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Intermolecular interactions govern the structure and dynamics of molecular systems,
which collectively give rise to their physical properties across scales from the nano- to the
meso- and the macro-scale. These collective properties are often sensitive to the level of
theoretical description manifested either by the accuracy of a classical interaction potential
or the level of electronic structure theory used to describe the fundamental interactions at
the molecular level. Due to the prohibitive scaling of electronic structure calculations with
the system size (oftentimes O(N®)—O(N7) for the “gold-standard” coupled cluster methods,
where N is the number of basis functions), we must seek alternative ways of evaluating the
properties of these complex molecular systems without compromising accuracy. The many-
body expansion (MBE), a fragmentation approach, partitions the full system into a set of
smaller subsystems and combinatorically represents the properties of the full system (i.e.,
binding energy, forces, dipole moment, etc.). This approach offers a powerful alternative to
address the “scaling curse” of accurate electronic structure methods with system size. The
following will highlight efforts to unravel the nature of many-body effects in aqueous ionic
systems, develop transferable classical models to accurately describe those intermolecular
interactions at a reduced cost, and extend the many-body expansion (MBE) formalism to

periodic systems.

The MBE was applied to investigate the influence of “structure-making” and “structure-



breaking” ions in the Hofmeister series on the energetics of aqueous cations and anions
(SO?[, ClOy, Ca?", NH}). Significant differences in the many-body terms were identi-
fied for the structure-making ions, which exhibit the strongest ion-water and the weakest
water-water interactions. Conversely, the structure-breaking ions exhibit weaker ion-water
interactions and stronger water-water interactions, demonstrating the intricate balance of
interactions governing the energetics of these systems. The trend demonstrating the anti-
correlation between the ion-water and water-water interactions persisted across 13 different
ion-water systems and further quantified the role of ions (and the identity of said ion) in

affecting the water-water interactions.

Having established the strong many-body character in ion-water systems, the next step
was to develop interaction potentials to describe many-body effects in aqueous ionic sys-
tems. A classical induction model using a detailed description of the field due to a charge
distribution using distributed multipoles and the response of the charge distribution to an
external field using distributed polarizabilities was developed to model 3- and 4-body inter-
actions. The induction energies were benchmarked against 3,120 ab initio 3-body energies
for 13 different ion-water-water and water-water-water systems. The induction model was
subsequently improved by developing and implementing geometry-dependent distributed
multipole and polarizability surfaces. For water, the induction model augmented with 3-
body dispersion was compared against results from an existing database of 43,844 3-body
and 3,603 4-body CCSD(T) energies. The model was found to reproduce the 3- and 4-body
interactions with mean absolute errors of 0.054 and 0.026 kcal/mol, respectively. These
findings suggest that the developed classical model with zero adjustable parameters yields
an accuracy that is on-par with models fit to tens of tens of thousands of CCSD(T) energies
using thousands of adjustable parameters. This physics-based approach provides a sim-
ple, fast, and most importantly transferable way of modeling many-body effects in aqueous
molecular systems, eliminating the need to perform tens of thousands of expensive electronic

structure calculations for each change in solvent or solute identity.

A novel approach was developed to extend the MBE to periodic systems and subse-



quently used to decompose the lattice energies of seven polymorphs of ice into their con-
stituent many-body terms. The sum of the many-body terms (1-body through 4-body) was
shown to match the value obtained with periodic boundary conditions using the minimum
image convention and an Ewald summation. A resulting three-way relationship was estab-
lished, demonstrating the correlation between the many-body terms, the local tetrahedral
order, and the density of the ice polymorphs. Specifically, ice polymorphs existing at low
pressures were shown to have strong cooperative effects, near perfect tetrahedral order, and
5- and 6-membered hydrogen bond cycles. Conversely, high pressure ice polymorphs exhib-
ited weak cooperative effects, low tetrahedral order, and a mixture of hydrogen bond cycle
sizes. This lends valuable insight into the structure-energy relationship that governs the
complex phase diagram of ice.

Besides its utility of gaining insight into the nature of intermolecular interactions, the
MBE for periodic systems is currently being used to circumvent the poor scaling of electronic
structure methods by computing 2- and 3-body corrections to the correlation energy. This
approach is trivially parallelizable and is founded on the preference of performing several
CCSD(T) calculations for much smaller systems (dimers and trimers) therefore reducing

the size (N) and corresponding cost (N7) of the requisite CCSD(T) calculations.
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Chapter 1

INTRODUCTION

The potential energy function of a molecular system, V(R,,, r.), where R,, and r. define
the positions of the nuclei and electrons respectively, is central to chemistry. The Born-
Oppenheimer approximation adiabatically separates the nuclear and electronic degrees of
freedom and defines the potential energy surface as a function of the nuclear coordinates,
V(re; Ry,). The potential energy surface is thus defined by the intramolecular geometry and
the intermolecular interactions. Statistical mechanics provides a route to obtain nanoscale
and macroscopic properties from these atomic-level interactions. Importantly, these inter-
molecular interactions can be shown to govern the structure and dynamics of systems, the
relative stability of molecular crystals and gas-phase clusters, and the interaction of systems
with light, among other important physical properties, highlighting the vital importance of
understanding and accurately modeling these interactions at the atomic level.

However, a significant challenge lies in the development of an accurate potential energy
surface for a system, which is inherently high-dimensional, while also ensuring that the
developed potential is computationally tractable, since many simulation methods requires
millions of energy evaluations (or many more!). The remainder of the chapter outlines
methods to represent the potential energy of molecular systems, followed by a brief summary
of simulation methods that can be used to obtain macroscopic properties via statistical

mechanics.

1.1 Representations of the potential energy surface

The intermolecular interactions of a system can be described ab initio or by using classical
methods. While electronic structure methods can be used directly to obtain energies and
forces ab initio, the prohibitive scaling of these methods prevents their routine use in large-

scale simulations. Conversely, classical methods do not include an explicit representation of



electrons but instead are parameterized using ab initio or experimental results.

1.1.1 Ab initio methods

First principles methods incorporate an explicit representation of the electronic degrees of
freedom in the calculation of the energy and forces. The goal of these methods is to solve
Schrodinger’s equation

Hyp = Ev (1.1)

where F is the electronic energy of the system and 1 is the wavefunction, which by definition
contains all information about the system. H is the Hamiltonian which is defined as the

sum of the potential and kinetic energies of the nuclei (n) and electrons (e) in the system,

ﬂ = Te + ann + ‘A/efn + ‘A/efe

1 717 Zr 1 (1.2)
= \v — it =,
22 Z+Z T1J Zrli+zrij
7 I<J i1 1<J
where capital I, J, ... represent the indices of the nuclei and lowercase i, j, ... represent

those of the electrons. Z is the nuclear charge of nucleus I and r;; indicates the distance
between electrons ¢ and j. Note that the kinetic energy term of the nuclei is not included
in this expression due to the Born-Oppenheimer approximation. Equation 1.1 contains two
unknowns, namely the energy and the wavefunction, and can be solved analytically only
for systems with a single electron. For many-electron systems, several approximations need
to be made in order to obtain the energy via the variation principle. To this end, many
theories exist to approximate the wavefunction in order to solve the Schrédinger equation
numerically. The presence of the 1/7;; term in the Hamiltonian (Equation 1.2), where
i, j are the coordinates of any two electrons, is responsible for the primary challenge in
describing the electron-electron correlation. These theories can broadly be classified as

wavefunction-based or density-based methods.

Wavefunction-based methods

Wavefunction-based methods use the Hartree-Fock (HF) theory as the foundation. While

HF theory incorporates anti-symmetry with respect to the exchange of electrons (fermions),



it does not include explicit electron correlation and formally scales as O(N4), where N is the
number of basis functions. Rather, it computes the interaction of the electrons in the average
field of all the electrons in the system. Post-HF methods are meant to include some degree
of the missing electron correlation (originating from the 1/r;; term in the Hamiltonian)
to the wavefunction and the electronic energy. Various methods in this category include
Mgller-Plesset (MP) perturbation theory (with its most popular variant being MP2, which
is truncated at the second order), coupled cluster (CC), multi-configuration self-consistent
field (MCSCF) and variants of the configuration interaction (CI) theories, which formally
scale from O(N®) to O(N?). These methods consider the contribution from excitations from
the occupied to virtual molecular orbitals to describe the dynamic electron correlation. In
practice, coupled cluster with single, double and perturbative triple excitations, CCSD(T),
has been shown to provide sufficient agreement with experimental estimates of binding
energies, equilibrium geometries, and rotational constants, among other properties.” 10 Its
success and reliability has led to its reputation as the current “gold-standard” for benchmark
values. However, these methods can be extended to higher order excitations. For instance,
CC can include full triple (CCSDT) or quadruple (CCSDTQ) and so on excitations, whereas
CI can start from just the single and double excitations from a HF (HF+14-2) or an MCSCF
(MCSCF+14-2) wavefunction and go up to including all possible (single, double, triple,
quadruple, etc.) excitations from the occupied to the virtual orbitals (Full CI or FCI). The
latter, however, scales as O(N!), making it practically intractable for all but the smallest

systems.11_13

Density-based methods

Density functional theory (DFT) is founded on the premise that the ground state electron
density determines the ground state properties of a system. DFT, in general, describes
the wavefunction as a functional of the ground state electron density. These functionals

714,15 oroanizes the functionals according to

can have many different forms. “Jacob’s ladder
their complexity, with the simplest functionals (i.e., local density approximation) including

only a representation of the electron density at all points in space and the most complicated



functionals (i.e., double hybrid) including contributions from higher order derivatives of the
electron density and 2nd order perturbation theory. DFT scales formally as O(N?3) —O(N%)
depending on whether it includes exchange contributions, but the accuracy is often found
to be either system-dependent or not systematically improvable upon moving up “Jacob’s
ladder”. A recent study® benchmarked the performance of various DFT functionals against
CCSD(T) to describe important low-lying minima of the benzene dimer potential energy
surface (PES) and demonstrated the promise of certain DFT functionals to achieve the same
accuracy of CCSD(T) at a significantly reduced cost. However, it also highlighted the caveat
that this accuracy is often system- and functional-specific. Importantly, ascending Jacob’s
ladder (increasing functional complexity) does not necessarily guarantee improvement in
the accuracy. The availability of accurate, high-level theory benchmarks, such as the ones
obtained at the CCSD(T) level of theory, therefore constitutes a powerful tool for assessing
the accuracy of lower scaling methods, such as DFT. These lower scaling methods can
be subsequently used for evaluating the energy of a system multiple times, i.e. during a
molecular dynamics simulation, a task that would not be possible with these higher order

methods.

Basis sets

Parallel to the hierarchy of electronic structure theories, another important component of
electronic structure calculations is the basis set, which is used to represent the molecular
orbitals (through a linear combination of the atomic basis functions). For variational meth-
ods, an improved description of the wavefunction will lower the energy, although no lower
than the true energy according to the variational principle. In principle, in the infinite,
complete basis set (CBS) limit with FCI, the true energy and wavefunction of a system can
be obtained. In reality, this calculation cannot be performed. The CBS limit can in princi-
ple be estimated as the limit of a series of systematically increasing basis sets. To this end,
Dunning and co-workers'%23 developed the family of “correlation consistent” pVNZ basis
sets (N =D, T, Q, 5 for basis sets of double, triple, quadruple, quintuple etc. quality) by

grouping together functions that contribute approximately the same correlation energy to



the atomic ground states. It was subsequently shown?* 28 that by using the hierarchy DZ —
TZ — QZ - - - of these basis sets it was possible to extrapolate certain molecular properties,
such as equilibrium bond lengths, binding energies and/or harmonic frequencies, to their
respective CBS limits by employing heuristic extrapolation schemes based on the cardinal
number N of the basis set (N = 2, 3, 4, ... for the DZ, TZ, QZ, ...).

The above computational challenges limit the system sizes and timescales that are ac-
cessible with ab initio methods but do provide a path towards selecting a lower scaling level
of theory to perform simulations. That being said, especially for long simulations it is often
desirable to parameterize classical interaction potentials (no electronic degrees of freedom)
that are based on simpler and faster analytical forms of the energy as a function of the

coordinates of the atoms in the system.

1.1.2  Classical interaction potentials

Classical potentials are designed to be much faster than ab initio methods. These classes
of potential functions can be either fitted to experimental data, developed using principles
from classical physics, or fitted to high-level ab initio data. They can also incorporate the

underlying physics in a hierarchical fashion.

Pairwise additive potentials

The simplest potentials are pairwise additive, considering interactions between just all pairs
of atoms in the system. One example is the 4-site transferable interaction potential (TIP4P),

which has the functional form:

oy (7)) ()] 9

This incorporates a pairwise coulombic interaction between all intermolecular partial charges
(g;) separated by distance, R. It also includes a Lennard-Jones potential to model van
der Waals interactions. The parameterization for these types of potentials are typically
empirical, fitting the atomic charges ¢; (and thus dipole moment), €, and o to reproduce

experimental observables, such as the radial distribution function (RDF), specific heat,



densities, and phase transitions. Due to the simple functional form, these potentials can
be used to simulate systems with thousands of atoms and long timescales (up to ms).
However, these potentials do not incorporate the polarizability of molecules which inhibits

their transferability to different system sizes?’ and conditions.

Polarizable potentials

Another class of potentials have been developed to reflect the polarizability of molecules,
meaning that their charge distribution is influenced by an external field (due to other
molecules/ions) and, thus, is inherently environment-dependent. This polarizability has
been implemented into potentials such as the Thole-type model (TTM),3037 AMOEBA
potentials,>* 42 MB-UCB potential,*? and is the basis for accurate classical induction mod-

ls. 4445

In general, these potentials show great promise due to their ease of transferability
across chemical space, oftentimes relying on parameters derived from a single ab initio

calculation of the constituent monomer.

Data-driven potentials

Recently, many data-driven potentials have been developed by either correcting deficien-
cies in the short-range interactions for existing polarizable potentials (using a A-machine
learning approach) or by training a ML model on ab initio data directly. Potentials such as
MB-pol*648 and WHBB* belong to the former, while the ¢-AQUA®" potential belongs to
the latter category. These potentials have achieved a high level of accuracy?%46:47:50-54 hyt
exhibit limited transferability across chemical space and, sometimes, configurational space,
depending on the robustness of the training set. Naturally, when an additional molecule
is considered (not in the original dataset), additional data must be generated to re-fit or

develop a new model. For complex chemical systems, this process is not sustainable due to

the computational expense associated with producing high-fidelity training data.



1.2 Simulation methods to obtain macroscopic properties

Computational chemists rely on both lower scaling first principles (DFT) and classical po-
tentials to sample the configuration space of complex systems in order to obtain a molecular-
level understanding of several processes and to predict macroscopic properties of complex
systems. Statistical mechanics bridges atomic-level interactions, V(r), and the classical
world, providing a way to calculate macroscopic properties from atomistic simulations.
More specifically, the partition function,

7 = % /e‘BH(p’q)dq:gdp?’, (1.4)

represents a statistical ensemble, where 8 = kBLT, H(p,q) = P+V is the Hamiltonian of the
system, p is the positions of the atoms, and q is the momenta of the atoms. The partition
function is effectively a temperature-dependent weighted probability of the microstates of
a system, including contributions from translational, rotational, vibrational, and electronic
degrees of freedom. Many physical observables such as the heat capacity, internal energy,
Gibbs free energy, and entropy can be derived directly from the partition function.

In most cases, it is impractical to obtain all microstates in the system and compute the
observables analytically. Therefore, it is necessary to instead sample the relevant statis-
tical ensembles and compute the observables numerically. This can be achieved through
Monte Carlo (MC) or molecular dynamics (MD) methods.?> According to the ergodic hy-
pothesis, both methods should yield the same results either through a Boltzmann-weighted
configuration-average in the case of MC or by a time-average (in the long time limit) in the

case of MD.

1.2.1 Monte Carlo methods

MC is a stochastic method to sample a statistical ensemble.?% %6 The Metropolis algorithm3”
is used to sample microstates through a random walk process in which microstates are
randomly perturbed to sample new microstates. If the new microstate is lower in energy

than the previous microstate, the move is accepted. If it is higher in energy, the move is



accepted with probability p:
p= e~ AE/(kpT) (1.5)

where AF is the difference in energy between the previous microstate and the current mi-
crostate, kp is the Boltzmann constant, and T is the temperature. This helps to maintain
the representative Boltzmann distribution of the ensemble of interest. MC methods require
only the energy (and not the forces) of a microstate. Time-independent correlations, such
as the pair correlation function (radial distribution function), g(r), can be obtained which
can be compared to the structure factor, S(q), derived from X-ray and neutron diffraction

5861 Naturally, the dynamics of a system over time and any time correla-

experiments.
tions cannot be accessed using this method. However, MC methods are straightforward to

parallelize, improving the sampling efficiency.

1.2.2  Molecular dynamics

MD is a serial method that propagates a system in time using Newton’s equations of mo-
tion.?® More specifically, the velocity-Verlet algorithm is commonly used to minimize the
error in the positions of the atoms after time step, At.2 Thermostats and/or barostats
are implemented to sample particular NVT (constant number of particles, pressure, tem-
perature) or NPT (constant number of particles, pressure, temperature) ensembles.%3-6°
Importantly, in the long time limit (for an ergodic simulation), the time-averaged proper-
ties should be equivalent to the Boltzmann-weighted microstate average obtained from MC
simulations.

However, since this method propagates the positions of atoms in time, it can naturally
be used to obtain a mechanistic understanding of dynamics processes. It can also be used

to obtain valuable time correlations which can be compared to experimental observables.

For example, the Fourier transform of the dipole autocorrelation function,

C(7) = (u(t) - u(t + 7)) (1.6)

where p(t) is the molecular dipole moment at time ¢ and 7 is a time delay, yields the infrared

(IR) spectrum of the system.6-68



1.2.8 Quantum statistics

To obtain quantum statistics, path integral (PI)% methods can be applied to either MC or
MD methods.”™ The intent of these methods is to incorporate nuclear quantum effects which
are responsible for the delocalization of light atoms.”" Depending on the temperature of the
simulation, these effects may also become important in the description of heavier elements as
well.” This can be accomplished in the centroid™ ™ or ring-polymer (RP) formalisms”: 77
by representing each respective atom as a ring of “beads” that each interact with the other
atoms (in the usual manner) and also with the other “beads” in the same ring through a
harmonic potential. The number of beads necessary depend on the mass of the element
and the temperature of the simulation. Naturally, the increase in particles/beads increases
the cost of the simulation while also requiring a smaller time step.”® PIMD simulations
have been applied to water clusters to study hydrogen bond rearrangements’ 8! and in the
simulation of water, ice, and other aqueous systems to probe the impact of nuclear quantum

effects on hydrogen bonding."® 8287

1.3 Summary

The above discussion highlights the connection that statistical mechanics provides to macro-
scopic properties of molecular systems along with the computational tools that can be used
to sample relevant statistical ensembles. In addition, it emphasizes that the potential en-
ergy function, returning the energy and gradient from the atomic coordinates, is truly at the
heart of this connection. Therefore, to obtain reliable predictions of macroscopic properties,
it is prudent to accurately represent the interactions of molecules at the atomic-level. The
representation of the potential energy can be achieved by many different approaches, rang-
ing from slow, expensive, albeit often reliable ab initio methods to fast, effective pairwise
or many-body potentials. The computational cost of the theoretical method determines the

different timescales that can be accessed.
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1.4 Outline of thesis

Chapter 2 will introduce some fragmentation methods, such as the many-body expansion
(MBE), which partition molecular properties into contributions from smaller subsystems
or physical interactions. The subsequent chapters will focus on the utility of the MBE to
understand the nature of interactions, develop interactions potentials, and accelerate ab
initio calculations. In Chapter 3, the application of the MBE to aqueous ionic clusters will
be discussed, focusing on the interplay between ion-water and water-water interactions and
how these are modulated by ion identity. Chapters 4 and 5 will outline efforts to use the
MBE as a guide to develop accurate, physics-based models for many-body effects in aqueous
systems. While the MBE for gas-phase, finite systems is straightforward, Chapter 6 accounts
how the MBE can be extended to periodic systems using a novel method. Chapter 7 outlines
an analysis of several ice polymorphs, defining novel correlations between the density of the
polymorph, the cooperativity of the interactions, and the local tetrahedral order. Finally,
chapter 8 presents conclusions with a discussion of current work that leverages the MBE for
periodic systems to obtain benchmark lattice energy calculations at a reduced computational

cost.
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Chapter 2
FRAGMENTATION METHODS

Fragmentation methods partition molecular properties into contributions from smaller

subsystems or from different physical interactions. These methods can be used to:

e understand the nature of interactions,!™

e guide the development of accurate interatomic potentials,*3 475088 and

e circumvent the “scaling curse” of electronic structure methods,

making them powerful computational tools.58

These methods include, among others, symmetry-adapted perturbation theory (SAPT),
energy decomposition analysis (EDA), the molecular tailoring approach (MTA), and the
many-body expansion (MBE). The MBE will be the focus of the remaining chapters and
for this reason it will be introduced in detail. Other methods (MTA, SAPT, EDA) will be
introduced briefly and contrasted with the MBE.

2.1 Many-body expansion

The MBE represents properties of the full system combinatorically through its contri-
butions from smaller subsystems. These subsystems are produced from combinations of
non-overlapping fragments. While its origin lies in combinatorial mathematics (and the
inclusion-exclusion principle), Hankins et al.®? applied this method for the first time in the
chemical physics domain in 1970, examining the nonadditivity of interactions in the water
trimer. Specifically, they reported the 3-body contribution to the HF energy of the double
donor, double acceptor, and sequential water trimer configurations; however, the ring wa-
ter trimer global minimum was not considered in that study. Subsequently, Clementi and

co-workers? considered the non-additivity of the SCF interaction in several configurations
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of the water trimer and reported that it was “fairly small”. They also pointed out that the
dominant contribution to the non-additive energy was the long-range induction energy. In
the mid-1990’s the MBE was first applied to the MP2 optimized structures and subsequent

91,92

binding energies of water clusters up to the hexamer. Subsequently, the non-additive

terms in gas phase water clusters were contrasted to those in liquid water configurations,®?
whereas the effect of the hydrogen bonding network on the magnitude of the cooperative
effects was also investigated.”* These initial studies served as the stepping-stone for the
development of interaction potentials for water by fitting to ab initio data, which were
appropriate for nuclear statistical mechanical (rather than classical) simulations. These
efforts resulted in the development of the flexible, polarizable potentials for liquid water
(TTM, TTM2-R, TTM2-F, TTM2.1-F, TTM3-F)30-32.35737 that led to the first path inte-
gral simulations of liquid water with a flexible, polarizable model.”® These initial efforts
have fueled subsequent development by others of many-body flexible, polarizable potentials

such as MB-pol*6-48 HBB2-pol,,”> WHBB,*%% and q-AQUA.?

In general, quantity O (i.e., binding energy, forces, dipole moment, etc.) may be cast

e N N-1 N N-1 N-2
0= ZAO Y Y05+ DD O+ (2.1)
T > i J>1 k>j>i

where N is the number of fragments (or “bodies”) in the system. The fragments are typi-
cally taken to be either ions or molecules interacting through non-covalent bonds, such as
hydrogen bonds, but it should be noted that recent works have explored the use of atoms
(breaking covalent or metal-metal bonds) or elementary particles as fragments.?” For an
exact representation of the property O, the expansion extends to N order, where N is the
number of fragments in the system. However, it is often the case that the expansion may
be truncated at a lower order with minimal loss in accuracy. The various terms in the MBE
are defined as follows:

AQ; is the 1-body term of the i-th fragment defined as:
AO; = 0; — Oi,ref (2'2)

where O; is the quantity for the i-th fragment and O; ,.r is the reference quantity for the
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non-interacting i-th fragment. AQ;; is the 2-body term of the ¢ and j fragments defined as:
AOy; = Oy — O; — O, (2.3)

where O;; is the quantity for the dimer of fragments ¢ and j. AQ;j; is the 3-body term
defined as:
AO;ji = Oijp — A0y — AOjy, — AOiy, — O; — O — Oy (2.4)

where O;; is the quantity for the trimer of fragments 4, j, and k. The higher-order terms
are defined analogously to the 3-body term. Since the number of n-body fragments (for a

system of N molecules) grows as the binomial coefficient,

(];f) - TL'(NLLn)‘ (2.5)

the MBE is particularly useful if it converges at a low-order in the expansion. This conver-
gence, however, has been shown to be dependent on the system and property of interest,

1-3,97,98

respectively. Further, unlike some of the energy decomposition techniques outlined

below, the physical origin of the many-body terms is oftentimes unclear.

2.2 Molecular tailoring approach

The MTA is very similar to the MBE but with a few notable approximations/modifications.
It defines the fragments so that they are overlapping and typically consist of multiple
molecules or atoms, thereby incorporating short-range higher order many-body effects. The
many-body effects are assumed to be short-range, which is oftentimes a reasonable assump-
tion. In addition, the short-range interactions are prioritized and only nearby combinations
of overlapping fragments are typically considered. In this way, only the most salient interac-
tions are included, reducing in some instances the overall computational cost (in comparison
to the full MBE).

Consider an example system of molecules A, B, and C that are arranged linearly. The
overlapping fragments AB and BC may be selected, defining the total energy of the system,
ABC, as:

Eapec = E1 4+ Ey — Eine
(2.6)

=FEap+Epc — Ep
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In comparison to the MBE, it can be shown that this expression assumes that the 3-body
energy (AFapc) and the 2-body energy (AFEsc¢) are zero. While this is a simple example,
it demonstrates the approximations that the MTA applies to the MBE. The MTA has been
used to develop benchmarks for the binding energy of large molecular clusters at a reduced

computational cost,'9%101 optimize the geometries of large molecules and clusters,'92 103

and estimate the strength of intramolecular hydrogen bonds.!04-106

2.3 Symmetry-adapted perturbation theory

SAPTY07 divides the n-body terms of the MBE into physically-meaningful contributions.
The basis for SAPT is the treatment of intermolecular interactions as a perturbation to the
individual fragments:

Eap=FEs+Eg+W (2.7)

In this way, the calculation of the interaction will be free from the basis set superposition
error (BSSE). The interaction energy (W) is obtained by calculating the potential between
the electrons of one fragment and the nuclei of another fragment (and vice versa) and also the
intermolecular contributions to the electron correlation. The 2-body interaction is divided
into electrostatic, exchange, induction, and dispersion components. In addition, there are
additional corrections that account for the antisymmetry of the wave function for some of

the components (denoted with “-exchange”). A series of interaction potentials for carbon

108 1

dioxide,'%® water,'%? benzene,''® and ammonia''! have been developed using the 2-body
SAPT as a guide. This formalism can indeed be extended to higher orders. However, the
computation of the 3-body contribution is much more expensive, a fact that has hindered

its widespread use.
2.4 Energy decomposition analysis

Like SAPT, EDA divides the n-body terms into physically-meaningful contributions. EDA 2,113
divides the energy of a system into contributions termed “frozen”, “polarization”, and

“charge transfer”, using a series of steps to optimize the molecular orbitals of a system.

EAB = EA + EB + Efrz + Epol + ECT (28)
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The most popular method utilizes the absolutely localized molecular orbitals (ALMO) for-
malism. The frozen term (FEy,,) arises from the interaction of two monomers (with the
monomer wave functions) at the dimer geometry. The polarization term (E,y) accounts for
intramolecular relaxation of the orbitals due to the external field. The charge transfer term
(Ecr) arises from the complete intermolecular relaxation of the molecular orbitals. This
method has been used to develop the MB-UCB potential for water*? which has subsequently

been extended to select ion-water systems. !4
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Chapter 3

THE MANY-BODY EXPANSION FOR AQUEOUS SYSTEMS
REVISITED: III. HOFMEISTER ION - WATER INTERACTIONS

Reproduced in part with permission from [Kristina M. Herman, Joseph P. Heindel,
Sotiris S. Xantheas. The many-body expansion for aqueous systems revisited: I11. Hofmeis-
ter ion—water interactions; Phys. Chem. Chem. Phys. 23, 11196-11210]. Copyright [2021]

Royal Society of Chemistry
3.1 Introduction

The Hofmeister series was originally established in the 1880s by Franz Hofmeister to order
cations and anions based on their efficacy in precipitating proteins from an aqueous solution
containing egg-white.!? 116 This same ordering was later found to be related to protein and
hydrocarbon stability in solution as well as other properties that do not involve proteins,
like surface tension and viscosity.''7 129 While some research has examined the interplay of
ions with the protein backbone and amino acid residues to explain the salting-out properties

121136 pecent physical chemistry research!3” 157 has been focused on understanding

of ions,
the dynamical and structural impacts that specific ions may have on liquid water and the
physical mechanism underlying these effects.

The Hofmeister series orders cations and anions, respectively, in the following manner:

CO;™ > SO;” > H,PO; >F~ >Cl” > Br~ > NO; >1" > ClO; > SCON~ 1)
3.1

Ca** > Lit > Na™ > K™ > Cst > NH} > N(CH;)f
The ions at the opposite ends of the Hofmeister series are termed kosmotropes (left)
and chaotropes (right), or “structure-makers” and “disorder-makers” / “structure-breakers”,

respectively. Kosmotropes efficiently salt proteins out of solution, stabilize the 3-dimensional

configuration of proteins, and increase the surface tension and viscosity of solutions, while
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chaotropes behave in the opposite manner. Although the terms “structure-makers” and
“disorder-makers” seem to imply the ion’s effect on water molecules, the role ions play in
water and the extent to which they can influence distant solvation shells is highly contested.
Perhaps the most widely debated aspect of this research is determining what it means for an
ion to be structure-making, how it manifests itself, and how this ability can be measured or
observed. This ambiguity has led to many different interpretations and hypotheses regarding
the Hofmeister effect.

Several different metrics have been used to gain insight into the Hofmeister effect, some
focusing on the range of the ion’s influence on the surrounding water molecules and others
on the structural changes in the hydrogen bonding network as a result of the ion. Ther-
modynamic studies on the entropy and Gibbs energy of solvation'*! and terahertz echo
experiments'® have both suggested that Hofmeister ions cause structural changes in the
hydrogen bonding network which result in different entropic quantities (as a measure of
order) and decay times within the water—water modes of aqueous systems. The presence of
the “dangling O-H” in aqueous nanodroplets,'4?7144 red- and blue-shifting of the bending
mode of water,'#® deviations in neutron diffraction reminiscent of water’s behavior at high

146,158 and orientational order measured by femtosecond elastic second harmonic

pressures,
scattering experiments!3” have supported a relatively long-range influence of kosmotropes,
extending to or exceeding three solvation shells. However, the hindrance of water rotations in
solely the innermost solvation shell using femtosecond pump—probe spectroscopy,*” the neg-
ligible changes in the relaxation time of the bulk hydrogen bond network of various anionic

148 and diminished

Hofmeister systems from dielectric relaxation spectroscopy experiments,
hydrogen bonding of water molecules only in the first solvation shell relative to bulk water 4
suggested that water—water interactions are not actually disrupted or influenced beyond the
first solvation shell. X-ray emission spectroscopy found contradicting results, finding some
ions with no effect on water and others with a marginal effect. Importantly, these results did
not follow the ordering of the Hofmeister series.'®® Computationally, molecular dynamics
is often employed because of the structural and dynamical insights provided. For instance,

molecular dynamics simulations have been used to observe the partitioning of the ion be-

tween the bulk and air-water interface,!?% %! to measure tetrahedrality in the solvation shell



18

(as a measure of order),'®? to count the average number of hydrogen bonds,® to examine
the patterning and order of solvation shells using the pair correlation function,®* 156 and
to calculate water reorientation time and ion—water hydrogen bonding lifetime using the
velocity autocorrelation function.' 15" Importantly, by using these different metrics and
interpretations of “structure-making” properties, different conclusions have been reached
regarding the ion’s “structure-making” or “disorder-making” ability.

Despite these strides in understanding the Hofmeister effect, a general theory that unifies
the observations listed above is far from being complete. Although the Hofmeister series
was developed originally to track the effect of the ions on the salting-in and salting-out of
proteins in an aqueous solution, recent literature may have implied that the ions (without
the protein) may affect the long-range structure of liquid water depending on where they
reside in the series.!37,138,142-146,158 Here a5 a new perspective in the effort to gain molec-
ular level insight into the Hofmeister effect, ab initio electronic structure calculations for
aqueous ionic clusters were used to analyze the effect of various cations and anions on either
side of the Hofmeister series (3.1) on the interactions between water molecules in the imme-
diate surroundings of these ions. We selected aqueous ionic clusters containing singly and
doubly charged cations and anions residing on the two opposite ends of the Hofmeister series
to be able to investigate the effect of both the charge (nominal value, sign) and structure
making/breaking ability of the ion on the interactions of the surrounding hydrogen bonded
water network. We obtained cluster minima of the kosmotropes Ca?* and SO?{ and the
chaotropes NH} and ClO; with 9 water molecules and performed a many-body expansion
(MBE) of the ion-water and water—water interactions in order to be able to directly com-
pare the results with the ones previously reported for pure water? and monatomic alkali
metal/halide aqueous clusters! with the same number of fragments. As in our previous
study, for each ion we considered two structural arrangements: one with the ion located
inside and the other with the ion on the outside of a water cluster network. This choice of
cluster size was deemed large enough to describe artifacts due to BSSE and it can produce
realistic conformations mimicking fully solvated (ion inside) and interfacial (ion outside)
solvation, while at the same time being computationally tractable.

The MBE, a combinatorial approach, was used to partition the binding energy of the
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89,92, 159

system into its constituent n-body terms where the “fragments” or “bodies” (B)

refer to the individual water molecules and ions.

Decuster = Y AEr+> AEj+> AEg+---+ Y AEng. N (3.2)

The 1-B term (AFE)) is the energetic penalty!6%16! for each fragment to deform from
its gas-phase geometry to the one it adopts in the cluster geometry due to its interaction
with the rest of the “bodies”. The 2-B term (AFEj;) is typically the largest energetically
favorable term that reflects the difference between the energy of each dimer and the energy
of the monomers that comprise the dimer. The 3-B term (AFE; 5 ) describes how the energy
of each dimer and monomer is perturbed with respect to the other monomers present in the
system. The successively higher order terms are defined analogously and tend to decrease
in magnitude in hydrogen-bonded systems.%3 %4
This type of energy analysis has been recently applied to pure water clusters of varying

2 as well as monatomic (alkali metal cation and halide anion) aqueous clusters.! Tt was

sizes
shown that the MBE of pure water clusters converges at the 4-B term while the MBE of
monatomic cations/anions is comprised of especially large 2-B interactions with a repulsive
3-B term, in contrast to the pure water clusters, which exhibit an attractive 3-B term at
the cluster minima considered in these previous studies. In addition, an unexpected linear
anti-correlation between the total 2-B ion—water and the total 2-B water—water interaction
was observed for both the alkali metal cation and the halide anion clusters. The MBE of
Hofmeister ion aqueous clusters, to the best of our knowledge not reported to date, con-
tributes a novel perspective to the discussion of the Hofmeister effect by breaking down
the energetics of the whole system, analyzing the ways and the extent that a specific ion
impacts these interactions, and comparing this breakdown to the one for ions in a differ-
ent position of the Hofmeister series. Furthermore, the effect of the cations/anions and
kosmotropes/chaotropes on the interactions of the surrounding water molecules can be as-
sessed independently. Being able to examine the physics of one ion at a time is a useful way
to reduce the problem, since it has been shown that pairs of ions often lead to different be-
haviors due to solvent separated, solvent shared, and contact ion pairing.'%163 In addition,

the relative impact of cations and anions'¥%15%:164 hag also been discussed. By studying
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each independently, differences in the energetics of cationic and anionic systems can be an-
alyzed and quantified. To the best of our knowledge, this type of energy analysis has not
been reported earlier for these systems. The paper is organized as follows: in Section II we
outline the computational details and a brief overview of the methodology we adopted in
our theoretical study. In Section III we present the results for the magnitude of the various
many-body (MB) interactions and the contribution of the constituent ion—water (I-W) and
water—water (W—W) interactions. We further attempt to identify correlations between the
total (I-W) and (W—W) interactions in an effort to investigate how ions on different ends of
the Hofmeister series (chaotropes/kosmotropes) affect the W—W interaction. In that section
we also investigate the profile of the 2-B BSSE correction as a function of the interfragment
distance for the different ions in an effort to integrate the current results with the ones

previously reported for (W-W) and alkali metal/halide-water interactions.!2

3.2 Computational details

The kosmotropes Ca’t and SOi_ and the chaotropes NHI and ClO, ions were studied as
part of water clusters containing nine water molecules. Note that these singly and doubly
charged ions reside close to the opposite ends of the Hofmeister series (3.1) for both cations
and anions. The size of these clusters (ion plus 9 water molecules) was selected because it
was large enough to allow the formation of configurations in which the ion resides both in
the inside and the outside of a water network and allow a direct comparison of the results
with pure water clusters and monatomic aqueous clusters of the same size."»? The intent is
to initially investigate the dependence of the results on the different conformational isomers
and coordination numbers, albeit with this limited sampling of the configuration space that
explores “bulk-like” and “interface-like” environments. The same number of “bodies” (10)
was used in order to directly compare the current results with the previous ones for the
(Hy0)19 and ZT/~(Hy0)9, Z = Lit, Nat, K*, Rb™, Cst, F~, Cl—, Br—, I, clusters.

165-168 and, when not available

Some of these structures were taken from published works
in the literature, were built from a z-matrix. The NH; (H2O)g structure with the ion on the
inside was built entirely from a z-matrix, constraining dihedral angles of 120° and tetrahedral

binding angles of 109.5° to keep the ion on the inside of the cluster. The remaining structures
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are local minima on the potential energy surface. The structures of the clusters analyzed

via the MBE are shown in Figure 3.1.
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Figure 3.1: The geometries of the aqueous ionic clusters with the ion outside (top row) and
inside (bottom row) a water cluster network.

The MBE, equation 3.2, was carried out to the 10th order (1024 energies computed) for

each cluster, viz.

10 10 10 10
Deciuster = » _AEr+ Y AEr;+ > AEyx+--+ >, AEyk.ny (33)
i I<J I<T<K [<J<K<-<N

The 1-body term (equation 3.4) is the molecular relaxation term describing the energetic
difference between the monomers in the cluster geometry relative to the reference (relaxed)

geometry:

AEr =Er — Eq ey (3.4)

The two-body term (equation 3.5) is the energetic difference between each dimer and

the monomers that comprise the dimer:

AE;=FEr;—Er—Ey (3.5)
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The three-body term (equation 3.6) is defined as the energy difference between each
trimer and the monomers comprising that trimer while also considering the lower order

n-body terms (2-body terms of each dimer that makes up the trimer):

The higher order terms (4- to 10-B) in the expansion are defined analogously.

All calculations were performed at the MP2 level with the aug-cc-pVDZ basis set'® for
all atoms except calcium, for which the Stuttgart RSC 1997 ECP'6Y was used. Importantly,
the resulting n-body terms of the MBE were corrected for the basis set superposition error
(BSSE) (additional 1023 energies for the various fragments in the full cluster basis for each
ion and inside/outside configuration considered), which is the result of the artificial lowering
of the energy of the complex due to borrowing of basis functions from other fragments
in proximity. This effect is present in all binding energy calculations and, ultimately, is
an artifact of an incomplete, finite basis set. We corrected for BSSE using the function
counterpoise correction as outlined by Boys and Bernardi.'”™ During our earlier studies,*?
it was shown that the MP2/aug-cc-pVDZ calculations sufficiently describe the values of the
3-B, 4-B and higher terms at the complete basis set (CBS) limit when BSSE corrections
are taken into account. Naturally the 2-B term and, in turn, the total cluster binding
energy (whose largest component is the former) are not converged at that level; however,
the focus of the present study is on the magnitude of the higher order terms and their
correlations, which are accurately accounted for. The MBE for the Ca?*(H20)g clusters
was also performed with the aug-cc-pVTZ basis set up to the 6-body term to ensure that
the behavior of the MBE with the basis set for an ionic cluster encompassing a doubly
charged cation follows the same pattern as for a monatomic (positive or negative) ion.
The calculations were performed with zero linear dependencies to guarantee that the full
number of basis functions were utilized. All calculations were performed with the NWChem

6.8 electronic structure package.!™
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Figure 3.2: Relative magnitudes of the M-B terms up to 6-B for the two isomers of the
Ca%*(H30)g cluster at the MP2 level of theory including BSSE corrections with the aVDZ
(blue) and aVTZ (orange) basis sets.

3.3 Results and discussion

3.3.1 Magnitude of many-body (MB) terms

We first investigate the behavior of the MBE for a doubly charged ion, since this is the first
instance that we attempt decomposition for such a system. For the two isomers (ion inside
and ion outside) of the Ca?*(H20)g cluster (cf. Figure 3.1) the MBE was performed at
the MP2 level up to the (complete) 10th order with the aVDZ basis set and up to the 6th
order with the aVTZ basis set. The BSSE-corrected results with these two basis sets are
summarized in Table 3.1. The BSSE-corrected MP2 1-B to 6-B terms are plotted in Figure
3.2 with the aVDZ (blue) and aVTZ (orange) basis sets. At this point we are interested
in the basis set dependence of the various terms and we will discuss the differences in the
magnitudes of the individual terms between the two isomers later. There is no significant
qualitative difference in the resulting MB terms between these two basis sets. There is a
noteworthy quantitative difference in the 2-body term with the largest difference between
the calculated MB terms with different basis set sizes being 8.8 kcal mol~!. This is consistent
with the work reported earlier! on the monatomic aqueous clusters, utilizing basis set sizes
up to the aug-cc-pV5Z. From these results we ascertain that the MBE for an aqueous doubly

charged ion behaves similarly to that for a singly charged ion and this result further justifies



24

the level of theory and protocol (MP2/aVDZ including BSSE corrections) we have adopted
for the MBE analysis in this study.

Ton inside Ion outside

k  MP2/aVDZ MP2/aVTZ MP2/aVDZ MP2/aVTZ

1-B 0.80 0.88 3.416 3.837
2-B -379.547 -387.367 -294.908 -303.757
3-B 104.649 107.794 18.935 21.050
4-B -26.580 -27.612 0.879 3.581
5-B 6.074 6.378 -0.411 -0.370
6-B -0.996 -1.070 0.133 0.136

Table 3.1: Basis set dependence of the MBE terms up to 6-B for the Ca?*(H,0)g clusters
at the MP2 level with the aVDZ and aVTZ basis sets including BSSE corrections.

Many-Body terms (ion inside) Many-Body terms (ion outside)
100 BN Ca’* (H;0); B NHJ(H;0)o 100~ EEE Ca2*(H,0); = NH}(H,0)o
S032 ™ (H20)s 3 (H:0)10 S0~ (H,0)s 3 (H20)10
I CIO; (H20)o Bl CIO;(H20)9
= o = o a ,
° ° /
£ /| E /
§ 100 L /1 §-t00f WM 1 /
g ff bl / = i
— / N~ 0_ L /
> / > E /
D -200 / 2 -200f -4 /
/ /
] / o y
I.l=1 / Lﬁ -24 //
=300 4 56 7 8 910 =300 4567 8 910
= 1 1 1 1 1 1 1 1 1 1
el 5 6 7 8 9 10 04— 3 4 5 6 7 8 9 10
n-Body Term n-Body Term

Figure 3.3: Many-body terms of each ion cluster X/~ (H20)g and (HoO)1g for the ion inside
(left panel) and ion outside (right panel) geometries.
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Figure 3.4: Individual 2-B (I-W) contributions for the various ions as a function of
gxcos(©)/R% . The linear fit (broken line) has a slope of -155.60 (R? = 0.9777).
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The magnitude of the various MBE terms (in kcal mol~!) up to the 10th order for the ion
inside and ion outside isomers of the four ionic clusters considered in this study (cf. Figure
3.1) at the MP2/aVDZ level of theory including BSSE corrections is listed in Table 3.2. The
numbers in parentheses in Table 3.2 correspond to the percentage contribution of each term
to the total cluster binding energy. These results suggest that terms above the 4-B term
(save the ion inside isomer of the Ca?*(H0)g cluster) are negligible, contributing <0.3%
to the total binding energy. The BSSE-corrected many-body terms of (H20)19 will be used
as a reference,45 providing a direct point of comparison in this section. The full MBE of
the aqueous ionic clusters Ca?*(H0)g, NHJ (H20)g, SO (H20)g, and ClO; (H20)g and
that of the (H20)19 water cluster are collected together in Figure 3.3. The aqueous ionic
clusters exhibit an increased 2-B term relative to that of pure water due to the strong
ion—water (charge—dipole) interaction, which is naturally larger for the divalent ions. This
is consistent with what was observed with the MB expansion of water clusters containing
monatomic ions.! The percentage contribution of the 2-B term to the total cluster binding
energy is noticeably larger for the kosmotropes (calcium and sulfate) than the chaotropes
(perchlorate and ammonium). This is not surprising given that kosmotropes are typically

1727176 and the 2-B terms are dominated by the charge-dipole interac-

more charge dense
tions between the ion and water. Figure 3.4 shows the individual 2-B (I-W) contributions
to the total BSSE correction for the various ions considered in this study as a function of
q*cos(©)/ R%GO, where ¢ is the magnitude of the charge, R is the distance, and © the angle
between the ion and the molecular dipole of the nearest water molecule. The 72 points
follow a linear trend (broken line) with slope -155.60 quite closely (R? = 0.9777). When
these interactions are not scaled for the total charge (i.e., the x-axis is just cos(©)/R% ),
four linear trends emerge for ¢ = —1, —2, +1, +2. The 2-B terms are larger when the ion
is on the inside because the ion—water distances are, on average, shorter for this cluster
configuration thus resulting in stronger charge—dipole interactions. Despite the large mag-
nitude of the attractive 2-B terms, the 3-B terms of the aqueous systems are repulsive with
the exception of perchlorate and ammonium on the outside of the cluster. This contrasts

the attractive 3-B term for pure water clusters, which further strengthens the hydrogen

bonding network. The two kosmotropes (calcium and sulfate) have a large repulsive 3-B
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term, which becomes increasingly more favorable as the ion becomes more chaotropic, with
perchlorate and ammonium exhibiting a favorable 3-B term when these ions are located on
the outside of the cluster. The 4-B term varies significantly based on the location of the ion
in the water cluster and may depend on the sign of the ionic charge (anion or cation). When
the ions are located on the inside, the kosmotropes exhibit increased favorability of the 4-B
term relative to pure water, the perchlorate anion behaves similarly to pure water, whereas
the ammonium cation has a slightly repulsive term. However, when the ion resides on the
outside of the cluster, the 4-B term is weakly attractive for all ions, save calcium. The
anions have a consistently favorable 4-B term, while the cations have a strongly attractive
or repulsive term depending on their location in the cluster. The 4-B term of chaotropes is
noticeably more negative when the ions reside on the outside of the cluster. The opposite
is true for the kosmotrope ions considered in this study.

The expansion of the pure water cluster converges at the 4-B term.? However, the ex-
pansion of the aqueous clusters extends beyond the 4-B term, to varying degrees. Notably,
calcium, when located on the inside of the cluster, exhibits a 5-B term of 6.07 kcal mol~*
(2.1% of the total cluster binding energy) and a 6-B term of -1.00 kcal mol=! (0.3% of
the total cluster binding energy). Conversely, ammonium has a small 5-B term of -0.15
kcal mol~! (0.1%) and just -0.05 kcal mol~! when residing on the inside and outside of the
aqueous cluster, respectively. The 5-B term of ammonium is noteworthy, but not nearly as
significant as the one for the two kosmotropes. In general, the MBE appears to converge
more quickly for the chaotropes than for the kosmotropes. Further, when the ion is on
the inside of the cluster, the MBE tends to have larger higher order terms in the expan-
sion. This is likely due to increased proximity of the ion to the water molecules, resulting
in stronger (I-W) interactions and a further disruption and subsequent weakening of the
(W-W) interaction. Considering the MB terms altogether, the expansion of the chaotropic
ions more closely resembles that of pure water than the kosmotropes do.

Examining the total magnitude of the MB terms provides valuable insight, as discussed
previously. However, other variables such as geometry and coordination number likely play
a role, making it difficult to extract general trends solely by examining the many-body

terms. The subsequent sections aim at dissecting the MB terms in order to provide a better



29

understanding of the ion’s role in affecting these MB terms and how the (W-W) interactions

are impacted as a result of the ion’s presence.

3.3.2  Ton—water (I-W) and water—water (W-W) contributions to the MBE terms

In this section we examine the contribution of the total (I-W) and (W-W) interactions to
the total binding energy as well as to the individual MB terms. Each term in the MBE can

be split into these two contributions as

D, = Z AE1+Z AEw+Z AEsz+Z AEW7W+Z AE17W7W+Z AEw-w-w+---
(3.7)
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The total (I-W) and (W-W) interactions are the sum of the ion-containing and pure
water terms, respectively, from each MB term in the expansion. Table 3.3 lists the total
(I-W) and (W-W) interactions as well as their contributions to the individual 1-B to 10-
B terms for the two configurations (ion inside/ion outside) of the four ions considered in
this study. The numbers in parentheses indicate the percentage contributions of each term
[(I-W) and (W-W)] to cither the total cluster binding energy or to the individual MB terms
from 1-B to 10-B (the two numbers in parentheses add up to 100% for each MB term as
well as the total).

Composition of Binding Energy

Energy (kcal/mol)

—&— (I-W) ion inside
—&— (I-W) ion outside
+
_e,_
1

(W-W) ion inside
(W-W) ion outside

|
W
3
o

T

1 1 1
Ca?* NH; S02- Clo;
Kosmotrope to Chaotrope

Figure 3.5: The composition of the total cluster binding energy in terms of the (I-W)
and (W-W) interactions for the configurations with the ions residing on the outside (open

circles) and the inside (filled circles) of the aqueous cluster. All numbers are corrected for
BSSE.

Composition of the total binding energy. The total (I-W) and (W-W) interactions
and their variation for each ion are shown in Figure 3.5 (note that their sum is the total

binding energy for each cluster). Importantly, the cations and anions are separated, ensuring
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that only ions of the same sign are compared to one another depending on their position
in the Hofmeister series (3.1). Within the cation (left) and anion (right) sections of the
plot, the leftmost ions are the kosmotropes (Ca?™, SOZ_) and the rightmost ions are the
chaotropes (NHJ, ClOy ). The open circles denote the results when the ion is on the outside
of the cluster whereas the closed circles the ones when the ion is in the inside. Figure
3.5 clearly demonstrates the anti-correlation between the (I-W) and (W-W) interactions,
previously reported for the alkali metal and halide aqueous clusters: the stronger the (I-W)
interaction, the weaker the (W-W) interaction. It is important to point out that the
kosmotropes considered in this study have significantly larger total binding energies than
the corresponding chaotropes, due to the difference in the magnitude of the charge (¢ =
+2 vs. ¢ = +1). However, even within the doubly charged kosmotropes (Ca?*, SO?[), the
stronger (I-W) interaction (in Ca?") results in a weaker (W-W) interaction, whereas the
weaker (I-W) interaction (in SO?7) results in a slightly stronger (W-W) interaction than
for Ca?t. The same trend, albeit not as pronounced as in the kosmotropes, is observed for
the chaotropes. For the kosmotropes, the binding energy is largely described by the (I-W)
interactions since these amount from 89% to 106% of the total cluster binding energy.
However, for the chaotropes the (W-W) interaction comprises a much larger percentage
(55% to 95%, cf.Table 3.3) of the total cluster binding energy. Furthermore, the (I-W)
interactions vary more significantly than the (W—W) interactions based on the identity of
the ion. This is interesting because the ion identity affects the (W—W) interactions to a
smaller degree than one would expect based on the total MB terms. Understanding these
contributions to the individual many-body terms will be the subject of the following two
sections.

Composition of individual MB terms. In this section we discuss the contributions
of the (I-W) and (W-W) interactions to the individual 1-B to 10-B terms, which are listed
in Table 3.3. The 2-B to 4-B interactions are the primary focus because they are the
largest contributors to the total binding energy. Figure 3.6 shows the individual ion—water
(left panel) and water—water (right panel) contributions to the 2-B to 4-B terms for the
kosmotropic (leftmost ions within each panel) and the chaotropic ions (rightmost ions within

each panel) plotted according to the convention used for Figure 3.5. Open circles represent
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Figure 3.6: Ion—water (left panel) and water—water (right panel) contributions to the 2-
, 3-, and 4-B terms of the Hofmeister ions considered in this study. The same plotting
conventions as in Figure 3.4 are used. All numbers are corrected for BSSE.

the values calculated when the ion is on the outside whereas closed circles represent the
values for the clusters with the ion on the inside of the cluster.

We first examine the ion—water terms (left panel of Figure 3.6). The variation of the
ion—water terms is more regular than the water—water terms. Indeed, the individual (I-W),
(I-W-W) and (I-W-W-W) terms oscillate in sign with their magnitude being larger for
the kosmotropic ions. However, we see a more consistent trend in the 4-B (I-W-W-W)
term than in the total 4-B term. The 4-B term is relatively large and favorable (attractive)
for the kosmotropes, while it is practically zero for the chaotropes. Interestingly, the 4-B
terms for all systems with the ion on the outside remain relatively close to zero. The 3-
B and 4-B terms for the chaotropes approach zero, leaving the majority of the ion—water
contributions described by the 2-B term. Most significantly, the 3-B (I-W-W) term for the
ammonium systems does not exceed 4.2 kcal mol~! whereas that of the calcium system is
greater than 100 kcal mol~!. Further, the kosmotropes, particularly calcium, exhibit higher
order ion-water terms, extending up to a 6-B term that is ~1 kcal mol~'. In general, the
ion—water contributions are much smaller when the ion resides on the outside of the aqueous

cluster. Since the ion is, on average, located farther from the water molecules, this result is
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expected.

With regard to the water—water contributions in the MBE (right panel of Figure 3.6),
they are more favorable for the chaotropes for each term examined (2-B to 4-B). This is
consistent with the increased percentage contribution of the water—water interaction to the
total cluster binding energy discussed in the previous subsection for the chaotropes. The
water—water contributions are much closer to zero for the kosmotropes, reflecting the dom-
inance of the ion—water interaction in nearly all terms of the MBE. The convergence of the
water—water contributions of these aqueous clusters is similar to that for the pure water
clusters, which converge at the 4-body term. However, in terms of the magnitude and sign
of the terms, there are considerable differences. When the chaotropes are on the outside
of the cluster, the MBE exhibits water—water 2- to 4-B body terms that resemble that of
pure water. For comparison, the 2-, 3-, and 4-B terms of water are -62.76 (76.2%), -21.69
(26.3%) and -1.97 (2.4%) kcal mol~!, while those of ammonium on the outside of the cluster
are -42.44 (79.0%), -12.86 (23.9%) and -1.40 (2.6%) kcal mol~! and perchlorate are -29.76
(80.0%), -8.80 (23.7%) and -0.49 (1.3%) kcal mol~!, respectively. All other ionic clusters
exhibit at least one of the 2- to 4-B terms that is energetically unfavorable. Interestingly,
when the chaotropes are on the inside and the kosmotropes are on the outside, the wa-
ter—water terms are similar. When the ion is in the center of the cluster, we would expect
maximal disruption of hydrogen bonding. Thus, the chaotropes disrupt the hydrogen bond-
ing network when in the inside in a similar manner to when the kosmotropes are on the
outside. Further, we notice that strong kosmotropes perturb the water—water many-body
terms differently. Calcium on the inside has repulsive 2-B and 4-B terms, while sulfate has
only a repulsive 4-B term. The fact that calcium has a repulsive water—water 2-B term
originates from the strong structuring of the water molecules in the first solvation shell
around the ion resulting in the majority of the water dimers to be unfavorably oriented
with the oxygen atoms (lone pairs) facing one another. Importantly, none of these aqueous
clusters exhibit stronger water—water interactions than the pure water clusters. These re-
sults suggest that all ions weaken the water—water interactions, likely in their varying ability
to orient nearby water molecules around themselves. The amount that they are impacted,

however, depends on the identity of the ion. Kosmotropic ions exhibit weaker water—water
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interactions than chaotropic ones (see also the discussion about the anti-correlation between

(I-W) and (W-W) interactions in the previous subsection).

3.8.8 Trends in the MBE terms across the Hofmeister series
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Figure 3.7: Ion—-water contributions to the 2-B (blue), 3-B (red), and 4-B (green) terms
of the MBE. Previously reported monatomic ions in the middle of the Hofmeister series
are included.! The same plotting conventions as in Figure 3.5 are used. All numbers are

corrected for BSSE.

By combining the results of the present study with those reported earlier for the monatomic
alkali metal and halide ionic aqueous clusters,! we can examine the variation of the differ-
ent MBE terms across the Hofmeister series. Figure 3.7 depicts the variation of the 2- to
4-B ion—water interactions for the cations (left panel) and anions (right panel) across the
Hofmeister series (3.1). The corresponding plot for the water—water interaction is shown
in Figure 3.8 for the cations (left panel) and anions (right panel). Both figures are drawn
using the same plotting conventions as in Figure 3.5. The ion—water 2-B, 3-B and 4-B
terms decrease in magnitude (the last two towards zero) when going from the kosmotropes
to the chaotropes for both the cation and anion series (Figure 3.7). Specifically, the 3-B
and 4-B terms decrease in magnitude (toward zero) as the center of the Hofmeister series
is approached (K™ and Cl~). However, there is no discernable difference between the ions
in the center of the Hofmeister series and the chaotropes by looking at solely the ion—water

contributions. All these ions have small 3-B and 4-B terms with similarly large 2-B terms.



36

2-4 Body Water-Water Interactions 2-4 Body Water-Water Interactions
- W) ion insi 30+ —o— (W-W) ion inside
* 2 (WA o butsie 2= (W) ion outstde
20 —e— (W-W-W) ion inside 20+ —o— (W-W-W) ion inside
i —e— (W-W-W) ion outside —_ —6— (W-W-W) ion outside
= —o— (W-W-W-W) ion inside 2 —o— (W-W-W-W) ion inside
g 10+ —e— (W-W-W-W) ion outside £ 10+ —e— (W-W-W-W) ion outside
3o g
X x
= -10r =
> >
g o
@ 20 @
c c
w -30r+ w
-40f -40+
_50 1 1 1 1 1 1 1 _50 1 l_ I_ 1 — I_ 1
ca?* Lt Na* K* Rb*  Cs*  NH} S02- F Cl Br ] cio;
Kosmotrope to Chaotrope Kosmotrope to Chaotrope

Figure 3.8: Water—water contributions to the 2-B (blue), 3-B (red), and 4-B (green) terms
of the MBE. Previously reported monatomic ions in the middle of the Hofmeister series

are included.! The same plotting conventions as in Figure 3.5 are used. All numbers are
corrected for BSSE.

In contrast, the trends are not as smooth for the water—water interactions (Figure 3.8).
Upon comparing the water—water interaction for ions located in the middle of the Hofmeister
series in Figure 3.8, we notice different behaviors for the cations and anions. Anions,
especially the halides, tend to have weaker water—water interactions than the corresponding
cations (LiT, Na™, K*). Additionally, each monatomic ion has a favorable (attractive)
3-B term for configurations having the anion on the outside and the cation in the inside.
However, this pattern does not extend to the polyatomic ions considered in the present study.
Further, we see increased favorability of the water—water interactions from the kosmotropes
to the chaotropes. While that trend exists in the anions, the difference between the ions is
relatively small. The Hofmeister cations calcium and ammonium generally exhibit the most
extreme behavior.

Figure 3.9 and 3.10 show correlation plots between (I-W), (W-W), (I-W-W), and
(W-W-W) interactions for the aqueous clusters in this study and include the results for the
monatomic aqueous clusters reported earlier.! While the alkali metal and halide ion—water
clusters exhibit clear trends (indicated by the solid lines) for each set of plots, the only
Hofmeister ion that fits with these established trends is calcium. Since calcium is also a

monatomic ion like the alkali metal and halide ions, it is likely that the difference in hydrogen



37

2 cal+ e M*inside 201 m X inside
o M*outside 0 X outside
S 10 S 10
E E
© i © ]
g’ £ |t
S -10 S 10 F - clo;
5 3 s03- = mcrerl
& o | S 0| o Crg¥ ™
g 52 "
£ £ Clog
= =30 = =30 o
= -40 = -40
-5 v -50 -
-400 -350 -300 -250 -200 -150 -100 -50 -200 -180 -160 -140 -120 -100 -80 -60
I-W interaction (kcal/mol) I-W interaction (kcal/mol)
5.0 5.0
e Mtinside g2+ NH; m X" inside
= 251 o M'outside % 2.5 O X outside
[ Li* Nat F- R
£ aK+Rbt . £ Cl-Br |-
= 00 s 5 00; — ]
S 2+ S -
£ L5 e = cr-
= 2 c —25 o
L L $0;- -
S -5.0 % -50 o o
E < S03- cio;
[ 4
g -1s g 75 a - cio;
2 100 Z ~100
= - 2
S -125 0" 2 -125
-15.0 — v y y y y y - -15.0 v . . - - . . .
-400 -350 -300 -250 -200 -150 -100 -50 0 -200 -180 -160 -140 -120 -100 -80 -60
I-W interaction (kcal/mol) I-W interaction (kcal/mol)

Figure 3.9: Correlations between various interactions for Z*/ ~(H20)g, where Z = NHI,
SO;~, ClO, ,F~,Cl7, Br—, I (right panel): (W-W) vs. (I-W) (top panels) and (W-W-W)
vs. (I-W) (bottom panels).! Linear trends are shown for monatomic ions.

bonding character between monatomic and polyatomic ions complicates these correlations.
Despite the polyatomic and monatomic ions not fitting on the same linear trend, we still
see a consistent general anticorrelation between the (I-W-W) vs. (I-W) interactions. The
ion systems with the strongest (I-W) interactions have the most repulsive (I-W-W) terms.
This appears to be a quintessential characteristic of these aqueous clusters, independent of
ion identity. Interestingly, ammonium often exhibits the opposite trend as the rest of the
cations, viz. the point representing the interactions for the ion on the outside more closely
fits the trend for the other ions when on the inside and vice versa. This is true for all

correlation plots with the exception of (W-W) vs. (I-W). A further study including more
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Figure 3.10: Correlations between various interactions for Z+/~(Hy0)g, where Z = NH],
SO2~, ClO;, F~, CI-, Br~, I (right panel): (I-W-W) vs. (I-W) (top pancls) and
(W-W-W) vs. (I-W-W) (bottom panels).! Linear fits are shown for monatomic ions.

ions in the Hofmeister series is warranted.

3.8.4 Profile of 2-body BSSE corrections

As mentioned earlier, BSSE corrections are important for a more accurate description of
the terms in the MBE. Heindel and Xantheas? have previously reported that the 2-B
contribution to the total BSSE correction is the most substantial and have suggested an
analytic formula for its estimate based on the distance between the fragments via a fit to

an error function:
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AEQB,BSSE = a[l + erf(—b- Rij)] (3.8)
where a and b are empirical parameters and R;; is the distance between the fragments

(oxygen—oxygen or ion—oxygen distance).
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Figure 3.11: Scaled 2-B (W-W) and (I-W) BSSE corrections for Z*/~(1,0)g, where Z =
NH;, SOi_, ClO,, F~, Cl7, Br™, I, and scaled 2-B (W-W) BSSE corrections for (H20)7
and (H20)1g fit to eqn (3.8) (a = 14.11, b = 1.29, R? = 0.9840).1:2

Figure 3.11 shows the 2-B contribution to the total BSSE correction profile versus the
distance between fragments (taken as either the ion—oxygen or the oxygen—oxygen distance)
for the ions considered in this study (except calcium), the halide ions,! and pure water
clusters.? Note that this is for 570 water dimer and 126 ion—water pairs (for the aqueous
clusters of the F—, C17, Br—, I, SO?[, ClO, and NH} + ions), which have been evaluated in
the full cluster basis to account for the 2-B contribution to the total BSSE. As in our earlier
study,! the z- and y-axes are scaled'” '™ by the values of the gas phase dimer (ion—water or

water—water) equilibrium distance and BSSE correction of the binding energy, respectively.
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The scaled 2-B BSSE corrections for the various aqueous systems, except calcium, follow a
decaying trend with the scaled intermolecular distances that fits quite well to eqn (3.8) (a
= 14.61, b = 1.30, R? = 0.9856), as displayed by the solid line in Figure 3.11. Calcium was
excluded from Figure 3.11 because it exhibits a 2-B BSSE profile that decays to zero more
rapidly than the other ions as the distance between pairs of molecules increases, behaving

similarly to Li*(H20)g.!
3.4 Conclusions

The effect of the Hofmeister ions on the structure of the solvent is an active topic in phys-
ical chemistry research. In an effort to provide a quantitative understanding of how ions
in the Hofmeister series affect the interaction between the surrounding water molecules
we have performed a MBE analysis using aqueous ionic clusters as models. We have ex-
amined aqueous clusters of both anionic and cationic kosmotropes (Ca?t and SOZ*) and
chaotropes (NH;LIr and ClO, ) with 9 water molecules to compare with previous water, alkali
metal and halide aqueous clusters of the same size. The alkali metal and halide ion—water
MBE analyses reported previously have been useful data for comparison, given that those
ions are located in the middle of the Hofmeister series. In agreement with our previous
results for these other systems we have found that the MBE converges to practically the
3-B term, with terms above 4-B being negligible, contributing <0.3% to the cluster binding
energy. As observed in monatomic aqueous systems,! the 2-B term in the expansion is
accentuated relative to that of pure water, even more so with kosmotropes. Similarly, the
3-B term is repulsive, in contrast to pure water clusters, with the exception of chaotropes
residing on the outside of the water cluster. The expansion of the kosmotropic systems, in
general, is largely dominated by the ion’s contributions to the many-body terms with the
(W-=W) terms lying relatively close to zero. In contrast, the chaotropic systems, exhibit-
ing much weaker (I-W) interactions, had more significant contributions from water—water
interactions but not surpassing those found in a pure water cluster.? This prominent anticor-
relation between (I-W) and (W—W) interactions suggests that kosmotropes, which exhibit
stronger (I-W) interactions, sacrifice the favorability of the water—water interactions, likely

by preferentially orienting the water molecules around the ion to maximize the ion—water
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interactions. Further, systems with stronger ion—water interactions tend to have larger
higher-order terms in the many-body expansion. This aligns with what has been previously
reported for the Li* (H20)g system.! The expansion of chaotropic systems, exhibiting rela-
tively weak ion—water interactions, converges more quickly and more closely resembles that
of water.

Interestingly, the expansion of kosmotropic systems on the outside looks very similar to
that of chaotropic systems on the inside of the cluster. Since (I-W) interactions are smaller
when the ion is on the outside of the cluster, this demonstrates that kosmotropes and
chaotropes interact in a similar way with water. However, due to their difference in (I-W)
interactions, kosmotropes have an increased ability to diminish water—water interactions,
which is evident when the ion is centrally located in the cluster. When the chaotropes reside
on the outside of the cluster, the expansion more closely resembled that of pure water.
Importantly, there is no evidence suggesting that water—water interactions are enhanced in
the presence of either kosmotropic or chaotropic ions. Rather, the many-body expansion
of increasingly chaotropic ions approaches the behavior of water, as the ion presents a
weaker influence on the surrounding water molecules. This is true for both the water—water
contributions and the overall many-body terms. These results suggest that all ions disrupt
and weaken water—water hydrogen bonding in the short-range. These observations are
consistent with other experimental and theoretical studies supporting a relatively local
disruption or weakening of hydrogen bonds.!47- 173,176,180, 181

Lastly, we found that the 2-B contribution to the total BSSE correction profile with
intermolecular separation follows the trend (R? = 0.9856) reported previously for water,
alkali metal and halide aqueous clusters."? However, as previously observed for some other
alkali metal ion—water systems, namely Lit(H20)g, the 2-B BSSE profile for calcium decays
more rapidly as the distance between the ion and the water molecule increases. While some
of the monatomic cations have a different profile, ammonium aligns quite well with the
anion—water and pure water clusters.

The many-body expansion for aqueous ionic clusters is more complex than that for the
pure water clusters and converges at different ranks of the expansion depending on the

identity of the ion and its position within a water network. This is consistent with the
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fact that the development of ab initio based, many-body polarizable ion—water classical
potentials® '¥2 has not yet attained the accuracy of the pure water potentials'®® developed
with the same fitting protocol. The static cluster configurations used as models in this
study naturally fail to capture any dynamical effects that kosmotropes and chaotropes may
impart upon the surrounding hydrogen bonding network. Nevertheless, they provide the
stepping-stone for future studies that will examine the effect of geometric conformations and
temperature effects on the magnitude of the respective MBE terms for those systems. A
more detailed and quantitative analysis of the structural patterns induced by the disparate
MB interactions of these different ions is warranted as it can provide a useful perspective

into the elusive Hofmeister effect.
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Chapter 4

A CLASSICAL MODEL FOR 3-BODY INTERACTIONS IN
AQUEOUS IONIC SYSTEMS

Reproduced in part with permission from [Kristina M. Herman, Anthony J. Stone, Sotiris
S. Xantheas. A classical model for three-body interactions in aqueous ionic systems; J.

Chem. Phys. 157, 024101.]. Copyright [2022] AIP Publishing

4.1 Introduction

94,160, 184-188

The strong nonadditive interactions in aqueous systems present a challenge

in the development of accurate potential energy surfaces compared to systems exhibiting
largely pairwise interactions. The many-body expansion (MBE) for aqueous systems! 3 8%92,94,160,189-201
has manifested itself a valuable guide in fitting ab initio-based classical potentials to accu-

rately reproduce the many-body terms of these systems.30:31,46,47,49,202-204

The MBE partitions the total energy of a N-body system as a sum of its constituent

fragments or “bodies”, which refer to the ions and water molecules,

N
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where E,.¢ is the energy of the isolated (non-interacting) fragment.
While these explicit many-body potentials are typically quite accurate, some of them

usually require tens of thousands of high-level ab initio calculations to fit against. Further,
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this process must be repeated for each interaction type within a new system of interest. For
certain terms in the expansion (e.g. the 2-body term), this procedure may be necessary for
the desired accuracy. However, for higher order terms in the expansion (which are smaller in
magnitude), it may be worthwhile to consider alternative classical representations of these
interactions. Exploring a classical representation of the higher order terms may lead to a
more cfficient framework that is transferable across different ionic aqueous systems.

The 2-body term is the largest contributor to the total binding energy of aqueous systems

173,189,190 \While arguably the most important component of

and is strongly attractive.
the binding energy, the 2-body term is notably challenging to fit due to the sensitivity
of its accuracy to the basis set superposition error (BSSE), the basis set size, and the

2

level of electron correlation.” For example, to arrive at an accurate 2-body potential for

water, tens of thousands of CCSD(T) 2-body energies have been used to fit the term using

205 More specifically, the 2-body term of

permutationally invariant polynomials (PIPs).
the WHBB potential was fit to 30,000 CCSD(T)/aVTZ values*® whereas the 2-body term
of MB-pol was fit to 40,000 CCSD(T)/Complete Basis Set (CBS) values.?® The RMSEs
for these 2-body fitted potentials were determined to be 0.15 kcal/mol and 0.05 kcal/mol,
respectively, when tested on 42,394 CCSD(T)/CBS dimer energies.?%

The 3-body term for aqueous systems is the second largest contributor (only behind the
2-body term) to the binding energy, comprising between 2.9-35.4% of the binding energy for
X+/=(Hy0)9" 3 and (Hz0)10? systems. In pure water systems, the sum of the 3-body inter-
actions is energetically favorable (attractive). The 3-body term of the WHBB potential was
fit to 30,000 MP2/aVTZ calculations*® whereas the 3-body term of the MB-pol potential
was fit to 12,000 CCSD(T)/aVTZ calculations.*” In ion-water systems, the 3-body inter-
actions are often found to be repulsive.l»3 While the 2-body terms are sensitive to several
factors mentioned earlier, the 3-body energy has been shown to contain only a negligible
amount of electron correlation energy, as the majority of the electron correlation energy is

1=3 in addition, the 3-body term is not sensitive to the basis set

present in the 2-body term,;
and/or BSSE.'® That said, it may not be necessary to fit the 3-body term to numerous
3-body energies obtained from high level electronic structure calculations. Rather, it may

be desirable to represent the 3-body interaction classically. It has been established that the
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vast majority of nonadditive interactions in water is due to polarization.!®® However, the
accuracy of a classical representation of the 3-body term has not been explored thoroughly
for different monatomic and polyatomic ion systems.

The goal of this paper is to examine the accuracy of a classical 3-body induction model in
reproducing individual ab initio 3-body terms for a variety of monatomic and polyatomic ion
systems. We report the performance of this model on numerous monatomic (cations: Ca’*,
Lit, Nat, K+, Rb*, Cs*, anions: F~, C1=, Br~, I7) and polyatomic ions (cation: NH,
anions: SOZ_, ClO; ) using induction models both without ion polarization and including
ion polarization. By examining a variety of ion systems, we test the transferability of this
model to differing ion strengths, polarizabilities, and hydrogen bonding arrangements. This
work aims to provide an understanding of the underlying physics that governs the dominant
nonadditive interactions in aqueous ionic systems and test its performance compared to ab
initio results for these systems. Such an effort will inform future development of accurate

and efficient many-body potentials for aqueous ionic systems.

4.2 Theoretical and computational details

4.2.1 The classical 3-body induction model

The pair interaction energy or 2-body energy correction U;; of molecules ¢ and j can be
defined as their energy FE;; in the geometry in which they occur in the cluster, but in the
absence of all other molecules, less the energies of the isolated molecules ¢ and j. Similarly
the 3-body correction for molecules i, j and k can be defined as the energy of that triple in
the absence of all other molecules, less the energies of the isolated molecules and the 2-body
corrections Uy, Uy, and Ujy,. This view is equivalent to the definitions in eqns. (4.1-4.4).
The principal 3-body contributions to the energy of an aqueous ionic hydrogen bonded
network arise from the induction energy, that is from the polarization of each molecule by
the electric field of its neighbours. The contribution from three-body dispersion is much
smaller.?97 In the hydrogen bonded network of water, arrangements are favoured in which
the dipole moment induced in each molecule by the electric field of its neighbours enhances

its static dipole moment, which in turn enhances its electric field. This effect favours
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?

Figure 4.1: Induced moments on two water molecules a and b in the field of an ion .

nose-to-tail cyclic arrangements of the hydrogen bonds in small water clusters and leads
to a cooperative many-body effect on the induction energy. In the presence of an ion,
however, this cooperativity is disrupted. To see how this arises, consider the arrangement

in Figure 4.1.

Here we have two water molecules a and b and an ion 7. The electric field of the ion
induces dipoles du, and dpup, additional to the static dipole moments, not shown. There is
a change to the induction energy of molecule a, but this is part of the U, pair energy, and
likewise there is a change to the U, pair energy. However there is a repulsion between the
induced dipoles duq and dup, and this is a 3-body effect. An estimate using reasonable values
for the parameters suggests that the energy is positive and of the order of a few kJ mol~! if
the molecules and ion are close to contact. Moreover the field of the ion will tend to orient
the static dipole moments of the neighbouring water molecules in the direction away from or
towards the ion (depending on the ion’s sign) and this will tend to disrupt the cooperative
network of hydrogen bonds, reducing the magnitude of the negative 3-body energies. This is
a greatly over-simplified picture, but it provides a useful qualitative idea of the nature of the
ion-water—water (I-W-W) 3-body effect. For the calculations described below, a much more
detailed and accurate description was used, involving distributed multipoles and distributed
polarizabilities.?’7 In this treatment, the change AQ¢ to multipole moment ¢ at site a of

molecule A depends on the electrostatic fields at sites a’ on A due to the polarized moments



47

u on all sites b of the other molecules B:
AQE =Y ot TENQh + AQY), (4.5)
B#A

aa’

¢ is the polarizability relating the induced moment ¢ at site a to the electrostatic

where «
field component t’ at site o, and Tt‘,‘u,b is the general interaction function describing the elec-
trostatic energy between multipole moments Q;”/ and QZ. Summation over repeated suffixes
is implied. The distributed polarizabilities are calculated by the CamCASP program.2%® In
practice we use localized polarizabilities, which are non-zero unless @’ = a; these are derived
from the general distributed polarizabilities using the Orient program.?% The set of coupled
equations in eq. (4.5) is solved iteratively to obtain the AQ¢ for all molecules A, and then

the induction energy is

Eing = %Z > AQITHQ (4.6)

A B#A

which again is calculated by the Orient program. This calculation is carried out for all the
dimer and trimer subsystems in the cluster to obtain the 3-body energy, and can be used to
obtain 4-body and higher terms if required. The calculation is very fast — under a second

to obtain the 3-body energy for any of the clusters considered here.

4.2.2  Details of the calculations

The optimized ion-water cluster geometries were obtained from previous MP2 calcula-
tions.1'3 In those works, MP2 calculations were also carried out to evaluate the 3-body
energies, both for the set of water-water-water (W-W-W) trimer subsystems and the set
of ion-water-water (I-W-W) trimers. These calculations were corrected for basis set su-
perposition error (BSSE) using the counterpoise method of Boys and Bernardi.!™ For all
(W-W-W) and most (I-W-W) calculations, Dunning’s aug-cc-pVDZ basis set 16219 was used.
The Stuttgart RSC 1997 ECP!%9:21! was used for calculations containing Ca?*, Rb*, and
Cst while the aug-cc-pVDZ-PP basis set?!2213 was used for all I calculations. All MP2
calculations were performed with the NWChem 7.0.2 electronic structure suite.?'4

The induction energy contributions to the 3-body energy can be explored accurately and

in detail using the Orient program.2%? The cluster geometries for Orient were derived from
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the MP2 optimized geometries by replacing each HoO molecule by an HoO with the O in
the same position and the H atoms in the same plane but with the bond lengths and bond
angle as in the equilibrium isolated molecule.

The detailed classical description of the induction energy uses electrostatic distributed
multipoles up to hexadecapole and distributed polarizabilities up to quadrupole—quadrupole
on the O and H atoms of water, taken from the ASPW4 intermolecular potential?'® for
the water dimer. The monatomic ions were described by a point charge, and by dipole—
dipole polarizabilities taken from Li et al.,?'® which were evaluated experimentally for ions
in aqueous solution. For the polyatomic ions, distributed multipoles up to hexadecapole
and distributed polarizabilities up to quadrupole—quadrupole were calculated using Cam-
CASP2%8 with the aug-cc-pVTZ basis set.'%210 The induction interactions were damped
at short range by the procedure used for the ASPW4 water dimer potential. The effect of
varying the damping parameter away from the value of 1.41 used in the ASPW4 potential

has been explored.

Second order Moller—Plesset (MP2) perturbation theory calculations were also used to
evaluate the 3-body terms for these geometries, using the basis sets listed above, in order

to obtain more direct comparisons between the two approaches.

4.2.8  Dataset of (I-W-W) and (W-W-W) trimers

Ion-water-water (I-W-W) trimer subsystems containing F~, C1=, Br—, I, Lit, Nat, KT,
Rbt, Cst, Ca’t, ClOy, SO?{, or NHI, and water-water-water (W-W-W) trimer subsys-
tems were obtained from ion—(H2Q)g clusters from previous works.'™® Two clusters for each
ion system were considered, one cluster containing the ion inside the cluster and one contain-
ing the ion on the outside of the cluster. In the original study,? the 3-body terms for each
of these subsystems (72 (I-W-W) and 168 (W-W-W) for each ion system) were computed
at the cluster optimized geometries at the MP2 level of theory. This amounts to a total of
936 (I-W-W) and 2,184 (W-W-W) trimers for all systems combined. To compare the pro-
posed induction model with the ab initio benchmarks on an equal footing, MP2 results were

evaluated at the frozen monomer geometry (i.e., when the 1-B = 0) for each subsystem,
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as used in Orient. As an additional test of the (W-W-W) classical model, we have utilized
the dataset of 12,347 CCSD(T)/aVTZ 3-B energies used to train MB-pol.#” Because the
classical induction model considered in this work is implemented as a rigid model, we have
focused on the 1,744 trimers (out of the 12,347 trimers) for which the monomers have Rox
values within 0.04 A of equilibrium (0.96 A) and fgog values within 1.5° of the equilibrium

(104.5°) for a more fair comparison.

4.3 Results and discussion

4.3.1 Establishing accurate ab initio reference values for the dataset of (I-W-W) and (W-
W-W) trimers

The aqueous clusters that the trimer subsystems were taken from are shown in Figure
4.2. The purpose of sampling two different cluster configurations for each ion system is to
include a wider range of (I-W-W) trimer arrangements, representing surface-like and bulk-
like configurations. Each ionic cluster contains 36 (I-W-W) and 84 (W-W-W) trimers. It
has been previously established that the total 3-body term in aqueous systems is weakly
dependent on the basis set size.? Figure 4.3 shows a comparison of the MP2/aVDZ results
for (Lit-W-W) against those with two larger basis set sizes, namely aug-cc-pVTZ and aug-
cc-pVQZ, as well as for (Ca?T-W-W) against those with the aug-cc-pVTZ basis set. The
difference between the results obtained with different basis set sizes is small, with Root-
Mean-Square-Errors (RMSEs) not exceeding 0.06 kcal/mol for the 3-body terms in the
Lit (Hy0)g or Ca?*(H20)g systems. This verifies that the individual 3-body terms are also
insensitive to basis set size, a result that further validates the use of MP2/aVDZ results for
the other ion systems.

Furthermore, the basis set superposition error (BSSE) has been found to affect mainly
the 2-body interaction.? Correlation plots between the uncorrected and BSSE-corrected
MP2/aVDZ results are shown in Figure 4.4. The correlation plots for each of the individual
ion systems are included in the Supporting Information (SI). For the individual halide-water
systems, the RMSEs do not exceed 0.04 kcal/mol (0.029 kcal/mol for the halides altogether).

Similarly, for the individual polyatomic systems, the RMSEs do not exceed 0.04 kcal/mol



50

lon Inside lon Outside lon Inside lon Outside
ek ¢ °
. '
Ca?!(H,0)y - ;&‘ Y~ <~ ‘o
i S F*(H,0)o kLA oo

: |/r 5. g iy 7P
Li{(H,0)g  “®. ¢ @e- q:% (Y = ;f o7
< ‘:\k § 7
o :

R Cr(HO) v "y "
o e
Na'(H,0); T, 89,
Br(HO) %, o
S o<
K*(H,0)o A )
) (L]
I"(H;0)s {1 » {
+ .8
Rb*(H,0), oo ‘:‘. !*(4
I & zf"&
IS 1 i,
Cs*(H,0), ‘.*), I ~ .\1
ClOs (HO) ¢ _ofeg ‘f
L2G R e
NH,*(H;0)o

o

¢

Figure 4.2: The cation (left column) and anion (right column) water cluster geometries
that the trimers were taken from. For each ion system, two different cluster geometries
were considered: one with the ion centrally located and the other with the ion on the edge
of the cluster.3
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(0.032 kcal/mol for the polyatomic ions altogether). The RMSEs for the different cation
systems range from 0.04-0.28 kcal/mol (0.13 kcal/mol for the cations altogether). This
shows that the individual 3-body terms are generally insensitive to the BSSE but this is
system-dependent. The largest deviation tends to appear in the strongly repulsive 3-body
terms for the trimers of Lit and Ca?". For this reason, the uncorrected MP2/aVDZ values
are used for all system calculations except Lit, Ca?*, and Cs™T, for which the results were
corrected for BSSE. Altogether, these results show that the 3-body terms in these systems
are insensitive to basis set size and BSSE, thus validating the use of uncorrected MP2/aVDZ

3-body calculations for most (except some cation) systems.

4.8.2  Classical induction model for 3-body (I-W-W) interactions

Now that the computational protocol used to compute the reference 3-body interactions has
been validated, let us turn our attention to the performance of the classical induction model
in reproducing these interactions. For each set of ions (monatomic cations, monatomic
anions, and polyatomic ions), we will discuss the accuracy of the classical induction model
in representing these interactions and specifically the role of ion polarizabilities in these
interactions. Further, we will provide a comparison of this model to other many-body ion-
water potentials in the literature, when available. Note that we will focus on the MP2
results at the frozen (relaxed) intramolecular geometry to compare to the induction model

on an equal footing.

Monatomic cations

Figure 4.5 shows the accuracy of the classical induction model without ion polarization
(left panel), with ion polarization (middle panel), and with ion polarization with increased
damping (right panel). The distributions of the errors (Enp2 — Fmodel) are shown below
the respective correlation plots. The corresponding RMSEs and MAEs for the individual
ion systems are organized in Table 4.1. As expected, there is not a significant qualitative
difference between the models with and without ion polarization because the cations are

not very polarizable. However, by adjusting the damping parameter (1.41 — 1.15) the
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induction model aligns more closely with the MP2 reference values (RMSE: 0.29 kcal/mol).
The largest errors lie with the (Lit-W-W) and (Ca?T-W-W) trimers, for which the RMSE
is 0.41 kcal/mol for both systems. This is mainly due to deviations in the repulsive region
(positive values) of the correlation plots.

Table 4.2 organizes a comparison of the total 3-body (I-W-W) energies using the pro-
posed induction model, CCSD(T)(-F12b), i-TTM,% and AMOEBA 20092'7 for small X+ (H,0),,
clusters, as published previously.® Note that for the n = 2, n = 3, and n = 4 results, there
are 1, 3, and 6 individual (I-W-W) calculations, respectively, that are added together. The
i-TTM and AMOEBA 2009 models consider electrostatic, induction, repulsion, and disper-
sion interactions. The proposed model in this work considers only the induction energy and

agrees quite well with the ab initio benchmarks.
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Figure 4.5: A comparison of the MP2/aVDZ (I-W-W) energies (BSSE-corrected for the LiT,
Cs™, Ca?* systems) against the induction model without ion polarization (left, RMSE: 0.51
kcal/mol), including ion polarization (middle, RMSE: 0.60 kcal/mol), and including ion
polarization with increased damping (right, RMSE: 0.29 kcal/mol).
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Without ion pol. With ion pol. (DF=1.41) With ion pol. (DF=1.15)

Trimer Number of points RMSE MAE RMSE MAE RMSE MAE
Lit-W-W 72 0.76 0.40 0.80 0.42 0.41 0.22
Nat-W-W 72 0.34 0.21 0.42 0.27 0.26 0.16
KT-W-W 72 0.24 0.15 0.30 0.20 0.23 0.14
RbT-W-W 72 0.22 0.13 0.28 0.19 0.22 0.14
Cst-W-W 72 0.13 0.080 0.17 0.11 0.11 0.069
Ca?t-W-W 72 0.88 0.61 1.06 0.75 0.41 0.26
Combined 432 0.51 0.26 0.60 0.32 0.29 0.16

Table 4.1: The performance (RMSE and MAE, kcal/mol) of the classical induction model
on the (I-W-W) 3-body interactions for the monatomic cations.

Monatomic anions

Figure 4.6 shows the accuracy of the induction model neglecting ion polarization (left panel)
and including ion polarization (middle panel). Without including ion polarization, we see
good agreement in the attractive region for the monatomic anions. When ion polarization
is included, the induction model overestimates these interactions slightly. In the repulsive
region of the plot, we see that the model without ion polarization causes more scatter in
the correlation plot. However, when ion polarization is included, we see that the deviation
becomes less scattered and we can see a clear trend based on the relative ionic radii. By
decreasing the damping parameter from 1.4 to 1.2 (Figure 4.6, right panel), thus increasing
the damping, we see an improvement in the repulsive region of the correlation plot and
an improvement in the repulsive region. The RMSE decreased from 0.38 kcal/mol to 0.25
kcal/mol upon increasing the damping (Table 4.3). However, the classical induction model is
still overestimating the repulsive interactions to varying degrees. Interestingly, the classical
induction model performs best for the monatomic cations and anions with a decreased
damping parameter of approximately 1.2 (increased damping). For the monatomic anions
and cations, we found it necessary to also change the damping parameter to improve the
agreement whereas the polyatomic systems performed well without any additional changes.
In Figures 5 and 6, the middle panel shows the correlation trend between the model including

ion polarization (with the original damping parameter) and the ab initio references. In these
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A B C D E F
n  symmetry Lit-W-W contribution to 3-body energy
2 Doy 3.36 453 453 3.72  6.10 3.62
3 D3 11.34 16.27 16.01 13.12 20.81 12.72
4 Sy 23.90 32.61 32.09 26.44 40.18 25.30
Na™-W-W contribution to 3-body energy
2 Doy 1.64 1.82 260 216 2.53 1.62
3 D3 546 6.77 796 6.85 841 5.37
4 Co 3.14 396 5.01 4.81 5.77 2.65
K™-W-W contribution to 3-body energy
2 Doy 1.38  0.80 1.69 145 1.47 1.26
3 Cs -1.35 -1.13 -1.45 -0.79 -1.12 -1.64
4 Co 1.44 0.89 197 221 2.01 0.94
Rb"™-W-W contribution to 3-body energy
2 Doy 1.14 0.55 154 135 1.17 1.12
3 Cs -1.63 -1.27 -1.78 -1.13 -1.44 -1.84
4 Co 0.74 018 135 1.64 1.07 -0.50
CsT™-W-W contribution to 3-body energy
2 Cs 0.76 081 048 0.55 0.81 0.73
3 Co -1.91 -132 -2.08 -1.45 -1.72 -2.07
4 Co 0.56 -0.26 0.94 1.27 0.55 0.21

Table 4.2: A comparison of the classical induction model presented in this work, both
without ion polarizability (B) and with it (damping factors 1.41 (C) and 1.15 (D)) to the 3-
body (I-W-W) interactions in X (H30),, obtained with CCSD(T)(-F12b) (A), i-TTM (E),
and AMOEBA 2009 (F), as previously published.® The bold values highlight the classical
induction model that performed most accurately when compared to the MP2 (I-W-W) 3-
body energies in this work.
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Figure 4.6: A comparison of the MP2/aVDZ (I-W-W) energies against the induction model
without ion polarization (left, RMSE: 0.23 kcal/mol), including ion polarization (middle,
RMSE: 0.38 kcal/mol), and including ion polarization with increased damping (left, 0.25
kcal/mol).

cases, the error is larger than the leftmost panel (without ion polarization). However, this
is due to what appears to be a change in slope in the correlation plot. This is especially
noticeable in the attractive region which is why the rightmost panel shows the correlation
after both including ion polarization and tweaking the damping parameter. Regardless,
the RMSDs for all systems improve from the leftmost panel (no ion polarization) to the
rightmost panel (including ion polarization and tweaking damping parameter if necessary)
except for the monatomic anions in which we see nearly the same RMSD. The attractive
region is improved upon for the monatomic anions by including ion polarization, but the
repulsive region, while forming straighter lines, deviate more from the line. This implies that
there may be an additional physical interaction that could be added to the induction model

to improve the agreement in the repulsive region for the monatomic anions, specifically.

Polyatomic ions

Figure 4.7 shows the accuracy of the induction model neglecting ion polarization (left panel)

and including ion polarization (right panel). While we already see good agreement using the
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No ion pol. Ion pol. (DF=1.41) Ion pol. (DF=1.20)
System Number of points RMSE MAE RMSE MAE RMSE MAE
F~-W-W 72 0.26 0.17 0.50 0.29 0.24 0.14
Cl=-W-W 72 0.22 0.14 0.31 0.18 0.22 0.12
Br -W-W 72 0.23  0.15 0.36 0.21 0.28 0.15
I—-W-W 72 0.22 0.14 0.30 0.19 0.24 0.14
Combined 288 0.23 0.15 0.38 0.22 0.25 0.14

Table 4.3: The performance (RMSE and MAE, kcal/mol) of the induction models on the

(I-W-W) 3-body interactions for the monatomic anions.

induction model without ion polarization, including ion polarization improves the agreement

further. While other ion systems benefited from tweaking the damping, these systems did

not require any further adjustments to the model. Table 4.4 outlines the RMSEs and MAEs

for the individual ion systems with and without ion polarization included in the model.

Further, by examining the error distribution, we see that the maximum error in the 3-body

term does not exceed 0.5 kcal/mol. This demonstrates the promise of a classical induction

model in accurately representing 3-body interactions for other aqueous polyatomic ionic

systems.
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Figure 4.7: A comparison of the MP2/aVDZ (I-W-W) energies against the induction model
without ion polarization (left) and including ion polarization (right).

No ion pol. Ion pol. (DF=1.41)

System Number of points RMSE MAE RMSE MAE
NH;-W-W 72 0.30 0.6  0.12 0.074
ClO,-W-W 72 0.18 0.14  0.061 0.042
SO; -W-W 72 0.33 0.29 0.15 0.12

Combined 216 0.28 0.20 0.12 0.078

Table 4.4: The performance (RMSE and MAE, kcal/mol) of the induction models on the
(I-W-W) 3-body interactions for the polyatomic ions.

4.3.3  Classical induction model for 3-body (W-W-W) interactions

The induction model was tested on two different datasets of 3-body interactions. The set
of 2,184 MP2/aVDZ 3-body terms from the ionic and water clusters and the set of 12,347
CCSD(T)/aVTZ 3-body terms that were used to train the MB-pol potential.*” Note that

the MP2 values calculated in this work are at the frozen monomer geometries, for which
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Figure 4.8: Comparison of the induction model against the MP2/aVDZ (W-W-W) reference
energies from this work (blue) and a subset of CCSD(T)/aVTZ (W-W-W) energies from
the MB-pol training set (orange).

the 1-B term is zero. However, this is not the case for the values in the MB-pol training
set so the comparison of the induction model (rigid monomers) to the full dataset may be
less direct. The accuracy of the induction model in computing these 3-body interactions is
shown in Figure 4.8 (left panel). Because the MB-pol training set consists of a wide range
of monomer geometries, we have also filtered out all geometries for which Rox < 0.92 A,
Rog > 1.00 A, fron < 103°, or fgou > 106° to provide a fair comparison to the induction
model (rigid). After filtering out more distorted molecules, there are 1,744 trimers remaining

for the comparison (Figure 4.8, middle panel).

Ind. model (DF=1.41) Ind. model (DF=1.60)

Dataset Number of points RMSE MAE RMSE MAE
(W-W-W) from clusters 2184 0.0011 0.024 0.075 0.033
Mb-pol train set® - Full 12347 0.22 0.12 0.19 0.11

MB-pol train set®? - Subset 1744 0.20 0.10 0.12 0.074

a. CCSD(T)/aVTZ 3-body energies used to train MB-pol, Babin et al.*

b. Only trimers for which Rop < 0.04 A and Opon < 1.5° from equilibrium.

Table 4.5: The performance (RMSE and MAE, kcal/mol) of the induction model on the
MP2/aVDZ and CCSD(T)/aVTZ datasets for the (W-W-W) interactions.
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By increasing the damping parameter (decreasing the damping), the fit of the strongly
attractive 3-body terms improves greatly (Figure 4.8, right panel). The resulting RMSE
is 0.12 kcal/mol. This accuracy is on par with other explicit many-body potentials fitted
to ab initio 3-body terms, such as HBB2-pol and WHBB. However, because the proposed
model is rigid, we are currently limited in our ability to describe 3-body terms for which
the monomers are significantly distorted from equilibrium monomer geometry. This will be

the subject of a future study.

4.4 Conclusions

In this work the physical origin of the 3-body interaction in aqueous ionic systems was
explored using a classical induction model. By modeling the 3-body term as an interaction
between induced multipoles for various (I-W-W) (13 different ion systems) and (W-W-W)
subsystems, we find excellent agreement with the established MP2 and CCSD(T) 3-body
reference values. More specifically, the RMSEs for monatomic cations, monatomic anions,
and polyatomic ions were 0.29 kcal/mol, 0.25 kcal/mol, and 0.12 kcal/mol, respectively,
when compared to a total of 936 MP2/aVDZ reference 3-body terms. Further, the classical
induction model returned a RMSE of 0.12 kcal/mol on 1,744 CCSD(T)/aVTZ 3-body (W-
W-W) energies used to train MB-pol. Note that this was the subset of the data for which
all monomers had Rog values within 0.04 angstrom of equilibrium and fgop values within
1.5 degrees of equilibrium to compare the performance of the induction model (rigid, at
equilibrium geometry) on an equal footing. This is on par with the performance of other
explicit many-body potentials fit to ab initio data. The success of this model demonstrates
that the 3-body term for aqueous systems can be accurately modeled classically, without
fitting to tens of thousands of high-level ab initio calculations. More importantly, this work
provides a fast, accurate and efficient method to model 3-body effects that is transferable
across systems with different ions.

In general, we find that including ion polarization improves the description of the 3-body
term for all ion systems considered. For the monatomic anions and cations, we found it
necessary to also change the damping parameter to improve the agreement whereas the

polyatomic systems performed well without any additional changes. The only adjustable



61

parameter that was varied in this study was the damping factor. It was found that slightly
decreasing the damping led to the best agreement for the monatomic ions systems while
slightly increasing the damping led to the best agreement for the pure water systems. The
induction model performed well on the polyatomic ion systems with the initial damping
factor of 1.41. However, this damping factor was selected based on the performance on
72 (I-W-W) trimers cut from two different hydrogen bonding networks. Further tuning
could be performed on a larger set of trimers, if desired. Nonetheless, the small amount
of parameterization needed makes this an attractive option for other ion-water systems of
interest. The induction damping could benefit from further investigation. The damping
parameter is a reciprocal measure of the distance at which the damping becomes significant
and can be expected to depend on the nature of the interacting molecules. However, treating
it as an adjustable parameter produces satisfactory results.

This model could be further improved upon to allow for flexible monomers (and the
associated change in multipoles with different intramolecular geometries). Because the
intramolecular geometry of the water molecules affects the resulting interactions, this ad-
justment would need to be included to accurately predict the 3-body energies of systems
with highly distorted intramolecular geometries. This induction model could be extended
further to include 4-body and higher terms through a similar approach. This type of ap-
proach would allow all many-body effects to be described classically through induction,

greatly simplifying the process of fitting accurate many-body potentials for new systems.



62

Chapter 5

ACCURATE CALCULATION OF MANY-BODY ENERGIES IN
WATER CLUSTERS USING A CLASSICAL
GEOMETRY-DEPENDENT INDUCTION MODEL

Reproduced in part with permission from [Kristina M. Herman, Anthony J. Stone, Sotiris
S. Xantheas. Accurate Calculation of Many-Body Energies in Water Clusters Using a Classi-
cal Geometry-Dependent Induction Model; J. Chem. Theory Comput. 19 (19), 6805-6815].

Copyright [2023] American Chemical Society

5.1 Introduction

1-3,89,92-94 1 acegsitate

The notoriously strong many-body interactions in aqueous systems
the use of complex and sophisticated force fields in order to reproduce their magnitude and
variation with hydrogen bonding environment including those in the presence of solutes
such as ions.0:30:31,33,38,39,41,42,46,47,49,50,202,203,218-224  Thege developed force fields are
considered classical (rather than quantum mechanical) potential energy surfaces because
the methods evaluate energies and forces without calculating a wave function, escaping the
poor scaling experienced by ab initio methods. Initially, most of the classical interaction
potentials developed for water were pairwise additive,??>23! truncating the many-body
expansion at the second order into an effective term that was designed to fold in the missing
higher order terms. This was mainly achieved through the use of an enhanced static dipole
moment that was larger than the gas phase monomer value (1.84 Debye).?2° 23! Tt was soon
realized that an environment-dependent dipole moment, rather than an enhanced static
one, was essential for ensuring the transferability of the potentials from small to larger

water clusters (n=2-25).2? Furthermore, many-body effects have been shown to be critical

232 233

in describing the structure of water“>< and, in particular, its local structure near an ion.
In order to capture the many-body nature of the interactions, a model must either be

fit to high level ab initio data to yield the 3-body (and higher) energy terms explicitly
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or it must be polarizable to account for the change in the charge distribution due to the
field from other neighboring molecules, thus implicitly incorporating many-body effects to
infinite order into the model. In this paper, we incorporate geometry-dependent distributed
multipole and polarizability surfaces into an induction model for the 3- and 4-body terms
of water and demonstrate that this physically motivated model describes these many-body
terms with an accuracy that is on par with models fit to a large database of 43,844 3-body
terms and 3,603 4-body terms obtained from high level ab initio calculations.

A popular method of accurately representing many-body effects in classical potentials
is through permutationally invariant polynomials (PIPs)?3* that are fit to a large num-
ber (typically in the tens of thousands) of high level ab initio calculations. This approach
was pioneered by Bowman and co-workers in the WHBB*? and q-AQUAY potentials, and
has also been used extensively by Paesani and co-workers in the fitting of the MB-pol po-

tential 46-48,235

These classical potentials were developed by correcting the deficiency in
describing shorter-range interactions by fitting either a short-range correction or a stand-
alone potential to extensive ab initio data. More specifically, the WHBB potential was
fit to roughly 40,000 MP2/aug-cc-pV'TZ calculations to add a 3-body short-range correc-
tion to the TTM3-F potential,®" while the MB-pol potential was fit to >12,000 BSSE-
corrected CCSD(T')/aug-cc-pVTZ calculations to obtain a 3-body short-range correction to
the TTM4-F potential.33 Recently, the ¢-AQUA potential was fit to >45,000 Basis Set Su-
perposition Error (BSSE)-corrected CCSD(T)-F12a/aug-cc-pVTZ calculations to develop a
standalone 3-body potential. The q-AQUA potential was also the first developed classical
potential with an explicitly fitted 4-body term, which was accomplished using over 3,000
CCSD(T)/aug-cc-pVTZ 4-body energies derived from high level ab initio data. Inarguably,
this approach has led to the construction of very accurate potential energy surfaces.?% 54,236
However, there are a few notable disadvantages of this strategy. These consist of the high
level of parameterization (hundreds to thousands of parameters) and the large number of
very accurate (and very costly) ab initio calculations required to populate the database that
is used to fit the 3- and 4-body terms in these potentials. As one extends to higher orders

of the MBE (i.e., the 3- and 4-body terms), the ab initio calculations for each geometry

become more expensive due to the increase in system size N and the number of associated
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geometries that are needed to ensure sufficient sampling of the conformational space also
increases due to the surging of the degrees of freedom. The need for high accuracy also
commands the use of electronic structure methods like CCSD(T) that scale as N7. Most
importantly, incorporation of solutes requires that the process be repeated for each many-
body term containing the new species. That said, if a classical, transferable model could
be used to model many-body effects (3-body and higher), it would leave only the 1- and
2-body terms to be either fit to ab initio results (i.e. using PIPs) or calculated on-the-fly
using high level ab initio methods.

Polarizable models, on the other hand, implicitly incorporate many-body effects. These
potentials are typically founded on the multipole expansion, which expands the charge distri-
bution of an atom or molecule in spherical harmonics. This expansion can yield multipoles at
a single site or it can be distributed across multiple sites (often selected to be the atom sites)
to improve the performance for shorter-range interactions.?>” 239 The interactions between
multipoles are strictly pairwise. However, allowing these multipoles to change or polarize in
response to the field of neighboring molecules gives rise to many-body effects. A multipolar
description of the molecular charge distribution of the equilibrium geometry of water has
already been implemented in force fields to varying degrees.30:33,38,39,41,43,202,203,218-223,240
However, it is expected that the distributed multipoles and polarizabilities do change as a
function of the intramolecular geometry. The necessity of representing this charge flux in po-
tentials has been previously discussed by Dinur.?*! The TTM2.1-F revision of the TTM2-F
potential,?® the AMOEBA+CF*? potential, and the flexible MDCM potential?*? incorpo-
rate, to some extent, the redistribution of charge density with intramolecular geometry by
including a geometry-dependent correction to the atomic monopoles, as has been done for
geometry-dependent point charges for studies of photodissociated CO in myoglobin.?43 244
Very recently, the SCME-f model?*® introduced a single-site multipolar description of water
which has a dipole and a quadrupole moment, both dependent on the intramolecular geom-
etry. In addition, the FFLUX model recently used Gaussian process regression (GPR)?46
to predict geometry-dependent distributed atomic multipoles up to hexadecapole for wa-

d246

ter. However, this metho predicts the multipoles in the presence of an implicit solvent,

rather than computing the induced multipoles explicitly. To the best of our knowledge, the
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impact of distributed multipole and distributed polarizability surfaces on the many-body
interactions of a molecular system has not been examined. However, it should be noted
that dipole moment surfaces and dipole and quadrupole polarizability surfaces?” have been
obtained in order to compute the infrared and Raman spectra of water, respectively. No-
tably, these surfaces, like SCME-f, yield a single molecular dipole moment or dipole-dipole
polarizabilities rather than distributed multipoles and polarizabilities at each atom site. By
distributing the multipoles and polarizabilities across atom sites, a better representation of
the charge redistribution can be achieved.?37-239

The success of a classical representation of the 3-body term with a detailed induction
model, albeit based on moments and polarizabilities at the equilibrium geometry, has re-
cently been demonstrated, including its transferability across different water-water-water
(W-W-W) and ion-water-water (I-W-W) subsystems with only a single adjustable parame-
ter.** While it had been anticipated that the induction energy would be the main contributor
to many-body effects, this previous study demonstrated the quantitative accuracy of the in-
duction model in doing so against accurate ab initio benchmarks, hinting at the potential of
this model to rival the accuracy of fitted 3-body terms using tens of thousands of PIPs. Fur-
thermore, the minimal parameterization (a single damping parameter) and the naturally
transferable nature of this route makes it particularly attractive. However, the previous
model was limited to a multipolar and polarization description that was static in nature
(only computed at the equilibrium monomer geometry) and did not include the effect of
3-body dispersion. The description of distorted monomer geometries is crucial for modeling
liquid water. For instance, during a molecular dynamics simulation the monomer geome-
tries sampled can be far from the monomer gas phase equilibrium geometry. Consequently
the model must capture the variation of the distributed multipoles and polarizabilities with
these highly distorted intramolecular geometries.

The goal of this work is to expand our previous induction model, which described the
interactions between water molecules by implementing geometry-dependent distributed mul-
tipoles (dm) and polarizabilities (dp), to incorporate a 3-body dispersion term and to extend
it to the 4-body term. We have obtained distributed multipole and distributed polarizability

surfaces as functions of the monomer intramolecular coordinates 6o, Rave (average of the
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two Ron distances), and AR (difference between the two Ron distances) (Figure 5.1) over a
wide range of intramolecular geometries. The linearly interpolated surfaces are then used to
re-examine the 3-body terms from our previous paper?* and demonstrate the improvement
of the flexible water molecules in the 3-body description of (W-W-W) 3-body terms. The
contribution from the triple-dipole-dispersion interaction to the total 3-body interaction is
also examined using the Axilrod-Teller-Muto potential. 248249 We also extend the developed
classical induction model to the 4-body term in water. The results of this work demonstrate
the practicality of the classical induction approach to accurately model the 3- and 4-body
terms in water. More broadly, it shows that an induction model is capable of achieving an
accuracy that is on a par with potentials explicitly fitted to tens of thousands of ab initio
calculations with PIPs (containing over ten thousand parameters). Most importantly, it also
addresses the issue of transferability upon including additional, different solvent molecules
without the need to perform tens of thousands of high level electronic structure calculations

for each system studied.

5.2 Computational details

5.2.1 a. Description of the classical model

We consider two contributions to the 3-body energy, arising from induction and dispersion,
respectively. As for the 4-body energy, the only contribution considered in this study is
from the induction energy, which is is computed as previously described.** The induced
moment ¢ at site a on molecule A due to the multipole u on site b of molecule B is evaluated

self-consistently using the following expression:

AQF =— " o TENQL + AQY) (5.1)

B£A

where a%‘f/ is the polarizability of the multipole and ﬂ?g’ is the interaction tensor. Once the

induced moments are converged, the induction energy of molecule A is calculated as:

Eja=3frr > AQITHQ) (5.2)
B+#A
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where frr is the Tang-Toennies damping function:2°°
6
BR)* _
frr(R) =1 - Z( k') e PR (5.3)

k=0
In our previous work we chose 3 (units of bohr=!) to be a single adjustable parameter.**

In this work we set 8 as the Born-Mayer coefficient
B =—031(ry*™W 4 ry?W) 1 3.43 (5.4)

where 7V9W is the van der Waals radius of each of the pairs of atoms (from CCSD, O: 3.07
bohr, H: 2.63 bohr).??! Because of this choice, the decay of the damping function with
respect to the interatomic distance is slightly different for each pair of sites. The above
equation yields 8 values of 1.66, 1.53, and 1.80 for the O---H, O---O, and H---H pairs
of sites, respectively. In our previous work** we found that a single damping parameter
of $=1.60 worked quite well (RMSE: 0.12 kcal/mol) for a subset of Database A, which
contained trimers with intramolecular geometries close to the equilibrium ones. That value
of 8 used in the previous study is very close to the calculated value of 1.66 used for the
OH in the current study. A single damping parameter worked sufficiently well previously,
because most of the trimers examined in that earlier study did not have two oxygen atoms
or two hydrogen atoms very close to one another. However, in applying this model to the
full (more extensive) Database B (see below), we find it more appropriate to use the above
3 values of 3 for the different pairs of sites instead. This has the additional benefit that the
model has no adjustable parameters.

The multipole expansion was truncated at the hexadecapole (H) with the respective
multipoles distributed on the atom sites of HyO. Dipole-dipole (D-D), dipole-quadrupole
(D—-Q), and quadrupole-quadrupole (Q-Q) distributed polarizabilities are used to represent
the polarizabilities of the multipoles in the presence of an electric field. Rather than using
the distributed multipoles and polarizabilitites computed at the equilibrium geometry (and
placed at the equilibrium configuration), we explore geometry-dependent distributed multi-
pole and polarizability representations of the water monomers. These distributed multipole
and polarizability surfaces were computed at a 3-dimensional grid of points for HoO. The

fron coordinate was scanned every 5° from 60-145° (18 points), the R,ye coordinate was
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scanned every 0.05 A from 0.81-1.21 A (9 points), and the AR coordinate was scanned every
0.04 A from 0.00-0.40 A (11 points), see Figure 5.1 for the definition of these coordinates.
The total number of grid points for which the multipoles and polarizabilities were computed
amounted to 1,782. The multipoles at each point were derived using CamCasp6.0%°® from
the HF /aug-cc-pVTZ wavefunction calculated using Psi4.2°2 Note that we also compare
the results of the model using multipoles and polarizabilities derived from HF /aug-cc-pVTZ
to those obtained with PBEO/aug-cc-pVTZ in Section I1I.d. The 3-dimensional grids were
linearly interpolated to yield distributed multipole and polarizability surfaces for each of
the atom sites of HyO.

The Axilrod-Teller-Muto (ATM)?*:249 3-hody dispersion energy was evaluated using

the computed Cy coeflicient at each trimer configuration as:

(1 + 3 cos ¢; cos ¢ cos Pr,)
R R R,

ifk ik

disp (55)

where R;j, R, and Rj; are the pairwise distances between the indicated molecules and
¢i, ¢, and ¢, are the angles between R;; and R, R;; and Rji, and R;, and Rji vectors,
respectively.

The 0-O-O Cy triple-dipole-dispersion coefficient of 303.67 (hartree)-(bohr)? was cal-
culated from the isotropic dipole-dipole polarizabilities at imaginary frequencies for the
water molecule, using a single site at the oxygen atom. This is close to the value of 308.2
(hartree)-(bohr)? evaluated from pseudo-spectral dipole oscillator strength distributions by

Margoliash et al.?>3

5.2.2 b. Description of the CCSD(T)-quality benchmark databases for the 3- and 4-body

energies

Database A: 12,260 3-body terms. The original database comprising 12,347 trimers
was developed by Babin et al. to fit the 3-body PIP in the MB-pol potential.*” These 3-
body terms were evaluated at the CCSD(T) level of theory with the aug-cc-pV'TZ basis set
supplemented with midbond functions and were also corrected for basis set superposition
error (BSSE). We have opted to remove trimer configurations from that database for which

at least one of the following conditions is true:
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1. the trimer contains a hydronium like molecule (three or more O-H distances < 1.2 A),
2. there exists an OO distance that is < 2.4 A,

3. at least one of the intramolecular geometries is outside the range of the monomer
scans used to obtain the surfaces, namely 60° < fgong < 145°, 0.81 A <Ry <121

A and AR < 0.40 A.

We chose to remove trimers that are hydronium-like because, in these cases, it is not
straightforward to divide the system into fragments (hydronium vs. water). Moreover
the distributed multipoles and polarizabilities would be different if treated as hydronium
rather than a neutral water molecule. The above constraints result in the removal of only
87 trimers from the original database of 12,347.

Database B: 43,844 3-body terms. The full 3-body dataset compiled by Bowman
and co-workers®® comprises 45,332 three-body terms evaluated at the CCSD(T)-F12a/aug-
cc-pVTZ level of theory and corrected for BSSE. This dataset was used to fit the recently
developed q-AQUA potential®® and also encompasses the datasets that were previously used
to train the MB-pol” and WHBB*? potentials, respectively. That is, database A is a subset
of database B. This dataset contains very accurate energies for an extensive sampling of
the configurational space with the maximum O+O distance being 9.5 A. Using the same
criteria described above for Database A, we removed 1,488 trimers from this dataset, leaving
43,844 (out of 45,332) trimer configurations to benchmark our proposed induction model
against. The majority (1,401) of the trimers removed contained at least one molecule whose
intramolecular geometry was outside the range of our scans. The remaining 87 trimers
contained a molecule deemed ”hydronium-like” based on their OO or OH distances.

Database C: 3,603 4-body terms. Database C comprises 3,603 water tetramer
structures and their corresponding CCSD(T)/aug-cc-pVTZ 4-body terms. The full dataset
of 3,692 4-body terms was used to fit a 4-body PIP for the -AQUA potential.’® We removed
29 tetramers that have at least one molecule with an intramolecular geometry outside the
range of our scan and 60 tetramers due to small OO or O H values following the same

criteria used for the 3-body term.
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5.2.8 c. Comparison with other many-body classical potentials

The MB-pol calculations were performed with the MBX distribution of the code.%6-48,235,254
The TTM2.1-F203 calculations were performed using the open-source distribution from the
Pacific Northwest National Laboratory (https://sites.uw.edu/wdbase/files/2019/01/pot_ttm—1p9hi7d.zip).
While the TTM2.1-F is not fitted using PIPs, it represents a simpler classical model, only
using flexible monopoles and inducible dipoles at each atom site to implicitly incorporate

many-body effects.
5.3 Results and Discussion

5.8.1 a. Distributed geometry-dependent multipole and polarizability surfaces

Rave — 1/5 AR

Rave + 1/, AR

Figure 5.1: The 3 coordinates describing the intramolecular geometry of a water molecule,
used as a basis for the calculation of the distributed multipole and polarizability surfaces.

The water monomer coordinate system (@gomn, Rave, AR) used to evaluate the multipoles
(up to hexadecapole) and polarizabilities (up to quadrupole-quadrupole) is shown in Figure
5.1. Details of the grid size, the process for selecting the range of values, and the level of the-
ory used to compute the multipole and polarizability surfaces were described earlier in the
computational details section. Representations of the 3-dimensional surfaces depicting the

value of each multipole or polarizability as a function of the (fgon, Rave, AR) coordinates
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are included in Figures S3-S4 and are available via GitHub (https://github.com/kmherman/dm-
dp-surfaces/H20). In general, these surfaces show smooth, continuous changes in value as
the intramolecular geometry changes. For the polarizability surfaces, there appears to be

a more abrupt change in distributed polarizabilities for Rog > 1.2 A. As a quantitative
test of the linearly interpolated surfaces, 100 points were randomly selected from a uniform
distribution of the 3-coordinates within the ranges of the scans. The ab initio distributed
multipoles and polarizabilities were computed and compared to the linearly interpolated
value.

The interpolated multipole and polarizability surfaces allow for the description of the
charge distribution and its polarizability at a wide range of intramolecular geometries. In
the following, we will focus on benchmarking the induction model with a flexible multipo-
lar /polarizability description on the following extensive datasets of 3- and 4-body energies,
while comparing its performance to the version of the model based on static (equilibrium)

distributed multipoles and polarizabilities.

14000
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ATM potential
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43,844 trimers

4000 1

20007 Max. 0.209 kcal/mol

0.00 0.05 0.10 0.15 0.20
W-W-W dispersion (kcal mol~1)

Figure 5.2: Contributions from 3-body dispersion (kcal/mol) to the total 3-body energies for
the 43,844 trimers in Database B estimated with the Axilrod—Teller—Muto (ATM) potential.
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5.8.2 b. Performance of the classical model for the 3-body energies

We also consider contributions from 3-body dispersion, estimated from the Axilrod-Teller-
Muto (ATM) potential.?*®249 Figure 5.2 shows the distribution of the individual 3-body
dispersion energies for each of the 43,844 trimers in Database B. This demonstrates that
the contribution from 3-body dispersion is typically quite small in magnitude and usually
repulsive. The maximum 3-body dispersion energy, albeit for a very small number of trimers

in Database B, is found to be ~0.2 kcal/mol (cf. Figure 5.2).
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Figure 5.3: Comparison of the 3-body energies (Database B, kcal/mol) of the classical model
(Emodel) including induction and dispersion using static multipoles and polarizabilities at the
equilibrium geometry (top left) and the geometry-dependent multipoles and polarizabilities
(top right) vs. the ab-initio results. The bottom panel shows the difference between these
two versions of the model as a function of the total deformation energy (kcal/mol) of the
trimers.
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The top two panels of Figure 5.3 show the correlation plots comparing the accuracy
of the “static dm/dp” (distributed multipoles and polarizabilities at the equilibrium ge-
ometry, left panel) vs. the “flexible dm/dp” (geometry-dependent distributed multipoles
and polarizabilities, right top panel) versions of the induction model on Database B. The
"static” model yields an RMSE of 0.152 kcal/mol while the ”flexible” model yields 0.104
kcal /mol (see also Table 5.1), indicating a clear improvement with the geometry-dependent
multipoles and polarizabilities. Comparing the static and flexible versions of the model
more directly, the bottom panel of Figure 5.3 shows the difference in the calculated energy
using the equilibrium multipoles and polarizabilities (at the distorted geometries) versus
the flexible multipoles and polarizabilities from the interpolated surface as a function of the
total trimer deformation energy, which was computed with the Partridge-Schwenke poten-
tial energy surface.?®® As one might expect, the use of the geometry-dependent multipoles
and polarizabilities is more critical for the trimers whose constituent monomers are more
distorted from the gas phase equilibrium geometry. However, it is sometimes the case that
both representations yield similar 3-body energies, due to a cancellation of errors. Never-
theless, the maximum difference between the computed 3-body terms is ~5 kcal/mol, which
is quite substantial given the range of 3-body energies in the database (roughly -8 to 6
kcal/mol). That said, the inclusion of geometry-dependent multipoles and polarizabilities
is paramount in improving the accuracy of the induction model for the 3-body term. Ad-
ditionally, while the contribution from the 3-body dispersion is very small compared to the
range of induction energies (-8 to 6 kcal/mol), incorporating it in the classical model im-
proves the agreement with the ab initio benchmarks. More specifically, the RMSE decreases
from 0.089 to 0.084 kcal/mol on Database A and 0.106 to 0.104 on Database B (see Table
5.1). Given that the 3-body dispersion estimates from the ATM potential are very fast to
evaluate since they take into account just the pairwise distances and angles between oxygen

atoms, it is worthwhile to include it for quantitative accuracy.

It should be emphasized again that the classical model based on geometry dependent

multipoles and polarizabilities has no adjustable parameters. All values used in the potential
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Database A Database B Number Size of
12,260 trimers 43,844 trimers  of fitted training set

parameters

Induction Static dm/dp 0.140 (0.076) 0.152 (0.074) 0 n/a
only Flexible dm/dp 0.089 (0.050) 0.106 (0.056) 0 n/a
Induction +  Static dm/dp 0.142 (0.077) 0.154 (0.074) 0 n/a
Dispersion  Flexible dm/dp 0.084 (0.048) 0.104 (0.054) 0 n/a
Potentials HBB2-pol 0.158¢ n/a 132 ~500
fit to PIPs ~ WHBB5 0.104¢ n/a 1,380 ~40,000

MB-pol 0.028" 0.116 (0.035) 1,173 12,347

¢-AQUA n/a 0.026¢, 0.032¢ 14,412 45,332

@ Reported RMSE on entire 12,347 trimers in the MB-pol training set.*”
b Reported RMSE fitting error on training set.4”
¢ Reported RMSE fitting error on short-range portion of the ¢-AQUA training set.°

¢ Reported RMSE fitting error on long-range portion of the ¢-AQUA training set."

Table 5.1: The root mean square error (RMSE) and mean absolute error (MAE, in parenthe-
ses) in kcal/mol of the classical model for the 3-body terms of databases A and B compared
to potentials that were fit to PIPs.

(multipoles, polarizabilities, damping parameters, Cg coefficients) are derived ab initio.
The root mean squared errors (RMSEs) of the model are 0.084 and 0.104 kcal/mol on
Databases A and B (cf. Table 5.1), respectively, demonstrating its transferability over a
wide range of trimer configurations. Table 5.1 organizes the RMSEs and MAEs for the
classical model (this work) against other interaction potentials (q-AQUA,*° MB-pol,*6:47
HBB2-pol, %3 WHBB5%?) that were fitted using PIPs to ab initio trimer calculations. On
Database A, the classical model (induction+dispersion) yields a lower RMSE than HBB2-
pol and WHBB5 (note that the RMSE of HBB2-pol and WHBB5 potentials was reported

on the entire dataset of 12,347 trimers while the classical model on Dataset A, in which
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we removed 87 trimers from the original dataset for reasons stated above). The reported
excellent accuracy for MB-pol on Database A (left top panel of Fig. 5.4) is in reality a
training/fitting error as the entire database A was used for the fitting of that model using
1,173 parameters (1,163 linear and 10 non-linear). However, that potential performs worst
for the larger Database B, as can be seen from Figure 5.4 (top right panel) and Table 5.1. For
the larger number of trimers in Database B, the RMSD/MAE of MB-pol increases by ~4.1x
/ ~1.8x with respect to the fitting errors for Database A (0.116/0.035 kcal/mol for Database
B vs. 0.028/0.019 kcal/mol for Database A). It is interesting that the TTM2.1-F potential
(bottom panels of Figure 5.4), which uses geometry-dependent distributed monopoles and
inducible point dipoles (5 parameters total) and is fitted to ~45 ab-initio dimer and no
trimer points produces RMSD/MAE values of 0.210/0.110 kcal/mol, respectively. This is
to be compared with the corresponding RMSD/MAE values of 0.104/0.054 kcal/mol for
the classical induction + dispersion model based on geometry-dependent multipoles and
polarizabilities suggesting that it outperforms both MB-pol and TTM2.1-F on Database B,
which contains database A (MB-pol training set). Importantly, these results highlight the
natural transferability of the classical model to a very wide range of trimer configurations.

To better understand this difference, Figure 5.5 shows the cumulative RMSE as a func-
tion of the total deformation (1-body) energy, E ge formation, of the trimer, evaluated using the
Partridge-Schwenke potential energy surface.??> We observe that the MB-pol potential per-
forms very accurately for small Egeformation values. However, it produces errors for highly
distorted trimer configurations that are slightly larger than the flexible classical induction
+ dispersion model. While it is true that the highly distorted, high energy structures are
less relevant for many applications, it highlights the critical need for extensive sampling to
build a training set to train the PIPs, which is a nontrivial task. On the other hand, the
classical model is naturally transferable to more distorted intramolecular geometries with
a clear improvement when geometry-dependent distributed multipoles and polarizabilities
(classical model - flexible) are used, performing extremely well even for high-energy (large
deformation) structures. However, this can be a challenge for PIPs because, as with most
supervised machine learning techniques, the accuracy of the functions in regions outside

their training data is not guaranteed.
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Figure 5.4: Comparison of the 3-body energy (kcal/mol) calculated using the MB-pol (top
panels) and TTM2.1-F (bottom panels) potentials against the corresponding benchmark
values (Eccsp(t)) for Database A (left) and Database B (right).

5.8.8 c¢. Performance of the classical model for the 4-body energies

Having established the success of the classical model for the 3-body interactions in water
clusters, we now turn our attention to the 4-body term. Figure 5.6 depicts a correlation plot
demonstrating the performance of the classical model on Database C. Table 5.2 lists the
RMSE and MAE values for the induction model (this work) against the g-AQUA potential,
which is the only potential to date that includes an explicitly fitted 4-body term.’® Sur-
prisingly, we find that the model with static multipoles and polarizabilities yields a slightly
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Figure 5.5: The cumulative RMSE (kcal/mol) as a function of the total deformation energy
of the trimer (£ geformation, kcal/mol).

Database C Fitted Size of

3,603 tetramers parameters training set

Induction only Static dm/dp 0.036 (0.020) 0 n/a
Flexible dm/dp 0.058 (0.026) 0 n/a
Potentials fit to PIPs q-AQUA 0.021¢ 200 3,692

% Reported RMSE fitting error on entire 3,692 tetramers for the -AQUA 4-body training
set.??

Table 5.2: The root mean square error (RMSE) and mean absolute error (MAE, in parenthe-
ses) in kcal /mol of the classical model for the 4-body terms of Database C and a comparison
with the reported fitting error of the g-AQUA potential.

better RMSE than the flexible model. The largest differences are due to the strongly attrac-
tive 4-body terms, which we find are over-estimated by the model with flexible moments. In

general, these outliers have small interatomic OO distances (< 2.45 A) and O-H distances
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Figure 5.6: Comparison of the 4-body energy (kcal/mol) calculated using the classical
induction model (Epodel) against the benchmark CCSD(T) values (Eccgp(t)) in Database
C.

which suggests that these tetramer systems overestimate the 4-body induction energy due
to overpolarization at small interatomic distances. As mentioned earlier, we do not consider
any trimers or tetramers in the database that have an OO < 2.4 A. An RMSE value of
0.023 kcal/mol is observed for tetramers with a minimum OO of > 2.7 A and an RMSE
value of 0.042 kcal/mol for tetramers with a minimum OO of > 2.5 A. That said, for
the configurations most relevant to bulk water and water clusters, this should not pose a
significant issue. However, it is possible for this to be improved by modifying the damping
scheme?®® to prevent overpolarization at small interatomic distances.

Again, it is difficult to compare the accuracy of the model to g-AQUA since that model is
fitted to Database C using ~200 parameters and we have removed 89/3,692 tetramers from
the original database used to fit -AQUA. However, we anticipate that the induction model

will be quite transferable to a wide range of configurations, as observed for the 3-body
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term. Furthermore, the induction model is naturally capable of computing higher-order

contributions (5-body and higher) to the induction energy through the same formalism.

5.8.4 d. Sensitivity analysis

In this section we report the performance of the model upon varying the details of electronic
structure theory (level of theory and basis set) used to obtain the multipoles and polariz-

abilities as well as the effect of truncating the multipole and polarizability expansions.

While it has been established that a multipolar representation up to the hexadecapole
(H) was necessary to obtain converged molecule dipole moments in ice Th,?" we find essen-
tially no change in the accuracy of the 3- and 4-body terms by extending the model beyond
the quadrupole moments (Q). For Database A, inclusion of D-D, D—-Q, and Q—-Q polar-
izabilities (RMSE: 0.083 kcal/mol) significantly improves the accuracy of the model over
using only D-D (RMSE: 0.122 kcal/mol) or D-D and D-Q polarizabilities (RMSE: 0.238
kcal/mol). The same trend, viz. expansion up to (Q) and inclusion of D-D, D—-Q, and Q—-Q)
is observed for the 4-body term (database C) While the difference in RMSE between the D-
D model (RMSE: 0.122 kcal/mol) and the D-D, D-Q, Q-Q model (RMSE: 0.083 kcal/mol)
is not huge, the former results in a systematic underestimation in the energetically favorable
3-body interactions.

The sensitivity of the distributed multipoles and polarizabilities with respect to the level
of theory (PBE0,2°® HF, MP2) and basis set (aug-cc-pVTZ and aug-cc-pVQZ)'® was also
examined. We find that increasing the basis set size from aug-cc-pVTZ to aug-cc-pVQZ
leads to small differences in the resulting distributed multipoles and polarizabilities. The
PBEO and MP2 multipoles and polarizabilities are in excellent agreement with noticeable
differences from those of HF.

We also compare the results of the HF /aVTZ and PBE0/aVTZ surfaces on the databases
of 3-body and 4-body term. Specifically, the HF /aVTZ surfaces result in RMSEs of 0.084,
0.104, and 0.058 kcal /mol on Databases A, B, and C, respectively. The DFT/aVTZ surfaces
result in RMSEs of 0.089, 0.103, and 0.084 kcal/mol. That said, because the accuracy is

overall better with the HF /aVTZ surfaces, we have chosen to report those values. The
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similarity in the accuracy of the results aligns with findings from a previous work that state
that there is little electron correlation in the 3- and 4-body terms of water, making HF an

acceptable level of theory at which to carry out those calculations.?

5.4 Conclusions and Outlook

This work demonstrates the success of a classical model in representing 3-body and 4-body
interactions for a wide range of water trimer and tetramer configurations spanning a wide
range of inter- and intra-molecular geometries. In general, a flexible (geometry-dependent)
representation of the distributed multipoles and polarizabilities significantly improves the
accuracy of the model and naturally becomes more important as intramolecular geometries
become more distorted from their equilibrium geometry. To the best of our knowledge, the
role of geometry-dependent multipole and polarizability surfaces on the 3- and 4-body term
have not been previously reported. In addition to the utility of geometry-dependent mul-
tipoles and polarizabilities, we find that multipoles up to the quadrupole moment (Q) and
polarizabilities up to quadrupole-quadrupole (Q—Q) are necessary to achieve an accuracy
that is on par with potentials fitted to tens of thousands of high level ab initio calcula-
tions. In our opinion, the lack of geometry-dependent multipoles and polarizabilities and
the absence of dipole-quadrupole (D-Q) and quadrupole-quadrupole (Q—Q) polarizabilities
have hindered the ability of existing classical polarizable potentials to describe the many-
body terms in water with high accuracy. Furthermore, we find that incorporating estimated
contributions from 3-body dispersion, which are typically very small and repulsive for the
systems considered in this study, marginally improves the accuracy of the classical model
when compared to ab initio. Importantly, we show that the classical model produces 3-
and 4-body energies with an accuracy that is on a par with the quantitative accuracy of
many-body potentials fitted to tens of thousands of ab-initio calculations using thousands
of parameters.

The quantitative accuracy of the classical model demonstrates that induction (and dis-
persion for the 3-body) is indeed sufficient to describe accurately the many-body interac-
tions in water. The classical model introduced in this work is naturally transferable to

a wide range of highly distorted configurations, an attribute that is not guaranteed with



81

fitted PIPs. In addition, this approach is transferable to new chemical systems in a nat-
ural and straightforward manner. More specifically, it would only be necessary to derive
distributed multipoles and polarizabilities from the monomer wavefunction of additional
solvent molecules or ions, a process that is quite fast for an individual monomer and needs
to be carried out only once. If the molecule is suspected to undergo large changes in in-
tramolecular geometry, it is recommended to develop a geometry-dependent description of
the charge distribution and polarizability. For systems with only a few degrees of freedom of
the respective monomers (like water), this can be achieved by performing multiple monomer
calculations at a range of intramolecular geometries. For systems with more degrees of free-
dom, such as polyatomic solvents or ions, it might be useful to follow a recently developed
approach that uses a neural network to predict distributed multipoles for a wide range of
systems and geometries.?*® Furthermore, with this approach, one need not be concerned
with building a very large and sufficiently diverse training set from costly ab-initio calcu-
lations as required for fitting using PIPs. Nevertheless, we do acknowledge the usefulness
of being able to benchmark our classical model against existing benchmark databases con-
sisting of tens of thousands of high level ab initio points. We hope that the use of an
accurate classical model based on induction and dispersion to describe many-body effects in
hydrogen bonded systems can simplify the process of developing highly accurate potentials
for multi-component systems by eliminating the need to perform computationally expensive

high level ab initio calculations.
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Chapter 6

A FORMULATION OF THE MANY-BODY EXPANSION (MBE) FOR
PERIODIC SYSTEMS: APPLICATION TO SEVERAL ICE PHASES

Reproduced in part with permission from [Kristina M. Herman and Sotiris S. Xantheas.
A Formulation of the Many-Body Expansion (MBE) for Periodic Systems: Application to
Several Ice Phases; J. Phys. Chem. Lett. 14 (4), 989-999]. Copyright [2023] American
Chemical Society

6.1 Introduction

The many-body expansion (MBE) is a useful tool for partitioning physical properties of a
complex system into the components of its constituent smaller non-overlapping subsystems.

These quantities can include, among others, the binding energy (D,),' 3929 forces,?01260

26 262

harmonic frequencies®! or the electron density. The MBE has been previously applied
to aqueous clusters, providing both a reliable computational framework and benchmark
reference values for the magnitude of the many-body effects in water and ion-water clus-
ters.! Further, some of the most accurate classical potentials for water developed thus
far are built on the premise of the MBE by fitting the many-body terms (up to the 3-body
or 4-body) to high-level ab initio data.*%4"5Y The success of the MBE as the foundation
for the development of these potentials stems from its convergence at the 4-body term for
water.> 9 Recently, the MBE has been extended to break covalent bonds (rather than hy-
drogen bonds) and used in that context to examine the alleged first row anomaly®® for the
XH,, systems (X=C, Si, Ge, Se, n=1-4) as well as to examine its convergence and applica-
bility to small metal clusters.”” The widespread use of the MBE for numerous properties
and a variety of molecular systems is motivated by numerous computational advantages.
These benefits include the trivial parallelism of the calculations, the potential to combat the

201

poor scaling of electronic structure methods,“”* and the ease of utilizing a hybrid approach

to apply different levels of theory to evaluate the many-body terms.**
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However, the extension of the MBE for infinite periodic systems is less straightforward
than the one for finite (cluster) systems and as such has not been fully developed yet. The
complication arises from the fact that periodic boundary conditions (PBCs) induce inter-
actions of fragments with their periodic images in an undesired manner. Furthermore, an
attempt to enumerate all possible subsystems of an infinite system will involve an infinite
number of calculations. The MBE has been previously applied to various organic crys-
tals?03-268 {0 estimate their lattice energy. In the CrystaLattE code,?%? this is accomplished
by enumerating all possible subsystems (dimers, trimers, tetramers of molecules) within a
large supercell and passing these subsystems through a series of filters that involves the
nuclear repulsion energy (NRE), root mean squared deviation (RMSD), and a comparison
of the eigenvalues of the Coulomb matrix to remove redundant calculations and track the
number of times these interactions occur within the larger supercell. Then, the remaining
n-body terms of the unique subsystems (dimers, trimers, etc.) are calculated within a given
cutoff distance and divided by the number of molecules in the subsystem. However, the
success of that approach is dependent upon a robust screening protocol and the careful
tracking of the number of times subsystems occur within a larger supercell, all of which
needs to be repeated for each new system or geometry.

In this work, a formulation of the MBE for infinite periodic systems is introduced,
in which the unique subsystems necessary to compute are determined solely through the
inherent translational symmetry of the system, without any screening procedures. While the
ultimate goal is to decompose the lattice energy into its many-body terms, thus obtaining
information about the convergence of the MBE for infinite periodic systems, we will start
by examining the many-body expansion for finite systems with translational symmetry.
Namely, we first focus on finite gas phase supercells, which comprises replicated unit cells.
We will use these systems as a proof of principle, showing that the method computes the
unique interactions according to translational symmetry, scales them appropriately (using
a simple analytic expression based on the dimensions of the supercell), and exactly recovers
the full n-body terms using a fraction of the calculations.

After establishing the success of the method for finite gas phase supercells, we will ex-

tend the formulation for infinite periodic systems. For those systems, we show that the
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translationally unique subsystems, as determined by this method, have the same scaling
factor in the limit of an infinite cell and, in that sense, contribute equally to the lattice
energy. The proposed method is validated by showing that the lattice energies computed
via the MBE (up to the 4-body) reproduce the result obtained using periodic boundary
conditions (PBCs) with an Ewald summation for 7 different polymorphs of ice (Ih, II, VIII,
IX, XIII, X1V, XV). This is the first time that the MBE has been applied to decompose
the lattice energies of various ice polymorphs, partially due to the difficulty of handling
the strong long-range and many-body interactions in these systems. Importantly, this sys-
tematic extension of the MBE to infinite periodic systems opens the door for the general
use of this method to expand other molecular properties, combat the scaling of electronic

structure methods, and benefit from the trivial parallelism of the MBE.
6.2 Computational details

The unit cell structures for ice ITh,2%? ice I1,270272 jce VIIL, 2737275 jce IX 2767278 jce XIII,27
ice XIV,2™ ice XV280 are optimized with the PBE0?®! density functional at the experimental
density (see the reference for optimization details).?®? The 3x3x3 proton-disorder supercells

9283,284

of ice Th were generated using Genlce and comprises 27 unit cells of differing hydrogen

bonding arrangements, ensuring that the Bernal-Fowler rules?®?

of hydrogen bonding are
obeyed and that the net dipole moment of the supercell is zero. The water molecules in
the ice Th supercell were set at the average configuration of the water molecules in the
unit cell (Ro_pg = 0.9815 A; O_o_p = 106.38°). The standard deviation of Ro_p and
On_o_pg were quite small (0.0002 A and 0.12°, respectively). Additionally, the density of
the supercell was set to the same density as the unit cell (0.93 g/cm?).

The MBE on the unit cells were performed (without PBCs) with the TTM2.1-F and MB-
pol classical interaction potentials, and also with MP2. We acknowledge that the comparison
between the MP2 and the classical potential results for the gas phase unit cells takes into
account only the short-range (intracell) interactions. However, extending the ab initio
calculations to larger supercells is accompanied by a steep computational cost. The MBE of

the gas phase unit cells were carried out up to the 5-body term (4-body term for ice Ih and

ice VII, 3-body term for ice XIII) at the MP2 level of theory with Dunning’s aug-cc-pVDZ6
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basis set. In addition, the MBE for some of the smaller unit cells (ice VIII and ice XV) were
carried out with the Dunning aug-cc-pVTZ!6 basis set. These MP2 results were corrected
for the basis set superposition error (BSSE) following the counterpoise method outlined by
Boys and Bernardi.!™ Note that the 3-body term of ice XIII has not been corrected for
BSSE because of the large unit cell size. From previous studies,? it was shown that BSSE-
corrected MP2/aug-cc-pVDZ calculations accurately described the 3-body term and higher
order terms of the MBE relative to the MP2/CBS values for aqueous systems. All MP2
calculations were performed with the NWChem 7.0.2 electronic structure package.?'* The
MB-pol*6:47 calculations were carried out with the legacy MB-pol distribution of the code
which has been shown to reproduce the individual many-body terms of ice quite accurately
relative to 2- and 3-body terms computed at the CCSD(T)/aVTZ level of theory.? The
TTM2.1-F30 calculations were performed using the open-source distribution from the Pacific
Northwest National Laboratory (available upon request).

The MBE calculations for the ice systems were performed with an in-house python code.
To test whether the proposed method yields the correct lattice energy for the potential, the
results are compared to the lattice energy estimate using the implementation of the potential
with PBCs. The MB-pol lattice energies were available at these geometries.® However, since
the lattice energy of ice Ih was computed using a single proton-ordering® despite being a
proton-disordered phase, we have used the MBX distribution of the MB-pol potential to
compute the lattice energy of a proton-disordered 9x9x9 supercell of ice Ih with a cutoff of
9 A. The TTM2.1-F lattice energies were computed using 9x9x9 supercells of the ice phases

(accounting for proton-disorder in ice Th, as described earlier) with a cutoff of 9 A 30
6.3 Results and discussion

The unit cells of the 7 ice polymorphs considered in this study (Th, IT, VIII, IX, XIII, XIV,
XV) are shown in Figure 6.1. First, the performance of the many-body classical interaction
potentials TTM2.1-F and MB-pol on the many-body terms for the gas phase ice unit cells
(i.e., no PBCs) is benchmarked against results obtained at the MP2 level of theory. The
MBE is carried out in the typical manner, computing (]7\{ ) number of n-body terms for each

order n of a system of N molecules in the unit cell. In the full MBE, the many-body terms
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Figure 6.1: Unit cell structures of ice Ih, II, VIII, IX, XIII, XIV, and XV (unit cell visual-
izations produced using the software VESTA*). The number of molecules (N) in each unit
cell is indicated in parentheses.

formally scale on the order of N™, where N is the number of fragments and n is the n-body
term of the MBE. As the system size increases, the number of higher order terms in the
MBE grows steeply with N. The total n-body contribution, E(n), to the unit cell binding

energy (D.) is computed as

. NG
e = o (YY) S am) 6.1)

prt n—1

where Ej(n) is the individual n-body term of the jth n-mer and N is the number of
fragments in the system.

The many-body terms of the gas phase ice unit cells (without PBCs) computed at the
MP2 level of theory (BSSE-corrected), the MB-pol,4:47 and the TTM2.1-F3° potentials are
shown in Table 6.1. It has been previously established that the BSSE-corrected MP2 /aug-
ce-pVDZ and MP2/aug-cc-pVTZ 2-body terms underestimate the MP2/CBS 2-body term,?
with the latter being closer to the CBS limit than the former. As regards the 3-body and
higher terms in the MBE, the BSSE-corrected MP2/aug-cc-pVDZ results have been shown
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Th (N=12) IX (N=12) T (N=12) XIIT (N=28)
MP2  MB-pol TTM2.1-F MP2 MB-pol TTM2.1-F MP2 MB-pol TTM21-F  MP2  MB-pol TTM2I-F
1B 502 895 8.95 3.37 7.13 7.13 245 5.84 5.84 808 1551 15.51
2B -36.24  -43.39  -46.79 -38.65 -48.94  -53.30 -21.46 2028 -30.93  -135.28 -167.11  -178.36
3B 418 -4.02 -3.48 -3.49 -2.99 -2.59 8.73 -8.91 -7.15 -30.24  -27.09
4B 017 -0.19 0.23 0.16 0.18 0.28 -1.00 -0.85 -0.96 0.24 -0.35
5B 001 -0.01 0.01 -0.05 0.04 -0.03 -0.07 -0.02 -0.10 0.10 0.17
D, (IB-5B) -35.59 -38.65  -41.55 -38.66 4466 -48.51 -28.80 3322 -33.29 18198 -190.12
D. 3559 -38.65  -41.55 -38.65 -44.65  -48.51 -28.80 23321 -3330 16131 -181.99  -190.13
XIV (N=12) XV (N=10) VIII (N=8)
MP2  MB-pol TTM2.1-F MP2 MB-pol TTM2.1-F MP2 MB-pol TTM2.1-F
1B 339 650 6.50 2.58 (3.83) 5.03 5.03 0.88 (1.58) 2.28 2.28
2B 30.89  -48.87  -50.41  -38.73 (-43.48) -47.15  -47.80  -26.36 (-29.42) -32.59  -26.51
3B 359 -2.88 -3.04 6.59 (-6.54)  -5.51 -4.66 336 (-3.27)  -247 -2.35
4B 022 026 0.20 2019 (-0.20)  -0.13 -0.18 0.03 (0.03) 0.11 0.03
5B 002 -0.02 0.00 -0.01 (-0.01) 001 0.00 20.02 (-0.01)  0.00 0.00
D. (IB-5B) -39.88 -45.02  -46.75  -42.94 (-46.39) -47.73  -4759  -28.82 (-31.09) -32.67  -26.55
D. 39.88 <4501 3474 -42.94 (-46.39) 4773 <4759 -28.82 (-31.09) -32.67  -26.56

Table 6.1: MP2/aug-cc-pVDZ Results (MP2/aug-cc-pVTZ Results in Parentheses for Ice
XV and VIII) for the MBE of the Gas-Phase Ice Unit Cells Compared to the Results with
the Many-Body Classical Potentials TTM2.1-F and MB-pol.

to align closely with the corresponding MP2/CBS values,? which is further evidenced by
the close agreement between the aug-cc-pVDZ and aug-cc-pVTZ basis sets (in parentheses)
for ice XV and ice VIII. In fact, a recent study has shown that the 3-body term can be
accurately evaluated even classically using multipoles and polarizabilities.** The results of
Table 6.1 indicate that the MBE up to 5-body, D.(1B-5B), reproduces the gas phase unit
cell’s total binding energy, D., to within < 0.02 kcal/mol with both the MP2 and the classical
potentials, suggesting that the MBE can be safely truncated at the 5-body term even for
unit cells with much larger number of molecules such as ice XIII (N=28). Additionally, the
truncation at the 3-body term yields results within 1.06 kcal/mol (or within 3.2%), while
the truncation at the 4-body term produces binding energies that are within 0.17 kcal /mol
(or within 0.3%) of the gas phase unit cell’s total binding energy. These findings establish
important thresholds as regards the required accuracy in the energetics as a function of
the rank in the MBE. We also find that in general both classical potentials describe the
magnitude of the many-body interactions in the gas phase unit cells quite well. In a previous

study, the MB-pol potential has been shown to accurately reproduce the individual many-
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body terms of ice relative to 2- and 3-body terms computed at the CCSD(T)/aVTZ level of
theory,” whereas the TTM2.1-F potential tends to overestimate the total 2-body term and
underestimate the total 3-body term. For this reason, we will hereafter focus on the results
using the MB-pol potential. Note that the binding energies with both classical potentials
are larger than the one obtained at the MP2/aug-cc-pVDZ or MP2/aug-cc-pVTZ levels of
theory, mainly due to the previously discussed underestimation of the 2-body term in the
latter. While the results for the gas phase unit cells help to validate the use of classical
potentials for the subsequent calculations of the infinite periodic systems, the results for the
gas phase unit cells of ice are naturally far from the description of the solid-state energetics.
That said, we will now turn our attention to the systematic extension of the MBE, first
to finite systems with translational symmetry (gas phase supercells) and then to infinite

systems with translational symmetry (unit cells with periodic boundary conditions).

A schematic of the MBE for finite systems with translational symmetry (finite supercells)
is outlined in Figure 6.2. While gas phase supercells may be of limited interest, the validation
of the proposed MBE scheme for these systems makes the transition from finite to infinite
systems more intuitive and instructive. Further, the development of the MBE for finite
periodic systems facilitates bridging the computational path from small unit cell systems to
large supercells to infinite ones, a desirable capability for studying molecular aggregates at
the nanoscale. The goal of extending the MBE to the finite supercells is to recover the many-
body terms of the full MBE using only the translationally unique subsystems (monomers,
dimers, trimers, etc.). To facilitate this, we must first compute the translationally unique
subsystems and scale them by the number of times they occur in the finite supercell. We
focus on leveraging only the translational symmetry, since this is the only symmetry inherent
to periodic systems. It should be noted that this methodology could be further extended
to include additional symmetry operations within the unit cell. This will not change the
result but will rather reduce the number of necessary calculations. In order to maximize the
benefit of translational symmetry, the many-body terms can be cast in the contributions

from the intra- and inter-cell components according to
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D, = Z Eip+ Z Esp + Z Eop + Z Esp + Z Esg+---  (6.2)

intracell intracell intercell intracell intercell

This is because, for example, all dimers in a supercell will be either in the same unit cell
(intracell) or in two different cells (intercell). That said, rather than finding the transla-
tionally unique dimers, trimers, tetramers, etc. of molecules in the system, we can instead
focus on the unit cell level, i.e., finding translationally unique dimers, trimers, tetramers,
etc. of unit cells, to directly use the translational symmetry of the systems. This is because
if a pair, or subset, of unit cells is equivalent according to translational symmetry (i.e., it
can be translated directly on top of one another), the interactions between the molecules
in those unit cells will also be identical. In the following we use the Latin symbols a, b,
¢ to denote the crystallographic axis directions and the Greek symbols «, 3, v to indicate
the number of times that a unit cell is reproduced in the a, b, ¢ directions; for instance, the
3x3x3 supercell in Figure 6.2 will have o = 8 = v = 3, i.e., it consists of 3 unit cells along
the a-, b-, and c-directions for a total of 27 unit cells. Utilizing the translationally unique
sets of cells increases the generalizability of the method because the translationally unique
sets of unit cells (indicated using indices in the a-, b-, and c-directions) will be identical for
all periodic systems, regardless of unit cell size or shape. Therefore, by finding the unique
pairs of unit cells and computing all possible dimers between those cells, the intercell 2-body
term can be obtained. For the intercell 3-body term, the 3-body terms between pairs of
unit cells (one molecule in one unit cell and two in the other, and vice versa) and sets of
three unit cells (one molecule in each cell) must be computed. Using the same logic, all
4-body terms must be computed for tetramers residing in the same cell or up to 4 different
cells, using the translationally unique sets of dimers, trimers, and tetramers of unit cells to
enumerate all possible 4-body terms. For each set of X cells with N molecules in the unit

cell, there will be exactly

S )"0

n-body terms for which there is at least one molecule in each of the X cells.
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For finite supercells, the translationally unique subsystems can occur multiple times in
the supercell system. Therefore, the computed n-body terms must be scaled by the number
of times that the subsystem occurs within the larger supercell. This can be easily done
using the cell dimensions along the a-, b-, and c-directions of the unit cells (see Figure 6.2)
within the subsystem of unit cells (a, b, and ¢ will revert to the normal z, y, and z directions

for an orthorhombic unit cell). The scaling factor is

(@ —Aa)(B—AB)(y — Ay) (6.4)

where «, 3, and v are the dimensions of the finite supercell in the a-, b-, and c-directions
and Aa, Aa, and A~y are the maximum displacements (in unit cells) along the a, b, and ¢

directions between the set of unit cells containing the subsystem (see Figure 6.2).
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Figure 6.2: A schematic diagram demonstrating how to obtain the many-body components
of the binding energy, D,, of a 3x3x3 finite supercell (o« = 8 = v = 3) using only the trans-
lationally unique subsystems up to order n. Note that only a subset of the translationally
unique sets of 2, 3, and 4 unit cells are shown.
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As proof of principle, we demonstrate the success of this method by numerically testing
the resulting many-body terms using the described method against the full MBE (evaluated
by computing all possible subsystems). Table 6.2 contains the MBE results for the 3x3x3,
5x5x5, and 7x7x7 supercells of ice VIII using only the translationally unique subsystems.
The 2-, 3-, and 4-body terms are computed including increasing “shells” of interactions, a
shell referring to the maximum distance (in unit cells) between the sets of unit cells. More
specifically, shell=0 refers to only the intracell interactions and shell=2, 4, and 6 consist
of all relevant interactions for 3x3x3, 5xb5x5, and 7x7x7 supercells, respectively. At the
maximum shell level, max(«, 3,7)-1, all unique interactions are included and the full MBE
(calculating all possible (QBJN ) subsystems) matches exactly the results of the introduced
method (using only translationally unique subsystems and scaling them using Eqn. 6.4).
This demonstrates that the method successfully evaluates the translationally unique sub-
systems and scales them appropriately to yield the total n-body terms of the binding energy
(D.) of an arbitrarily large supercell. In comparison to the full MBE, this method performs
fewer calculations for a given supercell size because it removes translationally identical sub-
systems. We also note that increasing beyond shell=2 for the 2-body term, only accounts
for ~ 0.1% of the total 2-body term in the 7x7x7 supercell. Similarly, interactions beyond
shell=2 account for ~ 0.2% of the 3-body interaction computed with the full MBE. The

significance of the relatively local interactions further motivates the use of a cutoff distance
or shell.

Now that the success of the method has been established for systems with translational
symmetry (finite supercells), we will examine the formulation of the MBE in the limit of
an infinite cell. Since our ultimate goal is to obtain the lattice energy (binding energy per
molecule), we are interested in computing the total interactions unit per cell. That said,

the scaling factor for each of the n-body terms will be exactly

(= Aa)(B—AB)(y — Av)
a-fB-y

(6.5)

In the limit of an infinite system («, 3, v — o0), the scaling factors (6.5) for the

translationally unique interactions will go to 1 according to
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Figure 6.3: Variation of the scaling factor per unit cell (Eq. 5) for the translationally
unique interactions with the dimensions «, 3, v of the supercell, with the individual lines
representing different A« values (A = Ay = 0). In the limit of an infinite system («, 3,
v — o0) the scaling factors go to 1 for all A« values.

Therefore, to compute the total binding energy per unit cell for an infinite cell, we simply
calculate the sum of the translationally unique n-body interactions. Importantly, the main
difference between the different two extremes of this approach (finite vs. infinite systems)
is that for finite systems the translationally unique interactions are weighted by different
amounts (depending on the supercell size), whereas for infinite systems the translationally
unique interactions are weighted the same (Figure 6.2, step 3). The connection between the

MBE for finite periodic systems and infinite periodic systems is demonstrated in Figure 6.3.
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This plot clearly shows that the scaling factor of ((aw — A«a)(8 — AB)(y — Ay )/(afB7y) goes
to 1 as the system size increases, under the assumption that Aa << «. Because we impose
cutoff distances in our calculations accounting for relatively local interactions, this is a valid
assumption. The results in Figure 6.3 highlight the generalizability of this approach in
describing smaller finite systems, while at the same time having a straightforward extension
in the limit of an infinite system.

However, since there is formally an infinite number of n-body terms, we impose distance
cutoffs out to which the n-body terms will be computed. Note that the many-body terms are
computed for all molecules in the unit cell and the cell-averaged lattice energy is reported

as

Elattice ~ %[Z Erp + Z Eop + ZESB + Z E,p] (6.7)

i.e., the MBE is truncated at the 4-body term. We average the lattice energy over all
molecules in the ice unit cells because, as discussed in a recent study by Nanayakkara et
al., the water molecules within the ice unit cells can be in multiple different environments
which means that it is possible that the energetic contributions may differ as well.2%6

To increase the speed of the method, the translationally unique combinations of unit
cells are precomputed. This is done because combinations of unit cells are only defined by
indices indicating the displacements in the a-, b-, and c-directions, making them identical
for all unit cell systems regardless of unit cell size and shape. This reduces the computations
by enumerating all possible many-body terms within only the relevant combinations of unit
cells, based on the specified cutoff distance. It should be emphasized that no screening
procedures are used in the calculations (i.e., NRE, RMSD, etc.), aside from applying a
distance cutoff. The absence of screening procedures makes the possibility of optimizing
the cells or driving dynamics with the MBE more practical.

To validate the proposed method, we computed the lattice energies of 7 ice polymorphs
(Ih, II, VIII, IX, XIII, XIV, XV) and compared the results with the ones obtained using
PBCs including the Ewald summation to account for long-range interactions. Since the

MBE for infinite systems formally encompasses an infinite number of many-body terms, it



96

is necessary to examine the convergence of the many-body components of the lattice energies
with respect to a distance cutoff. In general, the maximum cutoff distances considered here
are quite generous, typically extending over the length of multiple unit cell lengths.

The convergence of the 2-body component of the lattice energy with respect to the cutoff
O-0O distance for each of the ice polymorphs is shown in Figure 6.4a. The ice polymorphs
considered in this study show a similar convergence pattern producing a value for the 2-
body energy obtained with a cutoff of ~12 A that is within 1% of the value obtained at the
maximum cutoff distance of 45 A, except ice XIV and ice VIII for which the cutoff distance
must be extended to ~14 A and ~19 A. Beyond that point, the 2-body term fluctuates by
a very small amount. For comparison, a cutoff of ~8 A yields values within 5% of the total
2-body interaction.

For the 3-body and higher order terms (panels (b) and (c) in Figure 6.4), it is found
that the product of the pairwise distances between the molecules in a subsystem serves
as a more effective indicator of the magnitude of the many-body term than either the
maximum distance or the sum of all pairwise distances. Not only is this representation
of the cutoff more effective, but it also has a clear physical motivation because of the
proportionality between the energy and 1/(Rj2 * Ris * Ros ) as is seen in the Axilrod-
Teller-Muto potential?*®249 and in the interaction tensors used to describe the interaction
between multipoles of different molecules,?°” since it has been shown that the 3-body terms
in aqueous systems can be described very accurately using a classical induction model.**
Borca et al. used a similar strategy to prioritize the calculation of many-body terms that

264 The convergence of the 3-body term with

were anticipated to be larger in magnitude.
respect to the cutoff (R12 * Rz * Ra3) is shown in Figure 6.4b. The 3-body term fluctuates
with respect to the cutoff for all polymorphs, except ice Ih, for which the 3-body value is
converged to within 5% of the full value by a cutoff value of ~120 A3. This is likely due to
the differences in the proton-ordered versus proton-disordered systems. Because there is no
long-range order in the proton-disordered ice system, the convergence of the 3-body term
is much smoother (shorter range) than the one in the proton-ordered phases.

The convergence of the 4-body term with respect to the distance cutoff (Rig * Ri3 *
Ri4 % Rog x Roy * R3y) is shown in Figure 6.4c. Note that while the 2- and 3-body terms
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Figure 6.4: The convergence of the (a) 2-body, (b) 3-body, and (c) 4-body terms with
respect to the distance cutoff for the various ice polymorphs (Ih, II, VIII, IX, XIII, XIV,

XV, VIII).
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Th X1 I XII1 XIV XV VIII
1B 0.75 0.59 0.49 0.55 0.54 0.50 0.29
2B -11.350 (0.005) -11.39 (0.02) -11.75 (0.01) -11.894 (0.007) -12.26 (0.02) -12.116 (0.008) -12.88 (0.02)
3B -3.254 (0.003)  -2.98 (0.03)  -2.78 (0.01)  -2.59 (0.03)  -2.15 (0.02)  -2.10 (0.01) -1.6 (0.1)
4B -0.09 (0.01)  -0.12 (0.03)  -0.21 (0.04) 0.07 (0.03) 0.17 (0.04) 0.20 (0.02) 0.77 (0.09)
Ejare (MBE) -13.95 (0.02)  -13.90 (0.08) -14.25 (0.06) -13.86 (0.07)  -13.70 (0.08)  -13.51 (0.04)  -13.5 (0.2)
Ea (PBC) -14.09,% -13.96 -13.86° -13.91° -13.725 -13.65° -13.545 -13.61°
Exp. lattice energy -14.07%7 -13.97%7 -14.05%87 -13.95%87 -13.74%87 -13.48%7 -13.31287
Exp. density (g cm™) 0.93 1.17 1.20 1.25 1.29 1.33 1.49

Table 6.3: Many-Body Terms and Lattice Energies (kcal/mol) of the Ice Phases Considered
in This Study Computed with the MB-pol Potential. Uncertainties in parentheses are
assigned based on the changes in the largest 20% of cutoff distances examined.

for ice Th were performed on a 3x3x3 proton-disordered supercell (N=324), the 4-body
term is calculated using a 2x2x2 proton-disordered supercell (N=96) due to the higher cost
associated with evaluating the 4-body term. Even though the total 4-body contribution
to the lattice energy is small (< 1 kcal/mol) for all ice phases examined in this study, it
requires numerous 4-body calculations to achieve a converged estimate. This is because
although individual 4-body terms are small in magnitude, their number is quite large, and

it may be necessary to be included in the total count to ensure accuracy.

For these reasons, the uncertainty in the total 4-body term is typically larger than for the
lower order terms in the expansion, especially in ice VIII, for which we see large fluctuations
with the value of the cutoff function. Despite this, the introduced MBE scheme for periodic
systems yields relatively small uncertainties in the lattice energy estimates with the largest
margin of uncertainty being ~1.5% of the lattice energy for ice VIII and the smallest margin
of uncertainty being < 0.2% for ice Th. We report the uncertainty to be half of the difference
between the highest and lowest n-body term value for the 20% of the largest cutoff distances

examined.

The many-body components of the lattice energies for the ice polymorphs considered
here computed using the MB-pol potential are organized in Table 6.3. The lattice energies
(kcal/mol) for each of the ice polymorphs are estimated as the sum of the 1-body through

4-body terms according to Eq. (6.6), averaging over the molecules in the unit cell. A
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Figure 6.5: A comparison of the lattice energies obtained with the periodic MBE method
(y-axis) versus the ones with a PBC implementation (z-axis) with the MB-pol potential
with an Ewald summation to capture the long-range interactions outside of a 9 A cutoff.?

comparison of the lattice energies produced from the MBE for periodic systems and the
ones obtained using PBCs is shown in Figure 6.5. In general, we find excellent agreement
between the two methods (periodic MBE vs. PBCs with Ewald sum), with the maximum
error of ~2% found for ice II. This demonstrates that this method adequately captures
long-range interactions without an additional correction to the energy. More specifically,
the longest cutoff necessary was 12-19 A for the 2-body term to obtain results within 1%
of the 2-body energy, computed at the maximum oxygen-oxygen cutoff distance of 45 A.
Naturally, this does not imply that the interactions beyond that point are exactly zero, but
rather that the distribution of terms sums up to a value that is close to zero. The agreement
between the lattice energies computed with the periodic MBE and with PBCs demonstrates

the success of this method in describing a solid-state property (lattice energy) through a
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purely fragmentation-based approach. It should be noted that using the MBE to obtain the
lattice energy with MB-pol (a classical potential) is not computationally more efficient than
the conventional method with PBCs. This is because the scaling of the 3-body and 4-body
terms exceeds the scaling of the MB-pol potential with increased system sizes. This idea has
been discussed previously,??! demonstrating that the scaling of the calculation method must
exceed that of the many-body term in order to observe a computational speed-up. That
said, the use of gold-standard electronic structure methods, which scale O(N®) — O(N7),
with the introduced method would significantly speed up the calculation, in comparison to
the full calculation with PBCs.

The excellent agreement between the two methods (MBE vs. PBCs with Ewald summa-
tion) suggests that the MBE for ice converges at the 4-body term, like that of water clusters.
The total 4-body contribution to the lattice energy estimates ranges from ~0.5-5.7% for the
7 ice phases examined here. We did not consider a 5-body term calculation as an accurate
estimate of this would likely be difficult to obtain. Because of the large number of 5-body
terms and the small magnitude of the 5-body energies, an attempt to compute the total
5-body contribution would likely be thwarted by numerical instability issues, as previously
discussed by Herbert and co-workers. 94 288,289

The many-body decomposition of the lattice energies provides additional insight into the
nature of the stabilizing forces for the various polymorphs of ice. It was noted by Pham et
al. that removing the 2B dispersion and short-range 3B components of the MB-pol potential
caused the relative stabilities of the polymorphs to change.® In this study, the many-body
contributions to the lattice energy were quantified for the first time. It was found that
the many-body (3B+) interactions varied significantly, contributing between 7-24% to the
total lattice energies. This further informs our understanding of hydrogen bonding and
differences in the nature of the stabilizing interactions for the ice phases across the phase
diagram.

In addition, it is possible that this method could be used to decompose other properties
of solid-state systems. For example, the total atomic gradients can be approximated from
the 1-body, 2-body, 3-body, and 4-body contributions to the atomic gradients (as previously

201

demonstrated),*”" making it possible to drive dynamics or optimize a unit cell structure.
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Furthermore, using this scheme, it is, in principle, possible to obtain higher order derivatives
(using finite difference) which could be used to calculate phonons of the crystal. However,

this functionality has not been implemented.

6.4 Conclusions

In conclusion, the extension of the MBE from finite to infinite periodic systems was intro-
duced for the first time. We illustrated the generalizability of this formulation in describing
the MBE for systems of arbitrary size, spanning from finite supercells to infinite periodic
systems. This established connection helped to validate the ability of the method to recover
solid-state properties such as the lattice energy. Importantly, only a fraction of the total
possible many-body terms is necessary to compute. These are determined solely through the
inherent translational symmetry of the periodic systems. The absence of screening protocols
in the proposed method could prove useful in applying it to optimize unit cell structures
and/or drive dynamics. In addition, this method can be applied to achieve high-level lat-
tice energy estimates using a hybrid electronic structure approach, which has already been
applied to crystalline benzene using a different strategy for the MBE of periodic systems.18
The decomposition of molecular properties into the ones of smaller subsystems effectively
combats the poor scaling of electronic structure methods by computing many independent
calculations for smaller systems, a trivially parallelizable process that can be used to effi-
ciently use hardware architectures with hundreds of thousands of processors. Lastly, this
method opens the door for calculations that are less compatible with standard PBCs, which
rely heavily on the perfect periodicity of a system. For example, since the subsystem cal-
culations are performed independently, it is possible to compute the formation energy of a
single point defect without the interactions with its periodic images. We believe that the
strengths of the proposed method have the potential to fill in gaps in other approaches used

for solid-state, crystalline systems.
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Chapter 7

ORIGINS OF TETRAHEDRAL ORDER IN ICE

7.1 Introduction

Ice has attracted significant attention from the scientific community due to its prevalence on

290,291 and the possi-

Earth (in ice sheets, permafrost, snowflakes), its anomalous properties,
ble existence of different ice polymorphs on planets that are stable at other temperatures and

pressures.?92:293 Currently, there are 20 experimentally observed polymorphs of ice existing

at different pressures and temperatures (Ih, Ic, 1I-XIX)?269271,271,273,276,279,280,294-299 y)q¢
including numerous proposed /hypothetical polymorphs only realized in simulations.300306
A commonality of all polymorphs is that they obey the Bernal-Fowler ice rules,?8® meaning

that they accept (A) two and donate (D) two hydrogen bonds from nearby water molecules,
leading to the AADD adjacency. The natural exception to this rule is the existence of
defects for which the Bernal-Fowler rules are violated (vacancies, Bjerrum defects, ionic
point defects, etc.).307 313 Furthermore, these polymorphs consist of both proton-disordered
phases (with an entropic contribution from Pauling’s residual entropy?®!* to the Gibbs en-
ergy) and their low-temperature proton-ordered analogs. Altogether, this results in the
solid portion of the HoO phase diagram being a complex array of diverse lattice structures
and hydrogen bonding configurations. It is anticipated that more stable ice configurations
302,315

could be discovered through the study of isomorphic zeolite structures and the use

306,316 317

of other theoretical methods (such as quantum Monte Carlo, molecular dynamics,

304,318 and first-principles phase diagram

basin-hopping methods with classical potentials,
calculations®?® to name a few), which all focus on predicting thermodynamically stable con-
figurations of ice.3' This detailed characterization of the ice phase diagram sparks interest
in understanding the origin of the physical interactions that drive the differing stabilities

of the various ice phases and are, thus, responsible for the complex layout of the ice phase

diagram. A more comprehensive understanding of the underlying physics governing the fun-
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damental interactions of the ice phases existing across different temperature and pressure
regimes in the phase diagram would contribute to our foundational understanding of hydro-
gen bonding in ice at the molecular level and can further aid in the discovery of additional
ice phases.

In this study our aim is to unravel the underlying factors responsible for the structural
features, such as the tetrahedral order, in various ice polymorphs across the intricate phase
diagram. We achieve this by breaking down the nature and strength of intermolecular inter-
actions, which are the determining factors in shaping the arrangement of water molecules
in the diverse ice lattices observed within the phase diagram. For this purpose, we rely on
applying the many-body expansion (MBE) of the energy of a hydrogen bonded ice lattice
that casts the total interaction as the sum of one- to n-body terms, where n is the size of the
system, to investigate their differing magnitudes across the ice phase diagram and correlate
them with the structural motifs that are characteristic of the respective structures.

The MBE of the energy of a finite cluster of water molecules is straightforward and
it has been previously extensively used to show that it converges to low order, namely
the 4-body term.? 94320 Its formal extension for a periodic system has only recently been

321 allowing, for the first time, a thorough account of the non-additive effects of the

reported,
lattice energies for the various ice polymorphs and their connection to the local structure.
Similarly to the finite cluster case, the lattice energy, Eiq,%2! can be cast (equation 1) as the
sum of contributions from the deformation energy (1-body energy), the pairwise interactions
(2-body energy), and the cooperative /nonadditive interactions (3- and 4-body), which have

been found to originate almost entirely from many-body induction,**% as

Elan ~ E1p + Eop + Esp + Eup (7.1)

While the pairwise (2-body) interactions in water clusters constitute the largest com-

ponent of the lattice energy, there are significant contributions from nonadditive interac-

27

tions, %4 a fact that has fueled the development of a series of accurate water potentials

aimed at closely reproducing the individual many-body terms,?%45-47,49,50,88,204,322 Tp) the

following we examine the relationship between the many-body non-additive terms and var-
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ious properties of the ice polymorphs such as the density, the local tetrahedral order,323 324

and the hydrogen bonded cycles in their extended network. We considered nearly all known
proton-ordered polymorphs, viz. the ice II, VIII, IX, XIII, XIV, and XV phases, along
with the proton disordered ice Th (snow, ice on Earth), which exist between 0-10 GPa in
the phase diagram (see Figure 7.1). The polymorphs are grouped based on the pressure

325,326 and they

domains at which they exist, see recent depictions of the ice phase diagram,
were selected in order to represent a wide variety of lattice structures across the phase dia-
gram. Ultimately, we aim to unveil the factors contributing to the different stabilities of the
ice polymorphs across the phase diagram and how their local and extended hydrogen bond
network influence this variation, thus shedding light on the structure-energy relationship
that governs the complex phase diagram of ice. We expect these results to aid in the future

discovery of stable polymorphs of ice while improving our fundamental understanding of

hydrogen bonding and cooperative effects across the ice phase diagram.

7.2 Computational details

The contributions of the various terms of the MBE to the lattice energy were obtained using

k.32! This method computes the many-body terms in

a method described in previous wor
real-space (without using the minimum image convention), enumerating only the unique
subsystems according to the inherent translational symmetry of the periodic system. The
convergence of the MBE terms was monitored with respect to the cutoff distance with the
uncertainty assigned based on the fluctuations in the estimates. We ensured that the MBE
for periodic systems up to the 4-body term (equation 7.1) matched the value of the lattice
energy obtained using conventional methods with periodic boundary conditions (with an
Ewald summation) with a maximum error of < 2%. All potential energy calculations were
performed with the MB-pol potential.®6:47

The orientational tetrahedrality order parameter (q) was computed following the method

324

outlined by Errington and Debenedetti®** (equation 7.2), which was modified from the

original formulation introduced by Chau and Hardwick:3?3
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Figure 7.1: The ice polymorphs considered in this study. The polymorphs are grouped
based on the pressures at which they are the thermodynamically most stable form of ice
(low-pressure to high-pressure).

3 4 1
D> (cos e+ 3)° (7.2)

1 k=j+1

3
f— 1 — —
q 8 <

J

The tetrahedrality was computed for each molecule in the unit cell, where ¢j; is the
O---0--- 0 angle between the selected molecule and each set of its two nearest neighbors,
indices j and k. The local tetrahedral order was computed using both the 4 nearest neigh-
bor (gnn) oxygen atoms (indices j and k) and also using the 4 oxygen atoms of the water
molecules participating in a conventional hydrogen bond (¢mp), for each molecule in the
unit cell. We used the definition of a hydrogen bond by Kumar et al., which utilizes r and

® (r: intermolecular O---H distance, ®: angle between the intermolecular O---H vector
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and the vector normal to the plane containing the molecule accepting the hydrogen bond)
as descriptors to determine whether molecules are participating in a hydrogen bond.32”
The non-short-circuited cycles were extracted from the graph structures of the ice poly-
morphs. The nodes of the graph represent an entire molecule and the directed edges repre-
sent the direction of the hydrogen bond. The hydrogen bonds were determined using the r-®
method outlined by Kumar et al.??” We note that we consider cycles to be short-circuited
if 14+ nodes connect any nodes in the cycle. If more than 1 node short circuits a cycle,
the minimal set of cycles are kept (to avoid counting cycles that encompass 2+ smaller
cycles). The cycle sizes found are in close agreement with those reported by Salzmann et
al.326 However, we find the n = 10 cycle in ice II and the n = 10, 12 cycles in ice XIII to be
short-circuited. The cycles were classified as homodromic (all molecules are acceptor-donor
or AD), antidromic (one molecule is AA, one molecule is DD, and the rest are AD), hetero-
dromic (all cycles that are not homodromic or antidromic). Examples of the connectivity of

homodromic, antidromic, and heterodromic cycles of 6 molecules are shown in Figure 7.4.
7.3 Results and discussion

The MBE (1- through 4-body) components of the lattice energy, evaluated at the experi-
mental density for the 7 ice lattice structures obtained from a previous work,3?! are listed
in Table 7.1. The reference lattice energy values Ej, (Exp.) in Table 7.1 for ice Ih, II,
VIII, and IX correspond to estimates at zero temperature and pressure and without zero-
point energy corrections reported by Whalley32® that were deduced from their experimental
values, even though these ice phases are thermodynamically most stable at different tem-
peratures and pressures. Therefore, the comparison between these values and the calculated
ones is direct. The temperatures at which the densities of the ice polymorphs were obtained
experimentally in previous works are noted in Table 7.1. As expected, the 1-body term
is repulsive (positive) as it corresponds to the deformation energy of the water monomer
from its gas phase geometry. Both the 2- and 3-body terms are attractive (negative values),
whereas the 4-body term is small (0.5% — 1.5% of Ej4) and attractive for ice Th, IT and IX
but of the same magnitude and repulsive for ice XIII, XIV, XV. Ice VIII stands out as an

exception with a larger repulsive (positive) 4-body term that accounts for 5.7% of Eju and
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will be discussed separately below. In the following we seek to identify correlations between
the structure and the non-additive components of the lattice energy in an effort to identify
descriptors that govern the properties of the diverse hydrogen bonded networks observed

across the ice phase diagram.

T Proton- FExp. Cyecl
e roten XI? Erar (Exp)®®  Bw MBE*Y  E15%1 Eyp®' E3p® E® gqvn qus ?/C ¢
polymorph  ordered  density sizes
¢ -13. -11. -3.254 -0.
Th No 09332 1407 395 0.75 50 325 009 1000 1.000 6
(0.02) (0.005)  (0.003)  (0.01)
-13.90 -11.39 -2.98 -0.12
X Yes  1.17277 -13.97 0.59 0.859 0.859 5,7,8
(0.08) 0.02)  (0.03)  (0.03)
-14.25 -11.75 -2.78 -0.21
I Yes 1208 -14.05 ’ 0.49 ™ v 021 0831 0831 6,8
(0.06) (0.01)  (0.01)  (0.04)
XIII Yes  1.2527 - 1886 0.55 e 29 00T o798 o798 B ®
(0.07) (0.007)  (0.03)  (0.03) 8,9
XTIV Yos  1.2927 - 1370 054 2B 0MT e o787 7.8
(0.08) 0.02)  (002)  (0.04)
XV Yes  1.33280 - 1351 0.50 MO 200200601 0691 4,8
(0.04) (0.008)  (0.01)  (0.02)
. -13.5 -12. -1. .
VIIT  Yes 14938  _1331 35 0.29 288 6 07T 5328 1.000 6
0.2) 002)  (0.1)  (0.09)

Table 7.1: Experimentally estimated and calculated properties of the ice polymorphs consid-
ered in this study. E,p represents the n-body contribution to the lattice energy (kcal/mol)
computed through the MBE with the value in parentheses indicating the estimated uncer-
tainty. Ejq (MBE) is the lattice energy computed using the sum of the 1-body through
4-body terms in the MBE, eq. (7.1).

We first investigate the relation between non-additivity and crystal structure. Figure
7.2 traces the percentage contribution of the many-body terms (1- through 4-body) to the
lattice energy versus the experimental density of each phase, which is related to the pressure
at which they are stable. Note that the 1-body term is repulsive (has positive values) and
exhibits the largest negative percentage (most repulsive) for the ice polymorphs having the
smaller density. Overall, all MBE terms (1- to 4-body) show a remarkable, nearly monotonic
variation with the density of the ice polymorph that is either positive (correlation) for the

1- and 2-body or negative (anti-correlation) for the 3- and 4-body. This finding suggests
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Figure 7.2: The relationship between the percentage contribution of the many-body terms
(1- through 4-body) to the lattice energy and the densities of the various ice polymorphs.
The results for the only proton-disordered phase considered (ice Th) are denoted by red x’s,
whereas the proton-ordered phases are represented by filled black circles.

that the ice polymorphs existing at lower pressures (lower densities) are stabilized more
strongly by nonadditive, cooperative interactions. Since the 3- and 4-body interactions in
aqueous systems have been shown to arise almost entirely from many-body induction with

44,45 we can therefore ascertain that the

very small contributions from 3-body dispersion,
low-pressure polymorphs of ice (such as ice Ih, IX, II) are stabilized more strongly by many-

body induction than the high-pressure ones (i.e., ice XIV, XV, VIII). These contributions
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from many-body induction range from 6-25% of the total lattice energy, depending on
the polymorph. In addition, the polymorphs exhibiting larger cooperative effects (and
smaller pairwise additive contributions) generally have larger lattice energies, a fact that
demonstrates the importance of the former (non-additive contributions) in stabilizing the
ice forms (cf. Table 7.1). These relationships demonstrate how the nature of the interactions
changes as pressure is applied (resulting in an increase in the density and a change in the
unit cell structure) and could serve as a guide for the determination of new stable ice forms.

To this end, cooperative effects can be thought of as a descriptor of the density (observ-
able) of ice polymorphs with the two exhibiting a negative correlation (anti-correlation).

The orientational tetrahedrality order parameter3?®3%4 (q) is also listed in Table 7.1 for
the various ice phases. The value of ¢ ranges from 1 (orientation of nearest neighbors around
a selected molecule is perfectly tetrahedral, viz. all O---O---O angles are 109.5°) to 0 for
a stochastic distribution of the O---O--- O angles of the nearest neighbor molecules. Note
the large range of ¢ values (0.328 — 1.00) across the ice phase diagram in Table 7.1. The
conventional definition of the q parameter is based on the O---O--- O angle of the oxygen
atom of a given molecule with the four oxygen atoms of its nearest neighbors. However, it
is also of interest to define an order parameter based on the four molecules that participate
in a conventional hydrogen bond (using the 7-® definition described by Kumar et al.327)
with the central molecule. We will denote the originally defined tetrahedral order parameter
(eq. (7.2), calculated using nearest neighbors) as gyn and the modified tetrahedral order
parameter (calculated using molecules participating in conventional hydrogen bonds) as
qu - For nearly all the ice phases considered here gyn and gy p are the same with the sole
exception of ice VIII, the highest-pressure phase considered in this work. The discussion
regarding the different q values for ice VIII is presented in detail in the next section.

The many-body (3- and 4-body) terms comprising the lattice energies correlate nearly
linearly with the respective local tetrahedral order of the ice polymorph (Figure 7.3, left
panel). The phases with high tetrahedral order values (¢ close to 1) are associated with the
strongest (in excess of 20%) nonadditive contributions to their lattice energies. While this
almost linear correlation between local tetrahedral order and cooperativity is intriguing, the

local structure alone is not the driving force for the strong cooperative effects. As it will be
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Figure 7.3: (Left) percentage contribution of the 3- and 4-body terms to the lattice energy
versus the orientational tetrahedrality order parameter (q); (right) tetrahedral order g as
a function of the density of the polymorph. The dimer configuration of C; symmetry in
ice VIII is highlighted with a green border. Solid circles and x’s denote the two different
definitions of ¢ (see text).

shown later, it is the connectivity determined by the extended hydrogen bond network that
plays a critical role in the observed effect. The analysis of the role of the extended hydrogen

bond network in inducing cooperativity will be the focus of the subsequent section.

The above results suggest that cooperative effects can be thought of as a descriptor of
the tetrahedral order (observable through structure determination) of ice polymorphs with

the two exhibiting a positive correlation.

We have so far discussed the correlations between the many body effects with each of
the density (negative correlation or anti-correlation) and local tetrahedral order (positive
correlation). It stands to reason to examine the correlation between the last two, viz. the
density and the local tetrahedral order. Both these two quantities have been experimentally
measured, and despite the fact that the data needed to determine the relation between these
two are readily available, to the best of our knowledge their correlation has not been reported
previously. For supercooled liquid water, a correlation has been reported, albeit at a much
smaller range of densities (approx. 0.95-1.08 g cm™3) and ¢ values (approx. 0.5-0.9).33°

Using the available experimental data (with ¢ derived from the unit cell structure that
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is obtained via X-ray measurements) we construct the right panel of Figure 7.3 showing
the relationship between ¢ and the experimental density of the ice polymorphs. Because
of the interlocking ring structure of ice VIII, two of the nearest neighbor oxygen atoms
are participating in two highly non-linear hydrogen bonds (highlighted in green in Figure
7.3), a configuration that corresponds to a stationary point of C; symmetry on the water
dimer potential energy surface (PES) as described by Burnham and Xantheas,?? in addition
to four conventional, near linear hydrogen bonds (reminiscent of the global minimum on
the water dimer PES). Because the molecules in ice VIII each participate in 6 hydrogen
bonding interactions, ice VIII is a special case and will be discussed in detail. Examples of
the respective tetrahedral Walrafen pentamers®3! for the different ice polymorphs are shown
within the right panel in Figure 7.3. Note that some phases have molecules in the unit cell
with quite different local tetrahedral orders. For example, ice XIV has some molecules in
the unit cell with nearly perfect local tetrahedral geometries and others with low values
of tetrahedral order. This variation in ¢ is denoted by the error bars, which represent the
standard deviation of the tetrahedral order parameters across the entire unit cell for each
ice phase.

The results shown in the right panel of Figure 7.3 demonstrate that as the density of the
polymorph increases, the local tetrahedral order, gyn and qpp (with the exception of ¢y p
for ice VIII), decreases, viz. there exists an anti-correlation between the two. That is, while
the Bernal-Fowler rules impose that the molecules in ice participate in four conventional
hydrogen bond interactions, the O--- O--- O angles defining the orientation of the molecules
around one another can deviate significantly from 109.5°. Intuitively, it makes sense that for
the water molecules to stay 4-coordinated under high pressure, the local order must distort.
For example, in ice XV, which has the smallest qg 5 value, the O--- O- - - O angles have values
of 129-130° and 91-92°. The only polymorph among the ones considered with a truly perfect
tetrahedral local environment is ice Th, in which all O---O--- O angles are ~109.5°. Ice VIII
may also be considered perfectly tetrahedral according to the gy p definition (qzp=1.00, see
Table 7.1 and blue “x” symbol in Figure 7.3). However, when considering the ¢y definition,
its local structure deviates significantly from the perfect tetrahedral order (gyn=0.328).

The above analysis of the experimental data suggests that the local tetrahedral order in ice
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is anti-correlated with the density.
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Figure 7.4: (a) The ratio of cooperative effects [E(3B+4B)] to pairwise effects [E(2B)] for
heterodromic (left), antidromic (middle), and homodromic (right) hydrogen bonded cycles
in the ice polymorphs colored according to the polymorph, (b) The distribution of the ratio
among the 3 distinct networks for the various ice phases.

Given the previously discussed correlations / anti-correlations between structural and
energetic properties that are found in different ice phases, we seek to further understand and
attribute the coupling of these relationships through a common feature of the underlying
hydrogen bond network. We consider the hydrogen bonded cycles as the unifying feature
between structure and energy correlations due to the previously established strong coop-
erative effects existing in homodromic rings of gas phase clusters, in which each molecule
accepts one and donates one hydrogen bond.?® The various ice phases have differing num-
bers of cycle sizes and cycle counts,??® with the exception of ice Ih and ice VIII, which
both contain only 6-membered rings (cf. Table 7.1). As a consequence, the unique local
tetrahedral orders (¢qmp) of various ice polymorphs give rise to differing extended networks.

We extracted the hydrogen bond cycles from the extended ice networks and computed the

many-body expansion of their binding energy. It should be emphasized that the cycles in
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the ice lattices differ markedly from the respective gas phase ring local minima, both in
terms of binding energies as well as structure / connectivity. Figure 7.4a shows the relative
contribution from cooperative effects against the pairwise additive contribution for each of
the cycles extracted from the ice phases against the cycle size. These networks are cate-
gorized in 3 distinct groups, namely heterodromic, antidromic and homodromic networks.
The connectivity of these networks for the n=6 cycles is shown on the top of Figure 7.4b,
which enumerates the distribution of the [E(3B + 4B)]/[E(2B)] ratio among the 3 dis-
tinct networks for the various ice phases. Large positive values of this ratio indicate strong
cooperative (favorable) effects while large negative values indicate strong anti-cooperative
(unfavorable) effects for the cycles. Figure 7.4 demonstrates that the n = 5, 6 homodromic
cycles in ice have the strongest relative cooperative effects. The ice phases that contain these
cycles are ice Ih (cyan points), ice II (brown points), and ice XIII (pink points). We also
note that the three naturally occurring clathrate hydrate lattices (sI, sII and sH) contain
mainly 5- and 6-membered rings.33?333 The n = 7, 8 antidromic cycles of ice IX (purple
points) and n = 7 homodromic cycles of ice XIV (gray points) have the next largest relative
cooperative effects.

It is found that cycles of a particular size n can exhibit a wide range of many-body effects
(cf. Figure 7.4a). For example, for n=6 the ratios of cooperative effects to pairwise additive
effects span the range of -0.3 to +0.4. This is largely due to the hydrogen-ordering for a
particular cycle (i.e., homodromic vs. antidromic vs. heterodromic) and the interatomic
O--- O distances in the cycles. The cooperativity is very sensitive to the O---O distance
with smaller O- - - O distances being stabilized by stronger cooperative effects. Despite being
the highest-pressure phase of ice considered in this study, ice VIII has the largest O---O
distance between molecules participating in a hydrogen bond, due to the interlocking cubic
ice networks. This is why the cooperative effects in ice VIII (R(O---O) = 2.97 A) are
much smaller than those in ice Th (R(O---0) = 2.75 A) despite having the same qgp and
consisting of solely 6-membered hydrogen bonded cycles.

Figure 7.4b demonstrates that the homodromic cycles (blue) have the largest many-body
effects, as already established in the literature,”* followed by antidromic cycles (green) and

then heterodromic cycles (orange) which tend to have weak or repulsive many-body effects
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(anti-cooperative). The ice polymorphs have either only antidromic cycles or a mixture of
homodromic, antidromic, and heterodromic cycles. For example, for the proton-disordered
supercell (n = 324) of ice Th with a net zero dipole moment, the cycles consist of 18.0%
homodromic, 64.7% antidromic, and 17.3% heterodromic arrangements. Ice II, XIII, and
XIV also have a mixture of homodromic, antidromic, and heterodromic cycles whereas ice
IX, XV, and VIII have only antidromic cycles. In addition, the low-pressure phases (top of
Figure 7.4b) exhibit cycles with much stronger relative many-body effects in comparison to
the high-pressure phases (bottom of Figure 7.4b), supporting the idea that the cooperativity
of the hydrogen bonded cycles in an ice phase is indicative of the strength of cooperative
effects contributing to the total lattice energy.

The above analysis demonstrates the connection between the local tetrahedral order and
the resulting cycles in the extended hydrogen bond environment, with the highly tetrahe-
dral local environments having many 5- and 6-membered rings. The cycles, in turn, exhibit
varying contributions from cooperative effects with 5- and 6-cycles allowing for the greatest
many-body contributions. As already established in the literature, homodromic rings have
notably strong cooperative effects and are found to exist in ice Th, II, XIII, and XIV. Ulti-
mately, this demonstrates the connection between the local tetrahedral order, the cycles that

it gives rise to, and the resulting impact on the magnitude of the many-body interactions.
7.4 Conclusions

The MBE analysis of the lattice energies of various ice polymorphs has established quantita-
tive relationships between the contributions to the lattice energy from many-body induction
(3-body and 4-body components of the lattice energy) and the density (pressure), at which
the phase exists, as well as the local tetrahedral order. Cooperative effects are crucial in
the stabilization of the ice polymorphs, contributing almost 25% of the total lattice energy
for the most stable ice phases (ice Th/XI) but only a mere 6% for the least stable ice phase
considered (ice VIII), despite the latter having the strongest 2-body component of the lat-
tice energy out of all the ice polymorphs. Nonadditive effects show a positive correlation
with the local tetrahedral order (correlation) but a negative one with the density of the ice

phase (anti-correlation). Additionally, the density and local tetrahedral order exhibit a neg-
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ative correlation (anti-correlation). While only requiring the crystal structure to compute
the tetrahedral order, to the best of our knowledge the anti-correlation between the local
tetrahedral order and density has not been previously reported in the literature for ice.

The finding that cooperative effects were the largest for structures with a nearly per-
fect local tetrahedral order (as in ice Ih/XI), containing a large number of 6-membered
hydrogen-bonded cycles, provides a better understanding of the connection between struc-
ture and stability. This lends insight into the physical origin for the nearly perfect tetra-
hedral structure in the most stable phase of ice (Ih/XI), which has not been previously
discussed. The interlocking cubic ice networks in ice VIII result in longer O--- O distances
between near linear hydrogen bonds, which greatly reduces the nonadditive effects for these
networks, despite containing only 6-membered rings in its hydrogen bond network. Because
of this, the two definitions of local tetrahedral order are quite dissimilar, viz. qgp=1 and
gnn=0.3. In addition, ice VIII could arguably be considered 6-coordinated (rather than 4-
coordinated) since it participates in two additional interactions (C; dimer3?) with 2 nearest
neighbor molecules in the opposite hydrogen bonded network. These additional hydrogen
bonded interactions strengthen the 2-body component of the lattice energy for ice VIII.

Ultimately, the 3-way relationship between the density of the polymorph, the magnitude
of cooperative effects, and the local tetrahedral order provides rationale for the structure-
stability relationship that governs the ice phase diagram, as shown in Figure 7.5. The
hydrogen bonded cycles in the ice phase demonstrate the connection between the local
tetrahedral structure and the resulting cooperative effects, with 6-cycles maximizing the
cooperativity (as in ice Th/XI). The most common in everyday life, ice Ih, exhibits near
perfect tetrahedral order and the largest cooperative effects that are induced by the hydrogen
bonded cycles.

Although assigning causality between local structure and non-additive effects seems am-
biguous, energetic stability (more precisely, thermodynamic stability) determines the stable
polymorph at a particular pressure and temperature. While it is possible for additional,
higher energy structures to be formed, these represent metastable states rather than the
true minimum energy structure. Therefore, we reason that the strong cooperative effects

(associated with the most stable lattice energies) induce the near perfect tetrahedral order in
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Effects

Figure 7.5: Correlation (blue arrows) and anti-correlation (orange/blue arrows) between
the pressure/density of the various ice phases, the corresponding local tetrahedral order,
and the cooperative (non-additive, 3- and 4-body) effects. The last two are correlated via
hydrogen bonded cycle size and connectivity.

the structure of ice Ih. The strong cooperative effects also stabilize shorter O- - - O distances.
Without this observed effect, ice Th would exist at an even smaller density (larger volume).
We expect that these findings will inform the discovery of additional stable polymorphs of
ice while also offering a new perspective on hydrogen bonding patterns and their stabilities

across the ice phase diagram.
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Chapter 8

CONCLUSIONS AND OUTLOOK

The preceding chapters demonstrated the usefulness of the MBE in understanding the
nature of interactions and also guiding intermolecular potential development. The vast
majority of the work was applied to aqueous systems and ice, which have strong many-body
interactions. Aqueous ionic clusters exhibited strong many-body interactions that were
sensitive to the location and the identity of the ion. While this alone presents a challenge
for interaction potential development, it was found that a classical induction and dispersion
model accurately described the 3-body and higher interactions for pure water and ion-water
systems. For aqueous systems, it was found that induction was the largest contributor to
many-body effects (up to -8 kcal/mol) while dispersion contributed only a small amount
(up to 0.2 kcal/mol). This is due to water’s large molecular dipole moment, which strongly

affects the charge distribution of nearby ions and molecules.

The model describing the interaction between pure water systems was improved by de-
veloping distributed multipole and distributed polarizability surfaces, which allowed the
representation of the charge distribution and polarizability to change as a function of wa-
ter’s intramolecular degrees of freedom. While this was shown to be important for the
accuracy in the case of water, it may vary for other solvents depending on the amount of
their intramolecular distortion. A major benefit of the induction model is that it is transfer-
able, only relying on parameters obtained from cheap ab initio calculations of the isolated
fragments. Machine learning-based potentials, on the other hand, fit the many-body terms
as a function of interatomic distances. That said, the higher order many-body terms pose a
significant challenge for these methods due to the increasing number of degrees of freedom
to sample and computational cost of obtaining the high-fidelity data. To this end, classical
models based on an induction scheme can greatly simplify the development of highly accu-

rate potential energy surfaces for molecular systems by providing accurate estimates for the



118

3- and higher many body terms.

While the application of the MBE to finite systems is well-defined, its extension to pe-
riodic systems is less straightforward. The MBE was formulated for periodic systems by
systematically enumerating the translationally-unique subsystems. This method was ap-
plied to 7 ice polymorphs, demonstrating excellent agreement with results obtained using
periodic boundary conditions (PBCs) with the minimum image convention. The polymorphs
of ice presented a challenging test case due to the long range dipole-dipole interactions that,
in turn, induced larger many-body effects. Furthermore, the many-body components of the
lattice energy provided insight into the nature of the stabilizing interactions. It was found
that the ice polymorphs were stabilized by differing amounts due to many-body induction.
The polymorphs existing at low-densities (low experimental pressures) were shown to ex-
hibit the largest 3- and 4-body interactions and, thus, were stabilized mainly by many-body
induction. For ice Th, the cooperative effects (3-body + 4-body) contributed nearly 25%
to the total lattice energy. Conversely, for the the high-density (high experimental pres-
sure) polymorphs, the cooperative effects accounted for only about 6% of the total lattice
energy. Furthermore, polymorphs that exhibited a perfectly tetrahedral local order were
stabilized most strongly by cooperative effects. These structures also contained more 5-
and 6-membered homodromic hydrogen bond cycles, which contribute strongly to this ef-
fect. Ultimately, a 3-way relationship was established connecting the density (experimental
pressure) of ice, the local and extended structure, and the cooperativity of the stabilizing
forces. Importantly, this connects experimental conditions with the resulting structure of
the polymorph and the nature of the stabilizing interactions, providing valuable insight into
the organization of the ice phase diagram.

The extension of the MBE to periodic systems introduces a framework for accelerating
the calculation of accurate lattice energies of molecular crystals using high level ab initio
methods. Ongoing work is focused on applying this framework to numerous molecular
crystals. As was shown in previous work by Heindel and Xantheas,??' the scaling of ab
initio methods can be circumvented to some extent by calculating the energies and gradients
of small subsystems, rather than the full system. The MBE was employed in a previous

study?®! to obtain the n-body components of the forces. In that work, it was shown that the
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1- through 4-body contributions to the intermolecular forces sufficiently recovered dynamical
and spectral features of the cluster (in comparison to the full calculation). Current work
involves applying similar ideas to molecular crystals in the DMC-ICE13334 and X23335-337
datasets using the MBE for periodic systems. The X23 dataset is a particularly challenging
application due to the large molecule sizes (i.e., anthracene with 14 carbon atoms).

The above work informs our understanding of the nature of intermolecular interactions,
providing a pathway for the development of low-cost (yet highly accurate) interaction poten-
tials. In addition, it can help to accelerate the calculation of CCSD(T)-level lattice energies
directly by leveraging the MBE to expand the many-body contributions to the correlation
energy. This method has the potential to achieve a speed-up of several orders of magnitude
in comparison to the conventional full system calculation, which is currently unattainable.
As a whole, this work helps to close the gap in system sizes that can be accessed with a
high-level of accuracy, thus providing confidence in computational predictions of materials

and their properties.
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