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Many dynamical systems in science and engineering are high-dimensional, nonlinear, and
only partially observable. Moreover, governing equations may be unknown and only limited
observational data may be available. This dissertation develops recurrent neural network
(RNN) methods that address three ubiquitous challenges in this setting: (i) state estimation
from sparse sensors, (ii) data-driven surrogate modeling for control, and (iii) autonomous
forecasting of high-dimensional dynamics. The key enabler throughout this work is the
construction of recurrent latent structure. The recurrent architecture of RNNs provides
an inductive bias well-matched to temporal dynamics, encoding high-dimensional nonlin-
ear physics more expressively than linear projection-based techniques while learning far
more data-efficiently than modern attention-based architectures such as transformers and
foundation models.

This work develops temporally embedded shallow decoder and echo state network (ESN)
architectures that enable high-dimensional estimation, control, and forecasting from partial,
sparse sensor observations, with applications to turbulent fluid flows and chaotic dynamical
systems. The SHallow REcurrent Decoder (SHRED) reconstructs high-dimensional states
from time histories of sparse sensor measurements. By utilizing sequential embeddings of
sensor measurements, SHRED leverages Takens’ theorem and incorporates the temporal

context that is absent from methods that reconstruct from static measurements alone, such



as gappy POD. Its nonlinear decoder also enables enhanced representation and compression
capability. ESNs, a form of reservoir computer, are designed as surrogate models within
model predictive control loops, demonstrated on lift control of flow past a cylinder and
forecasting of chaotic dynamical systems. ESNs are orders of magnitude cheaper to train
than standard RNN models, while remaining sufficiently lightweight to be embedded within
optimization loops that require thousands of model evaluations per control step. To support
reproducibility and community adoption, we develop OpenReservoirComputing, an open
source, GPU accelerated reservoir computing library implemented in JAX. As one of the
only autodiff-native software packages for ESNs, OpenReservoirComputing directly enables
the use of ESNs within larger neural network models, as well as optimization and control
loops.

Finally, the two methods are coupled to construct a reduced order model capable of
forecasting directly from sparse sensor streams, following an offline training stage with full
state information. SHRED maps sensor measurements to a learned latent representation,
and the ESN propagates this latent state forward in time while allowing for the online as-
similation of sensor measurements. This closes the loop between sensing and modeling, with
preliminary results suggesting that the learned latent representation captures key geometric

and statistical structure of the underlying attractor.
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Chapter 1

INTRODUCTION

The study of dynamical systems is the study of how quantities evolve in time. The word
“quantity” here is deliberately vague and could refer to the position of a planet, the velocity
field of air over a wing, or stock prices, among countless others. The connection between
these seemingly disparate phenomena is that we can use shared mathematical approaches to
understand the system or predict future behavior. At its basic level, this means that we are
interested in relationships of the form %x = f(x), where the rate of change of some state x
is expressed as a function of x itself. Given appropriately chosen z, an enormous range of
phenomena in science and engineering can be approximated in this way. This is an old idea,
dating back at least to the time of Newton and the invention of calculus. Consequently,
centuries of work have produced powerful analytical tools for the study of dynamical systems
[150]. For instance, there are numerous notions of stability, each formalizing a different
aspect of predictable behavior. There are theories of bifurcation, linearization, perturbation,
fixed points, limit cycles, and attractors. Theories of deterministic chaos have successfully
described the behavior of many real world experiments [1,150]. Such ideas give us a common
language for reasoning about dynamical systems across disciplines.

The application of such formal, mathematical approaches comes with its costs. Classical
approaches typically require simplifying assumptions, such as linearity or exact knowledge
of governing equations, that are violated by a real system. The approximation of a spherical
cow, for example, has its limits. The recent explosion of machine learning [100] has demon-
strated that data-driven methods can serve as an alternative modeling paradigm [22, 95].
Rather than derive a model from a physical law, one records how a system behaves and
trains a model to approximate the observed dynamics. Data-driven approaches can enable
accurate approximations when first principles models either do not exist or ignore relevant

physics. They are also compelling because of their ability to find and exploit structure in



high-dimensional data that is not immediately obvious from a first principles view. Fluid
dynamics is a particularly representative example. Direct numerical simulation of turbu-
lence resolves every scale of motion, requiring massive, if not prohibitive, computational
expense. However, the resulting flow might contain coherent structures that evolve on a
low dimensional manifold. Data-driven approaches can learn to represent and propagate
the lower dimensional dynamics directly. For tasks like prediction, monitoring, and control,
the resulting computational savings can enable new optimization based approaches [22,24].

The recent successes of large-scale neural networks have been driven in large part by the
availability of massive datasets. The dominant architecture behind these advances has been
the transformer [158]. While powerful, transformer based architectures have been shown to
be data-hungry [177]. There is a fundamental mismatch between the realities of science and
engineering and the availability of trillions of training samples used in large-scale commercial
training. Typically, data is scarce and expensive to collect in scientific applications, and
there are tighter tolerances on “accuracy” of the output. Recent works aimed at developing
general purpose foundation models for time-series prediction [5,105,172] still struggle with
scientific tasks that require accurate out-of-distribution predictions [173].

A more natural architecture for data-driven modeling of dynamical systems is the recur-
rent neural network (RNN). RNNs have a long history, dating to the work of Rumelhart,
Hinton and Williams in the 1980s [143]. Subsequent developments like the long short-term
memory (LSTM) network [68] extended their capacity to model longer range dependencies
and improved their training behaviors. RNNs are particularly compelling in this context be-
cause their recurrent structure provides an inductive bias that is well-matched to temporal
dynamics. A trained RNN can be viewed as a dynamical system itself. Most often, the RNN
defines a discrete-time map, propagating a hidden state as a function of the previous hid-
den state and the current input, but continuous-time RNNs have also been developed [32].
This is exactly the structure of a dynamical system, and it means that the tools devel-
oped over centuries for analyzing dynamical systems can be applied to the learned model
itself [156]. This structural alignment has practical consequences as well. RNNs perform
well in low-data regimes that are typical of scientific applications [30,161,162]. They do not

require the massive datasets transformer architectures typically rely on, and their sequential



nature reflects the causal, time-ordered structure of the systems they model. In this disser-
tation, we argue that RNN approaches, including traditional gradient trained networks as
well as reservoir computing approaches, provide an efficient and expressive framework for

addressing three central challenges in the modeling of real-world dynamical systems.

The sensing problem. The dynamical systems that arise in science and engineering
are often too large to observe fully. A fluid flow may be defined on a grid of millions of
spatial points, but we can only place sensors at a handful of locations [115]. Sea surface
temperature varies continuously across the ocean, but we measure it at sparse, irregularly
distributed stations and satellite passes [141]. In a nuclear reactor, the neutron flux is a
spatially distributed quantity that we sample at a finite number of detector positions [83].
In each case, we have a small number of noisy, sparse sensor measurements, from which we
need to infer the full global field.

The classical data-driven approach to this problem relies on dimensionality reduction.
Methods such as proper orthogonal decomposition (POD) [50,69], approximate the high-
dimensional state as a linear combination of a small number of empirically derived modes.
Given a new set of sparse measurements, one solves an inverse problem for the coefficients
of these modes, producing an estimate of the full state [25,48,115]. This approach has
been widely and successfully applied, but it has well-known limitations. The linear mode
decomposition may be a poor fit for systems with strongly nonlinear dynamics, where the
relevant structure cannot be captured by a fixed linear basis. Additionally, because the
reconstruction is based on a single snapshot of sensor measurements, it has no mechanism
for incorporating temporal information. When an underlying dynamical model is available,
state estimation methods such as the Kalman filter [80] naturally incorporate the time
history of observations. This temporal filtering is critical for ensuring estimates are robust
to sensor noise. In the purely data-driven setting, where no explicit dynamical model is
assumed, it is not obvious how to achieve the same effect.

Chapter 3 of this dissertation introduces the SHallow REcurrent Decoder (SHRED),
an architecture built to incorporate trajectories of sensor measurements into data-driven,

nonlinear reconstructions. SHRED uses a recurrent neural network to process trajectories



of sparse sensor measurements, encoding them into a latent representation from which a
shallow decoder reconstructs the full high-dimensional state [48]. By operating on sensor
trajectories rather than snapshots, SHRED naturally incorporates the temporal filtering
that classical POD-based methods lack, while the learned nonlinear decoder avoids the
limitations of a fixed linear basis. This time-delay approach is closely connected to Takens’
embedding theorem [151], which guarantees that the dynamics of time-lagged observations

of a dynamical system are diffeomorphic to the original attractor.

Control. In a discrete-time setting, autonomous dynamics take the form zp 1 = f(xg),
and a trained RNN can learn this map directly, producing a dynamical system that gener-
ates forecasts by iterating its own predictions. The use of RNNs for time-series forecasting
is well established and has a long history [30,64,162]. A less explored but equally important
application is control, where the evolution of the state x depends additionally upon an ex-
ogenous control term u. That is, xx4+1 = f(x, ug). If a learned RNN provides a sufficiently
accurate forward model of such a system’s dynamics, then that model can be embedded in a
model predictive control (MPC) framework [14,146]. In MPC, control is posed as an online
optimization problem, where at each time step, one optimizes over a sequence of candidate
control inputs to steer the system toward a desired trajectory or target state. The forward
model is used to evaluate the consequences of each candidate input sequence, and only the
first input is applied before the optimization is re-solved with updated state information.
This repeated re-optimization is what distinguishes MPC from open-loop control and makes
it robust to model error and disturbances.

The quality of the forward model is critical in enabling MPC. If the surrogate model is
grossly inaccurate or expensive to evaluate, MPC becomes unreliable or impractical [78].
Chapter 3 of this dissertation demonstrates that a particular class of RNN called an echo
state network (ESN) [73] is well suited to serving as a surrogate model within an MPC loop,
offering both accuracy and data-efficiency.

ESNs belong to a broader paradigm known as reservoir computing [73,114]. The central
idea is to fix the majority of the weights of an RNN and train only a linear output layer.

The recurrent layer known as the “reservoir” acts as a high-dimensional nonlinear feature



map that projects the input into a high-dimensional, nonlinearly evolving dynamical sys-
tem. This approach has several benefits. Most importantly, because the reservoir weights
are never updated, training reduces to a linear regression on the reservoir states [111]. Thus,
training is orders of magnitude cheaper than for a fully trained RNN and there are no van-
ishing or exploding gradient problems. The resulting models are also lightweight enough to
be evaluated thousands of times within an optimization loop, as is required by MPC. The
trade-off is that the reservoir is not optimized for any particular task and its effectiveness
depends on the reservoir being sufficiently rich and well-conditioned to represent the dy-
namics of interest. This, in turn depends on hyperparameter choices such as the spectral
radius, reservoir size, and input scaling [111,139].

ESNs have been shown to be effective for forecasting chaotic dynamics, reproducing
both short-term trajectories and long-term statistical properties including Lyapunov spectra
[137,138,161]. Their use as surrogate models for MPC has been explored in several contexts
[8,76,132], as has the broader use of RNNs in learning-based control [14,16,153].

Chapter 4 of this dissertation uses echo state networks for both system identification and
model predictive control, performing a comprehensive, standardized comparison between
competing model architectures. Chapter 5 introduces OpenReservoirComputing (ORC).
ORC is an open-source library implemented in JAX that provides GPU-accelerated reservoir
computing with a modular architecture for experimenting with reservoir designs, training

procedures, and downstream tasks.

Unknown or intractable dynamics. As systems grow in complexity, the governing
equations may only be partially known or become too expensive to solve. The architectures
introduced in the preceding sections can be combined into a single pipeline for forecasting
directly from sparse sensor measurements. This approach to reduced order modeling is
explored in Chapter 6. A trained SHRED model maps trajectories of sparse sensor data
to a latent representation from which the full state can be decoded. However, this latent
representation is itself a time-evolving quantity. If the latent dynamics are sufficiently
structured, then an echo state network can be trained to propagate the latent state forward

in time autonomously, producing forecasts that remain in the compressed latent space. The



full state can be recovered at any point by applying the shallow decoder.

This pipeline has practical advantages over alternative approaches to reduced-order fore-
casting. Methods based on autoencoders, for instance, learn a nonlinear dimensionality
reduction and train a time stepper in the resulting latent space [29,60,118]|. However, such
approaches require full-state snapshots as input. In a real deployment where only sparse
sensor measurements are available, one must first solve the nontrivial problem of estimat-
ing the full state from partial observations before the autoencoder can be applied. The
SHRED-based pipeline avoids this issue entirely. The architecture is designed to operate
on sparse sensor streams, and the latent state it produces is already conditioned on the
available measurements.

Moreover, despite operating directly on sparse measurements, for several of the systems
studied in Chapter 6, the autonomous latent-space time stepper replicates the Lyapunov
spectrum of the true high-dimensional dynamics. The Lyapunov spectrum characterizes
the rates of expansion and contraction along different directions in state space and is one
of the most fundamental descriptors of a dynamical system’s attractor [1]. Its replication
in the learned latent dynamics provides strong empirical evidence that the latent represen-
tation faithfully captures the geometric and statistical structure of the underlying system.
This finding is related to prior work demonstrating that reservoir computers can replicate

Lyapunov exponents from data [138].

The remainder of this dissertation is organized as follows. Chapter 2 presents the mathe-
matical foundations underlying the methods developed in this work, including dimensional-
ity reduction, recurrent neural network architectures, sparse sensing, and model predictive
control. Chapter 3 introduces the SHallow REcurrent Decoder (SHRED), a recurrent ar-
chitecture for reconstructing high-dimensional states from trajectories of sparse sensor mea-
surements. The chapter demonstrates SHRED’s effectiveness across a range of dynamical
systems and sensor configurations, and establishes it as a useful tool for data-driven state es-
timation. Chapter 4 develops reservoir computing as a framework for system identification
and model predictive control. Echo state networks are shown to provide accurate surro-

gate models of nonlinear dynamics at a fraction of the computational cost of fully trained



RNNs, and these models are embedded in an MPC loop to achieve closed-loop control of dy-
namical systems from data. Chapter 5 presents OpenReservoirComputing, an open-source,
GPU-accelerated reservoir computing library implemented in JAX. The library provides
a modular platform for constructing, training, and deploying reservoir computing models,
and is designed to support the computational demands of the methods developed in this
dissertation. Chapter 6 unifies the sensing and modeling threads of the preceding chapters
by using echo state networks to propagate the learned latent state of a SHRED model. This
integration enables autonomous forecasting directly from sparse sensor streams. Chapter 7
offers concluding remarks, situating the contributions of this dissertation within the broader
landscape of data-driven methods for dynamical systems and identifying directions for fu-
ture work. Much of the content in Chapters 3-5 are reproduced with permission from the

following works, respectively:

e Jan P. Williams, Olivia Zahn, and J. Nathan Kutz. Sensing with shallow recurrent

decoder networks. Proceedings of the Royal Society A, September, 2024.

e Jan P. Williams, J. Nathan Kutz, and Krithika Manohar. Reservoir computing for

system identification and model predictive control. Neural Networks, 2026.

e Jan P. Williams, Dima Tretiak, Steven L. Brunton, J. Nathan Kutz, and Krithika
Manohar. OpenReservoirComputing: GPU-accelerated reservoir computing in JAX,

To appear in Journal of Open Source Software, 2026.



Chapter 2
BACKGROUND

2.1 Dimensionality reduction and reduced order models

2.1.1 Linear methods

The dynamical systems that arise in science and engineering are often very high-dimensional.
A fluid flow simulated on a grid of n spatial points, for instance, produces a state vector
x € R™ where n may be on the order of billions. In such cases, the state dimension can
render tasks like prediction and control computationally infeasible. However, many such
systems exhibit low-dimensional structure despite their high ambient dimensionality. The
trajectories of the system may exist on a low-dimensional manifold in state space, or the
dynamics may be well-approximated by a few dominant modes. This observation motivates
the development of reduced-order models, which are compact representations that capture
the essential behavior of the system in a lower dimensional space.

The most widely used framework for linear dimensionality reduction is proper orthogonal
decomposition (POD), which is equivalent to principal component analysis (PCA) in the
statistics literature [22,69]. Suppose we collect m snapshots of a system state into a data
matrix X = [z1 2 -+ x| € R™™™, where each column zj is the state at time t;. For
notational simplicity, we assume that the temporal mean = = % Y peq xp has already been

subtracted from the data. The data matrix admits a singular value decomposition (SVD),
X =U0xvT, (2.1)

where U € R™ " contains the left singular vectors (the POD modes), ¥ € R"*"™ is a diago-
nal matrix of singular values o1 > 09 > --- > 0, and V € R™*™ contains the right singular
vectors. The POD modes form an orthonormal basis, and the Eckart—Young theorem guar-
antees that the rank-r truncation U, %, VI obtained by retaining only the first r columns

of U and V and the leading r x r block of ¥, is the best rank-r approximation to the data



in the sense of the Frobenius norm. A snapshot drawn from the same distribution then be
approximated as

zp ~ Urag, ap = UrTack eR", (2.2)

where ay, is the vector of POD coeflicients. This decomposition replaces the n-dimensional
state with an r-dimensional representation, where typically r < n.

The choice of truncation rank r is typically determined through analysis of the singular
value spectrum. A common criterion is to select the smallest r such that the retained modes

capture a prescribed fraction of the total variance, for example

S o2

nilaz > 0.99. (2.3)
2

Another common approach is the optimal hard threshold presented by Gavish and Donoho
[58]. When the singular values decay rapidly, a small number of modes suffice. While
many physical systems exhibit this rapid decay, others such as advection of sharp fronts or
traveling waves, are known to produce slow singular value decay [125]. This means that a
large number of POD modes are required for an accurate approximation and the savings
from a reduced order model are lessened.

Such reduced order models typically retain the POD basis for spatial representation and
fit a separate model to the temporal evolution of the coefficients ai. A classical approach is
Galerkin projection, which substitutes the modal expansion into the governing equations and
projects onto the POD modes to obtain a reduced system of ordinary differential equations
for the coefficients [69]. This produces interpretable, physics-informed reduced models,
but requires knowledge of the governing equations and can suffer from stability issues.
Alternatively, when the governing equations are unavailable or too complex, one can treat
the coefficient trajectories as time-series data and fit a model directly. Neural networks,
Gaussian process regression, and sparse regression have all been used in this role [22].
These data-driven approaches to learning the evolution of POD coefficients represent an
intermediate modeling strategy where the interpretability and structure of a linear modal
decomposition is retained, but nonlinear dynamics are allowed in the reduced space.

Such methods also have advantages beyond interpretability. Training is computation-

ally inexpensive, typically amounting to an SVD and a regression. These methods are also
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backed by decades of theoretical development and successful application across fluid dynam-
ics, structural mechanics, and other fields [22,69]. However, the fundamental assumption
underlying all of these approaches is that the relevant dynamics can be well-represented
in a fixed linear subspace. This assumption fails when the dynamics are strongly nonlin-
ear or when the relevant structures change over time. Transport dominated systems are a
canonical example where linear bases perform poorly. These limitations motivate the devel-
opment of nonlinear dimensionality reduction methods, which learn flexible, data-dependent

representations that can capture structure that linear bases cannot.

2.1.2 Nonlinear dimensionality reduction

The limitations of linear subspace methods motivate representations that can capture non-
linear structure in the data. The autoencoder [67] provides a natural framework for this.
An autoencoder consists of an encoder £ : R® — R" that maps the full state x to a low-
dimensional latent vector z = £(z), and a decoder D : R” — R" that maps back to the
original space, producing a reconstruction & = D(z). The encoder and decoder are typically
parameterized as neural networks and trained jointly to minimize a reconstruction loss over
a dataset of snapshots. POD can be viewed as the special case in which both the encoder and
decoder are constrained to be linear maps. By allowing nonlinear encodings and decodings,
autoencoders can learn latent representations that lie on curved manifolds in state space,
capturing structure that linear bases cannot represent. This additional flexibility has made
autoencoders an increasingly popular tool for dimensionality reduction in the modeling of
complex dynamical systems [29,102,112].

Once a nonlinear latent representation has been learned, a reduced-order model is ob-
tained by training a time stepper to propagate the learned latent state forward. That is,
given the latent state z = £(zx) at time tg, a learned map F : R” — R" approximates
the latent dynamics as zp11 = F(zx). The full state can be recovered at any time via the
decoder, T 11 = D(zg+1). The map F may itself be a neural network, or it may be a simpler
model such as a linear operator or a sparse regression. This is the nonlinear analogue of

learning the evolution of POD coefficients discussed in the preceding section: the spatial
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representation is now nonlinear, but the overall strategy of separating dimensionality reduc-
tion from temporal modeling is the same. A number of works have pursued this approach.
Gonzalez and Balajewicz [60] combined convolutional autoencoders with LSTM networks to
forecast fluid flows in reduced coordinates. Lusch et al. [112] trained autoencoders alongside
linear Koopman-based time steppers to learn latent dynamics that are approximately linear.
Champion et al. [29] extended this to nonlinear ODE models. The paradigm of learning a
compressed representation and then modeling its evolution has become a standard template
in the data-driven reduced-order modeling literature [102,118,130].

Both POD and autoencoder based reduced order models share the practical limitation of
requiring a full-state snapshot = € R™ as input. In real systems, full-state measurements are
rarely available. Instead, one typically has access to a small number of noisy, sparse sensor
measurements. Before an autoencoder can be applied, one must first solve the nontrivial
problem of reconstructing the full state from these partial observations. Autoencoder-based
reduced-order models thus implicitly assume that the state estimation problem has already
been solved, an assumption that limits their applicability in sensor-constrained settings.
This limitation is one of the central motivations for the SHRED architecture introduced
in Chapter 3, which sidesteps the full-state requirement entirely by operating directly on

trajectories of sparse sensor measurements.

2.2 Recurrent Neural Networks

2.2.1 Foundations

A standard feedforward neural network consists of layers of affine transformations inter-
spersed by pointwise nonlinearities to approximate a function from inputs to outputs. As

an example, a single hidden layer network can be written as
g = Wap(Wiz + b1) + ba, (2.4)

where ¢ is a nonlinear activation. The universal approximation theorem [38,70] guarantees
that such networks can approximate any continuous function on a compact domain given
sufficient width. While feedforward networks are powerful function approximators, they

treat each input independently. That is, there is no mechanism for incorporating the order
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or history of a sequence of inputs. For tasks where the current output depends not only on
the current input but on prior states as well, this is a fundamental limitation.

Recurrent neural networks [143] were introduced to address this limitation by incorpo-
rating a hidden state that is propagated across time steps. At each time ¢, the hidden
state hy € R% is updated as a function of the previous hidden state and the current input
x; € R% . That is,

hy = ¢(Whhi—1 + Woxy +b), (2.5)

where W), € R%>dn and W, € R%*% are weight matrices, b € R% is a bias vector, and
¢ is a nonlinear activation function such as tanh. An output §; € R% can be produced at
any time step via a separate readout layer, §; = Wyhs + by. The same weight matrices W,
Wz, and W, are shared across all time steps, so the number of parameters is independent
of the sequence length. The hidden state can thus be interpreted as a learned state vector
that evolves according to a parameterized map that depends on the current state h; 1
and an external driving input x;. W, can be interpreted as a readout or measurement
function. A trained RNN is therefore itself a dynamical system, and the concepts developed
over centuries for analyzing dynamical systems can in principle be applied to the learned
model [8,150,153].

To train an RNN, one unrolls the recurrence over the length of the input sequence and
applies the chain rule to compute gradients of the loss with respect to the shared weights.

This procedure is known as backpropagation through time (BPTT) [143,164]. Let
L= Zét(@t,yt) (26)
t

denote the total loss as a sum over time steps. The gradient of £ with respect to the
recurrent weights Wj, involves contributions from every time step, and the contribution
from time t depends on how the hidden state at time ¢ was influenced by the weights at
all previous times. By the chain rule, this requires computing products of Jacobians of the

form

Ohy
— 2.
Ohy, ; Oh;_1’ (27)
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for all k£ < t. Each factor 8‘2}_‘j1 is a dj, X dj, matrix that depends on the activation function

and the weights.

2.2.2 Vanishing gradients, exploding gradients, and gating mechanisms

The product of Jacobians Hf:k 11 % that appears in the BPTT gradient computation

involves the repeated multiplication of matrices across time steps. If the largest singular

value of the Jacobian 82:: is consistently less than one, the product contracts exponentially

and the gradient signal from future time steps is reduced to near zero by the time it reaches
much earlier timesteps. This is the vanishing gradient problem [12,68]. Conversely, if the
largest singular value is consistently greater than one, the product can grow exponentially
and the gradients become numerically unstable. This is the exploding gradient problem. In
either case, the network cannot effectively train.

The long short-term memory (LSTM) network, introduced by Hochreiter and Schmidhu-
ber [68], addresses the vanishing gradient problem by providing a “gradient highhway” for
gradient information to flow across many time steps. This is accomplished by introducing
the cell state ¢; € R% . The cell state is another memory vector, but it is updated through
additive interactions rather than the repeated matrix multiplications that cause gradients
to vanish or explode. Access to the cell state is regulated by three learned gates, each of
which is a sigmoid-activated function of the current input and previous hidden state. The

recurrence of an LSTM can be summarized as follows:

fi =oc(Wpxy +Usrhi—1 + by), (forget gate) (2.8a)
it = o(Wizy + Uihs—1 + b;), (input gate) (2.8b)
ot = o(Woxy + Ushi—1 + b,). (output gate). (2.8¢)

The forget gate f; determines what fraction of the previous cell state to retain. The input
gate i; controls how much of a candidate update ¢, = tanh(Wezy + Uchi—1 + b.) is written

to the cell state. The cell state is then updated as

¢t = ft ©c—1 +1it © ¢, (2.9)



14

where ® denotes elementwise multiplication. Finally, the output gate o; determines what

portion of the cell state is exposed as the hidden state,
ht =0+ ©® tanh(ct). (210)

Because ¢; depends on ¢;—1 through an elementwise multiplication by f; rather than a full
matrix multiplication, the gradient of ¢; with respect to ¢;—1 is a diagonal matrix with
entries in [0, 1]. When the forget gate is “open”, gradient information passes through nearly
unchanged. The network learns when to remember and when to forget, and this learned
control over the gradient pathway is what enables LSTMs to capture dependencies across
long time intervals.

The gated recurrent unit (GRU), introduced by Cho et al. [33], simplifies the LSTM by
combining the forget and input gates into a single update gate and merging the cell state

and hidden state into a single vector. The GRU update equations are

2t =0(Wyxe + Ushe—1 +b;), (update gate) (2.11a)
re = o(Wyay + Uphi—1 +b,), (reset gate) (2.11b)
hy = tanh(Wy,ay + Uy (re @ he_1) + bp), (2.11c)
he=(1—2)®hi1+ 2 ©® hy. (2.11d)

The update gate z; plays the role of both the forget and input gates in the LSTM,
interpolating between retaining the previous hidden state and replacing it with the candi-
date ﬁt. The reset gate r; controls how much of the previous hidden state influences the
candidate. GRUs have fewer parameters than LSTMs and often achieve comparable perfor-
mance in practice [34]. More broadly, the introduction of gating mechanisms was the critical
development that transformed recurrent neural networks from theoretically appealing but
practically limited architectures into effective tools for sequence modeling. For roughly two
decades following the introduction of the LSTM, gated RNNs were the dominant architec-
ture for tasks involving sequential data, from speech recognition and machine translation

to time-series prediction [64,107].
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2.2.8 RNNs as dynamical systems models

With the gating machinery in place, we return to the dynamical systems perspective intro-
duced in Section 2.2.1. A trained LSTM or GRU defines a discrete-time dynamical system
whose state evolution is governed by learned, nonlinear maps. The gates act as learned
switches that control the flow of information through the system, determining what is “re-
membered” and “discarded” at each time step. The hidden state accumulates information
from past observations according to learned rules, and the recurrent map propagates it
forward in a manner determined by the data. Unlike feedforward architectures that pro-
cess each input in isolation, or attention-based architectures that access the entire sequence
simultaneously, RNNs process data sequentially and causally. Each hidden state depends
only on previous inputs, reflecting the time-ordered, causal structure of the physical systems
they are designed to model.

This structural alignment has practical consequences for data efficiency. The transformer
architecture [158], which has become dominant in natural language processing and increas-
ingly in scientific applications, relies on self-attention mechanisms that can learn arbitrary
dependencies across a sequence. This flexibility, however, typically comes with inctreased
data requirements. Transformers are data-hungry, typically requiring enormous training
sets to learn effectively [177]. In scientific and engineering applications, data is scarce and
expensive to collect. A single high-fidelity simulation of a turbulent flow may require days or
weeks of compute time, and experimental measurements are limited by sensor budgets and
facility access. RNNs perform well in these low-data regimes because their architectural
assumptions provide an inductive bias that reduces the amount of data needed to learn
an accurate model of the dynamics [30,162]. Recent work on general-purpose foundation
models for time-series prediction has shown that transformer-based approaches still strug-
gle with scientific tasks [173,174], underscoring the value of architectures whose structure
is matched to the problem.

Gradient-trained RNNs, particularly gated architectures like the LSTM and GRU, are
powerful and expressive models of temporal dynamics. However, training via BPTT re-

mains computationally expensive, especially for long sequences or large hidden states. The
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optimization landscape can be difficult to navigate, and the computational cost of unrolling
and differentiating through many time steps limits the scalability of these models. An
alternative paradigm avoids these difficulties entirely by fixing the recurrent weights and
training only a linear output layer. This approach is known as reservoir computing, and is

the subject of the next section.
2.3 Reservoir Computing

2.8.1 Computational approach

Reservoir computing emerged independently from two lines of work in the early 2000s. From
the ML side, Jaeger [73] introduced echo state networks, demonstrating that a randomly
initialized recurrent network with fixed weights could be trained to perform complex time-
series tasks by fitting only a linear output layer. At the same time, Maass, Natschlager, and
Markram [114] introduced the liquid state machine. The liquid state machine arose from
a computational neuroscience perspective, showing that a recurrent network of “spiking
neurons” could act as a computational medium when paired with a trained readout layer.
Both works rest on the same idea that a a linear map can be learned from a random, high-
dimensional dynamical system to a lower dimensional signal of interest. The term “reservoir
computing” was later introduced [160] as an umbrella for both the liquid state machine and
echo state network approaches.

This approach can loosely be understood through analogy to kernel methods in machine
learning. A kernel maps data into a high-dimensional feature space in which a linear classifier
or regressor can solve problems that are nonlinear in the original input space. The reservoir
plays an analogous role, but with the addition of a temporal structure. The reservoir is a
dynamical system with memory, meaning its state at any time ¢ is a nonlinear function of
the history of inputs to that point. The reservoir can therefore be viewed as a temporal
nonlinear feature map. It projects the input sequence into a high-dimensional trajectory
in the reservoir state space. There, the temporal structure of the input is encoded in that
trajectory. If the reservoir is sufficiently high-dimensional and its dynamics are sufficiently

expressive, a linear readout from the reservoir state can solve tasks that would require a more
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complex nonlinear model operating in lower dimensions. In some sense, the computational
burden is shifted from training to architecture. The reservoir needs to be designed so that
its dynamics are rich enough to approximate the data, but once this is achieved, learning

reduces to a linear regression.

2.3.2 Echo State Networks

Throughout this dissertation, we will rely on the echo state network (ESN) architecture.
An input 2; € R% is mapped into the reservoir through a fixed matrix W;,, € RVN*%  where

N is the reservoir dimension. The reservoir state 7, € RY evolves according to
re = (1 —a)ri—1 + a tanh(Wyy, & + Wr_q), (2.12)

where W € RV*V is the fixed reservoir matrix and o € (0, 1] is a leak rate hyperparameter.
When a = 1, the update reduces to r; = tanh(Wj, s + Wry_1), and the reservoir has
no explicit smoothing of its state across time steps. For a < 1, the reservoir state is
a convex combination of the previous state and the nonlinear activation, which has the
effect of slowing the reservoir dynamics and can improve performance on tasks with slower

timescales [111]. The output at each time step is a linear function of the reservoir state
Gt = Wout T't, (213)

where W, € R%W*N g the output weight matrix. Wy, is the only matrix of trained
weights. The input weights W;, and reservoir weights W are initialized randomly and held
fixed.

The echo state property is a condition that ensures the reservoir’s behavior is a well-
defined function of an input sequence [111]. It requires that the effect of the reservoir’s
initial conditions on its state decays asymptotically, so that after a sufficient number of
time steps, the reservoir state depends only on the history of the driving input and not on
how the reservoir was initialized. This fading memory condition ensures that the reservoir
does not depend on an arbitrarily chosen initial condition. A sufficient condition for the
echo state property is that the spectral radius p(WW) of the reservoir weight matrix satisfies

p(W) < 1[73,111]. Intuitively, this ensures that perturbations to the reservoir state contract
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over time, preventing the reservoir from amplifying its own internal dynamics at the expense
of the input signal. In practice, reservoirs with spectral radius near or slightly above one
often perform well, particularly for tasks that require sensitivity to longer-range temporal
dependencies [139]. The spectral radius is therefore taken as a tunable parameter that
trades.

Since W;, and W are fixed, the reservoir states ri,7s,...,7, are determined entirely
by the input sequence. Training the output weights W,,; therefore reduces to solving a
linear regression problem. Given the matrix of reservoir states R = [r1 rg - -+ 7y,] € RV*™
and the corresponding target outputs Y = [y1 y2 -+ ¥m] € R%*™ the output weights are
obtained in closed form as

Wour = YRT(RRT + pI)7", (2.14)

where 5 > 0 is a Tikhonov regularization parameter that prevents overfitting and ensures
numerical stability when the reservoir states are correlated. Adding low levels of noise to the
input stream is also often used as a regularization strategy [165]. Because this training relies
only on a linear regression, training an echo state network is orders of magnitude faster than
training a comparably sized RNN via backpropagation through time. The resulting model is
also computationally inexpensive to evaluate. This combination of cheap training and cheap
evaluation makes echo state networks particularly attractive for applications that require
the model to be trained on limited data and evaluated many times in rapid succession. As
we will see in Chapter 4, this property is critical for embedding ESNs as surrogate models
within model predictive control loops, where the forward model may be called thousands of

times per control step.

2.3.8 Hyperparameters

The performance of an echo state network depends heavily on the selection of hyperpa-
rameters. The spectral radius p(W), as discussed above, controls the effective memory of
the reservoir. Larger values allow the reservoir to retain information about past inputs
over longer intervals but can be unstable, while smaller values produce faster forgetting but

greater stability. The reservoir size N determines the dimension of the feature space in which
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the linear readout operates. Larger reservoirs can represent more complex input-output re-
lationships, but they increase computational cost and, because the number of parameters
in Wy scales linearly with IV, they also increase the risk of overfitting when training data
is limited. How the random entries W;,, (e.g. the distribution from which values are drawn)
are selected controls the amplitude of the driving signal relative to the reservoir’s internal
dynamics. Large input scaling drives the tanh nonlinearity into saturation, producing a
reservoir that responds nonlinearly to the input. Small input scaling keeps the reservoir
in a nearly linear regime, which may be appropriate for systems with approximately linear
dynamics. The sparsity of the reservoir weight matrix W, typically parameterized as the
fraction of nonzero entries, affects both the computational cost of the reservoir update and
the diversity of dynamical timescales within the reservoir. Sparse reservoirs tend to pro-
duce more useful dynamics, as different subsets of reservoir nodes are coupled to different
degrees [111,139]. Sparse reservoirs also allow for computational speedups.

Since the reservoir weights are not directly learned for the task at hand, the effective-
ness of an echo state network depends largely on whether the fixed reservoir happens to
be sufficiently rich and well-conditioned to represent the dynamics of interest. This is the
central trade-off of reservoir computing approaches and means that hyperparameter selec-
tion is a critical part of training. A reservoir whose spectral radius, size, or input scaling
is mismatched to the target dynamics will produce poor results regardless of how the out-
put layer is trained. Consequently, hyperparameter selection is typically performed by grid
search or random search over a validation set [139]. For complex systems where the interac-
tion between hyperparameters is nontrivial, this search can itself become computationally
demanding, particularly when the reservoir is large or the training data requires long time
series. This dependence on hyperparameter selection, and the computational cost of explor-
ing the design space, largely motivates the work of Chapter 5, which develops a software
infrastructure to make it easy and fast to construct, train, and evaluate reservoir computing
models at scale. The software contributions in that chapter can also be helpful in enabling

optimization based control techniques.
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2.4 Model Predictive Control

2.4.1 Problem Formulation

The prior sections have focused on modeling and observing dynamical systems whose evo-
lution is either autonomous or driven by fixed external conditions. In many applications,
however, the goal is not to observe or predict the state of a system but rather to control
it. This introduces a control input u; € R% that influences the state evolution, giving

dynamics of the form

Tp+1 = f(@g, uk), (2.15)

where xj € R™ is the state and f is the dynamics map. A control objective is to determine
a sequence of inputs wug, u1, ... that drives the system towards a target behavior [92]. This

can be viewed as the minimization of a cost function such as

H-1
J = E(xk,uk)+€f(xH), (2.16)
k=0

where £(xy,uy) penalizes deviation from a reference trajectory and the magnitude of the
control effort, £¢(xp) is a terminal cost, and H is the planning horizon. The inputs and
states are often also subject to constraints that restrict the set of feasible control actions.

Open loop control functions by solving for an entire control sequence in advance. While
straightforward, this approach is rarely effective. Any mismatch between the model f and
the true system, or any unmodeled disturbance, causes the actual trajectory to diverge
from the planned one with no mechanism for correction. Model predictive control (MPC)
[92,146] achieves closed-loop robustness through repeated optimization. At each time step
k, the controller measures or estimates the current state x; and solves the finite-horizon
optimization problem

H-1

min Y U@k k) + Cp(@rpn)  subject o wryjin = f(@rag,ukyy),  (2.17)
Uk Uk+H—1 =0

along with any input or state constraints. Only the first control input uy is applied to the
system. At the next time step, the state is updated, the horizon shifts forward, and the

optimization is solved again. The repeated re-optimization at each time step is the source of
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MPC’s robustness. The controller continuously corrects for model errors, unmodeled distur-
bances, and accumulated drift. Even when the forward model f is only an approximation of
the true dynamics, the closed-loop structure limits the horizon over which prediction errors
can compound. This makes MPC practical in settings where the model is approximate,
which is exactly the situation that arises in data-driven applications.

The forward model f sits at the center of the MPC loop. At every iteration of the
optimization solver and at every step within the prediction horizon, the model must be
evaluated to propagate candidate state trajectories forward. The quality of the resulting
controller therefore depends on the forward model in two distinct senses. It must be accurate
enough that the trajectories it predicts are well approximate the true system, and it must
be computationally cheap enough to ensure that the optimization problem can be solved
within the time budget of a single control step. A high-fidelity simulation may be accurate
but too expensive to call thousands of times within an optimizer. A simple linear model

may be fast but too inaccurate to capture the relevant nonlinear dynamics.

2.4.2 Data-Driven Surrogate Models for MPC

A data-driven surrogate model for MPC must therefore satisfy three requirements: (i) it
must be accurate enough to produce useful predictions over the control horizon, (ii) it must
be fast enough to evaluate within an optimization loop that may call it thousands of times
per control step, and (iii) it must be data-efficient enough to train from the limited datasets
typical of scientific and engineering applications. The echo state networks introduced pre-
viously are well matched to all three. Echo state networks achieve excellent performance
generating faithful approximations of dynamical systems, require only two matrix-vector
multiplication to propagate forward in time, and are more data-efficient than many com-
peting methods as a result of their training via linear regression. This combination of
accuracy, speed, and data efficiency makes echo state networks a natural choice for the
surrogate model within an MPC framework.

Echo state networks are not the only data-driven surrogate that has been considered

for predictive control. Fully trained neural networks [14,71,153], Gaussian process mod-
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els [66], and linear models identified via system identification or DMD [78,140] have all been
embedded in MPC loops, each occupying a different point in the accuracy-speed-data effi-
ciency trade-off. Gaussian processes, for instance, provide principled uncertainty estimates
but scale poorly with dataset size. Fully trained RNNs can be highly expressive but are
expensive to train and may require careful regularization to avoid overfitting in low-data
regimes [16]. The contribution of Chapter 4 is to demonstrate that echo state networks
occupy a particularly favorable point in this trade-off for the class of nonlinear dynamical

systems considered in this dissertation.
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Chapter 3
SENSING WITH SHALLOW RECURRENT DECODER NETWORKS

3.1 Introduction

Emerging sensor technologies are transforming every science and engineering domain, with
the quantity and quality of data collected also driving fundamental advances through data-
science and machine learning methods. In many areas of interest, measurements of the
full-state are at best impractical and often impossible. Thus sensors are commonly used to
infer the current and future behavior of high-dimensional systems with a limited number
of sensor locations. With severely limited and noisy sensor measurements, this task is
exceptionally difficult and frequently requires principled sensor placement schemes to yield
faithful reconstructions [115]. Accurate and robust reconstruction techniques are vital in
enabling downstream tasks such as system identification, forecasting, and control. Existing
data-driven techniques to learn mappings from sensor measurements to the full-state fall
into two categories: those that rely only on static sensor measurements [15, 25, 48, 176]
and those that involve delay embedding techniques [59, 151,156, 175]. The former have
been used extensively in the reconstruction of large spatio-temporal fields, while the latter
have primarily been applied with the aim of reconstructing chaotic attractors. In this
work, we apply such delay embedding techniques to high-dimensional spatio-temporal flows.
The aim is not to replicate an attractor, but rather infer the full-state from sparse sensor
measurements. As will be shown, not only is there a significant performance increase in
comparison to static sensing, but a minimal number of sensors, randomly placed, can be
used.

The reconstruction of spatio-temporal dynamics from limited sensors relies on low-rank
features of the data. Computing low-rank embeddings of such high-dimensional data is often
achieved through the singular value decomposition (SVD), also known as proper orthogonal

decomposition (POD) [22,95]. The coefficients of the dominant correlated modes are deter-
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Figure 3.1: Summary diagram of SHallow REcurrent Decoder networks (SHRED) for flow
reconstruction from sensor measurements. A A graphical representation of the SHRED
method. The mulitvariate time-series of sensor measurements, {y;}!_,, is fed into a stacked
long short-term memory layer. The final output of the recurrent layer, h, serves as an input
to a fully-connected shallow decoder mapping from the hidden state to the high-dimensional
field. B The time series of sensor measurements fed into the SHRED model. C The evolution
of the output hidden state generated by the input sequence of sensor measurements. D
Reconstruction errors of traditional methods (QR/POD), shallow decoders (SDN), and

SHRED on a turbulent flow when three sensors are available.
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mined by solving a linear inverse problem and the modes themselves serve as a linear map
between measurements and the spatio-temporal state space. Many of these linear meth-
ods are built upon the mathematical framework of gappy POD and have been successful
across many disciplines [11,31,45,50,115]. More recently, shallow decoder networks (SDN)
have leveraged advances in machine learning and Al to learn end-to-end, nonlinear maps
between measurements and high-dimensional state spaces. SDNs have been demonstrated
to outperform their linear counterparts, particularly when the number of available sensors
is exceedingly low [27,48,144,166]. Both derivatives of gappy POD and SDNs rely on mea-
surements at a single snapshot in time to reconstruct the corresponding high-dimensional
state at that time.

As a result of this static sensing, linear reconstruction methods are heavily reliant on
optimally placed sensors for the inverse problem to be well-conditioned [45,115]. In general,
determining optimal sensor locations is a combinatorially hard problem and is infeasible for
large search spaces. For smaller spaces, there exist a number of well-known techniques for
sensor placement [18,28,77,93,108,133,147], but they become computationally intractable in
high-dimensional systems. Instead, convex relaxations of the problem become necessary for
obtaining approximate solutions. A greedy search using the QR decomposition with column
pivoting offers one approximate solution and such methods have been critical in enabling
accurate reconstructions of high-dimensional systems [45,115]. More recent work has sought
to relax the reliance on optimal sensor placement through regularization and probabilistic
reconstruction. Bayesian and regularized formulations of gappy POD enable stable recon-
struction under sensor undersampling and provide uncertainty quantification absent from
purely deterministic schemes [79,90], and the PySensors library provides open implementa-
tions of many of these sparse sensing and placement algorithms [39,82]. Sparse variants of
the discrete empirical interpolation method have similarly improved reconstruction from few
sensors [51], including recent approaches that, like the present work, combine sparse sensing
with recurrent neural networks [52]. However, greedy algorithms suffer from the fact that
there is no guarantee that the sensor locations found are physically implementable; for in-
stance, measuring sea-surface temperature in the middle of the Pacific Ocean is significantly

more challenging than taking measurements along the coast. Variations of greedy search al-
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gorithms can incorporate additional constraints, such as cost and sensor fidelity [35-37,116],
but often at the expense of reconstruction accuracy. The use of SDNs helps mitigate the
dependence on sensor location, but still is greatly aided by principled sensor placement
schemes [166].

The data-driven method presented here incorporates temporal trajectories of sensor
measurements to improve reconstruction accuracy, robustness to noise, and eliminate the
need for optimally placed sensors. We use a type of recurrent network layer, long short-
term memory networks (LSTM) [68], to process a time-series of sensor measurements. The
latent representation of the LSTM is the input into a fully-connected, shallow decoder for
reconstruction. We demonstrate that these SHallow REcurrent Decoders (SHRED) outper-
form existing linear and nonlinear techniques on three example datasets: a forced isotropic
turbulent flow [104], weekly sea-surface temperature [141], and atmospheric ozone concen-
tration [13]. In all cases, SHRED with as few as three randomly placed sensors achieves
superior reconstruction accuracy than existing techniques using a far greater number of
optimally placed sensors. Moreover, because the inputs to a trained SHRED model consist
of just a few sensor measurements, SHRED offers an on-the-fly compression for modeling
physical and engineering systems. Fig. 3.1 gives a graphical summary of SHRED. The use of
both constituents of SHRED in this paper, LSTMs and feed-forward shallow decoders, fol-
lows a long line of work demonstrating the efficacy of each component and their use together
replicating chaotic attractors from partial observations [48,84,156]. That being said, there
exist a litany of different architectures that could be used to encode sensor trajectories (ba-
sic RNNs, GRUs [34], ESNs [111], transformers [157], etc.) or decode from a learned latent
state (CNNs [100], transformers [157], residual layers [62], etc.); the fundamental objective
of SHRED is to combine implicit time-delay embeddings of sensor measurements with an
expressive decoder for high-dimensional state reconstruction. The investigation of the many
possible architectures to perform this task is an important area of future exploration. In this
work, we have shown explicitly that the combination of the two key components, recurrence

and decoding, allow for a successful mathematical scheme for sensing.
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3.2 Background

3.2.1 Proper orthogonal decomposition and QR

Traditional techniques for high-dimensional state reconstruction from limited sensor mea-
surements typically rely on the SVD to compute a low-rank embedding of the spatio-
temporal dynamics. Given NN snapshots of an m dimensional state, we construct a data
matrix X = [x; X2 ...xy] where x; € R™ is the i-th temporal snapshot of the state.
The SVD factors the data matrix into the product of an orthogonal matrix, U € R™*™,
a diagonal matrix with decreasing entries, 3 € R™*N  and another orthogonal matrix

V € RV*N | An optimal rank r approximation of X can be directly obtained through the

SVD by retaining only the first r columns of U,

X~X=0U>3%Vl (3.1)

Thus, each temporal snapshot x; can be approximated by a linear combination of the
first r columns of U, otherwise known as the dominant POD modes.

POD based methods estimate a high-dimensional state, x, drawn from the same distri-
bution as that of the training data by solving for these r coefficients using a subsampling

of the state,

y = Cx ~ CU, b, (3.2)

where C is a “sensing” matrix consisting of rows of the m x m identity matrix and
b € R". A full-state estimate from a set of sensor measurements, y, can then be obtained

by

x ~%x = U, (CU,) ly. (3.3)

In practice, it is critical to design C such that the inversion in (3.3) is well-conditioned.
An indirect bound on the condition number of CU, can be found by determining C where

| det(CU, )| is maximized. That is, we seek
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C. = argmax |det CU,| = argmaxH I\ (CU,)|
C C p

= argmax | | 0;(CU,.). 3.4
en 1:[ (CUy) (3.4)

Unfortunately, for large systems this NV P-hard, combinatorial search becomes computa-
tionally intractable. The QR decomposition with column pivoting of UTT offers an approx-
imate greedy solution. The decomposition utilizes Householder transformations to find a

column permutation matrix PT such that

u'pP’ = QR (3.5)

where Q is orthogonal and R is upper triangular with decreasing, positive entries on the
diagonal. Because at each iteration of the algorithm the diagonal entry of R is selected to be
as large as possible and Q is orthogonal, we have a a greedy maximization of det(U! PT) =
det(PU,). Thus, setting C = P can improve the reconstructions obtained by POD based

methods. We refer to reconstructions obtained in this manner as QR/POD.

3.2.2 Shallow decoder networks

Although QR/POD methods have demonstrated success in a variety of fields, the method
can, at most, estimate the coefficients of the first n POD modes if there are n sensors
available. The included POD modes are insufficiently expressive to obtain accurate re-
constructions when exceedingly few sensors are available. This limitation motivates the
development of more expressive, nonlinear methods for reconstruction. Among these are
shallow decoder networks (SDN) [48].
As before, let
y =Cx (3.6)

be a point sampling of a high-dimensional state x. SDNs are shallow, fully-connected
neural networks that learn a mapping from the space of sensor measurements, y, back to

x. SDNs can be denoted as
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F(y;Wsp) := R(W R(WbL... R(W1s))) (3.7)

where y is the input sensor data, R is a scalar, nonlinear activation function, Wgp =
{Wi ?:1 are trainable weights, and k& denotes the number of layers in the SDN. Formally,

we seek

N
F € argmin Y _ ||xi — F(yi)ll, (3.8)

FeF =1
so that reconstruction error is minimized over a set of N training states {x;}}*,. The
parameters of the network are randomly initialized and then trained by a gradient descent
method. Once the network is trained, reconstructions given subsequent sensor measure-
ments are found by

x =F(y). (3.9)

SDNs can be trained for any set of sensor measurements, and unlike QR/POD are not
entirely reliant on principled sensor placement schemes. Still, previous empirical work sug-
gests that even neural-network based reconstructions can be improved through the use of QR
placement [166]. Both SDNs and QR/POD have been used successfully in the reconstruction
of high-dimensional dynamical systems, but also for broader classes of images [115]. This
extension is possible because both methods rely only on static, point measurements and
each reconstruction is performed individually. Dynamical systems, on the other hand, in-
herently depend on the temporal evolution of the state, and incorporating this dependence
into a method for reconstruction offers a natural improvement upon existing techniques.

Our work includes these dynamics through the use of trajectories of sensor measurements.
3.3 Shallow recurrent decoder networks

3.3.1 SHRED and separation of variables

The SHRED architecture is based upon the separation of variables technique for solving
linear partial differential equations (PDEs) [54]. Separation of variables assumes that a so-

lution can be separated into a product of spatial and temporal functions u(x,t) = T'(t) X (z).
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This solution form is then used to reduce the PDE into ordinary differential equations: one
for time T'(t) and one for space X (z). Such a decomposition also constitutes the underpin-
nings of spectral methods for the numerical solution of the PDE, linear or nonlinear [95].

Consider the constant coeflicient linear PDE
= L9y, 0%, u (3.10)

where u(x,t) specifies the spatio-temporal field of interest. Typically the initial condition

(IC) and boundary conditions (BCs) are given by

IC: u(z,0) = ug(x) (3.11a)
BCs: a1u(0,t) + frux(0,t) = g1(¢) and
agu(L,t) + Pauy(L,t) = ga(t). (3.11b)

This may be generalized to systems of several spatial variables, or a system with no time
dependence. The linear operator L specifies the spatial derivatives, which in turn model
the underlying physics of the system. Simple examples of £ include £ = ¢d, (the one-way
wave equation) and £ = k92 (the heat equation) [95].

The earliest solutions of linear PDEs assumed separation of variables whereby u(z,t) =
exp(At) X (z) was a product of a temporal (exponential) function multiplied by a spatial
function. The parameter A is in general complex. This gives the eigenfunction solution of

(3.10) to be

N
u(z,t) = anexp(Ant)én(x) (3.12)

n=1

where ¢, (x) are the eigenfunctions of the linear operator and A, are its eigenvalues (L, (x) =
An®n(z)). Here a finite dimensional approximation N is assumed, which is standard in prac-
tice for numerical evaluation.

Typically, initial conditions u(z,0) = ug(z) are imposed in order to uniquely determine

the coefficients b,,. Specifically, at time ¢t = 0 (3.12) becomes

N
up(x) = Z andn(x). (3.13)
n=1
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Taking the inner product of both sides with respect to ¢,,(z) and making use of orthogo-
nality gives

ap = <UO(ZL‘),¢n($)> (3'14)

SHRED instead has measurements at a single spatial (sensor) location x5, but with a tem-
poral history. Thus if SHRED has, for example, IV temporal trajectory points, this gives at

each time point of the measurement:

N
w(@s,ty) =Y anexp(Ant;)pn(zs) for j=1,2,--N. (3.15)

n=1

This results in N equations for the N unknowns a,. Specifically, the N x N system of
equations Ax = b is prescribed by the vector components zy = ax and by = u(zs,ty)
and matrix components (ar;j) = exp(Aytj)Pr(zs). As with the initial condition (3.11a),
the time trajectory of measurements at a single location uniquely prescribes the solution.
This analysis can be generalized to allow for spatially mobile sensors or include multiple
sensor measurements at a single time point. The former case is addressed in [46] and
generally requires that the sensor’s movement be periodic. In the latter case, if there are
two measurements at a given time ¢;, then only N/2 trajectory points are needed to uniquely
determine the solution. Likewise, three sensor measurements at a given time requires only
N/3 trajectory points. As a caveat, it should be noted that sensors must actually measure
the physics in order to perform a reconstruction, i.e. if a shock wave has not hit the
sensor yet, one cannot construct the spatio-temporal dynamics. Moreover, SHRED cannot
reconstruct regions of space where the dynamics are statistically independent.

Thus, temporal trajectory information at a single spatial location, or with a moving
sensor, can be equivalent to knowing the full spatial field at a given point in time. The
motivation of SHRED is a nonlinear generalization of this concept. The proposed architec-
ture has the form v = X (T({y;}!=t_,)). In separation of variables, one assumes the form
u = X (x)T(t) which allows for the construction of differential equations for time and space
separately: dT'/dt = ¢T and LX = ¢X. However, they are not independent, but are related
through the constant c. Specifically, the solution T'(¢) is constrained to constants that are

the eigenvalues of X (x). In a SHRED model, an analogous result is obtained through the
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joint training of X and 7. Of course, as a generalization to nonlinear dynamics, rigorous
theoretical bounds of SHRED are difficult to achieve, much like analytic and numerical
solutions are difficult to rigorously bound in computational PDE settings.

That being said, standard numerical techniques for non-linear PDEs can also be obtained
with time-series of sparse sensor measurements. Consider a spectral solution technique [95]

whereby numerical solutions are approximated by a spectral basis

N
u(@,t) =Y an(t)dn(x). (3.16)
n=1

This spectral decomposition turns the PDE into a system of N coupled ordinary differential
equations with constants of integration that can be uniquely determined by requiring the

solution satisfy N temporal trajectory points.

Coupled PDFEs

We can also consider coupled, constant coefficient linear PDEs. For example, the coupled

system

= Liu+ Lov (3.17&)

v = Lsu+ L4v (3.17b)

where u(z,t) and v(x,t) specifies the spatio-temporal fields of interest. The PDEs can be

instead be written in the form
it = Lyt + LoLyu+ LoLy (L5 (0 — L1u)) (3.18)

where (3.17a) is differentiated with respect to time and (3.17b) is used in order to write the
PDEs as a function of u(z,t) alone. Thus knowledge of the field u(z,t) alone is capable
of constructing the solution fields u(x,t) and v(x,t). For this second-order (in time) PDE,
both an initial condition u(x,0) and an initial velocity require specification u(x,0) in order
to uniquely determine the solution. As with the previous arguments, a time trajectory

embedding of 2N measurements can be used to uniquely determine the solution.
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3.3.2 SHRED architecture

To model temporal dynamics, we rely on recurrent neural networks (RNN) [143] and, more
specifically, long short-term memory networks (LSTM). The most basic RNN accepts as
an input a sequence of vectors {v;}!_; and outputs a single hidden state, h;. This can be

expressed through the recursion relation

h; = R(W.v, + W,hi_; +b,) (3.19)

where R is a scalar, nonlinear activation function, W., W,. and b, are trainable weights,
and hy = [() O}T. Generic RNNs are notorious for suffering from the vanishing
gradient problem, causing them to have difficulty in identifying long term dependencies.
LSTMs address this issue through the introduction of a so-called “gradient super-highway.”
Instead of outputting a single hidden state, LSTMs incorporate an additional “cell state”
which only undergoes minor, pointwise operations, allowing gradients to flow easily from
many time steps in the past. LSTMs are perhaps the most commonly used class of RNN
at the time of writing, due to their ability to learn long and short term dependencies [107].
They are frequently used in time-series forecasting, natural language processing, and video
analysis, among many other domains [107]. For a more complete discussion of LSTMs, we

direct the reader to [68]. The recursion relation of an LSTM can be written as

h =0 (Wo [ht_l, Vt} + bo> © tanh(c;) (3.20)
et = (Wi byt ve| +bs) O (3.21)
+o (Wz [htflavt] + bf) © tanh (Wg [htflavt} + bg)
for trainable weights and biases Wrn = {W,, Wy, W;, W, b,, b, b;, by}, Both o, the

sigmoid function, and tanh operate pointwise. Note that h; can be written as function in

terms of only {v;}!_; and parameterized by the trainable weights and biases,

ht = g({vi};‘f:l;WRN). (3.22)
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We now introduce the SHallow REcurrent Decoder (SHRED), which merges an LSTM
with the SDN architecture. Suppose we have a multivariate time-series of a high-dimensional
state {x;}1_, and corresponding measurements of the system {y;}~ ;. Rather than recon-
struct x; using only y;, as is done by QR/POD and SDN, we let an LSTM learn a latent
representation using the previous k sets of sensor measurements. This latent representation
is then used by a shallow decoder to reconstruct the high-dimensional state. The SHRED

architecture can be written as

H ({yitizi—r) = F (GU{itizt—xi WrN); WsD)) (3.23)

using eqs. 3.7 and 3.22. As in the case of SDNs, we use a gradient descent method to

train the network weights to minimize reconstruction loss,

N
M e argmin 3 [lxi — H ({yitys) |2 (3.24)
HeH =1

‘H, so defined, represents a map from sensor trajectories to the full-state.

3.4 Results

3.4.1 Reconstruction of high-dimensional spatio-temporal fields

We demonstrate the performance of SHRED trained with the Adam optimizer [89] on three
example datasets. In each case, we compare the reconstruction error obtained by SHRED
with randomly placed sensors to SHRED with QR placed sensors (QR SHRED), shallow
decoder networks with randomly placed sensors (R-SDN), shallow decoder networks with
QR placed sensors (Q-SDN), and linear reconstructions with QR placed sensors (QR/POD).
The considered reconstruction error is defined to be the normalized mean square error over
each state in a test set [48],
1#H ({ys}is) —xill2

Error = . (3.25)
[Ixill2

Because SHRED models rely on trajectories of sensor measurements to perform state

estimation, we truncate each dataset to reconstruct only the final N —k temporal snapshots,
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Figure 3.2: Turbulent flow summary performance. A Example reconstructions obtained via
SHRED and QR/POD of a turbulent flow when three sensors are available. Ground truth
included for comparison. B Reconstruction errors of static sensing methods (QR/POD)
and SHRED with a varying number of available sensors. The solid lines denote the median
error from 32 trained estimators and the shaded region denotes the interquartile range. C'
Performance of reconstruction methods in the presence of varying levels of added Gaussian
white noise. The added noise has mean zero and standard deviation equal to « times the
mean absolute value of the field. The number in parentheses denotes the number of available

Sensors.
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where N is the initial number of samples and k is the length of the utilized trajectories. This
length can be viewed as a hyper-parameter that can be tuned according to the data. Detailed
network parameters and training protocols can be found in the SI. The used parameters of
each model were selected via hyperparameter search. Finally, we note that in this section,
training, validation, and test samples are temporally interspersed. In later sections, we
demonstrate results in the case that training and test sets are temporally distinct, although
in all cases we assume no errors in sensor drift or synchronisation. The study of our method
under these more difficult conditions is an important area of future work.

The first application we consider is the pressure field of a forced isotropic turbulent
flow from the Johns Hopkins Turbulence Database [104]. The flow was generated by direct
numerical simulation using 10243 nodes and the pseudo-spectral method. We select a 350
by 350 two dimensional cutout of computed pressure over 1667 evenly spaced temporal
snapshots from the three dimensional simulation. The temporal spacing of the snapshots is
approximately 0.006 seconds, while the DNS used to generate the data utilized time steps
of 0.0002 seconds. We seek to reconstruct these high-dimensional states from trajectories
of point measurements of the states. There are many options for determining the optimal
parameter k, where kAt is the maximal time-delay utilized, for reconstructions generated by
SHRED. In this case, a simple hyperparameter search over k € {10, 25,50, 75,100} was used
with the number of sensors held constant at 3. From these possible k, the best performing
value of k = 100 was selected. Correspondingly, the final 1567 temporal snapshots of the
pressure field are randomly split into training, validation, and test sets consisting of 1100,
234, and 233 snapshots, respectively. For each considered number of sensors, we generate 32
reconstructions with all considered methods. We plot the median performance and denote
the interquartile range by the shaded region. These results are shown in panel B of Fig.
3.2. Even with only a single, randomly placed sensor, the reconstructions obtained by
SHRED yield significantly lower error than competing methods with as many as 50 sensors.
Moreover, placement via the greedy QR algorithm appears to have a negligible impact on
reconstructive performance. Panel A of Fig. 3.2 shows sample reconstructions obtained by
SHRED and QR/POD with three sensors. While QR/POD is only able to identify large

scale features, SHRED accurately reconstructs fine grain features as well. Numerically, with
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1 sensor the median computed error of QR/POD is 0.89 while with SHRED the median
computed error is 0.11, an approximately 8 times improvement in performance. The poor
performance of QR/POD in this example highlights a well-known limitation of gappy-POD
based techniques. The turbulent flow is both tri-periodic and nonstationary, presenting
challenges that POD is fundamentally unable to handle. Such techniques remain widespread
in part because of their relative interpretability and in part because there remains a lack of
methods for inferring high-dimensional states from sparse sensor measurements alone. The
comparison to POD illustrates the need for nonlinear methods in such cases.

In the vast majority of real world applications, and in contrast to numerical simulations,
data is often corrupted by noise. As a result, methods for state estimation must exhibit
resilience to noise. To measure this resilience, we corrupt the data with Gaussian noise
of mean zero and standard deviation of « x |Z|, where |Z| is the average absolute value
over all points in all snapshots of the training set. We then generate 32 state estimates
exactly as before using all considered methods. The resulting median reconstruction error
and interquartile range for varying « is shown in panel C of Fig. 3.2. Again, SHRED
outperforms competing techniques using a far greater number of sensors.

The second application we examine is that of sea-surface temperature (SST). We consider
weekly mean sea-surface temperature from the years 1992 to 2019 as reported by NOAA
[141]. Unlike the previous example of a simulated turbulent flow, SST is a sensor generated
dataset for which governing equations are not known and thus represents a more practical
application of SHRED. The data consists of 1400 snapshots of a 180 by 360 grid, of which
44,219 spatial locations correspond to the sea-surface. Each snapshot corresponds to the
weekly mean sea-surface temperature for the respective week. In this case, it is easy to
make physical arguments for determining k, the number of lags used by SHRED. Since
each data snapshot represents weekly mean sea-surface temperature, we expect a strong
signal with period 52 corresponding to annual fluctuations in temperature. As a result,
we select £k = 52 to capture this annual variation. We allow the input trajectories to
SHRED to have a length of 52, corresponding to one year of measurements. The final 1348
samples are divided into training, test, and validation sets consisting of 1000, 174, and 174

snapshots, respectively. Analogous to Fig. 3.2, Fig. 3.3 shows example reconstructions and
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reconstruction error distributions of SHRED and existing techniques both in the presence
and absence of added Gaussian noise. The contour plots shown in panel A of Figure 3
show the ground truth and reconstructions with the mean field subtracted. We choose
to present this visualization because in comparison to other example datasets, the global
mean-field dominates and the mean subtracted contour plots more clearly demonstrate the
difference between QR/POD and SHRED. Again, the reconstructions obtained by SHRED
are both visually and empirically superior when few sensors are available. When one sensor
is available, the median error from QR/POD (0.12) is approximately 6 times greater than
that of SHRED (0.02). Again, the reconstructions obtained by SHRED are both visually
and empirically superior, while requiring far fewer sensors, which can be randomly placed
without a loss of accuracy.

The last system for which we consider the performance of SHRED is a simulation of
atmospheric chemistry. Chemical transport models (CTM) simulate the evolution of an

ensemble of interacting chemical species through a transport operator [13,159]

8nl~

5 = -V - (n;U) (3.26)
and a chemical operator
dni
P (P — Li)(n) + E; — D;, (3.27)
T
where each entry n = [nl ng ---n K] represents the number density of a specific

chemical species, U is the wind vector, (P; — L;)(n) is the local chemical production and
loss term, FE; the emission rate of a species, and D; the deposition rate. The output of
a CTM, then, consists of concentrations for K chemical species for a grid of latitudes,
longitudes, and elevations. The data we consider is drawn from the work of Velegar et
al. [159] and contains simulated atmospheric ozone concentration generated by the CTM
software GEOS-Chem [13] over the course of a year with dynamical time steps of 20 minutes.
The accessed data from [159] is a compressed SVD representation using the first 50 POD
modes. The decompressed data matrix consists of 26,208 snapshots of a 46 by 72 by 30

(latitude, longitude, elevation) grid with temporal spacing of 20 minutes, from which we
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Figure 3.3: SST summary performance. A Example reconstructions obtained via SHRED
and QR/POD of sea-surface temperature when three sensors are available. Ground truth
included for comparison. B Reconstruction errors of static sensing methods (QR/POD)
and SHRED with a varying number of available sensors. The solid lines denote the median
error from 32 trained estimators and the shaded region denotes the interquartile range. C
Performance of reconstruction methods in the presence of varying levels of added Gaussian
white noise. The added noise has mean zero and standard deviation equal to « times the
mean absolute value of the field. The number in parentheses denotes the number of available

Sensors.
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further downsample to obtain 2,600 global ozone concentration fields with temporal spacing
of roughly 200 minutes. To account for the fact that the data matrix is inherently rank 50,
we add Gaussian noise with standard deviation a = 0.05 to the data before performing any
analyses. Identical to the turbulent flow example, k& = 100 for the reconstructions generated
by SHRED was chosen by a hyperparameter search. The resulting snapshots are divided
into training, validation, and test sets consisting of 1900, 300, and 300 entries, respectively.

Fig. 3.4 shows the performance of SHRED and existing techniques on this atmospheric
ozone experiment. With 1 sensor, the median computed error of QR/POD (0.44) is roughly
7 times that of SHRED (0.06). However, in this case when many sensors are available
(> 50) QR/POD performs comparably to nonlinear reconstructions. This performance is
an artifact of the use of a compressed, rank 50 representation of the data.

We note that for both the atmospheric ozone concentration and turbulent flow results,
we have trained on synthetic data from validated high-fidelity models. As full-state mea-
surements of physical high-dimensional systems are frequently impossible, such training
procedures are common in data-driven reconstruction methods. However, the performance
of any machine learning model trained using synthetic data is critically reliant upon the fi-
delity of the model used to generate the synthetic data. In real-world applications devoid of
a well-validated numerical model or a training set of high-dimensional state measurements,
it is unlikely that any ML model mapping from sparse sensor measurements to the full-state
will perform well. One manner in which this simulation-to-reality gap can be addressed is by
performing an expensive data collection period using a large number of deployed sensors.
A shallow recurrent decoder could then be used to map from a small number of sensors
to the larger set of sensor measurements as opposed to the full state. After the training
period, costs can be reduced by removing many of the sensors that were initially deployed

and interpolating between the sensor locations to which the map has been learned.

3.4.2 Forecasting of high-dimensional spatio-temporal fields

In this section, we explore how the expressiveness of SHRED models with few sensors can

be leveraged to perform forecasts of high-dimensional spatio-temporal states using only
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Figure 3.4: Ozone summary performance. A Example reconstructions obtained via SHRED
and QR/POD of atmospheric ozone concentration when three sensors are available. Only
one of thirty elevations is shown. Ground truth included for comparison. B Reconstruction
errors of static sensing methods (QR/POD) and SHRED with a varying number of available
sensors. The solid lines denote the median error from 32 trained estimators and the shaded
region denotes the interquartile range. C' Performance of reconstruction methods in the
presence of varying levels of added Gaussian white noise. The added noise has mean zero
and standard deviation equal to a times the mean absolute value of the field. The number

in parentheses denotes the number of available sensors.
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Figure 3.5: Forecasting error for sea-surface temperature with At as one week. A LSTM is
trained to forecast QR placed, panel A, or randomly placed, panel B, sensor measurements
which are subsequently used to perform reconstructions using SHRED and gappy POD. 16
forecasts are performed and the median error is denoted by the solid lines, with the 25th

and 75th percentiles of reconstruction error defining the shaded region. The dashed line

represents an ensembled forecast.

a limited subsampling of the state. Forecasting the evolution of high-dimensional states
from sensor measurements is an exceedingly challenging task, owing to the fact that doing
so combines the problem of system identification with the difficulties of forecasting. We
propose a two step approach that leverages the success of LSTMs for low-dimensional time-
series forecasting [107] and SHRED for state estimation.

Let {xi}th represent a training dataset of temporally ordered states with corresponding
sensor measurements {y;}.*. We train an LSTM network, G ({yi}!_;), to map between a

trajectory of sensor measurements and the subsequent measurement, y, 1, by finding
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Figure 3.6: Forecasting error for turbulent flow with At = 0.006s. A LSTM is trained
to forecast QR placed, panel A, or randomly placed, panel B, sensor measurements which
are subsequently used to perform reconstructions using SHRED and gappy POD. In this
experiment, the validation set is selected from earlier in the data so that the forecast occurs
immediately after following training data. 16 forecasts are performed and the median error
is denoted by the solid lines, with the 25th and 75th percentiles of reconstruction error

defining the shaded region. The dashed line represents an ensembled forecast.

N
G € argmin Y _[lyes1 — G ({ys}ie) Il (3.28)

GeYd =1
using the ADAM optimizer on the training data. Doing so, we then forecast beyond

Ti+p

the time interval of the training data to obtain forecasted sensor measurements {y; Tii1

for p > 1. The forecasted measurements are used by a SHRED model, trained on {xi}rf’f, to

obtain forecasts of the high-dimensional state x. Detailed training protocols are included in

SI.
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The forecasted states {)Acl}%fl’ are evaluated against the ground truth for each At fore-
cast rather than the mean error across all forecasts to demonstrate performance over fore-
casts of varying length. The error at time pAt is thus given by
[ (G) =,

[1%¢p][2

Error =

(3.29)

We also include reconstructions from forecasted sensor measurements obtained by gappy
POD for comparison, akin to the work of [134]. Finally, we only show results for SST and
turbulent flow data, as the compressed form of the atmospheric ozone data is biased towards
both QR placement and POD reconstructions.

For the SST example, we select the first 85% of the dataset to act as training data, the
subsequent 20 snapshots as validation data, and the remainder as the test set. A LSTM for
forecasting is trained on the training data and sensor measurements are forecast beyond the
validation set. These forecasted sensor measurements are then used to construct a forecast
of the high-dimensional spatio-temporal field using a trained SHRED model and gappy
POD. We consider the cases that the sensors are placed via QR or randomly. We perform
16 runs for each experiment, and consider an ensembled forecast found by averaging the
forecast of each run. The results for QR placed and randomly placed sensors are shown
in Fig. 3.5 with At representing one week. With QR placement, the forecasts obtained
by SHRED outperform that of POD in the short-term and are similar for longer forecast
horizons. However, with randomly placed sensors SHRED is still able to obtain comparably
accurate forecasts while POD fails to consistently yield faithful reconstructions.

Unlike sea-surface temperature, even medium-range forecasts of a turbulent flow are
impossible due to the fact that the flow is not quasi-periodic or stationary in nature. For
this reason, we focus on achieving accurate short-term forecasts in this application. To do
so, we use the same scheme as before, with the exception that the validation set is selected
to occur earlier in the training data. Of the 1567 snapshots of the turbulent flow with
sufficiently long preceding measurement histories, the first 1000 are selected as training,
followed by 50 samples selected for validation. The next 100 samples are also used for
training and the remainder constitute the test set. This scheme allows for more accurate

short-term forecasts because the forecast occurs directly after the training data, as opposed
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to directly after the validation set. Fig. 3.6 shows the results for the cases that sensors
are placed via QR and randomly with At representing 0.006 seconds. In both cases, the
forecast obtained by SHRED deteriorates quickly but greatly outperforms that obtained by

POD reconstructions.

3.4.8 Temporal spacing of time-delays

To this point, we have only considered SHRED models where the temporal spacing between
utilized sensor measurements is equal to the discretization, At, of the data snapshots. How-
ever, time-delay embedding techniques can often be sensitive to the selection of both the
maximal time-delay incorporated, kAt, and the temporal spacing of those time-delays,
natAt [1]. In this notation, Sections 3.4.1 and 3.4.2 show results for nao; = 1 and in this
section we consider the performance of SHRED for varying na;.

We perform two sets of experiments for each considered dataset. The first varies na;
but keeps k approximately constant. This corresponds to a decrease in the total number of
sensor measurements in the input to a SHRED model. The second set of experiments varies
na: and k such that the total number of utilized sensor measurements is held constant. As
a result, the first N — kna; snapshots in each dataset must be discarded. We therefore
modify the number of samples in the training, validation, and test sets such that there are
900 training samples for the turbulent flow, 1000 for the SST, and 1000 for the atmospheric
ozone data. The results for both experiments are reported in Fig. 3.7. In both cases, all
other network hyperparameters and the manner in which the train/validation/test split is
performed remain unchanged from Section 3.4.1.

We find that the performance of SHRED in the cases of SST and atmospheric ozone
concentration remains largely unchanged when nAt is varied, provided k is also scaled to
use the same number of sensor measurements. If na; is increased and k is held fixed,
performance deteriorates for larger values of na;.

On the other hand, our results are less clear when SHRED is applied to the turbulent
flow data. It appears that commensurately increasing na; and k& moderately improves

performance, while increasing only na:; does not have a strong effect on reconstruction
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Figure 3.7: Error results for SHRED models in the three considered datasets when the

temporal spacing of the trajectories used for reconstruction is varied. k denotes the maximal

time-delay of the trajectories used by a SHRED model. na; denotes the temporal spacing

between utilized time-delays in terms of of the discretization of the data, At. The top row

considers the case where k is approximately fixed to the values specified in Section 3.4.1

and the bottom row considers the case where k varies in addition to na; such that k/nay

is fixed to the values of k specified in 3.4.1. Each plot shows the median and interquartile

range of reconstruction error from 32 trained SHRED models.
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accuracy. However, it is difficult to draw strong conclusions from these results as there are
strong indications that 900 training samples are insufficient to train the model. This is
illustrated by moderately worse median performance and much larger variance for the cases
nay = 1 in Fig. 3.7. The only difference between these models and those from Section 3.4.1
is a reduction in access to training data. The effect of this reduction is likely more visible
in the turbulent flow data than SST or atmospheric ozone due to more complex intrinsic

dynamics.

3.5 Discussion

We have demonstrated SHRED as a method for system identification/state estimation and
the forecasting of high-dimensional time-series data. By including sensor trajectories in
the model for reconstruction, SHRED outperformed competing techniques based on static
reconstructions from gappy POD or shallow decoder networks. We considered three high-
dimensional, spatio-temporal datasets, a synthetically generated forced turbulent flow, a
simulation of atmospheric ozone concentration from a chemical transport model, and weekly
mean sea-surface temperature.

The superior performance of SHRED held across both interpolatory (reconstruction)
and extrapolatory (forecasting) regimes. In Section 3.4.1, the task was purely an inter-
polatory reconstruction. Training and test data, upon which we evaluate reconstruction
accuracy, were drawn from the same distribution. As a result, overfitting to the training
data was not an issue, and SHRED was able to capture fine grain details of complex flows
with as few as one or three sensors. Applied in this manner, SHRED offers an attractive
method for compression of large datasets as well as a framework for developing reduced
order models of dynamical systems. The performance of SHRED in this section is also
indicative of the promise of SHRED for high-dimensional data that is stationary or peri-
odic. Notably, SHRED demonstrated remarkable indifference towards sensor placement. In
this interpolatory regime, issues arising from the necessity of optimal sensor placement can
be mitigated by increasing the information content of inputs to a neural network through
the use of sensor trajectories. These results show that the sensor trajectories encode a

significant amount of information, just as is expected of time-delayed embeddings of dy-
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namics [6,10,21,81,103,131].

In Section 3.4.2, the task at hand was forecasting the evolution of high-dimensional
spatio-temporal data. In contrast to Section 3.4.1, training and test sets are temporally
separated and thus the results are extrapolatory in nature. High-dimensional forecasts were
accomplished by forecasting low-dimensional sensor measurements and constructing states
from the predicted measurements. Forecasting is an inherently difficult task for complex
systems, especially in the high-dimensional fields often encountered in the engineering and
the physical sciences. Still, SHRED’s use of sensor trajectories allows for improved forecast-
ing performance as compared to existing methods. Furthermore, SHRED for forecasting
exhibits robustness to sensor placement not found in the other methods considered. We
thus advocate for the use of SHRED for both the tasks of state estimation and state pre-
diction from forecasted sensor measurements. Further work must be done to improve the
accuracy of low-dimensional sensor forecasts to be used in conjunction with SHRED for
state prediction. Improving the forecasts of high-dimensional data could enable on-the-fly
compression and novel sensing mechanisms.

The comparisons in this chapter are made against gappy POD with QR-based sensor
placement, which has historically been among the most widely used approaches for recon-
struction from sparse measurements. Since the development of these methods, a number
of regularized, Bayesian, and tensor-based formulations have been proposed that relax the
dependence on optimal sensor placement, accommodate undersampling, and quantify re-
construction uncertainty [51,53,79,90]. A deeper comparison of SHRED against these more
recent reconstruction techniques is an important subject of future work.

Finally, future work will explore the extension of SHRED to multi-modal data, as briefly
discussed in the section on coupled PDEs. This extension can be viewed as an augmentation
of the full-state representation to include sensor measurements from various modalities. The
inputs to the network then have the interpretation of encoding both the spatial location
and sensing modality. As in the cases considered here, the application of SHRED in multi-
modal settings will require a high-fidelity model with priors that well-represent the physical
system of interest. Provided such a model and coupling between the field of observations

and augmented full-state, in principle it is possible to apply our methodology to reconstruct



the full-state from measurements of one of its constituent fields.
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Chapter 4

RESERVOIR COMPUTING FOR SYSTEM IDENTIFICATION AND
MODEL PREDICTIVE CONTROL

4.1 Introduction

Recent advances in the availability of large-scale data and computational resources have
driven transformative progress in neural network performance, with applications ranging
from natural language processing [158,177] to protein design [91] to advanced manufactur-
ing [7]. These successes have relied heavily on immense datasets and computational budgets.
In contrast, many problems in science and engineering are characterized by data scarcity
and strict computational constraints [24]. This limitation is especially true for system iden-
tification in control settings, in which dynamics must be modeled with limited observational
data obtained under diverse control inputs.

Neural networks have long been explored as tools for dynamical system modeling. Early
work employed small feedforward or wavelet networks to approximate system trajectories
[98,106]. Such architectures continue to be used in control contexts, such as photovoltaic
systems and electrical drive systems [9,61,126]. However, as architectures and computational
resources have matured, increasingly sophisticated models have been developed, culminating
in modern time series foundation models [5,105,172]. Somewhere between these extremes
lie recurrent neural networks (RNNs). RNNs are a particularly natural fit for modeling
dynamical systems, as they were explicitly designed to process sequential data such as time
series [68,143].

RNN-based models of dynamical systems typically follow one of two paradigms: RNNs
trained by backpropagation through time (BPTT) or reservoir computing (RC) approaches,
often called echo state networks (ESNs). Their variants have been successfully applied to
high-dimensional and chaotic systems, with studies comparing a wide variety of architec-

tures [161]. However, most of this research has focused on autonomous dynamics, leaving
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important questions about forced or controlled systems.

Learning the dynamics of forced systems presents unique challenges. Training data are
typically generated under one set of input signals, but effective control requires accurate
prediction under novel inputs and unexplored regions of phase space. Surrogate models
must therefore generalize to new control regimes while remaining lightweight enough for
online use. Given such a surrogate, model predictive control (MPC) provides an attractive
control framework. MPC is a widely used control strategy that computes optimal actions
over a receding horizon to steer the system toward a target trajectory or state [92,146].
Its flexibility and proven success in managing nonlinear, multi-input, multi-output (MIMO)

systems have led to widespread adoption in engineering practice.
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Figure 4.1: Summary diagram of echo state network (ESN) based model predictive control
(MPC). An ESN trained to model plant dynamics acts as a surrogate model capable of
rapidly forecasting the system under given control inputs. Online optimizations compute
a sequence of control actions that minimize the deviation of the plant from a reference

trajectory, yielding a controlled trajectory that tracks the reference.

A growing body of work has explored the integration of MPC with neural network sur-
rogates. Fully connected, convolutional, and recurrent network architectures have all been
proposed [14,43,118,124]. In particular, both BPTT- and RC-based surrogate models have
demonstrated success in enabling MPC for nonlinear systems [8,71,75,76,163]. BPTT-
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trained RNN-based MPC has even been applied to challenging chaotic fluid systems [14].
Despite progress with both approaches, the relative strengths and limitations of ESN-based
versus BPTT-trained, RNN-based MPC have not been systematically characterized. Key
open questions remain regarding predictive accuracy, control performance, and generaliza-
tion. Direct comparisons between the two paradigms remain limited, and results across
studies are difficult to reconcile due to differences in benchmarks, training protocols, and
evaluation criteria [173]. Addressing these gaps is critical for guiding the design of data-
driven control strategies. This motivates our work: providing a systematic comparison
of RC- and BPTT-based surrogate models for model predictive control in the context of
challenging and complex dynamics.

Here, we benchmark ESN-based MPC against BPTT-trained RNNs across a set of rep-
resentative nonlinear systems, ranging from canonical, low-dimensional examples to fluid
flows. Our results demonstrate that ESNs achieve excellent accuracy, generalization, and
efficiency, positioning them as a compelling candidate for data-driven control. A summary

diagram of this approach is shown in Fig. 4.1. Specifically, we find that:

e ESN surrogate models require significantly less training data than networks trained

via backpropagation and gradient descent.

e ESNs are substantially faster to train than networks trained via backpropagation and

gradient descent.

e In standardized comparisons with LSTM networks, gated recurrent unit (GRU) net-
works, fully connected networks (FCNs) [42], and dynamic mode decomposition with
control (DMDc) [140], ESNs demonstrated superior control performance and more

accurate dynamics approximation across all nonlinear benchmark systems.

e For the two most challenging benchmark tasks (controlling lift in flow past a cylinder
and steering the chaotic Lorenz system to fixed points), ESNs were the only surrogate

model capable of achieving the control objective with limited training data.
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The remainder of the paper is organized as follows: Section 2 provides technical back-
ground for model predictive control, linear system identification, fully connected networks,
and RNNs. In Section 3, we detail the instantiation and training of an ESN surrogate
model and provide a pseudocode algorithm of the control scheme. Section 4 reports open-
loop results for the different forms of surrogate model considered on a variety of benchmark
systems, assessing how well each class of surrogate forecasts given a predetermined control
input. In Section 5, we demonstrate the performance of each trained surrogate in closed-
loop MPC. Finally, Section 6 summarizes our key findings and future directions for this

work.
4.2 Background

Model predictive control (MPC) is the iterative optimization of a finite-horizon, open-loop
optimal control problem, requiring re-optimization for new time horizons. Typically, MPC
assumes a discrete-time model of system dynamics, X411 = f(x;, u;) where x; is the system
state at time j and u; is the exogenous control signal. Redefining ¢t = 0 for each optimization,

we pose a cost function of the form

J(U,t) =Y el (£)Que;(f) + uf Qou; + Auf Q3Au,
Jj=1

&(f) =r; — f(Xj—1,u-1) (4.1)

where U = {uy41,..., w4}, rj is the desired system state at time j, and Au; = u; —u;_;.
()1 is a positive semi-definite weight matrix penalizing deviation from the desired trajectory,
and 2, Q)3 are positive definite matrices that penalize the magnitude of the control input
and rapid control fluctuations, respectively. T is the finite forecast horizon of the model
predictive controller, and M is the number of control actions over which to optimize and
must satisfy M < T. After the M-th step of the forecast, control actions are frequently set
to a fixed value [146]. At time ¢, the model predictive controller computes

U, = argmin J (U, t) (4.2)

UeB

where B defines the set of feasible control actions.
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The requirements of a surrogate model to be used with MPC are twofold. First, the
model must be capable of generating accurate forecasts of the control system given a se-
quence of control inputs. Second, the model must provide computationally inexpensive
predictions to enable online minimization of the MPC objective function. In this work, we
consider a total of five candidate architectures for data-driven surrogate modeling. Each
model is trained for one-step forecasts that can be recursively applied for multi-step predic-

tion.

4.2.1 Linear System Identification

The control of linear time-invariant (LTT) systems has been studied for over a century and
many control techniques exist when such a model is available, including linear quadratic reg-
ulators (LQR), linear quadratic Gaussian regulators (LQG), proportional-integral-derivative
(PID) control, etc. For discrete-time systems with state dimension m, control dimension n,

and measurement dimension p, such methods assume a system of the form
Xj+1 = AX]‘ + Bu]'
y; = CXj, (43)

where x; € R™ represents the system state at time j, y; € RP denotes the corresponding
measurement of the system, and u; € R" is the exogenous control input. A € R™*™ is
the system matrix, B € R™*™ is an input matrix, and C € RP*™ is a measurement or
sensing matrix. Because the control of linear systems is well-understood and the model is
interpretable, constructing a data-driven model of the form Eq. 4.3 has been an attractive
paradigm for system identification. In the simplest case when full-state measurements are
available, i.e. C =1, the identity matrix, one assumes access to a set of training data pairs
(xj,u;) for 0 < j < N.

From this training data, we construct data matrices of the form
X=|xo xi - xno1;
X/: |:X1 X2 XN:| y

UZ[uo w - uNfl}. (4.4)
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The matrices A and B can then be estimated using a linear regression problem of the form
argmin | [ X7 U] © - (X7}, (45)
©

for the parameters © = { A B} T. For an LTT system with nondegenerate eigenvalues and
no noise, this procedure exactly recovers A and B.

A similar result can be obtained when C # I through the incorporation of time-delays
in the model, provided the resulting system is observable. This follows from the fact that
an n-th order ordinary differential equation (ODE) can be rewritten as a system of n first
order ODEs and vice versa. Let k denote the number of included time-delays and construct

the time-delayed matrices given by

Yt Yk+1 0 YN-1
Y =
1Yo Y1 - YN-k
Yk+1 Yk+2 - YN
Y = (4.6)
L Y1 Y2 0 YN—k+1-
As before, we learn a dynamical operator, ©, using linear regression of the form
argmin | [YT UT} 0 — (Y)T|3. (4.7)
(S

This formulation is equivalent to dynamic mode decomposition with control (DMDc) [140]
assuming no rank truncation. Such DMDc models can be directly used for MPC, but they
are limited by the inherent assumption of linearity. Highly nonlinear systems often require

more complex methods for satisfactory MPC performance.

4.2.2  Neural Network Models

Fully connected neural networks (FCN) offer greater expressiveness in comparison to linear
models, at the cost of interpretability. The nonlinearity of FCNs allows them to approximate
far more complex dynamics than can be modeled with linear methods. FCNs were among

the first nonlinear, data-driven models used for MPC and can be an effective architecture for
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many systems [42,124,126]. They also provide an important intermediate level of complexity
between DMDc and the RNN architectures we will subsequently consider.
FCNs act as a series of matrix multiplications composed with nonlinear activation func-

tions. A two-layer fully connected network fo can be expressed as

k ok X}
f@(xj,uj) =Wi| R | Wy + b + by, (4.8)
u
J
where © = {Wy, Wi,bg,b1} are trainable parameters and x?, ué? are the state and control

vectors at time j augmented by up to k£ time-delays. R is a nonlinear activation function
that operates elementwise. We seek O such that the mean square error (MSE) of a one-step
forecast, over a set of N+1 training states and control inputs is minimized. More concretely,

we seek to minimize
1 N
J(©) = N _k Z I fo (X?Jlf) - Xj+1”%- (4.9)
i=k

This minimization is typically performed with a variant of stochastic gradient descent
(SGD). As with the linear case, the above methodology can be applied when only mea-
surements y; are available. MPC with FCNs dates back to at least 1995 [42], but has
largely fallen out of favor with the advent of more advanced neural network architectures.
Although the previously introduced moels are capable of incorporating time-delays, they
do so by augmenting the input dimension of the system model; an n dimensional system
modeled with k£ time-delays will require an input dimension of nk. This results in a model
that can be highly computationally inefficient.

A more natural architecture for modeling a dynamical system is that of a recurrent neural
network (RNN), specifically designed to allow for a sequence of inputs without increasing
the model input dimension. RNN architectures evolve a latent state, h;, parameterized by

a set of weights and biases ©, according to the expression
hj 1 = fe, (%), hy). (4.10)

In the context of time-series forecasting, an additional output operator fg, is learned that

maps h; to X;. The system can then be expressed as

hj1 = fe, (fo,(h;), hy) (4.11)
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and is an autonomous dynamical system that can be used to generate a forecast of arbitrary
length. This interpretation has allowed variants of RNNs to achieve remarkable performance
characterizing chaotic dynamical systems, capturing their true Lyapunov exponents and
long-term power spectra [138,161].

In the control setting, the system of interest is nonautonomous, but the learned RNN
can be simplified so that the only explicit time dependence arises from the control action,

u;. The dynamical system of the RNN can then be represented by

hji1 = fo, (xj,u5,hj) (4.12a)

xj = fo,(hj). (4.12b)

An important consequence of such RNN representations of dynamical systems is that the
implicit incorporation of time-delays in the model allows generalization to partial observa-
tions y; without augmenting the size of the network.

The first form of RNN, known as the Elman RNN, assumed fg, and fg, such that

hj+1 = O’R(Wij + Wuuj + Whhj + bh) (4.13&)

}A(j = WjUO(WOhj + bo) + b3, (4.13b)

where ©, = {W,, W,,, Wy, by} are the trainable recurrent parameters, ©, = {W3, W, b,, bz }
are the trainable output parameters, and og, o, are the recurrent and output nonlinearities,
respectively. Since its introduction, the Elman RNN has largely fallen out of favor due
to vanishg/exploding gradient issues [68]. In this work, we consider two variants of RNN
inspired by the Elman RNN that help ameliorate these problems: long-short term memory
networks (LSTMs) [68] and gated recurrent units (GRUs) [34]. Both have been used as
MPC surrogates, but extensive benchmark comparisons are lacking.. Each of these RNNs

has the form given in (4.12a) and (4.12b), but differ in their explicit forms of fg, and fo,.

4.3 Methods

Another class of RNN is the echo state network (ESN) [74,113], a type of reservoir com-
puter. While LSTM networks rely on gating mechanisms to control the flow of information

and alleviate the problems of vanishing/exploding gradients, ESNs avoid backpropagation
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altogether. Instead, a random, high-dimensional “reservoir” is constructed that is stim-
ulated by a comparably low-dimensional input. The reservoir evolves nonlinearly and it
is assumed that the random encodings of this high-dimensional dynamical system can be
linearly mapped to the desired low-dimensional output. A trained ESN can then be used

as a surrogate model for MPC [8].

4.83.1 ESN Surrogate Model

Concretely, the recurrent mapping of the ESN is given by
hj+1 =(1- Oé)hj + atanh (Ah] + Winx; + opl), (4.14)

where « is the leak rate, 1 denotes a vector of ones, and o scales the additive bias in the
reservoir. The vector concatenation of x and u is denoted as x. W;;, and A are randomly
initialized and left fixed; there is no direct “learning” of the dynamics of the reservoir.
Nevertheless, the initialization of W;, and A, and the selection of a and oy play a critical
role in the performance of the network. The role of the reservoir matrix A has been especially
explored in the literature about ESNs. ESNs rely on a type of generalized synchronization
commonly referred to as the echo state property which mandates that given a sufficiently long
driving sequence x, the state of the reservoir is not dependent on hy [111]. This desirable
property can be achieved through careful initialization of A. In this work, A is selected to
be a random, sparse matrix with dimensions N, x N,, density p, and spectral radius pg,.
In all considered ESNs, N, = 1000 and p = 0.02. The spectral radius ps, is selected by
a hyperparameter sweep, although other methods relying on Bayesian optimization have
been used to select ps, [139]. The entries of Wy, are drawn from the uniform distribution
U(—0o,0), where o is another hyperparameter chosen through a hyperparameter sweep. The
leak rate parameter a and additive bias o3 are similarly chosen.

Despite a larger number of hyperparameters that must be selected, ESNs are typically
orders of magnitude faster to train than their LSTM counterparts. This is because only
the output operator, fg,, is trained and fg, is frequently selected to be linear. Conse-
quently, the training of an ESN amounts to a computationally efficient ridge regression.

The reservoir is teacher forced with a sequence of state measurements and control inputs,



99

{(x0,u9), ..., (xn,un)} to generate a corresponding sequence {h(1),... , h(N + 1)} where
hg = 0. Here, the echo state property ensures that our selection of hy will be “forgotten”
after a sufficiently long sequence of teacher forcing. In general, the minimum length of this
sequence, which we call Ny, depends on the problem at hand, but in all the examples
we consider, Ngp;, = 200 time-steps appears sufficient. This is substantially fewer than
suggested in some existing literature, perhaps as a consequence of an external driving force
as opposed to autonomous dynamics. Larger N, effectively limits the amount of data on
which the output operator can be trained.

The output operator fg, takes the form
fo,(h;) = Wyh;. (4.15)
Subsequently, the best fit output operator W, is determined so that

Wo hNSpin . hN+1] ~ |:XNSpin ceo XN41 i| . (416)

This is achieved by solving a ridge regression of the form W, = (H'H + BI)"'H* X. The
Tikhonov regularization parameter (3 is another hyperparameter that is tuned using grid
search. Some previous works have relaxed the assumption that the output operator be
linear and take fg, to include quadratic nonlinearities in some entries of h;. In this form of
an ESN, a ridge regression is still used for training. However, recent work has shown that
this inclusion is unnecessary when o} is allowed to be non-zero, as is the case here [139].
This training protocol performs a minimization of the error on a one-step forecast. A

multi-step forecast is achieved by iterating Eq. 4.14 according to
hj 1 = fe,(%j,u;,hy). (4.17)

One advantage of this approach is that performing a T-step forecast requires only 7" forward
passes of the network, without any need to reinitialize the reservoir state h. Thus, an ESN
maintains the benefits of a stateful RNN without the additional training difficulties stateful

models introduce in backpropagation based RNN training procedures [161].
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4.8.2  Training Protocols

The training of surrogate models for each example system we will consider was performed
in the same manner. For any example system, let X = |x, ... xp| denote the training
data matrix. The data matrix was then corrupted column-wise with zero-mean Gaussian
white noise with covariance such that E%i = 0.0010?r7i and X; ; = 0 for ¢ # j., where oy, is
a vector containing the componentwise empirical standard deviation of the training data.
The corruption of training data in this manner acts as a regularization and improves the
downstream forecasting performance of surrogate models [161]. The data is then min-max
scaled row-wise.

For each system, a validation dataset was also generated. The validation forcing signal is
unique to each system and is described in Section 4.4. An extensive hyperparameter sweep
was then conducted for each surrogate model class. For a given set of hyperparameters, we
trained the model on the training data and evaluated its 50-step forecast performance using
root mean squared error (RMSE) on the validation data. A 50-step forecast was selected,
as longer horizons would make online optimization in MPC computationally prohibitive.
For the ESN and DMDc models, one of the hyperparameters included in the sweep is (3,
the Tikhonov regularization parameter used in the ridge regression for training. Because
this parameter alone can reduce overfitting, 100% of the training data was used in training
these models.

On the other hand, the models trained via backpropagation and an Adam optimizer [88]
do not have a hyperparameter that directly controls overfitting to the data. As a result,
during training, 20% of the training data is withheld to serve as a first validation set. An
early stopping criteria is introduced based on performance in this validation set to prevent
overfitting.

From the many models trained in the hyperparameter search, we select the best perform-
ing set of hyperparameters for subsequent forecast and control performance demonstrations.
However, we do not use the specific model found during the hyperparameter sweep. This
is because the random initializations of neural networks can have a significant impact on

subsequent performance, potentially causing the continued use of the model from the hy-
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perparameter sweep to yield better results than can be expected in most cases. We note
that although we consider significantly more hyperparameter combinations for the ESN
compared to the LSTM, the total time required to perform the sweep is still much larger
for the LSTM. This is a consequence and benefit of the rapid training enabled by reservoir

computing approaches.

4.3.8 MPC Formulation

The total MPC cost function is a linear combination of J(U,t) (4.1) and additional terms
that represent a type of soft control barrier function (CBF) [4]. The cost is therefore given

by
Jiot(U, 1) = J(U,t) + a1|| max(U, by) — b1||3 + a1|| min(U, by) — b3, (4.18)

where the constant matrices by and by are chosen with entries to be 0.95 and 0.05, re-
spectively, for all datasets and the max/min functions operate elementwise [4]. The same
constants can be used for all benchmark systems because the models perform forecasts in
min-max scaled data. Similarly, a; = 100 is chosen for all systems. Because the introduced
CBF does not impose hard constraints, any entries of U found by the numerical solver are
clamped to the range [0,1]. The introduction of the soft constraints encourages the solver
to identify control actions between 0.05 and 0.95, while the hard constraints ensure that the
maximum/minimum control values do not exceed those found in the training data.

The forecast horizon, T', and control horizon, M, are selected to be 50, while the num-
ber of control steps used from a single optimization, M., is taken to be 20. These selections
provide a more stringent test of the learned surrogate models, as even very poor models can
be effective with MPC when T, M, and M, are small. Finally, the weighting matrices for
J(U,t) from Eq. (4.1) are selected as @1 = 100I, Q2 = 11, and Q3 = 20I. @Q; determines
the cost of deviation from the desired reference trajectory, while Q2 and Q3 penalize the
magnitude of control actions and their rate of change.. Following existing work using RNNs
for MPC, we use the limited memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algo-
rithm to perform the required online minimizations of (4.18) [14]. A pseudocode algorithm

detailing our implementation of ESN-based MPC is included in Algorithm 1.
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Algorithm 1 Pseudocode algorithm for Echo State Network Based Model Predictive Con-
trol. The algorithm consists of an offline ESN training phase followed by online control.

1:
2:

Offline Training:
Given:

e Randomly initialized ESN

N,
e Pseudo-random control sequence {uj} froin

e Initial state xg

Length of transient to discard Ngpin
procedure ESN TRAINING (X, {uj}N“a"‘H)

Collect state trajectory {xj}Ntram

Teacher-force the ESN to generate hidden states {hj}N”‘““+1
Solve for output operator f,(h) = W,h by ridge regression:

Wo [hng, o BNpant1] & XN XN+

end procedure

8: Online Control:

10:
11:
12:
13:
14:
15:

16:
17:
18:
19:
20:
21:
22:
23:

Given:

Trained ESN surrogate model

Prediction horizon M, control update interval M,

e Reference trajectory {x j=1

Initial state xg

Cost function J(U, k)

procedure ESN-MPC(xo, {x] ;VZI)
k<« 0 > time index
m <0 > steps since last optimization
while £ < N do

if m = M. then
Compute optimal control sequence using ESN surrogate:

M. ;
{uj}2 ~arg min J(U, k)

m <0
end if
Apply control action uy,
Observe new state xy,
k—k+1
m+—m+1
end while
end procedure
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4.4 Forecasting Results

A ubiquitous issue in the training of surrogate models for control systems is that the struc-
ture of the control signal used for training does not mimic that of effective control. While
one may find that a trained surrogate model performs well on data resembling that seen
in training, the model may prove ineffective for different control signals. For this reason,
we construct a validation dataset for each example system with control inputs that switch
between constants and smoothly varying sinusoids. Such control signals are not seen in
training, where the control resembles a series of rapidly varying step inputs. Although the
validation control signal also does not mimic effective control, it provides a first test of a
model’s ability to function under previously unseen control inputs.

In a departure from existing work on surrogate models for autonomous systems, we
emphasize the accuracy of short-term, 50-step forecasts, as this ability is most relevant to
subsequent MPC. The selection of 50-step forecasts is somewhat arbitrary. In this work, it
was selected because it represents an approximate upper bound on the forecast horizon for
which MPC is computationally feasible with the discretizations of the majority of considered
models.

For all of the following benchmark systems, the results figures follow the same format.
Panel A shows the time-series of the validation data (top) and the corresponding control
inputs (middle). The time-series of system states x has been scaled to improve readability
across examples. The bottom of Panel A shows the ¢ deviation of each surrogate model’s
forecast from the ground truth as a function of time. All forecasts are reinitialized every 50
time-steps, denoted by the dashed black line in the top plot. Panel B reports the mean /5
forecast error obtained across 32 trained surrogate models of each type for varying levels of
additive Gaussian white noise. Panel C reports analogous results for the case of zero noise,

but a varying number of training samples.
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Figure 4.2: Forecasting results for the linear spring mass system. Panel A shows the time-
series of the validation data (top) and the corresponding control inputs (middle). The
time-series of x has been scaled to improve readability across examples. The bottom of
Panel A shows the /5 deviation of each surrogate model’s forecast from the ground truth as
a function of time. All forecasts are reinitialized every 50 time-steps, denoted by the dashed
black line in the top plot. Panel B reports the mean ¢o forecast error obtained across 32
trained surrogate models of each type for varying levels of additive Gaussian white noise.
Panel C reports analogous results for the case of zero noise, but a varying number of training
samples. We find the highest accuracy with linear system identification (DMDc) under no
noise (bottom, A; C), as expected for an inherently linear system. With noisy data, ESNs

achieve comparable performance to linear system identification (B).

4.4.1 Linear spring mass system

The first example control system is inspired by a simple, coupled spring-mass system. The

continuous single-input, multi-output (SIMO) system is represented by the following system
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state-space representation:

0 1 0 O 0
2k b kg 1
x=| ™ ™ m x+ |™| u, (4.19a)
0 0 0 1 0
RUNE -
y=[1 01 0x (4.19b)

where k, m, and b are constants. The system variables x1, 3 denote the positions of two
masses and g, x4 their respective velocities. We assume access only to measurements of
the masses’ positions. The control discretization is taken to be At = 0.1s. Training data is
generated by simulating the system under a pseudo-random control signal for 5000 seconds,
corresponding to 50,000 temporal snapshots. The control signal was generated a priori by
drawing samples from U(—3,3) at intervals of 0.5 seconds and repeating each drawn value
for 5 time-steps. To obtain a more physical control signal, the signal was then convolved
with a uniform filter of width 2.

The validation control signal and the performance of a particular instance of each candi-
date model for the linear, spring mass system are shown in Panel A of Fig. 4.2. In the case
of zero noise, as in Panel A and C, DMDc models achieve the best performance because the
underlying system is linear and observable. Thus, the DMDc models inherently encode the
best possible representation of the dynamics. ESNs provide the second best approximation
of the dynamics with no noise, and outperform all competing methods in the presence of all
considered non-zero noise levels (Fig. 4.2, Panel C). All candidate models achieve similar
performance when the number of training samples is varied between 500 and 32,000 (Fig.

4.2, Panel B).

4.4.2  Continuous stirred tank reactor

The second example system we consider is also a SIMO system, but now includes nonlinear-
ities. The control aim of the system is to maintain the temperature of a chemical reaction
by modulating the jacket temperature of the reactor. We let x1 denote the concentration

of a chemical A.pem and o be the reactor temperature. u denotes the jacket temperature.
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The example system was proposed by AP Monitor [63] and we rely on the Python package
neuromancer for simulation [44]. The control discretization is set as At = 0.1s and the
system was simulated for 5,000s. The control signal used for the generation of training data
was constructed by drawing samples from ¢/(297,303) to mimic the operating parameters of
the cooling jacket. Samples were drawn every 0.5s and held constant until the next sample
was drawn. Again, we apply a smoothing uniform filter of width 2.

Fig. 4.3 reports results for the continuous stirred tank reactor system. Because of the
inherently nonlinear dynamics, DMDc models are no longer accurate and yield the worst

performance. ESNs achieve the best forecasting performance across all considered noise
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Figure 4.3: For a description of each panel, refer to Fig. 4.2. Forecasting results for the
stirred tank system show that ESNs achieve the best performance, both without noise (A,C)
and with noise (B). ESNs outperform competing architectures by an order of magnitude

when the number of training samples is held constant (C).
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levels (Fig. 4.3, Panel A, C) and number of training samples (Fig. 4.3, Panel B). As
before, the gap in performance is largest in the case of zero noise and diminishes as noise
is increased. LSTMs consistently provide the second best surrogate model. All models
exhibit moderate reductions in mean ¢5 forecasting error as the number of training samples

is increased.

4.4.8  Two-tank reservoir

We now turn to a nonlinear, multi-input, multi-output (MIMO) system consisting of coupled

water tanks. Water can be pumped into, uq, or from, wue, the tanks. Tank 1 drains into
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Figure 4.4: For a description of each panel, refer to Fig. 4.2. Forecasting results for the
two-tank reservoir system show that that all architectures benefit greatly from more training

data (C), but ESNs slightly outperform competing architectures both with noise (B) and
without (A,C).
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Tank 2, and Tank 2 drains into a large reservoir. The water levels in each tank are taken
as the state variables x1, 2 and control aims to achieve set-points in each tank. As in the
case of the stirred tank reactor, the system was proposed by AP Monitor [63] and we rely
on the package neuromancer for simulation [44]. The dynamics occur on longer time-scales
than in the previous examples, leading us to select At = 1s as the control discretization. In
the generation of training data, both u; and ug were drawn independently from 24(0,0.4)
at intervals of 50 seconds for 50,000 seconds. A smoothing uniform filter of width 50 was
then applied entrywise.

Fig. 4.4 reports the forecasting performance for each considered model in the two-tank
reservoir system. ESNs provide the best approximation of the dynamics across all noise-
levels and number of training samples (Fig. 4.4, Panels A and B), although the disparity
between ESNs and their LSTM counterparts is greatly reduced in this system. All models
show larger error reductions with increasing training samples than observed in the previous
two systems (Fig. 4.4, Panel C). This is likely a result of the MIMO nature of the two-tank

system requiring more data to fully explore the state space of the system.

4.4.4 Lorenz 63 with control

Proposed in 1963 by Edward Lorenz, the Lorenz system is frequently used as an example of
chaotic dynamics. Indeed, much existing work using RNNs for the forecasting of autonomous
dynamical systems demonstrates algorithmic performance on the Lorenz system [138,139,

161]. Here, we augment the classic Lorenz system with a control term u(t). The system is

given by
1 = o(r2 — x1) + u(t), (4.20a)
ig = xl(p - 1‘3) — I, (420b)
i,‘g = T1T2 — 51’3, (4.20(})

where o = 10, p = 28, and 5 = 8/3. The control task will be to successively steer between
the three fixed points of the autonomous Lorenz system, and the considered control dis-

cretization is At = 0.01s. Following the work of Kaiser et al. [78], we generate training
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Figure 4.5: For a description of each panel, refer to Fig. 4.2. Forecasting results for the
Lorenz system with control show that with zero or minimal noise, ESNs greatly outperform
the competing architectures (A,B,C). As noise is increased, all forecasting methods fail (B),

as to be expected in a chaotic system.

data by sampling u from U (—50,50) every 0.05 seconds for 500 seconds and smoothing the
control signal with a uniform filter of width 2.

Fig. 4.5 reports the forecasting performance and selected hyperparameters for each con-
sidered model in the Lorenz system with control. In contrast to the previous systems, the
Lorenz system exhibits chaotic behavior, rendering forecasts significantly more challenging.
This is exhibited by the higher mean ¢ error for all models (Fig, 4.5, Panels A, B, and
C). Consequently, all models fail to achieve accurate forecasts when only 500 training sam-
ples are available (Panel B). However, with 1,000 training samples, ESNs outperform all

competing models with as many as 32,000 training samples. Beyond low-levels of noise, all
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Figure 4.6: For a description of each panel, refer to Fig. 4.2. Forecasting results for the
flow past a cylinder show that ESNs consistently achieve better performance across a range

of noise levels (C). ESNs also require fewer training samples than competing architectures

(B).

models fail to perform accurate forecasts, but ESNs still provide the best approximation

(Panel C).

4.4.5 Flow past a cylinder
Our final benchmark task is controlling the lift generated by fluid flow around a cylinder.
The Navier-Stokes equations governing this flow are given by

ou 1
f+u~(Vu)——Vp+§

o Au (4.21a)
V-u=0, (4.21D)
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Figure 4.7: The left panel illustrates a 25 second sample of the generated training data for
the considered flow past a cylinder, and the right panel shows the vorticity of the flow field

for a single training snapshot.

where u, t, and p are nondimensional velocity, time, and pressure, respectively, and Re, the
Reynolds number, is set to 100. A sample visualization of the flow is given in Fig. 4.7 (left).

Control is accomplished by rotating the cylinder, and we assume a no-slip condition at
the interface of the cylinder and the fluid. The objective is to control the lift generated
by the cylinder, and all surrogate models are constructed assuming only access to lift mea-
surements. Training data is generated by simulating the system under a pseudo-random
control sequence with values drawn from U(—mn/2,7/2) for 5,000 seconds with a control
discretization of At = 0.1s. Control values are selected every 0.5s and the resulting signal
is smoothed with a uniform filter of width 2. Fig. 4.7 (right) shows the evolution of the
coefficient of lift, Cy, for a 25 second period of the training data.

Fig. 4.6 displays the forecasting results for each considered class of surrogate model.
Once again, ESNs consistently outperform all competing methods, albeit by a smaller mar-
gin in this case, as all methods yield higher mean ¢5 errors than in previous examples. With
limited training samples (Fig. 4.6, Panel B) all models fail to provide accurate forecasts of

the dynamics. However, with 4,000 or more training samples, ESNs achieve notably supe-
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rior performance to all competing methods. In particular, with low to moderate noise (Fig.
4.6, Panel C), ESNs achieve roughly half the mean /5 error of the next best architecture,
LSTMs.

4.4.6  Ablations

The performance of ESNs can be critically dependent on the selected hyperparameters
[111]. In Section 4.3.3, we introduced five hyperparameters: (1) the leak rate «, (2) the
Tikhonov regularization /3, (3) the input scaling o, (4) the additive bias o3, and (5) ps,
the spectral radius of the reservoir matrix A from Eq. 4.14. We subsequently investigated
the sensitivity to each hyperparameter by ablating across a range of values, while keeping
all other hyperparameters fixed. Tables 1 and 2 show the results of these ablations for the
Lorenz system and flow past a cylinder, respectively. In each case, the tables report the 25th
and 75th percentile of the mean ¢5 error across 10 forecasts of 50 timesteps. The forcing
signals for these validation forecasts are selected to be identical to those in Section 4.4.4
and 4.4.5.

In general, we observe high sensitivity in performance to all parameters, but especially
o and pg-. While the spectral radius ps, has long been known to be an important quantity
in determining ESN performance [111,139], the high sensitivity to input scaling that we
observe is less well studied. We conjecture that in the context of control systems, the input
scaling takes on heightened importance because the requirement of a control input makes
the system inherently non-autonomous. Finally, we remark that the choice of o, = 1.33
is exceptionally poor for the flow past a cylinder, as no trained model produced a stable

forecast. This result highlights the importance of careful hyperparameter selection for ESNs.
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Hyperparameter Values

o 0.2 0.4 0.6 0.8 —
Result 0.217/0.262 0.235/0.307 0.321/0.409 0.501/0.595 —

B 1074 1079 1076 1077 —
Result 0.481/0.619 0.249/0.324 0.197/0.247 0.214/0.283 —

o 0.005 0.01 0.1 0.25 0.5
Result 6.960/7.240 3.343/3.716 0.225/0.295 0.205/0.298 0.278/0.402
Op 0.33 0.66 1 1.33 1.66
Result 0.208/0.280 0.214/0.310 0.213/0.314 0.178/0.244 0.172/0.236
Psr 0.2 0.4 0.6 0.8 —
Result 0.203/0.265 0.207/0.261 0.221/0.292 0.328/0.412 —

Table 4.1: Forecasting performance across hyperparameters for the Lorenz system. Each

block corresponds to varying one hyperparameter while holding others fixed. Results show

25th/75th percentiles of mean ¢ error across 16 trained ESNs, all of which performed 10

forecasts of 50 timesteps. The bolded value in each row denotes the nominal hyperparameter

value identified in the hyperparameter sweep and used when performing ablations of different

variables.
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Hyperparameter Values

o} 0.2 0.4 0.6 0.8 —
Result 0.161/0.200 0.229/0.258 0.269/0.332  0.260/0.612 —

B 1074 1079 1076 1077 —
Result 0.209/0.226  0.237/0.265 0.246/0.264  0.159/0.182 —

o 0.005 0.01 0.1 0.25 0.5
Result 0.439/0.444 0.380/0.385 0.320/0.324  0.257/0.289  0.154/0.191
op 0.33 0.66 1 1.33 1.66
Result 0.162/0.197 0.325/0.368 0.308/0.420 6.862/143.022 0.396,/0.909
Psr 0.2 0.4 0.6 0.8 —
Result 0.316/0.337 0.160/0.191 0.274/0.546  0.302/0.436 —

Table 4.2: Forecasting performance across hyperparameters for the flow past a cylinder.

Each block corresponds to varying one hyperparameter while holding others fixed. Results

show 25th/75th percentiles of mean ¢ error across 16 trained ESNs; all of which performed

10 forecasts of 50 timesteps. The bolded value in each row denotes the nominal hyperpa-

rameter value identified in the hyperparameter sweep and used when performing ablations

of different variables.
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4.5 ESN Control Results

To clarify the presentation and because the results of the previous section consistently show
that ESNs and LSTMs yield the best forecasts, we present only the closed loop performance
of LSTM and ESN based MPC in this section, and change the color scheme to more clearly
distinguish ESN and LSTM performance.

4.5.1 Linear, spring-mass system
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Figure 4.8: The control objective for the spring mass system is to steer the displacement
of both masses to -1.5, 0, and 1.5. Both ESN and LSTM based MPC achieve excellent
reference tracking in the spring mass system and compute similar control actions, as to be

expected in a simple linear system.

For the spring mass system, each MPC is tasked with successively steering the system

to (x1,22) = (—1.5,—1.5) for 50 seconds, (x1,x2) = (0,0) for 50 seconds, and (x1,x2) =
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(1.5,1.5) for 50 seconds. Results for a particular instance of LSTM and ESN based MPC
is shown in Fig. 4.11. As seen in the figure, both controllers result in nearly identical
control actions that successfully steer the system to the desired reference trajectory. The
controllers also appear to correctly identify the steady state inputs required to maintain the
system at each set point. To provide a more sensitive metric for comparing ESN and LSTM
based MPC, we compute the statistics of J(U,t) over 32 trials of each class of controller.
The mean and standard deviation for the LSTM and ESN approaches are nearly equivalent
urstym = 159,097 = 4, and ppsy = 159, 0ggny = 1. The excellent performance of MPC
with both surrogate models is to be expected, as the underlying dynamics of the system are

linear.

4.5.2  Continuous stirred tank reactor

In contrast to the previous example where all set points were achievable, here the selected
reference trajectory contains only one set point that is feasible, the equilibrium concentration
(x7,25) = (0.877,324.48). However, the specified control task is to steer the system to
(x1,22) = (a7, 25),(0.9927,0.99425) and (1.01z7,1.006625). Both LSTM and ESN based
MPC rapidly steer the system to this first set point and correctly identify the required
constant control input to maintain the equilibrium. As shown in Fig. 4.9, both MPC
algorithms yield similar control signals that strike a balance between achieving the set
point in z; and x2. Both approaches achieve near identical performance as measured by
J(U,t), with the mean and standard deviation over 32 ESN models as ppsy = 326 and

OESN — 0.2 and MLSTM = 326 and OLSTM — 0.3 for the 32 LSTM models.

4.5.8 Two-tank reservoir

In the case of the two-tank reservoir system, MPC must solve for two actuations at each
time-step as opposed to only one. Fig. 4.10 illustrates the control actions and state evolution
of a particular instance of ESN and LSTM based MPC. The control task is to steer the
system to (z1,z2) = (0.25,0.25),(0.5,0.5) and (0.1,0.1). In both cases, MPC achieves

excellent performance following the desired reference trajectory. However, ESN based MPC
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Figure 4.9: For the stirred tank system, the control task is to steer the system to (x1,x9) =
(x7,2%),(0.9927,0.99423) and (1.01x7,1.0066x%), where (z7,25) = (0.877,324.48) is the
equilibrium concentration. The control performance of ESN and LSTM based MPC shows
that both methods compute similar control actions and yield similar set points, even though

the reference trajectory has been chosen to be infeasible.

appears to be more aggressive in the selected control actions (Fig. 4.10, bottom plot) when
the set point switches between the three selected values. The mean and standard deviation
of J(U,t) over 32 instances of ESN based control are upsy = 363 and opgy = 5, while
for the LSTM approach pursrar = 399 and o573 = 35. ESN based MPC consistently
outperforms LSTM based MPC and does so with significantly less variance in the cost, J.

4.5.4  Lorenz Control

The control task in the Lorenz system is to successively steer between the three fixed points

of the system. These fixed points can be shown to exist at (0,0,0), (v/72,/72,27), and
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Figure 4.10: For the two-tank reservoir system, the control task is to steer the system to
(z1,22) = (0.25,0.25),(0.5,0.5) and (0.1,0.1). ESN based MPC computes slightly more
aggressive control actions and achieves slightly better set-point tracking than LSTM based

MPC. Transients between set points are similar for both methods.

(=72, —\/72,27) for the selected values of &, p, and 3. Previous work has demonstrated
that data-driven MPC methods can successfully steer the system to the latter two of these
fixed points [78], however stabilizing the system at the origin is a significantly more chal-
lenging task. This difficulty arises for at least two reasons. First, the maximal real part
of an eigenvalue associated with the Jacobian evaluated at the origin is larger than the
maximal real part of eigenvalues of the Jacobian evaluated at the other two fixed points.
Second, setting aside any initial transient, the training data never explores the phase space
of the system near the origin. Consequently, we find that while all considered LSTM and
ESN based controllers stabilize the system at (++/72, 4++/72,27), not all LSTM based MPC
schemes successfully control the system to the origin.

The mean and standard deviation of the MPC cost J(U,t) across 32 trials of ESN and
LSTM based MPC were ugsy = 1042, ogpsy = 11 and pursras = 1050, opsrar = 149.

Fig. 4.11 illustrates the best and worst performing instances of LSTM-MPC, as well as
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Figure 4.11: The control task in the Lorenz system is to successively steer between the three
fixed points of the system, at (0,0, 0), (v/72,v/72,27), and (—v/72, —/72,27). Both the best
and worst performing instances of 32 trials of LSTM based MPC are shown, as well as the
worst performing instance of ESN based MPC. Even in the worst performing instance, ESN
based MPC is able to steer the system to the fixed point at the origin and maintain the set-
point. Meanwhile the best performing instance of LSTM based MPC achieves this setpoint
and maintains it through aggressive control actions. All shown controllers successfully steer

the system to the fixed points at the center of the two butterfly lobes of the Lorenz system.

the worst performing instance of ESN-MPC. Not only does the worst case of LSTM based
MPC fail to stabilize at the origin, even the best case of LSTM-MPC requires aggressive
control actions to maintain the state at the origin (Fig. 4.11, bottom plot). The worst case
of ESN based MPC, on the other hand, still successfully steers the system to the origin and
maintains the unstable set point with minimal control input. All models are able to achieve

and maintain the other two set points.
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Figure 4.12: The control objective for the flow past a cylinder is to control the coefficient
of lift Cy to 0, 0.33, and -0.33. ESN based MPC with limited training data successfully
tracks the desired coefficient of lift for the flow past a cylinder, while LSTM based MPC

fails entirely.

4.5.5 Flow past a cylinder

The control objective for the flow past a cylinder is to control the coefficient of lift Cy to
0, 0.33, and -0.33. Results for an ESN and an LSTM based MPC is shown in Fig. 4.12.
As demonstrated in the figure, the LSTM based MPC entirely fails to control the system,
while ESN based MPC provides excellent reference tracking. The work of Bieker et al. [14]
demonstrated that RNNs trained with gradient descent can be used to control the same
system, but the amount of training data used in that work was much greater. This finding
is consistent with our observations in Section IV, where we found that the ESNs required

less training data to achieve satisfactory forecasting performance.

4.6 Discussion and Conclusion

In this work, we empirically demonstrated that ESNs outperform other considered surro-
gate models (DMDc, FCNs, LSTMs, and GRUs) across a diverse set of example systems,
including a linear spring—mass system, stirred tank reaction, coupled reservoir/tank sys-

tem, Lorenz system with control, and flow past a cylinder. Across both forecasting and
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control tasks, ESNs consistently achieved superior performance. We attribute this to two
key advantages. First, ESNs avoid the difficulties of backpropagation through time. Their
recurrent weights are fixed after random initialization, and only the readout layer is trained
via linear regression. This enables rapid, numerically stable training and efficient hyperpa-
rameter exploration. Second, linear regression often requires fewer training samples than
gradient-based methods, leading to greater data efficiency. For instance, in the Lorenz con-
trol problem, LSTMs required an order of magnitude more training data to achieve compa-
rable forecasting accuracy. Finally, ESN-based MPC was computationally lightweight, with
average control input computation times of under 0.1s on a standard laptop. This makes
the method feasible for real-time control with temporal discretizations around 0.1 s, as in
all benchmark systems except the Lorenz system.

These advantages were especially pronounced in two of our most challenging bench-
marks. ESN-based MPC successfully controlled the lift generated by flow past a cylinder,
assuming access to only a fraction of the training data used in prior work [14]. No other
tested architecture achieved stable control. Similarly, ESN-based MPC reliably stabilized
the chaotic Lorenz system at a fixed point in a region of phase space not well-explored dur-
ing training, providing strong evidence that ESNs generalize better to unseen control and
measurement inputs. Alongside their superior accuracy and data efficiency, these results
demonstrate that ESNs can meet the computational demands of real-time implementation,
at least for the moderate time resolutions considered here. Together, these findings sug-
gest that ESNs provide a uniquely effective tradeoff between computational efficiency, data
efficiency, extrapolation ability, and real-time applicability in model predictive control.

That being said, our study has several limitations. First, while ESNs outperform the
selected baseline architectures, the comparison is not exhaustive. Many recently proposed
architectures, such as structured state space sequence (S4) models and other state-space-
inspired deep networks, may offer competitive performance. Second, although our imple-
mentation achieved sub-0.1 s computation times, this restricts applicability to problems
with control discretizations no finer than 0.1 s. Real-time performance for systems with
faster dynamics, or for high-dimensional systems with large control inputs, remains to be

demonstrated. Finally, our training procedure relied on offline data and did not incorporate
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noise or model mismatch beyond what was present in the simulation environments. Extend-
ing these methods to real-world experimental data will likely require additional robustness
considerations.

These limitations suggest several promising directions for future research. One avenue is
to incorporate online adaptation into ESNs using recursive least squares, which could enable
real-time learning and improve robustness to nonstationary dynamics. Another direction
is to investigate hybrid architectures that blend ESN-style reservoir dynamics with recent
structured state space models. Finally, evaluating ESN-based MPC on large-scale, high-
dimensional, or experimental control systems will be critical to assessing its practical impact

and guiding further algorithmic development.
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Chapter 5
ORC: GPU-ACCELERATED RESERVOIR COMPUTING IN JAX

5.1 Introduction

The preceding chapter argued that echo state networks (ESNs) provide a particularly attrac-
tive class of surrogate model for data-driven approximations of control systems. To realize
these benefits, however, performant and differentiable implementations of ESNs are neces-
sary. In this chapter, we develop OpenReservoirComputing (ORC), a Python package that
provides several key benefits over existing reservoir computing (RC) libraries for both these
control applications and reservoir computing more broadly. ORC is written in JAX [19]
and Equinox [87]. JAX is a Python library for high-performance numerical computing that
enables automatic differentiation, just-in-time (JIT) compilation, and GPU/TPU acceler-
ation, while Equinox is a neural network framework for JAX. Recall that RC is a form
of machine learning that functions by lifting a low-dimensional sequence or signal into a
high-dimensional dynamical system and training a simple, linear readout layer from the
high-dimensional dynamics back to a lower-dimensional quantity of interest. The most
common application of RC is time-series forecasting, where the goal is to predict a signal’s
future evolution. RC has achieved state-of-the-art performance on this task, particularly
when applied to chaotic dynamical systems. In addition, RC approaches can be adapted
to perform classification and control tasks. ORC provides both modular components for
building custom RC models and built-in models for forecasting, classification, and control.
By building on JAX and Equinox, ORC offers GPU acceleration, JIT compilation, and
automatic vectorization. These capabilities make prototyping new models faster and enable
larger and more powerful reservoir architectures. End-to-end differentiability also enables

seamless integration with other deep learning models built with Equinox.
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5.2 Statement of Need

Time-series prediction, classification, and control are fundamental tasks across science and
engineering, arising in applications from climate modeling and fluid dynamics to robotics
and neuroscience. Deep learning approaches to these tasks typically require large datasets,
long training times, and expensive tuning of optimization hyperparameters. RC offers a
compelling alternative. Since only the readout layer is trained via a single ridge regression,
RC models can be trained in a fraction of the time required by comparable recurrent neural
networks, often with less data and fewer hyperparameters to tune [110]. This makes RC
particularly attractive for rapid prototyping, real-time applications, and settings where
training data is limited. However, realizing these benefits in practice requires software that
is both efficient and adaptable.

ORC’s built-in models provide an easy entry point for users new to the field. In partic-
ular, a new user can supply their own time-series data to instantiate, train, and forecast in
three simple lines of code. Built-in visualization tools make it easy to evaluate model perfor-
mance. Varying the hyperparameters of built-in models lets users explore how RC perfor-
mance depends on configuration choices. While other RC libraries allow for easy use with
low-dimensional systems, ORC’s JAX foundation makes extending to higher-dimensional
systems via parallel reservoirs equally simple (also achievable in three lines of code). For
spatiotemporal forecasting problems, JAX’s vmap transformation enables efficient vector-
ization across parallel reservoirs that decompose a spatial domain into overlapping subdo-
mains, while JIT compilation eliminates Python overhead in the reservoir state evolution
loop. Since RC approaches are so fast to train, this provides an easy way for users to train
lightweight surrogate models.

Much RC research is aimed at designing performant reservoir architectures. ORC makes
this easy through its use of abstract base classes for Embedding, Driver, and Readout layers.
Users need only define forward pass logic to integrate a new reservoir topology or readout
strategy, while reusing the rest of the framework. This modular approach also allows for
easy ablation studies comparing how different components affect RC performance. It also

makes it straightforward to reuse existing architectures, without the additional complexity
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of writing teacher forcing or autoregressive prediction functions from scratch.

Because of ORC’s functional approach in JAX, built-in and user-created models provide
end-to-end differentiability by default. This enables gradient-based optimization of input
sequences for control problems. This also makes ORC well suited to integrate with deep
learning models such as those presented in [128,129]. ORC models are simply Equinox
modules, allowing them to be composed with other Equinox models such as standard neural

networks, neural operators [87], etc.

5.3 State of the Field

Lang.  GPU Auto. Diff. Parallel./Vect. Forecast. Classif. Control Cont. Time

ORC Python v v VIV v v v v
ReservoirPy Python v'* X X /X v v X X
ReservoirComputing.jl Julia v v V' /x v v X X

Table 5.1: Comparison of reservoir computing libraries across key features. v  indicates
full support; x indicates no support. *ReservoirPy’s GPU support is available via its
JAX backend (v0.4.0+) but does not fully exploit JAX’s functional programming model.
Parallelizable denotes native support for parallel RC architectures as in [136] and vectorizable

denotes native support for vectorization (e.g. vmap).

The most commonly used open-source library for reservoir computing is ReservoirPy
[155]. Much like ORC, ReservoirPy provides a variety of built-in architectures, as well as an
easy-to-use API for designing one’s own layers. ReservoirPy was initially built on NumPy
and SciPy with the maintainers adding a JAX backend in v0.4.0. However, ORC differs
from ReservoirPy in several important ways.

First, ORC was designed on top of JAX [19] and Equinox [87], which provide a functional
programming model for numerical computing. JAX’s composable transformations include
vmap (automatic vectorization, which maps a function over batched inputs without explicit

loop code), grad (automatic differentiation for computing gradients), and jit (just-in-time
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compilation to hardware-accelerated code). These cannot be retrofitted into a NumPy-based
architecture; NumPy’s imperative, stateful design relies on mutable objects and side effects
that are incompatible with JAX’s requirement for pure functions. While the JAX backend of
ReservoirPy does improve performance, the API cannot fully exploit JAX’s capabilities for
this reason. As an example, ORC’s autoregressive forecast loop uses jax.lax.scan (a JIT-
compatible loop primitive with explicit carry state that avoids the Python-level overhead of
a for loop), whereas ReservoirPy’s object-oriented design makes this impossible. Moreover,
the compatibility of ORC models with vmap makes the implementation of ensembles efficient
and easy.

Second, ORC has a different built-in feature set. ORC supports continuous-time reser-
voir dynamics via Diffrax [86], a JAX-based library for solving differential equations with
adaptive-step integrators, allowing users to define reservoir equations as ordinary differential
equations. ORC also supports novel architectures such as Taylor-expanded and GRU-based
drivers alongside standard echo state networks. ReservoirPy does not provide these func-
tionalities.

Third, ORC models work seamlessly with other deep learning models implemented in
Equinox. ReservoirPy is an outstanding library for standalone RC tasks that do not need to
integrate with other deep learning frameworks. Working with NumPy rather than JAX may
also be more accessible for users unfamiliar with functional programming. However, ORC’s
design priorities and advantages are nonetheless distinct from ReservoirPy’s, as outlined
above. ORC’s syntax also is more consistent with modern deep learning libraries.

Other open source libraries for RC include Pytorch-ESN [123] and ReservoirComput-
ing.jl [117]. Pytorch-ESN allows for integration with other PyTorch models, but is not as
widely adopted and offers a more limited feature set than ORC or ReservoirPy. Reservoir-
Computing.jl is a widely used Julia library for RC that influenced many of ORC’s design
choices. In particular, ORC’s modular design draws heavily from ReservoirComputing.jl.
Since Python dominates much of machine learning research, bringing these capabilities to
Python is valuable for the broader ML, community. A summary of the functionality of ORC,

ReservoirPy, and ReservoirComputing.jl is presented in Table 1.
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5.4 Software Design

OpenReservoirComputing - Software Architecture

e ™
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Figure 5.1: ORC three-layer pipeline architecture. Each reservoir computer (RC) is decom-
posed into (i) an “embedding” function that lifts a low-dimensional signal u; to the reservoir
dimension, (ii) a “driver” function that propagates the reservoir state, and (iii) a “readout”
that maps back to a target y. For control and forecasting RCs, the target y is typically w41

(either in the presence of a forcing term or not) and for classification the target y is a label.

ORC models are decomposed into three components, illustrated in 5.1: (i) an embedding
fr that lifts a low-dimensional input signal u; to a high-dimensional space, (ii) a driver fr
that propagates the high-dimensional state 7, and (iii) a readout fo that maps the latent
state back to an approximation of some low-dimensional signal 3;. Depending on the task
at hand, 3 may be a future time-step of u;, a label associated with input data, or some
other target signal. ORC differs from many existing approaches that unify (i) and (ii).
Separating the embedding from the reservoir state propagation allows for cleaner application
of RC to non-standard tasks, such as acting as a surrogate model for model predictive

control. It also allows for the easier incorporation of non-standard embeddings, including
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stochastic embeddings that can arise in the study of physical RC systems. Moreover, the
modular design lets components developed for one task (e.g., forecasting) be reused directly
in another (e.g., classification).

All components are implemented as Equinox modules [87], which are immutable pytree-
registered objects. Model parameters (reservoir weights, readout matrices) are stored as
JAX arrays within the module, and parameter updates produce new module instances via
eqx.tree_at rather than mutating the state in place. This functional design enables JAX’s
composable transformations to operate directly on model objects and allows ORC models
to be composed with other Equinox modules.

ORC supports parallel reservoirs [136] by default via a chunks parameter in each module.
This slightly complicates built-in training support and introduces an extra tensor dimension
that can make the API less intuitive at first. However, we believe this tradeoff is worthwhile
because it enables spatiotemporal RC methods unavailable in other libraries. The inclusion
of this tensor dimension also allows for simpele batching of parallel reservoirs during training,
avoiding excessive GPU VRAM requirements.

ORC provides unified training functions that work with any model inheriting from the
corresponding base class, including user-defined models with custom components. These
functions delegate shape handling to the readout layer and accept keyword arguments that
are forwarded to the model’s force method, allowing the same training function to handle
both discrete and continuous-time models transparently.

The library provides three built-in model classes: ESNForecaster for time series pre-
diction, ESNClassifier for sequence classification, and ESNController for learning control
policies with exogenous control inputs. Each composes embedding, driver, and readout com-
ponents and provides task-specific methods (forecast, classify, apply_control). Users
who need custom architectures can subclass the abstract base classes, define only the compo-
nents that differ, and immediately use the unified training functions without reimplementing
teacher forcing, autoregressive prediction, or ridge regression.

ORC also includes a data generation module with ODE and PDE integrators for standard
benchmark systems, including the Lorenz-63 attractor, Rossler system, double pendulum,

Lorenz-96 model, and the Kuramoto-Sivashinsky equation, all implemented using Diffrax.
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5.5 Research Impact Statement
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Figure 5.2: ORC with GPU acceleration enables significantly faster performance than Reser-
voirPy, even when using ReservoirPy’s JAX backend. Panel (a) shows the time per forecast
step of RC models with varying reservoir dimension trained to forecast the Lorenz system,
while panel (b) shows training tine for RC models with fixed reservoir dimension of 2000
but varying number of training samples. Performance of the two libraries with and without
GPU acceleration are shown. GPU results were obtained running on an NVIDIA A40 GPU
and CPU results were obtained with an Apple M2 chip.

ORC addresses an immediate need for RC researchers; it allows for easy reimplementa-
tion of architectures such as (Ozalp et al. 2023, 2025) that integrate reservoir computing
with larger neural network architectures, and makes it easier to iterate on these ideas than
any existing library. We also benchmark ORC against ReservoirPy in Fig. 5.2, across
reservoir sizes and number of training samples. We find that with GPU acceleration, ORC
scales far more favorably than ReservoirPy. Moreover, ORC is the only current package that
supports training RC for control tasks, thanks to its efficiency and the end-to-end differen-
tiability that JAX and Equinox provide. RC-based control has recently been shown to be
advantageous over other popular forms of RNN-based MPC [168]. ORC’s performance also

makes it well suited for the parallel architectures needed to extend RC to higher-dimensional
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data.

5.6 RC Background

The purpose of this notebook is to provide an introduction to reservoir computing (RC) by
walking through the creation of an RC model within the ORC framework. RC was initially
proposed independently by Maas, Natschldger, and Markram [1], and Jaeger [2] in the early
2000s, largely as a means of avoiding issues with training recurrent neural networks (RNNs)
via backpropagation and gradient descent. Since then, the field of RC has grown rapidly,
introducing many RC inspired architectures and new applications of RC approaches.

One of the central premises of ORC is that the vast majority of RC architectures can
be decomposed into three components: an embedding that lifts a low-dimensional input
signal u; to a high-dimensional space, a driver that propagates a high-dimensional latent
state r;, and a readout that maps the latent state back to a lower dimensional signal ;.
More concretely, we can typically represent the embedding fg, driver fgr, and readout fp
as functionsl. Schematically, a reservoir can be illustrated with these functions as a part
of the below control loop. The shaded blue boxes are instantiated independent of training

data, simplifying the training of fo.

u— &£ " sz > fo [T

More formally, each function can be defined:

fe:RM 5 RN with @ = fg(u), (embedding)
fr: RV x RN — RN with rev1 = fr(re, @), (driver)

and

fo:RM RN with ¢ = fo(r;). (readout)
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We denote N, as the input dimension, IV, the reservoir dimension, and N, the output
dimension. RC makes the assumption that if the reservoir dimension is sufficiently large
(N, > N,) and the dynamics of the driver are sufficiently ”expressive,” then the param-
eters/weights of both the embedding and driver can be set independent of any training
data; only the readout layer is trained. This greatly simplifies the training of an RC in
comparison to RNNs as it completely avoids backpropagation through time. It also allows
for the implementation of a wider variety of embeddings and drivers, including physical
implementations of RC.

Throughout the rest of this notebook, we illustrate how ORC can be used to create
and train a RC for forecasting with user-defined embedding, driver, and readout functions.
For this example, we use a discrete time reservoir, however, ORC is also capable of using

continuous time drivers.

# imports
import equinox as egx
import jax

import jax.numpy as jnp

import orc

from orc.utils.regressions import ridge_regression

5.6.1 Defining an embedding

The most common choice for embedding function takes the form fg(u) = Wgu, where Wg €
RN *Nu with entries drawn independently according to some distribution. To illustrate the
flexibility of ORC, we instead define fr as a two-layer MLP with ELU activation. This is
accomplished by inheriting from orc.embeddings .EmbedBase, which requires specifying an
input dimension in_dim, a reservoir dimension res_dim, and defining a method embed that

maps from in_dim to res_dim.

# define embedding function

class ELUEmbedding (orc.embeddings.EmbedBase):
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Wil:
W2 :
bl:
b2:

def

def

jnp.ndarray weight matriz for first layer of ELU MLP

jnp.ndarray weight matriz for second layer of ELU MLP

jnp.ndarray bias for first layer of ELU MLP

H oW " R

jnp.ndarray bias for second layer of ELU MLP
__init__(self, in_dim, res_dim, seed=0):

super () . __init__(in_dim=in_dim, res_dim=res_dim)

rkey = jax.random.key(seed)
Wikey, W2key, blkey, b2key = jax.random.split(rkey, 4)
# random initialization of parameters of ELU MLP

self .W1 = jax.random.normal (

Wikey, shape=(res_dim // 2, in_dim)

)
self .W1 = self.Wl / jnp.sqrt((res_dim // 2) * in_dim)
self .W2 = jax.random.normal (
W2key ,
shape=(res_dim, res_dim // 2)
)
self .W2 = self.W2 / jnp.sqrt(res_dim * (res_dim // 2))
self .bl = jax.random.normal (
blkey,
shape=(res_dim // 2)
)
self .bl = self.bl / jnp.sqrt(res_dim // 2)
self .b2 = jax.random.normal (blkey, shape=(res_dim))
self .b2 = self.b2 / jnp.sqrt(res_dim)

embed (self, in_state):

in_state = self.Wl @ in_state + self.bil

in_state = jax.nn.elu(in_state)
in_state = self.W2 @ in_state + self.b2
in_state = jax.nn.elu(in_state)

return in_state
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5.6.2 Defining a driver

For the driver, we use the update equations of a gated recurrent unit (GRU). The GRU
is already implemented in equinox so we need only wrap the existing eqx.Module in a
DriverBase class. Although we redefine it here for illustrative purposes, this driver is

actually built into ORC.

# define driver function

class GRUDriver (orc.drivers.DriverBase):
gru: eqgx.Module

def __init__(self, res_dim, seed=0):

super () . __init__(res_dim=res_dim)

key = jax.random.key(seed)

self.gru = eqx.nn.GRUCell(res_dim, res_dim, key=key)

def advance(self, res_state, in_state):

return self.gru(in_state, res_state)

5.6.3 Defining a readout

While there is great flexibility in the assumed form of fr and fgr, fo is more restricted
if we want to retain the ability to train the RC with a linear regression. We assume the
output operator is linear, that is, fo(r;) = Wor; where Wo € RNvXNr We initialize the
readout layer of our RC by subclassing orc.readouts.ReadoutBase and defining a readout

method. We initialize Wp with zeros, although the initialization won't affect training.

# define readout function

class Readout (orc.readouts.ReadoutBase):
res_dim: int
out_dim: int

wout: jnp.ndarray

def __init__(self, out_dim, res_dim):

super () . __init__(out_dim, res_dim)
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self.wout = jnp.zeros((out_dim, res_dim))

def readout (self, res_state):

return self.wout Q@ res_state

5.6.4 Defining a forecaster

We are now able to combine these three components into a Forecaster that inherits from

orc.rc.RCForecasterBase.

# define RC as embedding + driver + readout

class Forecaster (orc.forecaster.RCForecasterBase):
driver: orc.drivers.DriverBase
readout: orc.readouts.ReadoutBase

embedding: orc.embeddings.EmbedBase

5.6.5 Training

Now that the input, driver, and readout functions are defined and packaged into a Forecaster
object, we can turn to the training procedure for the model. For example data, we use a

numerical integration of the Rossler system.

# integrate Rossler system
tN = 200
dt

0.01
u0

jnp.array([-10, 2, 1], dtype=jnp.float64)
U,t = orc.data.rossler (tN=tN, dt=dt, uO=u0)
split_idx = int (U.shape[0] * 0.8)

U_train = U[:split_idx]

U_test = Ulsplit_idx:]

t_test = t[split_idx:]
orc.utils.visualization.plot_time_series(

U,

t,

state_var_names=["$u_1$", "$u_2%", "$u_3%$"71,

title="Rossler Data',



x_label= "$t$",

Rossler Data
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The desired input (and output) dimension is that of the Rossler system, N, = N,, = 3.

We'll take Nr = 500 for this example.

# create RC

Nr = 500
Nu = 3
driver = GRUDriver (Nr)

embedding = ELUEmbedding(Nu, Nr)

readout = Readout (Nu, Nr)

model = Forecaster (driver,

readout , embedding)

Our training data can be represented in a data matrix as

Udata= uy up -+ ur

NOW7 Setting ro = 07 we can compute r; = fR(T()?fE(uO))? o = fR(Tlva(ul))7 ..

fr(rr—1, fE(ur—1)) to generate

Raata r r - T

5 T =
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Learning Wp now just amounts to performing a Ridge regression to satisfy
T T T
}%data‘¢QD = []data'

In practice, we discard the first spinup columns of Rgutq and Uggeq to remove the effect of our
(arbitrary) choice 19 = 0. The ability to discard this initial transient relies on the principle
of generalized synchronization and is frequently referred to as the echo state property in
RC literature.

Since the model instance inherits from RCForecasterBase, generating Rg,:, is easily

accomplished in a single line.

# teacher force the reservoir

forced_seq = model.force(U_train[:-1], res_state=jnp.zeros ((Nr)))

# shift the indices of the target sequence of training data

target_seq = U_train[1:]

# set transient to discard

spinup = 200

# learn wout

readout_mat = ridge_regression (
forced_seqlspinup:],
target_seql[spinup:],

beta=1e-7

The readout attribute of model now needs to be updated to the learned readout_mat.
However, many ORC objects are instances of equinox.Module, which are immutable. Thus,
we need to create a new Forecaster object with readout.W_0 set to readout_mat. This

can be done with equinox's convenient tree_at function.

# define where in the forecaster model we need to wupdate
def where(model: Forecaster):
return model.readout.wout

model = eqx.tree_at(where, model, readout_mat)



# Alternatively

model, forced_seq = orc.forecaster.train_RCForecaster (
model,
train_seq=U_train,
spinup=spinup,

beta=1e-7

We can now perform a forecast and evaluate our trained RC:

# perform forecast
U_pred = model.forecast_from_IC(
fcast_len=U_test.shape[0],

spinup_data=U_train[-spinup:]

# plot forecast
orc.utils.visualization.plot_time_series(
[U_test, U_pred],
(t_test - t_test[0]) * 0.07,
state_var_names=["$u_1$", "$u_28", "$u_3%$"]1,
time_series_labels=["True", "Predicted"],
line_formats=["-", "r--"7],

x_label= r"$\lambda _1 t$",
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In summary, this example illustrates the modularity of ORC: given fixed input, out-
put, and reservoir dimensions, any component of the Forecaster (embedding, driver, or
readout) can be independently substituted with alternative implementations from ORC or
user-defined mappings. This modularity is a central design principle of ORC, enabling rapid
exploration of reservoir computing architectures without modifying the broader training and

evaluation pipeline.
5.7 ORC Control

This notebook demonstrates using an ESN as a learned model for model-predictive control
(MPC). The idea is to train an ESN to predict how a system responds to control inputs,
then use that learned model to optimize control sequences that drive the system toward a
desired reference trajectory.

The controller minimizes a cost function over a finite forecast horizon:
L(u) = au[ly(u) = yret]l* + a2full® + as|| Au]?,

where y(u) is the ESN's predicted output given control sequence u, yiof is the reference
trajectory, and Au penalizes non-smooth control. Optimization is performed via BFGS.

import orc
import jax
import jax.numpy as jnp

import matplotlib.pyplot as plt

5.7.1 Plant: Two-Mass Spring-Damper System

Our test system is a wall-coupled two-mass spring-damper:
Wall -—-[k1, c1]--- m1 ---[k2, c2]--- m2

The state vector is [x1, 9, v1,v2] (positions and velocities of both masses). A force applied

to my is the control input, and we observe the positions [z, x2].

class TwoMassSpringSystem:
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Two-mass spring-damper system connected to a wall.

Wall ---[k1, c1]--- m1 ---[k2, c2]--- m2

State vector: [xl, x2, vl, v2] (positions and velocities)
Input: Force applied to mass 1

Output: Positions of both masses [xl, x2]

def __init__(
self,
mil=1.
m2=1.
ki=1.

cl1=0.
c2=0.
dt=0.

self .m1 = ml
self . m2 = m2
self .kl = ki
self .k2 = k2
self.cl = c1
self.c2 = c2

self.dt = dt

# Continuous -time state matrixz with damping
# State: [z1, z2, vl, v2]
A_cont = jnp.array ([
(o, o, 1, ol,
(o, o, o, 11,
[-(k1 + k2) / ml1, k2 / ml, -(cl + c2) / ml, c2 / mi],
[k2 / m2, -k2 / m2, c2 / m2, -c2 / m2]
»
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def

def

# Continuous-time input matriz (force on ml)

B_cont = jnp.array([[0], [0], [1 / mi1]l, ([0]11)

# Discretize using Euler method
self .A = jnp.eye(4) + dt * A_cont
self.B

dt * B_cont

# Output matriz: observe postitions [zl, z2]
self.C = jnp.array ([
(1, o, o, 01,
o, 1, o, ol
D
self .D = jmp.zeros ((2, 1))

self .state_dim = 4

self .output_dim = 2

step(self, x, u):
"""Single timestep."""

u = jnp.atleast_1d(u).reshape(-1, 1)
X_next = self. A @ x + self.B @ u

y = self.C @ x_next + self.D @ u

return x_next, y.flatten()

simulate (self, u_sequence, x0=None):
"""Simulate over input sequence."""

T = len(u_sequence)

X x0 if x0 is not None else jnp.zeros((self.state_dim,
states = []

outputs = []

for t in range(T):
x, y = self.step(x, u_sequencel[t])
states.append(x.flatten())

outputs.append (y)

1))



return jnp.stack(states), jnp.stack(outputs)

5.7.2 Generate Training Data
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To train the ESN controller, we need input-output pairs that explore the system's behavior.

We apply a random piecewise-constant force to mq and record the resulting positions. This

gives the ESN a diverse set of dynamics to learn from.

system_damped = TwoMassSpringSystem(

k1=2.

c1=0.
c2=0.
dt=0.1

# Impulse input
T = 1000
t = jnp.arange(T) * 0.1
u = jax.random.uniform(
jax.random.key (0),
shape=(100,),
minval=-1,
maxval=1
)
u = jnp.repeat(u, 10).reshape(-1, 1)

print (u.shape)
states_damped, outputs_damped = system_damped.simulate (u)
plt.figure(figsize=(10, 4))

plt.plot(t, outputs_damped[:, 0], ’b-’, label=’x1 damped’)

plt.plot(t, outputs_damped[:, 1], ’r-’, label=’x2 damped’)
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plt.xlabel (’Time’)

plt.ylabel (’Position’)
plt.legend ()

plt.title(’Training Trajectory’)

plt.show ()

Training Trajectory

1.5 1 — x1 damped
—— x2 damped
1.0

0.5 1

0.0 1

Position

_0-5 4

_1_0 =
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Time

5.7.8  Train the ESN Controller

ESNController takes both the observed outputs and control inputs as input to the reservoir

embedding (concatenated). Training uses ridge regression, just like the forecasting models.

control_model = orc.control.ESNController (
data_dim=2,
control_dim=1,
res_dim=1000

)

control_model, R = orc.control.train_RCController (
control_model,
outputs_damped [:-1],
ul1:]
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5.7.4 Closed-Loop Control

We run the controller in a receding-horizon loop. At each step:

1. compute_control() optimizes a 20-step control sequence to track the reference tra-
jectory (all zeros — we want to bring the system to rest).

2. Only the first control input is applied to the real system.

3. The reservoir state is updated with the observed output and applied control via
force().

4. The process repeats from the new state.

This is the standard model-predictive control (MPC) pattern, with the ESN serving as the

predictive model.

ref_traj = jnp.zeros((500, 2))

r0 = R[-1]

state, output = states_damped[-1:], outputs_damped[-1:]
state_list = []

control_list = []

for i in range (250):
comp_control = control_model.compute_control(

jnp.zeros ((20, 1)), res_state=r0, ref_traj=ref_traj[i:i+20]

r0 = control_model.force (output, comp_control[0:1,0:1], r0) [0]

state, output = system_damped.simulate(
comp_control [0:1,0:1],
state.reshape (4,-1)

)

state_list.append(state)

control_list.append(comp_control [0,0])

state_list = jnp.array(state_list)
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control_list = jnp.array(control_list)

5.7.5 Compare Controlled vs. Uncontrolled

For comparison, we simulate the system from the same initial state with zero input (no
control). The controlled system should converge to the reference (zero displacement), while

the uncontrolled system oscillates freely.

uncontrolled_states, uncontrolled_outputs = system_damped.simulate(
jnp.zeros ((250,1)),

states_damped[-1:].reshape(4,-1)

t = jnp.arange(l, 251) * 0.1

plt.figure(figsize=(10, 4))

plt.plot(t, state_list[:, 0, [0,1]], ’b-’, label=’Controlled’)
plt.plot(t, uncontrolled_outputs, ’r-’, label=’Uncontrolled’)
plt.xlabel (’Time’)

plt.ylabel (’Position’)

plt.legend ()

plt.title(’Effect of Control’)

plt.show ()
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5.8 ORC Classification

This notebook demonstrates how to use ORC's classifier module to classify time-series data
using an Echo State Network (ESN). We generate synthetic time-series belonging to distinct
classes, train an ESNClassifier, and evaluate its performance. This is a common task in
areas like activity recognition, medical signal analysis, and sensor data classification.
As with other ORC modules, only jax, orc, and equinox are needed. We also import

matplotlib for visualization.

import jax

import jax.numpy as jnp

import equinox as egx

import matplotlib.pyplot as plt

import orc

5.8.1 Generate Synthetic Classification Data

We create a simple 3-class classification problem where each class is a sinusoidal time-series
with a distinct frequency. A small amount of noise is added to each sample. This mimics
a common structure in real-world time-series classification tasks, where different classes

exhibit different temporal patterns.

# Dataset parameters
data_dim = 3

n_classes = 3

seq_len = 200
n_train_per_class = 20

n_test_per_class = 10

key = jax.random.PRNGKey (0)

def generate_samples(key, n_per_class):
seqs, labels = [], []
t = jnp.linspace(0, 4 * jnp.pi, seq_len).reshape(-1, 1)

for class_idx in range(n_classes):
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freq = (class_idx + 1) * 0.5

for _ in range(n_per_class):
key, subkey = jax.random.split(key)
noise = 0.05 * jax.random.normal (subkey, (seq_len, data_dim))
seq = jnp.sin(freq * t * jnp.arange(l, data_dim + 1)) + noise
seqs .append(seq)
labels.append(class_idx)

return jnp.stack(seqs), jnp.array(labels, dtype=jnp.int32), key

train_seqs, train_labels, key = generate_samples(key, n_train_per_class)

test_seqs, test_labels, key = generate_samples(key, n_test_per_class)

print (f"Training set: {train_seqs.shape} (n_samples, seq_len, data_dim)")

print (f"Test set: {test_seqs.shapel}")

One example from each class is visualized to demonstrate how the temporal patterns

differ.

fig, axes = plt.subplots(l, n_classes, figsize=(14, 3), sharey=True)
class_names = ["Low freq", "Medium freq", "High freq"]
for i in range(n_classes):
idx = i * n_train_per_class
axes[i].plot(train_seqs[idx, :, 0])
axes[i] .set_title(f"Class {i}: {class_names[i]}")
axes[i].set_xlabel ("Time step")
axes [0] . set_ylabel ("Amplitude (channel 0)")
plt.tight_layout ()
plt.show ()

Class 0: Low freq Class 1: Medium freq Class 2: High freq

Amplitude (channel 0)
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Time step Time step Time step
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5.8.2  Initialize the ESN Classifier

The ESNClassifier follows the same Embedding — Driver — Readout architecture as

other ORC models. To instantiate a classifier, we specify:

e data dim: the number of input channels per time-step
e n_classes: the number of classification classes

e res dim: the dimension of the reservoir (latent state)

The state_repr parameter controls how reservoir states are summarized into a feature

vector for classification:

e "final" (default): uses only the last reservoir state

e "mean": averages all reservoir states (after an optional spinup period)

res_dim = 500

classifier = orc.classifier.ESNClassifier(
data_dim=data_dim,
n_classes=n_classes,
res_dim=res_dim,

seed=42,

print(f”Reservoir dimension: {classifier.res_dim}")
print (£"Input dimension: {classifier.in_dim}")
print (£"Output dimension: {classifier.out_diml}")

print (f"State representation: {classifier.state_repr}")

5.8.8 Train the Classifier

Training is performed by orc.classifier.train ESNClassifier. Under the hood, this:

1. Forces each training sequence through the reservoir (in parallel via jax.vmap)

2. Extracts a feature vector per sequence (final state or mean state)
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3. Solves ridge regression from features to one-hot encoded class labels

4. Updates the readout weights

The beta parameter controls Tikhonov regularization.

trained_classifier = orc.classifier.train_RCClassifier (
classifier,
train_seqs=train_seqs,
labels=train_labels,

beta=1e-6,

print ("Training complete.")

5.8.4  Fvaluate on Training Data

We can classify individual sequences using classify, which by default zero-initializes the
reservoir state and returns a vector of class probabilities (via softmax). The predicted class
is the one with the highest probability.

probs = jax.vmap(trained_classifier.classify) (train_seqs)

train_preds = jnp.argmax(probs, axis=1)
train_acc = jnp.mean(train_preds == train_labels)

print (£f"Training accuracy: {train_acc:.1%}")

5.8.5 FEwaluate on Test Data

The real test of the classifier is on unseen data. We classify each test sequence and compute

the accuracy.

probs = jax.vmap(trained_classifier.classify) (test_seqs)
test_preds = jnp.argmax (probs, axis=1)
test_acc = jnp.mean(test_preds == test_labels)

print (f"Test accuracy: {test_acc:.1%}")
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The predicted probabilities for a few test samples assess the classifier confidence.

fig, axes = plt.subplots(l, 3, figsize=(12, 3))
for i, class_idx in enumerate(range(n_classes)):
sample_idx = class_idx * n_test_per_class
probs = trained_classifier.classify(test_seqs[sample_idx])
axes [i].bar(
range (n_classes),
probs,
color=["#4C72B0", "#55A868", "#C44E52"]
)
axes[i].set_xticks(range(n_classes))
axes[i].set_xticklabels(class_names)
axes[i].set_ylim (0, 1)
axes[i].set_title(f"True: {class_names[class_idx]}")
axes[i].set_ylabel ("Probability" if i == 0 else "")
plt.suptitle("Predicted Class Probabilities", y=1.02)
plt.tight_layout ()
plt.show()
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5.8.6 Using Mean State Representation

Instead of using only the final reservoir state for classification, we can average the reservoir
states over the sequence. This is often more robust when the discriminative information
is spread throughout the time-series rather than concentrated at the end — for example,
when class identity is determined by frequency content or statistical properties of the entire
signal. The spinup parameter discards early transient states before averaging, since the

reservoir needs time to synchronize with the input.
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classifier_mean = orc.classifier.ESNClassifier (
data_dim=data_dim,
n_classes=n_classes,
res_dim=res_dim,
seed=42,

state_repr="mean",

)
trained_mean = orc.classifier.train_RCClassifier(
classifier_mean,
train_seqs=train_seqs,
labels=train_labels,
spinup=20,
beta=1e-6,
)
in_seq = test_segs
res_state = None

spinup = 20
probs = eqx.filter_vmap(trained_mean.classify) (
in_seq,

res_state,

spinup

)
mean_preds = jnp.argmax (probs, axis=1)
mean_acc = jnp.mean(mean_preds == test_labels)

print (f"Test accuracy (mean state): {mean_acc:.1%}")

5.8.7 Summary

This notebook demonstrates the core classification workflow in ORC:

1. Initialize an ESNClassifier with orc.classifier.ESNClassifier
2. Train with orc.classifier.train ESNClassifier, which uses ridge regression for

a closed-form solution
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3. Classify new sequences with classify (reservoir state defaults to zero if not pro-

vided)

Key parameters to tune:

e res_dim: larger reservoirs can capture more complex dynamics

e beta: regularization strength (increase if overfitting)

e state_repr: "final" vs "mean" depending on where class-discriminative information
lies in the sequence

e spinup: number of transient states to discard when using state_repr="mean"



112

Chapter 6
SHRED-ESN

6.1 Introduction

The preceding chapters developed methods for two tasks that arise throughout the study and
application of data-driven modeling of dynamical systems. Namely, Chapter 3 introduced
SHRED as a recurrent architecture that reconstructs high-dimensional states from sparse
sensors, and Chapters 4 and 5 developed echo state networks as efficient surrogate models
of dynamical systems. These contributions considered the state estimation and system
identification problems separately, but there is great value to addressing the problems jointly
[29,56,112]. The task at hand then becomes to forecast the future evolution of the state
using only a small number of noisy sensors and without a first principles dynamical model.
Existing approaches to reduced order modeling based on autoencoders function by learning
a nonlinear dimensionality reduction and training a time stepper in the resulting latent
space. Consequently, this means that the full state must first be reconstructed from partial
observations before the forecasting pipeline can be applied.

This chapter unifies the sensing and modeling directions of the preceding chapters into a
single approach for forecasting from sparse sensors. A trained SHRED model encodes time-
lagged sensor trajectories into a latent representation. The latent states extracted from the
training data form a time series in a low-dimensional space upon which an echo state network
is trained to propagate autonomously. At deployment, SHRED encodes an initial window
of sensor measurements into a latent state, the ESN iterates its own predictions forward to
produce a latent state forecast, and the decoder of the SHRED network estimates the high-
dimensional state at any time point along the way. We demonstrate this approach on the
Kuramoto-Sivashinsky equation at varying domain lengths L and on the two-dimensional
Kolmogorov flow at Reynolds number 30. Beyond short-term forecasting accuracy, we show

that the latent space time stepper replicates the Lyapunov spectrum of the true dynamics
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for several of the systems studied. The replication of the Lyapunov spectrum provides
strong empirical evidence that the latent representation faithfully captures the geometric

and statistical structure of the underlying system.
6.2 DMethods

The forecasting pipeline developed in this chapter combines the SHRED architecture in-
troduced in Chapter 3 with the echo state networks developed in Chapters 4 and 5. The
pipeline proceeds in three stages. First, a SHRED model is trained on the system of in-
terest, following the procedure described in Chapter 3. Given time-lagged trajectories of
sparse sensor measurements as input, the GRU encoder maps each trajectory to a latent
state 2z € R", and the shallow decoder is trained to reconstruct the full high-dimensional
state z € R™ from z;. Once the SHRED model is trained, the encoder is run over the full
training dataset to extract the sequence of latent states z1, zo, ..., z;,. These latent states
form a time series in R", with r < n, that captures the temporal evolution of the system in
a compressed representation. In the second stage, an echo state network is trained on this
latent time series to learn the autonomous map zx1 ~ F'(z), where F' is the input-driven
ESN update followed by a linear readout, as described in Chapter 4 and implemented with
the software developed in Chapter 5. At deployment, the pipeline operates as follows: an
initial window of sparse sensor measurements is fed through the trained SHRED encoder to
produce a latent state zg. The ESN then iterates its own predictions forward autonomously,
generating a latent-space trajectory zi,ze,...,zr without any further sensor input. The
full high-dimensional state can be recovered at any point along this trajectory by applying
the SHRED decoder, &y = D(zx).

The SHRED models in this chapter use transposed convolutional layers instead of feed-
forward layers for the shallow decoder. Additionally, the encoder is a GRU network that
processes time-lagged sensor trajectories of length Lj,; and produces a latent state of di-
mension r. The model is trained by minimizing the mean squared reconstruction error on
the training data, as in chapter 3.

Once the SHRED model is trained, the latent time series is extracted by running a

forward pass of the encoder over the training data. The resulting sequence is normalized to
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zero mean and unit variance along each coordinate before being used to train the ESN. The
ESN is configured with a reservoir of size N, spectral radius p, input scaling o;,, leaking
rate a, and Tikhonov regularization parameter 3. An initial spinup period of Ny, time
steps is discarded to allow the reservoir state to become independent of its initialization.
Hyperparameters are selected via grid search using the OpenReservoirComputing library,
with the search conducted over a validation set held out from the training data.

The primary evaluation metric in this chapter is the Lyapunov spectrum of the learned
latent dynamics, which we now define. Consider a dynamical system evolving on a state
space R%, and let 2y be a point on the attractor. A Lyapunov exponent measures the average
rate of exponential divergence or convergence of trajectories that are infinitesimally close
to the reference trajectory starting at zy. More formally, the i-th Lyapunov exponent \;
characterizes the asymptotic growth rate along the ¢-th direction:

1 .
A= lim —=1In I eZH’
T—oo T lleill

(6.1)

where Jr = HZ;& %—I: is the product of Jacobians along the trajectory and e; is the i-th

..
direction identified by the limiting process. The full ordered set Ay > Ay > --- > Ay is
the Lyapunov spectrum. The spectrum encodes fundamental properties of the attractor.
Positive exponents correspond to directions along which nearby trajectories diverge, and
their number characterizes the dimension of the unstable manifold. The sum of all exponents
is related to the fractal dimension of the attractor through the Kaplan-Yorke conjecture.
We compute the Lyapunov spectrum using a standard QR-based algorithm [1,138]. The
algorithm proceeds as follows. An orthonormal set of perturbation vectors is initialized and
evolved forward along the trajectory by multiplication by the local Jacobian %—5 ‘Zk at each
time step. Periodically, a QR decomposition is applied to re-orthonormalize the perturba-
tion vectors, preventing them from collapsing onto the direction of the maximal Lyapunov
exponent. After a sufficiently long trajectory, the time-averaged logarithms converge to the
Lyapunov exponents. For the true system, the Jacobian is computed from the governing
equations evaluated along a reference trajectory on the attractor. For the learned latent

dynamics, the Jacobian of the ESN update map is used in place of the true Jacobian, and

the algorithm is applied along a trajectory generated by the autonomous ESN.



115

Replication of the Lyapunov spectrum is a substantially stronger test of a learned model
than short-term forecasting accuracy [138]. A model can produce accurate predictions over
short horizons while failing to capture the long-term geometric and statistical properties of
the attractor. Two dynamical systems can agree on individual trajectories for finite times
and yet have fundamentally different Lyapunov spectra. If the learned latent dynamics
replicate the spectrum of the true system, it provides evidence that the latent representation

has captured the intrinsic dynamical structure rather than just fitting particular trajectories.

6.3 Experimental Systems

The Kuramoto-Sivashinsky (KS) equation is a canonical model of spatiotemporal chaos
[94,149]. The equation governs the evolution of a scalar field u(¢, x) on a periodic domain

of length L:
Ut + Uy + Ugg + Uggee =0, T € [0, L], u(x, 0) = u0($)7 (6'2)

with periodic boundary conditions u(t,z + L) = u(t,x). The second-order term wuz, is
destabilizing and drives energy production at long wavelengths, while the fourth-order term
Ugzgpre 18 dissipative and damps short wavelengths. The nonlinear advection wu, transfers
energy between scales. The balance among these three effects produces chaotic dynamics
whose complexity is controlled by the domain length L. As L increases, more unstable
modes fit within the domain, the attractor dimension grows, and the dynamics become
increasingly complex [72].

We study the KS equation at two domain lengths, L. = 22 and L = 44. The L = 22
case is a standard benchmark in the dynamical systems and machine learning literature,
producing low-dimensional chaotic dynamics with a small number of positive Lyapunov
exponents. The L = 44 case roughly doubles the number of positive Lyapunov exponents,
yielding a higher-dimensional attractor and more complex spatiotemporal behavior. This
pair of domain lengths provides a controlled comparison since the governing equation is the
same, but the intrinsic complexity of the dynamics increases substantially between the two
cases. In turn, this allows us to test how the forecasting pipeline and Lyapunov spectrum

replication scale with attractor dimension.
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For each domain length, we collect m snapshots of the spatially discretized state u; € R™
at uniform time intervals from a trajectory on the attractor, after discarding an initial
transient. Sparse sensor measurements are obtained by selecting p components of the state
vector at random spatial locations. The same random sensor locations are used across
all snapshots. In all experiments with the KS system, we take p = 25 and n = 128,
following [130]. The SHRED model is trained on trajectories of these p sensor measurements,
with the latent dimension r and lag length L., specified below.

The other benchmark system we consider is the Kolmogorov flow. The Kolmogorov flow
is a two-dimensional incompressible flow driven by a sinusoidal body force, governed by the

Navier-Stokes equations

Oou 1
f+(u~V)u——Vp+E

o Viu+f, V-u=0, (6.3)

on a periodic domain [0,27]%, where u = (u,v) is the velocity field, p is the pressure, Re
is the Reynolds number, and f is a steady forcing, typically of the form f = (sin(ksy),0)
for some forcing wavenumber ky. We take ky = 4 and study the flow at Re = 30, a regime
in which the flow is quasi periodic. Data is obtained using the pseudo-spectral method.
Compared to the KS equation, this Kolmogorov flow is a more challenging test case in the
sense that there is a larger discrepancy between the number of available sensors and the
state dimension, but easier in the sense that dynamics are not chaotic.

Training data is collected by sampling 100,000 snapshots at uniform time intervals from
a trajectory on the attractor, after discarding an initial transient to eliminate dependence
on the initial condition. As in the KS experiments, p = 144 sensors are placed at random

spatial locations and the same locations are used across all snapshots.

6.4 Results

We first compare the reconstruction performance of SHRED with that of a convolutional au-
toencoder (CAE) [130]. The CAE serves as an upper bound on reconstruction performance
since it has access to the full state as input, while SHRED operates only on trajectories of
sparse sensor measurements. At a fixed latent dimension, the gap between the two quantifies

the cost of operating without full-state information.
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Figure 6.1: Reconstruction error of the convolutional autoencoder (CAE) and shallow re-
current decoder (SHRED) on the KS system with L = 22 as a function of latent dimension

d. N;, denotes the input dimension for each model. Left: aggregate relative £5 error. Right:

maximum pointwise error.
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Figure 6.2: Reconstruction error of CAE and SHRED on the KS system with L. = 44 as
a function of latent dimension d. N;, denotes the input dimension for each model. Left:

aggregate relative £o error. Right: maximum pointwise error.

Figures 6.1 and 6.2 show the aggregate relative ¢ error and maximum pointwise error
for both architectures on the KS system at L = 22 and L = 44, respectively. At L = 22,

both architectures achieve comparable reconstruction error at low latent dimensions, but
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SHRED N;,, = 144, CAE N;,, = 2304
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Figure 6.3: Reconstruction error of the CAE and SHRED on the Kolmogorov flow at
Re = 30 as a function of latent dimension d. N, denotes the input dimension for each

model. Left: aggregate relative ¢o error. Right: maximum pointwise error.

plateau beyond d = 8, with the CAE plateauing at roughly one-third the aggregate relative
ly error of SHRED. At L = 44, the CAE consistently outperforms SHRED for d > 14
by approximately an order of magnitude. Despite this gap in reconstruction error, both
approaches produce spatiotemporal fields that are visually indistinguishable from the ground
truth over the time intervals considered, as shown in Figures 6.4 and 6.5. The pointwise
error plots reveal that the SHRED error, while small in magnitude relative to the field
amplitude, is larger than that of the CAE. For all subsequent experiments, we fix the latent
dimension at d = 8 for L = 22 and d = 18 for L = 44.

Figures 6.3 and 6.6 report the same comparisons for the Kolmogorov flow at Re =
30. The CAE again achieves lower reconstruction error across latent dimensions, with
both approaches plateauing around d = 7. All subsequent Kolmogorov flow experiments
use d = 7. The reconstructions show the same qualitative behavior: both are visually
indistinguishable from the ground truth, with the SHRED discrepancies small in magnitude.
Across all three systems, the SHRED reconstructions are sufficiently accurate to capture
the relevant spatiotemporal dynamics from sparse sensors alone, despite exhibiting higher
reconstruction error than the CAE.

We next evaluate the forecasting performance of the CAE 4+ ESN and SHRED + ESN
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Figure 6.4: Example reconstructions from CAE and SHRED on the KS system with L = 22
over 10 Lyapunov times. N;, denotes the input dimension for each model. Top: ground
truth. Middle: reconstructions. Bottom: pointwise errors. Both models use latent dimen-

sion d = 8.

pipelines. In both cases, an echo state network is trained to autonomously propagate the
latent state forward in time, and the decoder recovers the full state. Figure 6.7 shows the
forecasting error for the KS system at L = 22 evaluated over N = 50 randomly selected
initial conditions from a withheld test trajectory. The two approaches provide comparable
forecasting accuracy, despite the fact that the CAE outperformed the SHRED model in
terms of reconstruction alone. Figure 6.8 presents the same comparison for L = 44. Here,
the SHRED + ESN approach outperforms the CAE + ESN. The valid prediction time for
both approaches is shorter than at L = 22, as is to be expected from the increased complex-
ity. Still, the SHRED + ESN performance advantage persists throughout the 5 Lyapunov

time forecast horizon. This result is notable given that the CAE achieves substantially
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Figure 6.5: Example reconstructions from CAE and SHRED on the KS system with L = 44
over 10 Lyapunov times. N;, denotes the input dimension for each model. Top: ground
truth. Middle: reconstructions. Bottom: pointwise errors. Both models use latent dimen-

sion d = 16.

lower reconstruction error when forecasting is not considered. The fact that SHRED +
ESN produces better forecasts suggests that reconstruction accuracy alone does not deter-
mine forecasting performance. The recurrent structure of the SHRED encoder produces a
latent representation whose dynamics are more structured and amenable to learning by the
ESN. In other words, the temporal conditioning provided by the recurrent encoder struc-
tures the latent space such that it is more amenable to autonomous propagation, even if
the resulting reconstruction is less accurate.

Fig. 6.9 shows the forecasting comparison for the Kolmogorov flow at Re = 30 evaluated
over N = 30 initial conditions. The CAE + ESN outperforms SHRED + ESN with lower

median error throughout the duration of the forecast horizon. However, both approaches
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Figure 6.6: Example reconstructions from CAE and SHRED on the Kolmogorov flow at
Re = 30 over 50 dimensionless time units. N;, denotes the input dimension for each
model. Top: ground truth. Middle rows: CAE and SHRED reconstructions. Bottom rows:

pointwise errors. Both models use latent dimension d = 8.

yield accurate forecasts over long forecast horizons (150 nondimensional time units), with
errors that stay roughly flat rather than growing exponentially as in the KS system. This
observation is consistent with the fact that the considered flow is quasi-periodic.

Across the three example systems, we observe that as dynamical complexity increases,
the performance of the SHRED + ESN approach improves in comparison to the CAE +
ESN pipeline. This suggests that accurate reconstructions are not the sole determining

factor for reduced order model performance. The structure of the learned latent state is
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also critical.

To that end, we now consider the Lyapunov spectrum of the learned latent dynamics
of the SHRED + ESN approach. Fig. 6.10 presents the Lyapunov spectra for the KS
equation at both domain lengths, computed from the true dynamics and from the learned
ESN. Following the convention of [130, 138], the shown spectra are augmented with two
additional zero Lyapunov exponents.

For both L = 22 and L = 44, the SHRED + ESN spectrum matches the ground truth
closely across the entire range of considered exponents. Plots of the Lyapunov spectra of the
Kolmogorov flow are omitted as there are no positive exponents. The replication of the true
dynamics in the SHRED latent space provides strong empirical support for a Takens-like
interpretation that the latent representation, derived from sparse measurement trajectories,

preserves the dynamical invariants of the original high-dimensional system.

CAE + ESN vs SHRED + ESN — KS L=22 (lat=8, N=50 ICs)
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Figure 6.7: Forecasting error for the KS system with L = 22 with a CAE + ESN and
SHRED + ESN architecture, evaluated over N = 50 initial conditions. Nj;, denotes the
input dimension for each model. Left: cumulative relative ¢2 error. Right: per-snapshot

relative £9 error. Shaded regions denote interquartile ranges.

6.5 Discussion

The results of this chapter demonstrate that the SHRED + ESN pipeline enables au-

tonomous forecasting of chaotic dynamical systems directly from sparse sensor measure-
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CAE + ESN vs SHRED + ESN — KS L=44 (lat=18, N=50 ICs)
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Figure 6.8: Forecasting error for the KS system with L. = 44 with a CAE + ESN and
SHRED + ESN architecture, evaluated over N = 50 initial conditions. Nj;, denotes the
input dimension for each model. Left: cumulative relative fo error. Right: per-snapshot

relative /o error. Shaded regions denote interquartile ranges.

CAE + ESN vs SHRED + ESN — Kolmogorov Re=30 (lat=7, N=30 ICs)
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Figure 6.9: Forecasting error for the Kolmogorov flow with a CAE + ESN and SHRED +
ESN architecture, evaluated over N = 30 initial conditions. N;, denotes the input dimension
for each model. Left: cumulative relative o error. Right: per-snapshot relative £s error.

Shaded regions denote interquartile ranges.

ments, without requiring access to the full state at deployment. On the Kuramoto-Sivashinsky

equation, the pipeline produces accurate short-term forecasts at both L = 22 and L = 44,
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Figure 6.10: Lyapunov spectra of the true KS dynamics (black) and the learned SHRED +
ESN latent dynamics (red, dashed) for L = 22 (left, top 10 exponents) and L = 44 (right, top

12 exponents). Spectra are augmented with two additional zero exponents following [138].

with the valid prediction time decreasing as the attractor dimension grows. On the Kol-
mogorov flow at Re = 30, the pipeline extends to a system with two-dimensional spatial
structure and a substantially higher state dimension, producing forecasts that capture the
spatial structure of the flow field over the prediction horizon. Most significantly, the au-
tonomous latent-space time stepper replicates the Lyapunov spectrum of the true high-
dimensional dynamics for the systems studied.

The SHRED-based pipeline offers a practical advantage over forecasting approaches
built on autoencoders. In an autoencoder-based pipeline, the encoder takes the full state
as input, which means that in a sensor-constrained setting, the full state must first be
reconstructed from partial observations before the forecasting pipeline can be applied. The
state estimation problem is itself nontrivial, and errors introduced at this stage propagate
through the encoder into the latent representation and corrupt downstream forecasts. The
SHRED-based pipeline avoids this issue entirely. The encoder operates directly on sparse
sensor trajectories, and the latent representation it produces is conditioned on the available
measurements from the start. This advantage becomes more significant as the gap between

the number of available sensors and the state dimension grows. This is exactly the regime
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encountered in most real-world applications.

Several limitations of the present work suggest directions for future investigation. The
KS equation was studied at two domain lengths, and the degradation in forecasting accu-
racy from L = 22 to L = 44 raises the question of how the pipeline scales to systems with
significantly higher-dimensional attractors. The Kolmogorov flow was studied at a single
Reynolds number for which the flow was quasi-periodic. At higher Reynolds numbers, the
attractor dimension grows and the dynamics become increasingly turbulent, presenting a
natural axis along which to test the limits of the approach. More broadly, the systems
studied here are statistically stationary. How the pipeline performs on systems with in-
termittent dynamics, transient chaos, or slowly drifting parameters has not been explored.
The hyperparameter sensitivity of the ESN, while manageable for the systems considered
in this chapter, may become a more significant challenge as the complexity of the latent

dynamics increases, motivating the hybrid reservoir approaches discussed in Chapter 7.
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Chapter 7
CONCLUSION

This dissertation has argued that RNN approaches provide a computationally efficient
and expressive framework for data-driven modeling of dynamical systems from sparse, par-
tial observations. The problems addressed included state estimation from sparse sensors,
surrogate modeling for control, and autonomous forecasting. While distinct tasks, in all
cases we seek to learn a compact, temporal representation of high-dimensional dynamical
system from limited data. The methods developed across Chapters 3 through 6 are unified
by the insight that the recurrent structure of RNNs provides an inductive bias that is funda-
mentally well-matched to this class of problems. The sequential, causal processing of inputs
mirrors the time-ordered evolution of physical systems. This structural alignment, rather
than brute-force size or training data, is what enables the methods in this dissertation to
operate effectively in the low-data, sparse-observation regimes that are typical of science
and engineering.

The contributions of this dissertation build to the work presented in Chapter 6. SHRED
[170] demonstrated that recurrent processing of sensor trajectories enables accurate, non-
linear state estimation from sparse measurements. By operating on trajectories rather than
snapshots, SHRED incorporates temporal filtering that is absent from classical snapshot-
based methods like gappy POD, while its learned nonlinear decoder avoids the limitations
of a fixed linear basis. Echo state networks, developed in the context of system identi-
fication and control, demonstrated that fixing the recurrent weights and training only a
linear output layer produces surrogate models that are accurate enough to capture nonlin-
ear dynamics and cheap enough to evaluate thousands of times within an MPC optimization
loop [168]. OpenReservoirComputing made these reservoir computing methods computa-
tionally practical, providing a modular, GPU-accelerated platform for constructing, train-

ing, and deploying reservoir models at scale [169]. Finally, the integration of SHRED with
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echo state networks in Chapter 6 unified the sensing and reduced order modeling aspects
of the dissertation into a single pipeline for autonomous forecasting directly from sparse
sensor streams. The replication of the Lyapunov spectrum of the true high-dimensional
dynamics by the learned latent-space time stepper provided strong empirical evidence that
this approach captures the fundamental structure of the underlying attractor.

Several observations are consistent across the individual contributions. First, the struc-
tural alignment between RNNs and dynamical systems has concrete benefits. It is what
allows a trained SHRED model to perform temporal filtering without an explicit dynamical
model, what makes an echo state network interpretable as a high-dimensional dynamical
system whose attractors and stability properties can be analyzed with classical tools, and
why the latent dynamics of a model that receives only sparse measurements at input still
replicates the underlying Lyapunov spectrum. Second, treating the sensing and modeling
problems jointly has important benefits. The SHRED + ESN pipeline produces better fore-
casts than either component alone precisely because the latent representation learned by
SHRED is already structured in a way that is amenable to temporal propagation. Third,
the reservoir computing paradigm, despite its simplicity, proves surprisingly competitive
with fully trained networks for the class of problems considered here. This suggests that
for dynamical systems modeling, the inductive bias provided by a rich, fixed nonlinear dy-
namical system can compensate for the lack of task-specific weight optimization, with the
caveat that appropriate hyperparameter selection remains critical.

The methods developed in this dissertation have natural limitations that suggest direc-
tions for future work. The systems studied here, while spanning a range of complexities, are
predominantly low- to moderate-dimensional attractors embedded in high-dimensional state
spaces. Whether the SHRED + ESN forecasting pipeline and its Lyapunov spectrum repli-
cation extend to systems with significantly higher-dimensional attractors or intermittent,
transient dynamics remains an open question. The reservoir computing framework, while
computationally efficient, is sensitive to hyperparameter choices, and the cost of searching
over reservoir configurations can become significant for complex systems. Stability is also
not always guaranteed. Hybrid approaches that allow partial adaptation of reservoir weights

are a promising direction for reducing this sensitivity. The MPC framework developed in
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Chapter 4 considered unconstrained or simply constrained control problems, but extending
it to systems with complex state constraints, longer planning horizons, or partially ob-
served states would broaden its applicability. Additionally, the methods in this dissertation
are purely data-driven, making no use of governing equations even when partial physics
knowledge is available. Integrating known physics through constraints on the architecture,
regularization informed by governing equations, or hybrid models that combine learned and
analytical components is a natural next step that could further reduce data requirements.

As data-driven methods for dynamical systems continue to develop, a central question
is not simply how to build more powerful models but how to build models whose structure
reflects the structure of the phenomena they represent. The recurrent architectures and
reservoir computing methods developed in this dissertation demonstrate that when the
architecture of the model is aligned with the mathematics of the problem, such lightweight

models can produce results that compete with much larger models.
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