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Abstract

Heat Kernel Estimates for Markov Processes Associated with Time-Dependent Dirichlet Forms

Hanchao Wang

Chair of the Supervisory Committee:
Professor Zhen-Qing Chen
Department of Mathematics

In this paper, time-inhomogeneous stable-like processes are investigated. We establish the relation between
the transition operators and time-dependent parabolic equations, as well as upper heat kernel estimates.



1 Introduction

Let d > 1 and « € (0,2). Consider a family of Dirichlet forms (E®), F®) on L2(R9, dx) with

o c(t,x
0= [ [ @) ~ )G o) de do, (1)
PO (f ¢ LR dz) : EOG. ) < oo}, e

where c(t,x,y) is a measurable function on R x R? x R? that is bounded between two positive constants
c1 < co. (BEW,FY) is associated with a family of self-adjoint operators L; on L?(R?, dz) in the sense that

E(t)(fv ) (Ltf7 )L2 Re,dx)-
Our goal is to study the behavior of the weak solutions to the parabolic equation

% = —Lu on R x R? (3)
of divergence form. We point out that in the case of local Dirichlet forms (E®), F(*)) and local operators L;,
upper Gaussian estimates for the fundamental solutions have been long-established, see [1, 6, 10] and the
references therein.

From a probabilistic point of view, it has been shown ([7]) that there exists a time-inhomogeneous Markov
process X associated with (E(t), F(t)). If we denote the transition operator of X by P :, our estimates yield
an upper bound for ||Ps||1-00 and prove the existence of a transition density function p(s,t,z,y). When
¢(t,x,y) is independent of ¢, Eq. (3) reduces to time-independent parabolic equation with non-local operator
L; = L and X is a time-homogeneous stable-like process. Two sides estimates for such processes have been
extensively studied in [3].

2 Time-Dependent Dirichlet form and associated Markov process

To begin with, let (E®), F®) be as defined in Eq. (1), (2). Since c(t, z,y) is uniformly bounded, (E®, F(®)
share the common domain

FO = F ={feH:EO( f) < oo} = H/*R?).

Here we write H for L?(R¢, dz) and H*/?(R¢,dz) is the fractional Sobolev space. F is also a Hilbert space
when equipped with the norm ||f||% = ||f]|% + E©(f, f). Denote the dual of F by F’. Identifying H with
its own dual space, we have

FCHCF

with continuous and dense embeddings. In future, we will write (-,-) both for the inner product in H and
the coupling between F' and F’ when this causes no confusions.

Fix an interval I = [o,7] C R with the possibility that 0 = —oo or 7 = oo. For any function u €
L3(I x R?), we view u as a function on I taking values in H. For simplicity, we will write u; for u(t). We
denote the space of all such functions by L?(I — H) and equip it with norm

1/2
( [l dt) ST

Similarly, let L?(I — F) (resp. L*>(I — F’)) be the space of functions on I taking values in F' (resp. F)
. 1/2 1/2
with norm (f; |Ju¢||3 dt) / (vesp. ([, [|uell dt) / ).
A few more terminologies need to be introduced before we define the time-dependent Dirichlet form. For
any u € L2(I — F'), let 8“ be its distributional derivative in ¢; that is, for any test function ¢ : I — R

Ia—?@ dt = (ur, ¢r) — (Uo, ¢5) —/Iutqs;dt in F'.



Let H'(I — F’) be the Sobolev space of functions u € L2(I — F’) with distributional derivative 2% €
L2(I — F') equipped with norm ([, |[ul|% + [, |21 dt)l/z.

Finally, the space we mainly concern is
Fr=L*(1I— F)nHY I = F)

, , u 1/2
equipped with norm ([, [|u¢|% + [, [|5]|%. dt) "~
The time-dependent Dirichlet form € on L*(R x R%) is defined by

—/ (‘?t‘yvt) dt + / EW(u,v)dt  ifue Fgand v € L*(R — F)
E(u,v) = R 5 B
/ (ut, “> dt + / EW(u,v)dt  ifue L*(R— F) and v € Fg.
R ot R
In addition, we will write E3(u,v) = E(u,v) + B [g (u¢, ve) dt for § > 0.
In [7], Y. Oshima proves that there exist resolvents {Gz} and {G3} on L*(R — F') associated with the
time-dependent Dirichlet form (£, Fr). More precisely,

Theorem 1. For any u € L*(R — F') and B > 0, there exist uniquely the functions Ggu € Fg and
Ggu € Fr such that

Es(Gau,v) = ﬁg(éﬁu,u) = /(ut,vt) dt.
R
for allve L*(R — F).

Secondly, there exists a Hunt process (Z;,P,) on R x R? associated with the time-dependent Dirichlet
form (£, Fr). If Z, = (7(t),X;«)) is a decomposition of Z into processes 7 on R and X on R?, then
7(t) = 7(0) + ¢ is the uniform motion to the right and X is a time-inhomogenous Markov process.

We consider the transition operator T}, for the space-time process Z and the transition operator Ps; for
its component X. Then

Thu(svx) = E(s,x)[f(T(h)a X‘r(h))] = (PS,S-FhuS-l-h)(m) a.e. (S,ZL’) €R x R

for any u € L?(R — H). A similar identity holds for the dual operators. Let fh, ﬁs,t be the dual operators
of Ty, and P 4, respectively. For any ¢ € L?(R — H),

/((fhu)m(bs)ds:/((T¢)Saus) ds = /(Ps,s+h¢s+h7us) ds
R R R
= /(Psfh,s(bsfu/sfh) ds:/((ﬁsfh,susfh);qbs) ds.
R R

So the dual operators fh, ]35,,5 satisfy that

~

Thu(s,z) = (Ps—p,stus—p)(x) a.e.(s,r) € R x RY.

3 Parabolic Equations

Let L; be the self-adjoint operator on L?(R?) associated with (E(*), F). Fix an interval I = [o,7]. We say
that u is a weak solution to the parabolic equation
ou

5p = Lo on I x R? (5)



if u € Fr and

0
/ <u,¢) it — /E(t)(ut,gbt)dt —0 forall ¢ € Fy. (6)
r\ ot I
For any function f € H, we say that u is a solution to the terminal value problem
0
e (7)

if u solves the parabolic equation (5) and limy, u; = f in H. It is established in [10, Proposition 1.2] that
for every f € H, there is a unique solution u that solves (7). This suggests an alternative way defining the
transition operator, namely setting P, f = u,. Then we have the following basic properties of {P, - }.

Proposition 1. {]SUJ} satisfies that

(i) For any0 <o <7 <y, ﬁgﬁ]gm‘f = Jggﬁuf.

(ii) o ﬁoﬁ is strongly continuous in H on (—oo,7].
(i) ISU,T : L2(RY) — L%(RY) is a contraction operator.
Proof. Let u be the solution to the terminal value problem

% =—Lu, u,=f.

ot
Since u, = ﬁnu by definition, u also solves the terminal value problem

Ju ~
= = —Lyu, u,= T,[Lf'

ot

Therefore, ﬁgﬁﬁﬂu f=u, = ~07u f. Eq. (6) together with integration by parts yield that for any v € Fy,
and r <se€l,

(us,vs) — (Up, vy) :/ (ut, (89:5)) ,dt + / E(t)(ut,vt)dt. (8)

In particular, when v = u, noting that (us, 2¢) = 2 2 |||/, we have
S
sl = ol =2 [ B, un) e >0 ()
,

It follows immediately that P, is a contraction operator and ¢ — ||u|| L2(r4) is continuous and decreasing
on I (this in fact has been observed in [10, (1.19)]). At last, for any ¢ € F, taking v = ¢ in Eq. (8), we have

@&@—wm@=/€ﬂWmﬁwt

T

and consequently, ¢ — (ug, @) is continuous on (—oo, 7]. Since F is dense in H, s — ]337t is weakly continuous
on (—oo,t]. As ||ut| p2re) is continuous on (—oc, 7], it follows that t + wu; is strongly continuous in H on
(—o0, 7] O

The next proposition shows that 150,7 is Markovian.

Proposition 2. Let fe H. If 0 < f <1, then 0 < IBU}Tf <1



Proof. This proposition has been established in [10, Lemma 1.4]. For reader’s convenience, we spell out the
details. Let u; = P, , f and u# = (uV 0) A 1. By Eq. (8),

(U-,—,U-,—-Uf)—(ug,ug—uf):/ (utaaat(ut_ufé)> dt+/ E(t)(utaut_u?)dt‘

Since

o

U, — (ug — u = )
Dottt 20 |w|3,  otherwise,
and P, , is a contraction operator, we have f; (ut, %(ut — ufb)) dt > 0. It is easy to verify that unit

contractions operate on E® and E® (uy, u;—ul) > 0. Noting that (u,, u, —u#) = 0, we have (tq, ug —u#) <
0. So uf = u, or equivalently 0 < u, < 1. O

We can also define the dual operators using the same scheme. Consider the parabolic equation

ou
5 = L on I x R? (10)

We say that u is a solution to Eq. (10) if w € F; and

/I(ng7¢> dt+/IE(t)(Ut7¢t)dt:0' (11)

For any function f € H, we say that u is a solution to the initial value problem

ou
E - Lt”v Ug = fa (12)

if u solves Eq. (10) and lim;|, us = f in H. Now define ﬁg,rf = u,. We show that ]5[,’7 and ﬁgﬁ are indeed
dual operators.

Proposition 3. For any f,g € H, B
(PU,Tf7 g) = (fa Pm‘rg)'

Proof. Let u; = 15,577 f and v, = 13”9. Since u; and v; solves Eq. (5) and Eq. (10) respectively, it follows
from Eq. (8) and (11) that

(Ur,v7) = (Ug,Vy) = / (ut, gj) dt—i—/E(t)(ut,vt)dt =0.
I I

However, (u,,v,) = (f, 130779) and (uy,v,) = (]SC,VTf, g), we arrive at our conclusion. O
Proposition 4. For anyp > 1, ﬁa,r is a contraction operator from LP(RY) to LP(RY).

Proof. By Proposition 2, ﬁUJ is a contraction from L>°(R%) to L>°(R?). With a minor modification one can

prove that Proposition 2 also holds for the dual operator 13077. Thus 13077 is a contraction from Ll(Rd) to
L'(R9). The rest follows from interpolation. O

Next, we show that the transition operators defined through probabilistic approach {P; ;s < ¢t} and
analytic approach {Ps;,s < t} are identical.

Proposition 5. For anys <t and f € H, P,,f = Iss,tf.



Proof. For any u € L*(R — H), we define analogues of the transition operator T, and the resolvent Gpg;
that is, for A > 0, let

ﬁLU(S, 33) = (ﬁs,s—&-hus-i-h)(x)
and for 8 > 0, let

éﬁu(s, x) = /000 e PhT, f (s, ) dh. (13)

A simple change of variable in (13) gives

(éﬁu)s = / G_Bh (?S’s+hus+h) dh = 6’88/ 6_’(% (]Ssytut> dt.
0 s

Therefore, for any v € L?(R — F),

a ~ oo - oo 8 -
(as(Ggum) - (ﬁe"s | et e - [ eﬁtasws,tut)dt,vs)

S

=0 ((égu)s,vs) — (us,vs) + E®) ((éﬁu)s,vs> .

Integrating over R, we obtain that Eﬁ(égu, v) = [p(us,vs)ds. By the uniqueness part of Theorem 1, CNJB

concides with G. It then follows from Hille-Yosida theorem that Tj, = T}. At last, for any f € H, taking
u(s,x) = 1[_q,4(5)f(z) and then letting ¢ — oo via rational numbers, we have

P37s+hf = ﬁs7s+hf a.e.s € R.

Since both P ; and ﬁ&t are strongly continuous, we have P, ; = ﬁ&t for all s < t. O

Therefore, the properties of ]Ssyt also hold for Ps ;. In particular, Ps; and the dual operator ]357t satisfy
the following backward and forward equations, respectively.

Corollary 1. Let I = [o,7].

(i) For any f € H, P., € Fr. Moreover, P, . f satisfies the backward equation

)
((,%Pm 1 g) =EY(P,.fg Vtel geF (14)

(i) For any f € H, ﬁgﬁ.f € F;. Moreover, ]Sgﬁt satisfies the forward equation

(gtﬁmtf, g) =-EW(P,f.9) VtelgeF (15)

4 On-Diagonal Estimates

In this section, we establish the on-diagonal upper bound for P; ;. We need the following Nash type inequality.

Theorem 2. There exists a constant c3 = c3(d, o, c1), such that for anyt > 0 and f € L*(RY) N L?(R?), we
have

IFI127297% < eu BO(F, £l £I2. (16)

Proof. This has been established in [3]. For reader’s convenience, we present a proof here, which is modified
from that of [4, Theorem 3.1]. First, observe that E®)(f, f) = 0 implies that f = Oa.e.. Clearly the



inequality holds in this case. So without loss of generality we may assume that 0 < E(t)( fyf) < oo. Fix a
positive constant r. Consider the average of function f over the ball B, (z)

1
$@) = o [, S

where wy is the volume of d-dimensional unit ball. We have

IF115 < 2117 = fr113 + 211 £:]13-
The first term on the right side is bounded by

2
1
! 2
wdrd /Rd/B (I)(f(x) — f(y))" dydax

t x y B )
wac1 /]Rd/ () |33_y|d+a (f(z) = f(y))” dy dz
< B0, f),

wdc1

If = fil13

IN

<

For the second term, we have the naive bounds

5@ < gl 1l < 0y

and hence

1

Combining the preceding inequalities, we have
I1£113 < E(”(f fre +*\|f||2 .

To minimize the right side, we take r = E(t)(f, f)_l/(d+0‘)|\f||i/(d+a), obtaining the desired inequality. [

Theorem 3. The transition operator P, possesses a kernel p(s,t,x,y). Moreover, there exists a positive
constant cq = c4(d, i, ¢1) such that
pls,t,x,y) < et — )~ (17)

for allt >s>0 and x,y € R%.

Proof. Suppose that f € L'Y(R?) N L*(R?) with ||f||; = 1. For any t > s > 0, let us = Ps,f. By the
backward equation and Nash inequality,

0 R 2 2420/d.
g5 sl = 2B (g 1) = =l 1377

It implies that 2 (||u( )||—2“/d) < —2a/des and hence |Jus||a < c(t — 5)~¥2*. Since L'(R?) N L2(RY) is
dense in LQ(Rd), we have || Py 4||1 50 < c(t — s)~ /2,

On the other hand, fix s > 0 and consider the function u; = P, f. By the forward equation and again
Nash inequality, we can derive in a similar way that ||t||2 < c(t — s)~%2®. Tt follows that ||Ps||1-2 <

c(t — s)~%2> Combining these two estimates we have ||Ps¢||1—00 = ||Ps, S ()
where 7 = (t + s)/2. This proves the existence of a kernel p(s,t, z,y) and that p(s,t, z,y) satisfies the
on-diagonal estimate (17). O



5 Off-Diagonal Estimates: Davies Methods

To establish the off-diagonal estimates, we follow the classic approach introduced by E. B. Davies. Consider
transition operator Pg . defined by

Py f(x) = e? P, (e f) (@), (18)

where v is a function to be determined later. We establish an on-diagonal estimate for P, t with the aid of
energy measures, then vary 1 over a large class of functions to obtain off-diagonal estimates for P .

5.1 Energy Measures
For any f,g € F, the energy measure of E®)(f, g) is defined by

(7.9 = ([ FES 0@ - f)ate) - sl dy ) da (19)

Apparently the definition above can be extended to functions in F= {f+c: [ € F,cisaconstant}. We
define S to be the set of functions ¢ € F' such that

d ( _ d —y
PO@)? = || (72T (", e)) [loo V | (2T (7,67 ) [|oo < o, (20)

for all ¢ > 0. We can verify by direct calculations that the following two inequalities hold.

Theorem 4. For any f € F,

EW(e’ f.e7 ) 2 BV (f, 1) = TO )| 1[5 (21)
Moreover, for any f € F, f >0 andp > 1,
O 260 ) = B0 %)~ 9T O 113 (22)

Proof. To prove (21), we use the fact that

(" f(x) = ? W f () (e f(a) — e W 1)) = (f(2) = f())*
— f(x)f(y)(ew(w) _ ew(y))(e—w(w) — e—ib(y)).

It follows that
EW(evf e f) — ED(f, f)
ct, z, y) W) _ @)\ (=) _ ()
I e f(@)fy)(e?'™ —e?W)(e —e VW) dx dy

1/2 1/2
> — (/ fear® (ew,ew)> (/ f2e*ar® (ew,ed’))
R¢ R¢

> —TO@)]|f]]3.

For p > 1, noticing that

(P f(a)?t = "W ()Y (e VO f(2) = e PP () = (F@)P 1 = f))(F (@)~ f)
= 21 (2) f(y)e? @ (e V@) — emPW)) — f() 2P ()W) (e V@) — o7 W),

10



we have

EO (el 2t env f) — BO(f7, f)
c(t,x _ )/ —b(x _
/Rd /Rd |x_y|dy+af2p @) F(y)e?@ (=@ — W) dg dy

c(t,x,y) B e -
/Rd /Rd I Ly)e? @) (e=@) _ b)) g dy.

To estimate the first integral, we use the fact that

PN @) fy) = fP(@) P (y) + P (@) (F7(2) = fP(y) = f2 7 (@) (f(2) = F(y)-

Splitting the integral into three parts, we have

t z y — x —Y(x —
/Rd /Rd |x—y\d+0‘f2p Ya) fy)e?® (e7¥@) — e=¥W)) gz dy

ot 2,y P(y)eV @ (e¥(@) _ ()
> [ ] S e e - ) dsdy
_ (/ fzpezwdﬂt)(ew,ew))m EW(fp fryL/2
N 1/2 1/2
( eV dr® (e~ e—w)> ( fP=2ar®(f, f))
Rd
>

/Rd /Rd |2 i ;dera P(2)fP(y)e? @ (e V@) — eV W) du dy
~TOW)|I1115, (E(t)(fp’fp)1/2 n (/Rd 2400, f)>1/2> |
A similar estimate holds for the second integral,

/Rd /Rd s c(t, x|dzia (@) f2P 1 ()e? @) (V@ _ =¥ ) gz dy
/Rd /Rd |xim|dy+a P(@) fP(y)e’ ™ (e — VW) du dy
S, (Em(f R (/R e, f)> UZ) .

Combining the preceding two inequalities, we have

EO(el frt e f) = EO(f27, f)
/ / r c(t, z|dy+a FP(2) fP () (V@) — bW (=@ _ o=v®)) gy dy
Rd Rd -
1/2
= 2011115, (E“pr,f”f” + ( /R (s, f)) ) :

Similar to the first case when p = 1, we have

/ / | tmﬁia @) y) (e = e?@)(e ) — 70 da dy
Rd JRd |T —

1/2

1/2
> < f2p 6*2¢d1"(t) (6w7 6¢)> ( f2p eder(t) (Biw, el/})) > _F(t) (1/))2||f| ‘gz
R4 Rd

11



To bound the second term, we use the facts that

EO( 1 f) > %E@(fp,fp),

/ Fr2dr (7, p) > L EO (. pr),
Rd

L
p
Finally, we have

EW (e 27170 f) = BEO(f71, )

%

2p — 1 2 2
I’TEW 7P fP) — %F(”(@EUW, O£, = TO ()| £1[50

1

%E(t)(f”, 7) = 9pT O () £1155.

%

5.2 Off-diagonal Estimates

We also need the following technical lemma for the off-diagonal estimates. It is a backward analogue of
Lemma (3.21) in [2].

Lemma 1. Suppose that u : [0,t] — (0,00) is absolutely continuous and satisfies the following differential
inequality
1
—u(s) P (s) 7P — Apu(s), (23)
cp
where v : [0,t] = (0,00) is a bounded measurable function, and ¢, B8, A\, p are positive constants with p > 2.
Then we have

u'(s) >

; —1/8p L i
uls) < (2p> (t—5) 755 Ay (s) (24)

for all s € [0,t). Here

w(s) = esssup(t — r)%'
re(s,t]

Proof. First, we set f(s) = e*%u(s). f satisfies the differential inequality
1
f(5) = — e f(s) P (s) PP,
cp

It follows that

(F97(s)) < 2 ().

Integrating over [s, t] gives

t
e_mpzsu(s)_ﬁp > é/ e_wpzrv(r)_ﬂpdr.
c S

Next, let w be defined as (1). Since w(s) is non-increasing, we have
t 2
w(s)_ﬁp/ (t —r)P2e= AP (=) gy,

B
c
B ! 2
> Z(t — s)pflw(s)fﬁp/ (1- T)pfzef)‘ﬁp =57 e,
0

12



The integral in the last expression is bounded from below by

1

1/p?
/ (1 _ r)p—Qe—)\ﬁPQ(t_s)r > e—)xﬁ(t—s) . : (1 _ (1 _ 1/p2)p—1> > e_Aﬁ(t_s)/2p2.
0

p—
Combining the last two inequalities, we obtain (24).

Now we’re ready to establish the off-diagonal estimates.

Theorem 5. There exists a positive constant ¢s = cs(d, o, ¢1) such that for any ¢ € S with T (¢) < ~ for

all v, we have
p(s.t,x,y) < es(t— )" exp (= [v(x) — P(y)| + 10y(t — s))
wheret > s >0 and x,y € R4.

(25)

Proof. We first use the backward equation to obtain an upper bound for HP;{’tHQAOC. Let f € F and f > 0.

Fix t > 0. We set fs = P;{’tf for s € [0,t]. By the backward equation and Eq. (21), we have

SEIRIE =2 (5 (P .61, ) =280 £ 1) = <lIAIE,
For k € N we put pr, = 2% and ug(s) = || fs||p.- Eq. (26) implies that
ur(s) < || fll2e7"7).
Similarly, for any p > 1, by the backward equation, Eq. (22) and the Nash inequality, we have
S8 =2 (P et )
- 2pE(S)(€_¢fs, ewfgp—l)

> EO(f7, f2) = 1891515

1 2p(14a/d ona 2
> ;3||fs\|2§< IO £l — 18p%|| £, |22

Then by taking p = px, we obtain the recursive inequality

1 14opiard —opra/d
Uy (8) 2 2pkc3“ki1pk / (s)uy, " / (8) = Ipryury1(s).

Now we apply Lemma 1 to up41 with v = ug, ¢ = 2¢3, 8 = 2a/d, A = 9y and p = p;, obtaining

a —d/2apy 4 bRl
up41(s) < (M) (t —s) 2 o =)/ Proy (s),

where wy, is defined as in the lemma
d Pp—2

wi(s) = max (t — )2 2e ug(r).
rEls,t]

P —1

_d pe-l
Multiplying two sides by (t —s) 2> »x and then maximizing over [s,t|, we have
plymg

a TR sy
w41(s) < <M3p}’2c> e T PRy (s).

13

(26)

(27)



It follows that limsupy,_, . wi(s) < ce??*=%w, (s), where ¢ = ¢(d, o, ¢;) is a positive constant. Since wy(s) =
max, o, u1(r) < [|f|l2¢7~%) by (27), we have

(t = 5)72 fulloo < e[ f]]2.

So HP;%MQHOo < ot — 5)~4/22107(t=9)
On the other hand, fixing s > 0 and setting ﬁ = ﬁ;’btf for t € [s,00), with the aid of the forward equation,
we can prove that

||ﬁs1/,}t |24>oo < C(t . S)—d/20¢610'y(t—s).

Combining these two estimates we have
1PLilhso0 < IPLAhoal | Pl 200 < et — 5)" et 079),
where r = (t + 5)/2. So the density function p¥(s,t,x,y) of P:bt exists. Since
p’(s,t,m,y) = e’ p(s, t,x,y)e W),

we have
ps,t,x,y) <t — )V exp [~ (1 (x) = ¥(y)) + 107(t — 5)]
Since T (—y)) = T (¢)) for all t > 0, the same upper bound holds for —¢) and we obtain the off-diagonal

estimate as in Eq. (25). O
5.3 Choice of ¥
We point out that S contains functions of the following form.

Lemma 2. Let
¢(z) =k(lz —xo| AR)  z€R?, (28)

where k and R are positive constants, xg € R?. Then ¢ € S. In fact, there exists a positive constant
ce = c(d, v, c2) such that
F(t)(w) < cge®*BR™  for all t > 0.

Proof. Note that |1 — e®| < |z|el®l for all z € R. We have

d - — T C(tax7y) x
. (e QwF(ew,ew))' = e 20 )/Rd W(eiﬂ ) — e¥W))2gqy

< 02/ \x _ y|fdfa(1 _ ew(y)*w(w)fdy
Rd
<o / [ — 5|~ 4 ) — () 2B @ D gy
BR(IQ)
+e / o — y| A2l W) gy
BR((E[))C

< C2k262kR/ ‘l’ _ y‘fdfo¢+2dy+c2e2kR/ |JL‘ _ y|7d7ady
Br(wo) B

r(z0)®
<y <2Lidak262kRR2°‘ + u;de%RRo‘) < et R,
Clearly, the same estimate holds for % (e*T(e~%,e™¥)). Therefore 1) € S and I () < ce®FRR—, O
By choosing an appropriate ¢ € S, we have the following upper bound for the transition density
p(s,t,z,y).
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Theorem 6. There exists a constant c; = c7(d, a, ¢1,¢q) such that

_d/a t—s
p(s,t,x,y) <cr <(t — )Y A |.13—y|d+0‘> (29)

for allt > s >0 and x,y € R,

Proof. For |z —y| < (t —s)1/, (29) follows from the on-diagonal estimate (17). Hence we may assume that
|z —y| < (t — s)'/*. Fix 2,5 € R% For simplicity, we write = |z — y|. Let ¢ be as defined in (28). We
choose xg = y and apply Theorem 5 with v = cge?* 2R, obtaining

p(s,t,x,y) < es(t — )"V exp(—kr 4+ 10cge>* TR~ (t — s)).

Set k= 1(d+ a)log W, R = Ar with A = a/3(d + «). The right side above simplifies to

a1/ d+a 3N(d+a) , o
_gdfa (B8 r t—5 ) _ . oot —5
cs(t —s) < . exp | 10cq )i/ o | = cse e
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