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Our lives as eukaryotic organisms are defined by the collective behaviors of cellular systems.

Together groups of cells form intricate structures and accomplish complex tasks. Where

an individual cell cycles through growth, reproduction, and death, a group of cells can

live more richly. Among other functions, multicellular communities form patterns, share

resources, colonize new environments, and even communicate. In this work, I deploy data-

driven and classical modeling techniques to understand these collective behaviors in three

contexts. First, I consider synchronization in networks of coupled oscillators. Can we

learn the rules governing patterns of group behavior exclusively from measurements of the

state of the individuals? Towards this goal, I develop a data-driven method for coarse-

graining system dynamics even under conditions of spatio-temporal heterogeneity. Next

I model tumor growth and it’s mitigation via CAR T-cell therapy, a novel cellular based

immunotherapy. I develop an ordinary differential equation model for testing combinations

of chemotherapeutic preconditioning and CAR T-cell infusion for treating blood cancers.

Simulation results and sensitivity analysis support several potential refinements to current

clinical protocols. I then extend this ODE model into a reaction-diffusion model, which I

use to test local administration of CAR T-cells for the treatment of solid tumors. These

simulations suggest that the optimal mode of local administration depends on tumor growth

characteristics. In the final chapter, I present a pipeline for high-throughput phenotype



quantification from images of yeast patches, including the complexity of pattern formation.

I implemented this algorithm in an open source python package, PyPl8, which has enabled

novel genetic analysis.
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Chapter 1

INTRODUCTION

1.1 Multi-scale biology

When studying a biological system, whether you are considering the fundamental unit of

life, an individual cell, or a large population in ecology, you are bound to observe the motif

of simple individual behaviors on one scale leading to interesting group behaviors at a larger

scale. A multi-scale perspective postulates that behavior at a larger scale emerges naturally

from collective action at smaller scales. This outlook has led to great progress advancing

physics by studying atoms, chemistry by studying molecules, and biology by studying genes.

However, in biology when we build models from the bottom up, ascending time and spatial

scales, we consistently encounter the clichéd reality that the whole is greater than the sum of

its parts. We refer to this phenomenon as emergent behavior or emergence. Philosophically,

“emergence occurs when an entity is observed to have properties its parts do not have

on their own [67].” We may try to study the building blocks of biology in isolation, but

observations we make are not guaranteed to hold true in a real cell or in a real organism.

This makes it challenging to lift strategies from physics and chemistry and apply them

directly to problems in biology. However, by working closely with biologists, remaining

rooted in high quality data, and customizing mathematical tools to the system in question,

we can still build insightful models.

In this thesis, I specifically focus on biological scenarios that span the level between

individual cells and populations of interacting cells. I use mathematical tools to predict and

provide insight into the macroscale behaviors of cellular communities. In particular, I con-

sider three potential collective behaviors: synchronization in networks of coupled oscillators,

tumor growth or eradication in immunotherapy for cancer treatment, and pattern-formation

in yeast colonies.
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1.1.1 Synchronization

Dynamical systems on networks provide a rich theoretical playground for the study of

emergent behavior. In this context, a network is a collection of entities, or nodes, which are

connected to each other via edges in a meaningful way. The state of each node obeys its

own internal ordinary differential equation, so studying the dynamics of the whole network

entails studying a large system of coupled ODEs. The structure of the network encodes

which nodes interact with each other, and the governing ODEs define the nature of the

interactions. Over time, in systems with sufficient coupling between neighbors, collective

behavior patterns such as mode-locking lasers [63], swarming birds [33], or a pandemic [12],

may appear in the population. In Chapter 2, I will consider networks of oscillators. This

class of dynamical system has been widely studied in varied forms [99, 167, 150, 142].

Networked oscillators model multiscale networks of interacting periodic processes. Many

systems in biology including cellular and metabolic networks, neuronal networks, and my-

ocardial muscle cell contractions are governed by such processes. The function–or dysfunction–

of these networks depends on the collective dynamics of the interacting oscillatory individ-

uals. One of the most prominent collective behaviors of an oscillator network occurs when

nodes synchronize and oscillate in unison. Synchrony could mean phase synchrony where

the states align exactly, or frequency synchrony where the oscillators’ frequencies coincide,

and it may be global or localized.

In many biological applications, we don’t necessarily understand how synchrony leads to

function, but it appears to be important. For example, some level of synchrony is observed

in the brain across multiple scales [178]. At the same time, abnormal synchrony patterns

are associated with malfunction in disorders such as epilepsy and Parkinson’s disease [61].

1.1.2 Growth

Growth models are among the earliest applications of mathematical biology, arguably start-

ing with Fibonacci’s counting of rabbit reproduction in 1202. Simple exponential models

of bacterial replication or tumor growth have been widely used in industrial and medi-

cal settings. In particular in Chapter 3, I will build models that involve cancerous tumor
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growth.

Cancer results from a number of changes (mutations) in the genes in our body that

control cell growth or regulate the detection and repair of DNA damage. Normal organ

function depends on successful regulation of cell death and division. Unlike healthy cells,

cancer cells ignore signals to stop dividing, to specialize, or to die and be shed. Instead

cancer cells grow in an uncontrollable manner and, unable to recognize their own natural

boundary, can spread to areas of the body where they do not belong. As a tumor grows and

becomes established, it shapes the normal cells, molecules, and blood vessels that surround

and feed it. The dynamic interactions of cancer cells with their microenvironment stimulate

the heterogeneity of cancer cells, driving clonal evolution which can increase multidrug

resistance ending in cancer cell progression and metastasis.

Cancer treatments aim to interfere with these processes, eliminating malignant cells and

restoring the body to health. Adoptive cellular therapies like CAR T-cell therapy, which we

will consider in Chapter 3, introduce engineered immune cells that have an improved ability

to recognize and destroy tumor cells into the patient’s body. I will consider cellular therapies

through the lens of a predator-prey system in which immune cells are the predators and

tumor cells are the prey. In practice, clinicians have control over how and when the immune

cells are introduced. Formulating a dynamic model allows us to study potential treatment

plans with tools from nonlinear dynamical systems. Models can inform the creation of

treatment plans by predicting how the two cell populations will co-evolve depending on the

tumor state and the drug dosage.

1.1.3 Pattern formation

Pattern formation, or the development of visibly ordered outcomes through self-organization

in a system, has fascinated mathematicians from the outset of mathematical biology. In his

landmark 1952 paper, “The Chemical Basis of Morphogenesis,” Turing proposed a model

wherein two homogeneously distributed substances interact to produce stable patterns dur-

ing morphogenesis (the creation of diverse anatomies from similar genes) [176]. Turing was

interested in learning how patterns in nature, such as stripes and spots, can arise naturally
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and autonomously from a homogeneous, uniform state. Subsequent generations of math-

ematical biologists continued to use reaction-diffusion models to try to elucidate the role

of chemical processes in development [124, 115]. Subsequently, Jim Murray and contem-

poraries pioneered alternative mechanical models of pattern formation. They showed that

the coordinated movement of cell populations governed by chemotaxis, haptotaxis, contact

guidance, contact inhibition, etc. were sufficient to produce regular patterned aggregates of

cells [123]. Numerical simulation of mechanochemical PDEs remain a leading method for

studying pattern formation across temporal and spatial scales, from animal coat patterning

to the structure of slime molds.

In Chapter 4 of this work, I present a method for quantifying the complexity of pattern

formation in yeast colonies. The macroscopic behaviors of microbial communities present

fascinating examples of emergent pattern formation. One such behavior is the formation of

biofilms, organized groups of microbial cells adhering to a surface. These communities are

ubiquitous–humans and all other higher organisms are colonized by microorganisms which

form biofilms. Better understanding of their structure and function is of great interest

to healthcare and other industries. Bacterial biofilms have been studied in detail and are

known to facilitate sophisticated social behaviors. In contrast, the formation of fungal

biofilms, like wrinkled textures on yeast colonies, is less well studied. In either case, the

complex structures formed by microbial communities make an excellent case study for a

multi-cellular, cooperative developmental process.

1.2 Mathematical modeling in biology

The application of mathematical models in biology and medicine has a long and storied

history. A sparse number of papers in the first half of the twentieth century established

theoretical roots for the field, with many crediting the origins to D’Arcy Thompson’s 1917

book “On Form and Function” [173]. Decades of struggle in the cultural divide between

the mathematical and the biological sciences followed, though particular inroads were made

in ecology where Lotka and Volterra modeled fluctuating animal populations [106, 182],

in epidemiology with Kermack and McKendrick’s epidemic modeling [87], physiology with

models of morphogenesis from Turing [176], enzyme kinetics from Michaelis and Menten
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[116] and firing neurons from Hodgkin and Huxley [66], and population genetics with Fisher

and Haldane’s work towards quantifying natural selection [50, 60]. The first professional

society in the field, The Society for Mathematical Biology, was founded in 1973 by Nicholas

Rashevsky and students. Not coincidentally, the rise of the nascent field coincided with the

maturation of nonlinear dynamics and chaos theory–necessary tools for modeling many of

the complex phenomena displayed by living systems. The ongoing growth of computational

power has also broadened the field, allowing for the productive study of complicated mod-

els through numerical simulation. Today, mathematical biology is a vast discipline with

thousands of active researchers. Within the scientific community, there is an increasing

interest in in silico experimentation due to ethical considerations, risk, unreliability and

other complications involved in human and animal research. We are also at an exciting

frontier in biological data. Increasingly, experimentalists are collecting the highly resolved

spatiotemporal data that will unlock new modeling possibilities.

Mathematical biology seeks to understand and predict a diverse set of phenomena, that

(as of yet) are not derived from a few simple principles. Translating biological questions

into mathematical equations requires numerous context-specific assumptions. Evolution

develops complex, nuanced ways to accomplish the same task different ways in different

species and strains. This makes it difficult to discover fundamental, universal structural

relationships. However, it also opens opportunities for the use of diverse mathematical

methods. The complexity of living systems has pushed the field of mathematical biology

to expand to incorporate tools from many branches of mathematics, and has contributed

to the development of new mathematical techniques. I will briefly introduce the concept of

dynamic models and survey some of the most common continuous time modeling paradigms.

Dynamic models are simplified representations of some real-world entity formulated as

equations or logical rules that describe how system properties change over time. Mathemat-

ics, computation, and computer simulations can all be used to analyze models, producing

results that shed light on the study system. Such models are valuable because they allow

us to examine relationships that could not be disambiguated by purely experimental ap-

proaches, and to forecast future system behavior in situations beyond interpolating existing

data points. Dynamic models consist of two components: state variables that summarize
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the properties of interest in the study system, and dynamic equations that specify how

the state variables change over time as a function of the current and past values of the state

variables. Because a dynamic model is built to reflect the processes driving system behavior,

it can be used to make predictions in circumstances where the same causal processes are

presumed to operate. This provides a basis for predicting long-term trends in a system.

Generally, dynamic models in biology can be classified depending on the form of the

dynamic equations. Models may operate in continuous or discrete time, and potential

outcomes may be deterministic or stochastic. From a design standpoint, we can also classify

models as practical vs. theoretical. A practical model is built to inform a concrete goal such

as resource management, design, and prediction. In this context, quantitative numerical

accuracy is likely essential. At the other end of the spectrum, a purely theoretical model

serves the goal of deepening theoretical understanding and developing theories about how

a system operates or behaves. In this context, many irrelevant details can be ignored and

we are likely most interested in qualitative or relative outcomes. Here, we review some

modeling paradigms commonly used in mathematical biology.

To model systems with continuous time and spatially homogeneous dynamics in a de-

terministic manner, we use Ordinary Differential Equations (ODEs). Generically, these

systems take the form

dx

dt
= f(x) (1.1)

where x ∈ Rn contains the state variables and the governing dynamics, f , can be a linear

or nonlinear function of the state variables. For nonlinear functions f , these models often

cannot be solved analytically. However, we can determine qualitative behaviors of solutions

by finding fixed points of the system (x∗ such that f(x∗) = 0) and analyzing their stability

by locally linearizing the dynamics. Bifurcation theory and center manifold reductions

provide tools for characterizing model dependence on parameters and can capture key regime

changes that occur in natural systems. The maturation of nonlinear dynamics and chaos

theory was pivotal for the expansion of mathematical biology as a field because of the

nonlinear nature of many biological processes. Some examples of well-known ODE models

include the Lotka-Volterra predator-prey model put forward for fitting fluctuations in species
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populations, the Susceptible-Infected-Recovered models for epidemics based on Kermack

and McKendrick’s seminal paper, and the logistic function for density-dependent growth

proposed by Verhulst. Each of these classical examples are highly simplified, but influential

and informative models. At the other end of the spectrum, ODE models can also be intricate

and high dimensional, including tens or even hundreds of state variables to represent all of

the elements in a system of interest. Often termed compartmental models, these are of

notable use in the drug industry for the study of pharmacokinetics. That is the study of the

absorption, redistribution, and transformation of drugs or other ingested systems within the

body. Modeling these processes in a quantitatively accurate manner is essential in clinical

trial design because it allows researchers to extrapolate experimental data from one species

(rats) to another (humans), as well as to extrapolate effects and from low drug doses to

high doses. Though ODEs provide a flexible and easily implemented tool, they do rest on a

key assumption: well mixed state variables. This assumption of spatial homogeneity simply

does not hold for many systems in biology.

In order to allow for spatial heterogeneity in a system, but still work with continuous

time and deterministic dynamics, a modeler can turn to the tools of Partial Differential

Equations. PDE models consider the time evolution of the state variables to be a function

not just of the state, but also of spatial derivatives. Generically

∂u

∂t
= N [u] (1.2)

where now the state of the system is a continuous function u(x, t), and the dynamics are

given by N , a, possibly nonlinear, differential operator. As with ODE models, we use tools

like linear stability analysis and bifurcation theory to characterize system behavior. In this

case instead of looking for stationary states we are interested in the stability of stationary

solutions, u(x, t) = u∗(x), or we may be looking for structures like travelling wave solutions.

For example, Fisher described the spread of an advantageous gene through a population by

pairing diffusion with logistic growth

∂u

∂t
= D

∂2u

∂x2
+ au(1− u). (1.3)

For every wave speed c ≥ 2
√
aD, Fisher’s equation admits travelling wave solutions of the

form u(x, t) = v(x ± ct) as the solution switches from the equilibrium state u = 0 (gene
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is absent) to the equilibrium state u = 1 (gene is universal) across the spatial domain.

Other notable uses of PDEs in mathematical biology include the reaction diffusion models

of Turing patterns, models for pattern formation in ecology, and models of aspects of tumor

development like angiogenesis or diffusive growth. The numerical lift necessary to simulate

PDEs of interest on asymmetrical, biologically relevent domains is heavier than for ODEs,

but certainly possible with finite element methods. For example, Swanson et al. successfully

fit models of glioma growth to brain scans from real patients, using the outline of the brain

as their computational domain [168]. For many systems of biological interest, deterministic

dynamics are based on simplifications. In particular, they neglect noise, which is inherent

to biological processes. Often these simplifications still yield informative results. However,

where the copy numbers of involved components are small and random fluctuations are thus

significant, we may require different tools.

For some systems in biology it is desirable to introduce a stochastic element to the dy-

namic equations. This might be the case if we truly believe the underlying causal processes

are random. For example, experiments at the cellular level show that individual cell dy-

namics are intrinsically noisy. Or it could be that there are factors influencing our system

that we do not understand or cannot measure accurately which we want to represent with

some degree of noise. Incorporating stochasticity into a model may enhance, diminish, or

even completely change the system behavior. A common stochastic version of an ordinary

differential equation is to perturb the right hand side with a term dependent on a white

noise variable. This class of stochastic differential equations has the general form

dXt = µ(Xt, t)dt+ σ(Xt, t)dWt. (1.4)

where dWt denotes the differential form of Brownian motion. Now the current state of the

system at time t is a random variable, Xt, which depends on a deterministic component of

the dynamics, µ, often called the drift and a non-deterministic component, σ, often called

the diffusion term. Working with the differential form of Brownian motion requires the

development of stochastic calculus. However, intuitively, the form of writing the system

dynamics shown in Eq. 1.4 suggests a scheme for simulation: given the current state Xt,

calculate the deterministic update as you would with an ODE, draw a random variable to
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determine the direction of the Brownian motion, and update the stochastic component of

the dynamics accordingly. One could then use this scheme to simulate many possible state

trajectories in time and compute features of the resulting distribution. A modeler could be

interested in expected solution paths and features like expected stopping or crossing times.

When the population consists of a small number of individuals, say in studying a population

of endangered species, the stochastic components of dynamics may strongly influence im-

portant quantities like extinction probability. So far we have considered systems with state

variables that change continuously in time. However, if we are considering finite population

sizes and accounting for individuals within a biological system, then the populations may

be best described by discrete states.

For stochastic systems that occupy discrete states, we can model dynamics using Markov

chains. For example, we might be counting the individual number of cells in a petri dish,

tracking population dynamics in a wild orca community, or monitoring whether a receptor

is bound or unbound (as Michaelis and Menten measured to derive their model of enzyme

kinetics). A Markov chain is a mathematical system that experiences transitions from one

state to another according to certain probabilistic rules. The defining characteristic of a

Markov chain is that the probability of each future event depends only on the present

state. Because of this “memorylessness”, the transition probabilities from one moment in

time to the next can be encoded in a transition matrix for discrete time systems or in

a transition rate matrix for continuous time systems. For simplicity, let’s think about a

discrete-time system with state Xn at time n. In this case, the dynamic rules are encoded

in the transition matrix, P , where entry pji = Prob{Xn+1 = j|Xn = i}. The transition

matrix P has dimension equal to the number of possible states, which may be finite or

countably infinite. One common example of a Markov chain in biology is a birth-death

process. In this case think of Xn as the number of individuals in the population at time

n. Suppose that over a given time step, the population can increase by one if a birth event

occurs, say with probability pi, decrease by one if a death event occurs, say with probability
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di, or stay the same if neither event occurs. So, for this system

pji =



bi j = i+ 1

di j = i− 1

1− (bi + di) j = i

0 otherwise.

To translate this concept to continuous time, we introduce an exponential random variable

to track the waiting time between events, then determine the event according to a discrete

time markov chain. Continuous time birth-death processes have been used to model viral

phylogenies, with births representing the initiation of new strains of the virus [108]. Along

with closely related branching process models, they have been used to model finite popula-

tions of tumor cells, or other populations of interest [9, 133]. To characterize the behavior

of these models, we can calculate stationary distributions or other properties like hitting

times. As in the case of Michaelis-Menten enzyme kinetics, we can write down probabalistic

rules for the behavior of a system with a finite number of individuals, N , and in the limit of

large N , the dynamics look more and more deterministic, often recovering familiar ODEs

from population level models.

Another intuitive approach to take when thinking about emergent behavior based on

rules set at an individual level leads to the formulation of agent-based models. The idea of

this paradigm is to assign individuals in a system their own intrinsic dynamics and local

update rules, and then track the state of all of these individuals or agents over time. The

local update rules may be deterministic, stochastic, or a combination of both. In any case,

we can program the desired logic into our agents, watch the system evolve in time, and

study the macroscale patterns that emerge at the population level. Notably, agent based

simulations have been used to model starling murmurations and other swarming behaviors.

Modelers showed that based solely on local update rules, the population can exhibit complex

swirling patterns [31]. There is no need for a universal leader or conductor. Agent based

models have been applied widely in the fields of ecology and epidemiology [78, 72]. These

types of models can be computationally intensive, but yield interesting and powerful results.

Choosing any of the above modeling formats guides the types of questions that we can
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pose and answer about a system of interest. A model codifies a hypothesis about the study

system and lets you compare that hypothesis with data. Can given processes account for an

observed pattern? Which of several contested assumptions is best able to account for the

data? If we know that certain processes occur, what patterns do we expect to see? Knowing

what to look for may help guide experiments. Although mathematics can never provide a

complete solution to a biological problem on it’s own, models can be useful in so far as they

allow us to test hypotheses and make predictions. The most successful modeling efforts have

been interdisciplinary partnerships where experiment and theory inform each other. At it’s

best, mathematical biology has the potential to inform medical practice, shape conservation

efforts, and deepen basic biological understanding.

1.2.1 Data-driven modeling

With all these mathematical methods available to us, what makes something mathematical

biology specifically? How do we decide whether a set of equations are biologically relevant?

In data-driven modeling, data serves as our guide to answering these questions. Selecting

a model in a data-driven manner involves testing multiple potential models (often formed

from different hypotheses about underlying mechanisms) and selecting one based on the

best fit to the available data. A natural follow-up question is what criteria make a model

the “best”? The unsatisfactory answer is of course, it depends. Given a chosen form of

a model and sufficient data, we can use statistical methods like curve fitting, maximum

likelihood estimates, or Bayesian model fitting, to determine the specific model parameters

that yield the best quantitative agreement between that model and data. The latter two

methods involve making some assumptions about the noise in the measurements against

which we are comparing model behavior. An additional challenge for data-driven multi-

scale model selection is whether to treat each scale separately, and how to match dynamics

at the interface between scales. Prioritizing the agreement between the model predictions

and data is one option. However, when we are choosing the underlying form of the model,

there is usually a trade-off between model complexity and agreement with data. The more

parameters that we introduce, the more precisely we may be able to fit our available data. In
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some applications this is desirable (as long as there is sufficient data). However, seeking too

strong of agreement with the data can often limit the scope of the model, because it will no

longer generalize to other contexts. And if your purpose in building the model is theoretical

understanding, then you may be obscuring the key components of the dynamics with the

additional complexity. There are some approaches to trying to strike this balance between

accuracy and generalization/simplicity. From information theory and the quantitative social

sciences, we can borrow two quantities that try to balance simplicity and accuracy: Akaike’s

Information Criteria (AIC) and Bayesian Information Criteria (BIC) [2, 19]. In machine

learning, it is more common to evaluate model performance using a resampling technique,

such as k-fold cross-validation. Developing such criteria is still an ongoing area of research

within the data-driven modeling community.

The classical supervised dynamic modeling approach entails starting with a conceptual

model about how system works, diagraming expected interactions between species, intro-

ducing equations for the rates of each process in the diagram, and then fitting the model

parameters to data. This requires some level of intuition, luck, and skill on the modelers

part to choose a good set of equations for the right-hand side of our dynamic rules. In

biology in particular, it has been hard to make headway in some study systems because

the lack of unifying theory leaves us without sufficient intuition to design these equations.

However, there has been growing interest in model discovery and methods for taking a more

fully data-driven approach to model selection. One example is the Sparse Identification of

Nonlinear Dynamics (SINDy) framework proposed by Brunton et al. [16]. Instead of fitting

just one model, or maybe testing a handful of models, a library of potential terms in the

governing equations is built and fit to the derivative of the system. By promoting sparsity

during this fit, SINDy produces parsimonious models for the system dynamics. Genetic

algorithms take another approach. Inspired by the idea of natural selection, at each gen-

eration the most successful candidate models are allowed to replicate with some level of

mutation. Over many generations this process can yield effective models [8].

With the rise of big data, there has been a simultaneous rise in “data science” across

scientific disciplines, including in the field of biology. Early breakthroughs in biological

data tended to be static, like the sequencing of the human genome. Hence the huge success
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of bioinformatics and structural models. These methods elucidate static features or steady

behavior of living organisms. However, much of life happens far from equilibrium and under-

standing the causative influences in a system requires a dynamic model. The construction

of successful dynamic models in biology is constrained by what we can measure. Data is

necessary both to estimate parameters and to validate model predictions. For validation,

models in mathematical biology typically rely on spatio-temporally resolved data. Advances

in technology (particularly imaging, and time-series -omics data) are generating the appro-

priate data for dynamic models. With increasingly accumulated time-series data, we have

the opportunity to develop dynamics-based approaches based on physical and biological

laws to reveal dynamic features and complex behavior of biological systems

1.3 Organization of thesis

I have organized the remainder of this thesis into three main chapters, each focused on

a particular cellular community of interest. Within each context, I will develop and im-

plement a mathematical method to predict or characterize the collective behavior of that

community. I start with a theoretical example in Chapter 2: synchronization in networks of

coupled oscillators. For these systems, I develop a data-driven method for coarse-graining

heterogenous spatio-temporal dynamics. In Chapter 3, I pivot to thinking about CAR T-

cell therapy for treating cancer. To study this novel therapy with limited available data,

I take a classical modeling approach. I model T-cells and tumor cells as a predator-prey

type system first with an ordinary differential equations model in section 3.2 and then with

a reaction-diffusion model in section 3.3. In Chapter 4 I focus on characterizing patterns

formed by yeast patches. Working with rich data generated from this simple, but pow-

erful model organism I utilize tools from machine learning and classical image analysis to

facilitate highly-powered genetic analysis.
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Chapter 2

SYNCHRONIZATION

In this chapter we leverage data-driven model discovery methods to determine the gov-

erning equations for the emergent behavior of heterogeneous networked dynamical systems.

Specifically, we consider networks of coupled nonlinear oscillators whose collective behaviour

approaches a limit cycle. Stable limit-cycles are of interest in many biological applications

as they model self-sustained oscillations (e.g. heart beats, chemical oscillations, neurons

firing, circadian rhythm). For systems that display relaxation oscillations, our method

automatically detects boundary (time) layer structures in the dynamics, fitting inner and

outer solutions and matching them in a data-driven manner. We demonstrate the method

on well-studied systems: the Rayleigh Oscillator and the Van der Pol Oscillator. We then

apply the mathematical framework to discovering low-dimensional dynamics in networks

of semi-synchronized Kuramoto, Rayleigh, Rossler, and Fitzhugh-Nagumo oscillators, as

well as heterogeneous combinations thereof. We also provide a numerical exploration of

the dimension of collective network dynamics as a function of several network parameters,

showing that the discovery of coarse-grained variables and dynamics can be accomplished

with the proposed architecture.

2.1 Introduction

Data-driven modeling paradigms are an increasingly important tool for the characteriza-

tion of behavior in complex, high-dimensional systems. For instance, Reduced order models

(ROMs) [6] aim to exploit the ubiquitous observation from experiment and/or compu-

tation that meaningful input/output signals in high-dimensional systems are encoded in

low-dimensional patterns of dynamic activity. However, many complex systems of interest

exhibit behavior across multiple temporal or spatial scales, which poses unique challenges

for modeling and predicting their behavior. It is often the case that while we are primar-
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Figure 2.1: Sparse Identification of Nonlinear Dynamics (SINDy) with data-trimming dis-

ambiguates fast-scale versus slow-scale dynamics. (a) For a sample trajectory on the limit

cycle of a Rayleigh oscillator, the trimmed points are those that deviate from the asymp-

totic outer solution. (b) For a sample trajectory on the Rossler attractor, trimming isolates

rapid excursions in the z plane. (c) The dynamics of a network of coupled Fitzhugh-Nagumo

oscillators can be projected onto the first 2 principal components. In this low dimensional

representation, SINDy with trimming isolates intervals of spiking and rapid relaxation.

ily interested in macroscale phenomena, the microscale dynamics must also be modeled

and understood, as they play a central role in driving the macroscale behavior. This can

make dealing with multiscale systems particularly difficult unless the time scales are disam-

biguated in a principled way. There is a significant body of research focused on modeling

multiscale systems to produce coarse-grained descriptions: notably the equation-free (EF)

method[90] for linking scales and the heterogeneous multiscale modeling (HMM) framework

[186]. Additional work has focused on testing for the presence of multiscale dynamics so

that analyzing and simulating multiscale systems is more computationally efficient [52, 53].

Many of the same issues that make modeling multiscale systems difficult can also present

challenges for model discovery and system identification. These challenges motivate the de-
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velopment of specialized methods for performing model discovery on problems with multiple

time scales, taking into account the unique properties of multiscale systems. Specifically,

we integrate dimensionality-reduction, sparse regression, and robust statistics to discover

governing evolution equations for coarse-grained heterogeneous network dynamics as well

as to explicitly disambiguate and model multiscale temporal phenomena (See Fig. 2.3).

The discovery and pairing of coordinates and dynamics is the hallmark feature of scien-

tific modeling. For instance, the second century Ptolemaic description of celestial mechanics

featured an earth-centric coordinate systems with the retrograde planetary dynamics ex-

pressed as linear superposition of circular motion of different frequencies, i.e. the doctrine of

the perfect circle. By Newton’s time in the seventeenth century, the heliocentric coordinate

system was established allowing for an F = ma description of planetary motion with the

inverse square law of gravitation. Thus it is not surprising that methods for jointly finding

coordinates and dynamics have emerged as a central theme in modern data-driven science.

Indeed, there is significant diversity in mathematical approaches for pairing a coordinate

representation with an accompanying dynamical model that characterizes the evolution.

Reduced order models (ROMs) accomplish this pairing by constructing coordinates from the

most dominant correlated activity, or proper orthogonal decomposition (POD) [68, 6], and

then Galerkin projecting on the governing equations [6]. More broadly, modal decomposi-

tion techniques, such as POD and dynamic mode decomposition (DMD) [102], approximate

linear subspaces using dominant correlations in spatio-temporal data [170]. Linear sub-

spaces, however, are highly restrictive and ill-suited to handle parametric dependencies.

Attempts to circumvent these shortcomings include using multiple linear subspaces cover-

ing different temporal or spatial domains [40, 11, 169, 145], multi-resolution DMD [103],

diffusion map embeddings [29, 28, 27, 125], or more recently, using deep learning to com-

pute underlying nonlinear subspaces which are advantageous for dynamics, both linear and

nonlinear [16, 107, 22, 24, 141]. These techniques represent data-driven architectures for

extracting order-parameter descriptions of the underlying spatio-temporal dynamics ob-

served [32].

Such flexibility and diversity in algorithms for the joint discovery of coordinates and

dynamics has allowed for many new representations of physical systems, including in the
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networked dynamical systems of interest here. Specifically, we are interested in modeling

the emergent coarse-grained heterogenous behavior that arises in high-dimensional, net-

worked dynamical systems whose underlying dynamics are strongly nonlinear. In partic-

ular, we consider networks of coupled nonlinear oscillators whose collective behavior ap-

proaches relaxation-oscillation limit cycle dynamics. Recently, oscillatory phenomena have

been coarse-grained into learned and/or collective coordinates (intrinsic coordinates) for

modeling their evolution [86, 58, 21, 164, 119, 131]. Gottwald originally introduced col-

lective coordinates to describe coupled phase oscillators of the Kuramoto model [58], and

then extended the mathematical framework to reduce infinite-dimensional stochastic par-

tial differential equations (SPDEs) with symmetry to a set of finite-dimensional stochastic

differential equations which describe the shape of the solution and the dynamics along the

symmetry group [21]. Shlizerman et al [164] coarse-grained using coordinates associated

with the dominant correlated activity, or singular value decomposition, and projected into

a framework of neural activity measures. Kemeth et al [86] instead learn collective dynam-

ics on a slow manifold, after initial transients have died out, which can be approximated

through a learned model based on local spatial partial derivatives in the emergent coordi-

nates. These works are closely related to the present work, as their aims are well-aligned

with the goals of our method. However, there are key differences. Specifically, we consider

coarse-graining on a system for which regions of fast activity are critical for characterizing

the dynamics, i.e. the dynamics produce temporal boundary layers. In particular, we wish

to learn the dominant balance dynamics that occur in both fast and slow temporal regimes

on network level dynamics.

In this work, we leverage dimensionality-reduction, sparse regression, and robust statis-

tics to discover coarse-grained models of heterogeneous networked dynamical systems. We

consider networks consisting of several types of oscillators and explore how changing the

network structure influences the collective dynamics. Nishikawa et al [131] and Motter

et al [120] consider synchronization of networks, including scale free and small world, as

a function of the homogeneous or heterogeneous distribution of connectivity, showing that

homogeneous networks are more easily synchronized. Here, we focus on aspects of the emer-

gent dynamics that arise from the heterogeneity of the oscillators themselves. Specifically,
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in many regimes, the emergent dynamics exhibit two key features we aim to model: (i) non-

trivial coarse-grained dynamics (relaxation-oscillations), and (ii) temporal boundary layers

(rapid transient dynamics). Specifically, the proposed mathematical architecture discov-

ers parsimonious governing evolution equations for coarse-grained network dynamics and, if

desired, explicitly disambiguates emergent temporal boundary layer phenomena. The devel-

oped algorithm starts simply by projecting onto coordinates associated with the dominant

correlated activity, i.e. by taking the singular value decomposition. We then identify rapid

transition regions associated with transients in the time dynamics of the dominant modes

by applying the sparse identification of nonlinear dynamics (SINDy)) [16] algorithm with

data-trimming [23], which is a standard analysis tool from robust statistics. The governing

equations produced by this stage of the method can be used to describe the full limit cycle.

However, if a more detailed model is desired, the results of trimming are used to segment

the coarse-grained trajectory, separating regions of rapid transition from the slow-temporal

field, which is equivalent to the slow center-manifold considered previously [86, 58]. We then

utilize the SINDy framework again to discover parsimonious governing equations for each

region of the coarse-grained trajectory, constructing a hybrid model for the overall dynam-

ics. Here we apply the full method to a network of coupled Fitzhugh-Nagumo oscillators,

which produce rapid (spiking) behavior. The strongly nonlinear nature of the underlying

agents leads to the existence of temporal boundary layers in the collective dynamics. The

overall architecture allows for a data-driven approach to characterizing dominant-balance

physics [32, 20] and singularly perturbed problems [5, 89, 101], which is a classic technique

for understanding, for instance, boundary layer formation in fluid dynamics.

2.2 Coarse-graining and SINDy for multi-scale systems

Coarse-graining is of broad scientific interest across a diversity of disciplines. Coarse-

graining seeks to determine a set of variables that successfully summarize the detailed

state of a network of interacting agents. Analytical and computational approaches have

long been sought for achieving this end, with the former leveraging the dynamical systems

theory of center manifold reductions, normal forms, bifurcation theory and perturbation

analysis. Indeed, the seminal review of Cross and Hohenberg [32] detail the many mathe-
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Figure 2.2: Overview of SINDy with trimming for discovering fast and slow dynamics

illustrated on the Rayleigh Oscillator. First, data is partitioned by performing SINDy

with trimming. Next, SINDy is applied to the points from each time scale separately.

Subsequently, a combined dynamic model is built which applies the fast or slow model

appropriately at each step depending on the state of the system. Simulated dynamics

closely match the input trajectory.

matical architectures available for deriving order-parameter descriptions, or coarse-grained

models, that characterize the dynamics. More recent computational approaches include sta-

tistical and machine learning algorithms [7, 122] for network clustering, principal component

analysis, and, for instance, algorithms for detecting density (k-core decomposition). The

diversity of methods developed allow for a new coordinate representation for the collective

dynamics. This representation can then be leveraged by model discovery methods such as

SINDy to determine the dynamics on the coarse-grained coordinates.

SINDy recovers parsimonious representations of the dynamics from measurement data

by sparse regression to a library of candidate models [16]. Thus the goal of SINDy is to pro-

mote a parsimonious representation of the complex system by traditional and interpretable

governing equations. Consider the nonlinear dynamical system, which will ultimately be

our coarse-grained representation,

dx

dt
= f(x, t) (2.1)

which is measured at time points t = [t1, t2, · · · , tm]. From measurements, we construct the

matrix X(t) = [x1(t) x2(t) . . . xn(t)] ∈ Rm×n. The method introduced in [16] seeks to
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Figure 2.3: SINDy with trimming for the Van der Pol Oscillator. As with the Rayleigh

example, data is partitioned by performing SINDy with trimming. The trimmed points

(red) are those that deviate from the outer solution (dotted line). Then, SINDy is applied

to the points from each time scale successively. Models are fit to the fast scale dynamics

in the lower half-plane and the upper half-plane separately, but we can see that under the

change of variable x̂ = −x, the resulting equations for ẏ in the gray and red boxes are the

same. Combining these equations in the appropriate regions, the hybrid model can then be

used to simulate the Van der Pol system.

identify f via sequential threshold least-squares, which is a proxy for the sparsifying zero-

norm. The set of n state measurements are used to populate a library of candidate nonlinear

terms Θ(X) = [1⊤ X⊤ (X⊗X)⊤ · · · sin(X)⊤], where x⊗ y defines the vector of all prod-

uct combinations of the state components. Each candidate term should be unique, as a

suitable library is crucial in the SINDy algorithm. A common strategy is start with poly-

nomials and increase the complexity of the library with other terms, such as trigonometric

functions. Thus, the system in (2.1) is approximated by:

Ẋ = Θ(X)Ξ. (2.2)

The time derivatives Ẋ(t) = [ẋ1(t) ẋ2(t) . . . ẋn(t)], if not measured directly, can be found
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via numerical differentiation and should be appropriately de-noised, if necessary (low pass

Butterworth, total variation regularization, etc.) [179]. The coefficients Ξ are the sparse

weightings of the corresponding candidate library terms. Therefore, our regression relies

on sparse regularization to enforce a parsimonious Ξ corresponding to the fewest nonlinear

terms in our library that describe our dynamics well:

Ξ = arg min
Ξ̂
∥Θ(X)Ξ̂− Ẋ∥2 + λ∥Ξ̂∥0 (2.3)

Regressing to the zero-norm is often achieved by relaxing the the one-norm. However,

modern optimization frameworks are allowing for computationally tractable proxies for the

zero-norm that are superior to the one-norm relaxation [23, 195]. SINDy is modular and

adaptible, allowing for modifications which include the discovery of spatio-temporal sys-

tems [160, 163], multiscale dynamics [22], parametric dependencies [158], hybrid dynamical

systems [112], systems subject to control [82, 17], and implicit dynamics [113, 114, 81].

Further, it can be used in the low-data limit [152, 65, 49] and with denoising architec-

tures [159, 80]. The SINDy algorithm, which has an accompanying python package [84], is

the workhorse algorithm for our coarse-graining method.

To disambiguate fast scale dynamics, our coarse-graining method exploits a key extension

of SINDy: data trimming. Modifying Eq. (2.3) to include trimming yields:

Ξ,v = arg min
Ξ̂,v

m∑
i=1

1

2
vi∥(Θ(X)Ξ̂− Ẋ)i∥2 + λ∥Ξ̂∥0

s.t. 0 ≤ vi ≤ 1, 1Tv = h,

(2.4)

where h < m is an estimate of the number of the m input data points that are considered

“inliers.” See the work of Champion et al. for a thorough explanation [23]. After the

SINDy with trimming algorithm is applied, the vector v has lower entries where data points

are harder to fit to a parsimonious model of system dynamics. In systems that exhibit

multi-scale temporal dynamics, these troublesome points often correspond to spikes in the

derivative. Thus, trimming effectively identifies regions of rapid change.

As an example, in Fig. 2.1a we illustrate how data-trimming partitions the limit cycle

of a Rayleigh oscillator: the points which deviate from the slow-scale outer solution are

trimmed, coinciding with the two boundary layers in the limit cycle. Trimming applied
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to Rossler dynamics on a strange attractor identifies rapid excursions in the z-component

of the system (Fig. 2.1b). When applied to a low-rank representation of a network of

spiking Fitzhugh-Nagumo (FHN) oscillators, trimming identifies regions of rapid spiking

and relaxation (Fig. 2.1c). In each of these examples, the trimmed fraction, or 1−h/m, is a

hyperparameter of the method that must be tuned according to the proportion of the input

measurements that appear to belong to regions of fast-scale dynamics. If the fraction is set

too high, then points adjacent to the fast scale dynamics will also be trimmed. Conversely,

if the trimmed fraction is set too low then only a subset of the fast-scale dynamics will be

identified. Another factor to consider in applying this method is that in order to effectively

repurpose an outlier-detection technique from robust statistics to partition our data, the

data must be clean. If the input trajectory is noisy, then data trimming will pull out

the noisy data points and their neighbors, whose derivative estimates are corrupted, and,

possibly, also the desired regions of rapid scale dynamics.

2.3 Hybrid models for relaxation oscillators

The steps of our method for data-driven identification of temporal boundary layer phenom-

ena in relaxation oscillations are outlined on the canonical Rayleigh oscillator in Fig. 2.2.

First, SINDy with trimming is applied to the input trajectory to partition the data. Any

reasonable library can be used at this point, as we only need the output from trimming,

i.e. the vector v from (2.4), not the model coefficients. The entries of v are compared to a

threshold value, and points with entries below the threshold are assigned to the fast-scale

group, Xfast, while points with an entry above the threshold are assigned to the slow-scale

group, Xslow. Next, the locations of the points belonging to Xfast within the phase space

are used to bound the region in which the fast scale dynamics will apply. The bounding box

is formed around each stretch of consecutive trimmed points, and then overlapping boxes

are joined resulting in one region for each segment of the limit cycle displaying fast-scale

dynamics. Points outside of these bounding boxes are assigned to Xslow during simulation.

Then, SINDy is applied separately to data in Xfast and Xslow. For the slow-scale group,

the candidate library of functions is built using x ∈ Xslow. For the fast scale group, the

candidate library of functions is built using x ∈ Xfast. With these two dynamic models in
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hand, and a partition on the phase space determining when each model applies, we can sim-

ulate the system dynamics. At each time step, before calculating an update to the system

position, we check whether the point belongs to Xfast or Xslow. If x ∈ Xfast, then the fast

scale dynamics are used to calculate an update. If x ∈ Xslow, then the slow scale dynamics

are used to calculate an update. Note that the hybrid model is only valid for points on

the limit cycle of the system. In this example, trajectories initiated elsewhere in the phase

space either remain on the line y = 0, approach the line y = 1 in the upper half plane, or

approach the line y = −1 in the negative half plane.

We also demonstrate this hybrid model approach on the limit cycle of a Van der Pol

oscillator exhibiting relaxation-oscillations, as shown in Fig. 2.3. Like the Rayleigh Oscilla-

tor example, we first partition the input trajectory using trimming. Note that the trimmed

points, shown in red, are those points that deviate from the outer solution predicted by

asymptotic approximation theory, shown by a dashed line. We then use the set of trimmed

points to bound the regions of phase space governed by fast scale dynamics, and the re-

maining phase space is considered to be governed by slow scale dynamics. Next we apply

SINDy to data points from the slow scale scale region, fitting the dynamics to a library

that depends on x and includes rational functions. In this case, we fit the dynamics of the

two regions of fast scale dynamics separately, calling those in the lower half plane Xfast−

and those in the upper half plane Xfast+ . For both subsets of data, we fit the dynamics

to a library of cubic polynomials in x and y. We treat the two segments of fast dynam-

ics separately because fitting both regions at once results in an average between the two

desired models that does not approximate either branch fully. We note, however, that the

resulting models for Xfast− and Xfast+ reported in Fig. 2.3, can easily be transformed to

match each other by applying an absolute value sign to x. If such symmetries are clear from

viewing the limit cycle of a system, then the library of candidate functions used in SINDy

could be built using polynomials of |x|, and both regions of fast scale dynamics could be fit

together. Again simulation of the system is accomplished by checking whether the current

state belongs to Xslow, Xfast+ , or Xfast− , making an update with the appropriate dynamic

rules, and then iterating these two steps until the desired time span is covered.
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2.4 Coarse-graining heterogeneous spatio-temporal dynamics

For our coarse-graining method, a reduced-order basis is first derived through the singular

value decomposition [100, 15] (Fig. 2.4) and second, SINDy is deployed to discover the

dynamics in this reduced order basis (Fig. 2.4). If the low-rank dynamics exhibit multiscale

temporal behavior, then SINDy with trimming can be used instead to identify regions of

fast-scale dynamics and fit a hybrid model to the data, facilitating analysis of the dominant

balance physics in distinct dynamic intervals of the collective limit cycle. This method

allows us to tackle coarse-graining for networks displaying heterogenous spatio-temporal

dynamics that are not tractable with analytical approaches. For very high-dimensional

problems, randomized algorithms [48] and compressed decompositions [47] can be exploited

in order to compute the low-rank subspaces more efficiently.

The systems that we consider here are networks of coupled oscillators of the form

dx

dt
= f(x, t), (2.5)

where x(t) = (x1, x2, .., xn) is a vector of state variables, or nodes, and f(x) = (f1(x), f2(x), ..., fn(x))

is a vector of functions encoding the dynamics on each node. The dynamics depend on intrin-

sic properties of each node as well as coupling to neighboring nodes. Neighbors are defined

by a symmetric, unweighted adjacency matrix, A ∈ Rn×n, where the entries Aij = Aji = 1

if node i and node j are connected and Aij = Aji = 0 otherwise. Here we consider Erdos-

Renyi adjacency matrices, so A may be sparse or highly connected as we tune the edge

probability, p. The functions fi(x) could take on any arbitrary form, but we limit our

attention to a selection of well-known oscillators.

Before applying our method to heterogeneous systems, we establish that it is producing

reasonable results by considering a network consisting of Kuramoto oscillators with sinu-

soidal coupling. For the ubiquitous Kuramoto oscillator, the phase of node j, denoted θj ,

is governed by

θ̇j = ωj +
K

n

n∑
i=1

Aij sin(θi − θj). (2.6)

The key parameters besides the aforementioned adjacency matrix, are the connectivity

strength K > 0, and the intrinsic frequency ωj . For each node in the system, ωj is drawn
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Figure 2.4: In appropriate parameter regimes, the dynamics of networked oscillators can

be reduced to a low dimensional representation by taking the singular value decomposition

and projecting the state of the system at each time point onto the first few singular vectors.

Here we illustrate the low-dimensional limit cycle that results for (a) coupled Kuramoto

oscillators with different intrinsic frequencies, (b) coupled Rayleigh oscillators with differ-

ent damping parameters, (c) linearly coupled Rossler oscillators, and (d) linearly coupled

Fitzhugh-Nagumo (FHN) oscillators.
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Figure 2.5: SINDy applied to the low-dimensional representations of network dynamics pro-

duces governing equations which can be used to accurately simulate the low-rank dynamics

over an appropriate time horizon. (a) For a network of Kuramoto oscillators, SINDy pro-

duces a very simple model that remains accurate for long time. (b) For a network of Rayleigh

oscillators, SINDy produces a 3rd order model that comes out of phase after around one

lap of the limit cycle. The discovered dynamics are attracted to a slightly smaller stable

limit cycle than the actual system. (c) For a network of Rossler oscillators, SINDy produces

a model that is linear in two dimensions and second order in the third. The predicted

dyanamics sync up well for a while, but the prediction of spikes in U3 starts to degrade,

impacting the predictions of all three components over time. (d) For a network of FHN oscil-

lators, trimming identifies regions of the limit cycle that correspond with semi-synchronized

spiking. The resulting model is linear in the recovery-variable modes and 3rd order in the

voltage variable modes. Although it is not sparse, the model predicts system dynamics

accurately over a long time horizon.
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from a uniform distribution. Kuramoto oscillators have been widely studied and exhibit a

well-known phase transition from asynchrony below a critical coupling threshold to partial

synchrony above this threshold. The system continues to synchronize more fully as the

coupling parameter is further increased. Panel (a) of Figure 2.4 illustrates the behavior of

a single Kuramoto oscillator as well as the full system dynamics for a network of Kuramoto

oscillators. Note that we are visualising the cosine of the phase. Taking the singular value

decomposition and projecting onto the first few modes reduces the system dynamics to a

stable elliptical limit cycle. Retaining two of these modes and applying the SINDy method

to the 2D limit cycle produces a simple and accurate set of governing equations which can

be used to simulate the system dynamics (Fig. 2.4a, final column). With this friendly,

linear collective behavior no trimming is required to recover useful model equations.

Next, we consider a slightly more complicated system: Rayleigh oscillators with nonlin-

ear coupling. In this case each node follows the second order governing equation

ϵj ẍj = ẋj −
ẋ3

3
− x+

K

n

n∑
i=1

Aij(1 + (xj − xi)
2)(ẋi − ẋj) (2.7)

where ϵj << 1 is drawn from a uniform distribution and again K > 0 is the connectivity

parameter. The nonlinear coupling strategy, termed Haken-Kelso-Bunz (HKB) coupling,

was introduced to study human bimanual experiments and applied to data capturing the

synchronization of people rocking chairs by Alderisio et al. [3]. In numerical simulations,

we observe partial synchrony in these systems when there is sufficient coupling (Fig. 2.4b).

This collective behavior is captured by a nonlinear limit cycle in the low-dimensional repre-

sentation. Applying SINDy to the 4D projection with trimming pulls out regions of rapid

relaxation along the direction of U4 and produces a model that is linear in U1 and U2 and

cubic in U3 and U4. Here each oscillator has an intrinsic ϵj on the order of 10−3. The multi-

scale nature of the collective system dynamics is evident in the fact that the coefficients

learned for modes U2 and U4 are much higher than those learned for U1 and U3. With a

distribution of ϵ values centered closer to 1, we would see a smaller gap between scales as

1/ϵ → 1. Comparing the trajectory predicted by the model against the true low-rank tra-

jectory of the system (final column of Fig. 2.4), we see that after one lap of the limit cycle,

the prediction gets out of phase with the true trajectory. The SINDy model is attracted to
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a smaller stable limit cycle parallel to the true dynamics. Applying this method to systems

with larger values of ϵ, i.e. systems for which the boundary layers are less sharp, results in

model dynamics that stay on track for longer time.

We also demonstrate our method on a network of Rossler oscillators with sinusoidal

coupling. In this case each node has 3 state variables governed by

ẋj = −yj − zj +
K

n

n∑
i=1

Aij sin(xj − xi)

ẏj = xj + ayj +
K

n

n∑
i=1

Aij sin(yj − yi)

żj = b+ zj(xj − c) +
K

n

n∑
i=1

Aij sin(zj − zi)

(2.8)

The parameters (a, b, c) are uniform across all nodes in the network for a given run. In

the example shown in Fig. 2.4c, (a = 0.2, b = 0.2, c = 5.7). The trajectory of each node

is drawn to a similarly shaped strange attractor, however the attractors may be translated

in phase space depending on the initial condition of the node. The nodes of the network

largely synchronize phases and frequencies in their x component, synchronize frequencies

of their y component, and partially synchronize the timing of excursions in the z compo-

nent. Projecting onto the first three singular vectors, the system lands on an attractor

that resembles a Rossler attractor with a few differences. Specifically, the attractor is tilted

slightly with respect to the axes, so there is a background oscillation rate in U3. Due to

this tilt, the U3 “excursions” also disrupt the background activity along U1 and U2 slightly.

Applying SINDy with trimming to this low-dimensional trajectory results in a linear model

for U1 and U2 and a dense cubic equation for the dynamics of U3. Because the attractor

for the collective dynamics is tilted in the SVD-space compared to an attractor for a single

Rossler oscillator, these cross terms are necessary to capture the background frequency and

the excursions. Observe that trimmed points are mostly spikes along the U3 direction. In

this case, the model predictions and the true trajectory match up very well for time steps

that were used in the SVD projection initially. However, about time 80 in Fig. 2.4c you

can start to see that the model prediction is deviating from the true trajectory–capturing

less of the U3 excursions. Continuing to predict beyond the training data, the model still
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produces dynamics that resemble a collective Rossler oscillator but they lose fidelity to the

true system dynamics.

The last type of oscillator that we considered were linearly coupled Fitzhugh-Nagumo

oscillators. This simplified model of a neuron has two state variables: a voltage variable

which displays rapid spiking and relaxation under an external stimulus and a slower recovery

variable. Each FHN node is governed by the pair of equations

v̇j = α3v
3
j + α2v

2
j + α1vj − wj +

K

n

n∑
i=1

Aij(vj − vi)

ẇj = cvj − bwj +
K

n

n∑
i=1

Aij(wj − wi).

(2.9)

For these simulations we use parameters α = (−0.1, 1.1,−1), c = 0.1, and b = 0.1 as studied

in [164]. This combination yields semicoherent spiking behavior across the network (Fig.

2.4d). In the raster plot of the network, we see that subsets of the nodes are firing together.

The limit-cycle that emerges from projecting this onto 3 SVD modes has a distinctive

triangular shape. Each edge appears to result from the spiking of a different subset of

nodes. Note that for different parameter values, the system may cease spiking and settle

to a steady state or spiking may be more chaotic. For this system we projected to low

dimensions by taking the SVD of the voltage and the recovery variables within the nodes

separately. U1, U2 and U3 are the first three modes in the voltage variable. U4, U5, and

U6 are the first three modes in the recovery variable. Applying SINDy with trimming to

this highly nonlinear, 6-dimensional limit cycle yields a model that is linear in the recovery

variables and cubic in the voltage variables. The model predictions and the true dynamics

of the system match up very well even over long time horizons (Fig. 2.4d).

The multiscale nature of the limit-cycle in the low-rank representation of our FHN

network makes it a prime candidate for building a hybrid model. After the network dynamics

are reduced to 6 dimensions, we can apply the same steps as outlined for the Rayleigh and

Van der Pol oscillators. First, we apply SINDy with trimming. Trimming identifies regions

of fast-scale dynamics along directions U1 through U4, which correspond to the three subsets

of partially synchronized oscillators firing. In the low-rank dynamics these are the three

corners of the triangular limit-cycle on the recovery modes and the three edges of the limit-
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cycle on the voltage modes (Fig. 2.6a). Along the limit cycle, alternating segments of fast

and slow scale dynamics are used to partition phase-space into 6 regions, each of which has

unique dominant-balance dynamics. So rather than just Xfast and Xslow, we have X1
fast,

X2
fast, X

3
fast, X

1
slow, X

2
slow, and X3

slow. These six intervals are color coded in Fig. (2.6b).

The derivatives of the low-rank state variables in each of the six regions are fit using a linear

library. We can see that the slow dynamic regions (blue, orange and yellow) show great

agreement in all variables. The fast dynamic regions are also well matched in the recovery

modes, 4,5 and 6. The fit is not as clean at the ends of each fast region in the voltage

modes, 1, 2 and 3. The coefficients for the 6 dynamic models can be used to assess the

system behavior within each region (2.6c).

2.4.1 Heterogenous oscillator networks

By considering networks of nodes displaying relaxation-oscillations and chaotic dynamics,

we demonstrated the power of this method to disambiguate and capture spatio-temporal

heterogeneity. However, we are not limited to networks consisting of a single type of os-

cillator. We can enhance the heterogeneity of the system by mixing two or three types of

oscillators together in one network and apply the same coarse-graining method (Fig. 2.7

and 2.10).

As a case study on networks of two types of oscillators, we coupled together nK nodes

governed by Kuramoto dynamics and nF nodes governed by FHN dynamics where nK+nF =

100. When coupling FHN nodes to Kuramoto nodes equations (2.6) and (2.9) apply to the

appropriate subset of nodes in the system, except that FHN nodes are coupled to the

sine of the Kuramoto node to maintain a consistent scale. For visualization purposes we

ordered the system such that the first 1, .., nk nodes are Kuramoto and the next nk +

1, ..., 100 are FHN. The adjacency matrices for these simulations are Erdos-Renyi graphs

with connection probability p = 0.2. The FHN parameters are α = (−0.1, 1.1,−1), c = 0.1,

and b = 0.1 with connectivity strength KF = 0.2. The intrinsic frequencies for Kuramoto

oscillators are drawn from a uniform distribution centered at 0.6, so the population would

naturally oscillate much more quickly than the FHN firing rate. The connectivity strength
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Figure 2.6: SINDy with trimming can be used to build a linear hybrid model for the low-

rank dynamics of an FHN network. (a) Trimming identifies regions of rapid change along

directions U1 through U4, which corresponds to the corners of the triangular limit-cycle in

the recovery modes U6 and U5. (b) The alternating segments of fast and slow scale dynamics

along the limit cycle are used to partition phase-space into 6 regions with unique dominant-

balance dynamics. (c) The derivative of each low-rank state variable in each of the six

regions are fit using a linear library. The slow dynamic regions (blue, orange and yellow)

show great agreement in all variables. The fast dynamic regions are also well matched in

modes the recovery modes, 4,5 and 6. The fit is not as clean in the voltage modes, 1, 2 and

3. (d) The coefficients for the 6 dynamic models can be used to assess the system behavior

within each region.
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for Kuramoto oscillators is KK = 10, so this bloc also synchronizes more quickly than the

FHN bloc.

With this set of parameters, we can simulate many different network instances at all

possible ratios of Kuramoto to FHN oscillators. When nK = 0, the system matches the all

FHN network discussed previously with collective dynamics landing on a triangular limit

cycle. When nK = 100, the system matches the all Kuramoto network, with low rank

dynamics attracted to a stable, elliptical limit cycle. For ratios in between the low-rank

dynamics evolve from the triangular FHN cycle to the elliptical Kuramoto cycle (Fig. 2.7).

When nK ∈ [1, 40], the FHN bloc dominates the collective dynamics and the Kuramoto

oscillators synchronize to what is typically the third mode of the FHN network. As the

number of Kuramoto oscillators increases, this strengthens the influence of the third mode,

widening the variation in this direction and rounding out the sharp corners of the triangular

cycle. When the numbers of Kuramoto and FHN nodes are more equal, around nK ∈

[40, 60], the system dynamics often collapse to a stationary state over time. Then continuing

to increase nK into the range [60, 70], there is a window of interesting mixed dynamics. In

this range, the Kuramoto bloc sets the pace for a background pulse that is shared across

all nodes, including the FHN nodes. However, the FHN nodes still fire periodically. The

corresponding low rank dynamics always have a dominant oscillatory first mode. For some

networks, the FHN recovery periods stretch the period of the Kuramoto oscillators, and so

an echo of the FHN triangle is captured in modes 2 and 3 as shown in Fig. 2.7c. In other

cases, the Kuramoto oscillators are not strongly entrained to the FHN firing, so the second

mode is also oscillatory and mode 3 captures chaotic oscillations. These collective dynamics

land on a figure-8 shaped attractor. Finally, increasing nK still further into the range [70, 90]

causes the Kuramoto bloc to dominates as it entrains the FHN nodes to pulse at the mean

Kuramoto frequency. These synchronized oscillations are well captured by a curved ellipse

in the SVD projection. The collective low-rank dynamics appear almost entirely Kuramoto-

like, ie. follow an elliptical limit cycle, beyond nk = 90. In this example, we thoroughly

explored the dynamics observed for one set of parameters on a mixed Kuramoto-FHN

network. However, many other potential parameter sets could be considered and would

lead to different collective dynamics.
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For each ratio of nK to nF and this fixed set of parameters, we estimated the dimensions

of the collective dynamics by calculating the number of SVD modes required to reconstruct

the network dynamics to 90, 95, and 99% accuracy with respect to the Frobenius norm.

This estimate was repeated for 1000 network iterations at each ratio, and the mean and

standard deviation were calculated (Fig. 2.7). The expected dynamic dimension of the

network is the highest when the FHN bloc is dominant. It is low around a 50:50 ratio

when the system often goes to a steady state and again above nK = 90 when the Kuramoto

bloc fully dominates. There is a jump in dimension for the window around nK = 60 to

70 where we see the system exhibiting collective dynamics that are a fairly even balance

between the two styles of oscillator. These estimates of the dynamic dimension give a hint

as to how many modes need to be used when fitting a SINDy model to the collective limit

cycle. In Fig. 2.8, we apply our coarse graining method to produce models for the example

in panels (a) and (d) of Fig. 2.7. For the network in panel Fig. 2.8a, which is mostly

dominated by Kuramoto oscillators, though the FHN influence makes the limit cycle non-

linear, our method produces a stable model that can be used to predict network dynamics

over a long time period. The first mode is quite dominant, we see much larger coefficients

on these dynamics compared to the other two modes. In contrast, to accurately fit the

derivative for the network that is FHN dominated, we need 9 modes and a cubic library.

In this case the SVD was applied to the Kuramoto and the FHN blocs separately, akin to

learning coarse grained variables for subsets of the nodes in a network as in the method

of Antonsen and Ott [136]. The voltage variables of the FHN nodes and the Kuramoto

operate on a fast scale, whereas the recovery variables of the FHN nodes operate on a

slow scale. The recovered model fits the derivative well, however it is unstable. This is an

inherent challenge in the standard SINDy implementation, which can be addressed through

further modifications that ensure model stability. There are several stabilization approaches

introduced in [39, 65]. In addition to varying the ratio of Kuramoto to FHN oscillators, we

also estimated the dimension of collective network dynamics as a function of other network

parameters. We tested a wide range of network connectivities and differed the scale between

the FHN and Kuramoto oscillations. These explorations are mapped out in Figure 2.4.1.

Note that the white dotted line indicates the parameter set that was illustrated in Fig. 2.7:
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the mean Kuramoto frequency is 0.6, the connectivity threshold (1 minus the connectivity

probability) on the adjacency matrix is 0.8, and the Kuramoto connectivity strength is 10,

while nK ∈ [0, 100]. When constructing these figures, the dimension of a given instance of

a network was estimated by simulating the network until time t = 2000, taking the SVD

of the system dynamics from time t = 1000 onwards, and then calculating the number of

singular values required to retain 90, 95 and 99% accuracy in reconstruction. Imposing a

time delay before computing the SVD allows the system to settle onto the long-term limit

cycle, so our estimate of the dimension discounts the early transient behavior of the system.

For a given parameter set, 1000 instances of independent networks were simulated and the

average dimension for each accuracy threshold was calculated. As we change two parameters

defining the network structure and two parameters defining the Kuramoto nodes’ internal

dynamics, we observe wide variation in the typical dimension of the collective dynamics.

Starting in the top row of Figure 2.4.1, we see that the dimension of the collective

dynamics increases sharply with the mean Kuramoto frequency when the ratio nK : nF is

around 1. At higher frequencies, the intrinsic Kuramoto dynamics are on a very different

time scale than the instrinsic FHN dynamics so we no longer achieve entrainment of one

group by the other for equal size blocs. There is a narrow region of low dimension that

persists for oscillator ratios above 50 up to a mean frequency of about 1. This is the region

in which many system instances go to a steady stationary state. When the Kuramoto bloc is

dominant, the dimension does not vary significantly as the mean frequency changes because

the oscillators synchronize to one speed; no matter how fast or slow that speed is, the

dynamics will be low-dimensional. When the FHN bloc is fully dominant, the dimension

does not vary significantly with the kuramoto oscillator frequency because the dynamics of

all nodes are driven almost exclusively by coupling to the FHN nodes.

In the second row of Figure 2.4.1, we vary the connection probability, p, when construct-

ing the adjacency matrix for the network. As the connectivity threshold, 1 − p, increases,

the coupling across all nodes is weakened until the network becomes disconnected. In the

upper half of these maps, when the collective dynamics are dominated by Kuramoto oscil-

lators, we observe the phase transition from a synchronized or semi-sychronized state with

dimension less than 3 to an asynchronous state with dimensions well above 10. This transi-
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Figure 2.7: Systems of coupled heterogenous oscillators also display low-rank dynamics

which can be coarse-grained via the SVD. Here we illustrate dynamics of networks mixing

Kuramoto and FHN oscillators in different ratios. Networks without Kuramoto oscillators

resemble the FHN behavior shown in Fig. 2.4, whereas networks with 100% Kuramoto

oscillators have the same exact behavior as the Kuramoto system shown in Fig. 2.4. When

the number of Kuramoto oscillators increases above zero, the Kuramoto oscillators synchro-

nize to what is typically the 3rd FHN mode. This causes the system behavior to develop

a progressively stronger pulse along one dimension compared to the purely FHN-like cy-

cle. Eventually, around a 50-50 Kuramoto-FHN split, the majority of simulations progress

towards a stable steady state rather than sustaining oscillations. Then as the number of

Kuramoto oscillators increases again, there is an interesting region where sometimes the

system dynamics resemble those shown in (c) with a dominant oscillatory first mode and

the echo of the FHN triangular cycle in modes 2 and 3. Other times the behavior lands

on a figure-8 like attractor. As the number of Kuramoto oscillators continues to increase

past 70, their combined signal dominates, inducing synchronous low amplitude oscillations

in the FHN nodes. One thousand simulations were run for each ratio of Kuramoto to

FHN oscillators and the dimension of the resulting dynamics was estimated by tracking the

number of modes needed to capture 90, 95, and 99% of the Frobenius norm. The mean

“dimensions” as defined by each threshold are shown by solid lines and the corresponding

standard deviations are shaded.
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Figure 2.8: SINDy can be applied to the low-rank representation of collective dynamics of

mixed FHN-Kuramoto networks. (a) In cases where the collective dynamics are quite low-

dimensional and relatively simple, a stable model is recovered. (b) However, for a network

with higher intrinsic dimension to its dynamics that is navigating a highly non-linear limit

cycle, we may need to use many modes to accurately match the derivative and the resulting

models may be quite dense.



39

tion is apparent as a black region for high nK and high connectivity thresholds because the

dimension is increasing so rapidly that the contour lines are on top of each other. When

FHN nodes make up a significant amount of the population, this rapid jump in dimension is

ameliorated because as FHN nodes become disconnected, they lose the driving force needed

to maintain tonic spiking instead relaxing to a stable steady state. The constant signal from

the FHN nodes reduces the overall dimension of the system. When FHN nodes dominate

the system (nK < 20), there is a phase transition from tonic spiking behavior for connec-

tivity thresholds in the range [0.7, 0.9) to a constant steady state above 0.9, again visible as

a black region where contour lines are on top of each other in the 99% plot.

Finally, we examined the dimension of network dynamics as we varied the connectivity

strength amongst the bloc of Kuramoto oscillators (Fig. 2.4.1, row 3). In this case higher

values of KK indicate stronger coupling and higher synchronization within the Kuramoto

bloc. Lower connectivity leads to higher dimension collective dynamics and higher connec-

tivity leads to lower dimension collective dynamics if the number of Kuramoto oscillators is

above 1. As with the connectivity threshold, we observe a sharp phase transition between

partial synchronicity and asynchronicity as a black region on the maps when nK > 50.

For smaller values of nK the transition is more gradual because the FHN modes are well-

connected and offset the chaotic firing of the Kuramoto bloc. When nK is very small, the

dynamic dimension is independent of KK because the FHN dynamics are fully dominant.

We also applied our coarse-graining method to networks consisting of three different

types of oscillators: Kuramoto, FHN, and Rossler. With this level of heterogeneity, the pos-

sible sets of network parameters to consider quickly grows, making a thorough exploration

intractable. However, for some parameter regimes and initial conditions we demonstrate

that the collective dynamics are low-dimensional and can be captured by a small number

of SVD modes. Possible behaviors include high frequency, low amplitude background os-

cillations with periodic high amplitude spikes across the full system (Fig. 2.10a), FHN-like

semi-synchronized spiking with Rossler oscillators adding higher-frequency oscillations dur-

ing the relaxation period (Fig. 2.10b), or a repeated high-frequency, nonlinear oscillation

at a low amplitude across the Kuramoto bloc (Fig. 2.10c). In each of these examples, we

can apply SINDy with trimming to isolate regions of differing dynamics. In panel (a) from
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Figure 2.9: The typical dimension of dynamics for systems of coupled Kuramoto and FHN

oscillators is a function of several system parameters: the ratio of Kuramoto to FHN oscilla-

tors in the network, the mean intrinsic frequency of Kuramoto oscillators, the Erdos-Renyi

connectivity threshold used to construct the adjacency graph, and the connectivity strength

among the Kuramoto oscillators. For each parameter combination, one thousand indepen-

dent systems were simulated and the mean number of modes needed to capture 90%, 95%,

and 99% of the Frobenius norm was calculated. In row 1, observe that as the mean frequency

of the Kuramoto oscillators increases, the dimension of systems with substantial numbers

of both Kuramoto and FHN nodes increases. However, systems that are dominated by

Kuramoto-type behavior remain low dimensional across all frequencies. In row 2, note that

as the connectivity threshold increases (coupling is universally weaker) the Kuramoto dom-

inant networks rapidly jump in dimension reflecting the bifurcation between synchronicity

and asynchronicity in the system. On the other hand, the FHN-dominant networks actually

decrease in dimension as coupling weakens because without sufficient input from neighbors,

these nodes will cease spiking. The third row shows variation in the connectivity specifically

within the Kuramoto population. In this case higher connectivity strength means a more

connected Kuramoto bloc. Again, as connectivity weakens the dimension of Kuramoto-

dominant systems increases sharply below a threshold around 2.5. For networks with small

numbers of Kuramoto oscillators, the system dimension stays fairly constant as the con-

nectivity strength changes because the FHN bloc is dominant and remains unaffected. The

white dotted line indicates the parameter regime explored in Fig. 2.7.
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Figure 2.10: Heterogenous oscillator networks mixing Kuramoto, FHN, and Rossler nodes

can also display low rank dynamics in certain regimes. Here we show several examples and

the corresponding limit cycle resulting from projecting the system onto its first 3 singular

vectors. SINDy with trimming again partitions the trajectory into fast vs. slow-scale

dynamics. (a) All nodes across the system synchronize to a background frequency with low

amplitude, on top of which there are periodic large spikes. Trimming pulls out the rapid

relaxation following these large spikes and the steepest portion of the spike. (b) When the

majority of the nodes are FHN, the system is dominated by FHN-like behavior. However,

for this system there are small spikes along the three corners of the FHN-cycle resulting from

the Rossler nodes. Trimming identifies the contribution of the Rossler nodes to the overall

limit cycle. (c) Here Kuramoto oscillators dominate system behavior, but oscillations are

damped because the FHN nodes have settled to a steady state. This produces an elegant

non-linear limit cycle. Trimming pulls out regions of rapid change along U1.
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Fig. 2.10, the points corresponding to the universal rapid relaxation across the system are

trimmed along with the steepest portion of the collective spike. In panel (b) from Fig. 2.10,

the low dimensional dynamics look like the now familiar triangular FHN limit cycle, but

there are irregular oscillations allow the corner wings of the triangle. There portions seem

to be contributed by the small bloc of Rossler oscillators in the system and are precisely

the points picked out by trimming. In panel (c) from Fig. 2.10, trimming identifies regions

of rapid change along the U1 dimension, while U3 is constant and U2 is nearly constant.

2.5 Discussion

Modeling heterogeneous, multiscale physics remains a mathematically challenging propo-

sition. Indeed, traditional computational techniques quickly become intractable when at-

tempting to resolve such systems in both space and time. Emerging data-driven methods are

enabling new mathematical architectures that can automate the discovery of coarse-grained

coordinates and dynamics that are low-dimensional and parsimonious. This renders ap-

proximate models that allow for rapid evaluation of the heterogeneous, multiscale physics.

More than that, these techniques can also be constructed to produce interpretable physics

models.

We have proposed a set of algorithms for modeling heterogeneous, high-dimensional net-

worked dynamical systems. Specifically, we have leveraged dimensionality-reduction, sparse

regression, and robust statistics to discover interpretable, coarse-grained models of the un-

derlying physics. The method further allows us to disambiguate between the resulting fast

and slow scale dynamics of the system. Used in combination, these methods are able to: (i)

identify low-dimensional embeddings (coordinates) on which to construct models, (ii) iden-

tify different time scales using the statistical robustification technique of data trimming, and

(iii) identify interpretable parsimonious models of the coarse-grained dynamics at different

timescales.

The mathematical architecture has been demonstrated with a series of numerical experi-

ments on networked nonlinear oscillators. The oscillators, whether a single type of oscillator

or a heterogeneous set of oscillators, evolve and interact to produce low-rank dynamics that

often include relaxation oscillations. The literature is largely devoid of the consideration of
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such systems due to their complexity. However, the mathematical architecture developed

here is able to extract meaningful models even with such high-dimensional heterogeneous

interactions.
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Chapter 3

UNCONTROLLED GROWTH

3.1 CAR T-cell therapy

Cancer arises from the mutation of one or more cells leading to uncontrolled, malignant

growth. There are many forms of cancer depending on the tissue in which said mutation

occurs and the nature of that mutation, each constituting it’s own disease and requiring a

particular treatment. Cancer treatment plans often draw upon multiple treatment modal-

ities, including surgery, radiation, chemotherapy, and immunotherapy, in order to combat

disease [117, 118, 140, 91, 190]. Immunotherapies aim to enhance the body’s natural de-

fense mechanisms against tumor cells. Immunotherapy approaches include injections of

molecules that promote immune activity like interleukins, antibodies, checkpoint inhibitors,

and vaccines, as well as adoptive cellular therapies (ACT) in which T-cells are isolated from

the patient, expanded ex vivo, and then reintroduced into the patient [98].

Advances in gene-editing during the 1990s enabled a new type of ACT in which a pa-

tient’s T-cells are genetically engineered to recognize markers displayed on the surface of

tumor cells [4]. These genetically engineered T-cells, called CAR T-cells, were first reported

to effectively eradicate lymphoma cells in a murine model in 2010 [96]. Following this break-

through, CAR T-cell therapy showed dramatic success against lymphomas and leukemias

in a series of clinical trials with complete remission rates in the range of 65-90% [4]. In late

2017 the FDA approved two CAR T-cell therapies for treatment of relapsed and refractory

Acute Lymphoblastic Leukemia and for diffuse large B-cell lymphoma [79]. Continued

advances in T-cell engineering, genetic editing, selection of targets, and cell manufacturing

have the potential to broaden applications of CAR T-cell therapy to treat diseases beyond

leukemia and lymphoma [4, 14, 146].

Although CAR T-cell therapies show great promise in the fight against cancer, there

are multiple challenges hindering their universal adoption, including potentially fatal in-
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flammatory side effects that occur in up to 10% of patients who have positive responses

to the infusion [146]. The toxic side effects of CAR T-cell therapy include neurologic ef-

fects, B-cell aplasia, and Cytokine Release Syndrome (CRS), ranging in severity from mild

flu-like symptoms to death. Studies associate higher levels of tumor burden at the time of

treatment with more serious side effects [14].

Under current medical practice, care providers administer a lymphodepleting round of

chemotherapy prior to CAR T-cell injections in order to increase efficacy and reduce side

effects of treatment [111]. It has been hypothesized that by reducing tumor burden and

the number of normal immune cells, chemotherapy allows CAR T-cells to proliferate and

overcome the cancer cells more easily. Though the use of such preconditioning regimen

is common, the optimal combination of chemotherapy and CAR T-cells has not yet been

determined. A mathematical model illustrating how these two forms of treatment interact

for any given patient could help address this question. This motivated the development of

an ODE model for CAR T-cell therapy accounting for patient preconditioning presented in

section 3.2.

The success of CAR T-cell therapies in combating previously untreatable hematologic

malignancies has generated significant interest in adapting CAR T-cell technology to treat

solid tumors [54]. Advances in CAR T-cell specificity [25], endurance [185], and trafficking

[70, 55] are being pursued in order to overcome the challenges presented by the complex

biology of solid tumors. Clinical trials are underway testing the safety and efficacy of CAR

T-cell treatment for glioma (NCT03423992), breast cancer (NCT02792114), liver cancer

(NCT02932956), and non-small cell lung cancer (NCT04025216) among others. As the

reach of CAR T-cell therapy expands to solid tumors, questions arise that the ODE model

developed in section 3.2 is not suited to address.

When considering the treatment of solid tumors, we cannot assume that cell populations

are well-mixed throughout the course of treatment. It has been observed through in vivo

experiments and early stage clinical trials that the failure of systemically administered CAR

T-cells to penetrate into the center of the tumor can be a mode of tumor escape [70]. A

model which accounts for spatial variation in cell concentration is necessary in order to

gain insight into how the geometry of the delivery of CAR T-cells impacts their effect on a
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solid tumor. This motivated the development of the reaction-diffusion model of CAR T-cell

therapy for solid tumors presented in section 3.3.

3.2 ODE Model for CAR T-cell Therapy with Patient Preconditioning

The Federal Drug Administration (FDA) approved the first Chimeric Antigen Receptor T-

cell (CAR T-cell) therapies for the treatment of several blood cancers in 2017, and efforts are

underway to broaden CAR T technology to address other cancer types. Standard treatment

protocols incorporate a preconditioning regimen of lymphodepleting chemotherapy prior

to CAR T-cell infusion. However, the connection between preconditioning regimens and

patient outcomes is still not fully understood. Optimizing patient preconditioning plans

and reducing the CAR T-cell dose necessary for achieving remission could make therapy

safer. In this section, we test treatment regimens consisting of sequential administration of

chemotherapy and CAR T-cell therapy on a system of differential equations that models the

tumor-immune interaction. We use numerical simulations of treatment plans from within the

scope of current medical practice to assess the effect of preconditioning plans on the success

of CAR T-cell therapy. Model results affirm clinical observations that preconditioning can

be crucial for most patients, not just to reduce side effects, but to even achieve remission

at all. We demonstrate that preconditioning plans using the same CAR T-cell dose and

the same total concentration of chemotherapy can lead to different patient outcomes due

to different delivery schedules. Results from sensitivity analysis of the model parameters

suggest that making small improvements in the effectiveness of CAR T-cells in attacking

cancer cells will significantly reduce the minimum dose required for successful treatment.

Our modeling framework represents a starting point for evaluating the efficacy of patient

preconditioning in the context of CAR T-cell therapy.

3.2.1 Model Formulation

Here we formulate a model of the tumor-immune interaction by updating Kuznetsov’s influ-

ential 1994 model [104]. Our goal is to incorporate CAR T-cell treatment, chemotherapy,

and experimentally validated interaction terms while maintaining the simplicity of low-

dimensional models of tumor-immune interaction. In order to make useful suggestions about
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potential treatment plans, we require our model to meet reasonable biological assumptions.

With appropriate parameter values, we expect to observe

• Uncontrolled growth of tumor cells in the absence of immune response,

• Immune cells reduce the number of tumor cells,

• Both immune cells and tumor cells decrease under chemotherapy.

In addition, we want the model to reflect that additional immune cells are activated

and recruited by interactions between cancer cells and immune cells. The activation of

tumor-killing cytotoxic T-cells is dependent on interactions between surface molecules on

the T-cell and a tumor cell. Once activated, a T-cell undergoes clonal expansion, increasing

the number of cells specific for the target antigen that can then travel throughout the body

in search of antigen-positive tumor cells [62, 166]. Additional T-cells may also be activated

by fragments of tumor cells that have been lysed by other cells [71].

The model should also reflect the results of CAR T-cell therapy studies, which have

observed that sufficient lymphodepletion is an important factor in determining a durable

response to treatment [95]. We expect there to be some level of competition between

endogenous effector cells and CAR T-cells, because both rely on cytokines such as interleukin

7 (IL7) and IL15, to proliferate [156].

Finally, we want our model to reflect that immune cells can become inactivated through

repeated interaction with tumor cells. Upon repeated exposure to tumor cells some T-cells

experience exhaustion, an altered functional state in which they cannot effectively attack

foreign cells [172].

We started from Kuznetsov’s model, which includes only one group of activated im-

mune cells or “effector” cells rather than multiple subpopulations of endogenous immune

cells [104]. Kuznetsov’s model is

dT

dt
= aT (1− bT )− dET, (3.1a)

dE

dt
= g −mE + jE

T

k + T
− qET, (3.1b)
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where T (t) is the population of tumor cells at time t and E(t) is the population of effector

cells at time t. For our model, we introduce a third equation to model the population of CAR

T-cells and a fourth equation to model the concentration of chemotherapy. By including

time-dependent source terms in these equations, we will be able to test treatment plans

combining different CAR T-cell doses and lymphodepleting chemotherapy regimens. We also

replace the second term in Eq. (3.1a) and the third term in Eq. (3.1b) with experimentally-

validated, ratio-dependent interaction terms which [37] demonstrated achieve a better fit

to experimental data from cytotoxicity assays compared to simpler, classical choices such

as mass action or Michaelis-Menten (which are used in the Kusnetsov model). We chose to

adopt their novel interaction terms into the Kuznetsov model, rather than working with de

Pillis et al.’s 5-equation model system, in order to focus on the minimal set of equations

that would produce desired biological behaviors.

At time t, let T (t) be the number of tumor cells, E(t) be the number of endogenous

effector cells, C(t) be the number of CAR T-cells, and M(t) be the concentration of a

chemotherapy drug. The model system with treatment is

dT

dt
= aT (1− bT )−DE −DC −KT (1− e−M )T (3.2a)

dE

dt
= g −mEE − jE ln

(
E + C

K

)
D2

E

k +D2
E

E − qEET −KE(1− e−M )E (3.2b)

dC

dt
= vC(t)−mCC − jC ln

(
E + C

K

)
D2

C

k +D2
C

C − qCCT −KC(1− e−M )C (3.2c)

dM

dt
= vM (t)− γ M (3.2d)

where

DE = dE
(E/T )l

s+ (E/T )l
T and DC = dC

(C/T )l

s+ (C/T )l
T. (3.3)

In the absence of treatment and effector cells, tumor cells grow logistically towards a

carrying capacity of b−1. In the absence of tumor cells, effector cells are produced at a fixed

rate, g, and decay at a rate proportional to the population, mEE.

Endogenous effector cells and CAR T-cells kill tumor cells according to a ratio-dependent

tumor cell death term, DE and DC respectively, proposed by de Pillis et al. (2005). Nu-
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merous studies indicate that percent cell lysis is a function of the ratio of effector immune

cells to tumor cells [184, 192]. In modeling the anti-tumor activity of CD8+T-cells, de Pillis

et al. (2005) considered the behavior of cells with a range of antitumor activity, from non-

transduced cells, which have not been exposed to a target antigen and thus only mount a

non-specific immune response, to primed CD8+T-cells which have previously been exposed

to the target antigen and mount a highly effective immune response. The authors found

that the more effective the immune cells are at lysing their target cells, the more they

follow a rational law dynamic. They speculated that this is because the highly effective

cells operate closer to the saturation regime than other types of immune cells. Because we

are modelling adoptive cellular therapies, which have shown very high anti-tumor activity

[83, 184], this is an important model feature. For further exploration of the tumor cell

lysis rate and how associated model parameters impact trajectories please see Appendix C:

Numerical Simulations and Sensitivity Analysis.

Effector cells and CAR T-cells are both recruited at a rate dependent on tumor cell lysis

through a modified Michaelis-Menten term, jED
2
EE/(k+D2

E) and jCD
2
CC/(k+D2

C) respec-

tively. This recruitment term is then scaled by a competition factor − ln((E+C)/K), which

limits the proliferation of immune cells when the size of the combined immune population

approaches the carrying capacity, K. This competition factor, adopted from a CAR T-cell

therapy model proposed by Kimmel et al. (2019), reflects the fact that there is a limited

amount of immunological “space” which effector cells can occupy. The inactivation of im-

mune cells upon exposure to tumor cells is incorporated through mass-action terms, qEET

and qCCT , capturing the phenomenon of immune-cell exhaustion [172]. Model parameters

are defined in Table 1, and for details of parameter selection, please refer to Appendix B.

We have incorporated CAR T-cell therapy into the model by including a governing

equation for the engineered cell population [92, 162]. The dynamics for the CAR T-cell

population consist of the same functional forms as the endogenous effector cells except that

instead of a constant source term, CAR T-cell injections of dose level P are modeled as a
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one-time increase in the number of engineered effector cells, vC(t), where

vC(t) =


0 if t ̸= injection time

P if t = injection time.

(3.4)

By separating the dynamics of the endogenous effector cells from the engineered CAR T-

cells, we are able to use different parameter values to define each population and incorporate

competition between the two types of cells, creating a flexible framework to consider different

adoptive cellular therapies.

Following the method of [36], we also introduced a governing equation for the chemother-

apy drug concentration. Here γ is the decay rate of chemotherapy and vM (t) is a time-

dependent forcing term encoding the dose strength, S (µM/day). The dosing schedule is

vM (t) =


0 if t /∈ injection times

S if t ∈ injection times

(3.5)

where the injection times are the times during which a patient is receiving an infusion of

chemotherapy. In the case of lymphodepleting chemotherapy, we are modeling regimens in

which patients receive a uniform dose of chemotherapy over the course of one half hour each

day for several days in a row. Consequently vM (t) takes on the form of a collection of hat

functions located at the start of each infusion period with height equal to the dose strength

and width equal to one half hour. Elsewhere vM (t) is uniformly zero.

We model the impact of chemotherapy by introducing saturating fractional cell-kill

terms, KT (1 − e−M )T , KE(1 − e−M )E, and KC(1 − e−M )C, to the equations for each

cell population in Sys. (3.2a)-c, again following the method of de Pillis et al. (2006). These

expressions are nearly linear for low concentrations of chemotherapy drug, M(t), but the kill

rate rapidly plateaus to the parameters KT , KE and KC respectively as the concentration

increases. This functional form has been shown to match dose-response curves from the

literature [56]. Note that different types of chemotherapy can be considered by varying the

associated parameters: γ, KT , KE , and KC .
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3.2.2 Results

Model Behavior

In clinical practice, preconditioning chemotherapy is administered over a short time period,

typically 3-5 days, followed by 2-14 days of rest, after which a single CAR T-cell injection is

administered. Thus, in clinically relevant scenarios, the chemotherapy concentration M(t)

will decay fairly rapidly to zero, which is the only chemotherapy concentration steady-state

relevant to our setting. Thus when discussing the stability of the model given by Sys. (3.2),

we assume that M(t) = 0 and focus our analysis on the the first three equations, which

govern the dynamics of the tumor, effector, and CAR T-cell populations. The details of

analyzing this 3-dimensional system (A.1) are given in Appendix A. In particular, we scale

the tumor cell count by the tumor carrying capacity, yielding x = bT , and we scale the

immune cell populations by the ratio between the intrinsic effector cell growth rate and the

tumor cell growth rate, yielding y = aE/g and z = aC/g, to non-dimensionalize Sys. (A.1)

before proceeding with linear stability analysis.

We show analytically that for a wide range of biologically relevant parameters, Sys.

(A.1) has at least two stable equilibria, both of which reside in the C = 0 plane, a zero-

tumor (or tumor-free) equilibrium occurs at the point and a high-tumor equilibrium occurs

where the tumor cell population is near the carrying capacity. Nullsurfaces and equilibria

of the nondimensionalized system (Sys. (A.3)) in the plane z = 0 are plotted in Fig.3.1a

for the Patient 3 parameter set (column 5 of Table 1). The tumor-free equilibrium is

at the point (x = 0, y = 1/my, z = 0) and the high-tumor equilibrium is at the point

(x ≈ 1, y ≈ 1/(qy + my), z = 0). We also determined numerically that, as indicated in

Fig.3.1a, there is a saddle point for a relatively small number of tumor and effector cells.

Note that in Fig. 3.1a-b we are only plotting the positive quadrant because it is an invariant

set for this system. Thus, if we start with a non-negative initial condition, the model will

never predict a negative population of cells, a desired property for biological interpretability.

We numerically located and assessed the stability of interior equilibria of the nondimen-

sionalized system (A.3) as well (Fig.3.1b). For the parameter sets considered here (listed

in Table 1 and described in Section 3.2.2, with further details in Appendix B), there is a
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saddle point located at a moderate tumor cell population, low effector cell population, and

high CAR T-cell population. This saddle point significantly shapes trajectories, causing

non-monotonic behavior, notably pseudo-progression of the tumor whereby the tumor ini-

tially increases after CAR T-cell treatment before ultimately being eradicated. The stable

manifold of this saddle point separates the basin of attraction for healthy outcomes from

the basin of attraction for unhealthy outcomes. There is an additional unstable interior

equilibrium at a low population level for all three cell types which contributes to the spike

in CAR T-cell populations seen in healthy trajectories before the CAR T-cell population

starts declining.

For the Patient 1 and 2 parameters sets given in Table 1, only the two interior equilibria

mentioned above exist. However, for some parameter values, including Patients 3 and 4

from Table 1, two additional equilibria appear near the high-tumor equilibrium. One is a

stable node, which we refer to as the coexistence equilibrium because all 3 cell populations

persist at non-zero levels. Due to the fact that the tumor burden remains at around 95%

of the high-tumor value, trajectories that approach this steady-state are also considered an

unhealthy outcome. The other equilibrium that appears is a third saddle point, with the

stable manifold now separating trajectories that approach the high-tumor equilibrium from

those that approach the coexistence equilibrium.

Changing the parameter values characterizing CAR T-cells causes interior equilibria

to appear and disappear. The maximum CAR T-cell recruitment rate, jC , can be tuned

to observe the sequence of saddle node bifurcations creating and destroying the interior

equilibria (Fig.3.1c). When jC = 0, the only CAR T-cell nullsurface is the plane C = 0 and

there are no interior equilibria. For small values of jC , an unstable node and saddle point

appear near the origin. As jC increases, the saddle point moves higher (in an x-axis and

z-axis sense) along the tumor-cell null surface, allowing larger spikes in CAR T-cells to occur

for trajectories that ultimately reach the high-tumor outcome. Patient parameter sets 1 and

2 lie in this regime. Increasing jC still further pushes the system past a critical threshold in

which the recruitment of CAR T-cells in response to the high tumor burden balances the

natural death and deactivation rate of CAR T-cells, so the CAR T-cell population is able

to persist for some initial conditions. Patient parameter sets 3 and 4 lie in this regime, in
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Figure 3.1: Nullsurfaces and equilibria for the non-dimensionalized system (A.3) are shown

for the Patient 3 parameters (column 5 of Table 1). The nondimensional state variables are

x = bT , y = aE/g, and z = aC/g. (a) Boundary equilibria lie at the intersections of the

effector and tumor cell nullsurfaces on the CAR T-cell nullsurface z = 0, plotted here. For

a wide range of parameters, there are two stable equilibria (solid circles) and a saddle point

(open circle). (b) Interior steady states lie at the intersections of the non-zero nullsurfaces

for the tumor, effector, and CAR T-cell populations. Intersections between the the effector

cell nullsurface and the nullsurfaces for the other two cell populations are emphasized with

black lines. For this set of parameters, there is one stable interior equilibrium (solid circle).

There are three unstable interior steady states indicated by open circles: an unstable node

near the origin, a saddle point at a high number of CAR T-cells and moderate tumor cell

count, and another saddle point at x just less than 1 and a very small number of CAR

T-cells. (c) Bifurcation diagram created by varying the maximum CAR T-cell recruitment

rate, jC , while fixing all other parameters at their Patient 3 value. For each value of jC ,

the tumor cell counts, x∗, of all existing equilibria were computed numerically. The three

boundary equilibria that lie in the z = 0 plane (shown in a) remain constant for all values

of jC , and are denoted by solid lines (stable) and a dashed line (unstable) in panel (c).

As jC changes, interior equilibria appear and disappear in a sequence of 3 saddle node

bifurcations. Unstable interior equilibria are marked by open gray circles and the stable

interior equilibrium, referred to as the coexistence state, is marked by black circles
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which the stable coexistence equilibrium has appeared simultaneously with a saddle point

near the high tumor equilibrium. As jC continues to increase, the co-existence equilibrium

shifts to lower and lower tumor values, and the saddle point causing spikes in the CAR T-cell

population shifts to higher tumor values. Eventually, the two collide and disappear, leaving

three unstable interior equilibria. The equilibria in the C = 0 plane remain unchanged

throughout because they are independent of jC .

Evaluation of Treatment plans

Standard treatment protocols incorporate a lymphodepleting preconditioning regimen which

consists of a round of chemotherapy prior to CAR T-cell infusion. We tested realistic com-

binations of chemotherapy preconditioning and CAR T-cell doses by simulating treatment

plans with parameter sets from several different cancer types using Sys. (3.2) and evaluating

the outcomes. Here we discuss the scenarios considered and simulation results.

Treatment plans considered

We explored combinations of chemotherapy preconditioning and CAR T-cell doses from

a range that encompasses the standard procedures for the two FDA approved CAR T-

cell treatments, Yescarta [93] and Kymriah [132]. The guidelines for dosing CAR T-cells

prescribe 0.2 − 5.0 × 106 cells per kilogram of body weight up to a maximum of 2.5 × 108

cells [93] or 6×108 cells [132]. We consider injections of P = 1×107 cells, P = 1×108 cells,

and P = 2.5×108 cells referred to as dose level 1 (DL1), dose level 2 (DL2), and dose level 3

(DL3) respectively. However, studies have shown that only a small fraction of injected CAR

T-cells remain in circulation in the blood [177]. To reflect this in our numerical simulations,

we scaled down the effective dose, P , to be 1% of the injected dose level [177].

The standard chemotherapeutic preconditioning regimen for both drugs is a combination

of fludarabine and cyclophosphamide administered over three to five days. We considered

two chemotherapy regimens, either medium strength for one half hour each day for 5 days

(C5), or high strength for one half hour each day for 3 days (C3). The strengths were chosen

so that the peak concentration of chemotherapy during the five day regimen matched the
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value reported in a pharmacokinetic study of fludarabine [77], and the overall exposure in the

two plans was equal (measured by the area under the chemotherapy concentration curve).

In practice, lymphodepletion is followed by either a 3-day rest period for Yescarta [93] or

2-14 days rest for Kymriah [132] before T-cell injection. For all combinations, we started by

enforcing the minimum rest period of 2 days between the end of chemotherapy and the T-cell

injection. The initial conditions tested for each patient cover a range of tumor magnitudes.

For Patient 3 and 4 the minimum value is close to the smallest detectable tumor size and the

maximum is the carrying capacity for tumor cells in the absence of effector cells. The values

considered were a low tumor burden (low TB) at 1×108 tumor cells, medium tumor burden

(medium TB) at 5× 108 tumor cells, and high tumor burden (high TB) at 9.8× 108 tumor

cells [36]. For Patient 1 and 2, we tested initial conditions an order of magnitude higher

to reflect the higher tumor cell carrying capacity. The values considered for Patients 1-2

were a low tumor burden (low TB) at 1× 109 tumor cells, medium tumor burden (medium

TB) at 5× 109 tumor cells, and high tumor burden (high TB) at 1× 1010 tumor cells. The

initial number of effector cells was set to 4×105 cells, which is the average of the zero-tumor

equilibrium values for all four patient parameter sets [155]. The estimated average number

of T-cells activated against a given antigen is higher; however, cancer cells are notoriously

hard for the immune system to recognize, so it is reasonable to consider a smaller initial

immune response [143].

Patients

We considered four parameter sets in our evaluation, each representing a different theoreti-

cal “patient”. The first patient constitutes typical parameter values for diffuse large B-cell

lymphoma [155]. Rösch et al. estimated a range of model parameters using data from

randomized clinical trials in elderly patients. Our second patient parameter set is drawn

from typical parameter values for B-cell chronic lymphocytic leukemia [127]. Nanda et al.

analyzed existing data in the medical literature to determine ranges of values for model pa-

rameters and calibrated their model to clinical patient data. Currently CAR T-cell therapy

has been approved for use with several blood cancers; however, numerous clinical trials are
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Figure 3.2: Combination treatment trajectories in a 3-dimensional view of phase space show-

ing the tumor, effector, and CAR T-cells. The surface separating the basin of attraction

for the healthy zero-tumor steady state from the basin of attraction for unhealthy outcomes

is shown in gray (computed numerically for Sys. (A.1)). Example trajectories in which

the initial condition was treated with chemotherapy at strength S = 125 for one half-hour

each day for 3 days, followed by 4 days of rest before a CAR T-cell dose of 107 cells were

simulated for (a) Patient 1 (column 3 of Table 1) and (b) Patient 3 (column 5 of Table

1) using Sys. (3.2). The dotted portion of each trajectory precedes CAR T-cell injection

and thus is confined to the plane C = 0. The dashed vertical line shows the CAR T-cell

dose administered. After this injection, if the patient condition lies above the surface it will

ultimately approach the healthy zero-tumor outcome (blue trajectories), but if the patient

condition is still below the surface it will approach an unhealthy patient outcome. The

magenta trajectories in panel (a) approach the high-tumor equilibrium beyond the edge of

the plot at the point (T ∗ = 2 × 1012, E∗ = 2.05 × 10, C∗ = 0), and the red trajectories in

panel (b) approach the coexistence equilibrium. In both patients, successful CAR T-cell

treatments result in higher, more prominent CAR T-cell peaks compared to unsuccessful

treatments. In the patient scenarios shown in (c) (Patient 1) and (d) (Patient 3), when a

dose of 107 CAR T-cells is administered at the patient initial condition (blue dot), CAR

T-cells expand post injection, but the tumor progresses monotonically towards an unhealthy

equilibrium—the high-tumor steady state beyond the edge of the plot in the case of Patient

1 and the coexistence equilibrium in the case of Patient 3. However, under the chemother-

apeutic preconditioning described above, the patient condition is shifted to a lower tumor

and effector cell burden prior to CAR T-cell injection. From this preconditioned state, the

same CAR T-cell dose of 107 cells now succeeds at shifting both patients to the healthy

basin of attraction
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testing its potential for treatment of solid cancers as well, including melanoma [14, 193].

De Pillis et al. ([37]) used data from two metastatic melanoma patients reported in a clin-

ical trial to fit their model for mixed chemotherapy and immunotherapy treatment. We

use their resulting parameter values for our last two patient parameter sets. The model

assumptions are predicated on CAR T-cells effectively targeting tumor cells. Hence simu-

lation results suggest possible outcomes once good target antigens have been identified for

metastatic melanoma. Parameters characterizing the CAR T-cell population were adapted

from a model put forward by Kimmel et al. (2019). Their model parameters were fit to data

from the ZUMA-1 clinical trial of CAR T-cell therapy for adults with refractory aggressive

Non-Hodgkin Lymphoma. The parameters we used for Patient 1-4 are listed in Table 1,

and the details of parameter selection are discussed in Appendix B.



60

Given a set of patient parameters, partitioning the phase space into basins of attraction

for the healthy versus unhealthy outcomes provides intuition into how that patient will

respond to treatment. Basins of attraction computed using the 3-equation model (Sys.

(A.3)), which governs the dynamics of the tumor, effector, and CAR T-cell populations,

are illustrated for Patients 1 and 3 in Fig.3.2.2. Panels a-b show an ensemble of initial

conditions which have been treated with 3 days of high strength chemotherapy and 107

CAR T-cells, with 4 days of rest in between. The trajectories illustrated in Fig. 2a-b would

all approach an unhealthy outcome in the absence of treatment, illustrated by the fact

that the initial conditions lie within the unhealthy basin (region below gray surface). For

moderate to large tumors, the CAR T-cell dose necessary to move the patient condition to

the healthy basin of attraction (region above gray surface) scales with the tumor burden,

rapidly climbing to medically infeasible levels. However, as illustrated by the dashed portion

of trajectories, chemotherapeutic preconditioning shifts initial conditions towards the origin,

reducing tumor burden and lowering the number of effector cells potentially competing with

injected CAR T-cells. For some conditions, this shift is sufficient to allow medically feasible

injections of CAR T-cells to proliferate and eradicate the tumor, but if a trajectory is still in

the unhealthy basin of attraction for a given patient after both chemotherapy and CAR T-

cell injection, that treatment plan will not be effective. In these cases, after tumor regression

under chemotherapy, the tumor progresses again. Panels c and d of Fig. 3.2.2 highlight

outcomes from a single initial condition for each patient. Without preconditioning, the

CAR T-cell dose does not lift the condition out of the unhealthy basin of attraction, and

the tumor burden grows towards either the high-tumor steady state (Patient 1 in Fig. 2c)

or the coexistence state (Patient 3 in Fig 2d). However, with preconditioning, the CAR

T-cell dose succeeds for both patients, and the trajectory approaches the healthy zero-tumor

steady state. We observe that the successful CAR T-cell trajectories reach a higher, sharper

CAR T-cell peak than the unsuccessful trajectories Fig. 3.2.2.
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Single treatment plan outcomes

First, we tested the CAR T-cell doses and lymphodepleting regimens one at a time to verify

the impact on each tumor burden. In all scenarios, lymphodepleting chemotherapy alone

initially reduced the tumor burden and endogenous immune cells, but ultimately resulted

in tumor progression. CAR T-cell injection without prior lymphodepletion also failed in

all scenarios. When the endogenous effector cell population is high, even at a moderate

tumor burden, the CAR T-cell population is unable to mount an effective response due

to competition from the endogenous cells. Generally, the dosage of CAR T-cells necessary

to treat a patient initial condition without preconditioning lies well beyond the maximum

dosage deemed safe, unless the initial tumor burden is very small. This limitation drives

the need to combine these two treatment modalities in order to effectively combat cancer.

Combination treatment plan outcomes

After testing single-modality treatments, we considered combination treatments. In Fig.

3.3 we illustrate a range of possible patient trajectories from numerical simulations of com-

bination treatment for Patients 1-4 at medium tumor burden. The effect of the 3-day high

strength chemotherapy plan, followed by 4 days of rest before a CAR T-cell injection at

DL3 is shown for Patients 1 and 2 (Fig. 3a-c). In both cases, the system would have

monotonically progressed to the high-tumor steady state without intervention. Under this

combined treatment plan, tumor cells initially decrease during chemotherapy for both pa-

tients, but then progress again when chemotherapy stops. After CAR T-cell injection, the

CAR T-cell population increases. For Patient 1, the CAR T-cell expansion is not sufficient

to reverse tumor progression and, as the tumor continues to grow, eventually the immune

cells become exhausted and the CAR T-cell population is driven down to zero. However, for

Patient 2, though the tumor initially progresses after CAR T-cell injection, the engineered

cells expand enough to reverse tumor growth and eliminate the tumor around 30 days post-

injection. Once the tumor is eliminated, the CAR T-cell population gradually declines and

the endogenous effector cell population continues to recover from a post-chemotherapy low.

The effect of the 5-day medium strength chemotherapy plan, followed by 2 days of rest
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before a CAR T-cell injection at DL2 is shown for Patients 3 and 4 (Fig. 3d-f). Again, for

both patients the system would have rapidly progressed to the high-tumor steady state with-

out intervention. Similarly to Patients 1 and 2, during preconditioning the tumor initially

decreases, but then progresses once chemotherapy stops, and the CAR T-cell population

increases immediately following injection. In the case of Patient 3, CAR T-cells peak at 12

days, but after this point the cell populations converge to their coexistence values, which

involves an unsustainable tumor burden and is thus an unsuccessful patient outcome. In Pa-

tient 4, however, CAR T-cells expand sufficiently well to reverse initial pseudo-progression

of the tumor and eliminate tumor cells around 18 days after CAR T-cell injection. Again,

when the tumor is eliminated, the CAR T-cell population gradually declines and the en-

dogenous effector cell population recovers.

Fig. 3.4 summarizes the outcomes of combination treatments for all theoretical patient

scenarios. Notably, for all patients, we observe conditions that cannot be treated by med-

ically feasible CAR T-cell injection alone, but are treatable with chemotherapy and CAR

T-cell injection in combination. For the dose levels considered here, CAR T-cell injection

and lymphodepleting chemotherapy were never effective for Patient 1 with high TB.

Between the fixed preconditioning regimens considered, the 3-day high-strength and the

5-day medium-strength chemotherapy dosing schedules often had similar outcomes. How-

ever, there are several cases in which preconditioning with the 5-day plan results in successful

treatment where the 3-day plan fails. For example, in Patient 1 medium TB, combining

5-day chemotherapy with DL1 was effective in eliminating the tumor, but combining 3-day

chemotherapy with the same dose of CAR T-cells was not.The same result occurs for Pa-

tient 2 medium TB and DL1, Patient 2 high TB and DL3, Patient 3 high TB and DL3,

Patient 4 medium TB DL1, and Patient 4 high TB DL2. Plots of the time course of the

trajectories under these two treatment plans for Patient 1 medium TB are shown in Fig.

3.5. Without treatment the tumor-cell count climbs towards the carrying capacity and the

effector-cell count drops, approaching the high-tumor equilibrium. Introducing 3 days of

high strength chemotherapy reduces the tumor burden, but when chemotherapy ends and

the CAR T-cell injection is administered on day 5, the tumor progresses towards its car-

rying capacity despite an initial increase in the CAR T-cell population, which ultimately
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Figure 3.3: Example combination treatments in four patients simulated using Sys. (3.2).

In all cases, the system without treatment (no chemotherapy or CAR T-cell dose) would

approach the high-tumor steady state. Combining the 3-day high strength chemotherapy

plan with a 4-day rest period and an injection of DL3 = 2.5× 108 CAR T-cells illustrated

in (a) produces an unsuccessful outcome for (b) Patient 1, but succeeds for (c) Patient 2.

Combining the 5-day medium strength chemotherapy plan with a 2-day rest period and an

injection of DL1 = 107 CAR T-cells illustrated in (d) produces a successful outcome for (e)

Patient 3, but an unsuccessful outcome for (f) Patient 4. The first 10 days are shaded gray

in each plot to show when treatment is being applied
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Figure 3.4: The maximum number of rest days between indicated chemotherapy plan and

CAR T-cell dose resulting in a successful treatment outcome for three initial conditions

based on numerical simulations using the parameter sets for Patients 1-4 recorded according

to the following key: DL1 = 1×107 cells, DL2 = 1×108 cells, DL3 = 2.5×108 cells, C3 is 3

days of chemotherapy at high strength, C5 is 5 days of chemotherapy at medium strength.

Treatment combinations that failed even with the minimum rest period of 2 days are shaded

red and indicated by an x
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drops to zero (Fig. 3.5a). In contrast, 5 days of medium strength chemotherapy reduces

the tumor burden and endogenous effector cell population enough so that after CAR T-cell

injection on day 7, the engineered cells climb to a higher and later peak. Initially, the tumor

progresses, but around day 20 the tumor-cell count begins to steadily decline to zero. Once

the tumor burden is reduced, the CAR T-cell population begins to decline while the endoge-

nous effector cells slowly recover (Fig. 3.5b). Although the area under the chemotherapy

concentration curve is the same in these two scenarios, spreading the concentration over

5 days instead of 3 dramatically changes the patient’s outcome. The tumor and effector

cell counts on day 3 of the high strength plan are lower than the cell counts on day 3 of

the medium strength plan. However, the doses are high enough that the advantage of the

higher dose in the 3-day high strength plan is only slight and does not compensate for the

longer exposure of the 5-day medium strength plan. The advantage of the 5-day plan then

holds throughout the subsequent rest period and causes the difference in post CAR T-cell

injection outcomes. The difference between the kill rates for the two plans is small due to

the saturating nature of the chemotherapy cell kill term, a property which has been widely

supported in the literature [36, 56, 147, 153].

Finally, our simulations showed that the rest period between the end of preconditioning

and T-cell injection impacts patient outcome. For example, administering 5 days of high-

strength chemotherapy, allowing 4 days of rest, and then administering an injection of CAR

T-cells at DL3 is not an effective intervention for Patient 2 high TB (Fig. 3.6a). However,

if the rest period is limited to 3 days instead of 4, the combination is successful (Fig. 3.6b).

During the extended rest period, the tumor-cell count climbs high enough that a CAR T-cell

injection that would be effective with a shorter rest period fails. For each combination of

chemotherapy and CAR T-cell therapy that succeeded with a 2-day rest period where the

CAR T-cell dose alone failed, we determined the maximum possible rest period with which

the combination was still effective (Fig. 3.4). Over 70% of these scenarios failed if the rest

period was 5 days or greater. Nearly 90% of the scenarios failed if the rest period was longer

than 12 days. All of the scenarios failed if the rest period was longer than 17 days. This

suggests that the length of the rest period between chemotherapeutic lymphodepletion and

CAR T-cell injection can have important implications for patient outcome. As rest periods
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Figure 3.5: Numerical simulations of treatment of medium TB for Patient 1. (a) Three days

of high-strength chemotherapy are combined with a CAR T-cell injection of 1 × 107 cells,

producing an unhealthy outcome. (b) The 5-day medium strength chemotherapy plan is

combined with the same CAR T- cell injection resulting in a successful patient outcome. The

relevant treatment plan is illustrated in the panels above the cell population trajectories,

and the first 10 days are shaded gray in all panels, emphasizing when treatment is occurring
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Figure 3.6: (a) Combining 5 days of high-strength chemotherapy and 2× 108 CAR T-cells

sequentially with a 4-day rest period in between allows the tumor to escape. (b) However,

combining the two treatments with a 3-day rest period results in tumor elimination and a

healthy outcome. Both simulations were run using parameters from Patient 2 and assuming

high TB. The relevant treatment plan is illustrated in the panels above the cell population

trajectories, and the first 10 days are shaded gray in all panels to emphasize when treatment

is occurring
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can range widely under current guidelines, from 2-14 days, this is an important aspect of

treatment to investigate more thoroughly.

Sensitivity Analysis

We performed a sensitivity analysis on the model proposed in Sys. (A.1) to identify which

parameters have the largest impact on the effectiveness of CAR T-cell injections. For each

patient, we calculated the precise dose of CAR T-cells necessary to shift the low-TB initial

condition to a healthy patient outcome. We call this number of CAR T-cells the CAR T-cell

success threshold, because any treatment plan which injects a dose of CAR T-cells exceeding

this quantity will be successful (in theory) against tumor burdens up to and including the

low TB (Fig. 3.2.2a).

For the sensitivity analysis we varied each parameter up and down by 1% while holding

the other parameters constant and calculated the resulting change in the CAR T-cell success

threshold. (See Appendix C for details of sensitivity analysis.) Across all patients, the

exponent in the tumor-cell lysis rate, l, had the largest impact on the high-tumor threshold

(Fig. 3.2.2b). A 1% change in l results in a 5 − 7% shift in the threshold, which indicates

that small changes in the effectiveness of CAR T-cell against tumor cells will affect clinical

outcomes. The tumor growth rate, a had a significant impact on the threshold for all

parameter sets, indicating that cancers characterized by a higher growth rate will require

higher CAR T-cell doses for a given initial condition. Across the four patients, a 1% change

in the maximum CAR T-cell recruitment rate, jC , resulted in a 3− 5% change in the CAR

T-cell success threshold, supporting the notion that improving the ability of CAR T-cells

to expand can significantly lower the necessary number of injected cells.

Of the remaining parameters, those characterizing CAR T-cells had the largest impact

on the CAR T-cell success threshold. The maximum tumor cell lysis rate by CAR T-cells,

dC , the death rate mC , the deactivation rate by tumor cells qC , the half-saturation value of

tumor cell lysis, s, and the joint carrying capacity K all had a smaller, but non-negligible

impact on the high-tumor threshold. Targeting these aspects of CAR T-cell function could

be helpful. In contrast, changes in the parameters defining the steepness of the immune cell
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recruitment curves, k, and the remaining parameters defining effector cell dynamics, g, dE ,

jE , kE , mE and qE , had little effect on the CAR T-cell success threshold.

De Pillis et al. performed a sensitivity analysis on their 2005 model, from which we

adapted several interaction terms. They found that the tumor size at t = 25 days was

most sensitive to the tumor growth rate a and the exponent in the tumor lysis rate, l. Our

results confirm the importance of these two parameters even when measuring a different

model feature.

3.2.3 Discussion and conclusion

We have developed and analyzed a mathematical model consisting of a system of ordinary

differential equations that can be used to test combinations of preconditioning chemotherapy

regimens and CAR T-cell doses. We also found that under biologically relevant parame-

ter values the system has at least two stable equilibrium points, one “healthy,” tumor-free

equilibrium and one “unhealthy,” high-tumor equilibrium. Adjusting the parameters char-

acterizing CAR T-cell interactions with tumor cells can also cause an “unhealthy,” stable

coexistence equilibrium to emerge. The basins of attraction for these equilibria were de-

termined numerically. The variation between the shapes of the basins of attraction for

different parameter sets reflect the fact that responses to treatment will not be uniform

across patients.

We tested treatment plans that adhere to standard CAR T-cell therapy protocols on

patient parameter sets from several cancer types. Our goal was not to propose any novel

therapy plans or unrealistic dosing schedules, but rather to uncover refinements that are

attainable within current practice and that merit additional attention. We observed a

variety of outcomes supporting three main conclusions:

First, our model predicts that, without preconditioning, medically infeasible CAR T-cell

injections would be required to successfully treat moderate to large tumor burdens. The

necessary CAR T-cell dose can be quantified by characterizing the boundary between the

basin of attraction for the healthy versus unhealthy equilibria for a patient parameter set.

Successful preconditioning shifts a patient initial condition to lower tumor and endogenous
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Figure 3.7: (a) We define the CAR T-cell success threshold as the minimum number of CAR

T-cells needed to contain the low-tumor burden without chemotherapy. (b) Here sensitivity

analysis shows that the CAR T success threshold is most sensitive to the tumor-cell lysis

rate exponent (l) for Patient 1. The other model parameters tested are the tumor growth

rate (a), the inverse of the tumor cell carrying capacity (b), the maximum tumor cell kill

rate by endogenous effector cells (E cells) (dE), the maximum tumor cell kill rate by CAR

T-cells (dC), the E cell growth rate (g), the maximum recruitment rate of E cells (jE), the

maximum recruitment rate of CAR T-cells, the half-saturation value of E cell proliferation,

(kE), the half-saturation of CAR T-cell proliferation (kC), the E cell death rate (mE), the

CAR T-cell death rate (mC), the E cell inactivation rate by tumor cells (qE), the CAR

T-cell inactivation rate by tumor cells (qC), the half-saturation value of the tumor cell lysis

rate (s), and the joint carrying capacity of E and CAR T-cells (K). Similar figures for the

other patient parameter sets are included in Appendix C
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effector cell counts where the boundary to reach the healthy basin of attraction is lower,

and so safe levels of CAR T-cell therapy are effective (Fig. 7a). We have shown that CAR

T-cell doses currently used in clinical practice are sufficient to move patient conditions to

the healthy basin of attraction after preconditioning chemotherapy, resulting in a successful

treatment outcome, in a significant proportion of patient scenarios. One model parameter

closely associated with the height of the boundary between healthy and unhealthy patient

outcomes is the exponent of the tumor-cell lysis rate, l, which relates to how effectively CAR

T-cells kill tumor cells. This observation suggests that small changes in the effectiveness of

CAR T-cells can have a large impact on the dosage required for successful adoptive cellular

therapy.

Second, appropriate chemotherapeutic lymphodepletion can reduce the CAR T-cell

dosage necessary for successful treatment. Lymphodepletion lowers the necessary dose of

CAR T-cells through two modes: reducing the tumor burden, and reducing the endogenous

effector cell population, thereby allowing the injected cells to expand. This was observed

in treatment scenarios for all four patients considered. Lower tumor burden at the time of

injection and lower CAR T-cell doses are associated with milder side effects, which implies

that selecting the appropriate lymphodepletion plan can make CAR T-cell therapy safer.

Finally, the recovery period between the end of preconditioning chemotherapy and the

administration of a CAR T-cell injection matters. If the recovery period is too long, the

benefits of lymphodepletion may be lost. This finding in particular warrants further inves-

tigation as under current practice the rest period can vary from as low as 2 up to as high

as 14 days. Notably, for the two patient parameter sets with large tumor growth rates, Pa-

tients 3 and 4, the maximum successful rest window was less than 5 days. According to our

sensitivity analysis, the tumor growth rate, a, was also an influential factor determining the

minimum CAR T-cell dose necessary for successful treatment. Ideally, model parameters

could be tuned to match a patient’s tumor growth rate in order to suggest how strictly the

rest period should be limited.

The model proposed and explored here has several limitations. First, the choice of an

ODE model assumes that tumor and immune cell populations are well mixed. This does

not hold for CAR T-cell treatment of solid tumors. However, starting with a non-spatial
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model allows us to mine relevant parameters from the literature, is simple enough to allow

analysis, and can still provide useful insight.

Additionally, there are elements of cancer biology that are excluded from the model.

Studies of CAR T-cell treatment have shown that a patient’s homeostatic cytokine profile is

a key determinant of successful chemotherapeutic preconditioning for CAR T-cell therapy

[64, 129, 156]. Our model does not explicitly account for cytokines and other supporting

immune molecules, but their influence shows up indirectly through competition between

endogenous effector cells and CAR T-cells. A more detailed treatment of supporting immune

molecules would be interesting, but for the sake of simplicity we exclude them here.

For our model, we also assume that all tumor cells are vulnerable to attack by the injected

CAR T-cells. This may not necessarily be the case, for example, in the presence resistance

to CAR T-cell therapy. The model could be extended to include a subpopulation of cancer

cells that are not recognized by the CAR T-cells, perhaps because they do not display the

target ligand. This would be an interesting and relevant problem to address. Different types

of CAR T-cells could also be compared by modifying the parameters describing CAR T-cell

activity if there is appropriate data from cytotoxicity assays available.

CAR T-cells have transformed treatment of hematological cancers and show enormous

potential for further innovation and application. One challenge facing this technology is the

ubiquity of severe side-effects. Standard treatment protocol includes a chemotherapeutic

preconditioning regimen, yet the optimal combination of chemotherapy and CAR T-cells to

minimize side-effects while maintaining efficacy has not been determined. Addressing the

question of how these two forms of treatment interact for any given patient with a simple

mathematical model takes an inexpensive first step towards informing further investigations.

3.2.4 Appendix A: Model Analysis

Here we present a linear stability analysis for our model post-treatment. Because the treat-

ment plans we consider are generally confined to within 5-20 days total for both chemother-

apy and CAR T-cell injection, the dose schedules, νM (t) and νC(t), are zero for t greater

than 5-20 days. Furthermore, the chemotherapy plans used for lymphodepletion are on
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Table 3.1: Parameter values from ranges for large B-cell lymphoma reported by [155]

were selected for Patient 1. Parameter values from ranges for B cell Chronic Lymphocytic

Leukemia reported by [127] were selected for Patient 2. The Patient 3 and 4 parameter

values come from two metastatic melanoma patients, reported by [37]. CAR T-cell related

parameters are adapted from [92]
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Parameter Description Patient

1

Patient

2

Patient

3

Patient

4

a tumor growth rate (day−1) 2.55e−1 1.76e−1 5.14e−1 5.14e−1

1/b tumor carrying capacity (cells) 2e12 2e12 9.804e8 9.804e8

dE saturation level of tumor kill by effector cells

(day−1)

2.03 2.03 5.8 4.23

dC saturation level of tumor kill by CAR T-cells

(day−1)

2.25 2.25 2.25 2.25

g base recruitment rate of effector cells (cells/day) 1.4e3 4.7e4 1.3e4 1.3e4

jE max recruitment rate of effector cells by tumor

lysis (day−1)

1.1e−2 7.46e−3 2.7e−2 2.7e−2

jC max recruitment rate of CAR T-cells by tumor

lysis (day−1)

2.42e−1 1.65e−1 6.0e−1 6.0e−1

K effector cell carrying capacity (cells) 1.65e9 1.65e9 1.65e8 1.65e8

k steepness of effector cell recruitment curve

(cells2day−2)

2.019e5 7.0e7 2.0e7 2.0e7

l exponent of tumor lysis by effector cells (unit-less) 1.395 1.419 1.36 1.43

mE effector cell death rate (day−1) 7e−3 3.4e−2 2e−2 2e−2

mC CAR T-cell death rate (day−1) 2.93e−2 2.93e−2 2.93e−2 2.93e−2

qE effector cell inactivation by tumor (cells−1day−1) 3.42e−116.716e−113.42e−103.42e−10

qC CAR T-cell inactivation by tumor (cells−1day−1) 3.0e−11 3.0e−11 1.53e−9 1.53e−9

s steepness of fractional tumor cell kill by effector

cells (unit-less)

3.05e−1 3.05e−1 2.5e−1 3.6e−1

KT fractional tumor cell kill by chemotherapy

(day−1)

7.00e−1

KE , KC fractional healthy cell kill by chemotherapy

(day−1)

6.00e−1

γ chemotherapy decay rate (day−1) 9.00e−1



76

the shorter end of this, spanning only 3-5 days. When νM (t) = 0, the concentration of

chemotherapy rapidly declines to zero and the only possible chemotherapy concentration at

equilibrium is M(t) = 0. Thus, we can characterize the relevant equilibria for our model

scenarios by analyzing Sys. (3.2a-c) with νM (t) = 0 and νC(t) = 0,

dT

dt
= aT (1− bT )−DE −DC , (A.1a)

dE

dt
= g − jE

D2
E

k +D2
E

ln

(
E + C

K

)
E − qEET −mEE, (A.1b)

dC

dt
= −jC

D2
C

k +D2
C

ln

(
E + C

K

)
C − qCCT −mCC, (A.1c)

where DE and DC are still the tumor cell lysis terms,

DE = dE
(E/T )l

s+ (E/T )l
T and DC = dC

(C/T )l

s+ (C/T )l
T. (A.2)

To begin our analysis, we first non-dimensionalize Sys. (A.1) as follows. Let x = bT ,

y = aE/g, z = aC/g, Dy = DE/a, Dz = DC/a and t∗ = at. This results in twelve non-

dimensional parameters,

dy = dE/a, dz = dC/a, jy = jE/a, jz = jC/a, k∗ = b2k/a2,

K∗ = aK/g, my = mE/a, mz = mC/a, qy = qE/(ab), qz = qC/(ab),

and s∗ = s(a/(gb))l. The parameter l is nondimensional in the original system, and so re-

mains unchanged. Dropping stars for notational simplicity, the non-dimensionalized system

without chemotherapy or additional CAR T-cell doses is given by

dx

dt
= x(1− x)−Dy −Dz, (A.3a)

dy

dt
= 1− y

(
jy

D2
y

k +D2
y

ln

(
y + z

K

)
+ qyx+my

)
, (A.3b)

dz

dt
= −z

(
jz

D2
z

k +D2
z

ln

(
y + z

K

)
+ qzx+mz

)
, (A.3c)

where Dx and Dy are now dimensionless ratio terms,

Dy = dy
(y/x)l

s+ (y/x)l
x and Dz = dz

(z/x)l

s+ (z/x)l
x. (A.4)
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Next, we find the equilibria of the system, which occur at the intersections of the tumor,

effector, and CAR T-cell nullclines, where ẋ = 0, ẏ = 0, and ż = 0 respectively. From Eq.

(A.3a) we see that the tumor cell nullclines are x = 0 and

x = 1− dy
(y/x)l

s+ (y/x)l
− dz

(z/x)l

s+ (z/x)l
. (A.5)

For the effector cell nullcline, we set the right hand side of Eq. (A.1b) equal to zero and

find that ẏ = 0 when

y =

(
my + qyx+ jy

D2
y

k +D2
y

ln

(
y + z

K

))−1

. (A.6)

From Eq. (A.3c), we can see that CAR T-cell population change will be zero when

z = 0, or when the following implicit equation is satisfied

0 = mz + qzx+ jz
D2

z

k +D2
z

ln

(
y + z

K

)
. (A.7)

We will refer to the intersection between the tumor nullcline x = 0, the effector cell

nullcline, Eq. (A.6), and the CAR T-cell nullcline z = 0 as the zero-tumor or tumor-

free equilibrium. We refer to equilibria that occur at the intersection between the tumor

nullcline Eq. (A.5), the effector cell nullcline, Eq. (A.6), and the CAR T-cell nullcline z = 0

as nonzero-tumor boundary equilibria. Equilibria that occur at the intersection between the

tumor nullcline Eq. (A.5), the effector cell nullcline, Eq. (A.6), and CAR T-cell nullcline

Eq. (A.7) will be referred to as interior equilibria.

In order to determine the stability of the steady states, we apply linear stability analysis.

The linearized system at point (x, y, z) is summarized by the Jacobian, H, of Sys. (A.3)

evaluated at (x, y, z). Let

Jy = −jy
D2

y

k +D2
y

ln

(
y + z

K

)
y and Jz = −jz

D2
z

k +D2
z

ln

(
y + z

K

)
z (A.8)

Then the Jacobian of Eq. (A.3) evaluated at that point (x, y, z) is,

H|(x,y,z) =



1−
(
2x+

∂Dy

∂x + ∂Dz
∂x

)
−∂Dy

∂y −∂Dz
∂z

∂Jy
∂x − qyy

∂Jy
∂y − qyx−my

∂Jy
∂z

∂Jz
∂x − qzz

∂Jz
∂y

∂Jz
∂z − qzx−mz


. (A.9)
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Let

H|(x,y,z) =


h11 h12 h13

h21 h22 h23

h31 h32 h33

 ,

so that substituting the partial derivatives into Eq. (A.9) gives

h11 = 1−
(
2x+

Dy

x

(
1− ls

s+ (y/x)l

)
+

Dz

x

(
1− ls

s+ (z/x)l

))
, (A.10a)

h12 = −Dy

(
ls

s+ (y/x)l

)
, (A.10b)

h13 = −Dz

(
ls

s+ (z/x)l

)
(A.10c)

h21 =
1

x

(
2kJy

k +D2
y

(
ls

s+ (y/x)l
− 1

)
− qyxy

)
, (A.10d)

h22 =
Jy
y

(
1 +

2k

k +D2
y

ls

s+ (y/x)l

)
−my − qyx−

y

K(y + z)

jyD
2
y

k +D2
y

(A.10e)

h23 =
−jyy
y + z

D2
y

k +D2
y

(A.10f)

h31 =
1

x

(
2kJz

k +D2
z

(
ls

s+ (z/x)l
− 1

)
− qzxz

)
(A.10g)

h32 =
−jzz
y + z

D2
z

k +D2
z

(A.10h)

h33 =
Jz
z

(
1 +

2k

k +D2
z

ls

s+ (z/x)l

)
−mz − qzx−

z

K(y + z)

jzD
2
z

k +D2
z

(A.10i)

The simplest steady-state to characterize is the tumor-free equilibrium. Evaluating the

effector cell nullcline at x = 0 and z = 0 yields y = 1/m. Hence, the tumor-free equilibrium

occurs at (x∗0, y
∗
0, z

∗
0) = (0, 1/m, 0). Linearizing about this point, the Jacobian is

H|(0, 1
m
,0) =


1− dy − dz 0 0

−q
my

−my 0

0 0 −mz

 , (A.11)
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which has eigenvalues λ1 = 1− dz − dy, λ2 = −my, and λ3 = −mz. The parameter values

dy, dz, my, and mz will always be positive real numbers. It follows that λ1, λ2 and λ3 are

always real and negative when dy+dz > 1. For the biologically relevant cases we considered,

the parameters dy > 1 and dz > 1, so this condition is satisfied. Hence the equilibrium point

will be a stable node, which aligns with the results reported by de Pillis et al. for their 2006

model. The stability of the tumor-free equilibrium reflects the idea that, once activated,

the immune system can contain a tumor if it is small enough.

Now we turn our attention to the nonzero-tumor boundary equilibria. For these equi-

libria, z = 0 still, but now

x = 1−Dy −Dz = 1− dy
(y/x)l

s+ (y/x)l
. (A.12)

In this case we can solve Eq. A.12 for y as a function of x along the tumor nullcline,

L1(x) =

(
s(1− x)xl

dy − (1− x)

)1/l

. (A.13)

Substituting Eq.( A.12) and z = 0 into the effector cell nullcline yields an implicit curve in

the plane z = 0,

L2(x, y) : y =

(
my + qyx+ jy

(1− x)2x2

k + (1− x)2x2
ln
( y

K

))−1

. (A.14)

The nonzero-tumor boundary equilibrium points are the intersections of Eq. (A.13) and

Eq. (A.14) for each set of parameters. See Fig. 3.1a for a plot of L1(x) (tumor cell nullcline)

and L2(x, y) (effector cell nullcline) for the Patient 3 parameters with equilibria marked.

For reasonable parameter ranges, reported in Table 1, we observed that the model has two

positive nonzero-tumor equilibrium points in the plane z = 0 because the parameter s is

large enough that L1(x) exceeds L2(x, y) for most of the interval x ∈ (0, 1), but L1(0) =

0 < L2(0, 1/m) and L1(1) = 0 < L2(1, y
∗).

The first nonzero-tumor boundary equilibrium occurs at a large number of tumor cells,

x∗1 ≈ 1, a small number of effector cells, y∗1 ≈ L1(1) = 1/(q +m), and z∗1 = 0. Due to the

location near the tumor cell carrying capacity, we call this the high-tumor equilibrium. The

second non-zero tumor boundary equilibrium occurs at a small number of tumor cells, a
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moderate number of effector cells and z = 0. Although it is not possible to find exact, closed-

form expressions for the nonzero-tumor boundary equilibria because it requires finding the

roots of a quintic polynomial, we can use the Routh-Hurwitz criterion to find conditions

under which the high-tumor equilibrium is stable [187, p. 14]. Let τ(M) denote the trace of

a matrix M and ∆(M) denote the determinant of a matrix M . For a 3 dimensional system,

the Routh Hurwitz criterion says that all eigenvalues of matrix H will have negative real

part if the following criteria are satisfied,

1. τ(H) < 0,

2. ∆(H) < 0,

3. τ(H2)− τ(H)2 < 2∆(H)/τ(H).

First, we use the nullclines to simplify the Jacobian. Substituting z = 0 and Dy =

(1− x)x from Eq. (A.12) into Sys. (A.11), the Jacobian has entries
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h11 = −x+
ls(1− x)

s+ (y/x)l
, (A.15a)

h12 = −x
(

ls(1− x)

s+ (y/x)l

)
, (A.15b)

h13 = 0 (A.15c)

h21 =
1

x

(
2kJy

k + (1− x)2x2

(
ls

s+ (y/x)l
− 1

)
− qyxy

)
, (A.15d)

h22 =
Jy
y

[(
2k

k + (1− x)2x2

)(
ls

s+ (y/x)l

)
+ 1

]
− qyx−my −

jy
K

(
(1− x)2x2

k + (1− x)2x2

)
(A.15e)

h23 = −jy
(1− x)2x2

k + (1− x)2x2
(A.15f)

h31 = 0 (A.15g)

h32 = 0 (A.15h)

h33 = −mz − qzx (A.15i)

Before applying the Routh Hurwitz Criterion, we will need to compute τ(H), ∆(H),

and τ(H2). The trace of the Jacobian is

τ(H) = h11 + h22 + h33. (A.16)

This will be negative, satisfying criterion 1, when the three diagonal entries are negative.

Next consider the determinant of the Jacobian

∆(H) = h11h22h33 − h12h21h33, (A.17)

due to zero entries in the Jacobian. Furthermore, with x ≈ 1, h12 will be very nearly 0 and

so we can consider

∆(H) = h11h22h33. (A.18)
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Hence the determinant will also be negative, satisfying criterion 2, when the three diagonal

entries share the same sign. Squaring H and summing the diagonal entries yields

τ(H2) = h211 + h222 + h233 + 2h12h21 (A.19)

= h211 + h222 + h233, (A.20)

again because h12 goes to zero for x ≈ 1. We know that ∆(H)/τ(H) > 0 when both are

negative, so showing τ(H2) < τ(H)2 will be sufficient to satisfy the 3rd criterion if the first

two are met. Squaring τ(H) yields

τ(H)2 = h211 + h222 + h233 + 2h11h22 + 2h22h33 + 2h11h33. (A.21)

All the terms in the sum will be positive when h11 < 0, h22 < 0, and h33 < 0 in which case

it is clear that τ(H2) < τ(H)2. Thus, all three of the Routh-Hurwitz criterion will hold

when the three diagonal entries of H are negative.

We start with the first diagonal entry. From Eq. (A.15a), we can see that when x ≈ 1

it follows that that h11 ≈ −1.

Next we consider the second diagonal entry, h22, defined in Eq. (A.15e). Substituting

in Jy/y = 1/y −my − qyx yields,

h22 =
1

y

[(
2k

k + (1− x)2x2

)(
ls

s+ (y/x)l

)
+ 1

]
− (qyx+my)

[(
2k

k + (1− x)2x2

)(
ls

s+ (y/x)l

)
+ 2

]
− jy

K

(
(1− x)2x2

k + (1− x)2x2

) (A.22)

Then noting that the final term will be negative, but close to zero and he first fractional

term will approach 2 when x ≈ 1, h22 will be less than 0 when

1

y
< (qy +my)

2
(

ls
s+(y/x)l

)
+ 2

2
(

ls
s+(y/x)l

)
+ 1

. (A.23)

Hence when x ≈ 1, the entry h22 will be negative when

y >
1

qy +my
. (A.24)
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Finally, from Eq. (A.15i), we can see that for any positive value of x, including x ≈ 1,

h33 < 0 because both parameter values, mz and qz, are real and positive.

Thus when z = 0, x ≈ 1, and y > 1/(qy + my), the diagonal entries of H, h11, h22

and h33, will all be negative. Hence the Routh-Hurwitz Criterion will be satisfied and all

eigenvalues of the system will have negative real parts. These conditions are satisfied by

the high-tumor equilibrium for the patient parameters considered here, so it follows by the

Routh-Hurwitz criterion that the high-tumor steady state is stable.

Characterizing the interior equilibria analytically is intractable. However, we located

equilibria at the intersection of nullsurfaces, and characterized their stability numerically.

For the parameter sets considered here, there are up to four interior equilibria with x ≥ 0,

y ≥ 0, and z ≥ 0. To explore these equilibria, we constructed a bifurcation diagram by

varying the maximum CAR T-cell recruitment rate, jC , from 0 to 3 while holding all other

parameters at their Patient 3 value (Fig. 1c). With strictly positive parameter values, an

unstable node and a saddle point are present at a low (but non-zero) population level for all

three cell types. The stable manifold of this saddle point separates the basin of attraction

for healthy outcomes from the basin of attraction for unhealthy outcomes. Increasing jC

causes this saddle point to move towards larger tumor and CAR T-cell values as the non-

zero CAR T-cell nullcline shifts upwards with respect to tumor and CAR T-cells. For the

patient 3 values, a saddle node bifurcation occurs when jC = 0.5105 and a stable node

appears simultaneously with another saddle point near the tumor cell carrying capacity.

The stable manifold of this saddle point separates the basins of attraction for the high-

tumor equilibrium from the basin of attraction for this new, stable coexistence equilibrium.

Fig. 1b shows the null surfaces with the unperturbed patient 3 parameter set, i.e. with

jC = 0.6, so all four interior equilibria are visible. Continuing to increase jC past the point

jC = 2.56, the non-zero CAR T-cell nullcline shifts far enough upwards with respect to

tumor and CAR T-cells that the stable coexistence equilibrium and the saddle node at high

CAR T-cell values collide and disappear in another saddle-node bifurcation. This leaves

two remaining unstable interior equilibria, and the stable manifold of the remaining saddle

node now separates the basins of attraction for the low tumor and high-tumor equilibria.

Varying other parameters associated with CAR T-cells can also shift the non-zero CAR
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T-cell nullsurface through this sequence of bifurcations.

The positive quadrant is an invariant set of system A.1. In order for a trajectory to

leave the first quadrant, it would have to cross an axis, which requires ẋ < 0 somewhere

along the x = 0 axis, ẏ < 0 somewhere along the y = 0 axis or ż < 0 somewhere along the

z = 0 axis. However, when x = 0 it is clear from Eq. (A.1a) that ẋ = 0. From Eq. (A.1b),

we can also see that when y = 0, it follows that ẏ = 1, which is positive. And when z = 0,

ż = 0 also.

3.2.5 Appendix B: Parameter Selection

We selected parameters based on previous models in the literature. The metastatic melanoma

parameter sets came directly from the parameter values for Patients 9 and 10 in the gov-

erning equations for tumor cells and CD8+ T-cells reported by [37]. However to counteract

the effect of eliminating the other immune cell types (NK cells and circulating lymphocytes)

that stimulate CD8+T cells, the base recruitment rate of effector cells from [104] was taken

to be the base recruitment rate of effector cells for Patients 3 and 4.

We set the parameter values for our diffuse large B-cell lymphoma patient, Patient 1,

to the midpoint of the ranges reported by [155] when there was an analogous term. We

could use most parameters directly from [155]. However, the parameters involved in the

novel tumor-cell lysis term introduced by de Pillis et al. did not correspond directly to

parameters in Rösch’s model. We expect endogenous T-cells in lymphoma patients to be

less effective at killing tumor cells than CAR T-cells, so we set dE = 2.02, or roughly

90% as effective as CAR T-cells. We set the remaining two parameters, l and s, to the

average of the two patients considered in the model from [37]. The Rosch et al. model

assumed exponential tumor growth, rather than logistic so we set b = 5 × 10−13 because

this choice allows tumor cells to exhibit essentially exponential growth towards the number

of lymphocytes in the body in the absence of an immune response.

The chronic lymphocytic leukemia patient parameter values were set to the midpoint of

the ranges reported by [127] when there was an analogous term, adjusting for differences in

units. The Nanda et al. model also assumed exponential tumor growth, rather than logistic
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so we set b = 5 × 10−13 . Under the same reasoning as the lymphoma parameters, we set

dE = 2.02, and set the final parameters involved in the novel interaction term (l and s) to

the average of the two patients considered in the model from [37].

CAR T-cell parameters that differ from corresponding parameter in the endogenous

effector cells (dC ,mC , jC , and qC) were determined from the values reported by Kimmel

et al. (2019). For all patients, the CAR T-cell death rate and the maximum CAR T-

cell kill rate were set to the median value for their deterministic model, converting units

if necessary. Note that the maximum tumor kill rate is lower for CAR T-cells than for

endogenous effector cells in the metastatic melanoma patients. This may seem counter-

intuitive; however, the parameter values from de Pillis et al. (2005) were fit to clinical trials

of successful Tumor Infiltrating Lymphocyte (TIL) treatment. TILs are currently more

effective than CAR T-cells against metastatic melanoma [73]. The CAR T-cell exhaustion

rate and the effector cell carrying capacity for blood cancers (Patients 1 and 2), came from

converting the corresponding values in the model from Kimmel et. al (2019) to the our

units. For the metastatic melanoma parameter sets (Patient 3 and 4), we use a higher

inactivation rate so that the order of magnitude of the ratio of the tumor carrying capacity

to deactivation is preserved. Numerous studies have shown the microenvironment around

solid tumors to be more hostile to immune cells than in the case of hematologic cancers [181].

For metastatic melanoma patients we also was scaled down the carrying capacity of effector

cells by 10% to account for the lower access of T-cells to solid tumor cells [181, 76]. In their

model, Kimmel et al. (2019) use a functional form which places our maximum CAR T-cell

recruitment rate, jC , in the interval [0.11, 1.31]. We chose to set the CAR T-cell recruitment

rate to be a factor larger than the endogenous cell recruitment rate: jC = 22jE . The choice

of 22 as a scale factor places the resulting values within the range reported by Kimmel et

al. and produces simulation results spanning an interesting range of biological outcomes.

The kill parameters relating to chemotherapy were taken from [36], since the patients

in the metastatic melanoma study were also treated with fludarabine. The fractional cell

kills used by de Pillis et al. were KT = 0.9 and KE = 0.6 which assumes that chemotherapy

is one log-kill and that it kills a larger fraction of tumor cells than host cells. However,

to reflect the fact that CAR T-cell treatment is commonly used for patients whose disease
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is less responsive to chemotherapy, we reduced KT to 0.7. We set KC = KE = 0.6,

therein assuming that CAR T-cells will be impacted by chemotherapy at the same rate as

endogenous T-cells. The decay rate γ can be calculated from the half-life of a substance,

τ , by γ = ln (2)/τ . The choice of strength for chemotherapy regimens was chosen by

working backwards to see what values resulted in reasonable concentrations of fludarabine

building up in the system, where “reasonable” concentrations matched those reported by

Ju et al. [77] in a pharmacokinetic study of the drug (2014). For 25 mg of fludarabine

administered over one half hour each day for 5 days, Ju et al. reported a peak concentration

of Cmax = 1, 222(668 − 1, 732)ng/mL = 3.34 µM. We found that a dose strength of S =

77 µMday−1 achieved this Cmax in our simulations, so this was used as medium strength.

The high strength was set to be S = 125 µMday−1 in order to achieve the same area under

the concentration curve with only 3 days of injections. If we chose to instead match the

dose administered (area under νM (t)) between the two plans, the patient outcomes were

qualitatively similar.

Note that while the treatment parameters are well-founded in pharmacokinetic data, the

patient parameters have been drawn from previous theoretical studies for different cancer

types. Some have been fit to patient data, but not all. In order to strengthen the impact of

any suggestions made by this model it remains to calibrate parameters model to data from

previous CAR T cell therapy patients and validate the model by evaluating its predictive

performance on untrained data.

3.2.6 Appendix C: Numerical Simulations and Sensitivity Analysis

We implemented numerical simulations with parameters for Patient 1-4 listed in Table 3.2.3

using a combination of 4th order Runge-Kutta integration schemes in MATLAB. During

chemotherapy, we enforced a fixed step size of dt = 0.0208 corresponding to approximately

one half hour or 1/48 of a day using ode4(). The remainder of each simulation was completed

with ode45(), which dynamically chooses the time-step.

To discover which components of the model contribute most significantly to the effective-

ness of CAR T-cell injections, we performed a numerical sensitivity analysis assessing how
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the model parameters impact the shape of the separatrix between the basin of attraction

for the high-tumor equilibrium and the basin of attraction for the tumor-free equilibrium.

As a baseline for Patients 1-4, we calculated the precise threshold of CAR T-cells above

which a patient initial condition will move towards the healthy, tumor-free equilibrium when

the system starts at the low-TB initial condition. We call this number of effector cells the

CAR T-cell success threshold, because any treatment plan which injects a dose of CAR

T-cells exceeding this quantity will be successful (in theory) against tumor burdens up to

and including the low TB, (Fig. (3.2.2a)). For the reasonable patient initial conditions con-

sidered in our simulations, post-chemotherapy tumor burdens generally fell below the low

TB value at the time of CAR T-cell injection. After calculating the threshold with unper-

turbed parameters, each parameter was increased by 1% while holding all other parameter

values constant. The relative change in the CAR T-cell success threshold was computed by

subtracting the unperturbed CAR T-cell success threshold from the perturbed CAR T-cell

success threshold and dividing the difference by the unperturbed threshold. The same pro-

cedure was followed for a 1% decrease in each parameter. The results of sensitivity analysis

for Patient 1 are shown in Fig. (3.2.2b) and the results for Patients 2-4 are shown in Fig.

(3.2.6).

For all patients, varying the tumor growth rate, a, had a significant impact on the CAR

T-cell success threshold, indicating that cancers characterized by a higher growth rate will

require higher CAR T-cell doses if administered at the same patient initial condition. In

contrast with Patients 1-2, the tumor carrying capacity, 1/b, also had a non-negligible effect

on the success threshold for Patients 3-4. This seems to be a consequence of the fact that

the low TB condition is only one order of magnitude below the tumor carrying capacity for

Patient’s 3 and 4, so the behavior of the tumor population can enter the saturating regime

of logistic growth, shaped by the carrying capacity.

The parameters characterizing the activity of CAR T-cells also have a nonnegligible

impact on the success threshold. For all patients, changing the exponent in the tumor-cell

lysis rate, l, has the largest impact on the CAR T success threshold, with a 1% change

in l leading to a 5 − 7% change in the threshold. The parameter l encodes how the lysis

rate depends on the ratio of CAR T-cells/tumor cells. Thinking of this ratio as a chemical
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Figure 3.8: Results of sensitivity analysis for (a) Patient 2, (b) Patient 3, and (c) Patient

4. The dose of CAR T-cells required to achieve a healthy patient outcome from the low

tumor initial condition is most sensitive to the tumor growth rate, a, and the exponent of

the tumor cell lysis rate, l (a parameter associated with the cooperativity of CAR T-cells).

Other parameters dictating the behavior of CAR T-cells also have a non-negligible impact

on the CAR T-cell success threshold. The inverse of the tumor cell carrying capacity, b, has

little effect on the threshold for Patients 1-2, but a noticeable effect for Patients 3-4. It is

worth noting that the low tumor initial condition is relatively close to the tumor carrying

capacity for Patients 3-4 compared to Patients 1-2
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Figure 3.9: Impact of varying parameters characterizing the lysis of tumor cells by CAR

T-cells on patient trajectories initiated at (T0 = 5×108, E0 = 3×104, C0 = 106) for Patient

1 and (T0 = 108, E0 = 3 × 104, C0 = 106) for Patient 3. The maximum tumor cell lysis

rate, dC , was varied between 0 and 10 for (a) Patient 1 and (b) Patient 3. At low values of

dC , trajectories approach an unhealthy patient outcome. As dC increases, CAR T-cells are

able to mount a larger response against the tumor, and eventually trajectories transition

to approaching the healthy outcome. Continuing to increase dC , CAR T-cells eradicate the

tumor more quickly and with a smaller peak. The exponent in the tumor cell lysis rate, l,

was varied from 0 to 3 for (c) Patient 1 and (d) Patient 3. For low values of l, CAR T-cells

effectively kill tumor cells independently so trajectories rapidly reach the zero-tumor burden

with low spikes in CAR T-cells. As l increases, higher cooperation between CAR T-cells is

required and so larger peaks in CAR T-cells are seen. Eventually, the level of cooperation

required is too high, and trajectories now approach an unhealthy outcome, though CAR

T-cells still increase initially. Once l > 2, the CAR T-cells no longer spike after injection, as

trajectories quickly approach the high-tumor state. The half-saturation value in the tumor

cell lysis rate, s, was varied from 0 to 1 for (e) Patient 1 and (f) Patient 3. Increasing s

increases the effector-target ratio required to reach the saturation regime of tumor cell lysis.

For low values of s the tumor is eradicated quickly with few CAR T-cells. As s increases,

more CAR T-cells are required to eliminate the tumor observed in larger CAR T-cell peaks,

until eventually this dose of CAR T-cells can no longer mount an effective response to this

tumor burden. Further increasing s decreases the peak of the failed response
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concentration we can think of varying l as allowing the expression D to range between non-

cooperative (completely independent) binding between CAR T-cells and surface antigens

on the tumor cells when l = 1, and cooperative binding when l > 1. The fact that a

1% change in l can result in a 7% shift in the threshold indicates that small changes in

CAR T-cell cooperativity will affect clinical outcomes. For Patients 1-2, and 4, the next

most inlfuential parameter is the maximum recruitment rate of CAR T-cells, jC . Larger

values of jC decrease the necessary injected dose of CAR T-cells because those cells that are

injected are able to expand further. For Patient 3, perturbations to the maximum tumor

kill rate by CAR T-cells, dC , have the most outsized impact after l. This parameter defines

the upper limit of the ratio-dependent cell-lysis term, suggesting that small improvements

to the effectiveness of CAR T-cell activity could significantly reduce the dose required by

patients.

Sensitivity analysis based on the the high tumor burden indicated that the parameters

associated with tumor cell lysis by CAR T-cells, dC , l, and s, play an important role in

the success of CAR T-cell treatment so we performed further numerical investigations to

show how varying these parameters impacts patient trajectories. Figure 9 shows patient

trajectories resulting from running simulations with the Patient 1 and Patient 3 parameter

sets from an initial condition near the separatrix between the basins of attraction for the

different equilibria. Either dC , l, or s was varied through a relevant range while holding

all other parameter values constant at the value listed in Table 1 and the trajectories were

color coded according to the value of the parameter in question.

First the maximum tumor cell lysis rate, dC , was varied between 0 and 10. When tumor

cell lysis is zero, the CAR T-cell recruitment is also affected, and CAR T-cells cannot

proliferate so the trajectory proceeds in the C = 0 plane to the high-tumor equilibrium. As

dC increases a larger spike in CAR T-cells is seen. Though trajectories still reach the high-

tumor equilibrium for Patient 1, they now approach the unhealthy coexistence equilibrium

for Patient 3. Eventually the maximum kill rate is high enough that a large spike in CAR

T-cells is sufficient to move the patient to the healthy zero-tumor outcome. Continuing to

increase dC the system approaches the healthy zero-tumor equilibrium faster and with a

shorter and shorter spike in CAR T-cells.
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Next, the exponent in the tumor cell lysis rate,l, was varied from 0 to 3. When l = 0,

with even one CAR T-cell present tumor cells are killed at a rate independent of further

increases in CAR T-cells. Consequently the tumor is eradicated very quickly with very

little expansion of CAR T-cells beyond the initial dose. As l increases more cooperation

is required between CAR T-cells to attack tumor cells, so we see larger and larger spikes

in CAR T-cells needed to contain the tumor and reach a healthy outcome. Eventually

the level of cooperativity required is too great for this CAR T-cell dose to handle this

tumor burden. At this point, even though CAR T-cells expand post injection, trajectories

approach an unhealthy outcome. Once l is greater than 2, the injection of CAR T-cells has

virtually no effect on the disease, and CAR T-cells and tumor cells monotonically approach

the high-tumor equilibrium.

The half-saturation value in the tumor cell lysis rate, s, was varied from 0 to 1. Increasing

s increases the effector-target ratio required to reach the saturation regime of tumor cell

lysis. When s = 0, the lysis of tumor cells by CAR T-cells transitions to the saturation

regime immediately and so the tumor is eradicated rapidly by a small number of CAR

T-cells. As s increases the CAR T-cell to tumor cell ratio needed to reach the saturation

kill rate increases, and the eradication time and fold-increase in CAR T-cells increases

along with it. At a critical value around s = 0.5 for Patient 1 and s = 0.25 for Patient

3, trajectories now approach an unhealthy outcome and the peak CAR T-cell population

decreases as s increases. The effector to target ratio required to reach the saturation regime

is now too high for this dose to handle this initial condition.

3.3 A Reaction-Diffusion Model for CAR T-cell Treatment of solid tumors

Due to the widespread success of CAR T-cell treatment combating blood cancers, interest

has grown in expanding this technology to address other types of cancer. Current attempts

at adapting CAR T-cells to address solid tumors must overcome several challenges including

the inherent heterogeneity of solid tumors, their hostile tumor micro-environment, and the

problem of CAR T-cell localization to the tumor site. One method currently being explored

to address this last challenge is administering CAR T-cells locally instead of systemically.

Several methods of administering CAR T-cells for treatment of solid tumors are being
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tested in clinical trials. In many cases, CAR T-cells are administered systemically, following

the same method as the approved treatments for hematological malignancies. However,

local delivery of CAR T-cells can allow the engineered cells to bypass physical barriers

and reduce on-target/off-tumor effects. These methods of administration are especially

applicable in order to bypass the blood-brain barrier when using CAR T-cell therapy to

treat glioblastoma, as summarized by Maggs et al. in a 2021 review of the clinical trial

landscape [110]. Notably, in one anecdote of successful treatment, a patient with highly

aggressive recurrent glioblastoma went into complete tumor regression following infusion of

CAR T cells into the resected tumor cavity and into the ventricular system [13]. Intracranial

delivery of CAR T cells was also effective in a mouse model of HER2+ breast cancer with

brain metastasis [151] and in a mouse model of glioblastoma [34]. Nellan et al., working

with another mouse model of medulloblastoma, found that intratumoral injections required

a lower dose of cells than systemic administration [130]. In addition to brain tumors, regional

delivery of CAR T-cells is also being tested for the treatment of breast cancer, liver cancer,

and human pleural malignancy ([171, 1], NCT04951141).

Comparing the effectiveness of possible modes of local injection of CAR T-cell therapy

requires a model that accounts for spatial heterogeneity in the intial distribution of CAR T-

cells. Towards this goal, we derive a spatio-temporal dynamical model for the proliferation,

spread, and interaction of tumor cells and CAR T-cells. Specifically we use a pair of partial

differential equations to describe the density of CAR T-cells and tumor cells over time,

incorporating cell movement through diffusion and cell proliferation and death through

forcing terms. These forcing terms are adapted from the ODE model presented in section

3.1 by dropping the equation for endogenous effector cells and modifying the recruitment

rate of CAR T-cells upon interaction with tumor cells. This reaction-diffusion model allows

us to study CAR T-cell treatment of solid and diffusive tumors.

3.3.1 Mathematical Model

Let the density of tumor cells and CAR T-cells at location x and time t be given by u(x, t)

and v(x, t) respectively. According to conservation of mass, the rate of change in the density
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of the tumor at a given point in space is the sum of diffusion and net cell proliferation, so

we write the evolution equation for the tumor concentration as

∂u

∂t
= ∇ · (DT (u)∇u) + F1(x, t), (1)

where F1(x, t) is a biologically motivated forcing function and DT (u) encodes thresholded-

diffusion for tumor cell spread

DT (u) =


0 u(x, t) ≤ u∗,

D∗
T u(x, t) > u∗.

(2)

We enforce an essentially free boundary as r increases, and a consistency condition at r = 0,

u(r =∞) = 0, |u(r = 0)| <∞.

The evolution of the CAR T-cells is described by a purely diffusive process combined with

an appropriate net cell proliferation term, yielding

∂v

∂t
= ∇ · (DC∇u) + F2(x, t). (3)

For the CAR T-cells, the boundary conditions are formulated in order to allow for a rea-

sonably sized spatial domain in numerical simulation without impacting the biological in-

terpretation of the model. Because we are most interested in the behavior of CAR T-cells

near the tumor, we enforce
∂v

∂r

∣∣∣∣
r=3max(Ω)

= 0

where Ω consists of the radial values such that u > 0, i.e. the region of the spatial do-

main occupied by the tumor. This Neumann boundary condition at a moderate distance

from the tumor is used to allow for proliferation at the edge of the tumor region without

precipitous leakage. With local injection, most CAR T-cells remain near the tumor and

for the parameter regimes considered here CAR T-cells reach the boundary r = 3max(Ω)

only in negligible concentrations, so using a Neumann boundary condition at this finite r

rather than a boundary condition at infinity remains biologically reasonable. For model

consistency, we again enforce that the cell concentration is finite at the origin, i.e.,

|v(r = 0)| <∞.
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For the forcing functions, F1 and F2, we use terms for the cell proliferation and interac-

tion rates adapted from the ODE model studied by Owens and Bozic [139]. Let

F1(x, t) = au(x, t)(1− bu(x, t))−D(x, t) (4a)

and

F2(x, t) = j ln

(
K

v(x, t)

)
D(x, t)

k +D(x, t)
v(x, t)−mv(x, t)− qv(x, t)u(x, t), (4b)

where

D(x, t) = d
(u(x, t)/v(x, t))l

s+ (u(x, t)/v(x, t))l
u(x, t).

Note that the recruitment rate of CAR T-cells has been simplified slightly to depend on cell

lysis directly rather than the square of cell lysis.

In this model, tumor cells diffuse in a density-dependent manner. Diffusion does not

occur below a given critical tumor concentration, u∗, but above the critical concentration

cells diffuse at a constant rate, D∗
T . This tacitly incorporates two stages of tumor growth

at each spatial point: an initial phase in which the tumor grows non-diffusively, followed

by a diffusive growth phase [168]. Models in the mathematical biology literature that

assume Fickian diffusion for the density of tumor cells, notably the work of Swanson et

al. [168] and Greenspan et al. [59] initiate simulations at the onset of the diffusive growth

phase, bypassing the need for density dependent-diffusion. However, there are diverse cancer

invasion routes and programs [51], so not all cancer progression is well-described by simple

Fickian diffusion. With this model, we can compare high-grade, aggressively invasive tumors

vs. low-grade, minimally invasive tumors by varying the growth rate of the tumor density,

a, the diffusion coefficient of the tumor, D∗
T , and the diffusion threshold, u∗, making this a

reasonable place to start.

Understanding the motility of CAR T-cells within a patient is still an area of active

study [43]. Because we are assuming local delivery of the T-cells, they do not need to

migrate to the tumor site. This allows us to reduce the complexity of our model by ignoring

chemotaxis and haptotaxis. In a comprehensive imaging study of local injection of CAR

T-cells, Mulazzani et al. found that CAR T-cells disperse evenly throughout the tumor over
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the coarse of tumor eradication [121]. This supports the use of diffusion to describe CAR

T-cell movement.

The forcing function for tumor tumor density in our model was drawn directly from

the ODE model for CAR T-cell therapy from Owens and Bozic [139]. In the absence of

CAR T-cells, the proliferation of tumor cells is driven by logistic growth. Previous reaction-

diffusion models of tumor growth have considered exponential, gompertzian, and logistic

growth [174]. For more details on the justification behind this nonlinear interaction term,

see the modeling work of de Pillis et al. [37]. The proliferation terms governing CAR

T-cells are adapted slightly from the Owens and Bozic model [139]. Modifications to the

recruitment term were required because we do not include endogenous effector cells in this

model, and we further simplified the relationship between CAR T-cell recruitment and

tumor cell lysis. Removing the squared term results in a more binary local CAR T-cell

response: either CAR T-cells expand in a given location, out-competing the tumor cells, or

they are reduced to zero. We do not see long-term coexistence as was possible with the ODE

model in the previous chapter. The dynamics of CAR T-cells within a patient are still not

well characterized, but as more information emerges, this model can easily be adapted by

changing the form of F2 to accommodate different functional forms of CAR T proliferation

and death.

In this work, we consider the evolution of a radially symmetric, spherical tumor grow-

ing on an infinite domain. This approach was also taken by Burgess et al. in their 3

dimensional extension of the work of Swanson et al. modelling glioma [18]. With the as-

sumption of spherical symmetry, we can test two medically relevant methods of local CAR

T-cell administration. First, we consider intratumoral injection of CAR T-cells by initiating

treatment with a high concentration in the center of the tumor. Next, we consider intra-

cavitary injection of CAR T-cells by initiating treatment with a uniform concentration of

CAR T-cells along the boundary of the tumor. This simple geometry could also be used to

consider treatment plans involving multiple doses, combinations of the above approaches,

or the use of CAR T-cell therapy after tumor resection.

Applying the preceding geometric considerations to equations (1) and (3) while keeping
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Figure 3.10: Overview of reaction-diffusion model for studying local administration of CAR

T-cell therapy (a) Schematic of PDE model. Tumor density grows logistically and can be

decreased by interaction with CAR T-cells. The tumor mass diffuses after surpassing a

critical threshold, u∗. CAR T-cell proliferation is stimulated by the presence of tumor cells,

but cells can also be deactivated through repeated interaction with the tumor. CAR T-cell

density spreads through constant diffusion. (b-c) We consider two possible methods of CAR

T-cell administration: intratumoral injection and intracavitary injection. Intratumoral in-

jection is modeled with an initial high concentration of CAR T-cells in the center of the

tumor. Intracavitary administration is modeled as a thin layer of CAR T-cells along the

surface of the tumor.

the boundary conditions consistent, yields

∂u

∂t
=

1

r2
∂

∂r

(
DT (u)r

2∂u

∂r

)
+ F1(r, t); DT =


0 u(r, t) ≤ u∗,

D∗
T u(r, t) > u∗;

(5a)

and

∂v

∂t
=

1

r2
∂

∂r

(
DCr

2∂v

∂r

)
+ F2(r, t); (5b)

A schematic of the model and illustrations of the initial CAR T-cell profile for the two
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administration methods that we will compare is given in Fig. 3.10. Further, the nondimen-

sional version of the model is derived in Appendix 3.3.5.

3.3.2 Parameter Estimation

In order to carry out informative numerical analysis and simulations of the model, we

estimated some parameter values from experimental data and identified others from previous

modeling work.

We first introduce the parameters that determine tumor growth in the absence of treat-

ment. There are numerous reaction-diffusion models for tumor growth and estimates of the

diffusion coefficient for tumor cells vary widely in the literature, reflecting the heterogeneous

behavior of the different types of cancer being modeled. Swanson et al. [168] used diffusion

coefficients on the order of DT ∗ = 10−4−10−3cm2/day to model glioma, a highly aggressive

form of cancer. However they also noted that, in vitro and in vivo studies by Silbergeld

and Chicoine reported velocities of 4.8− 12.5µm/hr for rat glioma cells [18, 165]. Using the

expected root-mean-square distance from the origin, one can relate this linear velocity to

the diffusion coefficient via ⟨r2⟩ = 6DT ∗t, where t is time. This yields diffusion coefficients

an order of magnitude smaller, DT ∗ = 2.2 × 10−5 − 1.5 × 10−4cm2/day. Other reaction-

diffusion models of solid tumors have used even smaller diffusion coefficients, generally on

the order of DT ∗ = 10−6cm2/day as in [104]. Here we consider diffusion coefficients in the

range of 1× 10−5 to 1× 10−4 cm2/day. Specifically, for tumors with low diffusivity, we let

DT ∗ = 3× 10−5, whereas for high diffusivity, we let DT ∗ = 9× 10−5.

We set the tumor density carrying capacity to 1/b = 2.34 × 108. This reflects the

physical constraints of how tightly cells can be packed together [38]. To consider solid,

compact tumors we set the critical density for diffusion, u∗, to be half of this local density

carrying capacity such that tumor cells will start to diffuse as their environment becomes

crowded and slows the local rate of growth. Lower values of u∗ decrease the tumor volume

doubling time and cause the leading edge of the tumor to have a lower slope, i.e. the tumor

is less compact at the boundary as it advances. Higher values of u∗ have the opposite effect,

and can result in staltatory growth patterns in which the tumor advances and then fills in
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the new territory before advancing again. With this in mind, to model diffusive tumors, we

set u∗ to be 1% of the local density carrying capacity.

For a fixed diffusion coefficient and density carrying capacity, we can fit the growth

rate of tumor density, a, to tumor volume doubling times for the cancer types of interest

reported in table 3.2. The growth rates are on the order of 10−2 to 10−1. Here we consider

a high proliferation rate of a = 0.25 day−1 and a low proliferation rate of a = 0.018 day−1.

A thorough exploration of the model behavior in the absence of treatment is mapped out

as a function of the tumor growth parameters in Fig. 3.17.

We now turn our attention to the parameters governing CAR T-cell dynamics. To

determine the motility of CAR T-cells, we note that Mullazzani et al. reported CAR T-

cell intratumoral velocities on the order of 2 − 20µm/min. As with tumor cell diffusivity,

we can use the expected root-mean-sqaure distance from the origin of a diffusing particle,

⟨r2⟩ = 6DCt, to compute the diffusion coefficient from these linear velocities. Taking the

low end of the range reported in [121] yields a value of DC = 0.0138cm2/day. Finally, for

the parameters determining CAR T-cell proliferation and interaction with tumor cells we

use values from the range explored in the ODE model studied by Bozic et al. [139]:

a = 0.018 or 0.25 day−1, b = 1.02e-9 cells−1,

d = 2.25 day−1, j = 0.6 day−1,

s = 0.25, l = 1.36,

k = 2.019e7 cells/day, K = 1.65e8 cells,

m = 0.293 day−1, q = 5e-10 cells−1day−1.

Before continuing with model simulations and numerical analysis, we nondimensionalized

the system as outlined in section 3.3.5.

3.3.3 Results

We solved the non-dimensionalized model using a Crank-Nicolson scheme with a moving

boundary as outlined in section 3.3.6. Simulations were run for a range of initial conditions

with the parameter values identified in section 3.3.2. We first established the behavior
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Figure 3.11: We model CAR T-cell treatment for 4 types of tumors: Type I has high

proliferation and low diffusion, Type II has high proliferation and high diffusion, Type

III has low proliferation and high diffusion, and Type IV both low proliferation and low

diffusion. Panel (a) shows the density profile for each of these types of tumors when initiated

from a 1 mm tumor and allowed to grow until the detectable radius reaches 1 cm. The black

line shows the tumor burden at the time of CAR T-cell injection. If these four tumor types

remain untreated, their expansion would continue. In panel (b) we illustrate the growth of

the untreated tumors over 200 days.
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Cancer type Tumor Volume Doubling Time Source

Malignant Glioma 15-21 days Yamashita et al., 1983 [191]

Breast Cancer 46-825 days Ryu et al., 2014 [161]

Liver Cancer 85-150 days Nathani et al., 2021 [128]

NSCLC 100 - 191 days Nakamura et al., 2014 [126]

Mesothelioma 153-241 days [46, 85]

Table 3.2: Tumor volume doubling times for cancer types with ongoing clinical trials testing

CAR T-cell therapy.

of the model for tumor growth alone, defining four tumor types on which to test locally

administered CAR T-cell therapy. Each of these tumor types develops a signature density

profile which constitutes the tumor burden at the time of CAR T-cell injection. The initial

CAR T-cell distribution was either concentrated at the center of the tumor in a narrow

compact gaussian, representing intratumoral injection, or concentrated along the boundary

of the tumor in a narrow layer, representing intracavitary injection. We can visualize density

profiles of the tumor and CAR T-cell populations along the radial dimension to get a sense of

the spatial distribution of the two types of cells at different time points. We also integrate the

cell densities over the spatial domain to construct a time series of the total cell populations.

Examining these results for both modes of CAR T-cell administration, we can categorize the

model behavior into one of 4 possible dynamic outcomes: rapid tumor eradication, tumor

expansion followed by tumor eradication, initial tumor remission followed by relapse, or

rapid tumor escape.

Tumor Growth

Our model provides a flexible framework to simulate a wide range of solid tumor behaviors.

Tumor expansion varies along two main axes: the proliferation rate of cells controlled via

the proliferation rate, a, and the diffusivity controlled via both the diffusion coefficient,

D∗
T , and the diffusion threshold, u∗. A compact and aggressive solid tumor will maintain a
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consistently high tumor density as it expands rapidly across the domain, where as a compact

but slow-growing solid tumor will create a similar density profile expanding slowly across the

domain. Diffusive tumors such as gliomas will have a high density core but extend outwards

at low density near their periphery. Here we consider four types of tumors characterized

by either high proliferation or low proliferation and either high diffusivity or low diffusivity.

These serve as representatives models for different types of real tumors. Beyond these four

examples, I explore the sensitivity of tumor growth to changes tumor parameters more

thoroughly in section 3.3.7.

The four tumor types we consider are distinguished by their proliferation rate, a, tumor

diffusion coefficient, DT ∗ , and density threshold above which proliferating tumor cells will

spread, u∗. We use a value of a = 0.25day−1 for high proliferation compared with a =

0.018day−1 for low proliferation. For high diffusivity, u∗ = 0.01b cells/cm3, and DT ∗ = 9×

10−5 cm2/day whereas for low diffusivity u∗ = 0.5b cells/cm3, and DT ∗ = 3×10−5 cm2/day.

Tumor type I has a high proliferation rate and lower diffusivity resulting in a tumor with a

volume doubling time (VDT) of 76 days and an almost uniform, highly dense profile. This

type of growth pattern represents aggressive but compact solid tumors, which could describe

some liver or breast cancers. Tumor type II has a high proliferation rate and high diffusivity,

which results in a tumor with a VDT of 33 days and a moderately compact cell density

profile. This class is the most aggressive and could represent high-grade diffusive tumors

such as some gliomas. Tumor type III has a low proliferation rate but a high diffusivity,

resulting in the longest VDT, 228 days. This tumor type has a longer VDT even though the

tumor grows substantially because the balance between diffusion and proliferation produces

an invasive but low density growth front that is able to advance undetected. This type of

diffuse growth is characteristic of a subset of gliomas. Finally, tumor type IV is the least

aggressive with both low proliferation and a low diffusivity. More slowly growing compact

tumors like mesothelioma or some breast cancers could fall into this category, which has a

VDT of 196 days.

For each tumor type, we generated a tumor density profile to represent the tumor burden

at the time of CAR T-cell treatment. We generated these tumor burden profiles by initiating

a simulation with a spherical tumor of radius of 1 mm and uniform density at the carrying
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capacity 1/b and then running it forward in time with the appropriate parameter set until

the detectable tumor radius (density greater than 108 cells/cm3) reached 1 cm. Note that

modern diagnostic technologies are more sensitive than our chosen threshold. However, CAR

T-cell preparation can take several weeks so using an artificially high detection threshold

serves as a proxy for disease progression that would occur during treatment delay. The

density profiles for the four tumor types are illustrated in Fig. 3.3.2a. For tumor types

I-IV, the TBs at detection are 1.02 × 109, 1.01 × 109, 1.32 × 109, and 8.96 × 108 cells

respectively.

From this “detectable” condition, we simulated progression of the tumor over the course

of 200 days in the absence of treatment, highlighting the similarities and differences across

the four tumor types Fig. 3.3.2b. Tumor type I expands from 1 cm in radius to nearly 2

cm in radius and remains uniformly dense across the full domain. Tumor type II expands

much further, from radius 1 cm to nearly 4 cm. Like type I, the detectable radius of tumor

type III also expands from about 1 cm to around 2 cm. However, the extend of non-zero

tumor density is nearly 3 cm as a large portion of the tumor extends below the detection

threshold. Finally, tumor type IV expands only from 1 cm to about 1.4 cm over the 200

days and has a noticeably lower density at the proliferation front that in the center. This

is the least aggressive tumor in terms of radial expansion.

Intratumoral Injection

We simulate intratumoral CAR T-cell injection by starting with one of the four tumor

burdens defined in the previous section and a high concentration of CAR T-cells in the

center of the tumor. Specifically, we use a compact gaussian with a width of 1 mm and

height determined by the dose level. The system then evolves according to the dynamics

of equations (5a) and (5b), using the appropriate tumor growth parameters for the current

tumor type. In all scenarios, the CAR T-cell population initially starts to migrate from the

center of the tumor outwards, making some dent in the tumor density as it proceeds.

There are two possible paths to eradication. In the most robust CAR T-cell response,

the tumor is eradicated quickly before expanding in volume. This behavior is observed
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when the CAR T-cells reach the leading edge of the tumor and accumulate in high enough

concentration to prevent the onset of diffusion (Fig. 3.3.3a). If the tumor has slightly

more aggressive qualities (lower diffusion threshold, higher diffusivity, higher growth rate),

a lower CAR T-cell dose allows the tumor to expand in radius before CAR T-cells eventually

amass a high enough concentration at the edge of the tumor to prevent further diffusion

(Fig. 3.3.3b). Once tumor advancement has been contained, the CAR T-cells eliminate the

remaining tumor cells. In both of these scenarios the peak density of CAR T-cells moves

from the center of the tumor radially outward towards the edge, maintaining a peak density

at the front of interaction with the remaining tumor cells. Interestingly, in scenarios where

the tumor is able to expand prior to eradication higher initial doses of CAR T-cells actually

lead to earlier but lower peak numbers of CAR T-cells. Because the tumor is eradicated

earlier, a lower total number of tumor cells must be eliminated, requiring a lower expansion

of CAR T-cells in the process.

There are also several paths to treatment failure. With lower doses, CAR T-cells may

proliferate transiently but the tumor escapes. CAR T-cells make a dent in the tumor

density at the center of the domain, but are not able to fully distribute across the tumor

before becoming exhausted and so the tumor persists and recovers. In the most extreme

cases, observed with tumor type I, the tumor is reduced to as low as 1/10th of it’s size at

treatment before re-growing (Fig. 3.3.3c). The TB drops below what we have defined as the

detectable threshold, hence, this may appear clinically like tumor remission followed by a

fairly rapid relapse, a phenomenon which has been observed following CAR T-cell therapy.

For example, 49% percent of relapses after CAR T-cell treatment in relapsed/refractory

DLBCL occur within the first month [180]. With even lower doses, the injected CAR T-cells

never proliferate, though they may persist and slow tumor advancement transiently (Fig.

3.3.3d). Failure of CAR T-cells to successfully engraft and proliferate is also a documented

failure mode, particularly in the hostile solid tumor micro-environment [44].
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Figure 3.12: Across the four tumor types, intratumoral injection of CAR T-cells can result

in (a) tumor eradication, (b) tumor expansion followed by eradication, (c) initial tumor

regression followed by relapse, or (d) transient CAR T-cell persistence despite tumor escape.

In these four cases, the initial CAR T-cell dose diffuses outwards from the center of the

tumor, killing tumor cells at the core first. In the more promising scenarios, the CAR T-cell

population increases in density as it moves outwards towards the surface of the tumor. In

the two successful scenarios, CAR T-cells reach the surface with high enough numbers to

overcome the tumor cells and eliminate the disease.
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Figure 3.13: Intracavitary injection of CAR T-cells can result in (a) tumor eradication,

(b) tumor expansion followed by eradication, (c) tumor regression followed by relapse, or

(d) transient CAR persistence and tumor escape. Upon intracavitary injection, the initial

dose of CAR T-cells diffuses across the surface of the tumor. Then CAR T-cells start to

proliferate as the wave continues inwards, preventing or hindering tumor expansion at the

surface. In the three more effective scenarios, the advancing CAR T-cells coalesce in the

center of the tumor, peaking in density while the tumor burden is greatly reduced. On the

other hand, in many unsuccessful scenarios, CAR T-cells grow exhausted and inactivated,

failing to penetrate the core of the tumor as in example (d). In the two successful scenarios,

the CAR T-cells persist at high numbers until the tumor is completely eliminated. In

scenario (c), the CAR T-cells begin contracting while a substantial shell of cells remains at

the tumor surface. These tumor cells evade CAR T attack and the tumor regrows.
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Intracavitary Injection

To simulate intracavitary injection of CAR T-cells with this model, we again initiate the

system with one of the tumor profiles in Fig. 3.3.2. Now, the initial condition for CAR

T-cells is a thin layer concentrated on the surface of the tumor. In particular, the layer has

a width of 1 mm and a uniform density at the value necessary to reach the dose level being

tested. Over the course of simulation, the CAR T-cells migrate inwards across the tumor

from the outer edge towards the center.

As with intratumoral injection, there are two types of successful treatment–one without

tumor expansion and one with tumor expansion. If the initial dose is high enough to contain

the leading edge of the tumor, CAR T-cells first distribute from areas of high concentration

to low, diluting their local density of cells. Then as CAR T-cells advance deeper into the

tumor and proliferate, they eradicate the tumor from the outside in, reaching a higher

peak density than initially applied before contracting back down as the tumor dies off (Fig.

3.13a). Against tumor type II, when the tumor has a high tumor diffusivity and proliferation

rate, the leading edge of the tumor is able to expand slightly as CAR T-cells build up a

higher concentration at the tumor front(Fig. 3.13b). This phenomenon is less pronounced

with intracavitary injection compared to intratumoral injection for the four tumor types

considered here.

With intracavitary injection, we also observe treatment failure with and without CAR

T-cell proliferation. For lower doses of CAR T-cells against tumor type I, we see the same

phenomenon of initial tumor regression followed by relapse as observed with intratumoral

injection (Fig. 3.13c). However across all tumor types, the most common mode of failure

is that low doses of CAR T-cells only briefly or never proliferate, instead declining and

allowing the tumor to grow uninhibited (Fig. 3.13d).

Comparing Modes of Local Administration

We tested CAR T-cell doses in the range of 1× 106 to 5× 108 cells against the four tumor

types, administered either at the center of the tumor or at the surface. Given an appropri-

ate parameter regime and initial condition, both modes of local CAR T-cell administration
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Figure 3.14: For each of the four tumor types, there are doses of CAR T-cells that succeed

with one mode of local administration, but fail with the other. For tumor types I and II,

doses can be successful when applied at the periphery of the tumor, but fail when applied

intratumorally (a-b). For tumor types III and IV, doses can be successful when applied at

the center of the tumor, but fail if introduced at the surface.
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can induce the 4 general behaviors illustrated in Fig. 3.3.3 -3.13: rapid tumor eradication,

eradication after tumor expansion, initial CAR T-cell persistence followed by tumor escape,

or rapid tumor escape. Notably, when compared with intracavitary administration, intra-

tumoral injection is more likely to give rise to a period of transient CAR T-cell proliferation

even if the tumor eventually escapes, and tumor expansion prior to eventual eradication

may be much more significant with intratumoral injection. Though these two modes of

local administration produce qualitative behaviors that can be categorized together, across

tumor types and between the two modes we observe differences in the key quantities asso-

ciated with successful treatment: the minimum successful dose, the maximum number of

CAR T-cells over the course of treatment, Cmax, and the time to tumor eradication.

Recall that tumor type I is characterized by high proliferation and low diffusion. This

results in a very dense solid tumor with strong proliferation at the boundary. Even at

the highest dose levels, CAR T-cells administered intratumorally fail against tumor type

I. Though higher doses are able to carve out a substantial initial core from the tumor, the

CAR T-cell population peaks and starts to decline before fully clearing the cancerous cells.

Consequently the tumor appears to be in remission for about 40 days, before eventually

relapsing. According to our model simulations, CART-cells administered intracavitarily

successfully eradicate tumor type I above a minimum dose of 108 cells. In this case, after

initial distribution, CAR T-cells peak at a value of 7.5×107 cells around day 16. Unlike with

intratumoral administration, a population of cells remain outside of the tumor throughout

treatment. These cells are able to avoid exhaustion, allowing for full eradication of the tumor

on day 28. With administration at such a high dose, CAR T-cells are immediately able to

begin killing tumor cells at the surface and prevent further expansion as they diffuse inwards

across the tumor. CAR T-cell density peaks when the wave of CAR T-cells coalesces in the

middle and the tumor is eliminated in the center prior to the edges. For even higher CAR

T-cell doses, the tumor is eliminated more quickly. This success is precarious though–with

even a slightly higher proliferation rate for tumor cells, intracavitary injection also fails at

reasonable CAR T-cell dose levels.

Tumors of type II are the most aggressive considered here, characterized by both high

proliferation and high diffusion. Against these tumors, intracavitary administration out-
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performs intratumoral injection of CAR T-cells, though both are successful at comparable

minimum doses. Upon intratumoral injection of 4 × 107 CAR T-cells, the tumor is able

to continue expanding at the surface as CAR T-cells proliferate and kill of tumor cells in

the center. When the proliferating CAR T-cells reach the surface of the tumor around

day 60, they halt further tumor growth and eliminate the remaining tumor fairly rapidly,

fully eradicating it on day 80. The peak number of CAR T-cells is 3.5 × 108, reached on

day 70. That is an 8.75 fold increase over the injected dose and a 10 fold increase over

the minimum level. Further simulations showed that higher doses of CAR T-cells result in

earlier tumor eradication, as well as earlier and lower peak numbers of CAR T-cells. The

minimum successful dose level when administered intracavitarily is slightly lower: 3 × 107

cells. In this scenario, the peak number of CAR T-cells is just under a 3-fold increase over

the initial dose, reaching 8.5 × 107 on day 28. The tumor expands very slightly during

the initial CAR T-cell distribution phase. However it is subsequently eradicated on day

36. Tumor elimination occurs fairly rapidly starting from the outer edges and progressing

inwards following the wave of CAR T-cell expansion into the tumor. Higher doses of CAR

T-cells result in a lower, earlier peak and faster tumor eradication.

Tumor type III has a low proliferation rate, but a high diffusion rate. This balance

results in growth dynamics that rapidly colonize new territory, but are slow to populate

it to high levels. Consequently, these are the tumors with the lowest average density,

though they have the highest total tumor burden at the time of treatment. In this case,

the minimum successful dose with intratumoral injection is almost an order of magnitude

lower than the dose required for successful intracavitary injection. Intracavitary injection

is successful above doses of 5 × 106 cells, expanding by 50 fold to a peak of 2.5 × 108 cells

on day 28 and eradicating the tumor on day 38. Immediately following injection, the tumor

is able to expand for a period of around 15 days before the CAR T-cells are established in

earnest. However, the lower proliferation rate of the tumor allows CAR T-cells to persist.

As with treatment of tumor type II, higher doses of CAR T-cells prevent the tumor from

expanding significantly, inducing in a lower, earlier CAR T-cell peak and earlier eradication.

For intracavitary administration, the lowest successful dose is more comparable to other

scenarios, around 4 × 107 cells. This dose expands over 3 fold to a peak level of 1.3 × 108
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cells on day 21 before fully eliminating the tumor on day 28. In this scenario, the CAR

T-cell population does not expand significantly until reaching the denser core of the tumor.

However, even at lower densities, the advancing wave of CAR T-cells smoothly eliminates

the tumor from the outside edge inwards as it progresses. In this case, higher doses of CAR

T-cells still result in an earlier peak in population and earlier tumor eradication. However,

unlike other scenarios, the peak number of CAR T-cells is slightly higher for higher doses.

This follows from the lower concentration of tumor cells at the surface of the tumor where

CAR T-cells are first introduced.

The final tumor considered is the least aggressive, type IV, which is characterized by

both low proliferation and low diffusivity. The tumor density profile at the time of detection

is somewhat similar to tumor type II because they have the same proliferation to diffusivity

ratio, however the dynamics of the system after treatment differ substantially. The minimum

successful intratumoral dose is 3× 107 CAR T-cells. As with the treatment of other dense

tumors, there is a sharp initial decline in CAR T-cells after administration, followed by an

expansion of 4.5 fold to a peak of 4.5× 107 cells prior to eliminating the tumor on day 45.

The CAR T-cells expand out from the center of the tumor, maintaining a steady population

level in the core as they eliminate the tumor from the inside out. Intracavitary injection

against tumor type IV requires a higher dose of 4× 107 cells. In this case the CAR T-cells

gradually diffuse inwards, reducing the tumor burden as they advance. They reach a peak

population of 6.5×107 cells on day 19, eradicating the tumor on day 27. For both modes of

administration, higher doses of CAR T-cells result in lower, earlier peak numbers of CAR

T-cells and faster tumor eradication.

All together, our simulations suggest that across both modes of administration, CAR

T-cell therapy is most effective against tumors with lower average density. Because of this,

CAR T-cell treatment is successful against tumors with low-proliferation (type III and IV)

and tumors that have high-proliferation rates, but sufficient diffusivity to reduce the tumor

density (type II). In contrast, CAR T-cell treatment can fail completely against dense,

highly-proliferative tumors (type I).

If we define effectiveness by the minimum successful dose and the minimum time to erad-

ication, then the preferred mode of administration correlates with the tumor proliferation
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rate. For low proliferation tumors (type III and IV), administration via intratumoral injec-

tion is successful at lower doses for which intracavitary injection fails (Fig. 3.14). However,

for tumors with high proliferation rates (type I and II), administration via intracavitary

injection is successful at lower doses than intratumoral injection. When comparing a fixed

successful dose level administered either intratumorally or intracavitarily, the mode of ad-

ministration with the lower minimum successful dose for that tumor type will also have the

minimum eradication time (Fig. 3.14). In all scenarios for which eradication is possible,

higher doses of CAR T-cells lead to faster eradication times, though not necessarily higher

values of Cmax.

If we instead judge the effectiveness of CAR T-cells by the minimum Cmax value neces-

sary for successful treatment, we find that the preferred mode of administration correlates

with the diffusivity of the tumor. Tumors with high diffusivity (type II and III) can be

eliminated with a lower peak number of CAR T-cells if the dose is administered periph-

erally rather than in the center. Because the growth front is initially unaffected by CAR

T-cells introduced at the center of the tumor, the high diffusivity tumors are always able to

grow in radius (at least slightly) prior to eradication by intratumoral injection. As the CAR

T-cells proliferate outwards to catch this leading edge, they reach a higher peak number.

Conversely, tumors with low diffusivity (type I and IV) induce a lower peak in CAR T-cells

if injected intratumorally compared with intracavitarily. Introducing a high density of CAR

T-cells at the center of the tumor results in an initial drop in CAR T-cell numbers due to

the anti-immune effects of the tumor. As the CAR T-cells proliferate and kill the tumor

cells around them, they expand in number just enough to advance outward. The danger of

skirting the line of minimizing Cmax is that if Cmax is too low, then CAR T-cell treatment

will fail, as we observe after intratumoral injection against tumor type I.

Validation against Experimental Data

Having established the general behavior of our model, we next compared simulation results

with data from clinical and preclinical trials testing the efficacy of CAR T-cells against

solid tumors. In order to assess the spatial distribution of cells predicted by our model,
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Figure 3.15: Model results qualitatively reflect data from a mouse imaging study tracking

CAR T-cell counts following intracavitary injection to treat PSCNL. (a) In particular, the

model captures the trend in intratumoral CAR T-cells during the initial proliferation stage

very well. The tumor area remains consistently high for the first 21 days before rapidly

disappearing between the measurement on day 21 and day 28. (b) Fluorescence microscopy

images taken by Mullazanni et al. [121] show CAR T-cells, tagged in green, distributed

across the surface of the tumor, tagged in red. The white scale bar indicates 100 µm. Next

to each image, we show the tumor and CAR T-cell density predicted by our model on that

day, using the same simulation as panel (a). This representation of our model prediction is

not perfectly analagous to the images of the cells at the surface of the tumor. However, we

can still observe some qualitative consistencies between the experimental images and our

model simulation. Namely, CAR T-cells are already evenly spread across the tumor on Day

4, and continue to maintain a notable surface density throughout the first 28 days, even

after the tumor is no longer visible. They attain their highest density around day 21. The

tumor dynamics are not captured as well by our model which shows a fairly constant area

from day 4 to 21, rather than significant growth between day 4 and day 14. However, the

timing of tumor decline and eradication aligns with the images shown here.
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we compare the density profiles with results from a mouse imaging study of CAR T-cell

movement after local administration. We also compare the temporal dynamics of the total

CAR T-cell population predicted by our model against data from two clinical trials: one

testing CAR T-cell infusion to treat glioblastoma multiform (GBM) and a second testing

CAR T-cell infusion to treat non-small cell lung cancer (NSCLC).

Several groups have conducted imaging studies to document the migration of CAR T-

cells both in vitro and in vivo [121, 45, 151], including Keu et al.’s study of FHGB imaging

in a human patient with recurrent glioma [88]. These studies confirm the tendency of CAR

T-cells to distribute evenly across the tumor fairly rapidly, which supports our choice of

initial condition when modeling intracavitary injection. Studies also suggest that if there is

poor tumor infiltration by CAR T-cells, then they will be unable to control tumor growth

[121]. Failure to fully distribute through the tumor is one potential mode of failure in our

model as well.

Mullazanni et al. developed a murine model of primacy central nervous system lymphona

and then monitored CAR T-cell dynamics following intracerebral injection by combining

a chronic cranial window with 2-photon laser scanning microscopy (TPLSM). They report

values for five time points and included some example microscopy images. In Fig. 3.15a

we compare our model predictions against their measurements of intratumoral CAR T-cell

density and tumor area. We estimated the predicted tumor area from our model simulations

by calculating the area of a circle with radius equal to the maximum radial position of the

tumor that exceeds a small detection threshold of 104 cells/cm2. Note that the model

predictions for radius are not smooth because the minimum change in radius is equal to the

spatial grid step size used in numerical simulation. We estimated the average intratumoral

CAR T-cell density from the region of the tumor that would be visible using the TPLSM set

up described in [121] by integrating over the density from the surface of the tumor inwards

to a depth of .4 millimeters from the surface and dividing by the volume of that same

region. During the initial stages, our model agrees quite well with the measured CAR T-

cell densities. In the later stages, our model appears to overshoot the peak density of CAR

T-cells slightly, and we are predicting too fast of a decay in CAR T-cell density. Because our

model does not account for memory T-cells, we are not modeling the later stages of CAR T-
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cell dynamics carefully, so this disagreement on the tail end is to be expected. We considered

slices of the density profiles predicted by our model side-by-side with representative TPLSM

images reproduced from [121] in Fig. 3.15b. In the experimental images, tumor cells are

tagged with red fluorescent dye while individual CAR T-cells are tagged with green. On

day 4, CAR T-cells are already evenly spread across the surface of the tumor in both the

images and our model simulation. Between days 4 and 14 it appears that the tumor was

able to expand in size even as the CAR T-cells are also proliferating. Our model shows the

tumor maintaining a fairly constant area over this same period, as CAR T-cells proliferate.

By day 21, in both the images and our model simulation the CAR T-cells have reached an

even higher concentration and made a visible impact on the tumor mass, shrinking it below

the maximum level. Finally, on Day 28, CAR T-cells still persist, but the tumor is no longer

in both the images and our simulation. The parameter values used for this simulation are

reported in section 3.3.7.

We can also assess our models predictions by comparing temporal dynamics of the

total predicted CAR T-cell population with data from studies that monitored CAR T-cell

concentration over time in human patients. Our model qualitatively reflects the four phases

in CAR-T cellular kinetics summarized by Liu et al. in their 2021 review of the clinical

trial landscape. The authors oberved that regardless of tumor types, dosing regimens,

and sampling intensities, CAR T-cells demonstrated distribution, expansion, contraction,

and persistence [105]. In our model, across tumor types and administration modes, the

CAR T-cell dynamics for the minimum effective dose display these 4 phases. Almost all

successful treatments initiated with a reasonable number of CAR T-cells display expansion

and contraction phases in our simulations. Only doses of more than 2 × 108 cells are able

to eliminate tumors without expanding. The persistence phase is the least well captured by

our model. In clinical data, CAR T-cells tend to persist at about ∼ 10% of their peak level

[149, 105], but in our model they drop to non-detectable levels. This is to be expected though

because our model does not account for memory CAR T-cells, which make up the majority of

the immune reservoir. However, our model does reflect the fact that CAR T-cell persistence

is important to successful treatment. Increasing the CAR T-cell death or inactivation

rate causes treatment to lose effectiveness, and conversely lowering these parameters causes
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treatment to be more effective. We also note that successful treatments are marked by a

higher peak in CAR T-cells and a relatively slower contraction rate compared to unsuccessful

treatments in our model simulations. This pattern was also observed by Liu et al. when

comparing responders vs. nonresponders across clinical trials.

We further validated the temporal dynamics of CAR T-cells quantitatively by comparing

model simulation results with time series data consolidated by Liu et al. from a clinical

trial for GBM (NCT02209376) and for NSCLC(NCT01869166). In both clinical trials, CAR

T-cells were administered systemically to treat a solid tumor and the concentration of CAR

T-cells in the blood was monitored over time. These concentrations were reported in units

of CAR T-cell transgene copies per microgram of DNA. In order to compare our model

output with this concentration data, we first integrated the cell density distribution across

the spatial domain to get a total cell count. Next we divided this by the area of the domain

to get an average cell density in the units of cells/cm3. This average cell density was then

scaled by an appropriate constant to convert to copies per microgram of DNA. This constant

was identified using Yamamoto et al.’s data for validating their volume-based unit for CAR

T-cell concentration [189].

For each cancer type, we split the patients into two groups to match the reported statis-

tics for the number of responders vs. non-responders. The split was determined based on the

depending on the peak height of CAR T-cells over the course of treatment, with responders

assumed to have higher peaks. These data points are plotted in light shades in Fig. 3.16a

for GBM and Fig. 3.16b for NSCLC. Responders are shown in blue and non-responders

shown in orange. We tuned a representative model resulting in a successful patient out-

come to reflect the trends in the responder groups, shown by the dashed blue line. For

the non-responders, we tuned a representative model that ultimately proves unsuccessful,

shown by the dashed orange line. In GBM, we used a high proliferation rate and a high

diffusivity for the tumor parameters. The CAR T-cell parameters were varied to match each

group. Compared to the model simulation for successful treatment, the unsuccessful model

had a higher sensitivity to tumor cell lysis, k, but a maximum tumor lysis rate, d, so CAR

T-cells were less effective. Furthermore, the diffusion constant of CAR T-cells was lowered,

so CAR T-cells did not spread as easily. With this balance, CAR T-cells may persist at
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Figure 3.16: (a) Time series measuring CAR T-cell concentration over the course of treat-

ment for 10 patients with GBM are shown in lighter shades. Patients were split into 2

groups, responders and non-responders, and model dynamics were tuned to fit each group,

shown by dotted lines. (b) Time series measuring CAR T-cell concentration over the course

of treatment for 11 patients with NSCLC shown in lighter shades. Again, patients were

split into 2 groups and model dynamics were fit to each group, shown in dashed lines. In

both cases the concentration of CAR T-cells was quantified by copies/µg of DNA. Model

results were converted to concentration and then further scaled by a constant to match the

units of the experimental data.

detectable levels for a time, but they only transiently impact the tumor. We see that the

model is flexible enough to reflect the wide range of dynamics observed in the patient data.

For NSCLC, the trial categorized two patients as having partial regression, five with stable

disease, and 4 with progression. We used the type I tumor parameters and again tuned a

subset of the CAR T-cell parameters to match the dynamics of the two patient groups. As

with GBM, to fit the NSCLC non-responders parameters determining CAR T-cell efficacy

were lowered.
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3.3.4 Discussion

In this section we developed a novel reaction-diffusion model for CAR T-cell treatment of

solid tumors and characterized it’s behavior in a biologically relevant parameter regime. The

underlying mechanism that we propose for tumor growth is flexible enough to model a wide

range of tumor types. This is particularly valuable when modeling CAR T-cell treatment,

because there is significant interest in using CAR T technology to treat diverse cancers. We

further demonstrated that this model captures behaviors observed in clinical and preclin-

ical trial data both qualitatively and quantitatively by comparing model predictions with

data from mouse-imaging studies tracking intratumoral CAR T-cell movement, and mea-

surements of CAR T-cell concentration in human GBM and NSCLC patients. There is still

room for improvement in adapting the forcing functions to be able to capture partial re-

sponses to therapy, phenomena like CAR T-cell induced stable disease, and to better reflect

the long-term persistence of CAR T-cells.

Using a spatial model for CAR T-cell therapy, rather than ODE models which have been

studied previously, allows us to study treatment of solid tumors. Assumptions of well-mixed

cell populations do not hold for solid tumors. Furthermore, the movement of CAR T-cells

within solid tumors has been identified as an important factor in successful treatment. In

particular, our spatio-temporal model exhibits a failure mode in which there is an initial

tumor response to treatment followed by relapse. This clinically observed mode of CAR T-

cell failure was not captured by the ODE model from Owens and Bozic [139]. Furthermore,

our results suggest a relationship between tumor density and minimum successful CAR T-

cell dose that cannot be captured by an ODE model tracking the total cell populations over

time.

We used the reaction-diffusion framework developed here to compare the response of

different tumor types to localized CAR T-cell treatment. In particular we considered dense

solid tumors with high proliferation but low diffusivity, aggressive tumors with both high

proliferation and high diffusivity, diffuse tumors marked by low proliferation but high diffu-

sivity, and low-grade tumors with both low proliferation and low diffusivity. When testing

a wide-range of CAR T-cell doses, we found that CAR T-cell injection was least effective
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against tumors with high proliferation and low diffusivity, i.e. very dense, compact tumors.

In our model, this is the setting wherein CAR T-cells are most impacted by exhaustion.

CAR T-cell treatment was quite effective against the other three tumor types. Surprisingly,

the lowest minimum dose was necessary for the low-proliferation, high diffusivity tumors,

not tumors with both low proliferation and low diffusivity. That is, CAR T-cell therapy was

the most effective in treating the tumor with the smallest average density, not the smallest

total tumor burden or the lowest VDT. These findings affirm that CAR T-cells will not

perform equally across different types of solid tumors. It may be particularly promising to

pursue CAR T-cell therapy for diffusive tumors. Perhaps tumor density should be mea-

sured when considering the feasibility of CAR T-cell therapy for a particular patient and/or

planning dosages.

With our model for local administration, we compared two different modes of delivery:

intratumoral injection vs. intracavitary injection. For many patients, these options may

not be accessible due to patient health or tumor location within the body. However, in

situations where both are possible, it would be useful to know which should be preferred.

In our simulations, we found that intracavitary administration is successful at lower doses

when treating highly proliferative tumors (regardless of the diffusivity). For tumors with

low proliferation rates, we found the opposite to be true. Low proliferation tumors can be

eradicated with lower doses if the CAR T-cells are administered via intratumoral injection.

An alternative measure of the effectiveness of CAR T-cell treatment is to compare the

peak number of CAR T-cells that occurs over the course of successful treatment. The

initial dose is determining whether CAR T-cells become established in the system, but in

many cases the CAR T-cell population subsequently expands to a higher peak, and this

high number of cells may be associated with patient side effects. Interestingly, where the

minimum dose needed tracked with the tumor proliferation rates, the peak number of CAR

T-cells is correlated with the tumor diffusivity. When treating highly diffusive tumors,

intracavitary administration can result in successful treatment with a lower peak CAR

T-cell level. However, when treating tumor type IV, the low proliferation/low diffusivity

tumor, intratumoral injection was successful with a lower peak CAR T-cell level. For tumor

type I we cannot make a direct comparison because intratumoral injection failed, which in
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part could be because the same initial doses lead to lower peak numbers of CAR T-cells.

This scenario illustrates that minimizing patient side-effects resulting from on-target effects,

like seeing a large expansion phase, is a challenge, since we run the risk of losing treatment

efficacy.

Though our model exhibits a wide range of behaviors, it is still only a preliminary spatial

model. For the sake of avoiding unnecessary complication as we explore a new system, we

used a highly simplified tumor geometry. The assumption of symmetric spherical growth for

a large tumor, while convenient mathematically, is unrealistic within the body. Angiogenesis

(the development of new blood vessels) is needed to support the growth of a tumor beyond

the size of about a million cells, at which point the tumor will no longer develop symmetri-

cally. As more data becomes available tracking the movement of CAR T-cells around and

within the tumor, there is also room to refine the initial distributions of CAR T-cells for the

two modes of local administration. Because of the lack of conclusive data, we also assumed

the simplest possible motion for CAR T-cells: pure diffusion. It is clear, however, that

CAR T-cells do preferentially migrate towards the tumor, so incorporating chemotaxis or

haptotaxis could also improve the model. Overall this reaction-diffusion model on a simple

3D domain provides an excellent starting point for understanding CAR T-cell therapy in

solid tumors.

3.3.5 Nondimensionalization

We nondimensionalize equation (5) with τ = at, r̂ = r/R0, û = ub, and v̂ = vb, where a is

the timescale for tumor proliferation from [139], R0 is the initial spread of the tumor, and

1/b is the local carry capacity for tumor cell density. This gives us the equation

∂u

∂t
=

1

r2
∂

∂r

(
DT (u)r

2∂u

∂r

)
+ F1(r, t); D(u) =


0 u(r, t) ≤ û,

D∗
T u(r, t) > û;

(6a)

∂v

∂t
=

1

r2
∂

∂r

(
DCr

2∂v

∂r

)
+ F2(r, t). (6b)
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with

F1 =

[
1− u− γ

vl

sul + vl

]
u(r, t) (7a)

F2 = α

[
ln
(κ
v

) vlu

sul + vl + ζvlu
− βu− χ

]
v(r, t) (7b)

where û = u∗b, γ = d/a, α = dj
abk , κ = Kb, ζ = d

bk , β = kq
dj , χ = bkm

dj , and the dimensionless

parameters s and l remain unchanged.

3.3.6 Numerical Methods

Finite difference schemes are employed to solve the radially symmetric spherical diffusion

equations in the model (6b). Namely, Crank-Nicolson (CN) [30] is used for the results pre-

sented in the body of the paper. For the concentration of CAR T-cells, vnm = v(m∆r, n∆t),

the CN scheme is fairly standard yielding

vn+1
m − vnm −

DC

rm

[
vn+1
m+1 − vn+1

m−1 + vnm+1 − vnm−1

] ∆t

2∆r

−DC

[
vn+1
m+1 − 2vn+1

m + vn+1
m−1 + vnm+1 − 2vnm + vnm−1

] ∆t

2(∆r)2

−
[
F2

(
un+1
m , vn+1

m

)
+ F2 (u

n
m, vnm)

] ∆t

2
= 0,

(8)

with vm+1 = vm−1 at r = 0 and for r ∈ ∂Ω(u)

For the tumor concentration, unm = u(m∆r, n∆t), the diffusivity, DT , depends on u,

which means its dependence on r is changing in time. If unm+1 and unm−1 have the same

parity with respect to u∗ in equation (6a), the central difference for DT is trivial, and hence

DT is treated as a constant. However, if the parity is different, there is no flux from the

side with a concentration less than u∗, and therefore this side can be treated as a Neumann

boundary. If unm+1 and unm−1 have the same parity we write

un+1
m − unm −

DT

rm

[
un+1
m+1 − un+1

m−1 + unm+1 − unm−1

] ∆t

2∆r

−DT

[
un+1
m+1 − 2un+1

m + un+1
m−1 + unm+1 − 2unm + unm−1

] ∆t

2(∆r)2

−
[
F1

(
un+1
m , vn+1

m

)
+ F1 (u

n
m, vnm)

] ∆t

2
= 0,

(9)
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otherwise we write

un+1
m − unm −DT

[
un+1
± − un+1

m + un± − unm
] ∆t

(∆r)2

−
[
F1

(
un+1
m , vn+1

m

)
+ F1 (u

n
m, vnm)

] ∆t

2
= 0,

(10)

where u± = unm+1 if unm+1 > 1 or rm = 0, and u± = unm−1 if unm−1 < 1.

3.3.7 Sensitivity Analysis of Tumor Parameters

For two fixed tumor proliferation rates, a, we varied the diffusion parameters D∗
T and u∗ and

recorded the effect on tumor growth in the absence of CAR T-cell treatment. Specifically we

computed two quantities for each parameter set: the volume doubling time (VDT) and the

detectable tumor burden (TB) at the VDT. VDT was estimated by initiating a simulation

with a spherical tumor of radius r = 2−1/3 and running it forward in time until the radius

of the detectable tumor hit r = 1. TB at detection was also calculated at this moment in

time by integrating the tumor cell density over the spatial domain. These simulations were

run using proliferation rates that differ by an order of magnitude, with a high proliferation

rate of a = 0.18 day−1 (Fig. 3.17a and b), and the low proliferation rate of a = 0.018day−1

(Fig. 3.17c and d). For both growth rates, increasing D∗
T makes a tumor more aggressive,

reflected as faster VDTs. For the high proliferation rate, lower values of u∗ also result in

lower VDTs. From the TB plot in panel (b), we see that across this parameter range the

tumor burdens are always on the same order of magnitude, though they are the lowest

when u∗b ∼ 0.3 and D∗
T is large. In this case, the detectable radius is quickly reached

but a large part of the tumor is down near the detectable density level instead of near the

local carrying capacity. For a lower diffusion coefficient or a higher threshold u∗b, a larger

portion of the detectable tumor is near the local carrying capacity and hence there is a

larger number of cells packed into a similar volume of tumor. In contrast, for the low tumor

proliferation rate, changing the diffusion threshold u∗ has a non-monotonic influence on the

VDT across this parameter range. For low values of u∗ and high D∗
T , the tumor profile is

highly diffuse and so it takes longer for a detectable density to amass at the center of the

tumor. Though this type of tumor has a slower doubling time as we have defined it, it is

still quite aggressive. Tumors in this parameter regime have the highest tumor burden at
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detection because the low density growth front extends far beyond the detectable radius.

For moderate values of u∗ and low values of D∗
T , the tumor is quite compact as diffusivity

and proliferation are again balanced. We see a similar relationship between VDT and TB

at time of detection as with the high proliferation tumor growth, except that the doubling

times are much slower. This aligns with the findings of Swanson et.al, who observed that

the signature density profile of their tumor growth model could be characterized by the ratio

of tumor proliferation to tumor diffusion [168]. For even higher values of u∗, the diffusion

threshold is high enough that the slowing effect of logistic growth is relevant at the growth

front. This creates staltatory growth patterns in which the tumor colonizes new territory

and then takes time to fill it to capacity before expanding in another jump in radius.
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Figure 3.17: Tumor volume doubling time (VDT) and the total tumor burden (TB) when

the radius of the detectable tumor reaches 1 cm are mapped out as functions of the tumor

diffusion coefficient D∗
T and the tumor diffustion threshold u∗ for two values of the tumor

growth rate. Panels (a) and (b) reflect the behavior of the system at a high proliferation

rate of a = 0.18 whereas panels (c) and (d) illustrate system behavior at a low proliferation

rate, a = 0.018. We model CAR T-cell treatment for 4 types of tumors: Type I has high

proliferation and low diffusion, Type II has high proliferation and high diffusion, Type

III has low proliferation and high diffusion, and Type IV both low proliferation and low

diffusion, indicated by white circles on each map.



128

Chapter 4

PATTERN FORMATION

Why does a leopard develop spots while a tiger is marked by stripes? Why do most

humans have ten fingers and ten toes? Why do we observe rippled patterns in sand? Such

questions have fascinated mathematicians, physicists, and biologists for decades. These are

all examples of pattern formation, or the development of visibly ordered outcomes through

self-organization in a system.

Pattern formation also occurs within microbial communities. For example, many con-

sider Saccharomyces cerevisiae, commonly known as baker’s yeast, a simple unicellular or-

ganism, but yeast colonies can demonstrate complex multicellular patterns. Some strains

form complex, wrinkled and ridged colonies under the right environmental conditions. This

morphology functions similar to a biofilm, a multicellular aggregate of cells adhering to a

surface and embedded in an extracellular matrix [42]. Bacterial biofilms facilitate social

cooperation, resource capture, and increased tolerance of environmental stressors, factors

which increase drug resistance. In comparison, eukaryotic biofilms have not been studied

as fully. Although the biochemical and molecular requirements for patterns resembling

biofilms have been examined in yeast, the mechanisms underlying structure formation are

not entirely clear [183]. Furthermore it is generally accepted that the ability to develop a

complex morphology in yeast strains indicates drug-resistance [74], but conclusive experi-

mental studies have not yet confirmed this hypothesis.

Besides forming interesting patterns, yeast also serves as a powerful model eukaryote for

studying the genetic architecture of quantitative traits. Dissecting complex traits poses a

challenge in modern genetics. Achieving the statistical power needed to identify variants

with small effect sizes and assess the impact of genetic interactions between multiple loci

requires large cohorts with accurate genotype and phenotype data. Advances in DNA se-

quencing technology have made genotyping on this scale feasible and enabled two distinct
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approaches: genome wide association studies (GWAS) and linkage-mapping in humans and

model organisms. The GWAS approach captures a high proportion of the total genetic

variation found in the population being studied, an important advantage towards under-

standing the underlying genetics of a trait. However, population structure, often complex

and unknown, constrains GWAS, by producing false positive signals and reducing the power

to identify causative variants and genetic interactions between them. Furthermore, although

the GWAS approach attempts to identify genetic variation in the specific genes that causally

influence a trait, even when successful, gene mapping studies often delimit large regions of

the genome. Linkage-mapping studies in Saccharomyces cerevisiae have been performed on

scales and with precision not possible in other systems. Recent studies examining large num-

bers of recombinant progeny from one or more crosses between genetically diverse strains

have provided a wealth of insight on the influence of common and rare alleles on complex

traits, the extent to which genetic interactions contribute to missing heritability, and the

pervasiveness of genetic modifiers. However, most existing resources either capture only a

small proportion of the genetic variation in the natural population or produce genetically

structured mapping populations. To address these challenges, the Dudley Lab set out to

produce a large, highly powered mapping resource that captures a substantial fraction of

the genetic variation in a natural population, but which avoids the problems of population

structure. In the Yeast Funnel Cross Data Set, they have produced a powerful resource for

delineating the genetic architecture of complex and quantitative traits in the budding yeast.

In the rest of this chapter, I will introduce the Yeast Funnel Cross Data Set, highlight

some exciting results that have already come from applying Quantitative Trait Locus (QTL)

analysis to this mapping population, and discuss the data analysis I performed to extract

phenotypic information from images.

4.1 The Yeast Funnel Cross Data Set

In the Yeast Funnel Cross, the Dudley lab generated a mapping population of 11,500 genet-

ically diverse haploid Saccharomyces cerevisiae strains, determined their genome sequences,

and accurately measured a set of quantitative traits. This library of strains reflects complex

genetic backgrounds akin to outbred populations, but without the confounding factors of
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Figure 4.1: Mapping population and dataset. (a) Eight haploid strains that harbor a sub-

stantial proportion of the rare and common alleles present in the global S. cerevisiae popu-

lation were used to generate a mapping population via a funnel cross design. Each founder

strain was mated pairwise to produce heterozygous diploids, which were each sporulated

to produce pools of 576 MATa and 576 MATα haploid progeny. Two rounds of reciprocal

crossing using pooled strains were then carried out to produce the final mapping population

of 11484 haploid strains. (b) Each of the strains in the final mapping population was then

individually genotyped and karyotyped by low coverage whole genome sequencing. Growth

of each strain on agar plates was measured on ten different media, in duplicate, and at

3 time points. After quality control filtering, this resulted in a final population of 9344

euploid and 2038 aneuploid strains each individually genotyped, with phenotypes measured

individually on 10 growth conditions.
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natural populations that are structured in unknown ways. Using whole genome sequencing,

they identified 270k high-quality biallelic single nucleotide polymorphisms (SNPs) among

the founder strains, a SNP density of 1 per 44 bases. To construct the mapping population,

the group used an eight-parent “funnel cross” approach, an efficient means of generating

a set of strains which samples all combinations of alleles in the final mapping population

[26, 148, 154, 35, 194]. To maximize genetic the diversity of the progeny strains, they seeded

the cross with eight haploid “founder” strains from a variety of geographic and environmen-

tal sources (Fig. 4.1A). Several key features of the mapping population make it ideally suited

to comprehensively investigate fundamental questions about genetic architecture. First, the

founding population captures a large fraction of the currently known genetic diversity in

the global population of S. cerevisiae, including 32% of biallelic SNPs with a minor allele

frequency (MAF) greater than 0.005 and 56% of SNPs with global a MAF greater than 0.05.

This diversity produces offspring with complex genetic backgrounds that are more repre-

sentative of naturally ocurring populations. Second, the large number of offspring provides

substantial statistical power to map loci of small effect and identify gene-gene interactions.

Third, the funnel design and sample size provide a sufficient amount of recombination to

map many loci at single-gene (and in many cases sub-genic) resolution to facilitate the dis-

covery of causal alleles. Fourth, during construction, the use of experimentally introduced

genetic changes with large effects on growth (e.g. auxotrophic markers), which can confound

analysis of the phenotypic variation resulting from the naturally occurring polymorphisms

was avoided [10].

The strains in this mapping population constitute a flexible resource and can be used to

dissect the genetic architecture of a trait of interest by combining the existing haplotyping

with specific phenotype data. Phenotype data was collected for a set of quantitative traits:

growth of yeast on ten different media conditions. These conditions included rich glucose-

containing medium (YPD), rich medium with galactose as the carbon source (GAL), and

YPD supplemented with cadmium chloride (CAD), caffeine (CAF), calcium chloride (CAL),

hydroxyurea (HU), rapamycin (RAP), sorbitol (SOR), caspofungin (CF), or fluconazole

(FLZ). The Dudley Lab chose this test set of conditions because they are commonly studied

yeast traits involving a diverse set of biological processes, and many had previously been
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assayed in other relatively large strain populations, including the yeast deletion collection,

a large pairwise cross, and sets of pairwise crosses. To generate high-precision quantitative

phenotypes, team members individually quantified the growth of each strain in duplicate,

at three timepoints (24, 48 and 72 hours) on different growth media (Fig. 4.1B). Strains

were robotically pinned from liquid culture onto solid-media plates, and growth at each

timepoint was recorded by taking a top-down photograph of the agar plate. Additionally,

after the 72 hour images were taken on the YPD plates, an agar invasion assay was carried

out. This entailed rinsing the plates under moderately running water, a “soft wash”, and

photographing them again. Next plates were rinsed again, this time while gently running a

gloved finger over the agar surface. After this “hard wash”, the plates were photographed

again.

I contributed to this genetic mapping resource by building an automated image analysis

pipeline to reliably measure the colony area of each strain in the sets of images taken by team

members, described in detail in the following section (4.2). All together, the phenotyping

was highly reproducible, with a median r2 value of 0.93 between the two independent

biological replicates. Estimates of broad-sense heritability (H2), 95-99% at 72h (Fig4.1A),

confirmed the high reproducibilty of our measurements, and demonstrated that a very high

proportion of the phenotypic variation was genetically heritable.

The team performed linkage mapping for each condition at each timepoint. Because

of the high degree of similarity observed across timepoints, the team focused on the 72h

results. Our results reveal a variety of genetic architectures underlying the different traits,

with some conditions harboring a linkage peak that explains most of the phenotypic variance

(e.g. CAD: max LOD =2392; 69% of variance) (Fig. 4.1A) and others that consist of

several linkage peaks that each explain smaller, but significant, amounts of variance (e.g.

fluconazole, FLZ) (Figs. 4.1A and 4.1C). For each condition, we then assembled an additive

genetic model by forward selection and used the full set of 270k high-quality variant sites

to resolve the position of each QTL (Methods). For conditions with well-characterized

genetics, such as fluconazole-resistance (Fig. 4.1C) and growth on galactose (below), strong

condition-specific peaks included known target genes resolved to the one- or two-gene level.

Comparison of the additive versus interaction models for all pairs of scaffolding markers in all
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conditions confirmed that our dataset is highly powered to detect non-additive interactions.

To explore the results in more detail, the team first focused on one trait, growth in the

presence of galactose as the sole carbon source. In yeast, galactose utilization (GAL) is

a highly conserved metabolic pathway (Fig. 4.3A) for which gene function and regulation

is well understood [75]. In our mapping study, growth in galactose was dominated by a

single QTL peak (LOD = 1101), which explained 42% of the variance and mapped with

single-gene resolution to the master regulator of the galactose pathway, GAL3 (Fig. 4.3a).

Haplotypes from founders 1 (Tuba wine, Philippines) and 3 (Raffia wine, Nigeria) associated

with a low growth (Gal-) and the remaining six haplotypes associated with a high growth

(Gal+). We identified a single shared SNP (T-448C) in the GAL3 promoter of founders

1 and 3 that GWAS studies would suggest caused this low-growth phenotype. To resolve

this phenotype to the quantitative trait nucleotide (QTN), we constructed and assayed

substitution mutations that changed this SNP in the promoters of founders of 1 and 3 to the

reference genome allele. Surprisingly, reverting this shared allele (T-448C) had no effect on

the galactose growth of these founder strains (Fig. 4.3c). Instead, our results demonstrated

that two different missense alleles in the coding regions of GAL3, one unique to founder 1

(G370A/Gly124Arg) and another unique to founder 3 (G154C/Gly52Arg), were sufficient

to confer the loss-of-function phenotype (Fig. 4.3c). These results underscore the fact

that because common molecular mechanisms, but not necessarily common genetic variants,

drive phenotypic diversity, some of the assumptions made in population based mapping

should be applied with caution. The GAL3 loss of function results highlight the need for a

gene-centric, functional based approach to GWAS.

To assess the potential to discover fundamental biology using this mapping resource,

the team next examined the extent to which they could, in a single experiment using only

standing genetic variation, recapitulate decades’ worth of genetic and biochemical studies

by multiple laboratories. To do so, they further compared our galactose results to previous

studies of the well-characterized galactose utilization pathway. They found that with the

exception of a single gene, (PGM2), they were able to identify the regulatory and mechanistic

components of the complete GAL pathway.

Generating reliable quantifications of yeast patch sizes in the Funnel Cross data set
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Figure 4.2: Genetic architecture of ten traits. (a) Proportion phenotypic variance explained

by additive, interaction and single-marker models. (b) Additive model QTL number and

resolution (genes in 2-LOD interval). (c) Single–marker LODs for fluconazole, chromosomes

alternating grey and white. Known resistance genes mapped to 1 (purple), 2 (green) or 3-5

gene (blue) resolution. Asterisks indicate non-FLU-specific peaks. (d) Proportion narrow

sense heritability explained by additive models as QTL are added in order of strength. (e)

Maximum additional variance explained by inter-chromosomal pairwise interactions with

1% FDR thresholds (red). (f) Effect on total variance explained of allowing non-additive

interactions within additive models.
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Figure 4.3: (a) LOD scores for linkage mapping on galactose. Insert rescales Y axis to

highlight strong QTL other than GAL3. (b) Growth on galactose for strain subpopulations

defined by GAL3 haplotype. (c) Effect on founder 1 and founder 3 growth on galactose after

transformation with plasmids expressing their own GAL3 allele (top) or derivatives (below).

Growth is scaled relative to transformation with the S288c reference allele of GAL3 (100%)

and an empty vector (0%).
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has already enabled this detailed genetic analysis of growth under different environmental

conditions. The phenotyping data makes up half of the puzzle pieces needed to to realize

the potential of this remarkable genetic mapping resource. Accessing the phenotypic states

of the strains archived by team members through photographs required developing and

implementing an automated image processing pipeline.

4.2 Task 1: Robust Automated Segmentation

In order to extract phenotypic measures from the Funnel Cross plate images, I created an

open source python package: PyPl8 [137]. This software package allows users to segment

and extract quantitative phenotype values from plate images in an automated fashion. Au-

tomating phenotype quantification allowed the Dudley lab to scale up their image processing

to the high-throughput level necessary to analyze the funnel cross experiment, an increase

on previous experiments by multiple orders of magnitude. Previous expert-supervised seg-

mentation methods used by the team would have been prohibitively slow. Though other

automated extraction methods exist in the literature, they are not suited to handle the phe-

notypic variation displayed in the Yeast Funnel Cross Data set. In this section I describe

why accomplishing a robust segmentation of the Funnel Cross images is challenging, provide

theoretical background for the image processing techniques used, and give an overview of

the segmentation method I implemented.

4.2.1 Motivation and Overview

Though numerous automated segmentation tools exist, they were not robust enough to

handle the phenotypic variation of yeast growth included in the Funnel Cross or required

high resolution images [97, 175]. Yeast patches exhibiting strong growth show up as bright

patches against the dark agar background (Fig. 4.4, columns 1-2). Standard intensity-

thresholding techniques easily separate these well-growing colonies. However, many strains

develop at slower than wild-type growth. Such strains may grow irregularly, containing

regions of low-intensity that cannot be captured by global intensity-thresholding. Figure

4.4 illustrates three such patterns. First a patch may exhibit donut or crescent-moon like

growth in which regions of high pixel intensity cluster at the edges of the initial pin location,
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Figure 4.4: Here are representative examples of different types of patch growth included in

the Yeast Funnel Cross. The first columns shows that well established yeast patches may

grow with a complex colony morphology resulting in varied pixel intensity across the patch

surface. The second columns shows the most common growth pattern: a smooth continuous

disks. Yeast patches with lower fitness on a given condition may exhibit donut-like growth

(column 3) or severe papillation (column 4). Some yeast strains are completely unable to

grow on a given condition (column 5).

but near null growth occupies the center. Second, a patch may exhibit papillated growth

in which some isolated clumps of cells grow very well, but the background level of growth

across the pin remains largely null. Third, a patch may uniformly exhibit faint, nearly null

growth. In addition to these types of stunted growth, some patch images display a high level

of pixel variability due to bumps and ridges on the colony surface which create shadows.

Processing the Funnel Cross data set required developing a segmentation algorithm that

could accurately and robustly capture standard, strongly growing colonies, complex textured

colonies, and the three types of sub-standard growth.

The steps of the image processing pipeline that I developed break down into three

sections (Fig. 4.5). First, preprocessing entails cropping the plate image into 96 square
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Preprocessing Segmentation Feature Extraction

1   2   3   4   5   6   7   8   9 10  11  12

Figure 4.5: The steps of the image processing pipeline break down into three sections. First

images are preprocessed to produced square tiles centered on each patch. These 96 regions of

interest per plate are then segmented. Finally quatitative features of interest are extracted

from the segmented tiles.

regions of interest (ROI), centered on each patch. I will refer to these rectangular ROIs as

tiles. After preprocessing, I used a combination of intensity-thresholding and circle-detection

to segment each tile. Finally I extracted quantitative features of interest from the segmented

tiles, namely area, average pixel intensity and texture scores. As mentioned before, the

reproducibility of phenotyping was very high, with a median r2 value of 0.93 between the

two independent measurements on each condition at 72h. Though not dependent on image

processing alone, this confirms that our measurements were highly reproducible between

the replicates.

4.2.2 Theoretical Background

Before explaining the details of the automated image-segmentation algorithm, I will provide

some background on the work-horse methods from image analysis that I used along the way.

Digital image processing is a rich field with applications ranging from game development,

to law enforcement, to medical diagnosis and beyond. The methods discussed here are a

very small foray into this rapidly developing field.
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Figure 4.6: An illustration of the optimal threshold for image segmentation as determined

by Otsu’s method for (a) a patch exhibiting strong growth and (b) a patch exhibiting faint

growth. For comparison, image segmentations resulting from a higher threshold and a lower

threshold are shown. Using a threshold that is too high cuts off part of the patch, whereas

using a threshold that is too low includes parts of the background. In the case of the patch

with strong growth, there are two clusters of pixels, one centered at a background intensity

of around 0.35 and a lower, wider peak centered at a high intensity just under 0.7. The

higher peak results from the pixels containing the yeast patch. Otsu’s method produces

a threshold roughly half-way between these two peaks. In the case of the poorly growing

patch, we no longer observe two distint peaks in the intensity histogram. Under these

conditions, intensity thresholding with Otsu’s method is not sufficient to reliably isolate the

patch.
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Otsu Thresholding

Intensity thresholding is a standard technique for segmenting images. In the simplest form,

the user applies a single intensity threshold to separate the pixels of a grayscale image

into two classes, foreground and background. Many possible methods for automatically

choosing the threshold value exist, generally falling into five categories: histogram shape-

based methods, clustering-based methods, entropy-based methods, object attribute-based

methods, or spatial methods. In PyPl8, I make use of a simple and widely used automatic

method for determining the threshold: Otsu’s Method. Otsu’s method could be considered a

histogram shape or clustering-based technique. In his influential 1979 paper, Otsu proposed

determining the optimal threshold for separating a given set of pixels by minimizing intra-

class intensity variance, or equivalently, by maximizing inter-class variance [135]. This is

actually equivalent to a globally optimal k-means clustering with 2 clusters performed on

the intensity histogram. The k-means clustering method will be discussed in section 4.3.1,

so for now we will consider the method from the histogram shape perspective.

In Otsu’s method, we suppose that the pixels in a gray-scale image are split in L intensity

bins. Denote the number of pixels in intensity bin i by ni, so the total number of pixels

N = n1 + n2 + · · · + nL. The intensity histogram can be normalized and viewed as a

probability distribution. Then we consider splitting the pixels into two classes, C0 and C1,

at a threshold value of k. In other words C0 includes the pixels at intensity levels [1, 2, ..., k]

and C1 includes the pixels at intensity levels [k + 1, k + 2, ..., L − 1, L]. The probability of

a pixel belonging to each class is given by summing over the intensity levels

ω0(k) = Pr(C0) =
k∑

i=1

pi (1)

and

ω1(k) = Pr(C1) =

N∑
i=k+1

pi (2)

respectively, where of course ω0(k) + ω1(k) = 1. So the class mean levels will be

µ0(k) =
k∑

i=1

iPr(i|C0) =
k∑

i=1

ipi/ω0(k) (3)
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and

µ1(k) =
N∑

i=k+1

iPr(i|C1) =
N∑

i=k+1

ipi/ω1(k) (4)

And the class variances are given by

σ2
0(k) =

k∑
i=1

(i− µ0)
2Pr(i|C0) =

k∑
i=1

(i− µ0)
2pi/ω0(k) (5)

and

σ2
1(k) =

N∑
i=k+1

(i− µ0)
2Pr(i|C1) =

N∑
i=k+1

(i− µ1)
2pi/ω1(k) (6)

respectively. In order to evaluate the “goodness” of a threshold, Otsu introduces a weighted

sum of the within-class variances:

σ2
w(k) = ω0(k)σ

2
0(k) + ω1(k)σ

2
1(k) (7)

The idea behind Otsu thresholding is that minimizing this intraclass variance, σ2
w(k), si-

multaneously maximizes the between class variance for the image segmentation. Because

we expect well-thresholded classes to be separated in gray levels, a threshold giving the best

separation of classes in gray levels would be the best threshold.

Another important note on intensity thresholding is the choice of global vs local thresh-

olding. In global thresholding, one threshold value is calculated using all image pixels and

applied across the full image. In local, or adaptive, thresholding, a different threshold is

applied to different parts of the image, based on the local information of the pixels. This

can be advantageous when handling images with inconsistent lighting, or if the objects of

interest vary in intensity in different parts of the image.

In figure 4.6, we illustrate the output of Otsu thresholding for two grayscale tiles. In the

case of a colony with strong growth, there are a wide range of threshold values that would

separate the patch from the background adequately. Otsu’s threshold returns the value, τ ,

roughly halfway between the peak on the intensity histogram from the patch and the peak

from the background agar (Panel a). In contrast, choosing a lower threshold (green) can

result in a noisy patch edge that includes part of the background agar. Choosing a higher

threshold (red) can lower the sensitivity too much, causing some of the patch to be lost.

In the case of a patch with nearly null growth, within patch pixels and background pixels
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Figure 4.7: An illustration of the Circular Hough Transform applied to a binarized image

of a faintly growing patch. The top left panel shows the region of the binarized tile that is

used as input into the CHT. The panels in color illustrate the CHT for circles of varying

radii. The top candidate center for the circle with each radius is shown in red and the

corresponding likelihood is printed above the panel. Note that the more yellow a location

is, the higher the probability of a circle at that location. In this example the circle of radius

26 pixels has the highest likelihood, at 0.868. The corresponding mask is applied to the

grayscale image to produce the segmentation in the bottom left panel.

do not form distinct peaks in the intensity histogram (Panel b). Again choosing a lower

threshold includes more of the background and choosing a higher threshold loses part of the

colony even though part of the background is included. In this case, intensity thresholding

alone cannot return an acceptable segmentation.

Circular Hough Transform

Intensity thresholding identifies regions of solid yeast growth, which show up as high inten-

sity pixels against the relatively dark agar background. However, intensity thresholding fails

when faced with weak separation between the item of interest and the background. Thus

Otsu-thresholding will fail to capture regions of null-growth on patches in the Funnel Cross

Data set. Instead, to capture faintly growing patches, we can exploit the geometry of the
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initial position of the cells. The Funnel Cross plates (and similar yeast growth assays) are

set up by stamping a thin layer of yeast cells onto the agar surface using a round pin head.

Due to the shape of the pin, patches with faint growth will lightly fill in a circle that closely

matches the pin location and area. With this knowledge, we transform our goal of image

segmentation into a circle detection task. A commonly used method for circle detection in

an image is the Circular Hough Transform (CHT).

The Hough transform in its simplest form is a method to detect straight lines but it can

also be used to detect circles or ellipses. Based on an input of detected edges, the algorithm

robustly identifies circles despite noise or missing points. No complicated mathematical

computation is involved in the implementation, just a majority voting scheme tracked in

an “acumulator” array. The intuition behind this method is to make an exhaustive search

across the pixels in the image, considering each as a candidate center for a circle of a fixed

radius. Given a center, radius pair, ((a, b), r), the intensities of pixels along the candidate

circle they define, (x−a)2+(y−b)2 = r2, are summed and the total is assigned as the CHT

value for the pixel at the candidate center location. The pixel with the highest value in

the transformed image is the most likely location of a circle with that radius. This process

can be repeated for a range of possible raddii and then the maximum across both potential

centers and potential radii is taken. See Fig. 4.7 for an illustration of the CHT for a faintly

growing patch. The top left panel shows the region of the binarized tile that is used as

input into the CHT, while the bottom left panel shows the segmentation of the grayscale

obtained by using the most likely candidate circle from the CHT as a mask. The panels

in color illustrate the CHT of the binarized tile for circles of radius 25-35 pixels. The top

candidate circle for each size is overlaid on top of the CHT in red. I used the algorithm

implementation from the sci-kit image library, which is based on the general ellipse detection

method proposed by Xie et al. [188].

Image Alignment

The agar invasion assay carried out on the YPD plates from the Funnel Cross produced

images of washed plates. By comparing the pixel intensity before and after washing, we
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can assess the degree to which yeast cells burrowed into the surface of the agar. However,

the washed images do not have clearly defined edges along the the footprint of each patch.

Thus the area of interest is generally fairly similar to the agar background intensity or even

identical to the background, and far from circular. Instead of segmenting these images, we

want to apply the masks derived from segmenting the corresponding 72 hour image to the

washed images. In order to apply the masks from a different image, we must first align

the images so that the regions of interest overlap. Fortunately the edges of the agar plate

produce prominent features in the images, so we can take advantage of feature-based image

alignment tools for this task. The mathematical concept underlying feature-based image

alignment is that of homography. Two images of a scene are related by a homography under

two conditions: (1) the two images are that of a plane (e.g. sheet of paper, credit card,

surface of an agar plate.) and (2) the two images were acquired by rotating the camera

about its optical axis. Since this is true of pictures taken of the same plate using our

experimental camera set up, there exists a homography H ∈ R3 relating the pixel (x1, y1)

in the 72 hour image to the pixel (x2, y2) in the washed image via


x1

y1

1

 = H


x2

y2

1

 (8)

If we can learn the appropriate homography to match the reference points between the

images, then we can to apply it to all the pixels of the input (washed) image. The desired

homography will warp the input image such that it is aligned with the reference image. If

4 or more corresponding points in the two images are known, a linear system of equations

to find the homography, can be constructed and solved. In our case, the shared reference

points come from applying a global threshold to the pairs of images to detect the outline

of the agar plate in each. These steps are illustrated for an example pair of plate images in

Fig. 4.8.
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Figure 4.8: Here we illustrate the process of segmenting the hard-wash images from the

agar invasion assay. First, reference points (red) are identified that are shared between the

reference, 72 hour image (column 1) and the image of the washed plate (column 2). These

points cluster along the border of the plate. Next, these pairs of reference images are used

to solve for the homography that will align the position of the agar plate in the washed

image with the agar plate in the 72 hour image (column 2). Often the shift is very slight.

Finally, once the images are aligned, the segmentation from the 72 hour plate is applied to

the washed image, isolating the regions of the agar plate that formed the footprint of each

patch (column 4).

4.2.3 Algorithm Implementation and Development

Recall that PyPl8 processes images in three steps. First the image is preprocessed to isolate

regions of interest containing a single patch. Next each region of interest is segmented using

a combination of intensity thresholding and circle detection. Finally, phenotypic features

are extracted from the segmented tiles. Here we describe how these steps are accomplished

using the techniques surveyed in the previous section.

Preprocessing

With PyPl8, each plate image is first cropped into 96 regions of interest (ROIs) centered

at the pin locations, with each region containing a single patch. This pre-processing step

is crucial for accurate segmentation of the diverse growth phenotypes present on a single

plate because universal segmentation methods do not capture reduced growth phenotypes.

In the current version of PyPl8 there are three possible methods available for initiating this
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cropping step. Two options solicit user feedback to identify a reference location, the center

of the patch in the upper left corner of the plate, either through clicking on the image or

entering the location in terms of pixels. Given this reference point and set parameters about

the dimensions of the array of patches bounding boxes can be placed around the expected

location of each region of interest. The alternative version which forgoes user feedback

automatically locates the agar plate in the image through a universal thresholding step.

Because consistently sized plates are used in these assays in the Dudley lab, locating the

edges of the plate can serve as the reference point for placing the array of regions of interest

in the photo.

Subsequent steps of the segmentation process are most accurate when the patch is located

in the center of the ROI, or tile, so I also incorporated an option to add an auto-adjustment

step. If the auto-adjustment option is “on,” then after the initial placement of ROIs, the

centroid of the intensities of each binarized tile is found and if necessary the tile boundaries

are shifted within the image so that it is centered on this centroid. For patches with non-

null growth, this effectively centers the tiles on the patch as long as the initial ROI guess

contained only background agar and a portion of that patch. If the initial guess is too far

off so that the patch is not the largest bright object in the tile, then this option fails. For

patches with non-null growth, no object is detected and the patch is instead recentered

based on the average readjustments to other tiles in the same row and column. Once these

ROIs have been identified, the upper upper left corner of each ROI within the image and

the side length are stored. This provides the necessary information to retrieve each patch

tile from the grayscale image for segmentation.

For the Funnel Cross images, team members utilized a consistent camera set up to pho-

tograph plates, ensuring that the plates were positioned in roughly the same location in

each image. Thus roughly the same cropping locations successfully identify the desired

ROIs in the majority of images. The additional automated quality control step of detecting

plate edges and applying auto-adjustment allowed for automated processing of images con-

taining slightly crooked or offset plates. The handful of cases in which a plate was highly

contaminated or quite crooked within the image triggered a flag during pre-processing and

these images were then revisited with one of the user-input methods individually. This flag
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was raised if the identified crop locations crossed through pixels with high intensity, as we

expect the boundaries of the ROIs to lie on the background agar. All together around 2%

of plate images were processed with user input.

Segmentation

After preprocessing, the patch area is segmented from the background agar within each ROI

using a combination of intensity thresholding and circle detection. By preprocessing the

images as described above, segmenting patches with solid growth has become a trivial task

in image processing. In these cases we have a bright, continuous object with high contrast

against a dark background. Within the Funnel Cross Data Set there is some variation in

lighting and agar color across the different plates and media conditions, so we still want to

use a customized threshold based on each individual tile. The Otsu threshold provides an

efficient and effective means to accomplish this task [135]. Though the threshold sometimes

cuts off patch pixels along the boundary of the patches, this region is very narrow, so it

is not a huge detriment to sensitivity of the segmentation, and it does so in a predictable

and consistent manner. Recall that the results of Otsu thresholding compared to a higher

and lower threshold are shown in Figure 4.6. In the top row, observe that a wide range of

thresholds would suffice to identify the strongly growing patch. Hand tuning the threshold

value τ to each image could produce a more desirable segmentation than Otsu’s method,

however it is not feasible to take this time for every image in a large data set, so we opt for

the reliability and reproducibility of Otsu’s method. This reproducibility is key to being able

to use the subsequently measured phenotypes to perform quantitative trait locus analysis.

Thresholding may also leave out shadowed regions from within the patch interior. Be-

cause we know that patch growth was initiated as a circle and should cover a contiguous

region without holes, we are justified in filling in these gaps by applying the morphological

operations of closing and filling. These two steps, Otsu thresholding and filling, constitute

the intensity-thresholding step of segmenting the bright patch from the dark background.

As shown in the second example in Fig. 4.6, if the threshold returned by Otsu’s method is

very close to the background agar intensity, this indicates that there is not strong separation
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Algorithm 1 Segment Grayscale Tile, t

τ ← Otsu threshold of t

if τ > background + µ then

mask = 1 · (t > τ)

area =
∑

mask

end if

if τ <= background + µ OR area < πr2pin then

CandidateCenters = center half of t

circle ← most likely circle from CHT of CandidateCenters > background + µ and

r = rpin, ..., rpin + 10

if Prob(circle) < MinProb then

mask ← zeros

else if τ <= background + µ then

mask ← circle

else

mask ← 1· ((mask + circle) > 0)

end if

end if

Return: mask

between the within-patch pixel intensities and the background intensity. These segmenta-

tion results will be unreliable because the resulting mask likely contains large regions of

the background agar. However, when the Otsu threshold is sufficiently different from the

average background agar intensity, the results of Otsu thresholding are considered mean-

ingful. Futhermore, if the resulting patch area is large enough, the segmentation of this tile

is considered complete. Examples of patches that fall into this category are shown in rows

1-2 of Fig. 4.9.

If the threshold returned by Otsu’s method is low, close to the average background agar

intensity, this indicates potential null growth. Alternatively, if Otsu threshold is high but

the detected patch area is small, this indicates that potentially only a portion of the patch
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was captured by intensity thresholding. In both of these cases, the segmentation algorithm

proceeds by applying a circle detection step. Circle detection was performed by binarizing

the image with an adjusted-mean threshold, and applying the Circular Hough transform

with a minimum radius equal to the initial pin radius [188]. This exploits the geometry of

the pinned cells to capture any regions of patches where growth is too faint to be detected

with intensity thresholding. Recall that example results of the CHT for a range of potential

radii shown in Fig. 4.7. When the circle radius is too small, votes will be split across

multiple candidate centers. When the circle radius is too large, no possible center will fully

fill out the perimeter of the circle, so the candidate circles will have lower likelihood. If

the results of the intensity threshold were considered significant, these were combined with

the detected circle to form the patch mask. Examples of this type of growth are shown in

as shown in rows 3 and 4 of Fig. 4.9. However, if the Otsu threshold was similar to the

background agar intensity, then the intensity thresholding was discarded and the detected

circle alone was used as the patch mask. This final case is illustrated in rows 5 and 6 of

Fig. 4.9.

An additional check was performed to rule out unreliable results which may have arisen

from a blank or contaminated ROI. If the mean intensity of the masked patch area was too

low or the likelihood of the detected circle was too low, then the patch was determined to

be empty and assigned a value of N/A. This errs on the side of labeling empty patches with

a circle since we had the plate maps available to allow us to ignore false positives.

These segmentation steps were implemented as outlined in Algorithm 1 in python using

functions from sci-kit image. The specific parameters used to process the Funnel Cross

data set were µ = 0.035, rpin = 28, and MinProb= 0.43. These values could be adjusted

for different experiments. The background agar value was calculated for each plate image

separately by averaging over a small sample of pixels from the corner of all 96 ROIs in

that image. Updating the background value for each image was important because the 10

different conditions varied slightly in color.
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Original               Threshold             Binary Fill        Detected Circle        Combined         Segmentation

Figure 4.9: The steps of the segmentation algorithm as well as final results are illustrated

on an example of each type of growth. In the case of strongly growing colonies, whether

smooth or textured, the mask that results from thresholding and performing a binary fill

is used. In the cases of uneven growth, including the donut and the papillation patterns,

the thresholding and circle detection results are combined. In the case of null growth, the

thresholding results are discarded and the detected circle alone is used.
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Feature Extraction

Once each tile is segmented, the tiles and their masks encoding the patch area within the

tile can be used to extract the desired quantitative phenotypes from each patch. Patch area

is simply the sum of the number of pixels in the patch mask. The average gray scale value

of the patch is equal to the sum of the intensities of the pixels in the patch divided by its

area. These two values provide estimates of the growth or fitness of each yeast strain on a

given condition.

As noted, the washed plate images were handled differently. These images were aligned

with the corresponding 72 hour image by identifying common features and computing the ap-

propriate homography using functions from the python image processing library, OpenCV.

Once the images were aligned, the masks from the 72 hour segmentation were applied to the

washed images to isolate the appropriate patch footprints. The sum of the pixel intensities

within the patch footprint was computed and saved.

4.3 Task 2: Texture Quantification and Clustering

The Dudley Lab is interested in using QTL analysis to uncover the genetic architecture

of non-growth phenotypes in the Yeast Funnel Cross Data set. In the previous section, I

already noted how agar invasion scores were calculated by taking the average intensity of

the region of the agar that contained the patch prior to washing. These scores constitute

one non-growth phenotype. Another interesting axis of natural variation captured in the

population is the ability to develop a wrinkled, complex surface structure. In order to

use the sophisticated quantitative genetic tools at their disposal to explore the underlying

genetic architecture of this trait, the Dudley Lab requires a quantitative and/or categorical

score encoding how “fluffy” each patch is. In this section I first explain the raw texture

features that were extracted from each segmented patch. Then I explain how these features

were further processed using Principal Component Analysis to allow for identification of

fluffy patches. I illustrate the effectiveness of this score with the results of clustering in the

data set.
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4.3.1 Theoretical Background

I utilized several common methods from data science to cluster the Yeast Funnel Cross data

based on non-growth phenotypes. Namely, uniform local binary pattern transforms and

sobel edge detection serve as raw texture features. Further preprocessing involved normal-

izing the non-growth features using outlier detection via computing an elliptic envelope and

applying Principal Component Analysis for dimension reduction. I ultimately used k-means

to cluster the preprocessed texture features. Here I provide a brief introduction to these

methods for the interested reader.

Local Binary Patterns

The Local Binary Pattern (LBP) transform is an efficient texture categorization operator

first introduced by Ojala et al. [134]. This local representation of texture is constructed by

comparing each pixel with its surrounding neighborhood of pixel values. When surrounding

pixels are all greater or all less than the reference pixel, that image region is flat (i.e. fea-

tureless). When there are continuous stretches of pixels that are all greater or all lesser than

the reference pixel, the pattern is considered “uniform.” Such patterns can be interpreted

as corners or edges. If pixels switch back-and-forth between greater and lesser than the

reference pixel, the pattern is considered “non-uniform”. One advantage of uniform LBPs

as a texture descriptor is that they are rotation invariant. Because the texture of an object

does not change with rotation, this is a desirable property for limiting the size of the feature

vector encoding textures. To apply the LBP transform, first the image must be converted

to gray scale. Next a neighborhood radius of r pixels is selected and the number of regions

to partition this neighborhood into, n, is determined. This defines the scale of pattern that

you will be looking for. A LBP value is then calculated for each pixel as follows

• For each bin of neighbors that have distance r from the reference pixel, compute the

average intensity. Compare the reference pixel to these bin averages, ordered in a

circle.

• If the center pixel’s value is greater than the neighbor bin’s value record a “0” in that
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location. Otherwise record a “1.”

• Convert this binary sequence to an LBP label based on the number of consecutive

“0”s and “1”s

Finally, when an LBP value has been assigned to each pixel in an image, these can be

stored in an output array of 2D with the same dimensions as the input grayscale image.

Often the numbers of pixels with each LBP label are saved as a vector, which may or may

not be normalized. This vector serves as a unique texture descriptor for the full image.

Applying uniform LBPs to characterize colony texture has been demonstrated convincingly

by Goldschmidt et al.[57].

Edge Detection with the Sobel Operator

Widely used for edge detection in image processing, the sobel operator convolves a center

difference template with an image to approximate the gradient of pixel intensity. The

method was introduced by Sobel and Feldman at a talk at Stanford Artificial Intelligence

Laboratory in 1968∗. The Sobel operator is a discrete differentiation operator, computing

an approximation of the gradient of the image intensity at each pixel location. For a gray

scale image, A, two convolution matrices are defined, one in the horizontal and one in the

vertical direction

Gx =


−1 0 1

−2 0 2

−1 0 1

 ∗A and Gy =


1 2 1

0 0 0

−1 −2 −1

 ∗A.
These can be combined to approximate the gradient of the image

G =
√

G2
x +G2

y. (9)

By convolving the image with small, separable, integer-valued filters, the Sobel transform re-

mains relatively inexpensive computationally. The user trades this computational efficiency

∗Sobel, I., Feldman, G., “A 3x3 Isotropic Gradient Operator for Image Processing”, presented at the

Stanford Artificial Intelligence Project (SAIL) in 1968
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for a fairly crude approximation to the gradient that does not accurately capture high fre-

quency variations in an image; however, the Sobel Transform is still of sufficient quality to

be of practical use in many applications[94]. Applied sequentially after Gaussian blurring,

sobel edge detection serves our purpose of estimating the fraction of the patch occupied by

edges. We do not require a precise identification of edges for further processing.

When processing the yeast funnel cross data set, I apply the sobel operator to an image

twice, actually approximating the second derivative of the intensity, i.e. the rate of change

in the intensity gradient. This highlights the sides of ridges within a patch which coincide

with regions of rapid change in the gradient.

K-means clustering

Unsupervised learning methods enable exploration and pattern discovery in data. Within

the funnel cross phenotype data, we aimed to uncover groups or clusters of strains that

display similar texture phenotypes. Assessing the success of a clustering method is an

inherently ambiguous task, but one heuristic generally accepted posits that a good clustering

minimizes intraclass variance while maximizing interclass variance. K-means clustering, a

commonly used unsupervised clustering method, reflects this heuristic by attempting to

minimize the total within-cluster distances between each data point and a representative

prototype. The earliest mention of k-Means clustering algorithm seems to be a 1967 paper

by MacQueeen in which he introduced a partition-based cluster analysis method [109].

Given a number of clusters, k, the k-Means algorithm aims to minimize the within-cluster

sum-of-squares criterion, that is the sum of distances between the data points and their

assigned cluster centroid. Consider data points x ∈ X with |X| = N and cluster centroids

c1, ..., ck. These centroids induce partition P on the data, such that P (xi) = j if x is the

closest to centroid cj . The goal of k-means is to solve the optimization problem

argmax
c,P

N∑
i=1

||xi − cP (xi)||
2 (10)

The algorithm for solving Eq. 10, known as Loyd’s algorithm, partitions the feature-space

into regions for each group through an iterative scheme. First k centroids are identified,
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perhaps randomly to begin with. Next, the remaining data points are assigned to the

cluster corresponding to their nearest centroid. A new centroid is then calculated for each

group and the process repeats until a stopping criterion is satisfied. Stopping criteria for

convergence would be either that points are no longer switching groups, or that the centroids

are no longer changing upon iteration. A drawback of k-means is the tendency to fall in

local minima. It can be useful to restart the method several times to ensure representative

clusters are being identified. In general, k-means works well for data with even cluster

sizes, flat geometry, and only a moderate number of clusters. Minimizing the within-cluster

sum-of-squares criterion makes the assumption that clusters are convex and isotropic, which

is not always the case, hence k-means responds poorly to elongated clusters, or manifolds

with irregular shapes. Another potential pitfall is the dependence on distance. In high-

dimensional spaces, Euclidean distances tend to become inflated making the minimization

problem ill-conditioned. Running a dimensionality reduction algorithm such as Principal

component analysis (PCA) prior to k-means clustering can alleviate this problem and speed

up the computations [41].

Outlier Detection

Outlier detection poses another unsupervised learning challenge in data analysis. In outlier

detection you receive a set of data points and try to flag samples that deviate from the

pattern exhibited by the bulk of the data. In this work, we make use of the fast minimum

covariance determinant (MCD) method of Rousseeuw et al. [157] to fit an elliptic envelope

to the “inlier” data. This approach is a highly robust estimator of multivariate location

and scatter, working well on data with an underlying gaussian distribution. The objective

is to find h observations (out of n) whose covariance matrix has the lowest determinant.

The MCD method identifies these h observations and returns the ellipse defined by their

covariances. Data points inside this elliptical envelope are inliers, whereas data points

outside this elliptical envelope are labeled outliers. The amount of contamination of the

data set, i.e. the proportion of outliers in the data set, comes in as a parameter of the

algorithm. Outlier detection from covariance estimation may break or not perform well in
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high-dimensional settings, so again dimensionality reduction prior to outlier detection may

be necessary. This particular method of fitting an elliptic envelope to the data works best

on normally distributed data.

In the funnel cross data set, a large fraction of the patches follow a normal distribution

around an average value, but a substantial number of outliers skew towards higher feature

values. Using an elliptic envelope we can identify the majority faction of patches and

normalize features using these typical trends rather than contaminating our model with the

abnormal examples.

Principal Component Analysis

Principal Component Analysis (PCA) is widely used across many applications. This matrix

decomposition makes patterns easier to observe and visualize in a data set by applying the

optimal rotation and re-weighting of features in a data matrix to maximize variance while

minimizing covariance. The process takes a number of possibly correlated variables, and

converts them to a set of linearly uncorrelated, or orthogonal, variables called principal

components. Hopefully, most of the variance in the system can be captured by a smaller

number of principal components than the number of original variables in the system, thereby

reducing the order of the feature space. Geometrically, this process can be thought of as

fitting an n-dimensional ellipsoid to the n sets of data, where some of the dimensions of the

ellipsoid will be much more significant than others. These ideas date back to the work of

one of the father’s of statistics, Karl Pearson [144] and were further developed by Hotelling

several decade later, who introduced the language of principal components [69].

The starting point for PCA in data analysis is an m×n data matrix X, with m different

features collected from n sources of data. PCA can be a helpful pre-processing step for

further unsupervised or supervised learning methods, because projecting onto the PCA

modes can reduce noise and redundancy in the data. The steps of PCA are as follows.

First, the mean of each feature data matrix, X, is calculated, X̄. Next, the covariance

matrix is computed

CX =
1

n− 1
(X− X̄)(X− X̄)T. (11)
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Note that the covariance matrix CX is a square, symmetric m×m matrix whose diagonal

entries constitute the variance of particular features. The off-diagonal terms contain the

covariances between features, thus CX captures the correlations between all possible pairs

of measurements. Large off-diagonal terms indicate redundancy amongst features, while

large diagonal elements indicate a feature with high variance which is assumed to contain

the most interesting descriptors of the system. So by minimizing the off diagonals and

maximizing the diagonals, i.e. diagonalizing the covariance matrix, we will identify the most

important dimensions of the system and eliminate redundancy simultaneously. Recall that

all symmetric positive definite matrices are diagonalizable and have eigendecomposition,

CX = UΛU∗ (12)

Rather than explicitly forming the covariance matrix and computing the eigendecompostion

to obtain the principal components, a powerful linear algebraic tool for diagonalizing the

covariance matrix is simply taking the singular value decomposition (SVD) of the de-meaned

data matrix.

X − X̄ = UΣV ∗ (13)

The left singular vectors, or the columns of U in Eq. 13, are the principal components of

the data.

4.3.2 Algorithm Implementation and Development

After the plate images were segmented and growth features were estimated as outlined in

section 4.2.3, the raw texture features including internal edges, and local binary patterns

were quantified.

I computed the internal edge score by first blurring each unsegmented gray scale tile

slightly by convolving the image with a gaussian filter of size 7 × 7, G7. Then on the

softened image I applied the sobel operator twice, choosing the standard 3× 3 filter. I then

applied the corresponding segmenation mask to the transformed image and summed over

the pixels in the patch area, saving this sum as the internal edge score. That is, the raw
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edge score was computed as

Einternal =
∑

i∈patch
G(G(G7 ∗ t)) (14)

where G is the sobel operator defined in Eq. 9. Blurring and the sobel transform were

applied using implementations from sci-kit image. These particular sizes of convolution

templates were chosen after trial and error to balance computational efficiency with the

desired results. Note that it was important to apply the sobel transform to the original

unsegmented image, then apply the mask afterwards. If the mask is applied first, the sharp

boundaries created by segmentation produced excessive artifacts along the patch edges.

I computed the uniform local binary pattern transform of the image, as described in

the previous section, with a radius of r = 10 pixels and neighboring pixels quantized into 8

bins. I used the efficient implementation included in the sci-kit image library. The resulting

feature vector is a list of the number of pixels that fall into the 9 possible uniform patterns

(corresponding to pixels from flat areas, edges, and corners) and the 10th non-uniform

pattern. I then normalized this list by dividing by the area to get the distribution of pixels

in each category.

Before further analysis, I normalized the full set of quantitative feature scores against

the patch area. Quantities like the sum of the pixel intensities and the sum over interval

edges depend on the number of pixels within the patch, so larger patches have the capacity

for larger scores. With the local binary patterns, I had already divided by area, but the

distributions may be skewed by the fraction of the patch that lies along the perimeter of the

patch and the fraction of the patch that remains influenced by the initial pinning of cells.

For all of these texture features, growth will be a confounding factor in downstream analysis

if we do not correct for these correlations. To normalize each feature, I first fit an elliptic

envelope to the densest 50% of the data points when considering that feature and the area.

Then I fit a linear model to the inliers and calculated the residual between this line and each

data point. I included the outlier detection step rather than simply fitting a linear model

to the full data set underlying genetic variation accounts for most of the outliers. We do

not want to reduce this variance, but rather zero out only the standard correlation between

area and the feature of interest. After the non-growth traits were normalized against area,
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Figure 4.10: Preliminary agglomerative clustering with n = 3 identifies a large group that

contains mostly smooth, noninvasive patches. The other two groups contain somewhat

textured, somewhat invasive patches, and highly textured patches. Here the three groups

are plotted on the axis of area, hard wash score and complexity score where the non-area

traits have been normalized against their area and all traits have been scaled to have mean

zero and standard deviation of one.

every trait was further standardized to have mean zero and a standard deviation of one.

As a first level of clustering, I clustered the texture data from patches grown on YPD

into three groups using k-means clustering on the non-local binary pattern features. That

is the area, the hard wash score, the internal edge complexity score, and the pixel variance.

This preliminary clustering identified a large segment of the population, 58%, the majority

of which are neither fluffy nor invading the agar (group 1 (green) in Fig. 4.10). I then

applied elliptic envelope outlier detection to this group so that the inliers only include the

smooth, non-invasive patches. This pulled out 52% of the patches as smooth and completely

non-invasive. Continuing to carry a large number of smooth patches into the next stage

of the analysis would limit our ability to learn more nuanced patterns in the interesting

textured patches, so I dropped this half of the data points at this stage.

After this preprocessing step, a final texture score was computed. I applied PCA to
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the texture features extracted from the 72 hour images for the remaining strains, i.e. the

patches in groups 2 and 3 together with the outliers from group 1. The texture features

included were the average pixel intensity at 72 hours, the internal edge score at 72 hours,

and the 10 local binary patterns. After transforming the data via PCA, I applied k-means

clustering with k = 8 to the data projected onto the first 5 PCA modes.

4.3.3 Discussion of Results

The analysis pipeline described here produced quantitative scores that reliably and precisely

capture two non-growth phenotypes in the Yeast Funnel Cross Data Set: agar invasion

and texture complexity, or “fluffiness.” These scores will enable team members to perform

linkage mapping for non-growth traits within the Yeast Funnel Cross data set, as has already

successfully been performed with the growth data. To determine pattern complexity, we

can use the coefficient of the patches along the first principal component from PCA on

the textured features of the morphologically interesting subset of patches. Second, as a

quantitative score for agar invasion, we can use the normalized sum of the pixel intensities

in the patch footprint from the hard wash images.

Examining representative examples we observe that the raw texture features capture

the relative smoothness vs. fluffiness of each patch. Large, smooth patches do not have

pronounced internal edges, and so their area-normalized internal structure score is low (Fig.

4.11a row 1). In contrast,the interior of a highly textured patch is filled with ridges, yielding

a high internal structure score (Fig. 4.11a row 4). Though the internal structure score is

reproducible and clearly very informative, it does not provide a clean, ordered translation

between what an expert views as complexity and a continuous quantitative trait. There

is more than one way to be fluffy, and many patches actually display multiple textures as

they grow out radially from the initial pin location. Rows 2 and 3 of Fig. 4.11a, illustrate

two alternative growth patterns: a bumpy texture and a patch that is relatively smooth in

the center, but deeply ridged on the edges. These two patches have intermediate structure

scores, but the ordering of them may not reflect the relative levels of complexity in their

texture. Hence, the internal structure score serves as a useful benchmark to threshold out
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Figure 4.11: Here we illustrate both measures of texture for a variety of growth patterns.

(a) The first column shows the grayscale version of the segmented colony and the second

column shows the result of applying a sobel filter to the image twice (estimating the second

derivative) to pick out edges on the patch. The internal edge complexity score was calcu-

lating by summing over the pixels after this transfom and normalizing against the area. (b)

The uniform local binary pattern transform was also applied to each segmented image. In

the second column we color the pixels in each patch based on it’s local binary pattern and

chart the distribution of LBPs on the patch with matching colors.
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smooth patches, i.e. provides a categorical label. However, it does not provide a quantitative

score for fluffiness as a continuous trait. This motivated further feature engineering.

Uniform local binary patterns clearly capture meaningful differences in patch texture.

The LBP profiles of smooth patches are generally dominated by the middle categories, i.e.

groups 4 and 5 for the example shown in 4.11 b row 1, where as the non-uniform group,

10, is relatively small. The distribution of LBPs for a fully textured patch looks completely

different from a smooth patch. For fluffy patches, generally the non-uniform group, 10,

constitutes the highest peak by far, while remaining pixels are uniformly distributed between

the other groups. Across all the examples in Fig. 4.11b, observe that a central circle on

the patch contributes a non-negligible number of non-uniform (cyan) pixels to the profile.

This seems to be an artifact from the initial arrangement of yeast cells resulting from the

pin head. Consequently, even though the patch in row 3 of 4.11b appears to the eye to

have large smooth regions in the center, only a small ring of pixels are classified in groups

4 and 6. The the pin influence obscures a large portion of the patch that appears smooth,

the LBP profile still reflects this mixed texture. Follow-up experiments in which strains are

grown as colonies initiated from a single cell, rather than patches initiated from a lawn of

cells will allow for more precise texture quantification.

These raw texture features are descriptive, but no single trait provides the axis of vari-

ation that experts in the Dudley lab were interested in capturing. Applying PCA to the

texture features of the morphologically interesting group of strains takes the optimal linear

combination of these raw features to reflect the maximal variance in the group. The first

principal component has a high positive weight for the internal edge feature as well as high

positive weights for the lowest LBP patterns (flat areas) and the highest LBP patterns

(nonuniform), and significant negative weights for LBPs 4 and 5 (Fig. 4.12a). These are

the same defining features observed differentiating the smooth patch from the other patches

in Fig. 4.11. The second principal component has significant negative weights on LBPs 3, 6

and 7. Visualizing the images of patches with the highest vs. the lowest scores for PC2, this

feature score appears to reflect the extent to which patch texture is dominated by waves

that fan out radially from the center of the patch (low scores) vs. a more randomly dis-

tributed pattern. At small but not the lowest values of PC1 and high values of PC2 we have
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Figure 4.12: The patches from the textured and/or invasive groups from round one of clus-

tering are further analyzed based on their texture features. PCA was used to orthogonalize

the average intensity, internal complexity score, and ten local binary pattern scores. The

coefficients on each measured feature that constitute the first three PCA modes are shown

in panel (a). K-means clustering was applied to the PCA projection of the data with k = 8.

The distribution of patches across clusters is reported and the patch that is closest to the

centroid of each cluster is shown in (c). Note that the representative patches have been

reordered from the smallest PC1 value to the largest PC1 value. From examining represen-

tative samples from each group, it is clear that PC1 reflects an excellent measure of texture

variation.
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a subset of patches that appear bumpy across their whole surface (orange group). Whereas

at similar values of PC1 but the lowest values of PC2 we see patches that are smooth in

the middle with a dimple from the initial pin location and starting to ruffle along the edges

(purple group). Similarly, as we move up the branch of the most textured patches (pink,

red, and blue groups), the scores for both PC1 and PC2 increase as the ridges become more

pronounces and grow in random directions across the patch. The third principal component

is heavily dominated by the average intensity score. The fact that this has been singled

out from the other texture features, and clusters are largely based on the first two principal

components indicates that complex pattern growth on YPD is independent of the average

intensity (Fig. 4.12b). Further investigation shows that the highest scores along this dimen-

sion distinguish the green group of smooth patches from the cyan group of smooth patches.

These two groups both have low pattern complexity.

The rotation and rescaling of features through PCA combines the normalized measured

texture features in such a way that the a patch’s score along the first principal component

reflects it’s complexity very well. Upon k-means clustering with k = 8, the groups primarily

bin the data along the first principal component (Fig. 4.12b). Reordering the groups

according to the centroid’s PC1 score and visualizing the patch closest to the centroid of

each group, we see a progression from smooth patches at negative values of PC1 up to

highly textured patches for large positive values of PC1 (Fig. 4.12c). Besides visualising

the centroid, we also inspected the inliers from each group to establish the characteristic

growth patterns, confirming that these are indeed good representative images. The green

and cyan groups of patches appear smooth to the expert eye. Projecting the inliers from

the smooth group in the first round of clustering onto these same PCA features lands them

in roughly the same region of feature space occupied by the green group.

Normalizing the hard wash scores against the area, produces a clean quantitative score

for agar invasion. Patches with a low hard wash score leave little to no trace on the agar

surface, whereas patches with the highest scores are bright enough to be detected on their

own with intensity thresholding (Fig. 4.13). In the standardized hardwash score, the mean

of the full data set is 0 shown in gray in the plots in Fig. 4.13. The distribution has a large

tail towards higher scores, though the majority (over 50%) had little to no invasion. When
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Figure 4.13: The distribution of agar in-

vasion scores following the hard wash for

patches that passed the first level of cluster-

ing has a large tail skewing towards larger

values. From visual inspection, of washed

patches with low to high scores from left to

right, we can see that the feature is clearly

indicative of a continuous phenotype. The

blue group from level two of clustering is

plotted in blue on the histogram. The highly

complex patches have a higher mean agar in-

vasion score than the population in general.

we consider the distribution of hard wash scores both within and across the 8 clusters

identified in the second round of texture clustering, we see that highly textured patches

have a higher mean hard wash score than the general population (Fig. 4.13, bottom row).

Plotting PC1 against the hard wash scores demonstrates a higher floor for the hard wash

score of fluffy strains compared to the population at large. It appears that fluffy strains are

a subset of invasive strains, i.e., a strain may be highly invasive and not fluffy, but a strain

will not be fluffy without having a non-trivial agar invasion score.

Preliminary linkage mapping with these traits produces a strong peak at FLO11, a well-

known flocculin that enables yeast cells to form chains. Further analysis will be performed

to try to elucidate more nuanced details of the mechanisms of invasion and texture devel-

opment. In particular, it will be interesting to compare the overlap between strains’ ability

to invade the agar or develop a biofilm like texture and drug resistance, as captured by the

growth scores on caspofungin and fluconazole. In addition to the genetic analysis that may
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be performed with this particular data set, the scores quantifying patch texture identify

strains of interest for further experimentation. It would not be feasible to collect careful

time-course imaging of the growth of all 11,500 strains in the funnel cross library. However,

through the two levels of clustering, we have narrowed down the most morphologically in-

teresting patches to 23% of the strains in the full Funnel Cross Data set. These candidates

could be studied in detail with more sophisticated imaging technology.

4.4 Code Availability

Interested readers can install the PyPl8 image analyis package from PyPI, using pip [138].

You can also visit the github page to access the source code. Use case examples and detailed

documentation are also available on the github page [137].
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Chapter 5

CONCLUSION

In this thesis, I have presented three case studies applying mathematical methods to

gain insight into the collective behavior of cellular systems. This entailed merging tools

from ordinary differential equations and data science to tailor models to each setting.

I started with the idealized theoretical setting of networked oscillators, where an abun-

dance of perfect synthetic “data” allowed me to develop a fully data-driven approach to

multi-scale model discovery. The approach presented in Chapter 2 built on related methods

that have shown great success on physical systems. However, the need for high fidelity

time series measurements in order to accurately estimate derivatives hampers their broad

deployment in biology. To overcome this challenge from the methods standpoint, numerous

extensions and robustifications are under development that bring SINDy closer to being

ready for action in the wild. Simultaneously new technologies are changing the game when

it comes to time series data in biology. I am excited to continue working in the field of

biological modeling as the progress on these fronts rapidly converges.

In Chapter 3, I posed questions about CAR T-cell therapy in oncology. Because this is a

novel immunotherapy, very limited data is available. However, waiting for more data to be

published before building models would preclude us from influencing the trends of ongoing

trials and current clinical practice. Insight into experimental design would be valuable

now during drug development, arguably more so than when the treatment becomes widely

available. In order to try to compare refinements to treatment strategies with the currently

available data, we took a classical modeling approach, carefully selecting functional forms

and deriving parameters from experiments and previous literature. Although these may

not be the “best” models for CAR T-cell therapy, they serve a useful purpose, allowing us

to compare treatment plans and draw conclusions based on the qualitative results. As we

collect more data on the movement of CAR T-cells in the body, we will be able to iterate
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on and improve these models. The use of CAR T-cell technology to treat other diseases

outside of oncology is also underway. There will be demand for CAR T-cell models in these

contexts too.

In the final chapter, I applied methods from data science to quantify the complexity of

patterns formed by yeast colonies in the ground-breaking Yeast Funnel Cross Data Set. I

introduced the core algorithm behind PyPl8, an open source python package I have made

available for automated and robust image analysis. This tool has already served as a crucial

link in the chain to producing insights into the genetic architecture of complex traits using

the Funnel Cross mapping population. A natural next step is moving forward with mapping

the genetic origins of the textured colony traits, as well as exploring how these phenotypes

overlap with drug resistance. Though a far cry from building a dynamical model, this

body of work sits at the origin of an exciting path towards a mechanistic understanding

pattern formation in yeast biofilms. Working with real biological data is challenging and

takes time. By laying the groundwork of image processing and feature quantification from

the 3 time points in the current data, I set the first route marker for future work. With

the classification information from these static measurements, the Dudley Lab is poised to

collect highly resolved time series imaging of the development of textured strains. This is

the level of quality in data that will make model discovery feasible in biological systems.

The macroscopic behaviors of complex cellular communities constitute life as we know it.

From sub-cellular processes up through entire ecosystems, biological systems are inherently

multi-scale. Studying systems spanning the level of individual cells to populations of cells

is a particularly exciting level to focus on at this moment, as the frontiers of single-cell

time series data collection and data-driven model selection converge. The awe-inspiring

intricacies and nuances of biological systems can make life seem precarious, and in the midst

of a global pandemic, we are painfully aware of the fragility of life. However, simultaneously,

we can also be amazed by it’s stability and resilience. After all, in a chaotic and changing

environment, facing constant perturbation, living organisms continue to exist and flourish.

We have to be pretty stable! So as scientists and mathematicians, what do we do with this

world of complexity? We build a model and learn something new.
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