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The accurate description of electronic structures in molecular systems has always been the

central question in the field of quantum chemistry. For problems such as studying chem-

ical properties of the late-row element components or investigating the energy dissipation

pathways in electronically excited/ionized molecules, relativistic effects, static and dynamic

electron correlations must be addressed. Despite of the simple formalism, the multireference

configuration interaction (MRCI) method can treat both electron correlations and relativis-

tic effects variationally with high accuracy. However, the large scaling of computational

resources demanded by MRCI method becomes the bottleneck to apply it to any realistic

systems. To shed lights on practical approaches to perform MRCI calculations, this disser-

tation covers important aspects including correlation space tuning to lower the number of

determinants and algorithm advancements to increase the computational capability. Par-

ticularly, with the novel implementation, relativistic MRCI wavefunction with more than 1

billion determinants could be resolved using just a few computer machines. After a brief

introduction to the preliminary theory concepts in Chapter 1, Chapter 2 further reviews

the research and development effort for CI algorithm in the past three decades. Chapter

3 introduces a novel relativistic MRCI formalism and its distributed implementation, and

parallel performance is evaluated and discussed. Chapter 4 discussed about how correlation

tuning could impact MRCI calculations. Chapter 5 and 6 focused real world applications of



MRCI methods to resolve X-ray absorption spectra of iron complex and study non-radiative

decay pathways of electronically excited/ionized molecules, respectively.
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Chapter 1

THEORETICAL BACKGROUND OF CONFIGURATION
INTERACTION METHODS

In this dissertation, the following notations are used, unless otherwise specified:

• µ , ν , λ , σ: atomic orbitals (AOs)

• p, q, r, s : general molecular orbitals (MOs)

• I, J, K, L: Slater determinants

1.1 Non-relativistic and Relativistic Electronic Hamiltonian

The center question of quantum chemistry is to resolve the electronic structures in molecular

systems and how they would response upon interactions with the surrounding environments.

Conventionally without considering the relativistic effects and under Born-Oppenheimer

Approximation (where nuclei are treated statically), the governing equation is the time-

independent Schrödinger equation [142]:

Ĥnon-relΨ = EΨ (1.1)

The non-relativistic electronic Hamiltonian consists of three parts:

Ĥnon-rel = −T̂ − V̂nuc + V̂ee (1.2)

where T̂ , V̂nuc and V̂ee are electronic kinetic energy, nuclear potential and electron-electron



2

repulsion operators respectively. They are defined as:

T̂ =
1

2

∑
i

∇i (1.3)

V̂nuc =
∑
i

ZA

riA
(1.4)

V̂ee =
1

2

∑
ij

1

rij
(1.5)

where i, j refer to electrons, A refers to nuclei, Z is nuclear charge and r is the distance

between electron and electron/nuclear positions.

When special relativity is considered with the time-independent Schrödinger equation,

the Dirac equation is derived in four-component picture where the one-electron wavefunction

is expressed in the four-spinor form:

ϕ =

ψL

ψS

 (1.6)

where ψL and ψS are two-spinors of the large and small components consisting α and β part:

ψL =

ψL
α

ψL
β

 , ψS =

ψS
α

ψS
β

 (1.7)

Then, the Dirac equation can be written as [141]

Ĥ4C
rel

ψL

ψS

 = E

ψL

ψS

 (1.8)

and the four-component relativistic Hamiltonian in matrix form then is:

Ĥ4C
rel =

I⊗ V cσ · p

cσ · p I⊗ (V − 2mc2)

 (1.9)
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where p = −i∇ is the momentum operator and σ are Pauli matrices.

I =

1 0

0 1

 ,σx =

0 1

1 0

 ,σy =

0 −i

i 0

 ,σz =

1 0

0 −1

 . (1.10)

For the one-electron system, V is the nuclear potential that gives rise to scalar relativistic

and spin-orbit effects. For many electron systems, the leading-order two-electron interactions

that enter the molecular potential are described by the Coulomb and Gaunt terms:

Vee =
N∑
i=1

∑
j>i

(gC(i, j)− gG(i, j)) (1.11)

gC(i, j) =
1

rij
(1.12)

gG(i, j) =
αi ·αj

rij
(1.13)

where the components of the α matrices are defined as

αi,J =

02 σJ

σJ 02

 , J = {x, y, z} (1.14)

where i is i-th electron.

Between the non-relativistic and four-component Hamiltonian, there are also two-component

methods where only the large component of the wavefunction is used. Among those method,

the most popular one is exact-two-component(X2C), where the small component is elimi-

nated from a four-component wavefunction and ”folded” into the large component through

a unitary transformation U . Meanwhile, the one-electron part of the four-component rel-

ativistic Hamiltonian Ĥ4C
rel can be approximately block-diagonalized and decoupled to so-

lutions corresponding to electrons and positrons, as H+ and H−, respectively. Since only

electronic solutions are of interest, the no-pair approximation[140] can be invoked and this



4

two-component Hamiltonian H+ will be the X2C relativistic Hamiltonian Ĥ2c
rel.

UĤ4C
rel U † =

H+ 02

02 H−

 , ĤX2C
rel = H+, U

ψL

ψS

 =

ψ2c

0

 (1.15)

To extend X2C method for many-electron systems, normally the bare Coulomb operator is

used with other two-electron relativistic effects approximated into one-body terms. Common

approaches include the use of an empirical factor (known as Boettger factor[15], to scale

the one-electron spin-orbital terms or atomic mean-field field two-eletron integrals (AMFI)

method. [134]

The derivation and implementation of multi-reference methods rely on the use of the

second quantization, where all the operators in electronic Hamiltonian could be expressed in

the form of one-electron or two-electron operators [142]:

O1 =
∑
pq

hpqÊpq (1.16)

O2 =
∑
pqrs

gpqrsêpqrs (1.17)

where hpq and gpqrs are one-electron and two-electron integrals in MO basis, respectively; Êpq

and êpqrs are one-electron and two-electron excitation operator that could be written with

creation and annihilation operators:

Êpq = a†paq, êpqrs = a†pa
†
rasaq (1.18)

And with the resolution of identity, the two-electron excitation can be further decompose as

one-electron operators:

êpqrs = ÊpqÊrs − δqrÊps (1.19)
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Conventionally, for one-component non-relativistic Hamiltonian, molecular orbitals (MO)

are defined just as the spatial parts, namely, the linear combination of atomic orbitals from

basissets. As the results, MOs are up to doubly occupied and the creation/annihilation

operators are defined on each spin type as:

a†p = a†pα + a†pβ, ap = apα + apβ (1.20)

However, in relativistic framework, because each molecular orbital is in spinor form as a

linear combination of α and β parts (as Eq. (1.7)), they become at most singly occupied and

the spin type is omit from the creation/annihilation operators.

1.2 Hartree Fock and Slater Determinants

To obtain the molecular orbitals, i.e., the one-electron wavefunctions, Hartree-Fock (HF)

method is proposed where the many-body electron motion are decoupled and electron-

electron interactions are treated in a mean field. The N-electron HF wavefunction is normally

constructed in the forms of a single Slater determinant:

|ΨHF⟩ =
1√
N

∣∣∣∣∣∣∣∣∣∣∣∣

ϕi(1) ϕj(1) · · · ϕk(1)

ϕi(2) ϕj(2) · · · ϕk(2)
...

...
. . .

...

ϕi(N) ϕj(N) · · · ϕk(N)

∣∣∣∣∣∣∣∣∣∣∣∣
(1.21)

Where the {ϕi} are spin-adapted molecular orbitals. Then the Schrödinger or Dirac equations

could be reduced in the following form:

F̂ (1)ϕi(1) = ϵiϕi(1) (1.22)
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Where the Fock operator is:

F̂ (1) = ĥ(1) +
N∑
i=1

(
fcĴi(1)− K̂i(1)

)
(1.23)

Where the fc is the component factor derived by whether the orbital is singly or doubly

occupied (fc = 1 for two- or four-component Hamiltonian and fc = 2 for one-component

Hamiltonian). The ĥ(1), Ĵi(1), K̂i(1) are one-electron core Hamiltonian operator, Coulomb

operator, and exchange operator, respectively and they can be evaluated as integrals in

Eqs. (1.16) and (1.17)

⟨ϕp| ĥ(1) |ϕq⟩ = hpq (1.24)

⟨ϕp| Ĵi(1) |ϕq⟩ = gpqii (1.25)

⟨ϕp| K̂i(1) |ϕq⟩ = gpiiq (1.26)

1.3 Electronic Correlations and Configuration Interactions

From Sec. 1.2, we are able to obtain the molecular orbital pictures where the electron motions

are isolated as the result of the mean-field treatment. However in reality, for a many-body

electron system, the electronic structures are rather reflections of collective motions. Thus

accurate descriptions must take the missing electron correlation into account. A simple

approach to perform correlated computation is to construct the N-electron wavefunction

using configuration expansion instead of a single Slater determinant:

|ΦCI⟩ = CHF |ΨHF⟩+
∑
ia

Ca
i |Ψa

i ⟩+
∑
ijab

Cab
ij

∣∣Ψab
ij

〉
+ · · · (1.27)

Where, as illustrated in Fig. 1.1, |Ψa
i ⟩ is a singly excited configuration where an electron in

an occupied orbital ϕi is excited to a virtual orbital ϕa. Similarly,
∣∣Ψab

ij

〉
is a doubly excited

configuration where two electrons in orbital ϕi and ϕj are excited to two virtual orbitals ϕa

and ϕb, so on and so forth. Particularly, including all the possible excited determinants give
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us the full configuration interaction (FCI) methods [79], which could explicitly correlated all

the electrons.

Figure 1.1. Relativistic electronic configuration expansions in diagrams, where each horizontal
line represents a molecular orbitals (ordered by orbital energies), and a red arrow represents an
electron. a) The HF configuration, b) singly excited electron configuration, c) doubly excited
electron configuration.

The electron correlation for configuration interactions is simply defined as:

Ecorr = ECI − EHF (1.28)

The FCI will give the theoretical limit of the correlation energy (EFCI
corr = EFCI − EHF) for

a chosen electronic Hamiltonian and a set of atomic basis. However, the factorial scaling of

the FCI method will make it impossible to be applied into any molecular systems with more

than a few electrons. Thus, the most common practice for CI is to truncate the configu-

ration expansion by excitation levels. Because of the Slater rule, normally, only singly and

doubly excited configurations are included to form the single reference (SR) configuration

interaction singles and doubles (CISD). The major challenge of this truncation is that it

introduces imbalanced descriptions for system with near degenerate ground states. Since

the near degenerate ground states can not be qualitatively describe by a single Slater deter-
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minant, some of the important determinants are grouped at least in the category of singly

excited configurations. Thus, to include the same single and double excited configurations,

it would require at lease some of the triple or even higher excitation level of configurations

corresponding to the HF configurations. Thus, a two-step treatment is often used to treat

the static and dynamic correlations [98] separately as Secs. 1.4 and 1.5.

1.4 Complete-Active-Space Self-Consistent-Field (CASSCF)

The CAS wavefunction is constructed as the full configuration interaction (CI) expansion of

Slater determinants |K⟩, within selected active molecular orbitals:

|ΨCAS⟩ =
NCAS

det∑
K

CK |K⟩ (1.29)

where NCAS
det is total number of determinants in the expansion. In one-component method,

NCAS
det can be computed as

(
Nspatial

nα

)(
Nspatial

nβ

)
, where nα and nβ are number of α and β electrons

and Nspatial is number of spatial orbitals in the CAS. However, for relativistic two-component

or four-component methods under no-pair approximations, NCAS
det will be

(
Nspinor

ne

)
, where ne

is total number of electrons and Nspinor is total number of electronic spinor in CAS.

Other than the active space orbitals, there are remaining inactive core and virtual orbitals

where they remains fully occupied and empty during a CASSCF calculations. In this section,

the inactive core orbitals is indexed as {i, j, k, l}, the CAS orbitals is indexed as {t, u, v, w}

and the virtual orbitals is indexed as {a, b, c, d}. The energy of the CAS wavefunction then

can be expressed as:

ECAS = ϵcore + ⟨ΨCAS| ĤCAS |ΨCAS⟩ (1.30)

where ϵcore is the inactive core energies:

ϵcore =
∑
i

hii +
1

2

∑
ij

(fc giijj − gijji) (1.31)
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and the ĤCAS is the active space Hamiltonian:

ĤCAS =
∑
tu

hcoretu Êtu +
1

2

∑
tuvw

gtuvwêtuvw (1.32)

where hcoretu is defined as the sum of one-electron interactions in CAS space and two-electron

interaction between CAS electrons and inactive core electrons:

hcoretu = htu +
∑
i

(gtuii − gtiiu) (1.33)

The CASCI approach is formulated as the an eigenvalue problem HCASC = EC such

that energy expression Eq. (1.30) are minimized respect to CI coefficient C. However, since

only the active space orbitals are correlated, CASCI energies is not invariant to orbital op-

timization. The CASSCF method on the other hand optimize the wavefunction by making

the energy stationary with respect to variations of both CI coefficients and MO coefficients.

Typically, orbital optimization is performed after solving the CASCI problem, and an expo-

nential parametrization is applied to CAS wavefunction as:

|Ψ′
CAS⟩ = exp(X) |ΨCAS⟩ (1.34)

where the variational matrix X is formulated as an anti-Hermitian matrix over all MOs

(Xpq = −X∗
qp) to construct an unitary matrix R = exp(X). Then the molecular orbital

could be rotate via unitary transformation of the existing orbitals:

ψ′
p =

∑
q

Rpqψq (1.35)

The CASSCF wave function is then optimized when:

∂E

∂C
= 0;

∂E

∂X
= 0; (1.36)
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The detailed of orbital optimization could be found in Ref [63]. And note that orbital

optimization could be performed not only for one CAS states, but also for a few states

using state-averaging (SA) active space electron density. As the result, the ground state and

excited states arising from CAS space could be treated in equal footing.

1.5 Multi-Reference Configuration Interactions (MRCI)

The MRCI method normally utilize the CASSCF wavefunctions as the reference and perform

additional CI expansion to correlate the selected inactive core and virtual orbitals. For

example, the relativistic MO space could be partition in five sub-spaces as Fig. 1.2:

• Frozen Core Space consists of MOs that are occupied in all reference determinants and

remain occupied in MRCI.

• Correlated Core Space consists of MOs that are occupied in all reference determinants

but can be excited in MRCI.

• Complete Active Space consists of active MOs in the CASSCF reference.

• Correlated Virtual Space consists of MOs that are unoccupied in all reference determi-

nants but can be occupied in MRCI.

• Frozen Virtual Space consists of MOs that are unoccupied in all reference determinants

and remain unoccupied in MRCI.

This convenient space partition scheme can further map the MRCI framework to a re-

stricted or generalized active space framework with computational advantages, which will

be discussed in Sec. 3.2.2. In MRCI framework, the indices of {i, j, k, l}, {t, u, v, w} and

{a, b, c, d} are adjusted accordingly for the frozen core space, correlated space and frozen

virtual space, respectively. Then using the index of {ti, vj, ...} and {ua, wb, ...} for occupied

and unoccupied orbitals within the correlated space, we can obtain the MRCI wavefunction

ansatz as:
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Figure 1.2. Molecular orbital space partitioning in relativistc MRCI framework using RAS
concept.

|ΨMRCI⟩ =
NCAS

det∑
K

CK |K⟩+
∑
ti,ua

NCAS
det∑
K

CKua
ti

∣∣Kua
ti

〉
+

∑
tivj ,uawb

NCAS
det∑
K

CK
uawb
tivj

∣∣∣Kuawb
tivj

〉
+ · · · (1.37)

where
∣∣Kua

ti

〉
and

∣∣∣Kuawb
tivj

〉
are the singly-excited and doubly-excited electron configurations

generated from a given reference determinant |K⟩ by applying the excitation operators:

∣∣Kua
ti

〉
= Êuati |K⟩ ;

∣∣∣Kuawb
tivj

〉
= êuatiwbvj |K⟩ (1.38)

where the excitation operators are defined in Eq. (1.18)

Although MRCI are very similar as RASCI, the key difference between them however is

the purpose of the calculations. RASCI is mainly an approximation to CASCI and is used

to capture the static correlations, thus it’s normally used along with orbital optimizations

(similar in Sec. 1.4), i.e. as the RASSCF method; the MRCI methods however are used for

accurate description of dynamic correlations and no orbital optimization is needed afterwards.

This difference is also reflected on the number of correlated virtual orbitals. As the results,
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in RASCI, only limited virtual orbitals are correlated, while in MRCI, virtual orbitals are

included as many as the computational resources could afford.

The energy expression of MRCI will the same as Eq. (1.30) with the index range ad-

justment and the substitution of CAS wavefunction ansatz to MRCI wavefunction. The

first term in Eq. (1.37) contains the configurations present in the CASSCF reference wave

function. These configurations capture static correlation, to give a qualitatively correct

wave function. The remaining terms include excited configurations that serve to capture the

dynamic correlation, essential for quantitatively accurate energies and properties.

The total number of unique determinants in the relativistic MRCI framework is

NMRCI
det =

mh∑
ih=0

me∑
ie=0

(
NRAS1

ih

)(
NRAS2

ne −NRAS1 + ih − ie

)(
NRAS3

ie

)
(1.39)

where NRAS1, NRAS2, NRAS3 are the numbers of orbitals in RAS1, RAS2/CAS, RAS3 spaces

according to Fig. 1.2, ne is the total number of electrons in the correlated space, and mh

and me are maximum number of holes in RAS1 and maximum number of electrons in RAS3.

For MRCISD, the total number of unique determinants scales factorially with NRAS2 and

quadratically with both NRAS1 and NRAS3.

For non-relativistic framework, the total number of unique determinants could computed

similiarly as:

NMRCI
det =

mh∑
iαh=0

mh−iαh∑
iβh=0

me∑
iαe =0

me−iαe∑
iβe=0

∏
σ=α,β

(
NRAS1

iσh

)(
NRAS2

nσ
e −NRAS1 + iσh − iσe

)(
NRAS3

iσe

)
(1.40)

where nα
e and nβ

e are the total number of α and β electrons in the correlated space, respec-

tively.
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Chapter 2

A BRIEF REVIEW OF EXISTING EFFICIENT CI
IMPLEMENTATIONS

Despite of the simple formalism of CI methods and full CI as the theoretical limit for

electron correlations, their applications have been limited to small and modest-size of the

molecular systems. The primary reason behind this limitation is due to the fast scaling

of parameter numbers needed by the CI methods to obtain accurate descriptions of the

chemical systems. Let alone that the number of determinants in FCI scales exponentially as

the increase of the number of electrons and orbitals, the number of determinants in common

MRCISD calculations scales quadratically as increase of the number of correlated core and

virtual orbitals (see Eq. (1.39) and Eq. (1.40)). Benefit from the rapid advances of modern

computer hardware and the algorithm developments for solving CI problem, nowadays the

limit of the CAS/RASCI calculation exceeds tens of billions (1010) determinants and the

limit of MRCI also increases above billion (109) range. In this section, I will briefly review

the critical algorithms and technologies that enable the large-scale CI calculations.

2.1 Overview

In the past two decades, researchers in the field of the quantum chemistry have been explor-

ing and pushing the limits of CI methods. Among all the efforts, the LUCIA [107] and the

relativistic version LUCIAREL [42, 43, 40] developed by Olsen et. al. has the most influ-

ence in the field of solving CI problems. As early as 1990, Olsen et. al. [108] successfully

demonstrated a non-relativistic FCI calculation on Mg atom that has more than 1 billion

determinants. Later on, they reported large non-relativistic FCI calculations with about 20

billion determinants on the CN anion in cc-pVDZ basis[145]. The limit of non-relativistic



14

FCI/CASCI is further pushed in 2017 by an attempted calculation on a linear Cr3 system by

Olsen, Laura and et. al. [149]. They tested their algorithm on thousands of processors for

days to solve a CI problem with near 1 trillion (1012) determinants. For MRCI calculations,

Knecht et. al. optimized and paralleled LUCIA and LUCITAREL with applying the gener-

alized active space (GAS) concepts. They reported an non-relativistic MRCISD calculations

on H2O grond state with 1.5 billion determinants in 2007 [74], and a relativistic MRCISD cal-

culations on bismuth monohydride (BiH) with 0.4 billion determinants in 2009[75]. Outside

of the efforts from LUCIA/LUCIAREL researchers, non-relativistic CAS/RASCI algorithms

are mainly focused. Rossi et. al. performed a CI calculation with 9.6 billion determinants

on N2 molecule in 1999 [128] and Gan et. al. reported to use a highly vectorized algorithm

to solve a FCI problem with about 65 billion determinants on C2 in cc-pVTZ basis [45].

More interestingly, Todd et. al. investigated CI algorithms with GPU accelerators to solve

a non-relativistic CASCI with 2.4 billion determinants on Ethylene Dimer [35].

2.2 The Iterative Davidson Methods

To solve the eigenvalue problem of CASCI or MRCI, the straightforward way is to build a

full Hamiltonian matrix and diagonalize it. The matrix element could be computed as:

HKL = ⟨K| Ĥ |L⟩ , {|K⟩ , |L⟩} ∈ ΨCAS or ΨMRCI (2.1)

However, the rapid scaled dimension in MRCI expansion (Eq. (1.39) & Eq. (1.40)) usually

prevents direct diagonalization of the MRCI eigenvalue problem. On the other hand, for the

interest of the chemical problem, primarily only the ground states and lowest excited states

or excited states at certain energy range (in resolving the X-Ray spectra) are desired. Thus,

the iterative Davidson method [19] is widely used to solve the eigenvalue problems in the

field of computational quantum chemistry.

The typical Davidson procedure for solving n states in N dimension starts with m initial

orthonormal guess vectors to form subspace basis Csub with dimension N × m. In each
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micro-iteration, a subspace eigenvalue problem will be formed and solved; the results are

improved by expanding basis with perturbed vectors until certain convergence criteria are

met. Typically, the following steps are taken in each micro-iteration:

• Form matrix-vector product vectors (σ) using the sub-space vectors from guess or last

iteration, as:

σK =
∑
L

HKLCL (2.2)

specifically, in second quantization form, the CI sigma formation could be expressed

as:

σK =
∑
pq

∑
L

hcorepq ⟨K| Êpq |L⟩CL +
1

2

∑
pqrs

∑
L

gpqrs ⟨K| êpqrs |L⟩CL (2.3)

where hcorepq and gpqrs and one-electron and two-electron interactions arising from the

chosen Hamiltonian; ⟨K| Êpq |L⟩ and ⟨K| êpqrs |L⟩CL are symbolic matrix elements.

• Form subspace problem as Hsub = Csub†σ with a dimension of m×m and diagonalize

it to obtain the subspace eigenvalues E and eigenvectors X. The n states with lowest

energies are of interest and the corresponding full space vectors then are easily obtained

as CN×n = Csub
N×mXm×n.

• Compute the residue of each full space vector and its 2-norm as:

ri = HsubXi − EiCi (2.4)

|ri| =
√∑

K

[ri(K)]2 (2.5)

if the 2-norm |ri| is smaller than the convergence threshold ϵr, a vector is considered

as converged. When all the desired vector are converged, end the Davidson procedure

and return the current {E, C} as the full space eigenvalues and eigenvectors.

• For unconvereged full space vectors, new perturbed vectors {Qi} to the subspace basis
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Csub:

Csub′
=
[
Csub Q

]
(2.6)

where each of the perturbed vectors are obtained from the residues:

Qi(K) =
ri(K)

Ei −HKK

(2.7)

where HKK is the full space Hamiltonian diagonal matrix element.

For X-Ray spectra calculations, energy specific approach is adapted [111], where states above

a certain threshold (ϵt) from the ground state in each step are solved simultaneously. With the

majority of the steps same as the normal Davidson procedure, the energy-specific Davidson

will pick additional n′ high energy states with energy |Ei −E0| > ϵt, where E0 is the energy

of the ground state at the same iteration. During each interaction, the high energy states

are also evaluated for convergence and perturbed vectors will be generated and append to

the subspace vectors in a similar fashion.

2.3 The Sparsity Utilization in Electronic Hamiltonian

Fundamentally, the CI problems are sparse because only small amount of symbolic matrix

terms (In Eq. (2.3)) will be non-zero (see more details in Sec. 3.1). The equation for one-

electron and two-electron symbolic matrix are expressed as:

⟨K| Êpq |L⟩

(or ⟨K| êpqrs |L⟩)
=

 ±1, when |K⟩ = ± Êpq |L⟩ (± êpqrs |L⟩)

0, otherwise
(2.8)

Conventionally, the information of non-zero elements of ⟨K| Êtu |L⟩ ({K,L, t, u, ⟨K| Êtu |L⟩}),

i.e., one-electron excitation lists are precomputed and stored in core. Thus, during sigma for-

mation, sparse multiplications could be executed efficiently. To avoid the additional storage

for ⟨K| êtuwv |L⟩, the two-electron excitation operator can be factorized into multiplications
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of one-electron operators via

êpqrs = ÊpqÊrs − δqrÊps (2.9)

As the result, the σ vector now has the form of:

σK =
∑
pq

∑
L

hcorepq ⟨K| Êpq |L⟩CL +
1

2

∑
pqrs

gpqrsδqr ⟨K| Êps |L⟩CL

+
1

2

∑
pqrs

∑
L

gpqrs ⟨K| ÊpqÊrs |L⟩CL (2.10)

=
∑
pq

∑
L

h′pq ⟨K| Êpq |L⟩CL +
1

2

∑
pqrs

∑
L

∑
J

gpqrs ⟨K| Êpq |J⟩ ⟨J | Êrs |L⟩CL (2.11)

where the h′pq is defined as

h′pq = hcorepq −
1

2

∑
r

gprrq (2.12)

2.4 Knowles and Handy’s String Methods

Normally, we can conveniently record a many-electron configuration with binary strings of

zeros and ones, where zero and one represents the empty and occupied orbital respectively.

For example, |100101⟩ can be used for a determinant where orbital 1, 4 and 6 are occupied

and orbital 2, 3 and 5 are empty. In order to avoid the explicit storage and sorting the

configurations in CI problem, Knowles and Handy [79, 80] introduced the string methods

based on Duch’s [27] work on graphical representation of CI space. Conceptually, the string

methods could be viewed as minimal perfect hash functions to map all the configurations into

continuous integers (i.e. addresses) without any collision. In that way, all the coefficients in

C and σ vectors are ordered as the result of the string methods, and integers of configurations

are used for one excitation lists mentioned above.

The most common usage and easiest formation of string methods are within a fully

expanded space, i.e., complete active space (CAS). Typically, based on certain order (lexical

or reverse-lexical), weights can be assigned to either unoccupied or occupied orbitals and
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used for address computation. For example, weights of the occupied orbitals are used, the

address is computed as:

A(K) = 1 +
n∑

i=1

Z(i, j) (2.13)

where Z(i, j) is the weight of the ith electron occupying the jth orbitals, and n is number of

electrons in determinant |K⟩. For instances, in the previous example, the address of |100101⟩

is computed as:

A(100101) = 1 + Z(1, 1) + Z(2, 4) + Z(3, 6) (2.14)

The weights could be deducted from from the original graphical representation method (more

details in [79, 80]). In our implementation, we adopted the reverse-lexical order with the

weights formula:

Z(i, j) =


j−1∑

k=i−1

(
k

i−1

)
, if n− i ≤ m− j

0, otherwise

(2.15)

where m is the number of orbitals. A recursive relation can be used to easily construct the

weights array Z:

Z(i, j) =

 Z(i, j − 1) +
(
j−1
i−1

)
, if n− i ≤ m− j and j > 1

0, otherwise
(2.16)

2.5 Fast Algorithms for Non-relativistic CASCI Sigma Formation

As described in Sec. 2.1, the majority of research were conducted for non-relativistic CASCI

or FCI problems. The natrual separation of the electronic spins (α and β manifolds) and

complete expansion within a space enable the CI problems to be easily formulated into

matrix-matrix multiplication form. Specifically, each configuration and excitation operator
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could be express as combination of the α and β parts:

|K⟩ = |KαKβ⟩ (2.17)

Êpq =Ê
α
pq + Êβ

pq (2.18)

Naturally, each CI vector and sigma could be reshape into a matrix:

C(K)→ C(Kα, Kβ), σ(K)→ σ(Kα, Kβ) (2.19)

and the one-electron symbolic matrix element could be simplify as:

⟨K| Êα
pq |L⟩ = ⟨KαKβ| Êα

pq |LαLβ⟩ = ⟨Kα| Êα
pq |Lα⟩ δKβLβ

(2.20)

⟨K| Êβ
pq |L⟩ = ⟨KαKβ| Êβ

pq |LαLβ⟩ = ⟨Kβ| Êβ
pq |Lβ⟩ δKαLα (2.21)

Plug in the above separation formalism, the 1e and 2e parts of the Sec. 3.2.4 could be

re-written as:

1eσ(Kα, Kβ) =
∑
pq

∑
Lα

h′pq ⟨Kα| Êα
pq |Lα⟩C(Lα, Kβ)

+
∑
pq

∑
Lβ

h′pq ⟨Kβ| Êβ
pq |Lβ⟩C(Kα, Lβ) (2.22)

2eσ(Kα, Kβ) =
1

2

∑
pqrs

∑
Lα

∑
Jα

gpqrs ⟨Kα| Êα
pq |Jα⟩ ⟨Jα| Êα

rs |Lα⟩C(Lα, Kβ)

+
1

2

∑
pqrs

∑
Lβ

∑
Jβ

gpqrs ⟨Kβ| Êβ
pq |Jβ⟩ ⟨Jβ| Êβ

rs |Lβ⟩C(Kα, Lβ)

+
1

2

∑
pqrs

∑
Lα

∑
Lβ

gpqrs ⟨Kα| Êα
pq |Lα⟩ ⟨Kβ| Êβ

rs |Lβ⟩C(Lα, Lβ)

+
1

2

∑
pqrs

∑
Lα

∑
Lβ

gpqrs ⟨Kβ| Êβ
pq |Lβ⟩ ⟨Kα| Êα

rs |Lα⟩C(Lα, Lβ) (2.23)
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For two-electron part of sigma where most of the computation time is spent, different

contraction orders have been implemented and studied. For simplicity, here we only give the

equation for the first term of Eq. (2.23), and the remaining terms can be deduced similarly.

2.5.1 The Knowles-Handy Method

The Knowles-Handy Method [79, 80] was an extension of Siegbahn’s sigma formation [133]

with configuration state function (CSF) to determinant basis. The first term in Eq. (2.23)

are contracted in the following order:

Ωrs(Jα, Jβ) =
∑
Lα,Lβ

⟨Jα| Êα
rs |Lα⟩C(Lα, Lβ)δLβJβ (2.24)

Λpq(Jα, Jβ) =
∑
rs

gpqrsΩ
rs(Jα, Jβ) (2.25)

2eσ(Kα, Kβ)+ =
1

2

∑
pq,Jα,Jβ

Λpq(Jα, Jβ) ⟨Kα| Êα
pq |Jα⟩ δKβJβ (2.26)

Where Ω and Λ are intermediates and the step Eq. (2.25) is conducted in matrix-matrix

multiplication way.

2.5.2 The Olsen-Roos Method

Another important matrix multiplication method is reported by Olsen and Roos et.al., [109]

similarly, the first term in Eq. (2.23) are now contracted in the following order:

Ωrs(Jα, Jβ) =
∑
Lα,Lβ

⟨Jα| Êα
rs |Lα⟩C(Lα, Lβ)δLβJβ (2.27)

Xrs(Kα, Jα) =
∑
pq

gpqrs ⟨Kα| Êα
pq |Jα⟩ (2.28)

2eσ(Kα, Kβ)+ =
∑

rs,Jα,Jβ

Ωrs(Jα, Jβ)X
rs(Kα, Jα)δKβJβ (2.29)

where the step Eq. (2.29) is conducted in matrix-matrix multiplication way.
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2.5.3 The Frisch-Li Method

In 2011, Frisch and Li et. al. [92] also proposed another algorithm, where the first term in

Eq. (2.23) are now contracted in the following order:

Xpq(Jα, Lα) =
∑
rs

gpqrs ⟨Jα| Êα
rs |Lα⟩ (2.30)

Λpq(Jα, Jβ) =
∑
Lα,Lβ

Xpq(Jα, Lα)C(Lα, Lβ)δLβJβ (2.31)

2eσ(Kα, Kβ)+ =
∑

pq,Jα,Jβ

Λpq(Jα, Jβ) ⟨Kα| Êα
pq |Jα⟩ δKβJβ (2.32)

where the step Eq. (2.32) is conducted in matrix-matrix multiplication way.

Despite of the various efficient implementations been reported for non-relativistic CASCI,

it is challenging to apply similar algorithm for relativistic MRCI calculations due to increased

formalism complexity and memory bottlenecks for intermediate storage (see more detail in

Sec. 3.1)

2.6 Distributed Implementation of CI using GAS framework

Because of the quickly scaling of MRCI problem, it rises demanding requirements for compu-

tational resources such as FLOPs, memory and disk storage beyond what a single machine

could offer. Thus, in additional to ensuring computational efficiency on single machines,

scalable algorithms are must to enable large-scale CI calculations. Olsen and Knecht el. al.

[42, 43, 40, 74, 75] reported a generalized active space (GAS) approach for both large-scale

non-relativistic and large-scale relativistic CI calculations. The essential idea of GAS is to

generalize the CAS and RAS definitions and allow an arbitrary number of active spaces dur-

ing CI expansion. Within each GAS, complete expansion will be performed but restrictions

are normally enforced upon the maximum number of occupations in different GAS or the

maximum excitation level between spaces. Because of this flexible trait of GAS, a large

CI vectors could be easily divided into small segments and ready to distributed to different
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computer nodes. Each segments has the same occupation types and point group symmetry

for α/β strings in non-relativistic calculation or bar/unbar strings in relativistic calculations,

i.e., forms a TTSS block. To ensure load balancing between each computer node, their im-

plementation utilized a static load balancing scheme and distributed the TTSS block based

on the number of non-zero connections established between σTTSSj and CTTSSj . In Knecht

el. al.’s 2009 work [75], they tested their distributed algorithm with a MRCI calculation

with 428 million determinants and reported an near perfect scaling up to 16 processors in

either a IBM AIX-power 6 cluster and a standard Linux cluster (with only using one out

of four processors). However, the parallel performances were degraded when larger number

of processors were used or/and multiple cores were used in Linux cluster. Speedup is only

2.58 times for 4 cores in one machine, and 48.42 times speedup is found for 128 processors,

which could be translated into 18.78 times inter-node speedup for moving from 1 node to

32 nodes. Similar issue in Linux cluster was even more significant in a non-relativistic CI

calculation with 4 billion determinants by Laura and Olsen et. al. in 2017. They reported

only 6.3 times inter-node speedup when moving from 1 node to 16 nodes.
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Chapter 3

AN EFFICIENT MRCI FORMATION AND ITS
DISTRIBUTED IMPLEMENTATION

3.1 Challenges of Large-Scale Relativistic Multi-Reference Configuration In-
teractions

When it comes to implementations of CI methods in Kramer unrestricted relativistic region,

some of the efficient approaches reviewed in Chapter 2 becomes challenging to adopt. The

primary difference in Kramer unrestricted framework is that the every molecular orbitals

are mixing of α and β components. As the result, the relativistic 2C/4C molecular orbitals

are singly occupied and there is no natural separation of the {ϕα} and {ϕβ} manifolds.

The direct implication of CI expansion within singly occupied molecular orbitals is that the

number of determinants and the number of non-zero Hamiltonian matrix elements are much

larger than the expansion in non-relativistic doubly occupied orbitals.

Table 3.1. The comparison of CASCI expansion in one-component (1C) non-relativistic and
two-component/four-component (2C/4C) relativistic frameworks

# of correlated electrons
# of correlated orbitals # of determinants
1C 2C/4C 1C 2C/4C

14 14 28 11,778,624 40,116,600
16 16 32 165,636,900 601,080,390
18 18 36 2,363,904,400 9,075,135,300
20 20 40 34,134,779,536 137,846,528,820
22 22 44 497,634,306,624 2,104,098,963,720

For example of the CASCI, Tab. 3.1 lists the number of determinants for correlating same

amount of electrons and orbitals in non-relativistic and relativistic frameworks. The ratio

of number of non-zero CI Hamiltonian matrix are also plotted in Fig. 3.1, which indicates
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that relativistic CI calculations are computational more expensive than their non-relativistic

analogs.

Figure 3.1. CASCI expansion in one-component (1C) non-relativistic and two-component/four-
component (2C/4C) relativistic frameworks. Comparison is shown as the number of determinants
and the ratio of nonzero Hamiltonian matrix elements for correlating the same number of electrons.

Table 3.2. Test MRCISD calculations with benzene. All the benchmarks here are using CAS(6,
12) as the reference with various correlated core and virtual orbitals.

Test Case # of Correlated Cores # of Correlated Virtuals # of Determinants

benzene-8m 6 30 8,871,126
benzene-78m 6 90 78,176,076
benzene-311m 6 180 311,105,751
benzene-1.1b 12 180 1,155,126,588
benzene-4.4b 24 180 4,466,267,322
benzene-9.9b 36 180 9,941,540,136

Compared to CASCI calculations, MRCISD is even more challenging due to the less

sparsity presented in the CI Hamiltonian matrix. To illustrate those challenges, here we

presented a set of concrete examples of MRCISD calculation using benzene. As shown in

Tab. 3.2, CAS(6, 12) is used for all the case. With the inclusion of different number of

core and virtual orbitals for correlation calculation, the set of MRCISD calculations with

determinants varying from 8 million to nearly 10 billion is obtained. We use the notation of
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MR[Nc, CAS(6,12), Nv]-CISD with Nc number of core orbitals and Nv number of virtual

orbitals. As shown inFig. 3.2, the ratio of nonzero matrix elements are investigated and

compared against a few CASCI calculations with determinants in this range (10 million

to 10 billion). Unlike that the CASCI problems get more sparse quickly as the increasing

number of determinants, MRCISD remains similar sparsity even for very large problem.

Specifically, for problems with about 10 billion determinatns, the sparsity of CAS(20,40)-CI

goes to 99.99974% while the sparsity of MR[36, CAS(6,12), 180]-CISD remains only 99.85%.

Figure 3.2. The ratio of nonzero Hamiltonian matrix elements in CASCI and MRCISD for
calculations with similar number of determinants. All the MRCISD calculation here are using a
CAS(6,12) as reference but with varying numbers of correlated core and virtual orbitals.

The computational challenge of MRCISD are analyzed in Fig. 3.3. With scaling the

MRCISD problems from 10 million determinants to 10 billion, the required minimal FLOPs

increases about 6 order. For the 10 billion test case, the storage of determinant coefficients C

and their matrix-vector product σ requires 500 GB, and the storage for MO integrals needs

about 50 GB. Most astonishingly, to utilize the sparsity discussed in Sec. 2.3, it costs about

106 GB to store the one-eletron excitation list naively as {K,L, t, u, ⟨K| Êtu |L⟩}. While the

challenges of minimal FLOPs, memory requirements for C, σ and MO integrals could be

mitigated by distributing the work to different machines, the one-electron excitation lists

must be compressed for any large relativistic MRCI calculations. In the remaining of this
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chapter, a novel relativistic CI formulation with its distributed implementation is introduced

and the parallel performances are evaluated in Linux clusters.

Figure 3.3. The computational challenges of MR[Nc, CAS(6,12), Nv]-CISD: a) minimal FLOPs
required as the increase of number of determinants, b) memory required to store a pair of (C and
σ as the increase of number of determinants, c) memory required to store a the full MO integrals
as the increase of number of determinants, d) memory required to store the naive full one-electron
excitation lists.

3.2 Distributed MRCI Sigma Formation and Implementation

The distributed MRCI sigma formation adopts the GAS concept for distribution of coeffi-

cient and computational work, and we developed efficient matrix-matrix multiplications with

incorporation of the compressed one-electron excitation list. Note that with no symmetry

of the MOs is considered in our implementation, we fully utilize the power of GAS for even
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division of configurations to different computer nodes with better load balancing.

3.2.1 Definitions and Notations

In this chapter, the following definitions and notations are introduced:

• A generalized active space Xi ≡ {{ϕ}i, ni,
∣∣KXi

〉
} is defined by a unique set of orbitals

{ϕ}i, an electron occupation number nXi in the space, and associated sub-determinants∣∣KXi
〉
. The number of orbitals in {ϕ}i is noted as mi and

∑
imi = mo, where mo is the

total number of correlated orbitals. Similarly,
∑

i ni = ne where ne is the total number

of correlated electrons. {ϕ} = {ϕ}1 ⊕ {ϕ}2 ⊕ ... where {ϕ} are all active orbitals.

•
∣∣KXi

〉
is a sub-determinant in active space Xi so that a full determinant |K⟩ can be

written as a sum of sub-determinants |K⟩ =
∣∣KX1

〉
⊕
∣∣KX2

〉
⊕ · · · where |KX1⟩ ∈ X1

and |KX2⟩ ∈ X2.

• An electron configuration category Ci = {XCi
1 ,X

Ci
2 , ...} is a unique set of active space

configurations where electron occupation numbers in every GAS {nCi
j } are fixed. With

this definition, the total determinant space could be divided into segments where

each of them is a category. This is an analogous concept to the TTSS block in LU-

CIA/LUCIAREAL implementations.

• The total number of sub-determinants in a GAS of a category XCi
j is noted as NCi

j , and

the total number of determinants for a category is noted as NCi

• Categorical excitation operators are defined as the set of all excitation operators be-

tween active spaces:

ÊXpXq =
{
Êpq : p ∈ Xp, q ∈ Xq

}
ÊXpXqXrXs = {êpqrs : p ∈ Xp, q ∈ Xq, r ∈ Xr, s ∈ Xs}

· · ·
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Thus, excited categories can be generated by applying categorical excitation operators

on the reference electron configuration category C0.

3.2.2 Mapping Relativistic MRCI Vectors to Generalized Active Space (GAS) Framework

In order to organize the total space under the definition of GAS, a three-level addressing

scheme is proposed as an extension to the Kozlowski and Pulay’s RAS addressing scheme.

The three levels of addresses refer to GAS address AX, categorical address AC and the global

address Ag.

In the first level, we focus on resolving the address of the sub-determinant
∣∣KXi

〉
in a GAS

Xi. And because of a complete expansion within GAS is always considered, the approach

we used are identical to Knowles and Handy’s addressing methods for CASCI as Eqs. (2.13)

and (2.15).

Then in the second level, the address of the whole determinant is considered as a relative

position within its category, i.e. categorical address. The whole category could be viewed as

the tensor product of each GAS:

{∣∣KCi
〉}

=
{∣∣∣KXCi

1

〉}
⊗
{∣∣∣KXCi

2

〉}
⊗ · · · (3.1)

Thus, the categorical address could be obtained by flattening the column-major tenor:

AC(K) = 1 +
∑
j

[
(AXCi

j (K)− 1)×

(
j−1∏
k=1

NCi
k

)]
(3.2)

In the third level, the global address is determined. Since the whole space is divided into

segments based on categories, the global address is easily obtained as:

Ag(K) = AC(K) +
i−1∑
k=0

NCk , |K⟩ ∈ Ci (3.3)

Where the length of category could computed as the product of the the length of each GAS,
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according to Sec. 3.2.4:

NCi =
∏
j

NCi
j (3.4)

NCi
j =

(
mCi

j

nCi
j

)
(3.5)

3.2.3 Compressed One Electron Excitation List

As shown in Fig. 3.3d, the quick scaling of the storage requirements of the naive one-electron

excitation list prevents efficient utilization of the Hamiltonian sparsity in large relativistic

MRCI calculations. Here we introduce a compressed one-electron excitation list by confining

the excitation operator within one or two general active spaces: intra-GAS one-electron

excitation list and inter-GAS one-electron excitation list. As suggested by the names, intra-

GAS one-electron excitation list refers to that the excitations where p and q are in the same

GAS, while inter-GAS one-electron excitation list refers to excitations where p and q are in

different GASs.

For full space determinants, the elements of an one-electron excitation ⟨K| Êpq |L⟩ con-

tains 5 elements: Ag(K), p, q, Ag(L), ⟨K| Êpq |L⟩. Here we only consider the case when

p < q, the other cases could be deduced similarly. In order to form a nonzero element, the

two determinants |K⟩ and |L⟩ must has the following occupation state:

|K⟩ = |b1 · · · bp−11 · · · bq−10 · · · bn⟩ (3.6)

|L⟩ = |b1 · · · bp−10 · · · bq−11 · · · bn⟩ (3.7)

Where the bi is electron occupancy, and the value of 1 and 0 represents that the corresponding

orbital is occupied or empty. Then, the non-zero one-electron symbolic matrix elements could
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be easily computed as:

∀p < q : ⟨K| a†paq |L⟩ =

 +1, if
∑q−1

i=p+1 bi is even

−1, if
∑q−1

i=p+1 bi is odd
(3.8)

As full space determinant |K⟩ ∈ Ci can be rewritten as a sum of sub-determinants |K⟩ =∣∣∣KXCi
1

〉
⊕
∣∣∣KXCi

2

〉
⊕ · · · where

∣∣∣KXCi
1

〉
∈ XCi

1 and
∣∣∣KXCi

2

〉
∈ XCi

2 . The intra-GAS one-electron

excitation implicitly suggest that |K⟩ and |L⟩ are in the same category. Then the symbolic

matrix element could be rewritten as:

when |K⟩ , |L⟩ ∈ Ci and p, q ∈ Xj :

⟨K| Êpq |L⟩ =
〈
KXCi

j

∣∣∣ ÊpXj qXj

∣∣∣LXCi
j

〉
×
∏
k ̸=j

δ(KXCi
k , LXCi

k ) (3.9)

And for inter-GAS one-electron excitation, |K⟩ and |L⟩ must be in different categories.

Similar the symbolic matrix element could be rewritten as:

when |K⟩ ∈ Ci, |L⟩ ∈ Ck, p ∈ Xj, q ∈ Xl, p < q :

⟨K| Êpq |L⟩ =
〈
KXCi

j KXCi
l

∣∣∣ ÊpXj qXl

∣∣∣LXCk
j LXCk

l

〉
× PXjXl ×

∏
m̸=j,l

δ(KXCi
m , LXCk

m ) (3.10)

where the PXjXl is a phase factor defined as:

when p ≤ q : PXjXl =

 +1, if
∑l−1

a=j+1 na
C
i is even

−1, if
∑l−1

a=j+1 na
C
i is odd

(3.11)

Thus, instead of storing the full space one-electron excitation list, we choose to only

store the sub-determinant address involved in the excitations, and the δ parts in Eqs. (3.9)

and (3.10) are left to be reconstructed the on-the-fly during sigma formation.

For intra-GAS one-electron excitation, the following 5 elements are stored: AXi(K), pXi ,

qXi , AXi(L),
〈
KXi

∣∣ ÊpXiqXi

∣∣LXi
〉
, where the symbolic matrix elements are compute similarly
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as the full space:

when pXi < qXi :
〈
KX

i

∣∣ ÊpXiqXi

∣∣LXi
〉
=

 +1, if
∑qXi−1

j=pXi+1
bj is even

−1, if
∑qXi−1

j=pXi+1
bj is odd

(3.12)

For inter-GAS one-electron excitation list, the address of four sub-determinants are re-

solved and store, resulting in 7 elements for each excitation: AXi(K), AXj(K), pXi , qXj ,

AX′
i(L), AX′

j(L),
〈
KXiKXi

∣∣ ÊpXiqXj

∣∣∣LX′
iLX′

j

〉
, where the symbolic matrix elements are com-

puted as: ,

when p < q :
〈
KXiKXj

∣∣ ÊpXiqXj

∣∣∣LX′
iLX′

j

〉
=

 +1, if
∑mi

k=pXi+1
bk +

∑qXj−1
l=1 bl is even

−1, if
∑mi

k=pXi+1
bk +

∑qXj−1
l=1 bl is odd

(3.13)

3.2.4 Blockwise Sigma Formation with Dense Matrix-Matrix Multiplications

Given a correlation space partitioned into a number of NGAS GAS and certain occupation

restrictions on each GAS, there are a number of NCat determinant categories. Then, the

sigma formation of |K⟩ ∈ Ci can be rewritten as summation over categorical segments:

σ(K) =

NDAS∑
ab

1eσXaXb(K) +

NDAS∑
abcd

2eσXaXbXcXd(K) (3.14)

where the segmented one-electron and two-electron sigma formation are defined with ÊXaXb

and ÊXaXb ÊXcXd :

1eσXaXb(K) =
∑
L∈Cj

∑
Êpq∈ÊXaXb

h′pq ⟨K| Êpq |L⟩C(L) (3.15)

2eσXaXbXcXd(K) =
1

2

∑
L∈Cj

∑
J∈Ck

∑
Êpq∈ÊXaXb

∑
Êrs∈ÊXcXd

gpqrs ⟨K| Êpq |J⟩ ⟨J | Êrs |L⟩C(L) (3.16)
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where the category of L (Cj) for for 1 electron or 2 electron part are uniquely determined by

the categorical operators.

From , it’s easy to decompose the global and categorical address of K into its address of

sub-determinants:

1eσXaXb(K) = 1eσXaXb(· · ·, KXCi
a , · · ·, KXCi

b · ··) (3.17)

2eσXaXbXcXd(K) = 2eσXaXb(· · ·, KXCi
a , · · ·, KXCi

b , · · ·, KXCi
c , · · ·, KXCi

d · ··) (3.18)

With plugin of Eqs. (3.12) and (3.13), for one-electron part, we can have:

when ∀c ̸= {a, b},
∣∣∣KXCi

c

〉
=
∣∣∣LX

Cj
c

〉
:

1eσXaXb(· · ·, KXCi
a , · · ·, KXCi

b · ··) =

PXaXb

∑
LX

Cj
a L

X
Cj
b

∑
pXaqXb

h′pq

〈
KXCi

a KXCi
b

∣∣∣ ÊpXaqXb

∣∣∣LX
Cj
a LX

Cj
b

〉
C(· · ·, LX

Cj
a , · · ·, LX

Cj
b · ··)

(3.19)

when ∀e ̸= {a, b, c, d},
∣∣∣KXCi

e

〉
=
∣∣∣LX

Cj
e

〉
:

2eσXaXbXcXd(· · ·, KXCi
a , · · ·, KXCi

b , · · ·,KXCi
c , · · ·, KXCi

d · ··) =
1

2
PXaXbPXcXd

∑
LX

Cj
a L

X
Cj
b LX

Cj
c L

X
Cj
d

∑
pXaqXbrXcsXd

{
gpqrs

〈
KXCi

a KXCi
b

∣∣∣ ÊpXaqXb

∣∣∣JX
Cj
a JX

Cj
b

〉
×
〈
JXCi

c JXCi
d

∣∣∣ ÊrXcsXd

∣∣∣LX
Cj
c LX

Cj
d

〉
C(· · ·, LX

Cj
a , · · ·, LX

Cj
b , · · ·, LX

Cj
c , · · ·, LX

Cj
d · ··)

}
(3.20)

We extended Kownles-Handy algorithms into GAS region and developed a matrix-matrix

multiplication segmented two-electron sigma formation. The following extra notations are

defined to simplify the discussion:

• XCi
abcd = XCi

a ⊗ XCi
b ⊗ XCi

c ⊗ XCi
d
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• XCi
abcd

=
⊗

e̸={a,b,c,d}XCi
e

• NZXCi
a X

Cj
b : the nonzero elements arising from one-electron excitation list.

Thus, the segmented sigma formation could be performed in the folloing steps:

∀JXCk
abcd , and JXCk

abcd = KXCi
abcd = LX

Cj
abcd :

X(NZXCi
a XCk

b ,NZXCk
c X

Cj
d )← g(pq, rs)

〈
KXCi

ab

∣∣∣ ÊpXaqXb

∣∣∣JXCk
ab

〉〈
JXCk

cd

∣∣∣ ÊrXcsXd

∣∣∣LX
Cj
cd

〉
(3.21)

Ω(NZXCk
c X

Cj
d , JX

Cj
abcd)←

∑
LX

Cj
pqrs

C(· · ·, LX
Cj
a , · · ·, LX

Cj
b , · · ·, LX

Cj
c , · · ·, LX

Cj
d · ··) (3.22)

Λ(NZXCi
a XCk

b , JX
Cj
abcd)← 1

2
PXaXbPXcXd

∑
NZ

X
Ck
c X

Cj
d

X(NZXCi
a XCk

b ,NZXCk
c X

Cj
d )Ω(NZXCk

c X
Cj
d , JX

Cj
abcd)

(3.23)

2eσXaXbXcXd(· · ·, KXCi
a , · · ·, KXCi

b , · · ·, KXCi
c , · · ·, KXCi

d · ··)←
∑

NZ
XCia X

Ck
b

Λ(NZXCi
a XCk

b , JX
Cj
abcd))

(3.24)

where the Eq. (3.23) is the matrix-matrix multiplication step, while Eqs. (3.21) and (3.22)

are the gathering step and Eq. (3.24) is the scattering step.

3.2.5 Distributed Implementation

With the scheme in Sec. 3.2.2, the total MRCI vector space are broken down into small seg-

ments. Here we are using the naive static balancing approach where the CI vector segments

are solely distributed to MPI ranks based on their lengths. Once the division is established

for a MRCI calculation, it will remained static along the whole davidson iterations, and each

rank will only store the Ci and σi segments corresponding to the same determinants from

the division scheme. Without any prior considerations such as the connections between each

categories, the distributed sigma formalism will need to iterate all the {Ci} segments across

the entire MPI ranks.
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Figure 3.4. A schematic of the distributed sigma formation with 4 MPI Ranks. The non-
blocking broadcast is used to transfer {Ci, i ̸= 0} coefficients between different MPI ranks. The
communiation and computation are overlapped between t1 and t4.

Here we adopted the latest MPI standard and utilized the non-blocking broadcast to

minimizing the communication costs with multiple machines. An example schematic for each

sigma formation with 4 MPI ranks is sketched in Fig. 3.4. At start of the sigma formation,

we allocated two buffers (b1 and b2) on each MPI rank to hold the {Ci} segments from other

ranks. Then in the first trunk of time between t0 and t1, a blocking broadcast is performed

to send C0 to b1 on different ranks. Starting at t1, a non-blocking broadcast is issued for

data transfer of C1 to b2 on each rank and at the same time, sigma formation are done with

the C0 (temporiarily stored in b1). In this way broadcasting C1 and contraction of σi =

H i0C0 are performed simultaneously. Similarly, broadcasting C2 overlaps with contraction

of σi = H i1C1 between t2 and t3; broadcasting C3 overlaps with contraction of σi = H i2C2

between t3 and t4. At the last trunk of time, the last contraction σi = H i3C3is conducted

to finalize the sigma formation. Note that each segmented contractions are paralleled with

shared-memory multiprocessing SMP via OpenMP, hence our implementation is a hybrid

MPI/OpenMP program.
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3.3 Test Calculations and Performance Evaluations

In this section, we will evaluate the performance especially the parallel scaling of the new

MRCI formalism and its distributed implementation. During our development, we found out

that the performance of this MRCI program highly depends on the underlying hardware and

runtime environment settings.

3.3.1 Test Environments and Test Cases

All of the test we conducted are on the high performance computing cluster Klone at Uni-

versity of Washington. The hardware and software details are summarized in Tab. 3.3. For

the simplicity, we used benzene as our the test molecule. X2C Hamiltonian was used with

cc-pVDZ basis. The same reference CAS(6, 12) was across all the test cases with up to single

and double excitations between correlated core, CAS and correlated virtual space. We for-

mulate multiple MRCISD benchmarks with variances in terms of number of correlated core

and virtual orbitals, and the details are summarized in Tab. 3.2. Note that benzene-9.9b is

a full correlated MRCISD calculation with no frozen core and virtual orbitals and due to the

resources limits, the test in this section only covers up to benzene-1.1b case.

Table 3.3. Test environment details (Hardware and Software) of Klone

CPU Architecture Intel Cascade Lake (Xeon(R) Gold 6230)
CPU Frequency 2.1 GHz
# of Sockets 2
# of Cores per Socket 20
# of NUMA per socket 1
Total Memory 192 GB
Memory per NUMA 96 GB
NIC speed 100 Gbps
L3 Cache 27.5 MB
L3 Cache per core 0.6875 MB
MPI Compiler Intel MPI 2021
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3.3.2 Parallel Performance

The parallel performances are evaluated in two aspects: shared memory multiprocessing

(SMP) performance and inter-node performance. We use the benzenze-78m (defined Tab. 3.2)

for all the parallel performance tests. The speedup is defined as:

S(n) = t(1)

t(n)
(3.25)

where t(1) is the wall time to build single sigma vectors using 1 core (for SMP case) or 1

node (for inter-node case), while t(n) is the wall time to perform the same sigma formation

using n cores or n nodes.

For SMP performance, we tested up to 40 cores which is the largest number of cores from

a single computer node. As shown in Fig. 3.5a), initially, the implementation scales well up

to around 10 CPUs with 7.2 times speedup; but for CPUs more than 10 cores, the parallel

efficiency is worsen, only 11.3 times speedup with 20 cores, and 13.4 cores with 40 cores. It

is often challenging to obtain a good SMP performance over large number of cores for Linux

clusters due to the memory bandwidth especially the fast caches (27.5 MB of L3 cache are

shared by all 40 cores in our case). The similar situation was reported by Knecht [75] et. al.

in 2009 and they only obtained 2.58 speed up for 4 shared memory processes.

For inter-node performance, the result is more satisfactory. As shown in Fig. 3.5b), we

are able to gain 10 times speedup for using 16 nodes compared to using only 1 nodes. Since

the large portion of the communication is done using non-blocking broadcast, it would be

hard to completely separate the computation and communication times. Still we are able

to measure the time elapsed during the whole computations and the total time for sigma

formation on each node. Then we designate the difference between time as the time spent

for non-overlap communication and idled due to imbalanced workloads:

tcomm =
Nnode−1
max
i=0

(titotal − ticomp) (3.26)
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Such breakdown for different ranks are shown in Fig. 3.5c). The time for pure computation

goes down proportionally as the increase of number of computer nodes, while the time used

for communication and load balance remains similarly. The nearly constant communication

time provides great horizontal scalability for calculations needing large amount of machines.

Figure 3.5. The parallel performance of the distributed MRCI implementation using GAS. All
tests here are using benzenze-78m defined in Tab. 3.2 and the average wall time of single sigma
vector formation are compared. a) SMP speedup of single sigma build time on single machine with
multiple CPUs. b) Inter-node speedup of single sigma build time with multiple machines. The red
dash lines in a) and b) are ideal scalings. c) The breakdown of contraction and communication
for sigma build time with multiple machines.

3.3.3 Performance Tuning

In our tests, we also found out that the inter-node performance of our MRCI implementation

relies on a good setting of using computational resources. Because of the bad scaling of the

SMP performance, we were considering breaking down the cores of each machine into two

separate MPI ranks with 20 CPUs for each of the rank. Also, the Intel MPI compiler provides

different runtime algorithms for non-blocking broadcast through setting the environment

variable I MPI ADJUST IBCAST. Through running the default Intel MPI Benchmarks for

non-blocking collectives (IMB-NBC), specifically non-blocking broadcast with 8 nodes on

Klone, we found out that the Binomial algorithm (I MPI ADJUST IBCAST = 1) has the

best performance. Thus we designed the four experiments with settings defined in Tab. 3.4

to run the same benzene-78m test case.
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Table 3.4. Different test setting of running benzene-78m with 8 nodes and 40 cores per node.

Test Case # of MPI Ranks # of Cores per Ranks I MPI ADJUST IBCAST
A 8 40 1 (optimized)
B 8 40 0 (default)
C 16 20 1 (optimized)
D 16 20 0 (default)

From the results showing in Fig. 3.6, first of all, a clearly great improvement over the

communication time is observed by switching the non-blocking run time algorithm from

default to optimized one. Both from test setting B to A or test setting D to C, although the

computation times are comparable, the communication times using A and C shrink to only

around 1/3 of B and D respectively. Unfortunately, on Klone, breaking the whole node into

two ranks increases both the computation and communication times. This might due to the

fact the all of the 40 cores shares the same L3 cache, have two separate ranks working on

different part of the sigma might introduces additional cache misses.

Figure 3.6. The average wall time of single sigma vector formation in different computational
settings on Klone. All tests here are using benzene-78m defined in Tab. 3.2 and run on 8 nodes
with 40 cores per node.

We also investigated the influence of breaking down the orbital space into different GAS
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sizes. The experiments are done with the virtual orbital spaces of the benzene-311m bench-

mark, as shown in Tab. 3.5. When moving to 5 orbitals per virtual GAS scheme to 20 orbitals

per virtual GAS scheme, we observed that the number categories goes down by 90%, the

standard deviation of the length distributed to different nodes increase by three order of

magnitude.

Table 3.5. The CI vector distribution profile for running benzene-311m with various number of
orbital per virtual GAS on 8 nodes and 40 cores per node.

# of orbitals per virtual GAS # of virtual GASs # of Categories STD of Determinants
5 36 12,690 82
10 18 3,438 337
15 12 1,650 11,456
20 9 999 33,570

Figure 3.7. The average wall time of single sigma vector formation with different division of the
virtual space. All tests here are using benzene-311m defined in Tab. 3.2 and run on 8 nodes with
40 cores per node.

However as the sigma formation time shown in Fig. 3.7, we only found out significant

performance regression when number of orbital is 5 per virtual GAS. When number of orbitals

in each GAS is smaller, there will more batches of small matrix-matrix multiplications instead
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of small batches of the larger one. Thus, the time for computation is expected to increase for

smaller number of orbitals in each GAS. The mysterious part was the communication/load

balancing time was also large for number of orbital is 5 per virtual GAS, even if it have better

segmentation of the whole CI vector (only 82 deification out of near 39 million determinants).

As we describe in Sec. 3.2.5, the distribution of the CI vectors are solely based on the length

of each segments, which might result in randomness on the static load balancing. More

research on how to quantify the workload for a segment of CI vector need to be conduct in

order to optimize the static load balancing in the future.

3.3.4 Performance Scaling with Problem Dimensions

Figure 3.8. The computation scaling of the distributed MRCI implementation with various
number of determinants. All the tests here are defined in Tab. 3.2 and run on 8 nodes with 40
cores per nodes. a) The average wall time of single sigma vector formation for MRCI problems with
different dimensions. b) The breakdown of contraction and communication time in percentage for
all the test cased in a).

With the best performance setting on Klone, we then investigated how our implemen-

tation scales with the problem dimensions. Test benchmarks of benzene (defined Tab. 3.2)

with 8 million, 78 million, 311 million and 1.1 billion are tested with 8 computer nodes on

Klone. As the result shown in Fig. 3.8a, the sigma formation time scales nearly linearly as

t ∝ N1.37
d . For the largest test we tested here (benzene-1.1b), only around 1430 s is needed for
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single sigma formation. To our best knowledge, no one has been reported such numbers for

large scale relativistic MRCI methods. Breaking down the computation and communication

time into percentage as Fig. 3.8b), we found out that with increase of the determinants space

from 8m to 311m, the calculations shift to be more computation intensive, which make is

promising to use large number of computer nodes. For the case of benzene-1.1b, the increase

of communication time was likely due to the static load balance change with introducing of

more correlated core orbitals.
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Chapter 4

MRCI BENCHMARKS ON ATOMIC ELECTRONIC FINE
STRUCTURE SPLITTINGS

To establish a standard procedure for the accuracy evaluation of the relativistic multi-

reference methods, a few benchmark sets on atomic electronic fine structure splitting are

built, which includes p-block, d-block and f -block elements calculations. This chapter

is adapted with permission from: Hang Hu, Andrew J. Jenkins, Hongbin Liu, Joseph

M. Kasper, Michael J. Frisch, and Xiaosong Li J. Chem. Theory Comput., 2020, 16(5),

2975–2984, Copyright ©2020 American Chemical Society.[58]

4.1 Computational Details

The benchmark sets in this chapter contains three parts which computes the splitting of open

shell s2p1, s2d1 and f 1 systems from neutral group 13 elements, neutral group 3 elements

and uranium(V) atom, respectively. The CASSCF and MRCI results are computed using

X2C Hamiltonian (Eq. (1.15)) and then compared against experiments and available com-

putation results from existing literature. One-electron X2C transformation is carried out

in an uncontracted basis over primitives. After four-component to two-component trans-

formation, primitive bases are re-contracted and all following electronic structure methods

(X2C-SA-CASSCF, X2C-MRCI) are performed in contracted basis.

In the optimization of reference X2C-SA-CASSCF wave functions, state-averaging is

used. In all calculations presented, all states arising from the ground state term are equally

averaged over. For group 13, the p1 electron configuration gives 6 2P states, all of which

are included in the equal state averaging procedure. Likewise, 10 2D states and 14 2F states

are used for the group 3 elements and U(V)5+ ions, respectively. State-averaging equally
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over all states of a term recovers Kramers symmetry[63]. This symmetry is preserved in all

subsequent X2C-MRCI calculations.

Importantaly for all the benchmarks here, certain virtual orbitals are not included in

the treatment of dynamic correlation; these are the aforementioned ‘frozen virtual’ orbitals.

Care must be taken in defining the correlated and frozen virtual orbital spaces. The lowest

lying virtual orbitals produced during the X2C-SA-CASSCF procedure tend to be diffuse

(as is common with SCF procedures) and are not likely to be key contributors to the cor-

relation energy, therefore the spaces should not be defined by orbital energy alone. In the

present work, virtual orbitals which are valence-like and suitable for correlating the neutral

atom/molecule are generated from an Improved Virtual Orbital (IVO) procedure [59, 57].

In this procedure, a closed-shell cationic Fock matrix is constructed and diagonalized and

subsequently used to transform the set of SCF virtual orbitals. This is a unitary transforma-

tion of the virtual space and so does not affect the energy of any model which treats all the

virtuals equally, but it generates a set which is much more suitable for truncation. Selection

of correlated virtual orbitals is based on this energy ordering and the physical nature of the

orbital.

4.2 Fine Structure Splitting in Group 13 p-Block Elements

The p1 electron configuration of group 13 elements gives rise to a 2P ground state, which

is further split into 2P1/2 → 2P3/2 levels due to spin-orbit coupling. Previous studies, using

both relativistic two-component X2C-SA-CASSCF and four-component CASSCF[63, 154],

have shown the importance of including dynamic correlation when computing fine structure

splittings of group 13 p-block elements.

Table 4.1 lists computed fine structure splittings of selected group 13 elements using var-

ious methods with spin-orbit coupling treated at different levels, compared to experimental

values. All X2C calculations were performed using the all-electron X2C-TZPAll-2c basis,[119]

optimized for X2C calculations. CASPT2-SOC results[126] were computed using a large

ANO-RCC basis. [124] Four-component Dirac-Coulomb-Breit CASSCF (4C-CASSCF) and
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four-component internally contracted CASPT2 (4C-CASPT2) results[154] were obtained us-

ing the uncontracted relativistically optimized cc-pVTZ[30, 31] basis set. For all calculations

in Tab. 4.1, the CASSCF reference includes all valence electrons and orbitals, resulting in a

space consisting of 3 electrons and 8 (bi)spinor orbitals. Note that CASPT2-SOC calcula-

tion use a one-component framework with perturbative spin-orbit coupling. For X2C-MRCI

calculations in Tab. 4.1, RAS1 space is empty, and RAS3 space includes all virtual spinor

orbitals that are not included in RAS2/CAS. Such a MRCI configuration space is comparable

to those used in the CASPT2 calculations.

X2C-SA-CASSCF X2C-MRCISD CASPT2-SOC[126] 4C-CASSCF[154] 4C-CASPT2[154] Exp.[85]

Ga 90(−11.8) 97 (−4.9) 99 (−2.9) 85 (−16.7) 93 (−8.8) 102
In 239 (−12.8) 254 (−7.3) 261 (−4.7) 230 (−16.1) 245 (−10.6) 274
Tl 863 (−10.7) 903 (−6.5) 893 (−7.6) N/A N/A 966

Table 4.1. The ground state 2P energy splitting (2P1/2 → 2P3/2 in meV) of group 13 elements.
Percentage errors with respect to experiments are reported in parentheses. Calculations using the
perturbative CASPT2-SOC[126] method and the four-component Dirac-Coulomb-Breit CASSCF
method[154] are included for comparison.

Table 4.1 suggests that methods (X2C-SA-CASSCF and 4C-CASSCF) that have limited

dynamic correlation underestimate fine structure splittings of group 13 elements. Including

dynamic correlation via perturbation or MRCI significantly improves the computational

results compared to experimental measurements.

The four component calculations show a larger error compared to other methods. This

is likely due to the use of internal-contraction, with contraction errors of the order of tens of

meV reported for MRCI[152]. For the largest atom in the test set, Tl, variational multiref-

erence X2C approaches consistently outperform the perturbative one-component method.

The X2C-MRCI framework introduced in this work allows for a flexible and adjustable

definition of the correlation space. This capability gives an opportunity to probe the effect

of correlation space on the accuracy of relativistic calculations. Figure 4.1 shows three

different correlation spaces defined in the MRCI framework, with the calculated results listed
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a: only for In and Tl; b: only for Tl

X2C-SA-CASSCF
X2C-MRCISD

A B C

Ga 56 500,184 11,256 3,629,976
In 56 1,515,660 17,976 5,903,436
Tl 56 8,682,792 17,976 33,871,656

Figure 4.1. Top panel: definitions of selected correlation spaces. Orbital space is constructed
from the X2C-SA-CASSCF reference, where solid and dotted arrows indicate fully and partially
occupied orbitals, respectively. Note that virtual orbitals are ordered symbolically instead of en-
ergetically. Bottom panel: total numbers of two-component configurations in X2C-SA-CASSCF
and X2C-MRCISD calculations.

in Tab. 4.2 for group 13 p-block elements. The largest correlation space C includes first-

and second-Rydberg virtual spinor orbitals and sub-valence electrons, resulting in ∼ 30M

two-component MRCI configurations for Tl. Table 4.2 shows that increasing the size of

correlation space increases the 2P1/2 − 2P3/2 fine structure splitting. Including the lowest

Rydberg shells ((n + 1)sp, nd, and (n − 1)f) and sub-valence electrons in the correlation

space A only slightly changes the fine structure splitting. The most significant increase in

the splitting comes from the inclusion of second Rydberg shells in the correlation space (B

and C). Between atoms, correlation spaces of a comparable size show similar errors. For all

three group 13 elements investigated, MRCISD results converge to the experimental values

as the correlation space increases.

Another advantage of the MRCI implementation using the RAS framework is the flexi-
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X2C-SA-CASSCF
X2C-MRCISD

Exp.[85]
A B C

Ga 90 (−11.8) 92 (−9.8) 97 (−4.9) 100 (−2.0) 102
In 239 (−12.8) 244 (−10.9) 254 (−7.3) 265 (−3.3) 274
Tl 863 (−10.7) 856 (−11.4) 902 (−6.6) 905 (−6.3) 966

Table 4.2. Ground state 2P energy splittings (2P1/2 → 2P3/2 in meV) of group 13 elements com-
puted using X2C-MRCISD with three different correlation spaces defined in Fig. 4.1. Percentage
errors with respect to experiments are reported in parentheses.

Ga In Tl

X2C-MRCIS (mh = 1,me = 1) 94 (−7.8) 242 (−11.7) 848 (−12.2)
X2C-DDCI (mh = 1,me = 2) 99 (−2.9) 266 (−2.9) 926 (−4.1)

Table 4.3. Ground state fine structure splitting of group 13 elements (2P1/2 → 2P2/3 in meV)
using correlation space C defined in Fig. 4.1. Percentage errors with respect to experiments are
reported in parentheses. Two MRCI implementations (MRCIS, DDCI) with flexible excitation
restrictions in RAS1 and RAS3 are compared.

bility in choosing the truncation level of the excitation operator by restricting the maximum

number of holes in RAS1 and the maximum number of electrons in RAS3. Table 4.3 shows

the how different MRCI excitation truncations affect fine structure calculations of Ga ground

state. Note that, in contrast to CIS, X2C-MRCIS also includes dynamic correlations even

though it augments the CASSCF reference with only single excitations because the under-

lying reference already includes multiply excited configurations. For the same correlation

space, X2C-DDCI[46] (mh = 1,me = 2) and X2C-MRCISD (mh = 2,me = 2) produced sim-

ilar results, both outperforming X2C-MRCIS (mh = 1,me = 1). This observation confirms

that electron correlation arising from double excitations to the RAS3 space is an important

contribution to the fine structure splitting.

4.3 Fine Structure Splitting in Group 3 d-Block Elements

For group 3 d-block elements, the d1 electron configuration gives rise to a 2D ground state,

which is further split into 2D3/2 → 2D5/2 levels due to spin-orbit coupling. Table 4.4 lists

ground state fine structure splittings of selected group 3 elements using multireference meth-
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a: only for La; b: only for Y and La

X2C-SA-CASSCF
X2C-MRCISD

A B C D

Sc 220 26,356 796 220,972 2,252,020
Y 220 130,306 796 1,131,772 27,667,804
La 220 130,306 2,820 8,348,926 50,502,238

Figure 4.2. Top panel: definitions of selected correlation spaces. Orbital space is constructed
from the X2C-SA-CASSCF reference, where solid and dotted arrows indicate fully and partially
occupied orbitals, respectively. Note that virtual orbitals are ordered symbolically instead of en-
ergetically. Bottom panel: total numbers of two-component configurations in X2C-SA-CASSCF
and X2C-MRCISD calculations.

ods with various correlation spaces defined in Fig. 4.2. The X2C-SA-CASSCF reference

includes a total of 12 spinor orbitals (ns and (n− 1)d) with 3 electrons in the active space,

resulting in 220 two-component configurations. Since the ground state splitting of Sc com-

puted by X2C-SA-CASSCF is already in excellent agreement with experiment, MRCI results

do not show any improvement. Including the highest core electrons or/and valence virtual

orbitals (np or/and (n− 2)f) in correlation spaces A, B, C, defined in Fig. 4.2, significantly

improve the fine structure splittings of Y and La. This observation suggests that dynamic

correlation is important for predicting fine structure splittings of row 5-6 elements.

The dependence of X2C-MRCISD ground state energies and fine structure splittings of La

on the correlation space is investigated in Fig. 4.3. As the correlation space increases, both

the ground state energy and fine structure splitting of La are improved. Including additional
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X2C-SA-CASSCF
X2C-MRCISD

Exp.[85]
A B C D

Sc 21 23 22 23 23 21
Y 55 58 60 65 64 66
La 92 101 107 116 115 130

Table 4.4. Ground state fine structure splittings (2D3/2 − 2D5/2 in meV) of group 3 d-block
elements. X2C-MRCISD calculations use various correlation spaces defined in Fig. 4.2. The X2C-
SA-CASSCF reference consists of 3 electrons in 12 spinor orbitals (ns and (n− 1)d).
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Figure 4.3. Dependence of X2C-MRCISD ground state energies (in a.u.) and fine structure
splittings (2D3/2 − 2D5/2 in meV) of La on the correlation space. X2C-MRCISD ground state
energies are relative to the X2C-CASSCF value.

valence shells (4f and 6p in space B) or highest energy core orbitals (4d and 5sp in space

A) in the correlation space only slightly improves the energy but significantly improves the

fine structure splitting of La. On the other hand, including the first Rydberg shells (7sp, 6d,

and 5f in space D) in the correlation space significantly improves the ground state energy

but does not show any major effect on the fine structure splitting. Figure 4.3 suggests that

high energy virtual canonical orbitals are important contributions to the correlation energy

but may not be critical in evaluating fine structure splittings of d-block elements.

For Y and La, X2C-SA-CASSCF calculations using a larger active space that is equivalent
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to correlation space B produce fine structure splittings of 60 meV and 122 meV, respectively,

compared to the results of 60 meV and 108 meV (Tab. 4.4) computed using X2C-MRCISD

with a smaller active space reference and correlation space B. The improvement for La using

a larger active space suggests that excited configurations beyond doubles can be important

contributions to fine structure splittings of late-row elements.

4.4 Open-Shell Uranium(V)

Free U(V)5+ ion has an open-shell valence electron configuration of 5f 1, which splits into

2F5/2 and
2F7/2 levels due to spin-orbit coupling. The X2C-SA-CASSCF reference includes 1

electron and 5f shell (14 spinor orbitals in total) in the active space. Four different correlated

spaces defined in Fig. 4.4 were used for X2C-MRCISD calculations. For these calculations,

the SARC-DKH[110] all electron basis set is used for uranium.

X2C-SA-CASSCF
X2C-MRCISD

Exp.[68]
A B C D

U(V)5+ 974 (+3.3) 975 (+3.4) 974 (+3.3) 995 (+5.5) 989 (+4.9) 943

Table 4.5. Ground state fine structure splittings (2F5/2 − 2F7/2 in meV) of U(V)5+. X2C-
MRCISD calculations use various correlation spaces defined in Fig. 4.4 with a X2C-SA-CASSCF
reference of 1 electron in 14 spinor orbitals.

The 2F5/2− 2F7/2 splitting is experimentally measured to be 943 meV.[68] The X2C-SA-

CASSCF(1,14) result of 972 meV (3.1% error) is already in very good agreement with exper-

iment, suggesting that the including static correlation in the f orbital space and spin-orbit

coupling is sufficient for describing the fine structure splitting of uranium(V). Independent of

the correlation space, additional dynamic correlation via the X2C-MRCISD procedure adds

little improvement to the ground state 2F fine structure splitting. The X2C-MRCISD results

approach an asymptotic limit of 993 meV which seems worse than the X2C-SA-CASSCF

value. This is likely due to the empirical Botteger factor used for two-electron spin-orbit

coupling corrections which seems to underestimate the two-body coupling strength for f -

block elements.
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X2C-SA-CASSCF
X2C-MRCISD

A B C D

U(V)5+ 14 183,470 34 2,071,382 36,370,190

Figure 4.4. Top panel: definitions of selected correlation spaces. Orbital space is constructed
from the X2C-SA-CASSCF reference, where solid and dotted arrows indicate fully and partially
occupied orbitals, respectively. Note that virtual orbitals are ordered symbolically instead of en-
ergetically. Bottom panel: total numbers of two-component configurations in X2C-SA-CASSCF
and X2C-MRCISD calculations.

Figure 4.5 plots the ground state energy and fine structure splitting as a function of the

CI operator expansion. The X2C-MRCI correlation space used in this study includes 5d,

5f , 6d, and 7sp orbitals. Both the ground state energy and fine structure splitting reach

the asymptotic limit at the X2C-MRCISD level for the U(V)5+ ion. Including higher-order

excited configurations (e.g., X2C-MRCISDT and X2C-MRCISDTQ) does not significantly

improve either the ground state energy or the fine structure splitting. While X2C-MRCIS

slightly improves the energy, it corrects the fine structure splitting by nearly 35% compared

to that at the asymptotic limit.



51

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

Number of Configurations

0.14

0.12

0.10

0.08

0.06

0.04

0.02

0.00

0.02

G
ro

un
d 

S
ta

te
 E

ne
rg

y 
re

la
tiv

e 
to

 X
2C

-C
A

S
S

C
F 

in
 a

. u
.

X2C-CASSCF
X2C-MRCIS
X2C-MRCISD
X2C-MRCISDT
X2C-MRCISDTQ

940

950

960

970

980

990

1000

2 F
 E

ne
rg

y 
S

pl
itt

in
g 

in
 m

eV
Exp.

Figure 4.5. Dependence of X2C-MRCI ground state energies and fine structure splittings
(2F5/2 − 2F7/2 in meV) of U(V)5+ on the operator expansions. The ground state energy rel-
ative to X2C-CASSCF and 2F states energy splittings of U(V)5+. The correlation space used
includes 5d, 5f , 6d, and 7sp orbitals.
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Chapter 5

MRCI APPLICATIONS ON RESOLVING L-EDGE X-RAY
ABSORPTION SPECTRA (XAS) OF TRANSITION METAL

COMPLEXES

One of the important application of the MRCI methods with energy specific Davidson

solver is to resolve X-Ray spectra in transition metal complexes. In L2,3 spectrum of first

row transition metal complexes, it involves the excitation of an electron from the 2p to

low-lying unoccupied orbitals. Within the MRCI framework, the core excitation could be

build easily with 2p orbitals as RAS1 space, and the the low-lying unoccupied orbitals as

RAS2 active space with up to single excitation allowed from RAS1 space (i.e., mh = 1).

Additional dynamic correlation could be included with extra higher-energy virtual orbitals

in RAS3 and extend more core orbitals in RAS1 with single and double excitations. The

XAS of free iron cation (Fe3+) as well as the analogs in tetrahedral (FeCl−4 ) and octahedral

(FeCl3−6 ) ligand fields are investigated and compared to experiments and other theoretical

work. This chapter is adapted with permission from: Andrew J. Jenkins, Hang Hu, Lixin

Lu, Michael J. Frisch, and Xiaosong Li J. Chem. Theory Comput., 2022, 18(1), 141–150,

Copyright ©2022 American Chemical Society.[62]

5.1 Introduction

X-ray absorption spectroscopy (XAS) has been widely used to elucidate electronic and geo-

metrical information of metals and metal complexes, as the spectra are highly element and

state specific.[20, 105] Theoretical methods are key tools in understanding the experimental

spectra. As X-ray absorption spectroscopy involves core electrons, theoretical methods that

incorporate relativistic effects are vitally important for the understanding and prediction of



53

the spectra of even first-row transition metals.

K-edge XAS spectra (excitations from the 1s core level) demonstrate simple scalar rela-

tivistic effects, with ab initio calculations that neglect scalar relativistic effects red-shifting

the absorption spectra compared to experiment[21, 91, 111, 44, 14]. L-edge X-ray spec-

troscopy measures electronic transitions from the 2p core orbitals. Like K-edge spectroscopy,

L-edge XAS is also element specific, but offers some advantages over K-edge XAS. L-edge

spectra have finer linewidths due to longer core-hole life-times, allowing for higher sensitiv-

ity. Additionally, spectral features in L-edge XAS are often more intense as transitions are

electric dipole allowed. Interpretation and prediction of L-edge spectra is complicated by

several factors, including significant relativistic and spin-orbit effects. In addition to scalar

relativistic effects affecting the 2s and 2p-orbitals, the spin and orbital angular momentum of

an electron in the 2p-orbital couple, causing a splitting of the 2p orbitals into two sets, 2p1/2

and 2p3/2, differing in total angular momentum J (1/2 and 3/2 respectively). This results

in the X-ray absorption spectra containing two peaks corresponding to excitations from the

two sets of p orbitals; these are known as the L2 and L3 edges, with the L3 edge lower in

energy. This fundamentally arises from the spin-orbit coupling. Ab initio calculations that

neglect spin-orbit coupling predict a single peak. Furthermore, spin-orbit coupling in the

d orbitals, ligand field splitting, and charge transfer states result in secondary features and

spread the spectra over a range of energy, approximately 20 eV for iron containing systems.

The various theoretical and computational methods used to predict L-edge X-ray spectra

have recently been reviewed in detail[67, 13, 12, 148]. The most rigorous way of including

relativistic effects, spin-orbit coupling, and correlation effect is to solve the Dirac equation

in a multiconfigurational framework, using either a four-component [64, 144, 3, 132, 8, 7, 76,

9, 50] or two-component wavefunction.[63, 58, 73, 41, 71, 72] Four-component methods are

inherently demanding, therefore much effort has been made to decouple the four-component

equations into electron only two-component equation, retaining the key physical relativistic

effects of the full four-component equations, but at a reduced computational cost.

In this chapter, the exact two-component X2C method[88, 96, 112, 60, 97, 95, 131, 93,
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113, 32, 47, 81, 33, 94] is used to decouple the four-component Dirac-Hartree-Fock into a

reduced dimension electronic two-component approach. Relativistic and spin-orbit effects

are variationally included at the orbital level in the X2C-Hartree-Fock reference. To account

for the multi-configurational behaviour in the ground state of transition metals, we use an

X2C state averaged complete active space self consistent field (X2C-SA-CASSCF) method in

the Kramers’ unrestricted framework.[63, 58] The use of multiconfigurational active space for

the description of transition metals allows a natural extension to study their X-ray spectra.

Using the restricted active space (RAS) formalism[109, 101], excitations can be made from

specified core orbitals to the valence space; this has allowed the prediction of various X-ray

spectra of transition metals, including K-edge, L-edge and resonance inelastic scattering[34,

49, 116, 117, 22, 16, 99, 66, 18]. In this chapter, the X2C multireference restricted active

space configuration interaction (X2C-MRRASCI) approach is developed to predict the L-

edge spectra of transition metals complexes.

5.2 Computational Details

The eigenvalues of the X2C-MRRASCI Hamiltonian matrix determine the energies of the

excited states, i.e., the peak position in the L-edge spectrum. We now define how to calculate

the intensity of each transition. As stated above, the transition probabilities for L-edge

spectra are electric dipole-allowed. Using the MO-dipole integrals, dω, for the Cartesian

directions ω = {x, y, z}, the oscillator strength for a transition between states 0 and n can

be evaluated (within the dipole approximation)

γ0npq =
∑
IJ

(C0
I )

∗ ⟨I|Epq|J⟩ Cn
J (5.1)

Dω,0n =

(∑
p,q

γ0npq .d
ω
qp

)
.

(∑
p,q

γn0pq .d
ω
qp

)
(5.2)

|µ|2 = Dx,0n +Dy,0n +Dz,0n (5.3)

f =
2

3
|µ|2.

(
En − E0

)
(5.4)
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where Êpq is a single excitation operator, |I⟩, |J⟩ indicate determinants, Cn
J the coefficient

of determinant |J⟩ in state n and En the energy of state n. As the systems presented here

have degenerate ground states, the oscillator strength is computed from each ground state

and summed to give a total oscillator strength.

Primarily the variational inclusion of the relativistic effects and static correlations are

considered by using X2C multireference restricted active space configuration interactions

(X2C-MRRASCI), without further including dynamic correlations. For XAS calculations,

the well-known d double-shell effect[115, 125] has been shown to only have a small effect on

the spectrum[116].Accordingly, only one set of d orbitals may be included in the active space

without significant loss in accuracy.

With the peak position and relative intensity determined, the spectrum is adjusted to

account for both lifetime and experimental broadening. A Voigt convolution of a Lorentzian

and a Gaussian is used. The Gaussian parameters are chosen to match the width of the main

L3 feature and represent broadening due to experimental resolution. Due to the difference in

core-hole lifetimes between p1/2 and p3/2, separate Lorentzian broadening is applied to the L3

and L2 edges. A point equi-distance between the L3 and L2 edges separates the broadening

regions. The total intensity is scaled such that the most intense L3 peak has an intensity of

1.0. In addition, the computed spectrum is uniformly shifted to match the position of the

most intense experimental peak. This shift is dependent on the specific active space and basis

set used, but for the examples presented here lies in the range 11-15 eV. The character of the

computed peaks can be determined from the X2C-MRRASCI density matrices for specific

states and can be compared to any assigned peaks in the experimental spectrum. This aids

in determining and validating the global shift but also allows analysis and understanding of

the experimental spectrum.

5.3 The XAS of free Fe3+

The benchmark calculations presented here focus on L-edge spectra of iron complexes. There-

fore it is appropriate to first assess the performance of the X2C-MRRASCI procedure on the
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free ion Fe3+. The high spin ground state of Fe3+ is a six-fold degenerate 6S5/2 state. These

degenerate ground states can be described using X2C-SA-CASSCF, with an active space

comprised of the d orbitals (5 electrons in 10 spinor orbitals) and state-averaging over the

six states. This recovers the degeneracy of the states to within the energy convergence cri-

teria. In order to compute the L-edge spectrum, a subsequent X2C-RASCI calculation is

performed, using the d orbitals as the RAS2 space and the 2p orbitals as the RAS1 space, and

allowing single excitations from RAS1. The computed spectrum, using a Sapporo-DKH3-

DZP-2012 basis with diffuse functions[106], is shown in Fig. 5.1.
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Figure 5.1. The L2,3 edge of the XAS spectrum of Fe3+ computed using the X2C-MRRASCI
procedure and compared to both the perturbative RASSI-RASSCF approach and semi-empirical
atomic multiplet calculations of Pinjari et al. [118], reprinted from Pinjari, R. V.; Delcey, M. G.;
Guo, M.; Odelius, M.; Lundberg, M. Journal of Chemical Physics, 2015, vol. 142, page 069901
with the permission of AIP Publishing. The computed spectra are shifted to align the most intense
peak, and Voigt broadening applied.

The exact character of each peak of the spectrum has been analysed and discussed in

detail[116, 118]. As expected, the most intense feature arises from 2p3/2 → d orbitals, with

shoulder peaks corresponding to different occupations of the d orbitals that are split by d
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orbital spin orbit coupling, this is the L3 region. The L2 region, >720eV, corresponds to

2p1/2 → d. The spectrum computed using X2C-MRRASCI shows good agreement with

literature predictions of the L-edge spectrum using RASSI-RASSCF and atomic multiplet

calculations [118], and agrees with the character assigned in Ref. [118]. The three methods

agree on the main features of the spectrum, but differ slightly in the relative energy spacing

of the peaks. This difference in spacing is most obvious for the gap between the L3 and L2

regions, a direct result of the magnitude of the spin-orbit coupling in the 2p orbitals, with

the energy gap being larger in X2C-MRRASCI.

5.4 The XAS of FeCl−4

In this sub-section, X2C-MRRASCI is used to compute the L-edge X-ray absorption spec-

trum of FeCl−4 . In this molecule, the iron has an electronic configuration of Fe(III)−d5. The
6S ground state of a free ion splits in the tetrahedral ligand field of the Cl atoms to yield a

6A1 ground state with an orbital occupancy of e2t32. The introduction of spin-orbit coupling

further splits this into E5/2 and G3/2 states. Here, these lowest lying states are described by

X2C-SA-CASSCF using 5 electrons in 10 spinor orbitals. As the E5/2 and G3/2 multiplets

are degenerate within the accuracy requested here, state averaging over the 6 states of these

multiplets is used.

In order to compute the absorption spectrum, the X2C-SA-CASSCF is used as a reference

for X2C-RASCI computations. The X2C-SA-CASSCF active space is used as the RAS2

space, while the iron 2p orbitals and electrons comprise the RAS1 space. The computed

spectrum is compared to the experimental spectrum[82] of [FeIIICl4](Et4N) in Fig. 5.2.

In the computed spectrum, the relative positions of the peaks are reproduced; satellite

peaks from 710 to 715 eV, two peaks in L2. However, the intensity of the peak at 706 eV is

overestimated. This peak corresponds to a transition from p3/2 to a state of mixed e and t2

occupation. The low-energy intensity (L2) peak is overestimated in the computed spectrum,

which might originate from the solvent effects present in experiment.
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Figure 5.2. Comparison of the predicted and experimental[82] L2,3 edge of the XAS spectrum
of FeCl−4 . The computed spectrum is shifted to align the most intense peak with experiment,
and Voigt broadening applied. An ANO triple-zeta basis is used[114, 127]. Experimental data
adapted with permission from Ref.[82], copyright 2017 American Chemical Society.

5.5 The XAS of FeCl3−6

In this section we test the X2C-MRRASCI method for the computation of the L-edge spec-

trum of FeCl3−6 , a system that has been studied both experimentally[151] and theoretically[99,

22, 117, 116]. Furthermore, we investigate the effect of the RAS spaces on the result. In order

to do this, we must fist understand the molecular orbitals. The bonding molecular orbitals

of FeCl3−6 arise by ligand σ orbitals (symmetry adapted linear combination of p orbitals)

mixing with Fe 3d orbitals to form bonding σ (and antibonding σ∗) orbitals of eg symmetry.

Additionally, weak bonding and anti-bonding orbitals are formed from the mixing of Fe t2g

orbitals with the t2g(π) orbitals formed from the ligand p orbitals.

The ground state of octahedral FeCl3−6 has a high spin electron configuration of t32ge
2
g.

This gives a 6Ag ground state. This degenerate ground state can be described by X2C-

CASSCF using 5 electrons in the t2g and eg orbitals, state averaging over the six degenerate
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micro-states of 6Ag. This correctly gives six degenerate states, i.e., a qualitatively correct

set of states, using a minimal active space. These states are then used as a reference for the

X2C-RASCI calculation of the L-edge spectrum.

In the molecular system, the L-edge spectrum corresponds to excitation from the p1/2

and p3/2 orbitals (of t1u symmetry) to t2g and eg orbitals. Accordingly, the t1u orbitals are

included in the RAS1 space. The simplest RAS2 space, space A (shown in Fig. 5.3, is the

same as the CAS space used in the orbital optimization and comprises 5 electrons in 10

orbitals (6 t2g and 4 eg).
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Figure 5.3. (top) Partial molecular orbital diagram for FeCl3−6 . Orbitals fully occupied in
the ground state are indicated by a solid line, while partial occupation is indicated by a dashed
line. (bottom) Definition of the different RAS spaces (spaces A-D) used in the X2C-MRRASCI
calculation on high spin FeCl3−6 . All calculations use the same RAS1 space but differ in the
composition of RAS2 and RAS3.

The computed L-edge spectrum is shown in comparison to experiment in Fig. 5.4. The

results demonstrate that X2C-MRRASCI using only a limited active space satisfactorily

reproduces the main experimental features of the spectrum. The experimental spectrum

clearly shows the characteristic L-edge features but also shows a peak at ∼ 714 eV which

has been assigned as a shake-up peak, corresponding to a 2p → 3d transition coupled to
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RAS1 RAS2 RAS3 Determinants States Computed
A (6,6) (5,10) - 1512 900
B (6,6) (9,14) - 8008 2500
C (6,6) (9,14) (0,6) 419848 2000 (partial spectrum)

Table 5.1. Dimensions of the X2C-RASCI calculations on FeCl3−6 . For each active space defined
in Fig. 5.3, the number of electrons and spinor orbitals in each RAS sub-space is shown ((electrons,
orbitals)). The resulting total number of determinants generated from these active spaces in X2C-
RASCI is indicated in the 3rd column. The number of X2C-RASCI states actually computed,
using an energy-specific Davidson procedure, for the L2,3 spectrum in Fig. 5.4 is also given.

a σ → 3d ligand-metal-charge-transfer (LMCT)[151, 117]. This peak is not captured by

calculation using space A, because excitation of the relevant σ orbitals is not allowed (they

are not present in the active space).

In order to resolve the shake-up peak, the active space used was expanded. In space B,

shown in Fig. 5.3, the σ orbitals are included. The computed spectrum, shown in Fig. 5.4,

overestimates the overall intensity across the energy range, but importantly, shows the emer-

gence of the LMCT peak when the σ orbitals are included. Furthermore, inclusion of the σ

orbitals also gives rise to a higher energy satellite peak of the L2 edge, a peak also predicted

by Pinjari et al.[117], but not seen in the experimental data.

X2C-MRRASCI calculations using space B over-estimate the intensity of the shake-

up peak compared to both experiment and the RASSI-RASSCF calculations of Pinjari et

al.[117]. To investigate the source of this over-estimation, the t
′
2g orbitals identified to play

an important role in correlation[116, 117] have been included in RAS3 to act as correlating

orbitals (see space ‘C’ in Fig. 5.3). However, the computed spectrum changes very little (see

Fig. 5.4), showing the same over-estimation of the shake-up peak compared to experiment

and RASSI-RASSCF. This suggests that orbital relaxation effects, as allowed in the RASSI-

RASSCF calculations of Ref. [117], may be more important for describing this shake-up

peak.
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Figure 5.4. Comparison of the predicted and experimental L2,3 edge of the XAS spectrum of
FeCl3−6 , using different active spaces A-C and an ANO triple-zeta basis[114, 127](note that the
spectrum using Space C is not computed beyond 717 eV). Computed spectra have been broadened
and shifted (see main text). Also shown is the perturbative RASSI-RASSCF spectrum of Pinjari
et al.[117] that use space ‘D’ in Fig. 5.3 (see Ref.[117] for details). RASSI-RASSCF spectrum
reprinted with permission from Pinjari, R. V.; Delcey, M. G.; Guo, M.; Odelius, M.; Lundberg,
M. Journal of Computational Chemistry, vol 37, page 477, copyright 2016 Wiley publishing.
Experimental data adapted with permission from Ref.[151], copyright 2003 American Chemical
Society.

5.6 Conclusion

In this work we present X2C-MRRASCI, a combined X2C-SA-CASSCF and X2C-RASCI

approach for the computation of L-edge X-ray absorption spectra. This approach allows for

variational inclusions of relativistic effects and spin-orbit couplings at the molecular orbital

level. The procedure is benchmarked for the L-edge spectra of iron complexes.

Results show that even with a minimal active space, key features of the absorption

spectrum are captured. Although two-electron spin-orbit coupling is only approximated

using an empirical scaling of the one-electron coupling, results show accurate separation of

the L3 and L2 edges.



62

The use of small active spaces leads to a lack of dynamic correlation, which is likely

to affect the relative intensities of the peaks in the systems we have studied but not the

qualitative features, which are the focus of this work. Careful studies using larger active

spaces are likely to resolve the overestimation of the intensity of low-energy transitions seen

in each spectrum. Similar studies have already shown the significant effects of expanding

the active space and adding perturbative corrections for dynamic correlation, particularly on

the L2 edge[22, 117]. However, the calculations on FeCl3−6 presented here do not suffer from

large over-estimation of the intensities of the L2 edge but rather over-estimate the shake-

up peak. Expanding the active space to account for leading dynamic correlations, and to

allow easier comparison to literature, shows little improvement over existing spaces used,

suggesting orbital relaxation after core-excitation, as allowed in the RASSCF calculations

of Ref. [117], may play an important role in the prediction of accurate intensities for these

transitions. This effect warrants further development and investigation.

Perturbative spin-orbit coupling approaches have shown similar performance for early

transition metals, however, a variational approach is likely to vital as the magnitude of

the spin-orbit coupling is increased, for example, as one studies elements further down the

periodic table. Through careful choice of the RAS spaces, the X2C-MRRASCI method

detailed here may be used for further X-ray absorption studies, including M-edge, providing

a useful analysis and predictive tool.
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Chapter 6

MRCI APPLICATIONS ON STUDYING NON-RADIATIVE
DECAY PATHWAYS OF ELECTRONICALLY

EXCITED/IONIZED MOLECULES

In this chapter, the weakly coupled Ethane-Rare Gas (RG = Ar, Kr or Xe) dimers will be

used as an example to demonstrate the computational flow using multi-reference methods to

probe the non-radiative decay of energized electronic systems. This chapter is adapted with

permission from: Sramana Kundu, Hang Hu, Xiaosong Li, Micah Schaible, and Thomas

M. Orlando J. Chem. Phys., 2023, 158(12), 03 , Copyright ©2023 American Chemical

Society.[86]

6.1 Introduction

Reactions caused by impact of photons or energetic particles (electrons, ions) occur under

non-equilibrium conditions. Many-body interactions can affect and determine the effec-

tive energy exchange pathways, which ultimately determine the final physical and chemical

state(s) of the target(s). Broadly speaking, the study of non-equilibrium processes is im-

portant in surface science [153, 10, 89, 11, 147, 83], radiation chemistry [2, 103, 87, 129],

environmental science [104, 102, 65] and astrochemistry [100]. Following an ionization event,

charge transfer between neighboring entities in the target is an important step in the prop-

agation of the excess energy in the medium. Indeed, charge-transfer reactions between

simple and complex collision partners, such as rare gas cations and simple hydrocarbons

have been extensively studied in gas phase using crossed beam, flowing afterglow (FA), se-

lected–ion–flow–drift–tube (SIFDT), and ion trapping methods. [54, 53, 146, 120] Most of

these studies were done at thermal energies. This simplifies the interpretation of the results
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since no additional kinetic energy above the recombination energy of the reactant ion is

available. The general conclusion from these studies is that a resonant charge transfer is

dominant, i.e. the energy levels of the product molecular ions most likely to be populated

are those lying closest to the recombination energy of the reactant ion. [53, 146, 120] It can

be expected that the strength of the Franck-Condon overlap between the rare gas cation and

target molecule potential energy levels determine the efficiency of charge transfer [146], which

would further affect the extent of fragmentation of the molecular cation in different rare gas

systems. Depending on the inter-nuclear distance between the rare gas and molecule, non-

adiabatic couplings could affect the transfer probability [51]. When the excitation energy

is increased well above the ionization potential, in addition to the single-particle charge or

hole transfer processes, complicated multi-electron/multi-hole interactions occur. These will

follow deep valence, shallow core and deep core excitations and ionization. Gas and con-

densed phase cluster studies have revealed pronounced differences due to bonding geometry

changes, and many body effects.[135, 123, 36, 150, 56] Energy exchange processes such as

interatomic and intermolecular Coulomb decay (ICD) and electron transfer mediated decay

(ETMD) have also been observed and studied in detail recently with very high time and

energy resolution in weakly bonded systems, [123, 52, 26, 84, 122, 37, 130, 61] predomi-

nantly in the gas-phase. Such events can also be studied in weakly coupled adsorbed atoms

and molecules [48], providing the opportunity to directly examine the fundamentals of single

and multi-hole charge transfer in restricted geometries and energetics that are defined by

the condensed rare gas atom and molecule identities. Since ionizing radiation and the subse-

quent Auger cascade events produce secondary electrons, the inelastic scattering losses of the

secondary electrons contribute significantly to the ultimate energy deposition and exchange

processes in samples under high energy or non-equilibrium conditions. A simple approach

to directly examine this is via the use of a tunable electron beam to examine single- and

multi-hole processes resulting from valence, as well as shallow and deep core level excita-

tion. In addition, for condensed targets, dissociation and desorption induced by electronic

transitions occur when such surfaces and interfaces are irradiated with essentially any type
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of ionizing radiation. Examples include surface modification processes in the laboratory to

the chemistry occurring in cold dust grains in the interstellar medium.[2, 1, 6, 90, 17, 155, 4]

Depositing sub-monolayer quantities of the target species on several layer-thick rare gas sub-

strates prepared at cryogenic temperatures is a useful method to study the species in the

condensed phase. This overcomes the issue of quenching of electronic excitations in species

directly adsorbed on metals due to interactions with the metal substrate. The rare gas layer

confines the electronic excitations in adsorbates long enough for the relevant ionization and

dissociation pathways to occur. [25, 138, 137] Rare gases are structurally simple, chemically

inert and their physical and electronic properties are relatively well-known. The mechanism

of electronic excitation leading to cation desorption from surfaces of condensed gases is not

yet fully understood. Others have explained it in terms of Coulomb repulsion between lo-

calized valence holes.[138, 139, 69, 70] These experiments, however, were conducted at high

incident electron energies (> 500 eV), and may not fully reveal the energy exchange and des-

orption processes, particularly near threshold desorption energies. Though there are limited

studies of near-threshold desorption processes for simple systems,[6, 28, 55, 77, 121, 78], few

involve complex heterogeneous molecular targets. It has been seen earlier when an organic

cation mixed with a rare gas was deposited and irradiated with MeV electrons, the reaction

channel changed from fragmentation to deprotonation on going from argon to xenon, with

krypton showing a mixture of channels[38]. Also, it has been suggested that the extent of

localization of the hole in the outermost p orbital of the rare gas following ionization, affects

the extent of H+ scattering on condensed rare gas surfaces[136]. Depending on the protic

or aprotic nature of the adsorbate molecule, the ions observed following ESD are clusters of

protonated intact molecules or fragments of parent molecules [139]. In this study, cations

generated by tunable low-energy electron bombardment of condensed ethane (C2H6), the

simplest hydrocarbon with C–C and C–H bonds, deposited on different rare gases – argon,

krypton and xenon – reveal how the energy (hole or charge) exchange and subsequent frag-

mentation and desorption processes occur and the probable importance of ICD and ETMD

processes in the interfacial energy exchange events in weakly interacting condensates.
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6.2 Non-radiative Decay Channels in Ethane-Rare Gas Mixture

Figure 6.1. Schematic mechanisms of the possible nonradiative decay channels in Ethane-
Ar dimer upon electron ionization. Direct ionization of neutral Ethane-Ar dimer (A) cre-
ates a shallow (Ar 3p) or deep (Ar 3s) single core hole state (B). For shallow hole state
Ethane−Ar+(3p−1), it can resonate with single hole state Ethane+−Ar (C) via hole transfer.
For deeper hole state Ethane−Ar+(3s−1), ICD and ETMD could happen and leads to double
hole state Ethane+−Ar+(D) and Ethane++−Ar (E) respectively. The resulted double hole state
from ICD and ETMD can also resonate with each other via hole transfer. The double hole states
can experience strong coulomb repulsion, either leading to uncoupled single hole state on Ethane
(F) or direct fragmentation.

The important energy decay pathways as the result of the shallow or inner core electron

ionization of the Ar atom in Ethane−Ar dimer are illustrated in Fig. 6.1 and Fig. 6.2.

Electron or photon irradiation can directly ionize the core level of Ar 3p or Ar 3s and
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Figure 6.2. A) Electron ionization process, where an electron on Ar 3s or 3p level is ionized and a
single hole state is formed; B) Resonant hole transfer between single hole states Ethane−Ar+ and
Ethane+−Ar; C) Interatomic coulomb decay of single hole state Ethane−Ar+(3s−1); D) Resonant
hole transfer between double hole states Ethane+−Ar+ and Ethane++−Ar; E) Electron-transfer-
mediate decay of single hole state Ethane−Ar+(3s−1)

leave the system as a single hole state (Fig. 6.2A). Subsequently, for shallow single hole

state Ar+(3p−1), it can resonate with the hole state EtH+(1e−1
u ), due to their close energy

levels (Fig. 6.2B); for deeper single hole state Ar+(3s−1) could be relaxed and results in the

ionization of the nearby Ethane molecule via ICD ((Fig. 6.2C) or ETMD ((Fig. 6.2E). If

the energy level of final state after the ICD and ETMD aligned closely, they can become

resonant and interchange between each other via hole transfer (Fig. 6.2D). With a single

hole (Fig. 6.1C/F) or double holes (Fig. 6.1E) localized on Ethane molecule, fragmentation

could occur to form cations such as CH+
3 , C2H

+
4 , and etc. For Kr and Xe, the overall possible
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channels should be similar with some of them being inaccessible when the energy levels are

not aligned.

Experimentally, to probe above non-radiative decay pathways, Ethane or Ethane-RG

mixtures were deposited on a clean gold-plated copper substrate and exposed to controlled

low-energy electron irradiation in an ultrahigh vacuum chamber with a time-of-flight mass

spectrometer (TOFMS). Fig. 6.3A-C shows the mass spetra of pure Ethane under electron

irradiation, where the dominant cation product is CH+
3 and small yield of C2H

+
n cations

appear only in higher energy range ( > 25 eV). When rare gas atoms are introduced in the

system, C2H
+
n cations starts to appear at lower energy range (15 − 17 eV) and the yield of

all cations increases across the probed energy range. Note that the yields of cation fragments

follows the trends of Ar, Kr and Xe within the whole probed range of energy levels (20 − 50

eV).

6.3 Accurate Descriptions on the Energy Levels of the Hole States

All the non-radiative pathways presented in Fig. 6.1 are can be summarized in the form of

reaction equations:

single hole state resonance: EtH+ +RG ⇌ EtH + RG+ (6.1)

ICD: EtH + RG+ → EtH+ +RG+ + e− (6.2)

ETMD: EtH + RG+ → EtH++ +RG+ e− (6.3)

double hole state resonance: EtH+ +RG+ ⇌ EtH++ +RG (6.4)

As all of the chemical processes are energy-conserved processes, it is important to depict the

energy levels of each state accurately and obtain the whole energy landscape of the energized

electronic systems.

To establish a computational work flow for core-hole state energy level and benchmark

the accuracy of multi-reference methods, monomer calculations on single hole states of either

single rare gas atom or single Ethane molecule is performed. The aug-cc-pVDZ basis [29] are
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Figure 6.3. Experimental mass spectra of pure Ethane under electron irradiation of A) 20 eV,
B) 30 eV, C) 50 eV. The fragmental intensity of D) CH+

3 , E) C2H
+
3 , F) C2H

+
4 as a function of

electron energy in Ethane-rare gas mixtures.

used for all the monomer benchmark calculations in this section while aug-cc-pVTZ basis is

used for dimmer calculations. CASSCF and MRCISD (including single and double excitation

to virtual space) in one-component framework are used, where the active space is chosen as

the minimal active space including all the valence molecular orbitals (ns, np from rare gas

atoms and 1eg, 3a1g, 1eu, 2a2u, 2a1g from Ethane). The single core state are created by

removing an electron from the fully filled CAS in neutral, and state averaging is used over all

single core hole states during CASSCF. Scalar relativistic effects are included whenever Xe
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atom is presented in the calculations, while in other cases, the non-relativistic Hamiltonian

is used.

The energy levels of the core-hole states comes from the difference between a cation

calculation and their neutral analog. Thus, only calculations treated with same level of theory

and correlated space (i.e. similar electron correlation) are meaningful. In this perspective,

two approaches at the level of CASSCF/HF and MRCISD/CISD are proposed:

low accuracy and low computational cost: Ecore-hole = Ecation
CASSCF − Eneutral

HF (6.5)

high accuracy and high computational cost: Ecore-hole = Ecation
MRCISD − Eneutral

CISD (6.6)

The result of rare gas atoms and single Ethane molecule are presented in Tab. 6.1 and

Tab. 6.2. At the levels of CASSCF/HF, the energy of shallow hole states are better descried

than the deep hole states compared to experimental data due to the lack of dynamic correc-

tions. The deeper level of the core hole state are all overestimated 1 ∼ 4 eV. Once including

the virtual orbitals for dynamic correction treatment at the level of MRCISD/CISD, accurate

descriptions of the core-hole states (with error less than 1 eV) could be obtained.

Energy Levels Experimental Ecation
CASSCF − Eneutral

HF Ecation
MRCISD − Eneutral

CISD

Ar+ 3p−1 15.80 14.79 (−1.01) 15.47 (−0.33)
Ar+ 3s−1 29.20 33.21 (+4.01) 29.98 (+0.78)

Kr+ 4p−1 14.00 13.33 (−0.67) 13.85 (−0.15)
Kr+ 4s−1 27.45 30.22 (+2.77) 27.07 (−0.38)
Xe+ 5p−1 12.10 11.66 (−0.44) 12.14 (−0.04)
Xe+ 5s−1 23.31 26.47 (+3.16) 23.67 (+0.36)

Table 6.1. Energy levels of valence and inner-valence hole on Ar, Kr and Xe atoms from experi-
ments [143] and multi-reference calculations. CAS(7,4) is chosed as the active space for CASSCF,
and all core are frozen and all virtual were used in MRCISD and CISD calculations. The singed
errors of computational results are included in the parentheses.

With the knowledge from above benchmark tests, two dimer models are constructed,

where the rare gas atom is placed perpendicular to the Ethane C-C bond axis (Fig. 6.4A) or

along the Ethane C-C bond axis (Fig. 6.4B). The equilibrium geometry of neutral dimer in
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Energy Levels Experimental Ecation
CASSCF - Eneutral

HF Ecation
MRCISD - Eneutral

CISD

1e−1
g 12.25 12.52 (+0.27) 12.59 (+0.34)

3a−1
1g 13.35 12.19 (−1.16) 12.73 (−0.62)

1e−1
u 15.45 15.31 (−0.14) 15.27 (−0.19)

2a−1
2u 21.0 22.09 (+1.09) 21.09 (+0.09)

2a−1
1g 24.5 26.29 (+1.79) 24.82 (+0.32)

Table 6.2. Energy levels of valence and inner-valence hole on Ethane monomer from experiments
[23] and multi-reference calculations. CAS(15,7) is chosed as the active space for CASSCF, and
all core are frozen and all virtual were used in MRCISD and CISD calculations. The singed errors
of computational results are included in the parentheses.

both layouts are obtained with long-ranged corrected density function theory (Cam-B3LYP)

and 6-31++g(d,p) basis and used in the following calculations. For dimer calculations, local-

ized orbitals coming from fragment HF were used to ensure the calculations are performed

in the basis of diabatic state determinants (localized hole on either part of the dimer).

Vertical Layout Horizontal Layout

Dimer Equilibrium Separation in A (Å) Equilibrium Separation in B (Å)
Ethane − Ar 3.89 3.89
Ethane − Kr 4.10 4.16
Ethane − Xe 4.50 4.54

Figure 6.4. Top panel: Geometries of Ethane and rare gas dimers considered in the compu-
tational study. Bottom panel: The equilibrium separation between neutral Ethane and neutral
rare gas atom under the level of Cam-B3LYP/6-31++g(d,p).

The energy levels of the shallow hole states at the level of CASSCF/HF are depicted

in Fig. 6.5, and which are slightly higher than their monomer levels. The nearly perfect
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Figure 6.5. Density of state plot of single shallow hole states in Ethane-RG dimer model at the
level of CASSCF. The reference neutral energy level is computed as HF energy.

alignment of Ar+(3p−1) level with EtH+(1e−1
u ) level might explain the largest increase of the

fragments in lower energy level ranges (see Fig. 6.3). For Kr+(4p−1), although it is not near

either of the Ethane shallow hole level, it could access all three channels. As for Xe+(5p−1),

it could resonate with both EtH+(1e−1
g ) and EtH+(3a−1

1g ) states. Without computing the

electronic coupling matrix elements, it is impossible to even qualitatively explain the yield

trends among the three systems.

The energy levels of the shallow hole states at the level of CASSCF/HF are presented in

Fig. 6.6. For ICD or ETMD process, since the ionized electron (see Eq. (6.2) and Eq. (6.3))

will carry kinetic energies, the pathway only exists when the initial single hole state has

higher energy level than the final double hole state. Thus from the Fig. 6.6, it seems that

strong ICD and ETMD channels are found in Ethane-Ar dimer, while only ICD channels are

open in Ethane-Kr or Ethane-Xe dimer. However, from the monomer benchmark tests, the

energy landscape especially for the single deeper hole states need to be corrected at the level

of MRCISD/CISD before final conclusion could be draw.
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Figure 6.6. Density of state plot of single deep hole states and double hole states in Ethane-RG
dimer model at the level of CASSCF. The reference neutral energy level is computed as HF energy.

6.4 Computation of Electronic Coupling Matrix Element

From Fermi’s golden rule [24, 39], the probability of a non-radiative pathway is proportional

to the square of strength of the coupling matrix elements (CMEs) between the initial state

|Ψi⟩ and the final state |Ψf⟩ as:

Γ ∼ | ⟨Ψf | V̂ |Ψi⟩ |2 (6.7)

where V̂ is coupling potential operator. An attempt for explanation on the yield trend

of the cation fragments in Ethane-RG mixture is to seek computational approach of such

electronic CMEs. Use the framework of the CASSCF and MRCI, it is straightforward to

obtain the wavefunction of diabatic initial/final states and their CMEs. Fig. 6.7 is an example

of computing CMEs of single hole state resonance (via hole transfer) at the level of CASSCF.

The electronic CMEs at the level of CASSCF of single hole and double hole states reso-

nance are computed as Tab. 6.3 and Tab. 6.4, respectively. For single core-hole resonance, the
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Figure 6.7. Schematic computations of the coupling matrix element at the level of CASSCF,
for single hole state resonance via hole transfer. The Electron Hamiltonian is construct with
the basis of diabatic state determinants and grouped by Ethane−Ar+ as upper diagonal sub-
block and Ethane+−Ar as lower diagonal sub-block. Sub-block diagonalization is performed and
Hamiltonian is transformed to give the coupling matrix element of ⟨ΨRG+ | Ĥel |ΨEtH+⟩ as the
off-diagonal block.

Vertical Layout

Ar+(3p−1) Kr+(4p−1) Xe+(5p−1)

EtH+(1e−1
g ) 5.60× 10−3 4.65× 10−3 2.78× 10−3

EtH+(3a−1
1g ) 4.08× 10−4 2.24× 10−4 4.40× 10−4

EtH+(1e−1
u ) 6.90× 10−3 5.46× 10−3 2.95× 10−3

Horizontal Layout

Ar+(3p−1) Kr+(4p−1) Xe+(5p−1)

EtH+(1e−1
g ) 2.16× 10−3 1.74× 10−3 9.78× 10−4

EtH+(3a−1
1g ) 5.93× 10−3 5.07× 10−3 3.19× 10−3

EtH+(1e−1
u ) 5.93× 10−4 7.31× 10−4 3.41× 10−4

Table 6.3. The electronic CMEs (in a.u. ) of single hole states resonance at level of CASSCF.
The contribution from degenerate states is computed as the square root of the summed square
CMEs.
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CMEs follow the same trend as the yield of the cation fragments in Fig. 6.3. The RG+(np−1)

hole state couples strongly with the EtH+(1e−1
g ) and EtH+(1e−1

u ) levels in thg vertical layout

of the dimer, while it couples strongly with the 3a−1
1g level in horizontal layout. This could be

expected from the spatial geometry of the hole densities, where larger hole density overlap

gives stronger CMEs. For double-hole resonance, the results are similarly with the strongest

coupling comes between EtH++(1e−1
g 1e−1

u ) and RG+(np−1)−EtH+(1e−1
u ). As those results is

at the level of CASSCF, the influence of dynamic correlation remains to be explored using

MRCISD calculations in the future.

Vertical Layout

Ar+(3p−1)−EtH+(1e−1
u ) Kr+(4p−1)−EtH+(1e−1

u ) Xe+(5p−1)−EtH+(1e−1
u )

EtH++(1e−2
g ) 3.98× 10−3 3.11× 10−3 2.01× 10−3

EtH++(1e−1
g 3a−1

1g ) 1.52× 10−3 9.72× 10−4 4.57× 10−4

EtH++(1e−1
g 1e−1

u ) 4.81× 10−3 3.11× 10−3 1.43× 10−3

Horizontal Layout

Ar+(3p−1)−EtH+(1e−1
u ) Kr+(4p−1)−EtH+(1e−1

u ) Xe+(5p−1)−EtH+(1e−1
u )

EtH++(1e−2
g ) 8.07× 10−5 9.65× 10−5 4.78× 10−5

EtH++(1e−1
g 3a−1

1g ) 1.34× 10−3 2.07× 10−3 6.52× 10−4

EtH++(1e−1
g 1e−1

u ) 1.18× 10−3 2.37× 10−3 3.05× 10−4

Table 6.4. The electronic CMEs (in a.u. ) of double hole states resonance at level of CASSCF.The
contribution from degenerate states is computed as the square root of the summed square CMEs.

While the CMEs of the hole states resonance can be directly obtained after a multi-

reference calculation, those of ICD and ETMD is more difficult as the ionized electron (with

kinetic energies) requires special treatment. One approach to approximate the process is to

excite the hole electron into a pseudo-continuum represented by diffuse functions [5] . Once

proper diffuse functions are set in the calculation, the CMEs between a deep core hole state

and two hole one particle (2h1p) state would be easily extracted in the smilar fashion of 6.7

from our MRCI framework.
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[98] Per-Olov Löwdin. Quantum Theory of Many-Particle Systems. III. Extension of the
Hartree-Fock Scheme to Include Degenerate Systems and Correlation Effects. Physical
Review, 97:1509–1520, 1955.
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Field Approach for Correlated Relativistic Calculations. Journal of Chemical Physics,
131(12):124116, 2009.
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