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Abstract

Measuring the Second Harmonic Amplitude of an Oscillating

Torsion Pendulum to Detect Small Forces
Michael Wayne Moore

Chairperson of the Supervisory Committee: Professor Paul Boynton
Physics

After more than 200 years, the torsion balance/pendulum is still one of the
most precise means for measuring weak, macroscopic-range forces. Histori-
cally, two primary measurement techniques have been developed for this in-
strument. In one, the signal is the equilibrium angular displacement of the
pendulum resulting from the presence of an external torque. In the other, this
torque is detected by the associated fractional change in the natural frequency
of torsion oscillations. Both techniques have been refined to the point that some
experiments are now limited by temporal variations in torsion fiber tempera-
ture, despite special efforts to insure temperature stability.

We have devised and tested another torsion pendulum measurement
technique for which the effect of fiber temperature variations is suppressed by
more than four orders of magnitude. Our observable is the amplitude of the
second harmonic of the pendulum motion. A data set of 10 runs, each ap-
proximately 3 days in duration, using a magnesium/beryllium composition-
dipole pendulum yielded a variation in the second harmonic amplitude of

0.29+0.47 nanoradians which corresponds to a differential acceleration between
the magnesium and beryllium of 2.5+4.0% 10712 cm/ sec?. This new technique

suggests that a continued improvement in the precision of these fundamental
physics experiments may be realized with a moderately high Q, room-

temperature apparatus.
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1 Introduction

1.1 Torsion Balance Precision Force Experiments

For more than 200 years, the torsion balance/pendulum has been used to
measure weak, macroscopic-range forces with ever increasing precision. The
longevity of the torsion balance apparatus is due to its unrivaled raw sensitiv-
ity. In a terrestrial gravitational environment where an apparatus is required to
support its own weight, the single-wire suspended torsion balance provides the
largest deflection per unit force of any device. Attempts to increase this deflec-
tion by flotation, multiple-wire suspension, or magnetic suspension have in-
variably produced environmental couplings that were more egregious than the
original problems they were intended to solve (Keyser et al. 1984).

The torsion balance has been used to measure the strength of gravity (i.e.,
determine the value of G, the gravitational constant in Newton’s Law of Gravi-
tation) (Luther & Towler 1984), to search for the possible composition depend-
ence of gravity (Braginskii & Panov 1972; Su et al. 1994; Gundlach et al. 1997), to
search for possible deviations from gravity’s inverse square dependence on dis-
tance (Chen et al. 1984; Hoskins et al. 1985), and more recently to verify the exis-
tence of the Casimir force (Lamoreaux 1997). Currently for terrestrial length
scales, it is theoretically easier to envision the addition of another very weak
force to the Standard Model mediated by a very light scalar or vector boson
than it is to envision a detectable modification of static gravity under General
Relativity, and so most modern torsion balance/pendulum null experiments
are better characterized as searches for new forces rather than precision meas-

urements of gravity.
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Fischbach’s re-analysis of Eotvos’ data and his hypothesis of a “Fifth
Force” (Fischbach et al. 1986) spurred on many experimental groups to prove or
disprove his hypothesis. Although the original hypothesis proved to be false at
the level predicted, important gaps in our empirical knowledge were filled, and
the performance of torsion balance/pendulum devices has been significantly
improved. Even without the prompting of a “Fifth Force” search, a renewal of
torsion balance/pendulum experiments would have inevitably occurred due to
the rapid advancements in computers and electronics which has allowed for the
implementation new techniques that previously would have been too difficult,
tedious or expensive.

The main topic of this thesis is the description of the successful implemen-
tation of such a new technique in which our observable is the amplitude of the
second harmonic of the pendulum motion. For this second harmonic meas-
urement technique, the effect of fiber temperature variations is suppressed by
more than four orders of magnitude relative to our earlier frequency method.
To place this in context, a summary of the research program out of which this

new technique evolved is required.
1.2 Use of Large Amplitude Oscillating Torsion Pendula: Index Experiments

Paul Boynton and his collaborators have conducted a series of torsion
pendulum experiments at the base of a cliff face near Index, Washington in the
North Cascades. Partially in response to Fischbach’s conjecture, these experi-
ments tested for the existence of a composition-dependent force using the cliff
face as a source mass. The site was a man-made blind tunnel (about 15 feet in
diameter and 100 feet long) carved out by the Robbins Company, a Kent,

Washington based manufacturer of hard-rock boring equipment, as a test bore
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for their equipment. With their cooperation, we arranged to use this granite
tunnel which provided an extremely stable thermal environment for our ex-
periment. Despite the presence of a nearby Burlington Northern railway, the
overall seismic background was much quieter than at our laboratory on cam-
pus. This thesis will concentrate on the present apparatus, dubbed the Index IV
experiment. The Index IV apparatus incorporated several improvements over
the previous Index designs, but chief among them are the total automation of
data acquisition and the movement of the pendulum and the ability to remotely
start and stop runs and download data via modems here at the University of
Washington. I have thus been denied the character-building experience of col-
lecting data in a cold, dark, damp cave for 10 to 12 hours at a stretch.
Historically, two primary measurement techniques have been developed
for the torsion pendulum/balance. In one, the signal is the equilibrium angular
displacement of the pendulum resulting from the presence of an external
torque. In the other, this torque is detected by the associated fractional change
in the natural frequency of torsion oscillations. It is the latter course which the
Index collaboration pursued. Although other groups had employed the fre-
quency method (Luther & Towler 1984), the Index collaboration’s effort was the
first to seriously attempt high precision torque measurements with a torsion
pendulum whose oscillation amplitude was greater than a small fraction of a
radian. Other groups had hesitated to operate at large amplitudes due to vari-
ous concerns such as the belief that the oscillations would excite complex tor-
sion fiber processes that would obscure any attempt to detect extremely weak
signals. One of our group’s main achievements has been to demonstrate that,

while these other experimenters’ concerns were not entirely imaginary, large
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amplitude fiber effects are quite manageable, and the improvements in signal-to
noise obtained by operating at large amplitude far outweigh any of the
method’s disadvantages when trying to detect small changes in frequency. Be-
cause it would be extremely difficult to maintain the required linearity and sta-
bility of an electronic measuring device with an angular dynamic range of sev-
eral radians, our data consists of the times at which the pendulum crosses
through certain fiducial angles (nominally every 45 degrees) rather than a con-
tinuous time series of angular deflection.

Although large-amplitude operation reduces the effect of additive meas-
urement noise, it does not alleviate the torsion pendulum'’s sensitivity to tem-
perature drifts. The shear modulus of our beryllium-copper torsion fiber is
temperature dependent, which results in a fractional change in oscillation fre-
quency of about 1 part in 10* per degree Celsius. We had incorporated both
active and passive temperature controls in the Index IV apparatus, but as we
continued to reduce the noise budget of the experiment, we were faced with the
temperature induced variations in frequency becoming an ever more prominent
problem. As deflection-type torsion balance experiments approached nanora-
dian precision, to compete, we would have to measure the frequency to a few
parts in 10° which translated into 10 microKelvin control over the time it took
to acquire a complete cycle of data, about four hours. We had achieved fre-
quency stability of a few parts in 10° on the time scale of minutes but not of
hours. Whenever the support point of the fiber is rotated to a new position, fi-
ber relaxation modes are excited that cause an exponentially decaying drift in
the pendulum equilibrium position, and since these had to settle down before

reasonable data could be obtained, we could not significantly shorten the time it
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takes to acquire a complete cycle of data. This was unfortunate as the time scale
of data acquisition (four hours) was uncomfortably close to the diurnal (i.e., 24

hour) period that has some of the largest temperature variations.

1.3 A New Large Amplitude Method: Measuring the Second Harmonic Re-

sponse

It was to address these problems, that we developed a new large-
amplitude torsion pendulum method: using the second harmonic response as a
measure of the external torque on the pendulum. The origin of this method
was my study of the fundamental thermal noise limits of torsion bal-
ance/pendulum experiments. Deflection type experiments have optimal sig-
nal-to-noise in the non-oscillating limit (i.e., 0° amplitude) whereas frequency
type experiments have optimal signal-to-noise when the oscillation amplitude
is about 105°, which is the amplitude used in our Index IV frequency experi-
ments. A certain sense of conservation of information (admittedly, a somewhat
dubious concept) prompted me to conjecture that if the information from all
possible signals were added up, the total information about an external torque
would be a constant, independent of oscillation amplitude. I must confess I
have not rigorously proved or disproved this conjecture, but the idea did sug-
gest that there might be an appreciable amount of information in the higher
harmonics of the response at large amplitude. The first of these is the second
harmonic, and after a few attempts I developed an algorithm that could extract
the second harmonic amplitude from the raw crossing times provided that the
fundamental oscillation amplitude was greater than 225°. Fortunately, this new
method could be tested without having to modify any of the apparatus hard-

ware or control and data acquisition software.
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The success of the second harmonic method was immediately apparent.
Even though the slow temperature drifts that had plagued the frequency
method had not been removed, the Index IV apparatus could measure the am-
plitude of the second harmonic response to nanoradian precision with just one
week’s worth of data. Was the torsion pendulum’s fundamental susceptibility
to slow temperature drifts entirely removed? Not quite. Besides the existence
of an external torque, the most significant physical process that can produce a
second harmonic response is a cubic anharmonic term in the fiber potential en-
ergy. With our beryllium-copper torsion fiber, we observe a fiber-induced sec-
ond harmonic of 5x107 radians. Presently, this is too small for us to detect
any temperature dependence, but if the fractional change per °C is comparable
to that of the shear modulus, then the temperature-induced change in signal is
possibly a million times smaller for the second harmonic method than for the
frequency method. With this suppression of temperature dependence, we can
move beyond the primary limitation of the frequency method. In the near fu-
ture, temperature variations could become a major limitation for deflection
methods as well because the temperature coefficient of deflection is only about
an order of magnitude smaller than the corresponding temperature coefficient

of frequency.



2 Large Amplitude Oscillating Torsion Pendulum Detection of a

Composition-Dependent Force

2.1 Characterization of a Finite-Range Composition-Dependent Force on a

Torsion Balance

In order to characterize a weak, composition-dependent force (CDF) with
a Yukawa-type potential, one can specify its strength relative to gravity, ¢, its
characteristic range, A4, and the Lorentz-invariant quantity, g, to which the
force couples. The gravitational plus CDF potential energy of two point masses

is then

U12 =- (1 + éqlqz exp(—%z-)) (21 )

A CDF can couple to several different Lorentz-invariant quantities, but for the
sake of concreteness, this section will discuss only baryon-baryon coupling for
which the Lorentz-invariant quantity is the baryon number per rest mass, b,

where

_ number of baryons _ mass number

=>b= =
1 mass/(1 amu) atomic mass

1. (2.2)

For all known materials, b differs from 1 at most by only a few parts per thou-
sand. Notice that both b and £ are defined as dimensionless quantities
whereas A has units of length. Theoretically, a new force could have a finite
range because it is mediated by a boson that is not massless. Experimentally,
this means there could be forces on terrestrial length scales that would not be

observed in lunar and planetary orbits. Precision measurements of these orbits
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presently set the lowest limits on the existence of an infinite-range CDF (Muller
& Nordtvedt 1998). Terrestrial length scale experiments can be futher classified
as shorter-range experiments that use movable laboratory source masses and
longer-range experiments that use immovable source masses such as mountains
or the Earth itself. Since Index IV is of the latter variety, I will discuss only sta-
tionary source mass methods in this section.

The potential energy of a point mass interacting with a distributed source

mass can be expressed in terms of a gravitational potential, V,, and a CDF po-

tential, V,
U(ry)=myV, ('2)+§m2bzvb(l’2;l)
(2.3
=-my [[f _pld3'1 Emyb, m‘ "o eXP( /112}13% )

source source

To predict the CDF on a torsion balance or torsion pendulum requires a calcula-
tion of the local VV, (1) which depends on the topography and composition of
the environment, but to simplify the presentation in this section, let us invoke
an ideal Earth source mass that is a perfect sphere of uniform composition with
bource =1 €xactly. In addition, let us restrict our attention to the infinite-range
limit, A — . With these simplifications, the CDF potential is directly propor-

tional to the gravitational potential

Vy =EV,. 24)

Conceptually, the most direct way to test for the existence of such a CDF is

a vertical free fall experiment. The free fall acceleration of a mass is

a=VV, +bVV, = g(1+&b). (2.5)
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Thus, by comparing the differential acceleration of two masses with different b,

the strength of the CDF,

A
gAb’

£= (2.6)
can be measured. Although this method has been attempted (Carusotto et al.
1992), to date it has not achieved precision comparable to the torsion bal-

ance/pendulum experiments.

A SOURCE
F. | MAss

Figure 2.1. Horizontal force from source mass interacting with a two-material,
composition-dipole torsion balance.

To test for a CDF with a torsion balance, a two-material mass is suspended
by a torsion fiber in the proximity of a large source mass as shown in Figure 2.1,
and the presence of a horizontal CDF can be detected by the slight rotation
caused by the torque on the torsion balance. Since the torsion balance is sensi-
tive only to horizontal forces, it would seem, at first glance, that our perfectly
spherical, ideal Earth source mass would not exert a torque on the torsion bal-

ance. However, because of the centrifugal force due to the rotation of the Earth,
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the local vertical does not generally point towards the center of the Earth, and
the surface of the Earth sphere is tilted slightly from horizontal in the local
frame resulting in a horizontal component to the gravitationa! field,

- w?R,sin26

= , 2.7
8L 2 2.7)

where @, is the rotation frequency of the Earth, R, is the radius of the Earth,
and 8 is the latitude. The maximum value of the horizontal component occurs

at a latitude of 45° where

_ g cm
=-—<-=171—. 2.8
81 582 sec? (28)

Even though a torsion balance/pendulum sacrifices a factor of roughly 600 in
signal by measuring only horizontal forces, its ability of to precisely measure
extremely small forces still makes it the apparatus of choice in searching for a
terrestrial scale CDF.

An actual composition-dipole torsion balance is an extended mass, and it
can not be treated simply as two point masses. If it is suspended by a single fi-
ber, then its center-of-mass hangs below its support point, and it has no hori-

zontal first moments with respect to the local vertical

[[[or av=o0. (2.9)

balance

To leading order, this means the horizontal gravitational field, g, does not ex-

ert a torque on the torsion balance

ngmvlz = ”I r, xpg,dV=-g, X 'm‘prldV =0. (2.10)
balance balance
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There are significant torques that arise from higher derivatives of the gravita-
tional field, and they will be discussed in Sections 4.4 and 5.2, but for this sec-
tion they will be neglected. With that assumption, only the CDF can exert a
torque on the torsion balance. In order to predict the strength of this CDF sig-
nal, let us define the composition-dipole moment of the torsion balance as
Py = ”Ir_,_pde:pbcos(G)§+pb sin(6)j. (2.11)
balance

For a two-material torsion balance with bilateral symmetry, p, points towards
the higher b half of the balance, and 6 will be used to specify the azimuth of
the balance in the laboratory frame. The angle y will be used to specify the

azimuth of the local horizontal gravitational field

~

g, = g, cos(y)i+ g, sin(w)j. (2.12)

The external torque around the vertical axis is then

tk= [[[r.x€,av=[[[r, xpg (1+&b)aV =

balance balance

=-g, x [[[or.dv-&g,x [[[rppav (213)

balance balance

~

=-&g, xp, =-&8,pysin(6 - w)k.

In static equilibrium, the above external torque is balanced against the

torque exerted by the torsion fiber

T2 fiver = -k(6-¢) (2.14)

where « is the torsional fiber constant and ¢ is the azimuth of the equilibrium
position of the fiber, which can be adjusted by rotating the fiber support. When

using a topographic source mass (such as our ideal Earth), which can not be
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moved in the lab frame, the azimuth of the external field, y, is a constant.
Thus, the azimuth of the fiber support, ¢, must be varied in order to change 6
and thereby produce a detectable, sinusoidal variation in the external torque.

The controllable input is ¢, and the observed output is the deflection,

C(¢)=6-9= ’“’;;(9) == 5’”;3* sin(9 - y) = - PeEL ';fl sin(¢ - y). (2.15)

The replacement of sin(8 - y) with sin(¢ — y) is a valid first-order approxima-
tion provided that the external force is weak. This approximation is introduced
here so that the results of this section will be consistent with the presentation of
the oscillating pendulum methods in Section 2.2. Finally, by taking the differ-
ence between the maximum and minimum deflections, the strength of the CDF,

_ _K[C(e=w+m2)-Clo=y- 7/2)]
2pp8.1

< ) (2.16)

can be obtained.
For a finite-range CDF from a real, topographical source mass, the above

derivation is essentially correct except that g, is replaced by

V, Vy(A) = |V V,(4) cos(w(A))i +|V V,(A)|sin( w(A))]. 2.17)

and therefore

_ é('l)pbWJ.Vb(/l)l sin(

" o~ w(A)). (2.18)

Cle)=

Since the azimuth of maximum torque tends to be different for different hy-

pothesized values of 4, a continuous record of C(¢) is made, and then the ap-



13

propriate Fourier component is extracted to determine the strength of the CDF

for each hypothesized value of A,

K

E(A)= (A)MOZRC(tD)sin(d)— w(1))de. (2.19)

B mpp|V L Vs

Now that the traditional torsion balance method has been presented, the exten-
sion to oscillating, large-amplitude pendulum methods will be presented in Sec-
tion 2.2. The composition-dipole pendulum is no longer in static equilibrium,
and there are other parameters besides the time-averaged deflection, C(¢), that
characterize the motion of the oscillator. Section 2.2 will explain how it is pos-

sible to obtain &(A) from those other parameters.
2.2 Oscillating Large-Amplitude Methods: Signal vs. Amplitude

Although it is physically more intuitive to describe interactions with the
torsion pendulum in terms of external torques rather than the more abstract po-
tential energy, mathematically the scalar potential energy is simpler to ma-
nipulate than axial vector torque quantities. This will be particularly true when
explaining couplings to higher gravitational field derivatives in Sections 4.4 and

5.2. The azimuthal potential energy function of the pendulum is

uexl(a) = 5('1')pblvi.vb(’l)|cos(6 - V(’l))' (2-20)
For brevity, let us temporarily express this as

Uzt (8) = Uyt cos(6 - ). (2.21)

As before, ¢ is the azimuth of the equilibrium position of the fiber, and the po-

tential energy due to an ideal fiber is

U per (6) = 6(6 - 9)° /2, (2.22)
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but now the azimuth of the pendulum is an oscillating function of time, 6(t). If
damping is neglected, and r=0 is defined as one of the oscillator turning

points, then in the absence of U,,;(8), the nominal motion of the oscillator is

6(t) = ¢ + Acos(@,t). (2.23)

The existence of an external potential energy, U,,,(8), can be detected by ob-

serving deviations from this nominal motion.

6 Ugser (8) = (6 - 9)° /2
(¢

e’

uext(a) = |uext ICOS(G - W)

Figure 2.2. Oscillating azimuth of the composition-dipole, 6(t), and the de-
pendence of Ug,, on (6~ ¢) and U, on (6-y).

Figure 2.2 shows the three azimuths, ¢, 6(t), and y, that are important to
the description of our large-amplitude oscillating torsion pendulum method.
The choice of 0° azimuth is arbitrary but is usually chosen to be the direction of
photodiode detector in the lab frame. The azimuth of the equilibrium position,
¢, is constant while data is acquired but changes whenever the fiber support is
rotated. The azimuth of the composition-dipole, 6(t), oscillates with the pen-
dulum. The azimuth of maximum potential energy, y, depends on the as-

sumed value of 4, but for the case of A — oo, it points North, the same direction
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as the horizontal gravitational field, g,. Summary of our oscillating torsion-
pendulum experimental method:

1. Rotate the fiber support to various azimuths, ¢, and at each azimuth
record several periods of free oscillation motion, 6(r).

2. At each ¢, fit 0 vs. ¢t from the raw crossing-time data and determine
the value of the frequency (old method) or second harmonic amplitude (new
method).

3. From the sinusoidal variation in the frequency or the second harmonic
amplitude vs. ¢,determine U,,(6) and ultimately £(4).

Now, let us be more mathematically explicit about the response of an os-
cillator to an external sinusoidal potential energy, U,,(6). If damping is ne-
glected, the periodic motion of the pendulum can be expanded in Fourier com-

ponents as

6(t) = ¢ + Acos|(w, + Aw)t]+C+ iA,, cosn(w, + Aw)t] (2.24)
n=2

For simplicity, one of the turning points has been chosen as t=0, and thus by
time-reversal symmetry, there are only cosine harmonic components. With re-
spect to a given equilibrium-position azimuth, ¢, U (8) can be split into a sine
component, which is odd in (8- ¢), and a cosine component, which is even in

(6 - 0). First, let us look at the effect of the sine component,

U, (0 -¢)=ugsin(6 - ¢). (2.25)

For a weak external potential energy (us << k), u; produces only a shift in de-

flection and even harmonics of motion. To first-order in ug, the coefficients are
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C= ]O(A)us Az - 2]2(A)us (2.26)

’

X 3x

m2 2]n(A)Hs

and Ay, epen =(-1) (n2 ~ I)K' ’

where J (A) are Bessel functions evaluated with A in radians. Next, consider

the effect of the cosine component,

U, (8- 0¢)=u.cos(6 - 9¢). (2.27)

For a weak external potential energy (u, << ), u. produces only a shift in fre-

quency and odd harmonics of motion. To first-order in u,, the coefficients are

Ao __ L(AJ Ay = 2(AJue (2.28)
wo A K 8’(
and Ay opd = (_1)(n+1)/2 ?-In(A)uc

(nz—l)x'

If the actual U,,,(6) is now split into even and odd parts in (6 - ¢)

uext(e) = |uext|cos(9 - W) = Iuextlcos((e - ¢) + (¢ - '/’))

. _ (2.29)
= |uex¢|COS(¢ - W)COS(G - ¢) - IuextISIn(¢ - W)Sln(e - ¢)'
it is evident that u. and u, vary sinusoidally with ¢;
1 (0) = U, x|cos(¢ - v), and uy(9) = —|Ux|sin(¢ - y). (2.30)

When equations 2.30 are substituted into equations 2.26 and 2.28, one obtains

the sinusoidal variation of the deflection, frequency, and higher harmonics:
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]1 (A)|uext|

AU )
C(o) =k(—;)(|"gt—|5m(¢" ¥), w—o(‘P) = —TCOS(¢ -y),
21, (AU 21:(ANU
no(0)= LMl ing ), ay(e) = LlMerlcogoy)
Ay enen(0) = (1772 al Ml 15, 231)
(n —l)x

(n+1)/2 Zln(A)luextl

and A, add(¢) = (—1) (nz _ 1)'(' COS((P - W)

Because each of the above parameters depends sinusoidally on (¢~ ),

any one of them can be used to detect the external potential energy,

Uy (6) = Ut cos(8 — w) = §(A)py|V LV, (1)|cos(6 - w(A)) (2.32)

In particular, we are interested in the use of C(¢), Aw(¢)/w,, and Ay(9) as sig-

nals to determine the strength of the CDF,

_ K 2r . _
$(4)= 7o(A)ps|V LVp(A)] "0 Cle)sin(o = y(2))do, (233)
Ax 2r Aw
S(A)=- [y (A)PbWLVb('l)' Io a, (¢)cos(¢ B W(l))d‘p' (2.34)
and &(4) = - ox (" Ay(0)sin(0- w()do.  (23)
27, (A)p [V V(A0 7 |

Equation 2.19, which was derived for the torsiori-balance deflection method, is
the zero amplitude limit of Equation 2.33. Our group has used the variation in

frequency (Eq. 234), and more recently the variation in second harmonic ampli-
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tude (Eq. 2.35) to determine (A). To be rigorously correct, the Fourier integrals

should be replaced with discrete sums for methods, such as ours, that rotate ¢

in discrete steps rather than continuously. The magnitudes of these three sig-
nals-|C(¢)], |Aw(9)/w,

, and |A;(¢)|-are plotted in Figure 2.3 as functions of the

oscillation amplitude, A.
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Figure 2.3. Magnitude of deflection signal, frequency signal and second har-
monic signal as a function of torsion pendulum oscillation amplitude.
For the traditional deflection method (C(¢) as signal), the maximum signal oc-
curs at 0° amplitude, and there is no reason to use an oscillating pendulum.
Looking at Figure 2.3, it would seem that the small amplitude limit would be
optimal for the frequency method as well, but signal-to-noise considerations

(discussed in Sections 2.4 and 3.1) define an optimal amplitude of 105°. For our
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second harmonic method, the maximum signal-to-noise occurs at 175°, but in
order to get a sufficient number of crossings to fit for all relevant parameters, it
turns out we must operate at 230° amplitude. This particular second harmonic
fit method (the “10-parameter fit”) is presented in Section 2.3; and for compari-
son, our older frequency fit method (the “5-parameter fit”) is presented in Sec-

tion 2.4.
2.3 Description of Second Harmonic Method (10-parameter Fit)

The equation of motion,

6(t)=¢+ Aexp[—y(t -~ teq)]sin[w(t ~t, )] +

(2.36)
Ag cos|26(t - tg)| + Basin[30(t -ty )| + C + Dt - 1),

used in our actual second harmonic fit method is slightly different from the
equation of motion (Eq. 2.24) presented in Section 2.2. The individual fits are
centered in time on a crossing of the equilibrium position rather than at a turn-
ing point, and therefore sine is used for the fundamental of oscillation rather
than cosine. Because the exact phase of oscillation is not known a priori, the pa-
rameter t,, is introduced to parameterize the phase. The damping of the fun-
damental is not negligible so the parameter 7 is introduced to parameterize the
exponential decay in amplitude, and A is defined as the instantaneous ampli-

tude at t,,. Of the higher harmonics, only the second and third ( A; and Bj) are

included in the fit, and they are small enough that no exponential decay factors
are needed. The secular drift term, D(t - teq), is introduced to parameterize the
slow unwinding that is observed in a torsion fiber under tension. Although the
fiber is nominally a perfect cylinder, the extrusion process in manufacture cre-

ates right-handed or left-handed helical stresses that slowly relax.
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Eight parameters of the 10-parameter fit, {A, Y, 0,te,A2,B3,C ,D}, appear
in Eq. 2.36. The equilibrium position of the fiber, ¢, does not count as a parame-
ter because it is a controlled input. Itis only A,(¢), however, that is used to de-
termine the strength of the external CDF, £(4) (see Eq. 2.35 in Section 2.2). The
ninth and tenth parameters, 8; and 6;, fit for angles between the faces of the
eight-sided edge-reflector attached to the pendulum. These mirror angles are
nominally 45 degrees but differ by a few tenths of a degree due to imperfections
in the edge-reflector’s manufacture. In our present Index IV apparatus, a visi-
ble-light semiconductor laser shines a beam on the eight-sided edge-reflector
which is attached to the rotating torsion pendulum, and a split photodiode de-
tects the reflected beam. A crossing time (to the nearest 0.5 microsecond) is
thus recorded approximately every 45° of pendulum motion. In collecting data,
the fiber support is rotated to positions for which the azimuth of the fiber equi-
librium position, ¢, is nominally aligned with one of the eight mirror faces. A
10-parameter fit is carried out for each period of free oscillation data.

The term “fit” usually implies an over-determined fit that optimizes some
measure of goodness-of-fit such as minimizing the squares of the residues. His-
torically, our initial data analysis step has consisted of exactly determined fits of
n parameters to n data points that are then averaged. In general, this method
is less optimal than the least-squares fitting method, but for the 10-parameter
fit, the difference is quite small, and therefore we have not yet modified our
analysis software to support least-squares fitting. For each period of data, we
select two sets of ten crossings designated crossing set I and crossing set II. The
mirror angles 6, and 6, and the crossing times used in the two crossings sets of

the 10-parameter fit are shown in Figure 2.4.
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Figure 2.4. Black dots indicate crossing times of crossing set I and crossing set
Il. The parameter estimates of the 10-parameter fit are defined as the average of
the solutions obtained from crossing set I and from crossing set II.

The ten parameters, {A,y,a),teq,Az,B3,C,D,91,92}, are fit to the ten time

crossings of crossing set I, and the ten parameters are also fit to the ten time
crossings of crossing set II. These solutions are not independent as they share
six of their ten crossings. For each period of data, the solution for

{A,y,w,teq,Az,B3,C,D,61,02} from crossing set I is averaged with that from

crossing set II and is printed to an output file. In Sections 3 and 4, the error
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propagation of a “10-parameter fit” will refer to this average which is effec-
tively a fit of ten parameters to fourteen crossings.

A 10-parameter fit uses crossings from just three mirrors, the 135°, 180",
and 225° mirrors which are identical to the -225°, -180°, and -135° mirrors except
that they are separated by a 360° rotation. Unlike 6; and 6,, these 360° rota-
tions are known to be exact a priori, and this knowledge is essential to making

the 10-parameter fit non-degenerate. Thus, although the variation in the second

harmonic, |A2(9)

, is largest for A=175°, we need A>225° to get enough
crossings from the eight-sided edge reflector for the fit to all ten parameters to
be non-degenerate. Data is collected at A =230° to provide a margin of safety
so that no crossings will be missed. The amplitude of oscillation is controlled
by choosing the speed and time at which the automatic move software rotates
the fiber support to a new position.

Crossings with negative velocity (i.e., d6/dt <0) are designated as “1” type
crossings in the data log while positive velocity crossings are designated as “2”
type crossings. Those fits that are centered in time on a “1” type equilibrium
crossing are called a 212 type fit, and those fits that are centered in time ona “2”
type equilibrium crossing are called a 121 type fit. For the 212 type
10-parameter fit, minus signs are placed before A and Bj in the equation of mo-

tion

o(t)=9- AexP[-}'(t - teq)]sin[a)(t ~t, q)] +

(237)
Ay cos|20(t - tg)| - B3sin[3a(t — t)| + C + Dt~ tey)

so that the values of all the parameters from 212 type fits are consistent in sign

with those from 121 type fits. Doing both 121 and 212 type fits is useful because
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the error propagation of certain systematic effects is equal and opposite for 121
and 212 fits and therefore cancels out to first order upon averaging. Most nota-
ble of these effects is the local linear drift of frequency caused by drifts in the

fiber temperature as will be discussed further in Sections 3.6.
2.4 Description of Frequency Method (5-parameter Fit)

Prior to using the variation in second harmonic amplitude as our signal,
our group used the variation in frequency, Aw(9), to determine the strength of

the external CDF, &(A) (see Eq. 2.34 in Section 2.2). The equation of motion was

simpler,

(1) = ¢ + Aexp(—#)sin[o(t - ty)]+C. (2.38)

using only the five parameters of a damped sine wave, {A,y,w,teq,C}. We

therefore refer to this frequency method as the 5-parameter fit. To properly de-
scribe the 5-parameter fit requires some further elaboration of our optical sys-
tem. Above in Section 2.3, it was stated that a crossing occurs approximately
once every 45° of pendulum rotation, but in fact a diagonal mirror in the return
path of the laser beam has been split into two halves and tilted, forming a slight
dihedral angle. This results in two separate crossings rather than one as each
face of the eight-sided edge-reflector passes by. The angular separation of the
two crossings is 3.10° on each of the eight faces, and the two types of crossings
are designated “fixed mirror” and “movable mirror” crossings because one of
the split diagonal mirrors is adjustable for optical alignment purposes. The
10-parameter fit treats the fixed and movable mirror crossings as separate data

sets and does independent fits to each whereas the 5-parameter fit uses both
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types of crossings in a single fit. The crossings used in the 5-parameter are

shown in Figure 2.5.

Crossing Set I Crossing Set I1

135 ——1 — ' 135 T T I
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-0.5 0 0.5 -0.5 0 0.5

t-tq (periods of oscillation) t—tq (periods of oscillation)

Figure 2.5 Circles indicate crossing times used in crossing set I and crossing set
II of 5-parameter fit.

Similar to the 10-parameter fit, the 5-parameter fit is the average of exactly de

termined fit of n parameters to n data points. The six crossings of the

5-parameter fit are grouped into overlapping sets of five, and a exactly deter-

mined fit of 5 parameters to 5 crossings is carried out for both crossing set I and
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crossing set II. The parameter estimates of the 5-parameter fit are defined as the
average of the solutions obtained from crossing set I and from crossing set I1.

As depicted in Figure 2.5, our group uses an oscillation amplitude, A, of
105° for the frequency method. Although the signal strength of |[Aw(¢)| is pro-
portional to J;(A)/A (where A is in radians), the error propagation of most
noise processes scales as 1/A for frequency, and thus the signal-to-noise is op-
timum at the maximum of [;(A), which occurs for
A =1.84 radians = 105 degrees. Unlike the 10-parameter fit, the 5-parameter fit
must use an assumed value for the mirror angle rather than fitting for it di-
rectly. This does not affect the estimates of w, v, or tegs but the estimates of A
and C will be directly proportional to that assumed value. Since the variation
in frequency is the signal, this uncertainty in A is not a leading problem, but it
can cause complications in fine-tuned amplitude corrections of the frequency
used in later stages of data analysis (see Section 5.3).

Another parameter not in the 5-parameter fit is the linear drift in the fiber
due to unwinding. This is subtracted out by averaging 121 and 212 type fits.

The sign of A in the equation of motion,

6(t)= :p—Aexp(-—yt)sin[w(t—teq)]+c, (2.39)

is reversed so that the 212 estimates of A will have the same sign as 121 esti-
mates of A. For the 10-parameter fit, averaging of 121 and 212 type fits is used
to remove the linear drift in frequency, but for the 5-parameter fit, no such easy
remedy is at hand because the frequency is the signal for the 5-parameter fit.

Ultimately, it was the temperature induced drifts in frequency that prompted
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our group to adopt the 10-parameter fit second harmonic method over the

5-parameter fit frequency method.



27

3 Error Propagation and Noise Comparison of the 10-parameter

Fit and the 5-parameter Fit

3.1 Error Propagation of the 10-parameter Fit and the 5-parameter Fit

Both the 10-parameter fit and the 5-parameter fit are simple averages of
exactly determined fits. Since these fits are unique, no choice between various
fits is required, and a goodness-of-fit criteria doesn’t need to be specified in or-

der to discuss the error propagation of these fits. Formally, consider a linear fit

of n parameters, p={p;,py,...Ps}, to n observations, y={y:,y5,...¥s}. In the
absence of noise, the pure signal, y,, would be observed. The true values of the
parameters to be determined, p,, are directly related to this signal by an nxn

design matrix,

Yo =Mep,, (3.1)

where it is assumed that M is known a priori. The actual data, of course, in-

cludes errors due to noise,

y=yY,+Ay=Mep, +Ay. (3.2)

Because these unknown errors, Ay, can not be accounted for, they propagate

into errors in the parameter estimates,

y=Mep=Me(p, +Ap). (3.3)

In order for the fit to be non-degenerate, the square design matrix, M, must
have a non-zero determinant, and it is therefore invertible. The inverse of the
design matrix, M, provides an exact solution for how the data errors propa-

gate into the parameter estimates,
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Ap=MTey-p,=M"e(y-Mep,)=M"e(y-y,)

3.4
=M e(Ay). G4

If one is interested in the ith parameter, p;, in particular, then the contraction of

ith row of the inverse design matrix with the data,

K (3.5)

is the estimator of p;, and the expected variance of that estimator can be calcu-
lated from the ith row of the inverse design matrix and the data covariance ma-
trix,
non
var(p;) = ,'Zlkz_{(M—l)ii cov(yj,yk)(M-l)ik, (3.6)
Although the form of the estimator (Eq. 3.5) is independent of the noise process,

a calculation of the variance of the estimator (Eq. 3.6) does require a knowledge

of the noise process because of the dependence on cov( Y yk).
Above, I have intentionally used the generic variable y ={y;,y,,...y,} to

denote the observations because I do not wish to treat the crossing times,

t={t,t2,...t,}, as the observations in this section. Although the raw data are

indeed crossing times at given angles, it will be less awkward to consider the

observations as angular positions of the pendulum recorded at specific times,
y=0={6(t),6(tz)....6(t,)}, (3.7)

and to treat the noise as angle errors, A8 = {AO(q ), A6(t,),...A6(t,)}, rather than

timing errors, At ={At,At,,...At,}. For large signal-to-noise, a first-order ap-
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proximation is valid, and a set of equivalent angle errors can be defined in

terms of the crossing-time errors as

de

A6(tj) =- i At,. (3.8)
The parameter vector for the 10-parameter fit is,

p={A,7,0,t,;.A2,B5,C.D,8,,6,}, (3.9)
and for the 5-parameter fit is,

p= {A, y,w,teq,C}. (3.10)

Because of their dependence on y and , both the 10-parameter fit and
the 5-parameter fit are non-linear. The exact value of the design matrix, M, is
therefore not known a priori, and the fit must be repeated iteratively. The line-
arization of non-linear fits is covered in more depth in Section A.3 of the Ap-
pendix, but for this section the important fact is that the equation for the vari-
ance in the estimator,

n n
var(p;) = ZZ( ) cov( (t ) G(tk))(M'l)ik, (3.11)
j=1k=1
is still valid to first-order. For the 10-parameter fit, the parameter of interest is
A,, the amplitude of the second harmonic, and for the 5-parameter fit, the pa-
rameter of interest is the oscillation frequency, @. In a non-linear, iterative fit,
the inverse of the design matrix, M}, is contracted with the residue of the data

to provide a correction to the initial parameter estimates,
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P2=P1 "‘MII '(Y‘Yl)
P3 =Py + Mz o(y—y2)- (3.12)

The design matrix, M, is not a constant matrix, but is more properly thought of

as the Jacobian matrix of the functions {6(t;),6(t,),...6(t,)} with respect to the
parameters {p,pa,...Pn}

26(t;)

olti) (3.13)
p;

M," =

In order to calculate the expected variance in the estimator, var(p;), in Eq. 3.11,
the nominal value of the signal parameters, p,, at which the first derivatives in
the Jacobian are evaluated must be specified. For this section, the nominal sig-

nal parameters for the 10-parameter fit will be

Po={A=230°7=0,0 =ty =0,4, =0,

(3.14)
B;=0,C=0,D=0,0, =45°,6, = 45°},
and for the 5-parameter fit, they will be
po={A=105°,y=0,co=a)o,teq=O,C=O}. (3.15)

As discussed in Sections 2.3 and 2.4, the parameter estimates written to
output files by our analysis software are averages of exactly determined fits to

crossing sets I and exactly determined fits to crossing sets II. Thatis,
Pinng = (Pir + f’in)/z- (3.16)

The variances of p;; and p;; can not be simply added together because they

have crossings in common and their errors are therefore correlated, but the di-
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rect calculation of the variance in Eq. 3.11 can be extended to averages of ex-

actly determined fits,

var(ﬁ,- Avg) ii‘ M’—J cov(e(t ) e(tk)){Mﬁz—Mﬁl—] .(3.17)
i

i=lk=
J=1e=t ik

Here, n’ is the total number of crossings which is now greater than »n, the num-
ber of parameters. For the 10-parameter fit, n=10 and n’=14 while for the
5-parameter fit, n=5 and n’=6. The primes on the inverse design matrices,

’

M;! and M;j! , indicate that they have been modified from square n x n matri-

ces to rectangular nx n’ matrices by the insertion of zero’s into the appropriate

columns. From now on, the “avg” subscript will be dropped from p;, and the

’

average of the th rows of M7! and Mj; will be designated as the sampling
function of p;,

Mt M | MMy M+ My

s(f)=| g | | | e P

11 i2 in’

(3.18)

The variance in the estimator can then be more simply expressed as

var(p nznzs/ (p:) cov( ( ) (tk))sk(p,) (3.19)

)=1k=1

Let us define 98/dp; as the n’ comporent vector of the partial derivatives of the

signal with respect to the ith parameter,

é’g: 9([’1) e(tZ) e(tn')}
. {api'api T | (3:20)
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Then the contraction of a sampling function vector with a partial derivative vec-

tor obeys an orthonormality condition,

(3.21)

That is, each sampling function is only sensitive to variations in its own pa-
rameter and is insensitive (orthogonal) to variations in all the other parameters.
More specifically, the sampling function of A, for the 10-parameter fit at

230° amplitude (see p, in Eq. 3.14) is

s(Az) ={-0.068, 0.272, 0.000, -0.204, ~0.204, 0.000, 0.204,
0.204, 0.000, —0.204, -0.204, 0.000, 0.272, —0.068}.

(3.22)

These 14 components of s A, | are displayed pictorially in Figure 3.1.
P 2 played p ) g

Figure 3.1. The sampling function for the second harmonic amplitude, s(Az).

The horizontal axis is time, and the vertical height of each line is proportional to
the weight with which the error in each of the 14 crossings propagates into the
estimate of the second harmonic amplitude, A,. Note that the errors on the
180° mirror have zero weight (i.e., to first order, they do not propagate into the
parameter estimate).

For comparison, the 14 components of the partial derivative vector are



33

B 0311, 0311, -0.225, -0.914, -0.914, -0.225, 0.311,
9A, (3.23)

0.311, -0.225, -0.914, -0.914, -0.225, 0.311, 0.311},

and they are displayed pictorially in Figure 3.2.

Figure 3.2. The 14 components of d8/dA,. The dashed curve traces out
cos(2wt) and is there to guide the eye.

The dashed curve in Figure 3.2 is proportional to the second harmonic compo-

nent of the pendulum motion, A, cos(2at), and it should not be confused with

the sine waves in Figure 2.4 which correspond to the much larger fundamental

oscillation of the pendulum, Asin(wt). In Figure 3.3, d8/dA, is shown without
the dashed curve and with s(Az) directly below it.
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Figure 3.3. The 14 components of 98/dA, (without dashed lines) and s(;\z) di-
rectly underneath it. The horizontal axis is time, and the vertical scales, al-
though offset, are the same for both vectors. Both 78/dA, and s(Az ) are di-
mensionless.

Although the two vectors, 98/dA, and s(Az), are roughly similar in shape, they

are by no means identical. One might have thought that the zero weights on

the 180° mirrors in s(;\z) were due to cos(2wt) being zero on those mirrors, but

a closer inspection of d8/dA, reveals that cos(2wt) = —0.225 on the 180" mirrors;

the zero weights in s A,) are due to some deeper symmetry of the overall
g 2 P y Yy

10-parameter fit. The vector of partial derivatives with respect to A, sets the

normalization of the sampling function because (89/¢9A2)os(flz) =1, but the

overall shape of s(flz) is much more strongly determined by the requirement

that it be orthogonal to any variation in the nine other parameters than it is by
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the shape of 98/dA,. Because large, multi-parameter fits tend to defy intuitive
comprehension, the shape of s(.;iz) rather than that of d6/dA, is a better guide
to understanding the error propagation into the estimate of the second har-
monic amplitude, A,. For a given noise process, the variance in A, will be

identical to that of an equal-weighted, least-squares fit to a single-parameter
function of the shape of s(;lz).

Now let’s look at the 5-parameter fit and s(@). If we were to proceed in

the same manner as the 10-parameter fit, the data vector would consist of the 6
crossings that comprise the union of crossing set I and crossing set Il in Section

24,
y ={6(t), 6(t,),8(ta), 6(ts). 6(ts), 6(te)}. (3.24)
but since the 3.1° angle which separates the pairs of crossings is so small, it will

make the presentation more clear to change to a position/velocity basis ob-

tained by combining the pairs as sums and differences. That is,

{61t5).6(ts)} = {6(t). 6(tr)} = {G(ts) +6(te) 6(ts)~ G(ts)},

2 b — ts

so that the new, 5-parameter-fit data vector is

y= {e(t,.),é(t,.),e(to),é(to),e(t,),é(tf)}. (3.26)
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In this basis, the sarmpling function for frequency is

s(®) = {+5“’a,o,o,o,—2—%,o}, (3.27)

where A is in radians. To justify our choice of A=105° for the frequency
method, it was asserted in Section 2.4 that the error propagation of the fre-
quency estimate scaled as 1/A. From Eq. 3.27, it can be seen explicitly that this
is true, and for any stationary noise process, var(®) will therefore scale as
1/A2. Once again, the sampling function differs from the partial derivative vec-

tor, which is

% . {+ﬁ'i,-A,o,+A,—ﬁ,—A}. (3.28)
Jw W W

Note that (dy/dw)es(®)=1 as it should. Both Eqs. 3.27 and 3.28 are for a 121-
type fit. The 212-type fit vectors can be arrived at by an A = -A transforma-
tion, which changes the sign of each component. For the 10-parameter fit, there

was no difference between the 121-type and 212-type vectors, and so it was not

an issue. When Eq. 3.27 is evaluated numerically for A =105° (see p, in Eq.
3.15), one gets

s(@)

W,

= {+0.086, 0.000,0.000,0.000,-0.086,0.000}. (3.29)

Because s(@) has non-zero components only for {G(t,-),e(tf)}, Eq. 3.19 can be
directly used to calculate var(®), and no knowledge of the position/velocity or

velocity / velocity covariance function is required. Conceptually, it is useful to

note that s(®) has the same structure as a naive least-squares, single-parameter

zero-crossing determination of the period-that is, fitting p={w} to
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y= {e(t, ) O(tf)}-but similar to the zero’s in s(.;lz), this feature is due to deeper

symmetries in the overall, multi-parameter fit, which would have been difficult

to guess a priori.
3.2 “White” Noise Comparison

Now that the general error propagation of the 5-parameter fit and the
10-parameter fit has been presented, the remaining portion of Section 3 will
compare the two methods’ signal-to-noise ratios for various noise processes.
Section 3.2 considers one of the simplest noise models, additive “white” noise,

for which the covariance function is

covyu(8(t;), 6(t)) = OmsSie- (3.30)

The angular root-mean-square error per crossing, 6, is the same for all
crossings, and the Kronecker delta indicates the errors have no correlation with
one another. Electronic noise in the photo-diode amplifiers, for example, pro-
duces “white” noise in the crossings, but for the Index IV apparatus a much
more serious source of “white” noise is the seismically-induced swinging,
rocking, and bouncing modes of the pendulum which tilt and translate the
edge-reflector attached to the pendulum. In order to see and subtract off these
modes, another graduate student in our group, Richard Horn, is working on
replacing the simple split photo-diode with a 512 pixel photo-diode array for
the next generation apparatus that we are currently building, but that is beyond
the scope of this thesis.

Substituting Egs. 3.30, 3.22, and 3.29 into Eq. 3.19, one gets the “white”

noise variance in A, for a single-period, 10-parameter fit,
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varw,,(Az) =(0.407)62, stddevw,,(,fxz) =(0.638)8,,,,;, (3.31)

and the “white” noise variance in @ for a single-period, 5-parameter fit,

tdd A
varwg( )=(0 015)62,, S__e_"M=(o.122)9ms, (3.32)
@, @,

where in Eq. 3.32 6,,,, must be expressed in radians. The two methods’ signal

strengths, the variation in second harmonic amplitude,

2]2(A)

Iuextl (O 240 |uext| (333)
3 K K

|A2(0) =

and the fractional variation in oscillation frequency,

J1(4)
A

Aw
@,

|uext| (334)
K

|uext| (0 316
K

(¢)|

are obtained by substituting the appropriate oscillation amplitudes (in radians)

into Eq. 2.31. Thus, the signal-to-noise ratio is

(S/N),,[A2]=(0.376) li"‘" (3.35)

rms

for the 10-parameter fit and

(S/N) ,l@]=(2. 586) = Iu“"‘l (3.36)

rms

for the 5-parameter fit. One can quibble about decreasing these values by a fac-

tor of V2 because Uy is the peak amplitude of a sinusoidal variation or about

increasing these values by a factor of 2 because the fixed and movable mirror

crossings are averaged, but for the purpose of comparing the two methods,
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these factors will cancel. Therefore regardless of convention, the ratio of the

two methods’ signal-to-noise is

(S/NYule] _

(S/N)usle] _
(S/N),l 4]

SN [Aa] %

47.3. (3.37)

Not being a natural salesman, this was the first comparison that I presented to
my Professor, and needless to say, he was not impressed. For a “white” noise
limited experiment, the old frequency method could measure a force 6.88 times
smaller than the new second harmonic method given the same amount of time,
or alternatively, it would take the new method 47.3 times longer to measure the
same force.

But wait. It gets worse. The factor of 47.3 in time assumes that uncorre-
lated fits are being averaged so that the signal-to-noise increases with integra-

Y2 and for the second harmonic fits, this is a very good ap-

tion time, 7, as T
proximation. The error propagation of the 5-parameter frequency fits, however,
is weighted entirely on the initial and final crossings, and since final crossing of
one period is the initial crossing of the period immediately following, adjacent
frequency fits will be highly correlated-and in quite a favorable manner. A lit-
tle inspection shows that for a simple average of a series of adjacent
5-parameter frequency fits, the signal-to-noise increases as 7, and if you fit in
an optimal least-square manner over several periods, it can be shown that the

%2, The number of adjacent periods you can aver-

signal-to-noise increases as
age is only limited by the number of free oscillation periods you are willing to
stay centered on each mirror face before rotating the fiber support to a new po-
sition. Hence, the signal-to-noise of the frequency method is actually better by

a factor of 6.88 x (number of periods per face).
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If the frequency method is so much better, why switch to the second har-
monic method? The answer is that, for the Index IV apparatus, the frequency
method is not “white” noise limited, but instead temperature induced varia-
tions in frequency dominate the error budget. A more explicit comparison of
the error propagation of slow frequency drifts for the two methods will be pre-

sented in Section 3.6.
3.3 Thermal Noise Comparison

If you lived in an ideal world without additive “white” noise or tempera-
ture drifts, what would be your noise limitation? The azimuthal Brownian rota-
tion of the pendulum, or more simply thermal noise, would be the fundamental
limitation, and the proper design goal of a torsion pendulum experiment is to
become thermal-noise limited. In contrast to “white” noise, the error per
crossing, 6, for thermal noise is a fundamental, physical property of the pen-
dulum instead of an engineering specification of the measuring device, and the
magnitude of that crossing error can be derived quickly from the Equipartition

Theorem for a harmonic oscillator,
(P.E.):%xe,zms =%ka = 6, =1/1‘%. (3.38)

Here, a “b” subscript has been added to Boltzmann’s constant to avoid confu-
sion with K, the fiber torsion constant. The Fluctuation-Dissipation Theorem
states that thermal noise fluctuations and macroscopic damping are two mani-
festations of the same physical phenomena, and so we can no longer use the
undamped, 7 =0, approximation. For a damped oscillator, there are three dif-

ferent frequencies-®,, ®,;, and o,-that are commonly used. The undamped

natural frequency,
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w, =K/1, (3.39)

depends only on the fiber torsion constant, x, and the rotational inertia of the

pendulum, I. The free oscillation frequency of a damped oscillator,
0y =\ -7, (3.40)

is the frequency parameter used in the 10-parameter fit and the 5-parameter fit.

For an externally driven damped oscillator, the resonant frequency,
W, = \/wf - 272, (3.41)

is the frequency that has maximum response, and the dimensionless quality fac-
tor of the pendulum, Q, is defined as

W,

27 (3.42)

Q=

For thermal noise, the errors of two different crossings can be highly correlated

or anti-correlated depending on the time interval between them. The exact

thermal-noise auto-covariance function for two crossings at ¢; and ¢, is (Hel-

strom 1968)
cov,h(e(tj), 9(tk)) =62, exp(-y‘tk - t}-|)cos(wd(tk - ti))

(3.43)
+(ﬁ-]6,2,,,5 exp(—yitk - t]-|)sin(wd Itk -t

)

and the auto-correlation function (the auto-covariance function divided by the

variance, 62,) is plotted for a pendulum with a Q of 10 in Figure 3.4.
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exact auto-correlation (Q=10)
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Figure 3.4. Exact thermal-noise auto-correlation for Q =10 plotted as a function
of the time difference between the two crossings in periods of oscillation.
Note that crossings separated by an integer number of periods are correlated
while those separated by a half-integer number of periods are anti-correlated,
and the overall magnitude of correlation slowly dies away with an

exp(—y‘tk —t; |) envelope.

At Index, however, the pendulum oscillates in a vacuum with a Q of 4000,
and so Figure 3.4 greatly exaggerates the rate of decoherence in the noise proc-
ess. In this high Q regime, it will be more useful to expand the auto-covariance

function in powers of 1/Q,
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'covm(e(ti)'e(tk)) Omcorr,h(e(t})e(tk)) +
)(t), +
)t

(3.44)
,,,,scorr,h(e t (¢ )

m,scorr,h(e(t i)
(

where the zero-order, first-order, second-order, etc. auto-correlation functions

are uniquely defined such that
corry,(6[t;), 6(1)), = é
corry(8(t;).6(t0), = o 545)
corr(6(t;).0(t), = oz

Under this scheme, the zero-order auto-correlation is

corr,h(e(t ) B(tk)) —cos(a)o(tk -t}-)), (3.46)

and it is plotted in Figure 3.5.
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Figure 3.5. Thermal-noise auto-correlation zero-order in 1/Q (i.e., undamped
limit).
In this non-physical, undamped limit, a particular realization of thermal noise is
simply coherent ringing at the natural frequency with some arbitrary phase and
amplitude chosen from the canonical ensemble. When the zero-order approxi-
mation of the covariance function is substituted into Eq. 3.19,

’

n

n’
vary(p) =2 X, 3 5;(5;)02ms cos (b —t;)Jsi(P:), (3.47)
j=lk=1

and the expected variances in the signal parameters are calculated, one gets

var,,,(Az) =0 for the 10-parameter fit and var,(@)=0 for the 5-parameter fit.

This is obviously wrong, but it should not be surprising because the parameters
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A and t,,, which appear in both the 10-parameter fit and the 5-parameter fit,

eq’
can fit for a fundamental sine wave of arbitrary phase and amplitude. Thus the

zero-order thermal noise propagates entirely into the parameter estimates A

and f

¢q- and the other parameter estimates, being orthogonal to the sine wave,

remain unaffected.
To calculate the thermal-noise variances in A, and @, it is necessary to go

to at least first-order in 1/Q. The first-order auto-correlation function is

sl -y ool )
20

corr,h(e(tl-), (1, ))1 = ,  (3.48)

and it is plotted in Figure 3.6.

first-order auto-correlation
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Figure 3.6. Thermal-noise auto-correlation first-order in 1/Q. Fora high-Q os-
cillator’s auto-covariance function, this represents the small, leading-order de-
viation from a pure sine wave.
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Although this first-order component is roughly 1/Q smaller than the zero-

order component, it is the first-order component that does all the damage to

your parameter estimates because it creates the decoherence in the thermal

noise process. Note the envelope is proportional to |tk ~t j‘, which is similar to a

random walk. If the fundamental oscillation of the pendulum is demodulated,
then the effect of the thermal noise can be fairly well approximated as a two-
dimensional random walk in amplitude and phase-at least for time scales
shorter than 1/y for which the first-order 1/Q approximation is valid. When

the first-order auto-correlation is substituted into Eq. 3.19, one gets the thermal-

noise variance in A, for a single-period, 10-parameter fit,

2 ~
9""5 stddev (A, ) = (0.264)&’—',‘% (3.49)

var,h(Az) (0.0699)—Z= oV

and the thermal-noise variance in & for a single-period, 5-parameter fit,

2
varu(@) _ (g o474) Oome stddev(@) _ g 218)%ms (3.50)
a, Q , Q /
where in Eq. 3.50 6,,s must be expressed in radians. The signal strengths are
the same as before (Egs. 3.33 and 3.34), and so the signal-to-noise ratio is

Iuext lQl/z
(%)

rms

(S/N),,[A2] =(0.909) = (0.909)|U ;| EQE (3.51)

for a thermal-noise limited 10-parameter fit and

u,. |o¥?
(S/N),[le]=( 1450)| ”"éiQ = (1.450)|U oy | L (3.52)

xk, T

rms
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for a thermal-noise limited 5-parameter fit. The ratio of the two methods’ sig-
nal-to-noise is therefore

(SN)ale) _; oo (S/N)ylo] _

SN A~ SNE A 2.54, (3.53)

which still favors the frequency method, but the second harmonic method looks
much better than it did in the “white” noise comparison of Section 3.2 (see Eq.
3.37). If one has to pay a price to be immune to the temperature-induced fre-
quency drifts, a factor of 1.60 is more acceptable than a factor of
6.88 x (number of periods per face).

One might ask does averaging adjacent frequency fits increase the advan-
tage of the 5-parameter fit as it did for the “white” noise case. The answer is no.
The thermal noise causes a random walk in the phase of the oscillator such that
adjacent frequency fits are uncorrelated. For averaging thermal-noise limited
fits, the signal-to-noise of the 10-parameter fit and the 5-parameter fit both irr

crease with integration time as /2

. The optimal, thermal-noise, minimum-
variance, 5-parameter fit to an ideal (i.e., no additive “white” noise), continuous
data set is derived in the Appendix. The thermal-noise variance in the
5-parameter frequency estimate (Eq. 3.50) is identical to the minimum-variance
frequency estimate of that optimal 5-parameter fit (Eq. A.112). Thus for a ther-
mal-noise limited experiment using frequency as the signal, the optimal signal-
to-noise can be obtained with just four crossings per period. From an engi-
neering standpoint, this is good news because building a continuous, multi-
radian angular readout with the required linearity and stability would be ex-

tremely difficult. I have not yet worked out the optimal, thermal-noise fit for

the second harmonic method, but if the frequency method is any guide, there is
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not that much to be gained in signal-to-noise by increasing the number of
crossings per period once the experiment has become thermal-noise limited.

Since C, the deflection, is another of the 5 parameters in the optimal,
thermal-noise fit derived in the Appendix, we can compare the thermal-noise
limited signal-to-noise ratio of the deflection method to the signal-to-noise ra-
tios of the frequency method (5-parameter fit) and the second harmonic method
(10-parameter fit). A similar, quantitative comparison between the continuous-
sampling, deflection method and large-amplitude, crossing-time methods is not
possible for “white”-noise limited experiments without specifying the band-
width of the crossing-time measurements, or equivalently the effective integra-
tion time of the crossing-time measurements. However, a quantitative com-
parison is not necessary for the “white” noise case because it is evident that a
continuous-sampling method should have a much lower “white” noise limit
than a crossing-time method.

Given a continuous time series of an oscillator in thermal equilibrium, one
straightforward method to estimate the true equilibrium position, C, is to take a
“boxcar” average of the data. To make the estimate immune to the zero-order
auto-correlation function, the data should be averaged for an integer number of

periods. Define a single-period, “boxcar” estimate as

) @ +7t/(l)d
cbo,=5% [o(¢)at. (3.54)
~Rjwy

Using the Fourier methods described in the Appendix, the leading, first-order

variance of the “boxcar” estimate is

2
- - 0
var(Cpox) = (0. 477)%'"5 stddev,,,(Cbox) = (0. 691)Q—'1’752— (3.55)
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where 6,,,; = (ka/K') as in defined in Eq. 3.38. The signal strength of the de-

flection method,

U U
C(o)| = |I<)(A)||—7"}‘—| = (1-000)|—;"‘—|, (3.56)

is the zero-amplitude limit of Eq. 2.31. The signal-to-noise ratio of the “boxcar”
average is therefore

|uext |Q1/2 —
K0,

rms

(S/N),,[Crox | = (1.447) (1.447)U o E%’ (3.57)

and when it is compared to the second harmonic method,

S/N)gh [Cbox] =1.59 (S/N)gzh[cbox]

= =2.54, 3.58
(S/N),,[:] (S/N): 2] >0

the comparison is almost identical to that of the 5-parameter fit frequency
method (see Egs. 3.52 and 3.53).

However, the “boxcar” average is not the optimal estimator of the true
equilibrium position, C, in the presence of thermal noise. In the Appendix, it is

shown that the optimal estimator,

+n/w
+7t/a)d) 6(-m/w,)
Cot =2 [B(t)d S — , (3.59)
‘”/a-’a d

uses the initial velocity measurement, 6(-7/w;), and the final velocity meas-

urement, 9(+ m/w,), in addition to the “boxcar” average. This reduces the vari-

ance in C by a factor 2/3 to

2 -
Sms stddevy(Cope) = (0.564) g ms (3.60)

varth(éop,) =(0.318) 0
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and the optimal signal-to-noise ratio is
- Ul _ Q
(S/N)y[Copt | = (1.772)—;%ms— = (1.772)U o] =T (3.61)

A large-amplitude method that assembles the information from all available
channels (deflection, frequency, second harmonic, third harmonic, etc.) can
equal but not surpass the above signal-to-noise ratio. Only in the zero-
amplitude limit is all the signal concentrated into one channel—the deflection.

When compared to the 10-parameter fit,

(S/N){Cont| (S/N);.[Coox ]
GN), [Aa] (S/N)E [4,]

th

= 3.80, (3.62)

the optimal, thermal-noise deflection method is almost a factor of two better in
signal-to-noise, but as with the frequency method comparison, this may be a
reasonable price to pay in order to be immune to some of the problems that
plague deflection methods. Slow temperature variations cause variations in de-
flection either through the properties of the fiber or due to small changes in the
optical path of the laser. These temperature problems are typically a smaller
problem for the deflection method than for the frequency method, but they are
not entirely insignificant. Bigger in magnitude is the coupling of the tilt of the
fiber support point into the deflection. A more detailed comparison of the vari-
ous physical sources of error for the different methods will be made in Section
5. For Section 3, we will simply assume that slow drifts in deflection and fre-
quency exist, and we will investigate the error propagation of these drifts for
the various methods. Only the second harmonic method is relatively immune

to both types of drift.
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3.4 “Red” Noise (Random Walk) Comparison

Mathematically, the simplest type of noise process that illustrates the
problems associated with low frequency noise is “red” noise, also known as a
random-walk process. In analogy to optical color, the noise is called “red” be-
cause it has more power at lower frequencies whereas “white” noise has equal
power at all frequencies. The term “red” is often loosely applied to any noise
process with a large low-frequency component, but in this section, it will spe-
cifically denote noise with a 1/f2 frequency power spectrum in deflection. Asa
time series, the “red” noise process is a random walk: the continuous limit of
an infinite number of infinitesimal, random, and uncorrelated steps. To be
somewhat more precise, the deflection time series, 6(t), is the integrated motion
of a velocity time series, 6(t), that is a “white” noise process. One mathematical
difficulty of a “red” noise process is that the equilibrium position is constantly

wandering away, and thus the expected variance in a particular crossing,

\Z:1 (O(t,-)) — oo, (3.63)

becomes infinite if you attempt to treat the “red” noise as a stationary process.
The solution to this dilemma is to calculate all quantities in a difference

basis because the “red” noise variance of the difference of two crossings,

var,,; (B(tk) - O(tl )) = (eidmo/Zﬂ)ltk - tll' (3.64)

is finite. Here, I have expressed the normaliztion of the “red” noise process in
terms of the angle 8,4, the standard deviation in the angular displacement that
the random walk will wander in one period of pendulum oscillation. The deri-

vation of Equation 3.64 follows directly from the fact that “red” noise is inte-
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grated “white” noise. The difference in Eq. 3.64 can be expressed as a definite
integral of the velocity,

8(t)-6(¢;) = tfé(s)ds, (3.65)

J

and the “white” noise covariance of the velocity,

cov,ed(é(s),é(u)) (,edwo/Zit) u-s), (3.66)

can then be used to calculate the variance in the difference of two crossings,

te

var,ed(e(tk )~ O(t 1)) = var,,, jé(s)ds

d

te b teti

= jjcov,ed s),6(u) )dsdu II(O,Z,:dwO /27:) u —sydsdu (3.67)

t, t

( red@o /Zﬂ)lt”l ,l QED

The covariance of two different crossing differences, B(tk)—G(t/-) and
6(t,,) - 6(t;), can be similarly calculated. However, the covariance is simplified

if you restrict the difference basis to differences of temporally adjacent crossings

because then two crossing differences, 9(t,~+1)—9(t}«) and 6(t;,,)-6(t), are ei-

ther identical (j = k), in which case the covariance is the variance above in Eq.

3.67, or they are non-overlapping (j # k), and the covariance is zero because the

integrated velocities are not correlated. Thus,

cov,ed(e(tl-+1)—6(t) 6(tes) - (tk)) (6246 /27 )t 111 - t;{8 1 (3.68)
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Going to an adjacent difference basis nicely resolves a lot of problems with
handling “red” noise calculations, but it can only be used if the sampling func-

tion of interest can be decomposed into adjacent differences. This requires that

’

3 si(7)

j=1

0, (3.69)

and so at first glance, it would seem this method could only be applied in spe-
cial cases. Upon inspection, however, it can be seen that Equation 3.69 is

mathematically equivalent to the statement

S(ﬁi) o—=0, (370)

and therefore the orthonormality condition discussed in Section 3.1 (see Eg.
3.21) guarantees that both s(Az) of the 10-parameter fit and s(@) of the

5-parameter fit can be decomposed into adjacent differences. More specifically,

the decomposition
is (pi)elt;) = "il[_i sl(f;i)](e(tiﬂ)- o(t;)) (3.71)

works provided that Equation 3.69 is satisfied. If the decomposition of Equa-
tion 3.71 is then substituted into Equation 3.19, the “red” noise variance of the

parameter estimate,



54

j=1

varred{':gl(—gsl(ﬁi))(e(t”l) G(tl))]—_-
55 B0 ottt a5, -
n'-ln’—l[— ] sl(f)i)][—ism(ﬁ')]( red@o /2ﬂ)|t}+1 Ilalk = (3.72)
j=1 k=1\ I=1 m=1

n=1( j \
(6o /27). [IZSI(&)J o1 =t

j=1\I=1

can be calculated.
When this method is applied to the second harmonic estimate of a single-

period, 10-parameter fit, one gets

var (4, ) =(0.0213)6%, stddev,e4(A;) = (0.146)8,,, (3.73)

and for the frequency estimate of a single-period, 10-parameter fit, one gets

var stddev, (@
——‘—"i( %) (0.0075)8%, stddeviea() _  0sg)p,,,. (3.74)
) w,

The corresponding signal-to-noise ratios are

(S/N), ,[Az]=(164) =" Iu“‘l (3.75)
ered

and

|uex! I

(S1N) 0] = (3.66) 2.

(3.76)
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The ratio of the two methods’ signal-to-noise ratios is then

(5/N)yle] _ (/N o]
(S/N)redd[A2] =22 (S/N)fe:[AZ] =4.98. (3.77)

Once again, the frequency method is somewhat superior to the second har-
monic method, and similar to the thermal noise case, the signal-to-noise in-
creases with integration time as Y2 for both the 10-parameter fit and the
5-parameter fit, and so the ratio of the two methods does not change with in-
creased integration time.

What is not similar to the thermal noise case is the comparison to the de-
flection method. The simple “boxcar” average estimate, Cpor, does not work

because

var,ed(ébox) — oo (3.78)

in the presence of “red” noise. In fact, any arbitrary estimator of C,

X +n/w,
Carb = J.warb(t)e(t)dt' . (3.79)

'”/wa

will suffer the same fate because proper normalization requires that

+n/, +rjw
° 26(t °

| wa,b(t)ja—c(—ldt = [wap(t)dt=1 (3.80)
-njw, -r/w,

whereas the continuous generalization of Equation 3.69 requires that

+n/w, +n/w,
| wa,b(t)i;%ldm [wanp(t)dt =0 (3.81)

'”/wa ""/wa
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if var,ed(ébox) is to be finite. The only way Equation 3.81 can be satisfied so that

a deflection method can be used with “red” noise present is to physically
modulate the signal. As described in Section 2.1, however, this is typically what
is done in a torsion balance experiment.

Consider a non-oscillating, torsion balance experiment in which the source

mass slowly rotates around the instrument with a modulation frequency of

®,,,q- The nominal pendulum motion is then

9(t) = Co + Cmod COS((DmOdt) + Dt, (3.82)

where the linear Dt term has been included to model the natural unwinding of
the fiber. The signal is now in the sinusoidal amplitude, C,,,;, rather than the
dc amplitude, C,. In general, there would also be a sin(@,,,4t) term, but for
simplicity in presentation, let us assume that the phase of the signal is known.
For a data set one period of modulation in duration, the ideal estimator of C,,

is

X o 271t/ Omod
Crod = —'I"rﬂ‘i [6(t)cos(@poat)at. (3.83)
0

Since Equation 3.81 is now satisfied, Equation 3.72 can be generalized from the
case of discrete crossing data to the case of continuous, time-series data, and the

variance in C,,.4,

. 62 @ 2”/wmod @ t 2
var,ed(Cmod)= ’ezdn 2 j L—%’ijcos(wmdu)du] dt
0 0

2
= Ored | @Dy
27 2 Wpmod

(3.84)
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can be calculated and shown to be finite. Before it can be compared to the
10-parameter fit and 5-parameter fit, however, the “red” noise variance in Chod
must be normalized to the same time period because it is fitting to a data set
that is one modulation period in duration whereas the 10-parameter fit and
S-parameter fit are fitting to a data set that is one pendulum oscillation period
in duration. Since the variance scales as 1/7, let us divide the variance by the

ratio of the duration times,

nor [ A~ (2ﬂ/wm0d) a erzed W, ’
vary (Cmod)':_(mvarmd(cmod):z”z o) (3.85)

and use a “nor” superscript to designate that it has been normalized. Numeri-

cally, this is

mod

2
2 w
varief (C o) = (o.oso7)e§ed[——"—J

stddev/es (Cpnoa ) = (o.zzs)e,ed( Do ] (3.86)

mod

The signal-to-noise ratio is then

Uyl (@
SNV [Ca] = (4.4 el [ Dot | 7
(S/N); 1 [Cmoa] = ( )Kemi Y (3.87)
Note how it decreases with modulation frequency.

The signal-to-noise of the 10-parameter fit in Equation 3.75 has not ac-
counted for the modulation of the signal; it has assumed the signal is always at

maximum amplitude. To have a fair comparison, the sinusoidally modulated
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deflection, C,,,;, should compared to a sinusoidally modulated second har-

monic signal, A, whose signal-to-noise,

S/N) A
(8 ),;,[ 2l _ 16l (3.88)

(S/N)red[AZMOd] = red

is reduced by a factor of 1/2Y2, the ratio of the root-mean-square to peak signal
amplitude. The ratio of the two signal-to-noise ratios is

ﬂOY

S/N red [C’"Od] = 3. 83( wmod)
(S/N) [ Azmed] @,

nor? 2
(S )red [ mOd] -14 66( mod J . (389)
ed [A2mvd ] Do

Unless the source mass is rotated faster than once every four oscillation periods,
the modulated second harmonic method will be superior to the modulated de-
flection method for a “red” noise limited experiment. As a severe example,
consider using the sun as a source mass as both Dicke and Braginskii have done
(Braginskii & Panov 1972; Roll et al. 1964). The advantage to this method is that
the instrument does not have to be moved in the lab frame in order to modulate
the signal, but as (wday /wo) is typically on the order of 1/200, the “red” noise
limit is roughly 50 times larger in amplitude and 2500 times longer in time for
the deflection method compared to a second harmonic experiment using the

same fiber and pendulum.
3.5 Very Low Frequency Noise Comparison

The results of the previous “red” noise section are informative, but low

frequency variations do not always have a 1/ f?frequency power spectrum.
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One approach would be to continue investigating the error propagation of other
power-law noise ensembles because their lack of a characteristic time scale
makes them fairly tractable mathematically. There are difficulties, however,
arising from their singularities at f =0 which make them non-stationary, and it
is not clear that an arbitrary noise process can be reasonably modeled as a com-
position of power-law processes. A more basic approach is to consider the er-
ror propagation of a single frequency component of noise. In particular, I will
look at very low frequency noise, @, <<®,, for which an approximation to
leading order in @, /w, will be sufficient. Also, since the additive noise of slow
drifts in deflection is a simpler concept than the frequency modulation that
arises from slow drifts in frequency, the discussion in this section will provide a
good introduction to Section 3.6.

Let us determine the effect of a single, low frequency component of noise
in angular displacement with amplitude, a,, frequency, w,, and phase, §,. It
will be convenient to expand this sine wave as a power series in time around
t=0,

a, cos(w,t — 8,) = a, cos(@,t)cos(8,) — a, sin(w,t)sin(,)
= a, cos(8, ) — a, sin(8, J(w,t) -
a coS( n)( ) i"—il—z-(-a——)(wnt)3..., (3.90)
and it will also be convenient to define vectors of the nominal crossing-times

taken to various powers,

0 ={9,0,...801=01,1,..1}
t =t by, ty)
2 ={t2,3,...12)

3.91
B =(,8,..2) 391)
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The error in the parameter estimate, Ap;, can then be expanded as

Aﬁi = S(ﬁi) * [an COS(&n )to —n Sin(an )a)nt1
_an<08(8h) 22 G SIN(S) 33 ]
> : - RS
- 2, cos(8,)(5(71)+ ©) - a,sin(8, Ys(pr) s ')
_ay cos(&,,)( (7)o w;‘:tz) a, 51r61(5 )(s(p o w,3,t3)...

2
= 4, cos(8, )(s(p))* ) -4, sin<a,,)(§,ﬂj(s(ﬁ,->-wotl)

0

o8] 0 5 020)-

2 W,
a,sin(8,) (@, | 3,3
—g—(-w—o] (s(pi)e @3t).... (3.92)

Now consider a statistical ensemble of sine waves, all with the frequency w,
but with random phases and normally distributed amplitudes. Let us designate

the spectral power, which is the variance of the noise amplitude, as

var,(a,) = 62. (3.93)

The variance in each quadrature component,

var,(a, cos(8, )) = var,(a, sin(8, )= 63/2, (3.94)

is then half of that. Substituting Equation 3.94 into the variance of Equation

3.92, the variance of the parameter estimate can be expanded in powers of

(w,/®w,). The leading variance, due to the zeroth-order error, is

2
var,(f;), =%"—(s(ﬁ,-)-t°)2- (3.95)
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If the zeroth-order term is zero, then the next leading-order variance,

2
. 63 Wy, A 2
Vafn(Px‘ )1 =‘{(Z)‘) (S(Pi)'wotl) / (3.96)
0

is due to the error first-order in (w,/®,), and if that is also zero, then the vari-

ance is
4
. 62 (w o 2
var,(pi), == (——J (s(p;) s 2¥?) - (3.97)
And similarly, if that is zero, the variance due to the third-order error is

. (0, s 2
var, (pi), =-75(;;‘] (s(p;) e 3¢)". (3.98)
o

For a single-period, “boxcar” deflection estimate, the variance

) ) 2 +R/W 2
var, (Cbox) = var,, (Cbox )o = -el[%‘:_ jliit] = %’L

2 -njwy

stddev,,(ébox) =(0.707)8, (3.99)

is dominated by the zero-order term. In Equation 3.99, the term in parentheses

is the continuous generalization of (s(fz,) . to), and that term is 1 because

t? = 99/aC. (3.100)

On the other hand, Equation 3.100 and the orthnormality condition of Equation

3.21 ensures that the zero-order variance,

. 2/ .. 2
vary, (A2)0 = %"—(S(Az) o %) =0
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. . 2
»ar,,(a))o 9»3 s(w) s
0 _In A g 20| =0, .

will vanish for both the 10-parameter fit and the 5-parameter fit. The variance

of the frequency estimate of the 5-parameter fit,

A A 2 A 2 2
van(@) _var(0), &2 (m_ ) (s(w) owotl) - 017 93[“’—" ]
3 ; 2\ ) \ @ @/ (3102)

wo wo
stddev ,(®)
W,

wn
= (0.384)0,,(—(0—),

0

is dominated by the first-order error, but since

t! = 98/dD, (3.103)
the first-order error of the 10-parameter fit,

var,,(Az)l = 9—32“—"2'—(5(/32) . gl% )2 =0, (3.104)

will vanish. The variance of the 10-parameter fit,

var(;\)— A —63 w"4 A 2.2\% _ 2“’;:4
(A, =varn(A2)2-§- = (5(A2) » 2t | =(00181)6; —)
(o] (o]

) (3.
5 )
stddev (4, )= (0.135)9,,[5§J ,
105)
is dominated by the second-order error.
It would seem from comparing Equations 3.102 and 3.105 that I finally

have a noise process for which the 10-parameter fit is superior to the

5-parameter fit, but Equation 3.104 seems to suggest that the 10-parameter fit
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has an unfair advantage because it explicitly fits for a linear,Dt term whereas
the 5-parameter fit does not. If the 5-parameter fit were modified to include a
Dt term, then its variance would also be second-order dominated. However,
there is an even easier method to make the frequency estimate immune to linear
drifts. The error propagation of the Dt term is equal and opposite for 121-type
5-patameter fits as compared to 212-type 5-parameter fits, and so a simple aver-

age of the two will eliminate the effect of the Dt term. Let us define @y (the

“If” subscript is short for “linear filter”) as such an average,

_ d’lzl(teq = O) + @212(teq = ”/wo)
wlf = > .

(3.106)

The weighting function, s(cb,f), for such a frequency estimate is graphically de-

picted in Figure 3.7, and its variance,

- A 4 N 2
var,,(w,f) . var,,(a)lf)2 =Q§. 9"—) s(a),f).wztz
wf wg 8 \w, W, °
o )
= (0.364)62 (_4)
@, (3.107)
~ 2
stddev,,(a),f) — (0.603)6 w,
[« " wO '

is dominated by the second-order error just as var,,(;ﬁz) of the 10-parameter fit

is.
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121

212

1f

Figure 3.7. The sampling function of the frequency estimate of a 5-parameter fit
centered on a clockwise zero-crossing, s(d;;) (see Eq. 3.29), the sampling func-
tion of the frequency estimate of a 5-parameter fit centered on a counterclock-
wise zero-crossing one-half period later, s(d,;,), and the sampling function the
average of the two estimates, s(cb,f). The horizontal axis is time, and the verti-

cal height is proportional to the weight with which error propagates into the
frequency estimate.

Can this trick be repeated in order to make the frequency estimate dominated
by third-order errors? Yes, if you define the “quadratic filter” estimate as

_ d’lZl(teq = O) + 2(2’212(teq = ”/wa) + 6)121(teq = 2”/“’0)
4

’ (3.108)

then
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s(cbqf)o t° =0, s(d)qf)otl =0, and s(a')qf)o t2=0,

(3.109)
and the variance,
2
~ A 6 ~ <
varn(wqf) _ var,,(a)qf)B =ﬁ o, s(wqf) et
0 = o 2\w,)| ©, °
© 6
(0 898)63( "]
0 (3.110)

is dominated by third-order errors. The sampling function of the “quadratic

filter” estimate, s(cbqf), is graphically depicted in Figure 3.8.

af

Figure 3.8. Pictorial representation of s(d)qf). The horizontal axis is time, and

the vertical height is proportional to the weight with which error propagates
into the frequency estimate. The weights were uniquely chosen so that

s((bqf)Oto =0, s(a‘)qf)ot1 =0,and s(a')qf)ot2 =0.

In Section 3.4, the variance in the estimate of C,,,; was normalized to an

equivalent value corresponding to one oscillation period of data. Since both @y
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and @ utilize more than one oscillation period of crossing data, it would seem

that it would be appropriate to normalize the variances in Egs. 3.107 and 3.110

before comparing their signal-to-noise to the 10-parameter fit and the

5-parameter fit. However, the underlying assumption that the errors of adja-

cent fits are uncorrelated and therefore decrease when averaged together does

not hold for low frequency noise. A more conservative estimate of the effect of

low frequency noise is to assume that it will not be decreased by averaging ad-

jacent fits. Under this assumption, the signal-to-noise ratios for the five meth-

ods discussed in this section are

u
(S/N)n[c,,o,] (1.414 IK;"'I

(2

2
(S/N),|@y]=(0524) Egifl(z_:] ,

(S/N), [@]=(0.823)

2
(S/N) [A2]=(1.778) Eg“(%’-) , and

n

3
(S/N), |y ] = (0333 |lig“|(wn].

And expressed as ratios relative to the 10-parameter fit, they are

(S/N), [Crox] :
N [Aa] 795)(%)

(3.111)

(3.112)

(3.113)

(3.114)

(3.115)

(3.116)
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(S/N)n[a)] B o,

(S/N)n[w,f] 3

W = 0295, and (3118)
(S/N)n[wqf _ w,

Since the low-frequency noise error does not decrease with averaging adjacent
fits, the ratios of the squares of the (5/N) 's have not been presented because
they are only useful to compare the time required by the various methods to in-
tegrate the error down to some specified level.

Looking at the equations above, the most striking feature is the deflection
method’s inability to filter out low-frequency noise. It suffers a (w, /wo)2 dis-
advantage in signal-to-noise relative to the 10-parameter fit. Following the dis-
cussion of C,,,, in Section 3.4, it should seem that modulating the signal would
provide some relief from low-frequency noise, and it does, but only for fre-
quencies below the modulation frequency. The other methods, however, can
gain the same advantage by modulating the signal because their errors are also
correlated. Thus, although the signal-to-noise ratios in Equations 3.111 through
3.115 will be increased by modulation, they are all increased by the same
amount so the relative performance in Equations 3.116 through 3.119 remain
unaffected and are essentially correct.

The second most striking feature of the above equations is the relative ease
with which the frequency method can be made immune to low-frequency noise,

to arbitrary order, by simple weighted averages of adjacent fits. One must keep
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in mind that for “white” noise these weightings are not optimal, and you will
therefore suffer some moderate degradation in signal-to-noise if the “white”
noise error is larger than the low-frequency noise error. Although there is not
simple average that can make the 10-parameter fit immune to quadratic drifts,
one can modify the fit to explicitly include an eleventh parameter, a quadratic
Et? term. When this is done, however, the degradation of the “white” noise
signal-to-noise ratio for A, is severe, and since our present Index experiment is
limited by rocking motion errors which behave like “white” noise, such a modi-
fication of the 10-parameter fit would be counterproductive. The simple
weighted averages of adjacent frequency fits is possible because the error
propagation of the 5-parameter fit frequency estimate changes sign every half-
period. In the next section, it will be shown that the error propagation of fre-
quency drifts into the second harmonic estimate also changes sign every half-
period, and so the second harmonic estimate can be made immune to slow fre-
quency drifts, to arbitrary order, by simple weighted averages of adjacent

10-parameter fits.
3.6 Slow Drifts in Frequency

In Section 3.5, we looked at the error propagation of a single low-
frequency noise component of deflection variation, a,cos(w,t —§,). In this sec-

tion, we look at the error propagation of a single low-frequency noise compo-
nent of frequency variation. More specifically, we assume there is a physical
process, such as fiber temperature variation, that alters the shear modulus of

the fiber so that the torsion fiber constant,

x(t) =k, + K, cos(w,t - 8,), (3.120)
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varies sinusoidally with amplitude «, and frequency w,. As in Section 2, we
will neglect damping in order to simplify the presentation. The motion of the

pendulum then obeys the equation,

2 -
d-6(t) _ (1+ K, cos(w,t 5n))w39(t)_ (3.121)

dt? K,

It should be emphasized that @, is not the magnitude of the frequency shift but
rather the rate at which the frequency is modulated. For a diurnal variation,
, = 2x/(1 day), and @,/w, would typically be about 1/200. The magnitude of
the fractional variation in frequency will be determined by x,/x,, which in a
well-regulated experiment is no larger than l/ 10%. Since x, /Ko is so small, re-
sults in this section are all approximated to first-order in «,/x,. To first order,
one would guess that the k,cos(w,t—J,) term would modify the basic

6(t) = Asin(w,t) motion to include low-frequency, sinusoidal variations in the
amplitude and phase of the fundamental pendulum oscillation. That is, assume
6(t) = (A + a, cos(@,t) + by sin(@,t))sin(,t + py cos(w,t) + 4 cos(@,t))

= Asin(w,t) + a; cos(@pt)sin(,t) + by sin(w,t)sin(w,t) ~ (3.

Ap; cos(@,t)cos(w,t) + Agy sin(@,t)cos(w,t)
122)

to be a solution to 3.121. Upon substitution, it is in fact a solution provided that

2 2 .
2= A( )w cos(éz) by = —A(K—")w" szm(5,,2) ’
4w -y K, ) 40; — 0y, (3.123)
(x" ] 203 20;sin(8,) (x‘n ) 23 cos(S,) '
P1= h=\ T2
w, (40} - @ ) Ko ) 0,(400% - 07
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Next we would like to substitute Eq. 3.123 into Eq. 3.122 and expand in powers
of w,/w,. Expanded through third-order in w, /@, (but still only first-order in
K,/X,), Eq. 3.122 becomes

8(t) = Asin(w,t) + A(fﬂ-][&r sin(6, )[-%Cos(wat )] +

Ko \ @

A[K—")cos(én )[-—%sin(wot) + %wotcos(a)ot)} +

Ko

A(ﬁ'—][g)-"—)sm(én)[—%cos(wot)— L ogtsin(og) +

K, \w,

%wftz cos(wot)] +
(3.124)

A["—"](E’AT cos(s, )[—Tlgs'm(a)ot) + Tacos(a,)+

Ko N\ W

A(&](-"’—"]S sin(5, )[—3—12cos(wot) - Latsin(o,)

Ko \ @o

1 2.0 1 3.3 1 4,4
'13“’°t cos(wot)+-zzcoot sm(wot)—Ewat cos(w,t) |

In Section 3.5, expansion in powers of @, /®, led to terms that were simple
powers of t whereas here the terms are powers of t multiplied by either
sin(w,t) or cos(w,t). So it is useful to define new vectors of powers of crossing

times multiplied by sin(w,t),

0, = {sin(@,t,), sin(w,tz),...sin(@ot, )}
tl. = {tl sin(w,t ), ty sin{@yty ). .t s'm(wot,,')}
2, = { sin(w,ty), 5 sin(@gty ...t sin(@yty J

) )
B = {1 sin(w,ty), B sin(0,tz),...£3 sin(@gty )}, (3.125)



71

and similarly new vectors of powers of crossing times multiplied by cos(a,t),

tos = {cOs(@,t; ), cOs(@,t;), ... cOS(@t )}
tios [t cos(@pt ), t; COS(@ot2 ), -bns COS( @ty )}

t2 {t1 cos(@,ty )15 cos(@oty ). ..t 2, cos(w,t, )}
2 {t1 cos(w,ty ) 13 cos(@yty ). ..t 3 cos(@yt )}
th, = {tl cos(@gt ), 1 cos(@,ta ). ..t cos(w ot,,')} (3.126)
The 2, and t%., terms can be dropped, however, because it is only deviations

from pure sinusoidal motion that can cause errors in the signal parameter. Or

couched in terms of the orthnormality condition of Equation 3.21,

. ~\ 00
s(p;) e ton =s(p;)e A 0 and

0 1 . 70
t —| s(p; =0 3.127
s(Pi)® teos = " Ao, [s(px)° ‘%eqj ( )
provided that there are two parameters, such as A and teq, that fit for the am-
plitude and phase of the fundamental oscillation. With those terms dropped,

the error in the parameter estimate, Ap;, can then be expanded as



KO
K, sin(6,) Yo, [ 1 :
A[ xo( ")IZ»Z) Lol sauthn + i) 036 |+
2
K, cos(d 1
A( n Ko( ")][;ﬂf) |:§S(Pz).wotios+ s(p,)‘wgtsm

(3.128)

3
K, sin(é,) { @ 1. Ls(s
A[————" ( ")J(—i) [-ﬁs(pi)'wot;in +T'6‘S(Pi)'“’3tgos M
24 \Pi otsin T g \Fi 0 "cos

Equation 3.128 is equivalent to Equation 3.92 in Section 3.5. Once again,
we want to consider an ensemble of random phases and determine the corre-

sponding variance in the parameter estimate. Designate the spectral power of

the torsion fiber constant variation as

var, (k) = (6k)2. . (3.129)

Here I have used the subscript “xn” on the variance to avoid confusion with the
variances due to low-frequency deflection noise in Section 3.5. The fractional

variance of each quadrature component,

LK, cOS(8), ar, |k, sin(d, 1{éx ) o 2
Vatin (K 08(8,)) _ vat(y sin ))=_[_’S) =2[—9] , (3.130)

2 2 20K, ), \@,

K, Ko Kn

is half of the fractional spectral power of the torsion fiber constant variation

which is twice the fractional spectral power of the frequency variation. This last
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relationship arises from the frequency being proportional to the square root of

the torsion fiber constant,

)2 sw 16k soY 1(éxY
w=(_) o o _lox 2@ 219K (3.131)

I w, 2k, W, ), 4\K,

Substituting Equation 3.130 into the variance of Equation 3.128, the variance of

the parameter estimate can be expanded in powers of (w,/®@,). The leading
variance, due to the zeroth-order error, is

. A%( éw 2. 2
varm(m)fT(-—j (s(p1) s 0thes)- 513

wom

If the zeroth-order term is zero, then the next leading-order variance,

2 2

. A*(bw @ . « 2

var(Pi); =—8—[20—J (En‘] (S(Pf)’wot;m _s(pi).wgtgos) : (3.133)
0/xn 4]

is due to the first-order error; and if that is also zero, the leading error is second-

order, and the variance is
y

2 4

~ Az 5(0 0) - A hal

vary(pi), = -2—8_8-(0)_0) [E:-] (35(Pi)°0)3t§in ~2s(p;)e wgtgos) - (3.134)
m

The above expression (Eq. 3.134) was simplified by dropping the s(f;)e tio

term because we are assuming var,m(f:i)o (Eq. 3.132) is zero. Continuing on in a

similar manner, if the leading error is third-order, the variance is

2 6

. A% (o) (@ . 5 2

varl, (Pz )3 = ﬁ(a.—) (-a—,;l) (ZS(pl) L] wgtgm - S(pi) L O)gtgos) . (3135)
mn
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One feature that stands out about the above errors and variances is that

they increase with oscillation amplitude. This makes sense since the variations
in the fiber torsion constant directly affect the motion of the pendulum, and the
larger the fundamental motion of the pendulum, the larger the effect will be. In
order to reduce these errors, why doesn’t one simply reduce the amplitude? Or
better yet, don’t let it oscillate at all? Then the effects would disappear alto-
gether. This argument is valid, and it is one of the strongest reasons for using a
non-oscillating deflection method, and if there were no other sources of noise to
contend with, there would be no justification to pursue oscillating methods.
However, as pointed out in Section 3.5, deflection methods are sensitive to low-
frequency noise drifts in deflection to which the oscillating methods are much
more immune. In pursuing an oscillating method, the question is whether the
“price” of increased sensitivity to temperature drifts in the fiber is worth the
“purchase” increased immunity to deflection drifts. At present, we feel that for
the frequency method the answer is probably no whereas for the second har-
monic method the answer is probably yes. The only way to find out for sure is
to build the apparatus and see if it performs as expected; when pushing the per-
formance of the instrument into uncharted territory, it is not easy to predict
what systematic effect or noise process is going to be a “show stopper”. Having
made a tentative determination on which method is superior, that answer is not
set in stone. Any new technology or clever idea can completely change the rela-
tive importance of the various noise processes requiring a new assessment of
the various methods. The purpose of Section 3 has been to provide an exposi-
tion on the various, competing noise processes so that the reader can independ-

ently evaluate their relative importance.
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In that spirit of full disclosure, what is the “price” the oscillating methods
have to pay in increased sensitivity to temperature drifts? The frequency esti-
mate of the 5-parameter fit is dominated by the zero-order error, and so its

variance is

- o 2 2 2 2
varmz(w) = Va‘mg b _ 4 . (;@J (s(a“)).wotios)° = 0.500(5“—’)
), , 20,5 \ @, n Do
stddev(d) _ 0_707(@1] , (3.136)
(1)0 wo m

Because t. is directly related to 98/dw,

d(Asin(awt))
o

0

1
% = Ategs,

= Atcos(ait) = (3.137)

the variance in Equation 3.136 is not specific to the 5-parameter fit; any method

which fits for the frequency will get the same result,

A, 12A2(.wae)21(.ao)21
s(@)e w,t =—|s(@d)oe—2—| ==|s(@)e—| =-. (3.138
2(03(( ) °C°s) 2w} ( ).Ac?co 25( ).aa) 2 ( )
Thus, there is no modification to the frequency fit that can decrease the error.
This situation is analogous to Section 3.5 where
02 (202 03[ (. Y _ 62

var,,(C) = —-Z—'(S(C) ot ) = ?" s(C) o— | =+ (3.139)
regardless of the fit method used to determine the offset, C. There is a qualita-
tive difference between noise processes that physically alter the signal parame-
ter, which therefore can not be filtered out, and those that merely contaminate

the fit and can be filtered out with an appropriate modification of the fit
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method. For the 10-parameter fit, the frequency noise is of the latter, “contami-
nation” variety, and in fact, the orthnormality condition and Equation 3.137 en-

sure that the zero-order variance of the second harmonic estimate,

A 2 2 . 2
varg(A, ), = ﬁz—(%) (S(Az) . %j’%) =0, (3.140)

m

is zero. The second harmonic variance,
var,m(Az) = var,m(Az)1

2 2
222 () o) oot

A ow w,
stddev,m(Az) = 1.39(2)-:) [_c_o:)' (3.141)
m

is dominated by the first-order error. This is a definite improvement over the

frequency method, but typical values of (éw/a,) = 10~ and (w,/w,)=1/200
can still produce errors in A, which are on the order of 10 nanoradians—still

too large for us to be comfortable with.
To achieve higher-order immunity to frequency drifts, we average 121-
type 10-parameter fits and 212-type 10-parameter fits, similar to what we did

with the 5-parameter fits in Section 3.5. Let us define a “linear filter” second

harmonic estimate as

Ay = (A1 teg = 0) + Az 210(teg = 7/o,)) /2. (3.142)
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The sampling function vector of this estimate, S(AZIf)l is simply the average of
the 121-type and 212-type sampling functions, and the variance of this averaged

estimate,

var,m(flzlf) = varm(;lz,f )

A% (6w 2 w, * y 2,2 A 3,3 |\
(2] (] ({2t
2 4
ofs] (2
@y )\ Do
ow 0] 2
stddevm(AZIf)zz.lS(Eo—) (—-:—) (3.143)
m

is dominated by the second-order error rather than the first-order error. Be-
cause the slow drifts in frequency produce correlated errors in adjacent fits, we
are using the same conservative assumption as in Section 3.5 that the errors do
not decrease with integration, and therefore the variances in this section are not
normalized to unit time for comparison to other methods. The “linear filter” av-
erage eliminates the first-order error because the error propagations of the 121-
type and 212-type fits are equal and opposite to leading order. The sign of the
error propagation changes as t,, is incremented a half-period because the effect
of the frequency variations are proportional to the amplitude of oscillation and
the effective amplitude changes from 230 degrees for the 121-type fit to -230

degrees for the 212-type fit. If desired, this can be repeated to eliminate the sec-

ond-order error of /Al,f. Define a “quadratic filter” second harmonic estimate as

A, o= (Az 121(teq = O) +24, 212(teq = n:/wo) +A, 121(te , = 21/0, )) /4_ (3.144)
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The variance,

(ZS(AZ qf) el - s(.;lz qf) . w;‘t;‘os)z

]
—
a|>
) N
N
E|®
N~— S
N§ (%]
Ve
& |
~——

6
-1 77[@) o
wo m 0
ow ) ;
stddevm(Azqf)E3.43[w—oJ [w—:] (3.145)
m

is then dominated by the third-order error. In theory, this can be repeated to
provide immunity to an arbitrarily high order, but at some point, signal-to-
noise will suffer as one becomes limited by some other noise process such as
“white” noise. At present, we feel that the “linear filter” average provides suf-
ficient immunity to slow frequency drifts for our experiment at Index, and so
we have not implemented the “quadratic filter” average in our data analysis.

The signal-to-noise ratios for the methods discussed here in Section 3.6 are

(S/N) g le]= (0-447),(—(—!;5;‘/’2,—])—, (3.146)
uext (e]

(S/N),[A2]= (0.173)"_0(?|SZ’/TI0);(Z_")' (3.147)
Uekl (@, )

(S/N)m[AZIf]=(0.110)K—o(3a—)‘/5(:—J;—(5:’:) , and (3.148)
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3
|uext| w
S/N) A, |1=(0.092) —————| 2| . .
(S/ ),m[ 2qf] ( )xo(aw/wo),m o, (3.149)
As was the case for the deflection method in Section 3.5, the poor signal-to noise
of the frequency method can be improved by physically modulating the signal
although only for noise frequencies below the modulation frequency. The sec-
ond harmonic methods can also be improved in the same manner, however,

and so ratios of the above signal-to-noise ratios,

(S/N)glol 4.06(9-1)2,

N) [A
(S/N)l 2]’=1,57(&), and (3.151)
(S/N) | A2y | @ |
$/N)_[4, ]
(/N )n| A2gs =o.84(92), (3.152)
(S/N) gu A2y o |

are a fair comparison of the methods. The signal-to-noise of each method is

compared to that of the Ay, estimate because that is the method we are pres-

ently using.
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4 Systematic Error Theory

4.1 Fiber Non-Linearities

Having discussed the error propagation of random noise processes in Sec-
tion 3, Section 4 will discuss the error propagation of systematic effects which
produce reproducible errors. Since these systematic effect don't vary, they can
be potentially more limiting than noise processes to an experiment’s perform-
ance because no amount of integration will reduce their effect, and they are
more easy to mistake for a constant signal.

For the deflection method, tilt in the fiber support can create a false deflec-
tion. For the frequency method, a change in fiber temperature can create a false
change the frequency of oscillation. For the second harmonic method, what be-
sides an external torque can create a second harmonic component to the pen-
dulum motion? It is the non-linear behavior of the torsion fiber. For an exter-
nal potential, which is periodic every 360 degrees, an oscillation amplitude of
A =230° is considered “large”, and a power series expansion in A does not
converge quickly. The results Section 2.2 were therefore expressed in closed
form in terms of Bessel functions. For a torsion fiber with a typical diameter-to-
length ratio of 1/10°, however, an amplitude of A =230° = 4 radians results in
shear stresses in the fiber of only a few parts in 10°. Thus the amplitude is
“small”, and one would expect a power series expansion to leading order in A
to be a very good approximation.

The first anharmonic term in a power series expansion is the cubic term in

the fiber potential energy,



81

Upier(6-9) = (6~ 0)" + Aa(6 - 9)°. @.1)

As in Section 2, 6 is the angular position in the lab frame, and ¢ is equilibrium
position which changes whenever the fiber support point is rotated to a new
azimuth. For simplicity, damping and any external potential energy are ne-
glected in this derivation. To leading order, the anharmonic potential causes a
small deflection, C, from the natural equilibrium position, ¢, and a second

harmonic amplitude, A,. That is,

o(t)y=0¢+ Asin(wo(t —te )) + A, cos(Zwa(t - teq)) +C, (4.2)

where, to first order in 43,

A 2 34 2
A, =—-=3A d C=-=03 4% 4.3
2= an 2% *3)

Note that A, is independent of ¢, and although A3 produces a second har-
monic amplitude, it is the same at each fiber support position so there is no si-
nusoidal variation in A,(¢) to produce a false signal provided that the oscilla-
tion amplitude, A, is the same for each fiber support position for which data is
taken. But, if there is a variation in A when the fiber support is moved to dif-
ferent positions, particularly if it is a reproducible function of ¢, then raw esti-
mates of A, will show some false sinusoidal variation. To prevent this, the ex-
tremely precise estimates of A from the 10-parameter fit and the known A? de-
pendence of A, should be used to normalize all the raw estimates of A, to the
same nominal value of A before looking for any sinusoidal variation in A;(¢).

This amplitude correction scheme becomes more complicated if the ex-

periment is not a true null experiment. Ideally, one would like [U,|=0 if only
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Newtonian gravity is present, but often it is difficult to physically remove all
external torques on the pendulum. In that case, one tries the next best approach
which is to take data in two different configurations where the systematic
torques have opposite signs and then the systematic error can be subtracted
away from the signal. However, since the second harmonic amplitude from an
external potential energy has a J,(A) variation whereas the second harmonic
amplitude from the fiber non-linearity has an A? dependence, the proper am-
plitude normalization of A; is more complex than the simple A? normalization
described above. In fact, it requires a global fit to the entire data set to properly
disentangle the effects. In addition, as will be described in Section 4.3, an exter-
nal potential energy, U,y (6), that has a cos(m6) or sin(mé) dependence will
have a J,(mA) amplitude dependence, further complicating the situation. The
data analysis methods subsequent to the basic 10-parameter fit that correct for
all these various amplitude induced variations will be discussed in more detail
in Section 5.3.

Although the amplitude dependence of A, complicates the data analysis,
it does not pose a real limitation to extracting the signal. A more fundamental
problem would be variations in A, caused by slow, random, temporal drifts in
the value of A;. These variations would go straight into signal, and since they
physically alter the second harmonic, there would be no way improve the fit
method to make it more immune. This is analogous to slow drifts in deflection
for a deflection method (see Section 3.5) or slow drifts in frequency for a fre-
quency method (see Section 3.6). The similarity, however, is only qualitative
rather that quantitative. For the Index IV apparatus, we observe a fiber-

induced second harmonic amplitude of 1 microradian or less at A =230°, and
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we have not observed any perceptible dependence on temperature variation or
tilt of the fiber support. For comparison, the temperature coefficient of our In-
dex IV fibers is a fractional change in frequency of 2x107*/°C and the Eot-
Wash group (Su et al. 1994) has reported typical tilt coefficients of 0.05 radian
torsional deflection/radian of fiber support tilt. Thus, the temperature and tilt-
induced variations in our second harmonic signal are several orders of magni-
tude below the other methods. We do observe a slow, constant, increase in A,
with time, and we believe this results from some work hardening or slow re-
laxation process in the fiber. It may be related to the process that creates the
constant linear drift in deflection after the pendulum is hung. The values of @
and y also show a slow, secular drift. Similar to the linear drift in deflection,
though, the linear drift in the second harmonic is easy to filter out because it oc-
curs on time scales of weeks and months rather than hours. In fact, it is a much
smaller problem because the drift in A, is on the order of 1 microradian/month
whereas the drift in deflection is on the order of 1 microradian/hour.

After the cubic anharmonic term, the next term is the quartic term in the

fiber potential energy,

4

Upser(8-0) =5 (0 0)" + 24(6-0)" @4)

We consider it independently of the cubic term because to first-order in 4; and
A4 the effects are additive. To leading order, the quartic term produces a shift

in oscillation frequency, Aw = @~ ®,, and a third harmonic amplitude, B;. That
is,

o(t)=¢+ Asin((a)o + Aa))(t - teq)) +B; sin(3(wo + Aw)(t - teq)), (4.5)



where, to first order in Ay,

A

A_w—y:iAZ
8x

Al (4.6)
0w, 2x

and By =-
From a naive, mathematical perspective, one would expect the second har-
monic, A, < A2, to be larger than the third harmonic, Bj o« A3, because the
shear stresses in the fiber are so small, but that ignores the physical difference
between odd and even potential energy terms. Odd terms, such as /'13(6—4))3,
break the left/right handed helicity symmetry of the fiber, and they would not
be present in a “perfect” fiber with no internal stress. We know from the ob-
served second harmonic and the linear drift in deflection that real fibers do
have a particular handedness, but that is a remnant of the extrusion process in
their manufacture. The even terms, such as A,(6 —¢)*, result from the funda-
mental, non-linear, bulk properties of the fiber material, and therefore tend to
be larger than the incidental odd terms. At Index, we observe the third har-
monic amplitude to be several microradians, which is large enough to justify
the inclusion of B; in the 10-parameter fit. Since the third harmonic motion is
odd about t,, and the second harmonic motion is even about {,,, the “white”
noise error in A, is uncorrelated with that of B3, and so the inclusion of Bj is
“free” and does not reduce the signal-to-noise of the second harmonic signal.
The fourth and higher harmonics due to fiber non-linearites are of negligi-
ble amplitude for A =230°=4 radians. This has been empirically verified by
Newman’s group at UC Irvine (Bantel & Newman 1998), who has looked at the
higher harmonic motions for oscillation amplitudes up to 100 radians using be-
ryllium-copper fibers. They also verified that A; follows an A? dependence up

to A=100radians. The fourth and higher harmonics from the external poten-
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tial energy, U,,(6), are not necessarily negligible, and their error propagation
will be discussed in Section 4.3. The magnitudes of the higher harmonics due to
U,,,(6) are directly related to the observed A,(¢) and B;(¢), and with proper
modeling their effects can be subtracted without adding additional degrees of
freedom to the fit. These data analysis methods are explained in detail in Sec-
tion 5.3.

As a last note, the A% amplitude dependence of the frequency shift, Aw, in
Equation 4.6 is not the amplitude dependence actually observed. Although the
Aw from the quartic term, 24(6-9)*, is present, it is dominated by another
process with a Aw o< |A| dependence. The damping constant, v, also displays
an |A| dependence. Our group had observed this several years ago, and we
were unable to determine what sort of process could produce such non-analytic
behavior. We had observed that the effect is larger in tungsten fibers than it is
in beryllium-copper fibers, and being somewhat nervous about this unex-
plained phenomenon, we opted to use beryllium-copper fibers in our Index IV
apparatus. Later, a student of Peter Saulson (Huang & Saulson 1998) developed
a toy mathematical model of blocks connected by springs sliding on a surface
with Coulomb friction that produced an |A| dependence in Aw and y. This
conjecture is consistent with the fibrous structure of tungsten fiber which would
have more internal sliding friction than beryllium-copper. Newman’s group
has observed this process in their very large amplitude studies, and from the
higher harmonics it produces, they have even been able to reconstruct the hys-
terisis loop in the shear stress-strain plot of the material. For our second har-
monic method, however, their most important finding is that this non-analytic

friction process does not appear to affect the A? dependence of A,.
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4.2 Fiber Relaxation Transients

At the vacuum in which we oscillate the torsional pendulum in the Index
IV apparatus, about 107 torr, the damping of the oscillation motion is due pri-
marily to internal fiber losses rather than air friction on the pendulum. Al-
though, as mentioned in Section 4.1, there is tiny portion of the fiber damping
which is non-linear and non-analytic, the vast majority of the fiber damping is
perfectly linear at the amplitudes that we oscillate the pendulum. However,
this “perfectly linear” damping is more complex than a simple mass-spring-
dashpot system, and it can produce relaxation transients whenever the free os-
cillation of the pendulum is disturbed by rotating the fiber support to a new po-
sition. In Figure 4.1, 10-parameter fit estimates of the offset, C, are plotted ver-
sus the number of oscillation periods elapsed since the fiber support was ro-
tated to a new position. These fits are to a sample of actual data taken from the

Index IV apparatus with an oscillation amplitude of A =230° = 4 radians.
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Figure 4.1. A sample relaxation transient of the fiber induced by rotating the
support point to a new position. Single-period estimates of the offset are plot-
ted versus the time elapsed after the end of the move.

The fits that are an integer number of periods after the end of the move are 121-
type fits whereas the fits that are half-integer number of periods after the end of
the move are 212-type fits. Looking at the tail end of the fits, one can see the fi-
ber settling down into a constant rate of unwinding. One can also just barely
perceive the “bouncing up and down” of the estimates caused by the linear
drift in frequency which propagates with opposites signs into the 121-type and
212-type fits. This is similar to the effect of the linear drift in frequency on the
10-parameter fit estimate of the second harmonic discussed in Section 3.6.
However, the most noticeable feature in Figure 4.1 is the exponentially decay-

ing transient, whose initial amplitude is about 2x 10~ radians. This kind of
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transient is consistently reproduced each time the fiber support is rotated to a
new position, and it results from excitations of slowly-relaxing internal degrees
of freedom in the fiber.

To derive the effect of these internal degrees of freedom, let us start with
just a single internal degree of freedom. Figure 4.2 depicts a mass suspended
by a vertical, linear spring in parallel with a smaller spring-and-dashpot combi-
nation that is commonly referred to as a Maxwell unit in elasticity theory. This
spring-mass oscillator provides a visually simpler presentation of the Maxwell

unit than a torsion pendulum does.

AU N NN S NS N N NSNS NS NN NS N OISO NN NSNS

5 1.
L__ v

Figure 4.2. Linear, vertical spring-mass system with a single, internal degree of
freedom modeled as a Maxwell unit, an elastic and a resistive element in series.
The Maxwell unit has a characteristic relaxation time, 7;,;.
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The function, x(t), describes the observed motion of the pendulum mass while
X, (t) describes the time evolution of an “invisible” internal degree of freedom
with no inertia. This is only a toy mathematical model, and so in reality x,,(t)
need not describe a displacement as x(t) does. For example, x,,(t) could be a
temperature if the relaxation process were thermo-elastic. The main spring has
a spring constant, k,, and in the absence of the Maxwell unit, the nominal os-
cillation frequency is @, =(k,/ m)llz. The spring constant of the internal spring
in the Maxwell unit, k;,,, is assumed to be much smaller than k,, and so results
in this section are only calculated to first-order in k;,, /k,. The frictional force in
the dashpot is directly proportional to velocity, and its strength is usually ex-

pressed in terms of a friction constant, by,
Ffr = _bint(iint - x) = _Tintkint(iint - i), (4.7)
but for our purposes, it is more convenient to express b, as the product of the

spring constant, k;,, and a characteristic time, 7;,,. The equations of motion are

therefore

kO

0= —Xint — Ting (iint - x)

(4.8)

y . . 2 k; 2 .
mi = —KoX = Tingkins (¥ ~ Xint) } - X ==X~ (ﬂjwo Tine (X = Xy )
0 = —KjntXint = Tintkint(x.im - x)
First, let us look at the limit as k;,;, — 0, but instead of keeping b;,, con-
stant, let us increase b;,; — o= so that 7;,, =constant. In this zero-coupling limit,

the motion of the mass,

x,(t) = Bsin(@,t), (4.9)
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is a simple, undamped sine wave unaffected by the Maxwell unit. Here, the
amplitude of oscillation, B, can assume any value, and for simplicity, the phase

has been chosen so that there is no cos(w,t) component. The motion of the in-

ternal degree of freedom,

Xt (£) = Apt €OS(@ot) + By sin(@,t) + Ciny exp(—t/7,,) (4.10)

includes both oscillatory and exponentially-decaying components in the zero-
coupling limit, and somewhat surprisingly, the quadrature amplitudes of the

oscillatory component,

Wy Ting — 1
—Polint_B and B, = >

~——B, (4.11)
1+ w213, 1+ w213,

int =~
have a well-defined zero-coupling limit which is independent of k;,, and de-
pends only on B and the dimensionless quantity ,7;,. The exponential am-
plitude, C,,,, is independent of B and can assume any value. With no external
disturbance, the exponential component will die away with time, and only the
oscillatory component will remain.

Next, let us look at the weak-coupling limit when k;,, is small but non-
zero. The motion of the mass is altered by its coupling to oscillatory and expo-
nential components of x;,(t). Specifically, the oscillation becomes lightly
damped, the oscillation frequency is shifted from its nominal value, and the

pendulum motion acquires a small exponential component, or mathematically,

x(t) = Bexp(—#)sin((@, + Aw)t) + Cexp(~t/Tjn ). (4.12)

When Equations 4.8 are solved to first order in k;,, /k,, one gets,
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80 _ 1 ki |_05Th (4.13)
w, 2\ k, )1+w?t?,’

1( k; W,T;
2 _ 1| Kne o 2""2 . and (4.14)
w, 2\ k, J1+@. T}

k., @t
C= int o *int C . 415

( k, ]1+w§1,~2,,, mt )

There are also first-order shifts in A,,;, B;,, and 7;,, but these are not impor-

tant to the following discussion.

The frequency shift, Aw, for a given ki, is plotted versus log;o(@,T;y) in

Figure 4.3.
shift in frequency I
0.6 [ T T T
05 _ S S S
04 |
Aw/aw, :
— 03 }
kmt/ko
0.1
0 T O ] L.i.L..L... R
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

10g10(®W, Tint)

Figure 4.3. First-order frequency shift, Aw, is plotted versus relaxation time for
an oscillator with a single Maxwell unit.
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Qualitatively, Figure 4.3 is easy to understand. In the short 7;, regime where
the dashpot is weak, the small spring is hardly compressed at all and
w=(k,/ m)l/ 2= w, whereas as T,,, — <, the dashpot becomes increasingly vis-
cous until both springs are compressed in parallel and
o =((k, +kint)/ m)l/2 = @, +0.5(k;y; /k,)w,. For a thermo-elastic relaxation proc-
ess, the change in frequency around 7,,; = @, corresponds to the transition from

the isothermal regime to the adiabatic regime. Figure 4.4 displays the damping

constant, 7, for a given k;,, versus log;o(@,Tn)-

damping constant I

O R errs———

Y/@,

kmt/ko N

0.1

0.05 |

-2 -15 -1 -0.5 0] 0.5 1 1.5 2
loglo(motmt)

Figure 4.4. First-order damping constant, y, is plotted versus relaxation time
for an oscillator with a single Maxwell unit.

The power dissipation being proportional to the product of the dashpot’s ve-

locity and frictional force, the damping constant is small in the short 7,,, regime

because there is very little frictional force in the dashpot whereas the damping
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constant is small in the long 7;,, regime because there is very little motion in the
dashpot. Thus, only fort;, around , can the force-velocity product become
large enough to produce significant losses. For the thermo-elastic example,
both isothermal and adiabatic oscillations are reversible, quasi-static processes,
and it is only for 7,,, around w, that there is appreciable amount of irreversible
heat transfer.

The most direct evidence of the internal degree of freedom is the exponen-
tial component of the pendulum motion, Cexp(~t/7,;). Unlike Aw and vy,
whose magnitude is well-determined, C can assume any arbitrary magnitude
depending on the value of C;;;. However, what can be well specified is,
AC,one, the change in C excited by moving the support point. Specifically, we
are concerned about the effect of a vertical, constant-speed move that displaces
the support point a distance, AX,,y,., at a speed of %,,,,.. Because of Gallilean
invariance, the same equations of motion apply during the constant-speed
move as when the support is stationary, and so by matching boundary

conditions at the beginning and and of the move, one gets

Acmove = —(ﬁ'_) xmove [1 _ exp(__ Axmove )J 26031',‘3", ) (416)
ko @, Xmove T (1 +a)§1'i2m )2

This change in C is the same regardless of the phase of oscillation at which the

move begins. Using Equation 4.14, k;,,/k, can be replaced with y/a,,

. 2.2
ACmove = _[L]__xmove (1 - exp(— A.xmove )] Zwo :xnzz : (4.17)
w, , XmoveT 1+ WoTing

For numerical predictions, Equation 4.17 is more useful than Equation 4.16 be-

cause 7/w, can be determined by simple observation of the free oscillation
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whereas a priori knowledge of the magnitude of k;,,/k, is more difficult to ob-
tain. For us, an even more important quantity is the size of the exponential
transient,
Crove(twait) = ACmove exp[—f-’ﬂj, (4.18)
Tint
that remains after waiting a time, t,,;;, after the end of the move.

With a substitution of AXy, = A8y aNd Xpmope = Omore, the above re-
sults can be applied to a constant-rotational-speed move of the fiber support of
our Index IV torsion pendulum. A typical move is A8,,,,, =-225 degrees (the
minus sign signifies a clockwise rotation viewed from above) and
B,ope = —230 degreesx @,. The speed of the move is chosen to match the
maximum speed of the pendulum as it passed through its equilibrium position.
The ratio y/w, for our oscillator is about 1/8000. For these values and
assuming just a single Maxwell unit, the size of the transient, AC,,,,, is plotted

as funtion of log(®,;,) in Figure 4.5. For comparison, the size of the transient

after one period of oscillation, Cgpe(tuait = 27/®, ), is also plotted.
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Figure 4.5. Predicted size of move-induced transient, AC,,s,, for our Index IV
experiment assuming a single Maxwell unit of relaxation time, 7;,,. The solid
line is the size immediately after the move, the dashed line is one period after

the move.

For a single Maxwell unit, AC,,,,. can be as large as 3 x 10~ radians depending

on the value of 7;,. In reality, there is not a single Maxwell unit but a whole

spectrum Maxwell units with different k;,,'s and 7;,;'s, and their contributions

to v and AC,,, are additive to first-order. Since the contributions to y must

sum up to @,/8000, the actual AC,,, must be some weighted average of the

values in Figure 4.5 and therefore is somewhere between 0 and 3 x 107 radians.

Without a more detailed knowledge of the Maxwell unit spectrum, a more

precise prediction can not be made. The first empirical measurement of Cprove

we can make is one period after the end of the move. From Figure 4.5, a value

between 0 and 5x10~° radians is predicted for Cppe(tu: =1 period). Looking
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at the empircal estimates in Figure 4.1, one can see the actual value of
Crove (tuait =1 period) is about 2 x 107 radians. This is well within the range of
expected values which gives one confidence that the Maxwell unit model
provides an appropriate description of the observed transient.

Although we have described the transient, a magnitude of 2 x107° radians
is disturbingly large when one wants to measure parameters to nanoradian
precision. Given that the transients die away exponentially, it would seem
waiting a few more periods should significantly reduce the size of the transient.
In the analysis of our data, we do in fact throw out the first 5 periods after each

move. The predicted size of Cyye(tyai) for 1 through 6 periods after move is

plotted in Figure 4.6.

o 1 period after move
6107 1 ..... 2 periods after move f—T T
t ——— 3 periods after move f
sF  f---- 4 periods after move : ]
5 10 :. i) 5 peindS aﬂef move b~/ N\ . . ..:
N 6 periods after move

410% |
310°% :

210% L

deflection transient (radians)

110° |

loglo(warint)

Figure 4.6. Decrease in size of move-induced transient with time for our Index
IV experiment assuming a single Maxwell unit of relaxation time, 7;,,.

Crove(twait) is plotted for 1, 2, 3, 4, 5, and 6 periods after the end of the move.
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The decrease in C,ge(twait) iS NOt as rapid as one might hope. Although the
Cove (twait) for a particular value of 7, dies away exponentially, the worst-case
T, keeps increasing to larger values of 7, that die away more slowly so that
the worst-case Cppe(tuait) decreases as roughly 1/t,,;. The actual Crope(tia)
most likely does decrease much faster than the worst-case value, but without a
more detailed of the knowledge of the Maxwell unit spectrum, one can not be

sure.

However, we are less concerned with the size of C,,.(tuqi) than we are
with how it propagates into the estimates of the second harmonic, A,. In
Section 3.5, it was demonsrated that the quadratic drift in C produces the
leading-order error in A, for low-frequency drifts. By relating the second time
derivative of Cpope(twait) = ACmove €XP(—t/Tint ) to the second time derivative’s of

sin(w,t) and cos(w,t) in Section 3.5, Equation 3.105 can be readily modified,

0.135+2

A2move(twait)= 0)21'-2 Cmave(twail)r (4.19)
o *int

to express the move-induced error in the second harmonic, Ay, ..(twgit), iN

terms of Coope(tuait). The predicted Ay, .. (tuqi =1 period) for the Index 1V

pendulum is plotted in Figure 4.7.
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Figure 4.7. The predicted size of the move-induced error in the second
harmonic estimate one period after the end of the move,

A2 pove(twait = 1 period).
The worst-case Ay, .. (twait =1 period) of 7 x 107 radians is smaller than the
worst-case Cpope(tuair =1 period) of 2x10™° radians, and furthermore the
contribution of longer 7,,, exponentials is attenauted by a factor of Yawlts,
because their second time deriavtives are proportionally smaller. Thus, one

would expect that waiting more periods after the move produces a more

dramatic decrease in the worst-case A, . (tuqi) than for it does Cppe(tyair).
and in fact the worst-case Ay, . (tuait) falls off as roughly 1/t2.4. Since we
throw away the first 5 periods of data after a move, the sixth period second

harmonic estimate is the first used in our data analysis. The predicted size

of Az, (tuait = 6 period) is plotted in Figure 4.8.
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Figure 4.8. The predicted size of the move-induced error in the second
harmonic estimate six periods after the end of the move,
(tuait =6 period). This is the first period used in the data anlysis for our
Index IV experiment.

Ay

2move
The worst-case Ay, .. (Fuwait =6 period) is less than 5 nanoradians. This is larger
than the sub-nanoradian signals we want to be able to detect, but it is only the
variation in A, (tuqi = 6 period) from one move to the next that can cause a
false signal. Maintaining reproducibility of the move at the 1% level is not a
very stringent requirement. We occaisonally have been plagued with the
lubricant of the fiber support bushing causing a viscous recoil after moving the
pendulum. This relaxation process is slower and less reproducible than the
fiber relaxation processes, but it is also a less fundamental problem, resulting

from sloppy experimental technique rather than from intrinsic properties of the

fiber material.
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A final comment on Maxwell-unit fiber relaxations and non-null frequency
method experiments such as Luther and Towler’s measurement of the gravita-
tional constant, G (Luther & Towler 1984). Kuroda (Kuroda 1995) has noted
that a Maxwell unit makes the torsion fiber constant frequency dependent. In a
frequency method measurement, most of the change in frequency is produced
by the external potential energy interaction, U,,(6), (see Section 2.2) but there
will also be a small change due to the change in the torsion fiber constant as the
pendulum oscillates at a different frequency. Kuroda has shown that if one
naively ignores this small effect when calculating the strength of the signal, a

percentage bias will result, which expressed in the notation of this section is

2.2
Ybias = | Kint DgTiy (4.20)
ko )(1+ w22\
‘ ( +mo?:mt)

Newman (Newman & Bantel 1999) has re-expressed this in terms of (y/a,),

: Y 2a’o‘l"int :
%bias =| — | —=— = (0<%bias<(y/w,), 4.21
(w0)1+w§ri2nt (Y/ 0) ( )

and thereby shown that the worst-case %bias for a distribution of Maxwell-

units is (¥/®,). But what if one wants to push the precision beyond (v/w,)?

How can one determine the actual %bias for a particular fiber so that one can
correct for it? Let us look at the first time derivative of the transient immedi-

ately after the move,

AD e = (-a_)tjvmm(l - exp(- Ax"'ﬂ‘#n 2(00;,-,,5 . (4.22)

(] vmovef 1+ Oy Ting
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If one takes the limit as Ax,,,, — =, which corresponds to an infinitely long
constant-speed move that allows all the Maxwell units to come into
equilibrium, then when one stops it,

Y 200, Tin
AD =—1v — 4.23
move (wo] move 1+ 3{]2"‘ ( )

This is directly proportional to the %bias (Eq. 4.20) regardless of the value of y,
w,, or T;y,. Thus, even for a spectrum of Maxwell units,
%bias = lim (ég'"—‘ﬁ‘i] (4.24)
AX move =\ Umove

By measuring AD,,,, to just 1% accuracy, one can surpass the Kuroda effect

accuracy limit by two orders of magnitude.
4.3 Higher Harmonics of Oscillation

The 10-parameter fit includes the parameters A, and Bj to fit for the sec-
ond and third harmonic amplitudes, but it does not include parameters to fit for
the fourth or higher harmonic amplitudes even though the derivation in Section
2.2 demonstrated that an external sinusoidal potential produces those higher
harmonics. What are the consequences of leaving those higher harmonics out
of the 10-parameter model? To answer this, let’s first review the notation used
in Section 2.2. Neglecting damping and non-linearites of the fiber, the potential
energy is

2

_k(6-9)

ue)= uﬁber(e —0)+U(6) 2

+|U x| cos(0 - w). (4.25)

In the derivation of Section 2.2, t =0 was chosen to be a turning point of oscilla-

tion and all the harmonics of motion were cosine components, cos(nat). Be-
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cause the 10-parameter fits are centered on equilibrium crossings, the equilib-
rium crossing will be defined as t =0 in this section. This changes the odd
harmonics of motion from cosine to sine components so that Equation 2.24 be-
comes

6(t) = 9+ Asin(@t)+ C+ 3 A, cos(nat)+ ¥, B, sin(no).
n=2 n=3 (4.26)

even odd

The frequency shift, ® = w, + Aw, is not explicitly written out since it won’t be
important in this section’s discussion. Using the convention of Equation 4.26,

the amplitudes of the higher harmonics are

2 A u
Aneven(¢)= -EnT—_l_)fx_tl (¢ 'V) (4.27)

for the even harmonics, and

2] (AU
B, oad(®) = ——{-';(z—j)li-)-'(.—'lcos(cp -y) (4.28)

for the odd harmonics where the arguments of the Bessel functions, J,(A), are
expressed in radians. For an oscillation amplitude of A =230°=4.014 radians,

the second through seventh harmonics are

u
A,(9)=-0. 240| ext I in(¢-v), Bi(¢) = —O.IOSI—Si'cos((p -y),
A (¢) =-0. 038| I“’l w), Bs(¢) = —0.011%’dcos(¢ - w), (4.29)

Ag(9) = —()003l e’“l in(¢-y), and By(¢)-——0001| ""lcos(tp—y/).
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To determine the precise effect of the higher harmonics on the
10-parameter fit, we need not only their amplitudes but also their error propa-
gation. Define the vectors of the higher harmonics evaluated at the 14 crossings

of the 10-parameter fit as

cos(naw,t) ={cos(nw,t; ), cos(nwot), . .cos(na,ty4)} and @30)
sin(na,t) = {sin(nw,h ), sin(n@yty ),...sin(nwgty)}. '

We are primarily concerned with the error propagation into the estimate of the

signal parameter, A,. The weighting function, s(Az), is even under time rever-
sal whereas the odd harmonics are odd under time reversal, and so their con-

traction,

s( Az ) » sin(nas@ot) = 0, (4.31)

is zero, and the odd harmonics do not propagate into A,. The error caused by

the fourth and higher even harmonics,

AAy(9) = A4(¢)S(A2) o cos(4,t) + A6(¢)s(;12) o cos(6w,t) + ...
~0.038 0.003

"~ 0.240 0.240
= —0196A2(¢),

Ay(9)(-1.206) +

Ay(9)(-0.409) + ... (4.32)

is directly proportional to the signal, A;(¢), and therefore effectively reduces
the signal by about 20%. This means that all the signal-to-noise ratios calcu-

lated in Section 3 for the second harmonic method are 20% too high because
they assumed a signal strength of |A;(9)| = 0.240|U.|/x whereas the measured
value is |A2(¢)|mms=0.193|llm|/x. These coefficients are valid only for the

nominal oscillation amplitude of A =230°=4.014 radians. If the amplitude is

some other value, then both the ratios A,(¢)/A;(¢) and the scalar products
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s(;\z )ocos(na)ot) in Equation 4.32 need to be re-evaluated at that amplitude.
This makes the effective amplitude dependence of |A,(¢)| _ different from the
J(A) amplitude dependence of |A,(¢)|-

The above presentation has assumed that the external potential energy,

U,,,(8), is a simple sinusoidal function of 8, the form which the CDF signal

would take. In general, however, the external potential energy,
exl Z |Um|COS( 6 Vm )) (4.33)

can have higher azimuthal Fourier components of magnitude, |U,,|, and phase

w,,- The higher harmonics of motion due to these higher Fourier components

of U,,(6) have a J,(mA) amplitude dependence so that the total contribution

to an even harmonic is

- 2”1]n(”1A)|um| .
A = - mn - , .
n even(¢) mz_-_] (n2 — l)K‘ S (m(¢ Ym )) (4.34)

and the total contribution to an odd harmonic is

— 2 A
nodd Z mIn e | m|COS(m(¢—Wm)). (4.35)

For example, with a pure m =2 potential energy and an oscillation amplitude

of A =230°=4.014 radians, the second through seventh harmonics are
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Ay(9) = O.l41lu—K2|sin(2(¢ -v3)),  Bs(9)= 0.1469’%'@5(2@ — ),

Ay(0)= o.osolyf-lsm(zm -v,)),  Bs(¢)=-0.030 @cos(zw ~y,)), (4.36)

Ag(d)= —0.038'—1'71(2—|sin(2(¢ -v;)),  By(¢)= —0.0271%|-cos(2(¢ -y,))
Comparing Equation 4.36 to Equation 4.29, one sees that the ratio of the even
harmonics to each other are different for an m = 2potential than for an m =1 po-
tential, and thus the fractional error in the measured second harmonic,
AA,(¢)/A5(¢), is different for an m=2 potential than for an m =1 potential. In
general, we are not directly concerned with the higher azimuthal Fourier com-
ponents of the external potential, and if all the data were collected at precisely
the same amplitude, A, then the Fourier components could be separated sim-
ply by their angular dependence on ¢. However, because all the data is not
collected at precisely the same amplitude, amplitude corrections must be made,

and a knowledge of the exact amplitude dependence of the higher Fourier

components is required to prevent them from “bleeding” into the m =1 signal.
4.4 Multipole Expansion of Pendulum Interactions

As a systematic error, gravitational interactions are both important and
unimportant. As far as this thesis is concerned, they are unimportant because
they are not specific to the second harmonic method. Gravitational interactions
produce a false signal because they apply torques to the pendulum, and any
method that measures the torque on the pendulum will see the same false sig-

nal. So unlike the systematic errors discussed in Sections 4.1, 4.2, and 4.3, the
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gravitational interactions have nothing to do with the fact that the torsion pen-
dulum is oscillating. This also means that other groups who use non-oscillating
deflection methods have written extensively on gravitational interactions and
the design strategies used to minimize them. Most notably, Adelberger and his
Eot-Wash collaborators (Stubbs et al. 1987) were the first to fully develop the
spherical harmonic multipole expansion analysis methods and apply them to
torsion balance experiments. On the other hand, gravitational interactions are a
very important systematic error that can not be ignored, and unlike electro-
magnetic interactions, there are no effective shields to gravitational fields. The
physical design of our Index IV apparatus is largely dictated by gravitational
considerations. These will be discussed in Section 5.2.

I would like to use this section to present an alternate formulation of the
spherical harmonic multipole expansion that our group has found useful. It
was developed to analyze the third moment/third potential derivative coupling
of a Yukawa potential interaction for the Inverse Square Law Violation experi-
ment which our group is currently constructing (Moore et al. 1994). The details
of that experiment are beyond the scope of this thesis, but suffice it to say that
the non-Newtonian third moment/third potential derivative couplings re-
quired a more formal mathematical development than the non-Newtonian first
moment/ first potential derivative couplings of the CDF Index IV experiment
(see Section 2.1). This generalized multipole expansion is not restricted to 1/r
potentials for it can be applied to any potential provided it is analytic over the
extent of the pendulum. A second feature of this method is that the various
mass moments, potential derivatives, and energies can be calculated without

factors i, m, or square roots, and the tilt and translation coefficients can be de-
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rived directly from the Cartesian transformations without having to explicitly
use spherical harmonic rotation matrices or Clebsch-Gordan coefficients.
Mathematically this method is equivalent to the traditional multipole expan-
sion, but psychologically it's easier to comprehend and use, particularly for un-
dergraduates who may not be as experienced in the mathematical methods of
quantum mechanics.

First, however, let me present the traditional multipole expansion. The

pendulum is expanded in mass moments as

Gom = ||] Pp(F)r Yem(8,0)d°F (4.37)

where the Y,,,(6,¢) are spherical harmonic functions. Actually, Adelberger’s
convention is to define the mass moments with the complex conjugate,
Y, (6,0), but I have defined them in Equation 4.37 to be consistent with later
notation. The complex conjugate will appear in a moment as [ go to bra-ket no-
tation and take the adjoint of the ket mass moment vector. The source mass is

expanded as

Qum = [[[ 5(7) Ym0 33 (4.38)

rl+1

These correspond to the various field derivatives to which the mass moments
couple. The total potential energy of the pendulum in the source mass potential

can then be expressed as

had . . —4nGéo
u=z z qlmelm= z qlmj‘%l—m-QEm
tm,t'm’ (4.39)

Z qlmKlm l'm'Ql' ! -<q|KlQ>

im,'m’
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The diagonal matrix, K, is introduced for use in derivations later in this section.
As a specific example of the traditional method, let us write out the calcu-

lation of the leading gravitational systematic error, the =2, m = *1 interaction.

The mass moments are

G2y =~ ’gmpp(?)rzsinecose(cosd)+isin¢)d3? and

(4.40)
Go1 = f%% [[[ p(F)r? sinBcos6(cosg - ising)d’F.
The fields are
15 _,sin@’cosB’(cos¢’ +ising’) 3.,
Qo =~ -—-”J'ps(r ) ( - ¢ L )d3r and
T
_ Sin@’cosB’(cos ¢’ ~isin -,
Q1= g“fﬂps(’ ) 3 d’F’.
/4 r
And finally, the energies are
41G . 4nG .
Uy = “—5""121Q21 and Uy = "—5"“12-1Q2-1- (4.42)

The same calculation can also be done with Cartesian 1z and yz second mass

moments and second derivatives of the potential.

My, = [[[ o, (F)x2d’F M,, = [[[ p,(F)yzd’F (4.43)
2vs( = ro
Vx: = aa:a(;) = ‘Gjﬂps(”')%;‘ﬁ?
) r=0 B (4.44)
o it
r=0
U, =M,V u

=MV, (4.45)
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The two methods are equivalent in that

Uy + Uy =U,, + Uy, (4.46)

but the spherical harmonic moments, fields and energies are complex quantities
whereas as the Cartesian ones are real and easier to remember.
Can the entire multipole expansion be done in Cartesian moments? Yes, it

can be done for any potential interaction,
u = [ p,(F)V(7)d*F, (4.47)

provided V(7) is analytic over the extent of the pendulum. Define the Cartesian

mass moments as
Mijk = J‘J.J pp(?)xiyizkd3F. (448)

The potential, being analytic, can be expanded in a Taylor series in terms of its

derivatives at the origin,

ax+;+kV( )
Vi = 449
= dx'ay/9zF (249)

The total potential energy of the pendulum in the potential can then be ex-
pressed as

oo

e - Sijk, itk
;zz ik 511 gt l']'k' Viik = 2 Mij llll]:]lcv Vi

0j=0k=0 ijk,i’j’k’

M Cik i Vi = (MIC|V).
ik,

(4.50)

The matrix C of Taylor series coefficients, analogous to the matrix K for the

spherical harmonic decomposition, is also diagonal. Does the Cartesian basis
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provide a reasonable alternative to the spherical harmonic basis for calculating
pendulum interactions? No, not really. Ultimately, one wants the Fourier
components of the azimuthal dependence of the potential energy as the pen-
dulum rotates in the external potential (see Eq. 4.33). The m eigenvalues of the
spherical harmonic basis naturally provide such a Fourier decomposition while
the Cartesian basis does not, and the Cartesian basis is therefore a poor substi-
tute for the spherical harmonic basis.

Is there perhaps a compromise? Is there some basis that combines the best
qualities of both the spherical harmonic and Cartesian bases? Let us start by
making the spherical harmonic basis complete by allowing the ¢ eigenvalue to
assume other values besides n, the order of the mass moment. Specifically, de-

fine
Gum = [[[ Pp(F)r"Yom(6,0)d%  2={n,n-2,.}20, —£<sms<t (451

When this is done, the spherical harmonic basis has (n +1)(n+2)/2 linearly in-
dependent moments for each order n just as the Cartesian basis does. Next, de-

fine mass moments,

(qN )nf.’Ocos = Npsocos, nlOcosJ._” pp r Re(YEm ) m=0
(9N ) uomcas = Nntmeos nimeos V2 [|[ 0p(F)r" Re(Yom(8,9))dF  1sm< ¢ (4.52)

(qN)nlmsin = Nn!msm,nlmsm‘/—'”jpp ")r Im m (6,0 ))da- 1<mgy,

that are real (cos(m¢)and sin(m¢) rather than exp(im¢) and exp(~im¢)) and
have arbitrary normalization. The factors of V2 are elements of a unitary ma-
trix so that the real, unnormalized, spherical harmonic moments can be related

to the traditional spherical harmonic moments as
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lan) =NU|q) (4.53)

where N is a diagonal, real matrix and U is a unitary matrix. Let us also define

the real transformation matrix,

lan) =SnIM) (4.54)

that relates the Cartesian mass moments to the real, unnormalized spherical
harmonic moments. Can the total potential energy be calculated with these

mass moments? Yes,

U = (qn |KnQn) = (MISH|KNQn ) = (MICIV), (4.55)

provided that the dual fields are defined as

KnQn) =S5 V). (4.56)

Here, the new method appears to lose its charm, at least for calculating
gravitational interactions. With the traditional spherical harmonic multipoles,
one only needs the specific Y;,(6,0) in order to calculate the field, Q,, that
couples to a particular mass moment g, With the real, unnormalized har-
monics, it seems one needs all (n+1)(n+2)/2 unnormalized harmonics of order

n arranged in a square matrix Sy that then needs to be inverted in order the

determine the dual field that couples to (qy) That appears to be a high

nimtrig*
price to pay just to avoid using complex numbers and square roots. Neverthe-
less, let us look at a specific example and see what happens. Use the quadratic

Cartesian polynomials,



n=2,6=0,m=0,cos:
n=2,{=2,m=0,cos:
n=2,¢(=2,m=1,cos:

n=2,¢=2,m=1,sin:

n=2,¢0=2,m=2,cos:
n=2¢=2m=2,sin:

112

x? +y? + 22

-x% - y2 +222

* (4.57)
yz

%2 -y

2xy

to define the second moments of our real, unnormalized spherical harmonic ba-

sis. The factor of 2 is added to the xy polynomial so that the m =2 moments

can be added in quadrature.

: : 2
That is, the quantity \/(qN)222cos +(qn )izzmn re-

mains invariant as the pendulum rotates around the z-axis. This is not neces-

sary, but it is convenient, and it is not difficult to do. In general, sine and cosine

moments can be added in quadrature provided the corresponding polynomials

are of the form

Re((x + iy)m)f(z,x2 + yz) and Im((x + iy)'")f(z,x2 + yz).

The matrix Sy defined by the polynomials in Eq. 4.57 is

(qN )200cos )

|QN)=

(1

\ 0

(4.58)
00 1 0 1M,
-1 00 -10 2|M,
OOIOOOMIZ_SM 450
OOOOIOMW_N|>' (4.59)
1 00 -10 0|M,

20 0 0 Of\M,,

and the matrix of Taylor series coefficients is
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L oo oo o
0 10 0 0 O
c=001000. (4.60)
0o 00 Yoo
0 00 0 1 0
K00000}5

The dual fields can then be expressed in terms of the Cartesian field derivatives

as

1 1
é 0 0 11/6 0 l/6 V,,
-y 000 =My 0 MHhiVy
T 0 0 1 0 0 0 |V,
K =(S'1 C) V)= - 4.61
|"’Q“’>”|>00001ovyy()
i 00 - o0 0|V,
0 yz 0 0 0 0 \Vu
Upon closer inspection, one sees that
% 0 00 0 0)
1
0 Y, 00 0 0
T 0O 0 10 0 O
s C= Sy =KnSn. 4.62
N o 0o o010 ofN NON (4.62)
0 0 003} o
0 0 00 O }{y

Since this is true, you can define fields using the same transformation matrix

used for the mass moments,

1T
|Qn)=Sn|V) ratherthan |KyQy)=Sy ClV), (4.63)

and the total potential energy can be calculated as
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AT -
U =(M[clV)={gn |SN1 Cshll|QN> (4.64)
= (qn [Kn|Qn) where Ky is diagonal.

This is great if it is true in general because if both Ky and C are diagonal

then
1 1
(KN)ntmlri g =
g némtng -1 -1¢T

(K )nlmtrig,nlmtrig (SNC SN)nlmtrig,nlmtrig

1 (4.65)
<. 2 ’
Zl!]!k!(SN )ntmtn‘g,ijk

ijk

and one only needs one row of Sy to calculate a particular energy. For exam-

ple, from Equation 4.59,

((SM)pa0e0s|=(-1 0 0 -1 0 2). (4.66)

One can then apply Equations 4.64 and 4.65, to get

u220C05 = (qN )220COS(KN )ZZOCQS(QN )220cos
_ 1
- (qN )220cos[(_1)2 2!+(_1)22! +(2)2 2 J(QN)BOCOS
) (~Me = My +2My, )(<Vi = Vi +2V,1 )
12 .

(4.67)

Notice one doesn’t need to know that (4x ),y0.0s = (167:/5)1/ 24220 to do the above

Ocos
calculation; one just needs Equation 4.66. Speaking of which, I can more clearly

describe a particular row of Sy by contracting it with {X), the column vector of

Cartesian monomials, such as

«SN )220coshx) = _x2 - yZ + 222' (4.68)



115

The above scheme only works, however, if Ky is truly a diagonal matrix,
and so far I have only proved it is for n=2. First I shall prove it for n =1, but
instead of doing an explicit calculation, I shall invoke general properties of the
spherical harmonic and Cartesian bases that are true for all orders of n so that

the proof can be generalized. What can we say in general about the n=1

spherical harmonic mass moments |q) and fields |Q)? Well, we know they have

the same ¢ = 1 rotation matrices, {D, }. That is,
)=Dilq) and 0)=D/Q) (4.69)

where |7) and |Q> are the row vectors of moments and fields that result from
rotating the pendulum or source mass respectively. The {D;} can be param-
eterized by three Euler angles, but that level of detail is not necessary for this

derivation. What we do need to know is that these 3x3 matrices are unitary,

D! =D;j! forall Dy, (4.70)

and that {D,} is an irreducible representation of the rotation group. For us, the

most important property of an irreducible representation is a corollary of

Schur’s lemma which states

if D,AD;'=A=D{!AD, forallD,, then A=Al (4.71)

where 1 is the identity matrix, and A is some scalar.
The total potential energy is rotationally invariant, and so it should make

no difference whether it is calculated with rotated vectors or not,

u = (3)K|Q) = (4ID7'KDy|Q) = (4IKIQ). (4.72)

Since
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D'KD; =K forallD, = K=kl (4.73)

where k, is some scalar. The “1” subscripts are added to make the notation
consistent with notation used later in this section. Thus simply knowing that
the rotation matrices are the same for both spherical harmonic fields and mass
moments and that those rotation matrices form an irreducible group is enough

to prove that K must be a multiple of the identity matrix, which in fact it is.

K =(—47G/3)I;. For the first moments, the same argument can be applied to the

Cartesian representation whose rotation matrices are {R}.

|[M)=R|M) and |7)=R|V). (4.74)

u =(M|c|v) = (MR'CR|V) =(M|C|V) (4.75)
Since

RICR=C forallR = C=¢l; (4.76)

And in fact it does, C =1;.
Now let us define the the transformation matrices between the Cartesian

and traditional spherical harmonic mass moments and fields as

|9) =SmIM) and Q) =Sy|V). (4.77)

We know the rows of S, are the coefficients of rY,,(6,¢) expressed as Carte-
sian polynomials. What can we say about Sy ? First let us relate D, and R,
4) = D1q)
Su|M) =D;S | M) (4.78)
SyRIM)=D;Sp|M) = R=SyD;Sy.
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Similarly,
|Q>= Dy|Q)
Sy|7)=DiSy|V) (4.79)
S R|V)=D;Sy|V) = R=Sy'D;Sy =SyD;Su.

Since
(Sv)sf}DlSv(SX}Dl— 1) = (Sv)sz_v}Dlsm(SK}Dfl)
D,(SySu|Di' =SySyi forall Dy (4.80)
= SySp=sl; = Sy=55u.
Thus Sy is a multiple of Sy, and indeed itis. Sy =(-1/G)Sp-
The matrices N, U, Sy, and Sy have been defined above (see Egs. 4.53,

4.54, and 4.77) so that

lan) =Sn|M)=NU|g) =NUSy|M) = Sy =NUSy,. (4.81)

Similarly, using Equation 4.80,

|Qn) =Sn|V) = NUSy,|V) = NUs{ 'Sy |V) = NUs; '|Q). (4.82)

By comparing the potential energy calculated in the traditional and the real,

unnormalized spherical harmonic bases,

U = (qK|Q) = (qk:1,|Q)

_ < ) (4.83)
= (qn [N"'Uk 115, U N7 QN ) = (gn [N 2Qn) = (an [Kn1QN)

one sees that

Ky =ks;N? is diagonal. Q.E.D. (4.84)
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Next [ want to prove that Ky is diagonal for n =2 from the same general
properties used to prove the n =1 case above. The rotation matrices, {D}, that

rotate the second moments and fields,

|7)=Dlq) and 0)=DlQ), (4.85)

are unitary 6x6 matrices. Once again, the potential energy is rotationally in-
variant,
U = (7[K|Q) = (4I0™KDIQ) = (glKIQ)

D'KD=K forallD, (4.86)
but {D} is not an irreducible representation.

Thus Schur’s lemma can not be immediately applied. {D} is a direct sum rep-
resentation of the irreducible ¢ =0 representation, {DO} (1x1 matrix), and the

irreducible /=2 representation, {D,} (5x5 matrices). Each matrix D is block

diagonal in Dy and D,. Thatis,
D, 15
D=’ 0 (4.87)
0 D,

where 1°0 represents a 1x5 null matrix and 519 represents a 5x1 null matrix. In

general, it will be useful to break up any 6x6 matrix A into submatices

1 15
A= [ A AJ. (4.88)

It will also be useful to define the ¢ =0 identity matrix and the ¢=2 identity

matrix as
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1y 15, 1y 15,
Ip = 519 S5 and I = 519 551 | (4.89)

IO + 12 =1 Iolo = lo 1212 = Iz lolz = Izlo =0

These can be used to extract the submatrices of A.

A =(Ig + L)A(Iy +13) = [HAly + L AL + LA + LAI
LAl = [1511‘: ;:g] LAI; = (:g 152‘:] (4.90)
LAl = [5111 2 :sg) LAL = (;g slsszj

In this notation, D being block diagonal can be expressed as

D, "o

D=|° & D=1,DI, +1,DI,. (4.91)
0 D,

Now, let’s try once again to apply Schur’s lemma to Equation 4.86. First

re-write it as

DK =KD forallD

(IoDlo + IzDIz)K = K(loDIO + IzDIz) (492)

Multiply both sides of the equation on the left and on the right by I,.

IO(IODIO + IzDIz)KIO = IOK(IODIO + IzDIz)Io
(IODIO )(onlo) = (onlo)(loDlo) (493)
D, l'K=1'KD, forallDy = !MK=k''l & IKI=kl,.

Similarly, by multiplying both sides of the equation on the left and on the right

by I, one gets
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Iz(loDlo + Ilez)KIz = lzK(loDlo + IzDIz)Iz
(I,DI, )(I,KI) = (1K, )(I,DI) (4.94)
D,2K=2KD, forallD, = Z2K=k?I < LKI,=kl,.

To complete the proof, we need another part of Schur’s lemma which concerns

rectangular transformation matrices between representations of different di-

mensions such as {Dy} and {D,}.

If DyA=AD, forallDyand D,then A="0.

51 (4.95)
If D,A=AD, forallDyjand D, then A=""0.

Essentially this states that inequivalent representations can not be mapped into
each other using linear operators. Multiply both sides of Equation 4.92 on the
left by Iy and on the right by I,.

Io(IoDl, + DI, )KI, = IgK(IpDI, + 1, DI I,
(1oD1o )(IoKI2) = (1K1, (I,DI) (4.96)
D,PK=""KD, forallDy,D, = PK="0 < IKI,=0.

Then multiply both sides of Equation 4.92 on the left by I, and on the right by
I,

I,(I4DIy +1,DI,)KIg = I,K(IoDI, + I,DI, )1,
(1,DI, )(I,KIp) = (I,KI, )(IoDIg) (4.97)
D,5'K='KD, forallDy,D, = °K="0 @ I,KI;=0.

By combining the results, one has

K= Iol(lo + 12K12 = kolo + kzlz. (4.98)
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Notice that for the n=2 case, the class of rotationally invariant matrices is a
two-parameter family (k; and k,) whereas for the n=1 case (see Eq. 4.73), the
class of rotationally invariant matrices is a one-parameter family (k).

Once again the Cartesian rotation matrices, {R}, are the same for both the

mass moments, |M), and the potential derivatives, |V'), so that the relationship

in Equation 4.79,

R =S,'DS, =S}iDSy,, (4.99)
still holds, and by applying the same type of argument as we did to the matrix
K above, one can show that

D(SySi)=(SySM)D forallD = SySy;=sols +sl

(4.100)
Sy =(solg +5,12)Sy  and Sy =(s5'1o + 5L }Sy.
From which we can get the relationships
lgn)=NU|g) and QN )= NU(55110 + 52’112)|Q). (4.101)

Here, however, the matrix U must not only be unitary but also block diagonal,

U =1,Ul, +1,Ul,,

so that £=0 and ¢ =2 spherical harmonics are not mixed together. An impor-
tant property of a block diagonal matrix is that
if A= IOAIO + IzAIz,

then A(Aglg + Al;) = (Alg + A212)A. (4.102)

Finally, by comparing the potential energy calculated in the traditional and the

real, unnormalized spherical harmonic bases,
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u

(qKIQ) = (ql(koLp + k212)|Q)
(an [N""U(kolg + oIy )(solg + 5212 )U™NTQn ) (4.103)
= (qn [(kosolo + k25202 )N*|Qn) = {an [Kn]QN ).

one sees that

Ky = (kosolo + k251, )N is diagonal. Q.E.D. (4.104)

If the above proof is repeated for higher order moments,

n=3 Ky =(ksI; + kss313)N72  is diagonal.
n=4 Ky = (kgsolo + kasply + kysqls N2 is diagonal. (4.105)

it can be shown that Ky, is always diagonal.

When designing precision gravity experiments, one not only needs to
know the energies from the planned moments and fields, but also what interac-
tions will arise from the pendulum or source mass being tilted from their nomi-
nal design position. This tells you what tilt tolerances must be maintained if the
gravitational interactions are to remain negligible. Typically, only first-order
tilts need to be calculated as errors resulting from second-order tilts are gener-
ally much smaller than fabrication errors resulting from machining imperfec-
tions and density inhomogeneities. Let us define the rotation matrix of the real,

unnormalized harmonics as Dy;.

|dn)=Dnlan) and |Qn) =DnlQv) (4.106)

One can obtain Dy from the traditional spherical harmonic rotation matrix, D,

by means of the similarity transformation

D, =NUDU™'N"' =Ky/*UDU K}/ (4.107)
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Note that one does not need to know the normalization matrix, N; simply
knowing Ky and U will suffice. If one uses Ky, however, there are ambigui-
ties of sign that result from taking the square root of the diagonal matrix Ky,
but often one is only concerned with the magnitude of the tilt coefficients and
not their sign so this is not a severe handicap. Still one does have to deal with
the factors of 42 and i in U, and there are a lot of square roots in the calcula-
tion that end up canceling in the final result. I prefer to derive the tilt coeffi-

cients from the Cartesian rotation matrix,

Dy =SyRSH = SyRCISI Ky (4.108)

For first-order tilts, Dy is a sparse matrix (i.e., most of its matrix elements are
zero), and it is best not to do a full matrix calculation. Rather, from a qualitative
knowledge of D, one can predict a priori which elements of Dy are zero and
then calculate only the few non-zero elements. To calculate a specific matrix

element of Dy from Equation 4.108,

(DN )nlmtrig,n’l’m’trig' =
-1 T (4.109)
ijktz’j'k’(SN )nlmtrig,iiji/kri'f'k' x'j'k',i’j’k'(SN )i'j'k’,n’l'm'!rig’(KN )n’I'm'trig’,n’l’m’mg’,

one only needs two rows of Sy. This can be expressed more succinctly in bra-

ket form.

(Cc'skkn) (4.110)

(DN)nlmtrig,n'I’m'trig’ = <(SNR)nlmtrig n'l’m'trig’>'

As an example, consider all the mass moments that mix under first-order

tilts into the third moment (qy )331c05. Because tilts can not change the n or ¢



124

eigenvalues and first-order tilts can change the m eigenvalue by at most 11, the

only moments we need to be concerned with are

= 1
Ky 330cos,330cos AO

<(SN )330cos ||X) —3(12 + yz)z +22°
«SN )331cosu )= x(_xz ~y*+ 422) (
((SN)sin)X) = ¥(~2*-y? +42%) (Kn
<(SN)332cos||X> (xz _yz)z (Kn
<(SN ) )= 2xyz ( Ky

)
Ky )331cos,331cos = %0
)3315in,33lsin = %0 (4.111)
)332cos,332cos = %

)

-1
332sin || X 332sin,332sin /1

Under rotation around the z-axis, 8,, the m eigenvalue doesn’t change so only

the (qn )33, MOMent mixes into the (4N ) 3310, Moment. The two row and col-

umn vectors we need for the calculation are

<(SN 331cos ||X -x3-xy? +4xz? and

5 3 ) (4.112)
(X|| sk, 33lsin> =-x‘y -y’ +4yz°.
The effect of the first-order rotation matrix, R, acting to the left,
((SNR) 3105 X) = =23 = 1y + 4x2% + (Py +y° - 4y27)6., (4.113)
is equivalent to the substitution
[x>x-y0,, y—oy+x6,, z-z} (4.114)

The result of the diagonal matrices C! and K} acting on the ket vector is

2

2 3
“1¢T __ Xy 3y yz
(X||(C SNKN )3315in> = 20 20 + 5 . (4.115)

The tilt coefficient is then found by taking the inner product,
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_ -1¢T
(Dn )331cos,33lsin - <(SN R)331cos“(c SnKy )3315m>
3

o 3)0(-3)- (B

(4.116)

or

(QN )331cos = (qN )331c05 - (qN )33151,, 6,. (4.117)

This result is not surprising since we knew that the coefficient would have to be
+1 for rotation of m =1 moments around the z-axis.

Now, let’s perform a calculation whose result is harder to predict, the first-

order rotation around the x-axis, 8,. Since mathematically the (qy);50,;,, MO

ment does not exist, only the (qy ),,,;,, Moment mixes into the (9N ) 331005 MO

ment. The effect of the first-order rotation matrix, R, acting on the ket vector,

((SNR)a1c05) X) = =%° = xy* + 4x2% + (10xy2)6, (4.118)

is equivalent to the substitution

[x—>x, yoy-20,, z-z+yb,} (4.119)
The result of the diagonal matrices C™! and Ky acting on the ket vector is

=Xyz (4.120)

(X||(C‘IS,7\} Kn )332sin> 2

The tilt coefficient can then found by taking the inner product of Equations

4.118 and 4.120, and one gets

(N ) 33108 = (98 )331c08 * 5(4N )a325in O (4.121)



126

For the first-order rotation around the y-axis, 6, , it is the (qn);50., and

(4N ) 33200, MOments that mix into the (4N 33,0, Moment. The effect of the first-

order rotation matrix, R, acting on the ket vector,

<(SNR)33lcos ||X) =-x3 - xy® +4xz% + (—llxzz -y’z+ 423)6y, (4.122)

is equivalent to the substitution

{x—>x+zey, y—oy, z—-)Z—xOy}. (4.123)

There are now two ket vectors,

2 2 3
330 >=_51_03_y1_02+z? and
cOos
(4.124)
<X1|(c-1sT1< ) >="—22--~‘/22
NN 332cos 2 2

(X||(c-ls,'51<N)

which results in the relationship
(N ) 331605 = (4N 33108 +(2(qN J330cos = N 33205 )ey' (4.125)

If the above calculations are repeated for the (qy ),5,.,, MOment, one gets

(4N )3315in = (AN )331in + (-2("” )330c0s ~ 3N )332C°5)9x (4.126)

~5(qn )3325in 6, + (9n )331cos 6,.

Since the potential derivatives have the same rotation matrices,

= (QN)131c05 * (RN 332510 B
+(2(QN )330cos - S(QN )332cos )0.‘/ - (QN )33lsin 92

(QN )331COS (4.127)

and
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= (QN )33lsin * (—Z(QN )330cos - S(QN )332cos )ex

(QN )3325m Yy (QN )33lcose~'

(QN )33ls'm (4.128)

Besides rotations, one also needs to determine the effects of translations of
the pendulum or source mass from their nominal design positions. Define the

translation matrices as

|M)=Tp|M) and V) =Ty|V) (4.129)

where |1\71> and IV) are the mass moments and potential derivatives of a trans-

lated pendulum or source mass. Let us look at first-order translations of mass

moments that mix into (gy ) We will need the following second moments:

331cos”

<(SN )220c0s1X) = — -yt 2zt (Ky )220c05,220c0s = Y2

<( ) | X)= xz (Kn )221cos,221cos =1

<(SN Jo1sin|X) = 92 (KN)a21sin 2215 = 1 (4.130)
<( ) ||X) = x*-y? (Kn)

(SN )sppen | X) = 2%y (Kn)

-1
222¢c0s,222¢c0s /

KN 225m,2225m /1

For the first-order z translation, Az, only the moment (qN)mcos will mix into
(4N )337c0,- The effect of the translation matrix, Ty, acting to the left is

(SN )azro 1 X)
<(SNTM 331cos||X < 331cos||X +A4z < - 33321c°5| (4.131)

= -x° - xy? + 4xz% +(8x2)Az

The result of the diagonal matrices C~! and Ky acting on the ket vector is

-1cT -
(X|.(C SNKN)mCOS>—xz. (4.132)

The translated moment is then
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_ -1¢T
(qN )331cos - (qN )33lcos + <(SNTM )331cos “(C SNKN )221cos >(qN )221cos (4.133)

= (qN )331cos t S(qN )221cosAZ

For the first-order horizontal translations, the m eigenvalue can change by

+1. Thus for the Axtranslation, we have

<(SNTM)331cos IIX) = —x3 - xy? + 4xz? +(—3x2 —yi+ 422)Ax. (4.134)
2 2 2
<X|‘(C‘ls,f,1<~) >= XYL and
220cos 6 6
. ) (4.135)
-1¢T X _Y
<XI‘(C SnKn )222cos> ) 2
(ZiN )331cos = (qN)331cos + (Z(qN )220c05 - (qN )222cos)Ax' (4.136)
And similarly, for the Ay translation, we have
((SNTwt) 331005 | X) = -° = xy? + 4222 +(-2xy)Ay. (4.137)
-1¢T Xy
<x||(c STKy )mcos> -Z. (4.138)
(8 ) 331005 = (M) 331005 ~ (AN ) 2225in BY- (4.139)
If the above calculations are repeated for the (qy ),,,,,, MOment, one gets
(4N )3315in = (AN)3315in = (AN )2224in B (4.140)

+(2(qN )220cos + (qN )222cos )Ay + S(qN )2215in Az.

Next, we would like to calculate the potential derivatives that mix into

(QN ) 3310, under first-order translations of the source mass. From dimensional
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considerations, we know that fourth derivatives mix into third derivatives un-

der translation. Specifically,
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422sin

also need to be considered. Since these n=4, ¢=2 derivatives are second de-
rivatives of the Laplacian, they are identically zero for gravitational fields, but
they shall be included in the calculation as an example of how the method is

generalized to non-Newtonian potentials.

Under a first-order z translation, Az, it is the (Qn),5;.0s 20D (QN ) 441005 9€

rivatives that mix into the (Qy )33, derivative. The effect of the translation

matrix, Ty, acting to the left,

((SNTV 331cos ||X 3 _xy?+axz®+ (—x3z ~ xy*z + 4xz° )Az, (4.143)
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is to multiply the polynomial by z. The result of the diagonal matrices C!and

K acting on the ket vectors is
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441cos 28 28 7
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and so when the inner products are taken, one gets
= _ 8 5
(QN )331cos - (QN)331COS + ;(QN )421 cos + ;(QN )441cos Az. (4.145)

Similarly, for the Axtranslation, one gets
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And for the Ay translation, one gets
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((SNTV)331008 ||X) =2 —xy? + dx2? + -2y - xy® + 4xyz2)Ay. (4.149)
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If the above calculations are repeated for the (Qy ),s,;, derivative, the re-

sult is
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5 Design of Index IV Apparatus and Preliminary Results

5.1 Basic Description

Having made only cursory references to the design of the Index IV appara-
tus so far, I should like to describe the instrument in more detail before pre-
senting the results of the initial data runs using the second harmonic method in
Section 5.3. In simplified form, Figure 5.1 depicts the major components of the
Index IV apparatus. Of these, the components most essential to the detection of
weak forces are the pendulum mass and the torsion fiber. The design of the
composition-dipole pendulum and the compensating lead stacks will be dis-
cussed in Section 5.2. The main beryllium-copper torsion fiber is 30 microns in
diameter, and the weight of the 60 gram pendulum is approximately 75% of the
fiber’s tensile strength. As x, the torsion fiber constant, scales as the diameter
to the fourth power, there is a strong incentive to use a fiber that is as thin as
possible. The main torsion fiber is suspended from an aluminum disk which is
suspended by a shorter, thicker beryllium-copper fiber 150 microns in diameter.
Rare-earth magnets surround but do not touch the aluminum disk. This type of
arrangement, used by Luther and Towler (Luther & Towler 1984), damps out
the swinging and rocking modes of the pendulum by means of eddy currents in
the aluminum disk without degrading the torsional Q because the thick fiber is
torsionally stiff. The top fiber support rotates inside the vacuum chamber in a
silicon carbide bushing , and it is driven by a dc motor outside the vacuum
chamber and thermal wall by means of pin-and-slot couplings. This allows the
pins to be backed off between moves for better thermal and seismic isolation,

but it also
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Figure 5.1. Major components of the Index IV apparatus.
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prevents us from using move profiles that require a controlled reversal of rota-
tion of the fiber support.

The azimuthal free oscillation of the pendulum mass is detected by the op-
tical system. A visible red light, semiconductor laser emits a beam downward
that passes through a 4 mm aperture, a convex focusing lens, and a beam split-
ter. The beam then enters the vacuum chamber, goes down a brass tube,
bounces off a 45 degree diagonal mirror, bounces off one of the top and then
bottom mirrors of the eight-sided edge reflector mounted on top of the pendu-
lum mass, and then it returns via the diagonal mirror to the beam splitter where
part of the beam is directed to a split photodiode to be detected. The total opti-
cal path is about 2 meters long. In order to maintain gravitational symmetry,
there is a dummy optical path on the opposite side of the vacuum chamber
which has neither a laser nor a photodiode. The laser beam is focused in the
plane of the photodiode to a diameter of approximately 0.5 mm. The size of the
beam is limited by both the diffraction off the 4 mm aperture and by the image
size of the active element of the laser magnified by the 36 mm focal length con-
vex lens. As mentioned in Section 2.4, the diagonal mirror is vertically split
with a dihedral angle between the mirror halves that is slightly less than 180
degrees. This results in two crossings, separated by about 0.05 radians, off each
face of the eight-sided edge reflector as the pendulum oscillates back and forth.

As the reflected beam sweeps across the split photodiode, each half gener-
ates a current proportional to the total illumination falling on that half. These
currents are then converted into voltage signals by transimpedance amplifiers,
and both a sum and difference voltage are generated. When the sum signal ex-

ceeds a certain threshold, the microprocessor is “armed” to record the next
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crossing, and the next time that the difference signal passes through equality
(i.e., when the laser spot is perfectly centered between the two halves of the
photodiode), the crossing time is captured to the nearest 0.5 microsecond and
stored in memory. By noting whether the difference signal passes through
equality from above or below, the microprocessor can determine the direction
of the crossing as either counter-clockwise (a “1” type crossing) or clockwise (a
“2” type crossing). For a typical crossing speed of 0.025 radians/sec, the dura-
tion of the 0 to 5 volt transition of the difference signal is about 5 milliseconds.
This is far too short to be able to filter out any errors from the swinging, rocking
or bouncing modes of the pendulum which unfortunately are presently the
largest source of additive noise even with the first-order tilt immunity provided
by the edge reflector and the passive suppression of these modes by the mag-
netic damper.

The measurement of the crossing time is not instantaneous because capaci-
tors are placed in the electronics to filter out high frequency electronic noise and
reduce the photon shot noise limit. Thus the effective integration time of the
crossing is approximately 0.1 millisecond, and the measured time of the cross-
ing is delayed from the true physical time of the crossing also by about 0.1 mil-

lisecond. As long as the delay is identical for each of the crossings, the phase

parameter t,, absorbs all of these errors in the 10-parameter fit, and the signal
parameter A, remains unaffected. In order for all the delays to be identical, the
difference voltage vs. time should be perfectly linear as it passes through
equality. If higher order curvatures are not negligible over the effective integra-
tion time, then velocity-dependent time lags can result. The 0.1 millisecond in-

tegration time is sufficiently short to make the velocity-dependent time lags



136

negligible yet sufficiently long so that the crossing error is neither electronic
noise nor shot noise limited. The measured angular rms error per crossing is
about 30 nanoradians which results from the swinging, rocking, and bourncing
modes of the pendulum, and so increasing the integration time will not further
reduce the error per crossing.

The inside of the vacuum chamber is maintained at a pressure of 107° torr
by an ion pump. Prior to starting the ion pump, bake-out heating coils are used
overnight to accelerate the outgassing of water vapor and other volatiles from
the vacuum chamber surfaces, and the vacuum chamber is then evacuated by a
mechanical fore pump. At 107 torr, the mean free path of the air molecules is
larger than the dimensions of the chamber, and as the gas proceeds from the
hydrodynamic to the ballistic regime, the viscosity drops making the air
damping negligible compared to the internal losses in the fiber (see Section 4.2).
Reducing the density of the air also reduces torques resulting from temperature
gradients from one side of the chamber to the other. Molecules bouncing off
the “hot” side recoil on average at a greater velocity than those bouncing of the
“cold” side of the chamber.

Since the Index IV apparatus was originally designed to utilize the fre-
quency method, great care was taken to ensure temperature stability of the fi-
ber. The apparatus is inside a room with fiberglass insulation inside a man-
made granite cave that is sealed off by a cinderblock wall. The diurnal tem-
perature variation inside the room is on the order of 10 milliKelvin. The appa-
ratus is constructed with alternating metallic shells and insulating layers. There
are ten small actively controlled heaters placed throughout the apparatus

whose temperature setpoints are individually adjustable by means of thermis-
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tors and potentiometers placed in resistance bridges. By measuring the fre-
quency of thermistors in RC circuits, the microprocessor can monitor the tem-
perature at 15 locations in the apparatus, 10 of which are coincident with the
temperature controllers. Because the torsion fiber is so thin, its radiative cou-
pling to the environment is comparable to the conduction heat transfer down
the fiber. A hollow copper cylinder has been placed inside the vacuum cham-
ber around most of the length of the torsion fiber in order to provide a thermal
mass whose temperature is more stable than the vacuum chamber wall. Our
best measure of the change in fiber temperature is the change in the fitted fre-
quency of pendulum oscillation. From this, we have determined that the effec-
tive time constant of the response of the fiber temperature to changes in the
ambient room temperature is on the order of 14 hours.

In order to reduce the magnetic field inside the vacuum chamber, three
sets of Helmholtz coils cancel the local magnetic field of the Earth, and compen-
sating magnets are placed around the ion pump to reduce the stray field from
the ion pump’s permanent magnet. In addition, a single-layer, high-
permeability metallic shield is placed just outside of the vacuum chamber. A
diminishing 60 Hz current is run through annealing coils around the shield any
time the shield is rotated or the Helmholtz coils are turned off and on in order
to remove residual magnetization in the shield. We have measured the mag-
netic field inside the shield after annealing, and the horizontal component is
less than 20 microGauss. The magnetometer can not reliably measure fields

smaller than this because of currents in the wires that supply it power.
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Figure 5.2. Block diagram of computer and electronic systems of Index IV.

The basic interconnections of the computer and electronic systems at Index
are shown in Figure 5.2. The two major components are a Motorola HP11C mi-
croprocessor and a Macintosh Ilci personal computer. Not having the computa-
tional overhead of an operating system, the Motorola HP11C is fast, simple, and
reliable, and it is tasked with real-time control and data acquisition. We pro-
grammed the Motorola HP11C using the Forth programming language which is
a step up from assembly code but it lacks such niceties as floating-point arith-
metic. The higher level programming is done on the Macintosh Ilci using Lab-
View virtual instrument software, and it communicates its requests for fiber

support moves, recent photodiode crossing times, or thermistor readings to the



139

Forth software on the Motorola HP11C via a serial line. The time-critical tasks
of the Motorola HP11C are performed on interrupts so that the communications
with the Macintosh do not interfere with them. These time-critical tasks are
very basic, and so the Forth software is rarely modified. Most modifications are
made to the LabView software, and since the LabView software uses an intui-
tive icon-based wiring diagram approach, no specialized programming knowl-
edge is required, and undergraduates can start modifying programs very
quickly after joining the research group. Another nice feature of LabView is its
interactive operating environment. The operator can display as many or as few
of the sub-virtual-instrument panels of a program that he wishes while the pro-
gram is running. These sub-virtual-instrument panels can also be run as main
programs by themselves. This aids debugging and is conducive to both bot-
tom-up or top-down styles of programming.

The speed of the dc motor that rotates the fiber support is varied by the
voltage from an 8-bit DAC controlled by the Motorola HP11C. The rotation of
the motor is monitored by a 4096-step encoder. Using the encoder output, the
speed of the motor is controlled during moves by a closed feedback loop that is
updated every 4 milliseconds. Although all data used for analysis is acquired
between moves during the free oscillation periods, having reasonable control of
the motor is important so that the oscillation amplitude immediately after the
move is close to the target value. This ensures that the oscillation amplitude in
the eight different fiber support positions is nearly identical, and this in turn
reduces one’s dependence on the amplitude correction software (see Sections
4.3 and 5.3). Although our control in stopping the motor is only 1/4096 circle =

0.0015 radian, the precision with which we can determine the equilibrium posi-
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tion of the oscillator is much greater. From the C, 6, and 6, parameter esti-
mates of a 10-parameter fit, the equilibrium position of the pendulum can be
measured to better than 10~ radians-much better precision than is required.

We use a phone line at the Index cave that was put in by the Robbins
Company when they were actively boring the tunnel. The Macintosh Ilci has
Timbuktu Pro software installed which allows us to call up via modem and
control the Macintosh Ilci at Index from a Macintosh in our laboratory in Seat-
tle. The screen of the Index Macintosh is reproduced on the screen of the Seattle
Macintosh, and the Seattle Macintosh’s keyboard strokes and mouse move-
ments are transmitted up to the Index Macintosh. Thus we can start data runs
remotely and transfer the data back down to the lab. The Macintosh llci also
has a LabNB board installed that is controlled by the LabView software. The
LabNB board has TTL digital out put lines that allows us to remotely switch
various components off and on such as the Motorola microprocessor’s reset line
and a dehumidifier in the room that is cycled on and off overnight prior to
opening up the vacuum chamber. The LabNB board also has a multiplexed 12-
bit ADC that allows us to read various external transducers. During data ac-
quisition, the most important transducer is the seismometer because there is a
Burlington Northern rail line that runs about 500 feet away from the experi-
ment. Needless to say, the ground motion during the passage of a train is ex-
cessive, and the seismometer data is used to reject from the data set those peri-

ods of pendulum oscillation that occur during the train passage.
5.2 Gravitational Pendulum and Lead Mass Design

In designing a torsion pendulum experiment to detect a composition-

dependent force due to baryon-baryon coupling, one wants to choose materials
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for the two halves of the pendulum that have a large contrast in baryon number
per unit mass, Ab. As the choice of materials is not specific to the second har-
monic method, the relative merits of various pairs of materials have been dis-
cussed by others (Stubbs et al. 1990; Nelson et al. 1990), and I shall not go into
extensive detail on this topic. Rather I shall simply try to motivate our choice of
beryllium and magnesium for the two halves of our composition-dipole pen-
dulum. We had a strong preference for metals because they are strong, hard,
easy to machine, and generally have good density homogeneity. They are elec-
trically conductive, which alleviates electrostatic effects, and they can be elec-
troplated or evaporated with other even less reactive metals such as gold. They
have low volatility and are therefore suitable for high vacuum conditions. The
elements with the greatest variation in baryon number per unit mass are the
lighter elements, and this is helpful since we want to use low-density materials
to reduce gravitational systematic errors. Many of the leading gravitational in-
teractions result from second and higher moments of the pendulum due to ma-
chining errors, and so there is an advantage to using low-density materials so
that a machining tolerance of a given thickness results in smaller machining-
error mass moments. Another advantage of the lighter elements is that they are
not ferro-magnetic and they tend to have very small magnetic susceptibilities.
This is essential in order to reduce systematic errors due to magnetic interac-
tions.

The metallic element with the lowest baryon per unit mass, b=0.99770, is
lithium, but as with the other alkali metals, it is too reactive to be used in pure,
metallic form in ordinary laboratory conditions. The next metallic element, be-

ryllium, b=0.99865, is more stable. Its primary disadvantage is that if it is in-
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haled in particulate form, it is highly toxic (ultimately fatal) to a small percent-
age of the population. The machining of beryllium is therefore expensive since
it can only be done at specialized shops that can properly handle airborne haz-
ardous materials. Despite this, our group felt that the low baryon per unit mass
of beryllium justified its expense. Which light metals have a contrasting high
baryon per unit mass? The natural candidates are magnesium and aluminum.
We settled on magnesium for the second metal because its density is closer to
that of beryllium, and this simplifies the gravitational design of the pendulum.
The contrast in baryon per unit mass for our Index IV pendulum is therefore

Ab = by, — b, =1.00062 ~0.99865 = 0.00197. (5.1)

Another important consideration is the choice of torsion fiber material.
For a fiber that can support a given weight pendulum, one would like the larg-
est deflection per torque possible. The figure of merit for fibers is therefore

(tensile strength)2
shear modulus

(5.2)

Our group has chosen beryllium-copper for the torsion fiber at Index IV. Two
other commonly use materials, tungsten and quartz, have superior figures of
merit. Tungsten, however, displays more non-linear behavior than beryllium-
copper, and so we are reluctant to use it for an oscillating torsion pendulum ex-
periment, and the tensile strength of quartz fibers degrade well below their
theoretical value when stressed in the presence of moisture. In order to use
quartz, the apparatus must be designed so that the fiber is not placed under
tension until it is in a vacuum. Newman (Beilby et al. 1994) has achieved qual-

ity factors as high as 300,000 with bare quartz fibers, but bare quartz is not elec-
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trically conductive and thus does not provide a good grounding path to prevent
electrostatic charges from building up. He has tried several types of conductive
coatings, but they all degrade the quality factor of the fiber to less than 1000.
Our group is considering quartz fibers for future generations of experiments,
but until these problems are solved, they are not feasible for use with our pre-
sent Index IV apparatus.

The deflection per unit torque can also be increased by making the torsion
fiber longer. The torsion fiber of the Index IV apparatus is 70 centimeters long,
and it can not be lengthened without constructing a new vacuum chamber. The
length of the fiber belongs to a class of design parameters for which there is no
fundamental limit or well-defined optimum. The limit is placed by one’s abil-
ity, one’s patience, one’s funding, or simply reaching a point of diminishing re-
turns. Similarly, the optimal value for the machining tolerance in fabricating
the pendulum, or the optimal value for temperature variations of the fiber, or
the optimal value for ambient gravity gradient variations due to changes in the
local water table are all the same: make them as small as possible. In order to
have a well-posed optimization problem, one must assume that easy methods
for reducing these quantities have been exhausted, and one should therefore
treat them has hard constraints within which one tries to maximize the signal
strength by varying the remaining free design parameters.

When we were designing the pendulum for the Index IV apparatus, the
materials for the two halves of the pendulum, the fiber material, and the length
of the fiber were chosen. The general construction of the pendulum also had
been determined. The basic mass distribution was essentially equivalent to two

thick rings enclosed in a thin cylindrical can with small, eight-sided edge reflec-
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tors on the top (to reflect the laser beam) and bottom (to match the top mirror
for gravitational symmetry). This left four free design parameters-the mass of
the pendulum, the radius of the pendulum, the height of the pendulum, and the
diameter of the fiber-that could be adjusted to maximize the signal. The
height/radius ratio of the pendulum is constrained by the requirement that the

cylindrically symmetric second moment, Mapcos = =My, — My, +2M,,, be

made zero. This ensures that there are no second moments in the design that
can mix into the offending “2-1” moments, M,, and M,;, if the pendulum is
hung slightly off-center causing its axis of symmetry to tilt away from true ver-
tical. Since most of the mass is concentrated in the two rings that determine the

height and radius of the cylinder,

height = N2 radius = size o< height o< radius, (5.3)

and the two free parameters “height” and “radius” are replaced by a single lin-
ear dimension “size”.

Because the composition-dipole moment of the pendulum, p,, increases
with size (see Eq. 2.11), one might naively assume that the pendulum should be
as large as possible. However, the mass moments that couple to gravitational
field gradients also increase with size. The leading “2-1” moments, M, and

M,,, result primarily from machining errors, and so they increase by two fac-

yz/
tors of “size” because of the increase in machined surface area and another two
factors of “size” because they are second moments. Thus

IME+ M2, et
"2~ 1" signal o« Y2 V2 o FTEE_ (5.4)

K K
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Obviously, the gravity interactions get bigger much faster with size than the
signal does. One is inclined therefore to go to the other extreme and try to
make the pendulum as small as possible. When we were designing the Index
IV pendulum, we intended to use the frequency method, and so we were con-
cerned about the limit imposed by temperature variations in the fiber. These
variations are solely a function of the temperature coefficient of the shear
modulus of the fiber and are independent of the diameter of the fiber or the
mass and size of the pendulum. It does not make sense to reduce the size of the
pendulum to further reduce the gravity gradient couplings once the frequency
variations have become the dominant systematic error. Although we did not
have exact numbers for what those variations were, we had some rough esti-
mates, and the optimal pendulum size for a given fiber diameter is that which
makes the gravitational and temperature variations roughly equal in size. This

constraint imposes the relationship

"2-1"signal = (éﬂ

) = size o< k4. (5.5)
@, temperature

The above relationship (Eq. 5.5) only limits the size of the pendulum, not
its mass. For a given diameter fiber, the upper limit on the mass is set by the

tensile strength of the fiber, and this imposes the relationship

mass o< weight o< diameter* and K o diameter® = K o mass®. (5.6)

Having been constrained by the relationships in Equations 5.5 and 5.6, the sig-

nal strength scales with pendulum mass as

. 12
mass *size  mass * mass 1
CDF signal = oc = , 5.7
'S mass* massY? ©.7)
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and it appears that the optimum pendulum mass is zero. This is not correct be-
cause we have assumed that the composition-dipole moment is proportional to
the total mass of the pendulum when in fact it is only proportional to the “ac-
tive” portion of the mass comprised of he beryllium and magnesium halves.
There is also a “dead” portion of the mass, the eight-sided edge reflectors,
which neither contribute to the signal nor scale with size. Given the optical de-
sign, the eight-sided edge reflectors must be able to reflect 2 mm diameter laser
spots, and therefore they can not be made smaller. The weight of these mirrors
(about 2 grams each) has to be supported by the fiber, and so the diameter of
the fiber can not be made arbitrarily small. A more realistic scaling of the signal

strength is

(mass — mirror mass)size  (mass — mirror mass)
oc 33 . (5.8)

CDF signal o<
gn K mass

This scaling of CDF signal versus mass is plotted in relative units in Figure 5.3,
and the maximum signal is obtained for a mass that is three times the mirror
mass.

The actual mass of the Index IV CDF pendulum is 60 grams, and the total
mass to mirror mass ratio, 60/(2+2)=15, results in a signal strength that is
roughly 63% of optimal. To be totally honest, our original design process was
not as systematic as the optimization presented above, and we erroneously re-
lied on a more intuitive sense of what constituted a reasonable total mass to
mirror mass ratio. Hindsight, of course, is 20-20. Here, our decision to use be-
ryllium in the Index IV CDF pendulum has come back to haunt us because it
becomes much more expensive to make small revisions to the pendulum de-

sign. Even if we had made a new pendulum, it would have been a wasted ef-
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fort once we switched from the frequency method to the second harmonic
method because then the temperature variations are no longer a leading prob-
lem, and the rocking modes of the pendulum therefore replace the temperature

variations as a constraint in

signal (relative units) I

1.2 e T e

signal (relative units)

0 2 4 6 8 10 12 14 16
mass/(mirror mass)

Figure 5.3. Plot of how CDF signal strength scales with the mass of the pendu-
lum. The pendulum design is constrained by gravity gradient interactions,
variations in the fiber temperature, and the “dead” mass of the mirrors that

don’t contribute to the signal. Theoretically, the total pendulum mass should

be three times the mirror mass.

the optimization problem. Even designing to those new criteria could have
been a mistake because as I am writing this section (April 99), we have looked
more closely at the error propagation of the optical system once again, and

there are indications that the additive error per crossing due to the rocking

modes can be reduced by more stringent optical alignment. Although this has
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yet to be confirmed, there is hope that the Index IV experiment could become
thermal-noise limited, and that would change the optimization problem yet
again. This experience emphasizes that it is not the details of a particular opti-
mization which are important since the optimization problem will change as
improvements are made, but rather it is more important to have a firm theoreti-
cal grasp of all the various noise processes and systematic errors so that the de-
sign can be altered as conditions change. That is why [ have dedicated the ma-
jority of this thesis to presenting my best understanding of those noise proc-
esses and systematic errors.

Besides the CDF Index IV pendulum, our group has also constructed a
null pendulum that is made entirely of magnesium and therefore has zero
composition-dipole moment. By getting a null result with the null pendulum,
we feel more confident that we have truly suppressed most systematic errors
which makes the results from the CDF pendulum much more credible. The
magnesium end caps, which form the top and bottom of the cylinder in both the
CDF pendulum and null pendulum design, each have eight circular holes cut
out of them to reduce their mass. Since the edge-reflectors also have eight-fold
rotation symmetry and all the other pieces of the null pendulum are cylindri-
cally symmetric, the only intentional mass moments in the null pendulum de-
sign are m={0,8,16...}. As there are no m=8 mass moments below eighth
moments, the null pendulum design is cylindrically symmetric through seventh
moments. We have also made the null pendulum top-bottom symmetric about
the horizontal mid-plane which makes all the £=0dd, m=0 moments zero.
This leaves only the ¢ =even, m=0 moments to consider. Because our fiber

can not safely support a mass greater than 60 grams, the total mass, the Mgyggcos
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moment, is designed to be 60 grams by choosing an appropriate cross-sectional
area for the main top and bottom rings of the pendulum. In order to provide

tilt insensitivity, the Mpqc,s Moment is designed to be zero by choosing the

appropriate vertical separation between the top and bottom rings of the pen-

dulum. The couplings to a tilted Mgy, moment are small enough to be ig-

nored.

i L]}

I

Figure 5.4. Cross-section of CDF pendulum half-cylinders. In the CDF pendu-

lum, the two dimensions indicated by the arrow and dashes are slightly differ-

ent on the two sides to compensate for the different densities of the magnesium
and beryllium.

The design of the CDF pendulum is very similar to the null pendulum, but
with one small complication: the density of the beryllium and magnesium
halves are not identical. In fact, the “magnesium” half is not actually pure
magnesium but a magnesium alloy chosen because its density is close to that of
beryllium. Even so, the densities differ by 1%, and some of the gravitational
symmetries that were present in the null pendulum design have been broken.
In particular, if the density difference were ignored and both halves were made
with identical dimensions, all the =0dd, m=o0dd moments of the CDF pen-
dulum would fail to be exactly zero. The two most disturbing of these mo-

ments are the M 9. moment because it will shift the center-of-mass and cause
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the pendulum to tilt and the M3)o.,s moment because it can interact directly
with the V310005 and Viigsin components of the local gravitational potential and
produce a false m=1 signal. Figure 5.4 displays a cross-section through the
magnesium and beryllium halves of the CDF pendulum (the endcaps and other
pieces of the pendulum are not shown). The thickness of the 180 degree arcs of
the top and bottom ring masses (indicated by arrows in Figure 5.4) are made
slightly different in the magnesium and beryllium halves. Similarly, the thick-
ness of the cylindrical walls (indicated by dashes in Figure 5.4) are made
slightly different in the magnesium and beryllium halves. These two degrees of

freedom in the design allow the Mjjgcs and Ms3p.os to be re-zeroed.
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Figure 5.5. Side view of an ideal, 100-meter, semi-infinite granite cliff and the
V,, gravitational potential at the cliff face as a function of height.
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Although all the important gravitational mass moments have been de-
signed to be zero, there remain the mass moments due to machining errors.
The most significant of these are the “2-1” mass moments which produce the
largest contribution to a false cos(¢) or sin(¢) signal. In a Cartesian basis, these
moments are M,, and M,,, and they couple to V,, and V, derivatives of the
local gravitational potential. This is unfortunate considering the placement of
the Index IV apparatus, which is at the bottom of a cliff face. Figure 5.5 illus-
trates the problem for an ideal, semi-infinite, 100-meter granite cliff face, a rea-
sonable first approximation of the cliff face at Index. The ideal placement for a
torsion pendulum experiment would be half way up the cliff face where V,, is
zero. Needless to say, the Robbins Company did not find 50 meters up the cliff
face the most convenient location to drill a test tunnel, and so the actual lo-
caltion of the tunnel is at the base of the cliff where the V,, reaches a maximum,
and actually becomes infinite for a cliff with idealized, perfectly sharp corners.
The actual V,, inside the tunnel is on the order of 1000 Eot = 10®sec™2. If no
attempt is made to cancel this gravitational potential derivative from the cliff,
we see a false signal of 400 nanoradians of second harmonic due to couplings to
the M,, and M,, moments of the CDF Index IV pendulum.

Since the goal of the Index IV experiment is to measure the m =1 signal to
sub-nanoradian accuracy, this is clearly unacceptable and the local V,, potential
must be cancelled. The concept for canceling the V,, potential is similar to the
field compensators used by the Eot-Wash group (Su et al. 1994), but since we
have a much larger initial potential, our compensator is more massive—about
1000 pounds of lead. Although the magnitude of the uncancelled V,, potential

is larger at the Index IV site than the Eot-Wash site, the time variation in the V,,
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potential is actually smaller because the granite cliff is less porous and the effect
of changes in the water table due to seasonal rainfall is therefore less. The goal

of the compensator is to reduce V,, and V,, to less than 1 Eot, a factor of 1000

reduction, and thereby reduce the false m =1 signal to less than 0.4 nanoradians
of second harmonic. This factor of 1000 reduction in ‘/VXZ: + Vyz: can be empiri-
cally verified using a pendulum with an exaggerated M,, mass moment. The
ratio of the exaggerated M,, mass moment to the CDF pendulum M,, mass
moment is about 500. This has been empirically determined by taking data
with both pendula in the uncompensated cliff V,, potential, and then taking the
ratio of their m =1 signals.

The next m =1 potentials to worry about are the “3-1" third derivatives of
the potential. We have constructed a pendulum with an exaggerated “3-1"
mass moment, and we empirically measure an m =1 signal of 50 nanoradians of
second harmonic in the uncompensated cliff field. At first glance, this seems
remarkably small considering that the exaggerated “2-1” pendulum produces
an m =1 signal of 20,000 nanoradians. The mystery is solved by looking at how
the various potential derivatives integrate. If you have an arbitrary density
function that depends only on the spherical co-ordinates 8 and ¢ and is inde-
pendent of r, and you then integrate over that density distribution between

r=a and r =b, the “3-1” potential,

j ﬁp (6. "’ £(6.9) 10,24, - constx(%—%), (5.9)

is finite even in the limit as b— c. Its magnitude is dominated by the value of

the inner radius, a. Similarly, the “4-1"” potential,
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_ 4
J'r::ﬁ P (e'¢):;1 (@, ¢)er2dr = const X (;1-2- - biz) (5.10)

is also finite in the limit as b — . The “2-1” potential, however,

J'::ﬁ P (6'¢):;12(0'¢)dﬂr2dr = const x ln(-g) (5.11)
diverges logarithmically, and therefore can become arbitrarily large. Although
we have not empirically verified the ratio of the exaggerated “3-1” mass mo-
ment to the “3-1” mass moment of the CDF pendulum, we believe it greater
than 100, and so the “3-1” potential from the cliff does not have to be compen-
sated in order to achieve sub-nanoradian accuracy with the CDF pendulum.
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Figure 5.6. Cross-section of lead compensator mass in the vertical xz-plane. All
of the mass is placed in the positive xz quadrants to maximize the “2-1” poten-
tial, V,,. The positive and negative regions of the “4-1” potential are indicated.

The “4-1” potential of the compensator is designed to be zero. The scale is in
inches.
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The “3-1” potentials and “4-1" potentials from the cliff are negligible be-
cause of its distance from the pendulum. If care is not taken, however, the “2-1"
compensator can inadvertently create “3-1” potentials and “4-1” potentials be-
cause the inner radius of the compensator is only 6 inches. The lead plates of
the compensator are designed with point inversion symmetry about the pen-
dulum. This naturally produces a large V,, by only placing mass in the quad-
rants for which V, is positive, but it also has the advantage of making all the
¢ =o0dd potentials zero. Most importantly, the “3-1” and “5-1” potentials are
made zero. The “4-1” potential is made zero by choosing the appropriate
height for the lower edge of the stack (seeFigure 5.6). The stacks then straddle
the “4-1” potential nodes and have mass in both the positive and negative re-
gions. Similarly, the exaggerated “2-1” pendulum is also designed with point
inversion symmetry, and the height of the half-rings is chosen to make the “4-1"
mass moment zero. The first m =1 interaction between the lead compensator
and the exaggerated “2-1” pendulum after ¢ =2 is the “6-1" interaction which is
a factor of 24,000 weaker than the “2-1” interaction. Since we only need to trim

V,, by a factor of 1000, this “6-1" interaction can safely be ignored.

In fact, both components of the “2-1” potential, V,, and V,

4z» Need to be

cancelled to 1 Eot, and this requires two degrees of freedom in the lead com-
pensator. The lead compensator can be rotated to an arbitrary azimuth, but
changing the magnitude of its “2-1” potential requires unstacking and restack-
ing the lead plates in order to preserve inversion symmetry. That process is too
tedious to be used for the final steps of trimming the “2-1” potential. The lead
compensator mass was therefore designed to compensate for 98% of the cliff

field, and the final 2% of the field (20 Eot) is trimmed by a stack of 6 lead bricks
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placed a distance of 24 inches from the pendulum. To trim both V. and V. to

1 Eot, the azimuthal and radial position of the stack is moved iteratively and
data is taken with the exaggerated “2-1” pendulum until the cancellation of the
“2-1” potential is verified. The stack of lead bricks is placed on cinder blocks so
that the vertical extension of the stack straddles the “3-1” node line and thus
does not significantly alter the “3-1” potential. The stack is small enough and

far enough away to not be a concern for the “4-1” potential.
53 Preliminary Index IV Results

Now that the theory of the second harmonic method and the design of the
Index IV apparatus has been presented, | am ready to answer a question would
naturally be posed by many experimentalists. “When the method is applied to
a real apparatus, does it actually work?” To answer this, I will present a set of
ten data runs, each approximately 3 days in duration, which comprise our
group’s best data set to date with the Index IV apparatus. The results are des-
ignated “preliminary” because the set of data was a diagnostic set of runs taken
after we had placed a cylindrical copper insert inside the vacuum chamber to
see if it would reduce the slow temporal variations in signal that our group had
observed in out initial set of runs. We believed this wandering signal resulted
from ballistic molecules outgassing from the aluminum surface of the vacuum
chamber and then striking the surface of the composition-dipole pendulum.
Since the average momentum transferred from the gas molecules to the pen-
dulum depends upon the surface roughness, there was a differential torque ap-
plied to the outer magnesium and beryllium surfaces because the roughness of
their machined surfaces differed even though they were geometrically identical

on a macroscopic scale. Our group believed that the majority of the outgassing
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molecules came from a weld site in the vacuum chamber. If our conjecture
were true, then placing a cylindrical copper insert inside the vacuum chamber
between the weld and the pendulum should remove the observed slow varia-
tion in signal due to the outgassing, and the results from the different runs in
the data set should be statistically consistent with one another unlike those of
the initial data set. The purpose of this set of ten data runs was to prove or dis-
prove this hypothesis. As it turned out, the cylindrical copper insert did indeed
remove the problem.

In terms of how the data is analyzed, there is no difference between diag-
nostic runs and true data runs that are to be published, and at first glance, this
emphasis on what appears to be a merely psychological distinction may seem to
be overly fastidious. All statistical measures of significance, however, demand
that an a priori decision be made as to size of the data set and the criteria for re-
jection of data. Deciding these things after “peeking” at the data is a dangerous
game that can open the door to unintentional bias. The capacity of the human
mind to see the patterns it wants to see in data is truly phenomenal, and with-
out the straightjacket of rigorous statistical protocols, all sorts of mischief can
result. This is particularly true of null experiments where one “knows” what
the result should be, and one’s psychological reaction to a null and a non-null
result are distinctly different. So for the sake of truth in advertising, I want to
emphasize that decisions about the size of the data set and rejection criteria
were not consciously made prior to taking this data set of 10 runs. Our sole
purpose was to determine the efficacy of the cylindrical copper insert. If it was
successful, we were then going to go ahead and take a true set of data runs for

publication. Unfortunately, there have been other systematic effects that we
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have been busy identifying and eliminating. All of these subsequent systemat-
ics, however, appear to rotate with the vacuum can and can therefore be sub-
tracted off from the true couplings to the cliff and Earth. Let me put off further
discussion of these systematic effects until I have presented the results of the set
of 10 data runs.

Although this data set is a little suspect for the purposes of making an en-
tirely unbiased claim about the existence or non-existence of a composition-
dependent force of a given magnitude, it is perfectly adequate to meet the less
stringent requirements of this thesis. Namely, does the data demonstrate that
the second harmonic method is a useful torsion pendulum method with suffi-
cient promise to merit further application? My admittedly biased opinion is
that it does.

| shall now concentrate on one of the 10 data runs, 2/27/97.1, as represen-

tative of the data set.
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Figure 5.7. Plot of 10-parameter estimates of oscillation amplitude versus time.

There is one fit per oscillation period. The slow decreases in oscillation ampli-

tude are caused by internal losses in the fiber. The sudden increases in ampli-
tude occur when the fiber support is rotated to a new position.

During 2/27/97.1, the fiber support was rotated 24 times, and after the end of
each move, the pendulum was allowed to freely oscillate for 21 oscillation peri-
ods (about 2 hours and 40 minutes) before the next move was begun. For each
of these 21-period strings of data, parameter estimates from 20 separate 121-
type 10-parameter fits could be obtained. The parameter estimates of A versus
feq (i.e., oscillation amplitude versus time) are plotted in Figure 5.7. Looking at
Figure 5.7, one can see the oscillation amplitude is mostly constrained to a fairly

narrow range between 231° and 234.5". This is desirable because it reduces the



159

dependence on amplitude correction software to normalize all the results to a
nominal amplitude. The amplitude range could be restricted even further by
moving more often, but this reduces the effective duty cycle of data collection
because there is no useful data collected during the moves and also a portion of
the data immediately after each move has to be rejected to allow for the fiber
relaxation transients to sufficiently attenuate (see Section 4.2). In order to have
the same oscillation amplitude after the move as before the move, the nominal
move strategy is to start a uniform speed move just as the pendulum is passing
clockwise through the fiber equilibrium position, match the rotation rate of the
fiber support to the angular speed of the pendulum so that the rotation speed of
the pendulum is constant during the move, and then stop the rotation of the fi-
ber support when the desired new equilibrium position is reached. Since the
angular kinetic energy of the pendulum is the same at the end of the move as it
was at the beginning, the pendulum will resume its original oscillation ampli-
tude when the move ends. When the damping due to internal fiber losses is
taken into account, the goal is to have the amplitude after the move to be
slightly greater than at the beginning of the move, and so the move is begun
slightly earlier than the pendulum'’s passage through the equilibrium position
so that energy is imparted to the pendulum during the move.

Data need to be acquired with the equilibrium position of the fiber cen-
tered on each of the eight mirror faces of the edge-reflector. Since we want to
spend as little time as possible moving the pendulum, one might think that we
simply rotate the fiber support by 45° to the next mirror face during each move.
In fact, we rotate it 225° (5 mirror faces) during each move. There are two rea-

sons for this. Looking at Figure 5.7, one can see that the amplitude range of the
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first few positions is somewhat lower than the subsequent positions; it takes a
few moves before the amplitude range settles into a steady-state value. This
convergence towards a steady-state amplitude range is more rapid for 225°
moves than it would be for 45° moves. The second advantage of 225° moves is
that they “chop” an m =1 signal at a higher effective frequency than do 45
moves, and therefore we gain greater immunity to whatever slow drifts in the
second harmonic amplitude may exist.

Of all the parameter estimates of the 10-parameter fit, it is the second har-
monic amplitude estimates, A,, that are most important because they are used
to detect the existence of any external potential coupling, U,,;(6). The raw 121-
type 10-parameter estimates of the second harmonic amplitude for the data run

2/21/97.1 are plotted versus time in Figure 5.8.
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Figure 5.8. Plot of raw 10-parameter fit estimates of the second harmonic am-
plitude, A, versus time.

At first glance, this data appears fairly ugly when one considers that we want to
achieve sub-nanoradian precision. However, we know that fiber relaxation
transients distort the second harmonic estimate, so we uniformly strip out the
first five periods of data after each move. Simultaneous seismic data was re-
corded during the run, and this allows us also to strip out the data that oc-
curred during train passages since these data have an excessive amount of
noise. There are a few extreme outliers that do not occur during train passages
which we believe are due to spontaneous “fiber quakes”. Since the additive
noise process is quite gaussian, these outliers are very easy to identify and reject
at the 30 level. When all of these data are rejected, the remaining data appear

much better (see Figure 5.9).
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Figure 5.9. Plot of second harmonic estimates after the data has been “cleaned
up”. The first five oscillation periods after each move were stripped out, the
data during train passages move were stripped out, and extreme outliers due to
fiber quakes were rejected. In addition, 121-type and 212-type fits were aver-
aged to eliminate errors due to linear drifts in oscillation frequency.

In addition to throwing out fits we have deemed unacceptable, we have

also averaged the remaining 121-type fits (i.e., fits centered on a clockwise zero-

crossing) and 212-type fits (i.e., fits centered on a counter-clockwise zero-

crossing) to produce Azy estimates. All the fits plotted in Figure 5.9 are Azu

estimates whereas the fits plotted in Figure 5.8 are all simple 121-type A, esti-

mates. As discussed in Section 3.6, these AZ!f fits are immune to first-order to

drifts in oscillation frequency. Figure 5.10 depicts the specific manner in which

we average the fits from each 21-period span of free oscillation data.
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Figure 5.10. For each 21-period stretch of data between moves, 20 of the 121-
type 10-parameter fits and 19 of the 212-type 10-parameter fits can be obtained.
The first 5 periods of data are thrown out, and the remaining fits are averaged

as indicated above to produce 10 AZIf estimates that are immune to linear drifts
in frequency.
Note that for the manner in which the fits are averaged, the 10 A21f fits are non-

overlapping. This is done so that the 10 A21f fits are statistically independent

for additive “white” noise, and therefore the residues of the overall second
harmonic amplitude versus angular equilibrium position (A, vs. ¢) fit that is to
be done (see Egs. 5.12 and 5.13) will provide a statistically reliable estimate of
the error in the m=1 signal. The observant reader might notice that for each

21-period stretch of data corresponding to a single equilibrium position, there

are more than 10 A2lf estimates plotted in Figure 5.9. In fact, before the strip-
ping of outliers and train passage data, there are 20 AZIf estimates per equilib-
rium position, 10 from the “fixed mirror” crossings and 10 from the “movable
mirror” crossings (see Section 2.4), and both are used in the overall A, vs. ¢ fit.
For clarity, only “fixed mirror” estimates were plotted in Figure 5.8.

I have indicated that we use Azzf estimates in our data analysis to gain
immunity to first-order drifts in the oscillation frequency. How serious a prob-
lem are these frequency drifts? To demonstrate the magnitude of the problem,
the 121-type 10-parameter estimates of the frequency, @, for the data run

2/21/97.1 are plotted versus time in Figure 5.11.
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Figure 5.11. Fractional variation in frequency for data run 2/21/97.1. To detect
a signal using the frequency method, a magnitude of one part per billion is
roughly comparable to one nanoradian using the second harmonic method.

Compare to Figure 5.9.

The large secular variation in frequency of about 6000 parts per billion is due to
a variation in the fiber temperature of roughly 30 milliKelvin. The data run
2/21/97.1 was the first run we took after fully re-assembling the apparatus, and
we were not patient enough to wait for over a week for the apparatus to ther-
mally equilibrate. An m =1 signal of 4 parts per billion using the old frequency
method (at 105 degree amplitude) is equal to an m =1 signal of 3 nanoradians
using the new second harmonic method (at 230 degree amplitude), and so a 1
part per billion factional change in frequency is roughly comparable to a
nanoradian of second harmonic. Instead of a variation of 6000 parts per billion,

the total variation of the second harmonic amplitude in Figure 5.9 is bounded
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within a range of 200 nanoradians, and the secular drift in the second harmonic
is imperceptible. Using the old frequency method, a data run with a tempera-
ture variation like that of 2/21/97.1 would simply not be useable, but with the
new second harmonic method, the data run 2/21/97.1 is perfectly adequate.
Thus, the temperature variation problem has been suppressed. In Figure 5.1,
there is also a change in frequency within each 21-period stretch of data due to
the amplitude dependence of the frequency. These variations are caused by
non-linearities in the fiber discussed in Section 4.1, and they would persist even
if there were perfect fiber temperature control. Although these amplitude-
induced linear drifts in frequency are larger in magnitude than the tempera-
ture-induced linear drifts in frequency, they are much less of a concern for pro-
ducing false m =1 signals because the amplitude-induced drifts are very repro-
ducible from one 21-period stretch of data to the next.

To determine the magnitude of the m =1 signal, the second harmonic is
plotted as a function of the equilibrium position of the fiber, ¢, in Figure 5.12.
The equilibrium positions, ¢, for each of the 10-parameter fits can be obtained
from the 8, 6,, and C estimates. The second harmonic estimates, AZIf' for
each of the eight equilibrium positions (corresponding to the eight faces of the
edge-reflector) are averaged together and plotted as a single point in Figure
5.12. Error bars calculated from the scatter within these averages (i.e.,
(variance/ (number of points - 1))¥?) are also plotted in Figure 5.12. Looking at
those error bars, the reader can clearly start to see how nanoradian precision

can be extracted from a 3-day run such as 2/27/97.1.
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Figure 5.12. Plot of second harmonic amplitude versus equilibrium position
(Ayy vs. 9)- In each of the eight positions, all of the fits have been averaged

into a single point, and error bars have been calculated from the scatter within
these averages.

When a fit of the form,

A>(9) = ag + a, cos(@) + by sin(¢) + a, cos(29) + b, cos(20) (5.12)

is done, the following values for the parameters are obtained,

ay = 527.511.0 nanoradians

ay=  2.5x1.5 nanoradians
by = 26.2+1.5 nanoradians (5.13)
a,=  0.0*1.4 nanoradians
b, = 55.3+1.4 nanoradians

where the "+" signs indicate the one-sigma confidence levels in the parameter
estimates assuming that the errors of the A21f estimates plotted in Figure 5.9 are
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statistically independent. For additive “white” noise or thermal noise, the as-
sumption of statistical independence is a valid one. Empirically, no statistically
significant correlation between the “fixed mirror” fits and the “moveable mir-
ror” fits is found which confirms the statistical independence of the fits. The ag
parameter indicates the magnitude of the second harmonic due to fiber non-
linearities (see Section 4.1) whereas the a; and by parameters indicate the mag-
nitude of the second harmonic due to an external m=1 potential,

U,.(8) =|U,|cos(8 - y;), and the a; and b, parameters indicate the magnitude
of the second harmonic due to an external m=2 potential,
U, (0)=U 2|cos(2(6 - Wz))- The physical origin of these external potentials will
be discussed once the results from the other 9 data runs have been presented.

First, however, | must confess that I have slightly misled the reader in the
interest of simplicity. The results of Equation 5.13 do not derive from a fit of the
form in Equation 5.12 to the eight points in Figure 5.12. Although the basic
concept is correct, a more complicated fit of both amplitude and fiber support
position,

Ay(9,4) = fo(A)ag + f1(A)(a cos(9) + by sin(9))

(5.14)
+f>(A)(ap cos(20) + b, cos(29)),

to the points in Figure 5.9 is needed to accurately account for the amplitude de-
pendence of the second harmonic and for the higher harmonics not explicitly

included in the 10-parameter fit (see Section 4.3). The function

fild)=— (5.15)
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accounts for the A? dependence of the second harmonic due to the fiber, and it
effectively normalizes the m=0 contribution of each data point to what it
would be at some nominal amplitude A,. This prevents an m =1 variation in
the amplitude from producing a false m =1 second harmonic signal by means
of the amplitude dependence of the fiber second harmonic. For analyzing the
data run 2/27/97.1, a nominal amplitude of A, =233° was chosen because it is
in the middle of the amplitude range of the data (see Figure 5.7). Similarly, the

function

J2(4,)

) ( * cos(6w,t)

A=A,

h(A)= ](( A,) % Jo(4) S(Az)ocos(4wot)
Jo(A (5.16)

+...
A=A,

35 J2(A,

v

corrects for the J,(A) amplitude dependence of the m =1 signal and effectively
subtracts off the error propagation of the fourth (= J;(A)), sixth (= J¢(A)), and

higher harmonics not in the 10-parameter fit. The m =2 function,

12(24) | 3 J4(24)

h(A)= Ay T, (ZAo)s(Az)-cos(wot) A-A, 51
3 [.(24) |
+_3'_5-T:T270)-5(A2) * cos(6w,t) IR

is of the same form as f;(A) but with the J,(A) amplitude dependencies re-

involve the in-

placed with J,(2A). Since terms such as s(Az)ocos(4wat)A_A

version of 10x10 matrices, f,(A) and f,(A) are calculated for several amplitudes
prior to analysis, and interpolating functions for fi(A) and f,(A) are defined in

Mathematica so that data analysis time is considerably reduced.
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Table 5.1. Magnitude of the second harmonic amplitude due to the m =1 po-
tential. The parameter 4, is proportional to cosine component of the potential,
and b, is proportional to the sine component. The change in sign between the

“0 degree” runs and the “180 degree” runs indicates that the observed m =1 po-
tential rotates with the vacuum can.

Data run Position a, (nanoradians) b; (nanoradians)
2/21/97.1 0 degree 25%15 262%15
2/25/97.1 0 degree 6.1+15 272%15
2/28/97.1 0 degree 80+18 30.7+1.7
3/3/97.1 0 degree 7.7+17 255+1.5
3/6/97.1 180 degree -55+1.8 -25.7+ 1.8
3/28/97.4 0 degree 46+14 299%+13
4/1/97.2 180 degree -6.9+1.4 -27.5%x1.4
4/4/972 | 180 degree 45+14 29.8+14
4/7/97.2 180 degree -48+14 -26.0+1.5
4/10/97.4 | 180 degree -55+1.1 276+ 1.1

average 0.18 £ 0.47 0.29 +0.47

In order to distinguish forces acting between the interior of the vacuum
chamber and the pendulum from forces acting between cliff mass and the pen-
dulum, the entire vacuum chamber can be rotated in a circular track about the
nominal fiber axis, and data is taken in one of two diametrically opposed an-
gular positions designated “0 degree” and “180 degree”. Of the ten data runs in
the set, five are in the “0 degree” position and five are in the “180 degree” posi-

tion. The results for the m=1 parameters, 4; and b, are listed for each of the
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ten data runs in Table 5.1. These results are depicted graphically in Figure 5.13.
The error bars of the various runs differ because the runs are not all of the same
duration and because the ground vibration from falling water in the back of the

cave subsides as the spring runoff declines.

10 Run Data Summary
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Figure 5.13. Graphical representation of the m =1 results listed in Table 5.1.

Qualitatively, most of the m =1 potential appears to rotate with the vacuum can

as the results from the five “0 degree” runs and the five “180 degree” runs clus-
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ter on opposite sides of the origin. To quantitatively assess what portion of the
potential arises from the cliff or the Earth, these runs can be averaged together
to subtract off the coupling from the vacuum can. That average result is de-

picted as a small cross at the origin of Figure 5.13, and it is more clearly shown

in Figure 5.14.
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Figure 5.14. Area around the origin of Figure 5.13 magnified to more clearly
display the average of all 10 runs which represents the strength of the composi-
tion-dependent force coupling to the cliff or Earth.
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Thus for this experiment of 24 days of data, we measured the m =1 varia-
tion in the second harmonic amplitude to a precision of 0.47 nanoradians (1o
confidence level), and the measured composition-dependent coupling to the
cliff or Earth was consistent with zero. For the Index IV pendulum and fiber
and the oscillation amplitude, A =233°, of the data set, 0.47 nanoradians of sec-

ond harmonic corresponds to a differential acceleration of

|Ag| = IaBe - aMg| <4.0x107'? cm / sec? (5.18)

between the magnesium and the beryllium. Given the latitude of the Index IV
experiment, the horizontal acceleration of the materials has been measured to a

fractional precision of

A _22 53x1072 (5.19)

a g
This places an upper limit on baryon-baryon coupling of

<12x107° (5.20)

Aa
&(A > Regrn) = 2. 8b

for ranges longer than the radius of the Earth. A plot of the upper limit £(4) as
a function of 1 would provide a more complete description of the class of ex-
cluded forces, but as this data set was originally intended to be a diagnostic
run, I wish to emphasize the performance of the instrument and the second
harmonic method rather than making strong claims about excluded forces.
Moreover, the original numerical integration of the Index site source mass was
done by Prof. Carrick Talmadge for Prof. Boynton and was used for previous

Index experiments. Since then, we know that better geophysical data has be-
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come available, and we would like to re-calculate the source mass integration
for the Index site before presenting any new exclusion plots.

Although the coupling to the cliff or Earth produces a signal that is smaller
than a nanoradian of second harmonic, the signal that rotates with the vacuum
chamber (see Figure 5.13) is much larger, about 28 nanoradians. The question
naturally arises, “What is that?” One possible response is “Who cares? What-
ever it is, it rotates with the vacuum chamber and can be subtracted away.”
However, as this signal is 60 times larger than the noise limit of 0.47 nanoradi-
ans, I do not think the vacuum chamber coupling should be so glibly dismissed.
Before one can have reasonable confidence that the signal from vacuum cham-
ber coupling is perfectly equal and opposite in the 0 degree and 180 degree po-
sitions, one would like to know the physical origin of that signal. If the strength
of the force is constant with time, and if the force’s source is rigidly attached to
the vacuum chamber, then a knowledge of the deviation of the vacuum cham-
ber rotation axis from true vertical will allow one to place an upper limit on a
difference in magnitude between the “0 degree” and “180 degree” couplings.
More problematic are those forces that have a slow temporal variation. We ob-
served an example of this in our initial data run with the composition-dipole
pendulum. Outgassing from the vacuum chamber wall produced a time-
varying signal. A naive attempt to simply average the “0 degree” and “180 de-
gree” runs of this initial data set produced a 70 non-null signal. Only on closer
inspection was it apparent that the vacuum chamber coupling was not constant
in time and would therefore not subtract away. By placing a cylindrical copper

insert inside the vacuum chamber to block the outgassing, this coupling was
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removed, and the results of the ten data runs presented in this section are con-
firmation of that.

This still leaves an apparently constant 28 nanoradians that needs to be
explained. Gravitational interactions are ruled out because otherwise we would
have seen much larger signals with the exaggerated 2-1 and exaggerated 3-1
pendula (see Section 5.2). Likewise, the magnetic field can be exaggerated by a
factor of at least 10,000 by dropping the magnetic shield and turning off the
Helmhotz coils. Since we only see a signal of 10,000 nanoradians in the Earth'’s
magnetic field, any magnetic interaction must be less than a nanoradian with
the magnetic shield up and the Helmhotz coils on. We also investigated the
possibility of laser pressure producing a false signal by taking data runs with
the laser intensity reduced by one-half. The 28 nanoradian signal did not
change. Next, we considered the possibility that imperfect gold coating on the
pendulum might expose electrostatic contact potentials between the magne-
sium, beryllium, and gold that could interact with the contact potentials from
dissimilar metals in the vacuum chamber. In particular, the gold coating on the
interior surfaces of the pendulum was not very good. We tried placing a gold-
coated foil annulus over the holes in the top endcap of the pendulum so that the
interior was not directly exposed to the mirrors and brass tubes above the pen-
dulum, and the 28 nanoradian signal went away. However, when we repeated
the run with a lighter mesh annulus, that result was not reproducible. During
our investigations we broke a fiber and had to re-hang the pendulum. The plug
on the new fiber used to attach the pendulum turned out to be magnetically
contaminated. With this contaminated plug, we detected a large signal even

with the magnetic shield up and the Helmholtz coils on. Upon further investi-
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gation we discovered that three screws inside the vacuum chamber that were
supposed to be made of non-magnetic material were in fact made of steel.
These have been replaced, but we do not have data yet to know whether they
were the source of the 28 nanoradian signal. If this is the case, it will be a rather
mundane explanation. However, careless errors can produce problems just as
grave as those caused by conceptual misunderstandings. In fact, they are often
harder to identify since you believe you have already accounted for those type
of effects. Unfortunately, Mother Nature rarely awards partial credit for getting

the experiment almost right.
54 Conclusion

Having read this far, the reader might be inclined to comment, “Yes, this is
a cleaver innovation in the use of the torsion balance, but isn’t that similar to
making a retractable buggy whip? After all, it is almost the 21* century, and
you guys should be using SQUID’s, atomic force microscopes, and other mod-
ern developments rather than trying to resuscitate a centuries-old technology.”
To answer this, let us suppose that we have an atomic force microscope (AFM),
and further let us suppose that the rim of our pendulum is so perfectly ma-
chined that we could count individual atoms as they passed by the AFM. How
would that angular resolution compare to what we achieved with our Index IV
apparatus? We have resolved the second harmonic amplitude to 0.47 nanora-
dians (see Table 5.1). Given the one inch radius of our torsion pendulum, 0.47
nanoradians corresponds to measuring the position of a point on the pendu-
lum’ rim to 0.12 A. Since the spacing between atoms in a metal are typically a
few A, the AFM would have to resolve to better than a tenth of an atomic spac-

ing in order to equal what we have done with the Index IV apparatus. In a re-
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cent article (Peters et al. 1999), a group using atomic interferometry measured g
to a precision of 3 x 10 cm/sec? and stated, “The absolute relative uncertainty
Ag/g of 3 parts in 10 achieved in the current work demonstrates that this type
of interferometer can be used to make absolute measurements comparable with

”

the most sensitive measurement tools in physics.” They are correct because
they restrict their claim to “absolute measurements”, meaning they can count
over 500,000 interference fringes and measure the total magnitude of g. But of-
ten it is only differential measurements that are required to test physical theo-
ries, and if we compare the atomic fountain’s performance to that of the Index
IV apparatus, its fractional acceleration precision is more than a factor of 1000
worse than Index IV’s Aa/a=2.3 X 10712 (see Eq. 5.19), and its acceleration preci-
sion is a factor of 750,000 worse than Index IV’s A2=4.0x1071? cm /sec® (see
Eq. 5.18).

Nor has our group exhausted the ability of the torsion balance/pendulum.
Other groups have pushed the performance of the torsion balance even further.
Consider the Eot-Wash group’s uranium source mass experiment (Gundlach et
al. 1997) in which they measured the differential acceleration to a precision of
A1 =58x10"'3 cm /sec?. How small an acceleration is that? To get a physical
appreciation for that number, let us calculate the vertical gravity gradient at the

Earth’s surface,

2(-980 cm sec?
9 ___28: __ ( Jse’) =3.1x1076 sec? =3100 Eot, (5.21)

9z Reun 6.4x10°% cm
and ask what height difference, Az, corresponds to Aa =5.8x 107" cm / sec?.
-13 2
Az _5Bx10° " cm/sec” 44,107 cm=19 A. (5.22)

- 9g,/9z 3.1x107 sec™
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The width of a strand of DNA is about 20 A, and so if you were to place it hori-
zontally in the Earth’s gravitational field, measuring a differential acceleration
of Aa=58x10"" cm /sec? is equivalent to measuring the difference in g be-
tween the bottom edge and the top edge of the DNA molecule. The torsion bal-
ance is more than weekend toy for hobbyists; it is the premiere tool for meas-
uring weak, macroscopic forces, and as the field of physics can be fairly de-
scribed as the study of the forces of Nature, the ability to measure weak forces
accurately is central to the pursuit of experimental physics. As Riley Newman
is fond of saying, torsion balance/pendulum experiments are “very-low energy
physics”, and they provide a necessary complement to the more technologically
impressive accelerators of high-energy physics.

No discussion of torsion balance performance is complete without men-
tioning Braginskii’s and Panov’s solar source mass test of the weak equivalence
principle (Braginskii & Panov 1972) in which they achieved an acceleration pre-
cision of A2=3x107"2 cm /sec?. Itis instructive to investigate the scaling laws
of thermal noise as they apply to this experiment. The signal of a CDF experi-
ment is directly proportional to the pendulum composition-dipole moment and
inversely proportional to the fiber constant, x. If the two materials for the two
halves of the pendulum already have been chosen (in Braginskii’s and Panov’s
experiment, platinum and aluminum), then the signal of a modulated deflection

method experiment, C,,,;, scales as

C,.s = CDF signal o % (5.23)
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where M is the mass of the pendulum and R is the radius of the pendulum.
From discussions of thermal noise in Section 3.3 and in the Appendix, we know

that the thermal noise error in measuring C,,,; scales as

T1/2

stddevy(Cpoq ) =
th( "wd) QY2xY?(number of periods) "

V2 TV2pV4RY2
Ql/zxvz(wo 1)1/2 QU2 E

where T is the absolute temperature of the fiber, Q is the quality factor of the
fiber, and 7 is the total integration time of observation. The signal-to-noise ra-

tio for a thermal noise limited experiment therefore scales as

Q1/271/2M3/4Rl/2
(S/N)m[Cmod] o< Tl/le/4 . (5.25)

Once a torsion fiber material is chosen (such as tungsten), the torsion fiber con-

stant scales as k «d%/¢ where d and ¢ are the diameter and length of the tor-

sion fiber. With this substitution, the signal-to-noise ratio is

] QY2 gV MYARY2 /4

e (5.26)

(S/N)gh[cmod
From Equation 5.26, it is evident that in order to optimize the signal-to-noise,
one would like the make the mass, M, as large as possible and the diameter of
the fiber, d, as small as possible. However, one is going to be limited by the
tensile strength of the torsion fiber material, and so for maximally weighted fi-

bers, d < MY 2 Under this limitation, both the signal,

R¢
Crod = 31 (5.27)
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and the noise,

TY2RY2,p¥4

Stddevth(cmod) o< W /

(5.28)
become smaller with increasing mass rather than becoming larger with in-

creasing mass as in Equations 5.23 and 5.24. The signal-to-noise ratio is

QY22 pYARY2 V4
(S/N)u,[cmad] o< T2 . (5.29)

From Equation 5.29, it begins to become clear why Braginskii and Panov
wanted to make their pendulum so big (R=10cm) and their fiber so long
(£ =290 cm) although it is a little hard to see why they would go to such pains
for a 3 meter vacuum chamber when the payback is only ¢Y4. Making their
pendulum so light (M =4 grams) appears to have hurt them somewhat, but
making the signal large enough to detect (see Eq. 5.27) was apparently a more
important consideration than the thermal noise limit for their choice of pendu-
lum mass.

Equation 5.29, however, was not the scaling law that drove the design of
Braginskii’s and Panov’s experiment. Using an incorrect viscosity model of in-
ternal fiber losses, they erroneously believed that the quality factor of the fiber

scaled as Q = 1/@,, and that the signal-to-noise ratio would therefore scale as

Y2 A g4 Y2 /4 Y22
t/*M7*R7¢ T7*“R{
(S/N )th,Qacl/a)o [Cmod ] o< wg/vaz i T2

(5.30)

From Equation 5.30, it would seem there is no penalty for having a light mass,
and the signal-to-noise to increases as R and Y2 providing a much stronger

motivation to increase R and ¢ than the RY/? and ¢"* scalings in Equation 5.29.
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Prof. Peter Saulson (Gonzalez & Saulson 1995) has done much work showing

that a 1/7,, spectrum of Maxwell units (see Sec. 4.2) provide a much better

t
model for fiber losses. This model predicts that the quality factor, Q, is a con-
stant of the fiber material, and it is not increased by decreasing the oscillation
frequency, ®,. If Panov and Braginsky were using incorrect scalings to opti-
mize their experiment, why was their design so successful? Well, another con-

sequence of the 1/, , spectrum fiber loss model is that the thermal noise torque

int
power spectrum is not “white” as it would be for simple, “dashpot” damping,
but instead the thermal noise torque power has a 1/f spectrum. There is not
room here for a detailed derivation, but the main effect is to add a factor of

(@ pnod /wo)l/ ? to the simple “dashpot” signal-to-noise of Equation 5.29. When

this is done,

12
_ QI/ZTI/Z MYA4RY2, V4 ®,0
(/N )y [Coea TY? w, (5.31)
) Q1/2,rl/2 RoY2 w'ln/ji
T2 ’

it is seen that the correct signal-to-mass scaling of Equation 5.31 has the same
MPR¢Y2? dependence as the incorrectly derived signal-to-mass scaling of Equa-
tion 5.30. Sometimes it is just as good to be lucky as right.

From their incorrect model, Braginskii and Panov predicted a damping
time due to fiber losses of 7" =1/y =8x10° sec. When they attempted to
measure the damping time of their oscillator, they claimed,

“After three days the amplitude of the oscillations of the balance had

changed at most =3 x 10~ of their initial magnitude; from this result we

derive the inequality 7" >6x 107 sec. It was not possible to determine 7’
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more accurately. The oscillatory period 7° was 1.92 x 10* sec (5 hours 20

minutes).”
The “lower limit” of T =6x10 sec corresponds to a quality factor of Q =9800
which is a fairly typical value for tungtsen. Most likely, their “lower limit” of
the damping time was fairly close to the actual value. Despite their protestation
that “It was not possible to determine 7" more accurately”, the simple expedi-
ent of increasing the oscillation amplitude comes to mind (stddev,,(7) <1/A).
However, I don’t think Braginskii and Panov were terribly motivated to pro-
duce irrefutable evidence that their predicted value of T =1/y=8x 10° sec was
two orders of magnitude too large. When they calculated the thermal noise
limit using the “lower limit” of 7" =6x107 sec, it was a factor of two smaller
than their measured noise, and thus they believed they were not thermal-noise
limited. They were genuinely puzzled by this because they thought they had
been very careful in eliminating other sources of error, and they could not ac-
count for this excess error. In fact, the true thermal noise limit was a factor of
(Tmod /ro)l/ 2 = (24 hour/5.33 hour)l/ 222 larger than the value they had pre-
dicted from an erroneous “dashpot” model, and thus there probably were not
other sources of excess error. They were more successful than they believed
themselves to be for they most likely had conducted a thermal-noise limited ex-
periment. This is also a powerful rebuke to those who insinuate that Braginskii
and Panov could not have really done as well as they had reported or that they
somehow massaged their data to make it look better than it was because this is
precisely the type of trap an unscrupulous experimentalist would have fallen
into. It would have been the easiest thing in the world to shave off another fac-

tor of two so that the noise would be where they “knew” the thermal noise limit
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should be. Instead, they reported their results exactly as they measured them,
and as it turns out in hindsight, exactly where the correct theory predicted it
should be.

Giving in to the temptation to be a Monday morning quarterback, I have
one more mild criticism. Braginskii and Panov did not measure the M,, quad-
rupole moment of their torsion balance using an exaggerated local source mass,
nor did they verify the magnitude of the diurnal variations in the Vy, gravity
gradient using an exaggerated M, torsion balance. If they had made these
type of empirical exaggerations, as more recent experimental groups have done,
they would not have been so glib in dismissing gravitational interactions as a
source of error. They did make an attempt to calculate what the magnitude of
these gravitational interactions were, and although they were not as conserva-
tive as they thought themselves to be, they were not so grossly wrong that the
gravitational errors were an order of magnitude larger than the thermal noise
limit because otherwise that would have become apparent in their data. If Bra-
ginskii and Panov were so successful, why hasn’t modern torsion balance de-
sign followed in their footsteps? The answer is that more recent experiments
have not been solely solar source mass experiments but instead have also been
testing for shorter range forces using the Earth or local lab masses as a source
mass. Because of this, local gravity gradient couplings have been much more of
a concern, and the pendula have been smaller than Braginskii’s and Panov’s
R=10cm. The question then is not “How could Braginskii and Panov have
done so well?”, but rather “How could the Eot-Wash group’s uranium source
mass experiment have come within a factor two of Braginskii and Panov in

terms of differential acceleration precision given the Eot-Wash apparatus’
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smaller Rand shorter ¢7” The answer lies in the one factor in Equaticn 5.31 of
which Braginskii and Panov were unaware, the dependence of the signal-to-
noise ratio on w,l,{sd. By rotating the uranium source mass around the torsion
balance once every 1000 seconds instead of once every 24 hours, the Eot-Wash
group made up for its smaller Rand shorter ¢, and the thermal noise limit on
differential acceleration is about the same for the two experiments.

Although comparable to the present performance of the Index IV appara-
tus, the Eot-Wash’s Earth/hillside source mass experiments (Su et al. 1994) have
not yet achieved the acceleration precision of their uranium source mass ex-
periment. The primary reason for this is that the Earth/hillside source mass
experiments have been conducted at higher pressure, and thus the viscous air
damping lowers the quality factor to a value of Q=25 rather than the fiber-
limited Q = 9000 of the uranium source mass experiment. Also, the modulation
frequency, @, of the Earth/hillside source mass experiments have been not
been as rapid as those employed in the uranium source mass experiment be-
cause there are more stringent requirements on the smoothness of rotation
when the torsion balance is being rotated than when an external source mass is
rotated. Neither of these are fundamental limits, however, and both are tar-
geted for improvement in Eot-Wash'’s next generation of the Earth/hillside
source mass experiments. Indeed, they want to push @, past @,, and then
the response of the torsion balance is qualitatively different. For resonant
modulation, ®,,,; = ®,, the signal is a shift in either @ or y depending on
whether the source mass rotation is in phase or 90° degrees out of phase with
the pendulum oscillation. If starting from A =0, one observes a linear increase

in amplitude (at least for ®,7 <<Q), and this method has been employed by
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Prof. Cowsik’s group in India (Cowsik et al. 1990). When limited by additive
“white” noise, both Cowsik’s method and the frequency method share the ad-
vantage of having their signal-to-noise increase as t¥2 whereas for the deflec-

12

tion and second harmonic methods, the signal-to-noise increases only as 77°.

For ,,,; > @,, the response of the oscillator becomes dominated by the inertia

of the torsion balance, and the signal scales approximately as

2
R o 1
C o¢ | —2— | o< . 5.32

10 Omed >(o M (wmod ] Rwr%wd ( )

The thermal noise, however, is also proportionally smaller,

- T]/Z
Stddevth,l/f(cmod,wm >0, ) * 2. 12p2,12..572 ' (533)
od Q /2¢1/2R2gY wm/ad
so that the signal-to-noise ratio,
QU27V2R Y2 V2
(S/N)mll/f[Cmod,a)md >w, ] o T2 mod | (5.34)

continues to improve as w:‘n/gd. The difference now is that each factor of 10 in-

crease in the signal-to-noise ratio requires a factor of 10,000 improvement in de-
tector sensitivity. This is a steep price to pay, but it points out that a fiber ther-
mal-noise limit is not a fundamental limit for it can be improved upon by in-
creasing @,,,;, and it also points out that there is no such thing as “excess” de-
tector sensitivity. Any new technology that improves detector sensitivity is a
welcome addition which can be immediately put to use to increase the signal-
to-noise of a fiber thermal-noise limited experiment.

With the application of our second harmonic method to the Index IV ap-

paratus, we are already, in a certain sense, operating in the w,,,; > @, regime
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because ,,,; is effectively 2w,. However, it is not quite equivalent to an
W04 = 20, deflection method in which the torque signal is entirely in the sec-
ond harmonic because in a large-amplitude method, the pendulum oscillation
through the sinusoidal potential scatters the torque signal into the deflection,
frequency, and all the higher harmonic channels (see Figure 2.3) so that at
A =230 degrees = 4.01 radians, only 2],(4.01)/3 =0.24 of the torque signal is in
the second harmonic. Also, as discussed in Section 4.2, the move-and wait
strategy of the fiber support excites exponential transients in the fiber that re-
duce the effective duty cycle of our data collection. On the plus side, we don’t
have to contend with the rumble from a turntable or with tilt-induced deflec-
tions. The quality factor, Q =4000, of the Index IV apparatus is fiber limited,
but we do not enjoy the high-Q thermal noise advantage because we are pres-
ently limited by the crossing-time errors that result from the seismically-
induced rocking motions of the pendulum. It is possible that better optical
alignment will remedy this problem of the Index IV apparatus. If not, our
group’s next generation inverse square law violation experiment has 512 pixel
photodiode arrays that will most definitely allow us to filter out the rocking
motion and become fiber thermal noise limited. For fiber thermal noise limited
experiments, the scaling of a second harmonic method experiment is slightly
different from a modulated deflection experiment because w,,,; is not a sepa-
rate degree of freedom, and the (@pe4/@, )1/ 2 term in Equation 5.31 can not be

altered from 2Y2. Thus the second harmonic signal-to-noise scales as

2,2 Y4RY2Y4
V2

(S/N),u[A2] = S (535)
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which identical to the naive “dashpot” thermal noise scaling of Equation 5.29.
One notable difference of the second harmonic signal-to-noise (see Eq. 5.35)
from the modulated deflection signal-to-noise (see Egs. 5.31 and 5.34) is the ap-
pearance of a mass dependence. One can improve the signal-to-noise ratio by
increasing the mass because this requires a thicker fiber which increase , and

hence effectively increases @,,;. The increase is modest, (S/N), [A,]= MY4,

whereas the decrease in signal,

Ay o %, (5.36)

is inversely proportional to the mass, and so similar to the w,,, scaling of the
modulated deflection method, each factor of 10 increase in the signal-to-noise
ratio requires a factor of 10,000 improvement in detector sensitivity. There is no
fundamental limit to how much one can increase @,,,; using a modulated de-
flection method, but because of the finite densities of the pendulum materials,
there is a limit to how much one can increase the mass of the pendulum for a
given R, which itself is generally constrained by gravity gradient considera-
tions. For a fiber thermal noise limited large-amplitude experiment, there is
another approach to increase the effective @,,,;, and that is to increase the os-
cillation amplitude, A, and then use not only the second harmonic, A,(9), as a
signal but all the higher harmonics, A,(¢), as well. We have only done very
preliminary calculations, but it appears that the signal amplitude decreases
roughly as 1/ A% whereas the signal to noise increases roughly as AY2. Once
again, each factor of 10 increase in the signal-to-noise ratio requires a factor of

10,000 improvement in detector sensitivity, but there is no inherent limit to how

much one can increase A. All other things being equal, it would seem that in-
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creasing the oscillation amplitude, A, in a large-amplitude method is technically
less challenging than maintaining the required smoothness of rotation with an
increased turntable speed in a modulated deflection method. On the other
hand, the Eot-Wash group has a formidable track record of success, and if the
past is any guide, it is most probable that they shall continue to improve the
performance of their turntable in the future.

Yet another approach is that adopted by Prof. Newman'’s group at UC Ir-
vine (Newman et al. 1996). Instead of trying to cheat thermal noise by increas-
ing ®,,,4, they are tackling the thermal noise problem head on by drastically
reducing the temperature of the system with liquid helium. Cryogenic technol-
ogy is a mature field in which experience has been gained from its application
in several different areas of physics. Part of that hard won knowledge is that
using cryogenic technology introduces many difficulties and headaches that are
absent from room-temperature experiments. Prof. Newman, who probably has
more experience with torsion balance/pendulum experiments than anyone else,
has determined that the time has come to “bite the bullet” and see what im-
provements can be gained in torsion balance/pendulum performance by going
to cryogenic temperatures. Prof. Newman’s group has already done valuable
empirical studies of beryllium-copper fibers at room temperature, liquid nitro-
gen temperature, and liquid helium temperature (Bantel & Newman 1998).
They fit for the higher harmonic amplitudes, A,, for oscillation amplitudes up
to A =100 radians in order to determine the nature of the fiber’s non-linearities.
They intend to use the frequency method at cryogenic temperatures, and one of
their first applications is a measurement of the gravitational constant, G (New-

man & Bantel 1999). Prof. Jens Gundlach, of the Eot-Wash group, is also con-
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ducting a measurement of G (Gundlach et al. 1996) using a clever application of
their turntable that makes the measurement almost entirely insensitive to fiber
properties. Both intend to measure G to an accuracy of at least a part in 10%, an
order of magnitude better than anyone else has achieved, and as far as I know,
no other groups besides these two are seriously attempting such accuracy. Prof.
Newman'’s choice of the frequency method might seem to be a refutation of all
the arguments in this thesis I have put forward championing the superiority of
the second harmonic method relative to the frequency method, but my com-
parison was based on the temperature coefficient of the shear modulus and the
temperature stability that can be achieved at room temperature. At liquid he-
lium temperature, both the temperature coefficient of the shear modulus and
typical variations in temperature are much smaller which greatly reduces the
disadvantages of the frequency method. Furthermore, the frequency method'’s
ability to decrease the “white” noise limit as 732 becomes a much more valu-
able attribute once thermal noise has been greatly reduced. Besides, both the
frequency and second harmonic methods are large-amplitude crossing-time
methods, and it would require very little modification if Prof. Newman'’s group
desired to switch over to a second harmonic method, or an even higher har-
monic method, in the future. Previously, Prof. Newman'’s group had used a
move-and-wait deflection method for his Earth/hillside source mass experi-
ments (Beilby et al. 1994). Because they magnetically “clamped” the torsion
balance during the moves, they did not suffer from the move-induced exponen-
tial transients, but because at least one period of data is required in each posi-
tion and because some time is used up for the moves, they could not modulate

the signal as quickly as they would have liked. In particular, they were dis-



189

turbed by reproducible temperature-induced variations in the optical path that
they believed were caused by temperature gradients in their laboratory. Al-
though they never implemented it, they did consider using a thick, rotating
cork thermal insulation barrier around the instrument to minimize these exter-
nal temperature gradients. Encouraged by our success in implementing large-
amplitude crossing-time methods, Prof. Newman'’s group has become the only
other group beside ourselves, of whom we are aware, to seriously pursue large-
amplitude methods.

Regardless of whether zero-amplitude, continuous-sampling deflection
methods or large-amplitude, crossing-time methods ultimately prove to be su-
perior for data collection, both have proven their worth as diagnostic tools. Be-
cause the diagnostic strengths of the two methods complement one another, it
would be wise to design future torsion balance/pendulum experiments so that
they have the capability to collect data in both modes. The main advantage of
continuous sampling is the ability to determine all the various vibration modes
of the pendulum that bleed into the signal. Continuous sampling allow these
vibrations to be filtered out from the data in analysis, but it is also a useful di-
agnostic to identify the physical origins of those vibrations and to evaluate the
effectiveness of various physical methods that either passively or actively sup-
press those vibrations. More generally, continuous sampling allows one to ob-
serve any strange, unexpected behavior of the system. When pushing the per-
formance of the apparatus into new territory, the emergence of previously un-
detected and unanticipated phenomena is not uncommon. Because of the sim-
pler, more direct data analysis of continuous sampling, one is more likely de-

termine the physical origin of these new phenomena than if one were to rely



190

solely on the more abstract inference of crossing-time fits. The main diagnostic
advantage of the large-amplitude methods is their ability to directly measure
the coupling between the pendulum and the vacuum can by rotating the fiber
support to various positions in both a “0 degree” and “180 degree” vacuum can
position. One can not do this when using a deflection method because rotating
the fiber support destroys all information in the deflection channel. By directly
measuring the vacuum can coupling, one is more likely to determine the physi-
cal origin of that coupling, and also one can evaluate the effectiveness of vari-
ous efforts to remove or minimize that coupling. Although in theory one does
subtract off the vacuum can coupling from the external signal by adding the re-
sults “0 degree” and “180 degree” runs, it is always preferable to physically re-
move the coupling than to solely rely on subtraction in the data analysis be-
cause at some level the coupling may not perfectly rotate. In addition, any un-
anticipated couplings between the vacuum can pendulum will become readily
apparent.

Another useful diagnostic of large-amplitude methods is the ability to take
data at various oscillation amplitudes in order to determine the amplitude de-
pendence of the signal. Prior to taking the Index IV apparatus up to Index, we
were testing it in the old Physics Building using the frequency method as we
had not yet developed the second harmonic method. On one occasion, after
moving the instrument across the lab, we did not carefully re-level the instru-
ment.  Subsequently, we observed a fairly large m=1 signal,
|Aw(¢)|/wo =7.2x107°, and we could not think of a coupling that would pro-
duce such a large force. We then decided to take data at an oscillation ampli-

tude of A =220 degrees = 3.83 radians which is the first zero of the J;(A) Bessel
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function. If the |Aw(¢)|/w, =7.2x 107 signal at A =105 degrees were due to an
m = 1 potential, its signal strength should go to zero at A =220 degrees. In fact,
the |Aw(¢)|/w, signal remain unchanged at A =220 degrees from which we

concluded that the |Aw(¢)|/w, signal was not produced by an m =1 potential.

Upon further investigation, we determined that a combination of a tilted fiber
support and a slightly bent upper fiber in the magnetic damper mechanism
conspired to physically change the effective length of the fiber when the fiber
support was rotated to different positions. This would cause the shift in oscilla-
tion frequency, Aw(9)/w,, to vary sinusoidally with fiber support position but
in a manner that was independent of oscillation amplitude, which precisely de-
scribed the phenomena we observed. Upon re-leveling the apparatus and re-
placing the bent upper wire, the large Aw(¢)/w, signal went away.

What fundamental impediments are there to the future improvement of
torsion balance/pendulum performance? As mentioned above, even the fiber
thermal noise limit is not insurmountable provided one can continue to im-
prove the sensitivity of one’s detector. Improving detector sensitivity is also
useful in attacking another severe limitation, gravity errors. By using exagger-
ated source masses and pendula, one can empirically measure and then trim
non-zero potential derivatives and non-zero mass moments order by order, but
for this to be done in a reasonable amount of time, one requires sufficient detec-
tor sensitivity to measure the increasingly more difficult higher moments and
potential derivatives. Of course, this only works provided the gravity gradients

are static. For temporally varying gravitational fields, and particularly for the

most troublesome V,, and V,,, one can adopt a strategy of real-time correction

vz’

using exaggerated “2-1” pendula in a closed feedback loop with computer-
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controlied water pumps that pump water back and forth between water tanks
to trim the local gravity gradient. Although this scheme is fairly straight for-
ward in theory, no group has yet implemented this strategy. Another possible
fundamental limitation is the rotational seismic noise. The effect of vertical and
horizontal seismic rotations can be isolated in theory, but if the lab frame one is
using to define one’s co-ordinate frame is rotating, this places a limit on how
small a rotational acceleration one measure. The technology of ring laser gyros
(Stedman 1997) and potentially even more sensitive atomic beam devices (Gus-
tavson et al. 1997) may soon become sensitive enough to measure the seismic
rotation relative to an inertial frame so that one’s torsion balance/pendulum
data can be appropriately corrected. And ultimately there is the fundamental
quantum limit of a harmonic oscillator, but that is still many orders of magni-
tude away. If the torsion balance/pendulum community ever gets to the point
where they are replacing k,T with hw, as their leading noise source, then they

will most definitely deserve to congratulate themselves on a job well done.
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Appendix: Optimal Thermal-Noise Limited Fit of the Parameters

of a Damped Harmonic Oscillator

A.l. Introduction

A.1.1. Motivation

Five parameters are required to specify the free oscillation of a damped
harmonic oscillator. The purpose of this paper is to derive and describe the op-
timal method of fitting for those parameters when thermal fluctuations of the
oscillator is the leading source of noise. More specifically, the paper will the
address the case of a short duration (i.e., a few periods) continuous time series
of a lightly damped oscillator whose amplitude is large compared to thermal
fluctuations.

The original motivation for this work came from our precision gravita-
tional experiments in which an oscillating torsion balance is used to measure
the possible existence of extremely weak external torques, and so our interest in
this problem is more than academic. The torsion balance, however, is not the
only physical system that has been successfully modeled as a damped harmonic
oscillator, and given the ubiquity of thermal noise, the optimal method of data
analysis may be of general interest to any experimentalist. Furthermore, intui-
tion would suggest that such a simple, canonical problem should have a
straightforward, easily understandable solution.

As it turns out, the answer is indeed simple, but the problem is sufficiently
subtle that it does not readily yield to “cookbook” methods. The mathematical
tools to solve this problem certainly do exist (Helstrom 1968). These methods

were intensely developed for radar applications during and following World
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War II. Having a formal mathematical solution, however, does not necessarily
translate quickly into a usable solution for experimentalists because even the
simplest of statistical problems can generate a mountain of tedious algebra if an
exact, closed form solution is sought. Unfortunately, the appropriate approxi-
mations and simplifications that make the solution tractable are often only ap-
parent in hindsight.

This mathematical frustration can tempt one to adopt a standard analysis
technique, such as least squares minimization of the time series residue, which
although not optimal may seem good enough. This course is not to be recom-
mended for the narrowband thermal noise of a high Q oscillator because the
penalty can be quite severe—the variance in parameter estimates can be on the
order of Q times larger than those of the optimal method!

A.1.2. Approximations and Symbols Used

Although the original motivation for this problem came from experience
with torsion pendula, the results are applicable to any damped harmonic oscil-
lator; thus, our discussion is phrased in terms of the more familiar position, ve-
locity, force, and mass rather than in terms of angle, angular velocity, torque,

and rotational inertia. The following symbols will be used:

Data
X(F)erenieniieiiniinnee s instantaneous position of oscillator
1] € TRV instantaneous velocity of oscillator
Constants
Kottt Boltzmann's constant
T ottt absolute temperature
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K = =fopring [X wweeeeseursssurssinssneisnnns spring constant
B =~ friction [V veeeseerssssssesssscusssennes damping constant
Y=B/(2M) o decay constant (inverse of damping
time)
w, =(x/ M)l/ e natural frequency
@y = (02 = YW damped frequency
@, = (@2 =272V o driven resonant frequency
Q=0,/27)=a;/2Y) . quality factor
Toreeereree sttt be s an s nnes duration of data sample
P 7 R initial time of data sample
B =4 T2 e final time of data sample
VR 710, 707 7Y R length of data sample in periods
Ap o s quadrature amplitude at t=0
Dy coveveremrenmerenere et e phase at t=0
X = (KT/ K)l/ 2 e rms thermal fluctuation in position
PO USRI equilibrium position of oscillator
Parameters
(treated as variables rather than physical constants)
W o (2 o cosine amplitude
b= A SIN(P,).eeererrerirminsanrinsinns sine amplitude
C=T e equilibrium position parameter
[ USSP damping parameter
W= Wy eerrerererenireisssresensesiesassssins frequency parameter

Parameterization of damped harmonic oscillator motion:

x(t){a,b,c, g, w} = aexp(—gt)cos(wt) + bexp(-gt)sin(wt) +¢
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Additional symbols will be introduced at the beginning of the sections in
which they are first used.

The derivations in this paper are for a perfectly linear, damped harmonic
oscillator; any non-linearities or frequency dependence in the spring constant
and damping constant are assumed to be negligible, and the damping is con-
sidered to be purely resistive with no reactive component. The motion of the
pendulum is then entirely determined by the macroscopic spring and damping
forces along with the microscopic fluctuations of the gaussian thermal driving
force. Additive measurement error and the effects of a finite sampling rate are
assumed negligible, leaving thermal noise to provide the only source of error in
estimating the parameters. Because of the non-linear dependence on g and w,
the derivation will be for large amplitude oscillations, a>>1, so that lineariza-
tion of the fit will be a valid approximation.

This paper will be devoted to high Q oscillators because the minimum
variance in the estimates of ¢, g , and w all decrease as 1/Q, and hence choosing
a high Q system is clearly advantageous for a thermal noise limited experiment.
This tends to conflict with the mathematical requirement that N>>Q if standard
Fourier space techniques are to be used. (Otherwise, the discrete Fourier com-
ponents of the noise are not statistically independent). The main goal of this
paper is to demonstrate how to proceed when the standard Fourier techniques
fail. The opposite assumption will be invoked, N<<(Q, so that results can be
reasonably approximated to leading order in 1/Q. Also in the interest of sim-
plicity, the duration of the data sample will chosen to be an integer number of

periods. Of course, requiring N to be exactly an integer value is equivalent to
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requiring a perfect knowledge of the frequency, and so all that is strictly re-
quired is that N = integer * (1/Q); this level of a priori knowledge of the fre-
quency can be easily obtained provided that the requirement of a large ampli-
tude is satisfied.

A.1.3. Outline of Discussion

Section A.2 will briefly discuss the Fourier representation of stationary
noise processes. Given the estimator function for a single parameter, it will be
shown how the expected variance in that parameter estimate can be calculated
using the noise power spectrum. Finally, the optimal estimator for the equilib-
rium position of the oscillator in thermal equilibrium will be introduced to pro-
vide a concrete example to illustrate these Fourier methods.

Section A.3 will address some of the statistical approximations that are
used in the derivation: linearization of non-linear fits, neglecting third and
higher moments of the noise ensemble, and assuming uniform a priori prob-
abilities in parameter space. There is nothing unusual about these approxima-
tions—all of them are routinely invoked for problems with a large signal to noise
ratio-but it is better to lay one's assumptions out on the table rather than sweep
them under a rug.

Calculating the variance of a parameter estimate for a given estimator
function is useful, but ideally one wants to know what estimator provides the
optimal (minimum variance) estimate of that parameter for a particular noise
process. Section A.4 reviews the theory of matched filters for "white" noise, and
then generalizes the method for thermal noise. The optimal filters for single pa-

rameter estimates of 4, b, ¢, g, and w are then derived.
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An actual fit, however, must estimate all the parameters simultaneously.
Section A.5 reviews the matrix formulation of optimal multi-parameter fits for
discrete data. An alternate formulation optimal discrete data fits is presented
whereby the optimal multi-parameter estimators are obtained from optimal
single parameter filters. This method is extended to multi-parameter fits on a
continuous time series, and finally these ideas are used to obtain the optimal
simultaneous fit for the five parameters of a damped harmonic oscillator from

the optimal single parameter fits derived in Section A.4.
A.2. Stationary Noise Processes and Linear Parameter Estimators

A.2.1 Approximations and Symbols Used

X(£)eerrereerrmmenerereniisnsss st data variable (particular realization)

D (3 OO random data variable (represents en-
semble)

X evrieresreesseesseensesssessassessassmsessassansssasns entire data time series (as vector in
Hilbert space)

X ottt sassnnessarsnassanasassne time series ensemble

G expectation of random variable

var(X(t)) = <X 2(t)> - (X(t))2 ........ variance of random variable

stddev(X(t)) =/ var(X(t)) oo standard deviation of random variable
(

........ covariance of two random variables

Sx(t) = x(t) = (X(£)) crrvrrrrrnnsensrreenss noise error
) D X0 4 noise ensemble
P e s s ssas e parameter variable

P ettt sssnes true value of parameter (constant)
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D31 1:J R parameterized signal

U0 T X 0. ((7) J— true signal

PIX] oo, estimate of parameter

] L T filter function (not normalized)
E5(F) oo estimator function (normalized)

For linear fits, a parameter estimate, p[x], can be expressed in terms of an

estimator function, e;(t), such that plx] = J e;(t)x(t)dt.

13[X] ................................................ estimate as random variable

Falxi(v)= fwx(t)cos(ervt)dt ....cosine Fourier component of x

Fg[x](v)=
Fz[eﬁ]( V)=

(Fales o) + (Faleskv)

F2[6X](v) = var(F o[ 6X](v)) +

j“x( t)sin(27vt)dt .....sine Fourier component of x

.......... spectral power density of estimator, e;

..... spectral power density of noise ensem-

var(Fg[6X](v))
ble, 6X

WH. vt subscript indicating "white" noise
BR v subscript indicating thermal noise
O evvevenseremsurrsssssssssssssasssseasassscsssses superscript indicating optimal fit
Fz[&(wh J(v) = constant = N2, ..-“white” noise spectral power density
FZ[SX,,, Jv)=

4KTB ...thermal noise spectral power density

Mz(((Zztv) —-wo) +(47tyv))

Although this notation might appear somewhat pedantic, it is best initially
to err on the side of specificity in order to avoid simple misunderstandings that

subsequently could create confusion. Later, some of the notation that explicitly
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denotes dependence on other variables will be dropped. In this section, signals
are characterized by a single parameter. Fitting signals of several parameters
will be covered in Section A.5. Also, the spectral power density of noise en-
sembles is assumed to be known; this paper will not address Student t type
problems in which information about both the mean and variance of the en-
semble is extracted simultaneously from the data.
A.2.2 Fourier Representation of Stationary Noise Processes

A data time series ensemble, X, can be decomposed into a reproducible
part which is designated as the signal, x(t){p}=(X(t)), and a random, fluctuat-
ing part which is designated as the noise, §X(t)=X(t)—(X(t)). If this is done,
the noise is then, by definition, unbiased (i.e., (6X(t))=0 for all t). The signal is
parameterized; Roman letters, such as p, will denote the parameter as a variable
in the fitting process, and Greek symbols, such as p, will denote the true, physi-
cal value (a constant). The fact that the continuous time series of the signal can
be characterized by a single parameter (or ultimately, in Section A.5, a finite set
of parameters) depends on having an accurate and complete physical model of
the system. As mentioned earlier, this will be assumed. Nor will the physical
interpretation of the parameter(s) be directly addressed because this goes be-
yond questions of precision into the realm of accuracy wherein all sources of
systematic error that can bias the value of the parameter(s) have to be properly
accounted for.

If a noise process has no special, preferred point in time, it is called a sta-
tionary noise process. One property of a stationary noise process is the time-

translation invariance of all two-point time correlations:

(8X(0)8X(t)) = (6X(At)SX(t + At)) for all t and At. (A1)
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However, for our purposes, a more important property is that the correlations
between pairs of different Fourier components are identically zero. For
mathematical manipulations, particularly integration in the complex plane, de-
fining a complex Fourier basis with both positive and negative frequencies is
convenient, but as the reader will be spared from most of these mathematical
details, we will adopt the engineering convention of real sine and cosine Fourier
components with frequencies (in Hz rather than rad /sec) going from 0 to posi-
tive infinity (see definition of F5[x](v) and Fg[x](v) above in Section A.2.1). By
presenting the results entirely in real quantities, there are fewer ambiguities as
to how they are to be employed in numerical calculations. Because there are no
correlations between Fourier components (in matrix terminology, there are no
off-diagonal elements), the spectral power density, F?[8X](v), provides a com-

plete description of the second moments of a stationary noise process.

(Fa[6X](v)) = (Fg[8X](v)) =0 (unbiased noise ensemble) (A2)

(Fa[6X](v1)Eg[6X](v,)) =0
(FA[6X](v1)FA[8X](v2)) =0 w # v, { (Fourier components uncorrelated) (A.3)

(Fg[8X](v1)Fp[8X)(v2))=0 v = v

var(F 5[6X](v)) = var(Fg[8X](v)) = F2[6X](v)/2 (random phase) (A4)

A special ideal case of stationary noise processes is "white" noise, so called

because it has equal amounts of all frequencies, F2[6X,,,](v) = constant = nZ,.

This results in the elimination of all two-point time correlations,

(8X (00X 4 (t)) = O for all £ 0. This type of noise if generally a good model

for a succession of identical measurements whose errors are uncorrelated with
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each other. "White" noise has infinite power (i.e., the integral,
j F2[6th] )dv, does not converge); in any physical system, there is typically
a high-frequency cutoff above which the noise is attenuated. For the deriva-
tions in this paper, however, we will be able to use the mathematically ideal
"white" noise without generating any non-physical results.

The other stationary noise process in which we are interested is thermal
noise on a damped harmonic oscillator. According to the fluctuation-
dissipation theorem, the force power density exerted by the thermal bath is
given by 4KTB. The spectral power density in position and velocity can then

be directly derived from the response function of the oscillator.
4KTB

(A.5)
Mz(((Zn’v)2 - a)g)z +(47tyv)2)

Fz[b)(,h ]( V)=

4KTB(27v)*

F2[6Vy](v) =
[V Mz(((ZIrv)z—wg)2+(47ryv)2j

(A.6)

Because this noise process is produced as the mechanical response to a "white"
thermal driving force, Helstrom would call it a leucogenic noise process. In
Section A.4.3, it will be shown that it is quite simple to find optimal filters when
the noise process is leucogenic. Unlike the "white" thermal driving force which
mathematically has infinite power, the integrals of the position and velocity
noise power densities converge quite nicely, and they are related to the well-
known expectation values for the potential and kinetic energy of a damped

harmonic oscillator.

[ F[8Xy)(vIav —M—Q—xﬁ, (A7)



206

- 2(K.E) KT x3
[T E[8Vul(viv = <M >=~N7=f;;’21 (A8)

A.2.3 Variance of Linear Parameter Estimates

Given the spectral power density of a noise process, how is the variance of
a linear parameter estimate, var(IS[X]), calculated? A linear parameter estimate
can be expressed in terms of a estimator function, e4(t). For each realization of
the data ensemble, x, there is a parameter estimate, p[x]= f:eﬁ(t)x(t)dt. First,
calculate the variance in P[X] introduced by a single Fourier component of unit

amplitude and arbitrary phase, ¢.
1 2n +00 2
[ met1cos(2mvt - o)t [ do =

2mi0 [d-e

(A9)
= I [Fales | Vicos o - Fo[e [v)sin o do=Fe;[v)/2

To calculate the total variance, the contribution from each frequency component
needs to be multiplied by the noise spectral power density at that frequency,
and then all these contributions need to be integrated. Because there are no co-
variances between the various noise Fourier components, the variances from

each of the components can be summed together.
var( P[X]) = '[:Fz[eﬁ]( VIF2[8X](v)dv /2 (A.10)

It should pointed out that any function, f;(t), can be used as a filter func-

tion to produce an unbiased parameter estimate provided that it is properly

normalized (define normalization as e;(t) = Af;(t)):
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(B[X]) = [ "es (1)(x(t){p})dt = p
= [Tafs(8)(pex(ty{1})dt = p (A.11)
= 1 o o) f,,()
[0 ayar [*F (0 (x(){1})at

The only exception is if f;(t) is perfectly orthogonal to the signal in which case
no information about the parameter can be extracted. Although <I3[X]> does

not depend on the choice of ff,(t), var(f’[X]) does:

J':Fz[ff,] (VIF?[8X]( v)dv/2
[ rooie]

var(P[X]) = (A12)

Finding the optimal filter, f:(t), that minimizes var P[X]) is thus ultimately a
g p p y

problem in the calculus of variations. Furthermore, in order to have a well-
posed minimization problem, there are typically constraints on the duration of
the data sample in the time domain that are difficult to express in a Fourier ba-
sis which is the natural basis in which to calculate the parameter estimate vari-
ances. The solution to this dilemma for leucogenic noise processes is presented
in Section A.4.3.

Finally, some remarks on calculation. The thermal noise spectral power
density, F?[8X,;](v), is a meromorphic function (i.e., it only has isolated poles
in the complex plane), and therefore most of the integrals involving thermal
noise can be evaluated by the method of residues. For “white” noise processes,
the variance in a parameter estimate can be calculated in the time domain as

well as in a Fourier basis.



208

varw,,(P[X] Fz[ p] (VIFZ[6X 1 J(v dv/2— ﬂth‘ FZ[ p](v)dv

(A.13)
- l:i [7Fe; fviav= l'ifi [Tes(t)at

The last step above invokes Parseval’s relation. Although it is generally easier
to compute the parameter estimate variance in the time domain, the Fourier ba-
sis method will be emphasized because it can be generalized to non-"white”
noise processes.
A.2.4 Boxcar vs. Optimal Estimator of Equilibrium Position

In order to illustrate the use of these Fourier methods and also to famil-
iarize the reader with some aspects of the thermal noise problem, let us look at
the determination of the equilibrium position of an oscillator, ¢, that is nomi-
nally at rest (i.e., A, =0). One obvious method is to simply average the posi-
tion, sometimes referred to as a "boxcar" estimator function. In the case where
"white" measurement noise dominates, this is indeed the optimal estimator

function (as will be explained in Section A.4.2 on matched filters), and we shall

refer to it as the “white” noise optimal estimator, ¢,,[x]. For a data sample of

duration 7,

=y Y2 et F2le%,[v)= E‘{‘%V(:—’V)Zi) (A.14)
and the variance in the presence of “white” noise is,

var,(CH (X)) = [ Fz[eejv”h](v)Fz[a)(w,, Jv)dv /2 = %ZJTL. (A.15)

When thermal noise dominates, the "boxcar" estimate has a different vari-

ance:
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van, (G X)) = [ FYec, [ (VIF (8, [(v)av 2

2KT 2 3.5.3 3
= —————(-37°0,; +w; + 27 @7 + 2703 T +
dea)f;’rz ( Y0y twg +2y @y Yy
Alé
3y%wse”"* cos(w,T) - @] exp(~yr)cos(w,T) + (A-16)

v? exp(-77)sin(w,7) - 31w] exP(‘Yf)Sin(‘”dT))-

Even with this fairly simple problem, an exact closed form of the result is
already becoming unwieldy; since, the multi-parameter problem will involve
the inversion of 5x5 matrices of such terms, it is evident that some approxima-

tion of the results will be necessary to make the algebra manageable. Figure A.1
is a log-log plot of var,,,(é;’;,[X]) vs. N=1/(2n/w;) for Q=10 and Q = 100.
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log1o(N)

-4t

10810("31':}:(@3:["]) / thh)
Figure A.1. Variance in “boxcar” estimate of deflection as a function of dura-
tion of integration expressed in number of oscillation periods, N. Variance is
indicated for both a Q =10 and Q =100 oscillator. The vertical lines I, II, III,
and [V correspond to frames in Figure A.2.

Looking at Figure A.1, it is apparent that the "boxcar” estimator is not optimal
for thermal noise because var,,,(é:,’;,[X]) is not a monotonically decreasing func-



211

tion of N. Adding more data should never degrade your ability to estimate a
parameter. To qualitatively understand the structure of var,h(éz,’;[X]), four

cases (corresponding to N =0.1, N=1, N=15, and N =10) have been indi-
cated in Figure A.1 and displayed as Fourier plots of Fz[ee‘z’fh] and F?[8X,,] in

Figure A.2. In all four plots of Figure A.2, the Lorentzian F2[6X,h] is shown for
both Q=10 and Q =100. Most of the noise power is concentrated in the reso-
nant peak; the Q =100 peak, although much narrower than the Q=10 peak, is
much taller (both peaks are well above the top of the plots), and the area under
both curves is 1 in the dimensionless units of the plot. In the low frequency
(F2[8X,, ) = v9) and high frequency (FZ[SX,,,] « v™*) regimes, the noise power is

inversely proportional to Q.
For N=0.1, Fz[eé‘l’fh is nearly unity throughout the resonant peak, and so

var,h(é;i[X]) = 3, regardless of the value of Q. Unlike "white" noise, the finite

power of thermal noise means there is a reasonable instantaneous limit,
var,h(é[x]) =x%,as N—0. For N =1, the first notch in Fz[ee‘;f’h] filters out

most of the noise in the resonant peak. The greater Q is, the more narrowband
the noise, and the more dramatic the reduction in var,h(éz,’;,[X]). For N=15,
the first and second notch of Fz[ee‘z’v”h] straddle the resonant peak causing
varth(é;’;,[X]) to increase and losing the 1/Q advantage. As N >(Q, the oscilla-

tions in var,h(éz)’;,[X]) die away because the notches and peaks in Fz[eéfu”h] be-

come narrower than the resonant peak. Also, the contribution from the very
low frequencies, where Fz[éX,,,] is relatively flat, begins to dominate the con-

tribution from the resonant peak, and thus var,h(é;'f;,[X]) adopts the 1/N de-

pendence characteristic of "white" noise.
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Figure A.2. Lorentzian thermal noise displacement power spectrum for both a
Q=10 and Q =100 oscillator is plotted along with FZ[eEZf’h] which quantifies
how much a particular Fourier component of noise propagates into the “box-

car” estimate of deflection. FZ[eEfv”h] is plotted for a “boxcar” of 0.1 period, 1 pe-

riod, 1.5 periods, and 10 periods of duration.

For the N >>Q regime, it turns out that a "boxcar" average does provide
an optimal, minimum variance estimate of ¢, and for N =15, it obviously does

not. How about the N =1 case? It turns out that the "boxcar” is reasonably
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good but not perfect. A factor of 2/3 reduction in var,,,(é[X]) can be gained by

using:
tel— 0t
X v(ts) - o(t;) +1/2
OP[X]N =1 —md—— I T/Z (tyit (A17)
A Fourier plot comparison of F2le. to F?le is shown in Figure
P P Ewh [y cm Ne g

A.3. The main advantage of the thermal noise optimal estimator over the box-
car estimator is that it has a quartic rather than just a quadratic notch at the
resonant frequency. The increased susceptibility to high frequency noise makes
the thermal noise optimal estimator inferior to the "boxcar” for a "white" noise
process. Figure A.3 demonstrates that this new estimator provides a reduction

in var,h(é[X]), but it does not provide a compelling argument why it is the op-

timal estimator for thermal noise. That will be done in Section A.4.
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Figure A.3. Comparison of the error propagation of Fourier components of
noise for both the “boxcar” estimate, which is optimal for “white” noise, and
the optimal deflection estimate for thermal noise which incoporates the initial
and final velocities as well as a “boxcar” average. Notice that although it allows
in more high frequencies, which are not really a problem for thermal noise, it
has a quartic rather than simply quadratic notch at the resonant frequency.

A.3. Linearization of Non-Linear Fits

A.3.1 Approximations and Symbols Used
x(){p} = x(t) - x(t){p} =
8x(t) = x(t) - (X(¢))

............ true noise error

Sx(t){p} = x(t) - x(t){p} .o residue (estimated noise error)
1 1 B linearized filter function (not normal-
ized)

e linearized estimator (normalized)
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55| ex{p}lp} =
[*“es(t){p}ox(tphat

................... first-order correction of parameter es-

timate
Sp[ Sx{PIxT{AIx]} = 0 oo convergence limit for non-linear fits
bias(f’[X]) = <I3[X]> RS bias of non-linear fit parameter esti-
mate

A.3.2 Linearization of Fits
The results of Section A.2 are valid for signals whose dependence on its
parameter(s) is entirely linear. Since the motion of a damped harmonic oscilla-

tor depends non-linearly on the parameters g and w, the methods of Section A.2

must be generalized to non-linear fits. In a linear fit, an estimator, e;(t), is ap-
plied to the data, x(t), to produce a parameter estimate, p[x]. For a non-linear

fit, an initial value for the parameter, p, is assumed, the hypothesized signal is
subtracted from the data to give a residue, 8x(t){p} = x(t) - x(t){p}, and an esti-
mator, e; (t){p} is applied to that residue to produce a first-order correction to

the initial parameter estimate, 55[x{p}|{r}-

plxl=[es0x(t) = op[ax{p}lip} = [ _es(Mploxfpat 4 14,

(linear) (non - linear)

t
e5(t) = f”() = e;(t){p}= gﬁt (A.19)
[Zfsx0fa})at L2 hoeHpY 2o
The estimator, e {p} is normalized with respect to the derivative of the

signal, (dx(t)/ 8p){p}, and so this derivative must exist in the neighborhood of
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the true signal, x(t){p}, in order for the linearization of the fit to work. Indeed

the major assumption is that the first-order Taylor series approximation,

x(tf{p} = x(t}{p}+ %ﬁ,ﬂ{p} *(p-p), (A.20)

is a good one, and then, to the extent to which it is possible, treat the fit as a per-
fectly linear one in (p - p).

The explicit dependence on p of the estimator, eﬁ(t){p} , however, creates a
qualitative difference between linear and non-linear fits; non-linear fits are, in
general, iterative. The linear estimator is applied once, and repeating the proc-

ess will not provide an improved parameter estimate. In a non-linear fit, the

first application of the estimator, e;(t){p}, to the residue, x(t){p}, provides an
improved parameter estimate, p’, and this generates an improved residue and
estimator, dx(t){p’} and e;(t){p’} that provide a second improved parameter
estimate, p”. This is repeated until the correction to the parameter estimate re-

turned by the estimator converges to zero.

p’ =p+ & x{p}){r}

s ernm , define p[x] such that
»=p + 8" ox{p'}{r'}

spox{pix]}[{plx]} =0

The awkwardness of the 5p[8x{p}|{p} notation is intentional because it reflects

an awkward concept. The notation emphasizes the dependence of both the es-
timator and the residue on the assumed value p, and since both are using p
rather than the true value p, there is a certain sense in which you are trying to
pull yourself up by your own bootstraps. Usually this iterative fit process is

fairly robust, but there is no absolute guarantee that it will necessarily work.
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Since the non-linear fit parameter estimate is not defined as a simple func-

tion but as the limit of an iterative fit, there are mathematical questions of the
existence and uniqueness of that limit that need to be answered before the itera-
tive fit method can be employed with confidence. For our purposes, the
damped harmonic oscillator signal is simple and smooth enough that such
mathematical pathologies do not present a problem, particularly for large am-
plitude oscillations which have large signal-to-noise ratios. As with all oscilla-
tory functions though, the initial parameter estimate of the frequency can not be
outrageous, it should be within a factor of two of the true value to ensure that it

will converge properly.

The variance in the parameter estimate, var(IS[X]), arises from two
sources: 1) the true noise error, 8X(t) = X(t)-x(t){p}, propagating into the pa-
rameter estimate, and 2) errors arising from the use of p rather than p in the es-
timator and residue. For large signal-to-noise, the second source is much
smaller than the first source, and so the first can be used as a reasonable ap-

proximation to the total variance.
var( B[X]) = var(8P[6X}{p}) = | FZ[ ,,{p}]( v)F3[8X](v) dv/2 (A.22)

A more insidious effect of the use of p rather than p in the estimator and
residue is the introduction of a bias in the parameter estimate, P[X], even
though the noise ensemble, 6X(t), is perfectly unbiased. By using p as the ini-
tial value and calculating the expectation value of the second iterative fit, it can

be shown that, to leading order, the bias is

bias(P[X]) = var(P[x])j*“ax('){} Bl {}dt (A.23)
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For large signal-to-noise, bias(f’[x]) << stddev(f’[X]), and this bias can usually

be ignored, but it is a consideration to be kept in the back of your mind when
averaging together the results of a multitude of fits because it is useless to aver-
age the standard deviation down to a value smaller than the bias of an individ-
ual fit unless the above bias is calculated and an appropriate correction is made
to the averaged parameter estimate.

For linear fits, an improperly normalized estimator will result in a biased
parameter estimate. If, for example, the estimator is 20% too large, the parame-
ter estimate will be 20% too large. For iterative non-linear fits, however, this is
not a source of bias because an improperly normalized estimator will still con-
verge to the same value as a properly normalized one. Similarly, the variance
of the estimate will not be affected. Provided that the normalization constant is
between 0 and 2 times the true normalization, the estimator will converge, and
the closer it is to 1 the quicker will be the convergence. This dependence of
speed of convergence on proper normalization is not a property of the noise en-
semble but of the non-linear character of the fit.

A.3.3 "White" Noise Decay Constant Example

As a simple example of a single parameter non-linear fit, consider fitting
for the decay constant, g, of an exponentially decreasing sample in the presence
of additive “white” noise, F2[6X,,)(v)=n2;. As a single parameter fit is de-
sired, we’ll make the artificial assumption that the initial concentration at ¢ =0,
A,, is exactly known a priori and only g is being fit for, x(t){g} = A, exp(-gt).
Additionally, a real problem would have a finite duration of the data sample,
t=0 to t =7, but for mathematical simplicity, we’ll take the limit as 7 — +ee.

Because there is only a finite amount of information in an exponentially de-
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creasing signal, varwh(é[X]) will yield an interesting non-zero value even

though the data sample is semi-infinite in duration.
As will be further discussed in Section A.4.2, the optimal single parameter
matched filter for a non-linear fit in the presence of “white” noise is propor-

tional to the derivative of the signal with respect to that parameter.

f3 (8) {g}=0A, exp(-gt)/dg = —A,texp(-gt) (A.24)

This just has to be properly normalized to yield the optimal estimator.

= f;ph(t){g} - —Aotexp(—gt)
T 0ls kgl [ (Avexplog)a

_ ~4g%texp(-gt)
A, (A.25)

CSALSI Iw_‘}g texP( &) (x(t) - A, exp(~gt))at

eg.fvph(t)

The variance in the estimate, varwh(CZ,’;,[X]), can then be calculated from

e ijh{y}‘ Normally, this would be done in Fourier space, but for “white” noise

it is easier to calculate in the time domain (as mentioned in Section A.2.3).
vary(GHX]) = [ F e (VP 8Xuilv)av 2

) 2 . Stexp(~1t) )
=ﬂzﬂjo (eéju"h(t){r})zd‘ ) %& [ (-47 t: op( ﬁ)) dt

(A.26)
_Y *Man
A;
Notice that, unlike a linear fit, var,, (éz,’;,[X]), depends upon the amplitude of

the signal, A,. A similar 1/A? decrease in the optimal variance of the estimates



220

Notice that, unlike a linear fit, varwh(ém[X]), depends upon the amplitude of

the signal, A,. A similar 1/A? decrease in the optimal variance of the estimates
of g and w will be seen in the thermal noise limited damped harmonic oscillator
(see Sections A.4.4 and A.5.5).

The expected bias can be calculated, and as asserted above, it is indeed
negligible provided the signal-to-noise is large (i.e., y/ stddevwh( wh[X]) >>1).

e, (
biaSwh(éZf;,[x])Evafwh(G [x])j { g;’; {Y}dt
_ 3 (A27)
242

biaswh(éz,’;,[X]) ~ 373/2nwh _E*Stddevwh( wh[x])
stddev,,(Gh[X]) 24 2 Y

(A.28)

A.3.4 Higher Moments of Noise Ensemble

For a stationary noise process, whose Fourier components are necessarily
uncorrelated, the spectral power density, F?[6X](v), provides a complete de-
scription of its second moments. Is a knowledge of the third and higher mo-
ments of the noise ensemble required to determine the minimum variance fit?
The answer is no, and indeed the higher moments need not even exist (that is,
their expectation can be infinite), and the least-squares method will still work.
(Hamilton 1964)

Often, the higher Fourier moments are assumed to be of a gaussian distri-
bution, and for thermal noise-being the result of an extremely large number of
microscopic interactions—this is usually a very reasonable assumption. If the

higher moments are gaussian, then the optimum least-squares fit is not only a
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minimum variance estimate but also a maximum likelihood estimate. The
gaussian distribution also justifies the traditional interpretation of the variance
as a 1 sigma (68%) confidence level.

Strictly speaking, it is only for perfectly linear fits that the variance in the
parameter estimate is independent of the third and higher moments. Just as the
variance causes a very small first moment shift, the bias of the estimate, the
third moment “bleeds in” and causes a very small (usually negligible) shift in
the variance. Fits can be viewed geometrically as projections of probability dis-
tributions in data space down to distributions in the subspace of possible sig-
nals that could occur without noise. For a linear fit, these subspaces are flat,
multi-dimensional “planes”, and the data-space gaussians project down to pure
gaussians in these “planes.” For a non-linear fit, these “planes” have some cur-
vature which distorts the projection of the gaussian distributions causing the
higher moments tc “bleed in” and shift the value of the lower moments.

A.3.5 Bayesian Statistics

In the above subsection, it was pointed out that to interpret the variance of
the parameter estimate as a confidence level, some assumptions had to be made
about the higher moments of the distribution. However, an even more funda-
mental assumption is necessary to be able to interpret the variance, and that is
the nature of the a priori probability distribution reflecting one’s prior knowl-
edge about the parameter. This consideration usually comes under the heading
of Bayesian statistics.

The traditional interpretation is that one has no prior knowledge about the
parameter, and so the a priori probability distribution is uniform. A measure-

ment is then taken, and the a posteriori probability distribution is a gaussian
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with a mean given by the fit from the measured data and the variance given by
the known error propagation of the fit. If the a priori probability distribution is
other than uniform, the formulas of Bayesian statistics dictate how to compute
the appropriate a posteriori probability distribution.

There is a prejudice that the uniform probability distribution is the only
one that a self-respecting experimentalist would use, and more advanced Baye-
sian statistics is only for unscrupulous types who want to adjust their results to
get what they want. But fundamentally, there is no “natural” choice for an a
priori distribution because it depends upon how the signal is parameterized
which is itself arbitrary. As an example, you can have a uniform frequency dis-
tribution or you can have a uniform period distribution, but they are different
distribution and you have to make a choice between the two. For large signal-
to-noise, it doesn’t make much difference in the results, but mathematically you
can not avoid making an arbitrary decision about the a priori probability distri-

bution.
A.4. Optimal Filters for Single Parameter Fits

A.4.1 Approximations and Symbols Used

2
Q=M -;t—z + B% B2l S equation of motion operator
T _ L. d> od L
Q= preln ﬁd—t o G transpose operator (time inverted)
9T () JR R thermal driving force
(3117 F—— linearized filter function (not normal-
ized) in thermal driving force basis
1fort=t ) .
6(t-t,) = { 0 fort < t‘:, ................... Heavyside function

(G(t -t)- O(t - tf))x(t) ................. data set
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S(t—ty)= Zid_te(t 2 [ Dirac delta function
&'(t-t,)= Edt-é'(t o 7 . Dirac delta time derivative
E et et infinitesimal time

Useful Statisti
6x;{p} = x(t;) = x(t{p} v initial position residue
oxp{p}= x(tf) - x(tf){p} ............... final position residue
§vi{p} =v(t;) = v(t; )P} initial velocity residue
sue{p}= v(tf) - v(tf){p} ............... final velocity residue

8x{p} = % ://zzx(t) — x(t){p}at ...boxcar average of position residue

There is an unfortunate overuse of the symbol, §. When used by itself
with a time argument, it stands for the Dirac delta function; when used in front
of data, it stands for noise or residue; and when used in front of a parameter es-
timate, it stands for a first-order correction to that estimate. In Section A.4.2, it
will be used briefly as a functional derivative for a calculus of variations deriva-
tion of matched filters.

A.4.2 Optimal Filters for White Noise

In Section A.2, it was shown that if a filter function, f;(t), is used to fit for
a linearly parameterized signal, x(t)}{p}, in the presence of a noise ensemble,

0X, the variance in the parameter estimate is

o Fz[fﬁ](V)FZ[&(](v)dv /2 |
(17 el

var(ﬁ[X]) = (A.29)

For “white” noise, the numerator can be evaluated in the time domain,
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nwh J'_“ f P dt / 4
([ x(t){l})dt]

var,,(F[X]) = (A.30)

In this section, we want to find the filter that minimizes varw,,(f’[X]) for a given
parameterized signal, x(t){p}. In order to have to have a well-posed optimiza-

tion problem, the duration of the data sample must be constrained to have a fi-

nite length, 7. The arbitrary filter function, f;(t), can still vary over the entire

Hilbert space of real functions provided that it is multiplied by appropriate
“boxcar” Heavyside functions, (O(t—t,-)—e(t—tf)) ﬁ(t), so that it has zero

weight for those times before or after the data sample. This has the effect of

changing the time limits of integration to t; =—1/2 and ¢, = +7/2.

(et -o(e-tp))f(e) e 2

varwh(P[X]) =
[ (ec-)- (t—t,))p ) {1})dt]

+1/2
_ Man]_ fﬁ(tzdt/4 A1)
J.+://22 fp {1})dt]

The calculus of variations minimization of varwh(ﬁ[X]) is simplified if we
restrict ourselves to normalized estimator functions,

+r/2
var ;(P[X]) = "whj et )at, (A32)

and introduce a Lagrange multiplier, A, to impose the constraint of normaliza-

tion,

[ Pes e x(t){1})dt =1. (A33)

-72 P



225
When this is done,

6varw,,(13[x])=5(’7§h I+r//22 e;(t VP dt - ),( j eﬁ(t)(x(t){l})dt—l)j=0

=| +://22[ Tuk 9 {1}) ()dt,

(A.34)

it can be seen that the expression in parentheses in the last line above must be

zero if the variation in the variance, varw,,(f’[X]), is to be zero for any first-

order variation in the estimator, Jes(t). From this derives the main result of

this section-the optimal “white” noise filter function (not normalized) for a lin-

ear, single-parameter signal, x(t){p}, is simply the unit amplitude signal itself,

x(t){1}.

"wh 2, (£) - Ax(t){1} =0
= ()= 2'1’1‘7("‘{1} £ (1) = x(){1} (A35)

The optimal “white” noise filter is often referred to as a matched filter because

the filter is matched to the signal for which you are fitting. To get the optimal
estimator, eﬁ‘:‘f’h(t), the optimal filter must be normalized.

(6t~ £;)- 6(t - t¢) x(t){1}

e, ()= — (A.36)
P ey e

The Heavyside functions are put there to remind the reader that they must be

included if Fourier techniques are to be used (such as calculating Fz[ e; h]( v)).

The above results can be generalized to non-linear fits by replacing x(t){1}

with (x(t)/ap){p}.
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' (t){p}= ( t-t)-6(t- tf))a;g){p} (A.37)

(60 -1)-6(: - f))ai;ﬁ,’{p}
J-+://2 { }) dt

pwh (t)p}= (A.38)

A.4.3 Optimal Filters for Thermal Noise

Now that we have the optimal filter for “white” noise, we would like to
find the optimal filter, fﬁ:’;’(t), when thermal noise is the dominant noise proc-

ess. More specifically, we want to filter the Lorentzian spectral power density,
Fz[éX,h]( v), characteristic of thermal noise on a damped harmonic oscillator.

Once again, the data sample duration, 7, must be specified which then requires

calculating var,h(f’[X]) in the time domain.

+1/2 +r/2
varth(P[X]) j—‘t/z‘[ 72 P tl COVyy X(tl),X(tz))eﬁ(tz)dtldtz (A39)

Even without detailed calculations, we know that cov,(X(t), X(t;)) is not di-

agonal in the time domain because data that are separated by one period will be
highly correlated whereas data that are separated by one-half of a period will be

highly anti-correlated. In contrast, the covariance of “white” noise is diagonal,

oV i (X(t1), X(t2)) = (8Xun(t1)8Xun(t2)) = Mioh 8(t2 —11)/4, (A40)

and the double integral convolution collapses nicely to a single integral.
Since covy,(X(#),X(t;)) is not diagonal, a direct calculus of variations

derivation of fﬁ;’:(t) would require an inversion of the operator,

covy(X(t), X(t2)). Although there are direct algorithms for inverting a discrete
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matrix, an operator can not generally be inverted without first diagonalizing it,
but diagonalization is even more difficult than inversion unless you have some
a priori knowledge about the noise process that allows you to guess at a diago-
nal basis. For thermal noise, however, we do have such a priori knowledge be-
cause the fluctuation-dissipation theorem states that the thermal driving force is
a “white” noise process with a spectral power density of 4KT. The thermal
driving force can be extracted from the data time series, x(t), by applying the

equation of motion operator,
> .d
Qp=M-—=+—+kK. A4l
th d tz B dt ( )

Q,(x(t)) then has the same diagonal covariance operator as “white” noise but
with n2,, replaced by 4KTB.

COV:h(Qm(X(fl))fﬂm(x(tz))) = <Qm(5xm(f1 ))Qm(&(uz(fz)))
= KTB58(t, - ) (A42)

The results of optimal “white” filters are therefore valid in the thermal

driving force basis. In analogy with f;(t), define z;(¢) as a filter (not normal-
ized) in the thermal driving force basis which is applied to Q;,(x(t)) to extract a

parameter estimate,

Six] = [ 25(E)Qu(x(1))at Ad)

+00

(O (x(O{1})at

The denominator above properly normalizes the parameter estimate. The op-
timal filter in the presence of “white” force noise is a matched filter of unit am-

plitude,
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257(t) = (6(t 1) - 6t - t ) JQun(x(){1})- (A44)

Once again, Heavyside functions are explicitly included to denote the finite
time duration of the filter. Note that care must be taken to place the Heavyside
functions before the equation of motion operator because if the €, operator
were to act on the Heavyside functions it would create non-physical spikes in
the force basis.

Although we have the optimal driving-force basis filter, zﬁ:’: (t), it would

be more convenient to find the optimal position basis filter, f;%(t), that could
p p plh

be applied directly to the raw data, x(t). Given an arbitrary z;(t), does there
exist an equivalent f;(t) that returns the same value when applied to x(t) that

z5(t) does when applied to Qy,(x(t))? That is,
[Zrptemtende= [z 000 (<0, (A45)

for any x(t). Such an f;(t) does exist, and it can be derived by integration by

pa rts.
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d’x(t) PLEGI u(t))dt )

[ 25 () (x(1))dt = j:zf,(t)[M 2 —

(e -

t=—c0

w2 -
- z;t(t) ( M d:;(tt) + ﬂx(t))dt + [z (0x(t)dt =

t=+o0

dz-
[z,;(t)(M%f—)wx(t))-M%"’x(t)} ;

f=—co

(A46)

2
I [Mdif.f”—ﬂdzift)%(t)}x(tww

0+ [Tk (25(0))x(t)dt = [ f(e)x(e)at

Since z;(t)=0 for t<t and t > t;, the terms in square brackets above vanish.

The transpose or time-inverted equation of motion operator is defined as

of =ML _pd (A47)
e Tar '

and from inspection of the last line above, it can be seen that f;(t) = QE,(zf,(t)).

Thus,
fiz()=h{z () = ah((6- ) - 6t - )J (1)) (Aad®)

Here, Q) does act on the Heavyside functions, and so ff’f}f (t) generally will in-
clude terms such as 8(t-¢;), 5(t - tf), &'(t-t;),and 6’(t - tf).
The optimal thermal noise estimator, ef,"’: (t), is obtained by normalizing

Fo 8-
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I |

e \) = —Temes (A.49)
Pth j_t//; x(1){1}], ((e(t t) - 6t -t ))Qun(x(¢) {1}))dt

The limits of integration include the infinitesimal time increment, €, in order to

avoid any ambiguity as to how the Dirac delta functions at t =t; and t=t; are

to be evaluated in the integral. As before, the optimal filters and estimators can

be generalized to non-linear fits by replacing x(t){1} with (9x(t)/Jp){p}.

£ (0{p} =05 (27 ()P} =@ (( k) - e(t—tf))sz,,,(a’;g){p}]] (A.50)

Qﬂ,{(e(t ) - o(t-tf))n,,,(a" p})
r://; fax {p}al, [( (t-t) (t—tf))Q,,,[a;S){p}Ddt

esir (t)p}= (A51)

A.4.4 Offset, Frequency and Damping
This section shall apply the above results to derive the optimal thermal
noise parameter estimates for the three parameters, ¢, g, and w. The ampli-
tude parameters, 2 and b, are handled differently and will be treated in Section
A.4.5. We are only prepared to derive single-parameter optimal estimators, and
they may vary from the optimal multi-parameter fits to be derived in Section

A.5. Thus, when fitting for ¢, the artificial single-parameter signal,

x(H{c} = A, exp(—1t)cos(wyt — @, ) +¢ (A.52)

shall be used in which the constants A,, ¢,, ¥, and w, are assumed to be

known a priori, and c is the only unknown parameter to be estimated. Like-
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wise, when fitting for g or w, the artificial single-parameter signals, x(t){g}

and x(t){w} shall be used.

x(t){g} = A, exp(—gt)cos(wyt — ¢,) +T (A.53)

(t{w} = A, exp(—1t)cos(wt — ¢,)+T (A54)

In Section A.3.2, it was noted that non-linear fits are like “pulling yourself
up by your own bootstraps” because, in calculating the residue, &x(t){p}, and

the estimator, e;(t){p}, the assumed value of the parameter, p, is used rather

than the true value, p. For optimal thermal noise fits, there is a further “boot-
strap” issue because the equation of motion operator, €, is itself a function of
the parameters g and w.

2

d d
Q,{g.w)= MF+2Mgd—+M(w +8%) (A.55)

However, for large signal-to noise iterative fits, the use of g or w instead of y
or w, is a second-order effect that creates an entirely insignificant increase in
the parameter estimate variances above their optimum minimum value.

So, without further ado, let us calculate the optimal thermal noise filters.
Although the fit for ¢ is a linear one, non-linear fit notation will be used to

make it consistent with the g and w fits.

ox(t)

o (e} = Qm{?"“’d}(( ~t)-6[t-t ))Q"’{y’w"}( {C})JE (A.56)

M2w}(6(t - t) - 6t~ t7)) + M2} (8'(t~t:) - &'(t - ty))
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P(tY{g}=Qun{s. 04 }((90 -4)-6(t - 7))z, }( ]]
M2} A, cos(wgt - 9,)(8(t—t;) - 8(t ~ 7)) + (A7)
2M2w, A, sin(eyt - 00)( 8t~ ) - &(t - tf))

a0} = byl (66-4)-ole-1) a,,,{y,w}(agg (v}
AM2w?A, sin(wt - 9, ) 8(t - £;) - 8(t - tf)) (A.58)
2M2wA, cos(wt - 6, )(&'(t- ) - &t - 7))

The = symbol is used because the results are only calculated to leading order in
y/w, since it is assumed that Q >>1. In fact, the correct leading order results
are obtained by setting y — 0 in the signal and the equation of motion operator
prior to calculation.

By normalization of the optimal filters, the optimal single-parameter esti-

mators, eﬁ(t){p}, are obtained, and by applying the optimal estimators to the
residues, x(t){p}=x(t)-x(t){p}, the optimal first-order correction of the pa-
rameter estimates, 8p{8x{p}|{p}, are obtained. For simplicity, these are calcu-

lated only for the case of N being an integer number of periods and for

N << Q.

&P [odcticly = [ e e Oehy (x(t) - x({c})a
= 6x, {c} + boylc} - &, {C} (A.59)

27N @y
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27 [ox{g}|{gly = I*:,ff e; ()8} (x(t) - x(t){g})dt =
(- {COS(% 0(8x{s} - 8x{g}) sin(oo)dv,{s} - o {g})] -

27NA, 27NA,

+1'/2+£ op

s [ox{w}w}y = I J2-¢ St (Ew}y (x(8) - x(){w})dt =

Y [sin(%)w(éxf{w} - 6x,~{w}) ~ cos(9, )(avf{w} - 5vi{w}) (A.61)

27NA, 27NA,

Since the signal is much larger than noise, the ¥ — 0 approximation can not be
used when calculating the residues without introducing a significant systematic

bias. For Section A.5, which is about multi-parameter fits, it will be important
to note that 8¢(F [ox{c}}{c}y . 82i[x{g}|{g}y  and 8@ [Sx{w}|{w} can be ex-

pressed as linear combinations of the five statistics ox;{p}, &x/{p}, dv,{p}.
ve{p}, and &x,{p}.
A.4.5 Cosine and Sine Amplitude

The derivation of the optimal thermal noise filters in Section A.4.3 implic-

itly assumed the existence of an external force signal, Q,(x(t){p})= < tn(X( ))
that would create the signal, x(t){p}=(X(t)), in the position time series. The

force time series ensemble is then the sum of the force signal and the “white”

force noise, Q,,(8Xy,)-
Qup(X) = Ly (x{P}) + Qs (6X ) (A.62)

The optimal force filter, zﬁ;’:(t), searches for the existence of Q,,,(x(t){p}) in the

presence of Qy,(8Xy)-
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This picture breaks down when applied to the amplitude parameters, a

and b. Consider the two-parameter signal

x(t){a,b} = aexp(—1t)cos(w,t) + bexp(-1t)sin(w,t) + T . (A.63)

The application of the equation of motion operator yields zero.

Qu{r. 0 }(

ox(t)

{a, b}) Q{7 @4 }(x(t){1,0}) =0 (A.64)

Qu {7, 04 }(

i {a b}) Quf{y 0 }(x(t){0,1})=0 (A.65)

This gives the nonsensical result that z;(t)=0 and 25:’: (t)=0. What went

wrong?

The explanation is that the transformation from the position basis to the
driving force basis is not bijective (i.e., reversible). In order to reconstruct x(t),
one needs not only the driving force, Q(x(t)), but also the initial conditions,
x, =x(t;) and v;=9(t). Actually, any two boundary conditions will do, but
since we want a statistically independent “white” basis, we choose X; and V,
because causality dictates that they are statistically independent of ,,(X(t)) for
t > t,. The zero’s above indicate that there is no information about the parame-
ters a or b in Q(x(t)). By process of elimination, the information about 2 and

b must be in x; and v;.

4.l [6x{a,b}[{a.b}, = (-1)N éx;{a, b} (A.66)

8% [6x{a,b}){a, b}y = (-1)" dv;{a, b}/, (A67)
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Here again, the = symbol indicates the results are only calculated to leading
orderin y/wy,.

This begs the question as to whether there is any information about ¢, g,
or w which is not in the force basis? To leading order in 1/Q, the answer is no.
Anyway, even if there were, it would not change the more important fact (as far

as Section A.5 is concerned) that all five first-order correction to the parameter
estimates- 83 [ox{a}}{a} . bF[ox{b}|{b}y. 8C7F[ox{c}{c}y. 88 ox{g}]{s}

and &7 [8x{w}[{w}, —an be expressed as linear combinations of the five sta-

tistics &x,{p}, 8x¢{p}, 8v;{p}, dvs{p}, and ox,{p}.
The use of instantaneous position and velocity residues, such as &x;{p}

and &v;{p}, might seem problematic, but for mathematically pure thermal

noise, the variances of these residues are finite.

vary,(6X,{p}) = vary,(8X(t) = KT/x = 13, (A.68)
vary,(8V{p}) = var,(8Vy(t)) = KT/M = iy /05 = 2/ @] (A69)

A.5. Simultaneous Fit for All Parameters

A.5.1 Approximations and Symbols Used

Matrix Notation
TI oot be s ae st rasees overbar indicating matrix (tensor)
BT oo sssses s transpose of matrix

T oot srasstees square identity matrix
T inverse of square matrix

uev= i UiDj cevennrnnnmsnsissssssssssee inner (scalar) product
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o U1Un
u@v=| : N IO outer (tensor) product
Umy UmUn
Dj ix Li -Squar

Xj orerisssinssinen it discrete datum

LR P3P 7 PN 2 JO— data vector

) EXP: D CYIND. () F— data vector ensemble

X =X = (X)eoorireeriereinisinanns noise ensemble

R 2V 2 FI00 ) NUO—— parameter vector

X{P}orrrererieri e discrete multi-parameter signal

@ crornnnrre s multi-parameter estimator matrix (in
general, not square)

p[x]= g LD SRS linear parameter vector estimate

T _Jd : (s

qp = S (23 21 J S transpose of design matrix (in general,
not square)

El; ................................................... design matrix (in general, not square)

or in component form,

Lol o onde)

Pik ~  op, Pjk~  op;
my = cov(X ® X) = <5X ® 5X> ..... data covariance matrix
m; = cov(?[X] ® f’[X])
e parameter covariance matrix
= _-. [ ] mv [ J e'[
p-XT P

OO R— filter matrix (not normalized) of single
parameter filters

T oot sms s nen square normalization matrix (i.e.,

=ReF)
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ORI arbitrary square recombination matrix
Linear Contin Time-Series Multi-Parameter Fit

D311 - T — multi-parameter signal

CEOGER (311 J7L, Jemm—" design vector of partial derivative
functions

Fo(8) oo vector of filter functions (not normal-
ized)

es(t) = ne EY vector of estimator functions (normal-
ized)

plx]= J.we!-,(t)x(t)dt ..................... linear parameter vector estimate

m; = cov(?[X]@ f’[X])

= j:f:el-,(tl) ®ep(t2) o parameter covariance matrix
xcov(X(t;)X(t,))dtdt,

No notational distinction is made between “row” and “column” vectors
since the use of the vector is generally evident from its context. As such, the
matrix transpose superscript, T, will not be applied to vectors.

A.5.2 Linear Multi-Parameter Fits for Discrete Data

To extend the concept of optimal filters and estimators to multi-parameter
fits, let us look first at the case of discrete data in this section. Multi-parameter
fits of continuous time series will be addressed in Section A.5.3. For discrete
data, a particular realization of the data, x, is not a function in Hilbert space but

rather a data vector with a finite number of components.

x ={xy,%5,...%, } (A.70)

For multi-parameter signals, the parameters are collected into a vector as well,
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p={pl,p2,...pm}. (A.71)

The partial derivatives of the data with respect to each of the parameters consti-

tutes the design matrix, a;, and, for linear fits, the contraction of the design

matrix with the parameter vector produces the multi-parameter signal, x{p}.

ox;{p} —
o™ o, x{p}=ap*p (A72)

Since the number of parameters is usually less than the number of data, the de-

sign matrix is generally rectangular. Estimation of the parameter vector, p,

makes use of another rectangular matrix, the estimator matrix, eg.

B[x]=e; o x (A.73)
The data ensemble, X, consists of the true signal, (X) = x{p}, plus a fluctu-

ating noise ensemble, 6X=X-x{p}. The second moments of the noise ensem-

ble are characterized by the data covariance matrix,

my = cov(X®X) = (6X ® 8X). (A74)

Note that, by construction, my is necessarily a symmetric matrix. The optimal

estimator matrix, e; ", that returns minimum variance estimates of all the pa-

P

rameters in the presence of X is given by

—p (T.—3.—\! —

ei,o” _—_(qg emy! oqp) oq;omxl. (A.75)
This will not be proved here; the proof can be found in most treatments of least-
squares fitting (Hamilton 1964), and it is mathematically similar to the proof of

optimal matched filters in Section A.4.2. For linear fits, the parameter estimates
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returned by the above optimal estimator matrix are the same as those found by
a maximum likelihood least-squares method. The parameter covariance matrix
can be obtained directly from the data covariance matrix and the estimator ma-

trix.

cov(P[X]® B[X]) = &; * mx * <] (A76)

T

Although the design matrix and the optimal estimator matrix are, in gen-
eral, rectangular matrices which, therefore, can not be inverted, they do form

what are called pseudo-inverses. That is,

i —

qp (Eom;( oqp) 10(;1?0;?021—?)=i. (A77)

— p .
This orthonormality condition is required of linear fits if the parameter esti-
mates are to be unbiased. Iterative, non-linear fits are not biased but their con-
vergence is degraded if the orthonormality condition is not met. This is espe-
cially important for many parameter fits because it only takes one eigenvalue of
e_F-, o i to differ significantly from 1 in order to slow down the convergence of
the entire fit.
A.5.3 Multi-Parameter Fits for Continuous Data

Now, let us look at an alternate formulation that allows the optimal multi-
parameter estimators to be derived from the optimal single parameter filters
without an explicit inversion of the data covariance matrix. This method will
prove to be easier to generalize to continuous time series. Consider the case of a
single parameter fit to discrete data. The design “matrix” and estimator “ma-

trix” then become vectors, and the optimal estimator vector is



240

op 1 -1 -1
e, =(qpomx oqp) °qpemy . (1"\.78)

—_ -1
The term (qp emy' e qp) is no longer a matrix but a simple multiplicative con-

stant. Thus an unnormalized optimal single parameter filter can be defined as

f,7 =q,emy . (A79)

Note that for the case of “white” noise, my = i, this definition of a filter gives

Ix{p
(7 =q, = a{p} (A80)
which is consistent with the optimal matched filters derived for time series in
Section A.4.2.
It is not immediately clear how the concept of an optimal filter should be
extended to multi-parameter fits, but let us provisionally define the optimal

multi-parameter filter matrix as

QOP Eﬁom;(l (A.81)

where each row of the filter matrix is the optimal single parameter fit filter for
one of the parameters. Further, let us assume that the optimal estimator matrix
can be obtained from this filter matrix by multiplying it by some square matrix,

n. Thatis, assume that

—op _— _FT-0p
ei, —nOf'-, . (A82)

Since we know that the optimal estimator matrix and the design matrix are

pseudo-inverses,
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e; 7 eq,=i=nef;" eq,, (A.83)

then the matrix n can have only one possible value,

n= (F oqp)_l. (A.84)

Substituting this value back into the equation for the estimator matrix, one gets

—op = - 3. —\' T -3
&7 =nef;” =(q) omyl0qp) +qfomi, (A85)
which is indeed the optimal estimator matrix obtained in Section A.5.2, and

thus the assumption that e; P -nef.7 isjustified. More importantly, we now
p P P ) P y

have an equation for the optimal estimator matrix,

rr oy 1 —
el.,"P:(fﬁ"P.qp) £, (A.86)

that does not require an explicit knowledge of my'.
It turns « out that the normalization of the filter matrix defined by

f—og T

p =9qp omx is too restrictive. Only the linear space spanned by the filter

matrix is important, not its partlcular normahzatxon Define a new filter matrix

that is the old filter matrix, fP = qp emy!, multiplied by an arbitrary, inverti-

ble matrix r.
TP _ < TP
ff’new =re Pold (A87)

The equation, g"p = (f—°" oa) o g"p, returns the same estimator matrix with

the new filter matrix as it did with the old filter matrix.
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-1 -1
S op _[¢gop o T _(2a€. P Z_f o
f’new—( l-’new.q") * f’new_(r.fi’old.qp) .r.fi’old (A88)
-1 :
_f{gop F.0p _o.0P
= (ff’ozd qu) £ = Pl

This method can be readily extended to linear, multi-parameter fits on
continuous time series. The design “matrix” becomes a vector of functions that

can be contracted with the parameter vector to get the multi-parameter signal.

x(t{p}=qp(t)op (A.89)
The estimator “matrix” also becomes a vector of functions.

plx]= [ e, (t)x(t)dt (A.90)

The design vector of functions and the optimal estimator vector of functions
satisfy an orthonormality condition,

+oo 0 <
ey ()T @qp(t)dt =i. (A91)
In analogy with the discrete data case, the optimal estimator vector of functions
can be obtained from the vector of optimal single parameter filter functions and

the design vector of functions.
oo -1
es(t)= ( e () ® qp(t)dt) o£,7(t) (A.92)

The parameter covariance matrix can then be calculated.

mi,op = jj: j:eﬁ"p(tl ) ®eﬁop(t2)COV(X(t] )X(tz ))dtldtz (A93)

Except for the simple case of “white” noise, the parameter covariance matrix

elements are usually not calculated in the time basis as a double integral, but
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rather the Fourier basis techniques discussed in Section A.2 are easier to em-
ploy.

The generalization of these methods to non-linear fits is straightforward.
The design, optimal filter, and estimator vectors of functions become dependent
on the choice of parameters, and this dependence should be indicated by ap-
pending a {p} symbol. A simple example of a non-linear, multi-parameter fit is
presented in the next sub-section.
A.5.4 "White" Noise Multi-Parameter Example: Simultaneous Fit of
Amplitude and Decay Constant
As a concrete example of these optimal multi-parameter fit methods, let us
extend the single parameter example of Section A.3.3 in which the decay con-
stant of a damped exponential was fit for in the presence of “white” noise,
F2[6th J(v)= n2,, to the example of fitting simultaneously for both the decay
constant and the amplitude in the presence of “white” noise. Once again, the
data sample will extend from t =0 to t — +eo.
First, let us review the single parameter case. In Section A.3.3, we fit for

the g in the single parameter signal,

x(t){g} = A, exp(-gt). (A.94)
For completeness, let us also consider the case of fitting for the amplitude, a,
with y known a priori.

x(t){a} = aexp(-1) (A.95)

For non-linear, “white” noise, single parameter fits, the optimal filters are the

partial derivatives of the signal with respect to the parameter.
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 (1){a} = e(t)%-(;—){a}  (£){g} = 6( t) { } (4.96)
= 6(t)exp(-1t) = —e(t)Aatexp(-gt)

The Heavyside functions are included because the filters can only be applied to
data after t =0. The optimal estimators are obtained by normalizing the opti-

mal filters,

6(t)exp(-1) _6(t)4g texp(-gt)
op =
eéwh(t){a} - 2y 3wh {g} = Ao , (A.97)
and the variances in the parameter estimates can be calculated from the estima-
tors.

m2 n

varwh(G [X]) w" (A.98)

0

Varwh( wh[x]) =

In the two parameter example, both a and g are free parameters.
={a,g} x(t){p} = aexp(-gt) (A.99)

The partial derivatives of the signal are combined into the design vector of func-

tions,
x(t)
—, (P} xp(-gt
qp(t){p}= aﬁ‘&){p} =(_:t:x(p({ ;t)J, (A.100)
o8

and the single parameter matched filters are combined into the multi-paramter

optimal filter vector of functions,

(A.101)

6(t)exp(-st) ]
o(t)atexp(-gt) |

6% (1P} = 0o ()P} = (



[N
e
19))

The optimal estimator vector of functions can then be calculated.

es (11{p} = ([ 52, (1)p} @ qp<t>{p}dt)'l «£,7 (1){p)
-1

_ J:exp(—th)dt —I:atexp(-th)dt .( 6(t)exp(-gt)
—I:atexp(—th)dt J:aztzexp(—th)dt ~6(t)atexp(~gt)

_( 6(t)ag(1+ gt)exp(-gt)
6(t)4g*(1+2gt)exp(~gt)/a

J (A.102)

Note that these estimator functions are different from the single parameter fit
estimators because not only must they be sensitive to the parameter which they
are trying to estimate, they must also be insensitive (i.e., orthogonal) to the
other parameter. The first-order correction to the parameter estimates are ob-

tained by applying the estimator functions to the multi-parameter residue,

5(t){p} = x(1) - aexp(~g!).

8| ox{a, g}|{a. g}
&{6x{a, g}}{a. 8}

[ (4(1+ gt)exp(-g))(x(t) - aexp(-g1))ds
Jlow(482(1 + 2gt)exp(—gt)/a)(x(t) —-a exp(—gt))dt

"

AR
y (A.103)

The residue and both estimators depend on both of the parameters, 4 and g.
Thus it makes no sense to talk of the fit being linear in a and non-linear in g.
Once one of the parameters has a non-linear dependence, the entire fit becomes
an iterative, non-linear process.

The parameter covariance matrix can be calculated from the optimal multi-
parameter estimators. For this calculation, the true physical values of the pa-

rameters, A, and 7, are used, and since the noise is “white”, each of the pa-
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rameter covariance matrix elements can be evaluated as an integral in the time

domain.

B . .
meoh = cov( B [X]® )

= cov{ P84 }{ Ao, 7} @ B[, [ A0, 1}

_ nfi’hj._m (eaz]h(f){Ao,}'}) dt -"-Z—"L eaz’h(t){Ao,y}eg—:’:’h(t){Ao,y}dt
=l , A )
Mwh [+ N [+
%h."_«, eﬁftf’h(t){AO'Y}eQZTh(t){AO’Y}dt —ZLJ‘_«, (f-’g:fh(t){Ao'Y}) dt
2 2 3
Mk [*1¢72 2 Mwh (= 167" (1+ #)(1+29)exp(-2})
T [T 1673 (1 ) exp(-2m)t R [ e dt
g (=167 (12 #)1+ 2)expl-21) 5 T I+~16f(1+2w)2 exp(=21t)
4 %o A, 4 do A
i
( Mion __Ai)ll'
=22 32 (A.104)
4 nwh Y nwh
A, A?
Looking at the diagonal elements of E‘—i’:uph' it can be seen that the variances in

the parameter estimates are twice as large for the multi-parameter fit as com-
pared to the single parameter fits. The non-zero off-diagonal element indicates
that the errors in the two parameter estimates are correlated, and therefore a
knowledge of one parameter helps reduce the variance in the estimate of the

other.
A.5.5 Optimal Thermal Noise Limited Parameter Estimates for a

Damped Harmonic Oscillator

The primary question of this paper can now be addressed: what are the

optimal estimators for the parameters of a damped harmonic oscillator in the
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presence of thermal noise? The possible motions of the oscillator are param-

eterized by five parameters,

p={ab,cgw}
x(t){p} = aexp(—gt)cos(wt) + bexp(-gt)sin(wt) + c, (A.105)

and the corresponding design vector of functions has five components,

(ox(t)/oa){p} cos(wt)
(ox(t)/ab){p} sin(wt)
qp(t){p} =] (x(t)/d)p} |= 1 ' (A.106)
(ox(t)/&){p} | | -atcos(wt)-btsin(wt)
(ox(t)/ow){p}) | btcos(wt)—atsin(wt)

To simplify calculations, the above is calculated in the undamped limit of y — 0

which it turns out is sufficient to get results to leading order in 1/Q.

In Section A.4, it was shown that the optimal thermal noise single parame-

ter estimates were all linear combinations of the five statistics, 6x,{p}, &x;{p},

év,{p}, &vr{p} and éx,{p}. Since normalization and recombination of the

rows of a multi-parameter filter are unimportant as long as the rows remain
linearly independent, a simple choice for the component functions of the opti-

mal thermal noise multi-parameter filter are the five functions that extract the

five statistics &x,{p}, 6x¢{p}, 8v;{p}, évs{p}, and ox, {p}.

( St -t;) )
8(t ~tf)
forr ({P}y = ;5((:: tt} )) (A.107)
(8¢ -1:)- (= t7)) /(e - 1)
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The N subscript is included to remind the reader that the above optimal filter is

only valid for a data sample duration, 7=t;—t;, that is an integer number of

periods, N

The optimal estimator vector of functions can then be calculated.

-1
e (0phy = ([ s Hply @apfpler) + 657 0)pl

Yo 1 (R () )

w w
Y01 (R (2R
= N Nl Ny o£,2(t){p}, (A108)
0 (-1)"w 0 (-1) (-a+aNb) (-1)"(aNa+b)
o ()Ww 0 ()N (~a-2Nb) (- ~1)N(-7Na +b)
0o 0 1 (-1)“(5)-) (- )( )

The above 5x5 matrix is inverted to give the coefficients that go in front of
8(t~-t,), 8(t-t;), &'(t~t), &(t-ts) and (G(t—ti)—e(t-tf))/(tf—t,) in the es-
timator functions. The optimal estimators are then applied to the residue,
sx(t){p} = x(t) - x(t){p}. to get the optimal first-order correction to the parame-

ter estimate vector, 5P,p[5x{P}]{P} N*



&pif [ax{p}i{phy =

( &7 [5pl )Pl |
8oy [ox{p}{{p}y
&7 [ax{p}}{p}y

it [ax{p}{p}y

sy [&{p}|{p}y
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eop \

+1/2+€
=I e

—t/2+g| Cth

egon(t {p}y
ewff(t){l’}w

(x(t) - x(

t{p})at

BT

n( &i{p}+&x{p} dvs{p} - dvi{p} _ 5xm{P}]

n(_8x{p}-&xi{p} |

2nNw

=1) 27N

&vs{p} - ovi{p}

= 2nNw

&v¢{p} + v {p} ]

2w

+ 6, {p}

?.JrN(a2 + bz)

) [_ aw(drs{p} - x.{p}) b(dv{p}-ov.{p})

27:N(a2 +b2) ] (A-109)

27tN(a2 + bz)

(_UN[bw(éxf{P} -ox{p})

a(6vs{p} - &v, {P})]

27:N(a2 +b2)

Although the y — 0 approximation was used in the estimators, it can not be

used when calculating the residue, 8x(t){p} = x(t) - x(t)}{p}, without introducing

a systematic bias in the parameter estimates.

The optimal parameter estimation method has now been prescribed. What

are the variances in these parameter estimates? For thermal noise, it is easiest to

calculate the variance of a parameter estimate in the Fourier basis. Let us re-

view the Fourier calculation method described in Sections A.2.3 and A.3.2.
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Given an estimator e;(t){p}, the true physical value of the parameter, p, is in-

serted and its spectral power density, Fz[ef, {p}]( v), is calculated.
+oc 2 400 2
Fz[ef7 {p}]( v)= U_mei,(t){p}cos(vat)dt) + (I_w eﬁ(t){p}sin(vat)dt) (A.110)

This is multiplied by the spectral power density of the thermal noise ensemble,

F2[6X,,)(v). and then integrated over v to get the variance in the parameter es-

timate.

cary (B{X]) = var (83, o)) = | F[es (o} VP8, [vIav 2
_2KTp - F2[e;{p}v)av
M2 (22 - @2)+ (4’

_ 2X50] [ Fz[eﬁ{P}](V)dV
T Q0 2av-a,-iy)2rv -y +iy)(2nv + o, -i)(27v + 04 +iY)

(A.111)

In the last line above, the denominator has been factored to indicate that the in-
tegral can be readily evaluated in the complex plane using the method of resi-
dues provided that FZ[eﬁ{p}]( v) is analytic. The expressions xj, =KT/k and
Q=2w,/y =2w,;/y have been introduced because they provide a convenient
form to in which to express the final results.

When this Fourier method for calculating the variance of a parameter es-
timate is applied to the diagonal elements of the parameter covariance matrix,
the following optimal (i.e., minimum) variances are obtained for the five pa-

rameters.



var,,,(Aﬁf[X]N)E 1A var,h(éf,f’[X]N) =x2
20 th
var,h(C,,f[X]N) = n’I\tIQ (A112)
2 2 2 2
. _wi ([ x - o wy (x
wara( X1, )= 525 2] vanalWI) )= 5205 2
0 0

The variance of all the parameter estimates is directly proportional to 17, and
hence to the absolute temperature as well. The variance in the estimates of the
amplitude parameters, a and b, is simply x5, which is the variance in the in-
stantaneous measurement of position, vary(X(t)). Notice that increasing the
number of periods of measurement, N, does not reduce the variance in the am-
plitude parameter estimates because their uncertainty is dominated by fluctua-
tions that occurred before the data sample began. The uncertainty in the other
three parameters, ¢, g, and w, is dominated by non-resonant fluctuations
during the data sample. Therefore the variance in these three parameters de-
creases as 1/N because the noise can be averaged over a longer time period, and
these variances decrease as 1/Q because the position noise power outside of the
resonant peak decreases as 1/Q. The variances in the parameter estimates g
and w are proportional to 1/A2, and this arises from the amplitude depend-
ence of (dx(t)/dg){p} and (ox(t)/dw){p} in the design vector of functions,
qp(t){p}. Essentially, the change in the signal, x(t){p}, as g or w is varied be-
comes proportionally larger as the amplitude of the signal is increased, and
therefore the ability to detect small changes in these parameters is correspond-
ingly increased. Also note that although the functional form of the estimators

for g and w depends on the phase of the signal, the variances in the estimates
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of these parameters is independent of phase for the case of the data sample be-
ing an integer number of periods. There is no preferred phase of the signal that
optimizes the determination of the parameters.

With a little modification, the calculation of the off-diagonal elements of
the parameter covariance matrix can also be done using Fourier methods. If
expanded, the covariance of two random variables, X, and X;, can be ex-
pressed in terms of variances.

cov(X;, Xy ) = (6X,6X,) = <(6x1 +8X,)" - (8%,) - (8%,)°)

1 | (A.113)
= —?:(var(Xl + X,) - var(X;) - var(X;))

The covariances of the different parameter estimates can thus be decomposed
into variances and calculated in the same manner as the diagonal elements
were. When this is done, it turns out all off-diagonal elements are zero to lead-
ing order in 1/Q. More specifically, the correlation coefficients, defined as

cov(X;X3)

X1X,) = '
corr(X,X,) stddev(X; )stddev(X;)

(A.114)

are at most of order 1/Q¥? and therefore go to zero in the high Q limit.
As a final note, the (5xf{p}— 61-{p}), (5vf{p} - 5v»{p}), and éx,{p} terms

in 84} [ox{p}}{p}, and &b [8x{p}){p}, can be dropped without increasing the
variances in the estimates of @ and b to leading order in 1/Q. One might ques-
tion whether these terms should be included in the leading order formulation,
but their presence is required to maintain the orthogonality of the fit to leading
order in 1/Q. If these terms are dropped, it will be the speed of convergence of

the fit that will be degraded.
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