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Statistical networks can encode arbitrary relationships between variables in a system. Due to this

flexibility, scientific hypotheses about interactions between variables can typically be formulated

as a statistical network analysis. In addition to analyzing static networks, studying how statistical

networks change in response to experimental or environmental conditions is often of scientific

interest. A network is typically defined as a set of vertices and edges. Specifically a network or

graph, G, can be written as G = (V,E) where V = {1, . . . , k} are the vertices or variables and E

is the edge set that encodes the relationship between variables. A common example of a statistical

network is the correlation matrix, where an edge represents the correlation between variables.

While analysis of networks and their changes are ubiquitous across many domains, our work

is motivated specifically by applications in which networks are derived from time series data. In

contrast to independent data, statistical analysis of time series data is complicated by the inherent

serial correlation. In practice, the degree of this correlation is unknown and network analysis

methods that can flexibly handle varying degrees of dependence are needed. We approach this

problem from two angles. The first angle, used in the first two portions of this thesis, focuses on

developing methods with minimal assumptions on temporal dependence. In the third portion of this

thesis we approach this problem from the second angle which attempts to leverage the flexibility of

deep learning methods to analyze statistical networks.

In the first chapter, we propose a novel order selection method in vector autoregressive (VAR)



models. Order selection is an essential step in fitting VAR models and while many order selection

methods exist, all come with weaknesses. Our proposed order selection method is based on the

observation that the expected squared error loss is flat once the fitted order reaches or exceeds the

true order. We show that under mild assumptions on the underlying process our new order selection

method consistently estimates the true order.

Motivated by applications in neuroscience, the second chapter of this thesis develops a novel

estimation and inference procedure for a difference in the inverse spectral densities. In neuroscience,

it is often of interest to study how brain networks change in response to electrical stimulation with

the hopes of developing stimulation-based treatments for neurodegenerative diseases. Furthermore,

it is essential to study networks in the frequency domain as higher frequencies contain key brain

connectivity information. With this in mind, we develop methods to directly estimate and perform

statistical inference on a difference in inverse spectral densities. Crucially, our method relies on

minimal assumptions and can flexibly handle a large range of data dependence.

The last chapter of this thesis proposes a new deep learning-based change-point detection

framework. The core idea behind this method is a continuous approximation of the indicator function.

With this approximation, change-points can be specified as parameters of a deep learning model.

Thus, change-points and model parameters can be jointly learned using stochastic optimization

techniques. The proposed framework is general and can be applied to both independent and

dependent data, such as time series data. Furthermore, the framework is model-agnostic and thus

can be used to encode networks and study their changes.
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Chapter 1

INTRODUCTION

Studying how variables interact as well as how these interactions change over time or in response

to external conditions is of scientific interest across a wide range of disciplines from neuroscience

to genomics, economics, and oceanography (Bloch et al., 2022; Shojaie and Michailidis, 2009;

Chiou-Wei et al., 2008; Laurindo et al., 2019). While statistical network analysis is commonplace in

applications involving both independent and dependent data, we focus on the analysis of dependent

data, and more specifically time series data, due to the additional challenges that arise and the

ubiquity of time series data. Notably, compared to independent data, analysis of time series data

requires statistical tools that account for the inherent data dependence present. Within the time series

domain, the breadth of areas in which statistical network analysis is used give rise to an equally broad

set of data applications. In neuroscience, for example, electrical voltage on dozens of sub-millimeter

sized portions of the brain are captured thousands of times per second (Yazdan-Shahmorad et al.,

2018). Contrastingly, yearly GDP and energy consumption data is used in economics to study

the relationship between the two (Chiou-Wei et al., 2008). This array of data applications in the

time series network analysis domain necessitate tools that are designed to handle a wide variety of

temporal dependence.

Due to the known temporal dependence in time series data, it is common to model data at time t

as a function of its prior lags. When the data is multivariate and a linear relationship between the

current time t and prior lags is used, this results in the well-known vector autoregression (VAR)

model (Sims, 1980). However, a key component of VAR models is determining the number of

prior lags to use, a problem known as order selection. Order selection in VAR models is critical

as the chosen order can have direct impacts on scientific conclusions when using, for example,
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VAR models for Granger causality analysis (Shojaie and Fox, 2022). Order selection has been

studied dating back to the 1970s and 1980s and many of these methods are still popular today

(Akaike, 1973, 1974; Hannan and Quinn, 1979; Schwarz, 1978). In Chapter 2, we propose a new

order selection criteria, mean square information criteria (MIC), based on the observation that the

population squared error loss is flat when the fitted order reaches or exceeds the true model order.

We show MIC consistently estimates the true order under mild assumptions. In particular our results

make no assumptions on the likelihood. We also connect our MIC procedure to existing procedures

such as AIC (Akaike, 1973) and BIC (Schwarz, 1978) through each methods use of the residual

error matrix. In particular, we show that all methods rely on an estimate of the residual error matrix

and only differ in how they use and penalize this information.

In neuroscience, changes in the brain connectivity network can be induced by spike timing

dependent plasticity (STDP) informed neural stimulation (Bloch et al., 2022; Bi and Poo, 1998).

While network changes can be induced by stimulation, its effect on the entire brain network is not

immediately clear. Analyses are further complicated by the fact that the underlying brain network

may mediate the effect of stimulation (Bloch et al., 2022). However, understanding how brain

networks change in response to stimulation may be a key breakthrough in the development of

treatments for diseases such as schizophrenia and Alzheimer’s disease (Garrity et al., 2007; Stam

et al., 2007). The inverse spectral density is an appealing choice of network as edges encode the

coherence, the frequency domain analog of correlation, between two nodes after removing the linear

effects of all other nodes (Dahlhaus, 2000). In this way the inverse spectral density more closely

resembles the direct relationship between two nodes.

Modern data collection techniques have allowed for datasets where the number of variables is

much larger than the number of samples p ≫ n. Classical asymptotic statistics assumes that the

dimension p is fixed and studies statistical properties as n→ ∞. In a high-dimensional data regime,

such tools are no longer valid and new statistical and computational tools are needed (Johnstone

and Titterington, 2009). Popular computational tools for the analysis of high-dimensional data

include the LASSO, for linear models, and its graphical equivalent, for sparse inverse covariance

estimation (Tibshirani, 1996; Friedman et al., 2008). On the theoretical front, Negahban et al.



3

(2012) has developed a framework to establish the consistency and convergence rates of penalized

high-dimensional M-estimators. This is expanded upon further in Neykov et al. (2018) where the

authors develop a new statistical inference framework for high-dimensional estimating equations.

While these high-dimensional statistical tools exist, they often assume the data is independent across

observations and are not immediately applicable to the dependent case. Motivated by the differential

network applications in neuroscience we develop a new method to directly estimate and perform

inference on the difference in high-dimensional inverse spectral densities that allows for flexible

levels of data dependence in Chapter 3.

In the final Chapter, Chapter 4, we develop a deep learning-based change-point detection

framework motivated by temporally dynamic time series networks. Change-point detection aims to

detect abrupt structural breaks in a data generating process with the first works dating back to the

1950s (Page, 1954). Since then, the change-point detection problem has been studied extensively.

See Truong et al. (2020) for a recent review. Nonparametric approaches to the change-point detection

problem such as those in Arlot et al. (2019) and Matteson and James (2014) aim to detect changes in

the entire probability distribution. While general, such methods are often designed for independent

data. With the advent and rapid rise of deep learning, it is natural to consider how such techniques

can be adapted to the change-point detection problem with dependent data. Indeed, Chang et al.

(2019) and De Ryck et al. (2021) have recently proposed such models for time series data. However,

these deep learning-based change-point detection approaches are limited to a specific architecture

which may not be suitable for all applications.

We formulate the change-point detection problem as a piecewise optimization problem where

the prediction functions in each regime can have an arbitrary architecture. Moreover, while we only

discuss detection of changes in the regression function via mean square error loss in Chapter 4, our

method is applicable to any loss function. At its core, our method hinges on a continuous relaxation

of the indicator function to make the change-points differentiable parameters. With this relaxation

we can jointly optimize the loss function over the change-points and prediction functions. We

conclude this thesis with a dicussion of avenues for future research in Chapter 5.
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Chapter 2

ORDER SELECTION IN VECTOR AUTOREGRESSION BY MEAN
SQUARE INFORMATION CRITERION

2.1 Introduction

In vector autoregressive (VAR) models, each variable is modeled as a linear function of the

multivariate time series over prior lags. VARs were first introduced in macroeconometrics by

Sims (1980) and have since become standard for macroeconomic forecasting. They have also

become essential tools in a range of other fields. For instance, VARs have been used in biomedical

applications; in neuroscience to analyze functional connectivity in the brain (Seth et al., 2015) and in

epidemiology to predict COVID-19 cases (Kitaoka and Takahashi, 2023). A fundamental problem

in fitting VAR models is how to choose the lag order. In forecasting analyses using too few lags may

result in underfitting, while too many lags can lead to overfitting, both decreasing the accuracy of

forecasts. Incorrect selection of the lag order can also impact the selection of the relevant variables

in the VAR model, resulting in ambiguous interpretations. Unfortunately, the lag order is typically

unknown and must be chosen either by prior knowledge or in a data-dependent way.

Perhaps the most popular VAR order selection method is to choose the order that minimizes

an information theoretic criteria, commonly referred to as Akaike’s Information Criterion (AIC).

Model selection by minimizing AIC was proposed in Akaike (1973, 1974). Minimizing the AIC

selects the model with the lowest negative log likelihood plus a penalty term on the number of

independently adjustable parameters. Despite its popularity, AIC has several drawbacks for use

in VAR models. The first stems from AIC’s inherent reliance on the likelihood. In the context of

VAR models, this often amounts to assuming a Gaussian likelihood, which results in simplifying

the log likelihood term to the log determinant of the prediction error matrix. When the errors are

not Gaussian, this simplification of the likelihood is no longer valid. The second is that AIC may
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AR(2) VAR10(3)

0 1,000 2,000 3,000 4,000 5,000 0 1,000 2,000 3,000 4,000 5,000
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

n

A
cc
u
ra
cy

Method MIC AIC HQ BIC

Figure 2.1: Accuracy of various order selection methods in detecting the order of simulated AR(2)

(left) and VAR10(3) (right) processes. Vertical lines represent standard errors. Accuracy is measured

as the proportion of simulations where the correct order was chosen. See Section 2.5 for more

details.

not provide a consistent estimate of the VAR order (Lütkepohl, 2005, Corollary 4.2.1). Although

this limitation improves as the dimension of the process increases and is negligible for VAR models

of dimension greater than 5 (Paulsen and Tjøstheim, 1985), it nonetheless limits the applicability of

AIC. This lack of consistency is highlighted in the simulation results in the left panel of Figure 2.1.

The plot shows that in the univariate case, AIC reaches its peak accuracy of 0.6 at around n = 2000

and does not improve substantially as n increases to 5, 000. These results are in contrast to those

presented in the right panel of Figure 2.1 for a 10 dimensional VAR model: in this case, AIC has

nearly perfect accuracy for n ≥ 2000. Shortly after AIC was introduced, additional VAR order

selection criteria were proposed by Schwarz (1978) (BIC) and Hannan and Quinn (1979), Quinn

(1980) (Hannan-Quinn, HQ). Similar to AIC, the BIC criterion relies on the likelihood, which in the

case of Gaussian errors amounts to the log determinant of the prediction error, plus a penalty on
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the number of model parameters. The HQ criteria is not likelihood based but also relies on the log

determinant of the prediction error plus a penalty. While all three criteria use the log determinant

of the prediction error, they differ in the penalty used. If n is the sample size, AIC uses a penalty

of (2/n)(#parameters), while HQ and BIC use penalties of ((2 log log n)/n)(#parameters) and

((log n)/n)(#parameters), respectively. This change of penalty is essential: if the underlying

process is a stationary stable VAR with standard white noise, it can be shown that both HQ and BIC

consistently estimate the true order of the process (Lütkepohl, 2005, Corollary 4.2.2). However,

while HQ and BIC are consistent, simulation results in Figure 2.1 show they perform poorly for

small sample sizes when the dimension of the process increases to a moderate size.

To address the above limitations of existing order selection methods, we propose a new method,

mean squared information criterion (MIC). MIC is likelihood-free, consistent, and performs well

in a variety of simulation settings. Our criterion leverages the novel observation that the expected

squared error loss is constant when the fitted VAR order is at least as large as the true model order.

We establish the consistency of MIC under mild assumptions and show that, compared with AIC,

HQ, and BIC, it performs well in a variety of simulation settings and forecasting on real data.

The rest of the chapter is structured as follows. In Section 2.2, we motivate our new information

criterion and show that the expected squared error loss is constant when the fitted order is at least

as large as the true model order. We extend this observation to the multivariate case and present

theoretical results in Section 2.3, introduce our estimator in Section 2.4 and compare its performance

to AIC, HQ and BIC using simulated data in Section 2.5. We apply our method to a financial

application and COVID-19 forecasting in Section 2.6 and end with some concluding remarks and a

discussion in Section 2.7.

Notation: We use uppercase letters X, Y, Z to denote random variables. We will use subscript t

to denote the time component as in Zt. When Z or Zt are random vectors, the components can be

accessed by Zj , Zt,j , respectively. Observed values of random variables are written in lowercase as

in zt. Additionally, observed vectors and matrices are denoted using bold lowercase and uppercase

letters as in z and Z, respectively. Hats will be used to specify sample estimates of population

quantities, e.g. Γ̂0 represents the sample estimate of Γ0.
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2.2 A new idea

We begin with the univariate case. Let Zt be a stationary univariate time series. Without loss

of generality, we assume Zt is a mean zero process, as in practice, we can subtract the sample

mean from the data. We denote the hth autocovariance as γh = E (ZtZt−h) and let Yt = Zt, Xp =[
Zt−1 . . . Zt−p

]
. We wish to study the behavior of the expected squared error loss for different

orders p up to a prespecified maximum order, pmax. Specifically, we study

LAR(p, β) := E
[
(Yt −Xpβ)

2] .
In this case, β is a nuisance parameter. For fixed p, LAR(p, β) is the usual least squares problem

and we can solve for β to get β∗
p = E

(
XT
p Xp

)−1 E
(
XT
p Yt
)
. Plugging β∗

p back in to the expected

loss and simplifying, we get a loss that only depends on p, for which we use the shorthand notation

LAR(p) and get that

LAR(p) = E
(
Y 2
t

)
− E

(
XT
p Yt
)T E (XT

p Xp

)−1 E
(
XT
p Yt
)
.

By stationarity of Zt, this simplifies to

LAR(p) = γ0 −
[
γ1 . . . γp

]


γ0 γ1 γ2 . . .

γ1 γ0 γ1 . . .

γ2 γ1 γ0 . . .
...

...
... . . .

γp−1 γp−2 γp−3 . . . γ0



−1 
γ1
...

γp

 .

Note that up to this point we have only assumed Zt is stationary and have made no assumptions on

the structure of the data generating process. Now suppose Zt is not only stationary but is also an

AR(p0) process, that is,

Zt = a1Zt−1 + · · ·+ ap0Zt−p0 + ϵt,

where E (ϵt) = 0, E (ϵ2t ) = σ2
ϵ and E (ϵsϵt) = 0 for s ̸= t. Then γh has a known form and we can

calculate the expected squared error loss for each p = 1, . . . , pmax.
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Figure 2.2: Population loss for AR(3), AR(4), and AR(7) processes with σ2
ϵ = 1.2, 0.7, 0.9 respec-

tively. As the fitted order increases to the true order the expected loss decreases monotonically to

σ2
ϵ . The true order for each line is denoted by a hollow circle.

Intuitively, the expected squared error loss should be flat after the true order p0 as the first p0 lags

should contain all the information needed for prediction. Furthermore, the error of the process is

white noise and thus unpredictable. Therefore, the lowest achievable expected squared error should

be the variance of the error. In Figure 2.2, we compute the expected squared error loss for several

AR processes and see that our intuition holds. It can be seen that the expected squared error loss is

indeed flat once the fitted order is at least as large as the true order p0 and the eventual value of the

expected loss is the variance of the error, σ2
ϵ . The behavior of the loss observed in Figure 2.2 can be

proven mathematically and follows immediately from the multivariate case proved in Theorem 1.

Given this behavior, if we add an appropriately sized penalty to the fitted order p and consider orders

large enough (pmax > p0), we should be able to design a correct order selection procedure in the

sense that when the process is AR(p0) we will recover the true order p0. Specifically the true order
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can be found as

p0 = argmin
p∈{0,...,pmax}

LAR(p) + λp .

If λ is too large, we would underestimate the order. However, we must also have λ > 0 to avoid

multiple solutions and an undefined parameter. In practice, we rarely deal with univariate time

series so in the next section we extend these concepts to the multivariate case.

2.3 Extension to the multivariate case

In this section, we extend the concepts of Section 2.2 to the multivariate case and show a similar

behavior of the expected squared error loss. Suppose Zt =
[
Zt,1, . . . , Zt,k

]T
is a k-dimensional

column vector. We assume that Zt is a stable process, as formalized in Assumption 2 (stability)

in Appendix A.1. The hth autocovariance matrix is defined as Γh = E
(
ZtZ

T
t−h
)
∈ Rk×k. Note

that Γh is not symmetric in general, but Γh = ΓT−h. Similar to the univariate case, we define

Yt = Zt, Xp =
[
ZT
t−1 . . . Z

T
t−p

]T
where Yt ∈ Rk×1 and Xp ∈ Rkp×1. We study the expected squared

error loss at different values of p,

LVAR(p,Ap) := E
[
(Yt − ApXp)

T (Yt − ApXp)
]
.

We proceed by profiling out Ap. For fixed p, we have A∗
p = E

(
YtX

T
p

)
E
(
XpX

T
p

)−1. Similar to the

univariate case we plug A∗
p back into the expected loss and simplify which we denote as LVAR(p).

It is shown in Appendix A.2 that LVAR(p) is

LVAR(p) = Tr (Γ0)− Tr

[Γ1 . . . Γp

]
Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0


−1 

ΓT1
...

ΓTp


 .

For p = 0 there are no prior lags as predictors so we get that LVAR(0) = Tr (Γ0). Similar to the

univariate case, if Zt is a stationary VAR(p0) process, the multivariate loss decreases until the fitted

order is equal to the true order at which point the population loss is constant with a value of Tr(Σϵ).

This behavior of the loss is formally stated in Theorem 1.
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Theorem 1 (Flat Loss). Suppose Zt is a VAR(p0) process with standard white noise. That is,

Zt =
∑p0

i=1AiZt−i + ϵt where E (ϵt) = 0,E
(
ϵtϵ

T
t

)
= Σϵ and E

(
ϵtϵ

T
s

)
= 0 for t ̸= s. If

Assumption 2 (stability), Assumption 3 (invertibility), and Assumption 4 (irreducibility) hold, thenLVAR(p) < LVAR(p− 1) if p ≤ p0

LVAR(p) = Tr(Σϵ) if p ≥ p0 .

For LVAR(p0), Theorem 1 implies both LVAR(p0) < LVAR(p0 − 1) and LVAR(p0) = Tr(Σϵ). If

we penalize the fitted order p by an appropriate amount, and use pmax > p0, we would obtain a

procedure that recovers the true order, p0. This is formally stated in Corollary 1.

Corollary 1. For a VAR(p0) process that satisfies the conditions of Theorem 1 and for λ ∈ (0,M)

and pmax > p0 we have

p0 = argmin
p∈{0,...,pmax}

LVAR(p) + λp ,

whereM = min (LVAR(p0 − 1)− LVAR(p0), [LVAR(p0 − 2)− LVAR(p0)] /2, . . . , [LVAR(0)− LVAR(p0)] /p0).

It is worth noting that Assumptions 2 to 4 are mild and standard assumptions which hold in

many applications. Further discussion on the assumptions is provided in Appendix A.1.

To estimate p0, we need to estimate LVAR(p) + λp for each p. While we use the form LVAR(p)

with the autocovariance matrices to establish the theoretical results, LVAR(p) can be expressed as

the expected squared error loss: LVAR(p) = E
[(
Yt − A∗

pXp

)T (
Yt − A∗

pXp

)]
. Therefore, a natural

estimator of LVAR(p) is the sample squared error loss, as defined formally below.

Let {zt}n+pmax

t=1 denote the observed k-dimensional time series of length n+ pmax. We assume

the sample is length n+ pmax as fitting a VAR(pmax) model requires the pmax prior data points as

covariates. As a result for a VAR(pmax) model we only have n usable data points. Denoting Y =[
z1, . . . , zn

]
∈ Rk×n, xi,p =

[
zTi−1 . . . zTi−p

]T
∈ Rkp×1 and Xp =

[
x1,p . . . xn,p

]
∈ Rkp×n,

an estimate of the expected squared error loss at a fitted order p is given by

L̂VAR(p) = Tr

(
1

n

(
Y−ÂpXp

)T (
Y−ÂpXp

))
= Tr

(
1

n

(
Y−ÂpXp

)(
Y−ÂpXp

)T)
,
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where Âp = YXT
p

(
XpX

T
p

)−1
and we used Tr(ATB) = Tr(ABT ). We can then define p∗MIC

which relies on known λ ∈ (0,M) as

p∗MIC = argmin
p∈{0,...,pmax}

L̂VAR(p) + λp . (2.1)

Note that it is not possible to use this estimator in practice as λ is unknown. The MIC estimator

we use in practice is shown in Eq. (2.2). To solve the minimization problem in Eq. (2.1), we can

simply compute L̂VAR(p) for each p = 0, . . . , pmax. This amounts to solving pmax multivariate least

squares regression problems and computing the trace of the residual matrix. Theorem 2 establishes

the consistency of L̂VAR(p).

Theorem 2 (Consistency of Loss). Under the assumptions of Theorem 1, we have that∣∣∣L̂VAR(p)− LVAR(p)
∣∣∣ = op(n

−1/2+δ) ,

for all δ > 0.

As shown in the proof of Theorem 2, the consistency of L̂VAR(p) relies on the consistency

of the sample autocovariances and the rate of convergence of L̂VAR(p) is the same as the rate

of convergence of the sample autocovariance. One benefit of this information criterion is that it

does not rely on a likelihood. In fact, this result will hold as long as the sample autocovariance is

consistent. In that case, the rate of convergence will change to that of the sample autocovariance.

An immediate consequence of Theorem 2 is consistency of the p∗MIC.

Corollary 2 (Consistency of order estimate). Under the assumptions of Theorem 1 we have that

p∗MIC →p p0,

where →p denotes convergence in probability.

2.4 MIC estimator of VAR order

While our theoretical analyses assume λ ∈ (0,M) is known, in practice λ is unknown and needs to

be selected. The flat loss concept from Theorem 1 tells us that once the fitted order exceeds the true
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order, the loss should be constant. In practice there is sampling variability so the loss will never

completely stabilize. We generate an estimate of this variability using a “self-tuning” approach.

In our “self-tuning” approach, we fit models from lag order pmax + 1 to 2pmax and take the

absolute value of the mean of the difference between each loss and the subsequent loss. While it is

possible to use orders larger than 2pmax, the trade-off is fitting larger order models consumes more

prior data points as covariates and reduces usable sample size. We find 2pmax works well in practice.

Our “self-tuning” approach computes

MD =
∣∣∣mean

(
L̂VAR(pmax)− L̂VAR(pmax + 1)), . . . , L̂VAR(2pmax − 1)− L̂VAR(2pmax)

)∣∣∣ .
We then scale MD by

√
n/(k2 log(n)) to get

λST = MD

√
n

k2 log(n)
.

With this choice of λ, our estimator is defined as

p̂MIC = argmin
p∈{0,...,pmax}

L̂VAR(p) + λSTp . (2.2)

We next discuss the choice of MD as well as the scaling
√
n/(k2 log(n)).

Due to the flat loss concept, each L̂VAR(pmax + i)− L̂VAR(pmax + i + 1) should represent an

estimate of how the sample loss changes when we have exceeded the true order and increase the

fitted order by 1. We average over pmax of these to reduce the variance in this estimate. When

computing the mean, subsequent differences cancel and this quantity can be simplified as

MD =

∣∣∣∣∣ L̂VAR(pmax)− L̂VAR(2pmax)

pmax

∣∣∣∣∣ .
Thus, MD can be computed efficiently as it only requires fitting one additional regression of

order 2pmax. It is also worth noting that L̂VAR(pmax), . . . , L̂VAR(2pmax) converge to the same

asymptotic distribution and are asymptotically perfectly correlated. In this instance, the correlation

is beneficial as it further reduces the variance of our estimate since for two random variables, X, Y ,

Var(X − Y ) = Var(X) + Var(Y )− 2Cov(X, Y ).
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To understand why it is necessary to scale MD, consider the case where we instead use λST =

MD. To simplify notation and provide a more concrete setting, consider pmax = 10. With these, the

score for order 2pmax := 20 based on Eq. (2.2) becomes

L̂VAR(20) +
L̂VAR(10)− L̂VAR(20)

10
20 =

20

10
L̂VAR(10)−

10

10
L̂VAR(20)

= L̂VAR(10) +
L̂VAR(10)− L̂VAR(20)

10
10 ,

where we have assumed that L̂VAR(10) > L̂VAR(20) so we can ignore the absolute value in MD.

This will always be true if using the same dataset to compute L̂VAR(10) and L̂VAR(20). The last

equation on the right hand side is exactly the value of the penalized loss for order pmax := 10.

In other words, setting λ = MD treats models pmax and 2pmax as equally viable. However, these

models are not equally viable and we want to enforce a belief that higher orders are worse. Thus

we need to choose a penalty that is larger than MD. One way to do this is to scale MD by a factor

> 1. From Theorem 2 we know that L̂VAR = LVAR + oP (n
−1/2+δ) ∀ δ > 0 so scaling by n1/2

is too fast. In practice we find that
√
n/ log(n) works well. Lastly we scale by 1/k since each

additional order fitted requires estimating k more parameters than the prior order (see e.g. the proof

of Theorem 1).

We now compare our method, MIC, to AIC, BIC, and HQ. For ease of comparison, we write the

prediction error matrix as

Σ̂p =
1

n

(
Y−ÂpXp

)(
Y−ÂpXp

)T
.

Note that Tr(Σ̂p) = L̂VAR(p). The criteria considered can be written as follows

MIC(p) = Tr(Σ̂p) + λSTp AIC(p) = log
∣∣∣Σ̂p

∣∣∣+ 2

n
k2p ;

BIC(p) = log
∣∣∣Σ̂p

∣∣∣+ log n

n
k2p HQ(p) = log

∣∣∣Σ̂p

∣∣∣+ 2 log log n

n
k2p .

Note that log refers to the natural logarithm. The above formulations show that all criteria rely on

the same estimate of the error matrix Σ̂p and differ only in how they use it — Tr() or log | · | —-

and penalize that information.
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2.4.1 Alternative choices of λ

We also considered two other methods to select order based on the flat loss concept discussed. The

first method, which we refer to as MIC-sp, uses MIC with a penalty λsp that is chosen by splitting

the data into train and test sets. Due to the time dependent nature of our data we use the first 70% of

observations as training and the remainder as test data. Models from pmax to 2pmax are fit on the

training data to estimate Âp and their prediction errors computed on the test data are denoted as e.g.

Σ̂test,pmax . We set

λsp = mean
(∣∣∣Tr(Σ̂test,pmax)− Tr(Σ̂test,pmax+1)

∣∣∣ , . . . , ∣∣∣Tr(Σ̂test,2pmax−1)− Tr(Σ̂test,2pmax)
∣∣∣) .

Due to the flat loss property, each of these differences should be 0 and any sample variability

should be captured in λsp. Lastly, we consider another procedure which we denote as MIC-mt.

We again use a 70-30 train-test split and fit VAR models of order 0, . . . , pmax on the train dataset.

Similarly, we compute the errors of each fitted model on the test data. MIC-mt then chooses the

order 0, . . . , pmax that minimizes the test error. Simulations comparing all three methods in the case

of a diagonal covariance matrix with Gaussian errors are shown in Figure A.1. The results show

that MIC, which indicates the MIC method with self-tuned λ, performs the best across a variety of

sample sizes and dimensions. It is only consistently outperformed by MIC-sp in the AR(2) case.

Results for other simulations in Section 2.5 are not shown but are qualitatively similar. Thus, we

proceed with out self-tuning approach for selecting λ.

2.5 Simulations

2.5.1 Order selection accuracy

In this section, we compare the accuracy of MIC, AIC, BIC, and HQ order selection methods using

simulated data. In general, we will use VARk(p) to denote the dimension k and order p of the

process. We will also use U(a, b) to denote a Unif(a, b) distribution. We consider VAR models with

4 different dimensions and 3 different error structures. The first is an autoregressive process of order

2, AR(2), with parameters (0.3, 0.1). The second is a VAR2(2) process. The entries of the first lag
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coefficient matrix are 25% sparse and randomly drawn from either a U(0.1, 0.3) or a U(−0.3,−0.1)

each with 50% probability. The entries of the second lag coefficient matrix are 50% sparse and

randomly drawn from either a U(0.07, 0.2) or a U(−0.2,−0.07) each with 50% probability. The

third simulation setting is a VAR5(3). All lag coefficient matrices have 60% sparsity. In the first lag

coefficient matrix, the non-zero entries are drawn from a U(0.1, 0.3) or a U(−0.3,−0.1) each with

equal probability. The second lag coefficient matrix uses a U(0.1, 0.2) or a U(−0.2,−0.1) while

the third uses a U(0.05, 0.1) or a U(−0.1,−0.05). The fourth simulation setting is a VAR10(3)

process where the first lag coefficient matrix has 40% sparsity and the non-zero entries are drawn

from a U(0.1, 0.3) or a U(−0.3,−0.1).The second lag coefficient matrix has 80% sparsity, but the

remaining entries are drawn from a U(−0.2, 0.2). The final lag coefficient matrix has 80% sparsity

with remaining entries drawn from a U(−0.1, 0.1). All coefficient matrices are generated once and

the same matrices are used throughout the simulations. Stability for each setting is verified using

the method of Lütkepohl (2005, pp. 14 - 17).

All datasets are simulated using three error structures. The first is mean-zero Gaussian errors

with an identity covariance matrix while the second uses a randomly generated covariance matrix.

The covariance matrix is generated by computing a k×k matrix with entries drawn from a U(−3, 3).

The matrix is then symmetrized by left multiplying by its transpose. We enforce a maximum

condition number of 100 for each matrix by adding 0.001 to all diagonal until the condition number

is met. After the covariance matrix is reconditioned, it is scaled to have unit variances. The third

error structure is a Gaussian mixture model with 5 components. Each component is Gaussian where

the mean vector is generated from a U(−5, 5). For each k we then subtract the mean across all 5

components so that the mean of the component means is 0. The covariances are k × k matrices

with entries drawn from a U(−3, 3). The matrices are subsequently symmetrized, reconditioned,

and rescaled as explained above. We simulate n = 250, 500, 1000, 2000, 5000 observations for each

setting except for VAR10(3) where n = 250 is excluded as the number of parameters exceeds the

number of data points.

Lastly, we consider a VAR3(2) process that switches between one of two regimes as in Kalli and

Griffin (2018). Both regimes are order 2 and thus the true order is 2 but they use different coefficient
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and error covariance matrices. Due to the switching nature of this process, it is not stationary and

we present these results to study how the methods perform under misspecification.

We compute each criteria, MIC, AIC, BIC, and HQ, for p = 0, . . . , 10 := pmax. The estimated

orders for each criteria are those that achieve the minimum value. That is,

p̂CRITERION = argmin
p∈{0,...,pmax}

CRITERION(p) .

For each error structure and VAR model, we simulate b = 250 times and compute the proportion of

times the correct order is estimated. That is, we use

Accuracy =
1

b

b∑
i=1

I(p̂CRITERION = p0) .

The simulation results are summarized in Figures 2.3 to 2.6. When errors are diagonal Gaussian

and the dimension is large, MIC outperforms AIC, HQ, and BIC as shown in Figure 2.3. This

makes sense as in this setting AIC, HQ, and BIC all use the entire error matrix, including the off-

diagonals, through the determinant. When the true errors are diagonal, the estimated off-diagonals

can contain incorrect information. On the other hand, MIC only uses the diagonals and so discards

the potentially misleading off-diagonal information. For diagonal errors with small sample sizes

and small dimension, HQ, and BIC perform slightly better although MIC is still competitive.

As previously noted, AIC is not consistent for the AR(2) and VAR2(2) processes. Results for

non-diagonal Gaussian errors in Figure 2.4 show much better performance for AIC, BIC, and

HQ. MIC still appears to consistently estimate the order as sample size increases, but the small

sample performance is now worse relative to the other methods. This makes sense as there is useful

information contained in the off-diagonals of the error matrix that AIC, BIC, and HQ can leverage

while MIC cannot. We see similar trends for Gaussian mixture errors in Figure 2.5. Note that

performance is sometimes better and sometimes worse than the corresponding results in Figure 2.4.

This is likely due to variation in the simulated error covariances and means.

For the misspecification simulation, the VAR3(2) switching process (Figure 2.6), the perfor-

mance of AIC and HQ deteriorates as sample size increases. This is much more pronounced for AIC

with estimated order accuracy reducing from 0.91 when n = 250 to 0.13 when n = 5, 000. For HQ
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Figure 2.3: Diagonal Gaussian errors. Simulation results for accuracy of specific order selection

method and simulation setting with diagonal Gaussian errors. Vertical lines indicate standard errors.

the estimated order accuracy only reduces slightly to 0.95 when n = 5, 000. Given that accuracy is

perfect for n = 250, 500, 1000 this is likely not due to sampling variability. This does not appear

to hold for BIC, but since BIC converges much slower than AIC and HQ, as shown in Figures 2.3

to 2.5, it is likely that the sample size is not large enough. We explore the deteriorating performance

with increasing sample size in Figure A.2 and find that this is indeed the case with AIC, BIC, and

HQ all having 0 accuracy when n = 100, 000. In contrast, MIC shows robust performance and

perfectly estimates the order regardless of the sample size.
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Figure 2.4: Non-diagonal Gaussian errors. Simulation results for accuracy of specific order

selection method and simulation setting with non-diagonal Gaussian errors. Vertical lines indicate

standard errors.
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Figure 2.5: Gaussian mixture errors. Simulation results for accuracy of specific order selection

method and simulation setting with Gaussian mixture errors. Vertical lines indicate standard errors.
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VAR3(2) switching
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Figure 2.6: VAR3(2) switching. Simulation results for accuracy of specific order selection method

and simulation setting. Vertical lines indicate standard errors.

While MIC is outperformed by AIC, BIC, and HQ when the true error matrix has off-diagonal

elements, it offers better performance when the true error matrix is diagonal and appears to be

more robust to misspecification as shown by the performance in the VAR3(2) switching setting.

Thus MIC offers a viable alternative to AIC/BIC/HQ as in many practical applications errors are

unlikely to be Gaussian. In the next section, we investigate the performance of MIC compared to

AIC/BIC/HQ by comparing forecast performance on two datasets.

2.5.2 Over and under selection probability

As was previously mentioned, it is known that AIC does not provide a consistent estimate of the

VAR order when the dimension is small. To this end, we compare the likelihood of over and under

selection of the model order for each of the order selection methods using simulations. Since MIC

uses an estimated λ we evaluate its theoretical properties with an oracle λ value, which we denote as

MIC-oracle. Specifically we choose λoracle =M/2 where M is defined in Corollary 1. The results

for diagonal gaussian errors are shown in Figures A.3 and A.4 while the non-diagonal gaussian

errors are shown in Figure A.5. Overall we see that MIC-oracle tends to select an order that is
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larger than the true order (over selection) while the alternative methods AIC, BIC, and HQ, tend to

select an order that is smaller than the true order (under selection). Figure A.5 shows that, when the

dimension of the process is large and errors are non-diagonal Gaussian, MIC-oracle suffers from

worse over selection relative to the under selection from AIC, BIC, and HQ.

2.6 Applications

In this section we apply our MIC method to two different data analysis problems and compare to

AIC, BIC, and HQ. The first problem is financial forecasting, while the second is forecasting COVID-

19 outcomes. In both problems, we follow Nicholson et al. (2020) by comparing the weighted

mean squared forecast error (wMSFE). For all applications the first 80% of observations are used

to estimate the order for MIC, AIC, BIC, and HQ, while the last 20% are used for forecasting.

Formally, if n represents the total number of observations, then the first T1 = ⌊0.8n⌋ data points

are used to estimate the order for each method and the remaining observations are used for testing.

We use a rolling window of size T1 to perform one-step ahead forecasts. That is, if t indexes the

observation we are forecasting then we use observations t− T1, . . . , t− 1 as the rolling window.

For each rolling window, we standardize each variable in the series by subtracting the mean and

dividing by the standard deviation. The observation we are forecasting is also standardized using

the mean/SD from the rolling window. We then fit a VAR model corresponding to the orders chosen

by MIC, AIC, BIC, and HQ to this standardized rolling window and predict observation t. The

wMSFE for method m is computed over all series and forecast time points as

wMSFE(m) =
1

k(n− T1)

k∑
i=1

n∑
t=T1+1

(
yi,t − ŷmi,t

σ̂i

)2

,

where σ̂i is the standard deviation of the variable i computed over the forecast observations.

2.6.1 Daily realized stock variances

We compare forecast performance of VAR models with order selected by MIC, AIC, BIC, and HQ

using data from the Oxford-Man Institute of Quantitative Finance obtained from an older version
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of the mfGARCH R package, https://github.com/onnokleen/mfGARCH, from Conrad and Kleen

(2020). Specifically, we analyze 5-minute return daily realized variances for up to 17 stocks from

January 3, 2000 to June 27, 2018 (n = 4, 847). We perform two analyses: one using the same

k = 16 stocks as in Nicholson et al. (2020) as well as k = 7 stocks from Son et al. (2023). Many

stocks from Nicholson et al. (2020) and Son et al. (2023) overlap and there are only 17 total unique

stocks. Due to high levels of missingness (34%) we exclude OMXSPI, an index of the Stockholm

Stock Exchange, from our analysis based on the Son et al. (2023) stocks. A full list of the stocks

analyzed is given in Appendix A.5. All data are log-transformed to make them stationary. As we

are not specifically interested in high-dimensional applications we estimate the order for each order

selection method using a pmax = 10, equivalent to two trading weeks.

Forecast results for both the k = 16 and k = 7 analysis are displayed in Figure 2.7. Overall, we

see that the methods considered give very similar forecast accuracy despite a large range of orders.

For example, in Figure 2.7(a), the order varies from a low of 2 chosen by BIC to a high of 9 chosen

by MIC.

2.6.2 COVID-19 in New York City

We next compare performance of order selection methods in forecasting COVID-19 outcomes

in New York City. Daily data on deaths, cases, and hospitalizations in New York City due to

COVID-19 are available starting Februrary 29, 2020 at City of New York’s website. We specifically

analyze data from February 29, 2020 to July 8, 2024 (n = 1, 592). All data are first differenced

to make them stationary and we use pmax = 30. As a check, we run an Augmented Dickey-Full

test (ADF, Said and Dickey, 1984) and a Kwiatkowski-Phillips-Schmidt-Shin (KPSS, Kwiatkowski

et al., 1992)) test for each series after differencing. The null hypothesis of the ADF test is that a

unit root is present in the time series while the null hypothesis of the KPSS test is that the series is

trend-stationary. All series pass the ADF test with p < 0.01 and the KPSS test with p > 0.1.

Forecast results are displayed in Figure 2.8. We see that AIC, BIC, and HQ all fit models using

around a month’s worth of prior data points (p = 30) to forecast the next day. However, these

models are substantially worse than the model fitted using MIC order selection which only uses

https://github.com/onnokleen/mfGARCH/tree/3d6228a8bb861ac0c37cf941f1d4131c99f3e597
https://data.cityofnewyork.us/Health/COVID-19-Daily-Counts-of-Cases-Hospitalizations-an/rc75-m7u3/about_data
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Figure 2.7: Comparison order selection methods based on weighted Mean Squared Forecast Error

for daily realized stock variances for (a) k = 16 stocks and (b) k = 7 stocks. Order selected by each

method is displayed in parentheses below method name.

around a week of prior data points (p = 8). In fact, the forecast accuracy of the model fitted using

MIC is around 30% better than the accruacy of those fit by AIC/BIC/HQ.

2.7 Discussion

In this chapter, we proposed the mean square information criterion (MIC), a new approach for

estimating the order of VAR processes. MIC is based on a key new observation: the flatness

of the expected squared error loss after the fitted order exceeds the true order. We show, under

relatively mild assumptions, that the true order can be estimated consistently by minimizing the

MIC. Specifically, consistency of MIC only requires consistent estimates of the autocovariances.

Our proposed method, MIC, was compared to three other order selection criteria: AIC, BIC, and

HQ. All criteria were compared based on the proportion of simulations in which the correct order

was correctly estimated. Simulation settings ranged from univariate to 10-dimensional VAR models
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Figure 2.8: Comparison order selection methods based on weighted Mean Squared Forecast Error

for COVID-19 outcomes. Order selected by each method is displayed in parentheses below method

name.

with between 250 and 5,000 observations. Simulations included both Gaussian and Gaussian mixture

error structures, as well as a regime switching VAR3(2) model. While outperformed in Gaussian

errors and small sample sizes, relative to the other criteria, MIC showed the best performance when

the process had regime changes. As errors are unlikely ever Gaussian, these results suggest that

MIC can be very useful in practice. This is confirmed in our data applications where order selection

via MIC achieved comparable forecast accuracy for daily realized stock variance and substantially

better accuracy in forecasting COVID-19 outcomes in NYC when compared to order selected via

AIC, BIC, or HQ.
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Chapter 3

ESTIMATION AND INFERENCE FOR SPECTRAL DIFFERENTIAL
NETWORK ANALYSIS OF HIGH-DIMENSIONAL TIME SERIES

An earlier version of this work on estimation and consistency of high-dimensional spectral

differential networks is published in Hellstern et al. (2025).

3.1 Introduction

Spectral network analysis of multivariate time series plays a key role in fields ranging from oceanog-

raphy and seismology to neuroscience (Laurindo et al., 2019; James et al., 2017; Bloch et al., 2022).

Studying individual networks can provide insights into how features interact; however, it is often of

interest to study how networks change across conditions or in response to external interventions.

In neuroscience, for example, many neurodegenerative disorders are associated with abnormal

brain connectivity networks (Bloch et al., 2022). Spectral features are regularly used to inter-

pret many types of neuroscientific data, from electroencephalography to magnetoencephalography

data (Gnassounou et al., 2023; Richard et al., 2020; Dupré la Tour et al., 2018).

Coherence, the frequency domain analog to correlation, is a common choice for investigating

interactions in multivariate time series analysis. This notion is especially appealing in neuroscience

applications, where activities captured at different frequencies better reveal brain oscillations in

sensory-cognitive processes. Therefore, despite the availability of nonlinear association measures,

such as mutual information (Belghazi et al., 2018) and transfer entropy (Ursino et al., 2020),

coherence is commonly used by neuroscientists to define brain functional connectivity networks.

Similarly to correlation, coherence includes the indirect effects of other nodes in the network.

Thus, coherence may not be an informative measure of the dependence between nodes. A more

direct measure is the inverse spectral density. The inverse spectral density between nodes i and j is
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a rescaling of coherence after removing the linear effects of all other nodes {k ̸= i, j} (Dahlhaus,

2000). Therefore, the inverse spectral density better resembles the effective connectivity between

brain regions (Friston, 2011), providing an initial understanding of how two regions may be causally

related.

Advances in data collection have enabled the acquisition of datasets whose dimensionality far

exceeds the number of observations (p ≫ n). In the analysis of high-dimensional time series

data, regularization techniques, such as the LASSO, are essential for ensuring both computational

feasibility and statistical reliability (Banerjee et al., 2008). Similarly, in the frequency domain,

regularization enhances numerical stability and improves overall performance (Böhm and von Sachs,

2009).

In this chapter, we propose the Spectral D-trace Difference (SDD), a direct estimator of the

difference in inverse spectral densities. To our knowledge, SDD is the first method to target the

differential network in spectral domain, with the only other differential network analysis approach

for time series available in the time domain (Wang et al., 2021) and without calibrated inference. A

key challenge in the theoretical analysis of our SDD estimator is the inherent temporal dependence

between observations in time series data. To overcome this challenge, we develop new convergence

rates for a general class of spectral density estimators, smoothed periodograms, by generalizing

recent results on spectral analysis of time series data (Zhang and Zhang, 2025) to flexibly allow for

both varying levels of dependence in the data, as well as different smoothing spans. These results are

not only useful in establishing the convergence rates of SDD, but are also essential to our inference

procedure, since valid inference requires larger smoothing spans than those covered by existing

results. Moreover, we leverage modern proof techniques from Wang et al. (2021) and Negahban et al.

(2012) to establish consistency of our SDD estimator by only assuming the difference in inverse

spectral densities is sparse. This is in contrast to existing consistency results for direct differential

network analysis with i.i.d. data (Yuan et al., 2017), which rely on the stringent irrepresentability

assumption (Zhao and Yu, 2006).

Using our rates of convergence for the SDD estimator, we also develop a valid inference

procedure for elements of the true difference matrix. To this end, we leverage and extend the
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general framework of Neykov et al. (2018) to allow for asymptotic distributions with arbitrary

scaling of sT where sT → ∞ instead of
√
T . We also address several additional challenges, which

include establishing the joint asymptotic distribution of the entire spectral density estimator, proving

the required concentration bounds under the appropriate choice of smoothing span, and finding a

tractable estimator of the sparse projection direction, which is the inverse of the first derivative of

the estimating equation. To address the first challenge, we leverage recent results from Zhang and

Zhang (2025) to establish the form of the joint asymptotic distribution of the entire spectral density

estimator. This is a crucial aspect of the inference procedure, as the asymptotic distribution of

interest is a transformation of this distribution. Next, we use the flexibility of our new convergence

rates that account for arbitrary smoothing spans to establish the necessary concentration bounds

given the suitable choice of smoothing span for valid inference. Finally, we show that the asymmetric

estimating equations for the difference in inverse spectral densities have favorable decompositions.

Specifically, we show that the first derivative of these estimating equations decomposes into a

Kronecker product of two smaller matrices, which allows us to generate a computationally tractable

estimator of the sparse projection direction.

In addition to the theoretical challenges, we also address the computational challenges of

developing an inference procedure for differential network analysis in the spectral domain, which

necessitates novel computational tools. At a first glance, it may look as if our procedure calls for

multiplying matrices of dimension 4p2 × 4p2—which, for p = 100, is 40, 000 × 40, 000, which

are too large to even store in memory. To overcome these challenges, we implement sparse vector

representations and intricate on-the-fly matrix multiplication in C++ by carefully accounting for

matrix indices.

After developing our SDD estimator and the corresponding inference procedure in Sections 3.2–

3.6, we investigate its performance using simulated data in Section 3.7. We also illustrate its utility

in a neuroscience application in Sections 3.8.

Notation. For a complex number a ∈ C let Re(a) and Im(a) be the real and imaginary parts

of a. The absolute value of a complex number is defined as |a| =
√
Re(a)2 + Im(a)2. Similarly
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for a complex matrix A = (aij) ∈ Cm×n let Re(A) and Im(A) be the Rm×n matrices of the

real and imaginary components of A. The minimum eigenvalue of a matrix A is defined as

λmin(A). We define the ℓ1, Frobenius, and infinity norms of a matrix A as ∥A∥1 =
∑

i,j |aij|,

∥A∥F =
(∑

i,j |aij|2
)1/2

, ∥A∥∞ = maxi,j |aij|, respectively. We use ∥A∥0 to represent the ℓ0

“norm” of A which counts the number of entries |aij| that are non-zero. The element-wise absolute

value of a matrix A is denoted as |A| while the conjugate transpose of a matrix or vector will be

denoted as AH . We denote the inner product between two matrices A and B as ⟨A,B⟩ = Tr(ABT )

and use A ⊗ B to represent their Kronecker product. The minimum and maximum of two real

numbers x, y are defined as x ∨ y = max(x, y) and x ∧ y = min(x, y) respectively. Throughout

we will also use the notation loga(x) := (log(x))a. For random vectors and q ≥ 1 we will denote

the Lq norm as ∥X∥Lq
= (E |X|q)1/q. We also define Ft = (ϵt, ϵt−1, . . . ) where ϵt, t ∈ Z are i.i.d.

random elements and vec (X) as the operator which stacks the columns of X . We write xn
p→ x

and xn
d→ x to denote convergence of a random variable xn to x in probability and distribution

respectively. The notation AT ≍ BT if AT and BT are asymptotically of the same order.

3.2 Direct Estimation of Differential Spectral Networks

Suppose {Xl,t} is a p-dimensional mean zero stationary time series in condition l with autocovari-

ance matrix Γl(h) ∈ Rp×p defined as Γl(h) = E
(
Xl,tX

T
l,t+h

)
where h ∈ Z. It is worth mentioning

that we only require {Xl,t} to be stationary in each condition and not across conditions which

corresponds to assuming piecewise stationarity. In many applications, in particular in neuroscience,

the change points are known and thus an assumption of piecewise stationarity is reasonable. For

example in Yazdan-Shahmorad et al. (2016, 2018), the resting state and stimulation state blocks are

known from the experimental design.

If
∑∞

h=−∞ |Γl(h)| <∞, where the inequality is applied element-wise, then the spectral density

in condition l at frequency λ exists and is defined as

fl(λ) =
1

2π

∞∑
h=−∞

e−iλhΓl(h), −π ≤ λ ≤ π.

Since fl(λ) is complex-valued we can write fl(λ) = Al(λ)+ iBl(λ) for some Al(λ), Bl(λ) ∈ Rp×p.
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In practice, many different λ values are of interest. For notational simplicity, however, we assume

λ is fixed throughout and suppress the dependence on λ. We express the inverse of the spectral

density as f−1
l = Ãl + iB̃l where Ãl and B̃l are matrices that represent the real and complex parts

of f−1
l respectively. Our goal is to estimate f−1

1 − f−1
2 . An alternative differential network of

interest is the difference in partial spectral coherences from Dahlhaus (2000). The (i, j) entry of the

partial spectral coherence represents the coherence between nodes i and j after removing the linear

effects of all other nodes {k ̸= i, j} (Dahlhaus, 2000). As noted in Dahlhaus (2000), the inverse

spectral density is a rescaling of the partial spectral coherence. The appropriate choice of scale is

not straightforward and in this chapter we study the difference in inverse spectral densities.

While the spectral density fl is complex valued, we can expand it to the real space by writing

Σl =

Al −Bl

Bl Al

 ,
where Σl ∈ R2p×2p. By Lemma A.1 of Fiecas et al. (2019) we have thatAl −Bl

Bl Al

Ãl −B̃l

B̃l Ãl

 = I2p,

where I2p represents the 2p× 2p identity matrix. Thus, f−1
1 − f−1

2 can be obtained by taking the

(1,1) and (2,1) blocks of

∆∗ = Σ−1
1 − Σ−1

2 =

Ã1 −B̃1

B̃1 Ã1

−

Ã2 −B̃2

B̃2 Ã2

 .
Similarly, if we have an estimate ∆̂ of ∆∗ available, we can estimate f−1

1 − f−1
2 using the (1,1)

and (2,1) blocks of ∆̂. To estimate ∆∗, we use the D-trace loss function from Yuan et al. (2017).

That is, we use the loss

LD (∆,Σ2,Σ1) =
1

4
(⟨Σ2∆,∆Σ1⟩+ ⟨Σ1∆,∆Σ2⟩)− ⟨∆,Σ2 − Σ1⟩ . (3.1)

Taking the derivative with respect to ∆ we see that ∆∗ minimizes the D-trace loss. More specifically,

let
∂LD
∂∆

=
1

2
(Σ2∆Σ1 + Σ1∆Σ2)− (Σ2 − Σ1) . (3.2)
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Evaluating ∂LD

∂∆
at ∆∗ yields 0, establishing that ∆∗ minimizes LD. Furthermore, since Σ1 and Σ2

are positive definite, the Hessian of LD with respect to ∆, ∂2LD

∂∆2 = (Σ1 ⊗ Σ2 + Σ2 ⊗ Σ1)/2, is

positive; hence, LD is convex in ∆, which implies that ∆∗ is its unique minimizer.

In practice, the population quantites Σ1 and Σ2 are not available. Instead, we use the estimates

Σ̂1 and Σ̂2. To estimate the spectral density matrix fl and in turn Σl we can use the smoothed

periodogram. The periodogram is formed by taking the Fourier transform of the data. Suppose we

have p-variate observations {Xl,t}t=1,...,Tl for each condition l. For condition l, the periodogram at

Fourier frequency {λj = 2πj/Tl,−⌊(Tl − 1)/2⌋ ≤ j ≤ ⌊Tl/2⌋} is defined as

Pl(λj) =
1

2πTl

(
Tl∑
t=1

Xl,t exp(−iλjt)

)(
Tl∑
t=1

Xl,t exp(−iλjt)

)H

.

Using the fast Fourier transform algorithm, the periodogram can be computed quickly. While

the periodogram is a natural estimate of fl, it is well known to be inconsistent for the spectral

density (Brockwell and Davis, 1991, Theorem 10.3.2). To remedy this, a smoothed version of the

periodogram is used where the periodograms of 2Bl nearby Fourier frequencies are averaged. Bl

is referred to as the bandwidth or smoothing span. That is, the smoothed periodogram at Fourier

frequency λj is generated as

f̂l(λj) =
1

2Bl + 1

j+Bl∑
k=j−Bl

Pl(λk).

We can then use f̂l = Âl + iB̂l to form Σ̂l

Σ̂l =

Âl −B̂l

B̂l Âl

 .
It is worth noting that Σl and Σ̂l are symmetric. This fact will be used throughout the chapter. We

generate our estimator by minimizing the D-trace loss in (3.1) with the estimators Σ̂1, Σ̂2. We can

additionally incorporate an ℓ1 penalty to estimate a sparse ∆. Our SDD estimator of ∆∗ is then

∆̂ = argmin
∆

1

4

(
⟨Σ̂2∆,∆Σ̂1⟩+ ⟨Σ̂1∆,∆Σ̂2⟩

)
− ⟨∆, Σ̂2 − Σ̂1⟩+ τT1,T2∥∆∥1 , (3.3)
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where τT1,T2 is a penalty parameter depending on sample sizes T1, T2. Typically τT1,T2 is chosen by

minimizing a criterion such as BIC or extended BIC (Foygel and Drton, 2010, eBIC). We use the

same algorithm as in Yuan et al. (2017) to numerically solve for ∆̂.

3.3 Convergence rates of spectral density estimators

In this section, we develop a new convergence rate for the max norm of the class of smoothed

spectral density estimators. That is, we develop a rate for

max
λ∈[0,2π]

∥∥∥f̂l(λ)− fl(λ)
∥∥∥
∞
. (3.4)

This convergence rate is an essential ingredient for our theoretical analyses, from proving

consistency of SDD in Theorem 4 to verifying concentration bounds in our inference procedure in

Appendix B.5. For example, examining the consistency proofs reveals that the convergence rate of

SDD depends on the convergence rate of the max norm of the spectral density estimators in each

condition.

One approach to derive the convergence rates is to fix the smoothing span at some, potentially

optimal, value. For example, Zhang and Zhang (2025) choose B to balance the stochastic deviation

and the bias in their Theorem 1 and Proposition 2, which leads to the recommended ‘optimal’

smoothing span of order B ≍ (T/(log4α+2(p ∨ T )))1/3, where α is a measure of dependence in the

data. However, as stated in Theorem 3 of Zhang and Zhang (2025) and noted in our theoretical

results in Section 3.5, in order for the spectral density estimator to be asymptotically unbiased

when scaled by
√
T/B, the smoothing span needs to satisfy TΦ4

2 = o(B3). When the smoothing

spans are smaller, as is the case for the optimal rate of (B ≍ T/(log4α+2(p ∨ T )))1/3 in Zhang and

Zhang (2025), the bias is no longer negligible and the asymptotic distribution of the spectral density

estimator is instead centered around its expected value. Therefore, the smoothing span suggested

by Zhang and Zhang (2025) does not lead to calibrated inference, as we require an asymptotic

distribution centered around the true spectral density. This motivates us to consider convergence

rates that allow for flexible smoothing spans.

Although other results, such as Theorem 3.1 in Fiecas et al. (2019), can be used to solve for
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an optimal smoothing span B and corresponding convergence rate, we opt to utilize the results in

Zhang and Zhang (2025), which are more general and allow for a wider class of dependencies by

characterizing the data dependence using the functional dependence framework first conceptualized

in Wu (2005). Throughout, we will add a subscript l to make it clear that the dependence can

vary between conditions l ∈ {1, 2}. We also assume that Xl,t is a p-dimensional random variable,

i.e., Xl,t = (Xl,t1, . . . , Xl,tp) and that max1≤j≤p ∥Xl,tj∥Lq
< ∞ for some q ≥ 2. In the functional

dependence frameworkXl,tj = gl,j(ϵl,t, ϵl,t−1, . . . ) where gl,j is a measurable function and ϵl,t, t ∈ Z

are i.i.d random variables. For t ≥ 0 and 1 ≤ j ≤ p the functional dependence measure is defined

as

δl,t,q,j =
∥∥gl,j(ϵl,t, ϵl,t−1, . . . )− gl,j(ϵl,t, . . . , ϵl,1, ϵ

∗
l,0, ϵl,−1, . . . )

∥∥
Lq
,

where ϵ∗l,0 is an i.i.d. copy of ϵl,0. The process gl,j(ϵl,t, . . . , ϵl,1, ϵ∗l,0, ϵl,−1, . . . ) is equivalent to Xl,tj

except ϵl,0 is replaced by ϵ∗l,0. In this way, δl,t,q,j measures the effect that an innovation t time points

in the past has on Xl,tj . The q-th dependence adjusted moment is defined as follows. Assume there

exists ρ ∈ (0, 1) such that

∥Xl,·j∥Lq
= sup

m≥0
ρ−m∆l,m,q,j <∞,where ∆l,m,q,j =

∞∑
t=m

δl,t,q,j .

As noted in Zhang and Zhang (2025), ∥Xl,·j∥Lq
— which they denote ∥Xl,·j∥q — can be interpreted

as the q-th moment of the process Xl,·j taking dependence into account. By rearranging the

inequality to get ∆l,m,q,j ≤ ∥Xl,·j∥Lq
ρm for all m ≥ 0, we can see that this definition requires the

tail dependence ∆l,m,q,j to decay geometrically.

We next state our (only) dependence assumption. This assumption is the same as Assumption 1

in Zhang and Zhang (2025).

Assumption 1. There exists some constant αl ≥ 0 such that

∥Xl,·j∥ψαl
:= sup

q≥2
q−αl ∥Xl,·j∥Lq

<∞ .

In Assumption 1, αl represents the dependence in the process for condition l. As noted

in Zhang and Zhang (2025), when the data is i.i.d αl = 1/2 corresponds to the classical sub-

Gaussian norm while αl = 1 corresponds to the sub-Exponential norm. The larger αl is, the
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heavier the tails. As stated above, the optimal smoothing span for condition l derived from

Zhang and Zhang (2025) is Bl ≍
(
Tl/ log

4αl+2(p ∨ Tl)
)1/3 which is too slow as inference requires

TlΦ
4
2 = o(B3

l ). Thus, we consider smoothing spans with arbitrary exponents, i.e., Bl has the form

Bl ≍
(
Tl/ log

4αl+2(p ∨ Tl)
)γl for γl > 0. We will specifically focus on exponents γl > 1/3 as this

allows us to use our asymptotic distribution results, but for full generality we present the convergence

rates for this general class of smoothing spans, 0 < γl < 1, in Theorem 3. To simplify the statement

of convergence rates, we denote Φl,q = max1≤j≤p
∥∥X2

l,·j
∥∥
Lq

and ∥Xl,·∥ψαl
= max1≤j≤p ∥Xl,·j∥ψαl

.

Theorem 3. Suppose Assumption 1 is satisfied for condition l and some αl > 0. Then for Bl ≍(
Tl

log4αl+2(p∨Tl)

)γl
,

max
λ∈[0,2π]

∥∥∥f̂l(λ)− fl(λ)
∥∥∥
∞

=


Op

(
2αl+1 ∥Xl,·∥2ψαl

T
γl−1

2
l log(1−γl)(2αl+1) (p ∨ Tl)

)
for γl ≥ 1/3

Op

(
Φ2
l,2T

−γl
l logγl(4αl+2) (p ∨ Tl)

)
for γl < 1/3

The proof of Theorem 3 is given in Appendix B.1. The two rates correspond to whether the

stochastic term or the bias is dominant. When γl ≥ 1/3 the stochastic term is slower and thus

determines the rate. When γl < 1/3, the bias term is slower. With Theorem 3, we now have access

to the convergence rate for maxλ∈[0,2π]

∥∥∥f̂l(λ)− fl(λ)
∥∥∥
∞

when we choose Bl to be large enough

to perform inference. It is also worth pointing out that while we focus on the simple averaged

periodogram, Theorem 3 also applies to general kernel estimators of the spectral density as in Wu

and Zaffaroni (2018). That is, Theorem 3 also applies to kernel estimators of the form

ˆ̂fl(λj) =
1

2πTl

Bl∑
k=−Bl

K(k/Bl)Γ̂l(k)e
−ikλj ,

where K(·) is a continuous, symmetric, and bounded kernel on [−1, 1] that satisfies K(0) = 1 and

Γ̂l(k) = T−1
l

∑Tl
i=k+1Xl,i−kX

T
l,i for k ≥ 0 . For k < 0 we can use that Γ̂(k) = Γ̂(−k). Thus, all

results presented are also valid for these spectral density estimators.

Next, we provide some examples of convergence rates in the high-dimensional setting (p > Tl)

for different choices of γl and different assumptions on αl.
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Example 1. We first consider the rate we would obtain if we use the bandwidth suggested by

Zhang and Zhang (2025). If we choose γl = 1/3, then the rate in Theorem 3 is Op

(
log(4αl+2)/3(p)

T
1/3
l

)
.

Example 2 (sub-Gaussian, γl = 1/2). Suppose we choose γl = 1/2 and consider αl = 1/2. The

convergence rate is then Op

(
log(p)

T
1/4
l

)
.

Example 3 (sub-Gaussian, γl = 3/4). Consider the same setting as in the previous example, but

instead suppose we choose γl = 3/4. The convergence rate becomes Op

(√
log(p)

T
1/8
l

)
.

Example 4 (sub-Exponential). Suppose we choose γl = 1/2 and consider αl = 1. The conver-

gence rate then becomes Op

(√
log3(p)

T
1/4
l

)
.

As we can see from the examples, larger dependence in the data increases the exponent in log(p)

while larger smoothing spans (i.e., larger γl) decreases the exponent a in 1
Ta
l

and decreases the

exponent in log(p). In other words, larger γl makes the convergence rate slower in Tl but also slower

in log(p). With the convergence rates in Theorem 3, we can now establish the consistency of our

SDD estimator (3.3) allowing for flexible data dependence and smoothing spans.

3.4 Consistency

In this section, we establish the consistency of ∆̂ to the population quantity ∆∗, allowing for

different levels of data dependence and smoothing spans. Although we use an algorithm similar to

Yuan et al. (2017) to numerically solve for ∆̂, our theoretical analysis is fundamentally different.

Specifically, the theoretical results in Yuan et al. (2017) hinge on an stringent irrepresentability

assumption (Zhao and Yu, 2006). This assumption may be especially unrealistic in neuroscience

applications, due to the presence of hub nodes, or regions of the brain that are connected to many

other brain regions (Buckner et al., 2009; Wang et al., 2021). Moreover, simulations in Wang et al.

(2021) using Erdős-Rényi graphs of moderate to large dimensions—e.g., p > 20—show that the

irrepresentability condition almost never holds, even with very sparse differences and weak data

dependence. In contrast, our analysis combines recent theoretical advances in time series data
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analysis (Zhang and Zhang, 2025) with more flexible proof techniques (Wang et al., 2021; Negahban

et al., 2012) to establish the consistency under mild assumptions. More specificaly, combining

these techniques with our new convergence rate in Theorem 3, we establish the convergence rate of

SDD only assuming that the true difference in inverse spectral densities is sparse, while flexibly

allowing for varying data dependence and smoothing spans of the spectral density estimators. The

assumption of sparsity of the difference is more realistic if, for example, the network does not

change much between conditions. For instance, despite identifying many nonzero coherence values

in resting state and stimulation states, Bloch et al. (2022) found many coherence changes to be near

zero. These small differences are likely due to noise in the estimation procedure, corresponding to

no underlying change in coherence. An important aspect of our theoretical analysis is that by only

assuming the sparsity of the difference, we allow each individual network to be dense.

It is also worth noting that we do not need any parametric assumptions on the data generating

processes. Instead, we only require mild assumptions on the data dependence for each condition.

The only restriction on the data generating process is that Assumption 1 is satisfied for both

conditions.

It is seen in Equation 3.3 that our estimator ∆̂ relies on expanded estimates of the spectral

density Σ̂1, Σ̂2. Thus, the rate of convergence of ∆̂ to ∆∗ naturally relies on the rates of convergence

of f̂1 and f̂2 to f1 and f2. We will define the number of non-zero entries of ∆∗ as s∆∗ := ∥∆∗∥0
By Theorem 3, the convergence rates for maxλ∈[0,2π]

∥∥∥f̂l(λ)− fl(λ)
∥∥∥
∞

for l ∈ {1, 2} follow from

Assumption 1, which is all we need to establish the consistency of ∆̂.

Theorem 4. Suppose there exists constants α1, α2 such that Assumption 1 is satisfied for condi-

tions 1 and 2, respectively. Furthermore, suppose the smoothing span for condition l is Bl ≍(
Tl

log4αl+2(p∨Tl)

)γl
. Then, for τT1,T2 ≥ CfOp (RT1,p +RT2,p) (1 + ∥∆∗∥1) and large enough T1, T2,

with high probability

∥∆̂−∆∗∥F = Op (
√
s∆∗ (RT1,p +RT2,p)Cf (1 + ∥∆∗∥1)) ,

∥∆̂−∆∗∥1 = Op (s∆∗ (RT1,p +RT2,p)Cf (1 + ∥∆∗∥1)) ,

where RT1,p, RT2,p are the convergence rates from applying Theorem 3 to conditions 1 and 2
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respectively, ∥∆∗∥1 is the ℓ1 norm of the true difference matrix ∆∗, and Cf = max(∥f1∥∞ , ∥f2∥∞).

The proof of Theorem 4 is given in Appendix B.2. The rates in Theorem 4 show that the

convergence depends on the convergence rates of the maximum deviations of the estimated spectral

density from the true spectral density and the sparsity of the true difference.

Remark 1. The convergence rate, Op (RT1,p +RT2,p), can be further simplified to

Op (max (RT1,p, RT2,p)) by noting that RT1,p + RT2,p ≤ 2max (RT1,p, RT2,p). This makes it more

clear that the convergence rate of our SDD estimator is limited by the slower of the two convergence

rates in conditions 1 and 2.

Remark 2. Recall that, for notational convenience, we have suppressed the dependence on

frequency, λ. Since Theorem 3 applies over all λ ∈ [0, 2π], these rates hold for every λ. However,

some of the constants will differ based on λ as ∆∗ and fl depend on λ. Specifically, constants such

as ∥∆∗∥1, λmin(fl), Cf , and s∆∗ can change depending on the λ of interest.

Remark 3. Our SDD method can also be extended to directly estimate a difference in different

frequencies, λ1, λ2 for the same condition l. In this case, we only require Assumption 1 to hold for

the condition of interest l. The same proof techniques can be applied and the resulting rates will be

RTl,p instead of RT1,p + RT2,p. It is worth stating that for this analysis, ∆∗ will be the difference

in the expanded spectral densities between frequencies λ1, λ2. Thus, this analysis will implicitly

assume that the difference between frequencies is sparse.

3.5 Inference

3.5.1 Theory

In this section, we develop theory to generate confidence intervals and perform inference for

arbitrary entries of vec (∆∗) by leveraging the de-biasing framework of Neykov et al. (2018). To

adopt this framework to our problem setting, we address several challenges, including the need for a

computationally convenient estimating equation, arbitrary scaling of the asymptotic distribution, and
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the joint asymptotic distribution of the spectral density estimator. In the remainder of this section,

we review this framework and present new results to overcome the above challenges.

Suppose we have an estimating equation t (ZT , β) where ZT is the data and β ∈ Rq is a

parameter. For ease of notation we will denote ZT as Z. Without loss of generality, we will assume

the target of inference is the first entry in β which we will denote as θ and β = (θ, γ) where γ is the

vector of nuisance parameters. The limiting expected value of the estimating equation is denoted as

Et(β) = limT→∞ Et(Z, β); we assume that the true parameter of interest is the unique solution to

Et(β) = 0. We will also denote the derivative of the estimating equation as T (Z, β) = ∂
∂β
t (Z, β)

and its limiting expectation as ET(β) = limT→∞ ET(Z, β). In low-dimensional settings, an

estimate of β, β̂ = (θ̂, γ̂) can be obtained by solving t(Z, β) = 0. Appealing to classical theory, the

following expansion is obtained:

√
T
(
θ̂ − θ∗

)
= −

√
T [ET(β

∗)]−1
1∗ t(Z, β∗) + op(1) , (3.5)

where [X]i∗ selects row i of X . Typically, it can be shown that the right-hand-side of (3.5) converges

to a normal distribution which gives an asymptotic normal distribution for the left-hand-side. In

high-dimensions, sparsity assumptions on β and constrained estimation approaches are necessary.

Sparsity-inducing regularization leverages this assumption but induces bias in β̂ and the expansion

in (3.5) is no longer valid (Javanmard and Montanari, 2014). The asymptotic distribution of β̂ must

thus be derived using alternative approaches. Neykov et al. (2018) offer a general framework to

solve this problem by directly estimating v∗ = [ET(β
∗)]−1

1∗ on the right-hand-side of (3.5) as

v̂ = argmin ∥v∥1 subject to
∥∥∥vTT(Z, β̂)− e1

∥∥∥
∞

≤ ρ , (3.6)

where e1 = (1, 0, . . . , 0) is a q dimensional row vector. Neykov et al. (2018) then propose to estimate

θ by projecting the estimating equation on the sparse direction v̂, plugging in estimates of nuisance

parameters γ, and solving the new projected estimating equation. Denoting Ŝ(β̂θ) := v̂T t(Z, β̂θ),

the de-biased estimate of θ is defined as

θ̃ := θ : Ŝ(β̂θ) = 0 ,



37

where β̂θ = (θ, γ̂)1; the framework provides conditions under which θ̃ is asymptotically normal

which allows for valid statistical inference.

The first step in applying this inferential framework is choosing an estimating equation for our

parameter of interest ∆∗ = Σ−1
1 − Σ−1

2 . For simplicity, we assume throughout that T1 = T2 = T

but note that all results should still hold as long as T1 ≍ T2. Based on our SDD estimator, a natural

choice of estimating equation is the derivative of the D-trace loss (3.2). We define

tsymm(Z,∆) :=
1

2

(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
vec (∆)− vec

(
Σ̂2 − Σ̂1

)
(3.7)

= vec

(
1

2

(
Σ̂2∆Σ̂1 + Σ̂1∆Σ̂2

)
−
(
Σ̂2 − Σ̂1

))
.

Recall that vec (X) converts X ∈ Rm×n to a vector in Rmn by stacking its columns. The subscript

‘symm’ indicates that this is the symmetric D-trace loss estimating equation. Assuming data in

conditions 1 and 2 are independent, then if the conditions of Theorem 3 are satisfied, Σ̂l are

asymptotically unbiased by Corollary 3 and ∆∗ is the solution to Etsymm(β) = 0 (Zhang and Zhang,

2025).

One problem that arises immediately when using this estimating equation is the need to obtain

v̂symm in (3.6) which, for this choice of estimating equation, requires forming Tsymm(Z, ∆̂) =

1
2

(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
. Since Σ̂l ∈ R2p×2p, then Tsymm(Z, ∆̂) ∈ R4p2×4p2 . In high-dimensions,

this matrix will be impossibly large. For example for p = 100, this matrix is 40, 000 × 40, 000

which is too large to even store in memory for most personal computers, let alone invert. We seek

other estimating equations for ∆∗ where it is computationally feasible to estimate v̂.

The two alternative estimating equations we consider are each portion of tsymm(Z,∆):

ts1Left(Z,∆) :=
(
Σ̂2 ⊗ Σ̂1

)
vec (∆)− vec

(
Σ̂2 − Σ̂1

)
= vec

((
Σ̂1∆Σ̂2

)
−
(
Σ̂2 − Σ̂1

))
(3.8)

ts1Right(Z,∆) :=
(
Σ̂1 ⊗ Σ̂2

)
vec (∆)− vec

(
Σ̂2 − Σ̂1

)
= vec

((
Σ̂2∆Σ̂1

)
−
(
Σ̂2 − Σ̂1

))
.

(3.9)

1It is possible for θ̃ to be set-valued, i.e. θ̃ =
{
θ : Ŝ(β̂θ) = 0

}
. However, a key requirement for inference in

Theorem 5 is the uniqueness of θ̃.
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The subscripts ‘s1Left’ and ‘s1Right’ indicate whether we use the part of the symmetric estimating

equation, tsymm(Z,∆), where s1 or Σ̂1 is on the left or the right of ∆. The equations at the

end of (3.8, 3.9) make this naming convention more clear. Again, assuming data in conditions

1 and 2 are independent, ∆∗ is the solution to Ets1Left
(β) = 0 and Ets1Right

(β) = 0. While

Ts1Left(Z, ∆̂) = Σ̂2 ⊗ Σ̂1,Ts1Right(Z, ∆̂) = Σ̂1 ⊗ Σ̂2 ∈ R4p2×4p2 , and are similarly too large to

store in memory, their forms allow us to leverage the inverse of Kronecker product of matrices,

(X⊗Y )−1 = X−1⊗Y −1. Specifically, if we have estimates of Σ−1
l , Σ̂−1

l , available, then v̂s1Left can

be generated as
[
Σ̂−1

2 ⊗ Σ̂−1
1

]
1∗

= Σ̂−1
2,1∗ ⊗ Σ̂−1

1,1∗. Thus we only need to form a Kronecker product

between two 2p vectors, which requires storing a 4p2 vector. Since Σ1,Σ2 ∈ R2p×2p, estimating

their inverses is computationally feasible even for large p and can be computed efficiently using

methods such as the graphical LASSO or CLIME (Friedman et al., 2008; Cai et al., 2011). In fact,

with Σ̂−1
1 , Σ̂−1

2 we can generate e.g. v̂s1Left for any component of ∆∗. For example, suppose we

wish to obtain a confidence interval for the j-th entry of vec(∆∗), an estimate of
[
Σ−1

2 ⊗ Σ−1
1

]
j∗

can be formed by
[
Σ̂−1

2 ⊗ Σ̂−1
1

]
j∗

which is formed by the Kronecker product of the relevant rows of

Σ̂−1
2 and Σ̂−1

1 .

Given the above estimating equations for which it is computationally tractable to carry out the

inference procedure, the next step is to prove that assumptions in Neykov et al. (2018) hold under our

general dependence setting for high-dimensional time series. At the heart of the inference procedure

is the asymptotic normality of the de-biased estimating equation (Assumption 3 in Neykov et al.

(2018)). Specifically, a key assumption is that e.g. v∗s1Leftts1Left(Z, β
∗) is asymptotically normal

with a known variance when appropriately scaled. Here we use s1Left as an example estimating

equation, but note that this condition must hold when conducting inference for each of s1Left,

s1Right, and symm. For all three of our estimating equations, the asymptotic distribution is a linear

transformation of the asymptotic distribution of
(
vec(Â), vec(B̂)

)
. Thus, to show this assumption,

we require the asymptotic distribution of
(
vec(Â), vec(B̂)

)
. Although the asymptotic distribution

of any two elements of the spectral density matrix is given in Zhang and Zhang (2025), the form

of the joint distribution is not available. We derive this form in Proposition 1, which is proved in

Appendix B.3.
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Proposition 1. Denote Φ4 = max1≤j≤p ∥X·j∥4. Suppose Assumption 1 is satisfied, B/T → 0,

Φ8
4 (logB) /B → 0 and TΦ4

2 = o(B3). Denote f̂(λ) = Â(λ) + iB̂(λ) and f(λ) = A(λ) + iB(λ) .

Define K =
∑p

i,j=1Hij ⊗HT
ij where Hij is the p× p matrix with hij = 1 and 0 elsewhere.

(i) If λ ∈ (0, π), then √
T

B

vec(Â(λ))− vec(A(λ))

vec(B̂(λ))− vec(B(λ))

 d→ N(0, Vf ) ,

where

Vf =
1
2

 (Ip2 +K) (A(λ)⊗ A(λ) +B(λ)⊗B(λ)) (Ip2 +K) (B(λ)⊗ A(λ)− A(λ)⊗B(λ))

[(Ip2 +K) (B(λ)⊗ A(λ)− A(λ)⊗B(λ))]T (Ip2 −K) (A(λ)⊗ A(λ) +B(λ)⊗B(λ))

 .

(ii) If λ = 0 or π then √
T

B

(
vec(Â(λ))− vec(A(λ))

)
d→ N(0, Vf ) ,

where

Vf = (Ip2 +K)A(λ)⊗ A(λ) .

As discussed in Section 3.3, a requirement of Proposition 1 is that TΦ4
2 = o(B3). To satisfy

this requirement for each condition l ∈ {1, 2} we can choose Bl ≍
(
Tl/ log

4αl+2(p ∨ Tl)
)γl for

γl > 1/3. In practice, the dependence in the data αl is unknown so we typically choose Bl ≍ T 2/3

or Bl ≍ T 1/2. Using the results in Theorem 3, with these choices of smoothing spans we know the

convergence rates of f̂l to fl; this subsequently give the rates of convergence of SDD by Theorem 4

which are used to prove other technical conditions in establishing the inference procedure. See for

example Appendix B.5 and Lemma 10.

Note that due to smoothing of the spectral density estimators, the scaling of the asymptotic

distribution of the spectral density estimators as well as the de-biased estimating equations will be√
T/B. Thus, we cannot proceed with the original framework in Neykov et al. (2018), as it assumes

√
T scaling. However, we can extend this framework to allow for asymptotic distributions with

general scaling sT where it is assumed sT
T→∞→ ∞. Although most of the results generally follow
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directly from Neykov et al. (2018), for completeness the full set of assumptions and derivations are

available in Appendix B.4. The major changes include an arbitrary scaling of sT in the asymptotic

distribution of Assumption 7 and a change from
√
T to sT scaling in Assumption 9. Assumption 9

is used to ensure that the second order terms are negligible when scaling by sT . With these

modifications we have

Theorem 5. Let the map θ 7→ Ŝ
(
β̂θ

)
be continuous with a single root θ̃ or non-decreasing. Further,

suppose that for any ϵ > 0

v∗T
[
Et

(
β∗
θ∗−ϵ

)]
v∗T

[
Et

(
β∗
θ∗+ϵ

)]
< 0.

If σ̂2 is a consistent estimator of σ2 := v∗TGv∗ and G := limT→∞ s2T Cov (t(Z, β
∗)) and Assump-

tions 5, 6, 7, 8, 9 hold, then for any x ∈ R, we have:

lim
T→∞

∣∣∣P(ÛT ≤ x)−Φ(x)
∣∣∣ = 0, where ÛT =

sT
σ̂
(θ̃ − θ∗)

and Φ is the CDF of a standard normal random variable.

Theorem 5 generalizes the result in Neykov et al. (2018) and states that the appropriately scaled

quantity sT
σ̂
(θ̃−θ∗) converges to a standard normal distribution. The proof of Theorem 5 is available

in Appendix B.4. Now that we have addressed all the challenges with inference we can formally

discuss the procedure.

3.5.2 Procedure

We next establish the inference procedure for each of the three estimating equation types: symm,

s1Left, s1Right. Specifically, we first present details of the inference procedures and then prove

their theoretical validity in Theorem 6. The de-biased θ̃ for each estimating equation is given as

θ̃symm := θ : v̂Tsymmtsymm(Z, β̂θ) = 0

θ̃s1Left := θ : v̂Ts1Leftts1Left(Z, β̂θ) = 0

θ̃s1Right := θ : v̂Ts1Rightts1Right(Z, β̂θ) = 0 ,
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where, as before, β̂θ = (θ, γ̂) and γ̂ are estimated nuisance parameters and can be obtained from the

relevant entries of our SDD estimator ∆̂. Confidence intervals can be constructed using

Ûsymm =
1

σ̂symm

√
T

B

(
θ̃symm − θ∗

)
Ûs1Left =

1

σ̂s1Left

√
T

B

(
θ̃s1Left − θ∗

)
Ûs1Right =

1

σ̂s1Right

√
T

B

(
θ̃s1Right − θ∗

)
,

The forms of σ̂symm, σ̂s1Left, σ̂s1Right involve a lengthy linear transformation and thus are stated

in Lemma 10 which proves the consistency of each. The form of σ̂s1Left can also be found in

Section 3.6 where we study a computational example. Theorem 6 establishes the asymptotic

normality of Ûsymm, Ûs1Left, Ûs1Right, which suggests that each of these statistics can be used to

generate asymptotic confidence intervals for a parameter of interest θ∗.

Theorem 6. Suppose the conditions from Theorem 4 and Proposition 1 hold and

ρsymm = ∥vsymm∥1CfOp(RT1,p +RT2,p)

ρs1Left = ∥vs1Left∥1CfOp(RT1,p +RT2,p)

ρs1Right = ∥vs1Right∥1CfOp(RT1,p +RT2,p) .

Then, we have

Ûsymm
d−−−−−→

T1,T2→∞
N(0, 1)

Ûs1Left
d−−−−−→

T1,T2→∞
N(0, 1)

Ûs1Right
d−−−−−→

T1,T2→∞
N(0, 1) .

The ρtype in Theorem 6, the forms of which are derived in Appendix B.5, are the penalty

parameters used in estimating the sparse projection direction as in (3.6) for the respective estimating

equations. For instance, ρsymm is the penalty parameters for estimating v̂symm from the relevant

formulation of (3.6). Recall also that τT1,T2 is the penalty parameter for our SDD estimator in (3.3).
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Given these quantities, Theorem 6 provides valid inference only using the assumptions of Theorem 4

and Proposition 1 which are very mild. Specifically, recall that Theorem 4 only requires a mild

data dependence assumption for each condition and sparsity of the true difference. Meanwhile, for

Proposition 1 we only need a finite moment condition as well as conditions on the rate of smoothing

spans Bl relative to the sample sizes Tl. Importantly, by Theorem 6 we can perform inference

without any parametric assumptions on the data generating process.

3.6 Computational challenges

In this section, we address various computational challenges that arise when implementing our

methods. Specifically, a major computational hurdle is computing the asymptotic variances

σ̂2
symm, σ̂

2
s1Left, σ̂

2
s1Right. Although we have discussed methods to generate v̂s1Left, v̂s1Right in a com-

putationally efficient manner, the other components of the variance computation present additional

challenges. We will consider s1Left as an example. From Lemma 10,

σ̂2
s1Left = v̂Ts1Left

(
M̂1,s1LeftV̂1M̂

T
1,s1Left + M̂2,s1LeftV̂2M̂

T
2,s1Left

)
v̂s1Left ,

where

M̂1,s1Left = Σ̂T
2 ∆̂

T ⊗ I2p + I4p2

M̂2,s1Left = I2p ⊗ Σ̂1∆̂− I4p2

V̂l =

P1

P2

 1

2

 (Ip2 +K) (Âl ⊗ Âl + B̂l ⊗ B̂l) (Ip2 +K) (B̂l ⊗ Âl − Âl ⊗ B̂l)

[(Ip2 +K) (B̂l ⊗ Âl − Âl ⊗ B̂l)]
T (Ip2 −K) (Âl ⊗ Âl + B̂l ⊗ B̂l)

[P T
1 P T

2

]
,

and P1, P2 are matrices of 0’s, 1’s, and −1’s such that

vec(Σ̂l) =


vec

Âl
B̂l


vec

−B̂l

Âl



 =

P1

P2

vec(Âl)
vec(B̂l)

 .

In this way, P1, P2 allow us to compute the asymptotic variance of vec
(
Σ̂l

)
from the asymptotic

variance of
[
vec(Âl)

T vec(B̂l)
T

]T
solved for in Proposition 1. The exact forms of P1, P2 are given
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in the Lemma 8. Note that, for ease of presentation, we have used the form of V̂l that we would get

for λ ∈ (0, π). If λ = 0 or λ = π the spectral density is real valued and the expansion to the real

space is not necessary. In this case, Σl is the spectral density in condition l and is estimated by the

smoothed periodogram. Furthermore, V̂l = (Ip2 +K) Âl ⊗ Âl.

The difficulty with estimating σ̂2
s1Left lies in the fact that M̂l,s1Left, V̂l ∈ R4p2×4p2 which are too

large to form except when p is small. However, since v̂s1Left will be sparse in general, we will only

need to compute specific entries of D̂ := M̂1,s1LeftV̂1M̂
T
1,s1Left + M̂2,s1LeftV̂2M̂

T
2,s1Left. Examining

each component matrix in M̂1,s1LeftV̂1M̂
T
1,s1Left + M̂2,s1LeftV̂2M̂

T
2,s1Left shows that they are entirely

determined by Σ̂l, ∆̂, Âl, and B̂l which are at most of dimension 2p× 2p. Thus, an entry D̂ij can be

computed using only these matrices as inputs. As an example, consider computation of σ̂2
s1Left, and

suppose v̂Ts1Left =
[
c1 0 c3 0 . . .

]
. That is, v̂s1Left only has two non-zero entries in the first and

third positions. Then estimating σ̂2
s1Left requires only four computations:

σ̂2
s1Left =

[
c1 0 c3 0 . . .

]
D̂



c1

0

c3

0
...


= c21D̂11 + c1c3D̂31 + c1c3D̂13 + c23D̂33 .

In general, if v̂s1Left has sv̂s1Left
non-zero entries, then s2v̂s1Left

computations are needed. However,

computing the entries of D̂ij is also non-trivial. Specifically, D̂ij can be computed as

D̂ij =
(
M̂1,s1Left

)
i∗
V̂1

(
M̂T

1,s1Left

)
∗j
+
(
M̂2,s1Left

)
i∗
V̂2

(
M̂T

2,s1Left

)
∗j
,

where (X)i∗ and (X)∗j select the ith row and jth column of X , respectively. From the form of

M̂l,s1Left, we see that M̂l,s1Left will be block diagonal with 2p blocks of dense 2p×2pmatrices. Thus,

forming one half of D̂ij requires 4p2 computations. Combining these observations, we see that, in

general, O
(
s2v̂s1Left

8p2
)

computations are needed to compute σ̂2
s1Left. Consider the case with p = 100

and sv̂s1Left
= 100 (since v̂s1Left ∈ R4p2 this is a very sparse v̂s1Left). Then, computing σ̂2

s1Left would

require 8, 000, 000 computations. This is only to compute the variance of one de-biased parameter.
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If confidence intervals on many parameters are of interest, we will need to repeat this process for

each parameter.

In practice, we use these concepts to estimate the asymptotic variances using only the sparse

projection estimators, v̂symm, v̂s1Left, v̂s1Right and the matrices Σ̂l, ∆̂, Âl, and B̂l as inputs. Com-

putation of the asymptotic variances in this manner requires on-the-fly matrix multiplication and

careful accounting of matrix indices. We implement these operations in C++ by leveraging the

Rcpp package (Eddelbuettel and François, 2011) in R (R Core Team, 2021). To maximize speed,

the Dantzig selectors as well as rows and columns of M̂l matrices are stored as sparse vectors using

RcppEigen (Bates and Eddelbuettel, 2013).

3.7 Simulation studies

Next we study the performance of the SDD estimator and inference procedure in simulations. In

Section 3.7.1 we compare how well SDD estimates the true difference in inverse spectral densities

using various metrics. We further compare SDD to other competing methods. In Section 3.7.2 we

study the performance of our inference procedure for all three estimating equations: symm, s1Left,

s1Right.

3.7.1 Consistency

All simulations in this section use VAR(1) processes as this allows us to compute the true spectral

density using results from Sun et al. (2018). Specifically we generate data in condition l as

Xl,t = AlXl,t−1 + ϵl,t

where ϵl,t ∼ Np (0, Ip). From Sun et al. (2018), the spectral density at frequency λ is known to be

fl(λ) =
1

2π

(
Al(e

−iλ)
)−1

Ip

((
Al(e

−iλ)
)−1
)†
,

where Al(z) = Ip−Alz. When the transition matrix Al is block diagonal, the spectral density fl(λ)

is also block diagonal. Since the inverse of a block diagonal matrix can be computed block by block

we can easily generate a sparse difference matrix by enforcing the transition matrix in conditions 1
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and 2 to be the same except for in a small block. For example, with p = 54 if we generate A1 and

A2 as block diagonal with the same 51× 51 block and only differing in the final 3× 3 block, then

their spectral densities will only differ in this last 3×3 block. When converting to the real space, the

expanded Σi ∈ (2p× 2p) and thus the true difference ∆ = Σ1 −Σ2 will differ in four 3× 3 blocks.

We consider three different simulation settings all with dimension p = 54. In all simulation

settings, the transition matrix in condition 1 is the same as that in condition 2 except the last 3× 3

block is multiplied by −1. The first setting uses similar coefficients as in Sun et al. (2018), which we

will refer to as Sim-Sun. In the second and third simulation settings, the transition matrix consists of

one 51× 51 block and one 3× 3 block. The larger block was generated with 60% and 95% sparsity

in the second and third settings which are referred to as Sim-Dense and Sim-Sparse respectively. All

simulations were performed using T = 100, 200, 500, 1000, 2000 observations for both conditions.

Smoothed periodograms were computed from data for each condition using a smoothing window

of Bl = ⌈T 2/3⌉ and then converted to the real space to generate Σ̂l. For all settings 100 evenly

spaced Fourier frequencies from 0 to π − n−1 were used. These were used as the spectral density

is conjugate symmetric around 0. In the case of n = 100 only 50 Fourier frequencies were used

as there are only 50 Fourier frequencies from 0 to π − n−1. Given the availability of results from

multiple frequencies, each simulation was run 50 times and the results are averaged across all

frequencies and all runs. The standard error of each metric was also computed across frequencies

and are reported in parentheses. More information on the simulation setup, optimization techniques,

and tuning parameter selection can be found in Appendix B.6.

To solve the SDD estimation problem (3.3), the alternating direction method of multipliers

(ADMM) algorithm from Yuan et al. (2017) was used. Specifically, we used the L1 dts function

in the Difdtl package available on GitHub at SusanYuan/Difdtl (GPL (≥ 2)). To generate the

sequence of penalties, {τn1,n2}, we used 20 values on a log-linear scale from 0.001 ∗ τn1,n2,max to

τn1,n2,max where τn1,n2,max represents the minimum value where all entries of ∆̂ are 0. In this case,

τn1,n2,max = 2max(|Σ̂1− Σ̂2|). The penalty τ ∗n1,n2
was chosen as the τn1,n2 that minimizes the eBIC

(Foygel and Drton, 2010) which is computed as
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eBIC(∆̂)γ = min(n1, n2)

∥∥∥∥12 (Σ̂1∆̂Σ̂2 + Σ̂2∆̂Σ̂1 − Σ̂2 + Σ̂1

)∥∥∥∥
∞
+log(min(n1, n2))|E|+4γ|E| log(p) ,

(3.10)

where |E| is the number of unique edges in ∆̂. Since ∆̂ represents the difference in expanded

spectral densities |E| is the number of non-zero entries in the upper triangular portions, including

diagonals, of the submatrices ∆̂1:p,1:p and ∆̂1:p,(p+1):2p. For all applications we use γ = 0.5.

As previously noted, our method is the first to directly estimate the difference in inverse spectral

densities. We now discuss competing methods which we compare SDD to in simulations. While

not focused on directly estimating the difference, a related method is the joint graphical lasso

with a fusion penalty (FGL, Danaher et al., 2014). This method aims to simultaneously estimate

inverses in each condition that are believed to share structural similarities. It accomplishes this

by using an ℓ1 penalty on the difference of inverse matrices to encourage sparsity. Unlike SDD

where we directly estimate the difference without estimating either inverse matrix, FGL estimates

the inverse matrices in each condition. FGL has two penalty parameters, λ1, λ2 which control

the sparsity of the invidual inverses and the sparsity of their difference respectively. As sparse

differences are of more interest in our application, we tuned FGL for a wider range of λ2 values

than λ1. Specifically, we tuned FGL using AIC for two λ1 values and 10 λ2 values for a total of

20 combinations, the same number of penalty values considered for other methods. The values for

λ1 were (0.01λ1,max, 0.1λ1,max) where λ1,max =
∥∥∥Σ̂1,O + Σ̂2,O

∥∥∥
∞
/2 and Σ̂i,O is the off-diagonals

of Σ̂i. The λ2 sequence was generated using 10 values on a log-linear scale from 0.0001 ∗ λ2,max

to λ2,max where λ2,max = max
(∥∥∥Σ̂1,O

∥∥∥
∞
− 0.01λ1,max,

∥∥∥Σ̂2,O

∥∥∥
∞
− 0.01λ1,max

)
. For additional

comparisons, we conceptualized two potential alternatives to our SDD method. The first alternative

method is the naı̈ve method, which estimates ∆ by taking the difference after estimating individual

inverse spectral densities separately, ∆̂N = Σ̂−1
1 − Σ̂−1

2 . For the naı̈ve method, the graphical LASSO

(GLASSO, Friedman et al., 2008) was used to estimate a sparse inverse spectral density in each

condition. Specifically we used the fast implementation available in the glassoFast package

in R (GPL (≥ 3.0)) from Sustik and Calderhead (2012). To induce sparsity in individual estimates
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Figure 3.1: Sim-Sun (left) and Sim-Dense (right). Results are reported as mean (dots) and SE

(vertical lines) where the mean and SE are taken across all frequencies and iterations for a given

sample size T . Note that SE may appear as 0 due to the large number of frequencies and iterations.
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and (potentially) their difference, GLASSO was tuned for each condition separately using eBIC

with γ = 0.5 (Foygel and Drton, 2010). To select the tuning parameters for the Naı̈ve method, we

first computed λmax,i =
∥∥∥Σ̂i

∥∥∥
∞

in each condition and then computed the tuning parameters as 20

evenly-spaced values on a log-linear scale from 0.0001λmax,i to λmax,i. The next method involves

directly thresholding the difference to induce sparse estimates. Specifically, we estimate the inverse

spectral density in each condition and take the difference and then apply Hard thresholding. To tune

the threshold we used 20 evenly-spaced values on a log-linear scale from min(|∆̂H |) to max(|∆̂H |)

where ∆̂H is generated by inverting Σ̂i and forming the difference. Note that for n = 100, it is not

possible to invert Σ̂i. The thresholds were tuned via eBIC. Similar to Deb et al. (2024), all methods

are compared based on the following metrics: Accuracy, Precision, Recall, and Relative Root Mean

Square Error (RRMSE). The full definitions can be found in Appendix B.6.

Simulation results for Accuracy and RRMSE in Sim-Sun and Sim-Dense are reported in Fig-

ure 3.1. Results for Precision and Recall for Sim-Sun and Sim-Dense can be found in Appendix B.6

Figure B.1. Results from Sim-Sparse are in Appendix B.6, Figures B.2. The full set of results for

each of the simulations are in Appendix B.6 Tables B.1, B.2, B.3. In general, SDD has better accu-

racy than both the naı̈ve method and FGL with the difference in accuracy increasing as the sample

size increases. This is likely due to the fact that, in general, SDD estimates much fewer edges than

the naı̈ve or FGL methods. This also results in fewer false positive edges but more false negatives, re-

sulting in better precision for SDD at the expense of reduced recall; see Figure B.1 in Appendix B.6.

Across all settings we also see that SDD generally has lower RRMSE compared to the naı̈ve method

especially for large sample sizes. Overall, compared to the naı̈ve method, SDD identifies a similar

number of true edges using a much smaller edge set. Compared Hard thresholding, SDD has much

better RRMSE in Sim-Sun and better recall across all settings and sample sizes. To further support

our analysis, we have also summarized the difference between SDD and each of the competing

methods for each metric in Appendix B.6, Tables B.4, B.5, B.6, B.7, B.8, B.9, B.10, B.11, B.12.
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3.7.2 Inference

We study the performance of our inference procedure for all estimating equations for different

combinations of p and T using simulations. Specifically, we consider p = 15, 50, 100 and T =

100, 500, 1500, 2500. For each combination, we perform 200 simulations. Similar to the consistency

simulations in Section 3.7.1, we simulate data in conditions 1 and 2 as a VAR(1) process where

the transition matrix is block diagonal with one large p − 3 × p − 3 block and one small 3 × 3

block. All non-zero entries were randomly generated from either a Uniform(−0.8,−0.4) or a

Uniform(0.4, 0.8) with equal probability. The transition matrix in condition 1 is generated with

50% sparsity in the larger block and 40% sparsity in the smaller block. As in Section 3.7.1, the

transition matrix in condition 2 is the same as condition 1 except the smaller block is multiplied by

−1. Using this setup, the true difference in inverse spectral densities is sparse and only differs in the

smaller block.

For the symmetric estimating equation, it is not computationally feasible to perform inference

for p > 15 so we only report results for s1Left and s1Right in these cases. The SDD estimate of the

difference was generated using a smoothing span of B = ⌈T 2/3⌉ and was tuned using BIC and 20

tuning parameter values as in Section 3.7.1. In the case of the symmetric estimating equation, the

sparse projection estimates, v̂symm, were estimated using GLASSO and were tuned using eBIC with

γ = 0.5. For s1Left and s1Right, Σ̂−1
l was estimated using GLASSO for 20 tuning parameter values

in each condition. Thus for each of the two conditions we have 20 GLASSO estimates of Σ−1
l

corresponding to each tuning parameter value. For each of the 400 combinations of the GLASSO

estimates in each condition we choose the one that minimizes eBIC with γ = 0.5.

We perform our inference procedure for both the real and imaginary components of the 6

off-diagonal positions in the 3 × 3 block for a total of 12 entries. These are entries where the

difference is potentially non-zero. We further perform inference on 12 randomly selected entries

from the larger block. Since the larger blocks are the same between condition, these are entries

where the true difference is 0. Lastly, we perform our inference procedure for 9 frequency values(
⌈0.1n

2
⌉ ⌈0.2n

2
⌉ . . . ⌈0.9n

2
⌉
)

. We use 95% confidence intervals and study the Type I error,
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Figure 3.2: Type I error, power, and coverage for different combinations of p and T .

coverage, and power for each of the combinations of p and T and each estimating equation type.

Each metric is averaged for each simulation over all frequencies and boxplots of the results for all

200 simulations are shown in Figure 3.2.

The results in Figure 3.2 show that for p = 15, compared to the symmetric estimating equation,
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s1Left and s1Right have slightly worse type I error and coverage for small sample sizes but all

methods achieve nominal type I error control and coverage when sample sizes are large. This is

also true for p = 50, 100 although type I error and coverage are worse for smaller sample sizes

compared to p = 15. Interestingly, s1Left and s1Right achieve better power than symm when type I

error is controlled. We also see that the power does not change much with the increasing sample

size and the effect of sample size is primarily observed in improved control of type I error. This is

likely due to the fact that we are averaging over frequencies and it takes very large sample sizes to

increase power given the scaling T/B = T 1/3.

3.8 Application to EEG Data

Next, we apply our direct difference estimator (SSD) and competing estimators to electroencephalo-

grams (EEG) data from Hatlestad-Hall et al. (2022). Data were recorded with a 64 channel EEG

array for 111 healthy subjects at a sampling frequency of 1024 Hz. Four minutes of brain activity

was recorded while subjects were resting with their eyes closed. For 42 subjects, a second session

was recorded 2–3 months after the initial session. We refer to these 42 subjects as those “with

follow-up” and the remaining 69 as those “without follow-up.” For our analysis, we used the

pre-cleaned data provided in OpenNeuro Dataset ds003775 (Markiewicz et al., 2021). Specific

cleaning steps can be found in Hatlestad-Hall et al. (2022). We also downsampled the data to 512

Hz.

To validate our method, we analyzed the subjects with follow-up and without follow-up sepa-

rately. For those with follow-up, we estimated the difference in networks from the first to the second

session (across session analysis). For those without, we estimated the difference in networks from

0-60s to 120-180s (within session analysis). The 60-120s block was used as a rest. Brain networks

have been shown to be temporally dynamic (Zalesky et al., 2014; Nobukawa et al., 2019). Therefore,

a priori, we expect the differential networks to be sparser in the within session analysis compared

to the across session analysis and finding such results would provide validation of our method.

We compare the sparsity of the estimated differential network for SDD, the Naı̈ve, Hard

threshold, and FGL methods across the commonly-used Theta, Beta, Gamma and High-Gamma
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Figure 3.3: EEG Across (left) and Within (right) session analyses. Vertical lines indicate SE.

bands. Sparsity was defined as the proportion of entries in the estimated difference that were

non-zero. Five or six evenly spaced frequencies were considered for each band. They were (in Hz):

Theta: (4,5,6,7,8), Beta: (12, 16, 20, 24, 28), Gamma: (30, 40, 50, 60, 70), High-gamma: (80, 95,

110, 125, 140, 150). Results averaged over subjects and frequencies within each band are presented

in Figure 3.3.

Figure 3.3 shows that SDD is the only method that estimates a meaningfully sparser difference

in the within session analysis compared to the across session analysis across all frequency bands.

While the Hard threshold method comes close, the estimated sparsity in the Beta band is similar

between the across and within session analyses. All other competing methods have similar or

less sparsity in the within session analysis compared to the across-session analysis. These results

indicate that SDD estimates are more consistent with the experimental setting in this application.
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3.9 Discussion

We proposed a direct estimate of the differences in inverse spectral densities between two conditions,

termed the Spectral D-trace Difference (SDD) estimator. To our knowledge this is the first method

of its kind in the spectral domain and only the second for time series data. We leveraged recent

advances in the analysis of time series data to develop new convergence rates of the spectral density

estimators. Using these rates we established convergence rates of SDD that can flexibly handle

varying data dependence and smoothing spans and only require assuming sparsity in the difference

of inverse spectral densities. Compared to the usual assumptions of sparsity of each inverse spectral

density, the sparsity of the difference is more realistic if, for example, the inverse spectral densities

do not change much between conditions. This is indeed what we expect in many biological settings,

especially neurodegenerative disorders that are associated with changes in brain connectivity.

We additionally developed new inference procedures, only assuming mild dependence con-

ditions, by considering estimating equations with computationally tractable decompositions and

expanding existing results to handle asymptotic distributions with arbitrary scaling. A key ingredient

to our inference procedure is the joint asymptotic distribution of the entire spectral density estimator

which is of independent interest. We make our inference procedure computationally efficient by

using sparse representations and intricate on-the-fly matrix multiplication in C++.

In simulations, the SDD estimator was compared to the fused graphical lasso (FGL), as well as

a naı̈ve GLASSO difference and hard thresholding estimator. The four methods were compared

across three different simulation settings, where the true difference in inverse spectral densities was

sparse. Comparison metrics included precision, recall, accuracy, and relative root mean square error

(RRMSE). When compared to the other methods, SDD performed better in accurately identifying

edges and non-edges and the SDD estimates had a lower relative root mean square error. The

inference procedure was also studied using simulations which show small sample bias that becomes

negligible as sample size increases to moderate to large values. This is true even for settings where

p is large (p > 50). Lastly, the SDD estimator was applied to an EEG study where we further

validated SDD by showing it estimated sparser differences between networks that were closer in
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time, in line with expected behavior.
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Chapter 4

DYNAMIC DEEP LEARNING FOR CHANGE-POINT DETECTION

4.1 Introduction

The change-point detection problem aims to identify changes in an underlying process. Some of

the earliest works in this area used a cumulative sum score to detect changes in the fraction of

defective products in a manufacturing plant (Page, 1954, 1955). Since then, new change-point

detection methods have been developed and applied across a variety of fields, from climatology

(Ducré-Robitaille et al., 2003) to finance (Kim et al., 2005) and neuroscience (Koepcke et al.,

2016). Change-point detection methods can generally be categorized into offline or online methods.

Compared to the online setting, where data is continuously collected and the goal is to identify

changes as quickly as possible, in the offline setting data is retrospectively analyzed for changes. In

this chapter, we focus on the offline setting.

There is a vast literature of non-deep-learning-based change-point detection methods, including

parametric and nonparametric approaches. Frick et al. (2014) develop a procedure for the change

in the parameter of a one-dimensional exponential family while changes in the mean of a signal

with non-constant variance are considered in Arlot and Celisse (2011). Wang and Samworth (2018)

consider a high-dimensional framework with a sparse change in the mean of a mean plus noise

data model. Nonparametric methods to detect any change in the underlying probability distribution

have been proposed in Matteson and James (2014), Arlot et al. (2019), and Padilla et al. (2021).

Chakraborty and Zhang (2021) further extend nonparametric methods to the high-dimensional

case. While flexible, these nonparametric methods assume the underlying data is independent

and identically distributed (i.i.d) within each segment. However, many change-point detection

applications involve time series data which has an inherent dependence between observations. As a

result, methods based on the piecewise i.i.d assumption may be invalid. To address this, several
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methods account for temporal dependence under the assumption that the data is generated as a

vector autoregressive model (Safikhani and Shojaie, 2022; Safikhani et al., 2022; Bai et al., 2023).

These methods are extended to include general high-dimensional linear models in Bai and Safikhani

(2023). A more comprehensive review of existing offline change-point detection methods can be

found in Truong et al. (2020).

Deep learning methods have the ability to learn complex data representations and have achieved

success across a wide variety of fields, from speech and image recognition to natural language

understanding (LeCun et al., 2015; Hinton et al., 2012; Krizhevsky et al., 2017; Vaswani et al.,

2017; Radford et al., 2018). A natural question is whether machine learning or deep learning-based

methods can be developed for change-point detection. Many recent papers have approached this

question from both a supervised and unsupervised perspective.

For unsupervised methods, Londschien et al. (2023) use random forests as classifiers in com-

bination with a new classifier log-likelihood ratio to detect change-points. While the method is

flexible, it assumes i.i.d. data within segments. Several unsupervised deep learning methods for

depedendent have been developed. For instance, De Ryck et al. (2021), uses autoencoders on both

time-domain and frequency domain features, while Chang et al. (2019) approach the problem from

a two-sample testing perspective and use synthetic data generating models with RNNs to detect

change-points. Ryzhikov et al. (2023) combine model-based and deep learning approaches using

latent stochastic differential equations. Huang et al. (2023) use a hybrid supervised and unsupervised

approach by generating synthetic signals. Lastly, Jones and Harchaoui (2020) provide an end-to-end

deep learning method that jointly learns feature representations and change-points. Their method,

XSCPE, detects changes in the mean feature representation and allows for any number of known

change-point locations. However, a major drawback is that XSCPE requires training, validation,

and test sequences.

Contrary to unsupervised methods, supervised deep learning approaches require labeled training

data. Li et al. (2024) require training data with known change-points in order to learn neural

network-based change-point classifiers. Similarly, Ebrahimzadeh et al. (2019) require a set of

training data to learn model parameters in their proposed pyramid recurrent neural network. A
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semi-supervised approach is taken in Khan et al. (2019), where a prespecified number of samples at

the start of the data are assumed to be from the reference distribution. Kanrar et al. (2024) use a

similar sample splitting approach but make the additional assumption that samples at the end of

the series belong to a separate regime. Hushchyn and Ustyuzhanin (2021) directly estimate density

ratios with deep learning methods, but again rely on reference and test set splitting which implicitly

assumes there is no change-point within the reference or test set. Kloska et al. (2023) makes use of

expert knowledge through a human-in-the-loop framework. In practice, labeled change-point data

may not be available or it may be difficult to the pick the number of samples at the beginning or end

of the data that are known to be apart of the same regime.

We present a fully unsupervised deep learning framework for change-point detection based on the

novel concept of Dynamic Deep Learning (DDL). Key to this new framework is the representation

of change-points as differentiable parameters, which allows for joint optimization of predictive

models and change-points. This allows DDL to estimate both the location of unknown changes

in the prediction function as well as the prediction functions within each regime. Our method is

flexible and can be tailored to a variety of architectures and loss functions. While our primary focus

in this chapter is on time series data, DDL is applicable to both dependent and independent data.

Moreover, DDL integrates easily into existing deep learning libraries such as PyTorch, allowing

computationally efficient training even for very large models and datasets.

The rest of the chapter is organized as follows. In Section 4.2, we formulate the change-point

detection problem and introduce our new dynamic deep learning framework. Simulations comparing

DDL change-point detection to existing deep learning and benchmark methods are carried out in

Section 4.3. DDL is applied to COVID-19 outcomes in New York City in Section 4.4. Finally,

extensions of DDL and concluding remarks are discussed in Sections 4.5 and 5.1.2, respectively.

4.2 Change-point Detection

Suppose we observe time-series data (yt, xt)
1
t=1/T and our goal is to predict yt based on covariates

xt ∈ Rp. Note that we use the time indexing {1/T, . . . , 1} instead of {1, . . . , T}. In the absence

of change-points, we would make predictions ŷt = fθ̂(xt) where fθ̂(z) could be a simple linear
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predictor or a feed-forward neural network. That is, we would use the same prediction function

fθ̂(xt) for all t where θ̂ is estimated as

θ̂ = argmin
θ

1∑
t=1/T

L (yt, fθ(xt)) ,

for some loss function L. In practice, when fθ(z) is, for example, a feed-forward neural network,

this minimization problem is non-convex and θ̂ is learned by stochastic gradient methods. When

analyzing time series data, this regression function may change over time due to changes in, e.g.,

fiscal policy or system behavior. In this case, we wish to allow the regression function to change. It

is worth noting that compared to nonparametric methods that aim to detect changes in the entire

underlying probability distribution of the data, we focus on detecting changes in the regression

function which is a determined by the joint probability distribution (Arlot et al., 2019; Matteson

and James, 2014). Consider first the case where there is a single change-point that is known to be

located at t = τ1, then we could fit

θ̂0 = argmin
θ0

τ1∑
t=1/T

L(yt, fθ0(xt))

θ̂1 = argmin
θ1

1∑
t=τ1+1/T

L(yt, fθ1(xt)) ,

and our predictions for yt would be

ŷt = fθ̂0(xt)I (t ≤ τ1) + fθ̂1(xt)I (t > τ1) ,

where I (A) is the indicator function that takes a value of 1 if event A occurs and 0 otherwise. In

practice, the change-point locations are unknown and must be estimated. A brute-force approach

would be to estimate θ̂0, θ̂1 for every possible τ1 = 1/T, . . . , 1 and choose the one that minimizes

an error or loss. However, when fθ(z) is a feed-forward neural network, this requires re-training

two networks for each candidate change-point (i.e., before and after the candidate change-point)

and is computationally prohibitive. Instead, we will formulate the problem so that the change-points

are parameters of the model and can be directly optimized through stochastic gradient methods.
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Consider a fixed number of change-points D as {τj}Dj=1. We further define τ0 = −∞ and

τD+1 = ∞. The choice of ±∞ instead of 0, 1 will become clear later. For D change-points,

there are D + 1 regimes, from (τ0, τ1], . . . (τD, τD+1]. For now, we assume that the number of

change-points D is known. Extensions to the unknown case are discussed in Section 5.1.2. We then

wish to solve

θ̂0, . . . , θ̂D, τ̂1, . . . , τ̂D = argmin
θ0,...,θD,τ1,...τD

1∑
t=1/T

L

(
yt,

D∑
j=0

fθj(xt)I (τj < t ≤ τj+1)

)
. (4.1)

4.2.1 Dynamic Deep Learning

We cannot use stochastic optimization techniques to approximately solve Eq. (4.1) as the indicator

functions are not differentiable with respect to τj . Instead, we replace the indicator functions with

a differentiable approximation. This is the key idea behind DDL. By introducing a differentiable

approximation to the indicator function, we can directly optimize both the change-point parameters

and the model parameters. To this end, we approximate the indicator functions by a difference in

sigmoids:

wt(τj, τj+1) :=
1

1 + exp(−k(t− τj))
− 1

1 + exp(−k(t− τj+1))
≈ I (τj < t ≤ τj+1) ,

where k is a scaling parameter that controls how quickly the sigmoid approximation rises from 0 to

1. Larger values of k result in sharper approximations, though very large values of k can result in

exploding gradients. While this can be addressed with gradient clipping, we find that, in practice,

k = 50 offers good performance and does not require clipping. An example of this approximation

is shown in Figure 4.1.

With this differentiable approximation to the indicator function, our optimization problem is

now

θ̂0, . . . , θ̂D, τ̂1, . . . , τ̂D = argmin
θ0,...,θD,τ1,...τD

1∑
t=1/T

L

(
yt,

D∑
j=0

fθj(xt)wt(τj, τj+1)

)
, (4.2)

which can be approximately solved using existing stochastic gradient methods, in e.g. PyTorch.

Moreover, given the formulation of the indicator approximation, we use τ0 = −∞, τD+1 = ∞ so
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Figure 4.1: Example of indicator function and it’s corresponding sigmoid approximation,
1

1+exp(−k(t−0.3))
− 1

1+exp(−k(t−0.5))
for k = 100 and k = 50.

that the value of w0(τ0, τ1) = 1 and w1(τD, τD+1) = 1. An example of how DDL uses weights and

predictions is given in Figure 4.2.

So far we have considered the analysis of time series data where model parameters are allowed

to change over time. However, the proposed DDL framework is general and can be applied to allow

model parameters to change over any variable. As a motivating example, consider the case where

we are trying to predict disease risk and it is known that disease risk differs between children and

adults, but the exact age at which risk changes is unknown. In this example we assume observations

do not have time ordering and thus will denote our data as (yi, xi)ni=1. For simplicity, we assume we

consider detecting change-points in the first covariate, xi,1. We also assume, for convenience, that

xi,1 ∈ (0, 1] which can be achieved by scaling, (xi,1 −mini(xi,1))/(maxi(xi,1) −min(ixi,1)). To

distinguish from the time series case, we denote the change-points as {δi}Di=1 and again assume that

δ0 = −∞, δ1 = ∞. The DDL optimization problem in this case becomes

θ̂0, . . . , θ̂D, δ̂1, . . . , δ̂D = argmin
θ0,...,θD,δ1,...δD

n∑
i=1

L

(
yi,

D∑
j=0

fθj(xi)wxi,1(δj, δj+1)

)
,
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Input:

Predictions

/ Weights:

Weighted

Predictions:

Output:

xt = 0.7 t = 0.18

fθ0(xt) fθ1(xt) fθ2(xt)

0.1 -0.2 0.6

wt(−∞, 0.2)

0.73

wt(0.2, 0.6)

0.27

wt(0.6,∞)

0×

=
0.073 -0.054 0

0.019

Figure 4.2: DDL workflow. Inputs. The inputs to DDL change-point detection are a covariate

vector xt and its corresponding time t. Predictions/Weights. Predictions from each regime,fθj , are

generated based on the covariates xt. Simultaneously, weights for each regime are computed based

on t and the current change-point locations. In this case there are two change-points: τ1 = 0.2,

τ2 = 0.6. Weighted Predictions. Predictions for each regime and their corresponding weights are

multiplied element-wise. Output. All weighted predictions are summed to compute the output.

where

wxi,1(δj, δj+1) :=
1

1 + exp(−k(xi,1 − δj))
− 1

1 + exp(−k(xi,1 − δj+1))
.

This is essentially the same as the time series case except the change-points now partition xi,1 instead

of time t. Again, this optimization problem can be easily approximated by stochastic gradient

methods.

In the next section, we dive into further detail on the mechanism for which change-points and

model parameters are learned.

4.2.2 How Change-points and Parameters are Learned

Suppose we are in the time series regression setting, where yt is a univariate real output and

we wish to train our model using squared error loss. Then, the loss over the entire dataset can
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be written as L (y, ŷ) =
∑1

t=1/T (yt − ŷt)
2, where ŷ = {ŷt}1t=1/T , y = {yt}1t=1/T , and ŷt =∑D

j=0 fθ̂j(xt)wt(τj, τj+1). Consider the case with one change-point and thus two regimes. The

gradients with respect to τ1, θ0, θ1 are given by

∂L (y, ŷ)

∂τ1
= −

1∑
t=1/T

2(yt − ŷt)
∂ŷt
∂τ1

= −
1∑

t=1/T

2(yt − ŷt)

(
fθ0(xt)

∂wt(τ0, τ1)

∂τ1
+ fθ1(xt)

∂wt(τ1, τ2)

∂τ1

)
,

(4.3)

∂L (y, ŷ)

∂θ0
= −

1∑
t=1/T

2(yt − ŷt)
∂ŷt
∂θ0

= −
1∑

t=1/T

2(yt − ŷt)

(
∂fθ0(xt)

∂θ0
wt(τ0, τ1)

)
, (4.4)

∂L (y, ŷ)

∂θ1
= −

1∑
t=1/T

2(yt − ŷt)
∂ŷt
∂θ1

= −
1∑

t=1/T

2(yt − ŷt)

(
∂f1(xt)

∂θ1
wt(τ1, τ2)

)
. (4.5)

While these calculations are standard due to the very general form of ŷt, they provide useful insight

into which observations impact the gradient of which parameters. Specifically, from Eq. (4.3), we

see that any observations where ∂wt(τ0, τ1)/∂τ1 = 0 or ∂wt(τ1, τ2)/∂τ1 = 0 would not contribute to

the gradient of τ1 and thus would not determine how the change-point is updated. Only observations

where ∂wt(τ0, τ1)/∂τ1 or ∂wt(τ1, τ2)/∂τ1 ̸= 0 move the change-point around. As we can see from

Figure 4.3b, these observations are in a small window around the change-point, approximately

observations where t ∈ (0.3, 0.5) when the change-point is 0.4. This window gets wider with

smaller k.

To see which observations impact the gradients of θ0, θ1, we can study Eqs. (4.4) and (4.5). These

equations show that only the observations where wt(τ0, τ1) ̸= 0 or wt(τ1, τ2) ̸= 0 contribute to the

gradients of θ0, θ1, respectively. From Figure 4.3, we see that these correspond to the observations

in Regime 0 and Regime 1, respectively. Put succinctly, only the observations in Regime 0 are used

to update fθ0 , while only the observations in Regime 1 are used to update fθ1 . However, in settings

where fθ0 , fθ1 share parameters, these decompositions won’t be as clean. See additional discussions

in Section 5.1.2.
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(a) Example weights. (b) Derivative of weights w.r.t τ1.

Figure 4.3: (a) Example of weights for each regime. Change-points are indicated by dashed lines.

The weights for each regime decay rapidly outside regime boundary. For example, the boundary of

Regime 0 is t = (0, 0.4]. When t = 0.6 the weight for Regime 0 is effectively 0. (b) Derivative of

weight function in (a) w.r.t. τ1.
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4.3 Simulations

In this section, we study the performance of our dynamic deep learning change-point detection

method in simulations and compare its performance to existing deep learning and baseline methods.

It is worth noting that when detecting change-points with each method we will assume the true

number of change-points is known when the method allows.

4.3.1 Simulation settings

We consider three simulation settings with a combination of linear and non-linear vector autoregres-

sive processes. More information on these processes and visualizations for one realization of the

data can be found in Appendix C.1. The simulation settings considered correspond to challenging

settings where change-point locations may be difficult to visually identify.

We use VARp(l) to denote a linear VAR process with p variables and order l, i.e. the VAR

model depends on l prior lags. In the first setting, we simulate data from a VAR3(2) process

with 3 change-points. The entries from the transition matrices are generated from a Unif(−2, 2)

distribution. The matrices are then rescaled so that the maximum modulus of the eigenvalues of the

VAR(1) representation is less than 0.7, which ensures stability of the process. For more information

on stability of VAR processes and how any VAR process with l lags can be written as a VAR

process of lag 1, see Lütkepohl (2005, pp.15-16 and Eq. (2.1.8)). In the second and third settings,

similar to the NLAR1 and NLAR1U2 processes from Huang and Yang (2004), data is simulated

as a non-linear combination of prior lags. The maximum lag used in each setting is 4 while the

dimension of the processes are 3 and 2, respectively. Using the same notation as for VAR models,

we will use the shorthands NLAR3(4) and NLARU2(4) to denote these processes and their exact

mathematical formulations can be found in Appendices C.1.1 and C.1.3, respectively. There are

2 change-points in the NLAR3(4) and 1 change-point in the NLARU2(4) setting. For all settings,

we simulate errors from a mean zero Gaussian distribution with identity covariance. Data in each

regime is centered and scaled separately which ensures that methods cannot detect change-points as

a result of mean or covariance shifts. We perform 100 simulations with T = 2000 and a burn-in



65

of B = 2000. Thus a total of 4000 samples are generated, but the first 2000 are discarded. The

locations of the change-points as well as the transition matrices and parameters of the non-linear

models are generated once and used across all repetitions.

4.3.2 Competing methods

The first method considered is KL-CPD of Chang et al. (2019). This method compares samples

before and after t to detect whether or not time point t is a change-point. Specifically, it combines

synthetic data generation with RNNs to learn kernels that maximize the power of a maximum

mean discrepancy test. The output of KL-CPD is a vector of the length of the time series, where

each entry represents the score of time point t as a change-point, with higher scores indicating a

higher likelihood of being a change-point. Since an official package is not available, we use the

implementation from https://github.com/HolyBayes/klcpd.

We next consider the TIRE method from De Ryck et al. (2021), which estimates and detects

changes in time-invariant features. Intuitively, a change-point occurs when such time-invariant

features change. Autoencoders and time-invariant features are separately learned for both the

time and frequency domains. To encourage sparse changes in time-invariant features, the authors

penalize the difference across many time-points. Finally, the time-invariant features from the time

and frequency domains are combined to detect the change-points. Similar to KL-CPD, the output of

TIRE is a change-point score vector that is the length of the time series and similarly we use the

implementation from https://github.com/HolyBayes/TIRE pytorch.

The last machine learning method we consider is changeforest from Londschien et al.

(2023). The authors use a classifier log-likelihood ratio to detect change-points. They use random

forests as their classifiers and combine them with a two-step search procedure and binary segmenta-

tion to maximize approximate gain in the classifier log-likelihood ratio (Breiman, 2001; Vostrikova,

1981). The method is implemented in the Python package changeforest. While this method

was designed for i.i.d. data, we adapt it to the time series case by concatenating data from l prior

lags for each observation as mentioned in Section 5 of Londschien et al. (2023).

In addition to the machine learning methods mentioned, we also include KCP and ECP which

https://github.com/HolyBayes/klcpd
https://github.com/HolyBayes/TIRE_pytorch
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are two well-known non-parameteric change-point detection methods (Arlot et al., 2019; Matteson

and James, 2014). KCP is a kernel change-point detection method that is implemented in Python in

the ruptures package (Truong et al., 2020). We use the Gaussian kernel with default parameters.

ECP uses an empirical divergence measure between two distributions. An implementation of ECP

is available in the R package ecp, which we use in Python through the rpy2 package (James and

Matteson, 2015).

We also considered the latent SDE method of Ryzhikov et al. (2023). However, since the

paper computes evaluation metrics after each epoch and saves the best results, this method was

not comparable in our settings; To adapt the method to our setting, we computed the change-point

scores after 100 epochs, but we found that the change-point scores were always zero. As such, latent

SDE was excluded from the analysis.

Since changeforest, KCP, and ECP were developed for i.i.d. data, we briefly discuss how

to adapt these methods to the time series setting. To do so, we follow the suggestion in Section 5 of

Londschien et al. (2023) and augment the data at time t with l prior lags. That is, to detect change-

points at time t, we use the observation
[
xt xt−1/T . . . xt−l/T

]
∈ R(p+1)l. In this way, we

transform the RT×p data matrix into a RT−l×(p+1)l matrix, which is then used by changeforest,

KCP, and ECP to detect change-points. In practice, the number of prior lags l is unknown and

needs to be selected. One method is to select a l that is hypothesized to be larger than the true

lag order to capture all the relevant historical data. With this in mind, we choose l to be greater

than or equal to the true number of lags. For the VAR3(2) and NLAR3(4) settings, we use the true

lag order of the processes l = 2 and l = 4, respectively. For NLARU2(4), we assume the true

lags are unknown and set the number of prior lags to be l = 5, larger than the true lag order 4.

Experiments with misspecified lags l that are smaller than the true number of lags are available in

Appendix C.1.4. Most methods, including DDL, perform worse under misspecification but are not

materially worse. While KL-CPD and TIRE do not explicitly require concatenation of prior lags, an

equivalent parameter for KL-CPD and TIRE are the window sizes, both of which are larger than the

true lag sizes.

Whenever available, we use the default package parameters. We train TIRE and KL-CPD
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using 200 and 100 epochs, respectively. Fewer epochs are used for KL-CPD as it is much more

computationally intensive than TIRE. For changeforest we use random forests as our classifier

and the binary segmentation search procedure. We use KCP with a Gaussian kernel and a minimum

segment length of 10 observation while all default parameters are used for ECP.

Next, we discuss how change-points are selected for each method. When possible, we assume

the true number of change-points, D∗, is known. For example, in the VAR3(2) setting, we assume

we know there are 3 change-points so D∗ = 3. Recall that TIRE and KL-CPD are score-based

methods, which return a change-point score for each data-point. For both of these methods, we select

the D∗ change-points with the highest score while ensuring that the minimum distance between any

two change-points is 0.05 (for change-points in the (0, 1] interval). The ruptures implementation

of KCP allows to fit a known number of change-points so we use D∗ for this parameter. Both

changeforest and ECP assume the number of change-points is unknown and neither have easy

methods to fix the number of known change-points or select those with the highest score. As a

result, we simply use the change-points returned from each method. KL-CPD and TIRE are both

trained on NVIDIA L40S GPU with 48 GB. Other methods cannot leverage GPU acceleration and

are trained using 64 GB of RAM of the same NVIDIA machine.

4.3.3 DDL setup

So far, we have presented a general formulation of the DDL change-point detection problem

to highlight its versatility. In this section, we discuss our implementation for the simulation

settings in Section 4.3.1. We use the same set-up for each setting. In each regime we model

fθj as a feed-forward neural network. For a time t, the goal is to predict xt based on prior lags.

Thus, the output at time t is yt := xt while the inputs to the feed-forward neural network are

zt :=
[
xt−1/T . . . xt−l/T

]
∈ R(p+1)l. The input to the weighting function is the corresponding

observation time, t ∈ (0, 1]. The observation time is only used to compute the weights for each

regime as in Figure 4.2. It is not used by the neural networks. Since our output is yt ∈ Rp, we

configure the network to output a Rp vector and use MSE as our loss.

The network in each regime is configured using two hidden layers each with 8 nodes, ReLU
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activation, and a dropout rate of 0.1. All methods are trained for 200 epochs with a batch size of

32. We use the Adam optimizer with a learning rate of 0.0003 for the change-points and 0.001

for the parameters of the neural network. We find that using a learning rate for the change-points

that is roughly three to ten times smaller than the learning rate for the network parameters gives

good results. Due to the relatively small number of parameters, we train all DDL models on a

CPU with 64GB of RAM. For these small models and dataset sizes, training one epoch of the DDL

model takes roughly a second on a personal MacBook pro with a 2.3 GHz Quad-Core Intel Core i7

processor and 16 GB of RAM.

4.3.4 Metrics

We use three metrics to evaluate performance of each method. The first is the adjusted Rand index

(ARI) (Hubert and Arabie, 1985). The Rand index is computed as the number of agreements

between two clusterings divided by the total number of possible pairs of observations, which is
(
T
2

)
.

The number of agreements is computed as the number of pairs of observations that are assigned

to the same or different clusters for each clustering. The adjusted Rand index centers the Rand

index by its expected value and then rescales by its maximum. The maximum value of ARI is 1 and

indicates perfect clustering agreements.

The second metric we study is the F1 score, which is the harmonic mean of precision, P, and

recall, R. We first define precision and recall. Denote the true change-point locations as D∗ and the

estimated change-point locations as D̂. We follow Van den Burg and Williams (2020) and define

the true positives TP of D̂ to be those τ ∗ ∈ D∗ for which ∃ τ̂ ∈ D̂ such that |τ ∗ − τ̂ | < M . We

also ensure that only one τ̂ can be used for each τ ∗. This avoids a setting where τ̂1 = 0.1, τ̂2 = 0.12

are both true positives for τ ∗ = 0.11. We detect change-points in the (0, 1] representation of time so

we set M = 0.05. With this, precision and recall are given by

P =
TP

|D̂|
,

R =
TP

|D∗|
,
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where |D∗| represents the cardinality of D∗. F1 score is then defined as

F1 = 2
P× R

P + R
. (4.6)

The F1 score takes values between 0 and 1 with 1 indicating perfect precision and recall.

The last metric we consider is the symmetric Hausdorff distance which is computed as the

maximum of the directed Hausdorff distances

dH(D̂,D
∗) = max

(
max
τ̂∈D̂

min
τ∗∈D∗

|τ̂ − τ ∗|, max
τ∗∈D∗

min
τ̂∈D̂

|τ ∗ − τ̂ |
)
. (4.7)

Since we map the time to the (0, 1] interval, the maximum Hausdorff distance is 1 while the

minimum is 0.

4.3.5 Results

The simulation results for the three settings and all metrics are presented in Figures 4.4 to 4.6. For

each setting, 100 replicates were performed and the mean and standard error were computed for each

metric. Despite being visually easier to detect change-points (see Figure C.1), the NLAR3(4) is the

hardest setting with all methods performing worse relative to VAR3(2) and NLARU2(4). Overall,

we see that DDL is the best performing method across all metrics and simulation settings. In both

the VAR3(2) and NLARU2(4) settings, DDL achieves nearly perfect ARI and F1 score, while

DDL achieves ARI and F1 ⪆ 0.8 in NLAR3(4). The mean Hausdorff distance for change-points

estimated by DDL are ≈ 0.08 in the NLAR3(4) setting, indicating reasonable change-point recovery

and are nearly 0 in the other settings indicating near perfect change-point recovery. The performance

gap between DDL and other methods is most notable in the NLAR3(4), the hardest setting for all

methods.

Despite being deep learning-based, KL-CPD and TIRE do not perform well across any metrics

or any settings. Similarly, ECP appears to perform poorly in all settings. While performing nearly

perfectly in the NLARU2(4) setting, KCP performs comparably or slightly better than existing deep

learning methods in the other settings with an ARI < 0.6 and the F1 score < 0.4 for both VAR3(2)

and NLAR3(4). Although changeforest performs poorly in the NLAR3(4) setting, it achieves
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Figure 4.4: Simulation results for NLAR3(4) true number of lags, l = 4. Vertical lines indicate 95%

confidence intervals. Methods for which it is not possible to specify the number of change-points are

colored in orange while methods where the number of change-points can be specified are colored in

blue. DDL is represented by green dots.

Figure 4.5: Simulation results for VAR3(2) true number of lags, l = 2. Vertical lines indicate 95%

confidence intervals. Methods for which it is not possible to specify the number of change-points are

colored in orange while methods where the number of change-points can be specified are colored in

blue. DDL is represented by green dots.
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Figure 4.6: Simulation results for NLARU2(4) with l = 5 lags. True number of lags are l = 4.

Vertical lines indicate 95% confidence intervals. Methods for which it is not possible to specify the

number of change-points are colored in orange while methods where the number of change-points

can be specified are colored in blue. DDL is represented by green dots.

the second best ARI, F1 scores, and Hausdorff distance in the VAR3(2) setting and a close third

behind KCP for the NLARU2(4) model.

4.4 COVID-19 in New York City

We apply DDL, KCP, and changeforest to detect changes in COVID-19 outcomes in New

York City. Daily data on deaths, cases, and hospitalizations in New York City due to COVID-19

are available starting Februrary 29, 2020 at City of New York’s website. We specifically analyze

data from February 29, 2020 to July 8, 2024 (T = 1, 592). All data are first differenced to make

them stationary and each variable is centered and scaled. This time period encompasses several

major events such as the introduction of COVID vaccines on December 14, 2020, as well as two

major variants: Delta and Omicron. Delta was recorded as the dominant COVID strain on July 23,

2021, while the Omicron variant become a major threat around December 19, 2021 (Millman, 2021;

Garcia, 2021). Due to the stochastic nature of DDL we run it for 100 random seeds and plot the

frequency of detected change-points in Figure 4.7. Note that the frequency is computed for each

https://data.cityofnewyork.us/Health/COVID-19-Daily-Counts-of-Cases-Hospitalizations-an/rc75-m7u3/about_data
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Figure 4.7: Comparison of change-point detection methods on COVID-19 outcomes in NYC.

Normalized first differences of cases, hospitalizations, and deaths are plotted for all methods. Black

dashed lines indicate notable events. Red dashed lines indicate estimated change-points for KCP or

changeforest. For the DDL plot, histograms of estimated change-point locations are shown for

each of the 4 change-points.

change-point separately. We use the same network setup as in Section 4.3.3 with 4 change-points

and 300 epochs. For each day, we use data from the prior 7 days to predict outcomes which translates

to l = 7 lags. KCP and changeforest are not stochastic methods so are only run once. We use

the same setups for both methods as discussed in Section 4.3.2 and, similar to DDL, we specify a

known number of 4 change-points for KCP.

While changeforest recovers the notable events, it also detects many other change-points.
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Of course, since changeforest does not allow a fixed number of change-points, this could be

a potential reason for the poor performance. KCP appears to recover the availability of vaccines

well, but does not detect change-points around the Delta or Omicron variants. DDL appears to

recover the start and end of the Omicron wave as shown by the histograms for change-points 2 and 3.

However, similar to KCP, it does not detect any change-points near the Delta variant. One possible

explanation is that the vaccines were effective for the Delta variant, but not Omicron. Indeed, Braeye

et al. (2023) found that the BNT162b2 vaccine, known as the Pfizer-BioNTech vaccine, had a 87%

effectiveness against transmisson for Delta, but only 31% for Omicron. The location of the first

change-point estimated by DDL appears to be bimodal with a peak near the start of the COVID-19

pandemic and another peak near the first vaccinations. The final change-point appears roughly

uniformly distributed between June 2022 and Feb 2023 likely signaling a steady-state for outcomes.

Overall, when compared to competing methods, it appears that DDL recovers notable events in the

COVID-19 pandemic reasonably well.

4.5 Discussion

This chapter introduces DDL, a novel and flexible deep learning framework for change-point

detection. We introduce the core concepts behind DDL and evaluate its performance compared

to existing competing deep learning methods, KL-CPD, changeforest, and TIRE, and other

nonparametric benchmarks, KCP and ECP, across a variety of simulation settings. DDL outperforms

all competing methods across these simulations with larger performance gaps in the most challenging

settings. DDL was also compared to KCP and changeforest, the two top competing methods,

in detection of change-points in COVID-19 outcomes in New York City. Overall, DDL recovered

the locations of notable events, such as vaccine introduction and Delta and Omicron variants, better

than competing methods.

While DDL allows for flexible deep learning architectures, its main limitation is the assumption

of a fixed and known number of change-points. Extending this framework to allow for an unknown

number of change-points is of primary interest in future work. In addition, the development of

statistical theory for the DDL framework and extensions to the online setting are important avenues
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for future work.
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Chapter 5

DISCUSSION

In this thesis, we proposed novel methods for time series network analysis covering an array

of topics. In Chapter 2, we introduced the flat loss phenomenon in VAR models which states that

the population squared error loss is flat once the fitted order reaches or exceeds the true order.

By replacing population estimates with sample estimates and adding a penalty on the fitted order,

we developed a new criteria to select the order in VAR models, MIC. We showed under mild

assumptions that MIC recovers the true VAR model order. In Chapter 3, we moved into frequency-

domain network analyses and devised SDD, a procedure to directly estimate and generate confidence

intervals for the difference in two inverse spectral densities. SDD is the first method of its kind

in the frequency domain and is valid under varying degrees of data dependence. As a result, we

expect SDD to be suitable across a wide range of data applications. Lastly, we approach time series

network analysis from a deep learning perspective and propose dynamic deep learning (DDL) in

Chapter 4. DDL is a novel deep learning framework that allows for changing predictive models. By

casting the problem as a change-point detection problem and formulating change-points as learnable

parameters of a deep learning model, DDL allows for the joint optimization of predictive models

and change-points. While DDL can be used to study dynamic time series networks, its applicability

extends to other forms of dependent data as well as independent data.

5.1 Directions for future work

5.1.1 Future directions for MIC

An interesting direction for future work is to extend the proposed method to high-dimensional

settings. In high dimensions, we can substitute the least squares estimate by e.g. ridge or LASSO

estimators. Alternatively, estimates of the autocovariances in high dimensions may be used and
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plugged directly into the loss. It would then be interesting to compare the resulting estimator to

recently proposed regularization-based approaches (Shojaie and Michailidis, 2010; Shojaie et al.,

2012; Nicholson et al., 2017).

5.1.2 Future directions for DDL

While the DDL framework is quite general with regards to architecture, there are some important

areas for future work. The primary direction of future work is to address the assumption of a fixed

number of change-points. In practice, the number of change-points is unknown and needs to be

estimated. Consider the case where the prediction function in regime j is parameterized by θj . For

example, θj may be the weights and biases of a feed-forward neural network. One way to extend

the DDL framework to allow for an unknown number of change-points would be to parameterize

the prediction function in each regime as the prediction function in the first regime plus a set of

differences, ∆j . That is we would define θj = θ0+∆j . Then, we can jointly learn θ0,∆1, . . . ,∆D−1

with a fused lasso penalty to encourage sparsity in ∆j as in Safikhani and Shojaie (2022); Harchaoui

and Lévy-Leduc (2010).

Another interesting avenue of future direction would be to extend DDL to the online setting.

One idea would be to first learn prediction functions and change-point locations with a fixed dataset.

Then, when it is ready to deploy in an online setting, the model parameters are frozen and another

change-point is added at the end of the dataset. This change-point and the most recent prediction

function would then be continuously trained and updated. If there were no change-point, one would

expect the final change-point to stay near the end of the dataset. However, if a change occurs, we

would expect the change-point to gradually shift away from the end of the dataset. A fusion-type

penalty here would be important so that the most recent prediction function does not overfit the

streaming data.

The last direction for future research is to develop statistical theory for this framework. Recently,

Schmidt-Hieber (2020) showed that deep feed-forward ReLU networks excel at approximating

regression functions that are compositions of smooth functions. Unfortunately, since the indicator

function is not smooth, this theory cannot be directly applied. Even though we use a smooth



77

approximation to this function with the difference in sigmoid functions, this may not solve the

problem entirely. Instead, by directly encoding this approximation of a non-smooth function into our

model, we may be aiding the training of the neural network so that it only needs to learn the change-

points and not the entire function. Using this idea, we believe the framework of Schmidt-Hieber

(2020) could be extended to show that DDL achieves good approximations when the regression

function is piecewise smooth.

In Section 4.2.2, we mentioned how it is possible for prediction functions to share parameters.

We briefly discuss this further. One use case for this parameterization is when change-points occur

in how an embedding space is used to predict the output. In this case, it is possible to use the same

encoder, and thus the same learned embedding space, for each regime while allowing for separate

decoders. A similar idea is used in Jones and Harchaoui (2020) except the authors detect changes in

the embedding space itself rather than how that space is used by a decoder. Of course, this would

result in gradients that are different from those is Section 4.2.2. Another interesting extension would

be to use DDL in combination with variational autoencoders (VAEs) to learn any changes in the

underlying probability distributions, similar to non-parametric methods like KCP (Arlot et al., 2019)

and ECP (Matteson and James, 2014).
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Appendix A

APPENDICES FOR CHAPTER 2

A.1 Assumptions

In this section we list all assumptions used in our analyses and provide a brief discussion of each.

We view all these assumptions as relatively mild.

Assumption 2. Zt ∈ Rk×1 is a stable mean zero process. That is det(Ik−A1z−· · ·−Ap0z
p0) ̸= 0

for |z| ≤ 1.

This stability condition is standard and is identical to that used in Lütkepohl (2005, Eq. (2.1.12)).

Note that stability implies stationarity (Lütkepohl, 2005, Proposition 2.1) and this assumption is

required to replace second order expectations with autocovariances. That is, this is required to have

E
(
ZtZ

T
t−h
)
= Γh. This is also required to use the Yule-Walker equations.

Assumption 3.

E
(
XpmaxX

T
pmax

)
=


Γ0 Γ1 . . . Γpmax−1

ΓT1 Γ0 . . . Γpmax−2

...
...

ΓTpmax−1 ΓTpmax−2 . . . Γ0

 ,

is invertible.

Note that due to the quadratic form of E
(
XpmaxX

T
pmax

)
, this matrix is symmetric and positive

semidefinite. By assuming invertibility, we ensure this matrix is also positive definite. We also only

need to make this assumption for pmax and we will have positive definiteness for all E
(
XpmaxX

T
pmax

)
for i = 1, . . . pmax since a matrix is positive definite if and only if all its principle minors are

positive (see Lütkepohl (2005) Appendix A.8.3). The kith principle minor of E
(
XpmaxX

T
pmax

)
is

det
(
E
(
XiX

T
i

))
. Again, E

(
XiX

T
i

)
is symmetric and positive semi-definite so ensuring a positive
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determinant ensures strictly positive eigenvalues and thus positive definiteness. In all simulation

settings this assumption has been met.

Assumption 4. We assume that for a VAR(p0) process when p < p0,

[
Γ1 . . . Γp−1

]
Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0


−1 

ΓT1
...

ΓTp

− Γp ̸= 0.

This assumption essentially states that we need at least p0 lags to generate the pth autocovariance

Γp. We view this assumption as very mild. For example it is implicitly made in Lütkepohl (2005,

Eq. (2.1.37)) where for a VAR(p0) process, the autocovariance matrix is determined by the prior p0

lags.

A.2 Simplifying multivariate loss

In this section we show that the profiled loss can be written as

E
[(
Yt − A∗

pXp

)T (
Yt − A∗

pXp

)]
= Tr (Γ0)−Tr

[Γ1 . . . Γp

]
Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0


−1 

ΓT1
...

ΓTp


 .

To write the profiled loss in this way we will need to replace expectations with atuocovariances as

in E
(
ZtZ

T
t−h
)
= Γh. Thus Assumption 2 (stability) is required.

A.2.1 Simplifying equalities

To begin we first compute some expectations that will be needed to simplify the loss. We make

note of several identities we will use. First, vec(A)Tvec(B) = Tr(ATB) and vec(ABC) =

(CT ⊗ A)vec(B). The jth row and column of Γi are denoted as Γi,j· and Γi,·j respectively.
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We also note that E
(
XT
p ⊗XT

p

)
∈ R1×k2p2 and can be written as

E
(
XT
p ⊗XT

p

)
= E

([
Zt−1,1 . . . Zt−1,k Zt−2,1 . . . Zt−p,k

]
⊗
[
Zt−1,1 . . . Zt−1,k Zt−2,1 . . . Zt−p,k

])

= E



[ Z2
t−1,1 . . . Zt−1,1Zt−1,k Zt−1,1Zt−2,1 . . . Zt−1,1Zt−2,k . . . Zt−1,1Zt−p,k

Zt−1,2Zt−1,1 . . . Zt−1,2Zt−1,k Zt−1,2Zt−2,1 . . . Zt−1,2Zt−2,k . . . Zt−1,2Zt−p,k
...

...
...

...
...

Zt−1,kZt−1,1 . . . Zt−1,kZt−1,k Zt−1,kZt−2,1 . . . Zt−1,kZt−2,k . . . Zt−1,kZt−p,k

Zt−2,1Zt−1,1 . . . Zt−2,1Zt−1,k Zt−2,1Zt−2,1 . . . Zt−2,1Zt−2,k . . . Zt−2,1Zt−p,k
...

...
...

...
... ]


.

We have

E
([
Z2
t−1,1 . . . Zt−1,1Zt−1,k

]T)
= Γ0,·1.

Similarly,

E
([
Zt−1,1Zt−2,1 . . . Zt−1,1Zt−2,k

]T)
= Γ−1,·1 = (ΓT1 )·1 ,

E
([
Zt−1,1Zt−p,1 . . . Zt−1,1Zt−p,k

]T)
=
(
ΓTp−1

)
·1 .

We define

C :=

[Γ0,·1 (ΓT1 )·1 (ΓT2 )·1 . . . (ΓTp−1)·1

Γ0,·2 (ΓT1 )·2 (ΓT2 )·2 . . . (ΓTp−1)·2
...

...

Γ0,·k (ΓT1 )·k (ΓT2 )·k . . . (ΓTp−1)·k

Γ1,·1 Γ0,·1 (ΓT1 )·1 . . . (ΓTp−1)·k
...

...

Γp−1,·k Γp−2,·k Γp−3,·k . . . Γ0,·k] .

Note that each element in C is ∈ Rk×1. For example, both Γ0,·1 and (Γ1)
T
·1 are ∈ Rk×1. This gives

us that C ∈ Rk×kp2 . Therefore we can write
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E
(
XT
p ⊗XT

p

)
= vec(C)T

= vec




Γ0 Γ1 . . . Γp−1

ΓT1 Γ0 . . . Γp−2

...
...

ΓTp−1 ΓTp−2 . . . Γ0





T

.

Using a similar idea we have that

E
(
XT
p ⊗ Y T

t

)
= E

([
Zt−1,1 . . . Zt−1,k Zt−2,1 . . . Zt−p,k

]
⊗
[
Zt,1 . . . Zt,k

])
= vec

([
Γ1 . . . Γp

])T
.

for space considerations, we do not write out the steps in detail. The method proceeds similarly to

the above. Next,

E
(
XpX

T
p

)
= E




Zt−1

Zt−2

...

Zt−p


[
ZT
t−1 ZT

t−2 . . . ZT
t−p

]
 = E




Zt−1Z

T
t−1 Zt−1Z

T
t−2 . . . Zt−1Z

T
t−p

Zt−2Z
T
t−1 Zt−2Z

T
t−2 . . . Zt−2Z

T
t−2

...
...

Zt−pZ
T
t−1 Zt−pZ

T
t−2 . . . Zt−pZ

T
t−p





=


Γ0 Γ1 . . . Γp−1

ΓT1 Γ0 . . . Γp−2

...
...

ΓTp−1 ΓTp−2 . . . Γ0

 .

Lastly,

E
(
YtX

T
p

)
=
[
Γ1 . . . Γp

]
.
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A.2.2 Simplifying the loss

We can now proceed in simplifying the population loss. First, note that

E
[(
Yt − A∗

pXp

)T (
Yt − A∗

pXp

)]
= E

(
Y T
t Yt

)
− 2E

(
Y T
t A

∗
pXp

)
+ E

(
XT
p A

∗T
p A

∗
pXp

)
= Tr (Γ0)− 2E

(
XT
p ⊗ Y T

t

)
vec
(
A∗
p

)
+ E

(
XT
p ⊗XT

p

)
vec
(
A∗T
p A

∗
p

)
= Tr (Γ0)− 2Tr



ΓT1
...

ΓTp

A∗
p

+ Tr




Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0

A∗T
p A

∗
p

 .

Since A∗T
p = E

(
XpX

T
p

)−1,T
E
(
YtX

T
p

)T
=


Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0


−1,T 

ΓT1
...

ΓTp

 and


Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0

 is symmetric and so is its inverse and using Tr(ATB) = Tr(ABT ) we get that

E
[(
Yt − A∗

pXp

)T (
Yt − A∗

pXp

)]
= Tr (Γ0)− Tr



ΓT1
...

ΓTp

A∗
p



= Tr (Γ0)− Tr

[Γ1 . . . Γp

]
Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0


−1 

ΓT1
...

ΓTp


 .

A.3 Proofs

In this section we prove Theorems 1 and 2 and Corollary 1. Specifically, Appendix A.3.1 focuses

on Theorem 1, Appendix A.3.2 proves Corollary 1, and Appendix A.3.3 proves Theorem 2.
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A.3.1 Flat loss

In this section we prove Theorem 1 which establishes that the loss decreases until the true order p0

at which point it remains constant at Tr(Σϵ). The proof proceeds in several steps. We first relate the

loss at fitted order p to the loss at fitted order p− 1. In the second step we consider the cases when

p > p0 and p ≤ p0 separately. Finally we show that the loss at p0 is equal to Tr(Σϵ).

Proof of Theorem 1. Recall,

LVAR(p) := Tr (Γ0)− Tr

[Γ1 . . . Γp

]
Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0


−1 

ΓT1
...

ΓTp


 .

To express LVAR(p) as a function of LVAR(p− 1) we partition the matrices as follows[
Γ1 . . . Γp−1 Γp

]
:=
[
g Γp

]
.

Γ0 . . . Γp−2 Γp−1

ΓT1 . . . Γp−3 Γp−2

...
...

...

ΓTp−2 . . . Γ0
...

ΓTp−1 . . . ΓT1 Γ0


:=

B CT

C D

 .

Now note from the 2 x 2 block matrix inversion formula from Lu and Shiou (2002),
Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0


−1

=

B CT

C D

−1

=

B−1 +B−1CTHCB−1 −B−1CTH

−HCB−1 H

 ,

where H = (D − CB−1CT )−1 is the inverse of the Schur-complement. We carry out the multipli-

cation

[
Γ1 . . . Γp

]
Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0


−1 

ΓT1
...

ΓTp

 =
[
g Γp

]B−1 +B−1CTHCB−1 −B−1CTH

−HCB−1 H

gT
ΓTp


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= gB−1gT + gB−1CTHCB−1gT − ΓpHCB
−1gT − gB−1CTHΓTp + ΓpHΓTp .

Thus we get

LVAR(p) = Tr (Γ0)− Tr
(
gB−1gT + gB−1CTHCB−1gT − ΓpHCB

−1gT − gB−1CTHΓTp + ΓpHΓTp
)

= LVAR(p− 1)− Tr
(
gB−1CTHCB−1gT − ΓpHCB

−1gT − gB−1CTHΓTp + ΓpHΓTp
)

= LVAR(p− 1)− Tr
(
gB−1CTHCB−1gT

)
+ Tr

(
ΓpHCB

−1gT
)
+ Tr

(
gB−1CTHΓTp

)
− Tr

(
ΓpHΓTp

)
= LVAR(p− 1)− Tr

((
gB−1CT − Γp

)
H
(
gB−1CT − Γp

)T)
.

Note that this relationship holds in general. To get this result we only rely on Assumption 2 (stability)

and Assumption 3 (invertibility).

Now we use that the true process is VAR(p0) to study the loss when p > p0. If p > p0, from the

Yule-Walker equations,

[
Γ1 . . . Γp−1

]
=
[
A1 . . . Ap0

]


Γ0 Γ1 . . . Γp−2

Γ−1 Γ0 . . . Γp−3

...
...

Γ−(p0−1) Γ−(p0−2) . . . Γ−(p0−(p−1))

 .

We can extend this to

[
Γ1 . . . Γp−1

]
=
[
A1 . . . Ap0 0 . . . 0

]


Γ0 Γ1 . . . Γp−2

Γ−1 Γ0 . . . Γp−3

...
...

Γ2−p Γ3−p . . . Γ0

 .

Using that Γ−i = ΓTi and substituting in the definitions of B and g and under Assumption 3

(invertibility),

gB−1CT =
[
A1 . . . Ap0 0 . . . 0

]
Γp−1

...

Γ1

 = Γp .

Thus we get for any p > p0

LVAR(p) = LVAR(p− 1) .
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Next we study the loss when p ≤ p0. From Assumption 3 (invertibility)
Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0

 ,

is positive definite for all p = 1, . . . , pmax. From Proposition 2.2 of Gallier et al. (2020), the

Schur-Complement is also positive definite and hence so is the inverse, H . From Assumption 4

(irreducibility) when p ≤ p0, in general,

gB−1CT − Γp := ∆ ̸= 0 .

Recall our equation relating LVAR(p) to LVAR(p− 1):

LVAR(p) = LVAR(p− 1)− Tr
((
gB−1CT − Γp

)
H
(
gB−1CT − Γp

)T)
.

Using δTi to denote the ith row of ∆,

Tr
(
∆H∆T

)
=

k∑
i=1

δTi Hδi,

since H is positive definite and δi ̸= 0 for at least one i = 1, . . . , k, Tr
(
∆H∆T

)
> 0 and thus

LVAR(p) < LVAR(p− 1) .

Lastly we show that the loss flattens out at Tr(Σϵ). Since LVAR(p) = LVAR(p− 1) when p > p0

it suffices to show that LVAR(p0) = Tr(Σϵ).

LVAR(p0) = Tr (Γ0)− Tr

[Γ1 . . . Γp0

]
Γ0 . . . Γp0−1

...
...

ΓTp0−1 . . . Γ0


−1 

ΓT1
...

ΓTp0




= Tr(Γ0)− Tr

(
p0∑
i=1

AiΓ−i

)
= Tr (Γ0 − (Γ0 − Σϵ))

= Tr(Σϵ) ,
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where in the second line we use the Yule-Walker equations to get the Ai’s and we use ΓTi = Γ−i and

in the third line we use the form of Γ0 from Lütkepohl (2005, Eq. (2.1.36)).

A.3.2 Penalized loss recovers true order

In this section we prove Corollary 1 which states that, for the correct choice of penalty, the true

VAR order can be recovered by penalizing the population loss.

Proof of Corollary 1. We first show that for p > p0, LVAR(p)+λp > LVAR(p0)+λp0. This follows

immediately by noting that LVAR(p)− LVAR(p0) = 0 from Theorem 1 and λp > λp0 for p > p0 as

λ > 0. Next we show that for p < p0, LVAR(p) + λp > LVAR(p0) + λp0. Since p = p0 − i for some

i it suffices to show that λ < (LVAR(p0 − i)− LVAR(p0)) /i for every i = 1, . . . , p0. By definition

of λ in Corollary 1 this holds.

A.3.3 Consistency of sample loss

Next, we prove Theorem 2 which establishes that L̂VAR(p) converges to the population loss LVAR(p).

This is proved using Lemma 1 and the convergence of Γ̂i to Γi.

Lemma 1. Let Γ0,L represent the lower triangular portion of Γ0 including the diagonals. Γ0 is

symmetric so only the lower triangular portion is needed. LettingC = vec(
[
Γ0,L Γ1 . . . Γp

]
) ∈

R(k(k+1)/2+k2p)×1, we have under Assumption 3 the population squared error loss

f(C) = Tr

Γ0 −
[
Γ1 . . . Γp

]
Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0


−1 

ΓT1
...

ΓTp


 ,

is Lipschitz continuous with respect to C. That is∣∣∣f(Ĉ)− f(C)
∣∣∣ ≤ L

∥∥∥Ĉ − C
∥∥∥
1
,

for some L <∞.
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Proof. For ease of notation we define

G =
[
Γ1 . . . Γp

]
,

T =


Γ0 . . . Γp−1

...
...

ΓTp−1 . . . Γ0

 .

From (36) of Petersen et al. (2008) note that ∂(Tr(X)) = Tr(∂X) so that

∂f(C)

∂Ci
= Tr

(
∂Γ0

∂Ci
− ∂G

∂Ci
T−1GT −G

∂T−1

∂Ci
GT −GT−1∂G

T

∂Ci

)
.

From (59) of Petersen et al. (2008), ∂T
−1

∂Ci
= −T−1 ∂T

∂Ci
T−1. Thus,

∂f(C)

∂Ci
= Tr

(
∂Γ0

∂Ci
− ∂G

∂Ci
T−1GT +GT−1 ∂T

∂Ci
T−1GT −GT−1∂G

T

∂Ci

)
.

Note that each of ∂Γ0

∂Ci
, ∂G
∂Ci

, ∂T
∂Ci

are simply matrices containing 1 in the entries of Γ0, G, T where

Ci is present and 0 otherwise. For example, for i = 1,

∂Γ0

∂C1

=


1 0 . . . 0

0 0 . . . 0
...

...
...

0 0 . . . 0

 ,

∂G

∂C1

= 0 ,

∂T

∂C1

=


∂Γ0

∂C1
0k×k . . . 0k×k

0k×k
∂Γ0

∂C1
. . . 0k×k

... . . . ...

0k×k 0k×k . . . ∂Γ0

∂C1

 .

Since matrix multiplication, inversion, and the trace are all continuous functions, ∂f(C)
∂Ci

is continu-

ously differentiable for all i. By the mean value theorem and Hölder’s inequality∣∣∣f(Ĉ)− f(C)
∣∣∣ ≤ ∥∥∥∇f((1− ν)C + νĈ)

∥∥∥
∞

∥∥∥Ĉ − C
∥∥∥
1
,
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for some ν ∈ (0, 1). Since ∂f(C)
∂Ci

is continuous for each Ci, it is bounded on any closed interval

including between C and Ĉ. Thus
∥∥∥∇f((1− ν)C + νĈ)

∥∥∥
∞

is bounded and∣∣∣f(Ĉ)− f(C)
∣∣∣ ≤ L

∥∥∥Ĉ − C
∥∥∥
1
,

for some L <∞.

We are now ready to prove Theorem 2. From Quinn (1980), it is known that for stationary VAR

processes, n1/2−δ
(
Γ̂h,ij − Γh,ij

)
converges almost surely to 0 ∀δ > 0 where in our notation with

pmax presample values and n sample values, Γ̂h = 1
n+pmax

∑n+pmax−h
t=1 (zt− z)(zt+h− z)T . However,

we do not use Γ̂h to estimate Γh. Instead, we use the least-squares estimate, denoted as Γ̂LS
h . The

difference between the two estimators is that Γ̂h uses all possible observations for every h, which is

n+ pmax − h observations, while Γ̂LS
h only uses n observations for every h. The exact relationship

between the two is defined in Eq. (A.1). Thus, we cannot immediately use the convergence rates

from Quinn (1980). As a result, the proof of Theorem 2 first shows that the difference between our

least-squares estimates, Γ̂LS
h , and Γ̂h as defined in Quinn (1980) is asymptotically negligible. With

this, the rate of convergence of Γ̂LS
h to Γh is the same as the rate of convergence of Γ̂h to Γh. Once

this is established, Theorem 2 is proved by applying Lemma 1.

Proof of Theorem 2. For our least squares estimator of the loss,

L̂VAR(p) = Tr

((
Y−ÂpXp

)(
Y−ÂpXp

)T)
= Tr

(
YYT −YXT

p

(
XpX

T
p

)−1
XpY

T
) .
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where for de-meaned data,

YYT =
1

n

n∑
i=1

(zi− z)(zi− z)T

YXT
p =

n∑
i=1

(zi− z) (xi,p−xi,p)
T =

1

n

[∑n
i=1 (zi− z) (zi−1− z)T . . .

∑n
i=1 (zi− z)

(
zTi−p− z

)]

XpX
T
p =

1

n

n∑
i=1


(zi−1− z)

...

(zi−p− z)

[(zi−1− z)T . . . (zi−p− z)T
]

=
1

n

n∑
i=1


(zi−1− z) (zi−1− z)T (zi−1− z) (zi−2− z)T . . . (zi−1− z) (zi−p− z)T

...
...

(zi−p− z) (zi−1− z)T (zi−p− z) (zi−2− z)T . . . (zi−p− z) (zi−p− z)T

 .

Note the use of negative indices. These refer to presample values of which we have 1, . . . , pmax.

Specifically for the presample notation we can index our n+ pmax := N values as i ∈ {−pmax +

1, . . . , 0, 1, . . . , n} which correspond respectively to the standard indices t ∈ {1, . . . , N}.

Then for j ≥ k we denote Γ̂LS
j−k as our LS estimate of Γj−k and we can write

Γ̂LS
j−k =

1

n

n∑
i=1

(zi−j − z) (zi−k− z)T

=
1

n

n+pmax∑
l=1+pmax

(zl−j − z) (zl−k− z)T

=
1

n

n+pmax−j∑
t=pmax−j+1

(zt− z)
(
zt−(j−k)− z

)T
,

where in the second line we simply change the index from the presample notation to standard indices

by using i = 1 corresponds to observation t = 1 + pmax in the t notation and in the third line we

simply change the index to t = l − j. This allows us to easily compare to Γ̂h defined in Quinn
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(1980). Specifically we write

Γ̂j−k =
1

n+ pmax

n+pmax−(j−k)∑
t=1

(zt− z)
(
zt+(j−k) − z

)T
=

1

n+ pmax

pmax−j∑
t=1

(zt− z)
(
zt+(j−k) − z

)T
+

1

n+ pmax

n+pmax−j∑
t=pmax−j+1

(zt− z)
(
zt+(j−k) − z

)T
+

1

n+ pmax

n+pmax−(j−k)∑
t=n+pmax−j+1

(zt− z)
(
zt+(j−k) − z

)T
. (A.1)

The middle term in the last equality is simply n
n+pmax

Γ̂LS
j−k. The first and last term are finite and do

not grow with n so they are o(1/n). Therefore we can rescale Γ̂j−k by n+pmax

n
to get

Γ̂LS
j−k =

n+ pmax

n
Γ̂j−k − o

(
1

n

)
,

which for h = j−k gives that n1/2−δ
(
Γ̂LSh,ij − Γh,ij

)
converges almost surely to 0 ∀δ > 0. The same

rate holds for Γ̂LS−h,ij as Γ̂LS−h,ij = Γ̂LS,Th,ij . Noting that f(ĈLS) = L̂VAR(p) when ĈLS is composed of

the least-squares estimates of Γh and that f(C) = LVAR(p), we have by Lemma 1,

|L̂VAR(p)− LVAR(p)| ≤ L
∥∥∥ĈLS − C

∥∥∥
1

|L̂VAR(p)− LVAR(p)| ≤ L(k(k + 1)/2 + k2p)op(n
−1/2+δ)

|L̂VAR(p)− LVAR(p)| = op(n
−1/2+δ)

A.4 Additional simulation results
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Figure A.1: Diagonal Gaussian errors. Simulation results comparing accuracy of different MIC

order selection methods. Vertical lines indicate standard errors.
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VAR3(2) switching
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Figure A.2: VAR3(2) switching. Large sample size simulation results. Vertical lines indicate

standard errors.
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Figure A.3: Diagonal Gaussian errors. Simulation results for over and under selection of order

with diagonal Gaussian errors. Vertical lines indicate standard errors.
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VAR5(3)

0 1,000 2,000 3,000 4,000 5,000
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

VAR5(3)

0 1,000 2,000 3,000 4,000 5,000

VAR5(3)

250 500 1,000 2,000 5,000

-2.5

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

VAR10(3)

1,000 2,000 3,000 4,000 5,000
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

VAR10(3)

1,000 2,000 3,000 4,000 5,000

VAR10(3)

500 1,000 2,000 5,000
-2.5

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

n

P
ro

b
.

ov
er

se
le

ct
io

n

P
ro

b
.

u
n
d
er

se
le

ct
io

n

D
iff

.
fr

om
se

le
ct

ed
to

tr
u

e
or

d
er

Method MIC-oracle AIC HQ BIC

Figure A.4: Diagonal Gaussian errors. Simulation results for over and under selection of order

with diagonal Gaussian errors. Vertical lines indicate standard errors.
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Figure A.5: Non-diagonal Gaussian errors. Simulation results for over and under selection of

order with non-diagonal Gaussian errors. Vertical lines indicate standard errors.
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A.5 Daily realized stock variances

Stock Description k = 16 k = 7

AEX Amsterdam Exchange Index ✓

AORD All Ordinaries Index ✓

BFX Belgium Bell 20 Index ✓

BVSP BOVESPA Index ✓

DJI Dow Jones Industrial Average ✓

FCHI Cotation Assist´ee en Continu Index ✓ ✓

FTSE Financial Times Stock Exchange Index 100 ✓ ✓

GDAXI Deutscher Aktienindex ✓ ✓

HSI HANG SENG Index ✓ ✓

IXIC Nasdaq stock index ✓

KS11 Korea Composite Stock Price Index ✓ ✓

MXX IPC Mexico ✓

N225 Tokyo stock exchange index ✓

RUT Russel 2000 ✓

SPX Standard & Poor’s 500 market index ✓ ✓

SSMI Swiss market index ✓

STOXX50E EURO STOXX 50 ✓

Table A.1: Stocks analyzed in financial application
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Appendix B

APPENDICES FOR CHAPTER 3

B.1 Concentration inequality on spectral density estimators

In this section, we prove Theorem 3 which establishes a concentration inequality on a general class

of spectral density estimators.

We prove Theorem 3 by applying Theorem 1 and Proposition 2 of Zhang and Zhang (2025) to

our setting and combining the conclusions. Although Theorem 1 and Proposition 2 as originally

stated apply only to λ over a set of discrete Fourier frequencies, per Remark 1 of Zhang and Zhang

(2025), they are easily extended to apply to any subset of the real line. These are the versions of

their results we use in our proof below.

Proof of Theorem 3. By Zhang and Zhang (2025, Theorem 1),

P
{

max
λ∈[0,2π]

∥∥∥f̂l(λ)− Ef̂l(λ)
∥∥∥
∞

≥ x

}
≲ Blp

2 exp

−Cαl

( √
Tlx√

Bl∥Xl,·∥2ψαl

) 1
1+2αl

 , l = 1, 2.

Set x = ∥Xl,·∥2ψαl
(Bl/Tl)

1/2(C/Cαl
)1+2αl log1+2αl(Blp) where Cαl

is the constant defined in Zhang

and Zhang (2025, Theorem 1) and C is a different constant. Plugging in and simplifying,

P

{
max
λ∈[0,2π]

∥∥∥f̂l(λ)− Ef̂l(λ)
∥∥∥
∞

≥ ∥Xl,·∥2ψαl

(
Bl

Tl

)1/2(
C

Cαl

)1+2αl

log1+2αl(Blp)

}
≲

Blp
2

(Blp)C
, l = 1, 2.

Thus for C ≥ 2 we have that,

max
λ∈[0,2π]

∥∥∥f̂l(λ)− Ef̂l(λ)
∥∥∥
∞

= Op

(
∥Xl,·∥2ψαl

√
Bl

Tl
log1+2αl(Blp)

)
, l = 1, 2. (B.1)

By Zhang and Zhang (2025, Proposition 2), the bias of f̂l(λ) is

max
λ∈[0,2π]

∥∥∥Ef̂l(λ)− fl(λ)
∥∥∥
∞
≲

Φ2
l,2

Bl

, l = 1, 2. (B.2)
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Now, by the triangle inequality,

max
λ∈[0,2π]

∥∥∥f̂l(λ)− fl(λ)
∥∥∥
∞

≤ max
λ∈[0,2π]

∥∥∥f̂l(λ)− Ef̂l(λ)
∥∥∥
∞
+ max

λ∈[0,2π]

∥∥∥Ef̂l(λ)− fl(λ)
∥∥∥
∞
,

and combining this with (B.1) and (B.2),

max
λ∈[0,2π]

∥∥∥f̂l(λ)− fl(λ)
∥∥∥
∞

= Op

(
∥Xl,·∥2ψαl

√
Bl

Tl
log1+2αl(Blp) +

Φ2
l,2

Bl

)
.

Let

RTl,p = ∥Xl,·∥2ψαl

√
Bl

Tl
log1+2αl(Blp) +

Φ2
l,2

Bl

, l = 1, 2. (B.3)

For Bl ≍ {Tl/ log2+4αl(p ∨ Tl)}γl ,

RTl,p ≍ ∥Xl,·∥2ψαl

(
Tl

log2+4αl (p∨Tl)

)γl/2
T

1/2
l

log1+2αl

{(
Tl

log2+4αl(p ∨ Tl)

)γl
p

}
+ Φ2

l,2

(
Tl

log2+4αl(p ∨ Tl)

)−γl

≲ ∥Xl,·∥2ψαl

T
−1/2+γl/2
l

logγl(1+2αl)(p ∨ Tl)
log1+2αl (T γll p) + Φ2

l,2

T−γl
l

log−γl(2+4αl)(p ∨ Tl)
,

where we have dropped the term log2+4αl(p ∨ Tl) in log1+2αl since for p ∨ Tl > 3, this term is

> 1. We do not make this p ∨ Tl assumption explicit as we are considering asymptotics and high

dimensions so it will always be true that p ∨ Tl > 3. This condition is implicit in many other parts

of the proof and theorem.

When γl ≥ 1/3, we have −(1 − γl)/2 ≥ −γl, and the first term dominates. Otherwise, the

second term dominates. Thus,

RTl,p ≲

∥Xl,·∥2ψαl

T
−1/2+γl/2

l

logγl(1+2αl)(p∨Tl)
log1+2αl (T γll p) if γl ≥ 1/3,

Φ2
l,2

T
−γl
l

log−γl(2+4αl)(p∨Tl)
if γl < 1/3.

To simplify further we also used that log2αl+1(T γll p) = (log(T γll p))
2αl+1 =

(γl log(Tl) + log(p))2αl+1 ≤ 2αl+1 log(p ∨ Tl).

It immediately follows that Theorem 3 also applies to ∥Σ̂l−Σl∥∞. This is stated in the following

Corollary.
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Corollary 3. Suppose the conditions of Theorem 3 are satisfied. Then for Bl ≍
(

Tl
log4αl+2(p∨Tl)

)γl
,

max
λ∈[0,2π]

∥∥∥Σ̂l(λ)− Σl(λ)
∥∥∥
∞

=


Op

(
2αl+1 ∥Xl,·∥2ψαl

T
γl−1

2
l log(1−γl)(2αl+1) (p ∨ Tl)

)
for γl ≥ 1/3

Op

(
Φ2
l,2T

−γl
l logγl(4αl+2) (p ∨ Tl)

)
for γl < 1/3

Proof. Recall fl(λ) = Al(λ) + iBl(λ) and Σl(λ) =

Al(λ) −Bl(λ)

Bl(λ) Al(λ)

. The subscript l rep-

resents the lth condition (1 or 2 in this case) and λ represents the frequency of interest. Note

that ∥Σl(λ)∥∞ = max(∥Al(λ)∥∞, ∥Bl(λ)∥∞) ≤ ∥fl(λ)∥∞. Similarly ∥Σ̂l(λ) − Σl(λ)∥∞ ≤

∥f̂l(λ)− fl(λ)∥∞. Thus, Theorem 3 can be applied to ∥Σ̂l(λ)− Σl(λ)∥∞.

B.2 Convergence rate of SDD estimator

We will use Corollary 1 of Negahban et al. (2012) to prove Theorem 4. Corollary 1 of Negahban

et al. (2012) establishes a bound on the error of high-dimensional M-estimators such as SDD. In

order to use Corollary 1 we need to establish restricted strong convexity (RSC) of the loss function

and decomposability of the penalty. Showing decomposability of the penalty is relatively quick

and thus is shown in the proof of Theorem 4. On the other hand, showing the RSC of the loss is

more involved and requires an intermediate result on the convergence of the second derivative of the

sample D-trace loss. This may be of independent interest and is stated in Lemma 2.

Lemma 2 (Concentration inequality on second derivative of D-trace loss). Suppose there exists

constants α1, α2 such that Assumption 1 is satisfied for conditions 1 and 2, respectively. Furthermore,

suppose the smoothing span for condition l is Bl ≍
(

Tl
log4αl+2(p∨Tl)

)γl
. Then,

∥∥∥0.5(Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
− 0.5 (Σ1 ⊗ Σ2 + Σ2 ⊗ Σ1)

∥∥∥
∞

≤ CfOp (RT1,p +RT2,p) ,

where Cf = max(∥f1∥∞, ∥f2∥∞) and RT1,p, RT2,p are the rates from applying Corollary 3 to

conditions 1 and 2 respectively.
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Proof. Note that both

∥Σ̂2 ⊗ Σ̂1 − Σ2 ⊗ Σ1∥∞, ∥Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2∥∞ ≤ ∥Σ1∥∞∥Σ̂2 − Σ2∥∞ + ∥Σ2∥∞∥Σ̂1 − Σ1∥∞ + ∥Σ̂1 − Σ1∥∞∥Σ̂2 − Σ2∥∞ .

Denote Cf = max(∥f1∥∞, ∥f2∥∞) and the convergence rates from applying Corollary 3 to

conditions 1 and 2 as RT1,p and RT2,p. Recall that both of these rates also depend on γ1, γ2 and

α1, α2 which are the smoothing exponents used in conditions 1,2 and the dependence in conditions

1,2 respectively. However, we have excluded these dependencies in the notation of RT1,p and RT2,p

for convenience. Combining these we get that

∥Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2∥∞ = Cf (Op (RT1,p) +Op (RT2,p)) +Op (RT1,pRT2,p)

= CfOp (RT1,p +RT2,p) .

In the last line we dropped the term Op (RT1,pRT2,p) as it is second order.

The same rate also holds for ∥Σ̂2 ⊗ Σ̂1 −Σ2 ⊗Σ1∥∞. From the triangle inequality we also have

that

∥∥∥0.5(Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
− 0.5 (Σ1 ⊗ Σ2 + Σ2 ⊗ Σ1)

∥∥∥
∞

≤ 0.5
∥∥∥Σ̂2 ⊗ Σ̂1 − Σ2 ⊗ Σ1

∥∥∥
∞
+ 0.5

∥∥∥Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2

∥∥∥
∞

and we conclude

∥∥∥0.5(Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
− 0.5 (Σ1 ⊗ Σ2 + Σ2 ⊗ Σ1)

∥∥∥
∞

= CfOp (RT1,p +RT2,p) . (B.4)

In the proof of RSC in Lemma 4, we use the simplification that λmin(Σl) = λmin(fl). This is

established in Lemma 3.
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Lemma 3 (Eigenvalues of expanded spectral density). Suppose f ∈ Cp×p is defined as f := A+ iB.

Further suppose f is Hermitian. Consider the expansion of f to the real space defined as Σ =A −B

B A

. Let λ1, . . . , λp be the eigenvalues of f . Then the eigenvalues of Σ are λ1, λ1, . . . , λp, λp.

That is, the eigenvalues of Σ are the same as those in f where each is repeated twice.

Proof. Since f is Hermitian it’s eigenvalues are real. Let λi denote an eigenvalue of f and

νi it’s corresponding eigenvector. Note in general νi is complex valued so we will write it as

νi = νR,i + iνI,i. By definition of eigenvalues we have

fνi = λiνi

(A+ iB)(νR,i + iνI,i) = λi(νR,i + iνI,i)

(AνR,i −BνI,i) + (BνR,i + AνI,i)i = λiνR,i + iλiνI,i ,

which implies that

(AνR,i −BνI,i) = λiνR,i

(BνR,i + AνI,i) = λiνI,i .
(B.5)

Consider a scalar δj and vector ηj :=
[
ηj,1 ηj,2

]
where ηj,1,ηj,2 are p dimensional. Then

(δj,ηj) will be an eigenvalue, eigenvector pair of Σ if

A −B

B A

ηj,1
ηj,2

 = δj

ηj,1
ηj,2

 ,

which can be written as

Aηj,1 −Bηj,2

Bηj,1 + Aηj,2

 = δj

ηj,1
ηj,2

 .
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Using equation B.5, one such pair that satisfies this equation is (δj,ηj) = (λ1,
[
νR,1 νI,1

]
)

while another is (λ1,
[
−νI,1 νR,1

]
). This holds for all p eigenvalue, eigenvector pairs in f . Since

Σ has 2p eigenvalues, eigenvector pairs this concludes the proof.

With Lemma 2 and Corollary 3 we are ready to establish RSC of the D-trace loss function.

This is stated in Lemma 4. Throughout we will use the notation S∆∗ to denote the set of non-zero

entries of vec(∆∗) and the notation xS∆∗ and xSc
∆∗ to denote the elements in x corresponding to the

non-zero and zero indices of vec(∆∗) respectively. We use this as it is more notationally convenient

than writing e.g. Svec(∆∗).

Lemma 4 (RSC of D-trace loss). Suppose there exists constants α1, α2 such that Assumption 1

is satisfied for conditions 1 and 2, respectively. Furthermore, suppose the smoothing span for

condition l is Bl ≍
(

Tl
log4αl+2(p∨Tl)

)γl
. Define M =

{
θ : R4p2

∣∣θij ̸= 0 for all (i, j) ∈ S∆∗

}
and

M⊥
=
{
γ : R4p2

∣∣γij = 0 for all (i, j) ∈ S∆∗

}
. Then for T1, T2 large enough, RSC holds for the

sample D-trace loss with κL = λmin(f1)λmin(f2)/2 and a tolerance of 0 with high probability for

all m ∈ C(M,M⊥
; ∆∗) where C(M,M⊥

; ∆∗) :=
{
m ∈ R4p2

∣∣∥mSc
∆∗∥1 ≤ 3∥mS∗

∆
∥1
}

.

Proof. To show the RSC condition holds with high probability and with tolerance of 0 (τ 2L(θ
∗) = 0

in the notation of Negahban et al. (2012)), we must show that mT
(
∇2L(∆, Σ̂1, Σ̂2)

)
m > κL∥m∥22

for all m ∈ C(M,M⊥
; ∆∗) for some κL. Note that the definition of C(M,M⊥

; ∆∗) follows from

Negahban et al. (2012) (17) and by noting that
∥∥∥vec(∆∗)Sc

∆∗

∥∥∥
1
= 0.

First note that for m ∈ C(M,M⊥
; ∆∗), ∥m∥1 ≤ 4∥mS∆∗∥1 ≤ 4

√
s∆∗∥mS∆∗∥2 where s∆∗ =

|S∆∗|, i.e. s∆∗ is the number of non-zero entries of vec(∆∗). Recall ∇2L(∆, Σ̂1, Σ̂2) = 0.5(Σ̂1 ⊗

Σ̂2 + Σ̂2 ⊗ Σ̂1). Showing RSC proceeds the similarly to Wang et al. (2021)
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mT (Σ̂1 ⊗ Σ̂2)m ≥ mT (Σ1 ⊗ Σ2)m+mT
(
Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2

)
m

≥ λmin(Σ1)λmin(Σ2)∥m∥22 −
∣∣∣mT

(
Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2

)
m
∣∣∣

≥ λmin(Σ1)λmin(Σ2)∥m∥22 − ∥Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2∥∞∥m∥21

≥ λmin(Σ1)λmin(Σ2)∥m∥22 − 16s∆∗∥Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2∥∞∥m∥22 .

(B.6)

The last inequality follows from the fact that ∥m∥1 = ∥mSc
∆∗∥1 + ∥mS∆∗∥1 ≤ 4∥mS∆∗∥1 ≤

4
√
s∆∗∥mS∆∗∥2 ≤ 4

√
s∆∗∥m∥2. Similarly

mT (Σ̂2 ⊗ Σ̂1)m ≥ λmin(Σ1)λmin(Σ2)∥m∥22 − 16s∆∗∥Σ̂2 ⊗ Σ̂1 − Σ2 ⊗ Σ1∥∞∥m∥22

Recall in the proof Lemma 2, we showed that

∥Σ̂2 ⊗ Σ̂1 − Σ2 ⊗ Σ1∥∞, ∥Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2∥∞ = CfOp (RT1,p +RT2,p) ,

where RT1,p, RT2,p are the rates from applying Corollary 3 to conditions 1 and 2. Using this we

have that

1

2
mT (Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1)m ≥ λmin(f1)λmin(f2)∥m∥22 − 16s∆∗CfOp (RT1,p +RT2,p) ∥m∥22 ,

where we have also used the fact that fl is Hermitian and thus by Lemma 3, λmin(Σl) = λmin(fl).

For large enough T1, T2 the second term on the RHS ≤ 0.5*(first term on RHS) so we have that

with high probability

1

2
mT (Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1)m ≥ λmin(f1)λmin(f2)

2
∥m∥22 ,

where “large enough” depends on p, the smoothing exponents γi, the dependence αi, and the

minimum eigenvalues λmin(fl). In general, we require

λmin(f1)λmin(f2)

2
≤ 16s∆∗CfOp (RT1,p +RT2,p) .
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Population quantities such as λmin(f1) are unknown so what exactly constitutes “large enough”

is unknown. However, a larger dimension p, a larger smoothing exponent γi (and hence a large

smoothing span), or larger αi (greater dependence in the data) all increase the required Tl for

“large enough” to be satisfied. Therefore we conclude that for large enough T1, T2, RSC holds with

κL = λmin(f1)λmin(f2)/2 with high probability.

We are now ready to prove Theorem 4.

Proof of Theorem 4. We first proceed by establishing the decomposability of our penalty term,

∥∆∥1. Decomposability is defined in Definition 1 of Negahban et al. (2012). Recall S∆∗ is the

support of vec(∆∗) and that M =
{
θ : R4p2

∣∣θij ̸= 0 for all (i, j) ∈ S∆∗

}
and

M⊥
=
{
γ : R4p2

∣∣γij = 0 for all (i, j) ∈ S∆∗

}
. Then ∥∆∗∥1 is decomposable since ∥θ + γ∥1 =

∥θ∥1 + ∥γ∥1 for all θ ∈ M and γ ∈ M⊥

Next we discuss the choice of penalty scale τT1,T2 . To use the method in Negahban et al.

(2012) we need τT1,T2 ≥ 2∥∇LD(∆∗, Σ̂1, Σ̂2)∥∞. We know that ∥∇LD(∆∗, Σ̂1, Σ̂2)∥∞ =

2∥0.5
(
Σ̂1∆

∗Σ̂2 + Σ̂2∆
∗Σ̂1

)
−
(
Σ̂2 − Σ̂1

)
∥∞. Let Γ = 0.5 (Σ2 ⊗ Σ1 + Σ1 ⊗ Σ2) and Γ̂ =

0.5
(
Σ̂2 ⊗ Σ̂1 + Σ̂1 ⊗ Σ̂2

)
. Then we write

∥0.5
(
Σ̂1∆

∗Σ̂2 + Σ̂2∆
∗Σ̂1

)
−
(
Σ̂2 − Σ̂1

)
∥∞ = ∥Γ̂ vec(∆∗)−

(
vec(Σ̂2)− vec(Σ̂1)

)
∥∞

= ∥(Γ̂− Γ) vec(∆∗)− vec
(
Σ̂2 − Σ̂1

)
+ vec (Σ2 − Σ1) ∥∞

= ∥(Γ̂− Γ) vec(∆∗)− vec
(
Σ̂2 − Σ2

)
+ vec

(
Σ̂1 − Σ1

)
∥∞

≤ ∥(Γ̂− Γ) vec(∆∗)∥∞ + ∥Σ̂1 − Σ1∥∞ + ∥Σ̂2 − Σ2∥∞

≤ ∥Γ̂− Γ∥∞∥∆∗∥1 + ∥Σ̂1 − Σ1∥∞ + ∥Σ̂2 − Σ2∥∞

Next we we use the concentration bounds established for ∥Γ̂ − Γ∥∞ in Lemma 2 and ∥Σ̂1 −

Σ1∥∞, ∥Σ̂2 − Σ2∥∞ in Corollary 3 to get that
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∥0.5
(
Σ̂1∆

∗Σ̂2 + Σ̂2∆
∗Σ̂1

)
−
(
Σ̂1 − Σ̂2

)
∥∞ = CfOp (RT1,p +RT2,p) ∥∆∗∥1 + CfOp (RT1,p) + CfOp (RT2,p)

= CfOp (RT1,p +RT2,p) (1 + ∥∆∗∥1)

Combining the above results with Lemma 4 which establishes RSC, we can apply Corollary 3

of Negahban et al. (2012) to get that, for smoothing spans Bl ≍
(

Tl
log4αl+2(p∨Tl)

)γl
and for τT1,T2 ≥

CfOp (RT1,p +RT2,p) (1 + ∥∆∗∥1) and large enough T1, T2 we have with high probability

∥∆̂−∆∗∥F ≤
6
√
s∆∗τT1,T2

λmin(f1)λmin(f2)

Since τT1,T2 is CfOp (RT1,p +RT2,p) (1 + ∥∆∗∥1), convergence of ∆̂ is also
√
s∆∗CfOp (RT1,p +RT2,p) (1 + ∥∆∗∥1).

We also have

∥∆̂−∆∗∥1 ≤
24s∆∗τT1,T2

λmin(f1)λmin(f2)
,

which is s∆∗CfOp (RT1,p +RT2,p) (1 + ∥∆∗∥1)

B.3 Asymptotic distribution of spectral density estimator

The main goal of this section is to prove Proposition 1. To do so, we notice that in Zhang and

Zhang (2025) Theorem 3, the asymptotic variances of the spectral density estimator have the general

form of e.g., Cov(Âij(λ), B̂kl(λ)) = cikdjl + eilfjk where cik, djl, eil, fjk are entries from matrices

C,D,E, F . For covariances of this form we work out the general structure in terms of matrices

C,D,E, F . This is a similar problem to Muirhead (2009) problem 3.3. However, we need a more

general result which we show below.

Result 1. Let S, U,A,B,C,D ∈ Rp×p. For a matrix X we use lowercase letters with a subscript to

denote the i, j entry. That is, X := {xij} Suppose
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Cov(uij, skl) = aikbjl + cildjk .

Then

Cov(vec(U), vec(S)) = (B ⊗ A) +K(C ⊗D) ,

where ⊗ denotes the Kronecker product, K =
∑p

i,j=1Hij ⊗HT
ij and Hij is the p × p matrix

where hij = 1 and zero everywhere else.

Proof. We establish this result by showing Cov(vec(U), vec(S))ij = [(B ⊗ A) + K(C ⊗ D)]ij .

Throughout we let // be integer division (e.g., 6 // 4 = 1) and % be the modulo operation (e.g., 6 %

4 = 2). We start by noting that for i, j ∈ {1, . . . , p2}

Cov(vec(U), vec(S))ij = Cov(u(i−1)%p+1,(i−1)//p+1, s(j−1)%p+1,(j−1)//p+1)

= a(i−1)%p+1,(j−1)%p+1b(i−1)//p+1,(j−1)//p+1

+ c(i−1)%p+1,(j−1)//p+1d(i−1)//p+1,(j−1)%p+1 .

This can be more easily seen by writing out the covariance

Cov(vec(U), vec(S)) =


Cov(u11, s11) Cov(u11, s21) Cov(u11, s31) . . . Cov(u11, spp)

Cov(u21, s11) Cov(u21, s21) Cov(u21, s31) . . . Cov(u21, spp
...

...
...

...

Cov(upp, s11) Cov(upp, s21) Cov(upp, s31) . . . Cov(upp, spp)

 .

The first index of uij goes from 1, . . . , p and repeats this p times (e.g., [1, . . . p, 1, . . . , p, . . . , (p−

1), p]). For i ranging from 1 to p2, this can be recreated by (i− 1)%p+ 1. The second index repeats

1 p times, then 2 p times (e.g., [1, 1, . . . , 1, 2, 2, . . . , 2, . . . , p, p, . . . , p]). For i ranging from 1 to p2

this can recreated by (i− 1)//p+ 1.
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Next we work with the right hand side. [(B⊗A) +K(C ⊗D)]ij = (B⊗A)ij + [K(C ⊗D)]ij .

We get that

(B ⊗ A)ij = b(i−1)//p+1,(j−1)//p+1a(i−1)%p+1,(j−1)%p+1 .

Next we note that K has exactly one 1 entry in every row and column and is zero elsewhere.

The kth row of K has a 1 in position p((k − 1)%p) + (k − 1)//p+ 1 and is zero everywhere else.

To understand the structure of K better, we discuss the Hij ⊗HT
ij matrices. These matrices are

p2 × p2 and have only one 1. The Kronecker product in general can be viewed as each element on

the LHS multiplied by the entire matrix on the RHS. Thus the Kronecker product can be viewed as

a block matrix with dimensions p× p where each entry is a matrix of size p× p. The matrix on the

LHS of the Kronecker product selects the i, j p× p block that contains the non-zero entry. Then the

matrix on the RHS selects the entry of this block that will be non-zero. As an example, if p = 3,

then we have

H21 ⊗HT
21 =


0 0 0

1 0 0

0 0 0

⊗


0 1 0

0 0 0

0 0 0

 =



03×3 03×3 03×3
0 1 0

0 0 0

0 0 0

 03×3 03×3

03×3 03×3 03×3


.

In this example for p = 3, the first row of K has a 1 in column 1, the second has a 1 in column

4, the third in column 7, the fourth in column 2, etc. In general, K[i, ] has a 1 in position p((i −

1)%p) + (i− 1)//p+ 1 and is zero elsewhere.

We make two additional observations. The first is that for i ∈ {1, . . . , p2},

(p((i− 1)%p) + (i− 1)//p) //p+ 1 = (i− 1)%p+ 1 .

This holds because for i ∈ {1, . . . , p2}, ((i−1)//p)//p) = 0 and p((i−1)%p)//p = (i−1)%p.

Next, observe that
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[p((i− 1)%p) + (i− 1)//p]%p = ((i− 1)//p)%p)

= (i− 1)//p .

The first line holds because p((i− 1)%p) is divisible by p so there is no remainder and p((i−

1)%p)%p = 0. The second holds because when i ∈ {1, . . . , p2}, (i − 1)//p < p so taking the

remainder when dividing by p will not change the result.

Then we get

[K(C ⊗D)]ij = ⟨Ki·, (C ⊗D)·j⟩

= (C ⊗D)p((i−1)%p)+(i−1)//p+1,j

= (C ⊗D)i′,j (i′ = p((i− 1)%p) + (i− 1)//p+ 1)

= c(i′−1)//p+1,(j−1)//p+1d(i′−1)%p+1,(j−1)%p+1

= c(i−1)%p+1,(j−1)//p+1d(i−1)//p,(j−1)%p+1 .

In the first line we use the definition of matrix multiplication, in the second we use the fact

that the ith row of K only has 1 non-zero entry. In the third line we change notation to i′ =

p((i − 1)%p) + (i − 1)//p + 1, and in the last we use the two observations stated above where

i′ − 1 = p((i− 1)%p) + (i− 1)//p

Combining the results for (B ⊗ A)ij and [K(C ⊗D)]ij we get:

Cov(vec(U), vec(S))ij = Cov(u(i−1)%p+1,(i−1)//p+1, s(j−1)%p+1,(j−1)//p+1)

= a(i−1)%p+1,(j−1)%p+1b(i−1)//p+1,(j−1)//p+1

+ c(i−1)%p+1,(j−1)//p+1d(i−1)//p+1,(j−1)%p+1

= (B ⊗ A)ij + [K(C ⊗D)]ij .

Which shows that Cov(vec(U), vec(S)) = B ⊗ A+K(C ⊗D).
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With this result we can now proceed in establishing the form of the asymptotic covariance of the

estimator f̂(λ) = Â(λ) + iB̂(λ).

Proof of Proposition 1. Let f(λ) = A(λ)+ iB(λ) denote the true spectral density. T is the number

of data points and B is the smoothing parameter used to smooth the periodograms and obtain our

spectral density estimator. Applying Theorem 3 of Zhang and Zhang (2025) to the concatenation of

all the real and imaginary entries of the estimated spectral density matrix and under TΦ4
2 = o(B3),

which lets us substitute e.g. E
(
vec(Â(λ))

)
with vec(A(λ)), we have

√
T

B

vec(Â(λ))− vec(A(λ))

vec(B̂(λ))− vec(B(λ))

 d→ N(0, V ) ,

where V has the block form

V = lim
T,B→∞

T

B

Cov (vec(Â(λ)), vec(Â(λ))) Cov
(
vec(Â(λ)), vec(B̂(λ))

)
Cov

(
vec(B̂(λ)), vec(Â(λ))

)
Cov

(
vec(B̂(λ)), vec(B̂(λ))

)
 .

We simplify each of these three blocks individually. Before beginning we note that

fik(λ)flj(λ) = (aik + ibik)(alj + iblj) = aikalj + iaikblj + ialjbik − bikblj,

fil(λ)fkj(λ) = (ail + ibil)(akj + ibkj) = ailakj + iailbkj + iakjbil − bilbkj,

and that bij = −bji, aij = aji because the spectral density matrix is Hermitian. We proceed with

the two cases λ ∈ (0, π) and λ = {0, π} separately.

Case when λ ∈ (0, π). From Zhang and Zhang (2025), top of page 6, we know that

lim
T,B→∞

T

B
Cov

(
Âij, Âkl

)
=

1

2
Re (fik(λ)flj(λ)) +

1

2
Re (fil(λ)fkj(λ))

=
1

2
(aikalj − bikblj) +

1

2
(ailakj − bilbkj)

=
1

2
(aikajl + bikbjl) +

1

2
(ailajk + bilbjk) .
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Using Result 1 we get

lim
T,B→∞

T

B
Cov

(
vec(Â(λ)), vec(Â(λ))

)
=

1

2
(Ip2 +K) (A(λ)⊗ A(λ) +B(λ)⊗B(λ)) .

Next we have

lim
T,B→∞

T

B
Cov

(
Âij, B̂kl

)
=

1

2
Im (fil(λ)fkj(λ))−

1

2
Im (fik(λ)flj(λ))

=
1

2
(ailbkj + akjbil)−

1

2
(aikblj + aljbik)

=
1

2
(−ailbjk + bilajk)−

1

2
(−aikbjl + bikajl)

=
1

2
(aikbjl − ailbjk − bikajl + bilajk)

which is simplified to

lim
T,B→∞

T

B
Cov

(
vec(Â(λ)), vec(B̂(λ))

)
=

1

2
(Ip2 +K) (B(λ)⊗ A(λ)− A(λ)⊗B(λ)) .

Lastly,

lim
T,B→∞

T

B
Cov

(
B̂ij, B̂kl

)
=

1

2
Re (fik(λ)flj(λ))−

1

2
Re (fil(λ)fkj(λ))

=
1

2
(aikalj − bikblj)−

1

2
(ailakj − bilbkj)

=
1

2
(aikajl − ailajk + bikbjl − bilbjk) .

Again using Result 1 this simplified to

lim
T,B→∞

T

B
Cov

(
vec(B̂(λ)), vec(B̂(λ))

)
=

1

2
(Ip2 −K) (A(λ)⊗ A(λ) +B(λ)⊗B(λ)) .

Combining these we get

V =
1

2

 (Ip2 +K) (A(λ)⊗ A(λ) +B(λ)⊗B(λ)) (Ip2 +K) (B(λ)⊗ A(λ)− A(λ)⊗B(λ))

[(Ip2 +K) (B(λ)⊗ A(λ)− A(λ)⊗B(λ))]T (Ip2 −K) (A(λ)⊗ A(λ) +B(λ)⊗B(λ))

 .



123

Case when λ = 0 or λ = π. When λ is 0 or π, the spectral density and the spectral density

estimator are real-valued. Thus we have that f̂(λ) = Â(λ) and f(λ) = A(λ). In this case we are

interested in √
T

B

(
vec(Â(λ))− vec(A(λ))

)
d→ N(0, V ) ,

and that V has the form

V = lim
T,B→∞

T

B
Cov

(
vec(Â(λ)), vec(Â(λ))

)
.

From Zhang and Zhang (2025) Theorem 3 (ii) we have

lim
T,B→∞

T

B
Cov

(
Âij, Âkl

)
= aikalj + ailakj

= aikajl + ailajk ,

where we have used that A is symmetric so aij = aji. This can be simplified using Result 1 as

V = lim
T,B→∞

T

B
Cov

(
vec(Â(λ)), vec(Â(λ))

)
= (Ip2 +K)A⊗ A .

B.4 Generalization of inference for high-dimensional estimating equations to arbitrary
asymptotic scaling

In the below, we will state all assumptions including those unchanged from Neykov et al. (2018) for

compeleteness. In the following we will denote (θ, γ∗) = β∗
θ and v∗ = [ET(β

∗)]−1
1∗ .

Assumption 5. This is the same as Neykov et al. (2018) Assumption 1 but is rewritten for complete-

ness.

There exists a neighborhood Nθ∗ of θ∗ such that for all θ ∈ Nθ∗

lim
T→∞

P (∥t (Z, β∗
θ )− Et (β

∗
θ ) ∥∞ ≤ r1(T, θ)) = 1 (B.7)

lim
T→∞

P
(∣∣v∗T t (Z, β∗

θ )− v∗TEt (β
∗
θ )
∣∣ ≤ r2(T, θ)

)
= 1 (B.8)
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lim
T→∞

P

(
sup
ν∈[0,1]

∥∥∥v̂TT(Z, β̃ν)− v∗TET (β∗
θ )
∥∥∥
∞

≤ r3(T, θ)

)
= 1 (B.9)

where β̃ν = νβ̂θ + (1− ν)β∗
θ , supθ∈Nθ∗

max(r1(T, θ), r2(T, θ), r3(T, θ) = o(1), and the follow-

ing hold:

sup
θ∈Nθ∗

∥Et(β
∗
θ )∥∞ <∞, sup

θ∈Nθ∗
∥v∗T [ET(β

∗
θ )]−1 ∥∞ <∞

Assumption 6. This is the same as Neykov et al. (2018) Assumption 2.

Let the estimators β̂ and v̂ satisfy

lim
T→∞

P
(
∥β̂ − β∗∥1 ≤ r4(T )

)
= 1, lim

T→∞
P (∥v̂ − v∗∥1 ≤ r5(T )) = 1 (B.10)

where max(r4(T ), r5(T )) = o(1).

Assumption 7. Assume that for σ2 = v∗TGv∗ it holds that

σ−1sTS(β
∗)

d→ N(0, 1),

where G = limT→∞ s2TCov [t(Z, β
∗)] and assume that σ2 ≥ C > 0 for some constant C.

Assumption 8. This assumption is the same as Neykov et al. (2018) Assumption 4.

Suppose there exists a constant γ > 0 such that:∣∣∣∣vT ∂∂θ [T (Z, β)]∗1

∣∣∣∣ ≤ ψ(Z) ,

for any v and β satisfying ∥v − v∗∥1 < γ and ∥β − β∗∥1 < γ, where ψ : Rn×q 7→ R is an

integrable function with Eψ(Z) <∞.

Assumption 9. This is essentially the same as Neykov et al. (2018) Assumption 5, but has sT instead

of
√
T scaling. Assume the convergence rates in Assumptions 5 and 6 satisfy

sT (r4(T )r3(T, θ
∗) + r5(T )r1(T, θ

∗)) = o(1)
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Now that we have established the necessary assumptions we are ready to state Lemma 5 which

is a generalization of Lemma 1 from Neykov et al. (2018) and is an essential intermediate result.

Lemma 5. Suppose Assumptions 5, 6, and 9 hold. Then we have the following expansion

sT Ŝ(β̂θ∗) = sTS(β
∗) + op(1)

Proof. We follow the proof of Neykov et al. (2018) Lemma 1 closely. For notational convenience

we let r1(T ) = supθ∈Nθ∗
r1(T, θ) and r3(T ) = supθ∈Nθ∗

r3(T, θ).

By a Taylor expansion of Ŝ(β̂θ) around β∗
θ and with a mean-value form of the remainder we get

Ŝ(β̂θ) = v∗T t(Z, β∗
θ ) + v̂TT(Z, β̃ν)(β̂θ − β∗

θ ) + (v̂ − v∗)T t(Z, β∗
θ ) (B.11)

We control the second term on the RHS of (B.11)

∣∣∣v̂TT(Z, β̃ν)(β̂θ − β∗
θ )
∣∣∣ ≤ ∥∥∥∥[v̂T(Z, β̃ν)

]
−1

∥∥∥∥
∞
∥β̂θ−β∗

θ∥1 ≤ Op

(
r3(T ) + ∥v∗T [ET(β

∗
θ )]−1 ∥∞

)
Op(r4(T ))

where [·]−1 denotes removing the first entry of a vector or the first column of a matrix. The first

inequality above holds by Hölder’s inequality and the fact that β̂θ−β∗
θ = (θ, γ̂)−(θ, γ∗) = (0, γ̂−γ∗)

so the first entry of the term will be 0 and can be ignored.

The Op(r4(T )) of the second inequality comes from Assumption 6. The

Op

(
r3(T ) + ∥v∗T [ET(β

∗
θ )]−1 ∥∞

)
term comes from writing

∥∥∥∥[v̂T(Z, β̃ν)
]
−1

∥∥∥∥
∞

=∥∥∥∥[v̂T(Z, β̃ν)
]
−1

− v∗ [ET(β
∗
θ )]−1 + v∗ [ET(β

∗
θ )]−1

∥∥∥∥
∞

and using (B.9) from Assumption 5.

Note that also from the last line of Assumption 5, we have ∥v∗T [ET(β
∗
θ )]−1 ∥∞ = O(1)

Now we control the third term on the RHS of (B.11)

∣∣(v̂ − v∗)T t(Z, β∗
θ )
∣∣ ≤ ∥v̂ − v∗∥1∥t(Z, β∗

θ )∥∞ = Op(r5(T ))Op (r1(T ) + ∥Et(β
∗
θ )∥∞)

By Assumptions 5 and 6 we know that supθ∈Nθ∗
max(r1(T, θ), r2(T, θ), r3(T, θ)) = o(1) and

max(r4(T ), r5(T )) = o(1). Thus terms two and three on the RHS of (B.11) are op(1) so we have

that
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Ŝ(β̂θ) = S(β∗
θ ) + op(1) = v∗TEt (β

∗
θ ) + op(1) (B.12)

The last equality follows by Assumption 5 (B.8),

S(β∗
θ ) + op(1) = v∗T t (Z, β∗

θ )− v∗TEt (β
∗
θ ) + v∗TEt (β

∗
θ ) + op(1)

= Op(r2(T )) + v∗TEt (β
∗
θ ) + op(1)

= v∗TEt (β
∗
θ ) + op(1)

Note that Et (β
∗
θ∗) = 0 which follows from the definition of β∗

θ∗ as the solution to the population

estimating equation. Similarly, v∗T [ET (β∗
θ∗)]−1 = 0 as v∗T is defined to be the first row of the

inverse of ET (β∗
θ∗) so v∗TET (β∗

θ∗) =
[
1 0 0 . . . 0

]T
We plug in θ = θ∗ to get

sT Ŝ(β̂θ∗) = sTS(β
∗) + sTOp(r4(T )r3(T, θ

∗) + r5(T )r1(T, θ
∗))

Using Assumption 9, that sT (r4(T )r3(T, θ∗) + r5(T )r1(T, θ
∗)) = o(1) we get the desired result

sT Ŝ(β̂θ∗) = sTS(β
∗) + op(1)

Lemma 6 (Consistency of de-biased estimates). Let the map θ 7→ Ŝ
(
β̂θ

)
be continuous with a

single root θ̃ or non-decreasing. Further, suppose that for any ϵ > 0

v∗T
[
Et

(
β∗
θ∗−ϵ

)]
v∗T

[
Et

(
β∗
θ∗+ϵ

)]
< 0.

Suppose Assumptions 5 and 6 are satisfied. Then

lim
T→∞

P(|θ̃ − θ∗| > ϵ) = 0 .

Proof. The proof is the same as in Neykov et al. (2018) Theorem 1 and is thus omitted.
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We now prove Theorem 5. Again we closely follow the proof in Neykov et al. (2018) but we

use the arbitrary scaling sT instead of
√
T scaling.

Proof of Theorem 5. Let UT = sT√
v∗TGv∗

(θ̃ − θ∗). We can show the statement of the proof holds for

UT as the result for ÛT follows from consistency of the variance estimate and applying Slutsky’s

theorem. We use a Taylor expansion of Ŝ(β̂θ̃) around θ∗ with a mean-value form of the remainder

to get

0 = Ŝ(β̂θ̃) = Ŝ(β̂θ∗) + v̂T
[
T(Z, β̂θ∗)

]
∗1
(θ̃ − θ∗) +

1

2
v̂T

∂

∂θ

[
T(Z, β̃ν)

]
∗1
(θ̃ − θ∗)2

where β̃ν = νβ̂θ̃ + (1− ν)β̂θ∗ for some ν ∈ [0, 1]. Note that we get the above form since our

Taylor expansion is univariate. Thus ∂
∂θ
v̂T t(Z, β)|β=β̂θ∗ = v̂T

[
T(Z, β̂θ∗)

]
∗1

.

We now show that the final term on the RHS of the Taylor expansion is op(s−1
T ). By Assumption

8, which allows us to apply the dominated convergence theorem, the fact that v̂ and β̃ν are consistent,

and Lemma 6 which shows that θ̃ − θ∗ = op(1), we have that

∣∣∣∣12v̂T ∂∂θ [T(Z, β̃ν)
]
∗1
(θ̃ − θ∗)2

∣∣∣∣ ≤ (θ̃ − θ∗)2Op(1) =
∣∣∣θ̃ − θ∗

∣∣∣ op(1)
By Lemma 5 and Assumption 7 we have sT√

v∗TGv∗
Ŝ(β̂θ∗)

d→ N(0, 1). That is sT Ŝ(β̂θ∗) = Op(1).

Using this we can rearrange our Taylor expansion so that sT Ŝ(β̂θ∗) is on the LHS to get that

Op(1) = sT |θ̃ − θ∗|
(∣∣∣v̂T [T(Z, β̂θ∗)

]
∗1

∣∣∣+ op(1)
)
.

From Assumption 5,
∣∣∣v̂T [T(Z, β̂θ∗)

]
∗1

∣∣∣ = 1 + op(1). Therefore the term(∣∣∣v̂T [T(Z, β̂θ∗)
]
∗1

∣∣∣+ op(1)
)
= 1 + op(1) + op(1) = 1 + op(1). Thus we get that

Op(1)

1 + op(1)
= sT |θ̃ − θ∗|

Op(1) = sT |θ̃ − θ∗| ,
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where we used that 1/(1 + op(1)) = Op(1). Therefore we conclude that θ̃ − θ∗ = Op(s
−1
T ) and

1
2
v̂T ∂

∂θ

[
T(Z, β̃ν)

]
∗1
(θ̃ − θ∗)2 = op(s

−1
T ).

We are now ready to complete the proof. By Assumption 5 and applying Slutsky’s theorem to

get that v̂T
[
T(Z, β̂θ∗)

]
∗1

→ 1, we rearrange the Taylor expansion again and conclude

sT (θ̃ − θ∗)√
v∗TGv∗

= − sT Ŝ(β̂θ∗)
√
v∗TGv∗v̂T

[
T(Z, β̂θ∗)

]
∗1

+ op(1)
d→ N(0, 1)

B.5 Asymptotic normality of de-biased differential network estimates

In this section, we prove Theorem 6 by showing that the conditions of Theorem 5 hold for each

of the estimating equations considered. Establishing the conditions of Theorem 5 requires several

intermediate results that are of independent interest and are therefore stated as Lemmas.

For most of the conditions in Theorem 5 we will show that they hold for tsymm(Z, β) only as the

proofs for ts1Left(Z, β), ts1Right(Z, β) are very similar. With this in mind, the proofs in this section

will often suppress the subscript identifying the type of estimating equation. That is we will use

t(Z, β) to represent tsymm(Z, β). We do this for notation convenience. When we wish to show

results for each estimating equation, we will include the identifying subscript. For example, in the

case of Lemma 9, we will derive the asymptotic distribution for each estimating equation as their

variances differ and subscripts are used to identify which results correspond to which estimating

equation.

Recall we have assumed for ease of presentation T1 = T2 and asymptotics will be denoted

simply as T → ∞ with the meaning that T1, T2 → ∞. All results should still hold as long as

T1 ≍ T2. It is also worth recalling the concentration bounds of the expanded spectral densities in

Corollary 3. These hold by Assumption 1 and the correct choice of smoothing spans Bl.

We begin by establishing the consistency of the Dantzig selector estimate of an arbitrary row

of the second derviative of the D-trace loss. This is stated in Lemma 7 and will be used to prove

Assumption 6.
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Lemma 7 (Consistency of Dantzig selectors). Suppose there exists constants α1, α2 such that

Assumption 1 is satisfied for conditions 1 and 2 respectively. Furthermore, suppose the

smoothing span for condition l is Bl ≍
(

Tl
log4αl+2(p∨Tl)

)γl
. Consider the quantities v∗symm :=

[(Σ1 ⊗ Σ2 + Σ2 ⊗ Σ1) /2]i∗, v
∗
s1Left := [Σ2 ⊗ Σ1]i∗, and v∗s1Right := [Σ1 ⊗ Σ2]i∗ with correspond-

ing Dantzig selector estimates of v̂symm, v̂s1Left, and v̂s1Right given by

v̂symm = argmin
v

∥v∥1 such that
∥∥∥vT (Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
/2− e1

∥∥∥
∞

≤ ρsymm

v̂s1Left = argmin
v

∥v∥1 such that
∥∥∥vT (Σ̂2 ⊗ Σ̂1

)
− e1

∥∥∥
∞

≤ ρs1Left

v̂s1Right = argmin
v

∥v∥1 such that
∥∥∥vT (Σ̂1 ⊗ Σ̂2

)
− e1

∥∥∥
∞

≤ ρs1Right ,

where ρsymm ≥
∥∥v∗symm

∥∥
1
CfOp (RT1,p +RT2,p), ρs1Left ≥ ∥v∗s1Left∥1CfOp (RT1,p +RT2,p),

and ρs1Right ≥
∥∥v∗s1Right

∥∥
1
CfOp (RT1,p +RT2,p). Then for large enough T1, T2 and with high

probability,

∥v̂symm − v∗symm∥1 = sv∗symm

∥∥v∗symm

∥∥
1
CfOp (RT1,p +RT2,p)

∥v̂s1Left − v∗s1Left∥1 = sv∗s1Left
∥v∗s1Left∥1CfOp (RT1,p +RT2,p)

∥v̂s1Right − v∗s1Right∥1 = sv∗s1Right

∥∥v∗s1Right

∥∥
1
CfOp (RT1,p +RT2,p) ,

where RT1,p, RT2,p are the convergence rates from applying Theorem 3 to conditions 1 and 2

respectively, Cf = max(∥f1∥∞ , ∥f2∥∞), and sv∗symm
=
∥∥v∗symm

∥∥
0
, sv∗s1Left

= ∥v∗s1Left∥0, sv∗s1Right
=∥∥v∗s1right∥∥0.

Proof. We will only prove this result for the ‘symm‘ case as ‘s1Left‘ and ‘s1Right‘ are similar. With

this in mind, we suppress the subscript ‘symm‘ for notational convenience. It is noted in Candes

and Tao (2007) and Bickel et al. (2009) that for any v that satisfies the Dantzig constraint

∥∥∥vT (Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
/2− e1

∥∥∥
∞

≤ ρ , (B.13)
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we have ∥(v̂ − v)Sc
v
∥1 ≤ ∥(v̂ − v)Sv∥1 where δSv selects the elements in δ whose indices are in

Sv, the set of non-zero indices of v.

Next we show that for the correct choice of ρ, v∗ satisfies the Dantzig constraint with high

probability. That is, with high probability,∥∥∥v∗ (Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
/2− e1

∥∥∥
∞

≤ ρ .

Begin by noting

∥∥∥v∗ (Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
/2− e1

∥∥∥
∞

=
∥∥∥v∗ ((Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1)/2− (Σ1 ⊗ Σ2 + Σ2 ⊗ Σ1)/2

)∥∥∥
∞

≤
∥∥∥v∗ ((Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1)/2− (Σ1 ⊗ Σ2 + Σ2 ⊗ Σ1)/2

)∥∥∥
1

≤ ∥v∗∥1
∥∥∥(Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1)/2− (Σ1 ⊗ Σ2 + Σ2 ⊗ Σ1)/2

∥∥∥
∞
.

The last line follows from Hölder’s inequality. By Lemma 2, we have that

∥∥∥v∗ (Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
/2− e1

∥∥∥
∞

≤ ∥v∗∥1CfOp (RT1,p +RT2,p) .

So if we set ρ ≥ ∥v∗∥1CfOp (RT1,p +RT2,p) then for large enough T1, T2 and with high

probability v∗ satisfies the Dantzig constraint. That is,

∥∥∥v∗ (Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
/2− e1

∥∥∥
∞

≤ ρ .

Next we show that restricted strong convexity is satisfied for our Dantzig selector. Show-

ing this proceeds almost exactly the same as showing RSC for the D-trace loss. The main

difference is that we now are interested in showing RSC for vectors m ∈ C(M,M⊥
; v∗) :={

m ∈ R4p2
∣∣∣∥mSc

v∗
∥1 ≤ ∥mSv∗∥1

}
. Recall that we showed that v∗ satisfies the Dantzig constraint

with high probability. Then for δ = v̂ − v∗, we know that ∥δSc
v∗
∥1 ≤ ∥δSv∗∥1 since v̂ is the Dantzig

selector and we showed v∗ satisfies the Dantzig constraint with high probability for the correct

choice of ρ. Then it is true that, with high probability, δ ∈ C(M,M⊥
; v∗). Showing the RSC

condition proceeds the same way as showing RSC for the D-trace loss. It is rewritten here for
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completeness.

mT (Σ̂1 ⊗ Σ̂2)m ≥ mT (Σ1 ⊗ Σ2)m+mT
(
Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2

)
m

≥ λmin(Σ1)λmin(Σ2)∥m∥22 −
∣∣∣mT

(
Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2

)
m
∣∣∣

≥ λmin(Σ1)λmin(Σ2)∥m∥22 − ∥Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2∥∞∥m∥21

≥ λmin(Σ1)λmin(Σ2)∥m∥22 − 4sv∗∥Σ̂1 ⊗ Σ̂2 − Σ1 ⊗ Σ2∥∞∥m∥22 .

(B.14)

Note that in the last line we get 4sv∗ compared to 16s∆∗ in the D-trace RSC. This is because we

have ∥m∥1 = ∥mSc
v∗
∥1 + ∥mSv∗∥1 ≤ 2∥mSv∗∥1 ≤ 2

√
sv∗∥mSv∗∥2 ≤ 2

√
sv∗∥m∥2. Again, we get

the exact same inequality for mT (Σ̂2 ⊗ Σ̂1)m. Therefore, for large enough T1, T2 we have that with

high probability

mT0.5(Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1)m ≥ λmin(f1)λmin(f2)

2
∥m∥22 ,

and we conclude that RSC holds with κL = λmin(f1)λmin(f2)/2.

To find the convergence rate of v̂ to v∗ in ℓ1 norm, we proceed similar to the proof of Theorem 7.1

in Bickel et al. (2009).

Define δ = v̂−v∗. We showed that for high probability v∗ satisfies the Dantzig constraint andby

definition v̂ satisfies the RSC condition. Thus with high probability and for large enough T1, T2,

∥∥∥∥∥∥δT
(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
2

∥∥∥∥∥∥
∞

=

∥∥∥∥∥∥(v̂ − v∗)T

(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
2

∥∥∥∥∥∥
∞

=

∥∥∥∥∥∥v̂T
(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
2

− e1 + e1 − v∗,T

(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
2

∥∥∥∥∥∥
∞

≤

∥∥∥∥∥∥v̂T
(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
2

− e1

∥∥∥∥∥∥
∞

+

∥∥∥∥∥∥v∗,T
(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
2

− e1

∥∥∥∥∥∥
∞

≤ 2ρ .

Proceeding with showing convergence of v̂ to v∗ in L1 norm we get
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δT

(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
2

δ ≤

∣∣∣∣∣∣δT
(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
2

δ

∣∣∣∣∣∣
≤

∥∥∥∥∥∥δT
(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
2

∥∥∥∥∥∥
∞

∥δ∥1

≤ 2ρ∥δ∥1

≤ 4ρ∥δSv∗∥1

≤ 4ρ
√
sv∗∥δSv∗∥2 .

From the RSC condition we get that

λmin(f1)λmin(f2)

2
∥δ∥22 ≤ δT

(
Σ̂1 ⊗ Σ̂2 + Σ̂2 ⊗ Σ̂1

)
2

δ ≤ 4ρ
√
sv∗∥δSv∗∥2 .

Noting that ∥δSv∗∥22 ≤ ∥δ∥22 we get

λmin(f1)λmin(f2)

2
∥δSv∗∥

2
2 ≤ 4ρ

√
sv∗∥δSv∗∥2 ,

which implies

∥δSv∗∥2 ≤
8ρ
√
sv∗

λmin(f1)λmin(f2)
.

Using the fact that ∥v̂ − v∗∥1 = ∥δ∥1 ≤ 2∥δSv∗∥1 ≤ 2
√
sv∗∥δSv∗∥2 and the fact that ρ =

∥v∗∥1CfOp (RT1,p +RT2,p) we get

∥v̂ − v∗∥1 ≤
16sv∗ ∥v∗∥1CfOp (RT1,p +RT2,p)

λmin(f1)λmin(f2)
,

from which we conclude

∥v̂ − v∗∥1 = sv∗ ∥v∗∥1CfOp (RT1,p +RT2,p) .
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Next we compute the asymptotic distribution of vec
(
Σ̂i − Σi

)
which is subsequently used to

establish the asymptotic distribution of the de-biased estimating equations in Lemma 9 and in turn

Assumption 7.

Lemma 8 (Asymptotic distribution of Σ̂). Suppose the conditions of Proposition 1 are satisfied. Let

Σ̂(λ) =

Â(λ) −B̂(λ)

B̂(λ) Â(λ)

 and Σ(λ) =

A(λ) −B(λ)

B(λ) A(λ)

. Then

(i) If λ ∈ (0, π), √
T

B

(
vec(Σ̂(λ))− vec(Σ(λ))

)
→ N(0, V ) ,

where V = PVfP
T , Vf is the asymptotic variance from Proposition 1, and P =

[
P T
1 P T

2

]T
with

P1 =



Ip×p 0p×p . . . 0p×p 0p×p 0p×p . . . 0p×p

0p×p 0p×p . . . 0p×p Ip×p 0p×p . . . 0p×p

0p×p Ip×p . . . 0p×p 0p×p 0p×p . . . 0p×p

0p×p 0p×p . . . 0p×p 0p×p Ip×p . . . 0p×p
...

... . . . ...
...

... . . . ...

0p×p 0p×p . . . Ip×p 0p×p 0p×p . . . 0p×p

0p×p 0p×p . . . 0p×p 0p×p 0p×p . . . Ip×p


.

We define Ip×p to be the identity matrix of dimension Rp×p. We also define 0p×p to be the

matrix of 0s of dimension Rp×p. The first row of block matrices in P1 ∈ R2p2×2p2 consists of a

Ip×p block followed by 2p− 1 0p×p blocks. The second row consists of p 0p×p blocks followed

by an Ip×p block and p− 1 0p×p blocks. P2 ∈ R2p2×2p2 is similar to P1
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P2 =



0p×p 0p×p . . . 0p×p −Ip×p 0p×p . . . 0p×p

Ip×p 0p×p . . . 0p×p 0p×p 0p×p . . . 0p×p

0p×p 0p×p . . . 0p×p 0p×p −Ip×p . . . 0p×p

0p×p Ip×p . . . 0p×p 0p×p 0p×p . . . 0p×p
...

... . . . ...
...

... . . . ...

0p×p 0p×p . . . 0p×p 0p×p 0p×p . . . −Ip×p
0p×p 0p×p . . . Ip×p 0p×p 0p×p . . . 0p×p


.

(ii) If λ = 0 or π then √
T

B

(
vec(Σ̂(λ))− vec(Σ(λ))

)
→ N(0, V ) ,

where V is the asymptotic variance from Proposition 1 ((ii)).

Proof. We will solve first for the case where λ ∈ (0, π). Note that for each condition l

vec(Σ̂l(λ))−vec(Σl(λ)) =


vec

Âl(λ)
B̂l(λ)

− vec

Al(λ)
Bl(λ)


vec

−B̂l(λ)

Âl(λ)

− vec

−Bl(λ)

Al(λ)



 =

P1

P2

vec(Â(λ))− vec(A(λ))

vec(B̂(λ))− vec(B(λ))

 .

Applying Proposition 1 and the multivariate delta method establishes this result. When λ = 0 or

λ = π we get that the spectral density and its estimates are real-valued so the expansion to the real

space is not necessary. This means that we do not need the pre-multiplication by
[
P T
1 P T

2

]T
. In

this case we get that

vec(Σ̂l(λ))− vec(Σl(λ)) = vec(Âl(λ))− vec(Al(λ)) .

Lemma 9 (Asymptotic distribution of de-biased estimating equations). Suppose that Assumption 1

is satisfied for both conditions with values α1, α2. Define α = max(α1, α2). Furthermore suppose
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that T1 = T2 := T , that the smoothing span for both conditions is B ≍
(

T
log4α+2(p∨T )

)γ
for γ > 1/3

and that the conditions of Proposition 1 are satisfied. Then

σ−1
symm

√
T

B
v

∗T
symm vec

[(
Σ̂2∆

∗Σ̂1 + Σ̂1∆
∗Σ̂2

)
/2−

(
Σ̂2 − Σ̂1

)]
⇝ N(0, 1)

σ−1
s1Left

√
T

B
v

∗T
s1Left vec

[
Σ̂1∆

∗Σ̂2 −
(
Σ̂2 − Σ̂1

)]
⇝ N(0, 1)

σ−1
s1Right

√
T

B
v

∗T
s1Right vec

[
Σ̂2∆

∗Σ̂1 −
(
Σ̂2 − Σ̂1

)]
⇝ N(0, 1) ,

where

σ2
symm = v∗Tsymm

(
M1,symmV1M

T
1,symm +M2,symmV2M

T
2,symm

)
v∗symm

σ2
s1Left = v∗Ts1Left

(
M1,s1LeftV1M

T
1,s1Left +M2,s1LeftV2M

T
2,s1Left

)
v∗s1Left

σ2
s1Right = v∗Ts1Right

(
M1,s1RightV1M

T
1,s1Right +M2,s1RightV2M

T
2,s1Right

)
v∗s1Right .

The notation Vl is used to represent the asymptotic variances from Lemma 8 for condition l. The

other components of these variances are defined as

M1,symm =

(
Σ2∆

∗T ⊗ I2p
)
+ (I2p ⊗ Σ2∆

∗)

2
+ I4p2 M2,symm =

(
ΣT

1∆
∗T ⊗ I2p

)
+ (I2p ⊗ Σ1∆

∗)

2
− I4p2

M1,s1Left = ΣT
2∆

∗T ⊗ I2p + I4p2 M2,s1Left = I2p ⊗ Σ1∆
∗ − I4p2

M1,s1Right = I2p ⊗ Σ2∆
∗ + I4p2 M2,s1Right = ΣT

1∆
∗T ⊗ I2p − I4p2 ,

and

v∗Tsymm =

[
1

2
(Σ1 ⊗ Σ2 + Σ2 ⊗ Σ1)

]−1

1∗

v∗Ts1Left = [Σ2 ⊗ Σ1]
−1
1∗

v∗Ts1Right = [Σ1 ⊗ Σ2]
−1
1∗ .

Proof. Symmetric estimating equation. We begin by expanding the symmetric estimating equation

vec
[(

Σ̂2∆
∗Σ̂1 + Σ̂1∆

∗Σ̂2

)
/2−

(
Σ̂2 − Σ̂1

)]
into a form that allows us to find the asymptotic

distribution.
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vec

[
1

2

(
Σ̂2∆

∗Σ̂1 + Σ̂1∆
∗Σ̂2

)
−
(
Σ̂2 − Σ̂1

)]
=vec

[
Σ̂2∆

∗
(
Σ̂1 − Σ1

)]
/2 + vec

[
Σ̂1∆

∗
(
Σ̂2 − Σ2

)]
/2

+ vec
[
Σ̂2∆

∗Σ1

]
/2 + vec

[
Σ̂1∆

∗Σ2

]
/2− vec

[
Σ̂2 − Σ̂1

]
=vec

[(
Σ̂2 − Σ2

)
∆∗
(
Σ̂1 − Σ1

)]
/2

+ vec
[(

Σ̂1 − Σ1

)
∆∗
(
Σ̂2 − Σ2

)]
/2

+ vec
[
Σ̂2∆

∗Σ1

]
/2 + vec

[
Σ̂1∆

∗Σ2

]
/2

+ vec
[
Σ2∆

∗
(
Σ̂1 − Σ1

)]
/2

+ vec
[
Σ1∆

∗
(
Σ̂2 − Σ2

)]
/2− vec

[
Σ̂2 − Σ̂1

]
+ vec [Σ2 − Σ1]− vec [Σ2 − Σ1]

= vec
[(

Σ̂2 − Σ2

)
∆∗
(
Σ̂1 − Σ1

)]
/2

+ vec
[(

Σ̂1 − Σ1

)
∆∗
(
Σ̂2 − Σ2

)]
/2

+ vec
[
Σ̂2∆

∗Σ1

]
/2 + vec

[
Σ̂1∆

∗Σ2

]
/2− vec [Σ2 − Σ1]

+ vec
[
Σ2∆

∗
(
Σ̂1 − Σ1

)]
/2 + vec

[
Σ1∆

∗
(
Σ̂2 − Σ2

)]
/2

− vec
[(

Σ̂2 − Σ2

)
−
(
Σ̂1 − Σ1

)]
=vec

[(
Σ̂2 − Σ2

)
∆∗
(
Σ̂1 − Σ1

)]
/2

+ vec
[(

Σ̂1 − Σ1

)
∆∗
(
Σ̂2 − Σ2

)]
/2

+ vec [Σ2∆
∗Σ1] /2 + vec [Σ1∆

∗Σ2] /2− vec [Σ2 − Σ1]

+ vec
[(

Σ̂2 − Σ2

)
∆∗Σ1

]
/2 + vec

[
Σ1∆

∗
(
Σ̂2 − Σ2

)]
/2

− vec
[
Σ̂2 − Σ2

]
+ vec

[(
Σ̂1 − Σ1

)
∆∗Σ2

]
/2 + vec

[
Σ2∆

∗
(
Σ̂1 − Σ1

)]
/2

+ vec
[
Σ̂1 − Σ1

]
.

Now we will show that max norm of the first line in the last equation is op
(√

B
T

)
and so is
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op(1) when we scale by
√

T
B

.

∥∥∥vec [(Σ̂2 − Σ2

)
∆∗
(
Σ̂1 − Σ1

)]
/2 + vec

[(
Σ̂1 − Σ1

)
∆∗
(
Σ̂2 − Σ2

)]
/2
∥∥∥
∞

=

∥∥∥∥12
((

Σ̂1 − Σ1

)T
⊗
(
Σ̂2 − Σ2

)
+
(
Σ̂2 − Σ2

)T
⊗
(
Σ̂1 − Σ1

))
vec (∆∗)

∥∥∥∥
∞

≤ 1

2

∥∥∥∥(Σ̂1 − Σ1

)T
⊗
(
Σ̂2 − Σ2

)
+
(
Σ̂2 − Σ2

)T
⊗
(
Σ̂1 − Σ1

)∥∥∥∥
∞
∥vec (∆∗)∥1

≤ 1

2

(∥∥∥Σ̂1 − Σ1

∥∥∥
∞

∥∥∥Σ̂2 − Σ2

∥∥∥
∞
+
∥∥∥Σ̂2 − Σ2

∥∥∥
∞

∥∥∥Σ̂1 − Σ1

∥∥∥
∞

)
∥vec (∆∗)∥1

= Op (RT1,pRT2,p ∥vec (∆∗)∥1) .

Since Assumption 1 is satisfied for both conditions, in the last line we applied Corollary 3 to

both conditions and write the rates as RT1,p, RT2,p. To show that this term is op
(√

T
B

)
it suffices

to show that
√

T
B
Op (RT1,pRT2,p ∥vec (∆∗)∥1) = op(1). Note the choice of smoothing span is

B ≍
(

T
log4α+2(p∨T )

)γ
for γ > 1/3 in order to satisfy the conditions in Proposition 1. Thus we have

that

√
T

B
=

(
T
T γ

logγ(4α+2)(p∨T )

)1/2

= T
1−γ
2 logγ(2α+1)(p ∨ T ) .

Since we have assumed the same T and smoothing span in each group we can simplifyRT1,pRT2,p

as follows

RT1,pRT2,p = ∥X1,·∥2ψα
∥X2,·∥2ψα

(
2α+1T

γ−1
2 log(1−γ)(2α+1)(p ∨ T )

)2
= 22α+2 ∥X1,·∥2ψα

∥X2,·∥2ψα
T γ−1 log2(1−γ)(2α+1)(p ∨ T ) .

Combining this with
√

T
B

we get

√
T

B
Op (RT1,pRT2,p ∥vec (∆∗)∥1) = Op

(
22α+2 ∥X1,·∥2ψα

∥X2,·∥2ψα
∥vec (∆∗)∥1 T

γ−1
2 log(2α+1)(2−γ) (p ∨ T )

)
= op(1) .
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Going back to our expanded form, by definition of ∆∗, the second line is 0. Then we will

simplify lines 3 & 4 and 5 & 6 of the expanded symmetric estimating equation using the fact that

vec(ABC) = (I ⊗ AB) vec(C) = (CTBT ⊗ I) vec(A). Using this we get

= op

(√
B

T

)
+ 0

+

[(
ΣT

1∆
∗,T ⊗ I2p

)
+ (I2p ⊗ Σ1∆

∗)

2
− I4p2

]
vec
(
Σ̂2 − Σ2

)
+

[(
ΣT

2∆
∗,T ⊗ I2p

)
+ (I2p ⊗ Σ2∆

∗)

2
+ I4p2

]
vec
(
Σ̂1 − Σ1

)
.

We define

M2,symm =

(
ΣT

1∆
∗,T ⊗ I2p

)
+ (I2p ⊗ Σ1∆

∗)

2
− I4p2

M1,symm =

(
ΣT

2∆
∗,T ⊗ I2p

)
+ (I2p ⊗ Σ2∆

∗)

2
+ I4p2 .

We further denote the asymptotic variance of the appropriately scaled versions of vec
(
Σ̂2 − Σ2

)
and

vec
(
Σ̂1 − Σ1

)
as V2 and V1 respectively. Assuming that data in conditions 1 and 2 is independent

we have from Proposition 1 that

√
T

B
v

∗T
symm vec


(
Σ̂2∆

∗Σ̂1 + Σ̂1∆
∗Σ̂2

)
2

−
(
Σ̂2 − Σ̂1

)
⇝ N

(
0, v∗Tsymm

(
M1,symmV1M

T
1,symm +M2,symmV2M

T
2,symm

)
v∗symm

)
.

s1Left estimating equation. Similar to the symmetric estimating equation case, we simplify

the s1Left estimating equation

vec
[
Σ̂1∆

∗Σ̂2 −
(
Σ̂2 − Σ̂1

)]
.
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vec
[
Σ̂1∆

∗Σ̂2 −
(
Σ̂2 − Σ̂1

)]
=vec

[
Σ̂1∆

∗
(
Σ̂2 − Σ2

)]
+ vec

[
Σ̂1∆

∗Σ2

]
− vec

[
Σ̂2 − Σ̂1

]
=vec

[(
Σ̂1 − Σ1

)
∆∗
(
Σ̂2 − Σ2

)]
+ vec

[
Σ1∆

∗
(
Σ̂2 − Σ2

)]
+ vec

[
Σ̂1∆

∗Σ2

]
− vec

[
Σ̂2 − Σ̂1

]
=vec

[(
Σ̂1 − Σ1

)
∆∗
(
Σ̂2 − Σ2

)]
+ vec

[
Σ1∆

∗
(
Σ̂2 − Σ2

)]
+ vec [Σ1∆

∗Σ2] + vec
[(

Σ̂1 − Σ1

)
∆∗Σ2

]
− vec

[
Σ̂2 − Σ̂1

]
− vec [Σ2 − Σ1] + vec [Σ2 − Σ1]

= vec
[(

Σ̂2 − Σ2

)
∆∗
(
Σ̂1 − Σ1

)]
+ vec [Σ1∆

∗Σ2]− vec [Σ2 − Σ1]

+
(
ΣT

2∆
∗T ⊗ I2p + I4p2

)
vec
[
Σ̂1 − Σ1

]
+ (I2p ⊗ Σ1∆

∗ − I4p2) vec
[
Σ̂2 − Σ2

]
.

Similar to the symmetric case we have that the first term is op
(√

T
B

)
, and the second term is 0.

Then we define

M1,s1Left = ΣT
2∆

∗T ⊗ I2p + I4p2

M2,s1Left = I2p ⊗ Σ1∆
∗ − I4p2 ,

and we get that

√
T
B
v

∗T
s1Left vec

[
Σ̂1∆

∗Σ̂2 −
(
Σ̂2 − Σ̂1

)]
⇝ N

(
0, v∗Ts1Left

(
M1,S1LeftV1M

T
1,S1Left +M2,S1LeftV2M

T
2,S1Left

)
v∗s1Left

)
.

s1Right estimating equation. Lastly, we simplify the s1Right estimating equation

vec
[
Σ̂2∆

∗Σ̂1 −
(
Σ̂2 − Σ̂1

)]
.
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We have that

vec
[
Σ̂2∆

∗Σ̂1 −
(
Σ̂2 − Σ̂1

)]
=vec

[
Σ̂2∆

∗
(
Σ̂1 − Σ1

)]
+ vec

[
Σ̂2∆

∗Σ1

]
− vec

[
Σ̂2 − Σ̂1

]
=vec

[(
Σ̂2 − Σ2

)
∆∗
(
Σ̂1 − Σ1

)]
+ vec

[
Σ2∆

∗
(
Σ̂1 − Σ1

)]
+ vec

[
Σ̂2∆

∗Σ1

]
− vec

[
Σ̂2 − Σ̂1

]
=vec

[(
Σ̂2 − Σ2

)
∆∗
(
Σ̂1 − Σ1

)]
+ vec

[
Σ2∆

∗
(
Σ̂1 − Σ1

)]
+ vec [Σ2∆

∗Σ1] + vec
[(

Σ̂2 − Σ2

)
∆∗Σ1

]
− vec

[
Σ̂2 − Σ̂1

]
− vec [Σ2 − Σ1] + vec [Σ2 − Σ1]

= vec
[(

Σ̂2 − Σ2

)
∆∗
(
Σ̂1 − Σ1

)]
+ vec [Σ2∆

∗Σ1]− vec [Σ2 − Σ1]

+ (I2p ⊗ Σ2∆
∗ + I4p2) vec

[
Σ̂1 − Σ1

]
+
(
ΣT

1∆
∗T ⊗ I2p − I4p2

)
vec
[
Σ̂2 − Σ2

]
.

Similar to the symmetric case we have that the first term is op
(√

T
B

)
, and the second term is 0.

Then we define

M1,s1Right = I2p ⊗ Σ2∆
∗ + I4p2

M2,s1Right = ΣT
1∆

∗T ⊗ I2p − I4p2 ,

and we get that

√
T
B
v

∗T
s1Left vec

[
Σ̂2∆

∗Σ̂1 −
(
Σ̂2 − Σ̂1

)]
⇝ N

(
0, v∗Ts1Left

(
M1,s1RightV1M

T
1,s1Right +M2,s1RightV2M

T
2,s1Right

)
v∗s1Left

)
.
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Lemma 10. Suppose the conditions of Theorem 4 are satisfied. Then

σ̂2
symm

p→ σ2
symm

σ̂2
s1Left

p→ σ2
s1Left

σ̂2
s1Right

p→ σ2
s1Right

where

σ2
symm = v∗Tsymm

(
M1,symmV1M

T
1,symm +M2,symmV2M

T
2,symm

)
v∗symm

σ2
s1Left = v∗Ts1Left

(
M1,s1LeftV1M

T
1,s1Left +M2,s1LeftV2M

T
2,s1Left

)
v∗s1Left

σ2
s1Right = v∗Ts1Right

(
M1,s1RightV1M

T
1,s1Right +M2,s1RightV2M

T
2,s1Right

)
v∗s1Right ,

and

σ̂2
symm = v̂Tsymm

(
M̂1,symmV̂1M̂

T
1,symm + M̂2,symmV̂2M̂

T
2,symm

)
v̂symm

σ̂2
s1Left = v̂Ts1Left

(
M̂1,s1LeftV̂1M̂

T
1,s1Left + M̂2,s1LeftV̂2M̂

T
2,s1Left

)
v̂s1Left

σ̂2
s1Right = v̂Ts1Right

(
M̂1,s1RightV̂1M̂

T
1,s1Right + M̂2,s1RightV̂2M̂

T
2,s1Right

)
v̂s1Right .

Proof. We will only show that σ̂2
symm is consistent as the s1Left, s1Right cases follow using similar

techniques. Specifically we wish to show that

σ̂2
symm = v̂Tsymm

(
M̂1,symmV̂1M̂

T
1,symm + M̂2,symmV̂2M̂

T
2,symm

)
v̂symm ,

is a consistent estimate of

σ2
symm = v∗Tsymm

(
M1,symmV1M

T
1,symm +M2,symmV2M

T
2,symm

)
v∗symm ,

where

M1,symm =

(
Σ2∆

∗T ⊗ I2p
)
+ (I2p ⊗ Σ2∆

∗)

2
+I4p2 M2,symm =

(
ΣT

1∆
∗T ⊗ I2p

)
+ (I2p ⊗ Σ1∆

∗)

2
−I4p2 ,
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and V1, V2 are the asymptotic variances of vec
(
Σ̂1 − Σ1

)
, vec

(
Σ̂2 − Σ2

)
, the forms of which

are given in Lemma 8. Recall that Al = Re(fl) and Bl = Im(fl) and fl is the spectral den-

sity in condition l. In general, Ml,symm, Vl are functions of Σ1,Σ2,∆
∗, Al, Bl. Then to generate

M̂1,symm, M̂2,symm, V̂1, V̂2 we replace the population quantites with their hatted versions. Specifically

the expanded smoothed periodograms, Σ̂l, will estimate Σl; the SDD estimator, ∆̂, will estimate

∆∗; the real and imaginary parts of the smoothed periodograms (f̂l), Âl and B̂l, will estimate Al and

Bl respectively. We proceed by establishing consistency of each of the pieces of σ̂2. Once we have

each of the required pieces we prove consistency of σ̂2.

We will frequently use the identity that
∥∥∥I ⊗ X̂ − I ⊗X

∥∥∥
∞

=
∥∥∥X̂ −X

∥∥∥
∞

. This holds because

the Kronecker product of X with the identity matrix is simply a block diagonal matrix with X in

each block. We will also use the fact that ∥X∥1 = ∥vec (X)∥1 and ∥X∥∞ = ∥vec (X)∥∞.

Convergence of M̂l,symm to Ml,symm. We begin by noting that M̂1,symm =

(Σ̂T
2 ∆̂T⊗I2p)+(I2p⊗Σ̂2∆̂)

2
+ I4p2 , then

∥∥∥M̂1,symm −M1,symm

∥∥∥
1
=

∥∥∥∥∥∥
(
Σ̂T

2 ∆̂
T ⊗ I2p

)
+
(
I2p ⊗ Σ̂2∆̂

)
2

+ I4p2 −
(
ΣT

2 ∆
∗,T ⊗ I2p

)
+ (I2p ⊗ Σ2∆

∗)

2
− I4p2

∥∥∥∥∥∥
1

≤ 2p

2

∥∥∥Σ̂2∆̂− Σ2∆
∗
∥∥∥
1
+

2p

2

∥∥∥Σ̂T
2 ∆̂

T − ΣT
2 ∆

∗T
∥∥∥
1

= 2p
∥∥∥Σ̂2∆̂− Σ2∆

∗
∥∥∥
1

≤ 8p3
∥∥∥Σ̂2∆̂− Σ2∆

∗
∥∥∥
∞

= 8p3
∥∥∥(I2p ⊗ Σ̂2) vec

(
∆̂
)
− (I2p ⊗ Σ2) vec (∆

∗)
∥∥∥
∞

= 8p3
∥∥∥(I2p ⊗ Σ̂2) vec

(
∆̂
)
− (I2p ⊗ Σ2) vec (∆

∗)− (I2p ⊗ Σ̂2) vec (∆
∗) + (I2p ⊗ Σ̂2) vec (∆

∗)
∥∥∥
∞

= 8p3
∥∥∥(I2p ⊗ Σ̂2

)
vec
(
∆̂−∆∗

)
+
((

I2p ⊗ Σ̂2

)
− (I2p ⊗ Σ2)

)
vec (∆∗)

∥∥∥
∞

≤ 8p3
∥∥∥I2p ⊗ Σ̂2

∥∥∥
∞

∥∥∥vec(∆̂−∆∗
)∥∥∥

1
+ 8p3

∥∥∥I2p ⊗ Σ̂2 − I2p ⊗ Σ2

∥∥∥
∞

∥vec (∆∗)∥1

≤ 8p3
∥∥∥Σ̂2 − Σ2

∥∥∥
∞

∥∥∥vec(∆̂−∆∗
)∥∥∥

1
+ 8p3 ∥Σ2∥∞

∥∥∥vec(∆̂−∆∗
)∥∥∥

1

+ 8p3
∥∥∥Σ̂2 − Σ2

∥∥∥
∞

∥vec (∆∗)∥1 ,

where in the second line we used the fact that I2p ∈ R2p×2p and so I2p ⊗ Σ̂2∆̂ is block diagonal

with 2p blocks of Σ̂2∆̂ so
∥∥∥I2p ⊗ Σ̂2∆̂

∥∥∥
1
= 2p

∥∥∥Σ̂2∆̂
∥∥∥
1
. In the third line we use the fact that Σl



143

and ∆ and their estimators are symmetric. Next we use the fact that ∥Σ̂2 − Σ2∥∞ = Op(RT2,p)

since the conditions of Corollary 3 are satisfied in Theorem 4 and that
∥∥∥vec(∆̂−∆∗

)∥∥∥
1
=

Op(s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1)) from Theorem 4. We can simplify these rates and similarly

follow the same steps for condition 2 to show that

∥∥∥M̂1,symm −M1,symm

∥∥∥
1
= Op

(
8p3 ∥Σ2∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + 8p3 ∥∆∗∥1RT2,p

)
∥∥∥M̂2,symm −M2,symm

∥∥∥
1
= Op

(
8p3 ∥Σ1∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + 8p3 ∥∆∗∥1RT1,p

)
.

Convergence of V̂l to Vl. Next we will establish the rate of
∥∥∥V̂l − Vl

∥∥∥
∞

. Recall that we have

f̂l = Âl + iB̂l and

V̂l =
1

2

P1

P2

 (Ip2 +K) (Âl ⊗ Âl + B̂l ⊗ B̂l) (Ip2 +K) (B̂l ⊗ Âl − Âl ⊗ B̂l)

[(Ip2 +K) (B̂l ⊗ Âl − Âl ⊗ B̂l)]
T (Ip2 −K) (Âl ⊗ Âl + B̂l ⊗ B̂l)

[P T
1 P T

2

]
.

We can remove the left and right multiplication of the

P1

P2

 as each row and column only

has one 1. In other words, these matrices simply select one element from the matrix so their

multiplication does not change the max norm. Similarly the rows and columns of Ip2 +K have

either one entry with a value of 2 or two entries each with a value of 1 so the max norm with these

matrices is at most the max norm without them multiplied by 2.

Thus we have

∥∥∥V̂l − Vl

∥∥∥
∞

=

∥∥∥∥∥∥
 (Âl ⊗ Âl + B̂l ⊗ B̂l)− (Al ⊗ Al +Bl ⊗Bl) (B̂l ⊗ Âl − Âl ⊗ B̂l)− (Bl ⊗ Al − Al ⊗Bl)

[(B̂l ⊗ Âl − Âl ⊗ B̂l)− (Bl ⊗ Al − Al ⊗Bl)]
T (Âl ⊗ Âl + B̂l ⊗ B̂l)− (Al ⊗ Al +Bl ⊗Bl)

∥∥∥∥∥∥
∞

,

which is equivalent to the maximum of the (1, 1) and (1, 2) entries. We will consider each of

these entries separately. Consider just the (1,1) entry,
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∥∥∥(Âl ⊗ Âl + B̂l ⊗ B̂l)− (Al ⊗ Al +Bl ⊗Bl)
∥∥∥
∞

≤
∥∥∥Âl ⊗ Âl − Al ⊗ Al

∥∥∥
∞
+
∥∥∥B̂l ⊗ B̂l −Bl ⊗Bl

∥∥∥
∞
.

Studying just the first entry on the left hand side we get

∥∥∥Âl ⊗ Âl − Al ⊗ Al

∥∥∥
∞

=
∥∥∥(Âl − Al

)
⊗ Âl + Al ⊗

(
Âl − Al

)∥∥∥
∞

=
∥∥∥(Âl − Al

)
⊗
(
Âl − Al

)
+
(
Âl − Al

)
⊗ Al + Al ⊗

(
Âl − Al

)∥∥∥
∞

≤
∥∥∥(Âl − Al

)
⊗
(
Âl − Al

)∥∥∥
∞
+ 2

∥∥∥Âl − Al

∥∥∥
∞
∥Al∥∞

≤
∥∥∥Âl − Al

∥∥∥2
∞
+ 2

∥∥∥Âl − Al

∥∥∥
∞
∥Al∥∞ ,

where we have used the fact that ∥X ⊗ Y ∥∞ ≤ ∥X∥∞ ∥Y ∥∞ since the Kronecker product

multiplies every entry in X with every entry in Y . Using that ∥Σ̂l − Σl∥∞ = Op(RTl,p) and that∥∥∥Âl − Al

∥∥∥
∞
,
∥∥∥B̂l −Bl

∥∥∥
∞

≤ ∥Σ̂l − Σl∥∞ and also that ∥Al∥∞ , ∥Bl∥∞ < ∥Σl∥∞ and repeating

the same process for
∥∥∥B̂l ⊗ B̂l −Bl ⊗Bl

∥∥∥
∞

we get that

∥∥∥Âl ⊗ Âl − Al ⊗ Al

∥∥∥
∞

= Op (2 ∥Σl∥∞RTl,p)∥∥∥B̂l ⊗ B̂l −Bl ⊗Bl

∥∥∥
∞

= Op (2 ∥Σl∥∞RTl,p)∥∥∥(Âl ⊗ Âl + B̂l ⊗ B̂l)− (Al ⊗ Al +Bl ⊗Bl)
∥∥∥
∞

= Op (4 ∥Σl∥∞RTl,p) .

Next we consider the (2, 1) entry,

∥∥∥(B̂l ⊗ Âl − Âl ⊗ B̂l)− (Bl ⊗ Al − Al ⊗Bl)
∥∥∥
∞

≤
∥∥∥B̂l ⊗ Âl −Bl ⊗ Al

∥∥∥
∞
+
∥∥∥Âl ⊗ B̂l − Al ⊗Bl

∥∥∥
∞
.

Again considering just the first entry on the left hand side we get
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∥∥∥B̂l ⊗ Âl −Bl ⊗ Al

∥∥∥
∞

=
∥∥∥(B̂l −Bl

)
⊗ Âl +Bl ⊗ Âl −Bl ⊗ Al

∥∥∥
∞

=
∥∥∥(B̂l −Bl

)
⊗ Âl +Bl ⊗

(
Âl − Al

)∥∥∥
∞

=
∥∥∥(B̂l −Bl

)
⊗
(
Âl − Al

)
+
(
B̂l −Bl

)
⊗ Al +Bl ⊗

(
Âl − Al

)∥∥∥
∞

≤
∥∥∥B̂l −Bl

∥∥∥
∞

∥∥∥Âl − Al

∥∥∥
∞
+
∥∥∥B̂l −Bl

∥∥∥
∞
∥Al∥∞ +

∥∥∥Âl − Al

∥∥∥
∞
∥Bl∥∞ .

We again use that ∥Σ̂l −Σl∥∞ = Op(RTl,p) and that
∥∥∥Âl − Al

∥∥∥
∞
,
∥∥∥B̂l −Bl

∥∥∥
∞

≤ ∥Σ̂l −Σl∥∞

and also that ∥Al∥∞ , ∥Bl∥∞ < ∥Σl∥∞ and repeat the same process for
∥∥∥Âl ⊗ B̂l − Al ⊗Bl

∥∥∥
∞

to

see

∥∥∥B̂l ⊗ Âl −Bl ⊗ Al

∥∥∥
∞

= Op (2 ∥Σl∥∞RTl,p)∥∥∥Â1 ⊗ B̂l − Al ⊗Bl

∥∥∥
∞

= Op (2 ∥Σl∥∞RTl,p)∥∥∥(B̂l ⊗ Âl − Âl ⊗ B̂l)− (Bl ⊗ Al − Al ⊗Bl)
∥∥∥
∞

= Op (4 ∥Σl∥∞RTl,p) .

Using these we conclude that

∥∥∥V̂1 − V1

∥∥∥
∞

= Op (4 ∥Σ1∥∞RT1,p)∥∥∥V̂2 − V2

∥∥∥
∞

= Op (4 ∥Σ2∥∞RT2,p) .

Convergence of I4p2 ⊗ M̂l,symmV̂l to I4p2 ⊗Ml,symmVl. We will find the rate of∥∥∥I4p2 ⊗ M̂l,symmV̂l − I4p2 ⊗Ml,symmVl

∥∥∥
∞
. For ease of notation we will suppress the symm sub-

script in the below.



146

∥∥∥I4p2 ⊗ M̂lV̂l − I4p2 ⊗MlVl

∥∥∥
∞

=
∥∥∥M̂lV̂l −MlVl

∥∥∥
∞

=
∥∥∥(V̂ T

l ⊗ I4p2

)
vec
(
M̂l

)
−
(
V T
l ⊗ I4p2

)
vec (Ml)

∥∥∥
∞

=
∥∥∥(V̂ T

l ⊗ I4p2 − V T
l ⊗ I4p2

)
vec
(
M̂l

)
−
(
V T
l ⊗ I4p2

)
vec
(
Ml − M̂l

)∥∥∥
∞

=
∥∥∥(V̂ T

l ⊗ I4p2 − V T
l ⊗ I4p2

)
vec
(
M̂l −Ml

)
+
(
V̂ T
l ⊗ I4p2 − V T

l ⊗ I4p2

)
vec (Ml)−

(
V T
l ⊗ I4p2

)
vec
(
Ml − M̂l

)∥∥∥
∞

≤
∥∥∥V̂l − Vl

∥∥∥
∞

∥∥∥M̂l −Ml

∥∥∥
1
+
∥∥∥V̂l − Vl

∥∥∥
∞

∥Ml∥1 + ∥Vl∥∞
∥∥∥M̂l −Ml

∥∥∥
1
.

For l = 1 we have that

∥∥∥M̂1,symm −M1,symm

∥∥∥
1
= Op

(
8p3 ∥Σ2∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + 8p3 ∥∆∗∥1RT2,p

)
,

is slower than
∥∥∥V̂1 − V1

∥∥∥
∞

= Op (4 ∥Σ1∥∞RT1,p) and applying the same method for condition 2,

∥∥∥I4p2 ⊗ M̂1V̂1 − I4p2 ⊗M1V1

∥∥∥
∞

=
∥∥∥M̂1V̂1 −M1V1

∥∥∥
∞

=Op

(
8p3 ∥V1∥∞ (∥Σ2∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + ∥∆∗∥1RT2,p)

)∥∥∥I4p2 ⊗ M̂2V̂2 − I4p2 ⊗M2V2

∥∥∥
∞

=
∥∥∥M̂2V̂2 −M2V2

∥∥∥
∞

=Op

(
8p3 ∥V2∥∞ (∥Σ1∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + ∥∆∗∥1RT1,p)

)
Convergence of M̂1V̂1M̂

T
1 + M̂2V̂2M̂

T
2 to M1V1M

T
1 +M2V2M

T
2 . For ease of notation

we will again suppress the symm subscript in the below. Next we consider

∥∥∥M̂1V̂1M̂
T
1 + M̂2V̂2M̂

T
2 −M1V1M

T
1 −M2V2M

T
2

∥∥∥
∞

≤
∥∥∥M̂1V̂1M̂

T
1 −M1V1M

T
1

∥∥∥
∞
+
∥∥∥M̂2V̂2M̂

T
2 −M2V2M

T
2

∥∥∥
∞

Considering just the first term on the left hand side
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∥∥∥M̂1V̂1M̂
T
1 −M1V1M

T
1

∥∥∥
∞

=
∥∥∥(I4p2 ⊗ M̂1V̂1

)
vec
(
M̂T

1

)
− (I4p2 ⊗M1V1) vec

(
MT

1

)∥∥∥
∞

=
∥∥∥(I4p2 ⊗ M̂1V̂1 − I4p2 ⊗M1V1

)
vec
(
M̂T

1

)
+ (I4p2 ⊗M1V1) vec

(
M̂T

1 −MT
1

)∥∥∥
∞

≤
∥∥∥(I4p2 ⊗ M̂1V̂1 − I4p2 ⊗M1V1

)
vec
(
M̂T

1

)∥∥∥
∞
+
∥∥∥(I4p2 ⊗M1V1) vec

(
M̂T

1 −MT
1

)∥∥∥
∞

≤
∥∥∥M̂1V̂1 −M1V1

∥∥∥
∞

∥∥∥vec(M̂T
1 −MT

1

)∥∥∥
1
+
∥∥∥M̂1V̂1 −M1V1

∥∥∥
∞

∥∥vec (MT
1

)∥∥
1

+ ∥M1V1∥∞
∥∥∥vec(M̂T

1 −MT
1

)∥∥∥
1
.

Note that we have∥∥∥M̂1V̂1 −M1V1

∥∥∥
∞

= Op

(
8p3 ∥V1∥∞ (∥Σ2∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + ∥∆∗∥1RT2,p)

)
,

and

∥∥∥M̂1 −M1

∥∥∥
1
= Op

(
8p3 ∥Σ2∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + 8p3 ∥∆∗∥1RT2,p

)
.

We can use the same approach for
∥∥∥M̂2V̂2M̂

T
2 −M2V2M

T
2

∥∥∥
∞

so we conclude that

∥∥∥M̂1V̂1M̂
T
1 −M1V1M

T
1

∥∥∥
∞

= Op

(
8p3 (∥M1V1∥∞ + ∥M1∥1 ∥V1∥∞) (∥Σ2∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + ∥∆∗∥1 RT2,p)

)
= Op

(
8p3Cv,1 (∥Σ2∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + ∥∆∗∥1 RT2,p)

)∥∥∥M̂2V̂2M̂
T
2 −M2V2M

T
2

∥∥∥
∞

= Op

(
8p3 (∥M2V2∥∞ + ∥M2∥1 ∥V2∥∞) (∥Σ1∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + ∥∆∗∥1 RT1,p)

)
= Op

(
8p3Cv,2 (∥Σ1∥∞ s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) + ∥∆∗∥1 RT1,p)

)∥∥∥M̂1V̂1M̂
T
1 + M̂2V̂2M̂

T
2 −M1V1M

T
1 −M2V2M

T
2

∥∥∥
∞

= Op

(
8p3s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) (Cv,1 ∥Σ2∥∞ + Cv,2 ∥Σ1∥∞) + 8p3 ∥∆∗∥1 (Cv,1RT2,p + Cv,2RT1,p)

)
,

where we have defined Cv,1 = ∥M1V1∥∞ + ∥M1∥1 ∥V1∥∞ and Cv,2 = ∥M2V2∥∞ +

∥M2∥1 ∥V2∥∞.
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Convergence of plug-in variance estimator. Now we are ready to show that our plug-in

estimate of the variance is consistent. The true variance is given by σ2 = v∗TGv∗ while our plug-in

estimate is given by σ̂2 = v̂T Ĝv̂. Recall that v̂T is the Dantzig selector for the first column of

Tsymm (Z,∆) and Ĝ = M̂1,symmV̂1M̂
T
1,symm + M̂2,symmV̂2M̂

T
2,symm while G =M1,symmV1M

T
1,symm +

M2,symmV2M
T
2,symm. To show that σ̂2 is consistent we will show that

∣∣σ̂2 − σ2
∣∣ = ∣∣∣v̂T Ĝv̂ − v∗TGv∗

∣∣∣ = op(1) .

We proceed as follows

∣∣∣v̂T Ĝv̂ − v∗TGv∗
∣∣∣

=
∣∣∣v̂T Ĝv̂ − v∗T Ĝv̂ + v∗T Ĝv̂ − v∗TGv∗

∣∣∣
=
∣∣∣(v̂T − v∗T

)
Ĝv̂ + v∗T Ĝv̂ − v∗TGv∗

∣∣∣
=
∣∣∣(v̂T − v∗T

)
Ĝ (v̂ − v∗) +

(
v̂T − v∗T

)
Ĝv∗ + v∗T Ĝv̂ − v∗TGv∗

∣∣∣
=
∣∣∣(v̂T − v∗T

)
Ĝ (v̂ − v∗) +

(
v̂T − v∗T

)
Ĝv∗ + v∗T Ĝ

(
v̂ − v∗T

)
+ v∗T

(
Ĝ−G

)
v∗
∣∣∣

≤
∣∣∣(v̂T − v∗T

)
Ĝ (v̂ − v∗)

∣∣∣+ ∣∣∣(v̂T − v∗T
)
Ĝv∗

∣∣∣+ ∣∣∣v∗T Ĝ (v̂ − v∗T
)∣∣∣+ ∣∣∣v∗T (Ĝ−G

)
v∗
∣∣∣

≤ ∥v̂ − v∗∥1
∥∥∥Ĝ (v̂ − v∗)

∥∥∥
∞
+ ∥v̂ − v∗∥1

∥∥∥Ĝv∗∥∥∥
∞
+ ∥v̂ − v∗∥1

∥∥∥v∗T Ĝ∥∥∥
∞
+ ∥v∗∥1

∥∥∥(Ĝ−G
)
v∗
∥∥∥
∞

≤ ∥v̂ − v∗∥21
∥∥∥Ĝ∥∥∥

∞
+ 2 ∥v̂ − v∗∥1

∥∥∥(Ĝ−G
)
v∗ +Gv∗

∥∥∥
∞
+ ∥v∗∥21

∥∥∥Ĝ−G
∥∥∥
∞

≤ ∥v̂ − v∗∥21
∥∥∥Ĝ−G

∥∥∥
∞
+ ∥v̂ − v∗∥21 ∥G∥∞ + 2 ∥v̂ − v∗∥1

∥∥∥Ĝ−G
∥∥∥
∞
∥v∗∥1 + 2 ∥v̂ − v∗∥1 ∥Gv

∗∥∞

+ ∥v∗∥21
∥∥∥Ĝ−G

∥∥∥
∞
.

Recall that we have shown that

∥∥∥Ĝ−G
∥∥∥
∞

= Op

(
8p3s∆∗(RT1,p +RT2,p)Cf (1 + ∥∆∗∥1) (Cv,1 ∥Σ2∥∞ + Cv,2 ∥Σ1∥∞) + 8p3 ∥∆∗∥1 (Cv,1RT2,p + Cv,2RT1,p)

)
,

which in general will be slower than ∥v̂ − v∗∥1 = Op (sv∗ ∥v∗∥1Cf (RT1,p +RT2,p)). Therefore,

the last term is the slowest and we conclude that
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∣∣∣v̂T Ĝv̂ − v∗TGv∗
∣∣∣

= Op(8p
3 ∥v∗∥21 s∆∗ (RT1,p +RT2,p)Cf (1 + ∥∆∗∥1)(Cv,1 ∥Σ2∥∞ +

Cv,2 ∥Σ1∥∞) + 8p3 ∥v∗∥21 ∥∆
∗∥1 (Cv,2RT2,p + Cv,1RT1,p))

= op(1) .

This concludes the intermediate results needed and we proceed in proving Theorem 6.

B.5.1 Proving Theorem 6

To prove Theorem 6, we proceed by showing the assumptions for Theorem 5 are satisfied.

Showing Assumption 5 is satisified. We begin by showing Assumption 5 which requires three

concentration conditions and two expectation conditions. We must show that there exists a neigh-

borhood Nθ∗ of θ∗ such that for all θ ∈ Nθ∗ the assumptions are satisfied. We will fix |θ − θ∗| < ϵ

for some ϵ > 0. We show each condition below.

To show limT→∞ P (∥t(Z,∆∗
θ)− Et(∆

∗
θ)∥∞ ≤ r1(T, θ)) = 1, we define Γ =

0.5 (Σ2 ⊗ Σ1 + Σ1 ⊗ Σ2) and Γ̂ = 0.5
(
Σ̂2 ⊗ Σ̂1 + Σ̂1 ⊗ Σ̂2

)
. Then we have that

∥t(Z,∆∗
θ)− Et(∆

∗
θ)∥∞ =

∥∥∥(Γ̂− Γ
)
vec (∆∗

θ)−
(
vec
(
Σ̂2 − Σ2

)
− vec

(
Σ̂1 − Σ1

))∥∥∥
∞

≤
∥∥∥(Γ̂− Γ

)
vec (∆∗

θ)
∥∥∥
∞
+
∥∥∥vec(Σ̂2 − Σ2

)∥∥∥
∞
+
∥∥∥vec(Σ̂1 − Σ1

)∥∥∥
∞

≤
∥∥∥Γ̂− Γ

∥∥∥
∞
∥vec (∆∗

θ)∥1 +
∥∥∥vec(Σ̂2 − Σ2

)∥∥∥
∞
+
∥∥∥vec(Σ̂1 − Σ1

)∥∥∥
∞

≤
∥∥∥Γ̂− Γ

∥∥∥
∞
(∥∆∗∥1 + ϵ) +

∥∥∥vec(Σ̂2 − Σ2

)∥∥∥
∞
+
∥∥∥vec(Σ̂1 − Σ1

)∥∥∥
∞

= CfOp(RT1,p +RT2,p) (∥∆∗∥1 + ϵ) +Op(RT1,p +RT2,p)

= CfOp(RT1,p +RT2,p) (∥∆∗∥1 + ϵ) .
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Where we have used Corollary 3 in the second to last line. Since the conditions in Theorem 4

are satisfied, so too are the conditions of Corollary 3. Next we establish that

limT→∞ P
(∣∣v∗T t(Z,∆∗

θ)− v∗TEt(∆
∗
θ)
∣∣ ≤ r2(T, θ)

)
= 1. This is easily shown by

∣∣v∗T t(Z,∆∗
θ)− v∗TEt(∆

∗
θ)
∣∣ ≤ ∥v∗∥1 ∥t(Z,∆

∗
θ)− Et(∆

∗
θ)∥∞

= ∥v∗∥1CfOp(RT1,p +RT2,p) (∥∆∗∥1 + ϵ) .

For limT→∞ P
(
supν∈[0,1]

∥∥∥v̂TT(Z, ∆̃ν

)
− v∗TET (∆∗

θ)
∥∥∥
∞

≤ r3(T, θ)
)
= 1, note that ∆̃ν =

ν∆̂θ + (1 − ν)∆∗
θ and that T (Z,∆) =

(
Σ̂2 ⊗ Σ̂1 + Σ̂1 ⊗ Σ̂2

)
/2 is ∆ free. Also, by definition

v∗TET (∆∗
θ) = e1. So we have

sup
ν∈[0,1]

∥∥∥v̂TT(Z, ∆̃ν

)
− v∗TET (∆∗

θ)
∥∥∥
∞

=
∥∥∥v̂T Γ̂− e1

∥∥∥
∞

≤ ρ := ∥v∗∥1CfOp (RT1,p +RT2,p) ,

where the last inequality holds by definition as v̂ is the Dantzig selector for the first row of Γ̂

and the definition of ρ in the statement of the Theorem. Based on these rates we can conclude

sup
θ∈Nθ∗

max(r1(T, θ), r2(T, θ), r3(T, θ)) = o(1)

The first expectation condition is satisfied because

∥Et (∆
∗
θ)∥∞ = ∥Γvec (∆∗

θ)− (vec (Σ2)− vec (Σ1))− [Γ vec (∆∗)− (vec (Σ2)− vec (Σ1))]∥∞

=

∥∥∥∥∥∥∥∥∥∥∥∥
Γ


θ − θ∗

0
...

0



∥∥∥∥∥∥∥∥∥∥∥∥
∞

= ∥Γ∗1∥∞ ϵ <∞ .
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In the first line we subtracted 0 = Γvec (∆∗)− (vec (Σ2)− vec (Σ1)). Thus we have

sup
θ∈Nθ∗

∥Et (∆
∗
θ)∥∞ <∞ .

For the second condition we have that

∥∥v∗T [ET (∆∗
θ)]−1

∥∥
∞ = 0 ,

as v∗ is by definition the first column of the inverse of ET (∆∗
θ) so we conclude that

sup
θ∈Nθ∗

∥∥v∗T [ET (∆∗
θ)]−1

∥∥
∞ <∞ .

Showing Assumption 6 is satisfied. Showing Assumption 6 requires ℓ1 consistency of the

parameter estimates. In this case we need to show that our SDD estimator, ∆̂, is ℓ1 consistent. It

also requires ℓ1 consistency of the Dantzig selector estimate v̂.

The conditions of Theorem 4 are satisfied so we have that

∥∆̂−∆∗∥1 = Op (s∆∗ (RT1,p +RT2,p)Cf (1 + ∥∆∗∥1)) .

Furthermore, the conditions of Lemma 7 are satsified so we have that

∥v̂ − v∗∥1 = Op (sv∗ ∥v∗∥1Cf (RT1,p +RT2,p)) .

Thus we conclude this assumption holds with

r4(T ) = s∆∗ (RT1,p +RT2,p)Cf (1 + ∥∆∗∥1)

r5(T ) = sv∗ ∥v∗∥1Cf (RT1,p +RT2,p) .

Technical conditions from Theorem 5. Here we show the two technical conditions from Theo-

rem 5. They are θ 7→ Ŝ(∆̂θ) is continuous with a single root θ̃ or is non-decreasing. We also need
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to show that for any ϵ > 0,

v∗T
[
Et

(
∆∗
θ∗−ϵ

)]
v∗T

[
Et

(
∆∗
θ∗+ϵ

)]
,

or that θ∗ is the unique root of v∗TEt (∆
∗
θ). The map θ 7→ Ŝ(∆̂θ) is continuous as it is linear

and has a unique root except when v̂T
[
Γ̂
]
∗1

= 0 but by the definition of the Dantzig selector∣∣∣v̂T [Γ̂]
∗1
− 1
∣∣∣ ≤ ρ so for appropriate ρ the unique root will exist. To show the second condition,

write

v∗TEt (∆
∗
θ) = v∗T [Γ vec (∆∗

θ)− vec (Σ2 − Σ1)]

= v∗T [Γ vec (∆∗
θ)− vec (Σ2 − Σ1)] + v∗T [Γ vec (∆∗)− vec (Σ2 − Σ1)]

= v∗TΓ (vec (∆∗
θ)− vec (∆∗))

= θ − θ∗ ,

where in the second line we added 0 since v∗T [Γ vec (∆∗)− vec (Σ2 − Σ1)] = 0. In the

last line we use the fact that by definition v∗TΓ =
[
1 0 . . . 0

]
and vec (∆∗

θ) − vec (∆∗) =[
θ − θ∗ 0 . . . 0

]T
. Solving for v∗TEt (∆

∗
θ) = 0 shows that θ = θ∗ is the unique root.

Showing Assumption 7 is satisified. Assumption 7 requires

σ−1sTS (β∗)⇝ N(0, 1) ,

where σ2 = v∗TGv∗, G = limT→∞ s2T Cov(t(Z, β
∗)), v∗ := [ET(β

∗)]−1, ET(β
∗) =

limT→∞E

(
∂
∂β
t(Z, β)

∣∣∣
β∗

)
. By Lemma 9 this is satisfied for each of the three estimating equation

types.

Showing Assumption 8 is satisfied. Here we show Assumption 8. Assumption 8 is a bound on

vT ∂
∂θ

[
T(Z, (θ, γT )T )

]
∗1. Recall for our estimator, we have

T(Z,∆) =
∂

∂∆
t(Z; ∆) = (Σ̂2 ⊗ Σ̂1 + Σ̂1 ⊗ Σ̂2)/2 ,
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which is ∆ free so

∂

∂θ
T(Z,∆) = 0 ,

and Assumption 8 holds.

Showing Assumption 9 is satisfied. Assumption 9 says that the convergence rates in Assump-

tions 5 and 6 satisfy

sT (r4(T )r3(T, θ
∗) + r5(T )r1(T, θ

∗)) = o(1) .

Below we restate the rates we have from above.

r1(T, θ
∗) = (RT1,p +RT2,p)Cf (∥∆∗∥1 + ϵ)

r3(T, θ
∗) = ∥v∗∥1Cf (RT1,p +RT2,p)

r4(T ) = s∆∗ (RT1,p +RT2,p)Cf (1 + ∥∆∗∥1)

r5(T ) = sv∗ ∥v∗∥1Cf (RT1,p +RT2,p) .

Then if we assume that the sample sizes T1, T2 are equal to T for both samples and the smoothing

spans B1, B2 are equal to B, we conclude that

r1(T, θ
∗)r5(T ) = 4R2

T,pC
2
f (∥∆∗∥1 + ϵ) sv∗ ∥v∗∥1

r3(T, θ
∗)r4(T ) = 4R2

T,p ∥v∗∥1C
2
fs∆∗ (1 + ∥∆∗∥1) .

Using the same method as we did to show that the second order terms in the asymptotic

distribution of the symmetric estimating equation were op
(√

B
T

)
in the proof of Lemma 9 we can

easily show that sT (r4(T )r3(T, θ∗) + r5(T )r1(T, θ
∗)) = o(1) for sT =

√
T
B

.
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Consistent estimate of σ2. Lastly, by Lemma 10, our plug-in varaince estimator σ̂2 is consistent

for σ2.

We have shown all conditions for Theorem 5 which concludes the proof.

B.6 Additional Simulation Details and Results

For simulation setting 1, the transition matrix is the same as in (Sun et al., 2018). Specifically, it

consists of 18 blocks of dimension 3× 3, where each block is


0.5 0.9 0

0 0.5 0.9

0 0 0.5

. In both simulation

setting 2 and setting 3, 60% of the coefficients in the 3× 3 block were randomly drawn from either

a Uniform(−0.5,−0.2) or a Uniform(0.2, 0.5) each with equal probability. In the second and third

setting, 40% and 5% respectively of the entries of the larger block were randomly drawn from

a Uniform(−0.5,−0.2) and Uniform(0.2, 0.5) each with equal probability. This corresponded to

60% and 95% sparsity respectively. The number of non-zero entries in the difference in expanded

inverse spectral densities, which we will refer to as edges, varies by frequency but is almost always

22 for Sim-Sun, 14 for Sim-Dense, and 28 for Sim-Sparse.

Let TP, FN, TN, FP denote the true positive, false negative, true negative, and false positive

edges identified by either SDD or the naı̈ve method, respectively. A value greater than 1× 10−6 in

absolute value was considered an edge. The metrics are defined as follows

Precision =
TP

TP + FP
Recall =

TP

TP + FN

Accuracy =
TP + TN

4p2
RRMSE =

√√√√∑i,j(∆̂i,j −∆i,j)2∑
i,j(∆i,j)2

,

where ∆̂ represents the difference estimator, either SDD or the naı̈ve difference, ∆ is the true

difference. The denominator of the accuracy measure is 4p2 as expanding a p× p spectral density to

the real space gives a 2p× 2p matrix which has 4p2 entries. We also report the number of average

number of true edges and the average number of estimated edges across frequencies.
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Figure B.1: Sim-Sun (left) and Sim-Dense (right) Precision and Recall. Results are reported as

mean (dots) and SE (vertical lines) where the mean and SE are taken across all frequencies and

iterations for a given sample size T . Note that SE may appear as 0 due to the large number of

frequencies and iterations.
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Figure B.2: Sim-Sparse. Results are reported as mean (dots) and SE (vertical lines) where the mean

and SE are taken across all frequencies and iterations for a given sample size T . Note that SE may

appear as 0 due to the large number of frequencies and iterations.
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Table B.1: Sim-Sun. Results are reported as Mean (SE) where the mean and SE are taken across all

frequencies and iterations for a given sample size T . SEs are rounded to two decimal places so a SE

of 0.00 indicates SE < 0.005.

SDD

T # True edges # Est edges Precision Recall Accuracy RRMSE

100 21.6 (0.04) 8.28 (0.13) 0.49 (0.01) 0.18 (0.00) 1.00 (0.00) 0.95 (0.00)

200 21.8 (0.02) 12.9 (0.12) 0.61 (0.01) 0.32 (0.00) 1.00 (0.00) 0.89 (0.00)

500 21.9 (0.01) 23.7 (0.23) 0.65 (0.00) 0.53 (0.00) 1.00 (0.00) 0.73 (0.00)

1000 21.9 (0.01) 35.5 (0.38) 0.59 (0.00) 0.65 (0.00) 1.00 (0.00) 0.60 (0.00)

2000 21.9 (0.01) 58.8 (0.91) 0.53 (0.00) 0.74 (0.00) 1.00 (0.00) 0.49 (0.00)

Naı̈ve

559 (4.89) 0.03 (0.00) 0.62 (0.00) 0.95 (0.00) 0.95 (0.00)

983 (5.60) 0.02 (0.00) 0.81 (0.00) 0.92 (0.00) 0.90 (0.00)

1779 (10.5) 0.01 (0.00) 0.93 (0.00) 0.85 (0.00) 0.78 (0.00)

2306 (15.2) 0.01 (0.00) 0.99 (0.00) 0.80 (0.00) 0.69 (0.00)

3144 (21.0) 0.01 (0.00) 1.00 (0.00) 0.73 (0.00) 0.57 (0.00)

FGL

2015 (26.4) 0.02 (0.00) 0.81 (0.00) 0.83 (0.00) 0.91 (0.00)

2524 (24.3) 0.02 (0.00) 0.89 (0.00) 0.79 (0.00) 0.83 (0.00)

5104 (42.9) 0.01 (0.00) 0.97 (0.00) 0.56 (0.00) 0.68 (0.00)

5930 (45.4) 0.01 (0.00) 0.99 (0.00) 0.49 (0.00) 0.64 (0.00)

6329 (45.9) 0.01 (0.00) 0.99 (0.00) 0.46 (0.00) 0.60 (0.00)

Hard threshold

- - - - -

0.68 (0.01) 0.35 (0.01) 0.02 (0.00) 1.00 (0.00) 1.50 (0.01)

1.52 (0.10) 0.67 (0.01) 0.05 (0.00) 1.00 (0.00) 1.00 (0.00)

18.2 (2.22) 0.65 (0.01) 0.12 (0.00) 1.00 (0.00) 0.95 (0.00)

249 (7.91) 0.57 (0.01) 0.36 (0.01) 0.98 (0.00) 1.06 (0.01)
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Table B.2: Sim-Dense. Results are reported as Mean (SE) where the mean and SE are taken across

all frequencies and iterations for a given sample size T . SEs are rounded to two decimal places so a

SE of 0.00 indicates SE < 0.005.

SDD

T # True edges # Est edges Precision Recall Accuracy RRMSE

100 13.7 (0.03) 0.76 (0.03) 0.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00)

200 13.9 (0.02) 0.76 (0.02) 0.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00)

500 14.0 (0.01) 1.64 (0.05) 0.00 (0.00) 0.00 (0.00) 1.00 (0.00) 1.00 (0.00)

1000 14.0 (0.01) 3.37 (0.07) 0.15 (0.00) 0.05 (0.00) 1.00 (0.00) 0.99 (0.00)

2000 14.0 (0.01) 6.52 (0.10) 0.37 (0.01) 0.15 (0.00) 1.00 (0.00) 0.93 (0.00)

Naı̈ve

244 (2.27) 0.03 (0.00) 0.42 (0.00) 0.98 (0.00) 1.00 (0.00)

562 (5.08) 0.02 (0.00) 0.43 (0.00) 0.95 (0.00) 0.99 (0.00)

3466 (7.23) 0.00 (0.00) 0.51 (0.00) 0.70 (0.00) 1.20 (0.00)

6522 (9.08) 0.00 (0.00) 0.83 (0.00) 0.44 (0.00) 1.57 (0.01)

9111 (13.9) 0.00 (0.00) 0.97 (0.00) 0.22 (0.00) 2.24 (0.01)

FGL

5296 (31.3) 0.00 (0.00) 0.63 (0.00) 0.55 (0.00) 2.41 (0.02)

5338 (23.0) 0.00 (0.00) 0.65 (0.00) 0.54 (0.00) 2.08 (0.01)

10055 (19.1) 0.00 (0.00) 0.96 (0.00) 0.14 (0.00) 4.11 (0.01)

9661 (22.5) 0.00 (0.00) 0.96 (0.00) 0.17 (0.00) 3.04 (0.01)

9234 (24.6) 0.00 (0.00) 0.96 (0.00) 0.21 (0.00) 2.30 (0.01)

Hard threshold

- - - - -

0.70 (0.01) 0.04 (0.00) 0.00 (0.00) 1.00 (0.00) 3.04 (0.02)

0.83 (0.01) 0.30 (0.01) 0.03 (0.00) 1.00 (0.00) 1.13 (0.00)

1.08 (0.01) 0.75 (0.01) 0.07 (0.00) 1.00 (0.00) 0.93 (0.00)

1.17 (0.01) 0.86 (0.00) 0.08 (0.00) 1.00 (0.00) 0.89 (0.00)
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Table B.3: Sim-Sparse. Results are reported as Mean (SE) where the mean and SE are taken across

all frequencies and iterations for a given sample size T . SEs are rounded to two decimal places so a

SE of 0.00 indicates SE < 0.005.

SDD

T # True edges # Est edges Precision Recall Accuracy RRMSE

100 27.4 (0.06) 1.66 (0.03) 0.47 (0.01) 0.04 (0.00) 1.00 (0.00) 0.99 (0.00)

200 27.7 (0.03) 3.22 (0.04) 0.63 (0.01) 0.09 (0.00) 1.00 (0.00) 0.94 (0.00)

500 27.9 (0.02) 6.71 (0.07) 0.78 (0.00) 0.20 (0.00) 1.00 (0.00) 0.86 (0.00)

1000 27.9 (0.02) 11.4 (0.11) 0.88 (0.00) 0.35 (0.00) 1.00 (0.00) 0.79 (0.00)

2000 27.9 (0.02) 22.5 (0.13) 0.84 (0.00) 0.65 (0.00) 1.00 (0.00) 0.63 (0.00)

Naı̈ve

289 (1.63) 0.02 (0.00) 0.22 (0.00) 0.97 (0.00) 0.95 (0.00)

658 (3.20) 0.01 (0.00) 0.33 (0.00) 0.94 (0.00) 0.92 (0.00)

2328 (4.67) 0.01 (0.00) 0.86 (0.00) 0.80 (0.00) 0.82 (0.00)

3475 (6.41) 0.01 (0.00) 0.93 (0.00) 0.70 (0.00) 0.70 (0.00)

4933 (8.46) 0.01 (0.00) 0.97 (0.00) 0.58 (0.00) 0.62 (0.00)

FGL

2679 (23.2) 0.01 (0.00) 0.67 (0.00) 0.77 (0.00) 1.01 (0.00)

2707 (14.4) 0.01 (0.00) 0.79 (0.00) 0.77 (0.00) 0.92 (0.00)

7826 (36.1) 0.00 (0.00) 0.97 (0.00) 0.33 (0.00) 1.17 (0.00)

8738 (19.6) 0.00 (0.00) 0.99 (0.00) 0.25 (0.00) 0.99 (0.00)

7904 (23.1) 0.00 (0.00) 0.99 (0.00) 0.32 (0.00) 0.73 (0.00)

Hard threshold

- - - - -

0.70 (0.01) 0.32 (0.01) 0.01 (0.00) 1.00 (0.00) 1.53 (0.01)

0.86 (0.01) 0.66 (0.01) 0.03 (0.00) 1.00 (0.00) 0.99 (0.00)

0.90 (0.01) 0.68 (0.01) 0.03 (0.00) 1.00 (0.00) 0.96 (0.00)

8.41 (0.49) 0.65 (0.01) 0.07 (0.00) 1.00 (0.00) 0.94 (0.00)
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Table B.4: Sim-Sun. Difference Between SDD and Naı̈ve Method for Each Metric. Results are

reported as Mean (SE) where the mean and SE are taken across all frequencies and iterations for a

given sample size T . SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

T # Est edges Precision Recall Accuracy RRMSE

100 -550 (4.88) 0.46 (0.01) -0.44 (0.00) 0.05 (0.00) 0.00 (0.00)

200 -970 (5.61) 0.59 (0.01) -0.49 (0.00) 0.08 (0.00) -0.01 (0.00)

500 -1756 (10.4) 0.64 (0.00) -0.40 (0.00) 0.15 (0.00) -0.05 (0.00)

1000 -2271 (15.1) 0.58 (0.00) -0.34 (0.00) 0.19 (0.00) -0.08 (0.00)

2000 -3086 (20.6) 0.52 (0.00) -0.26 (0.00) 0.26 (0.00) -0.08 (0.00)

Table B.5: Sim-Sun. Difference Between SDD and Hard Thresholding Method for Each Metric.

Results are reported as Mean (SE) where the mean and SE are taken across all frequencies and

iterations for a given sample size T . SEs are rounded to two decimal places so a SE of 0.00 indicates

SE < 0.005.

T # Est edges Precision Recall Accuracy RRMSE

100 - - - - -

200 12.2 (0.12) 0.26 (0.01) 0.30 (0.00) 0.00 (0.00) -0.61 (0.01)

500 22.2 (0.24) -0.02 (0.01) 0.48 (0.00) -0.00 (0.00) -0.28 (0.00)

1000 17.3 (2.23) -0.06 (0.01) 0.53 (0.01) 0.00 (0.00) -0.35 (0.01)

2000 -190 (7.93) -0.04 (0.01) 0.38 (0.01) 0.02 (0.00) -0.57 (0.01)
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Table B.6: Sim-Sun. Difference Between SDD and FGL for Each Metric. Results are reported as

Mean (SE) where the mean and SE are taken across all frequencies and iterations for a given sample

size T . SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

T # Est edges Precision Recall Accuracy RRMSE

100 -2007 (26.4) 0.48 (0.01) -0.62 (0.00) 0.17 (0.00) 0.05 (0.00)

200 -2511 (24.3) 0.59 (0.01) -0.57 (0.00) 0.21 (0.00) 0.06 (0.00)

500 -5081 (42.9) 0.65 (0.00) -0.44 (0.00) 0.43 (0.00) 0.05 (0.00)

1000 -5894 (45.5) 0.58 (0.00) -0.35 (0.00) 0.50 (0.00) -0.04 (0.00)

2000 -6270 (46.2) 0.52 (0.00) -0.26 (0.00) 0.54 (0.00) -0.11 (0.00)

Table B.7: Sim-Dense. Difference Between SDD and Naı̈ve Method for Each Metric. Results are

reported as Mean (SE) where the mean and SE are taken across all frequencies and iterations for a

given sample size T . SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

T # Est edges Precision Recall Accuracy RRMSE

100 -243 (2.26) -0.03 (0.00) -0.42 (0.00) 0.02 (0.00) -0.00 (0.00)

200 -561 (5.08) -0.02 (0.00) -0.43 (0.00) 0.05 (0.00) 0.01 (0.00)

500 -3464 (7.22) 0.00 (0.00) -0.51 (0.00) 0.30 (0.00) -0.20 (0.00)

1000 -6518 (9.09) 0.15 (0.00) -0.78 (0.00) 0.56 (0.00) -0.58 (0.01)

2000 -9105 (14.0) 0.37 (0.01) -0.83 (0.00) 0.78 (0.00) -1.31 (0.01)
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Table B.8: Sim-Dense. Difference Between SDD and Hard Thresholding Method for Each Metric.

Results are reported as Mean (SE) where the mean and SE are taken across all frequencies and

iterations for a given sample size T . SEs are rounded to two decimal places so a SE of 0.00 indicates

SE < 0.005.

T # Est edges Precision Recall Accuracy RRMSE

100 - - - - -

200 0.05 (0.02) -0.04 (0.00) -0.00 (0.00) -0.00 (0.00) -2.04 (0.02)

500 0.82 (0.05) -0.30 (0.01) -0.03 (0.00) -0.00 (0.00) -0.13 (0.00)

1000 2.29 (0.07) -0.60 (0.01) -0.02 (0.00) -0.00 (0.00) 0.06 (0.00)

2000 5.35 (0.11) -0.49 (0.01) 0.06 (0.00) -0.00 (0.00) 0.04 (0.00)

Table B.9: Sim-Dense. Difference Between SDD and FGL for Each Metric. Results are reported as

Mean (SE) where the mean and SE are taken across all frequencies and iterations for a given sample

size T . SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

T # Est edges Precision Recall Accuracy RRMSE

100 -5295 (31.3) -0.00 (0.00) -0.63 (0.00) 0.45 (0.00) -1.41 (0.02)

200 -5338 (23.0) -0.00 (0.00) -0.65 (0.00) 0.46 (0.00) -1.08 (0.01)

500 -10053 (19.2) 0.00 (0.00) -0.96 (0.00) 0.86 (0.00) -3.11 (0.01)

1000 -9658 (22.5) 0.15 (0.00) -0.92 (0.00) 0.83 (0.00) -2.05 (0.01)

2000 -9228 (24.7) 0.37 (0.01) -0.81 (0.00) 0.79 (0.00) -1.37 (0.01)
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Table B.10: Sim-Sparse. Difference Between SDD and Naı̈ve Method for Each Metric. Results are

reported as Mean (SE) where the mean and SE are taken across all frequencies and iterations for a

given sample size T . SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

n # Est edges Precision Recall Accuracy RRMSE

100 -287 (1.63) 0.44 (0.01) -0.18 (0.00) 0.02 (0.00) 0.04 (0.00)

200 -655 (3.20) 0.62 (0.01) -0.23 (0.00) 0.06 (0.00) 0.02 (0.00)

500 -2321 (4.68) 0.77 (0.00) -0.65 (0.00) 0.20 (0.00) 0.04 (0.00)

1000 -3464 (6.41) 0.87 (0.00) -0.58 (0.00) 0.29 (0.00) 0.09 (0.00)

2000 -4911 (8.45) 0.84 (0.00) -0.32 (0.00) 0.42 (0.00) 0.02 (0.00)

Table B.11: Sim-Sparse. Difference Between SDD and Hard Thresholding Method for Each Metric.

Results are reported as Mean (SE) where the mean and SE are taken across all frequencies and

iterations for a given sample size T . SEs are rounded to two decimal places so a SE of 0.00 indicates

SE < 0.005.

n # Est edges Precision Recall Accuracy RRMSE

100 - - - - -

200 2.52 (0.04) 0.31 (0.01) 0.08 (0.00) 0.00 (0.00) -0.59 (0.01)

500 5.85 (0.07) 0.12 (0.01) 0.17 (0.00) 0.00 (0.00) -0.13 (0.00)

1000 10.5 (0.11) 0.20 (0.01) 0.32 (0.00) 0.00 (0.00) -0.17 (0.00)

2000 14.1 (0.49) 0.19 (0.01) 0.58 (0.00) 0.00 (0.00) -0.31 (0.00)
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Table B.12: Sim-Sparse. Difference Between SDD and FGL for Each Metric. Results are reported

as Mean (SE) where the mean and SE are taken across all frequencies and iterations for a given

sample size T . SEs are rounded to two decimal places so a SE of 0.00 indicates SE < 0.005.

n # Est edges Precision Recall Accuracy RRMSE

100 -2677 (23.2) 0.46 (0.01) -0.63 (0.00) 0.23 (0.00) -0.02 (0.00)

200 -2704 (14.4) 0.63 (0.01) -0.69 (0.00) 0.23 (0.00) 0.02 (0.00)

500 -7819 (36.1) 0.77 (0.00) -0.76 (0.00) 0.67 (0.00) -0.31 (0.00)

1000 -8727 (19.6) 0.88 (0.00) -0.64 (0.00) 0.75 (0.00) -0.20 (0.00)

2000 -7881 (23.1) 0.84 (0.00) -0.34 (0.00) 0.67 (0.00) -0.09 (0.00)
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Appendix C

APPENDICES FOR CHAPTER 4

C.1 Additional simulation information

In this section we provide more detail on the simulation settings. We use Zt ∈ Rp to denote the

data observed at time t ∈ {1/T, . . . , 1}. Recall that parameters such as change-point locations and

transition matrices are fixed across simulation seeds.

C.1.1 NLAR3(4)

The NLAR3(4) model with 2 change-points and 3 regimes is given by

NLAR3(4) : Zt =


(0.4− exp (−50Z2

t−1/T ))Zt−3/T + (0.5− 0.1 exp (−50Z2
t−2/T ))Zt−4/T + ϵt if τ0 < t ≤ τ1

(0.4− exp (−50Z2
t−2/T ))Zt−2/T + (0.5− 0.1 exp (−50Z2

t−4/T ))Zt−1/T + ϵt if τ1 < t ≤ τ2

(0.4− exp (−50Z2
t−3/T ))Zt−2/T + (0.5− 0.1 exp (−50Z2

t−3/T ))Zt−4/T + ϵt if τ2 < t ≤ τ3

.

(C.1)

Note that multiplication, exponentiation, and raising to a power are carried out element-wise. That

is Zt−1/TZt−2/T =
[
Zt−1/T,1Zt−2/T,1 . . . Zt−1/T,pZt−2/T,p

]
. A realization of this process for one

data seed is shown in Figure C.1

C.1.2 VAR3(2)

The VAR3(2) model with 3 change-points and thus 4 regimes can be written as

VAR3(2) : Zt =
4∑
j=1

 2/T∑
l=1/T

Aj,lZt−l

 I (τj−1 < t ≤ τj) + ϵt . (C.2)

Note that in this setting the outer summation over j = 1, . . . , 4 indexes regime while the inner

summation indexes the lags of the VAR processes. We use l = 1/T, l = 2/T since we using the
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Figure C.1: Realization of NLAR3(4) for one data seed. Dashed lines indicate true change-points.
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Figure C.2: Realization of VAR3(2) for one data seed. Dashed lines indicate true change-points.

time indexing from 0 to 1. Thus, l = 1/T, l = 2/T selects the lag-1 and lag-2 data. The matrices

Aj,l are simulated as in Section 4.3.1. Recall that τ0 = −∞, τ4 = ∞. A realization of this process

for one data seed is shown in Figure C.2

C.1.3 NLARU2(4)

The NLARU2(4) model with 1 change-points and 2 regimes is given by

NLARU2(4) : Zt =

0.6(3− (Zt−1/TZt−2/T − 0.5)3)/(1 + (Zt−1/TZt−2/T − 0.5)4) if τ0 < t ≤ τ1

0.6(3− (Zt−3/TZt−4/T − 0.5)3)/(1 + (Zt−3/TZt−4/T − 0.5)4) if τ1 < t ≤ τ2

.

(C.3)

A realization of this process for one data seed is shown in Figure C.3

C.1.4 Simulation results with misspecified lag order
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Figure C.3: Realization of NLARU2(4) for one data seed. Dashed lines indicate true change-points.

Figure C.4: Simulation results for NLAR3(4) using misspecified number of lags l = 2. True number

of lags are l = 4. Vertical lines indicate 95% confidence intervals.
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Figure C.5: Simulation results for VAR3(2) using misspecified number of lags l = 1. True number

of lags are l = 2. Vertical lines indicate 95% confidence intervals.

Figure C.6: Simulation results for NLARU2(4) using misspecified number of lags l = 2. True

number of lags are l = 4. Vertical lines indicate 95% confidence intervals.
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