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Abstract

New Developments in Fermionic Many-Body Physics within Time-Dependent Density

Functional Theory

Matthew Kafker

Chair of Supervisory Committee:

Aurel Bulgac

Department of Physics

This thesis documents various recent developments in the physics of systems composed

of many strongly interacting fermions, obtained within time-dependent density functional

theory, which is a leading microscopic approach for the treatment of the non-equilibrium

dynamics of such systems. Various aspects of the problem of nuclear fission are addressed, in

particular focusing on the stage of evolution from the outer saddle of the nuclear potential

energy surface, through the scission point, and beyond until full separation between the

fragments is achieved, for a variety of actinide nuclei. The dynamics of neck rupture during

nuclear fission are presented, and it is argued that scission neutrons are expected to be

released during this stage. The saddle-to-scission dynamics of nuclei with an odd number

of neutrons, and in some cases also an odd number of protons, are presented, which reveal

a highly complex nuclear shape evolution and enhanced effects of time-reversal symmetry

breaking in such odd systems. The intrinsic spins of the fission fragments are evaluated

after scission, and it is found that, with significant probability, the spins are not oriented

perpendicular to the fission axis and that their directions in space are correlated. Various

aspects of the dynamics of the single-particle occupation numbers, which change in time due

to the pairing interaction, are addressed, and these are used to define a notion of complexity

for quantum many-body systems. It is also demonstrated that the occupation numbers

evolve in time as a non-Markovian stochastic process, both in the case of fission dynamics

and also in the case of quantum turbulence and subsequent thermalization of the unitary

Fermi gas. Various aspects of the problem of restoring translational invariance of the many-

body wave function within density functional theory are presented. Finally, preliminary

results are presented concerning the problem of multi-nucleon transfer reactions, treated

within time-dependent density functional theory.
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I. ORGANIZATION

During the course of my Ph.D., I have been a coauthor on 10 papers:

• “Non-Equilibrium Dynamics of Hard Spheres in the Fluid, Crystalline, and Glassy

Regimes,” M. Kafker, X. Arsiwalla, Phys. Rev. E 112, 034103 (2025) (Editor’s

Suggestion), https://arxiv.org/abs/2504.04599, (2025) [1].

• “Time-Dependent Density Functional Theory Description of 238U(n,f), 240,242Pu(n,f)

and 237Np(n,f) Reactions,” A. Bulgac, I. Abdurrahman, M. Kafker, I. Stetcu, Phys.

Rev. Lett. 135, 062501 (2025), https://arxiv.org/abs/2503.24268, (2025) [2].

• “Impact of the Center of Mass Fluctuations on the Ground State Properties of Nuclei,”

M. Kafker, A. Bulgac, https://arxiv.org/abs/2503.09470, (2025), submitted to Phys.

Rev. C [3].

• “Non-Equilibrium Aspects of Fission Dynamics within the Time Dependent Density

Functional Theory,” A. Bulgac, M. Kafker, I. Abdurrahman, I. Stetcu, EPJ Web of

Conferences 322, 07002 (2025) https://arxiv.org/pdf/2411.03546, (2024) [4].

• “Quantum turbulence, superfluidity, non-Markovian dynamics, and wave function ther-

malization,” A. Bulgac, M. Kafker, I. Abdurrahman, G. Wlazlowski, Phys. Rev. Re-

search 6, L042003 (2024), https://arxiv.org/pdf/2406.00926 (2024) [5].

• “Neck rupture and scission neutrons in nuclear fission,” I. Abdurrahman, M. Kafker,

A.. Bulgac, I. Stetcu, Phys. Rev. Lett. 132, 242501 (2024),

https://arxiv.org/pdf/2307.13132 [6].

• “Non-Markovian character and irreversibility of real-time quantum many-body dynam-

ics,” A. Bulgac, M. Kafker, I. Abdurrahman, I. Stetcu, Phys. Rev. C 109, 064617

(2024), https://arxiv.org/pdf/2312.14962 [7].

• “Microscopic evidence for scission neutrons,” I. Abdurrahman, M. Kafker, A. Bulgac,

I. Stetcu, EPJ Web of Conferences 292, 08008 (2024) [8].

• “Spatial orientation of the fission fragment intrinsic spins and their correlations,” G.

Scamps, I. Abdurrahman, M. Kafker, A. Bulgac, I. Stetcu, Phys. Rev. C 108, L061602

(2023), https://arxiv.org/pdf/2307.14455 [9].
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• “Measures of complexity and entanglement in many-fermion systems,” A. Bulgac, M.

Kafker, I. Abdurrahman, Phys. Rev. C 107, 044318 (2023),

https://arxiv.org/pdf/2203.04843 [10].

All but one of these has been published, and the only unpublished one is currently under

review. Excluding the conference proceedings and the Phys. Rev. E paper (which covers

very different subject matter), each of these papers will receive its own chapter in this thesis.

The thesis opens with an introductory chapter which sets the stage for the rest of the thesis,

and in the final chapter some preliminary results from ongoing work are presented.
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III. INTRODUCTION

A. The Quantum Many-Body Problem

Fermions are particles which obey the laws of quantum mechanics and which also respect

the Pauli exclusion principle, meaning that only one fermion can occupy any given quantum

state at a time. A few familiar examples of fermions are electrons, protons, and neutrons, and

so the properties of most common terrestrial forms of matter, including atoms, molecules,

many aspects of materials, and atomic nuclei, as well as certain kinds of ultra-cold atomic

gases, can all be understood as following from the behavior of systems composed of many

(mutually interacting) fermions.

The quantum mechanical description of a system of many particles is accomplished

through the use of a many-body wave function (MBWF), which is a function over the

configuration space of the system, and hence depends on N spatial coordinates for an N

particle system. (We will neglect particle spins for this discussion.) If one wishes to describe

the behavior of a quantum many-body system such as a nucleus of Uranium-236, a system

which we will consider in great detail in this thesis, ideally one could simply calculate the

many-body wave function for this system; however, a simple argument reveals that this is

impossible. Suppose we want to represent the MBWF on a computer, in which case a com-

mon strategy is to discretize space into a three dimensional grid of points, and then the goal

is to calculate the values of the MBWF at just those points. If we choose a 10× 10× 10 grid

of points, we now must calculate the values of the many-body wave function Ψ(r1, . . . , r236)

over this grid, where ri refers to the position of particle i. However, each coordinate ri can

take on 103 = 1,000 different values, independent from all the other coordinates, so in the

most general case, specifying the full many-body wave function would require

(103)236 ≈ 10700 complex numbers! (1)

If one compares this number to the number of atoms in the universe, which is roughly 1080,

it is clear that it is impossible to directly represent the many-body wave function for a

many-fermion system consisting of more than just a few particles, and so another strategy

must be employed.
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B. Mean Field Theory

One solution which works fairly well in practice is to use a mean field theory, in which

one assumes that the cumulative effect of the highly complex forces acting between all the

various nucleons (protons and neutrons) within the nucleus is to create an average potential

in which all the nucleons move approximately independently. One can derive a mean field

theory by starting with a Hamiltonian for an interacting many-body system, for example,

Ĥ = ∑
i

p̂2
i

2m
+∑

i<j
V̂2(ri, rj) (2)

and assuming the simplest possible form for the many-body wave function, namely a Slater

determinant

Ψ(r1, . . . , r236) =
1√
A!

detψi(rj), (3)

where {ψi(r)}Ai=1 is the set of single-particle wave functions composing the Slater determi-

nant. Invoking the variational principle, we know that

E = ⟨Ψ∣Ĥ ∣Ψ⟩ (4)

will be an upper bound for the energy of the system. Treating the single particle wave

functions ψi(r) as variational parameters, we minimize the energy

δE

δψ∗i (r)
= 0, (5)

subject to the condition that the single particle states form an orthonormal set, which

can be imposed with Lagrange multipliers. The result of this variational procedure is the

Hartree-Fock (HF) equations [11],

− h̵
2

2m
∆ϕk(r) + VH(r)ϕk(r) + ∫ d3r′VF (r, r′)ϕk(r′) = Ekϕk(r), (6)

where the Hartree potential is given by

VH(r) = ∫ d3r′V2(r, r′)ρ(r′), ρ(r) = ∑
i

∣ϕi(r)∣2 (7)

and the Fock potential is given by

VF (r, r′) = −V2(r, r′)ρ(r, r′), ρ(r, r′) = ∑
i

ϕi(r)ϕi(r′)∗. (8)
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The wave functions ϕi(r) were obtained from the original set ψi(r) by a unitary transforma-

tion while performing the variational procedure, and so a Slater determinant of these new

single-particle wave functions only differs from the original Slater determinant by an overall

phase factor.

The Hartree-Fock equations are a coupled set of Schrödinger equations which describe

a set of A independent particles moving in a potential which is defined by the matter

distribution of the system, ρ(r, r′), and the underlying two-body interaction, and so we have

achieved our goal of constructing a mean field theory. Since the matter distribution (i.e., the

one body density matrix) is determined in terms of the eigenfunctions of the Hartree-Fock

equations according to

ρ(r, r′) = ∑
i

ϕi(r)ϕi(r′)∗, (9)

solving the Hartree-Fock problem amounts to the solving of a system of coupled nonlinear

integrodifferential equations. Furthermore, one can obtain the dynamical behavior of this

system by replacing

Ek → ih̵
∂

∂t
(10)

in Eq. (6), in which case on obtains the time-dependent Hartree-Fock (TDHF) equations,

which look like the standard time-dependent Schrödinger equation in the presence of a mean

field potential.

In practice, one can achieve better descriptions of nuclei by proceeding in a slightly dif-

ferent, although related, manner. Namely, rather than starting with a Hamiltonian for the

interacting system as in Eq. (2) and determining the energy by evaluating the expectation

value of the energy as in Eq. (4), instead one directly postulates a form for the energy (den-

sity) in terms of the (number) density distribution of the system, as well as several other

relevant densities as needed, including the kinetic energy density, the current density, the

spin-current density, the spin density, and for superfluid systems, the anomalous density,

which is the superfluid order parameter. These nuclear energy density functionals (NEDFs)

often contain a number of fitting parameters and can be thought of in many ways as be-

ing analogous to the Lagrangian densities employed in (effective) field theories. One such

example of a nuclear energy density functional is the SeaLL1 functional [12], which we will
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use in all the nuclear physics studies presented in this thesis,

E = h̵2

2m
(τn + τp)+ (11)

a0n
5/3
0 + b0n2

0 + c0n
7/3
0 +

(a1n−1/30 + b1 + c1n1/3
0 )n2

1+

(a2n−7/30 + b2n−20 + c2n
−5/3
0 )n4

1+

ηs
h̵2

2m
(∣∇nn∣2 + ∣∇np∣2)+

W0J ⋅ ∇n0+

geff(r)(∣κp(r)∣2 + ∣κn(r)∣2)+

e2

2 ∫
d3r′

np(r)np(r′)
∣r − r′∣

− e
2π

4
( 3
π
)
4/3

n
4/3
p .

Here, n stands for the number density, τ for the kinetic energy density, J for the spin-current

density, and κ for the anomalous density. Subscripts “n” and “p” refer to neutron and protons

respectively, and n0 = nn+np and n1 = nn−np. Just as in the Hartree-Fock equations, all the

various densities of the system are expressed in terms of the single-particle eigenstates of the

resulting Schrödinger equation, and so one must also in this case solve a coupled nonlinear

system of equations. One is justified in introducing an energy density functional because of

the remarkable Hohenberg-Kohn theorem [13], first formulated for electronic systems, which

states in its original form that the solution of the many-body Schrödinger equation is in

one-to-one correspondence with the number density of the system, although for the systems

we consider, more densities must be included. As the many-body wave function is a function

of A spatial coordinates, whereas the densities are all functions of just one coordinate, this

density functional theory (DFT) approach is actually computationally feasible, in contrast

to directly solving the many-body Schrödinger equation, as we saw above. One challenge

of the DFT approach, however, is that the Hohenberg-Kohn theorem is merely an existence

proof and does not offer a recipe for actually constructing the energy density functional [13],

and so in practice the determination of high quality functionals is a bit of an art form [12].

Nuclear density functional theory, when supplemented to include the pairing interaction

(discussed next), is among the most accurate and flexible techniques for calculating static

and dynamic properties of nuclei across the entire nuclear chart, and it achieves a root-

mean-square (RMS) error when calculating binding energies of between 2 and 3 MeV [12]
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without including corrections due to symmetry restoration, see Sec. X. Furthermore, for

the heaviest nuclear systems, including the case of the highly non-equilibrium dynamics

of neutron induced fission, nuclear density functional theory is the only fully microscopic

approach which is capable of providing useful results.

C. Pairing

The density functional theory approach we have introduced is sufficient for calculating

the ground state properties of spherical nuclei, as was first shown by Vautherin and Brink

in the 1970’s using the Skyrme interaction [14]. However, for the cases of open shell nuclei

and for dynamics, a further ingredient must be included into microscopic approaches, such

as DFT, along with the mean field potential, and that is the pairing interaction, which is a

short-range attractive interaction acting between the nucleons. The pairing interaction must

be included in nuclear mean field theories because it neatly explains a variety of phenomena

which otherwise appear anomalous: a gapped low energy spectrum for even-even nuclei,

a lower than expected level density in certain open-shelled nuclei, the odd-even effect in

nuclear binding energies, nuclear moments of inertia and deformations (for which one often

obtains incorrect estimates in the absence of pairing), and the presence of low-lying 2+ states

for even systems in the vicinity of closed shells [11]. In the 1980’s, G. Bertsch realized that

pairing is also crucial for nuclear shape dynamics during nuclear fission [15–19] due to its

role in redistributing the single-particle occupation numbers as the nucleus deforms.

I now offer a brief review of the pure pairing problem, as I find it helpful when interpreting

the many results related to the pairing interaction which will be presented in this thesis. We

start by considering just two particles in a nuclear “shell” characterized by single-particle

angular momentum j = l + 1/2. For the purposes of this exercise, we will forget about

the other shells. Within this j-shell, we suppose the particles interact according to the

Hamiltonian

Hpairing = −G ∑
m′>0
∑
m>0

a†
m′a

†
−m′a−mam (12)

where G > 0 is a constant, and m = −j,−j + 1, ..., j − 1, j is the quantum number for the

projection of the angular momentum. Restricting our attention to the subspace spanned by

two-particle states of the form ∣m,−m⟩ = a†
ma

†
−m∣0⟩, and applying the anticommutation rules
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for fermionic creation and annihilation operators

{am, am′} = 0, {a†
m, a

†
m′} = 0, {am, a

†
m′} = δm,m′ , (13)

it is clear that

⟨m,−m∣Hpairing∣m′,−m′⟩ = −G (14)

for all m,m′ within this subspace. (Note that all other two-particle matrix elements of this

Hamiltonian clearly vanish, as they will be killed by the two annihilation operators on the

right in the pairing Hamiltonian in Eq. (12). Given that in coordinate space, time-reversed

orbitals with quantum numbers m and −m generally have the same spatial profile, it is in

this sense that the pairing Hamiltonian corresponds to a short-range attractive interaction.)

Hence, within the two-particle subspace spanned by time-reversed pairs ∣m,−m⟩, the

pairing Hamiltonian is given by a constant matrix of dimensions Ω×Ω, where Ω = j + 1/2 is

the number of states with m > 0, which is simple to diagonalize. There is a unique ground

state separated by the other degenerate eigenstates by an energy gap E = −GΩ. The ground

state wave function is given by

ψCooper pair =
1√
Ω

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

1

1

⋮

1

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

↔ ∣ψCooper pair⟩ ∝ ∑
m>0

a†
ma

†
−m∣0⟩ ≡ S+∣0⟩, (15)

which is the famous Cooper pair, which plays a central role in the BCS theory of super-

conductivity [20]. One crucial aspect of this solution is that in the presence of the pairing

interaction, time-reversed pairs of single-particle states are “spread” over the available states.

For the mean field theory calculations we present in this thesis, this will be reflected in the sin-

gle particle occupation numbers, which express the average number of particles found within

each single-particle state for a given many-body wave function. In this case of pure pairing

in a degenerate shell, time-reversed pairs are spread uniformly over the available states,

but if the levels are no longer degenerate, the Cooper pair wave function still describes a

distribution of the single-particle occupation numbers which is instead given by [11]

∣ψCooper pair⟩ ∝ ∑
m>0

vm
um

a†
ma

†
−m∣0⟩ ≡ S+∣0⟩, (16)
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where ∣vm∣2 ≡ nm are the single particle occupation numbers, which are related to the energies

of the single particle states. In the case where we have N > 2 particles, but where N is still

even, one can show [11] that the ground state (GS) is still unique and has the same pairing

gap, and the wave function is given by a “condensate” of N/2 Cooper pairs

∣GS⟩ ∝ (S+)N/2∣0⟩. (17)

In the case where N is odd, which will be important in Sec. V below, the ground state

of the pure pairing Hamiltonian will always be degenerate. For N = 3, the GS is given by

( ∑
m>0,m≠i

a†
ma

†
−m)a†

i ∣0⟩ ≡ S+a
†
i ∣0⟩, (18)

where the degeneracy arises because one can choose any state single-particle state i in the

shell to “block” without changing the energy. In the case of N > 3, with N odd, the ground

state is given by

∣GS⟩ ∝ (S+)(N−1)/2a†
i ∣0⟩. (19)

D. The Time-Dependent Superfluid Local Density Approximation

The theoretical formalism which we use throughout this thesis is an extension of time-

dependent density functional theory to include pairing interactions, known as the time-

dependent superfluid local density approximation (TDSLDA). The previous discussion of

pairing was, as we noted, the simplest possible case. Bardeen, Cooper, and Schrieffer [20]

were the first to introduce a highly correlated many-body wave function for describing

fermionic superfluids, now known as the BCS wave function,

∣BCS⟩ = ∏
k>0
(uk + vka†

ka
†
k
) ∣0⟩, (20)

where k refers to the time-reversal of state k, and one can show that in terms of the gener-

alized pair creation operator

S+ ≡ ∑
k>0

vk
uk
a†
ka

†
k
, (21)

the BCS wave function can be written as [11]

∣BCS⟩ ∝ ∣0⟩ + S+∣0⟩ + 1

2
(S+)2 ∣0⟩ + ⋯ = exp(S+)∣0⟩, (22)



17

and so the BCS wave function represents a system with pairing correlations as a superposi-

tion of pairing condensates, each with different particle number N . The BCS wave function

describes well the case of electronic superconductors, as in this case the pairing correlations

are confined to a narrow range of energies around the Fermi level and the single particle

states in this interval do not have significant energy dependence. However, in the case of the

systems considered in this thesis, which include nuclei, cold atom systems, and also neutron

and proton matter in neutron star crusts, the pairing interaction is strong and the mixing

occurs between states which are well-separated in energy, and so TDSLDA uses a more

general ansatz for the form of the many-body wave function for a system in the presence of

pairing correlations [7]. In analogy with a Slater determinant wave function, which in terms

of fermionic creation operators is written as

∣Ψ⟩ = ∏
k

a†
k∣0⟩, (23)

the (TD)SLDA many-body wave function is treated as a vacuum with respect to Bogoliubov

quasiparticles,

∣Φ⟩ ∝∏
k

αk∣0⟩, (24)

where the quasiparticle operators are defined via a unitary Bogoliubov transformation from

the standard quantum field operators as

α†
k = ∫ dξ [uk(ξ)ψ†(ξ) + vk(ξ)ψ(ξ)] (25)

αk = ∫ dξ [v∗k(ξ)ψ(ξ) + u∗k(ξ)ψ(ξ)] , (26)

where ξ = (r, σ, τ), σ refers to the particle spin, and τ to the particle’s isospin, see [10] and

the references therein. In this definition, we introduced the Bogoliubov quasiparticle wave

functions

⎛
⎜
⎝

uk(ξ)

vk(ξ)

⎞
⎟
⎠
, (27)

and upon minimizing the energy, treating these new wave functions as variational parame-

ters, one arrives at the SLDA equations [21], which are very closely related to the Hartree-
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Fock Bogoliubov (HFB) equations [11], and which are given by

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

h↑↑(r⃗) − µ h↑↓(r⃗) 0 ∆(r⃗)

h↓↑(r⃗) h↓↓(r⃗) − µ −∆(r⃗) 0

0 −∆∗(r⃗) −h∗↑↑(r⃗) + µ −h∗↑↓(r⃗)

∆∗(r⃗) 0 −h∗↓↑(r⃗) −h∗↓↓(r⃗) + µ

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

uk↑(r⃗)

uk↓(r⃗)

vk↑(r⃗)

vk↓(r⃗)

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

= Ek

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

uk↑(r⃗)

uk↓(r⃗)

vk↑(r⃗)

vk↓(r⃗)

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

. (28)

The SLDA/HFB equations are a generalization of the standard mean field Schrödinger

equation defined above, due to the presence of the pairing field ∆(r⃗) on the off-diagonal,

which is calculated from the anomalous density, the superfluid order parameter, according

to

∆n,p(r⃗) = −geff(r⃗)κn,p(r⃗). (29)

For the sake of completeness, we also include here the definition of all the various densities

in terms of the quasiparticle wave functions,

n(r⃗) = ∑
k,σ

v∗k,σ(r⃗)vk,σ(r⃗), (30a)

κ(r⃗) = ∑
k

v∗k↓(r⃗)uk↑(r⃗), (30b)

τ(r⃗) = ∑
k,σ

∇⃗v∗k,σ(r⃗) ⋅ ∇⃗vk,σ(r⃗), (30c)

s⃗(r⃗) = ∑
k,σ,σ′

σ⃗σσ′v∗k,σ(r⃗)vk,σ′(r⃗), (30d)

J⃗(r⃗) = 1

2i
(∇⃗ − ∇⃗′) × s⃗(r⃗, r⃗′)∣

r⃗=r⃗′
, (30e)

j⃗(r⃗) = 1

2i
∑
k,σ

[vk,σ(r⃗)∇⃗v∗k,σ(r⃗) − v∗k,σ(r⃗)∇⃗vk,σ(r⃗)] . (30f)

A nonzero pairing field ∆ will act to redistribute the single-particle occupation numbers

nk = ∫ dξ∣vk(ξ)∣2, transferring some weight from the v-components to the u-components

(and vice versa), which is how one encodes the effects of the pairing interaction into a

mean field theory expressed in terms of single-particle wave functions. The precise profile

and dynamics of the occupation number distribution during various physical processes of

interest will be one of the central focuses of this thesis. We note that it is always possible

to instantaneously transform to a basis in which the many-body wave function takes on the

BCS form of Eq. (20); however, under dynamics the many-body wave function will note stay
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in this BCS form, so the Bogoliubov vacuum ansatz of Eq. (24) must be used instead, see

the discussion in Secs. VII and VIII.

TDSLDA is the first time-dependent mean field formalism in the literature which properly

handles pairing correlations, accounting for self-consistency, the regularization and renormal-

ization of the known divergence of the anomalous density matrix at short distances [22, 23],

and which does not rely on simplifying assumptions such as that the many-body wave func-

tion always assumes the BCS form. As we will show in this thesis, the combination of a

well-constructed mean field and the proper treatment of pairing correlations leads TDSLDA

to be the leading microscopic approach for the study of nuclear fission dynamics, and also

to be one of the leading approaches for simulating the dynamics of cold atom systems. TD-

SLDA offers several predictions which should in principle be measurable in experiments on

nuclear and cold atom systems, and also it offers fundamental insights into the quantum

mechanics of strongly interacting many-fermion systems.
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IV. NECK RUPTURE AND SCISSION NEUTRONS IN NUCLEAR FISSION

In this section, we review the results presented in the paper “Neck Rupture and Scission

Neutrons in Nuclear Fission” by I. Abdurrahman, M. Kafker, A. Bulgac, and I. Stetcu, Phys.

Rev. Lett. 132, 242501 (2024) [6].

A. Abstract

During the process of nuclear fission, the nucleus becomes increasingly deformed, until

eventually splitting in two. Immediately prior to the splitting, termed scission, a neck is

formed between the two emerging fission fragments (FFs). It is widely believed that the rup-

ture dynamics of the neck are quite violent, although there is no unambiguous experimental

evidence that this is in fact the case. From a theoretical perspective, the saddle-to-scission

and neck rupture stages of nuclear fission are technically challenging to treat because they

are both highly nonequilibrium processes in a strongly interacting quantum many-body sys-

tem. Here, we use the time-dependent superfluid local density approximation (TDSLDA),

an extension of time-dependent density functional theory to superfluid systems, to char-

acterize the scission mechanism from a fully microscopic perspective for the first time in

the literature. In addition, we document the spectrum and spatial distribution of scission

neutrons (SNs), as well as some upper bounds on the emission of charged particles. We find

that the emitted scission neutrons have a distinctive angular distribution, with neutrons

being emitted in approximately equal numbers along the fission axis ahead of each fragment

and in a ring-shaped cloud around the fission axis centered on the location where the neck

ruptured. The SNs are found to carry an average energy around 3 ± 0.5 MeV for the fission

of 236U, 240Pu and 252Cf, with a surprisingly high maximum energy of 16 - 18 MeV. Based

on the emitted number of particles, we estimate a (conservative) lower bound that 9− 14 %

of the total number of neutrons emitted during the fission process are produced at scission.

B. Introduction

Nuclear fission was first discovered in an experiment in 1939 performed by Hahn and

Strassmann [24]. Later that same year the primary mechanism was explained by Meitner

and Frisch [25], who also gave the process its name. Nuclear fission is a highly complex
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dynamical behavior of a strongly interacting quantum many-body system, with different

stages of the process taking place over dramatically different timescales spanning many

orders of magnitude. Indeed, when one considers the total duration of the fission process,

from the absorption of the incident neutron and formation of the compound nucleus, to

the separation of the nucleus into fragments, the subsequent emission of prompt neutrons

and γ rays, and finally the further β decays of the fragments until they have attained their

equilibrium state, the total elapsed time can be on the order of billions of years [26]! This

should be contrasted with the another relevant timescale for the fission problem, the time

for a nucleon to cross the nucleus, which is O(10−22) seconds. We begin by describing the

various stages of the fission process in more detail, as this will provide the context for our

new results on the neck rupture and release of the scission neutrons.

In the case of neutron-induced fission, the process begins with the absorption of a low-

energy incident neutron [24] by a heavy target nucleus and the subsequent formation of

the compound nucleus. This compound system [27] evolves through a variety of distinct

stages before ultimately splitting in two. Firstly, the nucleus progressively deforms in a

quasi-equilibrium manner until reaching the outer saddle point, which is the point where

balance between the restoring force from the surface tension and the repulsive Coulomb

force shifts, and it becomes energetically favorable to continue deforming until the nucleus

fully separates. The time required for this process is ≈ 10−14 seconds [26], and during this

process, the nuclear shape evolution is rather complex. Initially, the nucleus is prolate with

axial symmetry, and then it evolves into a region where it is triaxial, before finally returning

to an axially symmetric elongated configuration with reflection asymmetry near the outer

fission barrier [28]. Starting from the outer fission barrier, the second stage of dynamics

sets in, which is highly non-equilibrium in character, namely the descent from the outer

saddle to the scission configuration [29–31], which lasts ≈ 5 × 10−21 seconds [26] and during

which the primordial FF properties are established. The third stage of fission dynamics is

the process of scission itself, also called the neck rupture, which is by far the fastest stage

of the dynamics, as we will show below, lasting only ≈ 10−22 seconds, and during which the

compound nucleus rapidly separates into two distinct fission fragments. It is at this stage

that we argue a small number of neutrons will also be released, which is the subject of this

study; these are the so-called scission neutrons. Following scission, a fourth stage begins

in which the FFs are accelerated by the Coulomb interaction, which takes about O(10−18)
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seconds to complete, by which time the shapes of the FFs, which emerge deformed from

scission, relax to their equilibrium values. It is an interesting fact that whereas the initial

compound nucleus in fission is a relatively cold system with a very small spin, the FFs emerge

from scission very hot and with relatively large spins, which was convincingly demonstrated

using TDSLDA simulations [30, 32]. The excitation energy of the fission fragments is then

released, first through the evaporation of “prompt” neutrons (isotropically in the rest frame

of each fragment), which takes O(10−14) seconds, and subsequently by the emission of γ

rays, which can last up until O(10−3) seconds. Following the prompt emission, a much

slower process of β decays occurs. It is sometimes possible to even have γ emission following

these β decays.

All the stages of the fission process described above can be understood as quasiequilibrium

processes which are relatively slow, with the exception of the saddle to scission evolution

and the neck rupture, which are the stages of the fission process we focus on with TDSLDA.

In most studies of fission prior to the introduction of TDSLDA in 2016 [29], fission dynamics

beyond the outer saddle point were described in terms of the nuclear potential energy surface

(PES), which is determined by calculating the nuclear ground state energy in a confining

potential of a given deformation, and then repeating this process over a large set of nuclear

deformations. In other words, the dynamics were determined entirely by the evolution of

the nuclear shape alone [11, 26, 33, 34], which is not compatible with recent microscopic

studies that demonstrate the crucial role played by dissipation in converting the potential

energy of the compound nucleus into internal excitation energy during the descent from

saddle to scission [29–31, 35]. Getting such approaches to agree with experiment generally

requires adjusting many parameters [36]. It should be noted, however, that many different

approaches are able to calculate FF mass and charge distributions [36–41], which TDSLDA

currently cannot do, even though these approaches rely on mutually contradictory physics

assumptions. We interpret this to mean that the fragment mass and charge distributions

are not in fact very sensitive to the details of fission dynamics.

We now turn our attention in detail to saddle-to-scission and neck rupture dynamics.

Near the top of the outer saddle, the nuclear density begins to form a “wrinkle,” which is the

precursor to the neck which will eventually form between the two FFs. This wrinkle forms

early in the saddle to scission evolution, and does not move as the nucleus evolves towards

scission, as we will demonstrate below, but one can argue that this is expected, as a significant
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change in its position would require a large amount of energy that would not be available

from fluctuations [42–46]. Starting from the outer saddle the nucleus begins its descent

towards scission, which is a relatively slow and dissipative process [29–31], during which

the nucleus becomes increasingly elongated and the neck increasingly pronounced. It was

first demonstrated unambiguously by TDSLDA simulations that during this stage, due to

dissipative effects produced by the pairing interaction, the nucleus has a very small collective

velocity [29–31] and the internal excitation energy of the nucleus gradually increases. The

neck progressively shrinks during the elongation until it hits a critical diameter of about 3

fm, whereupon an instability sets in and the the neck violently and very quickly ruptures, in

precisely the location the initial wrinkle formed much earlier at the top of the outer saddle.

Brosa et al. [47] argued that scission was the stage of fission where the fragment properties,

including the total kinetic energy (TKE), were defined. The Brosa model advocated by these

authors treats the nucleus as a very viscous fluid, where the neck is taken to be very long,

and the neck ruptures at a random point along this elongated neck, thereby producing FF

distributions. This approach is widely invoked in phenomenology used today [48–55], even

though as we will show it does not have any basis in microscopic theoretical calculations,

and furthermore, the claim that the assumptions used in this approach are supported by

experimental data is not necessarily the only possible interpretation. It is also worth noting

that the assumptions in the Brosa random neck rupture model contradict the assumptions

in other popular approaches for determining FF properties, such the scission-point model of

Wilkins et al. [56], where the FF formation is based on statistical equilibrium [57, 58], and

also the Brownian motion or Langevin models [36, 39, 59–61]. We will also demonstrate

below that the violent process of the neck rupture leaves behind “debris,” in the form of

scission neutrons, which were conjectured to exist as early as 1939 Bohr and Wheeler [62],

and which have been a contentious topic in the literature ever since and lasting to this

day. (In the supplemental material accompanying this paper [6], we include a history of

discussions in the literature of scission neutrons, and the various claims of their existence

and properties, or their nonexistence, over the years.) Potentially other heavier fragments,

usually referred to as ternary fission products [63–65], can be created as well, but as we will

argue below, it is much more difficult to see these other kinds of emission in the kinds of

TDSLDA simulations we consider for in this study.
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Run # Nucleus Q20 [b] Q30 [b3/2] β2 β3

1 236U 184.33 19.66 1.88 0.86

2 236U 159.64 17.80 1.63 0.77

3 236U 135.25 12.74 1.38 0.55

1 240Pu 157.20 20.18 1.56 0.85

2 240Pu 153.11 18.34 1.52 0.77

3 240Pu 140.08 10.6 1.39 0.45

4 240Pu 141.85 8.56 1.40 0.36

5 240Pu 144.71 6.63 1.43 0.28

6 240Pu 145.64 6.63 1.44 0.28

1 252Cf 240.80 36.53 2.20 1.39

2 252Cf 227.19 32.50 2.07 1.24

3 252Cf 199.17 23.52 1.82 0.90

4 252Cf 168.29 13.44 1.54 0.51

TABLE I. The initial quadrupole and octupole deformations used for all the simulations in this

study.

C. Results

We started our TDSLDA simulations by placing the compound nucleus near the top of

the outer fission barrier in a very large simulation volume, which we employed so as to allow

the emitted particles enough space and time to decouple from the FFs after the neck rupture.

We simulated the nuclear fission reactions 235U(nth,f), 239Pu(nth,f), and 252Cf(sf), using the

nuclear energy density functional (NEDF) SeaLL1 [12] in simulation volumes 482 × 120 and

482 × 100 fm3, with a lattice constant of 1 fm, using the LISE TDSLDA code [21]. The

SeaLL1 functional has only 8 parameters, each related to specific nuclear properties which

have been known for decades, and it achieves very high accuracy while simultaneously using

the smallest number of phenomenological parameters in any accurate nuclear EDF presented

in the literature to date [12, 66]. The initial deformations we used for this study are listed

in Table I, and were also chosen along the rim of the outer fission barrier. (For a TDSLDA

study of how the FF properties depend on the choice of initial deformation, see [29–31].) It is
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FIG. 1. Time series of neutron number density, in units of fm−3, presented in a log scale around

the moment of scission, revealing a low amplitude neutron cloud emitted with a distinctive angular

distribution.

worth mentioning that simulating nuclear fission in the box of size 482×120 fm3 considered in

this study required immense computational resources, simultaneously using all 27,648 GPUs

on the Summit supercomputer for 15 hours straight for a single simulation run, making each

one a plausible candidate for the largest numerical simulation ever performed to date at that

time (2022). Despite the immense computational resources we employed, we were still only

able to follow the emitted SNs for a short period of time before they were reflected back at

the boundary of the box, producing interference patterns, see Fig. 1. As the simulation box

is elongated along the fission axis, and thinner perpendicular to the fission axis, the scission

neutrons emitted in this transverse direction (about half of the total number of SNs) reflect
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at the boundary earlier than the SNs emitted along the, and this has probably affected their

properties slightly, although we argue below that the effect is minor.

In Fig. 2, we show the density in the neck, for both neutrons and protons, which is first

projected onto the fission axis by integrating over the transverse coordinates

nneck,τ(t) = ∫ dxdy nτ(x, y, zneck, t), τ = n, p, (31)

where the zneck is the position along the fission (z) axis where the neck has the smallest

radius. We see that during saddle to scission evolution, the neck decreases in diameter rather

slowly until a critical thickness is reached, whereupon it becomes unstable and undergoes

a rapid decay which is well characterized by an exponential fit, where the characteristic

timescale does not appear to depend on the initial deformation of the nucleus (at least for

the asymmetric fission cases considered here). Note that the invariance of this characteristic

timescale is in marked contrast to the time to evolve from saddle to scission, which depending

on the initial deformation (Q20,Q30) typically varies from 1,000 to 3,000 fm/c.

These fully microscopic quantum many-body TDSLDA simulations of the scission process

reveal several new aspects of the phenomenon. The first new aspect of the scission process

is that the location of the neck is determined early, near the outer saddle point, with the

formation of the initial “wrinkle” in the density, and this initial wrinkle does not move once

it has begun forming. Contrary to the popular Brosa model [47], the neck rupture location is

not random according to microscopic calculations. Once the neck reaches a critical diameter

of about 3 fm, an instability sets in, where the nuclear surface tension for the elongated

compound can no longer counteract the strong electrostatic repulsion between the two proto-

fragments, and so the system violently splits in two. One relevant aspect of this story is

that as the nucleus heats up, as TDSLDA demonstrates that it does during the descent

from saddle to scission, the nuclear surface tension decreases. It goes without saying that

the geometry of the nucleus changes dramatically during the neck rupture: beforehand, the

nucleus is a single compact shape with a neck region characterized by a negative Gaussian

curvature, whereas after the nucleus has separated into two fragments, each with surfaces

with predominantly positive Gaussian curvature.

The second novel aspect of the scission process revealed in this study is that the proton

neck ruptures before the neutron neck, see Fig. 2, such that for about 50-100 fm/c, the neck

is entirely composed of neutron matter prior to fully rupturing. This situation is reminiscent
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FIG. 2. In the top panel we display the neutron and proton densities projected onto the fission axis

using Eq. (31) in a logarithmic scale at several times: before scission at -258.53 fm/c (black lines),

when the neck is barely formed; after scission at 129.27 fm/c (red lines); and after the FFs separated

respectively at 517.06 fm/c (blue lines). Neutrons/protons are represented via solid/dashed lines

respectively. We clearly observe the formation of the “wrinkle” at early times which does not

move significantly during saddle-to-scission evolution. In the bottom panel, we look at the time

dependence of this “projected” number density evaluated at the neck location, presented again in

a logarithmic scale, for a variety of initial deformations, each represented by a different curve. The

neck rupture dynamics are clearly exponential in character once the instability sets in, and we find

that the characteristic timescale of the exponential decay in the density is nneck,τ(t) ∼ exp(−t/τ),

with τ ≈ 35.0 ± 2.2 fm/c for neutrons and 15.3 ± 0.3 fm/c for protons.
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of the neutron skin in heavy nuclei, where the RMS radius of the neutron matter distribution

in a heavy nucleus exceeds that of the proton distribution, such that near the nuclear surface,

the neutron density is significantly greater than the proton density. We note also that after

the rapid exponential decay of the neck, the neutron and proton densities almost immediately

attain equilibrium values.

The third novel aspect is that the scission process is unarguably the fastest stage of fission

dynamics, beginning from the formation of the compound nucleus and extending all the way

until the emission of the fission products has concluded. If we consider the timescales for the

rupture of the neck, 15 fm/c and 35 fm/c for proton and neutron necks respectively, these

are far faster than even than the time it takes a nucleon traveling at the Fermi velocity to

travel the length of the compound at the scission configuration, which is about 160 fm/c, and

which we can consider the minimum timescale over which any sort of thermal equilibrium

between the two proto-fragments could possibly be established.

The fourth new feature of the scission process is that the neck dynamics have a somewhat

universal character, at least for the case of asymmetric fission, in the sense that regardless of

the time it takes the compound to evolve from the outer saddle to the scission configuration,

and regardless of the initial deformation, the rupture dynamics always occur with essentially

the same timescale, see Fig. 2. Furthermore, as was mentioned above, the proton neck

also always ruptures first, due to the presence of a well-defined neutron skin. The fact

that the proton and neutron neck ruptures are essentially the same for all asymmetric

fission trajectories makes them dissimilar to other aspects of the fission process, such as

the time to define the various properties of the fragments, which vary based on the initial

conditions [30, 31].

The final new feature of the scission process we report here is that the mechanism under-

lying scission is completely at odds with previous models, including the Brosa random neck

rupture model and the scission-point models. TDSLDA is the only theoretical treatment of

the scission problem which does not rely on uncheck assumptions or uncontrolled approxi-

mations, and which produces results which on average are in agreement with experimental

data [29–31, 67].

We next turn to the scission neutrons clearly emitted during the neck rupture process, see

Fig. 1. We first note to the reader that we did not seek out the scission neutrons, nor did we

have to perturb the compound nucleus in any way to observe the SNs; rather, we found that



29

in all TDSLDA simulations we have performed, which now number in the several hundreds,

a low density neutron cloud is present, very similar to the one shown in Fig. 1. We now

offer an explanation for why the SNs are released. The neck rupture, as we have already

argued, is a highly non-equilibrium process, and is followed by a very rapid “resealing” of

the “break” created in the nuclear surface by the rupture. Unlike gas escaping a punctured

balloon, which would proceed rapidly and with not too much obstruction, the presence of the

neutron skin and the strong surface tension causes the nuclear matter to behave like a fluid.

Surface tension quickly closes the “wound” in the nuclear surface, but a small fraction of the

matter is nevertheless allowed to escape like a gas, with no droplet formation. (TDSLDA

only includes two-particle collisions, and so the potential condensation of the emitted gas

into light charged nuclei cannot be treated in this framework. Note also that we consider

this condensation process to be separate from the case of the ternary fission of a preformed

fragment.) The nuclear matter which is not prevented from escaping by the nuclear surface

“erupts” in an azimuthally symmetric cloud surrounding the location where the neck rupture

occurred. After a short delay, see Fig. 1, a second set of neutron clouds appear ahead of each

fragment. The delay is consistent with the time it takes for the nucleons to propagate from

the neck through each fragment and out the other side, and so it seems plausible that the

explanation for these “longitudinal” SNs is the “catapult” mechanism (which is more properly

described as a slingshot mechanism), which was proposed by Mädler [68] in 1984, and which

states that it is the rapid reabsorption of the neck “stumps” into the fission fragments which

pushes matter through the FFs and out the other side. We reiterate that the distinctive

shape of the scission neutron clouds, with a cloud in front of each fragment and a ring shape

cloud surrounding the fission axis, is seen in all TDSLDA fission simulations performed thus

far.

It is reasonable to ask whether the FFs will ever catch up with the scission neutrons,

seeing as we can only follow the emitted particles for a very short time before they reach the

boundary of the box. Recalling that the total kinetic energy (TKE) is about 171-186 MeV,

after the FFs are fully accelerated by the Coulomb force, the light and heavy FFs will have

an average kinetic energy per particle of approximately 1 MeV and 0.5 MeV respectively. If

we compare this to the average kinetic energy per particle for the scission neutrons, which

are presented in Fig. 3, we see the average values of 3.51 ± 0.25 MeV, 3.42 ± 0.27 MeV,

and 2.67 ± 0.24 MeV for 236U, 240Pu, and 252Cf respectively, and so we conclude the the
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FIG. 3. The estimated distribution of the kinetic energy per particle for the emitted scission neu-

trons. The uncertainties correspond to the standard deviation taken over the different trajectories

included in this study, see Table I. The distributions are normalized to the total number of scission

neutrons, such that ∑P(⟨ϵn⟩) × ∆E
MeV = Nsci, with ∆E = 2 MeV. The inset shows the kinetic energy

for the entire SN cloud as a function of time, where the shaded regions refer to the mean ± standard

deviation over the trajectories considered in this study.

SNs are emitted with velocities that exceed the final velocity of the fission fragments, so the

neutrons will escape to infinity, which means that in principle they should be accessible to

experiment. It was noted by R. Capote [69] that our results are consistent with high-energy

neutrons observed via dosimetry measurements [70], and thus there is very probably the

need to include SNs in the analysis of prompt neutron spectra [71]. Finally, we also note

that we estimated the interaction energy of the SNs using the neutron matter equation of

state [12],

Eint
n = ∫ dV [ann5/3

n + bnn2
n + cnn

7/3
n ] ≪ Ekin

n , (32)

and found them to be essentially noninteracting, as the interaction energy comprises less

than 1% of their kinetic energy.

The next question which is of crucial importance is to determine how many neutrons are

emitted, which is shown in Fig. 4. The total number of emitted neutrons is about 0.30±0.05,

0.26 ± 0.05, and 0.55 ± 0.02 per fission event for 236U, 240Pu, and 252Cf respectively, which

is a considerable portion (roughly 9 − 14 %) of the total emitted prompt neutrons, see
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FIG. 4. Total number of emitted neutrons and protons as a function of time. The neutrons are

represented by the solid regions and the protons, which are enhanced by a factor of 10 to show the

trend on the same scale as the neutrons, are shown in dashed regions. Again, the interpretation of

the shaded region refers to the mean plus or minus one standard deviation over the trajectories we

considered for this study.

Refs. [63, 65]. Seeing as the curves in Fig. 4, particularly for the case of 252Cf, have not fully

flattened yet, it is likely that the numbers reported here are an underestimate of the true

signal. As a point of comparison, in several studies, Carjan et al. [72–76] estimated an upper

bound of 25−50 % of prompt fission neutrons are emitted during scission. We also see from

Fig. 4 that protons are emitted at scission as well, but the number is smaller by a factor of

about 50-100 relative to the number of emitted neutrons. We plot the proton and neutron

emission side by side in Fig. 5, which shows that proton emission is clearly much less than

neutron emission, and primarily along the fission axis. Finally, we note that the number of

emitted particles in the ring-shaped and longitudinal clouds is approximately equal, as we

show in Fig. 6.

It is also reasonable to ask to what extent the boundaries affect the number and proper-

ties of the emitted neutrons. To assess this question, we calculated the number of emitted

neutrons using several distinct approaches, and we find the variation amongst these ap-

proaches is minor, at the level of 10% or so. To calculate the number of emitted neutrons,

we defined a surface surrounding the compound/fragments, and we calculated the number
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FIG. 5. Spatial profiles of emitted scission neutrons and protons, presented in a logarithmic scale.

of particles outside that surface, see Fig. 7. We considered two types of boundary surfaces,

a stadium shaped surface and two bounding spherical surfaces, which are characterized by a

single parameter, which is the radius of the sphere. Furthermore, we calculated the number

of emitted neutrons by integrating the neutron number density outside the bounding region,

and also by performing a flux integral of the neutron current density over the bounding sur-

face. (These two results should be equivalent according to the continuity equation.) In all

cases, we find close agreement between the methods, as Fig. 7 clearly shows. On the other

hand, we note that interference at the boundaries of the box does affect the current density
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FIG. 6. Time series of nucleon emission split into transverse ring-shaped cloud and longitudinal

clouds, showing approximately equal emission in each case.

there, which is an aspect that will have to be addressed in future work, as it is likely that a

joint energy-angle distribution of the SNs will be required to disentangle scission neutrons

from evaporated prompt neutrons in future experiments.
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FIG. 7. Comparison of various methods for counting the number of scission neutrons. In the

top panel, we show the number of emitted neutrons as a function of the radius of the bounding

surface. In the middle panel, we compare the flux integration and volume integration methods

for calculating the emitted particle number. In the bottom panel, we compare integration using

the spherical bounding surface and the stadium bounding surface. The spheres include emitted

neutrons which are found between the fragments, and so the number counted using this surface

exceeds that of the stadium.
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D. Conclusions

In summary, we implemented TDSLDA simulations of the scission process in very large

simulation volumes, and in so doing presented several novel aspects of scission, which is

the fastest and most non-equilibrium stage of nuclear fission dynamics. We found that

within TDSLDA, the neck rupture is not a random process, as is advocated in various

phenomenological approaches. We also find that the dynamics of the rupture process are

very similar, regardless of the nuclear system considered or the initial deformation of the

compound at the outer saddle point, for asymmetric fission calculations. The “universality”

also applies to the emission of SNs, which always appear in a distinctive three-cloud profile,

with one appearing in front of each fragment and one in a ring shape around the neck rupture

location, with approximately equal numbers emitted along the axis and perpendicular to it.

The features of the neck rupture presented here may serve as valuable input to a variety of

(semi)phenomenological approaches used to study FF properties [49–52].

The possibility that there might be scission neutrons was first proposed by Bohr and

Wheeler [62] in 1939, and as such is almost as old as the study of nuclear fission itself. The

existence of SNs has been a highly contentious topic for decades [72–96], see also Historical

Note in Ref. [65], and their experimental confirmation is still an open question. We note

that earlier studies using simplified models [72, 75, 76] share some features with our neutron

properties, these studies do not show emission perpendicular to the fission axis, which for

us constitutes half the emitted SNs. We also stress that a small fraction of our emitted SNs

carry a surprisingly high amount of kinetic energy, upwards of 18 MeV, as shown in Fig. 3,

which is similar to previous observations in the literature [69, 71]. Finally, we found that

along with the emitted neutrons, a very small fraction of protons are emitted at scission

as well, primarily along the fission axis, and the number of these protons should suggest

a theoretical estimate for the emission of α-particles and other charged nuclei, at least for

axially symmetric fission in the absence of fluctuations, like we consider in this study.
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V. INDUCED FISSION OF ODD-MASS AND ODD-ODD NUCLEI WITHIN

TIME-DEPENDENT DENSITY FUNCTIONAL THEORY

In this section, we review the results presented in the manuscript “Time-Dependent Den-

sity Functional Theory Description of 238U(n,f), 240,242Pu(n,f), and 237Np(n,f) Reactions”

by A. Bulgac, I. Abdurrahman, M. Kafker, and I. Stetcu, Phys. Rev. Lett. 135, 062501

(2025) [2].

A. Abstract

In nuclei where the number of protons and/or neutrons is odd, the spin density is non-

zero, which produces a pseudomagnetic field that favors the splitting of Cooper pairs of

nucleons. Such pseudomagnetic fields will always contribute to the nuclear mean field in

the case of nuclear dynamics, even in the case where the neutron number N and the proton

number Z are both even; however, the effects on Cooper pairs are significantly enhanced for

the dynamical evolution of odd nuclei when compared to even-even nuclei. In this paper,

we presented for the first time a microscopic study of the induced fission of several odd-

mass or odd-odd compound nuclei in time-dependent density functional theory (TDDFT)

extended to include pairing correlations, where we did not make any simplifying assumptions

and where we used controlled numerical approximations. Specifically, we considered a very

large number of initial conditions for the induced fission of the odd-neutron compound

nuclei 239U, 241,243Pu, and the odd-proton, odd-neutron compound nucleus 238Np. Because

of the nonzero pseudomagnetic field created by the unpaired odd nucleon, the time-reversal

symmetry of the nucleus is spontaneously broken, which is an aspect of the simulation of

odd systems which has been very often neglected in the past, even in the most advanced

treatments. We find that the properties of the fission fragments (FFs) prior to neutron

and gamma emission––aspects of the fission process which we do not include in TDDFT

calculations––are quite similar to the properties of FFs from neighboring even-even nuclei,

although with a noticeably wider standard deviation in almost all cases. We also find that

the the saddle-to-scission evolution time can be significantly longer in the case of odd-mass

or odd-odd nuclei when compared with neighboring even-even nuclei, which can be explained

by the higher level density of odd systems at lower excitation energy. As a result of this
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higher level density, these systems are easier to excite, and provided the excitation energy

of the compound is not too high, the potential energy surface (PES) is much rougher than

in the case of even-even systems or odd systems with higher excitation energy, and thus the

nuclear shape evolution in this case will become “convoluted” or “confused” as it evolves from

the top of the outer fission barrier to the scission configuration. Finally, we test the validity

of the Pauli blocking approximation, which is often invoked in the literature and which is

expected to inhibit fission due to the fact that the blocked single-particle orbital cannot

participate in a Cooper pair and thus pairing is “inhibited.” We find that, surprisingly, the

Pauli blocking approximation is strongly violated during fission dynamics.

B. Introduction

Odd-mass and odd-odd nuclei have a much higher level density than even-even nuclei

at the same excitation energy. This is perhaps most easily seen in the case of the pure

pairing interaction in a degenerate shell where the single-particle states are labeled by a

single quantum number m, which might be the projection of the angular momentum along

one of the system axes, see Sec. III C. For a system with just two particles, the ground state

is a Cooper pair

∑
m>0
∣m,−m⟩ = ∑

m>0
a†
ma

†
−m∣0⟩, (33)

and there is no degeneracy. However, if we have three particles in the shell instead, the

ground state becomes

( ∑
m>0,m≠i

a†
ma

†
−m)a†

i ∣0⟩. (34)

We call i the “blocked” state, and the ground state of the odd system is degenerate because

one can choose to block any state i in the shell. Similar arguments hold for the case when

more particles are present in the shell.

The higher level density of odd systems at the same excitation energy applies not only

near the ground state, but everywhere along the path the nucleus takes on the potential

energy surface, all the way from the ground state to scission, including when the nucleus is

navigating the fission barrier. The fact that the nuclear PESs are close together means there

is an enhanced probability that time-reversed pairs of nucleons will jump from one surface
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to another, as a result of the pairing interaction. The possibility to jump between potential

energy surfaces has been known to be relevant in chemistry for a long time [31, 97, 98]. In

this study we consider induced fission with low energy neutrons [99, 100], which produces

compound nuclei near the top of the outer fission barrier which are “cold,” according A.

Bohr [63], and in which there are a large number of accessible fission channels for odd-mass

or odd-odd systems. The theoretical treatment of odd-mass and odd-odd systems is more

technical than that of even-even systems, as one must include the effects of a variety of den-

sities in the density functional which otherwise vanish for static calculations of even-even

nuclei, or else one must rely on certain simplifications or approximations which are not well

supported by strong theoretical arguments. As a result, there are far fewer mean field theory

or DFT studies of odd nuclei in the literature when compared with the number of studies

of even-even nuclei. That there are significant differences in the fission behavior of odd and

even systems has been known since the Manhattan Project, as 240Pu contamination of 239Pu

samples led to predetonation of nuclear explosions due the significantly higher spontaneous

fission rate of the even-even isotope, and so to circumvent this issue, the implosion mecha-

nism was implemented in the design of fission weapons. However, this is just one example,

and more generally the systematics of spontaneous fission half-lives of even-even (E-E) ver-

sus odd-even (O-E), even-odd (E-O), and odd-odd (O-O) compound nuclei are commonly

presented in discussions of fission [42, 62, 63, 65]. As was mentioned above, the spontaneous

fission half-lives of E-E nuclei are several orders of magnitude smaller than those of E-O,

O-E, or O-O nuclei, despite the fact that the fission barriers are very similar [63]. In this

chapter of the thesis, we will provide a small part of the explanation of the differences in

these half-lives, although a full explanation of the phenomenon will require a treatment

of tunneling, which is an aspect not yet included in TDDFT extended to include pairing

correlations, see the discussion in Sec. XI.

In odd-mass and odd-odd nuclei, new order parameters appear in the static mean fields

proportional to the spin density, a quantity similar to a local spin magnetization in the Ising

model, and these order parameters give rise to a pseudomagnetic field B(r) ∝ s(r) [101],

and this pseudomagnetic field then acts on the nucleon spins just as a magnetic field acts

on a spin 1/2 particle B(r) ⋅σ ∝ s(r) ⋅σ. More specifically, the single-particle Hamiltonian
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in density functional theory takes the form [102]

h(r) = −∇ ⋅ h̵2

2m∗(r)
∇ +U(r) − iW(r) ⋅ (∇ × σ) (35)

+ S(r) ⋅ σ + 1

i
(∇ ⋅A(r) +A(r) ⋅ ∇)

and the terms on the second line, specifically the mean fields S(r) and A(r), which depend

on the spin and current densities, are non-zero in the case of dynamic calculations, including

the highly non-equilibrium dissipative dynamical process of nuclear fission [21, 29–31], and

also in static calculations of odd nuclei. These new “pseudomagnetic field” potentials do not

respect time-reversal invariance, just as true magnetic fields do not. We will demonstrate

below that the effect of these pseudomagnetic fields is significantly enhanced in the case

of the induced fission of odd-mass and odd-odd compound nuclei when compared with the

induced fission of even-even compound nuclei. As was mentioned above, a full microscopic

explanation of the dramatically different spontaneous fission lifetimes between even and

odd systems requires a treatment of quantum tunneling through the fission barrier. It was

demonstrated by Caldeira and Leggett [103] that the time to tunnel through a barrier is

dramatically affected by dissipation, and as our results below will indicate, the effects of

dissipation in even and odd systems are quite different; hence, we expect that tunneling will

be significantly different in even and odd systems as well. We focus on the time-reversal

properties of the many-body wave function as well because it is known that this is crucial

for the description of β-decay of FFs and also for P -even-T -odd asymmetries of angular

correlations of FFs with light particles emitted during fission which is induced with cold

polarized neutrons [104].

The inclusion of pairing is crucial to the theoretical treatment of nuclear fission. It

was demonstrated using the extension of TDDFT to superfluid systems, known as the time-

dependent superfluid local density approximation (TDSLDA), that induced fission dynamics

of even-even compound nuclei is a highly non-equilibrium dissipative process [29–31], a find-

ing which has now been accepted by the community [35] and which is in full agreement with

experimental findings. The source of the dissipation is ultimately the pairing interaction,

as time-reversed pairs of single-particle states may be scattered by the pairing interaction

between upward-moving and downward moving single-particle energy levels as the nucleus

deforms, thereby increasing the nucleus’ internal excitation energy during the descent from

saddle to scission, and also allowing the nucleus to deform with smaller than expected en-
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ergy. Because of this redistribution of the single-particle occupation numbers, pairing plays

a crucial role in the evolution of the nuclear shape, as was first demonstrated by G. Bertsch

in the 1980’s and 1990’s [15, 17–19, 105, 106]. In odd systems, we know this picture will

be modified to some degree. The extra odd nucleon cannot participate in the Cooper pair

because of the Pauli exclusion principle, see Eq. (34), and the corresponding single-particle

state cannot contribute to the anomalous density, which is the superfluid order parameter

and is responsible for the redistribution of the single-particle occupation numbers. As a

result, it must be the case that pairing correlations are inhibited relative to neighboring E-E

nuclei. The effects of this inhibition are not a priori obvious, as when pairing is removed,

it becomes very difficult to force the nucleus to fission without supplying large amounts

of excitation energy, and when pairing is artificially enhanced, fission proceeds much more

quickly and is nearly adiabatic.

Due to the technical difficulty of treating odd nuclei in a microscopic framework with

pairing correlations, two approximations are often invoked, the Pauli blocking approxima-

tion [11] and the equal filling approximation (EFA) [107]. The Pauli blocking approximation

is basically an extension of Eq. (34) to the case of a Hartree-Fock-Bogoliubov many-body

wave function (MBWF), which is a superposition over states with different numbers of par-

ticles. In the Pauli blocking approximation, a single quasiparticle level is “blocked” and

thus does not contribute to the anomalous density, but it does contribute to all the other

one-body densities, thereby leading to the spontaneous breaking of time-reversal symmetry.

On the other hand, in the case of the EFA, the nucleus is treated as even-even, with both

the “blocked” quasiparticle level and its time-reversed partner instead each being occupied

with equal probability, and thus the level is not truly “blocked” at all, and time-reversal

symmetry is not broken. As the nucleus is treated as E-E, the pseudomagnetic fields vanish

exactly, B(r) ∝ s(r) ≡ 0, and instead the average proton and/or neutron number is adjusted

to be an odd number [107]. Because no levels are excluded from the anomalous density, the

effect of pairing correlations in the EFA is expected to be stronger than in the Pauli blocking

approximation.

The EFA was used in the most recent and detailed microscopic fission calculations of odd-

mass nuclei within density functional theory [108, 109], which also contained brief reviews

of older and more simplified theoretical studies. A heuristic argument might suggest that

employing the Pauli blocking or equal filling approximations lead to minor corrections−after
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all, the correction to the particle number is at the level 1/A, and so perhaps the corrections

to other observables might be at the same level. Of course, we know this argument does

not work and we must be much more careful, as spontaneous fission lifetimes constitute

one example of an observable which is modified by several orders of magnitude when the

particle number is merely changed by one [63]. In static calculations of odd nuclei, with the

exception of the Pauli blocked state, all single-particle occupation probabilities are doubly

degenerate, but as we will show below, under time evolution the time-reversal symmetry

breaking terms destroy this double degeneracy, with significant consequences for the nuclear

shape dynamics. This effect is present for even and odd systems, but the magnitude of the

effect is significantly enhanced in the case of odd systems.

C. Results

We present the results of a large number of induced fission calculations for odd-mass

and odd-odd compound nuclei within TDSLDA [67, 110], which does not rely on the Pauli

blocking or equal filling approximations.. Specifically, we performed 23 simulations for 239U,

43 simulations for 241Pu, 35 simulations for 243Pu, and 48 simulations for 238Np, for a total of

149 trajectories, each prepared with different initial quadrupole and octupole deformations,

(Q20,Q30), and started outside the outer fission barrier. The initial conditions were chosen

at various deformations along the outer barrier, and were initially treated as E-E during the

preparation of the deformed ground states. We call these even-even nuclei the “seed” nuclei,

and their N and Z values were tuned via artificially adjusting the chemical potential to be

identical to the target odd-mass or odd-odd nucleus. To produce a genuinely odd nucleus,

we followed the established prescription in the literature [11, 108, 109, 111] and “flipped”

various low energy quasiparticle states with occupation probabilities approximately 0.5. The

“seed” nuclei are valuable to have for the sake of comparison, as from the perspective of the

liquid drop formula, they have identical volume, surface, Coulomb, and symmetry energies,

and hence the only difference is in the pairing gap(s) and the particle number parity of the

MBWF. Accordingly, we also simulated the fission of these “seed” nuclei as well, producing

6 239U trajectories, 13 241Pu trajectories, 10 243Pu trajectories, and 11 238Np trajectories,

see Fig. 8.

For all the fission calculations performed for this study, we employed the SeaLL1 nuclear
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TABLE II. A summary of the fission fragment properties for all the fission trajectories performed
in this study. The FF particle numbers, the TKE, and the number of runs performed for each
system, with their standard deviations listed in parentheses. Runs are categorzied as “symmetric”
and “asymmetric” depending on the initial octupole deformation Q30 of the compound nucleus
being smaller or larger than ≈ 2.5 b3/2. The “Treatment” column contains entries O−O, O−E, E−E,
which respectively stand for the evenness/oddness of the neutron and proton many-body wave
functions. In case of 235U(n,f) and 239Pu(n,f) we have included in the table the corresponding
fragment properties obtained in previous studies [32, 112, 113], but never reported until now. Our
results for TKE agree with Madland systematics to within 1 MeV for 239Pu(n,f) and 235,238U(n,f)
[114]. Average properties of FFs from TDSLDA simulations can be compared with cgmf results, see
the supplemental online material for this paper, which in turn are based on available experimental
data [115]. However, it is challenging to make a direct comparison with experimental data for all
observables, given that corrections must be included into the experimental analysis to extract the
pre-neutron emission information.

Treatment Type TKE ZH ZL AH AL No. Runs

235U(n,f) E−E asym. 168.71(4.03) 52.07(0.84) 39.94(0.84) 134.85(2.24) 101.16(2.24) 22

235U(n,f) E−E sym. 142.35(3.05) 47.36(1.35) 44.64(1.35) 121.60(3.58) 114.40(3.58) 2

237Np(n,f) O−O asym. 174.68(4.34) 52.34(0.56) 40.66(0.53) 135.11(1.45) 102.90(1.35) 46

237Np(n,f) E−E asym. 175.36(2.75) 52.18(0.27) 40.84(0.27) 134.52(0.73) 103.50(0.72) 10

237Np(n,f) O−O sym. 151.04(1.30) 49.53(0.05) 43.50(0.05) 127.37(0.05) 110.69(0.02) 2

237Np(n,f) E−E sym. 148.24 49.90 43.10 128.36 109.66 1

238U(n,f) O−E asym. 169.08(3.56) 51.85(0.49) 40.15(0.49) 135.43(1.29) 103.54(1.32) 23

238U(n,f) E−E asym. 169.40(1.36) 51.60(0.32) 40.40(0.32) 134.79(0.80) 104.21(0.80) 6

239Pu(n,f) E−E asym. 176.85(1.00) 53.09(0.21) 40.91(0.21) 136.49(0.43) 103.51(0.43) 5

239Pu(n,f) E−E sym. 150.03(1.16) 49.87(1.02) 44.13(1.02) 128.46(2.57) 111.54(2.57) 2

240Pu(n,f) O−E asym. 173.88(4.18) 52.71(0.75) 41.29(0.75) 136.03(1.79) 104.93(1.80) 36

240Pu(n,f) E−E asym. 173.98(3.00) 52.79(0.75) 41.21(0.75) 136.15(1.66) 104.85(1.66) 10

240Pu(n,f) O−E sym. 151.58(3.59) 50.70(0.76) 43.19(0.75) 131.11(1.92) 109.69(1.76) 7

240Pu(n,f) E−E sym. 151.26(2.64) 51.00(0.42) 42.88(0.47) 131.48(1.23) 109.41(1.27) 3

242Pu(n,f) O−E asym. 171.50(4.96) 52.51(0.61) 41.49(0.61) 136.62(1.41) 106.40(1.42) 32

242Pu(n,f) E−E asym. 170.04(2.99) 52.58(0.59) 41.42(0.60) 136.78(1.40) 106.21(1.42) 9

242Pu(n,f) O−E sym. 151.41(1.38) 50.78(0.34) 43.22(0.34) 132.54(0.83) 110.48(1.00) 3

242Pu(n,f) E−E sym. 151.62 50.72 43.28 131.95 111.05 1

energy density functional [12], which is an accurate modern functional, but the functional
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FIG. 8. All the TDSLDA fission trajectories considered in this study are plotted over the corre-

sponding potential energy surface for the appropriate nucleus. Even-even “seed” nuclei are shown

in white and genuine odd nuclei are shown in red. The nearly-symmetric trajectories which are

defined by having a relatively small value of Q30(t = 0) are not visible as they extend beyond the

limits of the plot. We show them instead in Fig. 12. The initial conditions were chosen along the

rim of the outer fission barrier according to the same criteria as in previous studies [9, 29–32, 116].

parameters were tuned overwhelming to describe even-even nuclei, see [117] for one of the

most recent studies and for earlier references. The magnitude of the time-reversal symmetry

breaking terms in the functional are accordingly only known from a limited number of

studies [12, 101, 118], and are thus not as strongly constrained, and so it is possible that the

actual role of these terms could be even larger than what we present here.
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FIG. 9. The total kinetic energy of the fission event as a function of the initial left-right asymmetry

of the nucleus for all fission trajectories considered in this study. Notice that the trajectories split

rather cleanly into two groups, depending on whether or not Q30(0) ≲ 2.5 b3/2.

We present the fragment properties from all the trajectories considered in this study in

Table II, and several differences can be observed. In particular, we find that for genuinely

odd systems, the distribution of the TKE and also the particle numbers are often as much

as twice as wide as for the even-even “seed” nucleus comparison case, as measured by the

standard deviation. We emphasize that we are simply reporting the mean and standard

deviation of our datasets, which will not be directly comparable to experiment, as we have

not accounted for neutron and gamma emission, and furthermore we do not yet have a

method for assigning a probability distribution to the initial configurations along the outer

rim of the fission barrier. Nevertheless, the difference is striking, and it suggests that proper

treatment of time-reversal symmetry breaking may be necessary to accurately reproduce FF

distributions in time-dependent treatments of the fission process.

Another interesting aspect we observed from our simulations is that the value of the TKE

can be significantly affected by the choice of the initial octupole deformation, Q30(0), see

Fig. 9. For values Q30(0) ≲ 2.5 b3/2, the fragment distributions are nearly symmetric and

the TKE is noticeably smaller, which is consistent with what we have observed in earlier
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FIG. 10. Difference in saddle-to-scission times for odd nuclei and their corresponding even-even

“seed” nucleus. Odd systems with initial “blocked” quasiparticle states with energies Eqp < 1 MeV

often show dramatically longer saddle-to-scission times, sometimes as much as a factor of four longer

than their even-even “seed” nucleus counterparts. Invariably it is the case that longer saddle-to-

scission times are accompanied by “circuitous” or “confused” evolution of the nuclear shape prior so

scission, see Fig. 12.

TDSLDA studies of induced fission of E-E compound nuclei [30]. Furthermore, it is very

often the case that trajectories with low initial octupole deformation appear to be “confused,”

as the nuclear shape may wander considerably on the PES prior to scission, leading in some

cases to dramatically longer saddle-to-scission times, provided the quasiparticle excitation

is not too high in energy, see Figs. 10, 11, and 12. When implementing the prescription

to transform the even-even seed nucleus to an odd nucleus, we chose a rather wide range

of energies for the quasiparticle states to block, which led to a wide distribution of initial

energies of the compound nuclei. When these initial quasiparticle states had low energies,

the compound has a relatively low intrinsic energy near the outer barrier, but still the level

density is significantly higher than in the case of an even-even nucleus similarly prepared, as

we mentioned in the introduction. As a result, there is a larger number of potential energy

surfaces per unit energy for these odd systems, and so the pairing interaction can scatter
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FIG. 11. Same as Fig. 10, but 238Np, so both the neutron and proton quasiparticle energies are

shown.

pairs more frequently between these closely spaced surfaces, which leads to an enhanced

role of dissipative effects. This behavior was also observed in [45], where TDSLDA was

supplemented to include stochastic terms. At the level of the nuclear shape, the frequent

jumps between these many low-lying PESs lead to a very “rough” landscape on which the

nuclear shape evolves, and it is this “roughness” which is origin of the circuitous trajectories

shown in Fig. 12 and the correspondingly longer saddle-to-scission times.

Another significant result from our simulations is shown in Fig. 13. We prepared an odd

system using the procedures referenced above, and then we transformed the initial state

into the canonical basis, a transformation which does not at all affect dynamics, see [7] and

Sec. VIII. Under dynamics, the canonical basis does not remain canonical (i.e., the single-

particle states do not remain eigenstates of the density matrix), and we can also follow the

occupation probabilities of the single-particle states as a function of time. Fig. 13 clearly

demonstrates that an initially blocked state does not remain so over time, meaning that

the Pauli blocking approximation is strongly violated under dynamics. One can always

instantaneously transform to the canonical basis by diagonalizing the density matrix at a

given time, in which case there will be a single non-degenerate level corresponding to the
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FIG. 12. Nuclear shape evolution for TDSLDA trajectories which exhibit long saddle-to-scission

times, see Figs. 10 and 11. On the left are trajectories for 241Pu only, and all of them have low

initial octupole deformation Q30, and as a rule, low final TKE. The trajectory for just one even-

even “seed” nucleus is shown in black with dots. On the right are shown trajectories for all four

isotopes which do not have small initial Q30, but which still exhibit longer saddle-to-scission times.

Note that these asymmetric circuitous trajectories occur with less frequency than nearly-symmetric

circuitous trajectories. In all cases where the nuclear shape evolution is circuitous, the saddle-to-

scission time is longer than for a “smoother” trajectory started from a similar initial deformation.

Pauli blocked state, but it is important to remember that one cannot straightforwardly use

this basis for dynamics, and that the canonical occupation probabilities are not the same

as the occupation probabilities one obtains in static density functional theory calculations

from the vk solutions of the Hartree-Fock-Bogoliubov equations.

Finally, we can see clearly the significantly enhanced effect of the time-reversal symmetry

breaking terms, the dynamically generated pseudomagnetic field terms in the mean field,

by observing the evolution of the initially doubly-occupied “Kramers doublets,” see Fig. 14.

The initial state is prepared in the canonical basis, where because of the time-reversal

symmetry, all the canonical single particle states are doubly occupied, with the exception

of the one Pauli blocked level, for the case of an odd compound nucleus. For an even-even

system, all the canonical single-particle levels will be doubly occupied. But we see that

under dynamics, for both even and odd compound nuclei, these initially doubly degenerate
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FIG. 13. The time-dependent occupation probability nk(t) = ⟨vk(t)∣vk(t)⟩ for a chosen Pauli

blocked quasiparticle state in 239U. For the initial state, the system is prepared in the canonical

basis, the eigenbasis of the number density matrix, which one can always do without altering the

dynamics [7]. In the canonical basis, an odd system always has a single quasiparticle state occupied

with probability precisely 1.0. Under dynamics, however, the quasiparticle wave functions do not

remain in the canonical basis. The inset shows the evolution of the nuclear shape during the time

interval 280-5000 fm/c.

levels cease to be degenerate, which is a direct consequence of the time-reversal symmetry

breaking contributions to the mean field. The effects are significantly enhanced for the odd

nucleus, as one can see in Fig. 14, and as the single-particle occupation probabilities play

such a crucial role in the nuclear shape evolution, as we discussed extensively above in this

section and the Introduction, this breaking of the Kramers degeneracy can be understood as

another aspect of the different nuclear shape dynamics and the modified role of dissipation

for odd-mass and odd-odd nuclei.
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t = 0. The run starts in the canonical basis and the neutron level which is occupied with precisely

nk(0) = 1 is excluded from the sum. The breaking of these doublets is due to the presence of

time-reversal symmetry breaking terms in the TDSLDA quasiparticle Hamiltonian.
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VI. SPATIAL ORIENTATION OF THE FISSION FRAGMENT INTRINSIC

SPINS AND THEIR CORRELATIONS

In this section, we review the results presented in “Spatial orientation of the fission frag-

ment intrinsic spins and their correlations” by G. Scamps, I. Abdurrahman, M. Kafker, A.

Bulgac, and I. Stetcu, Phys. Rev. C 108, L061602 (2023) [9].

A. Abstract

The generation and dynamics of fission fragment (FF) angular momentum is still not well

understood, despite fission having been discovered over 80 years ago, as was demonstrated

by new experimental and theoretical results in 2021. In particular, in the case of the intrinsic

spins of the fission fragments, their magnitude, spatial orientation, and correlations are not

understood. It is important to understand the FF intrinsic spin properties as these play

a crucial role in defining the angular distribution of emitted prompt neutrons, as well as

their correlations, and subsequent emission of γ rays and their correlations. Here we present

an evaluation of the fission fragment intrinsic spins within a microscopic framework, time-

dependent density functional theory extended to superfluid systems, known as the time-

dependent superfluid local density approximation (TDSLDA). We evaluate the FF intrinsic

spins, for both even- and odd-mass fission fragments, as well as their spatial correlations. We

find the the FF intrinsic spin dynamics have a three dimensional character, as the “twisting”

spin modes are excited, and the FF intrinsic spins are not confined to the plane perpendicular

to the fission axis, as has been widely claimed in semiphenomenological models.

B. Introduction

The FF intrinsic spins were measured with a high degree of accuracy in an experiment

in 2021 by Wilson et al. [119]. The FF spins had been measured previously in similar

experiments almost 50 years ago [120, 121]. Around the same time in 2021, there were

several new theoretical studies as well, coming from both phenomenological and microscopic

approaches, which aimed to determine various properties of the FF angular momenta and

their correlations [32, 122]. Immediately following this period, more theoretical studies were

performed [112, 123–130], and ultimately a productive workshop was convened [131].
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Perhaps the simplest case to consider, both theoretically and experimentally, for the

problem of determining the FF intrinsic spins is the spontaneous fission of 252Cf. This is

because the ground state of 252Cf is a cold isolated quantum system with spin and parity

Sπ = 0+. After the nuclear neck ruptures, the FFs are known to be highly excited, and it

was shown using TDSLDA that the heavy FF (HFF) is generally colder than the light FF

(LFF) [29–31]. TDSLDA simulations also revealed that the HFF has smaller average intrinsic

spin than the LFF [32], which contradicted the previous consensus in the literature, which

stated that the LFF had a larger average intrinsic spin than the HFF, see for example [49,

50, 52, 120, 122, 132]. As TDSLDA was the first fully microscopic framework to offer

input on this question, the fact that it contradicted the existing consensus in the literature

indicated that the assumptions made in modeling fission dynamics and decay properties of

FF needed to be examined more carefully. Subsequent theoretical and phenomenological

studies incorporated these new results [123, 124]. Recently, TDSLDA was also used to

investigate the relative angular momenta of the FFs [112]. As the total angular momentum

of the system must be conserved, for the case of 252Cf, we have

ŜH + ŜL + Λ̂ = S0 ≈ 0, (36)

where Λ̂ = R̂× P̂ is the relative orbital angular momentum perpendicular to the fission axis,

R̂, P̂ are the the relative separation between the FFs and their relative linear momentum

respectively, S0 is the intrinsic spin of the compound (or ground state, in the case of spon-

taneous fission), and finally Λz = 0. To approximate the final equality as zero is exact for

the case of 252Cf, but it is also a reasonable approximation in the case of induced fission

with low-energy incident neutrons on, for example, 235U, 239Pu targets. At this point, a

very important question arises which has not yet been resolved experimentally or theoreti-

cally [127]: are the FF intrinsic spins SH,L perpendicular to the fission axis? Evidently, the

sum of these two spins, ŜH+ŜL, is, in the case of 252Cf(sf). On this question there are strong

disagreements between microscopic TDSLDA predictions [112, 126] and phenomenological

predictions of the FREYA model [122, 124, 127, 133]. As the orientation of the FF intrinsic

spins will affects the direction of emission of prompt neutrons and gammas, it is one of

the most pressing experimental questions in the field of nuclear fission today [134]. In this

study, we again used TDSLDA to investigate the properties of the FF intrinsic spins, and

we find a stark disagreement with predictions from the phenomenological predictions from
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the FREYA model [122, 124, 127], the only other source of clear information available in

the literature.

The first indication that TDSLDA differed from FREYA on the question of the distri-

bution of the opening angle between the intrinsic spins was reported in Refs. [112, 126].

FREYA results [122, 124, 127] suggested that the opening angle distribution between the

FFs should be nearly uniform, whereas the microscopic results were clearly not uniform.

One assumption adopted by FREYA, at least prior to the publication of this study, and

which we argue based on the results below is not supported by microscopic calculations, is

that the FF intrinsic spins are necessarily perpendicular to the fission axis, which means

that the twisting and tilting modes [135–137] are artificially excluded from fission dynam-

ics. However, a drawback of the theoretical study [112] was that and angular momentum

projection on several angles was technically too difficult, so some assumptions about the

angular momentum “triangle” in Eq. (36) were made. In this study, on the other hand, two

technical developments (which are reported in the supplemental information for this paper

[9]) enable us to easily evaluate the triple distribution P (Λ, SH , SL) exactly, without having

to rely on any such assumptions.

C. Results

The angular momentum projection for the fission fragments is performed using well-

known and established projection techniques [11, 138–141], which we illustrate here for a

specific fragment,

P̂ S
MK =

(2S + 1)
16π2 ∫ dΩDS∗

MK(Ω) eiαŜzeiβŜyeiγŜz , (37)

P (SF ,KF ) = ⟨Ψ∣P̂ SF

KFKF
∣Ψ⟩, (38)

where Ω = (α,β, γ) represents a separate set of the three Euler angles for each FF, ∣Ψ⟩ is the

many-body wave function, and P (SF ,KF ) refers to the joint probability distribution that

either the light or heavy fragment has intrinsic spin SF = SL, SH and the projection of that

intrinsic spin, KF , on the fission axis in the fragment’s rest frame. M is the projection of

the FF intrinsic spin S onto the fission axis in the laboratory frame. The angular momenta

Ŝx,y,z are defined in a spatial region around a specific FF in its center-of-mass frame [32].

Here, we wish to evaluate P (SF ,KF ) for each FF, as well as the triple angular momentum
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distribution

P (Λ, SH , SL) = ∑
kHkL

⟨Ψ∣P̂Λ
0,0P̂

SH

KHKH
P̂ SL

KLKL
∣Ψ⟩, (39)

which can be shown to be given exactly by the expression

P (Λ, SH , SL) = ∑
KHKLK

′

HK′L

(−1)K′H−KH+K′L−KL (40)

×CΛ,0
SH ,−KH ,SL,−KL

CΛ,0
SH ,−K′H ,SL,−K′L

⟨Ψ∣P̂ SH

KHK′H
P̂ SL

KLK
′

L
∣Ψ⟩,

where CJ,M
j1,m1,j2,m2

are Clebsch-Gordan coefficients. We note that a similar formula was

presented by T. Døssing during the previously mentioned Workshop of Fission Fragment

Angular Momenta [131] and also discussed in Refs. [126, 129, 130]. The Clebsch-Gordan co-

efficients emerge naturally, and ensure that angular momentum conservation, see Eq. (36),

is automatically satisfied. The LISE TDSLDA [21] code with the SeaLL1 nuclear energy

density functional was used to simulate the fission dynamics and evaluate the many-body

wave function ∣Ψ⟩ used in Eq. (39). Furthermore, to evaluate the fragment FF intrinsic

spin probability distributions, at the final time of the simulation, we performed a unitary

transformation to the canonical quasi-particle states [66] as they provide the most economic

representation of a many-body wave function, which in turn renders the numerical calcu-

lations less expensive computationally. Furthermore, the overlaps in Eq. (40) involve the

evaluation of Pfaffians [139, 140], and these were calculated numerically using the algorithms

published by Wimmer [142].

For each FF, we define the angle between the intrinsic spin SH,L and the fission axis (in

the fragment’s rest frame) as

cos θF =
KF√

SF (SF + 1)
, whereF =H,L (41)

and we also define the opening angle between the two intrinsic spins as [32]

φHL = arccos
⎛
⎝
Λ(Λ + 1) − SH(SH + 1) − SL(SL + 1)

2
√
SH(SH + 1)SL(SL + 1)

⎞
⎠
. (42)

There is no issue in defining these angles provided that SH,L ≠ 0. Once we have the triple

distribution P (Λ, SH , SL), it is straightforward to extract the probability distributions for

the two angles defined above, P (θF ) and P (φHL).
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FIG. 15. The joint distribution for the fragment intrinsic spin and its projection onto the fission

axis in the fragment rest frame, given by Eq. (38). The distribution for the HFF is evaluated in

the top panel, and the LFF in the bottom panel. Since for both fragments it is the case that

P (S,K) = P (S,−K), we show the distribution of ∣K ∣.

We show the distributions for the FF intrinsic spins and their projections in Figs. 15

and 16. As one might have expected, these distributions are supported for both integer and

half-integer values of K. Integer values of K correspond to even-even or odd-odd fragments,

whereas a half-integer value of K means the fragment is odd-mass. We see from Fig. 15

that the spread of intrinsic spins for the LFF is wider than that for the HFF, in agreement

with the results reported in [32, 123]. Another surprising aspect of these figures is that

there is no odd-even staggering in the fragment yields, which is consistent with the lack of

odd-even staggering in experimental fragment mass yields, although we remind the reader

that TDSLDA does not incorporate prompt neutron and gamma emission, and correcting
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FIG. 16. In the top panel, we show the probability distribution for the quantum number K, the

projection of the FF intrinsic spin onto the fission axis in the fragment rest frame. Since KH+KL = 0

the distributions for the HFF and LFF are identical. Integer values of K are represented by filled

symbols and half-integer values with empty symbols. In the bottom panel, we show the probability

distribution for the angle between S and K, computed using Eq. (41). The data here are convolved

with a Gaussian of width 2○ and shown here only for angles θF ≥ 90○, since P (θF ) is symmetric

with respect θF = 90○.
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for this emission is subject to model dependence.

However, the most remarkable aspect of the FF intrinsic spin probability distributions is

shown in Fig. 16, where the distributions

P (K) = PH(K) = PL(K) = ∑
SL,H

P (SL,H ,KL,H) (43)

show the significant probability of finding a nonzero value of K, which is to say a significant

probability that the FF intrinsic spin is not oriented perpendicular to the fission axis, and

therefore that the twisting spin modes are active and cannot be neglected. This feature is in

stark contrast with assumptions that have been made in the FREYA model for the past 15

years [122, 124, 127, 133], that the FF intrinsic spins are perpendicular to the fission axis and

that therefore the tilting and twisting modes are not active in nuclear fission. The argument

for suppressing these modes is also used in the treatment of particle transfer in heavy ion

collisions [143, 144]. This assumption also played a key role in the claimed agreement [124]

with the recent experimental results obtained by Wilson et al. [119] in 2021. We remind the

reader that one difference between TDSLDA and FREYA is that in FREYA the intrinsic

spins are treated classically and there is accordingly no difference between integer and half

integer spins for the FFs, and therefore one cannot make any statement as to whether even-

odd staggering is present in the FREYA fragment distributions.

In Fig. 16, one observes that there is a sharp peak in the K distribution for K ≤ 1/2,

connected to rather long tails in the distribution. For 252Cf and 236U, we have P (−1/2) +

P (0) + P (1/2) ≈ 0.33 and ≈ 0.49 respectively, meaning that more than half the time one

expects to find a fragment with spin projection ∣K ∣ ≥ 1! Thus, with high probability, the

FF intrinsic spins are in fact not perpendicular to the fission axis after all, according to

fully microscopic time-dependent density functional theory calculations. Instead, they are

likely to be found with some projection along the fission axis, although they will necessarily

be opposite to one another, as KH +KL = 0. As a result of this, returning to the angular

momentum triangle of Eq. (36), more than half the time, the plane defined by the triangle

forms an angle θF significantly different than 90○ with the fission axis, which is demonstrated

clearly by the lower panel of Fig. 16. One obtains very similar values for θF using the

expectation values of K2
F ≈ 1.6 − 4.4 reported in [32]. Another aspect which is relevant

in the generation of angular momentum of the fission fragments is the reorientation effects

due to the Coulomb interaction acting between the separated FFs, which can increase the
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FIG. 17. The probability distribution for the opening angle φHL between the fragment spins,

calculated using Eqs. (42) and (40). Again, this distribution was produced by convolving with a

Gaussian with width 2○ for smoothing purposes. The data point at 180○ is shown separate from the

rest of the curve, as when visualized at higher resolution this spin configuration is clearly distinct

from those for φHL < 180○, although the distinction is not as sharp as those close to φHL = 0○.

intrinsic spins by 1-2 h̵ [129, 130].

Another point of disagreement between the microscopic and phenomenological approaches

is the opening angle distribution between the fragment spins, shown in Fig. 17. The first

microscopic results for this distribution were presented in [112, 126] and stood starkly in

contrast to the FREYA results [122, 124, 127], a fact which generated considerable discussion

at the 2022 fission workshop [131]. However, as mentioned above, technical difficulties meant

that the early microscopic results had to rely on two-angle formulas rather than full angular

momentum projection [112, 126], an approximation which we do not make here, as the

technical challenges have been overcome, and the resulting exact distribution is shown in

Fig. 17. The opening angle distribution is nearly uniform in the region φ ∈ (40○,160○), but

decays sharply around 0○ and 1800. Note that a totally flat distribution would indicate no

correlation between the fragment spin directions, which is close to what is seen in FREYA
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results [122, 124, 127, 133]. Note also that the probability that the opening angle exceeds 90○

is approximately 0.53, which indicates a slight bias towards the bending modes in comparison

with the wriggling modes. The microscopic results also show peaks at φHL ≈ 20○, and ≈ 165○,

with the former being slightly larger in magnitude than the latter. The origin of these peaks

is the Clebsch-Gordan coefficients in Eq. (40), which favor opening angles close to 0○ and,

to a lesser extent, 180○.

D. Conclusions

Analysis of the FF intrinsic spins from microscopic TDSLDA simulations reveal that

the intrinsic spin dynamics are three dimensional in character, with the fragment spins

not being confined to the plane perpendicular to the fission axis, which means that all the

intrinsic spin modes conjectured to exist almost 60 years ago [135–137] are indeed active, see

Figs. 15 and 16. The signal is clearest in the case of 252Cf, where the distribution of the K

quantum number is widest, revealing a very high probability that the FF intrinsic spins are

not perpendicular to the axis. The microscopic results unambiguously demonstrate that the

collective twisting modes are indeed active, which is in agreement with earlier microscopic

results [32]. However, it was assumed in earlier microscopic studies [112, 126] that the

FF intrinsic spin dynamics are unrestricted in 3D, which the opening angle distribution

presented in Fig. 17 reveals is not the case. Of course, ultimately only experiment can

reveal what actually occurs in nature, and since the FF intrinsic spin orientations will affect

the properties of prompt neutrons and gammas, it is likely that if the FF intrinsic spins are

actually not perpendicular to the fission axis, this will lead to measurable effects which are

in principle accessible in experiments [128, 134].

It is often stated in the literature that one mechanism for generating 3D FF intrinsic spin

dynamics is the breaking of pairs [134]. Before concluding, we offer some brief comments

on this perspective. Pairing is included explicitly in microscopic TDSLDA calculations [29–

31, 45, 46, 112, 145] in a self-consistent and time-dependent manner. During saddle-to-

scission evolution, where the internal excitation energy of the compound nucleus increases,

and also in studies where the initial excitation energy of the compound is increased, the

neutron-neutron and proton-proton short range correlations never vanished, as indicated for

example by the single-particle occupation probability distribution, even though the consid-
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erable excitation energy of the system corresponds to a high temperature where a pairing

condensate does not exist. What happens instead is that the phase of the pairing condensate

is no longer constant across the nucleus, although the magnitude remains nonzero, which is

also known to occur in heavy ion collisions at rather large collision energies [46, 66, 145, 146].

The survival of short range correlations between proton or neutron pairs to high excitation

energy should not be conflated with pair breaking, however. Although long range order is

lost, manifested by the loss of phase coherence of the pairing condensate, it is possible that

in this case new nucleon pairs can be formed with nonzero total spin. Nevertheless, the

L = 0 short range correlations clearly survive in the fission cases considered here.

As mentioned above, experimental input on the question of the FF intrinsic spin dynamics

is highly desirable, a perspective which is shared by Randrup [127]. The only model which

leads to testable predictions is the semiphenomenological code FREYA [122, 124, 127, 133],

which is based on a number of fitting parameters and assumptions. As we showed con-

vincingly in this study, FREYA and TDSLDA lead to dramatically different predictions,

which derives from the assumption in FREYA that the FF intrinsic spins, which are treated

classically, are exactly perpendicular to the fission axis and thus that the twisting mode

is inactive. Sobotka [134] has argued that the angular distribution of the stretch γ(E2)

with respect to the fission axis is the most promising experimental signature to clarify the

scission physics, and new experiments are now planned to resolve the discrepancies between

old results [120, 121].
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VII. MEASURES OF COMPLEXITY AND ENTANGLEMENT IN

MANY-FERMION SYSTEMS

In this section, we review the results presented in the paper “Measures of complexity and

entanglement in many-fermion systems” by A. Bulgac, M. Kafker, and I. Abdurrahman,

Phys. Rev. C 107, 044318 (2023) [10].

A. Abstract

There is no widely accepted, unique definition of the complexity of a many-body wave

function (MBWF) for a fermionic system in the presence of interactions. The simplest pos-

sible fermionic MBWF is the Slater determinant. In many-body methods such as the shell

model or the configuration interaction (CI) approach, the MBWF is represented as a su-

perposition over Slater determinants, and in practice, the superposition usually comprises

a very large number of terms. For example, in the case of (CI), the number of Slater de-

terminants can reach upwards of 20 billion terms [147]. Although this number is often used

informally to characterize the complexity of the MBWF, it is not a unique characterization,

as it depends on the basis of single-particle wave functions (SPWFs) one uses, as well as the

number of single-particle states one includes in the calculation. We propose a new definition

of the MBWF complexity which is not situation-dependent, making use of the canonical

wave functions/natural orbitals [11, 20, 148–152] and their corresponding canonical occu-

pation probabilities, which are determined entirely by the one-body density matrix and so

are intrinsic properties of any many-fermion system, irrespective of the representation. The

orbital entanglement entropy vanishes for the case of a single Slater determinant, and is

the simplest measure of the complexity of a many-fermion wave function, and since it is

defined in terms of the canonical occupation probabilities, it is a unique characterization.

One can obtain even more detail by considering the entanglement spectrum, which we also

illustrate here. We apply these characterizations of wave function complexity to the highly

non-equilibrium process of nuclear fission within time-dependent density functional theory

extended to include pairing correlations, known as the time-dependent superfluid local den-

sity approximation (TDSLDA), which can simultaneously describe long range and short

range correlations between fermions. We find that the minimum number of Slater deter-
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minants required to represent the complex many-body wave function required to describe

the nuclear fission process is about 10500, and that the fission simulation considered here is

equivalent to a system of 2.3 × 1010 interacting quantum spin-1/2 particles, which is a very

large system in which to study quantum entanglement.

B. Introduction

It only took two years after Schrödinger [153] published his eponymous equation in 1926

for the question to arise for how to represent the wave function for an interacting system of

many particles. If one discretizes the problem on a grid of size ns×ns×ns, the wave function

for a system of N spinless particles would require (n3
s)N−1 complex numbers to specify, which

can become a very large number, for example in the case of a heavy nucleus. The simplest

solution to this problem for the many-fermion case was presented almost a century ago,

which is to use a Slater determinant and the Hartree-Fock (HF) approximation [154–157].

In the presence of pairing correlations, one uses an extension of the HF approach, namely

the Hartree-Fock-Bogoliubov (HFB) approximation [11, 20, 150–152], both of which are still

numerically challenging even today in three dimensions and in the absence of any symmetry.

For fermions, the simplest possible MBWF is the Slater determinant, which represents a

collection of independent fermions and is the form of the MBWF used in the HF approxi-

mation. When pairing correlations are present, one instead replaces the Slater determinant

with a generalized Slater determinant, where the particle creation operators are replaced

with Bogoliubov quasiparticle annihilation operators [11]. Although the nuclear interaction

is both strong and short-range, many nuclear properties, both single-particle and collective,

can be well described using mean field theories such as HF and HFB, as well as other ap-

proaches such as Landau-Migdal theory for Fermi liquids, shell model calculations, etc. In

all these mean field approaches, one typically uses a rather small number of single particle

orbitals. However, when pairing correlations are present, the Fermi surface is diffuse, mean-

ing that single particle states with rather high energy are populated with non-negligible

occupation probability, so a larger number of SPWFs are required to accurately describe

nuclear masses and low energy excitations. In many applications, one typically uses about

twice as many SPWFs as the system particle number [11, 100].

For many years in nuclear physics, rather low momentum cutoffs have been used in
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the treatment of systems with pairing correlations, meaning that the number of SPWFs

included in the calculations is rather small, and the effects of the correlations are often

incorporated into primarily phenomenological low energy interactions, with varying degrees

of success. The argument justifying this approach is that the energy converges rapidly as

a function of the momentum cutoff in a variational approach; however, as Anderson [158]

remarked in the case of many-electron systems, “you may get pretty good energetics out of

a qualitatively wrong state.” For example, in the case of a superconductor, the contribution

to the ground state energy from the condensation energy is very small, and so the system

energy can calculated with reasonable accuracy without accounting for pairing correlations

at all; however, of course, the proper correlated MBWF leads to other qualitative changes

in the physics which would otherwise be completely missed.

Slater determinants form a complete basis for N -fermion many-body wave functions.

When one expands a MBWF in terms of Slater determinants, the number of terms in the

expansion depends strongly on the size of the single-particle (SP) basis of wave functions

one uses. For example, in the case of CI or shell model calculations [147], which enable

one to calculate the ground state and a few excited states only, in the absence of symmetry

restrictions, the dimensionality of the Hamiltonian is

Nsp!

N !(Nsp −N)!
≈ (

Nsp

N
)
N

typically≪ (n3
s)N−1, (44)

where Nsp is the number of SPWFs employed in the calculation. Note that for a system

of N particles, Nsp is the only adjustable parameter in Eq. (44). One can apply similar

arguments when discussing the cases of other many-body techniques, such as coupled cluster

approaches, the generator coordinate method, and certain implementations of the Quantum

Monte Carlo method. However, given the strong dependence on Nsp, which in turn depends

on the choice of single-particle basis, Eq. (44) does not constitute a unique definition of

the complexity of the MBWF. For time-dependent calculations, it is known that dynamics

in general are governed by statistical factors such as the number of available states for the

system to evolve into. Thus, if one does not use a sufficiently large basis, the dynamics will

become inaccurate, and on the flip side, performing calculations in too large of a space can

become prohibitively expensive, as quantum many-body calculations already routinely push

the world’s largest supercomputers to their limits.

In this work we address the following questions.



63

• Does a useful measure of the complexity of a many-body wave function exist?

• Does a minimal set of Nsp single-particle wave functions exist, and what are the prop-

erties of those states? (This question already was answered in the affirmative decades

ago [148, 149, 159–161].)

• How can one efficiently construct such a minimal single-particle basis?

• Having defined a proper measure of complexity, what new insight does it offer in the

case of non-equilibrium processes, where local thermalization has not yet occured?

In the early 1950’s, Levinger [162] described the nuclear photo effect by invoking the short

range character of proton-neutron correlations and the quasi-deuteron model. More than 40

years later, it was demonstrated in several studies using realistic nucleon interactions that

very high momentum SPWFs are occupied with significant probability [163, 164], a situation

which would of course not occur if the nuclear MBWF was simply a Slater determinant.

On the experimental side, just as in the case of Levinger’s quasideuteron model, it was

necessary to invoke short range correlations (SRCs), which manifest in significant occupation

probabilities for high energy SP states, to explain the results of experiments on (e, e′p)

reactions [165, 166], as these results demonstrated that very low energy single-particle levels

were occupied with an unexpectedly low probability, nsp ≈ 0.6 [164, 167]. Another theoretical

approach which was popular for decades was that of Brueckner [168, 169], which also included

the role of SRCs in a mean field theory treatment, although not explicitly so.

Despite the many successes of mean field theory, there are many observables which cannot

be calculated accurately within a mean field approach, such as, for example, the single-

fermion momentum distribution, which for both nuclear and cold atom systems has been

intensively studied from both a theoretical and an experimental perspective [163–167, 170–

186]. These results confirm the predictions made by S. Tan [187–189] that systems with

zero-range interactions generically will exhibit occupation probabilities nk = C/k4 for single-

particle states of momentum k, both in and out of equilibrium. In the case of nuclear

systems, many studies have revealed that about 20% of the spectral strength is found for

k > kF .
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C. Definition of The Canonical Basis

The complexity of the many-body wave function can be defined in a unique manner in

terms of the canonical wave functions and the associated canonical occupation probabilities,

which are the eigenfunctions and eigenvalues of the one-body number density matrix,

n(ξ, ζ) = ⟨Φ∣ψ†(ζ)ψ(ξ)∣Φ⟩, (45)

where ψ†(ξ) and ψ(ξ) are the quantum field operators for the creation and annihilation of

a particle with coordinate ξ = (r, σ, τ) (spatial, spin, and isospin coordinates) and ∣Φ⟩ is an

arbitrary quantum many-body state, either static or time-dependent. The canonical basis

is then given by

∫ dζ n(ξ, ζ)ϕk(ζ) = nkϕk(ξ), 0 ≤ nk ≤ 1, (46)

⨋
ξ
ϕ∗k(ξ)ϕl(ξ) = δkl, (47)

N = ⨋
k
nk, (48)

where ϕk are the canonical wave functions and nk are the canonical occupation probabilities.

Having defined the canonical basis, one can then calculate the complexity for any many-

fermion wave function ∣Φ⟩ by evaluating the orbital entanglement/quantum Boltzmann one-

body entropy [46, 190–199]

S = − g⨋
k
nk lnnk

− g⨋
k
[1 − nk] ln[1 − nk], (49)

where g is the spin-isospin degeneracy, ⨋ implies summation over discrete and integration

over continuous variables respectively. The orbital entanglement entropy S can be thought

of characterizing the degree of dissimilarity of the many-fermion wave function to a Slater

determinant, for which S = 0. As interparticle interactions spread the single-particle strength

over the entire spectrum, states will be populated with fractional occupation numbers, and

so we will have S > 0, which is why S is a measure of the complexity of the MBWF, which

is also a measure of the degree of entanglement of the system.

The canonical wave functions, which are the precisely the same wave functions as the

natural orbitals and so we only use the former name here, were introduced in the 1950’s
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and 1960’s by several authors for describing pairing correlations and superfluid fermionic

systems [20, 148–151, 200, 201]. The canonical wave functions have been used extensively in

chemistry [161] and lately also in nuclear physics [199, 202–214]. One can prove a very useful

result about the canonical states, namely that if one wishes to express a many-fermion wave

function as a superposition of Slater determinants, the canonical wave functions constitute

the smallest set of single-particle orbitals in which to perform the expansion [148, 149, 159–

161]. One can immediately see that this result will be crucial for defining a notion of

complexity for the MBWF, since as we already established, one can dramatically alter the

number of Slater determinants required to represent the MBWF by changing the single-

particle basis, see Eq. (44).

From a mathematical perspective, it is obvious that the canonical wave functions form a

complete orthonormal basis, but from what we can tell, a full investigation of the canonical

wave functions has not yet been performed in the literature, as most authors restrict them-

selves to a reduced number of eigenvectors. As we will show here, it is valuable to consider

the entire set of eigenfunctions, as they have distinctive (and sometimes peculiar) properties.

The canonical wave functions essentially split into three categories, depending on the associ-

ated canonical occupation probabilities: (i) A subset with nk close to 1, where the canonical

wave functions behave like standard mean field SPWFs; (ii) a subset where nk ≈ C/k4, where

the SPWFs are localized within the nucleus but oscillate much faster than typical mean field

wave functions; (iii) a subset with very small nk, which are localized outside the system

and are physically irrelevant, but mathematically required for the completeness of the set.

The size of subset (i) is comparable with the particle number of the nucleus. Subset (ii) is

perhaps an order of magnitude larger (or more, depending on the momentum cutoff), and

has rarely been discussed in the literature. Subset (iii) is generally the largest set, as the

number of linearly independent vectors is determined by the number of lattice points in the

box.

D. The Canonical Basis for a Simple 1D System

We first demonstrate the properties of the canonical basis by considering a simple one-

dimensional example, which nevertheless retains the qualitative features of a realistic three-

dimensional system. We consider a system with a Woods-Saxon-like mean field potential



66

given by

V (x) = V0

1 + cosh(x/a)
cosh(R/a)

(50)

and a pairing field given by

∆(x) = ∆0

1 + cosh(x/a)
cosh(R/a)

, (51)

where −∞ < x < ∞, V0 = −50 MeV, ∆0 = 3 MeV, R = r0A1/3 = 14.9 fm, a = 0.5 fm, and

µ = −5 MeV. (Note that we have chosen this form rather than the standard Woods-Saxon

form, as the standard form of the potential has a discontinuous first derivative at the origin,

which leads to unphysical long momentum tails of the wave functions.) We then solve the

static equations for density functional theory extended to superfluid systems, the superfluid

local density approximation (SLDA), which are very similar to the Hartree-Fock-Bogoliubov

(HFB) equations [31, 215], in a non-self-consistent manner, using the Discrete Variable

Representation (DVR) method [216] for the numerical implementation. The equations of

motion are

⎛
⎜
⎝

H − µ ∆

∆ −H + µ

⎞
⎟
⎠

⎛
⎜
⎝

uk

vk

⎞
⎟
⎠
= Ek

⎛
⎜
⎝

uk

vk

⎞
⎟
⎠
. (52)

We used a box of size L = 80 fm and with four different lattice constants dx = 1,0.5,0.25,0.125

fm, and we used the mean field Hamiltonian

H = − h̵
2

2m

d2

dx2
+ V (x) (53)

with no spin-orbit term. We note that the usual SLDA Hamiltonian is a 4×4 block matrix,

whereas Eq. (52) is only 2×2. One can understand Eq. (52) as being the equation for the

components uk(x) with spin-up and vk(x) with spin-down, and one can obtain the equations

for uk(x) with spin-down and vk(x) with spin-up by changing the sign of the pairing field

∆(x) → −∆(x) only [31, 215]. A nice aspect of the SLDA formalism is that the equations

for nuclei and for cold fermionic atomic gases has the same structure in this case, and

furthermore it is straightforward to extend these simulations to more complicated geometries,

such as what one encounters in the nuclear pasta phase in the crusts of neutron stars or

superconductor-normal-superconductor junctions in condensed matter physics. We note
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FIG. 18. Number density (black) and anomalous density (red) for the simple 1D model at various

lattice spacings.

.

that the setup we consider here is equivalent to a normal-superconductor-normal junction.

It is also straightforward to extend our analysis to infinite periodic systems.

We can connect this one-dimensional model to spherically symmetric three-dimensional

systems with pairing correlations by considering only the spatially odd eigenstates, which

are solutions to the radial Schrödinger equation with orbital angular momentum quantum

number l = 0, in which case the full wave function in three dimensions is

ψ(r) = ϕ(r)
r

Ylm(θ, ϕ), r = x ≥ 0. (54)

We now report the results of the solutions of these equations. Firstly, it was reported

in [217] that the anomalous density κ(x) has longer exponential tails than the number

density n(x), which becomes relevant particularly relevant as one approaches the neutron

drip line. Indeed, we see this behavior in Fig. 18, even though it is not reflected in the

spatial profiles of the potentials V (x) and ∆(x), as we do not solve the SLDA equations

self-consistently. Fig. 18 also shows the effect of considering smaller and smaller lattice

spacings, which corresponds to choosing high values for the momentum cutoff; in this case,

we see that high resolution means that we reproduce the number density and the anomalous
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FIG. 19. The canonical occupation probabilities for four values of the lattice constant dx, which

is equivalent to momentum cutoffs Λ = πh̵/dx. We see clearly three regimes: a nearly constant

regime, a power law regime nk ∼ C/k4, and a rapidly decaying regime. Solid lines were calculated

with extended numerical precision (40 digits, rather than the usual 16 for double precision floating

point numbers) to accurately characterize the very small canonical occupation numbers. The inset

shows the canonical numbers in linear scale close to the Fermi surface.

density (which is the superfluid order parameter) at larger distances.

We display the full distribution of canonical occupation numbers in Fig. 19. We see they

clearly split into the three regimes mentioned in the introduction: (i) a nearly constant

regime, (ii) a a power law regime nk ∼ C/k4, and (iii) a rapidly decaying regime. As the

momentum cutoff is increased, the power law regime extends to higher energies. The three

regimes are separated by two “knees,” which we call the infrared (IR) knee close to the Fermi

level, where the behavior transitions from BCS-like behavior to the power law behavior, and

the ultraviolet (UV) knee.

We plot a representative canonical wave function from each regime in Fig. 20. We see

that below the IR knee, the canonical wave functions look like typical mean field wave func-

tions. Between the IR and UV knees, in the power law regime, the orbitals are still localized
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FIG. 20. Canonical from the three regimes. In the top left we show a canonical wave function

from below the IR knee with nk = 0.978. In the top right panel is a wave function from the power

law regime between the two knees with nk = 1.3 × 10−4. In the bottom panel we show a state

from beyond the UV knee with nk = 2.6 × 10−13. The number density is plotted in black and and

anomalous density in red.

within the system; however, they exhibit much more rapid oscillations than is typical of a

mean field SPWF. Finally, beyond the UV knee we see that the wave functions are localized

outside the system, and take on a very strange spatial profile, which motivated us to use

extended numerical precision to ensure their properties were characterized accurately. The

inset for this exterior wave function shows high frequency spatial oscillations of wavelength

2dx, meaning that these wave functions clearly cannot be solutions of a typical Schrödinger

equation with a local potential. In the limit where the momentum cutoff Λ = πh̵/dx → ∞,

these canonical wave functions will have no spatial derivatives, like the famous patholog-
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ical Weierstrass function from mathematical analysis, which is continuous everywhere but

differentiable nowhere. The appearance of these unusual wave functions is undoubtedly in-

teresting, but they do not affect the physical properties of the system, and instead are only

present to ensure the completeness of the canonical basis.

We see from Figs. 19 and 20 that, in addition to providing a basis-independent charac-

terization of the complexity of the MBWF, the canonical basis also naturally provides its

own cutoff on the number of single-particle states to include in the calculation, namely one

should take all the states up to the UV knee, which occurs almost precisely at the momentum

cutoff Λ, including all states in the power law regime which are localized inside the nucleus,

and which is a number generally much larger than the number of single-particle orbitals

one includes in typical mean field treatments of nuclei. The power law states were first

predicted to exist in 1980 by Sartor and Mahaux [170] and recently put clearly in evidence

experimentally in nuclei by Hen et al. [178], O. Hen et al. [185], and Cruz-Torres et al. [186].

Furthermore, they are not negligible when calculating observables. Consider for example

the extremely simple case of the particle number,

∫
∞

Λ
dkk2nk =

C

Λ
, (55)

which evidently converges rather slowly as a function of the momentum cutoff. In previous

studies in the literature focused on calculations of the nuclear binding energy, various cutoffs

on the size of the canonical basis were considered, all with k smaller than the IR knee

[199, 203–214], and so these authors missed the presence of the long momentum tails which

we discuss here. In the case of static calculations, one can often obtain acceptable results

with a reduced set of single particle states, for example by artificially adjusting the chemical

potential to reproduce the desired particle number, although certain aspects of the solution

will certainly be missing; however, as we will show below, in the case of dynamics, working

in such reduced single-particle spaces is much more problematic and is likely to introduce

serious errors.
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FIG. 21. The canonical occupation numbers for a three dimensional system, in this case the

deformed ground state of a 236U located along the outer saddle of the potential energy surface,

a typical initial condition for TDSLDA simulations of neutron-induced nuclear fission from the

outer saddle to scission and through to full separation of the fission fragments, calculated using two

different methods. The two methods for calculating the ground state are to use a harmonic oscillator

basis as in the HFBTHO code, and to calculate the ground state directly on a 3D spatial lattice.

The latter case clearly manifests a higher many-body wave function complexity. The canonical

occupation probabilities, up to a constant, define the entanglement spectrum − lnnk [218]. Note

that the same three regimes of canonical occupation numbers separated by the IR and UV knees

appear for this realistic calculation as appear in the simplified 1D model.

E. The Canonical Basis for a Realistic Non-Equilibrium Process in a Many-Fermion

System: Induced Nuclear Fission

We now apply the tools we have developed to a realistic strongly interacting system,

induced nuclear fission with a low energy neutron. We simulate the evolution of this system

from the outer saddle to full separation within TDSLDA, and we investigate the time-

dependence of the MBWF during this process.

In order to perform such TDSLDA calculations, we first prepare the nucleus in a deformed
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FIG. 22. The canonical occupation probabilities nk as a function of the kinetic energy of the

canonical wave functions ϵk. The inset shows the behavior in a linear scale around the Fermi level,

which exhibits roughly the expected textbook behavior. We note that the ϵk are only approximately

monotonic functions of k.

ground state somewhere along the outer saddle of its potential energy surface using the

HFBTHO code [219, 220] which solves the self-consistent static SLDA equations using a

small set of single-particle wave functions in a harmonic oscillator basis, and which is quite

sufficient to estimate the total energy of a nucleus. However, we have found that the accuracy

of the time-dependent simulations can be significantly improved if we subsequently place

the deformed ground state wave functions on the 3D lattice and continue the self-consistent

procedure [29–32, 112]. The canonical occupation numbers for the initial state in each case

can be seen in Fig. 21. One plausible explanation for the improved accuracy when self-

consistency is obtained on the full 3D lattice is that the wave function clearly manifests a

higher degree of complexity on the lattice, as we can see in Fig. 21. We also plot the kinetic

energy of that canonical wave functions

ϵk = ⟨ϕk ∣−
h̵2∇2

2m
∣ϕk⟩ , (56)

which between the IR and UV knees exhibit the expected behavior of nk ∝ 1/ϵ2k, see Fig. 22.

One of the innovations of the SLDA formalism is that it is the first density functional
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theory formalism which properly accounts for the required regularization and renormaliza-

tion of the pairing field [22, 23] ∆(ξ), and it is known in systems with a local pairing field,

the occupation probabilities should obey [170, 187–189]

(ϵk)2nk ≈ (
h̵2

2m
)
2

C if kIR < k < kUV, (57)

which we display in Fig. 23, and which demonstrates good agreement with these theoretical

predictions. As we also argued above, the power law regime of the occupation probabilities

terminates at the UV knee, whose location is determined by the momentum cutoff Λ. In

realistic nuclear physics calculations, such as the ones we present here, a typical momentum

cutoff is Λ ≈ 600 MeV/c, which is related to the QCD chiral symmetry breaking scale Λχ,

which is in turn controlled by the size of the nucleon, as it makes no sense to consider the

interaction between two nucleons when their quark clouds strongly overlap.

It is informative for such realistic systems to characterize the convergence of various

quantities of interest in the canonical basis, which we remind the reader is the most compact

and economical basis of single particle wave functions in which to represent a many-fermion

wave function as a sum of Slater determinants. In Fig. 24, we demonstrate the number of

canonical wave functions in the canonical basis as a function of the cutoff imposed on the

canonical occupation number. It is interesting that, even when we include states up to very
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small occupation number, the number of single particle orbitals is still more than an order of

magnitude smaller than the number of orthogonal SPWFs in the simulation volume, which

is 2×302×60 = 108,000. It is for this reason that one cannot simply use the number of single-

particle orbitals as the definition of the complexity of the MBWF, because if we compare the

number of Slater determinants we must use to reproduce the (particle-number-projected)

MBWF from canonical wave functions, with a reasonable cutoff, to the total number of

possible Slater determinants we could possibly construct in the box, we find that

NCWFs!

N !(NCWFs −N)!
≪

Nsp!

N !(Nsp −N)!
, (58)

and so we see that the total size of the single-particle space, which depends on the choice

of basis in which the SPWFs are represented, is generally a dramatic overestimate of the

actual complexity of the many-body wave function. In Fig. 25, we plot the convergence of

the particle number and entanglement entropy as a function of the cutoff on the canonical

occupation number. We note that although one can reproduce observables with good accu-

racy using a relatively small basis of canonical wave functions at a given time, for dynamics

we always require the full set of wave functions; we will explain this in more detail in the

next chapter of this thesis.

However, the most interesting picture emerges for the case of dynamics, by which we mean

the evolution of the nucleus from the outer saddle, through scission, to the full separation

of the fission fragments. At each time, we can construct the canonical basis, and so we can

look at the evolution of the orbital entanglement entropy, which we show in Fig. 26. Since

nuclear fission is a typical nonequilibrium quantum process, one might expect the entropy

would increase monotonically in time [46], but the actual behavior is more interesting. At all

times, the canonical occupation number distribution looks like that of Fig 21, even though

the phase coherence of the pairing field has been lost for times > 700 fm/c, the role of the

short range correlations is still always present, see also Refs. [46, 146]. But even though the

canonical occupation number distribution always takes on the same profile, the evolution of

the entropy is non-monotonic with time. There are two aspects of this non-monotonicity

which must be discussed. Firstly, we see that for the HFBTHO initial conditions (red curves),

the complexity of the many-body wave function rapidly increases at early times, until it

matches that of the fully self-consistent initial conditions, which it then follows closely for

the remainder of the simulation. As we mentioned earlier, this behavior can be understood
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FIG. 24. The number of single particle wave functions in the canonical basis, for both protons

and neutrons, for the initial state of the Uranium-236 nucleus constrained to lie on the outer saddle

point of the potential energy surface, as a function of the cutoff imposed on the canonical occupation

number. The most principled value of the cutoff is determined by the location of the UV knee,

which for this system is to be found around nk ≈ 10−6. The dashed lines refer to the HFBTHO

solutions, and the solid lines correspond to the 3D self-consistent solutions obtained on the lattice.

by the substantially lower complexity of the HFBTHO MBWF, see Fig. 21, and so when

the wave function prepared in the harmonic oscillator basis is placed within a much larger

space, interactions rapidly spread the strength over that larger space. The second aspect of

the nonmonotonicity which is of relevance concerns the behavior of the black curves, which

correspond to the fully self consistent initial conditions prepared on the lattice. In this case,

the entropy starts by decreasing monotonically until approximately the scission point. We

can understand this because the neck progressively decreases in diameter during this descent

to scission, thereby impeding any “communication” between the fragments, and the single

particle wave functions are increasingly confined to a smaller region of space during this

time, which in turn inhibits the spreading of the single-particle strength. Following scission,

we see the orbital entanglement entropy increase once again, which can be explained because

the fission fragments (FFs) emerge deformed and with significant excitation energy, between
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FIG. 25. Convergence of the particle number (top) and the orbital entanglement entropy (bottom)

as a function of the cutoff on the canonical occupation number.

15 and 20 MeV each, and as time evolves the shapes of the fragments relax, converting

deformation energy into intrinsic excitation energy. It is the fact that the fragments emerge

from fission in such excited states that explains the behavior of the entropy S(t) for times

beyond roughly 700 fm/c.

For the same fission trajectory, we also show as a function of time the number of canon-
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FIG. 26. The quantum Boltzmann one-body entropy evaluated as a function of time for a

time-dependent calculation of the highly non-equilibrium process of nuclear fission, specifically

the descent from the outer saddle point on the potential energy surface (leftmost frame) until

full separation and the early stages of Coulomb acceleration of the fragments (rightmost frame).

The solid curves correspond to the entropy evaluated without particle number projection, whereas

the dashed curves are evaluated with particle number projection onto the system average particle

number. The runs with initial conditions prepared with HFBTHO are shown in red, and the curves

with full self-consistency obtained on the 3D lattice are shown in black. The profiles shown in the

inset correspond to times 0, 675, and 1650 fm/c.

ical wave functions required describe the MBWF, see Fig. 27, which has, as expected, a

nonmonotonic time dependence. And finally, we show the two contributions to the entropy

from Eq. (49), see Fig. 28, which demonstrate that their contribution to the total entropy

is essentially equal.



78

0 500 1000 1500 2000

Time [fm/c]

0

1000

2000

3000

4000

5000

#
 C

a
n

o
n

ic
a

l 
S

ta
te

s

P
10

-6

N
10

-6

P
10

-4

N
10

-4

FIG. 27. Number of canonical states required to reproduce the MBWF as a function of time for

fixed cutoffs nΛ = 10−4,10−6.

0 500 1000 1500 2000

Time (fm/c)

6

8

10

12

14

16

S
(t

)

FIG. 28. The two components of the orbital entanglement entropy as a function of time during

fission.
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VIII. NON-MARKOVIAN CHARACTER AND IRREVERSIBILITY IN

REAL-TIME QUANTUM MANY-BODY DYNAMICS

In this section, we review the results presented in the paper “Non-Markovian character

and irreversibility of real-time quantum many-body dynamics” by A. Bulgac, M. Kafker, I.

Abdurrahman, and I. Stetcu, Phys. Rev. C 109, 064617 (2024) [7].

A. Abstract

The extension of time-dependent density functional theory to superfluid systems, known

as the time-dependent superfluid local density approximation (TDSLDA), includes the effect

of interparticle interactions through the presence of local pairing field, which is in practice

equivalent to the inclusion of a collision integral in quantum kinetic equations. Simulation of

the TDSLDA equations for a dynamic process, in this case, neutron-induced fission, reveals

that the single-particle occupation probabilities exhibit a non-Markovian time dependence.

This non-Markovian behavior is unexpected, as in the quantum Boltzmann equation, which

is based on a collision integral involving phase space occupation probabilities, and which is

the most-used approach for describing nuclear dynamics, has Markovian behavior by con-

struction. The irreversibility of the dynamics of the quantum many-body system considered

here is best characterized using the orbital entanglement entropy and the canonical basis,

which were introduced in Sec. VII. To investigate the role of memory effects and irreversibil-

ity in the real-time dynamics of fermionic many-body systems, we employ the canonical

basis and assess its utility for static and dynamic calculations, as well as for restoration

of broken symmetries. Since the canonical basis is provably the most economical basis in

which to represent a many-fermion wave function as a sum over Slater determinants, it is

desirable to work in this basis whenever possible, and to use a cutoff on the canonical oc-

cupation number. We show that truncations of the canonical basis set can work for static

calculations and for restoration of broken symmetries, but that the full set of canonical wave

functions are mandatory for time-dependent calculations, otherwise the nuclear dynamics

are significantly affected.
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B. Introduction

We assess whether nuclear dynamics has a Markovian character or not, and we also

investigate the related question, whether the dynamics of an isolated nucleus undergoing

nuclear fission are irreversible, and if so, how to characterize the irrreversibility. The main

tool for doing so will be the canonical basis introduced in Sec. VII. We will show that the

canonical basis cannot be used to accelerate time dependent calculations, which is the case

because the matter distribution evolves with time, and hence so too does the density matrix

and its eigenvalues and eigenvectors. So the appealing notion, suggested by promising results

presented in Sec. VII, that the parsimonious representation provided by the canonical basis

might be used to accelerate dynamics, proves immediately false. Nevertheless, we show that

the canonical basis is very useful for instantaneously representing the nucleus at any given

time, and that it is therefore useful for static calculations and also for symmetry restoration

in systems with pairing correlations. For the details of formalism of the canonical basis, the

reader is directed to Sec. VII for a brief overview, but the more detailed treatments are to

be found in the papers presented in this section and the previous section [7, 10].

C. Static Calculations of Initial Conditions

Just as in Sec. VII, we performed our fission simulations in a simulation box of size

302 ×60 fm3, where initial conditions are first calculated in a harmonic oscillator basis using

the HFBTHO code [219], and then subsequently the densities are placed on the full 3D

spatial lattice and the static superfluid local density approximation (SLDA) equations were

solved until full self-consistency is achieved [21]. All calculations in the study were performed

using the SeaLL1 nuclear energy density functional [12]. In the harmonic oscillator basis,

about 8,000 orbitals were used, whereas in the full 3D simulation box the number of orbitals

is 108,000.

The ground state properties of the 236U nucleus, evaluated at the outer saddle of the

potential energy surface, obtained with self-consistent SLDA on the full 3D lattice are dis-

played in Table III, where the convergence is investigated as a function of the number of

canonical wave functions used to represent the nuclear MBWF. We observe that, although

the full set of SPWFs in our simulation volume is 108,000, the properties of the nucleus have
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TABLE III. The properties of the initial state of 236U, prepared on the outer saddle of the potential

energy surface, obtained with self-consistent SLDA on the full 3D lattice, as a function of the number

of canonical wave functions included in the calculation, where we take the canonical wave functions

with the highest occupation probabilities when performing the cutoff. The static calculations are

performed using the full set of quasiparticle wave functions, and then we diagonalize the one-

body density matrix to obtain the canonical basis. The quantities presented in this table are then

reevaluated using the truncated basis of canonical wave functions. The last two rows show the

results of using the full set of quasiparticle wave functions in the standard Bogoliubov quasiparticle

basis and the canonical basis. Note that this state was in fact excited by a 1.17 MeV boost in the

collective quadrupole mode, so the deformed ground state is actually more deeply bound by this

amount.

No. States Energy N Z Q20 Q30

500 -1779.19 143.94 91.99 169.73 22.29

1 000 -1780.64 143.97 92.00 169.76 22.29

2 000 -1782.64 143.99 92.00 169.78 22.29

5 000 -1785.31 144.01 92.00 169.79 22.30

50 000 -1785.41 144.01 92.00 169.79 22.30

108 000 (Canonical) -1785.41 144.01 92.00 169.79 22.30

108 000 (Standard) -1785.41 144.01 92.00 169.79 22.30

essentially converged when we include only 5,000 canonical wave functions, which reveals

that the canonical wave functions can indeed be used as a powerful tool for accelerating

(deformed) nuclear ground state calculations. Another relevant result pertaining to this

table is that the ground state energy obtained within HFBTHO is -1,780.72 MeV, which

differs significantly from the energy reported in the table, -1785.41 MeV. And since we in-

cluded an additional quadrupole boost of 1.17 MeV in the numbers reported in the table,

we see that the SLDA deformed ground state is almost 6 MeV more deeply bound than the

HFBTHO ground state, and Table III reveals that this state can be achieved actually using

fewer orbitals than the harmonic oscillator calculation used. In light of these results, it is

notable to consider the results presented in Chen et al. [210], namely that the fission isomer
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of 240Pu was evaluated with fewer than 500 canonical states; based on what we present in

Table III, in which we remind the reader that the calculation was performed in the absence

of any cutoff, and then we subsequently transformed to the canonical basis and evaluated

the convergence as a function of the cutoff, it seems likely to us that the results of the Chen

et al. [210] calculations may be somewhat inaccurate due to these authors not including

enough canonical wave functions. Furthermore, we note the much greater implementation

complexity of their calculation procedure, which requires introducing a large number of

Lagrange multipliers which must be evaluated at each iteration when solving the HFB equa-

tions. The approach we advocate here, namely self consistently solving the HFB/SLDA

equations and then performing a single diagonalization to transform to the canonical basis,

is comparatively simpler, even though in practice the matrices become quite large.

TABLE IV. The final state properties for the time-dependent fission simulation using the initial

conditions presented in Table III. The simulation is performed with the full set of wave functions,

starting from an initial condition prepared in the canonical basis. We then apply a cutoff on the

final state based on the initial (canonical) occupation probability. We apply a cutoff in this way

because directly applying a cutoff on the initial state will cause the nucleus not to fission in the

first place, see discussion in main text.

No. States Zi Zf ∆Z Ni Nf ∆N

500 91.99 91.87 0.12 143.94 141.74 2.20

1 000 92.00 91.89 0.11 143.97 141.86 2.11

2 000 92.00 91.90 0.11 143.99 141.95 2.04

5 000 92.00 91.91 0.09 144.01 142.11 1.90

50 000 92.00 92.00 0.01 144.01 143.48 0.52

108 000 92.00 92.00 1.0 × 10−6 144.01 144.01 2.9 × 10−5

D. Time-Dependent Calculations

The situation is quite different for the case of dynamics, however, which is illustrated

by the results in Tables IV and V. In this case, we prepared several nuclei in deformed
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TABLE V. Same as Table IV, except with initial deformation Q20 = 140.02 b and Q30 = 14.63 b3/2.

No. States Zi Zf ∆Z Ni Nf ∆N

500 91.97 91.61 0.36 143.96 139.74 4.21

1 000 91.98 91.64 0.34 144.00 139.92 4.07

2 000 91.99 91.66 0.33 144.02 140.06 3.96

5 000 91.99 91.69 0.30 144.03 140.33 3.70

50 000 91.99 91.97 0.017 144.03 143.23 0.80

108 000 91.99 91.99 6.5 × 10−6 144.03 144.03 1.1 × 10−4

initial states of 236U along the outer saddle of the potential energy surface, transformed to

the canonical basis, and performed a TDSLDA simulation until full fission fragment (FF)

separation without applying any cutoff on the single-particle wave functions. Since the initial

(canonical) occupation probabilities are sorted in decreasing order, we can apply a cutoff

on the final states based on the initial values of the occupation numbers. As we will show

below, we look at the cutoff using this approach because if we tried applying a cutoff directly

in the initial state, the nucleus would not fission in the first place. The result of applying

this cutoff procedure in Tables IV and V is that the final state properties are dramatically

modified, with in particular the neutron channel missing as many as four particles using

this restricted set of single-particle states! This tells us that significant redistribution of the

single-particle occupation numbers must occur during dynamics, which occurs as a result of

the pairing interaction, which TDSLDA accurately incorporates through the inclusion of a

self-consistent pairing field [15, 16, 19, 30, 31, 105, 106, 221, 222] .

Fig. 29 shows the dramatic redistribution of the single-particle occupation numbers during

a fission calculation. The initial state is prepared in the canonical basis without a cutoff,

and the final occupation numbers are evaluated in the standard Bogoliubov basis so that a

direct comparison can be made. As we mentioned previously, see also [46, 146, 222, 223],

even if one starts with a set of canonical wave functions, at the next time-step the matter

distribution will have changed, and these wave functions will no longer be eigenstates of

the instantaneous one-body density matrix, and so the canonical basis cannot be directly

used for dynamics. Nevertheless, it is straightforward to follow the occupation numbers in
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FIG. 29. The redistribution of the proton (top) and neutron (bottom) occupation numbers in the

standard Bogoliubov basis as a result of a TDSLDA simulation of the 235U(n,f) reaction from the

outer saddle until the full separation of the fission fragments, using the initial conditions in Table V.

The initial state is prepared in the canonical basis, but at all subsequent times the occupation

probabilities are evaluated in the Bogoliubov basis, and only half the occupation probabilities are

shown because they are double degenerate.
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FIG. 30. Total absolute difference of occupation numbers between adjacent time intervals of

duration ∆t = 97 fm/c. The left gray band indicates the time during which the neck is formed, and

the right gray band indicates the point of scission.

time, which can be calculated using nk(t) = ⨋ dξ∣vk(ξ, t)∣2, obtained from the time evolved

vk-components of the Bogoliubov quasiparticle wave functions.

The total extent to which the single particle occupation probabilities evolve with time

can be seen in Figs. 30 and 31. In Fig. 30, the absolute difference between the canonical

occupation numbers is evaluated between adjacent times at an interval of ∆t = 97 fm/c,

whereas in Fig 31, the total absolute difference is evaluated in time relative to the initial state.

Similar results were reported in [46], but with a smaller ∆t = 37 fm/c, and where the initial

conditions were not obtained self-consistently on the lattice, an omission which is known

to affect the dynamics, see for example Fig. 26. The fact that the occupation probabilities

continue to evolve in time, even after the nuclear neck has ruptured and the fragments

have fully separated, provides a direct confirmation of the mechanism initially envisioned

by Bertsch [15–19, 46] that the nuclear shape evolves during fission via redistribution of the

single-particle occupation probabilities mediated by the pairing interaction.

Note however that the mechanism Bertsch proposed implies that the occupation prob-
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FIG. 31. Total absolute difference of occupation numbers compared to the initial state. The left

gray band indicates the time during which the neck is formed, and the right gray band indicates the

scission. Two linear regimes are clearly visible, which is in interesting contrast to a
√
t evolution

characteristic of a random process.

abilities change through independent and uncorrelated transitions at single-particle levels

crossings [15–19]. However, the situation revealed by Fig. 31 is in fact more complex and

interesting. If the redistribution of occupation numbers was in fact a random process (sub-

ject of course to total particle number conservation ∑k nk(t) = N) one might expect, as in

the case of Brownian motion, that

σ2(t) =
√
∑
k

(nk(t) − nk(0))2 ∝
√
t, (59)

whereas at large times, the closely related quantity σ1(t) illustrated in Fig. 31

σ1(t) = ∑
k

∣nk(t) − nk(0)∣ ∝ t, (60)

which we might call a “ballistic” evolution of the single particle occupation probabilities,

which is a patently non-stochastic and therefore non-Markovian behavior. We thus conclude

that the jumps between levels of time-reversed pairs of single-particle states at single-particle

level crossings are in fact highly correlated in time, which is a qualitatively new aspect of
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fission dynamics which has never been reported in the literature before. This feature of

non-equilibrium quantum dynamics is particularly interesting in light of previous results

reported on the problem of fission [29–31] which point clearly to the fact that the descent

of the nucleus from saddle to scission is also a highly dissipative process, in which case one

might have expected the stochasticity of the dynamics to be a crucial aspect. This is the

case in classical dynamics, as well as a number of phenomenological fission models, where

strong dissipation is modeled using a Langevin force [36, 49, 50, 52, 59, 60, 132, 224–229].

The fact that fission is simultaneously a non-Markovian process, where therefore memory

effects are important, and also a highly dissipative process, is a qualitatively new aspect of

non-equilibrium quantum dynamics and has never been discussed in the literature prior to

the publication of this paper, as far as we can tell.

The evolution of σ1(t) is nearly always linear in t during our simulations, but the slope

appears to have two regimes, first a period of fast linear growth, followed by a period of

slow linear growth. This behavior seems to be explained by four contributions. Firstly,

with time, as the internal excitation energy of the nucleus increases, the strength of the

pairing correlations and the absolute magnitude of the pairing field decreases, although it

remains nonzero even at late times, when the nuclear temperature significantly exceeds the

temperature at which a pairing condensate should be present, see Fig. 32 and [29–31].

Secondly, around the time of the first gray bar is when the neck first begins to form. Prior

to this point, an initial state was prepared by calculating the nuclear ground state in an

external potential which forces the nucleus to exhibit a given shape. At the start of dynamics,

this potential is instantaneously removed, which leads to transient effects, which mostly

disappear by the time the neck has formed. Thirdly, as the neck continues to elongate and

its thickness decreases, the flow of matter and energy between the fragments is increasingly

inhibited, which likely sets the rate of “equilibration” shown between the two gray bands in

Fig. 31. Fourthly, after the neck ruptures, the fission fragments emerge deformed, but as they

are accelerated apart, that deformation relaxes, converting deformation energy into internal

excitation energy and therefore populating higher energy single particle states within the

fragments, which explains why the slope remains linear even after scission.

As was mentioned above, applying a cutoff to the initial state, even in the canonical basis,

leads to the nucleus failing to fission, which is demonstrated in Fig. 33. Even with nearly

half the states in the space, the nucleus does not fission at all, but rather remains deformed
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FIG. 32. Time evolution of the number density (left) and magnitude of pairing field (right). Each

frame is divided into neutrons (top) and protons (bottom). Left colorbar in units of fm−3 and right

in units of MeV.

and simply heats up, totally violating energy conservation. Hence, applying any cutoff on

the number of single particle states included for dynamics is entirely unacceptable, and the

full set must be used. This is likely the reason why, in past TDSLDA simulations, using a

spherical cutoff for pairing was sufficient for static calculations, but caused problems in the

case of dynamics [22, 23, 29]. The fact that the full set of states must be used for dynamics

in TDSLDA necessarily casts some doubt on the reliability of any time dependent approach
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FIG. 33. The time dependence of the energy conservation and the nuclear quadrupole moment

when a cutoff is applied to the number of SPWFs included in the dynamical calculation. The initial

condition is prepared in the canonical basis, and the cutoffs refer to using only a certain subset

of the canonical wave functions with the highest occupation probabilities. Notice that, unless all

single particle states are included, energy is not conserved and the nucleus does not fission. Starting

dynamics from the standard Bogoliubov basis or the canonical basis, on the other hand, does not

make a difference to the evolution.
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which incorporates pairing correlations but operates in a reduced space of single-particle

states, for example the time-dependent BCS approximation [35, 230–237], which was also

demonstrated more than 10 years ago to violate the continuity equation [237] and so cannot

be trusted to accurately capture nuclear shape dynamics.

Another aspect of the non-equilibrium dynamics of many-fermion systems which can be

illustrated by using the canonical basis is the irreversibility of the dynamical evolution.

We investigate the question of irreversibility starting from the outer saddle point until the

fragments have fully separated, prior to the emission of neutrons, gammas, or other particles.

The simplest tool to characterize the irreversibility of the quantum dynamics is the orbital

entanglement entropy [238–240], see Eq. (49), which we also used in Sec. VII to characterize

the complexity of the many-body wave function. At all times during the time-dependent

fission simulation, we can instantaneously transform to the canonical basis, whereupon the

canonical occupation number distribution assumes the universal three-regime form presented

in Sec. VII, see Fig. 34. From the canonical occupation numbers, we can evaluate the

orbital entanglement entropy as a function of time, which we show in Fig. 35. Evidently,

at different stages during the saddle to scission evolution, the nuclear many-body wave

function is characterized by significantly different complexities, and the time dependence is

not monotonic. Similar behavior of the entanglement entropy is observed in the dynamical

evolution of other simpler strongly interacting fermionic systems [241–248].

E. Projection

In this paper [7], a number of new formulas were introduced for projecting the various

densities on a fixed value of the particle number, which the reader will remember is necessary

in the case of HFB-like calculations, where the many-body wave function is a superposition

of states with different particle numbers. We present the results of these projection formulas

here.

Ideally, the behavior of number density without particle projection should behave very

similarly to the behavior of the density when we have projected on the average particle

number of the system, which can be simply characterized as a function of time according to
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FIG. 34. The canonical occupation numbers at various times during a time-dependent fission

simulation. In particular, the spectrum was evaluated in the initial state, at scission, and at the

final state where the fission fragments are fully separated. Note that the Fermi surface is sharpest

around the point of scission and is most diffuse for the initial state.

the formula

∆NN,Z(t) =
√
⨋
ξ
(n(ξ, ξ, t) − ñ(ξ, ξ, t∣N))2, (61)

which we plot in Fig. 36. We see that these densities on average behave in a similar manner

at all stages of the saddle to scission dynamics. We can investigate the differences between

the projected and unprojected densities in more detail by plotting various slices through the

difference between the unprojected and projected densities in the initial state, see Fig. 37,

at scission, see Fig. 38, and in the final state, see Fig. 39.

Finally, it is also straightforward to evaluate the particle number distribution for the

many-body wave function, which we show in Fig. 40. In each case, a slight left-right asym-

metry about the average is observed. We note that for all the projections we performed

in this study, both for the projection of the densities on to fixed particle number, or the

calculation of the system particle number distribution itself, a reduced set of 5000 canonical

wave functions is sufficient.
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FIG. 35. The orbital entanglement entropy as a function of time for the reaction 235U(n,f) in

very large simulation volumes 482 × 120 fm3 with lattice constant l = 1 fm for two different initial

deformations, Q20 = 159.64 b and Q30 = 17.80 b3/2 for one trajectory (solid lines) and Q20 = 135.25

b and Q30 = 12.44 b3/2 for the other trajectory (dashed lines), prepared on the outer saddle of the

potential energy surface. These simulation data were also used in the study in Ref. [6], see Sec. IV,

where one can also find a description of the immense numerical calculations required to perform

these simulations. For both trajectories, scission occurs around 1000 fm/c.
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FIG. 36. Difference between projected and unprojected number density as a function of time,

averaged over space, see Eq. (61).
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top of the outer barrier for 236U for slices along the z and x axes.
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FIG. 38. Differences between unprojected and particle number projected number densities at the

scission configuration, for the entire system along the fission direction z-axis and along the x-axis

and at y = 0 in the insets, centered at the heavy on the left and at the light on the right fission

fragments respectively at scission.
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IX. QUANTUM TURBULENCE, SUPERFLUIDITY, NON-MARKOVIAN

DYNAMICS, AND WAVE FUNCTION THERMALIZATION

In this section, I review the results presented in the paper “Quantum Turbulence, Super-

fluidity, Non-Markovian Dynamics, and Wave Function Thermalization” by A. Bulgac, M.

Kafker, I. Abdurrahman, and G. Wlazłowski, Phys. Rev. Research 6, L042003 (2024) [5].

A. Abstract

The question of how thermalization is achieved in a system undergoing quantum turbu-

lence has not yet been addressed in the literature. Quantum turbulence has been investigated

in experiments, predominantly on superfluid 4He and 3He, as well as theoretically, but the

dynamics of the quantized vortices have so far only been tracked in time until they decay into

phonons. In this section, we consider the dynamics of the unitary Fermi gas (UFG), which

is a unique strongly interacting quantum many-body system with no classical counterpart,

and which is relevant for describing the behavior of the crust of neutron stars, cold atom

systems, condensed matter systems, and nuclear many-body systems. In this section, we

simulate the dynamics of a UFG prepared in an initial state consisting of a lattice of quan-

tum vortices and antivortices, which subsequently evolves through several vortex tangles and

the excitation of Kelvin waves, until very slowly it starts to thermalize. Following the study

presented in Sec. VIII, we demonstrate that the dynamics of the UFG are non-Markovian,

and we characterize the non-equilibrium dynamics of this crucial quantum system.

B. Introduction

It was conjectured by Feynman [249] in 1955 that superfluids, which are characterized

by vanishing viscosity at zero temperature, can support a kind of turbulence through the

effectively random crossing and reconnection of quantized vortices. This observation marked

the beginning of the field of quantum turbulence (QT) [250, 251], a field which has been

significantly influenced by the older field of classical turbulence (CT), in particular the idea of

energy cascading from large scale spatial eddies to smaller scales due to Kolmogorov [252].

Of course, in any fluid system, a minimum size exists at which the energy cascade must

terminate, which is determined either by the size of the constituent particles or thermal
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effects, see Ref. [253] and references therein, and this is the case regardless of whether the

fluid is classical or quantum in nature.

In this study, we will use the time-dependent superfluid local density approximation (TD-

SLDA) to investigate the evolution of a UFG from an initial state composed of quantized vor-

tices and antivortices, through the quantum turbulent evolution where the vortices cross and

recombine, and well beyond, far into the regime where no vortices are present, where as we

will show, the dynamics surprisingly remain interesting. In the regime under consideration,

the non-equilibrium dynamics and thermalization of a many-fermion system [254–261] and

the production of entropy [190, 191, 262] are typically treated as Markovian processes [263–

267]. However, the results presented in Sec. VIII call that into question, and indeed we will

show that the evolution of the UFG in the setup we just described is indeed non-Markovian,

just as it was in the case of nuclear fission dynamics from saddle to scission. The dynamics

of quantized vortices in the UFG is a system which is well understood from both a the-

oretical and experimental perspective [179], and it is relevant to a very large number of

interesting physical systems, including neutron stars, nuclei, condensed matter systems, and

cold Fermi gases. This is in contrast to the situation with superfluid 4He and 3He, which

are both microscopically modeled primarily using the Gross-Pitaevskii equation [268, 269]

and its kinetic extension [267], or from a phenomenological perspective. One choice which

is common in the literature is to investigate the thermalization of a system which stirred or

perturbed in some manner by an external influence. We instead simulate an isolated system

here (with periodic boundary conditions) because the dynamics in the other case depend on

the manner in which the system is coupled to the external influence, and so the case of the

isolated system is clearer.

Dissipation is a critical ingredient for turbulence in classical fluids, which is usually studied

using the incompressible Navier-Stokes equations

∂u

∂t
+ (u ⋅∇)u = ν∇2u − ∇p

ρ
, ∇ ⋅u = 0, (62)

where ν, p, and ρ stand for the shear kinematic viscosity, pressure, and the matter density

respectively. In the case were ν = 0, we obtain the equation of motion for an ideal fluid,

first derived in 1775 by L. Euler [270, 271]. The regime in which classical turbulence occurs

is that of large Reynolds number Re = uL/ν, or in the limit of small dissipation ν → 0,

where L is the characteristic length of the flow. This is a strange situation, where the ideal
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fluid, which has ν = 0 and which does not support turbulence, should be obtained from the

Navier-Stokes equations continuously in the limit ν → 0, but this obviously cannot be so,

as this limit takes us further into the turbulent regime of the fluid. We are therefore led

to conclude that the limit ν → 0 is undefined, and that one cannot obtain perfect fluid by

taking a continuous limit of a turbulent fluid. Of course, we can see this another way, by

observing that the shear kinematic viscosity ν appears next to the only second derivative

in the Navier-Stokes equation, and we know that solutions of partial differential equations

undergo qualitative changes when the highest order of the spatial derivatives changes from

second to first (or vice versa) [272].

One can derive the Navier-Stokes equations from the Boltzmann equation [190, 191, 262,

264], which consists of a free transport part, which describes the independent particle mo-

tion, and the collision integral, which is responsible for local equilibration. The Boltzmann

equation is only valid when describing dilute systems, in the case of instantaneous and local-

ized collisions. One typically also invokes the assumption of “molecular chaos,” which means

that the collisions will be uncorrelated in both time and space, and hence the solutions of

the Boltzmann equation will typically describe a system with Markovian behavior, with the

collisions acting like Langevin noise in Brownian motion.

The UFG [179, 180, 273, 274] is a very interesting strongly interacting many-fermion

system which does not have a classical limit. The interparticle interaction is characterized

by a vanishing interaction range and an infinite scattering length [275], and it is known that

the UFG exhibits a very large pairing gap and a large critical temperature [276, 277]. For

this interaction, particles interact in the s-wave only, and the phase shift due to scattering is

δ0(k) ≡ π/2, and the two-fermion scattering cross section reaches the maximum value allowed

by unitarity σ(k) = 4π/k2, where k is their relative wave vector. By dimensional analysis,

we can determine that the only parameter with dimensions which determines the properties

of the UFG is the average separation between particles [179]. Due to the short range pairing

interaction in this system, and just like we saw in the case of nuclei, the single-particle

occupation numbers behave as n(k) → C/k4, in the limit k →∞ [187–189] for single-particle

states with momentum k. It follows that the total particle number ∫ d3k n(k) converges

very slowly, and we see that the single-particle momentum distribution differs significantly

from a Maxwellian distribution.

By substituting a different functional than the SeaLL1 functional we used to describe
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nuclear systems, we may describe the dynamics of the unitary Fermi gas within the exten-

sion of time-dependent density functional theory to superfluid systems, the time-dependent

superfluid local density approximation (TDSLDA) [67, 110, 215, 278], which one can show is

fully equivalent to the theoretical description of the nonequilibrium evolution of a fermionic

superfluid with the Gorkov equations [263, 279, 280], and which is also equivalent to a

fully quantum mechanical extension of the Boltzmann equation [46], with the pairing field

playing the role of the collision integral. Unlike in the (semi)classical Boltzmann equa-

tion [190, 191, 262, 264], TDSLDA can incorporate the effects of quantum interference and

entanglement [66, 222, 281]. It has been demonstrated that after adjusting the fitting the

parameters in the functional for describing the UFG, SLDA gives good agreement with

quantum Monte Carlo calculations for this system [215, 273].

C. Results

We simulated the dynamics of the UFG using the code W-SLDA Toolkit [282], which

has been used to describe a variety of complex behaviors of systems involving quantized

vortices [66, 273, 283–290]. For this project, we used W-SLDA Toolkit to solve the TDSLDA

equations on a 3D lattice of size N3 = 323 with periodic boundary conditions and finite lattice

constant l. This amounts to solving 2N3 = 65,536 coupled nonlinear complex-valued partial

differential equations in 3D for 3.75 × 106 time steps, which is accomplished with a relative

numerical error of 10−6 for the energy conservation and 10−8 for the particle number.

TDSLDA has previously been used to study vortex dynamics in the UFG [283–286], which

revealed qualitative similarities with the behavior initially conjectured by Feynman [249].

In this study, we consider an initial constrained state of an unpolarized UFG at zero tem-

perature [66] composed of 12 linear vortices and antivortices with zero total circulation.

The underlying system consists of 1000 fermions, with equal numbers of spin up and spin

down particles, with an average density of n0 = N/V ≈ 0.03 for the lattice constant l = 1.

The system is then evolved in time, and the vortices bend, then cross and reconnect, while

emitting phonons. As a result of these recombinations, the total linear extent of the vortex

lines decreases with time, until finally no vortices remain, and the system appears to reach

a “thermal” state.

In Fig. 41, we show the time evolution of the single-particle occupation probabilities
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FIG. 41. The sum 0 ≤ σ1(t) ≤ 2, which describes the total absolute change in the single-particle

occupation numbers over time, compared with the initial state. Linear regimes are clearly visible,

separated by periods of rapid increase, in which the vortices are crossing and recombining, and the

evolution of the system is turbulent.

nm(t), which are the fully quantum counterparts to the (semi)classical phase-space prob-

ability distribution typically used in kinetic equations. Specifically, we display the quan-

tity [5, 46, 222]

σ1(t) =
∑m ∣nm(t) − nm(0)∣

N
, 0 ≤ σ1(t) ≤ 2, (63)

which is a measure of the fractional change in all the single-particle occupation probabilities.

In the case of a time-dependent Hartree-Fock calculation, the single-particle occupation

numbers are either 0 or 1, and remain so for all times, so we will have σ1(t) = 0. The

presence of the pairing interaction leads to redistribution of the single-particle occupation

numbers, and so we see a non-zero value of σ1(t). The occupation probabilities are plotted

for the system at various times in Fig. 42. As was mentioned in the introduction, the

collision integral in the Boltzmann equation acts like Langevin noise in the case of Brownian

motion, which is to say the that the redistribution of the single particle occupation numbers

in that case should be a Markovian process, and hence we expect the deviation of the

occupation numbers from their initial values would obey σ1(t) ∝
√
t in that case. However,
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FIG. 42. The single particle occupation numbers nm(t) = v2m(t) evaluated at various times during

the time-evolution of the UFG. Pairing interactions dramatically redistribute the occupation prob-

abilities during dynamics, leading to significant differences between the initial occupation number

distribution for the case of the 12 vortices and antivortices compared to the final apparently ther-

malized state. At all times, the occupation numbers are ordered in decreasing order of the initial

occupation numbers nm(0), and due to particle number conservation, depopulation of low energy

single-particle states is balanced by increased population at higher energy states.

Fig. 41 instead clearly shows piecewise linear behavior, which is a clear indication of non-

Markovian dynamics, see also Sec. VIII, where the deviations from linear evolution occur

during the crossing and reconnection of the vortices, which is to say the turbulent stages

of the dynamics. We note that unlike the case of the (semi)classical Boltzmann equation,

the UFG system considered here is not dilute, and so the “collisions” are not isolated in

either space or time, which at least partially explains the behavior observed in Fig. 41. For

times tϵF < 700, the vortices have begun to deform, but no crossings have yet occurred.

During the interval 700 < tϵF < 1200, the vortices begin to tangle, cross, and reconnect, with

the overall effect being that the total linear extent of the vortices in the system shrinks.

Following this interval, a configuration of four aligned vortices persists for a longer period,

lasting until tϵF ≈ 4300, at which point they too reconnect and finally annihilate. For all
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FIG. 43. The average magnitude of the density fluctuations, ∫V d3r∣n(r, t)/n0 − 1∣/V (black line),

evaluated as a function of time. Superimposed over this curve in red points are the fluctuations

of the density which has been projected on the system’s average particle number [291], showing

nearly perfect agreement, as one expects for time-dependent density functional theory with [292] or

without pairing correlations [293]. The insets on the right show the number density fluctuations in

space, given by n(x,0, z, t)/n0−1 at times tϵF = 10000 and 10050. The inset in the upper left shows

the black curve, zoomed in at the quasihomogeneous stage where no more vortices are present,

tϵF > 9000, together with a superimposed fit in green, see Eq. (64).

times tϵF > 5000 only local fluctuations of the number densities are present in the system

in the system, see Fig. 43. We note, however, that even when the system appears rather

spatially homogeneous, the evolution of the system is still decidedly non-Markovian, lasting

until times at least exceeding tϵF > 15000, significantly beyond the point when the last

vortices have disappeared.

We also show the time-dependence of the canonical occupation numbers, see Fig. 44,

which are obtained by diagonalizing the system’s number density matrix, see Secs. VII and

VIII. Just as in the case of nuclear fission, this system has a zero-range interaction, and so

we know the canonical occupation probabilities for single-particle states with momentum k
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FIG. 44. The initial and final canonical occupation numbers, which are the eigenvalues of the

number density matrix, arranged in decreasing order, see Secs. VII and VIII and the references

therein. In the inset, their ratio, initial over final, is shown. Note, however, that since these

canonical occupation numbers must be obtained by diagonalizing the one-body density matrix,

there is no one-to-one relationship between the values m for the initial and final states.

will obey ñ(k, t) ≈ C/k4 [179, 180, 187–189, 274], and a power law trend is indeed clearly

visible in Fig. 44 for states with k ≫ kF . Note however that for these large k values,

m ≈ 4πk3/3 (as in the case of non-interacting fermions) and so the power law we see in

the figure is ñm(t) ≈ C̃/m4/3. However, the situation for the UFG presented in Fig. 44

nevertheless differs significantly from the case of nuclear fission. Whereas in nuclear fission,

we saw significant changes in the Fermi surface in the canonical basis, see for example

Fig. 34, which corresponded to changes in the complexity of the many-body wave function

during the saddle to scission evolution, these large changes in wave function complexity are

not observed for the case of quantum turbulence considered here, and the initial state with

vortices appears to have nearly identical many-body wave function complexity to the final

quasi-uniform state.

Unlike the canonical occupation numbers, the Bogoliubov basis occupation numbers are

dramatically redistributed by the dynamical evolution of the UFG, and if one looks at the
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FIG. 45. Time dependence of the magnitude of the pairing gap, expressed as a fraction of its value

for a homogeneous UFG prepared at the same density. The inset displays the spatially averaged

fluctuation of this quantity as a function of time.

final state in Fig. 42, shown with green dots, one might suspect that the final state of the

system is characterized by a very high temperature. However, if we look at the behavior

of the average pairing gap of the system, shown in Fig. 45, we see that in the final state

the magnitude of the gap has only decreased by about 5% relative to the initial state, and

so the system has acquired an “effective” temperature, T, which nevertheless clearly obeys

T < Tc ≈ 0.16ϵF [294], and the UFG remains a superfluid in this final state.

An interesting question we can ask about our results is how the time evolution of the

density fluctuations shown in Fig. 43 compares to what we would expect from the Eigenstate

Thermalization Hypothesis [257], which predicts that “a generic initial state will approach

thermal equilibrium at least as fast as ttherm ≈ O(h̵/∆E), where ∆E is the uncertainty in the

total energy of the gas.” It is straightforward to construct a fit to our density fluctuations

δ[n(r⃗, t)] = 1

V ∫
d3r
RRRRRRRRRRR

n(r⃗, t)
n0

− 1
RRRRRRRRRRR
≈ δn∞ +

tUFG

t − t0
, (64)

where δn∞ is the asymptotic magnitude of the density fluctuations in the limit t→∞, when

the system is fully thermalized. This average fluctuation quantity δ[n(r⃗, t)] is an observable

which can in principle be measured in cold atomic cloud experiments [295]. We show the
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FIG. 46. Fourier transform in space and time of the density fluctuations of the system at late

times. The Fourier transform was computed according to S(ω, kx,y,z) = ∫V d3r ∫
T+50
T dt[n(r, t)/n0−

1] exp(ik ⋅r − iωt), where V is the simulation box volume, T = 15,000ϵF , and k was chosen parallel

to the axis Ox. Choosing another axis for k leads to very similar results.

quality of this fit in the left inset of Fig. 43 for the period when the vortices have disappeared

and the matter distribution in the UFG is quasiuniform. We can estimate the relaxation

time according to the Eigenstate Thermalization Hypothesis to be

tETH ϵF ≈
1

∆E
= O(0.1) ≪ tUFG ϵF = O(10), (65)

where we have estimated that the energy uncertainty in the UFG follows from the distribu-

tion of particle number for the many-body wave function, ∆E ≈ µ∆N(t). The thermaliza-

tion time for the isolated UFG is orders of magnitude longer than the predicted rate from

the Eigenstate Thermalization Hypothesis [257]. Evidently, the wave function thermaliza-

tion process for this isolated quantum system proceeds much slower than expected based

on existing discussions in the literature. Within the quasi-uniform regime of the UFG, one

expects only to observe phonons, which should obey the dispersion relation ω2 = k2c20, where

c0 = kF
√
ξ/3 is the sound velocity and ξ is the Bertsch parameter [179], see Fig. 46. This

figure shows that this dispersion relation is only observed to hold on average, however, as
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the system has not yet fully thermalized.
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X. IMPACT OF THE CENTER OF MASS FLUCTUATIONS ON THE GROUND

STATE PROPERTIES OF NUCLEI

In this section, we review the results presented in the manuscript “Impact of the Center

of Mass Fluctuations on the Ground State Properties of Nuclei” by M. Kafker and A. Bulgac

[3].

A. Abstract

Density functional theory (DFT) enables one to calculate nuclear ground state properties,

including binding energies, across the nuclear chart, with fairly good accuracy. However,

DFT is a mean field theory, and as such, it breaks many symmetries which the underly-

ing nuclear Hamiltonian respects, the most important such symmetries being translational,

rotation, and gauge symmetries, and in general these symmetries must be restored. Transla-

tional invariance is unique amongst the list of symmetries as it must be restored for all nuclei

in DFT calculations, whereas for example rotational invariance only needs to be restored

for deformed nuclei. The most common approach for restoring translational invariance, and

hence for the implementation the center of mass (CoM) energy correction to the nuclear

binding energy, see for example [14, 101], leads to a increase in the magnitude of the bind-

ing energy by 15-19 MeV, which varies rather weakly for medium- and large-mass nuclei.

An improved CoM correction was suggested by Butler et al. [296], and this leads to an

increase of 5-10 MeV. Both these corrections are significantly larger than the root-mean-

square (RMS) error in the energy according to the Bethe-Weizsäcker mass formula, initially

proposed by Gamow [297], which is about 3.5 MeV, which for heavy nuclei is about 0.2% of

their mass. The correction due to Butler et al. [296] is also significantly larger than the RMS

for the binding energy calculated within DFT, without restoring any broken symmetries or

including zero-point energy fluctuations, which is about 2-3 MeV. In this section, we analyze

yet another method for calculating the CoM correction, namely the method for restoring

translational invariance of the many-body wave function (MBWF) suggested by Peierls and

Yoccoz [298] (PY). The PY approach is equivalent from a methodological perspective to the

techniques for restoring other broken symmetries in DFT. Furthermore, as we will demon-

strate, it is the only approach to calculating the CoM correction to the mean field binding
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energy which is not contaminated by contributions from excited states.

B. Motivation

To contextualize the problem of center of mass fluctuations, we briefly recall the textbook

treatment of the two-body problem in quantum mechanics in the presence of a central

potential. We start with the Hamiltonian

Ĥ = − h̵2

2m1

∆1 −
h̵2

2m2

∆2 + V (∣r1 − r2∣). (66)

We then introduce the center of mass and relative coordinates R = (m1r1 +m2r2)/(m1 +

m2) and r = r1 − r2 and the total and reduced masses M ≡ m1 +m2, µ = m1m2/(m1 +m2),

in which case the Hamiltonian can be rewritten as

Ĥ = − h̵
2

2M
∆R −

h̵2

2µ
∆r + V (r). (67)

The eigenstates of this Hamiltonian will thus be separable in the form

ψ(R, r) = ΦCoM(R)Ψrel(r), (68)

where the CoM motion is that of a free particle of mass M , and the relative motion is that

of a particle of mass µ moving in a potential V (r) centered on the origin. Note that the

relative motion now depends on one fewer coordinate.

In mean field theory, one typically treats the problem differently. Rather than starting

by separating the CoM and relative coordinates, one typically starts by saying that the

cumulative effect of the forces acting between the particles in the system is to create a mean

field potential centered on the origin, say a Woods-Saxon in the case of nuclear physics,

and then one places A independent fermions in that potential. While this approach can

generally give adequate solutions to the quantum many-body problem, the CoM motion has

not been properly accounted for, and this formulation allows for unphysical behaviors such

as the collective oscillation of the CoM about the potential minimum, and these oscillations

carry additional energy which should obviously not contribute to the binding energy of the

system, which should only depend on relative coordinates.
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To see clearly that these spurious solutions are present, we consider the special case of the

harmonic oscillator, where the CoM motion is separable. We place A equal mass particles

in a harmonic well centered on the origin, in which case the Hamiltonian is given by

Ĥ =
A

∑
i=1
(

p2
i

2m
+ 1

2
mω2r2i) . (69)

If we introduce the center of mass momentum P = ∑i pi, a simple algebraic manipulation

shows that

Ĥ =
A

∑
i=1
(
(pi − P

A)2

2m
+ 1

2
mω2(ri −R)2) + P2

2mA
+ 1

2
mAω2R2 ≡ Ĥintr + ĤCoM. (70)

Evidently, the Hamiltonian can be split into independent intrinsic and CoM components,

and so the many-body wave function can be expressed as a product of a wave function which

depends only on the intrinsic coordinates and a wave function which depends only on the

CoM coordinates. As the CoM Hamiltonian is itself a harmonic oscillator, we see that the

CoM motion in the lowest energy state is not a plane wave as in the two-body example,

but rather a Gaussian with a nonzero zero-point energy. This is the quantum mechanical

manifestation of the collective oscillations of the matter distribution about the potential

minimum, as we have ⟨R⟩ = 0, but ⟨R2⟩ ≠ 0, and the latter fluctuations of the CoM position

carry a minimum nonzero amount of energy. If the effects of this motion are not removed, we

will mistakenly attribute the energy of CoM fluctuations to the nuclear binding energy, and

thereby underestimate the magnitude of the binding energy. Said another way, the removal

of the center of mass energy will lead to a more deeply bound nuclear ground state.

C. Introduction

The typical way in which one removes the center of mass energy is by subtracting the

COM kinetic energy from the Hamiltonian, which gives a correction

ECoM = −⟨Φ∣TCoM∣Φ⟩ = −⟨Φ ∣
P2

2mA
∣Φ⟩ =

−⟨Φ ∣∑
i

p2
i

2mA
+∑

i<j

pi ⋅ pj

Am
∣Φ⟩ , (71)
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where here we use m ≈ (mN +mP )/2 for the nucleon mass. The most common approach

used in the literature [11, 14, 101] is simply to neglect the two body term in Eq. (71), which

leads to a simple rescaling of the kinetic energy

∑
i

p2
i

2m
→∑

i

p2
i

2m
(1 − 1

A
) . (72)

This was the approach for example used in the seminal paper by Vautherin and Brink [14]

in which it was first demonstrated that density functional theory could be used to accurately

reproduce nuclear binding energies, in that case for closed shell nuclei. In the case of a Fermi

gas, with total energy E = 3
5AεF , the center of mass energy is approximately

ECoM ≈ −
1

A
⟨Φ ∣∑

i

p2
i

2m
∣Φ⟩ ≈ −3

5
εF ≈ −26 MeV, (73)

where we have used the Fermi energy for symmetric nuclear matter in the ground state. We

might thus expect the actual magnitude of the CoM energy to depend only weakly on the

particle number of the nucleus, and to be rather large in magnitude, when compared with

the magnitude of the corrections due to restoring rotational or other symmetries. Using the

SeaLL1 NEDF [12] for the seven spherical nuclei 16O, 40Ca, 48Ca, 90Zr, 100Sn, 132Sn, 208Pb, we

find that the magnitude of the CoM correction according to Eq. (72) can be approximately

fit by

EHF
CoM = −17.46 −

15.17

A1/6 +
28.01

A1/3 ± 0.42 [MeV]. (74)

Of course, simply neglecting the second term in Eq. (71) is clearly an unsatisfactory and

uncontrolled approximation, but there is a deeper issue with this approach, namely that

the many-body wave function used in Eqs. (71) and (73) is not translationally invariant.

We will demonstrate below that the use of a MBWF which is not translationally invariant

leads to contributions to the CoM energy from excited states. Recall that it is necessary to

restore translational invariance for all nuclei in the context of mean field theory, whereas the

restoration of other symmetries such as rotational invariance is only required for a fraction

of nuclei [101, 299]. The CoM energy also leads to an important correction in the case of

fission barriers, as was shown by Berger et al. [300] using the Gogny interaction DS1, and
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was also suggested by [301], where the impact of the CoM correction on the nuclear surface

energy is also discussed. Below, we shall also return to the CoM energy results presented

in [301], Fig. 9, for seven magic nuclei obtained using Eq. (71), including the two-body term.

It is important to note that restoring broken symmetries can significantly improve the

root-mean-squared (RMS) error in the calculation of nuclear binding energies. In density

function theory without the restoration of broken symmetries (including translational in-

variance, except possibly by using the approximation in Eq. (72)) [12, 14, 101], typical RMS

errors are O(3) MeV across the nuclear chart. By contrast, the group of Goriely [118, 301]

(see also earlier papers) includes the contributions from the restoration of a variety of bro-

ken symmetries and other effects while fitting their EDF parameters, thereby obtaining a

significantly smaller RMS value of approximately 0.5-0.7 MeV. However, these authors have

not separately published the magnitude of each symmetry-restoration correction in their

several dozen studies published in the last few decades, so in particular the mass and charge

dependence of each correction cannot be assessed from these works, and neither can their

relative importance.

An improved prescription for approximating the CoM energy compared to Eq. (72),

which however still does not include the evaluation of the two-body term in Eq. (71), was

put forward by Butler et al. [296], see also [101], and is given by

∑
i

p̂2
i

2m
→∑

i

p̂2
i

2m
(1 − 2

(N + 2)A
) , (75)

A = 2

3
[(N + 2)3 − (N + 2)]. (76)

In this case N refers to the number of fully occupied harmonic oscillator shells in a closed-

shell nucleus with N = Z. We can again estimate the mass dependence of this correction for

the case of a Fermi gas, in which case we obtain

ECoM ≈ −
2

A(N + 2)
⟨Φ ∣∑

i

p̂2
i

2m
∣Φ⟩ ≈ − 6

5(N + 2)
εF . (77)

Butler et al. [296] quote values for the CoM energy of 12.20 MeV for 16O to 5.19 MeV for
208Pb. By contrast, if we use Eq. (72) in a Hartree-Fock calculation for 208Pb, we obtain a

CoM energy of about 19 MeV. This difference is unexpectedly large, especially if we compare

to the RMS error for the binding energy in the Bethe-Weizsäcker mass formula, which is

at most 3.5 MeV. This large discrepancy between the results of different approximations is



114

the first of several inconsistencies we shall discuss here which point to the need to resolve

the question of the precise magnitude of the CoM energy correction. When we included the

Butler et al. [296] correction into the SeaLL1 NEDF [12], the RMS for the binding energy

of spherical nuclei alone dropped significantly from 1.54 to 0.97 MeV.

We now turn to the question of the various estimates of the CoM energy correction and

its mass dependence previously reported in the literature. As previously stated, there are a

variety of conflicting claims in the literature, which are as follows.

• There is a very weak dependence and with ECoM → const when A increases, see

Ref. [301] Fig. 9, and Eqs. (73, 74)

• ECoM ≈ 12.6A−0.131, see Fig. (4) in Ref. [302]

• ECoM ≈ 30.71A−1/3 MeV [296], see Eq. (77). Recalling the discussion of the simple

harmonic oscillator in the Motivation section, we see that this is very similar to ap-

proximating the CoM energy as the simply kinetic energy of the harmonic oscillator

ground state, ECoM ≈ 3h̵ω/4, using the standard parameterization of the oscillator

frequency as a function of the mass number, h̵ω ≈ 41A−1/3 MeV.

• ECoM ∝ A−1 according to the qualitative arguments presented by Sheikh et al. [299],

see sections 3.2.2 and 4.

In addition to these substantial disagreements, it has not been clearly reported in the liter-

ature how the magnitude of the CoM energy correction compares to those of the restoration

of other broken symmetries. Just including the one-body term in Eq. (71) leads to a finite

asymptotic correction ECoM ≈ 18 MeV, whereas including also the two-body term Da Costa

et al. [301] report a different behavior, namely ECoM ≈ 6 . . .8 MeV for all magic nuclei. The

mass dependence reported in [302] and [296] each lead to different results as well. In Fig. 47,

we present these current best estimates from the literature, along with our own results from

this study, which we explain in detail below.

Why is determining the correct magnitude of the CoM energy so important? For as-

trophysical applications, such predicting nuclear abundances and reactions in stars, the

current accuracy of mean field approaches such as DFT is not sufficient, see Refs. [118, 301]

and earlier references. An RMS error of the order O(100) keV in the binding energy is
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FIG. 47. A comparison of the various existing estimates in the literature for the mass dependence

of the CoM energy correction, including our results from this manuscript prepared in black. Also

plotted in black are the fit (solid line) and error bars (dashed lines) of the fit. Plotted in red are the

results from Da Costa et al. [301], Fig. 9. In blue is the relationship from Dobaczewski [302], Fig.

4. We used SeaLL1 estimates for the nuclear kinetic energy to produce the datapoints for Butler

et al. [303] approach, shown in green. Note that the magnitude of the CoM energy due to the PY

approach exceeds in all cases that of all other results found in the literature.

needed [304–307], and clearly discrepancies of several MeV must be addressed before such

levels of accuracy can be obtained.

We next address another claim previously made in the literature on restoring Galilean

invariance. In discussing this topic, Peierls and Yoccoz [298] and Peierls and Thouless [308]

made the claim that the nuclear mass should be MA = Am, see also more recent works [11,

299, 302], a statement which is obviously inconsistent with the universally known fact among

nuclear physicists that the nuclear binding energy lowers the mass of the nucleus compared

to the mass of its constituent nucleons considered separately. The correct formula should

therefore be

T̂CoM =
P̂2

CoM

2MA

, where MAc
2 = Amc2 −BE, (78)

and where the binding energy BE is a relativistic correction of O(0.01Amc2) ≈ 7 . . .8 ×
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A MeV. We also note that the PY nuclear masses reported in [299, 302] are in severe

disagreement with experiment, considering Eq. (78), as in the case of 208Pb, these authors

report a correction to the evaluated mass of about 10-15 GeV, almost an order of magnitude

larger than the known binding energy of 1.635 GeV.

D. Results

In this study, we implement the technique for restoration of translational invariance sug-

gested in the 1950’s by Peierls and Yoccoz [298] (PY), which has not been extensively used

in the literature since, only for nuclei with A ≤ 40 in Refs. [309–314], with the exception

of Ref. [302]. Ref. [313] is the latest and most complete study of restoring translational

invariance and projecting the CoM motion using the PY procedure. However, there are

several significant differences with this work, namely that the authors perform a mean field

calculation where the CoM kinetic energy is subtracted according to Eq. (71), and compare

with the results from a variation-after-projection (VAP) implementation of the PY proce-

dure, whereas our results are instead projection-after-variation (PAV), as we shall elaborate

below, so we cannot directly compare the magnitude of the CoM correction obtained by

these authors with our own. Nevertheless, as comparison with the results from these au-

thors shows, the difference between VAP and PAV in this case is about 1.5 MeV or less,

noticeably smaller than the results of the CoM energy reported here, but still important to

account for in light of the stringent astrophysics requirements mentioned above.

PY suggested a straightforward method for projecting an arbitrary many-body wave

function Φ(r1, . . . , rA) for A nucleons onto a specific value of the center of mass momentum,

CnΨn(r1, . . . , rA) = ∫
d3a

V
Φ(r1 − a, . . . , rA − a)e−iPn⋅(R−a)/h̵, (79)

where ∣Cn∣2 is the probability for finding the component of the original many-body wave

function with CoM momentum Pn in Φ(r1, . . . , rA),

Φ(r1, . . . , rA) = ⨋
n
CnΨn(r1, . . . , rA)eiPn⋅R/h̵. (80)

Here, V is the volume of the simulation box, and ⟨Φ∣Φ⟩ = ⟨Ψn∣Ψn⟩ = 1. From Eq. (79)

and (80), it is clear that if we do not restore translational invariance, our MBWF is a

superposition of states with different values of CoM momentum Pn. Recalling our discussion



117

of the two-body problem in the Motivation section, it is important to remember that the new

functions Ψn(r1, . . . , rA) are really only a function of A−1 coordinates, whereas our original

MBWF Φ(r1, . . . , rA) is a function of A coordinates. We must include the factor of 1/V in

Eq. (79) to ensure that this operation is a projector. Note that we are not displaying spin or

isospin coordinates as their presence does not affect the argument. In a finite simulation box

of size L = V 1/3, the intrinsic dynamics are characterized by a well-defined CoM momentum

Pn = 2πnh̵
L , where n = (nx, ny, nz) is an integer vector. Clearly, when we project on a specific

value of the CoM momentum, the ground state will be given by P ≡ 0 = (0,0,0). Making

use of this decomposition in Eqs. (79) and (80), one can show several useful results. Firstly,

concerning the new wave functions Ψn, we have

En = ⟨Ψn∣Ĥ − T̂CoM ∣Ψn⟩ ≡ ⟨Ψn∣Ĥ∣Ψn⟩, (81)

Ψn(r1, . . . , rA) ≠ Ψ0(r1, . . . , rA), if n ≠ 0, (82)

En ≠ Em, if n ≠m, and E0 < En, if n ≠ 0. (83)

Furthermore, concerning the most common approach in the literature, which is to calculate

the CoM energy using a wave function which is not translationally invariant, we see with

these new formulas that

⟨Φ∣Ĥ − T̂CoM ∣Φ⟩ = ⨋
n
∣Cn∣2En >E0, ⨋

n
∣Cn∣2 = 1, (84)

and, Eq. (71), can be seen to take on the form

ECoM “=” − ⟨Φ∣T̂CoM ∣Φ⟩ = −⨋
n
∣Cn∣2

∣Pn∣2
2Am

, (85)

where we have used “=” to emphasize that, in light of this new formulation, the claim that

this expression is actually the CoM energy is dubious. Indeed, we see that this expression

is actually a sum over all excited states of the CoM momentum, whereas we obviously only

want the ground state value. As we are performing a projection on zero CoM momentum,

we transparently now have

⟨Ψ0∣T̂CoM ∣Ψ0⟩≡0, ⟨Ψ0∣P̂CoM ∣Ψ0⟩≡0. (86)

And perhaps most significantly, we have

Egs = E0 = ⟨Ψ0∣Ĥ∣Ψ0⟩< ⟨Φ∣Ĥ − T̂CoM ∣Φ⟩. (87)
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FIG. 48. The solid lines show the many-body wave function overlap ⟨Φ(a)∣Φ(0)⟩ as a function of

a2, which exhibits a clear Gaussian profile, ⟨Φ(a)∣Φ(0)⟩ ≈ exp[−a2/(2σ2
O)], for the DFT ground

states of four spherical nuclei. The dashed lines show the Hamiltonian overlap ⟨Φ(a)∣H ∣Φ(0)⟩

normalized to ⟨Φ(0)∣H ∣Φ(0)⟩. In the inset we plot the quantity H(a,0), see Eq. (94), normalized

to the absolute value ∣H(0,0)∣.

Although this last result is straightforward to obtain, we do not believe it has ever been pre-

sented in the literature before. These new formulas reveal that the usual prescriptions used

to calculate the CoM energy within DFT and other mean field theories, Eqs. (71),(84),(85),

and a fortiori (72) are necessarily inaccurate. It is clear from Eq. (85) that this expression

for the CoM kinetic energy contains contributions from all excited states with nonzero CoM

momentum,

∣Cn∣2 = ∫
d3a

V
exp(iPn ⋅ a

h̵
) ⟨Φ(a)∣Φ(0)⟩ (88)

≈ (
√
2πσO)3
V

exp(−
∣Pn∣2σ2

O
2h̵2

) ≪ 1, (89)

see Fig. 48 for more details.

We offer an explanation as to why the expression ⟨Φ∣Ĥ − T̂CoM ∣Φ⟩ does not produce an

accurate estimate of the ground state energy. The Hamiltonian for the intrinsic motion is

given by Ĥ − T̂CoM , and the intrinsic ground state energy is determined by the intrinsic
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translationally invariant MBWF ∣Ψ0⟩≠∣Φ⟩. In order to evaluate the ground state Slater

determinant ∣Φ⟩, one perturbs the intrinsic Hamiltonian by adding back T̂CoM , which can

be thought of as a small “perturbation.” However, going to first order in perturbation theory

is insufficient to obtain a physically accurate estimate of the ground state energy Egs, and

one must go to at least second order, where it is known that the correction to the ground

state energy is negative, hence the inequality in Eq. (87).

The PY approach to CoM correction avoids many of the issues with Eq. (71). Specifically,

this equation does not actually restore the translational invariance of the MBWF but instead

merely tries to correct the energy, which is methodologically inconsistent with the other

symmetry restoration approaches, in which the functional form of the MBWF is actually

modified to restore the broken symmetry, see discussion below. Furthermore, Eq. (71)

neglects the role of nuclear interactions, and includes contributions from excited states, see

Eqs. (84), (87). The PY translational symmetry restoration approach operates in an identical

manner to the complete delocalization of electron states into Bloch waves in conductors

conductors [315]. While the COM motion in our initial Slater determinant wave function

Φ(r1, . . . , rA) is strongly localized−recall the harmonic oscillator case in the Motivations

section−the wave functions Ψn(r1, . . . , rA)eiPn⋅R/h̵ are fully delocalized. From Eq. (89), we

obtain the volume of the region in which the CoM fluctuates, which is (
√
2πσO)3 = 3.86

fm3 and 0.17 fm3 for 16O and 208Pb, corresponding to cubes of side 1.57 fm and 0.55 fm for
16O and 208Pb respectively, see Table VI. We can use Eq. (89) to estimate the CoM energy

from Eq.(85), and the values are in good agreement with those reported in Table VI, as they

should be. Using our results, Eqs. (84, 85), or those of [118], who use Eq.(71), we obtain that

∣Cn∣2 exhibits a maximum at CoM momentum ∣Pn∣ = 315 MeV/c for 16O and 895 MeV/c for
208Pb, which points to a sizable width of the CoM momentum distribution in the mean field

theory ground state Slater determinant in the absence translational symmetry restoration.

As was mentioned above, the PY symmetry restoration approach operates on the same

principles as other symmetry restoration approaches, namely that the symmetry is reinstated

at the level of the mathematical functional form of the many-body wave function, see for

example the case of the projection to zero total angular momentum in the case of an even-

even deformed nucleus [11],

P̂ 0
00∣Φ⟩ = ∫

dΩ

8π2
D0

00(Ω)R̂(Ω)∣Φ⟩, (90)
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Nucl. ECoM TCoM rmat ∆rmat rch ∆rch σO ∆σ

16O -10.05 -11.20 2.66 0.058 2.67 0.058 0.626 0.010

40Ca -9.20 -9.62 3.38 0.020 3.40 0.021 0.429 0.003

48Ca -9.03 -9.68 3.53 0.015 3.44 0.014 0.392 0.002

90Zr -8.46 -8.43 4.26 0.008 4.22 0.007 0.305 0.0009

100Sn -8.31 -8.31 4.39 0.006 4.43 0.006 0.290 0.0008

132Sn -7.78 -8.00 4.82 0.005 4.69 0.004 0.263 0.0005

208Pb -7.21 -7.26 5.57 0.003 5.49 0.003 0.220 0.0003

TABLE VI. Center of mass energy ECoM is defined in Eq. (91). The CoM kinetic energy TCoM

is defined in Eq. (106), see below. rmat,∆rmat, rch,∆rch are the matter and charge radii, as well

as the amount by which they change upon performing the PY CoM projection. All data reported

here are for self-consistent Hartree-Fock calculations implemented using the SeaLL1 nuclear energy

density functional [12]. The mass dependence of the CoM energy is approximately captured by

ECoM ≈ (−17.3 ± 0.7)A−1/6 MeV and TCoM ≈ (−17.93 ± 0.26)A−1/6. Note that we did not include

the nucleon charge form factors in these calculations. These form factors are used when evaluating

charge densities as corrections using the FA
2 convolution approximation [172, 316, 317]. The last

two columns list the fitted standard deviations of the obviously gaussian norm and Hamiltonian

overlaps shown in Fig. 48. The standard deviation of the Hamiltonian overlap is reported as ∆σ,

the increase relative to the standard deviation of the norm overlap σO.

and also the projection onto a state of definite particle number in the case of a system with

pairing correlations, where before projection the MBWF is a superposition over states with

different particle numbers. Restoring broken symmetries in this manner, by constructing

MBWFs which are explicitly invariant under the relevant mathematical transformation, is

therefore accomplished using precisely the same principles for all broken symmetries in mean

field theory, including translational, rotational, and gauge symmetries. This is one strong

argument in favor of the PY approach to restoring translational invariance, and against the

technique exemplified in Eq. (71), which only offers an estimate of the CoM kinetic energy,

but does not restore the broken symmetry.

In the PY framework, the correct CoM energy correction to the binding energy is given
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by

ECoM = ⟨Ψ0∣Ĥ∣Ψ0⟩ − ⟨Φ∣Ĥ∣Φ⟩ = Egs −EMF ≤ 0. (91)

A simple change of variables gives a slightly nicer expression for the ground state energy,

Egs =
⟨Ψ0∣Ĥ∣Φ⟩
⟨Ψ0∣Φ⟩

= ∫
d3a⟨Φ(a)∣Ĥ∣Φ(0)⟩
∫ d3a⟨Φ(a)∣Φ(0)⟩

. (92)

We note that this expression for the ground state energy is precisely a generator coordinate

method (GCM) expression [11, 43], a topic to which we shall return in the next chapter of

this thesis on the Enhanced Generate Coordinate Method, which we apply to the problem of

heavy ion collisions. Indeed, the PY MBWF in Eq. (79), Ψ0(r1, . . . , rA), for the projection

on zero CoM momentum is precisely of the GCM form advocated a few months later in

the same year, 1957, by Griffin and Wheeler [43]. Standard formulas already exist in the

literature for GCM expressions of this type, see Ring and Schuck [11],

⟨Φ(a)∣Ĥ∣Φ(0)⟩ = ⟨Φ(a)∣Φ(0)⟩H(a,0), (93)

H(a,0) = [Tr(T̂na,0) + 1

2
Tr1Tr2(na,0V̂2n

a,0) + ...] , (94)

na0(r, σ∣r′, σ′) = ⟨Φ(a)∣ψ
†(r′, σ′)ψ(r, σ)∣Φ(0)⟩
⟨Φ(a)∣Φ(0)⟩

, (95)

where T̂ is the one body part of the Hamiltonian (typically the kinetic energy and possibly an

applied external potential), V̂2 is the two-body interaction, ψ and ψ† are the field operators,

and the ellipses are for terms arising from anomalous densities when present, three-particle

interactions, etc. The PY CoM energy Eq. (91) and Eq. (92) thus clearly reveal that the

effects of nuclear interactions must be accounted for when calculating the CoM energy, a

contribution which is clearly absent from the commonly used correction Eq. (71), although

in practice the magnitude of the contribution from the interactions appears to be small, see

Table VI, particularly for heavier nuclei.

In the case of single Slater determinants, the norm overlap ⟨Φ(a)∣Φ(0)⟩ is particularly

simple, just being given by the determinant of the single particle overlap matrix, M ,

Mkl(a) = ⟨ϕk(a)∣ϕl(0)⟩, ⟨Φ(a)∣Φ(0)⟩ = DetM(a). (96)

To evaluate the nuclear binding energy using Eq. (92), we require the new one-body “tran-
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sition” density matrix,

na0(r, σ∣r′, σ′) = ⟨Φ(a)∣ψ
†(r′, σ′)ψ(r, σ)∣Φ(0)⟩
⟨Φ(a)∣Φ(0)⟩

= ∑
kl

ϕk(0∣r, σ)ρa0kl ϕ∗l (a∣r′, σ′), (97)

ρa0kl =
⟨Φ(a)∣c†l ck∣Φ(0)⟩
⟨Φ(a)∣Φ(0)⟩

=M−1
kl (a), (98)

These new transition density matrices obey the following relations

⨋
r′,σ′

na0(r, σ∣r′, σ′)na0(r′, σ′∣r′′, σ′′) = na0(r, σ∣r′′, σ′′), (99)

⨋
r
na0(r, σ, r, σ) = A (total particle number), (100)

ϕk(0∣r, σ) = ⟨0∣ψ(r, σ)c†k∣0⟩, ∣ϕk(0)⟩ = c†k∣0⟩, (101)

ψ†(r′, σ′) = ∑
l

ϕ∗l (r′, σ′)c
†
l , ψ(r, σ) = ∑

k

ϕk(r, σ)ck, (102)

∣Φ(0)⟩ = ∏
m

c†m∣0⟩. (103)

Eq. (99) clearly demonstrates that, like the standard density matrix, the new transition

density matrix is also a projector. This object was first introduced by Löwdin [318], and it

can be used to evaluate the Hamiltonian overlap ⟨Φ(a)∣Ĥ∣Φ(0)⟩ for any type of interactions

between fermions, including the case of density functional theory, where this number density

and the related kinetic, current, and spin-orbit transition densities enter into the density

functional exactly as in the case of the familiar Skryme-like Hartree-Fock expression. In

other words, this approach is identical to that of Kohn and Sham [319], in which a Hartree-

like EDF is defined in terms of the various densities listed above, and which is ubiquitous in

the literature nowadays for the treatment of electronic systems [320, 321], and which is also

in alignment with current approaches for symmetry restoration in finite systems [299]. One

can also make a strong argument that one can use this approach of using transition densities

with an energy density functional for the case of the Unitary Fermi Gas [67, 110, 215, 273],

where a simple argument by dimensional analysis reveals that fractional powers of number

densities must appear in the functional. This approach is consistent with the Hohenberg-

Kohn theorem [13], which states that the exact many-body wave function is determined in

terms of the number density alone, although it does not describe how to construct such a

functional.
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In cases where symmetry is present, for example closed-shell spherical nuclei, with zero

total angular momentum, one can use the symmetry to speed up the calculation of the

matrix elements ⟨Φ(a)∣H ∣Φ(0)⟩ and ⟨Φ(a)∣Φ(0)⟩ using

∫ d3a⟨Φ(a)∣Ĥ∣Φ(0)⟩ ≡ 4π∫
∞

0
daa2⟨Φ(a)∣Ĥ∣Φ(0)⟩, (104)

∫ d3a⟨Φ(a)∣Φ(0)⟩ ≡ 4π∫
∞

0
daa2⟨Φ(a)∣Φ(0)⟩, (105)

where the shift a can be evaluated only along one axis, for example a = (0,0, a). When

we calculate the norm and Hamiltonian overlaps, we find them to be essentially Gaussian

over a wide range of displacements a, see Fig. 48. Similar formulas can be derived for the

case of azimuthal symmetry, and furthermore, once the Gaussian character of the overlap

is established, say using a few values of a, one can simply use the standard expressions for

Gaussian integrals rather than numerically evaluating the formulas above.

In addition to calculating the center of mass energy, we also calculated the center of mass

kinetic energy, as well as the matter and charge RMS radii after performing the projection

onto zero CoM momentum. We find rather small changes in the density distribution after

performing the projection, which can be evaluated using

TCoM = ⟨Ψ0∣T̂∣Ψ0⟩ − ⟨Φ∣T̂∣Φ⟩, (106)

n̂(r) = ∑
σ

ψ†(r, σ)ψ(r, σ), (107)

∆n(r) = ⟨Ψ0∣n̂(r)∣Ψ0⟩ − ⟨Φ∣n̂(r)∣Φ⟩, (108)

(∆rch,mat)2 = ∫ d3r r2∆n(r), ∫ d3r∆n(r) ≡ 0. (109)

In Table VI, we summarize our findings for magic nuclei 16O, 40Ca, 48Ca, 90Zr, 100Sn, 132Sn,

and 208Pb, where we display ECoM (91), TCoM (106), and the matter and charge distribution

radii and their change before and after CoM projection as defined in Eq. (109). We also list

the standard deviations for the norm and Hamiltonian overlaps, which are clearly Gaussian

as a function of the offset a, as we mentioned above. All calculations were performed

using the SeaLL1 nuclear energy density functional [12], which provides one of the best

descriptions of a rather wide range of nuclear properties across the nuclear chart, within

density functional theory extended to include superfluid effects, while utilizing only seven

parameters, each related to a well-known quantity in nuclear physics: equilibrium energy

and density of homogenous nuclear matter, symmetry energy and its density dependence,
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surface tension, and pairing and spin-orbit couplings, albeit without any symmetry and zero-

point fluctuations corrections. These calculations were performed self-consistently within a

cubic box large enough to fit each nucleus, and with a lattice constant l = 1 fm.

Using a different functional, Schmid and Grümmer [310] and Schmid and Reinhard [311]

observed differences in the number densities for 16O before and after the projection procedure

for radii r < 1.5 fm approximately, which are comparable to what we obtain with our lattice

constant l = 1 fm. These authors considered the charge form factor at momentum transfer

q > 2 fm−1, where the charge form factors change at the level 10−4 with respect to the

maximum, which is consistent with what we present here.

Another approach which addresses similar problems as DFT is the nuclear many-body

Schrödinger equation, in which the parameters of interparticle interactions are extracted

from phenomenological investigations, which are in turn based on partial knowledge of

the energy-dependence and partial wave decomposition of the cross sections, and which

also incorporate some inferences from QCD extrapolated to low momenta below ΛQCD =

600 . . .1000 MeV. There are a variety of drawbacks to this approach, often called “ab ini-

tio.” (There are, of course, drawbacks to DFT as well.) In addition to the considerations

just mentioned, one must often use a large number of parameters to describe the inter-

particle potentials, for example the two-nucleon interaction alone requires more than 20

parameters [322, 323]. And even with this large number of parameters, the binding energy

calculated for 208Pb deviates by about 200 MeV(!) [324] from the experimentally determined

value, which is worse by about two orders of magnitude than the accuracy of phenomenolog-

ical DFT models [12, 101, 118, 301] or the RMS of the liquid drop mass formula. Low energy

microscopic approaches such as these ab initio methods cannot yet access interparticle sep-

arations less than the sum of the nucleon radii, thus less than roughly πh̵c/ΛQCD = O(1)

fm. Significant efforts are being made to extend these methods to large momentum trans-

fer, but these approaches are limited to very light nuclei so far [325, 326], but see also

Refs [172, 316, 317]. One limitation of ab initio methods is that nucleon number densities,

which are one-body operators, see Eq. (107), require the addition of complicated 2- and 3-

body operators [326] derived from nuclear MBWFs, sometimes requiring multi-dimensional

integrations over 3A coordinates, which can be extremely expensive and thus limits the

applicability of these methods to rather light nuclei [327].
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E. Conclusions

The first significant result we demonstrated in this paper is that the CoM energy con-

stitutes a significant correction to the nuclear binding energy for all nuclei. We have fur-

thermore demonstrated the dependence of the CoM energy on the nuclear mass. Due to

other authors using different NEDFs, it is difficult to directly compare our results to those of

others; however, it is notable that our estimate for ECoM is consistently about 1 MeV larger

in magnitude than all other results reported in the literature for medium- and large-mass

nuclei. The translationally invariant many-body wave function leads to a more deeply bound

nucleus than the mean field result, as demonstrated using Eq. (87) and the surrounding ar-

guments. Another rather surprising result we presented here is that, although interparticle

interactions must be accounted for when calculating the CoM energy, see Eq. (91), their

contribution is in practice small in comparison to the contribution from the kinetic energy,

with the exception of the lighter nuclei. This makes sense, as the nuclear surface plays a

more significant role for light nuclei, and thus in these systems we expect the effects of finite

range nucleon interactions to be enhanced.

We have thus argued that the Peierls and Yoccoz [298] prescription is the appropriate way

to restore translational invariance and calculate the CoM energy correction to the nuclear

binding energy. This approach is methodologically consistent with other approaches for

symmetry restoration. It also also evaluates ECoM using a translationally invariant MBWF,

and so the energy is not contaminated with contributions from the excited states of the

nucleus, in contrast to the widely used correction −⟨Φ ∣ P̂
2
CoM

2Am ∣Φ⟩. The PY approach also

consistently leads to a more deeply bound nucleus when compared with this other commonly

used approach for calculating the CoM energy.



126

XI. MULTINUCLEON TRANSFER REACTIONS IN LOW ENERGY HEAVY

ION COLLISIONS USING THE ENHANCED GENERATOR COORDINATE

METHOD

In this section, we very briefly present preliminary results concerning the application of

the “enhanced” generator coordinate method (eGCM) [328] to the problem of multi-nucleon

transfer reactions in low energy heavy ion collisions.

A. Introduction

Although time-dependent density functional theory (TDDFT) is a fully quantum me-

chanical many-body framework, when one investigates collective motion such as nuclear

fission or heavy ion collisions within TDDFT, at the level of densities, the motion still ap-

pears semiclassical. This is a problem because it is known that quantum interference and

entanglement can be crucial for the proper treatment of quantum dynamics, and so steps

must be taken to incorporate the missing physics. It is expected that properly accounting

for these effects will be crucial for the accurate description of, for example, the synthesis of

superheavy elements in multinucleon transfer reactions [328].

It was recently demonstrated by A. Bulgac [328] that there exists an extension or en-

hancement of the generator coordinate method (GCM), which is a generic procedure for

constructing a many-body wave function with certain desired properties by taking a suit-

able linear combination of other MBWFs, and which is used, for example, in the restoration

of broken symmetries in many-body wave functions, see Sec. X. In the original GCM in nu-

clear physics due to Griffin and Wheeler [329], a set of (typically ground state) many-body

wave functions is parameterized by some generator coordinate Q as Φ(ξ1, . . . , ξA∣Q), and

then the GCM many-body wave function is constructed according to

Ψ(ξ1, . . . , ξA) = ⨋
Q
f(Q)Φ(ξ1, . . . , ξA∣Q), (110)

where f(Q) is the weight function. The time-dependent extension of GCM, TDGCM, due to

Reinhard et al. [330], introduced in 1983, replaces the ground state MBWFs Φ(ξ1, . . . , ξA∣Q)

with time dependent mean field wave functions Φ(ξ1, . . . , ξA∣Q, t), which are now parame-

terized by both a generator coordinate and by time, with the hope that one might describe
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large amplitude collective motion such as nuclear fission in this manner. The TDGCM

many-body wave function then takes the form

Ψ(ξ1, . . . , ξA, t) = ⨋
Q
f(Q, t)Φ(ξ1, . . . , ξA∣Q, t), (111)

and where now the weight function f(Q, t) depends on time. Although this wave function

has a more complex structure than the original GCM, the assumption on which this approach

relies, and which Bulgac [328] argues is unjustifiable, is that these various trajectories are

started simultaneously, and that no mixing between different times is allowed. The eGCM

ansatz [328] for the many-body wave function starts again from a set of time-dependent mean

field many-body wave functions Φ(ξ1, . . . , ξA∣Q, t) as in TDGCM, but one then promotes the

time coordinate to the status of another generator coordinate, in which case the many-body

wave function takes on the form

ΨeGCM(ξ1, . . . , ξA) = ⨋
Q,τ

f(Q, τ)Φ(ξ1, . . . , ξA∣Q, τ). (112)

Mixing is therefore allowed between states at different times, and as we show in the prelimi-

nary results in the next section, this mixing does indeed occur for the problem of low energy

heavy ion collisions. To determine the weight function, we solve the eGCM equations, which

are given by

⨋
Q′,τ ′
⟨Φ(Q, τ)∣Ĥ ∣Φ(Q′, τ ′)⟩f(Q′, τ ′) = E ⨋

Q′,τ ′
⟨Φ(Q, τ)∣Φ(Q′, τ ′)⟩f(Q′, τ ′). (113)

The eGCM equations therefore constitute a generalized eigenvalue problem, for which the

norm overlap matrix

⟨Φ(Q, τ)∣Φ(Q′, τ ′)⟩ (114)

and the Hamiltonian overlap matrix

⟨Φ(Q, τ)∣Ĥ ∣Φ(Q′, τ ′)⟩ (115)

must both be computed.

B. Results

To test the eGCM formalism, we ran time-dependent Hartree-Fock (TDHF) simulations

of the collision of 48Ca and 208Pb at the energy 235 MeV, which is above the Coulomb
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FIG. 49. The initial impact parameters for the low energy TDHF heavy ion collisions to which we

are applying the eGCM technique. Red circles indicate runs included in the current dataset under

consideration. White circles indicate a more general study to be undertaken in the future. Dark

red circles indicate points where redundancy could have occurred under reflections, and which we

therefore took care to only include once.

barrier, in the COM frame at a variety of impact parameters, which are arranged as shown

in Fig. 49. These initial impact parameters serve the role of the Q generator coordinates

for this problem, with Q = (bx, by). The Slater determinant wave functions are saved every

32 fm/c during the TDHF time evolution, and from these wave functions we have so far

calculated the eGCM norm overlap matrix, see Eq. (114). The matrix elements for the proton

norm overlap matrix are shown in Fig. 50, where there is clearly considerable mixing between

states evaluated at different times, as indicated by the many nonzero matrix elements located

in blocks off the block diagonal of the matrix, see also the caption of Fig. 50.

We diagonalized the eGCM overlap matrix, and also the TDGCM overlap matrix for com-

parison, which one obtains by only including nonzero matrix elements in Eq. (114) when

τ = τ ′. The eigenvalue spectra look essentially indistinguishable, see Fig. 51. Neverthe-

less, although the eigenvalues of the norm overlap matrix are visually indistinguishable, the

eigenvectors tell a very different story. The degree of localization of a single-particle wave
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FIG. 50. The proton norm overlap matrix, zoomed in on the region where many of the colliding

nuclei are in “orbiting” configurations and nearing separation. Each block, bordered by thin lines,

represents a set of overlaps {⟨Φ(Q, τ)∣Φ(Q′, τ ′)}Q,Q′ , where τ ≠ τ ′, except for the blocks on the

diagonal. Note that in the case of TDGCM as it is usually presented, only the diagonal blocks would

be contain non-zero elements, but considerable off-diagonal matrix elements are clearly present.

function can be assessed by way of the inverse participation ratio (IPR), which is given by

IPR(ψ) = ∑
i

∣ψi∣4. (116)

For a fully delocalized state on a lattice containing N points, it will be the case that IPR =

1/N , where for a fully localized state, we will have IPR = 1. In the case of TDGCM,

the IPR is generally an order of magnitude larger because by construction TDGCM never

allows for the superposition of states at different times. Given that the initial conditions
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FIG. 51. Eigenvalue spectra of the eGCM norm overlap matrix and TDGCM norm overlap matrix

for comparison, for protons, neutrons, and the total.

for this dataset consist of 152 impact parameters arranged in a ring, at most the TDGCM

eigenfunctions can be a superposition of 152 states, corresponding to a minimum IPR of

1/152. For eGCM by contrast, the eigenstates are considerably more delocalized, involving

superpositions over a much larger set of states at different times. The minimum possible

value of the IPR for eGCM would be a uniform superposition of all MBWFs in our dataset,

corresponding to IPR = 1/8078. In Fig. 52, we see that the eGCM IPR is generally much

lower than it is for the case of TDGCM, indicating that eGCM eigenstates will be much

more delocalized than the standard TDGCM case.

Although these results have only been obtained so far for the norm overlap matrix, they

provide a convincing argument that the full weight functions, f(Q, τ), obtained by solving

the eGCM equations, will also display a great deal of mixing between states at different

times, which indicates that this mixing must be allowed for a proper treatment of the

problem of low energy heavy ion collisions, and very probably also for the case of nuclear

fission dynamics as well.
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of delocalization for the case of eGCM.
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