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Abstract

Control Design for a Non-Minimum Phase Hypersonic Vehicle Model

Thomas McKenna

Chair of the Supervisory Committee:
Assistant Professor Anshu Narang-Siddarth
Aeronautics and Astronautics

Air-breathing hypersonic vehicles are emerging as a method for cost-efficient access to space.
Great strides have recently been made in the field of hypersonic vehicles, however the unique
dynamics of the vehicles present challenges for control design. In this thesis, a nonlinear
controller for a hypersonic vehicle model is designed using the Indirect Manifold Construction
approach. The high fidelity hypersonic vehicle model considered in this thesis includes many
of the challenging effects of hypersonic flight. The main challenge to control design is the
vehicle’s unstable internal dynamics. This non-minimum phase behavior prevents the use of
many standard forms of nonlinear control techniques.

The nonlinear controller developed in this thesis following the Indirect Manifold Con-
struction approach uses a hierarchical control design to force outputs to commanded values
while ensuring the internal dynamics of the system remain stable. The nonlinear controller
is shown to be effective in simulation. The closed loop system is also shown to be stable

through a Lyapunov based stability analysis.
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Chapter 1

INTRODUCTION

Air-breathing hypersonic vehicles are emerging as a possible method for cost-efficient
access to space. Interest in developing such a vehicle began in the 1960s. The United States
government has made multiple attempts to develop an experimental proof of concept. In the
1990s, much of the developmental work for the X-30 (born out of the National Aero-Space
Plane project) was completed although the program was canceled before a prototype was
produced.? Following a failed test in 2001, NASA successfully flight tested the scramjet
powered X-43A in 2004 and set a world speed record for a jet-powered aircraft at Mach 9.6
along the way.* Great strides have been made recently with the Boeing X-51 Waverider, a
collaborative program managed by the US Air Force Research Laboratory. On its fourth
flight in 2013, the X-51 performed its first fully successful flight test.® While the recent
progress has been substantial, the unique dynamics of an air-breathing hypersonic vehicle
present a challenging control problem that has not been completely explored.

There are many challenges associated with air-breathing hypersonic vehicles. These chal-
lenges include but are not limited to nonlinear dynamics, strong coupling between aerody-
namic and propulsive effects, the high velocities and forces encountered at hypersonic speeds,
and a flexible vehicle body. Creating a model of such a system also has unique challenges,
such as modeling shock wave locations and scramjet performance. Pioneering work on the
integration of Newtonian Dynamics, a scramjet propulsion system, and a flexible aircraft
body into a mathematical model was done by Chavez and Schmidt in 1994. The model
considered in this thesis was originally developed by Bolender and Doman in 20057 and has

been updated several times to include different effects and different control inputs.! It is



high-fidelity and captures many of the complicating effects stated earlier. The model in-
cludes longitudinal dynamics, a scramjet model, and a vibrational model. Oblique shock
and Prandtl-Meyer theory are used to accurately calculate surface pressures that determine

aerodynamic forces.

Several methods of control design for hypersonic vehicles are available in the literature.
Early work was characterized by the use of linearized dynamics. The linear control methods
presented are of varying complexities. Schmidt employed classic and multivariable linear
control® for the model presented in his earlier work.® NASA performed flight control studies
for its Hyper-X Research Vehicle using classical linear control design techniques including
state feedback.? Setpoint tracking and regulator control were accomplished using Implicit

Model Following!'® and a linearized version of Bolender and Doman’s model.

There are also nonlinear control techniques proposed in the literature. An adaptive
sliding mode controller was designed and analyzed for a generic hypersonic air vehicle.!!
An inversion-based design focused on robustness was synthesized for a generic hypersonic
vehicle.'? Neither of the generic hypersonic vehicle models considered in those studies offer
the same level of complexity as the model used in this thesis. The generic hypersonic vehicle
models do not consider the coupling that exists between elevator deflection and lift nor the
coupling between the propulsion system and the pitching moment that exists due to the
engine’s location on the under side of the vehicle. The effects of the coupling that has
been assumed insignificant by simpler models creates non-minimum phase behavior that
may render the control designs used for simpler models unstable for the model used in this

thesis.? 13

Fiorentini designed two adaptive nonlinear control systems for a slightly different varia-
tion of the TM developed by Bolender and Doman.!* The first control system was designed
for a version of the TM that uses three control inputs: fuel-to-air ratio, an elevator, and a

canard. The canard was added to the TM to reduce the non-minimum phase behavior of the



system by effectively canceling the coupling between elevator deflection and lift. While the
canard improves the controllability of the vehicle, it also adds complexity to the structure.
This work focuses on a vehicle without the canard, leaving the fuel-to-air ratio and elevator
as the only two control inputs. Fiorentini’s second control system was also designed for a
two control input model. However, it was designed using a simpler Control Design Model
that does not include the effects of the flexible states and that assumes the coupling between
the vehicle’s elevator and drag is insignificant.

The largest challenge present in designing a controller for the given system is the system’s
exponentially unstable zero-dynamics. This non-minimum phase behavior prevents the use
of many standard nonlinear control techniques, including dynamic inversion.

In this thesis, a nonlinear controller for a hypersonic vehicle is developed using the Indirect
Manifold Construction approach developed by Narang-Siddarth and Valasek.!> Chapter 2
contains a description of the hypersonic vehicle model, Chapter 3 contains an attempt at
a linear controller, and Chapter 4 contains the derivation and analysis of the nonlinear
controller. The hierarchical design of the nonlinear controller allows the closed-loop system to
track desired outputs while ensuring stability of the system’s internal dynamics. Simulation
of the full nonlinear hypersonic vehicle model with the controller shows the controller’s

effectiveness. A Lyapunov based stability analysis also demonstrates the controller’s validity.



Chapter 2
VEHICLE MODEL

Two distinct models of the longitudinal dynamics of a hypersonic vehicle are considered
in this study. The Truth Model (TM) is a high fidelity model developed by Bolender and
Doman.! A Control Design Model (CDM) of reduced-complexity was developed in this work
and used in the control design. Controllers designed using the CDM are validated through
closed-loop simulation of the TM.

2.1 Truth Model

The TM assumes the geometry shown in Figure 2.1 for the hypersonic vehicle. Hypersonic
vehicles are generally assumed to be flexible due to their material construction and shape.
For the vibrational model of the fuselage, Bolender and Doman consider a two cantilever
beam structure that is clamped at the center of mass.? The dynamic simulation considers
only the vehicle’s transverse vibration that is forced by the aerodynamic forces acting on the
cantilever beams. Oblique shock and Prandtl-Meyer theory are applied to calculate surface
pressures on the vehicle.

To achieve the velocity needed for hypersonic flight, hypersonic vehicles are typically
designed to use rocket propulsion or supersonic combustion ramjet engines (scramjets). The
hypersonic vehicle in this study has a scramjet on its underside. A cross section of the
scramjet is shown in Figure 2.2. The thrust produced by the scramjet is calculated using a
model developed by Chavez and Schmidt.® The two variables that control thrust production
in scramjets are heat addition in the combustion chamber and diffuser area ratio. The heat

addition changes based on throttle setting and the diffuser area ratio is a design feature.
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Figure 2.1: Geometry of the Hypersonic Vehicle.!

The thrust produced depends heavily on the mass flow through the engine. The nose of
the vehicle creates an oblique shock wave at hypersonic speeds. The mass flow through
the engine is a function of the angle of that shock wave, along with the vehicle’s angle of
attack and Mach number. Many models of hypersonic vehicles assume that the bow shock
stays nearly attached as the flight envelopes of these vehicles are encompassed of high Mach
numbers. The TM does not make this assumption. If the bow shock angle becomes too great
at the vehicles lower Mach numbers it can cause “mass flow spillage” by forcing air outside
of the inlet. The inlet has a cow lip on the bottom. In order to maximize mass flow through
the engine and therefore performance, the hypersonic vehicle in the TM has been designed
with a translating cow lip. The cowl lip is assumed to change length instantaneously to
be exactly coincident with the bow shock. While this variable length does increase engine
performance, it also adds computational complexity to the TM as the aerodynamic forces

acting on the vehicle are effected by a change in cowl door length.

The longitudinal dynamics for a flexible aircraft are derived using Lagrange’s Equations.

The coupling between the rigid body and flexible dynamics occurs through the aerodynamic
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Figure 2.2: Cross Section of the Scramjet.?

forces acting on the vehicle. The equations of motion for the vehicle are given below.

. T —D
Vv :% — gsin(6 — ) (2.1)
. —Tsina— L g V
_ 9g_Y _ 2.2
a T Q+ (V T)COS(H a) (2.2)
. M
Q=7 (2.3)
vy
h =Vsin(f — a) (2.4)
0 =Q (2.5)
i = = 2Gwity; — wing + Ny, i=1,2,3 (2.6)

This model is comprised of five rigid body state variables = = [V, a, Q, h, O]T, six flexible
states n = [n1, 7, M2, 12, N3, 7'73]T, and two control inputs u = [J, qb]T. The elevator deflection
0. effects the lift and drag forces in the equations of motion, creating non-minimum phase
behavior. The fuel-to-air ratio ¢ is essentially a measure of throttle and effects the thrust.

Any change in thrust also effects the vehicle’s pitching moment and lift as the engine is



located on the underside of the vehicle. The vehicle’s range of control inputs is shown in

Table 2.1.

Table 2.1: Range of Control Inputs.

Control Input

Lower Bound

Upper Bound

e (deg)

-15

15

¢

0.1

1.1

The TM is approximately valid over the flight envelope shown in Table 2.2. There are
specific cases within the specified flight envelope where the TM will break down if flight
conditions violate assumptions made in the derivation of the model (such as formation of

unexpected shock waves or a large decrease in mass flow through the engine).

Table 2.2: Approximate Flight Envelope of the Truth Model.

Parameter | Lower Bound | Upper Bound
M 8 12
h (ft) 85,000 135,000
a (deg) -5 10

The TM is coded in MATLAB.
2.2 Control Design Model

This CDM has been derived to allow for control design and stability analysis. The approach
used in this derivation follows the approach taken by Parker et al and Fiorentini.'>!* The

approach consists of replacing the aerodynamic and propulsive forces and pitching moment



with curve-fitted functions of the rigid-body states, the flexible states, and the control inputs.
This approximation retains the most critical behaviors of the TM.
In order to simplify analysis, the equations of motion can be re-scaled for the CDM by

replacing the velocity state with Mach number and speed of sound.

_Tcosa—D g

M = o, U—Ssm(ﬁ — ) (2.7)
. —T'sina— L g Moy,
_—oomam - - 9.
e o, +Q + (MUS . ) cos(f — «) (2.8)
- M,
Q :I_?J (2.9)
Yy
h =Mu,sin(f — o) (2.10)
0 =Q (2.11)

With the equations of motion stated in this manner, Mach number tracking is more
straightforward.
The aerodynamic and propulsive forces and pitching moment in the CDM are approxi-

mated by expressions including dynamic pressure and force/moment coefficients.

L~ %pVQSCL(a, e, 1i) (2.12)
D= %pV2SCD(oz, ey i) (2.13)
T~ %pVQSCT(a,gh, ;) (2.14)
My ~ =T, 6, V) + 5pV*SeCri(a, 1) (2.15)

The coefficients of lift and drag (C, Cp) in these approximations are functions of angle of
attack, elevator deflection, and the flexible states. The coefficient of thrust C'r is a function

of angle of attack, fuel-to-air ratio, and the flexible states. The coefficient of the pitching



moment (', is a function of angle of attack, the flexible states, and elevator deflection. It is
easy to see the additional contribution to the pitching moment created by the thrust vector
in the expression for M, above, where the zr term is a constant related to the engine’s
location on the underside of the vehicle.

Substituting the approximations for the aerodynamic and propulsive forces and pitching
moments into the re-scaled equations of motion gives the following equations of motion for

the CDM.

(1p(Mvy)25Cr) cosa — (3p(Mvy)2SCp) g

M = — - —sin(0 — ) (2.16)
et 2 na — (% 2
Q- (Qp(MUs) SCT);LZZO; (QIO(MUS) SCL) + Q + (]\ng N MUS) COS(Q N Oé) (217)
o _ (o (3pV?5Cr(a,6.m) + 5p(Mv.)*SeCy) (2.18)
]yy .
h =Mu,sin(6 — a) (2.19)

The force and moment coefficients that appear in the approximations above were found
using a curve-fitting technique that encompasses the entire flight envelope of the hypersonic

vehicle. The curve-fits for the coefficients are shown below.

Op = C8a+ C¥5.+ CY + Clmy + CFna + CPns (2.21)
Cp = C%a+ C% + C% 62+ C%6, + C% + Clgy + Cy + Cgs (2.22)
Cy = C3 0 + Cfa+ C6, 4+ CY + Cligy + Cl2my + Clgg (2.23)

3
Cr = C§%a*p+ Cf “a’p+ Cfag + Cho + CF o + CF o + CRa + Ch + > Cliny
=1

(2.24)
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Plots of two of the curve-fits are shown in Figures 2.3 and 2.4. The plot of the curve-fit
for C'r, shows the value of C'f, as it varies with dg and a. While Figure 2.3 shows the variation
with 0z and «, the value of C, also varies with changes in altitude and velocity. The actual
values of ('; are denoted by the black dots. The x’s above and below the dots indicate the
maximum and minimum values of C';, calculated for the TM domain. These x’s are meant
to show how (', varies with changes in other parameters. For example, the maximum C7, is
most likely occurring at the TM’s lowest altitude. As Figure 2.3 shows, most of the variation

in C}, occurs with 0 and a.

Examining the plot of the curve-fit for Cr yields a slightly different result. Figure 2.4
shows the value of C'r as it varies with ¢ and a. Once again, the value of C'r also varies with
changes in altitude and velocity. These variations, shown by the maximum and minimum
values of C'r marked with x’s, can be quite large. It makes sense for the variation of C'r to
be larger than that of C';, as the amount of thrust that a scramjet produces is much more
sensitive to changes in altitude and velocity than the amount of lift that a body produces.

These larger variations are accounted for with more terms in the curve-fit.

To better study the direct effects of the two control inputs on the dynamics of the vehicle,
the curve-fits for the aerodynamic and propulsive coefficients can be separated into different
pieces. The pieces are chosen such that terms directly dependent on either of the control
inputs are separated from the terms that do not directly depend on the control inputs. The
short-hand definitions listed in Table 2.3 are used to simplify the terms from the curve-fits

for use in this thesis.

Substituting the definitions given in Table 2.3 into the equations of motion gives the

following equations.
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Figure 2.3: Cp, Curve-Fit over TM’s Domain

Figure 2.4: Cp Curve-Fit over TM’s Domain
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Table 2.3: Groupings of Curve-Fit Terms.

Definition | Curve-Fit Terms

lo CY + Ca+ Cl'm + CPny + CPPng

A o

dy CY + C% a? + Cha+ Chmy + Oy + CBng

d %

ds co

mo Chy + Csra? + Cypa+ Clym + Cliny + Cins

my C’js\j

to CY 4+ C¥ 0P + C¥a? + Coa + Clyy + CPny + CPig
th C’;S‘ﬁoﬁ + C’%Qd’az + %0+ CY

(3p(Mv,)?S)((to + tip)cosa — (do + dide + d207)) g

M = — =sin(f — a)
mug Vg
. —(3p(Mu,)2S) ((to + t1¢)sina — (Io + 15)) g Moy,
= mMu, +Q—i_(]\/[vs_
) :(%P(Mvs)25)(zT(to + t19) + ¢(mo + mid.))

1

vy

h =Mu,sin(f — o)
0 =Q

(2.25)

)wd@—a)@Q@

(2.27)

(2.28)

(2.29)

Note that the individual control inputs are now directly present in the equations of

motion. For further simplification, the following variables are introduced.
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M?v,S qsS
Co IPT@()COSOZ — do) = mo, (toCOSO& — do) (230)
M?v,S 7S
C1 :p Y tl = q tl (231)
2m MU,
M?v, q
Co :IO Y Sdl = qS dl (232)
2m mug
M?v,S 7S
C3 :p Y dQ = q dg (233)
2m mus
= (2.34)
Vs
Muv,S , 7S .
Cs P 2:; (tosina — lg) = m(]l\fvs (tosina — o) (2.35)
pMuvgS qs
= I, = l 2.36
o om ! mMu, ! ( )
v
= 2.37
c7 , ( )
M?12S 7S
Cs :&(zm +cmy) = q—(tho + emyg) (2.38)
21, Iy,
pM?*v2S qS
Cg =—————2zrt] = —27t; (2.39)
21y, Iy,
pM*v2S _ as _
Clgo =———0emy = —acmy (2.40)
21y, Iy,

The variables allow the CDM’s equations of motion to be arranged into a compact form.
Of these variables; ¢4 and c¢; are constant; cg, ¢1, cg, and ¢g are functions of Mach number
and angle of attack; c5 is a function of angle of attack; and ¢y, c3, ¢g, and ¢y are functions
of Mach number. Many of the variables are also functions of the flexible states, but for
simplicity the notation of the flexible states has been omitted in the compact form of the
CDM'’s equations of motion. The compact form of the CDM’s equations of motion is shown

below.



14

M =co(e, M) + ¢1(a, M)pcosar + co( M6, + cs(M)6? — cqsin(f — «) (2.41)
& = — es(a) — Cl(&—]\;[]\/[)gbsmoz +eg(M)5, +Q + C—]\;cos(Q — ) — erMeos(f —a)  (2.42)
Q =cs(a, M) + co(a, M)§ + c10(M)de (2.43)
h =Mu,sin(f — o) (2.44)
0 =Q (2.45)

2.3 CDM Validation

In order to validate the behavior of the CDM, the behavior of the CDM was compared to
the behavior of the TM at several trim conditions. The TM finds trim conditions by using
the ‘fmincon” MATLAB function to minimize the state derivative vector & subject to certain
constraints and tolerances. For this validation exercise, a total of 99 sample trim conditions
that span the TM’s flight envelope were found. Figure 2.5 shows the sample trim conditions
for the TM. Note that there are the same number of trim conditions at each Mach number.
The trim conditions at the higher Mach numbers are slightly harder to see as they group
around angles of attack near zero. These low angles of attack are expected at such high
velocities.

As the TM is very complex, the tolerances used when executing the ‘fmincon’ function
do allow some of the state derivatives to have nonzero values. This enables the function to
find a solution in reasonable time. The fact that the solutions found for trimmed states are
not exact does not hinder our control design process in any way.

The state derivatives of both the TM and the CDM at each of the 99 trim conditions
were calculated. A comparison of the average of the state derivatives across all 99 specific
cases is shown in Table 2.4.

The state derivatives of the CDM compare reasonably to the state derivatives of the
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Truth Model Trim Conditions
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Figure 2.5: Trim Conditions of the Truth Model

TM. Both have small values for V and ¢. The difference in Q is reasonable considering the
imperfect trim conditions. Therefore the CDM is valid over the sampling of trim conditions

that span the TM’s flight envelope.
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Table 2.4: Average State Derivatives at Trim Conditions.

State Derivative ™ CDM
V (ft/s?) -1.2806 | -4.4741
& (deg/s) 0.0688 | 0.0745
Q (deg/s?) 3.4779 | -2.7215
h (ft/s) 0 0
0 (deg/s) 0 0
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Chapter 3
LINEAR OPTIMAL CONTROL

In the literature, there are several examples of linear controllers designed for linearized
versions of hypersonic vehicle models. An attempt at designing a linear optimal controller
was made in this thesis to have a baseline controller of the linearized system which could
then be tested in the nonlinear system and compared to the nonlinear controller design. In
this chapter, the attempt at designing an optimal control design for a linearized version of
the TM is explained and the controller ultimately is unsuccessful. The control design follows
the approach taken by Groves et al.!? for a 2005 version of Bolender and Doman’s model.
That model included a canard and therefore a third control input. The TM used in this
thesis only includes two control inputs. The challenges presented by this reduced control
authority are discussed in the preceding chapter.

In this chapter, only the rigid body plant dynamics are considered. This exclusion of
the flexible states simplifies the control design. The linearized plant can be described by the

following state space equations.

tp = Apxy, + Bpu, (3.1)
Yp = Cpmp (32)
z, = Hyz, (3.3)

In this plant, z,, € R® is the 5x1 state vector, u, € R? is the 221 control input, y, € R’
is the 5z1 output available for feedback, and z, = (V; «) is the 2x1 performance output to

be regulated to a desired reference command. The results of the linearization produce the
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following plant dynamics.

X, 0
Za 1-Z4
Yo Vo
M, M,
-V 0
0 1
X5, X,
Z de Z(Stb
Yo Vo
Ms, M,
0 0
0 0

-9

o X o o

(3.4)

(3.5)

The exact expressions for each of the dimensional stability derivatives present in the dy-

namics above are given by Bolender and Doman.? In this case, the dynamics were linearized

about the trim condition given in Table 3.1.

Table 3.1: Trim Condition for Linearization.

State | Trim Value
M 8.89
Qo 2.0397 deg
Yo 0 deg
Qo 0 deg/s
ho | 104007 ft

For added model accuracy, a simple model of actuator dynamics was added to the plant
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dynamics. The actuator dynamics are modeled as follows.

rs = Asxs + Bug (36)
-20 0 20 0
Ay = By — (3.7)
0 —10 0 10
T (7
Trs = o , Us = o (38)
Lo Ug

These actuator dynamics were used by Groves et al.!® and were chosen to approximate
values for real actuators. The actuator dynamics are appended to the plant dynamics as

shown below.

.Ctl = A1$1 + Blul (39)

y1 = Chix (3.10)

21 = H1{E1 (311)
A, B, 0

A = , Bi= ; le(Hp 0) (3.12)
0 As Bs

Groves et al. developed two controllers using this new linearized model.! Both designs
used LQ optimization techniques, and specifically the Linear Quadratic Regulator (LQR)
algorithm for gain scheduling. The two designs differ in how they attempt to eliminate
steady state feedback error. The strengths and weaknesses of the two different controllers
are not as important in the context of this thesis. Only the second control design strategy
was attempted as part of this thesis.

The second approach to designing a linear controller was to transform the tracking prob-

lem into a regulation problem and then use LQR optimization techniques. Groves et al.
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describe the tracking error with the following dynamics.

.’1‘3'1 = A1£C1 + Blup (313)
e = Hyay (3.14)
To integrate the error into the system, the additional dynamics #5 = —e; are defined and

then appended to the system in the following manner.

x A 0 x B
= ' B S i 7 (3.15)
T —H; 0 X9 0
The equation above can be written in the standard form as shown below.

T = AT + Bu,
(3.16)
e=—Hz.
Instead of a tracking problem, the problem posed above is a standard regulator problem.
LQR gain scheduling is used to find an optimal control. The following is a standard cost

function definition.'®

1 oo
J = 5/ (e Qe + u” Ru)dt (3.17)
0

The e”Qe portion of the cost function represents the total output error and the u? Ru
portion of the function represents the input energy into the system. ) and R are matrices
that are used to appropriately “weigh” the importance of output error against input energy.
A larger @) penalizes output error more harshly while a larger R penalizes input energy
more harshly. Selecting these matrices such that our cost function can be optimized requires
Q=Q" >0,R=R" > 0. The positive semi-definiteness and semi-definiteness of the @) and
R matrices ensure that J is well defined.

Attempts at getting a linear optimal controller to drive the current two control input
hypersonic vehicle model to commanded states were unsuccessful in this thesis. The poles

of the closed loop system are shown in Figure 3.1.
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Figure 3.1: Pole-Zero Map of Closed Loop System.

The initial change in pitch was never recovered from in any simulations of a closed loop
system with a linear optimal controller. The hypersonic vehicle rapidly loses control as the

pitch angle increases dramatically.
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Chapter 4

CONTROL DESIGN

The design of a robust, nonlinear controller is accomplished using the Indirect Manifold
Construction approach developed by Narang-Siddarth and Valasek.'® This hierarchical de-
sign approach for the control of nonlinear, nonstandard forms of singularly perturbed systems
can be applied to control non-minimum phase systems. The Indirect Manifold Construction
approach has been successfully used to control missiles that display non-minimum phase

behavior!”

similar to the hypersonic vehicle being considered in this thesis. The approach
drives outputs to desired values while ensuring any unstable internal dynamics approach
zero over time. This chapter includes a characterization of the hypersonic vehicle model as
a non-minimum phase system, an analysis of the system’s zero dynamics, the derivation of

the stabilizing control law, simulation results showing the control law’s effectiveness, and

Lyapunov stability analysis.

4.1 Characterization of the Non-Minimum Phase System

“Non-Minimum Phase” is used to describe the class of systems governed by unstable internal
dynamics. “Internal dynamics” are the dynamics of the states not included in the control
design.'® For example, one may linearize the system of equations that govern the hypersonic

vehicle model about a trim condition. The altitude dynamics can be ignored as they do not
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effect any of the system’s other states. This linearized system is of the following form.

- -
| .
i=| | =M | |+ Bl (4.1)
Q Q o)
_a'_ _a_
M
y= (4.2)
Y

This system has four states and two outputs. If an output feedback controller is intro-
duced to drive the two outputs to desired reference conditions M, and ~,, two states remain
that are effectively uncontrolled (Q and «). The dynamics of these two states that are not
considered in the control design are called the system’s “internal dynamics.” While some
systems have stable internal dynamics, a particular challenge is offered by the non-minimum
phase systems that have unstable internal dynamics.

Linearizing the system of equations that govern the TM about a trim condition allows an
inspection of the poles and transmission zeros of the open loop system. Slotine and Li showed
that a zero in the right half-plane of a linearized system is a necessary and sufficient condition
for the nonlinear system to be non-minimum phase.'® The system was linearized about the
trim condition given in Table 3.1. The poles and transmission zeros of the linearized open
loop TM are shown in Figure 4.1 as X’s and O’s. The three complex conjugate pairs of poles
and zeros correspond to the flexible modes. These modes are shown to be oscillatory with
a very high frequency, but stable. This is important because in the design of the controller,
the flexible states are not explicitly controlled (they are internal states). However, because
the dynamics of these internal states are stable, they are considered as small perturbations
in the control design and do not have to be explicitly controlled. The poles and zeros located

very close to the origin indicate a slightly unstable phugoid mode. The poles and zeros that
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appear to be mirror images of each other across the y-axis correspond to pitch and altitude
modes. The pitch mode accounts for the zero in the far right half plane and thus the non-
minimum phase behavior. In summary, the linearized dynamics of the hypersonic vehicle
model include two transmission zeros in the right half plane, indicating that the nonlinear

system is non-minimum phase.

@
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Figure 4.1: Poles and Transmission Zeros of Linearized System.

4.2 Analysis of Zero Dynamics

An analysis of the zero dynamics of this system may help determine the feasibility of a

standard nonlinear state feedback controller. In Chapter 2, the compact form of the nonlinear
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equations of motion of the CDM was given as follows.

M =co(a, M) + ¢y (ar, M)pcosa + co(M)6, 4 c3(M)6? — cysin(f — a) (4.3)
& = — cs(a) — Cl(O‘T’M)qssm +co(M)S, +Q + C—]\;cos(ﬁ — @) —c;Mcos(f — o) (4.4)
Q =cs(o, M) + co(a, M) + c10(M)0. (4.5)
h =Mu,sin(f — «) (4.6)
0 =Q (4.7)

The control objective is to regulate the Mach number and the flight path angle of the vehicle
using control inputs of fuel-to-air ratio ¢ and elevator deflection d.. To achieve this goal, it

is simpler to substitute v for § — «. This gives the following equations.

M =co(a, M) + ey(a, M)dcosa + ca(M)Se + c3(M)S2 — cysin() (4.8)
4 =es(@) + CI(EM ) bsina — co(M)5, — c—]\;cos(v) + esMcos(y) (4.9)
Q =cs(o, M) + co(a, M)p + c10(M)d. (4.10)
h =Mu,sin(7) (4.11)
a=Q —7% (4.12)

In order to determine the control inputs needed to achieve a constant Mach number and
flight path angle, the dynamics expressed by the equations for M and 4 are set equal to zero

as shown below.

0 =co(a, M) + ey (e, M)dcosa + co( M), + c3(M)52 — cysin(y) (4.13)
0 =cs(a) + Cl(a—]\’fM)gbsma —cg(M)o. — c—]\;cos(fy) + ez Mcos(y) (4.14)
& =Q (4.15)

Using only the equations for M and 4 we can determine the control inputs necessary to

maintain Mach number and flight path angle. Both equations depend on both control inputs.
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Eliminating one of the control inputs from the two equations would allow an easy solution
for the remaining control input. Multiplying the equation for M by sina gives the following

expression.
0 =sina [co(a, M) + c1(a, M)gcosa + co( M), + c3(M)5. — casin(y)] (4.16)

Multiplying the equation for 4 by Mcosa gives the following expression.

C1 (%M) gbsinoz _ 06<M)5e _ %COS<7) + C7MC05(’7) (417)

0 =Mcosa |cs(a) + i

Subtracting one equation from the other can cancel all terms including the control input ¢,
therefore reducing the number of unknown control inputs present to one. This subtraction

is shown below.

sina [co(a, M) + ¢1 (o, M)gcosa + ca(M)6e + c3(M )57 — casin()]

— cosa [e5(@) M + ¢1(a, M)¢sina — cg(M)6.M — cycos(y) + czM?cos(y)] =0 (4.18)

The common terms disappear and the expression becomes.

sina [co(o, M) + co(M)6, + c3(M)52 — casin(y)]
— cosa [e5(a) M — cg(M )6 M — cscos(v) + czM?cos(v)] =0 (4.19)
Multiplying the sina and cosa terms through forms the following equation.
co(a, M) sina+cy(M)desina+cs(M)d2sina—cysin(7y)sina —cs(a) Mcosa+cg(M)d. M cosa
+ cyc08(7y)cosa — ey M*cos(y)cosa = 0 (4.20)

This equation can be simplified using the trig identity cos(u + v) = cosucosv — sinusinv.

The simplified equation is given below.

cs(M)62sina + co(M)b,sina + cg(M )6, Mcosa + co(o, M) sina

— cs()Mcosa + cycos(y + a) — ez M?cos(y)cosa =0 (4.21)
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The TM is defined over the domain o € [—5,10] degrees. As the model is only valid for
relatively small angles of attack, it is assumed that sina = « and cosa = 1. This assumption

reduces the equation to the following form.

cs(M)62a+ co(M)Sear + cg(M)3 M + co(ce, M)ar — cs(a) M + cycos(y + o) — ey M?cos(y) = 0
(4.22)
The equation above is a quadratic equation in terms of the single control input .. This

quadratic equation has the following form.
A82 + Bé.+C =0 (4.23)

The variables A, B, and C in the equation above are representatives of the coefficients below.

A=c3(M)a (4.24)
B =cy(M)a+ cg(M)M (4.25)
C = coa, M)a — c5(a) M + cycos(7y + ) — cr M cos(7) (4.26)

The advantage of having a quadratic equation in terms of ¢, is the ability to solve such an
equation easily using the quadratic formula. The solutions for the control input §. needed

to maintain a constant Mach number and flight path angle are shown below.

— B+ VB2 4AC
5o = o (4.27)

These solutions for the §. required to maintain a specified Mach number and flight path
angle do not depend on the second control input ¢. Both of the two solutions for J, are valid
control inputs (within the vehicle’s elevator deflection capability at trim conditions). The
solutions for 0, have singularities when A = 0. Either the angle of attack or ¢3(a) would need
to be zero for the singularity to occur. While an angle of attack of zero is within the flight
envelope of the hypersonic vehicle, it is not included in any of the vehicle’s trim conditions

where v = 0. Therefore if control inputs are applied to maintain a flight path angle of zero
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at a trim condition then the angle of attack would theoretically not be equal to zero and
would not create a singularity. However, because the trim conditions examined in this thesis
are found using the ‘fmincon’ function and are therefore not exact, the a could potentially
change and become equal to zero, thus creating a singularity. c3(a) is dependent on the
vehicle’s drag independent of the control inputs. This drag will never be zero, and therefore
c3(ar) will not create a singularity.

It is now possible to solve for the ¢ required to maintain the same Mach number and

flight path angle using the original equation for 4. This solution is shown below.

0 =cs(a) + Cl((;\;[M) psina — cg(M)d. — C—]\;cos(v) + czMcos(v) (4.28)
M | —cs(a) + cg(M)o, + %cos(v) — crMcos(7y)
¢ = (4.29)

c1 (o, M)sina

Substituting the two different solutions for J. into the equation for ¢ yields two solutions
for ¢. Only one of the solutions is a valid control input for the vehicle at trim conditions.
Therefore one of the solution sets for the two control inputs is determined to be invalid and
the following equations are the correct expressions for the control inputs required to maintain

a commanded Mach number and flight path angle.

5 (c2(M)or + cs(M)M)
‘ 2 (c3(M)a)
. \/(CQ(M)a + cg(M)YM)? — 4 (cs(M)a) (co(a, M) — e5(a) M + c4cos(y + ) — ¢z M2cos(7))
2 (cs(M)ev)
(4.30)
M | —cs(a) + c6(M)6e + C—Azcos(’y) — czMcos(y)
b= (4.31)

c1(a, M) sina
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The above solution for ¢ has a singularity when a = 0 or when ¢;(a, M) = 0. As stated
above, a = 0 could create a singularity. ¢;(«, M) is essentially a measure of the coefficient
of thrust dependent on ¢. This coefficient is never equal to zero, and therefore ¢;(a) would
not create a singularity.

Now the control inputs needed to achieve a constant Mach number and pitch angle have
been determined as a function of a and the states to be controlled (v, M). One must
examine the effects of these control inputs on the system’s internal dynamics. Substituting

these control inputs into the equations of motion gives the following dynamics.

M =0 (4.32)
4 =0 (4.33)
Q =cs(a, M) + co(a, M) + c19(M)d. (4.34)
h =0 (4.35)
& =Q (4.36)

In these dynamics, @ is only a function of «, v, and M. The dynamics of the pitch rate

state are shown below.

Q = Oé = Cg(Oé,M) +09(C(,M)¢+610(M)5e (437)

This equation describing @ is essentially a second order differential equation. If v and M
are considered as constant choices then the equation for Q can be described by the following

form.
a(t) + f(a(t)) =0 (4.38)

In this expression f(a(t)) is the function of alpha described by the entire right hand side
of the equation for (). This equation is in the form of a simple harmonic oscillator. This
undamped system is not stable. Therefore the internal dynamics of this system are unstable,

and the system can be classified as non-minimum phase.
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To further this analysis, a simulation was run using the control inputs found to stabilize

M and ~y. The simulation was run at the trim condition given in Table 4.1.

Table 4.1: Initial Condition for Zero Dynamics Simulation.

State | Initial Value
M, 10.75
Qo 0.3153 deg

Yo 0 deg

Qo 0 deg/s
ho 98859 ft

The results of this simulation are shown in Figure 4.2. As expected, the control inputs
determined to maintain Mach number and flight path angle initially achieve their goal as M
and v remain stable. However, the internal states o and () are uncontrolled. These states
prove to be unstable as they begin exponentially increasing and reach large values within
approximately 1 second. The simulation breaks down as these states go to infinity. These

unstable zero dynamics exhibit the behavior of a non-minimum phase system.
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Figure 4.2: Time Simulation with Zero Dynamics Control Inputs Applied.

4.3 Control Design using the Indirect Manifold Construction Approach

The control objective is to drive the two outputs to desired reference points in finite time while
ensuring that the internal states remain stable. This can be accomplished using the Indirect
Manifold Construction approach developed by Narang-Siddarth and Valasek in 2014.° A
diagram of the Indirect Manifold Construction approach is shown in Figure 4.3. The control
design using this approach has three steps which are described in detail in the following
subsections. In Step 1, the internal dynamics are assumed to be stable values while the

output states are driven to commanded values. In Step 2, the first of the internal states is
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driven to its assumed stable value while the other internal state is still assumed to be some

stable value. In Step 3, the final internal state is driven to its assumed stable value.

STEP 1
M= -K,(M - M,)
v A S STEP 2
m¥r 4
— Assume: ¢ =—-K;(a—a,) STEP 3
a = ay Assume: Qr .
Q=0, Q=20 Q:_KQ(Q_QT')
- T
M,y
M,y «a
M,y,aQ
8,
PLANT ¢

Figure 4.3: Indirect Manifold Construction Approach.

4.3.1 Step 1

To begin it is assumed that the vehicle is flying at a certain reference condition. This specified
reference condition is a commanded M, and ~,. At this condition, some reference control
input d., is required and the internal states are assumed to have settled down to the steady

state values @, and «,. Under this assumption the dynamics of the system become the
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following equations.

M =co(a, M) + ¢1 (., M) pcosa, + co(M)de, + @,(]\4)53C — cysin(7y) (4.39)

A =cs(ay) + W&sinar —ce(M)de, — %cos('y) + crMcos(y) (4.40)
0 =cg(a, M) + co(cr, M) + c10(M)de, (4.41)
0=0Q, — % (4.42)

The goal is to drive M and ~ to M, and ~,. This can be accomplished using the output

feedback shown below.

M = — K{(M — M,) (4.43)
¥ == Ko(y — ) (4.44)

In this feedback loop, K; and K5 are some constants which are design choices. With this

feedback applied, the dynamics become the following equations.

—Ki\(M — M,) =co(ar, M) + c1(a, M)gpcosa, + co(M )b, + 03(]\4)53C
c1 (o, M)
M

—cysin(y)  (4.45)

—Ks(y — ) =c5(a) + psinoy — cg(M )b, — C—]\;COS(V) +crMcos(y)  (4.46)

€¢

(4.47)

From these equations, the required «, and ¢ needed to make the dynamics valid can be

solved for as shown below.

— Ky(M — M,) — co(o, M) — co(M)be, — c?)(M)égC + cdsin(y)
b= (4.48)

c1 (e, M)cosa,

Cq

M | =Ky (v =) — es(ar) + c6(M)de, + Mcos(’y) — crMcos(y)

sino, = (o 00 (4.49)

These expressions for ¢ and «, are in terms of M, M,,~,;, &, d... The variable coefficients

co(a, M), ¢1(a., M), and c5(c., M) vary with o, and M. Examining the values of these
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coefficients may allow for a more exact solution for a, and ¢.

co(a, M)
cr (o, M)

cs(a, M)

7S

m](fﬂv (tocosa, — dy) (4.50)
qsS

—t 4.51

mMZ2v, ! (4.51)
qsS :

Ve (tosinay,. — lo) (4.52)

One may consider using an order analysis to simplify these terms. The values of the coeffi-

cients are driven by the functions of thrust, drag, and lift shown above. These “coefficient

driver functions” are essentially the coefficients themselves with a factor of —I5-

75 removed.

The coefficient driver functions are the problematic functions that would be helpful to sim-

plify. Therefore one may examine how the coefficient driver functions vary with angle of

attack. The results of this variation over the entire angle of attack envelope of the TM are

shown in Figure 4.4.
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Figure 4.4: Variation of Coefficient Driver Functions over Flight Envelope.

The values of these coefficient driver functions can be approximated by simpler functions

of .. The value of the driver function of ¢y(c,., M) is obviously not a linear function of

a,. Therefore that coefficient will be fit with a sinusoidal function. The value of the driver

function of ¢;(a,, M) is not exactly a linear function of «,., but it will be approximated by

a linear function to greatly simplify the final solutions of interest (solutions for the control
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inputs). The value of the driver function of ¢5(a,., M) is nearly a linear function of «,. and it

will be approximated by a linear function. These approximations are shown as curve fits in

Figure 4.5.
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Figure 4.5: Variation of Coefficient Driver Functions over Flight Envelope.

The sinusoidal fit and first order polynomial curve fits of the coefficient driver functions

are shown below, where s; and p; represent the values of the constants used in the curve fits.

tocosa, — dy =~ s1cos <%) + 53 (4.53)
S2

t1 = psc + s (4.54)

tosino, — ly & pgay, + pr (4.55)

Substitution of these approximations into the equations for o, and ¢ yield the equations

shown below.

— K{(M — M,) — 2 (s,cos (2‘—;) + 53) — co(M)de, — 03(M)53< + cdsin(7)

cosa, = e . (4.56)
Tgi (p4ar + p5) gb
_ C4
M | =Ky (y =) — m?\fvs (P6tr + p7) + (M )de, + MCOS(V) — c7Mcos()
b = (4.57)

rg_i (p4ar + p5) SINQY
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Both «, and ¢ still depend on each other. However, because there are two equations and
two unknowns one can solve for a,. and ¢ as shown below. To simplify analysis, the following

representations are introduced.

qs

S

2 =—-Ki(M—M,)— s3 — co(M)de, — 03(M)53< + cdsin(7y) (4.58)

€¢

)
Zg = —MK2(7—%) ~

S

pr + Mcg(M)de, + cacos(y) — MZcrcos(y) (4.59)

Substituting z; and 25 into the expressions for a, and ¢ gives the following equations.

A (,Z—S (81008 (“‘))) (4.60)

(2 () cone

R D)
Sinay =—— (4.61)
(% (pacr + ps)) ¢

An assumption that «, is small can be made and therefore cosa, = cos (‘;‘—;) ~ 1 and

SinQ,. & Q.

il ) 462)

i <7Zf (2%%))
<,Z—i (pacy, +p5)> ¢

(4.63)

Substituting the equation for ¢ into the equation for cosc,. allows a solution for a, to be



found as shown below.

22

o, = _ _
_ as as.
Z]' muvg 81 muvg p6

The equation for ¢ can be expressed with a,. now a known quantity.

- ()

. (% (pacy, +p5)>

37

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)
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4.3.2 Step 2

The next step in the hierarchical control design is to assume that Q) has settled down to some
(), and that some control input o, is being applied. The dynamics of one of the internal

states, ¢, can be forced as shown below.

a=—-Ksla—a,) (4.72)

Qr — 7 =—K3(a—ay) (4.73)

Substituting the 4 equation of motion gives the complete equation needed to solve for Q..

c1 (o, M)

Qr —cs(a) — i psina + cg(M)d,, + 2003(7) —crMcos(y) = —Kz(a — ;) (4.74)

M
A solution for @, is now obtained in terms of M, v, a, a;, ¢, dc, -

e (o, M)

i psina — cg(M)0,

Qr - C5<a) + ey

%cos(v) + crMcos(y) — Ks(a — o) (4.75)

4.3.3 Step 3

The final step in the control design is forcing the dynamics of the second internal state, Q

Q=—KyQ— Q) (4.76)

The following equation is taken from the original equations of motion.

Q = cg(o, M) + co(ar, M) + c10(M)de = —K4(Q — Q) (4.77)

A solution for the ¢, required to force the dynamics in the proper manner can now be

explicitly stated.

be = oy Q= @0) sl M) = cofer, M) (4.78)
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Along with the equation for d., the interim control inputs d., and 9., can also be solved
for. 4., is applied when o = o, and @ = @, and 9., is applied when @ = @),. The resulting

solutions are shown below.

1

56( = ClO<M) [_68<a7‘7 M) - 69(ara M)¢] (479)
1

66/,/) = ClO<M) [_68<a7 M) - C9(057 M)¢] (480)

4.3.4  Final Control Inputs

The final solutions for the control inputs are given below.

- (£ ()

- (% (pacer +p5)> s

1

56 = ClO(M) [—K4(Q — Qr) — Cg(Oé, M) — 09(a, M)¢] (482)

4.4 Simulation Results

The controller designed in the previous section proves effective in simulation. Consider the
initial condition given in Table 4.2.

Beginning with the TM at a near trim condition, the controller attempted to achieve a
commanded Mach number and flight path angle. The controller gains selected are shown in
Table 4.3. The results of the simulation are shown in Figure 4.6.

In the simulation, the closed loop system successfully tracks the commanded outputs while
ensuring that the internal dynamics remain stable. In response to a commanded increase in
Mach number, ¢ is increased to its maximum value. The effects of thrust on the vehicle’s

pitching moment are large in simulation as expected. The non-minimum phase behavior of
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Table 4.2: Initial Condition for Simulation.

State | Initial Value | Control Input | Initial Value

M, 8.89 Oeo 10.64 deg
ag | 2.0397 deg bo 0.7483
Yo 0 deg

Qo 0 deg/s

ho 104,007 ft

Table 4.3: Controller Gains used in Simulation.

Gain | Value
K 1
K, 7
K3 1
K, 4

the system is apparent as well. As the thrust increases, a nose up pitching moment is created.
A change in elevator deflection is then made to force a nose down pitching moment. These
changes cause a small departure from level flight. Over time, the closed loop system returns
to level flight. Likewise, the decrease in thrust needed when the vehicle is commanded to
decelerate causes an initial nose down pitching moment. However an elevator input then
reverses this behavior and the vehicle ultimately pitches up. An example of this behavior
is shown in Figure 4.8, which is a zoomed in view of the flight path angle as the thrust is
decreased to decelerate from Mach 10.5 to Mach 9.5. In this simulation, the vehicle reaches

two separate trim conditions. Note that the vehicle is able to decrease Mach number more



41

105 : . — . - . 0.5
[
[

M
o
on =
+ (deg)
=
R
|
|
7

Vehicle Response | |
— — — Command

Vehicle Responise
— — — Command

0 100 200 300 400 500 600 700 "o 100 200 300 400 500 600 700

1

0 - - . - - - - 2 - - - - - - -
0 100 200 300 400 500 600 700 o 100 200 300 400 500 600 700
14 15
P VY 1
[=:] % ir \
@ l — — —
= 10 S | -—r — =2 s —_—
we® 0.5 ‘
gl
8 . . . . . . . 0 . . . . . . .
] 100 200 300 400 500 600 700 o 100 200 300 400 500 600 700
Time (s) Time (s)

Figure 4.6: Time Simulation of the Closed Loop System.

quickly than increase Mach number. Over time, the controller returns the vehicle to level
flight. The time scales needed to return to a level flight condition compare similarly to
the time scales present in Fiorentini’s closed loop simulation of the model with two control
inputs.!* The internal states (Q and «/) remain stable throughout the entire simulation, as
do the flexible states. The changes in the internal states appear to development very sharply.
This development is not necessarily as sharp as it appears in Figure 4.6 as this behavior is
caused by the internal states developing faster than the output states and the large time
over which the simulation was run.

The non-minimum phase behavior of the closed loop system is also easily seen if the

beginning of the simulation is observed closely. Figure 4.9 shows the first five seconds of the
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Figure 4.7: Time Simulation of the Closed Loop System.

closed loop simulation. The initial oscillation in pitch is typical of a non-minimum phase

system.
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4.5 Lyapunov Stability Analysis

While the controller developed using the Indirect Manifold Construction approach is stable in
simulation, more analysis is needed to choose controller gain values that guarantee stability.
The following Theorem from Narang-Siddarth and Valasek!® guarantees stability.
Theorem 1 (Stability Analysis) Suppose the control u(t, M,~, «, Q) of a system is de-
signed according to the Steps given previously. Then for all initial conditions (M,~,a, Q) €
Dy z D, Dy x Dg, the control uniformly asymptotically stabilizes the nonlinear system
and equivalently drives the internal dynamics to the o, and Q).
Theorem 1 will be proved using a Lyapunov based stability analysis. Slotine and Li
provide the following “Lyapunov Theorem for Global Stability.”®
Theorem 2 (Global Stability) Assume that there exists a scalar function V of the

state x, with continuous first order derivatives such that

o V(z) is positive definite
o V(z) is negative definite

o V(z) = 00 as ||z|]| = o

then the equilibrium at the origin is globally asymptotically stable.

For the closed loop system, the following candidate Lyapunov Function is defined.

V= S = MY 4 Ly =+ (o= @)’ + (@~ Q) (4.83)

This function satisfies the first requirement of Theorem 1 as V(x) is positive definite. The

derivative of this Lyapunov Function is shown below.

V = (M - MT)M + (7 - 77“)7 + (Oé - ar)(d - ar) + (Q - Qr)(Q - Qr) (484)

The derivative above is too complex to analytically prove negative definiteness. In order to

prove negative definiteness, all of the terms of the derivative will be bounded individually
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except for the control gains. By bounding these terms and organizing them into a matrix
and applying the Lipschitz condition, the controller gains needed to guarantee stability can

be found. The Lipschitz condition is given by Khalil as, f(x,t) satisfies the inequality

1f (2, 8) = f(E,9)l| < Lz =yl (4.85)

for all (¢,z) and (¢,y) in some neighborhood of (o, z)."

The first step in this analysis is to isolate the effects of each of the controller gains. In
order to isolate the effects of the gain K, on the sign of V, M is replaced in the following

manner. First, a new term Mp is introduced.
M|oza,.0=0, = M, (4.86)

This new term allows the explicit separation of K; from M as shown below.

(M — M,)M = (M — M,) [Mp + (M - Mp)] (4.87)

(M — M,)M = (M — M,) [—Kl(M — M)+ (M - Mp)] (4.88)

Now the remaining terms that make up (M — M,,) can be evaluated individually. These

terms are shown below.

M — M, = [cola, M) — co(a, M)] + [e1(a, M) gcosa — ¢ (., M)¢cosa,]
+ [ea(M)5, — ex(M)6,, ] + [03(1\4)53 . %(M)(Sj(] (4.89)
By evaluating the terms above over the entire flight envelope of the hypersonic vehicle, upper

bounds can be placed on the terms using linear functions. These linear bounding functions

are shown below.

[co(c, M) — co(a, M)] < by(av — ) (4.90)
[c1(a, M) pcosae — c1 (v, M) pcosar.] < ba(a — au,.) (4.91)

< bs(a — oy) (4.92)

€¢

[e2(M)5, — ex(M)3,] + [CS(M)(sz — ey(M)5?
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An example of the b; bounding function is shown in Figure 4.10. Note that the bounding
function is very conservative, and thus robust to differences between assumed dynamics and

true dynamics, imperfect state estimates, and uncertainties in aerodynamic and propulsive

curve-fits.

Cﬁ(r}: ,M) - Ca(r:kr,M]

Bounding Function |
-0.04 : : :

-15 -10 -5 0 5 10 15
otk (deg)

Figure 4.10: Bounding Function b;.

Adding the bounding functions leads to the following expression.
M — Mp < (bl + b2 + b3)(a — Oér) (493)

The expression for the (M — M,)M term of V can now be organized into a form that will

be convenient for matrix formation as shown below.
(M — M,)M = —K,(M — M,)? + (M — M,) (M - Mp) (4.94)
(M — MT)M < —Kl(M — MT)Z + (bl + b2 + b3)<Oé — O!,n)(M — MT> (495)

The process taken above for K; needs to be repeated for the remaining controller gains.

In order to isolate the effects of the gain K5 on the sign of V, 4 is replaced in the following
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manner. First, a new term -, is introduced.

"Y‘Oé:ar,Q:Qr = ;Yp (4'96)

This new term allows the explicit separation of Ky from 7 as shown below.

(Y =) =0 =) B+ (5 =9l (4.97)

(v =)y = (v = %) [ K2 (y = %) + (5 — )] (4.98)

Now the remaining terms that make up (¥ — ,) can be evaluated individually. These terms

are shown below.

Cl(a7 M) qbsina . Cl(ara M)

3 i gsinay | + [—cs(M)de + cs(M)d, |

(4.99)

T = = les(@) = esan)] +

By evaluating the terms above over the entire flight envelope of the hypersonic vehicle, upper
bounds can be placed on the terms using linear functions. These linear bounding functions

are shown below.

[c5(a) — c5(a)] < ba(a — o) (4.100)
ala, M)gbsma — Q(Lﬂémqﬁsinar < bs(a — ) (4.101)
[—c6(M)be + c6(M)de,| < bs(ar — o) (4.102)

Adding the bounding functions leads to the following expression.
’:)/ — ’:)/p < <b4 + bs + bﬁ)(Oé — CYT) (4103)

The expression for the (y — v,.)¥ term of V can now be organized into a form that will be

convenient for matrix formation as shown below.

(7 - 77”)7 = _KQ(’Y - ’yr)2 + (’7 - '77“) (7 - ’YP) (4104)

(v = %)¥ < —Ka(y = %) + (ba + b5 + b) (@ — ar) (v — %) (4.105)
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In order to isolate the effects of the gain K3 on the sign of V, & — @, is replaced in
the following manner. The first step in this process will be to replace the terms in & with

bounding functions. A new term ¢, is introduced.
dlo=q, = & (4.106)
This new term allows the explicit separation of K3 from & — ¢, as shown below.

(0 —a)d = (a—a)a,+ (@ - a) (4.107)

(a—ap)a = (o — o) [-Ks(a—a,) + (& — d,)] (4.108)

Now the remaining terms that make up (& — @,) can be evaluated individually. These terms

are shown below.

6 =, = [Q — Q]+ [es(M)S, — cs(M)3,, ] (4.100)

Evaluating the [CG(M )e — c6(M )0, w} term over the entire flight envelope of the hypersonic
vehicle, an upper bound can be placed on the term using a linear function. This linear

bounding function is shown below.
[c6(M)d. — cg(M)6., ] < br(a — ) (4.110)
The equation for (o — a.)& can now be arranged into the following form.

(0 —a,)a = —Kz(a — o) + (a — a,) (& — d,) (4.111)

(a—a)a=—Kz(a—a,.)? +br(a— ) + (0 — ) [Q — Q] (4.112)

Next the terms in a, must be replaced with bounding functions. Finding «,. is a little more

involved, as partial derivatives must be taken. The process of finding «,. is shown below.

zZ2

= _ 4.113
p— (4.113)

qS
mug 51 + mvsp6
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oo, . ooy, .

Y~

(4.114)

Gy =

oo, (—Kz(’Y - V) — PMnf:SS.]WM + 66(M)56C%,‘:l1 — 2MC7COS(’}/)M) (Zl _ ﬁ—isl + Tz_i%)

= B : 2
oM (Zl — ,Zfssl + TZiPG)

o _K . QM’USSS M o pMUsSdla M o QMUsSd252 M . QM’USSS M + QMUsSp M P
1 m 3 m e¢ m ec m 1 m 6 2

_ i 2
<Z1 - é—isl + ,Zipa)
(4.115)
da, (—MKy — cysin(y)y + M?crsin(y)75) <21 - g—isl + 7255176) — (cqc08(7)7Y) 22
= - N 2
0y (2’1 — :L_isl + Tz—ip(s)
(4.116)

The terms that make up these partial derivatives must now be bounded as shown below.

—pMuvgS

pr < bs(M — M,) (4.117)
cﬁ(M)aeg&Sl1 < bo(M — M,) (4.118)
2m
—2Mczcos(y) < bio(M — M) (4.119)
7 =—Ki(M — M,) — a5 s3 — co(M)be, — 03(]\4)53C + cdsin(y) (4.120)
2 < —K\(M — M,) + by (M — M,) + bio(M — M,) + biy(M — M,) (4.121)
21 < —Kl(M — Mr) + (bH + blg + blg)(M — Mr) (4122)
7S
29 =—MKy(y—,) — d pr+ Mcg(M)de, + cacos(y) — MZcrcos(y) (4.123)

mu,

2y < —8K5 (’7 — ’}/T) + b14(M — Mr) + b15(M — Mr) + b16(’7 — 77’) + b17(M — Mr) (4124)

29 < —8K2 (’}/ — ’)/7«) + (b14 —+ b15 -+ b17>(M — MT) + b16("}/ — ’}/T) (4125)
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(—nz‘isl 4 ﬂiim) < big(M — M,) (4.126)

_pZUSSSS < big(M — M,;) (4.127)

#%Sdlée( < bao(M — M,) (4.128)

#U‘*Sd?éfc < by (M — M,) (4.129)

(_pM03581 + pMUsSm) < ban(M — M,) (4.130)
m m

—cysin(y) < bas(y — ) (4.131)

M?czsin(7y) < bas(y — ) (4.132)

—cgco8(y) < bas(y — ) (4.133)

The partial derivatives can now be stated in the following form.
do,  (—Kaly =) + bs(M — M)A + bo(M — My) + bro(M — M) )
OM = " (“Eu(M — My) + (bay + bra + bia) (M — M) + bis(M — M)
— (=K big(M = My)M -+ ban(M — M)A + by (M = M)V + bya(M — M)A )
(=K (M = M,) + (biy + bz + biz) (M — M,) + big(M — M,))°
(=8Ks (v = ) + (bra + 615+ b17) (M — M;) + big(y — )
(=K1 (M — M) + (biy + bro + big) (M — M,) + bys(M — M,))?

(4.134)

Oa, (—=8K5 + (baz + boa) (v — 7 )¥) (=K1 (M — M,) + (b1 + bia + big + big) (M — M,))
<
Iy (—K1(M — M) + (byy + bia + bi3) (M — M,) + bis(M — M,))?

+ (bas(y = %)¥) (=8Ka (v = 72) + (bra + b15 + b17) (M — M,) + big(v — 7))
(=K (M — M) + (bi1 + big + bi3)(M — M,) + big(M — MT))2

(4.135)

These expressions can be reduced. First, the partial derivative of «, with respect to M is
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examined.

da, (=Kol =) + (bs + buo) (M — M)M + bo(M — M,))
oM = (K, + by + ba + bug + bus) (M — M,))
- (—K1 + (bug + bag -+ bay + bao)(M — MT)M>
(=K + by 4 big + by + big) (M — M,))’
(=8Ks (v — ) + (bia + bis + bir) (M — M) + big(y — 7))

(=K1 + biy + bia + bys + bys) (M — Mr))2

(4.136)

Oay, — Ko(y =) (bs + blo)M + by
oM = (=K1 + b1y + big + bz + big) (M — M,.)) " (=K1 +biy + biz + b1z + big)
N Ki(big — 8K>)
(=K1 + biy + brz + bis + bis) (M — M,.))?
<_K1(b14 + 15 + bir) + (8K2 + big) (v — ) (bio + bao + a1 + b22)M>
(=K1 + biy + biz + byz + big)*(M — M,)

((blg + bao + bo1 + 22 ) (b1 + bis + 517)M>

(=K1 + b1y + b1z + biz + big)?

_|_

(4.137)

The following bounded expression for M is needed.

M < —K\(M — M,) + (b + by + b3) (o — o) (4.138)
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da, — Kao(v — )
oM = (=K1 + b1y + big + bz + big) (M — M,.))
(bs + b1o)(— K (M — M,) + (by + by + b3) (v — ) + b
(=K1 + biy + big + biz + big)
N K (big — 8K>)
(=K1 4 b1y + big + by + bis) (M — M’r))2
— Ky (bia + b1s + bi7)
(=K1 + biy + big + biz + big)2(M — M,.)
(8K + b16) (v — V) (b1g + bao + b2y + bao) (=K1 (M — M) + (b1 + by + b3) (o — o))
(=K1 + biy + big + by + big)?(M — M,.)
(b1g + bao + a1 + b22)(b1a + bis + bi7) (=K1 (M — M) + (b1 + by + b3)(a — o))

n 4.139
(=K1 + b1y + bio + b1z + big)? ( )

_|_
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dary — Ko(y — )
OM = ((—K: + buy + biz + big + big) (M — M,))
. (bs + bro) (=K1 (M — M,))
(=K1 + b1y + big + b1z + big)
(bs + b10) (b1 + ba + b3) (o — ;)
(=K1 + big + big + byg + bis)
by
(=K1 + bin + big + byg + bis)
Ki(big — 8K3)
T K 1 b+ iz + bra + bug) (M — )
— Ky (b1 + bi5 + bar)
(=K1 4 biy + big + byz + big)*(M — M,)
(8K2 + b16) (v — 7r) (brg + bag + bar + bao) (— K1)
(=K1 4 b1y + b + bis + bis)?

+

(8K5 + b1s) (7 — ¥r) (brg + bao + bay + b22) (b1 + ba + b3) (v — o)
(=K1 + by + bio + byz + big)2(M — M,)
(b1g + bag + ba1 + ba2)(b1a + bis + bi7)(— K1 (M — M,.))
(=K1 + biy + b1z + biz + big)?

+

_|_

(b1g + bag + ba1 + baa)(b1a + bys + bi7) (b1 + ba + b3) (0 — ;)
+ - (4.140)
(=K1 + b1y + bio + biz + big)
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Now multiplying this value by M gives the following term.

3OérM KK (y =) L Ko(y — ) (by + b2 + b3)(a — ay)
<
oM (=K1 4+ b1y +big +bizs+bis)  ((—Ky + b1y + bia + b1 + bis) (M — M,.))

(bs + b10) (KT (M — M,)?) (bg + b1o) (=K1 (M — M,))(by + ba + b3)(a — )

(=K + b1y + bio + bis + bis) * (=K1 + b1y + big + b1z + big)
(b + b1g) (b1 + by + b3) (v — ) (=K (M — M,))  (bg + b1o) (b1 + b2 + b3)* (o — )
(=K1 + b1y + big + b1z + big) " (=K1 + biy + by + b1z + big)
N bo(— K (M — M,)) . by(by + by + b3) (o — ;)
(=K1 + by +bip + b1z +b1g) (=K1 + b1y + bio + b1z + bug)
N — K7 (bis — 8K3) N Ki(big — 8K3)(by + by + b3)(a — ar)
(=K1 + by + big + biz + 01g)2(M — M,) (=K1 + byy + bia + by + big)*(M — M,)?
K7 (b1 + bis + bi7) — Ky (biy + bis + bi7) (b1 + b2 + b3) (o — )

a (=K1 + biy + bia + bys + bis)? a (=K1 + biy + bia + bys + byg)?(M — M,)
(8K + b1g) (v — ) (brg + bag + bay + 522)(K12)(M — M,)
(=K1 + by + bia + bis + bis)?

(8K5 + big) (v — Vi) (brg + bag + bay + ba2) (— K1) (b1 + by + b3) (v — )
(=K1 + biy + bia + bys + bs)?

+

(8K + big) (v — ¥r) (bro + bag + bay + b2 ) (b1 + by + bs) (o — )
(=K1 + biy + big + by + big)*(M — M,)
(b1g + bao + bay + baa) (bra + bis + bir) (K1 (M — M,))?

(=K1 + biy + b1z + biz + big)?

(b1g + boo + a1 + b22) (b1 + b1s + bi7) (=K1 (M — M,.))(by + by + b3) (o — )
(=K1 + biy + biz + b1z + big)?

(b1g + boo + o1 + b22) (b1 + bis + bi7) (b1 + b2 + b3)(a — ap ) (=K1 (M — M,))
(=K1 + biy + b1z + b1z + big)?

+

+

+

+

. (b1g + bao + bar + o) (b1a + bis + big) (b1 + ba + bs)* (o — ;) (4.141)
(=K1 + biy + bia + bis + bis)? |
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In order to transition this term into a group of linear functions that will make up terms in

the bound matrix, some of the difference terms have been replaced by their maximum values
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as shown below.

304TM K1K2<")/—")/7-) N —KQ(’}/—'}/T)(bl +b2+b3)15
<
oM (=K1 4+ b1 +bia +bizs+bis) (=K + b1y + bia + b3 + bis)(4))

(bs + bio) (K74(M — M,.)) (bg + b1o) (— K1 (M — M,))(by + by + b3)(15)

(=K1 + b1y + bia + b1z + big) " (= Ky + biy + bip + biz + big)
(b + b1g) (b1 + ba + b3)(15) (=K (M — M,))  (bs + b1o) (b1 + by + b3)%(15) (a0 — ;)
(=K1 + b1y + big + big + big) " (=K1 + biy + big + biz + big)
bo(— K1 (M — M,)) by(by + by + b3)(a — )

+ +
(=K1 + by +bia+bis+bis) (=K1 + by + big + bis + big)
— K%(blﬁ — 8K2)(M — Mr) Kl(b16 — 8K2)(b1 + bQ + b3)(0[ — Oér)

+ +
(=K + biy + bia + bis + b1s)?(16) (=K1 + biy + bia + bis + bis)?(16)
K%(bm + by5 + bi7) (M — M,.) — K1 (b1a + b15 + b17) (b1 + by + b3) (a0 — )
(=K1 + biy + bia + big + b1g)?(4) (=K1 + bin + bia + bis + bis)?(4)

(8K5 4 big) (7 — 7 ) (brg + bag + bay + ba2) (K7)(4)
(=K1 + biy + b1z + biz + big)?
(8K + big) (7 — ¥r) (brg + bao + b2y + ba) (— K1) (b1 + b2 + b3)(15)
(=K1 + biy + b1z + biz + big)?
(8K + b1g) (7 — ¥ ) (brg + bao + Doy + baa) (b1 + b2 + b3)(15)
(=K1 + b1y + big + biz + big)*(4)
(b1g + bao + bar + baa) (bra + 15 + b1z ) (K74(M — M,.))

(=K1 + biy + b1z + biz + big)?
(b1g + boo + bo1 + b22) (b1a + b1s + bi7) (=K1 (M — M,.))(by + by + b3)(15)
(=K1 + biy + biz + b1z + big)?
)
(

+

_|_

+

+

(b1g + bao + ba1 + ba2)(b1a + bys + bi7) (b1 + b + bs)(15)(— K1 (M — M,.))

+
— K + b1y + big + byg + big)?

o oo b+ ) (s + s+ bar) (o + s+ bs)*15(ax — ) (4.142)
(=K1 + b1y + biz + b1z + big)? |




57

Now the partial derivative of o, with respect to v will be examined.

0o, (=8Ky + (bag + baa) (v — ¥)¥) (=K1 + big + big + big + big) (M — M,.))
<
O ((—K1 + byy + i + bug + bis) (M — M,))?

+ (b25(’7 - ’77‘)’7) ((_8K2 + b16) ('7 - ’77’) + (b14 + 615 + b17)(M — Mr))
(=K1 4 b1 + big + biz + big) (M — Mr))2

(4.143)

Oy, — 8Ko(— Ky + by + big + biz + bis)(M — M,.)
07 " (“K1 + bus + bra + bis + bis) (M — M,))?
(D23 + b2a) (v — 7)Y (=K1 + bix + biz + big + bis) (M — M)
(=K1 + byy + big + bis + big) (M — M,))?
(bas¥) (—8K + big) (v — )
(=K1 + byy + big + bis + big) (M — M,))?
N (b2s (v = %) ¥) (b1a + bis + by7) (M — MT)2
(=K1 +biy + bia + biz + big) (M — M,))

The bounded expression for 7 is needed.

7 - _KZ(/y - 77“) + (b4 + b5 —+ bﬁ)(Oé — CYT) (4145)
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8Oér_ — 8Ko(— K1 + b1 + big + biz + big)
Iy e (=K1 + b1y + big + by + big)* (M — M,)
— K (bag + bas) (v — %) (=K1 + by + bia + b1z + bis)
(=K1 + biy + bya + big + big)2(M — M,)
(bos 4 b2a) (7 — ¥r) (ba + b5 + bg) (¢ — ) (— Ky + byy + bia + big + bis)
(=K1 + biy + bya + big + big)2(M — M,.)
N (—Kabas) (8K + big) (v — 1)’
(=K1 + b1y + big + big + big)?(M — M,)?
(bas (bs + bs + bg) (o — ) ) (=85 + byg) (v — )
(=K1 + b1y + big + big + big)?(M — M,)?
N — K (bas(y — 7)?) (bra + bis + bi7)
(=K1 + biy + big + biz + big)?(M — M,.)

(b25(’y — ’yr)(b4 + b5 + bg)(oz — Oér))(b14 + b15 + b17)
(=K1 + biy + bia + byg + big)?(M — M,)

_|_

(4.146)

In order to transition this term into a group of linear functions that will make up terms in

the bound matrix, some of the difference terms have been replaced by their maximum values
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as shown below.

aOér‘ — 8K (— Ky + b1y + big + bis + bis) (M — M,)
<
vy ! (=K1 + biy + bio + biz + b15)?16

— Ko (baz + b24)15(y — v ) (— K71 + b1y + big + biz + bis)
(=K1 + bip + bia + bis + bis)?4

(bag + baa) (7 — ¥r) (ba + b5 + bg) (15)(— K1 + b1y + bia + by + bis)
(=K1 + b1y + big + biz + big)?(4)
(—K2bos) (—8 Ky + b16)225 (v — 7»)

- (=K1 + b1y + biz + b1z + b1g)?(16)
(b25(ba + bs + b6)(15)) (—8K2 + b1g)15 (v — )
(=K1 + b1y + big + b1z + b1g)?(16)

— Ko(bas(15)(y — 1)) (baa + bis + bi7)
(=K1 + b1y + big + biz + big)?(4)

(bas (v — v ) (bg + bs + b6)(15)) (b14 + bys + b17)
(=K + b1y + b1 + big + b1g)%(4)

+

(4.147)

After examining these partial derivatives of «,, the process of bounding the following

equation begins.

Oa, . Oa,
(a—ap)a, < (a—ap) 8MM+ i (4.148)
The M and 4 can be replaced using the Mp and 7, defined earlier.
. aar * ° * aaT . . .
(a— )b, < (a0 — ) ey [Mp + (M - Mpﬂ + 8_7[% + (¥ —9,)] (4.149)
, da o dovy o
(a=ar)dr < (a=ay) | gz [ <K (M = M) 4+ (M = 0, ) | 4 2 [l =) + (3 = 4]
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The (@ — a,)(é& — &) of the V equation is now given below.

day . Doy,
ot g

(a—a) (& —d,) < —Kz(a—a,)? + (@ —a,) (& — &,) — (a — ) (4.151)

In order to isolate the effects of the gain K, the final term of the V equation to be
bounded is (Q — Q,)(Q — @,). The controller has been designed such that the dynamics of

Q are as follows.

Q=—-KiQ—-Q,) (4.152)
A bounded solution is needed for Q,.
: 3Q7~M 0Q,  0Q,
=Mt 9T e (4.153)
The terms in the expression above including partial derivatives are evaluated below.
0Q; VSTt . S .
oM (—=M72) (er(er, M) gsina) + Pl psinaM — p2—ml§e¢M + M~ 2c4c05() + crcos(7)
(4.154)
o0,
o = c—j\zsz’n(fy)"y — et M sin(y)5 (4.155)
o0,
=—-K. 4.156
Oa s ( )
The terms in the expressions above can be bounded as follows.
—~M%(c1 (o, M) psina) < byg(a — ) (4.157)
t
pusSth psina < byr(a — a,) (4.158)
pusSly
om 5ew < ng(M — MT) (4159)
M~2cyc0s(7y) + creos(y) < bag(M — M,.) (4.160)
C—4$in(’y) — ez M sin(vy) < bso(y — V) (4.161)

M
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Placing these linear bounding terms into the partial derivatives gives the following equations.

Qr
OM

< bog(a — @) + bor(ar — @) M+ bog(M — M, )M + byg(M — M,) (4.162)

0Q»

57 < bso(v — 7)Y (4.163)
0Qr
5 < K (4.164)

Replacing M and 4 with their bounded approximations gives the following expressions.

9Q,

50 < bog(a — ) — Ky (M — M, )bor(cv — ) + (ba7)(by + by + b3) (o — o )?

— Klbgg(M — MT)Q -+ bgg(bl + b2 -+ bg)(a — ar)(M — MT) + ng(M — Mr) (4165)

0Q;
oy

< —Kngo(’}/ — ’}/T)Q + bgo(’}/ - ’}/r)(b4 + b5 + b6)(04 — CKT) (4166)

o0,
Jda

< —K; (4.167)

These partial derivatives must now be multiplied by M, 4, and ¢&. The result of this multi-
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plication is shown below.

%M < (by + by + b3)bos (o — a,)* — Kibog (v — ) (M — M,.)
+ K{ (M — M,)?byr (e — o) — K1 (M — M, )bor(by + by + bs3) (o — ,)?
— Ky (M — M,)(by7)(by + by + b3) (a0 — a)® + (bar) (by + by + b3)* (o — )
+ Kbog(M — M,)* — Kibog(by + by + b3)(a — o) (M — M,.)?
— Kibog(by + by + b3) (v — ) (M — M,.)? + bag(by + by + b3)* (v — . )>(M — M,.)
— Kibyg(M — M, )* + bag(M — M,)(by + by + b3)(a — o) (4.168)
Q.

W < +K22b30(’7 - ’YT)S — Kabso(bs + bs + bg) (v — ) (v — ’Yr)2

— Kabso(v — 7)(ba + bs + bg) (o — ) + bso(y — 7 ) (ba + bs + bg)* (o — a)*  (4.169)

0Q,
oo

In order to transition the terms into a group of linear functions that will make up terms in

& < (K3 — Ksbr)(o — ) — K3 [Q — @] (4.170)

the bound matrix, some of the difference terms have been replaced by their maximum values

as shown below.

Qy
oM

M < (by + by + bg)bos15(a — o) — Kybogg(ar — ) (4)
+ K74(M — M,)byr(15) — K1 (4)bor(by + by + b3)15(a — a,)
— K1 (4)(bar) (b1 + by + b3)15(ac — ) + (bar) (by + ba + b3)?225(a — )
+ Kibs16(M — M,) — K1bag(by + ba + b3)(15)(4)(M — M,)
— Kibos(by + by + b3)(15)(4) (M — M,) + bas(by + by + b3)*(15) (a0 — o) (4)

— K1b294(M — Mr) + b29(4) (bl + bg + bg)(Oé — Oér) (4171)
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OQr
a—7f7 < +K§b30(225)(7 — %) — Kabso(by + bs + b6 ) (15)(15) (v — v»)

— K2b30(15)(’}/ - ’)/T)(b4 + b5 + bﬁ)(15) + b30(15)(b4 + b5 + b6)2(15)(06 — Oér> (4172)

The final bounded term is as follows.

(Q - Qr)(@ - QT) < _K4(Q - Qr)2 - (Q - QT‘)QT‘ (4173)

The scalar V function can be organized into the following matrix form.

|M_Mr‘

' BOUND el
V< |M_M7"| ‘7_77“ |Oé—Oér| |Q_Qr| | |
a — Q)

L |Q_Qr| |
(4.174)
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The entries of the bound matrix are given below. Each entry that is not listed is zero.

BOUND(1, 1) = —K, (4.175)
(b1 + by + b3)
BOUND(2,1) = — (4.176)
BOUND(1,2) = BOUND(2,1) (4.177)
BOUND(2,2) = —K, (4.178)
BOUND(L, 3) (bg + b1o) (AK? — 30K (by + by + b3) — K1by) (4179
T 2(— K1 + b1y + big + byg + bis) '
) K2(by — 8K>) K3 (b1 4 bys + b17)
32(—Ky + byp +big + b13 + b13)?  8(—Kq + b1y + big + b3 + b1g)?
(4.180)
4K32(byy + bis + bi7)(b1g + bag + bay + bag)
- (4.181)

2(— K7 + b1y + big + b1z + big)?

15K, (b1 + by + b3)(b1a + b1s + b17) (big + bag + bay + ba2)
+ - (4.182)
(=K1 + biy + bia + byg + bis)

N 8Ky (— Ky + byy + bia + big + bis) (4.183)
32(— K1 + b1y + biz + b1z + big)? .

BOUND(3, 1) = BOUND(1, 3) (4.184)




(bi+bs +bg) 4K Ky — 15K (by + by + by)
BOUND(2,3) = 2  8(—Ky + by + bia + bz + bis)
4K (8K + big) (b1g + bag + Doy + bao)
2(—K; + by + big + big + big)?
15K (8K + big) (big + bag + ba1 + ba) (b1 + by + b3)
2(— K7 + byy + bio + b1z + big)?
15(8 K5 + b1g) (b1g + b2 + bay + baz) (by + ba + b3)
- 8(—K1 + b1y + bio + biz + big)?

15K 5(ba3 + bag) (=K1 + bin + biz + b1z + big)

8(—K1 + by + bia + bis + b1g)?

15(by + bs + bg) (bag + bag) (— K + b1y + b1a + b3 + big)

8(—Ki + b1y + bia + big + bis)?
(225K3by5) (—8 Ky + big)
* 32(— Ky + b1y + big + big + bis)?
(225b95(bs + bs + bg) ) (—8 K2 + bi)
 32(— Ky + byy + big + g + big)?
N (15K5b25) (bia + bis + biz)
8(— K1 4 b1y + bia + b1z + big)?
(15b95) (bs + bs + bg) (bra + b1s + bi7)
8(—K1 4 b1y + bia + b1z + big)?
BOUND(3,2) = BOUND(2, 3)
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(4.185)

(4.186)

(4.187)

(4.188)

(4.189)

(4.190)

(4.191)

(4.192)

(4.193)

(4.194)

(4.195)
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15(bs + b19) (b1 + by + b3)? + bg(by + by + b3)
2(=Ky + biy + b1z + b1z + big)

Ki(big — 8K3) (b1 + by + b3) K (big + bis + b17) (b1 + by + b3)

- 32(— K1 + biy + big + b1z + big)? * 8(— K1 + b1y + b1z + b1z + big)?

BOUND(3,3) = —Kj + by — (4.196)

(4.197)

15(by + by + 63)2(514 + bis + bi7) (brg + bao + by + ba2) (4.198)
2(— Ky + b1y + bia + bys + b1sg)? '

— (b1 + by + b3)15b9g + K1bog + 120K1b27(by + bo + b3) (4.199)

+ 225bg7(by + by + b3)? — 60bog(by + by + b3)? — 4bag(by + by + b3)  (4.200)

— 60K 2byr — 16K by

BOUND(1,4) = 5 (4.201)
4K 1byg
== +60Klbgg<bl + b2 + bg) + 9 (4202)
BOUND(4,1) = BOUND(1, 4) (4.203)
— 225K2by
BOUND(2,4) = ——————+ 225K5b30(bs + b5 + b) (4.204)
BOUND(4,2) = BOUND(2, 4) (4.205)
1 (bl + b2 + b3>15b26 + KleG + 120K1b27(b1 + bz + bg)
BOUND(3,4) = - - 5 (4.206)
225Dbo7(by + by + b3)? — 60bog (b1 + b + b3)? — 4bag(by + by + b3)
+ 5 (4.207)
225b30(by 4 bs 4 b)? K2 — Ksby )
— — 2
5 5 (4.208)
BOUND(4, 3) = BOUND(3, 4) (4.209)
BOUND(4,4) = —K, — K (4.210)

Controller gain values can be chosen to make the [BOUND] matrix negative definite,

ensuring that V < 0 and satisfying the second condition of Theorem 2. This section results
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in Theorem 3.

Theorem 3 (Stability Guarantee) Suppose the controls §. and ¢ are designed accord-
ing to the feedback relations given using the Indirect Manifold Construction approach, and
feedback gains are chosen to ensure the bound matrix given is negative semi-definite. Then
for initial conditions in the operating region (M,~,a,Q) € Dy x Dy x Dy x Dg, the con-
trol uniformly and asymptotically stabilizes the non-minimum phase model and equivalently

drives the states M — M, and v — 7,, keeping all states and control inputs bounded.
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Chapter 5
CONCLUSION

In this thesis, a nonlinear controller for an air-breathing hypersonic vehicle was developed
using the Indirect Manifold Construction approach. The model used in this thesis is one of the
highest fidelity models currently present in the literature. The challenges of controlling such
a vehicle include the system’s unstable zero-dynamics. This non-minimum phase behavior
prevents the use of many standard nonlinear control techniques. The hierarchical control
design used in the Indirect Manifold Construction approach allows the system’s outputs
to be driven to reference commands while ensuring the stability of the system’s internal
dynamics. The controller designed in this thesis asymptotically stabilizes the non-minimum
phase model while keeping all states and control inputs bounded.

Future work in this area may include determining the controller’s exact quantitative
robustness to uncertainties in the aerodynamic and propulsive forces as well as imperfect
state measurements. Also, a control input derivative limiter for smoother control inputs and

less excitation of the system’s internal states could be implemented.
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