
 
 

Modeling and Control of Biomimetic Cilia-Based Devices  
 

for  
 

Microfluidic Applications 
 

  
 
 
 

Jiradech Kongthon 
 
 
 
 

A dissertation submitted in partial fulfillment of  
 

the requirements for the degree of 
 
 
 

Doctor of Philosophy 
 
 
 
 

University of Washington 
 

2011 
 
 
 

 
Santosh Devasia, Chair 

 
James J. Riley 

 
Jae-Hyun Chung 

 
Nathan J. Sniadecki 

 
 
 

 
Program Authorized to Offer Degree: 

 
Mechanical Engineering 





University of Washington

Abstract

Modeling and Control of Biomimetic Cilia-Based Devices
for

Microfluidic Applications

Jiradech Kongthon

Chair of the Supervisory Committee:
Professor Santosh Devasia
Mechanical Engineering

This research investigates biomimetic cilia-based devices (cantilever-type vibrating

devices) to reduce the time needed for micro-scale fluid mixing. Inspired by biological

systems, the cilia-based devices (that are excited by external excitations) have been

proposed for mixing and manipulating liquids in micro/nano-fluidic applications. This

research develops models and control methods for such devices. Experimental mixing

results, with and without cilia, are comparatively evaluated to show more than an

order-of-magnitude reduction in the mixing time with the use of cilia.
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Chapter 1

INTRODUCTION

This research investigates biomimetic cilia-based devices (cantilever-type vibrating

devices) to reduce the time needed for micro-scale fluid mixing. Inspired by biological

systems, the cilia-based devices (that are excited by external excitations) have been

proposed for mixing and manipulating liquids in micro/nano-fluidic applications. This

research develops models and control methods for such devices. Experimental mixing

results, with and without cilia, are comparatively evaluated to show more than an

order-of-magnitude reduction in the mixing time with the use of cilia.

1.1 Why Microfluidics

Microfluidic systems can save samples, cost, and time. For example, an acoustic

96-well microplate mixer manufactured by Advalytix, can handle liquid volumes in

nanoliter scale. With a very small volume of liquid, material costs and process time

can be saved compared to a larger scale volume process.

The well size has been miniaturized over years. In early 1950s in Hungary where

a severe outbreak of influenza took place, Dr. Gyola Takatsy needed faster diagnostic

tests for hundreds of patients and the standard test tube was too cumbersome and

time-consuming. Dr.Takatsy then made the first microplate [5] with 6 rows of 12

wells and used in place of the test tubes. In 1967, Nelson M. Cooke and Paul H. Hall

invented and patented the disposable microtitration plate [6], composed of 96 wells(8

rows and 12 columns) with a capacity of either 25 or 50 microliters. In 2002, Affymax,

a drug discovery firm based in Palo Alto, California, was reported to manufacture a

20,000-well plate in which had a volume of just 25 nanoliters, [7].
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The revolution of microfluidic research is miniaturizing and transforming a large

laboratory analyzing fluids into a microchip-based system called “lab on a chip”.

Large and costly instruments are being replaced by microchip-based systems devel-

oped by MEMS technology. Microfluidic systems streamline experimental and ana-

lytical processes, provide convenience, and save samples, costs, and time.

1.2 Challenges

In general, mixing is not difficult in macroscale where turbulent mixing can be

achieved because in a turbulent regime, eddy flows, or vortices can help increase

interfacial areas between fluids, thereby accelerating the mixing as illustrated by Fig-

ure 1.1.

Figure 1.1: Illustration of turbulent flow : Eddy flows are right there to help accelerate
mixing

In microfluidic devices where the characteristic length is very small, Reynolds

numbers are very small [8]. Under these conditions, the flow is only in the laminar

regime where fluids flow in parallel streamlines (smooth flow) and the layers in the

flow are well-defined (illustrated by Figure 1.2), so the eddy flows generally do not

occur.

In microfluidic devices, mixing then occurs by diffusion only, but in general the

diffusion in liquids is a slow process, compared to diffusion in gas, especially for large

particles such as DNA and protiens. The rate of diffusion is inversely proportional

to the molecular weight of the substance. Therefore, the mixing in microscale can

be slow for large particles. In particular [9], for large molecules, such as DNA and
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Figure 1.2: Illustration of laminar flow : Solid lines with arrows represent streamlines
and dots represent molecular diffusion increasing over time along the channel

proteins, the diffusion coefficients are in the order of 10−10m2/s or less as the diffusion

coefficient of water in water is 2.3 × 10−9m2/s (23 times larger). Hence, the mixing

time and the mixing length can both be very long and impractical.

1.3 Microfluidic Systems

A microfluidic system moves fluids through a network of microchannels and mi-

crochambers. Processes such as pumping,valving, separating ,and mixing fluids take

place on a lab on a chip. Mixing of fluids on a lab on a chip is one of the most

challenging issues ,and can take place in either microchannels or microchambers. In

this research, the focus will be given to the mixing issue on how to improve mixing

in a microchamber.

The literature in the field discusses a number of devices designed to enhance mi-

cromixing. These devices fall into one of two categories [10]:

1) active mixers that utilize external perturbations to introduce vorticity into lami-

nar flow. Active mixers use a periodical change of pumping energy or electrical fields,

acoustic fluid shaking, ultrasound, electrowetting-based droplet shaking, microstir-

rers, or others.

2) passive mixers that use no energy input except the mechanism (pressure head or

pump) used to drive the fluid flow. Examples of these devices and techniques are Y-

and T-type flow mixers, multi-laminating mixers, split-and-recombine mixers, chaotic

mixers, jet colliding mixers, recirculation flow mixers, and others.
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Many attempts have been made to enhance passive mixing in microchannels. One way

of achieving good mixing at low Reynolds numbers is to introduce the phenomenon

known as chaotic advection in which simple regular velocity fields generate chaotic

particle trajectories. Chaotic advection typically creates the exponential growth of

the interfacial area [10], which results in rapid mixing. In order to introduce chaotic

advection, the geometry of a channel must be complicated enough while the fabrica-

tion process of the channel is simple enough [11].

Several works have been done to complicate microchannels. For example, the

staggered herringbone pattern is provided to at the bottom of the channel to in-

troduce chaotic advection to reduce the mixing length, or the mixing time [12]. A

three-dimensional serpentine microchannel design is implemented to generate chaotic

advection to passively enhance fluid mixing [11].

1.4 How to Address the Challenges

There are two approaches to overcome the diffusion limit for micromixing: (i) mixing

with flow, and (ii) mixing without flow.

1)Mixing with Flow

Several works have achieved good mixing by using continuous flows. For example,

passive techniques such as channels with patterned grooves can be used to generate

chaotic folding (and refolding) of the liquid as it flows past the grooves to improve

mixing [12]. Such flow-type mixing can be used when a sufficiently-large amount of

sample is available to achieve the flow through the grooved channel. In this work,

flows and the patterned channel help accelerate mixing. Mixing with flow can be

illustrated by Figure 1.3.
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Chambers Pumps

Channel

Figure 1.3: Illustration of mixing with flow (continuous flow mixing) in Y-shaped
microchannel

There are other approaches to improving the mixing with flows. For example,

acoustic fields [13], magnetic fields [14], [15], or electrical fields [9], [16], [17] were

used to achieve good mixing with flow, but those external fields could damage samples.

Since mixing with flow depends on continuous flows, some disadvantages or prob-

lems may arise due to the dependence on the flow. For example, as seen in Fig-

ure 1.3, the system needs external chambers and pumps and dead volume is present

in the system. Moreover, if there are some particles in the system, the particles may

clog the channels. Furthermore, if solutions have larger viscosity (such as protein so-

lutions) and the microchannels get smaller, larger flow impedance will be created, so a

higher pump power is required. If the pump power is insufficient, then the microchan-

nels could be clogged [18], and therefore, it is difficult to achieve good mixing. Also

if the amount of samples is insufficient or samples are expensive, mixing with flow is

not a good choice. Mixing with flow is then not practical for those cases. Hence, an

approach that does not depend on the flows is needed, and mixing without flow can

be used in place of mixing with flow for those cases.

2) Mixing without Flow

Mixing without flow is preferred when the amount of samples are insufficient or sam-
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ples are expensive. Another advantage of mixing without flow is that no external

microchannels/microchamber are required.

Figure 1.4: Illustration of mixing without flow (batch mode mixing) in microliter well

In mixing without flow, there is no external flow to help improve mixing (e.g. in

Figure 1.4), so it is more challenging to achieve good mixing. Several approaches have

been proposed and implemented to achieve good mixing without flow. For example,

acoustic fields [19], [20], magnetic fields [21], or electrical fields [22] were used to

allow good batch mode mixing, but those external fields could damage samples. For

example, acoustic waves were used to improve mixing as shown in [19]. However, the

very high frequency waves(from 100MHz to 6GHz) applied to improve mixing could

damage the sensitive biosamples.

Biomaterials such cells and proteins are delicate and this often causes problems

in bioprocessing. One such problem is “shear” [23].

The application of ultrasonic wave to improve mixing shows the promise in terms

of mixing performance, but ultrasonic frequency could cause negative bioeffects such

as disaggregating bacteria cells, disrupting human erythrocytes and platelets , or oth-

ers due to its high shear strain rate, or high shear strain field [20].

It is noted that typical research issues in mixing without flow are on:

1) how to increase the rate of mixing.
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2) how to avoid the damage to biosamples due to electrical, magnetic, acoustic fields,or

mechanical forces.

1.5 Cilia-based Approaches

Several works based on cilia have been proposed to increase the rate of mixing without

damage to samples.

For example, an actuator made of self-oscillating soft polymer gel was used to

mimic cilia motion [24]. The swelling-de-swelling oscillations of polymer gel acted

as the actuator, but the actuator had the actuation frequency of 0.0055Hz, which is

much lower than the typical beating frequency of cilia in nature.

Another work made use of polydimethylsiloxane (PDMS) to fabricate cardiomy-

ocyte bio-microactuator. The fabricated soft PDMS micropillar structures were ac-

tuated to perform repetitive motion by attached pulsating cardiomyocytes [25], but

this is challenging because cardiomyocyte must be cultured and attached to the mi-

cropillars.

The work in [26] used magnetic field to actuate high-aspect-ratio cantilevered

micro- and nanorod arrays made of a PDMS-ferrofluid composite material. The com-

posite material composed of magnetic particles and PDMS material was controlled

by a magnetic field. However, it is challenging in the fabrication process because

the formation of the structure was not uniform and the irregular composite structure

caused a nonuniform deflection. Another concern is that the magnetic field can cause

damage to sensitive samples such as biomolecules and enzymes [27].

Another attempt to mimic cilia motion and create micromixing is in [28]. This

work used electrostatic actuation of artificial cilia and showed the mixing of fluid

flows. The cilia composed of curled polymer coated chromium (Cr) micro-beams

were manipulated easily using an AC voltage to produce micromixing. However, a

high AC electric field can cause damage to biosamples and limits bio-applications due
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to cell lysis [29] and electrolysis of the solution [30].

To avoid possible damage to biosamples due to acoustic, magnetic,and electric fieilds,

the new cilia-based approach is proposed in this research.

1.6 New Approach Proposed

This research proposes a low-frequency mechanical excitation approach for biomimetic

cilia to increasing the rate of mixing in a microscale device. There are several

advantages for the low-frequency approach to excite the cilia. Namely, no mag-

netic,electrical,or acoustic fields are present in the device and biomimetic cilia are

similar (soft, low frequency) to biological cilia which seem to be biofriendly (more

biomimetic). It is anticipated that there is potentially less damage to biosamples.

The work in [31] shows that noticeable damage of the biomolecules in the cilia

mixer has not been observed. It is speculated that the biocompatible mixing is im-

proved by the complex circulation flow caused by the resonating cilia. The flow

induced by the cilia does not generate a high local shear flow and this can avoid the

damage to the biomolecules. Further investigation on biomolecular damage is needed

to support this notion.

1.7 Cilia in Nature

Biological cilia are very fine, hair like (micron scale) soft structures that beat in a

rythmic manner (10-100 Hz) [32].

In general,the fluid manipulations of cilia can be viewed in two ways.

1) Cilia generate motion. For example, a paramecium is covered with thousands of

cilia around the body and uses beating cilia to swim through liquids.

2) Cilia move fluids and particles. Several cells in the human body have cilia. For

example, lung cells have numerous cilia that move rhythmically to sweep and move

mucus out of the lung.
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1.8 Research Problems

The main contributions of this research are to address the following three issues in

mixing with biomimetic cilia.

1) Added mass effect to explain the substantial reduction in the resonant vibrational

frequency of the cilia operating in liquid when compared to the resonant frequency of

the cilia in air. This work was published in [1].

2) Sloshing effect to explain the large amplitude of cilia tip motions even in the pres-

ence of substantial damping in liquid. This work was published in [2].

3) Exploring the potential of using asymmetric excitation waveforms to reduce mixing

time. This work was published in [33] and was also submitted to appear in [34].

1.8.1 Added Mass Effect

This work shows that the added mass due to fluid structure interaction significantly

affects the vibrational dynamics of cilia-based (vibrating cantilever-type) devices for

handling micro-scale fluid flows. Commonly, the hydrodynamic interaction between

the cilia-based actuators and fluid is modeled as a drag force that results in damping

of the cilia motion.

This chapter reports on models for cilia-based devices (cantilever-type vibrating

devices) for handling micro-scale fluid flows. Inspired by biological systems, cilia-

based microactuators (that are excited by external vibrations or acoustic excitations)

have been proposed for mixing and manipulating liquids in micro/nano-fluidic applica-

tions [32]. In such applications, models of the cilia dynamics are needed for optimizing

the geometric design as well as controlling the cilia to maximize the flow and mini-

mize the required input energy. The challenge in modeling such cilia-actuators is the

coupling between the mechanical dynamics of the cilia and the fluid. Such coupling

can lead to damping effects due to drag forces [35]- [37], which change the amplitude
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and resonant vibrational frequency of the cilia when operated in liquid in contrast to

operation in air or vacuum. However, experimental results are presented to show that

the drag or damping effects are not sufficient to explain the substantial reduction in

the resonant vibrational frequency when the cilia actuators are operated in liquid (as

opposed to the natural frequency when the cilia actuators are operated in air).

The main contribution is to show that such damping effects cannot explain the

substantial reduction in the resonant vibrational frequency of the cilia actuator op-

erating in liquid when compared to the natural frequency of the cilia in air. It is

shown that an added-mass approach (that accounts for the inertial loading of the

fluid) can explain this reduction in the resonant vibrational frequency when operat-

ing cantilever-type devices in liquids. Additionally, it is shown that the added-mass

effect can explain why the cilia-vibration amplitude is not substantially reduced in a

liquid by the hydrodynamic drag force. Thus, this research shows the need to model

the added-mass effect, both, theoretically and by using experimental results. In the

evaluation of the added mass effect, the cilia are to be shaken in air and in water

contained in a stationary and large chamber as illustrated in Figure 1.5(Figure not

to scale),and the natural frequencies in air and in water are to be determined.

(a) (b) 

uc uc

Figure 1.5: Research problem on added mass:(a)cilia shaken in air (b)cilia shaken in
water
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1.8.2 Sloshing Effect

In spite of the presence of substantial damping in water, the observed amplitude of

cilia tip motions is still large when the whole chamber containing cilia and water is

oscillated. This work models the dynamics of cilia-based devices (soft cantilever-type

vibrating devices that are excited by external vibrations) for mixing and manipulat-

ing liquids in microfluidic applications. The behavior of biological cilia, discovered

by Anton de Heide in 1684 [38], has been studied in, e.g., [38]- [43]. Bio-mimetic,

cilia-like structures have been proposed for a variety of applications such as nasal

filters [44] and sample transport [45]. In microfluidics, bio-mimetic actuators have

been proposed for mixing and manipulation in liquid environments [46]- [50]. The

main contribution of this chapter is to develop a model for a cilia-based device, which

shows that liquid sloshing (e.g., [51, 52]) and the added mass effect (e.g., [53]- [56])

play substantial roles in generating large-amplitude motion of the cilia in liquid when

the chamber containing the cilia is oscillated to mechanically excite the cilia reso-

nance. Additionally, experimental results are presented to show that the average

mixing time with cilia is more than an order-of-magnitude lower than the average

mixing time without cilia.

Mixing can be improved by generating complex flows in the fluid to overcome

the mixing-rate limits of laminar flows that are typical at the micro scale. For ex-

ample, passive techniques such as channels with patterned grooves can be used to

generate chaotic folding (and refolding) of the liquid as it flows past the grooves to

improve mixing [12]. Such flow-type mixing can be used when a sufficiently-large

amount of sample is available to achieve the flow through the grooved channel. In

contrast, if the amount of sample is limited, then batch-type mixing is sought in

small chambers containing the sample. Batch mixing can be enhanced using a vari-

ety of actuation techniques such as high-frequency ultrasound excitation [13, 57] and

time-varying external magnetic fields [15], [21]- [59]. In the current work, cilia are ex-
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cited by low-frequency oscillations (compared to higher-frequency acoustic excitation)

of the chamber containing the sample. This low-frequency mechanical excitation of

cilia is advantageous for mixing samples that are susceptible to damage from high-

frequency excitation and magnetic fields. The work shows that batch mixing can be

substantially improved by using cilia when compared to the case without cilia — for

the same oscillatory actuation of the chamber.

uc

Figure 1.6: Research problem on sloshing: whole chamber containing cilia shaken

1.8.3 Effect of different excitation waveforms on mixing time

This work evaluates the use of different excitation waveforms as shown in Figure 1.7

to improve biomimetic-cilia-based mixing in microfluidic applications. A challenge in

such studies is that, at high frequencies, vibrations in the piezoactuator can distort the

achieved excitation waveform. An iterative approach is used in this work to account

for the vibrational dynamics and avoid unwanted vibrations in the achieved excitation

waveforms, and thereby enable the evaluation of different excitation waveforms on

mixing. The main contribution of this work is to use these controlled, excitation

waveforms for showing that (i) mixing time is substantially reduced (by more than

an order of magnitude) with the use of cilia when compared to the case without

cilia and (ii) mixing time with cilia can be further reduced (by more than half) by

using an asymmetric excitation waveform when compared to symmetric (sinusoidal)
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excitation.
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Figure 1.7: Excitation waveforms uc for one time period: (a) desired symmetric,
sinusoidal waveform uc,d, (b) preliminary asymmetric triangular waveform uc,p, where
the ratio α = tA/tB = 0.25 is a measure of the time asymmetry.

Based on biological cilia systems, e.g., [40–43], biomimetic, cilia-type, compliant

actuators have been proposed for mixing and manipulation in liquid environments,

e.g., see [15, 32, 46–50]. Recent works have shown that mechanical (sinusoidal) ex-

citation of the cilia by using a piezoactuator to oscillate the cilia-chamber can im-

prove mixing in microfludic devices [2, 60]. This work aims to evaluate potential

improvements in cilia-based mixing with different excitation waveforms of the cilia-

chamber. A challenge in such evaluation studies is that, at high frequencies, vibra-

tions in the piezoactuator can distort the achieved motion (excitation waveform) of

the cilia-chamber, and thereby, limit the ability to evaluate the effect of a desired

excitation waveform on mixing. An iterative feedforward approach [61] is used in

this work to account for the vibrational dynamics of the piezoactuator, and reduce

unwanted vibrations in the achieved excitation waveforms.

In general, micromixing can be improved by generating complex flows in the fluid

to overcome the mixing-rate limits of laminar flows that are typical at the microscale.

For example, passive techniques such as grooves can be used to generate chaotic

folding (and refolding) of the liquid as it flows past the grooves to improve mixing, e.g.,
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in [12]. Such flow-type mixing can be used when a sufficiently-large amount of sample

is available to achieve the flow through the grooved channel. In contrast, if the amount

of sample is limited, then batch-type mixing needs to be achieved in small chambers

containing the sample. Batch mixing can be enhanced using a variety of actuation

techniques such as high-frequency ultrasound excitation [13, 57, 62] and time-varying

external magnetic fields [15, 21, 58, 59]. In this work, cilia are excited by relatively-

low-frequency oscillations of the chamber containing the sample when compared to

higher-frequency ultrasound excitation. It is noted that the low-frequency excitation

used in this chapter is advantageous for mixing samples that are susceptible to damage

from high-frequency excitation [63–65]. Similarly, sample damage is a concern with

the use of rapidly varying external magnetic fields, which is also avoided with the

present approach. The work shows that batch mixing can be substantially improved

by using low-frequency excitation with soft cilia — this use of low-frequency excitation

with soft actuators has the potential to reduce the damage of fragile samples during

micromixing.

1.9 Structure of the Dissertation

The dissertation discusses the added-mass effect in modeling of cilia-based devices for

microfluidic systems in Chapter 2. Chapter 3 investigates the dynamics of cilia-based

microfluidic devices to model and explain the sloshing effect. Chapter 4 demonstrates

the use of iterative inversion to control the piezoactuator for evaluating the effect

of different excitation waveforms on mixing time. Conclusions and future works are

provided in Chapter 5.
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Chapter 2

ADDED-MASS EFFECT IN MODELING OF
CILIA-BASED DEVICES FOR MICROFLUIDIC

SYSTEMS

2.1 Overview

This chapter shows that the added mass due to fluid structure interaction significantly

affects the vibrational dynamics of cilia-based (vibrating cantilever-type) devices for

handling micro-scale fluid flows. Commonly, the hydrodynamic interaction between

the cilia-based actuators and fluid is modeled as a drag force that results in damping

of the cilia motion. The main contribution is to show that such damping effects

cannot explain the substantial reduction in the resonant vibrational frequency of the

cilia actuator operating in liquid when compared to the natural frequency of the cilia

in air. It is shown that an added-mass approach (that accounts for the inertial loading

of the fluid) can explain this reduction in the resonant vibrational frequency when

operating cantilever-type devices in liquids. Additionally, it is shown that the added-

mass effect can explain why the cilia-vibration amplitude is not substantially reduced

in a liquid by the hydrodynamic drag force. Thus, this chapter shows the need to

model the added-mass effect, both, theoretically and by using experimental results.

2.2 Introduction

This chapter reports on models for cilia-based devices (cantilever-type vibrating de-

vices) for handling micro-scale fluid flows. Inspired by biological systems, cilia-based

microactuators (that are excited by external vibrations or acoustic excitations) have

been proposed for mixing and manipulating liquids in micro/nano-fluidic applica-
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tions [32]. In such applications, models of the cilia dynamics are needed for optimizing

the geometric design as well as controlling the cilia to maximize the flow and minimize

the required input energy. The challenge in modeling such cilia-actuators is the cou-

pling between the mechanical dynamics of the cilia and the fluid. Such coupling can

lead to damping effects due to drag forces [35]- [37], which change the amplitude and

resonant vibrational frequency of the cilia when operated in liquid in contrast to op-

eration in air or vacuum. However, experimental results are presented in this chapter

to show that the drag or damping effects are not sufficient to explain the substantial

reduction in the resonant vibrational frequency when the cilia actuators are operated

in liquid (as opposed to the natural frequency when the cilia actuators are operated

in air). The main contribution of this work is the use of an added-mass effect to

account for this reduction in the natural frequency when cantilever-type devices are

operated in a liquid. Thus, this work shows the need to include the added-mass effect

(that accounts for the inertial loading of the liquid) when modeling the vibration of

cantilever-type devices in a liquid medium.

Several works have modeled the vibrational dynamics of cilia-type (cantilever-

type) devices operated in air [35, 36], liquid [37, 66], and vacuum [67]- [69]. The

dynamics of these devices can be modeled as a second order linear dynamic system,

as shown in [35]. The drag force between the cilia actuators and the fluid affects

the dynamics. The damping caused by the drag force can change the amplitude

and resonant vibrational frequency of the cilia actuators when operated in liquid in

contrast to operation in air or vacuum. For example, experimental results, presented

in this chapter, show that the resonant vibrational frequency ωr,w = 109.54Hz of

the cilia actuators in water is substantially smaller than the natural frequency ωn,a =

338.68Hz of the cilia in air. However, this substantial reduction in the observed

resonant vibrational frequency is not predicted by standard second-order models for

such cantilever structures, which yield a resonant vibrational frequency expression of



17

ωr,w = ωn,a

√
1− 2ζ2 (2.1)

where ζ is the damping ratio (e.g., see [70], Section 10.8). For example, the damp-

ing ratio ζ in a liquid tends to be in the range of 0.05 to 0.5 [66]. For this range of

the damping ratio, the anticipated resonant vibrational frequency ωr,w in a liquid is

expected to be between 0.997ωn,a = 337.66Hz to 0.707ωn,a = 239.45Hz from Eq. 2.1.

Note that this range (239.45Hz to 337.66Hz) is much larger than the observed ex-

perimental value for the resonant vibrational frequency in water of ωr,w = 109.54Hz.

Thus, damping effects are not sufficient to capture the change in the resonant vibra-

tional frequency of the cilia actuators when operated in liquids.

The main contribution of this work is to show that an added-mass effect is needed

to account for the substantial reduction in the resonant vibrational frequency of

cantilever-type devices in liquids. It is noted that the added-mass effect is impor-

tant in models of underwater vehicles such as submarines [71], and was modeled in

early works on pendulum oscillations initiated by Dubuat — the history of the added

mass is provided by Stokes in [53]. Such an added-mass model is proposed to ac-

count for the substantial decrease in the vibrational natural frequency for cilia-type

devices. The proposed added-mass model affects the natural frequency ωn,w of the

system in liquid, which in turn changes the resonant vibrational frequency ωr,w. Such

changes in the natural frequency ωn,w are shown to occur in experimentally obtained

models. Additionally, it is shown that the added-mass effect can explain why the cilia-

vibration amplitude is not substantially reduced in a liquid by the hydrodynamic drag

force. Thus, this work shows the need to capture the added-mass effect to model the

vibration of cantilever-type devices in liquid media.
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2.3 Dynamics of Cilium in Fluid

2.3.1 System description

The displacement along the length (x) of a cilium is excited by the motion (u(t))

of the cilia base by using a piezo stage (Burleigh PZS200) as shown in Figure 2.1.

The cilia are fabricated from polydimethylsiloxane (PDMS) using a silicon mold.

Detailed information on cilia fabrication and material properties can be found in [32].

The nominal dimensions of the silicon mold used to fabricate the cilia used in the

experiments are length (L = 800µm), height (H = 45µm), and depth (D = 10µm).

The input to the system is the motion

u(t) = Asin(ωt)

of the base of the cilia (actuated by the piezo stage) and the output of the system is

the motion

y(t) = ŷ(L, t),

of the cilia tip, i.e., at the free end with x = L, as shown in Figure 2.1. The input

(cilia-base motion u(t)) and the output (cilia-tip motion y(t)) are observed by using an

optical microscope (Bausch & LombMicroZoom II High Performance Microscope with

an attached Sony Color Video Camera 3CCD) and the displacement of the vibrating

cilia is measured using captured still images (Pinnacle Studio Version 9.4.3). Two

cases are studied: (a) cilia vibrating in air; and (b) cilia vibrating when immersed in

water — the fluid container (see Fig. 2.1) is stationary. An example image of cilia

vibrating in fluid is shown in Figure 2.1.

2.3.2 Experimental frequency response

The experimentally measured, input-to-output responses of the cilia (of nominal

length L = 800µm) are shown in Figure 2.2 for two cases: (case a) cilia in air;

and (case b) cilia in deionized water (DI water). The input-to-output frequency
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Figure 2.1: (a) Experimental setup for testing the resonant vibrational frequency of
cilia. (b) Image of a cilium excited by piezo stage. (c) Nominal cilium dimensions are
length L = 800µm, depth D = 10µm, and height H = 45µm.

responses in Figure 2.2 show a sharp increase in the output to input ratio near

the resonant vibrational frequencies. Note that the resonant vibrational frequency

ωr,w = 109.54Hz of the cilia actuators in water is substantially smaller than the

resonant vibrational frequency ωr,a = 336.05Hz of the cilia in air.
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Figure 2.2: Frequency response of cilia with nominal dimensions L×H ×D = 800×
45×10µm in: (a) air; and (b) de-ionized (DI) water. Dots represent the experimental
data (mean value of six cilia), and bars represent the standard deviation ±σ. Lines
represent the response of the model in Eq. 2.2 with the fitted parameters in Tables 2.1
and 2.2.
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2.3.3 Model of the frequency response

The experimental frequency responses (in air and in water) can be captured using

simplified, second-order, linear models of the following form (similar to [35,72])

G(s) =
Y (s)

U(s)
=

−K(s2 + 2ζ1ωns)

s2 + 2ζ2ωns+ ω2
n

+ 1 (2.2)

where G(s) is the transfer function in the Laplace domain, K is a constant related to

the transfer function’s gain, ωn is the natural frequency, and ζ1, ζ2 are the damping

ratios. It is noted that at small input frequencies (i.e., when s → 0), the transfer func-

tion in Eq. 2.2 approaches one (G(s) → 1), which implies that the tip displacement is

similar to the base displacement. The parameters of the model, found by minimizing

the least-squares-error between the predicted and measured frequency responses, are

presented in Tables 2.1 and 2.2. The fitted model captures the experimental frequency

response, as shown in Figure 2.2.

ζ1 ζ2 ωn,a (Hz) ωr,a (Hz)

Cilium 1 0.143 0.166 340.2 337.56

Cilium 2 0.145 0.167 340.8 338.12

Cilium 3 0.142 0.165 336.4 333.82

Cilium 4 0.145 0.167 336.9 334.25

Cilium 5 0.144 0.166 341.1 338.45

Cilium 6 0.145 0.166 336.7 334.09

Mean 0.1440 0.1662 338.68 336.05

σ 0.0013 0.0008 2.23 2.21

Table 2.1: Experimental fit of the parameters in Eq. 2.2 for six cilia actuated in air
(L = 800µm), where σ represents the standard deviation and K = 1.566.
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ζ1 ζ2 ωn,w (Hz) ωr,w(Hz)

Cilium 1 0.43 0.45 116.4 109.19

Cilium 2 0.45 0.46 114.5 107.15

Cilium 3 0.44 0.45 117.6 110.40

Cilium 4 0.43 0.44 118.2 111.31

Cilium 5 0.44 0.45 114.1 107.12

Cilium 6 0.44 0.45 119.4 112.09

Mean 0.438 0.450 116.70 109.54

σ 0.008 0.006 2.10 2.10

Table 2.2: Experimental fit of the parameters in Eq. 2.2 for cilia actuated in DI water
(L = 800µm), where σ represents the standard deviation and K = 1.566.

2.3.4 Reduction in natural frequency

There is a substantial reduction in the resonant-vibrational frequency and the natural

frequency when the cilia are actuated in water in comparison to the case when the

cilia are actuated in air, as seen in Tables 2.1 and 2.2. For example, the resonant

vibrational frequency drops from 336.05Hz to 109.54Hz and the natural frequency

drops from 338.68Hz to 116.70Hz. The considerable decrease in the natural frequency

(and the associated resonance frequency) can not be explained by a standard model

that predicts the natural frequency ωn for a cantilever beam to be [73]

ωn = ωn,a = ωn,w =

(
1.8752

L2

)√
EI

ρbAb

= β2

√
EI

ρbAb

(2.3)

where ρb is the mass density, Ab = DH is the cross sectional area, I = HD3/12 is

the area moment of inertia and E is the Young’s modulus. Note that the natural

frequency expression (in Eq. 2.3) does not depend on the fluid properties nor on

damping effects. Therefore, there is a need to reformulate the model to include fluid

effects to capture the reduction in natural frequency when operating in fluids — in
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particular, to include the effect of inertial loading of the fluid on the cantilever. The

modeling of this added-mass effect is discussed in the following section.

2.4 Theoretical Modeling

To predict the experimental second-order response in Eq. 2.2, a model can be devel-

oped by using the Euler-Bernoulli beam approach [35,36,73], as shown next.

2.4.1 Standard beam model without added-mass effect

The standard Euler-Bernoulli beam approach [72,73] to describe the net motion ŷ(x, t)

of a vibrating cilium (beam) is

ρbAb
∂2ŷ(x, t)

∂t2
+ EI

∂4ŷ(x, t)

∂x4
= f(x, t) (2.4)

where the subscript b represents a property of the beam, the subscript w represents

a property of the water (liquid) and the net motion ŷ(x, t) is composed of the base

motion, i.e., the input u(t) = Asin(ωt), and the elastic deflection, ŵ(x, t) of the cilium

(beam)

ŷ(x, t) = u(t) + ŵ(x, t). (2.5)

The first term on the left hand side of Eq. 2.4 represents the inertial effects, the

second term on the left hand side of Eq. 2.4 represents the elastic effects and f(x, t)

represents the external forces (per unit length), which is composed of two damping

terms

f(x, t) = ff (x, t) + fi(x, t). (2.6)

In the above equation, ff is the distributed drag force due to hydrodynamic interac-

tion that depends on the relative velocity between the structure and the fluid; it is

approximated as (similar to [35,36])

ff (x, t) = −Bf

[
∂ŷ(x, t)

∂t
− Vf

]
= −Bf

[
∂ŷ(x, t)

∂t

]
(2.7)
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where Bf is the fluid damping parameter that depends on the flow conditions, and

Vf is the fluid velocity, which is zero in the current experimental setup. The internal

damping force fi per unit length (in Eq. 2.6) that depends on the rate of change of

the beam’s elastic deflection is

fi(x, t) = −Bi(
∂ŵ(x, t)

∂t
) (2.8)

where Bi is the internal damping parameter that depends on the beam properties.

Applying the distributed fluid drag force, ff in Eq. 2.7 and the distributed internal

damping force, fi in Eq. 2.8 as external forces, the Euler-Bernoulli equation (Eq. 2.4)

becomes in the terms of the beam deflection ŵ and base motion u (in Eq. 2.5)

ρbAb
∂2ŵ(x, t)

∂t2
+ (Bf +Bi)

∂ŵ(x, t)

∂t
+ EI

∂4ŵ(x, t)

∂x4
= −Bf u̇(t)− ρbAbü(t) (2.9)

with the standard, cantilever boundary conditions:

ŵ(0, t) = 0,
∂ŵ(0, t)

∂x
= 0,

∂2ŵ(L, t)

∂x2
= 0,

∂3ŵ(L, t)

∂x3
= 0. (2.10)

2.4.2 Modeling the added-mass effect

The added-mass effect arises because of the need to accelerate the fluid around an

object when it is accelerated through a fluid [53] [54]- [56]. The inertia of the fluid

exerts a resistive force on the body; this resistive force is termed as the added-mass

effect because the body responds as if its mass has increased. This added-mass of

the body depends on the medium in which the body (cilia-actuator) is moving. This

added-mass effect can be modeled with an additional inertial forcing term (fm) to the

external force f in Eq. 2.6, which becomes

f(x, t) = ff (x, t) + fi(x, t) + fm(x, t) (2.11)

with

fm(x, t) = −ρwAw
∂2ŷ(x, t)

∂t2
= −CmρbAb

∂2ŷ(x, t)

∂t2
= −CmρbAb

(
∂2ŵ(x, t)

∂t2
+ ü(t)

)
(2.12)
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where Aw is the effective hydrodynamic area of the fluid that affects the inertial force

fm (per unit length), ρb is the beam density and

Cm =
ρwAw

ρbAb

(2.13)

is the added-mass coefficient, which is zero if the added mass is zero. The beam

Eq. 2.9, after dividing all terms with ρbAb (1 + Cm) becomes

∂2ŵ(x, t)

∂t2
+

(Bf +Bi)

ρbAb (1 + Cm)

∂ŵ(x, t)

∂t
+

EI

ρbAb (1 + Cm)

∂4ŵ(x, t)

∂x4
= r(t) (2.14)

with the forcing term r(t) given by

r(t) = −ü(t)− Bf

ρbAb (1 + Cm)
u̇(t). (2.15)

2.4.3 Transfer function for first vibrational mode

The partial differential Eq. 2.14 is solved by substituting the following separation of

variables

ŵ(x, t) =
∞∑
n=1

Xn(x)Tn(t) (2.16)

for ŵ into Eq. 2.14 to obtain

∞∑
n=1

Xn(x)T̈n(t)+
(Bf +Bi)

ρbAb (1 + Cm)

∞∑
n=1

Xn(x)Ṫn(t)+
EI

ρbAb (1 + Cm)

∞∑
n=1

X
′′′′

n (x)Tn(t) = r(t).

(2.17)

Note that Xn(x) represents the shape of the nth vibrational mode, which is obtained

by considering the homogeneous equation with r(t) = 0 in Eq. 2.17. The homogeneous

equation is satisfied if each mode satisfies

Xn(x)T̈n(t) +
(Bf +Bi)

ρbAb (1 + Cm)
Xn(x)Ṫn(t) +

EI

ρbAb (1 + Cm)
X

′′′′

n (x)Tn(t) = 0 (2.18)

which can be re-written as a function of x on one side and a function of t on the other

side that are both constant (−z2), i.e.,

T̈n(t)

Tn(t)
+

(Bf +Bi)

ρbAb (1 + Cm)

Ṫn(t)

Tn(t)
= − EI

ρbAb (1 + Cm)

X
′′′′
n (x)

Xn(x)
= −z2.
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This yields two equations

T̈n(t) +
(Bf +Bi)

ρbAb (1 + Cm)
Ṫn(t) + z2Tn(t) = 0 (2.19)

X
′′′′

n (x)− ρbAb (1 + Cm)

EI
z2Xn(x) = 0. (2.20)

Each mode shape Xn can be obtained from Eq. 2.20 as [73]

Xn(x) = cosh(βnx)− cos(βnx)− σn(sinh(βnx)− sin(βnx)) (2.21)

where

X
′′′′

n (x) = β4
nXn(x) (2.22)

βn =

[
ρbAb (1 + Cm)

EI
z2
]1/4

(2.23)

For the first mode of vibration X1(x)

β1L = 1.875, σ1 = 0.7341. (2.24)

Multiplying the non-homogeneous Eq. 2.17 with the first mode X1(x)dx and integrat-

ing with respect to the length after using the mode shape property in Eq. 2.22 results

in

∞∑
n=1

∫ L

0

X1(x)Xn(x)dxT̈n(t) +
(Bf +Bi)

ρbAb (1 + Cm)

∞∑
n=1

∫ L

0

X1(x)Xn(x)dxṪn(t) +

EI

ρbAb (1 + Cm)

∞∑
n=1

∫ L

0

β4
nX1(x)Xn(x)dxTn(t) = r(t)

∫ L

0

X1(x)dx.

The orthogonality of the mode shapes results in only the first mode remaining after

the integration in the above equation to yield

T̈1(t) +
(Bf +Bi)

ρbAb (1 + Cm)
Ṫ1(t) +

EI

ρbAb (1 + Cm)
β4
1T1(t) = r(t)K1 (2.25)

K1 =

∫ L

0
X1(x)dx∫ L

0
X1(x)X1(x)dx

=
0.783L

L
= 0.783 (2.26)

which can be rewritten (using r from Eq. 2.15) as

T̈1(t) + 2(ζf + ζi)ωnṪ1(t) + ω2
nT1(t) = −K1 [ü(t) + 2ζfωnu̇(t)] (2.27)
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where the natural frequency ωn, fluid damping ratio ζf and internal damping ratio ζi

are given by

ωn =

(
β2
1

√
EI

ρbAb

)
1√

(1 + Cm)
=

ω∗
n√

(1 + Cm)
(2.28)

ζf =
1

2ωn

(
Bf

ρbAb (1 + Cm)

)
=

Bf

2β2
1

√
EIρbAb

1√
(1 + Cm)

=
ζ∗f√

(1 + Cm)
(2.29)

ζi =
1

2ωn

(
Bi

ρbAb (1 + Cm)

)
=

Bi

2β2
1

√
EIρbAb

1√
(1 + Cm)

=
ζ∗i√

(1 + Cm)
(2.30)

where ω∗
n, ζ

∗
f , ζ

∗
i are the natural frequency, fluid damping ratio, and internal damp-

ing ratio, respectively, without the added-mass effect. The total tip displacement, due

to the first vibrational mode X1 and the base motion u(t) is

y(t) = X1(L)T1(t) + u(t) = 2T1(t) + u(t). (2.31)

since (from Eq. 2.21) X1(L) = 2. Taking the Laplace transform on both sides of

Eq. 2.27 to find T (s), substituting this expression for T (s) into Eq. 2.31 (after taking

the the Laplace transform on both sides of Eq. 2.31), and dividing Eq. 2.31 by U(s)

yields

G(s) =
Y (s)

U(s)
=

−2K1(s
2 + 2ζfωns)

s2 + 2(ζf + ζi)ωns+ ω2
n

+ 1 (2.32)

which is the same as the experimental model (in Eq. 2.2) with

K = 2K1 = 1.566, ζ1 = ζf , ζ2 = ζf + ζi (2.33)

where the value of K1 is from Eq. 2.26.

2.5 Discussion of Added-Mass Effect

This section begins with a discussion of the effective fluid area that influences the

inertial loading to quantify the added-mass effect. This is followed by a comparative

evaluation of models with and without the added-mass effect. In particular, it is
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shown that the added-mass effect (when compared to the case without the added

mass): (i) lowers the resonant vibrational frequency; and (ii) increases the vibrational

amplitude at resonance in liquid.

2.5.1 Quantifying the added-mass effect

The added-mass coefficient Cm (in Eq. 2.13) quantifies the added mass ρwAw (per unit

length of the beam) in terms of the displaced mass ρbAb. The value of the added-mass

coefficient Cm, in water, is obtained by using Eq. 2.28 and Tables 2.1, 2.2 as

Cm =

(
ω∗
n
2

ωn,w
2
− 1

)
≈
(
ωn,a

2

ωn,w
2
− 1

)
=

(
338.682

116.702
− 1

)
= 7.42 (2.34)

where the natural frequency ω∗
n without the added-mass effect (as in Eq. 2.28)

ω∗
n = β2

1

√
EI

ρbAb

, (2.35)

which is the same in water as in air, is approximated by the natural frequency in air

ωn,a because the added-mass effect is expected to be relatively negligible in air due

to the low density of air when compared to water, i.e.,

ω∗
n ≈ ωn,a. (2.36)

The effective hydrodynamic area Aw that contributes to the added-mass effect as the

beam oscillates in water can be quantified in terms of the height H of the beam as

(using Eq. 2.13)

Aw = γH2 = Cm

(
ρbAb

ρw

)
. (2.37)

The density of the PDMS cilia (which ranges from 940 − 1000kg/m3 is similar to

the density 1000kg/m3 of DI water. Therefore, the coefficient γ (in Eq. 2.37) can be

estimated from the value of Cm in Eq. 2.34 and the cilia depth D = 10µm and height

H = 45µm

γ = Cm

(
ρbD

ρwH

)
= 7.42(10/45)

(
ρb
ρw

)
= 1.65

(
ρb
ρw

)
(2.38)
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to lie in the range

1.55 ≤ γ ≤ 1.65 . (2.39)

Comparison with added-mass effect on cylinder

Note that for a cylinder with cross-section diameter H, the area Acyl associated with

added-mass term is [74] (Chapter 4),

Acyl = (π/4)H2 = 0.785H2 = γcylH
2

with γcyl = 0.785. Thus, the effective area (γH2) influencing the added mass is

about two times larger for cilia (γ in Eq. 2.39) when compared to a cylinder with

2γcyl = 1.57. This increase in the effective area for the cilia is anticipated since a thin

rectangle of height H (with sharp edges) is expected to influence a larger fluid area

when compared to a relatively smoother cylinder of cross-sectional diameter H.

Beam density and the added-mass effect

The added-mass effect captured by the added-mass coefficient Cm = 7.42 (in Eq. 2.34)

depends on the relative density of the fluid and the beam material as in Eq. 2.13. In

the current experimental setup, the density of the PDMS cilia is close to the density of

the liquid (water). In contrast if the density of the beam is substantially larger (e.g.,

for metal or silicon-nitride cilia) then the added-mass effect would be much smaller.

Thus, the significant added-mass effect in reducing the natural frequency of the cilia

arises because, in addition to the geometry effect (i.e., the rectangular cross section),

the density of the cilia is low.

2.5.2 Added mass reduces resonance frequency

It is shown that the added-mass effect substantially reduces the natural frequency

(and thereby, the resonant vibrational frequency) in liquid. Moreover, it is shown

that this substantial reduction in resonant vibrational frequency cannot be due to the
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damping effect alone. The resonant vibrational frequency is the frequency ω at which

the magnitude of the transfer function in Eq. 2.2

|G(jω)| =

[
(K − 1)2ω4 + 2(K − 1)ω2ω2

n + ω4
n + 4(ζ2 − ζ1K)2ω2ω2

n

ω4 + (4ζ22 − 2)ω2ω2
n + ω4

n

]1/2
=

[
(K − 1)2( ω

ωn
)4 + 2[2ζ21K

2 + (1− 4ζ1ζ2)K + 2ζ22 − 1]( ω
ωn
)2 + 1

( ω
ωn
)4 + (4ζ22 − 2)( ω

ωn
)2 + 1

]1/2
(2.40)

is maximum. The magnitude is maximized when its square is maximized, or rather

at the normalized frequency ω̄ that satisfies

d|G(ω̄)|2

dω̄
= 2|G(ω̄)|d|G(ω̄)|

dω̄
=

d

dω̄

(
Pω̄2 +Qω̄ + 1

ω̄2 +Rω̄ + 1

)
= 0 (2.41)

where

ω̄ = ( ω
ωn
)2

P = (K − 1)2

Q = 2[2ζ21K
2 + (1− 4ζ1ζ2)K + 2ζ22 − 1]

R = 4ζ22 − 2.

(2.42)

The optimization condition in Eq. 2.41 is equivalent to

(PR−Q)ω̄2 + 2(P − 1)ω̄ +Q−R = 0. (2.43)

and the resonant vibrational frequency is given by

ω̄r =
ωr

ωn

=

√
(P − 1) +

√
(P − 1)2 − (Q−R)(PR−Q)

Q− PR
. (2.44)

The normalized resonant vibrational frequency ω̄r in Eq. 2.44 is shown in Figure 2.3.

Note from this figure that the maximum reduction in the resonant vibrational fre-

quency is about 10% of the natural frequency for damping ratios ζ1, ζ2 less than

0.5 [66] because

ω̄r =
ωr

ωn

> 0.9 . (2.45)

Without the added-mass effect, the natural frequency in water ω∗
n,w would be the

same as the natural frequency in air ω∗
n,a, which in turn would equal ω∗

n in Eq. 2.35

ω∗
n,w = ω∗

n,a = ω∗
n. (2.46)
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Figure 2.3: Contour plot for normalized resonant vibrational frequency ω̄r in Eq. 2.44.

Therefore, the reduction of the resonant vibrational frequency ω∗
r,w in water due to

damping effect alone (without the added-mass effect) would not be significant —

it would be less than 10% from Eq. 2.45, which predicts the resonant vibrational

frequency (without added mass) to be

ω∗
r,w > 0.9ω∗

n,w = 0.9ω∗
n ≈ 0.9ωn,a = 0.9(338.68) = 304.81Hz. (2.47)

from the approximation in Eq. 2.46. However, the observed natural frequency in

water (ωn,w = 116.7Hz in Table 2.2) is substantially lower than the observed natural

frequency in air (ωn,a = 338.68Hz in Table 2.1). This substantial reduction cannot

be predicted by damping effects alone, without the added-mass effect. In contrast,

the added-mass effect predicts a substantially lower natural frequency in water ωn,w

in comparison to the natural frequency in air ωn,a — by a factor of κ

κ =
1√

(1 + Cm)
= 0.345 (2.48)

as in Eq. 2.28 with Cm from Eq. 2.34. The further relatively-minor reduction of the

resonant vibrational frequency in water (ωr,w = 109.54Hz in Table 2.2) in comparison

to the natural frequency in water (ωn,w = 116.7Hz in Table 2.2) is the result of the

damping effect as in Eq. 2.44. Therefore, the added mass (and not the damping) has
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the dominant influence on the reduction of the natural frequency ωn,w, and therefore,

on the reduction of the resonant vibrational frequency ωr,w in liquid when compared

to the natural frequency ωn,a in air.

2.5.3 Added-mass effect on cilia with different lengths

To evaluate the model of the added-mass effect, predictions of the resonant vibra-

tional frequency are comparatively evaluated against experimental results for cilia

with different lengths. Cilia of different lengths were obtained by cutting the avail-

able, micro-fabricated 800µm cilia. Since the cilia depthD and heightH are the same,

the cut cilia have the same cross-sectional area, and therefore, the added-mass coeffi-

cient Cm (in Eq. 2.13) is expected to remain the same. Therefore, from Eqs. 2.24,2.28

the predicted natural frequency in water ωn,w(L) for length L µm is related to the

natural frequency in water (116.7Hz in Table 2.2) for length 800µm by

ωn,w,p(L) = 116.7

[
800

L

]2
Hz. (2.49)

Moreover, the predicted resonant vibrational frequency in water ωr,w,p(L) for length

L µm is obtained using the damping ratios for the 800µm cilia (in Table 2.2) in

Eq. 2.44 along with the predicted natural frequency ωn,w,p(L) from Eq. 2.49. The

parameters of the experimentally obtained model (in Eq. 2.2), found by minimiz-

ing the least-squares-error between the predicted model response and measured fre-

quency responses, are presented in Table 2.3. Moreover, the predictions (based on

the 800µm cilia) and experimental values of the natural and resonant-vibrational fre-

quencies are compared in Table 2.3, which shows that the model parameters from the

800µm cilia can be used to predict the natural frequency and resonant vibrational

frequencies of the cut cilia to within 7.5% error where the error is defined as

En,w =
(ωn,w − ωn,w,p)

ωn,w

× 100, Er,w =
(ωr,w − ωr,w,p)

ωr,w

× 100 (2.50)

where the subscript p represents predicted values.
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L ζ1 ζ2 ωn,w ωr,w ωn,w,p En,w ωr,w,p Er,w

(µm) (Hz) (Hz) (Hz) (%) (Hz) (%)

480 0.452 0.470 335.6 312.75 324.14 3.5 304.23 2.7

540 0.448 0.462 264.2 246.98 256.11 3.2 240.38 2.7

670 0.441 0.458 178.4 166.94 166.37 7.2 156.15 6.5

760 0.441 0.453 136.8 128.28 129.30 5.8 121.36 5.4

800 0.438 0.450 116.70 109.54 N/A N/A N/A N/A

Table 2.3: Columns 2-5: experimental fit of the parameters in Eq. 2.2 for cilia with
different lengths L actuated in DI water with K = 1.566. Columns 6-9: predicted
natural frequencies ωn,w,p and resonant vibrational frequencies ωr,w,p using parameters
for the 800µm cilia (in Table 2.2), and prediction errors En,w, Er,w as in Eq. 2.50. The
predictions are not applicable (N/A) for the 800µm case.

The fluid damping ratio ζf = ζ1 (see Eq. 2.33) is proportional to the square of the

length L since it is inversely proportional to β2
1 (see Eq. 2.29), where β1 is inversely

proportional to the length L (Eq. 2.24). However, the fluid damping ratio ζf is also

proportional to the damping parameter Bf (in Eq. 2.29), which depends on the flow

conditions such as flow velocities — flow velocities tend to be lower at the lower

vibrational frequencies investigated with longer cilia. Hence the fluid damping ratio

ζ1 = ζf is not expected to vary proportionally with the square of the cilia length L in

Table 2.3.

2.5.4 Added mass increases the resonance amplitude

In addition to the reduction of the natural (and resonant vibrational) frequencies

with the added-mass effect (as in Eq. 2.28), from Eqs. 2.29,2.30, the fluid and inter-

nal damping ratios ζf , ζi are also reduced by the same factor κ = 0.345 in Eq. 2.48.

Therefore, the damping ratios ζ∗f , ζ
∗
i without the added-mass effect (denoted by the

superscript ∗) tend to be about three times (1/κ = 2.898 times) larger when com-
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Figure 2.4: Frequency response prediction in water for models of cilia (with different
lengths): (a) with the added-mass effect (solid lines); and (b) without the added-mass
effect (dashed lines). Experimentally measured data points are shown in the left plot.

pared to the case with the added-mass effect. In particular, for the 800µm cilia

the damping ratios ζ∗1 , ζ
∗
2 without the added-mass effect are estimated to be (from

Eqs. 2.29,2.30,2.33)

ζ∗1 = ζ∗f =
ζf
κ

=
ζ1
κ

=
0.438

0.345
= 1.27 (2.51)

ζ∗2 = ζ∗i + ζ∗f =
(ζi + ζf )

κ
=

ζ2
κ

=
0.45

0.345
= 1.3 . (2.52)

The added-mass effect effectively decreases the damping ratio (when compared to the

model without the added mass), and thereby, increases the vibrational response at the

resonance. In particular, without the added-mass effect, the system is overdamped

with damping ratio greater than one (i.e., ζ∗2 = 1.3) — the maximum expected ampli-

tude of vibration is then one (i.e., the same as the applied base motion). In contrast,

with the added-mass effect, the system is underdamped with damping ratio less than

one (i.e., ζ2 = 0.45) — the ensuing maximum amplitude at resonance is expected

to be greater than one. This increase in the amplitude at the resonance frequency

with the added-mass effect is seen in Figure 2.4, which compares the models with and

without the added-mass effect for different cilia lengths. Note that the model with
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the added-mass effect captures the experimental data well as opposed to the model

without the added mass (that predicts an overdamped system). Thus, the added-

mass effect is needed in the model to capture both (i) the substantial reduction of

the resonant vibrational frequency of the cilia in liquid when compared to air; and

(ii) the relatively large amplitude at resonance even in the presence of substantial

fluid damping due to an effective reduction in the damping ratio.

2.6 Conclusions

This chapter showed that the added-mass, due to fluid-structure interaction, sig-

nificantly affects the vibrational dynamics of cilia-based (vibrating cantilever-type)

devices proposed for handling micro/nano-scale fluid flows. Furthermore, it showed

that damping effects of the hydrodynamic interaction between the cilia-based actu-

ators and fluid cannot fully explain the substantial reduction (by about a third) in

the resonant frequency of the cilia actuators in liquid when compared to the natural

frequency in air. The work showed that an added-mass effect explains (i) this reduc-

tion in the resonant frequency due to an increase in the effective inertia; as well as

(ii) the relatively large amplitude at resonance, even in the presence of substantial

fluid damping, due to an effective reduction in the damping ratio.
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Chapter 3

DYNAMICS OF CILIA-BASED MICROFLUIDIC
DEVICES

3.1 Overview

This chapter models the dynamics of cilia-based devices (soft cantilever-type, vibrat-

ing devices that are excited by external vibrations) for mixing and manipulating liq-

uids in microfluidic applications. The main contribution of this chapter is to develop

a model, which shows that liquid sloshing and the added mass effect play substantial

roles in generating large-amplitude motion of the cilia. Additionally, experimental

mixing results, with and without cilia, are comparatively evaluated to show more

than an order-of-magnitude reduction in the mixing time with the use of cilia.

3.2 Introduction

This chapter models the dynamics of cilia-based devices (soft cantilever-type vibrating

devices that are excited by external vibrations) for mixing and manipulating liquids

in microfluidic applications. The behavior of biological cilia, discovered by Anton de

Heide in 1684 [38], has been studied in, e.g., [38]- [43]. Bio-mimetic, cilia-like struc-

tures have been proposed for a variety of applications such as nasal filters [44] and

sample transport [45]. In microfluidics, bio-mimetic actuators have been proposed for

mixing and manipulation in liquid environments [46]- [50]. The main contribution of

this chapter is to develop a model for a cilia-based device, which shows that liquid
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sloshing (e.g., [51, 52]) and the added mass effect (e.g., [53]- [56]) play substantial

roles in generating large-amplitude motion of the cilia in liquid when the chamber

containing the cilia is oscillated to mechanically excite the cilia resonance. Addition-

ally, experimental results are presented to show that the average mixing time with

cilia is more than an order-of-magnitude lower than the average mixing time without

cilia.

Mixing can be improved by generating complex flows in the fluid to overcome

the mixing-rate limits of laminar flows that are typical at the micro scale. For ex-

ample, passive techniques such as channels with patterned grooves can be used to

generate chaotic folding (and refolding) of the liquid as it flows past the grooves to

improve mixing [12]. Such flow-type mixing can be used when a sufficiently-large

amount of sample is available to achieve the flow through the grooved channel. In

contrast, if the amount of sample is limited, then batch-type mixing is sought in small

chambers containing the sample. Batch mixing can be enhanced using a variety of

actuation techniques such as high-frequency ultrasound excitation [13, 57] and time-

varying external magnetic fields [15], [21]- [59]. In the current work, cilia are excited by

low-frequency oscillations (compared to higher-frequency acoustic excitation) of the

chamber containing the sample. This low-frequency mechanical excitation of cilia is

advantageous for mixing samples that are susceptible to damage from high-frequency

excitation and magnetic fields. The current chapter shows that batch mixing can be

substantially improved by using cilia when compared to the case without cilia — for

the same oscillatory actuation of the chamber.

The main contribution of the chapter is to develop a model that explains the

large-amplitude cilia motion in the liquid. In general, it is difficult to generate large

amplitude motion of cilia-type devices in the presence of substantial fluid damping [37,

66]. For example, the damping ratio ζ in liquid tends to be in the range of 0.05 to

0.5 [66], which leads to a small (1.7 to 1.9) amplification factor (i.e., ratio of the
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cilia-tip motion to the excitation of the chamber) at the vibrational resonance of

cilia. The current work shows that sloshing in the chambers containing the cilia can

be exploited to achieve large (3 to 4) amplification factors. Previous work has shown

that the sloshing phenomena, which is well studied in literature for large-scale systems

(e.g., [51, 52]), is also important in microsystems [75]. In the current chapter, such

sloshing models are used to explain the large-amplitude motion of cilia observed in

the experiments.

The proposed model is used to show that the added-mass effect in fluid-structure

interactions should be considered to capture the excitation of the cilia resonance by

the sloshing. It is noted that the added-mass effect is important in other applications

such as underwater vehicles [71] and atomic force microscopy [66], and was introduced

in early works on pendulum oscillations initiated by Dubuat — an early history of the

added mass by Stokes can be found in [53]. In cilia-based devices, the added mass has

been shown to reduce the resonance frequency of the cilia in liquid when compared to

cilia in air [1]. The current chapter shows that the lowering of the cilia’s vibrational

frequency to be close to the sloshing resonance frequency of the chamber results in

increased excitation of the cilia resonance by the sloshing. Thereby, the added mass

effect plays a significant role in achieving large-amplitude, cilia motion.

3.3 Modeling the Cilia Dynamics

3.3.1 System Description

The displacement along the length (x) of a cilium is excited by the motion (ub(t))

of the cilia base by using a piezoactuator (Burleigh PZS200) as shown in Figure 3.1.

The soft cilia are fabricated from polydimethylsiloxane (PDMS) using a silicon mold.

Detailed information on cilia fabrication and material properties can be found in [32].

The nominal dimensions of the silicon mold used to fabricate the cilia used in the

experiments are length (L = 800µm), height (H = 45µm), and depth (D = 10µm).
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An oscillatory motion

uc(t) = Asin(ωt)

of the chamber containing the cilia is achieved by using a piezoactuator as shown

in Figure 3.1 where A and ω are the amplitude and the frequency of the oscillation

respectively. The input ub(t) of the system is the motion of the base of the cilia,

which is the same as the oscillatory motion of the chamber because the cilia base is

attached to the chamber with a relatively stiff structure, i.e.,

ub(t) = uc(t).

The output of the system is the motion

y(t) = ŷ(L, t),

of the cilia tip, i.e., at the free end with x = L, as shown in Figure 3.1(c).

The input (cilia-base motion ub(t)) and the output (cilia-tip motion y(t)) are ob-

served by using an optical microscope with an attached digital color charge-coupled-

device (CCD) camera and the displacement amplitude of the vibrating cilia is mea-

sured using captured still images (Pinnacle Studio Version 12). A typical image of the

resulting cilia vibration (due to the chamber oscillation) is shown in Figure 3.1(b).

3.3.2 Euler-Bernoulli Model of Cilia Vibration

The Euler-Bernoulli beam approach, e.g., [73] is used to model the vibrational re-

sponse of the cantilever-type cilia device — such standard beam theory has been used

in the past to model the dynamics of micro-scale cantilevers in liquid [1, 37, 66]. In

particular, the dynamics of the net motion ŷ(x, t) of a vibrating cilium (beam) is

given by

ρbAb
∂2ŷ(x, t)

∂t2
+ EI

∂4ŷ(x, t)

∂x4
= f(x, t) (3.1)

where the subscript b represents a property of the beam, ρb is the mass density,

Ab = DH is the cross sectional area, E is the Young’s modulus, and I = HD3/12 is
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Figure 3.1: Schematics of experiment for evaluating the frequency response of cilia.
(a) Experimental setup. (b) Image of a cilium in water excited by the piezoactuator.
(c) Input ub(t) and output y(t) motions of the cilium.

the area moment of inertia. The net motion ŷ(x, t) is composed of the base motion,

i.e., the input ub(t), and the elastic deflection, ŵ(x, t) of the cilium (beam)

ŷ(x, t) = ŵ(x, t) + ub(t) (3.2)

as illustrated in Figure 3.1(c), and standard cantilever boundary conditions:

ŵ(0, t) = 0,
∂ŵ(0, t)

∂x
= 0,

∂2ŵ(L, t)

∂x2
= 0,

∂3ŵ(L, t)

∂x3
= 0. (3.3)

The first term on the left hand side of Eq. (3.1) represents the inertial effects, the

second term on the left hand side of Eq. (3.1) represents the elastic effects and f(x, t)

(on the right hand side) represents the total external force (per unit length) on the

cilium. The external forces acting on the cilium are described next.

External Forces

The external force f acting on the cilium (in Eq. 3.1) has four parts: (i) the drag

(friction) force ff between the cilium and the fluid; (ii) the internal damping force

fi; (iii) the inertial load fm due to the added mass effect; and (iv) the buoyancy-like
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force fb due to the fluid acceleration

f(x, t) = ff (x, t) + fi(x, t) + fm(x, t) + fb(x, t). (3.4)

Drag Force The first term in Eq. (3.4), the distributed drag force ff due to hydro-

dynamic interaction, depends on the relative velocity between the structure and the

fluid; it is approximated as (similar to [35,36])

ff (x, t) = −Bf

[
∂ŷ(x, t)

∂t
− u̇f

]
= −Bf

[
∂ŵ(x, t)

∂t
+ u̇b − u̇f

]
(3.5)

where Bf is the fluid damping parameter that depends on the flow conditions, and

u̇f is the fluid velocity.

Internal Damping The second term in Eq. (3.4), the internal damping force fi,

depends on the rate of change of the beam’s elastic deflection and is described by

fi(x, t) = −Bi

[
∂ŵ(x, t)

∂t

]
(3.6)

where Bi is the internal damping parameter that depends on the beam properties.

Inertial Loading The third term in Eq. (3.4), the inertial load fm, arises because

of the need to accelerate the fluid around an object when the object is accelerated

through a fluid [53]- [56]. The inertia of the fluid exerts a resistive force on the object;

this resistive force is termed as the added-mass effect because the object responds as

if its mass has increased. This added-mass effect can be modeled as an inertial forcing

term (fm) that depends on the relative acceleration between the beam and the fluid

as

fm(x, t) = −ρfAf

[
∂2ŷ(x, t)

∂t2
− üf (t)

]
= −ρfAf

[
∂2ŵ(x, t)

∂t2
+ üb(t)− üf (t)

]
(3.7)
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where Af is the effective hydrodynamic area of the fluid that affects the inertial force

fm (per unit length) and ρf is the fluid density. The hydrodynamic mass ρfAf of

the fluid (per unit length) that affects the inertial loading can be described in terms

of the corresponding beam mass ρbAb (per unit length) in terms of an added-mass

coefficient Cm as [1]

ρfAf = CmρbAb. (3.8)

Thus, the the inertial load fm (in Eq. 3.7) can be rewritten in terms of the added-mass

coefficient Cm by using Eq. (3.8) as

fm(x, t) = = −CmρbAb

[
∂2ŵ(x, t)

∂t2
+ üb(t)− üf (t)

]
(3.9)

Buoyancy-Like Force The last term in Eq. (3.4), fb, called the buoyancy force in

[76] (chapter 6, page 120) is also referred to as the Froude-Krylov force in [74] (chapter

4, page 131). This force arises due to the pressure gradient P ′ across the depth D of

the cilium due to the fluid acceleration üf (t) which is given by

P ′ = −ρf üf (t). (3.10)

This pressure gradient results in a difference in forces acting on the cilium due to

the variations in the pressure P as shown in Figure 3.2 for a small length Lb of the

cilium — this is similar to the net buoyancy force due to the standard gravity-related

pressure gradient.

H

D Lb

F = (P +P D)HL
2 2

b
ub

F = (P   P  D)HL1
2

 b

Figure 3.2: Pressure gradient due to accelerating fluid generates buoyancy-like force
across the thickness of a cilium.
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The resulting force (per unit length) acting on the cilium is given by

fb(x, t) =
F1 − F2

Lb

=
(P − P ′D/2)HLb − (P + P ′D/2)HLb

Lb

= −P ′DH = − P ′Ab

= ρfAbüf (t). (3.11)

Substituting the different terms in the external force f ( Eq. 3.4) into the the Euler-

Bernoulli equation for the cilium dynamics (Eq. 3.1) — i.e., the drag (friction) force

ff from Eq. (3.5), the internal damping force fi from Eq. (3.6), the inertial load fm

from Eq. (3.9) and the buoyancy-like force fb from Eq. (3.11) — and then collecting

similar terms in the cilium deflection w, input ub and fluid motion uf leads to

∂2ŵ(x, t)

∂t2
+

(Bf +Bi)

ρbAb (1 + Cm)

∂ŵ(x, t)

∂t
+

EI

ρbAb (1 + Cm)

∂4ŵ(x, t)

∂x4
= r(t) (3.12)

with the forcing term r(t) given by

r(t) = −üb(t)−
Bf

ρbAb (1 + Cm)
u̇b(t) +

ρbCm + ρf
ρb (1 + Cm)

üf (t) +
Bf

ρbAb (1 + Cm)
u̇f (t).(3.13)

The First Vibrational Mode

As in previous models of vibrating micro-scale cantilevers in liquid [1,37,66], the main

dynamics can be captured through the first vibrational mode of the cilium. Towards

this, the cilium deflection ŵ is split into its modal components, with separated spatial

X and temporal T parts, as

ŵ(x, t) =
∞∑
n=1

Xn(x)Tn(t) (3.14)

and substituted into Eq. (3.12) to obtain

∞∑
n=1

Xn(x)T̈n(t)+
(Bf +Bi)

ρbAb (1 + Cm)

∞∑
n=1

Xn(x)Ṫn(t)+
EI

ρbAb (1 + Cm)

∞∑
n=1

X
′′′′

n (x)Tn(t) = r(t).

(3.15)
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Note thatXn(x) represents the shape of the n
th vibrational mode, which is obtained by

considering the homogeneous equation with r(t) = 0 in Eq. (3.15). The homogeneous

equation is satisfied if each mode satisfies

Xn(x)T̈n(t) +
(Bf +Bi)

ρbAb (1 + Cm)
Xn(x)Ṫn(t) +

EI

ρbAb (1 + Cm)
X

′′′′

n (x)Tn(t) = 0 (3.16)

which can be re-written as a spatial (position x dependent) function on one side and

a temporal (time t dependent) function on the other side that are, hence, both equal

to a constant (−z2n), i.e.,

T̈n(t)

Tn(t)
+

(Bf +Bi)

ρbAb (1 + Cm)

Ṫn(t)

Tn(t)
= − EI

ρbAb (1 + Cm)

X
′′′′
n (x)

Xn(x)
= −z2n.

This yields two equations for the spatial Xn and temporal Tn portions of the mode

T̈n(t) +
(Bf +Bi)

ρbAb (1 + Cm)
Ṫn(t) + z2nTn(t) = 0 (3.17)

X
′′′′

n (x)− ρbAb (1 + Cm)

EI
z2nXn(x) = 0. (3.18)

The mode shape Xn can be obtained from Eq. (3.18) as [73]

Xn(x) = cosh(βnx)− cos(βnx)− σn(sinh(βnx)− sin(βnx)) (3.19)

where

X
′′′′

n (x) = β4
nXn(x) (3.20)

βn =

[
ρbAb (1 + Cm)

EI
z2n

]1/4
. (3.21)

For the first mode (n = 1) of vibration, the parameters in the mode shape (X1(x) in

Eq. 3.19) can be found from the boundary conditions (in Eq. 3.3) as [73]

β1L = 1.875 and σ1 = 0.7341 with X1(L) = 2. (3.22)

Multiplying the non-homogeneous Eq. (3.15) with the first mode X1(x), using the

the mode shape property in Eq. (3.20) and integrating with respect to the length dx
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results in

∞∑
n=1

∫ L

0

X1(x)Xn(x)dxT̈n(t) +
(Bf +Bi)

ρbAb (1 + Cm)

∞∑
n=1

∫ L

0

X1(x)Xn(x)dxṪn(t) +

EI

ρbAb (1 + Cm)

∞∑
n=1

∫ L

0

β4
nX1(x)Xn(x)dxTn(t) = r(t)

∫ L

0

X1(x)dx.

The orthogonality of the mode shapes results in only the first mode remaining after

the integration in the above equation to yield

T̈1(t) +
(Bf +Bi)

ρbAb (1 + Cm)
Ṫ1(t) +

EI

ρbAb (1 + Cm)
β4
1T1(t) = r(t)K1 (3.23)

K1 =

∫ L

0
X1(x)dx∫ L

0
X1(x)X1(x)dx

=
0.783L

L
= 0.783 (3.24)

which can be rewritten (using the forcing term r from Eq. 3.13) as

T̈1(t) + 2(ζf + ζi)ωnṪ1(t) + ω2
nT1(t) = 0.783r(t) (3.25)

where the natural frequency ωn, fluid damping ratio ζf and internal damping ratio ζi

are given by

ωn =

[
β2
1

√
EI

ρbAb

]
1√

(1 + Cm)
=

ω∗
n√

(1 + Cm)
(3.26)

ζf =
1

2ωn

[
Bf

ρbAb (1 + Cm)

]
=

Bf

2β2
1

√
EIρbAb

1√
(1 + Cm)

=
ζ∗f√

(1 + Cm)
(3.27)

ζi =
1

2ωn

[
Bi

ρbAb (1 + Cm)

]
=

Bi

2β2
1

√
EIρbAb

1√
(1 + Cm)

=
ζ∗i√

(1 + Cm)
(3.28)

where ω∗
n, ζ

∗
f , ζ

∗
i are the natural frequency, fluid damping ratio, and internal damp-

ing ratio, respectively, without the added-mass effect. Moreover, the output tip dis-

placement, due to the first vibrational mode X1 and the base motion ub(t) is

y(t) = X1(L)T1(t) + ub(t) = 2T1(t) + ub(t). (3.29)

since X1(L) = 2 (as in Eq. 3.22).
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3.3.3 Effect of Sloshing on Cilia Vibration

The effect of the external forcing (chamber oscillation) on the cilia vibration consists of

two parts: (i) the direct forcing due to the motion of the chamber (or cilia base ub) and

(ii) the forcing due to fluid motion uf , which can be different from the chamber/base

motion ub because of fluid sloshing. In particular, these two components (ub and uf )

arise in the forcing term r(t) (Eq. 3.13) and, thereby, appear on the right hand side

of the cilium vibration Eq. (3.25), which can be rewritten in the frequency domain as[
s2 + 2ζ2ωns+ ω2

n

]
T1(s) = 0.783r(s)

= −0.783
[
s2 + 2ζ1ωns

]
ub(s)

+ 0.783

[
ρbCm + ρf
ρb (1 + Cm)

s2 + 2ζ1ωns

]
uf (s). (3.30)

where ζ1 = ζf , and ζ2 = ζf + ζi. If the chamber motion and the accompanying

sloshing amplitude are not too large, then the additional motion of the fluid uf over

the motion of the chamber ub can be captured using linear models, e.g., [52,77] such

as a second-order model of the form [52]

uf (s) =
−Ksls

2

s2 + 2ωslζsls+ ω2
sl

ub(s) + ub(s) (3.31)

= [Gsl(s) + 1]ub(s) (3.32)

where Gsl is the sloshing transfer function that quantifies the additional motion uf of

the fluid (at the level of the cilia in the chamber) over the motion ub of the chamber,

and Ksl, ζsl, ωsl are the gain, damping ratio, and natural frequency of sloshing in the

chamber, respectively. These parameters depend on the fluid properties, the geometry

of the chamber and the height of the cilia location from the base of the chamber.

Note that if there is no sloshing, then displacement of the fluid uf is equal to that of

the chamber ub. In that case, the sloshing gain Ksl is zero, e.g., at the base of the
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chamber. Similarly, at a low frequency, ω the amplification factor, |Gsl|s=jω of the

sloshing transfer function Gsl tends to be small due to the s2 term in the numerator

and the fluid motion uf becomes close to the chamber motion ub.

Transfer Function Model

The vibrational response of the cilium’s tip y (in Eq. 3.29) can be rewritten using the

sloshing dynamics (in Eq. 3.32) and the cilium vibrational model (in Eq. 3.30) as

y(s)

ub(s)
= Gy(s) = 2

T1(s)

ub(s)
+ 1 (3.33)

= G1(s) +Gsl(s)G2(s) + 1 (3.34)

where

G1(s) = 1.566

(ρf−ρb)

ρb(1+Cm)
s2

s2 + 2ζ2ωns+ ω2
n

(3.35)

G2(s) = 1.566

ρbCm+ρf
ρb(1+Cm)

s2 + 2ζ1ωns

s2 + 2ζ2ωns+ ω2
n

. (3.36)

This completes the theoretical modeling of the cilia-motion dynamics.

3.4 Experimental Results and Discussions

Experimental data in this section is used to highlight the need to capture the added-

mass effect and the sloshing effect in the theoretical model developed in the previous

section. Additionally, issues that affect the amplitude of cilia motion, such as the

liquid height and cilia length, are investigated experimentally. Finally, it is shown

that cilia can be used to achieve faster mixing by comparing mixing results with and

without cilia.
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3.4.1 Added-Mass and Sloshing Effects on Cilia Response

The following experimental results show the importance of including both, the added

mass effect and the sloshing effect to capture the frequency response of the cilia.

Towards this, the frequency responses of cilia are comparatively evaluated for three

cases as illustrated in Figure 3.3. In the first case (a), the cilia are oscillated in air

as in Figure 3.3(a). In the second case (b), the same cilia (as in case a) are oscillated

in de-ionized (DI) water to comparatively evaluate the effect of moving the cilia in

a dense fluid (water) instead of air. In this second case, the chamber containing the

water is stationary — therefore, sloshing is not present. In the final case (c), the entire

chamber is oscillated (which leads to liquid sloshing) to comparatively evaluate the

cilia dynamics with and without sloshing. All the cilia in the three sets of experiments

have identical dimensions.

(a) (b) (c) ub ub
ub

Figure 3.3: Schematic experimental setup (images not to scale) for evaluating the
effects of added mass and sloshing on the frequency response of cilia. Case (a) the
cilia are oscillated in air; case (b) the cilia are oscillated in water (inside a stationary,
relatively-large 60mm×115mm chamber); and case (c) the chamber (3mm diameter)
containing the cilia is oscillated. In each case, three cilia are used.

Experimental Frequency Response Data

The frequency response of the cilia dynamics is obtained by varying the frequency

of oscillation. The amplitude of the piezoactuator’s motion, which generates cilia

oscillation (in cases a and b) and the chamber/cilia oscillation (in case c), is kept

fixed at 10µm for all the three sets of experiments. The amplitudes of the cilia-tip
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motion y and the cilia-base motion ub are measured from images obtained from the

video camera. The experimentally obtained frequency responses for the three cases

are shown in Figure 3.4. Each data point in these figures represents the average

amplification, of the cilia motion y over the base motion ub, of the three cilia in each

experimental run.

Model Parameters for Cases (a) and (b)

When the cilia are oscillated in a stationary fluid (as in cases a and b), the nominal

velocity of the fluid is set to zero (uf = 0 in Eq. 3.30) and the system transfer G∗
y

becomes, from Eqs. (3.30,3.33)

y(s)

ub(s)
= G∗

y(s) = 2
T1(s)

ub(s)
+ 1 = −1.566

s2 + 2ζ1,iωn,is

s2 + 2ζ2,iωn,is+ ω2
n,i

+ 1 (3.37)

where the subscript i is either a or b to denote the two cases (a or b). The model

parameters (damping ζ1,i, ζ2,i and natural frequency ωn,i) for cilia oscillated in air

(case a, i = a) and in water (case b, i = b) were obtained by minimizing the least-

square of the error between the experimental and predicted frequency responses for

each cilium. The parameters obtained through this fit of the experimental data are

provided in Table 3.1 for case (a) and in Table 3.2 for case (b). It is noted that the

parameters (in Tables 3.1, 3.2) are similar for the different cilia in each experimental

run. The resulting frequency responses predicted by the models (using the mean

values in Tables 3.1, 3.2 for cases a and b) are shown in Figure 3.4.

Effect of Added Mass on Frequency Response of Cilia

The added-mass effect leads to a substantial reduction in the resonant-vibrational

frequency in water, ωr,b when compared to air (for the same set of three cilia) as

seen in Figure 3.4 and in Tables 3.1 and 3.2. In particular, the mean, resonant-

vibrational frequency in water ωr,b = 110.14Hz (Table 3.2) is substantially lower than

the mean resonant-vibrational frequency in air ωr,a = 334.13Hz (Table 3.1). Damping
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Case (a) ζ1,a ζ2,a ωn,a (Hz) ωr,a (Hz)

Cilium 1 0.149 0.166 335.84 333.27

Cilium 2 0.149 0.165 338.11 335.52

Cilium 3 0.151 0.167 336.26 333.61

Mean 0.150 0.166 336.74 334.13

Table 3.1: Parameters for three cilia (length L = 800µm) actuated in air, i.e., case
(a), with the transfer function given in Eq. (3.37). The resonance frequency of the
fitted model is ωr,a.

effects (in water as opposed to air) cannot explain the substantial reduction in the

resonant-vibrational frequency of the cilia oscillated in water when compared to the

cilia oscillated in air. For example, a standard second-order model for cantilever

structures would yield a resonant-vibrational frequency expression of

ωr,w = ωn,a

√
1− 2ζ2 (3.38)

where ζ is the damping ratio (e.g., see [70], Section 10.8). With a damping ratio ζ in

water ranging from 0.05 to 0.5 (e.g., [66]), the anticipated, resonant-vibrational fre-

quency ωr,b in a water is expected to be between 0.997ωn,a = 335.73Hz to 0.707ωn,a =

238.08Hz from Eq. (3.38). Note that this range for the anticipated, resonant-vibrational

frequency (from 238.08Hz to 335.73Hz) is much larger than the mean, resonant-

vibrational frequency in water from experiments of ωr,b = 110.14Hz (Table 3.2). Thus,

damping alone is not sufficient to capture the substantial reduction in the resonant

vibrational frequency of cilia actuators when oscillated in liquids when compared to

oscillation in air.

The added-mass effect (that accounts for the inertial loading of the fluid) can account

for the substantial reduction in the resonant vibrational frequency when operating

cantilever-type devices in liquids [1]. Note that the mean, natural frequency in water

ωn,b = 117.40Hz (Table 3.2) is substantially lower than the mean, natural frequency
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Case (b) ζ1,b ζ2,b ωn,b (Hz) ωr,b(Hz)

Cilium 1 0.441 0.457 115.08 107.74

Cilium 2 0.442 0.451 120.16 112.80

Cilium 3 0.432 0.446 116.95 109.87

Mean 0.438 0.451 117.40 110.14

Table 3.2: Parameters for three cilia (the same cilia as in Table 3.1 in air) actuated
in water, i.e., case (b), with the transfer function given in Eq. (3.37). The resonance
frequency of the fitted model is ωr,b.

50 100 150 200 250 300 350 400

1

2

3

4

5

Frequency (Hz)

y/
u
b

Added Mass Effect

Case (a)

Sloshing EffectCase (c)

Case (b)

Figure 3.4: Frequency responses for three cases. The frequency responses of the fitted
models are shown using solid lines, and experimental mean values (for three cilia in
each case) are represented by dots. Case (a) the cilia are oscillated air; case (b) the
cilia are oscillated in water (inside a stationary chamber); and case (c) the chamber
containing the cilia is oscillated. The same set of cilia is used in case (a) and case (b)
to capture the added mass effect. The estimated added mass is used to model the
cilia response with sloshing in case (c).

in air ωn,a = 336.74Hz (Table 3.1). The natural frequency should not be affected by

the fluid damping, and can be used to estimate the added-mass coefficient Cm from

Eq. (3.26) as

Cm =

[
ω∗
n
2

ωn,b
2
− 1

]
≈
[
ωn,a

2

ωn,b
2
− 1

]
=

[
336.742

117.402
− 1

]
= 7.23 (3.39)
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where the added mass effect in air (which has low density compared to water) is

neglected. By increasing the effective mass (due to the need to accelerate the sur-

rounding fluid), the model with the added mass has a substantially lower natural

frequency (as in Eq. 3.26), and thereby, captures the substantially lower resonant-

vibrational frequency [1]. This value 7.23 for the added-mass coefficient is used in the

rest of the chapter since all cilia, used in the experiments, are made from the same

silicon mold using the same fabrication procedures.

Effect of Sloshing on Frequency Response of Cilia

The model parameters (in Eq. 3.31) for the liquid sloshing, obtained by minimizing

the least-square of the error between the model’s predicted frequency response and

the mean experimental frequency response in Figure 3.4, are given by

Ksl = 0.489, ζsl = 0.095, ωsl = 96.63Hz. (3.40)

When finding the sloshing parameters, the cilia-related terms (G1, G2) in the dynamics

Gy (Eq. 3.34) were kept the same as the mean values for case (b) in Table 3.2 when

the cilia were oscillated in a stationary chamber, i.e.,

ζ1 = 0.438, ζ2 = 0.451, ωn = 117.40Hz, Cm = 7.23. (3.41)

Moreover, the density of the water is ρf = 1000kg/m3 and the density of the PDMS

cilium is ρb = 950kg/m3. The resulting frequency response predicted by the model

for case (c) with the parameters in Eqs. (3.40, 3.41) is shown in Figure 3.4. It is noted

that there is a substantial increase in the cilia motion with sloshing (i.e., when the

chamber is oscillated) when compared to the case (b) when the chamber is stationary.

To summarize, both, the sloshing effect and the added mass effect are important when

modeling the cilia dynamics — the added mass reduces the natural frequency ωn of

the cilia vibration (compare case a and case b in Figure 3.4) and sloshing increases

the amplitude of cilia motion (compare case b and case c in Figure 3.4).
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3.4.2 Experimental Study of Sloshing Dynamics

The importance of sloshing dynamics to achieve large amplitude cilia motion is studied

in this subsection by comparatively evaluating the cilia motion with and without

sloshing for the oscillating chamber (case c). Additionally, the effect of liquid height on

the sloshing dynamics (and therefore the cilia motion) is experimentally investigated.
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Without Sloshing

With Sloshing

Figure 3.5: Experimental frequency responses (mean value of three cilia) with and
without sloshing, i.e., free surface is constrained from sloshing with a glass cover. The
same set of three cilia were used for both experiments, with and without sloshing.

Response with and without Sloshing for Oscillating Chamber

Sloshing is important to generate the large-amplitude, cilia motion when the entire

chamber is oscillated (case c). To illustrate this, sloshing was experimentally sup-

pressed by using a glass slide to cover the chamber (which is filled with DI water)

and thereby constraining the sloshing of the water surface. The response of the same

set of cilia, with and without the glass-slide cover, i.e., without and with sloshing, is

shown in Figure 3.5. Note that the amplitude of cilia motion is substantially reduced

when sloshing is suppressed as opposed to the case when the water surface is free to

slosh. When sloshing is suppressed, the sloshing gain Ksl in the transfer function Gy

(see Eqs. 3.31, 3.34) becomes close to zero.

Cilia Motion without Sloshing Even without sloshing, vibrational resonance

could lead to large-amplitude, cilia motion when the entire chamber is oscillated
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(case c). However, such large amplitudes should not be expected, as discussed below.

Note that the dynamics of the cilia motion without sloshing (Gsl = 0 in Eq. 3.34)

reduces to the term G1 in the transfer function in Eq. (3.34). The numerator of this

term G1 contains the difference between the density of the liquid ρf and the density

of the cilium ρb, which implies that the transfer function gain tends to zero when the

two densities become close. In the current experimental system the two densities are

close — the density of the water is ρf = 1000kg/m3 and the density of the PDMS

cilium is ρb = 950kg/m3. Therefore, the amplification of the cilia motion due to cilia

resonance without sloshing, represented by the term G1, is small. This implies that

the cilia and the fluid tend to move together with the chamber when the chamber is

oscillated without sloshing. Thus, large cilia motion is not achieved without sloshing,

and therefore, sloshing plays an important role in achieving large cilia motion as

illustrated by the experimental results in Figure 3.5.

Effect of Liquid Height on Cilia Dynamics

The sloshing dynamics, modeled by a linear second order system in Eq. (3.31), depends

nonlinearly on the geometric properties of the chamber such as its diameter and the

liquid height. For example, the variation of the frequency response when the liquid

height is varied for the same set of cilia is shown in Figure 3.6. As the liquid height

increases, the distance of the cilia (which is at a fixed height from the base of the

chamber) from the free surface of the sloshing water also increases. The sloshing

parameters corresponding to each height experiment are obtained by minimizing the

least-square of the error between the model’s predicted frequency response and the

mean experimental frequency response in Figure 3.6, where the cilia-related terms

(G1, G2) in the dynamics Gy (Eq. 3.34) were kept the same as the mean values for

case (b) given in Eq. (3.41). The resulting sloshing parameters are given in Table 3.3.

The variation in the sloshing response with different liquid heights in the chamber,
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Figure 3.6: Frequency responses for cilia in an oscillating chamber when the height
of water is varied. Each data point (dot) represents the average value for the three
cilia used in each experiment. The same cilia are used in all these experiments. The
frequency responses of the fitted models are given by solid lines.

Water Level ωsl ζsl Ksl

h (mm) (Hz)

h1 = 1.23 82.26 0.085 0.631

h2 = 1.66 96.63 0.095 0.489

h3 = 2.23 100.11 0.119 0.448

h4 = 3.23 104.67 0.198 0.376

h5 = 4.23 106.41 0.287 0.209

h6 = 5.23 107.23 0.471 0.136

Table 3.3: Variation of sloshing parameters with water height in the chamber.

which also increases the distance of the cilia from the free surface, is expected. In

particular, the liquid near the free surface has a larger sloshing amplitude compared

to the liquid farther below the free surface [52]. Therefore, the sloshing gain Ksl is

expected to decrease with an increase in the liquid height above the cilia. Moreover,

the reduction in the sloshing natural-frequency ωsl in Table 3.3 with liquid height is

also expected in standard sloshing models, which predict that the sloshing natural-
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frequency, for cylindrical containers, is proportional to the square root of a hyperbolic

tangent function of the depth of water [52]. Although standard sloshing models are

developed for relatively larger containers [52], the sloshing in the chamber has a similar

functional dependence on the liquid height in the range of the operating conditions.

In particular, the natural frequency variation with height, in Table 3.3 and shown in

Figure 3.7, has the form

ω2
sl =

A

(2π)2

[
tanh

(
B
h

R

)]
(3.42)

where h is the water level, R is the radius of the chamber, ωsl is the sloshing natural

frequency in Hz, and with the least-squares fit to reduce the error between the model

and the experimental values resulting in parameters

A = 454460, B = 0.9.

The resulting prediction of the variation in the sloshing natural-frequency in Eq. (3.42)

is shown in Figure 3.7, which indicates that the frequency-variation with liquid-height

meets the expected hyperbolic tangent relation. It is noted that such models can be

used to predict the sloshing frequencies for other water levels in the chamber, e.g., to

optimize the interaction between the cilia dynamics (G2 term in Eq. 3.34) and the

sloshing dynamics (Gsl term in Eq. 3.34) for maximizing the cilia response.
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Figure 3.7: Variation of the sloshing natural-frequency ωsl with the ratio of the water
height h to the chamber radius R. The dots represent the experimental data and the
solid line represents the prediction by the fitted model in Eq. (3.42) .



56

3.4.3 Fluid-Structure Interaction

The interaction between the liquid dynamics (sloshing) and the structural dynam-

ics (cilia vibrations) predicted by the model is experimentally investigated in this

subsection.

Fluid-Structure Interaction in the Model

For a given sloshing dynamics (Ksl, ζsl, ωsl), the cilia motion will be excited the most

when the cilia resonance ωr,b in water gets close to the sloshing natural frequency ωsl.

This is because the increase in the cilia motion y compared to the chamber oscillation

ub depends on the product GslG2 (in Eq. 3.34) — especially since the term G1 is

small when the liquid density ρf is close to the cilia density ρb as discussed before.

The product GslG2 becomes large when each term becomes large. More precisely,

the cilia-motion amplitude will be maximized when the resonance frequency of the

structural-vibration term G2 is the same as the resonance frequency of the sloshing

term Gsl and the cilia motion will be maximized if both these resonance frequencies

(of structural-vibrations G2 and sloshing Gsl) are the same. Thus, the interaction of

the sloshing dynamics (Gsl term) with the structural-vibration dynamics (G2 term)

is important in determining the cilia motion.

Interaction of Sloshing and Added-Mass Effects The added-mass effect plays

a key role in the interaction between structural-vibrational resonance and sloshing

resonance by lowering the vibrational-resonance frequency. For example, without the

added mass effect, the resonance frequency would be at 334.13Hz (see Table 3.1). The

ensuing excitation of structural vibrations by sloshing with such a high vibrational-

resonance frequency (without the added mass effect) would not be as much as the case

when the vibrational-resonance frequency of the cilia is lowered by the added-mass

effect. This re-emphasizes the importance of considering both effects, added-mass

and sloshing, to capture the response of the cilia.
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Experimental Results for Varying Cilia Length

For a given sloshing response, increased cilia motion should be expected when the

natural frequency of the cilia in water ωn gets closer to the natural frequency ωsl of

the sloshing dynamics — note that the resonance frequencies are close to the natural

frequencies due to small damping. To illustrate this, the frequency responses of cilia

with different lengths (i.e., different vibrational response G2 and natural frequencies)

are excited with the same sloshing dynamics Gsl, i.e., a fixed natural frequency for

sloshing. One expects the motion to be largest for cilia whose resonance frequency of

structural vibration is closest to the resonance frequency of sloshing.

Procedure and Results Cilia were cut with a sharp blade, and the lengths were

measured using images acquired with the microscope where the length of the uncut

cilia is known a-priori. The frequency responses of the different-length cilia were

measured when the cilia were oscillated in a stationary chamber (case b) and when

the chamber was oscillated (case c). The same cilia were used in both the experiments.

The experimental frequency responses for each case (shown in Figures 3.8,3.9) were

fitted using least-squares error minimization as discussed before (for cases b and c)

and the resulting model parameters are shown in Tables 3.4, 3.5.

Discussion of Length Effect As anticipated, when the chamber is oscillated, the

sloshing tends to excite the cilia substantially more if the sloshing resonance is close to

the cilia resonance. For example, the 800µm cilium has the largest amplitude (seen in

Figure 3.9 as well as Table 3.5) because its vibrational-resonance frequency in water

ωr,w = 108.40Hz (see Table 3.4) is closest to the sloshing resonance-frequency that

is, in turn, close to the sloshing natural-frequency ωsl that lies between 95Hz and

98Hz (see Table 3.5). Note that even with different lengths, the maximum (input-

to-output) amplifications of the different-length cilia are about the same when the

cilia are oscillated in the fixed chamber — see Figure 3.8 and Table 3.4 — the short-
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est 425µm cilium has a maximum amplification Amax of 1.75 which is close to the

maximum amplification of 1.85 for the longest 800µm cilium in Table 3.4.
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Figure 3.8: Stationary chamber (case b): frequency responses for different-length cilia.
Experimental values are represented by dots. Responses of models with parameters
fitted by least-squares error minimization is presented with solid lines.

In contrast, the amplification ratios are substantially lower for the two, shorter

cilia than the longest cilium in the sloshing case — the shortest 425µm cilium has a

maximum amplification of 1.83 which is much smaller than the maximum amplifica-

tion of 3.58 for the longest 800µm cilium in Table 3.5.

Predictive Capabilities of the Model The model can predict the variation in

the dynamics with the change in length, e.g., for the cut cilia. To illustrate, the

parameters found for the intact (not cut) 800µm cilium were used to predict the

response of cut cilia in the oscillating chamber. In particular, the natural frequencies

of the shorter cilia (in a stationary chamber) were predicted as

ωn,w,660 = ωn,w,800 ∗ (800/660)2 = 169.46Hz

ωn,w,425 = ωn,w,800 ∗ (800/425)2 = 408.68Hz
(3.43)
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since the natural frequency of a vibrating cantilever is inversely proportional to the

square of the length, where the lengths of the cilia are added as subscripts for clarity.

The damping ratios (ζ1, ζ2) do not change significantly with length (as seen in Ta-

ble 3.4 as well as in previous work [1]); therefore, the damping ratios for the cut cilia

were chosen to be the same as the damping ratios for the uncut 800µm cilium, i.e.,

ζ1 = 0.435 and ζ2 = 0.446 from Table 3.4. The sloshing parameters in the predicted

models for the cut cilia were kept the same as those for the uncut 800µm cilium, i.e.,

Ksl = 0.482, ζsl = 0.094, ωsl = 97.07 from Table 3.5.

The predicted frequency response is close to the frequency response of the fitted

models and the experimental data of the frequency response as shown in Figure 3.9.

The maximum errors Efit, Epred in the frequency response between the fitted and

predicted models, provided in Table 3.5, are defined as

Efit = max
ωk

∣∣∣∣Afit(ωk)− Aexp(ωk)

Aexp(ωk)

∣∣∣∣× 100, Epred = max
ωk

∣∣∣∣Apred(ωk)− Aexp(ωk)

Aexp(ωk)

∣∣∣∣× 100

(3.44)

where Aexp, Afit, and Apred represent the amplification factors of the frequency re-

sponses (at each frequency ωk where the experimental data is available) from the

experiments, fitted models, and predicted models, respectively. Note that the maxi-

mum error Epred with the predicted model (e.g., 9.12 for the 660µm cilium) is similar

to the maximum error Efit of the fitted model, e.g., 6.46 for the 800µm cilium that is

used to predict the model of the cut cilia. Hence, the model can be used to evaluate

the effect of changing cilia length. For example, with a given chamber geometry (i.e.,

given sloshing dynamics), the model could be used to optimize the cilia length for

maximizing the cilia motion.

The validity of using the above models for predicting the effect of parameter

variations such as cilia stiffness and fluid viscosity has not been investigated in this

work. For example, previous work [52] ( pages 166-167) has shown that the main

sloshing frequency tends to be relatively insensitive to large changes in fluid viscosity.



60

40 60 80 100 120 140 160 180
0.5

1

1.5

2

2.5

3

3.5

4

Frequency (Hz)

y/
u
b

 

 

L=425m m

L=660m m

L=800m m

Model Fit (solid lines)

L=425m m−Predicted

L=660m m−Predicted

L=425mm-Predicted

L=660mm-Predicted

Figure 3.9: Oscillating chamber (case c): frequency responses for different-length cilia.
Experimental values are represented by dots. Response of models with parameters
fitted by least-squares error minimization is presented with solid lines. Dashed lines
represent responses of predicted models.

L ζ1 ζ2 ωn,w ωr,w Amax

(µm) (Hz) (Hz)

425 0.458 0.472 420.42 391.68 1.75

660 0.443 0.459 154.21 144.28 1.80

800 0.435 0.446 115.34 108.40 1.85

Table 3.4: Stationary chamber: parameters and maximum amplification Amax of fitted
models for different-length cilia corresponding to Figure 3.8.

Nevertheless, such studies were for relatively large-sized chambers. Additional work

is needed to validate the currently proposed models for such parameter variations.
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L ζsl ωsl Ksl Amax Efit Epred

(µm) (Hz)

425 0.093 96.47 0.478 1.83 3.70 5.36

660 0.095 95.98 0.492 3.07 4.82 9.12

800 0.094 97.07 0.482 3.58 6.46 N/A

Table 3.5: Oscillating chamber: parameters and maximum amplification Amax, of fit-
ted models for different-length cilia corresponding to Figure 3.9 along with maximum
error (Eq. 3.44) in fitted and predicted models.

3.4.4 Mixing with and without Cilia

The mixing results of ink and water in an oscillating chamber with-and-without cilia

(but with liquid sloshing in each case) are comparatively evaluated to show that the

use of cilia leads to faster mixing.

Procedure for Mixing Experiments

The procedure of the mixing experiment with cilia is described below. The procedure

for the mixing experiments without cilia (i.e., vibration only) is the same as the case

with cilia except that cilia are not present in the chamber. For mixing experiments

with cilia, three cilia are arranged in the mixing chamber as shown in Figure 3.10.

The cilia mixing device is attached to the piezoactuator as shown in Figure 3.1(a).

The cilia mixer system is positioned above an inverted microscope. After positioning

the cilia mixer, de-ionized (DI) water (11µL) is added to the chamber using a pipette.

Collapsed cilia, if any, are straightened by using tweezers. Next, 0.25µL of black

ink (Drawing ink A, Pelikan, Hannover, Germany that is diluted 80 times with DI

water) is released gently using a pipette at the center of the chamber under the water

surface. The initial image of the ink drop (at time t = 0s) is shown in Figure 3.11.

A thin PDMS sheet is placed above the chamber to enclose the mixing chamber to
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avoid evaporation of the solution during the mixing experiments. The PDMS cover

does not suppress sloshing of the free surface because the solution volume together

with the cilia-support structure creates a maximum water height of 1.66mm, which

does not reach the top of the chamber. Additionally, a support for the cover is added

(as in Figure 3.10) to prevent the cover from sagging and touching the water surface.

Subsequently, the piezoactuator is used to oscillate the chamber perpendicular to the

length of the cilia with an amplitude of 10µm as in Figure 3.3(c). The oscillation

frequency is chosen as the maximum-amplitude resonance frequency with the cilia

that was measured for each run before the ink was introduced — this oscillation

frequency is kept the same for both cases, with and without cilia, for that particular

run.

Cilia Cover support

Clear glass slide

Clear PDMS cover

Space for 

mixing

fluids

Figure 3.10: Schematic setup of cilia device shown in Figure 3.1(a) for mixing exper-
iments in a 3mm diameter chamber.

Each mixing experiment (with and without cilia) was repeated seven times. For each

mixing experiment, the initial image is captured after the addition of ink and after

the thin PDMS sheet is used to cover the chamber but just before the start of the

chamber oscillations with the piezoactuator. Preliminary experiments were performed

to choose a sufficiently large time for the mixing experiments such that the mixing

index (described in the section below) reaches a steady state value. Based on these
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preliminary studies, the time tN for the final image was chosen as 50s for the case with

cilia and 600s for the case without cilia. (Additionally, the images were inspected to

visually verify that they do not change change significantly when the last images were

collected.) The time for the mixing index to reach and stay within 90% of its final

value is used to quantify and comparatively evaluate the mixing performance with

and without cilia. A CCD camera, attached to the microscope (see Figure 3.1(a)), is

used to video-record the mixing process for evaluation and samples of the acquired

images are shown in Figure 3.11.

Figure 3.11: Sample images of the mixing process at different time instants t and
corresponding mixing indices, Imix as in Eq 3.45 : (a) with cilia, run 1 in Table 3.6 ;
and (b) without cilia, run 1 in Table 3.6.

Quantifying Mixing

The mixing was quantified by comparing images from the video recording of the

mixing process using a mixing index Imix developed in [60], which is a discrete version

of the continuous time mixing index defined in [78]. The mixing index, which is a

measure of relative mixing is initially 0 and approaches 1 when the fluids become fully
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mixed, is given by

Imix(tk) =
1

Iss

[
1−

∑P
p=1 |Cp(tk)− Cp(tN)|∑P
p=1 |Cp(t0)− Cp(tN)|

]
(3.45)

where [tk]
N
k=1 represents the different time instants when the images are evaluated, N

is the total number of images, P is the number of pixels in each of the images, Cp(tk)

is the color of pth pixel at time instant tk and the normalization factor Iss is given by

Iss =

∣∣∣∣∣1−
∑P

p=1 |Cp(tN−1)− Cp(tN)|∑P
p=1 |Cp(t0)− Cp(tN)|

∣∣∣∣∣. (3.46)

Each image used in this analysis is composed of an array of 352 pixels by 240 pixels,

and the color of each pixel C is a vector of three values

C = [R G B]

that represents red, green, and blue (RGB) color with values between 0 and 255.

Given any two pixel colors Ci and Cj, the difference between them (used in Eqs. 3.45,

3.46) is defined as

|Ci − Cj| = |Ri −Rj|+ |Gi −Gj|+ |Bi −Bj|.

As the mixing progresses and reaches a steady state (i.e., as tk approaches tN), the

difference between the color of the corresponding pixels in the images becomes small,

which tends to increase the values of Imix from an initial value of zero towards one.

The normalization factor Iss in Eq. (3.46) uses the last two images to make the

mixing index close to one when the mixing process reaches steady state and the

images become similar. This is necessary because noise in the image (partly due to

the oscillation) prevents the final value from reaching one without the normalization,

i.e., when Iss = 1 in Eq. (3.45).

Mixing Results and Discussions

The mixing time is substantially reduced with cilia when compared to the case without

cilia even though liquid sloshing occurs in both cases. The reduction in mixing time
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Figure 3.12: Time profiles of the mixing index Imix in Eq. (3.45) for seven experimental
runs with cilia. The 90% mixing time is indicated with circles.

is visually observable in the images (with and without cilia) shown in Figure 3.11.

For example, to reach the 90% mixing time (corresponding to the images on the 4th

column), the mixing takes 19s with the cilia whereas it takes 217s for the case

without the cilia. To quantify the mixing rate, the variation of the mixing index for

the seven experimental runs (with and without cilia) are shown in Figures 3.12, 3.13

and the 90% mixing times for the different experiments are presented in Table 3.6.

It is noted that the average mixing time of 14.9s with cilia is about 12 times

lower than the average mixing time of 176.4s without cilia. Therefore, the use of

cilia can substantially decrease the mixing time, by more than an order of magnitude,

when compared to the case without cilia. The mixing performance could be improved

further with the use of more general inputs (chamber oscillations); the current model

(with its relatively-low-order dynamics) is well suited for controller development in
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Figure 3.13: Time profiles of the mixing index Imix in Eq. (3.45) for seven experimental
runs without cilia. The 90% mixing time is indicated with circles.

such future studies.

Potential Use of Model in Mixing Optimization The current work shows that

large cilia motion can be used to reduce the time needed for mixing. The experiments

used sinusoidal excitation of the chamber; however, it is possible that a more general

input (oscillation of chamber) can lead to even faster mixing. The low order of the

current model makes it well suited to design such optimal control for the mixing

process. Moreover, by providing insight into effects, such as the interaction between

added mass and sloshing in determining cilia motion amplitudes, the model can be

used to provide guidelines for optimizing the cilia design, such as the choice of the

cilia length for a given chamber geometry. An advantage of the current model is the

low order of the dynamics, which does not pose substantial computational burden in

optimization studies and controller development. Further work is needed to evaluate
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Run Oscillation Mixing Time Mixing Time

Number Frequency with Cilia without Cilia

(Hz) (s) (s)

1 95 18.8 217

2 97 18.3 285.5

3 96 16.4 193.5

4 96 14.5 198

5 98 9.8 73

6 95 14.4 213.5

7 98 12.1 54

Mean 96.43 14.9 176.4

σ 1.27 3.248 83.02

Table 3.6: Mixing time(s) quantified by the time for the mixing index Imix in Eq. (3.45)
to reach and stay within 90% of its final value, with and without cilia.

these models for such control and design approaches to optimize cilia-based devices.

3.5 Conclusions

This chapter modeled the dynamics of cilia-based devices for mixing and manipulating

liquids in microfluidic applications. The models showed that, both, sloshing and

added-mass effects play substantial roles in generating large-amplitude cilia motion in

liquid. Additionally, experimental results, with and without cilia, were comparatively

evaluated to show more than an order-of-magnitude reduction in the mixing time

with the use of cilia.
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Chapter 4

ITERATIVE CONTROL OF PIEZOACTUATOR FOR
EVALUATING BIOMIMETIC, CILIA-BASED

MICROMIXING

4.1 Overview

This work evaluates the use of different excitation waveforms to improve biomimetic-

cilia-based mixing in microfluidic applications. A challenge in such studies is that, at

high frequencies, vibrations in the piezoactuator can distort the achieved excitation

waveform. An iterative approach is used in this work to account for the vibrational

dynamics and avoid unwanted vibrations in the achieved excitation waveforms, and

thereby enable the evaluation of different excitation waveforms on mixing. The main

contribution of this work is to use these controlled, excitation waveforms for showing

that (i) mixing time is substantially reduced (by more than an order of magnitude)

with the use of cilia when compared to the case without cilia and (ii) mixing time with

cilia can be further reduced (by more than half) by using an asymmetric excitation

waveform when compared to symmetric (sinusoidal) excitation.

Based on biological cilia systems, e.g., [40–43], biomimetic, cilia-type, compliant

actuators have been proposed for mixing and manipulation in liquid environments,

e.g., see [15, 32, 46–50]. Recent works have shown that mechanical (sinusoidal) exci-

tation of the cilia by using a piezoactuator to oscillate the cilia-chamber can improve

mixing in microfludic devices [2, 60]. The current work aims to evaluate potential

improvements in cilia-based mixing with different excitation waveforms of the cilia-

chamber. A challenge in such evaluation studies is that, at high frequencies, vibra-

tions in the piezoactuator can distort the achieved motion (excitation waveform) of
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the cilia-chamber, and thereby, limit the ability to evaluate the effect of a desired

excitation waveform on mixing. An iterative feedforward approach [61] is used in

this work to account for the vibrational dynamics of the piezoactuator, and reduce

unwanted vibrations in the achieved excitation waveforms. The main contribution of

this work is to use these controlled, excitation waveforms for showing that: (i) the

average (90%) mixing time is substantially reduced with the use of cilia when com-

pared to the case without cilia by 13 times from 175s to 13.56s (with sinusoidal

excitation) and (ii) the average (90%) mixing time with cilia can be further reduced

(about 2.6 times from 13.56s to 5.17s) by using an asymmetric excitation waveform

when compared to symmetric (sinusoidal) excitation. Thus, the chapter shows that

the choice of the excitation waveform can improve mixing performance with cilia,

which suggests the need for further efforts in excitation-waveform optimization.

In general, micromixing can be improved by generating complex flows in the fluid

to overcome the mixing-rate limits of laminar flows that are typical at the microscale.

For example, passive techniques such as grooves can be used to generate chaotic

folding (and refolding) of the liquid as it flows past the grooves to improve mixing,

e.g., in [12]. Such flow-type mixing can be used when a sufficiently-large amount

of sample is available to achieve the flow through the grooved channel. In contrast,

if the amount of sample is limited, then batch-type mixing needs to be achieved in

small chambers containing the sample. Batch mixing can be enhanced using a variety

of actuation techniques such as high-frequency ultrasound excitation [13, 57, 62] and

time-varying external magnetic fields [15, 21, 58, 59]. In the current work, cilia are

excited by relatively-low-frequency oscillations of the chamber containing the sample

when compared to higher-frequency ultrasound excitation. It is noted that the low-

frequency excitation used in this chapter is advantageous for mixing samples that

are susceptible to damage from high-frequency excitation [63–65]. Similarly, sample

damage is a concern with the use of rapidly varying external magnetic fields, which
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is also avoided with the present approach. The current chapter shows that batch

mixing can be substantially improved by using low-frequency excitation with soft

cilia — this use of low-frequency excitation with soft actuators has the potential to

reduce the damage of fragile samples during micromixing.

4.2 Problem Formulation

4.2.1 System Description

The displacement transverse to the length (x) of a cilium was excited by using a

piezoactuator (Burleigh PZS200) as shown in Figure 4.1a,b. The soft cilia were fabri-

cated from polydimethylsiloxane (PDMS) using a silicon mold; detailed information

on cilia fabrication and material properties can be found in [32]. The dimensions of the

silicon mold used to fabricate the cilia were length (L = 800µm), height (H = 45µm),

and width (W = 10µm) as in Figure 4.1c. The cilia and the fluid motion (Figure 4.1d)

in the chamber were observed and evaluated using videos obtained with an optical

microscope and an attached, digital, color CCD camera, as well as, still images (Pin-

nacle Studio Version 12). An example image of the resulting cilia vibration (due to

the chamber oscillation) is shown in Figure 4.1e.

4.2.2 The Positioning Problem

An oscillatory excitation uc of the cilia-chamber is achieved by using a piezo-based

positioning system (referred to as the piezoactuator in the following) as shown in

Figure 4.1. The motion of the base of each cilium is also uc since the cilium base is

attached to the chamber through a relatively-stiff PDMS structure. To evaluate the

mixing achieved with different types of excitation waveforms (i.e., time profile of uc),

the piezoactuator needs to position the chamber precisely along the desired waveform

uc. At high oscillation frequencies, vibrations in the piezoactuator positioning system

can lead to distortions in the achieved position trajectory (excitation waveform),
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Figure 4.1: Schematics of experiment for evaluating micromixing with cilia. Experi-
mental setup: (a) schematic; and (b) photo. (c) Nominal cilium dimensions are length
L = 800µm, width W = 10µm, and height H = 45µm. (d) Base motion uc(t) at
x = 0 and tip motion y(t) at the free end x = L of a cilium. (e) Photo of a cilium in
water excited by piezoactuator.

which make it challenging to evaluate specific excitation waveforms. The control goal

is to correct for such vibration-caused distortions.



72

Piezoactuator 

GpK
va

Mixing Chamber

Ks

Inductive Sensor

e

Gcl

ucv

Figure 4.2: Block diagram of the positioning system. The piezoactuator is represented
by Gp, the achieved chamber motion uc is measured with an inductive sensor with
gain Ks = 0.2 (V/µm), and Gcl represents the closed-loop system.

4.3 Iterative Control of Piezoactuator

The model of the piezoactuator system, the design of the excitation frequency and

waveforms, and iterative control to achieve the desired excitation waveform are dis-

cussed in this section.

4.3.1 Piezoactuator Model

A schematic of the positioning system is shown in Figure 4.2, where Gp represents the

piezoactuator, the achieved chamber motion uc is measured with an inductive sensor

with gain Ks = 0.2 (V/µm), and Gcl represents the closed-loop system. The model of

the closed-loop positioning system (Gcl) is obtained experimentally. Example exper-

imental frequency responses of the closed loop system, obtained by using a dynamic

signal analyzer (SRS Model SR785), are shown in Figure 4.3 for two cases: small

amplitude; and large amplitude. For the small amplitude case, the input voltage V to

the closed loop system was kept fixed at amplitude (0.1V) over different frequencies,

which corresponds to a chamber-motion amplitude of 0.6µm (at low frequencies). For
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the large amplitude case, the displacement amplitude was fixed at a relatively-larger

value of 5µm over different frequencies by varying the amplitude of the input voltage

V . The substantial difference in the experimental frequency responses (in Figure 4.3)

can be attributed to the significant hysteresis present in the system illustrated in

Figure 4.4. This variation in the frequency response implies that linear models used

to find feedforward inputs can have substantial error, which needs to be corrected.

100
−20

0

20

40

M
ag

n
it

u
d
e 

(d
b
)

−200

−150

−100

−50

0

Frequency (Hz)

P
h
as

e 
(d

eg
re

e)

300 400200 500

100 300 400200 500

Figure 4.3: Experimental frequency responses of the closed-loop system, Gcl in Fig-
ure 4.2 for two cases: small amplitude (dashed line); and large amplitude (solid line).

4.3.2 Choice of Control Method: Iterative Feedforward

Given a desired, excitation waveform uc,d, the current chapter uses an iterative feedfor-

ward method to find the input V to achieve precision tracking of the desired waveform.

It is noted that previous works have shown that iterative feedforward approaches can

yield the highest tracking precision in piezoactuator systems [79,80]. In general, this

approach can be applied with any feedback controller. In this work, the feedback

was chosen as a simple proportional controller — its gain K = 5 was chosen to be
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Figure 4.4: Hysteresis in the closed-loop piezoactuator system obtained by applying
sinusoidal input V to the closed-loop system at 20Hz and measuring the resulting
output position uc.

as large as possible while maintaining sufficient gain and phase margins. However,

the iterative approach used in this chapter can be used with more advanced feedback

techniques as well.

4.3.3 Choice of Chamber Oscillation Frequency

The chamber oscillation frequency should be close to the cilia resonance frequency

(in liquid) to achieve maximum excitation of the cilia [2]. To determine the chamber

oscillation frequency (operating frequency) for mixing, the resonant frequencies of

the cilia in liquid are found from the experimental frequency responses as shown

in Figure 4.5 and Table 4.1. As seen from Figure 4.5, the maximum amplitude

of cilia response does not change significantly, if the operating frequency is varied

from the mean value of 96.43Hz by one standard deviation. In particular, with one

standard deviation of the excitation frequency from the resonance, i.e., at 96.43Hz-

1.27Hz and 96.43Hz+1.27Hz, the values of the response are y/uc = 3.50 and y/uc =
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3.487 respectively, which represents no more than a 1.1% change from the maximum

value of y/uc = 3.525 at the resonance frequency 96.43Hz. Therefore, the associated

change in the cilia response (because of potential variation in the resonance frequency

from the mean value of 96.43Hz) is not expected to be substantial. Hence, in all

experiments, the frequency ωd of the periodic excitation trajectories was kept fixed

at (approximately) the resonance frequency — ωd = 96Hz.
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Figure 4.5: Frequency response of seven runs of cilia. Dots represent the experimental
data (mean values of seven runs of cilia), and bars represent the standard deviation
±σ. Detailed models can be found in Refs. [1, 2].

4.3.4 Desired Excitation Waveforms

Two types of excitation waveforms are considered as shown in Figure 4.6: a symmetric

sinusoidal excitation (used in previous studies [2,60]); and a preliminary asymmetric

(triangular) excitation. Tracking the preliminary triangular waveform uc,p, with sharp
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Run Number Resonant Frequency (Hz)

1 95

2 97

3 96

4 96

5 98

6 95

7 98

Mean 96.43

σ 1.27

Table 4.1: Resonant Frequencies of cilia (seven runs)

changes in velocity at the turnarounds can be challenging because the corresponding

velocity profile is discontinuous and the acceleration profile will be unbounded, which

can require an infinite-bandwidth, unbounded input voltage V to perfectly track the

waveform. Therefore, a filtered version of the preliminary triangular waveform uc,p

is sought as the desired asymmetric waveform uc,d to meet actuator bandwidth and

saturation limits.

Optimal Inversion

A compromise between the goals of exactly tracking the preliminary triangular wave-

form uc,p, and handling actuator bound and bandwidth limitations can be achieved

using the optimal-inversion approach developed in [79]. The optimal inverse V = Vopt

is obtained by minimizing the following cost function

J(V ) =

∫ ∞

−∞
{V ∗(ω)R(ω)V (ω)

+ E∗
P (ω)Q(ω)EP (ω)}dω,

(4.1)
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Figure 4.6: Excitation waveforms uc for one time period: (a) desired symmetric,
sinusoidal waveform uc,d, (b) preliminary asymmetric triangular waveform uc,p, where
the ratio α = tA/tB = 0.25 is a measure of the asymmetry.

where ∗ denotes the complex conjugate transpose, the input V and output uc are

related through the system dynamics Gcl, and

EP = uc,p − uc

is the positioning error with respect to the given preliminary excitation waveform uc,p.

Choosing the Weights in the Cost Function

The terms R(ω) and Q(ω) (in Eq. 4.1) can be used to account for model uncer-

tainty and piezoactuator-bandwidth limits by appropriately choosing the input-energy

weight, R(ω) and the tracking-error EP weight, Q(ω). In particular, the weights can

be chosen such that good tracking is achieved in the low-frequency range (till 100Hz

for the cilia-based mixing device) and to reduce the emphasis on tracking at high

frequencies where the model Gcl tends to become less accurate, e.g., beyond 500Hz

for the current piezoactuator. This implies that the tracking-error weight Q should

be larger than the input energy weight R in the low-frequency range and vice versa

in the high-frequency range, as shown in Figure 4.7.
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Figure 4.7: Input energy weight, R(ω) and tracking-error weight, Q(ω) used in the
cost function (in Eq. 4.1) to find the optimal inverse Vopt and the optimally filtered
bandwidth-limited asymmetric waveform uc,opt.

Optimal Inverse Feedforward

The optimal inverse input Vopt minimizing the cost function (in Eq. 4.1) can be found,

for the single-input-single-output (SISO) case as [79]

Vopt(ω) =

[
Gcl

∗(ω)Q(ω)

R(ω) +Gcl
∗(ω)Q(ω)Gcl(ω)

]
uc,p(ω)

= G−1
cl,opt(ω)uc,p(ω)

(4.2)

and the time-domain signal for the feedforward input

V (t) = Vopt(t)

is then obtained through an inverse Fourier transform of Vopt(ω).
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Optimal Asymmetric Waveform

The resulting optimal output uc,opt is given by

uc,opt(ω) = Gcl(ω)Vopt(ω)

=

[
Gcl

∗(ω)Q(ω)Gcl(ω)

R(ω) +Gcl
∗(ω)Q(ω)Gcl(ω)

]
uc,p(ω)

= [Fopt(ω)]uc,p(ω)

(4.3)

Therefore, the optimal waveform uc,opt can be considered as a filtered version (passing

through filter Fopt(ω) determined by the frequency-dependent weights R(ω) andQ(ω))

of the preliminary triangular waveform uc,p — the original and filtered waveforms are

compared in Figure 4.8. The desired asymmetric waveform uc,d is then chosen to be

the optimally-filtered waveform, i.e., uc,d = uc,opt, and the control objective is to track

this optimally-filtered, desired, asymmetric waveform. Note from Eq. (4.3), that the

chosen asymmetric waveform uc,d has finite bandwidth since the tracking weight is

zero, Q(ω) = 0, for higher frequencies ω ≥ 500Hz.

4.3.5 Implementation: Iterative Inversion-Based Control

To account for modeling errors, the optimal inverse feedforward Vopt is computed (and

corrected) iteratively as [3]

Vopt,k(ω) = Vopt,k−1(ω)

+ ρ(ω)G−1
cl,opt(ω) [uc,p(ω)− uc,k−1(ω)]

(4.4)

for k ≥ 2, where the initial input Vopt,1(ω) is

Vopt,1(ω) = G−1
cl,opt(ω) [uc,p(ω)] , (4.5)

ρ(ω) ∈ ℜ is the iteration gain, uc,p(ω) is the Fourier transform of the preliminary

trajectory, and uc,k−1(ω) is the Fourier transform of the actual trajectory (experimen-

tally) measured in the (k − 1)th iteration step.
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ρ(ω) as in [3]. The minimum value (0.8) is shown as a dashed line.
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The iteration gain ρ(ω) should be chosen as large as possible to enable fast con-

vergence; the maximum possible value can be estimated based on the anticipated

modeling errors. The main criterion is to ensure that the iterative correction is in

the right direction (phase criterion) — as shown in [3], the iteration gain ρ(ω) should

satisfy

0 < ρ(ω) <
2cos(△θ(ω))

△r(ω)
= M(ω) (4.6)

where △θ(ω) is the estimated phase error (difference in phase between the model and

the actual system) and △r(ω) represents the estimated magnitude error (in terms of

the ratio between the magnitudes of the model and the actual system) in the frequency

response. These estimated errors are found using the two frequency responses (shown

in Figure 4.3), and the estimated bound M(ω) on the iteration gain is shown in

Figure 4.9, which has a minimum value of 0.8 in the computed frequency range. The

actual bound (and the minimum) could be lower since the estimate is based on two

measurements; moreover, noise can reduce the iteration gain as well as shown in [3].

Therefore, in the following, the iteration gain is chosen as a smaller value of 0.3 at all

frequencies.

4.3.6 Iterative Control Results

The results of the iterations are shown in Figure 4.10 and tabulated in Table 4.2,

which show that the iteration process substantially reduces the tracking error

Ek(t) = uc,opt(t)− uc,k(t). (4.7)

In particular, the maximum tracking error

Ek,max = max
n∈[0,1,...,N ]

|Ek(tn)| , (4.8)

over all sampled time instants (tn with n ∈ [0, 1, . . . , N ]) in a time period [0, 1/ωd],

is reduced from an initial value of 2.71µm to a final value of 0.37µm in six iteration
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Iteration Step Ek,max Ek,rms

k µm µm

1 2.71 82.82

2 2.17 47.98

3 0.90 21.01

4 0.81 14.27

5 0.66 11.45

6 0.37 8.51

Table 4.2: Maximum Ek,max and rms Ek,rms tracking error

steps. Note that the final maximum error E6,max at the sixth iteration is small (1.85%)

compared to the 20µm magnitude of the desired motion. Similarly, the root mean



84

squared (rms) of the tracking error

Ek,rms =

√∑N
i=1[Ek(tn)]2

N
(4.9)

is reduced from an initial value of 82.82µm to a final value of 8.51µm in six iteration

steps. For clarity, the initial uc,1 and final (uc,6 at iteration step 6) waveforms are

compared with the desired optimal waveform uc,d = uc,opt in Figure 4.11.

4.4 Experimental Evaluation of Mixing

The mixing of ink and water in an oscillating chamber is evaluated to show that

(i) mixing time is substantially reduced with the use of cilia when compared to the

case without cilia and (ii) mixing time with cilia can be further decreased by using an

asymmetric excitation waveform when compared to a symmetric sinusoidal excitation.

4.4.1 Procedure for Mixing Experiments

The procedure for the mixing experiment with cilia is described below. The procedure

for the mixing experiments without cilia (i.e., vibration only) is the same as the case

with cilia — except that cilia are not present in the chamber. For mixing experiments

with cilia, three cilia were arranged in the mixing chamber as shown in Figure 4.12.

The cilia mixing device was attached to the piezoactuator as shown in Figure 4.1a,b.

The cilia mixer system was positioned above an inverted microscope. After positioning

the cilia mixer, de-ionized (DI) water (11µL) was added to the chamber using a

pipette. Collapsed cilia, if any, were straightened by using tweezers. Next, 0.25µL of

black ink (Drawing ink A, Pelikan, Hannover, Germany that is diluted 80 times with

DI water) was released gently using a pipette at the center of the chamber under

the water surface. The initial image of the ink drop (at time t = 0s) is shown in

Figure 4.13. A thin PDMS sheet was placed above the chamber to enclose the mixing

chamber to avoid evaporation of the solution during the mixing experiments. The
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Figure 4.12: (a) Schematic and (b) photo of setup of cilia device for mixing experi-
ments in a 3mm diameter chamber.

PDMS cover did not suppress sloshing of the free surface because the solution volume

together with the cilia-support structure created a maximum water height of 1.66mm,

which did not reach the top of the chamber. Additionally, a support for the cover was

added (as in Figure 4.12) to prevent the cover from sagging and touching the water

surface.

Subsequently, the piezoactuator was used to oscillate the chamber perpendicular to
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the length of the cilia at an oscillation frequency of 96Hz. For the symmetric excitation

case, the input V was chosen as a sinusoid, and for the asymmetric excitation case,

the input V was chosen as the input Vopt,6 from the final (sixth) iteration step. In

general, the mixing rate can be affected by the magnitude of the excitation. To

enable comparisons between the different scenarios, the amplitudes of the waveforms

were kept the same for all the experiments. Towards this, the amplitude of the

input V to the closed-loop system (for each waveform) was scaled to ensure that

the amplitude of the chamber oscillation uc was kept the same (10µm) for both the

excitation waveforms.

Each mixing experiment (with and without cilia for the two different waveforms) was

repeated seven times. During each mixing experiment, the initial image was captured

after the addition of ink and after the thin PDMS sheet was used to cover the chamber

but just before the start of the chamber oscillations with the piezoactuator. Prelim-

inary experiments were performed to choose a sufficiently large time for the mixing

experiments such that the mixing index (described in the section below) reaches a

steady state value. Based on these preliminary studies, the time tN for the final

image was chosen as 50s for the case with cilia and 600s for the case without cilia.

Additionally, the images were inspected to visually verify that they do not change

significantly when the last images were collected.

The time for the mixing index to reach and stay within 90% of its final value is used to

quantify and comparatively evaluate the mixing performance with and without cilia

for the two different waveforms. A CCD camera, attached to the microscope (see

Figure 4.1a), was used to video-record the mixing process for evaluation — samples

of the acquired images are shown in Figure 4.13.
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(a) Sinusoidal Excitation without Cilia

(b) Sinusoidal Excitation with Cilia

(c) Asymmetric Excitation without Cilia

(d) Asymmetric Excitation with Cilia
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Figure 4.13: Sample images of the mixing process at different time instants t for
Run 1: (a) sinusoidal excitation without cilia (b) sinusoidal excitation with cilia;
(c) asymmetric excitation without cilia; and (d) asymmetric excitation with cilia.

4.4.2 Quantifying Mixing

The mixing was quantified by comparing images from the video recording of the

mixing process using a mixing index Imix developed in [60], which is a discrete version

of the continuous time mixing index defined in [78]. The mixing index, which is a

measure of relative mixing, is initially 0 and approaches 1 when the fluids become

fully mixed, is given by

Imix(tk) =
1

Iss

[
1−

∑P
p=1 |Cp(tk)− Cp(tN)|∑P
p=1 |Cp(t0)− Cp(tN)|

]
(4.10)

where [tk]
N
k=1 represents the different time instants when the images are evaluated, N

is the total number of images, P is the number of pixels in each of the images, Cp(tk)

is the color of pth pixel at time instant tk, and the normalization factor Iss is given by

Iss =

∣∣∣∣∣1−
∑P

p=1 |Cp(tN−1)− Cp(tN)|∑P
p=1 |Cp(t0)− Cp(tN)|

∣∣∣∣∣. (4.11)
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Each image used in this analysis is composed of an array of 720 pixels by 480 pixels,

and the color of each pixel C is a vector of three values

C = [R G B]

that represents red, green, and blue (RGB) color with values between 0 and 255.

Given any two pixel colors Ci and Cj, the difference between them (used in Eqs. 4.10,

4.11) is defined as

|Ci − Cj| = |Ri −Rj|+ |Gi −Gj|+ |Bi −Bj|.

As the mixing progresses and reaches a steady state (i.e., as tk approaches tN), the

difference between the color of the corresponding pixels in the images becomes small,

which tends to increase the values of Imix from an initial value of zero towards one.

The normalization factor Iss in Eq. (4.11) uses the last two images to make the

mixing index close to one when the mixing process reaches steady state and the

images become similar. This is necessary because noise in the image (partly due to

the oscillation) prevents the final value from reaching one without the normalization,

i.e., when the normalization factor is chosen as Iss = 1 in Eq. (4.10). To evaluate

the mixing performance and determine the effect of the input waveform, two different

excitation waveforms (symmetric and asymmetric) are used to oscillate the mixing

chamber for each case: with and without cilia.

4.4.3 Mixing Results

The mixing time is substantially reduced with cilia when compared to the case with-

out cilia and it is further decreased by using asymmetric excitation compared to the

case with symmetric sinusoidal excitation. The reduction in mixing time with the cilia

is visually observable in the images shown in Figure 4.13 for Run 1. For example, to

reach the 90% mixing time for Run 1 (corresponding to the images on the 4th col-

umn), the mixing takes 12.4s with the cilia whereas it takes 241s for the case without
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the cilia for the sinusoidal excitation. The mixing time is further decreased by using

asymmetric excitation compared to the case with symmetric sinusoidal excitation.

For example, in Figure 4.13 with the use of the symmetric sinusoidal excitation, the

mixing for Run 1 takes 12.4s with the cilia whereas with the use of the asymmetric

excitation it takes 5.9s for the case with the cilia to reach the 90% mixing time.

The trends in the reduction in mixing time is also seen in averaged values over several

experiments. The time variation of the mixing index (without and with cilia) are

shown in Figures 4.14, 4.15 and the 90% mixing time for the different experiments

are presented in Tables 4.3 and 4.4. In particular, (i) the mixing time (90%) is

substantially reduced with the use of cilia when compared to the case without cilia

by 13 times from 175s to 13.56s (with sinusoidal excitation) and (ii) the mixing time

(90%) with cilia is further reduced (about 2.6 times from 13.56s to 5.17s) by using

the asymmetric excitation waveform when compared to the symmetric (sinusoidal)

excitation. Thus, the experimental results show that the mixing time is substantially

reduced with cilia when compared to the case without cilia. Moreover, the mixing time

is further decreased by applying the asymmetric excitation waveform to oscillate the

mixing chamber when compared to the case of the symmetric (sinusoidal) excitation

in previous studies [2, 60].

It is noted that mixing with cilia,for both symmetric excitation and asymmetric

excitation cases, can significantly reduce both the mean and the standard deviation of

the 90% mixing time compared to mixing without cilia because the interfacial length

between water and ink is rapidly extended by the complex flow [60].
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Figure 4.14: Mixing indices for devices with : (a) sinusoidal excitation without cilia,
(b) sinusoidal excitation with cilia.

4.4.4 Discussion of Results

Although the asymmetric excitation leads to faster mixing, it cannot be caused by

a substantial change in the cilia motion between the symmetric and asymmetric ex-
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Figure 4.15: Mixing indices for devices with : (a) asymmetric excitation without cilia,
(b) asymmetric excitation with cilia.

citation waveforms. This is because the cilia dynamics is only substantial near the

first resonance (at around 96Hz) and therefore, the higher harmonics in the excitation

waveform does not lead to substantial cilia vibration — the cilia motion is expected to

remain sinusoidal due to the response caused by the main harmonic in the excitation
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Run Mixing Time Mixing Time

Number without Cilia with Cilia

(s) (s)

1 241.0 12.4

2 182.5 12.2

3 122.0 13.0

4 155.5 14.8

5 230.0 17.3

6 157.0 13.5

7 137.0 11.7

Mean 175.0 13.56

σ 45.45 1.94

Table 4.3: Mixing time(s) for sinusoidal excitation, quantified by the time for the
mixing index Imix in Eq. (4.10) to reach and stay within 90% of its final value,
without and with cilia

waveform at 96Hz. Nevertheless, the asymmetric excitation can lead to increased

velocities of particles in the fluid when compared to the symmetric excitation due to

increased net forcing in each period of oscillation. This can lead to faster mixing.

To evaluate this, the motion of particles in the flow was evaluated using polymer

microspheres (crosslinked poly(styrene/divinylbenzene), mean diameter of 18.97µm,

PS07N/1733, Bangs Laboratories, Inc.) with the same operating conditions as the

ink-mixing experiment (without the ink) for all four cases: (a) sinusoidal excitation

without cilia; (b) sinusoidal excitation with cilia, (c) asymmetric excitation without

cilia, and (d) asymmetric excitation with cilia. The results show that the micro-

spheres actuated by the asymmetric excitation waveform have greater average speed

compared to the ones with the symmetric excitation waveform as shown in Table 4.5
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Run Mixing Time Mixing Time

Number without Cilia with Cilia

(s) (s)

1 39.5 5.9

2 69.0 5.0

3 48.0 5.4

4 41.0 5.2

5 71.0 4.4

6 52.5 4.3

7 79.0 6.0

Mean 57.14 5.17

σ 15.74 0.67

Table 4.4: Mixing time(s) for asymmetric excitation, quantified by the time for the
mixing index Imix in Eq. (4.10) to reach and stay within 90% of its final value, without
and with cilia

for both cases — with and without cilia. This is to be expected since asymmetric

excitation leads to a nonzero impulse over each time period when compared to sym-

metric excitation. Similarly, cilia also lead to increased speed of the particles, for

both cases, symmetric and asymmetric excitation. Thus, there appears to be two

effects: (i) the use of asymmetric excitation waveform increases the speed of particles

— the increased particle speed can lead to faster mixing, with mixing time reduced by

more than half; and (ii) the use of cilia increases the rate of mixing further for, both,

symmetric and asymmetric excitation cases — the mixing time is reduced further by

about more than an order of magnitude in each case.

In summary, the results show that the choice of the excitation waveform can improve

the mixing performance, further, for cilia-based devices. This suggests the need for
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Excitation Speed Speed

Waveform without Cilia with Cilia

(µm/s) (µm/s)

Sinusoidal 335.67±47.01 1026.35±214.46

Asymmetric 616.13±151.06 2317.16±304.22

Table 4.5: Speed, mean value and standard deviation for 10 microspheres for each of
the four cases — without and with cilia, and symmetric (sinusoidal) and asymmetric
excitation

additional research in excitation-waveform optimization for the future work.

4.5 Conclusions

An iterative, optimal-inversion-based control was used to achieve precision control of

excitation waveforms applied to a novel biomimetic cilia-based mixer. Experimental

results were presented to show that (i) the mixing time was substantially reduced with

the use of cilia when compared to the case without cilia by 13 times (with sinusoidal

excitation) and (ii) the mixing time with cilia can be further reduced (about 2.6

times) by using an asymmetric excitation waveform when compared to the previous

use of symmetric (sinusoidal) excitation. The results illustrate the need for additional

optimization studies of the excitation waveform to further improve the mixing rate in

cilia-based devices.
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Chapter 5

CONCLUSIONS AND FUTURE WORKS

5.1 Conclusions

This research proposed and investigated biomimetic cilia-based devices (cantilever-

type vibrating devices) for handling micro-scale fluid mixing. This research developed

models and control methods for such devices. Three challenging research issues were

addressed:

1) Added mass effect

2) Sloshing effect

3) Exploring the effect of different excitation waveforms on mixing time.

This research began with modeling the added mass effects to explain the sub-

stantial reduction in the resonant frequency and damping when shaking the cilia in

otherwise still water compared to shaking the cilia in air. In the middle stage of the

research project, the sloshing model was developed to explain the substantial increase

in the amplitude of the cilia tip motions despite the presence of large damping in water

when the whole chamber containg cilia and water was oscillated. The research finally

evaluated the effect of applying the two different excitation waveforms on mixning

time and found that:

(i) mixing time is substantially reduced (by more than an order of magnitude) with

the use of cilia when compared to the case without cilia and

(ii) mixing time with cilia can be further reduced (by more than half) by using an

asymmetric excitation waveform when compared to symmetric (sinusoidal) excitation.
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5.1.1 Advantage

The mixing with the use of cilia holds several advantages. For example,

1) The use of the low actuation frequency, which leads to low shear rate, can reduce

the possible damage to sensitive biosamples.

2) The soft cilia can reduce the mechanical damage to reagents.

3) The mixing with the use of cilia can reduce the mixing time.

5.1.2 Disadvantage

However, the mixing with the use of cilia has some disadvantages. For example,

1) The mixing with the use of cilia has the potential for the damage to sensitive

biosamples, but the damage seems to be less. Further study on the damage is needed.

2) The manufacturing remains an issue. A large array of hundreds of cilia mixing

devices needs to be manufactured for high-throughput applications and a fully auto-

mated platform is to be developed and implemented for the precise and fast handling.

5.2 Future Works

Even though this research was satisfactorily done, there are still many fascinating top-

ics/issues that remain unexplored. For example, optimizations can be investigated to

accelerate the mixing and further reduce the mixing time.

The optimization problems could be:

(i) Cilia cross section : This research used the microfabricated cilia with rectangular

cross sections. The change in the cross section profile could modify the added mass

effect, and thereby shifting the resonant frequency. Concave and convex cross-section

cilia can be investigated to evaluate the change in the resonant frequency. The change
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can be adjusted by varying the radius of the curvature of the cross section to match

the sloshing resonant frequency, thereby minimzing the mixing time.

(ii) Excitation amplitude : The excitation amplitude of 20µm was set to drive the

piezoactuator. Varying the excitation amplitude could lead to the minimized mixing

time.

(iii) Geometry of the mixing chamber : The geometry of the mixing chamber could

be optimized. For example, changing the chamber diameter can adjust the slosh-

ing resonant frequency to match the cilia resonant frequency. Also a sloped bottom

chamber could facilitate sloshing. This would provide the larger cilia tip motion that

helps speed up the mixing.

(iv) Water level : Water level varies with the sloshing resonant frequency. Adjusting

the water level can change the resonant frequency to match the cilia resonant fre-

quency.

(v) Cilia floor level : At a fixed water level, adjusting the elevation of cilia floor, or

support can change the cilia tip amplitude. The larger cilia tip amplitude is desired

to optimize the mixing time.

(vi) Measure of time asymmetry, α as described in Figure 1.7 caption : α = 0.25 was

used in this research. It is likely that a smaller value of α could lead to faster mixing.

(vii) Cilia length: Cilia with the length of 800µm were used in the mixing experi-

ments. The length of cilia could effect the mixing time.

(viii) Cilia spacing and configurations : The spacing between two adjacent cilia was

500µm. Adjusting the spacing could find the minimized mixing time. The different

configurations or arrangements of cilia in the chamber could also effect the flow pat-

tern and the mixing time.

(ix) Phase difference between the fluid and the cilia: Phase difference between the

fluid and the cilia could be maximized to possibly reduce the mixing time.

(x) Individual cilia excitation : Individaully actuated cilium is desired to provide

phase/magnitude difference for each cilium. The cilia can be actuated in a coordi-
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nated way as found in biological cilia to optimize the mixing time.

All of these proposed themes are worth exploring in the future works and the

results could make significant contributions to accelerating micromixing and could

benefit the development of the mixing device in the micro world.
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Appendix A

OPTIMAL INVERSION-BASED FEEDFORWARD
CONTROL OF PIEZOACTUATOR (WITHOUT

FEEDBACK)
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A.1 Introduction

This appendix demonstrates the application of the optimal inversion-based feed-

forward control scheme to track the desired trajectory or wave form without the

integration of feedback control.

A challenge is that, at high frequencies, vibrations in the piezoactuator (that

generates the excitation waveform) can distort the positioning achieved, and thereby,

limit the ability to evaluate the effect of a desired excitation waveform on mixing.

This work uses feedforward control to account for the vibrational dynamics and avoid

unwanted vibrations in the achieved positioning.

The result shows that there is a bump on the wave form obtained from this

technique as it is shown in Figure A.7c and the wave form may not be suitable for

evaluating the effect of a desired excitation waveform on mixing time. Thus, the

model-based optimal inverse without feedback loop may not be used to design and

track an excitation waveform for this particular system.

The integration of the feedback loop into the feedforward control is implemented

in Chapter 4 to improve the trajectory and to allow the evaluation of the effect of a

desired excitation waveform on mixing time.

A.2 Problem Formulation

A.2.1 System Description

The displacement transverse to the length (x) of a cilium is excited by using a piezoac-

tuator (Burleigh PZS200) as shown in Figure A.1. The soft cilia are fabricated from

polydimethylsiloxane (PDMS) using a silicon mold and detailed information on cilia

fabrication and material properties can be found in [32]. The dimensions of the sil-

icon mold used to fabricate the cilia are length (L = 800µm), height (H = 45µm),
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Figure A.1: Schematics of experiment for evaluating micro-mixing with cilia. (a) Ex-
perimental setup. (b) Image of a cilium in water excited by piezoactuator. (c) Base
motion uc(t) at x = 0 and tip motion y(t) at the free end x = L of a cilium.
(d) Nominal cilium dimensions are length L = 800µm, width W = 10µm, and height
H = 45µm.

and width (W = 10µm). The cilia and the fluid in the chamber are observed and

evaluated using videos obtained with an optical microscope and an attached, digital,

color CCD camera, as well as, still images (Pinnacle Studio Version 12). An example

image of the resulting cilia vibration (due to the chamber oscillation) is shown in

Figure A.1b.

A.2.2 The Positioning Problem

An oscillatory excitation uc of the cilia-chamber is achieved by using a piezo-based

positioning system (referred to as the piezoactuator in the following) as shown in

Figure A.1. The piezoactuator system is driven with input voltage V , which is am-

plified to Va and applied to the piezoactuator as shown in Figure A.2. The motion

of the base of each cilium is also uc since the cilium-base is attached to the chamber

through a relatively-stiff PDMS structure. To evaluate the mixing achieved with dif-

ferent types of excitation waveforms (i.e., time profile of uc), the piezoactuator needs



110

to position the chamber precisely along the desired waveform uc. At high oscillation

frequencies, vibrations in the piezoactuator positioning system can lead to distortions

in the achieved position trajectory (excitation waveform), which make it challeng-

ing to evaluate specific excitation waveforms. The control goal is to correct for such

vibration-caused distortions.

Piezoactuator Model

cuv
GpKamp

va

Amplifier Model

Mixing Chamber

Figure A.2: Block diagram of the positioning system. An input voltage V is amplified
by Kamp to Va and applied to the piezoactuator (model Gp). The amplifier gain Kamp

is adjusted to achieve a fixed-amplitude for the excitation waveforms uc applied to the
cilia-containing chamber. Such fixed-amplitude motion of the cilia chamber enables
the comparative evaluation of mixing with different excitation waveforms uc.

A.3 Feedforward Control of Piezoactuator

The modeling of the piezoactuator, the design of the excitation waveforms, and model-

based feedforward control are discussed in this section.

A.3.1 Piezoactuator Model

The model of the piezoactuator (Gp in Figure A.2) is obtained experimentally. In

particular, experimental frequency responses are obtained by using a dynamic signal

analyzer (SRS Model SR785) at different input voltage Va amplitudes as shown in

Figure A.3. A fit of the experimental response is obtained using Matlab and the

resulting model Gp is described by the following transfer function

Gp(s) =
uc(s)

Va(s)
= k

N∏
i

(s− zi)

(s− pi)
(A.1)
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where the poles pi, zeros zi and gain k are listed in Table A.1. The frequency response

of the model matches the experimentally obtained frequency responses till about

500Hz as seen in Figure A.3.
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Figure A.3: Experimental and model-based frequency response of piezoactuator Gp

in Figure A.2. Experimental responses are shown for two different input amplitude
levels: the dashed line represents the response with input voltage Va = 11.2V peak-
peak; and the dotted line represents the response with Va = 16V peak-peak. The
response of the fitted model Gp (in Eq. A.1) is represented by the solid line.

A.3.2 Issues in Tracking the Desired Excitation Waveforms

Two types of excitation waveforms are considered; sinusoidal excitation (used in [2,

60]), and a nominal sawtooth excitation as shown in Figure A.4.

The sinusoidal excitation uc is relatively easy to achieve. The input voltage V to the

amplifier (in Figure A.2) can be chosen as the same sinusoidal excitation waveform

uc in Figure A.2 and the amplifier gain Kamp can be adjusted till the output position

of the piezoactuator uc has the desired peak-to-peak amplitude of 20µm. On the
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Poles, pi

(−23.95± 235.56i)2π

(−7.78± 316.89i)2π

(−13.25± 414.64i)2π

Zeros, zi

(−4.41± 293.87i)2π

(−3.01± 376.16i)2π

Gain, k 1206400

Table A.1: Parameters of piezoactuator model Gp in Eq. (A.1)
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Figure A.4: Excitation waveforms uc for one time period: (a) sinusoidal waveform,
(b) sawtooth waveform.

other hand, if the nominal sawtooth profile in Figure A.4b is applied (after amplifica-

tion) as a feedforward voltage Va to the piezoactuator system (see Figure A.2), then

substantial unwanted oscillations are to be expected in the achieved positioning uc

due to vibrations excited in the piezoactuator dynamics. Since vibrations distort the

excitation waveform uc, which makes it difficult to evaluate the mixing performance

of a desired waveform (as discussed before). On the other hand, it is difficult to track
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the sawtooth waveform since it has substantial high-frequency harmonics, which are

beyond the positioning bandwidth of the piezoactuator. Therefore, in the following,

an optimal inversion method is used to reduce the vibrational effects.

.

A.3.3 Optimal Inversion

Optimal inversion can be used to achieve a compromise between the goal of exact

tracking the desired trajectory and handling actuator bandwidth limitations [79].

Moreover, the approach can be used to handle potential uncertainties in the model

as shown in [81]. Most piezoactuators tend to have some frequency regions where

plant uncertainty is unacceptably large — usually at high frequencies and close to the

vibrational resonances. Moreover, the frequency response can be amplitude dependent

due to hysteresis nonlinearities as seen in Figure A.3. The optimal inverse allows

the inverse to be computed only in frequency regions where the uncertainty (in the

linearized model Gp) is “sufficiently” small. The optimal inverse va = va,opt is obtained

by minimizing the following cost function

J(Va) =

∫ ∞

−∞
{V ∗

a (jω)R(jω)Va(jω)

+ E∗
P (jω)Q(jω)EP (jω)}dω,

(A.2)

where ∗ denotes the complex conjugate transpose and

EP = uc − uc,d

is the positioning error with respect to a given desired excitation waveform uc,d. The

terms R(jω) and Q(jω) are real-valued, frequency-dependent weightings that penalize

the size of the input Va and the positioning error EP . If the model uncertainty is large

at some frequency ω, then the choice of weights R(jω) > 0 and Q(jω) = 0 results in

a minimum cost with zero input Va(jω) = 0, i.e., no tracking at that frequency.
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The optimal inverse input Va,opt minimizing the cost function can be found, for

the single-input-single-output (SISO) case as [79]

V ∗
a,opt(jω) =

[
Gp

∗(jω)Q(jω)

R(jω) +Gp
∗(jω)Q(jω)Gp(jω)

]
uc,d(jω)

= G−1
p,opt(jω)uc,d(jω)

(A.3)

and the time-domain signal for the feedforward input

V ∗
a (t) = V ∗

a,opt(t)

is then obtained through an inverse Fourier transform of V ∗
a,opt(jω). The optimal

inverse (in Eq. A.3) can be expressed as

G−1
p,opt(jω) =

[
Gp

∗(jω)Q(jω)Gp(jω)

R(jω) +Gp
∗(jω)Q(jω)Gp(jω)

]
Gp

−1(jω)

= ρopt(jω)Gp
−1(jω)

(A.4)

Therefore, the optimal inverse can be considered as a frequency weighted inverse.
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Figure A.5: Input energy weight, R(jω) and tracking-error weight, Q(jω) used in the
cost function (in Eq. A.2) to find the optimal inverse.
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A.3.4 Choosing the Weights in the Cost Function

The weights R,Q in the cost function (in Eq. A.2) can be used to account for model

uncertainty and piezoactuator constraints by appropriately choosing the input-energy

weight, R(jω) and the tracking-error weight, Q(jω). In particular, the weights can

be chosen such that good tracking is achieved in the low- frequency range (till 100Hz

for the cilia-based mixing device) and to reduce the emphasis on tracking at at high

frequencies where the model Gp (in Eq. A.1) tends to become less accurate, e.g.,

beyond 500Hz for the piezoactuator model. This implies that the tracking-error weight

Q should be larger than the input energy weight R in the low-frequency range and

vice versa in the high-frequency range, as shown in Figure A.5.

A.3.5 Optimal Excitation Waveform

The optimal input V ∗
a,opt scaled by a factor Kopt , i.e.,

Va = Va,opt = V ∗
a,optKopt

to achieve the desired peak-to-peak amplitude of 20µm of the corresponding excitation

waveform uc,opt is shown in Figure A.6a. The resulting output of the piezoactuator,

i.e., the optimal excitation waveform

uc,opt = GpVa,opt

is shown in Figure A.6b. To illustrate the importance of accounting for the vibrational

dynamics, the response uc,DC of the piezoactuator when the input Va is chosen as a

scaled version Va,DC of the optimal output uc,opt, i.e.,

Va,DC = KDCuc,opt (A.5)

uc,DC = GpVa,DC = GpKDCuc,opt (A.6)

is shown in Figure A.6a where the constant (DC-type) gain KDC is chosen to achieve

the desired peak-to-peak amplitude of 20µm of the corresponding excitation waveform

uc,DC shown in Figure A.6b.
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Figure A.6: Simulation results using the piezoactuator model Gp in Figure A.2. In-
put voltages Va are shown in plot (a) and the corresponding responses uc of the
piezoactuator are in plot (b). Results are shown for three cases: (a) sawtooth exci-
tation; (b) without correcting dynamics Va,DC , uc,DC ; and (c) optimal input-output
Va,opt, uc,opt.

Note that the achieved excitation waveform with the optimal inverse Va,opt has a sim-

ilar asymmetry as the response achieved with the sawtooth input Va — however, the

optimal inverse reduces the oscillations due to vibrations excited in the piezoactuator

as shown in Figure A.6b. The vibrational effects are reduced because the optimal

inverse Va,opt accounts for the vibrational dynamics. In contrast, without consider-

ing the vibrational dynamics (e.g., the pair Va,DC , uc,DC), still has vibration-caused

distortions — although such distortion is less when compared to the sawtooth input,

which has substantially larger high-frequency content.

A.3.6 Comparison of Experimental and Simulated Waveforms

The optimal excitation waveform can be experimentally tracked without substantial

distortions. For example, the simulated responses (solid lines) are compared with

the experimental responses (dotted lines) in Figures A.7a-A.7c. For the sawtooth

case (Figure A.7a) the experimental response has additional oscillations with period,
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T = 0.81ms, which corresponds to a vibrational frequency of 1235Hz, which is not

captured by the model Gp (in Eq. A.1). Such model errors (at high frequencies) are

avoided with the optimal inverse through the choice of the input-output weights R,Q.

For example, the predicted response is close to the experimental response (uc,DC in

Figure A.7b) for the case without considering the vibrational dynamics because of

smaller high-frequency components (see Eq. A.6) when compared to the sawtooth

case. Note that the response to the optimal-inverse case, Va,opt in Figure A.7c, which

takes the vibrational dynamics into account, is in a good agreement with the simulated

response. The error between the simulated response and the experimental response

for the optimal-inverse case is shown in Figure A.7d — the maximum error of 1.21µm

is 6.05% of the 20µm peak-to-peak amplitude.

A.4 Conclusions

This appendix demonstrates the application of the optimal inversion-based feed-

forward control scheme to track the desired trajectory or wave form without the

integration of feedback control.

The result shows that there is a bump on the wave form obtained from this

technique as it is shown in Figure A.7c and the wave form may not be suitable for

evaluating the effect of a desired excitation waveform on mixing time. Thus, the

model-based optimal inverse without feedback loop may not be used to design and

track an excitation waveform for this particular system.

The integration of the feedback loop into the feedforward control is implemented

in Chapter 4 to improve the trajectory and to allow the evaluation of the effect of a

desired excitation waveform on mixing time.



118

0 0.002 0.004 0.006 0.008 0.01
0

5

10

15

20

Time(s)

u
c 
(µ

m
)

0 0.002 0.004 0.006 0.008 0.01
0

5

10

15

20

Time(s)

u
c (
µ

m
)

0 0.002 0.004 0.006 0.008 0.01
0

5

10

15

20

Time(s)

u
c (
µ

m
)

0 0.002 0.004 0.006 0.008 0.01
−1

−0.5

0

0.5

1

1.5

Time(s)

E
rr

o
r 

(µ
m

)

T

(a) (b) 

(c) (d) 

Figure A.7: Comparison of simulation and experimental results. Simulated response
(solid line) and experimental response (dotted line) for three cases: (a) sawtooth
excitation; (b) without correcting dynamics Va,DC , uc,DC ; and (c) optimal input-
output Va,opt, uc,opt. Plot (d) shows the error between the simulated response and and
experimental response with the optimal input Va,opt.

A.5 Matlab Code

The following Matlab code is used to fit the experimental frequency response in Figure

A.3.

% this code models experimental data

close all; clear all; clc;



119

figure_no = 0; % figure number

Ka=10; % amplifier gain

Ks=0.2; % sensor gain

Kas=Ka*Ks;

load F5; % load the experimental frequency response data obtained from DSA

% the first column is frequency in Hz

% the second column is G(jw) a complex number

f_Hz = f5(:,1); % frequency in Hz

f_rad = 2*pi*f_Hz; % frequency in radian

G = f5(:,2); % these are complex numbers

% return

% extract the magnitude and phase information

m=(abs(G))/Kas; % the magnitude of G

m_db=20*log10(abs(G)/Kas); % magnitude in db

p=unwrap(angle(G))*180/pi;

a1= (-0.2395e02)*2*pi; % real part of pole 1

b1= (2.3556e02)*2*pi; % imaginary part of pole 1

c1= (-0.0441e02)*2*pi; % real part of zero 1

d1= (2.9387e02)*2*pi; % imaginary part of zero 1

a=a1; b=b1; c=c1; d =d1;

p1=a+b*i ; % pole 1

p2=conj(p1) ; % pole 2

z1=c+d*i ; % zero 1

z2=conj(z1); % zero 2
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% transfer function 1 with dc gain adjusted

TF_1=((2.4128e+006)/Kas)*tf([1 -z1],[1 -p1])*(tf([1 -z2],[1 -p2]));

a3= (-0.0778e02)*2*pi; % real part of pole 3

b3= (3.1689e02)*2*pi; % imaginary part of pole 3

c3= (-0.0301e02)*2*pi; % real part of zero 3

d3= (3.7616e02)*2*pi; % imaginary part of zero 3

a=a3; b=b3; c=c3; d =d3;

p1=a+b*i; % pole 1

p2=conj(p1); % pole 2

z1=c+d*i ; % zero 1

z2=conj(z1); % zero 2

% transfer function 2

TF_2=tf([1 -z1],[1 -p1])*(tf([1 -z2],[1 -p2]));

a5= (-0.1325e02)*2*pi; % real part of pole 5

% one might need to tune the damping sometimes

b5= (4.1464e02)*2*pi; % imaginary part of pole 5

c5= (-0.0034e02)*2*pi; % real part of zero 5

d5= (3.7611e02)*2*pi; % imaginary part of zero 5

a=a5; b=b5;

p1=a+b*i ; % pole 1

p2=conj(p1); % pole 2

% transfer function 3

TF_3=tf([1],[1 -p1])*(tf([1],[1 -p2])); %
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a7=-(0.1693e02)*2*pi; % real part of pole 7

b7= (8.8382e02)*2*pi; % imaginary part of pole 7

c7=-(0.1354e02)*2*pi; % real part of zero 7

d7= (8.7325e02)*2*pi; % imaginary part of zero 7

a=a7; b=b7; c=c7; d =d7;

p1=a+b*i ; % pole 1

p2=conj(p1); % pole 2

z1=c+d*i ; % zero 1

z2=conj(z1); % zero 2

% transfer function 4

TF_4=tf([1 -z1],[1 -p1])*(tf([1 -z2],[1 -p2]));

% syst_current=1; CASE=1;

syst_current=TF_1; CASE=0;

syst_current=TF_1*TF_2; CASE=0;

syst_current=TF_1*TF_2*TF_3; CASE=0;

% syst_current=TF_1*TF_2*TF_3*TF_4; CASE=0;

disp(’syst_current’)

GOL = syst_current % this is the model we obtain

if CASE~=1

% d=[1]

% n=[1]

% return

% let’s compare the frequency responses (i.e., bode plots)

% the following generates the frequency response and store them
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%H_sys1 = freqresp(GOL,f_rad); % obtain frequency response

H_sys1 = freqresp(GOL,f_rad); % obtain frequency response

Res_sys1=zeros(1,length(H_sys1(1,1,:))); Res_sys1(:)= H_sys1(1,1,:);

H_sys_current = freqresp(syst_current,f_rad); % obtain frequency response

Res_syst_current=zeros(1,length(H_sys_current(1,1,:)));

Res_syst_current(:)= H_sys_current(1,1,:);

% return

% magnitude in db and phase in degree

m_syst_current=20*log10(abs(Res_syst_current));

p_syst_current=unwrap(angle(Res_syst_current))*180/pi;

sys_extra=G./Res_syst_current(:);

else

sys_extra=G;

end

Wtfreq =[0 160 161 200 220 245 250 255 290 295 299 300 310 ...

312 335 340 400 450 550 551 850 855 2000];

Wtval =[1 1 1 1 1 1 1 1 1 1 1 1 1 1 ...

1 1 1 1 0 0 0 0 0];

Wtfreq =[0 390 396 463 465 2000];

Wtval =[0 0 1 1 0 0];

Wt_extra=interp1(Wtfreq, Wtval, f_Hz);

Wt_extra = ones(size(f_Hz));
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% figure_no = figure_no +1; figure(figure_no)

% plot(f_Hz,Wt_extra);

% return

Nzeros_extra=2;

Npoles_extra=2;

[b,a]=invfreqs(sys_extra,f_rad,Nzeros_extra,Npoles_extra,Wt_extra);

sys_extra_tf = tf(b,a)

nume =b; dene =a;

save datamodel syst_current

% return

poles_new_Hz=pole(sys_extra_tf)/2/pi

zeros_new_Hz=tzero(sys_extra_tf)/2/pi

% return

sys_total= syst_current*sys_extra_tf

% return

poletotal_radpsec=pole(sys_total)

zerototal_radpsec=tzero(sys_total)

poletotal_Hz=pole(sys_total)/2/pi

zerototal_Hz=tzero(sys_total)/2/pi

% return
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GOL = sys_total

% let’s compare the frequency responses (i.e., bode plots)

% the following generates the frequency response and store them

H_sys1 = freqresp(GOL,f_rad); % obtain frequency response

Res_sys1=zeros(1,length(H_sys1(1,1,:))); Res_sys1(:)= H_sys1(1,1,:);

% magnitude in db and phase in degree

m_GOL=20*log10(abs(Res_sys1));

p_GOL=unwrap(angle(Res_sys1))*180/pi;

if CASE~=1

figure_no = figure_no +1; figure(figure_no)

subplot(2,1,1);

semilogx(f_Hz, m_db,’b:’,f_Hz,m_syst_current ,’r’);

title(’Open Loop Frequency Response’);

xlabel(’Frequency (Hz)’);

ylabel(’Magnitude (db)’);

subplot(2,1,2);

semilogx(f_Hz, p,’b:’,f_Hz,p_syst_current,’r’ );

xlabel(’Frequency (Hz)’);

ylabel(’Phase (degree)’);

legend(’Experiment’,’Model’,3);

else

figure_no = figure_no +1; figure(figure_no)

subplot(2,1,1);

semilogx(f_Hz, m_db,’b:’);
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title(’Open Loop Frequency Response’);

xlabel(’Frequency (Hz)’);

ylabel(’Magnitude (db)’);

subplot(2,1,2);

semilogx(f_Hz, p,’b:’);

xlabel(’Frequency (Hz)’);

ylabel(’Phase (degree)’);

legend(’Experiment’,’Model’,3);

end
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Appendix B

MAKING BIOMIMETIC CILIA AND CILIA DEVICES
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This appendix describes steps on fabricating the biomimetic cilia.

The cilia are fabricated from polydimethylsiloxane (PDMS) using a microfabricated

silicon mold. The nominal dimensions of the silicon mold used to fabricate the cilia

used in the experiments are length (L = 800µm), height (H = 45µm), and depth (D =

10µm).

Step [1] : Weigh polydimethylsiloxane (PDMS) and curing agent (Sylgard 184

silicone elastomer curing agent) by using a scale and thoroughly mix them together

with the ratio of 10 : 1 by weight as shown in Figures B.1 and B.2.

Step [2] : Put the mixture in the vacuum chamber (as shown in Figure B.3) connected

to the vacuum pump, run the pump for 2 minutes, close the valve, turn the pump off,

leave the mixture in the vacuum chamber until the air bubbles induced by stirring

in Step [1] are completely gone.

Step [3 ] : Fill and sweep the mixture onto the silicon mold in the area designed to

be used as the base of cilia as shown in Figure B.4.

Step [4] : Precisely push the mixture through the view from the microscope using

a clean stick till the mixture exactly touches the outlined groove connected to the

grooves made for PDMS to fill up by capillary action to create the cilia structure as

shown in Figure B.5.

Step [5] : Let the mixure on the mold stay at the room temperature for 20 minutes

to allow the mixure to fill up the grooves completely as shown in Figure B.6 and

then put it in the oven at 80 Celsius and leave it for 12 hours to have the mixture

cured, as shown in Figure B.7.



128

Step [6] : Peel off the cured cilia structures from the mold using tweetzers as shown

in Figure B.8 to get an array of cilia shown in Figure B.9.

Step [7] : Cut the array of cilia as shown in Figure B.10 to obtain a smaller array of

3 cilia and glue the cilia base support made by cured PDMS to the glass slide and

cure it in the oven for 2 hours and then glue the array of 3 cilia using the mixure

to the support and cure it in the oven for 2 hours to get the final assembly with

the PDMS chamber, the PDMS cover support, and the cover as shown in Figure B.11.

Figure B.1: Weighing polydimethylsiloxane (PDMS) and curing agent



129

Figure B.2: Mixing polydimethylsiloxane (PDMS) with curing agent

Figure B.3: Mixture left in the vacuum chamber for air bubble removal
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Figure B.4: Filling the mixture onto the mold

Figure B.5: Precise manipulation of the mixure through the microscope
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Figure B.6: Mixure on the mold left at the room temperature for 20 minutes for the
complete fill-up

Figure B.7: Mixure on the mold left in the oven for 12 hours for curing
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Figure B.8: Peeling off the cilia structure from the mold

Figure B.9: An array of cilia obtained
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Figure B.10: Cutting the array to obtain a shorter array

Figure B.11: Final assembly of the mixing chamber, ready for mixing experiments
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Appendix C

CONTROL DESIGN AND IMPLEMENTATION
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C.1 Determining the Controller Gain, K

The open-loop model of the piezoactuator (Gp in Figure A.2) is obtained experi-

mentally. In particular, experimental frequency responses are obtained by using a

dynamic signal analyzer (SRS Model SR785) at different input voltage Va amplitudes

as shown in Figure A.3. A fit of the experimental response is obtained using Matlab

and the resulting model Gp is described by the following transfer function

Gp(s) =
uc(s)

Va(s)
= k

N∏
i

(s− zi)

(s− pi)
(C.1)

where the poles pi, zeros zi and gain k are listed in Table C.1.

Poles, pi

(−23.95± 235.56i)2π

(−7.78± 316.89i)2π

(−13.25± 414.64i)2π

Zeros, zi

(−4.41± 293.87i)2π

(−3.01± 376.16i)2π

Gain, k 1206400

Table C.1: Parameters of piezoactuator model Gp in Eq. (C.1) : Open-loop model

The open-loop model of the piezoactuator (Gp ) is used to plot the root locus

using the Matlab commands.

After the iterative process in design, it is concluded that the proportional control is

appropriate for this particular control system in terms of performance and simplicity

and it is chosen for the implementation.

The root locus is shown in Figure C.1 with the selected gain of 5, which satisfies

the performance and stability, and the resulting closed-loop pole locations marked by

the plus signs (+) on the root locus are listed in Table C.2.
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Figure C.1: Root locus

Poles, pi

(−6.82± 285.02i)2π

(−5.81± 356.61i)2π

(−32.35± 517.82i)2π

Table C.2: Closed-loop pole locations

Note that the root locus shown in Figure C.1 is generated by the following Matlab

code.

% this file plots the root locus

clear all; close all; clc;

load datamodel % load the model obtained in Appendix A
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sysmodel = syst_current;

rlocus(sysmodel)% plot the root locus to show the closed-loop pole

% trajectories as a function of the gain,K

[K,r]=rlocfind(sysmodel)% put up a crosshair cursor in the graphics window

% which is used to interactively select gain,K and obtain the

% closed-loop poles associated with the selected gain,K

% the selected point, the gain k, and the closed-loop poles will appear

% in the command window

C.2 Hardware and Software for Implementing the Control

[1] A circuit diagram that contains the amplifier, the piezoactuator, the op-amps, the

potentiometer for biasing, and the resistors for scaling, is designed as shown in Figure

C.2.

[2] The circuit as designed is built on a breadboard and connected to NI myDAQ as

shown in Figure C.3.

[3] Labview graphical-based programming language is used for the DAQ interface.

The front panel is shown in Figure C.4 and the block diagram is shown in Figure

C.5.
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Figure C.2: Circuit diagram
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Figure C.3: Op-amp circuit built on the breadboard connected to NI myDAQ : Power
supply lines, ground lines, blue capacitors between them, and DAQ wires on the circuit
board are not shown in Figure C.2.

Figure C.4: Labview front panel for DAQ system while running the mixing experiment
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Figure C.5: Labview block diagram for DAQ system
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C.3 Iterative Control Approach to Finding the Inverse Inputs

[1] The following Matlab code is used to determine the iteration gain, ρ.

% this file generates the plot to determine the iteration gain,rho

clear all; close all;clc;

figure_no = 0; % figure number

Kac=1;% signal gain before entering DSA

Ks=1;% sensor gain

Kas=1/(Kac);

%load the experimental freq response data

load JK241; % 1v ideal ref set on DSA.

load JK245; % 100 mv set on DSA

f_Hz_jk241 = jk241(:,1); % frequency in Hz

f_rad_jk241 = 2*pi*f_Hz_jk241; % frequency in radian

G_jk241 = jk241(:,2); % these are complex numbers

f_Hz_jk245 = jk245(:,1); % frequency in Hz

f_rad_jk245 = 2*pi*f_Hz_jk245; % frequency in radian

G_jk245 = jk245(:,2); % these are complex numbers

% extract the magnitude and phase information

m_jk241=(abs(G_jk241))/Kas;% the magnitude of G

m_db_jk241=20*log10(abs(G_jk241)/Kas); % magnitude in db
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p_jk241=(angle(G_jk241))*180/pi;

% extract the magnitude and phase information

m_jk245=(abs(G_jk245))/Kas;% the magnitude of G

m_db_jk245=20*log10(abs(G_jk245)/Kas); % magnitude in db

p_jk245=(angle(G_jk245))*180/pi;

figure_no = figure_no +1; figure(figure_no)

subplot(2,1,1);

semilogx(f_Hz_jk241,m_db_jk241,’b’,f_Hz_jk245,m_db_jk245,’m’);

title(’Closed-Loop Response,1.0v Ideal Ref DSA output,100mv DSA input’);

xlabel(’Frequency (Hz)’);

ylabel(’Magnitude (db)’);

subplot(2,1,2);

semilogx(f_Hz_jk241,p_jk241,’b’,f_Hz_jk245,p_jk245,’m’);

xlabel(’Frequency (Hz)’);

ylabel(’Phase (degree)’);

legend(’1.0v Ideal Ref DSA output’,’100mv DSA input’,3);

% magnitude ratio and phase difference between two different sizes

% of inputs

del_phase=(unwrap((p_jk245-p_jk241))); % in degreee

del_mag=m_jk245./m_jk241;

two_cos_del_phase=2*cos(del_phase*pi/180);

ratio=two_cos_del_phase./del_mag;

figure_no = figure_no +1; figure(figure_no)

subplot(2,1,1);
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semilogx(f_Hz_jk241,del_mag,’m’);

title(’Magnitude Ratio’);

xlabel(’Frequency (Hz)’);

ylabel(’Magnitude Ratio (abs)’);

subplot(2,1,2);

semilogx(f_Hz_jk241,del_phase,’m’);

title(’Phase Difference’);

xlabel(’Frequency (Hz)’);

ylabel(’Phase Difference (degree)’);

figure_no = figure_no +1; figure(figure_no)

plot(f_Hz_jk241,ratio,’b’);

title(’2cos del phase/del mag’);

xlabel(’Frequency (Hz)’);

ylabel(’2cos del phase/del mag’);

axis([100 500 0 23])

Ratio_Min=min(ratio)

Lower_bound=Ratio_Min*ones(size(ratio)); % draw the line for lower bound

figure_no = figure_no +1; figure(figure_no)

plot(f_Hz_jk241,ratio,’b’,f_Hz_jk241,Lower_bound,’r’);

title(’2cos del phase/del mag’);

xlabel(’Frequency (Hz)’);

ylabel(’2cos del phase/del mag’);
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[2] The following Matlab function is used to compute the optimal inverse solutions.

% this function is available in the lab

function [uopt,yopt] = optinv_s_exp(w_g,g,r,q,omega,y,t)

%

% optimal inversion function

% Usage: [uopt,yopt] = optinv_expdat(w_g,g,r,q,omega,y,t)

%

% Notes

% g denotes the stable transfer function evaluated at w_g which starts at

% zero frequency input and optimal inverse are set to zero at frequencies

% w such that max(w_g) < w < max(omega)

%

% system must be non-hyperbolic, i.e., no zeros on the imaginary axis

% r and q are defined as a function of omega, i.e. specify frequencies

% values in omega and the values of r and q for those frequencies

% If r and q are not specified for a frequency then r =1 and q=0;

% t row vector, must be evenly spaced time points (and has an odd length)

% it is advisable that y be zero at beginning and end.

% y must be same size as time vector "t"

% the output u is the optimal inverse-input into the system

% yopt is the modified output

%Related Papers

%[1] Q. Zou and S. Devasia "Preview-based Stable-Inversion for Output

% Tracking," ASME J. of Dynamic Systems, Measurement and Control,
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% Vol. 121 (4), pp. 625-630, December 1999.

%[2] S. Devasia "Approximated Stable Inversion for Nonlinear Systems

% with Nonhyperbolic Internal Dynamics," IEEE Trans. on Automatic

% Control,Vol. 44 (7), pp. 1419-1425, July 99.

%[3] J.S. Dewey, K. K. Leang and S. Devasia "Experimental and

% Theoretical Results in Output-Trajectory Redesign for Flexible

% Structures," ASME Journal of Dynamic Systems, Measurement,

% and Control, Vol. 120 (4), pp. 456-461, Dec. 1998.

%[4] S. Devasia and B. Paden "Stable Inversion for Nonlinear

% Nonminimum-Phase Time-Varying Systems," IEEE Trans. on Automatic

% Control, Vol. 43 (2), pp. 283-288, Feb. 1998.

%[5] S. Devasia, B. Paden and C. Rossi "Exact-Output Tracking Theory

% for Systems with Parameter Jumps," International Journal of Control

% , Vol. 67 (1), pp. 117-131, May 1997.

%[6] S. Devasia, D. Chen and B. Paden "Nonlinear Inversion-Based Output

% Tracking," IEEE Transactions on Automatic Control, Vol. 41 (7),

% pp. 930-942, July 1996.

%[7] D. Croft and S. Devasia "Vibration Compensation for High Speed

% Scanning Tunneling Microscopy," Review of Scientific Instruments

% published by the American Institute of Physics, Vol. 70 (12),

% pp. 4600-4605, December 1999.

delt = t(2)-t(1);

Nt = length(t);

Nf = (Nt-1)/2;

del_freq = ((2*pi/delt)/2)/Nf;

i = sqrt(-1);

u = zeros(size(t));
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yopt = zeros(size(t));

yf = fft(y);

ome_max = max(omega);

%ym = abs(yf); yp=(180/pi)*unwrap(angle((yf)));

%ww=(1:1:Nt)*(2*pi/delt);plot(ww,abs(ym))

for jj=1:1:Nf,

ome = del_freq*jj;

if ome < ome_max

rr = interp1(omega,r,ome);

qq = interp1(omega,q,ome);

else

rr = 1;

qq = 0;

end

if ome < max(w_g)

gw = interp1(w_g, g, ome);

yopt(jj+1) = ( (gw*(conj(gw))*qq)/( gw*(conj(gw))*qq + rr))*yf(jj+1);

u(jj+1) = yopt(jj+1)/gw;

else

yopt(jj+1) = 0;

u(jj+1) = 0;

end

jjj = Nt+1-jj;

yopt(jjj) = conj(yopt(jj+1));

u(jjj) = conj(u(jj+1));

end
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% the DC gain effects

rr = interp1(omega,r,0);

qq = interp1(omega,q,0);

gw = interp1(w_g,g,0);

yopt(1) = ( (gw*(conj(gw))*qq)/( gw*(conj(gw))*qq + rr) )*yf(1);

u(1) = yopt(1)/gw;

yopt = real(ifft(yopt));

uopt = real(ifft(u));

return

[3] The following Matlab code is used to find the initial inverse input.

% this file finds the initial inverse input

clear all; close all;clc;

% constants and parameters

figure_no=0; % figure number

TimeScale=10^(-3); % time scaled to millisecond

sec2msec=1000; % conversion factor from second to millisecond

freq = 96*TimeScale; % frequency in cycle per millisecond

AoverB =.25; % A/B time asymmetry index

one_period=1/freq;% millisecond

DCfactor=1;% dc gain based on function generator
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N=2000;%2000 % number of points

SamplingFreq192K=192000;

del=(1/freq)/N; % time step

save variables TimeScale sec2msec one_period freq SamplingFreq192K...

AoverB N del

% experimental data and frequency response

load JK241; % load the experimental frequency response data,100 to 500 Hz

f_Hz_clk = [0;jk241(:,1)] ; % frequency in Hz

f_rad_clk = 2*pi*f_Hz_clk; % frequency in radian

G_clk = ([abs(jk241(1,2));jk241(:,2)]); % these are complex numbers

m_clk=(abs(G_clk));% the magnitude of G

m_db_clk=20*log10(abs(G_clk)); % magnitude in db

p_clk=unwrap(angle(G_clk))*180/pi;

figure_no = figure_no +1; figure(figure_no)

subplot(2,1,1);

semilogx(f_Hz_clk,m_db_clk,’k’);

title(’Experimental Closed-Loop Response’);

xlabel(’Frequency (Hz)’);

ylabel(’Magnitude (db)’);

subplot(2,1,2);

semilogx(f_Hz_clk,p_clk,’k’);

xlabel(’Frequency (Hz)’);

ylabel(’Phase (degree)’);

figure_no = figure_no +1; figure(figure_no)

subplot(2,1,1);
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plot(f_Hz_clk,m_db_clk,’k’);

title(’Experimental Closed-Loop Response’);

xlabel(’Frequency (Hz)’);

ylabel(’Magnitude (db)’);

subplot(2,1,2);

plot(f_Hz_clk,p_clk,’k’);

xlabel(’Frequency (Hz)’);

ylabel(’Phase (degree)’);

w_g=f_rad_clk*TimeScale;% input for optimum inverse

g=G_clk ;% input for optimum inverse

% tracking scheme

% quantify the frequency weights (r and q) on input and tracking error

scale_q = 1; % increase this increases the tracking precision

scale_r = 1; % increase this term to reduce the magnitude of inputs

% choose q and r

omega = [0 200 400 500 100500*1000]*2*pi*TimeScale;

q = [1 1 1 0 0]*scale_q;

r = [0 0 0 1 1]*scale_r;

omegap = [0 200 400 500 600 ];

% plot Q and R

figure_no = figure_no +1; figure(figure_no)

plot(omegap,q,’-r’,omegap,r,’:k’)

axis([0 500 -0.2 1.2])

xlabel(’Hz’)

legend(’Q’,’R’)
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% trajectory definitions

downlen = 1/(2*freq*(AoverB+1)); % time in millisecond=A;

uplen = AoverB/(2*freq*(AoverB+1)); % time in millisecond=B;

Height=4; % peak-to-peak-amplitude in volt (4 volts = 20 microns)

Amplitude=Height/2;

ymax = Height/2;

rampup = ymax/(uplen);% uphill slope

rampdown = ymax/(downlen);% downhill slope

% define the desired trajectory in section

% tA= 0:delt:uplen-delt;

tA= 0:del:uplen;

Y1=rampup*tA;

tB=max(tA)+del:del:max(tA)+downlen;

Y2 = max(Y1)-rampdown*(tB-max(tA));

Y3 = min(Y2)-rampdown*(tB-max(tA));

Y4 = -min(Y3)+rampup*(tA-max(2*tA)+del);

%Y=[Y1(1:end-1) Y2];

Y=[Y1 Y2 Y3 Y4];

Y=Y(1:end-1);

figure_no =figure_no+1; figure(figure_no); clf;

plot(Y)

xlabel(’Number of Points’)

ylabel(’Displacement(\mum)’)

title (’Wave Trajectory’)

grid

%return
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Ynew=Y(1:(length(Y)-1)); % one of the superimposed points to be removed

tnew=del*(0:1:length(Ynew)-1);

figure_no =figure_no+1; figure(figure_no); clf;

plot(tnew,Ynew,’r’,’LineWidth’,2’)

xlabel(’Time(millisecond)’)

ylabel(’Displacement(\mum)’)

title (’Wave Trajectory’)

grid

% return

Y3p=[Ynew Ynew Ynew]; % 3 periods

t3p=del*(0:1:(length(Y3p)-1));

% return

Y=Ynew; % one cycle

Y=[Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y]; % 15 cycles

Y=[Y Y Y]; % 45 cycles

t=del*(0:1:(length(Y)-1));

% return

figure_no =figure_no+1; figure(figure_no); clf;

plot(t,Y,’r’,’LineWidth’,2’)

axis([min(t) max(t) (min(Y)-0.1*max(Y)) (max(Y)+0.1*max(Y))])

xlabel(’Time(millisecond)’)

ylabel(’Displacement(\mum)’)

title (’Wave Trajectory’)
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grid

% return

% trajectory input to optimum inverse function and execution

y_tail=[0*Y 0*Y 0*Y];

y_middle=[0*Y 0*Y 0*Y];

y= [y_tail Y y_middle -Y y_tail];

t = del*[0:1:(length(y)-1)];

figure_no =figure_no+1; figure(figure_no); clf;

plot(t,y)

xlabel(’Time(millisecond)’)

ylabel(’Displacement(\mum)’)

title (’Trajectory Fed into Optimum Inverse Function’)

% return

% find the optimal inverse

[uoptinv,yoptinv]=optinv_s_exp(w_g,g,r,q,omega,y,t);

save initialSolution uoptinv yoptinv

save inputVector w_g g r q omega

% return

load initialSolution

load inputVector

figure_no =figure_no+1; figure(figure_no); clf;

subplot(311), plot(t,uoptinv,’r’); ylabel(’input (volt)’)

subplot(312), plot(t,y,’g’,t,yoptinv,’b’); ylabel(’output (\mum)’)
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legend(’y’,’yopt’)

subplot(313), plot(t,yoptinv-y,’g’); ylabel(’yopt-y(\mum)’)

figure_no =figure_no+1; figure(figure_no); clf;

plot(t,uoptinv,’r’);

xlabel(’Time(millisecond)’)

ylabel(’input (volt)’)

title (’uopt0’)

% return

% plot the optimal solution, desired trajectories, and error

figure_no =figure_no+1; figure(figure_no); clf;

subplot(311), plot(t,uoptinv,’r’); ylabel(’input (volt)’)

subplot(312), plot(t,y,’g’,t,yoptinv,’b’); ylabel(’output (\mum)’)

legend(’y’,’yopt’)

subplot(313), plot(t,yoptinv-y,’g’); ylabel(’yopt-y(\mum)’)

Npoints=one_period/del;% numbers of points taken in one period

t_steady_state=1680;% time in millisecoond visaully determined to wait

% till steady state

cycles2wait=fix(t_steady_state/one_period);

Nk=cycles2wait*Npoints;% index

yd=[y(Nk+1:Nk+(Npoints-1)+1)];

yopt=[yoptinv(Nk+1:Nk+(Npoints-1)+1)];

uopt=[uoptinv(Nk+1:Nk+(Npoints-1)+1)];

time=del*(0:1:length(yd)-1);
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figure_no =figure_no+1; figure(figure_no); clf;

plot(time,yd,’m’,time,uopt,’b’)

xlabel(’millisecond’)

ylabel(’y_{d} (\mum),uopt(volt)’)

title(’y_{d} (\mum),uopt0(volt)’)

legend(’yd’,’uopt0’)

% find time where the minimum uopt occurs

[C Iumin]=min(uopt);

t_umin=Iumin*del

% return

uopt_2p=[uopt uopt]; % 2 cycles

yd_2p=[yd yd]; % 2 cycles

yopt_2p=[yopt yopt]; % 2 cycles

time_2p=del*(0:1:length(uopt_2p)-1);

figure_no =figure_no+1; figure(figure_no); clf;

plot(time_2p,uopt_2p,’b’)

xlabel(’millisecond’)

ylabel(’uopt(volt)’)

title(’uopt0(volt), 2 periods’)

figure_no =figure_no+1; figure(figure_no); clf;

plot(time_2p,yd_2p,’b’)

xlabel(’millisecond’)
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ylabel(’yd(\mum)’)

title(’yd, 2 periods’)

figure_no =figure_no+1; figure(figure_no); clf;

plot(time_2p,yopt_2p,’b’)

xlabel(’millisecond’)

ylabel(’yopt(\mum)’)

title(’yopt, 2 periods’)

% find time at zero crossing or sign change

Iuzero=find(uopt_2p(1:end-1).*uopt_2p(2:end)<=0)

time_uzero_xing=del*Iuzero(1)

uopt_zero=[uopt_2p(Iuzero:Iuzero+(Npoints-1))];

figure_no =figure_no+1; figure(figure_no); clf;

plot(time,uopt_zero,’m’)

xlabel(’millisecond’)

ylabel(’uopt(volt)’)

title(’uopt(volt) sent to DAQ’)

uopt_min=[uopt_2p(Iumin:Iumin+(Npoints-1))];

yd_min=[yd_2p(Iumin:Iumin+(Npoints-1))];

figure_no =figure_no+1; figure(figure_no); clf;

plot(time,uopt_min,’b’,time,yd_min,’r’)

xlabel(’millisecond’)

ylabel(’uopt(volt)’)

title(’uopt min and yd from MATLAB optimal solution ’)
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legend(’umin’,’ymin’)

% Sample the data and save it in a text file

% set the sampling frequency of 192KHz to change to D/A

FD2A = SamplingFreq192K*TimeScale;% sampling rate in cycle/millisecond

% for 96 Hz and 2000 points in 1 period

N_points = (FD2A/freq)% number of points to be an integer

time_old=time;

time_new=(0 :1:(N_points-1))*(1/FD2A); % last point to be removed

uopt_sp=interp1(time_old,uopt_zero,time_new’,’linear’,’extrap’);

uopt0_sp2daq=uopt_sp;

figure_no =figure_no+1; figure(figure_no); clf;

plot(time_new,uopt0_sp2daq,’r’)

xlabel(’millisec’)

ylabel(’u_{opt0} (volt)’)

title(’u_{opt0} scaled and sent to DAQ’)

% return

% save into a text file

fid = fopen(’uff0.txt’,’w’);

fprintf(fid, ’%2.4f\t’, uopt0_sp2daq);% define the format

fclose(’all’); % close the file

% check the number of points, maximum values, and minimum values
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Number_of_Points_inv=length(uopt0_sp2daq)

Max_uopt0_sp2daq=max(uopt0_sp2daq)

Min_uopt0_sp2daq=min(uopt0_sp2daq)

save initialData % save everything

save nextIterationData yd uopt time Iumin Npoints del % save these

% for next iterations

[4] The following Matlab code is used to find the next inverse inputs based on the

iterative control law till the divergence occurs.

% this file finds the first inverse input from the iterative control law

% this file is used for the next iterations untill the divergence occurs

clear all; close all;clc;

figure_no=0; % initialize figure number

% load data

load variables

load inputVector

load nextIterationData

% read experimental data from 2 analog input channels saved in Excel file

% visaully determine numbers of cycles to wait till steady state

% read data from the Excel file

uopt_ai=xlsread(’uff0.xls’,1,’B43152:B44193’);

time_ai=xlsread(’uff0.xls’,1,’A43152:A44193’);



158

yact_ai=xlsread(’uff0.xls’,1,’D43152:D44193’);

time_ai_yact=xlsread(’uff0.xls’,1,’C43152:C44193’);

% time_ai_yact=time_ai

figure_no = figure_no +1; figure(figure_no);

time_ai=(time_ai-min(time_ai))*sec2msec;

plot(time_ai,uopt_ai’,’m’,time_ai,yact_ai,’g’)

xlabel(’Time(millisecond)’)

ylabel(’uopt0 (volt) yact0(\mum)’)

title (’uopt0 (volt) yact0(\mum)’)

legend(’uopt0 (volt)’,’yact0 (\mum)’)

%return

% time_new=time;

% interpolate to get 2000 points in 1 period (1000 points from the

% experiment)

yact_new=interp1(time_ai,yact_ai,time’,’linear’,’extrap’);

uopt_ai_new=interp1(time_ai,uopt_ai,time’,’linear’,’extrap’);

figure_no =figure_no+1; figure(figure_no); clf;

plot(time,uopt_ai_new’,’r’)

xlabel(’millisec’)

ylabel(’uopt volt new (volt)’)

title(’uopt ai scaled and interpolated’)

yact_new=yact_new’;

yact_new_2p=[yact_new yact_new];
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% yact shifted here

% shift yact_new to yd time

yact=[yact_new_2p((Npoints-Iumin)+2:(Npoints-Iumin)+2+(Npoints-1))];

% yact with time shift

% return

figure_no =figure_no+1; figure(figure_no); clf;

plot(time,yact,’r’)

xlabel(’millisec’)

ylabel(’yact (volt)’)

title(’yact shifted to yd’)

% return

e=yd-yact;% compute the error

figure_no =figure_no+1; figure(figure_no); clf;

subplot(2,1,1)

plot(time_ai,uopt_ai’,’m’,time_ai,yact_ai,’b’)

xlabel(’Time(millisecond)’)

ylabel(’uopt (volt) yact(\mum)’)

title (’uopt (volt) yact(\mum) from Experiment AI’)

legend(’uopt (volt)’,’yact (\mum)’)

subplot(2,1,2)

plot(time,e,’r’)

xlabel(’millisec’)

ylabel(’Error (\mum)’)

title(’Error,y_{d}-y_{act} ’)

%return
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% find time at zero crossing or sign change

Izero_xing_e=find(e(1:end-1).*e(2:end)<=0)

time_zero_xing_e=del*Izero_xing_e(1)

%return

% check it graphically to make sure

zero_line=0*ones(length(e));

figure_no = figure_no +1; figure(figure_no);

plot(time,e,’r’,time,zero_line,’b’)

xlabel(’millisecond’)

ylabel(’Error (\mum)’)

title(’Error ,y_{d}-y_{act} ’)

% return

error_2p=[e e];

error=[error_2p(Izero_xing_e:Izero_xing_e+(Npoints-1))];% take 1 period

% plot the error

figure_no =figure_no+1; figure(figure_no); clf;

plot(time,error,’r’)

xlabel(’millisec’)

ylabel(’Error (\mum)’)

title(’Error, zero-zero,y_{d}-y_{act} ’)

% return

% compute the root mean squared error

RMSE = sqrt(sum(error.*conj(error))/size(error,1))

% return



161

% iterative process

% define the errors

errors=[error error error error error error error error];% 8 periods

errors=[errors errors errors errors errors];% 8*5=40 periods

errors=[errors errors errors];% 120 periods

te=del*(0:1:(length(errors)-1));

% plot the error

figure_no =figure_no+1; figure(figure_no); clf;

plot(te,errors,’k’)

xlabel(’Time(millisecond)’)

ylabel(’Error,yd-yact(\mum)’)

title (’Error New,yd-yact(\mum)’)

% return

% define the tail portion

errors_tail=[0*errors 0*errors];

errors_middle=[0*errors 0*errors];

err= [errors_tail errors errors_middle -errors errors_tail];% input to

% the optimal inverse

t = del*[0:1:(length(err)-1)];

% plot the error

figure_no =figure_no+1; figure(figure_no); clf;

plot(t,err)

xlabel(’Time(millisecond)’)
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ylabel(’Error,yact-yd(\mum)’)

title (’Error,yact-yd(\mum)’)

% return

% compute the optimal inverse

[uopt_extra,yopt_extra]=optinv_s_exp(w_g,g,r,q,omega,err,t);

% save all necessary data

save uopt_extra_sol t uopt_extra yopt_extra err Izero_xing_e

% return

load uopt_extra_sol

% plot the optimal solution

figure_no=0;

figure_no =figure_no+1; figure(figure_no); clf;

plot(t,uopt_extra)

xlabel(’Time(millisecond)’)

ylabel(’uopt_{extra} (volt)’)

title (’uopt_{extra} (volt)’)

Npoints=one_period/del;% numbers of points taken in one period

t_steady_state=3210;% time in millisecoond visaully determined to wait

% till steady state

cycles2wait=fix(t_steady_state/one_period);

Nk=cycles2wait*Npoints;% index

uopt_extra=[uopt_extra(Nk+1:Nk+(Npoints-1)+1)];
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figure_no =figure_no+1; figure(figure_no); clf;

plot(time,uopt_extra,’m’)

xlabel(’millisecond’)

ylabel(’uopt extra(volt)’)

title(’uopt extra(volt)’)

%uopt_extra shifted here

uopt_extra_2p=[uopt_extra uopt_extra]; % create 2 periods

uopt_extra_ts=[uopt_extra_2p((Npoints-Izero_xing_e)+...

2:(Npoints-Izero_xing_e)+2+(Npoints-1))]; % shift back to

% the zero yd time and create 1 period

time_2p=del*(0:1:length(uopt_extra_2p)-1);

figure_no =figure_no+1; figure(figure_no); clf;

plot(time_2p,uopt_extra_2p,’m’)

xlabel(’millisecond’)

ylabel(’uopt extra(volt)’)

title(’uopt extra(volt)’)

%return

figure_no =figure_no+1; figure(figure_no); clf;

plot(time,uopt_extra_ts,’m’)

xlabel(’millisecond’)

ylabel(’uopt extra(volt)’)

title(’uopt extra(volt) shifted’)

uopt_old=uopt;
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% iterative control law

rho=0.3; % iteration gain

uopt=uopt+rho*uopt_extra_ts;

% plot uopt0 and uff compared

figure_no =figure_no+1; figure(figure_no); clf;

plot(time,uopt_old,’:r’,time,uopt,’k’)

xlabel(’millisec’)

ylabel(’uff0 and uff1 (Volt)’)

title(’uff0 and uff1’)

legend(’uff0’,’uff1’)

% return

figure_no =figure_no+1; figure(figure_no); clf;

plot(time,uopt,’b’)

xlabel(’millisecond’)

ylabel(’uopt(volt)’)

title(’uopt(volt)’)

% find time where the minimum uopt occurs

[C Iumin]=min(uopt);

t_umin=Iumin*del

% return

% find time at zero crossing or sign change

I_zero_xing_uopt=find(uopt(1:end-1).*uopt(2:end)<=0)

time_zero_xing_uopt=del*I_zero_xing_uopt(1)
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uopt_2p=[uopt uopt]; % 2 cycles

figure_no =figure_no+1; figure(figure_no); clf;

plot(time_2p,uopt_2p,’b’)

xlabel(’millisecond’)

ylabel(’uopt(volt)’)

title(’uff1(volt), 2 periods’)

% find time at zero crossing or sign change

Iuopt_zero=find(uopt_2p(1:end-1).*uopt_2p(2:end)<=0)

time_uzero_xing=del*Iuopt_zero(1)

uopt_zero=[uopt_2p(Iuopt_zero:Iuopt_zero+(Npoints-1))];

figure_no =figure_no+1; figure(figure_no); clf;

plot(time,uopt_zero,’m’)

xlabel(’millisecond’)

ylabel(’uff1(volt)’)

title(’uff1(volt)’)

figure_no =figure_no+1; figure(figure_no); clf;

plot(time,uopt_zero,’r’)

xlabel(’millisec’)

ylabel(’uopt uff1(volt)’)

title(’uopt uff1’)

% return

% save into a text file
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% put uff in an array and save it in a text file

fid = fopen(’uff1.txt’,’w’);

fprintf(fid, ’%2.4f\t’,uopt_zero);

fclose(’all’);

% check the number of points, maximum values, and minimum values

Number_of_Points_uff=length(uopt_zero)

Max_uff=max(uopt_zero)

Min_uff=min(uopt_zero)

save iteration_1_Data % save everything

save nextIterationData yd uopt time Iumin Npoints del % save these

% for next iterations
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Appendix D

SAMPLE IMAGES FROM MIXING EXPERIMENTS,
IMAGE ANALYSIS, AND PLOTTING THE MIXING

INDEX
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D.1 Sample Images Captured from Mixing Experiments in Chapter 4

The following sample images of the mixing process are captured at different mixing

indices ,Imix = 0, 0.6, 0.8, 0.9, 0.95 and 1, for 7 runs of each case.
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Figure D.1: Sample images captured at different mixing indices for sinusoidal excita-
tion without cilia
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Figure D.2: Sample images captured at different mixing indices for sinusoidal excita-
tion with cilia
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Figure D.3: Sample images captured at different mixing indices for asymmetric exci-
tation without cilia
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Figure D.4: Sample images captured at different mixing indices for asymmetric exci-
tation with cilia
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D.2 Image Analysis and Plotting the Mixing Index

The following is an example for the image analysis and plotting the mixing index for

the case with cilia under the influence of the asymmetric actuation in Run1.

Image analysis for determining the mixing index uses the following software tools.

[1] Pinnacle studio,version 12, which comes along with the purchase of the Dazzle

video creator plus, is used to capture the images from the camera and make the

video files from the mixing experiments as shown in Figure D.5.

Figure D.5: Pinnacle studio used to capture videos

[2] VirtualDub-1.10.0, free on the website, is used to export the frames/images from

the video files with a selected decimation number as shown in in Figures D.6, D.7,

and D.8.
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Figure D.6: Selecting the frame range and choosing a decimation number : Decimated
by 3 for mixing with cilia and decimated by 15 for mixing without cilia (slower settling
time)

Figure D.7: Exporting the image sequence

[3] Matlab R2009b is used to write the code that can take the information from images.
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Figure D.8: Storing the images

[3.1] The following Matlab code reads images, computes, and saves the mixing index

from the mixing experiment.

% step 1

% this file reads images,computes,and saves the mixing index from

% the mixing experiment

clear all; close all; clc;

% set the paramters depending on the experiment

images = 500; % number of the last image in the file

frame1 = 0; % number of the first frame

framerate = 30/3; % camera frame rate (30) devided by decimation number(=3)
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file=’AsymExc/WithCilia/Run1/’;

% define first and last frames which will be c_p at t_0 and c_p at t_N

firstframe = imread(strcat(file,int2str(0),int2str(frame1),’.bmp’));

lastframe = imread(strcat(file,int2str(0),int2str(images),’.bmp’));

first_last = abs(int32(firstframe) - int32(lastframe));

first_lastSum = sum(sum(sum(first_last)));

Mi = [];

wait1 = waitbar(0); % set up a waitbar

% set a for loop for reading images and computing

for i = frame1:images-1

waitbar(i/(images-1),wait1);

cur_frame = imread(strcat(file,int2str(0),int2str(i),’.bmp’));

ImageDelta= abs(int32(cur_frame) - int32(lastframe));

ImageDeltaSum = sum(sum(sum(ImageDelta)));

Mi(i-frame1+1,1) = 1-ImageDeltaSum./first_lastSum;

end

close(wait1) % close the waitbar

% set a for loop for computing the mixing index

for i = frame1:images-1

Mi(i-frame1+1,1)= Mi(i-frame1+1,1)/abs(1-ImageDeltaSum./first_lastSum);

end

time= 0:1/framerate:(images-frame1-1)/framerate; % time vector for the plot

save(’AsymExc_WithCilia_Run1’,’time’,’Mi’) % save in a mat file
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[3.2] The following Matlab code generates the plot of the mixing index from the

mixing experiment.

% step 2

% this file produces the plot of the mixing index from the mixing experiment

clear all; close all; clc;

load AsymExc_WithCilia_Run1 % load the mat file saved from step 1

level=0.9; % set 90% mixing time

check = 0;

index = length(Mi);

% set a for loop to search backward for Mi=0.9

for i = length(Mi):-1:1

if (Mi(i) <= level && check == 0)

check = 1;index=i;

end

end

levelline=level*ones(size(time));% draw a horizontal line at Mi=0.9

% plot the mixing index

figure()

plot(time,levelline,’--m’,time,Mi,’-b’,time(index),Mi(index),’ro’)
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Figure D.9: Mixing index plot

title(’Mixing Index’,’FontSize’,11)

xlabel(’Time (s)’,’FontSize’,11); ylabel(’I_{mix}’,’FontSize’,14)

axis([0 50 -0.2 1.2]) % set the region for the plot

[4] The plot of the mixing index is generated and shown in Figure D.9.
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Appendix E

PARTICLE EXPERIMENTS AND DETERMINING THE
SPEEDS
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The motion of particles in the flow was evaluated using polymer microspheres

(crosslinked poly(styrene/divinylbenzene), mean diameter of 18.97µm, PS07N/1733,

Bangs Laboratories, Inc.) with the same operating conditions as the ink-mixing

experiment (without the ink) for all four cases: (a) sinusoidal excitation without

cilia; (b) sinusoidal excitation with cilia, (c) asymmetric excitation without cilia, and

(d) asymmetric excitation with cilia.

E.1 Images Captured from the Particle Experiments in Chapter 4

Figure E.1: Captured image used for measuring the distances traveled by particles 1
to 10 while being under the influence of sinusoidal excitation without cilia : Initial
frame



180

Figure E.2: Captured image used for measuring the distances traveled by particles
1 to 10 while being under the influence of sinusoidal excitation without cilia : Final
frame

Figure E.3: Captured image used for measuring the distances traveled by particles 1
to 5 while being under the influence of sinusoidal excitation with cilia : Initial frame
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Figure E.4: Captured image used for measuring the distances traveled by particles 1
to 5 while being under the influence of sinusoidal excitation with cilia : Final frame

Figure E.5: Captured image used for measuring the distances traveled by particles 6
to 10 while being under the influence of sinusoidal excitation with cilia : Initial frame
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Figure E.6: Captured image used for measuring the distances traveled by particles 6
to 10 while being under the influence of sinusoidal excitation with cilia : Final frame

Figure E.7: Captured image used for measuring the distances traveled by particles 1
to 10 while being under the influence of asymmetric excitation without cilia: Initial
frame
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Figure E.8: Captured image used for measuring the distances traveled by particles 1
to 10 while being under the influence of asymmetric excitation without cilia: Final
frame

Figure E.9: Captured image used for measuring the distances traveled by particles 1
to 5 while being under the influence of asymmetric excitation with cilia: Initial frame
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Figure E.10: Captured image used for measuring the distances traveled by particles 1
to 5 while being under the influence of asymmetric excitation with cilia: Final frame

Figure E.11: Captured image used for measuring the distances traveled by particles
6 to 10 while being under the influence of asymmetric excitation with cilia: Initial
frame
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Figure E.12: Captured image used for measuring the distances traveled by particles
6 to 10 while being under the influence of asymmetric excitation with cilia: Final
frame

E.2 Determining the Distance Traveled and the Time Taken for Com-
puting the Speed

Each colored dot in each image marks the center of the particle. The xy coordinate

values of the center of each dot and the center of the rectangular white mark on the

left are obtained using Adobe Illustrator software. With the known coordinate values,

the distance on the images between 2 points on the different frames can be calculated.

It is noted that the rectangular white marks are not fixed from frame to frame and

therefore the relative distances need to be considered.

The actual distance can be determined from the known spacing of 500µm between

the two adjacent cilia. The time taken between the frames can be determined from

the known frame rate of the camera of 30 frames/second and the decimation number

selected when exporting the image sequence using VirtualDub-1.10.0.

With the distance and time obtained, the speed of the particle is computed and

the statistics of the speeds for each case is shown in Table 4.5 in Chapter 4.
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Appendix F

STUDENT T-TEST
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This appendix shows tests concerning the difference between the two means. For

example, it is to show that the observed difference between the means of the mixing

time with cilia and the means of the mixing time without cilia is statistically signif-

icant or it is attributed to chance. Also it is to show that the observed difference

between the means of the speed of the microspheres with cilia and the speed of the

microspheres without cilia is statistically significant or it is attributed to chance. For

two populations with the means µ1 and µ2 and the variancee of σ2
1 and σ2

2, the null

hypothesis µ1−µ2 = δ is tested, where δ is a specified constant based on indepentdant

random samples of size n1 and n2. The tests of this null hypothesis against each of

the alternatives µ1 − µ2 < δ , µ1 − µ2 > δ, and µ1 − µ2 ̸= δ are considered. The

test itself depends on the difference between the sample means X̄1 − X̄2. The test

statistics can be written as [4]

t =
(X̄1 − X̄2)− δ

Sp

√
1
n1

+ 1
n2

(F.1)

where

S2
p =

(n1 − 1)S2
1 + (n2 − 1)S2

2

(n1 + n2 − 2)

which is a rondom variable having the t distribution with n1 + n2 − 2 degrees of

freedom. The criteria for the two-sample t test are:

Alternative hypothesis Reject null hypothesis if:

µ1 − µ2 < δ t < −tα

µ1 − µ2 > δ t > tα

µ1 − µ2 ̸= δ t < −tα/2 or t > tα/2

Table F.1: Critical regions for testing µ1 − µ2 = δ

The table for tα is shown in Figure F.1, from Table 4 in [4].
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F.1 Student t-test for Chapter 3

The following test uses the 0.05 level of significance (equivalent to 95% confidence

interval) to test whether the difference between the means is statistically significant.

Test [1] : Mixing time without/with cilia for sinusoidal excitation

Step [1]

Null hypothesis : µ1 − µ2 = 0

Alternative hypothesis : µ1 − µ2 ̸= 0

Step [2]

Level of significance : α = 0.05

Step [3]

Criterion : Reject the null hypothesis if t < −2.179 or t > 2.179 , where 2.179 is

the value of t0.025 for 7+7− 2 = 12 degrees of freedom ( read out from Figure F.1)

and t is given by Eq. F.1.

Step [4]

Caculations : The means and the variances of the two samples are

X̄1 = 176.4, X̄2 = 14.9, S2
1 = (83.02)2, and S2

2 = (3.248)2,

so that S2
p = (7−1)(83.02)2+(7−1)(3.248)2

(7+7−2)
= 3451.4 so Sp = 58.749 and

t =
(176.4− 14.9)− 0

58.749
√

1
7
+ 1

7

= 5.143

Step [5]

Decision : Since t = 5.143 exceeds 2.179, the null hypothesis must be rejected

at level α = 0.05. It is concluded that the difference between the two means is

statistically significant and it is not attributed to chance.
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F.2 Student t-test for Chapter 4

The statistics of the mixing time and the speed of the microspheres are summarized

(from Chapter 4) in Tables F.2 and F.3 respectively.

Excitation Mixing time Mixing time

Waveform without Cilia with Cilia

(s) (s)

Sinusoidal 175.00±45.45 13.56±1.94

Asymmetric 57.14±15.74 5.17±0.67

Table F.2: Mixing time, mean value and standard deviation for 7 runs for each of
the four cases — without and with cilia, and symmetric (sinusoidal) and asymmetric
excitation

Excitation Speed Speed

Waveform without Cilia with Cilia

(µm/s) (µm/s)

Sinusoidal 335.67±47.01 1026.35±214.46

Asymmetric 616.13±151.06 2317.16±304.22

Table F.3: Speed, mean value and standard deviation for 10 microspheres for each of
the four cases — without and with cilia, and symmetric (sinusoidal) and asymmetric
excitation

The following tests use the 0.05 level of significance (equivalent to 95% confidence

interval) to test whether the difference between the means is statistically significant.

Test [1] : Mixing time without/with cilia for sinusoidal excitation
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Step [1]

Null hypothesis : µ1 − µ2 = 0

Alternative hypothesis : µ1 − µ2 ̸= 0

Step [2]

Level of significance : α = 0.05

Step [3]

Criterion : Reject the null hypothesis if t < −2.179 or t > 2.179 , where 2.179 is

the value of t0.025 for 7+ 7− 2 = 12 degrees of freedom (read out from Figure F.1)

and t is given by Eq. F.1

Step [4]

Caculations : The means and the variances of the two samples are

X̄1 = 175.0, X̄2 = 13.56, S2
1 = (45.45)2, and S2

2 = (1.94)2,

so that S2
p = (7−1)(45.45)2+(7−1)(1.94)2

(7+7−2)
= 1034.72 so Sp = 32.167 and

t =
(175.0− 13.56)− 0

32.167
√

1
7
+ 1

7

= 9.389

Step [5]

Decision : Since t = 9.389 exceeds 2.179, the null hypothesis must be rejected

at level α = 0.05. It is concluded that the difference between the two means is

statistically significant and it is not attributed to chance.

Test [2] : Mixing time without/with cilia for asymmetric excitation

Step [1]

Null hypothesis : µ1 − µ2 = 0

Alternative hypothesis : µ1 − µ2 ̸= 0

Step [2]

Level of significance : α = 0.05

Step [3]
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Criterion : Reject the null hypothesis if t < −2.179 or t > 2.179 , where 2.179 is

the value of t0.025 for 7+ 7− 2 = 12 degrees of freedom (read out from Figure F.1)

and t is given by Eq. F.1

Step [4]

Caculations : The means and the variances of the two samples are

X̄1 = 57.14, X̄2 = 5.17, S2
1 = (15.74)2, and S2

2 = (0.67)2,

so that S2
p = (7−1)(15.74)2+(7−1)(0.67)2

(7+7−2)
= 119.881 so Sp = 10.949 and

t =
(57.14− 5.17)− 0

10.949
√

1
7
+ 1

7

= 8.880

Step [5]

Decision : Since t = 8.880 exceeds 2.179, the null hypothesis must be rejected

at level α = 0.05. It is concluded that the difference between the two means is

statistically significant and it is not attributed to chance.

Test [3] : Mixing time for the case with cilia with symmetric/asymmetric excitation

Step [1]

Null hypothesis : µ1 − µ2 = 0

Alternative hypothesis : µ1 − µ2 ̸= 0

Step [2]

Level of significance : α = 0.05

Step [3]

Criterion : Reject the null hypothesis if t < −2.179 or t > 2.179 , where 2.179 is

the value of t0.025 for 7+ 7− 2 = 12 degrees of freedom (read out from Figure F.1)

and t is given by Eq. F.1

Step [4]

Caculations : The means and the variances of the two samples are

X̄1 = 13.56, X̄2 = 5.17, S2
1 = (1.94)2, and S2

2 = (0.67)2,
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so that S2
p = (7−1)(5.17)2+(7−1)(0.67)2

(7+7−2)
= 2.106 so Sp = 1.451 and

t =
(13.56− 5.17)− 0

1.451
√

1
7
+ 1

7

= 10.815

Step [5]

Decision : Since t = 10.815 exceeds 2.179, the null hypothesis must be rejected

at level α = 0.05. It is concluded that the difference between the two means is

statistically significant and it is not attributed to chance.

Test [4] : Mixing time for the case without cilia with symmetric/ asymmetric excita-

tion

Step [1]

Null hypothesis : µ1 − µ2 = 0

Alternative hypothesis : µ1 − µ2 ̸= 0

Step [2]

Level of significance : α = 0.05

Step [3]

Criterion : Reject the null hypothesis if t < −2.179 or t > 2.179 , where 2.179 is

the value of t0.025 for 7+ 7− 2 = 12 degrees of freedom (read out from Figure F.1)

and t is given by Eq. F.1

Step [4]

Caculations : The means and the variances of the two samples are

X̄1 = 175.0, X̄2 = 57.14, S2
1 = (45.45)2, and S2

2 = (15.74)2,

so that S2
p = (7−1)(45.45)2+(7−1)(15.74)2

(7+7−2)
= 1156.7 so Sp = 34.010 and

t =
(175.0− 57.14)− 0

34.010
√

1
7
+ 1

7

= 6.483

Step [5]

Decision : Since t = 6.483 exceeds 2.179, the null hypothesis must be rejected
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at level α = 0.05. It is concluded that the difference between the two means is

statistically significant and it is not attributed to chance.

Test [5] : Microsphere speed without/with cilia for sinusoidal excitation

Step [1]

Null hypothesis : µ1 − µ2 = 0

Alternative hypothesis : µ1 − µ2 ̸= 0

Step [2]

Level of significance : α = 0.05

Step [3]

Criterion : Reject the null hypothesis if t < −2.101 or t > 2.101 , where 2.101 is

the value of t0.025 for 10 + 10 − 2 = 18 degrees of freedom (read out from Figure

F.1) and t is given by Eq. F.1

Step [4]

Caculations : The means and the variances of the two samples are

X̄1 = 335.67, X̄2 = 1026.35, S2
1 = (47.01)2, and S2

2 = (214.46)2,

so that S2
p = (10−1)(47.01)2+(10−1)(214.46)2

(10+10−2)
= 24102 so Sp = 155.247 and

t =
(335.67− 1026.35)− 0

155.247
√

1
10

+ 1
10

= −9.948

Step [5]

Decision : Since t = −9.948 is less than −2.101, the null hypothesis must be

rejected at level α = 0.05. It is concluded that the difference between the two means

is statistically significant and it is not attributed to chance.

Test [6] : Microsphere speed without/with cilia for asymmetric excitation

Step [1]

Null hypothesis : µ1 − µ2 = 0
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Alternative hypothesis : µ1 − µ2 ̸= 0

Step [2]

Level of significance : α = 0.05

Step [3]

Criterion : Reject the null hypothesis if t < −2.101 or t > 2.101 , where 2.101 is

the value of t0.025 for 10 + 10 − 2 = 18 degrees of freedom (read out from Figure

F.1) and t is given by Eq. F.1

Step [4]

Caculations : The means and the variances of the two samples are

X̄1 = 616.13, X̄2 = 2317.16, S2
1 = (151.06)2, and S2

2 = (304.22)2,

so that S2
p = (10−1)(151.06)2+(10−1)(304.22)2

(10+10−2)
= 57684 so Sp = 240.176 and

t =
(616.13− 2317.16)− 0

240.176
√

1
10

+ 1
10

= −15.837

Step [5]

Decision : Since t = −15.837 is less than −2.101, the null hypothesis must

be rejected at level α = 0.05. It is concluded that the difference between the two

means is statistically significant and it is not attributed to chance.

Test [7] : Microsphere speed for the case with cilia with symmetric/asymmetric exci-

tation

Step [1]

Null hypothesis : µ1 − µ2 = 0

Alternative hypothesis : µ1 − µ2 ̸= 0

Step [2]

Level of significance : α = 0.05

Step [3]

Criterion : Reject the null hypothesis if t < −2.101 or t > 2.101 , where 2.101 is
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the value of t0.025 for 10 + 10 − 2 = 18 degrees of freedom (read out from Figure

F.1) and t is given by Eq. F.1

Step [4]

Caculations : The means and the variances of the two samples are

X̄1 = 1026.35, X̄2 = 2317.16, S2
1 = (214.46)2, and S2

2 = (304.22)2,

so that S2
p = (10−1)(214.46)2+(10−1)(304.22)2

(10+10−2)
= 69271 so Sp = 263.195 and

t =
(1026.35− 2317.16)− 0

263.195
√

1
10

+ 1
10

= −9.437

Step [5]

Decision : Since t = −9.437 is less than −2.101, the null hypothesis must be

rejected at level α = 0.05. It is concluded that the difference between the two means

is statistically significant and it is not attributed to chance.

Test [8] : Microsphere speed for the case without cilia with symmetric/ asymmetric

excitation

Step [1]

Null hypothesis : µ1 − µ2 = 0

Alternative hypothesis : µ1 − µ2 ̸= 0

Step [2]

Level of significance : α = 0.05

Step [3]

Criterion : Reject the null hypothesis if t < −2.101 or t > 2.101 , where 2.101 is

the value of t0.025 for 10 + 10 − 2 = 18 degrees of freedom (read out from Figure

F.1) and t is given by Eq. F.1

Step [4]

Caculations : The means and the variances of the two samples are

X̄1 = 335.67, X̄2 = 616.13, S2
1 = (47.01)2, and S2

2 = (151.06)2,
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so that S2
p = (10−1)(47.01)2+(10−1)(151.06)2

(10+10−2)
= 12515 so Sp = 111.868 and

t =
(335.67− 616.13)− 0

111.868
√

1
10

+ 1
10

= −5.606

Step [5]

Decision : Since t = −5.606 is less than −2.101, the null hypothesis must be

rejected at level α = 0.05. It is concluded that the difference between the two means

is statistically significant and it is not attributed to chance.

The following tests use the 0.01 level of significance (equivalent to 99% confidence

interval) to test whether the difference between the means is statistically significant.

Test [9] : Mixing time for the case with cilia with symmetric/asymmetric excitation

Step [1]

Null hypothesis : µ1 − µ2 = 0

Alternative hypothesis : µ1 − µ2 ̸= 0

Step [2]

Level of significance : α = 0.01

Step [3]

Criterion : Reject the null hypothesis if t < −3.055 or t > 3.055 , where 3.055 is

the value of t0.005 for 7+ 7− 2 = 12 degrees of freedom (read out from Figure F.1)

and t is given by Eq. F.1

Step [4]

Caculations : The means and the variances of the two samples are

X̄1 = 13.56, X̄2 = 5.17, S2
1 = (1.94)2, and S2

2 = (0.67)2,

so that S2
p = (7−1)(5.17)2+(7−1)(0.67)2

(7+7−2)
= 2.106 so Sp = 1.451 and
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t =
(13.56− 5.17)− 0

1.451
√

1
7
+ 1

7

= 10.815

Step [5]

Decision : Since t = 10.815 exceeds 3.055, the null hypothesis must be rejected

at level α = 0.01. It is concluded that the difference between the two means is

statistically significant and it is not attributed to chance.
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Figure F.1: Values of tα , from Table 4 in [4]
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