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Abstract

Polarimetry In Radar Backscattering from Soil and Vegetated Surfaces
Tien-Hao Liao

Chair of the Supervisory Committee:
Professor Leung Tsang
Department of Electrical Engineering

The unique contributions of this thesis include (1) 3D numerical simulation using Maxwell Method
(NMM3D) for soil surface for L-, C-, X-, and Ku-bands. (2) Multiple scattering models with
cyclical correction for vegetated surface with large optical thickness and albedo (3) Simulate
polarimetry SAR speckle using fully numerical method (NMM3D) for soil surface. (4) Combine
NMM3D with distorted Born approximation to give coherency matrix for both polarimetry SAR

and interferometric SAR.

The thesis starts with the large scale computation of rough surface for the interests increased in the
earth observation using high frequency bands. The numerical methods shows the merits not only
agrees the co- and cross-polarization backscatters but also acts as polarimetric SAR simulator to
capture the radar speckle characteristics from soil. For the vegetation model, first we introduce the
multiple scattering model which uses the scattering path to account trace the multiple scattering
effects. Cyclical correction is applied to account the coherent addition at backscattering direction.
Second, NMM3D is processed as coherency matrix and is combined with distorted Born
approximation. The detail derivation is included for coherency matrix for both PolSAR and
PolInSAR. Finally, cross-polarization and polarization ratio are validated with measurement data

from SMAPVEX12 to address their importance for the focus of future study.
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Chapter 1

Introduction

SAR Polarimetry has become increasingly used for remote sensing of earth surfaces for monitoring
water resources, forests, agriculture and natural disasters. Physical microwave scattering models
are used to simulate the SAR polarimetric signatures and to study the microwave interactions with
soil surfaces, vegetation and forests. In the past, the physical models and SAR simulators are based
on simple analytical models and on assumed stochastic distributions of the signals. With the
advancement of the computing technology such as NSR XSEDE, large scale computation is
available to conduct full numerical simulation of Maxwell’s equations. In this thesis, both
numerical and theoretical study for land surface are included. This covers the fully numerical study

of soil rough surface and vegetated surface.

In chapter 2, we extend 3D numerical method of Maxwell equation (NMM3D) for rough soil
surface scattering to from L-band to C-, X-, and Ku-bands. NMM3D has been applied to L-band
bare soil study as well as L-band satellite mission (NASA Soil Moisture Active Passive). Here we
further apply the near field precondition to the speed up the computation. This will be useful as
the surface gets rougher which requires more simulation time. Besides, large amount of
measurement data from POLARSCAT were applied for the validation. We illustrate the results for
co-polarization, cross-polarization, and polarization ratio (HH/VVV). We single out the polarization

ratio to address its importance to indicate the dependence over frequency.

In chapter 3, we demonstrate the radar backscattering study on vegetated surface. Beyond the
distorted Born approximation, we further introduce the physical model to take into account the
multiple scattering effects. The energy transport in a vegetation layer over the soil surface is
examined by solving the vector radiative transfer equation using a numerical iterative approach.

This approach allows a higher order that includes the multiple scattering effects. Multiple



scattering effects are important when the optical thickness and scattering albedo of the vegetation
layer are large. When both the albedo and the optical thickness exceed 0.4, higher orders contribute
significantly. Later, the model is applied to corn field and results are validated with SMAPVEX12
corn data. We also perform the soil moisture using pre-computed lookup table (called datacube in
the thesis).

In chapter 4, we study the polarimetry SAR and interferometric SAR for soil and vegetated surface.
Electromagnetic scattering from soil surfaces has stochastic fluctuations known as speckle because
of the stochastic nature of rough surface heights. In simulating SAR signatures, we stochastically
generate random rough surface and then we solve Maxwell equations numerically for each sample
as we do in chapter 2. Scattering matrices (Syy, Syu, Syu, Syy) are computed. Various theoretical
distributions are compared with results from NMM3D. We will show that numerical results from
NMM3D is capable as being SAR simulator for soil surface. We then derive the coherency matrix
and interferometric coherency matrix for VVegetated Surfaces using distorted Born approximation
combined with NMM3D. The coherency matrix is the correlation of the scattered fields of different
combinations of polarizations. The interferometric coherence is the correlation as weighted by the
product of vertical structure function and the interferometric phase. With the coherency matrix
from NMM3D, we combine it with distorted born approximation for volume scattering, double
bounce, and surface scattering. Coherency matrix are then computed for these three scattering
mechanisms for both PoISAR and PolInSAR. The polarimetric feature from coherency matrix is
useful to classify the land surface and to retrieve geophysical parameters. The interferometric
coherency matrix is capable to study the relation between the vegetation biomass and the
interferogram. Finally, we show the validation with SMAPVEX12 data to address the importance

of cross-polarizaiton and polarization ratio.



Chapter 2

Radar Backscatteirng of soil surface
from L- to Ku-band

2.1 Basckscattering of rough surface

Radar remote sensing of land surfaces satellites are moving forward with rapid pace. These include
Soil Moisture Active Passive (SMAP) [1][2] for L-band (1.26GHz) and Global Precipitation
Measurement (GPM) for Ku-band (13.6GHz). Besides, there are L-band Advanced Land Observing
Satellite-2 (ALOS2), C-band Radarsat2, X-band TerraSAR-X, TanDEM-X, Ku-band ISS-
RapidScat, OuikSCAT and future L-band missions such as NI-SAR and TanDEM-L.. For bare soils,
rough surface creates backscattering as shown in Figure 2.1 that contains information of the soil
moisture. For vegetated surface, rough soil surface underneath the canopy can provide either direct
backscattering or strong reflection from vegetation (double bounce). For the study of backscattering
from bare surface, there are empirical, analytical, and numerical models. For analytical models,
small perturbation method (SPM) [3], small slope approximation (SSA) [4], and advanced integral
equation method (AIEM) [5] are well-known and applied. For empirical model, there are Oh’s
empirical [6] and semi-empirical model [7] as well as Dubois model [8]. For numerical methods,
there are method of moment (MoM) [9][10][11][12], stabilized extended boundary condition
method (SEBCM) [13], finite element method (FEM) [14]. 3D Numerical Method of Maxwell
equation (NMM3D) is 3D full-wave solutions of Maxwell’s equations for rough surface using
Monte-Carlo simulations. NMM3D was developed with hybrid UV/PBTG/SMCG method for
parallel computing [12]. Results of NMM3D were shown in good agreement with POLARSCAT
ground-based measurement for L-band soil surface application for both co-polarization and cross-
polarization. It is also adopted in active algorithm in SMAP mission [11][12].
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Figure 2.1 Radar backscattering and bistatic scatterin of dielectric rough surface

In previous study of NMM3D [12], there was detailed description about hybrid UV/PBTG/SMCG
method including applying these methods for different regions in the MoM impedance matrix.
Careful accuracy assessments were also conducted to assure the results are correct. These
assessments include : (a) convergence test with discrete samplings (16 points and 32 points per
wavelength) (b) convergence test against the number of realizations (up to 1000) (c) convergence
test with respect to the size of sample surface(8 by 8 A2, 16 by 16 A2, and 32 by 32 12) (d) energy
conservation test for each realization (up to rms height = 0.3361) (e) test of reciprocity (HV=VH)
for each realization. Besides the accuracy assessments for the electromagnetic model itself, the
results were compared with L-band POLARSCAT data ranging from 20 to 50 degrees. Both co-
polarization and cross-polarization were in good agreement. Although the computation is intensive
and was only run on supercomputing facilities such as NSF XSEDE (previous NSF TeraGrid),
results were calculated only one time and transformed to look up table for further application.
Lookup tables are used in the soil moisture retrieval by the SMAP mission: NMM3D lookup tables
has been applied to time series retrieval for both bare soil and vegetated surface [15][16]. It is also
used by the SMAP radar-only algorithm for soil moisture retrieval in vegetated surfaces including
corn field, soybean field, wheat field, canola field, and grassland [17][18]. Coherent reflectivity was

also calculated by NMM3D for double-bounce scattering for double-bounce scattering used in
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vegetated surface model [11][18].

In this chapter parameters of NMM3D for characterizing rough soil surface such as rms height,
correlation length, and soil permittivity (soil moisture) are obtained based on ground measurement
data from various field campaigns since 1999. These data shown in table Il gives us clear picture
about reasonable input parameters for the model. In previous study [12], results were emphasized
on L-band. Here the simulation and comparison is conducted for L-, C-, X-, and Ku-bands. At these
frequencies backscattering coefficients are computed by various models and compared with one
another. These comparisons include frequency dependence, incident angle dependence, and soil
moisture dependence. For co-polarization comparison, NMM3D is compared with SPM 1% order,
SSA, AIEM, and Oh’s model. For cross-polarization comparison, NMM3D is compared with SPM
4™ order, SSA, and Oh’s model. For polarization ratio, HH/VV, the measurement data from
POLARSCAT Data-1(L-, C-, X- bands) [6] is compared with backscatters from NMM3D as well
as SPM 1% order, SSA, AIEM, and Oh’s model to address the important feature of frequency
dependence. Besides model comparison, model results are also validated with POLARSCAT
measurement data for 1.25GHz, 4.75GHz and 9.5GHz for multiple incidence angle ranging from
20° to 50°.

The key advancement in this chapter is the enhancement of the computation speed for NMM3D.
Based on the NMM3D with hybrid UV/PBTG/SMCG fast method, a physically-based near-field
precondition is implemented to further improve computation efficiency. The physically-based near-
field precondition matrix is applied to the impedance matrix without losing accuracy. Faster
simulation is achieved consistently. Computation efficiency of cross-comparison is also presented

for original and preconditioned NMM3D.

2.2 Numerical Maxwell’s Method in 3D

NMM3D is the method of moment (MoM) based numerical method using Monte-Carlo simulation.
For each realization, a unique height profile z = f(x,y) from Gaussian random process is

generated based on given rms height, correlation length, and correlation function.
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Figure 2.2 Computer generated 3D profiles for NMM3D simulation (Exponential
correlation function)

Figure 2.2 shows the surface profile for exponential correlation function for 256 by 256 grid points
with surface size of 16 by 16 A2. Exponential correlation function was applied for L-band rough
surface model for NMM3D in previous study. In this study, exponential correlation function is
applied for NMM3D as well as for other models. With the surface height profile, a two dielectric
problem known as Poggio-Miller-Chang-Harrington-Wu (PMCHW) [19] is shown in integral
forms in (2.1)-(2.5). The Rao-Wilton-Glisson (RWG) basis function and the Galerkin’s method are
applied to discretize the surface integral equation. A tapered plane wave is used to avoid diffraction

from the edge of a finite-size surface [11].

A X (Ly + Ly)Js(7) — A X (Ky + K,)M (7)) = A X E;(7) (2.1)
A X (K; + Ky)J(7) + A x (%Ll + nisz) M,(7) = A x H;(F) (2.2)
LX(F) = f ds’ [—iw/,tg)?(f') - ﬁvv’ -)?(f’)l AGA) (2.3)
S ¢
KX(F) = j ds'[X(7) x Vg (7, 7] (2.4)
S
eikglf—fr|
gc(r,7) = p P (2.5)
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Figure 2.3 Definition of bistatic scattering of rough surface with
incident direction (6;, ¢;) and scattering direction (6, ¢5)

Figure 2.3 shows the incident and scattering angles with wave vector k;(6;, ¢;) and k,(6s, ¢). 6;
and ¢; are elevation and azimuthal angles for the incident wave. 6, and ¢, are elevation and

azimuthal angles for the scattered wave. The equations are also shown in (2.6) and (2.7).
k;(6;, ;) = sinB;cosp;x + sind;sing;y — cosb;2 (2.6)
ks (6, @5) = sinBscosp k + sinf,singsy + coss2 (2.7)

Bistatic scattering coefficient is determined in (2.8) by incident and scattered electric fields. Then

it is decomposed into coherent and incoherent components as shown in (2.9) [11]. After the
subtraction of coherent component, bistatic scattering coefficient, ¥ (65, @s; 6;, @;), is shown
in (2.10) for incident a-polarized and scattered B-polarized wave based on computed incoherent
electric field, E”;f,‘{h(es, ®s; 0, ©;), from each realization. N stands for number of total realizations
and P! stands for incident power of a-polarized wave. The multiplication of cos6; and
yl‘;’;f"h(es, @s; 0, @;) gives scattering cross section. Eq. (2.11) shows scattering cross section at

backscattering direction.
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cos

VBa (051 qos' ir (pl) = Oh (051 §Ds' i (pl) + ymcoh (951 Ps; 91-, (pi) (2-9)

incoh 0 incoh 0 0. ©: 2 2.10

Yﬁa ( S’ qos: i (pl) - i ( s: Ps; Ui, Qol)l ( . )
N2 P

Gpa(B:, bi) = cosb; ‘"C"h(eun+ ¢ 0, 01) (2.11)

For the impedance matrix of NMM3D, a different fast method is applied based on interaction
strength shown in Figure 2.4. For the strong interaction, close to diagonal, MoM is applied directly
and the impedance matrix elements which consumes most memory are saved. For intermediate
interaction, next to diagonal, interpolation Green’s function method is applied. For weak
interaction, far from diagonal, sparse matrix canonical grid (SMCG) is applied by using fast Fourier
transform (FFT). The boundaries of these three regions are adjustable to balance the results

accuracy and memory efficiency.

Figure 2.4 Strong, intermediate, and weak interaction
regions from diagonal to off-diagonal for impedance
matrix of NMM3D



2.3 Near field precondition of NMM3D

In NMM3D, the computation efficiency is improved through significantly reducing the CPU time
needed for a single iteration. However, for the rougher surface it still takes more iterations for
generalized minimal residual method (GMRES) to converge compared to the smooth surface. This
results in longer simulation time. To further speed up the computation, near-field precondition is
introduced to NMM3D. Naenna and Johnson [20] have studied physical-based preconditioner for
MoM in 2D scattering problem for rough surface and it shows large reduction of iterations for
surface with large rms height. This suggests that it might be applied well also in 3D scattering

problem of rough surface as we are doing with NMM3D.

In this study, the physical-based precondition is implemented for NMM3D and it is compatible with
existed fast method. Near-field precondition is based on physical behaviors of electromagnetic field
[21]. In (2.1) and (2.2), Poggio-Miller-Chang-Harrington-Wu (PMCHW) equation is written in
terms of tangential electric and magnetic fields. Due to the loss in dielectric medium, both electric
and magnetic fields exponentially decay with the distance between source and observation points.
The closer the distance the stronger interaction on the fields. This suggests us that the distance-
related matrix could be a preconditioner. Besides, NMM3D has regular and finer meshes, 16 or 32
points per wavelength, which will include numerous interactions by basis function pairs within one
wavelength. For the above reasons, near-field precondition is capable to be applied to NMM3D, in
particular to solve the rough surface scattering problem. We list the steps to apply near field

precondition to NMM3D as follows. We also explain how to implement it in parallel computing.



Figure 2.5 RWG meshes in blocks. This example case shows
64 by 64 grid points and 8 by 8 grid points in one block.

Figure 2.5 shows RWG meshes for 41 x 44 of surface size with 16 points per wavelength in
NMM3D. 8 by 8 grid points are grouped in blocks for parallelization. In NMM3D, the calculation
related to one block is assigned to one processor in parallel computing. For a given grid point in a
block (reference grid point), near field region is specified in both x and y direction for grid points
within Nfp grids as shown in Figure 2.6. e.g. We take Nfp=4 for the case of 16 points per wavelength
to do precondition. This is about quarter wavelength. Edges related to grid points in near field region
are considered for near field interaction. In Figure 2.6 two cases for near field region are shown.
Figure 2.6a is the general case and Figure 2.6b is a special case for reference grid point close to

boundary that results in smaller near field region.
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Figure 2.6 Near field interaction range w.r.t. one reference grid point within one block.
Green dots show reference grid points in the block. Red edge shows basis functions within
near field region. Nfp shows near field region size. (a) general case (b) example case for
block close or along boundary
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For each grid point, we compute the interaction among pairs of edges by (2.12) and (2.13). This
calculation is the same as those done in strong interaction region. A block matrix for near field

region is then formed as (2.15) with matrix size much less than original impedance matrix.
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The block matrix is then inversed as (2.16). Since the matrix is small, the inversion process can be
done quickly. However, the block-wise quasi-symmetrical property for the original block matrix
does not exist after inversion. The inversed block matrix is then mapped back to the location in the

original impedance matrix as shown in (2.17)-(2.19).

Qo =[B9]" (2.16)

_ 59 59
QI=|zy =4 (2.17)

Q21 QZZ
quj(s’t) (My(s.0)» Ng(s,0) = Qf(m,m) (2.18)
Rigjb(s't) (Mg, (5.0 Mg (s0) = Qjj (M 1) (2.19)

For each reference grid point, there is one inversed block matrix. The contribution from all reference
grid points are later summed up. Eq. (2.20) shows the summation of all the blocks. Finally, a sparse
matrix is generated for the preconditioner as (2.21). Only one-time computation of the
preconditioner is needed for both vertical and horizontal incidences in one realization. e.g. We
consider 8 by 8 grid points for one block. NA8 stands for block number in x direction, so does NB8

for y direction. NG is the total number of grid points in one block, 64 for typical case.

NB8 NA8 NG
N, = RIYD (2.20)
s=1 t=1 b=1
N = lll“ Illzl (2.21)
N21 N22
N is applied to the original MoM matrix equation as (2.22).
NZI = NV (2.22)

Since N is sparse matrix, the computation of NZ and NV is in order O(N). Let Z' = NZ and V' =
NV. Then GMRES iterative solver is applied to (2.23). Since Z’ has much smaller condition number

than Z, it converges much faster.
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Table 2.1

Computer efficiency comparison : 256 processors, 161 by 164, 16
points/A, 40° incidence, rms height=0.0844, correlation
length=0.844, dielectric constat=30+4.5i, NMM3D (run on Kraken
XT5 2.6GHz), preconditioned NMM3D(run on Stampede 2.7GHz

Preconditioned

NMM3D NMM3D

0.01 residual 263 iterations 12 iterations

for V-pol
Tlme. for. one 12min 2.5min
realization
Memoryper | c76GBytes | 0.402GBytes
processor

In Table 2.1, the comparison is shown for surface size of 16 by 1612 with 16 points per wavelength.
With the precondition, it takes only 12 iterations to converge for V-polarized incidence. The
convergence is more than 20 times faster than that without precondition, which requires 263

iterations. For a single realization, preconditioned case is close to 5 times faster.
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Figure 2.7 Comparison of iterations required to achieve 1072
residual, detailed parameters in Table 2.1

In Figure 2.7, it is obvious that how the solutions converge for both.
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Figure 2.8 Comparison of simulation time for one
realization, correlation length to rms height ratio =
10, rest parameters are the same as in Table 2.1

In Figure 2.8, simulation time for one realization is shown by varying rms height with fixed
correlation to rms height ratio. The preconditioned case gives the same simulation time,
independent of rms height change. In contrast, the simulation time of original NMM3D increases
with rms height. For instance, when rms height is equal to 0.1684, preconditioned case is more than
10 times faster. Thus, the preconditioner is critical for solving problem with larger surface
roughness. In Figure 2.9, emissivity for the same variation is computed to show the results are

consistent for both.
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Figure 2.9 Comparison of emissivity. Correlation length to rms
height ratio = 10, rest parameters are the same as in Table 2.1

2.4 Physical Parameters of Rough Soil Surface

For modeling rough soil surface, the primary input parameters are rms height, correlation length,
and soil permittivity. For soil permittivity, the measurement is usually done for soil moisture
instead. For a given frequency and soil texture, the relationship between soil moisture and soil
permittivity can be determined by the empirical ‘dielectric’ model such as Mironov’s model [22]
In this thesis, we will also apply it to calculate soil permittivity. Since 1999, many field campaigns
have been conducted for vegetated surfaces to collect vegetation biomass data as well as soil surface
data. They are Southern Great Plain (SGP99), Soil Moisture Experiment in 2002 (SMEX02), Cloud
and Land Surface Interaction Campaign in 2007 (CLASIC07), SMAP Validation Experiment 2008
(SMAPVEXO08), and SMAPVEX12. Large amount of data were collected, including rms height,
correlation length, soil moisture, and soil texture. 112 fields are picked up here from vegetated

surface and are listed in Table 2.2.
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Table 2.2
Physical parameter from field campaigns

Clay Soil Moisture
s(cm) | # | L(cm) | # L/s # fraction # (cm®/em?) #
<05 |10 <5 6 <5 2 <0.1 15 <0.1 112

0.5~1 |63 | 5~10 |51 | 5~10 | 32| 0.1~0.2 |38 0.1~0.2 351
1~1.5 |31 | 10~20 | 38 | 10~20 | 57| 0.2~0.3 |32 0.2~0.3 496
1.5~2 | 8 [{20~30| 8 [20~30 | 11| 0.3~0.5 |10 0.3~0.4 151

>2 0| >30 | 9| >30 |10 >0.5 17 >0.4 52

# denotes number of data. s for rms height and L for correlation length

Since mostly rough surface is applied with canopy on top rather than alone, these data shows
practical input parameter range how we will apply them into the model. In Table 2.2, each physical
parameter is listed in 5 groups. Clay fraction is listed as it is required for Mironov’s model. For soil
moisture, there are overall 1162 measured data in these 112 fields. Rms height varies mostly
between 0.5cm and 1.5cm and correlation length varies mostly between 5¢cm and 20cm. However,
instead of applying correlation length, correlation length to rms height ratio is considered. The ratio
varies mostly between 5 and 20. The clay fraction varies mostly between 0.1 and 0.3. For soil
moisture, it varies mostly between 0.1 and 0.4cm3/cm3. Soil moisture and soil dielectric constant
mapping conducted in this study is shown in Table 2.3 for 5.4GHz, 9.65GHz, 13.4GHz with soil
moisture from 0.15 to 0.5 cm3/cm3. In addition to physical parameters, correlation function is also
important. In L-band, exponential correlation function is applied well as shown in previous
NMM3D validation [12]. In this study, exponential correlation function is also applied for analytical
and numerical model except small slope approximation (SSA) and small perturbation method up to
4™ order (SPM 4™). For these two, they are implemented with modified exponential correlation

function instead.
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Table 2.3
Dielectric constant for soil (clay fraction = 0.3)

Soil Moisture 5.4 GH 9.65 GHz 13.4 GHz
0.15 6.2+1.16i 5.72+1.56i 5.29+1.73i
0.2 8.54+1.781 | 7.78+2.441 7.1+2.74i
0.3 14.33+3.41 | 12.85+4.74i | 11.49+5.36i
0.4 21.6+5.511i | 19.18+7.751 | 16.92+8.8i
0.5 30.36+8.12i | 26.75+11.48i | 23.37+13.041

2.5 Experimental Results and Analysis

2.5.1 Backscatters of Co-polarization and Cross-polarization

In this section, co- and cross-polarization of NMM3D results are compared with those from the
other models for C-, X-, and Ku-bands. L-band comparison has been done extensively in previous
study[11][12], so we focus on higher frequencies. Models include SPM [3], SSA [4], advanced
integral equation method (AIEM) [5], and Oh’s empirical model[6]. For SPM, we apply SPM 1%
order for co-polarization, VV and HH. However to account for cross-polarization we need to apply
higher order SPM since cross-polarization is not provided in 1% order. SPM is applied from 2" up
to 4™ order only for the cross-polarization. Higher orders, up to 4, contribute very little to co-
polarization, so SPM 1% order is considered for co-polarization. SPM could be applied to relatively
smooth surface, rms height smaller than 1/8 cos 6;. AIEM is previously studied up to kg = 5.13
for Gaussian correlated surface.[5] SSA could be applied for large rms height as long as slope is
small. For Oh’s empirical model, it is based on POLARSCAT data-1 measurement, including sites
with rms height from 0.32cm to 3.02cm for L,C,X bands. In this study, the range mentioned above
for analytical methods is less important. Cross-comparison of models are more important as well
as how close the results to the measurement. For this reason, Oh’s model is treated most of the time
as reference in this study.

The surface size for NMM3D considered in these comparisons is 16 by 16 squared wavelength (1?)
with 16 points per wavelength. Preconditioned NMM3D is applied. We run NMM3D with 256
CPU cores on NSF Extreme Science and Engineering Discovery Environment (XSEDE) clusters.
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This includes TACC Stampede (2.7GHz Xeon E5-2680) and NICS Darter (2.6GHz Xeon E5-2600).

Up to 50 realizations were simulated for each case.

For co-polarization comparison, NMM3D with SPM 1% order, SSA, AIEM, and Oh’s model were
compared. For cross-polarization, NMM3D with SPM 4", SSA, and Oh’s model were compared.
Among these models, Oh’s model is treated as reference as it is constructed based on L, C, X band
measurement for incident angle from 10 to 70 degrees.[6] By comparing co- and cross-polarization
results with Oh’s model, it shows how good these models predict the backscattering. For Ku-band,

Oh’s model is also applied for quick comparison as the extension, however this should be less

emphasized.
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Figure 2.10 Frequency dependence of co- and cross-polarization from 5.4GHz to 13.4GHz (s=0.5cm, L/s=10,
mv=0.3, 6; = 49°)

In Figure 2.10, frequency dependence of VV, HH, and HV are shown for 49 degrees. 49 degree
incidence is covered by C-band Radarsat-2(29°~50°), X-band TerraSAR-X(20°~55°), and Ku-
band ISS-RapidScat(49°). Surface rms height is 0.5cm with correlation length to rms height ratio
equal to 10. Results from NMM3D stay close to those from Oh’s model for both co- and cross-
polarization. HH and HV show larger dynamic range, about 5 to 7dB, than VV, about 3dB.
Meanwhile, AIEM shows different trend from SSA and SPM for VV and HH. All three stay away

from results from Oh’s model.

In Figure 2.11, it shows soil moisture dependence of VV, HH, and HV, for C, X, and Ku bands.
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40 degree incidence is considered for 5.4 and 9.65GHz, 49 degree incidence for 13.4GHz. Soil
moisture is considered from 0.15 to 0.5 for these cases. The soil dielectric constants used here are
listed in Table 2.3. Overall, considering both co- and cross-polarization results from NMM3D still

stay closer to those from Oh’s model. VV and HV show larger dynamic range, about 5 to 6dB, over
HH for all 3 frequencies for NMM3D.

In Figure 2.12, it shows angular dependence of co- and cross-polarization from NMM3D
POLARSCAT data-1 for C-band(4.75GHz) and X-band(9.5GHz).
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Figure 2.12 Angular dependence of co- and cross-polarization validation comparison with POLARSCAT
DATAL, 6, = 30°~50° for C-band (4.75GHz) , 6; = 20°~50° X-band (9.5GHz)

Site with rms, 1.12cm, with soil moisture, 0.266, is considered. Within the angular range for
Radarsat2 and TerraSAR-X earlier, we validate data of 30°~50°for C-band and 20°~50° for X-
band. Roughly the decreasing trend for 30 to 50 degrees are similar for C and X band observed
from data. Both NMM3D and data show stronger dependence on angles for VV and HH. HV is less
dependent on the angle change. In Figure 2.13, results from various models were compared with
POLARSCAT data for L-band(1.25GHz), C-band(4.75GHz) and X-band(9.5GHz).
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Detail parameters considered for C- and X- bands in the validation are listed in Table 2.4.

Table 2.4

Physical parameter of validation sites for C-band(4.75GHz) & X-band(9.5GHz)

s(cm) | L(cm) | Frequency (GHz) Incident Angle S((::nl\;[/ocl:;l;;e
0.4 8.4 4.75,9.5 20°,30°,40°, 50° 0.253,0.126
0.32 9.9 4.75,9.5 20°,30°,40°, 50° 0.262, 0.09
1.12 8.4 4.75,9.5 20°,30°,40°, 50° 0.266, 0.14

For L-band validation, the site information is listed in previous study.[12] Root mean square
error(RMSE), correlation(CORR), and mean bias error(BIAS) are calculated accordingly to
emphasize the comparison. Correlation is good, above 0.9, for all the validation. Overall, NMM3D
performs well for L-, C- and X- bands on root mean square error and has less bias considering all 3
polarizations. It is worth mentioning SPM4th and SSA underestimate HV while NMM3D could
provide larger HV close the measurement. In Figure 2.14a, the energy conservation is shown as
increasing soil moisture for cases considered in Figure 2.11a and Figure 2.11b. It’s roughly within
2% error for soil moisture up to 0.5 for both C- and X- bands. In Figure 2.14b, we compare HV and
VH from NMM3D to examine the reciprocity. The good agreement for HV and VH means the
reciprocity still holds as NMM3D applies to C- and X- bands. This is essential if we apply NMM3D

for polarimetric SAR study.[23]
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Figure 2.14 Test of simulation results of C-band and X-band from NMM3D (a) Energy
conservation (b) Backscattering reciprocity for HV and VH

2.5.2 Polarization ratio, HH/VVV

In this section, polarization ratio, HH/VV, is studied and it shows the feature on frequency
dependence and soil moisture dependence. In Figure 2.15, it shows the trends of HH/VV over
frequencies for different incidence, from 20 to 50 degrees. 3 fields from POLARSCAT data-1 are
considered and the corresponding regression lines are plotted as well. It is obvious that as incident
angle increases, the dynamic range also increases. For 50 degree incidence, the regression shows
about 4dB increase from 1.5GHz to 9.5GHz. For 20 degree incidence, there is less than 1 dB
increase. To emphasize the situation with stronger dependence, we calculate only larger angles and

compare HH/VVV among models.
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Figure 2.16 Model comparison of
polarization ratio, HH/VVV, over L, C, X,
and Ku bands, (s=0.5cm,
L/s=10,Mv=0.3, 6; = 49°)

Figure 2.15 Frequency dependence of
polarization ratio, HH/VVV, from
POLARSCAT DATAI1 (s=0.32,0.4,1.12cm,
Mv=0.09~0.266)

In Figure 2.16, same parameters are considered as those in Figure 2.11. It shows HH/VVV from L-
to Ku- bands. Again, Oh’s model is treated as reference and results from NMM3D stays pretty close
to it while AIEM overestimates and SSA underestimates the values. It is worth pointing out that
SPM shows no dependence on frequency change. This can be explained by the SPM formula at
backscattering direction as shown in (2.24) [24]. Terms related to roughness is from the spectral
density, W (—2k;, ), and it is the same for both VV and HH. Scattering amplitude, fz,(—k;y, ki1 ),
does not include roughness effect. After taking the ratio of HH and V'V, roughness effect cancelled
out and gives no dependence on roughness. For the same field, surface gets rougher as frequency
increases. However, HH/VVV for SPM does not sense this change since roughness effect is gone by

the cancellation.
ag;”” = 4mk? cos? 0; W(—2k;1)|fpa(—kiL, Eu)lz (2.24)

In Figure 2.17, we demonstrate the soil moisture dependence of HH/VV for C-, X-, and Ku-bands.
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Figure 2.17 Model comparison of soil moisture dependence of polarization ratio HH/VVV (s=0.5cm, L/s=10)

(a) 5.4 GHz, 8; = 40° (b) 9.65 GHz, §; = 40° (c) 13.4 GHz, 8; = 49°

In Figure 2.18, it shows the validation of HH/VVV with POLARSCAT data for L-, C- and X- bands.
HH/VV from NMM3D shows least root mean square error and bias. Also it shows better

correlation. From both frequency dependence and soil moisture dependence, we see NMM3D can

be applied well to predict polarization ratio, HH/VV. It shows much different dependence from

other models and is pretty close to measurement data based empirical model, Oh’s model. Also,

HH/VV could be a good estimate to be included for the retrieval of the soil moisture.
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Figure 2.18 Model comparison for validation of polarization ratio, HH/VVV, with POLARSCAT DATAL1 for C-
band (4.75GHz) and X-band (9.5GHz)

2.6 Summary

In this chapter, the near-field precondition method is introduced to NMM3D and it provides faster
and consistent simulation time that is independent of roughness. This will be useful as we move
forward to larger roughness and larger surface size. Besides, the study of backscattering from soil
rough surface is extended from L-band to C-, X-, and Ku-bands. Cross-comparison among various
models for co-polarization, cross-polarization are also made as well as polarization ratio, HH/\VVV.
Frequency dependence, incident angle dependence, and soil moisture dependence are applied to
examine these quantities. Measurement data from POLARSCAT were applied to the validation. In
model comparison, measurement data based empirical model, Oh’s model, is treated as reference
to see how model results are close to measurement for L-, C-, X-bands. NMM3D performs pretty
well considering all the concerned quantities among various models. The polarization ratio, HH/VV
is shown to have frequency dependence from measurement data. Some inherent properties of SPM
which causes no dependence on surface roughness and it leads to no dependence on frequency.
Among these models, NMM3D agrees well with Oh’s model from L- to Ku-bands. This suggests
that HH/VV could be a good estimate to be included for the soil moisture retrieval study of land
surfaces. Also, NMM3D will also be useful for L-, C-, X-, and Ku-bands.
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Chapter 3

Multiple Scattering Model for
Vegetated Surface

3.1 Backscattering from vegetated surface

When scattering albedo and optical thicknesses of a vegetation layer over soil are significant, both
the albedo and the optical thickness larger than 0.4, the effects of multiple scattering need to be
taken into account as will be shown in this study. The scattering albedo and the optical thickness
of a vegetated surface generally increases with frequency except for the resonance of large
structure at low frequencies. In this study, the multiple scattering effects in radar scattering from
the vegetation layer overlying a soil surface from L-band to Ku-band for applications to the soil
moisture science with the NASA Soil Moisture Active Passive mission and Global Precipitation
Measurement, respectively.

The vector radiative transfer (RT) theory with inclusion of cyclical correction is the basis of the
approach. In radar backscattering, the results of radiative transfer theory are different from the
wave approach. This is because the radiative transfer theory only includes the ladder terms of the
Feynman diagrams [25,26]. It was shown that the cyclical terms of the Feynman diagrams need to
be included in the backscattering direction. The inclusion results in backscattering enhancement
which has a peak in the backscattering direction [25-29]. The physical interpretation is that the
forward path and the reverse path give constructive interference for the two scattered fields.
However, when the observation direction deviates from the backscattering direction, the phase of
these paths fluctuates from particle to particle, and the coherent addition of fields quickly degrades
to the incoherent addition of energy. This results in the finite angular width of the backscattering
enhancement. Previous papers have used the wave approach summing up all the ladder and cyclical

terms in volume scattering [25, 26]. The enhancement also occurs when there are interactions with
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surface scattering [26, 29]. It can also be included in the distorted Born approximation [29].
However, the distorted Born approximation only accounts for single volume scattering. In this
study, the cyclical correction is applied for the higher order cyclical terms of volume scattering as

well as volume-to-surface interactions for a vegetation layer above a soil surface.

In passive remote sensing, multiple scattering effects were studied by Ferrazzoli et al. [30]. It
should be noted that cyclical terms are not important for passive remote sensing because the
angular width of enhancement is small and does not contribute significantly to energy transfer in

passive remote sensing.

In this chapter, the iterative approach is used to solve the vector radiative transfer equations and
iteration is performed for higher orders numerically until convergence is achieved. Each term is
then examined and the terms that contribute to backscattering enhancement are then identified.
Next the cyclical correction is applied to those cyclical terms as the backscattering enhancement

and is included in the total radar backscattering.

Finally, the approach is applied to the model for the backscattering from corn fields. From the field
campaign data of Soil Moisture Active Passive Validation Experiment 2012 (SMAPVEX12) [32],
there are both ground measurement data of corn as well as radar measurement data from the L-
band airborne UAVSAR (Uninhabited Airborne Vehicle Synthetic Aperture Radar,

http://uavsar.jpl.nasa.gov). The multiple scattering model is trained to best match both data. Since

the UAVSAR offers a finite number of independent polarimetric channels, the vegetation
parameter in the model has to condense into one parameter - vegetation water content (VWC) —
during the comparison of backscatters from UAVSAR and the multiple scattering model.
Empirical formulas are applied to establish the allometric relationship between the geometry of
corn (stalks and leaves) and VWC. The rational of employing VWC and allometric relationship in
the context of comparing with UAVSAR and applying to SMAP is fully described in [33]. With
the reasonable allometric relationship the backscatter was computed using the multiple scattering
model. Corn is found to have strong backscatter due to multiple scattering, particularly for the later
growth stage. The model results were validated with UAVSAR sigma0 measurements from the
SMAPVEX12 field campaign data. The investigation is aimed at improving soil moisture retrieval,
the model’s performance was validated further in terms of soil moisture retrieval. Soil moisture

and the bias in VWC are retrieved using the time-series approach [33]. The results of this study

29


http://uavsar.jpl.nasa.gov/

are applicable to L-, C-, X-, Ku- bands such as SMAP mission (L-band) [2] and the GPM (Ku-
band).

3.2 Distorted born approximation

Physical modeling approach of vegetation and forests based on the distorted Born approximation
is widely applied. There are three scattering terms in the distorted Born approximation: the volume
scattering, the double bounce and the surface scattering (Figure 3.1). In the distorted Born
approximation [29], the incident wave propagates with an attenuation and the attenuation is
obtained from the Foldy approximation [26]. The attenuated wave then impinges on the scatterer
which scatters backward giving volume scattering or scatters in the double bounce direction
(Figure 3.1). Thus the distorted Born approximation is a single scattering approximation. To
distinguish between single scattering and multiple scattering, one uses the optical thickness which
is the product of attenuation and distance. The validity of distorted Born approximation is when

optical thickness is less than 0.2.

@ : @ . m) Soil

Figure 3.1 Attenuation associated with the propagation through
the canopy, and three scattering processes in distorted Born
Approximation (I) volume scattering (11).double bounce
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3.3 Vector Radiative Transfer equation

3.3.1 Vector radiative transfer and iterative method

The vector radiative transfer (RT) equation [26, 34] under the active configuration with a single
reflective boundary at the bottom, which is the typical case of the vegetation layer where the top

boundary reflection is negligible. It can be expressed as

cosew =—k,(0,0)-1(0,¢,2z) + 56, ,2) (3.1)
—cosg ™ _df’ DD _ i i 0,0)- (= 6,,2) + W (O,,2) (3.2)

where 1(8,¢,z) and I(m — 8, ¢, z) denote, upward- and downward-going specific intensities,
respectively and are 4 by 1 column matrices containing the four Stokes parameters. k,(8, ¢) is
the extinction matrix. S(0, ¢, z) and W (0, ¢, z) are source terms representing scattering from other
directions into the direction of propagation. The specific intensity 1(8, ¢, z) and two source terms
S(8,¢,z) and W(O,¢p,z) can be described by their three independent variables of vertical
coordinate z, inclination angle 6, between 0 and /2, and azimuth angle ¢, between 0 and 2.

The boundary conditions are expressed as
I(m—6,¢,z=0) =1,6(cos8 — cos 8,)6(p — Pg) (3.3)
16,,z = —d) = R(O)(w — 6, ¢,z = —d) (3.4)

where R(8) is the reflectivity matrix for Stokes parameters, defined in pp. 285, 305 [34]. In the

active RT equation, the formal source term S and W are related to I by phase matrix P(o, ¢; 0", ¢"),

the integration of 68’and ¢' accounts for the scattering from all directions.

2T L
S8, ¢,2) = f dg’ fz do’sin0'[P(6,;6',¢") - 1(6',¢',2) + P(6,p;m — 6", ¢")
0 0

A (m
—-0',¢",2)] (3.5)
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21 /2

W, ¢,z) = f do' | do'sin@ [P(m—6,¢;6",¢")-1(0',¢",2) + P(n — 6,¢;m— 0, ")
0 0
I(m -8, qb’,z)] (3.6)
The vector RT could be casted into two coupled integral equations using method of variation of
variables,
1(6,9,2)

— £(8,$)D(—B(60,$)(z + d) sec8) - E1(0, $)R(0) - E(m — 0, $)D(—B(m — 6, p)d sec 6)
"E7Y (- 0,¢) I,6(cos 8 — cos 6,)8(p — dy)

0
+E6,¢)D(—B(6,¢)(z + d) secO) secd j dz' {E=1(6, )R (6)
—-d
E(m—6,$)D(—B(r — 0,¢)(z' + d) secO)E"1(r — 0, )W (6, ¢, 2")}
+ secd ]z dz'{E(6, $)D(B(6, $)(z' — z) sech)
-d

E71(60,$)5(6, ¢, 2"} (3.7)
I(m—6,¢,2)
= E(n—6,90)D(B(w — 6,¢)zsech) - E-1(w — 6, ¢p)I,6(cos @ — cos 6,)8(p — do)
0 — j— j—
+sec ] dz' {E(m — 6,¢)D(B(r —0,)(z—2z")secO) -E"*(w—0,p)W (0, $,z")} (3.8)
where B;(8, ¢) are the eigenvalues of coherent propagation (homogenous equation) and E (6, ¢)
is the associated eigenmatrix, and 5(/3(9, ¢)zsecB) is a diagonal matrix with the iith element

equal to exp(B;(6, $)z sec §). The general expression for 3;(6, ¢) and E (6, ¢) are given in pp.
141 [26] or pp. 275 [34]. When the scatterers have azimuthal symmetry, the vertically polarized
waves and the horizontally polarized waves are the characteristic polarizations of the medium. In

this case,

0

0

) ] (3.9)
l
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B1(6, ¢>)] ] 2nn0[ 2(Im f,,,(6, ¢; 0, P)) ]

300 — 7 _|B2(6,9)] _ 2o 2(Im frp (6, $; 6, ¢))
PO=BCD =1 p0,0)| = T 100, 0:0.0) - 0,030,000 O

FXCRD) LiC(fiin 6,3 6, 8) — fon (6, 3 6, )]
where fz, is the component of the scattering amplitude matrix of the scatterer, (pp. 132 [26]; pp.
7 [34]), and the angular bracket denotes configuration average over orientation and size of the
scatterer. The imaginary part of (f (8, ¢; 6, ¢)) is then replaced by the extinction coefficient x,

through the optical theorem to account for the inaccuracy of approximating scattering models,

4
Ke(0) = 7<1m f(6,¢;0,9)) (3.11)

where extinction coefficient k. (6) is calculated as the sum of absorption coefficient k,(6) and

scattering coefficient x,(6), derived from the internal field and scattering amplitude fz,,

respectively. The phase matrix P(s, ¢; 0',¢") can also be derived from the scattering amplitude
from pp.126[34].

The integral equation governing the upward- and downward-going specific intensity could be
solved iteratively by treating the viewing source term S and W as small perturbations. The zeroth
order solution is called the reduced intensity which is part of the homogenous solution of the
differential equation with coefficients determined by enforcing boundary conditions.

[O(r—6,¢,2) =E(m—6,$)D(B(r — 6, p)zsecd) - E~1(m — 6, ¢p)Iy6(cos 6 — cos 6;)

5(¢ — ¢o) (3.12)
190, ¢,2) = E,$)D(—L(8,$)(z + d) secd) - E2(6, p)R(6) - E(w — 6, $)
D(-B(m—0,¢)dsecOd) - E-1(w — 6, ¢p) I,6(cos 8 — cos 6,)8(d — dg) (3.13)

The (n + 1)-th order solution is related to the n-th order solution recursively,
_ 0
[ (r—0,¢,2) = sech dz'

zZ

{E(m—0,0)D(B(r —0,9)(z —2")sech) - E-X(m — 6, )W ™D (9, ¢,2)} (3.14)
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0
10+D(9, ¢, 2) = E(6, »)D(—B(6, $)(z + d) sec §) secd f dz' {E7(6,p)R(6)
—-d

"E(m—6,0)D(—B(m—0,9)(z' + d) secO)E~*(m — 6, p)W ™D (0, p,2")}
+secH f " dz {E(6,p)D(B(6, p)(Z' — 2) secO) - E=1(6, p)S™*V (6, ¢, 2")} (3.15)
-d

where source terms S™+V and W ™*D could be updated from lower order solution /™,
§(n+1)(9' ¢,Z)
21 /2 _ i _
= f d¢'f do'sin @' [P(6,¢; 0", ¢") - I™(6',¢",2) + P(8,p;m — 6", ¢")
0 0]

1™ (n—0',¢",2)] (3.16)

] 2
w @D (g, ¢, 2) =f d¢'f d@'sinf’
0 0

[P(r—6,0;6",¢") - 10V (6", ¢',2) + P(m— 0,p;m— 0",¢") - [ (- 0',¢",2)] (3.17)

Note the integrals in S (6, ¢, z) and WP (6, ¢, z) are cancelled by the Dirac functions in I,
yielding explicit expressions.

The incoherent bistatic scattering coefficient and backscattering coefficient are then calculated
from I(6, ¢,z = 0) [26, 31, 34], where [ is the sum of contribution from each scattering order /™
n=12.).

3.3.2 Numerical iterative approach and numerical recipe

The explicit expression for 1% order and 2" order solution can be analytically derived by manually

substituting 7® into I, and substituting I into I®®). This concept works for higher order, but

the number of terms grows exponentially. If we use [11(1”)] to denote the number of terms in
™ (8, ¢, z), and use [Ic(l”)] to denote the number of terms in I™ (7 — 6, ¢, z), then the number of
terms in I+ (8, ¢, z) denoted by [If]””] will be 2 ([1&”)] + [15")]), and the number of terms in

[V (1 — 9, ¢,2) denoted by [15“*”] will be [IL(L”)] + [Ié")]. This quickly becomes complex.
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Alternatively by adopting a numerical solution, all the terms of the same scattering order could be

aggregated together. There is no additional computing cost as the order goes higher.

The iteration starts with the discretized § and W@, then calculate the discretized /V; and
finally update S and W ® at the sampling points, and use them to calculate I®. This procedure
can be extended to any order, where we update ™+ and W ™+ from the pre-calculated ™,

and use them to predict I™*+V, This process is repeated until the backscattering converges.

3.3.3 Angular integral, using Gaussian-Legendre quadrature for 8-integral

and trapezoidal integral for ¢-integral

The typical integral can be evaluated as follows:

_ e
Sn+(g, ¢, 2) =j dqb’j d@’sinf’
0 0

[P(6,0;6',¢") - T™(6',¢',2) + PO, p;m — 6',¢") - ™ (1 —6",¢',2)] (3.18)

Next consider the azimuthal symmetry of P(6, ¢; 6’, ¢') with respect to ¢ — ¢,

_ e
Sn+(g, ¢, 2) =j dqb’j d@’sinf’
0 0

[P, —¢';6,0) - TT(0',¢",2) + P(8,p — p';m— 6',0) - [™ (1 —6',¢',2)] (3.19)
Applying the Gaussian-Legendre quadrature for 6-integral and a trapezoidal integral for ¢-

integral, sample §f]‘+1)(9, ¢, z) on the Gaussian-Legendre quadrature points 8, (k = 1, ..., N),
and trapezoidal quadrature points ¢, (p = 0,1, ..., N, — 1), where p; = cos(y) is the positive
half of the 2N, roots of Legendre polynomial of 2N, -th order, and ¢, = pA¢p, Ap = 21 /N,,. ay

is the corresponding Gaussian-Legendre quadrature weights at 6.

S_'(n+1) (ek, ¢p, Z)

Np Ny
= A Z Z @ [P(81 p — b3 017, 0) - T™ (0,1, 01, 2) + P(Ok, bp — s T — 6,1,0)
p'=1k’=1
T (= 6,1, ¢, 2)] (3.20)
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Note P(8, ¢; 6", ") only needs to be stored at the grid points P(8y, ¢,; 8+ ,0), and the summation
over ¢, forms a cyclic convolution, and could be accelerated by FFT. The evaluation of

W@+ (9, ¢, z) is similar.
3.3.4 Recursive z-integral

Three z-integrals will be utilized. In [™*V (0, ¢, z) there is f_‘; dz'f(z") and f_zd dz'f(z"), and in
[V (7 — 0, ¢, 2) there is fzo dz'. If z is sampled uniformly, z, = —d + qAz, Az = d/N,, q =

0,1,..., N, also let f; = f(z,). As a result the first integral is easily treated applying trapezoidal

quadrature rule.

Ng—1

f_:dz’f(Z') = Az %f(zo) + qu f(zqg) + %f (2zw,) (3.21)

The other two integrals can be efficiently evaluated recursively,

For [“2dz'f(z"),
f ZOdZ’f (z)=04q=0 (3.22)
-d
Zq zq—l A
] dz'f(z') = j dz'f(z') + 7Z(fq_1 +f,),q=1,..,N, (3.23)
-d -d
For fz‘: dz'f(z"),
0
f dz'f(z') =0,q = N, (3.24)
0 Az 0
] dz'f(z") = T(fq + fq+1) + j dz'f(z'),q=N;—1,..,0 (3.25)
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3.4 Cyclical correction & backscattering enhancement

3.4.1 Scattering path notation and tracing

When the iterative approach is used to solve the vector radiative transfer equations, the iteration
corresponds to the accumulation of scattering orders. Each scattering order contains many
independent physical scattering terms. Each physical scattering term is associated with a unique
scattering path. The scattering path is a sequence of scattering, reflection and the intensity flow
connecting the event of scattering and reflection. The direction of energy flow is separated into

upwelling and downwelling.

‘d’ and “u’ are used to denote downwelling and upwelling energy flow, ‘s’ indicates a single
scattering, and ‘r’ to denote a single reflection of specific intensity at the bottom boundary. For

example:

e “du”, which is short for “dsu”, means 1 order volume scattering

e “dd”, which is short for “dsdru”, means 1% order double bounce scattering, scattering followed
by reflection, Fig.1a

e “uu”, which is short for “drusu”, means 1% order double bounce scattering, reflection followed
by scattering, Fig.1la

e “ud”, which is short for “drusdru”, means 1% order double reflection scattering, reflection

followed by scattering followed by reflection.

Note that the two-character combination of “du”, “dd”, “uu”, “ud” indicates one scattering order.
The first character denotes the direction of stream flow before scattering, while the second
character denotes the direction of stream flow after scattering. There is a hidden ‘s’ (scattering) in
between. The ‘r’ (reflection) between two succeeding scattering orders may or may not be

automatically deduced between two scattering events to connect the succeeding stream flows.

One path could be a dual path of itself, or two paths could be dual to each other. A dual path means
that the intensity flows in the opposite direction, and the sequence of scattering and events also
take place in a reverse order. Technically, one could find the dual path of a certain path apply the

following procedure to the sequence of path characters:

e Reverse the order of scattering between surface and reflection
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e Reverse the direction of energy flow (change ‘d’ to ‘u’, and change ‘u’ to ‘d’)

For example,

e “dsu” and “drusdru”are self-dual

e “dsdru” and “drusu” are dual to each other, Fig.1a

When one path is self-dual, in general it denotes two physical paths in reverse order. However, in

the backscattering direction, there is a special issue in the determination of its uniqueness:

e It could denote two distinct scattering paths, such as “dsd|rusu”, which is the second order
scattering with once surface bounce in between, Fig.1c. Another examples of this kind of
self-dual paths in second order scattering is “drusd|rusdru”

e There could be essentially only one scattering path in backscattering direction, eg. “dsu”

and “drusdru” in first order scattering.

In fact for these two first order paths we could not find a corresponding backscattering path in
reverse order, because from 2" order on, the scattering events of the succeeding scatterers could

always change order to form a dual scattering path even in backscattering direction.

In Figure 3.2a, the cyclical term is illustrated for 1% order scattering, where the scattering field due
to the single scattering of the particle followed by the reflection of surface is exactly the same as
the scattering field due to the single scattering of the particle succeeding the reflection of surface.
This term corresponds to the double bounce effect. In Figure 3.2b, the cyclical term is illustrated
for 4" order volume scattering, where the overall scattering field is the same if we completely
reverse the sequence of particles in the scattering path. In Figure 3.2c and Figure 3.2d, the cyclical
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(a) cyclical terms in 1% (b) cyclical terms in (c) cyclical terms in 2™ (d) cyclical terms i
order double bounce  multiple volume scattering order volume scattering order volume scattt
scattering and bounce from surface  and bounce from su

Figure 3.2 lllustration of cyclical terms
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terms are illustrated for volume surface scattering interactions for 2" order and 3' order scattering,
respectively. The inclusion of a reflective boundary significantly increases the number of cyclical

terms.

3.4.2 Cyclical correction and backscattering enhancement effects

If two distinct paths are dual to each other (including those self-dual paths which denote two
reverse physical paths), in backscattering direction, the scattering field has exactly the same phase.
The fields add up instead of intensity adding up, this is called backscattering enhancement [24, pp.
361]. We need to augment their contribution to the backscattering by a factor of two. This is called
cyclical correction, and the corresponding terms are called cyclical terms. The method of cyclical

correction is only applicable to co-pol backscattering.

In fact, if a path does not have a distinct dual path, it must be self-dual. So we only need to identify
all the self-dual terms, and only account for those representing a single physical scattering path

(we call it Isjng1e) and subtract them out from twice of the total contribution.

e Dbackscattering without cyclical correction: I = Iqya) + Isingle

e Dbackscattering with cyclical correction: I.or = 2Igyal + Isingle = 21 — Isingle

Note that Isjngie contains only two terms “d s u” and “d r u s d r u”. Since these two first order

terms could be analytically calculated out, (they in fact only involve the backscattering of the
scatterer.) and the multiple scattering could be solved using the standard quadrature-eigenanalysis
approach [31]. The cyclical correction could be immediately accounted for. However, this
numerical iterative approach turns out to be a more robust (could handle all types of physical phase
matrix), more stable (always produce positive numbers for backscattering and bistatic scattering)
and efficient (tytpically very large orders are not considered) approach. It also offers more physical
insight into the problem by allowing us to separate contribution from different scattering orders,

and even the separate contribution from each scattering mechanism (path).

The numerical iterative approach documented in the previous section could be applied to each
scattering path as well as to each scattering order. In this way it would be possible to keep track of

each term separately. This permits the identification of cyclical terms by checking the duality of
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scattering paths. Then it would be possible to correct contribution from those cyclical terms when

including them into the overall backscattering.

3.5 Results discussion of multiple scattering effects

The proposed iterative numerical approach allows us to model the multiple scattering effects when
the optical thickness and scattering albedo are large. The cyclical correction to the contribution
from the cyclical terms allows us to consider the backscattering enhancement effects at the same
time. In this section we apply this approach to the scenario of vegetation scattering. Investigation
is conducted for the optical thickness dependence, dependence of backscattering on biomass,
frequency and incidence angle, identification of the dominant scattering orders and mechanisms,
and discussion for the significance of multiple scattering effects under various cases from L-band
to Ku-band.

First, consider an assembly of dielectric cylinders with a radius of 1 cm, length of 1 m, and relative
permittivity of 50 + 15i (typical corn stalk parameters from [35]) and an L-band sensor. The
cylinders are predominantly vertical, which is typical of many crops. The probability distribution
function of the Eulerian angle a and g of the cylinder axis is

1 sin 8

p(a,B) =1{2m1— cosAB’
0 ,otherwise

for0<p <Ap (3.26)

a and f are the orientation angles of the body axis of the cylinder. « is in the azimuthal direction
about the cylinder and g is in the elevation angle from the vertical (+z direction). In this numerical
example, the backscatter is computed from the cylinder only case for A = 15°. Using these
parameters it is possible to compute an averaged phase function of the cylinder over orientation,
B = 0°~15°and a = 0°~360°, based on infinite cylinder approximation [34, pp. 41-45]. Let the
cylinder density be 7.2/m?, radar frequency 1.26GHz and incidence angle 40°. The density was
obtained from the SMPAVEX12 data. Flat ground is assumed below the vegetation layer with
dielectric constant of 10.12 + 1.11i. The dielectric constant of soil is calculated from the
generalized refractive mixing dielectric model for moist soils [34] with soil moisture of 20% and
clay fraction of 18%. This example represents a mature corn with the height of 1 m. Also, Table
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3.7 summarizes most simulation parameters used in this study. The numerical iteration is
performed up to 5" order. In Figure 3.3, the contribution from each order is compared. For
horizontal polarization, 1% order backscattering dominates, contributing up to 93.7%; for vertical
polarization the backscattering from the first three orders are important, with contribution
percentage 53.6%, 33.0% and 10.1%, respectively.

0 0.;)5 0.r1 0.'15 0.r2 0.r25 0.’3 0.35
Culmulative Backscatters
Figure 3.3 Backscatter contribution up to 51" order for a mature
corn with 1 m tall at 1.26 GHz (L-band) with 40 degree
incidence. Detail parameters are in Table 3.7. (VV5" = -4.61 dB,
HH5" = -10.23 dB, VV1% = -7.32 dB, HH1% = -10.51 dB)

In Table 3.1, the contribution from the dominant scattering mechanisms is listed. For horizontal
polarization, the first order volume-surface double bounce term dominates and contributes up to
93.4%. For vertical polarization the significant scattering mechanisms include the first order
volume-surface double bounce term, the second order volume surface interaction terms in the
sequence of volume-surface-volume and volume-volume-surface, and the third order volume
surface interaction terms in the sequence of volume-volume-surface-volume and volume-volume-
volume-surface. The cyclical correction has been included in these scattering results. The
scattering albedo is 0.6816 for vertical and 0.3751 for horizontal polarization; the optical thickness
in the direction of incidence is 0.8928 for vertical pol and 0.1669 for horizontal polarization. These

results demonstrate that the importance of multiple scattering effects when both scattering albedo
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and optical thickness are large.

Table 3.1
Backscatter contribution from the dominant scattering mechanisms. Parameters are given
in Table 3.7
Order Description Percentage | Percentage | Possible Paths With Strong
(VV) (HH) Contribution
volume-surface 52.9% 93.4% drusu, dsdru
2 volume-surface- 16.0% 1.9% dsdjrusu
volume
2 volume-volume- 16.3% 3.6% drusuljusu, dsd|dsdru
surface
3 volume-volume- 6.9% - dsdjrusujusu, dsd|dsd|rusu
surface-volume
3 volume-volume- 2.8% - drusujusulusu, dsd|dsd|dsdru
volume-surface

€ 9
S

*“d” for down “u” for up for single volume scattering “r” for reflection See the main

text for more detail
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Figure 3.4 Backscatter’s dependence at 1.26 GHz with 40 degree incidence. (a) Backscatter’s
dependence on cylinder density (b) Backscatter’s difference between 5™ and 1% order scattering as a
function of optical thickness. Detail parameters are in Table 3.7

Backscatters’ dependence on vegetation biomass is illustrated in Figure 3.4 at 1.26 GHz using the

same set of cylinder parameters. The optical thickness is assumed to be linearly proportional to the
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cylinder densities, and thus to the the vegetation water content (or biomass assuming a fixed
volumetric water percentage of a plant). In Figure 3.4a, the backscattering from 1% order results
and multiple scattering results (up to 5" order) is plotted as a function of cylinder density; as the
density changes from 1 to 10/m?, the optical thickness in the direction of incidence increases from
0.124 to 1.24 for v-pol and from 0.0232 to 0.232 for h-pol. The multiple scattering effects for HH
is small: there is less than 0.5dB difference between multiple scattering and 1% order scattering.
The 1% order scattering result for vertical co-polarization quickly saturates at a cylinder density of
4/m?, corresponding to 0.496 in optical thickness, and then quickly decreases. The attenuation
from trunks increases faster than the scattering with the increasing of the density. In comparison,
the multiple scattering result for VV keeps increasing to a larger cylinder density of about 7/m?,
or 0.868 in optical thickness, and then slowly decreases. In Figure 3.4b, the difference between
backscatters of multiple scattering and 1% order scattering, ™% (dB) — ¢*5t(dB), are explicitly
drawn as a function of optical thickness. It is worth noting that the dependence is close to linear.
This clearly shows the multiple scattering corrects the underestimated backscatter for larger optical

thickness for the single scattering.

It is interesting to compare the backscattering results when using only the first two Stokes
parameters (I, and I,,) and all of the four Stokes parameters. In Table 3.2, the backscattering from
the first fifth order is listed for both cases. The 1% order scattering is exactly the same; the
difference in 2" order scattering is within 10%. This indicates that when multiple scattering
becomes important, the correlation between polarizations also becomes significant to contribute
to the backscattering. As a result, it is necessary to employ all four Stokes parameters. However,
while using only the first two Stokes parameters maintains a relatively good approximation. Note
that all four Stokes parameters are used in the examples throughout the study if not explicitly
stated.
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Table 3.2
Comparison of backscatters from each order using
first two and all four Stokes parameters, parameters
are given in Figure 3.3

Order 2 4 2 Stokes | 4 Stokes
Stokes | Stokes HH HH
\AY \AY
1t 10.1853 | 0.1853 | 0.0889 0.0889
274 10.1055 | 0.1140 | 0.0047 0.0052
3 10.0342 [ 0.0349 | 0.00063 | 0.00065
4™ 10.0093 | 0.0093 | 0.00012 | 0.00012
5t 10.0025 | 0.0025 | 0.000026 | 0.000026
sum | 0.3369 | 0.3460 | 0.0943 0.0949

The scattering and attenuation of leaves becomes more and more important as frequency increases.
In the following examples, we introduce leaves into the geometry and scattering modeling.
Circular disks are considered to model leaves [36,37], and the Generalized Rayleigh-Gans
approximation (GRG) is applied to calculate the internal field and scattering field of a circular disk
[37]. The radius is set to be 2.5 cm with a thickness 0.3 mm. The same probability, p(a, ), is used
to quantify the leaf orientation distribution with AB equal to 45°, which means the tilting angle of
the normal direction of leaves are uniformly distributed between 0 and 45 degree. The dielectric
constant of leaves is set to 35 + 10i [35]. The disk number density is related to the cylinder density
by 100 disks per cylinder. When the cylinder density is 7.2/m?, the disk density is 720/m?. At 1.26
GHz, the scattering albedo of leaves is 0.0611 for v-pol and 0.0604 for h-pol; the optical thickness
of a leaf in the direction of incidence is 0.0717 for v-pol and 0.1004 for h-pol. Using the same
permittivity and geometric parameters, the scattering albedo of a leaf at 13.6 GHz is 0.8410 for v-
pol and 0.8636 for h-pol and optical thickness in the direction of incidence is 4.5655 for v-pol and
7.4660 for h-pol. The scattering properties of cylinders using the same set of parameters at 13.6
GHz, albedo of 0.7085 for v-pol and 0.6170 for h-pol, and the optical thickness in the direction of
incidence is 0.2894 for v-pol and 0.2190 for h-pol. It is obvious that at L-band, scattering from
leaves is small compared to stalks/trunks (cylinders), while at Ku-band, when the scattering from
cylinders enters geometric optics region, the leaf scattering and absorption far overweighs that of

cylinder. The scattering and absorption optical thickness in the direction of incidence for cylinders
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and disks are listed in Table 3.3.

Table 3.3
Comparison of scattering/absorption optical thickness The dielectric constants are given in
Table 3.4 and geometrical parameters are given in Table 3.7

Optical 1.26GHz 13.6GHz
thickness

Tsv Tsh Tav Tan Tsv Tsh Tav Tan
Cylinder 0.6085 | 0.0626 | 0.2843 | 0.1043 | 0.2050 | 0.1351 | 0.0844 | 0.0839
Disk 0.0044 | 0.0061 | 0.0673 | 0.0943 | 3.8396 | 6.4476 | 0.7259 | 1.0184
Cylinder+disk | 0.6129 | 0.0687 | 0.3516 | 0.1986 | 4.0446 | 6.5827 | 0.8103 | 1.1923

* “g” for scattering and “a” for absorption. “v” for v-pol and “h” for h-pol.

In the next example a canopy layer comprised of both cylinders (stalks) and disks (leaves) in L-
band at 1.26 GHz is considered. The geometric and dielectric properties of cylinders and disks are
those described previously. The number density of disk is set to be 100 times that of cylinders.
When the cylinder number density is 7.2/m?, the overall scattering albedo is 0.6355 for v-pol, and
0.2569 for h-pol; the optical thickness in the direction of incidence is 0.9644 for v-pol and 0.2673
for h-pol. Compared with the cylinder-only simulations above, the multiple backscattering up to
51 order decreases from -4.61dB to -5.18dB for v-pol by including disks, and reduces from -
10.23dB to -10.53dB for h-pol; the first-order backscattering is lowered by a similar amount, i.e.,
from -7.32dB to -7.89dB for v-pol, and from -10.51dB to -10.83dB for h-pol.

In Figure 3.5, the backscatter is again plotted as a function of cylinder densities. For the vertical
polarization, the incorporation of leaves results in more attenuation than scattering, so the
backscatter is reduced. The size of the change gradually increases with the density up to 0.8dB at
the cylinder density of 10/m?. For the horizontal polarization, the impact of incorporating leaves
is different between sparse and dense corn population. The backscatter is increased by about 0.4dB

for a cylinder density of 1/m?, and decreases by about 0.6dB for a cylinder density of 10/m?.
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Figure 3.5 Backscatters at 1.26 GHz with 40 degree incidence as a function

of optical thickness for a canopy layer comprised of cylinders and disks.
Detail parameters are in Table 3.7
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Frequency dependence of backscatters is examined to see how the multiple scattering results
deviate from 1% order scattering. For this purpose, both cylinders and disks are included when
modeling the scattering from a vegetation layer. A dual-dispersion model by Ulaby et al. [38] is
used to account for the frequency dispersive dielectric constants of vegetation. In this model, the
vegetation dielectric constant is a function of frequency, water content and salinity. The salinity is
set to be 8.5 parts per thousand, yielding an ionic conductivity of 1.27 Siemens per meter [38]. For
the moisture content of vegetation, the gravimetric moisture content of cylinder is 70%, and the
gravimetric moisture content of disks is 50%. The resulting dielectric constants are listed in Table
3.4, for a set of frequencies of interest, including 1.26 GHz (L-band), 5.3 GHz(C-band), 9.6 GHz
(X-band), and 13.6 GHz (Ku-band). A smooth soil surface is also assumed, with the same soil
moisture of 20% and clay fraction of 18% as before. The soil permittivity from the generalized

refractive mixing dielectric model for moist soils [22] is listed in Table 3.4.
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Table 3.4
Dielectric constants of cylinder, disk and soil.

Frequency | cylinder disk soil
1.26GHz | 29.47+9.38i | 17.46+5.901 | 10.12+1.111
5.3GHz | 25.06+8.06i1 | 14.26+4.71i | 9.68+1.92i
9.6GHz | 21.91+9.421 | 12.49+5.131 | 8.87+2.731
13.6GHz | 19.2+10.041 | 11.1+5.311 | 8.06+3.131

* The Gravimetric moisture content for cylinder and
disk are 70% and 50% respectively. Soil moisture is
20% and clay fraction is 18%

Based on the same geometric parameter of cylinders and disks, and a number density of cylinder

set to 5.5/m?, and number density of disks as 550/m?, the optical thickness in the direction of

incidence and the single scattering albedo for each frequency was determined and presented in

Table 3.5. The h-pol optical thickness increases quickly with frequency mainly due to leaves. The

v-pol optical thickness exhibits a more complex behavior. It first decreases with frequency and

then increases. This is because the decrease of cylinder scattering and increase of disk scattering

at the same time.

Table 3.5
Optical thickness (40 degree incidence) and single scattering albedo. The dielectric constants are given in
Table 3.4 and geometrical parameters are given in Table 3.7

Frequency | 7,84 Th,c&d Tu,c Th,e Tv,d Th,d Wy,cad | Dnegd | Duc Wh,c Wy,q Wh,q
1.26GHz | 0.7344 | 0.1192 | 0.6983 | 0.0686 | 0.0362 | 0.0506 | 0.6207 | 0.3084 | 0.6515 | 0.5172 | 0.0261 | 0.0258
5.3GHz | 0.5069 | 0.4395 | 0.3221 | 0.1788 | 0.1847 | 0.2607 | 0.5298 | 0.3937 | 0.638 | 0.4628 | 0.341 | 0.3463
9.6GHz | 0.6947 | 0.852 0.243 0.181 0.6947 | 0.852 0.5162 | 0.4982 | 0.6207 | 0.5236 | 0.46 0.4913
13.6GHz | 0.9590 | 1.3182 | 0.2222 | 0.1848 | 0.7368 | 1.1334 | 0.5363 | 0.5516 | 0.6297 | 0.5444 | 0.5081 | 0.5528

* ¢ for cylinder and “d” for disk. “c&d” for cylinder and disk combined “v” for v-pol and “h” for h-pol.

In Figure 3.6, the backscatter is plotted as a function of frequency. In the left panel, the multiple

scattering results are compared with the 1% order results. Note that the multiple scattering effects

are important for v-pol over the whole frequency range because of the relatively large optical

thickness and albedo. For h-pol, the significance of the multiple scattering effects increases with
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frequency. In the middle and right panels the 1% order scattering results are decomposed into a
double bounce contribution and a volume scattering contribution for v-pol and h-pol, respectively.
The 1%-order volume scattering keeps increasing with frequency. The double bounce contribution
(mostly due to cylinders) dominants the 1% order backscattering at L-band for both v-pol and h-
pol. The volume scattering (mostly due to disks) becomes comparable to the double bounce
contribution in C-band, and outweighs the double bounce contribution in X-band. The double
bounce contribution to the h-pol is also dominant in C-band, and decreases to the same level as
volume scattering in X-band. The decrease in the h-pol double bounce contribution with frequency

is caused by the attenuation from the disks.
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Figure 3.6 Backscatter’s dependence on frequency at 40 degree incidence. The vegetation
layer is comprised of cylinders and disks. (a) Backscatters from multiple and 1% order
scattering (b) Scattering decomposition of VV (c) Scattering decomposition of HH. The
dielectric constants are given in Table 4 and geometrical parameters are given in Table 3.7

Cylinder density is 5.5/m? and disk density is 550/m?.

For the special case of 13.6 GHz, in Figure 3.7 the contribution to backscattering from different
scattering orders are compared along with a list of the dominant scattering mechanisms in Table

3.6. At this frequency, the optical thickness in the direction of incidence is 0.9590 for v-pol and
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1.3182 for h-pol. The scattering albedo at the angle of incidence is 0.5363 for v-pol and 0.5516 for
h-pol. The contribution from 2" and 3" order scattering are important for both v-pol and h-pol due
to the large optical thickness and scattering albedo. The first order contribution comprises only
62.6% for v-pol, and 55.6% for h-pol. Multiple scattering effects are even larger for h-pol in this
example. It is also interesting to note that the contribution from the 1% order surface-volume double
bounce term is even smaller than the contribution from the second order volume-volume scattering
due to the large attenuation. The direct volume backscattering from disks (leaves) comprises the

largest portion of the total backscattering.

HH

Vv

1 I 1
0 0.05 0.1 0.15 0.2 0.25
Cumulative Backscatters

Figure 3.7 Backscatter contribution up to 5" order at 13.6GHz (Ku-
band) with 40 degree incidence. Parameters are the same as given in
Figure 3.6.
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Table 3.6
Contribution from dominant terms at Ku-band (13.6GHz). The parameters as the same as given

in Figure 3.6
order | description | Percentage | Accumulative | Percentage | Accumulative | Possible paths
(VV) percentage (HH) percentage with strong
(VV) (HH) contribution
1 volume 55.5% 55.5% 40.2% 40.2% dsu
2 volume- 25.3% 80.8% 20.6% 60.8% dsulusu,dsd|dsu
volume
1 volume- 6.5% 87.3% 14.6% 75.3% drusu, dsdru
surface

Next, we then examine the angular dependence of the backscattering. In Figure 3.8 and Figure 3.9,

the backscattering is plotted as a function of incidence angle for L-band and Ku-band in the

previous example, respectively. The results of multiple scattering and 1% order scattering are
compared. For L-band (Figure 3.8), the horizontal backscattering decreases uniformly with

incidence angle as the optical thickness increases. The effects of multiple scattering are weak due

to the generally small optical thickness and albedo. The vertical backscattering on the other hand

undergoes several resonances.
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Figure 3.8 Angular dependence of backscatters at 1.26 GHz.
Parameters are the same as given in Figure 3.6.
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Figure 3.9 Angular dependence of backscatters at 13.6 GHz.
Parameters are the same as given in Figure 3.6.
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The first minimum of VVV around 15 degree can be explained by the pattern of the scattering cross
section of cylinder in the double bounce direction; the second minimum of VVV around 70 degree
could be explained by the Brewster angle effect of ground reflectivity; the final drop of both VV
and HH is caused by the increase in optical thickness. The effects of multiple scattering for v-pol
then become significant except at near nadir incidence angles and increase with incidence angle.
At Ku-band (Figure 3.9), multiple scattering effects are generally large due to large optical
thickness and scattering albedo; HH typically has a larger optical thickness than VV. For incidence
angle below 10 degree, VV and HH decrease mainly due to the decrease in scattering cross section
of disk in the double bounce direction. Between 10 degree and 70 degree, volume scattering from
disk (leaves) dominates the backscattering, thus the overall backscattering follow the trend of the
backward scattering cross section of disk (leaves). Between 70 degree and 80 degree, the
backscattering increases due to the rapid increase of cylinder (stalks) backward scattering cross
section and the rapid increase of surface reflectivity after passing the Brewster angle.
Backscattering then drops because volume scattering saturates and the bounce terms decrease due

to the large attenuation associated with large optical thickness in the last 10 degrees.

Table 3.7
Simulation parameters in Figures and Tables (e is for 1.26GHz)
Figure ) . .
Cylinder (=stalk) Disk (=leaf) Soil
or Table
radius I cm
Figure 3.3 | Length I m Flat ground
Figure 3.4 € 50 + 15i NONE ¢ 10.12
(no leaf case) | Density | 7.2 m™2 _T_ 111
p 0°~15°
radius I cm radius 2.5cm
Figure 3.5 | Length 1 m Thickness | 0.3 mm Flat ground
Table 3.3 € 50 + 15i € 35 + 10i € 1012
(with leaf) | Density | 7.2 m™2 Density | 720 m™2 ; 1_1'1 i
B 0°~15° B 0°~45°
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3.6 Results and comparison with SMAPVEX12

measurement data
3.6.1 Forward model comparison with SMAPVEX12 corn data

In this section we validate the above modeling result using the extensive L-band airborne field
campaign data from the SMAPVEX12 [32]. The SMAPVE12 data covers the entire range of VWC
change and soil moisture (Mv) change cycles, offering an opportunity to validate the model over
comprehensive conditions of corn growth. The following key findings from the above modeling
study are critical to successful validation with the observation : Multiple scattering effects become
significant for all incident angles for co-polarization as frequency increases; when both optical
thickness and scattering albedo exceed 0.4, there is large deviation between multiple scattering

and 1% order scattering results, while the first order scattering saturates (Figure 3.4a & Table 3.5).

Corn field (field number 83) is used here as an example of the successful validation (Figure 3.10).
The soil moisture and vegetation water content (VWC) time-series are shown in Figure 3.10a. The
corn field is modeled as a collection of cylinders randomly distributed with a preferred average
orientation. The cylinder dimension, orientation distribution, and gravimetric moisture content are
themselves a function of time (as a result of crop growth), and they are estimated from the ground
measurement data collected in the SMAPVEX12 campaign. The rough soil surface is modeled as
a 3D random profile with an exponential correlation function. The rms height of 1.25 cm and
correlation length of 23.75 cm are based upon the experiment data for this field. The bare surface
backscattering is determined using a pre-calculated lookup table applying Numerical Solutions of
Maxwell Equations in 3D (NMM3D) [12,39]. The surface scattering is attenuated by the
vegetation layer before being added to the total backscattering. The surface coherent reflectivity is
calculated using the Kirchhoff approximation. The forward scattering model predictions using 1%
order scattering and multiple scattering, both with cyclical correction included, are plotted against
the measured backscatter time series in Figure 3.10b. Results of the 1% order and multiple
scattering are similar for HH backscattering when VWC is small, however, they deviate by about
2dB for the largest VWC of about 3 kg/m?; the deviation between 1% order and multiple scattering
for VV backscatter is larger than that of HH and could be as large as 6.5 dB when VWC is 3 kg/m?2.
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The incorporation of multiple scattering effects improves the agreement between the model
predictions and measurements for both polarizations especially at the later growth stage when

VWC of corn is > 3 kg/m?.
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(a) soil moisture and VWC time series (b) comparison between backscattering
Figure 3.10. Backscatters from multiple and 1% order scattering in comparison with SMAP corn
data. Corns are modeled with cylinders only and parameters estimated from ground measurement
of corn field 83 in SMAPVEX12 [8]. Soil parameters are given in Table 3.8.

During the SMAPVEX12 field campaign, both ground measurements and radar measurements at
1.26 GHz were obtained. Figure 3.11 shows the vegetation water content for both corn stalks and
corn leaves. In the early growth stage, the VWC of the stalks and leaves are comparable. Later
VWC from stalks continues to increase while VWC from leaves levels off. The regression lines in
the plot are used to derive the VWC ratio for stalks and leaves. The ratio is later applied to the

multiple scattering model by separating a total VWC into those of stalks and leaves. E.g.

VWCstalk,empirical(VWC)

VWCStalk (VWC) = VWC VWCtotal,empirical(VWC)
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Figure 3.11 SMAPVEX12 measurement data and empirical
approximation for VWC of corn stalk and leaf.

Among parameters essential to simulate the corn, radius of the stalk(r.4:x) and the number of
leaves per corm plant(N,p) come from empirical allometric equations derived from measurement

data. The length of the stalk (Lsq) and the radius of the leaf (r.4¢) come from the allometric

relationship given in (3.27) and (3.28).

VWCstalk = pwaternrsztalkLstalkmveg,stalkNA (3-27)
VWCleaf = pwaternrlzeaftleafmveg,leafNANLPP (3-28)

VW Cstaix(kg/m?) is VWC for stalks while VIW Ceqr(kg/m?) is for leaves. pyqeer Stands for
water density (1000 kg/m?3). requ (m) is the radius of the stalk while L., (m) is the length.

Myeg statk (dimensionless) is the volumetric moisture content of the stalk while
Myeg,iear (dimensionless) is for the leaf. Ny(1/m?) is the number of corn stalks per squared
meter. ri.qr(m) is the equivalent radius of the leaf. ¢,.,f is the thickness of leaves. Nypp is the

number of leaves per corn plant.
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Table 3.8
SMAPVEX12 corn field soil parameters

Field | RMS height | Correlation Clay
ID [em] Length [cm] fraction
24 1.79 11.75 0.048
53 0.80 7.5 0.291
54 0.82 36.75 0.132
62 1.5 14.25 0.076
71 1.57 15.5 0.063
72 1.07 15 0.049
83 1.25 23.75 0.155
93 1.73 66.75 0.377
94 1.28 23.75 0.183

We have VWC data for all 9 fields as well as soil parameters (Table 3.8), but the geometry data
collection was not necessarily synchronized with UAVSAR measurements of backscattering
coefficients. To improve the synchronization, we estimate these essential parameters from VWC.
Because VWC is easier to measure. For cylinders, backscatter is more sensitive on the change of
the radius rather than the length (power to 4 vs power to 2). We first derive empirical formula for
the radius to make sure the backscatter is within the reasonable range as we observe in the
measurement data. Second, corn stalk density, N,( 1/m?), is fixed to 6 since it is reasonable to
keep the same number of corn plants through the growth period. The number of leaves per plant
(N.pp) is also counted in situ. For the thickness of leaves, since the quantity is very small
(0.2~0.4mm), we choose a fixed value within this range instead of varying with VWC. We use
0.35mm and this value can also be referred to the study from Chauhan and et al. [40] Then moisture

contents for stalks (Mg stair) and leaves (myeq04r) are chosen to give the best match of the

length of the stalk and the equivalent radius of the leaf with ground measurement data. Finally, we
plot the length of the stalk in Figure 3.12b and the equivalent radius of the leaf in Figure 3.13a.
Both agree well with the change of VWC.
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Figure 3.12 (a) Corn stalk radius from SMAPVEX12 measurement data and empirical
approximation (b) Corn stalk length from SMAPVEX12 measurement data and the

estimation from allometric relation
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Figure 3.13 (a) Estimation of corn leaf radius from SMAPVEX12 measurement data and
allometric relation (b) Number of leaves per corn plant from SMAPVEX12 measurement
data and empirical approximation.
The moisture content for stalks is found the same as that in [40] while the moisture content for
leaves is larger. The difference is expected since we apply this value for the whole growth period.

However, it is still within the reasonable range as we see in the study of corn leaf’s dielectric
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constant. [41] With the allometric relationship, for a given VWC input axis of the model, the plant
geometry data are estimated and used to drive the model computation. VWC becomes the only

kernel parameter to represent the growth of corn.

For leaves, we calculate the scattering based on infinite disk approximation. [34] Since the
thickness of leaves is very small, the leaves' area is more important than the shape. As a result, this
yields the same scattering as the previous used GRG method. For this reason, we approximate the
leaf using thin circular disks. We plot the equivalent radius, computed from length and width of
leaves based upon ground measurement in Figure 3.13a. The radius is derived assuming the length
(L) and the width (W) come from the rectangular sheet. In the study of Sarabandi and et al for
backscattering from leaf, rectangular sheet was analyzed [42]. The same shape was also applied to
the modeling of corn leaf. [43] Figure 3.13b shows the data and the regression of the number of

leaves per plant.

Diameter (D) measurements were available for the stalks from SMAPVEX12. In Figure 3.12a the
radius(r) is plotted versus VWC (kg/m?) by treating corn stalks as circular cylinders (r=D/2).
Notice that the radius reaches its maximum around 1.1 cm for VWC larger than 2 kg/m?. Based
on the estimated radius, we can then apply geometrical formula (3.27) to compute the
corresponding length. There are about 6 corn plants within 1 squared meter. The measurement data
also shows the row spacing is around 70 cm, which means there are 3 corn plants in one row,
totally 2 rows, within 1 squared meter. The volumetric moisture content of stalks and leaves are
set to 44%, about 70% of gravimetric moisture content.[38] The moisture content for stalks is the
same as in that in the previous example while the moisture content of leaves is chosen larger(the
same as stalk) to fit the estimation of equivalent radius[41]. The length of the stalk, Lsqik, IS
computed and is shown in Figure 3.12b along with ground measurement data. The computed

length falls nicely within the measurement data range.

In order to consider both stalks and leaves using the multiple scattering model, it is necessary to
first compute the phase matrices. This also provides extinction coefficients for both components.
Following this the phase matrices as well as the extinction coefficients are summed to account for
the contribution from both stalks and leaves simultaneously. Next this result is combined with the
given soil roughness and dielectric constant to compute the backscattering up to 2" order. For a

given VWC range, 0to 5 kg /m?, surface rms height range, 0.1 to 4 cm, and soil dielectric constant
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rage, 3 to 30, the lookup table was established for corn fields. The lookup table is interpolated at
finer resolutions of VWC, rms height, and soil dielectric constant and is subsequently validated
with SMAPVEX12 measurement data for 9 fields. Figure 3.14 is the co-polarization time series
comparison. Two fields are selected in Figure 3.14. The corresponding soil parameters can be
found in Table 3.8. Both fields show significant increase of backscatters in early July while VWC
increasing fast. From that point on multiple scattering contributes significantly, as shown in Figure

3.10b. The phenomenon is seen among all corn fields in SMAPVEX12.
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Figure 3.14 Field by field forward Model validation of co-polarization backscatters, VV & HH,
with SMAPVEX12 measurement data using pre-computed lookup table

3.6.2 Soil moisture and vegetation water content retrieval

The lookup table is applied to time-series soil moisture retrieval using HH and VV time-series

input (see [33] paper for the details of the retrieval approach)[44]. For each field, the time-series
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soil moisture were retrieved after retrieving a static rms height. The retrieval results are shown in
Figure 3.15. Both fields show good agreement with the measurement data. The root mean square
error is 0.02 cm3/cm?3 for both fields. Figure 3.16 shows the validation of co-polarizations and
soil moisture retrieval over all 9 corn fields of the SMAPVEX12. In Figure 3.16a both VV and
HH have a root mean square error within 2dB. Also, the mean bias is small. In Figure 3.16b, root
mean square error of soil moisture is 0.06 cm3/cm3 with almost no bias. Since the multiple
scattering is important especially when VWC is large, accurate VWC retrieval is essential. Figure
3.17 shows the time-series VWC retrieval and the scatter plots from all the retrieval results. Figure
3.17 shows the time series retrieved VWC agrees very well with the data. Also, the overall root

mean square error is only 0.44 kg/m? with the bias of 0.057 kg /m?.
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Figure 3.15 Field by field time-series soil moisture retrieval with SMAPVEX12 measurement
data using pre-computed lookup table
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Figure 3.16 Using pre-computed lookup table to do (a) Forward model validation and (b) Time-
series soil moisture retrieval with 98 corn data from SMAPVEX12
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Figure 3.17 (a) Time-series vegetation water content (VWC) retrieval using pre-computed
lookup table for field 83 from SMAPVEX12 (b) Time-series VWC retrieval using pre-
computed lookup table with 98 corn data from SMAPVEX12.

In summary, from the co-polarization validation, it was observed that multiple scattering provides
a more accurate and larger backscatter than 1% order. Without multiple scattering, the backscatter

is underestimated by considering only larger attenuation when VWC is large. This leads to correct
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retrieval for soil moisture when VWC is large as well.

3.7 Summary

In this chapter, the multiple scattering and backscattering enhancement effects on volume
scattering with the existence of one bottom reflective boundary are considered by applying the
iterative numerical approach to solve the vector radiative transfer equation. The optical thickness
dependence, frequency dependence and angular dependence of backscattering are considered in

the analyses.

Multiple scattering effects are important when the optical thickness and the scattering albedo are
large. When both the albedo and the optical thickness exceed 0.4, higher orders start to contribute
significantly as shown in Figure 3.6a and Table 3.5. For L-band, the deviation between 1% order
and multiple scattering for VV backscattering is larger than that of HH and could be 6.5 dB when
VWC is 3 kg/m?. Dominant scattering orders and mechanisms are identified. From C-band as
shown in Figure 3.6a, multiple scattering effects contribute significantly to both VV and HH
polarizations rather than VV for L-band. This would be essential for C-, X-, and Ku-bands since
the underestimated backscatters caused by the attenuation could be corrected by multiple
scattering.

The cyclical correction resulting from backscattering enhancement effects makes a RT approach
agree with the wave approach in the backscattering direction, and become essential when both
backscattering and brightness temperature are examined at the same time. Extensive validation of
multiple scattering model using an a priori lookup table of corn fields with SMAPVEX12
measurement data was performed. Good agreement for both the forward co-polarization
comparison and time series soil moisture retrieval are achieved. Multiple scattering model is also
applied to time series soil moisture retrieval in recently launched NASA Soil Moisture Active
Passive (SMAP) mission.
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Chapter 4

Polarimetry in radar backscattering
from soil and vegetated surfaces

4.1 SAR Polarimetry from Natural Terrain

SAR Polarimetry has become increasingly used for remote sensing of earth surfaces for monitoring
water resources, forests, agriculture and natural disasters. Physical microwave scattering models
are used to simulate the SAR polarimetric signatures and to study the microwave interactions with
soil surfaces, vegetation and forests. In the past, the physical models and SAR simulators are based
on simple analytical models and on assumed stochastic distributions of the signals. In this chapter,
we use numerical solutions of Maxwell equations to model and simulate polarimetric SAR

signatures to study speckle statistics at L and C band for rough soil surfaces

Electromagnetic scattering from soil surfaces has stochastic fluctuations known as speckle because
of the stochastic nature of rough surface heights. In simulating SAR signatures, random rough
surface is stochastically generated and then has been solved by Maxwell equations numerically for
each sample. Numerical methods of 3D solutions of Maxwell equations (NMM3D) is applied as
described in chapter 2. After solving Maxwell equations, the scattering matrices are computed
accordingly (Syv,Syu.Sva.Syy)- Coherency matrix is studied using scattering matrices and as well

as polarimetric SAR descriptors.

Coherency matrix and Interferometric Coherence of Vegetated Surfaces are introduced later by
applying NMM3D with distorted Born approximation. Three kinds of scattering mechanisms are
in this model including, volume scattering, double bounce scattering, surface scattering. Each
scattering process has a distinct coherency matrix. The coherency matrix includes the correlation
of the scattered fields from different combinations of polarizations. The interferometric coherence
is the correlation as weighted by the product of vertical structure function and the interferometric

phase. In chapter 2 and 3, the focus is more on the backscatters from physical model, however
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from now on the scattered field correlation is more important to study the relation with the biomass

from vegetated surface.

4.2 Scattering Matrix and Coherency Matrix from
NMM3D for bare soil

Polarimetric synthetic aperture radar (PoISAR) images have been widely studied to retrieve target
information in microwave remote sensing.[45] With the rapid increasing of interests on PoISAR for
past decade, satellite missions such as L-band Advanced Land Observing Satellite-2 (ALOS2), C-
band Radarsat2, X-band TerraSAR-X, TanDEM-X were designated for POISAR application. In the
future there will also be L-band missions such as NI-SAR and TanDEM-L. For bare soils,
backscattering comes from rough surface. For vegetated surface, rough soil surface underneath the
canopy can provide either direct backscattering or strong reflection from vegetation (double
bounce). In the past, simple scattering models were used to simulate polarimetric radar speckle.
Recently Numerical Maxwell Solutions in 3D (NMM3D) [46], also in chapter 2, is applied as
polarimetric SAR simulators at L-band by directly calculating the scattering matrix for each

realization. We will talk about the detail as follows.
4.2.1 Methodology

In chapter 2, NMM 3D gives the scattered electric field at backscattering direction for each
realization, however this contains both coherent and incoherent scattering. To decompose them,

first the coherent scattered field (E (6, ¢5)) is calculated by averaging over realizations

— 1 ~ —
(Bs(65,$) =~ > Fon (0s,5) (42.)

where Fs,n is the scattered field for the realization n, and angular brackets represent the averag
over realizations. The incoherent scattered field for the realization n is found by the subtraction

of coherent field from total field.

—incoh

Esn (65, ds) = Es,n(gs' ¢s) — <Es (6, ds)) (4.2.2)
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For a surface with infinite size, the coherent field exists only in the specular direction and will not
contribute to radar backscattering. Thus for a very large surface, only the incoherent field
contributes to the backscattering direction. However, for numerical simulations, the surface is not
that large and the coherent wave has an angular spread which is of the order of the wavelength
divided by L. Since the field at the backscattering direction is small, the subtraction is essential to

get correct incoherent field.

The incoherent bistatic coefficients and backscattering coefficients are normalized by the incident

power.

N
- 2
ViR (0s, b 01, 1) = Z Eiee" (0, 3 00, 0| (42.3)
n=

N 2 PlnC

The backscattering coefficients are
G,Ba(gs = Bi: (nbs ¢l +m; 91' ¢ ) = COs 01 ymCOh(eu d)i + m; Hi, ¢l) (4'2'4)

For polarimetric studies, we calculate the normalized scattering matrix for each nth

realization by
1 incoh
Span = —277 e €06, Ego (4.2.5)

Using the above normalization, the average absolute square of the scattering matrix elements will
give the backscattering coefficients. A sign change has also be used for polarimetry applications
because the definitions of directions of polarizations in the NMM3D simulations are based on the
incident and scattered wave vectors which are opposite in backscattering as k; = —k; [34]. ks and
k; can also be found in eq. (2.6 -2.7). Please note that the definition in (4.2.5) is unit-less on length

since the normalization includes surface size.

4.2.2 Simulation for L- and C-bands

Polarimetric SAR simulation results from the rough surface are presented with emphasis on
polarimetric properties. To ensure the data quality of the simulated coherency matrix, we examine
the polarimetric speckle properties, including amplitude ratio and phase difference between two

65



polarized channels, of a supposed fully developed speckle scene such as randomly rough surface
considered. Before proceeding, the simulation parameters are given. For L-band(1.26GHz), a total
of 5 cases are considered by varying the surface roughness (rms height s and correlation length £),
surface dielectric constant. Detail is in Table 4.1. For C-band(5.4GHz), a total of 4 cases are
considered as shown in Table 4.2. The incident angle is fixed at 40 degrees. Exponential correlation
function is chosen since from most studies it represents best the natural surfaces such as soil
surface. For L-band, the elements of the scattering matrix are calculated with 32 by 32 squared
wavelengths rough surface, each is ensemble averaged from 958 realizations to ensure sufficient
statistics. For C-band, the elements of the scattering matrix are calculated with 16 by 16 squared
wavelengths rough surface, each is ensemble averaged from 250 realizations to ensure sufficient
statistics. The computation time is dependent on the surface roughness and thus the sampling
density. For L-band, the computation was using 16 processors on USA NSF TeraGrid’s Steele
cluster with 2.33 GHZ Dell 1950 CPUs for each processor. For L-band cases, it took about 1.5
min for each realization for the size of 16 squared wavelength, and roughly 8 min for the size of
32 squared wavelength. For C-band, the preconditioned NMM3D were performed with 256 CPU
cores on NSF XSEDE Stampede (2.7GHz Xeon E5-2680 CPU) clusters. Detail of facility of NSF
XSEDE is in appendix.
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Table 4.1
Simulation parameters for the coherency matrix calculations (L-band)

Radar Surface ) | Correlation
0 (deg) Dielectric _
Frequency Roughness Function

s=4cm (ks=1.055) . .
Casel 1.26GHz 40 8.35+j1.99 Exponential
A=40cm(kA=10.55)

s=4cm (ks=1.055) . .
Case2 1.26GHz 40 9+j2.5 Exponential
A=60cm (kA=15.82)

s=3cm (ks=0.791) ) )
Case3 1.26GHz 40 9+j2.5 Exponential
A=45cm (kA=11.87)

s=2cm (ks=0.527) ) )
Cased 1.26GHz 40 9+j2.5 Exponential
2=30cm (kA=7.912)

s=1cm (ks=0.263) ) )
Case5 1.26GHz 40 9+j2.5 Exponential
A=15cm (k’=3.956)

Table 4.2

Simulation parameters of rough surface using exponential correlation
function (C-band) (250 realizations for each case)

0 Frequency RMS Correlatio | Dielectric

Height | n Length Constant
Case 1 40° 5.4 GHz 1 cm 15 cm 9+2.51
Case 2 40° 5.4 GHz 2 cm 30 cm 9+2.51
Case 3 40° 5.4 GHz 3cm 45 cm 9+2.51
Casec 4 40° 5.4 GHz 4 cm 60 cm 9+2.51

4.2.3 Polarimetric Speckle statistics

With the scattering matrix, results from different realization is actually results from different surface
profile with the same statistical property, saying rms height and correlation length. Next, results are
examined with the theoretical distribution from various aspects of amplitude and phase.

For amplitude from each polarized channel, Sy, Syu, Syu, Syv, it is known that for a single look
data from a homogeneous area such as rough surface, the fully developed speckle follows the
Rayleigh distribution [45]. Figure 4.1 shows 1-look comparison with Rayleigh distribution for L-
band. Figure 4.2
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Figure 4.1 Comparison of amplitude distributions between simulated data— four
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Figure 4.2 Amplitude Distribution compared with Rayleigh distribution for rms=4cm
(C-band)

Lee and Pottier derived n-look (n realizations in simulation) distribution for phase difference as
(4.2.6). In Fig.2-3, we show 1-look distribution comparison for phase difference of Sy and Sy,

and phase difference of Sy, and Syy .

. (1 —lp | 220D 1 3 1-P
pM®) = a—-p) n(n+1> 2F <2n,n—§;n+§;—m> —n <Y <m(42.6)
2
with
B = lpc| cos(yp — 0) (4.2.7)
o= EESL ) e (4.2.8)

JE[|Si|2]E [|5j|2]

S; and S; are two components of the scattering matrix. p. is according complex correlation

coefficients. , F; (Zn, n-— %; n+ 2; - ﬁ) is a Gauss hypergemetric function. n stands for number
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of looks.

Simulation results show good agreement with statistical distribution for both L-band(Figure 4.3)
and C-band(Figure 4.4 & Figure 4.5). Particularly for phase difference of cross-polarization. The
NMM3D simulation results obey reciprocity very well for cross-polarization.
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Figure 4.3 L-band comparison of statistical distribution of phase difference (a) Sy to Sy for 1 look (b) Syy to Sy for
4 look (c) Syy to Syy for 1 look (d) Sy to Sy for 4 look
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Figure 4.4 C-band phase difference of Sy and Sy, compared with statistical distribution for 1-look
(@) rms=1cm (b) rms=2cm (c) rms=3cm (d) rms=4cm
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Figure 4.5 C-band phase difference of Sy and Sy, compared with statistical distribution for 1-look
(@) rms=1cm (b) rms=2cm (c) rms=3cm (d) rms=4cm
Besides the phase difference, there is also statistical distribution for amplitude raito for n-look as
shown in (9).[47] z stands for the amplitude ratio for theorectical distribution between two
scattering matrix elements. C;; stands for the ensemble average of the intensity.  is the ratio of two

ensembled intensity considered.

2t"T2n) (A — lpc|)" (x + z8)z*"

W) = 4.2.9
p@) F(M)IT()[(t + z2)? — 41|p,|222]@n+D)/2 ( )
C
T=_= (4.2.10)
C22
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Ci = E[1S:1%]

(4

2.11)

In Figure 4.6, 1-look and 4-look distribution comparison for amplitude ratio of Sy and Sy, and

amplitude ratio of Sy and Sy, are shown for L-band. In Figure 4.7 and Figure 4.8, results are

shown for C-band for 1-look. All the results show good agreement with the theoretical distribution.
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Figure 4.7 C-band amplitude ratio of Sy and Sy, compared with statistical distribution for 1-look (a)
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Figure 4.8 C-band Amplitude ratio of Sy, and Sy, compared with statistical distribution for 1-look
(@) rms=1cm (b) rms=2cm (c) rms=3cm (d) rms=4cm

4.2.4 Polarimetric descriptor

In the backscattering direction, with the reciprocity of cross-polarized scattering matrix elements
the coherency matrix is calculated by.

— 1
k=[ki ko k3]T =—[Sww +Shn Svv — Shn ZSvh]T (4.2.12)
V2
o [tk ak) (k)
Ty = (kkT) = [(k2k7) (kzk3) (kok3) (4.2.7)

(k3ki) (k3kz) (k3ks3)
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It follows that eigen-values and eigen-vectors from ensembled coherency matrix. Using the
coherency matrix one can compute polarimetric descriptors, including entropy (H), anisotropy (A),
and alpha angle (@) are calculated by (4.2.8)-(4.2.11). p; denotes the eigen-value fractionand 1, >

A, > A5. ; is extracted from unitary eigen vectors of coherency matrix.

A
p; = = (4.2.8)
COZhaA
3
H=-— z p; log; p; (4.2.9)
i=1
_P2"Ps (4.2.10)
p2 +p3
3
a= Z p;ia; (4.2.11)
i=1

It has been presented that three polarimetric descriptors, entropy H, anisotropy A, and alpha angle
a are highly related to surface dielectric constant and roughness scale [48]. Based on this
hypothesis, various methods were developed to infer the surface soil moisture from polarimetric
SAR imagery data [49-51]. Here we compute these polarimetric descriptors from results of
NMMa3D.

Figure 4.9 plots H, A, a versus roughness scale, ks from L-band simulations. Results are also listed
in Table 4.3.1t readily indicates that a clear increasing trend for H as ks increases, while A displays
a non-linear effect versus ks - it increases for small values of ks, and turns to decrease when ks
further increases. From Figure 4.9, we also observe that the alpha angle is not so sensitive to ks.

At 40 degrees of incidence, it only spans from about 12 to 19 degrees.

Figure 4.10 shows ks dependence of entropy(H) and anisotropy(A). Results are also listed in Table
4.4. Entropy’s dependence on ks is clear. The increase of entropy with ks is close to linear. In L-
band plot, Figure 4.9, we also observe similar dependence. For anisotropy (A), there is no
dependence on ks and it stays close to constant. Overall, entropy increases and anisotropy decreases
at C-band compared to L-band. For alpha angle, it increases with ks. Here we see stronger
dependence and larger alpha angle compared those at L-band.

Figure 4.11 depicts the simulated values in entropy/alpha plane for L-band. The loci is plotted
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according to [52]. When the roughness changes, alpha angle only slightly shifts. The entropy can

be as large as 0.5 meaning more depolarization occurs. Result agrees with the fact that

exponentially correlated surface causes stronger depolarization. Figure 4.12 shows simulated

values in entropy/alpha plane for C-band. As we see the relative rms height to wavelength increases

and causes even larger depolarization as the entropy gets larger.
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Figure 4.9 L-band Polarimetric descriptors, H, A, and o versus surface roughness ks.
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H-c classification plane
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Figure 4.12 C-band Random scattering mechanisms classification

Table 4.3
Summary of H, A, and «a values for cases considered (L-band)
Dielectric Anisotropy | Alphaangle
Surface Roughness Entropy (H)
Constant (A) (o)
s=4cm (ks=1.055) ]
Casel 8.35+j1.99 0.503 0.0947 18.93
2=40cm(kA=10.55)
s=4cm (ks=1.055) .
Case2 9+j2.5 0.3841 0.297 15.45
2=60cm (kA=15.82)
s=3cm (ks=0.791) .
Case3 9+j2.5 0.3693 0.354 15.76
A=45cm (k)=11.87)
s=2cm (ks=0.527) .
Case4 9+j2.5 0.308 0.3428 14.55
3=30cm (kA=7.912)
s=1cm (ks=0.263) )
Case5 9+j2.5 0.161 0.2952 11.99
A=15cm (kA=3.956)
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Table 4.4
Summary of H, A, and a from 4 cases (C-band)

Entropy | Anisotropy | Alpha angle
(H) (A) (@)
Case 1 | 0.3847 0.0455 15.78°
Case2 | 0.5169 0.1177 19.02°
Case3 | 0.5630 0.0569 18.49°
Case4 | 0.6360 0.0853 22.26°

4.3 Coherency matrix from distorted Born
approximation combined with NMM3D for vegetated

surface

In this section, we derive the complete polarimetry for land surface using numerical Maxwell’s
equation 3D and Distorted Born approximation. VVolume scattering, double bounce scattering, and
surface scattering of coherency matrix are included. In distorted Born approximation, effective
medium is considered inside the vegetation layer which has slight different propagation constant.
These slight difference is important because they contribute to the attenuation of the scattering as
well as causing significant difference of phase shift as the wave propagates inside the layer. The
correlation between polarizations at the backscattering direction are the final outcome and can be
applied to coherency matrix. Later the derivation will separate into 3 scattering mechanisms. Each

of them will give out the coherency matrix, respectively.

From the book of Tsang etal[34], page 272, (4.3.1) and (4.3.2) show the coupled equation for

coherent waves, E,, and E},, along the propagation direction (8, ¢).

dE, ]

- = (ik + My,)E, + My Ey (4.3.1)

dEy .

E = thEv + (lk + Mhh)Eh (432)
iZT[nO

Mpq = T(ﬁ)q (9; ¢; 0, ¢)): p,.q="7, h (433)

The attenuation rates solved from (4.3.1) and (4.2.2) are listed in (4.3.3). The angular bracket
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denotes the average over orientation and size distribution of the particles. The effective
propagation constants can be solved from the corresponding extinction matrix as in (4.3.4) and
(4.3.5).

i
Kl =k — E(Mvv + Mhh + T') (434)
[
K, =k — E(Mvv + Mpp, — 1) (4.3.5)
r=[(My, — 1\/Ihh)2 + 4thMvh]1/2 (4.3.6)

Consider the case My, = M,, = 0, K; and K, reduce to vertically and horizontally polarized

waves, K, and K}, respectively.

oy = K+ £ 0,3 6,6)) (437)
2mn,
ke =k +— (frn (0, $;6,9)) (4.3.8)

Note that f£,,(6, ¢; 6, ¢) depends on the angle. Then for p-polarized incident wave with incident

angle, 6, the effective propagation constant is in (4.3.9).

ks =Jk5 e =\/k§ — (k2 — (k cos 6)2)

2
=J(k+%<fpp(e,¢;9,¢))) — k2 + k2 cos? 6,

2T 2

= j4nno<fp,,(e, B 6,60 + (T fop(0,46,9))) + K2 cos? 6,

2
4o (fyp (6, 636, 9)) + (222045, (6, 6: 6, 9)))

k? cos? 6,

=kcosfO, |1+ (4.3.9)

271'710
k

Notice that ( (fpp (6, 9; 6, q))))2 K 4mtng(fp, (0, $;0,$)) < k*cos?6,, one can

approximate (1 + x)/? by 1 + %x.

81



14mn{fy, (6, P; 6, 9))
Ky = k cos B (1 T (43.10)

Separate k,,, to real and imaginary parts, k,,, and k.

kb, =k cos 8 + Re(mo(%es, ;’Z A (b))) (4.3.11)
"o_ ZnnO(/‘;?p (9' d); 0! d)))
ky, = Im( k cos 0, ) (4.3.12)

For vertical polarization

Zﬂn0<fvv (, ¢; 0, ¢))> +ilm <2ﬂn0(fvv (, ¢; 0, ¢))>

k cos 6, k cos 6,

Ky =kcos€0+Re<

. 2
_ kcos 6 + 2ol (0.9:6.6)) j(k + @(fw(e@; , ¢>))) — k?sin? 6, (4.3.13)

k cos 6,

2mng
by =k +——{fou(0,$:0,9)) (4.3.14)

Similar for horizontal polarization

21tno(frn (0, ¢; 6, ¢)>> +ilm <27Tn0<fhh(9: ¢; 0, ¢)>>

kn, =k 6o +R
hz cosbo ¥ e< k cos 8, k cos 8,

2

2 0,¢;0, 2
T[Tlo(];l;h;gsgz ¢)) _ \/(k N 7':10 (fhh(e'd); 9, ¢))> — k2 sin2 6, (4.3.15)

=k cos @, +

(4.3.16)

2
2 (fun (6, $:6,6))

Note the difference from free space are the exponential phase and attenuation factors. Free space

kh=k+

dyadic Green’s function is then applied to calculate the volume scattering. For the scatterer at the

origin and we ignore the singularity at the origin for free space.

Gp(F) =
i o o R R eikxx+ikyy+ikzz
o j dk, j diey [e0k)0e,) + Rk R (k)| —— forz>0
i o ot R A Zikxx+ikyy+ikzz (4.3.17)
k@f_wdkx f_wdky [e(—k)é(=k,) + h(=k)h(=k,)] K forz <0
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For dyadic green’s function used in effective medium, the effective propagation constants will

have more effects on the phase while the effects on the amplitudes are small. Thus

513(7_') =
i ® © _ R ~ _ ikyx+ikyy
Wf_oodkx f_oodky [6(k,)é(k,)e™ =% + h(k,)h(k,)e™ v K forz>0
i [ ® , R ~ . plkxx+iky (4.3.18)
| 822 f dkey f dley [(=kz)é(—kz)e™"1" + h(=k)h(=k;)e™"vs | ——— for z < 0
—o0 —00 Z
kyy = /k,% —k2— k2 (4.3.19)
kny = |KZ — k2 — k2 (4.3.20)

Note that we have not changed the amplitude vector, é(k,) and A(k,). A more exact expression

can be
513(7_') =
(i 0 ) ékzékzeikhzz Eszlkzeikuzz ] ]
[ o M S

—0 —0 zZ vz

o X | (4.3.21)
. . . 5(—k 5(—k —ikpzz h(=k.Yh(—=k —ikyzz] .
—0 —0 hz vz

However, we will take the simpler approximation as (4.3.18), that we use k, for the amplitude

polarization factor while we use k,,, and k;,, for the exponent.

Thus we consider a two layer medium, medium 0, medium 1, and medium 2. E.qg. for vegetated

surface, medium O is air, medium 1 is vegetation layer, and medium 2 is soil.

Since the scattering is in medium 1, we have the following.

kxz 1
TE polarization : é(k,) = |IE » Al = (a?ky — ﬁkx) (4.3.22)
Z P
- - k k
TM polarization : h(k,) = é x k = — kkz (Rky + 9k, + fz (4.3.23)
0

For amplitude factor, we use k,
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k, = /kz — k2 — k3 (4.3.24)

Then we use lower case for upward going wave and capital case for downward going wave.

ky, = ke% + k)9 + ky,2 (4.3.25)
K, = k& + ky9 — ky,2 (4.3.26)
kn = kX + k3 + kp,2 (4.3.27)
Kn = ko® + ky9 — kpy2 (4.3.28)

If the boundary is at z =0, then the Green’s function of reflected wave in effective

medium(medium 1) is
Gr(7,7) =
L -1 . ot ~ A ——
87 f dklk—[RTEé(kz)e‘kh'ré(—kz)e“Kh'r + R™h(k,)e*»Th(—k,)e K] (4.3.29)
z
However, in our case we consider the boundary at z = —d. Then we shift both z and z'.
Gr(F, 7)) =
[ -1 = JE— ~ - ~ L
W_[ dklk_[RTEé(kZ)elkh-r+21kh2dé(_kz)e—lKh-r + RTMh(kZ)e1k,,-r+21k,,zdh(_kz)e—LKU-r ]
zZ
[ — . . . /
— Wf ko_ [RTEé(kz)elkhzz+21khzdé(_kz)elkhzz

eikx(x—x’)+iky(y—y')

+ R™{ (k) e hozz*+2ikuzd y (—fe Y thvz?| - (4.3.30)
z
Thus the half space Green’s function in medium is
G1,(F,7) = Gp(F,7) + Gr(F, ) (4.3.31)
Gp(F) =
i oo I . . . I A ~ . g elfx(x=x)+iky (y-y") ,
8‘7 IZ diy [ dk, [é(k,)é(k,)e r=Z=2D + R(k,)h(k,)etkoz=2D] £ - 12>z 4332)
i o0 . , , N N , ina pikx(e=xD+iky(y-y") e
8‘7 J2 diy [ dky, [6(—k,)é(—k,)e~Hna(=2) 4 f(—k,)R(—k,)ekv(z=2D] - i cz2< 2z

Then for z > 7’
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G, (F, 7)) = Gp(F, 7)ot + G (7, 7")
iky(x—x")+iky(y-y")

k;

: ’ . ' ! n A i I\ €
B @J‘ dkx.f dky, [é(k,)é(k,)e*n=z=2) + h(k,)h(k,)e v=(=2)]

i — . . ) /
+ ﬁf ko_ [RTEé(kz)eLkhzz+21khzdé(_kz)elkhzz

ik (x—x")+iky (y—y")

+ R™ (k) e hvez+2ikuad f () ethvzz'] - (4.3.33)
z
forz< 2z’
G11 (7 7) = Gp(F,7") yeyt + GR(F,7")
i oo (00} . ,
= 82 dkxj dk, [é(—kz)é(—kz)e"‘khz(z‘z )
R R _ , eikx(x=x")+iky (y-y")
+ h(_kz)h(_kz)e_lk”(z_z )]
k,
i — . . ) ,
+ ﬁf ko_ [RTEé(kz)eLkhzz+21khzdé(_kz)elkhzz
R _ . R o ik (x—x")+iky(y—y")
+ RTMh(kz)elkvzz+21k,,zdh(_kz)elk,,zz ] (4'3'34)

k,
To continue Gy, into medium 0, letz = 0 in z > z’

G_ll(f|z=0'f,)z>z’

i [o9]

= W dkxf dky [é(kz)é(kz)e_ikhzzl + ii(kz)ii(kz)e_ikvzzl]

eikx(x—x')+iky(y—y’)

k;

i . o
to j dk, [RTE&(k,)e?knzdg(—kc,)e*nzt

ik (x—x")+iky (y—y")

k;

+ R™M R (k) e?hvz o (—k ) etvz?'| (4.3.35)

Then separate é(k,) and h(k,)

G_ll(f|z=0Jf,)z>z'

i [09]

= @ dkxf dky é(kz)[é(kz)e—ikhzz’ + RTEeZikthé‘(_kz)eikhzzl]

eikx(x—x’)+iky(y—y')

kz
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l — ~ . ’
+@ f dk, h(k,)[h(k,)e ve?
eikx(x—x’)+iky(y—y’)

ks

+ RTMeZikvzd;\l(_kZ)eiksz,] (4336)

For z > 0, we consider G,,. Since there is no physical reflection at z = 0, we just continue

G11(Fly0, ") o, With etkzZ,

501(7'_' 77’) =

L f dk, f dk, é(k,)]é(k,)e nz'

82

' . , eikx(x—x’)+iky(y—y') '
+ RTEeZLkhzdé(_kz)elkhzz ] P ezkzz
z

i - R o, o o etkx(x=x)+iky (y-y')
+W,f dk, h(k,) [h(kz)e—lkvzz + RTMg2ikuzd f(—f ) gikvzz ] 0 eikzz

; elkT
# dk ] dk e(kz)[e(kz)e‘”‘hzz +RTE 2ikp,d e( k )ezkhzz ]e—kax —kay
z

+5 f dkl i h(kz)[h(kz)e“kvzz + RTM g2ikuzd f(— ) ethve?' |~ tax'=yy" (4.3.37)

In the far field, using stationary phase method, we have

eikr
k, = k sin 6 cos ¢
k, = k sin 6 sin ¢ (4.3.39)
k, = k cos 6,
. kxz 1, R
TE polarization : é(k,) = —= =— (xky — ykx)
TRz
- (Xk sin 6; si yk sin 0 )
= ksind, Xk sin 6 sin ¢pg — Yk sin 6 cos ¢,
= % sin ¢g — y cos ps = —h(Bs, Ps) = —h(mw — b5, P) (4.3.40)
é(—k;) = Xsin s — J cos ¢ = _E(Qs' ¢s) = _E(T[ — 05, ¢5) (4.3.41)
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A s kz (o N
TM polarization : h(k,) =é Xk =—— (xkx + yky) +

kk, x°
kcos6, . . . ksinfg
= — Tk sin g, (Xk sin O, cos ¢ + Yk sin O sin ¢) + w2
= — cos O, (X cos ¢g + Y sin ;) + sin O, 2 = —0 (6, ¢s) (4.3.42)

h(=k,) = cos 8, (% cos ¢ + 9 sin ¢s) + sin s 2 = —D (7 — b5, ps) (4.3.43)
Also for remote sensing convention, R™ = R, and RT = R,
ikr

- e
Go (7, 7) = 4mtr

é(kz) [é (kz)e_ikhzzl + RTEQZikhzdé(_kz)eikhZZ’]e—ikxx'—ikyy’

N eikr
4itr

h(k,)[A(k,)e Hvz?" 4+ RTM2ikvzd o (—fe g lkva?"| g thax'~tky' (4.3.44)

Then we separate Gy, (7, 7") into two terms

Gor (7, 7) = GX (7 7) + GO (7, 7) (4.3.45)
50) = =y _ e'r 5 5 —ikpzz'| ,—ikxx'—ikyy’ e i —ikyyz' ] ,—ikxx'—ikyy'
Gy, (7,7) = yy— é(k,)é(k,)e*n=""]e Yt h(k,)[Ak,)e ko' | @~ thxx'~tky
ther : I ~ ~ . It . . I}
= 7 [e(kp)ek,)e™"n? + h(k ) h(kez)ethve? Je~tar =y (4.3.46)

6B (F, 7

ikr
= Z é(kz) [RTEeZikhzdé(_kz)eikhZZ’]e—ikxx'—ikyy’
nr
eikr R , ~ . , . ,
+ - h(kz) [RTMemk”dh(—kz)elk"ZZ ]e—kax —ikyy
eikr

— - [é(kZ)RTEezikhzdé(_kz)eikhzz’
+ R(k,)R™ e2vzd f(—k ) ethve?' | @ ~thax’~tky’ (4.3.47)

Next calculate the scattering from foldy lax equation. Consider the plane wave incidence.

—_ 5 ,iK;
Einc =eet

=i

(4.3.48)

For vertical polarized incident waves in medium 1,
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Eine = h(=k;,)eFuxxtikiyy=ikizyz
Erep = Ryih(k;y)et i tikiyy+ikizz
For horizontal polarized incident waves in medium 1,
Epne = 8(—k;y)eux+ikiyy=ikizyz
Erop = Rpié(kyy)e it ikiyy+ikinyz
Then
Eine(P) = Eyi0(m — 0;, p)e K™ + By h(m — 6;, ¢;)eKin™
For reflected wave, we take into account the phase shift considering surface at z = —d.
Erer () = E,;R,e%kindp(g,, d,)e*wT + E, Ry e?*iznd (@, d,)etFinT
We write the field in foldy lax equation in medium 1.

N
E= Einc + Eref + z 6117:} jex
1

-
Il

Subscript j denotes the index for the scatterer. Then for the first iteration

N
E= Einc + Eref + Z 511 j(Einc + Eref)
Jj=1
In medium 0, the scattered field is

N
Es = Z G=017=}'(Einc + Eref)

=
Using (45)
N
Es = Z(Eég) + G(gf))Tj(Einc + Eref)
=1
N
Es = Z _sj
=1

Then scattered field from scatterer j is
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(4.3.49)

(4.3.50)

(4.3.51)

(4.3.52)

(4.3.53)

(4.3.54)

(4.3.55)

(4.3.56)

(4.3.57)

(4.3.58)



Eg; = (GoY + 6oy )T (Eine + Erer) (4.3.59)
Then we expand it
Ej = GO TEe + GOT Epne + GO TiEyey + GOT ey (4.3.60)
We only keep first three which are relevant to distorted born approximation.
Ej = Goy TiEine + GoV TiEine + Goy TiErey (4.3.61)

The first one is volume scattering. The second and third ones are the double bounce scattering.

Then we examine each term and derive the corresponding scattering matrix.

4.3.1 Volume scattering [vol]

E(vol)

@D = GOT Eine (4.3.62)

Apply Dirac notation, T;(7,7'") = (7/|Tj|7"") and Ejnc (7" = (7' |Eine).
EYY#) = | ar' G a7 (7| T;|7 ' W7 |E; 4.3
sj ) = r (7, 7') r | |T >(T | mc) (4.3.63)

where

ikr

G (7 = — [eUe)eCe)e e 4 Rl hlk,)e~thore Jemiker' =0y (4.3.64)

_ eikr ] ,
Eg."’”(f) =i f di' [é(k,)é(k,)enaz

+ h(ley)h(k,) e~ oar | g =thar'~thyy! f dr" (7| T; |7 " W7 | Ene)

ikr

= [ [etetee 0 + Rk IRGDe 7] [ (7 TN i) (43.65)

Then we substitute the incident field

ikr

- f di* [6(k,)e(k)e ™ + R(lk)h(k,)e Fo ] f dr (7| T )

ESV(7) =

[E,i0(m — 6, p)e Ko™ + Epih(m — 6;, ¢p)eEinT"] (4.3.66)
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By the translational theorem of operators, T=} is related to T centered at the origin by the operator

equation.
T, = e PorTiTe'PorT; (4.3.67)
The momentum representation of T is
(pIT|p") = f ar f dF" (I W7 |T |7 715" = f ar’ f di" e P (7 |T|7")e'?" ™" (4.3.68)
Where (p|7') = e=P7 and (7"'|p’) = e'? 7" come from momentum representation with the
inner product. Then
(B|T;|7") = (ple PorTiTePorTi|p") = e—iﬁ-fj(ﬁ“:w'ﬁr)eiﬁ'-fj — e—i(ﬁ—ﬁ')-fj<ﬁ|7=~|ﬁr) (4.3.69)

—11 dﬁ dﬁ, —r A EAVYE ARl
< |T| >_ (2n)° (27‘[)3< |p)( |TJ| )(p 17"

=7 II

Lpr —l(p p)r1<p|T|p) —ip'-

(Zﬂ)3 J @n)?

dﬁ dﬁ, iﬁ-f’—iﬁ'-f” _i(ﬁ_ﬁ’).f. 1= —
= ' 4.3.7
f (2m)? f ) ¢ H{p[T]P") (4.3.70)
Let T,(5, ) = (p|T|7")
ikr
B @) =5 [ d [etketkde ™ + Rlehtk)e"] [ dr”

dp dp’
2m)3 ) 2m)3
+ Epih(r — 0, ¢i)9“?ih'f”]

e T =IT IOPITIT, (5, 5 [Eyi B (m — 6;, p)e K™

lkT‘

! 11 A A —iky 7' N " —iky '
fdr fd (Zn)g f(z E [e(ke(k)e *nT + h(k,)h(k,)e ™|
eiﬁ'f"iﬁ"f”e‘i(ﬁ_ﬁ’)'f"'fp @, 0)[Evi®(m — 0;, p)e®w™ + Eypih(m — 6;, ¢)eFin™' ] (43.71)
Then the orthogonality relation for momentum state is
(plp') = f dF' (pIF)(F'1p') = f dF' e~ P e = (2m)38(p — ') (43.72)

We apply orthogonality relation over 7'
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=(ol) r= __ eikr —rr dﬁ dﬁ’ ~ ~ 3¢(T _ =~
Eg; (r) = 47Trfdr J.(Zn)3,f(2n)3 [e(kz)e(kz)(ZE) S(kh p)
+ h(k,)h(k,)(2m)38(k, — )]

e_iﬁ,'r_”e_i(ﬁ_ﬁ,).fj?p ®».p") [Eviﬁ(n' -0, ¢i)e”?""'f” + Epih(m — 6, ¢i)3“?ih'r_”]

o [ar [ 2 et otk e e YT, e )
Amr (2m)3 e pATh
+ h(k)h(k,)e ™ CPITT (k)]
[E,i0( — 6;, p)e X ™ + Eph(m — 6, ¢;)eFin ™| (4.3.73)
We then apply orthogonality relation over 7.
pikr

=(ol) ry _
Esj () =

dp’ (T T\ =
| s [eete)e I, (B, )

+ Rk )Rk, )e B ITT, (F,, 5)]

[E,io(m — 6;, $)2m)36 (P’ — Kipy) + Enih(mr — 6, ¢)(2m)38 (' — Kip)|

ikr o
= - [é(kz)é(kz)e—l(kh—Kiv)-T‘j . Tp(kh: Kiv)] [Evlﬁ(n _ 01'; ¢l)]
eikr R R o
+ 5= (AR e  Cr KT, (B, Ky )| [Eui0(m = 61, 0]

ikr

+ [e(k ek, e *nKd ST (k, Kip )| [Enih(r — 6, 6]

ikr

e ~ ~ T o o = ~
+— [R(e )Rk, ) e Eo K TIT (&, Kip)|[Enih (e — 6;, 0] (4.3.74)

The relation between T matrix and scattering amplitude is

_ 1 = e o

Fks k;)-¢; = yp [0s0s + hshs| - T, (kks, kk;) - &; (4.3.75)
In terms of incident and scattering angles

F(0s, ¢5; 61,00 - &
1 R . -, ~
= E [ﬁs(QSJ d)s)ﬁs(gs, ¢S) + hs(HSﬁ ¢S)h5(65t ¢S)] ) Tp (kks(es’ ¢S)' kki(ei' ¢l)) . éi (4376)
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Which means
ﬁiv(esr ¢s; Hi' d)l) = ﬁs ' ﬁ(gs» ¢s; 61’: ¢1) ' ﬁi
1 = R X
e 8 (TACRESRIACED) B
fhv(es; ¢)s; 0;, ¢)1) = Es ) F(Hsr ¢)s; 0;, ¢1) ) ﬁi
1. =/ 4 ~ ~
= Ehs ’ Tp (kks(gs' bs), kk;(0;, ¢)l)) "V
fhh(es' Ps; Hi'qbi) = iis : F(Hs’ Ps; ei'¢i) ) ﬁi
1 . = ~ ~ ~
= o T, (ko0 0, ki (81, 90)) B
fon(Bs, Bs; 01, ;) = D5 - F(B5, s 01, ) - By

N R R
= =00 T, (kks(65, 65), kki(6,, 00 ) By

The correlation between different notations of scattering polarization vectors are.

é(k,) = %sin¢s — 9 cos ps = —h (05, ps) = —h(m — 6, ¢s)
é(—k,) = Zsin s — 9 cos ¢ = —h(0,, ps) = —h(m — 65, ¢s)
h(k,) = — cos 6 (% cos ¢ + P sin ¢g) + sin 6, 2 = —H(6s, ¢5)
h(—k,) = cos 0, (% cos ¢ + J sin ¢) + sin O 2 = —0 (7 — b5, ps)
Also for incident scattering polarization vectors
é(ki,) = —h(m — 6;, ¢;)
é(=ky) = —h(m — 6, ¢;)
h(ki,) = —0(6, ¢;)
h(=ki) = =0(m — 6, ¢;)
Then replace the representation of polarization vectors for ES(}"’” ()

elkr

ESV(F) = — [1(85, ps)e  FnK) Ti][E,,;]

4ty
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(4.3.79)

(4.3.80)

(4.3.81)
(4.3.82)
(4.3.83)

(4.3.84)

(4.3.85)
(4.3.86)
(4.3.87)

(4.3.88)



ikr

e R . iRV T (T & ~
+E[v(es: ¢5)U(95, ¢s)e ((ky—Kiv) r]Tp(kv'Kiv)][Eviv(T[ - 01’: ¢1)]

ikr L o R
+ 41y [(65, ps)R(Os, ¢s)9_l(kh_Kih)'rop (kn, Kin)|[Enih( — 6;, )]
ikr o o R
+ 5 [0005, $)0(0s, p)e ™ WTIT, (key, Kip )| [EnihGr — 6, ¢0)]  (4.3.89)

Next, replace the T matrix with scattering amplitude

_ eikr R .
ES(}]OD (f) - r h(@s, ¢S)e_l(kh_KW) rjfhv(gs' d)s; T — 01’: ¢i)Evi
ikr o
+——0(0s, p5)e ™ TEWTIf, (65, s T — Oy, i) Eni
ikr R o
T3 h(Bs, ps)e ™ *n=KiTi £ (65, s T — 0y, 1) En
ikr o _
+— 005, §)e NI, (65, ¢y — 64, d0) Eny (4:3.90)

Thus we sum up scattering from all scatterers

N ikr

EXV@F) = Z — h(6s, po)e NRDTIf, (65, si = 6, $)Eni

j=1

N .
elkr P
£ 005, ¢ FTWTIL (0, b — 01, $)E
Jj=1

N .
elkr’\ N
+ ) (0 e FTWTIL, (6, i — 03, ) En
j=1

N
elkr o _
+Z r 0(0s, ps)e K Tif (0, i w — 6, ) Ens (4.3.91)
j=1

We can also write it in terms of scattering matrix elements

ikr ikr

e’ o 1 e
(65, s)SOVE,; +

e

ikr
~ l 7~ l
U(BS' ¢S)SISZO )Evi + h(es' ¢S)Si(11;10 )Ehi

E ) - : :

r
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ikr

+——0(65, ¢Sy Eni (4.3.92)
Then
N
S = z e kn K Tif (0, sim — 0, ;) (4.3.93)
j=1
N
SG = Y ORI (0, b 0,60 (4.3.94)
=1
N
S = ) TN EWTi £ (0, i — 01, h0) (4.3.95)
=
N
S — Z e~ RidTif (0 b — 0, ) (4.3.96)
j=1

Based on the scattering matrix, Coherency matrix can then be computed. The following shows the

summary of the polarization vector’s definition used here.

~

hs = h(8;,¢s) = —% sin ¢ + P cos s (4.3.97)
g = D(6,, ;) = cos b, (X cos ¢pg + P sin ;) — sin O, 2 (4.3.98)

For the incident wave, the wave is coming down

~

h; = h(m — 6;,¢;) = =X sinp; + J cos ¢; (4.3.99)
U, =0(mr—6;,¢;) = —cosb; (Xxcos¢p; + ysing;) —sinb; Z (4.3.100)
In the backscattering direction, the wave is going up
Npack = h(6;,m + ¢;) = Rsin¢; — P cos P;
= —h(r - 6;,¢;) = —h; (4.3.101)

Dpack = V(0;, m + ¢;) = —cos 0; (X cos ¢p; + ysin¢g;) —sinb; 2

1 = T 7. A
for(Bi, T+ P — 6, ;) = Eﬁi -Ty(—ki ki) - D; (4.3.103)
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-1. =, _ _
foaw(Bo 0 + iz — 6, ¢0) = .—hi - Ty (ki ki) - 9, (4.3.104)

-1

fan (@0 + by = 03, ) = —hi - Ty (ki k) - B (4:3.105)
1 =, .
fon(B, T+ s —6;, ;) = el Ty(—ki k;) - by (4.3.106)

Note that the reciprocity here is

i@+ s —0;,¢) = —forn(0,m+ P — 6, P;) (4.3.107)

The scattering matrix elements at backscattering direction are

N
(% e —1lo =, _
l - R o
Sf(;?b()zck = z e~ (Fnback=Kuw) 7 Ehi Ty (ki ;) - 9; (4.3.108)
j=1
C 1
l —i(% 2 VTR S A
Stgz,obc)lck = Z e i(ky,pack—Kiv) T Evi . Tp (_ki: kl) - D; (4.3.109)
j=1
3 1
l —i(k - — ~
Sfﬂﬁck = z e~ (Rnback=Kin) ) Ehi Ty (ki ki) - hy (4.3.110)
j=1
C 1
l —i(% ey L =, - =y =
Séfl?bzlck = Z e i(kypack=Kin)T; Evi . Tp (_ki: kl) - h; (4.3.111)
j=1
Ky, = ksin®@; cos¢; % + ksin§; sin¢; § — \/kZ — k?sin2 6, 2 (43.112)
Kip, = ksin8;cos¢; X + ksin8;sing; y — \/k,zl — k?sin? 0, 2 (4.3.113)
Ky pack = —k sin 0; cos ¢; & — k sin 6 sin; 9 + k2 — k?sin2 6, 2 (4.3.114)
knpack = —ksin8; cos ¢; £ — ksin0; sinp; 9 + \/k,zl — k?sin?09; 2 (4.3.115)

Then

kh,back — Ky =

—2k sin0; cos ¢; X — 2k sin6; sin; y + (\/kﬁ — k2 sin2 6; + /k2 — k2 sin2 9i> 2 (4.3.116)
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kypack — Kin =

—2k sin 0; cos ¢; X — 2k sin 6; sin ¢; y + <\/k12, — k?sin?6; + \/k,zl — k? sin? 9i> 2 (4.3.117)

knpack = Kiv = ko pack — Kin (4.3.118)
Then the reciprocal relation is

(vol) _ (vol)
Shv,back - _Svh,back (4.3.119)

Compared with the definition in Lee’s book [45] for horizontal polarization changes the sign

while vertical polarization stays the same.

~

hieti = hy = —hpaer (4.3.120)
Vpaer = Ui = Dpack (4.3.121)
Thus in the backscattering direction
Shvpace. = ~Shuack (4.3.122)
Syvvace: = Sumback (4.3.123)
Stnback = ~Shnback (4:3.124)
Synoace = Sumpack (4.3.125)
Then
Shuack. = Sonpack. (4:3.126)

To proceed to the coherency matrix for volume scattering, we first identify those important

correlations for scattering matrix elements.

The target vector is

E = [k1 kz k3]T =

1
= ﬁ [Svv + Snn Sow — Sun 2Sun]” (4.3.127)

The coherency matrix

o [k (kak3) (kK3
Ty = (kK1) = |(koki)  (koks)  (heoks) (4.3.128)
(eski) (kaks) (ksks)
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(k) = (5 (5o + 1) S+ 52)") = 5 (SuuSin) + S + (S Sin) + (S

= 2 (SuuSin) + (SunSin) + 2Re((S,wSia))  (43129)
(k) = (5 S+ 5u) S0 = 1)) = 3 (S5 — (StnSin) — (SuwSin) + (SanSio)

= 2 (SunSin) — (SanSin) — 20Im(S,Si4))  (4:3.130)
(o) = (5 (Sun + S (25un)") = (SuuSin) + (S (43.13D)
(k) = (5 (Sow = ) o + 1)) = 5 (5o S50 — SunSin) + (SonSin) — (SunSi)) =

= 2 (SuuSin) — (SanSin) + 20Im((S,534)))  (4:3.132)
(k) = (5 (S = 51 o = S1)") = 5 (SuwSi) + {SunSin) — (SuwSin) — (SunSin)) =

= 2 (S Si) + SunSin) — 2Re((SSn))  (£3133)
(kakes) = (5 (S = Sun) 2S)") = (SunSin) = (S (43130)
() = (5 25,1) o+ S1)") = (SunSi) + (SunSin) = (SonSin)” + SmiSpp)’ (4:3.135)
(k) = (5 (25,1 (5o = S)°) = (SunSi) = (SunSin) = (SonSin)” — (SmiSin)’ (4:3.136)

1
(ksks) = (5 (2Syn) (2Sn)") = Z(SunSpn) (4.3.137)

Consider 6 essential correlations(S,,Sin), (SvuSov), (SkrShnd (SvuSor)s (SrnSon)s (SvrSyr) When
the reciprocity is applied. For the volume scattering, note that we can have correlation between

scatterers and the propagation vector is complex because the z component is complex. We first

. (vol)  (vol)*
derive (S, packShh pack
D ¢ o)
(S S
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N

N
_ <Z e—i(kv_l?iv)'fjfvv‘j (65, pg; T — 0;, ;)
j=1

e (kh—Kin)Tp fanpOs, ds; T — 05, ;) (4.3.138)
j =1

p

For coherent model, one can introduce the joint probability between scatterers. However, at this
moment we ignore correlation and assume independent scattering.

<S1SZ01)S}(11}]101)*>
N
= D (e T i TN (f,, (0, i T = 01, B (O i T = 0, §) - (43.139)
j=1

The ensemble average is considered with the particle distribution, p(7;), which is assumed
uniformly distributed over the volume, V.

(e 1K) Ty i (Ri—in) 7)) = f dr; e G Ku) Tyl —Kin) Tip ()

_ %f d7; e~ 1K) T oilKi=Ki) 7 (4.3.140)

Then

S

N
= | im0 i = 008 B i = B 80)
j=1

]_
N[ iR iR+ i
V dr'e voRwaT e th ik <fvv(951 (]55;71' - Hi' ¢i)fhh(051 ¢s;7T - Hir ¢l)>

= 1o{fyr (Bs, P T — 05, 1) frin (Bs, bs; T — 65, D)) f d7' e~ illew=Kip)=(ki=Kin)1 7'

(4.3.141)
n, is volume density for particles within thickness, d, and area, A.
To consider the phase shifts, we reexamine all involved propagation vectors.
k, = k sin 0, cos ¢g & + k sin 6 sin ¢s § + 1/ k2 — k2 sin? 0, 2

= k sin 6, cos ¢¢ X + k sin O, sin ¢ y + (Re(k,,) + ilm(k,;))Z (4.3.142)
k;, = k sin 6, cos ¢s £ + k sin O sin ¢ § + (Re(ky,,) + ilm(ky,))Z (4.3.143)
K, = ksinf; cos ¢; £ + ksin9; sinp; § — (Re(kjpy) + iIm(kipy))2 (4.3.144)
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K;;, = ksin; cos ¢; £ + ksin8; sin¢; § — ((Re(kip,) + ilm(k;pz)))Z (4.3.145)

where k;,,, = \/k2 — k2 sinZ 6; and k;p,, = \/k,zl — k? sin? 6; are complex square roots.

Then in the backscattering direction, let 6, = 6;, ¢; = 0, and ¢, = .

Ev,back = —ksin0; X + \/kg — k2 sin2 0;Z

= —ksin6; X + (Re(k;y,,) + ilm(k;y,))Z (4.3.146)
knpack = —ksin0; 2 + (Re(kip,) + ilm(kin,))Z (4.3.147)
K, = ksin8; £ — (Re(k;y,) + ilm(k;y,))2 (4.3.148)
K, = ksin6; £ — (Re(kipy) + ilm(kip,))Z (4.3.149)
Then
ko pack — Kiy = —2k sin 0; & + 2(Re(ky,,) + ilm(kyy,) )2 (4.3.150)
knpack — Kin = =2k sin6; £ + 2(Re (ki) + ilm(kin,))2 (4.3.151)
ki, pack — Kin = —2k sin 0;  + 2(Re(kip,) — ilm(kip,))Z (4.3.152)
Then in the backscattering direction
(Ev,back - Riv) - (Eﬁ,back - I?i*h)
= 2(Re(k;y,) — Re(kin,) + i(Im(kyy,) + Im(kipnz)))Z (4.3.153)

Then

(vol) (vol)*
<va,backShh,back

= 1o{fon (01, — 6, 0) fin (61, 75 — 6;,0) ] ' ¢~ 2(Relhin)-Relhn) +ilIm ki) +im(kan) )2

= no{fou(0;, T; m — 6, 0) [, (6;, T; T — 6;,0))

0
4 j dZ,e—iZ(Re(ki,,Z)—Re(kihz)+i(1m(kivz)+1m(kihz)))z’
—-d

~i2(Re(kipy)-Re(king) +i(Im(kipy ) +im(kin,)) )2 |~

* . _n. €
=Ny (ﬁ;v (91'! T — Hi! O)fhh (Hl’ T 6“ 0))A —'Z(Re(kivz)_Re(kihz)+i(lm(kivz)"'lm(kihz)))
z'=—d
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i2d(Re(kipz)-Re(kipz) +i(1m(kipz) +1m(kinz)))

0 —Zi(Re(kivz)—Re(kihz)+i(lm(kivz)+lm(kihz)))

(fow (05, ;0 — 6;,0) f, (6;, T; T — 6;,0))

1— ei2d(Re(kiuz)—Re(kihz)+i(1m(kivz)+1m(kihz)))

=nyA
~2i (Re(kivz) = ReCkins) + i(Im(kinz) + Im(kin)))

(fon Oy, ;1 — 6;,0) i, (6;, ;1 — 6;,0))  (4.3.154)
Note there is no dependence on x’ and y’ for the phase terms during the integration.

The alternative expression for k,,, and k;,, are

k,, = Re(k,,) + ilm(k,,) = k2 — k2 sin2 65 = J (Re(k,) + ilm(k,,))2 — k2 sin2 0,

= J (Re(k,))” + 2iRe(k,)Im(k,) — k? sin? 6

2iRe(k,)Im(k,)
(Re(k,,))2 — k? sin? 6, |

= J((Re(kv))z — k2 sin? 95) _1 +

iRe(k,)Im(k,)
(Re(k,,))2 — k2 sin? 6, |

=~ J((Re(kv))z — k?sin2 6 _1 +

Re(k,)Im(k,)
=R A 4.3.1
e(ky,,) +i Re(ko) (4.3.155)
-  Re(ky)Im(ky)
khZ = Re(khz) +1 Re(khz) (43156)
Some useful combinations
ky pack — Kiy = —2k sin6; 2 + 2(Re (k) — ilm(kyy,,))Z (4.3.157)

Ev,back - I?ih = —2k sin Bi X+ (Re(kivz) + Re(kihz) + l([m(sz) + Im(klhz))) A (43158)

Ky back — Kin = =2k sin 6, 2 + (Re (ki) + Re(kinz) — i(Im(ki,) + Im(kins)) )2 (4.3.159)
Then the similar derivation can be applied for other correlations at the backscattering direction.

(S(vol) S(vol)*

vv,back vv,back>

= nO (ﬁﬂ) (eir T, T — Hil O)fvﬂ;i (eil T, T — eil 0)) f dT_', e_i[(kv,back_Eiv)_(k;back_l?;y)]'f,
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= nO(ﬁJU(Gii T, T — Bi; O)fvz (01') T, T — Bi; 0)) f dT_J e_i[4i1m(kivz)]zl

0
= n()(fm;(ei, T — Bi; O)fvﬂ;(gu T — Hi; 0))A f dzle41m(kivz)Z’
—-d

1—e¢e —4d1m(kl-,,z)

4‘1m(kivz)

= nyA (fon(8;, m;m — 6;,0)f,,(8;, m;m — 6;,0)) (4.3.160)

(vol) (vol)*
<Shh,backshh,back

= No{frn 0y, T — 6;,0) fi, (0;, ;T — 6;,0)) J dr' e~ (knback=Kin)= (K pack=Kip)1 7"
= nO(fhh(ei' T, T — 91’; O)ff;kh (91'1 T, T — 91’; 0)) j dr’ e_i[4i1m(kihz)]zl

0
= No{fun (0i, ;0 — 60;, 0) 1 (6, 5T — 6y, 0))Af dz' e*mkin)z’
-d

1 —e —4dIm(kihZ)
4Im(k;p,)

= nyA (fan(6;, ;T — 6;,0)f1;,(6;, T; T — 6;,0)) (4.3.161)

<S(vol) S(vol)*

vv,back vhback
= no{fpy (6;, ;1 — 6;,0) f, (6, T; T — 6;,0)) f di" e~ U(kvback=Kiv)=(Kypack=Kin)1 7’
= o (00 570 = 01,005 (0 — 03, 0)) [l ek ReCkn i s
= no{fn (0, m; ™ — 0, 0) fn, (6, ;1
—6,,0))A jo dz' e~ tRe(kivz)—Re(kin)+i(3Im(kiy) +Im(king))|z’
-d

1—e i[Re(kivz)_Re(kihz)+i(31m(kivz)+1m(kihz))]d

—i[Re(kin,) — Re(king) + i(3Im (k) + Im(kin,))]

= noA

(frn(6;, ;= 6;,0)f,,(0;, m; — 6;,0)) (4.3.162)
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(vol) (vol)*
<‘S‘hh,back's‘vh,back

= no{fun (85, ;T — 0;, 0) f,(8;, 71; T — 6;,0)) f d’ e~ (Knpack=Kin)=(Kypack=Kin)I ™'
= no{frn(0;, m; ™ — 60;,0) [ (0, ;T — 6;, 0))f di' e ~il-Re(kiv)+Re(kin)+i(Im(ky)+3Im(king))]2'

= no{frn (0, m;m—6;,0) (0, T; T

0
- 0;, 0))A f lee—i[—Re(ki,,z)+Re(kihz)+i(1m(kl~,,z)+31m(kihz))]z’
-d

1 — eil-Relkiw)+Re(kin)+i(Im(kiy,)+3Im(kin))|d

_i[_Re(kivz) + Re(kihz) + i(lm(kivz) + 31m(kihz))]

= noA

(frn (6, m; = 6;,0)f,,(6;, m;m — 6;,0)) (4.3.163)

(vol) (vol)*
<‘S‘vh,backsvh,back

=Ny (fvh (ei' T, T — ei' O)fl;kh (91'1 T, T — 91’; 0)) j dTT, e_i[(Ev,back_I?ih)_(k;back_l?;h)]'F,
= no(fon(0;, ;T — 6, 0) f, (6, T; T — 6, 0))f d7' e—ilziim(kiy)+Im(kin,))]z"

0
= nO(fvh(Hir ;T — 0, O)th(Hl-, ;T — 6;, 0))A f dZ’e—i[2i(Im(kivz)'Hm(kihz))]Z’
—-d

1 — e—2(imkp)+Iim(kip,))d

2(Im (k) + Im(kipz))

= noA (fon(0;, m;m —0;,0)f,,(6;, m;m — 6;,0)) (4.3164)

4.3.2 Volume scattering followed by reflection : Double Bounce 1% kind [DB1]

Next, the scattered field from volume scattering followed by surface reflection is considered.
ES™0) = [ ar 680G [ dr (7 |7 | o (43.165)
From (4.2.45)
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G(R)(r 7')

ikr
= Z [é(kz)RTEeZikhzdé(_kz)eikhZZ’ + ﬁ(kZ)RTMeZikvzdﬁ(_kz)eik,,zz’]e—ikxx’—ikyy’
r

eikr . o R . ) o
= yp— [é(kZ)RTEezzkhzdé(_kz)e—LKh-r + h(kZ)RTMeZlk"zdh(—kz)e_lKV'r ] (4.3.166)

Then

(DBl) )

fl [é(kZ)RTEeZikhzdé(_kz)e—il?h-Fl n Fl(kZ)RTMeZikvzdi\l(—kZ)e_iI?V'F,]

fdr” Ti |7 W7 | Eine) (4.3.167)

(F"|Eine) = Eine(F'") = Epi( — 6;, ¢)e®w™ + Epih(m — 6;, e K™ (4.3.168)

dp dp’

(T | ]| ) 7 | @ eiﬁ-r_’_iﬁ’.flle_i(ﬁ_ﬁl).fjrlz—vp(ﬁ' ﬁr) (4.3.169)

Eg ™0 ()

ikr

e . o ' A -
- 4nr ] dr’ [é(kZ)RTEBZLkthé(—kz)e_lKh'r + h(k,)R™ e2%tkvzd (k) tKvT ] .

dﬁ, A e Y A —

dr" ip# —ip"-7' ,—i(p-p )-r-T 5. 5

| (zn>3 @3 ° ¢ To.P)
[Epid(m — 6, p)e K™ + Epih(m — 6, p)e "] (4.3.170)
j di P e~ iKnT = (21)38(K,, — D) (4.3.171)
j di e?T e~ iKvT = (21)38(K, — P) (4.3.172)
f dr" e~ T iK™ = (21)35(p' — K,) (4.3.173)
f di" e~ T oK™ = (2m)38(p" — Kyp) (4.3.174)

Then
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elkr

4ty

f dp’ e\ P=P)TIT (5, 5") - [E,i(m — 6, $)8 (P — Kip) + Engh( — 6;, )85’

eikr ] B VE = o= ~
= - e(kZ)RTEeZLkhzde(_kz)e—l(Kh—Kw) 7j 'Tp (Ky, Kiy) - EpiO(m — 6;, ;)

ikr ] e = N - = ~

+ yp— &(k,)RTE e2iknzdg(—k,)e " Kn=Kin) T . T, (K, Kip) * Epih(m — 6;, ¢;)
ikr ~ ] ~ -

+ o h(kZ)RTMezlkpzdh(_kz)e—l(Kv_Kiv)'T‘j ) Tp (er Kiv) . Em-ﬁ(ﬂ -0, (pl)
ikr R ) R - R

+ - h(kZ)RTMeZkazdh(_kz)e—L(Kv—Kih)-rj ) Tp (Kv’Kih) . Ehih(ﬂ -0, ¢1)

For the polarization vectors
é(k,) = Xsin¢s — y cos ¢s = _Fl(es' ¢s) = _fl(ﬂ: — 05, Ps)
é(—k;) = Zsin s — Y cos pg = _Fl(es' ¢s) = _fl(ﬂ: — 05, Ps)

h(k,) = — cos 0 (% cos g + J sin ¢5) + sin 0, 2 = —D(6s, Ps)

f dp [é(k,)R™F e nz28(~k,)§(Ky, — P) + h(k,)R™ e*™v2h(=k,)6(K, — p)] -

- I?ih)]

(4.3.175)

(4.3.176)
(4.3.177)

(4.3.178)

h(—k,) = cos 0 (% cos s + y sin ¢s) + sin 8 2 = —0(mw — 05, ps) (4.3.179)

(4.3.180)

(4.3.181)

Then
(6, ps) = cos b, (X cos s + P sin ¢pg) — sin 6, 2
h(6s, ps) = —Z% sin ¢ + § cos ¢
ikr R . N = = _ =
= o (85, p)RTF 2 rAh(rr — O, i)™ Kn=K)T) - Ty (R, Kiy') - EuiD( — 6, 1)
eikr R ) N = = = ~
+ Amrr h(8s, ¢s)RTEe2knz@f(mr — O, p)e " Kn=Kin) T . T, (Kp, Kip) - Epih(mt — 6;, ;)
ekt . oo
+ 4mr ﬁ(es' ¢s) RTMeZkazdﬁ(n - 95: ¢S)e_l(Kv_KiV).rj ' Tp (Kv' Kiv) ) Eviﬁ(ﬂ - 91’) ¢1)
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ikr

+

4mtr

(85, ¢s) R™e2kvdp( — 0, ps)e KoK Tj . T (K, Kip) - Engh(m — 6;, ¢ (4.3.182)

Then we transform T matrix to scattering amplitude for both incident and scattering wave going

downwards.

fvv(ﬂ - 95! ¢s; T— 91’: d)l)

= 5~ 0, ) Ty (I — 0,0, s — 0,9 -

4
fhv(n - 95! ¢s; m— 91’: d)l)

1. = [ =~ ~
= R — 05,65 T, (ks = 65, ¢0), kki(m — 6, )

fhh(n - 95' ¢s; m— 91’! ¢1)

1. = [ =~ ~
= R — 05,65 T, (ks = 65, 60), kki(m = 6, 6))

for (@ — b5, bs; T — 0, ;)

1 = [ =~ ~
= 0t — 05, 09) - T, (ks (m — 65, 6), kki(r = 6,,6)) -

Then
ngm ()

ikr

r

ikr

+

r

ikr

+

ikr

+

The scattered field from all scatterers is

ELEV(7)
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o( — 6;, ¢;)
O(rr — 6;, ;)
h(m —6;,¢,)
h(mt — 6;, ¢;)

R(6s, ps)RTE e2knzd o =i En=K)Tj £ (7 — O i — 0, ) Eyi
h(6, ¢s)RTE92ikhzde_i(l?h_l?ih)'r_"fhh(7T — O, p5; T — 0;, ;) Ep;
— (65, ;) R™Me?oxte "™ KTif, (1 — 6, ¢ps; 1 — 03, $) B

— (65, ;) R™ ?orte =T KITi £ (= B, s — 03, ) En

(4.3.183)

(4.3.184)

(4.3.185)

(4.3.186)

(4.3.187)



h(95;¢s RTE 2ikpzd o —i(Kp— Kw)r]f (T[

TE 2ik d —i(Kp—Kip)'T
R hz (Kn—Kin)- th (TL'

+z :
N elkr

)0
. T
j=1

N elk‘l"
+Z
T
j=1

Write it in terms of scattering matrix elements.

S

S’

ikr R (DB1) eikr
h(es' ¢S)Shv Evi +

— e
EPPVG) =

) RTMe2ik,,zde—i(1?,,—1?h,)-r‘jﬁw (r —

) RTMeZik,,Zde—i(I?,,—I?ih)-r—jfvh (71 _

95' d)s; m—

Os, ps; T —

05: (ps; m—

Os, ps; T

E(Hs' ¢S)S}(lli)lBl)Ehi +

0, di)Ey;

0:, di)Eni

0:, $:)Ey;

— 0, $;)En; (4.3.188)

eikr (0B1)
r 1/7\(95' d)s)va Evi

ikr
R DB1
+ T D(6s, ¢S)Slgh )Ehi (4.3.189)
(031) z RTM p2ikyzd o= i(Ry—Kip) i foy (T — O, ps; T — 0;, ;) (4.3.190)
Jj=
N
S@BD _ Z RTE g2iknzd = iRn—Ru)Tjf (0 b7 — 0, ;) (4.3.191)
SlSlDlBl) _ Z RTEezikhzde—i(l?h—l?ih)'fjfhh(7-[ — 0, ;T — 0, P;) (4.3.192)
j=1
N
515231) _ Z RTMezik,,Zde—i(l?v—l?ih)-r‘,-fvh(n — 0,5, ;T — 6, 0;) (4.3.193)
=1

Note that S°FY) = s(PEV This s different from volume scattering, however the reciprocity

relation will be addressed later while considering both volume-surface and surface-volume

interactions. Next consider the correlation. Again the correlation between scatterers is ignored and

it assumes independent scattering
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N
DB1 DB1)x* i (K=K )7
Slgv )S}(lh ) — Z RTMeZLkvzde i(Ky—Kip) ijvv,j(n. _ 95’ d)s; T— Hi’ d)l)
j=1

z RTE —Zlkhzd l(Kh Lh) rpfhh p(T[ 95: ¢)SJ 01" ¢l)

p=

N
Z RTMe2therde WIS, — 6y, b = 01, b1)

RTE" e ~2khad e URn=Ki)Tjfir (1 — O, s T — 6, 1) (4.3.194)

Similar to volume scattering, we take ensemble average.

N
(SDBD g (DBLy — Z RTM g2ikosd RTE" o =2ik,d (o~ i(Re~Kiy) 7)o i(Ri=Kiy) Ty

=1
(fvv,j(n — 05, ¢5;m— 6, ¢i)fh*h,j (r — b5, ps; T — 60;, P;))
— nORTMeZik,,ZdRTE*e—Zik;;Zd f d7' e~ L (Kv=Kip) = (Kp =K 7'

(for(m — 05, ps; T — 0, D) frin (T — Os, ps; T — 6;, ;) (4.3.195)

n, is volume density. The involved propagation vectors are

K, = k sin 6, cos ¢ % + k sin 8, sin ¢ps § — \/ k2 — k2 sin2 6, 2

= k sin 6, cos ¢ X + k sin 6, sin ¢, § — (Re(k,,) + ilm(k,,))Z (4.3.196)
K}, = k sin 6 cos ¢s £ + k sin 0, sin ¢ § — (Re(kp,) + ilm(ky,))Z (4.3.197)
K;, = ksin8; cos ¢; X + ksin 0; sin ¢p; § — (Re(k;p,) + ilm(k;y,))2 (4.3.198)
K, = ksin6; cos¢; £ + ksin8; sing; ¥ — (Re(kip,) + ilm(kip,))Z2 (4.3.199)

Consider propagation vectors in the backscattering direction. 8, = 6;, ¢; = 0,and ¢ = 7

K, = —ksin8; £ — (Re(k;y,,) + ilm(ky,;))2 (4.3.200)
K, = —ksin6; & — (Re(kyp,) + ilm(kip,))2 (4.3.201)
K, = ksin; & — (Re(kyy,) + ilm(kyy,))2 (4.3.202)
Kin = ksin@; £ — (Re(k;p,) + ilm(kin,))2 (4.3.203)
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Those combinations will be used in deriving correlation for the coherence matrix are

» — Kiy = =2k sin0; X (4.3.204)
K, — K;, = =2k sin6; £ (4.3.205)
K, — K;j, = =2k sin0; £ — (Re(k;y;) — Re(kip,) + i(Im(kyy,) — Im(kip,)))Z (4.3.206)
Ky — Ky = —2ksin6; £ — (Re(kyp,) — Re(kiyy) + i(Im(kip,) — Im(kiy,)) )2 (4.3.207)
K; — K, = =2k sin0; £ — (Re(kin,) — Re(kiyy) — i(Im(kip,) — Im(kipy)))2 (4.3.208)

Then the essential subtractions are

(K, — Ki,) — (K — K;3) = (—2ksin§; &) — (—2ksin6; %) = 0 (4.3.209)
(K, — Ki,) — (Ky — K;;)) = (—2ksin ;%) — (—2ksin§; %) = 0 (4.3.210)

(K, — Ki) — (K — Kjy)
= (—2ksin6; £) — (—2k sin 6; % — (Re(kiu;) — Re(kiny) — i(Im(kivy) — Im(kins)) ) 2)

= (Re(kins) — Re(king) — i(Im(kivy) — Im(kins)) ) 2 (4.3.212)
(K, — Kiw) — (K; — K3)
= —2k sin6; & — (—2k sin 6; £ — (Re(knz) — Re(kiyz) — i(Im (ki) — Im(kiyy)))2)
= (Re(kin,) — Re(kyyy) — iIm(kip,) — Im(kiy,)))2 (4.3.213)
(Kn — Kin) — (K, — Kip)
= —2k sin6; & — (—2k sin 6; £ — (Re (k) — Re(kiyz) — i(Im (ki) — Im(kiyy)))2)
= (Re(kin,) — Re(kyyy) — iIm(kip,) — Im(kiy;)))2 (4.3.214)
(Kn — Kin) — (K5 — Ki3)

= (—2ksin 6, &) — (—Zk sin 6; 2 — (Re(kivs) — Re(kinz) — i(Im(kin;) — Im(kl-hz))) 2)

= (Re(kins) — Re(kiny) — i(Im(kivy) — Imkins)) ) 2 (4.3.215)

(Ky — Kin) — (K5 — Kip)
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= (—2ksin6; 2 — (Re(kin,) — Re(kiny) + i(Im(kivy) — Im(kiny)) ) 2)
— (—2k sin6; 2 — (Re(ki,) — Re(kins) — i(Imkins) — Im(kiny))) 2)
= —2i(Im(kiy,) — Im(kp,))2 (4.3.216)
(K, — Kin) — (K — Ki)
= —2ksin8; % — (Re(kivz) — Re(kn,) + i(Im(kyy,) — Im(kihz))) 2 — (—2ksin6; %
— (Re(king) — Re(kip,) — iUm(kin,) — Im(kiv;)))2)
= 2(Re(kin,) — Re(kyyy))2 (4.3.217)
(Kn — Kip) — (K, — K;)
= —2k sin6; 2 — (Re(kin,) — Re(kin,) + i(ImUkin,) — Im(kiyz))) 2 = (~2k sin 6 2
— (Re(kinz) — Re(kin,) — iUm(king) — Im(kipz)))%)
= =2i(Im(kip,) — Im(k;y,))Z (4.3.218)
(Kn — Kip) — (K5 — Kip)
= —2k sin6; 2 — (Re(kins) — Re(kip,) + i(ImUkin,) — Im(kiyz))) 2
— (=2ksin ;% — (Re(kivy) — Re(kinz) — i(Im(ki,) — Im(kiny)) ) 2)

= _Z(Re(kihz) - Re(kivz))2 (4'3'219)

In the backscattering direction.

k, = —ksin0; & + k2 — k?sin2 6; 2
= —ksin6; £ + (Re(kp,) + ilm(kiy,))2 (4.3.220)

Ky, = —ksin0; % + (Re(kiny) + ilm(kin,))2 (4.3.221)

For the essential terms to compute the coherence matrix. Note that here more terms are included

for the later analysis in the reciprocity section.

(DB1) o(DB1)* y _ 2ikjpdp *,—2ik}. d =1, —i[(Ry—Kip)— (Ko —K5 )7
<va,back5hh.back> - nORVie v Rhi e thz dr'e [(=Ki) ( h lh)]

(foo(r — 05, m;m — 0;,0) fr(m — 6;, m; ™ — 6;,0))
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= noRye2kwzdR, * e~ 2Kinzd f dr' (fo, (r — 0;, ;T — 0;,0) fi,(;m — 0;,T; T — 6;,0))

= nyAdR,e?¥iwzdR, “e~2kind(f (1 — 6;,m; 7 — 6;,0)f (1w — 0;, ;T — 6;,0)) (4.3.222)

DB1 DB1)* ik: * —2ik* — —il(K—K::)— (K=K )17
<Sigv,ba)ck515v,ba)ck) = nORviezmwzdei e 2Kz f dr'e Ky =K i) (K,, KW)] "

(fvv(n - Hi) T, T — gi' O)fv’l;)(n‘- - gil T, T — Bi' 0))

= ngR,e2kivzd R *o=2ikipd f dr' {f,,(m — 0;,m;m — 6;,0)f,(m — ;, ;T — 6;,0))

= nyAdR,;e?¥wzdR *e~2Kinsd(f (7 — @, m;m — 0;,0)f,(r — 0;,m; 7 — 6;,0)) (4.3.223)

52%%&;5%2::() = noRp;e2KinzdR, * e~ 2Kingd f di' e~ En—Kin)—(Kp—Kip)17"
(fan (T — 6, m;m — 0;,0) fr (mr — 6;, ;T — 6;,0))
= nORhiQZikihzdRhi*e_Zik;hzd f d'FI <fhh(7'[ — 91', T, T — 01', O)f,fh(n — 01', T, T — Oi, 0))

= nyAdRp;e2*inzd R, *e~2kinzA(f,, (m — 0;, ;T — 6;, 0) i (m — 0;, ;T — 6;,0)) (4.3.224)
<Slgf7),§il)ckslgggil)c*k> = nORvieZikivzdei*e_Zikazd J dy_"e_i[(Rv_l?iv)_(l?:;_I?i*h)]q7
(foo(mr — 0, ;= 6;,0) fy(m — ;, ;T — 6;,0))
0
= nORm.QZikivzdRm.*e_Zik;vszf dz’e_i[Re(kivz)—Re(kihz)—i(lm(kivz)—lm(kihz))]zl
—d

(foo(r — 0y, m;m — 0;,0) 5, (m — 0, ;T — 6;,0))

1 — eilRe(ki)—Re(kin)=i(Im(kip,)~Im(kin))|d
= noA

Rviezikivzdei*e —2ik;,,d
—i[Re(kiyz) — Re(king) — i(Im(ksy,) — Im(kiny))]

(foo(mr—0;,m;m—0;,0)f,(mr —0;,m;m —6;,0)) (4.3.225)
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DB1 DB1 ik: —2ik* —1 —il(K»-K::))—(KX*=K5 )17/
<Si(lhba)CkS15hba)C*k> :nORhiemklhzdei*e Zlszdfdr’e i[(Kn—Kin) (Kv th)]r

(frn(m — 0, ;1 — 6;,0) f, (m — 0;, ;T — 6;,0))
0
= nORhieZikithRvi*e_Zik;vsz f dz’e_i[Re(kivz)_Re(kihz)_i(Im(kivz)_Im(kihz))]zl
-d
(fon(m — 0y, ;1 — 6;,0) f, (T — 0;, ;T — 0;,0))
1— ei[Re(kivz)_Re(kihz)_i(lm(kivz)_lm(kihz))]d

=nod— ;
—i[Re(kiy,) — Re(king) — i(Im(kyy,) — Im(kin,))]

(fpn(r —0;,m;m—6;,0)f,(m — 0;,m;m—6;,0)) (4.3.226)

RhieZIRihzdei*e—Zlkivzd

(DB1) (DBL)* \ __ 2ik;y,,d * —2ik: d —1 _—i[(Ky—K;n)—(Kp—K5)]-7'
<Svh,back5vh,back) — nORvie LKjyz va. e “Wivz dr'e i[(Ky—Kipn) ( v lh)]

(fon(m — 0y, ;1w — 6;,0) fyp (T — 6, ;T — 6;,0))
0
= nORvieZikivzdRm.*e_Zik;vsz f dz’e_Z(Im(kivz)_lm(kihz))zl
-d

(fon(mr — 0;, ;T — 6;,0) f (r — 6;, m; T — 6;,0))
1 — e2(im(kyz)-Im(kinz))d

A —2ik;},,d
—2(Im(sz) - Im(kihz))

RvieZlkivzdei*e ivz

(fon(mr — 0;,m;m — 0;,0) fy, (m — 0;,m;m — 6;,0)) (4.3.227)

(DB1) (DB1)* \ _ 2ikip,d p* =21k}, d ~r_ —i|(Ry—K ) —(Kr—K5) |7
<va,backshv,back>_nORUie ivz Rhie ihz dr'e [ v—Kip (h w)]

(foo(mr — 6;,m;m — 6;,0) fpy,, (m — ;, ;™ — 6;,0))
0

= nORvieZiki"ZdR;ie‘ZikfhszJ dz' e~ ilRe(kinz)—Re(kiy,) —i(mkinz)—Im(kiv,))lz'
—-d

(foo(mr — 6, T; T — 6;,0) fy,(m — ;, ;1 — 6;,0))

1 — ellRe(kinz)—Re(kiyz)—i(Im(kinz)—Im(kiyz))]d

—i[Re(kin,) — Re(kiy,) — i(Im(kin,) — Im(k;y;))]

— nOARviezlkivzdR;‘lie—Zlkihzd
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(foo(mr —0;,m;m—6;,0)f,(m —6;, ;™ —6;,0)) (4.3.228)

DB1 DB1 ik: —2ik* —1 —il(K»—K::)— (K=K )1-7'
(S i Saopan) = NoRye iRy e Zlk‘hzdfdr'e UK ~Kin)= (K ~Kiy )1 7

(fan(m — 6, m;m —60;,0)fr,(m — 6;,m; ™ — 6;,0))
0
= nORhieZikihzdR;‘lie_Ziklfhszf dz’e_i[Re(kihz)_Re(kiyz)—i(Im(kihZ)—Im(kivz))]z'
—d
(fan(m — 6, m;m — 6;,0)f,(m — 6;,m; ™ — 6;,0))

1 — ellRe(kinz)—Re(kiyz)—ilim(kinz)—Im(kiyz))]d

= n-AR .eZikihzdR*.e_Zik?hzd - -
07 nt —i[Re(kinz) — Re(kyy,,) — iIm(kp,) — Im(ky,,))]

(fhh(n - Hi,T[;T[ - gi,O)f};kv(ﬂ' - gi,T[;T[ - gi, 0)) (43229)

(DB1) (DB1)*y _ 2ikiy d p* ,—2ik}y,d =1, —i[(Ky—Kin)—(Kp =K, 7'
<Svh,back5hv,back>_nORvie vz Rhie thz dr'e [(Ky=Kin (h "7)]

<fvh(7f - Hilﬂ; T—= gi' O)f;v(n - girﬂ; T—= gi' 0))
0
= nORm.eZikivzdR;‘lie_Zik;hszJ dz’e_i[Z(Re(kihz)—Re(kivz))]Z,
-d
(fon(m — 0;, ;T — 0;,0) f,,(m — 6;, ;™ — 6;,0))
1 — eil2(Re(king)~Re(kin,)]d
_i[Z(Re(kihz) - Re(kivz))]

(fon(m — 0;,m;m —6;,0)fp,(m — 6;, ;™ —6;,0)) (4.3.230)

_ 2ikj,,d p* ,—2ik}y ., d
= ngAR,;e~"" vz Rhie ihz

DB1 DB1 ik: —2ik> —r  —il(Kn—K:i))—(Ki =KX ))-7
<Sf(wba)ck5lgvba)c*k) :nORhieZlkthdR;,ie Zlklhzdfdr’e i[(Rn—Kip)—(Kp—K3,)I'7

(fro(m — 0;,m;m — 6;,0) fy,(mr — 0;,m;m — 6;,0))

0
= nORhieZikihzdR;;ie_Zik;hszf dzle_i[_Zi(lm(kihz)_Im(kivz))]zl
—-d

(fro(m — 0;,m;m — 6;,0) fy,(r — 0;, ;1 — 6;,0))
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1 — el2(tmkip)—-1m(ki,)d

—[2(tm(kinz) — Im (k)]

— nOARhieZLkihzdR;ie—ZLkith

(fpp(m — 0;,m;m —6;,0)fp,(m — 6;, ;™ —6;,0)) (4.3.231)

4.3.3 Reflection before volume scattering : Double Bounce 2" kind [DB2]

Similar derivation is performed here, but considering reflection before volume scattering.

Es(j)BZ)(f) :fdr G(O)(T' r)fdr" _I|T|T'”>< ”|Eref>

Déle)e T 4 Rk, )h(k,)e F™

] dT” I = II HlEref>

<f”|Eref> = Eref(f”)

_ 2iky,d 5 ik, 7' 2ikind 7 ik;p 7'’
= E,iR,;e*" iz 9(0;, p;)e™ " + Ey;Rp;e*izh®h(6;, ¢;)et in™

i [ dp [ dpP
ler )_ )3 ) (2n)3

in- 7 —in' 7 —i 5—15' )7 : T _
el T —ip T o —i(P p)lTp(p,p)

(7|
Then

— elkr o A A -
ES(JPBZ) (F) = ATy ' [é(kz)é(kz)e_lkh'r + h(kz)h(kz)e_lkvr ] .

7 dﬁl g7 —ip! 7 —i(5=D' VTS = =1

[EviRvieZikizvdﬁ(ei’ ¢i)eikiv-f” + EthhleZlkthdii(gl, ¢l')eikih'f”]

f dr' e e *n T = (2m)358(ky, — P)
fdr" e e~k = (2m)35(ky, — )

de_'” e—iﬁ"f”emiv'f” = (277,')35(}5, - ]Eiv)
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(4.3.234)

(4.3.235)

(4.3.236)

(4.3.237)

(4.3.238)



fdfn o=t gikip T (271)36(;5' _ ];ih) (4.3.239)

=(DB2) ;= _ € dp
Esj () = 4mr ) (2m)3

ikr

dp’ _ ~ ~ _ N =
f —(25)3 [6(k,)é(k,)(2m)38(ky, — P) + h(k,)A(k,) (2m)38 (K, — §)] - e FP)TIT (5, 5") -

[EyiRpie?¥izd(0;, ) (2m)38(p’ — kip) + EniRpie?*izn@h(6;, ;) (21m)38(p" — kin)]
eikr _ R R _ N =
v f dp f dp' [é(k,)eé(k,)S8(ky — p) + h(k,)R(k,)6(k, —P)] - e~i(p-p )-rpr(;a, R

[EyiRyie?*izv5(6;, §)8(p' — kip) + EniRnie**izndh(8;, ) (P — kin)]

ikr

yy— e(k,)eé(k,)e knkw)Tj . Ty (kn, ki) - EviRyie?® 99 (6;, ;)
ikr

+ - &(k,)eé (k) e kn=ku)T) . ’1=1p (kn, kin) - EniRpie®*iznth(0;, ¢;)

+ 4:; h(k (ke  Eo=kad ™. T (K, ki) - EyiRyie2 %D (6;, ;)
ikr o
+ 5 hlk)h(e)e™ = Wi - T, (ky, ki) - EniRuie iR (6, 1) (4.3.240)
Then
é(k,) = % sin g — y cos ¢ = —h (6, Ps) (4.3.241)
h(k,) = — cos 6, (% cos pg +  sin ¢g) + sin 05 2 = —H(0s, ¢s) (4.3.242)
EZPD ()

ikr

Anr E(BS' ¢S)E(95, ()bs)e_i(kh_kiv)'fj . Tp(kh: Eiv) ’ EviRvieZikizvdﬁ(eiJ ¢1)

ikr

Ay R (65, ps)A (65, ps)e~ Kn=Fin) T . Tp(Eh'Eih) - EpiRpie?*izn®p(6;, ¢;)

+

ikr

Ay 0(6s, )0 (65, g )eko=kw) ;. 7=1p (ky, kip) - EpiRyie?%iz09(6;, ;)

+
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ikr

e D S oo d
2900, $)9(0, e BT Ty, Kip) - EniRnie 254 R (8, b))

ikr

- Aty

R(65, §IR(65, §s)e ™ R T - T, (Ick (8, b5), ki (61, 40) )

- EyiRyie2%ivd5(6;, ¢;)

ikr

7= R(8 $IR(6s, d)e ™ F Ty T, (Icks (65, 9, ki (81, 60))

- EpiRpie?*izn®p(6;, ¢;)

ikr

+ 4 0005, 80005, §)e 7 - T, (ks (6, ), kK6, 6)

- EpiRyie2 ki 9(6;, ;)

ikr

+ 30005, 6006, )

e~ o ki) ;. Tp (k'ffs (6, ¢s), kk;(6;, ¢i)) - EpiRpie?*izn®p(6;, ¢;)

(4.3.243)

Then transfrom T matrix to scattering amplitude for both incident and scattering wave going

upwards.

ﬁ;v (95' ¢s: 91' ¢) ) 17(95, d)s) Tp 95' ¢s) kk (91' ¢ ) ﬁ(gi' ¢L)

- 0(0;, ¢;)

fro B b3 01, 1) = h(es, ¢s) - T, (Kkes (8, b5), ki (6, b1)
fhh(BSJ ¢s' 91: ¢ ) - _h(es: ¢s Tp (

):
)

Kk (65, b), kki(8:, 7)) - h(8;, 1)
):

fvh(es: ¢s' 91: ¢ ) - —U(BS, ¢s) Tp 95: ¢s) kk (011 ¢ ) E(Qir ¢1)

ikr

_ e . Lo -
Esf?Bz)(r‘) = h(O,, ps)e " kn=ki)Tif (O dbe; 6;, ;) EpiR e 2 Kizvd

ikr

et _ I o
+ . h(6,, ¢S)e—l(kh—klh) i fun (Bs, bs; 6;, ¢i)EhiRhieZLkthd

ikr

e [P .
+ . D(6,, ps)e i(ky—kip) i £y (Bs, Ps; ei’d)i)EviRvieZlklwd
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(4.3.245)

(4.3.246)
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ikr

e
+

—0(65, ps)e ™ CrEWITIf (B, fs; By, i) EniRue > o (4.3.248)

The scattered field from all scatterers is

N ,
B _ elk‘l" - P .
ES(DBZ) (T‘) - Z T h(es, ¢s)e ik =ki) rjfhv(gs; ¢)s; gi: (:bi)EviRvieZlklZVd

j=1

N .
elkr,\ L o
+Z r h(Bs, ps)e " Cn=kidTif, (05, ds; 0;, d;) EpiRpe iz
j=1

N .
elkr —1 T __. . . )
+Z " D(0s, ps)e i(ky kw)r]fvv(es»d’s; gi,qbi)EviRvieZlklzvd
j=1

N ,
elkr . o
+Z —0(05, §s)e " F W (85, b O, ) En R Fien (4.3.249)
j=1

Write it in terms of scattering matrix elements.

=(DB2) / — etkr (DB2) etk (DB2) etk ~ (DB2)
Es (T) = r h(esr ¢S)Shv Evi + r h(gsr d)s)Shh Ehi + r v(gsr (an)va Evi
ikr (0B2)
+— (0s, Ps)Sy,  Eni (4.3.250)
N
515532) — Z e—i(kv—kiv)'fjfvv(gs’ ¢S; gi’ ¢i)Rvi62ikizvd (43251)
Jj=1
N
S}(lgBZ) — z e—i(kh—kiv)'fjfhv(BS’ ¢)S; ei’ d)i)Rm_eZikizvd (43252)
j=1
N
S’(l?lBZ) — Z e—i(kh—kih)'fjfhh(BS’ ¢s; Hi' ¢i)RhieZikizhd (43253)
j=1
N
515282) — Z e—l'(kv—kih)'fjfvh(gs’ ¢S; 91" d)i)RhieZikizhd (43254)
j=1

Similar to volume-surface interaction, note that S\>52 = S5 Next consider the correlation.

Correlation between scatterers is ignored and assume independent scattering
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(DB2) «(DB2)*
Svv Shn

N

e—i(kv—kiv)'ijvv'j (95’ (nbs; Bi' ¢i)RvieZikizvd Z ei(kh—kih)-fpf;h‘p (05’ (nbs; gi’ d)i)R;‘lie—Zikizhd

1 p=1

I
.[\42

]

e~ k) Ti £ (65, dbs; 0;, ;) Ryse2ikizd el n=Kin) Ty £ (O, e 6, )Ry ~2Kiznd (4.3.255)

I
=

-
=N

Take the ensemble average.

(5.15532)5’(11’)132)*)
N
- Z RvieZikizvd R;Lie_Zik;Zhd<e_i[(kv_kiv)_(kh_kih)].fjvav(95' d)s; ei' d)i)fi:h(gs' ¢s; ei' ¢1))
j=1

= ngRye i d R}y e~ 2ikiznd f drje~ [kv=kw)=(Ka=KiIT) (£, (65, bs; 6;, b0 frn (B, bs; 0, §)) (4.3.256)

n, is volume density. The involved propagation vectors are

k, = k sin 0, cos ¢g & + k sin 6 sin ¢ § + / k2 — k2 sin2 0, 2

= k sin 6, cos ¢ X + k sin 6, sin ¢ y + (Re(k,,) + ilm(k,,))Z (4.3.257)
k,, = k sin 6, cos ¢ X + k sin O sin ¢ § + (Re(kp,) + ilm(ky,))2 (4.3.258)
ki, = ksin8; cos¢; & + ksin8; sin ¢; § + (Re(ki,,) + ilm (k)2 (4.3.259)
ki, = ksin8; cos ¢; £ + ksin; sing; § + (Re(kip,) + ilm(king))Z2 (4.3.260)

Consider propagation vectors in the backscattering direction. 8, = 6;, ¢; = 0,and ¢p; = 7

k, = —ksin6; £ + (Re(k;,,) + ilm(ki,,))Z2 (4.3.261)
ky, = —ksin0; £ + (Re(k;p,) + ilm(kiny))Z2 (4.3.262)
ki, = ksin0; £ + (Re(kp,) + ilm(kiy,))2 (4.3.263)
kin = ksin8; £ + (Re(k;p,) + ilm(kip,))2 (4.3.264)

Find the difference between propagation constants

e

» — kip = —2ksin0; & (4.3.265)

k, — ki, = —2ksin6; £ (4.3.266)
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k, — ki, = —2ksin0; £ + (Re(kyp;) — Re(king) + i(Im(kiy,) — Im(kin)))2  (4.3.267)

(ky — ki) — (ki — k},) = (—2k sin6; ) — (—2ksin§;2) =0 (4.3.268)
(ky — ki) — (ky — kj,) = (—2ksin6; %) — (—2ksin6; %) = 0 (4.3.269)
(kn — kin) — (kj; — kj) = (—2ksin6; &) — (—2ksin§;2) =0 (4.3.270)

(ky = ki) = (R = ki

= (=2ksin 6, ) — (=2k sin 6; & + (Re (ki) — Re(kinz) — i(Im (ki) — Im(kin)))2)

= — (Re(kivy) — Re(king) — i(Im(kyy,) — Im(kiny)) ) 2 (4.3271)
(e — kin) — (k5 — ki

= (—2ksin; %) — (~2ksin 6; £ + (Re(ky,) — Re(kipy) — i(Im(kyy,) — Im(kin,)))2)

= — (Re(kivy) — Re(king) — i(Im(kyy,) — Im(kiny)) ) 2 (4.3272)
(kv = kin) = (K — Ky

= (=2kssin 6; 2 + (Re(kyy,) — Re(king) + i(Im(kyy,) — Im(kipz)))2)

— (=2k'sin ;% + (Relknz) — Re(king) — i(Im(kivy) — Im(kins))) 2)
= 2i(Im(ky,) — Im(kip,))2 (4.3.273)

For the essential terms to compute the coherence matrix. Consider propagation vectors in the
backscattering direction. 85 = 6;, ¢; = 0, and ¢, = 7. Since the reciprocity is going to apply to

reduce the terms for correlations, here only I only show one calculation of the correlation.
(DB2) ~(DB2)*
<va,backshh,back>
= nORm'ezikizvdR}*u-e_Zik;zhd f dr_’e_i[(kv_kiv)_(k;;_kz‘h)]'f, (ﬁm (91" TT, Hi, O)ff?h(gl' TT, 91" 0))

= nORvieZikizvdR;ie—Zikfzhd f dr’' (f,,(6;,1; 6;,0)f,(6;,1;6;,0))

= nyAdR,;e2 ki@ R: e=2kizmd(f (0, 1;6;,0) f, (6;,1; 6;,0)) (4.3.274)
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4.3.4 Reciprocity between 1%t and 2" kind of double bounce

Here we examine the reciprocity relation for double bounce scattering. Let DB to denote the

double bounce scattering including both 1%t and 2" kinds.

EPP(7) = BV () + BV ()

ikr ikr
~ e ~

= —— (65, 95)|Si"" + S0 |Evi + ——0(0s, 0 [ Si2"7 + Si” " | Eni
ther (DB1) (DB2) et (DB1) (DB2)

+ r ﬁ(HSJ ¢s) [va + Spy ]Evi + Tﬁ(as' ¢S) [Svh + Svh ]Ehi
ikr R 0B) eikr R 0B) eikr (0B)

= r h(es: d)s)S}w Evi + r h(es: ¢S)Shh Ehi + r 13(95, d)s)va Evi

ikr

(DB) _ ~(DB1) (DB2)
va - va + va

J

(DB) _ (DB1) (DB2)
Shv - Shv + Shv

N

(DB)

+ ﬁ(951 (nbs)Syh Ehi

r

N
_ z RTMezikvzde—i(l?u—l?iu)'fjfw(n — 0, ;T — 0;, ;)
=1

+e_i(kv_kiv).fjfvv (95' d)s; 01" d)i)RvieZikizvd

- Z RTEg2tknzd o=t Kn=Ku)Tjf (m — 0., p:m —6;,¢;)

j=1

(DB) _ ~(DB1) (DB2)
Shh - Shh + Shh

N

+e_i(kh_kiv).fjfhv (951 ¢s; Hi' ¢i)RvieZikizvd

- Z RTEe2knzd o=t Kn=Ki)Tjf, | (m — O, ;1 — 6, ;)

j=1

(DB) _ (DB1) (DB2)
Svh - Svh + Svh

+e i kn ki) Ti £\ (9, dbs; 6;, by) Rpe2iKiznd
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N
= Z RTMeZikvzde—i(KV—Kih)'T_'jfvh (77.' _ Hs) ¢s: T— ei’ ¢1)
j=1

+e " F KR Tif ), (65, 3 0y, i) Rpse 2 iz
Assume the reciprocity is held for the scatterer
fov(Os, @55 03, b)) = fr (T — 0,0+ Py — 65,0 + )
frnOs, @53 01, b)) = frn(w — 0,1+ s — 05, T + ¢bs)
fon(Os, &3 601, 01) = —fro(T — Oy, T+ Py — O, 0 + ¢bs)
frv(Bs, bs; 05, b)) = —fon(m — 0,0 + s — O, T + ¢ps)
Then in the backscattering, 6, = 6;, ¢; = 0,and ¢, = 7

vv,back

N
@B _ Z RTM g2ikusd o~ iR R Fif (e _ 0 b 1t — 0, )
j=1

N
- 2 Ryje?tKivnle={C2SNODTI £ (7 — 6y, ;0 — 6, 0)
j=1

N

DB2 —i(R—Fi) T s -
Sév,ba)ck = Z e ey ki) r]fvv (95' d)s; Hi, d)i)RvieZlklzvd
j=1

N
_ Z e~iC2kSNODTi ¢ (g 1.0 O)R,.e?ikizvd
j=1

By reciprocity
fvv(eif TT; 0;, 0) = fvv(ﬂ -0, ;T — 6, 0)
We have

S(DBl) _ S(DBZ)

vv,back vv,back

Similarly

N

(pB1)  _ TE ,2ikp,d ,—i(Kp—Kip)T; .

Shnpack = ) R “e"hz%e Kn=Ki)Ti ) (0 — B, pss 0 — 6y, 1)
j=1
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(4.3.280)
(4.3.281)
(4.3.282)

(4.3.283)

(4.3.284)

(4.3.285)

(4.3.286)

(4.3.287)



N
- Z Ry e?kinzdg=i(~2ksin gix)'fjfhh(ﬂ —0;,m;m—6;,0)

Jj=1
N
(DB2) _ —i(kp—kip)T; ) 2ikind
Shhback = ) € kn=Ki) Tjf, . (85, ps; 0y, ;) RygeKizn
j=1
N
- Z e {(CZkSINODT £, (8, 1;6;,0)Rp e iznd
Jj=1

By reciprocity
fhh(gil T, HL'J 0) = fhh(ﬂ - ei' T, T — ei' O)
We have

S(DBl) _S(DBZ)
hh,back ~— “hh,back

For cross polarization

N
(bB1)  _ TE ,2ikp,d ,—i(Kp—Kip) T )
Shv,back - R™"ethz%e hlw ]fhv(n_ 95: (]55,71' - ei’qbi)
Jj=1
N
B Z Ryje?ikinzd =t (-2ksin ikt (ive=kind DTy . (7r — 6y, 70; 70 — 6, 0)
Jj=1
N
(DB2) _ —i(kp—Kip)T; . 2ik;y,d
Shv,back = e w0 (0s, Ps; 0;, i) Ryje sty
Jj=1
N
_ —i(=2k sin ;82— (Kiyy—Kking)2)F; ) 2ik;
= Z e i( sin 0;2—(kiyz—kinz)2) r]fhv(eitn-' HiﬂO)Rvie ikizvd
Jj=1

Apparently
(DB1) (DB2)
Shv,back * Shv,back

N

(pB1)  _ TM ,2iky,d ,—i(Ky—Kip)'T; )

Svh,back_ R e vite (Ko=Kin) vah(n_95'¢srn_9i’¢i)
j=1

121

(4.3.288)

(4.3.289)

(4.3.290)

(4.3.291)

(4.3.292)

(4.3.293)

(4.3.294)



N
— Z Rviezlkivzde—l(—ZR sin eix_(kivz_kihz)z)'rjfvh (T[ _ 01’: T — 01’: 0)
j=1

N

(pB2)  _ —i(ky—kip)Ti ) 2ik;,nd
Sohback = e~ oK) Ti £ (O, ds; 0y, i) Rpge2ikizn
j=1
N
_ —i(=2k sin 0; 8+ (Kipy—King)2)Fi ) 2ikind
= Z e i( sin 0;2+(kipz—kinz)2) T]fvh(gi’n-’ Hl,’ O)Rhie tRizh
j=1

Also

(DB1) (DB2)
Svh,back * Svh,back

However, when we cross compare vh-polarization and hv-polarization, we notice that

By reciprocity
fvh(eil TT; ei' O) = _fhv(ﬂ - Hi' T, T — ei' 0)

frw (0, 1;6;,0) = —fo,(m — 0;,m;m — 6;,0)

Then
(0DB1) _  ~(DB2)
Svh,back - _Shv,back
(DB1) _  ~(DB2)
Shv,back - _Svh,back
Then

@B  _ S(DBl)k +S(DBZ) _ 9g(DBD)

vv,back — “vv,bac vv,back vv,back

(DB) _ ~(DB1) (DB2) _ ~~(DB1)
Shh,back - Shh,back + Shh,back - 25.hh,back

(bB) _ ~(DB1) (DB2) _ ~(DB2) (DB1) _ ~(DB)
Shv,back - Shv,back + Shv,back - Svh,back +S =S

vh,back vh,back

(4.3.295)

(4.3.296)

(4.3.297)

(4.3.298)
(4.3.299)

(4.3.300)

(4.3.301)

(4.3.302)
(4.3.303)

(4.3.304)

Consider correlations for the coherency matrix and represent them using only 1% kind of double

bounce scattering.

(DB) (DB)* _ (DB1) (DB1)* \ __ (DB1) ~(DB1)*
<va,back'shh,back) - <2'va,back25hh,back) - 4“<va,b¢7tck'shh,back)

<S(DB) S(DB)* )= (25(1)31) 25(1)31)* ) _ 4(5(031) S(DBl)*>

vv,back“vv,back vv,back “*“vv,back vv,back“vv,back
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(4.3.306)



(DB) (DB)* _ (DB1) (DB1)* \ __ (DB1) (DB1)*
<Shh,backshh,back> - (ZShh,backZShh,back> - 4'<'S“hh,b¢7tck‘s‘hh,back> (4'3'307)

DB DB)* DB1 DB1 pB2) \* DB1 DB1 pBD) \*
(S( ) Svgh,b)ack> = <25( ) (Slgh,ba)ck + Séh,ba)ck) )= (28 e (Slgh,ba)ck - Sf(w,ba)ck) )

vv,back vv,back vv,back
_ (DB1) (DB1)« (DB1) (DB1)*
- 2<va,back5vh,back) - 2<va,back5hv,back> (4'3'308)

(DB) (DB)* \ _ (DB1) (DB1) ®B2) \*\ _ (DB1) (DB1) (B \*
(Shh,backsvh,back> - <Z‘S‘hh,back (Svh,back + Svh,back) ) - <25hh,back (Svh,back - Shv,back) )

_ (DB1) (DB1)* (DB1) (DB1)*
- 2<Shh,backsvh,back> - 2<Shh,backShv,back> (4'3'309)

(DB)  <(DB)* \ _ (DB1) (DB2) (DB1) (0B2) \"
<Svh,backSvh,baclc) - ((Svh,back + Svh,back)(svh,back + Svh,back) )
_ (DB1) (DB1) (DB1) ®B1) \"
- <(Svh,back - Shv,back)(svh,back - Shv,back) )
_ /c(DB1) <(DB1)* (DB1) <(DB1)x (DB1) (DB1)*
- <Svh,backsvh,back) - 2Re(<svh,backshv,back)) + <Shv,back5hv,back)(4'3'310)
Then the complete expression for correlations in the coherency matrix for double bounce are

(DB) (DB)*
<va,backShh,back

= 4nyAdR,e% Kz R, *e~2Kind(f, (1 — 0;, ;7w — 6;,0) fry, (m — 6;, ;T — 6;,0)) (4.3.311)

<S(DB) S(DB)* )

vv,back“vv,back

= 4nyAdR,;e*HiwzdR "2k d(f (1 — 0;, ;1 — 6;,0)f,),(m — 0;, m; T — 6;,0)) (4.3.312)

(DB) (DB)=*
<Shh,backShh,back)

= 4nyAdRpe2kinzdR, *e~2kinA(f,, (1 — 0;, ;T — 6;,0) i (m — 6;, ;T — 6;,0)) (4.3.313)
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<S(DB) S(DB)* )

vv,back“vh,back
1 — ellRelkivy)~Re(king)~i(Im(kiv,)~Im(kin))|d
. . Rm’e
—i[Re(kiy,) — Re(king) — i(Im(kiy,) — Im(kin,))]

(fvv(n —0;,m;T— 0, O)f;h(” —0;,m;m—06;,0))

— ZnOA 2ikivzdei*e—2ik;vzd

1 — eilRe(king)~Re(kiv)~i(Im(kin)~Im(kiyz))]d
—i[Re(kiny) — Re(kiy,) — i(Im(kip,) — Im(kyy,))]

(fou(r —0;,m;m—6;,0)fp,(m — 6;, ;™ — 6;,0)) (4.3.314)

_znoARm_eZikivzdR;ie—Zikthd

(DB) (DB)*
<Shh,backsvh,back>

1— ei[Re(kivz)_Re(kihz)_i(lm(kivz)_lm(kihz))]d . e
— znoA . . RhieZLkihzdei*e—Zlkivzd
_l[Re(kivz) - Re(kihz) - l(lm(kivz) - Im(kihz))]

(fan(m — 0, m;m — 0;,0)f,(m — 6;,m;m — 6;,0))

1 — ellRe(king)~Re(kiy)~i(Im(kinz)~Im(kiv,))|d
—i[Re(kin,) — Re(kiy,) — i(Im(kin,) — Im(kiy,))]

(fan(m — 0, m;m — 0;,0) f,(m — 6;,m; m — 6;,0)) (4.3.315)

_ZnOARhieZikihzdR;;ie—Zikfhzd

(DB) (DB)=
<Svh,backSvh,back)

1— eZ(Im(kivz)_Im(kihz))d , ¥
RviBZlki”Zdei*e_ZlkiVZd
—2(Im(sz) - Im(kihz))

(fon(mr — 0;,m;m — 6;,0) f, (m — 6;, m;m — 6;,0))

= noA

1 — eil2(Re(kinz)~Re(kivy))]d
T2(ReCkn) — Rellayy)]
(fon(m — 6, ;10 — 6;,0) %, (T — 6, ;T — 6;,0))}
1 — el2(mkin)~Im(kipy))]d

- [2 (Im(kihz) - Im(kivz))]
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(fpp(m — 6;,m;m —6;,0)fp,(m — 6;,T; T — 6;,0)) (4.3.316)

4.3.5 Surface Scattering [Surf]

For rough surface scattering, this term comes from 3D Numerical Solutions of Maxwell Equation.
We also use T-matrix to represent the scattered wave. Firs we consider the scattered wave in free

space.

B = G, TP®E,, (4.3.317)

T®) is the rough surface scattering T-matrix. For free space propagation

Go(F, 7') =
. %] [¢) ikx(x—x’)+ik (y—y')

(# f dk f dhy [6(k,)e k) et =@=2") 4 Rk, )Rk, )eikorlz=2)] < p ” forz>z'

{ i ® « . f ~ . ) , eikx(x—x’)+iky(y—y’) (43318)
82 x e(—ky)e(—kz)e "2/ + h(—ky)h(—kz)e """ orz<z

Lgnzf dkf dk, [6(—k,)é(—k,)e *nz(2=2") 4 h(—k,)R(~k,)e kv(2=2] - f )

Let the rough surface be treated as a scatterer at the origin, then #' and ' are points on the rough

surface.
EP () = ] dF’ Go 7, ) j dr" (7| TR |7 )7 | Eync) (43319)
_ UV ekl etkr R
_ (7 P ,—ikk-Fr
Go(7,7) = (1 k2)4n|r = (T - kk) yptc (4.3.320)
Then
A eikr _ _
= (D505 + hshy) yo— f di e~ ikkT! f di'" (7| TR |7 W7 | Ene) (4.3.321)

(7"|Eine) = EniD(r — 0, ¢)e " Km=0ub0™" 1 By f(m — 0, ;) e K =0ub0T" (4.3 322)
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ER@) = (T-kk

J.d—r —karlfd_” |7="R|f")<f”|Einc>

= (9065, )08, $5) + (65, )6, b)) f i e~ [ dr (7|77

[Eviﬁ(ﬂ -9, ¢i)eikﬁ(n—9i,¢i)'f” + Ehiﬁ(n -0, (pi)eikk(n—Hi,fPi)'r'”] (4.3.323)

dﬁ dﬁl _ial.= _
(2m)3 (Zn)gemr P TR(P'P) (4.3.324)

(7 [F7[7) =

ikr

R () = - (000, 6965, 65) + h(0s, 0RO, 6))

r - 1 =11 dﬁl ip-7 —in'- 7! F _
jdr ikk-7 fd (27.[)3 (27.[)3 etp T —ip T 'TR(p,p)

[Em-ﬁ(ﬂ — 0, ¢i)eikﬁ(n—9i,¢i)'f” + Eyh(m — 6, d)i)eikfc(n—@i,@)-f”] (4.3.325)

f di' e~k = (21)38 (kk — p) (4.3.326)

f dF" 0" Ik m=0:00 " = (2m)35 (p' — k(= 0, ¢0))  (43327)

k

R () = 5 (9065, $99(0%, §) + (65, A6, 1))

o [ s 2y (kk — p) 2n)s (¢ — Kk = 0,60) - T 3.9

[E,iD(r — 6;, ¢)) + Enih( — 6;, 9]
eikr

= (9065, )0(65, 6 + R(65, $IR(65, 85)) - Tt (K, ke — 01, 60))

[E,i0(m — 6, ) + Epih(m — 6, ¢)]
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e ikr

= dnr ﬁ(esr ¢s)ﬁ(es» ¢s) P

k(= 6, 1)) - EyiD(m — 6, 1)

"]II

=
R-
Rans
RT‘)

Epih(m — 6;, ¢;)

eikrA ~ A
o= 005, )00, ) T (kk, ke — 6, )
kk(m — 6;, ¢;

ikr

+ 47_[r h(GSJ ¢S)h(95’ ¢)S)

)
D) Eui0(r — 61, 6)
)

Ty (.
:

e ~ ~ = ~
+ Aty h(es: ¢s)h(es' ¢s) T;f kk T[ 91' d) ) Ehlh(n 91' d) )

ikr ikr ikr

U(es: d)s)Sl};val +— 1.7(95, ¢s)5 nEni + h(es: (ps)Silfvai

ikr

+ r E(gsr(ps)SP}EhEhi

Then

1 = ~
SB = =00 ¢9)  TF (kke kk( — 6, $)) - D — 6, )

1 = ~ A ~
Sth = 5= 9005, ¢5) - T (ke kk( — 6,6 ) - A — 6, 60)

1 .
Sty = =705, ) - TF (K, kk (e — 6, 6)) - R = 6, )
In the backscattering direction. Let 6, = 6; and ¢, = ¢p; + 7

1 A — ™ ™ A
Sivback = s —0(0;, ¢; + 1) - TR(—kk;, kk;) - 0(m — 6, ¢;)
1 mpy n ooy
= Evi . Tp (—kki, kkl) " V;
. 1 Chp oy =
Svh,back = Ev(eif ¢; + ) - TP (_kki' kki) ~h(m - 0 d)l)
1 mpr 2oy o
=20 Tp (—kk;, kk;) - h;
R 1~ =R AN
Shv,back = Eh(ei' ¢; + ) - TP (_kki' kki) - D(m — 0 d)l)
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(4.3.329)

(4.3.330)

(4.3.331)

(4.3.332)

(4.3.333)

(4.3.334)



1 ~AN = ~ A
= (=hi) - T} (ks k) - 9, (4.3.335)
R 1 - TR o ~ ~
Shhback = Ehswi’ ¢ +m)- T, (_kki: kki) O — 6, p;)

= % (—h:) - TR(—kky kk;) - h; (4.3.336)
Note that
Sgh,back = _Siifv,back (4.3.337)
Next consider layer of vegetation above the rough surface. Rough surface is located at z = —d.

Replace the free space green’s function with 552) (F, 7).

ERV () = f dF Goy (7,7 ] di (7 |T8 |7 K7 | Eine) (4.3.338)

RV stands for rough surface below vegetation. 7=‘§ is TR shifted down by d.

TR = e~ PopTiTRgtPopT; (4.3.339)
7 = (0,0,—d) (4.3.340)
TR = e'PopzdTR g=iPopzd (4.3.341)
—1|mR | = dﬁ dﬁ’ —11=\/=|TR|='\/ ==
(F|T&|7") = @ ) G\ 1p)p|TE o' P |7
dﬁ dﬁ’ =17\ {=] 51 TR I AV U
~ ) o3 (2n)3(r [p)(plePor=tTRe~ Por|p")(p"|7")
dﬁ dﬁ, —r1=\ i | TR =1\, —ip,d /= =11
= (27_[)3 (27_[)3 <T |p)elp2d(p|TR|p )e lp,Zd<p IT )
d_ d_, s— =1 =1 =I . = P 4
P P_eipr'-ip'r eP=4(p|TR|p’ e~ P2 (4.3.342)

~ ) @m? ] @2n)3

dp dp’
(2m)3 ) (2m)?

ES(RV) (f) — f d7 G=(§2) (7"_, T'_,) f d7" eip‘-f’—iﬁl.flleipzd<ﬁ|7=1R|ﬁl)e—ip"zd
[E,i0(r — 6;, p)e®w™ + Epih(m — 6, peFinT"] (4.3.343)
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GE

[eCk)ék,) (2m)* 8 (ke

[E,i0(m — 6, ) (2m)38 (D' — Kiy) + Enh(m — 6, ) (21)38(0' — Kip)]

ikr

— [e(k)elk)e™ ™™ + h(k,)h(k,)e "]

Délk)e ®nT 4 Rk, )hk,)eHr™]

=11 dﬁ,
fd @nﬁ 2n)?

|EviD(m — 6, peKw™ + Eph(m -6, (nbi)eil?ih'f”]

eiﬁ-f’—iﬁ’-f” eipzd (ﬁ|7=~R |ﬁr)e—ip"zd

[ aremiser o = amyss(ha )
jdr’e‘”‘v T = (2m)*8(ky — P)
j di" e~ T Ko™ = (2m)35(p' — K,)

f di" e~ P T eKin™" = (21)38(p" — Kp)

e¥" rdp [ dp'

4nr ) (2m)3 ) (2m)3

Forp = kj,

(D2 Dy 12) = (ks Ky Knz)
Forp =k,

(P2 Dy 12) = (ks ey Kyz)
Forp' = K;,,

(0% 03, 02) = (i eiys —kinz)
Forp’ = K,

(palc' p;u p;) = (kix' kiy' _kivz)
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(4.3.344)

(4.3.345)

(4.3.346)

(4.3.347)

(4.3.348)

(4.3.349)

— ) + h(k)h(k,) 2m)38(k, — p)]eP=4(p|TR|p’ )e P22

(4.3.350)

(4.3.351)

(4.3.352)

(4.3.353)

(4.3.354)



elkr

4

BV =

ikr

+
4ty
ikr

+

4ntr

ikr

N e
4nr

p— &(ky)é(k,)e ™=k, |TR| Ky, ek B, (r — 6;, ;)
é(kz)é(kz)eikhzd@hl'ﬁ|I?ih)eikiz’ldEhi’Al(7T —6;, )
E(kz)ﬁ(kz)eikvzd<EU|TR|I?iv>eikivszviﬁ(7T - Hi, d)l)

ﬁ(kz)ﬁ(kz)eik”zd<kv|7=m|1?ih)eikihszhifl(7T -0, ¢:)

é(kz) = Xsin b5 — 5} cos ¢ = _E(Hs' d)s)

h(k,) = — cos 6, (% cos ¢

_RV) eikr
E r)=
s ()=

ikr

+
4itr

ikr

+

4ntr

e ikr
+

4ty

+ ysing¢g) + sin 0 2 = —0(6;, ps)

ﬁ(es' ¢s)ﬁ(95' d)s)eikhzd(];h |TR |I?iv)eikivszviﬁ(7T - 91" d)l)
ﬁ(es' ¢s)ﬁ(es' d)s)eikhzd('lzh |TR |Kih>eiki2thhiﬁ(n - 91" d)l)
ﬁ(951 (ibs)ﬁ(gs: (:bs)eikvzd(kv|TR|I?iv>eikivszvi9(7T - Bi' d)l)

D(0, hs) D65, ps)e ko2 ke, |TR| Ky e *inz B A (e — 6y, ;)

From previous derivation, (4.2.333)~(4.2.336)

.1 e (in L X
Shy = 2= 000 &) - Tt (I, kR = 03, 60)) - 9 = 03,80

R 1
Soh = EU(HS' d)s) )

R 1 .
Shy = Eh(es: bs) -

Then

-h(m — 6, )

( )
TR (kk, kk(r — 6, 1)) - (= 6;, b
( ) - h(m — 6;, ¢)
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(4.3.356)

(4.3.357)

(4.3.358)

(4.3.359)

(4.3.360)

(4.3.361)

(4.3.362)



ikr ikr

e
V) = (0, ¢oe S f ek, + —— (6, bo)e

ikr ikr

ﬁ(GSJ ¢S)eikVZdS‘lI}UeikiVZdEvi +

ikr ikr ikr

e
h(ew ¢S)S Em +— h(gs: qbs)S Ehl

ikr

lkhzdsR lklzthh

(65, p5) et vzt S5 ethinz? By,

ﬁ(951 ¢s)551yEvi

e
+—— (85, b5)SSH Ens (4.3.363)

Then
Shy = etknzdetkiwzd GR (4.3.364)
Shn = e'knzdetkinzd SR (4.3.365)
Sy = etfvzdethiwzdgR (4.3.366)
SRV = gtkvzd gtkinzd GR (4.3.367)
In the backscattering direction
Shopack = e'inzleivzdSE (4.3.368)
Sinpack = enztetkinzd SR, oo (4.3.369)
Spvpack = eXwzdekwzdSR oo (4.3.370)
Sohpack = e wzdethinzdSE, oo (4.3.371)
Note that
Sllfilll,back = Shv back (4.3.372)
Then we consider the correlations for the coherency matrix.
(s. vbacksifilll,Zack = (ekwzdetkivzd R, Jback®€ lk;hzde_ik;hzdsﬁﬁ,back)
= e2i[Re(kivz)—Re(kinz)+ilm(kiyz)+ilm(Kipz)) d(gR vbackshh back) (4.3.373)
(SyobackSeopack) = (ewztetwzl SR e ~tkiv g~ lszdSR*back>

2ikj,,d—2ik}, d R* _ ,—4Im(ky,,)d R*
=e vz wz <vaback5vvback) e wz <vaback5vv,back) (4'3'374)
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RV * ) — (eikihzdeikihz

RV —ikly ., d ,—ik}
(ShhbackShhback thz"e ""ihz

d cR d cRx*
Shh,back® 5hh,back>

— ,2ikin,d—2ik’ d/cR R* — ,—4Im(k;n,)d/cR Rx*
= e*"ihz iz (Spn backShhback) = € hz)%(Spn backShhpack) (4.3.375)

RV * ikjy,d ,ikiy,d —ik; ,d ,—ik},,d cR*
<vabackSvh,back> - (e wzTe Tz vabacke wz"e thz Svh,back>

— oil2kivz—k;
_e[ ivz~Kivs—Kip] (vabacksvhback>

=e i[Re(kiyz)—Re(kipz)+3ilm(kiy,) +ilm(kip,)] d(va baCkSvlek,baCk) (43376)

RV* — {,ikin,d ikin,d cR ik} do —ik}, d cRx*
(Shn backSunpack) = (eFinzdetkinzd SR, e~ Wivz hz®SUn back)
— Si|2k;n,— K
= e[ thz™ Rjpz— LhZ (Shh backS back>

— ei[Re(kihz)_Re(kivz)+3i1m(kihz)+i1m(kivz)]d<S;§h backsﬁ; pack) (4.3.377)

RV ) = (eikivzd iKinz

RV —ik;, do —ik};,,d cR*
<Svh,back5vh,back wz ihz®§

d
Y vh,back®€ vh,back

— Lilkipz—ki,, +Kiny—kin,|d¢cR Rx*
=e [ twz™ vz ihz th] (Svh,backsvh,back)

= e_z[lm(kivz)+lm(kihz)]d (Sﬁh,backsllffiback> (43378)

4.3.6 Summary

Notice that in the above derivation of elements of the coherency matrices, the dimension is squared
length, similar to scattering cross-section. Here we normalize these elements with area A to

become dimensionless similar to scattering coefficient. Also we summarize all terms from

For volume scattering

( StSZ?blc)lck S}(IZ%L*CR ) 1— eiZd(Re(kivz)—Re(kihz)+i(1m(kivz)+1m(kihz)))
A = Mo— .
—2i (Re(kiv,) — Re(king) + i(Im(kiy,) + Im(kiny)) )
<fvv(9if T, T — Hi' O)f}'rh(gu T, T — gi, O)) (43379)
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<S(vol) S(vol)*

vv,back“vv,back/ __

1 —e —4d1m(ki,,z)

(

A

(vol) (vol)=
Shh,backShh,back

— o 4Im(kivz)

<fvv(9i;n; T — 0, O)fvﬁ;(gi,ﬂ; m— 0, 0))

1—e —4dIm(kipz)

(

A

(vol) (vol)=*
va,backSvh,back

=T m ki)

(fan (6, m;m — 6;,0)f1,(6;,m;m — 6;,0))

1 _ ei[Re(kivz)—Re(kihz)+i(31m(ki,,z)+1m(kihz))]d

(

A

(vol) (vol)*
Shh,backsvh,back

>=

):

o _i[Re(kivz) - Re(kihz) + i(SIm(kivz) + Im(kihz))]

(fvv(gir T — Hir O)f;h(eu o — gir O))

1 — eil-Relki)+Re(kin)+i(Im(kiy,)+3Im(kin,))|d

(

A

(vol) (vol)*
Svh,backsvh,back

A

" Zi[“Re(kip,) + Re(kin,) + i(Im(kzny) + 3Im(ie)]

(fun(0;, ;= 6;,0) [, (6;, ;™ — 6;,0))

1 — e—2(ImUkip)+im(kin,))d

2 (mkins) + Im(king))

For Double Bounce

(

(DB) (DB)*
va,backshh,back

)

(

A

(fon(0;, m;m —0;,0)f,,(6;, m;m — 6;,0))

= 4nydR,e2kwzdR, e~ 2kinA(f, (7 — 0;,m; 0 — 6;,0)f5 (7w — 0, 71; T — 6;,0))

S(DB) S(DB)*

vv,back“~vv,back

)

A
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(4.3.380)

(4.3.381)

(4.3.382)

(4.3.383)

(4.3.384)

(4.3.385)



= 4nydR, e kwzdR “e~ 2 d(f (7 — 6, m;m — 6;,0)f, (T — 6, m;m — 6;,0)) (4.3.386)

(DB) (DB)*
<Shh,backShh,back)

A

= 4nydRy;e2*inzdR, e~ 2Kinzd(f, . (1 — 0, ;T — 0;,0) 5 (m — 0;, m; T — 6,,0))  (4.3.387)

(DB) (DB)=
<va,back5vh,back)

A

1— ei[Re(ki,,z)—Re(kihz)_i(lm(kivz)_lm(kihz))]d
= 2ng— ; R
—i[Re(kiy,) — Re(king) — i(Im(kiyy) — Im(kin,))]

(foo(r — 0, m;m — 0;,0) f, (mr — 0;, ;™ — 6;,0))

jelikivzd R * o =2ikiyd

1— ei[Re(kihz)—Re(kivz)—i(Im(kihz)_Im(kivz))]d
_i[Re(kihz) - Re(kivz) - i(lm(kihz) - Im(kivz))]

(fou(r —0;,m;m—6;,0)fp,(m — 6;,m; T — 6;,0)) (4.3.388)

2ikiy,d p* ,—2ikjy,d
_znORvie ivz Rhie ihz

(DB) (DB)=
<‘S'hh,back'gvh,back)

A

1— ei[Re(kivz)_Re(kihz)_i(Im(kivz)_Im(kihz))]d
(VR .
_l[Re(kivz) - Re(kihz) - l(lm(kivz) - Im(kihz))]

(fan(m — 0, m;m — 0;,0)f,(m — 6;, ;™ — 6;,0))

=2n RhieZikihzdei*e—Zik{vzd

1— ei[Re(kihz)—Re(kivz)—i(Im(kihz)_Im(kivz))]d
_i[Re(kihz) - Re(kivz) - i(Im(kihz) - Im(kivz))]

(fon(m — 6, 1, — 0;,0) fr, (T — 0, 5 — 6;,0)) (4.3.389)

_ZnORhieZikihzdR;lie—Zik;hzd
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<S(DB) (DB)*
vh, back vh,back

1 — e2(Im(kipz)~Im(kinz))d

A

—2noRe{R,;e2kwzd R* o~2ikin,d

+ngRpe2ikinzd Ry o=2ikinzd

For surface scattering

RV
<S vbackShh,back _

A

RV
<va backS v,;ack>

- —2 (Im(kivz)

A

RV«
<Shh backshh,back

A

RV *
<va backSvh,back
A

RV *
<Shh backS h,back

A

RV *

RV
(Svh,backsvh,back _

A

Rvie 2ikiyzd Rvi*e —2ik;,,d
— Im(kin,))

(fon(mr — 0;,m;m — 0;,0)f, (r — 0;, ;T — 6;,0))

1 — eil2(Re(kins)—Re(kinz))]d

=i [2 (Re(kinz) — Re(kivz))]

(fon(r — 6, ;T — 0;,0)fyy,(mr — 6;, ;T — 6;,0))}

1 — e2(m(kin)~Imkip,))d
—2(Im(kipy,) — Im(kyy,))

(fhv(n - Hi'n; T — Qif O)f;v(n - gi'n; T — Bi' 0))

2i[Re(kiyz)—Re(kipz)+iIm (ki) +ilm(kip,)]d <S v, baCkShh back
A

sk Sk
— e_‘”m(kivz)d( vv,back vv,back>

A

R
— e—‘”m(kihz)d <Shh,backShh back

A

= el i[Re(kiyz)—Re(kiny)+3ilm(kiy,)+ilm(kip,)ld (SVV backSvh back)

A

=e i[Re(kipz)—Re(kiyz)+3ilm(kipz)+ilm(kyy,)]d (Shh baCkSvh baCk>

A

=2[Im(kyy,) +Im(kip,)]ld <Svh backSvh back)
A

135

(4.3.390)

(4.3.391)

(4.3.392)

(4.3.393)

(4.3.394)

(4.3.395)
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Notice that rough surface scattering computed by NMM3D is already normalized to the surface

area for all realizations. [46]

1 .
Sohpace _ 1 Z shmmsD — — Z S ———cosOECOMNMMID(4.3397)

Al/2 277
Where
1 incoh, NMM3D
Spanback = WcoseiE”;fg ' (4.3.398)
a
Then
<S vbackSPILQPILI,Zack
A
1 N
= e2ilRe(kiyz)—Re(kinz)+ilm(kiyz)+ilm(kinz)ld Nz SIIJ\;%%%[ZRS;XPIL‘,/ITIL‘,/IDE.QDCR* (4.3.399)
n=1
(SRV.  GRVx ) 1<
vv,baclj4 vv,back/ _ e—41m(sz)dﬁz S%)%%?&Dcksl\g)%%izk (4.3.400)
n=1
<Shh baCkS’If’zZack —41m(klhz)d SNMM3D NMM3D *
A hh,n,back hh,n,back (4'3'401)

<S SRV*
vv,backvhback! _ i[Re(kjy,)—Re(Kipg)+3ilm(kiy,)+ilm(kip,)ld NMM3D ¢NMM3D *
A - e w2 thz wz thz vanbackSvh,n,back (4'3'402)

RV *
<Shh back'svh,back

A
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N
. . . 1 *
= ellRe(kinz)—Re(kiyz)+3im(kipz)+ilm(kiyz)ld ¥ E 5}1:/}{“’1711“’11)3(1061655}%%3;10”{ (4.3.403)

n=1

(S SRV* 1 N
vhback®vhback! _  _o[1m(k;y,,)+Im(kin,)]d NMM3D NMM3D *
=72 wz inz)ld — vhnback vh,n,back (4.3.404)
A N
n=1

Next, let’s correlate four coherency terms to the backscattering coefficients, o,,. The scattering

cross section is determined by incident and scattered electric fields.

amr2|Eg|°
Ypa(Os, §s; 6, ¢;) = lim ————— (4.3.405)
"% A cos 6; |EL |
094 (81, d:) = €0 0; Ypa (6,7 + i 6, b)) (4.3.406)
7rr2|ES|2
0pq(0;, ¢;) = lim ————— (4.3.407)
e algy’
If we use the scattering matrix to represent, it is
2
S
00,0, ) = 4 USpavecil) (4.3.408)

A
Note both expressions are dimensionless. This expression is suitable for volume, double bounce,

and surface scattering.

For the terms with angular brackets in volume scattering and double bounce scattering, we consider
the ensemble average over the particle distributions. For the vegetation, scatterers are usually
described by simple geometry such as cylinders and disks. Then to describe the dielectric cylinders

and disks we need the following parameters.

Cylinder parameters Disk parameters

Radius Radius
Length Thickness
Dielectric constant Dielectric constant

137



Elevation angle, o Elevation angle, a

Azimuthal angle, 8 Azimuthal angle, 8

For a given biomass described by vegetation water content (VWC), we can infer the geometrical
parameters with specified geometry. Take wheat for example, we can use just cylinders to describe
it. Once the radius, length, and dielectric constant are computed, we consider these cylinders
distributed over certain orientation range described by elevation and azimuthal angles with respect
to the axial direction of the cylinder. The angle distribution is p(«a, £). Cylinders are distributed
with a between 0 and 2 and S between £; and S,. Then consider « and g are independent to

each other. Also, the distribution is uniform in a and has a sinusoidal distribution in .

p(a,B) = pla)p(B) for0<a<2mpB;<B <P (4.3.409)
p(a) = % for0<a<2nm (4.3.410)
p(B) = %sin< Bcost B forB, <P <P, (4.3.411)

The normalization factor Cp is calculated numerically for the given ¢ and y.

B2
Cp = j sin® 8 cos? B df (4.3.412)

B1
Note this is a special form compared to the uniform distribution over solid angle shown in [34
pp.313]with{ =1and y = 0.

1 sin¢ B cos? B

p(a,B) = 6 for0<a<2mpB,<B <P (4.3.413)

21
Then for the coherency matrix element, a general form of ensemble average we need to deal with
is
B2 21
ralyades = |48 [ dafog(@B)fy g (@ B0, ) (43.414)
1 0

p,q,p’, q'represent the polarizations, either v or h. f,,, and f;,q, come from the same geometrical

parameters as well as dielectric constant, however they can come from different incident and
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scattering angles. To further simplify
* 1 1 '82 . ( 2n *
(qufp,q,)aﬁ = EC_[; . dp sin® 8 cosY ,BJ; da frq (a,,B)fp,q,(a,,B) (4.3.415)

For the integration of « and 8, we use Gauss-Legendre Quadrature. The general form of N-points

Gauss-Lengendre Quadrature is

N
1
f dx f(x) = z wif (x;) (4.3.416)
-1 i=1
Consider the following general form of integration from a to b instead of -1 to 1.
b
f dx f(x) (4.3.417)
a
Let
ca+ Tl =l 2O 4.3.418
X=a > X = ) X 2 ( 0 )
Then
b—a
dx = 5 dx' (4.3.419)
fbd _b—afld, (b—a ,+b+a)
drfG) == | ax'f(x 4
N
b—a b—a , b+a ,
i=1

For 8-points Gauss-Lengendre Quadrature

X w;

+0.183434642495650 | 0.362683783378362

+0.525532409916329 | 0.313706645877887

+0.796666477413627 | 0.222381034453375

+0.960289856497536 | 0.101228536290376
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For 16-points Gauss-Lengendre Quadrature

X w;

+0.095012509837637 | 0.189450610455068

+0.281603550779259 | 0.182603415044925

+0.458016777657227 | 0.169156519395003

1+0.617876244402644 | 0.149595988816576

+0.755404408355003 | 0.124628971255534

+0.865631202387832 | 0.095158511682493

+0.944575023073233 | 0.062253523938647

+0.989400934991650 | 0.027152459411755

Depending on the smoothness of the scattering pattern over a and £, we can choose different
number of points to do the numerical integration. Smoother pattern requires less points to get

converged.

4.4 Interferometric SAR polarimetry for vegetated

surface

Based on the derivation of coherency matrix of polarimetric SAR in 4.2 for volume scattering,
double bounce scattering, and surface scattering, next we further derive the coherency matrix for

interferometric SAR.

To calculate the coherency matrix element we consider two scattering elements from two slightly

different incident angles.
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4.4.1 Volume scattering

SSoey) comes from angle 1 ; S{7;) comes from angle 2. Two angles are close so that it makes no

difference for scattering amplitude. The only difference is the phase. Recall from the scattering
matrix element from (4.3.93)~(4.3.96) for volume scattering. We now assume the backscattering.
95 =9iand¢5=ﬂ+(],’)i

N
S = ) e ORI (07 + B — 0, 0) (4.4.1)
=1
N
s = e R Tip (0,7 + g - 0,,6) (4.4.2)
=
N
S = ) e RWTIf (0, + o — 01, h0) (4.4.3)
=1
N
515;7101) = Z e_i(kv_l?ih).fjfvh(gi:” + ¢i;m—0;,¢;) (4.4.4)
=1

Then we consider correlation of scattering matrix elements from two slightly different angles.

(vol) «(vol)=*
<va(l)Shh(Z) )

N N
= () e D KaOITif,, 0+ s — B, 90) Y e VKON FRCO) e (g
j:]_ p=1

+ ¢ — 0;, Pi)) (4.4.5)
Note 9i~91i~92i

Here we ignore the correlation between scatterers and consider independent scattering.

(Sou" S ")

N
= Z (e—i(ﬁv(eu)—l?w(eu))-r‘jei(kZ(Hzi)—I?fh(Gzz))'fj) (fw,j 6, m+ ¢p;;— 6;, ¢i)f;fh,j(9i;ﬂ + o,
j=1
—6;,¢:))
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N
1 (T = = iR (05— (057
- Z Vf dr; o~ 1(o(010~K1s(010)7; (% 020-Kin 020 7 (fov,j O, + Gi; 0 — 01, @) fron, j (61, 70

+ ¢ — 0, ¢))

Y g7 e iRo(010-Kiy(010) 7 iR (020 ~Kip(620)) 7 (forw(Or,+ s — 04, ) frn (O, T + P57

|4
= 6i,¢1)

= nO f d.F’ e_i[(kv(e1i)_1?iv(91i))_(k;l(92i)_l?i*h(ezi))]'7_"<fvv(9i’TL_ + d)l, T — ei, (pi)f};_kh(ei,n + ¢l, T

— 6i, 1))
In the backscattering direction, we consider 6, = 6;; ¢p; = 0; s = T
k,(01;) = —ksin0y; ® + ki, (01) 2 = —k sin 0y, 2 + (Re(kyy,) + i Im(kyy,)) 2
Kiy(01) = ksin0y; % — k;y,(01) 2 = ksin6y; & — (Re(kyy,) + i Im(kyy)) 2
ky(01)) — Kiy(61;) = —2k sin 0y; ® + 2k, (01) 2
= —2ksin0y; % + 2(Re(kyy,) + i Im(ky,y,)) 2

Note

Kivz(01:) = v kZ — k% sin2 0y; = Re(kyy,) + i Im(kiy,)
Also
kn(82)) = —ksin 02 £ + kin,(04;) 2 = —k sin 0y; & + (Re(kp,) + i Im(kyp,)) 2
Kin(02:) = ksin05; ® — kip,(05;) 2 = ksin 0, 2 — (Re(kypy) + i Im(kin,)) 2
ky(65)) — Kin(05;) = —2k sin 65; & + 2k;p,(0,;) 2
= —2ksin 0; 2 + 2(Re(kipy,) + i Im(kipn,)) 2

Note

kinz(02;) = \/kle — k?sin? 0,; = Re(kip,) + i Im(kipz)

ki (82)) — Ki,(82)) = —2k sin 0y; & + 2(Re(kip,) — i Im(kipy)) 2

Then
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(4.4.7)

(4.4.8)

(4.4.9)

(4.4.10)

(4.4.11)

(4.4.12)

(4.4.13)

(4.4.14)

(4.4.15)



(Ev(gli) - Kiv(eli)) - (EZ(HZJ - I?i*}z(HZi))
= —2ksin 0y; ® + 2(Re(kypy,) + i Im(ky,,)) 2 + 2k sin 0, £ — 2(Re(kip,) — i Im(kypy)) 2
= 2[—ksin 0y; + ksin 0,;1% + 2(Re(kyy,) + i Im(kyyy)) 2
—2(Re(kiny) — i Im(kipy)) 2 (4.4.16)

The key is the two scattering matrix elements also come with slightly different frequency to cancel
the phase shift in the horizontal direction. This is also a range spectral filtering in the horizontal

direction.
(Ro1(81) = Kins (010)) = (K2 (820) — Ko (80))
= 2[—k; sin 6;; + k, sin 0,;]% + Z(Re(kl-vzl) +i Im(kivzl)) Z
—2(Re(kingz) — i Im(kingz)) 2 (44.17)

Let the phase shift in the horizontal direction to be zero.

—k;sinf;; X + k,sinf,; =0

—w1/ HE SIN O;; + wz\/ﬁ sin(6;; + A6) =0
—wq+/HESINBy; + wz\/ﬁ sin 64; cos A8 + a)z\/ﬁ cos B4;sinAf =0

For small increment of A8

AB~ sin AO

Then

—W1+/HE SIN O1; + wo+/ue sinBy; + ABw,/pue cosB;; = 0

(w1 — w3) A6

= 4.4.18
P! tan 04; ( )
Let w1 — Wy = Aw y a|SO 91i~92i~0i ; wW1i~Wyr~wW
Ao = 022 (4.4.19)
@ = Y 0, o

For the given difference in incident angle, we can find the corresponding frequency offset to
cancel the horizontal phase shift. So far the difference in frequency and incident angle only affect
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the phase. Now we have only phase shift in z direction

(Ro1(81) = Rins (610)) = (Kna (820) — Kz (820)) = 2(Kiwin (B10) = Kinz2(620))2

= 2 (Re(kivz1 (6:1)) + i Im(Kivz1 (61))) 2 — 2 (Re(Kinz2 (82)) — # Im(kinz2(620)) ) 2(4.4.20)
Then the real part gives the phase shift, 2 (Re(ki,,zl(eli)) — Re(kipz2 (920))

From the effective medium we have effective propagation constants for both vertical polarization

and horizontal polarization.

o = ke OB L (21l 0:0.00)

k cos 6, k cos 6,
2mn 0,0;0,
= kcosf, + ooy (6, 9:0,$)) (4.4.20)
k cos 6,
Then
27-""n'O (f%)p(eﬂ d)! 9! d)))
Re(ky,) = kcos 6, + Re < K cos O, (4.4.21)
Then
2 (Re(kivz1(91i)) - Re(kihzz (92i)))
_ 2o fou (T — 01, P T — 014, P;))
=2 <k1 cos 8;; + Re < Ky cos Oy, — k, cos B,;
2mno(fpn (T — 04, ;T — 054, ;)
— Re
k, cos 6,;
= 2(k, cos6;; — k, cos 05;)
+Re Amno(for (T — 014, Pi3 T — 614, 91))  Amno{fun (T — 021, pis T — 64, $i)) (4.4.22)
kq cos 6y; k, cos 6,;

Note that for the free space, we have only the first term
2(k, cosB,; — k, cos6,;)

= 2(k; cos 0;; — k, cos(6,; + AB))

= Z(a)l\/ﬁ cos 0y; — (wg — Aa))\/ﬁ cos(6,; + AB))
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=2 (wl ue cos 6;; — (wq — Aw)\/ﬁ(cos 0,; cos(AB) — sin Oy; sin(AH)))

AB
= 2<a) UE cos 6; — (a) wta—)’/ €(cos 6; — ABsin 0, ))
A8
= 2<kcos€ —k 1 ——) (cos 6; —AHsmH))
tan 6;
_ A6 (AB)?
= 2| kcos8; — kcos(6;) + k ABsin 0; + ktan ) cos 8; — os 0,

~2(kA9' 6, + k=2 e)—zme ng, + OSSO J2KA o
- SIE T X ang, V) T ST e, ) T sine; o
This factor is also vertical sensitivity, ,,0f the interferometer in Cloude’s book [52].
41tAB
= 4.4.24
Z  Asing; ( )

To consider effective medium

_ 4rno(fop (T — 01, ;0 — 015, 1)) Anno{fun(w — 0z, P T — 034, ;)
Prerr = Pz + Re ( k, cos 6y; B k, cos 0,; )
4mtn,
= :3 kCOSQ Re((ﬁ;v(ﬂ 61' ¢u77: Hud) )) _<fhh(7T 01' ¢lr77: elﬂ(p ))) (4425)
Let
47m0
Bza = Re((fvv(ﬂ Op, b — 0, 0)) — {fun(m — 6;, dis 1 — 65, 1)) (4.4.26)

ﬁz,eff =B, + Bza (4.4.27)
(Ro1(81) = Rins (6:0)) = (Kia (820 — Kina (620))
= B, + Boa + 2i( Im(ky,) + Im(kin,))]2 (4.4.28)

Then in the backscattering direction

<Stgzoblc)lck5}(11})10l§ack> Ny j ar’ e‘i[ﬁz+ﬁzd+2i( Im(kipz1)+ Im(kipz2)) |27

(fov(Or,m + Pist — 6;, ) frn (01, + i — 6, ;) (4.4.29)
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0
= nOA f dZ’e_i[ﬁz"'ﬁzd"'Zi( Im(kiyz1)+ Im(kihzz))]zl
-d

(for(0p, T+ Pist— 05, &) frin (01, + ;T — 65, 9)) (4.4.30)
Let f,unn(2") to be the structure function

fovhn (z") = noez( Im(Kipz1)+ Im(Kinz2))z'
(fow(Op T+ ;1 — 0, ) fpn (O, + s — 05, ¢,)) (4.4.31)
Then

0
l 1)* o —i I ! ,
(Séz?b;cksf(:;:bzlck>PolInSAR = Aj- dz'ehz" g~ 1hzaz foonn(z") (4.4.32)
—-d

Let’s compare this with this with the similar correlation in polarimetric SAR derived in 4.2, (same

angle with same frequency) [subscript, POISAR, means the derivation from 4.2]
(SlgzOl)Sf(Li;LOl)*)POZSAR = no{fpr (0, m;m — 0;,0) f1,(6;, m;m — 6;,0))A

0
f dz' o~ 2(Relei)=Reliein ) +i(Im(Kip) +im(kins) )2’
—-d

0
=A f dz'e WPzaz' £ (2") (4.4.33)
-d

This clearly shows that in order to cancel the horizontal phase shift by using slightly different

frequency and incident angle, we bring in the additional phase factor to the structure function, ,.

Next one, we examine

0
(50]00 S(v01)2k>PolSAR = no{fpn, (6, ;™ — 0;,0) f,, (0;, ;T — 6;, 0))AJ dz' e4im(kiyz)z
-d

vv,back“vv,ba

0
= A f Az’ foppn(2") (4.4.34)
—-d

The structure function for this correlation is
fvvvv(zl) = noeum(kivz)Z,(fvv(ei; ;T — 6, O)ﬁ;;; (91’: ;T — 0, 0)) (4-4-35)
The only thing we need to do to get the correlation for interferometry is to add the phase shift term

to the structure function.
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0
(S(vol) g oD+ Y polSAR =Af dz’e‘iﬂzz’fww(z’) (4.4.36)
-d

vv,back“vv,back

We can repeat the similar derivation for the other essential terms for volume scattering.

0

<Si(11ijl?l§3lcksf(11;1,ol;£31*ck>PolSAR = No{fun(0;, 5 — 6;, 0) fo (6, ;T — 6, 0))Af dz'ettmkin)?
-d
0
= Af dz' fhhhh(zl) (4437)
-d

where

frnnn (@) = 1o fiun (8, 7 1 — 6;,0) fiiy (6;, 75 7 — B, 0) e M Fkina)?’ (4.4.38)

0
1 1)* i ! !
(SP(L;’L(,)bglcka(;;t,owak)PolInSAR =A j dz' e % fppn(2') (4.4.39)
-d

l 1)* *
<Slng)bc)wkslg;szwk)PolSAR = no{fv(0;, ;T — 6;, O)fvh (6;, ;™ — 6;,0))A

0
j dz'e —i[Re(kivz)—Re(kihz)+i(31m(kivz)+1m(kihz))]Z,
—-d

0
=AJ dzre—iﬁzdz’ Fovon (2" (4.4.40)
—-d

where

fvvvh(Z,) = Tlo(fvv(ei: m, T — 0;, O)fv*h (Bi; m, T — 0;, 0))3(31m(kivz)+1m(kihz))2’ (4.4.41)

vv,back

0
(Sl Sl Ypounsar = A j dz'e~thet e~ ibra? £, (2") (4.4.42)
—-d

l Dx *
<S}(ll;l?b2wks,£];:b31ck)PolSAR =Ny (fhh (6, m;m— 6, O)fvh (6, m;m — 6;,0))A

dz'e _i[_Re(kivz)+Re(kihz)+i(Im(kivz)+31m(kihz))]Z,
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0
- Af dz'e*ua? fo,.n(2")
-d
Where

Fanon(2") = no{fun (85, 5 — 6;,0) £ (6;, ;T — 6, 0)ye Imiv)+3Imein))z’

0

(vol) (vol)« _ 1 =iz ,+iBgaz’ r
(Shh,backsvh,back)PolInSAR =A dz'e Bz e Bza fhhvh(z )
—-d

l 1)=* *
<S1S1}]l?b2wk519}}:b3lck)PolSAR = no{fon(0;, 1; T — 6;,0)f,, (0, ;™ — 6;,0))A

0
f dzle[Z(Im(kipz)+1m(kihz))]zl
—d

0
—4 j dz' foon(2")
—d
Where

Foron(2") = 1ol fon (81, 510 — 0, 0) fy (8, 7 7 — 6;, 0)e [2(mKiv)+TmUkin))]2!

0

l l * ' i ! ,

(S£Z?bzzckslgz,ob2wk)POUTlSAR =A j dz' e P22 f 0 (2")
—d

4.4.2 Double Bounce Scattering

(4.4.43)

(4.4.44)

(4.4.45)

(4.4.46)

(4.4.47)

(4.4.48)

Consider we apply the reciprocity for volume-surface interaction and surface-volume interaction,

here we only derive volume-surface interaction, 1% kind of double bounce (DB1). We examine the

essential phase terms for correlations.

(Kp1(611) — K1 (611)) — (K2 (620) — K2 (62)))

= (—2k1 sin 91i 5C\) - (—Zkz sin 92i f) = (_)

(Kp1(611) — K1 (611)) — (K2 (020) — Kiip (62))

= (—2k; sinf;; &) — (—2k, sin6,; ) = 0
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(Kn1(61:) — Kin1 (61))) — (Kpiz(820) — Ki2(62)

== (_Zkl sin eli f) - (_Zkz sin in 2) = 6

(Kp1(01) — Kip1 (61)) — (K2 (020) — K2 (62)

= (—2k;sin6y; X) + 2k, sin 0,; X

(4.4.51)

+ (Re(kiVZZ(BZi)) — Re(kiny2(65)) — i (Im(ki‘UZZ(eZi)) — Im(kipz, (921'))))2

= (B — i(ImUeing) — Im(kiny)) ) 2
(Ko1(610) — Kiv1 (61) — (K2 (820) — Kiv2 (6:))
= (=Boa — ilim(knz) — Im(kiz)))2
(Kna (810) — Kint (61)) — (K32(850) — Kina (620))
= (Baa — i(ImUeins) — Im(kiny)) ) 2
(Kn1 (61 — Kin1 (610)) — (Kr2 (62)) — Kif2(62)
= (=Boa — ilim(knz) — Im(kiz)))2
(Ko1 (1) — Kin (010)) — (K32 (020) — Kipa (020)) = —2i(Im (ki) — Im(kins))2
(Ku1(610) = Kin1 (61)) — (K2 (620) — K32 (620)) = ~2Ba2
(Kn1(61) = Kip1(610)) — (Ki2(620) — Kiyp(62:)) = —2i(Im(keipz) — Im(kyy))2

(Kh1(91i) - Kim(eu‘)) - (1?;2 (92i) - 1?512(921')) = 2Bzq2

(4.4.52)

(4.4.53)

(4.4.54)

(4.4.55)
(4.4.56)
(4.4.57)
(4.4.58)

(4.4.59)

Apparently, all the phase terms involved in the integration are the same as those in the derivation

for polarimetry in 4.2. The other phase terms come from the round trip in the vegetation layer,

those outside the integration.
kivzl(eli) - k;hzz (92i) = .BZ + .Bzd + i( Im(kivz) + Im(kihz))
kivzl(eli) - k;vzz (92i) = .Bz + Zilm(kivz)

kinz1(01:) — Kipz2(62:) = B, + 2ilm(k;p,)

149

(4.4.60)
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kihzl(gli) - k;vzz (92i) = :BZ - .Bzd + i( Im(kihz) + Im(kivz)) (4-4-63)

Then
(DBL) gDBL: y & = NoAdRy;Ry;" e2Frade=2(Imleiw)+ m(kinz))d

(Spv,backShhback
(foo(m — ;5w — 0;,0) fryp (m — 0, ;T — 6;,0)) (4.4.64)
6155232&%&222;1()PolInSAR = eZiﬁzd<5155,g¢11)ck515222:k>P015AR (4.4.65)
(Suvback Soback PolsaR
= ngAdRyR,; e "Mk dd(f ( — 0, ;1 — 6;,0) f, (T — 0, 71T — 6;, 0)) (4.4.66)
(4.4.67)

(DB1) ~(DB1)* _ _2iB,d/c(DB1) o(DB1)x
(va,backsvv,back)POUTLSAR =e <va,backsyy,back)PolSAR

(DB1) ~(DB1)*
<Shh,back,Shh,back>POlSAR
= noAdRyRy;" e~ *mkndd(f,, (m — 6;,m; — 6;,0) fiy (0 — 6;, 71, — 6, 0)) (4.4.68)
(4.4.69)

(DB1) Si(zli)zBl)*

2iB,d
& (ShibackShh,backPolSAR

(DB1) ~(DB1)x _
(Shh,backshh,back)POlITlSAR =e

0
<S(DBl) S(DBl)* AnORViRUi*e_4Im(kivz)df dzle_iﬁzdzle_(lm(kivz)_lm(kihz))zl
—-d

vv,back®vh,back )POISAR =

<fl717(n- - HL'J T, T — eil O)fv*h(ﬂ: - eil T, T — eil 0)) (4470)
A S S e PolsaR (4.4.71)

(DB1) ~(DB1)x _
(va,backsvh,back)POlInSAR =e

(S(DBI) S(DBl)*>
vv,back” hv,back/PolSAR

0
= nOARviR;l-eZiBdee_z(Im(kivz)+Im(kihz))df dz' eiBzaz’ g—(Um(kin)—Im(kin,))z'
—-d

(foo(m — 6;, ;1 — 6;,0) fy, (M — 6;, ;T — 6;,0)) (4.4.72)

2iB,d(c(DB1) <(DB1)*
P <va,back5hv,back)POlSAR

(4.4.73)

(DB1) ~(DB1)* _
(va,backshv,back)POUHSAR =e
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<S(DBl) S(DBl)*
hh,back vh,back)POlSAR

0
= nyARy;R; * o~ 21Bzad o —2(Im(kinz)+ Im(kipz))d J dz' e —2(mki)—Im(kinz))z’'
-d

(fan(m—6;,m;m—6;,0)f,(m—6;,m;m—6;0))

(5B DBV

_ _2iB,d;c(DB1) (DB1)*
hh,backSvh,back )PolinSAR = € bzd(s S

hh,back vh,back)POISAR

<S(DBl) S(DBl)*

0
_ —4 ; i o oy ) /
hh,back hv,back)POlSAR —nORhiR;ie Im(kzhz)dAf dz' eiPzaz’ g—Umkins)—Im(kip;))z
—d

(fan(r—6;,m;t—6;,0)f,(r — 6;, m; ™ — 6;,0))

(sBD DBV

_ _2iB,d;c(DB1) (DB1)*
hh,backShv,pack ) PolinSAR = € hzd(s S

hh,back hv,back)POlSAR

0

(DB1) o(DB1)+ _ . _ . ,

(SpnbackSvnback ) PolSAR = noARy R, e~ Hmkw)d | g7'0 2(1m(ky,)—Im(king))z
-d

<fvh(7T - Hi' T — Bi' O)fv*h(ﬂ - Bi' T — Bi' 0))

(S(DBl) S(DBl)*

_ ,2iB,d;c(DB1) <(DB1)*
vh,back vh,back)PollnSAR = g?iBz(s S

vh,back vh,back)POlSAR

<S(DBI) S(DBl)*

0

— * 20 d,  — . . ; !

vhback hv,back>POISAR = nOARviRhie iBzd e Z(Im(sz)+ Im(klhz))dj dZ’eZLﬂde
—-d

(fon(mr — 0;,m;m — 6;,0) fr,(m — 0;, ;™ — 6;,0))

(S(DBl) S(DBl)*

_ ,2iB,d;c(DB1) (DB1)*
vh,back hv,back)PollnSAR =e bz (S S

vh,back hv,back)POISAR

0

DB1 DB1)* * - . ;- . — . Y
<Sf(lv,ba)cksf(w,ba)ck)POISAR — nOARhiRhie 4Im(klhz)df dz'e Z(Im(klhz) Im(sz))z
-d

(fow(m — 0;,m;m — 6;,0)f,(r — 0;,m; T — 6;,0))

(DB1) (DB1)* _
(Shv,backshv,back )POUHSAR =e
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ziﬁzd<S(D31) S(DBl)*)
hv,back®hv,back/PolSAR

(4.4.74)

(4.4.75)

(4.4.76)

(4.4.77)

(4.4.78)

(4.4.79)

(4.4.80)

(4.4.81)

(4.4.82)

(4.4.83)



0
(DB1) (DB1)x _ . —2iBd . _ _ '
(ShvbackSohback ) PoisaR = NoARpRy; e~ Fzade 2(Imlkinz)+ Im(kiv2))d | 7' @=i2Bzaz
-d

(fhv(n - Hii mn— Qi' O)fv*h(n - ei' T — Qi' 0)) (4484)

(DB1) ~(DB1)* ; DB1 DB1)*
(Shv,packSvh,pack )PolinsAR = € ZlﬁZd<S}Sv,ba)cksigh,ba)ck)POlSAR (4.4.85)

Note that

(DB1) (DB1)#* \« _ (DB1) (DB1)*
<‘S'vh,backshv,back>PolSAR - <Shv,back5vh,back>POlSAR (4'4'86)

(5(031) S(DBl)*

* _ —2iB.dsc(DB1) DB1)*
wh.backShvback)PolinSAR = € bza(s S

( *
vh,back hv,back)PolSAR

DB1 DB1)x*
S S ) polmsaR (4.4.87)

Besides, we also have

(5(031) S(DBl)*

_ ,2iB,d;c(DB1) (DB1)*
hh,back vv,back)POllnSAR =e bz <S S

hh,back vv,back)POlSAR (4'4'88)

<S(DBI) S(DBl)*

— _2iB,d;c(DB1) o(DB1)*
vh,back vv,back)POlInSAR =e bz <S S

vh,back vv,back)POlSAR (4'4'89)

(S(DBl) S(DBl)*

_ _2iB,d;c(DB1) (DB1)*
vh,back hh,back)POllnSAR = e?lhz(s S

vh,back hh,back)POISAR (4'4-90)

Then we find the correlation

<S(DB) S(DB)* (DB1) S(DBI)*

— — 2iB,d c(DB1) (DB1)*
vv,back hh,back>P0UTl$AR - 4'(va,back hh,back)PollnSAR =4e bz (S S

vv,back®hh,back )POlSAR

i DB DB)x*
=e ZLﬁZd<Slgv,b2lcksf(1h,b)ack>POISAR (4.4.91)

(DB) (DB)* _ (DB1) (DB1)* _ 2iB,d;c(DB1) (DB1)*
(va,backsvv,back)POUTLSAR - 4<va,back5vv,back)POUHSAR = 4e?Pz (va,backsuu,back)PolSAR

- DB DB)*
il ZLBZd<SISv,b2wkSISv,b2wk>P015AR (44.92)

<S(DB) S(DB)* (DB1) S(DBl)*

— _ An2iBfd;c(DB1) (DB1)«
hh,back hh,back)PounSAR - 4'<Shh,back hh,back>P011nSAR = 4e?Fz (S S

hh,back hh,back)POlSAR
_ ,2if,d(c(DB) (DB)+
= e rs <Shh,backshh,back>PolSAR (4.4.93)

(DB) (DB)* _ (DB1) ~(DB1)* (DB1) ~(DB1)*
<va,back5vh,back)POUTLSAR - 2(va,backsvh,back>P011nSAR - 2<va,back5hv,back>P0U7ISAR
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— Zeziﬁzd<S(DBl) S(DBl)*

2iB,d;c(DB1) ~(DB1)*
vv,back vh,back>PolSAR — 2e bz <S S

vv,back hv,back>POlSAR

— eZiﬁzd<S(DB) 51525));(;](>POZSAR (4‘4‘94)

vv,back

(pB) (DB)+ _ (DB1) (DB1)* (pB1) (DB1)*
<Shh,back5vh,back)PounSAR - Z(Shh,backsvh,back>POllTl5AR B 2<5hh,back5hv,back>Poun5AR

_ 5 2if,d;c(DBD) (DB« o _2if,d;c(DB1) o(DBD)+
= 2eP7%Spn packSvn pack )Potsar — 2€ 7Sy backShv,pack ) PolsAR

i DB DB)x*
=e Zlﬁzd<Sf(1h,b)acksvgh,bzzck)POlSAR (4.4.95)

(S(DB) S(DB)* )
vh,back“vh,back/PolInSAR

_ ;c(DB1) < (DB1)* (DB1) ~(DB1)* (DB1) ~(DB1)*
- (Svh,backsvh,back)POllnSAR - <Svh,backShv,back)PolInSAR - (Shy,backsvh,back)PollnSAR

(DB1) (DB1)*
+ (Shv,back‘ghv,back >PolInSAR

= o2ifad(g(DBV  (DBY):

2iB,d;c(DB1) o(DB1)*
vh,back vh,back>PolSAR — e2ibz (S S

vh,back hv,back>PolSAR

_eziﬁzd<S(DBl) S(DBl)*

2iB,d/c(DB1) (DB1)*
hv,back vh,back)POISAR t+e bz (S S

hv,back hv,back)POISAR
_ ,2iByd c(DB1) <(DB1)* _ ,2if,d (DB1) (DB1)*
=enr (Svh.backsvh,back)POZSAR e“=%2Re <Svh,back5hv,back)

2iB,d;c(DB1) (DB1)*
Fe s <Shv,backshv,back)PolSAR

= S Sutpcic)PolsaR (4.4.96)
For the coherency matrix

(kiki) (kiks)  (kik3)

Tapotnsar = (k(f1, 010k (f2, 02))) = [(k2ks)  (kak3)  (kok3) (4.4.97)
(kski) (ksk3) (ksk3)

Note that
(kmk)potmsar = €2P2%(kyk)porsar (4.4.98)
Then
=(DB) _ _2ip,a=(DB)
T3 poimsar = e’ dT3,PolSAR (4.4.99)
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4.4.3 Surface Scattering

Recall the correlation from (4.2.373)~(4.2.378)

RV
<va backShh,back >PolSAR

= e?iIRelkivz)~Relking)+ilm ki)t Imkinla (SR | SR ek Ypotsar (4.4.100)

2i[Bz+Bza+ilm(kiy,) +ilm(kip,)]d <S

<S vy, backShh back)PolInSAR =e€ v, backShh back>PolSAR

= Zlﬁzd<5vv backsl}fl]{Zack POlSAR (4-4-101)

(va backSvX;ack)PolSAR = e_4lm(sz)d<5vv backva back)PolSAR (4-4-102)
<va backsflzl’;ackﬁollnSAR = eZiﬁzd 4'Im(sz)d(‘s‘vv backva back)PolSAR

= ezwzd<5vv back&iﬁack)PolSAR (4-4-103)
(Slfl‘{backsilfi‘l/,*éackﬁolSAR = e_Mm(kihz)d<Silfh,backsllflz,back)PolSAR (4-4-104)

2iB,d p—4Im(k;

RV RV _ Yd/cR Rx
<Shh,back5hh,back>PollnSAR =e thz <Shh,back5hh,back)PolSAR

— o2iBzdy Sffr‘f,back Sﬁfzzackmw AR (4.4.105)

RV *
<va backS h,back )PolSAR

= el i[Re(kiyz)—Re(kipz)+3im(kiy,) +ilm(kip,)] d(va backsgf?,back)POISAR (44106)

RV *
<va backSvh,back )PollnSAR

— eztﬁz i[Re(kjpz)—Re(kipz)+3iIm(kiyz)+ilm(kip,)] d(va backsvh back)PolSAR
= eZL'BZd<va backS h, back >PolSAR (4-4-107)
<Shh backSEIKZack)PolSAR
= ellRe(kinz)—Re(kiyz)+3iIm(kinz)+ilm(kyz)]d (Si}fh,backsgi;back)PolSAR (4.4.108)

RV
<Shh,back5 h, back )PolInSAR

— ,2iB,d i[Re(kipz)—Re(kiypz)+3ilm(kip,)+ilm(k;yz)ld (cR R+
= e Pz%e thz vz thz wz A (Sph backSvh pack)PolSAR
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= 2 PSRy ek Sy back)PolSAR (4.4.109)

RV RV=* — ,—2[Im(ky,)+Im(k; d/cR Rx
(SvhbackSvhbackPolsar = € [rmeip)+Im{kins)] (Soh backSvh.pack ) PolSAR (4.4.110)

Ziﬁzde_Z[Im(kivz)+1m(kihz)]d<SR

RV RV * — R+
<Svh,back5vh,back )PolInSAR =e vh,backSvh,back >PolSAR

= ezmzd<55i‘1/,back55)1/,*ack)PolSAR (4'4'111)

Again we notice every correlation term for PolInSAR differs by e?fz¢ from those from PoISAR.

This is similar that in double bounce scattering. Then for the coherency matrix

F(Surf) _ L2iBdgSurf)
T3,Pl(§7£InSAR = e?F dT3,PLé7;SAR (4.4.112)

4,5 Cross-polarization and polarization ratio

comparison for vegetated surface

To calculate coherency matrix at backscattering direction for polarimetry SAR and interferometric
SAR, one needs to have accurate cross-polarization. Here we further verify the cross-polarization
calculated from physical model of distorted Born approximation and multiple scattering model.
Also polarization ratio will be more important as well. Here we show the comparison with data for
HH/VV.

Figure 4.13 and Figure 4.14 show the validation of physical model with SMAPVEX12 corn data.
This validation comes from the same physical parameters as that in chapter 3, however for
VWC<=1, we consider only single scattering. This is because for small optical thickness as VWC
is small, the multiple scattering effects are not important. As you can see from the comparison of
co-polarization, the results are almost the same. Cross-polarization comparison shows good
agreement for both root mean squared error and correlation. The polarization ratio, HH/VV, also

shows good agreement.
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Figure 4.13 Validation of cross- and co- Figure 4.14 Validation of HH/VV using
polarization using SMAPVEX12 corn SMAPVEX12 corn data
data

Figure 4.15 and Figure 4.16 show the validation of physical model with SMAPVEX12 pasture
data. Pasture is considered here using distorted Born approximation. Only cylinders are modeled
for pasture. The comparison of co- and cross-polarization shows good agreement for both root
mean squared error and correlation. The polarization ratio, HH/VVV, is also shown with good root
mean squared error, the lower correlation is because HH is close VV and the dynamic range is
limited.
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polarization using SMAPVEX12 pasture SMAPVEX12 pasture data
data
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Chapter 5

Conclusion

In this thesis, we study the radar backscattering of soil and vegetated surface. Based on the distorted
Born approximation and NMM3D, we extend the analysis to compute coherency matrix for
polarimetry SAR and interferometry SAR. The cross-polarization and polarization ratio are
addressed for their importance for POISAR and Polln SAR.

For soil surface, numerical Maxwell Method in 3D (NMM3D) was applied and the study covered
L-, C-, X-, and Ku-bands for co- and cross-polarizations as well as polarization ratio. NMM3D is
done with large scale computation using parallel computing on NSF XSEDE clusters. The key
advancement in this study is the near field precondition. This method speeds up the convergence
for the GMRES iterative solver and shorten the simulation time over 10 times for the case shown
in chapter 2. To apply NMM3D for multi-angles and multi-frequencies, results from NMM3D were
validated with POLARSCAT measurement data for L(1.25GHz), C(4.75GHz), and X(9.5GHz)
with incident angles within 20 and 50 degrees. Various models are also included in the validation
such as AIEM, SSA, SPM up to 4™ order. NMM3D shows good agreement for all 3 frequencies,
especially for the cross-polarization. Polarization ratio is finally introduced to point out the
frequency dependence of HH/VV, which can be the important index radar backscattering study for
land surface. NMM3D shows the best dependence with POLARSCAT data for L-, C-, and X-bands.

No dependence phenomenon for SPM is also pointed out due its formulation.

For vegetated surface, multiple scattering effects was studied and applied to physical model for
corn fields. With the high optical thickness and high albedo, it is necessary to include multiple
scattering effects, otherwise the attenuation will be overestimated and the scattering will be
underestimated. The vector radiative transfer equation was formulated with the extinction theorem.
The order of multiple scattering can be specified. The algorithm counts the scattering mechanism

based on the scattering path. For those with cyclical path, the cyclical correction is applied. The
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model is applied to corn field. Corn has thicker stalks which causes large attenuation as well as
strong scattering for vertical polarization. In terms of vegetation water content (VWC) during the
growth cycle, for large VWC(>1) multiple scattering starts to take effect. Results were validated
with measurement data from SMAPVEX12 field campaign. Both co-and cross-polarization are in
good agreement. This model is also applied to generate lookup table (datacube) for NASA SMAP
mission for soil moisture retrieval. For this reason, we also validate the datacube with soil moisture
measurement from SMAPVEX12. Both soil moisture and vegetation water content retrieval are in
good agreement.

For the last part of this thesis, we derive the formulas for coherency matrix for vegetated surface
applied to polarimetry SAR and interferometric SAR. Results from NMM3D are scattering matrix,
however this can be quickly processed to coherency matrix. The speckle phenomenon is studied
using NMM3D with results from many realizations. We compare the numerical results with
theoretical distributions for POISAR images. It shows excellent agreement for amplitude, phase
difference, and amplitude ratio for L-band(1.26GHz) and C-band(5.4GHz).

Combined with NMM3D and distorted Born approximation, we give out the coherency matrix for
3 scattering mechanisms, including volume scattering, double bounce scattering, and surface
scattering. We also correlate these quantity to previous study for radar backscatters. For
polarimetry SAR, we consider one angle and one frequency for the correlation of two scattering
matrix elements. The analysis of coherency matrix from PoISAR can help land surface
classification. For interferometric SAR, we consider two slightly different angles as well as two
slightly different frequencies. By doing this, there will be no horizontal phase shift. The vertical
phase shift can then be analyzed to see how biomass changes. The correlation between coherency
matrix from PoISAR and PolInSAR is also addressed. Correct cross-polarization and polarization
ratio will be essential to apply these derivations. More validation for this method is necessary and
here we show the validation for corn and pasture fields from SMAPVEX12.

The current study can be extended more to study the physical parameters dependence using
coherency matrix from vegetated surface, even break down to the scattering mechanisms.
Moreover, with the successful simulations of scattering matrix for bare soil using NMM3D, the
study on vegetated surface can also move forward to fully numerical simulation. This will allows
us to study the speckle phenomenon of vegetated surface. More interesting research can be

conducted in wave rather than the ensembled intensity.
159



Appendix A

High Performance Computing

We have applied NMM3D extensively on high-performance computing(HPC) facility. For 3D
rough surface with 512 by 512 discretized grid points in 2D projection, the surface unknowns
involved are more than 1.5 million. NMM3D has been implemented in parallel computing with
Message Passing Interface (MPI) which is familiar in HPC community for distributed memory
infrastructure. We have run NMM3D on HPC clusters such as XSEDE Darter, Stampede, Trestles,
Kraken, etc. Extreme Science and Engineering Discovery Environment (XSEDE) is an integrated
service of NSF’s high-performance computing and data resources. It provides a single user portal
to access these resources. We have been using XSEDE of NSF under the proposal “Large Scale
Simulations of Multiple Scattering of Waves in Random Media and Rough Surface” (TG-
EAR100002) for the past 5 years. We were awarded 401k SUs on NICS Darter clusters and 1027k
SUs on TACC Stampede during 2014. In 2015, our new proposal was awarded 977k SUs on TACC
Stampede. Clusters are a set of computers, each equipped with multi-processors CPU and tens GB
of memory connected with very high speed local network (LAN). If we consider each computer
as a node, the cluster can be viewed as a single system with usually thousands of nodes. For
example, TACC Stampede has 6400 nodes. By using MPI, we use many nodes at the same time
to run NMM3D for large scale numerical problem. In the same 512 by 512 case, if we request 512

cores to run NMM3D, on Stampede these cores are actually assigned from at least 32 nodes.
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Table AppendixA.l
Hardware spec for one node on Stampede

Network 56Gb/s
CPU Two, 8-core E5-2680 at 2.7GHz
Memory 32GB

Filesystem 14-PB higher performance
Lustre file system

Expandability | Space saved for expansion

Coprocessor | Intel Xeon Phi61-core for GPU

Table AppendixA.l shows detail spec for one node on stampede. Network interface is used to
connect LAN in extremely high speed to minimize the transmitting delay among nodes. There are
16 processors (cores) for one node at 2.7GHz. There is 32GB memory for one node. We can
increase the memory usage for one core by adjusting the request of number of cores for one node.
For example, if we request 16 cores per node, we get 2GB memory in average for one core.
However, if we request only 4 cores per node, we get 8GB memory in average for one core. This
gives us flexibility to calculate problem which require larger memory for single core. Lustre file
system is commonly used in cluster to keep very high speed of I/0O while computing. On Stampede

and some other clusters, there is also an option of running GPU to do parallel computing.
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Table AppendixA.ll

Realization done on XSEDE(previously TeraGrid)
for NMM3D for different looking angle

NMM3D | Realizations | Cases Total
LUT Per case Realizations
40 degree | 30,100,200 | >170 >7340
20 degree 100 168 16800
30 degree 100 168 16800
50 degree 100 168 16800
5 degree 30 224 6720
10 degree 30 224 6720
17 degree 30 224 6720
55 degree 30 224 6720
Total >84620

There is another advantage of running simulation on cluster by exploitation of its high throughput.
We usually calculate different combinations of physical parameters to study their dependence.
This results in large amount of computation if we consider each with 200 realizations of Monte
Carlo simulations. HPC is capable of doing this since all the realizations can be sent out as jobs to
run at the same time. This leads to linear reduction in simulation time In Table AppendixA.ll, we
show part of realizations we have done with NMM3D for remote sensing. Each row corresponds

to one looking angle with different parameters combination.
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