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This study presents a combination of numerical and analytical investigations of fluid and sed-

iment transport mechanics through the river-ocean interface. This region is defined broadly

as the region within the river that is influenced by the receiving basin–both the salinity and

the oscillating and mean basin heights–as well as the portion of the river influenced by the

presence of a distinct fluvial buoyant water mass. More narrowly, we consider in this study

an atidal salt wedge, the upstream hydraulic transition zone in the unstratified river, and

the near-field river plume.

The first main chapter presents a hydraulic model of the salt wedge estuary in sloped and

landward-converging channels. It is found that the non-dimensionalized intrusion length is

a function of the freshwater Froude number Ff , as noted in previous studies, as well as new

parameters describing the channel geometry. Further, it is found that the primary geometric

influence on the intrusion length is the channel bottom slope. Comparison to field data is

given indicating that the influence of nonzero bottom slope may account for the discrepancy

between observation and the canonical flat estuary theory (Schijf & Schönfeld, 1953).

Next, we link our hydraulic model of the salt wedge to a hydraulic model of the upstream

river transition zone, which is influenced by the depth of the receiving basin and is not in

normal flow. We add to this a parameterization of total sediment transport in the unstrat-



ified river (Engelund & Hansen, 1967) and a newly developed hydraulic model of sediment

transport in the salt wedge. The model retains the key mechanistic features of sediment

transport in highly stratified estuaries and is ideal for morphodynamic applications. We find

that the principle influence of the salt wedge is an increase in net deposition in the lower

river and the introduction of a secondary maximum aggradation length scale in addition to

the backwater length discussed in Chatanantavet et al. (2012).

Finally, we present experimental simulations of the steady state estuary and river plume.

The results of the estuary experiments quantify the influence of bottom slope on the reduction

of sensitivity of intrusion length to river discharge and confirm the results of the hydraulic

model. The plume experiments indicate that the plume transitions to a jet-like outflow for

sufficiently large values of Ff in which the spreading rate is determined by lateral entrainment

instead of the plume buoyancy and the liftoff is pushed far offshore. This transition is not

gradual but rather step-like, being concentrated on one value (or a narrow band of values

of) Ff . Both this critical value of Ff and the jet spreading rate depend crucially on the

plume inflow aspect ratio. This jet-like behavior is anticipated to have crucial implications

for delta progradation processes and the magnitude of sediment erosion in the lower river

during flood events.
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1

Chapter 1

INTRODUCTION

The river-ocean interface comprises the lower reaches of the unstratified river, the estuary,

and the buoyant plume that forms in the coastal ocean. It is illustrated schematically in Fig-

ure 1.1. A detailed understanding of the dynamics of this region has important consequences

for human life on both short and long timescales. Rivers deliver freshwater, biology, and ter-

restrial nutrients, contaminants, and sediment to the coastal ocean, altering the structure

and productivity of coastal ecosystems. Riverine water introduces stratification into estuaries

and coastal oceans, inhibiting the vertical transport of, e.g., nutrients and oxygen, and gen-

erates circulation that alters and inhibits transport pathways and the distribution of biology

along the coast (Hickey et al., 2010). The flow in this region ultimately determines the net

deposition of sediment in the lower river, as well as the sediment export to the coastal shelf,

and acts as a fundamental control on both deltaic and continental sedimentation (Syvitski

& Saito, 2007; Syvitski et al., 2009). Additionally, the dynamics of river-ocean interaction

has important implications for global circulation and climate modeling, the nature of fresh-

water delivery from rivers to oceans being a key unknown in these models with potentially

dramatic influences on predicted long term impacts of anthropogenic stresses on the climate

system (e.g., Hordoir et al., 2008).

Forty-four percent of the global population lives within 150 kilometers of a coast, and

this proportion is increasing at an accelerating rate (UN-OCEANS, n.d.). As human popu-

lations migrate to densely packed urban regions near coasts and estuaries, the anthropogenic

pressures on these environments increases: the natural topography of estuaries is altered

and repurposed to suit urban demands, the rate of waste discharge (e.g., sewage) to rivers
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and estuaries increases, and the demand on the coastal ecosystem is increased. Additionally,

as agricultural activity expands to suit a growing population, the nutrient loading to rivers

grows. Together, these anthropogenic pressures act to shape and alter coastal ecosystems,

which are biologically diverse and highly productive, and a primary source of human food

supplies. The manner in which increased anthropogenic pressures will alter coastal ecosys-

tems is determined by the hydrodynamics of the river-ocean interface. Rivers introduce

stratification into estuaries and coastal oceans, inhibiting the vertical diffusion of oxygen,

nutrients, contaminants, sediment, and biology, and the buoyant plumes formed by the dis-

charge of relatively fresh estuarine water into the ocean introduce buoyancy forcing and

induce a complex coastal circulation that entrains, supplies, and transports nutrients, con-

taminants, and biology, and alters ambient transport pathways along the coast and thus the

distribution of biomass and productivity in shelf ecosystems (Hickey et al., 2010).

On a longer time scale, it is recognized that the magnitude and manner of freshwater in-

jection to the coastal ocean has an important effect on local circulation that is not accounted

for suitably in current general ocean circulation (GOCMs) and global climate models (GCMs)

(Hordoir et al., 2008). GCMs are sensitive to both the amount and the location of fresh-

water injection, making quantification of freshwater delivery from the river to the coastal

ocean, as well a more complete understanding of the dynamics of river-ocean interaction as

it determines the location of freshwater injection, an important step in improving climate

forecasting. It has been shown by, e.g., Rahmstorf (1995) that deep water convection in

the ocean is sensitive to even small fluctuations in freshwater delivery to the ocean, with

the location of injection determining the manner in which the convection cell is disrupted

or altered as well as the time scale of adjustment associated with the disruption. Thus, a

more complete understanding of the pathway of terrestrial freshwater as it is delivered to

the coastal ocean is crucial to improving our understanding of the evolution of the climate

system.

The river-ocean interface is a transitional zone between river and marine transport pro-

cesses, and it determines the ultimate fate of fluvial sediment. The imbalance between
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delivery of sediment to this region and ultimate export to the shelf determines the volume of

material available for bed and land surface evolution, influencing its susceptibility to inunda-

tion from river flooding, subsidence, and sea level rise (Syvitski & Saito, 2007; Syvitski et al.,

2009). Additionally, this flux imbalance, and the distribution of sediment deposition in the

lower river, is a key control on the processes of delta formation and growth (Jerolmack, 2009;

Chatanantavet et al., 2012; Lamb et al., 2012). Furthermore, the net export of sediment from

the river mouth provides active sediment to the shelf and is thus a control on continental

sedimentation (e.g., Blum & Törnqvist, 2000). An understanding of the sediment dynamics

through this region is crucial for understanding the threat posed to coastal human commu-

nities by the catastrophic inundation, as well as the morphological evolution of the river,

delta, and continental shelf. The fundamental hydrodynamic questions investigated in this

thesis are motivated by, and ultimately applied to (see especially Chapter 3), basic questions

about the sediment transport in this region and how it affects the long term morphological

evolution of the river.

1.0.1 Definition of the River-Ocean Interface

The river-ocean interface is defined in this thesis to be comprised of the lower reaches of the

unstratified river, which are influenced hydraulically by the coastal ocean but are upstream

of the estuary; the estuary, which is the region of density-driven salt water penetration into

the river; and the buoyant plume that forms seaward of the river mouth. The river plume can

be further subdivided into three regions: an energetic near-field region, characterized by a

relative insensitivity of the discharging buoyant water to forcing from winds, ambient coastal

circulation, and earth’s rotation; a far-field, which is an along-coast geostrophic current

that ultimately transports freshwater away from the mouth; and the mid-field, a retentive

anticyclonic gyre that forms near the river mouth and mediates delivery of water from the

estuary to the geostrophic current (Horner-Devine et al., 2009). Each of these regions is

illustrated schematically in Figure 1.1. The present study focuses only on the near-field

plume, for two reasons. First, this region contributes significantly to the transformation of
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the water mass as it passes from the river ultimately to the far-field plume (Hetland, 2010).

Ultimately, getting the dynamics in this region right is crucial for predicting the ultimate

fate of riverine freshwater. Secondly, this region is directly linked to the estuary and lower

river and therefore it is the dynamic feedback between the lower river and near-field plume

that ultimately influences the flux of sediment from the river to the coastal ocean.

We further limit this study by concentrating only on estuaries with high vertical strati-

fication, typically referred to as salt wedges. Such estuaries are formed when river forcing,

which introduces stratification into the estuary, dominates over tidal forcing, which gener-

ates mixing that tends to destroy stratification (e.g., Geyer & MacCready, 2014). There are

two reasons to do this: First, we are interested primarily in the influene of the dynamics of

the river-ocean interface on sediment deposition in the lower river and delivery to the shelf.

This is most important when sediment flux is large which, like the maintenance of vertical

stratification in the estuary, is associated with high river volume (e.g. Nash, 1994). And sec-

ond, there are interesting hydrodynamic questions associated with salt wedge estuary that

in themselves motivate a consideration of their dynamics (see Chapter 2).

1.0.2 Layout of the Thesis

In Chapter 2, we present a hydraulic description of the salt wedge in sloping and converging

channels. The results of this section address a discrepancy between the theoretical prediction

for the intrusion length of salt water into the river and field observations, and our results

indicate that this discrepancy can be resolved by considering the influence of channel bottom

slope. Getting the intrusion length and structure of the salt wedge right was a necessary first

step for Chapter 3, which presents a simple model of the sediment dynamics in the estuary

that is appropriate for incorporation in hydraulic models of the river morphology (e.g. Lamb

et al., 2012). We then use this model to quantify the influence of salt wedge formation on

the volume and distribution of deposition in the lower river, as well as on export to the shelf.

Finally, in Chapter 4, we detail experimental work that confirms our theory for the structure

of the salt wedge and extends our results to the high discharge case, for which the estuary
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is expelled from the river channel and the sediment dynamics become highly dependent on

the structure of the near-field river plume. Concluding remarks and recommendations for

further work are presented in Chapter 5.
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Figure 1.1: A schematic illustrating the river-ocean interface, comprising the hydraulic tran-
sition zone of the lower river, the estuary, and the buoyant river plume that forms seaward
of the river mouth, in side (top) and plan view (bottom). The interface indicated in the
figure is between fresh and saltwater. The plume can be further divided into the near-field,
the initial energetic discharge region, relatively insensitive to rotational forcing and ambient
coastal currents, a far-field, characterized by along-coast transport in geostrophic balance,
and a transitional mid-field, characterized by the formation of a retentive anticyclonic gyre,
the bulge. We focus here only on the near-field.
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Chapter 2

SALT WEDGE HYDRAULICS IN SLOPING AND
CONVERGING ESTUARIES

2.1 Introduction

A salt wedge forms when an estuary is dominated by the stratifying influence of a freshwater

inflow, in opposition to the vertically homogenizing influence of tides (Geyer & MacCready,

2014). Salt wedges are characterized by strong vertical stratification confined to a narrow

pycnocline, which divides a nearly fresh layer of out-flowing water from the layer of ocean

water beneath it (Geyer & Ralston, 2011). The dynamics of this flow are described effectively

by two layer hydraulic theory as developed by Armi (1986) and others, perhaps modified by

the inclusion of bottom and/or interfacial friction as described by, e.g., Schijf & Schönfeld

(1953); Pratt (1986); Geyer & Farmer (1989); Geyer & Ralston (2011). The lower layer

propagates upstream under the influence of the baroclinic pressure gradient until it is arrested

by an adverse net barotropic flow in the presence of variable topography and/or interfacial

friction. The structure of the salt wedge varies depending on whether it is arrested by

barotropic forcing or interfacial friction. The dynamics of frictionless barotropic arrest of a

salt wedge in a diverging channel upstream of a constriction are described by Armi & Farmer

(1986), and those of a frictionally arrested salt wedge in a prismatic channel are described

by Schijf & Schönfeld (1953). Here we describe the dynamics of an arrested salt wedge under

the influence of both friction and variable topography.

Schijf & Schönfeld (1953) develop an analytical theory for the structure of a frictionally

arrested salt wedge in a flat channel of uniform width. They derive an explicit formula for

the intrusion length as a function of river discharge (a length-discharge relationship), and

their model is used by Harleman (1961) to obtain an implicit expression for the shape of
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the intrusion. Over much of the relevant parameter space, the length-discharge relationship

they derive predicts L ∼ Q−2 to −2.5 (Geyer & Ralston, 2011). Keulegan (1966) finds ex-

perimentally that for a flat channel of uniform width L varies with Q−2.5, and Harleman

(1961) shows that the analytical expression he derives for the shape of the salt wedge agrees

with the experimental profiles reported by Keulegan (1957). This model thus appears to

correctly describe the physics of the frictionally arrested salt wedge, at least in the absence

of topographic variation. However, in real salt wedges, the dependence of L on Q, typically

quantified by the exponent n in a power law relationship of the form L ∼ Q−n, is con-

sistently observed to be an order-of-magnitude smaller than the canonical values discussed

above. This is illustrated in Figure 2.1, which shows field [Fraser, from Ward (1976), and

Duwamish, from McKeon et al. (2014)] and validated realistic numerical model [Merrimack,

from Ralston et al. (2010)] data, along with the best-fit power law and corresponding expo-

nent for each data set. The power law exponent varies between 0.18 and 0.49 and is always

much smaller than the n = 2 exponent from Schijf & Schönfeld (1953). The primary goal of

this work is to determine if topographic effects–in particular a non-zero mean bottom slope

and/or upstream convergence of channel width–may explain the deviation of observation

from the solution for a flat, prismatic estuary due to Schijf & Schönfeld (1953).

In most estuaries, the structure of the salt wedge is strongly modified by tidal currents

(e.g., Geyer & Farmer, 1989). The quasi-steady arrested layer model of the salt wedge is an

accurate description of the wedge at arrest, occurring soon after the upper layer begins to

ebb (Geyer & Farmer, 1989). The length predicted is thus an indication of the maximum

intrusion. However, the arresting discharge must then be understood as the sum of the

fluvial and an effective tidal discharge (Geyer & Ralston, 2011). The prediction of hydraulic

theory for the dependence of intrusion length on tidal amplitude as well as river discharge can

only be found using a more sophisticated time-dependent model of the estuary. However,

the work presented here will give a qualitative indication of the sensitivity of salt wedge

length to river discharge in tidal systems, and we hope that the results will serve to indicate

whether the discrepancy between observation and theory is a result of a breakdown in the
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assumed physics [e.g., a transition from the hydraulic to a partially mixed regime dominated

by exchange flux, for which L ∼ Q−1/3 (Chatwin, 1976; Monismith et al., 2002; MacCready

& Banas, 2011)] or an oversimplification in the application of the hydraulic equations.

In Section 2.2, we present an overview of the theory of hydraulic descriptions of the

estuary, developing equations and boundary conditions governing the structure of the two

layered arrested salt wedge, and determine the principle governing dimensionless parameters.

Section 2.3 briefly reviews the analytical results of Schijf & Schönfeld (1953) and Harleman

(1961) for the length and structure of a frictionally arrested salt wedge in a flat, prismatic

channel, which is the canonical theory for the sensitivity of intrusion length to discharge to

which we will compare our results. In Section 2.4, we present the results for the dependence

of intrusion length on discharge in a sloped channel of uniform width, and in Section 2.5,

those for the dependence of intrusion length on discharge in an exponentially converging

estuary of both zero and non-zero bottom slope. In Section 4.5, we compare our results for

the dependence of intrusion length on river discharge to a numerically modeled L versus Q

relationship in the Merrimack River estuary and a measured L versus Q relationship in the

Duwamish River estuary–see Figure 2.1–and discuss some key implications of this work.

2.2 Theory

Following Schijf & Schönfeld (1953), we develop a frictional two layer hydraulic model of the

salt wedge. A freshwater layer with uniform velocity varying only in the along-flow direction

passes without mixing over a uniform, stationary layer of ocean water, the salt wedge. Figure

2.2 shows the geometry of this configuration; in general, a subscript 1 indicates a quantity

in the buoyant layer, and a subscript 2 indicates a quantity in the salt wedge. We drop

the subscript 1 on the velocity u because only the upper layer is flowing. Tides are not

considered, and the river discharge is assumed steady. The model is one-dimensional, and

the effects of lateral topographic variation on the flow are included only in the continuity

equation. We parameterize the interfacial shear stress τi using a quadratic drag coefficient
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Ci that is assumed constant, such that

τi = Ciρu
2, (2.1)

where ρ is the density, and u is the upper layer velocity. The difference in the value of Ci

depending on whether the upper or lower layer density is used in Equation 2.1 is neglected,

given the small density differences in estuarine applications. The momentum and continuity

equations are

q ≡ Q

b
= uh1 (2.2)

u
du

dx
+ g

dη

dx
+ Ci

u2

h1
= 0 (2.3)

g
dη

dx
− g′dh1

dx
− Ci

u2

h2
= 0, (2.4)

where q is the specific river discharge, Q is the river discharge, b is the channel width, assumed

invariant with depth, η = h1 + h2 + hb is the free surface elevation, hj is the thickness of the

j-th layer, hb is the channel bottom elevation, g is gravitational acceleration, g′ ≡ (∆ρ/ρ2) g

is reduced gravitational acceleration, and ∆ρ ≡ ρ2 − ρ1 is the density anomaly. These

correspond to the equations developed by Schijf & Schönfeld (1953) with the time derivatives

and lower layer velocity set to zero and the upper layer continuity equation integrated over

x. Note that these equations apply only within the salt wedge and not upstream.

If Equations 2.2 through 2.4 are solved for dh1/dx and dh2/dx and integrated, there

are numerical difficulties associated with rapidly varying topography because the gradients

of the topographic variables appear explicitly. Additionally, the resulting equations become

unbounded when the upper layer internal Froude number Fi1 = Q/b
√
g′h31 = 1. This happens

at the hydraulic control, where integration begins–see Section 2.2.1. For these reasons, it is

useful to combine the momentum and continuity equations and rewrite the result in terms

of the buoyant hydraulic head:

d

dx

 Q2

2g′b2h21
+

(
∆ρ

ρ2

)−1
η

 =
dH ′1
dx

= −CiF
2
i1 (2.5)
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d

dx

(∆ρ

ρ2

)−1
η − h1

 =
dH ′2
dx

= CiF
2
i1

h1
h2
, (2.6)

where H ′j is the buoyant hydraulic head of the j-th layer. An equation eliminating the free

surface slope is obtained by taking the difference of Equations 2.5 and 2.6:

d

dx

(
Q2

2g′b2h21
+ h1

)
=
d∆H ′

dx
= −CiF

2
i1

(
1 +

h1
h2

)
, (2.7)

where ∆H ′ ≡ H ′1 − H ′2 is here termed the buoyant hydraulic head anomaly. Our solution

procedure, explained in Section 2.2.3 below, will be to integrate for H ′1 and ∆H ′ and then

solve for the layer thicknesses.

2.2.1 Boundary Conditions

We follow Schijf & Schönfeld (1953) in assuming that the mouth is the control–i.e., the flow

is critical (F 2
i1 = 1) there–in the absence of varying channel topography. However, if there

are significant lateral constrictions present in the estuary, the relevant control may be a

channel constriction and not the river mouth. This is because flow constrictions satisfy the

regularity conditions, which are necessary local topographic conditions (e.g., db/dx = 0) for

the existence of a hydraulic control (Armi, 1986).

Denoting the location of the control as x = 0, the first boundary condition, that F 2
i1 = 1,

can be written as

h1(x = 0) = h1c(x = 0) = h1c0 =

(
Q2

b20g
′

)1/3

, (2.8)

where h1c is the critical thickness, the thickness of the upper layer when F 2
i1 = 1, h1c0 is the

critical thickness at the control, and b0 = b(x = 0) is the channel width at the control. A

second boundary condition is obtained by assuming that the total water depth at the control

hS is known:

η(x = 0) = hS. (2.9)

We refer to hS as the shoreline depth because the control is typically at the mouth, where

the channel intersects the coastal shoreline. This terminology follows Lamb et al. (2012),
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who investigate in part the sensitivity of the shoreline depth to river discharge. We will not

take into account the potential dependence of hS on discharge here. The solutions presented

in Sections 2.3 through 2.5 assume control occurs at the estuary mouth. When comparing

to data obtained in the Duwamish (see Section 2.6.2) it will be necessary to identify controls

associated with lateral constrictions and occurring at locations other than the mouth.

Together, these boundary conditions are sufficient to determine the values of the upper

layer buoyant hydraulic head and hydraulic head anomaly at the control:

H ′1(x = 0) =
h1c0

2
+

(
∆ρ

ρ2

)−1
hS =

1

2

(
Q2

b20g
′

)1/3

+

(
∆ρ

ρ2

)−1
hS (2.10)

∆H ′(x = 0) =
3

2
h1c0 =

3

2

(
Q2

b20g
′

)1/3

. (2.11)

2.2.2 Non-Dimensionalization of Governing Equations

We now non-dimensionalize Equations 2.5 and 2.7 and Boundary Conditions 2.8 through

2.11. This will elucidate the governing dimensionless parameters and simplify the solution

of this system of equations.

We non-dimensionalize all vertical length scales using the total water depth at the control,

hS. We will eliminate the free surface elevation η in favor of h1 and h2 using the general

relation η = h1 +h2 +hb. We do this to reduce the number of dependent hydraulic variables

to two: h1 and h2. We non-dimensionalize all horizontal length scales by the so-called friction

length (Geyer & Ralston, 2011), hS/Ci, the buoyant hydraulic heads by the critical depth

at the control h1c0, and the channel width b by the width at the control b0. We denote

dimensionless variables by a subscript ∗. A list of the dimensioned and corresponding non-

dimensionalized independent and dependent model variables is shown in Table 2.1. This

procedure results in the following equations:

H ′1∗ =
1

2

F
4/3
f

b2∗h
2
1∗

+
1

F
2/3
f

(
∆ρ

ρ2

)−1
(h1∗ + h2∗ + hb∗) (2.12)
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∆H ′∗ =
1

2

F
4/3
f

b2∗h
2
1∗

+
h1∗

F
2/3
f

(2.13)

dH ′1∗
dx∗

= −
F

4/3
f

b2∗h
3
1∗

(2.14)

d∆H ′∗
dx∗

= −
F

4/3
f

b2∗h
3
1∗

(
1 +

h1∗
h2∗

)
(2.15)

h1∗ (x∗ = 0) = F
2/3
f (2.16)

h1∗ (x∗ = 0) + h2∗ (x∗ = 0) = 1 (2.17)

H ′1∗ (x∗ = 0) =
1

2
+

1

F
2/3
f

(
∆ρ

ρ2

)−1
(2.18)

∆H ′∗ (x∗ = 0) =
3

2
. (2.19)

We have defined the freshwater Froude number Ff = Q/b0
√
g′h3S = (h1c0/hS)3/2 (Geyer

& Ralston, 2011). This number is equivalent to the non-dimensionalized net barotropic flow

U0 discussed in Armi (1986) and Armi & Farmer (1986); it is the key dynamical parameter

governing two layer hydraulic flow.

By examining Equations 2.12 through 2.19, we conclude that the solution is in general a

function of Ff , ∆ρ/ρ2, b∗(x∗), and hb∗(x∗). In Sections 2.4 and 2.5, when we investigate the

behavior of this model in simple topographies, we will derive explicit geometric parameters

that influence the solution.

2.2.3 Solution Methodology

The simplified geometry of the model domain is specified by an assumed topography, charac-

terized by the non-dimensionalized channel bottom elevation and channel width as functions
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of x∗. Boundary conditions 2.16 through 2.19 are applied at the control (assumed in Sections

2.3 through 2.5 to be the mouth), and Equations 2.14 and 2.15 are numerically integrated

landward from the control using a second order method. At each step we solve Equation 2.13

for h1∗ and then solve for h2∗ by using Equation 2.12. When solving for h1∗, we choose the

subcritical root because a supercritical solution would correspond to an upper layer thickness

that decreases landward and therefore to an infinitely long salt wedge. We integrate until

the point x∗ = −L∗ where h2∗ = 0 and the interface therefore intersects with the channel

bottom. L∗ = CiL/hS is the non-dimensionalized intrusion or salt wedge length.

2.3 Solution for a Flat Estuary of Uniform Width

Before exploring the results of this model in non-uniform topographies, it is useful to rederive

the results of Schijf & Schönfeld (1953) and Harleman (1961) for the shape and length of the

salt wedge in a flat estuary of uniform width, since this is the canonical theory describing the

structure of an arrested salt wedge. The above authors apply the rigid lid approximation,

assuming that the along-estuary variation in the free surface elevation is negligible in the

friction terms. The free surface slope term is not explicitly set to zero, however; this would

produce inconsistent results if applied to the individual layer momentum equations. Rather,

an equation eliminating the free surface slope must be obtained by taking the difference of

the momentum equations before the rigid lid approximation can be applied.

In order to apply the rigid lid approximation, h1∗ + h2∗ + hb∗ = 1, we must start with

Equation 2.15 because it was obtained by taking the difference of the momentum equations.

We insert Equation 2.13 into Equation 2.15, eliminate h2∗ by applying the rigid lid approxi-

mation, and insert hb∗ = 0 and b∗ = 1, since the estuary is assumed to be flat and prismatic.

After rearranging the result, we obtain

(1− h1∗)
(
h31∗
F 2
f

− 1

)
dh1∗
dx∗

+ 1 = 0. (2.20)

To obtain an explicit expression for the intrusion length, we integrate Equation 2.20,
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using Boundary Condition 2.16 and the fact that at the toe x∗ = −L∗ and h1∗ = 1:

∫ F
2/3
f

1
(1− h1∗)

(
h31∗
F 2
f

− 1

)
dh1∗ +

∫ 0

−L∗
dx∗ = 0

=⇒ L∗ = − 1

20

(
6F

4/3
f − 15F

2/3
f − F−2f + 10

)
. (2.21)

Equation 2.21 is equivalent to the expressions derived by Schijf & Schönfeld (1953) and

Harleman (1961, Equation 26.22). It can be approximated by a power law of the form

L ∼ Q−n, where n is always ≥ 2 and is < 2.5 over most of the relevant parameter space.

These power laws are often cited in the literature (e.g., Lerczak et al., 2009; Geyer & Ralston,

2011). This solution and these power laws are shown in Figure 2.3a. As noted earlier,

however, n is observed to be an order of magnitude smaller in real systems, suggesting that

the solution does not account for all of the relevant physics. An implicit expression for the

shape of the salt wedge is derived by integrating from either the toe or the mouth to an

arbitrary point (x∗, h1∗):∫ h1∗

1
(1− h1∗)

(
h31∗
F 2
f

− 1

)
dh1∗ +

∫ x∗

−L∗
dx∗ = 0

=⇒ 1

20
F−2f

(
5h41∗ − 4h51∗ − 1

)
+

1

2

(
h21∗ + 1

)
− h1∗ + x∗ + L∗ = 0. (2.22)

This is equivalent to the expression derived by Harleman (1961, Equation 26.21). The shape

of the intrusion is plotted in Figure 2.3b. The Figure shows the salt wedge thickness

normalized by the maximum thickness at the mouth, h2/(hS − h1c0) = (1− h1∗)/(1− F 2/3
f ),

versus−x∗/L∗ = −x/L for several values of Ff . The freshwater Froude number is constrained

to be between zero and one; a value of Ff > 1 corresponds to a critical depth that is greater

than the total water depth, in which case the salt wedge is completely expelled from the

channel.

We noted above that, in addition to Ff , the solution is also a function of the non-

dimensionalized density anomaly ∆ρ/ρ2. However, this parameter vanishes when we make



16

the rigid lid approximation. It can be shown that dη/dx ∼ O(Ci∆ρ/ρ2), whereas dh1/dx ∼

O(Ci) in the bulk of the salt wedge. Because ∆ρ/ρ2 is on the order of 0.01, this suggests

that the change in upper layer thickness is dominated by the change in interface height, and

therefore that neglecting changes in free surface elevation when calculating layer depths in

the friction term is a good approximation. We anticipate that free surface effects will only

become important for large values of ∆ρ/ρ2. We test this hypothesis by comparing a solution

of Equations 2.14 and 2.15 for a flat estuary, which include all free surface effects, to Equation

2.21, which neglects free surface effects, for values of ∆ρ/ρ2 ranging from 0.001 to 0.025. This

corresponds to a salinity difference ranging from 1.3 to 33.3 psu. The solution incorporating

the influence of the changing free surface elevation on the layer thicknesses consistently

predicted values of the intrusion length larger than the rigid lid solution of Schijf & Schönfeld

(1953); however, the largest difference was less than 4% over this parameter range. Therefore,

the differences due to free surface effects are of secondary importance compared with those

resulting from the bottom slope and width variation (Sections 2.4 and 2.5), which result

in predictions for L∗ that deviate from Schijf & Schönfeld (1953) by orders-of-magnitude.

In these Sections, we will ignore variation in ∆ρ/ρ2 in order to simplify our calculations

and reduce the parameter space. We will assume a typical value of 0.02 corresponding to a

salinity difference of 26.5 psu.

2.4 Solution for a Sloped Estuary of Uniform Width

In this section, we present the solution for the length-discharge relationship in a channel

of uniform width and mean bottom slope α; see Figure 2.2. In this case, because the

channel bottom elevation varies with x∗, it is not possible to explicitly solve a separable

equation as we did for the flat, prismatic estuary, even if the rigid lid approximation is

made. We therefore integrate Equations 2.14 and 2.15 numerically. In Figure 2.4 we present

a comparison of the interface height predicted with the current solution with a sloped channel

bottom (Ci/α = 10) to that predicted by the Schijf & Schönfeld (1953) and Harleman (1961)

solution for a flat estuary with the rigid lid approximation. The comparison illustrates that
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the bottom slope has a dynamic effect on the salt wedge (modifying the baroclinic pressure

gradient and interfacial friction, see Section 2.6.1), which significantly reduces the intrusion

length relative to the flat bottom solution. We also observe that the discrepancy between

the two solutions decreases as the river discharge increases. At the highest Ff , the intrusion

lengths are close to equal, although differences in the interface and water surface profiles are

evident (Figure 2.4e and f). The free surface profile upstream of the salt wedge is predicted

using a typical open channel flow hydraulic model (see, e.g., Chow, 1959).

The assumed channel bottom elevation has the form hb = −αx. Applying the above

non-dimensionalization to this expression produces hb∗ = − (α/Ci)x∗. This introduces a

new variable into the dependence, Ci/α, which is the non-dimensional value of the slope-

limited maximum intrusion length. Unlike the flat estuary case, in which the salt wedge

may penetrate arbitrarily far upstream in the limit of small discharge, the intrusion in a

sloped estuary is slope-limited as Q decreases. As Q → 0 and the upper layer thickness at

the mouth
[
h1c0 = (q2/g′)1/3

]
shrinks so that the initial wedge thickness approaches hS, the

intrusion length approaches a slope-limited value of hS/α and L∗ approaches Ci/α. This

mechanism is discussed in detail in Section 2.6.1 and illustrated schematically in Figure

2.10a. We therefore anticipate that the family of L∗ (Ff ) curves will branch depending on

this limiting value of L∗, with the difference between curves becoming more pronounced as

Ff becomes smaller and the limiting values of L∗ are approached. This is observed in Figure

2.5, where we plot three L∗ versus Ff solution curves for Ci/α = 0.1, 1, 10, along with the

Schijf & Schönfeld (1953) solution, which corresponds to a flat bed and therefore the limit

Ci/α→∞. Figure 2.5 confirms that L∗ is a function of Ff , and Ci/α.

The value of the exponent n in Figure 2.5 corresponds to the slope of these curves because

they are plotted in logarithmic space. We note from the discrepancy in slope between

the Schijf & Schönfeld (1953) curve and those corresponding to finite values of Ci/α the

strong dependence of n on Ci/α and therefore the mean bottom slope α. Also shown in

Figure 2.5 are tangent lines corresponding to n = 0.2 and n = 0.6. These values of n were

selected because they correspond approximately to the lower and upper limits reported in
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the literature (Ralston et al., 2010; McKeon et al., 2014). The value of n predicted by the

model is within the range observed in the field roughly for 0.01 < Ff < 0.1. The exact range

of Ff values that correspond to predicted n values coincident with those observed in the field

is dependent on Ci/α. This range of freshwater Froude numbers is consistent with typical

values observed in the field–see Section 4.5 and Figure 2.11b. Furthermore, typical values of

Ci are on the order of 10−4 (Sorgard et al., 1990; MacDonald & Geyer, 2004), and we see in

Figure 2.5 that Ci/α values as large as 10 significantly modify n. Therefore, mean bottom

slopes as small as 10−5 are enough to reduce n below the canonical value of 2 to 2.5 derived

from the theory of Schijf & Schönfeld (1953). This suggests that slope effects may explain

the deviation of observed length-discharge relationships in salt wedge estuaries from the flat

estuary solution.

Unlike in the flat, prismatic channel solution presented above, n is now a function of

the parameter Ci/α. Prediction of this parameter is complicated by the variation of channel

bottom slope about the mean value. The local variation in α is comparable to the uncertainty

in Ci. However, model runs using the full bathymetric profile of the Merrimack River,

discussed in Section 2.6.2, suggest that the model is insensitive to variations in bottom slope

about the mean, when compared to the results obtained assuming a constant bottom slope.

More significant is the dependence on Ci, which is both an uncertain parameter and a global

parameter within the model, affecting the entire intrusion and modifying the dependence of

L on Q. This makes it difficult to predict the exact value of n a priori, and therefore to

use the observed length-discharge relationship to diagnose the dynamic regime. However, we

show in Section 4.5 that this solution is a significant improvement over the results of Schijf

& Schönfeld (1953).
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2.5 Solution for Flat and Sloped Estuaries of Converging Width

We next consider the solution for intrusion length in an exponentially converging estuary–

that is, an estuary of landward-decreasing width that can be described by

b(x) = b∞ + (b0 − b∞) ex/a (2.23)

where b(x) is the width at a given location x in the channel, b∞ is the uniform width in

the channel upstream of the estuary, b0 is the width of the channel at the mouth, and a is

the convergence length. This configuration is shown schematically in Figure 2.2, bottom

right. Salt wedges typically occur in coastal plain estuaries (Valle-Levinson, 2011), where an

exponential equilibrium profile often exists (Savenije, 2005). In Section 2.6.2, we compare our

model to data for the Duwamish and Merrimack River estuaries. The Duwamish is a highly

urbanized and channelized estuary and so is not effectively described by a simple exponential

model. However, the Merrimack, outside of an expansive tidal embayment, is described very

effectively by an exponential profile of the above form (R = 0.64, fit not shown). In both

cases, we will begin by examining a uniform width solution and then incorporate a simplified

width model based on the observed geometry of the estuary.

We non-dimensionalize this width profile by dividing by the width at the mouth b0:

b∗(x∗) =
1

Rc

+
(

1− 1

Rc

)
ex∗/a∗ , (2.24)

where we have defined the convergence ratio Rc = b0/b∞, which is the ratio of the width at the

mouth to that in the upstream river, and the non-dimensionalized convergence length a∗ =

Cia/hS, which is non-dimensionalized in the same manner as x∗ and L∗. These parameters

indicate the magnitude (Rc) and rate (1/a∗) of exponential convergence.

2.5.1 Existence of Hydraulic Solutions in a Converging Estuary

A subcritical hydraulic solution for an arrested saline intrusion in a converging estuary does

not necessarily exist. Rearranging Equation 2.13 produces a cubic equation relating h1∗ to
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∆H ′∗:

h31∗ −∆H ′∗h
2
1∗ +

1

2

F
4/3
f

b2∗
= 0 (2.25)

This relationship indicates that there is a minimum allowable value of ∆H ′∗, equal to 3/2b
2/3
∗ ,

that is a function of the local width b∗(x∗) and therefore position x∗. This is the non-

dimensionalized local critical buoyant hydraulic head anomaly ∆H ′∗c. If the value of ∆H ′∗ falls

below the local value of ∆H ′∗c, then no subcritical hydraulic solution in which the mouth acts

as control exists. If the mouth acts as control, the value of ∆H ′∗(x∗ = 0) = ∆H ′∗c(x∗ = 0). In

a converging estuary, the local value of the critical buoyant hydraulic head anomaly increases

upstream as the width decreases because ∆H ′∗c ∼ b
−2/3
∗ . Thus, ∆H ′∗ must at least initially

increase upstream at a faster rate than ∆H ′∗c if a solution is to exist in which the mouth

acts as control. If the solution considered were frictionless, ∆H ′∗ would be conserved and no

solution could exist in a converging channel. However, if friction at the interface is considered,

∆H ′∗ increases upstream at the rate given by Equation 2.15:

−d∆H ′∗
dx∗

=
F

4/3
f

b2∗h
3
1∗

(
1 +

h1∗
h2∗

)
,

where the negative sign is included because we are interested in the rate of increase upstream,

but the positive x∗-direction is taken to be downstream. Therefore, a solution for a subcritical

salt wedge controlled at the mouth can exist only if interfacial friction is considered.

It is not possible to determine all necessary and sufficient conditions for existence of a

hydraulic solution because the solution will fail anywhere that ∆H ′∗ falls below ∆H ′∗c, but

∆H ′∗ is a property of the solution that cannot be determined a priori. We may, however,

formulate a necessary condition for existence based on the behavior of the solution at the

mouth. The specific head anomaly is equal to the local critical specific head anomaly at the

control (by definition). Thus, the upstream rate of increase of ∆H ′∗ at the mouth, given by

−
(
d∆H ′∗
dx∗

)
x∗=0

=
1

F
2/3
f

(
1− F 2/3

f

) , (2.26)
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must exceed the rate of increase ∆H ′∗c at the same location, given by

−
(
d∆H ′∗c
dx∗

)
x∗=0

= − d

dx∗

(
3

2b
2/3
∗

)
x∗=0

=

(
db∗
dx∗

)
x∗=0

. (2.27)

From Equation 2.24, we find that(
db∗
dx∗

)
x∗=0

=
1

a∗

(
1− 1

Rc

)
, (2.28)

Combining Equations 2.26, 2.27, and 2.28, and requiring that ∆H ′∗ increase at a rate faster

than ∆H ′∗c, we find a necessary (though not sufficient) condition for existence of a hydraulic

arrested salt wedge solution in an exponentially converging estuary:

a∗
1−R−1c

> F
2/3
f

(
1− F 2/3

f

)
. (2.29)

The uniform width solution is obtained when the convergence ratio Rc = 1 or when the non-

dimensionalized convergence length a∗ → ∞. In either case, the left hand side of Equation

2.29 goes to infinity, consistent with the fact that a hydraulic solution always exists in the

uniform width case. The right hand side has a maximum of 1/4 at Ff = 1/(2
√

2) ≈ 10−0.452.

We anticipate that there will be regions where a hydraulic solution does not exist centered on

Ff = 10−0.452 for sufficiently small convergence lengths and/or sufficiently large convergence

ratios. This will be examined in the following section.

2.5.2 Length-Discharge Relationship

We now explore the length-discharge relationship in flat and sloped converging estuaries.

We recall that, having now introduced the convergence ratio Rc and non-dimensionalized

convergence length a∗, and suppressing the dependence on ∆ρ/ρ2, L∗ is a function of Ff ,

Ci/α, Rc, and a∗.

Flat Estuary

The solution for intrusion length in a flat, converging estuary is shown in Figures 2.6 and

2.7. In Figure 2.6, we compare the flat, prismatic estuary solution (labeled “L∗ vs. Ff”),
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four solution curves with Rc = 5 and values of a∗ ranging from 0.1 to 100 as labeled, and a

modified version of the flat, prismatic estuary solution (labeled “L′∗ vs. Ff”). The value of

L′∗ is obtained based on a modified freshwater Froude number

F ′f =
Q

b∞
√
g′h3S

=
b0
b∞

Q

b0
√
g′h3S

= RcFf (2.30)

using Equation 2.21, the solution for L∗ in a flat estuary of uniform width developed by Schijf

& Schönfeld (1953). The solution asymptotes to these two bounding solutions, corresponding

to uniform estuaries of width equal to the width at the mouth and in the river, for high and

low freshwater Froude numbers, respectively. The transition between the bounding solutions

occurs when L∗ is roughly between one and ten times a∗. This is discussed extensively

in Section 2.6.1 below and shown schematically in Figure 2.10b. The gaps on each of

the curves correspond to regions where a hydraulic solution does not exist. The region of

nonexistence shrinks for increasing non-dimensionalized convergence length a∗, as Equation

2.29 would predict. However, Equation 2.29 predicts existence where it was found that

hydraulic solutions do not exist. This is an indication that it indeed is not a sufficient

criterion to guarantee existence, as discussed above.

Figure 2.7 shows the solution for a constant value of the non-dimensionalized convergence

length a∗ = 1 and different values of the convergence ratio Rc. We show the uniform width

Schijf & Schönfeld (1953) solution, which corresponds to Rc = 1, and the solution curves

for Rc = 10 and 100; these curves display the same asymptotic behavior as observed in

Figure 2.6. We have also plotted the solution obtained in the limit that Rc → ∞, which

corresponds to a width at the mouth that is infinitely larger than that in the upstream

river. We see that the finite Rc length-discharge relationships follow the Rc → ∞ curve in

the transition region. By investigating the behavior of infinite Rc solutions with different

values of a∗ (figure not shown), we found that n is nearly independent of a∗ and O(0.1)

for Ff < 10−3. This indicates that convergence by itself in a flat estuary could potentially

account for the discrepancy between the Schijf & Schönfeld (1953) solution and observations.

However, topography data from the Duwamish and Merrimack, examined in Section 2.6.2
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below, as well as from the Fraser River estuary indicate values of Rc on the order of 5 to 10.

In this case, though n is reduced in the transition region, it remains O(1), and the reduction

is not enough to account for the discrepancy.

Sloped Estuary

Figures 2.8 and 2.9 show the effects of varyingRc and a∗, respectively, on the intrusion length

when the bottom slope α is nonzero and Ci/α is therefore finite. In Figure 2.8, the non-

dimensionalized convergence length a∗ is held constant at 1 while the convergence ratio Rc is

varied between 1 and 10. We expect from above that the modification of the solution curve

due to contracting width effects occurs when L∗ > a∗. Thus, we anticipate that significant

modification of the solution curve will occur only when the maximum possible value of L∗,

Ci/α, is greater than a∗. Additionally, since the limiting value of L∗ is independent of width,

the effects of variable width should become less apparent as L∗ → Ci/α, i.e., as Ff → 0. This

is precisely what is observed in Figure 2.8. Noticeable deviation of L∗ from the constant

width values occurs only for the curve for which Ci/α > a∗ (Ci/α = 10 and a∗ = 1). The

deviation associated with Rc also decreases with decreasing Ff , as anticipated, and increases

with Rc, as would also be expected. The magnitude of the effect of converging width on the

intrusion length is highly dependent on the geometry of the estuary, in particular on how the

slope-limited value of the intrusion length compares to the width convergence length of the

estuary. Synthesizing our observations, we conclude that exponential estuary convergence

has a significant impact on intrusion length only when (Ci/α)/a∗ = hS/(αa) > 1.

In Figure 2.9, as in Figure 2.6, Rc is held constant at 5 while a∗ is varied between 0.1

and 100. As we would expect, the larger the ratio of Ci/α to a∗, the greater the effect of the

variable width. Additionally, the effect of the variable width becomes less apparent at lower

values of Ff as the slope limiting mechanism becomes more important. Depending on how

greatly Ci/α exceeds a∗, the predicted intrusion length may deviate by as much as an order

of magnitude from the uniform width value. However, the intrusion length is bounded by

that which would be obtained in an estuary of uniform width b∞. This is the gray dashed
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lower bounding curves for each set of curves corresponding to a different value of Ci/α in

Figure 2.9. We observe that width convergence can indeed significantly affect the value of n

when the estuary slope is non-zero. However, we note from Figure 2.8 that, even when the

effects of width convergence are most pronounced, they are still secondary to those of slope

limitation on the value of n. We therefore conclude that mean bottom slope likely has the

more significant effect on n in real salt wedge estuaries.

2.6 Discussion

We have developed solutions for the dependence of intrusion length in a highly stratified salt

wedge estuary on river discharge for estuaries with nonzero bottom slope and converging

width. Our solutions indicate that 1) nonzero bottom slope strongly modifies the magnitude

of dependence of L onQ (characterized by the value of n in the relationship L ∼ Q−n) for even

modest bottom slopes, 2) there is a transition region where convergence tends to decrease

n in both flat and sloped estuaries, 3) within the typical parameter space, the influence of

nonzero bottom slope is greater than the influence of convergence on the length-discharge

relationship in a salt wedge estuary, and 4) the reduction of n in the sloped estuary solutions

is enough to account for the deviation of observations from the theory for flat, prismatic

channels developed by Schijf & Schönfeld (1953). In Section 2.6.2, we will assess whether

our solution is consistent with available data.

2.6.1 Slope-Limitation and Estuary Convergence

The slope-limitation mechanism is described in Section 2.4 and is shown schematically in Fig-

ure 2.10a. Unlike in the flat estuary case, there is a finite limit to the distance the salt wedge

can penetrate upstream. As the discharge approaches zero, the thickness of the salt wedge

at the mouth approaches the shoreline depth, and the intrusion length approaches hS/α.

This corresponds to a limiting value of the non-dimensionalized intrusion length L∗ = Ci/α.

Physically, as the salt wedge intrudes into an estuary of nonzero mean bottom slope, the

change in elevation of the pycnocline from mouth to toe is less than in a flat estuary. This
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corresponds to a smaller mean interfacial slope and therefore a weaker mean baroclinic pres-

sure gradient forcing the upstream propagation than in the flat estuary case. Additionally,

the reduced water depth results in reduced layer thicknesses and correspondingly enhanced

friction. These mechanisms allow the slope-limitation mechanism to be felt over the entire

parameter space and have such a strong impact on the value of n, decreasing it by an order

of magnitude relative to the flat bottom case.

In our simplified model of a variable width estuary, in which we assumed the width

decreased exponentially from its value at the mouth to a uniform value in the upstream

river, we found that the solution for intrusion length as a function of discharge asymptotes

between solutions based on the width at the mouth and the width in the upstream river. As

illustrated in Figure 2.10b, the transition zone between these two solutions was observed to

lie between one and ten convergence lengths landward of the mouth. For intrusion lengths

less than the convergence length, the intrusion does not feel the change in width, behaving

as if the channel width were constant and equal to the width at the mouth, b0. When the

intrusion length is greater than ten convergence lengths, the intrusion feels only the width

of the upstream river, b∞. In between, it transitions between the two asymptotic solutions,

as observed in Figures 2.6 and 2.9. Within the transition zone, the value of n is decreased

in both flat and sloped estuaries.

We can combine these two observations to determine a criterion for when width con-

vergence has an effect on intrusion length. The salt wedge can only penetrate a distance

hS/α into the estuary. Convergence effects only become relevant when L > a. Therefore,

convergence alters intrusion length only if hS/(αa) > 1. This is apparent in Figures 2.8

and 2.9, in which we see there is no deviation of the converging estuary solution from the

uniform width solution when a∗ = Cia/hS < Ci/α.

2.6.2 Comparison of L vs. Q to Real Estuaries

In this section we compare the sloped estuary solution for intrusion length to numerical

data from an extensively validated realistic numerical model of the Merrimack River estuary
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(Ralston et al., 2010) and field data from the Duwamish River estuary (McKeon et al., 2014).

In both cases, we begin with a sloped uniform width model and then examine the influence of

a simplified version of the observed width profile on the solution. Both estuaries are observed

to be salt wedges (Ralston et al., 2010; McKeon et al., 2014). Data for intrusion length, tidal

amplitude, and river discharge from a Finite Volume Ocean Costal Model (FVCOM) of the

Merrimack was provided by Dr. D.K. Ralston. A detailed description of the model can be

found in Ralston et al. (2010). The intrusion length provided is the landward-most location

of the intersection of the 2 psu isohaline with the channel bottom. Maximum intrusion

occurs soon after high water. Ideally, we would compare to intrusion length determined as

the landward-most extent of the point of maximum bottom salinity gradient, since our model

predicts the structure of the pycnocline. Using the 2 psu isohaline instead introduces some

error when comparing the numerical data to our model owing to the finite thickness of the

density front in real estuaries. However, we assume that the extent of the salinity front is

small compared to the intrusion length so that the associated error is small. We compare

data for the smallest modeled tidal amplitude (2 m) to the hydraulic solution presented here

to assess whether the hydraulic solution accurately characterizes the dependence of intrusion

length on discharge. The lowest tidal amplitude was selected so that tidal effects, which are

not considered here, are minimized.

Assuming the mouth acts as control, it is necessary to determine the width and depth at

the mouth to calculate the freshwater Froude number. Based on bathymetric data provided

for the Merrimack, the width of the estuary at the mouth is b0 = 320m, the mean bottom

slope is 2.3(10−4), and the shoreline depth is hS = 7.75m.

From these values of hS and b0, along with the discharges corresponding to the modeled

salinity intrusions, we can determine the values of the freshwater Froude number Ff =

Q/b0
√
g′h3S, provided that we know the value of ∆ρ/ρ2. Given the uncertainty in the estuary-

averaged top-to-bottom salinity difference at arrest, we allow the stratification to vary when

finding a best-fit of the hydraulic solution to the data and then confirm that this value is

reasonable.
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The values of L∗ = CiL/hS and Ci/α also depend on the value of Ci, which is found to

be in the range 1 to 5(10−4) (Sorgard et al., 1990; MacDonald & Geyer, 2004). The model

is fit to the data by systematically varying Ci and ∆ρ/ρ2 and determining the values of Ci

and ∆ρ/ρ2 for which the sum of the normalized squared residuals is minimized. In finding

the best fit, Ci is allowed to vary over the range 10−6 to 10−2 in order to robustly test if the

model will settle on a value falling within the typically observed range, and ∆ρ/ρ2 over the

range 0.01 to 0.023. The stratification value represents an average over different discharges

and longitudinally through the salt wedge at the moment of arrest; therefore, it is not clear

a priori what value is appropriate. The goodness of fit (assessed by visual inspection and

normalized absolute error) and the values of ∆ρ/ρ2 and Ci provide an indication of whether

or not the variable slope hydraulic solution for intrusion length accurately describes the data.

The values of Ci and ∆ρ/ρ2 obtained are 4(10−4) and 0.013, respectively. That Ci was allowed

to vary over four orders of magnitude and converged to a value within the typically observed

range suggests that the hydraulic model accurately describes the behavior of the system. The

value of ∆ρ/ρ2 = 0.013 corresponds to a top-to-bottom salinity difference of 17 psu, roughly

midrange between oceanic (30 psu) and freshwater salinity. In reality, the value of ∆ρ/ρ2

will vary with location in the salt wedge and river discharge, but these complexities are

neglected here. This fit produces a mean normalized absolute error of 48%; however, much

of this error is due to the underprediction of intrusion length near the mouth in the vicinity

of the tidal embayment (discussed further below). Excluding these points, the normalized

error is 30%. The graphical comparison of the numerical model data to the prediction of the

hydraulic model, along with the corresponding solution for a flat, prismatic estuary (Schijf &

Schönfeld, 1953), is shown in Figure 2.11b. The hydraulic model incorporating bottom slope

is a significant improvement over the Schijf-Schönfeld solution; the model predicts the correct

order of magnitude for the salinity intrusions when the freshwater Froude number is below

∼ 0.3 (the majority of the data), as well as for the magnitude of dependence of salinity

intrusion on discharge, characterized by n, the slope of the L∗ − Ff curve in logarithmic

space. In contrast, the Schijf-Schönfeld solution predicts salinity intrusions that are as much
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as three orders of magnitude greater than the numerical model data and a value of n that is

an order of magnitude larger than observed.

In Figure 2.11b, we see that the (uniform width, uniform slope) hydraulic solution

underpredicts intrusion length for Ff >∼ 0.2 and overpredicts intrusion length for Ff <∼ 0.1.

Possible reasons for the failure of this simple hydraulic model include the effects of variable

width, local variations in the channel bottom elevation about the mean bottom slope, the

variation of mean top-to-bottom stratification with discharge, tides, and the inapplicability

of the assumptions of the hydraulic theory (e.g., the flow is not quasi-steady and/or one-

dimensional, there is not a predominantly two-layer flow structure, the pycnocline occupies

a significant portion of the water column). Also shown in Figure 2.11b (dot-dashed line) is

the hydraulic model solution incorporating a variable width profile. From the constriction

landward, the variation in width allows the saline intrusion to penetrate further upestuary

than it would have otherwise. This suggests that some of the increased intrusion at higher

discharges may be explained by the effects of variable width. However, within and seaward

of the embayment, the predicted intrusion length is now smaller than predicted by the

uniform width model. Thus, it is unlikely that variable width explains the divergence for

high discharges. The normalized absolute error is 50%, nearly unchanged from the uniform

width model.

The tendency for the hydraulic model to overpredict intrusion length for lower discharges

and underpredict intrusion length for higher discharges would be consistent with stratification

(∆ρ/ρ2) that increased with discharge. However, the solution curves corresponding to a top-

to-bottom salinity difference of 5 and 30 were calculated (not shown), and it was found that

the corresponding differences in predicted intrusion length are relatively small compared

to the difference between the numerical data and prediction of the hydraulic model. The

hydraulic model was also run with the true channel bottom elevation profile (not shown),

but the results were not significantly different from the solution obtained using a constant

slope and did not explain the deviation of the hydraulic prediction from the numerical model

data.
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Underprediction of intrusion length at high discharges and overprediction at low dis-

charges is also consistent with the effects of tidal forcing. We would anticipate that, at high

discharges, when the intrusion length that would be obtained under the river discharge alone

is small, tidal advection during the flood will force the intrusion far past this equilibrium

point, whereas, at low discharges, when the intrusion length under the action of the river

discharge alone is large, the salt wedge will not have time to reach the equilibrium point

with the river within half of the tidal period. This is consistent with the behavior observed

in Figure 2.11b. The good performance of this hydraulic solution in predicting the intru-

sion length suggests that the behavior of L with Q is in fact consistent with the previously

observed hydraulic behavior of these estuaries.

The predicted intrusion length was also compared to field data taken in the Duwamish

(McKeon et al., 2014). McKeon et al. (2014) define intrusion length as the landward-most

point with a top-to-bottom salinity difference greater than 5. This presumably gives a better

indication of the location of the toe than the 2 psu isohaline. The intrusion lengths have been

interpolated to one-quarter of the way through flood tide (hereafter referred to as “quarter-

flood”) because this was the most reliably sampled phase of the tide. The model introduced

here predicts the maximum intrusion length at the time of arrest before lower layer reversal.

However, the comparison of the model to this data will still give an idea of whether or not it

is able to predict the magnitude of dependence of intrusion length on discharge accurately.

Figure 2.11d shows the field data, this time in terms of L and Q–not L∗ and Ff . Di-

mensional variables are plotted because we consider a hydraulic model with variable control

points. We find that a uniform width solution assuming control at the mouth, similar to the

solution applied to the Merrimack, overpredicts intrusion length by as much as 4 km, larger

than the 3.6 km tidal excursion of the salt wedge toe reported by Dawson & Tilley (1972),

and does not accurately reproduce the observed dependence on discharge. We hypothesize

that this is because the flow is not controlled at the mouth under low discharge conditions

and that the relevant control point may vary between the mouth and significant flow con-

strictions associated with the 1st and 16th Avenue Bridge piers, located at river kilometers
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5.2 and 7.3, respectively (Figure 2.11c).

To test this, we modified the model to include a linearly converging width profile superim-

posed with the two pier constrictions (Figure 2.11c) and allowed the control location to vary.

The control is assumed to be the landward most potential control point that is accessible

by the intrusion. Thus, an iterative method of determining the location of control, wherein

the seaward most control is assumed and the solution is integrated landward until either

the toe or the next potential control point is reached, is implemented. We could also have

obtained a solution by assuming that a control was not activated when it became accessible–

that is, by assuming that intrusions extending past the more landward 16th Avenue Bridge

pier were still controlled at the 1st Avenue Bridge pier. This creates some ambiguity in the

solution; however, evidence is presented in McKeon et al. (2014) suggesting that the 16th

Avenue Bridge pier does indeed control the flow when the lower layer extends that far land-

ward. The variable control point model consistently overpredicts the intrusion length, as

we would expect because the data is taken at quarter-flood, and accurately reproduces the

value of n ≈ 0.2, again an order of magnitude smaller than the canonical value from Schijf

& Schönfeld (1953) (McKeon et al., 2014). Note that for both of the hydraulic models of the

Duwamish we chose typical values of the interfacial drag coefficient and density anomaly–

Ci = 10−4 (Sorgard et al., 1990; MacDonald & Geyer, 2004) and ∆ρ/ρ2 = 0.02, roughly

corresponding to the ocean-basin salinity difference of 28 psu (McKeon et al., 2014)–rather

than fitting the data. Because the data come from quarter-flood, a fit to the data produces

unreasonably high values of Ci (O(10−3)) to account for the fact that the intrusions have

not reached the arrest point.

When mean bottom slope is included, the predictions of the hydraulic model are con-

sistent with field observations in the Duwamish and a well-validated numerical model of

the Merrimack, which are both observed to behave as salt wedge estuaries (Ralston et al.,

2010; McKeon et al., 2014). This potentially eliminates the need to appeal to more complex

momentum balances and scalings for the intrusion length based on the dominance of tidal

or exchange flux in estuaries that otherwise behave hydraulically, as is suggested by some
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authors (e.g. Ralston et al., 2010; Lerczak et al., 2009). This is a significant result insofar

as the behavior of L with Q is to be used as a diagnostic criterion for the dynamics of an

estuary. Additionally, the potential resolution of the uncomfortable disparity between the

clearly hydraulic behavior of salt wedge estuaries and the predictions of hydraulic theory is

a significant result in itself.

2.7 Conclusion

We have found that even modest bottom slopes (O(10−5)) significantly reduces the magnitude

of dependence of intrusion length on discharge for freshwater Froude numbers Ff ∼ O(0.1)

or smaller, owing to the finite value of the maximum intrusion length in a sloped estuary.

The solution for a sloped estuary of uniform width presented here predicts exponents n in a

relationship of the form L ∼ Q−n in the observed range (0.2 to 0.6) for freshwater Froude

numbers roughly in the range 0.01 to 0.1 (Figure 2.5, Figure 2.11b). This solution shows

that the value of n is highly dependent on Ci, an uncertain parameter, making it difficult to

predict its value a priori. However, the solution presented here is a significant improvement

over the solution of Schijf & Schönfeld (1953), giving an order of magnitude improvement in

the prediction of n.

In an estuary of convergence length a, we find that the effect of convergence on the length-

discharge relationship becomes significant only for intrusion lengths L > a. Convergence

decreases the intrusion length from the value that would be obtained for the same discharge

in an estuary of uniform width equal to the width at the mouth (Figures 2.6, 2.8, and

2.9). The intrusion length is bounded by the solutions for uniform width estuaries of width

equal to that at the mouth of the estuary and in the upstream river (Figures 2.6 and 2.9).

Within the transition zone (a < L < 10a), convergence tends to decrease the magnitude of

n in both flat and sloped estuaries (Figures 2.6 and 2.9). Convergence can strongly modify

the particular value of n in an estuary, but nonzero slope is the more significant influence

for reasonable bottom slopes Ci/α ≤ 10 and convergence ratios Rc ≤ 10.

The results from our comparison with field data from the Duwamish and numerical data



32

from the Merrimack indicate that the solution presented here is consistent with observed

values of n in salt wedge estuaries. The actual intrusion length is not captured as accurately

by the simple hydraulic solution owing to complications due to topography, tides, and other

influences. However, these results suggest that the discrepancy between observed values of

n and the canonical values of 2 to 2.5 is consistent with the influence of geometry on the

hydraulic solution, primarily the effect of nonzero mean bottom slope, potentially eliminating

the need to appeal to other dynamic influences or regimes to resolve this discrepancy.

Table 2.1: Dimensioned variables and their dimensionless equivalents. The subscript j indi-
cates that the corresponding quantity for both layers 1 and 2 are non-dimensionalized in the
same manner.

Dimensioned variables Non-dimensioned variables and definitions

x x∗ = Cix/hS

b b∗ = b/b0

hb hb∗ = hb/hS = −(α/Ci)x∗

Q Ff = Q/b
√
g′h3S

η η∗ = η/hS

hj hj∗ = hj/hS

H ′j H ′j∗ = H ′j/h1c0
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McKeon et al. (2014)) and numerical model (Merrimack, from Ralston et al. (2010)) data.
Best-fit exponents for each estuary are shown.



34

h1

h2hi

η

hb = -αx

Q = qb

u
ρ1

ρ2

x

z

x = -L
(toe) x = 0

(mouth)

interface

free surface

channel bottom

h1c0

hS

b

b∞ b0

Figure 2.2: (Left) side view sketch and (right) plan view sketches of model configuration.
Independent and dependent model variables are shown. The plan view shows the two width
configurations considered here–uniform, top right, and converging, bottom right. The thick-
lined triangles indicate hydraulic control.



35

10
−2

10
−1

10
0

10
−3

10
0

10
3

a)

F
f

L
*

 

 

~ F
f

−2

~F
f

−2.5
Schijf−Schonfeld

0 0.2 0.4 0.6 0.8 1
0

0.5

1

−x/L

h
2
/(

H
 −

 h
1
c
)

 

 
b)

 0.5

 0.9
F

f
 = 0.1

Figure 2.3: a) Non-dimensionalized intrusion length L∗ versus freshwater Froude number Ff

for a flat estuary of uniform width (Schijf & Schönfeld, 1953). The L∗ ∼ F−2f and ∼ F−2.5f

lines are also plotted. b) Normalized salt wedge shape (Harleman, 1961) for several values
of Ff .



36

0

0.5

1

z
/h

S

a)

F
f
 = 0.05

Current Solution

−6 −4 −2 0
0

0.5

1

x
*

z
/h

S

b)

F
f
 = 0.05

Harleman (1961) Solution

0

0.5

1
c)

F
f
 = 0.1

−4 −2 0
0

0.5

1

x
*

d)

F
f
 = 0.1

0

0.5

1
e)

F
f
 = 0.2

−2 0
0

0.5

1

x
*

f)

F
f
 = 0.2

Figure 2.4: Comparison of interface profile with Harleman (1961) flat bottom solution. Pan-
els a), c), and e) show three example model runs with increasing freshwater Froude number
in a sloped estuary of uniform width. The dashed purple, solid purple, and gray lines cor-
respond to the density interface, channel bottom, and free surface, respectively. Panels b),
d), and f) show the Harleman (1961) solution for a flat estuary with a rigid lid for the same
freshwater Froude numbers. The horizontal dimension of each column is scaled with the
distance shown on the x-axis.



37

10
−2

10
−1

10
0

10
−2

10
−1

10
0

10
1

10
2

F
f

L
*

 

 

n = 0.2
n = 0.6

 C
i
/α = 0.1

 1

 10

 Schijf−Schonfeld

Figure 2.5: Intrusion length in a channel of uniform width and nonzero mean bottom slope
α. The curves are segregated by the value of the parameter Ci/α. The flat estuary solution
(Schijf & Schönfeld, 1953) is also shown. This corresponds to the limit Ci/α → ∞. Also
shown are the n = 0.2 and 0.6 tangent lines.



38

10
−3

10
−2

10
−1

10
0

10
−2

10
0

10
2

10
4

F
f

L
*

 

 

L
*
 vs. F

f

L
* ’ vs. F

f

a
*
 = 0.1

1

10

100

Figure 2.6: Intrusion length in a flat channel (α = 0) with varying convergence length a∗
and constant convergence magnitude Rc = 5. The black dashed lines show the asymptotic
solutions discussed in the text. All solid curves are colored based on the value of the non-
dimensionalized convergence length a∗.



39

10
−3

10
−2

10
−1

10
0

10
−2

10
0

10
2

10
4

F
f

L
*

 

 

R
c
 = 1

10

100

inf

Figure 2.7: Intrusion length in a flat channel (α = 0) with constant convergence length
a∗ = 1 and variable convergence magnitude Rc. All solid curves are colored based on the
value of the convergence ratio Rc. The Rc = 1 line correspons to the Schijf & Schönfeld
(1953) solution.



40

10
−3

10
−2

10
−1

10
0

10
−2

10
−1

10
0

10
1

F
f

L
*

 

 

C
i
/α = 0.1

C
i
/α = 1

C
i
/α = 10

R
c

1

5

10

Figure 2.8: Intrusion length in a sloped channel (α 6= 0) with constant convergence length
a∗ = 1 and variable convergence magnitude Rc. The dashed black lines indicate the prismatic
channel solution (from Figure 2.5). All converging solution curves (dots) are colored based
on the value of the convergence ratio Rc. Illustrations to the right of the Figure indicate how
the estuary shape changes as Rc is modified and a∗ is held constant.



41

10
−3

10
−2

10
−1

10
0

10
−2

10
−1

10
0

10
1

F
f

L
*

 

 

C
i
/α = 0.1

C
i
/α = 1

C
i
/α = 10

log
10

(a
*
)

−1

0

1

2

Figure 2.9: Intrusion length in a sloped channel (α 6= 0) with varying convergence length a∗
and constant convergence magnitude Rc = 5. The solid black and dashed gray lines indicate
the asymptotic prismatic channel solutions. The black lines correspond to uniform width
solutions with b = b0, the width at the mouth; the dashed gray lines correspond to uniform
width solutions with b = b∞, the width in the upstream river. All converging solution curves
(dots) are colored based on the value of a∗. Illustrations to the right of the Figure indicate
how the estuary shape changes as a∗ is modified and Rc is held constant.



42

hS/α

hS

α

1
increasing

Q

interface
channel bottom

x = -10a x = -a

Transition Zone

b
0

a)

b)

b∞

Figure 2.10: a) Schematic showing slope-limited salt wedge. b) Schematic showing location
of the transition zone. For L < a, the intrusion is set by the width at the mouth b0. For
L > 10a, the intrusion is set by the width in the upstream river b∞. In between, the intrusion
length transitions between these two asymptotic solutions.



43

10
−2

10
−1

10
0

10
−2

10
0

10
2

F
f

L
*

10
1

10
2

5

10

1
st

 Ave

16
th

 Ave

Q (m
3
 s

−1
)

L
 (

k
m

)

−10 −5 0
0

0.2

0.4

0.6

x (km)

b
 (

k
m

)

 

 

10

100

−20 −10 0
0

1

2

3

x (km)

b
 (

k
m

)

 

 
a)

e
m

b
a
y
m

e
n
t

embayment

16
th

 Ave

1
st

 Ave

b)

c) d)

Q (m
3
 s

−1
)

100

1000

Figure 2.11: Top-width profiles of the a) Merrimack and c) Duwamish (solid black), salt
wedge toe locations as function of discharge (solid, colored), and simplified width profile used
in analysis (gray, dashed). b) Comparison of Merrimack numerical model data (Ralston et al.,
2010, gray-blue dots) to flat, prismatic estuary solution (Schijf & Schönfeld, 1953, dashed
gray) and current solution without (solid black) and with (light blue dot-dash) variable
width. d) Comparison of Duwamish field data (gray-blue dots) to the current solution
assuming either control at the mouth and constant width (dot-dash gray) or variable width
and control location (solid black).



44

Chapter 3

HYDRAULIC MODEL OF SEDIMENT TRANSPORT IN THE
SALT WEDGE

3.1 Introduction

The lower river is a transitional zone from fluvial to marine hydrodynamic and sediment

transport processes and is a key component of the source-to-sink pathway of fluvial sediment.

The sediment flux imbalance across this region controls the availability of material for bed

and land surface evolution, influencing its susceptibility to inundation from river flooding,

subsidence, and sea level rise (Syvitski & Saito, 2007; Syvitski et al., 2009), and controlling

processes of channel avulsion and delta progradation (Jerolmack, 2009; Chatanantavet et al.,

2012; Lamb et al., 2012). Furthermore, the net export of sediment from the river mouth

provides active sediment to the shelf and is thus a control on continental sedimentation (e.g.,

Blum & Törnqvist, 2000). Understanding the processes by which sediment is deposited,

eroded, or transited through the lower river is crucial for understanding river and shelf

geomorphology and the ultimate fate of fluvial sediment. This goal is complicated by the

complex interplay of tidal, riverine, density, wind, and wave forcing (e.g., Wright, 1977; Geyer

et al., 2004; Geyer & Ralston, 2011; Geyer & MacCready, 2014).

Several previous studies have applied hydraulic models of the river hydrodynamics and

sediment transport to quantify bed evolution and depositional and erosional patterns in the

lower river (Snow & Slingerland, 1987; Hotchkiss & Parker, 1991; Chatanantavet et al., 2012;

Lamb et al., 2012). This work was motivated in part by the observation that rivers behave

fundamentally differently in the vicinity of their mouths than they do further upstream. The

river depth tends to the uniform normal depth hN in the upstream direction; the normal

flow region is characterized by spatially uniform velocity and net sediment bypass. Near
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the mouth, however, the river is influenced by the static water level in the receiving basin

(e.g., sea level), resulting in a hydraulic transition zone (see Figure 3.1). For discharges less

than the 1.5 to 2 year flood, the depth imposed at the shoreline by the static water level in

the basin, here referred to as the shoreline depth hS, exceeds the normal depth, hN (Lamb

et al., 2012). The free surface therefore must diverge from the channel bed, resulting in flow

deceleration and net sediment deposition (Sturm, 2010; Lamb et al., 2012). The extent of

the backwater zone is expansive; at low flows it scales with the ratio of the shoreline depth

to the channel bed slope, hS/S0, which can be on the order of 100 to 1000 km (Lamb et al.,

2012). The results of Chatanantavet et al. (2012) suggest that channel avulsion may be the

consequence of sediment deposition as the flow enters the backwater region; these authors

show that the avulsion length scales with the backwater length in many natural systems.

Absent in early hydraulic models of river morphodynamics was the dynamic variation

of the extent and character of the hydraulic transition zone with changing river discharge.

Previous studies assumed a single characteristic discharge, resulting in eventual filling of the

backwater zone and the extension of the normal flow region of sediment bypass (Snow &

Slingerland, 1987; Hotchkiss & Parker, 1991). Chatanantavet et al. (2012) and Lamb et al.

(2012) improved upon this previous work by incorporating variable discharge and therefore

the dynamic character of the hydraulic transition zone. In addition to decrease in length of

the hydraulic transition zone with increasing discharge, these models allowed for transition

from backwater to drawdown at discharges large enough that hN > hS (see Figure 3.1).

Drawdown is confined to a more compact region than backwater and is characterized by flow

acceleration, convergence of the free surface and channel bed, and net erosion (see Figure 3.1)

(Sturm, 2010; Lamb et al., 2012). It has been suggested that the transition to drawdown at

high flows explains the persistence of erosional zones near mouths and bifurcations in some

rivers (Lane, 1957; Lamb et al., 2012).

In most rivers, salt water penetrates some distance upstream from the sea forming an

estuary. In highly stratified (salt wedge) estuaries especially, this results in a dramatic

modification of the hydrodynamics and sediment dynamics and introduces another length
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scale, the estuary length Le, in addition to hydraulic transition length Lt that may be

relevant to the morphology of the lower river. In salt wedge estuaries, the estuary intrusion

length is less than the hydraulic transition length, except in the limit of zero discharge,

when both scale as hS/S0 (Lamb et al., 2012; Poggioli & Horner-Devine, 2015); thus, the

estuary is contained within, and possibly modifies the extent and character of, the hydraulic

transition zone. Whether the formation of an estuary significantly modifies the magnitude or

distribution of deposition and erosion in the estuary, and the magnitude of sediment export

to the shelf, remains an open question. We refer to the upstream river as the portion of

the unstratified river directly upstream of the estuary that is not at normal depth. The

lower river consists of the upstream river and the estuary. Our goals in this study are

1) to present a coupled hydraulic model of the hydrodynamics and sediment transport in

a salt wedge estuary and the upstream river, and 2) to quantify the influence of estuary

formation on the spatial distribution of sediment deposition in the channel and on export of

sediment to the shelf. We apply a flux balance to the model to determine if and when the

salt wedge modifies a) export to the shelf, and b) net deposition in the lower river. We also

examine the location and magnitude of peak sediment deposition and therefore peak bed

aggradation within and upstream of the estuary to c) characterize the spatial distribution of

the deposition profile. We examine the location of peak bed aggradation because the results

of Chatanantavet et al. (2012) suggest that this may set the avulsion length. We focus on

highly stratified estuaries because high freshwater discharge is associated both with large

sediment flux and the maintenance of vertical stratification in the estuary (e.g., Nash, 1994;

Geyer & MacCready, 2014).

Numerous field and numerical studies have investigated sediment trapping in highly strat-

ified estuaries; an excellent review of these studies is presented in the introduction of Nijs

et al. (2010). This work has focused on sediment transport processes on intratidal and fort-

nightly (spring-neap) time scales. A quasi-steady hydraulic model of the salt wedge is ideal

for morphodynamic applications (with model time scales on the order of 103 years) because

it is not computationally intensive. Though it neglects the intratidal and three-dimensional
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complexities inherent in a detailed analysis of sedimentary patterns in the salt wedge, it

retains the key mechanistic features of the along-flow transport: 1) reduction in bed stress

and particle resuspension owing to the separation of the outflowing freshwater layer from the

channel bottom (e.g., Fugate & Chant, 2005); 2) the reduction in turbulence intensity and

the resulting reduction in turbulent particle suspension capacity (Kostaschuk et al., 1992;

Geyer, 1993); 3) flocculation, resulting in enhanced deposition rates for fine sediments (e.g.,

Geyer et al., 2004); and 4) the reduction in residence time caused by acceleration of the flow

over the salt wedge, resulting in reduced deposition rates.

In Sections 3.2 and 3.3 we introduce the hydrodynamic and sediment models of the salt

wedge and upstream river. However, we confine a detailed treatment of the salt wedge

sediment model to Appendix A. In Section 3.4, we apply a flux balance to the model to

determine if and when salt wedge formation modifies a) the magnitude of sediment export to

the shelf, and b) the magnitude of deposition in the lower river, we also examine c) the peak

sediment deposition rates in the estuary and upstream river. In Section 4.5, we discuss the

implications of our findings for the importance of the salt wedge in morphodynamic processes

in the lower river.

3.2 Hydrodynamic Model

We describe the flow hydraulically, meaning only the vertically averaged along-flow (x-

direction) momentum and mass balances are considered. The hydraulic description of the

salt wedge follows that presented by Poggioli & Horner-Devine (2015), who modified earlier

descriptions of the salt wedge (Schijf & Schönfeld, 1953; Harleman, 1961) to include the ef-

fects of nonzero channel bed slope and variable channel width; we will consider only nonzero

bed slope here. The river hydraulics are described by the gradually varied flow (GVF) equa-

tion (see, e.g., Sturm, 2010). The GVF equation was applied to sediment transport and

morphodynamics in the lower river by Lamb et al. (2012) and Chatanantavet et al. (2012),

though these authors did not model estuary formation. The model geometry and dependent

and independent variables are shown in Figure 3.2.
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We neglect tides and transients associated with changing river discharge, and therefore

all unsteady terms in the equations. Shear stresses exerted on the freshwater outflow by the

channel bottom in the unstratified river and by the fresh-saltwater interface in the estuary

are parameterized using quadratic bottom and interfacial drag coefficients, Cb and Ci, re-

spectively. All cross-channel and vertical fluxes of mass and momentum are neglected. We

assume the salt wedge is arrested so that there is no velocity in the lower layer (layer 2 in

Figure 3.2). The model geometry is characterized by a uniform channel width and bottom

slope.

3.2.1 Salt Wedge

By applying conservation of momentum and fluid mass to the two-layered arrested salt

wedge, we find equations for the slope of the free surface elevation η and the freshwater layer

thickness h1:

dh1
dx

= Ci
F 2
d

1− F 2
d

(
1 +

h1
h2

)
(3.1)

dη

dx
= −Ci

∆ρ

ρ2

F 2
d

1− F 2
d

(
1 + F 2

d

h1
h2

)
, (3.2)

where h2 is the thickness of the salt wedge, Fd ≡ q/
√
g′h31 is the densimetric Froude number,

q ≡ Q/b is the specific river discharge, Q is the river discharge, b is the channel width,

g′ ≡ (∆ρ/ρ2)g is reduced gravity, and ∆ρ ≡ ρ2 − ρ1 is the difference in density between

salt and freshwater. Note that the densimetric Froude number Fd is related to the familiar

open channel Froude number F by F =
√

∆ρ/ρ2Fd. The free surface elevation is related to

the layer depths and channel bed elevation by the geometric relation η = h1 + h2 + hb =

h1 + h2 − S0x, where S0 is the bed slope (see Figure 3.2). The salt wedge model is derived

and discussed in detail in Poggioli & Horner-Devine (2015). Note that Equations 3.1 and

3.2 apply only in the estuary because the salt wedge thickness h2 is assumed nonzero and

the freshwater layer is decoupled from the bottom and therefore experiences interfacial as

opposed to bed friction.
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3.2.2 Boundary Conditions

Two boundary conditions are necessary to uniquely determine the flow in the salt wedge.

We obtain the first boundary condition by recognizing that the mouth of the river acts as

a hydraulic control on the two layered flow, meaning that the densimetric Froude number

Fd = q/
√
g′h31 must be one at this location (Stommel & Farmer, 1952; Geyer & Ralston,

2011). This requirement uniquely relates the upper layer thickness to the river discharge.

Defining x = 0 to be the river mouth, as shown in Figure 3.2, setting Fd = 1, and solving

for h1(x = 0), our first boundary condition is

h1(x = 0) =

(
q2

g′

)1/3

. (3.3)

We obtain the second boundary condition by assuming that the elevation of the free

surface at the river mouth is equal to sea level, and the water depth is therefore the shoreline

depth hS. The second boundary condition is

h2(x = 0) = hS −
(
q2

g′

)1/3

. (3.4)

Integration of the coupled Equations 3.1 and 3.2 begins at the mouth and is continued

landward until the lower layer thickness h2 goes to zero at x = −Le (see Figure 3.2). A more

detailed explanation of our numerical solution method is provided in Poggioli & Horner-

Devine (2015).

3.2.3 Unstratified River

By following the same procedure in the unstratified river upstream of the salt wedge, we can

derive the gradually varied flow (GVF) equation:

dh1
dx

= Cb
F 2
N − F 2

1− F 2
, (3.5)

where F ≡ q/
√
gh31 =

√
∆ρ/ρ2Fd is the open channel Froude number, hN is the normal

depth, and FN ≡ q/
√
gh3N =

√
S0/Cb is the normal flow open channel Froude number.

Equation 3.5 is derived in, e.g., Sturm (2010).



50

A single boundary condition is needed to integrate Equation 3.5. This is provided by the

solution to Equations 3.1 and 3.2, in particular the predicted water depth at the salt wedge

toe, htoe1 , and its location, Le:

hGV F
1 (x = −Le) = htoe1 , (3.6)

where hGV F
1 indicates the river depth profile predicted by the GVF equation, Equation 3.5.

This condition expresses the requirement that the water depth be continuous at the salt

wedge toe.

Integration of Equation 3.5 gives the free surface profile in the river upstream of the salt

wedge. In the case of a channel of uniform width and channel bed slope, it can be solved

analytically (see Bresse, 1860; Sturm, 2010).

3.2.4 Non-Dimensionalization

Too many independent dimensioned parameters have been introduced to make any head-

way without reducing the dimension of the parameter space. We accomplish this by non-

dimensionalizing all independent and dependent variables; this procedure as applied to the

salt wedge is discussed in detail in Poggioli & Horner-Devine (2015). The same procedure

is applied here to the GVF equation. We divide the layer thicknesses and free surface ele-

vation by the shoreline depth hS, and we divide the x-coordinate and estuary length by the

interfacial friction length hS/Ci (Geyer & Ralston, 2011). This procedure, when applied to

Equations 3.1, 3.2, and 3.5, and to conditions 3.3, 3.4, and 3.6, indicates that the coupled

river-estuary system is governed by four independent dimensionless parameters:

Ff =
q√
g′h3S

(3.7)

FN =

√
S0

Cb

(3.8)

∆ρ

ρ2
(3.9)

γ =
Ci

Cb

. (3.10)
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The first parameter, Ff , is the freshwater Froude number. It is discussed at length in, e.g.,

Geyer & Ralston (2011); Poggioli & Horner-Devine (2015); Armi & Farmer (1986); in the final

reference, it is referred to as the net barotropic flow and given the symbol U0. The freshwater

Froude number is an index of the ratio of the inertial and buoyant forces experienced by the

river outflow, and a salt wedge forms only when Ff < 1 (Schijf & Schönfeld, 1953; Armi &

Farmer, 1986; Geyer & Ralston, 2011; Poggioli & Horner-Devine, 2015).

The second parameter is the normal flow Froude number, already familiar to us. The

third parameter, ∆ρ/ρ2 is the density difference between salt and freshwater normalized by

the salt water density. It is referred to hereafter as the normalized stratification. The final

parameter, γ = Ci/Cb is the ratio of the interfacial and bottom drag coefficients; it is the

reduction in drag experienced by the flow as it detaches from the channel bottom.

There are two additional physically significant parameters that may be formed from those

defined in 3.7 - 3.10:

L0
e∗ =

Ci

S0

=
γ

F 2
N

(3.11)

hS
hN

=

(∆ρ

ρ2

)−1 (
FN

Ff

)2
1/3 . (3.12)

The first parameter, L0
e∗, is the maximum salt wedge intrusion length, L0

e = hS/S0, non-

dimensionalized as all other horizontal length scales by the interfacial friction length, hS/Ci.

The subscript star indicates in general that a quantity has been non-dimensionalized, and

the superscript zero indicates that the maximum intrusion length occurs in the limit that the

river discharge goes to zero. This quantity, and the implications of slope-limitation for the

structure and extent of the salt wedge, are discussed by Poggioli & Horner-Devine (2015).

We note here that, for a given freshwater Froude number, the value of L0
e∗, and therefore

the non-dimensionalized salt wedge length Le∗ = CiLe/hS decreases with increasing bottom

slope.

The second parameter indicates whether a river of normal depth hN flowing into a basin

of the same density and shoreline depth hS would be in a state of backwater, hS/hN > 1,

or drawdown hS/hN < 1. The case presented here is complicated by the formation of the
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salt wedge, and we cannot determine whether the flow is in backwater or drawdown from

the value of hS/hN alone.

The ratio hS/hN , and possibly the slope limited non-dimensionalized intrusion length

L0
e∗, may be regarded as more intuitively appealing parameters than any of the drag coeffi-

cient ratio γ = Ci/Cb, the non-dimensionalized stratification ∆ρ/ρ2, or even the freshwater

Froude number Ff ; However, we retain the latter parameters because they are more well-

constrained than hS/hN , which varies greatly with discharge, and L0
e∗, which, like FN , varies

with the bottom slope. Our model differs from that presented in Lamb et al. (2012) and

Chatanantavet et al. (2012) only when a salt wedge forms, and a salt wedge forms only when

Ff < 1; therefore, we need only consider the range 0 < Ff < 1. Typical values of ∆ρ/ρ2 are

around 0.02 (e.g. Rattray & Mitsuda, 1974). The interfacial drag coefficient has been found

to be approximately 4− 5(10−4) (Sorgard et al., 1990; MacDonald & Geyer, 2004), and the

bottom drag coefficient is on the order of 3(10−3) (e.g., Fugate & Chant, 2005). Together

this gives γ ≈ 0.13. Though we have explored the sensitivity of our results to both γ and

∆ρ/ρ2, we will present our results assuming γ = 0.13 and ∆ρ/ρ2 = 0.02; our results are

relatively insensitive to the normalized stratification, and, while interesting effects do occur

when the drag coefficient is not constrained to be O(0.1), these occur only for values of γ to

small to be physically realistic.

3.3 Sediment Model Development

3.3.1 Unstratified River

In the upstream river, we model the specific (per unit width) total volumetric sediment load

qsed using the results of Engelund & Hansen (1967):

qsed
(qsed)N

=

(
h1
hN

)−5
, (3.13)
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where we have normalized qsed by the specific sediment load at normal flow, (qsed)N . The

latter can be found by using

qsed =
√
Rgd350

(
0.05

Cb

)
τ 5/2∗ , (3.14)

where R is the submerged sediment specific gravity (1.65 for quartz), d50 is the median

grain size, and τ∗ ≡ τ/Rρgd50 is the Shields parameter. In normal flow in a wide channel,

τ∗ = S0hN/Rd50.

3.3.2 Salt Wedge

Within the salt wedge, we model the sediment load as a vertically homogeneous plug that

settles with the particle settling velocity ws, as shown in Figure 3.3a. We integrate ws over

the particle transit time from the toe to the mouth to find the vertical distance settled by

the sediment column before it leaves the estuary. We then calculate the fraction of sediment

that has been settled into the salt wedge as the ratio of the settled distance to freshwater

thickness at the mouth. Dividing by the local freshwater layer thickness takes account of

the tendency of the sediment to be advected with the flow over the salt wedge. Implicitly,

by assuming the net settling rate of the sediment is equal to its settling velocity, we have

assumed that the capacity of the turbulence in the upper layer to keep particles in suspension

is negligible. Turbulence suppression and associated deposition is indeed a key feature of flow

over the salt wedge (e.g., Kostaschuk et al., 1992; Geyer, 1993; Nijs et al., 2010). We have

further assumed that the salt wedge acts as a trap of sediment; sediment can be resuspended

only by an increase in discharge forcing the toe to move seaward and exposing previously

deposited sediment. (We will not examine this process here.)

A more complete mathematical treatment of this model is given in Appendix A; there we

derive equations for the fraction of sediment deposited in the estuary fD and the sediment

flux to the shelf, normalized by the normal flow specific sediment discharge, E ≡ qsed(x =

0)/(qsed)N (Equations A.5 and A.7). They are

E = (1− fD)E0(h
toe
1∗ )−5 (3.15)
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fD = min

Rod
F

5/3
f

∫ 0

−Le∗
h1∗dx∗, 1

, (3.16)

where E0 = (hS/hN)−5 is the export in the case of no salt wedge formation, and htoe1∗ is the

water depth at the toe normalized by hS. The parameter Rod ≡ ws/Ci

√
g′hS is referred to

here as the densimetric Rouse number;
√
g′hS is a scale of the velocity over the salt wedge,

so that
√
Cig′hS is a scale of the friction velocity uf =

√
τ/ρ, and therefore the parameter

Rod ∼ ws/uf , like the ordinary Rouse number. We take the minimum of the integral in

Equation 3.16 and 1 because fD = 1 indicates all of the sediment in the water column has

settled out.

We assume predominantly fine sediments and a mean flocculated settling velocity of 1

mm/s (Geyer et al., 2004). Assuming a typical normalized stratification of 0.01 − 0.02, an

interfacial drag coefficient of 4(10−4), and shoreline depths in the range 10 − 30 m gives

values of Rod in the range 1 − 3. We will take a mean value of 2 to be characteristic of

flocculated fine sediment. In Section 3.4.1, we will investigate the sensitivity of the export

fraction E/E0 to densimetric Rouse number.

In addition to the export to the shelf, we are interested in the depositional fluxes in the

estuary and in the upstream river, De and Du, respectively, the total deposition in the lower

river, D = De + Du, and the export from the upstream river into the estuary Etoe. An

equation for Etoe is found in Appendix A (Equation A.6). The remaining fluxes are found

by performing a sediment mass balance on the control volumes sketched in Figure 3.3b:

1 = Du + Etoe (3.17)

Etoe = De + E (3.18)

1 = D + E. (3.19)

Note that the fluxes D, Du, and De are net depositional fluxes–in our definition, erosion is

negative net deposition, corresponding to, e.g., D < 0.

Equations 3.17 - 3.19 are equally valid when salt wedge formation is neglected. In this

case, we add a subscript 0; De0, e.g., is then interpreted as the deposition in the region
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that would be occupied by the salt wedge if it were modeled. The interpretations of Du0

and Etoe0 follow similarly. This approach allows us to directly quantify the difference in the

predictions between the present model and one that neglects salt wedge formation for both

the magnitude and spatial distribution of sediment export and deposition.

3.4 Results

In this section, we address our three questions regarding the influence of the salt wedge on

the sediment dynamics in the lower river: does the salt wedge modify, and if so under what

conditions, a) sediment export to the shelf, b) the net deposition in the lower river, and

c) the distribution of deposited sediment in the lower river? We address the first question

by calculating the ratio of the normalized sediment export to the export when salt wedge

formation is neglected, E/E0; whether this ratio is greater or less than one tells us whether

salt wedge formation attenuates or enhances export to the shelf. We determine the effect of

salt wedge formation on net deposition in the lower river by calculating the ratio of the net

normalized depositional fluxes with and without a salt wedge, D/D0. Again, whether this

ratio is greater or less than one tells us if salt wedge formation enhances or diminishes the

total net deposition in the lower river. Finally, we assess a shift in the location of maximum

deposition rate within the lower river due to salt wedge formation. The deposition rate d =

dD/dx = −dqsed/dx is proportional to rate of increase of channel bottom elevation ∂hb/∂t.

The location of the point of maximum deposition / bed aggradation is important because it

has been suggested that the process of bed aggradation / channel filling is what ultimately

motivates channel avulsion Chatanantavet et al. (2012). Thus, the peak in deposition rate

may be related to the avulsion length.

We plot each of these quantities against freshwater Froude number, which is our non-

dimensional proxy for the river discharge (Ff ∼ Q). Typically, we will also plot for a range

of values of FN , which is our proxy for bed slope (FN ∼ S
1/2
0 ). Unless noted otherwise, we

assume Ci = 4(10−4), Cb = 3(10−3), ∆ρ/ρ2 = 0.02, and Rod = 2.
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3.4.1 Export of Sediment to the Shelf

Figure 3.4 shows the export ratio E/E0 as a function of freshwater Froude number for

several values of the normal flow Froude number. The curves are colored based on the value

of FN , as indicated in the colorbar. We give approximate values of the bed slope, assuming

Cb = 3(10−3), next to the colorbar. In all cases, E/E0 → 1 as Ff → 1; this is because,

as Ff → 1, the estuary is washed out of the channel and there is no salt wedge to modify

the export. Each of the curves also falls to zero for a finite value of Ff that decreases with

increasing bottom slope. This is the freshwater Froude number for which fD = 1. The

freshwater Froude numbers are large compared to values of Ff that are often seen in the

field, which are on the order of 0.01 to 0.1 (Poggioli & Horner-Devine, 2015). That rivers

do not export large volumes of sediment during low discharge events is unsurprising, except

that the cutoff freshwater Froude number is large compared to typical values, indicating that

the estuary is a very effective trap of sediment during ordinary discharge conditions. In the

Mississippi, for example, the slope in the lower reach is ∼ 4.5(10−5), giving FN ≈ 0.12 and a

minimum Ff for export of ∼ 0.4 (see Figure 3.4, Section 3.4.2). The depth at Head of Passes,

which in this case is the hydraulic control point (Rattray & Mitsuda, 1974), is ∼ 30 m, and

the depth-averaged bottom width is ∼ 520 m (Lamb et al., 2012). This gives a minimum

discharge to force export of Q ≈ 1.5(104), the one-year flood (Lamb et al., 2012). This

highlights the efficiency of the salt wedge as a sediment trap during typical flow conditions.

The behavior of the export fraction varies substantially in the intermediate freshwater

Froude number range. Examining the inset in Figure 3.4, we see that for FN >∼ 0.4

(S0 ≈ 5(10−4)), there is a peak in E/E0 that is greater than one, indicating an enhancement

of export caused by the intrusion of the salt wedge. This peak rapidly grows in magnitude and

shifts to lower values of Ff as the bottom slope increases. This enhancement of sediment

export is due to the decrease in residence time caused by the salt wedge; the intrusion

of salt water confines the flow to a narrower portion of the water column, and it must

therefore accelerate to conserve fluid mass. This effect is in competition with the suppression
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of sediment resuspension caused by the decoupling of the outflow from the channel bed.

Ultimately, for sufficiently low freshwater Froude numbers, the latter mechanism wins out,

and the estuary inhibits export to the shelf, retaining all of the sediment delivered to it from

the upstream river.

We note that, though the enhancement of sediment export caused by the salt wedge can

be significant–the peak of the FN = 1 curve in Figure 3.4 is ∼ 5.5–this effect occurs only

when the discharge is low to moderate and the bed slope is steep (S0 >∼ 4.8(10−4)). This

corresponds to large values of hS/hN and consequently small values of E0 = (hS/hN)−5.

Thus, though the export may be enhanced relative to the export that would be predicted

if salt wedge formation were neglected, i.e., E0, E0 itself is a small fraction of the normal

sediment load. Enhancement of export is confined to a region of parameter space where

essentially all of the sediment is deposited in the river (see Section 3.4.2).

In Figure 3.5, we show the behavior of the export fraction with Ff for FN = 1 (for which

the peak in E/E0 is maximized) for four different values of the densimetric Rouse number:

1, 2, 3, and 10. The first three values are within those typical of flocculated fine sediments;

the fourth value, Rod = 10 is typical of fine sand. The magnitude and location of the peak

in E/E0, as well as the cutoff freshwater Froude number below which the estuary is fully

retentive, is highly sensitive to Rod. However, we note that the enhancement of the export is

present across the range of values of Rod anticipated for flocculated fine sediment, and that

there is minor enhancement even for fine sand, as shown in the inset in the Figure. In addition

to being directly proportional to the mean settling velocity, Rod is inversely proportional to

the square root of the shoreline depth, indicating that relative export enhancement (large

peak in E/E0) increases with estuary depth. However, the peak in E/E0 also shifts to lower

values of Ff for increasing Rod, eventually resulting in diminished values of E0. Therefore,

the absolute maximum in peak export is anticipated to occur at finite values of Rod.



58

3.4.2 Deposition of Sediment in the River

Figure 3.6 shows the deposition ratio D/D0 as a function of freshwater Froude number for

several values of the normal flow Froude number, similar to 3.4. We again give approximate

values of S0. For each value of FN , D/D0 → 1 as Ff → 1; as noted above, this is because

the models are indistinguishable when the salt wedge is washed out at Ff = 1. Moving in

the direction of decreasing Ff , we next note that D/D0 → ±∞ for only two of the curves,

those with the lowest normal flow Froude numbers (FN = 0.1, 0.13, S0 ≈ 3(10−5), 5(10−5)).

This discontinuity corresponds to the point where hS/hN = 1; in this case, if there were

no salt wedge, the normal flow zone would extend all the way to the mouth, and there

would be no deposition in the channel. For these small slopes, a salt wedge can intrude

when hS = hN ; intuitively, one would expect that this is the result of enhanced deposition

within the salt wedge; however, Figure 3.7 (discussed below) indicates that this is not the

case. D/D0 → +∞ as we approach from the left (lower Ff / Q) because, in this direction,

we transition from backwater hS/hN > 1 to drawdown hS/hN < 1, and the deposition in

the no salt wedge case (D0) is positive but approaching zero. D remains finite when D0

approaches zero, and D/D0 → +∞. Similarly, as we approach from the right, we transition

from drawdown to backwater; drawdown causes erosion, resulting in D0 < 0. The salt wedge

always has the effect of increasing the deposition, and in a very small region in the vicinity of

the transition (hS/hN = 1), this effect is enough to overwhelm erosion caused by drawdown,

and D/D0 < 0. However, by comparing with Figure 3.4, we see that, at these low slopes /

normal flow Froude numbers, even though the intrusion of the salt wedge causes deposition

in the channel where there would be bypass or erosion, E/E0 remains within a few percent

of 1.

To the left of this discontinuity (lower Ff / Q), each curve shows a peak in D/D0.

This peak coincides with the value of Ff at which all of the sediment that enters the salt

wedge is deposited within the salt wedge; this is illustrated in the inset, which shows the

normalized deposition with and without the salt wedge D, D0. When the salt wedge is
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modeled, D → 1 for a nonzero value of Ff . At low slopes, this discrepancy is significant;

when FN = 0.1 (S0 ≈ 3(10−3)), the salt wedge results in up to nearly 15% (see Figure

3.7) more deposition in the vicinity of Ff ≈ 0.4, where the salt wedge becomes completely

depositional. However, this effect is reduced dramatically with increasing bottom slope;

hS/hN increases with increasing FN (slope) for a given Ff (discharge), resulting in a more

extreme backwater and a larger D0, and consequently reducing the discrepancy in deposition

between the salt wedge and no salt wedge cases.

Figure 3.7 shows the total deposition anomaly D−D0 and the deposition anomaly in the

estuary De −De0 for FN = 0.1. The total deposition anomaly is colored based on whether

D > 0, indicating net deposition (blue), or D < 0, indicating net erosion (red). When the

two curves coincide, excess deposition caused by the salt wedge is contained within the salt

wedge. This is the case for the peak in D/D0 located at Ff ≈ 0.4 (see Figure 3.6). However,

it is not the case in the vicinity of the freshwater Froude number for which hS/hN = 1.

This indicates that the enhanced deposition for increasing flows approaching the transition

from backwater to drawdown, and the diminished erosion for decreasing flows approaching

the transition from drawdown to backwater, is not caused by the deposition of sediment in

the salt wedge. Instead, it is caused by the influence of the salt wedge on the upstream

water surface profile. It can be shown that water surface slope in the salt wedge scales as

dηSW/dx ∼ −Ci over the bulk of the intrusion, whereas the elevation of the normal depth

line follows the channel bed slope by definition and therefore has a slope of −S0. If S0 � Ci,

the free surface slope over the salt wedge can force the upstream profile from normal flow

or drawdown into backwater, thus enhancing deposition upstream of the salt wedge. The

inverse scenario, in which the intruding salt wedge forces drawdown, requires S0 � Ci and is

unlikely to be observed in real systems because this requires that FN (∼ S
1/2
0 ) be large, and

thus the freshwater Froude number at which hS/hN = 1, (Ff )trans = (∆ρ/ρ2)
−1/2 FN (from

Equation 3.12) is likely to be > 1, preventing salt wedge formation.
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3.4.3 Location of Maximum Deposition

Figure 3.9 shows the magnitude of the peak deposition in the upstream river and in the salt

wedge as a function of freshwater Froude number for three different values of the normal

flow Froude number: FN = 0.1, 0.2, and 0.25. The deposition is calculated as the negative

gradient of the normalized specific sediment flux: d∗ = −d/dx∗[qsed/(qsed)N ], where the

subscript ∗ on d∗ indicates that it is non-dimensionalized by (qsed)N/(hS/Ci). This scaling

is important to keep in mind when looking at Figure 3.9; though it appears that the peak

deposition rate in the upstream river becomes very large as Ff → 0, this rate is normalized by

the normal flow sediment load, which becomes very small at low discharges. Therefore, there

will be a peak in the dimensioned deposition rate at a nonzero value of the river discharge,

corresponding to a maximum in the product of (qsed)N and d∗.

The location of the peak deposition in the upstream river scales with the hydraulic

transition length Lt (Chatanantavet et al., 2012), whereas the peak deposition in the salt

wedge is very near the toe and therefore scales with the estuary length Le. The rate of

sediment deposition is proportional to the rate of bed aggradation. Based on hydraulic

modeling of the Mississippi, Chatanantavet et al. (2012) identified the location of maximum

channel aggradation associated with the backwater zone as a mechanism that potentially

sets the channel avulsion scale. According to this view, the channel filling associated with

deposition in the backwater zone is what eventually initiates channel avulsion. The upper

two panels of Figure 3.9 indicate that for low normal flow Froude numbers (FN <∼ 0.2,

S0 <∼ 1.2(10−4)) the peak depositional rate in the salt wedge exceeds that in the upstream

river above a critical value of the freshwater Froude number. (This value is indicate in Figure

3.9.) This suggests that the salt wedge introduces a second length scale associated with

large depositional rates and rapid channel filling on geological timescales. This effect is most

pronounced only for low to moderate bottom slopes. For steep rivers, the peak depositional

rate in the upper river always greatly exceeds that in the salt wedge. Morphodynamic

modeling like that conducted by Chatanantavet et al. (2012) is necessary to determine the
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implications of this second deposition length scale on geological time scales.

3.5 Discussion and Conclusions

We have developed a hydraulic model of sediment transport in highly stratified estuaries

and coupled it to a hydraulic model of the hydrodynamics and sediment transport in the

upstream river. The salt wedge sediment model is based on the dynamics of a sediment

plug that is deformed by and advected with the mean flow while settling into the retentive

salt wedge with a uniform settling velocity (see Figure 3.3a, Section 3.3.2). While we have

neglected the complexities of tidal variations in the length and structure of the estuary on

daily and fortnightly (i.e., tidal) timescales, we have retained the key mechanistic features

of along-flow sediment transport in a salt wedge estuary. These are 1) the decoupling of the

flow from the river bed and the associated reduction in bed stress and particle suspension

(e.g. Fugate & Chant, 2005); 2) the suppression of turbulence in the flow over the salt wedge

and associated reduction in the capacity of the turbulence to keep particles in suspension

(Kostaschuk et al., 1992; Geyer, 1993; Nijs et al., 2010); 3) flocculation, resulting in enhanced

settling velocities for fine sediments (e.g. Geyer et al., 2004), and 4) the reduction in particle

residence time caused by flow acceleration over the salt wedge, and the resultant reduction

in the local deposition rate. The model is one-dimensional and quasi-steady, making it

computationally unintensive and ideal for morphodynamic applications, with model times

on the order of 103 years.

As a first step towards characterizing the general influence of the salt wedge on sediment

dynamics in the lower river, we applied a flux balance to the estuarine and upstream river

regions (see Figure 3.3b) in order to determine the relative change in export to the shelf

and net deposition in the lower river caused by the salt wedge. We found that export

is enhanced significantly by the salt wedge in steep rivers at moderate to low discharges;

however, enhancement occurs only when the backwater is extreme and there is likely to be

little export with or without the salt wedge (Section 3.4.1). The net deposition in the lower

river is enhanced by salt wedge formation in low-grade rivers, having slopes smaller than



62

10−4. There are two distinct signals of the salt wedge in the net deposition: 1) a peak in

the deposition enhancement (D/D0) occurring at the value of Ff for which the salt wedge

becomes fully retentive (fD = 1), and 2) an increase in deposition or reduction of erosion for

very shallow slopes (S0 <∼ 6(10−5)) associated with salt wedge intrusion during normal flow

or drawdown events. Both effects decrease rapidly with increasing bottom slope / normal

flow Froude number.

The results of the export and deposition calculations suggest that the estuary has a

negligible effect on the bulk characteristics of sedimentation in the lower river over much

of the parameter space. This is because the estuary typically occupies a small fraction of

the hydraulic transition zone; even though the salt wedge dramatically alters the sediment

transport in the estuary, this often affects only a small fraction of the sediment that enters

the lower river. However, in low-grade rivers (slopes on the order of 10−5), the salt wedge

can become quite extensive, with a length approaching the backwater length. In this case,

the salt wedge can potentially significantly enhance deposition in the lower river (see Figure

3.6). An example is the Mississippi, which has a bottom slope of ∼ 4.5(10−5); the backwater

length in the Mississippi is on the order of 500 km (Lamb et al., 2012). Maximum salt wedge

intrusion lengths in the Mississippi also approach 400 to 500 km (Rattray & Mitsuda, 1974).

In this case, the salt wedge has the potential to significantly modify the volume of sediment

retained in the lower river. Additionally, the salt wedge alters the sedimentation patterns in

the vicinity of the mouth, and it acts as an effective trap of sediment, preventing export up

to moderately large values of the river discharge (on the order of the one year flood in the

Mississippi, see Section 3.4.1). Our results suggest that the role of the salt wedge in modifying

the net volumetric sediment balance across the hydraulic transition zone and estuary in low-

grade rivers like the Mississippi, as well as the modification of sedimentation processes in the

vicinity of the river mouth caused by salt wedge intrusion, cannot be excluded entirely in a

morphodynamic context.

In order to determine the potential of the salt wedge to cause localized channel bed

aggradation, we compared the magnitude of the peak depositional rate in the upstream
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river to that in the salt wedge (Figure 3.9, Section 3.4.3). The location of the peak in the

upstream deposition scales with the hydraulic transition length, whereas the location of the

peak deposition in the salt wedge scales with the estuary length. We found that, at small

to intermediate bottom slopes (S0 <∼ 1.2(10−4)), the peak deposition in the salt wedge can

exceed the peak deposition in the upstream river above a certain value of the freshwater

Froude number that increases with increasing FN . This suggests that, in low to moderate

grade rivers (≤∼ 1.5(10−4)), the estuary length Le is possibly a second length scale (in

addition to the transition length Lt) associated with localized channel filling. Chatanantavet

et al. (2012) suggested that the peak in deposition and channel aggradation associated with

the backwater zone may set the avulsion length scale in the Mississippi. The present results

suggest that deposition in the salt wedge may be sufficiently localized near the toe to also

be relevant to the avulsion process. Morphodynamic modeling that captures the influence

of bed evolution on the salt wedge is necessary to determine the potential for a geological

signature of the salt wedge deposition peak.
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Figure 3.1: Schematic illustrating the free surface and mean flow profiles in the hydraulic
transition and normal flow zones for backwater and drawdown events. The transition length
is designated Lt and is a function of river discharge Q, bed slope S0, and the shoreline
depth hS. Normal flow and net sediment bypass exist upstream of the hydraulic transition
zone. Whether the hydraulic transition zone is in backwater (deceleration, deposition) or
drawdown (acceleration, erosion) is determined by the ratio of the normal depth hN to the
shoreline depth hS.
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the local freshwater layer thickness h1(x), accounting for the tendency of the sediment to be
advected over the salt wedge. The ratio of distance settled by the plug ξ to the freshwater
depth at the mouth h1(x = 0) = (q2/g′)1/3 gives the deposition fraction fD in the estuary. b)
Schematic illustrating the upstream and estuary control volumes; also shown is the sediment
flux into the upstream river (numerically unity because it is normalized by the normal flow
flux), the deposition flux in the upstream river (Du), the export of sediment from the up-
stream river to the salt wedge (Etoe), the deposition flux in the estuary (De), and the export
to the shelf E.
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Figure 3.4: Export from the channel to the shelf E normalized by the export predicted if salt
wedge formation is neglected E0 as a function of freshwater Froude number, which varies
directly with the river discharge Q. The curves are colored by the value of FN , and the
corresponding approximate value of the slope S0 is shown next to the colorbar, assuming
Cb = 3(10−3). All curves are calculated assuming Rod = 2, as noted in the Figure. The inset
plot shows the same curves with the axes truncated, indicating that export is enhanced for
FN >∼ 0.4 (see text).
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Figure 3.5: Export from the channel to the shelf E normalized by the export predicted if
salt wedge formation is neglected E0 as a function of freshwater Froude number. Each curve
corresponds to a different value of the densimetric Rouse number, Rod; from top to bottom,
Rod = 1, 2, 3, 10. All curves are calculated for FN = 1, as noted in the Figure. The inset
plot shows the Rod = 10 curve, indicating that export is enhanced even at this value of Rod
when FN = 1.
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Figure 3.6: Deposition in the lower river (hydraulic transition zone and estuary) D normal-
ized by the deposition predicted if salt wedge formation is neglected D0 as a function of
freshwater Froude number. The curves are colored by FN , and the corresponding approxi-
mate value of the slope S0 is shown next to the colorbar, assuming Cb = 3(10−3). All curves
are calculated assuming Rod = 2, as noted in the Figure. The values of FN corresponding to
the two curves showing the greatest modification of deposition are shown next to the vertical
discontinuities in these curves (lower right). On the FN = 0.1 curve, the regions where the
salt wedge is fully depositional (fD = 1) and is not fully depositional (fD < 1), as well as
where the river transitions from backwater (b.w.) to drawdown (d.d.) at hS/hN = 1, are
indicated. The inset shows the deposition normalized by the normal flow sediment flux with
and without the salt wedge D, D0 for FN = 0.1.
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Figure 3.7: Plots of the difference in total deposition in the lower river and deposition in the
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D > 0) or erosional (red, D < 0). Labeled are regions of enhanced deposition and diminished
erosion outside of the estuary. The vertical dashed gray line indicates the the value of Ff

for which hS/hN = 1, which would indicate transition from backwater to drawdown (with
increasing Ff / Q) if no salt wedge formed. These curves are calculated for FN = 0.1, as
indicated.
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Figure 3.8: Schematic illustrating the mechanism by which a profile that would otherwise
be in normal flow can be forced into backwater by an intruding salt wedge. The free surface
slope scales as −Ci, whereas the normal depth line (NDL) has a slope of −S0. Deposition
outside of the salt wedge can be enhanced by this mechanism for shallow slopes (S0 � Ci).
The same principle applies if the profile would otherwise be in drawdown (i.e., if hS/hN < 1).
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Figure 3.9: The magnitude of the peak normalized deposition in the upstream river and in
the salt wedge versus Ff for three values of FN (indicated in each panel). The location of
the peak in the upstream river scales with the hydraulic transition length Lt, whereas that
in the salt wedge scales with the estuary length Le. In the first two panels, the deposition
peak in the salt wedge exceeds that in the upstream river above a value of Ff indicated in
the plot by a vertical dashed line.
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Chapter 4

EXPERIMENTAL SIMULATION OF THE SALT WEDGE AND
PLUME

4.1 Introduction

The experimental study presented in this Chapter aims to characterize 1) the length that

ocean water intrudes into the river in a highly stratified salt wedge estuary in a sloped

channel; and 2) the structure of the plume at high discharges (for which the estuary is

expelled from the river) in order to inform morphodynamic theory and modeling efforts.

The length of intrusion of the estuary into the river is a parameter of fundamental im-

portance to water quality managers and ecologists (Geyer & Ralston, 2011). Additionally,

the magnitude of the dependence of the estuary length on the river discharge is a diagnostic

parameter used to characterize the dynamics of the estuary in the field (McKeon et al., 2014).

This dependence is characterized by an exponent n in a power law of the form L ∼ Q−n.

Previous analytical and experimental work has found that n = 2 to 2.5 (Schijf & Schönfeld,

1953; Keulegan, 1966); however, field and numerical studies consistently measure n in salt

wedge estuaries to be in the range 0.2 to 0.6 (Ward, 1976; Ralston et al., 2010; McKeon et al.,

2014). Furthermore, the salt wedge intrusion length is anticipated to be a morphologically

important length scale in river bed evolution and deltaic morphology, as detailed in Chapter

2. For these reasons, we attempt here to determine the extent to which bottom slope modi-

fies n and to confirm the analytical predictions presented in Chapter 2 for intrusion length

as a function of discharge in a sloped estuary.

Morphodynamic models of delta progradation depend critically on the plume dynam-

ics during high discharge events for at least two reasons. In the first place, the model of

subaqueous canyon formation seaward of the river mouth suggested in the delta morphology
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literature (see review by Jerolmack, 2009) depends on the formation of a rapidly depositional

bottom attached and decelerating plume, in contrast to the initially accelerating plume that

is discussed in the plume literature (see, e.g., Hetland, 2010; Kilcher et al., 2012; Horner-

Devine et al., 2015). Which of the two scenarios occurs for a particular outflow is determined

by the freshwater Froude number Ff = q/
√
g′h3S, where q ≡ Q/b0 is the specific river dis-

charge, Q is the volumetric river discharge, b0 is the channel width, g′ ≡ (∆ρ/ρ2)g is the

reduced gravity, ∆ρ ≡ ρ2 − ρ1 is the density anomaly between ocean and freshwater, and

hS is the depth of the ocean at the shoreline (see Figure 4.1). Plume bottom detachment,

termed liftoff, can be forced offshore if Ff > 1 (see, e.g., Geyer & Ralston, 2011), but whether

a plume can remain bottom attached for a significant distance from the mouth depends on

the offshore evolution of the plume cross-sectional area, which determines the location of the

liftoff point, and therefore on the evolution of the plume spreading profile with increasing

discharge.

Secondly, it has been noted that the export of sediment to the shelf and the erosion

of sediment in the lower river is determined by the formation of a drawdown zone in the

vicinity of the river mouth (Lane, 1957; Chatanantavet et al., 2012; Lamb et al., 2012).

Such a region forms when the river normal depth, the depth to which the river tends in the

upstream direction, exceeds the water surface elevation at the river mouth. This results in

convergence of the free surface and channel bed, flow acceleration, and sediment erosion.

The magnitude of this effect depends critically on the difference between the normal depth

and the free surface elevation at the shoreline ηS, but the variation of ηS with discharge is

presently unknown. Results from a numerical study of the Columbia River plume presented

by McCabe et al. (2009) suggest that the increase in surface elevation directly seaward of

the mouth at high discharges may be significant.

We detail in this Chapter experiments performed simulating a sloped river discharging

at a constant flowrate into a quiescent salty basin. In Section 4.2 we give a brief review

of the hydraulic theory as it applies to the salt wedge, as well as theoretical background

pertaining to the plume spreading rate and liftoff. We describe the experimental apparatus



75

and our processing methods in Section 4.3. In Section 4.4 we detail our observations of the

salt wedge length, as well as the plume spreading profile and liftoff point. We discuss and

summarize our results in Section 4.5.

4.2 Theoretical Background

The theoretical description of the salt wedge is given in Chapter 2. Briefly, we review

the derivation and results here. Figure 4.1 shows the salt wedge model geometry and the

independent and dependent model variables; it is reproduced from Figure 2.2 in Chapter

2 for convenience. The flow is modeled as two distinct immiscible layers, each of uniform

density, interacting only via shear stress at the interface τi, parameterized as τi = Ciρu
2. In

this relationship, Ci is a quadratic interfacial drag coefficient, assumed spatially uniform, ρ

is the fluid density, and u is the uniform along-channel velocity of the upper layer. We drop

the subscript 1 because the salt wedge is assumed arrested so that the lower layer velocity

is zero. We apply conservation of mass and momentum to this scenario to find

q ≡ Q

b
= uh1 (4.1)

u
du

dx
+ g

dη

dx
+ Ci

u2

h1
= 0 (4.2)

g
dη

dx
− g′dh1

dx
− Ci

u2

h2
= 0. (4.3)

Non-dimensionalization of the continuity and momentum equations reveals that, in the case

of a sloping estuary of uniform width, the non-dimensional intrusion length L∗ = CiL/hS is

a function of the freshwater Froude number Ff , the normalized stratification, ∆ρ/ρ2, and

the non-dimensionalized slope-limited maximum intrusion length, Ci/α. Recall also that the

dimensioned maximum intrusion length is hS/α. The influence of ∆ρ/ρ2 was found to be

slight, resulting in a variation in L∗ of only a few percent for a factor of 2 change in ∆ρ/ρ2.

Thus, L∗ is, to a good approximation, a function of Ff and Ci/α. It was found the the

exponent n decreased rapidly with decreasing Ci/α and decreasing Ff .



76

The theory gives L∗ = 0 for Ff = 1, consistent with two layer hydraulics (Armi &

Farmer, 1986; Geyer & Ralston, 2011). For freshwater Froude numbers ≥ 1, the salt wedge

is expelled from the channel. In this case, a liftoff front forms, as sketched in Figure 4.2.

For a freshwater Froude number of exactly one, the liftoff front will be at the river mouth.

In general, liftoff occurs at the point where the plume area decreases to such a value that

the internal Froude number Fri = u/
√
g′h1 = 1, where u is the mean plume velocity and

h1 is the plume thickness. The initial value of the internal Froude number is equal to Ff

when Ff ≥ 1. When the plume leaves the confines of the river channel, it spreads laterally

and vertically, with the vertical spreading set by the slope of the coastal shelf since the

plume remains bottom attached. Thus, the location of the liftoff front, and whether or not

it can be forced significantly offshore, depends critically on the rate of lateral spreading in

the bottom-attached plume. There are several forcing mechanisms that drive this lateral

spreading: the buoyancy of the plume, lateral turbulent entrainment of ambient oceanic

fluid, and the resistance to spreading offered by the shelf. The rate of lateral spreading and

the location of the liftoff front depends critically on the interplay of these mechanisms as

it determines the rate of bottom attached spreading. However, there has been little work

examining the spreading dynamics of the plume during high flow events, for which Ff > 1

to O(10).

For subcritical outflows (Ff < 1), the lateral spreading has been observed to be driven by

the buoyancy of the plume and to equal the interfacial longwave speed, c =
√
g′h1, which is

also the velocity of a buoyant gravity current in an infinitely deep ambient fluid (e.g. Hetland,

2010; Yuan & Horner-Devine, 2013). In this case, the spreading angle of the plume is given

by twice the ratio of the lateral spreading velocity c to the mean offshore plume velocity, u.

Recognizing that Fri ≡ u/c, this gives(
db

dx

)
buoyant

=
2

Fri
. (4.4)

This equation, when combined with the anticipated evolution of the Froude number for

subcritical and supercritical outflows, gives characteristic spreading profiles for buoyantly-
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spreading plumes. This is illustrated in Figure 4.3. The subcritical plume is forced by the

hydraulic transition at the river mouth to become supercritical, resulting in an initial increase

in the internal Froude number and convergence of the plume width profile in accordance with

Equation 4.4. The Froude number reaches a peak, after which point the vertical entrainment

of low momentum fluid causes a decrease in Fri and a diffuse transition to Fri < 1. The

decrease in Froude number results in divergence of the plume. Accordingly, there is antic-

ipated to be a transition in the curvature of subcritical plumes (from negative to positive,

convergent to divergent) that indicates the location of the peak Froude number.

Supercritical plumes start at a large value of the internal Froude number, Fri(x = 0) =

Ff , the Froude number decreases as the plume expands laterally and vertically. This results

in divergence of the plume width profile. When the area is reduced enough that Fri = 1,

liftoff occurs and the Froude number increases and then decreases in a manner analogous

to the subcritical plume. In this case, there are anticipated to be two transitions in the

curvature of the width profile, a transition from convergence to divergence associated with

the location of the peak internal Froude number, and an earlier transition from divergence

to convergence associated with plume liftoff.

The description of the plume spreading based on the assumption of buoyantly driven

spreading becomes less accurate as the Froude number increases. Eventually, Ff becomes

large enough that the momentum of the plume dominates over the buoyancy forcing and

the turbulence generated at the lateral margins of the bottom attached plume cause the

entrainment of ambient fluid. In this case, the spreading is like a wall bounded planar jet

and is anticipated to be narrow and constant, (db/dx)jet = Sjet. This transition from plume-

like to jet-like behavior results in a plume area that does not increase as rapidly offshore

and is anticipated to force the liftoff further offshore. These experiments will investigate the

transition from plume-like to jet-like plume behavior, as well as the relationship between the

spreading profile and the plume liftoff front.
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4.3 Experimental Methodology

The experimental setup is sketched in Figure 4.4. The top panel shows the plan view, and the

bottom panel shows the side view. Freshwater is pumped from the source tank F to a filling

basin A at the upstream end of the experimental channel. The flowrate into A is controlled

by a pump and flowmeter. After an initial filling period, the discharge from A matches that

into the channel. The channel is 10 m long, 10 cm wide, and 20 cm tall. The flow into the

channel undergoes a very short initial supercritical adjustment period, approximately 10 cm

long. The flow in the channel feeds at its downstream end into a large basin, filled with salty

water, that is 2.5 m wide, 4 m long, and 0.5 m tall, forming a buoyant plume. The freshwater

flow passes initially over a reflective shelf D that is suspended in the receiving basin. The

shelf is sloped with a mean slope of αshelf = 0.05 to simulate inflow onto the coastal shelf.

An overflow weir E at the far end of the receiving basin is adjusted initially to match the

set water height in the basin. The overflow weir collects the buoyant freshwater during the

run and this water is pumped by three drainage ports to a discharge sump. The channel

elevation at the upstream end can be adjusted in 0.5 cm increments allowing us to set the

river slope α. Aluminum track running over the channel and plume C support a motorized

cart B that carries a sonic altimeter H, used to measure the water surface elevation, and a

camcorder G, which takes video of the flow in the channel during the salt wedge runs, when

it is illuminated from underneath by uniform intensity LED panels. These videos are used

in the optical thickness method (OTM) as applied to the salt wedge, detailed below. During

runs where we want to image the plume, the flow is illuminated by an external light source

J. This light passes through the plume, is reflected by the shelf, and recorded by a Point

Grey Grasshopper camera I that is suspended above the receiving basin. These images are

used in the OTM analysis of the plume spreading and thickness.

Our experimental independent variables are the river discharge Q, the channel bottom

slope α, the density of the salt water, which we adjust to set the normalized stratification

∆ρ/ρ2, and the height in the salty receiving basin, which is the imposed shoreline depth
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hS. We measure the free surface elevation η(x) using the sonic altimeter, the elevation of

the density interface in the salt wedge and plume hi(x) and the width profile of the plume

b(x) using OTM, and the location of the liftoff front visually by illuminating the flow in the

receiving basin from the side using a uniform intensity LED panel like those placed under

the channel. Experimental parameters for all of the salt wedge runs are listed in Table 4.1

and for all of the plume runs in Table 4.2.

During salt wedge runs, for which we obtain profiles of the free surface and density

interface in the channel, the salt water is dyed with food coloring (see Figure 4.5). Before

the run, a video along the channel is taken with the channel filled with undyed freshwater

and the LED panels on. A video is also taken during the run. The ratio of the along-channel

intensity profiles during the run, I(x), and before the run, I0(x), is related exponentially to

the thickness of the dyed layer:
I

I0
= ae−bh(x) + c. (4.5)

This is the basis of the optical thickness method (OTM). The coefficients a, b, and c are

obtained by taking the ratio of intensity images of a cuvette that is filled with dyed and

undyed water. The uniform variation of fluid depth in the cuvette allows us to construct

a curve of the intensity ratio versus the dyed layer thickness, and this curve is described

effectively by an exponential fit of the form of Equation 4.5. This method is detailed in Yuan

et al. (2011); Yuan & Horner-Devine (2013). It is important to note that OTM will give

an equivalent dyed layer thickness. This coincides with the real layer thickness only if there

is no mixing. While this is obviously not the case here, the mixing in this highly stratified

and low energy system is quite small, and the behavior of the equivalent layer thickness is

sufficient to characterize the structure of the two-layered system. The measured interfacial

elevation is used to quantify the effects of the channel bottom slope on the intrusion length

and to compare our theoretical predictions for the length and structure of the salt wedge to

the data.

Figure 4.5 shows a profile of the salt wedge obtained during a run (the orange layer). It

is apparent in this Figure that there is very little mixing between salt and freshwater and
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the two layers remain very distinct, in agreement with our analytical assumptions. Also

apparent are wispy instabilities along the length of the interface. These instabilities have

the characteristic structure of Holmboe instabilities (e.g., Hogg & Ivey, 2003); tendril-like

wisps extending upward from the lower layer to the upper layer were observed to extend

from the cusps of elongated interfacial waves. Holmboe instabilities are associated with the

generation of turbulence, indicating that the flow is not laminar.

During the plume runs, the freshwater is dyed (see Figure 4.6). When applying the OTM,

it is necessary to dye the thinner fluid layer to get meaningful results; this is the freshwater

plume seaward of the mouth and the salt wedge landward of the mouth. Before the run,

we take video of the reflective shelf in the basin while it is filled with undyed water. We

take video during the run as well. The plume steady state is identified visually and the

ratio of the light intensity fields during the run and before the run are averaged over the

plume steady state. The plume thickness is obtained using Equation 4.5 and a calibration

obtained using the procedure described above for the salt wedge runs. The lateral profile

of the plume thickness is observed to be Gaussian in shape, as was observed in previous

experiments described by Yuan & Horner-Devine (2013) using a similar setup. The profile of

the standard deviation of a Gaussian fit to the lateral thickness profile σ(x) gives a metric of

the plume width. Here we use a coefficient of proportionality of 2 between the plume width

and the standard deviation, =
¯

2σ because this was observed to effectively characterize the

location of the lateral front between fresh and ambient salty water. Yuan & Horner-Devine

(2013) used a coefficient of proportionality of 4 based on considerations of freshwater flux

conservation; however, this was found to overestimate the width of the plume significantly

here.

Liftoff was observed visually for several of the runs. During these runs, the plume was

illuminated from the side by an LED panel. Markings at every centimeter along the side of

the tank allowed us to measure the location of the liftoff front. Images from one such run

are shown in Figure 4.6. One feature apparent in this Figure that is typical of all of the

observed liftoff fronts is a separation between the location of the hydraulic liftoff, apparent
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from the curvature of the interface, and the upstream-most extent of salt water penetration

beneath the plume. Hydraulic theory predicts that salt water cannot extend underneath the

plume landward of the liftoff front; however, this was not the case here, possibly owing to

the highly energetic jet-like nature of the discharges causing partial flow separation from the

shelf. This zone extends 4 to 5 cm here; however, it was observed to extend as much as 10

to 15 cm in other runs. Our ability to consistently locate the liftoff front was also hindered

by a low period oscillation observed in the location of the front, with an amplitude on the

order of 5 cm, and lateral variation in the liftoff location, apparent when comparing images

from a camera that had been focused on the plume centerline (like Figure 4.6) to those from

a camera that had not. This uncertainty makes the visual estimates unreliable and leads us

to infer the location of the liftoff front indirectly from the shape of the plume width profile.

We have not included any analysis of the free surface profiles in this Chapter. It was

found that uncertainty in the profiles due to the imperfect matching of joining sections of

track and a global setup in the receiving basin set by the hydraulics of the overflow into

the drainage weir together resulted in uncertainty in the measurement that was significantly

larger than any apparent signal of discharge-dependent superelevation in the vicinity of the

river mouth.

4.4 Results

4.4.1 Salt Wedge Intrusion Length

Here we present our results for the dependence of the intrusion length on the freshwater

Froude number and bottom slope, and a comparison of our experimental results to the

theoretical predictions presented in Poggioli & Horner-Devine (2015). The optical thickness

method was used to measure the salt wedge profile for four different channel slopes and for six

to eight discharges for each slope, in the range of 25 to 135 liters/minute. From these profiles

the intrusion length was inferred from the point where the equivalent salt water thickness

went to zero. The bottom slope was varied by more than an order of magnitude, between
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α = 1.1(10−3) and 13.6(10−3), in order to robustly test the dependence of the salt wedge

intrusion length on the channel bottom slope. For each run, the shoreline depth was hS = 15

cm, the normalized stratification was ∆ρ/ρ2 = 0.01, and the freshwater Froude number was

varied only by varying the discharge. Figures 4.7a and c show the measured interface profiles

as a function of the upstream distance (= −x in our coordinate system) for α = 1.1(10−3)

and 13.6(10−3) and four different freshwater Froude numbers each. Three of the four profiles

are at the same value of Ff for both bottom slopes (Ff = 0.62, 0.48, and 0.35) allowing a

direct comparison and assessment of the effect of bottom slope on the intrusion. We observe

that the larger bottom slope reduces the intrusion length by an amount that becomes larger

as the intrusion length increases (i.e., as Ff decreases), and that the sensitivity of the salt

wedge length to Ff is therefore correspondingly decreased with increasing bottom slope.

Figures 4.7b and d show the salt wedge thickness h2 normalized by the initial thickness

at the mouth h20 = hS(1 − F
2/3
f ), predicted based on the imposed shoreline depth and

freshwater Froude number, versus the upstream distance −x normalized by the measured

intrusion length L. Because the channel intrudes into the plume basin approximately 11.5

cm and we cannot illuminate the flow in this region, we are unable to measure the initial

thickness. We compare this to the normalized profile predicted by the hydraulic theory for

Ff = 0.35. The normalized profile is a function of the freshwater Froude number; however,

the variation of the normalized curves with Ff is dwarfed by the full vertical variation in

the normalized profile, as well as by the noise in the experimentally measured curves. We

therefore plot only for the intermediate value of Ff . For the lower slope, the model does very

well for roughly the last half of the intrusion, but the profiles deviate seaward of this point.

There is considerable spread and noise in the profiles for the larger slope, with the highest

Ff run falling above the theoretical curve and the lower Ff runs falling below the curve.

These runs are sorted by Ff in a manner consistent with the theory; however, the difference

between the profiles at different values of Ff is much more pronounced than in the theoretical

results. The deviation appears to be spatially dependent; when looking at the comparison

for α = 1.1(10−3) (Figure 4.7b), the Ff = 0.62 and (especially) the Ff = 0.48 curves appear
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to deviate from the theoretical profile closer to the toe (in the normalized plot) than the

higher Ff profiles; the former are confined to a region within 3 m from the channel mouth.

Additionally, the plots presented in Figure 4.7d for α = 13.6(10−3) all deviate from the

theoretical curve except very near the toe; each of these curves is ≤ 3 m long. This suggests

the possibility that the measurement becomes less reliable closer to the mouth, or at least for

shorter intrusions, though the reason for this is unclear. An alternative possibility would be

mixing or a buildup of freshwater in the vicinity of the mouth resulting in a reduced ∆ρ/ρ2;

however, this would result in deviation in the opposite direction and is not consistent with

the convergence of the measured curves and theoretical curve that is apparent especially in

Figure 4.7b. It is uncertain what causes this deviation; however, it does not appear to be

related to a change in ∆ρ/ρ2; if it did, this would quantitatively, though not qualitatively,

modify our results.

In Figure 4.8 we plot the measured values of the intrusion length normalized by the

shoreline depth versus the freshwater Froude number for all four slopes. In the upper panel,

the plot is presented on linear axes, and the sort of the curves with bottom slope, and the

dramatic reduction of the sensitivity of the intrusion length to discharge with increasing α

is readily apparent. Though the curves appear to collapse for Ff ≥∼ 0.7, below this, they

diverge rapidly, with the lowest slope runs showing a much greater sensitivity of the intrusion

length to Ff , and a much larger maximum intrusion, than any of the other slopes. The lower

panel plots these same profiles on logarithmic axes to allow us to quantify the magnitude

of the dependence of L on Ff using an exponent n in a locally-valid power law of the form

(L/hS) ∼ F−nf . This exponent is equivalent to the negative of the slope of the curve in

logarithmic space and is how the scaling of the estuary length with discharge is quantified

in the literature. For the smallest and largest bottom slopes considered, we show linear fits

(in logarithmic space) to successive groups of three points and the associated exponent n.

We show this for freshwater Froude numbers in the range 0.4 < Ff < 0.55 for both slopes

and for the last three points at α = 13.6(10−3). In the former case, the increase in the

slope by a factor of approximately 12 results in a reduction of the exponent from 2.75 to
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1.86. This confirms that, for a given value of the freshwater Froude number, the value of

n decreases with increasing bottom slope. Examining the curves in Figure 4.8, we see that

they diverge even more as the freshwater Froude number becomes smaller, indicating this

effect, the reduction of n with increasing α, becomes more pronounced at lower freshwater

Froude numbers. This potentially accounts for the deviation of n in real salt wedge estuaries

from the theory of Schijf & Schönfeld (1953). Typical freshwater Froude numbers are on

the order of 0.01 to 0.1 in the field (Poggioli & Horner-Devine, 2015). Based on the above

observed trend, we would expect n to deviate significantly from Schijf & Schönfeld (1953)

for values of Ff this small, likely even at the small bottom slopes encountered in estuaries,

typically in the range of 10−5 < α < 10−3. The potential for reduction of n to values typical

of real estuaries under the influence of bottom slope is supported by the observation that the

last three points in the curve corresponding to α = 13.6(10−3) have a mean slope of n = 0.7,

close to the upper limit of n = 0.6 observed in a numerical model of the Merrimack River

estuary (Ralston et al., 2010).

Looking back again at the curves in Figure 4.8, we can estimate an upper limit on the

intrusion length where the three highest slope curves deviate from flat-bottom behavior by

estimating where they deviate from the shallowest-slope curve; this value appears to decrease

with increasing bottom slope, as we would expect, and is smaller than L/hS = 10, or L = 1.5

m for each of the three slopes. We can compare this to the slope-limited maximum intrusion

length L0 = hS/α for each of these three slopes: L0 = 26, 16, and 11 m. Thus, the critical

intrusion length at which the behavior of L with Ff begins to deviate from the flat estuary

behavior described by Schijf & Schönfeld (1953) is on the order of 10% or less of the maximum

intrusion length. For a river like the Mississippi, with a bottom slope on the order of 10−5,

this gives a critical intrusion length on the order of 100 km; for reference, intrusion lengths in

the Mississippi can reach 400 or more km upstream of Head of Passes (Rattray & Mitsuda,

1974). For a river like the Duwamish in Seattle, USA, with a bottom slope on the order of

10−3, this gives a critical intrusion length of only a few meters. Thus, it is likely that the

influence of bottom slope is a key contributor to the decreased sensitivity of the intrusion
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length to river discharge that is consistently measured in the field.

The solution presented in Poggioli & Horner-Devine (2015) produces curves that are

qualitatively similar to those observed. However, agreement cannot be obtained between the

experiments and theory if Ci is assumed constant. While a constant value of approximately

Ci = 4(10−4) appropriate to the field has been obtained via analytical, numerical, and

observational methods (Karelse et al., 1974; Sorgard et al., 1990; Sorgard, 1991; MacDonald

& Geyer, 2004; Poggioli & Horner-Devine, 2015), it has been repeatedly observed that, at

laboratory scales, Ci is a decreasing function of the upper layer Reynolds number Re ≡

uh1/ν = q/ν, where ν = 10−6 m2/s is the kinematic viscosity of water. Laboratory flows

are typically at values of Re in the range 102 < Re < 104, whereas environmental flows

are typically in the range of 105 < Re < 107 (Karelse et al., 1974). We test whether the

solution presented in Poggioli & Horner-Devine (2015) accurately represents the model data

by calculating the interfacial drag coefficient from the observed intrusion length and assessing

if the values so obtained, when plotted against Re, collapse to a form that is consistent with

previous observations of Ci in the lab. Figure 4.9 presents our results for Ci versus Re, along

with an exponential fit indicating Ci ∼ Re−1.3 (R2 = 0.82), and Figure 4.10 plots this data

along with previous laboratory and field estimations, and a laminar solution derived by Ippen

& Harleman (1952), all compiled in the extensive review by Karelse et al. (1974, Figure 2.3).

The Ci values do indeed collapse when plotted against Re, and our data shows a high degree

of overlap with that collected by Averkiev & Kind (1965) and Hendrikse (1965). Our inferred

values of Ci depend on Re−1.3, a somewhat steeper slope than the theoretical predictions of

Ippen & Harleman (1952) based on laminar theory (Ci ∼ Re−1). Additionally, the slope of

our data is visibly steeper than that of the data collected by Averkiev & Kind (1965) and

Hendrikse (1965) (see Figure 4.10). However, our data are clearly consistent with previous

observations, and more generally with the observation that Ci is a strong function of Re in

this range of Reynolds numbers; furthermore, our values for Ci collapse and do not show

any significant trends with the bottom slope, and a single fit to all of the Ci data, combined

with the theory presented in Poggioli & Horner-Devine (2015) provide good agreement with
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the observed L versus Ff curves.

In examining Figure 4.10, it is interesting to note that there appear to be two distinct

branches of the Ci versus Re curve at values of Re < 105–that based on the extensive data

compiled by Riddell (1970) and roughly corresponding with the theoretical predictions of

Ippen & Harleman (1952), and another based on the data of Averkiev & Kind (1965); Hen-

drikse (1965); Zanotti (1965); and the present study. Perhaps this is to do with a transition

from laminar to transitionally turbulent flow at a Reynolds number that is dependent on

ambient disturbances to the flow, but this hypothesis is impossible to address without more

detailed knowledge of the experimental apparatus of each of the above mentioned studies.

Interestingly, while Hendrikse (1965); Zanotti (1965); and Riddell (1970) infer their values

for Ci from the shape of the salt wedge interface, as we do here, Averkiev & Kind (1965)

infer theirs from turbulent velocity correlations obtained via photographic measurements of

the velocity field. As a final point, we note that, though it is sometimes asserted that exper-

iments of this type conducted at Re ≤ 104 are essentially laminar (e.g. Sorgard, 1991), our

observations of the turbulent deformation of the saltwater-freshwater interface indicate that

this is not the case in the present study; our flow was at least transitionally turbulent.

Figure 4.11 shows theoretical curves based on the solution presented in Poggioli & Horner-

Devine (2015) and our slope-independent fit of the Ci versus Re curve. Allowing for Ci to

vary in this manner gives good fits of the experimental data to the theory; the theoretical

predictions are consistent with the sorting of the data based on the bottom slope. We stress

that, though we are using a fit of Ci with Re inferred from our model in our model fits,

1) the calculated Ci values were observed to collapse and showed no clear relationship with

bottom slope, confirming that the present theory accurately characterizes the dependence

on α, and 2) Ci has been consistently observed to vary strongly with Re in the range of

Reynolds numbers considered in the present experiments. Bottom slope has a significant

effect on the magnitude of the intrusion length, and on its sensitivity to the river discharge,

an effect that is felt for intrusion lengths as small as 1/10 of the slope-limited value, and

which may account for the deviation of field observations from theory developed for flat
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estuaries (Schijf & Schönfeld, 1953; Ward, 1976; Ralston et al., 2010; McKeon et al., 2014;

Poggioli & Horner-Devine, 2015). The influence of bottom slope is successfully characterized

by the solution presented in Poggioli & Horner-Devine (2015) when it is recognized that Ci

varies significantly with Re for Re <∼ 105.

4.4.2 Plume Spreading and Liftoff

Figures 4.12 and 4.13 show the plume width profiles obtained for runs with hS = 6 and 4 cm,

respectively, and 5 (Figure 4.12) or 10 (Figure 4.13) different values of the freshwater Froude

number, Ff , all supercritical; recall that, for a supercritical freshwater Froude number, the

inflow internal Froude number Fi(x = 0) = Ff . The widths and offshore distances are

normalized by the channel width, b0. These shoreline depths correspond to inflow aspect

ratios of RA ≡ b0/hS = 1.67 and 2.5. Generally, in both cases, the width profiles sort with Ff ,

becoming narrower as Ff increases. In Figure 4.12, the lowest Ff run, Ff = 1.6, is convergent

over nearly the entire length of the field of view, consistent with liftoff at the mouth and a

supercritical plume with an internal Froude number that increases in the offshore direction.

For each of the runs with larger values of Ff , however, there is a distinct region of divergence

and then a transition to convergence. The location of these curvature transitions, Lcurvature,

were assessed visually for each run and are indicated in Figures 4.12 and 4.13 by black points

along each curve for which Lcurvature > 0. This transition is consistent with the dynamic

transition from decreasing to increasing Fri at the liftoff front (see Figure 4.3) and moves

offshore with increasing Ff , also consistent with liftoff dynamics.

In the case of the Ff = 2.4 run with RA = 1.67 (Figure 4.12) and the Ff = 3.0 run with

RA = 2.5 (Figure 4.13, the initial divergence is great enough that the convergent portion of

the plume inherits an initial width that is greater than the width obtained by the plume that

is convergent from the mouth. That is, comparing the Ff = 1.6 and Ff = 2.4 curves in Figure

4.12, and the Ff = 1.6 and 3.0 curves in Figure 4.13, we see that the higher Froude number

curve crosses the lower Froude number curve during its period of initial divergence near

the mouth. This suggests that an initially divergent, bottom attached region can sometimes
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result in a near-field plume that is wider than a subcritical plume, or a plume for which liftoff

is very neart (within 1 to 2 channel widths, based on Figures 4.12 and 4.13) the mouth.

Apparent in both Figures is the existence of three distinct types of plume width profile.

For Ff = 1.6 (RA = 1.67, 2.5, both Figures), the plume is convergent from the mouth sea-

ward. This is consistent with liftoff at the mouth, forcing the plume to shoal and accelerate,

and Fri to increase. Eventually, we anticipate that these plumes will become divergent as

the peak Fri is reached (see Figure 4.3), and entrainment begins to overcome the effect of

shoaling (Hetland, 2010). This is observed in Figure 4.12, but not Figure 4.13. This is not

an aspect ratio effect, but is instead consistent with the fact that the initial area available

for entrainment to the plume, (Aentrainment)0 ∼ (b0+hS)∆x, where ∆x is a small length from

the river mouth, is larger in the first set of runs, for which hS = 6 cm, than in the second

set of runs, for which hS = 4 cm. For a given Ff and b0, there is more area available to

entrain water and slow down the plume in the set of runs with the larger shoreline depth.

This potentially explains why the Ff = 1.6 run transitions to divergence when hS = 6 cm

but not when hS = 4 cm (Figures 4.12 and 4.13, respectively).

As Ff is increased, the plume is no longer initially convergent, and we enter the transi-

tional regime. These profiles are characterized by initial divergence, within 2 to 4 channel

widths of the mouth, and a transition to convergence beyond that. The transitional runs for

RA = 2.5 are shown in Figure 4.14. We see that, for the runs with the highest two values of

Ff (4.0, 4.5), the curves, and Lcurvature do not sort with Ff . We will see below, Figure 4.15,

that this is consistent with a rapid transition in plume behavior around a critical value of

Ff that is sensitive to experimental conditions.

This rapid transition in plume behavior is apparent in Figure 4.12, and the final, jet-like

regime characteristic of values of Ff above some critical value, is seen clearly in the five

highest Ff profiles shown in Figure 4.13. The jet regime is characterized by a nearly linear

initial spreading rate Sjet that persists far offshore, resulting in profiles that collapse over

much of their length. This is not an artifact of the length of the field of view; there is a

value (or narrow band of values) of Ff that can be associated with the transition. To see
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this, note that the runs shown in Figure 4.12 are evenly spaced in Ff space; however, the

transition from transitional to jet-like behavior is not. There is clearly a rapid change in

plume behavior at a value of Ff between 3.2 an 4.1. The same observation holds in Figure

4.13. In this case, the transitional value of Ff is between 4.0 and 5.0.

We can see this even more clearly by plotting Lcurvature/b0 versus Ff , Figure 4.15. In

this Figure, we see a clear step-like jump in the location of the liftoff front, as indicated

by Lcurvature, near a critical value of Ff that falls between 4 and 4.5. The overlap of the

two regions is a byproduct of the failure of the highest two Ff runs to sort in Figure 4.14.

This corresponds to a pronounced difference in the spreading profile and may indicate that

the processes governing the critical value of Ff is sensitive to experimental conditions. The

structure of this plot for the runs with RA = 1.67 is qualitatively similar, again showing

evidence of a critical Ff , but is not shown here because there are only four nonzero values

of Lcurvature.

A possible candidate for the critical Ff is the value for which the initial buoyant spreading

rate (db/dx)0buoyant = 2/Ff is equal to the jet spreading rate Sjet. This would give (Ff )trans =

2/Sjet; based on observed values of Sjet for RA = 1.67 and 2.5, this gives (Ff )trans = 2.4 and

6.1. This is below the transition region for the RA = 1.67 runs and above the transition region

for the RA = 2.5 runs. Additionally, even if the initial buoyant spreading rate falls within the

“entrainment envelope”–i.e., 2/Ff ≤ Sjet, the plume should still rapidly diverge from this

jet-like profile. This persistant jet-like structure offshore, and the associated reduction in

buoyant spreading that keeps the runs above the critical value of Ff from diverging rapidly

from Sjet, must be associated with a rapid increase in the entrainment of the ambient fluid

through the lateral margins of the bottom attached plume. The critical Ff , (Ff )trans, must

be the value where the outflow is energetic enough to sustain enough turbulent entrainment

at the lateral margins that the buoyancy spreading is reduced and the jet spreading is

dominant. This value must increase significantly as the aspect ratio increases because an

increasing aspect ratio indicates there is more fluid in the bulk of the plume that must be

diluted by entrainment through the lateral margins, and this must take correspondingly
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more energetic mixing, associated with a higher value of Ff . This agrees with the observed

dependence of (Ff )trans on RA and suggests that the value of (Ff )trans may be a strongly

increasing function of the aspect ratio.

Finally, we observe the dependence of Sjet on aspect ratio in Figure 4.16. We plot the

last two runs from Figure 4.12 and the last five runs from Figure 4.13. We fit a straight line

to each set of runs, sorted by RA, over the first 2 channel widths. The Figure indicates that

there is a factor of 2.5 reduction in the jet spreading rate spreading rate as RA goes from 1.7

to 2.5, a 50% increase. This suggests a strong, nonlinear dependence of Sjet on the inflow

aspect ratio.

4.5 Discussion

In these experiments, we have successfully measured intrusion length L in a sloped channel

for several values of the bottom slope α, varying over an order of magnitude. These results

have 1) demonstrated that the sensitivity of the intrusion length to the river discharge Q,

characterized by an exponent n in a power law of the form L ∼ Q−n, is highly reduced by

nonzero bottom slope. Furthermore, this reduction of n was observed to occur for intrusion

lengths as small as 1/10 of the slope-limited maximum intrusion, L0 = hS/α. We obtained

values of n approaching those observed in the field (0.7 here versus 0.6 in Ralston et al.

(2010) and 2 to 2.5 in the flat estuary theory (Schijf & Schönfeld, 1953)), and our results

are consistent with the theoretical predictions of Poggioli & Horner-Devine (2015) when

the interfacial drag coefficient is allowed to vary with Re. This is inline with previous

observations, which have consistently shown a strong Re dependence for Ci in the range of

Reynolds numbers covered here, and our data falls within the range of previous measurements

(Karelse et al., 1974). Our results here, combined with those discussed in Poggioli & Horner-

Devine (2015) give compelling evidence that the reduction of sensitivity of the intrusion

length to discharge in salt wedge estuaries compared to flat estuary theory and experiments

is caused by non-zero channel bottom slope.

Our spreading rate experiments have corroborated our picture of the evolution of the
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plume spreading structure with increasing values of the freshwater Froude number Ff . For

runs where liftoff is observed to be at the mouth (Ff = 1.6 in the present experiments), the

plume is convergent starting at the mouth, eventually transitioning to divergence. This is

consistent with a plume that is initially critical and has an increasing internal Froude num-

ber. It is anticipated that the same profile shape will characterize subcritical runs, which

adjust to internal Froude number of 1 at the mouth, but this has not been directly inves-

tigated here. Above a critical value of Ff the profiles very nearly collapse to a uniform

spreading rate, consistent with entrainment-driven lateral spreading. Intermediate between

these extremes, we observed transitional runs which were initially divergent, transitioning

within 1 or 2 channel widths of the mouth to convergence. These plumes evolve in a manner

consistent with buoyancy-driven spreading, and the length scale associated with the transi-

tion in curvature provides an indication of the liftoff location. Both the critical value of Ff

for transition to a jet-like outflow, (Ff )trans, and the jet spreading rate, Sjet were observed to

depend significantly on the aspect ratio. In the case of (Ff )trans this dependence on aspect

ratio is anticipated to persist for all values of RA, no matter how large, and to be significant.

Our experimental results provide evidence that the plume may transition to a narrow,

bottom-attached jet like outflow at sufficiently large values of Ff . However, the nature of

this transition, in particular the value of Ff at which it occurs and the jet spreading rate are

highly dependent on the inflow aspect ratio.

However, our quantitative observations of the transition region between plume-like and

jet-like spreading, as well as the magnitude of the entrainment-driven spreading rate, are

likely to be strongly dependent on the outflow aspect ratio RA = b0/hS. Further experiments

examining this dependence is necessary; however, experimental simulations cannot hope to

achieve aspect ratios characteristic of real systems (O(100− 1000)), and field measurements

are unlikely to be conducted when the plume is in a jet-like state because this can occur,

if at all, only for extreme flood events, where field observation is not practical. The jet

spreading rate is significant when compared to the results reported by Lamb et al. (2012),

who showed that a spreading rate Sjet ≥∼ 0.05 − 0.1 is necessary to ensure that there is
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not significant buildup of fluid at the river mouth during high discharge. Fluid buildup

would modify the drawdown profile in the lower river, resulting in less erosion in the lower

river and therefore less export to the shelf and deposition offshore of the mouth. This will

have important quantitative effects on predictictions of the morphological evolution of river

deltas. The values of Sjet observed here are O(0.1−1) and were found to decrease rapidly with

increasing aspect ratio, indicating that values on the order of 0.05− 0.1 are plausible in the

field. However, our results also indicate that the transition to a jet-like outflow depends on

the ability of the entrainment at the lateral margins of the bottom attached plume to modify

the bulk plume properties in the plume interior. This suggests that (Ff )trans may increase

substantially with RA as the ratio of the volume of the plume bulk interior to the volume

of the lateral plume margin increases. In addition to further laboratory work examining the

sensitivity of the spreading rate and transition freshwater Froude numbers to aspect ratio,

numerical modeling is possibly a way to further extend these observations to values of RA

consistent with the field. This is necessary to determine if jet-like outflows can occur in

nature, when they can occur, the quantitative influence of their frequency of occurence on

delta evolution, and if they are narrow enough to cause significant fluid buildup at the river

mouth, modifying erosional patterns in the lower river and the sediment availability to the

shelf and the region just seaward of the river mouth.



93
T

ab
le

4.
1:

S
al

t
w

ed
ge

ru
n

p
ar

am
et

er
s.
L
0
≡
h
S
/α

is
th

e
sl

op
e-

li
m

it
ed

m
ax

im
u
m

in
tr

u
si

on
le

n
gt

h
.

R
u
n

ID
α

Q
(l

/m
in

)
∆
ρ
/ρ

2
h
S

(c
m

)
F
f

L
0

(m
)

S
W

1
1.

1(
10
−
3
)

30
,

38
,

45
,

53
,

61
,

68
,

76
0.

01
15

0.
28

,
0.

35
,

0.
42

,
0.

48
,

0.
55

,
0.

62
,

0.
69

14
0

S
W

2
5.

7(
10
−
3
)

32
,

45
,

53
,

57
,

68
,

76
0.

01
15

0.
29

,
0.

42
,

0.
48

,
0.

52
,

0.
62

,
0.

69
26

S
W

3
9(

10
−
3
)

23
,

38
,

45
,

53
,

61
,

64
,

76
0.

01
15

0.
21

,
0.

35
,

0.
42

,
0.

48
,

0.
55

,
0.

59
,

0.
69

17

S
W

4
13
.6

(1
0−

3
)

23
,

31
,

38
,

45
,

53
,

61
,

68
,

76
0.

01
15

0.
21

,
0.

28
,

0.
35

,
0.

42
,

0.
48

,
0.

55
,

0.
62

,
0.

69
11



94

Table 4.2: Plume run parameters. RA ≡ b0/hS is the inflow aspect ratio. A horizontal line
across all columns indicates a change in hS (and therefore RA).

Run ID α Q (l/min) ∆ρ/ρ2 hS (cm) Ff RA (m)

P1 1.1(10−3) 23 0.01 4 1.5 2.5

P2 1.1(10−3) 45 0.01 4 3.0 2.5

P3 1.1(10−3) 53 0.01 4 3.5 2.5

P4 1.1(10−3) 61 0.01 4 4.0 2.5

P5 1.1(10−3) 68 0.01 4 4.5 2.5

P6 1.1(10−3) 76 0.01 4 5.0 2.5

P7 1.1(10−3) 83 0.01 4 5.5 2.5

P8 1.1(10−3) 91 0.01 4 6.0 2.5

P9 1.1(10−3) 114 0.01 4 7.5 2.5

P10 1.1(10−3) 136 0.01 4 9.0 2.5

P11 1.1(10−3) 45 0.01 6 1.6 1.67

P12 1.1(10−3) 68 0.01 6 2.5 1.67

P13 1.1(10−3) 91 0.01 6 3.3 1.67

P14 1.1(10−3) 114 0.01 6 4.1 1.67

P15 1.1(10−3) 136 0.01 6 4.9 1.67
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Figure 4.1: The geometry of the salt wedge model and all independent and dependent
variables, reproduced from Figure 2.2 in Chapter 2.
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Figure 4.2: A schematic side view representation of the two possible modes of freshwater
detachment from the channel bed or shelf: for low flow, Ff < 1, a salt wedge intrudes into
the river channel. In this case, the intrusion is subcritical and the upper layer thickness at
the mouth is forced to the critical upper layer thickness, h1c = (q2/g′)1/3. For high flow,
Ff > 1, a liftoff front is forced at the mouth or, if discharge is high enough, on the coastal
shelf.
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for subcritical (Ff ≤ 1) and supercritical plumes (Ff > 1). The spreading profiles are inferred
from the assumption of buoyancy driven spreading, in which the plume expands laterally as
a gravity current. This assumption becomes less applicable for higher Ff plumes as bottom
friction in the region before liftoff and lateral entrainment begin to dominate the spreading.
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Figure 4.4: A sketch of the experimental setup in plan (top) and side view (bottom). The
setup and procedure is described in the text.
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Figure 4.5: Side image of the salt wedge for a flow of 70 liters/minute, a shoreline depth of
15 cm, and a bottom slope of α = 9(10−3).

Figure 4.6: Side image of the liftoff front for a flow of 70 liters/minute and a shoreline
depth of 4 cm. The labeled along-flow gradings indicate distance from the mouth. Apparent
are both the hydraulic liftoff at approximately 22 cm, and the upstream-extent of saltwater
penetration underneath the plume, at approximately 18 cm.
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Chapter 5

CONCLUSIONS

The primary contribution of this thesis is the analytical (Chapter 2) and experimental

(Chapter 4) confirmation that bottom slope accounts for the discrepancy between flat bottom

theory and field observations for the sensitivity of the estuary length to river discharge in

salt wedge estuaries.

Getting the intrusion length right was a necessary first step to developing a simple hy-

draulic model of sediment transport in the salt wedge that is appropriate for morphological

contexts, where simplicity is necessary, given model times on the order of (103) years or more.

Such a model was developed in Chapter 3, and we quantified some of the anticipated effects

of salt wedge formation on the volumetric balance of sediment in the lower river. While the

effect of the salt wedge on sediment export was found likely to be negligible, the salt wedge

was found to have the capacity to significantly modify the volume and location of sediment

deposition in shallow rivers. Furthermore, our results indicate that there is a peak in the rate

of sediment deposition, and therefore in bed aggradation, in the lower river at the estuary

toe. Above a critical value of the freshwater Froude number that varies with the normal

flow Froude number, the peak in the depositional rate associated with the toe exceeds that

associated with sediment deposition as the flow enters the backwater zone. Previous studies

(Chatanantavet et al., 2012; Lamb et al., 2012) have suggested that the backwater length

may be a geologically important length scale, possibly setting the avulsion length scale in

natural systems. The results of Chapter 3 indicate that the intrusion length may, for similar

reasons, be an important length scale on geological timescales.

In Chapter 4, we have also presented observations of the evolution of the plume spreading

profile with freshwater Froude number. Our results corroborate theory based on the buoyancy
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driven spreading of the plume for low values of Ff and suggest that the plume transitions

to a jet-like outflow with a constant spreading rate driven by lateral entrainment that may

remain bottom attached for a significant distance offshore. We hypothesized additionally

that all subcritical plume width profiles should collapse to a single profile, since the outflow

is forced to adjust to a value of the internal Froude number of 1 at the mouth. However,

we were not able to process data that would have confirmed this hypothesis. Additionally,

while we were able to quantify the transition from plume-like to jet-like behavior and the

entrainment-driven spreading rate, these values are very likely to be highly sensitive to the

outflow aspect ratio. In our experiments, as is typical, we were constrained to values of RA

on the order of unity. However, in the field, RA is O(100) to O(1000). This does not alter

our qualitative conclusions about the evolution of the plume with Ff ; however, it is likely to

dramatically alter our quantitative conclusions.

Additionally, data was taken for Chapter 4 that was intended to test the variation of

the free surface elevation at the mouth with river discharge, and the influence of the river

hydraulics on the plume structure. We were unable to draw any meaningful conclusions

from this data due to experimental and processing difficulties, and it is was not presented

in this thesis. However, this does not suggest that a signal does not exist. The variation of

ηS with Q is important for quantifying the magnitude of erosion in the lower river during

high discharge drawdown events, and the variation of plume structure with hydraulic state

in the river may be potentially important for the river morphology community but is also of

fundamental interest for our understanding of the basic science of the system. Previously, to

my knowledge, no work has been done to coherently link the river and estuary hydraulics in

a rigorous theoretical manner. If a signal of the river hydraulics was observed in the plume

structure, this would go a long way in motivating development of theory linking the river

and estuary/plume hydraulics.

I offer the following recommendations that I think are logical and necessary next steps

based on the work presented in this thesis:
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• Test the implications of salt wedge formation on geological time scales by implementing

the model presented here in a single river system on geological time scales. An ideal

candidate is the Mississippi because it is the subject of previous such study neglecting

salt wedge formation (Chatanantavet et al., 2012; Lamb et al., 2012), it is of a very

shallow grade where we expect the influence of the salt wedge to be most pronounced,

and the salt wedge has been observed to intrude a distance comparable to the backwater

length.

• Refined measurement of the free surface elevation in the plume during high discharge

runs that accounts for the difficulties noted in Chapter 4. This would test both for

any dependence of ηS on Q, as well as on FN , a proxy for the hydraulic state of the

upstream river.

• Further measurement of the plume spreading profile at subcritical and supercritical

values of Ff and at different aspect ratios to determine if subcritical runs do collapse,

and how sensitive the transition from plume to jet behavior and the entrainment-driven

spreading rate is to aspect ratio.

• Development of theory linking the river and estuary/plume hydraulics, possible based

on the work presented by Lawrence (1992), who extended the work of Armi and Farmer

Armi (1986); Armi & Farmer (1986) to include variations of the free surface and the

couple of barotropic and baroclinic hydraulics.
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Appendix A

SEDIMENT MODEL–DERIVATION OF FD, E, AND ETOE

In this Appendix we use the model described in Section 3.3.2 to derive equations for

the fraction of sediment deposited in the estuary–the deposition fraction fD–the export of

sediment to the shelf E, and the flux of sediment from the upstream river into the salt wedge

Etoe (see Figure 3.3).

We define ξ as the vertical distance settled by a particle of settling velocity ws. We assume

that the sediment travels as a vertically uniform plug and can be characterized by a single

mean settling velocity. Therefore, ξ corresponds also to the distance settled by the sediment

column into the salt wedge (see Figure 3.3a). Mathematically, ws = Dξ/Dt, where D()/Dt

indicates a material derivative, in this case a derivative following the sediment column as it

is advected by the flow. The flow velocity may be written as u = Dx/Dt. Therefore,

Dξ

Dx
=
Dξ

Dt

Dt

Dx
=
ws

u
. (A.1)

We integrate from x = −Le to 0 to find the distance the sediment column has settled into

the salt wedge at the mouth of the estuary:

ξ =
∫ 0

−Le

ws

u
dx. (A.2)

We assume that the sediment tends to be advected by the mean flow; if it were not

settling, the height of the sediment column would equal the local thickness of the freshwater

layer. Therefore, the fraction of sediment that has been settled out of the water column at

the mouth of the river is equal to the ratio of the distance settled by the sediment column,

ξ, to the layer thickness at the mouth, h1 = (q2/g′)1/3 (see Section 3.2.2, Figure 3.3). We

use this consideration, along with fluid continuity, u = q/h1, to derive an expression for the
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deposition fraction fD in terms of an integral of the upper layer thickness:

fD = ws

(
g′

q5

)1/3 ∫ 0

−Le

h1dx. (A.3)

We non-dimensionalize h1 by hS and x and Le by hS/Ci, as we did in Section ??. We also

utilize the definition of the freshwater Froude number Ff = q/
√
g′h3S. Non-dimensionalization

produces

fD =
Rod

F
5/3
f

∫ 0

−Le∗
h1∗dx∗, (A.4)

where Rod ≡ ws/Ci

√
g′hS is a scale of the ratio of the settling velocity to the friction velocity

uf ≡
√
τ/ρ in the estuary and is here termed the densimetric Rouse number (see Section

3.3.2). Equation A.4 gives the fraction of sediment entering at the toe that is deposited by

the time the flow reaches the mouth; if it is instead integrated to an arbitrary point x, it

can be used to calculate the profiles of sediment flux and deposition over the estuary. Since

a deposition fraction greater than one is not meaningful, Equation A.4 is properly written

fD = min

Rod
F

5/3
f

∫ 0

−Le∗
h1∗dx∗, 1

. (A.5)

In the following, as in the rest of the paper, we normalize all fluxes by the normal flow

specific sediment flux, (qsed)N . To determine the export to the shelf E, we must multiply

1 − fD by the flux into the estuary Etoe. We can find Etoe by applying the Engelund &

Hansen (1967) formula (Equation 3.13) at the toe of the salt wedge:

Etoe =

(
htoe1

hN

)−5
= E0

(
htoe1∗

)−5
, (A.6)

where E0 = (hS/hN)−5 is the sediment flux to the shelf in the absence of estuary formation

(found using Equation 3.13), and htoe1∗ is the water depth at the toe normalized by hS. In

general, a subscript 0 denotes a quantity calculated by neglecting estuary formation. The

export to the shelf is therefore:

E = (1− fD)Etoe = (1− fD)E0(h
toe
1∗ )−5. (A.7)
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