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Frequency Response Simulations and Tests of an Aeroservoelastic Wind Tunnel Model

Alison Zongolowicz

Chair of the Supervisory Committee:
Professor Eli Livne
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The development of active controls has the potential to provide weight savings, cost savings, and
safety enhancements for many types of aircraft. With the creation of an aeroservoelastic wind tun-
nel model and testbed, the William E. Boeing Department of Aeronautics and Astronautics now has
the capability to test active controls on representative flexible aircraft configurations. Simulations
of the aeroservoelastic model, validated by experimental data, advance the field of active controls
by establishing reference test cases that are ready for testing alternative active control laws. This
thesis focuses on frequency response simulations that use inputs from a NASTRAN Finite Ele-
ment Model to create a state-space representation that aids in modern control law design for Active
Flutter Suppression. Two analytical-numerical methods for finding the frequency response of the
model are used and compared to one another as well as to experimental data to produce a full

aeroservoelastic wind tunnel model test case.
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Chapter 1

INTRODUCTION

1.1 Background

Aeroelasticity involves the interaction of steady and unsteady aerodynamic forces and the structural
dynamics of aircraft. Within aeroelasticity, flutter is a self-excited instability driven by the interplay
of structural deformations and corresponding aerodynamic loads. Flutter can be categorized based
on type and intensity of how stability is lost. The most severe types of flutter can have catastrophic
effects. Explosive divergent flutter is caused by a slight increase in speed, which can change the
stability of the aeroelastic system from very stable to highly unstable. This can lead to airframe
failure within a fraction of a second. Since flutter deals with a loss in stability and can sometimes
lead to failure, aircraft are typically designed to have flutter far beyond their flight envelopes.
In order to meet this requirement, the airframe must have certain structural dynamic properties,
which often mean increased weight. However, if active controls can be allowed to stabilize flutter
mechanisms within the flight envelope, then the airframe may be designed to be lighter in weight,
leading to major benefits.

Active controls have been heavily researched in the recent years within the aerospace field. This
includes a number of categories that have already been certified and are in use, including maneuver
load control, gust load alleviation, active ride comfort systems, and systems for desired and safe
handling qualities. The type of active control that would suppress flutter within the flight envelope
is known as Active Flutter Suppression (AFS). AFS works to suppress instabilities associated with

flutter through the closed-loop action of control surfaces. Potentially catastrophic consequences of



AFS failure and the unstable nature of the uncontrolled system are among the many challenging

problems which must be addressed for AFS systems before their benefits can be fully realized.

1.2 Motivation

The principal benefit of AFS is weight savings. The ability to design the structural aspects of an
aircraft without ”pushing” flutter to be outside the flight envelope allows for structural optimization
to reduce airframe weight. These weight savings lead to better efficiency, and, because of the
relaxed constraint on the flutter region, would allow for more versatility in airframe design.
Weight savings may be a significant benefit resulting from the inclusion of AFS at the start of
the design of an aircraft. However, AFS can also be beneficial to remedy aeroelastic problems that
arise late in development, where typical passive modifications are not cost or schedule acceptable.
Still, challenges presented by aircraft dynamics, control law synthesis, math modeling, testing, and

certification are preventing AFS technology from being fully realized.

1.3 Challenges

One of the first challenges involved with AFS is the accuracy of the math model that represents
the system dynamics. For example, capturing static aeroelastic effects on dynamic aeroelastic be-
haviors is a problem when formulating the equations of motion of the aircraft. Typically such
effects are accounted for in the field of 6 degrees of freedom flight dynamics by static aeroelastic
corrections of aerodynamic stability derivatives, where the corrections and stability derivatives are
determined through simulations. Advances made in finite element modeling and unsteady linear
aerodynamics have contributed to the capability to model deformable airplanes in flight, including
their 6 degree-of-freedom (DOF) rigid body” motions and the elastic deformations. The rigid
body / elastic deformation motions are typically modeled, using a Lagrangian approach, by a su-
perposition of pre-selected deformation mode shapes. Thus both static and dynamic aeroelastic

behaviors can be accurately captured by the resulting math models.



Now, from a control law synthesis perspective mathematical models of the “plant” to be con-
trolled should, desirably, be as low order as possible. For AFS, making sure that all important static
and dynamic aeroelastic modes of behaviors are accurately captured in a reduced-order model is
essential to the development and validation of appropriate controllers.

Along with challenges in the synthesis of the AFS control law, there are also challenges due
to the integration of AFS with other active control systems on an aircraft. If not adequately con-
sidered, interference between different control systems on an aircraft can have unfavorable effects.
Historically, strong interactions between control systems of deformable flight vehicles have been
prevented due to differences in the frequency bands in which the different control laws operated
and due to hardware limitations such as frequency response, power, and rate limitations of actua-
tors. Relatively slow actuators were sufficient for controlling rigid-body dynamics of the aircraft
when lowest frequency modes of vibration were much higher in frequency than the flight dynamic
poles of the “rigid” airplane. Such control systems were consequently incapable of interfering
with relatively fast dynamic aeroelastic modes of behavior. The development of fast actuators and
actuation mechanisms has allowed actuation to affect higher frequencies that correspond to “’fast”
aeroelastic motions instead of just rigid-body motions. This means that active controls may unin-
tentionally excite modes and lead to undesirable dynamic aeroservoelastic behavior. At the same
time, the availability of fast actuators has made AFS, and the synthesis of control laws to stabilize
higher-frequency modes of behavior of the elastic vehicle possible.

Because of potential dangerous aeroservoelastic interactions and because AFS system failure
can result in catastrophic events, one of the largest challenges that the application of AFS tech-
nology faces is certification, which means: safety and reliability. Active control systems certified
on aircraft today (such as maneuver load control and gust load alleviation) meet redundancy and
reliability requirements with demonstrated probability that is acceptable for aircraft safety. Such
certification requirements are more difficult in the case of AFS due to the catastrophic nature of

flutter. For example, if divergent flutter were involved, failure of any part of the AFS, unless enough



redundancy in the system guarantees compensation for such failure, may result in airframe failure
that occurs too quickly for corrective action to be taken by a flight crew. AFS systems may seem
currently as most acceptable if they suppress self-sustained aeroelastic behaviors of the very mild
instability nature or limit-cycle oscillations (LCOs) with amplitudes of acceptable magnitude. the
challenges that AFS technology maturation faces motivate more research and development in this

area . For a thorough recent review of the field of AFS, see [/1]].

1.4 Needs and Contributions

The importance of testing, in the wind tunnel and in flight, of aeroservoelastic systems cannot
be overstated. Even though miniaturization of actuators, sensors, and computing equipment has
made the construction and flight tests of research unmanned aerial vehicles (UAVs) more practical
than ever before, wind tunnel tests are still extremely valuable because of the possibility of tightly
controlling test conditions and accurately measuring test results, and because, in the case of small
wind tunnel models in small research wind tunnels, of the low cost and low risks involved. Wind-
tunnel model and test information and results made available to the technical community would be
valuable in contributing to the research required to develop design and analysis methods for AFS
and for active control flight control in general.

Also beneficial would be a widely accepted formulation of the aeroservoelastic equations of
motion (EOM), establishing consistency in “plant” modeling for active control synthesis. Such
EOMs should be general and allow integration with industry standard modeling tools.

Comprehensive aeroelastic/aeroservoelastic reliability/uncertainty analysis methods and capa-
bilities are also important to the safety and performance of such systems. Beyond guaranteeing
safety, such methods deepen the understanding of the performance and multidisciplinary interac-
tions of the complex aeroservoelastic systems involved. They can also help guide the establishment
of required safety margins.

Finally, a great deal of effort still needs to be made in the area of control law design and imple-



mentation. This effort needs to focus on overcoming the challenges associated with safe operation
of AFS systems, such as control of multiple flutter mechanisms, robustness in the face of uncer-
tainty, avoidance of undesirable aeroservoelastic interactions, reliability, and costs.

This work will contribute to the state of the art in aeroservoelastic modeling for control syn-
thesis by developing simulations for the frequency responses of a flexible wind tunnel model,
designed, built, and tested at the University of Washington, and by comparing simulation results
to experimental data. The wind tunnel model is described in Chapter 4l References [2] and [3]]
describe the work done by the University of Washington’s team to date.

The simulations developed accept any control surface as the input and have any sensor mea-
surement as the output. For purposes of this work, the focus is on an input from the elevator of
the wind tunnel model to an accelerometer located at the wing tip of the wind tunnel model. The
simulations developed generate frequency response functions based on structural and unsteady
aerodynamic data extracted from a NASTRAN finite element model and on user-defined inputs.
By developing such simulations for an aeroservoelastic model that can be compared against wind
tunnel experimental data, this work contributes to addressing the need for increased confidence in
analysis and design capabilities required for AFS development. Using the industry’s widely used
NASTRAN for generating structural and aerodynamic data the work presented here can be applied
to any aeroservoelastic wind tunnel model or any actively controlled airplane in flight.

One of the mathematical formulations used here leads to an aeroservoelastic state-space repre-
sentation. Since modern control law synthesis is widely based on this type of representation, the
formulations developed and tested here create the foundation of aeroservoelastic plant modeling

for modern AFS control law synthesis.






Chapter 2

MATHEMATICAL MODELING OF FREQUENCY RESPONSE
METHODS

Two different analysis methods are developed and compared for finding the frequency response
for various control surfaces as inputs to any particular sensor as an output. A list of common

variables used throughout these derivations are described in Table [2.1}

Table 2.1: Equation variable descriptions.

Variable Description
w Frequency (radians per sec)
[M] Generalized mass matrix
(K] Generalized stiffness matrix
qp Dynamic pressure
[A] Generalized unsteady aerodynamic matrix

Imaginary unit

k Reduced frequency
{¢} Generalized displacements vector
s (subscript) Structural DOF

¢ (subscript) Control motion DOF




2.1 Second-order Method

To begin, the Fourier-transformed equation of motion is written as follows:

[—w?[M] + [Kss] = ap[Ass(GF)]] {as} + | — & [Mac] + [Ke] — ap[Ase(7F)] | {a:} = {0}
2.1

For control surfaces that are free to rotate about their hinges, except for the torque provided
by actuators: [K,.] = [0]. For the particular system tested in this work (see later sections about
its design and construction) we also assume that [M,.] = [0], although the simulation capabilities
presented here can easily accept any [M,.]. transfer functions simulated and measured in this work
use unit control surface input amplitudes of 1°, and therefore, in the case of one control surface,

g. = 1. This simplifies the equation of motion for the case studied here to

[_W2 [Mss] + [Kss] — 4D [Ass(]k)u {QS} = QDAsc(jk) (22)

From equation (2.2), the generalized displacements, {¢;}, can be found.

{QS} - I:_w2[MSS] + [Kss] - QD[Ass(jk)H_l QDAsc(jk) (23)

The displacement in any out of plane z-degree of freedom, z,.. at the point where an accelerom-

eter is installed can be determined for any frequency.

Zacc<w) = {C}T{QS} (24)

where {c} is a vector made up of the contributions, by superposition, of mode shapes, ¢, to the

z-dof motion at the point where the accelerometer is located.

( 3

b1

(=1 " 25)

(bnl



And so, the acceleration, a,.., can be calculated at each frequency using the vertical displace-

ment.

aacc<w> = _WQZacc (26)

To account for structural damping in the system, a diagonal matrix, [G], of structural damping

coefficients, g, 1s multiplied by the generalized stiffness matrix of the system and added to the

equation.
[_W2 [Mys] + [G][Ks] — qp [ASS(]k)H {as} = aplAsc(Gk){qc} (2.7)
where ~ -
1+ jgstl 0 NN 0
0 1+ jge, .. 0
] = I (2.8)
0 : 0
i 0 0 e 14 jgstn i

So, equation becomes
{0} = [~w’[Mu] + [Gl[Ku] — an[Au(GR)]] " apAsc(Gk) (2.9)

And again, equations can be used to find the acceleration at location of interest. To
integrate the actuators into this second-order method, the transfer function of the actuator is multi-
plied by that from the frequency response of the actuator to accelerator. The sensors are added in
the same manner. The accelerometer transfer function is also multiplied by that from the frequency

response with the actuator integration.

2.2 First-order Method

For the development of a standard linear time invariant (LTI) state space model of the aeroservoe-
lastic system a Rational Function Approximation (RFA) (specifically, the Roger approximation) of

the aerodynamic matrix must be found.
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2.2.1 Roger Approximation

The Roger approximation is used to create a Laplace transform of the aerodynamic matrix, ex-
tending unsteady aerodynamic terms that are available for simple harmonic motions to the Laplace
domain near the imaginary axis. We begin with a Fourier transform of the [A(jw)] matrix which

uses real [P| matrices and real aecrodynamic lag roots, 3, for a series of aerodynamic lag terms.

P+ —L [P +...  (2.10)

[A(jw)] = [Po] + jw[P1] — w?[Py] + o+ By

Jw
Jw+ b
Using the relationship between frequency and reduced frequency,

jw = jk— 2.11)

where U is the airspeed and b is the semi-chord, the approximation of the aerodynamic matrix

can be described as

.- U o (U jk gk
AGR) ~ R+ 1P -8 (F ) [P+ il o hipl @

This can be redefined as

Jk 5 Jk 5

[AGR) = [P +3(P] = (P + (Pl + 2 PI . @I3)
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where
[Po] = [Py (2.14)
_ U
[P1] = [Pﬂg (2.15)
2
[Py] = [P] (%) (2.16)
[Ps] = [P (2.17)
[134] = [Py] (2.18)
(2.19)
B = 51% (2.20)
_ b
[ = 525 (2.21)
(2.22)

By using a least squares approximation, the [P,] matrices can be evaluated term by term, fitting
the rational function approximation to tabulated unsteady aerodynamic matrices given over a range

of reduced frequencies. For the m, n term:

2 T ¢ \
k2 k2 -

0 —k¥ = iz ... P, ., ( )
Ki+61 k45 o Re(Amn(jk1) — Amn(ko = 0))
2 0 k1By Mby P 7
1 v R 2 Im (A (k1))
: . .. pgm n > ~ mm
0 g2 K P Re( A, (jkn) = Amn(ko = 0))
k. wip mlm o Am.n
nth1 nTP2 Im(Am,n(]kn))
b 0 dul kbe s ‘ '
| n k2482 k2452 4 X 7
(2.23)

After the [P] matrices are determined, the [P] matrices can be found and (based on analytic
continuation from the jw axis to the Laplace domain s ) an approximation in the Laplace domain
is described as follows:

S

[A()] = [Bo] + [P + °[P2] + -

[Ps] + [P+ ... (2.24)

5+ B2
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where s is the Laplace variable.

2.2.2 State-Space Formulation

The aeroelastic equations of motion and the actuator dynamics must be integrated into a standard

state-space representation, as shown below.

= Ar + Bu (2.25)
y=Cz+ Du (2.26)

Aeroelastic Plant

For the state-space representation of the aeroelastic plant without actuator dynamics, the equations
of motion, including structural dynamic and unsteady aerodynamic effects, have to be brought to
standard state space form.

To begin, the equations of motion are written in a partitioned form for the structural generalized

displacements and forced control surface motions.

[Mss] [Msc] 82+ [Css} [Osc] s+ [Kss] [Ksc} P [Ass(s)] [Asc(s)] {QS} —0
[Mcs] [Mcc] [Ccs] [Ccc] [Kcs] [ch] [Acs (S)} [Acc (S)] {QC}
(2.27)

The equations above use a structural viscous damping math model ( the matrix [C] ) and they
do not include the effects of external forces on the system such as gust loads. Focusing on the
structural DOF equation of motion yields the following equation for the case of a single control

surface input:

[[M35]82 + [Oss]s + [Kss] - qD[ASS<S)]:| {QS} + [Msc]s2 + [CSC]S + [Ksc] - qDASC(S) qc = 0.

(2.28)
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We now use the Roger rational function approximation of the generalized aerodynamic matri-

ces. The number of terms in this equation is determined by the number of aerodynamic lag terms,

Bn.

S S
S+ﬁ1[P3]+S—|—52

This is then partitioned into structure-structure and structure-control DOFs.

[A(s)] = [Py] + s[P1] + s*[Ps] + [Pa] + ... (2.29)

[Ass(8)], [Asc()]] = [Po. ) [Po. ]l + s [[Pr] [Prc] + 8% [P, [Po]] +

g [P Pl 5 (P P+ 2.30)

The aerodynamic effects from unsteady forces are then introduced into the structural EOM by

substituting (2.30) into (2.28)).

S
s+ b1

[[Mss]sz Culs 4 (K] — a0 [[Poss] SR IR Pt

St + [+ 1Cs ] = o [P + P+ 21
. fﬂl [Ps..] + i&[&w] + H {4} =0 (2.31)

The equation above is for multiple control surface inputs. A single control surface input will
require that the sc matrices on the right hand side will become sc vectors. Also recall that [K.] =
[0] and that in our case we use [My = [0] . Defining modified mass, damping, and stiffness

matrices as follows

M, = My — qpP,, (2.32)
Cyss = Css — qp P, (2.33)
Ky = Ky — qph,, (2.34)
M. = M. — qpPs,, (2.35)
Cse = Cse — qpP1,, (2.36)

Ksc = Ksc - QDPOSC (237)
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allows (2.31)) to be written in a more compact form:

[01.03% + [Culs + 1K) {0} = a | 1P+

s+ b [P4ss]+""| {gs} + ...

+ B

(01,05 + [Culs 4 1Rl) ) = a0 | 55 P+ 5 P o ad = 10)
(2.38)
Equation (2.38) can be rearranged to yield
_ 9 ~ _ S {qs}
[Mss]s {QS} + [Css]S{QS} + [Kss]{QS} —d4p [[P3ss]7 [P3sc]] -
SO e
PP —— 3 e - Cstad — Rua) 239
RN U
The aerodynamic lag states are defined as
S {qs}
{r} = ap [Ps..); [Ps..]] (2.40)
' s+ { {0 }
S {QS}
{ra} = qp [Pu.); [Pa..]] (2.41)
' s+ ) }
and so,
s{ri} = =Ailll{r} + ap[Ps.s{as} + an[Ps.]s{qc} (2.42)

s{ra} = =Falll{r2} + ap[Pu..)s5{¢s} + qol[Pr.Js{qc} (2.43)
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Therefore, (2.39) becomes

{ac}
[Mss]32{q$} + [CSS]S{Qc} + [Kss}{%} —{rmy—A{r}—-..=- HKSC]v [ 786]7 [ 756]} s{q.}
s*{qc}
(2.44)
The states are defined as
b ={ (@} @) ) gy o) 2.45)
so that the state-space formulation can be achieved.
s{zp} = [Ap{wp} + [Bp{ac} (2.46)
where
{ac}
{7} =1 s{q} (2.47)
s*{qc}
and
0 [] 0 0
(M| K] [Mos) M Co) [M] 7" [M] 7!
[Ap] = 0 qp(Ps..] e 0 (2.48)
0 qp[Py,,] 0 —fa[1]
0 0 0
[~ M) K] [=Ms] O] [=Mis] ™ [M]
[By) = 0 ap|Ps..] 0 (2.49)
0 qp[Pa,.]
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Integration of Actuators

With the state-space representation of the plant formulated, the effects of the actuators can be
integrated to create the system state-space representation. First, the generalized control surface
dynamics are derived and integrated into the plant dynamics to create a system state-space repre-
sentation. In the case studied here low order actuator dynamic models of actuator / control surface

systems are used based on bench tests. With the subscript a denoting actuator state space models:

s{ta} = [Ad{wa} + [Bal{tta} (2.50)

{gc} = {ya} = [Cal{za} (2.51)

A strictly proper transfer function and a single-input, single-output (SISO) system are assumed

for each actuator. All actuator models are then assembled into a state space model of the “actuators
block”, with {u,} being the vector of input commands to the actuators. This provides the following

matrices,

[Ad] = _ (2.52)

B, = . (2.53)

{Bu.}]

Cal = | (2.54)

{C)"]



The first derivative of equation (2.51)) is taken and (2.50)) is substituted in.

{za} =

({20} ]
{xCLQ}

\ {za, } J

s{¢c} = [Cals{za} = [Cal[Aa{za} + [Ca][Ba]{ua}

The derivative of equation (2.56)) is taken and (2.50) is substituted in.

52{%} = [Cul[Ad]s{za} + [Co][Bals{ua}

[Ca][Ad[Aa{za} + [Cul[Aa][Bal{ua} + [Cal[Ba]s{ua}

Equations (2.51)), (2.56), and (2.57) can be written in matrix form as

{qc}
s{¢.} (=
s*{q.}

Alternative vectors and matrices are defined

[Ca]
[Cal[Ad] | {za} +
[Cal[Ad][Ad]

{o} |

s{qc}
s {qc} |

[C]

[Cal[Ad]
CallAd[Ad]
0 0 |

[Cal[Ba] 0
CJIAIB.) [CB.)

0 0
[Cal[Bd 0 {

[Cal[Aa][Ba]  [Cal[Ba]

:{Cjc}

17

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)
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such that (2.58]) can be written as

fa} = Gl +0d U L 2.6

S{Utz}

Noting that {q.} = {7, }, it can be seen that (2.62)) is the output equation state-space represen-
tation for the actuators. Equation (2.62) can be substituted into (2.46)),
{ua}

s{ap} = Ay} + [BICHza} + [B] [ (Du] (Du] | - (263)

Therefore, (2.50) and (2.63) can be combined in matrix form to achieve the state-space repre-
sentation input equation with both plant and actuator dynamics.

o | _ [l BaCl] [ b | [1B000) 8)Da]] [ w1

{za} 0 [Ad] {za} [Ba] 0 s{ua}

When low order actuator dynamics are considered, the state-space representation defined by
equation (2.64)) are often simplified to include an actuator transfer function with a numerator that

is lower than the denominator order by two or more. In this case,

[Ca)[Ba] = [0]. (2.65)

0 0
[Da] = 0 0| = [ [Da,] 0] (2.66)
[CallAd][Ba] 0
And so, becomes
s {p} _ [Ap] [B,][C] {zp} n [Bp)[Day] {ua), (2.67)

{za} 0 [Ad] {za} [Ba]
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which can be written as
s{z} = [Asys]{z} + [Bsys{uat- (2.68)

For integration of the sensors, the sensor transfer function, in this case the accelerometer, is

converted to a state-space model and handled in the same way.
2.2.3 Frequency Response
Beginning with the state-space formulation developed so far, with multiple control surfaces

s{z} = [Asys{o} + [Boysl{ua} (2.69)

we proceed to the case of one control surface input u, = 1. The following equation can be

used for the frequency response:

JwlI] — Asys]{x} = {Bsys} (2.70)

Once the states, {2} are found as functions of w, they can be used to find velocities at structural

points by multiplying by a vector, {c}.
v(w) = {e} {x} (2.71)

The {¢} vector is made of zeros for the states that correspond to the generalized displacements,
lag states, and actuator states and includes the {c} vector, which is made up of the contributions of

mode shapes in the states corresponding to the generalized velocities.
@ ={1 @ © .. o] @72
The acceleration can be described as the derivative of the velocity at each frequency.
a(w) = jwo(w) (2.73)
Substituting equation (2.7T]) into yields

a(w) = jw{ct {z} = {e}" ju{x}. (2.74)
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A final equation for the acceleration using the state-space formulation can be found by substi-

tuting equation (2.69) into (2.74).

a(w) = {e}" [AgsH{z} + {e} [Buys{u} (2.75)
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Chapter 3
SIMULATION CAPABILITY

3.1 NASTRAN Model

The test case that will be used in for the frequency response function simulations is described in
detail in Chapter[d The finite element model (FEM) of this case was created in NASTRAN using a

“ball-and-stick” method. This model consists of discrete concentrated masses and beam elements.

Figure 3.1: Structural elements of the finite element model.

For the aero-structural modeling of the test case, doublet lattice method (DLM) unsteady aero-
dynamic modeling was used along with NASTRAN splines between structural and aerodynamic

meshes.
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Figure 3.2: Aero-structural finite element model.

In order to create a MATLAB simulation of the frequency response functions of the test case,
data from the FEM was extracted from NASTRAN to be used as inputs. This is especially im-
portant because it allows a way for unsteady aerodynamic methods to be taken from commercial
codes and used for simulation. The matrices and values that were taken from the FEM for input

into the MATLAB simulation are as follows:

Matrix consisting of the grid points and associated x, y, and z coordinates

Vector of the reduced frequencies, k, used in FEM simulations

Generalized mass and stiffness matrices, [Mpy | and [K gy, respectively

Unsteady aerodynamic matrices, [Qyp(jk)], for each reduced frequency (does not include

dynamic pressure, ¢p)

Matrix containing the eigenvectors for each mode at all grid points, [¢]
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3.2 MATLAB Simulation

The goal of the MATLAB simulation is to take the inputs extracted from the NASTRAN model
and find the frequency response of any actuator input to any sensor output. In the present study

we focus on elevator input and accelerometer output at the wing tip. Other required inputs to the

simulation are listed in Table

Table 3.1: User-defined required simulation inputs.

Variable | Description

p | Density
b | Semi-chord (reference length)
ns | Number of structural modes
nc | Number of control modes
¢ | Damping ratio
Bn | Aerodynamic lag terms
U | Flight speed
Unnaz | Maximum speed for flutter prediction
TF,. | Actuator transfer function

pt | Grid point at which to evaluate frequency response

The simulation first finds the Roger approximation of the aerodynamic matrices and generates
plots to compare the actual unsteady aerodynamic matrix values to those found via the approxi-
mation. The [P] approximation matrices are required for the flutter prediction using the root locus
method which is evaluated next. Flutter predictions are also done using the U-g method. After
these flutter predictions, the frequency response simulations are performed.

The second-order method generates a frequency response to be plotted, along with outputting
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the required {c} vectors for determining the displacement and acceleration at the wing tip. Next,
the plant dynamics for the state-space formulation are developed and then the actuator dynam-
ics are added using the transfer function of the actuator as defined by the user. After the low-
order actuators are added, the first-order frequency response model is complete and state space
frequency response simulations can be carried out. The frequency response results obtained by
these two methods are then plotted together with the experimental data that is used for comparison.

A flowchart of this process is shown in Appendix
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Chapter 4
TEST CASE

The tests used for this study are based on the Model for Aeroelastic Response to Gust Excitation
(MARGE) [2, 3]. This experimental system consists of three main components: the aeroelastic
test article (MARGE), the gust generation system, and the wind tunnel. MARGE and the gust
generation system are installed into the wind tunnel as shown in Figure 4.1} The experimental
system was designed to be capable of testing various types of active control. The gust generation
system is not required for the frequency response functions of an actuator input to sensor output

and therefore will not be discussed here.

[ Open Circuit Wind Tunnel ]

[ Aeroelastic Test Article ]

Gust Generation
System

Figure 4.1: Wind tunnel testbed sideview.

The miniaturization of electronic and mechanical hardware in recent years and the low costs
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involved have led other organizations to develop aeroservoelastic wind tunnel testing capabilities.

References [4] - [12] describe a few of such efforts.

4.1 Test Article

Since the experimental system was designed for testing gust load alleviation, the test article was
required to have aeroservoelastic dynamics conducive to this testing. This included frequency
requirements of various modes that would be within the frequency band of low-cost actuators.
This resulted in a very flexible model. Another important factor in the design of the test article was
modularity. By designing a modular test article, the frequencies and aero-structural characteristics
are easily changeable to accommodate requirements for any type of active control testing without

the need for costly changes of any other aspects of the experimental system.

4.1.1 Structure

The test article uses a simple wing-fuselage-tail design. It simulates a half airplane design and
hangs from a sub-assembly that is used for installation in the wind tunnel as shown in Figure
A ceramic bearing is located in the hanging sub-assembly to allow the test article to have a free
rigid body pitch DOF. Each of the main components of the article use a beam to achieve the desired
characteristics for the model. The wing and tail beams have 3-D printed aerodynamic shells that
help define an aerodynamic shape of the test article while still allowing the beam to determine
the model’s stiffness characteristics. All of the aero shells use a NACA 0012 airfoil cross-section.
There are foam fillers between the aero-shells that make up the wing to help maintain the desired
aerodynamic shape while not affecting the stiffness of the structure.

The beam and shell design contributes to the modularity of the article since the beams can
be replaced if different characteristics are desired and the shells can be added or taken away if
necessary. Active shells include an internal actuation system and a control surface, while the

passive shells are simply for aerodynamic passive shaping. Using 3-D printed shells also benefits



27

Hanging
Subassembly

Tail Beam

Wing Beam —
Fuselage

Passive Aero

Shells Tail Aero

Shell

Active Aero
Shells

¥ __— Tip Mass

Figure 4.2: Overall test article assembly.

the modularity since they can be very quickly modified and manufactured while maintaining the
same attachment system to the wing beam. The control surface(s) can be modified by changing the
number and location of active shells. In addition to the beam and shells, the wing includes a tip
mass (with its cg location and moment of inertia) that can be changed to help achieve the desired
characteristics.

For this specific test case, the aero-structural requirements included frequencies as outlined in
Table 4.1} In order to achieve these characteristics, the structural components were determined as

listed in Table

4.1.2 Actuation

The test article required two actuators for the active shells in the wing and one actuator for the tail.
When determining the actuation that would be used, physical limitations and cost were considered.

Hobby servo motors proved to be a sufficient option for the test article since they could nest inside
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Table 4.1: Desired aero-structural characteristics for test case.

Mode Frequency Requirement

Short-period <1 Hz
First wing bending Within 1 Hz of short-period
First wing torsion >10 Hz

First fuselage bending | >7 Hz

of the aero-shells and they are inexpensive. The challenge presented with hobby servos, however,
was that the bandwidth was not specified by the manufacturers. It was important to choose ac-
tuators that had a bandwidth that would encompass the frequencies of key modes. For the tests
described here, the rigid body short period and the first bending frequency of the wing were im-
portant. To ensure that this would be the case, the servos were tested to find their actual bandwidth
and to identify a valid transfer function estimate.

The servo motor chosen for this test case was the MKS HV6130. The specifics of this motor
are described in Table 4.3

To identify the important requirement of bandwidth as well as find a transfer function estimate
of the actuator, a system identification test was done on the servo in which a sinusoidal input was
varied linearly in frequency from 0.1 Hz to 10 Hz over a sixty second duration with a commanded
amplitude of 15°. A potentiometer was used to measure the position of the servo. The time history

and coherence estimate are shown in Figure [4.3]

From the testing, the bandwidth of the actuator was found to be approximately 4.5 Hz. Using
a second-order system, two transfer functions were estimated. Figure shows the frequency
response function that was used to determine the bandwidth as well as the two transfer function

estimates.
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Table 4.2: Overview of structural components.

(b) Masses
(a) Materials
Component Weight (1b)
Component Material
Wing Beam 0.367
Wing Beam Aluminum 6061-T6
Tip Cylinder 0.276

Tip Cyliner Brass
Aero-shell Polylactic Acid (PLA)

Active Aero-shell | 0.209

Passive Aero-shell | 0.132
Fuslage Beam | Low Carbon Steel

Fuselage Beam 0.986
Tail Beam Aluminum 6061-T6

Tail Beam 0.146

For this case, the low-order transfer function (without a zero) shown in equation (.I]) will be

used, which has a fit of 90.9% as reported by the transfer function estimate routine.

Cs) = 1394
() = 216225 + 1461

4.1

4.1.3 Sensing

To accurately capture the response of the test article to the gust generation system and for control
purposes, a variety of sensors were necessary. First, the position in the pitch DOF was captured
by a Hall effect sensor (HES). The HES is a non-contact sensor that includes two components: a
magnet and a stationary sensor. The sensor portion remains on the static mounting fixture, while
the magnet is placed on the rod that the test article is suspended from. The sensor voltage output
varies in response to the the rotation of the magnet due to the change in relative orientation of the
two components.

There is a pair of uni-directional accelerometers located on the end of the wing beam in the
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Table 4.3: MKS HV6130 wing servo specified characteristics.

Property | Value

Torque | 8.1 kg — cm
Speed | 0.1 s
Working Frequency | 1520us /333 Hz

fore and aft corners. The accelerometers are used to measure the wing low-frequency bending and
torsion. In addition to these sensors on the wing, there is a strain gauge located at the wing root to
measure bending load. There is also a strain gauge on the fuselage to again measure bending load.

Lastly for sensing, there are rotary potentiometers on the output shafts of each of the servo
motors. These potentiometers not only help from a control perspective, but they also aid in mon-
itoring the servo motors since the motors are subject to gear slippage, overheating, and variable

performance with variation in input voltage.

4.2 Wind Tunnel

4.2.1 Tunnel Description

Of the two wind tunnels at the University of Washington, the smaller wind tunnel was chosen for
the experiments due to its availability and low cost. It has a closed 3’ x 3’ test section and is an
open return tunnel with an aft turbine. There are locations for top or bottom mounting. The tunnel

has a testing speed ranging from 10 to 40 psf.

4.2.2 Test Article Installation

Due to the flexibility of the test article, it was decided that the top mounting in the test section would

be the best option. For testing purposes, since responses to gust inputs were of major interest, it was
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Figure 4.3: Signals used for servo system identification.

important to be ensured that the test article would see a gust with the desired amplitude. With the
final design of gust generation vanes (to be discussed in future publications) first estimates of the
gust intensity can be seen for the length of the tunnel in Figure .5] compared with measurements
of gust angles due to a system of gust vanes in a much larger tunnel at the Polytechnic of Milan.
The estimates presented in the figure are preliminary but, as can be seen in the figure, there is great
variance in the gust amplitude along the length of the test section close to the gust vanes, and gust
amplitudes decay quickly away from the vanes.

Therefore, an important factor for installation of the test article into the tunnel was the distance
of the test article from the vanes. To maintain the modularity of the test article in this regard, the
hanging sub-assembly was designed to allow the test article to be moved as desired in the direction
of flow in the test section. The sub-assembly consists of an aluminum U-channel that contains
various components, such as the HES and printed circuit board (PCB), required for the operation
of the test article. The sub-assembly hangs from the top of the tunnel by use of a clamping system

which allows for easy maneuvering of the position of the test article and hanging sub-assembly.
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Figure 4.4: Estimated frequency response function and candidate transfer functions.

The implementation of this system is depicted in Figure {.6]

4.3 Test Techniques

4.3.1 Ground Vibration Testing

Details of the ground testing work done on the system are described here to make the thesis self-
contained, but they can also be found in references [2, [3, [13]]. Prior to the start of wind tunnel
testing, a series of tests were completed on the model to verify different aspects of the test article
characteristics. In addition to the servo identification test, laser vibrometer tests were completed to
evaluate the structural dynamics of the test article. Because the test article is comprised of beams
and aerodynamic shells, where the beams are meant to capture the desired structural properties,

tests needed to be done to ensure that the aerodynamic shells did not add an unexpected amount
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Gust Intensity vs. Normalized Distance Downwind
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Figure 4.5: Result of preliminary two-dimensional steady gust vane effect analysis.

of stiffness to the test article. The first natural frequency of the beam with and without shells was
determined analytically and compared to experimental data from the laser vibrometer tests. From
the experimental data, it was found that the frequency in the case of the beam with aerodynamic
shells was lower than the predicted frequency for that case by a measure captured by analysis where
the aero-shells were modeled as added masses. Therefore, it was concluded that the shells do not

have a substantial impact on the effective stiffness of the wing.

4.3.2  First Wing Bending

The first wing bending mode’s frequency was determined both analytically and experimentally to

be approximately 1.4 H z, which is within the bandwidth of the servos. This allows the mode to be
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Direction of flow

Figure 4.6: Configuration of the test article and mounting equipment in the context of the wind

tunnel test section.

identifiable with sine-swept actuator inputs.

The damping ratio for the first wing bending mode was also determined. To find the value of the
damping ratio, (, laser vibrometer testing was done. The response of the structure was measured
via a laser vibrometer after the structure was excited by an instrumented impact hammer. Using
the log-decrement method, the damping ratio of the first wing bending was calculated. Figure [4.7]
shows varying calculated values for the damping ratio based on the presence of a tip mass and foam
inserts between the aerodynamic shells. It can be seen that there is a variation of the damping ratio
in the range of ( ~ 0.004 to 0.02.

Testing was also completed in the wind tunnel to verify this value and the damping ratio was
found to actually be greater. This was determined via a dwell test near the expected first wing
bending frequency. The input signal was commanded to an actuator and then abruptly stopped.
The exponential decay was then measured at the wing tip using the laser vibrometer. This test was

completed with each actuator as the input and similar results were achieved among these tests. The
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input command and the laser displacement of the test with the inboard aileron as the commanded

actuator as shown in Figure {.8]

M‘
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(a) Aileron dwell input signal (b) Laser measurement of wing displacement

Figure 4.8: Time histories of input and measurement signals used in dwell tests for identification

of first wing bending damping ratio.

4.3.3 Frequency Sweeps

Although many tests were performed in the wind tunnel, the tests of interest for comparison to the
frequency response simulations are the control surface frequency sweeps. Tests were 6done for the
inboard aileron, outboard aileron, and elevator as inputs for the sweep. However, this work will
primarily focus on the elevator sweeps. At 60% of the target dynamic pressure, or 20.8 m/s, the
elevator rotation was swept on from [0.01-1] H z for over 100 seconds. This was then repeated for
frequencies of [0.01-2] H z. The amplitude of the sweeps were ramped-up over the first 10 seconds
and then ramped-down to 50% over the last 15 seconds. The maximum amplitude for the elevator
for these tests was 5°. The frequency responses of elevator input to wing tip acceleration were

evaluated and are used as the experimental case for comparison to the simulations.
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Chapter 5
ANALYTICAL PREDICTIONS

5.1 Roger Approximation

The Roger approximation of the unsteady aerodynamic matrices was compared against the actual
tabulated values over the range of reduced frequencies used to validate the use of the Roger ap-
proximation in the first-order state space frequency response method. The Roger rational function
approximation uses the [P] matrices and the form of Equation . Figure shows a compar-
ison of the first row of elements of the approximation and the actual values for both the real and
imaginary parts of each element. As the figures show, the Roger approximation agrees very well

with the actual aerodynamic matrix.
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Figure 5.1: Comparison of Roger approximation values to actual values
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5.2 Flutter Prediction

Two methods in the new simulation were used to predict the flutter speed of the test article: the U-g
method and the Root Locus method. The methods are described in Appendix Bl A comparison of
the predicted values from each method for the flutter speed and frequency are shown in Table[5.1]
These predictions were verified by comparing to the results from NASTRAN simulations, which
are based on the p-k method. The error between the two methods to the NASTRAN prediction
for the flutter speed is -0.35% for the U-g method and -0.25% for the Root Locus method. The
predicted frequencies for these methods also had very small errors relative to the NASTRAN value
at approximately 0% and 0.24%, respectively. The low error in flutter prediction for both methods
not only verifies the Roger approximation, but also validates the lag terms that were used in the

Roger Approximation.

Table 5.1: Flutter prediction values.

Method Predicted Speed (m/s) | Predicted Frequency (H 2)

Ug 201.3 4.20
Root locus 201.5 421
NASTRAN 202.0 4.20

5.2.1 U-g Method

The U-g method finds the artificial structural damping of the system at each flight speed that would
be required to bring the system to simple harmonic motion. The flutter speed occurs where the
artificial structural damping becomes greater than zero and is associated with a specific frequency.
The plots for the artificial structural damping vs. flight speed and the frequency vs. flight speed for

the case studied here are shown in Figure[5.2]
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Figure 5.2: Ug method flutter analysis.

5.2.2 Root Locus Method

The Root Locus method uses the eigenvalues of the state space aeroelastic plant matrix to determine
the flutter speed. The imaginary part of the eigenvalues are plotted against the real part. The flutter
speed and frequency correspond to the eigenvalue that crosses the real axis. The plot of these

eigenvalues is shown in Figure
5.3 Initial Frequency Response Results

The frequency responses shown here are initial results that include no fine-tuning based on physical
effects or comparisons, as those are discussed in [} The simulation obtained by the second-order
method is shown in Figure [5.4] It can be seen that the first wing bending peak occurs at 1.4 Hz,
which agrees with what was measured in the testing.

The result of the first-order method is seen in Figure [5.5] Again, it can be seen that the first
wing bending peak occurs at 1.4 Hz. Note that in both cases, a short period frequency occurs at

about 1 Hz. So, there is some level of confidence in the performance of the simulation codes prior
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Figure 5.3: Result of root locus flutter analysis.

to comparing to experimental data since the frequencies are as expected from prior analytical and

experimental predictions.
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Chapter 6

TECHNICAL DISCUSSION

6.1 Initial Comparisons

6.1.1 Between Methods

A comparison between the second order and first order state space methods to verify that they are

indeed getting similar result has already been presented. See: Figure [6.1]

6.1.2 To Experimental Data

Next, the simulations from both methods are compared to the experimental data measured by the

frequency sweeps. These results are shown in Figure [6.2]

From a first look at this data, it is evident that there is a large portion prior to, as well as
after, the peak of first wing bending where the experimental data varies greatly from the simulated
results. However, the range of importance for these results is from about 0.9 H z to 2.5 H z. Outside
of this range, there is poor coherence for the experimental data, due to poor performance of the
accelerator at low frequency and poor performance of the elevator actuator at high frequencies, and
so the comparison of simulation to data in those regions cannot be trusted.

When examining the area of importance, it is noted that the simulation curve fits the trend very
well to the experimental data. However, the magnitude of the simulation is slightly higher than the
experimental data. The magnitude difference was analyzed, and it was determined that multiple

factors contributed to the variance, which are discussed in later sections.
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Figure 6.1: Comparison of both methods.

6.2 Fine-tuning of the Simulation Codes

6.2.1 {As.} Correction Effects

Due to the non-linearity of control surface effectiveness, a correction factor must be applied to the
structural-control portion of the aerodynamic matrix. The DLM method used in the aerodynamic
analysis in NASTRAN assumes attached flow. However, in reality, the flow can separate over
parts of the elevator and so the actual forces due to deflection of the elevator are smaller than the
predictions from the DLM. Therefore, a correction factor multiplies the { Ay} column associated
with the elevator.

Typical correction factors for small full-span control surfaces range from 0.4 to 0.6. As can be
seen in Figure [6.3] the simulations fit the test data best (especially the peak response) in the range

of frequency of good test result coherence if a correction factor of 0.4 is used.
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Figure 6.4: Added structural damping of ¢ = 0.02.

6.2.2 Structural Damping Effects

The effects of damping on the system can be determined by assessing the frequency response with
varying values of ( for the range that was determined from laser vibrometer testing. When this

was done, the structural damping was found to be too small even for the highest value of the range,

¢ = 0.02, as seen in Figure[6.4]

The test article in its form installed in the tunnel has structural damping levels that are higher
than what was measured on the wing in the lab. The wing tested in the lab pre-tunnel did not
include any of the actuators or required wire for actuators and sensors. When the test article was
installed in the tunnel, these were included in the wing. Cable bundles were passed between aero-
dynamic shells and bunched wires were interfering with the free vibration of the structure. This
contributed to an increase in apparent structural damping.

Another consideration in the effects of the test article installation on the structural damping of
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the system is the bearing used in the hanging sub-assembly. This bearing allows the model to have
a pitch degree of freedom and ensure proper alignment of the test article. However, since the center
of mass of the test article is not located directly in line with the bearing, there is some misalign-
ment in the fore-aft direction. There is some friction that is associated with this misalignment in
the bearing. This, then, appears in the experimental data as added structural damping that was not
accounted for in the initial frequency response simulations.

Because of these effects, simulations were carried out for higher values of the structural damp-
ing ratio: ¢ = 0.04,0.06, and 0.08, as can be seen in Figure [6.5] A structural damping ratio of
¢ = 0.04 shows the closest match to the experimental results. Once the damping becomes greater
than this, the system simulated is more damped than the experimental results show. Because this
is not significantly higher than the pre-tunnel testing range and there are most likely factors that

contributed to additional structural damping, a value of 0.04 is reasonable.

6.2.3 Hinge Friction Damping

The first element of the damping matrix used in the first-order method is associated with the damp-
ing of the hinge of the control surface. In simulations, this value has been zero; however, to capture
the effects of the hinge friction, the value is made non-zero. Figure shows the element being
increased to a value 3.5 times that of the second diagonal element of the damping matrix. By
increasing this damping value, the initial peak at 1 Hz more closely matches the expected trend.
Since the second-order method uses artificial structural damping in lieu of the damping matrix, it
is unaffected by these changes and therefore serves as a baseline for the fine-tuning prior to hinge
friction effects.

Note that by increasing the value of hinge friction damping, the magnitude of the entire curve
becomes slightly lower than the experimental data. When the { A,.} correction factor is increased
from 0.4 to 0.6, the trend again falls more in line with the experimental data, as seen in Figure [6.6b|

Since typical values can range and 0.4 was at the low end of the range and values closer to 1 are
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Figure 6.5: Responses with varying added structural damping.

most reasonable, this increase is justified.

6.3 Additional Comparisons

6.3.1 Unsteady vs. Quasi-steady

Another interesting comparison from an aerodynamic prospective is between aeroservoelastic mod-

els based on the unsteady Doublet Lattice Method (DLM) and simulations based on quasi-steady
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Figure 6.6: Effect of adding hinge friction damping.

aerodynamics [[13]]. As shown in Figure the trend of the simulations done using an unsteady
aerodynamic method match better than the simulation done using a quasi-steady method. This is
to be expected since the unsteady method more accurately captures the unsteadiness of the flow.
Still, the differences are not very high in the range of low frequencies studied here, and they are

expected to be more pronounced over a wider range of frequencies extending to high frequencies.

6.3.2 Ceiling Gap

All of the simulation - test comparisons discussed so far accounted for a gap that exists between
the root of the test article and the ceiling of the wind tunnel. This gap is approximately 4.5 inches
and affects overall model aerodynamics and control surface efficiency. The simulated frequency
responses from the NASTRAN data modeled with a gap and without a gap are shown in Figure[6.8]
Both of these simulations use the corrected { A,.} factor of 0.6, a hinge friction damping factor of

3.5, and a damping ratio of ( = 0.04.
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6.4 Other Observations

6.4.1 Short Period

The short period captured by the simulation, based on the uncorrected NASTRAN model, is around
1 Hz. In the tunnel it was hard to capture by the wing-tip accelerometers, not surprisingly because
of their short distance from the model hinge line, and was better captured by the Hall Effect Sensor.
The simulation shows a response peak at around 1 Hz. The accelerometer, acting as a high pass
filter, cannot be trusted below 1 Hz (see Figure [6.9). With higher and higher structural damping

values, the short period peak in the frequency response, gets suppressed.
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Figure 6.9: Accelerometer transfer function.
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6.4.2 Low Frequency Modes
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Although the experimental results, because of the limitations of the test system, only focus on

frequencies below 4 H z , the frequency response can be simulated up through higher frequencies

using both the second-order and first-order methods. The prediction of this extended range of low

frequency modes is shown in Figure [6.10up to 25 Hz. With better actuation used for models based

on the model tested here, aecroservoelastic behavior over wider frequency bands will, hopefully, be

tested in the future.
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Chapter 7
CONCLUSION

Frequency response simulations of an elevator input to an accelerometer output using two dif-
ferent methods were developed and their results were compared to experimental data. After some
adjustments for aerodynamic and structural effects, the results of both a second-order and first-
order frequency response method showed good correlation to experimental data overall. The sim-
ulation models are based on an unsteady aerodynamic modeling method, which more accurately
capture the physics of the problem and include adjustments that are derived from known physical
effects. Experience in identifying modeling uncertainties and the way to address them in simula-
tions has been gained.

While these simulations and comparisons include a great deal of work, there is still work that
should be done to aid in developing AFS. The current simulation capabilities allow for varying
input/output combinations. Other combinations, such as elevator to HES in the pitch degree of
freedom, can be compared to the existing experimental data to gain more insight to the accuracy
of the simulation and use of unsteady vs. quasi-steady aerodynamic techniques.

In addition to other input/output combinations, the simulation would benefit from the inclusion
of effects of an external input such as gust. The incorporation of this into the simulations would
enhance control law design capabilities. Finally, with confidence in math modeling and with ex-
perience in designing and testing gust load alleviation control laws, the next natural step would be

the synthesis of control laws for active flutter suppression and their testing.
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SIMULATION FLOWCHART
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Figure A.1: Flowchart of MATLAB simulation.
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Appendix B
FLUTTER PREDICTION METHODS

B.1 Ug Method

The U-g method for determining the flutter works with aerodynamic matrices for simple harmonic
motion provided over a range of reduced frequencies: [A(jk)] . For this case, the NASTRAN data
extracted included aerodynamic matrices at given tabulated reduced frequencies. In order to obtain
a good enough resolution, the aerodynamic matrices required interpolation for reduced frequencies
between those extracted from NASTRAN.

The process for finding the flutter point is derived from the equations of motion for simple

harmonic motion.

[~ [M] + j[Ga][K] + [K] = aa[A(F)]] {a(jw} = {0} (B.1)
where _ )
Gstq 0 0
(Gu] = (:) gf” O (B.2)
L O 0 gstn ]
By defining
(K] = [jGal[K] + [K]] (B.3)
= [[1] + j[Gs]] [K] (B.4)
equation becomes

[—w?[M] + [K] — qp[A(jk)]] {a(jw)} = {0} (B.5)
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Again, because these aerodynamic forces are only for simple harmonic motion, it is assumed
that oscillation of the simple harmonic motion nature is obtained after artificial structural damping
is added to the system. This artificial structural damping is denoted g. Dividing equation (B.5)) by

w? and noting that w = Uk /b,

o)+ 220 - S i} = (0} ®.6)
Therefore,
([A(R)] = A[B]) {a} = {0} (B.7)
where
A = |- [a1] - 225 4GH)] ®3)
[B] = —[K] (B.9)
and
A= 1;”. (B.10)

Since (B.7) is a generalized complex eigenvalue problem, the eigenvalues, A\, can be easily
solved for. The eigenvalues are complex and therefore consist of a real and an imaginary part.

From the definition of the eigenvalues in equation (B.10),

Re(\) = — (B.11)
Im(\) = % (B.12)
So,
~Im(A)
9 =Re() (B.13)
w? = ! (B.14)
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Therefore, g and w values can be found for each reduced frequency. Each reduced frequency
and radial frequency also relate to a specific flight speed. The g and w are plotted separately vs.
the flight speed. The plot of the artificial structural damping and the plot of the frequency display
branches. When the artificial structural damping is negative, energy must be taken from the system
for simple harmonic motion to be occurring. When the damping is positive, it means that energy
is being added to the system to keep it in simple harmonic motion, and so this is indicative of the
system becoming unstable. So, when a branch on the plot crosses the x axis (the speed axis), the
flutter point has been reached. The damping at which the branch crosses zero is interpolated and

the flutter speed and correlating frequency are found.
B.2 Root Locus Method

The root locus method uses the plant matrix of the state-space representation to find the flutter
speed. This matrix can be seen in equation (2.48). This matrix is found over a range of flight
speeds that are determined from the tabulated reduced frequencies to make sure that no reduced
frequency is higher than the highest reduced frequency for which unsteady aerodynamic forces
have been provided.

_ wb

k=" (B.15)

The eigenvalues of this [A,] matrix are found. They are real or complex. In the complex value

case they have a real and imaginary part.

The imaginary part is plotted vs. the real part and the results is a root locus plot in which
branches appear. When one of the branches crosses the imaginary axis the system becomes un-
stable. By finding the flutter speeds and frequencies associated with the eigenvalue immediately
before and after the branch crosses the imaginary axis, the flutter speed and frequency can be

interpolated to find the exact point at which flutter occurs.
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