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As the field of healthcare becomes increasingly data-driven, optimization and machine

learning methods provide the scientific community and practitioners with powerful tools to

extract insights from the data with potential to improve clinical practice and inform public

health efforts. However, medical applications pose a set of unique challenges. Medical data

is often limited since accumulating large amounts of patient data with labels is difficult,

especially for rare conditions or hospital-specific tasks. Additionally, the high stakes health-

care environment requires development of reliable explainability methods to ensure the safe

application of machine learning models. On the other hand, abundant unlabelled data on

the population level provides unique opportunities in public health.

In our work we leverage these opportunities and develop methods to address the above

challenges. We first consider applications in radiation oncology and public health. We

propose a novel optimization framework for multi-modality radiation therapy and discuss

our work on leveraging unlabelled cell phone mobility data and manifold learning to gain

insights into population behavior during the COVID-19 pandemic.

We then proceed to the methodological part of our work. We propose a novel parameter-

saliency explainability method for deep neural networks which can be used to analyze model

mistakes. After that, we present our work on transfer learning with deep tabular models

where in a realistic medical setting we show that representation learning with neural networks



provides a definitive advantage over the traditionally dominant gradient boosted decision tree

tabular methods when downstream data is limited. Finally, we present an application of deep

tabular models to improve patient-specific quality assurance in radiation oncology.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

Chapter 2: Multi-Modality Radiotherapy Optimization . . . . . . . . . . . . . . . 4

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 Multi-Modality Treatment Planning Optimization Model . . . . . . . . . . . 8

2.3 Optimization Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.4 Numerical Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

Chapter 3: Cell phone mobility data and manifold learning: Insights into population
behavior during the COVID-19 pandemic . . . . . . . . . . . . . . . . 33

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.5 Discussion and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

Chapter 4: Where do Models go Wrong? Parameter-Space Saliency Maps for Ex-
plainability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.3 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

i



4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

Chapter 5: Transfer Learning with Deep Tabular Models . . . . . . . . . . . . . . 73

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.3 Transfer Learning Setup in Tabular Domain . . . . . . . . . . . . . . . . . . 78

5.4 Results for Transfer Learning with Deep Tabular Models . . . . . . . . . . . 81

5.5 Self-Supervised Pre-training . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.6 Aligning Upstream and Downstream Feature Sets with Pseudo-Features . . . 85

5.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

Chapter 6: Improving Patient-Specific Quality Assurance: Radiotherapy Plan Fail-
ure Prediction with Deep Tabular Models . . . . . . . . . . . . . . . . 89

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

6.2 Materials and Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

6.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

Appendix A: Multi-Modality Radiotherapy Optimization . . . . . . . . . . . . . . . 122

A.1 Proximal Operator Calculation . . . . . . . . . . . . . . . . . . . . . . . . . 122

A.2 Projection Calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

Appendix B: Cell phone mobility data and manifold learning: Insights into population
behavior during the COVID-19 pandemic . . . . . . . . . . . . . . . . 126

B.1 Linear dimensionality reduction and clustering . . . . . . . . . . . . . . . . . 126

B.2 Nonlinear Dimensionality Reduction Methods . . . . . . . . . . . . . . . . . 127

B.3 Robustness of GMM fitting . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

B.4 GMM Model and Uncertainty Quantification . . . . . . . . . . . . . . . . . . 128

B.5 GMM Model Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

B.6 Altering the Number of Clusters and Continuous Colormap . . . . . . . . . . 129

B.7 Clustering in metropolitan areas: Georgia and California . . . . . . . . . . . 130

B.8 Response Speed Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . 130

ii



Appendix C: Where do Models go Wrong? Parameter-Space Saliency Maps for Ex-
plainability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

C.1 Additional Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

C.2 Implementation details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

C.3 Limitations and Impact . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

Appendix D: Transfer Learning with Deep Tabular Models . . . . . . . . . . . . . . 161

D.1 Limitations and Impact . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

D.2 Experimental Details. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

D.3 Hyperparameter Tuning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

D.4 Additional Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

Appendix E: Improving Patient-Specific Quality Assurance: Radiotherapy Plan Fail-
ure Prediction with Deep Tabular Models . . . . . . . . . . . . . . . . 182

E.1 Hyperparameter Search Spaces . . . . . . . . . . . . . . . . . . . . . . . . . 182

iii



LIST OF FIGURES

Figure Number Page

2.1 Introduction to radiation therapy. Left: Elekta medical linear accelera-
tor. Right: Percent depth dose comparison between X-rays and protons. . . 5

2.2 Craniospinal irradiation patient plans. Top: Isodose distributions with
a single posterior-anterior proton beam. Bottom: Isodose distributions with
a single posterior-anterior photon beam. Both plans are normalized to 3600
cGy at 100 %. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3 Phantom geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4 Value function optimization. Left: The surface represents V (N1, N2) com-
puted by brute force. The dots represent iterates starting from four different
initial guesses. Right: Level sets of V (N1, N2) and the iterates. . . . . . . . . 31

3.1 Data-driven analysis overview. A.) Example CBGs on the map of Wash-
ington. B.) Mobility time-series of the example CBGs. C.) Mobility time series
are aggregated in a matrix form. D.) 3D visualization of the 14D Laplacian
Eigenmaps embedding of the data with clusters highlighted in color. Large
dots represent the example CBGs. E.) Clusters plotted on the Washington
map. F.) Average mobility time-series for every cluster. . . . . . . . . . . . . 36

3.2 Results are consistent across four states. Column i. presents the 3D
Laplacian Eigenmap visualization of the data manifold. Column ii. shows
geographic maps. Column iii. presents average mobility time series for each
cluster. Clusters are highlighted in color. It is noted that clusterig was done
in 14D (optimal) embedding space. . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 Clustering in metropolitan areas. Section A: clustering in Washington,
Section B: clustering in Texas. . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.4 Distribution of stay-at-home behavior and demographic covariates
by cluster. The boxplots present the interquartile range (boxes) and median
values (center horizontal lines) of the covariate values for CBGs in each of
the five clusters. Whiskers span the 95% range. The “mean stay at home”
fraction of a CBG is the mean of the daily percent of mobile devices that
stayed completely at home during the time period analyzed. . . . . . . . . . 46

iv



3.5 Proportions of census block groups in each cluster by population
characteristics associated with geographic mobility. The fraction of a
CBG’s population associated with the characteristic is plotted on the x-axis.
CBGs are partitioned into 10 equally-spaced bins, defined by the proportion
of each CBG’s population having the characteristic in 10% increments. The
numbers of CBGs belonging to each bin are printed along the top of each
panel. The proportion of CBGs in each cluster is plotted as vertically stacked
bars for each bin (with cluster A in dark orange on the bottom through cluster
E in purple on top). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.6 Clusters in the Seattle metropolitan area. Census block group bound-
aries are outlined. CBGs belonging to clusters D and E are highlighted in
dark blue and purple, respectively. . . . . . . . . . . . . . . . . . . . . . . . . 48

3.7 The fraction of devices that are only away from their homes each
day. The medians and inter-quartile range of each day’s values are shown for
each cluster in Washington State. . . . . . . . . . . . . . . . . . . . . . . . . 50

4.1 Filter-wise parameter saliency profile. ResNet-50 filter-wise saliency pro-
file (without standardization) averaged over samples in ImageNet validation
set. The filter saliency values in each layer are sorted in descending order,
and each layer’s saliency values are concatenated. The layers are displayed
left-to-right from shallow to deep and have equal width on x-axis. . . . . . . 56

4.2 Standardized filter-wise saliency profiles, correctly vs incorrectly
classified samples. Top: Standardized saliency profiles averaged over cor-
rectly classified samples in the ImageNet validation set. Bottom: Standardized
saliency profiles averaged over incorrectly classified samples in the ImageNet
validation set. On both panels, the filter saliency values in each layer are
sorted in descending order, and each layer’s saliency values are concatenated.
The layers are displayed left-to-right from shallow to deep and have equal
width on x-axis. Both profiles are generated on ResNet-50. . . . . . . . . . . 58

4.3 Effect of turning salient filters off. (a) Change in incorrect class con-
fidence score. (b) Change in true class confidence score. (c) Percentage of
samples that were corrected as the result of pruning filters. These trends
are averaged across all images misclassified by ResNet-50 in the ImageNet
validation set. The error bars represent 95% bootstrap confidence intervals. . 60

4.4 Examples of nearest neighbors in parameter saliency space (from
ImageNet). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

v



4.5 Neighbors in parameter saliency space found using only early or
only deep layers. The reference image is in the first column. Images in
the top row resemble the reference image in the saliency on early layers of
VGG-19, and images in the bottom row are found using deeper layers. . . . 65

4.6 Effect of updating a limited number of filters. (a) Percentage of misclas-
sified samples corrected after fine-tuning. (b) Average percentage of nearest
neighbors that are also corrected after fine-tuning. (c) Average change in the
confidence score of the true class among nearest neighbors. The horizontal
dashed line in each plot is the effect of updating the entire network. . . . . . 66

4.7 Interaction between input features and salient filters. (a) Reference
image of “great white shark” misclassified by ResNet-50 as “killer whale” with
confidence scores. (b) Input-space saliency visualization. Pixels that cause the
top 10 salient filters to have high saliency. (c) Change in saliency values of
the erroneous filters across masking experiments. The vertical bars represent
the standard deviation of the change across 10 most salient filters. (d)-(f)
Masking experiments. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.8 Different types of network mistakes. All of the presented images are
misclassified by ResNet-50. The correct class label is specified in the top
row and the incorrect class label – in the bottom row of the subcaption on
each panel. (a)-(b) The target object is confused with another object in the
image. (c) A regular mistake. The salient pixels are focused on the target
object features which confuse the network. (d) Background features confuse
the network. (e) An example of a noisy label where the network is “more
correct” than the target label. These are examples where masking top 5% of
the salient pixels corrects the misclassification. . . . . . . . . . . . . . . . . . 69

5.1 Tabular transfer learning pipeline with MetaMIMIC. We pre-train
deep tabular neural networks on abundant upstream patient data with 11
diagnosis targets via multi-label classification. Then, we fine-tune the pre-
trained models on limited downstream data with similar features to predict
the new target diagnosis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

vi



5.2 Average model ranks across all downstream tasks. Deep tabular mod-
els and GBDT performance is presented on the corresponding panels. Within
each panel, columns represent transfer learning setups, and rows correspond
to the number of available downstream samples. Warmer colors indicate bet-
ter performance. FS denotes training from scratch (without pre-training on
upstream data), LH and MLP denote linear and MLP heads correspondingly,
E2E denotes end-to-end training. Rank is averaged across all downstream
tasks. FT-Transformer fine-tuned end-to-end outperforms all GBDT models,
including GBDT with stacking, at all data levels. MLP is highly competitive
in low data regimes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.3 Comparison of supervised and self-supervised pre-training strate-
gies for FT-Transformer. The left panel illustrates end-to-end fine-tuning
with linear head and the right plot illustrates end-to-end fine-tuning with
MLP head, the two most effective strategies for FT-Transformer. Within each
panel, columns represent pre-training strategies and rows correspond to the
number of available downstream samples. Warmer colors indicate better per-
formance. Contrastive pre-training outperforms from-scratch trained models,
while MLM pre-training is not effective. Supervised pre-training outperforms
all self-supervised pre-training strategies in our experiments. . . . . . . . . . 83

5.4 Pseudo-Feature method for aligning upstream and downstream fea-
ture sets. Left: Diagram illustrating strategy for handling mismatches be-
tween the upstream and downstream features. When upstream data is missing
a feature present in downstream data, it is predicted with a model pre-trained
on upstream data and fine-tuned to predict the new feature on the down-
stream data. Right top: Scenario with missing feature in the upstream data.
Comparison of ranks of FT-Transformer model trained on data with missing
feature, with pseudo-feature and with the original feature. Right bottom: Sce-
nario with missing feature in the downstream data. Comparison of ranks of
FT-Transformer model trained and fine-tuned on data with missing feature,
fine-tuned with pseudo and with original feature. In both scenarios, using
the pseudo-feature is better than training without the feature but worse than
worse than the original ground truth feature values. . . . . . . . . . . . . . 88

6.1 Patient-level ROC Curves. (a) FT-Transformer (b) CatBoost (c) XG-
Boost. The error bars represent the standard error across 5 seeds. The positive
label corresponds to plan failure. . . . . . . . . . . . . . . . . . . . . . . . . 96

vii



B.1 Linear Dimensionality Reduction Performance. Left: fraction of ex-
plained variance vs. number of PCA components for every state. Right: 3D
visualization of PCA projection of the mobility time series data for Washing-
ton State with 11 clusters highlighted in color. Clustering was done in 8D
PCA space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

B.2 Nonlinear Dimensionality Reduction Embeddings and Correspond-
ing Maps for Washington State. Top Left: Laplacian Eigenmaps, Top
Middle: Locally Linear Embedding, Top Right: Isomap. Bottom Left: Lapla-
cian Eigenmaps clustering map, Bottom Middle: Locally Linear Embedding
clustering map, Bottom Right: Isomap clustering map. . . . . . . . . . . . . 131

B.3 Optimal Embedding Dimensionality for Washington State. Left:
Laplacian Eigenmaps (optimal dimensionality 14), Middle: Locally Linear
Embedding (optimal dimensionality 12), Right: Isomap (optimal dimension-
ality 16). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

B.4 Laplacian Eigenmaps Hyperparameter Robustness. Each panel presents
a 3D Laplacian Eigenmaps embedding of Washington state mobility data for
n neighbors in {20, 30, 40, 50} respectively. . . . . . . . . . . . . . . . . . . 132

B.5 Optimal Laplacian Eigenmap Embedding Dimensionality for Every
State. Each panel presents trustworthiness vs number of Laplacian Eigenmap
components for Washington (optimal dimensionality 14), Georgia (optimal di-
mensionality 14), Texas (optimal dimensionality 14), and California (optimal
dimensionality 14 or 44) respectively. . . . . . . . . . . . . . . . . . . . . . . 132

B.6 Comparison of two trustworthiness knee points for California. Top:
Clustering results using 14D Laplacian Eigenmap embedding (3D illustration
of the embedding, geographic map and average mobility time series per cluster
with clusters highlighted in color). Bottom: Clustering results using 44D
Laplacian Eigenmap embedding (3D illustration of the embedding, geographic
map and average mobility time series per cluster with clusters highlighted in
color). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

B.7 Nonconvexity robustness. Different types of GMM clustering results ob-
tained by refitting GMM several times. . . . . . . . . . . . . . . . . . . . . 133

B.8 GMM model selection for every state based on BIC. Top: BIC curves
for different parametrizations of the GMM model as described in [179]. Bot-
tom: Optimal number of GMM components identified using knee-point de-
tection on the best BIC curve for Washington (optimal number of clusters 4),
Georgia (optimal number of clusters 5), Texas (optimal number of clusters 4),
and California (optimal number of clusters 4) respectively. . . . . . . . . . . 134

B.9 Clustering with the optimal number of clusters for every state . . . 135

viii



B.10 Bigger number of clusters results in finer partitioning of the em-
bedding. Panels present clustering for the number of clusters in {4, 5, 6, 7, 8}
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

B.11 Continuous Colormap. Smooth transition across urban, periurban, subur-
ban, and rural areas in Washington, Georgia, Texas, and California. . . . . . 136

B.12 Clustering in metropolitan areas in Georgia . . . . . . . . . . . . . . . 137

B.13 Clustering in metropolitan areas in California . . . . . . . . . . . . . 138

B.14 Response Speed Distributions. Top: The response speed is quantified by
the slope of a linear fit of the CBG mobility time series during the transition
period of March 10 – March 31, dashed line represents that linear fit for an
example CBG. Bottom: Response speed distributions for every state. . . . . 139

B.15 The fraction of devices that are only away from their homes each
day. The medians and inter-quartile range are shown for each cluster. . . . . 140

C.1 Filter-wise saliency profiles for other architectures. (a) VGG-19 saliency
profile (without standardization). (b) Inception v3 saliency profile (without
standardization). (c) DenseNet saliency profiles (without standardization). In
each panel the filter-wise saliency profile is averaged over the ImageNet val-
idation set. In every panel, the filter saliency values in each layer are sorted
in descending order, and each layer’s saliency values are concatenated. The
layers are displayed left-to-right from shallow to deep and have equal width
on x-axis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

C.2 Standardized saliency profiles averaged over correctly vs incorrectly
classified samples. (a) VGG-19 saliency profiles. (b) Inception v3 saliency
profiles. (c) DenseNet saliency profiles. In each panel, the top row presents the
standardized saliency profiles averaged over correctly classified samples and
the bottom row shows standardized saliency profiles averaged over incorrectly
classified samples. On every panel, the filter saliency values in each layer are
sorted in descending order, and each layer’s saliency values are concatenated.
The layers are displayed left-to-right from shallow to deep and have equal
width on x-axis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

C.3 Examples of nearest neighbors in the feature representation space
(from ImageNet). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

C.4 CIFAR-10 examples of nearest neighbors in parameter saliency space.
On CIFAR-10 images that cause similar filters to malfunction are often mis-
classified in a similar way. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

ix



C.5 ImageNet examples of nearest neighbors in parameter saliency space.
In every panel, the reference image is in the left column and its nearest neigh-
bors are in the right column. Panels are captioned by the true label of their
reference image. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

C.6 Effect of updating a small number of filters on VGG-19. (a) Percent-
age of samples that are corrected after fine-tuning. (b) Average percentage
of nearest neighbors that are also corrected after fine-tuning. (c) Average
change in the confidence score of the true class among nearest neighbors. The
horizontal line in each plot is the effect of updating the entire network. . . . 156

C.7 Effect of randomly perturbing filters. (a) Change in incorrect class con-
fidence score. (b) Change in true class confidence score. (c) Percentage of
samples that were corrected as the result of pruning filters. These trends
are averaged across all images misclassified by ResNet-50 in the ImageNet
validation set. The error bars represent 95% bootstrap confidence intervals. . 156

C.8 Masking non-salient parts of the image. (a) Reference image of “great
white shark” misclassified by the model as “killer whale” and the correspond-
ing confidence scores. (b) Pixels that cause the top 10 most salient filters to
have high saliency. (c) Masked (non-salient) human. (d) Masked non-salient
water region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

C.9 Sample “great white shark” images with boat and seal. The salient
region from the case study image pasted onto other “great white shark” images.157

C.10 ImageNet examples of “killer whale”. . . . . . . . . . . . . . . . . . . . 158

C.11 Pixels responsible for mistakes focused on the target object. (a)-
(b) Masking the salient pixels corrects the misclassification where masking
confusing features (e.g. dog ears or spot patterns) helps distinguish animals.
(c)-(d) Masking the salient pixels results in correct class confidence decrease,
when the salient pixels are densely focused on the target object. The correct
class label is specified in the top row and the predicted incorrect class label –
in the bottom row of the subcaption on each panel. . . . . . . . . . . . . . . 158

C.12 Comparison to GradCAM. Top row: original image. Middle row: Grad-
CAM input-space saliency map for the predicted label. Bottom row: our
input-space saliency technique which highlights pixels that drive high param-
eter saliency values of specific filters (i.e., pixels that confuse the network).
The correct class label is specified in the top row and the predicted incorrect
class label – in the bottom row of the subcaption on each panel. . . . . . . . 159

x



C.13 Comparison to GradCAM. Top row: original image. Middle row: Grad-
CAM input-space saliency map for the predicted label. Bottom row: our
input-space saliency technique which highlights pixels that drive high param-
eter saliency values of specific filters (i.e., pixels that confuse the network).
The correct class label is specified in the top row and the predicted incorrect
class label – in the bottom row of the subcaption on each panel. . . . . . . . 160

C.14 Sanity checks. (a) No randomization of ResNet-50. (b) Only stage 4 of
ResNet-50 is randomized. (c) Stages 3-4 of ResNet-50 are randomized. (d)
Stages 2-4 of ResNet-50 are randomized. (e) The entire ResNet-50 is randomized.160

D.1 Average model ranks including TabTransformer. Deep tabular models
and GBDT performance is presented on the corresponding panels. Within
each panel, columns represent transfer learning setups, and rows correspond
to the number of available downstream samples. Warmer colors indicate bet-
ter performance. FS denotes training from scratch (without pre-training on
upstream data), LH and MLP denote linear and MLP heads correspondingly,
E2E denotes end-to-end training. Rank is averaged across all downstream tasks.173

D.2 Model-wise ranks for GBDT and neural networks. Within each panel,
columns represent transfer learning setups, and rows correspond to the number
of available downstream samples. Warmer colors indicate better performance.
FS denotes training from scratch (without pre-training on upstream data),
LH and MLP denote linear and MLP heads correspondingly, E2E denotes
end-to-end training. Rank is computed across training setups for each model
and is averaged across all downstream tasks. . . . . . . . . . . . . . . . . . . 174

D.3 Average ROC-AUC improvements over Catboost baseline. Within
each panel, columns represent transfer learning setups, and rows correspond
to the number of available downstream samples. Warmer colors indicate bet-
ter performance. FS denotes training from scratch (without pre-training on
upstream data), LH and MLP denote linear and MLP heads correspondingly,
E2E denotes end-to-end training. ROC-AUC improvement is computed as
difference in ROC-AUC with Catboost model and is averaged across all down-
stream tasks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

xi



LIST OF TABLES

Table Number Page

2.1 Comparison of various radiation types. All are relative to photon ex-
ternal beam radiotherapy, which is currently the most widely used radiation
type in practice. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Constraint type and tolerance biological effect for organs-at-risk
(OAR) used in treatment planning. . . . . . . . . . . . . . . . . . . . . 25

2.3 Optimal BE improvement with various tumor doubling time. Pa-
rameters are fixed at α2 = 0.35 Gy−1, r = 1.0. . . . . . . . . . . . . . . . . . 27

2.4 Optimal BE improvement with various α2. Parameters are fixed at
r = 1, Td = 5 days. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.5 Optimal BE improvement with various r. Parameters are fixed at Td = 5
days and α2 = 0.35/Gy−1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.6 Optimal BE improvement for a range of tumor doubling times when
an extra margin to the tumor is used for M2. Parameters are fixed at
α2 = 0.35 Gy−1, r = 1.0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.7 Optimal BE improvement with various α2 when an extra margin to
the tumor is used for M2. Parameters are fixed at r = 1, Td = 5 days. . . 29

2.8 Optimal BE improvement with various r when an extra margin to
the tumor is used for M2. Parameters are fixed at Td = 5 days and
α2 = 0.35/Gy−1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.1 Number of census block groups (CBGs) in each cluster. . . . . . . . 41

6.1 Regression results. Rows correspond to models and columns correspond to
regression metrics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6.2 Classification results. Rows correspond to models and columns correspond
to classification metrics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

B.1 Quartiles of the cluster assignment uncertainty based on a GMM
with 11 clusters and the SVD with 8 modes. . . . . . . . . . . . . . . 126

B.2 Quartiles of uncertainty of the cluster assignment based on GMM
with 5 clusters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

xii



D.1 Optuna hyperparameter search space and default configuration for
FT-Transformer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

D.2 Optuna hyperparameter search space and default configuration for
ResNet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

D.3 Optuna hyperparameter search space and default configuration for
MLP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

D.4 Optuna hyperparameter search space and default configuration for
TabTransformer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

D.5 Optuna hyperparameter search space for Catboost . . . . . . . . . . 169

D.6 Optuna hyperparameter search space for XGBoost . . . . . . . . . . 169

D.7 Comparison of tuned and default configurations of GBDT models.
The table displays ranks computed pair-wise for default/tuned configurations
of XGBoost and Catboost models. . . . . . . . . . . . . . . . . . . . . . . . 170

D.8 Comparison of tuned and default configurations of deep tabular
baselines. The table displays ranks computed pair-wise for default/tuned
configurations of deep tabular neural networks. . . . . . . . . . . . . . . . . 170

D.9 Comparison of tuned and default configurations of deep tabular neu-
ral networks with transfer learning. The table displays ranks computed
pair-wise for default/tuned configurations of deep tabular models fine-tuned
with 4 different transfer-learning setups. . . . . . . . . . . . . . . . . . . . . 172

D.10 ROC-AUC scores for all models for ”Diabetes” and ”Hypertensive”
downstream tasks. FT denotes FT-Transformer, Tab denotes TabTrans-
former. The first two rows in each section correspond to training from scratch,
where FS corresponds to deep baseline architecture (tuned on subsample of
upstream data), and FS-2 shows the results for the same architecture as one
used with transfer learning. LH and MLP denote linear and MLP heads cor-
respondingly, E2E denotes end-to-end training. . . . . . . . . . . . . . . . . 176

D.11 ROC-AUC scores for all models for ”Ischematic” and ”Heart” down-
stream tasks. FT denotes FT-Transformer, Tab denotes TabTransformer.
The first two rows in each section correspond to training from scratch, where
FS corresponds to deep baseline architecture (tuned on subsample of upstream
data), and FS-2 shows the results for the same architecture as one used with
transfer learning. LH and MLP denote linear and MLP heads correspondingly,
E2E denotes end-to-end training. . . . . . . . . . . . . . . . . . . . . . . . . 177

xiii



D.12 ROC-AUC scores for all models for ”Overweight” and ”Anemia”
downstream tasks. FT denotes FT-Transformer, Tab denotes TabTrans-
former. The first two rows in each section correspond to training from scratch,
where FS corresponds to deep baseline architecture (tuned on subsample of
upstream data), and FS-2 shows the results for the same architecture as one
used with transfer learning. LH and MLP denote linear and MLP heads cor-
respondingly, E2E denotes end-to-end training. . . . . . . . . . . . . . . . . 178

D.13 ROC-AUC scores for all models for ”Respiratory” and ”Hypoten-
sion” downstream tasks. FT denotes FT-Transformer, Tab denotes Tab-
Transformer. The first two rows in each section correspond to training from
scratch, where FS corresponds to deep baseline architecture (tuned on subsam-
ple of upstream data), and FS-2 shows the results for the same architecture as
one used with transfer learning. LH and MLP denote linear and MLP heads
correspondingly, E2E denotes end-to-end training. . . . . . . . . . . . . . . 179

D.14 ROC-AUC scores for all models for ”Lipoid” and ”Atrial” down-
stream tasks. FT denotes FT-Transformer, Tab denotes TabTransformer.
The first two rows in each section correspond to training from scratch, where
FS corresponds to deep baseline architecture (tuned on subsample of upstream
data), and FS-2 shows the results for the same architecture as one used with
transfer learning. LH and MLP denote linear and MLP heads correspondingly,
E2E denotes end-to-end training. . . . . . . . . . . . . . . . . . . . . . . . . 180

D.15 ROC-AUC scores for all models for ”Purpura” and ”Alcohol” down-
stream tasks. FT denotes FT-Transformer, Tab denotes TabTransformer.
The first two rows in each section correspond to training from scratch, where
FS corresponds to deep baseline architecture (tuned on subsample of upstream
data), and FS-2 shows the results for the same architecture as one used with
transfer learning. LH and MLP denote linear and MLP heads correspondingly,
E2E denotes end-to-end training. . . . . . . . . . . . . . . . . . . . . . . . . 181

E.1 Optuna hyperparameter search space and default configuration for
FT-Transformer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

E.2 Optuna hyperparameter search space for Catboost . . . . . . . . . . 183

E.3 Optuna hyperparameter search space for XGBoost . . . . . . . . . . 183

xiv



ACKNOWLEDGMENTS

Graduate school is the time to define oneself as a scientist as it provides endless opportu-

nities for exploration, much more than any other time in one’s career. I am deeply thankful

to my advisor, Sasha Aravkin, for giving me complete academic freedom and for his guid-

ance, support, and encouragement during both my challenging and joyful times in graduate

school.

I would also like to thank my incredible mentors. I am thankful to Minsun Kim for

her mentorship, support, research guidance and a very enjoyable collaboration in radiation

oncology. I am beyond grateful to Joshua Proctor for being a wonderful mentor during my

summer internship at the Institute for Disease Modeling (IDM), for teaching me so much

and always being there for me during a pivotal time in my academic career. I owe my thanks

to Micah Goldblum and Tom Goldstein for introducing me to the world of deep learning, for

so many teaching and mentoring moments, and for an amazing collaboration. I would like

to thank Nathan Kutz for his endless encouragement and support in critical moments of my

PhD. I would like to thank Maryam Fazel for working with me on my supervisory committee

and for her valuable suggestions and interesting questions both at my general exam and my

defense.

I also owe a big thank you to my collaborators and co-authors. I am thankful for exciting

and fruitful collaborations to Dennis Chao and Edward Wenger of IDM and to the team at the

University of Maryland: Valeriia Cherepanova, Manli Shu, Eitan Borgnia, Avi Schwarzschild,

Arpit Bansal, and Furong Huang. I would also like to thank my co-authors Bayan Bruss

from Capital One and Andrew Gordon Wilson from New York University.

Big thanks to Lauren Lederer for all her help navigating the graduate school.

xv



Finally, I am thankful to my family. My PhD would not have been possible without the

support of my wife and my co-author Valeriia Cherepanova.

xvi



DEDICATION

To my family

xvii



1

Chapter 1

INTRODUCTION

Diseases and healthcare crises present big challenges for humanity. The global COVID-19

pandemic took countless lives, caused deepest economic crises, strained even the world’s most

developed healthcare systems, and changed the life of almost every person on the planet.

Other diseases also pose significant problems. According to the Centers for Disease Control

and Prevention [224], the number of new cancer diagnoses will reach 2,286,300 in 2050, almost

1.5 times more than were diagnosed in 2015, and the cancer incidence is still growing. These

challenges require constant scientific progress in many fields including applied mathematics,

machine learning and data science.

As the field of healthcare becomes increasingly data-driven, optimization and machine

learning methods provide the scientific community and practitioners with powerful tools to

extract insights from the data and use them to improve clinical practice. However, medical

applications have a set of unique challenges and opportunities. Medical data is often limited

since accumulating large amounts of patient data with labels is difficult, especially for rare

conditions or hospital-specific tasks. Additionally, the high stakes healthcare environment

requires development of reliable explainability methods to ensure the safe application of

machine learning models. On the other hand, abundant unlabelled data on the population

level provides unique opportunities to guide policy efforts in public health.

In this work we leverage these opportunities and develop methods to address the above

challenges.

We first consider applications in radiation oncology. We propose a novel optimization

framework for multi-modality radiation therapy and propose optimization methods to solve

the underlying non-convex optimization problems.
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After that, we discuss our work on leveraging unlabelled cell phone mobility data and un-

supervised manifold learning to gain insights into population behavior during the COVID-19

pandemic. We show that these insights can help guide policy efforts and non-pharmaceutical

interventions during COVID-19.

We then proceed to the methodological part of our work. With the growing use of deep

learning black-box models in medicine and other high-stakes applications, it is imperative to

develop methods to understand the decisions of neural models. To address this, we propose a

novel parameter-saliency explainability method for deep neural networks which can be used

to analyze model mistakes.

After that, we present our work on transfer learning with deep tabular models where in a

realistic medical setting we show that representation learning with neural networks provides

a definitive advantage over the traditionally dominant gradient boosted decision tree tabular

methods when downstream data is limited as is often the case in medical applications. We

also develop a method to address the tabular-specific problems arising in the settings of

transfer learning with tabular data.

Finally, we present an application of deep tabular models to improve patient-specific

quality assurance (PSQA) process in radiation oncology which a standard step in the current

clinical practice.

1.1 Organization

• Chapter 2 is devoted to the radiation oncology applications. It introduces our op-

timization framework for multi-modality treatment planning in radiation therapy of

cancer and optimization methods to solve the underlying non-convex problems.

• Chapter 3 focuses on the unsupervised data-driven analysis of population mobility

behavior during the beginning of the COVID-19 pandemic. We leverage manifold

learning and clustering to extract insights from the population-level cell phone mobility

data and explain how those insights can aid public health policymakers.
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• Chapter 4 presents our work on explainability of deep learning models. We develop a

method to compute saliency of neural network parameters and leverage it to explore

the interplay between neural network parameters, inputs and mistakes.

• Chapter 5 explores transfer learning with deep tabular models. We conduct experi-

ments in a realistic medical test bed and show that representation learning with recently

developed tabular neural networks is more powerful than traditionally leading gradi-

ent boosted tree approaches. We further compare the supervised and self-supervised

pretraining strategies and provide practical advice on transfer learning with tabular

models. Finally, we propose a pseudo-feature method for cases where the upstream

and downstream feature sets differ, a tabular-specific problem widespread in real-world

applications.

• Chapter 6 leverages the leading deep tabular models to predict the patient-specific

quality assurance failures of treatment plans in radiation therapy. The models we

develop have a direct potential to improve the current clinical practice by reducing

the need for patient rescheduling and treatment delays in cases of plan failures and

reducing the load on hospital resources.
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Chapter 2

MULTI-MODALITY RADIOTHERAPY OPTIMIZATION

This chapter is based on joint work with Minsun Kim and Aleksandr Aravkin [115].

2.1 Introduction

According to the Centers for Disease Control and Prevention [224], the number of new

cancer diagnoses will reach 2,286,300 in 2050, almost 1.5 times more than were diagnosed

in 2015 and the cancer incidence is still growing. More than half of all cancer patients go

through radiotherapy in the course of their cancer treatment. Radiotherapy utilizes ionizing

radiation to kill cancer cells and is used as the primary treatment modality for certain cases

or as a secondary modality before or after other treatment modalities such as surgery and

chemotherapy. Although radiation kills cancer cells, it also damages normal tissue that is on

its path. Therefore, the goal of radiotherapy is to maximize the differential in the damages

between the tumor and normal tissue.

External beam radiation therapy (EBRT) is a non-invasive type of radiotherapy, where

the radiation generated by linear accelerators or cyclotrons is targeted at the tumor from

outside the patient’s body. The left panel of Figure 2.1 shows a linear accelerator that

produces X-rays and electrons to treat the patient lying on the table. There are currently

multiple radiation types used in EBRT. The most widely used radiation type is photons (X-

rays) and the therapeutic effect of photons on the tumor and normal tissue is well-established

due to their long history of use. However, there are emerging interests in the EBRT using

heavy charged particles such as protons and carbon ions due to their unique dosimetric and

biological characteristics. For example, the right panel of Figure 2.1 shows the percent depth

dose (PDD) of photons and protons. Unlike photons, which deposit the maximum dose near
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Figure 2.1: Introduction to radiation therapy. Left: Elekta medical linear accelerator1.
Right: Percent depth dose comparison between X-rays and protons.

the patient’s surface, typically within 3 cm from the beam entrance for photons with the

energy of less than 18 MV used in clinical practice, protons deposit the maximum dose at

the end of their range. Since the range of protons is dependent on their energy, we can

theoretically aim to deposit a large amount of dose in the tumor, leaving the normal tissue

behind it almost no dose by adjusting the energy of the particles. This superior dosimetric

effect of heavy charged particles compared to conventional photons can be easily seen in the

isodose distributions in Figure 2.2 for a patient with craniospinal irradiation. The patient

treated with protons (Figure 2.2, top panel) receives much less dose to the normal tissue

outside the target area (whole brain and spinal cord) compared to the patient treated with

photons (Figure 2.2, bottom panel).

On the other hand, certain radiation types such as neutrons or carbon ions have superior

biological effects compared to photons as quantified by relative biological effectiveness. Rel-

ative biological effectiveness (RBE) is defined as the ratio of the absorbed dose of a reference

radiation type (often photons) and another radiation type, which kills the same number of

1image source: www.elekta.com

www.elekta.com
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Figure 2.2: Craniospinal irradiation patient plans. Top: Isodose distributions with a
single posterior-anterior proton beam. Bottom: Isodose distributions with a single posterior-
anterior photon beam. Both plans are normalized to 3600 cGy at 100 %.

cells. For example, the RBE of neutrons is defined as DX/Dn, where DX and Dn are the

dose that kills the same number of cells using photons and neutrons respectively. Therefore,

a radiation type with a higher RBE kills more cells than photons given the same physical

dose (absorbed energy per unit mass). By definition, RBE is dependent on the radiation

type, tissue type (what type of cells is considered in computing RBE), and the environment

conditions such as the level of oxygen [77]. For example, fast neutrons used for radiotherapy

have an RBE of 2-5 [22, 217] and it is particularly high in a hypoxic condition such as in the

tumor. It is noteworthy that radiation with a higher RBE implies that it damages both tu-

mor and normal tissue more than conventional photons but the differential is not uniformly

scaled throughout various tissue types. Therefore, there is an opportunity to exploit the

differential to maximize the therapeutic effect. The summary of radiation types currently

used in practice worldwide and their dosimetric and biological effect relative to conventional

photons is presented in Table 2.1.

Due to the unique dosimetric and biological effect of each radiation type, and practical
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Table 2.1: Comparison of various radiation types. All are relative to photon external
beam radiotherapy, which is currently the most widely used radiation type in practice.

Radiation Type Dosimetric effect Biological damage Cost [156]
Protons Superior Similar 3-4 times more

Neutrons Similar Superior Similar
Carbon ions Superior Superior 5-6 times more

considerations, there is no single modality that is superior to others in all aspects. Fur-

thermore, it is not obvious which radiation type is optimal for a specific patient. Current

efforts to determine an optimal radiation type or combination of radiation types are mostly

empirical and largely depend on clinical intuitions [249, 76, 34, 214]. There were some re-

cent efforts to systematically optimize proton and photon treatments combined. Nourollahi,

Ghate, and Kim studied a simplified scenario, where the dose from two different radiation

types was expressed in a scalar form, and proposed a mathematical framework to find an

optimal fractionation for each radiation modality [146], as well as its robust counter part in

[147]. Unkelbach et al. minimized the mean biologically effective dose (BED) of organs-at-

risk while prescribing a fixed BED to the tumor with fixed fractionation for both protons and

photons [211]. Gao et al. studied the hybrid proton-photon inverse planning optimization

in [67], where they also optimized the dose distribution from both modalities using a fixed

prescription dose to the tumor and fixed fractionation schedules. Eikelder et al. studied the

fluence map and fractionation schedule optimization of proton and photon combined using

a sparing factor [52]. The sparing factor idea in the fractionation schedule optimization

is explained in detail in [168] with a single modality case. In summary, the relative dose

of OAR in each voxel is fixed as a fraction of the tumor dose through a sparing factor.

Eikelder et al. took a heuristic approach to proton-photon modality fractionation optimiza-

tion problem, where the maximum feasible BED to the tumor was computed for all possible

combinations of fractions for each modality to find an optimal fractionation schedule. In

particular, their approach separates the fractionation schedule optimization from the fluence
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map optimization because the sparing factors are not optimization variables.

The purpose of this chapter is to:

1. Set up a full-scale rigorous mathematical framework to simultaneously optimize fluence

maps and fractionation schedules for two or more radiation modalities. In other words,

we seek the solutions to the problem, which exploit the full flexibility of treatment

parameters.

2. Develop an efficient optimization algorithm to solve the underlying non-convex con-

strained optimization problem to find optimal fractionation and corresponding optimal

fluence maps for each modality.

3. Test the feasibility and clinical relevance of the proposed framework on a small-scale

phantom, where clinical intuition can be used to validate the results of the numerical

simulation.

2.2 Multi-Modality Treatment Planning Optimization Model

We start by developing an optimization formulation for the radiation treatment planning

problem using M radiation modalities. Consider optimizing the dose distributions using

M modalities, where each modality m delivers Nm fractions (m = 1, 2, · · · ,M). Biological

effect (BE) based on the linear-quadratic (LQ) cell-survival model is widely used in radiation

oncology to characterize the effect of the physical dose (the energy absorbed per unit mass)

combined with the fractionation effect [77]. We use BE to compare the effect of two different

fractionation schedules on cell-killing since the same total (physical) dose could lead to a

different biological outcome depending on the fractionation schedule.

BE of delivering dose dm to the tumor in Nm fractions for a single radiation modality m

is given by

BEm = Nmα
T
mdm + Nmβ

T
md

2
m − τ(Nm), (2.1)
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where αm and βm are radiation modality and tissue-specific radiobiological parameters in

the LQ model and τ(Nm) is the tumor proliferation term which only depends on the total

duration of the treatment. The dose distribution dm is the image of fluence map um under the

dose mapping. We use a linear dose mapping for the dose calculation, so that dm = Amum,

where Am is the dose deposition matrix of modality m.

Using BE in the multi-modality setting with M radiation modalities and Nm fractions

for each modality, the problem could be formulated as follows:

Maximize the total tumor BE (the sum of BEs across all modalities and across all tumor

voxels) while keeping each organ-at-risk (OAR) total BEs under tolerance.

OAR constraint types considered in this chapter are mean dose constraints and maximum

dose constraints, which are common in practice for parallel2 and serial3 normal tissue types

respectively. Another common constraint type for OAR in practice is dose-volume (DV) con-

straints, which specify a critical volume of OAR that must receive less than a certain critical

dose value. DV constraints can be handled using the constraint generation method, where

the initial optimization is done without DV constraints and then the maximum constraints

are applied to specific voxels in the subsequent optimization if DV constraints are violated

in the first optimization [100, 168, 169].

2.2.1 Notation

We use the following notation to describe the proposed model:

• M : total number of radiation modalities

• um: fluence map (beamlet intensities) for modality m

• Nm: number of fractions for modality m

2The organ remains functional when part of it is damaged by radiation.

3If any part of an organ is damaged, the organ becomes no longer functional.
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• Tm: tumor dose deposition matrix for modality m such that Tmum gives the dose

distribution delivered to the tumor using a fluence map um

• Tm(j): j-th row of matrix Tm

• H i
m: i-th OAR dose coefficient matrix for modality m

• H i
m(j): j-th row of matrix H i

m

• n: number of OARs

• l: number of voxels in the tumor

• J0: voxel index set for the tumor (so |J0| = l)

• Ji: voxel index set for the i-th OAR, i = 1, 2, · · · , n

• Imean: index set of OARs with mean-dose constraint

• Imax: index set of OARs with max-dose constraint

• αm, βm: vectors of the linear and quadratic radiobiological coefficients in the tumor

BE for modality m;αm, βm ∈ R|J0|
++

• γi
m, δim: vectors of the linear and quadratic radiobiological coefficients in the i-th OAR

BE for modality m; γm, δm ∈ R|Ji|
++

• αm(j), βm(j), γi
m(j), δim(j): j-th element of the corresponding vector

• Ci
mean: tolerance BE for the i-th OAR with a mean dose constraint

• Ci
max: tolerance BE for the i-th OAR with a maximum dose constraint
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2.2.2 Optimization Framework

We now formulate the fully general multi-modality radiotherapy framework: M radiation

modalities with Nm fractions for the m-th modality. We denote tumor dose coefficient

matrices which map beamlet intensities um to the dose distribution for each modality by Tm,

and OAR dose coefficient matrices that map um to the dose distribution delivered to the i-th

OAR by H i
m. Our objective is to maximize the total tumor BE, subject to the mean and

max constraints on the OAR BEs:

(P0) max
{um, Nm}Mm=1

M∑
m=1

∑
j∈J0

Nmαm(j)(Tm(j)um) + Nmβm(j)(Tm(j)um)2 − τ(Nm)

(P0.1)

s.t.

M∑
m=1

∑
j∈Ji

Nmγ
i
m(j)(H i

m(j)um) + Nmδ
i
m(j)(H i

m(j)um)2 ≤ Ci
mean, ∀i ∈ Imean,

(P0.2)

max
j∈Ji

{
M∑

m=1

Nmγ
i
m(j)(H i

m(j)um) + Nmδ
i
m(j)(H i

m(j)um)2

}
≤ Ci

max, ∀i ∈ Imax,

(P0.3)

1 ≤
M∑

m=1

Nm ≤ Nmax, (P0.4)

Nm ∈ Z≥0, m = 1, . . . ,M,

(P0.5)

um ⪰ 0, m = 1, . . . ,M

(P0.6)

This problem is a non-convex mixed integer program. We tackle this problem by devising
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a bilevel optimization algorithm where in the upper level we relax integrality constraints and

optimize the fractionation schedule over {Nm}Mm=1 using the optimal fluence map {um}Mm=1

obtained from the lower level for a given fractionation schedule. The details of the algorithms

are presented in the following section.

2.3 Optimization Algorithm

In this section we develop a bilevel optimization algorithm to solve Problem (P0). The upper

level optimizing over fractionation schedules ({Nm}Mm=1) is detailed in Section 2.3.1 and the

lower level approach (used as a subroutine in the upper level) to compute the optimal fluence

map ({u∗
m}Mm=1) for fixed {Nm}Mm=1 is presented in Section 2.3.2.

2.3.1 Upper Level: Fractionation Schedule Optimization

In the upper level, we optimize the number of fractions of each modality. We first convert the

maximization problem in Problem (P0) to a minimization problem. The tumor proliferation

term in Equations (2.1) and (P0.1) depends on the total treatment duration,
∑M

m=1Nm.

Assuming that there is no tumor lagging time4, the tumor proliferation term can be defined

as

τ(N) =
ln 2

(∑M
m=1Nm − 1

)
l

Td

, (2.3)

where Td is the tumor doubling time5 [77]. Using (2.3), we can rewrite (P0) as follows:

4time it takes for the tumor to start proliferation after the treatment starts

5time it takes for the tumor to double in the number of cells
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(P1) min
{um, Nm}Mm=1

M∑
m=1

Nm

{
−αm

TTium − (Tmum)Tdiag(βm)(Tmum)
}

+ τ(N) (P1.1)

s.t.

M∑
m=1

Nm

{
γi
m

T
H i

mum + (H i
mum)Tdiag(δim)(H i

mum)
}
≤ Ci

mean, ∀i ∈ Imean,

(P1.2)

max
j∈Ji

{
M∑

m=1

Nmγ
i
m(j)(H i

m(j)um) + Nmδ
i
m(j)(H i

m(j)um)2

}
≤ Ci

max, ∀i ∈ Imax,

(P1.3)

1 ≤
M∑

m=1

Nm ≤ Nmax, (P1.4)

Nm ∈ Z≥0, m = 1, . . . ,M,

(P1.5)

um ⪰ 0, m = 1, . . . ,M

(P1.6)

where l is the total number of voxels in the tumor. Let F ({um}Mm=1, {Nm}Mm=1) denote the

objective function in (P1.1). To solve the problem, we relax integrality constraints and solve

the continuous optimization problem.

(P2) min
N1, · · · , NM

V (N1, · · · , NM) (P2.1)

s.t.

1 ≤
M∑

m=1

Nm ≤ Nmax, (P2.2)

Nm ≥ 0, m = 1, . . . ,M, (P2.3)



14

where V (N1, . . . , NM) is the value function of {Nm}Mm=1 defined by

V (N1, . . . , NM) := F ({u∗
m(N1, . . . , NM)}Mm=1, N1, . . . , NM) (2.6)

where each u∗
m(N1, . . . , Nm) is the optimal fluence map solution for fixed (N1, . . . , Nm):

{u∗
m(N1, . . . , NM)}Mm=1 = arg min

u
(P1(N1, . . . , NM)). (2.7)

Every evaluation of the value function V requires solving an optimization problem in the

fluence maps (Equation (2.7)), and this is done using the lower level soluton approach dis-

cussed in Section 2.3.2. Problem (P2) has a nonlinear nonconvex objective with simple linear

inequality constraints, and we solve it using a trust region method [39] for constrained op-

timization as implemented in Python package, SciPy [213]. The solution of (P2) is rounded

to the nearest integers, N∗
f in a post-processing step. Once we have an integral N∗

f , we also

update fluence maps u∗
f = arg minu(P1(N∗

f )) to ensure that the optimality and feasibility

are enforced for the integer solutions. The upper level solution approach is described in

Algorithm 1. Since the problem is nonconvex, we repeat Algorithm 1 for multiple initial

guesses of {N (0)
m } and the best solution is chosen as the final optimal solution.

Algorithm 1 {Nm} Fractionation Schedule Optimization

1: Input: u(0), N
(0)
1 , . . . , N

(0)
M

2: function ObjectiveFun(u,N1, . . . , NM)

3: return
∑M

i=1 Ni(αi
TTiui − (Tiui)

Tdiag(βi)(Tiui)) + l
(∑M

j=1 Nj − 1
)

ln 2/Td.

4: function ValueFun(N1, . . . , NM) ▷ Define the value function to optimize
5: u∗

N ←LowerLevelSolver(u(0), N1, . . . , NM)
6: return ObjectiveFun(u∗

N , N1, . . . , NM)

7: N∗
1 , . . . , N

∗
M ← TrustRegionConstr(ValueFun, N

(0)
1 , . . . , N

(0)
M ,

∑M
j=1Nj ≤ 25,

{Nj ≥ 0}M1 )
8: u∗ ← LowerLevelSolver(u(0), [N∗

1 ], . . . , [N∗
M ])

9: Output: u∗, N∗
1 , . . . , N

∗
M
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2.3.2 Lower Level: Fluence Map Optimization for Fixed Fractionation

In this section, we describe the lower level solution required to compute (2.7) for a given

fractionation schedule. The tumor proliferation term is independent of um and does not affect

the problem for fixed Nm. Next, every maximum dose constraint in (P1.3) can be viewed as

a mean dose constraint applied to every single voxel of a given OAR, essentially treating each

of those voxels as a mean-dose OAR in its own right. The dose mapping matrices for those

”new OARs” are comprised of the corresponding rows of the original OAR dose mapping

matrices. Let us specify the dose mapping and BE coefficient matrices in terms of these new

OARs. First, noting that all the voxel index sets J1, . . . , Jn are disjoint, define the index set

of all OAR voxels with maximum dose constraints as follows:

Ĩmax = {i = (j, k)|k ∈ Imax, j ∈ Jk}. (2.8)

Ĩmax is the index set of our new ”mean-dose OARs”. Now, for every OAR i = (j, k) ∈ Ĩmax,

define the corresponding dose coefficient matrix for modality m as Hk
m(j) (in fact, this

would be a row-vector) and arrange M dose coefficient matrices into a single block-diagonal

generalized dose matrix H i for the OAR i. Stack the corresponding linear BE coefficients into

vectors and include the fixed Nm to obtain the following generalized linear BE coefficients:

H i =


Hk

1 (j)

Hk
2 (j)

. . .

Hk
M(j)

 , γ̃i =


N1γ

k
1 (j)

N2γ
k
2 (j)
...

NMγk
M(j)

 . (2.9)

Similarly, for every OAR i ∈ Imean arrange the dose matrices of each modality into block-

diagonal generalized dose matrices and stack the linear BE coefficients into large generalized

linear BE coefficient vectors, do the same for the tumor dose matrices and BE coefficients
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getting:

H i =


Hk

1

Hk
2

. . .

Hk
M

 , γ̃i =


N1γ

k
1

N2γ
k
2

...

NMγk
M

 , T =


T1

T2

. . .

TM

 , α̃ =


−N1α1

−N2α2

...

−NMαM

 .

(2.10)

Rearranging the sums in equations (P0.1) and (P0.2) of the Problem (P0) and rewriting the

max-dose constraints (P0.3) in terms of the new one-voxel mean-dose-constrained OARs, we

reformulate the Problem (P0) for fixed {Nm}Mm=1 as follows:

min
u

α̃T (Tu)− (Tu)TB(Tu)

s.t.

γ̃i
T
H iu + (H iu)TDi(H iu) ≤ Ci

mean, ∀i ∈ Imean,

γ̃i
T
H iu + (H iu)TDi(H iu) ≤ Ci

max, ∀i ∈ Ĩmax,

u ⪰ 0.

where

u =


u1

u2

...

uM

 , B =


N1diag(β1)

N2diag(β2)
. . .

NMdiag(βM)

 ,

and

Di =


N1diag(δi1)

N2diag(δi2)
. . .

NMdiag(δiM)

 ∀i ∈ Imean,
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Di =


N1δ

k
1(j)

N2δ
k
2(j)

. . .

NMδkM(j)

 ∀i = (j, k) ∈ Ĩmax.

Here, diag(v) denotes the diagonal matrix formed from a vector v, and the matrix B is

block-diagonal with blocks Nmdiag(βm). Likewise, the matrices Di for i ∈ Imean are block-

diagonal with blocks Nmdiag(δim). Finally, Di for i ∈ Ĩmax corresponding to the one-voxel

mean-dose-constrained OARs are diagonal M×M matrices. For notation brevity, we denote

the quadratic form with the matrix B as

f(x) := xTBx.

We now restate the optimization formulation for the fixed {Nm}Mm=1:

(P3) min
u

α̃T (Tu)− f(Tu) (P3.1)

s.t.

γ̃i
T
H iu + (H iu)TDi(H iu) ≤ Ci

mean, ∀i ∈ Imean, (P3.2)

γ̃i
T
H iu + (H iu)TDi(H iu) ≤ Ci

max, ∀i ∈ Ĩmax, (P3.3)

u ⪰ 0. (P3.4)

Non-Convex Relaxation

(P3) is a non-convex constrained optimization problem since we are minimizing a concave

objective over a convex set. To approach this problem, we follow the ideas of [245] and

introduce auxiliary variables, w0 and wi with i = 1, 2, · · · , ñ, which gives us a more tractable
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relaxed problem:

(P4) min
u,w0, {wi}ñi=1

α̃Tw0 − f(w0) +
1

2η0
∥w0 − Tu∥2 +

ñ∑
i=1

1

2ηi
∥wi −H iu∥2 (P4.1)

s.t.

γ̃Twi + wT
i D

iwi ≤ Ci
mean, ∀i ∈ Imean, (P4.2)

γ̃Twi + wT
i D

iwi ≤ Ci
max, ∀i ∈ Ĩmax, (P4.3)

u ⪰ 0. (P4.4)

where ñ = |Imean|+ |Ĩmax|. The norm penalties force w0 and wi to be close to Tu and H iu.

The parameters η0 and ηi control the degree of closeness, and, as η0, η1, . . . , ηñ go to zero,

we recover (P3) from (P4). We develop an automatic approach to select these parameters

in Section 2.3.2. By design, the auxiliary variables wi always meet the original mean or

maximum BE constraints for every OAR.

To solve (P4), we use block-coordinate descent and iteratively update u,w0, and wis. We

now describe each update in detail.

Update w0, wi

For fixed u, the problem we solve is given by

(P5) min
w0, {wi}ñi=1

α̃Tw0 − f(w0) +
1

2η0
∥w0 − Tu∥2 +

ñ∑
i=1

1

2ηi
∥wi −H iu∥2 (P5.1)

s.t.

γ̃Twi + wT
i D

iwi ≤ Ci
mean, ∀i ∈ Imean, (P5.2)

γ̃Twi + wT
i D

iwi ≤ Ci
max, ∀i ∈ Ĩmax (P5.3)
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This problem is decoupled in w0 and wis and is therefore equivalent to solving for w0 and

wi separately. For w0, dropping the constant terms, we have

min
w0

αTw0 − f(w0) +
1

2η0
∥w0 − Tu∥2, (2.15)

which is equivalent to

min
w0

−f(w0) +
1

2η0
∥w0 − (Tu− η0α̃)∥2. (2.16)

The solution of this minimization step for w0 can be written compactly as

w+
0 = prox−η0f (Tu− η0α̃), (2.17)

where the proximal operator, or prox, is defined by

prox−η0f (y) = arg min
x

{
−f(x) +

1

2η0
∥x− y∥2

}
. (2.18)

Equation (2.17) gives us the update w+
0 for w0. The proximal operator always exists for

closed convex functions, but care must be taken in the nonconvex case, and in particular for

the concave −f(x). By analyzing the problem, we find the range of values η0 for which the

proximal operator is well-defined (see Appendix A.1):

(prox−η0f (y))j =


∞, maxi(Bii − 1

2η0
) > 0 & j = arg maxi(Bii − 1

2η0
)

0, maxi(Bii − 1
2η0

) > 0 & j ̸= arg maxi(Bii − 1
2η0

)

1
η0
yj/(−2Bjj + 1

η0
), maxi(Bii − 1

2η0
) ≤ 0.

(2.19)

In order for prox−η0f to be well-defined, we must have maxi(Bii− 1
2η0

) ≤ 0. This assumption

forces a lower limit on the penalty parameter, making sure problems (P3) and (P4) are close,

and gives us a starting point for the parameter selection process discussed in Section 2.3.2.
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Next, we consider the optimization problem with respect to each wi keeping only those

terms that depend on wi. We have ñ number of problems with the same structure:

(P6) min
wi

∥wi −H iu∥2 (P6.1)

s.t.

γ̃Twi + wT
i D

iwi ≤ Ci
mean/max, ∀i ∈ Imean/Ĩmax (P6.2)

The solution of this problem is the projection of H iu onto the convex set Ωi = {wi :

γ̃Twi + wT
i Dwi ≤ Ci

mean/max}. The solution method to find the projection

projΩi
(v) = arg minw∈Ωi

∥w − v∥2

is presented in Appendix A.2. Projection onto a closed convex set is a special case of the

prox operator, and is always well-defined and single-valued.

Update u

We now consider the subproblem for u for fixed w0 and wis. Dropping the constant terms,

we have:

min
u⪰0

1

2η0
∥w0 − Tu∥2 +

ñ∑
i=1

1

2ηi
∥wi −H iu∥2 (2.21)

This is a non-negative least squares problem, which we solve using the Fast Non-Negative

Least Squares algorithm [23]. Algorithm 2 summarizes all updates of this block-coordinate

descent algorithm. There is only one block (with respect to w0) that does not necessarily

have a unique minimum, and so Algorithm 2 converges to a stationary point by the results

of [207].
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Algorithm 2 Fluence Map Optimization with Fixed Parameters and Fractions

1: Input: u(0), η0, η1, . . . , ηñ, N1, . . . , NM

2: function LowerLevelFixedParams(u(0), η0, η1, . . . , ηñ, N1, . . . , NM , Imean, Ĩmax)
3: Initialize: k = 0

4: α̃ :=

 −N1α1
−N2α2

...
−NMαM

 , B :=

N1diag(β1)

N2diag(β2)

...
NMdiag(βM )


5: for i = 1, . . . , ñ do

6: γ̃i :=

 N1γi
1

N2γi
2

...
NMγi

M

 , Di :=

N1diag(δi1)

N2diag(δi2)

...
NMdiag(δiM )


7: while not converged do
8: k ← k + 1
9: w

(k)
0 ← prox−η0f (Tu− η0α̃)

10: for i ∈ Imean do
11: Ωi = {wi : (γ̃i)Twi + wT

i D
iwi ≤ Ci

mean}
12: w

(k)
i ← projΩi

(H iu)

13: for i ∈ Ĩmax do
14: Ωi = {wi : (γ̃i)Twi + wT

i D
iwi ≤ Ci

max}
15: w

(k)
i ← projΩi

(H iu)

16: u(k) ← arg minu⪰0
1

2η0
∥w(k)

0 − Tu∥2 +
∑ñ

i=1
1
2ηi
∥w(k)

i −H iu∥2

17: u∗ ← u(k)

18: return u∗

19: Output: u∗
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Automated Parameter Selection

The relaxed problem (P4) uses multiple parameters: η0 and {ηi}ñi=1. The auxiliary variable w0

corresponds to the tumor and wi corresponds to the i-th OAR with ñ number of OARs in the

problem (including the introduced one-voxel maximum-dose-constraint OARs). Decreasing

η0 enforces the optimality of the solution (i.e. maximizes the tumor BE) because Tu is forced

to be closer to w0, while decreasing ηi increases the penalty corresponding to the i-th OAR

constraint and thus enforces the feasibility of our solution making H iu closer to wi. The

existence of the proximal operator of the function (−f) imposes an upper bound on η0:

η0 ≤
1

2 maxi Bii

. (2.22)

That is, the optimality penalty 1
2η0

should be big enough for the proximal operator to exist.

This gives us an initial value for the parameter selection procedure. Combining these ideas,

we develop an algorithm for the automated selection of the parameters ηi:

1. Start η0 from the threshold in Equation (2.22). Initialize {ηi}ñi=1 with the same value.

Find the solution u.

2. Check if any OAR constraints are violated by u found in Step 1.

3. Enforce feasibility: If there are any violated constraints, decrease ηi by setting η+i =

∆ηηi with ∆η < 1 and solve for new u+. Repeat steps 2-3 until all OAR constraints

are satisfied.

4. Enforce optimality, that is, decrease η0 by setting η+0 = ∆ηη0 and resolve for u+ until

u+ fails to satisfy any constraint within the required tolerance for the OAR constraint.

Algorithm 3 summarizes the lower-level optimization solution algorithms including the

automated parameter selection with the fixed fractionation schedule N1, . . . , NM .
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Algorithm 3 Lower Level Optimization with Automated Parameter Selection (fixed frac-
tions)

1: Input: u(0), N1, . . . , NM

2: function LowerLevelSolver(u(0), N1, . . . , NM)
3: Initialize: η0 = η1 = · · · = 1

2maxi Bii

4: u← LowerLevelFixedParams(u(0), η0, η1, . . . , ηñ)
5: while there exists a violated constraint do
6: for i in the violated constraints index set do
7: ηi ← ηi ·∆η ▷ Decrease ηi, enforce feasibility
8: u← LowerLevelFixedParams(u(0), η0, η1, . . . , ηñ)

9: while there is no violated constraints do
10: η0 ← η0 ·∆η ▷ Decrease η0, enforce optimality
11: u← LowerLevelFixedParams(u(0), η0, η1, . . . , ηñ)

12: u∗ ← u
13: return u∗

14: Output: u∗

2.4 Numerical Simulations

We apply the proposed framework with two different radiation modalities, M1 and M2, to

the 2D phantom geometry shown in Figure 2.3. Since photons are currently the most widely

used radiation modality in practice, we investigate the impact of combining photons (M1)

with a second modality (M2), which has distinctive dosimetric characteristics as shown in

Figure 2.2. In Section 2.4.1, we explain treatment planning and evaluation. Our framework

is applicable to an arbitrary combination of different modalities with unique dosimetric and

biological characteristics, but to build intuition for the proposal we investigate the impact of

the difference between two modalities on the optimal BE in simple stages. In Section 2.4.2,

we consider the simple scenario of combining M1 with M2 that has a dosimetric difference

only, i.e. all radiobiological parameters between M1 and M2 are identical but the dose

mapping matrices are different, i.e., T1 ̸= T2 and H i
1 ̸= H i

2. In Section 2.4.3, we also add

a radiobiological difference between M1 and M2. We vary the tumor’s linear coefficients

in the LQ model for M2 (α2) and then vary the differential in the damage done by M2
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between the tumor and OARs (r). Finally, in Section 2.4.5, we present the performance of

the optimal fractionation algorithm by comparing it to the true solution found using the

brute-force technique, where all possible combinations of (N1, N2) are individually used to

find an optimal solution.

In all studies, we compute the initial guess, u0 in Algorithm 1, to give a uniform dose of

70 Gy to the tumor without any OAR constraints, which is commonly used in practice for

head-and-neck tumors. The codes for our numerical simulations are available upon request.

2.4.1 Phantom Geometry and Treatment Planning

The 2D phantom geometry in Figure 2.3 reflects a head-and-neck tumor surrounded by the

spinal cord, right parotid, and left parotid glands. The unspecified tissue 1 cm inside of the

external contour represents the skin of the patient. Adding a constraint for the unspecified

tissue in the optimization ensures that the dose outside the tumor and OAR does not exceed

the tolerance level.

The dose mapping matrices for the first modality (T1, H
i
1) were computed using the Elekta

linear accelerator with 6 MV photons at the University of Washington. Radiation dose using

M1 is assumed to be delivered using seven equally spaced beams, i.e. gantry angles of 0◦, 51◦,

103◦, 153◦, 206◦, 257◦, and 309◦. The number of beamlets used is 195. The dose mapping

matrices for the second modality (T2, H
i
2) were computed using the proton beams with 250

MeV at the Seattle Cancer Care Alliance Proton Therapy Center with 40 spot positions

within the tumor. The radiation dose using M2 is assumed to be delivered in one beam

(gantry angle of 0◦) as is often done in the proton therapy practice. We assume that the

maximum number of fractions allowed is 25 fractions (i.e. Nmax = 25).

Normal tissue tolerance BE and the radiobiological parameters used in computing BE

were obtained from published literature using photons and conventional fractionation sched-

ules [136]. The α1/β1 ratio is 10 Gy for the tumor with reference modality M1. The γ1/δ1

ratio is 2 Gy for the cord and unspecified tissue, and 5 Gy for the right and left parotid

glands with M1. The linear coefficients α1 and γ1 of the LQ model are all assumed to be



25

-15 -10 -5 0 5 10 15

(cm)

-15

-10

-5

0

5

10

15

(c
m

)

2D Phantom Geometry

Tumor

Cord

R Parotid

L Parotid

External
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0.35 Gy−1 for M1. The tolerance BE for all OARs used is summarized in Table 2.2.

Table 2.2: Constraint type and tolerance biological effect for organs-at-risk (OAR)
used in treatment planning.

Constraint type δ1/γ1 Tolerance BE
Cord Maximum dose 2 Gy 35

Right Parotid Mean dose 5 Gy 12
Left Parotid Mean dose 5 Gy 12

Unspecified tissue Maximum dose 2 Gy 13.125

We introduce a relative damage factor of r = δ2/α2 for M2 to capture the relative effect of

M2 on the tumor and OAR. When a modality has a larger biological effect on the tumor, it

also damages OAR more. However, the magnitude of the damage depends on tissue type, cell

cycles, and other conditions. Therefore, r is used to capture the differential in the damage

between the tumor and OAR by M2. As r increases, the damage to OAR is relatively greater

than the damage to the tumor, making M2 clinically undesirable. We used r ∈ {0.5, 1.0, 1.5}.
The evaluation of the proposed framework is performed using percentage improvement
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in BE compared to BE obtained from two other methods with a single modality: (1) a

conventional treatment course and (2) a single modality treatment course with an optimal

fractionation schedule.

Denote by Tconv the conventional treatment course with fixed 25 fractions using photons

only, i.e., N1 = 25 fixed. Denote by Tsingle the treatment course with a single modality with

photons and an optimal number of fractions N †
1 . Then the percentage improvement of the

objective function value (= BE) using the optimal double-modality treatment course T ∗ with

(N∗
1 , N

∗
2 ), where 1 ≤ N∗

1 + N∗
2 ≤ 25, is given by

• Relative to a conventional course Tconv with N1 = 25 fixed

pObjconv =
BE using T ∗

BE using Tconv

× 100%.

• Relative to a single modality course Tsingle with the optimal N∗
1

pObjsingle =
BE using T ∗

BE using Tsingle

× 100%.

2.4.2 Dosimetric Difference

In this section, we investigate the scenario where the only difference between M1 and M2 is

the dose mapping matrices for the tumor and OAR. All other radiobiological parameters are

set to be the same for the two modalities. The tumor doubling time, Td, is varied between

2 and 100 days, that is, Td ∈ {2, 5, 20, 50, 100}. The percentage improvement in the optimal

BE with T ∗ ranges between 105.7 % and 107.9 % compared to Tsingle, and between 107.7 %

and 122.9 % compared to Tconv depending on Td. The optimal number of fractions increases

as Td increases, which agrees with clinical intuition. Slowly growing tumors (i.e. larger

Td) benefit from a long treatment course to reduce the long-term normal tissue side effect

since normal tissues have better capability to recover from radiation damage than a tumor

between fractions [77]. The additional improvement seen in pObjconv compared to pObjsingle
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implies that the benefit of using T ∗ comes from both using optimal fractionation schedule

and multiple modalities. However, for a tumor with a large Td, there is no benefit of using

two modalities compared to a single modality with an optimal fractionation schedule. The

complete results are shown in Table 2.3.

Table 2.3: Optimal BE improvement with various tumor doubling time. Parameters
are fixed at α2 = 0.35 Gy−1, r = 1.0.

Td(days) Dual modality (N∗
1 , N

∗
2 ) Single modality (N †

1) pObjsingle(%) pObjconv(%)

2 (2, 2) 2 105.7 122.9
5 (6, 6) 6 106.8 110.0
10 (13, 12) 13 107.9 108.2
50 (12, 12) 25 107.8 107.8
100 (12, 12) 25 107.8 107.8

2.4.3 Radiobiological Difference

In this section we present the results when M2 has a radiobiological difference from M1 in

addition to the dosimetric difference. First, we increase the linear coefficients in the LQ

model, which means that M2 kills more cells than M1. We used α2 ∈ {0.35, 0.55, 0.75} with

r fixed at 1. The percentage improvement in BE with T ∗ ranges between 106.6 % and 107.2%

compared to the single modality course with optimal fractionation Tsingle and between 109.6

% and 110.2 % compared to the conventional treatment course Tconv with 25 fractions. There

is no significant difference in the results using different α2 values, and therefore the benefit

of using M2 is not clear. This is likely because killing more cells applies to both tumor and

OAR. The complete results are shown in Table 2.4.

We next varied the relative damage factor r, that is the differential in the damage between

the tumor and OAR by M2. We used r ∈ {0.5, 1.0, 1.5}. When r = 1, the tumor’s linear

coefficient in the LQ model is the same as the OAR’s linear coefficient, i.e. α2 = δ2. A smaller

r < 1 implies that M2 damages the tumor more than OAR (α2 < δ2) and r > 1 implies
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Table 2.4: Optimal BE improvement with various α2. Parameters are fixed at r =
1, Td = 5 days.

α2(Gy−1) Dual modality (N∗
1 , N

∗
2 ) Single modality (N †

1) pObjsingle(%) pObjconv(%)

0.35 (6, 6) 6 106.8 110.0
0.55 (10, 10) 8 106.6 109.6
0.75 (8, 7) 8 107.2 110.2

Table 2.5: Optimal BE improvement with various r. Parameters are fixed at Td = 5
days and α2 = 0.35/Gy−1.

r Dual modality (N∗
1 , N

∗
2 ) Single modality (N †

1) pObjsingle(%) pObjconv(%)

0.5 (2, 19) 5 125.4 129.0
1.0 (6, 6) 6 106.8 110.0
1.5 (4, 4) 8 102.2 105.1

the reverse relation. The percentage improvement in BE with T ∗ ranges between 102.2 %

and 125.7% compared to the single modality course with optimal fractionation Tsingle and

between 105.1 % and 129.4 % compared to the conventional treatment course Tconv with 25

fractions fixed. The results are shown in Table 2.5. As r decreases, the benefit of using a

combination of M1 and M2 increases since M2 damages the tumor more than OAR. This

agrees with clinical intuition.

2.4.4 Uncertainty of M2

A modality with superior dosimetric or radiobiological characteristics often comes with a

larger degree of uncertainty. For example, protons deposit almost no dose beyond the Bragg

peak but the uncertainty in the location of the Bragg peak makes them less desirable since

depositing a large dose at a position slightly off target may result in an unacceptable dose

to the tumor. Therefore, in practice, one strategy to mitigate uncertainty is to ensure that

a larger area around the tumor receives adequate dose by adding an extra margin around
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the clinical target volume. Delivering a larger dose in a bigger target volume often increases

the dose to OAR, which is disadvantageous. To investigate the effect of this extra margin

used for M2 in our formulation, with hard constraints on OAR BEs, we add an extra margin

to the tumor for M2, compute the average BE per tumor voxel, and use it as an evaluation

criteria. The average BE per tumor voxel for M1 is computed without the extra margin, and

therefore we expect M1 to contribute a larger BE to the total tumor BE compared to the

scenario, where the extra margin is not used for M2. The results of using the average tumor

BE per voxel to compute the pObjsingle and pObjconv reflect this clinical intuition and the

optimal BE improvement of using multi-modality is less than what was achieved in Section

2.4.3. The results are shown in Tables 2.6-2.8.

Table 2.6: Optimal BE improvement for a range of tumor doubling times when an
extra margin to the tumor is used for M2. Parameters are fixed at α2 = 0.35 Gy−1, r =
1.0

Td(days) Dual modality (N∗
1 , N

∗
2 ) Single modality (N †

1) pObjsingle(%) pObjconv(%)

2 (1, 1) 2 102.5 119.2
5 (3, 4) 3 103.1 105.7
10 (12, 13) 12 102.9 103.2
50 (10, 14) 25 103.1 103.1
100 (11, 14) 25 103.4 103.4

Table 2.7: Optimal BE improvement with various α2 when an extra margin to
the tumor is used for M2. Parameters are fixed at r = 1, Td = 5 days.

α2(Gy−1) Dual modality (N∗
1 , N

∗
2 ) Single modality (N †

1) pObjsingle(%) pObjconv(%)

0.35 (3, 4) 3 103.2 105.7
0.55 (6, 8) 6 102.3 105.4
0.75 (4, 5) 4 103.2 106.0
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Table 2.8: Optimal BE improvement with various r when an extra margin to the
tumor is used for M2. Parameters are fixed at Td = 5 days and α2 = 0.35/Gy−1.

r Dual modality (N∗
1 , N

∗
2 ) Single modality (N †

1) pObjsingle(%) pObjconv(%)

0.8 (7, 11) 6 104.7 107.9
1 (3, 4) 3 103.2 105.7
1.2 (3, 3) 3 102.0 104.7

2.4.5 Optimal Fractionation

In this section, we demonstrate the performance of our approach for the fractionation

schedule optimization. We compute the “ground truth” using the brute-force technique,

where (P3) is solved for all possible integer (N1, N2) combinations with the constraint

1 ≤ N1+N2 ≤ Nmax (that is, we sample the value function V (N1, N2) for all the points of the

integer grid 1 ≤ N1 + N2 ≤ Nmax). Figure 2.4 shows the value function V (N1, N2) defined

in (2.6) in 3D (left) and the level sets of V (N1, N2) (right) obtained from the brute-force

technique. The iterates (N1, N2) of Algorithm 1 starting from the following four different

initial guesses are shown as colored dots on Figure 2.4 (the colors correspond to the different

initial points):

1. (N0
1 , N

0
2 ) = (1, Nmax − 1)

2. (N0
1 , N

0
2 ) = (Nmax − 1, 1)

3. (N0
1 , N

0
2 ) = (⌊Nmax/2⌋, ⌈Nmax/2⌉)

4. (N0
1 , N

0
2 ) = (1, 1)

As shown in Figure 2.4, the output of Algorithm 1 is dependent on the initial guess, however,

simple initial guesses as implemented in our algorithm may be sufficient to find a clinically

relevant optimal solution. In our experiments, the above 4 initial guesses and 8 iterations of

the upper level Algorithm 1 were sufficient to identify solutions close to the optimal.



31

N1

0
5

10
15

20
25

N2

0
5

10
15

20
25

V(N1,N2)

4850

4800

4750

4700

4650

4600

0 5 10 15 20 25
N1

5

10

15

20

25

N2

Level Sets of V(N1,N2)

4854

4818

4782

4746

4710

4674

4638

4602

4566

Figure 2.4: Value function optimization. Left: The surface represents V (N1, N2) com-
puted by brute force. The dots represent iterates starting from four different initial guesses.
Right: Level sets of V (N1, N2) and the iterates.

2.5 Conclusion

We developed a novel framework for radiation treatment planning with multiple radiation

modalities. The principle idea is to maximize the biological effect using the multiple modal-

ities by exploiting their unique dosimetric and biological characteristics captured through

the dose mapping matrices and radiobiological parameters in the LQ dose-response model.

Our framework allows Nm = 0 as long as the sum of fractions of all modalities is equal to or

greater than 1 fraction, and therefore it will correctly identify an optimal combination even

when a single modality is optimal. The proposed framework ultimately offers an opportunity

for an optimal multi-modality treatment planning paradigm. The feasibility of the proposed

method was demonstrated using a simple phantom case and two modalities with varying

only one parameter at a time such that clinical intuition can be applied. The agreement

of the outcome with clinical intuition validates the potential use of our algorithm in more

clinically relevant, complicated scenarios, where the clinical intuition is not readily available.

The challenge of this approach is the dependence of optimal solutions on the radiobio-

logical parameters, which is indeed a challenge of biological treatment planning in general.
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Active research on advanced imaging could relieve some of the concerns in estimating these

parameters [139, 61]. A novel algorithm we proposed to optimize the fractionation schedule

with multiple modalities can be easily adapted for a single modality case. A good choice of

the initial guess is prudent for the optimal fractionation schedule algorithm to converge to

an optimal solution. Applications of our algorithm to actual patient cases to evaluate the

clinical significance and learning a good initial guess in the optimal fractionation schedule

algorithm from a large patient database are left for future work.
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Chapter 3

CELL PHONE MOBILITY DATA AND MANIFOLD
LEARNING: INSIGHTS INTO POPULATION BEHAVIOR

DURING THE COVID-19 PANDEMIC

This chapter is based on joint work with Dennis L. Chao, Edward Wenger, and Joshua

L. Proctor [116, 117].

3.1 Introduction

The ongoing COVID-19 pandemic has had a devastating impact on mortality [230] and eco-

nomic activity [59] leading to increased food insecurity, poverty, and gender inequity [145].

Most public health interventions attempting to arrest or mitigate the spread of the disease

caused by the Severe Acute Respiratory Syndrome Coronavirus 2 are non-pharmaceutical

interventions aimed at decreasing transmission by changing people’s behavior. For example,

every state in the United States (US) issued mandatory or advisory stay-at-home orders be-

tween March and May of 2020 [143]. However, characterizing changes in behavior during the

COVID-19 pandemic, whether due to adherence to stay-at-home orders, loss of employment,

or non-pandemic-related factors, is challenging. In this chapter, we use cell-phone mobility

data from SafeGraph Inc. to identify the heterogeneous mobility behaviors during COVID-

19 in four states and reveal consistent motifs across states, within a state, and even within

urban centers. Moreover, the modeling and analyses also point to geographic areas with

populations that are young and highly mobile. We believe the approach and insights in the

work can be leveraged by local public health officials to better target educational campaigns

by geographic area and socioeconomic status.

Cell phone location data is a relatively new but promising way to quantify human move-
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ment. The locations of cell phones can be tracked by service providers or applications in-

stalled on the phones by users, but data that is shared with scientists is typically anonymized

and aggregated to protect the privacy of individuals [102, 72]. Mobility data offers a unique

measurement instrument to link public health statements and related legislative actions taken

to reduce population mobility with an actual effect on population behavior. Cell-phone mo-

bility data has provided early evidence that these orders were indeed associated with reduc-

tions in movement [223, 7, 87, 93, 92]; moreover, adherence was not uniform and may be

associated with factors such as socioeconomic status and political leanings [223, 7, 87, 93, 92].

The keen interest in cell-phone mobility data to help inform policy makers during the COVID-

19 pandemic has been widely discussed [25], with strong emphasis on the challenges facing

data ascertainment bias, interpreting the link between mobility and behavior changes, and

the lack of a single mathematical framework for analyzing this data [102, 72]. To date, most

investigations of mobility data during the COVID-19 pandemic have compared summary

statistics from mobility data, such as average cell-phone mobility within a region, between

regions with different demographics. Here, we leverage the mobility data at full geographic

and temporal resolution along with recently developed mathematical methods from dynam-

ical systems and machine learning to identify patterns of behavior that are consistent across

multiple geographic scales and provide insight into behavioral differences.

Analyzing and interpreting high-dimensional mobility time-series is a challenge. Model

and dimensionality reduction has a rich history in the analysis of dynamical systems, with

early theoretical work on bifurcation analyses enabling the categorization of qualitatively dif-

ferent dynamic regimes [75] to the more recent data-driven, equation-free approaches [161]

enabled by advances in machine-learning and pattern analysis [24]. The standard approach

typically involves a linear dimensionality reduction technique, such as the singular value

decomposition (SVD) [51], in conjunction with a statistical clustering model to identify sim-

ilarities across time series [109]. Despite the broad success of this approach, substantial

limitations have been identified due to the underlying assumptions associated with the SVD

and the mismatch with characteristics of data collected from a complex, temporally evolving
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system; this discrepancy has motivated the development of a diverse set of nonlinear di-

mensionality reduction techniques for time-series data [37]. Methods such as diffusion maps

and Laplacian eigenmaps, popular in statistical and computational analyses [38, 19] and

contained in a class of machine-learning methodologies called manifold learning, have been

utilized by the dynamical systems community to identify nonlinear embeddings of the dy-

namics directly from observational data from the system [37]. Success has been demonstrated

with these methods using data generated from simulation models [232]. Here, we leverage

these methodologies to identify a lower-dimensional embedding of the mobility time-series

data providing a framework that highlights common mobility behaviors at the census-block-

group scale, identifies the geographic connectivity of behavior at different spatial scales, and

reveals insights into epidemiologically relevant subpopulations.

The outline of this chapter is as follows: the following section of the chapter provides

a description of the SafeGraph mobility time-series and US census data (§3.2) along with

the mathematical methods used for analysis §3.3. §3.4 highlights the heterogeneity and

consistency of mobility patterns at the census block group level during the COVID-19 pan-

demic. In addition, we show these behaviors are correlated with socioeconomic indicators

such as income and home ownership. We also describe a highly mobile population with dis-

tinctly different behavior revealed from the analysis. The final section §3.5 offers a discussion

on how these findings provide insight into the connection between mobility, behavior, and

transmission and how local public health officials can use this data to target information and

education campaigns.

3.2 Data

3.2.1 SafeGraph mobility data

We obtained mobility data from SafeGraph, Inc. SafeGraph aggregates mobile device GPS

data from various sources and produces anonymized datasets aggregated at the census block

group (CBG) level. These data can be obtained free-of-charge for non-commercial use by
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SafeGraph Mobility Data at the Census Block Group Level 
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Figure 3.1: Data-driven analysis overview. A.) Example CBGs on the map of Washing-
ton. B.) Mobility time-series of the example CBGs. C.) Mobility time series are aggregated
in a matrix form. D.) 3D visualization of the 14D Laplacian Eigenmaps embedding of the
data with clusters highlighted in color. Large dots represent the example CBGs. E.) Clusters
plotted on the Washington map. F.) Average mobility time-series for every cluster.

joining their COVID-19 Data Consortium1. In this study, we estimate the number of people

who stay at home each day by dividing the number of mobile devices that do not leave their

homes by the total number of devices in each CBG (i.e., completely home device count

divided by the device count) [171]. We used data covering 117 days of mobility, starting

from February 23, 2020.

We define the daily proportion of devices seen near their homes to be the number of de-

1https://www.safegraph.com/covid-19-data-consortium

https://www.safegraph.com/covid-19-data-consortium
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vices in each CBG detected in their home CBG (destination cbg = origin census block group)

divided by the number of devices associated with the CBG (device count). The proportion

of devices that are only detected away from their homes each day is 1 minus this proportion.

Figure 3.1B. illustrates this daily stay-at-home fraction for five CBGs. We use the most re-

cently released versions of the SafeGraph social distancing data, which is version 2.0 (“v2”)

for dates before May 10, 2020 and version 2.1 (“v2.1”) for later dates [174]. Around May 17,

SafeGraph began using “rolling windows” to assign the home census block group of devices

instead of batch-updating only at the first of each month [172].

3.2.2 Census and geographic data

We obtained US population data from the 2018 American Community Survey (ACS) product

of the US Census Bureau, accessed using the R package tidycensus [216]. We used Table

B01001 for total population size and population by age estimates by CBG, Table B19013

for median household income, Table B14002 for number currently enrolled in college, Ta-

ble B25008 for renter vs. owner-occupied housing units, and Tables B07201, B07202, and

B07203 for “geographic mobility” (living in same house as last year). We computed a CBG’s

population density by dividing the 2018 population estimate by the land area of the CBG

as reported by the cartographic boundary files.

The US Census provides cartographic boundary files, which define simplified shapes of

geographic entities designed for plotting. The 2019 shapefiles were downloaded from the US

Census Bureau website 2. The detailed map of Seattle was generated using ESRI’s “world

topo map” [54] obtained using R’s OpenStreetMap package [58].

2https://www.census.gov/geographies/mapping-files/time-series/geo/

cartographic-boundary.html

https://www.census.gov/geographies/mapping-files/time-series/geo/cartographic-boundary.html
https://www.census.gov/geographies/mapping-files/time-series/geo/cartographic-boundary.html
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3.3 Methods

3.3.1 Linear dimensionality reduction: singular value decomposition

The singular value decomposition (SVD) is a standard linear matrix factorization technique

that can be used to reduce the dimensionality of a data matrix [154, 51]. Using the SafeGraph

time-series data (§3.2.1), we construct a mobility data matrix for each state. Each state’s data

matrix has 117 columns (days of mobility data), but a different number of rows depending

on the number of census block groups (Table 3.1). Figure 3.1C. illustrates the aggregation of

mobility time-series into a data matrix for Washington state. For data matrix normalization,

columns are mean subtracted. We perform a standard SVD to find a reduced order set

of singular vectors and values for dimensionality reduction; see Supplement §B.1 for more

details. The computational code to generate all results and figures in this article are publicly

available [114].

3.3.2 Manifold learning and nonlinear dimensionality reduction: Laplacian eigenmaps

Laplacian eigenmaps are a nonlinear manifold learning method that can identify a low-

dimensional embedding which optimally preserves local structure of a high-dimensional data

manifold [19]. To construct an m-dimensional embedding, the method uses m eigenvectors of

the nearest-neighbors graph Laplacian corresponding to the smallest non-zero eigenvalues.

The resulting embedding is optimal in the sense that ”close” data points on the original

manifold are represented by points that are close in the m-dimensional Euclidean embedding

space; see equation (3.1) in [19] for more details. We also investigated a wide variety of other

nonlinear dimensionality reduction techniques (Supplement §B.2). The Laplacian Eigenmaps

algorithm was implemented using the SpectralEmbedding function from sklearn.manifold

module of scikit-learn package [155] in Python 3. In this work, we used 50 neighbors for

the n neighbors parameter. Varying the number of neighbors between 20 and 50 did not

significantly change the Laplacian Eigenmap embedding for Washington state (Supplement

§B.2).
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The optimal effective dimensionality of the embedding was identified using the trustwor-

thiness metric [212] which captures the extent to which a dimensionality reduction technique

retains the local structure of the original data manifold from the higher-dimensional space.

Trustworthiness was computed as a function of the Laplacian Eigenmap embedding dimen-

sionality; a knee-point detection algorithm was then used to identify the optimal number of

dimensions. The Supplement §B.2 provides a detailed description of this analysis for each

state. To implement the trustworthiness metric, we used the function trustworthiness

from sklearn.manifold of scikit-learn package [155] in Python 3 with default parame-

ters (5 neighbors, to capture the local structure). For the knee point detection, we used the

Kneedle algorithm implemented in kneed package [176].

3.3.3 Gaussian Mixture Model Clustering

To interpret the low-dimensional structure revealed by Laplacian Eigenmaps, we apply Gaus-

sian mixture model (GMM) clustering [144]. The GMM is a latent variable model which

assumes that the data has sub-populations or clusters which follow Gaussian distributions

with parameters governing the centroid location and covariance structure of each cluster.

GMMs were implemented using the mclust [179] package of R (version 4.0 [163]). We lever-

age the probabilistic formulation of the GMM model as a natural way to quantify uncertainty

of the cluster assignment. A more detailed description of the GMM model and uncertainty

quantification is provided in Supplement §B.4. We used Bayesian Information Criterion

(BIC) to identify the optimal number of GMM components [178, 64, 179]. We applied

knee-point detection to the BIC curve using the Kneedle algorithm implemented in kneed

package [176]; see Supplement §B.5 for more details.

3.3.4 Statistical Testing

To test the difference of the socio-economic covariates distributions between clusters, we used

the Kolmogorov-Smirnov [104, 189] test as implemented in kstest function of scipy.stats

package in Python 3. To determine the significance of trends of covariates associated with
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CBGs in clusters identified by the GMM, we used jonckheere.test from clinfun pack-

age [181] in R using 1000 permutations and assuming decreasing trends from cluster A to

cluster D (Table 3.1).

3.4 Results

3.4.1 Stay-at-home levels and trends vary across CBGs, but there are distinct motifs that

are consistent across four states

The SafeGraph stay-at-home data offers insight into the levels and trends of human mobility

at the census block group (CBG) geographic scale during the 2020 COVID-19 pandemic

in the United States (Figure 3.1). Nonlinear dimensionality reduction of the time-series

data from Washington state revealed a low-dimensional embedding providing insight into

the consistency of mobility behavior across CBGs (Figure 3.1D.). Moreover, the embedding

and stay-at-home behaviors for Washington are qualitatively similar to those of Georgia,

Texas, and California (Figure 3.2). The optimal embedding dimension was 14 for all four

states, determined by the trustworthiness metric (§3.3.2, Supplement §B.2). A similar low-

dimensional structure in the time-series data can be found with a diversity of nonlinear

dimensionality reduction methods; see §3.4.5 and Supplement §B.2 for more details.

The low-dimensional embedding provides insight into the similarity of stay-at-home be-

havior between CBGs. Figure 3.2 provides a visualization in three embedding dimensions of

this coherent structure; note that for each state, certain CBG time-series are more similar to

each other and the visualization indicates a large density of CBGs along a distinct, tubular

data manifold. Fitting a Gaussian mixture model (GMM) to the stay-at-home time-series

in the 14-dimensional embedding space identifies 4 clusters for California, Texas, and Wash-

ington and 5 clusters for Georgia (based on knee-point detection in BIC, see Supplement

§B.5). For subsequent analyses, we chose 5 as the number of clusters for every state due

to the optimal clustering for Georgia, comparisons across the four states (Table 3.1), and

the geometric structure of the data (§3.4.2). Figure 3.2 illustrates how the clustering model



41

groups CBGs in the embedding space (left column); the average mobility time-series for each

cluster (right column) highlight the difference in stay-at-home behavior by cluster within a

state and also the consistency across all four states. The cluster assignments were robust

to model initialization (§3.4.5, Supplement §B.3) and had low associated uncertainty values

(quantified in §3.4.5, Supplement §B.2, Supplement §B.4).

Table 3.1: Number of census block groups (CBGs) in each cluster.

state A B C D E Total
California 2672 5457 7053 5319 2470 22971

Georgia 1577 1149 1177 960 647 5510
Texas 3154 3960 3687 3283 1635 15719

Washington 1120 1284 1032 674 642 4752

One clear difference between the clusters is their average level of mobility. For example

in Washington, the average staying-at-home level increases from the CBGs in the dark blue

cluster (cluster D) to the bright orange cluster (cluster A); see Figure 3.1F., representative

CBG time-series in each cluster in Figure 3.1B., and Figure 3.2. The order of the clusters

along the dense data manifold in the embedding space is aligned with their mean staying-at-

home fraction (Figure 3.2). The average time series for clusters D through A do not intersect

and are aligned in increasing order on the y-axis. However, the purple cluster E does not

follow a similar trend with respect to the dense data manifold, nor the average time-series.

For this cluster, we find that the fraction of the devices staying at home increases sharply

in May 2020. A similar motif consistently occurs across each state (Figure 3.2); cluster E

primarily captures outliers from the primary bulk trends that are continuously distributed

across clusters A, B, C, and D. Those outliers are linked to a variety of important sub-

populations, explored in more detail in §3.4.4.

The CBG clustering and average time-series by cluster also indicate that the change of

behavior over time is different across clusters before April. The speed at which CBGs in-

creased their stay-at-home behavior during a transition period between March and April
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(quantified by the slope of a linear fit of the CBG mobility time series during the transition

period) is directly correlated with CBG cluster assignment (see Supplement §8). Moreover,

the distributions of that speed are statistically significantly different: for every pair of clus-

ters, we were able to reject the null hypothesis that the speed distributions were the same at

the significance level α = 0.001 using Kolmogorov-Smirnov test. This is also directly evident

by looking at this time period and the average stay-at-home trends by cluster (Figure 3.2).

For example, the CBGs from the least mobile cluster A also increased their staying-at-home

level the fastest.

3.4.2 CBGs with similar temporal mobility patterns are geographically consistent

The CBGs within each mobility cluster (defined in §3.4.1) are geographically connected and

have consistent patterns across all four states. The second column of Figure 3.2 illustrates

these broad trends which are most visually evident in the distinction between urban, peri-

urban, and rural areas. For example in Washington, the Seattle area CBGs mostly belong to

the bright orange and light orange most-staying-at-home clusters A and B, the same is true

for nearby Bellevue and Redmond. Similarly, in Texas three large orange regions correspond

to Dallas, Houston, and Austin. In Georgia, the distinct orange area on the map corresponds

to Atlanta and in California we see orange colors around San Francisco, San Jose, and Los

Angeles area. Likewise, blue colors – clusters C and D with lower stay-at-home levels – form

continuous regions in rural areas on the state maps. CBGs that are close geographically tend

to have similar mobility patterns.

Within each state, there is a stark contrast between urban and rural areas (Figure 3.2).

For example in Washington, the large metropolitan areas around Seattle and Bellevue are

colored orange (clusters A and B) as opposed to larger rural CBGs which belong to blue

clusters (C and D). Large cities like Spokane or Yakima also have dense orange coloring

(Figure 3.3) suggesting that changes in behavior within urban centers are similar despite

being geographically quite distant from each other. The time series column of Figure 3.2

shows that urban areas (orange clusters A and B) stay at home significantly more than rural
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Geographic Connectedness of Behavior Spans the United States
i. Laplacian Eigenmap Embedding        ii. State Map                                  iii. Average Time Series
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Figure 3.2: Results are consistent across four states. Column i. presents the 3D
Laplacian Eigenmap visualization of the data manifold. Column ii. shows geographic maps.
Column iii. presents average mobility time series for each cluster. Clusters are highlighted
in color. It is noted that clusterig was done in 14D (optimal) embedding space.

areas (blue clusters C and D). This observation is consistent across all four states.

This analysis also identifies heterogeneity within the geographic scale of urban centers

and rural areas. For example, in Dallas and Seattle there are urban CBGs that belong to blue

clusters C and D indicating that they stay at home less than the surrounding areas (Figure

3.3). Moreover, populous cities such as Seattle, Atlanta, Austin and Dallas have distinct

geographic groupings of CBGs for clusters A and B within the urban area (Figure 3.3, see

Supplement §7 for clustering in Atlanta). The first column of Figure 3.2 clearly presents a
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smooth transition in the Laplacian Eigenmap embedding space between the bright orange

cluster A that stays at home the most to the dark blue cluster D that stays at home the

least. Remarkably, we observe the same on the geographic map. For example, there is a rough

radial pattern around Dallas and Austin: bright orange CBGs densely cover the city center

and are replaced by light orange, then light blue and eventually dark blue as the distance

from the city center increases (see Figure 3.3). That is, the transition is quite consistent –

it covers the intermediate colors and the stay-at-home level gradually decreases as distance

from the city increases suggesting a more nuanced interpretation about the continuity of

behavior across CBGs within urban centers supported by the geometric structure of the

data manifold. In the greater Seattle area, the transition is substantially less pronounced

especially moving eastward from downtown; note that both a large urban area (Bellevue)

and suburb (Redmond, the home to Microsoft) exist to the east of Seattle, both with a higher

income population.

Despite the optimal number of clusters being 4 or 5 for each state (§3.4.1), relaxing

this criteria and allowing for more clusters provides more granular information within and

around urban areas while maintaining consistency with the optimal GMM. This also follows

the intuition provided by the illustrations of the nonlinear embedding in three dimensions

(left column, Figure 3.2); namely, the embedding is broken into finer grained clusters en-

abling higher resolution comparisons between CBGs. Supplement §B.6 provides details on

altering the number of clusters. Further, a continuous mapping of the data along the dense

tubular structure of the data manifold shows the smooth transition across urban, peri-urban,

suburban, and rural areas; see Supplement §B.6 for more details. In contrast, the purple

cluster E is not wholly on the tubular structure and does not exhibit the same geographically

connected characteristics as the other clusters. More detail is provided on this cluster and

the possible difference in its subpopulation structure in §3.4.4.
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A. Urban centers of Washington state

B. Urban centers of Texas state

Figure 3.3: Clustering in metropolitan areas. Section A: clustering in Washington,
Section B: clustering in Texas.

3.4.3 Income, population density, and behavioral data are correlated

Clusters A and B, which on average stayed home the most, included the most densely popu-

lated CBGs, while clusters C and D included the more sparsely populated ones (Figure 3.4).

High population density is generally an indication of urban populations and low density of

rural areas (see maps in Figure 3.2). The CBGs in clusters A and B also had the highest

median household incomes (Figure 3.4). In all states, the median stay-at-home fraction,

population density, and household income of CBGs had a consistently decreasing trend from

clusters A to D, and the Jonckheere–Terpstra test rejects the null hypothesis that these four

clusters come from the same distribution of values (p< 0.01). Cluster E did not follow these

trends and appeared to cover a wider range of values (Figure 3.4).

Cluster E has a higher proportion of people who we expect to have high “geographic
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Figure 3.4: Distribution of stay-at-home behavior and demographic covariates by
cluster. The boxplots present the interquartile range (boxes) and median values (center
horizontal lines) of the covariate values for CBGs in each of the five clusters. Whiskers span
the 95% range. The “mean stay at home” fraction of a CBG is the mean of the daily percent
of mobile devices that stayed completely at home during the time period analyzed.

mobility” (i.e., change residences frequently). Using 2018 ACS estimates, CBGs with a

low proportion living in the same house in the previous year or a high proportion of renters,

people enrolled in undergraduate or professional degree programs, or who are “young adults”

(18 to 29 years old) tended to be in cluster E (Figure 3.5). In California, the proportion of

people with high geographic mobility appears to be higher in cluster A than in cluster B.

Upon closer investigation of the location of clusters in the city of Seattle, Washington,

the spatial distribution of clusters D and E is consistent with the associations described

above (Figure 3.6). The area surrounding the University of Washington, where a large

number of undergraduate and graduate students live, is in cluster E, while the University
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itself is in cluster D (Figure 3.6, center of map). Cluster E also includes downtown and

Lake Union, where a recent influx of young tech workers fueled the development of new

apartments. Interestingly, in addition to students and young tech workers in Seattle, cluster

E also indicates some very high median income populations on the waterfront of Bellevue

and Kirkland that were also highly mobile during this period. Cluster D includes “SODO”,

the industrial area southwest of downtown, which is less affluent than the populations to the

west, east, and north.

Figure 3.5: Proportions of census block groups in each cluster by population char-
acteristics associated with geographic mobility. The fraction of a CBG’s population
associated with the characteristic is plotted on the x-axis. CBGs are partitioned into 10
equally-spaced bins, defined by the proportion of each CBG’s population having the charac-
teristic in 10% increments. The numbers of CBGs belonging to each bin are printed along
the top of each panel. The proportion of CBGs in each cluster is plotted as vertically stacked
bars for each bin (with cluster A in dark orange on the bottom through cluster E in purple
on top).
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Figure 3.6: Clusters in the Seattle metropolitan area. Census block group boundaries
are outlined. CBGs belonging to clusters D and E are highlighted in dark blue and purple,
respectively.

3.4.4 Analysis reveals areas with likely population turnover early in the pandemic

The available SafeGraph dataset does not allow one to track the movements of individuals,

but there are trends consistent with high population turnover. One can track the number of

mobile devices that are detected by SafeGraph each day but not in their “home” CBG on a

given day, which we call “never-near-home” devices. These devices could be on a trip away

from home or they could have moved away entirely.

In March, the fraction of never-near-home devices was highest in cluster E (Figure 3.7

and Supplement §8). On April 1 and again on May 1, the number of devices never near

home drops sharply in cluster E but not in the other clusters. This behavior is consistent
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with the owners of these devices moving to a new residence and SafeGraph re-assigning these

devices to the new residence on the first day of a subsequent month. SafeGraph defines a

person’s “home” to be the location where the mobile device is detected most at night (from

6pm to 7am) over a 6-week period [174]. If a person spends enough time in a new location,

that new location can become the device’s “home”. These home locations were updated by

SafeGraph at the start of each month until mid-May, when SafeGraph changed its procedure

for assigning home locations to devices [172, 173]. The high proportion who were never near

their “homes” in March and April and the sharp drops in these fractions on April 1 and May

1 in cluster E, and to a lesser extent in cluster D, are consistent with this population moving

away. In California, cluster A also has a noticeable decline on May 1 (Supplement §8), which

could indicate a high-income group that is geographically mobile. If a large number of people

in a region move away, the devices will appear to be “away from home” because their home

locations are out-of-date. These clusters will appear to be staying at home less than they

really are. This batching artifact appears to be resolved in May 2020, and the stay-at-home

fraction in cluster E rises relative to the other clusters.

3.4.5 The nonlinear embedding and clustering results are robust

We investigated the sensitivity of our results to the methodological approach. The cluster

assignment for the GMM in the 14 dimensional embedding space is robust. For every state,

the maximum uncertainty is below 50% while the third quartile of the cluster assignment

uncertainty is close to zero; at least 75% of the CBGs are well separated by a GMM in

the 14-dimensional embedding space (see Supplement §B.2, Supplement §B.3). However,

given the intrinsic structure of the data (Figure 3.2), the quantification of uncertainty for

clustering is consistent with the geometry of the mobility data being more continuous than

discrete across clusters A,B,C,D. For example, the uncertain CBG assignments are linked

to the boundaries of clusters on or near the tubular data structure. The number of clusters

and cluster assignments were optimized according to a standard approach which balances

model fit and parsimony(§3.3.3), but the number of clusters could be changed depending on
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Figure 3.7: The fraction of devices that are only away from their homes each
day. The medians and inter-quartile range of each day’s values are shown for each cluster
in Washington State.

a desired level of granularity or continuous colormap could be used (Supplement §B.6). It

is worth noting in contrast that clustering in the linearly reduced space is highly uncertain;

for more details see Supplement §B.1.

We also found consistent results using alternative dimensionality reduction techniques

such as Locally Linear Embedding and Isomap. For both Isomap and Locally Linear Embed-

ding, a similar dense tubular data manifold was present in the lower dimensional embedding

space (Supplement §B.2). Furthermore, the trustworthiness metric and knee point detection
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indicated that all three manifold learning methods agreed that the effective dimensionality

of the embedding was between 14 and 16 (Supplement §B.2).

3.5 Discussion and Conclusion

Our results are consistent with other studies linking demographic characteristics to cellphone

mobility data during the 2020 SARS-CoV-2 pandemic. Two recent studies using data from

SafeGraph found mobile devices from areas with higher median household incomes stayed

home more than devices from lower-income areas [87, 92], and this trend occurs in other

mobile device datasets [223]. These studies hypothesize that the relationship between income

and mobility is due in part to the ability of people with high-paying jobs to work from

home. A survey found that about half of adults in Seattle switched to telework because of

COVID, with high-income households making the change far more than lower-income (79.3%

in households making >$150,000 per year and 23.5% among those making <$50,000) [15].

A recent study using another source of cell phone mobility data found that mobility was

reduced more in urban than rural England [93], indicating that these trends could generalize

beyond the United States.

Several related studies cluster mobility time series by a single demographic characteristic

selected a priori, such as income [223, 87, 92] or population density [93] or party affiliation [7],

to demonstrate behavioral differences with respect to that characteristic. Alternatively, one

could reduce the time series to a summary statistic, such as average stay-at-home level over

a particular time window, and study the relationship between that metric and several de-

mographic covariates. In contrast, our methodological approach is broader; we measure

similarities between complete time series, which allowed us to identify population clusters

that had a distinct change in behavior, which would have been hidden if we had clustered by

average behavior over time. Notably, we have identified features in the SafeGraph stay-at-

home data that strongly suggests a mass migration out of several major metropolitan areas,

especially in CBGs that have high proportions of young adults, renters, or students (§3.4.4).

The closure of college of campuses and widespread job losses in March and April led many,
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especially young adults, to move [36, 66]. Moreover, the map presented in Figure 3.6 also

matches our own intuition of where students of the University of Washington live, both adja-

cent to the university as well as more distant rental housing along bike and metro commuting

lines. Similarly, the high-migration census block groups identified near South Lake Union

tends toward a younger, professional population working at technology companies such as

Amazon, and CBGs on the waterfront with high income populations in nearby cities such as

Bellevue and Kirkland have a similar outward migration trend.

Identifying the population that moved early in the pandemic is a direct consequence of

using a data-driven, equation-free approach. The approach has been integral to revealing

the heterogeneity, but also the consistency, of mobility patterns across California, Georgia,

Texas, and California; it has enabled a multi-scale geographic perspective on behavior al-

lowing insights at the state, urban-rural, peri-urban, and suburban scale. Recent efforts

have also utilized clustering of mobility time-series data specifically for analyzing SafeGraph

stay-at-home data in Atlanta [87]. Our approach, though, is substantially broader in scope;

identifying the low-dimensional embedding of the data enables a characterization of the ge-

ometric structure and the relatedness of each CBG mobility behavior. Moreover, we found

utilizing a nonlinear dimensionality reduction techniques such as Laplacian Eigenmaps for

analyzing mobility time-series data is essential (Supplement §B.1) mirroring recent devel-

opments from dynamical systems focused on the development of equation-free methods for

analyzing measurement data collected from complex systems [37]. We have also leveraged

clustering as a tool to interpret the similarity of mobility behavior between CBGs even in

the reduced nonlinear embedding; we found that clusters allowed for comparisons of mo-

bility characteristics (Figure 3.1), generalization across four states (Figure 3.2), and also

correlation with socioeconomic factors (Figure 3.4 and Figure 3.5). The nonlinear embed-

ding, however, offers a more nuanced perspective about the similarity of mobility behavior

between CBGs. For example, the visualization in three dimensions and the clustering results

suggests a much smoother and continuous geometric structure of relatedness for CBGs as-

signed to clusters A,B,C,D (Figure 3.2 and Supplement §6). This helps frame the clustering
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results and socioeconomic factor correlation analysis. Further, the embedding provides a

richer characterization of the underlying complexity in mobility behavior.

We acknowledge several limitations of the mobility data and challenges in linking behavior

to demographic variables. SafeGraph aggregates mobility data from many uncoordinated

sources on the locations of millions of cell phones. These phones are not systematically

tracked, and the GPS data might not be precise. The data are then aggregated by census

block group and filtered to preserve the privacy of the mobile device owners. It is difficult

to ascertain how well a set of mobility data represents the general population [102, 72].

Different states, and segments of the population, have different levels of coverage that are

hard to correct for [193]. This is further complicated by likely gaps in coverage for high-

risk populations such as migrant agricultural workers. However, the associations we found

between mobility and other factors are consistent with those found in other datasets and are

quite plausible. We studied the fraction of mobile devices that stayed at home each day, but

this is just one metric than can be derived from the mobility data. Other measures, such

as the mean length of time spent outside the home, the distance traveled from the home,

or even the number of trips to stores, could provide additional insight into the population’s

response to the pandemic. The demographic data in this study was from the 2018 American

Community Survey, which we believe generally reflects the population in 2020 but might not

accurately characterize the demographics of the most rapidly changing areas. We cannot

establish the direct cause of the differential reductions in mobility using these data. We use

demographic and socioeconomic variables at the census block group level, which could lead

us to ecological fallacies, and many of these variables are tightly linked, thus, disentangling

their effects is not straightforward and could be counterproductive.

Despite these challenges, population mobility data and connections to behavior can in-

form public health policy makers. Population behavior is a key component to understanding

disease transmission dynamics; mobility data and the methods contained in this chapter helps

quantify the change in population behavior during the pandemic. Policy makers can use this

tool to assess the impacts of policy, especially important as COVID-19 cases start to resurge
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in the United States during a period of quarantine fatigue. We have also demonstrated that

these data, analyses, and setting-specific information can provide epidemiologically relevant

insights such as we uncovered around urban migration events. We believe the research in

the chapter will provide insights for policymakers as they consider more modern, optimized,

and targeted intervention strategies.
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Chapter 4

WHERE DO MODELS GO WRONG? PARAMETER-SPACE
SALIENCY MAPS FOR EXPLAINABILITY

This chapter is based on joint work with Manli Shu, Eitan Borgnia, Furong Huang, Micah

Goldblum and Tom Goldstein [118].

4.1 Introduction

With the widespread deployment of deep neural networks in high-stakes applications such

as medical imaging [98], credit score assessment [226], and facial recognition [45], practi-

tioners need to understand why their models make the decisions they do. In fact, “right to

explanation” legislation in the European Union and the United States dictates that relevant

public and private organizations must be able to justify the decisions their algorithms make

[210, 55]. Diagnosing the causes of system failures is particularly crucial for understanding

the flaws and limitations of models we intend to employ.

Conventional saliency methods focus on highlighting sensitive pixels [186] or image regions

that maximize specific activations [53]. However, such maps may not be useful in diagnosing

undesirable model behaviors as they do not necessarily identify areas that specifically cause

bad performance since the most sensitive pixels may not be the ones responsible for triggering

misclassification.

We develop an alternative approach to saliency which highlights network parameters

that influence decisions rather than input features. These parameter saliency maps yield a

number of useful analyses:

• We verify that identified salient parameters are indeed responsible for misclassification

by showing that turning these parameters off improves predictions on the associated
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Figure 4.1: Filter-wise parameter saliency profile. ResNet-50 filter-wise saliency profile
(without standardization) averaged over samples in ImageNet validation set. The filter
saliency values in each layer are sorted in descending order, and each layer’s saliency values
are concatenated. The layers are displayed left-to-right from shallow to deep and have equal
width on x-axis.

samples more than turning off the same number of random or least salient parameters.

• Nearest neighbors in parameter saliency space share common semantic information.

That is, samples which are misclassified for similar reasons and cause similar parameters

to malfunction are semantically similar.

• We further validate the link between salient parameters and network misclassification

errors by observing that correcting a small number of the most salient parameters by

fine-tuning them on a single sample results in error correction on other samples which

were misclassified for similar reasons.

• By first identifying the network parameters responsible for an erroneous classification,

we can then visualize the image regions that interact with those parameters and trigger

the identified misbehavior obtaining interpretable insights into model mistakes and

neural network’s reliance on spurious correlations.
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4.2 Related Work

4.2.1 Neural network interpretability and parameter importance

A major line of work in neural network interpretability focuses on convolutional neural

networks. Works visualizing, interpreting, and analysing feature maps [242, 238, 148, 134]

provide insight into the role of individual convolutional filters. These methods, together with

other approaches for filter explainability [18, 246, 247] find that individual convolutional

filters often are responsible for specific tasks such as edge, shape, and texture detection.

The ideas of measuring neural network parameter importance has been studied in multiple

contexts. Notions of neuron [180], feature [142, 184, 195, 159] and parameter [194, 215]

importance have been used for AI explainability, manipulating model behavior [17], model

debugging [132, 243] and pruning [1, 123, 197, 170, 235] for improving model performance.

4.2.2 Input space saliency maps

A considerable amount of literature focuses on identifying input features that are important

for neural network decisions. These methods include using deconvolution approaches [242]

and data gradient information [186]. Several works build on these ideas and propose improve-

ments such as Integrated Gradients [199], SmoothGrad [188], and Guided Backpropagation

[192] which result in sharper and more localized saliency maps. Other approaches focus on

the use of class activation maps [248] with improvements incorporating gradient information

[180] and more novel approaches to weighting the activation maps [218]. In addition, various

saliency methods are based on manipulating the input image [62, 242, 159, 4]. Another line

of work is aimed at evaluating the effectiveness of saliency maps [2, 8].

Our work combines the ideas of saliency maps and parameter importance and evaluates

saliency directly on model parameters by aggregating their absolute gradients on a filter level.

We leverage the resulting parameter saliency profiles as an explainability tool and develop

an input-space saliency counterpart which highlights image features that cause specific filters

to malfunction to study the interaction between the image features and the erroneous filters.
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Figure 4.2: Standardized filter-wise saliency profiles, correctly vs incorrectly clas-
sified samples. Top: Standardized saliency profiles averaged over correctly classified sam-
ples in the ImageNet validation set. Bottom: Standardized saliency profiles averaged over
incorrectly classified samples in the ImageNet validation set. On both panels, the filter
saliency values in each layer are sorted in descending order, and each layer’s saliency values
are concatenated. The layers are displayed left-to-right from shallow to deep and have equal
width on x-axis. Both profiles are generated on ResNet-50.

4.3 Method

It is known that different network filters are responsible for identifying different image prop-

erties and objects [242, 238, 148, 134]. This motivates the idea that mistakes made on

wrongly classified images can be understood by investigating the network parameters, rather

than only the pixels, that played a role in making a decision. We develop parameter-space

saliency methods geared towards identifying and analyzing neural network parameters that

are responsible for making erroneous decisions. Central to our method is the use of gradient

information of the loss function as a measure of parameter sensitivity.

4.3.1 Parameter Saliency Profile

Let x be a sample in the validation set D with label y, and suppose a trained classifier has

parameters θ that minimize a loss function L. We define the parameter-wise saliency profile
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of x as a vector s(x, y) with entries s(x, y)i := |∇θiLθ(x, y)|, the magnitudes of the gradient

of the loss with respect to each model parameter. Because the gradients on training data

for a model trained to convergence are near zero, it is important to specify that D be a

validation, or holdout, set. Intuitively, a larger gradient norm at the point (x, y) indicates a

greater inefficiency in the network’s classification of sample x, and thus each entry of s(x, y)

measures the suboptimality of individual parameters.

Aggregation of parameter saliency. Convolutional filters are known to specialize

in tasks such as edge, shape, and texture detection [238, 18, 148]. We therefore choose to

aggregate saliency on the filter-wise basis by averaging the gradient magnitudes of parameters

corresponding to each convolutional filter. This allows us to isolate filters to which the loss

is most sensitive (i.e. those which, when corrected, lead to the greatest reduction in loss).

Formally, for each convolutional filter Fk in the network, consider its respective index

set αk, which gives the indices of parameters corresponding to the filter Fk. The filter-wise

saliency profile of x is defined to be a vector s(x, y) with entries

s(x, y)k :=
1

|αk|
∑
i∈αk

s(x, y)i, (4.1)

the parameter-wise saliency profile aggregated by averaging on the filter level.

Standardizing parameter saliency. Figure 4.1 exhibits the ResNet-50 [82] filter-wise

saliency profile averaged over the ImageNet [43] validation set, where filters within each

layer are sorted from highest to lowest saliency. One clear observation is the difference

in the scale of gradient magnitudes – shallower filters are more salient than deeper filters.

This phenomenon might occur for a number of reasons. First, early filters encode low-level

features, such as edges and textures, which are active across a wide spectrum of images.

Second, typical networks have fewer filters in shallow layers than in deep layers, making each

individual filter more influential at shallower layers. Third, the effects of early filters cascade

and accumulate as they pass through a network.

To isolate filters that uniquely cause erroneous behavior on particular samples, we find
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Figure 4.3: Effect of turning salient filters off. (a) Change in incorrect class confi-
dence score. (b) Change in true class confidence score. (c) Percentage of samples that were
corrected as the result of pruning filters. These trends are averaged across all images misclas-
sified by ResNet-50 in the ImageNet validation set. The error bars represent 95% bootstrap
confidence intervals.

filters that are abnormally salient for a sample, x, but not for others. That is, we further

standardize the saliency profile of x with respect to all filter-wise saliency profiles of D.

Formally, let µ be the average filter-wise saliency profile across all x ∈ D, and let σ be an

equal-length vector with the corresponding standard deviation for each entry. We use these

statistics to produce the standardized filter-wise saliency profile as follows:

ŝ(x, y) :=
|s(x, y)− µ|

σ
. (4.2)

The resulting tensor ŝ(x, y) is of length equal to the number of convolutional filters in the

network, and we henceforth call it the saliency profile for sample x. By standardizing saliency

profiles, we create a saliency map that activates when the importance of a filter is unusu-

ally strong relative to other samples in the dataset. This prevents the saliency map from

highlighting filters that are uniformly important for all images, and instead focuses saliency

on filters that are uniquely important and serve an image-dependent role. In the rest of the

paper, unless explicitly noted otherwise, we use ŝ(x, y) and refer to it as parameter saliency.

Incorrectly classified samples are more salient. Empirically, we observe the saliency
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profiles of incorrectly classified samples exhibit, on average, greater values than those of

correctly classified examples. This bolsters the intuition that salient filters are precisely

those malfunctioning — if the classification is correct, there should be few malfunctioning

filters or none at all. Moreover, we see deeper parts of the network appear to be most

salient for the incorrectly classified samples while earlier layers are often the most salient for

correctly classified samples. An example of these behaviors for ResNet-50 is shown in Figure

4.2 which presents standardized filter-wise saliency profiles averaged over the correctly and

incorrectly classified examples from the ImageNet validation set. Additionally, we note the

improved relative scale of the standardized saliency profile across different layers compared

to the absolute gradient magnitudes in Figure 4.1. Saliency profiles for other architectures

could be found in Appendix C. Henceforth, we will focus specifically on saliency profiles of

misclassified samples in order to explore how neural networks make mistakes.

4.3.2 Input-Space Saliency for Visualizing How Filters Malfunction

The parameter saliency profile allows us to identify filters that are most responsible for

mistakes and erroneous network behavior. In this section, we develop an input-space coun-

terpart to our parameter saliency method to understand which features of the image affect

the saliency of particular filters. [68] show that the gradient information of a network is

invertible, providing a link between input space and parameter saliency space. This work,

along with existing input-space saliency map tools [186, 192, 188, 248, 180], inspires our

method.

Given a parameter saliency profile ŝ = ŝ(x, y) for an image x with label y, our goal is

to highlight the input features that drive large filter saliency values. That is, we would like

to identify image pixels altering which can make filters more salient. To this end, we first

select some set F of the most salient filters that we would like to explore. Then, we create a

boosted saliency profile s′F by increasing the entries of ŝ corresponding to the chosen filters
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F :

(s′F )i =

ŝi, i ̸∈ F,

kŝi, i ∈ F,

(4.3)

k > 1 (we used k = 100 in our experiments). Now, we can find pixels that are important for

making the chosen filters F more salient and, equivalently, making the filter saliency profile

ŝ(x, y) close to the boosted saliency profile s′F by taking the following gradients:

MF = |∇xDC(ŝ(x, y), s′F )|, (4.4)

where DC(·, ·) is cosine distance.

The resulting input saliency map MF contains input features (pixels) that affect the

saliency of the chosen filters F the most.

4.4 Experiments

In this section, we aim to validate the meaningfulness of our parameter saliency method.

First, we verify that salient parameters are indeed responsible for misclassification by showing

on the dataset level that turning them off improves predictions on the associated samples

more than turning off the same number of random or least salient parameters.

We then find that samples which cause similar filters to malfunction are semantically

similar. We also show on the dataset level that fine-tuning a small number of the most

salient parameters on a single sample results in error correction on other samples which

were misclassified for similar reasons and cause similar parameters to malfunction.

We then use our input-space saliency technique in conjunction with its parameter-space

counterpart as an explainability tool to explore how neural networks make mistakes and how

salient filters interact with visual input features.

We evaluate our saliency method in the context of image classification on CIFAR-10 [107]

and ImageNet [43]. Images we use for visualization, unless otherwise specified, are sampled

from ImageNet validation set. Throughout the experiments, we use a pre-trained ResNet-18
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(a) Great pyrenees ↔ Kuvasz (b) Basset hound ↔ Beagle

Figure 4.4: Examples of nearest neighbors in parameter saliency space (from Im-
ageNet).

classifier [82] on CIFAR-10 and a pre-trained ResNet-50 on ImageNet. Both models are

trained in a standard fashion on the corresponding dataset12.

4.4.1 Turning Off Salient Filters

We begin validating our parameter-space saliency maps by observing the effect of turning

off the salient filters. In order to remove the influence of a particular salient filter, we prune

it – zero out the filter weights and also the biases of the associated batch normalization

layers. This procedure guarantees that the corresponding input feature map to the next

convolutional layer is always zero.

We gradually increase the number of pruned most salient filters and track three metrics:

the change in the incorrect class confidence, the change in the true class confidence, and the

percentage of the samples that flip their label to the correct class. In every case, we compare

pruning the most salient filters against pruning the same number of random filters and the

least salient filters. These experiments are performed on the dataset level: we average the

trends across all misclassified images in the ImageNet validation set.

1https://github.com/kuangliu/pytorch-cifar (under MIT license)

2https://github.com/pytorch/vision (under BSD 3-Clause License)
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As shown in Figure 4.3, pruning the most salient filters is significantly more effective

for decreasing the incorrect class confidence than random or least salient filters. Specifi-

cally, gradually pruning the top 100 salient filters achieves up to 30% drop in the incorrect

class confidence score while pruning random filters yields only about 7% decrease. We also

note that pruning the least salient filters does not produce any effect on the incorrect class

confidence.

We repeat the same experiment with the true class confidence and observe that the highest

true class confidence gain occurs when we prune around 20 most salient filters. Pruning

enough salient filters eventually leads to a gradual decrease in the true class confidence. We

note that this behavior is expected since we are destroying, not correcting, the inference power

of all of the most sensitive filters for an image, some of which may be essential for inference.

Finally, pruning random filters provides a much slower increase in the true confidence class

while the least salient filters again do not produce a significant effect.

In addition, we count the number of images that were corrected as a result of pruning

and find that pruning around 30 most salient filters results in the best correct classification

rate of 12%. Similar to the true class confidence, the trend decreases beyond this point.

Pruning random filters increases the percentage of corrected samples at a much slower rate

and does not perform better than the most salient filters when pruning up to 100 filters.

Notably, pruning the least salient filters manages to correct a nontrivial number of samples

but still much smaller than pruning random filters.

These experiments suggest that the identified salient parameters are indeed responsible

for misclassification since turning these parameters off improves predictions on the associated

samples more than turning off the same number of random or least salient parameters.

4.4.2 Nearest Neighbors in Parameter Saliency space

We validate the semantic meaning of our saliency profiles by clustering images based on the

cosine similarity of their profiles. In this section, we present visual depictions of a nearest

neighbor search among all images in the ImageNet validation set. We also conduct this
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Figure 4.5: Neighbors in parameter saliency space found using only early or only
deep layers. The reference image is in the first column. Images in the top row resemble
the reference image in the saliency on early layers of VGG-19, and images in the bottom row
are found using deeper layers.

analysis on CIFAR-10 images, and this can be found in Appendix C.

We find that the nearest neighbors of misclassified images in saliency space are mostly

other misclassified images from the same pair of predicted and true classes but possibly in

reverse order. For example, in Figure 4.4, the reference image in (a) is a great Pyrenees

misclassified as kuvasz, and the 4 images with the most similar profiles exhibit either the

same misclassification or the reverse (i.e., kuvasz misclassified as great Pyrenees). Intuitively,

the common salient parameters across these neighbors are those which are important for

discriminating between the two classes in question but are not well-tuned for this purpose.

Note that we find the concept of “being similar” in parameter saliency space to be different

from the one in image space. The nearest neighbors we find are often not similar in a pixel-

wise sense, but rather they are similar in their reason for causing misclassification. For

example, images in Figure 4.4 (b) are beagles mistaken by a network for basset hounds

and vice versa. We find that these pictures are either taken from a high angle or do not

include the dog’s legs, making the leg length, a major distinction between the two breeds,

indistinguishable from the picture. We include more example images along with their nearest

neighbors in Appendix C.

In addition, we compute nearest neighbors when only considering filters in a specific range
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Figure 4.6: Effect of updating a limited number of filters. (a) Percentage of mis-
classified samples corrected after fine-tuning. (b) Average percentage of nearest neighbors
that are also corrected after fine-tuning. (c) Average change in the confidence score of the
true class among nearest neighbors. The horizontal dashed line in each plot is the effect of
updating the entire network.

of layers in order to visualize the types of misbehavior triggered by network components

(filters) at various network depths. We search for similar images using parameter saliency

in the shallow and deep layers of a VGG-19 network vgg, which we divide into the shallow

and deep parts that respectively occur up to and after layer relu4 1. The top row of

figure Figure 4.5 shows neighbors found using shallow parameters, which share basic image

attributes such as color histogram, while images in the bottom row share more abstract

similarities.

4.4.3 Correcting Mistakes by Fine-Tuning Salient Filters

To validate that salient filters are more responsible for the erroneous behavior of neural net-

works, we show that updating a limited number of salient filters on a single misclassified

image can correct the mistakes made by a neural network on other images that were mis-

classified because of similarly malfunctioning filters – on nearest neighbors of that image in

the parameter saliency space. In this experiment we fine-tune a pretrained ResNet-50 for

one step on a single image for which the network makes a wrong prediction and track the
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43.93% great white shark
24.24% killer whale

(f) Extended mask

58.73% great white shark
12.88% killer whale

Figure 4.7: Interaction between input features and salient filters. (a) Reference
image of “great white shark” misclassified by ResNet-50 as “killer whale” with confidence
scores. (b) Input-space saliency visualization. Pixels that cause the top 10 salient filters
to have high saliency. (c) Change in saliency values of the erroneous filters across masking
experiments. The vertical bars represent the standard deviation of the change across 10 most
salient filters. (d)-(f) Masking experiments.

model’s performance on the image’s nearest neighbors found through the process introduced

in Section 4.4.2. While filter saliency profiles are standardized with respect to the ImageNet

validation set, we find the nearest neighbors from an independent test set – ImageNet-v2,

collected by imagenetv2 separately from the original ImageNet data. This way, the label

information of the nearest neighbors is not used in fine tuning in any way.

We restrict the number of tunable filters to be no more than 1.0% of the total number of

filters in the network, and we update the chosen filters by taking one step of gradient descent
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with a normalized step. We compare fine-tuning the most salient filters with two other choices

of tunable filters: the least salient filters and random filters. We use misclassified images

from the ImageNet validation set, making up to over 10,000 samples. We evaluate the effect

of fine-tuning on each of these images independently and find the corresponding nearest

neighbors from a holdout ImageNet-v2 test set where we limit the search scope exclusively

to misclassified images too.

In Figure 4.6, we compare the average performance of our three choices of tunable filters

under three metrics. Panel (a) presents a the percentage of samples that are corrected after

fine-tuning as a sanity check and we see that updating 150 most salient filters (∼0.6% of

total filters) is enough to achieve the same percentage of corrections as updating the entire

network.

The second and third metrics evaluate the effect on the nearest neighbors of the training

sample (Figure 4.6 (b),(c)). Note that for a given training sample, its nearest neighbors are

not involved in our one-step single sample fine-tuning process. By tracking model predictions

and true class confidence scores among the 10 nearest neighbors of each sample, we find

that fine-tuning salient filters is significantly more effective than other choices. Results in

Figure 4.6, (b) and (c), also imply that the nearest neighbors found using our method are

the images that are wrong for similar reasons and that they can be corrected altogether by

only updating the salient filters on a single image. We note that we do not propose a new

pruning or fine-tuning method. Rather, we use these experiments to verify that the salient

filters are indeed responsible for misclassification.

4.4.4 Interpretable Network Failures: Visualizing Input Features Which Trigger Filter Mal-

functions

Case study. To present an example of how our approach can be used as an explainability

tool, we begin this section with a case study of an image misclassified by ResNet-50 as

“killer whale” (Figure 4.7(a)). The correct label of the image is “great white shark”. Our

goal is to study the interaction between the most salient filters and input features. We first
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(a) dalmation
soccer ball

(b) pizza
bell pepper

(c) leopard
jaguar

(d) junco
house finch

(e) passenger car
locomotive

Figure 4.8: Different types of network mistakes. All of the presented images are mis-
classified by ResNet-50. The correct class label is specified in the top row and the incorrect
class label – in the bottom row of the subcaption on each panel. (a)-(b) The target object
is confused with another object in the image. (c) A regular mistake. The salient pixels are
focused on the target object features which confuse the network. (d) Background features
confuse the network. (e) An example of a noisy label where the network is “more correct”
than the target label. These are examples where masking top 5% of the salient pixels corrects
the misclassification.
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identify filters most responsible for misclassification by computing the filter saliency profile

and visualize parts of the image that drive the high saliency values for those filters using the

input-space saliency counterpart (as introduced in Section 4.3.2).

Panel (b) of Figure 4.7 presents our image-space visualization for the ten most salient

filters – the pixels which trigger misbehavior in these filters are highlighted. For example, we

see that the seal and boat are both triggers. One natural hypothesis is that the seal looks like

a killer whale to the network and is the source of the classification error. We check this by

masking out the seal (Figure 4.7 (d)) . However, although the probability of “killer whale”

goes down and the probability of the correct class increases, the network still misclassifies

the image as “killer whale”.

Now, if we mask out exactly the most salient areas of the image according to our visualiza-

tion (see Figure 4.7 (b), (e)), the network manages to flip the label of the image and classify

it correctly. If we extend our mask to the less pronounced, but still salient, areas of the image

as in Figure 4.7 (f), we observe that the correct class confidence increases even more while

the probability of the incorrect “killer whale” label further decreases. Additionally, we find

that masking out the non-salient parts of the image results in even worse misclassification

confidence than that of the original image (see Appendix C). In order to further investigate

the effect of the salient region, we pasted it from this image onto other great white shark

images (see Appendix C) and observed that this drives the probability of “killer whale” up

for 39 out of 40 examples of great white sharks from the ImageNet validation set with an

average increase of 3.75%.

Our experiments suggest that secondary objects in the image are associated with the

misclassification. However, we see that the erroneous behavior of the model does not just

stem from classifying a non-target object in the image. It is possible that the model correlates

the combination of sea creatures (e.g. a seal) and man-made structures (e.g. a boat) with the

“killer whale” label. We note that images of killer whales in ImageNet often have man-made

structures which look similar to the boat (see Appendix C for examples).

Finally, at each step of our masking experiments, we recompute the saliency values of the
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originally chosen 10 filters (i.e. the filters that caused erroneous behavior on the reference

image). From Figure 4.7 (c), we observe that as we mask out the input features according to

our input-saliency, the saliency values of those filters decrease gradually and reach an 80%

drop, confirming that highlighted regions indeed drive the high saliency of the chosen filters.

Dataset-level masking experiment. We performed the experiment of masking the

non-foreground image areas on the dataset level and observed similar trends to the case study.

Specifically, we trained a ResNet-50 on half of the ImageNet train set, and then used the

incorrectly classified images from the other half of the train set with target object bounding

boxes for the experiment (we used annotations from the ImageNet website3). We computed

our input saliency for every image and masked out the most salient regions of those images

while preserving the target object. We observed that as a result of masking, the softmax

output corresponding to the correct class increases (p < 0.05) on average and decreases

for the incorrect class (p < 0.05), while masking the same number of randomly selected

pixels (similarly outside of the target object bounding box) does not produce a statistically

significant change in either correct or incorrect class confidence scores (p = 0.854 and p =

0.695, respectively).

Figure 4.8 showcases input space visualizations with different illustrative examples of

neural network mistakes. For a thorough discussion of mistake categories we find using our

method, we refer to Appendix C.1.7.

4.5 Discussion

Numerous applications demand that practitioners be able to understand the decisions their

models make, especially when those decisions are incorrect. Existing methods for explain-

ability focus on locating the input regions to which the network’s output is sensitive or on

associating network components with specific roles. In contrast, we develop a framework for

finding the exact filters which are responsible for faulty predictions and studying the interac-

3https://image-net.org/download-bboxes.php
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tions between these filters and images. This direction yields an interpretable understanding

of model behaviors.
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Chapter 5

TRANSFER LEARNING WITH DEEP TABULAR MODELS

This chapter is based on joint work with Valeriia Cherepanova, Avi Schwarzschild, Arpit

Bansal, Bayan Bruss, Micah Goldblum, Tom Goldstein and Andrew Gordon Wilson.

5.1 Introduction

Tabular data is ubiquitous throughout diverse real-world applications, spanning medical

diagnosis [96], housing price prediction [3], loan approval [13], and robotics [227], yet prac-

titioners still rely heavily on classical machine learning systems. Recently, neural network

architectures and training routines for tabular data have advanced significantly. Leading

methods in tabular deep learning [71, 70, 190, 106] now perform on par with the tradition-

ally dominant gradient boosted decision trees (GBDT) [65, 162, 32, 99]. On top of their

competitive performance, neural networks, which are end-to-end differentiable and extract

complex data representations, possess numerous capabilities which decision trees lack; one

especially useful capability is transfer learning, in which a representation learned on pre-

training data is reused or fine-tuned on one or more downstream tasks.

Transfer learning plays a central role in industrial computer vision and natural language

processing pipelines, where models learn generic features that are useful across many tasks.

For example, feature extractors pre-trained on the ImageNet dataset can enhance object

detectors [166], and large transformer models trained on vast text corpora develop conceptual

understandings which can be readily fine-tuned for question answering or language inference

[47]. One might wonder if deep neural networks for tabular data, which are typically shallow

and whose hierarchical feature extraction is unexplored, can also build representations that

are transferable beyond their pre-training tasks. In fact, a recent survey paper on deep
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learning with tabular data suggested that efficient knowledge transfer in tabular data is an

open research question [21]. In this work, we show that deep tabular models with transfer

learning definitively outperform their classical counterparts when auxiliary upstream pre-

training data is available and the amount of downstream data is limited. Importantly, we

find representation learning with tabular neural networks to be more powerful than gradient

boosted decision trees with stacking – a strong baseline leveraging knowledge transfer from

the upstream data with classical methods.

Some of the most common real-world scenarios with limited data are medical applications.

Accumulating large amounts of patient data with labels is often very difficult, especially for

rare conditions or hospital-specific tasks. However, large related datasets, e.g. for more

common diagnoses, may be available in such cases. We note that while computer vision

medical applications are common [90, 175, 30, 208], many medical datasets are fundamentally

tabular [69, 95, 96, 113]. Motivated by this scenario, we choose a realistic medical diagnosis

test bed for our experiments both for its practical value and transfer learning suitability. We

first design a suite of benchmark transfer learning tasks using the MetaMIMIC repository

[74, 231] and use this collection of tasks to compare transfer learning with prominent tabular

models and GBDT methods at different levels of downstream data availability. We explore

several transfer learning setups and lend suggestions to practitioners who may adopt tabular

transfer learning. Additionally, we compare supervised pre-training and self-supervised pre-

training strategies and find that supervised pre-training leads to more transferable features

in the tabular domain, contrary to findings in vision where a mature progression of self-

supervised methods exhibit strong performance [81].

Finally, we propose a pseudo-feature method which enables transfer learning when up-

stream and downstream feature sets differ. As tabular data is highly heterogeneous, the

problem of downstream tasks whose formats and features differ from those of upstream data

is common and has been reported to complicate knowledge transfer [119]. Nonetheless, if

our upstream data is missing columns present in downstream data, we still want to leverage

pre-training. Our approach uses transfer learning in stages. In the case that upstream data
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is missing a column, we first pre-train a model on the upstream data without that feature.

We then fine-tune the pre-trained model on downstream data to predict values in the col-

umn absent from the upstream data. Finally, after assigning pseudo-values of this feature

to the upstream samples, we re-do the pre-training and transfer the feature extractor to the

downstream task. This approach offers appreciable performance boosts over discarding the

missing features and often performs comparably to models pre-trained with the ground truth

feature values.

Our contributions are summarized as follows:

1. We find that recent deep tabular models combined with transfer learning have a decisive

advantage over strong GBDT baselines, even those that also leverage upstream data.

2. We compare supervised and self-supervised pre-training strategies and find that the

supervised pre-training leads to more transferable features in the tabular domain.

3. We propose a pseudo-feature method for aligning the upstream and downstream feature

sets in heterogeneous data, addressing a common obstacle in the tabular domain.

4. We provide advice for practitioners on architectures, hyperparameter tuning, and trans-

fer learning setups for tabular transfer learning.

5.2 Related Work

Deep learning for tabular data. The field of machine learning for tabular data has

traditionally been dominated by gradient-boosted decision trees [65, 32, 99, 162]. These

models are used for practical applications across domains ranging from finance to medicine

and are consistently recommended as the approach of choice for modeling tabular data [185].

An extensive line of work on tabular deep learning aims to challenge the dominance of

GBDT models. Numerous tabular neural architectures have been introduced, based on the

ideas of creating differentiable learner ensembles [160, 79, 234, 105, 14], incorporating at-

tention mechanisms and transformer architectures [190, 71, 12, 88, 191, 106], as well as a
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variety of other approaches [220, 221, 20, 103, 60, 177]. However, recent systematic bench-

marking of deep tabular models [71, 185] shows that while these models are competitive

with GBDT on some tasks, there is still no universal best method. gorishniy2021revisiting

show that transformer-based models are the strongest alternative to GBDT and that ResNet

and MLP models coupled with a strong hyperparameter tuning routine [5] offer competitive

baselines. Similarly, kadra2021regularization find that carefully regularized MLPs are com-

petitive. In a follow-up work, gorishniy2022embeddings show that transformer architectures

equipped with advanced embedding schemes for numerical features bridge the performance

gap between deep tabular models and GBDT.

Transfer learning. Transfer learning [150, 225, 251] has been incredibly successful in

domains of computer vision and natural language processing (NLP). Large fine-tuned models

excel on a variety of image classification [48, 42] and NLP benchmarks [47, 85]. ImageNet

[44] pre-trained feature extractors are incorporated into the complex pipelines of successful

object detection and semantic segmentation models [29, 166, 165, 164]. Transfer learning is

also particularly helpful in applications with limited data availability such as medical image

classification [9, 83, 31, 10].

In the tabular data domain, a recent review paper [21] finds that transfer learning is

underexplored and that the question of how to perform knowledge transfer and leverage

upstream data remains open. In our work, we seek to answer these questions through a

systematic study of transfer learning with recent successful deep tabular models.

Multiple works mention that transfer learning in the tabular domain is challenging due to

the highly heterogeneous nature of tabular data [91, 119]. Several papers focus on converting

tabular data to images instead [182, 250, 196] and leveraging transfer learning with vision

models [196]. Other studies explore designing CNN-like inductive biases for tabular models

[94], transferring XGBoost hyperparameters [231, 74], and transferring whole models [57,

6, 122] in the limited setting of shared label and feature space between the upstream and

downstream tasks. Stacking could also be seen as a form of leveraging upstream knowledge

in classical methods [229, 204].
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Figure 5.1: Tabular transfer learning pipeline with MetaMIMIC. We pre-train deep
tabular neural networks on abundant upstream patient data with 11 diagnosis targets via
multi-label classification. Then, we fine-tune the pre-trained models on limited downstream
data with similar features to predict the new target diagnosis.

Self-supervised learning. Self-supervised learning (SSL) aimed at harnessing unla-

belled data through learning its structure and invariances has accumulated a large body

of works over the last few years. The prominent SSL methods, such as Masked Lan-

guage Modeling (MLM) [47] from NLP and contrastive pre-training from computer vi-

sion [33] have revolutionized the fields making SSL the pre-training approach of choice

[47, 112, 124, 120, 33, 81, 26, 16, 141]. In fact in vision, SSL pre-training has been shown to

produce more transferable features than supervised pre-training on ImageNet [81].

Recently, SSL has been adopted in the tabular domain [236, 237, 209, 190, 88]. Con-

trastive pre-training on auxilary unlabelled data [190] and MLM-like approaches [88] have

been shown to provide gains over training from scratch for transformer tabular architectures

in cases of limited labelled data.
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5.3 Transfer Learning Setup in Tabular Domain

To study transfer learning in the tabular domain, we need to choose benchmark tasks and

training pipelines. In this section, we detail both our upstream-downstream datasets as well

as the tools we use to optimize transfer learning for tabular data.

5.3.1 MetaMIMIC Test Bed for Transfer Learning Experiments

MetaMIMIC repository. As medical diagnosis data often contains similar test results

(i.e. features) across patients, and some diseases (i.e. tasks) are common while others

are rare, this setting is a realistic use-case for our work. We thus construct transfer learning

benchmarks using the MetaMIMIC repository [74, 231] which is based on the MIMIC-IV [95,

69] clinical database of anonymized patient data from the the Beth Israel Deaconess Medical

Center ICU admissions. MetaMIMIC contains 12 binary prediction tasks corresponding to

different diagnoses such as hypertensive diseases, ischematic heart disease, diabetes, alcohol

dependence and others. It covers 34925 patients and 172 features, including one categorical

feature (gender), related to the medical examination of patients hand-selected by the authors

to have the smallest number of missing values [74, 231]. The 12 medical diagnosis targets

are related tasks of varied similarity and make MetaMIMIC a perfect test bed for transfer

learning experiments.

Upstream and downstream tasks. A medical practitioner may possess abundant

annotated diagnosis data corresponding to a number of common diseases and want to harness

this data to assist in diagnosing another disease, perhaps one which is rare or for which data

is scarce. To simulate this scenario, we create transfer learning problems by splitting the

MetaMIMIC data into upstream and downstream tasks. Specifically, we reserve 11 targets

for the upstream pre-training tasks and one target for the downstream fine-tuning tasks, thus

obtaining 12 upstream-downstream splits – one for each downstream diagnosis. Additionally,

we limit the amount of downstream data to 4, 10, 20, 100, and 200 samples corresponding

to several scenarios of data availability.
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In total, we have 60 combinations of upstream and downstream datasets for our transfer

learning experiments. We pre-train our models as multi-label classifiers on the upstream

datasets with 11 targets and then transfer the feature extractors onto the downstream binary

diagnosis tasks, Figure 5.1 presents a diagram illustrating the pipeline.

5.3.2 Tabular Models

We conduct transfer learning experiments with four tabular neural networks, and we compare

them to two GBDT implementations.

For neural networks, we use transformer-based architectures found to be the most compet-

itive with GBDT tabular approaches [71, 88, 70]. The specific implementations we consider

include the recent FT-Transformer [71] and TabTransformer [88]. We do not include im-

plementations with inter-sample attention [190, 106] in our experiments since these do not

lend themselves to scenarios with extremely limited downstream data. In addition, we use

MLP and ResNet tabular architectures as they are known to be consistent and competitive

baselines [71].

For GBDT implementation, we use the popular Catboost [162] and XGBoost libraries

[32].

5.3.3 Transfer Learning Setups and Baselines

In addition to a range of architectures, we consider several setups for transferring the up-

stream pre-trained neural feature extractors onto downstream tasks. Specifically, we use

either a single linear layer or a two-layer MLP with 200 neurons in each layer for the classifi-

cation head. We also either freeze the weights of the feature extractor or fine-tune the entire

model end-to-end. To summarize, we implement four transfer learning setups for neural

networks:

• Linear head atop a frozen feature extractor

• MLP head atop a frozen feature extractor
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• End-to-end fine-tuned feature extractor with a linear head

• End-to-end fine-tuned feature extractor with an MLP head

We compare the above setups to the following baselines:

• Neural models trained from scratch on downstream data

• CatBoost and XGBoost with and without stacking

We use stacking for GBDT models to build a stronger baseline which leverages the upstream

data. To implement stacking, we first train upstream GBDT models to predict the 11

upstream targets and then concatenate their predictions to the downstream data features

when training downstream GBDT models.

5.3.4 Hyperparameter Tuning

The standard hyperparameter tuning procedure for deep learning is to randomly sample a

validation set and use it to optimize the hyperparameters. In contrast, in our scenario we

often have too little downstream data to afford a sizeable validation split. However, we can

make use of the abundant upstream data and leverage the hyperparameter transfer which is

known to work for GBDT on related tasks [231, 74].

We tune the hyperparameters of each model with the Optuna library [5] using Bayesian

optimization. In particular, for GBDT models and neural baselines trained from scratch,

we tune the hyperparameters on a single randomly chosen upstream target with the same

number of training samples as available in the downstream task, since hyperparameters

depend strongly on the sample size. The optimal hyperparameters are chosen based on the

upstream validation set, where validation data is plentiful. We find this tuning strategy to

be especially effective for GBDT and provide comparison with default hyperparameters in

Appendix D.3. The benefits of this hyperparameter tuning approach are less pronounced for

deep baselines.
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Figure 5.2: Average model ranks across all downstream tasks. Deep tabular mod-
els and GBDT performance is presented on the corresponding panels. Within each panel,
columns represent transfer learning setups, and rows correspond to the number of avail-
able downstream samples. Warmer colors indicate better performance. FS denotes train-
ing from scratch (without pre-training on upstream data), LH and MLP denote linear and
MLP heads correspondingly, E2E denotes end-to-end training. Rank is averaged across all
downstream tasks. FT-Transformer fine-tuned end-to-end outperforms all GBDT models,
including GBDT with stacking, at all data levels. MLP is highly competitive in low data
regimes.

For deep models with transfer learning, we tune the hyperparameters on the full upstream

data using the available large upstream validation set with the goal to obtain the best

performing feature extractor for the pre-training multi-target task. We then fine-tune this

feature extractor with a small learning rate on the downstream data. As this strategy offers

considerable performance gains over default hyperparameters, we highlight the importance

of tuning the feature extractor and present the comparison with default hyperparameters in

Appendix D.3 as well as the details on hyperparameter search spaces for each model.

5.4 Results for Transfer Learning with Deep Tabular Models

In this section, we compare transfer learned deep tabular models with GBDT methods at

varying levels of downstream data availability. We note that here we present the aggregated

results in the form of the average rank of the models across all of the twelve downstream
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tasks at each data level. We choose this rank aggregation metric since it does not allow a

small number of high-variance tasks to dominate comparisons, unlike, for example, average

accuracy. Ranks are computed taking into account statistical significance of the performance

differences between the models. We further report the detailed results for all of the models

on all datasets and results for TabTransformer in Appendix D.4.

Figure 5.2 presents average model ranks on the downstream tasks as a heatmap where

the warmer colors represent the better overall rank. The performance of every model is

shown on the dedicated panel of the heatmap with the results for different transfer learning

setups presented in columns. First, noting the color pattern in the Catboost and XGBoost

columns, we observe that deep tabular models pre-trained on the upstream data outper-

form GBDT at all data levels and especially in the low data regime of 4-20 downstream

samples. Interestingly, the most competitive model in the low data regime is MLP, the sim-

plest deep tabular model, achieving the best results in the setup of end-to-end fine tuning

with an MLP head (column MLP-E2E in the MLP panel of Figure 5.2). In the higher data

regimes, FT-Transformer and ResNet are more competitive with the end-to-end fine-tuned

FT-Transformer consistently outperforming GBDT in both linear and MLP head settings

(LH-E2E and MLP-E2E columns in the FT-Transformer panel).

We emphasize that knowledge transfer with stacking, while providing strong boosts com-

pared to from-scratch GBDT training (see Stacking and FS columns of GBDT), still deci-

sively falls behind the deep tabular models with transfer learning, suggesting that represen-

tation learning for tabular data is significantly more powerful and allows neural networks to

transfer richer information than simple predictions learned on the upstream tasks.

We summarize the main practical takeaways of Figure 5.2 below:

• Simpler models such as MLP with transfer learning are very competitive in extremely

low data regimes. However, more complex architectures like FT-Transformer offer

consistent performance gains over GBDT across all data levels.

• Representation learning with deep tabular models provides significant gains over strong
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Figure 5.3: Comparison of supervised and self-supervised pre-training strategies
for FT-Transformer. The left panel illustrates end-to-end fine-tuning with linear head
and the right plot illustrates end-to-end fine-tuning with MLP head, the two most effective
strategies for FT-Transformer. Within each panel, columns represent pre-training strategies
and rows correspond to the number of available downstream samples. Warmer colors indicate
better performance. Contrastive pre-training outperforms from-scratch trained models, while
MLM pre-training is not effective. Supervised pre-training outperforms all self-supervised
pre-training strategies in our experiments.

GBDT baselines leveraging knowledge transfer from the upstream data through stack-

ing. The gains are especially pronounced in low data regimes.

• Regarding transfer learning setups, we find that using an MLP head with a trainable or

frozen feature extractor is effective for all deep tabular models. Additionally, a linear

head with an end-to-end fine-tuned feature extractor is one of the best transfer-learning

setups for FT-Transformer architecture.

5.5 Self-Supervised Pre-training

In domains where established SSL methods are increasingly dominant, such as computer

vision, self-supervised learners are known to extract more transferable features than models

trained on labelled data [81, 80]. In this section, we compare supervised pre-training with

unsupervised pre-training and find that the opposite is true in the tabular domain. We use

the Masked Language Model (MLM) pre-training recently adapted to the tabular data [88]



84

and the tabular version of contrastive learning [190]. Since both methods were proposed

for tabular transformer architectures, we conduct the experiments with the FT-Transformer

model.

5.5.1 Tabular MLM Pretraining

Masked Language Modeling (MLM) was first proposed for language models by devlin2019bert

as a powerful unsupervised learning strategy. MLM involves training a model to predict to-

kens in text masked at random, thus facilitating learning good representations. In the tabular

domain, instead of masking tokens, a random subset of features is masked for each sample,

and the masked values are predicted in a multi-target classification manner [88]. In our

experiments, we mask one randomly selected feature for each sample, asking the network to

learn the structure of the data and form representations from n− 1 features that are useful

in producing the value in the n-th feature. For more detail, see Appendix D.2.

5.5.2 Contrastive Pre-Training

Contrastive pre-training uses data augmentations to generate positive pairs, or two different

augmented views of a given example, and the loss function encourages a feature extractor

to map positive pairs to similar features. Meanwhile, the network is also trained to map

negative pairs, or augmented views of different base examples, far apart in feature space.

We utilize the implementation of contrastive learning from somepalli2021saint. In particular,

we generate positive pairs by applying two data augmentations: CutMix [241] in the input

space and Mixup [244] in the embedding space. For more details, see Appendix D.2.

5.5.3 Comparing Supervised and Self-Supervised Pre-training

While self-supervised learning makes for transferable feature extractors in other domains,

our experiments show that supervised pre-training is consistently better than the recent

SSL pre-training methods we try that are designed for tabular data. In Figure 5.3, we
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compare supervised pre-training with contrastive and MLM pre-training strategies and show

that supervised pre-training always attains the best average rank. Contrastive pre-training

produces better results than training from scratch on the downstream data when using a

linear head, but it is still inferior to supervised pre-training. Tabular MLM pretraining also

falls behind the supervised strategy and performs comparably to training from scratch in

the lower data regimes but leads to a weaker downstream model in the higher data regimes.

5.6 Aligning Upstream and Downstream Feature Sets with Pseudo-Features

While so far we have worked with upstream and downstream tasks which shared a common

feature space, in the real world, tabular data is highly heterogeneous and upstream data

having a different set of features from downstream data is a realistic problem [119]. In

our medical data scenario, downstream patient data may include additional lab tests not

available for patients in the upstream data. In fact, the additional downstream feature

may not even have a natural meaning for the upstream data, such as medical exams only

available for downstream patients of biological sex different from the upstream patients. In

this section, we propose a pseudo-feature method for aligning the upstream and downstream

data and show that the data heterogeneity problem can be addressed more effectively than

by simply taking the intersection of the upstream and downstream feature sets for tabular

transfer learning, which would throw away useful features.

Suppose our upstream data (Xu, Yu) is missing a feature xnew present in the downstream

data (Xd, Yd). We then use transfer learning in stages. As the diagram on the left panel of

Figure 5.4 shows:

1. Pre-train feature extractor f : Xu → Yu on upstream data (Xu, Yu) without feature

xnew.

2. Fine-tune the feature extractor f on the downstream samples Xd to predict xnew as

the target and obtain a model f̂ : Xd \ {xnew} → xnew.
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3. Use the model f̂ to assign pseudo-values x̂new of the missing feature to the upstream

samples: x̂new = f̂(Xu) thus obtaining augmented upstream data (Xu ∪ {x̂new}, Yu).

4. Finally, we can leverage the augmented upstream data (Xu ∪ {x̂new}, Yu) to pre-train

a feature extractor which we will fine-tune on the original downstream task (Xd, Yd)

using all of the available downstream features.

Similarly, in scenarios with a missing feature in downstream data we can directly train a

feature predictor on the upstream data and obtain pseudo-values for the downstream data.

This approach offers appreciable performance boosts over discarding the missing features

and often performs comparably to models pre-trained with the ground truth feature values

as shown in the right panel of Figure 5.4. The top heatmap represents the experiment where

downstream data has an additional feature missing from the upstream data. The bottom

heatmap represents the opposite scenario of the upstream data having an additional fea-

ture not available in the downstream data. To ensure that the features we experiment with

are meaningful and contain useful information, for each task we chose important features

according to GBDT feature importances. We observe that in both experiments using the

pseudo feature is better than doing transfer learning with the missing feature. Addition-

ally, we observe that in a few cases the pseudo-feature approach performs comparably to

using the original ground truth feature (10-100 samples on the top heatmap and 20 sam-

ples on the bottom heatmap). Interestingly, the pseudo-feature method is more beneficial

when upstream features are missing, which suggests that having ground-truth values for the

additional feature in the downstream data is more important.

5.7 Discussion

In this paper, we demonstrate that deep tabular models with transfer learning definitively

outperform strong GBDT baselines with stacking in a realistic scenario where the target

downstream data is limited and auxillary upstream pre-training data is available. We
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highlight that representation learning with neural networks enables more effective knowl-

edge transfer than leveraging upstream task predictions through stacking. Additionally, we

present a pseudo-feature method to enable effective transfer learning in challenging cases

where the upstream and downstream feature sets differ. We provide suggestions regarding

architectures, hyperparameter tuning, and setups for tabular transfer learning and hope that

this work serves as a guide for practitioners.
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Figure 5.4: Pseudo-Feature method for aligning upstream and downstream feature
sets. Left: Diagram illustrating strategy for handling mismatches between the upstream and
downstream features. When upstream data is missing a feature present in downstream data,
it is predicted with a model pre-trained on upstream data and fine-tuned to predict the new
feature on the downstream data. Right top: Scenario with missing feature in the upstream
data. Comparison of ranks of FT-Transformer model trained on data with missing feature,
with pseudo-feature and with the original feature. Right bottom: Scenario with missing
feature in the downstream data. Comparison of ranks of FT-Transformer model trained and
fine-tuned on data with missing feature, fine-tuned with pseudo and with original feature.
In both scenarios, using the pseudo-feature is better than training without the feature but
worse than worse than the original ground truth feature values.
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Chapter 6

IMPROVING PATIENT-SPECIFIC QUALITY ASSURANCE:
RADIOTHERAPY PLAN FAILURE PREDICTION WITH

DEEP TABULAR MODELS

This chapter is based on joint work with Minsun Kim and Aleksandr Aravkin.

6.1 Introduction

Intensity-modulated radiation therapy (IMRT) [149] achieves a dose distribution that is

highly conformal to the target while minimizing the dose to normal tissue by modulating

beam intensities with radiation fields. The modulation is performed using multi-leaf collima-

tors (MLC) located within the gantry of a linear accelerator by varying the speed and position

of each leaf and gantry. A complex intensity map within each radiation field, called fluence

map, is obtained as the result. The target dose distribution is found using optimization algo-

rithms implemented in a treatment planning system (TPS) [222, 35] and the leaf positions to

deliver this dose are optimized using leaf sequencing algorithms [240, 126, 27, 183, 73, 50, 78].

IMRT is a complex multi-step process with a number of possible sources of noise ranging

from computational approximations in the underlying algorithms to physical effects in the

linear accelerator. Therefore, an extensive quality assurance (QA) process is required to

prevent any unintended error from reaching the patient and affecting the patient’s clinical

outcome. It is current practice in many clinics to perform a patient-specific QA (PSQA) for

each patient’s radiation treatment plan [127] to ensure that the linear accelerator delivers

the correct dose distributions as designed and shown by TPS. Another complex treatment

planning technique which requires careful evaluation of the resulting dose distribution is

volumetric-modulated arc therapy (VMAT) [202]. Both IMRT and VMAT include PSQA as
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a standard step in the treatment process[56, 131].

One of the prevalent ways to perform PSQA is using a 2D or 3D phantom with an

embedded array of detectors to measure the dose delivered using the patient’s treatment

beams. Then the computed dose distribution in the TPS is compared with the measured

dose distribution, and a gamma analysis is performed to quantify the agreement between

the two [130, 129]. Sometimes, PSQA fails due to a poor agreement between the computed

and measured dose distributions requiring a replanning process and another PSQA, which is

often done outside clinic hours. Therefore, PSQA failure can cause increased workload and

stress for hospital staff members, delay in patient treatment or compromise patient safety if

the work has to be rushed to preserve the patient’s original treatment schedule.

To mitigate those issues and improve patient safety, a number of studies explore PSQA

failure prediction and successfully demonstrate the feasibility of machine learning approaches

in these efforts.

6.1.1 Related work

Machine learning for QA failure prediction. An extensive line of research focuses on

developing non-learned treatment plan complexity metrics and investigating their correlation

with PSQA failure [239, 41, 153, 40, 137, 152, 11]. A large number of papers further extend

these approaches by developing deep learning models and classical machine learning models

to predict the PSQA failure based on a vast array of the plan complexity metrics as well as

other heuristic features [121, 219, 84, 233, 125, 97, 108, 111]. Other studies use MLC texture

analysis and boosting algorithms for predicting gamma evaluation results [203]. Several

works use target metrics alternative to gamma passing rates, such as dose difference [101, 89].

Other works leverage convolutional neural networks to predict the PSQA failure directly from

fluence maps [205] or dose distributions [138, 206] obtained from TPS.

While many existing studies leverage heuristic feature engineering such as plan complexity

metrics [121, 219, 84, 233, 125, 97, 108, 111], in our work, we develop tabular machine learning

models based directly on MLC leaf positions to predict VMAT PSQA failure. We evaluate
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the leading tabular models and demonstrate that reliable PSQA failure predictors can be

successfully developed based solely on MLC leaf positions. One of our models is a tabular

transformer neural network which is end-to-end differentiable and provides a differentiable

map from MLC leaf positions to the probability of PSQA plan failure. As the MLC leaf

positions are the output of leaf sequencing optimization algorithms [240, 126, 27, 183, 73,

50, 78], our model could be directly leveraged as a differentiable regularizer to improve them

by encouraging to produce deliverable treatment plans, this is especially useful for the leaf

sequencing algorithms which employ gradient-based optimization[27, 78] some of which are

implemented in commercial treatment planning systems[78].

Tabular machine learning. Gradient boosted decision trees (GBDT) [65, 32, 99, 162]

are the traditionally dominant machine learning approaches for tabular data. These models

are commonly used in practice and are widely deployed in industry in various domains [185].

To challenge the prevalence of GBDT, numerous models have been proposed, based on

using differentiable ensembles [160, 79, 234, 105, 14], leveraging attention-based transformer

neural networks [190, 71, 12, 88, 191, 106], as well as other approaches [220, 221, 20, 103, 60,

177]. Recent work on systematic evaluation of deep tabular models [71, 185] shows that there

is still no universally best model capable of consistently outperforming GBDT. Transformer-

based models have been shown to be the strongest competitor of GBDT[71, 70, 190, 106],

especially when coupled with a powerful hyperparameter tuning toolkit [5, 71].

In our work, we leverage the leading tabular machine learning models – gradient boosted

decision trees (in their CatBoost and XGBoost implementations [162, 32]) and an attention-

based neural network FT-Transformer [71]. We note that CatBoost and FT-Transformer

have never been used before in the context of PSQA failure prediciton.

Our proposed approach is distinguished from the previous efforts in that we predict

PSQA failure directly from MLC leaf positions. Additionally, the FT-Transformer model

we apply is end-to-end differentiable and uses no heuristic feature engineering. It could

therefore be leveraged as a differentiable regularizer for improving leaf sequencing algorithms

[240, 126, 27, 183, 73, 50, 78]. Regularizing the MLC leaf optimization with our model could
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lead to robust sequencing algorithms capable of producing more deliverable treatment plans.

6.2 Materials and Methods

In this section, we describe the pipeline of our study including the description of data col-

lection and processing as well as the models, evaluation metrics and hyperparameter tuning

approaches we use.

6.2.1 Data Description

In our study we leverage historical data of PSQA gamma analysis.

We collected anonymized radiotherapy plans of patients treated with VMAT (3% dose

difference at 3 mm distance) in our clinic between 2019-2021. We constructed a tabular

dataset on beam level leveraging the RT-DICOM [113] files of the treatment plans to form

the samples: for each beam in a treatment plan, we used the leaf and jaw positions of

the MLC collimators at each gantry angle. For the labels we used the beam-level result

of the gamma analysis performed as part of the standard PSQA process in our clinic. We

aggregated the MLC positions by averaging every 10 neighboring MLC pairs and averaging

the gantry angles at every 8 degrees. As the result, we obtain a tabular regression dataset

with 360 purely numerical features and 1873 samples.

For our ultimate goal of PSQA failure prediction, we consider the same data in the

classification context. We define the action threshold to be at 95 % as is common in clinical

practice [28, 151, 140] and obtain binary classification labels by thresholding the gamma pass

rates.

We reserve 65% of the samples for the training set, 15% for the validation set and 20%

for the test set. To preprocess the data, we normalize the features and regression targets by

subtracting their mean over the training set and dividing by their standard deviation over

the training set.
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6.2.2 Models

In this study we use the recent transformer-based tabular deep learning method FT-Transformer

as well as the well-established gradient boosted tree models. These approaches have been

shown to be the most performant on tabular data in recent benchmarking [71, 70]. To imple-

ment gradient boosted trees, we use the popular CatBoost [162] and XGBoost [32] packages.

For FT-Transformer, we use the official implementation [71].

Additionally, we report the classification performance of the non-learned baseline ap-

proach based on the average MLC gap – a plan complexity metric used in the current

clinical practice at UWMC.

6.2.3 Model Evaluation

We evaluate our models in the regression context of predicting the gamma passing rates as

well as in the classification context of predicting the PSQA plan failures.

In the regression context we use mean absolute error and root mean squared error metrics

as well as Pearson’s and Spearman’s correlation coefficients between the predictions and the

ground truth gamma passing rate values.

In the classification context, we use ROC AUC to evaluate the model performance. We

report the beam-level ROC AUC and patient-level or plan-level ROC AUC. The patient-level

predictions and labels are obtained by converting the beam-level predictions and labels such

that a plan is failed if at least one beam in the plan is failed.

6.2.4 Hyperparameter Tuning

For hyperparameter tuning we use the Optuna Bayesian optimization toolkit [5]. The hy-

perparameter search spaces for each model are reported in Appendix E.1. Additionally, to

avoid overfitting, for each model we use early stopping with patience, i.e. we stop train-

ing the models if no improvement in the validation score is observed for 30 epochs with

FT-Transformer or for 50 boosting rounds with CatBoost and XGBoost.
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Table 6.1: Regression results. Rows correspond to models and columns correspond to
regression metrics.

MAE (%) RMSE (%) Pearson’s r Spearman’s r

XGBoost 1.53 1.89 0.58 0.59
CatBoost 1.40 1.84 0.6 0.59
FT-Transformer 1.44 1.95 0.51 0.51

6.3 Results

In this section we present the results of our machine learning approaches. We investigate the

model performance in both regression and classification contexts and compare the machine

learning models against a non-learned baseline based on a simple plan complexity metric

currently used in clinical practice at UWMC.

6.3.1 Regression Results

We first present the performance of our models in predicting the gamma passing rates in

Table 6.1. While all models are competitive and achieve good results of for example mean

absolute errors of the gamma rate predictions of 1.4%− 1.53%, CatBoost appears to be the

strongest regressor outperforming both XGBoost and FT-Transformer across all the metrics.

We note that these MAE, RMSE, Pearson’s r and Spearman’s r values are consistent and are

on the same order with the results of other studies in the literature [121, 219, 84, 111, 205]

even though they are not directly comparable given the differences in the experimental setups

due to the varying hospital equipment and PSQA processes.

6.3.2 Classification Results

The ultimate clinical utility of our models is predicting the PSQA patient treatment plan

failures to reduce the patient treatment delays and the load on the hospital resources. This
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practical setup is best emulated by considering our models in the classification context.

However, training the models using the regression labels instead of the classification labels

directly allows us to leverage more fine-grained target information and avoid the challenges

of severe class imbalance in the classification labels. Yet, the predictions of our regression

models could be evaluated in the classification context and we present these results in Table

6.2. We highlight that Table 6.2 shows two types of ROC AUC metrics: beam-level and

patient-level. As mentioned in section 6.2.3, the patient-level predictions are formed from

the beam-level predictions by considering a patient plan to be failed if at least one of the

beams in the plan is failed.

Table 6.2: Classification results. Rows correspond to models and columns correspond to
classification metrics.

Beam-level ROC AUC Patient-level ROC AUC

Mean MLC Gap Baseline 0.71 0.72
XGBoost 0.87 0.87
CatBoost 0.86 0.87
FT-Transformer 0.82 0.85

As the main takeaways of Table 6.2, we observe that the patient-level ROC AUC classi-

fication performance of FT-Transformer is very close to that of CatBoost and XGBoost and

that all of the machine learning approaches significantly outperform the Mean-MLC-Gap

baseline currently used at UWMC.

While ROC AUC summarizes the classification performance for all of the prediction

thresholds, a particular threshold has to be selected in practice. To investigate this, we

further report the patient-level ROC curves for each of the machine learning models in

Figure 6.1. Since missing a failed plan results in patient rescheduling, it is more costly than

sending a successful plan for replanning. Therefore, in our clinical scenario it is beneficial to

maximize the true positive rate of PSQA failure identification while keeping the false positive
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Figure 6.1: Patient-level ROC Curves. (a) FT-Transformer (b) CatBoost (c) XGBoost.
The error bars represent the standard error across 5 seeds. The positive label corresponds
to plan failure.

rate at a reasonable value. From the shape of the ROC curves in Figure 6.1, we observe

that FT-Transformer and CatBoost serve this purpose well and allow to achieve 80% true

positive rate while keeping the false positive rate under 20%, while XGBoost falls behind

and achieves only approximately 70% true positive rate at 20% false positive rate.

6.4 Discussion

We leverage the dominant tabular machine learning models and show that accurate PSQA

failure prediction is possible using just the MLC leaf position data. We evaluate our models

in both regression and classification contexts and find that CatBoost produces the strongest

regression model for gamma passing rate prediction and that FT-Transformer performs on

par with CatBoost in the classification of PSQA plan failure.

Both CatBoost and FT-Transformer provide a substantial improvement over the complexity-

metric-based baseline currently used in our clinic. While due to the lack of existing bench-

mark datasets and every institution using different linear accelerators, treatment planning

systems and variations of the QA procedure, it is hard to compare models across studies

directly, we note that our results are consistent with the literature. Our models achieve

classification performance of 0.85-0.87 ROC AUC and are able to identify 80% of treatment
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plans that would have failed the PSQA while sending for replanning only 20% of successful

plans. Using these models in clinical practice will significantly reduce the need for patient

rescheduling caused by QA failure as well as the workload for the radiation oncology staff

members.

The FT-Transformer neural network model comes with an additional benefit of being end-

to-end differentiable providing a differentiable map from MLC positions to the probability

of PSQA failure. Therefore, this model could be leveraged as a differentiable regularizer

to improve the gradient-based leaf sequencing optimization algorithms encouraging them to

produce a deliverable treatment plan.

6.5 Conclusion

In this work we apply the leading tabular machine learning approaches to the problem of

PSQA failure prediction based solely on MLC leaf positions, and obtain effective models

which have both direct clinical practice impact as well as the potential to improve MLC leaf

sequencing methods.
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Appendix A

MULTI-MODALITY RADIOTHERAPY OPTIMIZATION

A.1 Proximal Operator Calculation

prox−η0f (y) = arg min
x

{
−f(x) +

1

2η0
∥x− y∥2

}
. (A.1)

Equation (2.17) gives us an update w+
0 for w0. We note that the proximal operator is

defined for convex functions whereas our −f(x) is concave. Therefore, the minimization

problem in (A.1) may be unbounded. We will find the proximal operator by definition, that

is, we will directly solve the minimization problem (A.1). Recall that B is diagonal.

min
x
−xTBx +

1

2η0
∥x− y∥2 (A.2)

⇔ min
x
−xTBx +

1

2η0
xTx− 1

η0
⟨y, x⟩ (A.3)

⇔ min
x
−
∑
i

Biix
2
i +

1

2η0

∑
i

x2
i −

1

η0

∑
i

yixi. (A.4)

Finally, it is equivalent to

min
x
−
∑
i

(Bii −
1

2η0
)x2

i −
1

η0

∑
i

yixi. (A.5)

Consider possible cases:

• If ∃i : (Bii − 1
2η0

) > 0, then take x : xj = 0 ∀j ̸= i, xi →∞, the objective is unbounded

below since the quadratic term dominates over the linear term.

• If maxi(Bii − 1
2η0

) ≤ 0, then we have a convex objective and therefore we can set
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derivative equal to zero to find the optimum. We have:

−2Bx +
1

2η0
2(y − x)(−1) = 0⇒ (−2B +

1

η0
I)x =

1

η0
y.

Thus,

(prox−η0f (y))j =


∞, maxi(Bii − 1

2η0
) > 0 & j = arg maxi(Bii − 1

2η0
)

0, maxi(Bii − 1
2η0

) > 0 & j ̸= arg maxi(Bii − 1
2η0

)

1
η0
yj/(−2Bjj + 1

η0
), maxi(Bii − 1

2η0
) ≤ 0.

A.2 Projection Calculation

To find the projection, let us reformulate the problem as follows:

minw ∥w − v∥2

s.t. γ1w1 + γ2w2 + · · ·+ γnwn + D1w
2
1 + D2w

2
2 + · · ·+ Dnw

2
n ≤ Cmean/max

where Di stands for the i-th diagonal element of D. Now, let us complete the square:

γ1w1 + γ2w2 + · · ·+ γnwn + D1w
2
1 + D2w

2
2 + · · ·+ Dnw

2
n ≤ Cmean/max ⇔

( γ1
2
√
D1

)2 + 2(
√
D1w1)(

γ1
2
√
D1

) + (
√
D1w1)

2 + · · · ≤ Cmean/max + ( γ1
2
√
D1

)2 + · · · ⇔∑
i(

γi
2
√
Di

+
√
Diwi)

2 ≤ Cmean/max +
∑

i(
γi

2
√
Di

)2.

Now, denote

K = Cmean/max +
∑

i(
γi

2
√
Di

)2, zi = γi
2
√
Di

+
√
Diwi, then

wi = 1√
Di

(zi − γi
2
√
Di

).
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We finally get:

minz

∑
i(

1√
Di
zi − γi

2Di
− vi)

2

s.t. ∥z∥2 ≤ K

Take the substitution D̂ = diag( 1√
D1

, 1√
D2

, . . . , 1√
Dn

), li = γi
2Di

+ vi and consider the following

(using KKT):

min
z

1

2
∥D̂z − l∥22 + λ(∥z∥2 −K)

In fact, we have:

L(z, λ) = ∥D̂z − l∥22 + λ(∥z∥2 −K)

KKT:

∇L(z, λ) = D̂T (D̂z − l) + 2λz = 0

λ(zT z −K) = 0

zT z ≤ K

λ ≤ 0

From the first condition, we have

z∗ = (D̂T D̂ + λI)−1D̂T l.

If λ = 0, then we check the z∗ = (D̂T D̂)−1D̂T l to satisfy z∗T z∗ ≤ K. Otherwise, we look for

the root λ∗ of

∥(D̂T D̂ + λI)−1D̂T l∥22 = K,
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which we can find numerically by a root-finder routine. Then the projection is given by:

z∗ = (D̂T D̂ + λ∗I)−1D̂T l.

Going back to the original variables,

wi =
1√
Di

(z∗i −
γi

2
√
Di

).
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Appendix B

CELL PHONE MOBILITY DATA AND MANIFOLD
LEARNING: INSIGHTS INTO POPULATION BEHAVIOR

DURING THE COVID-19 PANDEMIC

B.1 Linear dimensionality reduction and clustering

We used the singular value decomposition (SVD), closely related to principal component

analysis, as a linear method to reduce the dimensionality of the mobility data matrix. Fig-

ure B.1 illustrates that more than 60 singular vectors (principal components) are required

to reach 90% of the explained variance. This singular value distribution suggests a marginal

benefit from linear dimensionality reduction. Moreover, applying a GMM to the data in the

transformed space, we obtained highly uncertain GMM cluster assignments (see Table B.1

and Supplement B.4 for uncertainty quantification). Figure B.1 provides a 3D visualization

of clustering in the first three singular vectors. This provides an illustration for why cluster

assignment is uncertain and changes depending on the model initialization. Linear dimen-

sionality reduction and GMM clustering is not an effective method for the mobility dataset

motivating the use of manifold learning methods.

Table B.1: Quartiles of the cluster assignment uncertainty based on a GMM with
11 clusters and the SVD with 8 modes.

0% 25% 50% 75% 100%
3.38e-08 1.91e-01 3.53e-01 4.97e-01 7.46e-01
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Table B.2: Quartiles of uncertainty of the cluster assignment based on GMM with
5 clusters.

Method 25% 50% 75% 100%
Laplacian Eigenmaps 0 0 1.11e-15 4.99e-01

Locally Linear Embedding 1.65e-06 6.16e-04 4.30e-02 6.18e-01
Isomap 4.79e-08 5.90e-05 4.32e-03 4.97e-01

B.2 Nonlinear Dimensionality Reduction Methods

We investigated a variety of nonlinear dimensionality reduction methods: t-SNE, locally

linear embedding (standard, modified, and Hessian), Isomap, Spectral Embedding, local

Tangent Space alignment, and multi-dimensional scaling. We found that Laplacian Eigen-

maps [19], Locally Linear Embedding [167], and Isomaps [201] reduced the dimensionality of

the data and identified a consistent tubular dense structure in the data (Figure B.2). Figure

B.2 presents 3D representations of low-dimensional embeddings for each of the methods on

the example of Washington State.

As described in Methods of the main manuscript, we chose the optimal embedding di-

mensionality based on the knee-point of the trustworthiness metric as a function of number

of dimensions. All three methods qualitatively agree on the intrinsic dimensionality of the

mobility data with the optimal dimensionality identified to be between 14 and 18 dimensions

(see Figure B.3 for the trustworthiness metric plots for Washington State). All three meth-

ods capture the structure of the data well and produce cluster assignments with significantly

lower associated uncertainty than linear dimensionality reduction (see Table B.2).

We selected Laplacian Eigenmaps as the primary methodology because it produced the

least uncertain GMM cluster assignment and the clustering was robust to perturbations in the

method’s single hyperparameter, n neighbors (Figure B.4). Trustworthiness was computed

as a function of the Laplacian Eigenmap embedding dimensionality; a knee-point detection

algorithm was then used to identify the optimal number of dimensions. Figure B.5 shows

the optimal Laplacian eigenmaps dimensionality is 14 for every state. Note that California is
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different in that there are two possible knee points: one that is consistent with other states at

14 and another at 44 dimensions. We compared clustering results for these two knee points

(Figure B.6) and identify that the cluster assignments are similar. Therefore, in our main

analysis we used 14D Laplacian eigenmap embedding for California.

B.3 Robustness of GMM fitting

The underlying objective function for the standard implementation of a Gaussian mixture

model is not convex. We ensured that the GMM clustering produced consistent and ro-

bust results by re-initializing the fitting algorithm many times. As an example, Figure B.7

illustrates the GMM fit for six different initializations. We observe that the results are qual-

itatively similar with the main difference that the sparse region sometimes is identified as a

separate cluster or divided into two clusters.

B.4 GMM Model and Uncertainty Quantification

Gaussian mixture model (Section 11.2 in [144]) is a latent variable model which assumes that

the data has K sub-populations which follow Gaussian distributions with parameters µk,Σk

respectively and that a latent discrete variable zi ∈ {1, . . . , K} controls which sub-population

a data point xi comes from. If π corresponds to the probability mass function of zi, then the

GMM model has the form:

p(xi|θ) =
K∑
k=1

πkN (xi|µk,Σk),

where θ stands for the set of all parameters of the model and N (xi|µk,Σk) is the probability

density function of normal distribution. We note that GMM could be seen as a generalization

of the famous K-means clustering algorithm [133].

The probabilistic formulation of the GMM model provides a natural way to quantify

uncertainty of the cluster assignment. Using Bayes’ Theorem, the posterior probability
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p(zi = k|xi, θ) that point xi belongs to cluster k can be computed as follows:

p(zi = k|xi, θ) =
p(zi = k|θ)p(xi|zi = k, θ)∑K

k′=1 p(zi = k′|θ)p(xi|zi = k′, θ)
=

πkN (xi|µk,Σk)∑K
k′=1 πk′N (xi|µ′

k,Σ
′
k)
.

Then, the amount of uncertainty ϵi in the cluster assignment of point xi could be computed

as

ϵi = 1−max
k

p(zi = k|xi, θ).

We note that the above formula assumes that the cluster assignment is computed as

z∗i = arg max
k

p(zi = k|xi, θ).

B.5 GMM Model Selection

We used Bayesian Information Criterion (BIC) to identify the optimal number of GMM

components [178, 64, 179]. BIC is based on a penalized form of the log-likelihood. As the

likelihood increases with the addition of more components, a penalty term for the number of

estimated parameters is subtracted from the log-likelihood [179]. To find the optimal number

of GMM components, we applied knee-point detection to the BIC curve (Figure B.8). Note

that in the mclust implementation, higher BIC values correspond to better models. The

optimal number of clusters turned out to be 4 for Washington, Texas, and California and

5 for Georgia. We decided to use 5 clusters for every state in the main manuscript for

consistency across the states and to leverage optimal results for Georgia.

B.6 Altering the Number of Clusters and Continuous Colormap

While the optimal number of clusters for Washington, Texas, and California was 4 (based

on knee-point detection in BIC, see §B.5), we chose 5 as the number of clusters for every

state in our main analysis. Allowing for more clusters provides more granular information

within urban areas while maintaining consistency with the 4 cluster model. Figure B.9

presents the clustering results with the optimal number of clusters for every state. Note
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that Figure 2 in the main manuscript provides more granular information for Washington,

Texas, and California. Increasing the number of clusters beyond the optimal results in a

finer partitioning of the embedding (Figure B.10).

We also demonstrate that by modeling the data with a single dimensional parameter in

the nonlinear embedding along the dense tubular manifold matches the intuition provided

by increasing the number of clusters for the GMM. For example, we constructed a single

dimensional phase variable along the manifold based on the cosine similarity of the data

points in the 2D nonlinear embedding space. The result is an even smoother transition

across urban, periurban, suburban, and rural areas consistent across all four states, see

Figure B.11.

B.7 Clustering in metropolitan areas: Georgia and California

Figures B.12 and B.13 present the clustering for metropolitan areas in Georgia and California,

respectively.

B.8 Response Speed Distributions

We quantified the speed at which CBGs increased their stay-at-home behavior in response

to the pandemic during a transition period between March and April (more specifically,

March 10 – March 31) by the slope of a linear fit of the CBG mobility time series during the

transition period (Figure B.14). Figure B.14 shows that the response speed distributions are

directly correlated with CBG cluster assignment.
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Figure B.1: Linear Dimensionality Reduction Performance. Left: fraction of ex-
plained variance vs. number of PCA components for every state. Right: 3D visualization
of PCA projection of the mobility time series data for Washington State with 11 clusters
highlighted in color. Clustering was done in 8D PCA space.

Figure B.2: Nonlinear Dimensionality Reduction Embeddings and Corresponding
Maps for Washington State. Top Left: Laplacian Eigenmaps, Top Middle: Locally
Linear Embedding, Top Right: Isomap. Bottom Left: Laplacian Eigenmaps clustering map,
Bottom Middle: Locally Linear Embedding clustering map, Bottom Right: Isomap clustering
map.
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Figure B.3: Optimal Embedding Dimensionality for Washington State. Left: Lapla-
cian Eigenmaps (optimal dimensionality 14), Middle: Locally Linear Embedding (optimal
dimensionality 12), Right: Isomap (optimal dimensionality 16).

Figure B.4: Laplacian Eigenmaps Hyperparameter Robustness. Each panel presents
a 3D Laplacian Eigenmaps embedding of Washington state mobility data for n neighbors

in {20, 30, 40, 50} respectively.

Figure B.5: Optimal Laplacian Eigenmap Embedding Dimensionality for Every
State. Each panel presents trustworthiness vs number of Laplacian Eigenmap components
for Washington (optimal dimensionality 14), Georgia (optimal dimensionality 14), Texas
(optimal dimensionality 14), and California (optimal dimensionality 14 or 44) respectively.
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Figure B.6: Comparison of two trustworthiness knee points for California. Top:
Clustering results using 14D Laplacian Eigenmap embedding (3D illustration of the embed-
ding, geographic map and average mobility time series per cluster with clusters highlighted
in color). Bottom: Clustering results using 44D Laplacian Eigenmap embedding (3D illus-
tration of the embedding, geographic map and average mobility time series per cluster with
clusters highlighted in color).

Figure B.7: Nonconvexity robustness. Different types of GMM clustering results ob-
tained by refitting GMM several times.
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Figure B.8: GMM model selection for every state based on BIC. Top: BIC curves
for different parametrizations of the GMM model as described in [179]. Bottom: Optimal
number of GMM components identified using knee-point detection on the best BIC curve for
Washington (optimal number of clusters 4), Georgia (optimal number of clusters 5), Texas
(optimal number of clusters 4), and California (optimal number of clusters 4) respectively.
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Figure B.9: Clustering with the optimal number of clusters for every state

Figure B.10: Bigger number of clusters results in finer partitioning of the embed-
ding. Panels present clustering for the number of clusters in {4, 5, 6, 7, 8} respectively.
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Figure B.11: Continuous Colormap. Smooth transition across urban, periurban, subur-
ban, and rural areas in Washington, Georgia, Texas, and California.
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Figure B.12: Clustering in metropolitan areas in Georgia
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Figure B.13: Clustering in metropolitan areas in California
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Figure B.14: Response Speed Distributions. Top: The response speed is quantified by
the slope of a linear fit of the CBG mobility time series during the transition period of March
10 – March 31, dashed line represents that linear fit for an example CBG. Bottom: Response
speed distributions for every state.
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Figure B.15: The fraction of devices that are only away from their homes each
day. The medians and inter-quartile range are shown for each cluster.
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Appendix C

WHERE DO MODELS GO WRONG? PARAMETER-SPACE
SALIENCY MAPS FOR EXPLAINABILITY

C.1 Additional Experiments

C.1.1 Parameter saliency profiles for other network architectures

In this section, we present average saliency profiles for several popular network architectures

other than ResNet-50 [82]. Analogously to Figure 4.1, Figure C.1 presents average gradient

magnitudes for VGG-19 [187], Inception v3 [200], and DenseNet [86]. Similarly to Figure 4.2,

we also present in Figure C.2 standardized filter-wise saliency profiles for those architectures

averaged across correctly and incorrectly classified ImageNet [43] samples.

C.1.2 More examples of nearest neighbors

We present more examples of nearest neighbors in our parameter saliency space. Figure C.4

are nearest neighbors in CIFAR-10 [107] dataset, where reference images are chosen from

samples misclassified by our classifier. Figure C.5 are examples from ImageNet, where images

are captioned with the true label of the reference images.

In addition, in comparison with the nearest neighbor in our parameter saliency space, we

also conduct the nearest neighbor search in the feature representation space. We take the

feature representation from the conv5 3 layer of a ResNet-50, and run the nearest neighbor

search using the same reference images and candidate pool as in Figure 4.4. Results are shown

in Figure C.3. We find that nearest neighbors in the feature space bear more resemblance in

image structures, but it fails to identify samples that share the same mistakes. In fact, most

of the nearest neighbors in Figure C.3 are correctly classified samples.

Furthermore, we present preliminary results on applying our method to language models.
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Figure C.1: Filter-wise saliency profiles for other architectures. (a) VGG-19 saliency
profile (without standardization). (b) Inception v3 saliency profile (without standardization).
(c) DenseNet saliency profiles (without standardization). In each panel the filter-wise saliency
profile is averaged over the ImageNet validation set. In every panel, the filter saliency values
in each layer are sorted in descending order, and each layer’s saliency values are concatenated.
The layers are displayed left-to-right from shallow to deep and have equal width on x-axis.

We use a BERT [46] model, pre-trained on the task of predicting the word at a masked posi-

tion. We consider an independent dataset for evaluation in our experiments, which consists of

short sentences with masked words, provided by LAMA [157, 158], an open-source language

model analysis framework. Similar to the filter-wise aggregation in convolutional networks,

we adopt column-wise aggregation for obtaining our saliency profiles in the transformer-

based architecture. We conduct the nearest neighbor search by comparing sentences from
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the dataset in saliency space and analyzing the top-5 nearest neighbors.

We present four examples below, where the numbering indicates n-th nearest neighbor

sentence, and the italic word is the ground truth. Each example is accompanied with a

description of similarities between the neighbors:

Reference: “Cany Ash and Robert Sakula are both Architects.” incorrectly predicted as:

actors

1. “David Castlles-Quintana and Vicente Royuela are economists.” incorrectly predicted

as: actors

2. “Raghuram Rajan is an economist.” incorrectly predicted as: actor

3. “Richard G. Wilkinson and Kate Pickett are British.” incorrectly predicted as: actors

4. “Nathan Alterman was a poet.” correctly predicted: poet

5. “Zbigniew Badowski is an architect.” incorrectly predicted as: author

Note that all 5 neighboring sentences here share the common structure of being dec-

larations of profession for specifically named people. Interestingly, the first three closest

sentences to the reference incorrectly predict the profession to be an actor as well. Moreover,

the ground truth of the reference and its closest neighbor is economist/s.

Reference: “D’Olier Street is in Dublin.” incorrectly predicted as: Paris

1. “A group who call themselves Huguenots lives in Australia.” incorrectly predicted as:

France

2. “Huguenots and Walloons settled in Canterbury.” incorrectly predicted as: France

3. “In the Treaty of Lisbon 2007 Ireland refused to consent to changes.” incorrectly pre-

dicted as: it
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4. “Samuel Marsden Collegiate School is located in Wellington.” incorrectly predicted as:

Melbourne

5. “Konstantin Mereschkowski has Russian nationality.” correctly predicted: Russian

Again, we see all five nearest neighbor sentences are semantically similar to the reference,

this time relating to national affiliations and geography. In the first two closest sentences,

the model incorrectly fills in a location with France, which is similar to the reference which

incorrectly predicts Paris.

Reference: “The Super Bowl sponsor was the Gap clothing company.” incorrectly pre-

dicted as Nike

1. “During Super Bowl 50 the Nintendo gaming company debuted their ad for the first

time.” incorrectly predicted as: video

2. “Experimental measurements on a model steam engine was made by Watt.” incorrectly

predicted as: Siemens

3. “ABC’s programming strategy was criticized in May 1961 by Life magazine.” incor-

rectly predicted as: Time

4. “In 2009, Doctor Who started to be shown on Canadian cable station Space.” incor-

rectly predicted as: CBC

5. “To emphasize the 50th anniversary of the Super Bowl the gold color was used.” in-

correctly predicted as: blue

All but one of the nearest neighbors in this example relate to some kind of TV pro-

gramming, and two also mention the Super Bowl. Much like the reference sentence, which

incorrectly predicts the name of a corporation, the first four neighbors have a ground truth

or incorrect prediction that is also a corporation.
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Reference sample: “Tetzel’s collections of money to free souls from purgatory was objected

by Luther.” incorrectly predicted as: some

1. “Newcastle was granted a new charter in 1589 by Elizabeth.” incorrectly predicted as:

Parliament

2. “The suggestion that imperialism was the “highest” form of capitalism is from Lenin.”

incorrectly predicted as: Aristotle

3. “Fritschel said the man’s sleep was disturbed by dreams.” incorrectly predicted as:

lightning

4. “The concept that falling objects fell at the same speed regardless of weight was intro-

duced by Galileo.” incorrectly predicted as: NASA

5. “One of the earliest examples of Civil Disobedience was brought forward by the Egyp-

tians.” incorrectly predicted as: government

This is an example where there is a weak relation between the incorrect classifications

(three of five involve some kind of government or government organization) of the nearest

neighbors, but the sentences are still highly semantically similar. All of the neighbors except

the third are declarations of historical actions performed by a specific person or group of

people.

C.1.3 Fine-tuning salient filters of a VGG-19

In this section, we conduct the fine-tuning experiment introduced in Section 4.4.3 on a

VGG-19 network trained on ImageNet, which has a total of 5504 filters. The learning rate

for training our VGG network is 1/10 of that for the ResNet, so we decrease the fine-tuning

step size by 10 in this experiment. Figure C.6 shows the effect of updating salient filters

of a VGG-19. Note that we use the same range for the number of tunable filters in this
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experiment; 300 filters correspond to 5.5% of total filters in a VGG-19, while it is 1.2% for

a ResNet-50.

C.1.4 Random perturbation of salient filters

As an alternative to the pruning approach described in Section 4.4.1, random perturbations

could be used to show that the most salient filters are indeed responsible for misclassifica-

tion. We perturbed the filters using small Gaussian noise N (0, 0.001). Figure C.7 presents

the effect of randomly perturbing salient filters, we observe similar trends to our pruning

experiments in Section 4.4.1.

C.1.5 Connection to adversarial attacks in parameter space

Adversarial attacks in parameter space have been used for optimizers which find flat loss

minima [63, 110, 49] and for improving model robustness through parameter-corruption-

resistant training [198].

One could instead apply adversarial attacks to construct parameter saliency profiles –

choose a constraint space and perturb parameters in order to minimize loss, subject to the

constraint, using the perturbation to parameters as a saliency profile (perhaps standardizing

afterwards). We notice several advantages and disadvantages of this alternative. On the one

hand, the “adversarial” approach requires a choice of constraint space and may require more

compute (our method results in the exact same saliency profile as a single-step adversary).

On the other hand, the choice of constraint space and optimizer in the adversarial approach

yields more flexibility.

In this section, we compare our method with the adversarial-attack-based method. More

specifically, for a given sample (x, y), we perturb parameters either to maximize or minimize
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the loss subject to an L2-norm constraint on the parameter change:

min
θ

/max
θ
Lθ(x, y) (C.1)

s.t. ∥θ − θ0∥ < ϵ

Then, given the adversarially perturbed parameters θ∗, we define the adversarial-attack-

based parameter saliency profile of the sample (x, y) as the absolute difference from the

initial parameters θ0: s(x, y) = |θ∗ − θ0|.
We compare the resulting adversarial saliency profiles with our original method on a

random sample of 100 images from the ImageNet validation set. We observe that for a

reasonably small constraint (ϵ = 10−4), the resulting adversarial saliency profiles are similar

to our original parameter saliency profiles (as one would expect for smooth loss) with the

average cosine similarity between the saliency profiles generated by each method for the

same images reaching 0.99 (the average is taken over the random sample of 100 images).

We also see that both methods agree on the top-k (we tried k=100) most salient filters: on

average, 95% of filters identified by our original method as top-k salient filters were also

identified as top-k salient filters by the adversarial parameter saliency. The differences were

gradually more distinct with larger constraints, however, we note that the smaller epsilons

are of greater interest since they reflect the intuition of perturbing only the most important

parameters.

We also tried L1-regularized adversarial attacks. We can similarly enforce sparsity in

our original method by simply adding the L1 regularizer to our loss before computing the

gradient:

s(x, y)i := |(1− α)∇θi(Lθ(x, y) + α∥θ − θ0∥1)| (C.2)

This modification can be seen as one step of the L1-regularized adversarial attack, and

we experimentally checked that it produces very similar results with the cosine similarity

between the resulting saliency profiles of 0.97 on average (for sufficiently large α = 0.99).
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C.1.6 Additional case study figures

Masking non-salient parts of the image. As noted in section 4.4.4 and presented in

Figure C.8, masking the non-salient parts of the image results in even worse misclassification

confidence with the incorrect class confidence increasing compared to the reference image.

Pasting the salient region from the reference image onto other “great white

shark” images. As mentioned in section 4.4.4, in order to further investigate the effect

of the salient region, we pasted it (i.e., the seal and the boat) from the original image onto

other images with “great white shark” ground truth label that were correctly classified by

ResNet-50 (see Figure C.9 for examples). We observed that this increased the probability of

“killer whale” for 39 out of 40 examples of great white sharks from the ImageNet validation

set with an average increase of 3.75%.

Examples of images with “killer whale” label. As we discussed in section 4.4.4,

the model might have learned to correlate a combination of sea creatures (e.g. a seal) and

man-made structures (e.g. a boat) with the “killer whale” label. Images of killer whales

in ImageNet often have man-made structures which look similar to the boat, we provide

examples of that in Figure C.10.

C.1.7 Exploring neural network mistakes

In Section 4.4.4, we apply our parameter-space saliency method as an explainability tool using

it alongside our input-space technique to study how image features cause specific filters to

malfunction. In our case study, the salient pixels that confuse the network are focused less

on the target object than on other image features, and masking the salient regions which are

not on the target object improves the network behavior. Such examples expose the network’s

reliance on spurious correlations and constitute an interesting type of model mistake.

The masking approach can be adopted to explore network mistakes and find other inter-

esting cases (e.g., cases where the salient pixels are not concentrated on the target object).

Investigating examples where masking the most salient pixels improves performance may
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provide insights into the model’s misbehavior as well as expose dataset noise and biases. We

select misclassified samples where masking the top 5% of salient pixels leads to an increase

of at least 25% in confidence corresponding to the correct class. We showcase representa-

tive examples of different types of mistakes that we observe in those samples in Figure 4.8.

Many of the neural network misclassifications stem from classifying a non-target object in

images with multiple objects (see Figure 4.8 (a), (b)). However, other mistakes are triggered

by background features (Figure 4.8 (d)), dataset biases (as our case study experiments in

Figure 4.7 suggest), and label noise (Figure 4.8 (e)).

Interestingly, in some of the selected cases the salient regions still focus on the target ob-

ject features (see Figure 4.8 (c)), and masking them improves the model’s behavior. Masking

salient target object features that confuse the network seems to be particularly beneficial

for images of animals; for example, masking dog ears helps the network identify the correct

breed (see Figure C.11(a)) or masking spot patterns helps distinguish different types of rays

(see Figure C.11(b)).

While masking the top 5 % of salient pixels results in correct classification for all samples

in Figure 4.8 and in Figure C.11(a), (b), this is, of course, not always the case. Sometimes,

pixels which cause large filter saliency values are focused densely on the target object, and

masking them results in decreased confidence corresponding to the correct class. Selecting

such samples can be used to find situations where the network is genuinely confused by the

target object rather than background features (Figure C.11 (c)) or samples with multiple

objects present and with salient pixels more focused on the target object (Figure C.11 (d)).

C.1.8 Comparison to GradCAM

Existing input saliency maps used with the predicted label can highlight features which are

related to misclassification. However, they are not specifically geared towards that goal. Our

input saliency technique highlights image features that cause specific filters to malfunction

and those features, while they might in some cases coincide with the features that explain a

high class confidence score corresponding to the predicted label, may not be the same.
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In this section, we will compare our input-space saliency technique which highlights

pixels that drive high parameter saliency values of specific filters (i.e., pixels that confuse

the network) to the visual explanations produced by GradCAM with the predicted label 1

[180] – one of the most popular and high quality input-saliency methods.

Figures C.12 and C.13 present panels of images comparing our method to GradCAM

explanations computed with the predicted label. From the perspective of highlighting pixels

responsible for neural network mistakes and for driving high filter saliency values, we note

the following:

• GradCAM highlights the object that corresponds to the incorrect label, and the entire

target object is highlighted in the images where only the target object is present (see

Figure C.12 (c)-(e), Figure C.13 (a)-(c)). However, when our method focuses on the

target object, it highlights specific features of that object. Those are the features that

confuse the network, and masking them can correct the misclassification.

• In cases where the network classifies the non-target object in the image (see Figure C.12

(a)-(b), Figure C.13 (d)), both methods highlight the non-target objects. However,

GradCAM is more localized to the non-target object. This is expected since GradCAM

produces visual explanations for the predicted label (and has been shown to produce

highly localized saliency maps [180]) while our method highlights all pixels that drive

the filter saliency, and these pixels may be located on the target object as well.

• In cases where the misclassification does not stem from confusion by the target object or

classifying the non-target object (see Figure C.12 (d)-(e), Figure C.13 (e)), our method

highlights background features and/or a combination of non-target object features,

while GradCAM still highlights the target object. For example, in Figure C.13 (e),

our method highlights the boat and the sky much more than GradCAM, and our case

1Implementation from https://github.com/kazuto1011/grad-cam-pytorch under MIT license
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study masking experiments in section 4.4.4 show that those regions indeed confuse the

network.

• In addition, we emphasize that our input saliency technique is specific to the chosen

filter set F and is introduced to study the interaction between the image features and

the malfunctioning filters. In contrast, GradCAM is not able to relate image-space

mistakes to an arbitrary set of model parameters or filters chosen by the user.

To summarize, GradCAM (as well as many other input-space saliency methods) was designed

to be highly localized to the object correponding to the label of interest, while our method

highlights sparse fine-grained features of images which we believe is a desirable property for

our specific application. Therefore, we opt for using input-gradient information similar to

the original Vanilla Gradient [186] method. However, instead of class confidence scores, we

use a different loss – cosine distance to the boosted parameter-saliency profile (as described

in Section 4.3.2) which allows us to explore how image features cause specific filters to

malfunction.

C.1.9 Input-saliency sanity check

To assure that our input-space saliency technique is model dependent, we performed the

model randomization test from [2]. We can see that the input saliency map is model depen-

dent. We note that the data randomization test is not applicable in our case because our

input-space saliency map is based on the parameter-saliency profile and parameter-saliency

is designed to investigate a pretrained model with particular weights.

C.2 Implementation details

C.2.1 Hyper-parameter setting for fine-tuning salient filters

When tuning a small number of random or least salient filters, we re-normalize the gradient

magnitude of these parameters to be the same as the salient filters for a fair comparison;
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otherwise the gradients for these parameters are always smaller than the salient ones by the

definition of our saliency profile, and updating them would make less change to a model

than updating the salient ones. In addition to re-normalizing the gradients, we also multiply

them with a step size, similar to the concept of learning rate in stochastic gradient descent.

For ResNet-50, we set the step size to be 0.001, which equals to the learning rate of the last

epoch when training the ResNet-50 on ImageNet from scratch. For VGG-19, we also set the

fine-tuning step size to be the learning rate from the last training epoch, which is 0.0001. We

also note that the batch normalization layers were set to the test mode for our fine-tuning

experiments.

C.2.2 Input saliency visualization

The number of top salient filters to boost was chosen to be 10 in all input-space saliency

experiments. The filters were boosted by multiplying by 100. For visualization, absolute

input gradients were thresholded at 90-th percentile and Gaussian Blur with (3, 3) kernel

was applied.

C.2.3 Hardware

The experiments were run on Nvidia GeForce RTX 2080Ti GPUs with 11Gb GPU memory

on a machine with 4 cpu cores and 64Gb RAM. The input-space and parameter-saliency

profiles take seconds to compute for a single sample.

C.3 Limitations and Impact

Although our formulation of parameter saliency is not restricted to image datasets and

CNNs, we only conduct experiments in these settings. In contrast, real-world data and

models come in many forms. Explainability methods which shed light in some settings may

fail to do so in others. Moreover, we emphasize that some erroneous model behaviors are

simply difficult to understand through existing methods, and the capabilities of parameter
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saliency are limited. In many applications, it is imperative that practitioners understand

why their models behave as they do and that they are able to diagnose problems when they

arise. We hope that our work helps to enable solutions to real-world problems. However, we

caution against a false sense of security. Our visual interpretations of model behavior should

be viewed as approximations as neural networks are incredibly complex.
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(a) VGG-19
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(b) Inception v3
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(c) DenseNet

Figure C.2: Standardized saliency profiles averaged over correctly vs incorrectly
classified samples. (a) VGG-19 saliency profiles. (b) Inception v3 saliency profiles. (c)
DenseNet saliency profiles. In each panel, the top row presents the standardized saliency
profiles averaged over correctly classified samples and the bottom row shows standardized
saliency profiles averaged over incorrectly classified samples. On every panel, the filter
saliency values in each layer are sorted in descending order, and each layer’s saliency values
are concatenated. The layers are displayed left-to-right from shallow to deep and have equal
width on x-axis.
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(a) (b)

Figure C.3: Examples of nearest neighbors in the feature representation space
(from ImageNet).

(a) bird ↔ cat (b) frog ↔ cat (c) airplane ↔ ship (d) horse ↔ deer

Figure C.4: CIFAR-10 examples of nearest neighbors in parameter saliency space.
On CIFAR-10 images that cause similar filters to malfunction are often misclassified in a
similar way.

(a) coyote (b) goldfish (c) terrapin (d) great white shark

Figure C.5: ImageNet examples of nearest neighbors in parameter saliency space.
In every panel, the reference image is in the left column and its nearest neighbors are in the
right column. Panels are captioned by the true label of their reference image.
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Figure C.6: Effect of updating a small number of filters on VGG-19. (a) Percentage
of samples that are corrected after fine-tuning. (b) Average percentage of nearest neighbors
that are also corrected after fine-tuning. (c) Average change in the confidence score of the
true class among nearest neighbors. The horizontal line in each plot is the effect of updating
the entire network.
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Figure C.7: Effect of randomly perturbing filters. (a) Change in incorrect class con-
fidence score. (b) Change in true class confidence score. (c) Percentage of samples that
were corrected as the result of pruning filters. These trends are averaged across all images
misclassified by ResNet-50 in the ImageNet validation set. The error bars represent 95%
bootstrap confidence intervals.
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(a) Reference image
4.07% great white shark

78.36 % killer whale

(b) Input-space saliency for top
10 salient filters (pixels most re-
sponsible for misclassification)

(c) Masked human
3.84% great white shark

86.04% killer whale

(d) Masked non-salient water
5.15% great white shark

79.38% killer whale

Figure C.8: Masking non-salient parts of the image. (a) Reference image of “great
white shark” misclassified by the model as “killer whale” and the corresponding confidence
scores. (b) Pixels that cause the top 10 most salient filters to have high saliency. (c) Masked
(non-salient) human. (d) Masked non-salient water region.

Figure C.9: Sample “great white shark” images with boat and seal. The salient
region from the case study image pasted onto other “great white shark” images.
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Figure C.10: ImageNet examples of “killer whale”.

(a) malamute
husky

(b) stingray
electric ray

(c) appenzeller
sennenhund

(d) redbone
beagle

Figure C.11: Pixels responsible for mistakes focused on the target object. (a)-(b)
Masking the salient pixels corrects the misclassification where masking confusing features
(e.g. dog ears or spot patterns) helps distinguish animals. (c)-(d) Masking the salient pixels
results in correct class confidence decrease, when the salient pixels are densely focused on the
target object. The correct class label is specified in the top row and the predicted incorrect
class label – in the bottom row of the subcaption on each panel.
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(a) dalmation
soccer ball

(b) pizza
bell pepper

(c) leopard
jaguar

(d) junco
house finch

(e) passenger car
locomotive

Figure C.12: Comparison to GradCAM. Top row: original image. Middle row: Grad-
CAM input-space saliency map for the predicted label. Bottom row: our input-space saliency
technique which highlights pixels that drive high parameter saliency values of specific filters
(i.e., pixels that confuse the network). The correct class label is specified in the top row and
the predicted incorrect class label – in the bottom row of the subcaption on each panel.
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(a) malamute
husky

(b) stingray
electric ray

(c) appenzeller
sennenhund

(d) redbone
beagle

(e)
great white shark

killer whale

Figure C.13: Comparison to GradCAM. Top row: original image. Middle row: Grad-
CAM input-space saliency map for the predicted label. Bottom row: our input-space saliency
technique which highlights pixels that drive high parameter saliency values of specific filters
(i.e., pixels that confuse the network). The correct class label is specified in the top row and
the predicted incorrect class label – in the bottom row of the subcaption on each panel.

(a) Original (b) Stage 4 (c) Stages 3-4 (d) Stages 2-4 (e) Stages 1-4

Figure C.14: Sanity checks. (a) No randomization of ResNet-50. (b) Only stage 4 of
ResNet-50 is randomized. (c) Stages 3-4 of ResNet-50 are randomized. (d) Stages 2-4 of
ResNet-50 are randomized. (e) The entire ResNet-50 is randomized.
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Appendix D

TRANSFER LEARNING WITH DEEP TABULAR MODELS

D.1 Limitations and Impact

In this section we discuss limitations of our work. We note that transfer learning with deep

tabular models requires more computational resources than training XGBoost or CatBoost,

especially when the hyperparameter tuning is used thus incurring additional costs on practi-

tioners adopting our approach. In addition, while we handle the cases of differing upstream

and downstream feature sets thus allowing for transfer learning with heterogeneous data, our

approach relies on having reasonably similar (but not identical) upstream and downstream

feature sets and related upstream and downstream tasks and we do not propose a foundation

model for tabular data.

D.2 Experimental Details.

D.2.1 Hardware

We ran our experiments on NVIDIA GeForce RTX 2080 Ti machines.

D.2.2 Additional Details on MetaMimic Repository

The MetaMIMIC Repository [74, 231] is based on the publicly accessible MIMIC database

[69, 96, 95]. Regarding the patient consent to collect this data, as stated in [96]: ”The

project was approved by the Institutional Review Boards of Beth Israel Deaconess Medical

Center (Boston, MA) and the Massachusetts Institute of Technology (Cambridge, MA).

Requirement for individual patient consent was waived because the project did not impact

clinical care and all protected health information was deidentified”. The MIMIC database
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is freely available to any person upon completion of the credentialing process found at the

following link: https://mimic-iv.mit.edu/docs/access/ and is distributed under Open

Data Commons Open Database License v1.0, please see the following link for details: https:

//physionet.org/content/mimic-iv-demo-omop/view-license/0.9/.

D.2.3 Implementation Licenses

For the model implementations and training routines we adapt the code from the following

publicly available repositories and libraries:

• RTDL 1 under MIT License

• TabTransformer 2 under MIT License

• Catboost 3 under Apache License

• XGBoost 4 under Apache License

D.2.4 Data Preprocessing

We preprocess numerical features with quantile transformation with standard output dis-

tribution for neural networks and we use original features for GBDT models. Quantile

transformer is first fit on upstream data and then applied to downstream data to preserve

similar feature distribution in upstream and downstream data. We note, that using the

same normalization for upstream and downstream data is a very important step for transfer

learning. We impute missing values with mean values for numerical features and with a new

category for categorical features.

1https://github.com/Yura52/tabular-dl-revisiting-models

2https://github.com/lucidrains/tab-transformer-pytorch

3https://catboost.ai/

4https://xgboost.ai/

https://mimic-iv.mit.edu/docs/access/
https://physionet.org/content/mimic-iv-demo-omop/view-license/0.9/
https://physionet.org/content/mimic-iv-demo-omop/view-license/0.9/
https://github.com/Yura52/tabular-dl-revisiting-models
https://github.com/lucidrains/tab-transformer-pytorch
https://catboost.ai/
https://xgboost.ai/
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D.2.5 Training Details

Supervised Pre-training

All deep models are trained with AdamW optimizer [128]. We pre-train models on upstream

data for 500 epochs with patience set to 30, meaning that we continue training until there

are 30 consecutive epochs without improvement on the validation set, but no longer than 500

epochs. Since we assume limited data availability for downstream task, we do not sample

a validation set for early stopping. Instead, we fine-tune/train models from scratch for 200

epochs and choose an ”optimal” epoch as discussed in Section D.2.5. We use learning rate

1e − 4 for training from scratch on downstream data and learning rate 5e − 5 for fine-

tuning pre-trained models. For pre-training, learning rate and weight decay are tunable

hyperparameters for each model and each pre-training dataset (collection of n− 1 upstream

tasks). Batch size was set to 256 in all transfer-learning experiments.

Self-supervised Pre-training

MLM Pre-training

To implement MLM pre-training for tabular data, for each training sample in a batch we

randomly select a feature to replace with a masking token (in the embedding space), which

is unique for every feature. We also initialize a distinct fully connected layer, or head, for

each column which is used to predict the masked values of that feature. We compute the

appropriate loss, cross-entropy for categorical features and MSE for numerical ones, using

the output from the head corresponding to the masked feature.

Our masked pre-training routine has very no additional hyperparameters. The only

deviations form the pre-training hyperparameters listed above are that we use larger batch

sizes of 512 and we do not employ patience. In this setting we pre-training for a full 500

epochs.

Since MLM pre-training requires training additional classification heads for every feature
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in the data, it dramatically increases the memory requirements. Because of that we limit the

experiments with self-supervised pre-training to using the default FT-transformer configura-

tion, including the setups we compare to, that is training from scratch and using supervised

pre-training.

Contrastive Learning

We adapt the implementation of contrastive learning for tabular data from [190]. The

pre-training loss consists of two components, the first is the InfoNCE contrastive loss, which

minimizes the distance between the representation of two views of the same data point

(original and augmented samples), while maximizing the distance in the feature space be-

tween different samples. The second component is denoising loss, which is used to train an

MLP head to predict the original sample from a noisy view of that sample. For a detailed

explanation of contrastive pre-training for tabular data we refer the reader to [190]. To con-

struct positive pairs for contrastive loss and noisy samples for denoising loss we use two data

aumentations: CutMix in the input space and Mixup in the embedding space [241, 244].

Formally, let a batch of data be represented by X = {xi}ni=0, where each xi has q features.

Let m denote a binary mask (over the features of any xi) with each entry being a one with

probability p. Then CutMix augmentation of a sample in the input space is computed as

xCutMix
i = m× xi + (1−m)× xj

where j is a random index chosen from [0, n]. To define Mixup in the embedding space,

let X̂CutMix be the set of the embeddings of the entire CutMix-ed batch. Then, Mixup

augmentation is computed as a convex combination

x̂i
Mixup = µx̂CutMix

i + (1− µ)x̂CutMix
k

where k is again a random index chosen from [0, n].
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The hyperparameters are similar to supervised pre-training with only several modifica-

tions. First, we use smaller batch sized of 200 and we train for a full 500 epochs (no patience).

Also, contrastive learning has additional hyperparameters m and µ, both of which we set to

0.9.

Epoch Selection

Since we work with limited downstream data, sampling a validation set for early stopping is

not always possible. Therefore, we select the number of fine-tuning epochs for deep models

as follows. For the data levels of 4 and 10 samples, we simply select 30 fine-tuning epochs.

For more data of 20 samples, we select 60 fine-tuning epochs. In the larger data levels of 100

and 200 samples, we sample 20% of the data as a validation set to perform early stopping

with the flexible end-to-end fine-tuned transfer learning setups prone to overfitting. For

early stopping, we terminates training if no improvement in the validation score is observed

for more than 30 epochs. In the less flexible transfer learning setups with a frozen feature

extractor, we select 100 fine-tuning epochs for the MLP head atop a frozen feature extractor

and 200 fine-tuning epochs for the linear head atop a frozen feature extractor. Finally, for

the deep baselines with the hyperparameters tuned on a small subsample of the upstream

data, we select the best epoch from the small upstream subsample.

Stacking for GBDT Models

For XGBoost models we incorporate stacking by training 11 additional XGBoost classifiers

on upstream tasks and stack their predictions as additional features for downstream data.

For Catboost we apply the same strategy, but we train a single multi-label Catboost classifier

predicting all 11 upstream labels.
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Statistical Significance

We compute ranks taking into account statistical significance of the performance differences

between the models; on a given task, top models without statistically significant perfor-

mance difference all receive rank 1. To compute statistical significance we use the one-sided

Wilcoxon Rank-Sum test [228, 135] with p = 0.05. We run each experiment with 10 random

seeds for the experiments in Section 5.4 and 5 random seeds for the experiments in Sections

5.5, 5.6.

D.3 Hyperparameter Tuning

In this section we provide hyperparameter search spaces and distributions for Optuna for

each model, which are adapted from the original papers. For Catboost and XGBoost models

we use search spaces proposed in [71]. We run 50 Optuna trials to tune hyperparameters for

each model. In our experiments we tune the hyperparameters on full upstream data for deep

tabular models with transfer learning, and on upstream data of the same size as downstream

data for deep baselines trained from scratch and for GBDT models.

FT-Transformer

The hyperparameter search space and distributions as well as the default configuration are

presented in Table E.1. The number of heads is always set to 8 as recommended in the

original paper.

ResNet

The hyperparameter search space and distributions as well as the default configuration are

presented in Table D.2
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Table D.1: Optuna hyperparameter search space and default configuration for
FT-Transformer

Parameter Search Space Default

Number of layers UniformInt[1, 4] 3
Feature embedding size UniformInt[64, 512] 192
Residual dropout {0, Uniform[0, 0.2]} 0.0
Attention dropout Uniform[0, 0.5] 0.2
FFN dropout Uniform[0, 0.5] 0.1
FFN factor Uniform[2/3, 8/3] 4/3
Learning rate LogUniform[1e− 5, 1e− 3] 1e− 4
Weight decay LogUniform[1e− 6, 1e− 3] 1e− 5

Table D.2: Optuna hyperparameter search space and default configuration for
ResNet

Parameter Search Space Default

Number of layers UniformInt[1, 8] 5
Category embedding size UniformInt[64, 512] 128
Layer size UniformInt[64, 512] 200
Hidden factor Uniform[1, 4] 3
Hidden dropout Uniform[0, 0.5] 0.2
Residual dropout {0, Uniform[0, 0.5]} 0.2
Learning rate LogUniform[1e− 5, 1e− 2] 1e− 4
Weight decay {0, LogUniform[1e− 6, 1e− 3]} 0.0

MLP

The hyperparameter search space and distributions as well as the default configuration are

presented in Table D.3

TabTransformer

The hyperparameter search space and distributions as well as the default configuration are

presented in Table D.4.
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Table D.3: Optuna hyperparameter search space and default configuration for
MLP

Parameter Search Space Default

Number of layers UniformInt[1, 8] 3
Category embedding size UniformInt[64, 512] 128
Layer size UniformInt[1, 512] [300, 200, 300]
Dropout {0, Uniform[0, 0.5]} 0.2
Learning rate LogUniform[1e− 5, 1e− 2] 1e− 4
Weight decay {0, LogUniform[1e− 6, 1e− 3]} 1e− 5

Table D.4: Optuna hyperparameter search space and default configuration for
TabTransformer

Parameter Search Space Default

Number of heads UniformInt[2, 8] 8
Number of layers UniformInt[1, 12] 6
Category embedding size UniformInt[8, 128] 32
Attention Dropout Uniform[0.0, 0.5] 0.0
FF Dropout Uniform[0.0, 0.5] 0.0
Learning rate LogUniform[1e− 6, 1e− 3] 1e− 4
Weight decay LogUniform[1e− 6, 1e− 3] 1e− 5

Catboost

The hyperparameter search space and distributions are presented in Table E.2. For default

configuration we use default parameters from the Catboost library [162].

XGBoost

The hyperparameter search space and distributions as well as the default configuration are

presented in Table E.3. For default configuration we use default parameters from the XG-

Boost library [32].
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Table D.5: Optuna hyperparameter search space for Catboost

Parameter Search Space

Iterations UniformInt[2, 1000]
Max depth UniformInt[3, 10]
Learning rate LogUniform[1e− 5, 1]
Bagging temperature Uniform[0, 1]
L2 leaf reg LogUniform[1, 10]
Leaf estimation iterations UniformInt[1, 10]

Table D.6: Optuna hyperparameter search space for XGBoost

Parameter Search Space

Num estimators UniformInt[2, 1000]
Max depth UniformInt[3, 10]
Min child weight LogUniform[1e− 8, 1e5]
Subsample Uniform[0.5, 1]
Learning rate LogUniform[1e− 5, 1]
Col sample by level Uniform[0.5, 1]
Col sample by tree Uniform[0.5, 1]
Gamma {0, LogUniform[1e− 8, 1e2]}
Lambda {0, LogUniform[1e− 8, 1e2]}
Alpha {0, LogUniform[1e− 8, 1e2]}

D.3.1 Tuning GBDT Models

In Table D.7 we explore the effectiveness of our hyperparameter tuning strategy for GBDT

models. In particular, we compute average ranks for models with tuned and default config-

urations. Recall, because of the limited data availability in downstream tasks, we tune the

hyperparameters on upstream data of the same size as the downstream data using full-size

validation set. We find that using upstream data for tuning hyperparameters is effective for

XGBoost model while for catboost tuned configuration outperforms default configuration at

three out of five data availability levels.
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Table D.7: Comparison of tuned and default configurations of GBDT models. The
table displays ranks computed pair-wise for default/tuned configurations of XGBoost and
Catboost models.

Num samples 4 10 20 100 200

XGBoost Tuned 1.17 1.17 1.25 1.33 1.42
XGBoost Default 1.42 1.83 1.67 1.50 1.58

Catboost Tuned 1.33 1.08 1.17 1.25 1.42
Catboost Default 1.25 1.25 1.42 1.33 1.33

D.3.2 Tuning Deep Baselines

In Table D.8 we evaluate hyperparameter tuning routine for deep baselines, i.e. deep neural

networks trained from scratch. We find that unlike GBDT models, hyperparameters tuned

on upstream data do not transfer to downstream tasks at lower data regimes (i.e. 4-20

samples) for deep models. However, tuning helps deep baselines in higher data regimes.

Table D.8: Comparison of tuned and default configurations of deep tabular base-
lines. The table displays ranks computed pair-wise for default/tuned configurations of deep
tabular neural networks.

Num samples 4 10 20 100 200

FT-Transformer Tuned 1.33 1.25 1.00 1.33 1.33
FT-Transformer Default 1.00 1.08 1.58 1.417 1.50

ResNet Tuned 1.25 1.17 1.33 1.25 1.75
ResNet Default 1.00 1.08 1.25 1.00 1.00

MLP Tuned 1.42 1.67 1.58 1.17 1.33
MLP Default 1.00 1.08 1.33 1.67 1.50

TabTransformer Tuned 1.25 1.33 1.17 1.08 1.17
TabTransformer Default 1.17 1.25 1.33 1.50 1.67
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D.3.3 Tuning Deep Models for Transfer Learning

In Table D.9 we evaluate the hyperparameter tuning strategy for deep tabular neural net-

works with transfer learning. Recall, we tune the hyperparameters on the full upstream data

which is then used for pre-training. We find this strategy helpful for most models, especially

for FT-Transformer and TabTransformer, and for most transfer learning setups.
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Table D.9: Comparison of tuned and default configurations of deep tabular neu-
ral networks with transfer learning. The table displays ranks computed pair-wise for
default/tuned configurations of deep tabular models fine-tuned with 4 different transfer-
learning setups.

Num Samples 4 10 20 100 200

FT-Transformer + LH-E2E Tuned 1.00 1.00 1.00 1.08 1.17
FT-Transformer + LH-E2E Default 1.25 1.25 1.17 1.42 1.17

FT-Transformer + MLP-E2E Tuned 1.00 1.00 1.08 1.00 1.08
FT-Transformer + MLP-E2E Default 1.08 1.00 1.25 1.33 1.58

FT-Transformer + LH Tuned 1.00 1.00 1.00 1.00 1.00
FT-Transformer + LH Default 1.17 1.25 1.33 1.58 1.67

FT-Transformer + MLP Tuned 1.08 1.00 1.00 1.00 1.00
FT-Transformer + MLP Default 1.17 1.08 1.33 1.58 1.75

ResNet + LH-E2E Tuned 1.00 1.17 1.33 1.25 1.33
ResNet + LH-E2E Default 1.08 1.00 1.00 1.17 1.25

ResNet + MLP-E2E Tuned 1.00 1.00 1.08 1.08 1.00
ResNet + MLP-E2E Default 1.17 1.00 1.08 1.58 1.42

ResNet + LH Tuned 1.00 1.00 1.08 1.00 1.00
ResNet + LH Default 1.17 1.25 1.25 1.50 1.50

ResNet + MLP Tuned 1.00 1.00 1.00 1.00 1.08
ResNet + MLP Default 1.17 1.17 1.33 1.58 1.75

MLP + LH-E2E Tuned 1.17 1.25 1.42 1.42 1.17
MLP + LH-E2E Default 1.08 1.08 1.08 1.33 1.50

MLP + MLP-E2E Tuned 1.00 1.08 1.33 1.25 1.42
MLP + MLP-E2E Default 1.08 1.00 1.25 1.25 1.33

MLP + LH Tuned 1.00 1.25 1.17 1.17 1.08
MLP + LH Default 1.08 1.08 1.17 1.17 1.25

MLP + MLP Tuned 1.08 1.08 1.08 1.00 1.00
MLP + MLP Default 1.00 1.00 1.17 1.17 1.42

TabTransformer + LH-E2E Tuned 1.00 1.00 1.08 1.08 1.00
TabTransformer + LH-E2E Default 1.17 1.25 1.25 1.50 1.25

TabTransformer + MLP-E2E Tuned 1.00 1.00 1.08 1.08 1.00
TabTransformer + MLP-E2E Default 1.17 1.25 1.25 1.42 1.25

TabTransformer + LH Tuned 1.00 1.00 1.00 1.00 1.00
TabTransformer + LH Default 1.25 1.17 1.25 1.25 1.17

TabTransformer + MLP Tuned 1.00 1.00 1.00 1.00 1.00
TabTransformer + MLP Default 1.25 1.33 1.25 1.25 1.25
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D.4 Additional Results

D.4.1 Results for TabTransformer

Figure D.1 is equivalent to Figure 5.2, but also includes the results for TabTransformer

model, a tabular neural network consisting of transformer block for categorical features and

an MLP block on top for numerical features. We find that TabTransformer performs poorly

compared to other deep tabular neural networks, which might be explained by the fact that

the original paper huang2020tabtransformer only suggests to tune the hyperparameters of

transformer block, but not the MLP part, while Meta-MIMIC data has only one categorical

features and 171 numerical features.
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Figure D.1: Average model ranks including TabTransformer. Deep tabular mod-
els and GBDT performance is presented on the corresponding panels. Within each panel,
columns represent transfer learning setups, and rows correspond to the number of available
downstream samples. Warmer colors indicate better performance. FS denotes training from
scratch (without pre-training on upstream data), LH and MLP denote linear and MLP heads
correspondingly, E2E denotes end-to-end training. Rank is averaged across all downstream
tasks.

D.4.2 Model-Wise Ranks

In Figure D.2 we compare different transfer learning setups for each deep tabular model.
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Figure D.2: Model-wise ranks for GBDT and neural networks. Within each panel,
columns represent transfer learning setups, and rows correspond to the number of available
downstream samples. Warmer colors indicate better performance. FS denotes training from
scratch (without pre-training on upstream data), LH and MLP denote linear and MLP heads
correspondingly, E2E denotes end-to-end training. Rank is computed across training setups
for each model and is averaged across all downstream tasks.

D.4.3 Average ROC-AUC Improvement over Catboost

In Figure D.3 we display ROC-AUC improvements over Catboost baseline averaged across

all downstream tasks. We observe trends similar to ones with ranks; MLP model performs

best in low data regimes, while FT-Transformer offers consistent gains across all data levels.

D.4.4 Dataset-level Results

In Tables D.10, D.11, D.12, D.13 we report ROC-AUC measurements for each model on

each downstream task. We include the results for GBDT models, neural baselines and

neural networks with transfer learning.
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Appendix E

IMPROVING PATIENT-SPECIFIC QUALITY ASSURANCE:
RADIOTHERAPY PLAN FAILURE PREDICTION WITH

DEEP TABULAR MODELS

E.1 Hyperparameter Search Spaces

FT-Transformer

The number of heads is always set to 8.

Table E.1: Optuna hyperparameter search space and default configuration for
FT-Transformer

Parameter Search Space Default

Number of layers UniformInt[1, 4] 3
Feature embedding size UniformInt[64, 512] 192
Residual dropout {0, Uniform[0, 0.2]} 0.0
Attention dropout Uniform[0, 0.5] 0.2
FFN dropout Uniform[0, 0.5] 0.1
FFN factor Uniform[2/3, 8/3] 4/3
Learning rate LogUniform[1e− 5, 1e− 3] 1e− 4
Weight decay LogUniform[1e− 6, 1e− 3] 1e− 5

Catboost

The hyperparameter search space and distributions are presented in Table E.2. For default

configuration we use default parameters from the Catboost library [162].
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Table E.2: Optuna hyperparameter search space for Catboost

Parameter Search Space

Max depth UniformInt[3, 10]
Learning rate LogUniform[1e− 5, 1]
Bagging temperature Uniform[0, 1]
L2 leaf reg LogUniform[1, 10]
Leaf estimation iterations UniformInt[1, 10]

XGBoost

The hyperparameter search space and distributions as well as the default configuration are

presented in Table E.3. For default configuration we use default parameters from the XG-

Boost library [32].

Table E.3: Optuna hyperparameter search space for XGBoost

Parameter Search Space

Max depth UniformInt[3, 10]
Min child weight LogUniform[1e− 8, 1e5]
Subsample Uniform[0.5, 1]
Learning rate LogUniform[1e− 5, 1]
Col sample by level Uniform[0.5, 1]
Col sample by tree Uniform[0.5, 1]
Gamma {0, LogUniform[1e− 8, 1e2]}
Lambda {0, LogUniform[1e− 8, 1e2]}
Alpha {0, LogUniform[1e− 8, 1e2]}


	List of Figures
	List of Tables
	Introduction
	Organization

	Multi-Modality Radiotherapy Optimization
	Introduction
	Multi-Modality Treatment Planning Optimization Model
	Optimization Algorithm
	Numerical Simulations
	Conclusion

	Cell phone mobility data and manifold learning: Insights into population behavior during the COVID-19 pandemic
	Introduction
	Data
	Methods
	Results
	Discussion and Conclusion

	Where do Models go Wrong? Parameter-Space Saliency Maps for Explainability
	Introduction
	Related Work
	Method
	Experiments
	Discussion

	Transfer Learning with Deep Tabular Models
	Introduction
	Related Work
	Transfer Learning Setup in Tabular Domain
	Results for Transfer Learning with Deep Tabular Models
	Self-Supervised Pre-training
	Aligning Upstream and Downstream Feature Sets with Pseudo-Features
	Discussion

	Improving Patient-Specific Quality Assurance: Radiotherapy Plan Failure Prediction with Deep Tabular Models
	Introduction
	Materials and Methods
	Results
	Discussion
	Conclusion

	Bibliography
	Multi-Modality Radiotherapy Optimization
	Proximal Operator Calculation
	Projection Calculation

	Cell phone mobility data and manifold learning: Insights into population behavior during the COVID-19 pandemic
	Linear dimensionality reduction and clustering
	Nonlinear Dimensionality Reduction Methods
	Robustness of GMM fitting
	GMM Model and Uncertainty Quantification
	GMM Model Selection
	Altering the Number of Clusters and Continuous Colormap
	Clustering in metropolitan areas: Georgia and California
	Response Speed Distributions

	Where do Models go Wrong? Parameter-Space Saliency Maps for Explainability
	Additional Experiments
	Implementation details
	Limitations and Impact

	Transfer Learning with Deep Tabular Models
	Limitations and Impact
	Experimental Details.
	Hyperparameter Tuning
	Additional Results

	Improving Patient-Specific Quality Assurance: Radiotherapy Plan Failure Prediction with Deep Tabular Models
	Hyperparameter Search Spaces


