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Abstract
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Chair of the Supervisory Committee:
Jon Wakefield

Department of Statistics

This dissertation develops statistical methodology for small area estimation, the analysis

of official statistics, and mortality estimation. All methods are developed with the statistical

challenges faced in data from low- and middle-income countries in mind. We first consider

a problem in small area estimation known as benchmarking, where subnational estimates

must agree in some sense with a national estimate or estimates. We then consider two

related problems addressing data challenges specific to low- and middle-income country child

mortality data, where data comes from a survey, is interval censored, and may need to be

smoothed across time to ensure reasonable and precise estimates in situations with little

data. The outline of the dissertation is as follows. In Chapter 2, we propose a benchmarking

method for subnational estimates of a proportion in a setting where a national estimate

is available with uncertainty. In Chapter 3 we develop a pseudo-likelihood approach to

mortality estimation that allows us to obtain continuous mortality curves for children under

the age of 5 across time from interval-censored survey data. In Chapter 4 we consider different

temporal smoothing models for the direct estimates produced in Chapter 3, and develop a

multivariate random walk prior to simultaneously smooth multiple, correlated summaries

across time. Finally, we conclude with discussion of future work in Chapter 5.
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Chapter 1

INTRODUCTION

Child mortality estimates are important health indicators for countries, and are one

metric through which countries may monitor their progress towards the Sustainable Devel-

opment goals (United Nations General Assembly, 2015). Child mortality estimation in low-

and middle-income countries (LMICs), where child mortality is particularly high and may

follow dissimilar trends to high income countries, contains specific challenges for modelers

related to survey data and sparsity of information. This dissertation aims to address some

of the challenges in the particular context of estimating child mortality in LMICs. Chapter

2 addresses the need to reconcile subnational, official statistics, with national estimates that

are estimated with uncertainty. In Chapter 3 we develop a pseudo-likelihood approach to

child mortality estimation that produces a full survival curve for children under the age of

5. Chapter 4 builds upon this pseudo-likelihood approach, and considers various tempo-

ral smoothing models that can produce simultaneously smoothed estimates of the neonatal

mortality rate (NMR) and under-5 mortality rate (U5MR).

Estimates of child mortality are often produced in an official statistics context; for ex-

ample, national and subnational estimates produced by the UN Inter-Agency Group for

child Mortality Estimation (UN IGME) (Alkema and New, 2014; Li et al., 2019). In recent

times, the data used to obtain estimates of child mortality in LMICs primarily arise from

nationally representative surveys, such as the Demographic and Health Surveys (DHS) or

Multiple Indicator Cluster Surveys (MICS) rather than vital registration or census data.

Since survey data is particularly sparse in small areas, subnational estimates of mortality

typically rely on model-based approaches that incorporate spatial and temporal smoothing

to obtain estimates in all subnational regions with reasonable precision. National estimates
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may be produced with use of additional data, and need not be model-based if sufficient data

is present. These circumstances typically lead to a problem specific to official statistics,

concerning a lack of internal consistency between national and subnational estimates. By

consistency, we mean that subnational estimates and national estimates must agree in some

sense; typically a population weighted sum of subnational estimates should equal a national

estimate. The process of enforcing this agreement is known as benchmarking. Traditionally,

benchmarking approaches have been developed for situations where national estimates are

estimated with no uncertainty, and are unbounded. For estimating prevalences of disease

or mortality at a subnational levels in LMICs, we have national estimates with an asso-

ciated measure of uncertainty and outcomes that lie between 0 and 1. In Chapter 2, we

develop a computationally efficient approach to benchmarking that addresses the gap in the

benchmarking literature with regards the unique concerns when estimating outcomes that

lie between 0 and 1 in LMICs.

Just as benchmarking approaches have been developed primarily in a high-income coun-

try setting, so too have continuous parametric survival models for mortality. Continuous,

parametric approaches to estimating U5MR provide appealingly simple interpretations of

parameters, as well as necessary structure to estimates produced when little data is avail-

able. Existing approaches that provide continuous survival curves for children under the age

of 5 have been shown to insufficiently capture the pattern of mortality in LMICs (Guillot

et al., 2022; Eilerts et al., 2021), with bias towards patterns seen in high-income countries.

In Chapter 3, we propose a pseudo-likelihood approach to estimating a continuous, para-

metric survival curve for children under the age of 5 that addresses key issues specific to

LMICs including complex survey design aspects and patterns of mortality that differ from

high income countries, such as late or early patterns of mortality (Guillot et al., 2022). Our

approach is compatible with a variety of parametric models, and we include assessments for

parametric model fit using a survey-weighted non-parametric maximum likelihood estimate

(NPMLE).

One aim of Chapter 3 is to assess whether certain parametric assumptions seem rea-



3

sonable when there are large amounts of survey data available to produce estimates at a

national level, so that those assumptions, if reasonable, may be applied in scenarios with

less data to obtain more precise estimates. These scenarios include estimates produced at a

subnational level, or estimates at a fine temporal scale where survey data is relatively sparse

in LMICs. In such cases, smoothing is needed to provide precise estimates across space and

time, though the form of smoothing model may differ. In Chapter 4, we propose a flexible

type of multivariate Gaussian Markov random field (GMRF) that can smooth multiple, po-

tentially correlated parameters across space or time. We apply our method to NMR, the

infant mortaliry rate (IMR) and U5MR from the 27 districts of mainland Malawi over a ten-

year period. We compare smoothed parameter estimates from Chapter 3’s pseudo-likelihood

approach to those from a simple random walk on point estimates. Our proposed approach

has the benefit of guaranteeing that smoothed estimates of NMR, IMR, and U5MR obey the

logical constraint NMR < IMR < U5MR.

We conclude with a discussion of future work in Chapter 5.
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Chapter 2

A COMPUTATIONALLY EFFICIENT APPROACH TO FULLY
BAYESIAN BENCHMARKING

2.1 Introduction

In a public health context, small area estimates, where small areas are defined as domains

with little to no data, are often produced by official statistics agencies for the purpose of

informing targeted public health interventions. In small area estimation, where we have by

definition little to no data in certain domains, it may not be possible to obtain direct, survey

estimates with reasonable precision. In these settings, model-based methods are often used

when estimates at small levels of aggregation are required (Rao and Molina, 2015). Model-

based methods that incorporate spatial random effects, in the absence of reliable covariate

information, allow for estimates in all small areas to be produced with little to no data,

introducing some bias into the estimates in exchange for tighter interval estimates (Knorr-

Held, 2000; Riebler et al., 2016; Wakefield et al., 2020). Area-level models, such as the

popular Fay-Herriot model (Fay and Herriot, 1979), consider data at the level of the small

area, whereas unit-level models consider data at the level of the individual or cluster (Battese

et al., 1988). When area-level sample sizes are particularly small, unit-level models may be

more desirable. For a review of both area-level and unit-level models, see Chapters 4-7 of

Rao and Molina (2015).

It is often required that small area estimates agree with estimates at a higher level of

aggregation. For example, subnational estimates may be required to aggregate to a national

level estimate. These higher level estimates are referred to as benchmarks, and are fre-

quently considered more reliable than small area estimates since more data are available to

inform them, or they are direct (weighted) estimates and therefore less dependent on model
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assumptions. Note that benchmarking as we consider it in this chapter is distinct from cali-

bration weighting (Särndal et al., 2003; Si and Zhou, 2020). The latter involves incorporating

known, population-level covariate information into a model to adjust for potential bias in a

subnational model, while the former involves incorporating known, population-level outcome

information into a model to enforce internal consistency in an official statistics setting.

Benchmarks may be from the same data source that was used to produce small area es-

timates or from an outside source, referred to as internal benchmarking and external bench-

marking, respectively (Bell et al., 2013). In an internal benchmarking setting, the use of

the same data twice—once to calculate model-based small area estimates and also to define

benchmarks at a higher level of spatial aggregation—may lead to an understating of statisti-

cal uncertainty unless additional care is taken. The method of You et al. (2002) can be used

to quantify the posterior MSE of an internally benchmarked predictor in a Bayesian context.

We also direct the reader to Pfeffermann and Tiller (2006) for an approach to assessing the

uncertainty of internally benchmarked predictors. We note that the particular applications

we consider in this chapter are in an external benchmarking setting, and that this setting

is relatively common in global health applications (Osgood-Zimmerman et al., 2018; Eaton

et al., 2021) as well as more recent applications in agriculture (Chen et al., 2022). Internal

benchmarking settings and their limitations are outside the scope of this chapter. We di-

rect the reader to Pfeffermann and Tiller (2006) for one approach to assess uncertainty of

internally benchmarked estimators.

Many existing benchmarking approaches treat benchmarking as a constraint problem,

where estimates at smaller areas are constrained to agree with estimates at a higher level of

aggregation. Approaches vary by the ways in which constraints have been incorporated into

a modeling framework, and as such, the interpretation of resulting benchmarked estimates

varies by approach as well. There are many ways to categorize benchmarking approaches,

but one we consider is a one-step versus two-step procedure. In a two-step procedure, esti-

mates and uncertainty are first obtained from a model that is agnostic to the benchmarking

constraint and are then adjusted to satisfy the benchmarking constraint. Datta et al. (2011);
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Ghosh and Steorts (2013); Steorts et al. (2020); Wang et al. (2008); Patra and Dunson (2018);

Patra (2019); Ghosh et al. (2015); Williams and Berg (2013) and Berg and Fuller (2018) all

consider a two-step procedure where benchmarked estimates are calculated by minimizing

posterior expected loss (for a given loss function) subject to a benchmarking constraint.

Unbenchmarked estimates are first obtained, and then projected into a constrained space.

Other two-step procedures include difference benchmarking and ratio benchmarking (hence-

forth referred to as raking), described in Erciulescu et al. (2019). Again, a model that is

agnostic to the benchmarking constraint is first fit, and then estimates are adjusted by a con-

stant, constructed via a population-weighted average, so that the benchmarking constraint

is satisfied (Erciulescu et al., 2019, 2018, 2020). You et al. (2002) consider a hierarchical

Bayesian model for unbenchmarked estimates, but obtain benchmarked estimates using the

raking method, and quantify uncertainty via posterior MSE as opposed to estimating full

posterior distributions for benchmarked estimates.

Other benchmarking approaches incorporate the benchmarking constraint into the data

likelihood—referred to as an augmented model in Bell et al. (2013), Berg and Fuller (2018),

and Stefan and Hidiroglou (2021)—and thus produce automatically benchmarked estimates

in a single modeling step. You and Rao (2002) also follow this approach, and refer to this

as a “self-benchmarking” property.

Others (Nandram and Sayit, 2011; Janicki and Vesper, 2017; Erciulescu et al., 2019; Nan-

dram et al., 2019; Zhang and Bryant, 2020) propose benchmarking approaches that produce

full, benchmarked posterior distributions for small area estimates, making uncertainty quan-

tification straightforward in an external benchmarking setting. Following Zhang and Bryant

(2020), we refer to such approaches as fully Bayesian benchmarking approaches. Note that

we consider this type of approach to be distinct from fitting a Bayesian model and bench-

marking only point estimates. Nandram and Sayit (2011) develop a fully Bayesian bench-

marking approach specifically for betabinomial models. Janicki and Vesper (2017) perform

fully Bayesian benchmarking by minimizing the KL divergence between a benchmarked and

unbenchmarked posterior using moment constraints. Nandram et al. (2019) perform fully
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Bayesian benchmarking using a transformation of the benchmarking constraint that corre-

sponds to “deleting” a single small area, but note that benchmarked estimates vary based

on which area is deleted. Erciulescu et al. (2019) consider four different benchmarking ap-

proaches, one of which is the Bayesian method described in Nandram and Sayit (2011),

and three of which involve fitting a hierarchical Bayesian model and benchmarking point

estimates using ratio or difference benchmarking. Zhang and Bryant (2020) develop a fully

Bayesian benchmarking approach that produces full posterior distributions conditional on

either a soft (inexact) or hard (exact) benchmarking constraint.

Benchmarking approaches have also been developed in a time series context, with certain

similarities to small area estimation in requiring finer estimates in time to agree with a aggre-

gate estimates accross multiple years (Dagum and Cholette, 2006). Different benchmarking

approaches are more or less appealing than others—depending on context—with regards

to obtaining measures of uncertainty, computational tractability, and the way in which the

benchmarking constraint is enforced.

Benchmarking methods may also differ depending on whether benchmarking must be

exact or inexact. In exact benchmarking, as the name suggests, the benchmarking constraint

must hold exactly, whereas in inexact benchmarking the constraint must hold within some

margin of error. The latter can be viewed as a soft constraint as opposed to a hard constraint.

Exact benchmarking may be appropriate if the benchmarks are unbiased and have little

to no uncertainty, which can occur when they come from a census (Trabelsi and Hillmer,

1990). Inexact, external benchmarking may be appropriate if national estimates come from a

different survey and contain appreciable sampling error, as discussed in Hillmer and Trabelsi

(1987), or if national estimates are model-based with appreciable uncertainty, as in the

settings we consider in our application.

In this chapter, we present two novel implementations of the fully Bayesian benchmarking

approach described in Zhang and Bryant (2020) that are more flexible and computationally

tractable in many settings. Our approaches combine an unbenchmarked model with either a

rejection sampler or Metropolis-Hastings algorithm to produce fully Bayesian benchmarked
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posteriors, which we describe in subsection 2.3.4. We compare our method to that described

in Zhang and Bryant (2020) in the setting of modeling HIV prevalence in South Africa, as

well as modeling U5MR in Namibia. These applications were chosen to demonstrate the

flexibility of the proposed fully Bayesian approaches in estimating outcomes that lie between

0 and 1 with unique benchmarking constraints, the efficiency of the method in cases where

the benchmarks are very consistent or inconsistent with the small area estimates, and the

flexibility of the approaches to handle both area-level and unit-level models. To emphasize

the novelty of our approaches and computational advantages of the proposed method over

the Markov chain Monte Carlo (MCMC) samplers used in Zhang and Bryant (2020) in terms

of flexibility, we use integrated nested Laplace approximation (INLA) and Template Model

Builder (TMB) as alternative ways to conduct Bayesian inference using Laplace approxi-

mations, that are fast and do not require users to code model-specific fitting routines (Rue

et al., 2009; Kristensen et al., 2016). We additionally compare run times for our proposed

approaches to that of Zhang and Bryant (2020) in a simulation, and show that our proposed

approaches provide not only increased flexibility in terms of modeling for Bayesian inference,

but computational speed gains as well. All code for fitting the models described in this

chapter is available via the R package stbench, found at github.com/taylorokonek/stbench.

2.2 Small area models in low- and middle-income countries

The estimation of under-5 mortality rates (U5MR) in LMICs at a subnational level moti-

vates our desire for benchmarking. The UN Inter-agency Group for Child Mortality Es-

timation (IGME) produces annual, national level estimates of U5MR for all countries us-

ing a Bayesian B-spline bias-reduction (B3) method (Alkema and New, 2014). Various

data are used to produce B3 estimates, including vital registration, census, and household

surveys, and many of these sources cannot be used for producing subnational estimates

because geographic information is lacking, or the data type is not amenable to incorpo-

ration into a small area model. Subnational estimates of U5MR are of interest in addi-

tion to national level estimates, in accordance with the Sustainable Development Goals
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(https://sustainabledevelopment.un.org/post2015/transformingourworld).

Model-based small area estimation has a long history in LMICs. While small area esti-

mates that incorporate the survey design directly are preferred, they are often impractical at

a small area level, with either too little precision to be practically useful or no data available

in some small areas (Lehtonen and Veijanen, 2009; Wakefield et al., 2020). This lack of data

primarily comes from a disconnect between the administrative level at which these surveys

are designed to produce reliable estimates (often administrative level 1, or state) and the

administrative level at which public health interventions are made (often administrative level

2, or county). Model-based methods with spatial smoothing terms allow us to obtain precise

estimates in all small areas, as required for public health estimates (Datta, 2009; Wakefield

et al., 2020).

Due to these smoothing terms and the inability to use data sources without geographic

information to produce small area estimates, benchmarking is required to align subnational

estimates with national estimates from the B3 model for internal consistency within the pro-

duction of UN IGME estimates. Subnational estimates are currently produced for a handful

of countries using a Beta-binomial model described in Wu et al. (2021), but benchmarking

approaches in this context have not yet been rigorously explored. As national estimates are

model-based (with uncertainty) in this context, we aim to use a benchmarking approach that

incorporates national level uncertainty (i.e., is inexact).

Many public health outcomes, including HIV prevalence and U5MR that we consider for

our applications, are estimated from Bernoulli or binomial counts. As such, binomial models

are a typical choice in an LMIC setting (Eaton et al., 2021; Wu et al., 2021). We aim to

use a benchmarking approach that is well-suited to binomial models with estimates that are

proportions, and hence lie between 0 and 1. Just as the unbenchmarked estimates will lie in

this range, the benchmarked estimates from our chosen benchmarking approach should as

well.

Additionally, the approach we use should be fast and computationally flexible. These

properties are particularly important in an LMIC setting, as practitioners and national
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statistics offices in LMICs may have fewer computational resources than those in high-income

countries.

While our motivation for benchmarking primarily comes from subnational estimation

of U5MR, the application to HIV prevalence is similarly important in a LMIC context, in

that small area estimates of HIV prevalence are produced in an official statistics setting by

UNAIDS and require benchmarking for internal consistency (Eaton et al., 2021). Similarly

to U5MR, subnational estimates of HIV prevalence inform public health interventions and

allow countries to monitor their progress towards the Sustainable Development Goals. The

theoretical properties, computational speed, and flexibility of our proposed approaches are

relevant to HIV prevalence estimation in LMICs, as (similarly to U5MR) national estimates

are produced with uncertainty, and benchmarked estimates should lie between 0 and 1.

2.2.1 Small area models

Below we describe the unbenchmarked models that we consider for the HIV application, but

they are generally appropriate for a binary outcome. The unbenchmarked models for the

U5MR application are described in Section 2.2 of Appendix A. If there are sufficient data

in each target area, then weighted (direct) estimates are reliable. Such estimates include

the Horvitz-Thompson (HT) (Horvitz and Thompson, 1952) and Hájek estimators (Hájek,

1971). In situations where the direct estimates can be calculated but have unacceptably high

design variance, one may smooth using an area-level model, such as the model of Fay and

Herriot (1979). When the data are sparser still, area-level direct estimates may be unusable.

With very little data, the variance estimate can be statistically unreliable or may not be

calculable at all; for example, if all or no observations in an area contain cases. In these

circumstances, the raw data (counts, in the binary context) are modelled (in our HIV and

U5MR examples, at the cluster level) to give a unit-level model.
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Area-level model: Spatial Fay-Herriot

Let the HT estimator for area i be denoted θ̂HT
i with design-based variance V̂ ∗,HT

i . Under

the Fay-Herriot model, a working likelihood may be based on the distribution,

y∗1i = logit(θ̂HT
i ) ∼ N(ηi, V̂

HT
i ) (2.1)

where V̂ HT
i = V ∗,HT

i /(θ̂2,HT
i (1− θ̂2,HT

i ))2 is obtained via the delta method. Treating y∗1i and

V̂ HT
i as fixed, as in the Fay-Herriot model, we then consider the area-level model with the

top level given in Equation (2.1), and mean model

ηi = β0 + bi

where β0 is an intercept term, and bi follows a BYM2 spatial model (Riebler et al., 2016),

denoted bi ∼ BYM2(τb, ϕ), where τb is the total precision and ϕ is the proportion of the

variance that is spatial. The BYM2 model is a reparameterization of the BYM spatial random

effect developed by Besag et al. (1991), which consists of an unstructured (iid) random effect

and a structured, ICAR spatial random effect (Besag, 1974). A sum-to-zero constraint is

placed on the structured component of the BYM2 random effect to ensure identifiability

(Besag et al., 1991). The above model is often used in the estimation of U5MR in LMICs

as it directly accounts for survey design and incorporates spatial smoothing random effects

(Li et al., 2019; Wakefield et al., 2020), and is readily applicable to applications of HIV

prevalence as well (Wakefield et al., 2020).

For priors, we set β0 ∼ N(0, 0.001−1), ϕ ∼ Beta(0.5, 0.5). We use penalized complexity

(PC) priors for the precision τb with values U = 1 and α = 0.01, corresponding to a prior

belief that the probability σb = 1/
√
τb is greater than 1 is 1% (Simpson et al., 2017). Note

that we chose noninformative hyperpriors for some of our model parameters. In practice,

priors for hyperparameters should be carefully chosen for the given application.
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Unit-level model: Binomial

We assume binomial observations of the outcome for each cluster c within area i. Let y1i[c]

be the number of cases observed in ni[c] total people in cluster c within area i. We consider

the unit-level model

y1i[c] | ni[c], θi[c] ∼ Binomial(ni[c], θi[c]),

ηi[c] = logit(θi[c]) = β0 + bi + ei[c],

where θi[c] is prevalence in cluster c of area i, β0 is an intercept term, and bi again follows a

BYM2 model (Riebler et al., 2016), denoted bi ∼ BYM2(τb, ϕ), and ei[c]
iid∼ N(0, σ2

e) is an iid

cluster-level random effect. Constraints and priors are the same as for the area-level model,

with the addition of a PC prior on σe with values U = 1 and α = 0.01.

Area-level predictions θ̂i are obtained by marginalizing over the cluster random effect to

get

θ̂i = expit

(
β0 + bi√
1 + h2σ2

e

)
,

where h2 = 0.346. The cluster-level random effect is excluded from predictions, and a

correction is done using h and σ2
e , as described in Dong and Wakefield (2021) and detailed

in Section 9.13.1 and Exercise 9.1 of Wakefield (2013). The correction accounts for within-

cluster variation that induces cluster-level overdispersion. If we instead believed the cluster-

level random effect reflected true between-cluster differences, we could obtain predictions

such as those obtained in Dong and Wakefield (2021).

2.3 Methods

Let y2 be a national level estimate of the outcome of interest, possibly with uncertainty

given by a confidence interval or standard error, θ̂ = (θ̂1, . . . , θ̂n)
⊤ be small area estimates

for areas i = 1, . . . , n, and wi be weights that do not depend on θ, standardized so that
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∑n
i=1wi = 1. Often, these weights are set to wi = Ni/

∑n
j=1Nj, where Nj is the population

size for the small area j. Note that the population sizes used should correspond to the

population under study. For example, when estimating HIV prevalence using survey data,

Nj should be population counts for individuals within the age range in the sampling frame.

For DHS surveys, this consists of individuals aged 15-49. To our knowledge, incorporating

uncertainty about the population counts into benchmarking approaches has not yet been

considered in the benchmarking literature.

Throughout the chapter, we consider benchmarking constraints of the most basic form,∑n
i=1wiθ̂i = y2. While more complex benchmarking constraints, or even multiple bench-

marking constraints as noted in Zhang and Bryant (2020), may be useful in certain settings,

this simple equality constraint is reasonable for the HIV prevalence and U5MR applications

we consider, and is the constraint currently used in practice by both UNAIDS and the UN

IGME (Eaton et al., 2021; Wu et al., 2021). For examples of benchmarking applications with

inequality constraints, see Steorts et al. (2020) or Nandram et al. (2022).

In the following subsections we describe a subset of existing approaches to benchmarking

and propose two novel approaches to fully Bayesian benchmarking. The methods we describe

in detail were chosen either because they are commonly used benchmarking methods in

an official statistics setting, or because they are particularly relevant to our motivating

application. One method is not inherently preferable, though we argue that some are more

appropriate than others in the context of estimating outcomes between 0 and 1 in LMICs.

The only existing fully Bayesian approach we describe is that of Zhang and Bryant (2020),

as our proposed approach builds directly from their methodology.

2.3.1 Benchmarked Bayes Estimate Approach

The first approach we describe was developed in a Bayesian, decision theoretic framework

(Datta et al., 2011; Steorts et al., 2020). This involves minimizing expected posterior MSE

loss subject to the benchmarking constraint, which results in a projection of the unbench-

marked estimates into a benchmarked (constrained) space. Since its development, others
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have extended this decision theoretic approach with different loss functions (Ghosh et al.,

2015; Williams and Berg, 2013; Berg and Fuller, 2018). Methods have also recently been

developed to obtain benchmarked uncertainty for these estimates under this decision theo-

retic framework (Patra and Dunson, 2018; Patra, 2019). As it involves minimizing expected

posterior loss subject to a benchmarking consraint, we call this approach the Benchmarked

Bayes Estimate approach. Though we will argue that this approach is not appropriate for

our motivating application, we detail it here as it is theoretically appealing, fast, and used

in many benchmarking applications.

For n small areas, let θ̂ = (θ̂1, . . . , θ̂n)
⊤ be the direct estimators of the small area means

θ = (θ1, . . . , θn)
⊤. We are interested in computing the benchmarked Bayes estimator θ̂BM =

(θ̂BM
1 , . . . , θ̂BM

n )⊤ of θ such that the constraint
∑n

i=1wiθ̂
BM
i = y2 is satisfied.

As Datta et al. (2011) are interested in an estimate of the benchmarked posterior mean,

they consider minimizing the posterior expectation of the weighted squared error loss
∑n

i=1 ϕiE[(θi−

ei)
2 | y1] under the constraint ēw :=

∑n
i=1wiei = y2, where ϕi are weights not necessarily

equal to wi, y1 is a vector of area-level observations, and the solution to the minimiza-

tion problem will be denoted ei = θ̂i. They note that the weights ϕi could be different for

different policy makers, and a simple default is setting ϕi = 1 for all i = 1, . . . , n. The result-

ing benchmarked Bayes estimate (solution to the constrained minimization of the posterior

expectation of the weighted squared error loss) is

θ̂BM = θ̂B + s−1(y2 − ¯̂
θBw )r, (2.2)

where θ̂B = (θ̂B1 , . . . , θ̂
B
n )

⊤ is a vector of unbenchmarked posterior means E[θi | y1] under

a given prior,
¯̂
θBw =

∑n
i=1wiθ̂

B
i , r = (r1, . . . , rn)

⊤, ri = wi/ϕi, and s =
∑n

i=1w
2
i /ϕi. Note

that if ϕi = 1 for all i = 1, . . . , n, the benchmarked Bayes estimate becomes θ̂BM = θ̂B +

(w⊤w)−1(y2 − ¯̂
θBw )w. Thus from Equation (2.2) we can see that the benchmarked Bayes

estimate is a function of the unbenchmarked Bayes estimate under mean squared error (MSE)

loss (posterior means) and user-specified weights. This is computationally appealing, as
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obtaining benchmarked estimates with this method is done via a quick post-processing step.

To obtain uncertainty around the benchmarked estimates, posterior samples can be pro-

jected into the space defined by the benchmarking constraint (Patra and Dunson, 2018;

Patra, 2019). Geometrically, we can interpret this benchmarked Bayes estimate as the point

estimate within the space defined by the benchmarking constraint that is as close to the un-

benchmarked Bayes estimate as possible, where closeness is measured in terms of expected

weighted squared error (Steorts et al., 2020).

The benchmarked estimate from Equation (2.2) is an exactly benchmarked estimate,

i.e., the benchmarking constraint holds exactly. Alternatively, in inexact benchmarking, the

benchmarking constraint need not hold exactly. If inexact benchmarking is desired in the

benchmarked Bayes estimate framework, a penalty term λ > 0 (pre-specified by the user) is

introduced, and a slightly different loss function is considered,

L(θ, e) = λ(y2 − ēw)
2 +

n∑
i=1

ϕi(θi − ei)
2.

The Bayes estimate associated with this loss is

θ̂B
λ = θ̂B + (s+ λ−1)−1(y2 − ¯̂

θBw )r,

where we note that as λ → ∞, θ̂B
λ approaches the exactly benchmarked Bayes estimate

in Equation (2.2). Considering a loss function with the addition of a penalty term for the

benchmarking constraint allows the user to incorporate a predetermined level of agreement

between the benchmarks and aggregated, unbenchmarked model estimates that must be

met, whether that be exact benchmarking (corresponding to λ → ∞) or inexact, where the

resulting estimate θ̂B
λ is a compromise between the exactly benchmarked and unbenchmarked

Bayes estimate.

In the context of U5MR and HIV prevalence, the outcome of interest lies between 0

and 1, and may be close to 0. Any estimate that falls outside of [0, 1] would be invalid.
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In applications where the outcome of interest lies in a restricted space, the benchmarked

Bayes estimate approach described above can return invalid benchmarked estimates. In

particular, note that the benchmarked Bayes estimates may possibly lie below zero when

¯̂
θBw > y2. Ghosh et al. (2015) note this issue and consider a variant of the Kullback-Leibler

loss function rather than weighted MSE loss, which addresses the issue of estimates falling

below 0 in the case of positive small area estimates. Williams and Berg (2013) and Berg and

Fuller (2018) also note this issue, and the latter propose using a specific form for the weights

ϕi in Equation (1) to deal with unbenchmarked estimates that are close to the boundary.

Their approach does not guarantee, however, that benchmarked estimates will lie within the

required restricted space. While they note that in many situations benchmarked estimates

that lie outside the restricted space will be rare—and in such cases their approach may be

sufficient—when estimating rare disease prevalence or mortality this boundary issue is a

concern.

The benchmarked Bayes estimate approach is fast and theoretically justified in settings

where estimates fall on the real line, are positive as in Ghosh et al. (2015), or lie well within

the boundary of [0, 1]. However, with the loss functions considered thus far in the literature,

the approach will often fall short for targets that are on a restricted range.

2.3.2 Raking approach

The second benchmarking approach we consider is simple and popular: raking, also referred

to as the ratio-adjustment method (Datta et al., 2011; Zhang and Bryant, 2020; Ghosh

et al., 2015). A version of the raking approach is used by the Institute for Health Metrics

and Evaluation (IHME) in a variety of applications (e.g., Osgood-Zimmerman et al. (2018);

Local Burden of Disease HIV Collaborators (2021)), in the Naomi model for estimating

HIV prevalence and incidence (Eaton et al., 2021), and in the subnational U5MR estimates

currently produced by UN IGME (Wu et al., 2021). This approach is commonly applied

post-hoc. The key feature of the raking approach is a ratio comparing an unbenchmarked
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national estimate to the national level benchmark

R =
θ̂N

y2
, (2.3)

where θ̂N denotes some unbenchmarked national level estimate, and y2 again denotes the

national level benchmark. The unbenchmarked national estimate could be obtained via the

weighted sum of unbenchmarked small area estimates as θ̂N =
∑n

i=1wiθ̂
M
i , where θ̂Mi denote

the posterior estimates (means or medians) in each area from our unbenchmarked model.

Note that the raking approach is considered internal or external benchmarking based on

whether y2 is calculated from the same data as θ̂N .

In a post-hoc raking approach and with a sampling-based method, the posterior draws of

θi from an unbenchmarked model are multiplied by 1/R so that the constraint
∑n

i=1wiθ̂
M
i =

y2 holds. Of note, this benchmarking approach will treat the unbenchmarked estimates in

every area in the same fashion, regardless of the uncertainty in the unbenchmarked estimates.

As such, the ranking of regions based on posterior medians/means will be preserved between

unbenchmarked and benchmarked estimates. This behavior follows because of the ad hoc

nature of the raking adjustment, as noted by Datta et al. (2011). It may be preferable to

instead treat unbenchmarked estimates with more uncertainty differently than those with

less.

The raking approach to benchmarking can also be approximated via the inclusion of a log

offset term for the ratio comparing an unbenchmarked national estimate to the national level

benchmark in logistic models when the outcome of interest is rare, as in under-5 mortality

estimation. In the supplement of Wakefield et al. (2019) they show that, for rare outcomes,

including a log offset for R in a logistic regression model corresponds approximately to the

same multiplicative bias adjustment that would be done in the post-hoc raking approach.

This approach is currently used in the UN IGME’s subnational U5MR estimates. We note

that the form of raking involving the inclusion of a log offset for R does in fact produce

fully Bayesian estimates, in the sense that a full posterior distribution for the benchmarked
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estimates is produced. However, the approach differs from the fully Bayesian approach

described in Section 2.3.3 in that a likelihood is not specified for the benchmarks themselves.

2.3.3 Fully Bayesian benchmarking approach: Zhang and Bryant (2020)

Consider an area-level, Bayesian hierarchical model for small area estimation. For n small

areas, let the area-level parameters we wish to estimate be denoted by θ = (θ1, . . . , θn)
⊤, with

a hierarchical structure specified through a model π(θ | ϕ) with a vector of hyperparameters

ϕ. The area-level observations are denoted by y1 = (y11, . . . , y1n)
⊤. For example, the values

y1i may be binomial counts of HIV status, with the parameters θi corresponding to HIV

prevalence in area i. We can write the posterior distribution as

π(θ,ϕ | y1) ∝ π(y1 | θ,ϕ)π(θ | ϕ)π(ϕ).

Though Zhang and Bryant (2020) consider more complex forms of benchmarking constraints,

for simplicity we again consider the constraint
∑n

i=1wiθi = y2, where wi and y2 are defined

previously. For simplicity, we will refer to y2 as benchmarks and
∑n

i=1wiθi = y2 as a

benchmarking constraint in an inexact benchmarking setting as well as an exact setting,

despite the fact that in an inexact setting there are no hard constraints. The method we

describe is generally applicable to a variety of benchmarking constraints.

To incorporate the benchmarking constraint into their hierarchical model, Zhang and

Bryant (2020) define an additional likelihood term for the benchmarks, π(y2 | θ). This

results in the benchmarked posterior distribution

π(θ,ϕ | y1, y2) ∝ π(y1 | θ,ϕ)π(y2 | θ)π(θ | ϕ)π(ϕ), (2.4)

with the assumptions that y1 and y2 are conditionally independent given θ, and that π(y2 | θ)

does not depend on hyperparameters ϕ. Notably, this first assumption does not hold in in-

ternal benchmarking settings. The likelihood term for the benchmarks, π(y2 | θ), pulls the
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likelihood for the area-level observations, π(y1 | θ,ϕ), towards the benchmarks. Uncer-

tainty quantification is thus straightforward, as we obtain an entire benchmarked posterior

distribution as opposed to simply a benchmarked point estimate.

Under exact benchmarking, we set π(y2 | θ) = I [
∑n

i=1wiθi = y2]. Under inexact bench-

marking, π(y2 | θ) is a non-degenerate distribution specified by the user. One can incorpo-

rate a discrepancy parameter λ into this distribution to allow for varying levels of agreement

between the benchmarks and the aggregate parameters if desired. For example, in the ap-

plication we consider setting π(y2 | θ) equal to a normal distribution with mean
∑n

i=1wiθi

and variance equal to the variance of the national benchmark. This would be equivalent to

setting 1/λ equal to the variance of the national estimate in the Bayes estimate approach

described in Section 2.3.1.

A benefit of this benchmarking approach is that it allows for nonlinear benchmarking con-

straints. This is particularly relevant for logistic models, where the benchmarking constraint

may take the form
∑n

i=1wiθi =
∑n

i=1wiexpit(ηi) for a mean model ηi. Unlike the estimates

from a benchmarked Bayes estimate approach, the fully Bayesian benchmarking approach

ensures that benchmarked estimates remain within the boundaries of the parameter space.

The fully Bayesian benchmarking approach can be used with both area-level and unit-

level models. Though Zhang and Bryant (2020) describe an extension of their fully Bayesian

approach to unit-level models, an implementation of this does not currently exist. Zhang and

Bryant (2020) provide code in their R package demest for Poisson, binomial, multinomial,

and normal models, with optional point mass, Poisson, binomial, and normal distributions

for the likelihood for the benchmark, found at https://github.com/StatisticsNZ/demest.

They provide an outline for a MCMC scheme for a general model. However, implementa-

tion of this MCMC scheme will be model-specific, which will likely limit the uptake of the

method. Statistical programs such as INLA and TMB provide alternative ways to con-

duct Bayesian inference which have great computational advantages over MCMC samplers.

These computational advantages are described in detail for INLA in Rue et al. (2009) and for

TMB in Kristensen et al. (2016), and involve the use of Laplace approximations to perform
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posterior inference at a fraction of the time it would take using MCMC algorithms. The

methods are particularly suited to space and space-time modeling with Markov random field

models—situations in which MCMC can be especially computationally demanding because

of the dependence in the posterior (Margossian et al., 2020).

The benchmarking approach we propose in the following section is a more general imple-

mentation of the inexact, fully Bayesian approach described by Zhang and Bryant (2020),

and allows us to obtain fully Bayesian benchmarked estimates from any method that pro-

duces area-level samples from an unbenchmarked model. The approach we propose is readily

applicable to both area- and unit-level models, so long as area-level samples can be produced,

and can be used in conjunction with statistical programs such as INLA and TMB.

2.3.4 Proposed approach

We propose an external benchmarking approach that combines an unbenchmarked model

with either a rejection sampler or Metropolis-Hastings algorithm to produce fully Bench-

marked posterior distributions conditional on a benchmarking constraint under inexact bench-

marking. The key to our proposed approach is that from Equation (2.4) we can write

π(θ,ϕ | y1, y2) ∝ π(y1 | θ,ϕ)π(y2 | θ)π(θ | ϕ)π(ϕ),

∝ π(θ,ϕ | y1)π(y2 | θ).

Intuitively, we can think of π(y2 | θ) as a likelihood for the benchmarks and π(θ,ϕ | y1)

as a “prior” that corresponds to the posterior based on area-level observations y1. For

concreteness we consider a normal distribution for π(y2 | θ), i.e.,

y2 | θ ∼ N

(
n∑

i=1

wiθi, σ
2
y2

)
,

where wi are population weights that sum to one across all regions, and σ2
y2

is treated as

the known, national level variance for y2. One could consider other distributions for the
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benchmark likelihood, however we focus on the normal case in the following derivations.

Importantly, π(θ,ϕ | y1) is the posterior distribution from an unbenchmarked model,

i.e., a model that is agnostic to the benchmarking constraint. In practice, this is the small

area, subnational model fit without consideration of the national benchmarks. The most

appropriate unbenchmarked subnational model will depend on the context of the statistical

problem, though we note that if unbenchmarked subnational estimates are particularly far

from reliable national benchmarks, this may indicate that the unbenchmarked model is

inappropriate for the data. The approach we describe below will produce samples from the

posterior conditional on the benchmarking constraint, or “benchmarked posterior,” for a

given unbenchmarked model.

We note that though we target the same constrained posterior distribution as Zhang

and Bryant (2020), our approach is distinct in the implementation in that we do not obtain

samples from this posterior distribution in a single step, such as with an MCMC algorithm

as implemented in Zhang and Bryant (2020). Rather, our approach allows for first obtaining

samples from an unbenchmarked model (not necessarily using MCMC, hence greater flexibil-

ity and potential speed gains) and benchmarking in a second step involving either a rejection

sampler or a Metropolis-Hastings algorithm.

Rejection sampler

In a rejection sampling framework, we can obtain samples from π(θ,ϕ | y1, y2) by filtering

samples from π(θ,ϕ | y1) through the information provided by π(y2 | θ). Note that in

the following we assume π(y2 | θ) is not an indicator function (i.e., we are working under

inexact benchmarking). This filtering is done via the following rejection sampler (Smith and

Gelfand, 1992):

1. Generate U ∼ Uniform(0, 1) and (θ,ϕ) ∼ π(θ,ϕ | y1) independently.
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2. Accept (θ,ϕ) if

U <
π(y2 | θ)

supθ π(y2 | θ)
= exp

− 1

2σ2
y2

(
m∑
i=1

wiθi − y2

)2
,

Otherwise, return to Step 1.

This rejection sampling approach targets the same constrained posterior distribution as the

fully Bayesian benchmarking approach of Zhang and Bryant (2020) but in a computationally

straightforward manner. As the rejection sampling approach only requires posterior draws

from an unbenchmarked posterior distribution, this allows practitioners to use a wider array

of computation tools to conduct fully Bayesian benchmarking, even when benchmarking

constraints are nonlinear. A relevant example of such a computational tool is INLA, which

does not allow for non-linear predictors, and therefore INLA cannot directly incorporate the

likelihood from a nonlinear benchmark into the model fitting (Rue et al., 2009). Crucially,

unbenchmarked posterior samples can be generated from an INLA analysis.

Metropolis-Hastings

The rejection sampling approach to fully Bayesian benchmarking may be inefficient in cases

where benchmarks are far from the population aggregated estimates from an unbenchmarked

model. One potential way to address this inefficiency is to instead use an independence

Metropolis-Hastings (MH) algorithm (Tierney, 1994). Intuitively, we can fit an adjusted un-

benchmarked distribution that has been shifted towards the national benchmarks and adjust

for this shift in the acceptance rate. This serves to increase the proportion of accepted sam-

ples relative to using the unbenchmarked distribution as a proposal distribution by moving

the proposal distribution closer to where the constrained posterior should be.

Here we present one example of an adjusted unbenchmarked distribution that can be used

as a proposal distribution, and show how the shift can be corrected for in the acceptance

rate. Note that we assume in this example that the unadjusted, unbenchmarked model we
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would want to fit has a fixed intercept β with a flat prior, π(β) ∝ 1. This assumption is

needed for terms to cancel in the acceptance rate, and is not an unreasonable assumption

given that the models fit in our motivating application typically satisfy this assumption (Wu

et al., 2021). We note that this assumption can be relaxed if other proposal distributions

are considered, which may improve the acceptance rate, but that the acceptance probability

may not cancel as conveniently in these cases.

Suppose that area-level parameters are linked to a mean model g(θ) = β + η via a link

function g, where β is a fixed intercept term with π(β) ∝ 1, and η denoting a summation

of any remaining fixed or random effect terms in the unbenchmarked model (e.g., spatio-

temporal smoothing terms, covariates, etc.). Let π+(β) ∼ N(g(y2), σ
2
+) denote an alternative

prior for the intercept, centered at g(y2) with fixed variance σ2
+. Then we have

π(θ,ϕ | y1, y2) ∝ π(y1 | η, β,ϕ)π(y2 | η, β)π(η | ϕ)π(ϕ)π(β),

= π(y1 | η, β,ϕ)π(y2 | η, β)π(η | ϕ)π(ϕ)π(β)
(
π+(β)

π+(β)

)
,

∝ π+(θ,ϕ | y1)

(
π(y2 | η, β)
π+(β)

)
,

where π+(θ,ϕ | y1) is an adjusted unbenchmarked distribution with π+(β) specified as the

prior for the intercept.

In this framework, we can obtain samples from the same benchmarked posterior distribu-

tion π(θ,ϕ | y1, y2) using independent samples from the adjusted unbenchmarked posterior

distribution π+(θ,ϕ | y1). The algorithm is executed as follows:

1. Initalize (β0,η0).

2. Sample (β′,η′) ∼ π+(θ,ϕ | y1).
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3. Compute the acceptance probability

A = min

(
1,
π(θ′,ϕ′ | y1, y2)π

+(θ0,ϕ0 | y1)

π(θ0,ϕ0 | y1, y2)π
+(θ′,ϕ′ | y1)

)
= min

(
1,
π(y2 | η′, β′)π+(β0)

π(y2 | η0, β0)π+(β′)

)

4. With probability A, accept the proposed value (β′,η′) and set β0,η0) = β′,η′). Oth-

erwise, set (β0,η0) = (β0,η0).

Just as with the rejection sampling approach, the MH approach targets the same constrained

posterior distribution as the fully Bayesian benchmarking approach of Zhang and Bryant

(2020) but in a computationally convenient manner.

Convergence diagnostics

While the MH algorithm may have a higher acceptance rate than the rejection sampling

approach (and therefore greater computational speed), additional care must be taken to

ensure that the algorithm has mixed and converged properly. Though not a convergence

diagnostic, one basic check is to aim for an acceptance rate near 23.4%, as suggested in

Gelman et al. (1997) as the optimal acceptance rate under normal posteriors for random walk

Metropolis algorithms. It may be desirable to vary the prior π+(β) in the MH algorithm to

obtain an acceptance rate close to this optimal value.

A common convergence diagnostic for MCMC sampling is the potential scale reduction

factor R̂, introduced by Gelman and Rubin (1992). Intuitively, R̂ (or split-R̂ as it is extended

in Gelman et al. (2013)) compares the variance of each individual Markov chain to the

variance of all of the chains combined. If the sampler has mixed appropriately, R̂ should

be close to 1. More recently, new convergence diagnostics have been developed for MCMC

methods that go beyond R̂, as there are certain situations where R̂ can fail to correctly

diagnose poor mixing. In brief, Vehtari et al. (2021) introduce rank-normalized split-R̂

and bulk effective sample size (bulk-ESS) as measures that have good asymptotic efficiency
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through avoiding a normality assumption in non-rank-normalized measures. For more detail

see Vehtari et al. (2021) for an overview of existing convergence diagnostics and details on

those they propose.

Following the guidelines in Vehtari et al. (2021), we recommend running at least four

chains if using the MH approach to benchmarking that we propose. Aiming for a rank-

normalized split-R̂ less than 1.01 and a bulk-ESS that exceeds 400 (with 4, 1000-iteration

chains after warmup) provide default guidelines. In addition to these numeric checks, we

recommend running multiple chains and manually reviewing traceplots to see if the chains

provide approximately the same answers, to get a practical handle on whether the difference

in chains is important or not.

Limitations

Despite the potential improvements in speed from the MH approach over the rejection sam-

pler approach, both methods may still be inefficient in cases where benchmarks are far from

the population aggregated estimates from an unbenchmarked model. It may be necessary

in such cases to use an approach such as Zhang and Bryant (2020)’s in order to produce

benchmarked estimates. However, we caution that if the proportion of accepted samples is

very small this may be indicative of inconsistencies between the two data sources, and model

elaboration may be required in this case.

Additionally, the rejection sampling and MH approaches cannot benchmark estimates

with zero variance, as the distribution π(y2 | θ) would be a point mass. We note this bench-

marking scenario could be approximated by setting σ2
y2

to be very small, but the rejection

sampling approach would likely be very inefficient due to the likelihood for the benchmark

being very concentrated. The scenario where benchmarks have positive uncertainty is the

most practically relevant in our context, as situations where the national benchmark does not

have some degree of uncertainty in an LMIC context is rare. For fully Bayesian benchmark-

ing to benchmarks with zero variance, we refer the reader to the MCMC methods described

in Zhang and Bryant (2020).
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A final consideration with the MH approach is that using this algorithm with the sug-

gested proposal distribution will not allow for comparison between the resulting benchmarked

estimates and the unbenchmarked estimates from the unadjusted, unbenchmarked model,

without separately fitting an unadjusted, unbenchmarked model. In some official statistics

settings it may be desirable or even required to compare benchmarked estimates to unbench-

marked estimates, and if the time it takes to separately fit an unadjusted, unbenchmarked

model is time-consuming, the MH approach may be impractical.

2.4 Simulation

To demonstrate the improved computational speed of our approach compared to Zhang and

Bryant (2020), we compare run-times for our approach used with INLA to that of Zhang

and Bryant (2020) implemented in Stan; a probabilistic programming language that uses a

variant of Hamiltonian Monte Carlo to do full Bayesian inference (Carpenter et al., 2017).

We chose not to compare the computational speed of our approach to that of Datta et al.

(2011) or the raking approach, as both of those benchmarking approaches target different

benchmarked estimates than our proposed method. Note however that both the raking

and benchmarked Bayes estimate approach will be the fastest approach to benchmarking in

general, as they involve a simple, post-hoc adjustment to unbenchmarked draws/estimates,

and do not rely on acceptance rates (as our methods do to achieve a reasonable number of

effective samples) or MCMC methods.

We simulate unit-level (cluster) binomial observations, using the nine provinces (small

areas) of South Africa as our spatial structure. For each simulation setting, binomial proba-

bilities were given by pi = 0.28, 0.29, . . . , 0.35, 0.36, with 100 binomial trials in each cluster.

Equal probability weights were given to each province. We varied: the number of samples

taken in each area, m = {5, 10, 100, 1000}, the national-level benchmark, y2 = {0.29, 0.3},

and the variance of the national-level benchmark, σ2
y2

= {0.01, 0.0001}. For each simulation

setting, we generated 10 unique datasets using the given parameters.

The unbenchmarked model we fit to the generated data is the unit-level model used in
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our application to South Africa (and described in Section 2.2.1), where we have binomial

observations for clusters c within area i. Let y1i[c] be the number of cases observed in ni[c]

total observations in cluster c within area i. We consider the unbenchmarked, unit-level

model

y1i[c] | ni[c], θi[c] ∼ Binomial(ni[c], θi[c]),

ηi[c] = logit(θi[c]) = β0 + bi + ei[c]

where θi[c] is case prevalence in area i and cluster c, β0 is an intercept term, bi follows a

BYM2 model (Riebler et al., 2016), denoted bi ∼ BYM2(τb, ϕ), and ei[c]
iid∼ N(0, σ2

e) is an

independent and identically distributed (iid) cluster-level random effect. Note that although

the model we fit was not used to generate the data, as we are interested only in comparing

run times from each method, and ensuring that the benchmarked distributions are the same

from each method, this does not affect the validity of our simulation results. More details on

hyperprior specification and simulating the data can be found in Section 3 of the Appendix

A.

The modified unbenchmarked model, used for the MH algorithm is the same as above with

the exception of the prior for the intercept being π+(β0)
d
= N(logit(y2),

√
0.1), where y2 is the

national-level benchmark. The variance of
√
0.1 was chosen in part to reflect how national-

level estimates are much more precise than area-level analyses permit. The benchmarked

model we fit using the Zhang and Bryant (2020) approach includes the additional likelihood

y2 | θ, σ2
y2

∼ N

(
n∑

i=1

wiθi, σ
2
y2

)
,

and the proposed rejection sampler and MH algorithm approaches are carried out as de-

scribed in subsections 2.3.4 and 2.3.4. Code for reproducing the simulation can be found at

github.com/taylorokonek/stbench.

To fairly compare run-times, we compare the time it takes to:
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1. Fit the fully Benchmarked model per Zhang and Bryant (2020) in Stan, and obtain a

bulk-ESS of 1000.

2. Fit the unbenchmarked model in INLA, draw posterior samples, and obtain 1000 ac-

cepted samples using the rejection sampler.

3. Fit the modified unbenchmarked model in INLA, draw posterior samples, and obtain

a bulk-ESS of 1000 using the MH algorithm.

For both Stan and the MH algorithm, we run four chains with 1000 burn-in samples each,

and the appropriate number of samples after to obtain the desired bulk-ESS.

In Figure 2.1 we compare methods under the setting {y2 = 0.29, σ2
y = 0.01}, and in

Figure 2.2 we compare methods under the setting {y2 = 0.29, σ2
y = 0.0001}. As expected,

our proposed approaches outperform that of Zhang and Bryant (2020) in most simulation

settings, as noted in Figures 2.1 and 2.2. This is in large part due to the fact that the Zhang

and Bryant (2020) approach relies on MCMC methods, whereas our approach is compatible

with Bayesian computational programmes that take advantage of Laplace approximations.

In particular, the amount of time needed to obtain 1000 samples from the benchmarked

posterior distribution is much lower for both of our proposed approaches than that of Zhang

and Bryant (2020) when the number of samples in each area is large. When the national

variance is smaller, as in Figure 2.2, the Zhang and Bryant (2020) tends to outperform

both the rejection sampler and MH algorithm at low sample sizes (5 and 10 per area), but

not at larger sample sizes. Finally, note that, in settings with smaller national variance,

the Metropolis-Hastings algorithm outperforms the rejection sampler approach in terms of

computational speed, while the reverse is true when national variance is large. Under the

setting {y2 = 0.29, σ2
y = 0.01,m = 5}, our proposed methods are 3-5 times faster than that of

Zhang and Bryant (2020) on average, and under the setting {y2 = 0.29, σ2
y = 0.01,m = 1000},

our proposed methods are 75-100 times faster that that of Zhang and Bryant (2020) on

average. The speed of the MH algorithm could potentially be optimized by modifying prior
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for the intercept, π+(β0), and we suggest that when possible, multiple priors should be tested

if the acceptance rate in the MH algorithm is lower than desired. The included figures and

above summary are representative of the simulation results, and additional results from the

simulation can be found in Section 3 of Appendix A.
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Figure 2.1: Setting: y2 = 0.29, σ2
y2

= 0.01

Comparative, total run-time (in seconds) needed to obtain 1000 samples from the rejection
sampling (RS) approach, or 1000 bulk-ESS from the Metropolis-Hastings (MH) approach
or the approach of Zhang and Bryant (2020) (Stan). Each beeswarm plot contains 10

observations, with data generated under the given simulation setting for 10 different seeds.
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Figure 2.2: Setting: y2 = 0.29, σ2
y2

= 0.0001

Comparative, total run-time (in seconds) needed to obtain 1000 samples from the rejection
sampling (RS) approach, or 1000 bulk-ESS from the Metropolis-Hastings (MH) approach
or the approach of Zhang and Bryant (2020) (Stan). Each beeswarm plot contains 10

observations, with data generated under the given simulation setting for 10 different seeds.

2.5 Application

Below we describe the data, models, and software used in the HIV prevalence application.

The application to U5MR is in Section 2 of Appendix A.

We fit both area-level and unit-level models to demonstrate the flexibility of our proposed

method over existing computational software. As noted in subsection 2.3.3, there is currently

no available implementation of the fully Bayesian benchmarking approach described in Zhang

and Bryant (2020) to unit-level models. As unit-level models are commonly used in LMICs

when estimating public health outcomes in an official statistics setting (Wakefield et al., 2020;

Wu et al., 2021), it is important for practitioners to have a method available to conduct fully

Bayesian benchmarking with unit-level models without needing to write their own MCMC

algorithm. We demonstrate that our proposed method is readily applicable to both area-

and unit-level models.

For our unbenchmarked area-level model, we consider the spatial Fay-Herriot model de-

fined in Mercer et al. (2015). The model is detailed in Section 2.2.1. The Fay-Herriot model
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is one of the most well-known small area models, that directly incorporates aspects of the

survey design using a transformed survey-weighted estimate and an iid random effect to

increase precision of the resulting estimates (Fay and Herriot, 1979). The spatial extension

incorporates both an iid random effect and an additional structured spatial random effect

to further capture spatial dependency in the observations (Mercer et al., 2015).

For our unbenchmarked unit-level model, we consider a hierarchical Bayesian model with

a spatial random effect term for the application to HIV prevalence, and the model currently

used to produce subnational estimates of U5MR for the UN IGME (Wu et al., 2021). The

model is detailed in Section 2.2.1. Of note, these unit-level models do not directly account

for the survey design like the area-level model. It has been suggested that, when possible, the

inclusion of covariates related to the survey design could be included in such a model-based

framework to account for the survey design (Wakefield, 2013; Wu et al., 2021). One example

of this can be found in Paige et al. (2022), though as noted in Wakefield et al. (2020), in

many surveys conducted in LMICs the covariates corresponding to the survey design may

be unavailable.

2.5.1 Data

Spatial boundary files for South Africa are obtained from GADM, the Database of Global

Administrative Areas (Database of Global Administrative Areas (GADM), 2019).

We estimate HIV prevalence in South Africa from the 2016 South Africa DHS survey.

The survey followed a multi-stage, stratified design, and was designed to provide estimates at

the Administrative 1 (admin1) level, which consists of nine provinces, which we considered

to be our small areas for this application. Each of the nine provinces were stratified by

urban/farm/traditional area status, and therefore resulted in 26 strata, as the Western Cape

province does not have a traditional area geotype. The sampling frame was established from

the 2011 census, and 750 enumeration areas (primary sampling units, PSUs) were selected

across strata. The second stage of sampling sampled dwelling units, or households, from the

enumeration areas, and every individual within the household (if available) was included in
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the survey. Only men and women aged 15-49 were included in the HIV dataset. Households

within a given enumeration area are given a single geographic location, and we denote these

as clusters from here on. GPS coordinates are displaced by up to 2km for urban clusters and

5km for rural clusters, but are never displaced outside of their area of stratification.

Of note, all nine small areas (provinces) used in model fit for this application contained

at least one binomial observation. The number of PSUs in each small area ranged from 56 to

88. The binomial counts within each primary sampling unit ranged from 0 to 11, with totals

in each primary sampling unit ranging from 1 to 30. The distribution of observed binomial

proportions in each PSU can be seen in Figure 2.3.
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Figure 2.3: Observed binomial proportions in each PSU.

We obtain a national level estimate for 2016 in South Africa from the national Thembisa

model, an HIV epidemic projection model that produces the official estimates published by

UNAIDS for South Africa (Johnson et al., 2017b; Mahy et al., 2019; Stover et al., 2019).

The national level estimate of HIV prevalence for 2016 in South Africa is 17.1%, with a 95%

confidence interval of (15.6%, 18.3%). For the benchmark likelihood for the fully Bayesian

benchmarking approaches we need a standard error for this benchmarked estimate, which

we take to be (18.3 − 17.1)/1.96 = 0.61 based on the assumption that the national level

estimate is asymptotically normally distributed. The Thembisa model incorporates data from
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five Human Sciences Research Council (HSRC) surveys conducted from 2002 to 2017, the

2016 DHS survey, Antenatal Sentinel HIV and Syphilis Surveys, and antiretroviral therapy

coverage data. Although the DHS survey is included in the model for the benchmarks, we

treat this as an external benchmarking scenario as multiple other data sources are included

in the national model as well.

The population count data we use for our HIV application comes from the provincial

Thembisa model (Johnson et al., 2017a). We use this specific population data as they are

currently used in UNAIDS models of subnational HIV prevalence in South Africa (Eaton

et al., 2021). In Figure 2.4, we plot the spatial distribution of individuals aged 15-49 (the

population in our HIV example) in 2016 in South Africa, i.e., out of all people aged 15-49

in South Africa, the proportion of that sub-population who live in each region is displayed.

The population proportions are also presented in 2.1, along with the number of observations

in each province and their direct, survey-weighted estimates.

Table 2.1: Proportion of the 15-49 population living in each province, number of observations
in each province, direct survey estimates, and their standard errors provided in parentheses.
Provinces are arranged in ascending order of direc estimates.

Province
Population
Proportion

Sample
Size

Direct Estimate (%)

Limpopo 0.09 815 9.8 (1.19)
Northern Cape 0.02 453 11.4 (2.25)
Western Cape 0.12 397 12.3 (2.96)
Eastern Cape 0.10 1056 16.4 (1.40)
Gauteng 0.28 528 19.6 (2.07)
North West 0.07 917 20.6 (1.52)
Free State 0.05 849 21.3 (1.76)
Mpumalanga 0.08 893 23.9 (1.84)
KwaZulu-Natal 0.19 1004 25.9 (2.08)
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Figure 2.4: Proportion of the 15-49 population living in each province. These proportions
are the weights used to aggregate province level estimates to the national level.

2.5.2 Benchmarked models

We compute benchmarked estimates using the Fully Bayesian approach of Zhang and Bryant

(2020), the proposed approaches, and the raking approach. This allows us to show: (1) the

benchmarked estimates from our proposed approaches are identical to those using the Zhang

and Bryant (2020) method, and (2) a comparison of the benchmarked estimates from the

proposed approach to what is currently used in practice (raking) by the UN when estimating

both HIV Prevalence and U5MR subnationally (Eaton et al., 2021; Wu et al., 2021). We do

not compute benchmarked estimates using the benchmarked Bayes estimate approach, as we

have noted in Section 2.3.1 that is inappropriate for these applications. We obtain credible

intervals for our benchmarked and unbenchmarked estimates using draws from the posterior

distributions.
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Approaches

Raking:

We obtain posterior medians θ̂Mi from an unbenchmarked model for each area i, and compute

R from Equation (2.3), using weights wi and our benchmark y2, setting θ̂
N :=

∑n
i=1wiθ̂

M
i .

We then adjust unbenchmarked posterior draws θ̂
(k)
i , k = 1, . . . , K, to obtain benchmarked

posterior draws θ̂
R(k)
i = θ̂

(k)
i /R.

Fully Bayesian: Zhang and Bryant (2020)

Using weights wi and our benchmark y2 with associated variance σ2
y2
, we fit the unbench-

marked model with the additional likelihood

y2 | θ ∼ Normal

(
m∑
i=1

wiθi, σ
2
y2

)
, (2.5)

with y2 = 17.1% and σ2
y2

= 0.37, and denote benchmarked posterior draws by θ̂
FB1(k)
i .

Fully Bayesian: Rejection sampler:

We obtain k = 1, . . . , K posterior draws θ̂
(k)
i for each area i from the unbenchmarked unit

level (or area level) model, and apply the algorithm described in Section 2.3.4 using the

benchmark likelihood in Equation (2.5) to obtain benchmarked posterior draws θ̂
FB2(k)
i .

Fully Bayesian: Metropolis-Hastings algorithm:

We obtain k = 1, . . . , K posterior draws θ̂
(k)
i for each area i from the adjusted unbenchmarked

unit level or area level model, and apply the algorithm described in Section 2.3.4 using the

benchmark likelihood in Equation (2.5) to obtain benchmarked posterior draws θ̂
FB3(k)
i . The

adjusted unbenchmarked model uses the prior π+(β0) ∼ Normal(logit(y2), 0.001
−1).
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2.5.3 Model Validation

As we view benchmarking as a necessary adjustment needed to an existing unbenchmarked

model in an official statistics setting, we choose to validate the unbenchmarked models we

fit prior to benchmarking. Note that if benchmarking is instead viewed as a way to reduce

potential bias in subnational estimates, model validation may need to be done to the resulting

benchmarked models as opposed to the unbenchmarked models.

Wakefield et al. (2020), among others (Wu et al., 2021; Osgood-Zimmerman et al., 2018),

suggest that one way to approach model validation in small area models in a survey setting

is to check whether the direct estimates in each area lie within an uncertainty interval

surrounding the posterior means of the predictive distribution in that area. This also gives

one an idea of average coverage across areas: 80% of the direct estimates (left out data)

should lie within 80% credible intervals based on the predictive distribution. In a survey

setting in LMICs, the direct estimates are considered the gold standard; hence, model-based

estimates should not stray too far from the direct estimates.

We take this suggested approach to model validation for both our unbenchmarked area-

level and unit-level models. Details and figures containing the results of model validation for

the HIV application can be found in Section 1.4 of Appendix A, and Section 2.6 of Appendix

A data for the U5MR application.

2.5.4 Computation

As the novelty of our approach is computational, we chose the statistical programmes used in

the application to demonstrate the flexibility of our approach compared to the fully Bayesian

approach of Zhang and Bryant (2020).

For the approach described in Zhang and Bryant (2020), we implement models in Tem-

plate Model Builder (TMB) (Kristensen et al., 2016). TMB is a flexible modeling tool that

takes advantage of Laplace approximations for computational efficiency, and allows users to

specify a wide variety of models in C++. For a review of TMB, see Section 4 of Osgood-
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Zimmerman and Wakefield (2021). Importantly, TMB allows users to specify nonlinear

predictors, unlike INLA, which is needed for implementing the fully Bayesian benchmarking

approach of Zhang and Bryant (2020) in settings with binary outcomes. Of note, TMB still

requires that users write their own C++ implementations for models, and therefore does not

have as nice of an interface as other programs (such as INLA, which we will describe below).

To show that the results from our proposed method are identical to those from the Zhang

and Bryant (2020) method, we also fit the unbenchmarked HIV models in our application

using TMB. This ensures that the posterior distributions are directly comparable. Not that

our proposed method could have been implemented using INLA to fit the unbenchmarked

model as well, but as INLA uses a different Laplace approximation than TMB, the results

would not have been exactly, directly comparable.

For our U5MR application, we fit all unbenchmarked models in INLA to show that our

proposed method is compatible with the software currently used to produce official estimates

of U5MR for the UN IGME. INLA is an appealing, alternative Laplace approximation pro-

gramme for obtaining posterior distributions for latent Gaussian models (Rue et al., 2009).

Unlike TMB, INLA does not allow users to specify nonlinear predictors. Since our pro-

posed approach does not require the use of such nonlinear predictors for the benchmarking

constraint by taking advantage of a two-step procedure, we implement the models for our

U5MR application using INLA to demonstrate the benefit of the increased flexibility of our

approach to accommodate fast Laplace approximation techniques such as INLA.

2.5.5 Results

In Figure 2.5 and Table 2.2, we display national level estimates from Thembisa, the un-

benchmarked, and benchmarked results from the unit-level model. Results from the area-

level model are very similar to those from the unit-level model, and can be found in Table

2.2 as well, with more detailed results in Section 1.2 of the Supplemental Data and direct

comparisons between the unit-level and area-level models found in Section 1.3 of Appendix

A. We see that the Fully Bayesian benchmarking approaches produce essentially identical
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results, and that they are a compromise between the likelihood given by the national level

benchmark and the unbenchmarked posterior estimate. The raking approach enforces exact

benchmarking, which is evidenced by the overlap between the density of the Thembisa na-

tional estimate and that of the benchmarked method’s national aggregated estimate. The

fully Bayesian rejection sampler approach accepts 7.6% of unbenchmarked samples using the

unit-level model, and 8.6% of unbenchmarked samples using the area-level model. The fully

Bayesian Metropolis-Hastings approach accepts 18.8% of unbenchmarked samples using the

unit-level model, and 18.9% of unbenchmarked samples using the area-level model.

Table 2.2: Aggregated national level HIV prevalence estimates from Thembisa, unbench-
marked, and benchmarked results from the unit-level and area-level models. 95% credible
intervals are given next to posterior medians.

Model Unit-Level: Median (%) Area-Level: Median (%)
Thembisa 17.1 (15.6, 18.3) 17.1 (15.6, 18.3)
Unbenched 19.1 (17.6, 20.6) 19.0 (17.5, 20.7)
FB 18.0 (17.1, 19.0) 17.9 (17.0, 18.8)
FB: Rejection sampler 17.9 (17.0, 18.9) 17.9 (17.0, 18.8)
FB: MH 17.9 (17.0, 18.8) 17.9 (16.9, 18.8)
Raking 17.1 (15.8, 18.5) 17.1 (15.8, 18.7)

Figure 2.6 and Table 2.3 display the subnational breakdown of benchmarked and un-

benchmarked estimates from the unit-level model. Of note, the benchmarked posterior me-

dians and credible intervals for the Fully Bayesian approaches look roughly identical (as

they should), and the posterior distributions for each province from the raking approach

are all slightly lower than those from the Fully Bayesian approaches. This difference is due

to the raking approach enforcing the benchmarking constraint exactly, thus pulling the un-

benchmarked estimates down farther than the Fully Bayesian approaches, as the national

benchmark is lower than the unbenchmarked national estimate. Though more difficult to see,

the Fully Bayesian approach treats regions with more uncertainty differently than those with

less uncertainty. In particular, note that in the Eastern Cape province the fully Bayesian

benchmarked posterior medians are not as different from the unbenchmarked median as
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in the Gauteng province, where uncertainty is much higher in the unbenchmarked estimate.

This is opposed to the Raking approach, which shifts all estimates by the same multiplicative

constant, regardless of uncertainty. Table 2.4 displays the subnational breakdown of bench-

marked and unbenchmarked estimates from the area-level model, with additional results in

Section 1.2 of Appendix A.

Table 2.3: Admin1 HIV prevalence estimates from unbenchmarked and benchmarked unit-
level models. Point estimates provided are medians, with 95% credible intervals. Provinces
are arranged in the order of lowest unbenchmarked median to highest.

Province Unbenched (%) FB (%)
FB: Rejection
sampler (%)

FB: MH (%) Raking (%)

Limpopo 11.2 (9.0, 13.9) 11.0 (8.8, 13.6) 10.8 (8.8, 13.4) 10.8 (8.7, 13.4) 10.1 (8.1, 12.5)
Western Cape 11.5 (8.6, 15.3) 10.9 (8.2, 14.4) 10.7 (8.0, 14.0) 10.7 (8.2, 14.0) 10.4 (7.7, 13.8)
Northern Cape 12.0 (9.2, 15.4) 12.0 (9.2, 15.6) 11.8 (9.0, 15.3) 11.7 (8.9, 15.4) 10.8 (8.3, 13.8)
Eastern Cape 17.5 (15.6, 19.4) 16.9 (15.3, 18.7) 16.8 (15.1, 18.5) 16.7 (15.1, 18.5) 15.7 (14.1, 17.4)
Gauteng 18.6 (15.3, 22.5) 16.7 (14.1, 19.6) 16.7 (14.1, 19.5) 16.7 (14.1, 19.4) 16.7 (13.7, 20.2)
Free State 21.0 (17.9, 24.2) 20.6 (17.7, 24.1) 20.5 (17.5, 23.7) 20.5 (17.7, 23.7) 18.8 (16.1, 21.8)
North West 21.1 (18.0, 24.5) 20.7 (17.8, 24.0) 20.5 (17.6, 23.8) 20.5 (17.6, 23.7) 18.9 (16.2, 22.0)
Mpumalanga 23.4 (20.2, 27.0) 22.9 (19.8, 26.3) 22.8 (19.7, 26.2) 22.7 (19.8, 26.1) 21.0 (18.2, 24.3)
KwaZulu-Natal 26.4 (23.1, 30.0) 25.1 (22.1, 28.3) 25.1 (22.2, 28.2) 25.1 (22.2, 28.1) 23.7 (20.7, 26.9)

Table 2.4: Admin1 HIV prevalence estimates from unbenchmarked and benchmarked area-
level models. Point estimates provided are medians, with 95% credible intervals. Provinces
are arranged in the order of lowest unbenchmarked median to highest.

Province Unbenched (%) FB (%)
FB: Rejection
sampler (%)

FB: MH (%) Raking (%)

Limpopo 10.4 (8.3, 13.1) 10.1 (8.0, 12.8) 10.2 (8.0, 12.8) 10.1 (8.0, 12.8) 9.4 (7.5, 11.8)
Northern Cape 12.5 (8.9, 17.4) 12.2 (8.6, 17.0) 12.3 (8.7, 17.1) 12.4 (8.8, 17.3) 11.3 (8.0, 15.7)
Western Cape 12.6 (8.2, 18.8) 11.1 (7.5, 16.4) 11.0 (7.4, 16.2) 11.1 (7.5, 16.0) 11.3 (7.4, 17.0)
Eastern Cape 16.8 (14.6, 19.4) 16.3 (14.3, 18.5) 16.3 (14.1, 18.7) 16.2 (14.2, 18.6) 15.1 (13.1, 17.4)
Gauteng 19.3 (15.9, 23.6) 17.5 (14.7, 20.6) 17.4 (14.7, 20.5) 17.3 (14.5, 20.3) 17.4 (14.3, 21.2)
North West 20.2 (17.5, 23.3) 19.9 (17.2, 22.8) 19.9 (17.2, 22.9) 20.0 (17.3, 22.9) 18.2 (15.7, 21.0)
Free State 21.0 (17.9, 24.4) 20.6 (17.7, 24.1) 20.7 (17.6, 24.0) 20.7 (17.6, 24.0) 18.9 (16.1, 21.9)
Mpumalanga 23.4 (20.2, 27) 22.9 (19.7, 26.4) 22.9 (19.6, 26.4) 22.8 (19.6, 26.3) 21.1 (18.2, 24.3)
KwaZulu-Natal 25.5 (21.7, 29.4) 24.0 (20.7, 27.6) 24.0 (20.7, 27.4) 24.0 (20.6, 27.5) 22.9 (19.5, 26.5)

The model validation results for the HIV application for both unit- and area-level models
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suggest that both model do not indicate gross misspecification. We compare posterior me-

dians of the predictive distribution in each area (having left that area out of model fitting)

to the direct estimate in each area, respectively. The 80% credible intervals capture 7/9 and

8/9 direct estimates in the unit- and area-level models, respectively, and the 50% credible

intervals capture 3/9 and 4/9 in the unit- and area-level models, respectively.

Additional plots and tables, including those for the area-level model, can be found in

Section 1 of Appendix A.
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Figure 2.5: Aggregated national level HIV prevalence estimates from Thembisa, unbench-
marked, and benchmarked results from the unit-level model. The Fully Bayesian model
refers to the approach described in Zhang and Bryant (2020), and the Fully Bayesian rejec-
tion sampler and Fully Bayesian MH (Metropolis-Hastings) refer to the proposed approach.
All densities are based on 5000 samples.
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Figure 2.6: Comparison of HIV Prevalence estimates from benchmarked and unbenchmarked
unit-level models at a subnational level. Error bars correspond to 95% credible intervals,
and provinces are arranged from left to right in order of unbenchmarked median.

2.5.6 U5MR

The results for the U5MR application are in Section 2 of Appendix A.

2.6 Discussion

In this chapter we have summarized existing benchmarking approaches and their benefits and

drawbacks with regard to data with rare binary outcomes in LMICs. We consider benchmark-

ing methods that make use of a benchmarking constraint via one-step or two-step approaches,

and pay particular attention to the resulting interpretation of the benchmarked estimates,

the ease of uncertainty quantification, the acknowledgement of uncertainty in national esti-

mates, the use of non-linear constraints, and computational tractability. We believe that the

proposed rejection sampling and MH approaches to fully Bayesian benchmarking provide a

desirable balance all of these concerns, and provide alternative computational approaches to

the one-step, fully Bayesian benchmarking method developed by Zhang and Bryant (2020),

which in many cases may be inflexible with regards to modeling choice and computational

tractability, while targeting the same benchmarked, posterior distribution.
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We show via an application of various benchmarking approaches to an HIV prevalence

example that the proposed two-step approaches to fully Bayesian benchmarking produce the

same benchmarked estimates as the one-step Zhang and Bryant (2020) approach, and that

the resulting estimates are a compromise between the national level estimate and unbench-

marked estimates. The rejection sampling and MH approaches allow us to take advantage of

potentially faster computational programs than traditional MCMC samplers, such as INLA

or TMB, as evidenced via our application to U5MR. Inference for spatial models (continuous

models especially) using MCMC methods is computationally challenging, and our approach

allows users to conduct fully Bayesian benchmarking while relying on Laplace approxima-

tion methods for inference that are more suited for such models (Osgood-Zimmerman and

Wakefield, 2021). Additionally, the rejection sampling and MH approaches are easily applied

to both unit-level and area-level models, as evidenced in both our HIV and U5MR appli-

cations. Though not explored in this chapter, additional algorithms could be considered

to similarly obtain benchmarked posterior distributions in a two-step fashion, such as the

sampling-importance resampling approach (see Section 10.4 of Gelman et al. (2013)).

Though the purpose of this chapter was not to provide an in-depth review of small area

models in LMICs, we note that our unit-level models do not directly account for the survey

design. As with any application involving survey data, careful consideration should to be

given to the survey design even if a model-based approach is required for adequate precision.

There are several limitations with the proposed approaches to fully Bayesian benchmark-

ing. The first and potentially most pressing is the inability to conduct exact benchmarking,

which may be required in some settings and is especially relevant if national benchmarks

come from a census, though censuses have uncertainty in practice. Scenarios where true

exact benchmarking is required are rare in an LMIC context. While we note that exact

benchmarking can be approximated via the proposed approaches, it will likely be computa-

tionally inefficient. The one-step approach to fully Bayesian benchmarking may be a more

useful approach if exact benchmarking is required, or a posterior projection approach using

a loss function that respects the bounds on the parameters that are used for the weights.



43

Additionally, our method does not account for uncertainty in the population count data.

The population data used in our applications did not have reported uncertainty. If uncer-

tainty for population count data were available, this would ideally be incorporated into the

likelihood for the benchmarking constraint. Worldpop has recently started quantifying un-

certainty in population data for select countries in their bottom-up Bayesian models, which

may be of interest to include in future applications (Leasure et al., 2020).
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Chapter 3

A PSEUDO-LIKELIHOOD APPROACH TO UNDER-5
MORTALITY ESTIMATION

3.1 Introduction

Estimates of mortality rates for specific age groups at a national and subnational level

provide important information on the health of a country and inform targeted public health

interventions. Historically, estimates of interest have been the neonatal mortality rate (NMR:

probability of dying before age 1 month), the infant mortality rate (IMR: probability of dying

before age 1 year), the child mortality rate (CMR: probability of dying between ages 1 and

5 years given survival to age 1), and the under-5 mortality rate (U5MR: probability of dying

before the age of 5). While these summaries that are grouped across ages give us a rough

picture of the pattern of mortality under the age of 5, they do not constitute a complete

pattern of mortality before the age of 5. As such, producing a full, continuous survival curve

for children under the age of 5 is of interest for informing targeted interventions (Verhulst

et al., 2022; Guillot et al., 2022), as well as for better quantifying the differences in mortality

patterns between countries.

Modern demographic methods for estimating a full mortality schedule for children under

the age of 5 have been developed in a high-income country setting that assumes vital reg-

istration information is readily available (Guillot et al., 2022; Eilerts et al., 2021; Verhulst

et al., 2022). One such method is the log-quad model (Guillot et al., 2022), which makes

use of the Human Mortality Database (HMD) (Barbieri et al., 2015) to obtain a continuous

curve quantifying the relationship between age and the (log) probability of dying before a

given age. This approach makes use of the HMD to obtain tables of parameter values, which

may then be plugged into the log-quad model’s formula to obtain full, continuous curves.
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Guillot et al. (2022) note, however, that because the HMD consists of high-quality vital reg-

istration data from high-income countries, the patterns of mortality that are estimated from

the model are importantly different from the observed data in low- and middle-income coun-

tries (LMICs). Eilerts et al. (2021) and Verhulst et al. (2022) note that sub-Saharan African

and south Asian countries typically observe higher levels of CMR for a given IMR when

compared to high-income countries. Verhulst et al. (2022) call this a “very late” pattern of

under-5 mortality.

Another popular method that makes use of HMD life tables is the Singular Value De-

composition (SVD) approach in Clark (2019). Here, the information from HMD life tables

are compressed into three or four principal components that summarise observed full mor-

tality schedules over an entire lifetime. Although used specifically with the HMD in Clark

(2019), this approach can be used more generally with any combination of lifetables. For

example, Alexander et al. (2017) use annual life tables from the French Institut National

de la Statistique et des Études Économiques to apply a Bayesian model to French mortality

data.

In addition to different patterns of under-5 mortality in LMICs compared to high-income

countries, the data sources available in LMICs typically differ from high-income countries.

In most high-income countries, vital registration and reliable census information are readily

available, hence the individual-level mortality data is more granular and potentially subject

to fewer biases than that in LMICs. In countries without vital registration data or reliable

census information, we instead need to rely on nationally representative surveys to estimate

demographic and health outcomes. In many LMICs, the Demographic and Health Surveys

(DHS) are considered the most reliable source of information for such outcomes, and they are

conducted with reasonably high frequency (the aim is every 5 years). In order to account for

unequal probability of selection in the survey, weighted estimates of health outcomes with

variance estimates that account for the survey design are preferred when there is enough data

to obtain weighted estimates with high precision. This is the case for estimating U5MR at a

national level, where we have enough data and are therefore do not need to use model-based
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methods that make additional assumptions about the data structure.

As noted in Hill (1995), Lawn et al. (2008), and Guillot et al. (2022), surveys such as the

DHS may be subject to biases in addition to other data quality limitations. One example of

bias is age-heaping, where more children are recorded as having died at particular ages than

is truly the case. In DHS surveys, this often occurs at age 12 months (see Appendix B.1

for examples). Additionally, rather than exactly observing the deaths of each child for each

mother surveyed, observations after a certain age range are interval censored. Specifically,

children under the age of one month have [actual] date of death recorded, children between

ages one month and 24 months are recorded as having died within a one month interval, and

children older than 24 months are recorded as having died within a one year interval. This

censoring mechanism combined with the need to appropriately account for survey weights

and potential biases from age-heaping form statistical modeling challenges that are unique

to surveys in LMICs; to the best of our knowledge all of these challenges have not yet been

addressed simultaneously in the literature.

An additional challenge specific to U5MR estimation is distinguishing between cohort-

and period-estimates of mortality. When estimating U5MR, we typically want to obtain

period-specific estimates rather than cohort-specific estimates, as the most recent, cohort-

specific estimates of U5MR we could obtain will always be five years in the past. Period

estimates are for “synthetic” children, where we envisage a cohort of children that live their

first five years of life in a single time period. This is opposed to a real cohort of children who

are born in one time period and move through time (periods) as they age. While synthetic

children are of course not real, the concept allows us to provide estimates of demographic

indicators such as life expectancy or U5MR for more recent time periods than would otherwise

be possible, and provide a reasonable summary of the current state of the mortality pattern.

In practice, when estimating a demographic indicator for synthetic people, we consider what

a real person would contribute to each period as though they were a synthetic person. As

detailed in Section 3.2, in a survival analysis framework this corresponds to treating time

period as a time-varying covariate. While existing methods have made use of this approach
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in a discrete survival setting (Mercer et al., 2015), none to our knowledge have explicitly

formulated the problem as that of a time-varying covariate in continuous time.

In this paper we aim to (1) reframe the production of period estimates for under-5 mor-

tality rates in LMICs using continuous survival models for mortality with a time-varying

covariate representation and potential censoring, and (2) propose a pseudo-likelihood esti-

mate of full mortality schedules for children under the age of 5 in LMICs, that takes full

advantage of the granularity of the data available while accounting for both the survey de-

sign and potential biases in the surveys. Rather than assume a model based on data from

high-income countries, we instead deal with DHS data directly to obtain both a parametric

or nonparametric estimate of the survival curve in LMICs at a national level. These methods

are easily extended to alternative parametric distributions as well as subnational models.

In Section 3.2, we frame the estimation problem explicitly as a survival analysis problem,

and bridge the nomenclature between the demography and statistics literature. In Section

3.3 we describe our proposed nonparametric and parametric, pseudo-likelihood approaches

to obtaining a full mortality curve for children under the age of 5. In Section 3.4 we describe

three existing approaches to estimating a full survival curve for children under the age of five

in greater detail, and describe their potential shortcomings in LMICs. In Section 3.5 we apply

our methods and the three approaches described in Section 3.4 to DHS survey data from

Burkina Faso, Malawi, Senegal, and Namibia in time periods [2000, 2005) and [2005, 2010).

We conclude with a summary of results and discussion. All code to fit the proposed methods

is in the R package pssst, available at https://github.com/taylorokonek/pssst.

3.2 Survival framework

To begin, we define some notation that is common in the demography and statistics literature,

and is used throughout this paper. Mortality is typically estimated as either a rate or

probability. While probabilities have number of persons in the denominator, rates have

number of person-years in the denominator.. The under-5 mortality rate (U5MR) is in fact

the probability that a child dies before the age of 5. Three common probabilities that are
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often of demographic interest include: U5MR, the probability of dying before the age of 5

years; IMR, the probability of dying before the age of 1 year; and NMR, the probability of

dying in the first month of life. Let X be survival time. We denote the probability that a

child died between the ages of n and x+ n, given that they survived until at least age n, as

xqn = Pr(X < x+ n | X > n). With age given in months, as we do throughout, we therefore

denote U5MR as 60q0, IMR as 12q0, and NMR as 1q0.

We treat mortality as a time-to-event outcome in a survival framework. In this framework

the estimand of interest is typically either: a survival curve S(x), or the probability of

surviving to at least age x; a hazard (instantaneous risk of death) h(x); or some measure of

differences between multiple survival curves or hazards based on a covariate of interest. In

our applications, we are interested in obtaining a full mortality schedule for children under

the age of 5 years, and therefore our estimand of interest is S(x), where x denotes the age

of a child. We can directly translate quantities xq0 to a survival curve via S(x) = 1 − xq0,

and xq0 can also be computed from conditional probabilities.

An important distinction in demography, that again has a survival analysis flavor, is pe-

riod versus cohort estimates. The age-period-cohort distinction is subtle but well-documented

(see Carstensen (2007), for example). Importantly, the subset of data used to estimate cohort

and period estimates consequently differs. In Figure 3.1, we illustrate this difference. For

simplicity, we assume all children are born on January first of a given year. We see that the

data used to obtain a cohort estimate of U5MR for the cohort born in 2000 consists of only

children born in the year 2000. Note that we will always be five years behind schedule in

terms of estimate production because we need to observe the full, first five years of a cohort

before calculating cohort U5MR.

The data used to obtain a period estimate of U5MR for the year 2004 contains data

from five distinct cohorts: cohorts 2000, 2001, 2002, 2003, and 2004. Period estimate are

more widely used in practice as health indicators for a country and in forecasting, as we are

able to obtain period estimates of demographic rates of interest (such as U5MR) up to the

most recent year we have available data, as seen on the right-hand side of Figure 3.1. Of
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note, when obtaining cohort estimates, both age and time are synonymous, whereas when

obtaining period estimates, age and time are distinct. This is because the age of a synthetic

child is not directly tied to time as we observe it. As such, it becomes necessary to index

xqn,p by period p in addition to the age range [n, x + n). Note that age and time similarly

define a cohort of children. As an aside, this leads to the classic identifiability problem that is

encountered in age-period-cohort modeling (Carstensen, 2007). For example, we may write

the probability a child dies between the ages of 1 and 2 in the year 2001 as 12q12,2001, where

the deaths that inform this estimate must come from the cohort of children born in 2000

who survive until at least age 1.

Figure 3.1: Left-hand side: Potential lifespans of observations used to obtain a cohort esti-
mate of U5MR for the cohort born in 2000. Right-hand side: Potential lifespans of observa-
tions used to obtain a period estimate of U5MR for the year 2004. All children are assumed
to be born on January first of a given year. Horizontal lines indicate the potential lifespans
of children up to January 1st, 2005.

From a survival standpoint, it is important to note that when computing period estimates,

some of the data will be subject to left-truncation. In general, left-truncation, also known as

late entry, occurs if survival time is less than left-truncation time and thus no information

is available on the subject. If not dealt with, left-truncation can induce selection bias.

In our applications, left-truncation occurs when an individual is not at risk of dying in a

specific age band, within a specific time period because they died before the period begins.

Truncation accounts for the potential bias that would be introduced into our estimate from

the individuals who were born in the earlier cohorts, yet died before our time period of



50

interest. As an example, in Figure 3.1 (right panel), all individuals born at the beginning

of the year 2000 would be left-truncated at age 4 when computing their contribution to

the period U5MR estimate for 2004. If we compute the estimate of 60q0 using five, discrete

values, 12q48,2004, 12q36,2004, 12q24,2004, 12q12,2004, 12q0,2004, for each cohort born in 2000 through

2004, respectively, left-truncation is dealt with implicitly through the conditional probability

structure of nqx, as we will see in the discrete hazards approach (Allison, 2014; Mercer et al.,

2015) that we describe in Section 3.4.2.

If we are interested in obtaining estimates or U5MR (or NMR, IMR) for multiple periods

across time, this truncation structure can be incorporated into a model by treating period

as a time-varying covariate. This is again done implicitly in a discrete hazards approach,

but can be used explicitly in the pseudo-likelihood approach we propose that allows us

to use continuous survival models for age. It is odd in a survival setting to treat time

itself (discretely categorized) as a time-varying covariate, but perhaps makes more sense

when distinguishing between real and synthetic children. The discretely categorized variable

period is treated as a covariate that changes through time, and is simply an indicator for

which synthetic cohort we are considering.

A final piece of the survival framework we set up is how we deal with censored observa-

tions. Of course, not all children we observe will die before the 5 years of age for U5MR,

1 year of age for IMR, etc. These children will be right-censored, and therefore will not

contribute any time at risk after the age of 5 (or 1, etc.) to a statistical model. Children

who die in a time period later than the period in which they were born also contribute

right-censored observations to those earlier time periods. A survival framework also allows

us to deal with interval censoring, where we know only that an event has occurred for an

individual between two ages. The ability to handle interval censoring is particularly relevant

for child mortality estimation in LMICs, where the data primarily comes from surveys. DHS

surveys in particular, contain daily observed death dates for children who died before the

age of 1 month, monthly, interval-censored observations for children who died between 1

month and 24 months (e.g., we may observe that a child that dies between the ages of 2 and
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3 months), and yearly, interval-censored observations for children who died after 2 years of

age, with some exceptions. Interval censoring can be appropriately addressed by discretely

categorizing observations, as is done in all of the existing approaches described in Section

3.4, but can also be addressed in a continuous survival framework as we propose in Section

3.3.

3.3 Methods

The methods we propose for estimating the whole survival curve for children under the

age of 5 explicitly consider survival approaches as well as the complex design aspects of

survey data, as we are interested in developing methods that can be used with household

survey data from LMICs. Historically, survival methods have been extended to the survey

setting, in the context of the Cox proportional hazards model (Binder, 1992; Lin, 2000;

Breslow and Wellner, 2007, 2008). Such methods address the survey aspect of the data

via a pseudo-likelihood approach to estimation (Binder, 1983), in which we weight each

individual’s likelihood contribution by their sampling weight, and maximize the pseudo-

likelihood to give weighted (pseudo) MLEs. The variance of the estimates is approximated

via sandwich estimation.

Consider a vector of superpopulation parameters θ and observations y that can be written

as the solution to the score equations S(θ,y) = 0. In a finite population setting, we are

interested in the finite population parameters θ′, obtained by solving
∑N

i=1 S(θ′,y) = 0,

where i = 1, . . . , N denote all individuals in the finite population. Rather than observe all

N individuals in the population, we instead take a probability sample of j = 1, . . . , U ≤ N

individuals, with weights wj equal to the inverse of their inclusion probabilities in the sample.

We obtain survey-weighted estimates of the finite population parameters θ′ via the finite

population score equations

U∑
j=1

wj × S(θ′,yj) = 0.
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This framework, developed in Binder (1983), works for sample designs and populations

that admit asymptotically normal estimators, with certain regularity conditions (see Binder

(1983) for details, as well as a more general case of score equations). As an example, for

linear regression we would set S(θ,y) = −(yi − x⊤
i θ)xi. The variance of θ′ then has a

sandwich form obtained via a Taylor expansion of the score equations at θ′ = θ.

Bootstrap and jackknife procedures have been developed for various complex survey de-

signs, including the two-stage, stratified cluster design common to DHS surveys. To obtain

bootstrapped variance estimates, nh−1 clusters are sampled with replacement within strata

h, where nh is the number of clusters in strata h (Rao and Wu, 1988). Pointwise confidence

intervals may then be constructed using percentiles of the bootstrap samples. A jackknife

procedure for the same setting is described in Pedersen and Liu (2012).

For the remainder of this section, we describe two approaches for estimating continuous

survival curves for synthetic children across multiple time periods. Both methods are based

on pseudo-likelihood; one parametric, and one nonparametric.

3.3.1 Nonparametric approach

The classic and most popular nonparametric estimate of a survival curve is the Kaplan-

Meier estimator (Kaplan and Meier, 1958). Let ti be a time when at least one event (death)

occurred, di be the number of events that occurred at time ti, and ni be the number of

children who have not had an event or been censored up to time ti. Then the Kaplan-Meier

estimator of the survival curve at time t is

Ŝ(t) =
∏
i:ti≤t

(
1− di

ni

)
.

Under noninformative censoring, the Kaplan-Meier estimator is the nonparametric max-

imum likelihood estimator (NPMLE) of the survival curve. However, the Kaplan-Meier

estimator, in it’s simplest form, is unsuitable for interval censored data.

A generalization of the Kaplan-Meier estimator to arbitrarily truncated and censored
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observations is the Turnbull estimator (Turnbull, 1976). Below we introduce the notation

used in this paper to describe the estimator in its full generality, alongside an example for

our motivating application.

Suppose we are interested in estimating a full mortality schedule (survival curve) from

ages 0 to 5 at a national level in time periods [2000, 2005) and [2005, 2010). For simplicity,

we consider age in full years rather than months in this example. Let [t0, t1] denote the

interval in which an observation is censored, with the convention [t0, inf) for right-censored

observations. Our data is recorded as follows:

Individual Year born t0 t1
1 2002 2 4
2 1998 5 ∞
3 2007 1 1
...

...
...

...

Individual Year born Bi Ai Period
1 2002 (−∞,∞) [2, 3] [2000, 2005)
1 2002 [3, ∞) [3, 4] [2005, 2010)
2 1998 [2, ∞) [5, ∞) [2000, 2005)
3 2007 (−∞,∞) [1, 1] [2005, 2010)
...

...
...

...
...

Table 3.1: (Left) Example data for children alive between the ages of 0 and 5 years in the
time periods [2000, 2005) and [2005, 2010). (Right) Example data, separated into (truncated)
observations for each time period.

Individual 1 is interval censored to the age range [2, 4], individual 2 is right censored at

age 5, individual 3 is observed to die at exactly 1 year, and so forth. To account for time

period as a time-varying covariate in our model, we rearrange our data by splitting each

observation into multiple observations, one for each time period in which they contribute

to the risk set. The observations are left-truncated at the beginning of each time period

by max(0, age at which they enter the time period), where we denote this truncation in set

notation as Bi. If Bi = (−∞,∞), this indicates that no truncation has occurred, which

in this context means the individual was born in the given time period and not before it.

Individuals are censored according to the sets Ai = [Li, Ri], where if Li = Ri the observation

is exactly observed (uncensored), and if Ai = [Li,∞) the observation is right censored at

Li. The number of observations in our expanded dataset is N ≡
∑n

i=1 pi, where n is the



54

number of individuals in our dataset and pi is the number of time periods in which individual

i contributes to the risk set.

In the above example, for i = 1, . . . , N observations, let Ai denote an individual’s censor-

ing set, and let Bi denote an individuals truncation set such that the likelihood contribution

for an individual can be denoted P (Xi ∈ Ai | Xi ∈ Bi), where Xi is the random variable cor-

responding to the death of child i. The data is thus in the form of pairs (A1, B1), . . . , (An, Bn).

The Turnbull estimator is the NPLME of the cumulative distribution function F̂ of F ,

and therefore, also produces the NPMLE of the survival curve Ŝ = 1 − F̂ . We write the

likelihood in a convenient way that allows us to optimize the proportions of the CDF that lie

within given intervals subject to the constraint that the proportions sum to 1 and are greater

than 0. This allows us to view the likelihood maximization as a constrained optimization

problem that can be solved using an Expectation-Maximization (EM) algorithm (Dempster

et al., 1977), which we now describe.

Assume that each Ai can be written as a finite union of disjoint, closed intervals, with a

single point Ai = Xi being written as the closed interval [Xi, Xi]. Then for each censoring

set Ai we can write,

Ai =

ki⋃
j=1

[Lij, Rij],

for i = 1, . . . , n. Then the likelihood for all observations can be written as

Likelihood =
n∏

i=1

[∑ki
j=1 F (Rij)− F (Lij)

]
P (Bi)

. (3.1)

Let [q1, r1], . . . , [qm, rm] denote all unique intervals defined by [Lij, Rij], and sj = F (rj) −

F (qj). These sj define the proportions of the CDF that lie within an interval [qj, rj].
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Figure 3.2: A visual representation of the values sj that make up the Turnbull estimator.

We can rewrite the likelihood defined in Equation (3.1) as

Likelihood =
n∏

i=1

(∑m
j=1 I{[qj, rj] ∈ Ai}sj∑m
j=1 I{[qj, rj] ∈ Bi}sj

)
.

Maximizing the above subject to the constraints sj ≥ 0,
∑m

j=1 sj = 1 then corresponds to

maximizing the likelihood for arbitrarily censored and truncated observations, and provides

us with a nonparametric estimate of the MLE. A visual description of the Turnbull estimator

is provided in Figure 3.2.

Turnbull (1976) suggests the following procedure for obtaining the MLE:

1. Obtain initial values for s0 = s01, . . . , s
0
m subject to

∑m
j=1 s

0
j = 1, s0j ≥ 0
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2. Compute

µij(s) =
I{[qj, rj] ∈ Ai}sj∑m

k=1, I{[qk, rk] ∈ Ai}sk

νij(s) =
(1− I{[qj, rj] ∈ Bi})sj∑m

k=1 I{[qk, rk] ∈ Bi}sk

πj(s) =

∑n
i=1 (µij(s) + νij(s))∑n

i=1

∑m
j=1 (µij(s) + νij(s))

3. Set s1j = πj(s
0).

4. Return to Step 1.

The procedure exits once some predetermined, required tolerance is achieved.

Groeneboom and Wellner (1992) note that, compared to the Kaplan-Meier estimator, the

Turnbull estimator has less appealing asymptotics. The estimator converges pointwise (i.e.

at a fixed value t) at a rate of n1/3 to a non-Gaussian distribution. The question of obtain-

ing valid confidence bands for the Turnbull estimator remains an open statistical question.

Though some have recommended using a bootstrap procedure for variance estimation (see

Sun (2001), for example), the coverage of these procedures is not well justified (and therefore

not necessarily correct) due to the rate of convergence and non-Gaussian asymptotics.

Incorporating survey weights into the Turnbull estimator is straightforward, as the like-

lihood contribution for each individual is simply multiplied by their survey weight. This

corresponds to altering Step 2 in the algorithm described, replacing πj(s) with π̃j(s), where

π̃j(s) is

π̃j(s) =

∑n
i=1wi (µij(s) + νij(s))∑n

i=1wi

∑m
j=1 (µij(s) + νij(s))

,

and wi is the survey weight for a given individual. The use of π̃j(s) in the algorithm produces

a pseudo-NPMLE for arbitrarily truncated and censored data with survey weights. This

modification makes the Turnbull estimator applicable to scenarios where the data come from
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a survey with a complex design, such as those in LMICs.

Although the bootstrap is not well-justified for the Turnbull estimator, we do use a

bootstrap procedure appropriate for a two-stage, stratified sampling design from Rao and

Wu (1988) to assist with model comparison in our application. The procedure is described in

Section 3.3. In our model comparison approach, we treat the Turnbull estimator as a baseline

estimate of the survival curve, and aim to determine whether a given parametric model is

“reasonably” close to the Turnbull estimator. Obtaining some measure of uncertainty for

the Turnbull estimator facilitates this comparison.

As a well-justified variance estimator is not available for the Turnbull estimator, we do

not recommend using the Turnbull estimator for official estimates of full mortality schedules

for children under the age of 5 in LMICs. It is especially important in scenarios where the

data does not come from a census or other vital registration source to accurately quantify

the uncertainty of estimates. The Turnbull estimator does, however, describe the survival

function, and provide a useful reference when assessing how well a parametric distribution

summarizes the pattern of U5MR in LMICs, as its point estimates do not rely on parametric

assumptions.

3.3.2 Parametric approach

Suppose we have individuals i = 1, . . . , n. Let,

� p = 1, . . . , P : consecutive time periods, which may be single years or combinations of

years

� lp: length of period p, measured in the same units as age of child

� yp: date at the start of time period p

� bi: child’s date of birth

� ti: child’s age at right-censoring or age at death
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� Ii: an indicator that child i is interval-censored. If Ii = 1, individual i is interval-

censored. If Ii = 0, individual i is right-censored or has an exact death time

� t0i: child’s age at beginning of interval censoring, if child is interval censored

� t1i: child’s age at end of interval censoring, if child is interval censored

� api = yp − bi: the age the child would be at yp

� Ei: an indicator that child i’s death is exactly observed. If Ei = 1, then Ii = 0, and if

Ei = 0, then Ii could be 0 or 1

� p̃i: if Ei = 1, the period in which that child died

� Uxi
(p) = {p : api > −lp, api < xi}. Uxi

(p) is the set of periods for which child i is alive

and at risk of dying

Let F denote the CDF for the specified parametric distribution, and H the corresponding

cumulative hazard function. The likelihood for all individuals in our dataset across all time

periods can be written as

L(θ) =
n∏

i=1

Li(θ)

=
n∏

i=1

[1− Fθ,i(ti)]
1−Ii [Fθ,i(t1i)− Fθ,i(t0i)]

Ii [fθ,i(ti)]
Ei ,

=
n∏

i=1

[exp(−Hθ,i(ti))]
1−Ii︸ ︷︷ ︸

right−censored

[exp(−Hθ,i(t0i))− exp(−Hθ,i(t1i))]
Ii︸ ︷︷ ︸

interval−censored

[exp(−Hθ,i(ti))hθ,p̃i(ti)]
Ei︸ ︷︷ ︸

exact

,

where

Hθ,i(xi) =
∑
Uxi (p)

∫ min{xi,api+lp}

max{api ,0}
hθ,p(u)du,



59

and hθ,p(u) is a period-specific hazard function for a specified distribution.

To obtain survey-weighted estimates, we obtain pseudo-MLEs (Binder, 1983) of the

distribution-specific parameters by maximizing the sum of log likelihood contributions for

each individual observation multiplied by their respective survey weights. To obtain finite

population variance estimates, we use a trick where we treat our estimator as a weighted

total, for which we can easily obtain finite population variance estimates using R’s survey

package.

For a generic parametric model (in a non-survey context) with j = 1, . . . , J parameters,

let θ̂ = (θ̂1, . . . , θ̂J) denote the MLE. We can write θ̂j as asymptotically linear, meaning

θ̂j − θj =
1

n

n∑
i=1

∆i + op(n
−1/2),

with influence functions ∆i given by

∆i =

[
∂

∂θ
log
(
Li(θ̂)

)] [
Hlog(Li)

]
,

where ∂
∂θ

log
(
Li(θ̂)

)
is an n × J dimensional matrix of score functions for each individual

i = 1, . . . n with respect to parameters j = 1, . . . J , and Hlog(Li) denotes the Hessian of the

log likelihood. Then for an influence function of a pseudo-MLE with weights wi, we can

write

θ̂j − θj =
1

n

n∑
i=1

wi∆i + op(n
−1/2).

To estimate the finite population variance of θ̂j, calculating the finite population variance of∑n
i=1wi∆i corresponds to the Taylor-linearization method described in Binder (1983). The

convenience here lies in that
∑n

i=1wi∆i is a survey total, and the influence functions are

simple to obtain since we have a parametric model. In fact, only the gradient of the log

likelihood evaluated at the pseudo-MLE and the Hessian obtained during optimization of
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the weighted log likelihood are needed to calculate the finite population variance. Details of

this calculation are given in Appendix B.2.

Many common parametric distributions used in survival analysis are currently imple-

mented in the R package pssst, including: exponential, Weibull, piecewise exponential with

arbitrary cutpoints, generalized Gamma, lognormal, Gompertz, and the distribution char-

acterized by the exponentially-truncated power shifted family of hazards defined in Schöley

(2019). The proposed parametric method may also be used in conjunction with any para-

metric form of period-specific hazard, and so can be readily extended.

3.4 Literature review

As our proposed methodology focuses on providing a continuous, age-specific mortality curve

for children under the age of 5, we focus on three existing methods that can provide this,

modulo a few assumptions: the log-quad model (Guillot et al., 2022), the discrete hazards

model (Li et al., 2019; Wu et al., 2021), and the SVD model (Clark, 2019). The latter

two require the assumption that the discrete hazards nqx estimated for each x are constant

within the interval [x, x + n) in order to obtain a full survival curve. We believe that the

paucity of literature focused on providing estimates for mortality schedules by continuous

age is perhaps due to demography’s historical focus on estimates grouped by five- or one-year

period and age.

Of note, Schöley (2019) recently proposed a continuous, parametric approach model for

infant mortality. There are similarities between it and our proposed approach, notably the

use of a continuous hazard to assist in defining a survival curve for children. The method

differs, however, in its focus on the pattern of infant mortality as opposed to U5MR, the use

of daily observed deaths from a high-income country which removes the need to account for

interval-censored observations, and the use of data that does not come from a survey and

therefore does not need to account for the survey design. The methods described in Schöley

(2019) serve as high income country analogues to our proposed methods, and we consider

one family of hazards they deem best fitting to US data in our proposed methodology.
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3.4.1 Log-quad model

The log-quad model described in Guillot et al. (2022) builds on the log-quad approach in

Wilmoth et al. (2012), and can provide an estimate of a continuous survival curve from

ages 0 to 5 using only an observed or previously estimated 60q̂0. Other optional inputs to

the log-quad model include values xq0 for different ages x. Following Clark (2019), we call

the model “empirical” because the coefficients input to the model are not estimated during

the modeling process, but instead are computed ahead of time using data from the Under-5

Mortality Database (U5MD) (Guillot et al., 2022). The model specifies

log(xq0) = ax + bx log(60q̂0) + cx log(60q̂0)
2 + vxk,

where x takes on one of the 22 values {7d, 14d, 21d, 28d, 2m, 3m, 4m, 5m, 6m, 7m, 8m, 9m,

10m, 11m, 12m, 15m, 18m, 21m, 2y, 3y, 4y, 5y}. The age-specific coefficients {ax, bx, cx, vx}

are provided in the U5MD (and are estimated using lifetables in the HMD, as described in

more detail in Guillot et al. (2022)), 60q̂0 is input to the model as a fixed covariate, and

the parameter k is an optional parameter describing whether the age pattern of mortality is

“early” or “late.” By early, we mean that NMR and IMR are higher than typically observed

when compared to U5MR, and by late we mean that NMR and IMR are lower than typically

observed when compared to U5MR. By typically observed, we mean the patterns of mortality

before the age of 5 in countries with highly reliable child mortality data, such as those

included in the U5MD. As a consequence, mortality patterns in high-income countries are

often referred to as “typical” in the demography literature, and those in LMICs are referred

to as atypical.

The age-specific coefficients are estimated for the 22 ages {7d, . . . , 5y}, and therefore

predictions are made for log(xq0) at those values of x. The output of the log-quad model

provides a continuous survival curve under the age of 5 under the assumption that xq0 is

constant within age intervals defined by the 22 values of x.

The only parameter that is estimated in the modeling step when predicting the U5MR
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pattern for a new country is k, unless the average pattern of mortality observed across data

in the HMD is desired, in which case k is set to 0. (Of note, Guillot et al. (2022) consider

60q̂0 to be an additional parameter for the log-quad model. Here we consider 60q̂0 to be data

rather than a parameter, as 60q̂0 is input to the model as a fixed value rather than estimated

during the modeling step.) The parameter k is estimated in one of two ways:

� Option 1: If only a single value x is supplied for xq0 to the model as a fixed constant,

k is estimated as

k̂ =
e(x)

vx
,

where e(x) is the difference between the predicted and observed values of xq0 when the

the model is fit with k = 0.

� Option 2: If more than one x is supplied for xq0 to the model as data, k is estimated

as

k̂∗ =

∑
xw(x)e(x)vx∑

xw(x)v
2
x

,

where k̂∗ is the value of k that minimizes the root-mean-square error (RMSE) of pre-

dicted values of xq0 to observed values of xq0 across all values of x supplied, and w(x)

is the weight corresponding to the length of the previous age interval ending at age x

(i.e. w(1) = 7d, w(2) = 7d, . . . , w(22) = 1y).

When all 22 possible values for x are supplied to the model, Guillot et al. (2022) propose an

uncertainty band around the estimated survival curve that can be computed as

k̂∗ ± 1.96×
√
V ar(k̂∗),

V ar(k̂∗) =
22

21

(∑
xw(x)e(x)

2∑
xw(x)v

2
x

− (k̂∗)2
)
.
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They propose a separate uncertainty band when only one value for x is supplied to the model,

but we exclude it in our summary as that scenario is of little importance in our applications.

In the derivation of this variance estimator, Guillot et al. (2022) assume that the errors e(x)

are independent across values x, that the weighted errors w(x)e(x) are homoskedastic, and

that k̂∗ is approximately normally distributed.

Additionally, they note that almost all data used to estimate the age-specific coefficients

{ax, bx, cx, vx} in the U5MD are estimated with values of k that fall in (−1, 1). Due to this

observed range of values, they state that values of k that are estimated outside the range

(−1.1270, 1.5047) (the exact range of all observed values) have no “empirical basis” and may

in fact produce estimates of xq0 that progress nonmonotically for children under the age

of 5, whereas actual survival curves must be monotonically nonincreasing. Therefore, they

suggest a rule of thumb that the estimates should only be used when k is estimated in the

range (−1.1, 1.5).

Multiple follow-up papers (e.g. Eilerts et al. (2021); Verhulst et al. (2022)), as well

as Guillot et al. (2022) itself, note that the log-quad model is likely unsuitable for use

in LMICs, or in countries with (broadly) early or late patterns of child mortality. This is

perhaps unsurprising given that the coefficients in the U5MD are estimated from high-income

countries which likely have differing health care systems, and structural and programmatic

support for decreasing child mortality. Guillot et al. (2022) also note that there are known

biases in the data sources available in LMICs. One of these issues, age-heaping, can be

addressed using the log-quad model. In DHS surveys especially, this typically occurs at age

12 months. Rather than input all 22 possible age groups into the model for estimating the k

parameter, the user may instead leave out a range of ages (Guillot et al. (2022) suggest 9 to

21 months) that they believe covers the ages where data is heaped. Note that this is distinct

from treating deaths between the ages of 9 and 21 months as interval censored, but rather is

akin to removing these deaths entirely from the data. The rationale for this approach is that

in removing those deaths, the estimated curve will essentially smooth over any age heaping

that occurs. Guillot et al. (2022) demonstrate this approach to addressing age-heaping using
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data from Bolivia’s 1989 DHS. A downside to this approach is that it involves throwing away

information about the pattern of U5MR.

While the log-quad model can address age-heaping, it has additional characteristics that

may be unsuitable in LMICs. Due to its formulation, the log-quad model’s prediction of

U5MR is identical to the value of U5MR input as a covariate (when x = 5y, the age-specific

coefficients from the model are estimated as {ax, bx, cx, vx} = {0, 1, 0, 0}). In settings with

reliable data, this may be a reasonable (even desirable) property. However, in LMICs where

U5MR is estimated with considerable uncertainty, we do not necessarily want our predicted

value of U5MR to align perfectly with a point estimate, but rather to lie within a range of

reasonable values defined by the confidence interval for U5MR.

3.4.2 Discrete hazards approach

The discrete hazards approach described in Allison (2014) (as well as Mercer et al. (2015);

Li et al. (2019); Wu et al. (2021)) formulates child mortality data in a more explicit sur-

vival framework than some other existing demographic methods. Note that this framework

is currently used by both the UN and DHS for estimating subnational U5MR in LMICs.

Suppose we are interested in estimating U5MR, or 60q0, where age is in months. The dis-

crete hazards model splits the time before the age of 60 months into J discrete intervals

[x1, x2), [x2, x3), . . . , [xJ , xJ+1) where xj+1 = xj + nj, x1 = 0. Then U5MR can be computed

as

60q0 = 1−
J∏

j=1

(1− nj
qxj

). (3.2)

As examples, the DHS (USAID, 2014) use seven age intervals, while Mercer et al. (2015)

divide the first 60 months of life for individuals into six intervals, J = 6: [0, 1), [1, 12),

[12, 24), [24, 36), [36, 48), [48, 60), where (x1, . . . , x6) = (0, 1, 12, 24, 36, 48), (n1, . . . , n6) =

(1, 11, 12, 12, 12, 12). Data is tabulated into binomial counts indexed by age group j, and

potentially indexed by time period p as well, where the number of observations yjp in a given
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bin corresponds to the number of deaths observed in that age group and time period, and

the number at risk Njp in a given bin corresponds to the number of children alive in that age

group and time period. Note that by construction of the age intervals, we can also estimate

NMR and IMR from this model.

Mercer et al. (2015) then fit a logistic regression model,

yjp | Njp, ηjp ∼ Binomial(Njp, nj
qxj ,p),

logit(nj
qxj ,p) = βjp,

where βjp is an age-period specific intercept. Pseudo-MLEs of βjp are obtained by fitting

this model in R’s survey package, using the svyglm() function. By writing the likelihood as

a product of binomial likelihoods, we can use the pseudo-MLEs estimaed from the logistic

regression model to construct estimates of 60q̂0 (or NMR, or IMR) using Equation (3.2).

We stress that although the binomial likelihood does not reflect the exact data generating

mechanism, many sampling schemes in LMICs (including that used by the DHS) allow data

to be aggregated to binomial counts by cluster. Having well-established, pre-written code to

obtain the pseudo-MLEs is particularly appealing.

Inherently, the discrete hazards approach assumes a constant hazard within the specified

age groups. Therefore, while we can estimate a full survival curve for children under the

age of 5, we know its shape will not be realistic, as the probability of survival should change

smoothly with age rather than make discrete jumps. To obtain a more continuous survival

curve, we could have 60 age groups for each 1-month breakdown in the discrete hazards

approach. There is a balance here between flexibility and parsimony: the model fitted with

more age groups better reflects the underlying smooth changes in hazard, but each hazard

estimate is less precise than we might get fitting a more parsimonious model.

As with the log-quad model, age-heaping can be handled in the discrete hazards model by

construction of the age intervals. For example, one could consider age intervals (J = 7): [0, 1),

[1, 9), [9, 21), [21, 24), [24, 36), [36, 48), [48, 60), where we group deaths recorded between the
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ages of 9 and 21 months into a single age group.

We make two further notes on using the discrete hazards model in conjunction with DHS

surveys. First, in DHS surveys deaths are recorded at exact days between ages 0 and 1

month, monthly until 24 months, and yearly onwards. The discrete hazards model does not

take advantage of the fine-scale, daily data available prior to 1 month, and instead groups

those deaths together to form a neonatal age group. If NMR is the smallest demographic

rate we wish to estimate, this grouping is not inherently an issue. However, daily recorded

deaths may be informative of the overall pattern of mortality before the age of 5, so if we

instead want to estimate an accurate survival curve over the entire age range from 0 to 5,

grouping all deaths within the first month of life together will not capture the expected sharp

decline in survival in the first week of life, or even the first two weeks of life.

A second benefit of aggregating our data across age groups is that, especially at small

levels of spatial aggregation, we may have very little data available on the hazard in some age

groups. Consequently, if data is sparse we may prefer to use fewer age groups in the discrete

hazards model, as if no deaths were present in a certain age-period group (which is common

for small regions in small area estimation, or fine-scale time periods), their estimated hazard

will be exactly zero. Hazards of exactly zero are undesirable, as they are both implausible

and it is difficult to get inference around such an estimate.

3.4.3 SVD approach

A third, popular approach for estimating a full mortality schedule across an entire lifetime

is Singular Value Decomposition (SVD), as described in Clark (2019, 2015), and Alexander

et al. (2017) among others. Note that this approach is intended to provide full mortality

schedules separately for binarized sex (male/female) rather than a full mortality schedule for

both binarized sexes combined. We point the reader to Clark (2019) for an in-depth review

of older demographic methods using SVDs and the related method of principal components

analysis.

The general idea of the SVD approach to modeling full mortality schedules is to incorpo-
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rate external summaries of observed demographic patterns. These summaries are typically

left singular values (LSVs) from a singular value decomposition of historic life tables from

the HMD. Clark (2019) suggest that four LSVs are typically enough to accurately capture

a full mortality schedule across all ages for a variety of countries. To maintain consistency

with the demographic literature, we will hereafter refer to models that take advantage of

SVDs, such as that in Clark (2019), as an SVD model.

Of note, as the life tables available in the HMD are calculated for 1 year period by 1

year age groups at the finest level, the SVD models in Clark (2019) only predict mortality

schedules at that 1 × 1 level. As a consequence, these models may not accurately estimate

NMR, or any metric that is not defined on a yearly scale, since to estimate summary measures

at a finer scale than yearly requires the assumption of constant hazards between years.

Below, we state the modeling steps described in Clark (2019) that are relevant to our

applications in LMICs, where only an estimate 60q0 is available for each sex rather than

both 60q0 and 540q180. Note that the latter is important in the SVD approach because the

model was designed to produce full mortality curves for ages well beyond 60 months. With

coefficients estimated from various models involving the HMD (see Clark (2019) for details),

rhe framework for obtaining estimates of 12qx for x = 0, 12, . . . , 48 from the SVD model in

Clark (2019) is as follows:

1. Estimate 60q̂0,F and 60q̂0,M , and predict logit(540q̂180,F ) and logit(540q̂180,M) using the

input value for 60q̂0 as

logit(540q̂180,F ) = −10.79760q̂0,F + 4.005logit(60q̂0)F + 0.695 ∗ logit(60q̂0)2F

+ 0.046 ∗ logit(60q̂0)3F + 5.921

logit(540q̂180,M) = 2.88360q̂0,M + 0.359logit(60q̂0)M + 0.104 ∗ logit(60q̂0)2M

+ 0.016 ∗ logit(60q̂0)3M − 0.703

where the coefficients for each term come from Table D3 of the online appendix for
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Clark (2019).

2. Using logit(60q̂0,F ), logit(60q̂0,M), logit(540q̂180,F ), and logit(540q̂180,M), compute ŵzi (where

z = {F,M}) as

ŵzi =czi + βz1i × 60q̂0,z + βz5i × 540q̂180,z

+ βz2i × logit(60q̂0,z)

+ βz2i × logit(60q̂0,z)
2 + βz6i × logit(540q̂180,z)

2

+ βz3i × logit(60q̂0,z)
3 + βz7i × logit(540q̂180,z)

3

+ βz8i × logit(60q̂0,z)× logit(540q̂180,z)

where the coefficients {czi, βz1i, . . . , βz8i} are available for z = {F,M}, i = 1, . . . , 4

in Tables D1 and D2 of the online appendix for Clark (2019). For completeness, we

include the values in Appendix B.3 as well.

3. Obtain a full, yearly mortality schedule 12q̂x for each z = {F,M} as

logit(12q̂x,z) =
4∑

i=1

ŵzisziuzi

where uzi and szi are the left singular vectors (LSVs) and singular vectors (SVs),

respectively, of an A×L matrix, Qz containing mortality schedules for each sex, where

A indexes age groups (and rows) in Qz, and L indexes life tables (and columns) in Qz.

The life tables and mortality schedules included in Qz in Clark (2019) are part of the

HMD, where each mortality schedule is offset by −10 to ensure all age groups have

approximately the same influence on the resulting LSVs. This is the step for which the

SVD model is named.

4. Alter the predictions logit(12q̂0,z) using the original estimates of 60q̂0,z from Step 1,
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using the formula

logit(12q̂0,F ) = −0.951 + 0.659logit(60q̂0,F )− 0.038logit(60q̂0,F )
2,

logit(12q̂0,M) = −0.828 + 0.689logit(60q̂0,M)− 0.037logit(60q̂0,M)2,

Clark (2019) note that this alteration is because as 60q̂0 predicts 12q̂12 and 12q̂48 well,

but not 12q̂0, where the latter is better predicted using only 60q̂0 separately.

5. Obtain final estimates 12q̂x via

12q̂x = expit(12q̂x + 10)

where the addition of 10 accounts for the offset used when calculating the SVDs of the

HMD mortality schedules.

Note that in the above framework, uncertainty of the estimate of 60q0 is not considered. This

is true of the log-quad model as well.

One approach to fitting the SVD model for estimating U5MR in LMICs would be to

follow the steps above, using a survey-weighted estimate for 60q0,z, then to average the

resulting curves over sex using population-level sex weights to obtain an estimate for both

sexes combined.

A second approach is to use the general structure of the SVD method in a model similar

to the discrete hazards approach, and this is what we propose in the next subsection. Of

note, the approach described in Clark (2019) requires separate model fits for males and

females, whereas the (pseudo-likelihood) approach we propose allows for straightforward

uncertainty quantification and can provide an estimate for males and females combined,

without a secondary aggregation step.
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Proposed SVD approach

For each yearly age group x = {0, 12, 24, 36, 48}, let yxp be binomial counts and Nxp be totals

in each time period p. We fit the logistic regression model

yxp | Nxp, ηxp ∼ Binomial(Nxp, ηxp),

logit(ηxp) = βX,

where X = (1⊤,u1, . . . ,u4) is a covariate matrix containing four LSVs u1, . . . ,u4 and an

intercept term. The LSVs are computed from a SVD of a subset of the life tables contained

in the HMD, but restricted to ages 0 to 5 years. The logistic regression model above is fitted

using svyglm() to account for the survey design. We then obtain our final estimates 12q̂x

in the same manner as for the discrete hazards approach, in Equation (3.2). Details of the

variance calculation for 12q̂x are in Appendix B.3.1.

Clark (2019)’s analysis used only 4610 of HMD life tables, omitting those with implausible

mortality at older ages, or incomplete data. We also remove the life tables for Belgium from

1914-1918 as they contain no data. Of the remaining life tables, 82 contained 0 estimates for

12qx for at least one age group, and hence those tables were also removed from the analysis.

In total we used 4842 life tables in our analysis. The HMD data used in this paper were

downloaded on April 23, 2022 from the HMD website (https://www.mortality.org/File/

GetDocument/hmd.v6/zip/by_statistic/lt_both.zip). The resulting singular values are

listed in Table 3.2 and visualized in Figure 3.3. As noted in Clark (2019), the first LSV is

entirely negative and captures the underlying average shape of mortality across age. From 0

to 60 months, this corresponds to a stronger decrease at earlier ages that levels off slightly for

later months. The reamining LSVs reflect age-specific deviations from the average pattern

of mortality.
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Age (months) u1 u2 u3 u4
12 -0.28 -0.67 0.67 -0.13
24 -0.44 -0.45 -0.51 0.40
36 -0.47 -0.03 -0.33 -0.12
48 -0.50 0.27 -0.04 -0.72
60 -0.51 0.53 0.42 0.54

Table 3.2: LSVs obtained from 4842 life tables in the HMD subset to include ages 0 to 60
months.
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Figure 3.3: LSVs obtained from 4842 life tables in the HMD subset to include ages 0 to 60
months.

3.5 Application

We apply our proposed, parametric pseudo-likelihood approach to child mortality data from

Burkina Faso, Malawi, Senegal, and Namibia. We chose single DHS surveys from each of

these countries, and used the proposed approach to obtain continuous survival curves for

the time periods [2000, 2005) and [2005, 2010) to demonstrate the ability of our approach to

produce period estimates throughout time. The data used in the application is described

in detail in Section 3.5.1, and all parametric models considered are noted in Section 3.5.2.

We additionally fit a survey-weighted version of the Turnbull estimator, with boostrapped
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confidence bands, to validate the parametric approaches, as described in Section 3.5.3.

For further comparison, we compare our approach to estimates from the log-quad model

using all 22 age inputs (calculated from the Turnbull estimate), the proposed SVD approach

described in Section 3.4.3, and the discrete hazards model from Mercer et al. (2015).

For all parametric approaches, we estimate the survival curves in each time period, un-

certainty bands surrounding each survival curve (95% confidence bands based on finite pop-

ulation variances for all approaches other than log-quad, and the derived uncertainty band

from Guillot et al. (2022) for the log-quad approach), and estimates of NMR, IMR, and

U5MR from these survival curves.

3.5.1 Data

All data used in our application comes from the Demographic and Health Surveys (DHS)

programme. The DHS programme is one of the largest producers of surveys in LMICs, and

includes many health indicators including child mortality. Child death data is collected via

interviewing mothers, and asking them the birth and death dates of all children they have

had. As previously noted, child death dates are recorded daily up to 1 month of life, at

monthly intervals up to 24 months, and at yearly intervals onward. Therefore, we treat

deaths prior to one month as exact, and interval-censored afterwards with the interval given

as a single month or a single year depending on when the child died.

It has previously been noted that DHS surveys are subject to potential biases that may

negatively impact the resulting estimates of child mortality (Hill, 1995; Lawn et al., 2008;

Guillot et al., 2022). The main concern for estimates of mortality under the age of 5 years is

age-heaping at age 12 months, where more children are recorded as having died at 12 months

than would otherwise be expected, especially compared to deaths recorded at surrounding

months. Lawn et al. (2008) additionally note that age-heaping in DHS surveys may occur

at 7 days, 14 days, and 1 month.

In our application, we address age-heaping at 12 months by interval-censoring all obser-

vations recorded as having died between 6 and 18 months for that entire 12 month period
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[6, 18). We chose this 12-month window to capture a wide range of potential age-heaping sur-

rounding 12 months, but a smaller or larger (or multiple) windows could instead be chosen,

depending on the assumption one wants to make about when age-heaping occurred. Note

that in aggregating our data over these 12 months, we will lose some precision in our estimate

of the survival curve but should decrease bias due to age-heaping. We emphasize that the

benefit of this straightforward approach to addressing age-heaping is that the assumptions

involved are made clear, in this case, that the only age-heaping in our data occurs between

6 and 18 months. Incorporating additional assumptions about where age-heaping occurs is

straightforward; we include additional intervals surrounding the dates where age-heaping is

thought to occur (for example, ages 3-10 days for age-heaping at 7 days).

All DHS surveys used in our application follow a two-stage, stratified cluster design, and

were designed to provide accurate estimates at the Administrative 1 (admin1) subnational

level. Strata are defined by admin1 region and urban/rural status. Each sampling frame is

established from a previous census. Primary sampling units (PSUs), or clusters, are selected

across strata, and the second stage of sampling consists of households within PSUs. GPS

coordinates are displaced by up to 2km for urban clusters and 5km for rural clusters, and

are not displaced outside of their strata. Information related to the sampling design for the

surveys used in our application is given in Table 3.3.

Country Survey Year Census Admin1 Regions PSUs (U/R) Households (U/R)
Burkina Faso 2010 2006 13 574 (176/398) 14924 (4576/10348)
Malawi 2016 2008 28* 850 (173/677) 27531 (5190/22341)
Senegal 2010 2002 14 392 (147/245) 8232 (3087/5145)
Namibia 2013 2011 13 554 (269/285) 11080 (5380/5700)

Table 3.3: Sampling information from DHS surveys. Census year is the year of the census
upon which the sampling frame for the survey is based upon. PSUs and Households listed
are the number of PSUs and Households in the sample, not the sampling frame, and counts
are additionally disaggregated by Urban/Rural (U/R). *At the time of survey, Malawi’s
28 districts were considered Admin2 regions, with Northern, Central, and Southern regions
being Admin1. Some shapefiles now consider the 28 districts to be Admin1, with a finer grid
as 243 Admin2 subregions.
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3.5.2 Parametric Models

The parametric distributions considered for our proposed approach are listed in Table 3.4.

Note that the exponentially-truncated shifted-power (ETSP) family of hazards we consider

is slightly different than that considered in Schöley (2019), as we set c = 0 as opposed to

estimating it via profile likelihood. The generalized Gamma distribution is parametrized as in

the flexsurv package in R, as it is more numerically stable than the original parameterization

(Prentice, 1974).

Distribution Characterization Parameters

Exponential f(x) = βe−βx β

Piecewise Exponential f(x) = β0e
−β0xI[x < 1] + β1e

−β1xI[1 ≤ x < 12] + β2e
−β2xI[x ≥ 12] β0, β1, β2

Weibull f(x) = βk(βx)k−1e−(βx)k β, k

Generalized Gamma f(x) = |Q|(Q−2)Q
−2

σxΓ(Q−2)
eQ

−2(Qω−eQω) Q, σ, ω

Lognormal f(x) = 1
xσ

√
2π
e−

1
2σ2 (log(x)−µ)2 σ, µ

Gompertz f(x) = βkek+βx−keβx β, k

Exponentially-truncated

shifted power (ETSP)*
h(x) = a(x+ c)−pe−bx a, b, c, p

Table 3.4: Parametric distributions considered and their characterizations in terms of a
probability density function f(x) or hazard h(x), with relationship h(x) = f(x)/(1− F (x)).
Note that the ETSP hazard as described in Schöley (2019) contains four parameters, but in
our applications we set c = 0.

3.5.3 Model Validation

To assist with model validation, we fit a survey-weighted version of the Turnbull estimator,

with bootstrapped confidence bands, to provide a guideline for how well each of the paramet-

ric distributions is able to capture the underlying survival curve in each time period. Here,

the Turnbull estimator of the survival curve is treated as a reasonable reference point for the

underlying survival curve as it is free of parametric assumptions. However, despite our use

of bootstrapped CIs we recall (from Section 3.3.1) that there are no well-justified variance
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estimates for the Turnbull estimator, making our comparisons to the Turnbull estimator only

crudely calibrated.

Let a sample k from the bootstrapped distribution of the Turnbull estimate at age x be

denoted θ̃
(k)
x , and a sample k from the asymptotic distribution of the parametric survival

curve at age x be denoted θ̂
(k)
x . We obtain k = 1, . . . , 500 samples, and compute θ̂

(k)
x − θ̃

(k)
x

to obtain samples from the empirical distribution of the difference between the Turnbull and

parametric distribution at a given age x.

We then produce visual comparisons of the range of values θ̂
(k)
x − θ̃

(k)
x at each age x, and

observe whether or not these ranges contain 0, as would be expected if the Turnbull estimate

and parametric estimate came from the same underlying distribution. We additionally cal-

culate the proportion of uncertainty intervals derived from θ̂
(k)
x − θ̃(k)x at ages x that contain 0

as a rough estimate of how closely each parametric model aligns with the Turnbull estimate.

Note that this is not a formal hypothesis test, but rather a means of assessing how close

the parametric estimate is to the Turnbull estimate while accounting for uncertainty in both

estimates.

3.6 Results

In this section, we display a subset of results from the application of the seven parametric

models, log-quad model, proposed SVD approach, and discrete hazards model to DHS data

from Burkina Faso, Malawi, Senegal, and Namibia. Additional results can be found in

Appendix B.4, with comparisons to models where the data is not adjusted for age-heaping

in Appendix B.5.

In the top row of Figure 3.4 we display the fitted survival curves for the Weibull model

in both time periods for Malawi, and compare them to the Turnbull estimator, log-quad

model, proposed SVD approach, and discrete hazards model. Note that compared to the

Turnbull estimator the Weibull model tends to estimate higher survivorship at younger ages,

and lower survivorship at older ages. In the bottom row of Figure 3.4, we display the same

comparison for Malawi but for the lognormal model. It appears the lognormal model captures
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the sharp increase in mortality within the first 12 months of life more accurately than the

Weibull model. Showing just summary measures of mortality (NMR, IMR, U5MR), we see

the same patterns in Figure 3.5. The Weibull model in each time periods underestimates

NMR, and overestimates U5MR, relative to the Turnbull estimator, particularly for the

period [2000, 2005). In contrast, the lognormal model confidence intervals cover NMR, IMR,

and U5MR in both time periods, with the exception of IMR in [2005, 2010) where only the

Weibull model captures the Turnbull estimate. We emphasize that these figures should all

be interpreted with care, as the boostrapped confidence intervals for the Turnbull estimator

are not well-justified. Therefore, small deviations from the Turnbull estimator may not

necessarily imply a bad parametric fit. As seen in Table 3.5, the differences between the

Weibull estimates and Turnbull estimates capture zero for 41.7% and 60.7% of ages where

the Turnbull estimate is defined, prior to age 60 months, for [2000, 2005) and [2005, 2010),

respectively. In contrast, the differences between the lognormal estimates and Turnbull

estimates capture zero for 91.7% and 77.4% of ages. These percentages align with the

visualizations to suggest that the lognormal model is a better parametric fit for the mortality

curve for children under the age of 5 than the Weibull model.
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Figure 3.4: Top: Estimated Weibull survival curves for time periods [2000, 2005) (left) and
[2005, 2010) (right) for Malawi. Bottom: Estimated lognormal survival curves for time peri-
ods [2000, 2005) (left) and [2005, 2010) (right) for Malawi.
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Figure 3.5: Estimates of NMR, IMR, and U5MR for Malawi in periods [2000, 2005) (top)
and [2005, 2010) (bottom). Turnbull point estimates are denoted by vertical black lines,
with dashed vertical black lines denoting the 95% uncertainty interval estimated from the
bootstrap samples. Horizontal error bars are blue if the interval captures the Turnbull point
estimate, or red if the interval does not capture the Turnbull point estimate. All 95%
confidence intervals are based on finite population variances, with the exception of the log-
quad model where uncertainty is calculated as in Guillot et al. (2022).

We obtain similar results for Burkina Faso and Senegal, that suggest the Piecewise Expo-

nential and Lognormal models are most similar to the survival curve given by the Turnbull

estimator. For Namibia, a larger collection of parametric models may be appropriate, as the

only parametric models we consider that do not align with the Turnbull estimator are the

Weibull and Gompertz models.

The proposed SVD approach performs adequately in all countries in terms of capturing

IMR and U5MR, but underestimates NMR in all time periods and countries. This makes

sense, as the proposed SVD approach assumes a constant hazard between ages 0 and 12
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months. Hence, unless mortality is decreasing linearly in the first year of life, the SVD

approach will always underestimate NMR; if not linear, the survival curve will be convex.

If finer scale life tables were available (for example, monthly life tables), this might be

ameliorated.

Country Period Weibull
Piecewise

Exponential

Generalized

Gamma
Lognormal Gompertz ETSP

Discrete

Hazards

Burkina Faso
[2000, 2005) 17 37 93 54 12 34 48

[2005, 2010) 14 39 71 66 8 60 60

Malawi
[2000, 2005) 42 76 95 92 18 94 73

[2005, 2010) 61 63 82 77 12 80 70

Senegal
[2000, 2005) 30 73 85 83 17 84 72

[2005, 2010) 36 73 64 85 12 91 72

Namibia
[2000, 2005) 56 86 100 100 23 99 86

[2005, 2010) 53 86 100 100 27 99 85

Table 3.5: Model validation results. Percentage of samples (out of 500) from θ̂ − θ̃ that
contain 0 for all parametric models, countries, and periods. Results that contain more than
70% of samples noted in bold.
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Figure 3.6: Model validation results. Percentage of samples (out of 500) from θ̂ − θ̃ that
contain 0 for all parametric models, countries, and periods.

The log-quad approach performs adequately in general as well, with a few key caveats.

The first is that U5MR is assumed to be estimated with no uncertainty, again. This is

not a desirable property of this approach in LMICs, since our estimates of U5MR that are

input to the log-quad model are themselves estimated with uncertainty. Second, we note

that the uncertainty bands around the log-quad point estimates are in general much wider

than the confidence bands for the parametric models. The confidence bands surrounding the

parametric models may be interpreted at each age x with a 95% confidence interval inter-

pretation based resampling observations from the finite population, whereas the uncertainty

surrounding the log-quad model does not have as straightforward of an interpretation. Fur-
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thermore, out of all of the analyses conducted, only the log-quad models for Namibia (both

time periods) provided estimates and confidence bands that would be considered reasonable

by Guillot et al. (2022). All other countries had estimated values for k outside the suggested

range (−1.1, 1.5), or an increasing hazard by age in the uncertainty interval computed, which

is unrealistic.

In general, the discrete hazards approach performed well, though perhaps not sufficiently

better than some of the proposed parametric models (such as lognormal or piecewise ex-

ponential) to justify the need for six parameters (coefficients for the discrete hazards) in

estimating the survival curve. Futhermore, assuming a constant hazard over certain age

intervals is not necessarily an assumption we wish to make, as it is unrealistic even at a fine

scale of age groups.

One final thing to note is that both the ETSP and generalized Gamma models performed

reasonably well, but again perhaps not significantly better than some of the two-parameter

models. This can be seen for Namibia in Table 3.5 in particular, where both differences

between the models’ respective parametric estimates and the Turnbull estimates capture

zero for 99% (ETSP) and 100% (generalized Gamma) of ages where the Turnbull estimate is

defined prior to 60 months. However, the lognormal model performs just as well in Namibia

according to this metric. Furthermore, fitting both models (generalized Gamma and ETSP)

results in computational complexities that may make them less desirable than other para-

metric options. The ETSP model, for example, does not have a closed form cumulative

hazard, and therefore requires numerical integration at every step of the likelihood optimiza-

tion. Therefore, this model takes more time to fit and is potentially less numerically stable

than others with closed form cumulative hazards. The generalized Gamma distribution, on

the other hand, occasionally produces unreasonably wide confidence bands. In some coun-

tries and time periods, Burkina Faso [2000, 2005), for example, the shape parameter Q is

estimated with a large variance relative to the other parameters in the model. This results

in the confidence bands produced being highly asymmetric, and so wide as to be unusable in

practice. As such, we believe that in certain cases there may not be enough data under the
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age of 5 to reliably estimate all three parameters that define the generalized Gamma survival

curve.

3.7 Discussion

In this paper, we have proposed a parametric, pseudo-likelihood approach to estimation of

a full mortality schedule for children under 5 across multiple time periods. The novelty

of our approach lies in the explicit set-up of our methodology in a survival context with

a time-varying covariate representation to allow period effects, the ability to work directly

with survey data and straightforwardly conduct design-based inference, and the particular

focus of our methodology on low- and middle-income countries. We clarify the relationship

between existing demographic concepts (e.g. period vs. cohort estimates) and concepts in

survival analysis. We describe three existing approaches to estimating full survival curves for

children under the age of 5, and describe their potential shortcomings in terms of statistical

properties (such as variance calculations), demographic properties (constant hazards between

age groups), and applicability to LMICs. We propose a flexible parametric approach that we

believe is suited to survey data from LMICs, and easily extended to additional parametric

models. We additionally describe a nonparametric pseudo-likelihood approach, the Turnbull

estimator, and propose that it may be used informally for model validation of parametric

approaches. Finally, we apply our proposed methods to DHS surveys from Burkina Faso,

Malawi, Senegal, and Namibia.

Our application suggests that there are potentially very large differences in model fit

between parametric distributions, with the Weibull distributions and Gompertz distributions

generally providing the worst fit compared to the Turnbull estimator, in terms of capturing

the survival curve under the age of 5. In general, the lognormal model seems to fit the

countries in our application reasonably well. We note that two of the three parameter

models we compared, the piecewise exponential and ETSP model, also adequately captured

the survival curve provided by the Turnbull estimator, though the piecewise exponential

model has the undesirable property of assuming constant hazards within prespecified age
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groups and the ETSP model is computationally challenging to fit. We conclude that for

our application, the lognormal model outperforms other parametric models in terms of the

ability to capture the point estimate provided by the Turnbull estimator while only requiring

two parameters to define the survival curve.

The benefits of a parametric approach to under-5 mortality estimation, and in particular

to estimating the full survival curve for children under the age of 5, are many. As laid

out in Schöley (2019), we note that correctly specified parametric assumptions about the

shape of mortality may greatly assist estimation of the survival curve under the age of 5

in situations with little data. This becomes particularly relevant in a small area setting,

where often little to no data is available at small administrative regions (Wakefield et al.,

2020). As such, the methods proposed in this paper may serve as a guideline, or perhaps

even as prior information in a Bayesian setting, for small area estimation problems of child

mortality when a full survival curve is desired. Further benefits of a continuous, parametric

approach involve interpretability and parsimony. Perhaps the most well-known parametric,

demographic model for mortality estimation, the Heligman-Pollard model (Heligman and

Pollard, 1980), provides informative interpretations of the parameters involved in the model,

and the same is true of the models we propose. Of course, we rely on the assumption that the

parametric distribution we specify is correctly specified, which likely is not the case. In fact,

it is likely that there is no parametric distribution that can perfectly capture the age trend

in mortality for every country. However, especially in scenarios with little data, reasonable

parametric assumptions may still be useful. Hence it is important to observe and test these

parametric models in settings with relatively more data, such as the national setting we use

in our application. Note that a meaningful question is: Is the fit of a continuous parametric

model better than the 6-parameter discrete hazards model currently used by the UN IGME

and DHS? When comparing to the Turbull estimator, the lognormal model does outperform

the 6-parameter discrete hazards model in terms of our model performance metric (see Table

3.5).

Limitations of our proposed approach to extend the Turnbull estimator include the lack
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of a well-justified variance estimate. As previously noted, a variance estimate is not readily

available due to the non-Gaussian, cubed-root asymptotics, and a bootstrap estimate of the

variance is not applicable for similar reasons. More work needs to be done to provide an

estimate of the asymptotic variance of the Turnbull estimator in a superpopulation setting,

and then additionally to a finite population setting, before comparisons between the non-

parametric and parametric approaches (and model validation procedures) can be made with

some degree of calibration.

In conclusion, we have provided a method for obtaining a complete, continuous survival

curve for children under the age of 5 using assumed parametric models. Our method enables

estimations using interval-censored, left-truncated observations, as is required for period

estimates of mortality from DHS data. Furthermore, aspects of survey design, which are

particularly relevant in LMICs, may be directly incorporated into our modeling framework

to provide design-consistent estimates of mortality with finite population variances. All

software for fitting the models proposed in this paper is available in the R package pssst,

available at https://github.com/taylorokonek/pssst.
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Chapter 4

CORRELATED TEMPORAL SMOOTHING MODELS FOR
MORTALITY ESTIMATION

4.1 Introduction

As noted in previous chapters, data available for estimating U5MR in LMICs becomes sparse

at small levels of spatial aggregation and finer temporal scales. As a consequence, obtaining

direct, survey-weighted estimates that are precise in all regions and time points becomes

impossible; particularly when there is no relevant data available in a region. Nevertheless,

accurate estimates of U5MR are needed in every region, particularly at the Administrative

2 (admin2) level where public health interventions primarily take place. Model-based ap-

proaches to estimating U5MR incorporate spatio-temporal smoothing random effects and

are often used at a subnational and fine temporal scale to overcome the lack of relevant data

available. These models introduce some bias into the estimates due to shrinkage, in exchange

for potentially large gains in precision.

In this chapter, we will discuss existing temporal smoothing terms, and propose a mul-

tivariate random walk that allows multiple, potentially-correlated observations to co-vary

in time. This approach directly extends the work in Chapter 3, providing a parametric

model analogue to the smoothed Fay-Heriot approach developed in Mercer et al. (2015),

with the added benefit of producing estimates of NMR, IMR, and U5MR that follow known

relationships in mortality; for example, NMR < IMR < U5MR.

In Section 4.2, we detail existing random walk models, and show how a particular deriva-

tion of the form for the random walk prior allows us to extend the prior to allow for two

correlated random walks in time. We compare survey-weighted estimates produced from

parametric models considered in Chapter 3 in 27 districts of Malawi on a yearly scale from



86

2000 to 2009, and smooth these estimates using the existing and proposed random walks in

Section 4.3. We conclude with a discussion of hyperprior choice and possible extensions.

4.2 Methods

We obtain survey-weighted, direct estimates of parameters from the pseudolikelihood ap-

proach described in Chapter 3, using the Weibull, lognormal, piecewise exponential (with

breakpoint at 1 month), and Gompertz distribution. We determine which of these two-

parameter models most closely captures the mortality curve for children under the age of 5

in each area estimated from the survey-weighted Turnbull estimator.

For the thusly determined parametric model, we compare the weighted estimates with

these three smoothing approaches:

1. RW2: Smooth NMR, IMR, U5MR directly

Obtain survey-weighted estimates of NMR and U5MR, then smooth each over time

separately using RW2 models

2. Uncorrelated MVRW2: Smooth parameters, then calculate NMR, IMR, U5MR

3. Correlated MVRW2: Smooth parameters, then calculate NMR, IMR, U5MR

In the following subsections, we describe the proposed first-order multivariate random-

walk (MVRW1), provide a derivation of the model akin to the derivation of the first-order

random walk, and detail the models we use in our application that implement the three

smoothing approaches. The extension to second-order random walks used in the application

is provided in Appendix C.

4.2.1 Existing temporal GMRFs

Two of the most common temporal smoothing terms are the autoregressive (AR) process

and the random walk. Both are specific forms of Gaussian Markov random fields (GMRFs),
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which are distinguished by (1) having a Gaussian precision matrix, and (2) containing the

Markov property of conditional independence between certain observations given all other

observations (Rue and Held, 2005). In a temporal setting, this conditional independence

manifests in independent observations for discrete temporal observations that are far apart

(more than one time point away for first-order random effects, two time points for second-

order random effects, and so on), and results in 0’s in the off-diagonal entries of the precision

matrix for the GMRF. The 0’s in the off-diagonals provide sparsity to the specification of

the GMRFs that enable use of fast, “sparse matrix” techniques.

Autoregressive processes are proper random effects with invertible precision matrices. By

proper we mean that the random effects have a well-defined density function with precision

matrices of full rank. A first-order autoregressive process (AR1) on the vector x1, . . . , xn can

be written in its conditional form as

x1 ∼ N(0, τ−1/(1− ϕ2)),

xn | x1, . . . , xn−1 ∼ N(ϕxn−1, τ
−1),

where |ϕ| < 1, and its joint form as

π(x) ∼ N(0n, τ
−1Q−1),

Q =



1 −ϕ

−ϕ 1 + ϕ2 −ϕ
. . . . . . . . .

−ϕ 1 + ϕ2 −ϕ

−ϕ 1


.

Details on autoregressive processes, as well as other GMRFs, can be found in Rue and Held

(2005).

Taking ϕ → 1 in the AR1 produces the first-order random walk (RW1), known as an
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intrinsic GMRF (IGMRF). Random walks are improper random effects, where by improper

we mean the precision matrix of the random effect is not full rank. To see this, note that a

RW prior can be written as,

π(x) ∼ N(0n, τ
−1Q−),

Q =



1 −1

−1 2 −1
. . . . . . . . .

−1 2 −1

−1 1


, (4.1)

and note that multiplying Q by a column vector of 1’s produces a column vector of 0’s. In

the case of an RW1, this means that the level (intercept) of a temporal trend cannot be

estimated from a model that includes only an RW1 random effect. In practice, a model that

includes both an RW1 random effect and intercept term can estimate the level of a temporal

trend (via the intercept term) so long as the RW1 is constrained so that the intercept is

identifiable. The constraints are given by the matrix of eigenvectors that correspond to the

zero eigenvalues of the precision matrix; in this case, a 1× n dimensional matrix of 1’s.

We have derived the random walk by beginning with an AR1 and taking ϕ → 1. We

could instead begin by placing Gaussian priors on the differences:

x2 − x1 ∼ N(0, τ−1),

x3 − x2 ∼ N(0, τ−1),

...

xn − xn−1 ∼ N(0, τ−1).

Assuming the differences are iid (a Markov property) with an improper prior on x1, then we
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can write the joint “density” for x = (x1, . . . , xn) as

π(x1, . . . , xn | τ) = τ (n−1)/2 exp

(
−τ
2

n−1∑
i=1

(xi+1 − xi)
2

)
,

= τ (n−1)/2 exp
(
−τ
2
x⊤Qx

)
where Q is defined in Equation (4.1). This derivation will be convenient in the following

development.

Note also that we can write

−1 1

−1 1
. . . . . .

−1 1

−1 1




x1

x2
...

xn

 =


x2 − x1

x3 − x2
...

xn − xn−1

 .

Denote the lefthand matrix R (an (n − 1) × n dimensional matrix), and note that R⊤ is

a projection matrix that takes the vector x⊤ of dimension n to the vector of differences

(xi−xi−1)
⊤ = (x2−x1, x3−x2, . . . , xn−xn−1)

⊤ of dimension n−1. As we previously noted,

the vector differences are iid N(0, τ), so we can write π((xi −xi−1)) ∼ N(0n−1, τ
−1In−1). To

obtain the precision matrix for x then, we can project our vector using R⊤ to a space where

the density is easily defined, and then project back using R to obtain our final joint density.

This corresponds to

π(x) ∼ N(0n, (R
⊤(τ−1In−1)

−1R)−) (4.2)

and finally, note that R⊤(τ−1In−1)
−1R = τQ. Therefore, this derivation, summarized in

Equation (4.2), arrives at the same joint distribution for x as the previous two.

Note that the precision matrix in Equation (4.2) involves a generalized inverse. In prac-
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tice, we handle generalized inverses computationally in the same way as INLA (Rue et al.,

2009). A small constant (1 × 10−6, by default) is added to the diagonal of the precision

matrix, and the random effect is constrained using the conditioning by kriging equations,

found in Subsection 2.3.3 of Rue and Held (2005).

4.2.2 Proposed temporal GMRF

Suppose we now have observations (x1, . . . , xn, w1, . . . , wn). Rather than assume that (xj −

xj−1) ⊥⊥ (wj − wj−1) (as would be the case if we put an RW1 prior on the whole 2n-

dimensional vector), we instead assume

xj − xj−1

wj − wj−1

 ∼ N

0

0

 ,Σ

 , Σ =

 σ2
x ρσxσw

ρσxσw σ2
w

 (4.3)

where parameter σ2
x is the variance of the differences between adjacent xj indices, σ

2
w is the

variance of the differences between wj indices, and ρ is the correlation between (xj − xj−1)

and (wj − wj−1).

Similarly to the RW1 case, we can construct a projection matrix R⊤ as R⊤ = (R1,R2)
⊤,
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where

R1 =



M1,∗

0⊤
t

M2,∗

0⊤
t

...

Mn−1,∗

0⊤
n


, R2 =



0⊤
t

M1,∗

0⊤
t

M2,∗
...

0⊤
n

Mn−1,∗


,

M =



−1 1

−1 1
. . . . . .

−1 1

−1 1


,

where M is a (n− 1)× n matrix, and Mi,∗ denotes the i’th row of M.

In its most general form, let Σ be defined as in Equation (4.3). Then our proposed

random walk where the differences between adjacent xj and wj are correlated with potentially

different precisions can be written asx⊤

w⊤

 ∼ N(02n, (R
⊤(In−1 ⊗Σ−1)R)−),

where A⊗B denotes the kronecker product between matrices A and B. This general case

may be simplified. For example, ρ could be set to zero to allow for the differences between

adjacent xj and wj to have different precisions but enforce independence between xj and

wj in time, a priori. Note also that R⊤R = I2 ⊗Q, where Q is the structure matrix for a

RW1. Interestingly, if we have only a single precision parameter in our prior for both x and
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w with ρ = 0, this is exactly a Type-II Knorr-Held interaction between the vectors x and w

(Knorr-Held, 2000).

Of note, just as the RW1 is improper, so too is the proposed random walk prior. Specif-

ically, the level of the random effect for each vector x and w cannot be determined from

this prior alone. To make the prior proper, the proposed GMRF requires two constraints: a

sum-to-zero constraint across
∑n

i=1 xi = 0 and
∑n

i=1wi = 0. As usual, these constraints are

only needed for identifiability if a fixed effect for x and w is included in the model, which

corresponds to unique intercept terms for x and w.

The proposed prior can be straightforwardly extended to random walks of higher order,

spatial smoothing priors such as the intrinsic conditional autoregressive (ICAR) model, and

to vectors of higher dimension (more than simply two vectors defined in time x and w, for

example). The only differences will be in the projection matrix R⊤, and the covariance

matrix Σ, which defines the covariance in the projected space. Constructions for R for the

two vector case for RW2 and ICAR priors are given in Appendix C.1. Examples of what

samples from the proposed MVRW2 may look like for different hyperparameter values can

be seen in Figure 4.1.
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Figure 4.1: Examples of MVRWs generated from the proposed model, with different hy-
parparameter values (denoted in grey labels). Each time series consists of 20 time points.

4.2.3 Implentation

We implement all models for this chapter in INLA, a fast Bayesian computational programme

described in greater detail in Chapter 2, Section 2.5.4. Implementing the proposed models

in INLA is nontrivial as the likelihood at the highest level has a nondiagonal covariance
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structure, and the random effect has multiple hyperparameters that do not easily fit into

existing INLA structures for random effects.

To address the nondiagonal covariance structure in the likelihood, we note that the fol-

lowing models are equivalent as σ → 0.

y | η ∼ MultivariateNormal(η, Iσ)

η = β0 + β1x1 + β2x2 + · · ·+ ϕ

and

y | η ∼ MultivariateNormal(η,V)

η = β0 + β1x1 + β2x2 + . . .

where ϕ ∼ MultivariateNormal(0,V). While the former model cannot be fit in INLA, the

latter can be specified. We include pseudo-code in Listing 4.1 for fitting this model using

INLA.

1 formula ← y ∼ x1 + ... +

2 f(idx , model = "generic0",

3 Cmatrix = solve(V),

4 hyper = list(prec = list(initial = 0, fixed = TRUE)))

5 result ← inla(formula ,

6 data = inla_data ,

7 family = "gaussian",

8 control.family = list(hyper =

9 list(prec = list(initial = 15, fixed = TRUE))))

Listing 4.1: INLA pseudo-code for MVN likelihood

To specify the correlated multivariate random walk in INLA, we use INLA’s rgeneric

capability to freely specify a random effect. Pseudo-code for each of these models in rgeneric
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is given in Appendix C, Section C.2.

4.2.4 Model Statements

There are different classes of models we could consider, which are summarized in Figure 4.2.

Note that in all cases, weighted estimates are first obtained via a pseudo-likelihood approach,

and models that induce smoothing via random effects are then applied to (possible summaries

of) the weighted estimates. The first distinction is between obtaining direct estimates via the

parametric, pseudo-likelihood approach described in Chapter 4, or obtaining direct estimates

view the discrete hazards approach of Mercer et al. (2015). Note that the latter is the

approach currently used to estimate summaries of child mortality by both UN IGME and

the DHS (Li et al., 2019; Wu et al., 2021). From either of these models, we can then

choose to work with the survey-weighted parameters directly, or compute survey-weighted

summaries of these parameters. For the discrete hazards model, the parameters are the six,

discrete hazards, and for the two-parameter models these are the shape and scale. Summaries

computed are typically NMR, IMR, and U5MR, though we note that for the parametric

models other summaries of the survival curve could be straightforwardly computed.

Currently, the standard smoothing model is the Smoothed Direct model of summaries of

the discrete hazards (Mercer et al., 2015; Li et al., 2019); specifically, smoothing NMR, IMR,

and U5MR separately. Note that we could similarly obtain Smoothed Direct estimates from

summaries of the parametric direct estimates. Additional smoothing approaches we consider

involve smooth survey-weighted estimates from the parametric models.

We consider two transformations of the survey-weighted parameters, and two potential

smoothing approaches. The first transformation is simply the identity, where we smooth the

parameters as they are estimated from the pseudolikelihood approach. The second computes

1q0 (NMR) and 1q59 from the survey-weighted shape and scale parameters, and smooths those

estimates across time. Note that this transformation will allow us to enforce the relationship

NMR < U5MR. For each of these transformations, we then consider two smoothing models:

a correlated multivariate random walk, and an uncorrelated multivariate walk with separate
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precisions for each of the two estimates across time.

Figure 4.2: Estimates and smoothing models we consider. Direct estimates may come from
either the parametric approach in Chapter 3, or the discrete hazards approach currently
used by UN IGME and DHS. We then consider smoothing either summaries of the direct
estimates (NMR, IMR, U5MR) or the underlying survey-weighted estimates of parameters
(potentially transformed).

We now state the smoothing models we will consider. Let i = 1, . . . , n denote yearly,

discrete time points and xq̂0,i the direct estimate of U5MR (x = 60), IMR (x = 12) or NMR

(x = 1) at time i, with associated design variance V̂xi. Let the direct estimates from the two-

parameter parametric model be denoted θ̂1i and θ̂2i, where both parameters are estimated on
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the whole of the real line (for example, by log transforming the parameters) with associated

design covariance Ĉ.

We consider the following smoothing models separately for each district:

1. Smooth NMR, IMR, U5MR separately:

logit(xq̂0,i) | η ∼ Normal(ηi, V̂xi)

ηi = β + ϕi

where ϕi ∼ RW1(τϕ), τϕ ∼ PC(U = 1, α = 0.01), β ∼ N(0, 0.001−1), for x = 1, x = 12,

and x = 60.

2. Smooth, uncorrelated:

(θ̂1, θ̂2) | η ∼ MultivariateNormal(η, Ĉ)

η = X⊤β + ψ(τθ1 , τθ2)

where ψ(τθ1 , τθ2) ∼ MVRW2(τθ1 , τθ2 , ρ ≡ 0), τθ1 ∼ PC(U = 1, α = 0.01), τθ2 ∼ PC(U =

1, α = 0.01), β = (β1, β2)
⊤ iid∼ N(0, 0.001−1), and X =

1n 0n

0n 1n

.

(a) (θ̂1, θ̂2) = (log(1/µ̂), log(σ̂))

(b) (θ̂1, θ̂2) = (logit(1q̂0), logit(59q̂1))

3. Smooth, correlated:

(θ̂1, θ̂2) | η ∼ MultivariateNormal(η, Ĉ)

η = X⊤β + ψ(τθ1 , τθ2 , ρ)

where ψ(τθ1 , τθ2) ∼ MVRW2(τθ1 , τθ2 , ρ), τθ1 ∼ PC(U = 1, α = 0.01), τθ2 ∼ PC(U =
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1, α = 0.01), β = (β1, β2)
⊤ iid∼ N(0, 0.001−1), X =

1n 0n

0n 1n

, and logit
(
ρ+1
2

)
∼

Normal(0, 1).

(a) (θ̂1, θ̂2) = (log(1/µ̂), log(σ̂))

(b) (θ̂1, θ̂2) = (logit(1q̂0), logit(59q̂1))

4.3 Application

We apply our three smoothing approaches to yearly, survey-weighted estimates for 27 districts

of Malawi from 2000-2010, from the 2016 Malawi DHS. The survey followed a two-stage,

stratified cluster design, with strata given by district crossed with urban rural and clusters as

primary sampling units. There were 12,558 clusters in the sampling frame with 827 sampled

clusters. Additional survey design information for the 2016 Malawi DHS can be found in

Chapter 3, Subsection 3.5.1. Of note, there are 28 districts in Malawi. Our analyses exclude

the island of Likoma, as it is spatially distinct from the other 27 districts of Malawi and

has a small population. We first obtain survey-weighted estimates from Weibull, lognormal,

piecewise exponential (with breakpoint at 1 month), and Gompertz distributions, as well as

the discrete hazards model of Mercer et al. (2015). Additionally, we obtain survey-weighted

Turnbull estimates to use as a comparator for assessing fit of our parametric models.

For the parametric model that is deemed best fitting, direct estimates of U5MR, IMR, and

NMR are calculated using samples from the finite-population, asymptotic normal distribution

for the survey-weighted parameters and the CDF for that distribution. We then fit the three

smoothing models described in Section 4.2 as well as the discrete hazards approach of Mercer

et al. (2015) with six age-specific hazards, and compare the resulting smoothed estimates. For

models 2 and 3, we consider smoothing direct estimates of the shape and scale parameter for

the parametric distribution, as well as a transformation of those direct estimates to 1q0 and

59q1, resulting in five total smoothing models considered for the pseudolikelihood estimates.
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4.3.1 A note on the Turnbull estimator

When an individual is interval-censored across the boundary of a time period, that individual

cannot be split into separate observations that are left truncated at the beginning of a given

time period. Intuitively, this would imply that a single individual could contribute more than

one death to the risk set, which biases estimates of mortality upwards, and also overstates

the amount of information present. When working on a yearly scale, many individuals are

interval censored across the boundary of a one-year time period. For 2000-2009 data from

Malawi, roughly 3% of all individuals in each district are interval-censored across a time

period boundary, which constitutes approximately 40-50% of all observed deaths in each

district. Table 4.1 gives the exact breakdown of these percentages by district.



100

Table 4.1: Percentages of individuals who are interval-censored across time period boundaries
out of all individuals at risk, and percentages of individuals who are interval-censored across
time period boundaries out of all observed deaths by district in Malawi for 2000-2009.

District
Percent across boundary
out of all individuals

Percent across boundary
out of all deaths

Balaka 4 42
Blantyre 3 48
Chikwawa 2 41
Chiradzulu 4 51
Chitipa 2 39
Dedza 3 42
Dowa 3 56
Karonga 3 44
Kasungu 3 41
Lilongwe 4 46
Machinga 3 42
Mangochi 3 40
Mchinji 4 40
Mulanje 5 47
Mwanza 3 43
Mzimba 2 36
Neno 5 51
Nkhata Bay 2 33
Nkhotakota 3 47
Nsanje 3 48
Ntcheu 3 44
Ntchisi 3 41
Phalombe 3 40
Rumphi 2 30
Salima 3 51
Thyolo 3 37
Zomba 3 44

To account for an individual who is interval-censored across time period boundaries in

the Turnbull estimator, we split the individual into separate, left truncated observations at

the beginning of the time period, where the last two observations for this individual will each

contain an interval censored observation. We then down-weight these last two observations
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by the proportion of the length of the original individual’s interval that is included in that

time period. Note that this assumes that the age distribution of deaths in each of these two

time periods is the same. Though we know this assumption will not hold (due to cohort

effects of conflicts, for example), the resulting survey-weighted Turnbull estimator is still a

useful comparator, as it is a nonparametric estimator that estimates rates more robustly

than a parametric estimator.

4.4 Results

Survey-weighted survival curves from the parametric models, the Turnbull estimator, and the

discrete hazards model were fitted to the Malawi data. The resulting curves for Lilongwe–the

district that contains the capital city of Malawi–are displayed in Figure 4.3, and the curves

for the remaining districts are in Appendix C. We note that the Gompertz and Weibull

distributions appear furthest from the Turnbull estimator in nearly every time period, with

the lognormal distribution appearing the closest of the parametric distributions. The discrete

hazards model appears to follow the Turnbull estimator closely as well, notably in 2008 when

the lognormal survival curve estimates a lower U5MR than both the Turnbull and discrete

hazards estimator. Similar patterns hold true for the remaining 26 districts. Based on these

visual comparisons, and keeping in mind that the survey-weighted Turnbull estimator is

imperfect due to the assumption we made about individuals interval-censored across time

period boundaries, we chose the lognormal distribution as the best fitting parametric model.
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Figure 4.3: Survey-weighted survival curves for the Lilongwe district of Malawi from 2000-
2009.

In Figures 4.4, 4.5, 4.6, and 4.7, we map the weighted (transformed) estimates from the

lognormal model across space and time. There is no obvious spatial pattern to the estimates

of log(1/µ) and log(σ) across space, though logit(1q0) and logit(59q1) may be slightly higher
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in more northern districts.
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Figure 4.4: Weighted estimates of log(1/µ) across space and time.
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Figure 4.5: Weighted estimates of log(σ) across space and time.
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Figure 4.6: Weighted estimates of logit(1q0) across space and time.
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Figure 4.7: Weighted estimates of logit(59q1) across space and time.

Below we display the results from the different smoothing models for the Lilongwe region

of Malawi, with additional results in Appendix C. In Figure 4.8 we can see that both corre-
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lated and uncorrealted multivariate random walk models are smoothing the direct estimates

for both the untransformed shape and scale parameter, and the transformed weighted 1q0

and 59q1. Both smoothing models for the transformed parameters decrease the variance of

the resulting estimates compared to the direct estimates. For the untransformed scale and

shape parameter, however, the variance is increased slightly (see Top of Figure 4.8). This

is likely because the direct estimates are very certain and also very non-smooth; enforcing

smoothness in this case leads to increased variance compared to the raw, weighted estimates

due to lack of fit.

For the shape and scale parameters, we note that the correlated multivariate random

walk model is slightly less smooth than the uncorrelated version. This is likely due to the

greater flexibility in the correlated model; the additional parameter in the random walk, ρ,

allows the model to more closely fit the data and therefore supports less smooth posterior

estimates. If the correlation structure of the empirical data is very different from the assumed

structure in the correlated multivariate random walk model, we expect to estimate ρ̂ = 0,

and therefore the correlated and uncorrelated smoothing approaches should provide similar

posterior estimates. If ρ̂ is far from zero, we expect the correlated model to be more dissimilar

from the uncorrelated model.

We generally observe that the correlated and uncorrelated smoothing models provide

similar smoothness when the posterior density for the correlation parameter in the multi-

variate random walk is concentrated around −1 or 1 and the temporal patterns are similar,

or when the correlation parameter for the multivariate random walk is concentrated around

zero. Table 4.2 provides the posterior means for the correlation parameters for the correlated

multivariate random walk models that we fit, with the posterior mean for Lilongwe being

0.02 for the model smoothing transformed weighted estimates (1q0, 59q1), and 0.01 for the

model smoothing untransformed weighted estimates (log(1/µ), log(σ)).

We emphasize that the posterior estimates for the correlation parameter should be inter-

preted with caution, particularly since there is little data available in these models to estimate

three hyperparameters for the MVRW (1 observation per parameter per time point). In sce-
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narios where more data are available, reasonable values of ρ may be estimated. We provide

a simulation study to compare the performance of the two MVRW models in a scenario with

more data in Appendix C.3.
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Figure 4.8: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Lilongwe district of Malawi from 2000-2009.
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District Transformed Untransformed
Balaka -0.07 -0.49
Blantyre -0.10 -0.76
Chikwawa 0.20 -0.30
Chiradzulu 0.03 -0.53
Chitipa 0.02 -0.15
Dedza 0.02 -0.12
Dowa 0.03 -0.81
Karonga 0.10 -0.10
Kasungu -0.01 -0.74
Lilongwe 0.02 0.01
Machinga 0.13 -0.40
Mangochi 0.05 -0.23
Mchinji -0.03 -0.22
Mulanje -0.02 -0.17
Mwanza 0.02 -0.61
Mzimba 0.00 -0.45
Neno 0.03 -0.22
Nkhata Bay 0.00 0.06
Nkhotakota 0.04 -0.56
Nsanje 0.00 -0.66
Ntcheu 0.03 -0.12
Ntchisi 0.03 -0.45
Phalombe -0.02 -0.44
Rumphi 0.07 0.02
Salima 0.09 0.06
Thyolo 0.06 -0.03
Zomba 0.05 0.07

Table 4.2: Posterior means of the correlation parameter ρ in the multivariate random
walk models for the models using transformed (logit(1q0), logit(59q1)) and untransformed
(log(1/µ), log(σ)) weighted estimates.

For each of the smoothing models considered, we obtain smoothed estimates of NMR,

IMR, and U5MR. The results for Lilongwe are in Figure 4.9. Note that the paramet-

ric, smoothed weighted estimates of the NMR, IMR, and U5MR summaries appear the

smoothest. This is to be expected, as the smoothing is taking place on the same scale as the
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output. The multivariate random walk models on the transformed parameters are similarly

smooth. For NMR, this is unsurprising as half of the weighted estimates that are smoothed

are exactly the parametric, weighted estimates for NMR. For U5MR, the smoothness likely

comes from the fact that the transformation needed to get from the smoothed parameters

themselves to U5MR involves only simple multiplication (60q0 = 1 − (1 − 1q0)(1 − 59q1)); if

the hazards are smooth, survival probabilities should also be smooth.

The estimates of NMR, IMR, and U5MR from the multivariate random walk models on

the untransformed (log(1/µ) and log(σ)) parameters are notably less smooth than the other

models. Intuitively, smoothing the parameters on one scale does not necessarily imply that

some transformation of those parameters will also be smooth. The transformation matters

for maintaining smoothness (such as with the transformation from 1q0 and 59q1 to U5MR),

though smoothing on either a transformed or untransformed scale increases the precision of

our estimates relative to the unsmoothed estimates; discrete hazards or parametric, weighted.

NMR IMR U5MR

2000 2003 2006 2009 2000 2003 2006 2009 2000 2003 2006 2009
0.0

0.1

0.2

0.3

0.00

0.05

0.10

0.15

0.00

0.03

0.06

0.09

Year

E
st

im
at

e

Model
Discrete Haz.
Parametric: Weighted
Parametric: Smoothed Weighted

MVRW: Uncorrelated
MVRW: Correlated
MVRW: 1q0, 59q1, Uncorrelated

MVRW: 1q0, 59q1, Correlated

Lilongwe

Figure 4.9: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Ntchisi district of Malawi from 2000-2009.

Estimates of U5MR across time for the districts of Malawi are shown in Figure 4.10 for
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different smoothing models. Additionally, we plot differences in posterior standard deviations

for U5MR from the smoothing approaches considered and the discrete hazards approach in

Figure 4.11. Figures for NMR and IMR are given in Appendix C.

Note that the discrete hazards model and the parametric weighted model produce similar

estimates (see Figure 4.12). As indicated in Figure 4.11, however, the standard deviations

of estimates from the parametric, weighted model are larger in general than those from the

discrete hazards model. The parametric, smoothed weighted model and uncorrelated multi-

variate random walk on transformed parameters produce the smoothest estimates of U5MR

across time (by visual comparison), and both models see the smallest posterior standard

deviations when compared to the discrete hazards model.
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Figure 4.10: Posterior mean estimates of U5MR from 2000-2009 for 27 districts of Malawi
from different smoothing models considered.
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Figure 4.11: Differences in posterior standard deviation for U5MR from the indicated
smoothing models and the discrete hazards approach for 2000-2009 for 27 districts of Malawi.
A positive difference indicates that the standard deviation from the discrete hazards estimate
is higher than the corresponding smoothing model.
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Figure 4.12: Comparison of estimates of U5MR from the discrete hazards model to estimates
from the parametric, weighted model across space and time.

Though the differences in standard deviations are small, we do see the smallest posterior

standard deviations relative to the discrete hazards model from the uncorrelated multivariate

random walk model on transformed parameters. In Figure 4.13, we compare the standard

deviations from the two models (parametric, smoothed weighted, and uncorrelated MVRW

on transformed parameters) that produced the smoothest estimates and largest precision

gains, and note that the proposed uncorrelated MVRW gives the smallest posterior standard

devation compared to the parametric, smoothed weighted approach in over 50% of districts

across all years for estimates of both NMR and U5MR.
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Figure 4.13: Differences in standard deviation between estimates from the parametric,
smoothed weighted model and uncorrelated multivariate random walk on transformed pa-
rameters (Top: NMR, Bottom: U5MR). A positive difference indicates that the standard
deviation from the parametric, smoothed weighted is higher than the uncorrelated multi-
variate random walk on transformed parameters. Each beeswarm consists of 27 data points;
one from each district.



115

4.5 Discussion

In this chapter, we proposed multivariate random walk models for smoothing weighted es-

timates from mortality models across time. Existing approaches as currently used by the

UN IGME and DHS, smooth summaries of NMR, IMR, and U5MR across time. While

this approach smooths estimates across time and produces smaller posterior standard devi-

ations than the raw, weighted estimates, it also fails to enforce known relationships between

NMR, IMR, and U5MR; namely, that they must be in increasing order. The multivariate

random walk models we propose on weighted parameters (transformed and untransformed)

from continuous, parametric models smooth estimates and produce lower posterior standard

deviations, with the added benefit of enforcing known survival relationships.

We applied our methods to 27 districts of Malawi and compared the performance of

proposed and existing smoothing models across the years 2000 to 2009. All smoothing models

had increased precision compared to the discrete hazards approach, with the uncorrelated

multivariate random walk on transformed parameters having the highest gains in precision

among the models considered.

The only transformation of parameters we considered in this chapter was from the

weighted estimates of mean and variance parameters from the lognormal model (log scale)

to logit estimates of 1q0 and 59q1. We chose this transformation specifically to ensure that

(1) estimates that were smoothed could lie on the whole of the real line, and (2) estimates

could be easily combined to produce inference on NMR and U5MR. Other transformations

could be considered (computing the NMR, IMR, and U5MR from the parameters used to

specify the model is itself a transformation), though not all transformations will guarantee

NMR < IMR < U5MR.

Future extensions of the model include extensions to more than 2 parameters. In partic-

ular, it may be of interest to smooth the six, discrete hazards from the Mercer et al. (2015)

model across time, with multiple correlation parameters in the random effect. Additional

precautions may need to be taken when extending this model beyond two dimensions to en-
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sure identifiability of parameters. Riebler et al. (2012) note, for example, that the inclusion

of more than one correlation parameter in this type of multivariate random effect may require

the general Fisher’s z-tranformation (Fisher (1958), page 219) on correlation parameters to

ensure the precision matrix of the random effect is positive definite (modulo typical random

walk constraints). We included extensions of the model to ICAR random effects in Appendix

C, and further extensions could be made to space-time random effects. In particular, the

four Knorr-Held type random effects distributions could be considered (Knorr-Held, 2000).

Ultimately, the scale on which parameters are smoothed affects (1) how “smooth” re-

sulting estimates are, and (2) posterior standard deviations of resulting estimates. In our

application, we noted that weighted estimates that had been transformed to a scale very

close to the final, desired estimates (in this case, NMR and U5MR) produced the smoothest

estimates across time. Additionally, the MVRW models without the additional correlation

parameter had smaller posterior standard deviations than their correlated counterparts, rel-

ative to the estimates from the discrete hazards model. One thing to keep in mind is that

while we used PC priors on precision hyperparameters in the MVRW, we used a Normal(0, 1)

prior on a transformation of the correlation parameter. An additional extension to this model

would be the development of a PC prior for the correlation parameter, which would allow

use of (more) informative priors, and may influence smoothed estimates in scenarios with

little data. Additional simulation studies should be conducted to assess model performance

in scenarios with little data. As with the pseudo-likelihood approach developed in Chapter

3, model validation and comparison procedures require further consideration.
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Chapter 5

DISCUSSION AND FUTURE WORK

This dissertation has focused on developing statistical methods for estimating child mor-

tality in an official statistics setting, with a focus on outcomes in LMICs. Many existing

demographic methods for producing child mortality estimates have been developed in a high-

income country setting, and LMICs have unique data challenges that make these existing

methods less applicable. The methods in all chapters of this dissertation were applied to DHS

survey data from Malawi (2015-16), South Africa (2016), Namibia (2013), Senegal (2010),

and Burkina Faso (2010).

In Chapter 2 we addressed computationally efficient benchmarking of small area esti-

mates to national estimates with uncertainty, as opposed to national estimates from a cen-

sus. Building on the approach of Zhang and Bryant (2020), we develop two fully Bayesian

benchmarking approaches that target posterior estimates conditional on a soft benchmark-

ing constraint in a two-step fashion. This allows for increased flexibility with regards to

software during the modeling stage with benchmarking done as a second step. The proposed

benchmarking approaches are appropriate in an LMIC setting, where national estimates

are typically model-based with uncertainty, and computational efficiency is important. A

R package, stbench implementing the methods described in this chapter can be found at

https://github.com/taylorokonek/stbench. A paper is available as Okonek and Wake-

field (2023).

In Chapter 3 we developed a method for producing full survival curves for children under

the age of 5 that accounts for complex survey designs and period estimates of mortality.

We reframed the demographic concepts of cohort and period estimates in a survival analysis

framework, noting that period estimates take advantage of discrete time as a time-varying
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covariate. We then proposed a pseudo-likelihood approach to obtaining period-specific esti-

mates of full survival curves for children under the age of 5. The approach produces design-

consistent estimators, and may be more appropriate for LMICs than existing demographic ap-

proaches to obtaining full survival curves for children under the age of 5. A R package, pssst

implementing the methods can be found at https://github.com/taylorokonek/pssst.

Finally, in Chapter 4 we proposed a smoothing model that allows us to obtain precise

estimates of mortality at a subnational level, while maintaining known demographic rela-

tionships between NMR, IMR, and U5MR. This work extended the methods developed in

Chapter 3 to a smoothed direct framework, where survey-weighted estimates with high un-

certainty may be smoothed using mixed effects models to obtain more precise estimates.

The approach we proposed was a correlated, multivariate, first-order random walk on two

parameters, which allows us to smooth any of the direct estimates from the two-parameter

models considered in Chapter 3. We additionally provided extensions for how this framework

can be extended to correlated, multivariate ICAR models and second-order random walks.

Future directions for research include extending methods to further subnational disag-

gregations and model validation approaches. A limitation of the benchmarking approach

we propose in Chapter 2 is that uncertainty of the resulting benchmarked estimates will be

misstated if national benchmarks and subnational estimates are produced from the same

data. This setting, known as internal benchmarking, has yet to be satisfactorily addressed

in the fully Bayesian benchmarking literature. Additionally, it is potentially of interest to

benchmark estimates at multiple levels of aggregation (i.e., admin2 to admin1, admin1 to na-

tional). Simiarly, the pseudolikelihood approach proposed in Chapter 3 could be extended to

spatial disaggregations. One could then consider correlated, spatio-temporal random effects

as an extension of the correlated, multivariate random walk and ICAR models developed in

Chapter 4. Software for these correlated MVGMRFs needs to be developed.

Model validation approaches can be improved upon from what was used in Chapter 3.

The pseudolikelihood approach for parameter distributions was compared to the NPMLE

provided by the Turnbull estimator, though the Turnbull estimator does not have a readily
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derived variance estimator. Providing a justified variance estimator for the survey-weighted

Turnbull would allow us to better determine parametric model fit for the methods developed

in Chapter 3.
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Appendix A

APPENDIX FOR CHAPTER 2

A.1 HIV Application

A.1.1 Unit-level figures and tables

The subnational breakdown of unbenchmarked and benchmarked, unit-level models can be

seen in Figure A.1 and Table A.1.

Fully Bayesian
MH Raking

Unbenchmarked Fully Bayesian Fully Bayesian
rejection sampler

15

20
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HIV Prevalence (%)

Figure A.1: Comparison of HIV prevalence estimates from benchmarked and unbenchmarked
unit-level models.

A table represetation of the aggregated national estimates presented in Figure A.2 can

be found in Table A.2.
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Table A.1: Admin1 HIV prevalence estimates from unbenchmarked and benchmarked unit-
level models. Point estimates provided are medians, with 95% credible intervals. Provinces
are arranged in the order of lowest unbenchmarked median to highest.

Province Unbenched (%) FB (%)
FB: Rejection
sampler (%)

FB: MH (%) Raking (%)

Limpopo 11.2 (9.0, 13.9) 11.0 (8.8, 13.6) 10.8 (8.8, 13.4) 10.8 (8.7, 13.4) 10.1 (8.1, 12.5)
Western Cape 11.5 (8.6, 15.3) 10.9 (8.2, 14.4) 10.7 (8.0, 14.0) 10.7 (8.2, 14.0) 10.4 (7.7, 13.8)
Northern Cape 12.0 (9.2, 15.4) 12.0 (9.2, 15.6) 11.8 (9.0, 15.3) 11.7 (8.9, 15.4) 10.8 (8.3, 13.8)
Eastern Cape 17.5 (15.6, 19.4) 16.9 (15.3, 18.7) 16.8 (15.1, 18.5) 16.7 (15.1, 18.5) 15.7 (14.1, 17.4)
Gauteng 18.6 (15.3, 22.5) 16.7 (14.1, 19.6) 16.7 (14.1, 19.5) 16.7 (14.1, 19.4) 16.7 (13.7, 20.2)
Free State 21.0 (17.9, 24.2) 20.6 (17.7, 24.1) 20.5 (17.5, 23.7) 20.5 (17.7, 23.7) 18.8 (16.1, 21.8)
North West 21.1 (18.0, 24.5) 20.7 (17.8, 24.0) 20.5 (17.6, 23.8) 20.5 (17.6, 23.7) 18.9 (16.2, 22.0)
Mpumalanga 23.4 (20.2, 27.0) 22.9 (19.8, 26.3) 22.8 (19.7, 26.2) 22.7 (19.8, 26.1) 21.0 (18.2, 24.3)
KwaZulu-Natal 26.4 (23.1, 30.0) 25.1 (22.1, 28.3) 25.1 (22.2, 28.2) 25.1 (22.2, 28.1) 23.7 (20.7, 26.9)

Table A.2: Aggregated national level HIV prevalence estimates from Thembisa, unbench-
marked, and benchmarked results from the unit-level model. 95% credible intervals are given
next to posterior medians.

Model Median (%) SD (%)
Thembisa 17.1 (15.6, 18.3) 0.61
Unbenched 19.1 (17.6, 20.6) 0.76
FB 18.0 (17.1, 19.0) 0.48
FB: Rejection sampler 17.9 (17.0, 18.9) 0.46
FB: MH 17.9 (17.0, 18.8) 0.47
Raking 17.1 (15.8, 18.5) 0.68

A.1.2 Area-level figures and tables

In Figure A.2, we display national level estimates from Thembisa, the unbenchmarked, and

benchmarked results from the area-level model. Results from this model are very similar to

results from the unit-level model, found in the Chapter 2.
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Figure A.2: Aggregated national level HIV prevalence estimates from Thembisa, unbench-
marked, and benchmarked results from the area-level model. All densities are based on 5000
samples

Table A.3: Aggregated national level HIV prevalence estimates from Thembisa, unbench-
marked, and benchmarked results from the area-level model. 95% credible intervals are given
next to posterior medians.

Model Median (%) SD (%)
Thembisa 17.1 (15.6, 18.3) 0.61
Unbenched 19.0 (17.5, 20.7) 0.81
FB 17.9 (17.0, 18.8) 0.47
FB: Rejection sampler 17.9 (17.0, 18.8) 0.47
FB: MH 17.9 (16.9, 18.8) 0.47
Raking 17.1 (15.8, 18.7) 0.73

Table A.4: Admin1 HIV prevalence estimates from unbenchmarked and benchmarked area-
level models. Point estimates provided are medians, with 95% credible intervals. Provinces
are arranged in the order of lowest unbenchmarked median to highest.

Province Unbenched (%) FB (%)
FB: Rejection
sampler (%)

FB: MH (%) Raking (%)

Limpopo 10.4 (8.3, 13.1) 10.1 (8.0, 12.8) 10.2 (8.0, 12.8) 10.1 (8.0, 12.8) 9.4 (7.5, 11.8)
Northern Cape 12.5 (8.9, 17.4) 12.2 (8.6, 17.0) 12.3 (8.7, 17.1) 12.4 (8.8, 17.3) 11.3 (8.0, 15.7)
Western Cape 12.6 (8.2, 18.8) 11.1 (7.5, 16.4) 11.0 (7.4, 16.2) 11.1 (7.5, 16.0) 11.3 (7.4, 17.0)
Eastern Cape 16.8 (14.6, 19.4) 16.3 (14.3, 18.5) 16.3 (14.1, 18.7) 16.2 (14.2, 18.6) 15.1 (13.1, 17.4)
Gauteng 19.3 (15.9, 23.6) 17.5 (14.7, 20.6) 17.4 (14.7, 20.5) 17.3 (14.5, 20.3) 17.4 (14.3, 21.2)
North West 20.2 (17.5, 23.3) 19.9 (17.2, 22.8) 19.9 (17.2, 22.9) 20.0 (17.3, 22.9) 18.2 (15.7, 21.0)
Free State 21.0 (17.9, 24.4) 20.6 (17.7, 24.1) 20.7 (17.6, 24.0) 20.7 (17.6, 24.0) 18.9 (16.1, 21.9)
Mpumalanga 23.4 (20.2, 27) 22.9 (19.7, 26.4) 22.9 (19.6, 26.4) 22.8 (19.6, 26.3) 21.1 (18.2, 24.3)
KwaZulu-Natal 25.5 (21.7, 29.4) 24.0 (20.7, 27.6) 24.0 (20.7, 27.4) 24.0 (20.6, 27.5) 22.9 (19.5, 26.5)
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Figure A.3: Comparison of HIV prevalence estimates from benchmarked and unbenchmarked
area-level models.

A.1.3 Area-level and unit-level comparison plots

In Figure A.4 we display the densities for the national aggregated HIV prevalence estimates

from unbenchmarked and benchmarked models, comparing across unit-level and area-level

models. As noted in the main text, the differences between unit-level and area-level estimates

are very small, although there are relatively large differences between the unbenchmarked

and benchmarked models themselves.
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Figure A.4: Aggregated national level HIV prevalence estimates from unbenchmarked and
benchmarked models. All densities are based on 5000 samples.

In Figures A.5 through A.13, we show the differences between the unit-level and area-level,

benchmarked and unbenchmarked sub-national estimates for each of the nine provinces. For

most provinces, the differences between area-level and unit-level models are small, though

we note that estimates from the unit-level models may have higher precision.
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Figure A.5: Subnational HIV prevalence estimates for the Eastern Cape province from un-
benchmarked and benchmarked models. All densities are based on 5000 samples.
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Figure A.6: Subnational HIV prevalence estimates for the Free State province from unbench-
marked and benchmarked models. All densities are based on 5000 samples.
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Figure A.7: Subnational HIV prevalence estimates for the Gauteng province from unbench-
marked and benchmarked models. All densities are based on 5000 samples.
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Figure A.8: Subnational HIV prevalence estimates for the KwaZulu-Natal province from
unbenchmarked and benchmarked models. All densities are based on 5000 samples.
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Figure A.9: Subnational HIV prevalence estimates for the Limpopo province from unbench-
marked and benchmarked models. All densities are based on 5000 samples.
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Figure A.10: Subnational HIV prevalence estimates for the Mpumalanga province from
unbenchmarked and benchmarked models. All densities are based on 5000 samples.
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Figure A.11: Subnational HIV prevalence estimates for the North West province from un-
benchmarked and benchmarked models. All densities are based on 5000 samples.
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Figure A.12: Subnational HIV prevalence estimates for the Northern Cape province from
unbenchmarked and benchmarked models. All densities are based on 5000 samples.
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Figure A.13: Subnational HIV prevalence estimates for the Western Cape province from
unbenchmarked and benchmarked models. All densities are based on 5000 samples.

In Figures A.14 through A.16, we compare benchmarked and unbenchmarked estimates

and their uncertainty for area-level and unit-level models.
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Figure A.14: Comparison of unbenchmarked and benchmarked posterior medians by model
and data type at a subnational level.

2

3

4

5

6

3 4 5 6 7
Unbenchmarked (%)

B
en

ch
m

ar
ke

d 
(%

)

Data

Area−level

Unit−level

Model

Fully Bayesian

Fully Bayesian
rejection sampler
Fully Bayesian
MH

Raking

Figure A.15: Comparison of unbenchmarked and benchmarked posterior 95% CI widths by
model and data type at a subnational level.
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Figure A.16: Comparison of unbenchmarked and benchmarked posterior standard deviations
by model and data type at a subnational level.

In Figures A.17 through A.19, we display benchmarked and unbenchmarked estimates

and their uncertainty for area-level and unit-level models.
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Figure A.17: Unbenchmarked and benchmarked posterior medians by model and data type
at a subnational level.
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Figure A.18: Unbenchmarked and benchmarked posterior 95% CI widths by model and data
type at a subnational level.
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Figure A.19: Unbenchmarked and benchmarked posterior standard deviations by model and
data type at a subnational level.

A.1.4 Model Validation

Below we display the model validation results for the HIV application for both unit- and

area-level models. We compare posterior medians of the predictive distribution in each area

(having left that area out of model fitting) to the direct estimate in each area, respectively.

The direct estimates in each area are simply the Horvitz-Thompons estimators in each are

i, with design variance on the logit scale calculated as V̂ DES
i = σ̂2HT

i /(θ̂2HT
i (1 − θ̂2HT

i ))2.

We obtain the posterior predictive distribution in each area i by fitting the unbenchmarked

model having left out the data for area i, and then adding the design variance to those

samples on the logit scale. The resulting posterior predictive samples, on the logit scale,

are thus a sum of a posterior draw from logit(θ̂i) and N(0, V̂ DES
i ). Credible intervals are
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calculated from the draws of the posterior predictive distributions.

We note that both the 50% and 80% intervals suggest that both unit- and area-level

models are reasonably well-suited to our data, with the 80% credible intervals capturing 8/9

direct estimates in each model, and the 50% credible intervals capturing 3/9 and 4/9 in the

unit- and area-level models, respectively. This suggests that the area-level model may be

more suited to the data, which is unsurprising given that the area-level model accounts for

the survey design directly. For the unit-level model (as noted in the discussion in the main

paper) that there are likely variables in the survey design that are not being accounted for

in the unit-level model that may lead to undercoverage.
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Figure A.20: Scatterplot comparing leave-one-out posterior predictive estimates and direct
estimates on the logit scale for the unit-level HIV model, with 80% confidence intervals.
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Figure A.21: Scatterplot comparing leave-one-out posterior predictive estimates and direct
estimates on the logit scale for the unit-level HIV model, with 50% confidence intervals.
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Figure A.22: Scatterplot comparing leave-one-out posterior predictive estimates and direct
estimates on the logit scale for the area-level HIV model, with 80% confidence intervals.
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Figure A.23: Scatterplot comparing leave-one-out posterior predictive estimates and direct
estimates on the logit scale for the area-level HIV model, with 50% confidence intervals.

A.2 U5MR Application

Below we describe the data, models, and software used in the U5MR application.

A.2.1 Data

Spatial boundary files for Namibia are obtained from GADM, the Database of Global Ad-

ministrative Areas (Database of Global Administrative Areas (GADM), 2019). We use the

2013 administrative boundary (the most recent DHS survey year) for all years in our U5MR

model for Namibia, and note that this implies 13 Administrative 1 (admin1) regions. Of

note, the Kavango region split in 2013 to form Kavango East and Kavango West. We obtain

estimates for the Kavango region as a whole, as this is consistent with the 2013 GADM file,

the most recent DHS survey we have available for Namibia, and current subnational UN

IGME estimates for Namibia.

For our U5MR application, we use data from the 2000, 2006-2007, and 2013 DHS surveys

for Namibia. These three surveys were chosen for their GPS data availability, and to align
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with the analysis carried out to produce official subnational U5MR estimates by UN IGME

(Inter-agency Group for Child Mortality Estimation, 2020), and therefore allow for compar-

ison between the benchmarking methods used in that paper and those proposed here. The

surveys followed a multi-stage, stratified design and were designed to provide estimates at

the admin1 level, which consists of 13 regions. Again for consistency with official UN IGME

estimates, we make predictions for years 2014-2019.

We obtain national level benchmarks for 2000-2019 in Namibia from the UN IGME

national estimates from the B3 model (Alkema and New, 2014). The national level U5MR

estimates and their 90% confidence intervals can be found in Table A.6. The likelihood for our

benchmarks for the fully Bayesian benchmarking approach requires standard errors for the

benchmarks, which we approximate via the assumption that the benchmark is asymptotically

normally distributed. These standard errors are presented in Table A.6. The data sources

used to produce the B3 estimates include surveys/censuses with full birth histories, summary

birth histories, and household deaths. A full table of the data sources used is presented in

Table A.5. Of note, the three full birth history DHS surveys we use for our model (2000,

2006-2007, 2013) are included in the B3 model. As many additional data sources went into

the UN IGME estimates, we consider this setting to be external benchmarking and therefore

treat our estimates as independent of the national level benchmarks despite this inclusion.

Implications of the potential internal benchmarking scenario are outside the scope of this

paper.

We use population count data from WorldPop for our U5MR application (Tatem, 2017;

Stevens et al., 2015). Population counts are available at a 100 meter resolution, and using

spatial boundary files from GADM, we aggregate population counts to the admin1 level.

The population count data from WorldPop prior to 2020 is not provided with any measure

of uncertainty, and so we treat the estimated population proportions as fixed. The spatial

distribution of the under five population from 2000-2019 in Namibia can be seen in Figure

A.24. In Figure A.25, the same data is displayed as a stacked bar chart over time.
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Table A.5: Data sources included in the B3 model for Namibia. MM = maternal mortality.

Survey/Census Year Collection Method
Census 1991 Summary Birth History
DHS (MM adjusted) 1992 Full Birth History
DHS 1992 Summary Birth History
DHS 1992 Full Birth History
DHS (MM adjusted) 2000 Full Birth History
DHS 2000 Summary Birth History
DHS 2000 Full Birth History
Census 2001 Household Deaths
DHS (MM adjusted) 2006-2007 Full Birth History
DHS 2006-2007 Summary Birth History
DHS 2006-2007 Full Birth History
DHS 2006-2007 Household Deaths
Census 2011 Summary Birth History
Census 2011 Household Deaths
DHS (MM adjusted) 2013 Full Birth History
DHS 2013 Full Birth History
Inter-censal Demographic Survey 2016 Summary Birth History
Inter-censal Demographic Survey 2016 Household Deaths

2015 2016 2017 2018 2019

2010 2011 2012 2013 2014

2005 2006 2007 2008 2009

2000 2001 2002 2003 2004

3
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12

Population
fraction

Figure A.24: Percentage of the under-5 population living in each region by year.
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Table A.6: National benchmarks for U5MR from the UN IGME B3 model for Namibia.
Standard errors are computed using the upper bound of the 90% confidence interval via the
assumption that the benchmark is normally distributed. U5MR is reported as deaths per
1000 live births.

Year U5MR CI (90%) SE (%)*
2000 75.4 (67.9, 84.4) 5.5
2001 74.9 (67.5, 83.8) 5.4
2002 74.3 (67.0, 83.2) 5.4
2003 74.0 (66.5, 82.8) 5.3
2004 73.7 (66.1, 82.3) 5.2
2005 70.2 (62.8, 78.6) 5.1
2006 65.6 (58.4, 73.8) 5.0
2007 60.7 (53.3, 69.4) 5.3
2008 55.8 (47.9, 65.0) 5.6
2009 51.8 (43.5, 62.3) 6.4
2010 49.7 (40.4, 62.0) 7.5
2011 50.4 (39.4, 66.0) 9.5
2012 52.2 (39.3, 71.4) 11.7
2013 50.1 (36.3, 71.8) 13.2
2014 48.1 (33.7, 72.3) 14.7
2015 47.8 (32.3, 74.7) 16.3
2016 46.3 (30.0, 75.6) 17.8
2017 44.5 (28.0, 75.1) 18.6
2018 43.3 (26.2, 76.0) 19.9
2019 42.4 (24.8, 77.0) 21.1
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Figure A.25: Percentage of the under-5 population living in each region by year.
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A.2.2 Unbenchmarked models

Area-level: Spatial Fay-Herriot

We obtain design-based, direct estimates 60q̂
HT
0it of U5MR and their variances for each area

i and time t, and smooth the direct estimates via a spatio-temporal extension to the classic

Fay-Herriot model described in Li et al. (2019) (Fay and Herriot, 1979; Mercer et al., 2015).

Direct estimates are combined across surveys using a standard meta-analysis approach and

an HIV bias correction is done, both of which are described in Li et al. (2019) in detail.

Unit-level: Binomial

From each DHS survey, we have records of birth and death dates for each child born to a

mother sampled in the survey. These records are expanded into monthly binary outcomes

that indicate whether death occurs for a given child in a given month, allowing us to perform

a discrete time survival analysis with discrete hazards by age groups. In this way, children

who survive longer contribute more observations to our data. The binary outcomes are

collapsed to binomial observations in clusters c within area i in year t from survey s for age

groups defined as 0-1, 1-11, 12-23, 24-35, 36-47, and 48-59 months. Let m = 0, 1, . . . , 59

denote age in months, and let

a[m] =



1, 0 ≤ m < 1

2, 1 ≤ m < 12

3, 12 ≤ m < 24

4, 24 ≤ m < 36

5, 36 ≤ m < 48

6, 48 ≤ m < 60

a∗[m] =


1, 0 ≤ m < 1

2, 1 ≤ m < 12

3, 12 ≤ m < 60
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We have number of deaths observed y1m,i[c]ts in nm,i[c]ts months of life in cluster c within area

i, year t in agemonth m from survey s. We consider the unbenchmarked model

y1m,i[c]ts | nm,i[c]ts, 1qm,i[c]ts ∼ Binomial(nm,i[c]ts, 1qm,i[c]ts)

ηm,i[c]ts = logit(1qm,i[c]ts) = µa[m] + αt + γa∗[m]t + bi

+ βi × t+ δit + νs + ei[c] + log(HIVts),

(A.1)

and aggregate to a space/time/age level via

1qm,it = expit

(
µa[m] + αt + γa∗[m]t + bi + βi × t+ δit√

1 + h2σ2
e

)
,

where 1qm,it is the monthly hazard of death for age m. The linear predictor contains fixed

intercepts for age bands µa[m], an iid temporal random effect αt ∼ N(0, τα), and age group-

specific temporal random effects following a random walk 2 (RW2) γa∗[m]t (Lindgren and

Rue, 2008). The term bi is a spatial random effect following a BYM2 prior (Riebler et al.,

2016; Besag et al., 1991). A sum-to-zero constraint is placed on the structured component of

the BYM2 random effect to ensure identifiability. Two separate terms allow for space-time

interactions: βi are random, area-specific slopes, and δit is a Type IV Knorr-Held interaction

term (Knorr-Held, 2000). Finally we have a survey fixed effect νs which we constrain to sum

to zero, and a log offset for HIV, varying by survey and time. These log offsets account for

the differing survival probabilities of children born to HIV-positive mothers (Walker et al.,

2012). The inclusion of a log offset term in our linear predictor corresponds approximately

to a multiplicative bias correction for mothers who could not be sampled due to death from

HIV (Wakefield et al., 2019).

We obtain predictions of U5MR at each time point 60q0t by calculating posterior draws
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k = 1, . . . , K of all terms from Equation A.1 and the formula

60q
(k)
0it = 1−

59∏
m=1

1− expit

µ(k)
a[m] + α

(k)
t + γ

(k)
a∗[m]t + b

(k)
i + β

(k)
i × t+ δ

(k)
it√

1 + h2σ
2(k)
e

 .

Note that we do not include the survey fixed effect, cluster random effect, or log offset in

our predictions.

For the variance parameters in all random effects, we use PC priors with parameters

U = 1, α = 0.01. For the age-specific intercepts, we use the default INLA prior, which is

normal, centered at 0 with precision 0.001. For the ϕ parameter in the BYM2 spatial random

effect, we use a PC prior with parameters U = 0.5, α = 2/3. These prior and hyperprior

choices are used in all benchmarked models below, when applicable.

A.2.3 Benchmarked models

Approaches

Raking:

For the unit-level model, we obtain posterior medians 60q̂
M
0it from the unbenchmarked model

for each area i and time point t, and compute

RR1
t =

∑m
i=1wit × 60q̂

M
0it

y2t

using weights wit and national benchmarks are each time point y2t. We then refit the un-

benchmarked model including RR1
t as a log offset term in the linear predictor to obtain

benchmarked posterior draws 60q̂
R1(k)
0it .

For the area-level model, we adjust the unbenchmarked direct estimates with the ratio

RR1
t in the same manner we adjust for HIV, as described in Li et al. (2019), and then proceed

fitting the smoothed direct model with these HIV- and benchmark-adjusted direct estimates.
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Fully Bayesian: Rejection sampler:

We obtain k = 1, . . . , K posterior draws 60q̂
(k)
0it from the unbenchmarked model for each area

i and year t, and apply the algorithm described in the proposed approach section of Chapter

2 to obtain benchmarked posterior draws 60q̂
FB2
0it .

Fully Bayesian: Metropolis-Hastings algorithm:

We obtain k = 1, . . . , K posterior draws θ̂
(k)
i from an adjusted unbenchmarked model for

each area i, and apply the algorithm described in the proposed approach section of Chapter

2 using weights wi, and the benchmark y2 with associated standard error σ2
y2
, to obtain

benchmarked posterior draws θ̂
FB3(k)
i . The adjusted unbenchmarked model uses the prior

π+(β0) ∼ Normal(logit(y2), 0.001
−1).

A.2.4 Software

We implement the unbenchmarked and raking benchmarked U5MRmodels in INLA via the R

package SUMMER (Rue et al., 2009; Li et al., 2020), and the proposed benchmarking approach

and Bayes estimate approach using a combination of INLA and R. INLA is a popular tool for

conducting Bayesian, space-time analyses, and provides great computational gains compared

to traditional MCMC methods. While nonlinear predictors can be incorporated via the R

package inlabru, INLA itself cannot make use of nonlinear predictors by design (Bachl et al.,

2019). As such, the fully Bayesian benchmarking approach described in Zhang and Bryant

(2020) cannot be fit in INLA. Since the unbenchmarked U5MR model is straightforward

to fit in INLA using the SUMMER package, this application serves as an example of how the

proposed rejection sampling approach to fully Bayesian benchmarking may be particularly

useful for modelers who have already produced unbenchmarked estimates in an a programme

that doesn’t allow them to incorporate additional likelihood(s) for the benchmarks.
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A.2.5 U5MR Results

The proposed rejection sampling approach to fully Bayesian benchmarking performs similarly

in the U5MR example to the HIV prevalence example in that the posterior density of the

aggregated national level estimate is a compromise between the national IGME density

and the unbenchmarked density for both the unit-level and area-level models. Figure A.27

displays the ratio of unbenchmarked medians from the unit-level and area-level models to

IGME national medians across time, with estimates and their confidence intervals shown in

A.26. During “prediction” years where there is no data informing estimates (2014 onward),

the ratio for the unit-level model is particularly large, and we expect to see the greatest

effect in benchmarking during these years. The ratio is particularly large likely due to the

flexibility of the RW2 in time in this model, and the ratio is less large in prediction years

for the area-level model. The ratio for the area-level model overall is greater for almost all

years than the ratio for the unit-level model.
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Figure A.26: Aggregated national unbenchmarked medians from the area-level model (left)
and unit-level model (right) compared to IGME national medians across time.
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Figure A.27: Ratio of aggregated national unbenchmarked medians from the area-level model
(left) and unit-level model (right) to IGME national medians across time. A value greater
than 1 corresponds to the unbenchmarked estimate being higher than the IGME estimate.

Figures A.28 through A.47 display the aggregated national level estimates produced from

each benchmarked and unbenchmarked method for both unit- and area-level models. The

posterior densities from the fully Bayesian rejection sampling approach are less uncertain

than the posterior densities from the unbenchmarked model due to the additional information

contained in the benchmarking constraint being incorporated in the benchmarked approach.

The overlap between the IGME density and the Bayes estimate approach is expected as the

Bayes estimate approach performs exact benchmarking. A table of these national estimates

for all years and models can be found in Table A.7.

0.00

0.03

0.06

0.09

0.12

60 80 100
U5MR

de
ns

ity

Model

IGME

Unbenchmarked
Fully Bayesian
rejection sampler
Fully Bayesian
MH
Raking

0.00

0.03

0.06

0.09

60 80 100
U5MR

de
ns

ity

Model

IGME

Unbenchmarked
Fully Bayesian
rejection sampler
Fully Bayesian
MH
Raking

Figure A.28: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2000. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.29: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2001. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.30: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2002. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.31: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2003. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.32: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2004. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.33: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2005. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.34: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2006. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.35: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2007. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.

0.00

0.05

0.10

0.15

40 60 80
U5MR

de
ns

ity

Model

IGME

Unbenchmarked
Fully Bayesian
rejection sampler
Fully Bayesian
MH
Raking

0.00

0.05

0.10

0.15

40 50 60 70 80 90
U5MR

de
ns

ity

Model

IGME

Unbenchmarked
Fully Bayesian
rejection sampler
Fully Bayesian
MH
Raking

Figure A.36: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2008. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.37: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2009. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.38: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2010. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.39: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2011. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.40: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2012. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.41: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2013. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.42: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2014. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.43: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2015. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.44: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2016. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.

0.00

0.02

0.04

0.06

0 50 100 150
U5MR

de
ns

ity

Model

IGME

Unbenchmarked
Fully Bayesian
rejection sampler
Fully Bayesian
MH
Raking

0.00

0.02

0.04

0.06

0 25 50 75 100 125
U5MR

de
ns

ity

Model

IGME

Unbenchmarked
Fully Bayesian
rejection sampler
Fully Bayesian
MH
Raking

Figure A.45: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2017. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.46: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2018. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.
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Figure A.47: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for area-level (left) and unit-level (right) models, for 2019. All densities
are based on 5000 samples. U5MR is reported as deaths per 1000 live births.

The proportion of samples accepted in the fully Bayesian rejection sampler approach

was 0.5% for the unit-level model, and 0.001% for the area-level model. The proportion of

samples accepted in the fully Bayesian MH approach was 7% for the unit-level model, and

0.3% for the area-level model.
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Table A.7: Aggregated national level U5MR estimates from IGME, unbenchmarked, and
benchmarked models for 2010. 95% credible intervals are given next to posterior medians.
U5MR is reported as deaths per 1000 live births. AL = Area-level, UL = Unit-level.

Year Model AL: Median UL: Median AL: SD UL: SD

2000

IGME 75.4 (67.9, 84.4) 75.4 (67.9, 84.4) 5.5 5.5
Unbenchmarked 91 (79.9, 103.6) 77.1 (65, 90.8) 6.0 6.6
FB: Rejection Sampler 81.9 (75, 88.7) 76.9 (70, 84.1) 3.5 3.6
FB: MH 81.9 (75.1, 88.7) 76.9 (70, 84) 3.5 3.7
Raking 77.2 (67.2, 87.9) 77.1 (64.2, 91.1) 5.4 6.8

2001

IGME 74.9 (67.5, 83.8) 74.9 (67.5, 83.8) 5.4 5.4
Unbenchmarked 86.6 (76, 97.4) 74.6 (64, 86) 5.4 5.5
FB: Rejection Sampler 78.8 (72.7, 85.1) 74.8 (69.6, 80.2) 3.2 2.8
FB: MH 78.9 (72.6, 85) 74.6 (69.3, 80.3) 3.1 2.8
Raking 75.2 (65.6, 85.1) 74.6 (64, 86.2) 4.9 5.7

2002

IGME 74.3 (67, 83.2) 74.3 (67, 83.2) 5.4 5.4
Unbenchmarked 84 (74.7, 94.2) 72.5 (62.6, 83.3) 5.0 5.3
FB: Rejection Sampler 77.1 (71.4, 83.1) 73 (68.2, 78.1) 3.0 2.6
FB: MH 77 (71.3, 83.4) 73 (67.9, 78.2) 3.0 2.7
Raking 74.3 (65.5, 84.4) 72.6 (62.3, 83) 4.8 5.3

2003

IGME 74 (66.5, 82.8) 74 (66.5, 82.8) 5.3 5.3
Unbenchmarked 83.4 (74, 94.5) 72.5 (62, 83.2) 5.1 5.4
FB: Rejection Sampler 76.6 (71, 82.8) 72.8 (68.1, 78) 3.0 2.5
FB: MH 76.5 (71.1, 82.8) 72.9 (68, 78.4) 3.0 2.7
Raking 74.8 (66, 85.3) 72.4 (62.2, 83.4) 4.9 5.4

2004

IGME 73.7 (66.1, 82.3) 73.7 (66.1, 82.3) 5.2 5.2
Unbenchmarked 80.4 (71.5, 90.1) 71.2 (61.1, 82.4) 4.6 5.5
FB: Rejection Sampler 74.9 (69.5, 80.8) 71.1 (66.6, 76.5) 2.9 2.5
FB: MH 74.8 (69.5, 80.9) 71.4 (66.5, 76.8) 2.9 2.7
Raking 73 (64.5, 82.5) 71.4 (61.1, 82.5) 4.6 5.4

2005

IGME 70.2 (62.8, 78.6) 70.2 (62.8, 78.6) 5.1 5.1
Unbenchmarked 77.8 (69.8, 87.3) 69.3 (59.2, 80.7) 4.4 5.5
FB: Rejection Sampler 71.8 (66.7, 77.6) 68.1 (63.7, 73.3) 2.8 2.5
FB: MH 71.7 (66.8, 77.7) 68.4 (63.7, 73.7) 2.8 2.6
Raking 70.4 (62.7, 79.6) 69.4 (59.2, 80.4) 4.3 5.4

2006

IGME 65.6 (58.4, 73.8) 65.6 (58.4, 73.8) 5.0 5.0
Unbenchmarked 75.2 (67.3, 86.2) 67.3 (57.5, 78.9) 4.7 5.5
FB: Rejection Sampler 68.3 (63.5, 74.3) 64.8 (60.3, 69.8) 2.7 2.4
FB: MH 68.2 (63.4, 74.2) 64.9 (60.2, 69.8) 2.7 2.4
Raking 66.7 (59.4, 76.4) 67.5 (57.2, 78.6) 4.3 5.4

2007

IGME 60.7 (53.3, 69.4) 60.7 (53.3, 69.4) 5.3 5.3
Unbenchmarked 70.6 (60.8, 81.2) 66.5 (56.3, 78.1) 5.1 5.6
FB: Rejection Sampler 63.7 (58.1, 69.3) 62.2 (57.7, 67) 2.8 2.4
FB: MH 63.8 (58.4, 69) 62.3 (57.6, 67.1) 2.7 2.4
Raking 61.2 (52.1, 71) 66.4 (56.1, 77.5) 4.7 5.5
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Year Model AL: Median UL: Median AL: SD UL: SD

2008

IGME 55.8 (47.9, 65) 55.8 (47.9, 65) 5.6 5.6
Unbenchmarked 68 (57.6, 78.2) 64.7 (54, 76.2) 5.0 5.7
FB: Rejection Sampler 60.8 (54.8, 66.2) 59.1 (54.3, 63.8) 2.9 2.4
FB: MH 60.9 (55.1, 66.2) 59.1 (54.2, 64) 2.8 2.5
Raking 57.1 (48, 66.5) 64.6 (54, 75.5) 4.8 5.5

2009

IGME 51.8 (43.5, 62.3) 51.8 (43.5, 62.3) 6.4 6.4
Unbenchmarked 64.5 (53.9, 73.8) 63.2 (52.5, 75.1) 5.0 5.7
FB: Rejection Sampler 58.1 (52, 63.8) 56.9 (51.9, 61.9) 3.0 2.6
FB: MH 58.2 (51.8, 63.7) 56.7 (51.6, 62.1) 3.0 2.7
Raking 53.3 (44, 62.3) 63 (52.8, 74.2) 4.7 5.6

2010

IGME 49.7 (40.4, 62) 49.7 (40.4, 62) 7.5 7.5
Unbenchmarked 62.8 (53.2, 72.7) 61.2 (50.8, 73.6) 4.9 5.8
FB: Rejection Sampler 56.6 (50.8, 62.4) 54.7 (49.5, 60.1) 3.0 2.7
FB: MH 56.7 (50.7, 62.7) 54.6 (49, 60.3) 3.0 2.8
Raking 51.9 (43.5, 60.7) 61 (50.6, 72.7) 4.4 5.6

2011

IGME 50.4 (39.4, 66) 50.4 (39.4, 66) 9.5 9.5
Unbenchmarked 60.7 (51.7, 71.1) 59.2 (48.4, 72.3) 4.9 6.0
FB: Rejection Sampler 55.1 (49.2, 61.6) 52.7 (47.3, 58.6) 3.2 2.9
FB: MH 55.2 (49.1, 61.9) 52.7 (46.8, 58.8) 3.2 3.1
Raking 51.4 (43.3, 60.8) 58.9 (48.3, 70.9) 4.4 5.8

2012

IGME 52.2 (39.3, 71.4) 52.2 (39.3, 71.4) 11.7 11.7
Unbenchmarked 56.9 (47, 68) 56.5 (45, 70.3) 5.3 6.5
FB: Rejection Sampler 52.4 (45.9, 59.3) 50.1 (44, 56.6) 3.4 3.2
FB: MH 52.4 (46, 59.5) 50 (43.6, 56.5) 3.4 3.3
Raking 49.7 (40.7, 60) 56.2 (45, 69.2) 4.8 6.3

2013

IGME 50.1 (36.3, 71.8) 50.1 (36.3, 71.8) 13.2 13.2
Unbenchmarked 56.9 (45.8, 72.5) 55.3 (42.3, 72.1) 6.9 7.5
FB: Rejection Sampler 51.5 (44.9, 60) 48.7 (41.9, 56) 3.8 3.6
FB: MH 51.6 (44.8, 60.3) 48.6 (41.4, 56.1) 3.9 3.7
Raking 51 (40, 66.7) 55.2 (42.3, 70.9) 6.9 7.3

2014

IGME 48.1 (33.7, 72.3) 48.1 (33.7, 72.3) 14.7 14.7
Unbenchmarked 54.7 (40.1, 80.6) 54.4 (39.4, 76.4) 10.2 9.4
FB: Rejection Sampler 49.5 (41.7, 59.1) 47.4 (39.5, 55.7) 4.4 4.1
FB: MH 49.5 (41.5, 59.2) 47.3 (39.3, 55.8) 4.5 4.3
Raking 50.2 (35.3, 80.8) 54.3 (39, 74.7) 11.7 9.2

2015

IGME 47.8 (32.3, 74.7) 47.8 (32.3, 74.7) 16.3 16.3
Unbenchmarked 53.5 (35.7, 90.8) 54.1 (36.1, 82.9) 14.9 12.2
FB: Rejection Sampler 48 (38.9, 58.4) 46.2 (37.2, 56) 4.9 4.8
FB: MH 47.9 (39, 58.7) 46.1 (36.9, 56.4) 5.0 4.9
Raking 50 (31, 101.7) 53.9 (35.6, 81.1) 18.9 12.1

2016

IGME 46.3 (30, 75.6) 46.3 (30, 75.6) 17.8 17.8
Unbenchmarked 52.3 (31, 106.8) 54 (32.8, 94.2) 21.5 16.5
FB: Rejection Sampler 46.4 (36, 58) 45.3 (35.2, 56.7) 5.6 5.5
FB: MH 46.6 (36.3, 58.9) 45.3 (34.6, 57.1) 5.7 5.6
Raking 49.7 (25.9, 132.1) 53.8 (32.3, 92.1) 30.7 16.7
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Year Model AL: Median UL: Median AL: SD UL: SD

2017

IGME 44.5 (28, 75.1) 44.5 (28, 75.1) 18.6 18.6
Unbenchmarked 51.3 (26.3, 127.4) 54.6 (30.1, 112.2) 30.1 23.0
FB: Rejection Sampler 45.1 (33.1, 58.7) 44.7 (32.9, 58.4) 6.4 6.4
FB: MH 45.1 (33.4, 59.3) 44.7 (32.2, 58.7) 6.5 6.7
Raking 49.4 (21.6, 169.1) 54.3 (29.4, 109.8) 46.4 23.6

2018

IGME 43.3 (26.2, 76) 43.3 (26.2, 76) 19.9 19.9
Unbenchmarked 50.1 (21.7, 152.7) 55.5 (26.9, 135.3) 41.2 31.7
FB: Rejection Sampler 43.7 (29.7, 59.9) 44.2 (30.7, 60.9) 7.4 7.7
FB: MH 43.9 (29.8, 60.1) 44.5 (29.6, 61.9) 7.6 8.1
Raking 49.1 (17, 220.1) 55 (26.7, 133.2) 64.8 33.1

2019

IGME 42.4 (24.8, 77) 42.4 (24.8, 77) 21.1 21.1
Unbenchmarked 48.8 (18.2, 186.6) 56.4 (24.2, 169.5) 53.6 43.0
FB: Rejection Sampler 42.5 (26.3, 62.2) 44.2 (28.4, 65.6) 8.9 9.4
FB: MH 42.6 (26.4, 62.9) 44.4 (27.1, 67.1) 8.9 10.2
Raking 48.4 (13.5, 284.7) 55.9 (23.8, 164.4) 83.9 45.7

Comparisons between unit-level and area-level models for each admin1 region across time

can be found in Figures A.48 through A.51.
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Figure A.48: Comparison of median, unbenchmarked U5MR estimates from unit- and area-
level models across time. U5MR is reported as deaths per 1000 live births.
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Figure A.49: Comparison of median, benchmarked U5MR estimates from unit- and area-
level models across time for the Fully Bayesian Metropolis-Hastings approach. U5MR is
reported as deaths per 1000 live births.
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Figure A.50: Comparison of median, benchmarked U5MR estimates from unit- and area-
level models across time for the raking approach. U5MR is reported as deaths per 1000 live
births.
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Figure A.51: Comparison of median, benchmarked U5MR estimates from unit- and area-
level models across time for the rejection sampler approach. U5MR is reported as deaths
per 1000 live births.

Subnational maps of unbenchmarked and benchmarked estimates from 2000 to 2019 can

be found in Figures A.52 through A.71.
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Figure A.52: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2000. U5MR is reported as deaths per 1000 live births.
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Figure A.53: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2001. U5MR is reported as deaths per 1000 live births.
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Figure A.54: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2002. U5MR is reported as deaths per 1000 live births.
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Figure A.55: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2003. U5MR is reported as deaths per 1000 live births.
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Figure A.56: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2004. U5MR is reported as deaths per 1000 live births.
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Figure A.57: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2005. U5MR is reported as deaths per 1000 live births.
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Figure A.58: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2006. U5MR is reported as deaths per 1000 live births.
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Figure A.59: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2007. U5MR is reported as deaths per 1000 live births.
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Figure A.60: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2008. U5MR is reported as deaths per 1000 live births.
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Figure A.61: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2009. U5MR is reported as deaths per 1000 live births.
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Figure A.62: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2010. U5MR is reported as deaths per 1000 live births.
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Figure A.63: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2011. U5MR is reported as deaths per 1000 live births.
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Figure A.64: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2012. U5MR is reported as deaths per 1000 live births.
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Figure A.65: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2013. U5MR is reported as deaths per 1000 live births.
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Figure A.66: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2014. U5MR is reported as deaths per 1000 live births.
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Figure A.67: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2015. U5MR is reported as deaths per 1000 live births.
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Figure A.68: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2016. U5MR is reported as deaths per 1000 live births.
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Figure A.69: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2017. U5MR is reported as deaths per 1000 live births.
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Figure A.70: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2018. U5MR is reported as deaths per 1000 live births.
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Figure A.71: Comparison of median U5MR estimates from benchmarked and unbenchmarked
unit- and area-level models for 2019. U5MR is reported as deaths per 1000 live births.

A.2.6 Model Validation

Below we display the model validation results for the HIV application for both unit- and

area-level models. We compare posterior medians of the predictive distribution in each area

(having left that area out of model fitting) to the direct estimate in each area, respectively.
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Figure A.72: Scatterplot comparing leave-one-out posterior predictive estimates and direct
estimates on the logit scale for the unit-level U5MR model, with 80% confidence intervals.
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Figure A.73: Scatterplot comparing leave-one-out posterior predictive estimates and direct
estimates on the logit scale for the unit-level U5MR model, with 50% confidence intervals.
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Figure A.74: Scatterplot comparing leave-one-out posterior predictive estimates and direct
estimates on the logit scale for the area-level U5MR model, with 80% confidence intervals.
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Figure A.75: Scatterplot comparing leave-one-out posterior predictive estimates and direct
estimates on the logit scale for the area-level U5MR model, with 50% confidence intervals.

A.3 Simulation

To demonstrate the improved computational speed and flexibility of our approach compared

to Zhang and Bryant (2020), we compare run-times for our approach used with INLA to that

of Zhang and Bryant (2020) implemented in STAN; a probabilistic programming language

that uses a variant of Hamiltonian Monte Carlo to do full Bayesian inference (Carpenter

et al., 2017). We chose not to compare the computational speed of our approach to that of

Datta et al. (2011) or the raking approach, as both of those benchmarking approaches target

different benchmarked estimates than our proposed method. Note however that both the rak-
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ing and benchmarked Bayes estimate approach will be the fastest approach to benchmarking

in general, as they involve a very quick step to adjusting unbenchmarked draws/estimates,

and do not rely on acceptance rates (as our methods do to achieve a reasonable number of

effective samples) or MCMC methods.

We simulate unit-level (cluster) binomial observations, using the nine provinces of South

Africa as our spatial structure. For each simulation setting, binomial probabilities were given

by pi = 0.28, 0.29, . . . , 0.35, 0.36, with 100 binomial trials in each cluster. Equal probability

weights were given to each province. We varied: the number of samples taken in each area,

n = {5, 10, 100, 1000}, the national-level benchmark, y2 = {0.29, 0.3}, and the variance of the

national-level benchmark, σ2
y2

= {0.01, 0.0001}. For each simulation setting, we generated

10 unique datasets using the given parameters.

The unbenchmarked model we fit to the generated data is the unit-level model used later

in our application to South Africa, where we have binomial observations for clusters c within

area i. Let y1i[c] be the number of cases observed in ni[c] total observations in cluster c within

area i. We consider the unbenchmarked, unit-level model

y1i[c] | ni[c], θi[c] ∼ Binomial(ni[c], θi[c]),

ηi[c] = logit(θi[c]) = β0 + bi + ei[c]

where θi[c] is case prevalence in area i and cluster c, β0 is an intercept term, bi follows a BYM2

model (Riebler et al., 2016), denoted bi ∼ BYM2(τb, ϕ), and ei[c]
iid∼ N(0, σ2

e) is an iid cluster-

level random effect. We used hyperpriors ϕ ∼ Beta(0.5, 0.5), τb = PC(U = 1, α = 0.01),

1/σ2
e ∼ loggamma(0.1, 0.1) in model fitting. Note that although the model we fit was not

used to generate the data, as we are interested only in comparing run times from each

method, and ensuring that the benchmarked distributions are the same from each method,

this does not affect the validity of our simulation results.

The modified unbenchmarked model, used for the Metropolis-Hastings algorithm is

the same as above with the exception of the prior for the intercept being π+(β0)
d
=
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N(logit(y2),
√
0.1), where y2 is the national-level benchmark. The benchmarked model we fit

using the Zhang and Bryant (2020) approach includes the additional likelihood

y2 | θ, σ2
y2

∼ N
(
θ̄, σ2

y2

)
,

and the proposed rejection sampler and Metropolis-Hastings algorithm approaches are car-

ried out as described in subsections 3.4.1 and 3.4.2. Code for reproducing the simulation can

be found at github.com/taylorokonek/benchmarking-paper-sim.

To fairly compare run-times, we compare the time it takes to:

1. Fit the fully Benchmarked model per Zhang and Bryant (2020) in STAN, and obtain

a bulk-ESS of 1000.

2. Fit the unbenchmarked model in INLA, draw posterior samples, and obtain 1000 ac-

cepted samples using the rejection sampler.

3. Fit the modified unbenchmarked model in INLA, draw posterior samples, and obtain

a bulk-ESS of 1000.

For both Stan and the Metropolis-Hastings algorithm, we run four chains with 1000 burn-in

samples each, and the appropriate number of samples after to obtain the desired bulk-ESS.

As expected, our proposed approaches outperform that of Zhang and Bryant (2020) in

most simulation settings, as noted in Figures A.76 and A.77. In particular, the amount of

time needed to obtain 1000 samples from the benchmarked posterior distribution is much

lower for both of our proposed approaches than that of Zhang and Bryant (2020) when the

number of samples in each area is large. When the national variance is smaller, as in Figure

A.77, the Zhang and Bryant (2020) tends to outperform both the rejection sampler and MH

algorithm at low sample sizes (5 and 10 per area), but not at larger sample sizes. Finally,

note that, in settings with smaller national variance, the Metropolis-Hastings algorithm out-

performs the rejection sampler approach in terms of computational speed, while the reverse



195

is true when national variance is large. The speed of the MH algorithm could potentially be

optimized by modifying prior for the intercept, π+(β0), and we suggest that when possible,

multiple priors should be tested if the acceptance rate in the MH algorithm is lower than

desired.
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Figure A.76: Comparative, total run-time (in seconds) needed to obtain 1000 samples from
the rejection sampling (RS) approach, or 1000 bulk-ESS from the Metropolis-Hastings (MH)
approach or the approach of Zhang and Bryant (2020) (STAN). Each beeswarm plot contains
10 observations, with data generated under the given simulation setting for 10 different seeds.
Setting: y2 = 0.29, σ2

y2
= 0.01
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Figure A.77: Comparative, total run-time (in seconds) needed to obtain 1000 samples from
the rejection sampling (RS) approach, or 1000 bulk-ESS from the Metropolis-Hastings (MH)
approach or the approach of Zhang and Bryant (2020) (STAN). Each beeswarm plot contains
10 observations, with data generated under the given simulation setting for 10 different seeds.
Setting: y2 = 0.29, σ2

y2
= 0.0001
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Figure A.78: Comparative, total run-time (in seconds) needed to obtain 1000 samples from
the rejection sampling (RS) approach, or 1000 bulk-ESS from the Metropolis-Hastings (MH)
approach or the approach of Zhang and Bryant (2020) (STAN). Each beeswarm plot contains
10 observations, with data generated under the given simulation setting for 10 different seeds.
Setting: y2 = 0.30, σ2

y2
= 0.01
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Figure A.79: Comparative, total run-time (in seconds) needed to obtain 1000 samples from
the rejection sampling (RS) approach, or 1000 bulk-ESS from the Metropolis-Hastings (MH)
approach or the approach of Zhang and Bryant (2020) (STAN). Each beeswarm plot contains
10 observations, with data generated under the given simulation setting for 10 different seeds.
Setting: y2 = 0.30, σ2

y2
= 0.0001
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Appendix B

APPENDIX FOR CHAPTER 3

B.1 Age-heaping in DHS surveys

For the four DHS surveys we consider in our application (Malawi 2015-2016, Burkina Faso

2010, Senegal 2010, Namibia 2013), we display the total death counts at each age recorded

in the entire survey in Figure B.1. Note that we expect peaks at 24, 36, and 48 months

because they capture a full year of deaths as opposed to only single months, but the peaks

observed at 12 months reflect age heaping as they cover the same age span as the age groups

surrounding it. The small number of counts observed at unexpected age months (25 months,

for example), are the few exceptions to the typical interval-censoring scheme used in DHS

surveys.
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Figure B.1: Total death counts at each age group within DHS surveys.



200

B.2 Influence Functions

Recall that for a MLE θ̂ = (θ̂1, . . . , θ̂J) from a parametric model with j = 1, . . . , J parame-

ters, we can write θ̂j as asymptotically linear

θ̂j − θj =
1

n

n∑
i=1

wi∆i + op(n
−1/2)

with influence functions ∆i given by

∆i =

[
∂

∂θ
log(L)(θ̂)

] [
Hlog(L)

]
,

where ∂
∂θ

log(L)(θ̂) is an n × J dimensional matrix of score functions for each individual

i = 1, . . . n with respect to parameters j = 1, . . . J , and Hlog(L) denotes the Hessian of the

weighted log likelihood.

Since our log likelihood is given by

log(L) =
n∑

i=1

[(1− Ii)(−Hi(ti)) + Ii log(exp(−Hi(t0i))− exp(−Hi(t1i)))]

we can then obtain the score for an individual i for each parameter θj as

∂

∂θj
log(L)(θ̂) = (1− Ii)(−

∂

∂θj
Hi(ti))

+ Ii

(
− exp(−Hi(t0i))

∂
∂θj
Hi(t0i) + exp(−Hi(t1i))

∂
∂θj
Hi(t1i)

exp(−Hi(t0i))− exp(−Hi(t1i))

)
.

In practice, it is more computationally efficient to calculate the gradient analytically,

though we may calculate the gradient numerically as well.



201

z F M
i 1 2 3 4 1 2 3 4
czi 0.006 -0.285 0.346 -0.934 0.009 -0.194 0.161 -0.911
βz1i 0.016 0.501 -0.797 1.935 0.010 0.320 -0.425 1.88
βz2i -0.005 -0.157 0.202 -0.537 -0.003 -0.109 0.116 -0.527
βz3i -0.001 -0.029 -0.023 -0.106 -0.001 -0.021 0.026 -0.100
βz4i -0.0001 -0.002 -0.002 -0.007 -0.00005 -0.002 0.002 -0.006
βz5i -0.003 -0.002 -0.079 -0.049 -0.002 -0.008 0.110 -0.057
βz6i 0.0004 0.013 -0.024 -0.014 0.0001 0.002 -0.002 -0.004
βz7i -0.00002 0.002 0.003 0.002 -0.00001 0.001 -0.001 -0.00004
βz8i -0.0004 -0.006 0.043 -0.004 -0.00003 -0.001 -0.004 -0.002

Table B.1: Estimated values for ŵzi, from Tables D1 and D2 in the online appendix of Clark
(2019).

B.3 SVD model: details

B.3.1 Variance for proposed SVD approach

We compute the variance for the proposed SVD approach similarly to the variance calculation

for the direct estimate approach in Mercer et al. (2015), but more generally where we allow

the number of covariates in our model to not directly correspond to age groups. This slightly

complicates the variance calculation. Assume the same set-up as in the Supplement of Mercer

et al. (2015) where our estimate of interest is

η = logit(5q0) = log

(
5q0

1− 5q0

)
= log

(
1−

∏n
i=1(e

XB + 1)−k∏n
i=1(e

XB + 1)−k

)
= log

(
n∏

i=1

(eXB + 1)k − 1

)

where X is a n × m matrix of m LSVs used as covariates in our logistic regression model

for n yearly age groups, and B is a m × 1 matrix of the finite population estimates for the

coefficients of the LSVs. We assume that each age group i = 1, . . . , n consists of k months.
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We obtain the asymptotic distribution of the MLE B̂ ∼ N(B,Σ) from the svyglm() function

in the survey package in R, and use the delta method to obtain the asymptotic distribution

for η̂ as

η̂ ∼ N(logit(5q0), V̂DES)

where

V̂DES =

(
∂η

∂B

)⊤

Σ̂

(
∂η

∂B

)

where Σ̂ is V ar(B̂) obtained from svyglm().

Again similarly to Mercer et al. (2015), we define

γ =
n∏

i=1

(eXB + 1)k,

=
n∏

i=1

(e
∑m

j=1 BjXij + 1)k.

Noting that η = log(γ − 1), algebra will show that

∂η

∂Bj

=
γ

γ − 1

[
k

n∑
i=1

(
Xijexpit

(
m∑
l=1

BlXil

))]
.

B.4 Additional Results

Below we display additional results fromWeibull, generalized Gamma, piecewise exponential,

lognormal, Gompertz, and exponentially-truncated shifted power (ETSP) models for Burkina

Faso, Malawi, Senegal, and Namibia.
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Figure B.2: Estimated survival curves for Burkina Faso in [2000, 2005) (top) and [2005, 2010)
(bottom) from ages 0 to 60 months. Parametric, pseudo-likelihood estimates are in blue. All
confidence bands are 95% confidence intervals based on finite population variances, with the
exception of the log-quad model where uncertainty is calculated as in Guillot et al. (2022).
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Figure B.3: Estimates of NMR, IMR, and U5MR for Burkina Faso in periods [2000, 2005)
(top) and [2005, 2010) (bottom). Turnbull point estimates are denoted by vertical black lines.
All 95% confidence intervals are based on finite population variances, with the exception of
the log-quad model where uncertainty is calculated as in Guillot et al. (2022).
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Figure B.4: Empirical distributions of differences in survival curves for Burkina Faso in
[2000, 2005) (top) and [2005, 2010) (bottom) from ages 0 to 60 months between parametric
estimates θ̂ and the Turnbull estimate θ̃.
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Figure B.5: Estimated survival curves for Malawi in [2000, 2005) (top) and [2005, 2010)
(bottom) from ages 0 to 60 months. Parametric, pseudo-likelihood estimates are in blue. All
confidence bands are 95% confidence intervals based on finite population variances, with the
exception of the log-quad model where uncertainty is calculated as in Guillot et al. (2022).
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Figure B.6: Estimates of NMR, IMR, and U5MR for Malawi in periods [2000, 2005) (top)
and [2005, 2010) (bottom). Turnbull point estimates are denoted by vertical black lines. All
95% confidence intervals are based on finite population variances, with the exception of the
log-quad model where uncertainty is calculated as in Guillot et al. (2022).
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Figure B.7: Empirical distributions of differences in survival curves for Malawi in [2000, 2005)
(top) and [2005, 2010) (bottom) from ages 0 to 60 months between parametric estimates θ̂
and the Turnbull estimate θ̃.
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Figure B.8: Estimated survival curves for Senegal in [2000, 2005) (top) and [2005, 2010)
(bottom) from ages 0 to 60 months. Parametric, pseudo-likelihood estimates are in blue. All
confidence bands are 95% confidence intervals based on finite population variances, with the
exception of the log-quad model where uncertainty is calculated as in Guillot et al. (2022).
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Figure B.9: Estimates of NMR, IMR, and U5MR for Senegal in periods [2000, 2005) (top)
and [2005, 2010) (bottom). Turnbull point estimates are denoted by vertical black lines. All
95% confidence intervals are based on finite population variances, with the exception of the
log-quad model where uncertainty is calculated as in Guillot et al. (2022).
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Figure B.10: Empirical distributions of differences in survival curves for Senegal in
[2000, 2005) (top) and [2005, 2010) (bottom) from ages 0 to 60 months between paramet-
ric estimates θ̂ and the Turnbull estimate θ̃. Note that for [2005, 2010) the differences have
been cut off at −0.03 for clarity, though the differences extend much further negative for the
generalized gamma model.
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Figure B.11: Estimated survival curves for Namibia in [2000, 2005) (top) and [2005, 2010)
(bottom) from ages 0 to 60 months. Parametric, pseudo-likelihood estimates are in blue. All
confidence bands are 95% confidence intervals based on finite population variances, with the
exception of the log-quad model where uncertainty is calculated as in Guillot et al. (2022).
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Figure B.12: Estimates of NMR, IMR, and U5MR for Namibia in periods [2000, 2005) (top)
and [2005, 2010) (bottom). Turnbull point estimates are denoted by vertical black lines. All
95% confidence intervals are based on finite population variances, with the exception of the
log-quad model where uncertainty is calculated as in Guillot et al. (2022).
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Figure B.13: Empirical distributions of differences in survival curves for Namibia in
[2000, 2005) (top) and [2005, 2010) (bottom) from ages 0 to 60 months between paramet-
ric estimates θ̂ and the Turnbull estimate θ̃.
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B.5 Comparison to models unadjusted for age heaping

We repeat our application, fitting the same models without addressing age-heaping at 12

months (by interval-censoring observations recorded as having died between 6 and 18 months

for that entire 12 month period).
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Figure B.14: Estimated survival curves for Burkina Faso in [2000, 2005) (top) and
[2005, 2010) (bottom) from ages 0 to 60 months, not adjusted for age heaping at 12 months.
Parametric, pseudo-likelihood estimates are in blue. All confidence bands are 95% confidence
intervals based on finite population variances, with the exception of the log-quad model where
uncertainty is calculated as in Guillot et al. (2022).
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Figure B.15: Estimates of NMR, IMR, and U5MR for Burkina Faso in periods [2000, 2005)
(top) and [2005, 2010) (bottom), not adjusted for age heaping at 12 months. Turnbull point
estimates are denoted by vertical black lines. All 95% confidence intervals are based on
finite population variances, with the exception of the log-quad model where uncertainty is
calculated as in Guillot et al. (2022).
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Figure B.16: Empirical distributions of differences in survival curves for Burkina Faso in
[2000, 2005) (top) and [2005, 2010) (bottom) from ages 0 to 60 months between parametric
estimates (not adjusted for age heaping) θ̂ and the Turnbull estimate θ̃.
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Figure B.17: Estimated survival curves for Malawi in [2000, 2005) (top) and [2005, 2010)
(bottom) from ages 0 to 60 months, not adjusted for age heaping at 12 months. Parametric,
pseudo-likelihood estimates are in blue. All confidence bands are 95% confidence intervals
based on finite population variances, with the exception of the log-quad model where uncer-
tainty is calculated as in Guillot et al. (2022).
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Figure B.18: Estimates of NMR, IMR, and U5MR for Malawi in periods [2000, 2005) (top)
and [2005, 2010) (bottom), not adjusted for age heaping at 12 months. Turnbull point
estimates are denoted by vertical black lines. All 95% confidence intervals are based on
finite population variances, with the exception of the log-quad model where uncertainty is
calculated as in Guillot et al. (2022).
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Figure B.19: Empirical distributions of differences in survival curves for Malawi in
[2000, 2005) (top) and [2005, 2010) (bottom) from ages 0 to 60 months between paramet-
ric estimates (not adjusted for age heaping) θ̂ and the Turnbull estimate θ̃.
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Figure B.20: Estimated survival curves for Senegal in [2000, 2005) (top) and [2005, 2010)
(bottom) from ages 0 to 60 months, not adjusted for age heaping at 12 months. Parametric,
pseudo-likelihood estimates are in blue. All confidence bands are 95% confidence intervals
based on finite population variances, with the exception of the log-quad model where uncer-
tainty is calculated as in Guillot et al. (2022).
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Figure B.21: Estimates of NMR, IMR, and U5MR for Senegal in periods [2000, 2005) (top)
and [2005, 2010) (bottom), not adjusted for age heaping at 12 months. Turnbull point
estimates are denoted by vertical black lines. All 95% confidence intervals are based on
finite population variances, with the exception of the log-quad model where uncertainty is
calculated as in Guillot et al. (2022).
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Figure B.22: Empirical distributions of differences in survival curves for Senegal in
[2000, 2005) (top) and [2005, 2010) (bottom) from ages 0 to 60 months between paramet-
ric estimates (not adjusted for age heaping) θ̂ and the Turnbull estimate θ̃. Note that for
[2005, 2010) the differences have been cut off at −0.03 for clarity, though the differences
extend much further negative for the generalized gamma model.
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Figure B.23: Estimated survival curves for Namibia in [2000, 2005) (top) and [2005, 2010)
(bottom) from ages 0 to 60 months, not adjusted for age heaping at 12 months. Parametric,
pseudo-likelihood estimates are in blue. All confidence bands are 95% confidence intervals
based on finite population variances, with the exception of the log-quad model where uncer-
tainty is calculated as in Guillot et al. (2022).
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Figure B.24: Estimates of NMR, IMR, and U5MR for Namibia in periods [2000, 2005) (top)
and [2005, 2010) (bottom), not adjusted for age heaping at 12 months. Turnbull point
estimates are denoted by vertical black lines. All 95% confidence intervals are based on
finite population variances, with the exception of the log-quad model where uncertainty is
calculated as in Guillot et al. (2022).
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Figure B.25: Empirical distributions of differences in survival curves for Namibia in
[2000, 2005) (top) and [2005, 2010) (bottom) from ages 0 to 60 months between paramet-
ric estimates (not adjusted for age heaping) θ̂ and the Turnbull estimate θ̃.
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Country Period Weibull
Piecewise

Exponential

Generalized

Gamma
Lognormal Gompertz ETSP

Discrete

Hazards

Burkina Faso
[2000, 2005) 18 33 90 67 14 67 64

[2005, 2010) 23 65 80 64 11 70 74

Malawi
[2000, 2005) 44 63 94 88 19 94 76

[2005, 2010) 55 76 92 86 16 91 76

Senegal
[2000, 2005) 33 73 84 83 20 85 72

[2005, 2010) 37 73 63 86 15 95 72

Namibia
[2000, 2005) 59 86 100 100 29 99 86

[2005, 2010) 53 85 100 100 27 99 85

Table B.2: Model validation results. Percentage of samples (out of 500) from θ̂ − θ̃ that
contain 0 for all parametric models, countries, and periods, for models that do not adjust
for age-heaping. Percentages greater than 70% are bolded.

In the following plots, we compare the parametric survival curves and Turnbull estima-

tors when age heaping is adjusted for vs. unadjusted. Note that the point estimates for

the survival curves are extremely similar for the Weibull, lognormal, Gompertz, general-

ized Gamma, and ETSP models, only differing in the third or fourth decimal place. This

suggests that age-heaping occurring between 6 and 18 months does not greatly impact the

overall shape of the survival curve. The age-heaping-adjusted piecewise exponential model

differs quite significantly from the unadjusted piecewise exponential model at age 12 months,

which is to be expected based on how we interval censored the data in the adjusted model.

Also note that in all cases, the uncertainty surrounding the age-heaping-adjusted model is

slightly larger than the uncertainty surrounding the unadjusted models, though perhaps not

meaningfully larger.
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Figure B.26: Comparison of parametric models where data is adjusted for age-heaping at 12
months versus not for Burkina Faso in periods [2000, 2005) (top) and [2005, 2010) (bottom).
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Figure B.27: Comparison of Turnbull estimator where data is adjusted for age-heaping at 12
months versus not for Burkina Faso in periods [2000, 2005) (left) and [2005, 2010) (right).
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Figure B.28: Comparison of parametric models where data is adjusted for age-heaping at 12
months versus not for Malawi in periods [2000, 2005) (top) and [2005, 2010) (bottom).
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Figure B.29: Comparison of Turnbull estimator where data is adjusted for age-heaping at
12 months versus not for Malawi in periods [2000, 2005) (left) and [2005, 2010) (right).
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Figure B.30: Comparison of parametric models where data is adjusted for age-heaping at 12
months versus not for Senegal in periods [2000, 2005) (top) and [2005, 2010) (bottom).
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Figure B.31: Comparison of Turnbull estimator where data is adjusted for age-heaping at
12 months versus not for Senegal in periods [2000, 2005) (left) and [2005, 2010) (right).
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Figure B.32: Comparison of parametric models where data is adjusted for age-heaping at 12
months versus not for Namibia in periods [2000, 2005) (top) and [2005, 2010) (bottom).
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Figure B.33: Comparison of Turnbull estimator where data is adjusted for age-heaping at
12 months versus not for Namibia in periods [2000, 2005) (left) and [2005, 2010) (right).



237

Appendix C

APPENDIX FOR CHAPTER 4

C.1 Projection matrices for RW2 and ICAR priors

Note that for a RW1, the projection matrix R⊤ is simply the lower triangular matrix from

an LDL decomposition of the precision matrix Q for the RW1. We can obtain the projection

matrices for a RW2 similarly. Note that for a RW2, the density is easily defined as a product

of iid normally distributed random variables with precision τ in the space spanned by the

(t− 2)-dimensional vector


x1 − 2x2 + x3

x2 − 2x3 + x4
...

xt−2 − 2xt−1 + xt


Then the projection matrix that takes us from x to the space spanned above is given by the

(t− 2)× t matrix

R⊤ =


1 −2 1

1 −2 1
. . . . . . . . .

1 −2 1

 ,

where we note that R⊤ is exactly the lower triangular matrix derived from an LDL decom-

position of the known precision matrix for a RW2.

The projection matrix for an ICAR prior may be similarly obtained. Note that an



238

ICAR is defined on neighborhood differences, where the mean of an area a priori is equal

to the average of its neighbors. Let ni denote the number of neighbors belonging to area

i = 1, . . . , N , and let i ∼ j denote that areas i ̸= j are neighbors. Then we can write the

density as a product of iid normally distributed random variables with precision τ in the

space spanned by the N -dimensional vector


x1 − 1

n1

∑
1∼jxj

x2 − 1
n2

∑
2∼jxj

...

xN − 1
nN

∑
N∼jxj


And then the projection matrix that takes us from x to the space spanned above is given by

the N ×N matrix defined by

Rij =


1, i = j

−1/ni, i ∼ j, i < j

0, else

C.2 Correlated multivariate random walks in INLA

In listing C.1 we include code to construct the correlated multivariate random walk in INLA.

After the model is defined with inla.rgeneric.define(), the use may then specify f(idx,

model = mvrw.cor.model, ...) in the formula for the linear predictor in an INLA call

to include the random effect. Note that to constrain the random effect, you must use the

extraconstr argument, you cannot simply let constr = TRUE.

The user must specify four things: a matrix W, which contains 1’s where the random effect

is non-zero, and 0’s where the random effect is zero; the projection matrix R, which will vary

for first-order and second-order RWs (as well as ICARs); the number of discrete time points
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n, and the order of the random walk. If the user plans to use this code for a correlated ICAR

model, the order of the random walk should be set to 0, as the projection matrix does not

project into a space of smaller dimension.

To adapt this code to provide a multivariate random walk on two parameters that have dif-

ferent precisions but no correlation, rho should be removed from the list in interpret.theta,

the off-diagonals in Sig should be set to 0, the log prior for rho should be removed (line 51

of Listing C.1, and initial should return a vector of only two zeros.

The hyperpriors included in the model as written are PC priors (Simpson et al., 2017)

with U = 1, α = 0.01 on each precision parameter, and a Normal(0,1) prior on a transformed

correlation parameter. These can be adapted as desired.

1 ‘inla.rgeneric.MVRW.cor.model ’ ← function(cmd = c("graph", "Q", "

mu", "initial", "log.norm.const","log.prior", "quit"),

2 theta = NULL) {

3

4 #Internal function

5 interpret.theta ← function () {

6 return(

7 list(prec_x = exp(theta[1L]),

8 prec_w = exp(theta[2L]),

9 transformed_rho = theta [3L])

10 )

11 }

12

13 graph ← function () {

14 require(Matrix)

15 # W will just be input as the graph (an INLA sparse matrix)

16 return(W)

17 }

18
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19 Q ← function () {

20 require(Matrix)

21

22 param ← interpret.theta ()

23

24 rho_internal ← (2 / (1 + exp(-param$transformed_rho))) - 1

25

26 Sig ← matrix(c(1/param$prec_x , rho_internal * sqrt(1/param

$prec_x) * sqrt(1/param$prec_w), rho_internal * sqrt(1/

param$prec_x) * sqrt(1/param$prec_w), 1/param$prec_w),

byrow = TRUE , nrow = 2)

27

28 temp ← t(R) %*% (diag(n-rw_order) %x% solve(Sig)) %*% R

29 temp ← inla.as.sparse(temp)

30 return( temp )

31 }

32

33 mu ← function () {

34 return(numeric (0))

35 }

36

37 log.norm.const ← function () {

38 return(numeric (0))

39 }

40

41 log.prior ← function () {

42 param = interpret.theta ()

43

44 U ← 1
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45 alpha ← 0.01

46 lambda ← -log(alpha / U)

47

48 # PC priors with U = 1, alpha = 0.01 on precisions

49 res ← log(lambda) - log(2) - (3/2) * log(param$prec_x) -

lambda * param$prec_x∧(-1/2) +

50 log(param$prec_x) +

51 log(lambda) - log (2) - (3/2) * log(param$prec_w) - lambda *

param$prec_w∧(-1/2) +

52 log(param$prec_w) +

53 dnorm(param$transformed_rho , mean = 0, sd = 1, log = TRUE)

54

55 return(res)

56 }

57

58 initial ← function () {

59 return(c(0, 0, 0))

60 }

61

62 quit ← function () {

63 return(invisible ())

64 }

65

66 res ← do.call(match.arg(cmd), args = list())

67 return(res)

68 }

69

70 mvrw.cor.model ← inla.rgeneric.define(

inla.rgeneric.MVRW.cor.model ,
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71 W = inla.as.sparse(W), # Structure matrix of only 0’s and 1’s

72 R = R, # Projection matrix

73 n = n, # number of discrete time points

74 rw_order = 1)

75 # 1 if RW1 , 2 if RW2 (make sure A is specified accordingly)

Listing C.1: INLA rgeneric code for correlated multivariate random walk.

C.3 Simulation study

To assess the performance of the proposed (correlated and uncorrelated) MVRW models, we

conduct a simulation study. We consider the following combinations of parameter values,

resulting in 16 simulation settings:

� ρ: 0, 0.1, 0.5, 0.9

� σx: 0.5, 5

� σw: 0.5, 5

In each simulation setting, we generate 100 observations x1, . . . , x100 and w1, . . . , w100

from the model given by

(x,w) | η ∼ MultivariateNormal(η, I) (C.1)

η = ψ(σx, σw, ρ) (C.2)

where ψ(σx, σw, ρ) ∼ MVRW2(σx, σw, ρ). Samples from the MVRW2 are obtained via Algo-

rithm 3.1 of Rue and Held (2005). We then fit the model given in Equation (C.1) (which we

denote the “Correlated model”), and an “Uncorrelated model” (where ρ is set to zero in the

MVRW2) to the data, and compute posterior means for the hyperparameters. Rather than

a N(0, 1) hyperprior on a transformed ρ, we instead use a Uniform(−1, 1) hyperprior. We

repeat the data generation and estimation process 50 times per simulation setting.
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The posterior means across all simulations are given in Figure C.1. Note that the Corre-

lated model correctly estimates σx, σw, and ρ on average, across all simulation settings, while

the Uncorrelated model fails to estimate ρ ̸= 0 (by design), and seems to underestimate σx

and overestimate σw on average for the settings where σx = 5 and σw = 5, respectively.
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Figure C.1: Posterior mean estimates of hyperparameters ρ, σx, and σw across all simulation
settings considered. True underlying parameter values are denoted with red diamonds. Sim-
ulation settings where the observations are truly uncorrelated are given by yellow boxplots,
and settings that are truly correlated are given by purple boxplots. Each boxplot contains
observations from 50 different simulated datasets.
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C.4 Additional results

C.4.1 By model
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Figure C.2: Mean estimates of NMR from 2000-2009 for 27 districts of Malawi from different
smoothing models considered.
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Figure C.3: Standard deviations of estimates of NMR from 2000-2009 for 27 districts of
Malawi from different smoothing models considered.
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Figure C.4: Mean estimates of IMR from 2000-2009 for 27 districts of Malawi from different
smoothing models considered.
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Figure C.5: Standard deviations of estimates of IMR from 2000-2009 for 27 districts of
Malawi from different smoothing models considered.
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C.4.2 By region
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Figure C.6: Survey-weighted survival curves for the Kasungu district of Malawi from 2000-
2009.
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Figure C.7: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Kasungu district of Malawi from 2000-2009.
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Figure C.8: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Kasungu district of Malawi from 2000-2009.
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Figure C.9: Survey-weighted survival curves for the Machinga district of Malawi from 2000-
2009.
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Figure C.10: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Machinga district of Malawi from 2000-2009.
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Figure C.11: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Machinga district of Malawi from 2000-2009.
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Figure C.12: Survey-weighted survival curves for the Mchinji district of Malawi from 2000-
2009.
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Figure C.13: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Mchinji district of Malawi from 2000-2009.
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Figure C.14: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Mchinji district of Malawi from 2000-2009.
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Figure C.15: Survey-weighted survival curves for the Mzimba district of Malawi from 2000-
2009.



258

NMR IMR U5MR

2000 2003 2006 2009 2000 2003 2006 2009 2000 2003 2006 2009
0.00

0.05

0.10

0.15

0.20

0.25

0.00

0.05

0.10

0.15

0.000

0.025

0.050

0.075

0.100

Year

E
st

im
at

e

Model
Discrete Haz.
Parametric: Weighted
Parametric: Smoothed Weighted

MVRW: Uncorrelated
MVRW: Correlated
MVRW: 1q0, 59q1, Uncorrelated

MVRW: 1q0, 59q1, Correlated

Mzimba

Figure C.16: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Mzimba district of Malawi from 2000-2009.
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Figure C.17: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Mzimba district of Malawi from 2000-2009.
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Figure C.18: Survey-weighted survival curves for the Dedza district of Malawi from 2000-
2009.
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Figure C.19: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Dedza district of Malawi from 2000-2009.
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Figure C.20: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Dedza district of Malawi from 2000-2009.
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Figure C.21: Survey-weighted survival curves for the Karonga district of Malawi from 2000-
2009.
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Figure C.22: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Karonga district of Malawi from 2000-2009.
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Figure C.23: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Karonga district of Malawi from 2000-2009.
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Figure C.24: Survey-weighted survival curves for the Phalombe district of Malawi from 2000-
2009.
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Figure C.25: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Phalombe district of Malawi from 2000-2009.



268

Log(1/mu) Log(sigma)

2000 2003 2006 2009 2000 2003 2006 2009

1.5

2.0

−3.0

−2.7

−2.4

−2.1

Year

E
st

im
at

e Model

Direct
MVRW: Correlated
MVRW: Uncorrelated

Phalombe

logit(1q0) logit(59q1)

2000 2003 2006 2009 2000 2003 2006 2009

−4

−3

−2

−1

−5

−4

−3

−2

Year

E
st

im
at

e Model

Direct
MVRW: Correlated
MVRW: Uncorrelated

Figure C.26: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Phalombe district of Malawi from 2000-2009.
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Figure C.27: Survey-weighted survival curves for the Neno district of Malawi from 2000-2009.
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Figure C.28: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Neno district of Malawi from 2000-2009.
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Figure C.29: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Neno district of Malawi from 2000-2009.
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Figure C.30: Survey-weighted survival curves for the Thyolo district of Malawi from 2000-
2009.
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Figure C.31: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Thyolo district of Malawi from 2000-2009.
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Figure C.32: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Thyolo district of Malawi from 2000-2009.
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Figure C.33: Survey-weighted survival curves for the Chikwawa district of Malawi from 2000-
2009.
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Figure C.34: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Chikwawa district of Malawi from 2000-2009.
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Figure C.35: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Chikwawa district of Malawi from 2000-2009.
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Figure C.36: Survey-weighted survival curves for the Dowa district of Malawi from 2000-
2009.
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Figure C.37: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Dowa district of Malawi from 2000-2009.
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Figure C.38: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Dowa district of Malawi from 2000-2009.
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Figure C.39: Survey-weighted survival curves for the Ntcheu district of Malawi from 2000-
2009.
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Figure C.40: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Ntcheu district of Malawi from 2000-2009.
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Figure C.41: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Ntcheu district of Malawi from 2000-2009.
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Figure C.42: Survey-weighted survival curves for the Nsanje district of Malawi from 2000-
2009.
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Figure C.43: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Nsanje district of Malawi from 2000-2009.
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Figure C.44: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Nsanje district of Malawi from 2000-2009.
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Figure C.45: Survey-weighted survival curves for the Nkhata Bay district of Malawi from
2000-2009.
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Figure C.46: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Nkhata Bay district of Malawi from 2000-2009.
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Figure C.47: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Nkhata Bay district of Malawi from 2000-2009.
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Figure C.48: Survey-weighted survival curves for the Mulanje district of Malawi from 2000-
2009.



291

NMR IMR U5MR

2000 2003 2006 2009 2000 2003 2006 2009 2000 2003 2006 2009

0.1

0.2

0.3

0.05

0.10

0.15

0.20

0.00

0.05

0.10

0.15

Year

E
st

im
at

e

Model
Discrete Haz.
Parametric: Weighted
Parametric: Smoothed Weighted

MVRW: Uncorrelated
MVRW: Correlated
MVRW: 1q0, 59q1, Uncorrelated

MVRW: 1q0, 59q1, Correlated

Mulanje

Figure C.49: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Mulanje district of Malawi from 2000-2009.



292

Log(1/mu) Log(sigma)

2000 2003 2006 2009 2000 2003 2006 2009

1.25

1.50

1.75

2.00

2.25

−2.6

−2.4

−2.2

−2.0

Year

E
st

im
at

e Model

Direct
MVRW: Correlated
MVRW: Uncorrelated

Mulanje

logit(1q0) logit(59q1)

2000 2003 2006 2009 2000 2003 2006 2009

−3

−2

−1

−6

−5

−4

−3

−2

Year

E
st

im
at

e Model

Direct
MVRW: Correlated
MVRW: Uncorrelated

Figure C.50: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Mulanje district of Malawi from 2000-2009.
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Figure C.51: Survey-weighted survival curves for the Mangochi district of Malawi from 2000-
2009.
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Figure C.52: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Mangochi district of Malawi from 2000-2009.
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Figure C.53: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Mangochi district of Malawi from 2000-2009.
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Figure C.54: Survey-weighted survival curves for the Mwanza district of Malawi from 2000-
2009.
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Figure C.55: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Mwanza district of Malawi from 2000-2009.
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Figure C.56: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Mwanza district of Malawi from 2000-2009.
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Figure C.57: Survey-weighted survival curves for the Chiradzulu district of Malawi from
2000-2009.
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Figure C.58: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Chiradzulu district of Malawi from 2000-2009.
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Figure C.59: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Chiradzulu district of Malawi from 2000-2009.
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Figure C.60: Survey-weighted survival curves for the Rumphi district of Malawi from 2000-
2009.
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Figure C.61: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Rumphi district of Malawi from 2000-2009.
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Figure C.62: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Rumphi district of Malawi from 2000-2009.
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Figure C.63: Survey-weighted survival curves for the Balaka district of Malawi from 2000-
2009.
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Figure C.64: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Balaka district of Malawi from 2000-2009.
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Figure C.65: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Balaka district of Malawi from 2000-2009.
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Figure C.66: Survey-weighted survival curves for the Chitipa district of Malawi from 2000-
2009.
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Figure C.67: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Chitipa district of Malawi from 2000-2009.
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Figure C.68: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Chitipa district of Malawi from 2000-2009.
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Figure C.69: Survey-weighted survival curves for the Nkhotakota district of Malawi from
2000-2009.
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Figure C.70: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Nkhotakota district of Malawi from 2000-2009.
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Figure C.71: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Nkhotakota district of Malawi from 2000-2009.
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Figure C.72: Survey-weighted survival curves for the Zomba district of Malawi from 2000-
2009.
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Figure C.73: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Zomba district of Malawi from 2000-2009.
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Figure C.74: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Zomba district of Malawi from 2000-2009.
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Figure C.75: Survey-weighted survival curves for the Blantyre district of Malawi from 2000-
2009.
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Figure C.76: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Blantyre district of Malawi from 2000-2009.
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Figure C.77: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Blantyre district of Malawi from 2000-2009.
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Figure C.78: Survey-weighted survival curves for the Ntchisi district of Malawi from 2000-
2009.
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Figure C.79: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Nthchisi district of Malawi from 2000-2009.
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Figure C.80: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Ntchisi district of Malawi from 2000-2009.
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Figure C.81: Survey-weighted survival curves for the Salima district of Malawi from 2000-
2009.
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Figure C.82: Estimates of NMR, IMR, U5MR from direct estimates and smoothing models
across time for the Salima district of Malawi from 2000-2009.
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Figure C.83: Smoothed lognormal parameters (Top) and smoothed, transformed lognormal
parameters (Bottom) for the Salima district of Malawi from 2000-2009.


