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1 Introduction

Let d ≥ 1 and α ∈ (0, 2). Consider a family of Dirichlet forms (E(t), F (t)) on L2(Rd, dx) with

E(t)(f, g) =

∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
(f(x)− f(y))(g(x)− g(y)) dx dy, (1)

F (t) = {f ∈ L2(Rd, dx) : E(t)(f, f) <∞}, (2)

where c(t, x, y) is a measurable function on R × Rd × Rd that is bounded between two positive constants
c1 < c2. (E(t), F t)) is associated with a family of self-adjoint operators Lt on L2(Rd, dx) in the sense that

E(t)(f, g) = −(Ltf, g)L2(Rd,dx).

Our goal is to study the behavior of the weak solutions to the parabolic equation

∂u

∂t
= −Ltu on R× Rd (3)

of divergence form. We point out that in the case of local Dirichlet forms (E(t), F (t)) and local operators Lt,
upper Gaussian estimates for the fundamental solutions have been long-established, see [1, 6, 10] and the
references therein.

From a probabilistic point of view, it has been shown ([7]) that there exists a time-inhomogeneous Markov
process X associated with (E(t), F (t)). If we denote the transition operator of X by Ps,t, our estimates yield
an upper bound for ||Ps,t||1→∞ and prove the existence of a transition density function p(s, t, x, y). When
c(t, x, y) is independent of t, Eq. (3) reduces to time-independent parabolic equation with non-local operator
Lt = L and X is a time-homogeneous stable-like process. Two sides estimates for such processes have been
extensively studied in [3].

2 Time-Dependent Dirichlet form and associated Markov process

To begin with, let (E(t), F (t)) be as defined in Eq. (1), (2). Since c(t, x, y) is uniformly bounded, (E(t), F (t))
share the common domain

F (t) = F = {f ∈ H : E(0)(f, f) <∞} = Hα/2(Rd).

Here we write H for L2(Rd, dx) and Hα/2(Rd, dx) is the fractional Sobolev space. F is also a Hilbert space
when equipped with the norm ||f ||2F = ||f ||2H + E(0)(f, f). Denote the dual of F by F ′. Identifying H with
its own dual space, we have

F ⊂ H ⊂ F ′

with continuous and dense embeddings. In future, we will write (·, ·) both for the inner product in H and
the coupling between F and F ′ when this causes no confusions.

Fix an interval I = [σ, τ ] ⊂ R with the possibility that σ = −∞ or τ = ∞. For any function u ∈
L2(I × Rd), we view u as a function on I taking values in H. For simplicity, we will write ut for u(t). We
denote the space of all such functions by L2(I → H) and equip it with norm(∫

I

||ut||2H dt
)1/2

= ||u||L2(I×Rd).

Similarly, let L2(I → F ) (resp. L2(I → F ′)) be the space of functions on I taking values in F (resp. F ′)

with norm
(∫
I
||ut||2F dt

)1/2
(resp.

(∫
I
||ut||2F ′ dt

)1/2
).

A few more terminologies need to be introduced before we define the time-dependent Dirichlet form. For
any u ∈ L2(I → F ′), let ∂u

∂t be its distributional derivative in t; that is, for any test function φ : I → R∫
I

∂u

∂t
φt dt = (uτ , φτ )− (uσ, φσ)−

∫
I

utφ
′
t dt in F ′.
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Let H1(I → F ′) be the Sobolev space of functions u ∈ L2(I → F ′) with distributional derivative ∂u
∂t ∈

L2(I → F ′) equipped with norm
(∫
I
||ut||2F ′ +

∫
I
||∂u∂t ||

2
F ′ dt

)1/2
.

Finally, the space we mainly concern is

FI = L2(I → F ) ∩H1(I → F ′)

equipped with norm
(∫
I
||ut||2F +

∫
I
||∂u∂t ||

2
F ′ dt

)1/2
.

The time-dependent Dirichlet form E on L2(R× Rd) is defined by

E(u, v) =


−
∫
R

(
∂u

∂t
, vt

)
dt+

∫
R
E(t)(ut, vt) dt if u ∈ FR and v ∈ L2(R→ F )∫

R

(
ut,

∂u

∂t

)
dt+

∫
R
E(t)(ut, vt) dt if u ∈ L2(R→ F ) and v ∈ FR.

(4)

In addition, we will write Eβ(u, v) = E(u, v) + β
∫
R(ut, vt) dt for β > 0.

In [7], Y. Oshima proves that there exist resolvents {Gβ} and {Ĝβ} on L2(R→ F ′) associated with the
time-dependent Dirichlet form (E ,FR). More precisely,

Theorem 1. For any u ∈ L2(R → F ′) and β > 0, there exist uniquely the functions Gβu ∈ FR and

Ĝβu ∈ FR such that

Eβ(Gβu, v) = Eβ(Ĝβv, u) =

∫
R

(ut, vt) dt.

for all v ∈ L2(R→ F ).

Secondly, there exists a Hunt process (Zt,Pz) on R × Rd associated with the time-dependent Dirichlet
form (E ,FR). If Zt = (τ(t), Xτ(t)) is a decomposition of Z into processes τ on R and X on Rd, then
τ(t) = τ(0) + t is the uniform motion to the right and X is a time-inhomogenous Markov process.

We consider the transition operator Th for the space-time process Z and the transition operator Ps,t for
its component X. Then

Thu(s, x) = E(s,x)[f(τ(h), Xτ(h))] = (Ps,s+hus+h)(x) a.e. (s, x) ∈ R× Rd

for any u ∈ L2(R→ H). A similar identity holds for the dual operators. Let T̂h, P̂s,t be the dual operators
of Th and Ps,t, respectively. For any φ ∈ L2(R→ H),∫

R
((T̂hu)s, φs) ds =

∫
R

((Tφ)s, us) ds =

∫
R

(Ps,s+hφs+h, us) ds

=

∫
R

(Ps−h,sφs, us−h) ds =

∫
R

((P̂s−h,sus−h), φs) ds.

So the dual operators T̂h, P̂s,t satisfy that

T̂hu(s, x) = (P̂s−h,sus−h)(x) a.e. (s, x) ∈ R× Rd.

3 Parabolic Equations

Let Lt be the self-adjoint operator on L2(Rd) associated with (E(t), F ). Fix an interval I = [σ, τ ]. We say
that u is a weak solution to the parabolic equation

∂u

∂t
= −Ltu on I × Rd (5)
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if u ∈ FI and ∫
I

(
∂u

∂t
, φ

)
dt−

∫
I

E(t)(ut, φt) dt = 0 for all φ ∈ FI . (6)

For any function f ∈ H, we say that u is a solution to the terminal value problem

∂u

∂t
= −Ltu, uτ = f (7)

if u solves the parabolic equation (5) and limt↑τ ut = f in H. It is established in [10, Proposition 1.2] that
for every f ∈ H, there is a unique solution u that solves (7). This suggests an alternative way defining the

transition operator, namely setting P̃σ,τf = uσ. Then we have the following basic properties of {P̃σ,τ}.

Proposition 1. {P̃σ,τ} satisfies that

(i) For any 0 ≤ σ ≤ τ ≤ µ, P̃σ,τ P̃τ,µf = P̃σ,µf .

(ii) σ 7→ P̃σ,τ is strongly continuous in H on (−∞, τ ].

(iii) P̃σ,τ : L2(Rd)→ L2(Rd) is a contraction operator.

Proof. Let u be the solution to the terminal value problem

∂u

∂t
= −Ltu, uµ = f.

Since uτ = P̃τ,µ by definition, u also solves the terminal value problem

∂u

∂t
= −Ltu, uτ = P̃τ,µf.

Therefore, P̃σ,τ P̃τ,µf = uσ = P̃σ,µf . Eq. (6) together with integration by parts yield that for any v ∈ FI ,
and r < s ∈ I,

(us, vs)− (ur, vr) =

∫ s

r

(
ut,

∂v

∂t

)
, dt+

∫ s

r

E(t)(ut, vt) dt. (8)

In particular, when v = u, noting that
(
ut,

∂u
∂t

)
= 1

2
∂
∂t ||ut||

2
H , we have

‖us‖2H − ‖ur‖2H = 2

∫ s

r

E(t)(ut, ut) dt ≥ 0. (9)

It follows immediately that P̃σ,τ is a contraction operator and t 7→ ‖ut‖L2(Rd) is continuous and decreasing
on Ī (this in fact has been observed in [10, (1.19)]). At last, for any φ ∈ F , taking v = φ in Eq. (8), we have

(us, φ)− (ur, φ) =

∫ s

r

E(t)(ut, φ) dt

and consequently, t 7→ (ut, φ) is continuous on (−∞, τ ]. Since F is dense in H, s 7→ P̃s,t is weakly continuous
on (−∞, t]. As ‖ut‖L2(Rd) is continuous on (−∞, τ ], it follows that t 7→ ut is strongly continuous in H on
(−∞, τ ].

The next proposition shows that P̃σ,τ is Markovian.

Proposition 2. Let f ∈ H. If 0 ≤ f ≤ 1, then 0 ≤ P̃σ,τf ≤ 1.
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Proof. This proposition has been established in [10, Lemma 1.4]. For reader’s convenience, we spell out the

details. Let ut = P̃t,τf and u# = (u ∨ 0) ∧ 1. By Eq. (8),

(uτ , uτ − u#τ )− (uσ, uσ − u#σ ) =

∫ τ

σ

(
ut,

∂

∂t
(ut − u#t )

)
dt+

∫ τ

σ

E(t)(ut, ut − u#t ) dt.

Since (
ut,

∂

∂t
(ut − u#t )

)
=

{
0 if 0 ≤ ut ≤ 1
1
2
∂
∂t ||ut||

2
H otherwise,

and Pσ,τ is a contraction operator, we have
∫ τ
σ

(
ut,

∂
∂t (ut − u

#
t )
)
dt ≥ 0. It is easy to verify that unit

contractions operate on E(t) and E(t)(ut, ut−u#t ) ≥ 0. Noting that (uτ , uτ−u#τ ) = 0, we have (uσ, uσ−u#σ ) ≤
0. So u#σ = uσ or equivalently 0 ≤ uσ ≤ 1.

We can also define the dual operators using the same scheme. Consider the parabolic equation

∂u

∂t
= Ltu on I × Rd (10)

We say that u is a solution to Eq. (10) if u ∈ FI and∫
I

(
∂u

∂t
, φ

)
dt+

∫
I

E(t)(ut, φt) dt = 0. (11)

For any function f ∈ H, we say that u is a solution to the initial value problem

∂u

∂t
= Ltu, uσ = f, (12)

if u solves Eq. (10) and limt↓σ ut = f in H. Now define
˜̂
Pσ,τf = uτ . We show that P̃σ,τ and

˜̂
Pσ,τ are indeed

dual operators.

Proposition 3. For any f, g ∈ H,

(P̃σ,τf, g) = (f,
˜̂
Pσ,τg).

Proof. Let ut = P̃t,τf and vt =
˜̂
Pσ,tg. Since ut and vt solves Eq. (5) and Eq. (10) respectively, it follows

from Eq. (8) and (11) that

(uτ , vτ )− (uσ, vσ) =

∫
I

(
ut,

∂v

∂t

)
dt+

∫
I

E(t)(ut, vt) dt = 0.

However, (uτ , vτ ) = (f,
˜̂
Pσ,τg) and (uσ, vσ) = (P̃σ,τf, g), we arrive at our conclusion.

Proposition 4. For any p ≥ 1, P̃σ,τ is a contraction operator from Lp(Rd) to Lp(Rd).

Proof. By Proposition 2, P̃σ,τ is a contraction from L∞(Rd) to L∞(Rd). With a minor modification one can

prove that Proposition 2 also holds for the dual operator
˜̂
Pσ,τ . Thus P̃σ,τ is a contraction from L1(Rd) to

L1(Rd). The rest follows from interpolation.

Next, we show that the transition operators defined through probabilistic approach {Ps,t; s < t} and

analytic approach {P̃s,t, s < t} are identical.

Proposition 5. For any s < t and f ∈ H, Ps,tf = P̃s,tf .
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Proof. For any u ∈ L2(R → H), we define analogues of the transition operator Th and the resolvent Gβ ;
that is, for h > 0, let

T̃hu(s, x) = (P̃s,s+hus+h)(x)

and for β > 0, let

G̃βu(s, x) =

∫ ∞
0

e−βhT̃hf(s, x) dh. (13)

A simple change of variable in (13) gives

(G̃βu)s =

∫ ∞
0

e−βh
(
P̃s,s+hus+h

)
dh = eβs

∫ ∞
s

e−βt
(
P̃s,tut

)
dt.

Therefore, for any v ∈ L2(R→ F ),(
∂

∂s
(G̃βu), vs

)
=

(
βeβs

∫ ∞
s

e−βt(P̃s,tut) dt− us + eβs
∫ ∞
s

e−βt
∂

∂s
(P̃s,tut) dt, vs

)
= β

(
(G̃βu)s, vs

)
− (us, vs) + E(s)

(
(G̃βu)s, vs

)
.

Integrating over R, we obtain that Eβ(G̃βu, v) =
∫
R(us, vs) ds. By the uniqueness part of Theorem 1, G̃β

concides with Gβ . It then follows from Hille-Yosida theorem that Th = T̃h. At last, for any f ∈ H, taking
u(s, x) = 1[−q,q](s)f(x) and then letting q →∞ via rational numbers, we have

Ps,s+hf = P̃s,s+hf a.e. s ∈ R.

Since both Ps,t and P̃s,t are strongly continuous, we have Ps,t = P̃s,t for all s < t.

Therefore, the properties of P̃s,t also hold for Ps,t. In particular, Ps,t and the dual operator P̂s,t satisfy
the following backward and forward equations, respectively.

Corollary 1. Let I = [σ, τ ].

(i) For any f ∈ H, P·,τ ∈ FI . Moreover, Pt,τf satisfies the backward equation(
∂

∂t
Pt,τf, g

)
= E(t)(Pt,τf, g) ∀t ∈ I, g ∈ F. (14)

(ii) For any f ∈ H, P̂σ,·f ∈ FI . Moreover, P̂σ,t satisfies the forward equation(
∂

∂t
P̂σ,tf, g

)
= −E(t)(P̂σ,tf, g) ∀t ∈ I, g ∈ F. (15)

4 On-Diagonal Estimates

In this section, we establish the on-diagonal upper bound for Ps,t. We need the following Nash type inequality.

Theorem 2. There exists a constant c3 = c3(d, α, c1), such that for any t > 0 and f ∈ L1(Rd)∩L2(Rd), we
have

||f ||2+2α/d
2 ≤ c3E(t)(f, f)||f ||2α/d1 . (16)

Proof. This has been established in [3]. For reader’s convenience, we present a proof here, which is modified
from that of [4, Theorem 3.1]. First, observe that E(t)(f, f) = 0 implies that f = 0 a.e.. Clearly the
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inequality holds in this case. So without loss of generality we may assume that 0 < E(t)(f, f) < ∞. Fix a
positive constant r. Consider the average of function f over the ball Br(x)

fr(x) =
1

ωdrd

∫
Br(x)

f(y) dy,

where ωd is the volume of d-dimensional unit ball. We have

||f ||22 ≤ 2||f − fr||22 + 2||fr||22.

The first term on the right side is bounded by

||f − fr||22 =

∫
Rd

(
1

ωdrd

∫
Br(x)

(f(x)− f(y)) dy

)2

dx

≤ 1

ωdrd

∫
Rd

∫
Br(x)

(f(x)− f(y))2 dy dx

≤ rα

ωdc1

∫
Rd

∫
Br(x)

c(t, x, y)

|x− y|d+α
(f(x)− f(y))2 dy dx

≤ rα

ωdc1
E(t)(f, f).

For the second term, we have the naive bounds

|fr(x)| ≤ 1

ωdrd
||f ||1, ||fr||1 ≤ ||f ||1,

and hence

||fr||22 = ||fr||1||fr||∞ ≤
1

ωdrd
||f ||21.

Combining the preceding inequalities, we have

||f ||22 ≤
2

ωdc1
E(t)(f, f) rα +

2

ωd
||f ||21 r−d.

To minimize the right side, we take r = E(t)(f, f)−1/(d+α)||f ||2/(d+α)1 , obtaining the desired inequality.

Theorem 3. The transition operator Ps,t possesses a kernel p(s, t, x, y). Moreover, there exists a positive
constant c4 = c4(d, α, c1) such that

p(s, t, x, y) ≤ c4(t− s)−d/α (17)

for all t > s ≥ 0 and x, y ∈ Rd.

Proof. Suppose that f ∈ L1(Rd) ∩ L2(Rd) with ||f ||1 = 1. For any t > s ≥ 0, let us = Ps,tf . By the
backward equation and Nash inequality,

∂

∂s
||us||22 = 2E(s)(us, us) ≥

2

c3
||us||2+2α/d

2 .

It implies that ∂
∂s

(
||u(s)||−2α/d2

)
≤ −2α/dc3 and hence ||us||2 ≤ c(t − s)−d/2α. Since L1(Rd) ∩ L2(Rd) is

dense in L2(Rd), we have ||Ps,t||1→2 ≤ c(t− s)−d/2α.
On the other hand, fix s ≥ 0 and consider the function ût = P̂s,tf . By the forward equation and again

Nash inequality, we can derive in a similar way that ||ût||2 ≤ c(t − s)−d/2α. It follows that ||P̂s,t||1→2 ≤
c(t − s)−d/2α. Combining these two estimates we have ||Ps,t||1→∞ = ||Ps,r||1→2||Pr,t||2→∞ ≤ c(t − s)−d/α,
where r = (t + s)/2. This proves the existence of a kernel p(s, t, x, y) and that p(s, t, x, y) satisfies the
on-diagonal estimate (17).
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5 Off-Diagonal Estimates: Davies Methods

To establish the off-diagonal estimates, we follow the classic approach introduced by E. B. Davies. Consider
transition operator Pψs,t defined by

Pψs,tf(x) = eψ(x)Ps,t(e
−ψf)(x), (18)

where ψ is a function to be determined later. We establish an on-diagonal estimate for Pψs,t with the aid of
energy measures, then vary ψ over a large class of functions to obtain off-diagonal estimates for Ps,t.

5.1 Energy Measures

For any f, g ∈ F , the energy measure of E(t)(f, g) is defined by

dΓ(t)(f, g) =

(∫
Rd

c(t, x, y)

|x− y|d+α
(f(x)− f(y))(g(x)− g(y)) dy

)
dx (19)

Apparently the definition above can be extended to functions in F̂ = {f + c : f ∈ F, c is a constant}. We

define S to be the set of functions ψ ∈ F̂ such that

Γ(t)(ψ)2 = || d
dx

(
e−2ψΓ(t)(eψ, eψ)

)
||∞ ∨ ||

d

dx

(
e2ψΓ(t)(e−ψ, e−ψ)

)
||∞ <∞, (20)

for all t ≥ 0. We can verify by direct calculations that the following two inequalities hold.

Theorem 4. For any f ∈ F ,

E(t)(eψf, e−ψf) ≥ E(t)(f, f)− Γ(t)(ψ)2||f ||22. (21)

Moreover, for any f ∈ F , f > 0 and p ≥ 1,

E(t)(eψf2p−1, e−ψf) ≥ 1

2p
E(t)(fp, fp)− 9pΓ(t)(ψ)||f ||2p2p. (22)

Proof. To prove (21), we use the fact that

(eψ(x)f(x)− eψ(y)f(y))(e−ψ(x)f(x)− e−ψ(y)f(y))− (f(x)− f(y))2

= f(x)f(y)(eψ(x) − eψ(y))(e−ψ(x) − e−ψ(y)).

It follows that

E(t)(eψf, e−ψf)− E(t)(f, f)

=

∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
f(x)f(y)(eψ(x) − eψ(y))(e−ψ(x) − e−ψ(y)) dx dy

≥−
(∫

Rd
f2 e−2ψdΓ(t)(eψ, eψ)

)1/2(∫
Rd
f2 e2ψdΓ(t)(e−ψ, e−ψ)

)1/2

≥− Γ(t)(ψ)||f ||22.

For p ≥ 1, noticing that

(eψ(x)f(x)2p−1 − eψ(y)f(y)2p−1)(e−ψ(x)f(x)− e−ψ(y)f(y))− (f(x)2p−1 − f(y)2p−1)(f(x)− f(y))

= f2p−1(x)f(y)eψ(x)(e−ψ(x) − e−ψ(y))− f(x)f2p−1(y)eψ(y)(e−ψ(x) − e−ψ(y)),

10



we have

E(t)(eψf2p−1, e−ψf)− E(t)(f2p−1, f)

=

∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
f2p−1(x)f(y)eψ(x)(e−ψ(x) − e−ψ(y)) dx dy

−
∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
f(x)f2p−1(y)eψ(y)(e−ψ(x) − e−ψ(y)) dx dy.

To estimate the first integral, we use the fact that

f2p−1(x)f(y) = fp(x)fp(y) + fp(x)(fp(x)− fp(y))− f2p−1(x)(f(x)− f(y)).

Splitting the integral into three parts, we have∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
f2p−1(x)f(y)eψ(x)(e−ψ(x) − e−ψ(y)) dx dy

≥
∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
fp(x)fp(y)eψ(x)(e−ψ(x) − e−ψ(y)) dx dy

−
(∫

Rd
f2pe2ψdΓ(t)(e−ψ, e−ψ)

)1/2

E(t)(fp, fp)1/2

−
(∫

Rd
f2pe2ψdΓ(t)(e−ψ, e−ψ)

)1/2(∫
Rd
f2p−2dΓ(t)(f, f)

)1/2

≥
∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
fp(x)fp(y)eψ(x)(e−ψ(x) − e−ψ(y)) dx dy

−Γ(t)(ψ)||f ||p2p

(
E(t)(fp, fp)1/2 +

(∫
Rd
f2p−2dΓ(t)(f, f)

)1/2
)
.

A similar estimate holds for the second integral,∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
f(x)f2p−1(y)eψ(y)(e−ψ(x) − e−ψ(y)) dx dy

≥
∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
fp(x)fp(y)eψ(y)(e−ψ(x) − e−ψ(y)) dx dy

− Γ(t)(ψ)||f ||p2p

(
E(t)(fp, fp)1/2 +

(∫
Rd
f2p−2dΓ(t)(f, f)

)1/2
)
.

Combining the preceding two inequalities, we have

E(t)(eψf2p−1, e−ψf)− E(t)(f2p−1, f)

≥
∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
fp(x)fp(y)(eψ(x) − eψ(y))(e−ψ(x) − e−ψ(y)) dx dy

− 2Γ(t)(ψ)||f ||p2p

(
E(t)(fp, fp)1/2 +

(∫
Rd
f2p−2dΓ(t)(f, f)

)1/2
)
.

Similar to the first case when p = 1, we have∫
Rd

∫
Rd

c(t, x, y)

|x− y|d+α
fp(x)fp(y)(eψ(x) − eψ(y))(e−ψ(x) − e−ψ(y)) dx dy

≥ −
(∫

Rd
f2p e−2ψdΓ(t)(eψ, eψ)

)1/2(∫
Rd
f2p e2ψdΓ(t)(e−ψ, e−ψ)

)1/2

≥ −Γ(t)(ψ)2||f ||2p2p.

11



To bound the second term, we use the facts that

E(t)(f2p−1, f) ≥ 2p− 1

p2
E(t)(fp, fp),

∫
Rd
f2p−2dΓ(t)(f, f) ≥ 1

p2
E(t)(fp, fp).

Finally, we have

E(t)(eψf2p−1, e−ψf)− E(t)(f2p−1, f)

≥ 2p− 1

p2
E(t)(fp, fp)− 2p+ 2

p
Γ(t)(ψ)E(t)(fp, fp)1/2||f ||p2p − Γ(t)(ψ)2||f ||2p2p

≥ 1

2p
E(t)(fp, fp)− 9pΓ(t)(ψ)||f ||2p2p.

5.2 Off-diagonal Estimates

We also need the following technical lemma for the off-diagonal estimates. It is a backward analogue of
Lemma (3.21) in [2].

Lemma 1. Suppose that u : [0, t] → (0,∞) is absolutely continuous and satisfies the following differential
inequality

u′(s) ≥ 1

cp
u(s)1+βpv(s)−βp − λpu(s), (23)

where v : [0, t]→ (0,∞) is a bounded measurable function, and c, β, λ, p are positive constants with p ≥ 2.
Then we have

u(s) ≤
(

β

2cp2

)−1/βp
(t− s)−

1
β ·
p−1
p eλ(t−s)/pw(s) (24)

for all s ∈ [0, t). Here

w(s) = ess sup
r∈[s,t]

(t− r)
1
β ·
p−2
p v(r).

Proof. First, we set f(s) = eλpsu(s). f satisfies the differential inequality

f ′(s) ≥ 1

cp
eλpsf(s)1+βpv(s)−βp.

It follows that (
f−βp(s)

)′ ≤ −β
c
e−λβp

2sv(s)−βp.

Integrating over [s, t] gives

e−λβp
2su(s)−βp ≥ β

c

∫ t

s

e−λβp
2rv(r)−βpdr.

Next, let w be defined as (1). Since w(s) is non-increasing, we have

u(s)−βp ≥ β

c
w(s)−βp

∫ t

s

(t− r)p−2e−λβp
2(r−s)dr.

≥ β

c
(t− s)p−1w(s)−βp

∫ 1

0

(1− r)p−2e−λβp
2(t−s)rdr.

12



The integral in the last expression is bounded from below by∫ 1/p2

0

(1− r)p−2e−λβp
2(t−s)r ≥ e−λβ(t−s) · 1

p− 1
(1− (1− 1/p2)p−1) > e−λβ(t−s)/2p2.

Combining the last two inequalities, we obtain (24).

Now we’re ready to establish the off-diagonal estimates.

Theorem 5. There exists a positive constant c5 = c5(d, α, c1) such that for any ψ ∈ S with Γ(r)(ψ) ≤ γ for
all r, we have

p(s, t, x, y) ≤ c5(t− s)−d/α exp
(
− |ψ(x)− ψ(y)|+ 10γ(t− s)

)
(25)

where t > s ≥ 0 and x, y ∈ Rd.

Proof. We first use the backward equation to obtain an upper bound for ||Pψs,t||2→∞. Let f ∈ F and f > 0.

Fix t > 0. We set fs = Pψs,tf for s ∈ [0, t]. By the backward equation and Eq. (21), we have

∂

∂s
||fs||22 = 2

(
∂

∂s
(Ps,te

−ψf), eψfs

)
= 2E(s)(e−ψfs, e

ψfs) ≥ −γ||fs||22. (26)

For k ∈ N we put pk = 2k and uk(s) = ||fs||pk . Eq. (26) implies that

u1(s) ≤ ||f ||2eγ(t−s). (27)

Similarly, for any p ≥ 1, by the backward equation, Eq. (22) and the Nash inequality, we have

∂

∂s
||fs||2p2p = 2p

(
∂

∂s
(Ps,te

−ψf), eψf2p−1s

)
= 2pE(s)(e−ψfs, e

ψf2p−1s )

≥ E(s)(fps , f
p
s )− 18p2γ||fs||2p2p

≥ 1

c3
||fs||2p(1+α/d)2p ||fs||−2pα/dp − 18p2γ||fs||2p2p.

Then by taking p = pk, we obtain the recursive inequality

u′k+1(s) ≥ 1

2pkc3
u
1+2pkα/d
k+1 (s)u

−2pkα/d
k (s)− 9pkγuk+1(s).

Now we apply Lemma 1 to uk+1 with v = uk, c = 2c3, β = 2α/d, λ = 9γ and p = pk, obtaining

uk+1(s) ≤
(

α

2dc3p2k

)−d/2αpk
(t− s)−

d
2α ·

pk−1

pk e9γ(t−s)/pkwk(s),

where wk is defined as in the lemma

wk(s) = max
r∈[s,t]

(t− r)
d
2α ·

pk−2

pk uk(r).

Multiplying two sides by (t− s)−
d
2α ·

pk−1

pk and then maximizing over [s, t], we have

wk+1(s) ≤
(

α

2dc3p2k

)−d/2αpk
e9γ(t−s)/pkwk(s).

13



It follows that lim supk→∞ wk(s) ≤ ce9γ(t−s)w1(s), where c = c(d, α, c1) is a positive constant. Since w1(s) =
maxr∈[0,t] u1(r) ≤ ||f ||2eγ(t−s) by (27), we have

(t− s)d/2α||fs||∞ ≤ ce10γ(t−s)||f ||2.

So ||Pψs,t||2→∞ ≤ c(t− s)−d/2αe10γ(t−s).
On the other hand, fixing s > 0 and setting f̂t = P̂ψs,tf for t ∈ [s,∞), with the aid of the forward equation,

we can prove that
||P̂ψs,t||2→∞ ≤ c(t− s)−d/2αe10γ(t−s).

Combining these two estimates we have

||Pψs,t||1→∞ ≤ ||Pψs,r||1→2||Pψr,t||2→∞ ≤ c(t− s)−d/αe10γ(t−s),

where r = (t+ s)/2. So the density function pψ(s, t, x, y) of Pψs,t exists. Since

pψ(s, t, x, y) = eψ(x)p(s, t, x, y)e−ψ(y),

we have
p(s, t, x, y) ≤ c(t− s)−d/α exp [−(ψ(x)− ψ(y)) + 10γ(t− s)]

Since Γ(t)(−ψ) = Γ(t)(ψ) for all t ≥ 0, the same upper bound holds for −ψ and we obtain the off-diagonal
estimate as in Eq. (25).

5.3 Choice of ψ

We point out that S contains functions of the following form.

Lemma 2. Let
ψ(x) = k(|x− x0| ∧R) x ∈ Rd, (28)

where k and R are positive constants, x0 ∈ Rd. Then ψ ∈ S. In fact, there exists a positive constant
c6 = c6(d, α, c2) such that

Γ(t)(ψ) ≤ c6e3kRR−α for all t ≥ 0.

Proof. Note that |1− ex| ≤ |x|e|x| for all x ∈ R. We have∣∣∣∣ ddx (e−2ψΓ(eψ, eψ)
)∣∣∣∣ = e−2ψ(x)

∫
Rd

c(t, x, y)

|x− y|d+α
(eψ(x) − eψ(y))2dy

≤ c2
∫
Rd
|x− y|−d−α(1− eψ(y)−ψ(x))2dy

≤ c2
∫
BR(x0)

|x− y|−d−α|ψ(x)− ψ(y)|2e2|ψ(x)−ψ(y)|dy

+ c2

∫
BR(x0)c

|x− y|−d−αe2|ψ(x)−ψ(y)|dy

≤ c2k2e2kR
∫
BR(x0)

|x− y|−d−α+2dy + c2e
2kR

∫
BR(x0)c

|x− y|−d−αdy

≤ c2
(

ωd
2− α

k2e2kRR2−α +
ωd
α
e2kRR−α

)
≤ ce3kRR−α.

Clearly, the same estimate holds for d
dx

(
e2ψΓ(e−ψ, e−ψ)

)
. Therefore ψ ∈ S and Γ(t)(ψ) ≤ ce3kRR−α.

By choosing an appropriate ψ ∈ S, we have the following upper bound for the transition density
p(s, t, x, y).
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Theorem 6. There exists a constant c7 = c7(d, α, c1, c2) such that

p(s, t, x, y) ≤ c7
(

(t− s)−d/α ∧ t− s
|x− y|d+α

)
(29)

for all t > s ≥ 0 and x, y ∈ Rd.

Proof. For |x− y| ≤ (t− s)1/α, (29) follows from the on-diagonal estimate (17). Hence we may assume that
|x − y| < (t − s)1/α. Fix x, y ∈ Rd. For simplicity, we write r = |x − y|. Let ψ be as defined in (28). We
choose x0 = y and apply Theorem 5 with γ = c6e

3kRR−α, obtaining

p(s, t, x, y) ≤ c5(t− s)−d/α exp(−kr + 10c6e
3kRR−α(t− s)).

Set k = 1
r (d+ α) log r

(t−s)1/α , R = λr with λ = α/3(d+ α). The right side above simplifies to

c5(t− s)−d/α
(

(t− s)1/α

r

)d+α
exp

(
10c6

(
r

(t− s)1/α

)3λ(d+α)
t− s
(λr)α

)
= c5e

10c6/λ
α t− s
rd+α

.
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