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Age-at-harvest data are routinely collected as part of game-management programs. These
data represent a wealth of information regarding demographic processes and trends in wildlife
abundance. Use of wildlife age-at-harvest data has blossomed only relatively recently in the
literature despite its frequent collection by game management agencies. Statistical models
exist for such data, but are limited in their facility, owing to restrictive assumptions regarding
constancy of demographic processes, unsuitability of models for the type of data collected, or
computing difficulty in fitting models. Current models cannot accommodate the presence of
process error (natural variation in demographic processes), or separate this error from sampling
error (measurement error that is present whenever the full population cannot be sampled).

I develop and examine a set of statistical models for demographic processes using primarily
age-at-harvest data that can be used to estimate survival probability, harvest vulnerability,
and recruitment, as well as process error associated with these entities. I conduct thorough
simulation studies of these models, and assess them with respect to their ability to accurately
and precisely reconstruct abundance. Studies are conducted for fully-aged big game harvest,
pooled age-class big-game harvest, and small-game harvest. Results indicate that a mixed-
effects model which incorporates random effects in the processes of natural mortality and harvest
probability, as well as a likelihood conditional on total cohort capture along with a Horvitz-

Thompson abundance estimator outperform other models, and are recommended for use.
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GLOSSARY

AGE-AT-HARVEST DATA: In its simplest form, age-at-harvest data constitute a table of har-
vest counts for an animal, where the rows are typically the year in which the count was

taken, and the columns indicate the age-class of the animal harvested.

DEMOGRAPHIC PROCESSES: A general term for processes that affect wildlife populations,
and hence affect our ability to assess their status. Survival, harvest, and reproduction

(productivity, or fecundity) are demographic processes.

MRB: Median relative bias (typically computed across simulations)
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Chapter 1

INTRODUCTION

Age-at-harvest data and accompanying hunter/harvest efficacy data are routinely collected
for a variety of animal populations, typically as a means to monitor population trends. For
populations subject to harvest, management agencies often collect such data directly from
hunters shortly after harvest, or through surveys following the harvest season of the population
in question. Fishery management agencies also collect such data as a means to assess the needs

of a fishery with respect to performance and conservation.

The ability to draw meaningful conclusions regarding trends in animal abundance and/or
population structure, efficacy of harvest methods, and subsequent implications of management
strategies rests with the ability to extract information from such data sources. Harvestable
populations are managed in order to balance the dual requirements of economic and ecologic
considerations. Any reasonable management plan will allow the maintenance of a sustainable
ecosystem along with the ability for future harvest to be conducted. The accurate and precise
estimation of population parameters plays a vital role in protecting these interests, and hence

is of key concern for those individuals and entities involved in these pursuits.

Any procedure which seeks to accurately and precisely estimate population parameters from
age-at-harvest data must seek to provide the “best” estimate possible. Here, “best” refers
to both the utility of resulting estimates and population descriptions, as well as the various
statistical considerations regarding unbiasedness, robustness, and variance. Ideally, such a
method would not rely on subjective input to the algorithm, lest it be accused of favoring one
management concern over another. However, taking into account all possible information, such
as prior and/or concurrent studies, is desired for efficient parameter estimation.

A complicating factor in the analysis of such data is the inherent natural variation that
is present in every ecosystem. There exist two primary sources of variation in any popula-

tion reconstruction which relies on age-at-harvest data: variation due to sampling error, and



natural (environmental) stochasticity, the latter being a function of our lack of complete un-
derstanding regarding the intricate details of an ecosystem’s operation. My research seeks to
investigate methods of incorporating both sampling error and natural variation into population
reconstruction models, determine the relative importance of the two error sources, and in so
doing, develop more realistic and accurate assessment techniques. With management concerns
in mind, I propose that it is useful to limit the number of assumptions involved in analysis as
much as possible, such that any inference is as robust as possible. Out of similar concerns for
wildlife management practice, attention will be given to the issue of obtaining adequate model
fit such that reasonable projections, at least in the short-term, can be made. I will focus on the
management of terrestrial wildlife populations and the unique circumstances and characteristics
surrounding analysis of these populations.

A known issue with population reconstruction models is the level of parameterization rel-
ative to the available data (Gove, 1997). An overabundance of parameters not only creates
an impractical and complicated model, but causes difficulty in model-fitting with numerical
methods. Therefore, it is of interest to quantify the level of auxiliary data necessary to provide
a “reasonable” degree of accuracy and precision in various types of models. For this purpose,
one may need to pair the age-at-harvest data with various auxiliary data sources such as ra-
diotelemetry and/or mark-recovery data to facilitate and enhance the estimation and analysis
procedures. Reduced-parameter models will also be examined for their statistical population

reconstruction potential.
1.1 Literature Review

Perhaps the first attempt at a reasonable analysis of age-harvest data is described by Quinn
and Deriso (1999), who note that a close relative of age-at-harvest analysis (length-frequency
analysis, or LFA) has been used since at least 1892 (Quinn and Deriso, 1999, pg. 295). From
these humble beginnings, a large variety of techniques which seek to extract information on pop-
ulation dynamics have been developed. In the following, I focus on more modern developments,
in effort to place into context the original work in this dissertation.

Quinn and Deriso (1999) describe efforts toward conducting an LFA based on mixture distri-

butions for fish populations, wherein maximum likelihood is used to fit a mixture of probability



density functions (pdfs) to length-frequency datasets such that a smooth frequency-by-length
curve can be constructed, and population distribution among length classes (a surrogate for
age classes) can be inferred. A number of shortcomings of this analysis method are described,
including the need to choose a pdf or set of pdfs, and the choice of the number and width of
age groups is arbitrary and often difficult. Additional assumptions can be imposed to make
the analysis more tractable, but these are subject to their own limitations (Quinn and Deriso,
1999, pg. 297). Another limitation of this method is that it has no mechanism with which to
account for interannual variability in a cohesive way, and thus estimation of error is limited to
sampling error.

Dupont (1983) proposed a method where each individual is assumed to be susceptible to
the competing risks of natural mortality (rate A) and harvest mortality (rate p), where a risk
can be assigned the value of 0 at any given time. The hazards, as functions of time, are then

modeled as

Ai(t) = N (t)ex ()P
(1.1)
i(t) = Amy()e=2 (0P
where 7 indexes an animal cohort and ¢ is the index for time. Here, {; and m; are known functions
(that can differ between animal cohorts) that describe the propensity for harvest (I;) or natural
death (m;) in the time interval (¢;,t;41), and z;(¢,7)’3 and z2(t, i)’ are linear covariates and
associated parameters.

The functions A;(t) and p;(t) are used to describe the probability of mortality, p;;. Using
these p;;, a product-multinomial likelihood can be constructed wherein each cohort is presumed
to be multinomially distributed with initial cohort abundance as an additional parameter. Note
that initial abundance N;; of each cohort represents both initial population age structure (for the
first year of data recorded) and amount of yearly recruitment for cohorts not initially present.

Laake (1992) provides a thorough review of Dupont’s model, and also provides extensions
to accommodate multiple harvesting methods (such as both rifle and archery hunting) and
incomplete classification of animal age (such as grouping older animals into an age A+ category).

In the work of both Dupont (1983) and Laake (1992), the hazard and natural mortality functions



are implemented as step functions, typically with constant natural mortality rate (although it
need not be constant).

Laake (1992) also provides a simulation study of such models and examines percent relative
bias, coeflicient of variation, and confidence interval coverage under various scenarios. Unsur-
prisingly, results indicate that with relatively higher sample size (either through high average
capture probability, high initial cohort size, or high number of harvest years), the maximum
likelihood estimates (MLESs) of model parameters generally grew increasingly precise.

Gove et al. (2002) proposed optimizing a joint maximum likelihood function containing
components for multinomial age-at-harvest data, an auxiliary data source such as radiotelemetry
data, and possibly a reporting likelihood that supplies information on the rates of reporting
compliance. This final component may be omitted if reporting compliance is expected to be
near 100%.

For this model, the age-at-harvest likelihood for a single cohort can be expressed as

La(Ny1,p, R, s | Za) =

N1p .
(p1R1)™ (1 = p1)spaRRa)™ ((1 — p1)s*(1 — p2)psRs)*™® x (1.2)
Z11,222,T33

(1 — (prR1+(1 — p1)spaRa + (1 — p1)s*(1 — po)psRy)) N1 2 it
where the x;; constitute the harvest data for year 7 in age class j, p; describes the probability
of harvest in year ¢, R; is the probability a harvested animal was reported in year i, and s is
the probability of survival from year ¢ — 1 to i. Note that I’ve only expressed the likelihood for
one cohort and three years of data, and survival is assumed constant for each year. The joint
likelihood for all age-at-harvest data is simply the product of the likelihoods for each cohort
present in the population
A+Y -1
LN, g, R85 X)= [] Le(N.p R3] (1.3)

k=1
As multinomial age-at-harvest data do not provide enough minimum sufficient statistics

to estimate the parameters involved (Gove et al., 2002), auxiliary data must be provided to

facilitate estimation. Gove et al. (2002) used six years of radiotelemetry data for their study



of an elk population in northern Idaho, where the random variables corresponding to animals
that are harvested (u;) and those that die from other causes (v;) are incorporated into the

multinomial likelihood

o o ng . . i
Lauxiliary(p: S ‘ n,u,v) = H p;h((l _pi)(l - 3))%((1 —Pi)S)n’ wim, (14)
i=1 U, Vg
Once parameter estimates are obtained via numerical optimization techniques, the popula-
tion can be “reconstructed” such that estimates of abundance in each age class at each time
point can be obtained. The initial abundance values and annual recruitment are directly es-

timated as parameters, and subsequent abundance values for each cohort can be obtained by

computing

ﬁij = Nifl,jfl(l —Di-1)8i-1- (1.5)

A class of models is available to perform population reconstruction in this manner. One can
specify models where survival probability or harvest probability is shared between some age
classes or years, or models where independent probabilities of harvest and survival can exist.
Clearly, the more parameters one chooses to include in the model, the greater are the auxiliary
data needs. A likelihood ratio test can be used to compare nested models to one another in
order to determine the “best” such model to fit the observed data, and the Akaike information
criterion (AIC) (Akaike, 1974) can be used for model selection.

Skalski et al. (2007) extended the model framework of Gove et al. (2002) to include hunter
effort data in order to describe and better estimate harvest probability. In this model formula-

tion, the capture probability is expressed as (Seber, 1982)

Pij = 1-— e_cjfi (16)

where f; is a measure of hunting effort exerted on the population, such as hunter-days, and c;
is a vulnerability parameter, and is permitted to either vary by age class or be fixed among

particular age classes (e.g. Cjuvenile a0d Caduit)-



In the absence of auxiliary data sources such as mark-harvest, mark-recapture, line-transect
methods, or other methods that can provide additional information to aid parameter estima-
tion, an auxiliary data source can be derived from annual total cohort abundance, wherein
individual harvest observations among years are assumed to be binomially-distributed from the

total abundance among age classes within a year. The auxiliary likelihood is expressed as

Y A
I B > i1 Nij
Auziliary — H

1=1 T

(1 _ e—cfi)Il‘i(e_Cfi)Z?:l Nijizi‘ (17)

Note that expression (1.7) has been simplified to only incorporate a single vulnerability
coefficient for purposes of a concise presentation, although additional coefficients are possible,
and might account for changes in hunting regulations or age selectivity in hunting practices
(Skalski et al., 2007).

Product-multinomial models of the type described above are notably lacking a feature to
accommmodate natural stochastic fluctuation in the processes of survival, harvest, and repro-
duction (often termed “process error”). Such models can describe only sampling error, the
result of the inability to sample an entire population, which is manifest in parameter estimate
standard error. In contrast, some age- or length-harvest models often used in the management
of fisheries (such as Virtual Population Analysis, or VPA) assume that sampling error is nonex-
istent, and that harvest is known precisely (Quinn and Deriso, 1999, pg. 323). The result of
this is that all variation is attributed to natural fluctuations in the population.

More recently, Conn (2007) developed a Bayesian approach to the population reconstruction
problem. In this model, abundance in years following the initial year is expressed as a conditional

likelihood. That is, the joint probability mass function (pmf) of year 2 abundance is written as

L(Ns. | N1, 8, C) =
P(Nag =nga | Ni1 =n11,511 = s11) - - P(Na2,a41 = naas1 | Nia = nia, Sia = s14)x (1.8)
P(N21 = N1 |N1., C)

where C represents the age-at-harvest data matrix, S represents the matrix of age and year-

specific survival probabilities, and INa. represents the vector of age-specific population sizes in



year 2 immediately prior to harvest. The remaining cohorts of age-at-harvest data follow the
same pattern; the distribution of abundance in each year is conditional on the abundance in
the preceding year, and the vulnerability and survival parameters.

Under assumptions of a binomial sampling model and Poisson recruitment, Conn (2007)

writes the age-at-harvest likelihood as

Yy A
L(S, v, f, N, D | C) =[] ]| Binomial(Dy;; Ni;, 1 — Sy;)
i=1j=1
y—1
X H Poisson(Njq1,1; faNi1 + fiaNio + -+ + fiaNia + fiaNi a41) (1.9)
=1
Yy A
X H H Binomial(cij; Di]’, ’r’i]’)
i=1j=1

where S and IV;; are as above, f;; are fecundity parameters, and r;; is a year and cohort-specific

reporting probability parameter, and

N;i — Nijy14 | < A

Dz‘j _ ij i+1,5+1 J (1‘10)
Nia-1+Nia—Dja1—Nip1j j=A4A

Prior distributions are specified for all Ny;,7 =1,..., A, and for each S;; and r;;. If instead,

one wishes to model a set of parameters as a random effect, such as

logit(S;) = Po + € (1.11)

where ¢; ~ Normal(0, 02), then one can avoid fitting an overabundance of survival parameters,
provided the necessary assumptions for inclusion of such a construct are satisfied. Model-fitting
then proceeds using Markov-chain Monte Carlo (MCMC) methods, and posterior distributions
for each parameter are obtained, from which inference may proceed. Models with additional
or reduced parameters can be compared using deviance information criteria (DIC) or Bayesian
information criteria (BIC).

Conn et al. (2009) performed a simulation study of the Bayesian methods described above,
wherein the authors examine large-sample performance with respect to criteria such as Bayesian

credible interval coverage, percent relative bias, and coefficient of variation. Results indicate



that with long Markov chains, Bayesian analysis resulted in estimators with low bias (abso-
lute percent relative bias less than 20% for parameter value combinations considered) and high
precision, as illustrated by near-nominal Bayesian credible interval coverage. Additional simu-
lation results indicate robustness of these techniques to aging errors when aging is assumed to
be a random effect, and poor estimation of uncertainty when age-at-harvest data and auxiliary
mark-recapture data are correlated (share members of the population).

Except for the most recent work by Conn et al. (2009), wildlife population models and
data analysis techniques have not been available to examine natural variability in population-
level processes in the presence of sampling error. For that reason, most models (Dupont,
1983; Laake, 1992; Gove et al., 2002; Skalski et al., 2007) assume that the only source of error
in model fit is error in the sampling (harvest) process. The Bayesian techniques of Conn
et al. (2008, 2009); Conn (2007) rely on a series of prior distributions for implementation,
and are subject to the usual difficulties in Bayesian analysis and inference based on MCMC-
produced posterior distributions, such as the form of prior distributions and convergence of
the sampling process, as well as the time required for the MCMC sampling. In addition,
highly correlated parameters (such as natural mortality and harvest mortality) lead to difficulty
in MCMC techniques which are not well-understood by wildlife management practitioners,
and require a great degree of facility with statistical techniques and Bayesian methods for
implementation. Thus, there is a need to further develop and assess statistical models for wildlife
populations that can accommodate and describe both measurement error and environmental
stochasticity in a frequentist framework.

No previous work has assessed the performance of models for age-at-harvest data typically
found in the practice of wildlife management (many years of data, many age classes). In
addition, robustness of parameter estimation techniques to deviations from model assumptions
must be examined.

The inclusion of a stock-recruitment relationship would facilitate the ability for a model to
predict future abundance, at least in the short-term. The ability to predict abundance or trend
in abundance (along with assessments of accuracy and precision) is desirable for managers of
wildlife populations.

It is also of interest to determine the level of auxiliary data required in order to conduct



“successful” analysis with respect to accuracy and precision of estimates, as this also has im-

plications for wildlife population managers.
1.2 Brief Model Description, Significance and Impact

Briefly, the goal of this work is to extend the product-multinomial model formulation of Gove

et al. (2002) and Skalski et al. (2007) to

1. Provide the ability to use environmental covariates to aid in the description of demographic

processes

2. Provide the ability to easily model demographic processes such as harvest and natural
mortality as random effects thereby reducing the parameter space and providing for esti-

mates of process variation and realistic modeling scenarios

3. Include a simple stock-recruit relationship that can help wildlife managers estimate the

rate of reproduction

4. Use the stock-recruit relationship to assess the ability of these models to predict future

abundance.

5. Examine reduced-parameter models with a second-stage abundance estimation technique

for its potential as a replacement for existing model formulations

Each of these pieces provides a signficant extension to existing modeling capability for age-
at-harvest data of wildlife populations. Successful model extensions of this nature can greatly
enhance the ability to use the easily-collected age-at-harvest data to estimate parameters related
to animal demographic processes, and to estimate animal abundance and trends in abundance.

The ability to accurately and precisely model game populations with data collected in an
ongoing fashion, with a minimal amount of auxiliary pre-planned population assessment studies
(such as mark-recapture, mark-recovery, and radiotelemetry data) can increase the wildlife
manager’s ability to understand population status, factors affecting population fluctuations,

magnitude of population fluctuations, and forecasting of future abundance. In addition, wildlife
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biologists stand to gain demographic information from statistical population reconstruction that
may not otherwise be available, and policymakers will gain strength in evidence upon which to
base decisions affecting the population under study.

In the following, I consider the simple stock-recruit relationship of multiplicative fecundity
based on the abundance of breeding-age females. More sophisticated stock-recruit relation-
ships are available, such as those used in the management of fisheries. However, for wildlife
populations, data are often more sparse than in fisheries stock assessment, and the process of
reproduction and its relation to the environment may be poorly-understood. The intent of
the inclusion of a simple stock-recruit relationship is to assess the ability of this simple com-
ponent to reduce the number of parameters that need to be estimated (individual absolute
annual abundance amounts), and to predict future abundance. It is understood that a variety
of factors affect the reproduction rate of individual animals, and mechanisms to accommodate
these additional factors will be provided in a regression-type framework, just as the processes
of survival and harvest will include facilities for covariate parameter estimation.

Success of the work contained herein will enable wildlife managers and conservationists to
model many demographic processes from age-at-harvest data, and providing a means to obtain
detailed demographic information regarding population status and viability. These new models
and techniques will provide meaningful advances in the ability to understand and manage game

populations.
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Chapter 2

MODEL PERFORMANCE WITH FULLY-AGED HARVEST DATA: BIG
GAME STUDY

2.1 Introduction

Within game management agencies, it is not uncommon for many years of age-at-harvest data
to be available. Harvests of some terrestrial animals are often able to be aged quite precisely,
and thus many different age classes can be distinguished. For data of this nature, one typi-
cally requires many years of harvest data, particularly for those models where each absolute
recruitment amount (each N;1) is estimated independently, and for populations where harvest
vulnerability and /or natural mortality are thought to differ among age classes, providing for an
increase in the dimension of the parameter space.

A series of models, including some with their lineage in the models of Gove et al. (2002)
along with newly-developed models will be fitted to a variety of simulated data intended to
represent harvest of a large game animal. These models and their shorthand notation, represent
assumptions of both constant (fixed) and random (annually-fluctuating) demographic processes,
as well as the different methods of accounting for abundance: in conjunction with a stock-recruit
relationship, direct estimates, or with a second-stage Horvitz-Thompson abundance estimator
(Table 2.2). Following the model formulation and description (next section), a simulation
study will be conducted among this field of candidate models to ascertain which of these has

the greatest capability to accurately and precisely estimate abundance and process parameters.

2.2 Detailed Model Formulation and Description

The basic form of the models I examine begins with a product-multinomial formulation, wherein
observed harvest data are assigned probabilities of occurrence (to be estimated as parameters),
based on the age of the animal, and the year in which the animal was harvested (Gove et al.,

2002). Consider an age-at-harvest matrix, such as that in Table (2.1) below. Here, each w;;
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represents the observed animal harvest in year ¢ and age class j, the INy; are initial abundance
parameters to be estimated, and the N;; are recruitment parameters (total annual recruitment),

which also require estimation.

Table 2.1: Example age-at-harvest data: Three years of data and three age classes, with a single diagonal cohort

shaded.

N1t N1z Niz

Noq 11 Ti2  T13
N3 To1 22 o3
Z31 32 Z33

For an individual cohort, such as that which was recruited (age class [column] j = 1) in year
(row) ¢ = 1, the probability of observing the harvest vector ¥ = (11,22, ...,2y4) for years

i=1,...,Y =3 and age classes j = 1,..., A = 3 is written as

Li(Ni1,¢,5 | Za) =
N1t

(p1)™ " ((1 = p1)sp2)™2 ((1 — p1)(1 — pa)s’ps) ™ x (2.1)
T11, 22, T33

3
(1= (pr+ (1= p1)spz + (1 — p1)(1 — pa)s’ps)) V1 — =1 it
where each p and s (herein termed “process parameters”) are harvest probability and survival

parameters, respectively, that require estimation. Note that harvest probability p has been

parameterized as

pi=1—e

for harvest effort data f as in Skalski et al. (2007).
The assumption of independence of fates of individual animals is necessary for the multino-

mial formulation. Additionally, I have assumed that there is no immigration to or emigration
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from the population, and we thus have a closed population. We may consider permanent emi-
gration to be included in the natural mortality probability 1—s, but as age-harvest data provide
no means of assessing immigration, I do not explicitly consider this here. In addition, I have
presumed that some precise measurement of effort (such as number of hunter-days observed,
or number of tags sold) is available. This may not always be the case, and modifications may
be necessary to accommodate an estimate of effort, such as from post-season mail or telephone
surveys.

Of course, it is not always reasonable to assume that survival in every year is the same
as that in every other year. Simply adding a subscript for year i to each process parameter

indicates a separate such parameter for each year. With this modification, we obtain

LA(N11707§| _’A) —

N1
(p1)™ (1 = p1)s1p2)™ ((1 — p1)s182(1 — p2)p3) ™ x (2.2)

11,222,233

(1= (p1 + (1= p1)sapz + (1 — p1)sisa(1l — po)ps)) Vi~ T i,

Similarly, a subscript for age class j could be added to each process parameter to permit
separate harvest and survival probabilities for each age class. As mentioned previously, any
combination of reasonable dimensions of § and any number of catch coefficients ¢ can be used,
provided requirements on amount of available data are met (such as Sjuvenile and Sadult), and
parameters are identifiable in the likelihood equation.

In accordance with standard likelihood theory, and under the assumption of independence
of fates of all animals, the likelihood function for the entire age-at-harvest matrix (probability
of observation of the data) is simply the product of the likelihood of each individual cohort.
For X, the small example matrix of age-at-harvest data shown in Table (2.1), we have

A+Y -1
L(Nig,...,Nua, Nog,y oo Nyva, e, 8 X) = [ Le(Nk,e, 5| &) (2.3)
k=1
where k indexes the cohort number.
I first make two simple and convenient modifications to this standard model. In order to

provide for the ability to include environmental covariates thought to influence the demographic
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processes, I parameterize each s; and p; as

1
e 20
and
pi=1—e ()i (2.5)
such that an exponentiated regression formulation can be used, and covariates 2 = (21, ..., 2p)
along with corresponding regression parameters )= (A1,...,Ap) can be incorporated as
1
S TP (XS VETEuRS W) (2.6)
and
pi=1-— o (et E T Az £ (2.7)

in order to provide a mechanism with which to separate environmental influences from interan-
nual or inter-age-class variation and sampling error. These transformations also aid the ability
to numerically fit nonlinear models of this fashion by bounding the probability parameters
within the interval [0, 1], and maintain that if f; = 0 then p; = 0 (no harvest effort results in
no harvest probability).

A notable absence from the standard models used in wildlife for age-at-harvest data is
a facility for simultaneous estimation and description of the recruitment process. Instead of
attempting to describe the combined processes of recruitment and recruit harvest generating
observed harvest data, the traditional models have opted to estimate each year’s recruitment
individually, rather than attempting to obtain some relationship to prior abundance. This is
largely due to the fact that traditional wildlife studies have lacked the necessary data regarding
the structure and form of a stock-recruit relationship that would enable its examination. Of
course with different wildlife populations, there are challenges in defining the recruitment pro-
cess, and environmental factors may affect the recruitment process to a different degree than
in fisheries. What may be reasonable for a large game population (such as relatively constant

recruitment, susceptible only to the most difficult of weather conditions) may not be reasonable
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at all for small game populations, which may be highly susceptible to factors such as spring
rainfall and temperature. For example, Gilbert and Raedeke (2004) found that a population of
black-tailed deer experienced recruitment rates ranging from 0.56 fawns per breeding-age female
to 1.27 over a span of 20 years. The authors found the annual recruitment rates to be related to
weather factors such as mean minimum monthly temperature in May, and days of precipitation
in June. In contrast Mauser and Jarvis (1994) estimated mallard recruitment rates of 0.31 and
1.26 in successive years.

Despite these difficulties, there is inherent value in creating a method for such assessment.
The ability to gain even a rough understanding of the recruitment process and how it may or
may not be changing over time can prove an integral piece of a population assessment, and is
worthy of consideration here.

In order to include an assessment of the recruitment process, I make the following modifi-
cations to the model. I first consider a simple, rudimentary (yet intuitive) recruitment process
wherein the number of recruits in year ¢, N;1, is linearly dependent on the number of breeding-

age adults in year ¢ — 1. That is

A
Nip = TZNi—l,jy (2.8)
j=b

where 7 is a recruitment process parameter to be estimated, and b is the youngest breeding age
for the animal in question. The parameter r then represents a sort of “average” recruitment
rate for breeding-age adults. Of course, multiple r;’s could be used to describe differing recruit-
ment levels for different ages or age classes of adults. Additionally, if the recruitment process is
thought to be non-stationary, one could include a subscript for ¢ to capture a recruitment pro-
cess that is different among years. Of course, one must not include too many such parameters,
lest one return to a model formulation equivalent to the traditional model, wherein absolute
recruitment is estimated for each individual year (although there may be some advantage to
doing so, at least intially, in order to garner some information about the stock-recruit rela-
tionship that is not available when estimating annual total recruitment). Care must be taken
when formulating this relationship, such that it is representative of current knowledge of the

recruitment process of the species in question. For instance, it may be more reasonable for the
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recruitment relationship to be a function of females only, or a weighted combination of males
and females in the population. Such a construct would require additional information on the
population, such as sex ratios. If a constant sex ratio is expected, then the relationship already
described may be sufficient.

For this simple recruitment process, I also employ a transformation to facilitate inclusion of

environmental covariates, and to aid in numerical optimization techniques. I reparameterize

r =Ytttz (2.9)

to constrain r to be nonnegative during estimation, and allow it to fluctuate according to
environmental influences appropriate to the animal being studied. Here, v has replaced r as the
parameter which describes the recruitment process (without covariates, r = €7). The regression
parameters X are not necessarily the same as those considered previously for the survival and
harvest processes.

Of course, it is widely held that density-dependent effects may obscure the simple rela-
tionship between stock and recruitment as in Equations (2.8) and (2.9). Rather than adding
additional structure to the model in the form of different stock-recruit curves such as the
Beverton-Holt or Ricker curves (Quinn and Deriso, 1999, pg. 86 - 99), we can instead accom-
modate density dependence through the covariate structure as in Equation (2.9). Covariates
relating to the prior abundance (or functions of the prior abundance, such as polynomial terms)
may be included to make recruitment rate (in addition to absolute recruitment total) in year i
explicitly depend on breeder abundance in year ¢ — 1. Thus, the recruitment relationship may

be parameterized as
ri = e’ i, Ni-1j (2.10)
and year 7 absolute recruit abundance would be computed as
R A
Ny = (ewm ik, Ni_l,j) S Nicw (2.11)
j=b

Note that the interpretation of the recruitment rate parameter v is altered in this formu-

lation. In practice, model formulation would be guided by biological information and rough
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knowledge of abundance relative to carrying capacity. Model selection procedures, which will
be discussed in a later section, would then be used to determine the most appropriate formula-
tion.

Wildlife demographers and population managers also have interest in the degree to which
natural variation affects the demographic processes of harvested populations, separate from
those environmental influences which we have accommodated via reparameterization above.
Imposing additional model structure, as described below, will permit us to simultaneously
reduce the parameter space (remove the need for many annual parameters for s;, p;, and r;),
and also make the model more realistic. In addition, the following modifications will permit
some assessment of the magnitude of interannual fluctuations in demographic processes. In
order to modify the model, I reconsider the reparameterizations used previously, and add a

random error term. I reparameterize the survival process as

1
T T e Bra) (2.12)
or, with covariates, as
a 1 2.13
s 1+ e~ (B+A1z1++Ap2pte;)’ ( . )
where
ei ~ N(0,03). (2.14)

Here, I have removed the need to have different s; parameters for each year by considering
the fluctuations to be random and normally distributed, following a logistic transformation. We
have added the parameter ag;, which will produce our estimate of the interannual variation in
the survival process. Note that for a% to truly be an estimate of natural variability, we must
account for all other known sources of variation. If we fail to do so, these other sources of
variation will be “lumped in” with a% during estimation.

If there is reason to suspect natural fluctuations (not explainable by covariates alone) in
the harvest and recruitment processes, similar modifications can be made for these processes as

well. We can reparameterize with
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_e(c+7'i+)\1z1+w+)\pz17)fi

pi=1l—e (2.15)
and
r = eVt izt Az (2.16)
where
7 ~ N(0,02) and 6; ~ N(0,02) (2.17)

assume the role of the random effects, with separate parameters corresponding to interannual
variation, which require estimation. Note that recruitment is assumed to be log-normally dis-
tributed.

Clearly, a great number of formulations are possible, and random effects €, 7, and 5 need
not be normally-distributed. One alternative scenario might be to consider a demographic
process such as recruitment as relatively constant, except for large negative disturbances (again,
which cannot be explained by environmental covariates alone). One might then hypothesize the
magnitude of these random, large, negative deviations to have some Gamma («, 3) distribution,
or some other distribution allowing for skewness.

In the absence of harvest, one might typically consider factors such as abundance, survival,
and recruitment rate to have some dependence on previous values. That is, an autoregressive
process wherein deviations from mean annual abundance are correlated with their lagged coun-
terparts from prior years may be employed to account for correlation between years. If, for
example, recruitment rate in year ¢ was thought to be dependent on recruitment rate in year

1 — 1 through the relationship

5i+1 = ,051‘ + (2.18)

such that we may iteratively compute

5= e (219)
§=0
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where 7; takes the place of §; in Equation (2.17) (independent, normally-distributed, with
constant variance). It is well known (Kutner et al., 2005, pg. 484-487) that Equation (2.18)
induces the autoregressive correlation structure. We may then represent the variance-covariance

matrix for the vector & as

1 ) ,02 ,OY_2
) p 1 p
o .
i e R (2:20)
p 1 p
Y-z . 2
L7 PP Jv-1x-1)

where p is an additional parameter requiring estimation.

Such a process may be considered in the context of statistical population reconstruction
models as well. Autocorrelation of random effects for survival and reproduction may be obscured
by the presence of harvest and, for extrinsically-controlled species, by the presence of severe
weather factors. If, however, an autoregressive nature is exhibited in one or more processes,
uncertainty estimation would suffer from its omission in the modeling framework.

One may also consider random effects from different processes to be correlated with one
another. For instance, reproduction in year ¢ may be dependent on the survival rate from year
1 — 1 to i through temporally-related factors not accounted-for in the covariate structure. In

this situation, one may hypothesize that

€ 0 0% o
T~ MyN N IR (2.21)
0; 0 08y O‘%

where the covariance parameter og, provides an extra parameter to be estimated. This type
of dependency between demographic processes may be obfuscated by density dependent ef-
fects, and it is unlikely that data quantity and quality will support both a density-dependent

covariate structure or stock-recruit formulation in addition to autoregressive behavior of the
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stochastic components of demographic processes. Care should be exercised when investigating
these possibilities.

Within this document, I do not consider autoregressive demographic process behavior or
density dependence, as my primary interest lies in establishing the base-case validity of a new
set of statistical population reconstruction models as well as the addition of variance components
to their structure. Future work may merit investigation of nontrivial correlation structures for
random effects, such as the autoregressive structure or correlated random effects from different
demographic processes.

A complete mathematical description of the most complex of the potential models described
above (without the use of environmental covariates and with independent normally-distributed

random effects), for a single cohort present upon initiation of data collection, is given by

LA(Nll,IB,C,g,F7 O'ﬁ,O'C ‘ fA) -

N1
(p1)™" (1 = p1) 51p2)"** ((1 — p1) 51 (1 — p2) s2p3)™** ¥
T11, T22, T33 (2.22)
N8
(1~ (pr+ (1= p1) sipz + (1 — p1) s1 (1 — pa) sapg)) 7217 x
3 2
[H Po, <n~>] [H s (e»]
i=1 i=1
where
pr=1—e VN
D2 = 1-— €_€(C+72)f27
pP3 = 1-— 6_6(C+T3)f3a
B 1
51 = 14 o-(Bta)’ (2.23)
_ 1
So = 1 + e_(ﬁ+e2) )

€ ~N (0,0’%) ,
7~ N (0,03) ,

and where ¢, (z) is the normal distribution with location 0 and scale parameter o.
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Beginning with the oldest age class in year 1, one may enumerate the cohorts in chronological

order according to age. The likelihood presented in Equation (2.23), then, corresponds to cohort

A. The next cohort, A+ 1, (the first to implement the optional stock-recruitment relationship)

is expressed without covariates, as

LA+1(N127670777a?7570ﬁ70—c70—"/ ‘ fA-i—l) -

(67+61) ZA:b Nij )
’ T D5 (1 — pa) s2p3)"* (1 — pa) s2s3 (1 — p3)) p§* x
T21,T32,T43

(1= (p2 + (1= p2) s2ps) + (1 — pa) szs5 (1 — pg)) pa) V117 2im1 141

4 3
[H (baT (TZ)] [H (baﬁ (61) [‘boq (61)]
=2 1=2
where
P2 = 1— 6_6(C+72)f27
pP3 = 1-— 6_6(c+73)f37
P4 = 1-— €7€(C+T4)f47
_ 1
SS9 = 1 + 6_(ﬁ+62) ’
B 1
83 = 1+ 67(6+€3) )

€~ N (0,0’%) ,
T~ N (0,02) , and

6 ~ N (0,03) .

(2.24)

(2.25)

Subsequent years follow in the same fashion as Equation (2.25), with indices incrementing

with additional years of data. As before, the joint likelihood of each cohort is expressed as

A+Y -1

L(N,B,c,7,€7,0,08,00,0, | X)= [[ Li(N,B,c.7,67,0,08,00,0, | T).
k=1

(2.26)

The number of parameters in the model above (with a single 3, a single ¢, a single ~y, 3 variance

parameters [0g, o, and o,], and A initial abundance parameters) is now A + 6.
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In mixed-effects models such as these, one may form a marginal likelihood by integrating
over the random effect terms (€, 7 5) to eliminate them, and thus avoid their direct estimation

in the likelihood. This marginal likelihood takes the form

N /87 77705700707 ‘ X

v (227
/ / / / / / N ﬁ? 777_:7?7670-1870'6707‘X) dngd67
Ty Jo1 Sy —1

where I have written N to represent Ny 1, N12,..., N1 4. Throughout, likelihoods of this form
correspond to the first 4 models in Table (2.2). Additionally, the traditonal models of Gove
et al. (2002) (which do not have a stock-recruit relationship, and rely on estimating each annual
recruit abundance separately) may be modified such that the harvest and survival probabilities
have random-effect terms. Therefore, we may modify the likelihood (1.3) via (2.13) and (2.15)

and obtain the marginal (integrated ) likelihood for X as

(N B?C 0p,0¢ | X

/ / / / (N.B,c,&7, 05,00 | X) de dF. (2:28)

Since these integrals are not available in closed form, numerical integration techniques such
as quadrature or importance sampling might be used to approximate the marginal likelihood
(Skaug and Fournier, 2006). For many random effect terms, many of which will be correlated
(particularly those relating to harvest and natural mortality), this can be numerically unstable
and difficult to evaluate numerically.

Instead, I employ the likelihood approximation technique known as the Laplace approxima-
tion (Skaug and Fournier, 2006), which is available in the AD Model Builder software (Fournier
et al., 2011). This implementation is used to directly estimate parameters in Equation (2.27).
The Laplace approximation is described in detail by Skaug and Fournier (2006), who also de-
scribe how automatic differentiation is used to compute the Hessian matrix, which is vital for
implementation of the Laplace approximation as well as uncertainty estimation from likelihood

models such as these.
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Despite the reduction in the number of parameters required to fit the model as in Equations
(2.27) and (2.28), there still remains a relatively high number of parameters with respect to the
amount of available data, and numerical estimation can be difficult. Abundance parameters
(N11,...,Nq,4) can be difficult to estimate as they require explicit constraints (cannot be less
than total cohort harvest). Precise parameter estimates generally require a large amount of
data relative to the number of parameters in the model. By reducing the number of parameters
in the model, it is possible that more precise parameter estimates will be available with the
same amount of data. It is therefore of interest to determine if these issues may be remedied
by considering reduced-parameter models that allow for abundance estimation outside of the
likelihood framework.

An alternative model formulation can be studied by considering the distribution of animal
captures in a given cohort conditional on having been captured. That is, each “cell” in the
multinomially-distributed vector of cohort harvest is parameterized by the probability of sur-
viving to that age (in the given year) and being harvested in that year conditional on having
been harvested at some time. The likelihood is formed by computing the probability of ever
being harvested for an animal in a given cohort, and dividing the marginal probability in each

cell by this amount, according to the standard conditional probability rule. In simple terms,

P(age j animal harvested in year i | animal was ever harvested) =

P(age j animal harvested in year i and animal was ever harvested)

P(animal was ever harvested)

P(age j animal harvested in year i)

P(animal was ever harvested)

s (1-p)"'p
p+s(l—pp+s*(1—p)’p+--
A conditional likelihood for a simple 3-age-class harvest may therefore be constructed for

cohort A as in Equation (2.2) which relies only on parameters involved in harvest and survival

probabilities:
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La(B,c|Za)=
2. i (pl> <<1—pl>81pz> ((1 — ) (1—p2) slsgp:;)m (2:29)
T11, 22y - - 5 T Pe Pe DPe

where the probability of ever being harvested, pe, is computed as

pe = p1 + (1 —p1)sip2 + (1 — p1)(1 — p2)s1s2ps.

Note that a recruitment process is not relevant here, as no abundance estimation takes place
with this conditional likelihood.

We may also consider harvest and survival processes to contain random deviations from an
overall mean, and parameterize them as random effects. Modifications similar to those above

in Equation (2.24) yield a random effects likelihood for the conditional formulation of

LA(ﬂ7C7O-ﬁ70-T76276377—277—37T4 ‘ fA) =

2 i <pl>zll <(1_p1)51p2>m <(1 —p1) (1 — p2) 8182P3>x33 y

T11,X22, - -+, Tijj Pe Pe Pe (230)
4 3
[H o, <n>] [H o (q»)]
i=2 =2
where again
o 1
ST I e (Bre)’
pi = 1—e e (2.31)
This leads to a combined (all-cohorts) likelihood of
A+Y -1
L(67C70—570—T7g>7?| X): H Lk(67ca0—670—77€77?| _’k) (232)
k=1

where multidimensional integration over the latent variables € and 7 yields the marginal likeli-

hood
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(,B,C 0p,0¢ ’ X

(2.33)
/ / / / (B,c,é 708,00 | X) dé dF.
€y —1

which is approximated with the Laplace approximation and optimized directly for estimation of
the parameter vector g = (B,c,08, O'T)T. In the simplest mixed-effects case, only 4 parameters
require estimation via numerical methods; if survival and harvest probability are considered
to be fixed effects, then only 2 parameters require estimation. This reduction in parameter
space can be a very attractive feature for populations with a long harvest history, but limited
historical auxiliary data sources. The limitation to fitting age-at-harvest data with these models
is that direct estimates of abundance are not available within the likelihood framework.

In order to estimate abundance from the conditional likelihood of Equation (2.32), we may
employ a Horvitz-Thompson estimator (Horvitz and Thompson, 1952). In general, a Horvitz-
Thompson estimator sums the ratio of a number observed divided by the probability of observing
that group (the “inclusion” probability), over the number of groups to estimate a quantity such
as abundance (assuming the individuals captured are representative of the superpopulation).
Strictly speaking, a Horvitz-Thompson estimator (Horvitz and Thompson, 1952) assumes a
known inclusion probability, and I employ the method with an estimated inclusion (harvest)
probability. I will therefore refer to this as the Horvitz-Thompson-type estimator. In the

context of statistical population reconstruction, annual abundance is estimated as

A
7] 2.34
which, in the case of a single vulnerability coefficient ¢, may be expressed as
A
~ LTy
R, =1 % (2.35)

pi
Note that although estimation of survival and harvest probability requires tracking cohorts
through time, the abundance estimation procedure does not rely on computing cohort abun-

dances through time, as in Equation (1.5). If different vulnerability coefficients are necessary,
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as for ¢jypenite and cqguit, the sum in (2.34) can be broken into the appropriate components for

summation as

~

L ]uvemle
N; = =

M:>

(2.36)

pz,juvenzle i, adult

[\

The Horvitz-Thompson approach is a versatile and convenient method to estimate quantities
such as abundance, although the properties of such estimators in the statistical population
reconstruction context will require detailed examination. Such estimators have been successful
in other contexts (Laake and Borchers, 2004; Buckland et al., 2010), and warrant investigation
here. Horvitz-Thompson estimators may encounter difficulty if estimated probability of capture
is too low, such that the ratio x;;/p;; grows rapidly as p;; shrinks towards zero. Thus, if low
harvest rates are expected, caution should be exercised in use of this method. Also, if no animals
of a particular age class are harvested, the Horvitz-Thompson estimate of abundance is zero,
which is unlikely to be a desirable feature when such zero harvest groups occur frequently in

the data.

In models where abundance is estimated directly rather than with a Horvitz-Thompson
estimator, the number of parameters is still significantly reduced via the inclusion of a stock-
recruitment relationship and the modeling of process parameters as random deviations from a
single mean rather than a large number of fixed parameters. Nevertheless, the expected high
degree of correlation between the natural mortality (given by ) and harvest mortality (given by
the relationship between ¢ and f;) will still make numerical estimation difficult. It is therefore
desired to include any auxiliary data that might be helpful in estimating those parameters, or
by assisting the estimation of initial abundance parameters IV;;. As mentioned previously, for
each of the models considered here, some level of auxiliary data is required to fit the models
due to identifiability issues in the likelihood function; the more parameters one includes in
the model, the greater are the auxiliary data requirements According to standard likelihood
theory, independent auxiliary data, perhaps arising from a mark-harvest, mark-recapture, or
radiotelemetry study, can be used to augment our age-at-harvest likelihood (Gove et al., 2002)

as
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Ltotal = Lage—ha’rvest X Lauwiliary X Lcatch—effart (237)

where Lgyzitiary s a likelihood function for the auxiliary data, which will typically be from the
hypergeometric, binomial, or multinomial families of densities, and Lyge—narvest 1S given by any
of the three methods detailed above [Equations (2.3), (2.26), or (2.32)], and where Lcqtch—ef fort
is the annual catch-effort likelihood of Equation (1.7), as preliminary investigations suggests

this may lead to greater stability in the optimization process.

Model Notation

For simplicity, I will refer to those models that incorporate a stock-recruit relationship as “stock-
recruit” models; models most similar to those of Gove et al. (2002) which estimate each initial
recruit abundance as a separate parameter will be referred to as “absolute-recruit-abundance”
models; those models which employ a conditional-likelihood and which rely on the Horvitz-
Thompson abundance estimation approach will be called “conditional-likelihood” models.

The notation used to refer to the models may be interpreted as follows: if the model is listed
as Nysyc., then the model estimates abundance within the likelihood framework; if a model is
listed as sy c., a Horvitz-Thompson approach is used to estimate abundance. The subscript SR
refers to the stock-recruit relationship; if it not present, the subscript A, indicating “absolute”
recruit abundance is used (the models of Gove et al. (2002)). For all entries in the model
shorthand (N, s, and c¢), a subscript F' is used to indicate whether the associated parameters

are assumed to have only fixed components, with R indicating random processes.

Software

The statistical software package R (R Development Core Team, 2010) provides a convenient
means with which to simulate data and summarize simulation output numerically and graphi-
cally. A separate software package, Automatic Differentiation Model Builder (ADMB) (Fournier
et al., 2011) is used for optimization of the likelihood functions, due to its ability to implement
the Laplace approximation (Skaug and Fournier, 2006) for a general likelihood function, which

then permits the inclusion of random effects, such as those in the models described above.
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Table 2.2: List of model shorthand notation.

Model Reference Name Model Description

Nsr,FsSrcr Recruitment relationship, all process parameters fixed
Nsr,RSRCR Recruitment relationship, v, 8, and ¢ random

Npspcp Absolute annual recruit abundance, 8 and c¢ fixed
NASRCR Absolute annual recruit abundance, 5 and ¢ random
SFCF Absolute annual recruit abundance, 8 and c fixed, with

Horvitz-Thompson abundance estimation
SRCR Absolute annual recruit abundance, 8 and ¢ random, with

Horvitz-Thompson abundance estimation

ADMB permits the user to write a generic likelihood function (which can be highly nonlinear,
as in the models considered here) in the C++ language, and implements the Laplace approxi-
mation in conjunction with automatic differentiation, a method to precisely calculate numerical
derivatives which are required to estimate the Hessian matrix, the inverse of which constitutes
the estimated variance-covariance matrix of the maximum likelihood estimates. Optimization
of this approximation to the likelihood is performed via quasi-Newton optimization. ADMB

also includes tools for empirical-Bayes estimates of the random effects terms (€, 7, and 9), and

importance sampling of the likelihood function to aid in the estimation of random effects terms.

2.2.1 Uncertainty Estimation

Asymptotic theory of maximum likelihood estimates permits us to obtain variance estimates of
parameters from the inverse of the Hessian matrix (the matrix of 2nd derivatives of the likeli-
hood function, evaluated at the MLEs). ADMB (Fournier et al., 2011) computes this variance-
covariance matrix of estimates automatically following the optimization process, and utilizes
automatic differentiation in doing so, which is more accurate than the finite-difference methods
employed in many other software packages. ADMB (Fournier et al., 2011) also automatically

employs a variance approximation technique known as the delta method for approximating
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variances of functions of parameters. The delta method is comprised of a Taylor-series expan-
sion of the function in question about the estimated value of the parameter(s) involved in the
function. For mixed-effects models, variance approximations become more complex. Empirical
Bayes estimates of the random effect terms (€, 7, and S’) are available from the multiphasic esti-
mation procedure employed in ADMB, and the uncertainty in these estimates is thus dependent
on both uncertainty in their estimation as well as uncertainty of the MLEs upon which they

depend. Therefore, the portion of the variance-covariance matrix corresponding to the random

effect terms is estimated as (Skaug and Fournier, 2011)

N\ 7 -1
0% log p <€| X; §>

Gon (@) = — (N @ (7) (%5
o o¢ O o0 o0

where 6 represents the MLEs of the fixed parameters, Cov (5) represents the inverse-Hessian

variance-covariance matrix of the MLEs, 2—;: represents the sensitivity matrix of the estimates
of € to the MLEs of 6, and log p(z | y) is the log-likelihood of z given y.

Once estimates of uncertainty for all model parameters and random effect terms are available,
ADMB (Fournier et al., 2011) employs the delta method to estimate the uncertainty in functions
of parameters, (]/\722, for example) that are derived from model-based estimates. However, for
conditional-likelihood models, abundance estimates are not included in the model structure as
parameters (as for absolute-recruit abundance models) or functions of parameters and prior
breeding-age abundance (for stock-recruit models), and a component of variation cannot be
specified within the software syntax. To see this, note first that for conditional-likelihood
models, abundance is estimated following model fit as in Equation (2.35) as

A
N, = @ (2.38)
D
which is a function of both parameter estimates and data. It is easily understood that parameter
estimates are uncertain, and we have already seen that estimates of uncertainty of parameters
are provided via the Hessian matrix. However, if it were possible to observe the same population

of animals under the same conditions as a given year of historical data, with the same amount of
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harvest effort, one would not necessarily expect the exact same harvest numbers to be exhibited
in the data as the first iteration, due to chance alone. Thus, there is an extra-likelihood
component of variation in the conditional-likelihood models that is not accounted-for via inverse-
Hessian uncertainty alone. For this component of variation, we must account for the binomial
sampling model assumed for the harvest data. Therefore, in order to compute the variance

estimate Var (]/\\Q), I use the “law of total variance”

Var(N;) = Ex (Var@j (1\7,- | X>> + Varx (E@j <]\A/Z- | X)) . (2.39)

I refer readers to Appendix B for details of the variance calculations, and note here that for
a fixed-effects-only conditional-likelihood model, with an assumption of a binomial sampling

model for annual harvest based on the estimated annual abundance and harvest probability,

Var () ~ Var @ (2 1 (Nipi (1~ 50) + N28?) + Ni(1 =) (2.40)
(2 ac ]/9\;4 17 7 7 77 ]/9\7[ . .
For a conditional-likelihood model with a random component for harvest vulnerability,
Var (Ni) ~ i\ v @+ (9 e @y +2 (2 () v 7 |
ar ( N; ) ~ 9% ar (¢ or, ar (T; 9% or, ov (¢, 7; .

1 /- N o N (1 =%
51 (Nipi (1—pi)+Ni2p12) +M-
1

7
Once variance estimates are obtained for each model formulation, we may appeal to asymp-
totic normality of maximum likelihood estimates, and compute approximate confidence intervals

for annual abundance estimates as

(]Vi — 2o [Var (Kf) Ni+z1_ay/Var (]\7)) (2.42)

where often we will use o = 0.05, which leads to the usual Z1-g = 20975 R 1.9599. Abundance
estimates produced from conditional-likelihood models via the Horvitz-Thompson estimator are
not MLESs, so there is no a priori reason to expect asymptotic normality of these estimates. Use
of the confidence intervals in Equation (2.42) is not justified by asymptotic statistical theory,

but are constructed in this manner for investigative purposes.
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2.3 Simulation Model

It is of interest to determine the degree of success the models introduced in the previous chapter
attain for age-at-harvest datasets such as these with respect to several criteria, to be discussed
later. In order to examine the performance of these models, I constructed a simulation model
for the birth/survival/harvest processes of hypothetical large game populations. Within this
model, I can specify a variety of values for the relevant process parameters (3, c, v, 03, o, and
0,), as well as the size of the population being studied (absolute abundance), and the number
of years and age classes of available data.

I begin each simulation with a population at a stable age distribution. To project the

population to a stable age distribution, I create a Leslie matrix (Leslie, 1945) of the form

0 e’ (1+ifﬁ> e’ (Hifﬁ) e’ (Hi 5)
(=) 0 0 0 0
Lxa= 0 0 0 0
0 0 () 0 0
0 0 0 () 0o

where I choose reasonable values of v and 3 to represent a feasible large game population (Table
2.4). Note that I have assumed age classes 2 through A are capable of reproduction, and do so at
a common rate, and that survival for each age class is assumed to have a common mean. Again,
these assumptions are flexible, but I am foremost interested in examining model performance
in the simple population dynamics case, and will consider robustness to additional age-class
process parameters later. Note that no individuals survive to be older than age A.

Each year’s age-class distribution is first subjected to the harvest process, represented by

the diagonal harvest matrix

H iy p = diag (1 — e_ecfi) ) (2.43)

Again, I choose reasonable values of ¢ to represent a feasible large game population harvest
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(Table 2.4). In conjunction with the chosen value of ¢, for each year i, I select the amount of
harvest effort, f;, from the Gamma («, 3) distribution to give a desired mean level of harvest.
For numerical purposes, I choose the scale of ¢ and f; such that e€f; is contained in the interval
(0, 3) with high probability. Note that harvest effort (hunter-days, # of permits sold, etc.) is
assumed known precisely, and need not be estimated.

From the survival/reproduction Leslie matrix and the harvest matrix, I obtain the stable

age distribution as the scaled (to sum to 1) dominant right eigenvector of the matrix product

X: eigen(LAxA X HA><A)-

This eigenvector, X is then multiplied by a desired level of absolute annual abundance (4000
animals, for example) and rounded to obtain an initial age class abundance for each simulation,
Ny.

For each year of simulated data, I first draw 7;, the annual fluctuation in harvest probability

as

T ~ N(07 0-3)

where o is chosen to represent a feasible magnitude of interannual variation in the harvest /effort

relationship. Then, separately for each age class j, I draw the number harvested as

) ) _eletT) £,
x;j ~ Binomial <Nijapij —1_¢ el )fz> .

The number remaining following harvest, ]\71 — Z; is then subject to the survival process, where

the number surviving INV;; for age classes 1,... , A — 1 is generated as

N;; ~ Binomial (]\7Z — @, 855 = 1/(1 + exp(— (8 + 61))))

separately for each age class, where ¢; is drawn from the N(0, J%) distribution. Again, Ug is
chosen to represent a reasonable interannual fluctuation in survival probability, and no members
of age class A are assumed to survive. The age-class abundance vector N is then augmented
with a simulated recruit abundance to form the next year’s pre-harvest abundance. Recruit

abundance is drawn as
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hS

-1

N;; ~ Poisson | e(V1%) N{; ,

<.
Il
)

where 0; is drawn from the N (0, Ug) distribution, and where oy is chosen to represent a feasible
level of interannual variation in recruitment rate. Thus, the simulation model incorporates
sampling error of the Binomial and Poisson form, as well as interannual error in the demographic
processes of harvest, survival, and reproduction.

I iterate the simulation process for 2Y years of “burn-in”, and then save the next Y years
as the simulated dataset. These final Y years of harvest and abundance data are stored in the
matrices X and NN, respectively; the harvest data to be used in the estimation procedure, and
the actual abundance to be compared to estimated abundance reconstructed from the estimated
model parameters, following estimation. The reader will note that the “true model” (the model
from which the simulated data are derived) for all simulations (except where noted otherwise
in the Robustness and Model Selection sections) is the form of the most complex model
listed in Table (2.2), Nsg rSrcr, which is the model incorporating a stock-recruit relationship
with random effects as well as random-effects in the processes of natural mortality and harvest
probability. Therefore, a priori, we might expect that if model fit to simulated data is successful,
we will frequently see “better” model fits come from the Ngr rsgrcr model.

For estimation purposes, initial parameter estimates are required for 3, ¢, and Nl. (the
vector of initial age-class abundances) and ~ for some models. Depending on the features of the
alternative model choices, initial estimates are required for any or all of the following additional
parameters: og, 0c, 0, €, T, and/or 5. For simulation purposes, initial parameter estimates for
Ny. (or N.1) were drawn from the normal distribution centered about the known parameter value
with a standard deviation equal to 10% of the known parameter value, independently for each
simulation. For process parameters (f3,¢,~,0s,0c,0,), initial parameter estimates were drawn
from the normal distribution centered around the known parameter value, with a standard
deviation equal to 10% of the the absolute value of the known parameter value, independently
for each simulation. This is consistent with the expected level of knowledge of abundances

and demographic processes in a harvested population that has been studied for a number of
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years sufficient to provide age-harvest data, as well as the possibility for the practitioner to
refit the model with different starting values to find the optimal fit. For variance components
(08,0¢,0+), initial parameter estimates are e~ ~ 0.007. This number was chosen to be close
to 0, but not so close as to cause frequent failure of the numerical estimation technique due to
a value of exactly 0. All random effect vectors (€, 7, and § start with an initial value of 0 for all
entries.

For what will herein be termed “primary simulation” results (where all model assumptions
are satisfied by the simulation model), n = 1000 simulations are created, and models are fitted to
the resulting data, to be compared by their success in producing precise and accurate parameter
estimates and abundance reconstructions. Here, success is measured by a variety of quantities:
summaries of percent bias of process parameter estimates as well as reconstructed total annual
abundance estimates, precision of estimates (summaries of magnitude of estimated standard
error), mean-square error, and confidence interval coverage.

Via this simulation model, a multitude of potential input parameter combinations could be
examined. In order to examine model performance under conditions most likely to be pertinent
to wildlife population managers, I limited the input parameter combinations to those presented
in Table (2.3), in order to draw comparisons regarding model fit between them.

As mentioned previously, auxiliary data are required to fit these models. I chose to simulate
two sources of auxiliary radiotelemetry data. To aid in the estimation of harvest probability, I
assumed that 20 animals per year were radiotagged for short-term radiotelemetry studies that
enabled surviving individuals and deaths due to other causes to be distinguished from harvest
deaths, obtained via subtraction from the known number tagged. Assuming that tagged animals
behave the same as untagged animals, an appropriate model for these data is the binomial

auxiliary likelihood

. . . _eletT;) S
Lradiotelemetry(p) = H Binomial (l’i, Mi,pi=1-¢e f )
eV

where z; is the number of individuals harvested in year i (those not found to be still alive or
dead due to non-harvest causes immediately following the harvest period), M; is the number of

individuals radiotagged in year ¢, p; is the harvest probability that has been described previously,
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and V is the set of years for which these radiotelemetry studies were conducted. Under the given
level of harvest pressure (=~ 27%) and the desired coefficient of variation of estimates resulting
from these data sources (Table 2.3), this resulted in 7 years (140 animals) of radiotelemetry
data.

In order to aid the estimation of survival probability, s, I assumed long-term radiotelemetry
studies were conducted during the non-harvest season that enabled the number of survivors to
be distinguished from those succumbing to non-harvest mortality. An appropriate model for

these data is the binomial auxiliary likelihood

. . 1
Lradiotelemetry(s) = H Binomial (yi; Bi,s; = 1_’_6_(/3_’_62)> )
€W

where y; is the number of individuals surviving the non-harvest season in year i, B; is the
number of individuals radiotagged in year i, s; is the survival probability that has been described
previously, and W is the set of years for which these radiotelemetry studies were conducted.
Under the given survival probability and desired coefficient of variation of estimates resulting
from these data sources (Table 2.3), this resulted in 4 years (80 animals) of radiotelemetry data
simulated. Both of these independent auxiliary radiotelemetry data sources were simulated in
the middle of the age-harvest data (eg, 4 years of radiotelemetry data occurred in years 10 - 13
of the 25 years of age-harvest data). The joint likelihood was formed as the product of both
of these auxiliary likelihood sources with the age-at-harvest likelihood for the chosen model, as
in Equation (2.37). This joint likelihood was used for inference in all scenarios, except where
otherwise noted in the Robustness Simulations section, which examines model performance
under different quantities of available radiotelemetry data.

Following the primary simulations where model assumptions are satisfied, environmental
stochasticity is relatively low, and a relatively high level of auxiliary information is available,
a series of simulations addresses various questions of robustness, including survival probability
that is not independent across years of data, reproduction that is not independent across years
of data (although still dependent on prior breeding-age abundance), and where less auxiliary
data are available. Some of these robustness simulations will assess the ability of the model to

fit trends in abundance other than flat (finite rate of population change \ # 1).
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Table 2.3: Parameter combinations used for primary simulations of big game harvest datasets.

Simulation Parameter Potential Values
Number of age classes 13
Years of data 25
Desired CV of auxiliary mark-recovery data 15%
Desired CV of auxiliary radiotelemetry data 5%

Q
—_

Finite rate of population change ()

Variation Level

None Low Med High
08, Oc, Oy 0.0 0.1 0.2 0.3
Level of harvest! ~ 27%
Level of average survival percentage 84% (B ~ 1.67)
Total Initial Abundance ~ 4,000
Average recruits per breeding-age female e’ =1 (y=0.0)

L When evaluated at mean effort. Harvest effort drawn from

Gamma(10,14) then divided by by 100 to give mean effort = 1.4.

Variation in the process parameters of survival probability, harvest percentage, and fecundity
was simulated at a variety of of levels, classified into “none”,“low”, “medium”, and “high”.

(Table 2.4).

2.4 Results

2.4.1 Results: Primary Simulations Under Valid Model Assumptions

Models in Table (2.2) were chosen to examine a mixed-effects version of the models under
consideration, as well as their fixed-effects-only counterparts. In the course of preliminary

simulation work, it became evident that some “intermediate” models were worthwhile to in-
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Table 2.4: Variation induced in natural demographic parameters of interest. (Harvest probability assessed at mean

level of effort.)

Parameter Level Natural Range

Annual Survival Probability ~ 0.84 o053 =0.1 s+ 20,: (0.814, 0.867)
og=0.2 ps+20,: (0.781, 0.888)
og=0.3 ps+20,: (0.745, 0.907)

Annual Harvest Probability = 0.27 o, =0.1 p, £ 20,: (0.226, 0.317)
o.=0.2 pp=£20, (0.189, 0.372)
Ge=03 i+ 20, (0.158, 0.434)

Fecundity (young per female)= 1.0 o0, =0.1 pus=+20: (0.819, 1.221)
0y =02 s+ 20 (0.670, 1.492)
oy =03 ps+ 20 (0.549, 1.822)

vestigate. Specifically, the estimation procedure was frequently unsuccessful in estimating a
nonzero variance component for natural survival (to be described in detail later); therefore, the
models presented in Table (2.2) were augmented with versions of each model structure where
all processes were random except for survival, to study the effect, if any, of treating survival
as a fixed process. The additional models are : Ngg rsrcr, Nsgr rSrcr, Nasrcr, and spcg
(Table 2.5).

In addition, initial investigations concerning the use of the auxiliary catch-effort likelihood of
Equation (1.7), it was found that stock-recruit models encountered numerical difficulties during
optimization that frequently led to optimization failure when the auxiliary likelihood was used;
therefore it was excluded from all fits for stock-recruit models. Preliminary investigations
also indicated that results for the absolute-recruit abundance models (Ngspcp, Naspcg, and
Nasgrcr) as well as the conditional-likelihood/Horvitz-Thompson models (spcp, spcr, and
sgcr) differed based on the use of the auxiliary catch-effort likelihood. For these six models,

results are presented both with the use of the auxiliary catch-effort likelihood of Equation (1.7),
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Table 2.5: List of additional models fitted.

Model Reference Name Model Description

NsRr,RSFCF Recruitment relationship, v random, S and ¢ fixed
NsRr,RSFCR Recruitment relationship, v and ¢ random, 3 fixed

Nyspcgp Absolute annual recruit abundance, ¢ random, [ fixed
SFCR Absolute annual recruit abundance, ¢ random, S fixed, with

Horvitz-Thompson abundance estimation

and without it.

Throughout this section, some primary tables and figures are presented in-line with the text.
Some tables and figures are left for Appendix A, in order to maintain continuity of presentation.

Figure (2.1) contains a sample of simulated annual abundance data for these primary simu-
lations, where average annual abundance is relatively constant at 4000 animals, when averaged
over the n = 1000 simulations. Ten randomly-chosen abundance trajectories are represented
by the ten individual lines at each level of simulated variation (none, low, medium, and high).
A variety of trends are represented within the individual simulations, but as noted in Table
(2.3), input parameter combinations have been chosen to keep simulated abundance relatively

constant, on average.

2.4.2 FEstimator Accuracy
Process Parameters

When gauging viability of model formulations via simulation, it is important to assess both the
accuracy and precision of parameter estimates. In order to assess accuracy, I provide summaries
of the bias exhibited by the maximum likelihood estimates obtained from simulated data (Table
2.7). I chose to assess bias with the median relative bias (MRB) as opposed to the more
commonly-used mean relative bias due to the inherent difficulty in numerically optimizing an

approximation to a marginal likelihood, which can infrequently lead to clearly erroneous values
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Figure 2.1: Sample of ten randomly-chosen simulated total annual abundance trajectories.

(such as 5 < 10%). In practice, the practitioner will adjust box constraints on parameters as
well as optimization intialization values in order to obtain results on a reasonable scale. Over

the course of 1000 simulations for each individual simulation scenario, this is not possible, and
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a few estimates strayed into “unreasonable” territory (e.g. unreasonably large value of the
reproductive rate accompanied by unreasonably low value of natural survival probability). To
avoid such results from having undue influence on summary measures, I therefore choose the
median as a measure of centrality for many simulation results.

With no simulated environmental variation, conditional-likelihood /Horvitz-Thompson mod-
els and stock-recruit models show low absolute median relative bias (< 2%) in estimation of
parameters for survival probability, harvest vulnerability, and recruitment regardless of the use
of the auxiliary catch-effort likelihood component (Tables 2.6 and 2.7). Absolute-recruit abun-
dance models, however, show relatively large bias, particularly for the mixed-effects versions
(Ngasrcr and Ngspcgr), while even the fixed-effects version shows 4.7% bias in estimation of
survival probability and -9.3% bias in estimation of the harvest vulnerability parameter in the
best-case scenario, when the auxiliary catch-effort likelihood is implemented.

Stock-recruit models (which, again, were only able to be fitted when the auxiliary catch-effort
likelihood component was excluded) with a random component for survival exhibit moderate
positive median relative bias in estimation of the mean survival probability, s (1.5% to 3.9%
across all nonzero levels of simulated variation). Absolute-recruit-abundance models with any
random effects exhibit relatively large positive median relative bias in estimation of s (between
16% and 17% at all nonzero levels of simulated variation), while the fixed-effects-only member of
this model class (N4spcr) has slightly lower positive bias at the low level of simulated variation,
with increasingly large median relative bias as the level of simulated variation increases. The
conditional-likelihood /Horvitz-Thompson models show nearly-negligible median relative bias
for both the fixed-effects and mixed-effects members of the model class, although the magnitude
of bias does appear to increase somewhat with an increase in the level of simulated variation
when the auxiliary catch-effort likelihood is used (Table 2.6); models show little-to-no-bias
whatsoever when the auxiliary catch-effort likelihood component is omitted (Table 2.7). For all
model classes, each of these biases in survival probability is balanced by a compensatory bias
of the opposite sign in the estimation of the harvest mortality parameter, ¢, except for some
results for model spcp, which show low biases of matching sign at some levels of variation.
Median relative bias for the exponentiated stock-recruit parameter (e?) for the relevant model

class is relatively low for all models, across all levels of simulated variation (-0.6% to 4.0%).
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Table 2.6: Median relative bias ((estimate minus simulated value)/simulated value) in process parameter esti-
mates, for models utilizing the auziliary catch-effort likelihood component of Equation (1.7). Results based on

n=1000 replicates at s=0.84, p =~ 0.27, v=0.0, and total annual abundance ~ 4000.

Variation Level Model s c o3 G, O~
None Nasrcr 4.7 -9.3
SFCF 0.6 -1.2

NASFCR 10.5 -18.6
SFCR 0.7 -14
NASRCR 10.8 -18.7

SRCR 0.7 -14
Low Nasrcr 0.4 -1.2
SFCF 0.4 -1.3
Naspcr 163 -25.9 1.2
SFCR 0.7 -2.1 -3.6

Nasrcr 162 -259 -100.0 1.4

SRCR 0.9 -2.1 -99.9  -6.7
Medium Naspcr  -8.8 19.3

SFCF -0.0 -1.9

Naspcr 163 -26.4 -6.1

SFCR 0.6 -2.0 -4.2

Nasrcr 164 -264 -100.0 -6.0

SRCR 1.1 -2.2  -100.0 -6.5
High Naspcrp -14.1 36.1

SFCF -0.9 -1.6

Naspcr 164 -26.9 -6.7

SFCR 0.2 -1.4 -5.5

Nasrcr 166 -26.8 -100.0 -6.7
SRCR 1.3 -2.1  -100.0 -7.5
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Table 2.7: Median relative bias ((estimate minus simulated value)/simulated value) in process parameter esti-
mates, for models omitting the auxiliary catch-effort likelihood component of Equation (1.7). Results based on

n=1000 replicates at s=0.84, p = 0.27, v=0.0, and total annual abundance =~ 4000.

Variation Level Model 03 c e a3 T Ty
None NsR,FSFCF -1.9 4.0 0.2
NsR,RSFCF 1.5 -2.8 -0.0
NsR,RSFCR 1.9 -3.8 0.1
NsR,RSRCR 1.8 -3.5 0.0
Npspcp 7.8 -14.5
SpCR 0.0 -0.0
Npgspcr 9.7 -17.6
SFCR 0.0 -0.0
NASRCR 9.7 -17.6
SRCR 0.1 -0.1
Low NsRr,FSFcp -14.0 42.8 1.1
NsR,RSFCF 2.0 -4.5 0.0 21.8
NSR,RSFCR 3.7 7.7 0.1 -2.7 1.2
NsR,RSRCR 3.6 -7.4 0.1 -100.0 -4.5 1.1
Npspcep 9.0 -16.9
SFCR -0.4 0.2
Npaspcr 16.1 -25.7 -3.8
SFCR -0.4 0.7 -3.5
Nagsrcr 16.1 -25.6 -100.0 -3.8
SRCR -0.4 0.7 -99.9 -6.4
Medium NsRr,FsSpcp -21.2 89.6 2.4
NsR,RSFCF 1.9 -5.1 -0.2 16.8
NSR,RSFCR 3.5 -7.5 -0.1 -5.3 -2.8
NsR,RSRCR 3.9 -8.0 0.1 -100.0 -6.2 -2.8
Naspcp 1.2 -21.2
SpCp 0.0 -1.9
Npaspcr 16.4 -26.4 -7.6
SFCR -0.3 0.1 -3.1
Nasgrcr 16.6 -26.4 -100.0 -7.5
SRCR 0.2 0.1 -99.9 -6.1
High NsR,FSFCcp -23.3 110.7 4.0
NsR,RSFCF 0.8 -4.5 -0.6 13.6
NsR,RSFCR 2.1 -4.6 -0.5 -8.7 -5.2
NsR,RSRCR 2.8 -5.4 0.1 -100.0 -9.7 -5.9
Naspcp 12.8  -22.6
spcp -1.4 -2.1
Npspcr 16.6 -27.0 -7.4
SFCR -0.7 0.8 -3.2
Nasrcr 16.6 -27.1 -100.0 -7.2

SRCR 0.2 0.7 -99.9 5.9
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Estimation of the magnitude of interannual variation (o) in process parameters was less
successful than for process parameters themselves. Regardless of level of simulated varia-
tion, all models that included a random effect to encapsulate variation in survival probabil-
ity (Nsr,rSrCcr, NaSrcr, srcr) had difficulty estimating a nonzero variance component. In
all such models at all levels of simulated variation, 50% or more of estimates were effectively
zero, evidenced by the median relative bias of -100%. Interannual variation in harvest vul-
nerability was estimated more successfully; when the auxiliary catch-effort likelihood is used,
at a low level of simulated variation, median relative bias ranged from -6.7% to 1.4%; at a
medium level of simulated variation interannual variation median percent bias ranged from -
6.5% to -4.2%. At the highest level of simulated variation, median relative bias in estimates
of 0. ranged from -7.5% to -5.5%. When the auxiliary catch-effort likelihood is not used (Ta-
ble 2.7), results tend to be the same, with low negative bias exhibited for all models, at all
levels of simulated variation. No obvious differences between model classes are apparent, ex-
cept that absolute-recruit abundance models and stock-recruit models tend to exhibit a slightly
lower absolute magnitude of bias than the fully-random (both s and ¢ with random compone-
nents) conditional-likelihood /Horvitz-Thompson model. Results regarding magnitude of bias
in estimation of variance parameters did not appear to be sensitive to the use of the auxiliary
catch-effort likelihood as results for models that omitted this component (Table 2.7) are very
similar to the results when it is incorporated (Table 2.6).

Results for interannual variation in the productivity parameter v indicate that interannual
variation is estimated well by those models that incorporate other random processes (Nsgr,rSFCR
and Nspr rsrcr), and that significant positive bias is exhibited by the model that assumes
reproduction to be the only random process (ranging from 13.6% at the high level of simulated
variation to 21.8% at the low level of simulated variation). This positive bias decreases with
increasing simulated variation.

In general, it appears that Horvitz-Thompson models, mixed-effects version of stock-recruit
models, and in some cases the fixed-effects absolute-recruit-abundance model are capable of ac-
curately estimating process parameters (s, ¢, and ); the mixed-effects versions of the absolute-
recruit abundance models and the fixed-effects-only stock-recruit model show noticeably poorer

behavior. While stock-recruit models required that the auxiliary catch-effort likelihood com-
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ponent be omitted, conditional-likelihood/Horvitz-Thompson models show slightly better be-
havior (with respect to process parameter estimates) when it is omitted than when it is used,
with mixed-effects versions of the absolute-recruit abundance models showing similar behavior

regardless of its use.

With respect to relative bias in process parameters, it appears that the conditional-likelihood
models are most accurate in estimating the process parameters. The true data-generating
model, Nsr rSRrCR, is neither the best nor the worst model when considering the percent bias
metric, although as aforementioned, models Nasgrcr and sgcg are in some sense “true” models
as well. For absolute recruit abundance models, the fixed-effects only forms appear to be most
successful in estimating the mean of process parameters. This is not true for reproductive-
parameter models, where Nggr rspcp appears to be the most successful, or for conditional-
likelihood models, where spcr and spcgr are nearly indistinguishable from one another as the
best-of-class in terms of process parameter estimation accuracy. It is worth noting that poor
estimates of the primary demographic process parameter do not necessarily indicate a model will
provide poor abundance estimates, especially when random effects may be used to compensate

for a biased estimate of the mean parameter.

Abundance Reconstruction

The most important goal of statistical population reconstruction relates to the ability of a
model and estimation procedure to accurately estimate animal abundance. Previous research
has shown that the absolute recruit abundance model formulations perform well in simulation
studies that do not include environmental stochasticity with regard to their ability to reconstruct
population abundance (Gove, 1997), and that estimates arising from these models can track
other indices of population abundance well (Skalski et al., 2007). In this section, I seek to
answer similar questions regarding the new model formulations and the inclusion of empirical
Bayes estimates of random effects in the estimation of abundance in the presence of simulated
environmental stochasticity. Do these provide for a more accurate and precise reconstruction,
indicated by reliable absolute abundance estimates, than the previous model formulations? Do

such reconstructions track population trends?
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Following estimation of parameters, including the annual recruitment or reproductive param-
eters, stock-recruit or absolute recruit abundance models may reconstruct age-class abundance

as

- -~ -~ 1 a7
Nop = Nuisi(1—p1) = N | ———=—= <€_€< ! l)fl) (2.44)
1+ (F+8)

when Ny is estimated directly as a parameter (absolute-recruit abundance models), or

A A

Nop = | 717 ;Nlj 5Il—p1) = [T ;Nlj <1+e_1(§+€1)> (e’e(a+?1)f1> (2.45)
when the stock-recruit relationship is involved. For conditional-likelihood models, abundance
reconstruction proceeds as in Equations (2.34) or (2.35), as appropriate. There are a variety of
ways to summarize results of reconstructions based on repeated simulated data. One method
involves comparing the median percent difference in annual abundance from the known value
for each of the four levels of variation considered here (Figure 2.2, Table A.1). First, for each
simulation, total annual abundance is computed for each year of data from which the known
(simulated) annual abundance is subtracted. This quantity is then divided by the known annual
abundance and multiplied by 100%, and medians are obtained for each year across simulations.

Models exhibiting the lowest consistent bias are the conditional-likelihood models employing
the Horvitz-Thompson-type estimator (models spcp, spcgr, and sgcr), particularly when the
auxiliary catch-effort likelihood component is omitted (Figure 2.2). Stock-recruit models show
consistent negative bias between about -5% and -10% at all levels of simulated variation. Results
for absolute-recruit abundance models indicate consistent large negative bias for mixed-effects
versions of the model (-20% to -30%), while the fixed-effects version of this model (the model
of Gove et al. (2002)) shows negative bias when the auxiliary catch-effort likelihood is not
employed (-15% to -20%) and positive bias for higher-variation simulations when it is employed
(up to 70%). With no simulated enviromental stochasticity, this model exhibits negative bias
(-10%) and with low simulated environmental stochasticity, this model shows no bias, when the

auxiliary catch-effort likelihood is employed. Model Ngg pspcr is not pictured in Figure (2.2)
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due to its very high bias that made it difficult to represent differences among other models in

the figure. Results can, however, be found in Table (A.1) in Appendix A.

It is worth noting that, by this metric, of the models including a stock-recruit relationship,
Nsgr rsrcr appears to slightly outperform both Ngr rspcr and Ngr rsrcr. This is inter-
esting because Ngr rsgrcgr is the model from which data are simulated, and Nggr rspcr and

Nsr rspcr are submodels of this.

In general, the concordance of results between models which differ only in the specification
of survival as fixed or random (for example spcr with sgcr) can be easily explained by the
frequent estimation of survival variation at approximately 0 (g: 0 and og = 0). Essentially, the
estimated model with a random effect term has been reduced to its mixed-effects counterpart
where survival is assumed fixed, due to the inability of the estimation procedure to detect

og > 0 in the presence of variation for harvest vulnerability.

Based on summaries of bias in both process parameters and estimates of annual abundance
from simulated data, it appears that the reduced-parameter conditional-likelihood models com-
bined with the Horvitz-Thompson abundance estimation approach tend to estimate abundance
as well or better than the heavily-parameterized counterparts, and it appears that including a
stock-recruit relationship in a fixed-effects only model (Ngg rspcr, not shown, see Table A.1)
induces an unacceptably large magnitude of positive bias in abundance estimates and harvest
vulnerability, and the greatest degree of negative bias in estimates of survival probability at all

levels of simulated variation.

Alternative Reconstruction Method using the Horvitz-Thompson Estimator

Results detailed above used a cell-based Horvitz-Thompson-type estimator, where each individ-
ual year- and age-class abundance was computed by adjusting the observed harvest count by the
estimated harvest probability, as Nij = x;/Dij- An alternative to this method involves using
the Horvitz-Thompson-type estimator to estimate initial cohort abundance (Nlj =x1/p1j,J =
1,...,A and Ny = xi1/Pi1,t = 2,...,Y), and then utilizing the harvest probability estimates,
the natural survival probability estimates, and the cohort structure to compute age-class abun-

dances as
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Nij = Ai—l,j—lé\i—l,j—l(l — Pi—1,j-1)-
A possible advantage of this cohort-based reconstruction method is that Nij < Zvi_m_l, whereas
this may not necessarily be the case with the cell-based cohort reconstruction method. A
disadvantage is that if any initial cohort harvest is zero, not only is its corresponding abundance
estimate zero, but all subsequent population abundances in the cohort are estimated to be zero
as well. In some case, this may lead to biased estimates of annual abundance.

In order to compare the utility of these two reconstruction approaches to one another, I
apply both methods of reconstruction to the model fits obtained for the simulated datasets
described in this section, for the models employing the Horvitz-Thompson estimation approach
(spcp, Spcr, and sgcr). A plot of median relative bias for total annual abundance (Figure
2.3) indicates that both models show very similar levels of bias in estimation of total annual
abundance, and are only clearly distinguishable from one another for the fixed-effects-only
model, wherein the cell-based method tends to estimate slightly lower abundance than the
cohort-based method.

As results for mixed-effects models do not indicate a large difference between abundance
estimates derived from each of these methods, there is very little reason to recommend one
method over another. However, when one moves from comparisons of estimator accuracy to
estimator precision (see next section), the cell-based reconstruction method provides a means to
more easily employ the delta-method to estimate standard errors for age-class abundances other
than the first. More importantly, the cell-based reconstruction method allows computation of
the extra-likelihood contribution to the estimate of uncertainty associated with our assumed

binomial sampling model. A detailed description follows in the next section.

2.4.83 FEstimator Precision

In statistical population reconstruction, assessments of reconstruction quality and process pa-
rameter estimate bias are paramount. Assessments of estimator precision are also of great
importance. If estimators are known to be unbiased on average but highly uncertain, how can

they be employed usefully to inventory populations, or plan management strategies? Therefore
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it is of interest to quantify estimator precision among those models found to be “least biased.” If
a model produces heavily biased estimates, we are not interested in how precise those esti-
mates are. Among those models presented here, model Ngg rspcr indicated a high degree of

estimation bias, and is therefore excluded from the following precision comparisons.

Abundance Reconstruction

For comparisons of adequacy of uncertainty estimation for annual abundance, it is convenient to
compare models by their ability to to provide standard errors that produce confidence intervals
with the expected coverage. Models of the form of Nasgrcpr include absolute recruit abundance
estimates as parameters, and subsequent age-class abundances are derived from products of
these with harvest and natural survival probabilities as in Equation (2.44). Models of the
form of Nsgr rsrcr include a parameter for relative recruit abundance, which is multiplied by
prior breeding-age abundance to estimate recruit abundance, and the same product of recruit
abundance with harvest and natural survival probabilities are used to compute subsequent age-
class abundances as in Equation (2.45). These two model structures employ the delta-method to
estimate age-class abundances computed via Equations (2.44) and (2.45). For models employing
the Horvitz-Thompson estimation approach, the delta-method is employed, and the additional
source of uncertainty associated with the assumed binomial sampling model and subsequent non-
maximum likelihood estimation of age-class abundance is computed as described in Equations

(2.39) through (2.41). Asymptotic 95% confidence intervals are computed as in Equation (2.42).

Bivariate summaries of median relative bias and confidence interval coverage by model and
reconstruction year (Figure 2.4) indicate that the mixed-effects conditional-likelihood models
with the Horvitz-Thompson abundance estimation approach, spcg and sgrcg, provided very
low median relative bias for annual abundance as well as nearest-to-nominal (95%) confidence
interval coverage for all levels of variation considered here, and results are slightly better when
the auxiliary catch-effort likelihood component is omitted. Median relative bias is very low for
all years of reconstruction, and estimated coverage of the asymptotic 95% confidence intervals
ranges from 93% to 99% over all levels of simulated variation. Confidence interval coverage

for these models is neither extremly subnominal, as for the fixed-effect-only models spcp and
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N aspep (even when bias is low, such as at the low level of simulated variation), nor is confidence
interval coverage supernominal (indicating confidence intervals that are too wide) as for mixed-
effects models including a stock-recruit relationship (Nsgr rsrcr, Nsgr rsrcr, and Nsg RSRCR),
which have a few years of subnominal coverage (corresponding to early years of reconstruction,
Table A.2), and a majority of years with supernominal coverage (corresponding to later, more

recent years of reconstruction).

The absolute-recruit abundance models Naspcp, Naspcr, and Nasgrcr have relatively high
absolute median relative bias values (positive bias for the fixed effects model [albeit, not at the
low level of simulated variation when the auxiliary catch-effort likelihood is used] and negative
bias for the mixed-effects models), and also the poorest confidence interval coverage of those
models considered here, below 40% for all models at all levels of simulated variation. For a few
specific years of reconstruction, models Nsgr rsrcr, Nsr,rsrcr or Nsgr rSrcr might provide
somewhat better measures of abundance reconstruction, as they have some points closer to
the vertical line at 95%; this would be notable if the years where these stock-recruit models
happened to be the most recent few years, which are likely to be the most valuable timepoints for
reconstruction for wildlife managers. A close examination of the data used for plotting Figure
(2.4), contained in Table (A.2) in Appendix A, indicates this is not the case and the models
which most successfully reconstruct population abundance in the latest years of available data

are spcgr and SpCR.

Summary

The results discussed in previous sections may be succinctly summarized by implementing a pro-
gressive filtering scheme to find the most favorable reconstruction models (Table 2.8). Initially,
I reviewed bias in parameter and abundance estimates (columns in Table 2.8 labeled Bias).
Models [Nsgr,rsrcr, NsrrSrcr, NsrrSFCR, NsrRSRCR, Nasrcr, Nasgrcr|, [NsrrSrcr,
Nsr.rS$rcr, NsRRSFCR, NSRRSRCR, Nasrcr, Naspcr, Nasrcr], and [Nsgr pspcp, Nsr RSFCR,
Nsr rSrRCR, Naspcr, NASFCR, N asgrcg] were eliminated from consideration at low, medium,
and high levels of simulation variation, respectively, because their average absolute median rela-

tive bias in abundance estimation (median taken across simulations, then averaged across years)
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is greater than 5%. Once unbiased models have been chosen, the second step relates to the abil-
ity to produce estimated variances of the appropriate magnitude, which I have chosen to assess
with confidence interval coverage. Here, I compute the average of squared distance between the
estimated CI coverage percentage and its expected value, 95, and label it MSE(CI Coverage)
(Table 2.8). Among models exhibiting low bias, models spcr and spcg have nearest-to-nominal
95% asymptotic CI coverage, indicating they produce the most accurate estimates of standard
error. While confidence interval coverage is related to bias, some results (e.g. models spcp
and Nyspcp) indicate that a model can exhibit low bias in abundance estimation, but produce
variance estimates that are incorrect, illustrated by poor confidence interval coverage. In all
scenarios, the mixed-effects versions of the conditional-likelihood /Horvitz-Thompson models
(spcr and srer) perform the best with respect to these two assessments. These two models

also perform best when the auxiliary catch-effort likelihood component is omitted.

The results of this simulation study indicate that mixed-effects conditional-likelihood models
combined with a Horvitz-Thompson estimation approach for annual abundance perform best
with respect to a variety of criteria. Results also indicate that bias is relatively low for mixed-
effects stock-recruit models, but that even though environmental stochasticity (og, oc, o)
tends to be underestimated, total variation in annual abundance tends to be overestimated,

particularly in the most recent years of reconstruction which are likely to be the most important.

Model Selection

Now that I have chosen a set of models that is successful in reconstructing population abun-
dances and related parameter estimates based on simulation studies (conditional-likelihood
models with the Horvitz-Thompson abundance estimator), it is important to understand how
these results compare to model selection procedures one mig