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Abstract
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Associate Professor Sham M. Kakade
Paul G. Allen School of Computer Science and Department of Statistics

Tremendous advances in large scale machine learning and deep learning have been powered
by the seemingly simple and lightweight stochastic gradient method [99]. Variants [103,[04] of
the stochastic gradient method (based on iterate averaging) are known to be asymptotically
optimal (in terms of predictive performance). This thesis examines non-asymptotic issues
surrounding the use of stochastic gradient descent (SGD) in practice with an aim to achieve
its asymptotically optimal statistical properties. Focusing on the stochastic approximation

problem of least squares regression, this thesis considers:

1. Understanding the benefits of tail-averaged SGD, and understanding how SGD’s non-

asymptotic behavior is influenced when faced with mis-specified problem instances.

2. Understand the parallelization properties of SGD, with a specific focus on mini-batching,
model averaging and batch size doubling. Can this characterization shed light on al-
gorithmic regimes (for e.g. largest instance dependent batchsizes) that admit linear
parallelization speedups over vanilla SGD (with a batch size 1), thus presenting useful
prescriptions that make best use of our hardware resources whilst not being wasteful
of computation? As a byproduct of these results, can we understand how the learning

rate behaves as a function of the batch size?



3. Similar to how momentum/acceleration schemes such as heavy ball momentum [92],
or Nesterov’s acceleration [85] improve over standard batch gradient descent, can we
formalize improvements achieved by accelerated methods when working with sampled
stochastic gradients? Is there an algorithm that achieves this improvement over SGD?
How does deterministic accelerated schemes such as heavy ball momentum, or say,

Nesterov’s acceleration work when used with sampled stochastic gradients?

4. This thesis considers the behavior of the final iterate of SGD (as opposed to a majority
of efforts in the stochastic approximation literature which focus on iterate averaging)
with varying stepsize schemes, including the standard polynomially decaying step-
sizes [99, 103, O4] and the practically preferred step decay scheme, with an aim to
achieve minimax rates. The overarching goal of this section is to understand the be-
havior of SGD’s final iterate owing to its widespread use in practical implementations

for machine learning applications.

Alongside the theory results that focus on the least squares regression, this thesis examines
the general applicability of various results (in a qualitative sense) towards the problem of
training multi-layer deep neural networks on benchmark datasets, and presents several useful

implications when training deep learning models of practical interest.
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GLOSSARY

MLE: Maximum likelihood estimator (or, estimation).
ERM: Empirical risk minimizer (or, minimization).
SGD: Stochastic gradient descent.

HB: Heavy ball (momentum) method.

NAG: Nesterov’s accelerated gradient method.

ASGD: Accelerated stochastic gradient method.

LSR: Least squares regression.
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Chapter 1
INTRODUCTION

Stochastic Gradient Descent (SGD) is the workhorse learning algorithm that drives the
advancements in modern machine learning and artificial intelligence applications. Developed
in the 1950’s by the work of [99], SGD and its variants based on iterate averaging [103], [04]
have been shown to be (asymptotically) optimal in a precise statistical sense [83] [04] [T,
96], [120, chap. 5,7,8]. The benefits of SGD (in terms of generalization) for modern large scale
Machine Learning and the associated benefits stemming from computation-statistics tradeoffs
was highlighted in the influential work of [12]. In fact, tremendous advances stemming from
modern Deep Learning models, started in part from the breakthrough work of [61] has been
driven at its core by variants of SGD. From an overwhelming perspective of modern large
scale machine learning and deep learning research, SGD’s impact has indeed been immense
and central towards the development of superior downstream technology powered by these
models. Despite various successes in practice, SGD’s understanding in its current forms poses
several striking limitations including issues such as (a) slow convergence, (b) excessive manual
tuning on every problem with a view to extract best performance out of a given machine
learning model, and (c) how best to parallelize SGD and make best use of our burgeoning
supply of computing resources without being wasteful in terms of computation. This thesis

undertakes a study into the above issues through the following two-pronged approach:

e precise quantitative results that presents an understanding of the behavior of SGD

through optimizing the streaming least squares regression objective, and

e quantitative characterization of the above results generalizing to more complicated

problems involving training near state-of-the-art modern deep learning models.



Through this approach, this thesis makes progress on resolving the three issues (described
above) that plague SGD’s ease in deployment (in practice). The specific contributions of

this thesis is summarized as follows:

e Understanding the generalization properties of SGD’s variants including tail (i.e. suf-
fix) averaged SGD, and presenting a non-asymptotic characterization of how SGD’s
generalization properties is affected by model mis-specification, which, clearly bears

much relevance to every SGD implementation in practice.

e Understanding parallelization properties of SGD’s variants, and in particular, present-
ing a precise treatment of three parallelization schemes (which present varying degrees
of computation/communication tradeoffs) namely, mini-batching, model averaging and
batch size doubling. This characterization sheds light on regimes when these schemes
offer linear parallelization speedups, thus enabling best use of our computing infras-
tructures whilst retaining computational efficiency. A by-product of this result yields
sharp problem dependent characterization of the largest batchsize that offers linear

parallelization speedups, and tradeoffs involving learning rate versus batchsize.

e Developing Accelerated SGD, a method that presents a strict running time improve-
ment over SGD to obtain minimax rates for the stochastic approximation problem of
least squares regression, and thus yielding the first running time improvement over the
standard Kaczmarz method [58] [I15] for solving a system of consistent linear equa-
tions when presented with access to one equation at a time. This thesis also sheds
light (from both theory and empirical perspectives) on the behavior of heavy ball mo-
mentum [92] and Nesterov’s acceleration [85] when working with sampled stochastic
gradients. This is supplemented with detailed and systematic experiments that as-
certains the performance improvements offered by accelerated SGD over heavy ball
momentum /Nesterov’s acceleration /standard SGD for practically applicable problems

involving training the current generation of deep neural networks.



e The final contribution of this thesis involves understanding the behavior of the final
iterate (as opposed to using iterate averaging) of SGD (with a view to obtain minimax
rates) using both standard polynomially decaying stepsizes [99, [04] as well as the prac-
tically widely used step decay learning rate schedule. This result presents reasons that
support the use of the stepdecay schedule and presents implications that sheds light
on deploying variants of SGD that are amenable towards achieving strong performance
with limited manual tuning. Empirical results corroborating with the theoretical con-
tributions indicate performance benefits offered by using the step decay schedule for

training modern deep neural networks.

The main contributions of this thesis serves to not only supplant our (theoretical) un-
derstanding of SGD in a way that aligns stochastic approximation theory to mirror SGD’s
behavior in practice; it also follows up with developing learning methods and procedures that
are not manually intensive and are strictly easier to deploy in practice for machine learning

and deep learning problems at scale.



Chapter 2
BACKGROUND

Much of the recent progress in Machine Learning has been set in the context of Super-
vised Learning. In the setup of Supervised Learning, the learning Algorithm is provided with
a “training” set of n input-output pairs denoted as S,, = {x;, y; }",, with x; € X C R? being
the inputs/features/covariates and y; € ) representing the targets/predictor variables. Typ-
ically, it is assumed that the inputs and outputs are drawn from some (unknown) probability

distribution D. Now, it is possible that the set ) could either be:

e Discrete, which is the case with classification problems, where y; are categorical.

e Continuous, which is typically the case with regression problems, where y; are contin-

uous real valued.

Supervised Learning involves learning a predictor g(-) that maps inputs x € X to outputs
y € Y. The learning procedure involves searching for the mapping function g : X — ) from
the set of all possible functions, which is denoted by G. An example of a predictor function
g(+) could be a linear predictor i.e. ¢g(x) = w'x, where w are the model parameters.

Another example suited to the modern context is a deep learning model where g(z) =

hy(Wihi—1(Wi—1...h1(W1X)...)) where h; are non-linearities and w; are model parameters.
2.1 Types of Risk: Sample and Population

The best function gpest(-) € G is one that minimizes a criterion (also referred to as risk/
loss/ objective function). The criterion function provides a measure of mismatch between
the predictions g(x) and the true values y on the samples (x,y) ~ D. Two popular examples

of the criterion function are:



e The log loss, used when y; € {—1,1}: {(y, g(x)) = log(1 + exp(—yg(x))).
e The square loss, as commonly employed in regression with £(y, g(x)) = 3(y — g(x))*.

Among the types of risk that we can consider optimizing, there exist at least two variants
of interest: (i) The training/empirical /in-sample risk and (ii) The testing/population/out of

sample risk; these are defined below.

2.1.1  Sample/Empirical Risk

The training risk (or) the training loss of an estimation procedure that returns an estimate

g € G of the “true” mapping function is defined to be:

Ru() 3 U 9(x0). 2.1)

In particular, this is the loss on the training set S,, given to the learning algorithm. Note that
the training loss is computable exactly since we have access to the training set S,,. Often, we
optimize the empirical risk R, (g) weighted by a regularizer €2(g) which promotes obtaining

a parsimonious solution (for e.g., measured by a Hilbertian norm).

2.1.2 Population Risk

The testing risk (or) the testing loss of an estimation procedure that returns an estimate

g € G of the “true” mapping function is:

def
R(g) = Ey)~p [0y, 9(x))] . (2.2)
All of Machine Learning revolves around the quality of the predictions offered by a mapping
function on an unknown instance (x,y) ~ D that is not seen as a part of the learning process;
this emphasizes the importance of controlling and minimizing the testing error. Note that
unlike the training error, the test error is not exactly computable since we do not have access

to the distribution D from which the data is drawn.



2.2 Linear Least Squares Regression

T

In this thesis, all our (theoretical) discussions consider the case where § = g(x) = w'x, and

T4 )\2

the square loss case, i.e., {(y,y) = %(y —g)? = %(y —w x)° In this case, we express the

empirical risk for a set of samples S, = {x;, y;}I; in the following manner:

Bu(w) = — 3 (g — wTxi)? 23)

2n 4
=1

In a similar manner, we can express the population risk as:

R(w) = % E(xy)~D [(y - WTX)Q} ) (2.4)

2.3 Estimation and Approximation Error

Considering the objectives written out in equations , , we will define estimation
and approximation error, and for this purpose, we require the definition of a minimizer of
the empirical and population risk. For starters, let us begin by defining the Hessian H of
the population risk in equation ([2.4):

HY Exp, [XXT} : (2.5)

Let us assume that the Hessian H is invertible, i.e., H > 0 (where, > represents the Lowener
ordering). This implies the objective in equation (2.4)) is strongly convex and admits a unique
minimizer w*, i.e.,

w* < arg min R(w). (2.6)

wcRd

A crucial quantity of interest in characterizing the underlying estimation problem is the noise
covariance matrix Y, and this is expressed as:

>« Exgop [(y — (W*,x))*xx"] . (2.7)

In a similar manner, considering the empirical risk in equation (2.3)), denote the empirical

Hessian to be H,, and the empirical risk minimizer (ERM) over samples S,, to be w:

det 1 & T
P (2.9



WERM © arg Vrvrélﬂgd R, (w). (2.9)

Let w be a hypothesis returned through an estimation procedure. The excess risk of this

hypothesis is defined as:

R(W) — R(w") = R(W) — R(w})+ R(w}) — R(w"). (2.10)
Optimiz;trion Error Estimaagn Error

The estimation error captures several facets of the underlying learning problem, and this
includes issues such as (a) noise: Consider the case when the model is well specified (also
referred to as the additive noise case). In this situation, the empirical risk minimizer has a
risk that is larger than the population risk minimizer by an amount that is related to the
variance of the distribution over the output y conditioned on a given input x. For example,
in the case of linear least squares regression, ERM can be thought of as maximum likelihood
estimation (MLE) under a Gaussian noise model. In particular, solving for the ERM is
equivalent to the statistical model y ~ N ({w* x),0?) for samples (x,y) ~ D. (b) model
mismatch: This is the situation when the model is not well specified (also referred to as the
non-realizable case). More specifically, this is the case when the data is generated from a
parametric model class that is different from the one that is being optimized over. In the
context of least squares, a characteristic of model mismatch is when there exists dependencies
between the error y — (w*,x) and the input x. The optimization error can be viewed as
error stemming from not computing the exact optimizer of the (possibly) empirical risk given

samples §,, using the learning algorithm.

2.3.1 Minimaz Rates of Estimation

At the heart of the parameter estimation problem underlying supervised learning (which can
be interpreted as Maximum Likelihood Estimation with an appropriate noise model), it is
crucial to understand a lower bound on the approximation error for any learning algorithm
with access to n samples from the distribution D. Given implications of the approximation

error on the generalization error bound and the impact of approximation error on issues such



as model mismatch and the variance inherent even in a well specified model, a lower bound
is very valuable towards selecting a learning algorithm suited to the problem at hand. Before

—

going over this (minimax) lower bound, we require the definition of the noise variance o3 p:

oZn S Tr (H'S) . (2.11)

In the case of well specified models, (y — (w*, x)) is independent of x, thus
L =E[(y— (w"x))’xx'| =c°H,

where, 02 = E[(y — (w*,x))?]. This implies that for the special case of well specified mod-
els, ‘7/1%/1; = do?. Given n samples from the distribution D this minimax statistical rate
is % /n [, B3] [64, chap. 5,10,11]. This minimax rate sets a baseline for any learning
algorithm to compete in: in particular, regardless of the rates offered by any optimization
algorithm on say the empirical risk (equation (2.3])), the rate on the generalization error can
never be improved beyond this minimax rate.

It is known that under certain regularity conditions employed in Statistics literature,
given n samples S,, from the distribution D, the Maximum Likelihood Estimator (or the

Empirical Risk Minimizer) achieves this statistical minimax rate, in the limit of large n [62]

chap. 1,3,6], [120, chap. 5,7,8], [69, chap. 5 — 6], i.e.:

lim Eon (Wi - W) _ (2.12)

n—oo 2
o MLE/ n

where, the expectation is over all possible n samples S,, drawn from the distribution D. It
is important to note that this result is a rather general result as it holds for a broad class of
models in the agnostic setting (i.e. as in the case of model mismatch).

In several situations, the ERM (computed upto machine precision) satisfies equation
and hence it is a natural idea to optimize for the empirical risk represented by equation
since it possesses favourable statistical properties. This motivates the study of offline opti-

mization, which aims to optimize the function in equation ({2.3)).



2.4 Offline optimization

In the study of minimization methods for problem , first order methods, which access
a function to be optimized using its gradient information has formed the cornerstone of
modern machine learning and optimization. In this section, we review convex optimization
methods that employ an exact first order oracle [83, [86]. The basic and the most popular
method in this category is Gradient Descent [I8]. Gradient Descent makes progress on the

objective (2.3) by following the direction of negative gradient, i.e.:
Wi = Wi — UVRn(Wt—l)-

with n > 0 being the learning rate. Note that the computation of the full exact (batch)
gradient VR, (w;_;) requires O(nd) computation. Now, to understand the computational
effort needed to attain an e-accurate solution, we begin by defining the condition number &,

of the optimization problem in equation (2.3]).

- )\maX(Hn)
o )\min(Hn) '

where, A\pax and Ay, are the largest and smallest eigenvalues of the Hessian H,, (introduced
in equation ({2.8])). Under an appropriate choice of the learning rate, «,log(1/¢) iterations of
Gradient Descent are required to achieve e-accuracy to the minimization problem. This is
known to be suboptimal amongst the class of methods with access to a first order oracle [86].
The total computational effort of Gradient Descent to achieve e-accuracy is O(ndk, log(1/¢)).

The suboptimal behavior of Gradient Descent has been addressed through the devel-
opment of fast gradient methods such as Conjugate Gradient Method [4§] (for a linear
system), the Heavy Ball method [92] (for quadratic objectives), the Accelerated Gradient
Descent Method [85] (general smooth convex functions). These methods reduce the &, to
V/Fo iterations, i.e., they require O(,/k,log(1/e€)) iterations to achieve an e-accurate solu-
tion, which is known to be optimal amongst the class of methods with access to an exact

first order oracle [86]. This implies fast gradient methods have a computational effort of

O(nd,/k,log(1/¢)) to achieve e-accuracy.
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The multiplicative coupling of the condition number &, (or y/k,) and the number of data
points n in the complexity bounds for Gradient Descent and its accelerated variants renders
it unsuitable for modern large scale machine learning. In particular, modern large scale
machine learning has seen an upsurge in the number of data points n and the condition
number for several practical problems could be as large as O(n); a multiplicative coupling
of these quantities leads to super linear running time in the number of data points n, which
is often infeasible for modern large scale problems.

A recent upsurge of offline stochastic methods has seen the development of several variants
of the sub-linearly convergent Stochastic Gradient Descent (SGD) [99, 97]. These variants
offer linearly convergent algorithms that allow for the coupling between n and k, to be
additive as opposed to multiplicative; in essence, this leads to nearly linear (in n) running
time for these methods. Amongst these are SDCA [108], SAG [101], SVRG [57], SAGA [24],
and these have running time guarantees that resemble O((n + £,) - dlog(1/€)), with &,
representing a dependence on the trace of H,, as opposed to its spectral norm. These methods
have been followed up with their accelerated variants such as [109, [34] [72, 23] 2] and these
accelerated variants possess improved running times of O((n + /n#,) - dlog(1/€)f}] These

running times have been shown to be nearly optimal through the work of [124].

2.5 Stochastic Approximation

The seminal work of [99] introduced the problem of stochastic approximation (which is ex-
pressed as a variant of the problem expressed in equation E[) and proposed a method
to solve the stochastic approximation problem. The method they introduced to solve the
stochastic approximation problem is popularly termed as Stochastic Gradient Descent (SGD),

which moves from an iterate w; to wy, 1 using an unbiased estimate of the gradient ﬁ%(w)

! Accelerated variants thus indicate improvements only in situations when n < &,

2[99] motivated the problem as searching for the root of a function whose evaluations can be carried out
in an unbiased but inexact manner. Such a view can be employed for the problem in equation (2.2)) where
we search for an iterate w where the gradient of the population risk vanishes, i.e., VR(w) = 0.
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evaluated at w = wy, i.e.,
Wiyl = Wy — ”ykﬁ(wk), where, ﬁ%(wk) = VR(Wg) + €xs1

with E [ex11|Fx] = 0, Fr being a filtration formed using events leading to wg. {7k }i>1
is a sequence of decreasing step sizes satisfying certain properties. A breakthrough in the
context of stochastic approximation appeared through the works of [103] [94] and this was
through understanding the properties of a certain iterate averaged version of SGD. They
proved that under certain regularity conditions, in an asymptotic sense, iterate averaged
SGD converges in distribution to the MLE. What this implies in particular is that the excess
risk of the iterate averaged SGD estimator achieves the minimax optimal statistical risk that
is satisfied by the MLE (equation (2.12))) [62, chap. 1,3,6], [69, chap. 5 — 6], [120, chap.
5,7,8]. Furthermore, iterate averaged SGD [103], 04] allowed for the use of a larger step size

sequence {7 tr>1 compared to the results of [99].

Before moving to issues relating to non-asymptotics of stochastic approximation, we
will make a digression here with regards to highlighting other notions of optimality studied
in the literature of adaptive signal processing/control theory with regards to the behavior
of stochastic gradient descent (which is referred to as the least mean square (LMS) algo-
rithm [122]). In particular, it is known that the LMS algorithm is robust (and optimal)
in a H> sense [44], i.e., small disturbances (i.e. noise) and modeling errors (defined in an

appropriate sense) provably leads to small estimation errors.

In order to progress towards developing a non-asymptotic understanding of Stochastic
Approximation, we require grounding the information that we can access in the context of an
oracle model, in a similar manner to how we understood the behavior of (offline) Gradient
Descent and other fast Gradient methods. For starters, let us consider the least squares
population risk expressed in equation . In the context of Stochastic Approximation, we
are provided with an access to a stochastic first order oracle, which when queried at any

iterate w, samples a tuple (x,y) ~ D and returns an unbiased estimate of the gradient of



12

the objective (12.4]) using this sample:
VR(W) = —(y — (w,x)) - X Egxyen [VAR(wﬂ — VR(w). (2.13)

This oracle model represents the information that is accessed by practical implementations
of stochastic gradient descent. Differences between this oracle model and other theoretically
useful first order stochastic oracles [83], [80] is detailed in subsequent sections.

As a final note, the excess risk of an estimation procedure (say, SGD) used for the
Stochastic Approximation problem is composed of two components [B, [7, B5]: (i) the bias
error, which relates to the dependence of the risk on the initial conditions (for example, the
excess risk of the starting iterate wg). The bias error typically dominates the non-asymptotic
behavior of SGD, and (ii) the variance error, which relates to the error introduced owing to
the use of the stochastic first order oracle. The variance error is typically leading order and

associated with statistical /information theoretic lower bounds [83, [1].
2.6 Stochastic Approximation and its suitability to Large Scale Learning

As mentioned before, minimizing the test error (or) the generalization error is key towards
the success of Machine Learning. One wave of Machine Learning considered the Empirical
Risk Minimization framework (say, equation , or in particular, equation ([2.3))) as a gold
standard to progress towards minimization of the generalization error, owing to the favorable
statistical properties of the MLE (equation (2.12))). However, an exact solution, say to the
problem in equation (2.3) requires a computational cost of O(nd* + d*), where w is the
matrix multiplication exponent, and O(d?) storage thus being impermissible for large d. In
general, exact (machine precision or like) solutions to the ERM problem tends to require
super linear dependence on computation or storage (for example, to solve the Newton step
once or multiple times) making them infeasible for modern problems.

Granted, a wave of recent progress in the large scale offline optimization literature (as de-
tailed in section has allowed for the development of algorithms with near linear running

times in the number of data points n. However, it is unclear how to connect these develop-
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ments on achieving e-accurate solutions to the ERM to generalization without resorting to
upper bounds. Note that any rate proven in terms of the empirical risk (equation (2.3)) does
not naturally translate to rates on the population risk (equation (2.4)). In particular, for
such a translation to occur, there need to be additional arguments regarding concentration
of the empirical risk, a new generalization error analysis translating the training error to the
test error. Moreover, it is not clear how the condition numbers of problem in equation
and equation are related. A final, but crucial aspect of methods described in section
is that they require for the entire dataset to be stored in memory, and for multiple passes
(in particular, log n passes) to be taken over this dataset stored in memory. Refer to [35] for
more details.

While these issues with the ERM framework seem rather fundamental, it is fortunate
that the aim in Machine Learning is in minimizing the generalization error. This allows us
to consider approaches that optimize directly this quantity of interest. Knowing the fact
that there exists fundamental minimax lower bounds on the generalization error [4l, 33] [64]
chap. 5,10,11], and given the issues (highlighted above) with the ERM framework, it is
prudent to focus more on achieving this statistical accuracy on the testing risk as opposed
to solving the ERM problem to numerical precision. This clearly indicates the relevance
of the stochastic approximation framework that aims to optimize the quantity of interest,
say, in equation or equation . Moreover, algorithms such as SGD are single pass
streaming methods and do not require storing an entire dataset in memory, which is well
suited to large scale machine learning problems. These observations and the relevant issues

of computation-statistics tradeoffs was highlighted in the work of [12].
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Chapter 3

TAIL-AVERAGED SGD: PARALLELIZATION VIA
MINI-BATCHING, MODEL AVERAGING AND BATCHSIZE
DOUBLING

3.1 Chapter Notes

This chapter presents joint work with Prateek Jain, Praneeth Netrapalli, Sham M. Kakade
and Aaron Sidford and is published in the Journal of Machine Learning Research (JMLR),
2018. This chapter’s presentation is a (very minor) variant of the published version of this

paper. The contributions of this chapter are summarized as follows:

e This chapter establishes the benefits of tail-averaging (also known as suffix averag-
ing) using the bias-variance decomposition in the context of stochastic approximation,

through an illustrative instance of streaming strongly convex least squares regression.

e This chapter presents a precise characterization of the advantages of mini-batch SGD,
in terms of the parallelization benefits offered over SGD with a batch size 1, both when
the bias is the dominating source of error (at the start of learning, when the error
sharply drops) and when the variance is the dominating source of error (when the
error bounces around). A byproduct of this analysis indicates how the learning rate
must be set as a function of the batchsize, presenting guidelines to practitioners when
using mini-batching (which is the most ubiquitously used form of parallelization). The
chapter also presents a precise view into how mini-batching works with and without

iterate averaging.

e This chapter establishes a precise characterization of model averaging, which involves

running several instances of SGD in separate machines, and averaging the results of
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these runs once (at the end of optimization); such procedures are meaningful alter-
natives in situations when communication between various processors is deemed very

expensive.

e This chapter then considers the role of model mis-specification and when consider-
ing linear regression problem instances where the noise in each example need not be
bounded. Such results presents a clear insight into the generalization behavior of SGD
in these (realistic) settings, and results in this direction are original to the best of our

knowledge.

e A final contribution of this chapter is in developing an SGD based batchsize dou-
bling approach that offers the same generalization error (after nearly the same number
of serial updates) as batch gradient descent, thus presenting a highly parallelizable
streaming algorithm that competes with batch gradient descent on every least squares

problem instance.

3.2 Introduction and Problem Setup

With the ever increasing size of modern day datasets, practical algorithms for machine
learning are increasingly constrained to spend less time and use less memory. This makes
it particularly desirable to employ simple streaming algorithms that generalize well in a few
passes over the dataset.

Stochastic gradient descent (SGD) is perhaps the simplest and most well studied algo-
rithm that meets these constraints. The algorithm repeatedly samples an instance from the
stream of data and updates the current parameter estimate using the gradient of the sam-
pled instance. Despite its simplicity, SGD has been immensely successful and is the de-facto
method for large scale learning problems. The merits of SGD for large scale learning and

the associated computation versus statistics tradeoffs is discussed in detail by the seminal

work of [12].
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While a powerful machine learning tool, SGD in its simplest forms is inherently serial.
Over the past years, as dataset sizes have grown there have been remarkable developments in
processing capabilities with multi-core/distributed/GPU computing infrastructure available
in abundance. The presence of this computing power has triggered the development of
parallel /distributed machine learning algorithms (|76} 130} [15] [90L [7T], 129]) that possess the
capability to utilize multiple cores/machines. However, despite this exciting line of work, it
is yet unclear how to best parallelize SGD and fully utilize these computing infrastructures.

This chapter takes a step towards answering this question, by characterizing the behavior
of constant stepsize SGD for the problem of strongly convex stochastic least square regression
(LSR) under two averaging schemes widely believed to improve the performance of SGD.
In particular, this chapter considers the natural parallelization technique of mini-batching,
where multiple data-points are processed simultaneously and the current iterate is updated
by the average gradient over these samples, and combine it with variance reducing technique
of tail-averaging, where the average of many of the final iterates are returned as SGD’s
estimate of the solution.

In this chapter, parallelization arguments are structured through the lens of a work-depth
tradeoff: work refers to the total computation required to reach a certain generalization
error, and depth refers to the number of serial updates. Depth, defined in this manner, is a
reasonable estimate of the runtime of the algorithm on a large multi-core architecture with
shared memory, where there is no communication overhead, and has strong implications for

parallelizability on other architectures.

3.2.1 Problem Setup and Notations

We use boldface small letters (x,w etc.) for vectors, boldface capital letters (A, H etc.)
for matrices and normal script font letters (M, U etc) for tensors. We use ® to denote the
outer product of two vectors or matrices. Loewner ordering between two PSD matrices is
represented using >, <.

This chapter considers the stochastic approximation problem of Least Squares Regression
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(LSR). Let L : R? — R be the expected square loss over tuples (x,y) sampled from a
distribution D:

L(w) = - Egeyponl(y — (w.x))*] ¥ w € R, (3.1)

DN | —

Let w* be a minimizer of the problem (3.1). Now, let the Hessian of the problem ({3.1]) be

denoted as:
def —92 T
H= VL(w)=E [xx'].

Next, we define the fourth moment tensor M of the inputs x as:

/\/ldéfIE[x@)X@x@X].

Let the noise €x , in a sample (x,y) ~ D with respect to the minimizer w* of (3.1]) be denoted

as:
def
Exy = y — (W*, x).

Finally, let the noise covariance matrix 3 be denoted as:

The homoscedastic (or, additive noise/well specified) case of LSR refers to the case when ey,
is mutually independent from x. This is the case, say, when ey, sampled from a Gaussian,
N(0,0%) independent of x. In this case, 3 = 0?H, where, 0? = E [¢?], where the subscript
on €y, is suppressed owing to the independence of € on any sample (x,y) ~ D. On the other
hand, the heteroscedastic (or, mis-specified) case refers to the setting when ey, is correlated
with the input x. In this chapter, all our results apply to the general mis-specified case of

the LSR problem.

Assumptions

We make the following assumptions about the problem.
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(A1) Finite fourth moment: The fourth moment tensor M = E [x®?] exists and is finite.

(A2) Strong convexity: The Hessian of L(-), H =E [xx"] is positive definite i.e., H - 0.

(A1) is a standard regularity assumption for the analysis of SGD and related algorithms.
(A2) is also a standard assumption and guarantees that the minimizer of (3.1)), i.e., w* is
unique.

Important Quantities

In this section, we will introduce some important quantities required to present our results.

Let I denote the d x d identity matrix. For any matrix A, MA ) [(XTAX) XXT}. Let

H, =H®I and Hr = I ® H represent the left and right multiplication operators of the
matrix H so that for any matrix A, we have H;A = HA and HrA = AH.

e Fourth moment bound: Let R? be the smallest number such that MI < R*H.

e Smallest eigenvalue: Let p be the smallest eigenvalue of H i.e., H > ul.
The fourth moment bound implies that E [||x]|?] < R?. Further more, (A2) implies that the
smallest eigenvalue p of H is strictly greater than zero (u > 0).
Stochastic Gradient Descent: Mini-Batching and Iterate Averaging

In this chapter, we work with a stochastic first order oracle. This oracle, when queried at w

samples an instance (x,y) ~ D and uses this to return an unbiased estimate of the gradient

of L(w):
VI(W) = —(y— (w,x)-x; E [ﬁ(w)} — VL(w).

We consider the stochastic gradient descent (SGD) method [99], which minimizes L(w) by

following the direction opposite to this noisy stochastic gradient estimate, i.e.:

Wi = W1 — 7" ﬁ(wt—l)y with, ﬁ(wt—l) = —(yt - <Wt—1,Xt>) * X
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with v > 0 being a constant step size/learning rate; ﬁ(wt_l) is the stochastic gradient
evaluated using the sample (x;,y;) ~ D at w;_;. We consider two algorithmic primitives
used in conjunction with SGD namely, mini-batching and tail-averaging (also referred to as
iterate/suffix averaging).

Mini-batching involves querying the gradient oracle several times and using the average

of the returned stochastic gradients to take a single step. That is,

b
1 o
Wi = Wi — "}’ . (g E VLt,i(‘”t—l))?
i=1

where, b is the batch size. Note that at iteration ¢, mini-batching involves repeatedly querying
the stochastic gradient oracle at w;_; for a total of b times. For every query ¢ = 1,...,b at
iteration ¢, the oracle samples an instance {xy;, y;;} and returns a stochastic gradient estimate
V/L\m(wt_l). These estimates {V/L\m(wt_l)}f:l are averaged and then used to perform a
single step from w;_; to w,. Mini-batching enables the possibility of parallelization owing to
the use of cheap matrix-vector multiplication for computing stochastic gradient estimates.
Furthermore, mini-batching allows for the possible reduction of variance owing to the effect
of averaging several stochastic gradient estimates.

Tail-averaging (or suffix averaging) refers to returning the average of the final few iterates
of a stochastic gradient method as a means to improve its variance properties [103, 94]. In
particular, assuming the stochastic gradient method is run for n—steps, tail-averaging (or

suffix averaging [97]) involves returning

as an estimate of w*. Note that s could be thought of as being cn, with ¢ < 1 being some
constant.

Typical excess risk bounds (or, generalization error bounds) for the stochastic approxima-
tion problem involve the contribution of two error terms namely, (i) the bias, which refers to

the dependence on the starting conditions wy/initial excess risk L(wg) — L(w™*) and, (ii) the
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variance, which refers to the dependence on the noise introduced by the use of a stochastic

first order oracle.

Optimal Error Rates for the Stochastic Approximation problem

Under standard regularity conditions often employed in the statistics literature, the minimax
optimal rate on the excess risk is achieved by the standard Empirical Risk Minimizer (or,
Maximum Likelihood Estimator) [69, chap. 5 — 6], [120) chap. 5,7,8]. Given n i.i.d. samples

S, = {x;,y;}!_, drawn from D, define the empirical risk minimization problem as obtaining

n

* : 1 2
wi = gm0 3 (0w

Let us define the noise variance o3, to represent
e = E [IVL(w) 3| = TofE 3.

The asymptotic minimax rate of the Empirical Risk Minimizer w on every problem instance
is o3 p/n [69, 120], ie.,
Es, [L(wy)] — L(w”")

lim — =1.
n—oo 2
o MLE/ n

—

For the well-specified case (i.e., the additive noise case, where, 3 = ¢?H), we have o3, =
do?. Seminal works of [103, [94] prove that tail-averaged SGD, with averaging from start,
achieves the minimax rate for the well-specified case in the limit of n — oo.

Goal: In this chapter, we seek to provide a non-asymptotic understanding of (a) mini-
batching and issues of learning rate versus batch-size, (b) tail-averaging, (c) the effect of the
model mis-specification, (d) a batch size doubling scheme for parallelizing statistical estima-
tion, (e) a communication efficient parallelization scheme namely, parameter-mixing/model
averaging and (f) the behavior of learning rate versus batch size on the final iterate of the
mini-batch SGD procedure, on the behavior of excess risk of SGD (in terms of both the
bias and the variance terms) for the streaming LSR problem, with the goal of achieving the

minimax rate on every problem instance.
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3.2.2  This Chapter’s Contributions

The main contributions of this chapter are as follows:

e This chapter shows that mini-batching yields near-linear parallelization speedups over
the standard serial SGD (i.e. with batch size 1), as long as the mini-batch size is
smaller than a problem dependent quantity (which we denote by binresn). When batch-
sizes increase beyond bypesn, mini-batching is inefficient (owing to the lack of serial
updates), thus obtaining only sub-linear speedups over mini-batching with a batch
size bipresh- A by-product of this analysis sheds light on how the step sizes naturally
interpolate from ones used by standard serial SGD (with batch size 1) to ones used by

batch gradient descent.

e While the final iterate of SGD decays the bias at a geometric rate but does not obtain
minimax rates on the variance, the averaged iterate [94] 25] decays the bias at a sublin-
ear rate while achieving minimax rates on the variance. This chapter rigorously shows
that tail-averaging obtains the best of both worlds: decaying the bias at a geometric
rate and obtaining near-minimax rates (up to constants) on the variance. This result
corroborates with empirical findings [79] that indicate the benefits of tail-averaging in

general contexts such as training Long-Short term memory models (LSTMs).

e Next, this chapter precisely characterizes the tradeoffs of learning rate versus batch size
and its effect on the excess risk of the final iterate of an SGD procedure, which provides
theoretical evidence to empirical observations [40, 114] described in the context of deep

learning and non-convex optimization.

e Combining the above results, this chapter provides a mini-batching and tail-averaging
version of SGD that is highly parallelizable: the number of serial steps (which is a proxy
for the un-parallelizable time) of this algorithm nearly matches that of offline gradient

descent and is lower than the serial time of all existing streaming LSR algorithms.
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See Table for comparison. We note that these results are obtained by providing a
tight finite-sample analysis of the effects of mini-batching and tail-averaging with large

constant learning rate schemes.

e This chapter provides a non-asymptotic analysis of parameter mixing/model averaging
schemes for the streaming LSR problem. Model averaging schemes are an attractive
proposition for distributed learning owing to their communication efficient nature, and
they are particularly effective in the regime when the estimation error (i.e. variance) is
the dominating term in the excess risk. Here, we characterize the excess risk (in terms
of both the bias and variance) of the model averaging procedure which sheds light on
situations when it is an effective parallelization scheme (in that when this scheme yields

linear parallelization speedups).

e All the results in this chapter are established for the general mis-specified case of the
streaming LSR problem. This establishes a fundamental difference in the behavior
of SGD when dealing with mis-specified models in contrast to existing analyses that
deal with the bounded mis-specified noise case. In particular, this analysis reveals
a surprising insight that the maximal stepsizes (that ensure minimax optimal rates)
are a function of the noise properties of the mis-specified problem instance. The main
takeaway of this analysis is that the maximal step sizes (that permit achieving minimax
rates) for the mis-specified case can be much lower than ones employed in the well-
specified case: indeed, a problem instance that yields such a separation between the

maximal learning rates for the well specified and the mis-specified case is presented.

The tool employed in obtaining these results generalizes the operator view of averaged
SGD with batch size 1 [25] and a clear exposition of the bias-variance decomposition from [53]
to obtain a sharp bound on the excess risk for mini-batch, tail-averaged constant step-size
SGD. Note that the work of [25] does not establish minimax rates while working with large

constant step sizes; this shortcoming is remedied by this chapter through a novel sharp
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analysis that rigorously establishes minimax optimal rates while working with large constant
step sizes. Furthermore, note that while straightforward operator norm bounds of the matrix
operators suffice to show convergence of the SGD method, they turn out to be pretty loose
bounds (particularly for bounding the variance). To tighten these bounds, this chapter
presents a fine grained analysis that bounds the trace of the SGD operators when applied to
the relevant matrices. The bounds of this chapter and its advantages compared to existing
algorithms is indicated in table [3.1]

While this chapter’s results focus on strongly convex streaming least square regression,
we believe that our techniques and results extend more broadly. This chapter aims to serve
as the basis for future work on analyzing SGD and parallelization of large scale algorithms
for machine learning.

Chapter organization: Section presents the related work. Section [3.4] presents the
main results of this work. Section [3.5] outlines the proof techniques. Section [3.6] presents
experimental simulations to demonstrate the practical utility of the established mini-batching
limits and tail-averaging. The proofs of all the claims and theorems are provided in the

appendix.

3.3 Related Work

Stochastic approximation has been the focus of much efforts starting with the work of [99],
and has been analyzed in subsequent works including [83, 63] [64, chap. 5,10,11]. These
questions and the related issues of computation versus statistics tradeoffs have received
renewed attention owing to their relevance in the context of modern large scale machine
learning, as highlighted by the work of [12].

Geometric Rates on initial error: For offline optimization with strongly convex objec-
tives, gradient descent [I8] and fast gradient methods [92], [85] indicate linear convergence.

However, a multiplicative coupling of number of samples n and condition number in the

1[25] guarantee these bounds with learning rate v — 0. This work supports these bounds with v = 1/R2.

2Initial error oracle provides initial excess risk Ay = L(wq) — L(w*) and noise level o2.
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Algorithm Final error Runtime/Work Depth Streaming | Agnostic
Gradient Descent
@ (%) rndlog "U‘ﬁi" K log "g'fd“ X v
3]
SDCA
o (=) (n+ {2-d)d - log 28 | (n + {2-d) - log 220 x v
10
Averaged SGD ;
8! m O (AZ;W - Ao +%) nd n v X
[25 i
Streaming SVRG
with initial error oracle ] | O <6Xp (—W\TJH)) . Ag) + # nd (A (H ) log ™ Ao v v
135]
Al 'orithm =+ st o log (k)
: o ((ss) ™7 -8+ 22) o B O I
(this chapter) log ( L2 ”HHz)
Algorithm|z|
with initial error oracle | O (exp ( RAzTg) g+ 24 ) nd k log() log e v v

(this chapter)

Table 3.1: Comparison of Algorithm [2| with existing Algorithms including Gradient Descent,
SDCA (offline methods) and averaged SGD, streaming SVRG (streaming methods) given n
samples for LSR, with Ay = L(wg) — L(w*). The error of offline methods are obtained by
running these algorithms so that their final error is O(c%d/n) (which is the minimax rate for
the realizable case). The table is written assuming the realizable case; for algorithms which
support agnostic case, these bounds can be appropriately modified. Refer to Section [3.2.1] for
the definitions of all quantities. We do not consider accelerated variants in this table. Note
that the accelerated variants have served to improve running times of the offline algorithms,
with the exception of [54]. In the bounds for Algorithm , we require t > 24k log(k). Finally,

note that streaming SVRG does not conform to the first order oracle ([1]).

computational effort is a major drawback in the large scale context. These limitations are
addressed through developments in offline stochastic methods [101, 108, 57, 24] and their
accelerated variants [107], 34} [72] 23] 2] which offer near linear running time in the number

of samples and condition number with log(n) passes over the dataset stored in memory.

For stochastic approximation with strongly convex objectives, SGD offers linear rates on

the bias without achieving minimax rates on the variance [5, 81 I3]. In contrast, iterate
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averaged SGD [103], 94] offers a sub-linear O(1/n?) rate on the bias [25, 29] while achieving
minimax rates on the variance. Note that all these results consider the well-specified (additive
noise) case when stating the generalization error bounds. We are unaware of any results that
provide sharp non-asymptotic analysis of SGD and the related step size issues in the general
mis-specified case. Streaming SVRG [35] offers a geometric rate on the bias and optimal
statistical error rates; we will return to a discussion of Streaming SVRG below. In terms
of methods faster than SGD, our own effort [54] provides the first accelerated stochastic

approximation method that improves over SGD on every problem instance.

Parallelization of Machine Learning algorithms: In offline optimization, [15] study par-
allel co-ordinate descent for sparse optimization. Parallelization via mini-batching has been
studied in [21] 117, 107, 118]. These results compare worst case upper bounds on the training
error to argue parallelization speedups, thus providing weak upper bounds on mini-batching
limits. Parameter mixing/Model averaging [76] guarantees linear parallelization speedups
on the variance but do not improve the bias. Approaches that attempt to re-conciliate
communication-computation tradeoffs [71] indicate increased mini-batching hurts conver-
gence, and this is likely an artifact of comparing weak upper bounds. Hogwild [90] indicates
near-linear parallelization speedups in the harder asynchronous optimization setting, relying
on specific input structures like hard sparsity; these bounds are obtained by comparing worst
case upper bounds on training error. Refer to oracle models paragraph below for details on
these worst case upper bounds.

In the stochastic approzimation context, [26] study mini-batching in an oracle model that
assumes bounded variance of stochastic gradients. These results compare worst case bounds
on the generalization error to prescribe mini-batching limits, which renders these limits to
be too loose (as mentioned in their paper). Our chapter’s mini-batching result offers guide-
lines on batch sizes for linear parallelization speedups by comparing generalization bounds
that hold on a per problem basis as opposed to worst case bounds. Refer to the paragraph
on oracle models for more details. Finally, parameter mixing in the stochastic approxima-

tion context [100], [127] offers linear parallelization speedups on the variance error while not
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improving the bias [I00]. Finally, [3I] guarantees asymptotic optimality of asynchronous
optimization with linear parallelization speedups on the variance.

Oracle models and optimality: In stochastic approximation, there are at least two lines of
thought with regards to oracle models and notions of optimality. One line involves considering
the case of bounded noise [64], chap. 5,10,11], [62, chap. 1,3,6], or, bounded variance of the

stochastic gradient, which in the least squares setting amounts to assuming bounds on
ﬁ(w) — VL(w) = (xx — H)(w — w") — ex.

This implies additional assumptions are required on compactness of the parameter set (which
are enforced via projection steps); such assumptions do not hold in practical implementation
of stochastic gradient methods and in the setting considered by this paper. Thus, the mini-
batching thresholds in [211, 90} 26|, [7T] present bounds in the above worst-case oracle model
by comparing weak upper bounds on the training/test error.

Another view of optimality [4, B3] considers an objective where the goal is to match the
rate of the statistically optimal estimator (referred to as the M —estimator) on every problem
instance. [94] consider this oracle model for the LSR problem and prove that the distribution
of the averaged SGD estimator on every problem matches that of the M —estimator under
certain regularity conditions [69, chap. 5 — 6]. A recent line of work [7), 35] aims to provide
non-asymptotic guarantees for SGD and its variants in this oracle model. This chapter
aims to understand mini-batching and other computational aspects of parallelizing stochastic
approximation on every problem instance by working in this practically relevant oracle model.
Refer to [54] for more details.

Comparing offline and streaming algorithms: Firstly, offline algorithms require perform-
ing multiple passes over a dataset stored in memory. Note that results and convergence
rates established in the finite sum/offline optimization context do not translate to rates on
the generalization error. Indeed, these results require going though concentration and a
generalization error analysis for this translation to occur. Refer to [35] for more details.

Comparison to streaming SVRG: Streaming SVRG does not function in the stochastic



27

first order oracle model [1] satisfied by SGD as run in practice since it requires gradients at
two points from a single sample [35]. Furthermore, in contrast to this work, its depth bounds

depend on a stronger fourth moment property due to lack of mini-batching.

3.4 DMain Results

We begin by writing out the behavior of the learning rate as a function of batch size.

Mazximal Learning Rates: We write out a characterization of the largest learning rate

’Yé{%ax that permits the convergence of the mini-batch Stochastic Gradient Descent update.
div

The following generalized eigenvector problem allows for the computation of b, :

2 (W, MW) + (b—1) - Tt WHWH
g — _Sup :
Vlil,max WeS(d) b-Tr WHW

(3.2)

This characterization generalizes the divergent stepsize characterization of [25] for batch sizes
> 1. The derivation of the above characterization can be found in appendix [A.5.1] We note
that this characterization sheds light on how the divergent learning rates interpolate from

batch size 1 (which is < 2/ TrH) to the batch gradient descent learning rate (setting b to

div

b,max

00), which turns out to be 2/Anax(H). A property of ~ worth noting is that it does not

depend on properties of the noise (3), and depends only on the second and fourth moment
properties of the covariate x.

We note that in this chapter, our interest does not lie in the non-divergent stepsizes
0<~y< ﬁiﬁax, but in the set of (maximal) stepsizes 0 < 7 < Ypmax (< y,gﬁ;;ax) that are

sufficient to guarantee minimax error rates of O(o3yr/n). For the LSR problem, these

maximal learning rates yj max are:

B here, g 22 A1 + ),
T R gt 0= DIHL O T (e + ) D)

(3.3)

Note that p, > 1 captures a notion of “degree” of model mismatch, and how it impacts the
learning rate 7, max; for the additive noise/well specified/homoscedastic case, py, = 1. Thus,
for problems where R* and ||H]J|, is held the same, the well-specified variant of the LSR

problem admits a strictly larger learning rate (that achieves minimax rates on the variance)
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compared to the mis-specified case. Furthermore, in stark contrast to the well-specified case,
bmax i the mis-specified case depends not just on the second and fourth moment properties
of the input, but also on the noise covariance 3. We show that our characterization of
Tb.max i the mis-specified case is tight in that there exist problem instances where 7, max
(equation (3.3)) is off the maximal learning rate in the well-specified case (obtained by
setting py, = 1 in equation (3.3))) by a factor of the dimension d and v, max is still the largest
step size yielding minimax rates. We also note that there could exist mis-specified problem
instances where a step size v exceeding 7 max achieves minimax rates. Characterizing the
maximal learning rate that achieves minimax rates on every mis-specified problem instance
is an interesting open question. We return to the characterization of 7y max in section m

Note that this chapter characterizes the performance of Algorithms [I] and [2] when run
with a step size v < ﬂ% The proofs turn out to be tedious for v € (%, %,max) and can
be found in the initial version of this paper [55] and these were obtained through generalizing
the operator view of analyzing SGD methods introduced by [25]. For the well-specified case,
this chapter’s results hold for the same learning rate regimes as [7, 35], that are known to
admit statistical optimality. We also note that in the additive noise case, we are unaware of a

separation between 7, max and % - but as we will see, this is not of much consequence given

b,max>
that there exists a strict separation in the learning rate v, max between the well-specified and
mis-specified problem instances.

Finally, note that the stochastic process viewpoint allows us to work with learning rates
that are significantly larger compared to standard analyses that use function value contrac-
tion e.g., [13, Theorem 4.6]. All existing works establishing mini-batching thresholds in the
stochastic optimization setting e.g., [26] work in the worst case (bounded noise) oracle with
small step sizes, and draw conclusions on mini-batch thresholds and effects by comparing
weak upper bounds on the excess risk.

Mini-Batched Tail-Averaged SGD for the mis-specified case: We present our main result,
which is the error bound for mini-batch tail-averaged SGD for the general mis-specified LSR

problem.
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Algorithm 1 Minibatch-TailAveraging-SGD

Input: Initial point wy, stepsize v, minibatch size b, initial iterations s, total samples n.

1: fort=1,2,..,[7] do

2. Sample “b” tuples { (@, ys)}o_, ~ D
3 Wy Wy — %2?21 ﬁ(wtﬂ)

4: end for

e | )
Output: w = BE Y oins Wi

Theorem 1. Consider the general mis-specified case of the LSR problem (3.1)). Running
Algorithm (1| with a batch size b > 1, step size ¥ < Yy maz/2, number of unaveraged iterations

s, total number of samples n, we obtain an iterate W satisfying the following excess risk

bound:
Y Liw" 2 e 2 NS N _ iy
E[L(W)] - L(w*) < R () (L{wo) = L(w")) +4- &~ =t (3.4)

(3-s) Fib | (5 —s)
T T2

R%pt(b—1)|[H]|

with Ky, = Sty

Note that the above theorem indicates that the excess risk is composed of two terms,
namely the bias (F;), which represents the dependence on the initial conditions wy and the
variance (¥q), which depends on the statistical noise (J/I%A\LE); the bias decays geometrically
during the “s” unaveraged iterations while the variance is minimax optimal (up to constants)
provided s = O(n). We will understand this geometric decay on the bias more precisely.

Effect of tail-averaging SGD’s iterates: To understand tail-averaging, we specialize the-

orem [1| with a batch size 1 to the well-specified case, i.e., where, ¥ = 0?H, 03;;, = do® and

Pm = 1.
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Corollary 2. Consider the well-specified (additive noise) case of the streaming LSR problem
(X = 0°H), with a batch size b = 1. With a learning rate v = % = %, unaveraged
iterations s and total samples n, we have the following excess risk bound:

2

, where, k1 = R*/pu.

L)~ £w') < 2 e (=2 ) (L) — Lw 4

-~

Tl T2

Tail-averaging allows for a geometric decay of the initial error Ty, while tail-averaging
over s = ¢-n (with ¢ < 1), allows for the variance Ty to be minimax optimal (up to constants).
We note that the work of [79], which studies empirical optimization for training non-convex
sequence models (e.g. Long-Short term memory models (LSTMs)) also indicate the benefits
of tail-averaging.

Note that this particular case (i.e. additive noise/well-specified case with batch size 1)
with tail-averaging from start (s = 0) is precisely the setting considered in [25], and their
result (a) achieves a sub-linear O(1/n?) rate on the bias and (b) their variance term is shown

to be minimax optimal only with learning rates that approach zero (i.e. v — 0).

3.4.1 Effects Of Learning Rate, Batch Size and The Role of Mis-specified Models

We now consider the interplay of learning rate, batch size and how model mis-specification
plays into the mix. Towards this, we split this section into three parts: (a) understanding
learning rate versus mini-batch size in the well-specified case, (b) how model mis-specification
leads to a significant difference in the behavior of SGD and (c¢) how model mis-specification
manifests itself when considered in tradeoff between the learning rate versus batch-size.
Effects of mini-batching in the well-specified case: As mentioned previously, in the well-

specified case, ¥ = 0?H and p,, = 1. For this case, equation (3.3) can be specialized as:

B 2%
Vb,max = R2 T (b _ 1)HHH2

(3.5)

Observe that the learning rate 7, max grows linearly as a function of the batch size b until a

batch size b = bipresh = 1 + ﬁ. In the regime of batch sizes 1 < b < bipresh, the resulting
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mini-batch SGD updates offer near-linear parallelization speedups over SGD with a batch
size of 1. Furthermore, increasing batch sizes beyond binresn leads to sub-linear increase in
the learning rate, and this implies that we lose the linear parallelization speedup offered by
mini-batching with a batch-size b < bynesn. Losing the linear parallelization is indicative of
the following: consider the case when we double batch-size from b > byesn to 2b. Suppose
the bias error ¥ is larger than the variance Ty, we require performing the same number of
updates with a batch size 2b as we did with a batch size b to achieve a similar excess risk
bound; this implies we are inefficient in terms of number of samples (or, number of gradient
computations) used to achieve a given excess risk. When the estimation error (¥5) dominates
the approximation error (T;), we note that larger batch sizes b (with b > bypresn) serves to
improve the variance term, thus allowing linear parallelization speedups via mini-batching.

Note that with a batch size of b = bypresn, the learning rate of O(1/Anax(H)) employed
by mini-batch SGD resembles ones used by batch gradient descent. This mini-batching
characterization thus allows for understanding tradeoffs of learning rate versus batch size.
This behavior is noted in practice (empirically, but with no underlying rigorous theory)
for a variety of problems (going beyond linear regression/convex optimization), in the deep
learning context [40)].

SGD’s behaviour with mis-specified models: Next, this chapter attempts to shed light on
some fundamental differences in the behavior of SGD when dealing with the mis-specified
case (as against the well-specified case, which is the focus of existing results [94, [7, 29] 25]) of
the LSR problem. This chapter’s results in general mis-specified case with batch sizes b > 1
specialize to existing results additive noise/well-specified case with batch size 1 [7, 29]. To

understand these issues better, we consider 7j max in equation (3.3)) with a batch size 1:

2

max — . 3.6
1, R - pum (3.6)

Recounting that p, > 1, observe that the mis-specified case admits a maximal learning rate
(with a view of achieving minimax rates) that is at most as large as the additive noise/well-

specified case, where p,, = 1. Note that when Tr (H, + Hr) 'X) is nearly the same (say,
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upto constants) as the spectral norm |H, + Hg) '2),, then p, = O(d) and Vi max =
O(ﬁ). This implies that there exist mis-specified models whose noise properties (captured

through the noise covariance matrix ) prevents SGD from working with large learning rates
of O(1/R?) used in the well-specified case.

This notion is formalized in the following lemma, which presents an instance working
with the mis-specified case, wherein, SGD cannot employ large learning rates used by the
well-specified variant of the problem, while retaining minimax optimality. This behavior is
in stark contrast to algorithms such as streaming SVRG ([35]), which work with the same
large learning rates in the mis-specified case as in the well-specified case, while guaranteeing

minimax optimal rates. The proof of Lemma [3] can be found in the appendix [A.5.6]

Lemma 3. Consider a Streaming LSR example with Gaussian covariates (i.e. x ~ N(0,H))
with a diagonal second moment matrix H that is defined by:
1 ifi=1

H; = .
1/d  ifi>1

Further, let the noise covariance matriz 3 be diagonal as well, with the following entries:

1 ifi=1
Y = .
1/[(d—1)d)] ifi>1

For this problem instance, V1 maz < M‘w 1s necessary for retaining minimax rates, while
d
the well-specified variant of this problem permits a maximal learning rate < m, thus
d

implying an O(d) separation in learning rates between the well-specified and mis-specified

case.

Learning rate versus mini-batch size issues in the mis-specified case: Noting that for the
batch size 1, as mentioned in equation (3.6]), the learning rate for the mis-specified case in
the most optimistic situation (when p,, = constant) can be atmost as large as the learning

rate for the well-specified case. Furthermore, we also know from the observations in the
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mis-specified case that the learning rate tends to grow linearly as a function of the batch
size until it hits the limit of O(1/A\yax(H)). Combining these observations, we will revisit
equation (3.3), which says:

dif Zb
Tomax = o (b — DH,

This implies that the mini-batching size threshold biesn can be expressed as:

def R2
bihresh = 1+ W * Pm- (3.7)
2

When 1 < b < bgnresn, We achieve near linear parallelization speedups over running SGD
with a batch size 1. Note that this characterization specializes to the batch size threshold
binresh Presented in the well-specified case (i.e. where p,, = 1). Furthermore, this batch size
threshold (in the mis-specified case) could be much larger than the threshold in the well-
specified case, which is expected since the learning rate for a batch size 1 in the mis-specified
case can potentially be much smaller than ones used in the well specified case. Furthermore,
with a batch size bypesn, note that the learning rate is O(1/Apax(H)), resembling ones used
with batch gradient descent.

Behavior of the final-iterate: We now present the excess risk bound offered by the final
iterate of a stochastic gradient scheme. This result is of much practical relevance in the
context of modern machine learning and deep learning, where final iterate is often used, and
where the tradeoffs between learning rate and batch sizes are discussed in great detail [114].
For this discussion, we consider the well-specified case to present our results owing to its ease
in presentation. Our framework and results are generic for translating these observations to

the mis-specified case.

Lemma 4. Consider the well-specified case of the LSR problem. Running Algorithm[1] with a

mar __ b

‘ Yo,
step size y < =5 = RZ+(b—-1)[H[2’

batch size b, total samples n and with no iterate averaging

(i.e. with s =n —1) yields a result W, that satisfies the following excess risk bound:

B [L(wion)] - LOv) < a1 = o) (L) — Lw) ) + TP T (E), (59
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where Ky, o m(b;—:)HHHQ. In particular, with a step size v = %’;’m = R2+(b_b1)HH”2, we have:
_ /) o?Tr (H)

E |L(w, — L(w") < Ry - - | L — L(w" : 3.9

[L(Wne)] = L(W") < kp e r ( (wo) — L(w )) TR o= 0HE]]; (3.9)

Remarks: Noting that Tr (H) < R?, the variance of the final iterate with batch size 1 is
< 02. Next, with a batch size b = byyresn, the final iterate has a variance < 0?/2; at cursory
glance this may appear interesting, in that by mini-batching, we do not appear to gain much
in terms of the variance. This is unsurprising given that in the regime of b < bresn, the
Vomax grows linearly, thus nullifying the effect of averaging multiple stochastic gradients.
Furthermore, this follows in accordance with the linear parallelization speedups offered by a
batch size 1 < b < bypresn. Note however, once b > byesn, any subsequent increase in batch
sizes allows the variance of the final iterate to behave as O(0?/b). Finally, note that once
b > bnresn, doubling batch sizes b (in equation (3.9))) possesses the same effect as halving
learning rate from v to /2 (as seen from equation (3.8))), providing theoretical rigor to issues

explored in training practical deep models [114].

3.4.2  Parallelization via Doubling Batch Sizes and Model Averaging

We now elaborate on a highly parallelizable stochastic gradient method, which is epoch
based and relies on doubling batch sizes across epochs to yield an algorithm that offers
the same generalization error as that of offline (batch) gradient descent in nearly the same
number of serial updates as batch gradient descent, while being a streaming algorithm that
does not require storing the entire dataset in memory. Following this, we present a non-
asymptotic bound for parameter mixing/model averaging, which is a communication efficient
parallelization scheme that has favorable properties when the estimation error (i.e. variance)
is the dominating term of the excess risk.

(Nearly) Matching the depth of Batch Gradient Descent: The result of Theorem [l estab-
lishes a scalar generalization error bound of Algorithm [1] for the general mis-specified case
of LSR and showed that the depth (number of sequential updates in our algorithm) is de-

creased to n/b. This section builds upon this result to present a simple and intuitive doubling
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Algorithm 2 MinibatchDoublingPartial AveragingSGD

Input: Initial point wy, stepsize 7, initial minibatch size b, number of iterations in each

epoch s, number of samples n.

1: /*Run logarithmic number of epochs where each epoch runs ¢ iterations of minibatch
SGD (with out averaging). Double minibatch size after each epoch.*/

2: for {=1,2,--- ,log 3 —1do

3 by 201

4:  wy < Minibatch-TailAveraging-SGD(wy_1,7, by, t — 1,t - by)

5. end for

6: /*For the last epoch, run tail averaged minibatch SGD with initial point w,, stepsize =,
minibatch size 2! %~ . b = n/2t, number of initial iterations ¢/2 and number of samples
n/2.*/

7. W <— Minibatch-TailAveraging-SGD(wy,y,n/2t,t/2,n/2)

Output: w

based streaming algorithm that works in epochs and processes a total of /2 points. In each
epoch, the minibatch size is increased by a factor of 2 while applying Algorithm [I| (with no
tail-averaging) with twice as many samples as the previous epoch. After running over n/2
samples using this epoch based approach, we run Algorithm [1| (with tail-averaging) with the
remaining n/2 points. Note that each epoch decays the bias of the previous epoch linearly
and halves the statistical error (since we double mini-batch size). The final tail-averaging

phase ensures that the variance is small.

The next theorem formalizes this intuition and shows Algorithm [2| improves the depth
exponentially from 7/bipesn to O (mlog(dm) log(n{L(wg) — L(w*)}/@)) in the presence
of an error oracle that provides us with the initial excess risk L(wg) — L(w*) and the noise

—

2
level o3y -

Theorem 5. Consider the general mis-specified case of LSR. Suppose in Algorithm [, we
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Yo, maz

use initial batchsize of b = bypresn, Stepsize v = and number of iterations in each epoch

being t > 24rlog(k), we obtain the following excess risk bound on W:

Blow)] - 2w < (2) 777 (Llwo) - £iw)) + s07e

Remarks: The final error again has two parts: the bias term that depends on the initial
error L(wg) — L(w*) and the variance term that depends on the statistical noise J/I%/[:E. Note
that the variance error decays at a rate of O <O'/l%/[;/ n> which is minimax optimal up to
constant factors.

Algorithm [2| decays the bias at a superpolynomial rate by choosing ¢ large enough. If
Algorithm [2 has access to an initial error oracle that provides L(wg) — L(w™*) and @,
we can run Algorithm [2| with a batch size binesn until the excess risk drops to the noise
level %:E and subsequently begin doubling the batch size. Such an algorithm indeed gives

geometric convergence with a generalization error bound as:

o —

o) L) L) — L)} + 0T

E[L(w)] — L(w") < exp (—(W -

n{L(wo)—L(w")}
2

with a depth of O (m log(dk) log . The proof of this claim follows relatively

straightforwardly from the proof of TEEE)Erem We note that this depth nearly matches
(up to log factors), the depth of standard offline gradient descent despite being a streaming
algorithm. This algorithm (aside from tail-averaging in the final epoch) resembles empirically
effective schemes proposed in the context of training deep models [1T4].

Parameter Mizing/Model-Averaging: We consider a communication efficient method for
distributed optimization which involves running mini-batch tail-averaged SGD independently
on P separate machines (each containing their own independent samples) and averaging the
resulting solution estimates. This is a well studied scheme for distributed optimization [76,
1301 100} [127]. As mentioned in [100], these schemes do not appear to offer improvements in
the bias error while offering near linear parallelization speedups on the variance. We provide

here a non-asymptotic characterization of the behavior of model averaging for the general

mis-specified LSR problem.
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Theorem 6. Consider running Algorithm i.e., mini-batch tail-averaged SGD (for the
mis-specified LSR problem (3.1)) ) independently in P machines, each of which contains N/P
samples. Let Algorithm be run with a batch size b, learning rate 7y < Vo.mas/2, tail-averaging

P
=1

bequn after s—iterations, and let each of these machines output {W;} The excess risk of

the model-averaged estimator W = % Zil Ww; 15 upper bounded as:

- . (=) 2+ (P -1 —yp)* ‘
E|L(w)] — L(w . | L(wo) — L(w
L) = L) < = S 5 (£w0) - 26w

4. OhLE '
P (=)

In particular, with v = Yy maz/2, we have the following excess risk bound:

s) Ky 2+ (P 1) exp(—s/k)
(

E[L(W)] — L(w") < exp ( - — . (L(WO) — L(W*))

Rp PLJ)_S)2 P
o2
+4- MLE .
P~b-(%—s)

Remarks: We note that during the iterate-averaged phase (i.e. t > s), there is no reduc-
tion of the bias, whereas, during the (initial) unaveraged iterations, once s > ry log(P), we
achieve linear speedups on the bias. We note that model averaging offers linear paralleliza-
tion speedups on the variance error. Furthermore, when the bias reduces to the noise level,
model averaging offers linear parallelization speedups on the overall excess risk. Note that
if s =c-n/(P-b), with ¢ < 1, then the excess risk is minimax optimal. Finally, we note
that the theorem can be generalized in a straightforward manner to the situation when each

machine has different number of examples.

3.5 Proof Outline

We present here the framework for obtaining the results described in this chapter; the frame-
work has been introduced in the work of [25]. Towards this purpose, we begin by introducing

some notations. We begin by defining the centered estimate 7, as:

def *
N, = Wy — W
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Mini-batch SGD (with a batch size b) moves n,_; to m, using the following update:
y b 5 b R
e <I b ;Xti N Xti) T b ; X = (I—=7Hup)n, 1 +7 - &u,

where, ﬁtb = %Zle Xy @ Xy and &y = %Z?:l €iXy. Next, the tail-averaged iterate X, is
associated with its own centered estimate 7, = ﬁ > o1 M- The analysis proceeds by
tracking the covariance of the centered estimates m,, i.e. by tracking E [n, ® n,].
Bias-Variance decomposition: The main results of this chapter are derived by going
through the bias-variance decomposition, which is well known in the context of Stochastic
Approximation [5] [7, B5]. The bias-variance decomposition allows for us to bound the gen-
eralization error by analyzing two sub-problems, namely, (i) The bias sub-problem, which
analyzes the noiseless/realizable (or the consistent linear system) problem, by setting the

noise €; = 0V t,i, g = n, and (ii) the variance sub-problem, which involves starting

variance

at the solution, i.e., ng = 0 and allowing the noise ¢; to drive the resulting process.

The corresponding tail-averaged iterates are associated with their centered estimates ﬁ?fzs

and 773%1**° respectively. The bias-variance decomposition for the square loss establishes the

following relation:
E [0 @ 10,,] X2 (JE (25 ® 0] + B [ @ niye] ) : (3.10)
Using the bias-variance decomposition, we obtain an estimate of the generalization error as
E[L(Xsn)] = L(x7) = 5 - (H.E [0, @1,,])
< Tr (H-E [0 @ gt]) + Tr (H - E [ @ griae]).,

We now provide a few lemmas that help us bound the behavior of the bias and variance

€error.
bias

Lemma 7. With a batch size b, step size 7y = Yy mas/2, the centered bias estimate m);

exhibits the following per step contraction:

(LE [n/"™ @n/"]) < o (LE [0} @ n]),



39

R2-pyt(b—1)|[H[|

where, ¢, =1 — 1/Kp, where Ky =
’ b ’ bu

Lemma [7] ensures that the bias decays at a geometric rate during the burn-in iterations when
the iterates are not averaged; this rate holds only when the excess risk is larger than the
noise level o2.

We now turn to bounding the variance error. It turns out that it suffices to understand

the behavior of limiting centered variance E [pyariance g qpyariance]

Lemma 8. Consider the well-specified case of the streaming LSR problem. With a batch size
b, step size ¥ = Vpmaz/2, the limiting centered variance m°“**"** has an expected covariance
that s upper bounded in a psd sense as:

1 2

< .0 1.
|2 e —omn

E |: vartance variance

N ® Moo

Characterizing the behavior of the final iterate is crucial towards obtaining bounds on the
behavior of the tail-averaged iterate. In particular, the final iterate having a excess variance
risk O(c?) (as is the case with Lemma [§]) appears crucial towards achieving minimax rates

of the averaged iterate.
3.6 Experimental Simulations

We conduct experiments using a synthetic example to illustrate the implications of our
theoretical results on mini-batching and tail-averaging. The data is sampled from a 50—
dimensional Gaussian with eigenvalues decaying as {7}72, (condition number x = 50), and
the variance o2 of the (additive noise) noise is 0.01. In this case, our estimated batch size
according to Theorem (1} is bypresn = 11. Our results are presented by averaging over 100
independent runs of the Algorithm, and each run employs 200x samples. All plots are log-
log with x-axis being the depth, and y-axis the excess risk. For our plots, we assume that each
iteration takes constant time for all batch sizes; this is done to present evidence regarding
the tightness of our mini-batching characterization limits that yield linear parallelization

speedups over standard serial SGD.
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Figure 3.1: Effect of increased batch sizes on the Algorithm’s generalization error. The
variance decreases monotonically with increasing batch size. The bias indicates that the rate
of decay increases till the optimal b;p,csn. With b = bipresn, mini-batch SGD obtains the same
generalization error as batchsize 1 using smaller number of iterations (i.e. smaller depth)

compared to larger batch sizes.

We consider the effect of mini-batching (in figure [3.1)) with batch sizes of 1, 3, bypresn = 11,
2+ bynresh = 22 and d = 50. Averaging begins after observing a fixed number of samples (set
as bk). We see that the rate of bias decay (figure increases until reaching a mini-batch
size of binresn, saturating thereafter; this implies we are inefficient in terms of sample size.
As expected, the rate of decay of variance (figure is monotonic as a function of mini-
batch size. Finally, the overall error (figure shows the tightness of our mini-batching
characterization: with a batch size of byesn, We obtain a generalization error that is the same
as using batch size of 1 with the number of (serial) iterations (i.e. depth) that is an order
of magnitude smaller. Subsequently, we note that larger batch sizes worsen generalization

error thus depicting the tightness of our characterization of bipyegh.

In the next experiment, we fix batch size = byesn and consider the effect of tail-averaging
(figure [3.2). We consider averaging iterates from the start (as prescribed by [2f]), after a
quarter/half of total number of iterations, and unaveraged SGD as well. We see that the

bias (figure |3.2a)) exhibits a geometric decay in the unaveraged phase while switching to an
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Figure 3.2: [Zoom in to see detail] Effect of tail-averaging with mini-batch size of byesn, = 11.

slower O(4) rate with averaging. The variance (figure 3.2b]) tends to increase and stabilize at

$2

O(b”‘ish) in the absence of averaging, while switching to a O(+) decay rate when averaging

begins. The overall generalization error (figure [3.2c)) shows the superiority of the scheme

where averaging after a burn-in period allows the bias to decay towards the noise level at a
geometric rate, following which tail-averaging allows us to decay the variance term, providing

credence to our theoretical results regarding superiority of tail-averaged SGD.

3.7 Concluding Remarks

This chapter analyzes several algorithmic primitives often used in practice in conjunction
with vanilla SGD for the stochastic approximation problem. In particular, this chapter
provides a sharp non-asymptotic treatment of (a) mini-batching, (b) tail-averaging, (c) effects
of model mismatch, (d) behaviour of the final iterate, (e) highly parallel SGD method based
on doubling batch sizes and (f) model-averaging/parameter mixing schemes for the strongly

convex streaming LSR problem.
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Chapter 4

ACCELERATING STOCHASTIC GRADIENT DESCENT (FOR
LEAST SQUARES REGRESSION)

4.1 Chapter Notes

This chapter presents joint work with Prateek Jain, Praneeth Netrapalli, Sham M. Kakade
and Aaron Sidford and is published in the Conference on Learning Theory (COLT), 2018.
This chapter’s presentation is a (very minor) variant of the published version of this paper.

The contributions of this chapter are summarized as follows:

e This chapter presents Accelerated SGD, which presents the first (strict) running time
improvement over Stochastic Gradient Descent [99] [103] 04] for stochastic approxi-
mation problems, through considering the streaming (strongly convex) least squares
regression problem, when working with sampled stochastic gradients in settings that
satisfied in modern SGD implementations for Machine Learning/Artificial Intelligence

setups.

e A byproduct of this result presents (the first) strict running time improvement for
obtaining a solution to a potentially infinite number of consistent linear equations given

access to one linear equation at a time, over the standard Kaczmarz method [58] [115].
4.2 Introduction

Stochastic gradient descent (SGD) is the workhorse algorithm for optimization in machine
learning and stochastic approximation problems; improving its runtime dependencies is a
central issue in large scale stochastic optimization that often arise in machine learning prob-

lems at scale [12], where one can only resort to streaming algorithms.
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Algorithm Final error Runtime Memory
Accelerated SVRG o (
2]
Streaming SVRG
135]
Iterate Averaged SGD
5]

%?) (n + v/nk)dlog (P(’(‘gl;;()’“)> nd

o (cxp (=2) - (P(x0) — P(x.)) + ﬂ) nd O(d)

Accelerated Stochastic Gradient Descent
oO* (exp (

72 ) (P(xo) = P(x.))) + 0 (222) nd o(d)

(this chapter)

Table 4.1: Comparison of this chapter’s result to the best known non-asymptotic re-
sults [35, B5] for the least squares stochastic approximation problem. Here, d,n are the
problem dimension, number of samples; x, K denote the condition number and statistical
condition number of the distribution; o2, P(x) — P(x.) denote the noise level and initial
excess risk, O* hides lower order terms in d, x, Kk (see section for definitions and a proof

for Kk < k). Note that Accelerated SVRG [2] is not a streaming algorithm.

This chapter examines these broader runtime issues for the special case of stochastic
approximation in the following least squares regression problem:

min P(x), where, P(x) < L - By [(b— (x,a))?], (4.1)

x€R4

-

where we have access to a stochastic first order oracle, which, when provided with x as
an input, returns a noisy unbiased stochastic gradient using a tuple (a,b) sampled from
D(R? x R), with d being the dimension of the problem. A query to the stochastic first-order

oracle at x produces:
VP(x)= —(b—(a,x))-a. (4.2)

Note E [@P(x)} = VP(x) (i.e. eq(42) is an unbiased estimate). Note that nearly all
practical stochastic algorithms use sampled gradients of the specific form as in equation (4.2]).
We discuss differences to the more general stochastic first order oracle [83] in section [£.2.4]

Let x* & arg miny P(x) be a population risk minimizer. Given any estimation procedure

which returns X,, using n samples, define the ezcess risk (which we also refer to as the
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generalization error or the error) of X, as E[P(X,)] — P(x*). Now, equipped a stochastic
first-order oracle (equation ), our goal is to provide a computationally efficient (and
streaming) estimation method whose excess risk is comparable to the optimal statistical
minimax rate.

In the limit of large n, this minimax rate is achieved by the empirical risk minimizer
(ERM), which is defined as follows. Given n i.i.d. samples S,, = {(a;, b;)}!", drawn from D,
define

XERM & arg mlnP (x), where P,(

where XE®M denotes the ERM over the samples S,,. For the case of additive noise models
(i.e. where b = a'x* + ¢, with € being independent of a), the minimax estimation rate is
do?/n [62, chap. 1,3,6], [94],[69, chap. 5 — 6], [120, chap. 5,7,8], i.e

SERM *
B, [PEREV)] - P(x)
n—o0 dO'Q/TL

=1, (4.3)

where 02 = [ [¢?] is the variance of the additive noise and the expectation is over the samples
S, drawn from D. The seminal works of [103], 94] proved that a certain averaged stochastic
gradient method enjoys this minimax rate, in the limit. The question we seek to address is:

how fast (in a non-asymptotic sense) can we achieve the minimax rate of do?/n?

4.2.1 Review: Acceleration with Ezxact Gradients

Let us review results in convex optimization in the exact first-order oracle model. Running

t—steps of gradient descent [I§] with an exact first-order oracle yields the following guarantee:
P(x)) = P(x") < exp ( — t/k,) - (P(x0) — P(x")),

where xq is the starting iterate, K, = Apax(H)/Amin(H) is the condition number of P(.),
where, Apax(H), Apin(H) are the largest and smallest eigenvalue of the hessian H = V2P(x) =
E [aaw. Thus gradient descent requires O(k,) oracle calls to solve the problem to a given

target accuracy, which is sub-optimal amongst the class of methods with access to an exact
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first-order oracle [86]. This sub-optimality can be addressed through Nesterov’s Accelerated

Gradient Descent [85], which when run for t-steps, yields the following guarantee:

P(x;) — P(x*) < exp ( — t/\/ﬁ_o) . (P(XO) — P(X*)),

which implies that O(,/k,) oracle calls are sufficient to achieve a given target accuracy. This
matches the oracle lower bounds [86] that state that O(,/k,) calls to the exact first order
oracle are necessary to achieve a given target accuracy. The conjugate gradient method [48]
and heavy ball method [92] are also known to obtain this convergence rate for solving a system
of linear equations and for quadratic functions. These methods are termed fast gradient
methods owing to the improvements offered by these methods over Gradient Descent. This
chapter seeks to address the question: “Can we accelerate stochastic approximation in a

manner similar to what has been achieved with the exact first order oracle model?”

4.2.2 A thought experiment: Is Accelerating Stochastic Approximation possible?

Let us recollect known results in stochastic approximation for the least squares regression
problem (in equation (4.1))). Running n-steps of tail-averaged SGD [55] (or, streaming
SVRG [35][) provides an output X, that satisfies the following excess risk bound:

E[P(R,)] — P(x") < exp(—n/) - (P(x0) — P(x")) + 20%d/n, (4.4)

where x is the condition number of the distribution, which can be upper bounded as
L/Amin(H), assuming that ||a|| < L with probability one (refer to section for a pre-
cise definition of k). Under appropriate assumptions, these are the best known rates under
the stochastic first order oracle model (see section for further discussion). A natural
implication of the bound implied by averaged SGD is that with O(x) oracle calls [55] (where,
O(-) hides log factors in d, «), the excess risk attains (up to constants) the (asymptotic) min-
imax statistical rate. Note that the excess risk bounds in stochastic approximation consist

of two terms: (a) bias: which represents the dependence of the generalization error on the

1Streaming SVRG does not function in the stochastic first order oracle model [35]
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Figure 4.1: Plot of error vs number of samples for averaged SGD and the minimax risk for
the discrete and Gaussian distributions with d = 50, x & 10° (see section for details
on the distribution). The kink in the SGD curve represents when the tail-averaging phase
begins [55]; this point is chosen appropriately. The green curves show the asymptotically

optimal minimax rate of do?/n. The vertical dashed line shows the sample size at which the

1

. in the discrete
min; p;

empirical covariance, % Yo a;a; , becomes full rank, which is shown at
case and d in the Gaussian case. With fewer samples than this (i.e. before the dashed line),
it is information theoretically not possible to guarantee non-trivial risk (without further
assumptions). For the Gaussian case, note how the behavior of SGD is far from the dotted

line; it is this behavior that one might hope to improve upon. See the text for a discussion.

initial excess risk P(xq) — P(x*), and (b) the variance: which represents the dependence of
the generalization error on the noise level o2 in the problem.

A precise question regarding accelerating stochastic approximation is: “is it possible to
improve the rate of decay of the bias term, while retaining (up to constants) the statistical
minimax rate?” The key technical challenge in answering this question is in sharply char-
acterizing the error accumulation of fast gradient methods in the stochastic approximation

setting. Common folklore and prior work suggest otherwise: several efforts have attempted
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Figure 4.2: Plot of total error vs number of samples for averaged SGD, (this chapter’s)
accelerated SGD method and the minimax risk for the discrete and Gaussian distributions
with d = 50,k ~ 10° (see section for details). For the discrete case, accelerated SGD
degenerates to SGD, which nearly matches the minimax risk (when it becomes well defined).

For the Gaussian case, accelerated SGD significantly improves upon SGD.

to quantify instabilities in the face of statistical or non-statistical errors [91, [95] 93], 42} [102]
113], 221, 27, 28, 125]. Refer to section for a discussion on robustness of acceleration
to error accumulation. Optimistically, as suggested by the gains enjoyed by accelerated
methods in the exact first order oracle model, we may hope to replace the O (k) oracle calls
achieved by averaged SGD to (5(\/E) We now provide a counter example, showing that
such an improvement is not possible. Consider a (discrete) distribution D where the input
a is the i standard basis vector with probability p;, Vi = 1,2,...,d. The covariance of

a in this case is a diagonal matrix with diagonal entries p;. The condition number of this

1
min; p;

distribution is k = . In this case, it is impossible to make non-trivial reduction in error
by observing fewer than x samples, since with constant probability, we would not have seen
the vector corresponding to the smallest probability.

On the other hand, consider a case where the distribution D is a Gaussian with a large
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condition number k. Matrix concentration informs us that (with high probability and ir-
respective of how large k is) after observing n = O(d) samples, the empirical covariance
matrix will be a spectral approximation to the true covariance matrix, i.e. for some constant
c>1 Hfc = %Z?:l a;a; < cH. Here, we may hope to achieve a faster convergence rate,
as information theoretically O(d) samples suffice to obtain a non-trivial statistical estimate
(see [50] for further discussion).

Figure shows the behavior of SGD in these cases; both are synthetic examples in
50—dimensions, with a condition number x =~ 105 and noise level 02 = 100. See the figure
caption for more details.

These examples suggest that if acceleration is indeed possible, then the degree of improve-
ment (say, over averaged SGD) must depend on distributional quantities that go beyond the
condition number k. A natural conjecture is that this improvement must depend on the
number of samples required to spectrally approximate the covariance matrix of the distribu-
tion; below this sample size it is not possible to obtain any non-trivial statistical estimate
due to information theoretic reasons. This sample size is quantified by a notion which we
refer to as the statistical condition number k (see section for a precise definition and for
further discussion about k). As we will see in section , we have k < k, k is affine invariant,

unlike £ (i.e. K is invariant to linear transformations over a).

4.2.83  Contributions

This chapter introduces an accelerated stochastic gradient descent scheme, which can be
viewed as a stochastic variant of Nesterov’s accelerated gradient method [87]. As pointed out
in Section [4.2.2] the excess risk of this algorithm can be decomposed into two parts namely,
bias and variance. For the stochastic approximation problem of least squares regression, this
chapter establishes bias contraction at a geometric rate of O(1/v/kk), improving over prior
results [35] 55],which prove a geometric rate of O(1/k), while retaining statistical minimax
rates (up to constants) for the variance. Here k is the condition number and % is the

statistical condition number of the distribution, and a rate of O(1/v k) is an improvement
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Figure 4.3: Comparison of averaged SGD with this chapter’s accelerated SGD in the absence
of noise (62 = 0) for the Gaussian and Discrete distribution with d = 50, x & 105. Acceler-
ation yields substantial gains over averaged SGD for the Gaussian case, while degenerating

to SGD’s behavior for the discrete case. See section for discussion.

over O(1/k) since k < K (see Section [4.3| for definitions and a short proof of K < k).

See Table for a theoretical comparison. Figure [4.2] provides an empirical comparison
of the proposed (tail-averaged) accelerated algorithm to (tail-averaged) SGD [55] on our
two running examples. Our result presents the first improvement over SGD even in the
noiseless (i.e. realizable) case where o = 0; this case is equivalent to the setting where we
have a distribution over a (possibly infinite) set of consistent linear equations [58, [115]. See
Figure for a comparison on the case where o = 0.

On a more technical note, this chapter introduces two new techniques in order to ana-
lyze the proposed accelerated stochastic gradient method: (a) the chapter introduces a new
potential function in order to show faster rates of decaying the bias, and (b) the chapter pro-
vides a sharp understanding of the behavior of the proposed accelerated stochastic gradient
descent updates as a stochastic process and utilizes this in providing a near-exact estimate of

the covariance of its iterates. This viewpoint is critical in order to prove that the algorithm



20

achieves the statistical minimax rate.
We use the operator viewpoint for analyzing stochastic gradient methods, introduced

in [25]. This viewpoint was also used in [29, [55].

4.2.4  Related Work

Non-asymptotic Stochastic Approximation: Stochastic gradient descent (SGD) and
its variants are by far the most widely studied algorithms for the stochastic approximation
problem. While initial works [99] considered the final iterate of SGD, later works [103, [94]
demonstrated that averaged SGD obtains statistically optimal estimation rates. Several
works provide non-asymptotic analyses for averaged SGD and variants [5, [6, B5] for var-
ious stochastic approximation problems. For stochastic approximation with least squares
regression [7, 25, BT, B35, 55] provide non-asymptotic analysis of the behavior of SGD and
its variants. [25, 29] provide non-asymptotic results which achieve the minimax rate on the
variance (where the bias is lower order, not geometric). [81] achieves a geometric rate on the
bias (and where the variance is not minimax). [35], [55] obtain both the minimax rate on the

variance and a geometric rate on the bias, as seen in equation ((4.4]).

Acceleration and Noise Stability: While there have been several attempts at under-
standing if it is possible to accelerate SGD , the results have been largely negative. With
regards to acceleration with adversarial (non-statistical) errors in the exact first order oracle
model, [22] provide negative results and [27, 28] provide lower bounds showing that fast
gradient methods do not improve upon standard gradient methods. There is also a series
of works considering statistical errors. [03] suggests that the relative merits of heavy ball
(HB) method [92] in the noiseless case vanish with noise unless strong assumptions on the
noise model are considered; an instance of this is when the noise variance decays as the
iterates approach the minimizer. The Conjugate Gradient (CG) method [48] is suggested
to face similar robustness issues in the face of statistical errors [93]; this is in addition to

the issues that CG is known to suffer from owing to roundoff errors (due to finite precision
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arithmetic) [91],[42]. In the signal processing literature, SGD goes by the name of Least Mean
Squares (LMS) [122], chap. 5 — 9] algorithm. Paralleling notions of minimax optimality (in
the MLE sense), the LMS algorithm is robust (and optimal) in a H* sense [44], i.e., small
disturbances (i.e. mnoise) and modeling errors (defined in an appropriate sense) provably
yields small estimation errors. To our knowledge, we aren’t aware of similar notions studied
in the context of fast (i.e. accelerated) LMS methods. That said, in the LMS literature,
there have been efforts that date to several decades [95, 102, 113] which study accelerated
LMS methods (stochastic variants of CG/HB) in the same oracle model as the one consid-
ered by this chapter (equation . These efforts consider the final iterate (i.e. no iterate
averaging) of accelerated LMS methods with a fixed step-size and conclude that while it
allows for a faster decay of the initial error (bias) (which is unquantified), their steady state
behavior (i.e. variance) is worse compared to that of LMS. [125] considered a constant step
size accelerated scheme with no iterate averaging in the same oracle model as this chapter,
and conclude that these do not offer any improvement over standard SGD. More concretely,
[125] show that the variance of their accelerated SGD method with a sufficiently small con-
stant step size is the same as that of SGD with a significantly larger step size. Note that
none of the these efforts [95, 102, 113, 125] achieve minimax error rates or quantify (any

improvement whatsoever on the) rate of bias decay.

Oracle models and optimality: With regards to notions of optimality, there are (at
least) two lines of thought: one is a statistical objective where the goal is (on every problem
instance) to match the rate of the statistically optimal estimator [4, B3, 94], [62], chap.
1,3,6]; another is on obtaining algorithms whose worst case upper bounds (under various
assumptions such as bounded noise) match the lower bounds provided in [83]. The work
of [94] are in the former model, where they show that the distribution of the averaged SGD
estimator matches, on every problem, that of the statistically optimal estimator, in the limit
(under appropriate regularization conditions standard in the statistics literature, where the

optimal estimator is often referred to as the maximum likelihood estimator/the empirical
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risk minimizer/an M-estimator [69, chap. 5 — 6], [120, chap. 5,7,8]). Along these lines,
non-asymptotic rates towards statistically optimal estimators are given by [7, 25] 29| [35, 55].
This chapter can be seen as improving this non-asymptotic rate (to the statistically optimal
estimation rate) using an accelerated method. As to the latter (i.e. matching the worst-case
lower bounds in [83]), there are a number of positive results on using accelerated stochastic
optimization procedures; the works of [67], 511, 38, B9, [30] match the lower bounds provided
in [83]. We compare these assumptions and works in more detail.

In stochastic first order oracle models (see [62, chap. 1, 3, 6], [64, chap. 5,10,11]), one

typically has access to sampled gradients of the form:
VP(x) = VP(x)+7, (4.5)

where varying assumptions are made on the noise 7. The worst-case lower bounds in [83]
are based on that 1 is bounded; the accelerated methods in [67), 51, 38, 39, B0] which match
these lower bounds in various cases, all assume either bounded noise or, at least E[||n]|?]
is finite. In the least squares setting (such as the one often considered in practice and also
considered in [94] [7, 25 29, [35, [55]), this assumption does not hold, since E [||n||?] is not

bounded. To see this, 1 in our oracle model (equation (4.2))) is:
n=VP(x)—VP(x)=(aa' —H)(x—x")—c-a (4.6)

which implies that E[||n||%] is not uniformly bounded (unless additional assumptions are
enforced to ensure that the algorithm’s iterates x lie within a compact set). Hence, the
assumptions made in [51, B8] 39, B0] do not permit one to obtain finite n-sample bounds
on the excess risk. Suppose we consider the case of ¢ = 0, i.e. where the additive noise is
zero and b = a'x*. For this case, this chapter provides a geometric rate of convergence to
the minimizer x*, while the results of [38, B9 B0] at best indicate a O(1/n) rate. Finally,
in contrast to all other existing work, our result is the first to provide finer distribution
dependent characteristics of the improvements offered by accelerating SGD (e.g. refer to the

Gaussian and discrete examples in section 4.2.2)).
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Acceleration and Finite Sums: As a final remark, there have been results [109, [34]
72, 68, 2] that provide accelerated rates for offline stochastic optimization which deal with
minimizing sums of convex functions; these results are almost tight due to matching lower
bounds [68], [124]. These results do not immediately translate into rates on the generalization
error. Furthermore, these algorithms are not streaming, as they require making multiple

passes over a dataset stored in memory. Refer to [35] for more details.

4.3 Main Results

We now provide our assumptions and main result, before which, we have some notation.

For a vector x € R? and a positive semi-definite matrix S € R¥? (i.e. S = 0), denote

I1x]12 & xTSx.

4.8.1 Assumptions and Definitions

Let H denote the second moment matrix of the input, which is also the hessian V?P(x)

of :

H Y Epla®al = V2P(x).

Furthermore, let the fourth moment tensor M of the inputs a ~ D is defined as:
M=Eapnprla®a®a®al.

(A1) Finite second and fourth moment: The second moment matrix H and the fourth

moment tensor M exist and are finite.

(A2) Positive Definiteness: The second moment matrix H is strictly positive definite, i.e.

H > 0.

We assume |(A1)| and |(A2)} |(A2)| implies that P(x) is strongly conver and admits a unique

e . . . def .
minimizer x*. Denote the noise € in a sample (a,b) ~ D as: € = b — (a,x*). First order

optimality conditions of x* imply

VP(x*)=E[e-a] =0.
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Let 3 denote the covariance of gradient at optimum x* (or noise covariance matriz),

= 9 Eyyn [VP(x') @ VP(X')| = Epyp [ -a@a].

We define the noise level o2, condition number k, statistical condition number k below.

Noise level: The noise level is defined to be the smallest positive number o2 such that
3 < 0’H.

The noise level 02 quantifies the amount of noise in the stochastic gradient oracle and has
been utilized in previous work (e.g., see [3] [7]) for providing non-asymptotic bounds for the
stochastic approximation problem. In the homoscedastic (additive noise/well specified) case,
where € is independent of the input a, this condition is satisfied with equality, i.e. ¥ = 02> H
with o2 = E [€?].

Condition number: Let

10 N pin (HD).

w > 0 by Now, let R? be the smallest positive number such that
E [||a[* aa'] < R* H.

. The condition number r of the distribution D [25] 53] is

fidéfRQ/u.

Statistical condition number: The statistical condition number k is defined as the small-

est positive number such that
E [||a||f{,1 aa'] <k H.

Remarks on k and x: Unlike &, it is straightforward to see that & is affine invariant (i.e.
unchanged with linear transformations over a). Since E [||aff-1 aa’] = iE [[lal5aa™] =
xH, we note k < k. For the discrete case (from Section|4.2.2)), it is straightforward to see that

both x and K are equal to 1/ min; p;. In contrast, for the Gaussian case (from Section {4.2.2)),
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Algorithm 3 (Tail-Averaged) Accelerated Stochastic Gradient Descent (ASGD)
Require: n oracle calls (4.2)), initial point xo = vg, Unaveraged (burn-in) phase ¢, Step size

parameters «, (3,7, 0
1: forj=1,---ndo
20y —axig+(1—a)vjy
3 x4y —0VP(y; )
4 zj o Byja+ (1= B)via
5 v 21— VP(y;)
6: end for

.S 1 n .
Ensure: X;, <+ —; Zj:tJrl X

K is O(d), while x is O(Trace(H)/p) which may be arbitrarily large (based on choice of the
coordinate system).

k governs how many samples a; require to be drawn from D so that the empirical co-
variance is spectrally close to H, i.e. for some constant ¢ > 1, H/c¢ < %Z?:l a;a] =< cH.
In comparison to the matrix Bernstein inequality where stronger (yet related) moment con-
ditions are assumed in order to obtain high probability results, our results hold only in
expectation (refer to [50] for this definition, wherein & is referred to as bounded statistical

leverage in Theorem 1 and remark 1).

4.8.2  Algorithm and Main Theorem

Algorithm (3| presents the pseudo code of the proposed algorithm. ASGD can be viewed as
a variant of Nesterov’s accelerated gradient method [87], working with a stochastic gradient
oracle (equation (4.2))) and with tail-averaging the final n — t iterates. The main result now

follows:

Theorem 9. Suppose |(Al)|and |(A2)| hold. Set o = 1i\3)/\5/5\-/iz’ﬁ =3 1}{%,7 = 3\/5; —,

#. After n calls to the stochastic first order oracle (equation (4.2))), ASGD outputs X,




o6

satisfying:
k)Y dk — o2
PG - Poc) < 0 S EE o (8- (Pow) - PG) - 5T
~~ ——

Leading order bias error Leading order variance

>(P(X0)—P(x*))+ c. T vE o+

+ C - (kR)**dk - exp (

= 2
IVKK (n—1t)
N A 7
Ezxponentially vanishing lower order bias term Lower order variance error term

? - exp (- ) : <02d~ (kR)™* 4 # - (%)7/2%)1

n —t)?

n
VKR

Vv
Ezxponentially vanishing lower order variance error terms

o*d | (n—t—1)
+ C-——(kR)"W*ex (——)
t( ) P 30V KK

FExponentially vanishing lower order variance error term

2

where C' is a universal constant, 0, k and K are the noise level, condition number and

statistical condition number respectively.

The following corollary holds if the iterates are tail-averaged over the last n/2 samples
and n > O(Vkklog(dkr)). The second condition lets us absorb lower order terms into

leading order terms.

Corollary 10. Assume the parameter settings of Theorem [q and let t = |n/2| and n >
C'Vkklog(dkR) (for an appropriate universal constants C,C"). We have that with n calls to
the stochastic first order oracle, ASGD outputs a vector X, satisfying:
E[P(X:,)] — P(x*) < C-exp < S ~> - (P(x0) — P(x*)) + 11ﬂ.
20VkR n

A few remarks about the result of Theorem [9 are due: (i) ASGD decays the initial error

at a geometric rate of O(1/v/k#) during the unaveraged phase of ¢ iterations, which presents
the first improvement over the O (1/k) rate offered by SGD [99] /averaged SGD [94] [55] for
the least squares stochastic approximation problem, (ii) the second term in the error bound
indicates that ASGD obtains (up to constants) the minimax rate once n > O(v/kr log(dkk)).
Note that this implies that Theorem |§] provides a sharp non-asymptotic analysis (up to log
factors) of the behavior of Algorithm 3]
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4.3.8  Discussion and Open Problems

A challenging problem in this context is in formalizing a finite sample size lower bound in
the oracle model considered in this chapter. Lower bounds in stochastic oracle models have
been considered in the literature (see [83, 96, [1]), though it is not evident these oracle models
and lower bounds are sharp enough to imply statements in our setting (see section for

a discussion of these oracles).

Let us now understand Theorem [9] in the broader context of stochastic approximation.
Under certain regularity conditions, it is known that [69, chap. 5 — 6], [120, chap. 5,7,8]
that the rate described in equation for the homoscedastic case holds for a broader set
of misspecified models (i.e., heteroscedastic noise case), with an appropriate definition of the

noise variance. By defining 02, & E [H%P(x*)

2
‘ } , the rate of the ERM is guaranteed
H-!

to approach afgy/n [69, 120] in the limit of large n, i.e.:

B, [PaRE)] - Px)

n=o0 Tora/ T

~1, (4.7)

where XERM is the ERM over samples S, = {a;, b;}1,. Averaged SGD [55] and streaming
SVRG [35] are known to achieve these rates for the heteroscedastic case. Refer to [35] for more
details.Neglecting constants, Theorem [J]is guaranteed to achieve the rate of the ERM for the
homoscedastic case (where ¥ = ¢*H) and is tight when the bound ¥ < ¢*H is nearly tight
(upto constants). We conjecture ASGD achieves the rate of the ERM in the heteroscedastic
case by appealing to a more refined analysis as is the case for averaged SGD (see [55]).
It is also an open question to understand acceleration for smooth stochastic approximation

(beyond least squares), in situations where the rate represented by equation (4.7]) holds [94].

4.4 Proof Outline

We now present a brief outline of the proof of Theorem[9] Recall the variables in Algorithm 3]

Before presenting the proof outline we require some definitions. We begin by defining the
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centered estimate 8; as:

E3
def | Xj —X
gj - G RQd.

y; —x'

Recall that the stepsizes in Algorithm |3| are av = 115/\5/'5%, b= 5 1%, v = 3\/5.;\/&, 0= #.

The accelerated SGD updates of Algorithm [3| can be written in terms of ; as:

Oj = Ajaj_l + Cj7 where,

<~ def 0 (I - 53]'3.;-'—) def 0 €ja;
A‘j — 7C] == 9
(ad + (

—a(1=B)T (1+a(l— B)I - (ad+ (1 - a)y)aal 1—a)y) - gja

where €; = b; — (a;,x*). The tail-averaged iterate x;, is associated with its own centered

estimate 0, o iy 05 Let A LR [Kj\}"j,l], where F;_; is a filtration generated

by (ai,b1), -, (aj_1,bj_1). Let B, Az, Ar be linear operators acting on a matrix S € R2¢*2

def def def

so that BS = E |A;SAT|F; 1|, AcS € AS, AzS € SA. Denote £ € E [¢,¢]|F;_1] and

matrices G, Z, G as:

o - I 0 I 0
G ¥ GTZG, where, G £ . ZE
S 0 pH-

Bias-variance decomposition: The proof of Theorem @ employs the bias-variance decom-

position, which is well known in the context of stochastic approximation (see [5, 35, 55]) and
is re-derived in the appendix. The bias-variance decomposition allows for the generalization
error to be upper-bounded by analyzing two sub-problems: (a) bias, analyzing the algorithm’s
behavior on the noiseless problem (i.e. ¢; =0V j a.s.) while starting at 0, = 0, and (b)
variance, analyzing the algorithm’s behavior by starting at the solution (i.e. @5 = ()
and allowing the noise ¢, to drive the process. In a similar manner as ;,,, the bias and

. . . ~bias ~variance
variance sub-problems are associated with 6,, and 8,,, ", and these are related as:

E[6,,8,,] <2 (E ool R0 e ) . (4.8)
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Since we deal with the square loss, the generalization error of the output %X, of Algorithm
is:

H 0

0 0

E[P(x¢,)] — P(x*) = E [0, ®0,,]), (4.9)

DO | —

indicating that the generalization error can be bounded by analyzing the bias and variance

sub-problem. We now present the lemmas that bound the bias error.

Lemma 11. The covariance E [éffzs ® éfzs] of the bias part of averaged iterate éffss satisfies:

Abias Abias 1 _ _
E [ef,n © )y } = e <z+ (T—Ap) " Ar+ (T - Ag) 1A7E>-
(I— B)—l(Bt-i-l _ Bn-‘rl) (00 ® 90)
1 ~ _ N
— 7(71 —? Z <(Z — AL)—lAZH I +(T - A%)—l(A%)nH—J)BJ(gO ® 6y).
Jj=

The quantity that needs to be bounded in the term above is B0, ® 6,. Lemma
presents a result that can be applied recursively to bound B0, ® 6, (= BHlOSiaS ® Ogias
since 65 = ;).

Lemma 12 (Bias contraction). For any two vectors x,y € R?, let @ = € R=.

*

y —X
We have:

(G,B(607)) < (1 - )<G,99T>

1
IVKE
Remarks: (i) the matrices Gand GT appearing in G are due to the fact that we prove con-
traction using the variables x —x* and v —x* instead of x —x* and y —x*, as used in defining
0. (ii) The key novelty in Lemma |12]is that while standard analyses of accelerated gradi-
ent descent (in the exact first order oracle) use the potential function ||x — x*||F;+u |[|[v — x*||3
(e.g. [123]), we consider it crucial for employing the potential function [|x — x*|| 244 [|[v — x*||3
(this potential function is captured using the matrix Z) to prove accelerated rates (of
@] (1/\/&)) for bias decay.

We now present the lemmas associated with bounding the variance error:
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variance

évariance évariance
t,n

Lemma 13. The covariance E [ in ®0,, of the variance error 0 satisfies:

~variance ~variance 1 _ _ 1S
B[y 0 675" = ——(T+ (T - Ae) Ac + (T - AR) L AR) (T - B) 'S
1

(n—1)?

1
(n—1)2
i S (T A0 A 4 (T AR (A )@ - B) S

j=t+1

(T — Ap) 2 (Ap — AT + (T — AR) "2 AR — (AR)"H)(Z - B)'S

(I + (I — .A[;)*lAE + (I — ‘A;E)*lA;E) (I _ B)fZ(BtJrl _ Bn+1)§

The covariance of the stationary distribution of the iterates i.e., lim;_,o requires

variance
ej
a precise bound to obtain statistically optimal error rates. Lemma [14] presents a bound on

this quantity.

evariance

Lemma 14 (Stationary covariance). The covariance of limiting distribution of sat-

isfies:
. . e 1.
E [0227" © 0227*"] = (I - B) ™ X < 50° ((2/3) - (gH N+ (5/6) - (51)) ®

A crucial implication of this lemma is that the limiting final iterate 8*"*"*® has an excess
risk O(c?). This result naturally lends itself to the (tail-)averaged iterate achieving the
minimax optimal rate of O(do?/n). Refer to the appendix and Lemma 41| for more

details in this regard.
4.5 Conclusion

This chapter introduces an accelerated stochastic gradient method, which presents the first
improvement in achieving minimax rates faster than averaged SGD [99, 103,94}, 55] /Streaming
SVRG [35] for the stochastic approximation problem of least squares regression. To obtain
this result, the chapter presented the need to rethink what acceleration has to offer when
working with a stochastic gradient oracle: these thought experiments indicated a need to

consider a quantity that captured more fine grained problem characteristics. The statistical
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condition number (an affine invariant distributional quantity) is shown to characterize the
improvements that acceleration offers in the stochastic first order oracle model.

In essence, this chapter presents the first known provable analysis of the claim that fast
gradient methods are stable when dealing with statistical errors, in contrast to negative
results in statistical and non-statistical settings [91}, [95] 93, 42} 102}, 113], 22} 27, 28, 125]. We
hope that this chapter provides insights towards developing simple and effective accelerated

stochastic gradient schemes for general convex and non-convex optimization problems.
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Chapter 5

UNDERSTANDING THE BEHAVIOR OF MOMENTUM WITH
STOCHASTIC GRADIENTS

5.1 Chapter Notes

This chapter presents joint work with Prateek Jain, Praneeth Netrapalli and Sham M. Kakade
and is published in the International Conference on Learning Representations (ICLR), 2018.
This chapter’s presentation is a (very minor) variant of the published version of this paper.

The contributions of this chapter are summarized as follows:

e This chapter presents an understanding of momentum based methods when used in
conjunction with stochastic gradient methods. Momentum based methods were de-
veloped in [92] as a means to improve over gradient descent’s convergence guarantees
when encountering (deterministic i.e.) exact gradients of an objective. Despite their
origin, momentum methods have shown immense performance improvements when
working with mini-batch stochastic gradients for several Deep Learning problems of
interest. This chapter delves into these questions and presents the (surprising) result
that momentum based stochastic gradient descent methods do not offer any running
time advantages (beyond constant factors) over standard SGD, especially when work-
ing with small constant sized mini-batches. This is in stark contrast to the behavior
of Accelerated SGD, described in chapter [4 which is shown to provably improve over

SGD irrespective of the batchsizes used.

e These improvements (or lack thereof) aren’t restricted to certain problem classes. This
chapter shows that, in the context of training several modern Neural Networks (includ-

ing convolutional residual networks and fully connected networks) for various classes of
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problems, one does observe that (a) momentum based SGD methods do not offer much
improvements with standard batchsizes typically used in practice, and, (b) accelerated
SGD does present a noticeable improvement over SGD as well as momentum based

SGD methods.
5.2 Introduction

First order optimization methods, which access a function to be optimized through its gra-
dient or an unbiased approximation of its gradient, are the workhorses for modern large
scale optimization problems, which include training the current state-of-the-art deep neural
networks. Gradient descent [I§] is the simplest first order method that is used heavily in
practice. However, it is known that for the class of smooth convex functions as well as some
simple non-smooth problems [84]), gradient descent is suboptimal [86] and there exists a
class of algorithms called fast gradient/momentum based methods which achieve optimal
convergence guarantees. The heavy ball method [92] and Nesterov’s accelerated gradient
descent [85] are two of the most popular methods in this category.

On the other hand, training deep neural networks on large scale datasets have been
possible through the use of Stochastic Gradient Descent (SGD) [99], which samples a random
subset of training data to compute gradient estimates that are then used to optimize the
objective function. The advantages of SGD for large scale optimization and the related issues
of tradeoffs between computational and statistical efficiency was highlighted in [12].

The above mentioned theoretical advantages of fast gradient methods [92, 85] (albeit for
smooth convex problems) coupled with cheap to compute stochastic gradient estimates led to
the influential work of [116], which demonstrated the empirical advantages possessed by SGD
when augmented with the momentum machinery. This work has led to widespread adoption
of momentum methods for training deep neural nets; so much so that, in the context of
neural network training, gradient descent often refers to momentum methods.

But, there is a subtle difference between classical momentum methods and their imple-

mentation in practice — classical momentum methods work in the exact first order oracle
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model [86], i.e., they employ ezact gradients (computed on the full training dataset), while
in practice [116], they are implemented with stochastic gradients (estimated from a randomly
sampled mini-batch of training data). This leads to a natural question:

“Are momentum methods optimal even in the stochastic first order oracle (SFO)
model, where we access stochastic gradients computed on a small constant sized minibatches
(or a batchsize of 17)”

Even disregarding the question of optimality of momentum methods in the SFO model,
it is not even known if momentum methods (say, [92) 85]) provide any provable improvement
over SGD in this model. While these are open questions, a recent effort of [54] showed that
improving upon SGD (in the stochastic first order oracle) is rather subtle as there exists
problem instances in SFO model where it is not possible to improve upon SGD, even infor-
mation theoretically. [54] studied a variant of Nesterov’s accelerated gradient updates [87]
for stochastic linear regression and show that their method improves upon SGD wherever it
is information theoretically admissible. Through out this chapter, we refer to the algorithm
of [54] as Accelerated Stochastic Gradient Method (ASGD) while we refer to a stochastic ver-
sion of the most widespread form of Nesterov’s method [85] as NAG; HB denotes a stochastic
version of the heavy ball method [92]. Critically, while [54] shows that ASGD improves on
SGD in any information-theoretically admissible regime, it is still not known whether HB
and NAG can achieve a similar performance gain.

A key contribution of this chapter is to show that HB does not provide similar performance
gains over SGD even when it is informationally-theoretically admissible. That is, we provide
a problem instance where it is indeed possible to improve upon SGD (and ASGD achieves
this improvement), but HB cannot achieve any improvement over SGD. We validate this
claim empirically as well. In fact, we provide empirical evidence to the claim that NAG
also do not achieve any improvement over SGD for several problems where ASGD can still
achieve better rates of convergence.

This raises a question about why HB and NAG provide better performance than SGD in

practice [116], especially for training deep networks. Our conclusion (that is well supported
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by our theoretical result) is that HB and NAG’s improved performance is attributed to
mini-batching and hence, these methods will often struggle to improve over SGD with small
constant batch sizes. This is in stark contrast to methods like ASGD, which is designed
to improve over SGD across both small or large mini-batch sizes. In fact, based on our
experiments, we observe that on the task of training deep residual networks [47] on the cifar-
10 dataset, we note that ASGD offers noticeable improvements by achieving 5 — 7% better
test error over HB and NAG even with commonly used batch sizes like 128 during the initial

stages of the optimization.

5.2.1 Contributions

The contributions of this chapter are as follows.

1. In Section we prove that HB is not optimal in the SFO model. In particular, there
exist linear regression problems for which the performance of HB (with any step size
and momentum) is either the same or worse than that of SGD while ASGD improves

upon both of them.

2. Experiments on several linear regression problems suggest that the suboptimality of

HB in the SFO model is not restricted to special cases — it is rather widespread.

Empirically, the same holds true for NAG as well (Section .

3. The above observations suggest that the only reason for the superiority of momentum
methods in practice is mini-batching, which reduces the variance in stochastic gradients
and moves the SFO closer to the exact first order oracle. This conclusion is supported
by empirical evidence through training deep residual networks on cifar-10, with a batch

size of 8 (see Section [5.6.3)).

4. We present an intuitive and easier to tune version of ASGD (see Section |5.5)) and show

that ASGD can provide significantly faster convergence to a reasonable accuracy than
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SGD, HB, NAG, while still providing favorable or comparable asymptotic accuracy as

these methods, particularly on several deep learning problems.

Hence, the take-home message of this chapter is: HB and NAG are not optimal in the SFO
model. The only reason for the superiority of momentum methods in practice is mini-

batching. ASGD provides a distinct advantage in training deep networks over SGD, HB and
NAG.

5.3 Notation

We denote matrices by bold-face capital letters and vectors by lower-case letters. f(w) =
1/n)", fi(w) denotes the function to optimize w.r.t. model parameters w. V f(w) denotes
exact gradient of f at w while v fi(w) denotes a stochastic gradient of f. That is, v fi(wy) =
V fi,(w) where i; is sampled uniformly at random from [1,...,n]. For linear regression,
fi(w) = 0.5 (b; — (w,a;))? where b; € R is the target and a; € R? is the covariate, and

Viw) = —(b — (wy, ar))a;. In this case, H = E [aa"| denotes the Hessian of f and

A (H)

() denotes it’s condition number.

K =

Algorithm [4| provides a pseudo-code of HB method [92]. w; — w;_; is the momentum
term and a denotes the momentum parameter. Next iterate w;,q is obtained by a linear
combination of the SGD update and the momentum term. Algorithm [5|provides pseudo-code
of a stochastic version of the most commonly used form of Nesterov’s accelerated gradient

descent [85].

5.4 Suboptimality of Heavy Ball Method

In this section, we show that there exists linear regression problems where the performance
of HB (Algorithm {4} is no better than that of SGD, while ASGD significantly improves

upon SGD’s performance. Let us now describe the problem instance.
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i Algorithm 5 NAG: Nesterov’s AGD with
Algorithm 4 HB: Heavy ball with a SFO

a SFO
Require: Initial wy, stepsize J, momentum «

Require: Initial wy, stepsize ¢, momentum «

L w_y ¢ wp; t 0 /*Set w_y to wy™*/

1: vy < wp; t <0 /*Set vy to we*/
2: while w; not converged do .

2: while w; not converged do

3: W1 < wt—5-€ft(wt)+a-(wt —wt_l)

30 v < wy— 0 Vfi(wy) /*SGD step*/
/*Sum of stochastic gradient step and
4 wi = (14 a)vy — avg/*Sum of SGD
momentum*/
step and previous iterate™/
4: t+—t+1
5 t<+t4+1
5: end while
6: end while
Ensure: w;, /*Return the last iterate®/
Ensure: w; /*Return the last iterate™/

Fix w* € R? and let (a,b) ~ D be a sample from the distribution such that:

o1-2-e1 w.p. 0.5
a= and b= (w" a),

09+ Z €y W.D. 05,

where e, es € R? are canonical basis vectors, o, > o9 > 0. Let 2z be a random variable such
that E[2%] = 2 and E [2'] = 2¢ > 4. Hence, we have: E [(a®)?] = ¢2,E [(aV)!] = co?, for
1 =1,2. Now, our goal is to minimize:

o2 0
Fw) 0.5 B [((w',a) = b)’], Hessian HE E [aa] = |7
0 o3

Let x and & denote the computational and statistical condition numbers — see [54] for def-

2
initions. For the problem above, we have kK = f—; and £ = ¢. Then we obtain following
2

convergence rates for SGD and ASGD when applied to the above given problem instance:
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Corollary 15 (of Theorem 1 of [55]). Let w?“P be the t™ iterate of SGD on the above

problem with starting point wy and stepsize w% The error of w?“P can be bounded as,
1

E[f (w§P)] - J (w.) < exp (‘{) (f (w0) — f (w2)).

On the other hand, ASGD achieves the following superior rate.

Corollary 16 (of Theorem 1 of [54]). Let wi¥%P be the t™ iterate of ASGD on the above
problem with starting point wy and appropriate parameters. The error of wi**“P can be
bounded as,

—t

ViR

E [/ (w/5%P)] - f (1.) < poly(x) exp ( ) (f (wo) — f ().

Note that for a given problem/input distribution & = ¢ is a constant while xk = % can
be arbitrarily large. Note that k > k£ = ¢. Hence, ASGD improves upon rate of SGD by a
factor of \/k. The following proposition, which is the main result of this section, establishes
that HB (Algorithm {4)) cannot provide a similar improvement over SGD as what ASGD

offers. In fact, we show no matter the choice of parameters of HB, its performance does not

improve over SGD by more than a constant.

Proposition 17. Let w? be the t™ iterate of HB (Algom'thm on the above problem with
starting point wy. For any choice of stepsize 6 and momentum « € [0,1], 3T large enough

such that Vt > T, we have,

E [f ()] = f (w.) > C(k,8,a) - exp (@) (f (wo) = f (wy)),

where C(k, 0, ) depends on k,d and o (but not on t).

Thus, to obtain @ s.t. ||w — w*|| < ¢, HB requires Q(xlog 1) samples and iterations.
On the other hand, ASGD can obtain e-approximation to w* in O(y/k log k log %) iterations.
We note that the gains offered by ASGD are meaningful when x > O(c) [54]; otherwise, all

the algorithms including SGD achieve nearly the same rates (upto constant factors). While
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Algorithm 6 Accelerated stochastic gradient descent — ASGD

Input: Initial wy, short step 9, long step parameter x > 1, statistical advantage parameter

<k

1: Wy < wp; t < 0 /*Set running average to wp™/

2 a+1—

0'756 /*Set momentum value*/

3: while w; not converged do

4 W —a-w+ (1 —a)- (wt — %5 . @ft(wt)> /*Update the running average as a
weighted average of previous running average and a long step gradient */

5. Wiy % . (wt —4- @ft(wt)> + m Wyt /*Update the iterate as
weighted average of current running average and short step gradient™/

6: t<+t+1

7. end while

Output: w; /*Return the last iterate*/

we do not prove it theoretically, we observe empirically that for the same problem instance,
NAG also obtains nearly same rate as HB and SGD. We conjecture that a lower bound for
NAG can be established using a similar proof technique as that of HB (i.e. Proposition .
We conjecture that the constant in the lower bound described in Proposition can be

improved to some small number (< 5).

5.5 Algorithm

We will now present and explain an intuitive version of ASGD (pseudo code in Al-
gorithm @ The algorithm takes three inputs: short step J, long step parameter x and
statistical advantage parameter £&. The short step 0 is precisely the same as the step size
in SGD, HB or NAG. For convex problems, this scales inversely with the smoothness of
the function. The long step parameter k is intended to give an estimate of the ratio of the
largest and smallest curvatures of the function; for convex functions, this is just the condi-

tion number. The statistical advantage parameter £ captures trade off between statistical
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and computational condition numbers — in the deterministic case, £ = /k and ASGD is
equivalent to NAG, while in the high stochasticity regime, ¢ is much smaller. The algorithm
maintains two iterates: descent iterate w; and a running average w;. The running average is
a weighted average of the previous average and a long gradient step from the descent iterate,
while the descent iterate is updated as a convex combination of short gradient step from the
descent iterate and the running average. The idea is that since the algorithm takes a long
step as well as short step and an appropriate average of both of them, it can make progress
on different directions at a similar pace. Appendix shows the equivalence between Algo-
rithm @ and ASGD as proposed in [54]. Note that the constant 0.7 appearing in Algorithm @
has no special significance. [54] require it to be smaller than \/m but any constant smaller

than 1 seems to work in practice.

5.6 Experiments

We now present our experimental results exploring performance of SGD, HB, NAG and ASGD.

Our experiments are geared towards answering the following questions:

e Even for linear regression, is the suboptimality of HB restricted to specific distributions
in Section [5.4] or does it hold for more general distributions as well? Is the same true

of NAG?

e What is the reason for the superiority of HB and NAG in practice? Is it because
momentum methods have better performance that SGD for stochastic gradients or due

to mini-batching? Does this superiority hold even for small minibatches?

e How does the performance of ASGD compare to that of SGD, HB and NAG, when

training deep networks?

Section and parts of Section address the first two questions. Section and
address Question 2 partially and the last question. We use Matlab to conduct experi-
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ments presented in Section and use PyTorch for our deep networks related experiments.

Pytorch code implementing the ASGD algorithm can be found at here E

5.0.1 Linear Regression

In this section, we will present results on performance of the four optimization methods
(SGD, HB, NAG, and ASGD) for linear regression problems. We consider two different class
of linear regression problems, both in two dimensions. For a given condition number x, we
consider the following two distributions:

Discrete: a = e; w.p. 0.5 and a = % - e with 0.5; e; is the ¥ standard basis vector.

10
Gaussian : a € R? is sampled from a Gaussian with covariance matrix

o 1

We fix a randomly generated w* € R? and for both the distributions above, we let

b= (w*,a). We vary x from {2 2° ..., 212} and for each  in this set, we run 100 independent
runs of all four methods, each for a total of t = 5k iterations. We define that the algorithm
converges if there is no error in the second half (i.e. after 2.5x updates) that exceeds the
starting error - this is reasonable since we expect geometric convergence of the initial error.

Unlike ASGD and SGD, we do not know optimal learning rate and momentum parameters
for NAG and HB in the stochastic gradient model. So, we perform a grid search over the
values of the learning rate and momentum parameters. In particular, we lay a 10 x 10 grid
in [0,1] x [0, 1] for learning rate and momentum and run NAG and HB. Then, for each grid
point, we consider the subset of 100 trials that converged and computed the final error using
these. Finally, the parameters that yield the minimal error are chosen for NAG and HB, and

these numbers are reported. We measure convergence performance of a method using:

log(f(wo)) — log(f (w:))
t )

rate =

(5.1)

We compute the rate ([5.1]) for all the algorithms with varying condition number x. Given

a rate vs k£ plot for a method, we compute it’s slope (denoted as ) using linear regression.

"https://github.com/rahulkidambi/AccSGD
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Figure 5.1: Plot of 1/rate (refer equation (5.1))) vs condition number (k) for various methods

for the linear regression problem.

Table |5.1| presents the estimated slopes (i.e. ) for various methods for both the discrete and
the Gaussian case. The slope values clearly show that the rate of SGD, HB and NAG have

a nearly linear dependence on x while that of ASGD seems to scale linearly with /k.

5.6.2 Deep Autoencoders for MNIST

In this section, we present experimental results on training deep autoencoders for the mnist
dataset, and we follow the setup of [49]. This problem is a standard benchmark for evaluating
optimization algorithms e.g., [77, 1106, [78, O8]. The network architecture follows previous
work [49] and is represented as 784 — 1000 — 500 — 250 — 30 — 250 — 500 — 1000 — 784 with the
first and last 784 nodes representing the input and output respectively. All hidden/output
nodes employ sigmoid activations except for the layer with 30 nodes which employs linear
activations and we use MSE loss. We use the initialization scheme of [77], also employed
in [116] [78]. We perform training with two minibatch sizes —1 and 8. The runs with

minibatch size of 1 were run for 30 epochs while the runs with minibatch size of 8 were run
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Algorithm | Slope — discrete | Slope — Gaussian
SGD 0.9302 0.8745
HB 0.8522 0.8769
NAG 0.98 0.9494
ASGD 0.5480 0.5127

Table 5.1: Slopes (i.e. 7) obtained by fitting a line to the curves in Figure . A value of v
indicates that the error decays at a rate of exp (;—f) A smaller value of v indicates a faster

rate of error decay.

for 50 epochs. For each of SGD, HB, NAG and ASGD, a grid search over learning rate,
momentum and long step parameter (whichever is applicable) was done and best parameters
were chosen based on achieving the smallest training error in the same protocol followed
by [116]. The grid was extended whenever the best parameter fell at the edge of a grid. For
the parameters chosen by grid search, we perform 10 runs with different seeds and averaged
the results. The results are presented in Figures and [5.3] Note that the final loss
values reported are suboptimal compared to the published literature e.g., [116]; while [116]
report results after 750000 updates with a large batch size of 200 (which implies a total
of 750000 x 200 = 150M gradient evaluations), whereas, ours are after 1.8M updates of
SGD with a batch size 1 (which is just 1.8M gradient evaluations). Effect of minibatch
sizes: While HB and NAG decay the loss faster compared to SGD for a minibatch size of 8
(Figure , this superior decay rate does not hold for a minibatch size of 1 (Figure. This
supports our intuitions from the stochastic linear regression setting, where we demonstrate

that HB and NAG are suboptimal in the stochastic first order oracle model.

Comparison of ASGD with momentum methods: While ASGD performs slightly
better than NAG for batch size 8 in the training error (Figure , ASGD decays the error
at a faster rate compared to all the three other methods for a batch size of 1 (Figure [5.3)).
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Figure 5.2: Training loss (left) and test loss (right) while training deep autoencoder
for mnist with minibatch size 8. Clearly, ASGD matches performance of NAG and out-
performs SGD on the test data. HB also outperforms SGD.
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Figure 5.3: Training loss (left) and test loss (right) while training deep autoencoder
for mnist with minibatch size 1. Interestingly, SGD, HB and NAG, all decrease the loss at

a similar rate, while ASGD decays at a faster rate.
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5.6.83 Deep Residual Networks for CIFAR-10

We will now present experimental results on training deep residual networks [46] with pre-
activation blocks [47] for classifying images in cifar-10 [60]; the network we use has 44 layers
(dubbed preresnet-44). The code for this section can be found at [} One of the most distinct
characteristics of this experiment compared to our previous experiments is learning rate
decay. We use a validation set based decay scheme, wherein, after every 3 epochs, we decay
the learning rate by a certain factor (which we grid search on) if the validation zero one
error does not decrease by at least a certain amount (precise numbers are provided in the
appendix since they vary across batch sizes). Due to space constraints, we present only a
subset of training error plots. See Appendix for some more plots on training errors.

Effect of minibatch sizes: Our first experiment tries to understand how the perfor-
mance of HB and NAG compare with that of SGD and how it varies with minibatch sizes.
Figure presents the test zero one error for minibatch sizes of 8 and 128. While train-
ing with batch size 8 was done for 40 epochs, with batch size 128, it was done for 120
epochs. We perform a grid search over all parameters for each of these algorithms. See Ap-
pendix for details on the grid search parameters. We observe that final error achieved
by SGD, HB and NAG are all very close for both batch sizes. While NAG exhibits a supe-
rior rate of convergence compared to SGD and HB for batch size 128, this superior rate of
convergence disappears for a batch size of 8.

Comparison of ASGD with momentum methods: The next experiment tries to
understand how ASGD compares with HB and NAG. The errors achieved by various methods
when we do grid search over all parameters are presented in Table Note that the final
test errors for batch size 128 are better than those for batch size 8 since the former was run
for 120 epochs while the latter was run only for 40 epochs (due to time constraints).

While the final error achieved by ASGD is similar/favorable compared to all other meth-

ods, we are also interested in understanding whether ASGD has a superior convergence

Zhttps://github.com/D-X-Y/ResNeXt-DenseNet
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Figure 5.4: Test zero one loss for batch size 128 (left), batch size 8 (center) and training

function value for batch size 8 (right) for SGD, HB and NAG.

Algorithm | Final test error — batch size 128 | Final test error — batch size 8
SGD 8.32+0.21 9.57+0.18
HB 7.98 +0.19 9.28 +0.25
NAG 7.63 £0.18 9.07£0.18
ASGD 7.23+0.22 8.52+0.16

Table 5.2: Final test errors achieved by various methods for batch sizes of 128 and 8. The

hyperparameters have been chosen by grid search.

speed. For this experiment, we need to address the issue of differing learning rates used
by various algorithms and different iterations where they decay learning rates. So, for each
of HB and NAG, we choose the learning rate and decay factors by grid search, use these
values for ASGD and do grid search only over long step parameter £ and momentum « for

ASGD. The results are presented in Figures 5.5 and [5.6 For batch size 128, ASGD decays

error at a faster rate compared to both HB and NAG. For batch size 8, while we see a superior
convergence of ASGD compared to NAG, we do not see this superiority over HB. The reason

for this turns out to be that the learning rate for HB, which we also use for ASGD, turns out
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Figure 5.5: Test zero one loss for batch size 128 (left), batch size 8 (center) and train-
ing function value for batch size 8 (right) for ASGD compared to HB. In the above plots,
both ASGD and ASGD-Hb-Params refer to ASGD run with the learning rate and decay
schedule of HB. ASGD-Fully-Optimized refers to ASGD where learning rate and decay sched-

ule were also selected by grid search.

to be quite suboptimal for ASGD. So, for batch size 8, we also compare fully optimized (i.e.,
grid search over learning rate as well) ASGD with HB. The superiority of ASGD over HB is
clear from this comparison. These results suggest that ASGD decays error at a faster rate

compared to HB and NAG across different batch sizes.

5.7 Related Work

First order oracle methods: The primary method in this family is Gradient Descent
(GD) [18]. As mentioned previously, GD is suboptimal for smooth convex optimization [86],
and this is addressed using momentum methods such as the Heavy Ball method [92] (for
quadratics), and Nesterov’s Accelerated gradient descent [85].

Stochastic first order methods and noise stability: The simplest method employing
the SFO is SGD [99]; the effectiveness of SGD has been immense, and its applicability
goes well beyond optimizing convex objectives. Accelerating SGD is a tricky proposition

given the instability of fast gradient methods in dealing with noise, as evidenced by several
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Figure 5.6: Test zero one loss for batch size 128 (left), batch size 8 (center) and training func-
tion value for batch size 8 (right) for ASGD compared to NAG. In the above plots, ASGD was
run with the learning rate and decay schedule of NAG. Other parameters were selected by

grid search.

negative results which consider statistical [95], O3] 102], numerical [91], 42] and adversarial
errors [22, 28]. A result of [54] developed the first provably accelerated SGD method for
linear regression which achieved minimax rates, inspired by a method of [87]. Schemes
of [38] 39, 30], which indicate acceleration is possible with noisy gradients do not hold in the

SFO model satisfied by algorithms that are run in practice (see [54] for more details).

While HB [92] and NAG [85] are known to be effective in case of exact first order oracle,
for the SFO, the theoretical performance of HB and NAG is not well understood.

Understanding Stochastic Heavy Ball: Understanding HB’s performance with inex-
act gradients has been considered in efforts spanning several decades, in many communities
like controls, optimization and signal processing. [93] considered HB with noisy gradients and
concluded that the improvements offered by HB with inexact gradients vanish unless strong
assumptions on the inexactness was considered; an instance of this is when the variance of
inexactness decreased as the iterates approach the minimizer. [95] [102], 1T3] suggest that the
improved non-asymptotic rates offered by stochastic HB arose at the cost of worse asymp-

totic behavior. We resolve these unquantified improvements on rates as being just constant



79

factors over SGD, in stark contrast to the gains offered by ASGD. [74] state their method as
Stochastic HB but require stochastic gradients that nearly behave as exact gradients; indeed,
their rates match that of the standard HB method [92], but this is possible only with very
large batchsizes [54].

Accelerated and Fast Methods for finite-sums: There have been developments
pertaining to faster methods for finite-sums (also known as offline stochastic optimization):
amongst these are methods such as SDCA [108], SAG [101], SVRG [57], SAGA [24], which of-
fer linear convergence rates for strongly convex finite-sums, improving over SGD’s sub-linear
rates [07]. These methods have been improved using accelerated variants [109] 34] [72] 23] 2].
Note that these methods require storing the entire training set in memory and taking multiple
passes over the same for guaranteed progress. Furthermore, these methods require comput-
ing a batch gradient or require memory requirements (typically (| training data points|)).
For deep learning problems, data augmentation is often deemed necessary for achieving good
performance; this implies computing quantities such as batch gradient (or storage necessi-
ties) over this augmented dataset is often infeasible. Such requirements are mitigated by
the use of simple streaming methods such as SGD, ASGD, HB, NAG. For other technical
distinctions between the offline and online stochastic methods refer to [35].

Practical methods for training deep networks: Momentum based methods em-
ployed with stochastic gradients [I16] have become standard and popular in practice. These
schemes tend to outperform standard SGD on several important practical problems. As
previously mentioned, we attribute this improvement to effect of mini-batching rather than
improvement offered by HB or NAG in the SFO model. Schemes such as Adagrad [32],
RMSProp [119], Adam [59] represent an important and useful class of algorithms. The ad-
vantages offered by these methods are orthogonal to the advantages offered by fast gradient
methods; it is an important direction to explore augmenting these methods with ASGD as
opposed to standard HB or NAG based acceleration schemes.

[20] proposed Entropy-SGD, which is an altered objective that adds a local strong con-

vexity term to the actual empirical risk objective, with an aim to improve generalization.
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However, we do not understand convergence rates for convex problems or the generalization
ability of this technique in a rigorous manner. [20] propose to use SGD in their procedure
but mention that they employ the HB/NAG method in their implementation for achieving
better performance. Naturally, we can use ASGD in this context. Path normalized SGD [89]
is a variant of SGD that alters the metric on which the weights are optimized. As noted in

their paper, path normalized SGD could be improved using HB/NAG (or even ASGD).
5.8 Conclusions and Future Directions

In this chapter, we show that the performance gain of HB over SGD in stochastic setting is
attributed to mini-batching rather than the algorithm’s ability to accelerate with stochastic
gradients. Concretely, we provide a formal proof that for several easy problem instances, HB
does not outperform SGD despite large condition number of the problem; we observe this
trend for NAG in our experiments. In contrast, ASGD [54] provides significant improvement
over SGD for these problem instances. We observe similar trends when training a resnet
on cifar-10 and an autoencoder on mnist. This chapter motivates several directions such as
understanding the behavior of ASGD on domains such as NLP, and developing automatic

momentum tuning schemes [126].
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Chapter 6

SGD’S FINAL ITERATE — MINIMAX OPTIMALITY AND
STEPSIZE SCHEMES

6.1 Chapter Notes

This chapter presents joint work with Rong Ge, Praneeth Netrapalli and Sham M. Kakade

and is currently a pre-print [37]. The contributions of this chapter are summarized as follows:

e This chapter shows that SGD’s final iterate with a polynomially decaying stepsize
scheme is highly sub-optimal compared to the minimax rate. This is shown for least

squares regression objective (with/without strong convexity).

e This chapter also shows that a geometrically decaying stepsize routine obtains near
optimal rates on the final iterate of SGD for least squares regression (with/without

strong convexity), given the knowledge of the end time.

e This chapter also indicates that in the limiting (anytime sense), SGD has to query

highly sub-optimal iterates infinitely often (i.e. in a lim sup sense).

e The improvements of the stepdecay scheme over standard polynomially decaying step-
sizes is shown to manifest even in practice when considering training of a near state of

the art convolutional residual network on the cifar-10 dataset.
6.2 Introduction

Large scale machine learning relies almost exclusively on stochastic optimization meth-
ods [12], which include stochastic gradient descent (SGD) [99] and its variants [32, 57].

In this chapter, we restrict our attention to the SGD algorithm where we are concerned
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with the behavior of the final iterate (i.e. the last point when we terminate the algorithm).
A majority of (minimax optimal) theoretical results for SGD focus on polynomially decay-
ing stepsizes [20], 07, 65], [16, chap. 6] (or constant stepsizes [T, 25, 55] for the case of least
squares regression) coupled with iterate averaging [103],[04] to achieve minimax optimal rates
of convergence. However, practical SGD implementations typically return the final iterate of
a stochastic gradient procedure. This line of work in theory (based on iterate averaging) and
its discrepancy with regards to practice leads to the question with regards to the behavior of
SGD’s final iterate. Indeed, this question has motivated several efforts in stochastic convex

optimization literature as elaborated below.

Non-Smooth Stochastic Optimization: The work of [I11] raised the question with
regards to the behavior of SGD’s final iterate for non-smooth stochastic optimization. The
work of [I12] answered this question, indicating that SGD’s final iterate with polynomially
decaying stepsizes achieves near minimax rates (up to log factors) in an anytime (i.e. in a
limiting) sense (when number of iterations SGD is run for is not known in advance), both
with/without strong convexity. Under specific choices of step size sequences, [112]’s result
on SGD’s final iterate is tight owing to the recent work of [43]. More recently [56] presented
an approach indicating that a more nuanced stepsize sequence serves to achieve minimax
rates (up to constant factors) for the non-smooth stochastic optimization setting when the

end time 7T is known in advance.

Least Squares Regression (LSR): In contrast to the non-smooth setting, the state of
our understanding of SGD’s final iterate for smooth stochastic convex optimization, or, say,
the streaming least squares regression setting is far less mature — this gap motivates this
chapter’s contributions. In particular, this chapter studies SGD’s final iterate behavior under
various stepsize choices for least squares regression (with and without strong convexity).
The use of SGD’s final iterate for the least mean squares objective has featured in several
efforts [121], 95, 102], [122], chap. 5 — 9], but these results do not achieve minimax rates of

convergence, which leads to the following question:
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“ Can polynomially decaying stepsizes (known to achieve minimax rates when coupled
with iterate averaging [103] [04]) offer minimax optimal rates on SGD’s final iterate when
optimizing the streaming least squares regression objective? If not, is there any other family
of stepsizes that can guarantee minimax rates on the final iterate of stochastic gradient
descent? 7

This chapter presents progress on answering the above question — refer to contributions
below for more details. Note that the oracle model employed by this chapter (to quantify
SGD’s final iterate behavior) has featured in a string of recent results that present a non-
asymptotic understanding of SGD for least squares regression, with the caveat being that
these results crucially rely on iterate averaging with constant stepsize sequences [7), 25, 55,

54, 53, 188].

Our contributions: This chapter establishes upper and lower bounds on the behavior of
SGD'’s final iterate, as run with both standard polynomially decaying stepsizes as well as
step decay schedules which tends to cut the stepsize by a constant factor after every constant
number of epochs (see Algorithm , by considering the problem of streaming least squares
regression (with and without strong convexity). Our main result indicates that step decay
schedules offer significant improvements in achieving near minimax rates over polynomially
decaying stepsizes in the known horizon case (when the end time 7T is known in advance).
Figure illustrates that this difference is evident (empirically) even when optimizing a two-
dimensional convex quadratic. Table provides a summary. Finally, we present results
that indicate the subtle (yet significant) differences between the known time horizon case
and the anytime (i.e. the limiting) behavior of SGD’s final iterate (see below).

Our main contributions are as follows:

o Sub-optimality of polynomially decaying learning rate schemes: For the strongly convex
least squares case, this chapter shows that the final iterate of a polynomially decaying
stepsize scheme (i.e. with n; oc 1/t*, with a € [0.5, 1]) is off the statistical minimax rate

do?/T by a factor of the condition number of the problem. For the non-strongly convex
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Algorithm 7 Step Decay scheme

Require: Initial vector w, starting learning

0.0175
rate 19, number of steps T’ 0.0150 LT -
S 0.0125 L/sqrt(T) i
1: for {=1---logT do s —=— exp(-T)
- o000 ¢ —— }
2: Ne — 7}0/2£ -2 00075
[ =]
< 00050
32 fort=1---T/logT do 2
0.0025
4: w < w —1n,Vf(w) 0.0000 { i ! ! . . .
0 200 400 600 800 1000 1200
5 end for condition number
6: end for

Ensure: w

Figure 6.1: (Left) The Step Decay scheme for stochastic gradient descent. Note that the
algorithm requires just two parameters - the starting learning rate 7, and the number of
iterations 7.

(Right) Plot of function value error (in log scale) of the final iterate vs. condition number x
for polynomially decaying i.e., equation, equation and the smoothed geometrically
decaying (i.e. exponentially decaying) step-sizes equation for the 2-d quadratic problem
(equation ((6.1])), which also captures the behavior of a 2-d linear regression problem. The
condition number & is varied as {10, 50,250, 1250}. Exhaustive grid search is performed for
all stepsize parameters (1o and b in equation (6.5), (6.6), (6.7)). Initial error of the algorithm
is O (do?) and the algorithm is run for a total of 25 X Kyax = 25 X 1250 steps and averaged
over 10 random seeds. Observe that the final iterate’s error grows linearly as a function of
the condition number  for the polynomially decaying stepsize schemes, whereas, the error

grows only logarithmically in s for the smoothed geometric stepsize scheme. For details,

refer to section in Appendix .
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case of least squares, we show that any polynomially decaying stepsize can achieve a
rate no better than do?/v/T (up to log factors), while the statistical minimax rate is

do?/T.

e Near-optimality of the step-decay scheme: Given a fixed end time 7', the step-decay
scheme (Algorithm [7]) presents a final iterate that is off the statistical minimax rate
by just a log(T") factor for optimizing both strongly convex and non-strongly convex
case of least squares regression [L thus indicating vast improvements over polynomially
decaying stepsize schedules. We note here that our Theorem |19 for the non-strongly
case offers a rate on the initial error (i.e., the bias term) that is off the best known
rate [7] (that employs iterate averaging) by a dimension factor. That said, Algorithm
is rather straightforward and employs the knowledge of just an initial learning rate and

number of iterations for its implementation.

e SGD has to query bad iterates infinitely often: For the case of optimizing strongly con-
vex least squares regression, this chapter shows that any stochastic gradient procedure
(in a lim sup sense) must query sub-optimal iterates (off by nearly a condition number)

infinitely often.

e Complementary to our theoretical results for the stochastic linear regression, we evalu-
ate the empirical performance of different learning rate schemes when training a resid-
ual network on the cifar-10 dataset and observe that the continuous variant of step
decay schemes (i.e. an exponential decay) indeed compares favorably to polynomially

decaying stepsizes.

While the upper bounds established in this chapter (section [6.4.2]) merit extensions to-
wards broader smooth convex functions (with/without strong convexity), the lower bounds

established in sections present implications towards broader classes of smooth

!This dependence can be improved to log of the condition number of the problem (for the strongly convex
case) using a more refined stepsize decay scheme.
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stochastic convex optimization. Even in terms of upper bounds, note that there are fewer
results on non-asymptotic behavior of SGD (beyond least squares) when working in the or-
acle model considered in this chapter (see below). [ [7, [6l R1] are exceptions, yet they do
not achieve minimax rates on appropriate problem classes; [35] does not work in standard
stochastic first order oracle model [83] (1], so their work is not directly comparable to examine
extensions towards broader classes.

As a final note, this chapter’s result on the sub-optimality of standard polynomially
decaying stepsizes for classes of smooth and strongly convex optimization doesn’t contradict
the (minimax) optimality results in stochastic approximation [04]. Iterate averaging coupled
with polynomially decaying learning rates (or constant learning rates for least squares [7, 25,
55]) does achieve minimax rates [103, [94]. However, as mentioned previously, this chapter
deals with SGD’s final iterate behavior (i.e. without iterate averaging), since this bears more
relevance towards practice.

Related work: [99] introduced the stochastic approximation problem and Stochastic
Gradient Descent (SGD). They present conditions on stepsize schemes satisfied by asymp-
totically convergent algorithms: these schemes are referred to as “convergent” stepsize se-
quences. [103, ©04] proved the asymptotic optimality of iterate averaged SGD with larger
stepsize sequences. In terms of oracle models and notions of optimality, there exists two lines
of thought (see also [54]):

Towards statistically optimal estimation procedures: The goal of this line of thought is to
match the excess risk of the statistically optimal estimator [4], [94], [69 chap. 5 — 6] on every
problem instance. Several efforts consider SGD in this oracle [5] [6, 29] 35, 81] presenting
non-asymptotic results, often with iterate averaging. With regards to least squares, [7, 25
35, (55, 54, 88] use constant step-size SGD with iterate averaging to achieve minimax rates (on
a per-problem basis) in this oracle model. SGD’s final iterate behavior for least squares has
featured in several efforts in the signal processing/controls literature [1211, [80, ©5] 102 113],
[122, chap. 5 — 9], without achieving minimax rates. This chapter works in this oracle model

and analyzes SGD’s final iterate behavior with various stepsize choices.
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Towards optimality under bounded noise assumptions: The other line of thought presents
algorithms with access to stochastic gradients satisfying bounded noise assumptions, aim-
ing to match lower bounds provided in [83, 06 I]. Asymptotic properties of “convergent”
stepsize schemes have been studied in great detail [62, chap. 1,3,6], [8, chap. 1,3], [73,
part 2|, [64, chap. 5,10,11], [11], chap. 1,2,8] [9, [66]. Using iterate averaged SGD, efforts
of [26, 65, 07, B8, 39, 45, 30], [16], chap. 6] achieve minimax rates for various problem classes
non-asymptotically.  [3] presents an alternative approach (compared to this chapter) to-
wards minimizing the gradient norm with access to stochastic gradients. [45] use a doubling
argument (and return a random iterate) to remove log factors in convergence rates - this
is different from this chapter since it doubles epoch lengths every time it halves the learn-
ing rate (ours keeps the epoch lengths fixed and returns the final iterate). As mentioned
before, [112] achieves anytime optimal rates (upto a logT factor) with the final iterate of
an SGD procedure, and this is shown to be tight with the recent work of [43]. [56] achieve
minimax rates on the final iterate using a nuanced stepsize scheme when the number of

iterations is fixed in advance.

Chapter organization: Section describes notation and problem setup. Section [6.4]
presents our results on the sub-optimality of polynomial decay schemes and the near opti-
mality of the step decay scheme. Section |6.4.3| presents results on the anytime behavior of
SGD (i.e. the asymptotic/infinite horizon case). Section presents experimental results

and Section [6.6] presents conclusions.

6.3 Problem Setup

Notation: We present the setup and associated notation in this section. We represent
scalars with normal font a, b, L etc., vectors with boldface lowercase characters a etc. and
matrices with boldface uppercase characters A etc. We represent positive semidefinite (PSD)
ordering between two matrices using »=. The symbol 2 represents that the inequality holds

for some universal constant.
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We consider here the minimization of the following expected square loss objective:

min f(w) where f(w) IR el — W' x)?). (6.1)

Note that the hessian of the objective H L v2 f(w) =E [XXT]. We are provided access
to stochastic gradients obtained by sampling a new example (x4, ;) ~ D. These examples

satisfy:
y=(w",x)+e

where, € is the noise on the example pair (x,y) ~ D and w* is a minimizer of the objective
f(w). Given an initial iterate wy and stepsize sequence {n;}, our stochastic gradient update

1s:
Wipt W, — V(W) VW) = —(y — (Wi x,)) - X (6.2)

We assume that the noise e = y — (w*,x) V (x,y) ~ D satisfies the following condition:

S EE VW)V W)T| = Epeyenlly — (W', %))5x7] 2 0°H. (6.3)

Next, assume that covariates x satisfy the following fourth moment inequality:
E[|x|*xx"] < R* H (6.4)

This assumption is satisfied, say, when the norm of the covariates sup ||x||* < R2, but is true
more generally. Finally, note that both (6.3) and (6.4) are general and are used in recent
works [7, 55] that present a sharp analysis of SGD for streaming least squares problem. Next,

we denote by

C \ain (H), L E N\ (H), and < R?/p

the smallest eigenvalue, largest eigenvalue and condition number of H respectively. p >
0 in the strongly convex case but not necessarily so in the non-strongly convex case (in

section and beyond, the non-strongly case is referred to as the “smooth” case). Let
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w* € argming, ps f(W). The excess risk of an estimator w is f(w) — f(w™*). Given ¢ accesses
to the stochastic gradient oracle in equation (6.2]), any algorithm that uses these stochastic
gradients and outputs w; has sub-optimality that is lower bounded by %l. More concretely,

we have that [120, chap. 5,7,8]

The rate of (1 + o(1)) - 6%d/t is achieved using iterate averaged SGD [103] [94] with constant

stepsizes [7, 25, 55]. This rate of o2d/t is called the statistical minimax rate.
6.4 Main results

Sections[6.4.1],[6.4.2] consider the fixed time horizon setting; the former presents the significant
sub-optimality of polynomially decaying stepsizes on SGD’s final iterate behavior, the latter
section presenting the near-optimality of SGD’s final iterate. Section presents negative
results on SGD’s final iterate behavior (irrespective of stepsizes employed), in the anytime

(i.e. limiting) sense.

6.4.1 Suboptimality of polynomial decay schemes

This section begins by showing that there exist problem instances where polynomially de-

caying stepsizes considered stochastic approximation theory [99] 04] i.e., those of the form

a

i43a» for any choice of a,b > 0 and « € [0.5, 1] are significantly suboptimal (by a factor of the

condition number of the problem, or by v/7T in the smooth case) compared to the statistical

minimax rate [62, chap. 1,3,6].

Theorem 18. Under assumptions , , there exists a class of problem instances
where the following lower bounds on excess risk hold on SGD’s final iterate with polynomially
decaying stepsizes when given access to the oracle as written in equation .

Strongly convex case: Suppose p > 0. For any condition number k, there exists a least

squares problem instance with initial suboptimality f(wq) — f(w*) < o2d such that, for any
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T > li%, and for all a,b > 0 and 0.5 < o < 1, and for the learning rate scheme 1, = Tl
we have
T old kK
E — ) > — — * —_— .
)] = %) 2 exp (=) (7w fw) 4 5

Smooth case: For any fixred T > 1, there exists a least squares problem instance such that,

for all a,b >0 and 0.5 < a < 1, and for the learning rate scheme 1, = we have

_a_
b+te

B wr)) = 1(v) 2 (Lo = w4 o) -

For both cases (with/without strong convexity), the minimax rate is od/T. In the

strongly convex case, SGD’s final iterate with polynomially decaying stepsizes pays a subop-

timality factor of Q(x), whereas, in the smooth case, SGD’s final iterate pays a suboptimality

factor of €2 (%)

6.4.2 Near optimality of Step Decay schemes

Given the knowledge of an end time 7" when the algorithm is terminated, this section presents
the step decay schedule (Algorithm , which offers significant improvements over standard

polynomially decaying stepsizes, and obtains near minimax rates (off by only a log(7") factor).

Theorem 19. Suppose we are given access to the stochastic gradient oracle (6.2)) satisfying
Assumptions (6.3)) and (6.4). Running Algorithm @ with an initial stepsize of m = 1/(2R?)

allows the algorithm to achieve the following excess risk quarantees.

e Strongly convex case: Suppose > 0. We have:

T

log T
2k log T'log k '

E[f(wr)] - f(w*) <2-oxp (— ) (f(wo) — F(w*)) + do%d

e Smooth case: We have:

logT
T

E[f(wr)] - f(w") <2- (B [|wo — w*|* +20%d) -
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While Theorem [19| presents significant improvements over polynomial decay schemes, as
mentioned in the contributions, the above result presents a worse rate on the initial error
(by a dimension factor) in the smooth case (i.e. non-strongly convex case), compared to
the best known result [7], which relies heavily on iterate averaging to remove this factor.
It is an open question with regards to whether this factor can actually be improved or
not. Furthermore, comparing the initial error dependence between the lower bound for the
smooth case (Theorem with the upper bound for the step decay scheme, we believe that
the dependence on the smoothness L should be improved to one on the R2.

In terms of the variance, however, note that the polynomial decay schemes are plagued
by a polynomial dependence on the condition number x (for the strongly convex case), and
are off the minimax rate by a v/T factor (for the smooth case). The step decay schedule, on
the other hand, is off the minimax rate [103], 94], [120, chap. 5,7,8] by only a log(7T") factor.
It is worth noting that Algorithm [7] admits an efficient implementation in that it requires
the knowledge only of R? (similar to iterate averaging results [7, [55]) and the end time 7'
Finally, note that this logT" factor can be improved to a log s factor for the strongly convex

case by using an additional polynomial decay before switching to the Step Decay scheme.

Proposition 20. Suppose we are given access to the stochastic gradient oracle (6.2)) satisfy-
ing Assumptions (6.3)) and (6.4). Let p > 0 and let k > 2. For any problem and fized time

horizon T'/ log T > 5k, there exists a learning rate scheme that achieves

B (f(wn)] — £(w") < 2exp(=T/ (6105 1)) - (f(w0)  f(w")) + 100log, - 22
In order to have improved the dependence on the variance from log(7") (in Theorem
to log(k) (in Proposition , we also require access to the strong convexity parameter pu,
similar to results known for general strongly convex case [97, 65, 112 56|, [16], chap. 6].
As a final remark, note that this section’s results (on step decay schemes) assumed the
knowledge of a fixed time horizon T'. In contrast, most results SGD’s averaged iterate obtain
anytime (i.e., limiting/infinite horizon) guarantees. Can we hope to achieve such guarantees

with the final iterate?
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6.4.3 SGD queries bad points infinitely often

This section shows that obtaining near statistical minimax rates with the final iterate is not
possible when the time horizon 7" is unknown. More concretely, we show that irrespective of
the learning rate sequence employed, SGD requires to query a point with sub-optimality at

least Q(r/log k) - 02d/T for infinitely many time steps 7.

Theorem 21. Suppose we are given access to a stochastic gradient oracle (6.2)) satisfying As-
sumption (6.3) and (6.4)). There exists a universal constant C' > 0, and a problem instance,
such that for SGD algorithm with any n; < 1/2R? for all iﬂ we have

E[f(wp)] - f(w) 2
WS> —020T) - Clogln )

The bad points guaranteed to exist by Theorem [21| are not rare. One can in fact show

K
log k

that such points occur at least once in O ( ) iterations. Refer to [37] for more details.

6.5 Experimental Results

We present experimental validation on the suitability of the Step-decay schedule (or more
precisely, its continuous counterpart, which is the exponentially decaying schedule), and

compare this with the polynomially decaying stepsizes. In particular, we consider the use of:

Mo

L (6.5) e = m (6.6) 1, =mno-exp(—=b-t). (6.7)

T 11b-t

Up

Where, we perform a systematic grid search on the parameters 7y and b. In the section below,
we consider a real world non-convex optimization problem of training a residual network on
the cifar-10 dataset, with an aim to illustrate the practical implications of the results de-

scribed in the chapter. Complete details of the setup are given in Appendix [D.5]

2Learning rate more than 2/R? will make the algorithm diverge.
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6.5.1 Non-Convexr Optimization: Training a Residual Net on cifar-10

We consider training a 44—layer deep residual network [46] with pre-activation blocks [47]
(dubbed preresnet-44) on cifar-10 dataset. The code for implementing the network can be
found here ﬂ For all experiments, we use Nesterov’s momentum [85] of 0.9 as implemented

in pytorch, batchsize 128, 100 training epochs, /5 regularization of 0.0005.

Our experiments are based on grid searching for the best learning rate decay scheme
on the parametric family of learning rate schemes described above (6.5]),(6.6),(6.7); all grid
searches are performed on a separate validation set (obtained by setting aside one-tenth
of the training dataset), extended appropriately when searching for parameters and with
models trained on the remaining 45000 samples. For presenting the final numbers in the
plots/tables, we employ the best hyperparameters from the validation stage and train it
on the entire 50,000 samples and average results run with 10 different random seeds. The
parameters for grid searches and other details are presented in Appendix

Comparison between different schemes: Figure [6.2] and Table present a com-
parison of the performance of the three schemes —. These results demonstrate that

the exponential scheme convincingly outperforms the polynomial step-size schemes.

Decay Scheme Train Function Value | Test 0/1 error

O(1/¢) (equation (6.5)) 0.0713 4+ 0.015 10.20 £ 0.7%
O(1/v/%) (equation (6.6)) 0.1119 £ 0.036 11.6 + 0.67%
exp(—t) (equation (6.7)) | 0.0053 +0.0015 | 7.58 +0.21%

Table 6.2: Comparing train cross entropy and test 0/1 error of various learning rate decay

schemes on the cifar-10 classification task.

3https://github.com/D-X-Y/ResNeXt-DenseNet


https://github.com/D-X-Y/ResNeXt-DenseNet

94

6x 10
@ 104 — 1/(T)
= 4x 10
© . — 1/sqrt(T)
> 2 3x100 d
S = —— exp-decay
£ 107 < 2x10!
o o
2 — 1/(T) =
£ —— 1/sqrt(T) g
5 071 —— exp-decay 10
0 20 40 60 80 100 0 20 0 60 80 100
number of passes number of passes
(a) Train Function Value (b) Test 0/1 Error

Figure 6.2: Plots comparing the three decay schemes (two polynomial) (6.5)), (6.6), (and one
exponential) scheme on the cifar-10 classification problem.
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Figure 6.3: Plots comparing exponential decay scheme (equation ), with parameters
optimized for 33, 66 and 100 epochs on the cifar-10 classification problem.

Hyperparameter selection using truncated runs: Figure[6.3]and Tables[6.3]and [6.4]
present a comparison of the performance of three exponential decay schemes each of which
is tuned to achieve the best performance at 33, 66 and 100 epochs respectively. The key
point to note is that best performing hyperparameters at 33 and 66 epochs are not the

best performing at 100 epochs (which is made stark from the perspective of the validation
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error). This demonstrates that hyper parameter selection using truncated runs, (for e.g., in

hyperband [70]) would soundly benefit from a round of rethinking.

Decay Scheme Train FVal @33 | Train FVal @66 | Train FVal @100

exp(—t) [optimized for 33 epochs| (eqn (6.7)) | 0.098 £0.006 | 0.0086 +0.002 | 0.0062 + 0.0015
exp(—t) [optimized for 66 epochs] (eqn (6.7)) | 0.107 +0.012 | 0.0088 + 0.0014 | 0.0061 + 0.0011
exp(—t) [optimized for 100 epochs] (eqn (6.7)) | 0.3 % 0.06 0.071£0.017 | 0.0053 + 0.0016

Table 6.3: Comparing training function value of models obtained by optimizing the expo-

nential decay scheme with end times of 33/66/100 epochs on the cifar-10 classification task.

Decay Scheme Test 0/1 @33 | Test 0/1 @66 | Test 0/1 @100

exp(—t) [optimized for 33 epochs] (eqn (6.7)) | 10.36 +0.235% | 8.6 £0.26% | 8.57 £ 0.25%
exp(—t) [optimized for 66 epochs] (eqn (6.7)) | 10.51 +0.45% | 8.51 +£0.13% | 8.46 £0.19%
exp(—t) [optimized for 100 epochs] (eqn (6.7)) | 14.42 4+ 1.47% 9.8+£0.66% | 7.58+£0.21%

Table 6.4: Comparing test 0/1 error of models obtained by optimizing the exponential decay
scheme with end times of 33/66/100 epochs on the cifar-10 classification task.

6.6 Conclusions and Discussion

The main contribution of this chapter shows that the behavior of SGD’s final iterate for least
squares regression is much more nuanced than what has been indicated by prior efforts that
have primarily considered non-smooth stochastic convex optimization. The results of this
chapter point out the striking limitations of polynomially decaying stepsizes on SGD’s final
iterate, as well as sheds light on the effectiveness of starkly different schemes based on a Step
Decay schedule. Somewhat coincidentally, practical implementations for certain classes of
stochastic optimization do return the final iterate of SGD with step decay schedule — this

connection does merit an understanding through future work.
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) o Rate w/ Final iterate Rate w/ Final iterate
Assumptions Minimax rate
using best poly-decay using Step Decay
~ 2
General E U‘VfH J <G? P €] (% . logT> -
convex functions Diam (ConstraintSet) < D [112] 3]
Non-strongly convex Q (ﬂ . ﬁ > O (ﬁ -log T>
gly Eq. (3) JTZd T " logT T
least squares regression (This chapter - Theorem (This chapter - Theorem
~ 112 :
General strongly E U‘Vf” J <G? o C) <% -log T)
convex functions V2f = ul o [112] [43]
Strongly convex Eq. (6.3) Y Q ("%d - H) O (# -log T>
. T
least squares regression Vif = pl (This chapter - Theorem » (This chapter - Theorem »

Table 6.1: Comparison of sub-optimality for final iterate of SGD (i.e., E[f(wr)] — f(W*))
for various stochastic convex optimization settings. This chapter’s focus is on SGD’s final
iterate for streaming least squares regression. The minimax rate refers to the best possible
worst case rate with access to stochastic gradients (typically achieved with iterate averaging
methods [94] 26 O97]); the red shows the multiplicative factor increase (over the minimax
rate) using the final iterate, under two different learning rate schedules - the polynomial
decay and the step decay (refer to Algorithm . Polynomial decay schedules are of the
form n, o« 1/t* (for appropriate a € [0.5,1]). For the general convex cases below, the
final iterate with a polynomial decay scheme is off minimax rates by a logT factor (in an
anytime/limiting sense) [112]. Here v L Vf=E [@ f] , V2 f denotes the stochastic gradient,
gradient and the Hessian of the function f. With regards to least squares, we assume
equation 7 following recent efforts [7, 25, 55]. While polynomially decaying stepsizes are
nearly minimax optimal for general (strongly) convex functions, this chapter indicates they
are highly suboptimal on the final iterate for least squares. The geometrically decaying Step
Decay schedule (Algorithm [7)) provides marked improvements over any polynomial decay
scheme on the final iterate for least squares. For simplicity of presentation, the results for
least squares regression do not show dependence on initial error. See Theorems [18| and

for precise statements (and [83] 112, [43] for precise statements of the general case).
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Chapter 7
DISCUSSION

This thesis presents a framework that lends itself towards developing an improved under-
standing of SGD tailored towards its use in the current era of large scale machine learning
and deep learning. We will now discuss some important issues and insights stemming from

this line of work.

7.1 SGD beyond least squares regression

Despite being corroborated by this thesis’ experimental results as well as results in the deep
learning literature [114] [79, [40 110} [75], an obvious means to improve on this thesis’ re-
sults is through considering extensions towards broader problem classes that go beyond least
squares regression (say, towards classes of smooth stochastic convex/non-convex optimiza-
tion). Progress on this front is conditioned on introducing new tools to analyze the behavior
of SGD as applied towards broader function classes, or, alternatively, through a coming up
with a reduction based approach that attempts to understand the behavior of SGD using

techniques based on linear operators.

7.2 Incorporating Second Order Information

The use of sampled second order (Hessian) information in conjunction with stochastic gra-
dients possesses potential advantages mirroring their behavior in deterministic optimization,
where, under certain regularity conditions [82], one can expect super-linear (or faster) rates
of convergence [14, chap. 9]. However, characterizing the realistic benefits of stochastic sec-
ond order methods (for the stochastic approximation problem) is non-trivial despite recent

work attempting to address these specific issues [7], for reasons described below:
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Chapter ¢| presented a framework and thought experiment to formalize improvements
offered by using acceleration based procedures in conjunction with sampled stochastic gra-
dients (i.e. in the context of inexact first order optimization). One primary takeaway is that
the expected improvements offered by accelerating SGD depends heavily on certain distri-
butional properties of the problem, and, that, more importantly, there exists classes of input
distributions where the behavior of SGD (in an information theoretic sense) is unimprov-
able. The behavior of a stochastic second order method that relies on the use of sampled
stochastic gradients and hessians naturally is plagued by this worst-case construction (which
is information-theoretic) and thus requires a more fine-grained approach towards examining
the benefits of stochastic first and second order information, whilst accounting for the specific

cases described in chapter

7.3 Stochastic Gradient Methods With Higher Order Smoothness

Extending this thesis’ results towards minimizing smooth objectives satisfying notions of
Holder continuous derivatives (with/without uniform convexity) with a stochastic gradient
based method is a topic of interesting future direction. This problem has seen an exciting
line of work (see [41] and references therein), for results in the deterministic case; results
in the stochastic case, in contrast have seen far fewer developments and present exciting

avenues for future work, both with and without use of extrapolation style machinery.
7.4 Stochastic Approximation With Sparsity Inducing Norms

¢1—regularized risk minimization is a mature area with plenty of applications in modern
machine learning applications, particularly in high-dimensional statistical learning. Indeed,
there has been plenty of efforts directed at solving the offline (empirical) risk minimization
problem focusing on co-ordinate descent [106], and in particular, issues involving speeding up
optimization [105], parallelization [15, [104] amongst other aspects. There has been progress
in the use of multiplicative weight styled procedures with stochastic gradient based meth-

ods [52]( with “slow” rates of O(1/+/T)). Under conditions based on strong convexity of the
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risk, fast (O(1/T)) rates were indicated by [19, Theorem 3.3]. For lasso style procedures,
minimax rates upto an extra strong convexity parameter [128] was achieved by the polyno-
mial time stochastic optimization algorithm of [I7]. In the ¢, setting, the situation has seen
more of recent developments, wherein, the work of [30] presents a stochastic optimization
methods that achieves optimal rates (as admissible by a polynomial time algorithm) using
a successive averaging procedure. It is natural to examine issues examined by this thesis
(including parallelization, acceleration and stepsize schemes) for stochastic approximation
with ¢4, or ¢y based regularization (with appropriate technical conditions) to achieve optimal

rates of convergence.
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Appendix A

APPENDIX: TAIL-AVERAGED SGD: PARALLELIZATION
VIA MINI-BATCHING, MODEL AVERAGING AND
BATCHSIZE DOUBLING

We begin with a note on the organization:

e Section introduces notations necessary for the rest of the appendix.

Section derives the mini-batch SGD update and provides the bias-variance decom-

position and reasons about its implication in bounding the generalization error.

Section provides lemmas that are used to bound the bias error.

Section provides lemmas that are used to bound the variance error.

Section uses the results of the previous sections to obtain the main results of this

chapter.

A.1 Notations

We begin by introducing the centered iterate n, i.e.:

def *
N = Wy — W

In a manner similar to wy, the tail-averaged iterate w, y is associated with its corresponding
. _ def w1 x~tHN-1 w1 S tHN-1
centered estimate 7, y = W,y — W' = x> 1, (W —w*) = 5> 1 n,. Next, let ®,

denote the expected covariance of the centered estimate n,, i.e.

def
®, =E[n®n,l,
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and in a similar way as the final iterate w,, the tail-averaged estimate W y is associated

with its expected covariance, i.e. ®, N ) ["h NN, N}

A.2 Mini-Batch Tail-Averaged SGD: Bias-Variance Decomposition

In section [A.2.1] we derive the basic recursion governing the evolution of the iterates w; and
the tail-averaged iterate W1 x. In section we provide the bias-variance decomposition
of the final iterate. In section we provide the bias-variance decomposition of the tail-

averaged iterate.

A.2.1 The basic recursion

At each iteration ¢ of Algorithm [l we are provided with b fresh samples {(x, y;;) }2_; drawn
i.i.d. from the distribution D. We start by recounting the mini-batch gradient descent update

rule that allows us to move from iterate w;,_; to wy:

b
E Wt 15 th yti)xti

where, 0 < v < 9 max 1s the constant step size that is set to a value less than the maximum

Wi = W1 —

@IQ

allowed learning rate 7 max. We also recount the definition of W, which is the iterate

tth

obtained by averaging for N iterations starting from the ¢ iteration, i.e.,

t+N—1

Wt,N — E W

Let us first denote the residual error term by €; = y; — (W*, x;). By the first order optimality
conditions of w*, we observe that € and x are orthogonal, i.e, E(x)ple - x| = 0. For any

estimate w, the excess risk/generalization error can be written as:

L(w) — L(w") :%Tr (H (n®n)), withn =w — w™. (A.1)

We now write out the main recursion governing the mini-batch SGD updates in terms of n :

(I - - me ® th)nt 1+ 7 b Z%th
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b b
v 7
= (I— g;Xti®Xti>77t—1 + E;étl

= Pun 1 +7C, (A.2)
def v b def 1 b 1 b .
Where, Py, = <I -3 Zizl Xt & th’) and Cy, = b Lui=1 & = b Zizl Xy Equation (A.2)

automatically brings out the “operator” view of analyzing the (expected) covariance of the
centered estimate ®; = E [n, ® n,] to provide an estimate of the generalization error. We

now note the following about the covariance of ¢,:

1
E[¢y ® Cin) = 5 Z El&,; ® &)l

b

= [ S Eles o &1l =11 = 23 1l =1] (A3)

i=1
Where, 1[.] is the indicator function, and equals 1 if the argument inside [.] is true and 0
otherwise. We note that the expectation of the cross terms in equation is zero owing to
independence of the samples {x;, ys }o_; as well as between {xy, ysi }o_ 1, {Xpi, ypi}o YVt £t/
and owing to the first order optimality conditions. Owing to the invariance of {, on the
iteration ¢, context permitting, we sometimes drop the iteration index ¢ from ¢, and simply
refer to it as (.

Next we expand out the recurrence (A2). Let Q;; = (I;_ Piy)” with the convention
that Qu, =1V ¢ >t. With this notation we have:

1, =Pun,_1 +7Cu

-1
=PuPi1p..Pryny +7 Z{Ptb----PtfjJrl,b}Ct—j,b
=0

t—1
=Qumo +7 Z Qt—j+1,6Ce—jp

=0

t

= Qumo + 7 Z Qj+14C;p

=1

bias

_ nt + ,rlzfariance , (A4)
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where, we note that

ias def
77? = Q1Mo (A.5)

relates to understanding the behavior of SGD on the noiseless problem (i.e. (. = 0 a.s.)

and aims to quantify the dependence on the initial conditions. Further,
t
riance def
ppyeriance Lof ,YZ Q1.6 (A.6)
j=1

relates to the behavior of SGD when begun at the solution (i.e. n, = 0) and allowing the
noise ¢. . to drive the process.
Furthermore, considering the tail-averaged iterate obtained by averaging the iterates of

(1%

the SGD procedure for N iterations starting from a certain number of iterations “s”, i.e., we

- L _ = . — _ 1 stN :
examine the quantity 9, y = Wep1,nv — W*, where Wo n = 5 D>, Wi We write out
the expression for 7, 5 starting out from equation (A.4):

s+N

Nst1N = % Z :

t=s+1
s+N

1 . .
=N Z (Ultmas + ) (from equation (A.4]))
t=s+1

__ =Dbias — variance
- ns+1,N + T’s—l—l,N . (A7)

A.2.2  The Final Iterate: Bias-Variance Decomposition

The behavior of the final iterate is considered to be of great practical interest and we hope
to shed light on the behavior of this final iterate and the tradeoffs between the learning
rate and batch size. Since the generalization error of any iterate wy obtained by running
mini-batch SGD with a batch size b for a total of N iterations can be estimated by tracking
E[ny ® ny|, where, ny = wy — w*, we provide a simple psd upper bound on the outer

product of interest, i.e.:

Eny®ny]=E [(n?\i,as - nﬁrianee) ® (n',o\ifas + nﬁriaﬂce)} (by substituting equation (A.4)))
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j 9. (E [(nlj)\i[as ® nlj)\ifas)} + E [(n\]/\?riance ® n\]f\z;triance)] )
Using this expression, we now write out the expression for the excess risk of the final iterate:
. 1
E[L(wy)] = L(w) = 5 (H,E [ny @ ny])

1 . . . .
<5 H2- (E (73 @ n*] + E [ @ nigia] )

1 . . 1 . )
S 2. <§<H, E [,’,ﬁ)\}as ® ,r’l]a\}as}> + §<H, E [n\]/?rlance ® n\]/\e;‘rlance] >)

=2 (8 (2] = £w7) + (B [L0w™)] ~ L) ). (A8)

A.2.3 The Tail-Averaged Iterate: Bias-Variance Decomposition

Now, considering the fact that the excess risk/generalization error (equation (|A.1])) involves
tracking E [7‘75 b1N O Mgy, N} , we see that the quantity of interest can be bounded by consid-
ering the behavior of SGD on bias and variance sub-problem. In particular, writing out the
outerproduct of equation , we see the following inequality holds through a straightfor-

ward application of Cauchy-Shwartz inequality:
E [y @ en] <20 (B[00 v @ 005 6] + E [25ETR° @ 7TR)) (A.9)

The equation above is referred to as the bias-variance decomposition and is well known from
previous work on Stochastic Approximation [7, 35, 25]. This implies that an upper bound
on the generalization error (equation (A.1))) is:

1

L(Wei1,n) — L(W") = §<H7E [775+1,N ® 775+1,N]>

< (HE [0 v @ 00 n]) + (HLE [V @ niiye]). (A10)

Here, we adopt the proof approach of [53]. In particular, [53] provide a clean way to simplify
the expression corresponding to the tail-averaged iterate. Let us consider E [7_73 1N @ Ny, N}

and simplify the resulting expression: in particular,

s+N s+N

1
E [775+1,N ® ﬁs+1,N} = N2 Z Z E [, ® ny]

=541 k=s+1
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1
=Nz ( E[m®nk]+ZE[m®m]>
>k I<k
|
< (SEmend+ XEmenl) )
1>k 1<k
1 -k k—1
= (I—yH) " Em,@n)+ > Elngen] @—vH) ) ()
1>k 1<k
1 ) .
— 3 2 (Bl e 0 - m) B o))
1<k
| SN stN
:NE'Z:E:( m®nz1—7Hfl+ﬂ—vHVﬁMm®nJ>
=s+1 k=l
1 s+N oo
- LYy ( ) (1) 4 (L ) E o ) )
l=s+1 k=l
1 s+N
Nz Z ( m@n](I-yH)""+I-yH)"'E[n on) >
l=s+1k=s+N-+1
1 s+N
5 X (Emen 01 - B e ) )
l=s5+1
1 s+N
A EI ( 7h®nﬁG—VHV4+%I—7HV4Ehn®nJ)
l=s+1 k=s+N+1

(A.11)

where, (%) is a valid PSD upper bound since we add and subtract the diagonal terms

{E [, @ 1] f;iVH. (xx) follows because of the following (assume [ > k; the other case

follows similarly):

E[(Pum_1 +C) © my]
E[E[(Pun_1 +7¢n) © nlFizi] ]
E []E [(Plbn171 + 7Clb) |E—1} ® nk]

= (I-yH)E [771—1 ® nk} ;

E[n ®n) =

where, the final equation follows since E [Py, |F;_1] = E [I -1 Z Xy ® x| Fi- 1] =I1-~+H

and E [¢;,|Fi—1] = 0 from first order optimality conditions. Recursing over [ yields the result.
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The final line simply follows from summing a (convergent) geometric series.
This implies that the excess risk corresponding to the bias/variance term can be obtained

from equation (A.11)) by taking an inner product with H, i.e.:

(H,E [0,,15 @01 n]) < % : Z (<H7E [, @n) (VH) ™ + (H)'E[n, ® "7z]>)

s+N 0o

X Y (EEmen) -

=541 k=s+N+1

(- H)Ef ® m]))

<o 3 (W Em @) 1) ) B o))
9 s+N
S oN? IZ;l Tr <E [, ®n)] ) (A.12)

The upper bound on the final line follows because each term within the summation in the

second line is negative owing to the following argument. Consider say,

(H.E[n,@n) (I - yH)" + (I - yH)"'E[n®n))
=2Tr [H(I—yH)* 'E[n, @ n)] ] > 0.
Note that H and (I —yH) commute and both are psd, implying that H(I — yH)*~! is PSD.

Finally, the trace of the product of two PSD matrices is positive with H(I — yH)*~! being
one of these PSD matrices and E [n, ® n;] being the other, thus yielding the claimed bound

in equation (A.12)).

This implies that the overall error (through equation (A.1])) can be upperbounded as:

1
E [L(Ws—&-l,N)] - L(W*) = 2 : <H7]E ["_73+1,N & "_73+1,N]>

1 s+N

<oy > Tr(Elnen))
l=s+1
< 2 aN E bias bias E variance variance
<o 2\ T EE @ar]) T E @ ne]) )
=s+1

(A.13)
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where the final line follows from equation (A.9). We will now bound each of these terms to
precisely characterize the excess risk of mini-batch tail-averaged SGD. We refer to the bias

error of the tail-averaged iterate as the following:

. g 2 uN .
B (L] - Lov) 2 3 i (5 [ ] ) (A1)
l=s+1

Similarly, we refer to the variance error of the tail-averaged iterate as the following:
s+ N

i e 2 variance variance
E L)) - Lw) = 5 30T (E [y @ ) }) (A.15)
I=s+1

A.3 Lemmas for bounding the bias error

. Ybo,mazx __ b
Lemma 22. With v < =5+ = Jemm (1 < [P

H I__ZXZ’L@XZZ I__lez®xlz

Proof. This lemma generalizes one appearing in [53] to the mini-batch size b case. Denote

the following bound holds:

<1—=rp.
2

by U the matrix of interest and consider the following:

b b
_%lei®xlz Z Xy ® Xi;)
i=1 i=1

—1-+H-~H+ (%) y (b]E [l1x)1xx "] + b(b — 1)H2>

2

<1-29H + %  (R?H + (b— 1)||H||;)H
=1- 7H7
from which a spectral norm bound implied by the lemma naturally follows. O

Lemma 23. For any learning rate v < Yo.ma/2, the bias error of the tail-averaged iterate

wobias ; .
w1 v 18 upper bounded as:

E LW N] = LW) < 53
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Proof. Before writing out the proof of the bound in the lemma, we require to bound the per

step contraction properties of an SGD update in the case of the bias error (i.e. {. =0):

b b
g v
E [||”'71||2} =K |n ,(I- b qu @ x;) (I — b lei ® Xu)ﬂzl]

=1 =1

b b
7 v
=E|n E|(I- 3 ¢Z1Xli ® x;;) (I — 3 ;Xli ® Xy;) -7:1—1] ”75—1]

< (1 =)E [[|n,1|*]  (using Lemma [22).

This implies that a recursive application of the above bound yields E[||n,|*] < (1 —
) E{[[mo]1%]-

Next, we consider the bias error from equation ({A.14)):

—bias * 2 H
E [L(WYE v)] — L(w") = E > E [l
")/ t=s+1
2 = )
<2 S B
v t=s+1
2 ¢ 2
< N2 Z (1 =)ol
v t=s+1
2 1 s+1 2
= =00 (1= 3 o]
2 S
= W(l — )* |||
2

- 72“2]\[2(1 — )t (M' ||"70||2>

< o= (Llw) - Lw))

where in the final line, we use the fact that uI < H. This proves the claimed bound. ]
Lemma 24. For any learning rate v < Y maz/2, the bias error of the final iterate wii* is

upper bounded as:

E [L(w§™)] = L(w") < 5+ (1= )" - (L(wo) — L(w")).

(RN
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Proof. Similar to the tail-averaged case, we require to bound the per step contraction prop-

erties of an SGD update in the case of the bias error (i.e. {. = 0):

E[H”’Nuﬂ =E "IJTV 1I__ZXNZ®XNZ I__ZXN2®XNZ)77N 1]

=1

:E 771Tv_1E (I_%ZXNi®XNZ I__ZXN’L®XN’L) ]:N 1] ’l’]N 1]
i=1

< (1= ywE [[ny_1[?] (using Lemma[22).

This implies that a recursive application of the above bound yields E[|ny|*] < (1 —
Y)ME [[Im|l*]- Then,

E [L(wh™)] — L(w*) = = Tr ((n3=) THni™)

< 2ol gy (g )
< Amax(H)(1 =)™
- 2 min(H)

)‘maX(H>(1 - 'Y,U)N
o 2)\min(H)

(1= (Bwa) = 1w ).

> N

Tr ()\min(H)HnOHQ)

(26w) = 2w))  since, wo = )

N =

A.4 Lemmas for bounding the variance error

Now, we seek to understand the behavior of the variance error of the tail-averaged iterate
Wsr1n. We begin by noting here that the variance error is analyzed by beginning the

variance

optimization at the solution, i.e. 1y = (0 and allowing the noise to drive the process. In

particular, we write out the recursive updates that characterize the variance error:
,r’varlance Ptbnvarlance + ,}/C b With ,r’variance _ O
t [ 0 -
This implies that by defining @} YE [ntvariance ® ntvariance], we have:

@V&Lriance _ E [nvarlance ® r','varlance}
t t t
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E [E [(Pum™™ +7C0) @ (Pum®™ + 7€) [ Fia]]
2
= E[Py®"“P}] + --5. (A.16)

where, F;_; is the filtration defined using the samples {x;;, yﬂ}iztﬁl:ll:b Furthermore cross
terms are zero since E [(,,|Fi—1] = 0 owing to first order optimality conditions. Recounting

that Py =17 le Xy ® Xy, We express equation ((A.16|) using a linear operator as follows:

b b
E [Pu® ™ Py] = E [ (1= 3 i @ xu) S5 (1= 73 1 @ )
i=1 =1
déf (I . 77z>q);/ir1iance’

with 7, representing the following linear operator:

b—1
%ZH5+HR—%M—WTHLHR,

with M = Ex®@x®x®x|, H = H® I and Hg = I ® H representing the left and
right multiplication linear operators corresponding to the matrix H. Given this notation, we
consider @) ariance;

2

variance variance 2
P, = (Z —Tp) @™ + ?2

2 t—1
g
— ?<Z(I—w;)’f)z. (A.17)
k=0
Before bounding the variance error, we will describe a lemma that shows that the expected

(Pvariance
t

covariance of the variance error initialized at 0 grows monotonically to its steady

state value (in a PSD sense).

Lemma 25. The sequence of centered variance iterates ny*"***° have expected covariances

that monotonically grow in a PSD sense, i.e.:

_ variance variance variance variance
0=d; < P! < oriance < guariance,



126

Proof. This lemma generalizes the lemma appearing in [53, [54]. We begin by recounting the

t* variance iterate, i.e.:

t
n:arlanCe =7 Z Qj-‘rl,th,b'
j=1
This implies in particular that

variance __ variance variance
M =K [7775 @ 1y }

¢t
= 2 Z Z E [Qj+1,th,b ® Cl,leTH’b} (from equation ({A.4))

j=1 1=1

= Z ZE [Qj+l,tE [Cj,b ® Cl,b|~7:j—1] Ql:-l,b]

j=1 =1

t
= ~2 Z E [Qj+1,t<j,b ® Cj,ijTH,t}
j=1

9 T
= =Y E[Q2Q, ]
j=1

where, the third line follows since E [C 1 ®C j’b} = 0 for j # [, similar to arguments in
equation [A.3] This immediately reveals that the sequence of covariances grows as a function

of time, since,

2
(I)Zirllance _ (I)Zaﬂance = %]E [Qz,t—i—l EQ;—,H—J = 0.

]

This lemma leads to a natural upper bound on the variance error, as expressed below:

< variance

Lemma 26. With v < %, the variance error of the tail-averaged iterate Wi °\ is upper

bounded as:

. 9 -
E [L(WNe)] — Lw*) < I (T,'%).
Proof. Considering the variance error of tail-averaged iterate from equation (|A.15)):

s+N
2

E [L(WZT{?}%@)} — L(W*) — W . Z (Tr (E [q);fariance] ))

l=s+1
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2 variance
< 7_]\7 T <E [q)oo } > (from Lemma

2 (o]
— iN . % Ty (Z(I — 77;)’“2) (from equation (A.4]))
v k=0
2 1

]

Lemma 27. With v < %, the variance error of the final iterate w3 obtained by

running mini-batch SGD for N steps is upper bounded as:

Proof. We note that since we deal with the square loss case,

variance * 1 variance
E [L(wym )] — L(w*) = 5T (HPpriance)
1 '
<3 Tr (H®2"*°)  (using Lemma
06 . -
= ;I (H jz%(z - 773)32)

- %Tr (Hnlz:)

Lemma 28. Denoting the assumption (A) v < Vo maz/2,
1. With (A) in place, Ty = 0.
2. With (A) in place, T, "W =0 for every W € S(d), W =0
3. Tr (Hr +He)'A) = L Tr (H'A) V A € SH(RY)
4. With (A) in place,

T (7,7'%) <2Tr (H'Y)
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Proof. Proof of claim[1] in Lemma[28 T, = 0 implies that for all symmetric matrices A €
S(d), we have Tr (AT,A) > 0, and this is true owing to the following inequalities:

(A, ToA) = 2Tr (AHA) — %E [(x, Ax)?] — W(bb_ Y (1, AHA)

ol Y(b—1)
>2Tr(AHA) — EE [Htz HAXHZ] - b

|H| Tr (AHA)
>2Tr(AHA) — %RQE [HAXHQ} - @ |H|| Tr (AHA)
> (2 - % (R*+ (b—1) ||H|y)) Tr (AHA),

and using the definition of 7j max finishes the claim.
Proof of claim [ in Lemma We require to prove T, operating on a PSD matrix

produces a PSD matrix, or in other words, 7, ! is a PSD map.

Tt =[He +Hr — %(M + (b= DHcHR)|

N

= (Mo +Hr) "3 (He + Hr)? [He + He — %(M F(b— DH M)

N

(He + Hr)? (He + Hr)~
= (He +Hr) [T — %(Hc +HR) E(M + (b — DHeHR)(He + Hr) 2]
(He+Hr) 2 (A18)
Now, we prove that | X(He + Hr) 2(M + (b — D)H Hr)(He + Hr) 72| < 1. Given 7 <
Ybmax/2, we employ claim [1] to note that 7, = 0.
Ty, =0
= He+ Hr — %(M 4 (b= D)HeHR) = 0
= %(M +(b— DHHR) < He + Hr
- %(%ﬁ FHR)E(M A+ (b— VHeHR)(He + He) "2 < T
= H%(Hg +HR) M+ (b— DHHR)(He + He) 2| < 1

With this fact in place, we employ Taylor series to expand 7, ' in equation (A.1g), i.e.:

(e e}

Tyt = (M + He) 72 Z(%(Hc +Hr)E(M + (b — D)HHR)(He + Hr)2) (He + Hr)™

=0

(NI
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—Z (He + Hr) M+ (b— V) HeHR)) (He + Hr) ™

The proof completes by employing the following facts: Using Lyapunov’s Theorem ([10]
Proposition A 1.2.6), we know (H; + Hg) ' is a PSD map, i.e. if (He + Hgr) '(A) = B,
then, if A is PSD = B is PSD. Furthermore, M is also a PSD map, i.e. if A; is PSD,
M(A)) = E[(2TA1x)x ® ] is PSD as well. Finally, H,Hz is also a PSD map, since, if A,
is PSD, then, H Hr(As) = HAsH which is PSD as well. With all these facts in place, we
note that each term in the Taylor’s expansion above is a PSD map implying the overall map
is PSD as well, thus rounding up the proof to claim [2[in Lemma [28|

Proof of claim[3 in Lemma [28

We know that the operator (Hr + Hg)_l is a PSD map, i.e, it maps PSD matrices to
PSD matrices. Since A = 0, we replace this condition with U = (Hz —{—’Hg)flA > 0
implying, we need to show the following:

HﬂD:%ﬁ@I%)VUtO

Examining the right hand side, we see the following:

1

S Te (HTA) = T (H (e + Hr)U)

2
1
=5 T (H"'HU + H 'UH)
= Tr (U)
thus wrapping up the proof of claim
Proof of claim 4| in Lemma : Let U = He +Hr — 3 - (b—1)HHr. Then,

1
T, = (u — 3/\/{) >

= (%ubw) U
i=0

1=

Let A=U"'2, A’ =U{'H. Then,

=Y (%ulM) A

i=1
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The ¢ = 0 term is just = A. Now, considering ¢ = 1, we have:

%L{‘l/\/lA ~ %|IA||2U‘1MI

< %||A||2R2u‘1H — %||A||2R2A’.

() ()
< Al RQ) ( 1M>A,
(J1alr) - (Gu) - 140 e

< (214l - (F1atre) - o

Noting this recursive structure, we see that:

L= (%u—w) A

1=0

00 i—1
<a+ 3 (Tane) - (Jiane) - a
=1

(%HAHQR?)
=A+ ~A

- (%HA’HQR?)

Note that this summation is finite iff v < m. Further, applying the trace operator on

Next, considering ¢ = 2, we have:

2
(%uﬂw) A

A

=

SR SR =

SIS

both sides, we have:

(”HAH2R2>
Tr (7,'%) < Tr(A) + Tr (A). (A.19)

- (%HA'HZR?)

Now, for any psd matrix Z = 0, let us upperbound U/ ~'Z:

= b—1 ‘
U'zZ=>" (7 (et Hy) ™ -HC”HR> (He+ Hr) ™"
j=0
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The recursion can be bounded by analyzing ¢ = 1:

v b_Tl (Mo +Hr)™ - HeHe - (He + Hr) 2

< (He ) 2l P (e M) MM T
<M+ H) 2l P (et M)
= (M + Hr) 2y Pt [ T

This indicates the means to recurse for bounding terms ¢ > 2:

> b—1 J
-l -1 L. .
UL e + ) zu2(v N ||H|12) I

_ (e + Hr) 2

-1
(—D)|H]|
L=y ==
The upperbound above is true as long as v < m This now allows us to obtain bounds
on [|Alla, [|[A"]]2, Tr (A'):
||A||2 < H(HE +/HR)_12”2
Tl g H:
1/2
A< i
L=~ - [H[:
Tr (A') < d/2

L=y o5 [ H]l

Substituting these in equation (|A.19)):

5 dll (e +Her) "2

Tr (7,7'%) < Tr(A) + . (A.20)
(1= 5+ (e - DlEL) ) - (19 L)
with the conditions on v being: ~ < m, v < m, v < é—g. These are

combined using v < WIQ)HHH? Once this condition is satisfied, the denominator of the

second term can be upperbounded by atmost a constant. Next, looking at the numerator of

the second term, we see that v < - dH<H£El;'lR)_12||2 = Rgz allows for the second term to be
R Pl LA SR L o | m

Tr((He+HR)~IT)
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upperbounded by O(Tr ((H, + Hz) 'X)). This is clearly satisfied if y < Wb—l)\\flllz' In

particular, setting v to be half of this maximum, we have:
Tr (7,7'8) < Tr(A) +2Tr (He + Hr)'E) . (A.21)

Next, for obtaining a sharp bound on Tr(A), we require comparing Tr (f]) =
Tr (He + Hp — 7 - 52 - HeHe) 'S with Tr (2) = Tr((He + Hgr)'S). For this, with-
out loss of generality, we can consider H to be diagonal, and this implies that comparing the

diagonal elements of 3= /(2N — vb_Tl/\f) while 3, = 3.i/2)\;. Comparing these, we

see that
T (£) = (e + o = 0 HeMe) "2 € o T ()
b T L=
1

T ((Me+HR) ).
Ty, )

~

Noting that Tr (A) = Tr (E), we see that substituting the above in equation (A.21]), we

have:

1
T () € —
T2 ],

<ATr (He+Hr)'2) =2Tr (H'Y).

Tr (He + Hr)7'E) + 2T (He + Hr) ' X)

]

Corollary 29. Consider the agnostic case of the streaming LSR problem. With v < %

2
the variance error of the tail-averaged iterate W ¥ is upper bounded as:
s+1,N

4 —

E [L(ngrliflﬁce)] — L(w") < N O-%JLE'

Proof. The result follows in a straightforward manner by noting that v < %—;"‘ implying
that Tr (7,7'2) < 2Tr (H™'X) and by substituting into the result of Lemma O

Corollary 30. With v < 22 3 = ¢”H the variance error of the final iterate wi™* e,

obtained by running mini-batch SGD for N steps is upper bounded as:

2
E [L(wirione)] — Liw") < % TrH.
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Proof. This follows from the fact that 7, '3 < ¢2I, implying that H7,'2 < ¢2H and then

applying the trace operator on the result of Lemma [27] O
A.5 Main Results

A.5.1 Derivation of Divergent Learning Rate

A necessary condition for the convergence of Stochastic Gradient Updates is T, > 0, and this

by definition implies,

(W, W) >0, W e S(d)

— 2Ty (WHW) — %Tr (WMW) — y(b_Tl) Tr (WHWH) > 0
2 T (WMW) 4 (b— 1) Tr (WHWH)
v bTr (WHW)
2 Tr (WMW) + (b—1) Tr (WHWH)
= —— = sup .

ryb,max WeS(d) b'Tr (WHW)

A.5.2 Proof of Theorem[]]

Proof of Theorem[1 The proof of Theorem [I] follows from characterizing bias-variance de-
composition for the tail-averaged iterate in section with equation .

The bias error of the tail-averaged iterate (equation (A.14])) is bounded with Lemma
and Lemma 23] in section [A.3]

The variance error of the tail-averaged iterate (equation (A.15)) is bounded with
Lemma 25| Lemma [26] Lemma [28 and Corollary 29 in Section [A.4]

The final expression follows through substituting the result of Lemma[23and Corollary
into equation , with appropriate parameters of the problem, i.e., with a batch size b,
number of burn-in iterations s, number of tail-averaged iterations n/b — s to provide the
claimed excess risk bound of Algorithm [Ii The final expression follows through substituting
the result of Lemma and Corollaryinto equation ((A.13)), with appropriate parameters of

the problem, i.e., with a batch size b, number of burn-in iterations s, number of tail-averaged
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iterations n/b — s to provide the claimed excess risk bound of Algorithm

—

(= (L(vvo> - L(w*>) +4. —E ((’M_ ;-

A.5.3  Proof of Lemmal[j)

Proof of Lemmal[{} The proof of Lemma [4] follows from characterizing bias-variance decom-
position for the final iterate in section with equation (A.8)).

The bias error of the final iterate is bounded with Lemma@2 and LemmaR4]in Section[A.3]

The variance error of the final iterate is bounded with Lemma Lemma Lemma
and Corollary [30]in Section [A.4]

The final expression follows through substituting the result of Lemma[24]and Corollary
into equation [A.8] with appropriate parameters of the problem, i.e., with a batch size b,
number of samples n and number of iterations |n/b|, to provide the claimed excess risk
bound:

E [L(Wa))] — L(W") < rip(1 — yp) /" (L(wo) — L(W*)) + %02 Tr (H),

A.5.4  Proof of Theorem|[)]

Proof. Let L, = E [L(w.)] — L(w*). We will first provide a recursive bound for L. for
e < log (%) —1 using Theorem with a mini-batch size of b, = 1+2¢7'b, where, b = bypresh — 1,
Ne="b.-t,s=t—1:

—

— o 2
L, < 2“25 exp < —7 e )Le_l + 401\[;[LE

e ' Kb, e

—

2
n —— 0’

< - ) .L. 4 . ZMLE

= OXP ( 3beKe log(/@e)) 1 be
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Next, denote xk = ||H]||, /1; now, let us bound &y, :

d||(7'l£+7-l72)712||

R g + 0 1) IH,
e be'u
_ . bthresh —1 + be -1 — K. bthresh -1 + 26_1<bthresh - 1)
be 26_l(bthresh — 1)
1 2671
=K- +— < 2kK.

2@—1 -

This implies kyp, log(ks,) < 4klog(k). This implies, revisiting the recursion on Z;, we have:

o
L).LHHK.M

L. < —
= &P ( 12b.k log(k) be
/ e
< B Loy +4.2MLE
= &P ( 12filog(/<:)> 1+ 2e=1p
t(—1)
— e exp| —
te 40_2 ( 12/{10g(ﬁ))
_ I ome .
< exp ( 12R10g(ﬁ)> 0ot le 9e—j
< exp ( B o > Lo+ A0 ) 1/
- 12k log(li) b 1 —2-exp ( - 12nll€ogn)
te = 12‘%;3 ;
_ t > 24k1
=P ( 12/<elog(/<é)> 0¥ T (Since > 2dnloa(r))
te — 1205\
B B To 4 22OMLE | (430)  (since 2° — n/(4bt
exp ( 12k log(ﬂ;)) ot b-n (461)  (since i/ (451)
te —~ 0'/2\t
Y ( 12mlog(/<a)> o+ n ( )

Next, for the final epoch, we have b = n/2t, s = t/2, and a total of n/2 samples, implying:

o 28 t \7 ohp 8K £, —~ =
L.y < b . ¢ ——)L, L “MLE % — " ).L,+16. ZMLE
+1 = (t/2) 5 * €Xp ( 2/£b) b- (n/4b) 2 p ( 2/%) .

RTINS Py
< rak exp ( - R) - L.+ 16 - - (since kp, < 2k)

3242 / te — o2t o2
< . - —). - _).L 48 - MLE 16 - MLE
=g %P ( 4,f) (eXp ( 12nlog(/~6)> ot n )" n
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2K2 t te —~ 0/2\ 0/2\
=T P ( 4I£) P ( 12/@10g(/<;)> 0+ O3k exp ( / H) n + n
32K2 t te —~ 0/2\
< : — ). ot N T gpThe
=T P ( 4/£) P ( 12/@10g(li)> 0t n
e+ 1)\ = o
< ———— ) - Ly +80——=
= P ( 12/4;10g(/i)) 0t n
bt \ o) ~ o2
= (—) Lo+ 80 - TMLE (A.23)
n n
which rounds up the proof of the theorem. O

A.5.5 Proof of Theorem|[]

Proof. For analyzing the parameter mixing scheme, we require tracking the progress of the

it" machine’s SGD updates using its centered estimate 77,(;). Furthermore, the tail-averaged

iterate for the i machine is representeed as 7 o N ZZHSVH "71<; . Finally, the model
averaged estimate is represented with its own centered estimate defined as ) = 5 ZZ 1 7.
Now, in a manner similar to standard mini-batch tail-averaged SGD on a single machine,

the model averaged iterate admits its own bias variance decomposition, through which n =

nP1as 4 prariance and an upperbound on the excess risk is written as:

BLLW)] ~ Lw) = B | 3% - w), Hw - w))| =5 |5

S E [<,r—’bias’ H,ﬁbiasﬂ + E [<,r—’variance’ H,r—’varianceﬂ )

n.H)|

We will first handle the variance since it is straightforward given that the noise ¢ is inde-

pendent for different machines SGD runs. What this implies is the following:

—varlance _ Z) variance
- Z n

— E [,f]variance ® ,f’variance — ﬁ Z ]E *(i)wariance ® ,fl(j),variance}

l

P2 (Z E (2),variance ® ﬁ(i),variance]
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+ Z ]E (4),variance ® ,’—,l(j),variance} )

i#]

1 . .
_ FE [ﬁ(l),varlance ® ,r’(l),varlance] ) (A24)

Where, the final line follows because V i # j, the terms are in expectation equal to zero since
in expectation each of the noise terms is zero (from first order optimality conditions). The
other observation is that the only terms left are P independent runs of tail-averaged SGD in
each of the machine, whose risk is straightforward to bound from Corollary 29} This implies

(H,E g™ @ grerience]) < NG oyqp- (using Corollary (A.25)

Next, let us consider the bias error:

— blas _ § ),bias
P

— E |:,’—7bias ® ,r—’blas _ P2 Z E blaS ( )blas]

P

1 —(1),bias —(1),bias (4),bias ,bias
=1 independent runs (;f, tail-averaged SGD #J
(A.26)
which implies that we require bounding V i # j, E [Pl @ p(i)-bias],
s+N o s+N N
E [ﬁ(z),blas ® 77( blas _ Z E |:,n(z) ,bias nl(]),blas} _ Z E [ b1asi| QF |:nl(j),b1as]
kl s+1 kl s+1
s+N
Z E [Q(lkno] QE [Q1 zno} (from equation (A.H))
kl s+1
1 s+N s+N
= ﬁ( Yo —’YH)k)no ®no( Y oa —’YH)Z)
k=s+1 l=s+1
1 00 00
(X asmt )oY a-my)
k=s+1 l=s+1

1 — s s -
= oyt HI—yH)" 0, @ ny(T —yH) " H ™.
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This implies that,

—(1),bias —(7),bias 1 _ s i B
E [n( ):bias ) g (7):b ] < JINe C(H,H YT - yH)* g, @ 1o (I — vH)* T H)
1 I s
~ 2N? -mg (I —~H)* "H"HH (I - 7H)** 1,
(1 _ ,y,u)2s+2 ) (1 _ ,y’u)Zs-i-Q .
< e ol < e (Lwo) — Lw) ) (A2)

Combining the bound for the cross terms in equation (A.27) and Lemmal[23|for the self-terms,

we get:

(L=t 2+ (1 —qp)** - (P =1 ;
1122 N2 ' P : (L(WO) — L(w ))

(A.28)

<H, E [,f’bias ® ﬁbias}> S

The proof wraps up by substituting the relation N = n/(P - b) — s in equations ({A.25)
and (A25). a

A.5.6  Proof of Lemmal3

For this problem instance, we begin by noting that (H, + Hz) 'Y is diagonal as well, with

entries:
. 1 . 1/2 ifi=1
{(He +Hr)™ Bhi = o {H B} =
1/2(d—1) ifi>1
Let us consider the case with batch size b = 1. With the appropriate choice of step size v that
ensure contracting operators, we require considering Tr (’Tb_lE) as in equation , which

corresponds to bounding the leading order term in the variance. We employ the taylor’s

expansion (just as in Claim [2] of Lemma to expand the term of interest 7, ' X:

o0

'S =Y (V(He + Hr) M) (He + He) 'S

=0

= (He+Hr) 'S+ i (YHe +Hr) " M)’ (He + He) 'S

=1

= Tr 7, 'S = Tr(He + He) P2 + Z Tr [(7(3% + %R)”M)i (He + HR)”E]

i=1
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7,2 = %TYH_IE + 30T [ (v(He + Hr) M) (He + He) 'S

i=1
We observe that the term corresponding to ¢« = 0 works out regardless of the choice of stepsize

~; we then switch our attention to the second term, i.e., the term corresponding to ¢ = 1:

d+2
Tr (Y(He + He) M) (He + He) 'S = % T (2)

We require that this term should be < Tr(H, + Hr) 'Y, implying,

ATe(He + Hp) 'S
(d+2)Tr (%)

For this example, we observe that this yields v < 4 g which clearly is off by a factor

(d+2)(1+%
d
(d+2)(1+73)

separation between the step sizes required by SGD for the well-specified and mis-specified

d compared to the well-specified case which requires v < , thus indicating a clear

cases.

A.5.7 Proofs of supporting lemmas

Proof of Lemma

Proof of Lemma[7. We begin by considering (I, E [n?ias ® n?ias] )
(LE [n,™ @ny]) = E [[|ln;™*]
Y b y b
()" <I =D XuxX, ) (I -7 D XXy ) e ]
i=1 i=1

< (=) E[In"5IP]  (from Lemma22).

=E

from where the lemma follows through substitution of v = j max/2. O

Proof of Lemma

Proof of Lemma[§. From equation [A.17], we have that:

(Pzariance —E [nvariance Variance]

t & My
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1

P (<
- (Xa- )=
k=0
Allowing t — oo, we have:
g yariance %7},_12 = % -0’1 (from claim 4] in lemma [2§] since vy < Vomax/2, X = o’H).

Substituting v = Ypmax/2, the result follows. O
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Appendix B

APPENDIX: ACCELERATING STOCHASTIC GRADIENT

DESCENT (FOR LEAST SQUARES REGRESSION)

B.1 Appendix setup

We will first provide a note on the organization of the appendix and follow that up with

introducing the notations.

Organization

e In subsection we will recall notation from the main chapter and introduce some

new notation that will be used across the appendix.

In section [B.2] we will write out expressions that characterize the generalization error
of the proposed accelerated SGD method. In order to bound the generalization error,
we require developing an understanding of two terms namely the bias error and the

variance error.

In section we prove lemmas that will be used in subsequent sections to prove

bounds on the bias and variance error.

In section [B.4] we will bound the bias error of the proposed accelerated stochastic
gradient method. In particular, Lemma is the key lemma that provides a new
potential function with which this chapter achieves acceleration. Further, Lemma

is the lemma that bounds all the terms of the bias error.

In section we will bound the variance error of the proposed accelerated stochastic

gradient method. In particular, Lemma|l4]is the key lemma that considers a stochastic
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process view of the proposed accelerated stochastic gradient method and provides a
sharp bound on the covariance of the stationary distribution of the iterates. Further-

more, Lemma [44] bounds all terms of the variance error.

e Section presents the proof of Theorem [0 In particular, this section aggregates the
result of Lemma 40| (which bounds all terms of the bias error) and Lemma {44] (which

bounds all terms of the variance error) to present the guarantees of Algorithm

B.1.2 Notations

We begin by introducing M, which is the fourth moment tensor of the input a ~ D, i.e.:

MY Eap~pla®a®a® al

Applying the fourth moment tensor M to any matrix S € R%*? produces another matrix in

R4 that is expressed as:

MSEE [(a"Sa)aa’] .

With this definition in place, we recall R? as the smallest number, such that M applied to

the identity matrix I satisfies:
MI=E [||a||§aaT] <R*H

Moreover, we recall that the condition number of the distribution x = R?/u, where p is the
smallest eigenvalue of H. Furthermore, the definition of the statistical condition number

of the distribution follows by applying the fourth moment tensor M to H™!, i.e.:
MH'=E[a'H 'a)-aa’| <k H

We denote by A, and Az the left and right multiplication operator of any matrix A €
R4 je. for any matrix S € R4 A,S = AS and AzS = SA.
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Parameter choices: In all of appendix we choose the parameters in Algorithm [3| as

KR 5 ca\/ 201 — 3 V21 — s G
= =, P=G———F—= V== = —
co\/2¢1 — A + VKR

«

VKR pVER R

where ¢, is an arbitrary constant satisfying 0 < ¢; < 1. Furthermore, we note that c5 =

2
[o. 2
eVEata 2 a and ¢y < 1/6. Note that we recover Theorem |§| by choosing ¢, =

c1 2 2—c1

1/5,c0 =v5/9,c3 = /5/3,c4 = 1/9. We denote

¢ a(l — B) and, g s+ (1—a)y.

*

Recall that x* denotes wunique minimizer of P(x), ie. X =
, X — X" . .
arg minycgpa Eapop (b — (x,a))?]. We track 0, = . The following equation
Yi — X'
captures the updates of Algorithm [3}

0 T — 6Hy 0 €pp1ap41
01 = - 0, +
—c-1 (1 + C) I — q- Hk+1 q - €pr1apy1
def
= A0k + Cruts (B.1)
. - 0 I-6H
def def k+1 def
where, Hy1 = apmial,,, App = and Qg =

0 €pr1a41

q €p+1ak41
Furthermore, we denote by ®; the expected covariance of @, i.e.:

&, EE[0,®06,.

Next, let F denote the filtration generated by samples {(aj, b1),- - , (ag, bx)}. Then,

0 I-/H
—cI (1+¢)I-¢H

def

AME [Ak+1|fk] -

By iterated conditioning, we also have

E [04.1|F] = A6, (B.2)
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Without loss of generality, we assume that H is a diagonal matrix. We now note that we
can rearrange the coordinates through an eigenvalue decomposition so that A becomes a

block-diagonal matrix with 2 x 2 blocks. We denote the j* block by A ;:

0 1 —0);
J )
—c l4+c—q);
where \; denotes the j™ eigenvalue of H. Next,

BEYE [z&kﬂ ® :&kJrl“Fk} , and

~ 4 52 6-q 52 d-q
3 d:f]E [Ckﬂ ® Ck+1|"rk’] = - )
d0-q ¢ 0-q ¢
Finally, we observe the following:
EUA—KHQ®M—KHMEJ:A®A—EPQH®AM4
—E [Kk—i-l ® A|~7:k] +E [Kk—&-l ® Kk+1‘Fk]
=-A®A+E [;&k—&-l ® ;&k+1|fk]
:¢Wﬂ&ﬂ®gmwﬂ:EBA—&MMNAa&HWﬂ+A®A
We now define:

REE (A~ Ap) @ (A - Ayl and

D ARA.

Thus implying the following relation between the operators B, D and R:
B=D+R.
B.2 The Tail-Average Iterate: Covariance and bias-variance decomposition

We begin by considering the first-order Markovian recursion as defined by equation ([B.1)):

Oj = 1&]‘03‘—1 + Cj-
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We refer by ®; the covariance of the j™ iterate, i.e.:

def

® CE[G,20)] (B.3)

Consider a decomposition of 6; as 8, = O?Ias + 077, where 0;’135 and 67" are defined

as follows:
o= A 00, ghe g, and (B.4)
ejv_ariance def Aj e}ziriance + Cj§ Hgariance def 0. (B. 5)
We note that
E [0 = AE [6] . (B.6)
E [Hyariance} — AE [H;iriance] ) (B?)

Note equation follows using a conditional expectation argument with the fact that
E[¢;] = 0V k owing to first order optimality conditions.

Before we prove the decomposition holds using an inductive argument, let us understand
what the bias and variance sub-problem intuitively mean.

Note that the bias sub-problem (defined by equation (B.4))) refers to running algorithm
on the noiseless problem (i.e., where, ¢, = 0 a.s.) by starting it at 85" = 6,. The bias
essentially measures the dependence of the generalization error on the excess risk of the
initial point @y and bears similarities to convergence rates studied in the context of offline
optimization.

The wariance sub-problem (defined by equation (B.5])) measures the dependence of the
generalization error on the noise introduced during the course of optimization, and this
is associated with the statistical aspects of the optimization problem. The variance can
be understood as starting the algorithm at the solution (7*"*"*® = 0) and running the
optimization driven solely by noise. Note that the variance is associated with sharp statistical

lower bounds which dictate its rate of decay as a function of the number of oracle calls n.
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Now, we will prove that the decomposition 6; = O?ias + O}’aria’“ee captures the recursion

expressed in equation (B.1)) through induction. For the base case j = 1, we see that

0, =A0,+ ¢,
N bias N variance
= A190 + A100 +C1
Y v
.'. 0181&15:00 :07 ,'. egarlancezo

__ pbias variance

Now, for the inductive step, let us assume that the decomposition holds in the j—1° iteration,
i.e. we assume 0;_; = Bz?i_af + Oﬁriance. We will then prove that this relation holds in the 5%

iteration. Towards this, we will write the recursion:

0,=A,;0, 1+,
= z&j(gz)l_af + H;iriance) +¢; (using the inductive hypothesis)
= A0 + A 0% 4 ¢
— ghiss  gyeisace,

This proves the decomposition holds through a straight forward inductive argument.
def

. . . . P2 del 1 n )
In a similar manner as 6;, the tail-averaged iterate 6, = = > 7, ,6; can also
. = __ pbias ~variance pbias def g n bias pvariance def
be written as 6;, = 0,, +6,, , where 0,," = > 6" and 0,, =

ﬁzyzt L, 077 Furthermore, the tail-averaged iterate 6y, and its bias and vari-

~bias évariance

ance counterparts 6, ,0,, are associated with their corresponding covariance matrices

D, P yriance respectively. Note that ®;,, can be upper bounded using Cauchy-Shwartz

tn ) Ttn

inequality as:
E [ét,n X ét,n} <2 (E [é};lss ® é?’l:S:| +E [é;/’arfiance ® é:’arfiance] )
— (i)t,n j 2 . ((ilzi‘s _'_ i)VaI‘iance). (BS)

t,n

The above inequality is referred to as the bias-variance decomposition and is well known from

previous work [7], 35, [55], and we re-derive this decomposition for the sake of completeness.
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We will now derive an expression for the covariance of the tail-averaged iterate and apply

= variance
)]

it to obtain the covariance of the bias (@zfs) and variance (®,,,

) error of the tail-averaged

iterate.

B.2.1 The tail-averaged iterate and its covariance

We begin by writing out an expression for the tail-averaged iterate 0;,, as:

ét,n: ﬁ Z 0]'

j=t+1

To get the excess risk of the tail-averaged iterate ém, we track its covariance <f>t,n:

5t,n =K [ét,n & ét,n}

B (n_lt)Z Z E[6; 6]
gl=t+1
= n—t?Z(ZZE [0j®9j]+lz E[9j®9z]>
J t+1 =j+1
(n_tQZ (Z N[0, 0+ E (0,0, + 3 E[0, 0, (AT )<from (B2)
j I=t+1 I=j+1
(Zn: ZAJ 'E0, ® 6)] +Z 0,20, +Z Z (AT )/(n—t)2
( y ZAl 'E[6 @%Hi:E 0; 0] +Z Z (AT )/(n—t)2
j=t+1i=j+1 j=t+1 j=t+1l=j+1
- m( Z I-A)(A-A"E6; © 6] + Zn: E[6; 6]
j=t+1 j=t+1
+ Z I—AT)HAT — (AT)"“‘J'))
= (I + (T — Ap) AL — A7) + (T — Ap) N (Ag — (A?z)"“")) %
= ﬁ > (I (T —Ag) M(Ar — AT (T — AR AL — (Ag)"ﬂf))q)j.

j=t+1
(B.9)
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Note that the above recursion can be applied to obtain the covariance of the tail-averaged

= variance
P

+m ) error, since the conditional expectation

iterate for the bias (52158) and variance (
arguments employed in obtaining equation are satisfied by both the recursion used in
tracking the bias error (i.e. equation (B.4])) and the variance error (i.e. equation (B.5)).

This implies that,

= bias de " i A (I)bias
B D (I (T~ Ae) (A — AFT) + (T - AR) (AR - <A£>"+1—J>) CEnE
Jj=t+1
(B.10)
= variance de = _ el 3 —_ (I)\{ariance
LT Y (“ (T = Ac) ™ (Ac = AL ) + (T = AR) (AR — (AR J>) e
Jj=t+1
(B.11)

B.2.2  Covariance of Bias error of the tail-averaged iterate

Proof of Lemma |11 To obtain the covariance of the bias error of the tail-averaged iterate,

we first need to obtain @?ias, which we will by unrolling the recursion of equation ([B.4)):

0r> = A 05"
— O™ =E [0, ® ;]
=E [E [6;™ ® 67| Fi_1]]
= E[B [R5 @ 67 Al |17 ]|
= BE [0 ® 0;%] = B &'

— PP = BF oy (B.12)

Next, we recount the equation for the covariance of the bias of the tail-averaged iterate from

equation (B.10)):

= bias - _ el 3 . q)bias
B = 3 (T4 (- A0 (e AT (T - AR AR - (AR

t,n
j=t+1
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Now, we substitute ‘P?ias from equation (B.12):

B = 3 (T (T - Ao (e — A7)+ (T - A AR - (A

j=t+1

B®,
(n—1)

_ 3 <z F (T - Ag) " A+ (T — ,472)—1,471) Bi®,

i 2
R ((Z )AL 4 (T A%)*(A?D"“-J’)Bj@o

(n—1) j=t+1

—; — -1 ATN-1 YT o\l ppt+l _ gan+tl
_(n—t)2<I+(I Ae) A+ (T - Ag) AR)(I B)~H(B* — B ®,

J/

Vv
Leading order term

_ > ((z — Ap) YA (T - A%)‘l(A%)”“‘j)ijI)o. (B.13)

(n—1)2 j=t+1
There are two points to note here: (a) The second line consists of terms that constitute the
lower-order terms of the bias. We will bound the summation by taking a supremum over j.
(b) Note that the burn-in phase consisting of ¢ unaveraged iterations allows for a geometric

decay of the bias, followed by the tail-averaged phase that allows for a sublinear rate of bias

decay. O

B.2.3  Covariance of Variance error of the tail-averaged iterate

Proof of Lemma[13. Before obtaining the covariance of the tail-averaged iterate, we note

that E [Hyariance} = 0V j. This can be easily seen since 8**° = (0 and E [Ozariame] =
AE [6;7"°] (from equation (B.7)).

Next, in order to obtain the covariance of the variance of the tail-averaged iterate, we first

(I)variance
J

need to obtain , and we will obtain this by unrolling the recursion of equation ([B.5)):

variance A variance
0 = A0 + G
@\];ariance — K [ozariance ® Ozariance}
o variance variance
=E [E [0} ® 0} | Frz1]]

— E[E [R07 @ 075 R + ¢ ® GulFin]
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B E [exkzrzfilance ® exkzrzfilance] 4 i —_ B @Zirilance + i
-1

B

N

variance
; (ﬁk

i
=)

J

1-B)"YZ-B"T (B.14)

Note that the cross terms in the outer product computations vanish owing to the fact that
E [6;7"°] = 0V k. We then recount the expression for the covariance of the variance error
from equation (B.11]):

variance
(I)j

(i)variance _ Z (I—f‘ (I _ AL)_1<"45 — AZ+1_j) + (I - A%)_I(AIZ - ("47—2)”—’—1_]‘)) m

t.n
j=t+1

We will substitute the expression for @;ariance from equation ([B.14]).

= variance 1 = — n+1—j — n+1—ij
By > (24— A0 (e = AL) 4 (T - AR AR - (AR

—+)2
(n =05

(T-B)"YT-B)=

Evaluating this summation, we have:

e - L (T (T A A+ (T - AR VAR (T - B)IS

b n—t

N

Vv
Leading order term

- ﬁ((f — Ap) (A — AR 4 (T — AR) (AR — (AR)" ) (T - B) 'S
_ ﬁ(l (T —Ar) Ar+ (T — AR VAR (T — B 2B — BHS
" ﬁ Z (T~ Ae) AR+ (T AR) (AR ) (T - B) B
(B.15)
O

Equations (B.§)), (B.13)), (B.15) wrap up the proof of Lemmas , .
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The parameter error of the (tail-)averaged iterate can be obtained using a trace operator

- I 0
(*, *) to the tail-averaged iterate’s covariance ®,, with the matrix , L.e.
0 0

B o I 0| _
HXt,n - X ”2 = 7‘I)t,n>

In order to obtain the function error, we note the following taylor expansion of the function
P(+) around the minimizer x*:
* 1 * |12
P = PO) + 5 I = e

* 1 *
= PG+ 5 Ik - x|

This implies the excess risk can be obtained as:

B i} 1 H 0 _
P(Xt,n)_P<X):§'< 0 0  ®in)
H 0 — bias H 0 = variance
» Ttn < » T tn >
0 0 0 0

B.3 Useful lemmas

In this section, we will state and prove some useful lemmas that will be helpful in the later

sections.

Lemma 31.

H 0 1 —(cI—¢H) 0
0 0 4= | (I-6H) 0

1—AT)™"

Proof. Since we assumed that H is a diagonal matrix (with out loss of generality), we note
that A is a block diagonal matrix after a rearrangement of the co-ordinates (via an eigenvalue

decomposition).
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In particular, by considering the j™ block (denoted by A; corresponding to the j*™

eigenvalue \; of H), we have:

1 c

I-A] =
—(1=0X;) —(c—qN\y)

Implying that the determinant ‘I — Aﬂ = (¢ — ¢d)\;, using which:

1 —(c—q\j) —c
I—AT)y = — — ! B.16
=4 (@=cd)dj | 1-6xn 1 (10
Thus,
J

0 o 4= 1-sx) 0

Accumulating the results of each of the blocks and by rearranging the co-ordinates, the result

follows. O

Lemma 32.

-1 |H 0 R 1 —(cI — gH)H /2
(=4) 0 0 A= (q—c5)2(®2 (I—sH)H /2 )

Proof. In a similar manner as in Lemma we decompose the computation into each of the

eigen-directions and subsequently re-arrange the results. In particular, we note:

1 —(c—qX;) (1=20X))

A" =0=an | .. |

Multiplying the above with the result of Lemma [31] we have:

(I . A;I')—l )\j 0 (I . Aj)—l — —2<®2
0 0 (g —cd) (1= oA)A?

From which the statement of the lemma follows through a simple re-arrangement.
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Lemma 33.

(I_AT)—2AT H 0 :; H ' (—c(1-¢c)I—cgH)(I-6H) 0
0 0 (q - 05)2 H—l((l . C)I _ CéH)(I B 5H) 0

Proof. In a similar argument as in previous two lemmas, we analyze the expression in each

eigendirection of H through a rearrangement of the co-ordinates. Utilizing the expression of

I— A/ from equation (B.16), we get:

A 0 1 —c(1—=0X;) O
I—ADAT [ — ( i) (B.17)
J J (g — o)
0 0 q (1—0x;) O
thus implying:
A 0 1— 0\, —c(l—c)—cqgr; 0O
(I—AJ-T)_2AJ-T J _ ( ) gj) ( ) qA;j
0 of (@=e)N | 1—c)—csx; 0
Rearranging the co-ordinates, the statement of the lemma follows. O

Lemma 34. The matriz A satisfies the following properties:

1. Eigenvalues q of A satisfy |q| < v/, and
2. |A¥|, <3v2-k-a'T V> 1.

Proof. Since the matrix is block-diagonal with 2 x 2 blocks, after a rearranging the coordi-
nates, we will restrict ourselves to bounding the eigenvalues and eigenvectors of each of these

2 x 2 blocks. Combining the results for different blocks then proves the lemma. Recall that
0 1 -0\

A= :

—c 1+c— Q)\j

Part I. Let us first prove the statement about the eigenvalues of A. There are two

scenarios here:

1. Complex eigenvalues: In this case, both eigenvalues of A; have the same magnitude

which is given by y/det(A;) = \/c(1 — 6);) < /e < Va.
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2. Real eigenvalues: Let ¢; and ¢o be the two real eigenvalues of A;. We know that
@ +q =T(A;) =1+c—q)\ > 0and ¢ - ¢ = det(A;) > 0. This means

that ¢¢ > 0 and ¢» > 0. Now, consider the matrix Gj def 1-p/I—-A; =
(1-75) —14 06X
’ . We see that (1 —8) — q1)(1 = B) — q2) =
c —1+ (1 =) —a)+aq)

det(G;) = (1-B)(1-a) (1 = B) = D+(1-p) (¢ —ad) Aj = (1-B) (1 — a) (v\; = B) =
0. This means that there are two possibilities: either ¢;,q2 > (1—03) or ¢1,¢2 < (1—75).
If the second condition is true, then we are done. If not, if ¢;,q2 > (1 — ), then

max; q; = det(A;) C(li‘z‘)f') < a(l —4dA;). Since /a > o > 1 — f3, this proves the first

min; ¢ — (1

part of the lemma.

Part II: Let A; = VQV be the Schur decomposition of A; where Q = o is an

0 ¢
upper triangular matrix with eigenvalues ¢; and g2 of A; on the diagonal and V is a unitary
matrix ie., VVT = VTV = I. We first observe that |¢| < [Ql, = |A;]l, < Al < V6,
where ((;) follows from the fact that V is a unitary matrix. V being unitary also implies

that A% = VQFVT. On the other hand, a simple proof via induction tells us that

(Zg 1 Q1Q2 )

0 a5

Q="

S0, we tave 4], = [, < @4, < VBklgmax (o) < 35 -,
where we used |q| < v/6 and max (|¢1|, |g2]) < V. 0

Finally, we state and prove the following lemma which is a relation between left and right

multiplication operators.

Lemma 35. Let A be any matriz with A = A ®1 and Ar = 1 ® A representing its left

and right multiplication operators. Then, the following expression holds:

(I+ (L= A A+ (T A%)*A%) (T — AeAL)" = (T — Ag) T - AL)
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Proof. Let us assume that A can be written in terms of its eigen decomposition as A =
VAV~! Then the first claim is that Z, A;, Ax are diagonalized by the same basis consisting
of the eigenvectors of A, i.e. in particular, the matrix of eigenvectors of Z, A,, Ar can be
written as V ® V. In particular, this implies, V i,j € {1,2,....,d} x {1,2,...,d}, we have,

applying v; ® v; to the LHS, we have:
(Z +(T—Ap) " AL+ (T~ A7T3)_1A7Tz) (T - ArAR) 'vi® v,
= (1) (T4 (- A e+ (T AR e,
=T+ NI =2)"T N0 =) 1=\ iy
Applying v; ® v, to the RHS, we have:
(Z—Ar) T~ Ag) Vi@,
= (1 — )\1)71(1 — /\j)ile‘ &® Vv

The next claim is that for any scalars (real/complex) x,y # 1, the following statement holds

implying the statement of the lemma:

I+(0-z)le+Q-y)ly) - Q—ay) ' =1-2)'Q-y"

O
, def |1 =1 [T 0 I 0
Lemma 36. Recall the matriz G defined as G = )
0 L1 [0 pE| et

The condition number of G, k(G) satisfies K(G) < 2.

—Q

=

Proof. Since the above matrix is block-diagonal after a rearrangement of coordinates, it

suffices to compute the smallest and largest singular values of each block. Let \; be the it"

. def 1 0 . . def I o0
eigenvalue of H. Let C = ) and consider the matrix G; = C C'. The

—o _1 0 £

l-a 1-« Ai

largest eigenvalue of G; is at most opay (C)Q, while the smallest eigenvalue, o, (G;) is at

least /\ﬂl * Omin (C)Q. We obtain the following bounds on o, (C) and op.x (C).

2
V1—a?

Tmax (C) < [|Cl|p < (Fa<l
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det (CCT)
IC]l

(. det (CCT) = Ginax (C)? 0uin (C)?)

Omin (C) Z Z

1
9’

where we used the computation that det (CCT) = ﬁ This means that o, (G;) > 5

and omax (Gi) < \/%7 Combining all the blocks, we see that the condition number of G is

at most \/14—”7 proving the lemma. O]

70{27

B.4 Lemmas and proofs for bias contraction

Proof of Lemma[13 Let v o ﬁ (y — ax) and consider the following update rules corre-

sponding to the noiseless versions of the updates in Algorithm

x" =y - 0H(y — x")
z=py+(1-p)v
vt =z —yH(y — x%)

yt=axt+ (1 -a)v',

where H % aaT where a is sampled from the marginal on (a,b) ~ D. We first note that

xT — x* ~ x — x* ~
E ®2 :]E A ®2 A
y

y+ _ X* _ X*
X — x*
= B| ®,
y —x
. =~ def I 0 . X —x' ~ |x—x o
Letting G = ) , we can verify that = G , similarly
ol Tl v —x* y — x*
xtoxt| o [xtex PO | N
=G . Recall that G = G G. With this notation in
v —x* yt —x* 0 puH™!

place, we prove the statement below, and substitute the values of ¢;, ¢y, c3 to obtain the
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statement of the lemma:
I 0 xT — x* cor/201 — 2 0 x — x*
( ,®2( )>§ 1—03 . L 7®2( >>
0 p-H v —x* VK 0 pu-H v — x*
(B.18)

To establish this result, let us define two quantities: e % ||x — x*||3, f v - x|
and similarly, et & ||x+ — x*||5 and f+* vt — x*||3_1. The potential function we consider

is e+ - f. Recall that the parameters are chosen as:

VKR ca\/2¢1 — 3 V2¢, — 2 50
_ CB=c _
CQ\/QCl—C%‘i‘ \/FLE ’

fo. _ 2
with ¢ < 1/2, ¢3 = m, c2 = ;% Consider e™ and employ the simple gradient

c1 2—cy
2
2

[lly —x"15] =26 -E [ly — x"lgt] +°E [lly —x*|0e]
[
[

N Ve VKR R

descent bound:

ef =E [HXJr

E Hy 0- Hy x*) —x*

IA
= =

ly = x"l15] =25 - E [lly —x"llge] + R*8”E [ly — x"[|ge]
2c; — 2

E i

E[|ly — x"[|3] (B.19)

ly —x*[l5] —

Next, consider f:

fr=E [HV+ —x*

2
H—l

E {Hz — fyITI(y —X") —x"

2
H—l

E [|lz = x"|[gg-1] +7°E [lly = x| ym-1] = 29E [(2 — %",y — x7)]

<E[||lz — x| ] + 7R -E [lly — x5 — 27 -E[(z — X",y —x7)]
(B.20)

Where, we use the fact that MH™' < KH, where & is the statistical condition number.

Consider E |||z — X*||f{_1] and use convexity of the weighted 2—norm to get:

E [z~ x[lg-:] < BE [y —x"z-2] + (1 = HE [Iv — x"[lz5-1]
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Elly —x" 5] +(1=8)-f (B.21)

Next, consider E [(z — x*,y — x*)|, and first write z in terms of x and y. This can be seen

as two steps:

-1 . v_ _a
.V_lfay 1fax

e z=0y+(1—p)v=y+ (1 —p8)(v—y). Then substituting v in terms of x and y as

in the equation above, we get: z =y + <M> (y — x)

l—«a

Then, E [(z — x*,y — x*)] can be written as:

a(l -5

Bl oy ] = B [y~ + (2]

) Elly—xy-x) (B2

Then, we note:

L (B [ly ~x1) [~ ')

Re-substituting in equation ([B.22]):

Bla-x'y - 2 (145 T2 By - - 5 - T2 [l - 1

Substituting equations (B.21)), (B.23]) into equation (B.20)), we get:

w7 < (52 = TSI B ly ol 1 - 0)- f
$WOCB) B [ly — 1)

Rewriting the guarantee on e™ as in equation (B.19)):

2
2c1 —cf

R2

et <E [y - x| - E [[ly — x*||5]

By considering e + p - fT, we see the following:
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\/ 2c1—c%

e The coefficient of E [||y — x*[|3] < 0 by setting v = ¢ = Where, 0 < ¢y < 1,

2
R = k- .
B
1 — VKK
I+yu cg\/ch—cf—‘r\/HE

e Set 2= =1 implying a =
With these in place, we have the final result:

et fT< (28 -29uE [[ly —x[l3] + (1= B) - (e + - f)

cor/2c1— C%

In particular, setting 8 = c3ypu = C3— =" We have a per-step contraction of 1 — 3 which

cav/2c1 fc%

is precisely 1 — C3— =) from which the claimed result naturally follows by substituting

the values of ¢y, ¢, c3. O

Lemma 37. For any psd matriz Q = 0, we have:

4 2c— 3\ \"
IIB’“Q!\ZS—h(l—(—CQC?’ — )) I,

k
Proof. From Lemma , we conclude that (G, B*Q) < <1 - (m? Vj_?_C%> ) (G, Q). This

implies that HIS”’“QH2 < (1 - (m? V:Zlcl)) 1Qll, x(G). Plugging the bound on ~(G)

from Lemma [36] proves the lemma. O

Lemma 38. We have:

I-D)(I-B)"'BF (1-B"") 0,0,

\/14_7026}{})< tegesy/2¢, — 01/\/_> 16, (I—i— 0263\/\/2:7_0(}%2/02)2) ‘

Proof. The proof follows from Lemma . Since B =D + R, we have (Z — D) (Z — l’:)’)f1 =
T+ R(Z - B)™". Since R, B and (Z — B)™" are all PSD operators, we have

(Z-D)(Z-B)"'B™(T-B"") 6,0,
= (Z+R(Z-B)) BT (T-B"") 0,0,
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< B*'0,0, + R(Z — B)"'B'*'6,0, .

szg:ef s;g:ef
Applying  Lemma with  Q = 006, tells us that S, <

s exp (—teacsy/20 = /V) 803 1. For Ss, we have

(G, (Z—-B) 'B"™000,) = (G, Y B'6:6)

Jj=t+1
> / _ 2 J
<2 (1— (—CQC?’ “ Cl)) (G, 0067)
el KR
< i exp <—t0203 201 — 2 /V 4&%) (G,000,).

Cac3n/2¢1 — 3

This implies

(I —B)'B"006] =< k(G)(VKR/(cacs1/2¢1 — 2)) exp <—t0263\/261 — a3/ 4&%) 160”1,

which tells us that

Sy < k(G)(VkR/(cacsy/2¢1 — ¢2)) exp <—tc2cg,/2c1 - c%/\/m) 160]|° (R?/0*) S

Combining the bounds on S; and S, we obtain
(Z-D)(Z-B) "B (T-B"") 6,0,

VKR ~
ex tegcgy/2c1 — ¢ \/4/<;/<;) 0 I+ R*/0*)% | .
( p< 2C3 1 1/ H 0“ ( CQCgm( / )
Plugging the bound for £(G) from Lemma [36|finishes the proof. O

Corollary 39. For any psd matrix Q > 0, we have:
o 12v/2 1—J)k n-i 2
Jammmq) < 2YEIH LI s (| a2 —d) g
V1—a? VKR

< 1242(n+1 — j)man%j exp —jcacsn/2¢1 — Ql
- V1—a? VKR 2
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Proof. This corollary follows directly from Lemmas |34 and |37 and using the fact that 1 —xz <

e " O

The following lemma bounds the total error of ézi,js.
Lemma 40.
2

(70 e e s o) < o S o (= 4 2 VEE D) (b - i)

t,n t,n

0 0 B (n—1)? KK
+ C - (kR)4dr - exp (—n0203 ”l{;cl _ Ci) - (P(x0) — P(x%))

Where, C' is a universal constant.

Proof. Lemma [T1] tells us that

—bias —bias 1 _ _
E |07 6] = m(z+ (Z—Ap)"Ac+ (- Ap) 1A7£>-
(I . B)—I(Bt—i-l . Bn—i—l) (00 ® 90>
S > ((I — Ag)TARTT (T - A%)‘I(A%)"“‘j)BjOo ® 6.

_ 2
=17 22,

(B.24)

We now use lemmas in this section to bound inner product of the two terms in the above

H 0
expression with , i.e. we seek to bound,
0 0
H 0 ~bias ~bias
< JE |:0t,n ® Ht,n :|>
0 0
H 0 -1 T\—1 4T —1(at+1 1 2
= NZT+ T —Ap) A+ (T — AR) " AR | (Z - B) (B = B") (6y @ 00) /(n —t)%)
0 0
H 0 1 - 1 gntl—j T\—1/ AT \n+1-j \ i
+{ R M@= A AT (T - AR) (AR ) B0 2 6)
0 0 A =]

(B.25)
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For the first term of equation (B.25)), we have

H 0
0 0

, <z F(T—Ap) A+ (T — A;)—lAg) (T — B)"Y(B*! — B (8, ® 6,))

i < [I: o (@0 e 2 AR @ Ach) - A

(I o B)—l(Bt—‘rl _ Bn-i-l) (00 ® 00)>

H 0
— < [0 ()] (T —A) T - Ap)! (T - A5A7T3) (Z - B)"'(B* - B") (0, ® 00)>
(using Lemma [35))

H 0
0 0

< ey o (4 Do = VR ) ol
(@ [(d — qHH

—(I-AT) [ ] (I—A)",(Z-D)(Z - B) (B~ B"") (8, ® b))

),I + 2VkR(R?Jo?)S).
(I— 6H)H /2

The two terms above can be bounded as

<(® —(cI — gH)H™!/2
|- sHyE-2

>,I> <7-Tr(H) < % and,

—(cI — gH)H1/2

Nﬁ(R%%(( ®s
{ (I-6H)H/?

),§]> — 2VKRR*(q — ¢d)?d.

Combining the above and noting the fact that 2vkkR?*(q — ¢d)?d < %d, we have

H 0
0 0

2
g )

{

] , (I+ (T Ay " Act (T- A@lA&) (T B) (B — B (6, @ 6,))




163

We now note the following facts:

1 261 — C% 2 F
1—04 \//1/1—1-02\/201—01 \/C1C4
1 1 4Kk
< < —

<
qg—cd ~ (1 —a) (1—04)2_645

This implies, equation (B.26]) can be bounded as:

H 0
( , (Z +(T—Ap) T AL+ (T - Ag)—lA;) (Z — B)"H(B™ - B (6, ® ;)
0 0
1792 7)4d V2
St e T G [T

1792 7)9%d \/2¢1 — 2
< _ (kR) K cexp (= (t+ 1)0203 g —c M|’00H2
(c1eq)P/* C1Cy vV ER

8L (WR) s ( - (t+ 1)M) - (Pxo) = Px)

= (creq)?/t C1C4 KK
< O (kF)"*dk - exp ( eV Ta V\/Q%_Cl) - (P(x0) — P(x")). (B.27)

Where, C' is a universal constant.

Consider now a term in the summation in the second term of (B.25]).

H 0

.t ((z Y A%)*(A%)”“ﬂ')sf' (60 0,)

{

H 0 -
=(I-A")™ LA"TIB (00 @ 0,))
0 0

H 0 ) .
T (1—A), (Bﬂ (80 8,) ) (A7)
0 0

<4d||[I-AT)! |A™ B (60 @ 69)||

0 0
Ad —(cI—gH) 0 12v2(n+1 =)k ny —jeacsy/ 201 — cf 2
< : a2 exp — 160l
¢=c || (T—¢H) 0 Vi—a? R
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(Lemma [32) and Corollary
672(n — t)dk —nege3n/201 — &2 9
< - exp = (160l
(g —coH)V1—a? VKR

5376 (’i%)5/4d _nCQC?)\/m 2
(et by (n—t)exp ViR ~[[60l|

5376  (kk)*/4dk (n— 1) exp —neaczy/201 — i\ 1602
T (ac)tt e VKR ’
~\5/4 . 9, — 2
10752 (kk)**dk (n — 1) exp ( neacgy/ 201 cl) (P(xo) — P(x")

T ()t ey P

< C - (KR)/*dk - (n — t) exp (‘"62‘33 V26 = Cf) - (P(x0) — P(x")). (B.28)

RK

Where, C' is a universal constant. Plugging (B.27)) and (B.28) into (B.25]), we obtain

H 0

~bias ~bias
< 0 0 ’E[Ot,n ®0t,n]>
kR4 dk cac3r\/2¢1 — 3
<o I o (=4 )220 () - i)
— /¢ — c2
+ C - (kR)**dk - exp ( 1eacs ~C1 CI) - (P(x0) — P(x"))
KK
This proves the lemma. O

B.5 Lemmas and proofs for Bounding variance error

Before we prove Lemma [14] we recall old notation and introduce new notations that will be

employed in these proofs.
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B.5.1 Notations

X — X"
We begin with by recalling that we track 0, = g . Given 0y, we recall the recursion
Y — X'
governing the evolution of 6:
0 I—0H;, 0 €pp1ap41
01 = N 0 +
—c- I (1+c)I—q-Hyy q - €ri18k41
= A6+ Crt1 (B.29)

where, recall, ¢ = a(1 — ), ¢ = ad + (1 — a)y, and PAI;CH = agyia, ;. Furthermore, we

recall the following definitions, which will be heavily used in the following proofs:
A - E |:;A\k-+]_|fk;:|
B=E [-Xxkﬂ ® Ak+1’f}€}

S=E [CkJrl ® Ck+1|]:k} =

We recall:
R:E“A—ng®m—ﬁmmﬂ]
D=A®A
And the operators B, D, R being related by:
B=D+R

Furthermore, in order to compute the steady state distribution with the fourth moment
quantities in the mix, we need to rely on the following re-parameterization of the update

matrix A:

0 I-¢H
—-1 (14¢)-I—¢q-H

>)
I
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Lo
(|
—
+
e/l—l
—
o O
|
K,
o I

This implies in particular:

AQA = (Vi+V,)® (V) +Vy)
IV1®V1+V1®V2+V2®V1+V2®V2

Note in particular, the fourth moment part resides in the operator Vs ® V. Terms such as
V, ® V; are deterministic, or terms such as V; ® \72 or Vg ® V7 contain second moment
quantities. Furthermore, note that the operator B = E [1& ® A} where the expectation is
taken with respect to a single random draw from the distribution D.

Considering the expectation of A® A with respect to a single draw from the distribution

D, we have:
B=E[A®A|=ViaVi+E|Vi@V;| +E[V;0 V1| +E [V, 0V,
:V1®V1+V1®V2+V2®V1+E [V2®v2:| y
def ~ 0 —0-H

where Vo, = E [VQ] = )

0 —¢-H
Finally, we let nr and dr to denote the numerator and denominator respectively.
B.5.2  An exact expression for the stationary distribution

Note that a key term appearing in the expression for covariance of the variance equa-
tion (B.15) is (Z — B)'%. This is in fact nothing but the covariance of the error when
we run accelerated SGD forever starting at x* (i.e., at steady state). This can be seen by

considering the base variance recursion using equation ([B.29)):

0, = Kkekfl + ¢,
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— &, YE[6; ® 0]

=K []E K.&kokl ® 0,1 Al + ¢ ® Ck) U—“MH
=E {]E {(Ak9k1 & 9k11&;> ‘fkl}] + >

:B'E[ek—l®9k—l]+§
:Békfl—l—i

This recursion on the covariance operator ®; can be unrolled until the start i.e. £ =0 to

yield:

k—1
@, =B'®+» B3
=0

= (Z-B)"Y(T-BHS (- @y =0)
= Py = lim & = (7 - B)'S (B.30)
—00

B.5.3  Computing the steady state distribution

We now proceed to compute the stationary distribution. Recall that

B:V1®V1+V1®V2+V2®V1+E[\E@VQ}

— IT—-B= (I—V1®V1—V1®V2—V2®V1)—E[V2®V2i|

Where the expectation is over a single sample drawn from the distribution D. This implies

in particular,
-1

(Z-B)'= ((I—V1®V1—V1®V2—V2®Vl)—E[%@%])

k

= ((I—V1®V1—V1®V2—V2®V1)_1E[V2®V2}>
=0

(T-V,0Vi—V,®V,—V,0 V)" (B.31)
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~ 62 5
Since ¥ < o2 - 2q ®H, and (Z — B)™" is a PSD operator, the steady state distri-
0-q q

bution ®, is bounded by:

—1H 2 -1 0 d0-q
b, =(Z-B)"X=<0(Z-B) QH
o-q ¢

k
:O’zz((I—V1®V1—V1®V2—V2®V1)_1E [\72@\72]) .
k=0

o

_ 2 d-q
(ZT-VieV,-V,0V,—V,0V,)" oH|. (B.32)
i-q ¢
Note that the Taylor expansion above is guaranteed to be correct if the right hand side is

finite. We will understand bounds on the steady state distribution by splitting the analysis

into the following parts:

L] s
¢ Obtain U™ (- V, @V, - V,@V,— Vy@ V)" T eH| (in sec

tion .

e Obtain bounds on E [Vz ® \72] U (in section |B.5.3

e Combine the above to obtain bounds on ®,, (Lemma [14)).

Before deriving these bounds, we will present some reasoning behind the validity of the upper

bounds that we derive on the stationary distribution ®.:

)
[e.e] 1 A A k
j022((1'_\/'1®V1—V1®V2—V2®V1)_]E:[V2(§9V2}> U (x*x)

oo k
:OQU+U2Z<(I—V1®V1—V1®V2—V2®V1)_1E [Vg@Vg]) U

k=1

0o k
—02U+022((I—V1®V1—V1®V2—V2®V1)_1E [\72@\72])

k=0
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(Z-Vi@aVi-V,8V,—V,8V,) 'E [\72@@\72] U
=0’U+o*(Z-B) " E [Vg ® V2i| U (using equation ([B.31))),
(B.33)
with (x % ) following through using equation and through the definition of U. Now,
with this in place, we clearly see that since (Z — B)™! and E [Vg ® \72] are PSD operators,

we can upper bound right hand side to create valid PSD upper bounds on ®,. In particular,

in section [B.5.3] we derive with equality what U is, and follow that up with computation

of an upper bound on E [\72 ® Vg] U in section |B.5.3] Combining this will enable us to
present a valid PSD upper bound on ®, owing to equation (B.33)).

Understanding the second moment effects

This part of the proof deals with deriving the solution to:

1 62 5 - q
U:(I—V1®V1—V1®V2—V2®V1) ®H
o-q ¢
This is equivalent to solving the (linear) equation:
52 6-q
(I—V1®V1—V1®V2—V2®V1)'U: Q@ H
0q ¢ |
T T T 0 d-q
= U-V,UV, - V,UV, —V,UV, = ) ®H (B.34)

0-q ¢

Note that all the known matrices above i.e., Vi, V5 and H are all diagonalizable with respect
to H, and thus, the solution of this system can be computed in each of the eigenspaces
(Aj,u;) of H. This implies, in reality, we deal with matrices UY), one corresponding to each
eigenspace. However, for this section, we will neglect the superscript on U, since it is clear

from context for the purpose of this section.

VlUVI _ 1 U1 Ui2 0 —C
—c 14c| |up ua 1 1+c¢



170

U229 —cuiz + (1 + c)ug

—cuyy + (14 c)ugy  Aupy — 2¢(1 + e)urs + (1 + ¢)?uss

Next,
0 1 U U 0 0
V,UV] = o A
—c 1l+c¢ U1 U922 -0 —q
_ U192 U929 0 O )\j
—cuyy + (1 +c)urs —cupn + (1 + c)uw| |—0 —q
B —0Ug2 —qUa2 A\
= J
_—5(—CU12 + (1 + C)UQQ) —q(—CUlz -+ (1 + C)UQQ)

It follows that:

V,UV| = (V,UV;)'
_ —0ugy  —0(—cuiz + (14 c)ugs) N
—quge  —q(—cuiz + (14 c)ugs) !
Given all these computations, comparing the (1,1) term on both sides of equation (B.34),
we get:
Upp — Uz + 20\ jugy = (52)\j

Uyl = UQQ(]_ - 25)\]) -+ 52)\]‘ <B35)
Next, comparing (1,2) term on both sides of equation (B.34), we get:

U1y — (—cura + (1 4 c)uga) + gAjuge + 0Aj(—cura + (1 + c)ugn) = 6 ¢\,
U1z — (1 — 0N;j)(—cura + (1 + ¢)uge) + gAjusg = 9 g

Finally, comparing the (2,2) term on both sides of equation (B.34]), we get:

g — (Pury — 2¢(1 + )urg + (14 ¢)?ug) + 2q)\j(—cura + (1 + c)uge) = q2)\j
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= —cPuyy + (2¢(1 + ¢) — 2cq\j)ura + (1 — (1 +¢)* + 2(1 + ¢)g\j)uge = ¢*\;  (from eq (B.35))

— —*(ugp(l - 20)\;) + 52)\j) + (2¢(1 + ¢) — 2eqj)ur + (1 — (1 + c)? +2(1+ C)gAj)ugg = qz)\j

= (2c(1+c) —2cq)\j)urp + (1 — (1 +¢)* — (1 = 26);) + 2(1 + ¢)g\j)uge = (¢° + 52\,

- 20((1 + C) - q)\j)ulg + 2((1 + C)(q)\] - C) + (5/\jC2)U22 = (q2 + 0252)>\j

(B.37)

Now, we note that equations (B.36)), (B.37)) are linear systems in two variables ujs and ugs.

Denoting the system in the following manner,

a11U12 + a1y = by

A91U12 + G9oUze = bo

For analyzing the variance error, we require uss, t1s:

. birag — baay . birags — baays
Ugo = , U2 =
A12021 — Q11022 a11022 — Q12021

Substituting the values from equations (B.36} - and - we get:

20q5(1 +c— q/\j) —(¢* + c*6?%) (1 +c(1 — 5Aj))
dr(usz)

U =

2q5((1 +o)(gh; — ) + 5Ajc2> — (¢* + ¢*6%) (qu —(1+001 - 5&))

A

; (B.38)

U2 =

dr(uss)

1+c—q/\ ()\jq—(1+c)(1—5)\j))>

-
_2. (1—|-c—cc5)\ -( +C)(q)‘j_c)+5)‘j02)>
(

r(uig) = 2( (1+c—cd)\;) ((1+c)(qu—c)+5Ajc2))

— 20((1 +c— q/\j) : (qu — I+ - 5)‘j))>

.\ (B.39)

(B.40)

(B.41)
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Denominator of usy: Let us consider the denominator of usy (from equation (B.38)) to

write it in a concise manner.
dI‘(UQQ) = 2( (1 +c— Q/\]) . k’l - (1 +c— C(;)\j) . k?g)
with
]{?1 =C- (/\]q — (1 + C)(l — 6>\J>)
= (ehjg — (e + ) (1 —aNy))
= (cghj — ¢ — & + cOAj + 26))
= (1 +¢)(g\; — ¢) + 5 ?)
(q)\J —cHcghj — & + 0N c)
Plugging in expressions for ¢ = ad + (1 — o)y and ¢ = o(1 — ), in dr(ug) we get:
dI'(U,ZQ) =2. ( (1 +c — (Ié)\j)(kll — k’g) — )\j . ((1 - a)7k1 + O[ﬁ(w{ig) ) <B42)
Next, considering ki — ko, we have:
ki — ko = ch\jg — ¢ — &+ c6Nj + A26Nj — q\j + ¢ — cq)j + ¢ — 0N,
= (cd —q)A;
—(afo + (1 —a))A; (B.43)

Next, considering y(1 — a)k; + afd kg, we have:

V(1 — )k + afd ke

=7(1 — a)(chjqg — ¢ — & + PN + b))

+aBd(chjqg — ¢ — & + 26N\ + g)j)

— (B8 + (1 - a)y) (A — ¢ — & + 0A;) + Ab(ey(1 — @) + afig)

Consider ¢y(1 — ) + afq:

cy(l—a)+abg=al =)yl —a)+af(ad+ (1 -a)y)
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=a(l =)yl —a) +afy(l—a)+afs
= ay(l — a) + a®86
=a(afé+ (1 —a)y)
Re-substituting this in the expression for v(1 — o)k + a0k, we have:
(1 — @)k + @B ky = (@B + (1 — a)y)(chjqg — ¢ — & + 26N;) + N;6(cy(1 — @) + afq)
= (B8 + (1 — a)y)(cAjqg — ¢ — & + *0\;) + aXjd(aBs + (1 — a)y)

= (B8 + (1 — a)y)(cAjqg — ¢ — & + *6\j + a);0) (B.44)

Substituting equations (B.43)), (B.44]) into equation (B.42), we have:

dr(ugs) = —2X;(aB6 + (1 — ) - (1 + ¢ — ad); + cAjq — ¢ — & + PO\ + ad);)

= —2) (B0 + (1 — ) - (1 — &+ eXj(q + ¢d)) (B.45)

We note that the denominator of u; (in equation (B.39))) is just the negative of the denom-
inator of ugs as represented in equation (B.45)).
Numerator of uy: We begin by writing out the numerator of wusy (from equa-

tion (B.38))):

nr(ugy) = A; - (20(_15(1 +c—gq\) — (@ + 2 (1+c(1 - 5)\j)))

A 2eg6(1+c—adh; — (1 —a));) — (¢ + P8 (1 + ¢ — ad; + aﬁdkj))

A ( — (T4 c—ad))(g—cd)* =\ - (2c¢ov(1 — @) + (¢° + (05)2)0465))
(B.46)

We now consider 2¢gdy(1 — a) + (¢* + (¢d)?)a36:

2cq07(1 = a) + (¢* + (cd)*)a 36

=2¢q6 - (7(1 — @) + afBd) + (¢ + (c0)* — 2cqd)afs

= 2cq6(q — ¢d) + (g — ¢d)*aBs (B.47)
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Substituting equation (B.47)) into equation (B.46|) and grouping common terms, we obtain:

nr(ug) = A - < — (14 c—adr)(g—cd)* =N+ (2cq0(q — cd) + (g — 05)20zﬁf5))

= (= (e e - (easla — )
=) ((1 + ¢ —cdA;)(q — ¢d)* + 2cq0Mj(q — 05))

With this, we can write out the exact expression for ugs:

(14 c—cd)j)(g — ed) + 2cq0);
2-(1=ct+chj-(g+cd))

U2 =

(B.48)

(B.49)

Numerator of u;: We begin by rewriting the numerator of u;5 (from equation (B.39)):

nr(upp) = A; - <2q5<(1 +¢)(ghj — ) + 0N P) — (P + 8% (Mg — (L +o)(1— 5)\j)))

(B.50)

We split the simplification into two parts: one depending on (1 + ¢) and the other part

representing terms that don’t contain (1 + ¢). In particular, we consider the terms that do

not carry a coefficient of (14 ¢):
2q0°N;¢* = (¢° + 26%) - (¢);)
=g\ - (26%¢® — ¢* — 6%¢?)
= —q\; - (¢" — (cd)?)
Next, we consider the other term containing the (1 + ¢) part:
k(200 - + @+ @) (- on)
=(14c¢)- (2q25)\j —2¢g0c + ¢ + (c0)® — ¢°0N; — 02(53)\j)
=(1+c¢)- ( (g — ¢8)* + 6X; (¢* — (c6)?) )
Substituting equations , into equation , we get:

nr(uz) = A; - ((1+¢)dX;(¢” = (€0)*) + (1 +¢)(q — ¢d)” = qi(¢* — (cd)?))

(B.51)

(B.52)
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=X ((T+e)(g—c6)> + X ((1+ ) —q) - (¢ — (ch)?))

=X (L4 e)(g—ed)?+ (6 — (g — b)) - (¢ — (0)?))

=X (1 +¢)(g—cd)? + 6N - (% — (¢0)?) — Nj(q + cd)(q — ¢0)?)

=N ((L+e=N-(g+ed) - (q—cd)?+ ) - (¢ — (c5)?)) (B.53)

J

J

With which, we can now write out the expression for wuqs:

(L+c—N(g+cd))(q— ed) + 6N;(q + ed)
2-(1=ct+chj-(g+cd))

U2 =

(B.54)

Obtaining wu;;: We revisit equation (B.35)) and substitute ugg from equation (B.49)):

U1 = UQg(l - 25)\3) + (52>\j
(T e—co);) (g — cd) + 2cq0),
2 (1= +c)\ - (g+ )

(1 =26))) + 0%\,
From which, we consider the numerator of u;; and begin simplifying it:

14+c—co;

nr(ujy) = q— c0)(1 —25);) + 2cqd\; (1 — 26);) + 262X\ (1 — ¢ + e);(q + ¢d))

L+c—ed\)(q—cd)(1—28X;) + 28°X; + 2¢5),(q — e8)(1 — 5)

1+ c+co)

( i) )
= ( )l )
= (14 c+ o) (g — d)(1 — X)) + 20N, — ON;(1 + ¢ — cd);) (g — ¢d)
= ( V(g — 8) — 20X;(q — c8)(1 + ¢) + 26°),

= ( i) )

L+c—cd))(qg—cd) —25);(q — b) + 20\, (B.55)

This implies,

(14 c—coN;)(qg — cd) — 207;(q — cd) + 262\,
2-(1=c+chj-(g+cd))

(B.56)

U1 =

Obtaining a bound on Uy,

For obtaining a PSD upper bound on Usgs, we will write out a sharp bound of ugs in each
eigen space:

(1+c—c)id)(q— cd) + 2cqd);
2-(1—=ct+chj-(qg+cd))

U2 =
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(1 =+ eXjlg+ cd) + ghj + (14 ¢)(c — Aj(g + ¢d))) (g — ¢b) + 2cqN;
2-(1—=ct+chj-(g+cd))

_q—cd qA;(q — cb) (1+c)(c—Aj(g+cd))(qg—cd) + 2cqoA;
2 2-(1=c+ch\j-(qg+cd)) 2-(1—=c+c)\j-(qg+ch))

L 4= cd qAj(q — cd) (1+c)(c—Aj(g+cd))(q—co) + 2cqiA;

- 2 2-(cAj-(g+c0)) 2-(1—=c2+chj-(¢+09))

< 4= « l+c N (14 c¢)(c—Aj(g+cd))(qg — cd) + 2cqd N

-2 c 2-(1—-c+chj-(g+c0))

Let us consider bounding the numerator of the 2°¢ term:

(1+c¢)(c— Aj(g+cd))(qg— cd) + 2cqi);
= c(1+¢)(q —cd) = (L4 c)Aj(q + c0)(q — 6) + 2cqo);
=c(l+e)(g—cd) — (14 c)Aj(qg — cd)* — 2¢6M;i(1 + ¢)(q — 8) + 2cqd\;
=c(l+¢)(qg—cd) — (14 c)Aj(g — cd)* = 2c6Mi(1 + ¢)(q — 8) + 2¢(q — ed)dN; + 2¢252\;
= c(1+¢)(g — cd) +2¢%0°N; — (L + c)Aj(g — cd)* — 2¢%0)(q — ¢d)
<c(l+e)(qg—cd) +2¢%0°)
Implying,
g—cd 1+c  c(l+c)(g—cd)+2c%6%)\
Ugp < : +
2 c 2-(1—=ct+chj-(g+cd))
L 4=c 1—|—cJr c(1+¢)(q — cf) A0\
-2 c 2-(1=c2+chj-(g+0cd) (I—=c2+ch-(qg+0))

We will first upper bound the third term:

GORDY < cb?
(I—=c2+chj-(g+cd)) ~ (g+cd)
B >
(g — ¢d + 2¢6)
o
— 2co 2

This implies,

g—cs 1+c 6 c(1+¢c)(q—cd)
c 2 2-(1—-c+ch-(¢g+09))

Uy <
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q—cd l+c | § *(q — ¢d) n c(1 —c)(q—co)
2 c 2 1—c+c)h-(g+cd) 2-(1—=c+chi-(qg+cd))
SQ—(:<5_1+c+§ (q — o) +C(1—C)(q—05)

2 c 2 1—-c+c)\-(q+cd) 2-(1-¢)
q—cd 1+c+é *(q — cd) c(q — cd)
2 c 2 1—c+c)-(g+cd) 2-(1+¢)
_g—cd (1+c c J (g — cd)
2 (c +1—|—c>+2+1—02%—0)\]--(q+cc5)

— 2 b
<4 05'§+§ c*(q — )
-2 c 2 1-c+chi (¢+09)
Sq—c5'§+é+ c(q — cd)

2 C 2 )\j'((]‘f“C(S)
_g=c5 3 0 c(g = cb)

2 c+2+/\j-(q—c5+2cc5)

g—cd 3 & q—co
< 242
=T e o
<da- 0
T c 25)\] 2

co .
Let us consider bounding %5)\
q—cd  afd+y(1l—a)
200\ 200\
Substituting the values for a, 3,~, 6 applying ﬁ <1, 0y = 2VA iflfc% and, ¢ = 2i—461 with

0<ecy<1/6 we get:

q—co < (0302\/201—01\/2_1_ 201—01 ) 1

200, P AR
< 3024/ 201 — 2 N c2(2c; — c%) 1
- 2 201 )\]’I%
1
=62-a) = =a e
j j

Which implies the bound on wss:
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Now, consider the following bound on 1/c:

1 1
¢ a(l-p)
g (1+cg)eny/2e —
ViR — cacs\/201 — &3
<14 4 +og)eay/20 —
B 1—0203m
_ g Vasata

1 — C4
_ 14 \/cicq (B 57)
1 — C4 ’

Substituting values of ¢;, ¢4 we have: 1/¢ < 1.5. This implies the following bound on ugs:

c
U22§6'A—%+
j

(B.58)

| >

Alternatively, this implies that Uss can be upper bounded in a psd sense as:

604 5

Uy, < H—1+§-I

"
Understanding fourth moment effects

We wish to obtain a bound on:

E [\72 ® \72] U=E [VQUV; ]

52 6-q
— ® MU22
o-q ¢
We need to understand MU,,.
)
MUy, = 671‘24'./\/11‘11—i-§~./\/lI
5 2
= (604 + %) -H

=s-H (B.59)
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where, s & (6cy + %) = 23/30 < 1. This implies (along with the fact that for any PSD
matrices A, B,C, if A < B, then, A® C < B® C)),

52 6-q 2 6-q

- ~ 4
E|V:® Vs U= SH< - % H. (B.60)
0-q ¢ > 16q ¢
This will lead us to obtaining a PSD upper bound on ®, i.e., the proof of Lemma

Proof of lemma[1f] We begin by recounting the expression for the steady state covariance

operator ®,, and applying results derived from previous subsections:

®.,=(I-B)'S
<0*U+oc*(T-B) - E [Vg ® V2:| U (from equation (B.33))

2 4, —1 0 d-q .
20U+ -0*(Z - B) ®@H | (from equation (B.60)
5 5-q ¢
2 4 -1
=o0°U+ g(I — B) by
4
=o?U+ - P,
5
— & <50°U. (B.61)

Now, given the upper bound provided by equation (B.61]), we can now obtain a (mildly)
looser upper PSD bound on U that is more interpretable, and this is by providing an upper
bound on U;; and Uy, by considering their magnitude along each eigen direction of H. In

particular, let us consider the max of u;; and wugy along the j** eigen direction (as implied

by equations (B50), (BA9)):
(1+c— cd)))(g — cd) +26°);
2-(1=c2+chj-(g+cd))
_ (L4 c—cd)j)(g — cd) + 282N,
2-(1—=ct+chj-(g+cd))
(T4 c—cdXj)(g — cd) + 2cqh; — 2cq); + 20° ),
2-(1—c+chj-(¢g+09))
—2cq\j + 207,
2-(1—=ct+chj-(qg+cd))

max(un, U22) =

= Ugg +
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604 ) 52)\j - Cq)\j

=%y 2 i tion (B.58
Y + 2 + (I—+ch-(q+0d)) (using equation )

This implies, we can now consider upper bounding the term in the equation above and this

will yield us the result:

82N — cq); < 82N — cq);
(I—c2+chj-(g+cd)) = c\j-(qg+cd)
52)\]‘ - cq)\j
220\
0PN —c(ad + (1 — )N
N 2¢20\
82N — cad); l—ca 9
2c20 )\ T2 2
l—c¢c 1-«
=(—+—)

)
c? c 2

:((1+03)(1—a)+1—a)_5

|
w
(o)
"
()
w
—_
+
%‘
s
o
i
| 1

Plugging this into the bound for max w1, ugg, we get:
664 ) 1 )
< —4+(/3)==(2/3)=— +(5/3)=
(s ) < 25+ (5/3)5 = (2/3) 3+ (5/3)3
This implies the bound written out in the lemma, that is,

U= Y ®(§(%H1)+%(5I))
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Lemma 41.

_H O- -1 T\—1 4T

( ol T+(T—A)"Ar+ (T - Ap) AL | - E[0,26)]) <
o

( ,<I+(I—AL)—1A5+(I—A£)—1A7§)-E[0w®0m]>§5a2d.
0 0

Where, d is the dimension of the problem.

Before proving Lemma [4I] we note that the sequence of expected covariances of the
centered parameters E [0, ® 0;] when initialized at the zero covariance (as in the case of
variance analysis) only grows (in a psd sense) as a function of time and settles at the steady

state covariance.

Lemma 42. Let 8y = 0. Then, by running the stochastic process defined using the recursion
as in equation (B.29), the covariance of the resulting process is monotonically increasing

until reaching the stationary covariance E [0, @ 0.

Proof. As long as the process does not diverge (as defined by spectral norm bounds of
the expected update B = E [A ® A] being less than 1), the first-order Markovian process

converges geometrically to its unique stationary distribution 6., ® 6.,. In particular,
E[0,®6,]=BE[_,©60, ]+
-1 R
=(Q_B"H%
k=0
Thus implying the fact that
E[0,26]=E[6,_,®6,,]+B"'S

Owing to the PSD’ness of the operators in the equation above, the lemma concludes with

the claim that £ [01 (%9 01] i E [05_1 ® 91_1] ]

Given these lemmas, we are now in a position to prove Lemma {41}
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Proof of Lemma [41]

H 0
( [ ] : (Z +(ZT—A) AL+ (T — AIQ)*AIQ) ‘E[6; ® 0,])
0 0
L
= 0 ol (I +(ZT—-Ap) AL+ (T - A;Q)*AIQ) (T —ApAR) M T - AL AL) -E0,® 6)])
:H OZ
= ; ((Z —Ap) T - A%)_l) (T - A:AR)-E[6;®6)]) (using Lemma [35)
_0 O_

H 0
0 0

_ <(<:f AT ARV) (T AAL) E[6,56))

-
—(a-An) [ A=A - AR (69 0)
- (a-an | 2 (I-A)".(Z-D) E656)])

mIIO

_—(cI — qH)H‘l/Q_
(I-dH)H /2

,(Z—-D)-E[6,®0,]) (using Lemma

——(cI — qH)H_l/Q_
(I-6H)H/?

( )
“amar )
1 <(® -—(cI—qH)H_l/Q-)

( )

)

(Z-D)I-B)Y(Z-B)E)

(I-6H)H'/? (ZT—-B+R)(Z-B)T~- Bl)§]>

—(cI — qgH)H'/?

S -BE4+REIZ-B)'E-R(EZ-B)'BE)
(I - 0H)H /2

S+ 0°R - (5U)) (B.62)

1 —(cI — gH)H™'/?
(e
(I-6H)H/?
So, we need to understand RU:

RU—E( 0 6-(H—aa')
N 0 ¢g-(H—aa")
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_ . i
= 1 QK [(H — aaT)UQQ(H — aaT)}
60 ¢
- o q_
= ) ® (M - HLHR)UQQ
_5 ' q q -
52 6-q
= ® MUy,
00 ¢ |
4 52 d-q
= ®H (from equation (B.59)).
5 5. ¢ ¢
Then,
H -1 Ty\=1 4T
< 0 0 ) I+(I_A£) A£+(I—AR) AR 91@01)

>,§ + o*R - (5U)) (from equation (B.62))

1 —(cI — qgH)H'/?
=l ap < ( o [ (I-sH)H '/

502 —(cI — qH)H~Y/2 5% §-q
< (@ o | M ay o
q (I-H)HY §-q q
5
=G 1o
= 507d. (B.63)

Lemma 43.

‘< [I: 2] , ((I —Af) AL+ (T - AIQ)*A?E) <I>OO>‘ < C-o?dVEkR

Where, C' is a universal constant.

Proof. We begin by noting the following while considering the left side of the above expres-
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sion:
H O
( , ((z — AL TPAL (T — Aﬁ)—QA[;) ..
0 0
H 0 H 0
= A(I-A)2+(I-AT)2AT P.)
0 0 0 0

The inner product above is a sum of two terms, so let us consider the first of the terms:

H 0
( AI-A)7 Py
0 0

1/2

:Tr((I—AT)ZAT . [HUQ 0] <I>oo)

-
H1/2 H1/2
= Tr(( & (I-AT)2AT )>

0 0
! 2]’ A2
— ZTr(( J (®e0);(I—AJ) A | >)
p 0 0
! 2] A2
=Son((0] @) (@wa-anar |t L),
p 0 0

where (®..); is the 2 x 2 block of ®., corresponding to the j* eigensubspace of H, (®1/?);
denotes the 2 x 2d submatrix (i.e., 2 rows) of ‘I)iéQ corresponding to the j** eigensubspace
and A; denotes the j™ diagonal block of A. Note that (@%2%(@%2); = (Po);. It is very
easy to observe that the second term in the dot product can be written in a similar manner,

le.:
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So, essentially, the expression in the left side of the lemma can be upper bounded by using

Cauchy-Shwartz inequality:

1/2

w(([9] @) (@ anar A7)

en( (@] o ) ( _AJ:? TAj<IAj>2(<I>iéz>j))

A2 _ [ A2
<2|l’ @—-ANTAT | (B.64)

0 0
(Poo); (Pc);

The advantage with the above expression is that we can now begin to employ psd upper
bounds on the covariance of the steady state distribution ®., and provide upper bounds on
the expression on the right hand side. In particular, we employ the following bound provided

by the taylor expansion that gives us an upper bound on ®..:

U, U U, U
e, Y . H . Pl <50U =502 1 7 (using equation (B.61]))
U/, Uy Ul, Uy

This implies in particular that (®,); < 50°U; for every j € [d] and hence, for any vector
||a||(q,oo)j < Vbho? ||a||Uj. The important property of the matrix U that serves as a PSD
upper bound is that it is diagonalizable using the basis of H, thus allowing us to bound the

computations in each of the eigen directions of H.

A2
I-A])2A] |
(Po);
1/2
= [ o] A A @) - Ay 2aT 1Y
1/2
S\ 502 [/\;/2 0} Aj(T—-A)2U;(I-A])2A] Z)
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=V502 ||(I-A])?A] (B.65)

1/2
>‘j
0

So, let us consider [)\]1./ 2 0} A;(I— A;)"? and write out the following series of equations:
|:/\]1/2 0:| Aj = [0 \/)\j(l — (S/\])]

1 —(1-6)\)

¢ —(c—qN)

det(I—A;) = (¢ —cd))

o1 —(c—qX;) 1—-0X
(1= 4) <qc5>Aj[ . . ]

U;

— [)\1./2 0} AI-A) "= \/g(_l—cg)ijj) [_C 1]

— [)\1,/2 0} AI-A))?= 2{2—]_(%;);55\;2) [—c(l —c+q\) 1—c+ 05)\]}

VA1 —0))

((g = cd)X;)?
. ((1 —c+ o)) [—c 1] —cAjlg — cd) [1 O] )

This implies,

TV\-2AT /\Jl'/Q \/A_](l —0A) -_C-
(I-A;)7A; 0] <W~(1c+cé>\j) ,
U; - -l
/A1 =6N) || |1
) [0_ oo

Next, let us consider

2
:CU11+U22—20"LL12
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Note that wqi, w19, uss share the same denominator, so let us evaluate the numerator

nr(c*uy; — 2cuis + ugg). For this, we have, from equations (B.56), (B.54)), (B.49) respec-
tively: Furthermore,

nr(uy;) = (14 ¢ — cdA;)(q — e8) — 26X\;(q — cd) + 252\
nr(uiz) = (14 ¢ — Aj(q+¢d))(q — ¢d) + dAj(q + cd)
nr(ug) = (1 + ¢ — cdX;)(qg — cd) + 2¢qd )

Combining these, we have:

c®nr(uyy) — 2¢ - nr(ugg) + nr(ugy)
=((14 ¢ — cdXj)(1 = ¢)* + 2cq);) (g — ¢d) — 2¢*6\;(q — ¢d)
=((1+ ¢ — c8A)(1 — ©)(g — ¢8)) +2eA;(q — cb)?

Implying,

'”(12 (Lt e—edA)(1— 02(q — cd) + 2e),(q — cd)?
1

1 —c2+chj(qg+cd)

In a very similar manner,

2
[1]
= U1
0
U;

_ (T4 c—cd))(g — cd) — 26X(q — cd) +26°),
1—c?+4cAj(qg+ cd)
This implies, plugging into equation (|B.66|)

1/2
Y ]
0
U.

VA (1 =6))) (1+c—coX\)(1—c)%(q— cd) + 2¢hj(q — cd)?
: (g —co)A;)? '<1_C+C(w\j)\/ 1—c+chj(g+ cd)

e/ N (1= 60;) (14— cor)(q — cd) — 207;(q — c8) + 202,
"l ) \/ 1— 2+ cAj(q + cd) (B.67)

TV-2AT
(I—A)°A]
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Finally, we need,

H1/2
0

H1/2
< VHo?
0

Again, this can be analyzed in each of the eigen directions (A;,u;) of H to yield:

1/2
)‘j
0

P U

=V >\jU11

Uj
_ Mg — c8) — 25\ (g — 252\,
~ (14 c—coN)(qg— cd) —20)\;(q — cb) + 202, (B.68)
1 —c+chj(qg+cd)
Now, we require to bound the product of equation (B.67]) and (B.68]):
A2 A2
I-A))A | ! =T +T, (B.69)
0 U; 0 U;

Where,

_ A=y sy (14 ¢ — o) (1 —¢)2(q — ¢d) + 2e\j(q — ¢b)?
= ((q = cd)X;)? (=et 5)\J)(\/ 1 —c+e)j(q+ cd) )

i (\/(1 +c—coNj)(qg—cd) —20)j(q — o) + 252)\]‘)

1 —c+chj(qg+ cd)

And,

Cc(1—6)) ((1 + ¢ — c6A;) (g — c8) — 206);(q — ¢b) + 252Aj)

T, =
? q—co 1 —c2+chj(qg+ o)

We begin by considering 7:

(g = co)ry)? 1=+ cj(g + cd)

(14 c—coN;)(qg— cd) —207\;(q — cd) + 202\,
1—c+c)j(g+ o)

“ (o) (eraters)

7= A= 6) .(1_C+C&j)(\/(1+c—c&j)(1_c)z(q_05>+20Aj(q—ca)z)
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(\/(1 + ¢ —coNj)(q — ) — 20X\ (q — cd) + 262\

\/(1 +c— o) (1 —¢)?(q — cd) + 2eN(q — 05)2)

A 1= c+co
= <((q - 65)%)2) . (1 — A+ )+ 06))'
(\/(1 +c—co)j)(q — cd) +252); - \/(1 +c—coN) (1 —¢)?(q — cd) + 2eN(q — 05)2)

(B.70)

We will consider the four terms within the square root and bound them separately:

(1+c—cér)(1—c)
(¢ — )N
2(1—¢) < 2(1 4 c3)
T A (g—ced) T Ay
2(1 +C3) =
= corn/2¢1 — c%\/&

11 _
Tl —

Next,

V202051/ (1 + ¢ — c6Xj)(1 — ¢)%(q — ¢d)
(g —c0)2)\;
26(1 —¢) 28 1—c¢

SNVET YN (R I
1

2(1 + 03)6

gl (q — o)A

g (1 —a)pu
< 2\/5(1 + ¢3) =

A2 —¢c)

21 _
Tl h—

Next,

V(L +c—cor)(g—cd)? - 2c);
(g —cd)?\;

2v/2
< ——— = VKR
T /20 — 3

12
Tl —
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Finally,
T2 _ V2020 -2 (g — d)?
! (g —cd)?\;
< 20 < 4 ~
‘K
Tqg—cd T A2-a¢)
Implying,
1 —c+co);
T < J i Tll T12 T21 T22
b= 1—02+c>\j(Q+05)) (M + T+ T+ T00)

1 —c+co); ) ( KK 3 )
2-(1+V2+e¢ +V2
1 —c2+chj(qg+ o) ( 5) con/2¢) — 3 (2 —c1)

(
(
§<1 +l).2,<1+\/§+03)( VKR V3 7 )
(
3

Cor/ 2C1 — 03(2—01)

+ic)-2-(1+\/§+c3)(g+%>

~(1+ﬁ+c3)(g+%)

Recall the bound on 1/c from equation (B.57)):

1 — Cy
Implying,
3 KK 2K
< 2.
TI_C (1+\/§+63)( _clc4+ ca )
3 1 2
§—~(1+\/§+03)( —1—\/—_)\//4/{
C 2/ C1C4 Cy
1 2 14/ —
<3(1+ V2 +e3) —l—\/—_ 'ﬂ\//m
4/ C1C4 Cy 1—04
1 \/§ 1+ C1Cq —
< 3(1 2 ) — B.71
<304 V24 VT (o + V) Y (B.71)

Next, we consider T5:

c(1=0X;) [(1+c—cd))(g—cd) —20)(q — cd) +26°),
Ty = : .
q—co 1 —c2+chj(qg+cd)
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. ((1 + ¢ — o\ (g — ¢d) — 20)(q — cd) +252Aj>
- (q—cd)- (1 —c®+chj(qg+cd))
_ < (1 +c—cdNj)(g — cd) +26°), )
“\(g—cd)- (1 =4 chjlqg+ )
We split 75 into two parts:

(1 +c — 0(5)\j)
(1 —c2+chj(qg+c))
1 1
< =
“1l1—c¢c l1—a+ap
1
(I1+c3)(1— )
< 2V KR
- (1 + 63)02\/ 201 — C%
< 2V KK
o (]_ + \/ C4/C1>\/01C4
 2VER
- \/C1Cs + C4

Ty =

Then,
20%)\;
(g —c0)(1 —c+chj(qg+cd))
62N, )
< =
Tyl —-a)Nd (1l —a)
%% 1
ey 2

T3 =

Implying,

T, <2

VKR N R
4+ \/C1Cq 6204
1 1+ ./ 1 e~
2_( +( + C1C4)2'_) e
\/C1C4 + C4 ]_—04 Cy
2 144/ ~
<=. (1 + (ﬂ)z) Vi (B.72)

Cy 1—C4

IN

We add T; and T3 and revisit equation (B.69)):

1/2 1/2
| ] | [)\j ]
0 0

J J

TV\-2AT
I-A;j) 2Aj




192

=T +1T,
2 1+ \/cic 14+ /cica 1+V2+\/cya/c —
<=2 (14 ‘/14)2+ Vil \/_ \/4/1 \/5—1—\/%)\/%
Cy 1—cy 1—cy
(B.73)
Then, we revisit equation (B.64)):
1/2 ’ 1/2
( H @1/2) . (@1/2(1 . AT)—QAT H )
0 0
1/2 1/2 !
H H
+ (<I>})é2 ) : ( Al - A)-2<I>§g2>
0 0
A\L/2 A\L/2
<2> | Na—-a))?Al |
=1l o 0
(Poo); (Po);
% NG
< 100? Z z) @—AT)TPAT Z) (using equation (B.61))
' U; U;
2 14/
<100%-d- ( Z. (1+(ﬂ)2)
Cy 1— Cy
1 +/cics 1+V2+4+\/eq/c _
1 Cl4 \/_ 4/1 \/§+\/C4/Cl)>\/,‘{l€
—C4
< Co*dVkk (B.74)

Where the equation in the penultimate line is obtained by summing over all eigen directions

the bound implied by equation (B.73)), and C' is a universal constant. O

Lemma 44.

H O ~variance ~vartance 2d 2 d P
< Elonr o) <575 w0 0 Vi
0 0 ’ ’ n—t (n—t)
Lo o2d (m%)11/4exp(— (n—t—1>62~\/261—0%)
n—t VKR

+C e ( (n+1) \C/lﬁ_i) - (kR)T?R



+C-0%d- (kR)* exp (—(n +1)-
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RK

CaC3r/ 201 — c%)

where, C' is a universal constant.

Proof. We begin by recounting the expression for the covariance of the variance error of the

tail-averaged iterate

E ézagiance ® é

The goal is to bound (

t,n

variance

variance
t,n

from equation (B.15)):

}:Ai—QHwI—Ad”Ao+@—A%YV@MI—&”@

n—t
&%
“n _1 nE (- A)2Ap + (T — AR)2AR)(Z - B)'S
&%
o - 7 (T = Ae) P AL 4 (= AR) (AR ) (T - B) 'S
&%
W _1 02 (Z+ (T - Ap) ™" e + (T — AR)TIAR) (Z - B) (B - BHHS
A
+@@itpj§;lﬂf-Ac)1A$“‘j+(1—u4%)1LA£W+1jMI—4$u¢§
&t ’
&), fori=1,..5.
0 0

For the case of &, combining the fact that E [f ® 0] = (Z — B)~'S and Lemma ,

we get:

H 0
0 0

{

1 |H 0 .
Er=otl @A) T e (T AR AR (T - B) )
1 [|= o
= —( 0()(I+@—A@*AD+@—AQ*A@Eww®OQ>
L
<5-2° (B.75)
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For the case of &, we employ the result from Lemma [43] and this gives us:

H 0
< 752)
0 0

< C - o%dVEkR

< (B.76)

For 7 = 3, we have:

H 0 1 H 0_ -2 1—t T\=2( AT \n+1-t —-133
{ &) = — AT = A PATTT (T - Ar) T AR)TT)(Z - B)T'E)
0 0 (n=1)" 0 0

—;<<(I—AT)‘2AT o A"HT - B)7'E)
(=) 0 ol

s laa-anz-ps an)
0 0
Ad L, |H 0 » e

= [I-A)7A |- |1A™Z - B)"'%|| (B.77)
(n—1t) 0 0

We will consider bounding ||[A™ (T — B)'Z||:

|A T - B)'E| <Y |ATBE|

i=0
2
< 12v/2 K(n — t)a(n—t—l)/Z(Z (1 _ CaC3y/ 20 — 61)1) ||§3||
T V1l —a? ; KK
(using Corollary
12v/2 K N
_ —\/_2,{(71 ~ )17z, % A2
vV1—« C2C3y/2C1 — €]
12v/202 KK
— 2V k(n—t a(n—t—l)/Z.—. q+65 2 H
AL e VI
108+/20 KR
<= kn—tamtV2. T 2 H B.78

We also upper bound « as:

can/2¢1 — 3
VKR + cay/2¢) — &2

a=1
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2/ 201 — 2
<l-————
2V KR

=e o (B.79)

H 0
Furthermore, for [[(I — AT)72AT ||, we consider a bound in each eigendirection j

and accumulate the results subsequently:

A 0
IT—ADZAT |7
J J
00
1 1—6),

Sla—ar A )L =) + N+ 57)

(using Lemma

1
< il
T (1 =) A
48(kR)? p®  48R* 1
— (1 AT)?AT <=
0 0 (dca)? p
Plugging this into equation [B.77, we obtain:
H 0 2d _ 1
< 783> < 414720-—(55)11/406(”*15*1)/22—32
O 0 n — t 0304(6103) /
2
< C’O-_d(/{/%>ll/4a(n_t_1)/2
- n—t
d a2 =g
<C o t(lili)n/4 exp a/rR (B.80)
n J—

Next, let us consider &4:
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O - ! [I: 2] (T4 (T = Ag) A+ (T - Ag) T MR) (T - B) (B - BM)E)

H 0
0 0

1 Ty\—1
= g (- AT)

I-A)"" (T -D)(T-B) 2B —B"HE)

- 1 —(cI — qgH)H™Y/?
— (g—cd)P(n—1t)? < ( . { (I—0H)H /2

) (T -B+R)(Z-B)2(B* - BHE)

(using Lemma

1 —(cI — qH)H'/?
=l pln -1y (®2 { (I— dH)H"'/?

1 —(cI — gH)H™'/2
=l —epn 17 (< ( - [ (I— gH)H /2

o (e[ ) )

] ) (T -B+R)(Z-B)2B"'%)

), (I - B)"'B"'S)

B _ _—(cI —¢H)H /2
 (g—cd)P(n—t)? (<( - (I-oH)H'/?

), (T - B)"'B"'S)

+ (@ 1 ® (/\/l - ’HL’HR> (I—dH)H '(I1-¢H), (T — B)‘QB”“f]))
_q

[ (I — gH)H12
= (q—co)2(n—1)2 (< ( 2 | (I-6H)H /2

), (T — B)"'B"'%)
+R7((2)0%),(T - B)—23”+1§>) (B.81)
—(cI — gH)H"1/2

To bound || ®2
(I - SH)H /2

and accumulate the results:

|I, we will consider a bound along each eigendirection




—(cI — qgH)H /2
2
(I— GH)H /2

4
| < —

1
= e
I
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(1+c?) + (¢ + %)\

2+ 552A§

Aj
14
< =

A TN

Next, we bound ||B*(Z — B)~'|| (as a consequence of Lemma [37 with Q = )

BT~ B) '8 < s[GBI B 'S
1 > ~
< (G)ZHGTB@H
min l:k
< KR Cac3n/201 — 3
< V(@) exp(—k A 5
CaC3y/ 201 — ¢f KK
402k VKR c1c?
< : exp(—k—=) - 96*|H
— m clc§ p( \/_E> || ||2
< 360%k VKR exp(—k c1c2 W
. X _ —_— .
T Vi-a? ad P VKR
This implies,
—(cI — gH)H /2 R
< ( q ) 7(1-_ B)—18n+12> <
(I - 0H)H /2
K VKR clcg ) ) 9
504 - . exp| —(n+1 ~ .02
Vi—a? ag p( ( )\//{/% 7
Furthermore,
E ~

o2

<§, (I - 8)728n+1§> _ %<(I _ B>le(n+1)/2§:’ (Z _ 8)718(n+1)/2§>
g

K A(n ~
< DT~ B) B ES)R d

o2d N c1c2
< 1296 60K — 1 3

This implies that,
—(cI — qgH)H /2
<( ®2
(I-6H)H!/?

),(I— B)'B"'S) 4+

R
o2

(2, (I-B)*B"'S)



o?d NS c1c?
< 2592 §°Fexp(—(n +1)—=2
< 2502, T (X7 ) PRexp(—(n+ 192
Ver\® 163
< 2592 - 0%d - ( ) exp(—(n+1)—=2) - *x%k
od (=(n+1) T’/%>
Finally, we also note the following:
1 1 1 4K

< < < 2R
(q—cd) = (V1 —a)) = (1 —a)* ~ dey
Plugging equation (B.82) into equation (B.81]), we get:

H (72d /F&E)ii 6102
L&) = 2592 : exp(—(n+1)—==) - §2k>
< 0 0 “ (n —1)*(g — cd)? (clcé p(~( )\//{7{)
o?d 1 Vir\? c1c2
< 41472 —— - — - — 1)—=) - k2R3
! (n—1)* cf (0163) exp(~(n + >\//<;%) "
— q1a72. 21 L exp (—(nt ) EL Y . (i
- (02 Glagpr TP\ )R
2

Next, we consider &s:

198

(B.82)

(B.83)

(B.84)

H 0
< 7€5>
0 0
1 - H -1 gntl=j T\=1/ AT \n+1—j 1121
= 2 (T = Ag) AR (T - AR ALY (T - B)TBIE)
j=t+1 |0 0
1 n ., . |H i
_(n—t)Qj;1(<(I_A> A 0 0 LA - BT BY)
H 0 . .
+ { [ AZT-A)1(T- B)—IBJE(AT)”—J>)
0 0]
4d < AT _ o e
Sm d o II-AT) A |- |A"(Z — B) !B
J=t+1 i
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In a manner similar to bounding ||A"*(Z — B)*1§]|| as in equation (B.78]), we can bound
|A"(T — B)"'BIS|| as:

» o 108v/207 . R ey
”An_j(I - B)_IB]E“ < —\/_0—2/{(71 — j)a(”_J_l)/2 . —KVK - exp ( N/ ) 52||H|I
—

\/ 2
1 CoC3 261 —

Furthermore, we will consider the bound ||[(I—AT)"tAT || along one eigen direction
0

(by employing equation (B.17))) and collect the results:

B Aj 0 1+ c? 2
e N e e
0 0 q—c q—c
2 4K
< - <=
T (1 —a) T ey
H 0 4K
— ||T—AT)AT < —
0
0 0 C4

Plugging this into equation (B.84]), and upper bounding the sum by (n —t) times the largest

term of the series:

H O (/1%)7/4 _(n+1).62cg1/2clfc%

E) <6912 0%d - ——————
< 0 ol ) < ? csca(cres)3/? =P
cgcgw/2c1—c2
<Ot (KR)exp T Ve (B.85)

Summing up equations (B.75)), (B.76]), (B.80), (B.83), (B.85)), the statement of the lemma
follows. N

B.6 Proof of Theorem

Proof of Theorem[9 The proof of the theorem follows through various lemmas that have

been proven in the appendix:

e Section provides the bias-variance decomposition and provides an exact tensor
expression governing the covariance of the bias error (through Lemma and the

variance error (Lemma [13).
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e Section [B.4] provides a scalar bound of the bias error through Lemma[40] The technical

contribution of this section (which introduces a new potential function) is in Lemma[12]

e Section [B.5| provides a scalar bound of the variance error through Lemma [44] The key
technical contribution of this section is in the introduction of a stochastic process view-
point of the proposed accelerated stochastic gradient method through Lemmas [T4] [41]
These lemmas provide a tight characterization of the stationary distribution of the
covariance of the iterates of the accelerated method. Lemma {43|is necessary to show
the sharp burn-in (up to log factors), beyond which the leading order term of the error

is up to constants the statistically optimal error rate O(a?d/n).

Combining the results of these lemmas, we obtain the following guarantee of Algorithm [3}

kR) A dk
B[P~ Poc) £ 0 U g (- LEL) - (b - pix)

o2d

-n
VKK

2 — 1
+C-ﬁ\/ﬁ%+0-azd- (,%7%)7/4-exp< (n+ ))

o?d , _ (n—t—1)
+C- kR) W/ ex (——)
n—t< ) P 30V KK

+C- (n“_zi)z - exp (-%) - (kR)T/?R

Where, C' is a universal constant.
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Appendix C

APPENDIX: UNDERSTANDING THE BEHAVIOR OF
MOMENTUM WITH STOCHASTIC GRADIENTS

C.1 Suboptimality of HB: Proof of Proposition

Before proceeding to the proof, we introduce some additional notation. Let eﬁﬁl denote the
concatenated and centered estimates in the j** direction for j = 1, 2.

. of | W W .
OIE'Z‘_)I def t-ijl ( ) - : j 17 9.

Since the distribution over x is such that the coordinates are decoupled, we see that 9521
can be written in terms of 0?’ ) as:
o 1+a—6a)? —a
0\, = A0, with AY), =
1 0
Let @Y, ¥R [H(j) ® 6 } denote the covariance matrix of 8Y),. We have ®), = BH V)
t+1 = t+1 t+1 t1- 1 = t

with, BY) defined as

_E (14 a—6aD)2)?] E[-a(l+a—58aD)?)] E[-a(l+a—35a)?] &2_
B0 & E[(1+a—46(aW)?)] 0 - 0
E [(1 +a— 5(a(j))2)] —« 0 0
_ 1 0 0 0 |
(14— 0022+ (c— 1)(002)? —a(l+a—d02) —a(l+a—do?) o
B (14 a—doj) 0 —a 0
N (1+a—d03) —« 0 0
_ 1 0 0 0 |
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We prove Proposition (17| by showing that for any choice of stepsize and momentum, either
of the two holds:

e BW has an eigenvalue larger than 1, or,

e the largest eigenvalue of B(?) is greater than 1 — 5—2(].

This is formalized in the following two lemmas.

a2
Lemma 45. If the stepsize § is such that o3 > fﬁc—q)?w then BY) has an eigenvalue > 1.

—a2
Lemma 46. If the stepsize § is such that do? < %, then B® has an eigenvalue of

magnitude > 1 — %.

Given this notation, we can now consider the j** dimension without the superscripts;

when needed, they will be made clear in the exposition. Denoting x o2 andt ¥ 1+a -,

we have:
2+ (c—1)2* —at —at o?
t 0 —a 0
B —
t —a 0 0
1 0 0 0
C.1.1 Proof

The analysis goes via computation of the characteristic polynomial of B and evaluating it at

different values to obtain bounds on its roots.

Lemma 47. The characteristic polynomial of B 1s:

D(z) =2* — (t* + (c — 1)aH) 2 + 2at? — 2022 + (—1? + (¢ — 1)2?)a’z + o’
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Proof. We first begin by writing out the expression for the determinant:

2+ (c—12? -2z —at —at o

t —z —a 0
Det(B —2Z) =

t —-a —z 0

1 0 0 —z

expanding along the first column, we have:

Det(B — 2Z) = (t* + (c — 1)2* — 2)(®z — 2%) — t(—atz? + o*t2) + t(—at(az) + 2 - atz) — (2 - a*z — o)

= (2 + (c— 1)z? — 2) (a2 — 23) — 2t(’tz — at2?) — (2% — a?).
Expanding the terms yields the expression in the lemma. O
The next corollary follows by some simple arithmetic manipulations.

Corollary 48. Substituting z = 1 — 7 in the characteristic equation of Lemma[{7, we have:

D1 —7) =71+ 7 (=4 +t*+ (c — 1)a?) + 72(6 — 3t* — 3(c — 1)a® — 2a* + 2at?)
+7(—4 + 3t + 3(c — 1)2* + 40® — 4at® — (c — 1)z%a® + t?a?)
+ (1= = (c—1)2* = 20 + 2at* + (c — 1)z*a* — t?a* + o)
=+ 7P-B+a)(l - a)—2z(1+ a) + c2?
+72[(3 — da — a® + 20%) — 22(1 + a)(2a — 3) + 2%(2a — 3¢))]
+7[—(1 - a)?*(1 = a?) — 22(3 — a)(1 — a®) + 2*(3c — 4a + (2 — ¢)a?)]
+2(1 —a)[2(1 — o) — z(c+ (c — 2)a))]. (C.1)
Proof of Lemma[{J. The first observation necessary to prove the lemma is that the charac-
teristic polynomial D(z) approaches co as z — oo, i.e., lim,_,,, D(z) = +o0.
Next, we evaluate the characteristic polynomial at 1, i.e. compute D(1). This follows in

a straightforward manner from Corollary 48| by substituting 7 = 0 in equation (C.1)), and
this yields,
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As a < 1, z = 0% > 0, we have the following by setting D(1) < 0 and solving for x:

2(1 — a?)
“c+(c—2)a’
Since D(1) < 0 and D(z) > 0 as z — oo, there exists a root of D(-) which is > 1. O

Remark 49. The above characterization is striking in the sense that for any ¢ > 1, increasing
the momentum parameter a naturally requires the reduction in the step size & to permit the
convergence of the algorithm, which is not observed when fast gradient methods are employed
in determanistic optimization. For instance, in the case of deterministic optimization, setting

c = 1 yields 50? < 2(1 + «). On the other hand, when employing the stochastic heavy ball

2(1-a?) _

method with *) = 202, we have the condition that ¢ = 2, and this implies, 607 < ==

1 —a?.

We now prove Lemma 6] We first consider the large momentum setting.

Lemma 50. When the momentum parameter o is set such that 1 —450/k < a < 1, B has

- ~ 450
an eigenvalue of magnitude > 1 — ==,

Proof. This follows easily from the fact that det(B) = a* = [T'_; \;(B) < (Amax(B))*, thus

‘]:
implying 1 — 450/ < a < |Apax(B)]. O
Remark 51. Note that the above lemma holds for any value of the learning rate o, and

holds for every eigen direction of H. Thus, for “large” values of momentum, the behavior of

stochastic heavy ball does degenerate to the behavior of stochastic gradient descent.
We now consider the setting where momentum is bounded away from 1.

Corollary 52. Consider B, by substituting 7 = l/k, © = 6Auin = c(60%)/K in equa-
tion (C.1) and accumulating terms in varying powers of 1/k, we obtain:
def (6022 11— 2¢(80?)3(1 + ) + (2a — 3c)c?(00%)?1
- 15 T e
N —(B+a)(1—a)® —2(1 + a)(2a — 3)c(doi)l® + (3c — da + (2 — ¢)a?)c2(d0?)?
13

G()
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N (3 —da —a? +2a3)? — 2c(6oD)l(3 — a)(1 — a?) — 2(60%)*(1 — a)(c + (¢ — 2)a)
—(1—a)*(1 —a?)l+2c¢(60?)(1 — a)(1 — a?)

+

(C.2)

Lemma 53. Let 2 < ¢ < 3000, 0 < a < 1— 40 | =14 209 1pen G(1) <0,

Kk 7 1—

Proof. Since (d03) < %, this implies (ffi) < Ci((lig))a < %, thus implying, 1 <1 < 9.
Substituting the value of [ in equation (C.2)), the coefficient of O(1/k) is —(1—a)3(1+«).

We will bound this term along with (3 — 4a — a? + 2a3)1? /k? = (1 — @)?(3 + 2a)I?/K? to

obtain:

“(1-a)’(lta)  (L-aPB+20) _ —(1-a)*(1+a) 4051 a)?

K K2 - K K2
—a)2 /4
U=l ()
K K
2 AE2
<C (B --a) < - B0
K K K

where, we use the fact that o < 1, [ < 9. The natural implication of this bound is that the
terms that are lower order, such as O(1/x%) and O(1/k°) will be negative owing to the large
constant above. Let us verify that this is indeed the case by considering the terms having
powers of O(1/k*) and O(1/k®) from equation (C.2)):

A(602)213 N I = 2¢(60})PP(1 + ) + (2a = 3¢)c®(90f)* 1 45 - 4507

KO KA KA
A(00?)23 1t 454507
ST 5 ta T T A
K K K
3 4 . 2 3 4 _ . 2
<i+(9 (45 - 450 ))<90+9 (45 - 450%)
KD KA - KA

The expression above evaluates to < 0 given an upperbound on the value of c. The expression
above follows from the fact that [ < 9,k > 1.
Next, consider the terms involving O(1/k3) and O(1/?), in particular,
(3c —da + (2 —c)a®)?(00})’l  A(d07)*(1 — a)(c + (c = 2)a)
K3 K2

= (1(30/: 2 (1~ a)et(c— 2)a))

_ 003
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205 22
< c(‘;—jl)(%d ~(1—a)(c+ (c—2)a)
*(60%)? 5l

K2 K
A(602)? (5_1 B @)

K2 K K
A(602)?  —405

K2 K

IN

IA

Next,

—2(1 + a)(2a = 3)c(da)l®  2c(60})I(3 — a)(1 = a?)

K2

2(1 2 —
< (1+a)c (501l< o _(3_a)(1_a)>
S2(1—1—04 (501l<3_l_ l—a)
K
<2(1—|—a c(6o)l (31 2450
- K
<2(1+a) c(602)l (3 27 2. 450> N
- K2 K K -

In both these cases, we used the fact that a < 1 — 4% implying —(1 — a) < %. Finally,

other remaining terms are negative. [

Before rounding up the proof of the proposition, we need the following lemma to ensure
that our lower bounds on the largest eigenvalue of B indeed affect the algorithm’s rates and
are true irrespective of where the algorithm is begun. Note that this allows our result to
be much stronger than typical optimization lowerbounds that rely on specific initializations
to ensure a component along the largest eigendirection of the update operator, for which

bounds are proven.

Lemma 54. For any starting iterate wo # w*, the HB method produces a non-zero compo-

nent along the largest eigen direction of B.

Proof. We note that in a similar manner as other proofs, it suffices to argue for each dimension

of the problem separately. But before we start looking at each dimension separately, let us
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consider the j* dimension, and detail the approach we use to prove the claim: the idea is to
examine the subspace spanned by covariance E [0@ ® 9@] of the iterates Ogj ), 09 ), Og ), -
for every starting iterate Oéj ) #* [0, ()] ! and prove that the largest eigenvector of the expected
operator BY is not orthogonal to this subspace. This implies that there exists a non-zero
component of E [0,0 ) @ QU )] in the largest eigen direction of BY), and this decays at a rate
that is at best Apax(BY)).

Since BY) € R***, we begin by examining the expected covariance spanned by the iterates
65,607,605 6. Let wi) — (w9 = w9 — (w*)0) = k). Now, this implies 6y’ =
k) . [1, 1}T. Then,

£0)
oY) = kAW N with AV = bho— i o
1 1 0

, where I/L\Igj) = (agj))Q.

This implies that k just appears as a scale factor. This in turn implies that in order to analyze
the subspace spanned by the covariance of iterates 05”,09) ,..., we can assume kU) = 1
without any loss in generality. This implies, Oéj ) = [1, 1} T. Note that with this in place, we
see that we can now drop the superscript j that represents the dimension, since the analysis

decouples across the dimensions j € {1,2}. Furthermore, let the entries of the vector 8 be

T e ~
represented as 0y, aef [le Q,ﬂ} Next, denote 1 + a — 0Hy, = t;.. This implies,

—~ t. —«
A= |"
1 0
Furthermore,
~ i —a ~ fy(iy — ) — a
0,=R,0,= |" | =R, = |7 TV
1 tl—Oé
~ Fa(by(fr — ) — @) — aliy — a) ]
s — Ryp, | atl =) —a) —ali —a)| o)
tQ(tl—Oz)—O./

Let us consider the vectorized form of ®; = E [§; ® 6;], and we denote this as vec(®,). Note

that vec(®;) makes ®; become a column vector of size 4 x 1. Now, consider vec(®;) for
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7 =20,1,2,3 and concatenate these to form a matrix that we denote as D, i.e.
D= [Vec(CPO) vee(®y) vec(®Py) vec(Ps)

Now, since we note that ®; is a symmetric 2 X 2 matrix, D should contain two identical
rows implying that it has an eigenvalue that is zero and a corresponding eigenvector that
is [0 -1 /\/§ 1/ \/ZQ) O]T. It turns out that this is also an eigenvector of B with an
eigenvalue «. Note that det(B) = a?. This implies there are two cases that we need to
consider: (i) when all eigenvalues of B have the same magnitude (= «). In this case, we
are already done, because there exists at least one non zero eigenvalue of D and this should
have some component along one of the eigenvectors of B and we know that all eigenvectors
have eigenvalues with a magnitude equal to Ayax(B). Thus, there exists an iterate which
has a non-zero component along the largest eigendirection of B. (ii) the second case is
the situation when we have eigenvalues with different magnitudes. In this case, note that
det(B) = a® < (Amax(B))* implying Apax(B) > «. In this case, we need to prove that D
spans a three-dimensional subspace; if it does, it contains a component along the largest
eigendirection of B which will round up the proof. Since we need to understand whether D
spans a three dimensional subspace, we can consider a different (yet related) matrix, which

we call R and this is defined as:

0, 0 05
def
R = ]E( 001002 011012 02105 )
9(2)2 9%2 932

Given the expressions for {6;}3_, (by definition of 6y and using equation (C.3)), we can

substitute to see that R has the following expression:

1 E|[(t — o)? E [(f2(t — a) — @)?]
R=1|1 Ef[ii—a] E[((fal—a)—a)(i—a)
1 1 E [(fl - 04)2}

If we compute and prove that det(R) # 0, we are done since that implies that R has three

non-zero eigenvalues.
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This implies, we first define the following: let ¢, = (t —v)? + (¢ — 1)z?. Then, R can be

expressed as:

1 Qo qoa — 20at(t —a) +a?
det(R) = det( 1 t—« tqo — a(t — a)
1 o

1 o %(CJO - Qa) - 201t(t - Oé) + a’
:det( 1 t—a tgo—alt—a)—(t—a)ga )
11 0

I ga—1 gl — ga) = 20t(t — ) + @
:det( I t—a—1 tgo—at—a)—(t—a)g, )
1 0 0

0 Go—1 quolq — qa) — 2at(t — a) + a?
:det( 0 t—a—1 tg,—alt—a)—(t—a)g )
1 0 0

Note: (i) go—1=(t—a)?—1+(c—1)2*=(1—-2)?—1+(c—1)2? = 2z +22+(c—1)2* =

—2z + ca?.
(iyt—a—-1=—x
(iii) a(ga—(t—a)) = a((t—a)*—(t—a)+(c—1)z?) = a((1—2)(—z)+(c—1)2?) = az(—1+cx)
(iv) o — qo = t* — (t — a)? = a(2t — a) = 2ta — .
Then,
(2at — a?)qy — 20t(t — @) + o = 2ta(ge — (t — @) + a*(1 — qo)
= 2ta(—x + ca?) — o (—2x + cz?)
= —2tax + 2xa® + 2tacy® — ca’a?
= 20z (—t + ) + caz®(2t — )
= —2az(1 — ) + 2caz®(1 — z) + ca’z?

=2ax(1 — 2)(=1 + cx) + ca’a®.
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Then,
0 z(cx—2) 2az(1—2)(—1+ cx)+ ca’z?
det(R) = det( 0 —x ax(cx — 1) )
1 0 0
-0 (cx —2) cax+2(1 —x)(cx —1)
= x%zdet( 0o -1 cx —1 )
_1 0 0
_0 ¢ ca—2cr—1)
= x%zdet( 0 —1 cx — 1 )
_1 0 0
Then,

det(R) = 2%« (c(—l +cx) — 2(—=1+ cx) + ca)

= azr® ((c —2)(=1+cz)+ ca)

Note that this determinant can be zero when

. (c—2)(1—cx). (C.4)

Cc

We show this is not possible by splitting our argument into two parts, one about the con-

2(1—a?)
ct(c—2)a

vergent regime of the algorithm (where, do? < ) and the other about the divergent
regime.

Let us first provide a proof for the convergent regime of the algorithm. For this regime,
let the chosen 0 be represented as 0. Now, for the smaller eigen direction, z = §T A\, =

cdto? /K. Suppose a was chosen as per equation (C.4)),

ca Aotol
c—2 K

K R
— ol = — — :
1T c(c—2)
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We will now prove that §*o? = f(% — %) is much larger than one allowed by the convergence

2(1—a?) < 2(1—a?)

of the HB updates, i.e., jo? < e e c

. In particular, if we prove that £(2 —-%5) >
2“%"‘2) for any admissible value of o, we are done.

k1 « 2(1 —o?)
2e-2>
cc c¢c—2 c
B_ MY o9 942
c c—2
E_BE R R 9 942

c c—2 c c

& Kk — ka > 2 — 2ca?

& 2ca’ — ka+ (k —2¢) > 0.

The two roots of this quadratic equation are o™ = £ —1 and o~ = 1. Note that k > & = ¢;

note that there is not much any method gains over SGD if k = O(c). And, for any k > 4c,

note, a* > a~, indicating that the above equation holds true if & > a* = £ — 1 or if
a < a~ = 1. The latter condition is true and hence the proposition that §*o% > jf%;_a;))a is
true.

We need to prove that the determinant does not vanish in the divergent regime for

rounding up the proof to the lemma.

2(1—a?)

ct(c—2)a*
. . . . . 1-=5

Furthermore, for the larger eigendirection, the determinant is zero when do? = =2 = %

Now, let us consider the divergent regime of the algorithm, i.e., when, do? >

2(1—a?) 1 a
ct(c—2)a > ¢ 2

—% (obtained by substituting x = do? in equation (C.4])). If we show that

for all admissible values of ¢, we are done. We will explore this in greater detail:

2(1 — a?) 1 o
c

—> J—
c+(c—2)a c—2
—9
@2(1—&2)214—6 a— ——a-—a?
c c—2
—4(c—1
@1—&22La
c(c—2)

& — 20—’ 4 2ca® > —dea + da

& A1 —a?) —2¢(1 — a® — 2a) — 4a > 0.
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considering the quadratic in the left hand size and solving it for ¢, we have:

L 2(1—a®—2a) £ /4(1 — a? — 20)? + 16a(1 — a?)

C =

2(1—a?)
(1= =20) £ /(1 — a2 —20)? + 4a(l — o?)
B (1—a?)
_ (1—a?=2a)+/1+at+4a? — 202 — 4o + 403 + 4a(1 — ?)
B (1—a?)
_ (1—a*—2a)+ (1+a?)
(1-a?)
This holds true iff
_ “2a(l4+a) 2«
< — =
€=¢ 1 — a2 1—a’
or iff,
czc+:2“_a>: 2
1—a? 1+«
Which is true automatically since ¢ > 2. This completes the proof of the lemma. n

We are now ready to prove Lemma

Proof of Lemma[{f. Combining Lemmas and [53] we see that no matter what stepsize
and momentum we choose, BY) has an eigenvalue of magnitude at least 1 — % for some

j € {1,2}. This proves the lemma. m
C.2 [Equivalence of Algorithm [6 and ASGD

We begin by writing out the updates of ASGD as written out in [54], which starts with two

iterates ag and c?o, and from time ¢t = 0,1,...7" — 1 implements the following updates:

by = ondy + (1 — aq)d, (C.5)
1 = by — 01V fria (by) (C.6)

& = Bib + (1 — B1)d, (C.7)
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&\Hl =0 — ’Yl@ftﬂ@t)- (C.8)
Next, we specify the step sizes 81 = 2 /VkR, a1 = cs/(cs+3), 11 = B/(csAmin) and 6, = 1/R2,
where k = R?/Anin- Note that the step sizes in the paper of [54] with ¢; in their paper set
to 1 yields the step sizes above. Now, substituting equation in equation and

substituting the value of ~;, we have:

dor = By (a _

~

ﬁft+1(b\t>> + (1 = B1)dy

C3Amin
_ 5 (a - i—jﬁfm@t)) (=B (©9)

We see that CZH is precisely the update of the running average w;,; in the ASGD method
employed in this chapter.

We now update /b\t to become EH and this can be done by writing out equation at
t+1,ie:

/Et-i-l = Oélatﬂ + (1 - al)(/j\t-i-l
= a1 (b= 01V fera (b)) + (1 = @), (C.10)

By substituting the value of a; we note that this is indeed the update of the iterate as a
convex combination of the current running average and a short gradient step as written in
this chapter. In this chapter, we set ¢35 to be equal to 0.7, and any constant less than 1 works.

In terms of variables, we note that a in this chapter’s algorithm description maps to 1 — ;.

C.3 DMore details on experiments

In this section, we will present more details on our experimental setup.

C.3.1 Linear Regression

In this section, we will present some more results on our experiments on the linear re-
gression problem. Just as in Appendix [C.I] it is indeed possible to compute the ex-
pected error of all the algorithms among SGD, HB, NAG and ASGD, by tracking cer-

tain covariance matrices which evolve as linear systems. For SGD, for instance, denoting
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oD g (WP —w*) @ (W9 — w*)], we see that P7EP = Bo®P where B is a lin-
ear operator acting on dxd matrices such that BoM M —§HM—5MH+8E [(z, Mz)zzT].
Similarly, HB, NAG and ASGD also have corresponding operators (see Appendix for
more details on the operator corresponding to HB). The largest magnitude of the eigenvalues
of these matrices indicate the rate of decay achieved by the particular algorithm — smaller it
is compared to 1, faster the decay.

We now detail the range of parameters explored for these results: the condition number
k was varied from {2% 2° .. 2?8} for all the optimization methods and for both the discrete
and gaussian problem. For each of these experiments, we draw 1000 samples and compute
the empirical estimate of the fourth moment tensor. For NAG and HB, we did a very fine
grid search by sampling 50 values in the interval (0, 1] for both the learning rate and the
momentum parameter and chose the parameter setting that yielded the smallest Apax(B)
that is less than 1 (so that it falls in the range of convergence of the algorithm). As for
SGD and ASGD, we employed a learning rate of 1/3 for the Gaussian case and a step size
of 0.9 for the discrete case. The statistical advantage parameter of ASGD was chosen to
be \/m for the Gaussian case and \/m for the Discrete case, and the a long step
parameters of 3k and 2k were chosen for the Gaussian and Discrete case respectively. The
reason it appears as if we choose a parameter above the theoretically maximal allowed value
of the advantage parameter is because the definition of « is different in this case. The x we
speak about for this experiment is Apax/Amin unlike the condition number for the stochastic
optimization problem. In a manner similar to actually running the algorithms (the results of
whose are presented in the main chapter), we also note that we can compute the rate as in
equation and join all these rates using a curve and estimate its slope (in the log scale).
This result is indicated in table [C.Il

Figure presents these results, where for each method, we did grid search over all
parameters and chose parameters that give smallest A\... Clearly SGD,HB and NAG all

have linear dependence on condition number r, while ASGD has a dependence of /k.
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Figure C.1: Expected rate of error decay (equation (5.1))) vs condition number for various

methods for the linear regression problem. Left is for discrete distribution and right is for

Gaussian distribution.

Table C.1: Slopes (i.e. v) obtained by fitting a line to the curves in Figure

Algorithm

Slope — discrete

Slope — Gaussian

SGD
HB
NAG
ASGD

0.9990
1.0340
1.0627
0.4923

0.9995
0.9989
1.0416
0.4906

C.1

A value of ~

indicates that the error decays at a rate of exp (;—f) A smaller value of ~ indicates a faster

rate of error decay.
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C.3.2  Autoencoders for MNIST

We begin by noting that the learning rates tend to vary as we vary batch sizes, which is
something that is known in theory [55]. Furthermore, we extend the grid especially whenever
our best parameters of a baseline method tends to land at the edge of a grid. The parameter
ranges explored by our grid search are:

Batch Size 1: (parameters chosen by running for 20 epochs)
e SGD: learning rate: {0.01,0.011/10,0.1,0.13/10, 1, /10, 5, 10, 20, 104/10, 40, 60, 80, 100.

e NAG/HB: learning rate: {0.01v/10,0.1,0.1y/10, 1, /10, 10}, momentum
{0,0.5,0.75,0.9,0.95, 0.97}.

e ASGD: learning rate: {2.5,5}, long step {100.0,1000.0}, advantage parameter
{2.5,5.0,10.0,20.0}.

Batch Size 8: (parameters chosen by running for 50 epochs)

e SGD: learning rate: {0.001,0.0011/10.0,0.01,0.014/10,0.1,0.14/10, 1,4/10, 5, 10
,104/10, 40, 60, 80, 100, 120, 140}.

e NAG/HB: learning  rate: {5.0,10.0,20.0,10+/10, 40,60}, momentum
{0,0.25,0.5,0.75,0.9,0.95}.

e ASGD: learning rate {40,60}. For a long step of 100, advantage parameters of
{1.5,2,2.5,5,10,20}. For a long step of 1000, we swept over advantage parameters
of {2.5,5,10}.

C.3.3 Deep Residual Networks for CIFAR-10

In this section, we will provide more details on our experiments on cifar-10, as well as present

some additional results. We used a weight decay of 0.0005 in all our experiments. The grid
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search parameters we used for various algorithms are as follows. Note that the ranges in
which parameters such as learning rate need to be searched differ based on batch size [55].
Furthermore, we tend to extrapolate the grid search whenever a parameter (except for the
learning rate decay factor) at the edge of the grid has been chosen; this is done so that we
always tend to lie in the interior of the grid that we have searched on. Note that for the
purposes of the grid search, we choose a hold out set from the training data and add it in to
the training data after the parameters are chosen, for the final run.

Batch Size 8: Note: (i) parameters chosen by running for 40 epochs and picking the grid
search parameter that yields the smallest validation 0/1 error. (i) The validation set decay
scheme that we use is that if the validation error does not decay by at least 1% every three
passes over the data, we cut the learning rate by a constant factor (which is grid searched
as described below). The minimal learning rate to use is fixed to be 6.25 x 1075, so that we

do not decay far too many times and curtail progress prematurely.

e SGD: learning rate: {0.0033,0.01,0.033,0.1,0.33}, learning rate decay factor {5, 10}.

e NAG/HB: learning rate: {0.001,0.0033,0.01,0.033}, momentum {0.8,0.9,0.95,0.97},
learning rate decay factor {5, 10}.

e ASGD: learning rate {0.01,0.0330, 0.1}, long step {1000, 10000, 50000}, advantage pa-
rameter {5, 10}, learning rate decay factor {5, 10}.

Batch Size 128: Note: (i) parameters chosen by running for 120 epochs and picking
the grid search parameter that yields the smallest validation 0/1 error. (ii) The validation
set decay scheme that we use is that if the validation error does not decay by at least 0.2%
every four passes over the data, we cut the learning rate by a constant factor (which is grid
searched as described below). The minimal learning rate to use is fixed to be 1 x 1073, so

that we do not decay far too many times and curtail progress prematurely.

e SGD: learning rate: {0.01,0.03,0.09,0.27,0.81}, learning rate decay factor {2, /10, 5}.
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e NAG/HB: learning rate: {0.01,0.03,0.09,0.27}, momentum {0.5,0.8,0.9,0.95,0.97},
learning rate decay factor {2,+/10,5}.

e ASGD: learning rate {0.01,0.03,0.09,0.27}, long step {100, 1000,10000}, advantage
parameter {5,10,20}, learning rate decay factor {2, /10, 5}.

As a final remark, for any comparison across algorithms, such as, (i) ASGD vs. NAG,
(ii)) ASGD vs HB, we fix the starting learning rate, learning rate decay factor and decay
schedule chosen by the best grid search run of NAG/HB respectively and perform a grid
search over the long step and advantage parameter of ASGD. In a similar manner, when we
compare (iii) SGD vs NAG or, (iv) SGD vs. HB, we choose the learning rate, learning rate
decay factor and decay schedule of SGD and simply sweep over the momentum parameter
of NAG or HB and choose the momentum that offers the best validation error.

We now present plots of training function value for different algorithms and batch sizes.

Effect of minibatch sizes: Figure[C.2|plots training function value for batch sizes of 128
and 8 for SGD, HB and NAG. We notice that in the initial stages of training, NAG obtains
substantial improvements compared to SGD and HB for batch size 128 but not for batch
size 8. Towards the end of training however, NAG starts decreasing the training function
value rapidly for both the batch sizes. The reason for this phenomenon is not clear. Note
however, that at this point, the test error has already stabilized and the algorithms are just
overfitting to the data.

Comparison of ASGD with momentum methods: We now present the training
error plots for ASGD compared to HB and NAG in Figures and respectively. As
mentioned earlier, in order to see a clear trend, we constrain the learning rate and decay
schedule of ASGD to be the same as that of HB and NAG respectively, which themselves
were learned using grid search. We see similar trends as in the validation error plots from

Figures [5.5] and [5.6] Please see the figures and their captions for more details.
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Figure C.2: Training loss for batch sizes 128 and 8 respectively for SGD, HB and NAG.
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Figure C.3: Training function value for ASGD compared to HB for batch sizes 128 and 8

respectively.
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Figure C.4: Training function value for ASGD compared to NAG for batch size 128 and 8

respectively.
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Appendix D

APPENDIX: SGD’S FINAL ITERATE — MINIMAX
OPTIMALITY AND STEPSIZE SCHEMES

D.1 Preliminaries

Before presenting the lemmas establishing the behavior of SGD under various learning rate
schemes, we introduce some notation. We recount that the SGD update rule denoted

through:
Wiy = Wi_1 — ntﬂ(wt—l)
We then write out the expression for the stochastic gradient ﬂ(wt_l).
ﬂ(wt—l) = XtXtT(Wt—l — W) — Xy,

where, given the stochastic gradient corresponding to an example (x4, ;) ~ D, with y, =
(W*,x;) + €, the above stochastic gradient expression naturally follows. Now, in order to

analyze the contraction properties of the SGD update rule, we require the following notation:
Pt:I—ntXtXtT.

Lemma 55. [For e.g. Appendiz A.2.2 from [55]] Bias-Variance tradeoff: Running SGD
for T'—steps starting from wqo and a stepsize sequence {nt}le presents a final iterate Wy

whose excess risk is upper-bounded as:

H,E[(wr —w")® (wp —w")]) <2 ((H,]E [P Pi(wog— W) ® (wg — WP, --- Pr])

T
+<H’Z773'E[PT"'PTHHT®nTPT+1---PT])),

T=1
where, P, = 1—n;-x:x; and ny; = e;xy. Note that E [ng|Fi_1] = 0 and E [n; @ ng| Fi_1] < o*H,

where, Fy_1 is the filtration formed by all samples (x1,y1) -+ - (X¢—1, Ye—1) until time t.
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Proof. One can view the contribution of the above two terms as ones stemming from SGD’s

updates, which can be written as:

Wi = Wi — nt@(wt—l)

W — w* = (I — T]tXtXt>(Wt_1 — W*> + ey
T
Wt_W*:Pt"'Pl(WO_W*)+ZPt"'PT+1777nT
T=1

From the above equation, the result of the lemma follows straightforwardly. Now, in order
to bound the total error, note that the original stochastic process associated with SGD’s
updates can be decoupled into two (simpler) processes, one being the noiseless process (which
corresponds to reducing the dependence on the initial error, and is termed “bias”), i.e., where,

the recurrence evolves as:
Wbias —w" =P, (Wbias o W*) (D 1)
t — 4t t—1 .

The second recursion corresponds to the dependence on the noise (termed as variance),

wherein, the process is initiated at the solution, i.e. w§* = w* and is driven by the noise
n;. The update for this process corresponds to:

w —wt = P(w2 — W) +gny,  with wi™ = w? (D-2)

t
= ZB"'PT+1 : (777”7')-
T=1

tth

We represent by B, the covariance of the t"" iterate of the bias process, i.e.,

Bt —E [(W‘tbias _ W*) (Wl)ias _ W*)T]
=E[PB, 1P| =E[P,--- PiByP, -+ P}
The quantity that routinely shows up when bounding SGD’s convergence behavior is the

covariance of the variance error, i.e. V; := E[(w}* — w*) @ wy* — w*)]. This implies the

following (simplified) expression for V;:

Vi=E[(w™ —w") @ (W™ —w’)]
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E

[PT T PT—H(”T”T) ® (UT’nT’)PT’—H T PT]

T
:Z?]?_E[PT...PT_HTLT®nTPT+1...PT]

Firstly, note that this naturally implies that the sequence of covariances V., 7 = 1,--- T
initialized at (say), the solution, i.e., Vo = 0 naturally grows to its steady state covariance,

ie.,
VizVy = 2V

See Lemma 3 of [53] for more details. Furthermore, what naturally follows in relating V; to

‘/tfl is:
Vi 2E[RV, . P] +1jo’H. (D.3)
[

Lemma 56 (Lemma 5 of [53]). Running SGD with a (constant) stepsize sequence n < 1/R?

achieves the following steady-state covariance:

no?

< — 71
— 1—nR?

Voo

Lemma 57. Suppose n = 1/2R?, and V = %I = 2no®1. For any sequence of learning

ratesny <n=1/2R*V t € {1,--- ,t}, then,
WanaQI vV ot

Proof. We will prove the lemma using an inductive argument. The base case, i.e. t = 0
follows from the problem statement. Note also that for SGD, V; = 0 implying the statement
naturally follows. If, say, V; satisfies the equation above, from equation (D.3)), we have the

following covariance for V;i:

Vie1 X E[RV,P'] + njo’H
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=E [(I — mixex V(I — WtXtXtT)] +n;0°H

< 2no’E [(I — ntxtxtT)(I — ntxtxtT)] + nt202H
=< 200’1 — dnmo*H + 2n?no* R°H + nlo’H
= 2no’l — 2nmo*H + nPo’H

= 2oL +n; - (n, — 2n)o°H

= 2nol,
from which the lemma follows. O

Lemma 58. (Reduction from Multiplicative noise oracle) Let V; be the (expected)
covariance of the variance error. Then, the recursion that connects Vi1 to V; can be expressed

as:
Vier = (I =nH)Vi(I - nH) + 2nf0*H

Proof. From equation (D.3]), we already know that the evolution of the co-variance of the

variance error follows:
Vi < E[PViP] +20”H

<E[I—-nH)V,(I—-nH)]+nE [xtxtTVtxtxﬂ + n?o*H

=< (I—nH)V,(I-nH)+n |Vil, R°H+njo’H

I —nH)V,(I—nH) +n; - 2no*R°H + n;o°H
= (I—nH)V,I-nH)+ 2n/0°H.

Where the steps follow from Lemma , and owing from the fact that n, <n=1/2R* V t.
]

Note: Basically, one could analyze an auxiliary process driven by noise with variance off

by a factor of two and convert the analysis into one involving exact (deterministic) gradients.
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Lemma 59. /Bias decay - strongly convex case/ Let the minimal eigenvalue of the
Hessian pp = Amin(H) > 0. Consider the bias recursion as in equation (D.1)) with the stepsize
set asn=1/(2R?). Then,

as * 2 as * 2
B [ wl] < (1 = 1/ [t - w| ]
Proof. The proof follows through straight forward computations:

|:||Wb1as W*Hz] <E [Hwblas W*” ] — R |:Hwb1as W*HQ] + 1’ R’E |:Hwb1as W*Hi{]

1

—F |:Hwb1as —w* i| o T]E |:||Wb1as —w*

2
2]

where, the first line follows from the fact that E [||xt||2xtxt | < R*H and the result follows

< (1-np) [Hwblas W

through the definition of x. O

Lemma 60. /Reduction of the bias recursion with multiplicative noise to one

resembling the variance recursion/ Consider the bias recursion that evolves as
By =E [(w; — w")(w; — w*)T} =E[(I- Yexix, ) By_1 (I — fytxtxtT)] ,
where, By = (wo — w*)(wo — w*)". Then, the following recursion holds ¥y, < 1/R?:
B, = (1= 3H)B (I — vH) + 17 R* | wo — w’||* H.

Proof. The result follows owing to the following computations:

By =E[(w; — w")(w, —w*)"]
=E [(I - %XtXtT)Bt—l(I — XXy )]
< (I = %H) Byt (I = 3H) +7E [(x, Bioax)xix, |
< (I —H)B; 1 (I - H) +E[|| Bial,) R°H
< (I—yH)B, (I - yH) ++/E [|w, 1 —w*|3] R°'H
< (I—5H)B, 1 (I—H) +~7E [[|[wo — w'|[3] B°H,
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with the last inequality holding true if the squared distance to the optimum doesn’t grow as

a part of the recursion. We prove that this indeed is the case below:

T |2
Wi—2 — Yt-1Xt—1X 1 — W ||,

E|
<E[|[wiea — W3] — 291E [ Wiz — W¥|I5y] + 7 RPE [ Wiz — W15
E [Hwtﬂ - W*Hg} — 71 U|Wt72 - W*H?ﬂ

E [

Recursively applying the above argument yields the desired result. O

Note: This result implies that the bias error (in the smooth non-strongly convex case
of the least squares regression with multiplicative noise) can be bounded by employing a
similar lemma as that of the variance, where one can look at the quantity R* - ||wg — w*||3

as the analog of the variance o2 that drives the process.

Lemma 61. [Reduction of multiplicative noise to additive noise oracle for lower-
bounds/ Under the assumption that the covariance of noise ¥ = o?H, the following state-
ment holds. Let V; be the (expected) covariance of the variance error. Then, the recursion

that connects Viy1 to Vi can be expressed as:
Vi1 = E [ — nxex) )X — nexex) )] + m70’H
Then,
Vipr = (T—=nH)Vi(T = nH) + njo’H

Proof. Let us consider firstly, the setting of (bounded) additive noise. Here, we have:
Vf(w:) =H(w, — w*) + ¢, with E[¢|w] =0, and E [¢,¢] |wi] = o*H.
Then, updates leading upto time ¢ + 1 can be written as:

t+1 t+1 t+1

Wi — w = [[(T—nH)(wo — w*) + Z ne [ @T—n-H)

T=1 =741
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This implies the covariance of the variance error is:

) t+1 t+1 t+1 t+1
V;—H =K (Z N H (I - TITH)CT'> & Z n: H (I - nTH)(T//
T'=1

T=7'+1 7'=1 r=7"+1

t+1

=Y pE
T'=1

= (I= e H)Vi(I = ne H) + 1, 0°HL

t+1 T'+1
H (I - WTH)CT/ ® CT/ H (I - UTH)]

T=7'+1 T=t+1

Now, let us consider the statement of the lemma:

Virr = E [(T = neraxeax) )Vil = neaxeax/ )] + n70°H
= (= H)Vi(I — nep  H) + 77t2+1]E [(XtJrleIH - H)Vt(XtJrlXtTH - H)] + 77t2+1‘72H
= (I =0 V(I — i H) + 771:202H-
Unrolling the above argument, we see that V;; > f/}H, implying that the process driven by

the multiplicative noise oracle can be lower bounded (in a PSD sense) by one that employs

deterministic gradients with additive noise. O]

D.2 Proofs of results in Section

Theorem 62. Consider the additive noise oracle setting, where, we have access to stochastic

gradients satisfying:
Vi(w) = Vf(w)+(=H(w - w") 4,
where,
E[¢(|w] =0, and, E [(("|w] = ¢°H

The following lower bounds hold on the final iterate of a Stochastic Gradient procedure
with access to the above stochastic gradients when using polynomially decaying stepsizes.
Strongly convex case: Suppose i1 > 0. For any condition number k, there exists a problem

instance with initial suboptimality f(wo) — f(w*) < od such that, for any T > /Q%, and for
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all a,b >0 and 0.5 < a < 1, and for the learning rate scheme 1, = i we have
T o’d kK
E — ) > — — * —_— .
o] = ) 2 exp (=po o ) (Fown) = )+ 5 7

Smooth case: For any fired T > 1, there exists a problem instance such that, for all a,b > 0

and 0.5 < a <1, and for the learning rate scheme n, = %=, we have
1

E[f(wy)] — f(wW*) > (L ||lwo — Ww*|* + o?d) - ———.

[f( T)] f( ) ot ( H 0 H ) \/TlogT

Proof. Strongly convex case: The problem instance is simple. Consider the case where
the inputs are such that in every example x, there is only one co-ordinate that is non-zero.

Furthermore, let each co-ordinate be Gaussian with mean zero and variance for the first
dr/3

d/2 co-ordinates be dr/3 whereas the rest be 1. This implies H = ' :

where the first g diagonal entries are equal to /3 and the remaining_> g diagonal entries
are equal to 1 and all the off diagonal entries are equal to zero. Furthermore, consider
the noise to be additive (and independent of x) with mean zero. Finally, let us denote
by vf) ) {(wgi) — (W*)(i))q the variance in the i*" direction at time step t. Let the
initialization be such that v\’ = 302/k for i = 1,2, ...,d/2 and v\’ = 0% for i = d/2+1, ..., d.

This means that the variances for all directions with eigenvalue x remain equal as t progresses

and similarly for all directions with eigenvalue 1. We have

) T T T
NURSS: {(w;” — (w) ") } =10 —nin/3)* 0" + 50?33 nj [T (1= minf3)* and
d) def d 2 d - 3
e *\(d 2 2
o [ @) = T -+ oS T 0
=1 j=1  i=j+1

We consider a recursion for vt(i) with eigenvalue \; (k or 1). By the design of the algorithm,
we know

vt(i)l =(1- 77,5)\2-)2”0752) + )\ichntZ.
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Let s(n,\) = % be the solution to the stationary point equation z = (1—n\)%+ Ao?n?
Intuitively if we keep using the same learning rate n, then u§ D is going to converge to s(n, \;).

Also note that s(n, \) ~ 0?1/2 when n\ < 1.
We first prove the following claim showing that eventually the variance in direction ¢ is

going to be at least s(nr, \;).

Remark 1. Suppose s(n;, A;) < vo , then v\ > S(Mey Ai)-

Proof. We can rewrite the recursion as

vl = s M) = (1= nA) (0 = s(m, M)

In this form, it is easy to see that the iteration is a contraction towards s(n;, ;). Further,

vt(fgl — s(ng, A;) and ol — s(ng, A;) have the same sign. In particular, let ¢y be the first time

such that s(nt, i) < v(()) (note that 7, is monotone and so is s(n;, A;)), it is easy to see that

vf’) > v ) when t < to. Therefore we know Ut() > $(Myy, \i), by the recursion this implies

vgll > $(Mtgs Ai) = $(Mig+1, Ai). The claim then follows from a simple induction. O
If s(nr, i) > v(()i) for i = 1 or i = d then the error is at least 02d/2 > ko?d/T and

we are done. Therefore we must have s(nr, k) < v(()l) = 30?/k, and by Claim [l| we know

v(Tl ) > s(nr, k) > o?nr/2. The function value is at least

B [fwr)] ~ () 2 5 oft) 2 PO

D

To make sure E[f(wr)] — f(w*) < %2 we must have ny < Next we will show that

64T
(d)

when this happens, v’ must be large so the function value is still large.

L
6T
We will consider two cases, in the first case, b > T“. Since ﬁ > Nr = pe 2
we have ¢ < L. Therefore o > (1 - %)QTvéd) > 02%/2, so the function value is at least
E[f(we)]>2-v (d) > d" > @, and we are done.

1
In the second case, b < T'*. Since 16—T >nr = b+‘i[a > 5=, we have a < ST L The sum

of learning rates satisfy
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T T, T
<32 Sl < 0.12510g T
DIED -SSP og
=1 =1 =1
Here the second inequality uses the fact that 7 1= < i=! when ¢ < 7. Similarly,

we also know Y1 72 < 327 (0.125)% 2 < 72/384. Using the approximation (1 — u)* >
exp(—2u — 4u?) for u < 1/4, we get Urfp) > exp(—2 Zl 1 i —4Zi:1 ni)vé > o2 /5T1, so the

function value is at least E [f(wy)] > 4 - (T) > 1?)‘;4 > ';%"T This concludes the second case
and proves the strongly convex part of the theorem.

Smooth case: The proof of this part is quite similar to that of the strongly convex case
above but with a subtle change in the initialization. In order to make this clear, we will

do the proof from scratch with out borrowing anything from the previous argument. Let
1

H= ' , where the first %l diagonal entries are equal to 1 and the remaining %l

=

diagor;al entries are e—zqual to 4 and all the off diagonal entries are equal to zero. We will use
K= \F Let us denote by v’ ) R [( 2 (w*)(i)>2} the variance in the i*® direction at
time step ¢. Let the initialization be such that v\ = ¢2/k for i = 1,2, ...,d/2 and v = &2
for : = d/2 4+ 1,...,d. This means that the variances for all directions with eigenvalue

remain equal as t progresses and similarly for all directions with eigenvalue 1. We have

T T
)]0t s oo
7j=1

Jj=1 i=j+1
d) def d )\ 2 d
e * 2
o 2 | (wf = ) @) =TT =)o 4o Zm I 0.
j=1 =1 i=j+1
We consider a recursion for vfi) with eigenvalue A; (1 or %) By the design of the algorithm,
we know

U§21 = (1 — X)) + Mo

Let s(n, A\) = A‘L be the solution to the stationary point equation z = (1—n\)2+ Ao?n>.
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Intuitively if we keep using the same learning rate n, then vt(i) is going to converge to s(1n, A;).
Also note that s(n, \) &~ 0?n/2 when n\ < 1.
If s(np, Ai) > o) for i = 1 or i = d then the error is at least 02d/2x > ko2d/T and
we are done. Therefore we must have s(nr, k) < v(()l) = 30?/k, and by Claim [l| we know
v(Tl ) > s(nr, k) > o?nr/2. The function value is at least

2
E[f(wr)] — f(w") > g ) > d0477T.

To make sure E [f(wr)] — f(w*) < % we must have np < . Next we will show

that when this happens, U(Td ) must be large so the function value is still large.

Kk
16T log T

: : : 0 o . o o
We will consider two cases, in the first case, b > T. Since 6Tl = 1T = bi7e = 25

we have § < g, Therefore vg,fl ) > (1-— %)2Tv(()d) > 02/2, so the function value is at least

E[f(we)] — f(w?) >4 %-véﬁi) > % > %"2, and we are done.

> -2 we have a <3z

(0% 3 K _ a
In the second case, b < T“. Since T6T10a T 2N = e 2 s

a—1
TIQT .

The sum of learning rates satisfy

T T
;m < ;% < Z 810g il < 0.125k.

Here the second inequality uses the fact that To1ti—« < i=!. Similarly, we also know

T T
S 02 <3 (01255 log T)% > < 7°k2/384.
L= L

Using the approximation (1 — u)? > exp(—2u — 4u?) for v < 1/4, we get vgl) >

exp(— QZZ B — 422 1 RQ)UOd > 0%/5, so the function value is at least E[f(w;)] >

g . % . véfl ) > % > 13‘\’/?. This concludes the second case and proves the strongly con-

vex part of the theorem. Since |[H| - [[wo — w*||* = do?, we have

K 1 1
TlogT’ 10v/T VTlogT
This proves the theorem. O

E[f(wr)] — f(W*) > ¢*d - min ( ) > (L -||wo —w|? + o%d) -

Proof of Theorem[18. The proof of Theorem follows straightforwardly when combining
the result of Lemma [61] and Theorem 62l O



232

D.3 Proofs of results in Section

Theorem 63. Consider the additive noise oracle setting, where, we have access to stochastic
gradients satisfying:
Vi(w) = V(w)+¢=Hw—w) +,
where,
E[¢(|w] =0, and, E [¢("|w] = 6°H

Running Algorithm @ with an initial stepsize of m = 1/R?%, starting from the solution, i.e.

wo = W* allows the algorithm to obtain the following dependence on the variance error:

do?logT

B [f(wi)] - flw) < 25

Proof. The learning rate scheme is as follows. Divide the total time horizon T into log T

phases, each of length =—. In the ¢'" phase, the learning rate is set to be TRz R2 The variance
in the £ coordinate can be bounded as
T
k 2
U(T)gn(l—nj)\k) UN\OPS Zn] H 1—ni)\(k))
7=1 7j=1 i=j+1
T
< exp (—2an)\(k)> Vg )
j=1
logT T/logT 25 logT T/logT
1 () Ak
(k) 52 - AN . _
+A%o Z 22((R2)? Z (1 25(32)) H (1 2uR2)
/=1 j=1 u=0(+1
2)\(k) T *) log T 1 QZRQ logT )\(k)T
< — . A (KF) 52 . . - -
= P ( R log T) Voo ¥ AT ; 2(R2)E A® ugl P\ TR l0g T
2)\(1{:) logT AQ logT )\(k)T
< — . ——— . D4
—eXp( 72 log T) +Z ( 2uR2logT) (D-4)

Let ¢+ & max (O |log < R’;) 10§T>J>‘ We now split the summation in the second term

in (D.4) into two parts and bound each of them below.

~g logT

. a &2 a ABT
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AP
o+ —u g o —t
= 2£ H eXp —2 S Z 2l R2 CXp (_2 )
u=0+1 (=1
~9 ~2 ~2
o g g o o° logT
< 557 ;2 exp (~277) < o <y (D.5)

For the second part, we have

logT ~9 logT (k) logT ~9 logT ~9 ~9
o AT o o o° logT
Z 20 R2 H CXp (_QuRz logT) = Z 20 R2 = Z 20 R2 = NOR A (D.6)
(=641 u=t+1 (=041 (=041

Plugging (D.5)) and (D.6) into (D.4)), we obtain

(k) 52
(k) 2\ T (k) 20 IOgT
vy’ < exp <— 2 —logT) vy '+ NCRR A

The function suboptimality can now be bounded as

ELf(wrh)] = f(w?) = Z A

AR T 262 logT
(k) . (k) y 20 108
< Z)\ (exp ( 7 1ogT) vy + NG T ) .

d
E[f(w¥ar)] . f(W*) < Z (LIOTgTU(()k’) + 26_2 . lOgT) _9 (0_ d) IOgT
0

Proof of Theorem[19. Smooth case: The result follows by instantiating 6% in Theorem
with 202 (Lemma and R? ||wy — w*||5 (Lemma [60) and appealing to Lemma .
Strongly convex case: As with the smooth case, the result relies on instantiating 62 in

Theorem With 202 (Lemma and using Lemma and then appealing to Lemma 55} [

Proposition 64. Consider the additive noise oracle setting, where, we have access to

stochastic gradients satisfying:

Vi(w)=Vf(w)+¢=Hw-w)+¢
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where,
E[C[w] = 0, and, E [((T|w] =< o?H

There exists a stepsize scheme with which, by starting at the solution (i.e. wo = W*) the
algorithm obtains the following dependence on the variance error, under the assumption that
w>0and k > 2.
E [F(wi™)] — f(w") < S0log - L

Proof. The learning rate scheme is as follows.

We first break 7" into three equal sized parts. Let A = T/3 and B = 27'/3. In the first
T/3 steps, we use a constant learning rate of 1/R%. Note that at the end of this phase, (since
T > k) the dependence on the initial error decays geometrically. In the second 7'/3 steps,

we use a polynomial decay learning rate 14, = In the third 7'/3 steps, we break

1
pu(s+t/2)
the steps into log,(x) equal sized phases. In the (' phase, the learning rate to be used is

5215052“ Note that the learning rate in the first phase depends on strong convexity and that
in the last phase depends on smoothness (since the last phase has ¢ = log k).

Recall the variance in the k£ coordinate can be upper bounded by

o2 (st )| < T80t T 1

j=1 = i=j+1

T
< exp (—Qan)\(k)> (1) + A0 Z exp( 2 Z i\ k)>
j=1

i=j+1
We will show that for every k, we have
o) (()k) 50logy k- 2
=3 BT K

(D.7)

which directly implies the theorem.
We will consider the first T/ 3 steps. The guarantee that we will prove for these iterations

is: for any t < A, vk)<( /R2)2t k)+R2
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This can be proved easily by induction. Clearly this is true when ¢ = 0. Suppose it is

true for t — 1, let’s consider step t. By recursion of vt(k) we know

o = (1= AW/R?00, 4+ AWo? (B2

0.2

7

0.2

ﬁ.

< (1— B /Ry 4 1 — AP /R?)? 4 \®)/R?)

< (1 - AB/R2)2 ) 4

Here the second step uses induction hypothesis and the third step uses the fact that (1 —
r)2 +2 < 1 when 2 € [0,1]. In particular, since (1 — A®)/R?)?T/3 < (1 — 1/k)*/3 <
(1 —1/k)3 18T = 1/T3 we know at the end of the first phase, v\ < (" /T3 + .

In the second T'/3 steps, the guarantee would be: for any ¢t < 7'/3, vfﬁt < v(()k)/T?’ +
2na440°.

We will again prove this by induction. The base case (¢t = 0) follows immediately from
the guarantee for the first part. Suppose this is true for A + ¢ — 1, let us consider A + t,

again by recursion we know

k k
Uz(él-?-t = (1 - /\(k)nA-l—t—l)QU,g_?_t_l + /\(k)0277,24+t_1
1
< U(()k)/TS + 277A+t—1<f2 ((1 - )\(k)ﬁAth—l)Q + §>\(k)77A+t—1)
1
<o /T + 2nage10%(1 - §M77A+t—1) <ol T? 4 2np 02,

Here the last line uses the fact that 2n4,41(1 — %m]Ath_l) < 2n440?, which is easy to verify

by our choice of . Therefore, at the end of the second part, we have vj(gk) < v(()k) /T3 + “(,ff; Gk

Finally we will analyze the third part. Let 7' = T/3log, k, we will consider the variance

(k)

UB+ET

at the end of each phase. We will make the following claim by induction:

Remark 2. Suppose 2° - < \*) | then

k k ~
UJ(BJ)FKT < vfg) exp(—30) + 2T AW o2,

Proof. We will prove this by induction. When ¢ = 0, clearly we have vgc) < vg) so the claim

is true. Suppose the claim is true for /—1, we will consider what happens after the algorithm
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uses 17, for T steps. By the recursion of the variance we have

(k) (k) . _ k)T M2y (k) 2
U, gv(e_l)f exp(—2n, - AT) + Ty N\ o=,

Since 20 11 < A®), we know exp(—2n, - A\®'T) < exp(—3). Therefore by induction hypothesis

we have

UA(BkJ)reT < vfgk) exp(—30) + exp(=3) - 272 A + T2A® < Ugf) exp(—30) + 272 AW,

This finishes the induction. O

By Claim [2| Let £* denote the number satisfying 2" - < A®) < 26°+1 ., by this choice

we know /A% > Lexp(—30*) we have

k k k * 7~
o <o) < ol exp(=30) + 2 AV0?

< o 2462 B0logyk
=75 T awT T aNeT
< vék) 50log, Kk

=3 T BT

Therefore, the function value is bounded by E [ f (w}")]— f(w*) = Zle )\(k)vg‘: ) < 5010#-

o2d. O

Proof of Proposition |20, The proof of the proposition works similar to the proof of the
strongly convex case of Theorem [19, wherein, we combine the result of Proposition [64] with

Lemma B9 and Lemma [55] to obtain the result. O

D.4 Proofs of results in Section

All of our counter-examples in this section are going to be the same simple function. Let
the inputs = be such that only a single co-ordinate be active on each example. We refer to
this case as the “discrete” case. Furthermore, let each co-ordinate be a Gaussian with mean

0 and variance for the first d/2 directions being dr/3 and the final d/2 directions being 1.
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Furthermore, consider the noise to be additive (and independent of x) with mean zero. This
indicates that R? = k for this problem.

Intuitively, we will show that in order to have a small error in the first eigendirection
(with eigenvalue k), one need to set a small learning rate 7; which would be too small to
achieve a small error in the second eigendirection (with eigenvalue 1). As a useful tool,
we will decompose the variance in the two directions corresponding to x eigenvalue and 1

eigenvalue respectively as follows:

T
def
o 5[ (w8 = )| =TT = ol n0” S T 1=

j=1 7j=1 i=j+1

> exp <—2 Zmn) v(()l) + ko? Zn? exp (—2 Z mli) and (D.8)

.

i:j+1
T
peaf oo o et oo
Jj=1 = i=j+1
T T
> exp <—2an) U(()Z) + o2 Z?ﬁ exp (—2 Z 771') . (D.9)
j=1 j=1 i=j+1

Theorem 65. Consider the additive noise oracle setting, where, we have access to stochastic

gradients satisfying:
Vi(w) = Vf(w)+¢=Hw-w")+¢
where,
E[¢(|w] =0, and, E [(("|w] = ¢°H

There exists a universal constant C' > 0, and a problem instance, such that for SGD algorithm

with any n, < 1/2k for all lﬂ we have

. E[f(wr)] — f(w") K
hzrp_)s;ip (02d/T) Z Clog(/-ﬁ; +1)°

Learning rate more than 2/x will make the algorithm diverge.
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Proof. Fix 7 = k/C'log(k + 1) where C' is a universal constant that we choose later. We
need to exhibit that the limsup is larger than 7. For simplicity we will also round k up to
the nearest integer.

Let T be a given number. Our goal is to exhibit a T > T such that % > T.
Given the step size sequence 17y, consider the sequence of numbers Ty = T, T}, --- , T, such

that T; is the first number that

x|l

i

t=T;—1+1

x|

Note that such a number always exists because all the step sizes are at most 2/x. We will

also let A; be T; — T;_4. Firstly, from and , we see that ), 7, = oo. Otherwise,

the bias will never decay to zero. If f(wr,_,1a,) — f(W*) > T,i‘l’idA, for some i = 1, - | K,

we are done. If not, we obtain the following relations:

exp( N 2
s an_ 0k | () a, — ) )]

exp(3)7o?
Ty + Aq

< exp(3)(f(Wrpa,) — f(WH)) <
= Ty < (exp(3)T — 1) A;.

Here the second inequality is based on (D.§)). We will use C; to denote exp(3). Similarly, we
have

Cy7o?

2
Ay < g ZT]TlH ? |:<w§}1)+A2 <W*)(1)> :| < Cl(f(WT1+A2> - f(W*)) < m

(017' — 1)2

T, < — 1A Ty <
=T, < (CiT Ay = 0 Cir

A,.

Repeating this argument, we can show that

< (017'— 1)1

0 A; and T;< (Cir - Dj_i

(017‘)2'71 (017‘)]'71‘71
We will use ¢ = 1 in particular, which specializes to

(Crr —1)"
(¢4 7')] -2

A; Vi<y.

T < A V=2
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Using the above inequality, we can lower bound the sum of A; as

K K (OlT)j_z 1 K ( 1 )j—?
A>Ty —1 > — . 1+ —
; e ;(Cﬁ—l)”_ L Grr ; G

> 1T - C’Lﬂ -exp (k/(C17)). (D.10)

This means that

B o< @ @) @) > 2, =2
o)) =10 2 § B | (v = ) ] 2 expl-010%d- 3 o

— 2 _ 2 _ 2
S exp(—6)o°d S exp(—6)o°d S OXP (k/(CyT) — 3) od

- Al - T1 - 017' 2;12 Aj ’

where we used (D.10)) in the last step. Rearranging, we obtain

E[f(wr)] = f(W") _ exp(r/(Ci7) = 3)
(02d/T}) - Cit

If we choose a large enough C (e.g., 3C}), the right hand side is at least

exp((C/C1) log(k+1)—3) > K

]

Proof of Theorem [21. Theorem [21] follows as a straightforward consequence of Theorem
and Lemma [61] O

D.5 Details of experimental setup

D.5.1 Synthetic 2-d Quadratic Fxperiments

As mentioned in the main chapter, we consider four condition numbers namely x €
{10,50,250,1250}. We run all experiments for a total of 25 X Kpax = 25 X 1250 itera-
tions. The two eigenvalues of the Hessian are x and 1 respectively, and noise level is 02 = 1
and we average our results with ten random seeds. All our grid search results are conducted
on a 8 x 8 grid of learning rates x decay factor and whenever a best run lands at the edge of

the grid, the grid is extended so that we have the best run in the interior of the grid search.
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For the O(1/t) learning rate, we search for decay parameter over 8—points log-spaced
between {1/(500x),500000/x}. The starting learning rate is searched over 8 points logarith-
mically spaced between {0.005/(x),50000.0/x}.

For the O(1/+/t) learning rate, the decay parameter is searched over 8 logarithmically
spaced points between {1/(100x),10000000/x}. The starting learning rate is searched be-
tween {1/50000, 100} with 8 logarithmically spaced points.

For the exponential learning rate schemes, the decay parameter is searched between

{1/(8000 x k), 100/k}. The learning rate is searched between {1/100000,0.5}.

D.5.2  Non-Conver experiments on cifar-10 dataset with a 44-layer residual net

As mentioned in the main chapter, for all the experiments, we use the Nesterov’s Accelerated
gradient method [85] implemented in pytorch ] with a momentum set to 0.9 and batchsize
set to 128, total number of training epochs set to 100, /5 regularization set to 0.0005.

With regards to learning rates, we consider 10—values geometrically spaced as
{1,0.6,---,0.01}. To set the decay factor for any of the schemes such as [6.5)[6.6 and [6.7], we
use the following rule. Suppose we have a desired learning rate that we wish to use towards
the end of the optimization (say, something that is 100 times lower than the starting learning
rate, which is a reasonable estimate of what is typically employed in practice), this can be
used to obtain a decay factor for the corresponding decay scheme. In our case, we found
it advantageous to use an additively spaced grid for the learning rate 7, i.e., one which is
searched over a range {0.0001,0.0002, - -- ,0.0009,0.001,---,0.009} at the 80" epoch, and
cap off the minimum possible learning rate to be used to be 0.0001 to ensure that there is
progress made by the optimization routine. For any of the experiments that yield the best
performing gridsearch parameter that falls at the edge of the grid, we extend the grid to
ensure that the finally chosen hyperparameter lies in the interior of the grid. All our grid-

searches are run such that we separate a tenth of the training dataset as a validation set and

Zhttps://github.com/pytorch


https://github.com/pytorch
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train on the remaining 9/10" dataset. Once the best grid search parameter is chosen, we
train on the entire training dataset and evaluate on the test dataset and present the result
of the final model (instead of choosing the best possible model found during the course of

optimization).
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