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Statistical networks can encode arbitrary relationships between variables in a system. Due to this
flexibility, scientific hypotheses about interactions between variables can typically be formulated
as a statistical network analysis. In addition to analyzing static networks, studying how statistical
networks change in response to experimental or environmental conditions is often of scientific
interest. A network is typically defined as a set of vertices and edges. Specifically a network or
graph, G, can be written as G = (V, E') where V' = {1, ..., k} are the vertices or variables and £
is the edge set that encodes the relationship between variables. A common example of a statistical
network is the correlation matrix, where an edge represents the correlation between variables.

While analysis of networks and their changes are ubiquitous across many domains, our work
is motivated specifically by applications in which networks are derived from time series data. In
contrast to independent data, statistical analysis of time series data is complicated by the inherent
serial correlation. In practice, the degree of this correlation is unknown and network analysis
methods that can flexibly handle varying degrees of dependence are needed. We approach this
problem from two angles. The first angle, used in the first two portions of this thesis, focuses on
developing methods with minimal assumptions on temporal dependence. In the third portion of this
thesis we approach this problem from the second angle which attempts to leverage the flexibility of
deep learning methods to analyze statistical networks.

In the first chapter, we propose a novel order selection method in vector autoregressive (VAR)



models. Order selection is an essential step in fitting VAR models and while many order selection
methods exist, all come with weaknesses. Our proposed order selection method is based on the
observation that the expected squared error loss is flat once the fitted order reaches or exceeds the
true order. We show that under mild assumptions on the underlying process our new order selection
method consistently estimates the true order.

Motivated by applications in neuroscience, the second chapter of this thesis develops a novel
estimation and inference procedure for a difference in the inverse spectral densities. In neuroscience,
it is often of interest to study how brain networks change in response to electrical stimulation with
the hopes of developing stimulation-based treatments for neurodegenerative diseases. Furthermore,
it is essential to study networks in the frequency domain as higher frequencies contain key brain
connectivity information. With this in mind, we develop methods to directly estimate and perform
statistical inference on a difference in inverse spectral densities. Crucially, our method relies on
minimal assumptions and can flexibly handle a large range of data dependence.

The last chapter of this thesis proposes a new deep learning-based change-point detection
framework. The core idea behind this method is a continuous approximation of the indicator function.
With this approximation, change-points can be specified as parameters of a deep learning model.
Thus, change-points and model parameters can be jointly learned using stochastic optimization
techniques. The proposed framework is general and can be applied to both independent and
dependent data, such as time series data. Furthermore, the framework is model-agnostic and thus

can be used to encode networks and study their changes.
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Chapter 1
INTRODUCTION

Studying how variables interact as well as how these interactions change over time or in response
to external conditions is of scientific interest across a wide range of disciplines from neuroscience
to genomics, economics, and oceanography (Bloch et al., 2022; Shojaie and Michailidis, 2009;
Chiou-Wei et al., 2008; Laurindo et al., 2019). While statistical network analysis is commonplace in
applications involving both independent and dependent data, we focus on the analysis of dependent
data, and more specifically time series data, due to the additional challenges that arise and the
ubiquity of time series data. Notably, compared to independent data, analysis of time series data
requires statistical tools that account for the inherent data dependence present. Within the time series
domain, the breadth of areas in which statistical network analysis is used give rise to an equally broad
set of data applications. In neuroscience, for example, electrical voltage on dozens of sub-millimeter
sized portions of the brain are captured thousands of times per second (Yazdan-Shahmorad et al.,
2018). Contrastingly, yearly GDP and energy consumption data is used in economics to study
the relationship between the two (Chiou-Wei et al., 2008). This array of data applications in the
time series network analysis domain necessitate tools that are designed to handle a wide variety of
temporal dependence.

Due to the known temporal dependence in time series data, it is common to model data at time ¢
as a function of its prior lags. When the data is multivariate and a linear relationship between the
current time ¢ and prior lags is used, this results in the well-known vector autoregression (VAR)
model (Sims, 1980). However, a key component of VAR models is determining the number of
prior lags to use, a problem known as order selection. Order selection in VAR models is critical

as the chosen order can have direct impacts on scientific conclusions when using, for example,



VAR models for Granger causality analysis (Shojaie and Fox, 2022). Order selection has been
studied dating back to the 1970s and 1980s and many of these methods are still popular today
(Akaike, 1973, 1974; Hannan and Quinn, 1979; Schwarz, 1978). In Chapter 2, we propose a new
order selection criteria, mean square information criteria (MIC), based on the observation that the
population squared error loss is flat when the fitted order reaches or exceeds the true model order.
We show MIC consistently estimates the true order under mild assumptions. In particular our results
make no assumptions on the likelihood. We also connect our MIC procedure to existing procedures
such as AIC (Akaike, 1973) and BIC (Schwarz, 1978) through each methods use of the residual
error matrix. In particular, we show that all methods rely on an estimate of the residual error matrix

and only differ in how they use and penalize this information.

In neuroscience, changes in the brain connectivity network can be induced by spike timing
dependent plasticity (STDP) informed neural stimulation (Bloch et al., 2022; Bi and Poo, 1998).
While network changes can be induced by stimulation, its effect on the entire brain network is not
immediately clear. Analyses are further complicated by the fact that the underlying brain network
may mediate the effect of stimulation (Bloch et al., 2022). However, understanding how brain
networks change in response to stimulation may be a key breakthrough in the development of
treatments for diseases such as schizophrenia and Alzheimer’s disease (Garrity et al., 2007; Stam
et al., 2007). The inverse spectral density is an appealing choice of network as edges encode the
coherence, the frequency domain analog of correlation, between two nodes after removing the linear
effects of all other nodes (Dahlhaus, 2000). In this way the inverse spectral density more closely

resembles the direct relationship between two nodes.

Modern data collection techniques have allowed for datasets where the number of variables is
much larger than the number of samples p > n. Classical asymptotic statistics assumes that the
dimension p is fixed and studies statistical properties as n — oo. In a high-dimensional data regime,
such tools are no longer valid and new statistical and computational tools are needed (Johnstone
and Titterington, 2009). Popular computational tools for the analysis of high-dimensional data
include the LASSO, for linear models, and its graphical equivalent, for sparse inverse covariance

estimation (Tibshirani, 1996; Friedman et al., 2008). On the theoretical front, Negahban et al.



(2012) has developed a framework to establish the consistency and convergence rates of penalized
high-dimensional M-estimators. This is expanded upon further in Neykov et al. (2018) where the
authors develop a new statistical inference framework for high-dimensional estimating equations.
While these high-dimensional statistical tools exist, they often assume the data is independent across
observations and are not immediately applicable to the dependent case. Motivated by the differential
network applications in neuroscience we develop a new method to directly estimate and perform
inference on the difference in high-dimensional inverse spectral densities that allows for flexible
levels of data dependence in Chapter 3.

In the final Chapter, Chapter 4, we develop a deep learning-based change-point detection
framework motivated by temporally dynamic time series networks. Change-point detection aims to
detect abrupt structural breaks in a data generating process with the first works dating back to the
1950s (Page, 1954). Since then, the change-point detection problem has been studied extensively.
See Truong et al. (2020) for a recent review. Nonparametric approaches to the change-point detection
problem such as those in Arlot et al. (2019) and Matteson and James (2014) aim to detect changes in
the entire probability distribution. While general, such methods are often designed for independent
data. With the advent and rapid rise of deep learning, it is natural to consider how such techniques
can be adapted to the change-point detection problem with dependent data. Indeed, Chang et al.
(2019) and De Ryck et al. (2021) have recently proposed such models for time series data. However,
these deep learning-based change-point detection approaches are limited to a specific architecture
which may not be suitable for all applications.

We formulate the change-point detection problem as a piecewise optimization problem where
the prediction functions in each regime can have an arbitrary architecture. Moreover, while we only
discuss detection of changes in the regression function via mean square error loss in Chapter 4, our
method is applicable to any loss function. At its core, our method hinges on a continuous relaxation
of the indicator function to make the change-points differentiable parameters. With this relaxation
we can jointly optimize the loss function over the change-points and prediction functions. We

conclude this thesis with a dicussion of avenues for future research in Chapter 5.



Chapter 2

ORDER SELECTION IN VECTOR AUTOREGRESSION BY MEAN
SQUARE INFORMATION CRITERION

2.1 Introduction

In vector autoregressive (VAR) models, each variable is modeled as a linear function of the
multivariate time series over prior lags. VARs were first introduced in macroeconometrics by
Sims (1980) and have since become standard for macroeconomic forecasting. They have also
become essential tools in a range of other fields. For instance, VARs have been used in biomedical
applications; in neuroscience to analyze functional connectivity in the brain (Seth et al., 2015) and in
epidemiology to predict COVID-19 cases (Kitaoka and Takahashi, 2023). A fundamental problem
in fitting VAR models is how to choose the lag order. In forecasting analyses using too few lags may
result in underfitting, while too many lags can lead to overfitting, both decreasing the accuracy of
forecasts. Incorrect selection of the lag order can also impact the selection of the relevant variables
in the VAR model, resulting in ambiguous interpretations. Unfortunately, the lag order is typically

unknown and must be chosen either by prior knowledge or in a data-dependent way.

Perhaps the most popular VAR order selection method is to choose the order that minimizes
an information theoretic criteria, commonly referred to as Akaike’s Information Criterion (AIC).
Model selection by minimizing AIC was proposed in Akaike (1973, 1974). Minimizing the AIC
selects the model with the lowest negative log likelihood plus a penalty term on the number of
independently adjustable parameters. Despite its popularity, AIC has several drawbacks for use
in VAR models. The first stems from AIC’s inherent reliance on the likelihood. In the context of
VAR models, this often amounts to assuming a Gaussian likelihood, which results in simplifying
the log likelihood term to the log determinant of the prediction error matrix. When the errors are

not Gaussian, this simplification of the likelihood is no longer valid. The second is that AIC may
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Figure 2.1: Accuracy of various order selection methods in detecting the order of simulated AR(2)
(left) and VAR((3) (right) processes. Vertical lines represent standard errors. Accuracy is measured
as the proportion of simulations where the correct order was chosen. See Section 2.5 for more

details.

not provide a consistent estimate of the VAR order (Liitkepohl, 2005, Corollary 4.2.1). Although
this limitation improves as the dimension of the process increases and is negligible for VAR models
of dimension greater than 5 (Paulsen and Tjgstheim, 1985), it nonetheless limits the applicability of
AIC. This lack of consistency is highlighted in the simulation results in the left panel of Figure 2.1.
The plot shows that in the univariate case, AIC reaches its peak accuracy of 0.6 at around n = 2000
and does not improve substantially as n increases to 5, 000. These results are in contrast to those
presented in the right panel of Figure 2.1 for a 10 dimensional VAR model: in this case, AIC has
nearly perfect accuracy for n > 2000. Shortly after AIC was introduced, additional VAR order
selection criteria were proposed by Schwarz (1978) (BIC) and Hannan and Quinn (1979), Quinn
(1980) (Hannan-Quinn, HQ). Similar to AIC, the BIC criterion relies on the likelihood, which in the

case of Gaussian errors amounts to the log determinant of the prediction error, plus a penalty on



the number of model parameters. The HQ criteria is not likelihood based but also relies on the log
determinant of the prediction error plus a penalty. While all three criteria use the log determinant
of the prediction error, they differ in the penalty used. If n is the sample size, AIC uses a penalty
of (2/n)(#parameters), while HQ and BIC use penalties of ((2loglogn)/n)(#parameters) and
((logn)/n)(#parameters), respectively. This change of penalty is essential: if the underlying
process is a stationary stable VAR with standard white noise, it can be shown that both HQ and BIC
consistently estimate the true order of the process (Liitkepohl, 2005, Corollary 4.2.2). However,
while HQ and BIC are consistent, simulation results in Figure 2.1 show they perform poorly for
small sample sizes when the dimension of the process increases to a moderate size.

To address the above limitations of existing order selection methods, we propose a new method,
mean squared information criterion (MIC). MIC is likelihood-free, consistent, and performs well
in a variety of simulation settings. Our criterion leverages the novel observation that the expected
squared error loss is constant when the fitted VAR order is at least as large as the true model order.
We establish the consistency of MIC under mild assumptions and show that, compared with AIC,
HQ, and BIC, it performs well in a variety of simulation settings and forecasting on real data.

The rest of the chapter is structured as follows. In Section 2.2, we motivate our new information
criterion and show that the expected squared error loss is constant when the fitted order is at least
as large as the true model order. We extend this observation to the multivariate case and present
theoretical results in Section 2.3, introduce our estimator in Section 2.4 and compare its performance
to AIC, HQ and BIC using simulated data in Section 2.5. We apply our method to a financial
application and COVID-19 forecasting in Section 2.6 and end with some concluding remarks and a
discussion in Section 2.7.

Notation: We use uppercase letters X, Y, Z to denote random variables. We will use subscript ¢
to denote the time component as in Z;. When Z or Z; are random vectors, the components can be
accessed by Z;, Z, ;, respectively. Observed values of random variables are written in lowercase as
in z;. Additionally, observed vectors and matrices are denoted using bold lowercase and uppercase
letters as in z and Z, respectively. Hats will be used to specify sample estimates of population

quantities, e.g. o represents the sample estimate of ['.



2.2 A newidea

We begin with the univariate case. Let Z; be a stationary univariate time series. Without loss
of generality, we assume Z; iS a mean zero process, as in practice, we can subtract the sample
mean from the data. We denote the h'" autocovariance as v, = E (ZiZ—p) and let Y, = Z, X, =
[ ... thp} . We wish to study the behavior of the expected squared error loss for different

orders p up to a prespecified maximum order, pp,... Specifically, we study

Lar(p,B) = E[(V; — Xpﬁﬂ :

In this case, (3 is a nuisance parameter. For fixed p, Lagr(p, ) is the usual least squares problem
and we can solve for [ to get 5 = E (XgXp) 'E (XpTY}). Plugging /3 back in to the expected
loss and simplifying, we get a loss that only depends on p, for which we use the shorthand notation

Lar(p) and get that

Lar(p) =E (Y2) - E (X)) E(X7X,) E(X]Y,) .
By stationarity of Z;, this simplifies to
r 4 -1
70 T V2
2! Yo "o "
Lar(p) =70 — [71 e 'yp] Y2 M Yo :
. . . -
| Tp-1 Tp—2 Vp-3 -+ 0]

Note that up to this point we have only assumed Z; is stationary and have made no assumptions on
the structure of the data generating process. Now suppose Z; is not only stationary but is also an

AR(po) process, that is,
Zt = ath_l + -+ a/pOZt—p() + €t

where E (¢;) = 0, E (¢2) = 62 and E (e,¢;) = 0 for s # ¢. Then 7, has a known form and we can

calculate the expected squared error loss for eachp = 1,. .., pmax.
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Figure 2.2: Population loss for AR(3), AR(4), and AR(7) processes with o = 1.2,0.7, 0.9 respec-
tively. As the fitted order increases to the true order the expected loss decreases monotonically to

o2. The true order for each line is denoted by a hollow circle.

Intuitively, the expected squared error loss should be flat after the true order p, as the first py lags
should contain all the information needed for prediction. Furthermore, the error of the process is
white noise and thus unpredictable. Therefore, the lowest achievable expected squared error should
be the variance of the error. In Figure 2.2, we compute the expected squared error loss for several
AR processes and see that our intuition holds. It can be seen that the expected squared error loss is
indeed flat once the fitted order is at least as large as the true order py and the eventual value of the
expected loss is the variance of the error, 052- The behavior of the loss observed in Figure 2.2 can be
proven mathematically and follows immediately from the multivariate case proved in Theorem 1.
Given this behavior, if we add an appropriately sized penalty to the fitted order p and consider orders
large enough (pmax > po), we should be able to design a correct order selection procedure in the

sense that when the process is AR(py) we will recover the true order py. Specifically the true order



can be found as

po= argmin Lagr(p)+ Ap.
pe{0,...,pmax }

If )\ is too large, we would underestimate the order. However, we must also have A > 0 to avoid
multiple solutions and an undefined parameter. In practice, we rarely deal with univariate time

series so in the next section we extend these concepts to the multivariate case.

2.3 Extension to the multivariate case

In this section, we extend the concepts of Section 2.2 to the multivariate case and show a similar
behavior of the expected squared error loss. Suppose Z; = [ Ziayeoos 2y, k] ! is a k-dimensional
column vector. We assume that Z; is a stable process, as formalized in Assumption 2 (stability)
in Appendix A.1. The h'™ autocovariance matrix is defined as ', = E (Z,Z ) € R"*. Note
that ', is not symmetric in general, but I, = I'T,. Similar to the univariate case, we define
Y, =27, X, = [ZtT_l . ZtT_p]T where Y; € R¥! and X, € R**!, We study the expected squared

error loss at different values of p,
Lyar(p, 4p) = E [(Yi — A,X,)" (Y; — Apo)} :

We proceed by profiling out A,,. For fixed p, we have A% = E (Y, XT) E (X, X]) ', Similar to the
univariate case we plug A7 back into the expected loss and simplify which we denote as Lyar (p).

It is shown in Appendix A.2 that Lyar(p) is

Lyar(p) = Tr (I'g) — Tr [Fl Fp]
T, 7

p

For p = 0 there are no prior lags as predictors so we get that Lyagr(0) = Tr (I'g). Similar to the
univariate case, if Z; is a stationary VAR(pg) process, the multivariate loss decreases until the fitted
order is equal to the true order at which point the population loss is constant with a value of Tr(X,).

This behavior of the loss is formally stated in Theorem 1.
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Theorem 1 (Flat Loss). Suppose Z; is a VAR(po) process with standard white noise. That is,
Zy = Y AiZii + ¢ where E(¢;) = 0,E (e¢]) = X and E (e€l) = 0 for t # s. If

Assumption 2 (stability), Assumption 3 (invertibility), and Assumption 4 (irreducibility) hold, then

Lyar(p) < Lvar(p—1) ifp <po
Lyar(p) = Tr(X) ifp>po.

For Lyar(po), Theorem 1 implies both Lyar(po) < Lvar(po — 1) and Lyar(po) = Tr(X,). If
we penalize the fitted order p by an appropriate amount, and use py.x > pg, we would obtain a

procedure that recovers the true order, py. This is formally stated in Corollary 1.

Corollary 1. For a VAR(py) process that satisfies the conditions of Theorem 1 and for \ € (0, M)
and ppax > po we have

po = argmin Lvar(p) + A\p,
pE{0,...,Pmax }

where M = min (Lyar(po — 1) — Lvar(po), [Lvar(Po — 2) — Lvar(po)] /2, - . ., [Lvar(0) — Lvar(po)] /po).

It is worth noting that Assumptions 2 to 4 are mild and standard assumptions which hold in
many applications. Further discussion on the assumptions is provided in Appendix A.1.

To estimate p,, we need to estimate Lyar(p) + Ap for each p. While we use the form Lyag(p)
with the autocovariance matrices to establish the theoretical results, Lyag(p) can be expressed as
the expected squared error loss: Lyar(p) = E [(Yt - A;Xp)T (Y — A;‘,Xp)} . Therefore, a natural
estimator of Lyag(p) is the sample squared error loss, as defined formally below.

Let {z,};" P> denote the observed k-dimensional time series of length 1 + pax. We assume
the sample is length n + ppay as fitting a VAR (pmax) model requires the py,., prior data points as
covariates. As a result for a VAR(pmax) model we only have n usable data points. Denoting Y =

T
[Zb o ’Zn] c kan’ Xip = |:ZT g7 } c R*Px1 and Xp — [Xl,p c Rkan,

i1 i—p Xn,p

an estimate of the expected squared error loss at a fitted order p is given by

n

— Ty (% <Y —A, Xp> (Y —A, Xp) T) 7

bon() =1 (5 (Y-4,%,) (Y -4,%,))
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where A, = Y X7 (X, X7) ™" and we used Tr(A”B) = Tr(AB”). We can then define pjc
which relies on known \ € (0, M) as

PAnc = pgf)gr;nn} Lyar(p) + A\p. 2.1
Note that it is not possible to use this estimator in practice as A is unknown. The MIC estimator
we use in practice is shown in Eq. (2.2). To solve the minimization problem in Eq. (2.1), we can
simply compute ﬁVAR(p) foreachp = 0,. .., Puax. This amounts to solving p,,., multivariate least
squares regression problems and computing the trace of the residual matrix. Theorem 2 establishes

the consistency of Lyag(p).

Theorem 2 (Consistency of Loss). Under the assumptions of Theorem 1, we have that

Lyar(p) — Lyar(p)| = 0p(n~V/2%9),
forall 6 > 0.

As shown in the proof of Theorem 2, the consistency of ﬁVAR(p) relies on the consistency
of the sample autocovariances and the rate of convergence of ﬁVAR(p) is the same as the rate
of convergence of the sample autocovariance. One benefit of this information criterion is that it
does not rely on a likelihood. In fact, this result will hold as long as the sample autocovariance is
consistent. In that case, the rate of convergence will change to that of the sample autocovariance.

An immediate consequence of Theorem 2 is consistency of the pyc.

Corollary 2 (Consistency of order estimate). Under the assumptions of Theorem I we have that
Pric —p Pos
where —,, denotes convergence in probability.

2.4 MIC estimator of VAR order

While our theoretical analyses assume A € (0, M) is known, in practice \ is unknown and needs to

be selected. The flat loss concept from Theorem 1 tells us that once the fitted order exceeds the true
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order, the loss should be constant. In practice there is sampling variability so the loss will never
completely stabilize. We generate an estimate of this variability using a “self-tuning” approach.

In our “self-tuning” approach, we fit models from lag order py.x + 1 to 2py.x and take the
absolute value of the mean of the difference between each loss and the subsequent loss. While it is
possible to use orders larger than 2p,,., the trade-off is fitting larger order models consumes more
prior data points as covariates and reduces usable sample size. We find 2p,,.x works well in practice.

Our “self-tuning” approach computes
MD = ‘mean (j-/VAR(pmax) - IA/VAR(prnax + 1))7 s 7£VAR<2pmax - 1) - ﬁVAR<2pmax)) ‘ .

We then scale MD by \/n/(k?log(n)) to get

n
At =MD,/ ————.
ST \/ k2log(n)

With this choice of A, our estimator is defined as

puvic = argmin  Lyagr(p) + Astp - (2.2)
pE{O ----- pmax}

We next discuss the choice of MD as well as the scaling \/W .

Due to the flat loss concept, each [:VAR(pmaX +1) — [:VAR(pmaX + ¢ + 1) should represent an
estimate of how the sample loss changes when we have exceeded the true order and increase the
fitted order by 1. We average over py,., of these to reduce the variance in this estimate. When

computing the mean, subsequent differences cancel and this quantity can be simplified as

f/ max _f/ 2 max
MD — VAR(p ) VAR( p )

pmax

Thus, MD can be computed efficiently as it only requires fitting one additional regression of
order 2p,.x. It is also worth noting that ﬁVAR(pmaX), . EVAR(meaX) converge to the same
asymptotic distribution and are asymptotically perfectly correlated. In this instance, the correlation
is beneficial as it further reduces the variance of our estimate since for two random variables, X, Y,

Var(X —Y) = Var(X) + Var(Y') — 2Cov(X,Y).
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To understand why it is necessary to scale MD, consider the case where we instead use Agt =
MD. To simplify notation and provide a more concrete setting, consider py,.x = 10. With these, the

score for order 2p,,.x := 20 based on Eq. (2.2) becomes

Lyar(10) — Lvar(20 20 10 ;
var(10) — Lvag( )20 = Lyvar(10) — 1—0LVAR(20)

) f/\/ 10 - LA V 20

Lyar(20) +

0,

where we have assumed that Lyar(10) > Lyar(20) so we can ignore the absolute value in MD.
This will always be true if using the same dataset to compute Lyagr(10) and Lyag(20). The last
equation on the right hand side is exactly the value of the penalized loss for order py.x := 10.
In other words, setting A = MD treats models p,.x and 2p,.x as equally viable. However, these
models are not equally viable and we want to enforce a belief that higher orders are worse. Thus
we need to choose a penalty that is larger than MD. One way to do this is to scale MD by a factor
> 1. From Theorem 2 we know that Lyag = Lyag + op(n~Y2t%) ¥V § > 0 so scaling by n'/2
is too fast. In practice we find that \/n/log(n) works well. Lastly we scale by 1/k since each
additional order fitted requires estimating k£ more parameters than the prior order (see e.g. the proof
of Theorem 1).

We now compare our method, MIC, to AIC, BIC, and HQ. For ease of comparison, we write the

prediction error matrix as

~ N N T
5, = % (Y _A, Xp> (Y _A, Xp) .

Note that Tr(flp) = EVAR(p). The criteria considered can be written as follows

- 2
MIC(p) = Tr(%,) + Astp AIC(p) = log |X,| + Ekzp;
3 1 . 2log1l
BIC(p) = log |5, + —22k%  HQ(p) = log |5, +wk2p.

Note that log refers to the natural logarithm. The above formulations show that all criteria rely on
the same estimate of the error matrix f]p and differ only in how they use it — Tr() or log | - | —-

and penalize that information.
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2.4.1 Alternative choices of \

We also considered two other methods to select order based on the flat loss concept discussed. The
first method, which we refer to as MIC-sp, uses MIC with a penalty Ay, that is chosen by splitting
the data into train and test sets. Due to the time dependent nature of our data we use the first 70% of
observations as training and the remainder as test data. Models from py,.x t0 2p,.x are fit on the
training data to estimate flp and their prediction errors computed on the test data are denoted as e.g.

f]test We set

;Pmax *

Tr(z/\]teSt ;Pmax ) - Tr(i]teSt ,Pmax+1 ) Tr (iteStmeax -1 ) - Tr(z/\]teStmeax )

g e ooy

).

Due to the flat loss property, each of these differences should be 0 and any sample variability

Asp = mean <

should be captured in Ag,. Lastly, we consider another procedure which we denote as MIC-mt.
We again use a 70-30 train-test split and fit VAR models of order O, . . ., p,ax On the train dataset.
Similarly, we compute the errors of each fitted model on the test data. MIC-mt then chooses the
order 0, . . . , pmax that minimizes the test error. Simulations comparing all three methods in the case
of a diagonal covariance matrix with Gaussian errors are shown in Figure A.1. The results show
that MIC, which indicates the MIC method with self-tuned A, performs the best across a variety of
sample sizes and dimensions. It is only consistently outperformed by MIC-sp in the AR(2) case.
Results for other simulations in Section 2.5 are not shown but are qualitatively similar. Thus, we

proceed with out self-tuning approach for selecting \.
2.5 Simulations

2.5.1 Order selection accuracy

In this section, we compare the accuracy of MIC, AIC, BIC, and HQ order selection methods using
simulated data. In general, we will use VAR (p) to denote the dimension & and order p of the
process. We will also use U(a, b) to denote a Unif(a, b) distribution. We consider VAR models with
4 different dimensions and 3 different error structures. The first is an autoregressive process of order

2, AR(2), with parameters (0.3, 0.1). The second is a VAR, (2) process. The entries of the first lag
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coefficient matrix are 25% sparse and randomly drawn from either a U(0.1, 0.3) or a U(—0.3, —0.1)
each with 50% probability. The entries of the second lag coefficient matrix are 50% sparse and
randomly drawn from either a U(0.07,0.2) or a U(—0.2, —0.07) each with 50% probability. The
third simulation setting is a VAR;(3). All lag coefficient matrices have 60% sparsity. In the first lag
coefficient matrix, the non-zero entries are drawn from a U(0.1, 0.3) or a U(—0.3, —0.1) each with
equal probability. The second lag coefficient matrix uses a U(0.1,0.2) or a U(—0.2, —0.1) while
the third uses a U(0.05,0.1) or a U(—0.1, —0.05). The fourth simulation setting is a VAR;((3)
process where the first lag coefficient matrix has 40% sparsity and the non-zero entries are drawn
from a U(0.1,0.3) or a U(—0.3, —0.1).The second lag coefficient matrix has 80% sparsity, but the
remaining entries are drawn from a U(—0.2,0.2). The final lag coefficient matrix has 80% sparsity
with remaining entries drawn from a U(—0.1,0.1). All coefficient matrices are generated once and
the same matrices are used throughout the simulations. Stability for each setting is verified using
the method of Liitkepohl (2005, pp. 14 - 17).

All datasets are simulated using three error structures. The first is mean-zero Gaussian errors
with an identity covariance matrix while the second uses a randomly generated covariance matrix.
The covariance matrix is generated by computing a k£ X k matrix with entries drawn from a U(—3, 3).
The matrix is then symmetrized by left multiplying by its transpose. We enforce a maximum
condition number of 100 for each matrix by adding 0.001 to all diagonal until the condition number
is met. After the covariance matrix is reconditioned, it is scaled to have unit variances. The third
error structure is a Gaussian mixture model with 5 components. Each component is Gaussian where
the mean vector is generated from a U(—5, 5). For each k& we then subtract the mean across all 5
components so that the mean of the component means is 0. The covariances are k x k matrices
with entries drawn from a U(—3, 3). The matrices are subsequently symmetrized, reconditioned,
and rescaled as explained above. We simulate n = 250, 500, 1000, 2000, 5000 observations for each
setting except for VAR;¢(3) where n = 250 is excluded as the number of parameters exceeds the

number of data points.

Lastly, we consider a VAR;3(2) process that switches between one of two regimes as in Kalli and

Griffin (2018). Both regimes are order 2 and thus the true order is 2 but they use different coefficient
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and error covariance matrices. Due to the switching nature of this process, it is not stationary and
we present these results to study how the methods perform under misspecification.
We compute each criteria, MIC, AIC, BIC, and HQ, for p = 0, ..., 10 := pyax. The estimated
orders for each criteria are those that achieve the minimum value. That is,
periterion = argmin CRITERION(p) .
PEA0,....pmax}
For each error structure and VAR model, we simulate b = 250 times and compute the proportion of

times the correct order is estimated. That is, we use

S =

b
Accuracy = Z I(PcriTERION = Do) -
=1

The simulation results are summarized in Figures 2.3 to 2.6. When errors are diagonal Gaussian
and the dimension is large, MIC outperforms AIC, HQ, and BIC as shown in Figure 2.3. This
makes sense as in this setting AIC, HQ, and BIC all use the entire error matrix, including the off-
diagonals, through the determinant. When the true errors are diagonal, the estimated off-diagonals
can contain incorrect information. On the other hand, MIC only uses the diagonals and so discards
the potentially misleading off-diagonal information. For diagonal errors with small sample sizes
and small dimension, HQ, and BIC perform slightly better although MIC is still competitive.
As previously noted, AIC is not consistent for the AR(2) and VAR, (2) processes. Results for
non-diagonal Gaussian errors in Figure 2.4 show much better performance for AIC, BIC, and
HQ. MIC still appears to consistently estimate the order as sample size increases, but the small
sample performance is now worse relative to the other methods. This makes sense as there is useful
information contained in the off-diagonals of the error matrix that AIC, BIC, and HQ can leverage
while MIC cannot. We see similar trends for Gaussian mixture errors in Figure 2.5. Note that
performance is sometimes better and sometimes worse than the corresponding results in Figure 2.4.
This is likely due to variation in the simulated error covariances and means.

For the misspecification simulation, the VAR;3(2) switching process (Figure 2.6), the perfor-
mance of AIC and HQ deteriorates as sample size increases. This is much more pronounced for AIC

with estimated order accuracy reducing from 0.91 when n = 250 to 0.13 when n = 5, 000. For HQ
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Figure 2.3: Diagonal Gaussian errors. Simulation results for accuracy of specific order selection

method and simulation setting with diagonal Gaussian errors. Vertical lines indicate standard errors.

the estimated order accuracy only reduces slightly to 0.95 when n = 5, 000. Given that accuracy is
perfect for n = 250, 500, 1000 this is likely not due to sampling variability. This does not appear
to hold for BIC, but since BIC converges much slower than AIC and HQ, as shown in Figures 2.3
to 2.5, it is likely that the sample size is not large enough. We explore the deteriorating performance
with increasing sample size in Figure A.2 and find that this is indeed the case with AIC, BIC, and
HQ all having 0 accuracy when n = 100, 000. In contrast, MIC shows robust performance and

perfectly estimates the order regardless of the sample size.
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Figure 2.4: Non-diagonal Gaussian errors. Simulation results for accuracy of specific order
selection method and simulation setting with non-diagonal Gaussian errors. Vertical lines indicate
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Figure 2.5: Gaussian mixture errors. Simulation results for accuracy of specific order selection

method and simulation setting with Gaussian mixture errors. Vertical lines indicate standard errors.
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Figure 2.6: VAR3(2) switching. Simulation results for accuracy of specific order selection method

and simulation setting. Vertical lines indicate standard errors.

While MIC is outperformed by AIC, BIC, and HQ when the true error matrix has off-diagonal
elements, it offers better performance when the true error matrix is diagonal and appears to be
more robust to misspecification as shown by the performance in the VAR3(2) switching setting.
Thus MIC offers a viable alternative to AIC/BIC/HQ as in many practical applications errors are
unlikely to be Gaussian. In the next section, we investigate the performance of MIC compared to

AIC/BIC/HQ by comparing forecast performance on two datasets.

2.5.2  Over and under selection probability

As was previously mentioned, it is known that AIC does not provide a consistent estimate of the
VAR order when the dimension is small. To this end, we compare the likelihood of over and under
selection of the model order for each of the order selection methods using simulations. Since MIC
uses an estimated A we evaluate its theoretical properties with an oracle \ value, which we denote as
MIC-oracle. Specifically we choose Aoracie = M /2 where M is defined in Corollary 1. The results
for diagonal gaussian errors are shown in Figures A.3 and A.4 while the non-diagonal gaussian

errors are shown in Figure A.5. Overall we see that MIC-oracle tends to select an order that is
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larger than the true order (over selection) while the alternative methods AIC, BIC, and HQ, tend to
select an order that is smaller than the true order (under selection). Figure A.5 shows that, when the
dimension of the process is large and errors are non-diagonal Gaussian, MIC-oracle suffers from

worse over selection relative to the under selection from AIC, BIC, and HQ.
2.6 Applications

In this section we apply our MIC method to two different data analysis problems and compare to
AIC, BIC, and HQ. The first problem is financial forecasting, while the second is forecasting COVID-
19 outcomes. In both problems, we follow Nicholson et al. (2020) by comparing the weighted
mean squared forecast error (WMSFE). For all applications the first 80% of observations are used
to estimate the order for MIC, AIC, BIC, and HQ, while the last 20% are used for forecasting.
Formally, if n represents the total number of observations, then the first 77 = |0.8n data points
are used to estimate the order for each method and the remaining observations are used for testing.
We use a rolling window of size 77 to perform one-step ahead forecasts. That is, if ¢ indexes the
observation we are forecasting then we use observations ¢t — 77, ..., — 1 as the rolling window.
For each rolling window, we standardize each variable in the series by subtracting the mean and
dividing by the standard deviation. The observation we are forecasting is also standardized using
the mean/SD from the rolling window. We then fit a VAR model corresponding to the orders chosen
by MIC, AIC, BIC, and HQ to this standardized rolling window and predict observation ¢. The

wMSFE for method m is computed over all series and forecast time points as

k n A 2
1 Yit — Yit
WMSFE(m) = -t YT Y (_U ) |

i=1 t=T1+1

where 7; is the standard deviation of the variable ¢ computed over the forecast observations.

2.6.1 Daily realized stock variances

We compare forecast performance of VAR models with order selected by MIC, AIC, BIC, and HQ

using data from the Oxford-Man Institute of Quantitative Finance obtained from an older version
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of the mfGARCH R package, https://github.com/onnokleen/mfGARCH, from Conrad and Kleen
(2020). Specifically, we analyze 5-minute return daily realized variances for up to 17 stocks from
January 3, 2000 to June 27, 2018 (n = 4,847). We perform two analyses: one using the same
k = 16 stocks as in Nicholson et al. (2020) as well as k = 7 stocks from Son et al. (2023). Many
stocks from Nicholson et al. (2020) and Son et al. (2023) overlap and there are only 17 total unique
stocks. Due to high levels of missingness (34%) we exclude OMXSPI, an index of the Stockholm
Stock Exchange, from our analysis based on the Son et al. (2023) stocks. A full list of the stocks
analyzed is given in Appendix A.5. All data are log-transformed to make them stationary. As we
are not specifically interested in high-dimensional applications we estimate the order for each order
selection method using a py.x = 10, equivalent to two trading weeks.

Forecast results for both the £ = 16 and k£ = 7 analysis are displayed in Figure 2.7. Overall, we
see that the methods considered give very similar forecast accuracy despite a large range of orders.
For example, in Figure 2.7(a), the order varies from a low of 2 chosen by BIC to a high of 9 chosen

by MIC.

2.6.2 COVID-19 in New York City

We next compare performance of order selection methods in forecasting COVID-19 outcomes
in New York City. Daily data on deaths, cases, and hospitalizations in New York City due to
COVID-19 are available starting Februrary 29, 2020 at City of New York’s website. We specifically
analyze data from February 29, 2020 to July 8, 2024 (n = 1,592). All data are first differenced
to make them stationary and we use pn.x = 30. As a check, we run an Augmented Dickey-Full
test (ADF, Said and Dickey, 1984) and a Kwiatkowski-Phillips-Schmidt-Shin (KPSS, Kwiatkowski
et al., 1992)) test for each series after differencing. The null hypothesis of the ADF test is that a
unit root is present in the time series while the null hypothesis of the KPSS test is that the series is
trend-stationary. All series pass the ADF test with p < 0.01 and the KPSS test with p > 0.1.
Forecast results are displayed in Figure 2.8. We see that AIC, BIC, and HQ all fit models using
around a month’s worth of prior data points (p = 30) to forecast the next day. However, these

models are substantially worse than the model fitted using MIC order selection which only uses


https://github.com/onnokleen/mfGARCH/tree/3d6228a8bb861ac0c37cf941f1d4131c99f3e597
https://data.cityofnewyork.us/Health/COVID-19-Daily-Counts-of-Cases-Hospitalizations-an/rc75-m7u3/about_data
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Figure 2.7: Comparison order selection methods based on weighted Mean Squared Forecast Error
for daily realized stock variances for (a) k = 16 stocks and (b) £ = 7 stocks. Order selected by each

method is displayed in parentheses below method name.

around a week of prior data points (p = 8). In fact, the forecast accuracy of the model fitted using

MIC is around 30% better than the accruacy of those fit by AIC/BIC/HQ.

2.7 Discussion

In this chapter, we proposed the mean square information criterion (MIC), a new approach for
estimating the order of VAR processes. MIC is based on a key new observation: the flatness
of the expected squared error loss after the fitted order exceeds the true order. We show, under
relatively mild assumptions, that the true order can be estimated consistently by minimizing the
MIC. Specifically, consistency of MIC only requires consistent estimates of the autocovariances.
Our proposed method, MIC, was compared to three other order selection criteria: AIC, BIC, and
HQ. All criteria were compared based on the proportion of simulations in which the correct order

was correctly estimated. Simulation settings ranged from univariate to 10-dimensional VAR models



23

1.51
1.334 1.301 1.334
° °
1.036

@ 1.0 ¢
=
N
=
2

0.5

0.0

AIC  BIC HQ MIC

(30)  (24)  (30) (8)
Figure 2.8: Comparison order selection methods based on weighted Mean Squared Forecast Error
for COVID-19 outcomes. Order selected by each method is displayed in parentheses below method

name.

with between 250 and 5,000 observations. Simulations included both Gaussian and Gaussian mixture
error structures, as well as a regime switching VAR3(2) model. While outperformed in Gaussian
errors and small sample sizes, relative to the other criteria, MIC showed the best performance when
the process had regime changes. As errors are unlikely ever Gaussian, these results suggest that
MIC can be very useful in practice. This is confirmed in our data applications where order selection
via MIC achieved comparable forecast accuracy for daily realized stock variance and substantially
better accuracy in forecasting COVID-19 outcomes in NYC when compared to order selected via

AIC, BIC, or HQ.
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Chapter 3

ESTIMATION AND INFERENCE FOR SPECTRAL DIFFERENTIAL
NETWORK ANALYSIS OF HIGH-DIMENSIONAL TIME SERIES

An earlier version of this work on estimation and consistency of high-dimensional spectral

differential networks is published in Hellstern et al. (2025).

3.1 Introduction

Spectral network analysis of multivariate time series plays a key role in fields ranging from oceanog-
raphy and seismology to neuroscience (Laurindo et al., 2019; James et al., 2017; Bloch et al., 2022).
Studying individual networks can provide insights into how features interact; however, it is often of
interest to study how networks change across conditions or in response to external interventions.
In neuroscience, for example, many neurodegenerative disorders are associated with abnormal
brain connectivity networks (Bloch et al., 2022). Spectral features are regularly used to inter-
pret many types of neuroscientific data, from electroencephalography to magnetoencephalography
data (Gnassounou et al., 2023; Richard et al., 2020; Dupré la Tour et al., 2018).

Coherence, the frequency domain analog to correlation, is a common choice for investigating
interactions in multivariate time series analysis. This notion is especially appealing in neuroscience
applications, where activities captured at different frequencies better reveal brain oscillations in
sensory-cognitive processes. Therefore, despite the availability of nonlinear association measures,
such as mutual information (Belghazi et al., 2018) and transfer entropy (Ursino et al., 2020),
coherence is commonly used by neuroscientists to define brain functional connectivity networks.

Similarly to correlation, coherence includes the indirect effects of other nodes in the network.
Thus, coherence may not be an informative measure of the dependence between nodes. A more

direct measure is the inverse spectral density. The inverse spectral density between nodes ¢ and j is
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a rescaling of coherence after removing the linear effects of all other nodes {k # i, j} (Dahlhaus,
2000). Therefore, the inverse spectral density better resembles the effective connectivity between
brain regions (Friston, 2011), providing an initial understanding of how two regions may be causally
related.

Advances in data collection have enabled the acquisition of datasets whose dimensionality far
exceeds the number of observations (p > n). In the analysis of high-dimensional time series
data, regularization techniques, such as the LASSO, are essential for ensuring both computational
feasibility and statistical reliability (Banerjee et al., 2008). Similarly, in the frequency domain,
regularization enhances numerical stability and improves overall performance (Bohm and von Sachs,
2009).

In this chapter, we propose the Spectral D-trace Difference (SDD), a direct estimator of the
difference in inverse spectral densities. To our knowledge, SDD is the first method to target the
differential network in spectral domain, with the only other differential network analysis approach
for time series available in the time domain (Wang et al., 2021) and without calibrated inference. A
key challenge in the theoretical analysis of our SDD estimator is the inherent temporal dependence
between observations in time series data. To overcome this challenge, we develop new convergence
rates for a general class of spectral density estimators, smoothed periodograms, by generalizing
recent results on spectral analysis of time series data (Zhang and Zhang, 2025) to flexibly allow for
both varying levels of dependence in the data, as well as different smoothing spans. These results are
not only useful in establishing the convergence rates of SDD, but are also essential to our inference
procedure, since valid inference requires larger smoothing spans than those covered by existing
results. Moreover, we leverage modern proof techniques from Wang et al. (2021) and Negahban et al.
(2012) to establish consistency of our SDD estimator by only assuming the difference in inverse
spectral densities is sparse. This is in contrast to existing consistency results for direct differential
network analysis with i.i.d. data (Yuan et al., 2017), which rely on the stringent irrepresentability
assumption (Zhao and Yu, 2006).

Using our rates of convergence for the SDD estimator, we also develop a valid inference

procedure for elements of the true difference matrix. To this end, we leverage and extend the
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general framework of Neykov et al. (2018) to allow for asymptotic distributions with arbitrary
scaling of s where s — oo instead of V/T. We also address several additional challenges, which
include establishing the joint asymptotic distribution of the entire spectral density estimator, proving
the required concentration bounds under the appropriate choice of smoothing span, and finding a
tractable estimator of the sparse projection direction, which is the inverse of the first derivative of
the estimating equation. To address the first challenge, we leverage recent results from Zhang and
Zhang (2025) to establish the form of the joint asymptotic distribution of the entire spectral density
estimator. This is a crucial aspect of the inference procedure, as the asymptotic distribution of
interest is a transformation of this distribution. Next, we use the flexibility of our new convergence
rates that account for arbitrary smoothing spans to establish the necessary concentration bounds
given the suitable choice of smoothing span for valid inference. Finally, we show that the asymmetric
estimating equations for the difference in inverse spectral densities have favorable decompositions.
Specifically, we show that the first derivative of these estimating equations decomposes into a
Kronecker product of two smaller matrices, which allows us to generate a computationally tractable
estimator of the sparse projection direction.

In addition to the theoretical challenges, we also address the computational challenges of
developing an inference procedure for differential network analysis in the spectral domain, which
necessitates novel computational tools. At a first glance, it may look as if our procedure calls for
multiplying matrices of dimension 4p? x 4p*—which, for p = 100, is 40,000 x 40, 000, which
are too large to even store in memory. To overcome these challenges, we implement sparse vector
representations and intricate on-the-fly matrix multiplication in C++ by carefully accounting for
matrix indices.

After developing our SDD estimator and the corresponding inference procedure in Sections 3.2—
3.6, we investigate its performance using simulated data in Section 3.7. We also illustrate its utility

in a neuroscience application in Sections 3.8.

Notation. For a complex number a € C let Re(a) and Im(a) be the real and imaginary parts

of a. The absolute value of a complex number is defined as |a| = y/Re(a)? + Im(a)?. Similarly
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for a complex matrix A = (a;;) € C™" let Re(A) and Im(A) be the R™*" matrices of the
real and imaginary components of A. The minimum eigenvalue of a matrix A is defined as
Amin(A). We define the (1, Frobenius, and infinity norms of a matrix A as [|All; = >, ; |a;l,
Alle = (Siylasl) "

“norm” of A which counts the number of entries |a;;| that are non-zero. The element-wise absolute

Alle = max;; |a;;|, respectively. We use ||Al|o to represent the £
value of a matrix A is denoted as | A| while the conjugate transpose of a matrix or vector will be
denoted as A”. We denote the inner product between two matrices A and B as (A, B) = Tr(AB7T)
and use A ® B to represent their Kronecker product. The minimum and maximum of two real
numbers x, y are defined as x V y = max(z,y) and x A y = min(z, y) respectively. Throughout
we will also use the notation log”(z) := (log(z))®. For random vectors and ¢ > 1 we will denote
the L, normas || X ||, = (E | X9, We also define F; = (¢, €1, ... ) where ¢, ¢ € Z are i.i.d.
random elements and vec (X) as the operator which stacks the columns of X. We write z,, = =
and z,, = to denote convergence of a random variable z,, to x in probability and distribution

respectively. The notation Ay =< Br if Ar and By are asymptotically of the same order.

3.2 Direct Estimation of Differential Spectral Networks

Suppose { X} is a p-dimensional mean zero stationary time series in condition / with autocovari-
ance matrix I';(h) € RP*? defined as I';(h) = E (X,, X/}, ) where h € Z. It is worth mentioning
that we only require {X;;} to be stationary in each condition and not across conditions which
corresponds to assuming piecewise stationarity. In many applications, in particular in neuroscience,
the change points are known and thus an assumption of piecewise stationarity is reasonable. For
example in Yazdan-Shahmorad et al. (2016, 2018), the resting state and stimulation state blocks are
known from the experimental design.

If Y2 |Ti(h)| < oo, where the inequality is applied element-wise, then the spectral density
in condition [ at frequency A exists and is defined as

1 & i
fl()\):%hz e "'Ty(h), —T<A<mT.

=—0Q

Since f;()\) is complex-valued we can write f;(A) = A;(\) 4+ iB;(\) for some A;(\), Bj(\) € RP*P,
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In practice, many different A values are of interest. For notational simplicity, however, we assume
A is fixed throughout and suppress the dependence on A. We express the inverse of the spectral
density as ffl = A, + iB, where 4, and B, are matrices that represent the real and complex parts
of fz_l respectively. Our goal is to estimate f;' — f,'. An alternative differential network of
interest is the difference in partial spectral coherences from Dahlhaus (2000). The (i, j) entry of the
partial spectral coherence represents the coherence between nodes ¢ and j after removing the linear
effects of all other nodes {k # i, j} (Dahlhaus, 2000). As noted in Dahlhaus (2000), the inverse
spectral density is a rescaling of the partial spectral coherence. The appropriate choice of scale is
not straightforward and in this chapter we study the difference in inverse spectral densities.

While the spectral density f; is complex valued, we can expand it to the real space by writing

A —B
Zl = )
B A

where YJ; € R??*?P, By Lemma A.1 of Fiecas et al. (2019) we have that
A -B| |A -B
B A Bl Al

= ]2p7

where I,, represents the 2p x 2p identity matrix. Thus, f;' — f; ! can be obtained by taking the
(1,1) and (2,1) blocks of

A, -B A, —B

APyt ~1 ’ v ~2 ~2

Bl Al Bz AQ

Similarly, if we have an estimate A of A* available, we can estimate fit — f, ! using the (1,1)

and (2,1) blocks of A. To estimate A*, we use the D-trace loss function from Yuan et al. (2017).

That is, we use the loss

1
Lp(AYe, %) = 1 (oA, AY) + (1A AXS)) — (A3 — 3). 3.1

Taking the derivative with respect to A we see that A* minimizes the D-trace loss. More specifically,

let
OLp

1
PN (B2AY) + XAY,) — (B — %) . (3.2)
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dLp

Evaluating SAat A* yields 0, establishing that A* minimizes Lp. Furthermore, since ¥; and Y,

are positive definite, the Hessian of Lp with respect to A, % = (5 ®35+ Xy ®X1)/2, is
positive; hence, L is convex in A, which implies that A* is its unique minimizer.

In practice, the population quantites >; and ), are not available. Instead, we use the estimates
i]l and 22. To estimate the spectral density matrix f; and in turn ¥; we can use the smoothed
periodogram. The periodogram is formed by taking the Fourier transform of the data. Suppose we

have p-variate observations {X;,},—; 1, for each condition /. For condition /, the periodogram at

Fourier frequency {\; = 27j/T;, — (T} — 1)/2| < j < |1;/2]} is defined as

T T H
1 , .
P(\;) = Tl (; X4 exp(—z)\jt)> (; Xit exp(—z)\jt)> :

Using the fast Fourier transform algorithm, the periodogram can be computed quickly. While
the periodogram is a natural estimate of f;, it is well known to be inconsistent for the spectral
density (Brockwell and Davis, 1991, Theorem 10.3.2). To remedy this, a smoothed version of the
periodogram is used where the periodograms of 2 5; nearby Fourier frequencies are averaged. B,

is referred to as the bandwidth or smoothing span. That is, the smoothed periodogram at Fourier

frequency A; is generated as

. 1 Jj+Bi
Aj) = B(Ag).
fi(h) 5B, 11 Z 1(Ak)
k:]—Bl
We can then usefl = 1211 —i—iBl to form f]l
. A, —B
1= . .
Bl Al

It is worth noting that >3; and 3, are symmetric. This fact will be used throughout the chapter. We
generate our estimator by minimizing the D-trace loss in (3.1) with the estimators 521,35, We can

additionally incorporate an ¢; penalty to estimate a sparse A. Our SDD estimator of A* is then

~

1 ~ ~ ~ ~ ~ ~
A = argmin (<22A, AS)) + (1A, A22>) (A -S4l AL, (33)
A
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where 71, 1, 1s a penalty parameter depending on sample sizes 17, T5. Typically 77, 1, is chosen by
minimizing a criterion such as BIC or extended BIC (Foygel and Drton, 2010, eBIC). We use the

same algorithm as in Yuan et al. (2017) to numerically solve for A.
3.3 Convergence rates of spectral density estimators

In this section, we develop a new convergence rate for the max norm of the class of smoothed

spectral density estimators. That is, we develop a rate for

max
A€(0,27]

AN = fz(A)Hoo - (3.4)

This convergence rate is an essential ingredient for our theoretical analyses, from proving
consistency of SDD in Theorem 4 to verifying concentration bounds in our inference procedure in
Appendix B.5. For example, examining the consistency proofs reveals that the convergence rate of
SDD depends on the convergence rate of the max norm of the spectral density estimators in each
condition.

One approach to derive the convergence rates is to fix the smoothing span at some, potentially
optimal, value. For example, Zhang and Zhang (2025) choose B to balance the stochastic deviation
and the bias in their Theorem 1 and Proposition 2, which leads to the recommended ‘optimal’
smoothing span of order B = (T'/(log**™?(p v T)))'/3, where « is a measure of dependence in the
data. However, as stated in Theorem 3 of Zhang and Zhang (2025) and noted in our theoretical
results in Section 3.5, in order for the spectral density estimator to be asymptotically unbiased
when scaled by \/T/—B, the smoothing span needs to satisfy 7'®3 = o(B?). When the smoothing

spans are smaller, as is the case for the optimal rate of (B < T'/(log"*"*(p v T)))"/?

in Zhang and
Zhang (2025), the bias is no longer negligible and the asymptotic distribution of the spectral density
estimator is instead centered around its expected value. Therefore, the smoothing span suggested
by Zhang and Zhang (2025) does not lead to calibrated inference, as we require an asymptotic
distribution centered around the true spectral density. This motivates us to consider convergence

rates that allow for flexible smoothing spans.

Although other results, such as Theorem 3.1 in Fiecas et al. (2019), can be used to solve for
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an optimal smoothing span B and corresponding convergence rate, we opt to utilize the results in
Zhang and Zhang (2025), which are more general and allow for a wider class of dependencies by
characterizing the data dependence using the functional dependence framework first conceptualized
in Wu (2005). Throughout, we will add a subscript [ to make it clear that the dependence can
vary between conditions [ € {1,2}. We also assume that X ; is a p-dimensional random variable,
ie., X = (Xyu,...,Xi) and that max; <<, HXl,thLq < oo for some ¢ > 2. In the functional
dependence framework X, ;; = gl’j(q,t, €14-1,...) Where g1,; 1s a measurable function and ¢, ;,t € Z
are i.i.d random variables. For ¢ > 0 and 1 < j < p the functional dependence measure is defined
as
Otg) = Hgl,j(qt, €15 ) = Guj(€Lts - €1, €05 €11, - - - )HLq ,

where €/ is an i.i.d. copy of €. The process g (e, - - -, €11, €0 €1, - - - ) is equivalent to X ;;
except € is replaced by €. In this way, 9, ; measures the effect that an innovation ¢ time points
in the past has on X, ;. The g-th dependence adjusted moment is defined as follows. Assume there

exists p € (0,1) such that
o]
HleJHLq - Sll>p pimALmiqyj < 007 Where Alvm7q7j = : :5l7t7q7.] °
m>0
= t=m

As noted in Zhang and Zhang (2025), || X, ;|| — which they denote || Xy, ||, — can be interpreted
as the ¢g-th moment of the process X, ; taking dependence into account. By rearranging the
inequality to get Ay, q; < [| Xy 4|, p™ forall m > 0, we can see that this definition requires the
tail dependence A, , ; to decay geometrically.

We next state our (only) dependence assumption. This assumption is the same as Assumption 1

in Zhang and Zhang (2025).

Assumption 1. There exists some constant oy > 0 such that
1 X050y, =supq ™ [| Xy, <oo.
! a>2

In Assumption 1, «; represents the dependence in the process for condition /. As noted
in Zhang and Zhang (2025), when the data is i.i.d oy = 1/2 corresponds to the classical sub-

Gaussian norm while o; = 1 corresponds to the sub-Exponential norm. The larger oy is, the



32

heavier the tails. As stated above, the optimal smoothing span for condition [/ derived from
Zhang and Zhang (2025) is B, < (T;/ log** ™ (p Vv T)) /3 which is too slow as inference requires
T,®3 = o(B}). Thus, we consider smoothing spans with arbitrary exponents, i.e., B; has the form
B, =< (Tl /log* 2 (p Vv TZ))% for v, > 0. We will specifically focus on exponents y; > 1/3 as this
allows us to use our asymptotic distribution results, but for full generality we present the convergence
rates for this general class of smoothing spans, 0 < 7; < 1, in Theorem 3. To simplify the statement

of convergence rates, we denote ®;, = max;<;<, || X} and [|.X;, [, = maxicj<p [ Xl -
=/= ) l =/= l

illz,

Theorem 3. Suppose Assumption 1 is satisfied for condition | and some oy > 0. Then for B; <

T Y
log* 2 (pvTy) | 7

,
2
0, (2 1%,

n=1
T} 7 log-mCerth) (py Tl)) fory, > 1/3

max
A€[0,27]

A= s =

0y (97,77 tog 42 (pv i) ) for 7 < 1/3

The proof of Theorem 3 is given in Appendix B.1. The two rates correspond to whether the
stochastic term or the bias is dominant. When 7, > 1/3 the stochastic term is slower and thus

determines the rate. When v; < 1/3, the bias term is slower. With Theorem 3, we now have access

to the convergence rate for maxyco,2x] A = £V H when we choose B; to be large enough
to perform inference. It is also worth pointing out thaiowhile we focus on the simple averaged
periodogram, Theorem 3 also applies to general kernel estimators of the spectral density as in Wu
and Zaffaroni (2018). That is, Theorem 3 also applies to kernel estimators of the form
1 . ,

> K(k/B)Di(k)e ™,

27T,
k=—B,

fi\y) =

where K (-) is a continuous, symmetric, and bounded kernel on [—1, 1] that satisfies £ (0) = 1 and
Ty(k) =T, S0t Xk X7 for k > 0. For k < 0 we can use that (k) = I'(—k). Thus, all
results presented are also valid for these spectral density estimators.

Next, we provide some examples of convergence rates in the high-dimensional setting (p > 7))

for different choices of v; and different assumptions on «.
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Example 1. We first consider the rate we would obtain if we use the bandwidth suggested by
Zhang and Zhang (2025). If we choose ; = 1/3, then the rate in Theorem 3 is O, (bg(

4o¢l+2)/3(p)
Tll/S

Example 2 (sub-Gaussian, 7, = 1/2). Suppose we choose 7, = 1/2 and consider oy = 1/2. The

log(p)
T11 /4

convergence rate is then O,

Example 3 (sub-Gaussian, 7, = 3/4). Consider the same setting as in the previous example, but

instead suppose we choose vy, = 3/4. The convergence rate becomes O, ( Tl?%p)) .
l

Example 4 (sub-Exponential). Suppose we choose +; = 1/2 and consider a; = 1. The conver-
/ 3
gence rate then becomes O,, ( og )).

Tzl /4

As we can see from the examples, larger dependence in the data increases the exponent in log(p)
while larger smoothing spans (i.e., larger 7;) decreases the exponent a in TL[’ and decreases the
exponent in log(p). In other words, larger ; makes the convergence rate slower in 7; but also slower
in log(p). With the convergence rates in Theorem 3, we can now establish the consistency of our

SDD estimator (3.3) allowing for flexible data dependence and smoothing spans.

3.4 Consistency

In this section, we establish the consistency of A to the population quantity A*, allowing for
different levels of data dependence and smoothing spans. Although we use an algorithm similar to
Yuan et al. (2017) to numerically solve for A, our theoretical analysis is fundamentally different.
Specifically, the theoretical results in Yuan et al. (2017) hinge on an stringent irrepresentability
assumption (Zhao and Yu, 2006). This assumption may be especially unrealistic in neuroscience
applications, due to the presence of hub nodes, or regions of the brain that are connected to many
other brain regions (Buckner et al., 2009; Wang et al., 2021). Moreover, simulations in Wang et al.
(2021) using Erd6s-Rényi graphs of moderate to large dimensions—e.g., p > 20—show that the
irrepresentability condition almost never holds, even with very sparse differences and weak data

dependence. In contrast, our analysis combines recent theoretical advances in time series data
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analysis (Zhang and Zhang, 2025) with more flexible proof techniques (Wang et al., 2021; Negahban
et al., 2012) to establish the consistency under mild assumptions. More specificaly, combining
these techniques with our new convergence rate in Theorem 3, we establish the convergence rate of
SDD only assuming that the true difference in inverse spectral densities is sparse, while flexibly
allowing for varying data dependence and smoothing spans of the spectral density estimators. The
assumption of sparsity of the difference is more realistic if, for example, the network does not
change much between conditions. For instance, despite identifying many nonzero coherence values
in resting state and stimulation states, Bloch et al. (2022) found many coherence changes to be near
zero. These small differences are likely due to noise in the estimation procedure, corresponding to
no underlying change in coherence. An important aspect of our theoretical analysis is that by only
assuming the sparsity of the difference, we allow each individual network to be dense.

It is also worth noting that we do not need any parametric assumptions on the data generating
processes. Instead, we only require mild assumptions on the data dependence for each condition.
The only restriction on the data generating process is that Assumption 1 is satisfied for both
conditions.

It is seen in Equation 3.3 that our estimator A relies on expanded estimates of the spectral
density f)l, 32,. Thus, the rate of convergence of Ato A* naturally relies on the rates of convergence
of fl and fg to f; and fo. We will define the number of non-zero entries of A* as sa- := ||A*||0

By Theorem 3, the convergence rates for maxc 25 A = filN\) H for [ € {1,2} follow from

Assumption 1, which is all we need to establish the consistency of A.

Theorem 4. Suppose there exists constants oy, o such that Assumption 1 is satisfied for condi-
tions 1 and 2, respectively. Furthermore, suppose the smoothing span for condition | is B; <

N
(#> l. Then, for Tr, 1, > C;O, (Rq, » + Rr, ) (1 + [|A*]|1) and large enough T}, T,

log*®1 T2 (pvTy)

with high probability

IA — A%l = Oy (/33 (B + Riyy) Cy (14 A1)
HA — A%l1 = Op (sa+ (Rry p + Ry p) Cp (1 + [|A™]]))

where Rr, p, R, ), are the convergence rates from applying Theorem 3 to conditions 1 and 2
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respectively, | A*||, is the {; norm of the true difference matrix A*, and Cy = max(|| f1||, . [|f2]].o)-

The proof of Theorem 4 is given in Appendix B.2. The rates in Theorem 4 show that the
convergence depends on the convergence rates of the maximum deviations of the estimated spectral

density from the true spectral density and the sparsity of the true difference.

Remark 1. The convergence rate, O, (Rr, , + Rr,,), can be further simplified to
O, (max (Rr, ,, Rr, ,)) by noting that Ry, , + R, , < 2max (R, p, Rr, ). This makes it more
clear that the convergence rate of our SDD estimator is limited by the slower of the two convergence

rates in conditions 1 and 2.

Remark 2. Recall that, for notational convenience, we have suppressed the dependence on
frequency, A. Since Theorem 3 applies over all A € [0, 27], these rates hold for every A\. However,
some of the constants will differ based on A as A* and f; depend on A. Specifically, constants such

as ||A*|l;, Amin(f1), Cf, and sa~ can change depending on the ) of interest.

Remark 3. Our SDD method can also be extended to directly estimate a difference in different
frequencies, \;, Ao for the same condition /. In this case, we only require Assumption 1 to hold for
the condition of interest /. The same proof techniques can be applied and the resulting rates will be
Ry, , instead of Rp, , + Rp, . It is worth stating that for this analysis, A* will be the difference
in the expanded spectral densities between frequencies A1, A\o. Thus, this analysis will implicitly

assume that the difference between frequencies is sparse.

3.5 Inference

3.5.1 Theory

In this section, we develop theory to generate confidence intervals and perform inference for
arbitrary entries of vec (A*) by leveraging the de-biasing framework of Neykov et al. (2018). To
adopt this framework to our problem setting, we address several challenges, including the need for a

computationally convenient estimating equation, arbitrary scaling of the asymptotic distribution, and
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the joint asymptotic distribution of the spectral density estimator. In the remainder of this section,
we review this framework and present new results to overcome the above challenges.

Suppose we have an estimating equation t (Zr, ) where Zr is the data and § € R? is a
parameter. For ease of notation we will denote Z; as Z. Without loss of generality, we will assume
the target of inference is the first entry in 5 which we will denote as 6 and 3 = (6, ) where + is the
vector of nuisance parameters. The limiting expected value of the estimating equation is denoted as
E(B) = limy_,o Et(Z, 5); we assume that the true parameter of interest is the unique solution to
E¢(B) = 0. We will also denote the derivative of the estimating equation as T (Z, 5) = %t (Z,0)
and its limiting expectation as Er(5) = limy_., ET(Z, ). In low-dimensional settings, an
estimate of 8, 3 = (6,4) can be obtained by solving t(Z, ) = 0. Appealing to classical theory, the

following expansion is obtained:
VT (0-0") = VT [Be(8)1 ¢(Z.8) + 0,(1), (3.5)

where [ X, selects row ¢ of X. Typically, it can be shown that the right-hand-side of (3.5) converges
to a normal distribution which gives an asymptotic normal distribution for the left-hand-side. In
high-dimensions, sparsity assumptions on [ and constrained estimation approaches are necessary.
Sparsity-inducing regularization leverages this assumption but induces bias in B and the expansion
in (3.5) is no longer valid (Javanmard and Montanari, 2014). The asymptotic distribution of B must
thus be derived using alternative approaches. Neykov et al. (2018) offer a general framework to

solve this problem by directly estimating v* = [Ex(f *)Hl

*

on the right-hand-side of (3.5) as

v = argmin ||v||, subject to HVTT(Z, B) — 61H <p, (3.6)

[e.9]

where e; = (1,0, ...,0) is a ¢ dimensional row vector. Neykov et al. (2018) then propose to estimate
6 by projecting the estimating equation on the sparse direction v, plugging in estimates of nuisance
parameters 7, and solving the new projected estimating equation. Denoting S(3y) := vTt(Z, 35),

the de-biased estimate of 6 is defined as
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where B,g = (0,4)"; the framework provides conditions under which 0 is asymptotically normal
which allows for valid statistical inference.

The first step in applying this inferential framework is choosing an estimating equation for our
parameter of interest A* = ¥.;' — ¥, For simplicity, we assume throughout that T} = T, = T
but note that all results should still hold as long as 7} =< T5. Based on our SDD estimator, a natural

choice of estimating equation is the derivative of the D-trace loss (3.2). We define
1 /- ~ ~ N ~ ~
tomn(Z, A) = 5 (21 R+ 5, ® 21) vec (A) — vec (22 - 21) 3.7)
1 /- ~ ~ ~ A A
= vec (§ (EgAzl + 21A22> - <EQ — 21>) .

Recall that vec (X) converts X € R™*" to a vector in R™” by stacking its columns. The subscript
‘symm’ indicates that this is the symmetric D-trace loss estimating equation. Assuming data in
conditions 1 and 2 are independent, then if the conditions of Theorem 3 are satisfied, ﬁ]l are
asymptotically unbiased by Corollary 3 and A* is the solution to . () = 0 (Zhang and Zhang,
2025).

One problem that arises immediately when using this estimating equation is the need to obtain
Vsymm 101 (3.6) which, for this choice of estimating equation, requires forming Tsyum(Z, A) =
: (f]l @5+, ® f}l> Since 3; € R2P*?P_ then Tymm(Z, A) € R***%” In high-dimensions,
this matrix will be impossibly large. For example for p = 100, this matrix is 40,000 x 40, 000
which is too large to even store in memory for most personal computers, let alone invert. We seek

other estimating equations for A* where it is computationally feasible to estimate v.

The two alternative estimating equations we consider are each portion of tgymm(Z, A):
tleeft<Z, A) = (22 &® 21) vec (A) — vec <22 — 21) = vec <<21A22> - (22 - 21))
(3.8)
tSlRight(Za A) = <21 X 22) vec (A) — vec (ig — 21> — vec <<22A21> — <XA:2 — il)) .
3.9

"t is possible for § to be set-valued, i.e. § = {9 : S (Bg) = O}. However, a key requirement for inference in

Theorem 5 is the uniqueness of 6.
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The subscripts ‘sl1Left’ and ‘s1Right’ indicate whether we use the part of the symmetric estimating
equation, teymm(Z,A), where sl or f]l is on the left or the right of A. The equations at the
end of (3.8, 3.9) make this naming convention more clear. Again, assuming data in conditions
1 and 2 are independent, A* is the solution to Ey . (8) = 0 and E¢ . . (8) = 0. While
Tarew(Z,A) = 35 @ 34, Te1Right (Z, A) =3, @3, € R¥>%* and are similarly too large to
store in memory, their forms allow us to leverage the inverse of Kronecker product of matrices,
(X®Y)™! = X~1® YL Specifically, if we have estimates of 3; !, f)l_l, available, then ¥;pe can
be generated as [22_ '® 21_1} L= 532_ 1L.® iﬁ* Thus we only need to form a Kronecker product
between two 2p vectors, which requires storing a 4p? vector. Since ¥, Y, € R?**?_ estimating
their inverses is computationally feasible even for large p and can be computed efficiently using
methods such as the graphical LASSO or CLIME (Friedman et al., 2008; Cai et al., 2011). In fact,
with 21—1’ f); ! we can generate e.g. Vqire for any component of A*. For example, suppose we
wish to obtain a confidence interval for the j-th entry of vec(A*), an estimate of [¥;' ® El’l]j*
can be formed by [f]z_ '® 21—1] ~ which is formed by the Kronecker product of the relevant rows of
22_ !and 21_1. "

Given the above estimating equations for which it is computationally tractable to carry out the
inference procedure, the next step is to prove that assumptions in Neykov et al. (2018) hold under our
general dependence setting for high-dimensional time series. At the heart of the inference procedure
is the asymptotic normality of the de-biased estimating equation (Assumption 3 in Neykov et al.
(2018)). Specifically, a key assumption is that e.g. v tsiret:(Z, 8*) is asymptotically normal
with a known variance when appropriately scaled. Here we use s1Left as an example estimating
equation, but note that this condition must hold when conducting inference for each of s1Left,
s1Right, and symm. For all three of our estimating equations, the asymptotic distribution is a linear

~ A

transformation of the asymptotic distribution of <vec(A), vec(B )> Thus, to show this assumption,
we require the asymptotic distribution of (vec(A), vec(B )) . Although the asymptotic distribution
of any two elements of the spectral density matrix is given in Zhang and Zhang (2025), the form
of the joint distribution is not available. We derive this form in Proposition 1, which is proved in

Appendix B.3.
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Proposition 1. Denote 4 = max,<;<, [| X ;||,. Suppose Assumption 1 is satisfied, B/T — 0,
@3 (log B) /B — 0 and T®% = o(B?). Denote f(\) = A(X) + iB(\) and f(\) = A(N) +iB()).
Define K =7 H;; @ HZ where H;j is the p X p matrix with h;; = 1 and 0 elsewhere.

4,j=1

(i) If x € (0, ), then

T [ vec(A(N)) —vec(AN) \

F) N — N(07 Vf) )
B \vec(B())) — vec(B(X))
where
Vo1 (I + K) (AN) @ AN) + B(A) @ B(A)) (L2 + K) (B(A) ® A(N) — A(\) ® B(N))
! (I + K) (B(A\) @ A(\) — A(N) @ BT (I — K) (A\) @ A(\) + B(\) ® B(\))

(ii) If A = 0 or « then

\/% (VeC(A(A)) - vec(A(A))) 5 N(0, V),

where

Vi = (e + K) AN ® A(N).

As discussed in Section 3.3, a requirement of Proposition 1 is that T®3 = o(B?). To satisfy
this requirement for each condition I € {1,2} we can choose B, < (T;/log****(p v T;))™ for
7 > 1/3. In practice, the dependence in the data «; is unknown so we typically choose B; < T2/3
or B; =< T"/2. Using the results in Theorem 3, with these choices of smoothing spans we know the
convergence rates of f; to f; this subsequently give the rates of convergence of SDD by Theorem 4
which are used to prove other technical conditions in establishing the inference procedure. See for
example Appendix B.5 and Lemma 10.

Note that due to smoothing of the spectral density estimators, the scaling of the asymptotic
distribution of the spectral density estimators as well as the de-biased estimating equations will be
\/T/_B . Thus, we cannot proceed with the original framework in Neykov et al. (2018), as it assumes
VT scaling. However, we can extend this framework to allow for asymptotic distributions with

general scaling s where it is assumed sy T20° %0, Although most of the results generally follow
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directly from Neykov et al. (2018), for completeness the full set of assumptions and derivations are
available in Appendix B.4. The major changes include an arbitrary scaling of s in the asymptotic
distribution of Assumption 7 and a change from /7T to s; scaling in Assumption 9. Assumption 9
is used to ensure that the second order terms are negligible when scaling by sp. With these

modifications we have

Theorem 5. Let the map 0 — S (Bg) be continuous with a single root 6 or non-decreasing. Further,

suppose that for any ¢ > 0

v B (8- ] v [B (B0)] < 0.

If 6% is a consistent estimator of 0* := v*TGv* and G := limr_,, 53 Cov (t(Z, 3*)) and Assump-

tions 5, 6, 7, 8, 9 hold, then for any v € R, we have:

T—o0

lim |P(07 < o) — ®(x)| =0, where Up = “L(§ — 6")
o
and ® is the CDF of a standard normal random variable.

Theorem 5 generalizes the result in Neykov et al. (2018) and states that the appropriately scaled
quantity - (é — 0*) converges to a standard normal distribution. The proof of Theorem 5 is available
in Appendix B.4. Now that we have addressed all the challenges with inference we can formally

discuss the procedure.

3.5.2 Procedure

We next establish the inference procedure for each of the three estimating equation types: symm,
s1Lleft, s1Right. Specifically, we first present details of the inference procedures and then prove

their theoretical validity in Theorem 6. The de-biased 6 for each estimating equation is given as

esymm =0: \A/z;mmtsymm(Z7 60) =0
éleeft =0: \A/giLefttleeft(Za BG) =0

_—n.5T o\
eisight Ch 9 . Visighttisight(Zv 59) - 07
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where, as before, 3y = (0,4) and ¥ are estimated nuisance parameters and can be obtained from the

relevant entries of our SDD estimator A. Confidence intervals can be constructed using

N 1 I'T 7~
Us mm — & - <83 mm (9*>
v Osymm B Y

~ 1 T /-~
Uleeft = - (eleeft - 6*>

Os1Left B

N 1 T 7/~
Us i = = = (05 i - 0*> )
1Right F— \/ 5 \UstRight

The forms of Ggymm, OsiLeft, OsiRight 1NVOlve a lengthy linear transformation and thus are stated

in Lemma 10 which proves the consistency of each. The form of g 1. can also be found in
Section 3.6 where we study a computational example. Theorem 6 establishes the asymptotic
normality of Usymm, Uleeft, Uisight, which suggests that each of these statistics can be used to

generate asymptotic confidence intervals for a parameter of interest 6*.

Theorem 6. Suppose the conditions from Theorem 4 and Proposition 1 hold and

Psymm = HVsymmH1 CfOp(RT1,p + RTz,p)
Ps1left = HVleeft H1 CfOp(RTl Y + RTz,p)

Ps1Right = ||V51Right||1 Cfop(RTl,p + Rsz) :

Then, we have
Usymmm ———— N(0,1)
T1,T2~>OO
~ d
Uleeft DR N<Oa 1)

1,T2—>OO

o d
Usiright —— N(0,1).
T1,T2—>OO

The piype in Theorem 6, the forms of which are derived in Appendix B.5, are the penalty
parameters used in estimating the sparse projection direction as in (3.6) for the respective estimating
equations. For instance, psymm is the penalty parameters for estimating Veymm from the relevant

formulation of (3.6). Recall also that 77, 1, is the penalty parameter for our SDD estimator in (3.3).
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Given these quantities, Theorem 6 provides valid inference only using the assumptions of Theorem 4
and Proposition 1 which are very mild. Specifically, recall that Theorem 4 only requires a mild
data dependence assumption for each condition and sparsity of the true difference. Meanwhile, for
Proposition 1 we only need a finite moment condition as well as conditions on the rate of smoothing
spans B; relative to the sample sizes 7;. Importantly, by Theorem 6 we can perform inference

without any parametric assumptions on the data generating process.

3.6 Computational challenges

In this section, we address various computational challenges that arise when implementing our
methods. Specifically, a major computational hurdle is computing the asymptotic variances
G2 mm> O Lefe OciRignt- Although we have discussed methods to generate Vgipeft, VsiRight in @ com-
putationally efficient manner, the other components of the variance computation present additional

challenges. We will consider s1Left as an example. From Lemma 10,

~

O Lot = ValLefs <M1,51Leftf/1M11:51Left + MQ,SlLefthMgleeft> Vet Lot
where
Ml,leeft = igTAT ® Loy + L2
Mo grer = Iop ® S0 A — Iy
P A (Ip+ K) (A @A+ BoB) (Ip+K)(BoA -A®B) [PT PT]
Py| 2 |+ K)(Bio A - A @B) (Ip-K)(AeA+Beb)| " 1

and P;, P, are matrices of 0’s, 1’s, and —1’s such that

A
vec
R B P vec(A
vec(Y)) = f = ! ( Al)
—B, Py | |vec(B)
vec A
A

In this way, P, P, allow us to compute the asymptotic variance of vec <f]l> from the asymptotic

T
variance of |vec(A;)T vec(B;)T| solved forin Proposition 1. The exact forms of Py, P are given
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in the Lemma 8. Note that, for ease of presentation, we have used the form of V; that we would get
for A € (0, 7). If A\ = 0 or A = 7 the spectral density is real valued and the expansion to the real
space is not necessary. In this case, >J; is the spectral density in condition [ and is estimated by the
smoothed periodogram. Furthermore, V= (I» + K) A ® A

The difficulty with estimating 62 . lies in the fact that Mlyleeft, Vi € R¥**4” which are too
large to form except when p is small. However, since Vg0, Will be sparse in general, we will only
need to compute specific entries of D := My gpeq Vi MY slLeft T M, leefthMQ sLeft- EXamining
each component matrix in M leeftle 1siLeft T M, SlLeftVzM2 siLefe Shows that they are entirely
determined by El, A, Al, and Bl which are at most of dimension 2p x 2p. Thus, an entry Dij can be
computed using only these matrices as inputs. As an example, consider computation of 6% ., and
suppose V1, . = [01 0 c3 0 ...|. Thatis, Ve only has two non-zero entries in the first and

third positions. Then estimating 62 . requires only four computations:

C1
0

52 2 21 2 2 27
Oiitett = €1 0 ¢35 0 ...| D |es| = 1Dy +ciesD3sy + ciesDys + c5Ds3 .

In general, if Vg1ex has s, ., non-zero entries, then s%s computations are needed. However,

1Left

computing the entries of Dij is also non-trivial. Specifically, ﬁij can be computed as

ﬁij = (Ml,leeft) ‘/1 <M1 leeft) <M2,51Left>, ‘72 (MQ leeft) )
% *j

*j
where (X),, and (X)), ; select the i*" row and ;" column of X, respectively. From the form of
Ml7leeft, we see that M, 1s1Lefs Will be block diagonal with 2p blocks of dense 2p x 2p matrices. Thus,
forming one half of Eij requires 4p? computations. Combining these observations, we see that, in
general, O ( Zetrer P ) computations are needed to compute 6% ;.. Consider the case with p = 100
and s;_, ., = 100 (since Vgires; € R*” this is a very sparse V4ipo). Then, computing 02 1o, Would

require 8, 000, 000 computations. This is only to compute the variance of one de-biased parameter.
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If confidence intervals on many parameters are of interest, we will need to repeat this process for
each parameter.

In practice, we use these concepts to estimate the asymptotic variances using only the sparse
projection estimators, Veymm, VsiLeft; VsiRight and the matrices f]l, A, Al, and El as inputs. Com-
putation of the asymptotic variances in this manner requires on-the-fly matrix multiplication and
careful accounting of matrix indices. We implement these operations in C++ by leveraging the
Rcpp package (Eddelbuettel and Frangois, 2011) in R (R Core Team, 2021). To maximize speed,
the Dantzig selectors as well as rows and columns of M, matrices are stored as sparse vectors using

RcppEigen (Bates and Eddelbuettel, 2013).
3.7 Simulation studies

Next we study the performance of the SDD estimator and inference procedure in simulations. In
Section 3.7.1 we compare how well SDD estimates the true difference in inverse spectral densities
using various metrics. We further compare SDD to other competing methods. In Section 3.7.2 we
study the performance of our inference procedure for all three estimating equations: symm, s1Left,

s1Right.

3.7.1 Consistency

All simulations in this section use VAR(1) processes as this allows us to compute the true spectral

density using results from Sun et al. (2018). Specifically we generate data in condition [ as
Xy =A X1+ ey

where €,; ~ N, (0, I,). From Sun et al. (2018), the spectral density at frequency A is known to be

T

(™)™ 1y (™))

1

A)=—
fild) 2m
where A,;(z) = I, — A;z. When the transition matrix A, is block diagonal, the spectral density f;(\)
is also block diagonal. Since the inverse of a block diagonal matrix can be computed block by block

we can easily generate a sparse difference matrix by enforcing the transition matrix in conditions 1
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and 2 to be the same except for in a small block. For example, with p = 54 if we generate A; and
As as block diagonal with the same 51 x 51 block and only differing in the final 3 x 3 block, then
their spectral densities will only differ in this last 3 x 3 block. When converting to the real space, the

expanded X; € (2p x 2p) and thus the true difference A = ¥; — ¥, will differ in four 3 x 3 blocks.

We consider three different simulation settings all with dimension p = 54. In all simulation
settings, the transition matrix in condition 1 is the same as that in condition 2 except the last 3 x 3
block is multiplied by —1. The first setting uses similar coefficients as in Sun et al. (2018), which we
will refer to as Sim-Sun. In the second and third simulation settings, the transition matrix consists of
one 51 x 51 block and one 3 x 3 block. The larger block was generated with 60% and 95% sparsity
in the second and third settings which are referred to as Sim-Dense and Sim-Sparse respectively. All
simulations were performed using 7" = 100, 200, 500, 1000, 2000 observations for both conditions.
Smoothed periodograms were computed from data for each condition using a smoothing window
of B; = [T?%3] and then converted to the real space to generate 33;. For all settings 100 evenly
spaced Fourier frequencies from 0 to m — n~! were used. These were used as the spectral density
is conjugate symmetric around 0. In the case of n = 100 only 50 Fourier frequencies were used
as there are only 50 Fourier frequencies from 0 to 7 — n~!. Given the availability of results from
multiple frequencies, each simulation was run 50 times and the results are averaged across all
frequencies and all runs. The standard error of each metric was also computed across frequencies
and are reported in parentheses. More information on the simulation setup, optimization techniques,

and tuning parameter selection can be found in Appendix B.6.

To solve the SDD estimation problem (3.3), the alternating direction method of multipliers
(ADMM) algorithm from Yuan et al. (2017) was used. Specifically, we used the L.1_dt s function
in the Difdt1 package available on GitHub at SusanYuan/Difdtl (GPL (> 2)). To generate the
sequence of penalties, {7, », }» we used 20 values on a log-linear scale from 0.001 * 7, 1, max tO
T ng,max WHEre T, o may represents the minimum value where all entries of A are 0. In this case,

Ty mgmax = 2max(|3; — 3,|). The penalty 77, was chosen as the 7,,, ,,, that minimizes the eBIC

1,12

(Foygel and Drton, 2010) which is computed as
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eBIC(A), = min(ny, ny) +log(min(ny, ne))|E|+4v|E|log(p) ,

(3.10)

‘ o)

where | E| is the number of unique edges in A. Since A represents the difference in expanded
spectral densities | F'| is the number of non-zero entries in the upper triangular portions, including

diagonals, of the submatrices Al:pJ:p and Al:n(pﬂ):gp. For all applications we use v = 0.5.

As previously noted, our method is the first to directly estimate the difference in inverse spectral
densities. We now discuss competing methods which we compare SDD to in simulations. While
not focused on directly estimating the difference, a related method is the joint graphical lasso
with a fusion penalty (FGL, Danaher et al., 2014). This method aims to simultaneously estimate
inverses in each condition that are believed to share structural similarities. It accomplishes this
by using an ¢; penalty on the difference of inverse matrices to encourage sparsity. Unlike SDD
where we directly estimate the difference without estimating either inverse matrix, FGL estimates
the inverse matrices in each condition. FGL has two penalty parameters, \;, Ao which control
the sparsity of the invidual inverses and the sparsity of their difference respectively. As sparse
differences are of more interest in our application, we tuned FGL for a wider range of )\, values
than \;. Specifically, we tuned FGL using AIC for two \; values and 10 )\ values for a total of
20 combinations, the same number of penalty values considered for other methods. The values for
A1 were (0.01A 1 max, 0.1A1 max) Where \j jax = Hfh,o + iQ’OH /2 and i]i,O is the off-diagonals
of f]l-. The A\, sequence was generated using 10 values on a logo-olinear scale from 0.0001 * Ay pax

i)on — 0.01)\1,max). For additional

t0 A2 max Where Ag nax = max <H21’OH — 0.01A1 max;
comparisons, we conceptualized two poteo;tial alternatives to our SDD method. The first alternative
method is the naive method, which estimates A by taking the difference after estimating individual
inverse spectral densities separately, Ay = i)fl — f]; !, For the naive method, the graphical LASSO
(GLASSO, Friedman et al., 2008) was used to estimate a sparse inverse spectral density in each
condition. Specifically we used the fast implementation available in the glassoFast package

in R (GPL (> 3.0)) from Sustik and Calderhead (2012). To induce sparsity in individual estimates
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Figure 3.1: Sim-Sun (left) and Sim-Dense (right). Results are reported as mean (dots) and SE
(vertical lines) where the mean and SE are taken across all frequencies and iterations for a given

sample size 1T". Note that SE may appear as 0 due to the large number of frequencies and iterations.
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and (potentially) their difference, GLASSO was tuned for each condition separately using eBIC
with v = 0.5 (Foygel and Drton, 2010). To select the tuning parameters for the Naive method, we

first computed A\yax; = Hiz

in each condition and then computed the tuning parameters as 20
evenly-spaced values on a logo—olinear scale from 0.0001\ax ; tO Apax ;. The next method involves
directly thresholding the difference to induce sparse estimates. Specifically, we estimate the inverse
spectral density in each condition and take the difference and then apply Hard thresholding. To tune
the threshold we used 20 evenly-spaced values on a log-linear scale from min(|A ) to max(|Ax|)
where Ay is generated by inverting 3; and forming the difference. Note that for n = 100, it is not
possible to invert ﬁ}i. The thresholds were tuned via eBIC. Similar to Deb et al. (2024), all methods

are compared based on the following metrics: Accuracy, Precision, Recall, and Relative Root Mean

Square Error (RRMSE). The full definitions can be found in Appendix B.6.

Simulation results for Accuracy and RRMSE in Sim-Sun and Sim-Dense are reported in Fig-
ure 3.1. Results for Precision and Recall for Sim-Sun and Sim-Dense can be found in Appendix B.6
Figure B.1. Results from Sim-Sparse are in Appendix B.6, Figures B.2. The full set of results for
each of the simulations are in Appendix B.6 Tables B.1, B.2, B.3. In general, SDD has better accu-
racy than both the naive method and FGL with the difference in accuracy increasing as the sample
size increases. This is likely due to the fact that, in general, SDD estimates much fewer edges than
the naive or FGL methods. This also results in fewer false positive edges but more false negatives, re-
sulting in better precision for SDD at the expense of reduced recall; see Figure B.1 in Appendix B.6.
Across all settings we also see that SDD generally has lower RRMSE compared to the naive method
especially for large sample sizes. Overall, compared to the naive method, SDD identifies a similar
number of true edges using a much smaller edge set. Compared Hard thresholding, SDD has much
better RRMSE in Sim-Sun and better recall across all settings and sample sizes. To further support
our analysis, we have also summarized the difference between SDD and each of the competing

methods for each metric in Appendix B.6, Tables B.4, B.5, B.6, B.7, B.§, B.9, B.10, B.11, B.12.
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3.7.2 Inference

We study the performance of our inference procedure for all estimating equations for different
combinations of p and 7" using simulations. Specifically, we consider p = 15,50,100 and T" =
100, 500, 1500, 2500. For each combination, we perform 200 simulations. Similar to the consistency
simulations in Section 3.7.1, we simulate data in conditions 1 and 2 as a VAR(1) process where
the transition matrix is block diagonal with one large p — 3 X p — 3 block and one small 3 x 3
block. All non-zero entries were randomly generated from either a Uniform(—0.8,—0.4) or a
Uniform(0.4, 0.8) with equal probability. The transition matrix in condition 1 is generated with
50% sparsity in the larger block and 40% sparsity in the smaller block. As in Section 3.7.1, the
transition matrix in condition 2 is the same as condition 1 except the smaller block is multiplied by
—1. Using this setup, the true difference in inverse spectral densities is sparse and only differs in the

smaller block.

For the symmetric estimating equation, it is not computationally feasible to perform inference
for p > 15 so we only report results for s1Left and s1Right in these cases. The SDD estimate of the
difference was generated using a smoothing span of B = [T%/] and was tuned using BIC and 20
tuning parameter values as in Section 3.7.1. In the case of the symmetric estimating equation, the
sparse projection estimates, Vgymm, were estimated using GLASSO and were tuned using eBIC with
v = 0.5. For s1Left and s1Right, ‘2;1 was estimated using GLASSO for 20 tuning parameter values
in each condition. Thus for each of the two conditions we have 20 GLASSO estimates of ¥,
corresponding to each tuning parameter value. For each of the 400 combinations of the GLASSO

estimates in each condition we choose the one that minimizes eBIC with v = 0.5.

We perform our inference procedure for both the real and imaginary components of the 6
off-diagonal positions in the 3 x 3 block for a total of 12 entries. These are entries where the
difference is potentially non-zero. We further perform inference on 12 randomly selected entries
from the larger block. Since the larger blocks are the same between condition, these are entries
where the true difference is 0. Lastly, we perform our inference procedure for 9 frequency values

((0,1%1 [0.28] ... (09%}) We use 95% confidence intervals and study the Type I error,
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Figure 3.2: Type I error, power, and coverage for different combinations of p and 7'.

coverage, and power for each of the combinations of p and 7" and each estimating equation type.
Each metric is averaged for each simulation over all frequencies and boxplots of the results for all

200 simulations are shown in Figure 3.2.

The results in Figure 3.2 show that for p = 15, compared to the symmetric estimating equation,
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s1Left and s1Right have slightly worse type I error and coverage for small sample sizes but all
methods achieve nominal type I error control and coverage when sample sizes are large. This is
also true for p = 50, 100 although type I error and coverage are worse for smaller sample sizes
compared to p = 15. Interestingly, s1Left and s1Right achieve better power than symm when type I
error is controlled. We also see that the power does not change much with the increasing sample
size and the effect of sample size is primarily observed in improved control of type I error. This is
likely due to the fact that we are averaging over frequencies and it takes very large sample sizes to

increase power given the scaling 7'/B = T"/3,
3.8 Application to EEG Data

Next, we apply our direct difference estimator (SSD) and competing estimators to electroencephalo-
grams (EEG) data from Hatlestad-Hall et al. (2022). Data were recorded with a 64 channel EEG
array for 111 healthy subjects at a sampling frequency of 1024 Hz. Four minutes of brain activity
was recorded while subjects were resting with their eyes closed. For 42 subjects, a second session
was recorded 2-3 months after the initial session. We refer to these 42 subjects as those “with
follow-up” and the remaining 69 as those “without follow-up.” For our analysis, we used the
pre-cleaned data provided in OpenNeuro Dataset ds003775 (Markiewicz et al., 2021). Specific
cleaning steps can be found in Hatlestad-Hall et al. (2022). We also downsampled the data to 512
Hz.

To validate our method, we analyzed the subjects with follow-up and without follow-up sepa-
rately. For those with follow-up, we estimated the difference in networks from the first to the second
session (across session analysis). For those without, we estimated the difference in networks from
0-60s to 120-180s (within session analysis). The 60-120s block was used as a rest. Brain networks
have been shown to be temporally dynamic (Zalesky et al., 2014; Nobukawa et al., 2019). Therefore,
a priori, we expect the differential networks to be sparser in the within session analysis compared
to the across session analysis and finding such results would provide validation of our method.

We compare the sparsity of the estimated differential network for SDD, the Naive, Hard

threshold, and FGL methods across the commonly-used Theta, Beta, Gamma and High-Gamma
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Figure 3.3: EEG Across (left) and Within (right) session analyses. Vertical lines indicate SE.

bands. Sparsity was defined as the proportion of entries in the estimated difference that were
non-zero. Five or six evenly spaced frequencies were considered for each band. They were (in Hz):
Theta: (4,5,6,7,8), Beta: (12, 16, 20, 24, 28), Gamma: (30, 40, 50, 60, 70), High-gamma: (80, 95,
110, 125, 140, 150). Results averaged over subjects and frequencies within each band are presented

in Figure 3.3.

Figure 3.3 shows that SDD is the only method that estimates a meaningfully sparser difference
in the within session analysis compared to the across session analysis across all frequency bands.
While the Hard threshold method comes close, the estimated sparsity in the Beta band is similar
between the across and within session analyses. All other competing methods have similar or
less sparsity in the within session analysis compared to the across-session analysis. These results

indicate that SDD estimates are more consistent with the experimental setting in this application.
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3.9 Discussion

We proposed a direct estimate of the differences in inverse spectral densities between two conditions,
termed the Spectral D-trace Difference (SDD) estimator. To our knowledge this is the first method
of its kind in the spectral domain and only the second for time series data. We leveraged recent
advances in the analysis of time series data to develop new convergence rates of the spectral density
estimators. Using these rates we established convergence rates of SDD that can flexibly handle
varying data dependence and smoothing spans and only require assuming sparsity in the difference
of inverse spectral densities. Compared to the usual assumptions of sparsity of each inverse spectral
density, the sparsity of the difference is more realistic if, for example, the inverse spectral densities
do not change much between conditions. This is indeed what we expect in many biological settings,

especially neurodegenerative disorders that are associated with changes in brain connectivity.

We additionally developed new inference procedures, only assuming mild dependence con-
ditions, by considering estimating equations with computationally tractable decompositions and
expanding existing results to handle asymptotic distributions with arbitrary scaling. A key ingredient
to our inference procedure is the joint asymptotic distribution of the entire spectral density estimator
which is of independent interest. We make our inference procedure computationally efficient by

using sparse representations and intricate on-the-fly matrix multiplication in C++.

In simulations, the SDD estimator was compared to the fused graphical lasso (FGL), as well as
a naive GLASSO difference and hard thresholding estimator. The four methods were compared
across three different simulation settings, where the true difference in inverse spectral densities was
sparse. Comparison metrics included precision, recall, accuracy, and relative root mean square error
(RRMSE). When compared to the other methods, SDD performed better in accurately identifying
edges and non-edges and the SDD estimates had a lower relative root mean square error. The
inference procedure was also studied using simulations which show small sample bias that becomes
negligible as sample size increases to moderate to large values. This is true even for settings where
p is large (p > 50). Lastly, the SDD estimator was applied to an EEG study where we further

validated SDD by showing it estimated sparser differences between networks that were closer in



time, in line with expected behavior.
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Chapter 4
DYNAMIC DEEP LEARNING FOR CHANGE-POINT DETECTION

4.1 Introduction

The change-point detection problem aims to identify changes in an underlying process. Some of
the earliest works in this area used a cumulative sum score to detect changes in the fraction of
defective products in a manufacturing plant (Page, 1954, 1955). Since then, new change-point
detection methods have been developed and applied across a variety of fields, from climatology
(Ducré-Robitaille et al., 2003) to finance (Kim et al., 2005) and neuroscience (Koepcke et al.,
2016). Change-point detection methods can generally be categorized into offline or online methods.
Compared to the online setting, where data is continuously collected and the goal is to identify
changes as quickly as possible, in the offline setting data is retrospectively analyzed for changes. In
this chapter, we focus on the offline setting.

There is a vast literature of non-deep-learning-based change-point detection methods, including
parametric and nonparametric approaches. Frick et al. (2014) develop a procedure for the change
in the parameter of a one-dimensional exponential family while changes in the mean of a signal
with non-constant variance are considered in Arlot and Celisse (2011). Wang and Samworth (2018)
consider a high-dimensional framework with a sparse change in the mean of a mean plus noise
data model. Nonparametric methods to detect any change in the underlying probability distribution
have been proposed in Matteson and James (2014), Arlot et al. (2019), and Padilla et al. (2021).
Chakraborty and Zhang (2021) further extend nonparametric methods to the high-dimensional
case. While flexible, these nonparametric methods assume the underlying data is independent
and identically distributed (i.i.d) within each segment. However, many change-point detection
applications involve time series data which has an inherent dependence between observations. As a

result, methods based on the piecewise i.i.d assumption may be invalid. To address this, several
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methods account for temporal dependence under the assumption that the data is generated as a
vector autoregressive model (Safikhani and Shojaie, 2022; Safikhani et al., 2022; Bai et al., 2023).
These methods are extended to include general high-dimensional linear models in Bai and Safikhani
(2023). A more comprehensive review of existing offline change-point detection methods can be
found in Truong et al. (2020).

Deep learning methods have the ability to learn complex data representations and have achieved
success across a wide variety of fields, from speech and image recognition to natural language
understanding (LeCun et al., 2015; Hinton et al., 2012; Krizhevsky et al., 2017; Vaswani et al.,
2017; Radford et al., 2018). A natural question is whether machine learning or deep learning-based
methods can be developed for change-point detection. Many recent papers have approached this
question from both a supervised and unsupervised perspective.

For unsupervised methods, Londschien et al. (2023) use random forests as classifiers in com-
bination with a new classifier log-likelihood ratio to detect change-points. While the method is
flexible, it assumes i.i.d. data within segments. Several unsupervised deep learning methods for
depedendent have been developed. For instance, De Ryck et al. (2021), uses autoencoders on both
time-domain and frequency domain features, while Chang et al. (2019) approach the problem from
a two-sample testing perspective and use synthetic data generating models with RNNs to detect
change-points. Ryzhikov et al. (2023) combine model-based and deep learning approaches using
latent stochastic differential equations. Huang et al. (2023) use a hybrid supervised and unsupervised
approach by generating synthetic signals. Lastly, Jones and Harchaoui (2020) provide an end-to-end
deep learning method that jointly learns feature representations and change-points. Their method,
XSCPE, detects changes in the mean feature representation and allows for any number of known
change-point locations. However, a major drawback is that XSCPE requires training, validation,
and test sequences.

Contrary to unsupervised methods, supervised deep learning approaches require labeled training
data. Li et al. (2024) require training data with known change-points in order to learn neural
network-based change-point classifiers. Similarly, Ebrahimzadeh et al. (2019) require a set of

training data to learn model parameters in their proposed pyramid recurrent neural network. A
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semi-supervised approach is taken in Khan et al. (2019), where a prespecified number of samples at
the start of the data are assumed to be from the reference distribution. Kanrar et al. (2024) use a
similar sample splitting approach but make the additional assumption that samples at the end of
the series belong to a separate regime. Hushchyn and Ustyuzhanin (2021) directly estimate density
ratios with deep learning methods, but again rely on reference and test set splitting which implicitly
assumes there is no change-point within the reference or test set. Kloska et al. (2023) makes use of
expert knowledge through a human-in-the-loop framework. In practice, labeled change-point data
may not be available or it may be difficult to the pick the number of samples at the beginning or end
of the data that are known to be apart of the same regime.

We present a fully unsupervised deep learning framework for change-point detection based on the
novel concept of Dynamic Deep Learning (DDL). Key to this new framework is the representation
of change-points as differentiable parameters, which allows for joint optimization of predictive
models and change-points. This allows DDL to estimate both the location of unknown changes
in the prediction function as well as the prediction functions within each regime. Our method is
flexible and can be tailored to a variety of architectures and loss functions. While our primary focus
in this chapter is on time series data, DDL is applicable to both dependent and independent data.
Moreover, DDL integrates easily into existing deep learning libraries such as PyTorch, allowing
computationally efficient training even for very large models and datasets.

The rest of the chapter is organized as follows. In Section 4.2, we formulate the change-point
detection problem and introduce our new dynamic deep learning framework. Simulations comparing
DDL change-point detection to existing deep learning and benchmark methods are carried out in
Section 4.3. DDL is applied to COVID-19 outcomes in New York City in Section 4.4. Finally,

extensions of DDL and concluding remarks are discussed in Sections 4.5 and 5.1.2, respectively.
4.2 Change-point Detection

Suppose we observe time-series data (y;, xt)tlzl /T and our goal is to predict y; based on covariates
x; € RP. Note that we use the time indexing {1/7),...,1} instead of {1,...,T}. In the absence

of change-points, we would make predictions §, = f;(x;) where f;(z) could be a simple linear
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predictor or a feed-forward neural network. That is, we would use the same prediction function

f;3(x,) for all  where 6 is estimated as
f = arg min Z L (y, fo(xy)) ,

for some loss function L. In practice, when fy(z) is, for example, a feed-forward neural network,
this minimization problem is non-convex and 6 is learned by stochastic gradient methods. When
analyzing time series data, this regression function may change over time due to changes in, e.g.,
fiscal policy or system behavior. In this case, we wish to allow the regression function to change. It
is worth noting that compared to nonparametric methods that aim to detect changes in the entire
underlying probability distribution of the data, we focus on detecting changes in the regression
function which is a determined by the joint probability distribution (Arlot et al., 2019; Matteson
and James, 2014). Consider first the case where there is a single change-point that is known to be

located at ¢ = 77, then we could fit

90 = arg min Z (yt, fo, (1))

B tl/T

0, = arg min Z (Ye, fou (1))
and our predictions for y; would be

Ge = fo,(@) I (¢ < mi) + f, (@) (t > 1),

where I (A) is the indicator function that takes a value of 1 if event A occurs and 0 otherwise. In
practice, the change-point locations are unknown and must be estimated. A brute-force approach
would be to estimate éo, 0, for every possible 71 = 1/7', ..., 1 and choose the one that minimizes
an error or loss. However, when fy(z) is a feed-forward neural network, this requires re-training
two networks for each candidate change-point (i.e., before and after the candidate change-point)
and is computationally prohibitive. Instead, we will formulate the problem so that the change-points

are parameters of the model and can be directly optimized through stochastic gradient methods.
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Consider a fixed number of change-points D as {7; }le. We further define 7y = —oco and
Tp+1 = 00. The choice of oo instead of 0,1 will become clear later. For D change-points,
there are D + 1 regimes, from (79, 71],...(7p, 7p+1]. For now, we assume that the number of
change-points D is known. Extensions to the unknown case are discussed in Section 5.1.2. We then
wish to solve

1 D
Oo,...,0p,71,...,7p = argmin Z L <yt, Jo,(x)I (15 <t < Tj+1)> . 4.1)
=0

0o,....0p,T1,...TD =1/T

4.2.1 Dynamic Deep Learning

We cannot use stochastic optimization techniques to approximately solve Eq. (4.1) as the indicator
functions are not differentiable with respect to 7;. Instead, we replace the indicator functions with
a differentiable approximation. This is the key idea behind DDL. By introducing a differentiable
approximation to the indicator function, we can directly optimize both the change-point parameters
and the model parameters. To this end, we approximate the indicator functions by a difference in

sigmoids:

1 1
wt(Tj,Tj+1) = ~ I (Tj <t< Tj+1) )

1+ exp(—k(t — 1)) 1+ exp(—k(t — Ti+1))
where £ is a scaling parameter that controls how quickly the sigmoid approximation rises from O to
1. Larger values of k result in sharper approximations, though very large values of k£ can result in
exploding gradients. While this can be addressed with gradient clipping, we find that, in practice,
k = 50 offers good performance and does not require clipping. An example of this approximation
is shown in Figure 4.1.

With this differentiable approximation to the indicator function, our optimization problem is

now

1 D
0o,...,0p,71,...,7p = argmin Z L (yt, Z fo, (xe)we (75, Tj+1)> , 4.2)
=0

90,...,0D,T1 5. TD tZl/T
which can be approximately solved using existing stochastic gradient methods, in e.g. PyTorch.

Moreover, given the formulation of the indicator approximation, we use 7p = —00, Tp+1 = OO SO
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Figure 4.1: Example of indicator function and it’s corresponding sigmoid approximation,

) for £ = 100 and k& = 50.

1 1
1+exp(—k(t—0.3)) ~ 1+exp(—k(t—0.5

that the value of w (7, 71) = 1 and wy(7p, 7p+1) = 1. An example of how DDL uses weights and

predictions is given in Figure 4.2.

So far we have considered the analysis of time series data where model parameters are allowed
to change over time. However, the proposed DDL framework is general and can be applied to allow
model parameters to change over any variable. As a motivating example, consider the case where
we are trying to predict disease risk and it is known that disease risk differs between children and
adults, but the exact age at which risk changes is unknown. In this example we assume observations
do not have time ordering and thus will denote our data as (y;, z;)"_,. For simplicity, we assume we
consider detecting change-points in the first covariate, z; ;. We also assume, for convenience, that
x;1 € (0, 1] which can be achieved by scaling, (z;; — min;(z;;))/(max;(z;1) — min(;z;,)). To
distinguish from the time series case, we denote the change-points as {d;}2 ; and again assume that

d9 = —00, 01 = 0o. The DDL optimization problem in this case becomes

~

n D
007"'7éD7517"'75D = argmin ZL yiaZf@j(xi>wzi,1(5j75j+l) )

60,.-,0p,01,...0p ] =0
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Input: =07 t=0.18
Predictions foo(x1) fo, (1) fo, () wy(—00,0.2) w;(0.2,0.6) w(0.6,00)
/ Weights: | o | 02 | o6 | X | o7 | o027 | 0 |
Weighted _
0.073 -0.054 0
Predictions:

Output

Figure 4.2: DDL workflow. Inputs. The inputs to DDL change-point detection are a covariate
vector z; and its corresponding time ¢. Predictions/Weights. Predictions from each regime, fy,, are
generated based on the covariates x;. Simultaneously, weights for each regime are computed based
on ¢ and the current change-point locations. In this case there are two change-points: 7, = 0.2,
79 = 0.6. Weighted Predictions. Predictions for each regime and their corresponding weights are

multiplied element-wise. Output. All weighted predictions are summed to compute the output.

where

(55 650) = 1 1
Wai 1 (055 05+1) == 7 +exp(—k(xi1 —9;))  1+exp(—k(z;1—0;41))

This is essentially the same as the time series case except the change-points now partition x; ; instead
of time t. Again, this optimization problem can be easily approximated by stochastic gradient
methods.

In the next section, we dive into further detail on the mechanism for which change-points and

model parameters are learned.

4.2.2 How Change-points and Parameters are Learned

Suppose we are in the time series regression setting, where ¥, is a univariate real output and

we wish to train our model using squared error loss. Then, the loss over the entire dataset can
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be written as L (y,7) = Zzzl/T(yt — §1)%, where § = {@t};zl/:ra Yy = {yt};l/T, and g, =
Zf:o fo,(@)wi(7;, 7j41). Consider the case with one change-point and thus two regimes. The

gradients with respect to 7, 0y, 6, are given by

1

4.3)
oL (y,y ! N L R o L (z
% = — Z 2(y — yt)a_é/; = - Z 2(ye — %) ( fge(o t>wt(70771)) , “4.4)
t=1/T t=1/T
9L (y, 9 - N - [ O0fi(x
a(g ) - 2(ye — yt)a—gt = - 2(yr — 9¢) ( Jgé t)wt(Tl,Tg)) . 4.5)
! t=1/T ! t=1/T !

While these calculations are standard due to the very general form of ¢, they provide useful insight
into which observations impact the gradient of which parameters. Specifically, from Eq. (4.3), we
see that any observations where Ow, (79, 71) /01 = 0 or Ow; (11, 72) /011 = 0 would not contribute to
the gradient of 7; and thus would not determine how the change-point is updated. Only observations
where 0w (19, 71)/0T or Qwy(T1, T2)/Om1 # 0 move the change-point around. As we can see from
Figure 4.3b, these observations are in a small window around the change-point, approximately
observations where ¢t € (0.3,0.5) when the change-point is 0.4. This window gets wider with

smaller k.

To see which observations impact the gradients of 0, 6, we can study Egs. (4.4) and (4.5). These
equations show that only the observations where w, (79, 71) # 0 or w;(71, 72) # 0 contribute to the
gradients of 6, 61, respectively. From Figure 4.3, we see that these correspond to the observations
in Regime 0 and Regime 1, respectively. Put succinctly, only the observations in Regime 0 are used
to update fy,, while only the observations in Regime 1 are used to update fy,. However, in settings
where fy,, fo, share parameters, these decompositions won’t be as clean. See additional discussions

in Section 5.1.2.

OL(y.9) _ Z 2y — Qt)% _ Z 2 — i) (f%(xt)@wt(m,n) —|—f91(:ct)awt(ﬁ’7—2)
t=1/T

).
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(a) Example weights. (b) Derivative of weights w.r.t 71.

Figure 4.3: (a) Example of weights for each regime. Change-points are indicated by dashed lines.
The weights for each regime decay rapidly outside regime boundary. For example, the boundary of
Regime 0ist = (0,0.4]. When t = 0.6 the weight for Regime 0 is effectively 0. (b) Derivative of

weight function in (a) w.r.t. 7q.
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4.3 Simulations

In this section, we study the performance of our dynamic deep learning change-point detection
method in simulations and compare its performance to existing deep learning and baseline methods.
It is worth noting that when detecting change-points with each method we will assume the true

number of change-points is known when the method allows.

4.3.1 Simulation settings

We consider three simulation settings with a combination of linear and non-linear vector autoregres-
sive processes. More information on these processes and visualizations for one realization of the
data can be found in Appendix C.1. The simulation settings considered correspond to challenging
settings where change-point locations may be difficult to visually identify.

We use VAR,,(!) to denote a linear VAR process with p variables and order [, i.e. the VAR
model depends on [ prior lags. In the first setting, we simulate data from a VAR3(2) process
with 3 change-points. The entries from the transition matrices are generated from a Unif(—2, 2)
distribution. The matrices are then rescaled so that the maximum modulus of the eigenvalues of the
VAR(1) representation is less than 0.7, which ensures stability of the process. For more information
on stability of VAR processes and how any VAR process with [ lags can be written as a VAR
process of lag 1, see Liitkepohl (2005, pp.15-16 and Eq. (2.1.8)). In the second and third settings,
similar to the NLAR1 and NLAR1U2 processes from Huang and Yang (2004), data is simulated
as a non-linear combination of prior lags. The maximum lag used in each setting is 4 while the
dimension of the processes are 3 and 2, respectively. Using the same notation as for VAR models,
we will use the shorthands NLAR;3(4) and NLARU,(4) to denote these processes and their exact
mathematical formulations can be found in Appendices C.1.1 and C.1.3, respectively. There are
2 change-points in the NLAR;3(4) and 1 change-point in the NLARU,(4) setting. For all settings,
we simulate errors from a mean zero Gaussian distribution with identity covariance. Data in each
regime is centered and scaled separately which ensures that methods cannot detect change-points as

a result of mean or covariance shifts. We perform 100 simulations with 7" = 2000 and a burn-in
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of B = 2000. Thus a total of 4000 samples are generated, but the first 2000 are discarded. The
locations of the change-points as well as the transition matrices and parameters of the non-linear

models are generated once and used across all repetitions.

4.3.2 Competing methods

The first method considered is KL-CPD of Chang et al. (2019). This method compares samples
before and after ¢ to detect whether or not time point ¢ is a change-point. Specifically, it combines
synthetic data generation with RNNs to learn kernels that maximize the power of a maximum
mean discrepancy test. The output of KL-CPD is a vector of the length of the time series, where
each entry represents the score of time point ¢ as a change-point, with higher scores indicating a
higher likelihood of being a change-point. Since an official package is not available, we use the
implementation from https://github.com/HolyBayes/klcpd.

We next consider the TIRE method from De Ryck et al. (2021), which estimates and detects
changes in time-invariant features. Intuitively, a change-point occurs when such time-invariant
features change. Autoencoders and time-invariant features are separately learned for both the
time and frequency domains. To encourage sparse changes in time-invariant features, the authors
penalize the difference across many time-points. Finally, the time-invariant features from the time
and frequency domains are combined to detect the change-points. Similar to KL.-CPD, the output of
TIRE is a change-point score vector that is the length of the time series and similarly we use the
implementation from https://github.com/HolyBayes/TIRE _pytorch.

The last machine learning method we consider is changeforest from Londschien et al.
(2023). The authors use a classifier log-likelihood ratio to detect change-points. They use random
forests as their classifiers and combine them with a two-step search procedure and binary segmenta-
tion to maximize approximate gain in the classifier log-likelihood ratio (Breiman, 2001; Vostrikova,
1981). The method is implemented in the Python package changeforest. While this method
was designed for i.i.d. data, we adapt it to the time series case by concatenating data from [ prior
lags for each observation as mentioned in Section 5 of Londschien et al. (2023).

In addition to the machine learning methods mentioned, we also include KCP and ECP which
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66

are two well-known non-parameteric change-point detection methods (Arlot et al., 2019; Matteson
and James, 2014). KCP is a kernel change-point detection method that is implemented in Python in
the ruptures package (Truong et al., 2020). We use the Gaussian kernel with default parameters.
ECP uses an empirical divergence measure between two distributions. An implementation of ECP
is available in the R package ecp, which we use in Python through the rpy2 package (James and
Matteson, 2015).

We also considered the latent SDE method of Ryzhikov et al. (2023). However, since the
paper computes evaluation metrics after each epoch and saves the best results, this method was
not comparable in our settings; To adapt the method to our setting, we computed the change-point
scores after 100 epochs, but we found that the change-point scores were always zero. As such, latent
SDE was excluded from the analysis.

Since changeforest, KCP, and ECP were developed for i.i.d. data, we briefly discuss how
to adapt these methods to the time series setting. To do so, we follow the suggestion in Section 5 of
Londschien et al. (2023) and augment the data at time ¢ with [ prior lags. That is, to detect change-
points at time ¢, we use the observation [mt T .. Tp_yr| € RV In this way, we
transform the R”*? data matrix into a R7~"*(P+D! matrix, which is then used by changeforest,
KCP, and ECP to detect change-points. In practice, the number of prior lags [ is unknown and
needs to be selected. One method is to select a [ that is hypothesized to be larger than the true
lag order to capture all the relevant historical data. With this in mind, we choose [ to be greater
than or equal to the true number of lags. For the VAR;(2) and NLAR3(4) settings, we use the true
lag order of the processes [ = 2 and [ = 4, respectively. For NLARU,(4), we assume the true
lags are unknown and set the number of prior lags to be [ = 5, larger than the true lag order 4.
Experiments with misspecified lags [ that are smaller than the true number of lags are available in
Appendix C.1.4. Most methods, including DDL, perform worse under misspecification but are not
materially worse. While KL-CPD and TIRE do not explicitly require concatenation of prior lags, an
equivalent parameter for KL-CPD and TIRE are the window sizes, both of which are larger than the
true lag sizes.

Whenever available, we use the default package parameters. We train TIRE and KL-CPD
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using 200 and 100 epochs, respectively. Fewer epochs are used for KL-CPD as it is much more
computationally intensive than TIRE. For changeforest we use random forests as our classifier
and the binary segmentation search procedure. We use KCP with a Gaussian kernel and a minimum
segment length of 10 observation while all default parameters are used for ECP.

Next, we discuss how change-points are selected for each method. When possible, we assume
the true number of change-points, D*, is known. For example, in the VAR3(2) setting, we assume
we know there are 3 change-points so D* = 3. Recall that TIRE and KL-CPD are score-based
methods, which return a change-point score for each data-point. For both of these methods, we select
the D* change-points with the highest score while ensuring that the minimum distance between any
two change-points is 0.05 (for change-points in the (0, 1] interval). The ruptures implementation
of KCP allows to fit a known number of change-points so we use D* for this parameter. Both
changeforest and ECP assume the number of change-points is unknown and neither have easy
methods to fix the number of known change-points or select those with the highest score. As a
result, we simply use the change-points returned from each method. KL-CPD and TIRE are both
trained on NVIDIA L40S GPU with 48 GB. Other methods cannot leverage GPU acceleration and
are trained using 64 GB of RAM of the same NVIDIA machine.

4.3.3 DDL setup

So far, we have presented a general formulation of the DDL change-point detection problem
to highlight its versatility. In this section, we discuss our implementation for the simulation
settings in Section 4.3.1. We use the same set-up for each setting. In each regime we model
Jo, as a feed-forward neural network. For a time ¢, the goal is to predict z; based on prior lags.
Thus, the output at time ¢ is y; := z; while the inputs to the feed-forward neural network are
2 = [xt_l T - Tyr| € R®+DL The input to the weighting function is the corresponding
observation time, ¢ € (0, 1]. The observation time is only used to compute the weights for each
regime as in Figure 4.2. It is not used by the neural networks. Since our output is y; € R?, we
configure the network to output a R” vector and use MSE as our loss.

The network in each regime is configured using two hidden layers each with 8 nodes, ReLU
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activation, and a dropout rate of 0.1. All methods are trained for 200 epochs with a batch size of
32. We use the Adam optimizer with a learning rate of 0.0003 for the change-points and 0.001
for the parameters of the neural network. We find that using a learning rate for the change-points
that is roughly three to ten times smaller than the learning rate for the network parameters gives
good results. Due to the relatively small number of parameters, we train all DDL models on a
CPU with 64GB of RAM. For these small models and dataset sizes, training one epoch of the DDL
model takes roughly a second on a personal MacBook pro with a 2.3 GHz Quad-Core Intel Core 17
processor and 16 GB of RAM.

4.3.4 Metrics

We use three metrics to evaluate performance of each method. The first is the adjusted Rand index
(ARI) (Hubert and Arabie, 1985). The Rand index is computed as the number of agreements
between two clusterings divided by the total number of possible pairs of observations, which is (g)
The number of agreements is computed as the number of pairs of observations that are assigned
to the same or different clusters for each clustering. The adjusted Rand index centers the Rand
index by its expected value and then rescales by its maximum. The maximum value of ARI is 1 and
indicates perfect clustering agreements.

The second metric we study is the F} score, which is the harmonic mean of precision, P, and
recall, R. We first define precision and recall. Denote the true change-point locations as D* and the
estimated change-point locations as D. We follow Van den Burg and Williams (2020) and define
the true positives TP of D to be those 7* € D* for which 37 € D such that |7* — 7] < M. We
also ensure that only one 7 can be used for each 7*. This avoids a setting where 7, = 0.1, 7o = 0.12
are both true positives for 7% = 0.11. We detect change-points in the (0, 1] representation of time so

we set M = 0.05. With this, precision and recall are given by

TP
DI
TP

R= .
|D°]
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where | D*| represents the cardinality of D*. F} score is then defined as

_2P><R
- "P4+RC

(4.6)

1

The F score takes values between 0 and 1 with 1 indicating perfect precision and recall.
The last metric we consider is the symmetric Hausdorff distance which is computed as the
maximum of the directed Hausdorff distances
dy (D, D*) = max (ma;x min |7 — 77|, max min 7" — %|) : 4.7)
teD TTED” TED* teD
Since we map the time to the (0, 1] interval, the maximum Hausdorff distance is 1 while the

minimum is 0.

4.3.5 Results

The simulation results for the three settings and all metrics are presented in Figures 4.4 to 4.6. For
each setting, 100 replicates were performed and the mean and standard error were computed for each
metric. Despite being visually easier to detect change-points (see Figure C.1), the NLAR;3(4) is the
hardest setting with all methods performing worse relative to VAR3(2) and NLARU,(4). Overall,
we see that DDL is the best performing method across all metrics and simulation settings. In both
the VAR;(2) and NLARU,(4) settings, DDL achieves nearly perfect ARI and F score, while
DDL achieves ARI and F; £ 0.8 in NLAR;(4). The mean Hausdorff distance for change-points
estimated by DDL are ~ 0.08 in the NLAR3(4) setting, indicating reasonable change-point recovery
and are nearly O in the other settings indicating near perfect change-point recovery. The performance
gap between DDL and other methods is most notable in the NLAR;(4), the hardest setting for all
methods.

Despite being deep learning-based, KL-CPD and TIRE do not perform well across any metrics
or any settings. Similarly, ECP appears to perform poorly in all settings. While performing nearly
perfectly in the NLARU,(4) setting, KCP performs comparably or slightly better than existing deep
learning methods in the other settings with an ARI < 0.6 and the F} score < 0.4 for both VAR3(2)
and NLARj3(4). Although changeforest performs poorly in the NLAR3(4) setting, it achieves
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Figure 4.4: Simulation results for NLAR3(4) true number of lags, [ = 4. Vertical lines indicate 95%
confidence intervals. Methods for which it is not possible to specify the number of change-points are
colored in orange while methods where the number of change-points can be specified are colored in

blue. DDL is represented by green dots.
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Figure 4.5: Simulation results for VAR;(2) true number of lags, [ = 2. Vertical lines indicate 95%
confidence intervals. Methods for which it is not possible to specify the number of change-points are
colored in orange while methods where the number of change-points can be specified are colored in

blue. DDL is represented by green dots.



71

1.0 s 10 P 1.0
0.91 0.9 0.91
« 0.81 0.8 0.8
20.71 0.7 § 0.79
T 0.6 £ 0.6 3 0.6
Il Q =
o 0.51 2 0.5 o 0.5
= S
£ 0.4 w04 g 041
0.3 0.3 F03]
0.2 0.2 0.2
011 0.1 0.1
0.0 0.0 0.0 o
& R Q QK N & R Q Q& Y &> R Q NI v
GEE &P GEE &SP GEE &P
& & '»“6" & & +
& o &

Figure 4.6: Simulation results for NLARU3(4) with [ = 5 lags. True number of lags are [ = 4.
Vertical lines indicate 95% confidence intervals. Methods for which it is not possible to specify the
number of change-points are colored in orange while methods where the number of change-points

can be specified are colored in blue. DDL is represented by green dots.

the second best ARI, F} scores, and Hausdorff distance in the VAR;3(2) setting and a close third
behind KCP for the NLARU,(4) model.

4.4 COVID-19 in New York City

We apply DDL, KCP, and changeforest to detect changes in COVID-19 outcomes in New
York City. Daily data on deaths, cases, and hospitalizations in New York City due to COVID-19
are available starting Februrary 29, 2020 at City of New York’s website. We specifically analyze
data from February 29, 2020 to July 8, 2024 (17" = 1, 592). All data are first differenced to make
them stationary and each variable is centered and scaled. This time period encompasses several
major events such as the introduction of COVID vaccines on December 14, 2020, as well as two
major variants: Delta and Omicron. Delta was recorded as the dominant COVID strain on July 23,
2021, while the Omicron variant become a major threat around December 19, 2021 (Millman, 2021;
Garcia, 2021). Due to the stochastic nature of DDL we run it for 100 random seeds and plot the

frequency of detected change-points in Figure 4.7. Note that the frequency is computed for each
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Figure 4.7: Comparison of change-point detection methods on COVID-19 outcomes in NYC.

Normalized first differences of cases, hospitalizations, and deaths are plotted for all methods. Black

dashed lines indicate notable events. Red dashed lines indicate estimated change-points for KCP or

changeforest. For the DDL plot, histograms of estimated change-point locations are shown for

each of the 4 change-points.

change-point separately. We use the same network setup as in Section 4.3.3 with 4 change-points

and 300 epochs. For each day, we use data from the prior 7 days to predict outcomes which translates

to [ = 7 lags. KCP and changeforest are not stochastic methods so are only run once. We use

the same setups for both methods as discussed in Section 4.3.2 and, similar to DDL, we specify a

known number of 4 change-points for KCP.

While changeforest recovers the notable events, it also detects many other change-points.
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Of course, since changeforest does not allow a fixed number of change-points, this could be
a potential reason for the poor performance. KCP appears to recover the availability of vaccines
well, but does not detect change-points around the Delta or Omicron variants. DDL appears to
recover the start and end of the Omicron wave as shown by the histograms for change-points 2 and 3.
However, similar to KCP, it does not detect any change-points near the Delta variant. One possible
explanation is that the vaccines were effective for the Delta variant, but not Omicron. Indeed, Braeye
et al. (2023) found that the BNT162b2 vaccine, known as the Pfizer-BioNTech vaccine, had a 87%
effectiveness against transmisson for Delta, but only 31% for Omicron. The location of the first
change-point estimated by DDL appears to be bimodal with a peak near the start of the COVID-19
pandemic and another peak near the first vaccinations. The final change-point appears roughly
uniformly distributed between June 2022 and Feb 2023 likely signaling a steady-state for outcomes.
Overall, when compared to competing methods, it appears that DDL recovers notable events in the

COVID-19 pandemic reasonably well.

4.5 Discussion

This chapter introduces DDL, a novel and flexible deep learning framework for change-point
detection. We introduce the core concepts behind DDL and evaluate its performance compared
to existing competing deep learning methods, KL-CPD, changeforest, and TIRE, and other
nonparametric benchmarks, KCP and ECP, across a variety of simulation settings. DDL outperforms
all competing methods across these simulations with larger performance gaps in the most challenging
settings. DDL was also compared to KCP and changeforest, the two top competing methods,
in detection of change-points in COVID-19 outcomes in New York City. Overall, DDL recovered
the locations of notable events, such as vaccine introduction and Delta and Omicron variants, better
than competing methods.

While DDL allows for flexible deep learning architectures, its main limitation is the assumption
of a fixed and known number of change-points. Extending this framework to allow for an unknown
number of change-points is of primary interest in future work. In addition, the development of

statistical theory for the DDL framework and extensions to the online setting are important avenues



for future work.
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Chapter 5
DISCUSSION

In this thesis, we proposed novel methods for time series network analysis covering an array
of topics. In Chapter 2, we introduced the flat loss phenomenon in VAR models which states that
the population squared error loss is flat once the fitted order reaches or exceeds the true order.
By replacing population estimates with sample estimates and adding a penalty on the fitted order,
we developed a new criteria to select the order in VAR models, MIC. We showed under mild
assumptions that MIC recovers the true VAR model order. In Chapter 3, we moved into frequency-
domain network analyses and devised SDD, a procedure to directly estimate and generate confidence
intervals for the difference in two inverse spectral densities. SDD is the first method of its kind
in the frequency domain and is valid under varying degrees of data dependence. As a result, we
expect SDD to be suitable across a wide range of data applications. Lastly, we approach time series
network analysis from a deep learning perspective and propose dynamic deep learning (DDL) in
Chapter 4. DDL is a novel deep learning framework that allows for changing predictive models. By
casting the problem as a change-point detection problem and formulating change-points as learnable
parameters of a deep learning model, DDL allows for the joint optimization of predictive models
and change-points. While DDL can be used to study dynamic time series networks, its applicability

extends to other forms of dependent data as well as independent data.
5.1 Directions for future work

5.1.1 Future directions for MIC

An interesting direction for future work is to extend the proposed method to high-dimensional
settings. In high dimensions, we can substitute the least squares estimate by e.g. ridge or LASSO

estimators. Alternatively, estimates of the autocovariances in high dimensions may be used and
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plugged directly into the loss. It would then be interesting to compare the resulting estimator to
recently proposed regularization-based approaches (Shojaie and Michailidis, 2010; Shojaie et al.,

2012; Nicholson et al., 2017).

5.1.2  Future directions for DDL

While the DDL framework is quite general with regards to architecture, there are some important
areas for future work. The primary direction of future work is to address the assumption of a fixed
number of change-points. In practice, the number of change-points is unknown and needs to be
estimated. Consider the case where the prediction function in regime j is parameterized by ;. For
example, 0; may be the weights and biases of a feed-forward neural network. One way to extend
the DDL framework to allow for an unknown number of change-points would be to parameterize
the prediction function in each regime as the prediction function in the first regime plus a set of
differences, A;. That is we would define 0, = 6, + A;. Then, we can jointly learn 6y, Aq, ..., Ap_y
with a fused lasso penalty to encourage sparsity in A; as in Safikhani and Shojaie (2022); Harchaoui
and Lévy-Leduc (2010).

Another interesting avenue of future direction would be to extend DDL to the online setting.
One idea would be to first learn prediction functions and change-point locations with a fixed dataset.
Then, when it is ready to deploy in an online setting, the model parameters are frozen and another
change-point is added at the end of the dataset. This change-point and the most recent prediction
function would then be continuously trained and updated. If there were no change-point, one would
expect the final change-point to stay near the end of the dataset. However, if a change occurs, we
would expect the change-point to gradually shift away from the end of the dataset. A fusion-type
penalty here would be important so that the most recent prediction function does not overfit the
streaming data.

The last direction for future research is to develop statistical theory for this framework. Recently,
Schmidt-Hieber (2020) showed that deep feed-forward ReLU networks excel at approximating
regression functions that are compositions of smooth functions. Unfortunately, since the indicator

function is not smooth, this theory cannot be directly applied. Even though we use a smooth
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approximation to this function with the difference in sigmoid functions, this may not solve the
problem entirely. Instead, by directly encoding this approximation of a non-smooth function into our
model, we may be aiding the training of the neural network so that it only needs to learn the change-
points and not the entire function. Using this idea, we believe the framework of Schmidt-Hieber
(2020) could be extended to show that DDL achieves good approximations when the regression
function is piecewise smooth.

In Section 4.2.2, we mentioned how it is possible for prediction functions to share parameters.
We briefly discuss this further. One use case for this parameterization is when change-points occur
in how an embedding space is used to predict the output. In this case, it is possible to use the same
encoder, and thus the same learned embedding space, for each regime while allowing for separate
decoders. A similar idea is used in Jones and Harchaoui (2020) except the authors detect changes in
the embedding space itself rather than how that space is used by a decoder. Of course, this would
result in gradients that are different from those is Section 4.2.2. Another interesting extension would
be to use DDL in combination with variational autoencoders (VAESs) to learn any changes in the
underlying probability distributions, similar to non-parametric methods like KCP (Arlot et al., 2019)
and ECP (Matteson and James, 2014).



78

BIBLIOGRAPHY

Hirotugu Akaike. Information theory and an extension of the maximum likelihood principle. In 2nd

International Symposium on Information Theory, pages 267-81, 1973.

Hirotugu Akaike. A new look at the statistical model identification. IEEE Transactions on Automatic

Control, 19(6):716-723, 1974.

Sylvain Arlot and Alain Celisse. Segmentation of the mean of heteroscedastic data via cross-

validation. Statistics and Computing, 21(4):613-632, 2011.

Sylvain Arlot, Alain Celisse, and Zaid Harchaoui. A kernel multiple change-point algorithm via

model selection. Journal of machine learning research, 20(162):1-56, 2019.

Peiliang Bai, Abolfazl Safikhani, and George Michailidis. Multiple change point detection in
reduced rank high dimensional vector autoregressive models. Journal of the American Statistical

Association, 118(544):2776-2792, 2023.

Yue Bai and Abolfazl Safikhani. A unified framework for change point detection in high-dimensional

linear models. Statistica Sinica, 33:1721-1748, 2023.

Onureena Banerjee, Laurent El Ghaoui, and Alexandre d’ Aspremont. Model selection through
sparse maximum likelihood estimation for multivariate gaussian or binary data. The Journal of

Machine Learning Research, 9:485-516, 2008.

Douglas Bates and Dirk Eddelbuettel. Fast and elegant numerical linear algebra using the RcppEigen
package. Journal of Statistical Software, 52(5):1-24, 2013. doi: 10.18637/jss.v052.105.

Mohamed Ishmael Belghazi, Aristide Baratin, Sai Rajeshwar, Sherjil Ozair, Yoshua Bengio, Aaron



79

Courville, and Devon Hjelm. Mutual information neural estimation. In International conference

on machine learning, pages 531-540. PMLR, 2018.

Guo-qgiang Bi and Mu-ming Poo. Synaptic modifications in cultured hippocampal neurons: depen-
dence on spike timing, synaptic strength, and postsynaptic cell type. Journal of neuroscience, 18

(24):10464-10472, 1998.

Peter J. Bickel, Ya’acov Ritov, and Alexandre B. Tsybakov. Simultaneous analysis of Lasso and
Dantzig selector. The Annals of Statistics, 37(4):1705 — 1732, 2009. doi: 10.1214/08- A0S620.
URL https://doi.org/10.1214/08-A0S620.

Julien Bloch, Alexander Greaves-Tunnell, Eric Shea-Brown, Zaid Harchaoui, Ali Shojaie, and
Azadeh Yazdan-Shahmorad. Network structure mediates functional reorganization induced by

optogenetic stimulation of non-human primate sensorimotor cortex. Iscience, 25(5), 2022.

Hilmar Bohm and Rainer von Sachs. Shrinkage estimation in the frequency domain of multivariate

time series. Journal of Multivariate Analysis, 100(5):913-935, 20009.

Toon Braeye, Lucy Catteau, Ruben Brondeel, Joris AF van Loenhout, Kristiaan Proesmans, Laura
Cornelissen, Herman Van Oyen, Veerle Stouten, Pierre Hubin, Matthieu Billuart, et al. Vaccine

effectiveness against transmission of alpha, delta and omicron sars-cov-2-infection, belgian

contact tracing, 2021-2022. Vaccine, 41(20):3292-3300, 2023.
Leo Breiman. Random forests. Machine learning, 45:5-32, 2001.

Peter J Brockwell and Richard A Davis. Time series: theory and methods. Springer science &

business media, 1991.

Randy L Buckner, Jorge Sepulcre, Tanveer Talukdar, Fenna M Krienen, Hesheng Liu, Trey Hedden,
Jessica R Andrews-Hanna, Reisa A Sperling, and Keith A Johnson. Cortical hubs revealed by
intrinsic functional connectivity: mapping, assessment of stability, and relation to alzheimer’s

disease. Journal of neuroscience, 29(6):1860-1873, 2009.


https://doi.org/10.1214/08-AOS620

80

Tony Cai, Weidong Liu, and Xi Luo. A constrained ¢; minimization approach to sparse precision

matrix estimation. Journal of the American Statistical Association, 106(494):594—607, 2011.

Emmanuel Candes and Terence Tao. The Dantzig selector: Statistical estimation when p is
much larger than n. The Annals of Statistics, 35(6):2313 — 2351, 2007. doi: 10.1214/
009053606000001523. URL https://doi.org/10.1214/009053606000001523.

Shubhadeep Chakraborty and Xianyang Zhang. High-dimensional change-point detection using
generalized homogeneity metrics. arXiv preprint arXiv:2105.08976, 2021.

Wei-Cheng Chang, Chun-Liang Li, Yiming Yang, and Barnabas Péczos. Kernel change-point
detection with auxiliary deep generative models. In 7th International Conference on Learning
Representations, ICLR 2019, New Orleans, LA, USA, May 6-9, 2019. OpenReview.net, 2019.

URL https://openreview.net/forum?id=rl1GbfhRqgF7.

Song Zan Chiou-Wei, Ching-Fu Chen, and Zhen Zhu. Economic growth and energy consumption
revisited—evidence from linear and nonlinear granger causality. Energy economics, 30(6):

3063-3076, 2008.

Christian Conrad and Onno Kleen. Two are better than one: volatility forecasting using multiplicative

component garch-midas models. Journal of Applied Econometrics, 35(1):19-45, 2020.

Rainer Dahlhaus. Graphical interaction models for multivariate time series. Metrika, 51:157-172,

2000.

Patrick Danaher, Pei Wang, and Daniela M Witten. The joint graphical lasso for inverse covariance
estimation across multiple classes. Journal of the Royal Statistical Society Series B: Statistical

Methodology, 76(2):373-397, 2014.

Tim De Ryck, Maarten De Vos, and Alexander Bertrand. Change point detection in time series data
using autoencoders with a time-invariant representation. /[EEE Transactions on Signal Processing,

69:3513-3524, 2021.


https://doi.org/10.1214/009053606000001523
https://openreview.net/forum?id=r1GbfhRqF7

81

Navonil Deb, Amy Kuceyeski, and Sumanta Basu. Regularized estimation of sparse spectral

precision matrices. arXiv preprint arXiv:2401.11128, 2024.

Jean-Francois Ducré-Robitaille, Lucie A Vincent, and Gilles Boulet. Comparison of techniques
for detection of discontinuities in temperature series. International Journal of Climatology: A

Journal of the Royal Meteorological Society, 23(9):1087-1101, 2003.

Tom Dupré la Tour, Thomas Moreau, Mainak Jas, and Alexandre Gramfort. Multivariate convolu-
tional sparse coding for electromagnetic brain signals. In S. Bengio, H. Wallach, H. Larochelle,
K. Grauman, N. Cesa-Bianchi, and R. Garnett, editors, Advances in Neural Information Process-

ing Systems, volume 31. Curran Associates, Inc., 2018.

Zahra Ebrahimzadeh, Min Zheng, Selcuk Karakas, and Samantha Kleinberg. Deep learning for
multi-scale changepoint detection in multivariate time series. arXiv preprint arXiv:1905.06913,

2019.

Dirk Eddelbuettel and Romain Frangois. Rcpp: Seamless R and C++ integration. Journal of

Statistical Software, 40(8):1-18, 2011. doi: 10.18637/jss.v040.108.

Mark Fiecas, Chenlei Leng, Weidong Liu, and Yi Yu. Spectral analysis of high-dimensional time
series. Electronic Journal of Statistics, 13(2):4079 — 4101, 2019. doi: 10.1214/19-EJS1621. URL
https://doi.org/10.1214/19-EJS1621.

Rina Foygel and Mathias Drton. Extended bayesian information criteria for gaussian graphical

models. Advances in neural information processing systems, 23, 2010.

Klaus Frick, Axel Munk, and Hannes Sieling. Multiscale change point inference. Journal of the

Royal Statistical Society Series B: Statistical Methodology, 76(3):495-580, 2014.

Jerome Friedman, Trevor Hastie, and Robert Tibshirani. Sparse inverse covariance estimation with

the graphical lasso. Biostatistics, 9(3):432-441, 2008.


https://doi.org/10.1214/19-EJS1621

82

Karl J Friston. Functional and effective connectivity: a review. Brain connectivity, 1(1):13-36,

2011.

Jean Gallier et al. The schur complement and symmetric positive semidefinite (and definite) matrices

(2019). URL https://www. cis. upenn. edu/jean/schur-comp. pdf, 2020.

Deanna Garcia. De blasio tells biden: New york needs help now.  Politico, 2021.
URL https://www.politico.com/states/new—york/albany/story/2021/

12/19/de-blasio-tells-biden-new-york—-needs-help-now-1401826.

Abigail G Garrity, Godfrey D Pearlson, Kristen McKiernan, Dan Lloyd, Kent A Kiehl, and Vince D
Calhoun. Aberrant “default mode” functional connectivity in schizophrenia. American journal of

psychiatry, 164(3):450-457, 2007.

Théo Gnassounou, Rémi Flamary, and Alexandre Gramfort. Convolution monge mapping normal-
ization for learning on sleep data. In A. Oh, T. Naumann, A. Globerson, K. Saenko, M. Hardt,
and S. Levine, editors, Advances in Neural Information Processing Systems, volume 36, pages

10457-10476. Curran Associates, Inc., 2023.

Edward J Hannan and Barry G Quinn. The determination of the order of an autoregression. Journal

of the Royal Statistical Society: Series B, 41(2):190-195, 1979.

Zaid Harchaoui and Céline Lévy-Leduc. Multiple change-point estimation with a total variation

penalty. Journal of the American Statistical Association, 105(492):1480-1493, 2010.

Christoffer Hatlestad-Hall, Trine Waage Rygvold, and Stein Andersson. Bids-structured resting-
state electroencephalography (eeg) data extracted from an experimental paradigm. Data in Brief,

45:108647, 2022.

Michael Hellstern, Byol Kim, Zaid Harchaoui, and Ali Shojaie. Spectral differential network analysis
for high-dimensional time series. In The 28th International Conference on Artificial Intelligence

and Statistics, 2025. URL https://openreview.net/forum?id=tuHVCBN5fw.


https://www.politico.com/states/new-york/albany/story/2021/12/19/de-blasio-tells-biden-new-york-needs-help-now-1401826
https://www.politico.com/states/new-york/albany/story/2021/12/19/de-blasio-tells-biden-new-york-needs-help-now-1401826
https://openreview.net/forum?id=tuHVCBN5fw

83

Geoffrey Hinton, Li Deng, Dong Yu, George E Dahl, Abdel-rahman Mohamed, Navdeep Jaitly,
Andrew Senior, Vincent Vanhoucke, Patrick Nguyen, Tara N Sainath, et al. Deep neural networks
for acoustic modeling in speech recognition: The shared views of four research groups. IEEE

Signal processing magazine, 29(6):82-97, 2012.

Jianhua Z Huang and Lijian Yang. Identification of non-linear additive autoregressive models.

Journal of the Royal Statistical Society Series B: Statistical Methodology, 66(2):463—-477, 2004.

Ting-Ji Huang, Qi-Le Zhou, Han-Jia Ye, and De-Chuan Zhan. Change point detection via synthetic
signals. In International Workshop on Advanced Analytics and Learning on Temporal Data,

pages 25-35. Springer, 2023.

Lawrence Hubert and Phipps Arabie. Comparing partitions. Journal of classification, 2(1):193-218,
1985.

Mikhail Hushchyn and Andrey Ustyuzhanin. Generalization of change-point detection in time series
data based on direct density ratio estimation. Journal of Computational Science, 53:101385,

2021.

Nicholas A James and David S Matteson. ecp: An r package for nonparametric multiple change

point analysis of multivariate data. Journal of Statistical Software, 62:1-25, 2015.

SR James, HA Knox, RE Abbott, and EJ Screaton. Improved moving window cross-spectral
analysis for resolving large temporal seismic velocity changes in permafrost. Geophysical

Research Letters, 44(9):4018-4026, 2017.

Adel Javanmard and Andrea Montanari. Confidence intervals and hypothesis testing for high-

dimensional regression. The Journal of Machine Learning Research, 15(1):2869-2909, 2014.

Iain M Johnstone and D Michael Titterington. Statistical challenges of high-dimensional data, 2009.

Corinne Jones and Zaid Harchaoui. End-to-end learning for retrospective change-point estimation.



84

2020 IEEE 30th International Workshop on Machine Learning for Signal Processing (MLSP),
pages 1-6, 2020.

Maria Kalli and Jim E Griffin. Bayesian nonparametric vector autoregressive models. Journal of

econometrics, 203(2):267-282, 2018.

Rohit Kanrar, Feiyu Jiang, and Zhanrui Cai. Model-free change-point detection using modern

classifiers. arXiv preprint arXiv:2404.06995, 2024.

Haidar Khan, Lara Marcuse, and Biilent Yener. Deep density ratio estimation for change point

detection. arXiv preprint arXiv:1905.09876, 2019.

Chang-Jin Kim, James C Morley, and Charles R Nelson. The structural break in the equity premium.
Journal of Business & Economic Statistics, 23(2):181-191, 2005.

Takayoshi Kitaoka and Harutaka Takahashi. Improved prediction of new covid-19 cases using
a simple vector autoregressive model: evidence from seven new york state counties. Biology

Methods and Protocols, 8(1):bpac035, 2023.

Matej Kloska, Gabriela Grmanova, and Viera Rozinajova. Expert enhanced dynamic time warping

based anomaly detection. Expert Systems with Applications, 225:120030, 2023.

Lena Koepcke, Go Ashida, and Jutta Kretzberg. Single and multiple change point detection in spike

trains: Comparison of different cusum methods. Frontiers in systems neuroscience, 10:51, 2016.

Alex Krizhevsky, Ilya Sutskever, and Geoffrey E Hinton. Imagenet classification with deep

convolutional neural networks. Communications of the ACM, 60(6):84-90, 2017.

Denis Kwiatkowski, Peter CB Phillips, Peter Schmidt, and Yongcheol Shin. Testing the null
hypothesis of stationarity against the alternative of a unit root: How sure are we that economic

time series have a unit root? Journal of econometrics, 54(1-3):159-178, 1992.



85

Lucas C Laurindo, Leo Siqueira, Arthur J Mariano, and Ben P Kirtman. Cross-spectral analysis of
the sst/10-m wind speed coupling resolved by satellite products and climate model simulations.

Climate dynamics, 52(9):5071-5098, 2019.

Yann LeCun, Yoshua Bengio, and Geoffrey Hinton. Deep learning. nature, 521(7553):436-444,
2015.

Jie Li, Paul Fearnhead, Piotr Fryzlewicz, and Tengyao Wang. Automatic change-point detection
in time series via deep learning. Journal of the Royal Statistical Society Series B: Statistical

Methodology, 86(2):273-285, 2024.

Malte Londschien, Peter Biihlmann, and Solt Kovacs. Random forests for change point detection.

Journal of Machine Learning Research, 24(216):1-45, 2023.

Tzon-Tzer Lu and Sheng-Hua Shiou. Inverses of 2x 2 block matrices. Computers & Mathematics

with Applications, 43(1-2):119-129, 2002.

Helmut Liitkepohl. New introduction to multiple time series analysis. Springer Science & Business

Media, 2005.

Christopher J Markiewicz, Krzysztof J Gorgolewski, Franklin Feingold, Ross Blair, Yaroslav O
Halchenko, Eric Miller, Nell Hardcastle, Joe Wexler, Oscar Esteban, Mathias Goncavles, et al.

The openneuro resource for sharing of neuroscience data. Elife, 10:¢71774, 2021.

David S Matteson and Nicholas A James. A nonparametric approach for multiple change point
analysis of multivariate data. Journal of the American Statistical Association, 109(505):334-345,
2014.

Jennifer Millman. Delta replacing all other nyc covid strains as new case average soars 32%.
NBC New York, 2021. URL https://www.nbcnewyork.com/news/coronavirus/
delta-replacing—-all-other—-nyc—-covid-strains—as—new-case—-average—-soars—32/

3170311/.


https://www.nbcnewyork.com/news/coronavirus/delta-replacing-all-other-nyc-covid-strains-as-new-case-average-soars-32/3170311/
https://www.nbcnewyork.com/news/coronavirus/delta-replacing-all-other-nyc-covid-strains-as-new-case-average-soars-32/3170311/
https://www.nbcnewyork.com/news/coronavirus/delta-replacing-all-other-nyc-covid-strains-as-new-case-average-soars-32/3170311/

86

Robb J Muirhead. Aspects of multivariate statistical theory. John Wiley & Sons, 2009.

Sahand N. Negahban, Pradeep Ravikumar, Martin J. Wainwright, and Bin Yu. A Unified Framework
for High-Dimensional Analysis of M -Estimators with Decomposable Regularizers. Statistical
Science, 27(4):538 — 557, 2012. doi: 10.1214/12-STS400. URL https://doi.org/10.
1214/12-STS400.

Matey Neykov, Yang Ning, Jun S. Liu, and Han Liu. A Unified Theory of Confidence Regions and
Testing for High-Dimensional Estimating Equations. Statistical Science, 33(3):427 — 443, 2018.
doi: 10.1214/18-STS661. URL https://doi.org/10.1214/18-STS661.

William B Nicholson, David S Matteson, and Jacob Bien. VARX-L: Structured regularization for
large vector autoregressions with exogenous variables. International Journal of Forecasting, 33

(3):627-651, 2017.

William B Nicholson, Ines Wilms, Jacob Bien, and David S Matteson. High dimensional forecasting
via interpretable vector autoregression. Journal of Machine Learning Research, 21(166):1-52,

2020.

Sou Nobukawa, Mitsuru Kikuchi, and Tetsuya Takahashi. Changes in functional connectivity
dynamics with aging: a dynamical phase synchronization approach. Neuroimage, 188:357-368,

2019.

Oscar Hernan Madrid Padilla, Yi Yu, Daren Wang, and Alessandro Rinaldo. Optimal nonparametric
multivariate change point detection and localization. IEEE Transactions on Information Theory,

68(3):1922-1944, 2021.
Ewan S Page. Continuous inspection schemes. Biometrika, 41(1/2):100-115, 1954.

Ewan Stafford Page. A test for a change in a parameter occurring at an unknown point. Biometrika,

42(3/4):523-527, 1955.


https://doi.org/10.1214/12-STS400
https://doi.org/10.1214/12-STS400
https://doi.org/10.1214/18-STS661

87

Jostein Paulsen and Dag Tjgstheim. On the estimation of residual variance and order in autoregres-

sive time series. Journal of the Royal Statistical Society: Series B, 47(2):216-228, 1985.

Kaare Brandt Petersen, Michael Syskind Pedersen, et al. The matrix cookbook. Technical University

of Denmark, 7(15):510, 2008.

Barry G Quinn. Order determination for a multivariate autoregression. Journal of the Royal

Statistical Society: Series B, 42(2):182—185, 1980.

R Core Team. R: A Language and Environment for Statistical Computing. R Foundation for

Statistical Computing, Vienna, Austria, 2021. URL https://www.R-project.org/.

Alec Radford, Karthik Narasimhan, Tim Salimans, Ilya Sutskever, et al. Improving language

understanding by generative pre-training. 2018.

Hugo Richard, Luigi Gresele, Aapo Hyvarinen, Bertrand Thirion, Alexandre Gramfort, and
Pierre Ablin. Modeling shared responses in neuroimaging studies through multiview ica. In
H. Larochelle, M. Ranzato, R. Hadsell, M.F. Balcan, and H. Lin, editors, Advances in Neural

Information Processing Systems, volume 33, pages 19149—-19162. Curran Associates, Inc., 2020.

Artem Ryzhikov, Mikhail Hushchyn, and Denis Derkach. Latent stochastic differential equations
for change point detection. IEEE Access, 11:104700-104711, 2023.

Abolfazl Safikhani and Ali Shojaie. Joint structural break detection and parameter estimation in

high-dimensional nonstationary var models. Journal of the American Statistical Association, 117

(537):251-264, 2022.

Abolfazl Safikhani, Yue Bai, and George Michailidis. Fast and scalable algorithm for detection of
structural breaks in big var models. Journal of Computational and Graphical Statistics, 31(1):

176-189, 2022.

Said E Said and David A Dickey. Testing for unit roots in autoregressive-moving average models of

unknown order. Biometrika, 71(3):599-607, 1984.


https://www.R-project.org/

88

Johannes Schmidt-Hieber. Nonparametric regression using deep neural networks with ReLU
activation function. The Annals of Statistics, 48(4):1875 — 1897, 2020. doi: 10.1214/19-A0S1875.
URL https://doi.org/10.1214/19-A0S1875.

Gideon Schwarz. Estimating the dimension of a model. The Annals of Statistics, pages 461464,
1978.

Anil K Seth, Adam B Barrett, and Lionel Barnett. Granger causality analysis in neuroscience and

neuroimaging. Journal of Neuroscience, 35(8):3293-3297, 2015.

Ali Shojaie and Emily B Fox. Granger causality: A review and recent advances. Annual Review of

Statistics and Its Application, 9(1):289-319, 2022.

Ali Shojaie and George Michailidis. Analysis of gene sets based on the underlying regulatory
network. Journal of Computational Biology, 16(3):407-426, 2009.

Ali Shojaie and George Michailidis. Discovering graphical granger causality using the truncating

lasso penalty. Bioinformatics, 26(18):1517-1523, 2010.

Ali Shojaie, Sumanta Basu, and George Michailidis. Adaptive thresholding for reconstructing
regulatory networks from time-course gene expression data. Statistics in Biosciences, 4:66—83,

2012.
Christopher A Sims. Macroeconomics and reality. Econometrica, pages 1-48, 1980.

Bumbho Son, Yunyoung Lee, Seongwan Park, and Jaewook Lee. Forecasting global stock market
volatility: The impact of volatility spillover index in spatial-temporal graph-based model. Journal

of Forecasting, 42(7):1539-1559, 2023.

Cornelis J Stam, BF Jones, Guido Nolte, Michael Breakspear, and Ph Scheltens. Small-world

networks and functional connectivity in alzheimer’s disease. Cerebral cortex, 17(1):92-99, 2007.

Yiming Sun, Yige Li, Amy Kuceyeski, and Sumanta Basu. Large spectral density matrix estimation

by thresholding. arXiv preprint arXiv:1812.00532, 2018.


https://doi.org/10.1214/19-AOS1875

89

Mityas A Sustik and Ben Calderhead. Glassofast: an efficient glasso implementation. UTCS
Technical Report TR-12-29 2012, 2012.

Robert Tibshirani. Regression shrinkage and selection via the lasso. Journal of the Royal Statistical

Society Series B: Statistical Methodology, 58(1):267-288, 1996.

Charles Truong, Laurent Oudre, and Nicolas Vayatis. Selective review of offline change point

detection methods. Signal Processing, 167:107299, 2020.

Mauro Ursino, Giulia Ricci, and Elisa Magosso. Transfer entropy as a measure of brain connectivity:
A critical analysis with the help of neural mass models. Frontiers in computational neuroscience,

14:45, 2020.

Gerrit JJ Van den Burg and Christopher KI Williams. An evaluation of change point detection
algorithms. arXiv preprint arXiv:2003.06222, 2020.

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N Gomez,
Fukasz Kaiser, and Illia Polosukhin. Attention is all you need. Advances in neural information

processing systems, 30, 2017.

L. Yu. Vostrikova. Detecting “disorder” in multidimensional random processes. Doklady Akademii

Nauk SSSR, 259(2):270-274, 1981. http://mi.mathnet.ru/dan44582.

Tengyao Wang and Richard J Samworth. High dimensional change point estimation via sparse
projection. Journal of the Royal Statistical Society Series B: Statistical Methodology, 80(1):
57-83, 2018.

Yue Wang, Jing Ma, and Ali Shojaie. Direct estimation of differential granger causality between

two high-dimensional time series. arXiv preprint arXiv:2109.07609, 2021.

Wei Biao Wu. Nonlinear system theory: Another look at dependence. Proceedings of the National

Academy of Sciences, 102(40):14150-14154, 2005.


http://mi.mathnet.ru/dan44582

90

Wei Biao Wu and Paolo Zaffaroni. Asymptotic theory for spectral density estimates of general

multivariate time series. Econometric Theory, 34(1):1-22, 2018.

Azadeh Yazdan-Shahmorad, Camilo Diaz-Botia, Timothy L Hanson, Viktor Kharazia, Peter Ledo-
chowitsch, Michel M Maharbiz, and Philip N Sabes. A large-scale interface for optogenetic

stimulation and recording in nonhuman primates. Neuron, 89(5):927-939, 2016.

Azadeh Yazdan-Shahmorad, Daniel B Silversmith, Viktor Kharazia, and Philip N Sabes. Targeted

cortical reorganization using optogenetics in non-human primates. Elife, 7:e31034, 2018.

Huili Yuan, Ruibin Xi, Chong Chen, and Minghua Deng. Differential network analysis via lasso

penalized d-trace loss. Biometrika, 104(4):755-770, 2017.

Andrew Zalesky, Alex Fornito, Luca Cocchi, Leonardo L Gollo, and Michael Breakspear. Time-
resolved resting-state brain networks. Proceedings of the National Academy of Sciences, 111(28):

10341-10346, 2014.

Chi Zhang and Danna Zhang. Spectral inference for high dimensional time series. I[EEE Transactions

on Information Theory, 2025.

Peng Zhao and Bin Yu. On model selection consistency of lasso. The Journal of Machine Learning

Research, 7:2541-2563, 2006.



91

Appendix A
APPENDICES FOR CHAPTER 2

A.1 Assumptions

In this section we list all assumptions used in our analyses and provide a brief discussion of each.

We view all these assumptions as relatively mild.

Assumption 2. 7, € R s a stable mean zero process. That is det(I}, — Ayz — -+ — A, 2P°) # 0

for|z| < 1.

This stability condition is standard and is identical to that used in Liitkepohl (2005, Eq. (2.1.12)).
Note that stability implies stationarity (Liitkepohl, 2005, Proposition 2.1) and this assumption is
required to replace second order expectations with autocovariances. That is, this is required to have

E (Z.ZF ) = I';. This is also required to use the Yule-Walker equations.

Assumption 3.

FO Fl te Fpmax_l
rr r r
T _ 1 0 tee Pmax—2
E (XpmaXXpmax> - . . ’
T T
_Fpmax_l I‘pmax_2 tee PO i

is invertible.

Note that due to the quadratic form of E (X

Pmax

Xgmx) , this matrix is symmetric and positive
semidefinite. By assuming invertibility, we ensure this matrix is also positive definite. We also only

need to make this assumption for p.x and we will have positive definiteness for all E (X, X )

Pmax Pmax

for ¢ = 1,...pmax Since a matrix is positive definite if and only if all its principle minors are

positive (see Liitkepohl (2005) Appendix A.8.3). The ki'" principle minor of E (X Xmeax) is

Pmax

det (E (X, X])). Again, E (X;X]) is symmetric and positive semi-definite so ensuring a positive
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determinant ensures strictly positive eigenvalues and thus positive definiteness. In all simulation

settings this assumption has been met.

Assumption 4. We assume that for a VAR(py) process when p < py,

-1

Lo ... T,.| [T
[T N I s -1, £0.
T T | |

This assumption essentially states that we need at least py lags to generate the pth autocovariance
I',. We view this assumption as very mild. For example it is implicitly made in Liitkepohl (2005,
Eq. (2.1.37)) where for a VAR(py) process, the autocovariance matrix is determined by the prior pg

lags.
A.2 Simplifying multivariate loss

In this section we show that the profiled loss can be written as

E[(vi— 4;%,)" (- 43,)| =T (o) -1 | [y ... 1)
T, ... T, r7

p

To write the profiled loss in this way we will need to replace expectations with atuocovariances as

inE (Z,ZF ) = I'),. Thus Assumption 2 (stability) is required.

A.2.1 Simplifying equalities

To begin we first compute some expectations that will be needed to simplify the loss. We make
note of several identities we will use. First, vec(A)Tvec(B) = Tr(A” B) and vec(ABC) =

CT ® A)vec(B). The ;' row and column of I'; are denoted as I'; .. and I'; .; respectively.
»J »'J



We also note that E (XpT ® XpT) e R1xk*p?

E(X! @ X!) =E ([,

We have

Similarly,

We define

Zy g Zi—2:1
[ Zt2—1,1 Zi 11211k
Zt—l,ZZt—l,l Zt—l,QZt—l,k
-F
LA pZi-1, Lt xLr1
Zt—910r-11 Zt—21 01k
B ([,
E <|:Zt—1,1Zt—2,1
E ([Zt_l,lzt_p,l
To1  (IT)a
Too  (I])a
C:= Tox ([T
Fl,-l FO,-I

and can be written as

Zowi| @ Zivs o Zian Zion oo Zis))
Zi 1122, Zi 1122 Zi 11 Z1—p
Zi 1222, Zi 12212 Zi12Z1—p
Ly 1 -2 Ly 1w Li—ak Zt A, Lr—p
Ly 901021 L1 0s—o Ly—21Ls—p

T
Zt—l,IZt—l,k} ) =To,1.

Lo,k -

3

93

Note that each element in C is € R**!. For example, both I’y ; and (I';)% are € R¥*!. This gives

us that C' € R¥*kP* Therefore we can write



- N T
FO IH Fp—l
T 1, P
= vec . .
_FT I, Lo |
Using a similar idea we have that
E(XS@Y) =E(|Zws oo Zirw Zion oo Ziga] © |2

cvee(fr o))
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for space considerations, we do not write out the steps in detail. The method proceeds similarly to

the above. Next,

VIRVARE YA
ZvoZ]y Zi a7,

Zt—pZtT—l Zt—pZtT—z

Zy
Zy—
T
B =E| |77 20, z8, .. zn,]| -E
Lo
I

Lastly,

RN
Ty ... Ty
oy Ty |

77T
Zi2Z],

Zy_y 7T

t—p_
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A.2.2  Simplifying the loss
We can now proceed in simplifying the population loss. First, note that
* T * * * *
E [(Yt o APXP) (Yt B APXP)] =k (YtTYt) —2E (Y;TApo) +E (XPTAPTAPXP)

=Tr(To) — 2E (X} ® Y,") vec (A2) + E (X} ® X]) vec (437 A7)

7 Ty ... Ty
=Tr(To) —2Tr | | ¢ | A | +Tr : Lo AaTA
7 T, Ty
~1,7
T - T
. . -1,7 T : : :
Since ApT = E (XpoT) E (Y;XPT) = : : : and
rr, T, e
Ty ... Ty
is symmetric and so is its inverse and using Tr(A” B) = Tr(ABT) we get that
sz;_l “ e FO
I
* T * . *
E|(Y-4%,) (Y- 4%)| =Trm)-Tr | | : |4

T
-

-1

T r,.| [T
= Tr(Ty) — Tr [rl rp} :
e, Ty r?
A.3 Proofs

In this section we prove Theorems 1 and 2 and Corollary 1. Specifically, Appendix A.3.1 focuses

on Theorem 1, Appendix A.3.2 proves Corollary 1, and Appendix A.3.3 proves Theorem 2.
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A.3.1 Flat loss

In this section we prove Theorem 1 which establishes that the loss decreases until the true order pg
at which point it remains constant at Tr(X. ). The proof proceeds in several steps. We first relate the
loss at fitted order p to the loss at fitted order p — 1. In the second step we consider the cases when

p > po and p < p, separately. Finally we show that the loss at py is equal to Tr(3,).

Proof of Theorem 1. Recall,

Ty r,.| |7
Lyar(p) == Tr (I'g) — Tr [Fl Fp] :
7, ro | |17

To express Lyar(p) as a function of Lyar(p — 1) we partition the matrices as follows

[Fl Fp_l‘Fp}ZZ[g Fp]
Ty ... Tpo Ty
T
T .. T, (T, o
. C D
Pp_2 . e FO
T, . IT | Ty

Now note from the 2 x 2 block matrix inversion formula from Lu and Shiou (2002),

—1
Iy R -1
’ B CT B'+ B 'CTHCB™! —B-'CTH

. ¢ D —~HCB™! H
Fp—]. PR FO

where H = (D — CB~1CT)~! is the inverse of the Schur-complement. We carry out the multipli-

cation

-1
'y ... I')—4 rr

T, T : | =s T

B'+B'CTHCB™' —-B'C"H
—HCB™! H

—

=

=
S

gT

T
FP
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=gB 'g" +¢B'C"HCB '¢" —T,HCB 'g" —gB 'C"HT| + T,HT] .

Thus we get

Lyvar(p) = Tr (To) = Tr (9B~ '¢" + gB'C"HCB '¢g" —T,HCB 'g" — gB~'C"HI} + T, HI))

= Lvar(p—1) = Tr (¢B~'C"HCB '¢" —T,HCB™'g" — gB~'C"HI] + T,HT})

= Lvar(p—1) = Tr (¢B~'C"HCB '¢") + Tx ([,HCB '¢") + Tx (¢B~'C"HT]) — Tr (T,HT})

= Luan(p—1) = Tr ((9B7'CT = T,) H (4B7'C7 - T,)") .

Note that this relationship holds in general. To get this result we only rely on Assumption 2 (stability)

and Assumption 3 (invertibility).

Now we use that the true process is VAR(py) to study the loss when p > pg. If p > pg, from the

Yule-Walker equations,

Iy Iy |
| Iy s

Fl . Fp_1:| = |:A1 . Ap0:| .

T o2 - Too-1)
We can extend this to

Iy Iy I
., Ty | .
Fl Fp,1:| - |:A1 Apo 0 O] . .
_Fg_p I's_, Iy

Using that I'_; = I'! and substituting in the definitions of B and g and under Assumption 3

(invertibility),

gB7'ICT =14, ... A, 0 ... 0] Dl =T,.

Thus we get for any p > py

Lyar(p) = Lvar(p — 1) .
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Next we study the loss when p < py. From Assumption 3 (invertibility)

is positive definite for all p = 1,..., pmax. From Proposition 2.2 of Gallier et al. (2020), the
Schur-Complement is also positive definite and hence so is the inverse, /. From Assumption 4

(irreducibility) when p < po, in general,
gB~'CT —T, = A #0.
Recall our equation relating Lyagr(p) to Lyar(p — 1):
Lyar(p) = Lvar(p — 1) = Tr ((QB_IOT —T,) H (¢B~'C" — FP)T> ‘
Using 67 to denote the i row of A,
r (AHAT) = Z 6T HG;,
since H is positive definite and 9; # O for at leastone ¢ = 1,...,k, Tr (AHAT) > () and thus

Lyar(p) < Lvar(p —1).

Lastly we show that the loss flattens out at Tr(3,). Since Lyar(p) = Lvar(p — 1) when p > p,
it suffices to show that Lyar(po) = Tr(X%,).

Ty ... Tyl |17
Lyvar(po) = Tr (I'g) — Tr [Fl . FPO} : :
Flj;o—l FO sz;o
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where in the second line we use the Yule-Walker equations to get the A;’s and we use I'' = T'_; and

in the third line we use the form of I'y from Liitkepohl (2005, Eq. (2.1.36)).

A.3.2 Penalized loss recovers true order

In this section we prove Corollary 1 which states that, for the correct choice of penalty, the true

VAR order can be recovered by penalizing the population loss.

Proof of Corollary 1. We first show that for p > pg, Lvar(p) +Ap > Lyar(po) + Apo. This follows
immediately by noting that Lyar (p) — Lvar(po) = 0 from Theorem 1 and Ap > Apg for p > pg as
A > 0. Next we show that for p < pg, Lvar(p) + Ap > Lvar(po) + Apo. Since p = py — i for some
i it suffices to show that A < (Lvar(po — ) — Lvar(po)) /i forevery i = 1,..., po. By definition
of A in Corollary 1 this holds. [

A.3.3 Consistency of sample loss

Next, we prove Theorem 2 which establishes that ﬁVAR(p) converges to the population loss Lyar (p).

This is proved using Lemma 1 and the convergence of Itol;.

Lemma 1. Let I'y 1, represent the lower triangular portion of 'y including the diagonals. T is
symmetric so only the lower triangular portion is needed. Letting C' = vec( Tor Ty ... I‘p] ) €
REFHD/24820) X1 o have under Assumption 3 the population squared error loss

-1

Lo ... Tp rt
f(C)=Tr Fo—[l“l Fp} : : : ;
rr, Lo rr

1

for some L < oo.
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Proof. For ease of notation we define

G=r, r,) .
Ty T,
T = :

From (36) of Petersen et al. (2008) note that O(Tr(X)) = Tr(0X) so that

of(C) . (0T, OG
ac, _Tr(

oT! oGT
o 1T T —1
ac, _ac,l ¢ ~CGoa ¢ Ot aoi) '

From (59) of Petersen et al. (2008), 2L~ = —T‘lg—giT‘l. Thus,

> 9C;
Df(C) oo G, 0w o T\ 0 . OGT
T _ %y 72 pgr _ar |
oc, Ot (aci oL G T GET G =G 5e

Note that each of %, %, % are simply matrices containing 1 in the entries of 'y, G,T" where

C; is present and 0 otherwise. For example, for ¢ = 1,

1 0 0
ar, (00 ... 0
aCr |1 |
0 0 . 0
oG
7,
o0C,
S—Bj Orxke - Ogxg
G_T_ Ok xk 3—23 oo Opxr
oC,
_kak Okxk - 3—2‘;_

. . .. . . . . . af(C) - .
Since matrix multiplication, inversion, and the trace are all continuous functions, % 1s continu-
1

ously differentiable for all . By the mean value theorem and Holder’s inequality

Y

1

7€) = 1) < ||vr-ve + yé)HOO |e-c
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. af(C)
for some v € (0,1). Since aC,

including between C' and C'. Thus HV f((1=v)C +vC) H is bounded and

is continuous for each Cj, it is bounded on any closed interval

F(OEFI(o] 9 lebel
for some L < oo. O

We are now ready to prove Theorem 2. From Quinn (1980), it is known that for stationary VAR

processes, nl/2=0 (fh,ij — Fh,i]) converges almost surely to 0 V6 > 0 where in our notation with

1 N+Pmax—h
N~+Pmax t=1

Pmax presample values and n sample values, [, = (z¢ —Z) (24, —Z)T. However,
we do not use fh to estimate [';,. Instead, we use the least-squares estimate, denoted as fl};s The
difference between the two estimators is that I, uses all possible observations for every h, which is
n + Pmax — h observations, while f%s only uses n observations for every h. The exact relationship
between the two is defined in Eq. (A.1). Thus, we cannot immediately use the convergence rates
from Quinn (1980). As a result, the proof of Theorem 2 first shows that the difference between our
least-squares estimates, I'LS, and T, as defined in Quinn (1980) is asymptotically negligible. With

this, the rate of convergence of fl,;s to 'y, is the same as the rate of convergence of fh to I'j,. Once

this is established, Theorem 2 is proved by applying Lemma 1.
Proof of Theorem 2. For our least squares estimator of the loss,

bt =1+ (Y -4%) (Y-4%,)")

1 .
=T (YY" =Y X[ (X,X0) 7 X, Y7)
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where for de-meaned data,

n

YY" = 15 -2z —7)"

n -
=1
- _ S _ _ . _ _
VX =3 (0 ) (%) = - (S0 (0= 2) (=2 e S (=) (4, 7
i=1
. | (Zi1—Z)
1
T _ : T
XX} =~ (21 - 2) (25— — )
i=1
_(Zifp z)
o (2i-1—2) (2i-1—2)"  (2i-1—2)(2i2—7) (zi-1—2) (2ip—7)"
_(Zi—p —Z) (21 — Z)T (Zi—p —2) (Zi2 — Z)T oo (2Zip—2) (Zip — Z)T
Note the use of negative indices. These refer to presample values of which we have 1,..., pyax.

Specifically for the presample notation we can index our 1 + ppax = NV values as i € {—pmax +
1,...,0,1,...,n} which correspond respectively to the standard indices ¢ € {1,..., N}.

Then for j > k we denote f?ﬁ . as our LS estimate of I';_;, and we can write

n

. 1 ~ ~
P ==Y (2 ;-2 (zis—2)"

n <
=1
1 N+Pmax
:E Z (Zl—j — Z) (Zl—k: - Z)T
l:1+pmax
1 n+pmax*j T
= Y (@2 (z2G-n-7)
t=pmax—Jj+1

where in the second line we simply change the index from the presample notation to standard indices
by using ¢ = 1 corresponds to observation ¢ = 1 4 pyax in the ¢ notation and in the third line we

simply change the index to ¢t = [ — j. This allows us to easily compare to I, defined in Quinn
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(1980). Specifically we write

N+Pmax — (.7 _k)

A 1 T
Moy=— (2 —Z) (2es(;—1) — Z
! 7+ Pmax ; ' (2t = 7)
1 Pmax—J T 1 N+pmax—J T
= (Zt — Z) (Zt—i-(j—k) — Z) 4+ — Z (Zt — Z) (Zt-i-(j—k) — Z)
n + pmax t=1 " + pmax t=pmax—J+1
1 N+Pmax— (] _k) T
- —Z i —Z) . A.l
o 2 @D (a7 (A1)

t=n~+Pmax _j+1

The middle term in the last equality is simply mff - The first and last term are finite and do

not grow with n so they are o(1/n). Therefore we can rescale I';_, by niPmax 1o get
f\LS o n +pmaxf‘ 1
e A Y A

which for h = j—k gives that n'/2=° (fflfj - Fh,ij) converges almost surely to 0 V6 > 0. The same

3 3 ALST
LS as LS =Tk

rate holds for '3 ;- as 23 .. = T';7" . Noting that f (CY8) = Lyagr(p) when C8 is composed of

the least-squares estimates of I';, and that f(C') = Lyagr(p), we have by Lemma 1,

|EVAR(p> — Lvar(p)| < L HéLS - C
|Lvar(p) — Lvar(p)] < L(k(k +1)/2 + k*p)o,(n~1/?%?)

|£VAR(p> — Lyar(p)| = Op(nfl/zm)

1

A.4 Additional simulation results
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Accuracy

0 1,000 2,000 3,000 4,000 5,000 0 1,000 2,000 3,000 4,000 5,000
n

Method —e— MIC ---- MIC-sp e+ MIC-mt

Figure A.1: Diagonal Gaussian errors. Simulation results comparing accuracy of different MIC

order selection methods. Vertical lines indicate standard errors.
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VAR3(2) switching
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Figure A.2: VAR;3(2) switching. Large sample size simulation results. Vertical lines indicate

standard errors.
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Figure A.3: Diagonal Gaussian errors. Simulation results for over and under selection of order

with diagonal Gaussian errors. Vertical lines indicate standard errors.
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Figure A.4: Diagonal Gaussian errors. Simulation results for over and under selection of order

with diagonal Gaussian errors. Vertical lines indicate standard errors.
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Figure A.5: Non-diagonal Gaussian errors. Simulation results for over and under selection of

order with non-diagonal Gaussian errors. Vertical lines indicate standard errors.



A.5 Daily realized stock variances

Stock Description k=16 k=7
AEX Amsterdam Exchange Index v

AORD All Ordinaries Index v

BFX Belgium Bell 20 Index v

BVSP BOVESPA Index v

DIJI Dow Jones Industrial Average v

FCHI Cotation Assist “ee en Continu Index v v
FTSE Financial Times Stock Exchange Index 100 v v
GDAXI Deutscher Aktienindex v v
HSI HANG SENG Index v v
IXIC Nasdaq stock index v

KS11 Korea Composite Stock Price Index v v
MXX IPC Mexico v

N225 Tokyo stock exchange index v
RUT Russel 2000 v

SPX Standard & Poor’s 500 market index v v
SSMI Swiss market index v
STOXXS0E EURO STOXX 50 v

Table A.1: Stocks analyzed in financial application
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Appendix B
APPENDICES FOR CHAPTER 3

B.1 Concentration inequality on spectral density estimators

In this section, we prove Theorem 3 which establishes a concentration inequality on a general class
of spectral density estimators.

We prove Theorem 3 by applying Theorem 1 and Proposition 2 of Zhang and Zhang (2025) to
our setting and combining the conclusions. Although Theorem 1 and Proposition 2 as originally
stated apply only to A over a set of discrete Fourier frequencies, per Remark 1 of Zhang and Zhang
(2025), they are easily extended to apply to any subset of the real line. These are the versions of

their results we use in our proof below.

Proof of Theorem 3. By Zhang and Zhang (2025, Theorem 1),

1
. ) T 1+2q;
P{Anﬁ?ﬁ(] i) _EﬁmH 2 x} S Bipexp{ —Cq, ( w ) , =12
€10,27 [e's)

VB X 7,

Setx = [|.X.. ||12pal (B/T)Y?(C/C,,) 2 log" ™ ( Byp) where C,, is the constant defined in Zhang
and Zhang (2025, Theorem 1) and C' is a different constant. Plugging in and simplifying,

) A B, 12 7 o\ 12 Bip?
P A) —E )\H >(1x 12 (2 = log!*2 (Bp) b < S 1=1,2.
{)‘Ier[loggir] fl( ) fl( ) S H b Hd}al (TZ) <COél) o8 ( lp) ~ (Blp)c
Thus for C' > 2 we have that,
max || f,()) — ]Eﬁ(A)H —o, [1xu1z /Bhog > By |, =12 (B.1)
A€(0,27] 00 P " ay ﬂ ’ ’

By Zhang and Zhang (2025, Proposition 2), the bias of f;()\) is

max
A€(0,27]

Ef < @1272 _
() = S| I=1,2 (B2)

™~ B’
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Now, by the triangle inequality,

~

) = Eﬁ(A)H + max

oo A€[0,27]

max
A€[0,27]

A=) < max

oo A€(0,27)

Efi() - A .

and combining this with (B.1) and (B.2),
r 2 B 14+2q; CDZZQ
) = 50| = 0p (1011, 7 tos™ ™ (Bp) + 5

B 1+2a <Dl2
RTlp ||Xl ||¢ T log Z(B p) + — B [ = 1,2. (B.3)

For B; < {T;/log®™**(p v T))},

T Y/2 -
log2 T al(p\/Tl)) ﬂ k jjl :
R =l 12 (g"‘ Jog 20 + @7
T p H l, Hwal 7_}1/2 g 10g2+4al (p v 1’7[) p 1,2 10g2+4al <p \Vi j"l)

; 771/2+w/2 Lo ) "
S X log™™=* (T;"'p) + @ ’
|| l ||7r/"04l 10g’yl(1+2al)<p vV tz—,l) g ( l p) 1,2 1Og—"ﬂ(2+4al)<p v 7})

max
A€[0,27]

Let

where we have dropped the term log®™** (pVT))in log' ™ since for p V T} > 3, this term is
> 1. We do not make this p VV 7; assumption explicit as we are considering asymptotics and high
dimensions so it will always be true that p VV 7; > 3. This condition is implicit in many other parts
of the proof and theorem.

When v, > 1/3, we have —(1 — ;)/2 > —,, and the first term dominates. Otherwise, the

second term dominates. Thus,

Tl*1/2+w/2 1420, - )
Ry, 1. H%l logn (1 290) (pv ;) log ("p) ity 2 1/3,
P ~ —;
T .
l2,210g*’7l(2~‘£4al)(val) lf/yl < ]./3
To simplify further we also wused that logQ"l“(Tl””p) - (log(T}" p))2eutl _
(mlog(Th) +log(p)) ™™ < 2% log(p V Ti). O

It immediately follows that Theorem 3 also applies to ||3; — ¥;|| 0. This is stated in the following

Corollary.
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Corollary 3. Suppose the conditions of Theorem 3 are satisfied. Then for B; < ( W )W’
( v —1
o (2“1“ 12,115, T, T log 0@t (py Tz>) for v > 1/3

i) = =) =

\max. 1(A) = 5i(N) N

0 (97,77 log ) (v 7)) for < 1/3
. AN =Bi(A) .
Proof. Recall fi(\) = A;(A\) + iBy(\) and £;(\) = . The subscript [ rep-
Bi(A) AN

resents the [*"

that [|%(A)]lse = max(|[A(A)[lso; [1Bi(A)lloe) < [1fi(V)[loo- Similarly [[32(A) = Zi(A) [l <
1 {(A\) = fi(\)]||so- Thus, Theorem 3 can be applied to [|2;(X) — Z;(A)]|so- O

condition (1 or 2 in this case) and A represents the frequency of interest. Note

B.2 Convergence rate of SDD estimator

We will use Corollary 1 of Negahban et al. (2012) to prove Theorem 4. Corollary 1 of Negahban
et al. (2012) establishes a bound on the error of high-dimensional M-estimators such as SDD. In
order to use Corollary 1 we need to establish restricted strong convexity (RSC) of the loss function
and decomposability of the penalty. Showing decomposability of the penalty is relatively quick
and thus is shown in the proof of Theorem 4. On the other hand, showing the RSC of the loss is
more involved and requires an intermediate result on the convergence of the second derivative of the

sample D-trace loss. This may be of independent interest and is stated in Lemma 2.

Lemma 2 (Concentration inequality on second derivative of D-trace loss). Suppose there exists

constants o, g such that Assumption 1 is satisfied for conditions 1 and 2, respectively. Furthermore,

i
suppose the smoothing span for condition | is B; < <m) . Then,

HO'5 (21 R34+ 3 ® 21> —05(Z1 @8+, ® %)

< CfOp (RTl,p + RTMD) )

where C'y = max(|| fi||c, || f2]|cc) and Rr, p, Rr,, are the rates from applying Corollary 3 to

conditions 1 and 2 respectively.
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Proof. Note that both

Hiz & 21 — 35 ® L1lloos Hﬁh ® 22 =3 ® Yoo < HEIHDOH22 — Solloe + HE2||:>QH21 — Xillee + Hil - El”oo||22 — Xolloo -

Denote C'y = max(|| f1]|oo, || f2]|oc) and the convergence rates from applying Corollary 3 to
conditions 1 and 2 as R, , and Ry, ,. Recall that both of these rates also depend on 74,7, and
a1, o which are the smoothing exponents used in conditions 1,2 and the dependence in conditions
1,2 respectively. However, we have excluded these dependencies in the notation of Ry, , and Ry,

for convenience. Combining these we get that

“21 ® i:2 -1 ® 22”00 = Cf (Op (RT1,p) + Op (RTz,p)) + Op (RT1,pRT2,p>
= CfOp (RT1,p + RTz,p) .

In the last line we dropped the term O, (R, ,Rr, ,) as it is second order.
The same rate also holds for Hilg RV — Y@, ||co- From the triangle inequality we also have

that

Ho.5 (il 5+ 5, ® 21> C05(5 @+ Ty @ %)

o

§0-5Hi2®§31—22®21

+0.5H§31®22—21®22

o0

and we conclude

Ho‘5 (21 ® 5+ 5 ® 21) L 05(5 @Y+ Y ® El)“ = C;0, (Re,p+ Rryp) . (B4)

o0

O]

In the proof of RSC in Lemma 4, we use the simplification that A, (2;) = Amin(f;). This is

established in Lemma 3.
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Lemma 3 (Eigenvalues of expanded spectral density). Suppose f € CP*P is defined as f := A+1iB.

Further suppose f is Hermitian. Consider the expansion of f to the real space defined as 3 =

A —-B
. Let \y, ..., \, be the eigenvalues of f. Then the eigenvalues of ¥ are A1, A1, . .., A\p, \p.
B A

That is, the eigenvalues of . are the same as those in f where each is repeated twice.

Proof. Since f is Hermitian it’s eigenvalues are real. Let \; denote an eigenvalue of f and
v, it’s corresponding eigenvector. Note in general v; is complex valued so we will write it as

v; = Vg, + iv,;. By definition of eigenvalues we have

frvi = \v;
(A+iB) (Vg +ivr) = Ni(VRi + V1)

(Avg; — Bury,;) + (Brgr; + Avy,)i = MR +i\vr,

which implies that

(AVR,Z' - BVI,’Z) = )\iVR,i
(B.5)
(BVR,i + AVLi) = )‘iVI,z' .

Consider a scalar ¢; and vector 7; := ["7]' L ny 2} where 1, ,,m;, are p dimensional. Then

(67, m;) will be an eigenvalue, eigenvector pair of 3 if

A -B N1 5 N1
=0, 7
B A Njo Uy
which can be written as
A77j,1 - B77j,2 5 N1

Bn,, + An;, Mo



114

Using equation B.5, one such pair that satisfies this equation is (9;,m;) = (A1, [VR,l ym])
while another is (A, [— vip v R,l} ). This holds for all p eigenvalue, eigenvector pairs in f. Since
>’ has 2p eigenvalues, eigenvector pairs this concludes the proof.

]

With Lemma 2 and Corollary 3 we are ready to establish RSC of the D-trace loss function.
This is stated in Lemma 4. Throughout we will use the notation Sa« to denote the set of non-zero
entries of vec(A*) and the notation xg,., and Xgs. to denote the elements in x corresponding to the
non-zero and zero indices of vec(A*) respectively. We use this as it is more notationally convenient

than writing e.g. Syec(a®).

Lemma 4 (RSC of D-trace loss). Suppose there exists constants o, cg such that Assumption 1
is satisfied for conditions 1 and 2, respectively. Furthermore, suppose the smoothing span for

., . ’YZ x4 . .
condition | is B; < (W) . Define M = {0 : R4p2’Qij # 0 forall (i,7) € SA*} and
M= {7 : RY? |%-j = 0forall (i,7) € Sa~ } Then for T, T, large enough, RSC holds for the
sample D-trace loss with k1, = Ain(f1) Amin(f2)/2 and a tolerance of 0 with high probability for

allm € C(M, ﬂl; A*) where C(M, Ml; A*) = {m € R4p2“|msz* 1}.

Proof. To show the RSC condition holds with high probability and with tolerance of 0 (7%(0*) = 0

1 < 3[|mgy

in the notation of Negahban et al. (2012)), we must show that m” <V2L(A, S, fb)) m > kp|m||3
for all m € C(M, M A*) for some x . Note that the definition of C(M, M A*) follows from
Negahban et al. (2012) (17) and by noting that Hvec(A*)gcA* ’1 =0.

1 < 4y/sa-

,i.e. sa- is the number of non-zero entries of vec(A*). Recall VZL(A, 31, 3,) = 0.5(3; ®

First note that for m € C(M, M A*), |m|; < 4||mg,,
|Sas
S+ Yo ® f]l). Showing RSC proceeds the similarly to Wang et al. (2021)

mg,. || where sa- =
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mT(il X 22)m 2 mT(Zl X Zg)m + Il’lT (21 X 22 — 21 X 22) m

> Amin( 1) Amin (32) |m[3 — ‘mT <21 R —T1 ® Ez) m)

(B.6)
> Anin(Z1) Amin (Z2) [m13 — 121 @ Bz — B4 @ Bl [m[
> Anin (Z1) Amin (S2) [m[3 — 1655+ |51 ® £5 — T1 @ Zaloo[|m]|3 -
The last inequality follows from the fact that [[ml; = |lmg, [|; + [|ms,.[[; < 4[mg,.[: <

ml|,. Similarly

4\/SA*

mg,.

2 S 4\/8A*

~ ~

mT(ZQ ® E1)n’l Z )\min(El)Amin(EZ)HmHg - 16$A* i2 ® 21 - 22 ® Z1||C>O||rn||g

Recall in the proof Lemma 2, we showed that
122 © 31 = 55 ® Tiloo, |21 @ £ — T4 @ Dsl|ow = COp (Rry p + Ry p)

where Ry, ,,, R, ,, are the rates from applying Corollary 3 to conditions 1 and 2. Using this we

have that

1 .
§mT(21 ® Nz 4 X2 @ X1)m > Ayin (1) Amin(f2) [|m]|3 — 1654-C;O, (R, p + R, p) [|m]|3,

where we have also used the fact that f; is Hermitian and thus by Lemma 3, A\pin (2;) = Ain (f1)-
For large enough 77, 75 the second term on the RHS < 0.5*(first term on RHS) so we have that

with high probability

1 3 3 3 S )\min )\min
—m?(N; ®% + 3 ®%)m > (f1)2 (f2)

. Jm3,

where “large enough” depends on p, the smoothing exponents 7;, the dependence «;, and the

minimum eigenvalues A, (f;). In general, we require

Amin(fl))\min(fé)
2

S 168A*Cf0p (RTLP + RTg,p) .



116

Population quantities such as A\, (f1) are unknown so what exactly constitutes “large enough”
is unknown. However, a larger dimension p, a larger smoothing exponent ~y; (and hence a large
smoothing span), or larger «; (greater dependence in the data) all increase the required 7; for
“large enough” to be satisfied. Therefore we conclude that for large enough 7}, 75, RSC holds with
KL = Amin(f1)Amin(f2)/2 with high probability.

We are now ready to prove Theorem 4.

Proof of Theorem 4. We first proceed by establishing the decomposability of our penalty term,
|A|l;. Decomposability is defined in Definition 1 of Negahban et al. (2012). Recall Sa~ is the
support of vec(A*) and that M = {9 : R*(0,; # 0 forall (4, ) € SA*} and
M = {7 : ]R‘LPQ}%-J» =0 forall (,5) € SA*}. Then ||A*||; is decomposable since || + |1 =
10/, + ||7]l: forall & € M and v € M

Next we discuss the choice of penalty scale 71, ,. To use the method in Negahban et al.
(2012) we need 77,7, > 2||VLp(A*, 31, 5)|. We know that ||[VLp(A* 31,590 =
2[10.5 <21A*22+22A*f}1> . (22 —21> oo LetT = 0.5(5,@ % + %, ®%) and I' =
0.5 (22 ® 21 + 21 ® 22> Then we write

0.5 <§A]1A*2A]2 + f]gA*fh)—(f]g — f]l> oo = ||IT vec(A¥) — <V€C<ig) - Vec(il)> Il oo

= ||( = T) vec(A*) — vec (iz - 21) +vee (82 — 1) [l

= (D = ) vec(A*) — vec (22 - 22) + vec (izl - 21) o

< (L = T) vee(A") oo + (151 = i floc + 1152 — D2l

< = Tlloo lA™ 1 + 11351 = nfloo + [[%2 = Balloo

Next we we use the concentration bounds established for ||I’ — ||, in Lemma 2 and || —

%1 loo, [[E2 — L2||oo in Corollary 3 to get that
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10.5 (21A*22 + 22A*21) - (il - 22) loo = COp (Rry p + R p) A1 + CrOp (Bry p) + CrOp (R )

= CsO0p (Rry p + Ry p) (1 + |A7[1)

Combining the above results with Lemma 4 which establishes RSC, we can apply Corollary 3

5
of Negahban et al. (2012) to get that, for smoothing spans B; < <log4“l+TW> " and for T Ty 2

CtO, (Ry, p + Ry, ) (1 + ||A*||1) and large enough T3, 7> we have with high probability

~ 6\/SA*TT T
A . A* < 1,42
” ||F B )\min(fl))\min(fZ)

Since 71, is  CO,(Rpp+ Rpp) (1+|A%1), convergence of A is also
V5a-COp (Rry p + B, p) (1+ [ A7)

We also have

~

~ 24SA*7'T T
A=Ay < AL
|| ||1 o Amin(fl)Amin(fé)
which is SA*CfOp (RT1,p + RTQ,p) (1 + HA*Hl)

B.3 Asymptotic distribution of spectral density estimator

The main goal of this section is to prove Proposition 1. To do so, we notice that in Zhang and
Zhang (2025) Theorem 3, the asymptotic variances of the spectral density estimator have the general
form of e.g., Cov(flij()\), Bkl(/\)) = cird;i + e fjr, where ¢, dj, e, f;1, are entries from matrices
C, D, E, F. For covariances of this form we work out the general structure in terms of matrices
C, D, E, F. This is a similar problem to Muirhead (2009) problem 3.3. However, we need a more

general result which we show below.

Result 1. Let S,U, A, B,C, D € RP*P, For a matrix X we use lowercase letters with a subscript to

denote the i, j entry. That is, X = {x;; } Suppose
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COV(UU, Skl) = aikbﬂ + Cildjk .

Then

Cov(vec(U),vec(S)) =(B® A)+ K(C® D),
where & denotes the Kronecker product, K = Zf jo1 Hij ® HZ and H;; is the p X p matrix

where h;; = 1 and zero everywhere else.

Proof. We establish this result by showing Cov(vec(U), vec(5));; = [(B® A) + K(C ® D)];;.
Throughout we let // be integer division (e.g., 6 // 4 = 1) and % be the modulo operation (e.g., 6 %
4 = 2). We start by noting that for 4, j € {1,...,p*}

Cov(vec(U),vec(S))i; = Cov(Ug—1)0p+1,ii—1)//p+15 SG-1)%p+1,G—1)//p+1)
= Q3i—1)%p+1,(i—1)%p+106-1)/ /p+1,G—-1)/ /p+1

+ Cli—1)%p+1,G-1)/ fp1D(-1) ) [p+1,(—1)%p+1 -

This can be more easily seen by writing out the covariance

COV(UH, 511) COV(UH, 821) COV(UH, 831) N COV(UH, Spp)

Co , Co , Co , ... Co ;
Cov(vec(U), Vec(S)) _ V(U21 811) V(Uzl 821) V(U21 831) V(U21 Spp

| Cov(upy, s11)  Cov(upp, s21) Cov(upp, s31) .. Cov(upy, spp)|

The first index of u;; goes from 1, . .., p and repeats this p times (e.g., [1,...p,1,...,p, ..., (p—
1), p]). For i ranging from 1 to p?, this can be recreated by (i — 1)%p + 1. The second index repeats
1 p times, then 2 p times (e.g., [1,1,...,1,2,2,...,2,....p,p,...,p]). For i ranging from 1 to p?
this can recreated by (: — 1)//p + 1.
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Next we work with the right hand side. [(B® A) + K(C ® D)];; = (B® A);; + [K(C ® D)];;.
We get that

(B® A)ij = bii-1)//p+1,G-1)/ /p+10G—1)%p+1,G—1)%p+1 -

Next we note that /i has exactly one 1 entry in every row and column and is zero elsewhere.
The k™ row of K has a 1 in position p((k — 1)%p) + (k — 1)//p + 1 and is zero everywhere else.

To understand the structure of K better, we discuss the H;; ® H, 17; matrices. These matrices are
p? x p? and have only one 1. The Kronecker product in general can be viewed as each element on
the LHS multiplied by the entire matrix on the RHS. Thus the Kronecker product can be viewed as
a block matrix with dimensions p X p where each entry is a matrix of size p x p. The matrix on the
LHS of the Kronecker product selects the 7, j p X p block that contains the non-zero entry. Then the
matrix on the RHS selects the entry of this block that will be non-zero. As an example, if p = 3,

then we have

| 03x3 O3x3 03><3-
0 00 010 010
Hy®Hy = (10 0/ ®[0 0 0| =1]|0 0 0| Osxs Osxs
0 0O 0 00 0 0O
| Osxs O3x3  O3x3 |

In this example for p = 3, the first row of K has a 1 in column 1, the second has a 1 in column
4, the third in column 7, the fourth in column 2, etc. In general, K[i,| has a 1 in position p((i —
1)%p) + (i — 1)//p + 1 and is zero elsewhere.

We make two additional observations. The first is that fori € {1,...,p%},
(p(( = 1)%p) + (@ =1)//p) //p+1= (i =1)%p+1.

This holds because fori € {1,...,p*}, ((i—1)//p)//p) = 0and p((i —1)%p)//p = (i—1)%p.

Next, observe that
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[p((i = 1)%p) + (1 — 1)/ /p]%p = ((i — 1)/ /p)%p)
=(@-1)//p.

The first line holds because p((i — 1)%p) is divisible by p so there is no remainder and p((: —
1)%p)%p = 0. The second holds because when i € {1,...,p?}, (i —1)//p < p so taking the
remainder when dividing by p will not change the result.

Then we get

[K(C® D)} = (K., (C®D);)
= (C'® D)p(i—1)%p)+(i-1)/ /p+1.5
= (C® D)y (" =p((i —1)%p)+ (i —1)//p+ 1D
= C(—1)//p+1,(i-1)/ /o181~ 1) %op 1, (-1)%p+1

= Cli—1)%p+1,(i—1)//p+19(i—1)/ /p,(i—1)%op-+1 -

In the first line we use the definition of matrix multiplication, in the second we use the fact

that the i*" row of K only has 1 non-zero entry. In the third line we change notation to i’ =

p((i — 1)%p) + (i — 1)//p + 1, and in the last we use the two observations stated above where

i =1=p((t—=1)%p)+ (@ —-1)//p
Combining the results for (B ® A);; and [K(C ® D)};; we get:

Cov(vec(U),vec(9))i; = Cov(Ua—1)0p+1,ii—1)//p+15 SG-1)%p+1,G~1)/ /p+1)
= Q3i—1)%p+1,(i—1)%p+10(-1)/ /p+1,7—-1)/ /p+1

+ Cli=1)%p+1,G-1)/ /19 G-1)/ /p+1, (= 1) %ep+1

=(B®A)i; + [K(C®D)]i; .

Which shows that Cov(vec(U),vec(S)) = B A+ K(C ® D). N
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With this result we can now proceed in establishing the form of the asymptotic covariance of the

estimator f(\) = A(X\) +iB(\).

Proof of Proposition 1. Let f(\) = A(X) +iB()\) denote the true spectral density. 7" is the number
of data points and B is the smoothing parameter used to smooth the periodograms and obtain our
spectral density estimator. Applying Theorem 3 of Zhang and Zhang (2025) to the concatenation of
all the real and imaginary entries of the estimated spectral density matrix and under T'®3 = o( B3),

which lets us substitute e.g. F <V€C(A()\))> with vec(A())), we have
A(N)) = vec(A(X
T ((veclA) = veel A\ 4 oy
B \vec(B())) — vece(B(N))
where V' has the block form

L T |Cov <Vec(zi1()\)),vec(f:1()\))> Cov (Vec(zii()\)),vec(Bi()\)D
T.5=0 B | Coy (vec(B()\)),vec(A(A))) Cov (vec(B(A)),vec(B(A)))

We simplify each of these three blocks individually. Before beginning we note that

FieN) f1;(N) = (@i + big) (ayj + iby;) = agar; + iaby; + iai;by, — bigbyy,
le()\>fk]()\> = (CLZ'[ + ibil)(akj + me) = ailakj + iaﬂbkj + z'ak]-bu — bilbkj7

and that b;; = —b;;, a;; = a;; because the spectral density matrix is Hermitian. We proceed with

the two cases A € (0,7) and A = {0, 7} separately.

Case when \ € (0, 7). From Zhang and Zhang (2025), top of page 6, we know that

lim %COV <Aij7 flm) ~ IRe (firN) fiz (V) + %Re (fiu(A) fr;(A))

T,B—o0 2

1 1
= 5 (aray; — bibyy) + 2 (aaar; — bibj)

1 1
=3 (@ikaj + bigbjr) + 2 (auajk + bibjk)
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Using Result 1 we get

lim % Cov (vee(A(N)), vee(AN) ) = 2 (I + K) (AN) © AR) + BOY) ® B(N)).

T,B—o0 2

Next we have

. T A A 1 1
T,gr_lgoo 5 Cov <Aij7 Bkl) = §Im (fu(N) fr;(N)) — §Im (fir(A) fi;(N))
1 1
=5 (aibr; + agjbi) — 5 (aibij + ay;bi)
1 1
=35 (—aubji + byajk) — 3 (—aibj + bigaj)
1

= - (awbj — aubjx — bixaj + byajy,)

[\]

which is simplified to

lim %Cov (vec(A). vee(BY) ) =

T,B—0

(I: + K) (B(A\) @ A(A) — A(A) ® B(\)).

N

Lastly,

lim %COV (B@» Bkl) = %Re (fiMN) iz (V) — %Re (fu(A) frs(A))

T,B—o0
= 5 (az’kalj - bikblj> - 5 (az’lakj - bz’lbkj>
1

= — (aikaﬂ — QG5 + bikbjl - bilbﬂf) .

\V)

Again using Result 1 this simplified to

lim % Cov (vee(BOV), vee(BON) ) = 3 (I — K) (A @ AR + BO) @ B(Y)).

T,B—o0

Combining these we get

(L2 + K) (AN @ A(N) + B(A\) @ B(A\)) ({2 + K) (B(A\) ® A(X
(Iz + K) (BN ® A(\) — AN @ BT (I — K) (A(\) @ A(\) + B(\) ® B()))

|
=
£
&
=
>

V:

DN | —
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Case when A = 0 or A\ = m. When A is 0 or 7, the spectral density and the spectral density
estimator are real-valued. Thus we have that f(\) = A()) and f(\) = A()). In this case we are

interested in

\/g (VGC(A()\)) - vec(A(z\))) 4 N(0,V),

and that V' has the form

V = lim %COV (Vec(A(/\)),vec(A()\))> :

T,B—o0

From Zhang and Zhang (2025) Theorem 3 (ii) we have

T ~ o
lim E Cov (Aij7 Akl) = Qikay; + Q1A

T,B—o0

= Q;pa5 + aqa

where we have used that A is symmetric so a;; = a;;. This can be simplified using Result 1 as

V = lim %Cov (Vec(A()\)),vec(A()\))> =+ K)ARA.

T,B—0

]

B.4 Generalization of inference for high-dimensional estimating equations to arbitrary
asymptotic scaling

In the below, we will state all assumptions including those unchanged from Neykov et al. (2018) for

-1

compeleteness. In the following we will denote (6,v*) = f; and v* = [Ex(8%)],, -

Assumption 5. This is the same as Neykov et al. (2018) Assumption 1 but is rewritten for complete-

ness.

There exists a neighborhood Ny« of 0* such that for all 0 € Np-

A P ([t (2, 55) = Ee () [lo < 71(T,6)) =1 (B.7)
lim P (|v7"t(Z,8;) — v Ey (B;)| < ro(T,0)) =1 (B.8)

T—o00
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7T (Z, B,,) —vTEp ()

lim P [ sup <ry(T,0)] =1 (B.9)
T—o0 ve(0,1] o0

where B, = vy + (1 — ), supge ;. max(ri (7, 0),r2(T,0),r3(T,0) = o(1), and the follow-
ing hold:

sup || Ee(B5)lleo <00, sup v [Bx(5)]_, | < 00

QENG* QGNQ*
Assumption 6. This is the same as Neykov et al. (2018) Assumption 2.

Let the estimators B and ¥ satisfy

T P (3= 30 <ra(T)) =1, Jm P(Iv =V <rs(T) =1 (B.10)

where max(ry(T),r5(T)) = o(1).

Assumption 7. Assume that for 0 = v*T' Gv* it holds that

o LsrS(8) % N(0,1),
where G = limg_,, s2Cov [t(Z, 3*)] and assume that 7> > C > 0 for some constant C.

Assumption 8. This assumption is the same as Neykov et al. (2018) Assumption 4.
Suppose there exists a constant v > 0 such that:

r 0
26

v

[T (2, B)la| < ¥(2),

for any v and B satisfying ||v —v*||; < v and |5 — ¥, < 7, where ¢ : R"™? — R is an

integrable function with Ei)(Z) < oc.

Assumption 9. This is essentially the same as Neykov et al. (2018) Assumption 5, but has st instead

of VT scaling. Assume the convergence rates in Assumptions 5 and 6 satisfy

sp(ra(T)rs(T,0%) + r5(T)r (T, 0%)) = o(1)
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Now that we have established the necessary assumptions we are ready to state Lemma 5 which

is a generalization of Lemma 1 from Neykov et al. (2018) and is an essential intermediate result.

Lemma 5. Suppose Assumptions 5, 6, and 9 hold. Then we have the following expansion

s78(Be-) = 575(8%) + 0,(1)
Proof. We follow the proof of Neykov et al. (2018) Lemma 1 closely. For notational convenience
we let 1 (T') = supye;,, 71(7T,0) and 73(T) = supgey,. 73(7,0).

By a Taylor expansion of S (59) around 3, and with a mean-value form of the remainder we get

S(Be) = v Tt(Z,8;) +TT(Z,58,)(By — B3) + (v —v)Tt(Z, B3) (B.11)

We control the second term on the RHS of (B.11)

\A]TT(Za Bu)(ée - 6;)

<

VT(2.5,) ‘

1Bo=B5111 < Op (ra(T) + V" [Bx(55))_1 lloo) Op(ra(T))

where [-]_; denotes removing the first entry of a vector or the first column of a matrix. The first
inequality above holds by Holder’s inequality and the fact that 35— By = (0,%)—(0,7") = (0,5—7*)
so the first entry of the term will be 0 and can be ignored.

The Op(rs(T)) of the second inequality comes from Assumption 6. The

rz) | -

[e.9]

O, (r3(T) + |v*T [Ex(B;)]_, ll«) term comes from writing

and using (B.9) from Assumption 5.

VT(Z,B,)] =V BB+ [Br (5]
Note that also from the last line of Assumption 5, we have IV [Er(85)]_, lleo = O(1)

Now we control the third term on the RHS of (B.11)

|({/ - V*)Tt(Za ﬁ;)

< =vILlIE(Z, Bp)lloe = Op(rs(T))Op (ri(T)) + | E¢(55) )

By Assumptions 5 and 6 we know that supyc ,, max(ri (7, 0),r2(T, 0),73(T,0)) = o(1) and
max(ry(T),r5(T)) = o(1). Thus terms two and three on the RHS of (B.11) are 0,(1) so we have

that
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S(Be) = S(Bs) + 0p(1) = V"B (B;) + 0,(1) (B.12)

The last equality follows by Assumption 5 (B.8),

S(85) + 0p(1) = vt (Z, 57) = v Ee (85) + v Ex (B5) + 0p(1)
= Oy(ra(T)) + v B (85) + 0,(1)
= v E () + 0,(1)
Note that Ex (3;.) = 0 which follows from the definition of /3;. as the solution to the population
estimating equation. Similarly, v** [Ert (8;.)]_; = 0 as v** is defined to be the first row of the

T
inverse of Et (8;.) sov*' Ex (8;.) = [1 00 ... 0
We plug in § = 6* to get

s75(Bg-) = spS(8) + 570, (r4(T)rs(T, 0%) + r5(T)r1 (T, 6*))

Using Assumption 9, that sz (r4(T")r3(T, 6*) + r5(T)r1(T,0%)) = o(1) we get the desired result

s0S(Be) = s2S(5") + 0,(1)

O

Lemma 6 (Consistency of de-biased estimates). Let the map 0 — S (Bg> be continuous with a

single root 0 or non-decreasing. Further, suppose that for any € > 0

VB (65— ]V (B (Berd) ] < 0.

Suppose Assumptions 5 and 6 are satisfied. Then

lim P(|0 — 0] > ¢) =0.

T—o0

Proof. The proof is the same as in Neykov et al. (2018) Theorem 1 and is thus omitted.
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We now prove Theorem 5. Again we closely follow the proof in Neykov et al. (2018) but we

use the arbitrary scaling s instead of /7 scaling.

Proof of Theorem 5. Let Up = ——L 6 — 6*). We can show the statement of the proof holds for
Vv*T Gv* p

Ur as the result for Uy follows from consistency of the variance estimate and applying Slutsky’s

theorem. We use a Taylor expansion of S (Bé) around ¢* with a mean-value form of the remainder

to get

0= S(3) = S(B) +¥" | T(Z.for)] (O—07)+ %ﬂ% T(2.5)| (-6

where 3, = 1/5’(; + (1 —v) g« for some v € [0, 1]. Note that we get the above form since our
Taylor expansion is univariate. Thus %9"t(Z, 8)|;_s . = " [T(Z , B@*)] o

We now show that the final term on the RHS of the Taylor expansion is op(s;l). By Assumption
8, which allows us to apply the dominated convergence theorem, the fact that v and (3, are consistent,

and Lemma 6 which shows that § — 6* = 0,(1), we have that
1 .0

2% g (T2 )] @07

<(@-070,0) =00

op(1)

: s Soh oy d . arh
By Lemma 5 and Assumption 7 we have \/V*TTWS(@?*) — N(0,1). Thatis s7.5(8g-) = O,(1).

Using this we can rearrange our Taylor expansion so that spS ( B@*) is on the LHS to get that

0,(1) = sTyé—e*\(

i [T(2, BQ*)M +o,(1)) .

From Assumption 5, ‘{fT [T(Z, Bg>i| = 1 4+ o,(1). Therefore the term

*1

v [T(Z, Ba*)} ‘ + op(l)) =14 0,(1) +0,(1) = 1+ 0,(1). Thus we get that
*1

(
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where we used that 1/(1 + 0,(1)) = O,(1). Therefore we conclude that § — 6* = O,(s7') and
W5 (2. 8)] 007 =oy(s7).
We are now ready to complete the proof. By Assumption 5 and applying Slutsky’s theorem to
get that 7 [T(Z , 39* )} — 1, we rearrange the Taylor expansion again and conclude
*1

sr(0—0) 515 (By-) +o,(1) 4 N(0, 1)

WIGY TG [T(2. )]

1

B.5 Asymptotic normality of de-biased differential network estimates

In this section, we prove Theorem 6 by showing that the conditions of Theorem 5 hold for each
of the estimating equations considered. Establishing the conditions of Theorem 5 requires several
intermediate results that are of independent interest and are therefore stated as Lemmas.

For most of the conditions in Theorem 5 we will show that they hold for tgym,m(Z, ) only as the
proofs for teirer (Z, 3), tsirignt (£, 5) are very similar. With this in mind, the proofs in this section
will often suppress the subscript identifying the type of estimating equation. That is we will use
t(Z, B) to represent tgymm(Z, 3). We do this for notation convenience. When we wish to show
results for each estimating equation, we will include the identifying subscript. For example, in the
case of Lemma 9, we will derive the asymptotic distribution for each estimating equation as their
variances differ and subscripts are used to identify which results correspond to which estimating
equation.

Recall we have assumed for ease of presentation 77 = 75 and asymptotics will be denoted
simply as 7" — oo with the meaning that 77,7, — oco. All results should still hold as long as
T7 < T5. It 1s also worth recalling the concentration bounds of the expanded spectral densities in
Corollary 3. These hold by Assumption 1 and the correct choice of smoothing spans B;.

We begin by establishing the consistency of the Dantzig selector estimate of an arbitrary row
of the second derviative of the D-trace loss. This is stated in Lemma 7 and will be used to prove

Assumption 6.
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Lemma 7 (Consistency of Dantzig selectors). Suppose there exists constants oy, as such that
Assumption 1 is satisfied for conditions 1 and 2 respectively. Furthermore, suppose the
smoothing span for condition | is B; =< (W)vl. Consider the quantities Vi, ‘=
(31 ® 3o+ 3 ® 51) /2]y, Vijpen = [D2 @ B, and Viigigy = [X1 ® X, with correspond-

ing Dantzig selector estimates Of Vsymm, VsiLeft, ANd VsiRight given by

Vsymm = arg min ||v||y such that v (ﬁl Qs+ 3, @ 21) /2 —e;

< Psymm
o0

A . T [ & -
VsiLett = argmin ||v||; such that ||v (EQ ® 21> — e H < PsiLett
v o

< Ps1Right 5
o0

VsiRight = argmin ||v||y such that vl (il ® f]g> —e;
\%

where Psymm = HV:ymmHl CfOp (RT1,p + RTz,p)’ Psileft = ”VglLeftHl Ofop (RTl,p + RTz,p)’
and psiright > HV:M—_{ightH1 CtO, (Rr, p + R, ). Then for large enough Ty, T, and with high
probability,

V:ymmH 1 CfOP (RTl P + RT%}?)

*
Vsymm }

H‘A/symm - V:ymmul =S

[Vsirett — Verresll1 = SV Lett IVeireell CrOp (Bryp + By p)

||‘A’s1Right - V:lRightHl = S5Vl Rignt HV;Right”l CrOp (RTLP + RTz,p) )

where Ry, ,, Rr, , are the convergence rates from applying Theorem 3 to conditions 1 and 2

* _ *
VSymm’ 0 Viren — ”VSlLEft 0’ SV:lRight

respectively, Cy = max(|| fi|| ., | f2ll ) and syx

symm

*
¥ Zrigne

Proof. We will only prove this result for the ‘symm* case as ‘s1Left‘ and ‘s1Right* are similar. With
this in mind, we suppress the subscript ‘symm* for notational convenience. It is noted in Candes

and Tao (2007) and Bickel et al. (2009) that for any v that satisfies the Dantzig constraint

HVT (21@224—22@21) /2—81

<p, (B.13)

o0
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we have ||(V — v)se|1 < |[(V — v)s,|[1 where g, selects the elements in § whose indices are in
Sy, the set of non-zero indices of v.
Next we show that for the correct choice of p, v* satisfies the Dantzig constraint with high

probability. That is, with high probability,

|

\a <21®22+22®21> /2—€1H <p.

Begin by noting

v <21®22+22®21>/2—61

= (oS +Set)2- Gios+ o))
S HV>|< ((21 ®22 —f-ijg ®il)/2 — (21 ®Z2 +Z2 ®21)/2>’
<V 1@ S+ S @ 5)/2 - (518 %+ T @ 51),2

The last line follows from Holder’s inequality. By Lemma 2, we have that

|

So if we set p > ||v*||, CyO, (Rn,» + Rr,,) then for large enough 77,75 and with high

v (SieSh+ o) 2| < IV CrO, (Rrp+ Rry)

probability v* satisfies the Dantzig constraint. That is,

|

Next we show that restricted strong convexity is satisfied for our Dantzig selector. Show-

v* <21®22+22®21> /2—61H <p.

ing this proceeds almost exactly the same as showing RSC for the D-trace loss. The main
difference is that we now are interested in showing RSC for vectors m € C(M, ML; v¥) =

{m c R%

[mge, [[1 < [msg,. 1}. Recall that we showed that v* satisfies the Dantzig constraint
with high probability. Then for § = ¥ — v*, we know that [|dsc, [[1 < [|ds,. ||1 since ¥ is the Dantzig
selector and we showed v* satisfies the Dantzig constraint with high probability for the correct
choice of p. Then it is true that, with high probability, € C(M, ML; v*). Showing the RSC

condition proceeds the same way as showing RSC for the D-trace loss. It is rewritten here for

-
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completeness.

mT(il & ig)m Z mT(El & Zg)m + mT (il & 22 — 21 & ZQ) m

> )\min(Zl))\min(Eg)Hmﬂg — ‘mT <21 ® 22 — 21 ® EQ) m‘

(B.14)

v

Amin(E1) Amin(S2) [m ][5 — |81 ® £ — 1 ® Dol oo | ml7

> Amnin(21) Amin (32) [|m[5 — 45, IR D I Y 2o ||oo|lm]|3 -

Note that in the last line we get 45« compared to 16sa+ in the D-trace RSC. This is because we

1+ mg,. |l < 2|mg,. |1 < 2¢/Sv|ms,. |2 < 24/Se||m]|2. Again, we get

the exact same inequality for mT(fJQ ® f)l)m. Therefore, for large enough 77, 75 we have that with

have [[ml|, = |lmg,

high probability

Amin (f1) Amin(f2)
2

and we conclude that RSC holds with k7 = A\ (f1) Amin (f2) /2

mT05(ZA]1 X 22 + 22 (24 21)1’11 Z

I3,

To find the convergence rate of ¥ to v* in £; norm, we proceed similar to the proof of Theorem 7.1
in Bickel et al. (2009).
Define 6 = v — v*. We showed that for high probability v* satisfies the Dantzig constraint andby

definition v satisfies the RSC condition. Thus with high probability and for large enough 77, 75,

i (21 ® 39 + 3 ®21>

(21 @39+ 39 ® 21>
)T
2

2

(¥ —v*

oo oo

T(i1®i2+22®21) (21®22+22®f}1)

=||v 5 —e1+e —voT 5
(21®S2+22®21) (21®22+22®f}1)
< \A/'T — €1 + V*7T —e1
2 2
<2p.

Proceeding with showing convergence of ¥ to v* in L1 norm we get
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<21®22+22®21> (21@)22—1-22@21)
5t § < |07 )
2 2
T(21®§32+i}2®21>
< |0 5 o],
< 2p[|4]l1
< 4pl[ds,. Il
< 4p\/ Sy “55‘,* 2-
From the RSC condition we get that
)\min )\min (il ® 22 + 22 © ZAjl)
(fl)Q (f2)||5||g <47 5 8§ < 4p\/59- 0.0 ||z -

Noting that ||dg_.

5 < [|9]3 we get

)\min(fl))\min(fZ)

2 g§4pV8V*

[T

55\,* 2,

which implies

< 8p\/8V*
2= Amin(fl)Amin(fQ) .
Using the fact that ||¥ — v*||; = ||0]1 < 2[[ds..]1 < 2¢/5

|| 5‘5‘/*

ds,.||2 and the fact that p =

HV*Hl CfOp (RTMD + RT2,P) we get

16SV*

v*||, C;O, (Rr, p + Rr, p)
)\min(fl))\min(fQ) ’

A~

[V =i <

from which we conclude

V*||1 CrO, (RTMD + RTz,p) .

7= vl = s
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Next we compute the asymptotic distribution of vec (f)z — Ei) which is subsequently used to
establish the asymptotic distribution of the de-biased estimating equations in Lemma 9 and in turn

Assumption 7.

Lemma 8 (Asymptotic distribution of ). Suppose the conditions of Proposition I are satisfied. Let

S(\) = AR -BRY) and 3(\) = AN =B Then
BOY AN BOY AN |

(i) If A € (0, ),
T

3 (Vec(ﬁ]()\)) — vec(E()\))> — N(0,V),

T
where V. = PV;PT, V} is the asymptotic variance from Proposition I, and P = [ pr P }

with

s Op oo O O Oy oor Oy
Opxp Opsp -+ Opxp Lpxp Opxp o Opsp
Opxp Lpxp -+ Opxp Opxp Opxp oo Opsp
Pi=10pep Opip oo Oper Opin Loy oor O
Opxp Opxp -+ Ipxp Opxp Opxp --o Opsp
_Opxp Opxp -+ Opxp Opxp Opxp -+ Ipxp_

We define 1y, to be the identity matrix of dimension RP*P. We also define 0, to be the
matrix of Os of dimension RP*P. The first row of block matrices in P, € R2°*2° consists of a
I,,x, block followed by 2p — 1 0, blocks. The second row consists of p 0,x, blocks followed

by an I, block and p — 1 0,,,, blocks. Py € R****" s similar to P,
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Opxp Opxp --- Opxp —Ipxp Opxp -+ Opxp
Opsp Opxp - Opxp Opxp —]po oo Opxp
Py=10pp Lpxp -+ Opsxp Opxp Opsp oo Opxp
Opo Opo .« .. Opxp Opxp Opo ... _‘[po
_Opxp Opxcp - - [po Opxcp Opxp -+ Opxp |
(ii) If \ = 0 or 7 then
T

= (vee(S0) = vee((1)) = N (0, V),

where V' is the asymptotic variance from Proposition 1 ((ii)).

Proof. We will solve first for the case where A € (0, 7). Note that for each condition /

/w)') o ( 'AzwD

Bi(M) ] | Bi(\) B
BM) Vec('Blw ) )
Ay | 2y

Applying Proposition 1 and the multivariate delta method establishes this result. When A = 0 or

vee(3(N))—vec(Zi(N)) =

A = 7 we get that the spectral density and its estimates are real-valued so the expansion to the real
T
space is not necessary. This means that we do not need the pre-multiplication by [ pl PI } . In

this case we get that

~ ~

vee(2;(A)) — vee(3 (X)) = vec(A(N)) — vec(A;(N)).

]

Lemma 9 (Asymptotic distribution of de-biased estimating equations). Suppose that Assumption 1

is satisfied for both conditions with values o, as. Define o = max(ay, ay). Furthermore suppose
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.
that 11 =T := T, that the smoothing span for both conditions is B < <m> fory>1/3

and that the conditions of Proposition 1 are satisfied. Then

symm

[T . - . . .
s_lieft Evs,irLeft vec [ElA*EQ - (EQ - E1>i| ~ N<Oa 1)

T * A A A A
S_llR,lght v EvslTRight vec [ZQA*Zl - (ZQ - El)} ~ N(O, ].) 5

T R . . ) . .
ol \/ EVSYTmm vec [(ZQA*Zl + Z1A*22) /2 — (ZQ - El)} ~ N(0,1)

where

2 —
O_Symm - symm (

T T *
Ml Symm%Ml ,symm + M27Symm‘/2M2 symm) Vsymm
2 *
Os1Left — Vleeft (Ml 51LeftVY1M1 ,s1Left + MQ leeft‘/2M2 leeft) VsiLeft

2 . *
OsiRight — islght (Ml Slnght‘/lMl ,s1Right + M2 SlnghtVQMZ islght) Vs1Right -

The notation V) is used to represent the asymptotic variances from Lemma 8 for condition [. The

other components of these variances are defined as

SoA T @ Ioy) + (Lo @ LpA* STAT @ Ioy) + (I3 @ 31 A
Ml,symm = ( p)2 ( P ) + I4p2 M27symm = ( ! p)2 ( a )
Ml,leeft - ZgA*T ® Igp + I4p2 MQ,leeft = _[2p X ZlA* — ]4p2

M siright = Lop @ DoA™ 4 Iy My giright = 21 A @ Iy, — 142,

and

-1

symm

1
V*T — |:§ (El®22+22®21)

1%

leeft [22 ® X }
ViTigne = 21 © o))

Proof. Symmetric estimating equation. We begin by expanding the symmetric estimating equation

vec [(igA*fh + f]lA*f]2> /2 — (flg — f]l>] into a form that allows us to find the asymptotic

distribution.

— Iy
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vee 5 (Ba8781 + £10085) = (82— 81) | —vee [£a (81— 3)] 2 4 vee [£1° (8- )] /2
+ vec :22A*El:| /2 + vec [ilA*ZQ] /2 — vec [22 — f]l]
=vec [(ﬁg — 22> A* (21 — 21)] /2
vee (8- 01 ) A (£, - m)] /2

+ vec -igA*El} /2 + vec |:§]1A*22:| /2

+ vec :ZQA* (21 - 21)] /2

+vee [S1A (85— )] /2= vee [$, - 5]
4 vec[Sg — By] — vec [Zp — Ti]
=vec [ (S - 3) A7 (8- %4)] /2
vee [(S1-31) A7 (8, - 3] /2
+vec :ﬁzA*El} /2 + vec [ilA*EQ] /2 — vec Dy — ]
+ vec :ZQA* (f}l )] /2 + vec [2 A* ( )} /2
(5 - ()
=vee [(Sp = %) A7 (8- %4)] /2
vee [(S1-31) A7 (85, - 3] /2

+ vec [Zo A /2 + vec [E1A%Y,] /2 — vec [Xy — ¥4]
+ vec _<XA:2 - Eg) A*Zl_ /2 -+ vec _ZlA* <22 - 22>_ /2

— vec 22 — 22

+ vec -<21 — El> A*ZQ- /2 + vec -ZQA* <XA)1 — 21)- /2

+ vec 21—21 .

Now we will show that max norm of the first line in the last equation is o, < %) and so is

&'
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o0

[[vee (A",

‘ o0

) lvee (@)1,

Hig -~ %,

+ H22 — o

Hil—zl

oo ‘ o0

2
= OP (RTl,PRT%p HVGC (A*)H1> :
Since Assumption 1 is satisfied for both conditions, in the last line we applied Corollary 3 to

both conditions and write the rates as Ry, ,, 7, ,. To show that this term is o, (@) it suffices

to show that \/%Op (Rry, pRr, p |[vec (A%)]];) = 0,(1). Note the choice of smoothing span is

-y
B = (W) for v > 1/3 in order to satisfy the conditions in Proposition 1. Thus we have

that

1/2
T T .
B ( ] ) =777 log®**(p Vv T).
(pvT)

log7(4e+2)

Since we have assumed the same 7" and smoothing span in each group we can simplify Rr, , R, ,

as follows

1 o 2
R, pBr, p = 1X0 115, 1 X2, 115, <2a+1TWT log!' =1+ (p v T))

— 92a+2 HXL- Hia HXQ,- H?j,a 771 10g2(17'y)(2a+1)(p V. T) )

Combining this with \/% we get

T . o . 21 at1)(2—
\ 5O (Brip i, [vec (A%)[[,) = O, (22 UK X2, [Ivee (AT)]|, T2 log®etDE=7) (p\/T)>

= 0,(1).
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Going back to our expanded form, by definition of A*, the second line is 0. Then we will
simplify lines 3 & 4 and 5 & 6 of the expanded symmetric estimating equation using the fact that

vec(ABC) = (I ® AB)vec(C) = (CTBT @ I') vec(A). Using this we get

(42

+0

(ZTAT @ Iy,) + (I2p @ B1AY)
2

SIAST @ I,)) + (I, @ SoA* ] X
( 2 2p)2 (2p 2 )+I4p2 vec <21—21> .

+

— Iy | vec (22 — Eg)

We define

(E{A*’T ® IQp) + (Igp ® ElA*)
2
(EgA*’T ® IQp) + (IQP ® EQA*)

Ml,symm = 9 + I4p2 .

— Iy

We further denote the asymptotic variance of the appropriately scaled versions of vec (22 — 22) and
vec (f]l — El> as V5 and V) respectively. Assuming that data in conditions 1 and 2 is independent

we have from Proposition 1 that

T (ars +54%%)
Engmm vec B — (22 — 21)

~ N (O V*T (MLSymm%MT

) ¥ symm 1,symm

+ M2,symm‘/2MT

*
2,symm) Vsymm) .

s1Left estimating equation. Similar to the symmetric estimating equation case, we simplify

the s1Left estimating equation

vec [ilA*ig — (22 — 21)] .



vec [ilA*ig — (22 — 21>:| =vec

=vecC

=vec
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53, A" (zg _ zz)} + vec [ilA*Eg] — vec {22 _ gl}

(21 _ 21) A* (22 _ 22)

+ vec [ilA*EQ} — vec |:i:2 — 21i|

(21 _ 21) A* (22 _ 22)

+ vec

+ vec

A (22 _ 22)

()

+ vec [X1A*Y,] + vec [(f]l — 21> A*22i|

— vec [22 — 21] — vec [Xg — 4] + vec [Xy — X4]

= vec [(EQ - 22> A (21 - 21)]

+ vec [ElA*EQ] — vec [22 — El]

+ (SEAT @ by + Lyz) vee |51 = 3

+ <[2p & ElA* - [4p2) vec [22 — 22:| .

Similar to the symmetric case we have that the first term is o, (@), and the second term is 0.

Then we define

M girets = Sa AT @ Iy + 1y

Mo gitere = Top @ X A" — Iy,

and we get that

\/%V;TLC& vec [21A*22 - (22 - 21)} ~ N (07 V:lTcht (A[LSlLeftVlMlY:Smcft + MZ,SlLeftVéM2T,S1cht) V:chft) :

s1Right estimating equation. Lastly, we simplify the s1Right estimating equation

vec [XADQA*XAH — (22 — 21)] .
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We have that
vec [22A*21 - <22 - 21>:| =vec _igA* <il - 21>] -+ vec [XAJQA*Zl] — vec [22 - il]
=vecC _<22 - 22) A* (21 - El>— + vec _EQA* (il - El>_

+ vec |:22A*21:| — vec [22 — 21i|

=vec

(32 = 32) A" (21 = ) | 4 vee [2oa" (81 - 3]
+ vec [Lo A*Y] + vec [(f]g - Eg) A*Zl] — vec [f]g — f]l]
—vec [Xg — 3] + vec [Xy — 4]

=vec [(f)g - Eg) A* (fh — El)}

+ vec [Ba A*Y] — vec [Xg — X4]
+ (I3 ® BoA* + Iy2) vec [f]l — 21]
+ (STAT @ by — Lye) vee [ — %o

Similar to the symmetric case we have that the first term is o, (@) , and the second term is 0.

Then we define

M giright = Top ® Lo A™ + Iy

T A *T
Ms girignt = X1 A" ® Iy — Iy,

and we get that

T.T 3 *y 3 3 «T y . T . 1T *
\/;Vleeft vec [ZQA 21 - (22 - 21)} ~ N (0‘ VsiLeft (AJl,Slnght‘/lMl,isight + Ai?yislght‘/éJ\JQ,isight) Vleeft) .
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Lemma 10. Suppose the conditions of Theorem 4 are satisfied. Then

~2 D 2
Usymm — Usymm
~2 p 2
Og1Left —7 OslLeft

2 2
Os1Right _> Os1Right

where
2 . *
Usymm - symm (Ml Symmlel ,Symm + M2,SymmV2M2 symm) symm
2 _ *
OslLeft — Vleeft (Ml leeftle1 slLeft T M; e VoM, leeft) VsiLeft
2 *
OsiRight — islght (M 1 islghtle 1,s1Right + M, islghtV2M2 islght) Vs1Right 5
and
~2 _ ~
O-Symm - symm <M1 SymmVlMl ,Symm + M2 SymmVYQM2 symm) Vsymm

~92 ~
Ol iLefe = VerLeft (Ml leeftle1 sileft T M, leeftszQ leeft) VsiLeft
52 AT
Os1Right — Vislght (Ml islghtlel ,s1Right + M2 islghtV2M2 Slngh(z) Vs1Right -

Proof. We will only show that o asymm is consistent as the s1Left, sIRight cases follow using similar

techniques. Specifically we wish to show that

symm

~2 _ 9 N
0 - bymm (Ml SymmVlMl ,Symm + MQ»SymmVYQMQ symm) Vsymm ;

1S a consistent estimate of

*
Ml Symm‘/lMl ,Symm + M2,SymmV2M2 symm) symm )

Usyrnm = symm (

where

(STAT @ Ip,) + (I ® 1A%)

+I4p2 M2,symm = 9 _‘[41)2

(DoA™ @ Iop) + (Iop @ B2A%)
2

Ml,symm =
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and V1, V5 are the asymptotic variances of vec (ﬁ]l — 21> , vec (22 — 22>, the forms of which
are given in Lemma 8. Recall that A, = Re(f;) and B; = Im(f;) and f; is the spectral den-
sity in condition [. In general, M s mm, V; are functions of ¥, ¥y, A*, A;, B;. Then to generate
Ml,symm, Mzsymm, Vl, Vg we replace the population quantites with their hatted versions. Specifically
the expanded smoothed periodograms, il, will estimate Y;; the SDD estimator, A, will estimate
A*; the real and imaginary parts of the smoothed periodograms ( fl), A, and By, will estimate A, and
B, respectively. We proceed by establishing consistency of each of the pieces of 62. Once we have
each of the required pieces we prove consistency of 2.

We will frequently use the identity that ’I QX -I®X H = HX - X H . This holds because

the Kronecker product of X with the identity matrix is simply a block diagonal matrix with X in
each block. We will also use the fact that | X||; = ||vec (X)||; and || X = ||vec (X)]|

Convergence of 1\7[1,Symm to M mm- We begin by noting that MLsymm =
(STAT@I5p ) +(I2p@5:A)
2

+ 142, then

(BFAT @ Iy) + (I 2 A (BTAT @ Iy + (Inp ® Do A")
—+ I4p2 - ) - I4p2

HMl,symm - Ml,symm 1 =

[N)

2 HEQA A"

+ p HETAT ZTA*T

’ 1

= 2p HEQA — EQA*
1

§ 8p3 ZAJQA — A*

= 8% ||(I2p ® £2) vec ( (T2p @ 532 vee (A7)

)- .
= 8p3 (I2p ® Eg ) vec ( )
—8p° <12p ® 22) ( ) ((12,, ® 22) — Iy ® 22)) vec (A¥)

A -
<ty o5 (5- 7],
(5

&),

o0

@5 — Iy © o _[Ivee (A7)

< 8p? f]g—EgH Hvec + 8p? ||E2HOOHVQC (A—A )

1

+ 897 [[52 = 2| flvee (")l

where in the second line we used the fact that 15, € R?P*?P and so I, ® EQA is block diagonal

with 2p blocks of S,A so ||, @ f}zAH " HfJQA
1

. In the third line we use the fact that X;
1

(I2p ® Xa) vec (A*) — (Izp @ ) vec (A%) 4 (I, @ ¥y) vec (A*)

1

oo
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and A and their estimators are symmetric. Next we use the fact that |2y — 3 |oe = O,(Rr, )

1
O,(sa(Rr, p + Rr, p)Cr(1 4 ||A*||,)) from Theorem 4. We can simplify these rates and similarly

since the conditions of Corollary 3 are satisfied in Theorem 4 and that Hvec (A — A*)

follow the same steps for condition 2 to show that

HMl,symm - ]\41,symmH1 = Op (8]93 HZQHOO SA* (RTl,p -+ RT%p)Of(]. + ||A*||1) + 8p3 ||A*|l1 RTQ,p)

|72y = Mo = O (36° 121 | s+ (R p + B ) (14 A1) + 89° Ay Ry

Convergence of \71 to V. Next we will establish the rate of HVl -V H . Recall that we have
fl = fll + iél and

~ 1|~ (Ip2+K)(Al®AZ+Bl®El) (Ip2+K)(BI®Az—Az®Ez)
Vi3 i
Pl |[Up+K)(Bi®A -AeB)" (I,—K)(A®A+B®B)

P,
We can remove the left and right multiplication of the ' as each row and column only
Py

has one 1. In other words, these matrices simply select one element from the matrix so their
multiplication does not change the max norm. Similarly the rows and columns of I, + K have
either one entry with a value of 2 or two entries each with a value of 1 so the max norm with these
matrices is at most the max norm without them multiplied by 2.

Thus we have

¥ v

(A1®Al+Bl®Bl)_(AI®AZ+Bl®Bl) (Bl®Al_Al®Bl>_(BI®AZ_AI®BI>
(Bl A —A@B)- (BBoA -A®B)" (A®A+BeB)-(A®A+BoB)

which is equivalent to the maximum of the (1, 1) and (1, 2) entries. We will consider each of

these entries separately. Consider just the (1,1) entry,
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H(Al@)/zll‘i'él@Bl)_(AI®AZ+Bl®Bl)H §HA1®Al—Az®AlH +HBZ®BZ—BI®BIH :

Studying just the first entry on the left hand side we get

.

HAZ(X)AI —A1®A1H =

<
I
<

—A,)@AIJFAI@(&—A;)

.

.

Ao () s (b Ao ().

IN

Ay — Al> ® <Az - Az) HOO +2 HAl - AZHOO 1A oo

. 2 .
< Az—AlH +2HA1—AZH Al

where we have used the fact that || X ® Y| < [|X]| ||Y]|,, since the Kronecker product
multiplies every entry in X with every entry in Y. Using that ||3; — %||oc = O,(Ry; ) and that
4=

B - BlH < ||%: — i]le and also that ||4;]|__, || Bl|.. < [|Zi]. and repeating
the same process for HB’Z ® B’l — B, ® By H we get that

Az & Az —A® AZH =0, (2 ||EZH<>0RTl:P)

Bi®Bi-Bi® B =0, 2% Fr.)

(dio A+ Bio By) — (@ A+ B B)|| =0, (41l Briy)

Next we consider the (2, 1) entry,

H(B’l®fll —A®B) - (B®A —Az®Bz)H < HBZ(X)AI —Bz®AzH +HAZ®BZ _AI®BIH

[e.e]

Again considering just the first entry on the left hand side we get
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HBl®Az—Bz®AzH = (Bl_Bl>®Al+Bl®AZ_BZ®AlH
() me (i)

b5 () o (B8] o 4cs o (- 2)]

IN

e+ - vt + 4~ 4]

We again use that |2, — ¥;||s = O,(Rz,,) and that HAI — AZH :

B, — BZH < |13 — Ziflo
and also that || 4|, | Bi||, < [|X:]|, and repeat the same process for HAZ QB —A® BlH to

se€e

BioA-BioA| =0,CI%i, R,

A®B-4®B)| =0,©2I%. Fr.)

(Bl RA - A Bz) —(B®A-A® BZ)H =0y (4|15l Bryp) -

Using these we conclude that

| —w|_ =0, @izl Bry)

Convergence of I5;,> ® Ml,symmvl to Iyp2 ® M gymm V1. We will find the rate of

Vo — Vs

= Op (4%l Br,p) -

[e.o]

Iy @ Ml,symmf/l —Iye ® Ml,symm”H . For ease of notation we will suppress the symm sub-
oo

script in the below.
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H14p2 & le/l - I4p2 oy Ml‘/lH
o0

= || AV, — Mle‘

[e )

_ (VZT ® I4p2> vec (Ml> — (V' @ Iy2) vec (Ml)Hoo

= (VZT ® Lyp2 — VlT ® I4p2> vec (Ml) — (VlT ® I4p2) vec (Ml — MZ)

HOO

= | (V" @ Luyz = VI @ L ) vee (N1 = M) + (VT @ Luye = Vi @ Lz ) vee (M) = (VT @ Luye) vee (M; — 1) H

oo

< ||V -wa_ |3 - a]) + |95 = va|_ iy + il

Ml—MlH .
1

For [ = 1 we have that

| ¥ = M| = Oy (89° 122l s (B + R )Cp(1+ A7) + 85° | A R

is slower than H\A/l -W H = 0, (4/31]|, Rr,p) and applying the same method for condition 2,

| © 00V - L 0 aii || =303 - 20A
o o]

=0p (89" Vil oo (IB2lloe 2% (B p + R p) Cp (L + [|A™[ly) + [|A%]}y Ry ))

Hf4pz ®M2‘72 —I4p2 ®M2V2H :HMQVQ —MQVQH

=0y (89 [Valloo (I21llc s+ (B p + B p) Cp (L4 1A ) + [ A]]y By )

Convergence of M;V;MT + M,V,MT to M; V;MT + M,V,MT. For ease of notation

we will again suppress the symm subscript in the below. Next we consider

)(MlmM{—F+M2172M2T—M1V1ME’—MQVQMQTH < HMIV1M1T_M1V1M1TH —i—HMgVQMQT—MngMQTH
o0 [ee] o0

Considering just the first term on the left hand side
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|nviner - anvanf

o0

— (I4p2 ® M1‘71> vec (M1T> = (Lap2 @ My V1) vee <M1T)Hoo

_ (14p2 ® MVi — Iyp @ Mﬂ/l) vec <M1T> + Iy ® MyV3) vec (MIT - M1T> H

oo

IN

(T2 ® MVA = Iy  MyA) vee (317) H + H(I4p2 ® MyVi) vee (317 — M7 H

o0

< ||MyVy — MWy Hl

vec (]\7[1T — MlT)

. + HM1‘71 - MWy

. ||Vec (MlT)

o0 ‘

+ 1M Vil [[vee (W17 = )

) .

Note that we have

|30V = ah|| =0, (89 Vil (12 55 (Rp + R ) Cr(U 1A ]1) + A7) Brsy)

and

|31 = 21| = 0, (86 %2l 550 (R + B p)Cr (L4 A1) + 89 1Ay R

We can use the same approach for HMQVQMQT — MyVoME

so we conclude that
o0

|amvanz? - anvia] |
=0, (8° (1M Vil o + 1Ml Vi) (B2l 8+ (Rey p + R ) Cp (14 [[A™])) + [|A*]], R, )
=0y (8173011,1 (182l oo sax(Rry p + By p) Cr (1 + [A™]]1) + A" RTz,p))

ABEE AR
= Oy (89° (|M2Vall o, + 1Mzl IValloo) (%1 ]log sax (B p + By p)Cr (1 + [[A*[]) + A} By )
= 0 (89°Co2 (%1l o 52+ (R p + Ry p)Cr (14 [ A1) + [|1A*]ly Ry )

HM1V1M1T+M2VQM2T ~ MV, MT —MQVQMQTH

= Oy (89°sa+ (Rry p + Ry p)Cr (1 + A1) (Cot B2l e + Coz 11l 0) + 897 | A"y (Coa Ry p + Co2Rry )

where we have defined C,; = [[MiVil, + [Mil, Vil and Coo = [MaVall,, +
M|y [[Vall -
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Convergence of plug-in variance estimator. Now we are ready to show that our plug-in
estimate of the variance is consistent. The true variance is given by 02 = v*7Gv* while our plug-in
estimate is given by 62 = $TGY. Recall that 7 is the Dantzig selector for the first column of
Toymm (Z,A) and G = My gy ViMoo + Mo sy VoM While G = My gy VIME, o+
My gymm Va M3,

2,symm*

To show that 62 is consistent we will show that

6° — 0’| = ’GTGV — TGV = 0,(1).

We proceed as follows

T v Gy +vT Gy —vTGve

o
2
|
<

*
_.I_
—~~
<>

T V*T) GAV* + V*Té (‘A/ . V*T) + V*T (G . G> v

( )

= (f/T — V*T) G (V—v")+ (f/T — V*T) v + v TGy — vIgv*
( )
( )

({1T _ V*T) GV* +

vT QG (\7 — V*T) ‘ +

vt <G — G) v

(¢-¢)v.

<o =il |G @ =)+ 10 =il [ év
[e.0]

+v =i,
oo

vIG| o+ vl
oo

A~ 2 A ~
<o =v'IiF 6|+ 200 =il

(é— G) v+ Gt

2
+ vl
oo

G-d,

~ *(12 A ~ * (12 ~ *
<=V |[¢ =€+ = vt IGl . + 2 0% = v,

G=G|| IVl +20 =il levlL.
v e -¢f|

Recall that we have shown that

&=l

= Op (8p°sa+ (Rry p + By p) O (L + A1) (Cot 2]l + Coz 11l 0) + 897 | A"y (CoaRryp + CopRry )

which in general will be slower than ||V — v*||, = O, (sy

v*||, C¢ (Rry » + Rr,p)). Therefore,

the last term is the slowest and we conclude that
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TGy — v Gy
= Op(8p° IV*[IY sa (Rryp + Ry p) Cr(1+ [|A ] )(Cop B2l +
Co2l[Z1llee) +89° V1T 1A%, (CopRey p + Con Ry p))

= op(1).

This concludes the intermediate results needed and we proceed in proving Theorem 6.

B.5.1 Proving Theorem 6

To prove Theorem 6, we proceed by showing the assumptions for Theorem 5 are satisfied.

Showing Assumption S is satisified. We begin by showing Assumption 5 which requires three
concentration conditions and two expectation conditions. We must show that there exists a neigh-
borhood N+ of 6* such that for all § € Ny« the assumptions are satisfied. We will fix |0 — 6*| < €
for some € > 0. We show each condition below.

To show limy P (||[t(Z,Af) — E¢(Ay)]l, <mi(T,0)) = 1, we define I' =
0.5(2, @3 + 3, @) and I' = 0.5 (22 R+ ® 22). Then we have that

1607,88) = Bo(@ll = || (£~ T) vee (43) — (vee (5 = 25) — vee (8 - 3)) |
LO + Hvec <f]1 — El> )
01| livee (@l + [vee (82 =5 ) |+ [fvee (81 -2

e (B =)

= CfOP<RT17P + RTz,p) (HA*H1 + 6) + OP(RT1,p + RTmp)
= CyOy(Rr, p + R, p) ([[A]|, +€) -

IN

I — F> vec (Ap)

+ HVGC (ZA]Q — EQ)

IN

< [T =] At + o+ |vee (52 - 52)
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Where we have used Corollary 3 in the second to last line. Since the conditions in Theorem 4
are satisfied, so too are the conditions of Corollary 3. Next we establish that

v T(Z, Ay) — v T Ey(A)

limp_ o P ( < ro(T, 9)) = 1. This is easily shown by

v (Z, A)) — v T E (A))

< [vl1 1602, Ag) — Ee(Ag)

loo

= [IV*lly CrOp(Bary p + By p) (1Al +€) -

T (Z, Ay) — v T Ex (A%)

For limy_,o, P (supye[o’u < rs(T, 9)) = 1, note that A, =
vAy + (1 —v)Aj and that T (Z,A) = <f]2 L+ ® ﬁlg> /2 is A free. Also, by definition

v*TEp (A}) = e;. So we have

sup
ve(0,1]

T (Z, Ay) —vTEr (AY)

= H\}TF — €

o0 o0

< p =V CrOp (Bryp + By )

where the last inequality holds by definition as ¥ is the Dantzig selector for the first row of r

and the definition of p in the statement of the Theorem. Based on these rates we can conclude

sup max(r(7,80),re(T,0),r3(T,0)) = o(1)
0N+

The first expectation condition is satisfied because

1 (Ap)lloe = [ITvee (Ag) — (vec (32) — vec (51)) — [I'vec (A%) — (vec (83) — vee (X1))]]l,

0— 0"
0

0

(e 9]

— Tl € < oo
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In the first line we subtracted 0 = " vec (A*) — (vec (X3) — vec (X7)). Thus we have

sup || B¢ (A7), < o0
0N =

For the second condition we have that

I Bz (A9l =

as v* is by definition the first column of the inverse of Er (A}) so we conclude that

sup |[v*" [Er (A;)Ll”w < 00.
96/\/9*

Showing Assumption 6 is satisfied. Showing Assumption 6 requires ¢; consistency of the
parameter estimates. In this case we need to show that our SDD estimator, A is ¢ consistent. It
also requires ¢; consistency of the Dantzig selector estimate V.

The conditions of Theorem 4 are satisfied so we have that

A — A*||; = O, (sa+ (Rry p + Rryp) Cr (14 | A*]])) -

Furthermore, the conditions of Lemma 7 are satsified so we have that

[V = vl[s = Op (sv-

(RTl,p + RTMD)) .

Thus we conclude this assumption holds with

7"4<T) = SAx (RTLP + RTz;p) Cy (1 + ||A*||1)

r5(T) = Cy (RT1,1> + RTM)) :

Technical conditions from Theorem 5. Here we show the two technical conditions from Theo-

rem 5. They are 6 — S (Ag) is continuous with a single root 6 or is non-decreasing. We also need
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to show that for any € > 0,
VB (A5 )] v [Ee (85-1)]

or that * is the unique root of v** E (A%). The map 6 — S(A,) is continuous as it is linear

and has a unique root except when ¥ [f] = 0 but by the definition of the Dantzig selector
*1

i [lﬂ — 1‘ < p so for appropriate p the unique root will exist. To show the second condition,
*1

write

V*TEt (A3) = vT [T vec (Ap) — vec (33 — 34)]
_ T [T vec (Ap) — vec (g — 3q)] + viT [['vec (A™) — vec (2o — 31)]
= v*IT (vec (A}) — vec (A%))

=0—-0",
where in the second line we added 0 since v*7 [['vec (A*) — vec (X9 — X1)] = 0. In the
last line we use the fact that by definition v*IT" = [1 0 ... 0] and vec (A}) — vec (A*) =
T
—0* 0 ... 0| .Solving for v*'E (Aj) = 0 shows that § = 6* is the unique root.

Showing Assumption 7 is satisified. Assumption 7 requires

o tspS (%) ~ N(0,1),

where 02 = vTGv*, G = limg_o 5% Cov(t(Z, 5%)), v* = [Ex(6%)] ", Ex(f*) =
limp o F (%t(Z , 0 )‘ ) . By Lemma 9 this is satisfied for each of the three estimating equation
6*
types.

Showing Assumption 8 is satisfied. Here we show Assumption 8. Assumption 8 is a bound on

T

vI 2 [ T(Z,(0,77)T)],,- Recall for our estimator, we have

T(Z,A) = (Z;0) = (2,05 + 3, ®5,)/2,

PN
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which is A free so

%T(Z, A) - 0 y

and Assumption 8 holds.

Showing Assumption 9 is satisfied. Assumption 9 says that the convergence rates in Assump-

tions 5 and 6 satisfy

sp(ry(T)rs(T,0%) + r5(T)r (T,0%)) = o(1) .

Below we restate the rates we have from above.

r(T,0%) = (Br,p + Bry ) Cr (A} +€)
r3(T,0%) = [[v*ll, Cy (Rr, p + R, p)
ro(T) = sax (Rry p + B, p) Cp (14 |A™]y)
r5(T) = sy ||[V*]|, C¢ (Rpy p + Ry p) -

Then if we assume that the sample sizes T}, T5 are equal to 7" for both samples and the smoothing

spans By, By are equal to B, we conclude that

ri(T,0%)rs(T) = 4R%,CF (| A*[|, + €) sy- [V*[ly
ra(T,0")r4(T) = 4R%, ||v*||, C3sa- (1 + [|A%]],) .

Using the same method as we did to show that the second order terms in the asymptotic
distribution of the symmetric estimating equation were o, (@ ) in the proof of Lemma 9 we can

easily show that s7(r4(T)rs(T, 6*) + r5(T)r1 (T, 0*)) = o(1) for sy = \/%.
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Consistent estimate of 2. Lastly, by Lemma 10, our plug-in varaince estimator 62 is consistent
for o2

We have shown all conditions for Theorem 5 which concludes the proof.
B.6 Additional Simulation Details and Results

For simulation setting 1, the transition matrix is the same as in (Sun et al., 2018). Specifically, it
05 09 0

consists of 18 blocks of dimension 3 x 3, where each blockis | 0 0.5 0.9]|. In both simulation

0 0 05
setting 2 and setting 3, 60% of the coefficients in the 3 x 3 block were randomly drawn from either

a Uniform(—0.5, —0.2) or a Uniform(0.2, 0.5) each with equal probability. In the second and third
setting, 40% and 5% respectively of the entries of the larger block were randomly drawn from
a Uniform(—0.5, —0.2) and Uniform(0.2, 0.5) each with equal probability. This corresponded to
60% and 95% sparsity respectively. The number of non-zero entries in the difference in expanded
inverse spectral densities, which we will refer to as edges, varies by frequency but is almost always
22 for Sim-Sun, 14 for Sim-Dense, and 28 for Sim-Sparse.

Let TP, FN, TN, FP denote the true positive, false negative, true negative, and false positive
edges identified by either SDD or the naive method, respectively. A value greater than 1 x 107 in

absolute value was considered an edge. The metrics are defined as follows

. TP TP

Precision = TP+ TP Recall = TP TN

TP + TN (A — A )?

Accuracy = % RRMSE — 25y (Bi 2:3) ’
Ap Zi,j(AiJ )

where A represents the difference estimator, either SDD or the naive difference, A is the true
difference. The denominator of the accuracy measure is 4p? as expanding a p X p spectral density to
the real space gives a 2p x 2p matrix which has 4p? entries. We also report the number of average

number of true edges and the average number of estimated edges across frequencies.
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Figure B.1: Sim-Sun (left) and Sim-Dense (right) Precision and Recall. Results are reported as
mean (dots) and SE (vertical lines) where the mean and SE are taken across all frequencies and
iterations for a given sample size 7". Note that SE may appear as 0 due to the large number of

frequencies and iterations.
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Figure B.2: Sim-Sparse. Results are reported as mean (dots) and SE (vertical lines) where the mean
and SE are taken across all frequencies and iterations for a given sample size 7'. Note that SE may

appear as 0 due to the large number of frequencies and iterations.
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Table B.1: Sim-Sun. Results are reported as Mean (SE) where the mean and SE are taken across all

frequencies and iterations for a given sample size 7". SEs are rounded to two decimal places so a SE

of 0.00 indicates SE < 0.005.

SDD
T # True edges  # Est edges Precision Recall Accuracy RRMSE
100 21.6 (0.04) 8.28 (0.13)  0.49(0.01)  0.18(0.00)  1.00 (0.00)  0.95 (0.00)
200 21.8 (0.02) 12.9(0.12)  0.61(0.01) 0.32(0.00) 1.00(0.00) 0.89 (0.00)
500 21.9(0.01) 23.7(0.23)  0.65(0.00) 0.53(0.00) 1.00(0.00) 0.73 (0.00)
1000 21.9(0.01) 35.5(0.38)  0.59(0.00) 0.65(0.00) 1.00(0.00) 0.60 (0.00)
2000 21.9(0.01) 58.8(0.91) 0.53(0.00) 0.74(0.00) 1.00(0.00) 0.49 (0.00)
Naive
559 (4.89)  0.03(0.00) 0.62(0.00) 0.95(0.00) 0.95 (0.00)
983 (5.60)  0.02(0.00) 0.81(0.00) 0.92(0.00) 0.90 (0.00)
1779 (10.5)  0.01 (0.00)  0.93 (0.00)  0.85(0.00)  0.78 (0.00)
2306 (15.2)  0.01 (0.00)  0.99 (0.00) 0.80(0.00)  0.69 (0.00)
3144 (21.0)  0.01 (0.00) 1.00(0.00) 0.73 (0.00)  0.57 (0.00)
FGL
2015 (26.4)  0.02(0.00) 0.81(0.00) 0.83(0.00) 0.91 (0.00)
2524 (24.3)  0.02(0.00)  0.89(0.00) 0.79 (0.00)  0.83 (0.00)
5104 (42.9)  0.01(0.00) 0.97 (0.00) 0.56 (0.00)  0.68 (0.00)
5930 (45.4)  0.01(0.00) 0.99 (0.00) 0.49 (0.00) 0.64 (0.00)
6329 (45.9)  0.01 (0.00)  0.99(0.00) 0.46 (0.00)  0.60 (0.00)
Hard threshold
0.68 (0.01)  0.35(0.01) 0.02(0.00) 1.00(0.00) 1.50(0.01)
1.52(0.10)  0.67 (0.01) 0.05(0.00) 1.00(0.00) 1.00 (0.00)
18.2(2.22)  0.65(0.01) 0.12(0.00) 1.00(0.00) 0.95 (0.00)
249 (791)  0.57(0.01) 0.36(0.01) 0.98 (0.00) 1.06(0.01)
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Table B.2: Sim-Dense. Results are reported as Mean (SE) where the mean and SE are taken across
all frequencies and iterations for a given sample size 71'. SEs are rounded to two decimal places so a

SE of 0.00 indicates SE < 0.005.

SDD

T # True edges # Est edges Precision Recall Accuracy RRMSE

100 13.7 (0.03) 0.76 (0.03) 0.00 (0.00)  0.00(0.00)  1.00 (0.00)  1.00 (0.00)
200 13.9 (0.02) 0.76 (0.02) 0.00 (0.00)  0.00 (0.00)  1.00(0.00)  1.00 (0.00)
500 14.0 (0.01) 1.64 (0.05) 0.00 (0.00)  0.00 (0.00)  1.00(0.00)  1.00 (0.00)
1000 14.0 (0.01) 3.37 (0.07) 0.15(0.00)  0.05(0.00)  1.00 (0.00)  0.99 (0.00)
2000 14.0 (0.01) 6.52 (0.10) 0.37 (0.01) 0.15(0.00)  1.00(0.00) 0.93 (0.00)

Naive

244 (2.27) 0.03 (0.00) 0.42(0.00) 0.98 (0.00) 1.00 (0.00)
562 (5.08) 0.02 (0.00) 0.43(0.00) 0.95(0.00) 0.99 (0.00)
3466 (7.23)  0.00 (0.00) 0.51(0.00) 0.70 (0.00)  1.20 (0.00)
6522 (9.08)  0.00 (0.00) 0.83(0.00) 0.44(0.00) 1.57(0.01)
9111 (13.9)  0.00 (0.00) 0.97 (0.00) 0.22 (0.00) 2.24 (0.01)

FGL

5296 (31.3)  0.00 (0.00) 0.63(0.00) 0.55(0.00) 2.41(0.02)
5338 (23.0)  0.00 (0.00) 0.65(0.00) 0.54(0.00) 2.08 (0.01)
10055 (19.1)  0.00 (0.00)  0.96 (0.00)  0.14 (0.00) 4.11(0.01)
9661 (22.5)  0.00 (0.00) 0.96 (0.00) 0.17 (0.00)  3.04 (0.01)
9234 (24.6)  0.00 (0.00)  0.96 (0.00) 0.21 (0.00)  2.30(0.01)

Hard threshold

0.70 (0.01)  0.04(0.00)  0.00(0.00) 1.00(0.00) 3.04 (0.02)
0.83(0.01)  0.30(0.01) 0.03(0.00) 1.00(0.00) 1.13(0.00)
1.08(0.01)  0.75(0.01) 0.7 (0.00) 1.00(0.00) 0.93 (0.00)
1.17(0.01)  0.86(0.00) 0.08 (0.00) 1.0 (0.00)  0.89 (0.00)
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Table B.3: Sim-Sparse. Results are reported as Mean (SE) where the mean and SE are taken across
all frequencies and iterations for a given sample size 71'. SEs are rounded to two decimal places so a

SE of 0.00 indicates SE < 0.005.

SDD

T # True edges  # Est edges Precision Recall Accuracy RRMSE

100 27.4(0.06)  1.66(0.03) 047 (0.01) 0.04(0.00) 1.00(0.00) 0.9 (0.00)
200 27.7(0.03)  3.22(0.04) 0.63(0.01) 0.09(0.00) 1.00(0.00) 0.94 (0.00)
500 27.9(0.02)  6.71(0.07) 0.78(0.00) 0.20(0.00) 1.00(0.00) 0.86 (0.00)
1000 27.9(0.02)  114(0.11) 0.88(0.00) 0.35(0.00) 1.00(0.00)  0.79 (0.00)
2000 27.9(0.02)  22.5(0.13)  0.84(0.00) 0.65(0.00) 1.00(0.00) 0.63 (0.00)

Naive

289 (1.63)  0.02 (0.00) 0.22(0.00)  0.97 (0.00)  0.95 (0.00)
658 (3.20)  0.01 (0.00) 0.33(0.00) 0.94(0.00) 0.92(0.00)
2328 (4.67)  0.01 (0.00) 0.86(0.00) 0.80(0.00) 0.82(0.00)
3475 (6.41)  0.01 (0.00)  0.93 (0.00) 0.70(0.00)  0.70 (0.00)
4933 (8.46)  0.01 (0.00) 0.97 (0.00) 0.58 (0.00) 0.62 (0.00)

FGL

2679 (23.2)  0.01(0.00)  0.67(0.00) 0.7 (0.00)  1.01 (0.00)
2707 (144)  0.01 (0.00)  0.79 (0.00)  0.77 (0.00)  0.92 (0.00)
7826 (36.1)  0.00(0.00)  0.97 (0.00)  0.33 (0.00)  1.17 (0.00)
8738 (19.6)  0.00(0.00)  0.99 (0.00)  0.25(0.00)  0.99 (0.00)
7904 (23.1)  0.00(0.00)  0.99 (0.00)  0.32(0.00)  0.73 (0.00)

Hard threshold

0.70 (0.01)  0.32(0.01)  0.01(0.00) 1.00(0.00) 153 (0.01)
0.86 (0.01)  0.66(0.01)  0.03(0.00) 1.00(0.00) 0.99 (0.00)
0.90(0.01)  0.68(0.01) 0.03(0.00) 1.00(0.00) 0.96 (0.00)
8.41(049) 0.65(0.01) 0.07(0.00) 1.00(0.00)  0.94 (0.00)
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Table B.4: Sim-Sun. Difference Between SDD and Naive Method for Each Metric. Results are

reported as Mean (SE) where the mean and SE are taken across all frequencies and iterations for a

given sample size 7'. SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

T # Estedges  Precision Recall Accuracy RRMSE
100 -550(4.88) 0.46 (0.01) -0.44 (0.00) 0.05(0.00) 0.00 (0.00)
200 -970 (5.61) 0.59(0.01) -0.49 (0.00) 0.08 (0.00) -0.01 (0.00)
500 -1756 (10.4) 0.64 (0.00) -0.40 (0.00) 0.15(0.00) -0.05 (0.00)
1000 -2271(15.1) 0.58 (0.00) -0.34 (0.00) 0.19 (0.00) -0.08 (0.00)
2000 -3086 (20.6) 0.52(0.00) -0.26 (0.00) 0.26 (0.00) -0.08 (0.00)

Table B.5: Sim-Sun. Difference Between SDD and Hard Thresholding Method for Each Metric.

Results are reported as Mean (SE) where the mean and SE are taken across all frequencies and

iterations for a given sample size 7". SEs are rounded to two decimal places so a SE of 0.00 indicates

SE < 0.005.
T  #Estedges Precision Recall Accuracy RRMSE
100 - - - - -
200 12.2(0.12) 0.26 (0.01) 0.30(0.00) 0.00 (0.00) -0.61 (0.01)
500 22.2(0.24) -0.02(0.01) 0.48(0.00) -0.00(0.00) -0.28 (0.00)
1000 17.3 (2.23) -0.06 (0.01) 0.53(0.01) 0.00(0.00) -0.35(0.01)
2000 -190(7.93) -0.04 (0.01) 0.38 (0.01) 0.02(0.00) -0.57(0.01)
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Table B.6: Sim-Sun. Difference Between SDD and FGL for Each Metric. Results are reported as

Mean (SE) where the mean and SE are taken across all frequencies and iterations for a given sample

size T'. SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

T # Est edges  Precision Recall Accuracy RRMSE
100 -2007 (26.4) 0.48 (0.01) -0.62(0.00) 0.17 (0.00) 0.05 (0.00)
200 -2511(24.3) 0.59(0.01) -0.57 (0.00) 0.21 (0.00) 0.06 (0.00)
500 -5081 (42.9) 0.65(0.00) -0.44 (0.00) 0.43(0.00) 0.05 (0.00)
1000 -5894 (45.5) 0.58 (0.00) -0.35(0.00) 0.50(0.00) -0.04 (0.00)
2000 -6270(46.2) 0.52(0.00) -0.26 (0.00) 0.54 (0.00) -0.11 (0.00)

Table B.7: Sim-Dense. Difference Between SDD and Naive Method for Each Metric. Results are

reported as Mean (SE) where the mean and SE are taken across all frequencies and iterations for a

given sample size T". SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

T # Estedges  Precision Recall Accuracy RRMSE
100 -243(2.26) -0.03 (0.00) -0.42(0.00) 0.02 (0.00) -0.00 (0.00)
200  -561 (5.08) -0.02(0.00) -0.43(0.00) 0.05(0.00) 0.01(0.00)
500 -3464 (7.22) 0.00(0.00) -0.51(0.00) 0.30(0.00) -0.20 (0.00)
1000 -6518 (9.09) 0.15(0.00) -0.78 (0.00) 0.56 (0.00) -0.58 (0.01)
2000 -9105 (14.0) 0.37 (0.01) -0.83(0.00) 0.78 (0.00) -1.31(0.01)
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Table B.8: Sim-Dense. Difference Between SDD and Hard Thresholding Method for Each Metric.

Results are reported as Mean (SE) where the mean and SE are taken across all frequencies and

iterations for a given sample size 7". SEs are rounded to two decimal places so a SE of 0.00 indicates

SE < 0.005.
T  #Estedges Precision Recall Accuracy RRMSE
100 - - - - -
200 0.05(0.02) -0.04 (0.00) -0.00(0.00) -0.00(0.00) -2.04(0.02)
500 0.82(0.05) -0.30(0.01) -0.03(0.00) -0.00(0.00) -0.13 (0.00)
1000 2.29 (0.07) -0.60 (0.01) -0.02(0.00) -0.00 (0.00) 0.06 (0.00)
2000 5.35(0.11) -0.49(0.01) 0.06 (0.00) -0.00 (0.00) 0.04 (0.00)

Table B.9: Sim-Dense. Difference Between SDD and FGL for Each Metric. Results are reported as

Mean (SE) where the mean and SE are taken across all frequencies and iterations for a given sample

size T'. SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

T # Est edges Precision Recall Accuracy RRMSE
100 -5295(31.3) -0.00 (0.00) -0.63(0.00) 0.45(0.00) -1.41(0.02)
200  -5338(23.0) -0.00(0.00) -0.65(0.00) 0.46 (0.00) -1.08 (0.01)
500 -10053 (19.2) 0.00 (0.00) -0.96 (0.00) 0.86(0.00) -3.11(0.01)
1000 -9658 (22.5) 0.15(0.00) -0.92 (0.00) 0.83(0.00) -2.05(0.01)
2000 -9228 (24.7) 0.37(0.01) -0.81 (0.00) 0.79 (0.00) -1.37(0.01)
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Table B.10: Sim-Sparse. Difference Between SDD and Naive Method for Each Metric. Results are

reported as Mean (SE) where the mean and SE are taken across all frequencies and iterations for a

given sample size 7'. SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

n # Est edges  Precision Recall Accuracy RRMSE
100 -287(1.63) 0.44(0.01) -0.18 (0.00) 0.02 (0.00) 0.04 (0.00)
200 -655(3.20) 0.62(0.01) -0.23(0.00) 0.06 (0.00) 0.02 (0.00)
500 -2321(4.68) 0.77 (0.00) -0.65(0.00) 0.20(0.00) 0.04 (0.00)
1000 -3464 (6.41) 0.87 (0.00) -0.58 (0.00) 0.29 (0.00) 0.09 (0.00)
2000 -4911 (8.45) 0.84(0.00) -0.32(0.00) 0.42(0.00) 0.02 (0.00)

Table B.11: Sim-Sparse. Difference Between SDD and Hard Thresholding Method for Each Metric.

Results are reported as Mean (SE) where the mean and SE are taken across all frequencies and

iterations for a given sample size 7". SEs are rounded to two decimal places so a SE of 0.00 indicates

SE < 0.005.
n  #Estedges Precision Recall Accuracy RRMSE
100 - - - - -
200 2.52(0.04) 0.31(0.01) 0.08 (0.00) 0.00(0.00) -0.59 (0.01)
500 5.85(0.07) 0.12(0.01) 0.17(0.00) 0.00 (0.00) -0.13 (0.00)
1000 10.5(0.11) 0.20(0.01) 0.32(0.00) 0.00 (0.00) -0.17 (0.00)
2000 14.1(0.49) 0.19(0.01) 0.58(0.00) 0.00(0.00) -0.31(0.00)
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Table B.12: Sim-Sparse. Difference Between SDD and FGL for Each Metric. Results are reported
as Mean (SE) where the mean and SE are taken across all frequencies and iterations for a given

sample size T'. SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

n # Estedges  Precision Recall Accuracy RRMSE
100 -2677(23.2) 0.46 (0.01) -0.63(0.00) 0.23 (0.00) -0.02 (0.00)
200 -2704 (14.4) 0.63 (0.01) -0.69 (0.00) 0.23 (0.00) 0.02 (0.00)
500 -7819 (36.1) 0.77 (0.00) -0.76 (0.00) 0.67 (0.00) -0.31 (0.00)
1000 -8727(19.6) 0.88 (0.00) -0.64 (0.00) 0.75(0.00) -0.20 (0.00)
2000 -7881(23.1) 0.84(0.00) -0.34 (0.00) 0.67 (0.00) -0.09 (0.00)
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Appendix C
APPENDICES FOR CHAPTER 4

C.1 Additional simulation information

In this section we provide more detail on the simulation settings. We use Z;, € RP? to denote the
data observed at time ¢ € {1/T’,..., 1}. Recall that parameters such as change-point locations and
transition matrices are fixed across simulation seeds.

C.1.1 NLAR;(4)

The NLAR3(4) model with 2 change-points and 3 regimes is given by

(0.4 — exp (75OZ3_1/T))Zt,3/T + (0.5 —0.1exp (750Zt2_2/T))Zt,4/T + € if p<t<n
NLARs(4) : Z, = (0.4 — exp (—50ZE_Q/T))Z,5,2/T + (0.5 —0.1exp (—50Z3_4/T))Zt,1/T + € if n<t<ny-
(04 — exp (_50Z3,3/T))ZL72/T + (05 —0.1 exp (_502152,3/T>)ZL74/T + € if To <t < T3
(C.D

Note that multiplication, exponentiation, and raising to a power are carried out element-wise. That
18 Zy_yy1Zi—o7 = Ziyrili—2ry - L1 TpLi—2)T p] . A realization of this process for one
data seed is shown in Figure C.1

C.1.2 VARs3(2)

The VAR3(2) model with 3 change-points and thus 4 regimes can be written as

4 2/T
VAR3(2): Zi=Y | Y AuZi | I(rjo1 <t<7)+e. (C.2)
J=1 \I=1/T
Note that in this setting the outer summation over j = 1,...,4 indexes regime while the inner

summation indexes the lags of the VAR processes. We use [ = 1/T', | = 2/T since we using the
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Figure C.1: Realization of NLAR;3(4) for one data seed. Dashed lines indicate true change-points.
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Figure C.2: Realization of VAR;3(2) for one data seed. Dashed lines indicate true change-points.

time indexing from O to 1. Thus, [ = 1/T', | = 2/T selects the lag-1 and lag-2 data. The matrices
Aj; are simulated as in Section 4.3.1. Recall that 7p = —00, 74 = 00. A realization of this process
for one data seed is shown in Figure C.2

C.1.3 NLARU,(4)

The NLARU2(4) model with 1 change-points and 2 regimes is given by

0.6(3 = (Zior/1Zs—sr — 0.5)3) /(1 + (Zir/1Zi—s)7 — 0.5)* i on<t<r
NLARU,(4) : Z, = B = (ZiayrZigyr )/ A+ (ZieryrZi—oyr )Y 0 3
0.6(3 — (Zi_s/rZi—ajr — 0.5)*) /(1 + (Zi_s)1Z—ay7 — 0.5)*) i or <t <

(C.3)

A realization of this process for one data seed is shown in Figure C.3

C.1.4  Simulation results with misspecified lag order
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Figure C.3: Realization of NLARU;(4) for one data seed. Dashed lines indicate true change-points.
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Figure C.4: Simulation results for NLAR3(4) using misspecified number of lags [ = 2. True number

of lags are [ = 4. Vertical lines indicate 95% confidence intervals.
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Figure C.5: Simulation results for VAR3(2) using misspecified number of lags [ = 1. True number

of lags are [ = 2. Vertical lines indicate 95% confidence intervals.

L0 ° 1.0 . 10
0.91 0.9 0.9
x 0«?’ 08 E
= 0.7 0.7 2 0.7
T 0.61 0.6 0.6
©

& 0.51 z 05 & 0.5
04 0.4 g04
2,03 0.3 £03
<0.24 0.2 0.2
0.11 0.1 0.1

0.0 0.0 0.0 e

s R Q Q P Q QO & o s R Q
FEE & E P FE ¢ & E P R I PN
& NS & ® & S
& & &

(o s (o

Figure C.6: Simulation results for NLARU,(4) using misspecified number of lags | = 2. True

number of lags are [ = 4. Vertical lines indicate 95% confidence intervals.
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