuring that any deviations in the ten­ 

sion gradient would produce noticeable distortions, which cannot cancel 

out. The mean edge length error of the validation structure in Fig. 10 is 

0.52 %.

4.1 . Testing limitations

Expected limitations of the proposed methods are discussed in 

Section 3.5. The performance of these methods can be quantified us­ 

ing Eq. (10). In Fig. 11(a), the edge length error is plotted as a function 

of the edge stress to identify the method’s limits. The results show that 

the methods remain accurate for stresses up to 7.3 MPa, with errors 

below 1 %. Reduced accuracy at higher stresses is attributed to the sen­ 

sitivity of the stress–strain curve in this range, where small strain offsets 

produce larger errors.

Next, the edge length error is plotted against the edge arc radius for 

Long (≈62 mm), Medium (≈21 mm), and Short (≈5.8 mm) edges, as 

shown in Fig. 11(b). The data indicate that the methods maintain accu­

racy even at very high arc angles. Still, two sources of increased error are 

observed: short edges alone cause higher errors, and the combination of 

short edges with high arc angles leads to even larger errors. Both effects 

are consistent with the limitations discussed in Section 3.5. Notably, ac­

curacy remains within 2.1 %, even for short edges, provided that edges 

are printed with an arc length below 2.4 rad. Environmental condi­

tions during printing and testing were consistent (Humidity: 𝜇 = 25.3 %, 

𝜎 

2 = 0.51 % 

2 ; Temperature: 𝜇 = 23.0 

◦ C, 𝜎 

2 = 0.26 ◦ C 

2 ).

5 . Conclusion

The presented work demonstrated a scalable, accessible approach 

to fabricating network structures with programmable tension gradients 

using standard FFF techniques. By introducing a design algorithm that 

transforms tensioned 2D, 2.5D, and 3D cable networks into flat, re­ 

laxed layouts, the method enabled the direct 3D printing of entire cable 

networks as single, continuous pieces. This innovation addressed the 

longstanding challenge of achieving precise, pre-programmed cable ten­ 

sions in miniaturized tensegrity and network structures—an essential 

factor for their mechanical performance and functional adaptability. The 

approach further streamlined the manufacturing process by minimiz­ 

ing assembly steps and errors, and it leveraged numerical optimization 

and geometric transformations to ensure that printed networks, upon 

suspension, realized their intended tension distributions and structural 

forms.

Our method achieved a favorable balance of speed, functionality, 

and manufacturability compared to current methods, such as the manual 

modular approach [54], direct 3D printing of struts and cables [17], or 

multi-material 3D printing with molded cables [32].

Experimental validations, including the fabrication of spider web-

inspired networks, moment-exerting meshes, and a classic tensegrity 

structure, highlighted the method’s versatility in reproducing com­ 

plex tension gradients. Validation steps confirmed that the printed 

networks closely matched their designed geometries and mechanical 

properties, with average edge strain errors remaining low: the meth­ 

ods remained accurate within 1 % for tensile stresses up to 7.3 MPa, 

and within 2.1 % for edges as short as 5.8 mm, provided the arc an­ 

gle of short edges does not exceed 2.4 rad. While some limitations 

persisted—such as restrictions on manufacturable tension gradients and 

geometric configurations due to material and process constraints—the 

method’s compatibility with widely available 3D printers democratizes 

access to programmable tensegrity fabrication. This opens new avenues 

for customizable, lightweight, and adaptive devices in fields ranging 

from medical orthotics to wearable robotics, paving the way for a 

broader adoption of tension-programmed structures in both research and 

practical applications.
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Appendix A . Constitutive model

To determine the unstretched lengths (𝑙 

0 ) of the edges in a struc­ 

tural network, an accurate constitutive model is required. In this study, 

stress–strain tests were conducted to model the nonlinear behavior of the 

Overture TPU, as shown in Fig. A1. Following ASTM Standard D882-18, 

eight specimens with 5 × 0.2 × 100 mm 

3 dimensions were tested at a dis­ 

placement rate of 10 mm/min. The maximum material strain was 50 %. 

An Instron 3300 with a 500 N load cell was utilized to conduct uniaxial 

stress–strain tests.

It is challenging to determine the area of a sheet of TPU that is only 

one 3D print layer thick. However, calculating the stress using the theo­ 

retical cross-sectional area from the CAD model is insufficient to achieve 

a reasonably accurate stress–strain curve. Therefore, the cross-sectional 

area of a single edge 𝐴 in an FFF network is determined by printing a 

single edge of length 𝐿 𝑒 

 = 36.22 m, with negligible tolerances. After 

printing, the length of the used filament was 𝐿 𝑓 

= 1.62 ± 0.02 m. The 

cross-sectional area of the filament 𝐴 𝑓 

 was specified in the technical 

datasheet 𝐴 𝑓 

= 1.75 mm 

2 ± 0.02. Using conservation of volume, the 

cross-sectional area of a single edge was determined according to:

𝐴 = 

( 

𝐴𝑓 

⋅ 𝐿 𝑓
) 

∕𝐿 𝑒 

= 0.0783 ± 0.002 mm 

2 (A.1)

Typically, a constitutive model for a nonlinear elastic material is 

based on the strain energy density function 𝑆. Thus, the stress can be 

obtained simply by taking the derivative of 𝑆 with respect to strain. 

Characterizing the properties of rubbery materials is often based on the 

stretch ratio rather than strain; i.e., 𝜆 = 𝑙∕𝑙 

𝑜 = 1 + 𝜀. Because the de­ 

formation in TPU is three-dimensional, the strain can be related to the 

principal stretch ratios [60]:

𝐼 1 = 𝜆 

2
1 + 𝜆 

2
2 + 𝜆 

2
3, 𝐼 2 

= 𝜆 

2
1𝜆 

2
2 + 𝜆 

2
2𝜆 

2 

3 + 𝜆 

2
3𝜆 

2 

1, and 𝐼 1 

= 𝜆 

2
1𝜆 

2 

2𝜆 

2
3

where 𝜆 𝑖 

 denotes the principal stretches in the 1-2-3 (or xyz) directions. 

The Ogden model was used in this study, as it provided a good fit to the 
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Fig. A1. Stress-strain curve of Overture TPU. The blue curves are experimental 

data for eight specimens. The green curve is the average of the eight specimens. 

The black curve is the Ogden Material Model.

experimental data in Fig. A1. The strain energy function for this model 

is [61]: 

𝑆 = 

∑ 

𝑖

𝜇 𝑖
𝛼 𝑖 

( 

𝜆𝛼𝑖1 + 𝜆 

𝛼𝑖
2 + 𝜆 

𝛼𝑖
3 − 3 

) 

(A.2)

The 𝛼 𝑖 and 𝜇 𝑖 

 are material constants estimated numerically using 

Hyper-Data, a Matlab-based optimization [61] based on the uniaxial 

test data. These constants were 𝛼 𝑖 

= (0.0024, 7.04, −13.6) and 𝜇 𝑖 

=
(81634, −5.64, −6.26). The material response was assumed to be incom­ 

pressible and isothermal; hence 𝜆 1 

𝜆 2 

𝜆 3 

= 1. This assumption was used 

to obtain an expression for 𝜆 2 and 𝜆 3 

 using only uniaxial stress–strain 

tests, as follows [26]: 

𝜆 = 𝜆 1 

= 

𝑙
𝑙 𝑜
, 𝜆 2 

= 𝜆 3 

= 

√

𝑙 𝑜
𝑙

(A.3)

Finally, the uniaxial nominal stress was obtained by differentiating 

𝑆 with respect to 𝜆 instead of 𝜀. 

𝜎 = 

∑ 

𝑖
𝜇 𝑖 

(

𝜆 

𝛼 𝑖−1
1 − 𝜆

−𝛼 1
2 −1

1

) 

(A.4)

Appendix B . Dynamic loading behavior

For control scenarios in future applications, it is desirable to 

predict how TPU cables will behave under dynamic loading condi­ 

tions. Hysteresis testing was performed to measure differences in the 

stress–strain curves for loading vs. unloading. Cyclic testing was per­ 

formed to determine how the stress–strain curve would change from 

cycle to cycle. For these tests, each specimen was loaded to 20 % strain 

and, without pausing, returned to zero strain, at which point it was al­ 

lowed to recover until stress stabilized. This process was performed 3 

times. After the 3rd cycle recovery, the process was repeated 17 times 

for a total of 20 cycles, except that the specimen was not allowed to re­ 

cover between cycles. Loading and unloading were performed at a rate 

of 10 mm/min. An exponential decay rate was observed (see Fig. B1). A 

curve fit of the exponential decay of the stress at 20 % strain yields ∼ 26 

cycles to settle (see Fig. B2).

It was also desirable to ascertain the time constant for TPU recovery. 

Two 1 × 1 tensegrity arrays [10] were tested by applying loads from 

0 to 650 grams (0 to 6.37 Newtons) in increments of 50 grams to the 

control string. The position of Node 2 was then measured. Each array 

was allowed to rest for 24 hours before retesting. The process was then 

repeated with a two- and three-day rest. The results are shown in Fig. B3. 

It was determined that TPU requires ∼ 2 days to recover fully.

Fig. B1. Average stress-strain curve for three specimens of Overture TPU.

Fig. B2. Exponential decay of the stress at 20 % strain as a function of the number 

of cycles.

Fig. B3. Average position vs mass plot of 2 arrays when allowed to rest for 1 day, 

2 days, and 3 days.

Strain-rate dependency is another important characteristic of poly­ 

mers to consider. In this work, we did not consider the loading rate. 

Instead, we assumed that the test frames were loaded sufficiently slowly 

to be considered quasi-static.
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Appendix C . Additional methods

Additional methods are detailed here. 

C.1 . Validation methods

Results of validation were set out in Section 4, where unit cells with 

long (≈62 mm), medium (≈21 mm), and short (≈5.8 mm) edges were 

suspended in a frame. The frame was 3D printed from PETG. The unit 

cells were printed with a 9 mm long loop, allowing them to be suspended 

in the frames. The hooks on the frame were designed such that the fixed 

points x 𝑓  are located 210 mm apart for the unit cells with long edges, or 

70 mm apart for the unit cells with medium and short edges. The average 

edge length error was calculated using equation Eq. (10). Notably, the 

edges used for suspending the unit cells were excluded from the analysis. 

The motivation is that any offset between the grid line paper and the 

PETG frame would cause additional error only in the connecting edges, 

not in the other edges. In Fig. C1 a technical drawing of the frame is 

depicted. 

C.2 . Flattening with cylindrical or spherical coordinates

To print curved 2D or 3D networks, the network must be flattened 

(see Section 3.4). The detailed approach to flattening using a coordinate 

transformation is as follows:

(i) Translation: Shift 𝐱 such that the vertices have the center point 𝐜
as the origin: 

𝐩 𝑗 = 𝐱 𝑗 

− 𝐜

(ii) Rotation(s): Rotate the points such that the user-defined unit 

vector 𝐭 aligns with the z-axis.

(iii) Coordinate transformation: Apply a coordinate transformation:

Fig. C1. Technical drawing of the bottom and side view of the frame used for val­ 

idating the long-edged unit cells. A similar frame was printed for unit cells with 

Short and Medium edges, but instead of 210 mm, the diagonal length between 

fixed points was 70 mm.

Fig. C2. Determining arc parameters. 𝛼 can be determined fast by evaluating a 

cubic interpolation function in the feasible space.

Cylindrical coordinates Spherical coordinates

𝜃 𝑗 

= atan2(𝑝 𝑗,𝑦 

, 𝑝 𝑗,𝑥) 𝜃 𝑗 = atan2(𝑝 𝑗,𝑦 

, 𝑝 𝑗,𝑥)
√

𝜙 𝑗 = atan2(𝑝 𝑗,𝑧, 𝑝2𝑗,𝑥 + 𝑝 

2
𝑗,𝑦)𝑟 𝑗 =

√

𝑝2𝑗,𝑥 + 𝑝2𝑗,𝑦  

𝑧𝑗  

= 𝑝 𝑗,𝑧 

𝑟 𝑗 = 

√ 

𝑝2𝑗,𝑥 + 𝑝2𝑗,𝑦 + 𝑝2𝑗,𝑧

(iv) Dimensional reduction: The radial coordinates 𝐫 are disregarded, 

and the angular coordinates  are scaled with the mean radius 𝑟̄, 
such that for cylindrical coordinates

𝑥 𝑗 

= 𝜃 𝑗 ⋅ 𝑟̄, 𝑦 𝑗 = 𝑧 𝑗 ,

and for spherical coordinates: 

𝑥 𝑗 = 𝜃 𝑗 ⋅ 𝑟̄, 𝑦 𝑗 = 𝜙 𝑗 ⋅ 𝑟̄.

C.3 . Determining arc parameters

The interpolation function is only set up for a feasible space. Lengths 

are positive and an arc length is always longer than its chord length, i.e. 

0 ≤ 𝑙 

1 ∕𝑙 

0 ≤ 1. The limits for 𝛼 become 0 ≤ 𝛼 < 𝜋 when only allowing 

minor arcs and positive angles. The arc radius is found by evaluating 

𝑅 = 𝑙 

0 ∕𝛼 (Fig. C2).

Appendix A . Supplementary material

Supplementary material to this article can be found online at 

doi:10.1016/j.matdes.2025.115281. 

Data availability

The authors provided GitHub link to all code and data to download 

freely.
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