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The 21 cm emission line from neutral hydrogen offers a promising avenue for mapping the
early universe. In particular, this emission could probe the Epoch of Reionization, or EoR, a
phase in cosmological history when early stars and galaxies ionized the intergalactic medium.
Measuring the 21 c¢m signal from the EoR would provide great insight into the structure of
the early universe, revealing the dynamics of the universe’s first galaxies and constraining
the standard model of cosmology.

Detecting the EoR will require extremely precise measurements. The signal is very faint
and is obscured by intervening emission, or foregrounds, that are 4-5 orders of magnitude
brighter. Thus far, analyses have not achieved the precision required to measure the EoR
signal. Calibration precision is a dominant limitation of these analyses.

This thesis focuses on understanding and mitigating calibration error for interferometric
measurement of the EoR power spectrum signal. We propose a novel approach to calibration,
called unified calibration, that is based on Bayesian statistics. We show in simulation that
unified calibration outperforms the established techniques in the field.

Additionally, we present results that expand and improve the calibration sky model. Pre-
cision calibration requires an accurate and complete model of the sky signal, and we examine

the impact of sky model error on calibration performance. We describe the development of a



new polarized imaging pipeline that we then use to map diffuse emission at 182 MHz across
11,000 square degrees of the Southern Hemisphere sky. The map is presented in all four
Stokes parameters and contains emission on scales of 1° to 9°. We discuss the implementa-

tion of this diffuse map in calibration and explore its effect on calibration performance.
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GLOSSARY

21 CM COSMOLOGY: The observational study of the history and structure of the universe
using the 21 cm emission line from neutral hydrogen.

ARRAY: An interferometric telescope composed of many antennas.

BASELINE: A pair of antennas that are correlated to produce a visibility, can also refer
to the vector displacement between a pair of antennas.

CALIBRATION: Process of empirically calculating antennas’ responses to the sky signal
by comparing measured data to the expected signal.

COMPACT SOURCE: Source of radio emission on the sky (e.g. a radio galaxy) that is small
in angular extent.

CMB: Cosmic Microwave Background, electromagnetic radiation in the microwave spec-
trum dating from the early universe. The CMB dates back to recombination, the
instant in cosmological history when neutral atoms first formed and the universe first
became transparent.

DIFFUSE EMISSION: Emission on the sky with large angular extent.

EOR: Epoch of Reionization, the period in cosmological history in which the hydrogen in
the IGM ionized.

EOR WINDOW: Region of power spectrum space that is not inherently dominated by
foreground emission, where there is sensitivity to the 21 cm signal from the EoR.

EPPSILON: Error Propagated Power Spectrum with Interleaved Observed Noise (often
stylized ePPSILON), a data analysis software package that performs power spectrum
estimation of imaged interferometric data.

FHD: Fast Holographic Deconvolution, a software package that performs radio interfero-
metric data analysis and imaging.



FOREGROUND WEDGE: Wedge-shaped region of power spectrum space representing modes
dominated by foreground emission.

FOREGROUNDS: Radio emission, predominantly from galactic synchrotron emission, that
lies between the observer and the cosmological 21 cm signal.

GAIN: Parameter fit in calibration that encodes the response of an antenna.

GRIDDING: A step in the interferometric imaging process where visibility measurements
are reconstructed in the uv plane.

IGM: Intergalactic Medium, baryonic matter in the universe (primarily hydrogen) that
lies outside of galaxies.

IMAGING: The process of analyzing interferometric data to produce images of the sky.

INTERFEROMETRY: An astronomical technique that measures electromagnetic waves by
correlating signals of antennas in an array.

POINT SOURCE: A class of compact source that is sufficiently small to be unresolved by
the instrument. For analysis purposes, these sources can be approximated as having
no angular extent.

PSF: Point spread function, an array’s image reconstruction of a point source.

REDSHIFT: A measure of cosmological time, or equivalently astronomical distance from
the Earth, represented as the apparent Doppler shift due to the universe’s expansion.

RFI: Radio Frequency Interference, human-made signals, predominantly telecommunica-
tions signals from Earth-based and satellite sources, that interfere with radio astronomy
measurements.

UV PLANE: Plane spanned by baseline vectors, equal to the Fourier dual of the sky.

VISIBILITY: The raw data in radio interferometry, derived by correlating voltage signals
between two antennas.

ZENITH: The point on the sky directly overhead.

vi
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Chapter 1

THE 21 CM SIGNAL AS A WINDOW INTO THE EARLY
UNIVERSE

Human societies throughout history have engaged in cosmological scholarship, seeking
to understand the origin, structure, and evolution of the universe as we know it. In this
pursuit, the night sky has offered an incredible wealth of knowledge. From our vantage point
on Earth, humans have peered into space to gain clues about the universe’s distant past.

This thesis represents one small contribution to this age-old tradition.

This thesis relates to 21 c¢m cosmology, a branch of cosmology research that uses the
signature 21 cm emission line from neutral hydrogen to probe the evolution of the universe.
In particular, this work is concerned with study of the Epoch of Reionization, or EoR, a stage
in cosmological history that occurred over 13 billion years ago. We expect that measurements
of the 21 c¢m signal from the EoR could give us great insights into nature of the early universe

and the origins of stars and galaxies.

In the past decade, the promise of measuring this signal has driven the development of
several large radio telescopes. However, the measurement has proved elusive. Science teams
from across the world have established progressively more constraining limits on the EoR’s
21 cm signal but have not achieved a detection. In this thesis we explore the limitations of

previous analyses and present tools that will enable the next generation of EoR experiments.

This chapter offers an introduction to the EoR and 21 ¢m cosmology. Chapter 2 describes
established analysis techniques in detail. Chapter 3 discusses the interaction between sky
model error and calibration, one of the dominant sources of error in previous experiments.
The remainder of the thesis presents new analysis techniques that can deliver more precise

measurements of the cosmological 21 cm signal.



1.1 An Overview of the History of the Universe

In the past century, astronomical observations have led us to an understanding of the uni-
verse’s origins called Big Bang cosmology. We understand that the universe began 13.8
billion years ago in an event called the Big Bang. The early universe was extremely hot
and dense. In the first microseconds after the Big Bang the universe expanded extremely
rapidly through a process called inflation. This expansion slowed significantly after these
first fractions of a second, and the fundamental particles that comprise the building blocks
of all matter in the universe formed: photons, leptons, quarks, and hadrons. These building
blocks ultimately evolved into the galaxies, stars, and planets of the modern universe, and
the universe continues to expand to this day.

For the first hundreds of thousands of years the universe was a dense, opaque plasma. This
changed nearly instantaneously 370,000 years after the Big Bang, at a redshift of z = 1100.
At this point the universe had expanded and cooled sufficiently to enable electrons and
protons to combine into hydrogen atoms, an event called recombination. As a result, the
universe became transparent for the first time as photons decoupled from matter. These
photons are visible today as the Cosmic Microwave Background (CMB).

Observations of the CMB have provided significant insight into the structure and evo-
lution of the early universe. The CMB was first measured in 1965 with the Holmdel Horn
Antenna microwave telescope in New Jersey (Penzias and Wilson, 1965). Follow-up measure-
ments were performed with satellite experiments including the Soviet RELIKT-1 (Strukov
and Skulachev, 1984), the Cosmic Background Explorer (COBE; Bennett et al. 1996), the
Wilkinson Microwave Anisotropy Probe (WMAP; Bennett et al. 2013), and the Planck Satel-
lite (Aghanim et al., 2020). These measurements revealed that the CMB comprises highly
isotropic blackbody radiation with small temperature variations. The results lent credence

to the Big Bang model and provided constraints on cosmological parameters including the

IRedshift, or z, is a metric of cosmological time. z represents the factor by which radiation’s wavelength
increases as a result of the universe’s expansion. Radiation from distant sources, which was emitted long
in the past, is redshifted significantly. Larger values of z represent events further in the past.



age of the universe, its rate of expansion, and the density of baryonic and dark matter in the
universe.

Following recombination and the emission of the CMB, the universe entered a phase
called the Dark Ages, aptly named for the absence of bright luminous emission. During this
period the universe was filled primarily with neutral hydrogen as well as some helium and
trace heavier elements. At first this matter was nearly uniformly distributed throughout the
universe, but small overdensities—the same inhomogeneities visible as temperature fluctua-
tions in the CMB-—began to condense under the force of gravity. Several hundred million
years after the Big Bang these regions collapsed sufficiently to form early stars and galaxies,
ending the Dark Ages and ushering in the Cosmic Dawn.

These early stars and galaxies put into motion another cosmological transition. The
radiation from these luminous objects heated the surrounding gas, called the intergalactic
medium or IGM. Moreover, the radiation was sufficiently energetic to ionize hydrogen in the
IGM. Bubbles of ionized hydrogen formed around the early galaxies. In time, these bubbles
multiplied and grew until the IGM was completely ionized. This process is called reionization,
and the extended period in which this occurred is called the Epoch of Reionization (EoR).

There is much we don’t understand about the EoR. CMB experiments have offered some
constraint on the EoR, with WMAP and Planck results estimating that the EoR occurred
around z ~ 7.4 — 11.7 (Bennett et al., 2013; Aghanim et al., 2020). On the other side, ob-
servations of high redshift galaxies suggest that reionization concluded by z ~ 6 (Fan et al.,
2006b; Choudhury et al., 2015). However, the redshift and duration of reionization remain
poorly constrained. In addition, we don’t know what radiation sources drove reionization:
Was reionization dominated by stars or black holes (active galactic nuclei, or AGN)? Were
there many small ionized bubbles or fewer large bubbles? Did more dense regions ionize
earlier or later than less dense regions? Answering these questions would aid in our under-
standing of early star and galaxy formation and further constrain important cosmological
parameters such as the temperature, density, and expansion rate of the early universe.

With the culmination of the FoR the modern universe evolved. Currently the IGM is



fully ionized. Through precise measurements of the night sky, we can probe a period in the
distant past when this was not the case, offering us elusive clues about the history of our

universe.
1.2 The 21 cm Signal as a Probe of Cosmological Evolution

One of the most promising probes of the EoR is the 21 c¢m emission line from neutral
hydrogen (Zaldarriaga et al., 2004; Bowman et al., 2006; Fan et al., 2006a; McQuinn et al.,
2006; Santos and Cooray, 2006; Valdés et al., 2006; McQuinn et al., 2007; Bowman et al.,
2008; Mao et al., 2008; Pritchard and Loeb, 2008; Barkana, 2009; Morales and Wyithe, 2010;
Pober et al., 2014). This emission has long been used by astronomers to map regions of
neutral hydrogen within galaxies. More recently, cosmologists have turned their attention to
21 c¢m emission at high redshift. Mapping this signal can reveal the density and distribution
of neutral hydrogen in the IGM before and during the EoR, providing a direct measurement
of the reionization process.

The 21 c¢m emission line emerges from neutral hydrogen’s hyperfine, or spin-flip, transi-
tion. This transition relates to the alignment between the electron and proton spins, which
interact as a result of the induced magnetic dipoles of each particle. Quantum mechanically,
the spin alignment states occupy a higher energy triplet state and a lower energy singlet
state (Feynman, 1963). The energy transition between these two states is a tiny 5.9 x 1076
eV, corresponding to a wavelength of 21 cm.

The hyperfine transition is known as a “forbidden” transition and is very rare, with a
lifetime of ~ 107 years. As a result, the emission line is extremely narrow. This means that
the observed frequency can be precisely mapped to redshift. Measuring the cosmological 21
cm emission could therefore produce a 3-D tomographic map of neutral hydrogen throughout
an enormous volume of the universe.

The 21 cm signal is very faint at high redshift, and detection requires an exquisitely
sensitive telescope. Furthermore, the measurement is contaminated by bright intervening

emission, called foregrounds. This emission is dominated by galactic synchrotron radiation



and is a staggering 4-5 orders of magnitude brighter than the 21 cm EoR signal. Mitigating
foregrounds’ contamination is among the principal challenges of 21 cm cosmology.

There are three classes of 21 cm measurements. Global experiments aim to measure the
total intensity of 21 cm emission at a given redshift, averaged across the entire sky. This gives
insight into the average density and temperature of neutral hydrogen in a given cosmological
epoch?. One such experiment, called the Experiment to Detect the Global EoR Signature
(EDGES), reported a detection of the global 21 c¢m signal at 78 MHz, corresponding to
the cosmological Dark Ages (Bowman et al., 2007). The result suggests that the early
universe could have been much colder than expected, indicating a potential discrepancy in
the standard model of cosmology.

While the global measurement is a powerful tool, it has limited ability to probe the EoR
because it does not contain any information about the 21 cm signal’s angular structure. It
therefore cannot determine the size and distribution of the neutral hydrogen regions. Direct
imaging of the 21 c¢m signal would measure the intensity of the signal in each direction of the
sky. While this may ultimately be feasible, current techniques do not enable the sensitivity
required to directly image the EoR. Instead, this thesis focuses on the third class of 21 c¢m
measurements: the power spectrum. The power spectrum is a statistical measurement of the
21 c¢m signal’s angular scales. It takes advantage of the signal’s isotropy—the fact that its
statistical properties are directionally invariant—to achieve improved sensitivity over direct

imaging.
1.3 The Instruments

The redshifted 21 cm line from the EoR appears in the low-frequency radio spectrum, at
wavelengths of about 1 — 2 meters and frequencies of ~ 100 — 200 MHz. A number of

large radio arrays have established upper limits on the power spectrum of the EoR signal,

2More specifically, the intensity of the 21 cm signal depends on the “spin temperature,” a measure of
the fraction of hydrogen atoms in the excited hyperfine energy state. As the cosmological signal is backlit
by the CMB, the observed intensity refers to the contrast with the CMB signal and appears negative in
certain cosmological epochs. For further discussion of the signal intensity, see Furlanetto et al. 2006.



including the Giant Metrewave Radio Telescope (GMRT) in India (Pen et al., 2009; Paciga
et al., 2011, 2013), the Low-Frequency Array (LOFAR) in the Netherlands (Mertens et al.,
2020), the Murchison Widefield Array (MWA) in Australia (Beardsley et al., 2016; Barry
et al., 2019b; Li et al., 2019; Trott et al., 2020), and the Donald C. Backer Precision Array
for Probing the EoR (PAPER) in South Africa (Ali et al., 2015; Kolopanis et al., 2019).
A forthcoming limit produced with the Hydrogen Epoch of Reionization Array (HERA) in
South Africa is currently in preparation (Kern et al., in prep.).

While these instruments have diverse designs, they all have some commonalities. All
are radio interferometers consisting of arrays of antennas, where signals from the antennas
are correlated to produce visibility measurements (see Chapter 2 for a description of the
measurement process). To achieve the sensitivity required to constrain the EoR the arrays
must be quite large, with dozens or even hundreds of antenna elements. All are built in
remote locations to protect against human-made radio emission (called Radio Frequency
Interference, or RFI), a significant contaminant of their measurements. To further eliminate
contamination, their sites are designated as “radio quiet zones”, with restrictions on the use
of electronics such as cell phones, Wi-Fi, digital cameras, and microwave ovens in the vicinity
of the telescopes.

These radio telescopes can be broadly categorized in two classes related to the layout of
antennas in the arrays. Regular arrays place antennas on a rectangular or hexagonal grid.
Non-regular arrays have irregularly spaced antennas, often with a pseudo-random configu-
ration. The distinction between regular and non-regular array layouts has vast implications
for the instruments’ capabilities and the analysis techniques used, and there is no clear con-
sensus on which array type offers better prospects for detecting the EoR signal. Exploring
the tradeoffs between these two classes of arrays is one of the key aims of Chapter 3.

Much of the work presented in this thesis applies to any EoR experiment—and even to
21 cm cosmology experiments beyond EoR science. However, this work was produced in
close partnership with two telescope collaborations, the MWA and HERA, and Chapter 7

presents results from data taken with the MWA. In this section we present a brief overview



of each of these two instruments.

1.3.1 The MWA

The Murchison Widefield Array (MWA) is located in the remote outback of Western Aus-
tralia. The MWA enables a diverse range of astronomy research, and EoR science is one of
its key science goals.

Each of the MWA’s antennas, or tiles, is composed of 16 individual dual-polarization
dipole elements arranged in a 4 x 4 grid, pictured in Figure 1.1. A beamformer combines
signals from the 16 dipoles. The tiles are electronically steerable: the beamformer inserts
an analog delay into the signal from particular dipoles to direct the tile’s response toward
different parts of the sky. This allows the telescope to target sources away from zenith and
enables it to track sources as they move overhead. Beneath each tile is a mesh ground screen.
At long wavelengths this mesh behaves like a mirror, amplifying the signal and concealing
irregularities in the ground substrate that could distort the measurement.

Construction of the MWA Phase I completed in 2012, and in 2017 the telescope entered its
Phase II after undergoing a major upgrade. The initial Phase I array had 128 antennas in a
non-regular, pseudo-random configuration with a maximum extent of about 3 km (Beardsley
et al., 2012; Tingay et al., 2013). The configuration of the Phase I array is plotted in Figure
1.2. The Phase IT upgrade (Wayth et al., 2018) doubled the array size, bringing the total
number of antennas to 256, of which 128 can be correlated at once. These new antennas fall
into two categories. Far-flung outrigger antennas expanded the array extent to 5 km, while
two hexagonal sub-arrays were added near the core of the array. Because not all antennas
can be correlated at once, the MWA Phase II operates in one of two modes. An extended
mode correlates the outrigger antennas and omits the hexagonal sub-arrays, improving the
array’s resolution for a broad variety of astronomy research applications. The compact
mode, primarily used for EoR science, sacrifices resolution for the improved sensitivity from
the array’s core and the hexagonal sub-arrays. Figure 1.3 depicts the antenna layout of the

Phase II compact configuration.



Figure 1.1: Photos of the MWA radio telescope. (Caption continued.)



Figure 1.1: Photos of the MWA radio telescope. On the top is an example of an MWA
antenna, called a tile, composed of 16 dual-polarization dipole elements arranged over a
mesh ground screen. The telescope consists of 256 such tiles in an array that spans 5 km.
On the bottom is a photo of a science team involved in constructing the MWA’s Phase 11
upgrade; I am pictured second from the right. Other team members pictured are, from left to
right, Adam Lanman, Wenyang Li, Joshua Kerrigan, Mia Walker, Kim Steele, David Emrich,
and Nichole Barry. Photos are credited to the MWA collaboration, Curtin University, and
Greg Rowbotham.

: 600 - .
1500 - . . .

€ T 500 '
s 10004 ° ) . %
° e S 400
< — . < . .
3 5004 ° T . 32 - .t es
8 * e * . .0 3 300 . -"'.-7-?,.5.'
E L ‘* . 4 * E . :"i".l"
t . . ", - £ 200 A . . . .
=} 0 1 L . . c
= . . . «? 0 . = ..
5 - . 5 1001
I . " ®
§ -5001 : § ol
Eﬂ . D: |*

~1000 -100 :

—-1000 -500

0

500

1000

—-400

—-200

T

0

200

Relative East/West Pos. (m) Relative East/West Pos. (m)

Figure 1.2: Plot of the antenna positions of the MWA Phase I. The MWA Phase I is a
non-regular array with antennas arranged in a pseudo-random configuration. The plot on
the left depicts the full array, and the plot on the right zooms in on the array’s compact core
(outlined as a grey square on the left).
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Figure 1.3: Plot of the antenna positions of the MWA Phase II in its compact configuration.
The Phase II upgrade to the telescope added two hexagonal sub-arrays near the array’s
core. In this configuration, the MWA is a hybrid array with both regular and non-regular

components.
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1.53.2 HERA

The Hydrogen Epoch of Reionization Array (HERA), pictured in Figure 1.4, is located
in the South African Karoo. It a second-generation instrument built on the same site as
the decommissioned Donald C. Backer Precision Array for Probing the EoR (PAPER). In
contrast to the MWA | HERA is purpose-built for EoR science.

When complete, HERA will consist of 350 fully-correlated dish antennas. The dishes
are 14 meters in diameter, constructed of PVC and wire mesh. As with the MWA’s ground
screens, the mesh reflects radio waves just as a mirror reflects visible light. Dual-polarization
feeds, called Vivaldi feeds, are suspended above each dish (Fagnoni et al., 2020). All but 30
antennas are configured in a close-packed configuration. The configuration, plotted in Figure
1.5, takes the form of a modified hexagon with three offset sections.

Unlike the MWA, HERA’s antennas are not steerable. This means that HERA cannot
track sources as they move overhead. Instead, it operates as what is called a drift-scan
telescope, detecting sources as they move through the instrument’s stationary response on

the sky.

1.4 The Challenge of 21 cm Cosmology

In the past decade there has been considerable investment in 21 cm cosmology and EoR
science by researchers around the world. The promise of measuring the EoR power spectrum
has driven construction of several large radio arrays, and there has been substantial progress
in the development of array hardware and data analysis software aimed at enabling to this
measurement. Even so, we have not achieved a measurement of the EoR signal.

The predicted EoR power spectrum signal is very faint, but this alone cannot explain
why a detection remains elusive. Existing instruments have large collecting areas and achieve
the sensitivity required to detect the EoR. Instead, the limitations in EoR experiments are
due to systematic error in the measurement. These errors are at a level that swamps the

faint cosmological signal. Furthermore, they are not mitigated by gathering more data or
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Figure 1.4: Photos of the HERA telescope. The top photo depicts part of the array, with
close-packed 14 meter dishes in a hexagonal configuration. When complete, the array will
have 350 dish antennas. Feeds are suspended over each dish with cables. On the bottom, I
raise a feed. Photos are credited to Scott Dynes (top) and Pyxie Starr (bottom).
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Figure 1.5: Plot of the HERA antenna positions. HERA is a regular array with antennas
positioned in a close-packed modified hexagonal configuration. 30 outrigger antennas improve
the array’s resolution.
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further expanding the instruments’ collecting area. Progress in the field therefore requires
mitigation of these sources of systematic error and development of new analysis techniques
that can deliver the needed precision.

One of the key systematic errors in EoR analyses stems from foreground contamination.
As noted above, foregrounds are 4-5 order of magnitude brighter than the EoR signal. In
principle, the foreground and cosmological signals can be separated based on their distinct
spectral properties. Because foregrounds are emitted through synchrotron processes, they are
very spectrally smooth, whereas the EoR signal has substantial spectral structure. However,
current analysis techniques limit this separability. Because the foreground signal is so bright,
even low-level signal mixing precludes detection of the cosmological signal.

Calibration error is one of the dominant error mechanisms producing foreground contam-
ination and is the focus of this thesis. At the same time, we note that calibration error is
not the only limitation of current analyses. RFI contamination is a significant concern, with
recent work highlighting the deleterious effect of faint RFI on cosmological measurements
(Wilensky et al., 2020). Measurement precision can also be limited by the dynamic range of
the analysis, which must be able to precisely reconstruct both the bright foreground power
and the faint cosmological signal. Recent analysis advances have tackled aliasing effects that
limit dynamic range (Barry et al., 2019b). Nevertheless, calibration error is a persistent and
predominant limitation in 21 cm analyses. The calibration techniques used to produce the
field’s current limits will not enable a detection of the EoR signal.

Calibration calculates the response of each antenna in an array. This fits variations in
the sensitivity of the antennas, the precise timing of each antenna signal, and the frequency
dependence of each antenna’s response. Errors in the frequency response are of particu-
lar importance for 21 ¢m cosmology because they introduce frequency structure into the
intrinsically spectrally smooth foregrounds. The foregrounds thereby can’t be separated
from the spectrally varying cosmological signal. As a result, calibration precision is critical
for enabling an uncontaminated measurement of the EoR signal, and the development and

characterization of precision calibration techniques is an active area of research (Wieringa,
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1992; Pen et al., 2009; Liu et al., 2010; Kazemi et al., 2011; Kazemi and Yatawatta, 2013;
Grobler et al., 2014; Newburgh et al., 2014; Salvini and Wijnholds, 2014; Zheng et al., 2014;
Yatawatta, 2015; Barry et al., 2016; Berger et al., 2016; Dillon and Parsons, 2016; Ewall-Wice
et al., 2016; Grobler et al., 2016; Patil et al., 2016; van Weeren et al., 2016; Wijnholds et al.,
2016; Ollier et al., 2017; Dillon et al., 2018; Grobler et al., 2018; Joseph et al., 2018; Li et al.,
2018; Tasse et al., 2018; Kohn et al., 2019; Li et al., 2019; Orosz et al., 2019; Albert et al.,
2020; Dillon et al., 2020; Joseph et al., 2020; Kern et al., 2020; Mertens et al., 2020; Sob
et al., 2020).

This thesis presents major advances in precision calibration for 21 c¢m cosmology. It
tackles the problem of calibration error from two angles. First, it explores the statistical
underpinnings of calibration, examining the assumptions of established calibration techniques
and proposing a new calibration framework called unified calibration, presented in Chapter 4.
Unified calibration represents a highly flexible, physically-motivated approach to calibration
based on Bayesian statistics. In Chapter 5 we show that in simulation unified calibration
performs better than the other calibration approaches widely used in the field.

All precision calibration approaches require a good a priori model of the sky signal.
The second avenue by which this thesis improves calibration’s capabilities is by expanding
upon existing sky models through mapping diffuse emission. This emission has characteristic
angular scales of several degrees and is highly polarized. We present the map and discuss its
implementation for precision calibration in Chapter 7.

The development of unified calibration and mapping of polarized diffuse emission confront
two of the major limitations of previous EoR analyses. In the course of their development,
we also gained a more robust understanding of the mechanisms of calibration error (Chapter
3) and developed a high-fidelity polarized imaging pipeline for widefield radio telescopes
(Chapter 6). Together, these advances pave the way towards a detection of the EoR power

spectrum.
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Chapter 2

INTERFEROMETRIC MEASUREMENT OF THE
COSMOLOGICAL 21 CM SIGNAL

This chapter presents an overview of the analysis techniques used to process interferomet-
ric data and estimate the power spectrum of the cosmological 21 cm signal. The field of 21
cm cosmology employs a broad diversity of analysis approaches, and in this chapter we focus
on the approach taken by the Fast Holographic Deconvolution' (FHD) and Error Propagated
Power Spectrum with Interleaved Observed Noise? (¢PPSILON) software packages (Sullivan
et al., 2012; Jacobs et al., 2016; Barry et al., 2019a). Analyses presented throughout this
paper use these two packages, where FHD performs interferometric imaging and ePPSILON
produces power spectrum estimates from those images.

Precision data analysis requires an excellent understanding of the instrumental process, so
in §2.1 we discuss the properties of a radio interferometer’s measurement and define variables
and expressions used throughout this thesis. §2.2 describes how to transform the data into
images of the sky, following FHD’s analysis approach. §2.3 then provides an overview of the
power spectrum estimation pipeline as implemented in the ePPSILON software package. §2.4
introduces interferometric calibration, which is a primary focus of the work presented in this

thesis.

2.1 The Visibility Measurement

The fundamental unit of measurement for an interferometric array is the visibility. A vis-

ibility is formed by correlating (multiplying and time-averaging) the voltage signals of two

"https://github.com/EoRImaging/FHD

’https://github.com/EoRImaging/eppsilon
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antennas. The pairs of antennas are called baselines; the term “baseline” also refers to the
vector displacement between the antennas. Visibilities comprise a complex value per base-
line, polarization mode, frequency channel, and time step. Because baselines are formed
between all pairs of antennas in an array (and even between an antenna and itself — these
are called the “autocorrelation visibilities”), the number of visibilities for an array of N an-
tennas scales as (N2 + N)/2. Consequently, data volumes explode for large-N arrays, posing
significant challenges for data storage and analysis.

Each antenna has a complex response pattern on the sky, called the antenna beam. We
denote the beam for antenna j as D;(@), where 0 is a two-element vector representing the

angular position on the sky. We can write the visibility derived by correlating signals from

> . @)

Here r; and 7, denote the positions of antennas j and k, respectively, A is the wavelength

antennas j and k as

Vjk = <[ / d*0 D;(0) ™77 E(9)

[/ d20 Dk<0> 627ri0-rk/)\E(0)

of emission, and F(0) represents the electric field on the sky. The asterisk * represents
the complex conjugate, - denotes the vector dot product, and the angle brackets () indicate
the time average. Here we assume the electric field is unpolarized; in Chapter 6 we extend
this formalism to describe polarized emission. This expression assumes a planar array, such
that r can be represented as a two-element vector. It also assumes the far-field limit, such
that the emission sources are far from the array receiving elements. Many arrays are so-
called “homogeneous” arrays with near-identical antennas. For those arrays, we can assume
that the antenna beams are equal: D;(0) ~ Dy(0). For generality, we do not make that
assumption here.

We can rewrite this equation as
Vi = / d*0 / d*0' D;(8) D (') * O mi=¢"mI/X (B(9)E*(9")) . (2.2)

The electric field at different positions on the sky is uncorrelated, so (E(8)E*(6')) = 0 when
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0 # 6'. We therefore get that
Ujik =/ d*0 D;(0)Dy(0) > "= (|E(6)%) . (2.3)

This relationship is at the core of radio interferometric analysis.
To further simplify this expression, we define new quantities. The sky brightness is given
by
S(0) = (E®)), (2.4)

the beam power response of the baseline formed by antennas j and £ is
Bji(0) = D;(0)D;(8), (2.5)
and
xj = (r; —rK)/A\ (2.6)
Here xj;, is simply the baseline vector for antennas j and k in units of wavelengths.® The
two elements of the baseline vectors are often denoted uw and v, and the plane spanned by

these vectors is called the uv plane.

Rewriting Equation 2.3 in terms of these quantities, we get

Vig = / 20 B;(0)S(0) >0 ®ir, (2.7)
This is sometimes further simplified to
vk = /Oo d*0 T;,(0)S(6), (2.8)
where the quantity
T;i(6) = Bj(0)e* 0 i (2.9)

is the baseline transfer function and encodes the full baseline response (Eastwood et al.,

2018). Equation 2.8 is often recast as a matrix operation

v=T(v,0)S(0), (2.10)

3The notation in this thesis departs from the usual convention in the field, which represents the baseline
vectors with the variable w. In this thesis, u refers to calibration parameters (see §2.4.2 and Chapter 4).
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where S(0) is a vector of length equal to the number of pixels on the sky and T(v, ) is
a matrix that maps between the sky and the visibility measurements. The challenge of
interferometric data analysis estimating S(€) from the visibilities.

T(v,0) is not invertible. There are a number of sophisticated interferometric imaging
algorithms that produce estimates of S(0), and in the subsequent section we discuss the
approach used throughout this thesis. In general, interferometric imaging makes use of the
Fourier relationship between the sky signal and the baseline measurements.

Returning to Equation 2.7, we note that the integral describes a Fourier transform. We
define the Fourier transform of the sky as

S(x) =FT [S(0)] = /_ 20 5(0) ¥ (2.11)

[e.e]
Here FT denotes the Fourier transform operation and the tilde represents the Fourier trans-

formed quantity. Via the convolution theorem, Equation 2.7 becomes

Vjk = [Bjk * g](m]k) = / d*x Bjk(a:jk —x)S(x), (2.12)
where * denotes the convolution.
We can express this function in terms of the baseline transfer function. From Equation

2.9, we get that

Ti(x) = / h d*0 B;(8) ™0 @tin) (2.13)
S0 7
Tin(x — i) = /OO d*0 B, (0)e* 0" (2.14)
and Tji(z — ;1) = Bjr(x). We then get that
Vjp = /Oo d*x Tj(—x)S(x). (2.15)

2.2 Interferometric Imaging

The fidelity of reconstructed interferometric images is highly dependent on the the instru-

ment’s measurement coverage. Small arrays with few antennas can only sample a small
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number of uv modes, and the resulting images will have significant imaging artifacts. Large
arrays, particularly arrays with antennas in pseudo-random configurations, can measure and
reconstruct more uv modes and produce more accurate images (Beardsley et al., 2012). The
point spread function (PSF) describes the reconstruction of a single point-like emission source
and reflects the measurement artifacts that appear in a reconstructed image.

In this section, we discuss interferometric imaging with the FHD software package (Sul-
livan et al., 2012; Barry et al., 2019a). FHD’s analysis approach follows the “optimal map-
making” formalism developed in Bhatnagar et al. 2008 and Morales and Matejek 2009 and
based on the techniques developed for CMB analyses explored in Tegmark et al. 1998. All
analyses presented in this thesis were produced using FHD.

Interferometric imaging generally involves “gridding” visibilities to the uv plane. Grid-
ding consists of placing the measured visibility values in the uv plane at the locations sampled
by each measurement. The visibilies are smeared over a region of uv space with a gridding
kernel. Optimal mapmaking is a unique imaging approach that uses the beam response as
the gridding kernel. Barry et al. 2019b showed that a modified gridding kernel that slightly
differs from the beam response can produce better cosmological measurements, however that
work is beyond the scope of this thesis.

FHD supports three uv weighting schemes, called “natural” weighting, “optimal” weight-
ing, and “uniform” weighting. (Note that FHD’s “natural” and “uniform” weighting are not
equivalent to those of the widely-used radio imaging software Common Astronomy Software

Applications, or casA.?) Here we document each of those weightings.

2.2.1 Natural Weighting

Under FHD’s natural weighting scheme, the sky signal is estimated as follows:

. 1 3 -
5(0) = W.FT ! ZBjk(a:jk — a:) Uik | - (216)

jk

“https://casa.nrao.edu/
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Here F7 ! denotes the inverse Fourier transform operator and S (@) denotes the estimate
of the sky signal S(0). Bayg(0) represents the average baseline response, averaged across all
baselines. (' is a constant factor that can account for the measurement coverage in the wv
plane. We discuss this constant in detail in §2.2.4.

Note that here B,y (0) and B;;(6) correspond to estimates of the true beam. Any physical
beam model experiences errors relative to the true instrumental response, but precise analyses
require that those errors are small. As a result, beam modeling is an active area of research.

In Equation 2.16, the bracketed expression is simply the gridded visibilities. Each visi-
bility is multiplied by the baseline response and added to the uv plane, which FHD typically
pixelates at half wavelength spacing. The result is Fourier transformed to produce an image
of the sky weighted by two factors of the beam.

Natural weighting is perhaps the simplest analysis approach, but it is not the most accu-
rate. The gridded wv plane represents the sum of all visibility contributions, not the average.
The uv plane values are therefore highly dependent on the instrument’s measurement cov-

erage.

2.2.2  Optimal Weighting

Under optimal weighting, we divide the gridded wv plane by the weights to produce a
weighted average of the uv plane. The weights are equivalent gridding all visibilities as
1. The resulting estimate of the sky is given by

§0) = L pp| 2 B@ m @) v
C'Bayg(0) > Bl — )

(2.17)

Note that we set the bracketed expression to zero for uv locations where the denominator is
zZero.

Regions of the uv plane where the weights are zero correspond to holes in the instrument’s
uv coverage. Those modes are not measured and cannot be reconstructed. This can produce

artifacts in the reconstructed image.
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2.2.3  Uniform Weighting

Uniform weighting is an analysis technique designed to reduce imaging artifacts from holes
in the instrumental wv coverage. Under uniform weighting, we produce a simple average of
the wv plane, in contrast to the weighted average produced in optimal weighting.

Under uniform weighting, the estimate of the sky signal is

$(0) !

> Bip(wje — ) v

o) , (2.18)

o —1
= By @)

where W (x) is a uv weighting function equal to the number of visiblity measurements that
contribute to each wv pixel. More specifically, we can define a function Pj;(x) for each

baseline {7, k} that corresponds to the baseline’s footprint in the uv plane:
Pi(xz) = ) (2.19)

Then the weighting function is given by
W(m) = Py(). (2.20)
jk

As with optimal weighting, we set the bracketed expression in Equation 2.18 to zero for uv

locations where the W (x) = 0.

2.2.4  Normalization Factor

Each weighting scheme presented in Equations 2.16, 2.17, and 2.18 contains a normalization
factor C'. This factor is set to normalize the reconstructed images appropriately for various
science applications. Interferometric images have one of two normalization schemes: point
source normalization and diffuse normalization. The normalization schemes are appropriate

for measuring different classes of emission.
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Point Source Normalization

Point source normalization is appropriate when imaging bright, compact sources. These
sources are sufficiently small as to be unresolved by the instrument and are therefore well-
approximated as point sources.

Compact sources produce power throughout the uv plane. Gaps in the instrument’s mea-
surement of the uv plane mean that the sources cannot be fully reconstructed. Point source
normalization ensures that bright, compact sources have the correct peak normalization by
accounting for measurement gaps in the uv plane that suppress the sources’ reconstructed in-
tensities. The normalization produces images where point sources have correct normalization
in units of flux density, generally reported as janskys (Jy)®.

The normalization factor C'is calculated by considering the measurement of a single point
source of unit intensity at the pointing center. This source yields visibility measurements of
1 for every baseline. We can imagine imaging those visibilities and calculating the source’s
intensity to derive the normalization factor.

For natural weighting (§2.2.1) we get

1 .
C=——— _FT! B (xr — 0=0). 2.21
=0 |2 P (00 >
Here 6 = 0 represents the pointing center. F7 ' [f(z)] (6 = 0) denotes transforming the
quantity f(x) from the uv plane to the sky and taking its value at the pointing center. For

optimal weighting (§2.2.2) this becomes

1 Bt (i —
avs(60 = 0) ij i (@jk — )
and for uniform weighting (§2.2.3) we get
3 1 [ Bl —2) |
C = —|Bavg(9 — O)|2]:T W () (6 =0), (2.23)

°In SI units, one jansky is equal to 10726 watts per square meter per hertz (1 Jy = 10726 W m~=2 Hz ).
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where W (x) is given by Equation 2.20. In Equations 2.22 and 2.23 the bracketed quantity

is taken to be zero when the denominator is equal to zero.

Diffuse Normalization

Diffuse normalization sets C' = 1 for all weighting schemes. It is used when imaging large-
scale structure. Under diffuse normalization, we retain the appropriate normalization of the
emission’s angular power spectrum. In other words, Fourier transforming the sky signal
yields and estimate of the true uv plane. This reconstructed wv plane will be accurate
only where the instrument measures. If the uv plane is fully sampled, diffuse normalization
delivers an image that is properly normalized in surface brightness units such as janskys per

sterradian (Jy/sr) or Kelvin.
2.3 The Power Spectrum Measurement

The goal of 21 cm cosmology is to measure the size and distribution of neutral hydrogen
in the early universe. We aim to map three-dimensional regions of neutral hydrogen by
measuring its extent along the two axes perpendicular to the line-of-sight, corresponding to
directions on the sky, and the line-of-sight axis, corresponding to redshift or the observed
frequency of the signal.

It is infeasible to directly image the faint 21 ¢cm cosmological signal, so we instead intend
to make a statistical detection of the signal’s power spectrum. The power spectrum is
derived by, in essence, Fourier transforming all three measurement axes and averaging the
resulting power spectrum cube in spherical shells. The ePPSILON software package (Jacobs
et al., 2016; Barry et al., 2019a) calculates a fully error-propagated measurement of the
cosmological power spectrum from imaged interferometric data. ePPSILON’s implementation
follows the imaging power spectrum approach, and we note that this is distinct from the
delay power spectrum approach, another method of power spectrum estimation widely used
in the field (Morales et al. 2019 explores the distinctions between these two approaches). In

this section we provide a qualitative description of the ePPSILON power spectrum pipeline.



Oy

* 1. Power spectrum estimation
pipeline begins with an image of
f the sky at each frequency.

Yy q Y-

73
> Ox

2. Each axis is Fourier transformed.
Modes perpendicular to the line of
sight are averaged in cylindrical
k= K, shells to produce a 2-D power

\ spectrum.

> Jcx

kz, ku

3. Modes contaminated by
foregrounds and systematics are
k masked. The remaining modes are
averaged to produce a 1-D power
spectrum.

-
>

4. The 1-D power spectrum
represents power across
spherically—averaged scales.

Power

=k

Figure 2.1: Graphic representation of the power spectrum estimation pipeline.
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Figure 2.1 provides a graphical representation of the imaging power spectrum pipeline.
The pipeline begins with a 3-D image cube, consisting of a 2-D image of the sky across
frequencies. The image cube could be produced from a single observation or many combined
observations.

First, we Fourier transform the image cube along all three axes and square to produce a
3-D power spectrum cube. The Fourier dual quantities are converted into cosmological units
of inverse comoving megaparsecs (Mpc™'). Power spectrum modes in this thesis are reported
in units of A Mpc™', where h = (3000 Mpc)H,/c is a dimensionless cosmological constant.
Here Hj is the Hubble constant in the present epoch and c is the speed of light; in our
analysis, we let h = 0.71. For more information about the conversion to cosmological units,
see Hogg 1999 and Morales and Hewitt 2004. The Fourier transforms of the two angular
axes are denoted k, and k,; the Fourier transform of the frequency axis is denoted k. or
equivalently k-parallel or kj because it corresponds to modes parallel to the line of sight.

Next, we can imagine averaging k, and k, together in cylindrical shells. We call this
averaged angular power spectrum k-perpendicular or k£, because it represents modes per-
pendicular to the line of sight. Together k, and k| form a 2-D power spectrum. Plots of this
power spectrum are important analysis diagnostics, and throughout this thesis we will refer
to 2-D power spectrum plots to explore and compare analyses.

The 2-D power spectrum is key to separating the cosmological signal from the bright
astrophysical foregrounds. Because of its origin as synchrotron radiation, foreground emission
is spectrally very smooth. This is in contrast to the 21 cm signal from the EoR, which we
expect to vary across frequency as a result of variable emission intensity along the line of
sight. Foregrounds therefore intrinsically occupy the lowest line of sight power spectrum
mode, k| = 0, while the cosmological signal extends to high k modes. If the foreground
signal were perfectly reconstructed, excluding the k| = 0 mode from analysis would eliminate
foreground contamination of the cosmological signal.

However, this model is complicated by the instrument’s frequency-dependent response.

A baseline’s response to emission from an off-axis source depends on the frequency of ra-
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Figure 2.2: Schematic of the 2-D power spectrum. The horizontal axis represents k,, power
spectrum modes perpendicular to the line of sight. Large angular scales on the sky, mea-
sured by an array’s short baselines, appear on the left side of the plot, while small angular
scales, measured by long baselines, appear on the right side. The vertical axis represents
k), the Fourier transform of frequency. For the narrow 21 cm emission line, & maps to
the power spectrum of structure parallel to the line of sight. Foreground emission is in-
trinsically spectrally smooth and occupies the lowest & mode. However, the instrument’s
frequency-dependent response couples foreground power into higher & modes occupying the
“foreground wedge.” Foreground emission on the horizon couples into a maximum k| mode
at the solid “horizon line”, while emission from the edge of the primary field of view extends
only to the dashed “primary field of view” line. The “EoR window” refers to power spectrum
modes outside of the foreground wedge, where we are sensitive to the cosmological 21 c¢m
signal.
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diation. Because of information loss in the measurement process—owing to the antennas’
finite size and discrete sampling of the uv plane—this frequency dependence cannot be fully
reconstructed and mitigated. As a result, the foregrounds’ intrinsically spectrally smooth
power couples into higher line of sight modes, &k > 0. Longer baselines’ responses are more
sensitive to frequency variations and couple foreground power into larger kj modes than short
baselines, producing a wedge-shaped feature in the 2-D power spectrum called the foreground
wedge and explored in depth in the literature (Furlanetto et al., 2006; Datta et al., 2010;
Morales and Wyithe, 2010; Vedantham et al., 2012; Morales et al., 2012; Parsons et al., 2012;
Trott et al., 2012; Dillon et al., 2013; Hazelton et al., 2013; Thyagarajan et al., 2013, 2015).

Figure 2.2 presents a schematic of this feature.

2-D power spectrum modes that lie outside the foreground wedge are called the “EoR
window.” These modes are sensitive to the cosmological signal and are the only modes we
use to produce 1-D power spectrum measurements. We estimate the cosmological power
spectrum my masking the 2-D power spectrum modes contaminated by foreground emission
and averaging the remaining modes in rings across k; and kj. At this stage, we may mask
additional modes in the 2-D power spectrum that are contaminated by systematic error.
For example, frequency structure in the instrumental response, such as the MWA’s coarse
band structure, can render particular & modes unusable (Beardsley et al., 2016; Barry et al.,
2019b; Li et al., 2019). We also exclude poorly-measured k; modes where our specific array
layout does not provide good wv plane measurement coverage. (Note that, in practice,
eppsilon calculates the 1-D power spectrum directly from the 3-D power spectrum cube with
appropriate masking. However, the masked contaminated modes are more naturally defined
in the 2-D power spectrum space described here.)

By excising sources of measurement contamination in the 2-D power spectrum, we can
produce a 1-D power spectrum measurement that is sensitive to the faint cosmological signal.
A measurement of this cosmological power spectrum would illuminate the distribution of
neutral hydrogen in a particular cosmological epoch, or redshift range, as dictated by the

frequency range of the input image cube. However, to date low-level measurement error has
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precluded detection of this signal. The challenge of the field is to mitigate even extremely
faint sources of contamination of the EoR window power spectrum modes, enabling detection

of the EoR’s power spectrum.
2.4 Interferometric Calibration

Calibration is the process of constraining the instrument’s response to a sky signal. It is a
critical aspect of all radio interferometry, but it is especially important for 21 cm cosmology
because of the measurement’s precision requirements. Even low-level calibration errors can
quickly preclude detection of the cosmological signal.

In general, calibration consists of determining the antenna gains, g. The gains consist of
a complex number per antenna, frequency channel, time step, and polarization mode. The
amplitude of the gain corresponds to the sensitivity of the antenna: in the convention used
in this thesis, large gain amplitudes indicate that the antenna amplifies the incident signal
with respect to the expected response and small gain amplitudes indicate that the antenna
suppresses the signal. The complex phase corresponds to an antenna’s precise timing, and
offsets in the phase of the gains indicate early or delayed wavefront detection.

The gains are related to the visibilities via the measurement equation:
Vjk = gngujk + N (2.24)

(Hamaker et al., 1996). Here v,y is the visibility formed by correlating signals from antennas
j and k, g; is the gain of antenna j, and g is the gain of antenna k. w;; is the theoretical
true sky visibility, and nj; is the noise. Here we have excluded explicit frequency-, time-,
and polarization-dependence. For further discussion of frequency-dependent calibration see
§4.4. §6.4 discusses calibration’s generalization to the fully polarized case.

Calibration is the process of calculating g from the data and an estimation of the true
visibilities w. While there are many approaches to calibration, most calibration implemen-
tations to date can be broadly classified in one of two categories: sky-based calibration and

redundant calibration. In this section we introduce those two classes of calibration. Chapter
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4 expands upon these calibration methods by presenting a new calibration approach called
unified calibration. Unified calibration enables a physically-motivated and highly flexible

calibration framework that combines aspects of sky-based and redundant calibration.

2.4.1 Sky-Based Calibration

Sky-based calibration estimates w from an estimate of the sky signal and instrumental re-
sponse. The sky model generally consists of an extensive catalog of compact radio sources
and may also include models of diffuse structure. We propagate this sky model through a
simulation pipeline that includes detailed models of the instrumental response to produce
model visibilities m, and we then assume that u ~ m.

From the measurement equation, we then get that v, ~ g;g;m; ;. The gains are calcu-

lated from a cost function that quantifies the discrepancy between these values:
L(g) = ) _ lvik — gigemil” (2.25)
ik

The fit gain values g are the values of g that minimize L(g). Note that this cost function
is often called a chi-squared or x?; for generality, we use the symbol L. In Chapter 4 we
present a generalized calibration formalism for which L is not necessarily equivalent to a
chi-squared.

We can calculate the minimum of L(g) analytically by taking derivatives with respect to

the gains. We find that, excluding the autocorrelation antennas (using only data v;; where

Jj# k),

dL(g)
S a3 Re(g)lg; P * — Re(v9mu)| (2.26)
dRe(gr) =
and
JdL(g) T
OTm(ge) 4y [Im(gk)\gj|2\mkj\2 + Im(vkjgjmkj)} : (2.27)
F i#k
The extremum condition states that 8%}5}1) ~=0and 68151((21 |oo= 0 for all antennas k.
9=4 g9=4
We thereby get that
. Mk
i = 2 DT (2.28)

Z#k G512 k]
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For an array with N antennas, this represents a system of N coupled nonlinear equations.
Calibration consists of solving this system of equations, typically with an iterative method
such as gradient descent (Salvini and Wijnholds, 2014).

Minimizing Equation 2.25 yields degenerate solutions. We note that adding a constant
phase term A to all gains, such that g — ge'®, leaves L(g) unchanged for any real value
of A. The overall phase of the gains, which corresponds to the absolute timing of incident
radiation on the array, is therefore a degenerate parameter under this calibration approach
and must be constrained in some other way. (See §4.1.2 for a more formal discussion of
calibration degeneracies.)

A simple way to constrain the overall phase of the gains is to use a reference antenna. One
then requires that Arg[gres] = 0 where gyef is the maximum-likelihood gain of the reference
antenna and Arg denotes the complex phase. However, this means that systematic errors
in the phase of the reference antenna affect all antennas. More sophisticated calibration
approaches mitigate calibration errors in the reference antenna to better constrain the overall
phase of the gains (Barry et al., 2019b; Li et al., 2019) or use an external time-variable signal
such as a pulsar (Pen et al., 2009).

Sky-based calibration is susceptible to error if the model visiblities m are incorrect. This
arises when the sky model is inaccurate or incomplete (Barry et al., 2016; Ewall-Wice et al.,
2016), an effect we explore in Chapter 3. Errors also occur when the instrument model
that maps the sky model to the model visiblities m is incorrect. In practice, all sky and
instrument models have limited accuracy, and the challenge is to suppress these errors to

levels that are acceptable for the EoR measurement.

2.4.2  Redundant Calibration

Redundant calibration is a calibration approach applicable to arrays with antennas in a
regular grid pattern (Wieringa, 1992; Liu et al., 2010; Dillon and Parsons, 2016; Dillon et al.,
2018; Grobler et al., 2018; Kern et al., 2020; Dillon et al., 2020). These regular arrays have

many repeated baselines measurements, and these repeated measurements can be leveraged
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to further constrain the estimate of w.
In redundant calibration, we assume that v, ~ g;g;u, where j and k index antennas
and a represents the redundant baseline set that contains baseline {j, k}. We then get a cost

function of the form

= Z Z [vjk — gighua)’. (2.29)

a {j,k}ina
Here > (j.k} in o TePTEsents the sum over all baselines {j, k} that belong to redundant set a.
Calibration consists of calculating the values g and @ that minimize L(g,w). Although u
are fit in calibration, only g are applied to the data to produce calibrated visibilities.

As for sky-based calibration, we can derive analytic expressions for the fit calibration

parameters g and u by calculating derivatives of L(g,u) from Equation 2.29. We find that

gﬁ;’gk) 42 [Re 9151 s — (vzjg;fukj)} (2.30)
and
% = 4; [Im(gk)‘gjmukj‘Q T Im(v;;jg;ukj)] . (2.31)
Solving the extremum conditions gf{g&"k)) = =0 and gfm( )) = 0, we find that
g=g.u=a g=g,u=a

calibration solutions must satisfy

b = 2k 950KV (2.32)
> i 1G5 Pl

which is simply Equation 2.28 where we have replaced the model visibilities m with the fit
visibilities u

Taking derivatives with respect to the visibility terms u, we get

OL( g7 by o
3Re (uq) =2 Z [|gj| |9x]” Re(ua) — Re(vjkgjgk)} (2.33)
{j,k} ina
and
OL(g,u ) o
0Im(u,) =2 Z [|9j| |gx|” I (ua) + Im(“jkgjgk)] : (2.34)

{j.k} ina
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Solving 2klg:u) =0 and ren)

D Re(ne) =0, we get

g=g,u=1 g=g,u=1u
A Z{j7 k}ina ,Ujkg;g}“
‘ Z{j,k} ina |§J’2|§k|2

The calibration solutions that minimize Equation 2.29 experience the same degeneracy

(2.35)

in the overall phase of the gains seen in sky-based calibration: the transformation g —
ge'® leaves L(g,u) unchanged. However, redundant calibration also includes additional
degeneracies. The solutions are degenerate in the overall amplitude of the gains: consider
that L(g,w) is invariant under the transformations g — Ag and u — #g. Errors in the
overall gain amplitude A make the sky appear artificially bright or dim.

Finally, the solutions that minimize Equation 2.29 are degenerate in the phase gradient
of the gains. Assuming a co-planar array, L(g,w) is invariant under the transformations
g; — g;e'PamitAuui) and u, — u,e”(AeTatBuve)  Here (24,y;) are the coordinates of antenna
J and (x4, Ys) = (¥; — Tk, y; — Yx), where baseline {j, k} belongs to redundant set a. Errors
in the phase gradient parameters A, and A, shift the sky image such that sources appear
offset from their true positions.

In total, calibration solutions that minimize Equation 2.29 are degenerate in a minimum
of four parameters per time step, frequency, and polarization: the overall amplitude of the
gains, A; the overall phase of the gains, A; and the z- and y- components of the phase
gradient, A, and A,. Additional degeneracies arise in special cases. For example, arrays
that contain multiple redundant sub-arrays can have more than four degenerate parameters.
Each of the hexagonal sub-arrays in the MWA Phase II has an independent overall phase
degeneracy (Li et al., 2018).

In light of these degeneracies, redundant calibration must include an additional calibra-
tion step, called absolute calibration, that constrains these parameters. Minimizing Equation
2.29 alone is called relative calibration (Zheng et al., 2014; Byrne et al., 2019; Kern et al.,
2020), and it does not yield physical calibration solutions that can be applied to data. The
relatively calibrated gains that have not had absolute calibration applied are sometimes

called h to distinguish them from the true gains g. There are several approaches to absolute
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calibration (see Chapter 3 and Appendix A), but all are similar to sky-based calibration
in that they constrain the overall amplitude and phase gradient terms (A, A,, and A,)
from model visiblities m derived from a sky model propagated through an visibility simula-
tor. The overall phase of the gains A is constrained in absolute calibration using the same
techniques used for sky-based calibration and described above in §2.4.1.

Redundant calibration assumes that the measurements from redundant baselines are
identical. Antenna position errors or response inhomogeneities—for example, if the beam
response from one antenna has a different shape than that of another—break this assumption
and introduce errors in the relative calibration step of redundant calibration. Furthermore,
absolute calibration is susceptible to errors from inaccurate or incomplete sky and instru-
ment models, much like sky-based calibration. We explore the effect of sky model error on

redundant calibration in Chapter 3.

2.4.83 Direction-Dependent Calibration

In both the sky-based and redundant calibration approaches described above, we assume
that the shape of the antenna responses across the sky are well-modeled a priori. This is
called direction-independent calibration. In practice, unmodeled direction-dependent effects
can degrade interferometric performance. Direction-dependent calibration is a more flexible
alternative that can capture uncertainties in the spatial structure of the antenna responses
(Kazemi et al., 2011, 2013; Patil et al., 2016; van Weeren et al., 2016; Tasse et al., 2018;
Albert et al., 2020; Mertens et al., 2020). Direction-dependent calibration is largely beyond
the scope of this thesis, but for completeness we summarize it in this section.

In direction-dependent calibration, the gains can take on different values for different
directions on the sky. In typical implementations, the sky is faceted into discrete sections,
and a gain is calculated for each antenna and each sky facet (van Weeren et al., 2016).

Direction-dependent calibration can be a good calibration approach when antenna re-
sponses are difficult to model. The direction-dependent gains can fit response shapes that

are not well-modeled and vary antenna-to-antenna. Additionally, direction-dependent cali-
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bration can be important for modeling ionospheric effects. This is particularly critical for
large arrays where antennas have different lines-of-sight through the ionosphere. Refraction
through the ionosphere imposes direction-dependent phase distortions that vary in time as
ionospheric conditions change (Jordan et al., 2017; Albert et al., 2020).

Direction-dependent, per-frequency calibration increases the calibration degrees-of-freedom
in a way that can suppress diffuse foreground emission and the cosmological signal itself, lead-
ing to signal loss. One can protect against this signal loss by reducing calibration degrees-
of-freedom across frequency (Patil et al., 2016). With any calibration approach, one must
quantify and mitigate potential signal loss stemming from coupling of the calibration param-

eters and the cosmological signal.

2.4.4 Calibration and the Power Spectrum Measurement

Frequency-dependent calibration errors pose a major challenge for 21 ¢cm cosmology. In par-
ticular, fast frequency structure in the calibrated gains can contaminate the cosmological
signal by limiting the separability of the cosmological signal and the astronomical fore-
grounds.

Gain-based calibration, as described by the measurement equation in Equation 2.24,
assumes that the instrumental response is well-modeled as a multiplicative factor on the

true sky signal. Reproducing Equation 2.24 with explicit frequency dependence gives

v;(f) = G;(f)u;(f) (2.36)

where now j indexes baselines. v;(f) is the measured visibility and u;(f) is the theoretical
true sky signal from baseline j at frequency f. G,(f) is the instrumental gain, represented
here as a single variable and equal to the product of the antenna gains. If calibration is error-
free, we can divide the data by the gains to recover the true sky signal: the reconstructed
signal u;(f) = u;(f).

We now consider the Fourier transform of the true sky signal u;(f) across frequency,

which we will denote @;(n). Here n is the Fourier dual of frequency, or delay, with units of
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time. The foreground signal is compact in this space. Because foregrounds are very spectrally
smooth, their signal predominantly lies in the n = 0 mode. Some foreground signal appears
in modes || > 0 due to the foreground wedge effect (see §2.3 and Figure 2.2), but @;(n)
is free from foreground contamination at large |n|, modes that lie outside the foreground
wedge.

From the convolution theorem we can rewrite Equation 2.36 in terms of @;(n):

0;(m) & G(n) * @ (n). (2.37)

Here * denotes the convolution and #;(n) and G;(n) are the frequency Fourier transforms of
the visibilities and gains, respectively. We can now consider the case that the gains calculated
in calibration have an error that contributes to a particular delay mode 7y. For that mode,
G(no) — G;(no) + €;(mo), where €;(1o) is the error on the gains. Because of the convolution
relationship in Equation 2.37, the calibration error at n = 7y convolves the sky power. The
bright foreground power at n = 0 is replicated, scaled by the amplitude of the gain error, at
1N = no. Similarly, foreground wedge power is coupled into modes near 7. This contaminates
a range of delay modes, preventing detection of the cosmological signal in the EoR window.
This issue is compounded when calibration error affects multiple delay modes.

For this reason, it is critical that calibration is essentially free from errors with fast
frequency structure. Because the foregrounds are up to 5 orders of magnitude brighter than
the cosmological signal, errors in the bandpass calibration on delay modes in the EoR window
must be below 1 part in 10° (Barry et al., 2016). These calibration errors can take two forms.
First of all, we require that calibration does not introduce new fast frequency structure by
overfitting. Overfitting could correspond to fitting thermal noise, although this would be
mitigated by extending the integration time. More importantly, errors in the calibration sky
model introduce fast frequency structure that does not average down in time, and these errors
can be fit in calibration (see Chapter 3). Secondly, we require that calibration accurately
captures any true frequency structure in the instrumental response. Either class of error

will couple foreground power into the EoR window and affect our ability to detect the faint



cosmological signal.
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Chapter 3
CALIBRATION IN THE PRESENCE OF SKY MODEL ERROR

Errors in the sky model used in calibration introduces errors in the calibration solutions
at a level that is important for EoR science and other cosmology measurements. In this
chapter we explore the effects of sky model error on calibration performance for each sky-
based calibration and redundant calibration. This chapter is largely based on Byrne et al.

2019.

3.1 Sky Model Error and Sky-Based Calibration

Foreground emission is very spectrally smooth, and the sky models used in calibration there-
fore also have minimal, if any, spectral structure. However, interferometers inherently have
a frequency-dependent response. Visibilities simulated from a spectrally smooth sky model
will nonetheless have spectral structure. This mechanism gives rise to the foreground wedge,
discussed in §2.3 and pictured in Figure 2.2.

It follows that errors in the sky model are frequency-dependent. In the presence of sky
model error, calibration consists of fitting the data to a model with spectrally varying error.
The resulting calibration solutions will likewise have frequency-dependent error. For typically
antenna-based calibration, these errors are not contained to the foreground wedge region of
2-D power spectrum space. Calibration couples sky model errors into power spectrum modes
that lie in the EoR window, contaminating the region of power spectrum space in which we
expect sensitivity to the EoR.

Barry et al. 2016 explored this effect in simulation. The authors simulated data from the
KGS point source catalog (Carroll et al., 2016) using FHD’s simulation pipeline. They then

performed sky-based calibration on this data, using model visibilities m simulated from an
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incomplete catalog. The catalog used for the calibration sky model omitted KGS’s faintest
sources, including only 4,000 of the full catalog’s 6,950 sources.

Omitting faint sources from the calibration sky model represents just one class of sky
model error. Other sources of error include incorrect source intensities or locations, mis-
modeling of the structure of extended and diffuse emission, the inclusion of false sources, or
the omission of one or more bright sources. However, simulating missing faint sources is a
simple and realistic test case that probes the effects of sky model error on calibration per-
formance. In practice, all source catalogs used in calibration have a completeness threshold
below which sources are too faint to be modeled, and precision calibration must contend
with errors from these faint missing sources.

The simulations in Barry et al. 2016 demonstrate that sky model incompleteness in sky-
based calibration produces substantial spectral error and contaminates the EoR window. For
typical per-antenna, per-frequency calibration, the level of error simulated overwhelms the
expected EoR signal. Barry et al. 2016 showed that this error could be mitigated somewhat
by reducing the calibration degrees of freedom. For example, if the antenna and signal chain
are known to have smooth frequency responses, fitting the gains’ bandpasses with a low-order
polynomial reduces calibration error. If antenna responses are quite homogeneous, we can
average the gains across antennas. However, this requires that antennas are manufactured
to exacting specifications. In recent years this work has driven the design of next-generation
EoR experiments such as the Hydrogen Epoch of Reionization Array (HERA), for which
there has been significant effort to control the uniformity and spectral features of the an-
tenna responses. Nevertheless, even these newer arrays necessitate per-antenna bandpass
calibration, making them vulnerable to the class of calibration errors explored in Barry et al.

2016.
3.2 Sky Model Error and Redundant Calibration

In contrast to sky-based calibration, redundant calibration fits a minority of calibration

parameters from a sky model, instead imposing agreement between measurements from re-
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dundant baselines (see §2.4.2). Even so, redundant calibration relies on a sky model in the
absolute calibration step. As in sky-based calibration, sky model errors produce frequency-
dependent calibration errors in redundant calibration. In the remainder of this chapter,
we extend Barry et al. 2016 to redundant calibration, exploring the impact of sky model
incompleteness on redundant calibration solutions.

We explore this effect by simulating sky model errors for a redundant array of 331 an-
tennas, arranged in a regular hexagonal layout with minimum antenna spacings of 15 m
(see Figure 3.1). The simulations use the MWA antenna zenith-pointed beam model in the
167-198 MHz frequency band. One beam model is used for all frequencies across this band
to eliminate errors from frequency-dependent beam modulation. For simplicity, we consider
only one polarization; all results in this chapter use simulated data from East-West dipole
antennas. Visibilities are created for a 2-minute observation with FHD (Sullivan et al., 2012)
and are based on the GLEAM catalog (Hurley-Walker et al., 2017) at the “EoR-0" field
(centered on Right Ascension 0.00 h and Declination —27°) for a total of 51,821 simulated
sources with a minimum flux density of 10 mJy. Following the techniques developed in Barry
et al. 2016, we then create a calibration catalog from the 4,000 brightest sources in apparent
flux density (minimum flux density 89 mJy). By calibrating on only a subset of the sim-
ulated catalog, we represent the fact that calibration catalogs are realistically incomplete.
The missing sources in the calibration catalog introduce errors in the calibration solutions.

To perform absolute calibration, we first implement sky-based calibration with FHD.
This minimizes L(g) from Equation 2.25, where the “measured visibilities” v are simulated
from 51,821 sources and the “modeled visibilites” m are simulated from 4,000. This gives
per-antenna, per-frequency gain solutions QSky( f). Here the superscript “sky” denotes that
these are the gains from sky-based calibration. In simulation, the true gains are equal to
1. Deviations from 1 correspond to errors in gSkY( f) due to the missing sources in the sky
model.

~sky

Barry et al. 2016 demonstrated that sky-based calibration gains g7 (f) have frequency-

dependent errors when the sky model is missing sources. We are interested in the extent to
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Figure 3.1: Representation of the hexagonal array layout used in simulation. The array has
331 antennas and minimum antenna spacings of 15 m.

which these errors affect the absolute calibration step of redundant calibration. We calculate

the overall amplitude of the gains to be

Al = 5 NZ 975 (3.1

where N, is the number of antennas. The results are plotted in Figure 3.2 as a function
of frequency. Deviations from A =1 are calibration errors due to the incompleteness of the
sky model. These errors are frequency-dependent. When applied to data, they introduce
frequency structure to the intrinsically spectrally smooth foregrounds, coupling their power
into the EoR window and obscuring the EoR signal.

We note that the overall amplitude of the gains is biased low for all frequencies. This
stems from decoherence between the data and the model visiblities in the presence of sky
model error. We explore this effect in Appendix C.

In this simulation we do not consider errors in the overall phase A, which is degenerate
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Figure 3.2: Plot of the average amplitude of the per-antenna gains as a function of frequency,
A(f), for the hexagonal array in Figure 3.1. The visibilities are calibrated to an incomplete
catalog that includes only a subset of the simulated sources. Deviations from 1 correspond
to calibration errors due to an incomplete sky model. Since the average gain amplitude
is a degenerate parameter in the relative calibration step of redundant calibration, these
errors persist in redundant calibration even in the limit of perfect redundancy. The specific
features of the errors in this parameter depend on the locations and flux densities of the
sources missing from the sky model. In this case, those missing sources are faint sources in
the EoR-0 field, as described by the GLEAM catalog (Hurley-Walker et al., 2017).



Gain Phase Gradient (1/m)

6x107°

43

4x10°°

2x1078

L,flllllllll

—2x107%- |

—4x107®

—6x107°

T ] T T T I T

175

180

185

Frequency (MHz)

190

Figure 3.3: Plot of the gain complex phase gradient fit parameters as a function of frequency,
AL(f) and A,(f), for the simulation described in Figure 3.2. Here z refers to the East-
West direction and y refers to the North-South direction. Deviations from 0 correspond to
calibration errors due to an incomplete sky model. Like the average gain amplitude, these
two phase gradient parameters are degenerate in relative calibration, so these errors persist

in redundant calibration even in the limit of perfect redundancy.
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under both sky-based and redundant calibration (see §2.4.1 and §2.4.2). Instead, we require

that the average phase of the gains is zero:

N, ant

o > A (] =0 (32)

where Arg[g;"(f)] is the complex phase of ¢;*¥(f). We fit the phase gradient parameters

by minimizing the expression

N, ant 2

V) = D [Areld ™ ()] = Aalf)z; — Ay(£ys] (3.3)

5=0
by varying A, and A,. We assume that Arg[g®¥(f)] < 27 and therefore do not have to
account for the branch cut in the complex plane. The fit values A, and Ay are plotted
in Figure 3.3. Here deviations from 0 are calibration errors due to the incompleteness of
the sky model. As with the overall amplitude, the phase gradient parameter errors are
frequency-dependent and therefore couple foreground power into the EoR window.

We note that calculating the absolute calibration parameters directly from the sky-based
calibrated gains is a non-standard approach to redundant calibration. In practice, sky-
based calibration is rarely performed in tandem with redundant calibration. In Appendix
A, we compare the results in this section to those derived from another absolute calibration
approach, showing that the differences between the two approaches are negligible.

To demonstrate contamination of the EoR window from the errors in the average gain
amplitudes plotted in Figure 3.2 and the gain phase gradient fit terms plotted in Figure
3.3, we produce 2-D power spectra with the ePPSILON software package (Jacobs et al., 2016;
Barry et al., 2019a). Figure 3.4 gives 2-D PS for three separate simulated arrays. The
leftmost column of the figure corresponds to the hexagonal array pictured in Figure 3.1.
The middle and rightmost columns correspond to additional array configurations discussed
in §3.3. The power spectrum of the sky model used in calibration has been subtracted,
producing “residual” power spectra.

In the top left, Figure 3.4(a) gives the 2-D power spectum of simulated visibilities cali-

brated with absolute calibration errors. The gains applied to these data are g; = AeBsai +Ayyi,
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Figure 3.4: 2-D “residual” PS of simulated data calibrated to an incomplete sky model. The
plots in the top row have been calibrated with errors in the absolute calibration parameters
A, the overall gain amplitude, and A, and A, the gain phase gradient parameters. There are
no errors in relative calibration. This corresponds to a regime of perfect array redundancy
and no thermal noise, where the only calibration errors emerge from absolute calibration to
an incomplete model. The plots in the bottom row have perfect calibration. Notice that
errors in the absolute calibration parameters causes power bleed into higher line-of-sight
modes. The leftmost column are simulations of the hexagonal array pictured in Figures
3.1 and 3.6(a) and discussed in §3.2. The middle column are simulations from the offset
hexagonal array in Figure 3.6(b) and the rightmost column are simulations from the random
array pictured in Figure 3.6(c), both discussed in §3.3. Line-of-sight modes (kj) are plotted
on the vertical axis and modes perpendicular to the line-of-sight (k) on the horizontal axis.
The high power in the lowest line-of-sight (kj = 0) mode represents the intrinsic foregrounds.
The red-orange wedge across the lower right part of the spectrum is the “foreground wedge”
and comes from the chromatic instrument response, which mixes the intrinsic foregrounds
with higher line-of-sight modes (Datta et al., 2010; Morales et al., 2012; Vedantham et al.,
2012; Parsons et al., 2012; Trott et al., 2012; Hazelton et al., 2013; Thyagarajan et al., 2013;
Dillon et al., 2013; Thyagarajan et al., 2015). The solid and dashed diagonal lines are the
“horizon” and “primary field of view” lines, respectively. These denote contamination limits
based on sources’ off-axis positions. The vertical streaks visible in the upper half of Figures
(d) and (e) are regions of low uv coverage. The black rectangular outlines in each plot denote
the values that contribute to the 1-D plots in Figures 3.5 and 3.8.
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where the parameters A, A,, and AAy take the values calculated from Equations 3.1 and 3.3
and plotted in Figures 3.2 and 3.3. Here relative calibration is perfect: calibration errors
come from the absolute calibration parameters only. This represents the best possible re-
dundant calibration achievable with the 4,000-source incomplete sky model in the limit of
unrealistically perfect redundancy and the absence of noise. Below, Figure 3.4(d) gives the
2-D power spectrum of the same simulated data without calibration, or with g = 1 for all
antennas. In simulation this is equivalent to perfect calibration, or calibration to a complete

sky model.

Figures 3.4(a) and 3.4(d) illustrate inherent power spectrum features. First of all, the
high power in the lowest line-of-sight mode (kj = 0) represents the intrinsic foregrounds.
Foreground emission is extremely spectrally smooth; in this simulation, it is perfectly flat.
The red-orange wedge across the lower right part of the spectrum is the “foreground wedge”
and comes from the chromatic instrument response, which mixes the intrinsic foregrounds
with higher line-of-sight modes (Vedantham et al., 2012; Morales et al., 2012; Trott et al.,
2012; Parsons et al., 2012; Hazelton et al., 2013). The vertical streaks in the upper half of the
spectrum are an intrinsic power spectrum feature resulting from regions of low uv coverage
(Figure 3.7(d) shows the uv coverage of this array). The periodicity of these streaks emerges
from the regular layout of antennas in the hexagonal array. Averaging over sufficiently long
time intervals can mitigate this effect by leveraging the Earth’s rotation to fill in areas of
low uv coverage through a process called “uv rotation.”

Comparing the uncalibrated power spectrum simulation in Figure 3.4(d) to the power
spectrum simulation with absolute calibration errors in Figure 3.4(a) shows that missing
sources in the sky model introduce errors that cause power leakage into high line-of-sight
power spectrum modes. Even with perfect relative calibration, the frequency-dependent
errors in the absolute calibration parameters plotted in Figures 3.2 and 3.3 introduce fre-
quency structure into the spectrally smooth foregrounds. This frequency structure results
in foreground power leakage into the power spectrum modes in the EoR-sensitive window,

obscuring the faint EoR signal.
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The power leakage in the EoR window falls off at large k) values. The maximum contam-
inated k| mode is proportional to the length of the array’s longest baseline. For a widefield
array sensitive to emission at the horizon, power leakage occurs at a maximum mode of b/c,
where b is the length of the longest baseline used in calibration and c is the speed of light.
Converting to cosmological units (Morales and Hewitt, 2004), we expect calibration errors
to produce power spectrum contamination for the hexagonal array pictured in Figure 3.1 on
modes k| < 0.58 hMpc~!. Limiting calibration to short baselines can restrict foreground
leakage to low k| modes, freeing a larger region of the EoR window from contamination
(Ewall-Wice et al., 2016). However, it is critical that the calibration model can accurately
model visibilities from the baselines used in calibration. Relying on short baselines for cali-
bration would require a highly accurate and complete model of diffuse foreground emission,
since these short baselines are sensitive to large-scale structure on the sky. In the absence
of a diffuse foreground emission model, it is advantageous to calibrate to long baselines only

(Patil et al., 2016).

To quantify the power leakage in the EoR window due to absolute calibration errors
from an incomplete sky model, we first subtract the perfect calibration power spectrum in
Figure 3.4(d) from the power spectrum with absolute calibration errors in Figure 3.4(a).
We then select a slice of the EoR window region of the 2-D power spectrum that spans
kj =0.07— 1.0 hMpc ™" and k; = 8.15 x 107® — 1.015 x 10~ hMpc~". This slice is centered
on the mode measured by the shortest 15 m baselines in the array and is a characteristic
representation of EoR window contamination that avoids regions of low uv coverage. The
black rectangular outlines in the power spectra in Figure 3.4 delimit the region. Finally, we
average over the power in this slice to produce a 1-D representation of power leakage in the
EoR window as a function of power spectrum mode |k|. We plot the result in blue in Figure
3.5. The black line in Figure 3.5 is a fiducial EoR signal (Furlanetto et al., 2006).

Figure 3.5 demonstrates that absolute calibration errors from sky model incompleteness
can contaminate the power spectrum measurement to an extent that dwarfs the EoR signal.

The power spectrum modes plotted here are characteristic of the EoR window, the region
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Figure 3.5: 1-D representation of power leakage in the EoR window due to errors in absolute
calibration from sky model incompleteness. The simulations are based on the hexagonal
array pictured in Figure 3.1. The blue line represents the difference in EoR window power
between simulations with errors in absolute calibration and those with perfect calibration.
The black rectangular outlines in Figure 3.4 indicate the 2-D power spectrum modes that
contribute to the blue line. The black line is the predicted EoR signal. Excess power in the
EoR window due to absolute calibration errors overwhelm the predicted EoR signal on most
of the power spectrum modes plotted here.
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of the power spectrum that is sensitive to the EoR. An EoR detection is not possible in
modes in which foreground power leakage exceeds the EoR signal. The power leakage shown
here is one error budget contribution corresponding to the limit of perfect array redundancy.
Errors in relative calibration and thermal noise are not included in this simulation and will
compound power leakage in the EoR window. An EoR detection will require mitigation of
frequency-dependent absolute calibration errors to keep the total error budget within the

required tolerances.
3.3 Impact of Array Layouts on Calibration Errors

The magnitude of absolute calibration errors due to sky model incompleteness depends on
array layout. Errors are driven by the frequency-dependent instrument PSF, which couples
to sources that are missing from the calibration model. Arrays with good PSFs consolidate
power in the true source locations, reducing the amount of power in the frequency-dependent
source sidelobes.

Pseudo-random arrays sample the wv plane more uniformly than redundant arrays. In
choosing an array layout, the benefits of redundant calibration must be weighed against
the trade-offs associated with redundant arrays’ degraded wv coverage. In this section we
compare calibration errors for different classes of array layouts, some of which could support
redundant calibration. We compare errors in the absolute calibration parameters due to
calibration model incompleteness for each of these arrays.

To illustrate the impact of uv coverage on absolute calibration errors, we compare simu-
lations of three array configurations, each with 331 antennas and with similar radial antenna
distributions. The first is the simple hexagonal array discussed in §3.2 and pictured in
Figures 3.1 and 3.6(a). Next, we consider a hexagonal array divided into three sub-arrays
offset by one third of the minimum antenna spacing (see Figure 3.6(b)), inspired by HERA’s
configuration (DeBoer et al., 2017). This array configuration enables redundant calibration
while offering better uv coverage than a simple hexagonal array. Finally, we simulate the

randomized array pictured in Figure 3.6(c). To create this array, we calculate the radial
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baseline density of the hexagonal array from Figure 3.6(a) and randomly select 331 radial
distances from that density distribution. We then randomly choose an azimuthal position
for each antenna, requiring a minimum spacing of 5 m between antennas. For each the off-
set hexagonal array and the randomized array, we repeat the simulations described in §3.2:
we simulate visibilities from a 51,821-source catalog, calibrate to a 4,000-source sky model
with the FHD software pipeline, and use those calibration solutions to calculate absolute
calibration parameters from Equations 3.1 and 3.3.

Figure 3.7 shows the average gain amplitudes A for each the simple hexagonal array
(blue), the offset hexagonal array (red) and the randomized array pictured in Figure 3.6(c)
(bold orange). The thin orange lines correspond to nine additional realizations of randomized
arrays, illustrating the degree of variability expected across realizations. Figure 3.7 indicates
that randomized arrays have significantly smaller variations in A than either the hexagonal
array or the offset hexagonal array, while the offset hexagonal array has slightly less A
variation than the simple hexagonal array. Similarly, but not pictured here, the gain phase
gradient parameters A, and Ay have smaller variations for arrays with better uv coverage.

To understand this effect, it is helpful to consider the per-antenna sky-based calibration
solutions alongside their average values. Figure 3.6 plots the per-antenna gain amplitudes in
gray for the simple hexagonal array (left column), the offset hexagonal array (middle column),
and the randomized array (right column). The average gain amplitudes A are over-plotted
in color. The third row plots the per-antenna and averaged gain amplitudes as a function
of frequency. The bottom row gives the PS representation of the gain amplitudes by taking
their Fourier Transform and squaring. This PS representation highlights the magnitude of
the frequency structure in the gain amplitude errors and shows the power spectrum modes
that are contaminated by these errors.

Although the randomized array’s average gain amplitudes are less variable than those
of either the simple or offset hexagonal arrays, its per-antenna gain amplitudes are actu-
ally more variable. This is because the error contributions for each antenna in a highly

redundant array are correlated. An individual antenna’s calibration solutions depend on
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Figure 3.6: Comparison of the gain amplitude errors for three array configurations. The
top row shows the antenna positions for each configurations of 331 antennas: from left to
right, a simple hexagonal array (also pictured in Figure 3.1), an offset hexagonal array, and a
randomized array. The antenna locations in the randomized array are chosen to approximate
the radial antenna distribution of the simple hexagonal array. The second row shows plots
of the uv weights for each array configuration integrated across the 167-198 MHz frequency
band and across a 2-minute observation. These plots are analogous to the measured response
in the wv plane to a 1 Jy source at zenith. They illustrate the uv coverage and smoothness
of each of the three arrays. The third row plots gain amplitudes as a function of frequency
for each respective array. The grey lines represent the per-antenna gain amplitudes and the
colored lines (also plotted in Figure 3.7) denote their average. The bottom row gives the PS
(Fourier Transform squared) representation of the per-antenna and average gain amplitudes.
Note that the random array has greater per-antenna gain amplitude variation than the other
two array layouts but smaller average gain amplitude variation.

that antenna’s PSF| i.e. the PSF from all baselines that include the antenna. The hexag-
onal arrays have more uniform antenna PSFs than the random array and therefore have
smaller per-antenna gain amplitude variations. However, modeled visibilities for redundant
baselines experience exactly the same errors from missing sources in the calibration catalog.
Thus errors in per-antenna calibration solutions will be correlated across any antennas that
contribute to redundant baselines. When calculating the average calibration solutions across
an array, errors average coherently in highly redundant arrays and incoherently in random
arrays, leading to larger error variations in the absolute calibration parameters for the highly

redundant arrays.

The impact of these errors in the absolute calibration parameters is apparent in the 2-D
power spectrum. Figure 3.4 presents 2-D power spectra for simulations of each the simple
hexagonal array (left column), the offset hexagonal array (center column), and the random
array realization pictured in Figure 3.6(c) (right column). As described in §3.2, the top row
of the figure shows the PS of simulated data calibrated with errors in the absolute calibration
parameters. The bottom row shows the same data with perfect calibration. In each of these

figures, the PS of the calibration model has been subtracted, leaving “residual” PS.
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Figure 3.7: Plot of the average gain amplitudes as a function of frequency, A(f), for the
hexagonal array in Figure 3.6(a) (blue), the offset hexagonal array pictured in Figure 3.6(d)
(red), and ten realizations of random arrays (orange). The bold orange line corresponds to
the random array pictured in Figure 3.6(c), and the additional faint orange lines illustrate
the degree of variability across randomized realizations of the array configuration. The blue
line is plotted alone in Figure 3.2. This figure illustrates that the random arrays have less
variation in the average gain amplitude errors than the other two array configurations. The
random arrays therefore exhibit less foreground power leakage in the EoR window region of
the 2-D PS from absolute calibration errors.
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As in §3.2, we produce 1-D plots of power leakage in the EoR window from the slices
of the 2-D PS space delimited by the black rectangular outlines in Figure 3.4. We subtract
the perfect calibration PS from the PS that includes absolute calibration errors to isolate
the power leakage that comes from the calibration errors. Next, we average the differences
to represent power leakage as function of |k|. These results are plotted as the solid colored
lines in Figure 3.8. The blue line corresponds to the hexagonal array and is also plotted
in Figure 3.5. The red line corresponds to the offset hexagonal array, and the solid orange
line corresponds to the random array from Figure 3.6(c). The black line is the fiducial EoR
signal.

We also plot a dashed orange line corresponding to a simulation of the random array
calibrated with a traditional per-antenna, per-frequency sky-based calibration scheme. Under
traditional sky-based calibration, sky model incompleteness introduces errors not only in the
absolute calibration parameters but in all per-antenna, per-frequency calibration parameters.
The discrepancy between the dashed and solid orange lines shows the magnitude of EoR

window contamination from relative calibration errors for the random array.
3.4 Discussion

Any calibration scheme that involves a sky model must contend with frequency-dependent
calibration errors from sky model incompleteness. This includes redundant calibration tech-
niques that eliminate sky model dependence in the relative calibration step but nonetheless
require a sky model for absolute calibration. Error mitigation techniques must target and
suppress frequency-dependent calibration errors. These techniques include developing near-
perfect sky models, calibrating to short baselines, building instruments with extremely good
uv coverage, and manufacturing antennas with very smooth bandpasses. The success of
next-generation 21-cm cosmology experiments such as HERA and the SKA is contingent on
their ability to sufficiently mitigate calibration errors.

Developing highly complete and accurate sky models is an active area of research (Carroll

et al., 2016; Hurley-Walker et al., 2017). While the importance of sky model completeness
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Figure 3.8: 1-D representation of power leakage from absolute calibration errors in the region
of the FEoR window indicated by the black rectangular outlines in Figure 3.4. The solid blue,
red, and orange lines are the difference in EoR window power between simulations with errors
in absolute calibration and perfect calibration for each the simple hexagonal array (Figure
3.6(a)), the offset hexagonal array (Figure 3.6(b)), and the random array (Figure 3.6(c)).
The blue line is also plotted in Figure 3.5. The dashed yellow line represents the power
leakage in the EoR window when, instead of allowing errors in only the absolute calibration
parameters, we have implemented traditional sky-based calibration and allowed errors in
every per-antenna, per-frequency calibration parameter. The black line is the predicted EoR
signal.
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has long been recognized in the context of sky-based calibration, redundant calibration also
benefits from better sky modeling. Current efforts to image diffuse foreground structure will
also enable better calibration of compact arrays that are sensitive to large-scale structure.
While realistic sky models can never achieve perfect accuracy and completeness, better sky
models minimize errors from the sky model incompleteness.

In §3.2 we explain that foreground power leakage from calibration errors falls off at a
k) threshold determined by the maximum baseline extent of the array. By calibrating to
short baselines only, it may be possible to restrict contamination of the EoR window to low
ky modes (Ewall-Wice et al., 2016). These short-baseline calibration schemes are sensitive
to the accuracy and completeness of the diffuse foreground model. To characterize these
errors, future work must extend the simulations described in this chapter to include diffuse
emission.

In §3.3 we show that errors from an incomplete sky model are reduced for arrays with
more uniform wv coverage. For redundant arrays, improving uv coverage may mean using
an array layout like the offset hexagon from Figure 3.6(d) (DeBoer et al., 2017) instead of
a simple hexagon like that from Figure 3.6(a) or adopting a hybrid array configuration with
both redundant and non-redundant components such as the MWA Phase II (Wayth et al.,
2018). Non-redundant arrays can have more uniform wv coverage than highly redundant
arrays; the benefits of redundancy must be weighed against the greater errors in absolute
calibration that result from poor uv coverage. Furthermore, arrays with sufficiently uniform
antenna responses such that calibration benefits from averaging across antennas do not gain
an advantage from redundant calibration. Averaging antennas eliminates the relative cali-
bration degrees of freedom such that calibration consists of the absolute calibration step only.
In that regime, array redundancy has an advantage if PS sensitivity, rather than calibration
systematics, is a principal concern (Parsons et al., 2012).

Instruments with smooth spectral responses are the gold standard of precision calibration.
Like antenna uniformity, spectral smoothness can be used as a prior on calibration solutions,

prohibiting calibration errors from introducing power into the high k; modes sensitive to the
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EoR (Trott et al., 2016; de Lera Acedo et al., 2017; Trott and Wayth, 2017). However, if
this prior is imposed on an instrument that is not inherently spectrally smooth calibration
will not fit the true spectral features of the instrument response and they will contaminate
the PS. To avoid contamination of the EoR signal, any spectral features in the antenna and

receiver system faster than ~ 8 MHz must be smaller than ~ 107° (Barry et al., 2016).
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Chapter 4

THE UNIFIED CALIBRATION FRAMEWORK

As discussed in §2.4, interferometric calibration approaches can typically be categorized
into two classes, sky-based calibration and redundant calibration. Sky-based calibration
uses models of the sky and instrument to simulate data. Calibration then consists of fitting
measurements to the simulation. In contrast, redundant calibration relies on highly regular
arrays with many redundant baselines measuring the same sky signal (Wieringa, 1992; Liu
et al., 2010; Dillon and Parsons, 2016; Dillon et al., 2018; Grobler et al., 2018; Kern et al.,
2020; Dillon et al., 2020). Calibration then fits redundant measurements to each other,
aiming for consistency between the measurements. Many diverse approaches fall into one of

these two classes of calibration.

As the field of 21 ¢cm cosmology pushes the limits of precision interferometric calibration
it has become increasingly important that calibration frameworks mitigate error while cap-
turing all instrumental systematics. Sky-based calibration approaches assume very good a
priori models of the sky and instrument; model errors quickly degrade calibration and can
preclude detection of the cosmological signal (Barry et al., 2016; Ewall-Wice et al., 2016).
Redundant calibration is likewise vulnerable to sky model errors (see Chapter 3 and Byrne
et al. 2019) and experiences further calibration errors from instrument non-redundancies.
Antenna position offsets and beam response inhomogeneities break redundant calibration’s
assumption of baseline redundancy and produce calibration errors (Joseph et al., 2018; Li
et al., 2018; Orosz et al., 2019). The field requires novel calibration approaches that are re-
silient to sky and instrument model errors, can capture array non-redundancies, and mitigate

contamination of the cosmological signal.

Combined calibration approaches integrate aspects of sky-based and redundant calibra-
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tion. The MWA Phase II is a hybrid array that incorporates regular hexagonal sub-arrays
within an otherwise pseudo-random array (Wayth et al., 2018). Li et al. 2018, Li et al.
2019, and Zhang et al. 2020 combine redundant calibration of the sub-arrays with sky-based
calibration for the remainder of the array. Sievers 2017 proposes a calibration algorithm that
relaxes redundancy requirements for redundant calibration of a regular array. This chapter,
based on Byrne et al. 2021, expands on these ideas to present a fully unified calibration
framework that is statistically rigorous, highly flexible, and physically-motivated.

§4.1 introduces a calibration formalism based on a Bayesian statistical approach. In
§4.2 we re-derive simple sky-based and redundant calibration frameworks with a focus on
delineating the implicit assumptions of those approaches. In §4.3 we present a novel cali-
bration framework that unifies redundant and sky-based calibration, and in §4.4 we extend
this framework to encompass frequency-dependent calibration. In the subsequent chapter

(Chapter 5) we explore some of the implications of unified calibration in simulation.
4.1 Statistical Formalism

In this section we present statistical underpinnings of the calibration problem. We use Bayes’
theorem to formulate a likelihood function with a statistical prior. Calibration consists of

maximizing this likelihood function to calculate the instrumental response.

4.1.1 Bayesian Statement of the Calibration Problem

Calibration can be interpreted as a model fitting problem that fits tunable parameters to
data. The fitting procedure asks, “what are the most likely calibration parameters given the
data?” If we define our visibility data as v and our tunable calibration parameters as &, we
can write the probability of £ given v as P(&|v). This quantity is also called the likelihood
function. We can use the likelihood function to calculate maximum likelihood parameters é
that maximize P(&|v).

As in most model fitting problems, there is no single right answer for the form of the

likelihood. Omne must construct a model that appropriately represents the data and mit-
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igates systematics that contaminate the measurement. As precision calibration is crucial
to the success of 21cm cosmology, choosing a well-motivated form for the likelihood func-
tion is extremely important. This chapter describes a general calibration framework and
explores different physically motivated likelihood functions that could improve calibration
performance for 21cm cosmology.

From Bayes’ theorem we can write the likelihood function as

P(v[§)P(¢)

PEl) = s (1)

where P(v|€) is the probability of the data v given model parameters €. P(£) is the prior
probability, i.e. the probability of £ independent of the data. P(v) is the marginal likelihood
of v and is constant across all models. We can therefore simplify the problem by considering

a proportionality
P(&lv) o P(v|§)P (&) (4.2)

and maximizing the right hand side.

Maximizing the likelihood function P(&|v) is equivalent to minimizing the negative log-
likelihood. Calibration algorithms typical perform the latter procedure rather than explicitly
maximizing P(&|v). We describe the negative log-likelihood as

L(§) = —Cilog[P(&lv)] + Cs, (4.3)

where (' is an arbitrary positive constant and Cy is an arbitrary constant of either sign.
Neither constant affects the result é achieved by minimizing L(£), and we therefore choose
C and Cs to simplify the form of L(£). For the case that P(€|v) takes the form of a Gaussian
distribution, the negative log-likelihood is equivalent to the least-squares cost function, also
called the chi-squared and denoted x2. For the sake of generality we do not assume that the
likelihood is Gaussian. L(&€) can, but does not necessarily, take the form of a chi-squared.
This formulation of the likelihood is completely general and & can take any form. For

example, traditional direction-independent calibration defines & to be per-antenna gains;
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direction-dependent calibration allows these gains to assume different values at different po-
sitions on the sky. Other calibration approaches such as redundant calibration may introduce
additional tunable model parameters that parameterize uncertainties on the sky model. As
with the gains, calibration tunes these additional parameters to the values that maximize
the likelihood function.

&€ models the data according to some general function ¢(&). Our calibration model as-
sumes that this function can reconstruct the expectation value of the data for some values

of the tunable parameters:
(v) =¢(&) (4.4)

where (v) is the expectation value of the data.

A specific calibration approach is defined by the following choices:

1. A choice of the tunable model parameters £&. These parameterize the instrument model

and could parameterize the sky model as well.

2. A choice of the form of the visibility model as a function of the tunable parameters

¢(8).

3. A choice of the form of P(v|€) that describes the noise properties of the data.

4. A choice of the prior on the tunable parameters P(£). This could be a flat prior,
such that P(€) is a constant, or it could have a functional form where £ favors an

expectation value.

Once these choices are defined, calibration consists of fitting maximum-likelihood param-
eters é . A final choice determines how these parameters are applied to the data to produce
calibrated results. In some calibration frameworks only a subset of the fitted parameters get
applied to the data. The rest of the fitted parameters are internal to the calibration opti-

mization procedure. In general, calibration parameters related to the instrument response
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are involved in transforming uncalibrated data into calibrated data. Calibration parameters
related to the sky model are internal to calibration.

All calibration frameworks described in this chapter assume that the thermal noise prop-
erties of the data are Gaussian. The probability distribution P(v|€) from item (3) above
therefore takes the form of a Gaussian distribution. While this is the most common choice,
other calibration approaches relax the assumption of Gaussianity (Kazemi and Yatawatta,
2013; Ollier et al., 2017; Sob et al., 2020). The calibration frameworks in this chapter can

be easily extended to non-Gaussian distributions.

4.1.2  Quantifying Constraint of Calibration Solutions

A good parameterization of the model leads to highly constrained tunable parameters. The
constraint on the tunable calibration parameters & is quantified by the Fisher information.
The Fisher information matrix | is given by the negative Hessian of the log-likelihood,

where the elements of | are
9 log[P(§|v)]
0&; 08k,

From Equation 4.3 we can also express the Fisher information in terms of the negative

log-likelihood, L(&):

1;1(€) = (4.5)

_ 0°L(€)
0806,

One can interpret the Fisher information as a measure of the curvature of the L(§)

1;(8) (4.6)

hypersurface. At the maximum-likelihood point, where & = &, L(€) experiences a minimum.

We therefore expect that all elements of the Fisher information matrix are non-negative:
(&) > 0. (4.7)

Large values of this Fisher information indicate that L(&) experiences a sharp minimum
and the tunable parameters are highly constrained. Conversely, small Fisher information
values mean the model is relatively agnostic to the parameter values and that the tunable

parameters are not well-constrained.
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~

If 7;,(&) = 0 for all k then the parameter &; is completely unconstrained by the model.
It follows that the calibration solutions are degenerate. L(&) does not experience a unique
minimum but is rather minimized for any value of {;. In this case, {; is a degenerate
parameter.

It is not always evident when calibration solutions are degenerate. Degenerate parame-
ters can consist of linear combinations of the tunable parameters £&. We can calculate the
number of degenerate parameters by taking the rank of the Fisher information matrix at the

~

maximum-likelihood point. The calibration solutions are degenerate if 1(£) is singular. The
number of degenerate parameters is equal to the dimensionality of the null space of I(é ); the
degenerate parameters are the eigenvectors that span the null space.

Calibration degeneracies are a major challenge in 21cm cosmology. All degeneracies must
be constrained to yield physical calibration solutions. Often, calibration consists of two stages

where an initial calibration framework yields degenerate solutions and second step constrains

those degeneracies (Liu et al., 2010; Zheng et al., 2014; Byrne et al., 2019; Kern et al., 2020).

4.2 ‘Traditional Direction-Independent Calibration Approaches

In this section we revisit the traditional calibration approaches introduced in §2.4—sky-based
calibration (§2.4.1) and redundant calibration (§2.4.2)—and describe how they relate to the
calibration framework presented in §4.1.

Both these calibration frameworks assume that the likelihood function is separable in
frequency, time, and polarization. This means that each frequency channel, observation in-
terval, and polarization mode can be calibrated independently, and we therefore omit explicit
frequency, time, and polarization dependence. For a discussion of frequency calibration see

§4.4; for a discussion of polarized calibration see §6.4.

4.2.1 Sky-Based Calibration

Traditional sky-based calibration, introduced in §2.4.1, makes the following choices:
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1. It parameterizes the tunable instrument calibration parameters as a complex gain per
antenna (and implicitly per polarization, frequency, and time step). & = g where g

has length equal to the number of antennas.

2. It models the data as

gab = gag;mab (48)

where indices a and b index antennas. The combined indices ab indicate the index of the
visibility formed by correlating signals from antennas a and b. m are model visibilities
developed with a sky model and instrument simulator. The sky model typically consists
of a point-source catalog, sometimes in conjunction with a diffuse foreground emission

map.

3. It describes P(v|€) as a Gaussian probability distribution:
P(v[§) o e_%[”_C(E)]TCEI[v_C(g)}, (4.9)

where the T symbol denotes the conjugate transpose. Here Cr is the thermal covariance

matrix, given by
Cr = (v~ (v))(v — (v))"). (4.10)

Furthermore, it assumes the visibilities are independent such that Cr is diagonal. The

probability function therefore takes the form

-3 ﬁ’””j—(j(ﬁ)ﬁ
TJ

P(v[§) x e (4.11)

where o7, are the diagonal elements of Cr.

4. It uses a flat prior such that P(§) = P(g) is a constant.

With these choices we can write the likelihood function for traditional sky-based calibra-

tion as

2
1 1
—% 2 ab T2 |vargag,’;mab|
9Tab .

P(glv) oce (4.12)
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Maximizing this likelihood function is equivalent to minimizing the negative log-likelihood

given by!
1 *
L(Q) = E o2 , |Uab - gagbmab|2~ (413)
ab Ta

This is equivalent to Equation 2.25 when o4, is constant across baselines.

As discussed in §2.4.1, the resulting calibration solutions are degenerate. They have one
degenerate parameter (implicitly per frequency, time, and polarization) that corresponds to
the overall phase of the gains.

Traditional sky-based calibration assumes excellent knowledge of the sky and requires a
highly complete sky model. It also assumes that the antenna responses are known up to a
complex multiplicative factor. In other words, it assumes that the data can be fully modeled
by the expression in Equation 4.8. This is clearly an inaccurate assumption. In reality, sky
models are incomplete and inaccurate. These errors can propagate through the calibration
process and degrade the calibration solutions (Grobler et al., 2014; Barry et al., 2016; Patil
et al., 2016; Ewall-Wice et al., 2016; Joseph et al., 2020).

To account for sky model errors, we can replace the model visibilities with tunable cali-

bration parameters u. Now & = {g,u} and

Cab - gagl;kuab- (414)

The likelihood function is now given by

2
1 1
-3 Zab o2 |Uab*9agf,‘uab’
Tab

P(g,u|v) xe P(u), (4.15)

where P(u) is the prior on the tunable visibility parameters. Traditional sky-based calibra-

tion assumes that w is known exactly. Equation 4.15 converges to Equation 4.12 when

P(u) x 6(u —m), (4.16)

'Note that this quantity is actually twice the negative log-likelihood: L(g) = —2log[P(g|v)]. However,
per Equation 4.3 the coefficient is an arbitrary constant. For conciseness, throughout this chapter we will
refer to this quantity as the “negative log-likelihood.”
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where 0 denotes the Dirac delta function. One expects that a more accurate calibration
framework would not require so stringent a prior on w. In §4.3 we explore the implications

of relaxing this assumption.

4.2.2  Redundant Calibration

Traditional redundant calibration (Wieringa, 1992), presented in §2.4.2, uses the following

choices:

1. Like traditional sky-based calibration, traditional redundant calibration involves a tun-
able complex gain per antenna. However, it additionally assumes that the visibilities
are not well-modeled and includes them as tunable sky model parameters. Redun-
dant calibration works with highly regular arrays. In its traditional form, it assumes
that baselines within a redundant set measure the same sky signal. The number of
free visibility parameters is therefore equal to the number of redundant baseline sets.
& = {g,u} where u correspond to the visibilities from redundant baseline sets. The
number of parameters to fit in calibration is equal to the number of antennas plus the

number of redundant baseline sets.

2. It models the data as

Cab = gagl;kAabjuj- (417)

Here a and b index antennas and j indexes redundant baseline sets. Ag,; represents
elements of a matrix A that maps w to the full set of visibilities. Its elements are given

by

1, if baseline {a, b} belongs to set j

Awj = (4.18)

0, otherwise

3. Like traditional sky-based calibration, traditional redundant calibration describes P(v|€)

as an independent Gaussian probability distribution as given by Equation 4.11.
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4. It uses a flat prior on the tunable calibration parameters such that P(§) = P(g,u) is

a constant.

Under these assumptions, the likelihood function becomes

2

1 1

—5 2 ab2j T |Uab*ga9§ A juj
9Tab

P(g,ulv) xe (4.19)
It follows that the negative log-likelihood is
1 N 2
L(g,u) = Z Z . |Vab — Gagy Aabjui|” - (4.20)
ab j 1@

As noted in §2.4.2, the additional tunable calibration parameters in traditional redundant
calibration, as compared to traditional sky-based calibration, introduce additional degenera-
cies. Not only are the calibration solutions degenerate in the overall phase of the gains
but they are also degenerate in the overall gain amplitude and the gradient of the gains’
complex phase across the array (Liu et al., 2010). These degeneracies mean that redundant
calibration must be combined with absolute calibration to yield physical calibration solu-
tions, where absolute calibration sets the values of the degenerate parameters. Minimizing
Equation 4.20 is called relative calibration to distinguish it from true redundant calibration,
which must include both relative and absolute calibration steps (Zheng et al., 2014; Byrne
et al., 2019; Kern et al., 2020).

The traditional redundant calibration framework assumes perfect redundancy of baselines
within a redundant set. In order for different baselines within a redundant set to measure the
same sky signal, antenna positions must lie on a perfect grid and each antennas’ response
must be identical up to a multiplicative gain. In practice, antenna position errors and
response inhomogeneities degrade array redundancy (Joseph et al., 2018; Li et al., 2018;
Orosz et al., 2019). In §4.3.5-§4.3.8 we propose new calibration frameworks that account for
imperfect array redundancy.

Furthermore, traditional redundant calibration neglects covariance between redundant

baseline sets. This is an appropriate assumption for some redundant arrays, such as the
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Donald C. Backer Precision Array for Probing the EoR (PAPER) (Parsons et al., 2010;
Ali et al., 2015) and the hexagonal sub-arrays in the MWA Phase II configuration (Wayth
et al., 2018), but compact redundant arrays such as the HERA (DeBoer et al., 2017), the
Hydrogen Intensity Real-Time Analysis Experiment (HIRAX) (Newburgh et al., 2016), and
the Canadian Hydrogen Observatory and Radio-transient Detector (CHORD) (Vanderlinde
et al., 2019) can have appreciable covariance between baselines with centers at small wov
separations. In §4.3.6-8§4.3.8 we relax the assumption that baselines in different redundant
baseline sets have zero covariance.

Redundant calibration can be an attractive alternative to sky-based calibration because
it has reduced reliance on the sky model. One might think that redundant calibration can
calibrate interferometric data without any prior knowledge of the sky — after all, Equation
4.20 doesn’t require a sky model at all! However, this neglects the role of the sky model in
absolute calibration. Although the promise of redundant calibration is to reduce the impact
of sky model errors on calibration solutions, it is inaccurate to assume one can calibrate
without any prior knowledge of the sky. Furthermore, it is possible that introducing a sky
model into the relative calibration step of redundant calibration as a prior on the fit visibility
values could improve calibration performance. In §4.3 we explore calibration approaches that

do just that.
4.3 A General Framework for Direction-Independent Calibration

In this section we describe a novel and highly general calibration framework. This frame-
work allows for extensions to traditional sky-based and redundant calibration that relax
some of the non-physical assumptions of those approaches. The framework is inherently
direction-independent. Future work could extend these techniques to direction-dependent
calibration approaches (see §2.4.3). In this section, this calibration framework assumes
per-frequency, per-time, and per-polarization calibration. §4.4 extends the framework to
frequency-dependent calibration. See §6.4 for a discussion of fully polarized calibration tech-

niques.
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4.3.1 General Framework

In its most general form, this calibration framework makes the following assumptions:

1. It involves tunable complex gains per antenna (and implicitly per polarization, fre-
quency, and time) g. The gains are not direction-dependent, reflecting that this cal-
ibration framework is inherently direction-independent. In addition, this calibration
framework involves tunable sky parameters w. The specific form of u depends on the
class of calibration used. w can be interpreted as visibilities, pixels in the uv plane,
source flux densities, or something else altogether. In general, u represents aspects of
the sky model, possibly together with aspects of the instrument model, that are fit in

calibration. The tunable calibration parameters are & = {g, u}.

2. We model the data as
Cab = gagl;k Z Aabjuj- (421)
J

Here A, ; are elements of a matrix A that maps the sky parameters w to model

visibilities. In more compact matrix multiplication notation, we can write
¢ = G(g)Au, (4.22)

where we have defined G(g) as a diagonal matrix with elements ¢,g;. In the case that

u represents visibilities, A is simply the identity matrix: A = 1.

3. We describe P(v|€) as an independent Gaussian probability distribution of the form
of Equation 4.11.

4. We use a Gaussian prior on u such that

1

P(u) x e~ 2(u=m) Cyy (u-m) (4.23)

where m = (u). Cy = cov|u,u'] is an invertible matrix that encodes the covariances

between elements of uw. Furthermore, this calibration framework assumes that g and
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u are independent and uses a flat prior on g:

P(§) = P(g,u) = P(g)P(u) x P(u). (4.24)

Under this general framework, the likelihood function is given by

P(g, ulv) o e~ 4 v=C@)Mul G5 o-Glg)Au] ) (um)' ! (u=m) (4.25)

and L(g,u) is given by
L(g,u) = [v — G(g)Au]'C;'[v — G(g)Au] + (u — m)'Cy (u — m). (4.26)

Cr is diagonal because the thermal noise on the visibilities is assumed to be independent.
The calibration framework described here is highly abstracted. It represents a generalized

treatment can be applied to practical calibration problems. In §4.3.2-§4.3.8 we delineate

examples of calibration approaches that emerge from this framework. These are just some

of the possible avenues for future exploration.

4.83.2  Sky-Based Calibration with Partial Sky Model Knowledge

Traditional sky-based calibration assumes that the model of the visibilities represents the
true signal up to a multiplicative complex gain. Of course this is not true. Model visibilities
are susceptible to errors from incomplete knowledge of the sky and instrument. We can
make sky-based calibration more resilient to sky model errors by including tunable visibility
parameters w in calibration.

A dominant source of model visibility error stems from faint missing sources in the sky
model catalog. We assume many sources exist with intensities below the sensitivity limit
of the catalog. Each of these sources produces a fringe pattern in uv space. The signals
from different sources add incoherently. In the limit of many sources randomly distributed
on the sky, with flux densities randomly drawn from a power-law distribution, the central
limit theorem dictates that the combined signal approaches Gaussian random noise in the uv

plane (Tegmark et al., 1998). This suggests that the true visibilities are Gaussian-distributed
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around their model values and motivates using a Gaussian prior P(u) given by Equation
4.23. This assumption breaks down if model visibility errors are instead dominated by a small
number of bright sources that are either missing or mis-modeled in the sky model catalog.
§4.3.3 presents a calibration framework that assumes correctly modeled source positions but
uncertain source intensities.

If the baseline measurements sample discrete regions of uv space we further expect that
the visibilities are independent. This means that Cy; is diagonal. Compact or redundant
arrays can have significant baseline overlap in wv space and the assumption of independent
visibilities does not hold. In §4.3.4-8§4.3.8 we explore additional calibration frameworks that
account for visibility covariance.

Under these assumptions, the prior on the tunable visibility parameters u takes the form

1 1
—32; o2, Juj—m;|?

P(u) x e M : (4.27)
where o3; are the diagonal elements of Cy;. We therefore get L(g,u) of the form

1 o |
Lig,u) =) —5— [Vab — GaGtas|” + > —5 [ = m;|? (4.28)
j

b Tab MJj
and fit for calibration parameters € = {g,u}. Note that this converges to traditional sky
calibration (Equation 4.13) in the limit that o3; — 0.

The addition of new tunable calibration parameters u expands the number of tunable
parameters as compared to traditional sky-based calibration. Traditional sky-based cali-
bration fits one complex parameter per antenna for a total of N, complex parameters,
where N, refers to the number of antennas. Minimizing Equation 4.28 involves fitting
an additional number of parameters equal to the number of independent baseline measure-
ments. As autocorrelation visibilities are typically omitted from calibration, this corresponds
to (N2, — Nan)/2 additional complex parameters. Calibration runtimes are highly depen-
dent on the number of tunable parameters with the precise relationship depending on the
implementation details.

We note that while this calibration approach involves many tunable parameters, overfit-

ting is not a concern because the tunable visibility parameters w are constrained by their
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prior P(w). While their maximum-likelihood values may fit some degree of thermal noise,
this noise does not impact the gains g to a greater extent than it would in a traditional
sky-based calibration approach.

One common sky-based calibration technique is to calibrate only on selected baselines
where the sky model is trusted. For example, this could involve calibrating only on baselines
longer than 50 wavelengths in order to eliminate the short baselines that are poorly modeled
by a point source catalog. We can replicate this technique from the formalism described in
Equation 4.28 by taking the limits

0  if baseline j is included in calibration
omj = : (4.29)

oo if baseline j is excluded from calibration

We now find that u; — m; for those baselines that are included in calibration: the fitted
visibilities for those baselines are constrained to match the model visibilities. On the other
hand, u; for baselines that are excluded from calibration are completely unconstrained. They
will therefore take on values such that g,g;uq, = va, for any values of the gains g, and gp.

While this calibration framework can replicate binary baseline selection it need not com-
pletely include or exclude baselines. o%; quantifies the uncertainty on the model visibilities
and can take any values. For example, it can be adjusted to be a function of baseline length
to represent different levels of model confidence on different angular scales (Ewall-Wice et al.,
2016). Rather than completely eliminating short baselines from calibration, one could in-
stead selectively downweight them, gradually increasing the value of o3; on subsequently

2

shorter and shorter baselines. oy; could also be calculated empirically by measuring the

agreement of the data and sky model as a function of baseline length.

4.3.8  Sky-Based Calibration with Uncertain Source Intensitites

Some calibration approaches in the literature consider the case of a point source sky model
in which source intensities are not well-constrained (Mitchell et al., 2008; Sievers, 2017). In

this case, it could be advantageous to redefine u to be the source intensities rather than
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visibilities. Rather than assuming that sky model errors are dominated by many unmodeled
sources with random positions, as in §4.3.2, this framework assumes that the source catalog
is highly complete with well-modeled source positions. It could work well when the dominant
sky model errors stem from errors in the modeled flux density of known sources. Under these

assumptions, we can define L(g,u) to take the form
te—1 1 2
L(g.u) = [v — G(g)Au]'Cy'[v — Gg)Au] + ) | ——[u; —m,[*, (4.30)
j MJ

where m; = (u;) is the expected flux density of source j and o%; ; quantifies the uncertainty
of that intensity. The matrix A models the instrument response. The element Aj; is equal
to the contribution to visibility j from a source of unity intensity at the position of source k.

Precision calibration for 21cm cosmology often uses tens of thousands of calibrator sources
in the model. Allowing the intensities of all sources to vary is computationally infeasible.
Instead, a more realistic approach would be to take o3; — 0, such that u; — m;, for the
majority of sources j. Then o3;; > 0 only for a select subset of troublesome sources that one
expects are inaccurately modeled.

This calibration approach is similar to direction-dependent calibration (§2.4.3) in that it
can account for mis-modeled apparent source intensities that vary across the sky. However,
we classify this approach as direction-independent because the fitted gains — the calibration
parameters that are actually applied to the data — are not direction-dependent. Importantly,

this calibration framework does not fit a per-antenna intensity variation across the sky.

4.8.4  Redundant Calibration With a Sky Model and Calibration of Hybrid (Redundant and
Non-Redundant) Arrays

As explained in §4.2.2; traditional redundant calibration does not require a sky model or an
explicit instrument model in the relative calibration step. However, this means that it yields
degenerate solutions. These degeneracies must be broken through an absolute calibration

step that fits the degenerate parameters to model visibilities.
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An extension to traditional redundant calibration incorporates model visibilities in L(g, ).
This eliminates the need for a separate absolute calibration step and instead performs rel-
ative and absolute calibration simultaneously. It can also constrain the tunable visibility
parameters u to approximate a known sky model.

Asin §4.2.2 we define u to be the independent visibilities with length equal to the number
of redundant baseline sets. We assume that different redundant baseline sets are independent
and that, as in §4.3.2, the errors on the model uv plane are Gaussian distributed. Under these
assumptions, we expand the traditional redundant calibration framework given by Equation

4.20 by including a Bayesian prior on w:
te—1 1 2
L(g.w) = [v — G(g)Au]'Cy'[v — G(g)Au] + Y | ——[u; — m,*. (4.31)
7 OMj

A maps the independent visibilites to the full set of visibilities and is given by Equation 4.18.

At this point it is useful to note that Equation 4.31 can be equivalently derived by
considering the full basis of visibilities. Instead of defining u as the visibilities from redundant
baseline sets, we instead consider wqyig, With length equal to the total number of visibilities.
The associated matrix A.;g = 1. The visibility covariance matrix Cyorig = COV|[Uoyig, ulrig].
If we assume perfect redundancy, such that baselines within a redundant set measure the
same signal, then cov[Uerig j, Wi, 1] = Var|[torg ;] when baselines j and k belong to the same
redundant baseline set. If we further assume independence between visibilities from different
redundant baseline sets then cov[torig j, Uy, ] = 0 when baselines j and k belong to different
redundant baseline sets. We thereby derive a block-diagonal matrix Cy orig Where the number
of blocks corresponds to the number of redundant baseline sets.

However, we would encounter a problem deriving L(g, o) by plugging these quantities
into Equation 4.26. Cyorig is singular: it has rank equal to the number of redundant baseline
sets. This belies that wyg is not a proper basis for calibration. It must be remapped into a
new basis, which we derive by applying Singular Value Decomposition (SVD) to Cyjorig (see

Appendix B). This generates a new calibration basis w where wi; = Au and A is given by

Equation 4.18. We thereby recover the calibration framework given in Equation 4.31.
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The calibration framework described in this section unifies the “absolute” and “relative”
steps of redundant calibration. Like traditional sky-based calibration (§4.2.1), it is degenerate
only in the overall phase of the gains. Yet, like traditional redundant calibration (§4.2.2), it
incorporates information from baseline redundancy.

This framework involves Nau + Nieq tunable calibration parameters, where N,.q refers
to the number of redundant baseline sets. This is equivalent to the number of tunable
parameters used in traditional redundant calibration.

The framework also has interesting implications for hybrid arrays, i.e. arrays with some
redundant and some non-redundant elements. Phase II of the MWA, for example, contains
two hexagonal sub-arrays that support redundant calibration. These redundant sub-arrays
are contained within a larger pseudo-random array. Thus far, calibrating a hybrid array has
required separate calibration operations for the redundant and non-redundant elements (Li
et al., 2018, 2019). In order to exploit the redundancy of the sub-arrays one had to relatively
calibrate those antennas with traditional redundant calibration techniques, therefore using
baseline measurements only from within the sub-arrays. The calibration framework described
in this section allows for calibration of the redundant sub-array antennas using all baseline
measurements. This incorporates information from all baselines involving that antenna and
can increase the calibration signal-to-noise.

To explore the scope of this calibration approach we describe two opposing limits of the
calibration model. The first limit takes o3; < 0%, where o4 are elements of the diagonal
matrix Cp. In this limit we assume that the model visibilities m are well-known and require
that w ~ m. Extending this limit such that a%; — 0 enforces that u — m. Equation 4.31
is thereby equal Equation 4.13, and we recover traditional sky-based calibration.

In the opposing limit o%; > 2. The model visibilities m will then have a negligible con-
tribution to the relative calibration parameters, i.e. the calibration parameters constrained
by minimizing Equation 4.20. Instead, the model visibilities will fit the absolute calibration
parameters only. This limit corresponds to a unified redundant calibration framework where

absolute and relative calibration are encompassed in a single minimization problem. We note
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that extending this limit such that o%; — oo eliminates the second term in Equation 4.31.
We thereby recover Equation 4.20 and traditional redundant calibration.

In practice, neither of these limits are physically-motivated. m cannot perfectly model
the visibilities; on the other hand, it can give some information about the relative calibration
solutions. The strength of this calibration approach is that it can inhabit the middle ground
of some confidence in the model visibilities. As in §4.3.2, we could set o%; empirically by
measuring discrepancies between the data and model. In Chapter 5 we present simulation

results that explore the implications of working in an intermediate regime between traditional

redundant and sky-based calibration.

4.3.5 Redundant Calibration Accounting for Unmodeled Imperfect Redundancy

As explained in §4.3.4, we can describe traditional redundant calibration with a block-
diagonal Cy; when the basis of sky parameters u corresponds to the full set of visibilities
(denoted Cpporig in §4.3.4). Traditional redundant calibration assumes cov|u;, uy] = varfu;]
for visibilities u; and wy, if baselines j and k belong to the same redundant set.

However, it is reasonable to assume that small antenna position errors and beam response
inhomogeneities make cov|u;, uj] < var[u;] when j # k. We can account for this by apply-
ing a suppression term to the off-diagonal elements of Cy;. This suppression factor could
be calculated empirically by measuring the covariance between visibilities from redundant
baselines as the array measures different fields on the sky. It could also be baseline- or
antenna-dependent. For example, if one antenna is known to have a particularly irregular
beam response, the baseline covariance terms for baselines that include that antenna could
be preferentially suppressed.

In general, suppressing the off-diagonal elements of a block-diagonal Cy; renders it invert-
ible (in theory at least; in practice inverting Cy; could be computationally prohibitive). We
may no longer need to recast u to a reduced basis such as the set of independent visibilities
or the Singular Value Decomposition (SVD) basis described in Appendix B. We note that

under this calibration approach the tunable visibility parameters w will be highly correlated.
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The maximum likelihood values @ associated with redundant baselines will, by construction,
have similar values. For this reason, we cannot use agreement of w for redundant baselines
as evidence of the baselines’ true degree of redundancy.

That said, considering the SVD basis can be enlightening for understanding the effect of
suppressing the off-diagonal elements of Cy; by a small amount. The additional calibration
degrees-of-freedom introduced correspond to differences in u between visibility measurements
within a redundant baseline set. The variance on these differences is small. Provided the
model visibilities m are the same for all visibilities from a redundant set, the differences
between visibility measurements in a redundant set are constrained to be near-zero.

Suppressing all off-diagonal elements of Cy; increases the number of tunable calibration

parameters to (N2, + Nau)/2, as compared to Naye + Nyeq parameters for traditional redun-

ant

dant calibration. For large arrays this could substantially increase calibration runtimes.

4.3.6  Redundant Calibration with Modeled Imperfect Redundancy

§4.3.5 describes a calibration framework that accounts for unmodeled antenna position errors
and beam response inhomogeneities. However, often antenna positions and beam responses
can be measured to greater accuracy than they can be controlled. For example, an antenna
in a redundant array may have a known position offset from its ideal position. In this case,
the covariance matrix Cy; can be calculated from the modeled uv responses of the antennas.

In §2.1 we represent the uv response of baseline j as Tj(—a:), where x is the uv position
vector. These baseline responses can be modeled from beam simulators or direct measure-
ments and are readily available from instrument simulators such as FHD (Sullivan et al.,
2012; Barry et al., 2019a), PYUvsiM? (Lanman et al., 2019), oSKAR? (Mort et al., 2010), the
Precision Radio Interferometry Simulator? (PRISIM), or CASA (see Jagannathan et al. 2017

for an example of using CASA with a fully-polarized primary beam model). From Equation

2https://github.com/RadioAstronomySoftwareGroup/pyuvsim
3https://github.com/0xfordSKA/OSKAR
‘https://github.com/nithyanandan/PRISim
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2.15, we get that the visibility u; relates to the true uv plane S (x) via
U :/ d*x T;(—x)S(x). (4.32)

If we assume no uncertainty on the uv response models, the elements of the covariance

matrix Cy; are given by

Cu jk = cov]uj, uj] :/ d2$/ d*x' T;(—x)T; (—x') cov[S(x), S*(x)]. (4.33)
As in §4.3.2, we assume that sky model errors are dominated by many faint sources missing
from the model catalog. We expect the resulting error in the wv plane to be Gaussian-
distributed and fully described by a variance of; at each point. We further assume that

points in the uv plane are independent:

N N 0 whenx#a
cov[S(x), S*(x')] = 7 : (4.34)

2 — !
oyy Whenx ==

Under these assumptions, we get that

Cwmjk = 01%,[/ d*x T;(x)T} (). (4.35)

[e.e]

This method of calculating elements of the covariance matrix allows us to accurately
represent all amounts of modeled baseline covariance in the calibration model. Redundant
baselines have highly overlapping wv responses. In a closely packed array, baselines that
are not constructed to be redundant may nonetheless overlap somewhat in uwv coverage;
this overlap introduces nonzero covariance in their measurements. Traditional redundant
calibration assumes that T} (x) = Tj(x) when baselines j and k belong to the same redundant
baseline set. It also assumes that when j and k£ do not belong to the same redundant
baseline set their uv coverage does not overlap at all: [ d*x Tj(z)T; (x) = 0. If we instead
calculate a covariance matrix from Equation 4.35 we can relax those assumptions and build

a more physically-motivated calibration model that accounts for array non-redundancies and
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can incorporate covariances from baseline overlap in closely packed arrays such as HERA
(DeBoer et al., 2017) and HIRAX (Newburgh et al., 2016).

In §4.3.2 we noted that a sky model may be more trusted for some baselines than others.
The assumption in Equation 4.35 of uniform variance across the uv plane therefore must be
relaxed. If we instead assume that the variance of the wv plane is approximately constant
at scales equal to the size of a baseline response, we can rewrite Equation 4.35 as

Cwm ik = oMjaMk/ d*x T;(x)T} (). (4.36)
—o00
Here o3, ; is simply the variance of u;; oy; is the standard deviation. As noted in §4.3.2,
one could determine values of o\; empirically by comparing the data to the model. Poorly-
modeled power spectrum modes could be downweighted in calibration by increasing o ; for
the associated baseline lengths. A baseline j could be excluded from calibration altogether
by taking on; — 00.

We can combine the calibration approach described in this section with that of §4.3.5.
One could expect that further non-redundancies exist beyond what is encoded in the baseline
response model T](a:) In that case, one could represent non-modeled antenna position or
beam response errors by suppressing the off-diagonal elements of Cy;. As in §4.3.5, this
suppression factor could be estimated from empirical measurements of the covariance of
visibilities. Calculating visibility covariances across observations of different parts of the sky
could help validate or adjust a covariance matrix constructed from Equation 4.35.

As in §4.3.5, under the calibration framework presented in this section the number of

tunable calibration parameters lies between N,y + Nyeq and (N2, + Nant)/2, with the exact

ant
number depending on whether any baselines are modeled as fully redundant. The num-
ber of tunable parameters can be reduced by eliminating the most constrained calibration
degrees-of-freedom. This is analogous to deciding that the most redundant baselines can be
approximated as fully redundant. Formally, this is accomplished by performing Principal

Value Decomposition (PVD) on the covariance matrix Cy. We calculate the SVD basis

according to Appendix B. Of the resulting parameters, we can choose not to calibrate the
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parameters with the smallest variances.

4.8.7 Covariant Calibration of Compact Non-Redundant Arrays

The calibration formalism presented in §4.3.6 is fully generalizable to a compact non-redundant
array. The framework allows us to incorporate information from baseline covariance to con-
strain measurements across a non-redundant array.

For example, Phase I of the MWA (Tingay et al., 2013) has no redundant baselines. As
an imaging array, it was built to be pseudo-random with maximal uv coverage, in a sense
making it as non-redundant as possible (Beardsley et al., 2012). At the same time, it has a
highly compact core and is uv complete out to about 50 wavelengths. This high uv coverage
means that baselines measurements are not independent. Instead, many baselines are highly
covariant with one another.

We can incorporate this covariance into the calibration framework by constructing Cy;
from Equation 4.35. Fit visibility values w would then be constrained not only by their
modeled values m but also by the visiblities from overlapping baselines in the uv plane.

In this way the ideas behind redundant calibration can be extended to non-redundant
compact arrays. Baselines need not be highly redundant to exhibit appreciable covariance,
and this covariance can be used to constrain calibration solutions. These calibration tech-

niques have applications for many classes of interferometers, not just highly redundant arrays.

4.3.8 wuv-Space Calibration

Traditional redundant calibration interprets the tunable sky parameters uw to be visibilities
(denoted g in this section), however one could instead reinterpret u as pixels of the uv
plane. This is a natural parameter space for describing the model and means that Cy; does
not depend on the instrument response. Instead, A encodes degridding by mapping the
pixels of the uv plane to the visibilitites.

In §4.3.6 we describe the instrument response model as a continuous function in the wv

plane, but in practice the uv plane is discretized. We can define a covariance matrix Cy orig
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by rewriting Equation 4.35 for a discrete uv plane:
CM orig — 0'1%/[TTT (437)

where T is a rectangular matrix that maps uv pixels to visibilities. T has a number of
columns equal to the number of pixels in the uv plane and a number of rows equal to the
number of visibilities. The product TT' is equivalent to the holographic mapping function
described in Sullivan et al. 2012.

We define a new set of sky parameters u that correspond to pixels in the uv plane. T

defines the mapping between u and wyg:
Ugrig = TU. (4.38)
We now get that

Cum orig = <uorigulrig> - <uorig> <ulrig>

= T((uu*> —(u) (uT>)TJr (4.39)
= oy TTH,
so the new covariance matrix is
Cy = (uu') — (u)(ul) = o3/ 1. (4.40)

The fact that this covariance matrix is diagonal highlights the assumption in §4.3.6 of inde-
pendent wv pixels.

Plugging this new parameterization of w into L(g,u) gives

Lig.w) = o~ Glo)Tul'C'[o — Glg)Tul + — Sluy—myf, (1)

M
where m is the model of the uv plane and j indexes over wv plane pixels. We can also relax

the assumption that o3;; = o3, for all uv pixels j and rewrite Equation 4.41 as

L(g.w) =[v ~ Glo)Tul/C:'[o — Glo)Tul + 3 oy~ (1)
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Now o3, can represent variations in the quality of the sky model across the uv plane. A point
source sky model that omits diffuse emission could have ¢; increase for shorter baselines.
Regions of uv space could be excluded from calibration altogether by taking the limit o3, ; —
oo for those pixels j. One could calculate o3, empirically by comparing the model of the uwv

plane to measurements.

We call this new calibration framework “uv-space calibration.” It offers an alternative
formulation of the calibration framework described in §4.3.6. Parameterizing v as uv pixels
rather than visibilities highlights the implicit assumption of statistical independence of the
pixels by making Cy; diagonal. Here m depends on the sky model only and is calculated
without an instrument simulator. The instrument model is moved from the second to the first
term of L(g, u), where T encodes the baseline responses to the uv plane. Baseline covariances
need not be calculated explicitly. Instead, this calibration framework implicitly constrains

visiblities from fully- and partially-redundant baselines from their uv plane overlap.

uv-space calibration is a natural framework for unified calibration that models all base-
line covariances. As with the calibration framework described in §4.3.6, it can account for
small non-redundancies of a redundant array due to antenna position offsets and beam inho-
mogeneities. Like in §4.3.7, it models covariances of non-redundant baselines stemming from
baseline overlaps in the uv plane. Note that uv-space calibration incorporates modeled co-
variances only; it cannot include unmodeled imperfect redundancy as in §4.3.5. Finally, like
the calibration framework described in §4.3.2, uv-space calibration can incorporate variable
sky model uncertainties as a function of uv position to represent sky model incompleteness

and preferentially fit calibration solutions to well-modeled uv modes.

4.4 Frequency Calibration

In §4.3 we assumed that the calibration likelihood function is separable in frequency:

P(glv) = [[ Prle()lv( )] (4.43)
f
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where f denotes the frequency channel. A likelihood function of this form allows for each
frequency to be calibrated separately but precludes the calibration model from incorporating
cross-frequency covariance information. In this section we describe calibration extensions

that break the assumption of separability of the likelihood function in frequency.

4.4.1 Parameterizing Gains Across Frequency

One approach to eliminating frequency-dependent calibration errors is to fit calibration solu-
tions across frequency after the fact (Barry et al., 2019b; Li et al., 2019). With this approach,
calibration consists of two steps. First, one calculates per-frequency calibration solutions.
Next, the gains are adjusted to remove false frequency structure and fit the allowable degrees
of freedom determined by a model of the instrument bandpass response.

A more optimal way of calibrating with a modeled bandpass is to fit the parameters of
the bandpass directly (Yatawatta, 2015; Mertens et al., 2020). We can model the gains as

functions of tunable parameters «y, for each antenna a such that

9a(f) = 9a(f,Ya)- (4.44)

Here 7, could include the amplitudes and positions of known features in the bandpass or
any other parameters related to fitting the instrument’s bandpass response. If the bandpass

is parameterized as a low-order polynomial, 7y, could be the polynomial coefficients:

Tmax

9a(F-Ya) = > Vant" (4.45)

n=0
where N,y is the maximum mode in the low-order polynomial fit.

Because the parameters =, are not per-frequency, calibration can no longer be parallelized
across frequency channels. Instead, the algorithm must access data from across a large
frequency range at once. This increases the calibration memory requirements by a factor
equal to the number of frequency channels, which can be computationally infeasible. Novel
calibration algorithms allow for distributed optimization without sacrificing cross-frequency

performance (Yatawatta, 2015).
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An extension to traditional sky-based calibration (Equation 4.13) that parameterizes the

gains across frequencies has the following features:

1. We define tunable calibration parameters corresponding to parameterizations of the

antenna gains across frequency. € = {7y,7s, ... } where for antenna a the gain g,(f) =

9.([:7a)-

2. We model the data as

Cab(f) = ga(f7 7a)gl;k(f7 ’Vb)mab<f) (446)

where indices a and b index antennas.

3. As in previous sections, we describe P(v|£) as an independent Gaussian probability

distribution.

4. We use a flat prior such that P(§) = P(vy,7s,--.) is a constant.

This version of sky-based calibration has a negative log-likelihood of the form

Lyi o) =D %(f) v (£) = 9a(F, 4295 (1) man(F)] (4.47)
f ab

OT ab

Calibration consists of minimizing this quantity by varying the parameters =, for each an-
tenna a.

This calibration approach allows for variable weighting across frequency. For example,
frequency channels with greater noise contamination could be downweighted by increasing
o2(f) with respect to the uncontaminated channels. Frequency channels can be removed
from calibration altogether by taking the limit 0% (f) — co. If the calibration parameters are
chosen to span frequencies then they will interpolate the gains across the masked frequency
channels.

This approach to fitting the gains is not only applicable to sky-based calibration. One

can choose to parameterize the gains across frequency in any calibration framework.
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4.4.2  Capturing Redundancy Across Frequency

Calibrating across frequencies may allow redundant calibration to capture cross-frequency
visibility covariances (Dillon & Parsons, private communication). It is possible that baselines
of vastly different physical lengths are nonetheless highly covariant at different frequencies.
A long baseline could measure the same sky modes at a low frequency that a short baseline
measures at a higher frequency. This has interesting implications for redundant calibration.
As in §4.4.1, this calibration approach would pose computational challenges as it precludes
parallelization across frequency channels.

To illustrate cross-frequency redundant calibration we consider an extension to redundant
calibration as described in §4.2.2. Under this extension, calibration includes the following

assumptions:

1. As in §4.2 and §4.3, we parameterize the gains as per-antenna, per-frequency, and
direction-independent. (Alternatively, one could combine this calibration approach
with the cross-frequency gain parameterizations described in §4.4.1. However, for sim-
plicity we will describe a per-frequency gain parameterization.) We parameterize the

sky model with per-frequency visibilities w(f). The tunable calibration parameters are

§={g(f) ulf)}

2. As in §4.3, we model the data as
Car(f) = 9a(F)g5 () D Aavju(f) (4.48)
J
where Ay ; are elements of some matrix A that maps w to visibilities.
3. As before, P(v|€) is an independent Gaussian probability distribution (Equation 4.11).

4. We use a Gaussian prior on w and a flat prior on g such that

P(¢) < P(u) H 6—%[u(f1)—m(f1)]TCM}11f2[U(f2)—m(f2)]. (4.49)
fife
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Cy now encodes covariances between every visibility at every frequency, with elements
given by
Cujnpise = cov[u;(fi), ui(f2)] (4.50)

where j and k index baselines and f; and f; index frequency channels.

L(g,u) from Equation 4.26 now takes the form

Uow-Y XY oy 1) = D) A1)

2

(4.51)
+ 0 ui(f) = m(FOF O, g, [un(f2) — mi(f2)):

fifz gk

This converges to traditional redundant calibration in the limit that Cy jgf, 5, — 0 for f1 # fo.
Assuming a stable sky as a function of frequency, a physically-motivated construction of

Cy could follow the approach described in §4.3.6. From Equation 4.35 we get
Cunnn= | ¢z [ ET(hefi(fa)eonlSha), 5 (fa),  (15)

where T;(f, ) is the uv response of baseline j and S(f,z) is the uv plane at frequency f.
If, as in §4.3.6, we assume that different points in the uv plane are independent and that the

variance across the uv plane is constant, we get that

o0
Cjkfifs = Csflfz/ &z Ty(fr, )T} (fo, ). (4.53)
—c0
Here Cs ¢f is the variance of uv pixels at frequency f; Csy ¢, is the covariance of uv pixels
at frequencies f; and fs.

It follows from Equation 4.53 that the construction of a physically-motivated cross-
frequency Cy; requires accurate modeling of the beam responses at all frequencies in question.
In practice, beam responses vary considerably as a function of frequency. While baselines
of different physical lengths may sample the same wv locations at different frequencies, we

cannot expect their beam responses to be the same. Therefore, redundancy is degraded

across frequencies. In other words, we expect the largest elements of Cy ¢, f, to occur when

fr=Fa
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If we assume the sky is constant across our frequency range then Csy s, = Csy, 5, at all
frequencies. However, in practice the sky has some frequency-dependence. We therefore ex-
pect that a more accurate model sets Cst, 7, < Cs ¢, ¢, when fi # fo. This further suppressed
the elements of Cy; that correspond to covariances of visibilities at different frequencies.

Incorporating nonzero cross-frequency visibility covariances in calibration could be a pow-
erful tool for constraining the frequency structure of the instrument response. However, beam
shape variation across antennas and frequencies, along with frequency-dependence in the sky
signal, suppress the covariance of visibilities at different frequencies. A realistic calibration

model must account for these effects.

4.4.3 Delay-Dependent Weighting

The calibration approaches in §4.4.1 and §4.4.2 allow for frequency-dependent weighting
through the parameter o4 4 (f). However, in practice it is useful to have delay-dependent
weighting, where delay refers to the Fourier dual of frequency.

Due to the foreground wedge effect, described in §2.3, errors in the calibration sky model
lie in delay modes n < b/c, where b is the baseline length in meters and c is the speed of
light. Calibration mixes these errors across baselines, introducing contamination into modes
N < bmax/c where by, is the length of the longest baseline used in calibration. For this
reason, Ewall-Wice et al. 2016 proposes using only short baselines in calibration.

However, delay-dependent weighting can restrict calibration from fitting features that
appear only in the foreground wedge region of power spectrum space. Here we describe
a delay-weighted variation of traditional sky based calibration. This approach uses the

following assumptions:

1. Like traditional sky-based calibration, it parameters the tunable calibration parameters

as a complex gain per antenna and per frequency & = g(f).

2. Again like traditional sky-based calibration, it models the data as Cup(f) = ga(f) g5 (f)man(f).
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3. P(v|€) is no longer an independent probability distribution. Instead, delay-dependent
weighting is imposed through a matrix that defines effective covariances between fre-

quency channels.

4. Like traditional sky-based calibration, it uses a flat prior for the gains.

To simplify notation, we define a new expression 74 (f) to be the sky-based calibration

cost function of a single baseline {a, b}:

ra(f) = var(f) = 9a(f) g5 (f)mas(f)- (4.54)

If we assume there is no baseline-dependent weighting, the negative log-likelihood is simply

Lig) =) > lra(H. (4.55)
f ab
For simplicity, we can approximate the sum over frequencies as a continuous integral:
Lg) =3 [ drlnul PP (4.56)
ab
From the Plancherel theorem, this is equivalent to
Lig) =3 [ dnliu(o)l (457
ab

where 74(n) is the Fourier dual of r4(f).

At this point we can add a delay-dependent weighting function W (n):
L) =3 [ dn W)l (4.59)
ab

This weighting function could affect only long baselines and mask out modes within the

foreground wedge. For example, the weighting function could be

. 0, ifbg/c<n<by/cand by, > b
Was(n) = ’ ! (4.59)

1, otherwise
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where by, is the length of baseline {a,b} and by is the shortest weighted baseline. This
weighting would mask fast delay modes in the foreground wedge.
We can now transform the negative log-likelihood back into the frequency domain. Ex-

pressing the Fourier transform explicitly, we get

2

ta) =% [anvutn)| [ arerinis| (4.60)

or, expanding,
L(g) = dnWa(n) [ df [ df'e>™ "= ra(F)riy(f). (4.61)
5 fatin [ e i
Rearranging terms, we get
o)=Y [ar [ar | [ aniutne D] vt (1.62)
5o for [ st i

The bracketed term is just the inverse Fourier transform of the weighting function:
Lo) =3 [ df [ Wals = Pra(Hras), (163
ab

Converting back into a discrete sum, we get

*

L(g) =D > Wanss [vas(f) = 9a()gs (Fmae(£)] [vas(f') = ga(F) g5 (Fyman(F)] " (4.64)

ab ff’

W 54 are elements of a matrix that mixes different frequency channels.
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Chapter 5
UNIFIED CALIBRATION IN SIMULATION

In this chapter we explore the implications of the unified calibration approach presented
in Chapter 4 through simulation. Unified calibration is a broad framework for developing
calibration approaches. Here we use a simplified simulation to explore just one variant of
unified calibration related to calibrating a perfectly redundant array. The simulation results
demonstrate and approach to implementing unified calibration and illustrate that a unified
calibration approach that combines redundant calibration with a sky model prior can improve

calibration performance.

5.1 Simulation Setup

The simulation is based on an idealized redundant array of 36 antennas configured as a 6 x 6
square grid. The antennas are simulated as uniform circular apertures with diameters of 14
m and the array is close-packed: antenna centers are separated by 14 m. Figure 5.1 provides
a schematic of the array configuration. We simulate visibilities from the GLEAM catalog
Hurley-Walker et al. (2017) with the pyuvsim simulation package Lanman et al. (2019). The
simulation corresponds to a zenith observation of the MWA’s “EoR-0" field, a field studied
extensively by the MWA’s EoR team centered at Right Ascension 0 hours and Declination
—27°.

We calibrate according to the framework presented in Equation 4.26. We assume perfect
array redundancy and take w to correspond to visibilities from redundant baseline sets. A
therefore takes the form of Equation 4.18.

In contrast to traditional redundant calibration, this calibration implementation accounts

for non-zero correlations between baselines from different redundant sets. As we model
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North

—

14 m

Figure 5.1: Schematic of the array layout used in simulation. The antennas are represented
as uniform circular apertures with diameters of 14 m. The array comprises 36 antennas in a
close-packed regular 6 x 6 grid.

antennas as circular apertures, each antenna response is given by

1, for|r| <a/2
D(r) x : (5.1)

0, otherwise
where 7 is the vector position on the ground from the antenna center and a is the antenna
diameter (14 m in our simulation). The baseline response is evaluated by convolving the

antenna responses:

B(x) x /_oo d*r D(r)D*(x — 1), (5.2)

o

where x is the vector distance from the baseline center in the uv plane. Evaluating this

integral and normalizing such that the integrated baseline response is equal to 1, we get that

B(x) = % cos ™ <%) — % 1- (%)2 (5.3)

for |x| < a.
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Following Equation 4.35, we define the baseline correlation matrix Cg with elements

[ P B) Bl — Azy)
ORjk = Corr[ujv uk] - foo d2m BQ(CU)

(5.4)

where Az, is the uv separation between the centers of baselines j and k. From the definition
of the correlation, the matrix is normalized such that the diagonal elements Cg j; = 1. For
our array, the closest non-redundant baselines are separated by 14 m. Numerically evaluating
the integrals in Equation 5.4, we find that those baselines have correlations of 0.1617. The
next closest baseline separations are 19.80 m; those baselines have correlations of 0.0176.
Subsequently more distant baselines have no wv overlap and therefore no correlation. We
define the model covariance matrix from these correlation values: Cy = 03;Cr, where o
quantifies the variance on the sky model errors. The inverse quantity Cy;' = %Cﬁl. Cg is
full-rank; we invert it with the NUMPY linear algebra package.

Combining these elements, we produce L(g,u) for calibration of the form

1 2 1 _
L(g,u) == Z Z {vab — gag;Aabjuj} + 0_2(u — m)TCRl(u —m). (5.5)
T % M
As explained in §4.3, in the limit that o3, — oo the second term of L(g,u) disappears and
we recover traditional redundant calibration. In the opposite limit that o3 — 0, u — m
and we recover traditional sky-based calibration. We can also operate between these limits
by setting 0% to a finite value that represents our confidence in the model visibilities .

Unified calibration has one degenerate parameter, corresponding to the overall phase of
the gains. We constrain this term by requiring that the average complex phase of the gains
is zero.

To simulate thermal noise, we inject an independent random signal into the each of the
630 simulated visibilities v. The injected noise is drawn from a complex Gaussian distribution
with a variance of 0.04 Jy?; reflecting that, we set 02 = 0.04 Jy®>. We explore two distinct
classes of sky model errors. In §5.2 we introduce random error into the model visibilities m,
whereas in §5.3 we introduce errors in m by omitting faint sources from the sky model. In

both cases the variance on the model visibility errors is 0.16 Jy?, so we set o3; = 0.16 Jy*.
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5.2 Simulating Random Model Error

In this simulation, we represent error on the model visibilities m by injecting an independent
random signal into each of the 60 unique baseline measurements. The error is drawn from
a complex Gaussian distribution with a variance of 0.16 Jy2. This technique allows us to
explore the implications of sky model error across a statistical ensemble of error realizations.
In §5.3 we examine a more physical case in which error stems from faint missing sources in

the sky model.

We implement calibration by minimizing Equation 5.5 with a SCIPY optimization routine.
We perform 10,000 trials, corresponding to 100 independent realizations of each thermal noise
and sky model error. Histograms of the calibrated gains g over all 10,000 trials are plotted
in the center column of Figure 5.2. The true gains g = 1, so deviations from 1 represent

errors in the fit gains.

In addition, we calibrate the same noisy data and sky models using traditional redundant
and sky-based calibration. The results from redundant calibration are plotted in the left
column of Figure 5.2 while the results from sky-based calibration are plotted in the right

column.

Of the three classes of calibration, we find that unified calibration performs best, produc-
ing the least gain error. The distribution of fit gains g is more compact for unified calibration
than for either redundant or sky-based calibration. Furthermore, its peak is better localized
to g = 1. In redundant and sky-based calibration, the gain amplitudes are systematically
biased low. In redundant calibration this feature results from the absolute calibration step,
which constrains the overall amplitude of the gains. The bias is consistent with results in
Chapter 3 and stems from decoherence of the data and model visibilities in the presence of

model errors. We explore this effect in more depth in Appendix C.

The three rows in Figure 5.2 depict the same underlying histograms with different overlaid
contours. The contours in the top row highlight the distribution of the full set of 10,000

calibration trials. The solid white contour and the dashed white contour enclose an estimated
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calibration simulation with random sky model error.
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Figure 5.2: 2-D histograms of the fit gains g from a simulation of the array depicted in
Figure 5.1 in the presence of random thermal noise and sky model error. The true gains are
1 (marked by a white plus sign), and deviations from 1 correspond to errors in the fit val-
ues. The three columns show the results of three different classes of calibration: traditional
redundant calibration on the left, unified calibration implemented by minimizing Equation
5.5 in the middle, and traditional sky-based calibration on the right. The histograms de-
pict 10,000 calibration trials corresponding to 100 separate realizations of injected thermal
noise and 100 realizations of sky model error. Each row depicts identical histograms with
different contours overlaid. For the top row, the white solid and dashed contours enclose an
estimated 50% and 90% of the full distribution, respectively. We see that unified calibration
performs better than either traditional redundant or sky-based calibration as the histogram
distribution is better localized to the correct value of g = 1. In the middle row, each of the
10 white contours corresponds to a single realization of thermal noise. Each contour encloses
50% of the distribution of fit gains from that noise realization. In the bottom row, each of
the 10 contours corresponds to a single realization of model error, again enclosing 50% of
the distribution from that realization. This demonstrates that the distribution of fit gains is
highly sensitive to the sky model error.

50% and 90% of the distribution, respectively, as calculated from a Gaussian Kernel Density

Estimator (KDE).

In the second row of Figure 5.2 each contour describes the distribution of fit gains derived
from a single realization of thermal noise. The contours enclose an estimated 50% of the
distribution calculated across all 100 realizations of model error. We plot 10 such contours,
randomly selected from the 100 total realizations of thermal noise. While there is some
variation between the contours, the variation is small. Each realization of thermal noise

produces a distribution of fit gain errors representative of the overall distribution.

In contrast, in the bottom row of Figure 5.2 each contour corresponds a single realization
of sky model error. These contours are calculated to enclose 50% of the distribution of
fit gains across all 100 realizations of thermal noise. We see that independent draws of
sky model error produce very different gain distributions. This is because model error is
coherent across measurements within a redundant baseline set. As regular arrays have few

independent measurements of the sky signal, sky model error affecting just one baseline
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Figure 5.3: Complex error on fit visibility parameters @ from the simulation presented in
Figure 5.2. (a) presents the results from traditional redundant calibration and (b) presents
the results from unified calibration. Traditional sky-based calibration does not fit visibility
parameters. The white plus signs mark the position of zero error, and the white solid
and dashed contours enclose an estimated 50% and 90% of the data, respectively. Unified
calibration produces slightly more precise values of @ than traditional redundant calibration.

mode can impact calibration for a large fraction of the measured visibilities. Calibration is
typically implemented for observations of a single field on the sky, so in practice we work
with a single realization of sky model error. Unlike with thermal noise, the impact of sky

model error on calibration solutions will not average down across long data integrations.

We can likewise compare the fit visibility values u between traditional redundant cali-
bration and unified calibration. Figure 5.3 presents histograms of the error in u. Figure
5.3(a) corresponds to traditional redundant calibration and Figure 5.3(b) corresponds to
unified calibration. Traditional sky-based calibration does not fit visibility values. Figure
5.3 demonstrates that unified calibration produces slightly less fit visibility error than re-
dundant calibration, as the distribution is marginally more compact. That said, the errors
in the fit gains g are more relevant for evaluating calibration performance because the gains

are applied to the data in calibration.

These simulations illustrate that, in a simplified case, the calibration framework presented

in §4.3 improves upon traditional calibration approaches. Traditional sky-based calibration
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does not fit visibility values w and instead only uses the model visibilities m, which are
susceptible to errors from the sky model. Unified and redundant calibration approaches
introduce additional calibration degrees-of-freedom through w and thereby allow calibration
to fit out sky model errors.

Redundant calibration uses the model visibilities m for absolute calibration only. It fits
the relative calibration parameters entirely from the data and imposing agreement between
redundant measurements. However, thermal noise introduces error into the relative cali-
bration parameters. Unified calibration uses the model visibilities as a prior on calibration
solutions. The prior is weighted by the measured uncertainty on the sky model. This further
constrains redundant calibration’s relative calibration parameters and mitigates error from
thermal noise.

The calibration simulations presented in this section illustrate one implementation style
of the calibration framework described in §4.3. The simulated instrument is perfectly redun-
dant and we assume no errors in the instrument model. Instead, calibration errors result
only from error in the model visibilities m and from thermal noise. The results in Figure
5.2 demonstrate that, for our simplified simulation, using a unified calibration framework
based on a physically-motivated instrument model produces better calibration results than
traditional methods. In the next section, we demonstrate that unified calibration similarly
improves calibration performance in the case that sky model errors stem from faint missing

sources.
5.3 Simulating Model Incompleteness

In §5.2 we explored calibration across an ensemble of random sky model errors. As a more
physically-motivated simulation, we explore the case that sky model errors stem from missing
faint missing sources. This technique follows approaches used in Barry et al. (2016) and Byrne
et al. (2019) and represents the fact that real source catalogs always have a completeness
limit dictated by the measurement sensitivity.

To represent this source of model error we once again simulate visibilities from the
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Figure 5.4: Scatter plot of the errors in the simulated model visiblities m (denoted with
black ‘X’ symbols). Data visibilities are simulated with the full GLEAM catalog and have
an average amplitude of 5.58 Jy; model visibilities are simulated from only the GLEAM
sources brighter than 100 mJy. The errors in the model visibilities stem from these missing
faint sources. The white plus sign marks the position of zero error. The black solid contour
has a radius equal to the standard deviation of the model visibility errors. The blue dashed
contour has a radius equal to the standard deviation of the complex Gaussian distribution
from which we simulate thermal noise.



100

Redundant Calibration Unified Calibration Sky-Based Calibration

0.03 0.03 0.03 0.005
£ 0.02 | £ 0.02 £ 0.02 0.004 X
a a a a
& 0.01 5 0.01 s 0.01 0.0038
© © < : o
E 0.00 E 0.0 E 0.00 3
5-00 5 -0.0 5 -0.01 00025
o 1 o ! o ™ ) 5
£ _0.02 £ -0.02 £ -0.02 - e 0.001<

-0.03 0.03 0.03 0.000

0.98 1.00 1.02 0.98 1.00 1.02

0.98 1.00 1.02
Fit Gain, Real Part Fit Gain, Real Part Fit Gain, Real Part

(a) (b) (c)

Figure 5.5: 2-D histograms of the fit gains g from a simulation of the array depicted in Figure
5.1. Sky model error is represented by excluding faint sources in the simulated catalog. The
true gains are 1 (marked by a white plus sign), and deviations from 1 correspond to errors
in the fit values. The three plots show the results of three different classes of calibration:
(a) redundant calibration, (b) unified calibration, and (c) sky-based calibration. The white
solid and dashed contours enclose an estimated 50% and 90% of the data, respectively. The
histogram distribution in (b) is better localized to the zero error point than either (a) or (c),
indicating that unified calibration delivers better calibration solutions than either traditional
redundant or sky-based calibration.

GLEAM catalog, this time omitting sources with flux densities less than 100 mJy. We
take these simulated visibilities to be the model visibilities m. The missing faint sources
introduce disparities between m and the visibilities simulated with the full catalog (plotted
as black ‘X’ symbols in Figure 5.4). The variance of these disparities is 0.16 Jy?, compared
to the average visibility amplitude of 5.58 Jy. The black circular contour in Figure 5.4 has

a radius equal to the standard deviation of the errors.

As in §5.3, we calibrate across 100 independent realizations of injected thermal noise
drawn from a complex Gaussian distribution. The resulting calibrated gains g are presented
as histograms in Figure 5.5. Figure 5.5a corresponds to traditional redundant calibration,
Figure 5.5b corresponds to unified calibration, and Figure 5.5¢ corresponds to sky-based
calibration. As in Figure 5.2, we find that unified calibration performs better than each

redundant or sky-based calibration. The fit gain distribution is most compact for unified
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Figure 5.6: Complex error on the fit visibility parameters @ from the simulation presented
in Figure 5.5 for redundant calibration (a) and unified calibration (b). The white solid and
dashed contours enclose an estimated 50% and 90% of the data, respectively.

calibration, and redundant and sky-based calibration produce gains with amplitudes that

are biased low.

In Figure 5.6 we plot histograms of the error on the fit visibility values @ for redundant
and unified calibration. As in Figure 5.3, we find that unified calibration produces less fit

visibility error than redundant calibration.

The results of this simulation indicate that, just as unified calibration improved calibra-
tion in the presence of the random model error simulated in §5.2, it can reduce calibration
error in the more physical scenario of missing faint sources in the sky model. The unified
calibration framework described by Equation 5.5 assumes that the error on the model visi-
bilities m is Gaussian. This could be a poor approximation for some classes of sky model
errors, for example, if the sky model error is dominated by mismodeling of a single bright
source. Further work could develop more accurate models of sky model error based on spe-
cific knowledge of the sky. However, we expect that this assumption is appropriate for the
case of sky model error from many faint missing sources distributed across the sky (and
Figure 5.4 gives no indication that the errors on m are dramatically non-Gaussian). The

results in this section show that the calibration framework represented by Equation 5.5 can
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improve upon traditional calibration methods in the presence of missing sky model sources.
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Chapter 6

THE FHD POLARIZED IMAGING PIPELINE

In the Chapter 4 we presented a radical rethinking of the calibration problem, developing
a new statistical framework for calibration called unified calibration. In Chapter 5, we
showed that this new calibration approach can deliver better calibration performance than
the techniques widely used in the field. However, none of the calibration approaches presented

eliminate the need for a highly complete and accurate sky model.

One of the major limitations of the sky models typically used in calibration is that they
do not include large-scale, diffuse structure. In the next chapter, Chapter 7, we present a
new map of diffuse emission designed to improve calibration sky models in the Southern
Hemisphere. Diffuse radio emission is distinct from compact sources because it appears
highly polarized, and capturing this polarization is an important component of achieving
precision sky modeling. Before embarking on this project, the FHD data analysis software
did not support polarized imaging. We built polarimetry capabilities into FHD, using an

innovative technique that fully accounts for widefield projection effects.

In this chapter, we present FHD’s polarized imaging techniques. First, in §6.1 we define
aspects of radio astronomy’s polarization formalism: the Stokes parameters, the coherency,
the Jones matrix, and the Mueller matrix. §6.2 introduces the instrumental basis, a mathe-
matical construct that is a key component of FHD’s polarized imaging approach. §6.3 revisits
interferometric imaging, first discussed in §2.2, and extend it to the fully polarized case. §6.4

discusses FHD’s polarized calibration.
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6.1 Polarization Formalism

6.1.1 The Stokes Parameters

Polarized emission is often described with respect to the Stokes parameters I, Q, U, and V
(Stokes, 1851). Stokes I corresponds to the total intensity, Stokes 3 and U correspond to
linear polarization, and Stokes V corresponds to circular polarization. The Stokes parameters

in a given direction on the sky 6 are related to the coherency vector S(0) via the relationship

_1(0)_ 10 o]

Q) I S(0). 6.1)
U(e) 0 0 1 1

V(0) 0 0 i —i

In turn, the coherency vector is related to the electric field by

where Fgr(0) and Ep(0) are the components of the electric field aligned with the RA and

Dec directions on the sky. The angled brackets () denote the time average.

Note that here we have decided to define the Stokes parameters with respect to the
RA/Dec coordinate system. This is an arbitrary choice, and it is equally valid to define
polarization modes with respect to another orthogonal basis. However, because the Stokes
parameters are basis-dependent, it is critical that any polarized measurements specify the
basis used. The poles of the RA/Dec basis mean that the Stokes parameters are undefined
at the North and South poles.
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6.1.2 The Jones Matrix

The Jones matrix is a 2 x 2 complex matrix that represents the polarized antenna response
to the sky (Jones, 1941). The matrix transforms between the true electric field on the sky
and the electric field measured by the instrument (Hamaker et al., 1996; Sault et al., 1996;
Hamaker and Bregman, 1996; Hamaker, 2000, 2006; Ord et al., 2010):

€jq(6) EA(6)

Here E7(0) and EA(0) are components of the electric field aligned with the zenith angle and
azimuth directions, respectively. €;p(0) and €;q(0) represent the contribution of emission
from sky direction @ to the measurements made by antenna j. The subscripts P and Q
correspond to the two instrumental polarization modes. J]Z-A(B) is the Jones matrix for
antenna j; the superscript ZA indicates that it corresponds to the zenith angle/azimuth
basis on the sky, the usual basis convention for reporting the Jones matrix.

This formalism is fully general in that it assumes dual-polarization antenna but makes
no further assumptions about the antenna type. The two antenna polarizations could be
orthogonal but need not be. They could measure linearly or circularly polarized modes.
Note that here we have defined a per-antenna Jones matrix that depends on the antenna
index j: antennas need not have homogeneous polarized responses. The Jones matrix is also
direction-dependent, and we require a 2 x 2 Jones matrix for each location on the sky 6.

Equation 6.3 presents the Jones matrix in the zenith angle/azimuth coordinate system,
but in Equation 6.2 we define the coherency with respect to the RA /Dec basis. Our analysis
is therefore simplified if we define a Jones matrix J?D(O) with respect to RA/Dec. The

transformation between bases involves rotating by the direction-dependent parallactic angle
¢(0):
ez(0) sin[¢(0)]  —cos[¢(0)] | |er(O)

- . (6.4)
ea(6) —cos[¢(6)] —sin[p(0)]| |en(6)
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Here er(0), en(0), ez(0), and es(0) are unit vectors in the RA, Dec, zenith angle, and
azimuth directions, respectively. Appendix D presents a derivation of the parallactic angle.

We then get that
_ g | OO —coslof@)

JP(6) =)’ (6.5)
—cos[¢(8)]  —sin[p(6)]
where
€jq(6) Ep(6)

6.1.3 The Mueller Matrix

The Mueller matrix is a 4 x 4 complex matrix formed by the Kronecker product of two Jones
matrices:

M;.(8) = J%(8) @ JE™"(6). (6.7)
Here we choose to define the Mueller matrix with respect to the RA/Dec basis on the sky
to align with the convention in Equation 6.2. We can then write the visibilities formed from
correlating antennas j and k in terms of the Mueller matrix:

Vi = / d*0 M, (0)S(0) >0 ik, (6.8)

o0

Here vjy, is a 4-element vector with components
VikpPP
UikQQ

Vi = (69)

UjkPQ

UjkQP

where, for example, v;pq represents the visibility formed by correlating the P-polarized
signal from antenna j with the Q-polarized signal from antenna k. Equation 6.8 is the

polarized analogue to Equation 2.7.
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6.2 The Instrumental Basis
The Jones matrix can be decomposed into a product of two matrices:
JP(6) = D;(6)K;(6). (6.10)

D,(0) is a diagonal matrix that encodes the amplitude of the instrumental response:

Jrpi(0)2 + | Jpp;(0)]? 0
D,(0) = VIIre;(0)[2 + | Jop; (0)] (611)
0 VIJrq;(0)[* +[Jpq; (0) 2
where the elements of the Jones matrix are given by
Jrp;(0) Jpp;(0)
RD J J
J;7(0) = (6.12)

Jrq;j(0) Jnq;(0)

The two elements of D;(0) give the sensitivity of each the P and Q polarizations of antenna
7 to unpolarized emission from location 8 on the sky.

K;(0) captures the instrument’s response to polarized emission. If K;(0) is identical for
all antennas (such as for homogeneous arrays), then K;(8) = K(@) for all antennas j. We

can then define a new “instrumental basis” on the sky, where K(@) transforms between the

usual RA /Dec basis and our new instrumental basis:

— K(8) . (6.13)

Here ep(0) and eq (@) are unit vectors aligned with the polarization directions that produce
the maximal response from the P and Q polarizations of each antenna. ep(0) and eq(6) are
generally not orthogonal so K(8) is not a unitary matrix.

We can express the Mueller matrix in terms of this Jones matrix decomposition:

M;.(0) = B,1(0)L(O) (6.14)
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where
L(0) = K(8) ® K*(0) (6.15)
and
B,(6) = D,(6) © D,(6). (6.16)
Here B, (0) is a diagonal 4 x 4 matrix that defines the amplitude of the response of baseline

{j. k} (note that in Equation 6.11 we have defined D(@) to be real).

We define a new coherency vector in the instrumental basis

S (0) = — L(6)S(6) (6.17)

where Ep(0) and Eq(0) are the components of the electric field aligned with unit vectors
ep(0) and eq(0), respectively. The instrumental coherency Sin(0) is the related to the

“pseudo-Stokes” polarization modes, deﬁned as

Tpsoudo(6) 1 1 0 0
seudo 0 ]- _1 0 O
Qsendo(8) | _ Sinet (6). (6.18)
Unpsendo(6) 00 1 1
Vsoudo(0) 0 0 i —i

Pseudo-Stokes should not be confused Wlth true Stokes modes, which must be defined with
respect to an orthogonal basis.

FHD’s polarized analysis pipeline consists of reconstructing the instrumental coherency
Sinst (@) and then transforming into the true coherency S(@) by inverting Equation 6.17. We

then calculate the Stokes polarization parameters from Equation 6.1.

6.3 Imaging

FHD’s imaging pipeline follows the optimal mapmaking formalism (Tegmark et al., 1998;

Bhatnagar et al., 2008; Morales and Matejek, 2009). In this approach, visibilities are gridded
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to the uv plane using the instrumental response kernel. FHD grids in the instrumental basis,
forming uv planes corresponding to each instrumental polarization mode. We typically
pixelate the uv plane at half wavelength spacing.

For example, gridding the PQ-polarized visibilities produces the following reconstructed

uv plane:

[ . E Li. — L)V,
5. vole) = >k aka( ik — ) jkPQ (6.19)
pp PQ
>k Birra(xjr — )

Here S,pppq(0) is the apparent sky in the PQ polarization, where the apparent sky is win-

dowed by the instrumental beam response. The tilde symbol ~ denotes the Fourier trans-
formed quantity: §appr(m) = FT [Sapprq(0)]. = denotes the uv plane coordinate. The hat
symbol " indicates that this is the reconstructed estimate of the apparent uv plane. Bj;pq(0)
is the element of the diagonal matrix B;;(6) that corresponds to the PQ) polarization; once
again, éjk pq(x) is the wv plane transformation of that quantity. j and k£ index antennas,
and »_, denotes the sum over all baselines.

The denominator in Equation 6.19 is known as the weights. If the instrument does not
have complete uv plane measurement coverage, the weights will be equal to zero in certain
uwv plane locations. We set the expression in Equation 6.19 equal zero where the weights are
Zero.

Transforming this gridded uv plane into sky coordinates gives
>k Bikpa(@s, — @) vjipq

> Biwva (@ — )

This apparent sky map can then be converted into an estimate of the true sky, in the

SYappPQ(e) - ]:Til

(6.20)

instrumental PQ polarization, by undoing the beam weighting:

ginstPQ(e) = ;FT—I ZJk BJkEQ<mjk — $) VjkPQ
BangQ(O) ij BjkPQ(a:jk _ m)

(6.21)

Here Sinst pq (@) is an element of the instrumental coherency estimate, as defined in Equation
6.17. Bayveprq(0) is the average P(Q) instrumental response, averaged across baselines. For a

homogeneous array, Bjrpq(6) = Bavgrq(0) = Bpq(0) for all baselines {j, k}.
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The PP-; QQ- and QP-polarized visiblities are likewise gridded to their respective uv
planes and transformed to produce an estimate of the instrumental coherency S’inst(O). This
polarized image is then converted into the true coherency via Equation 6.17 and subsequently
into Stokes polarization parameters via Equation 6.1. Note that because the instrumental
beam response is polarization-dependent, we cannot transform the apparent sky estimate
S app(8) into the true coherency or Stokes polarization basis. The apparent sky is intrinsically
defined in the instrumental polarization basis.

A unique aspect of this polarization imaging pipeline is that each visibility is gridded to
just one uv plane. PQ-polarized visiblities contribute to the PQ-polarized uv plane only. This
is a result of the fact that we have defined B, (@) to be diagonal. B,(@) has four nonzero
elements, corresponding to four gridding operations. As gridding is the most computationally
intensive step in the imaging pipeline, this allows for significant computational savings over
other polarized imaging pipelines.

Note that here we have described polarized imaging using FHD’s optimal weighting scheme
and diffuse normalization, as described in §2.2. FHD fully supports polarized imaging with
natural or uniform weighting and with point source normalization. We focus on optimal
weighting and diffuse normalization here because they were used to produce the polarized

diffuse map presented in Chapter 7.

6.4 Polarized Calibration
Direction-independent polarized calibration is based on the polarized measurement equation:
Vjk = ijUjk + k.- (622)

Here vj; is the 4-element measured visibility vector given by Equation 6.9, w,; is the the-
oretical true visibility vector, and mn;, is the noise on the measurement. Gj; is a 4 x 4
gain matrix. The gain matrix serves as a direction-independent modification of the Mueller
matrix. Empirically fitting the gain terms constrains uncertainties in the modeled Mueller

matrix, helping it to better align with the true Mueller matrix that governs the instrumental
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response.

6.4.1 Calibration Parameterization

In its most general form, G;j, is given by

9iPP Jipp  9jPQ QZPQ g;pPP QZPQ 95PQ Jipp

giqp i, 9iQQ 9 giqp 9r 9;QQ 9%
ij: JQP JkQp  95QQ JkQQ 9IiQP YkQQ Y5QQ Ikqr (6.23)

9iPP Jrqp  9iPQIrqq  9iPP Urqq  9iPQ Jkqp

9iQP Jrpp  95QQ gZPQ g;Qp QZPQ 95QQ Jkpp

Here g;pp and g;qq are the complex gains of the P and Q) polarizations of antenna j, respec-
tively. g;pq and gjqp are the cross gains. gjpq, for example, denotes the degree to which
signal we expect to appear only in the Q polarization of antenna j also appears in the P
polarization.

For sky-based calibration, we approximate the true sky visibilities w with model visibili-
ties m derived from a sky model propagated through a fully polarized instrument simulator.
The calibration solutions are then calculated by minimizing a cost function given by

L(g) = Z (v — ijmjk)T (vjr — Gjrmyy) - (6.24)
jk
Here we omit all frequency dependence. In practice, precision calibration approaches fit the
gains’ bandpass structure (see §4.4 for a discussion of frequency-dependent calibration).

If an instrument experiences minimal polarization cross-talk, as is the case for the MWA
we can safely set all the cross gains to zero. Gjj is then diagonal, and we can denote each
antenna gain with a single polarization index: g;p and g;q. The calibration cost function

then becomes

L(g) = Z Z ‘Ujkab - gjag;;bmjkab|2 (6.25)

Jjk ab
where a and b each index the two instrumental polarization modes {P,Q}. FHD’s polarized

calibration currently does not support nonzero cross gains.
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6.4.2 Constraining the Cross Polarization Phase

FHD initially did not use the cross polarization visibilities vpg and vqp in calibration. Ex-
cluding the cross polarization visibilities makes calibration separable in polarization. Two

independent cost functions are minimized, corresponding to the two instrumental polariza-

tions:
L(gp) = Z |vjkpp — nggZijkPP|2 (6.26)
ik
and ]
L(gq) = Z UjkQQ — ngQZQmijQ‘Q- (6.27)
ik

However, calibrating in this way introduces a new calibration degeneracy, corresponding to
the overall phase difference between the P and Q gains. We can see this degeneracy by noting

that the transformation g, — gp A

and gq — gq ¢'/? does not affect the calibration
solutions. We call the parameter A the “cross polarization phase.”

The cross polarization phase is not degenerate when we calibrate with the cross polariza-
tion visibilities, as in Equation 6.24 or 6.25 — provided these cross visibilities are nonzero.
Sault et al. (1996) and Bernardi et al. (2013) assert that A can only be constrained by cal-
ibrating to a polarized source. However, in the widefield limit the nonorthogonality of the
instrumental polarization basis couples appreciable unpolarized source power into the cross
polarization visibilities. This allows for constraint of the cross polarization phase even while
using a fully unpolarized sky model.

When adapting FHD to perform fully polarized calibration, we chose to largely retain
the original calibration pipeline and to supplement it with an additional step to constrain
the cross polarization phase. As a result, all calibration parameters other than A are fit
from the single polarization visibilities vpp and vqq. Since the original calibration pipeline
constrains the relative phase of the gains across frequency (Beardsley et al., 2016; Barry
et al., 2019a,b; Li et al., 2019), the degenerate cross polarization phase amounts to a single
parameter across all frequencies. We then fit the cross polarization phase by plugging the

solutions into the fully polarized cost function given by Equation 6.25. We let gp = gp e *4/2
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and gq = gq e"»/2 where g are the gains calibrated up the the cross polarization phase. This
gives

2
—iA A A% A\ ~ A%
VikPQ — € T 95P 9k MjkPQ| T |UjkQP — € G5Q Jkp Mjk QP

2] (628

L(A):Z[

ik

We can calculate the cross polarization phase analytically by finding the value A that

minimizes L(A). We get that

tan A = Arg Z (U;‘k pQ 93P Jrq MikPQ T Vjk QP Jjq Jkp Mk QP) . (6.29)
jk
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Chapter 7

MAPPING POLARIZED DIFFUSE EMISSION

The low-frequency radio sky is bright at large scales, yet our understanding of this diffuse
emission is limited. Mapping this emission can illuminate the structure of the Milky Way’s
interstellar medium (ISM), and measurement of its polarization modes probes galactic mag-
netic fields (McKee and Ostriker, 2007; Jeli¢ et al., 2010; Bernardi et al., 2013; Lenc et al.,
2016). Furthermore, diffuse mapping can aid in the precision calibration of radio cosmology

instruments, enabling deeper limits on the highly redshifted 21 c¢m signal.

Motivated by the extreme calibration precision required for low-frequency radio cosmol-
ogy (Barry et al., 2016; Trott and Wayth, 2016; Patil et al., 2016; Byrne et al., 2019), we
present a high-fidelity map of broadband diffuse emission at 182 MHz across much of the
Southern Hemisphere sky. This chapter presents preliminary results from Byrne et. al, in
review. The map covers 11,000 sq. deg., including approximate Right Ascensions (RAs) of
—3.5t0 9.5 h and Declinations (Decs) of —62° to 10°. It represents angular scales of approx-
imately 1° to 9° in all four Stokes parameters. Compact sources have been deconvolved from
the data, meaning that the map can be combined with existing compact source catalogs to

produce an expanded and improved sky model for calibration.

The map is produced from data from the Murchison Widefield Array (MWA), a radio
interferometer in the Western Australian outback, in its Phase I configuration (Tingay et al.,
2013). This instrument is particularly well-suited to diffuse mapping because of it high uwv
coverage at short baselines and good resolution from long baselines. The resolution allows for
localizing and removing compact sources, and the density of short baselines allows for high
sensitivity measurements of diffuse emission. Furthermore, across a large frequency contin-

uum the short baselines sample nearly every uv mode shorter than 50 wavelengths. This
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enables us to produce maps of diffuse emission in physical units of surface brightness without
deconvolving. The maps can be transferred to other instruments for visibility simulation.

We quantify the map’s accuracy by measuring the discrepancy between visibilities sim-
ulated from the map and true data from an MWA observation. We find that the diffuse
map reconstructs a significant fraction of visibility power on short baselines. The map im-
proves short baseline modeling to accuracy levels nearly equivalent to those of long baseline
modeling with state of the art compact source models.

Existing low-frequency diffuse maps include Haslam et al. 1981, 1982; Bennett et al.
2003; de Oliveira-Costa et al. 2008; Remazeilles et al. 2015; Zheng et al. 2017; Eastwood
et al. 2018; and Wolleben et al. 2019. These maps have minimal, if any, compact source
subtraction, meaning that they cannot be combined with deep catalogs of compact sources.
All but Wolleben et al. 2019 are unpolarized, omitting the bright linearly polarized emission
seen on large angular scales. As a result, these maps do not have the precision required
to achieve highly sensitive cosmological measurements. In contrast, we present a map with
deep compact source removal and accurate polarization reconstruction in the widefield limit.

We quantify the map’s accuracy by measuring the discrepancy between visibilities sim-
ulated from the map and true data from an MWA observation. We find that the diffuse
map reconstructs a significant fraction of visibility power on short baselines. The map im-
proves short baseline modeling to accuracy levels nearly equivalent to those of long baseline
modeling with state of the art compact source sky models.

We expect that the map presented here will improve high-precision calibration for 21 cm
cosmology experiments with not only the MWA itself but also other Southern Hemisphere
interferometers such as the Hydrogen Epoch of Reionization Array (HERA) in South Africa
(DeBoer et al., 2017) and future instruments such as the Square Kilometre Array (SKA).
HERA is highly compact, dominated by short baseline measurements, and is therefore par-
ticularly sensitive to diffuse structure in calibration. Improved diffuse modeling could also
enable new short-baseline calibration approaches that mitigate systematic errors (Ewall-Wice

et al., 2016).
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In this chapter §7.1 describes the data processing procedure and §7.2 presents the resulting
polarized diffuse map. §7.3 defines the angular scales over which we have confidence in the
results, §7.4 quantifies the effect of the map on improving visibility simulation for an MWA
observation, and §7.5 presents a discussion of how to use this diffuse map for visibility

simulation.

7.1 DMethods

In this section we describe the analysis process and techniques used to achieve a high-fidelity
polarized map of diffuse emission. The bulk of the analysis is performed with the FHD
software package (Sullivan et al., 2012; Barry et al., 2019a). We analyze all data in the
Amazon Web Services (AWS) cloud using the cloud computing pipeline described in Byrne
and Jacobs 2021.

7.1.1 The Data

We present a map comprising 5.8 hours of data from the MWA Phase I, taken November 5-
11, 2015. The data consists of 173 individual observations that are approximately 2 minutes
(112 seconds) in length. This time interval is sufficiently short to enable each observation to
be processed as a fringe stopped snapshot image.

The observational fields are chosen to overlap across the entire survey field, plotted in
Figure 7.1(a). Each field is observed with a variety of elevation angles to maximize wv
rotation and reduce sidelobe confusion.

The observations cover frequencies of 167-198 MHz and are processed as continuum im-
ages averaged across the full 31 MHz frequency range. This further fills the uv plane, re-
ducing sidelobe confusion and providing an accurate measurement of diffuse power on all uwv
modes. However, it also means that polarized emission with substantial frequency evolution
will depolarize through frequency averaging. We therefore expect to only measure polarized

emission with low rotation measure (RM) magnitudes.
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Figure 7.1: Plots of the observational coverage of the map. Observations are chosen to
overlap each field on the sky. (a) depicts the number of observations that contribute to
each field. The observations are averaged with a weighting function given by Equation 7.1.
(b) gives the total weight in each field on the sky, given this weighting scheme. We use an
especially large sample of observations of the “EoR-0" field centered at RA 0 h, Dec. —27°
because it is of particular interest to the MWA’s EoR team and displays strong linearly
polarized signal. Just south of that field, at a declination of about —50°, the map has a
dearth of observational coverage owing to scheduling limitations during the data acquisition.
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Data pre-processing is performed with the COTTER package! (Offringa et al., 2015). This
reduces the data volume by frequency-averaging to 80 kHz and time-averaging to 2 seconds.
We perform Radio-Frequency Interference (RFI) excision in two steps. Initial RFI flagging is
performed with AOFLAGGER?, which is contained within the COTTER pre-processing package.

We subsequently perform additional RFI flagging with sSiNs® (Wilensky et al., 2019).

7.1.2 Calibration

We calibrate with FHD’s sky-based calibration pipeline, leveraging the precision calibration
techniques developed for EoR science (Barry et al., 2016; Beardsley et al., 2016; Barry et al.,
2019b,a; Li et al., 2019).

The calibration sky model is based on the GLEAM catalog (Hurley-Walker et al., 2017).
As GLEAM omits some of the brightest sources in the field, we supplement the catalog with
additional source models. We use point source models for 3C161, 3C409, and Cassiopeia A
and multi-component extended source models for Centaurus A, Hera A, Hydra A, Pictor A,
and Virgo A (White, private communication). We additionally include an extended source
model for Fornax A produced with FHD (Carroll, private communication). All extended
source models use point-like sub-components to represent the sources’ extended structure.

We use FHD to simulate visibilities for calibration from this supplemented GLEAM cata-
log. We calibrate with all baselines longer than 50 wavelengths. Shorter baselines are poorly
modeled by the compact source catalog, and we omit them from calibration to avoid bias in
our map estimation.

FHD’s calibration calculates a complex gain per antenna polarization. We denote the two
antenna polarization modes p and g, such that calibration calculates gains g, and g, for each
antenna, frequency interval, and time step. The MWA has well-isolated signal paths and

experiences minimal cross-talk between the instrumental polarizations. We therefore do not

https://github.com/MWATelescope/cotter
2https://sourceforge.net/projects/aoflagger/
3https://github.com/mwilensky768/SSINS
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fit calibration parameters that mix p and ¢ (Hamaker et al., 1996; Sault et al., 1996).

Previous unpolarized analyses with FHD calibrate using only the single-polarization visi-
bilities, i.e. v,, and v,, (Barry et al., 2019a). This does not enable fully polarized imaging
because it leaves the phase relationship between g, and g, unconstrained. We therefore
include an additional calibration step in which we constrain this degeneracy with the cross-
polarization visibilities v,, and v,,. We fit all other calibration degrees-of-freedom with only
the single-polarization visibilities. For further discussion of polarized calibration, see Sault
et al. 1996; Lenc et al. 2017; Gehlot et al. 2018; Dillon et al. 2018; Byrne et al. 2021.

Calibration constrains the observations’ overall flux scale. The resulting calibrated images
are therefore normalized to the flux scale of the GLEAM catalog, which is in turn referenced
to the Very Large Array Low-frequency Sky Survey Redux (VLSSr; Lane et al. 2014), the
Molonglo Reference Catalogue (MRC; Large et al. 1981), the National Radio Astronomy
Observatory Very Large Array Sky Survey (NVSS; Condon et al. 1998), and Baars et al.
1977 (Hurley-Walker et al., 2017).

7.1.3 Imaging and Compact Source Removal

FHD performs high-fidelity widefield imaging based on the optimal mapmaking formalism
(Bhatnagar et al., 2008; Morales and Matejek, 2009). It uses the instrumental response
kernel to grid visibilities to a wv plane, which we choose to pixelate at half-wavelength
spacing. This naturally yields an accurate horizon-to-horizon image reconstruction without
requiring faceting across the instrumental field-of-view, enabling measurement of large-scale
structure spanning several angular degrees.

To enable this work, we updated FHD to perform fully-polarized imaging, as described
in Chapter 6. Images are reconstructed in the non-orthogonal “instrumental” polarization
basis, aligned with the polarization vectors of maximal instrumental response. We then use
the instrument’s polarized response model, or Jones matrix (Jones, 1941), to translate the
instrumental polarization modes to Stokes polarization modes defined in Equation 6.1 and

in Hamaker et al. 1996; Sault et al. 1996; Hamaker and Bregman 1996; Hamaker 2000, 2006;



120

Ord et al. 2010.

We crop each image at a diameter of 30° to limit the images to regions of high sensitivity.
Next, we perform a data quality cut based on calibration success. We omit observations with
clear calibration systematics, usually apparent as high Stokes V power across the image,
from further analysis. The effect shows some time correlation but is not field-dependent:
observations of the same field experience variable calibration success. We expect that poor
calibration solutions could result from unmitigated RFI contamination or ionospheric activity
(Jordan et al., 2017).

Next, we remove compact sources with FHD’s deconvolution algorithm (Sullivan et al.,
2012). We expect compact sources to have negligible intrinsic polarization (Ord et al.,
2010; Bernardi et al., 2013), and we therefore restrict our source models to Stokes I only
in this step. Deconvolving compact sources with FHD produces better removal of extended
sources and mitigation of source intensity errors from beam response mismodeling than
simply modeling and subtracting the calibration catalog. We remove about 10,000 sources

from each observation.

7.1.4 Correcting for Polarization Leakage from Beam Modeling Errors

Errors in the polarized instrumental response model lead to polarization mode-mixing (Ord
et al., 2010; Sutinjo et al., 2015). Our observations are dominated by power from unpolarized
point-like sources (Bernardi et al., 2013), and we see evidence of beam modeling errors in the
form of significant point source power imaged in Stokes Q and U. As FHD’s deconvolution
algorithm removes sources in Stokes I only, this power persists through source removal and
contaminates the Stokes (Q and U data products. We do not see high levels of Stokes I to V
leakage.

To mitigate residual point source power in Stokes QQ and U, we follow techniques similar
to those presented in Lenc et al. 2017 to fit and subtract polarization leakage. We apply the
correction to compact sources only and do not adjust the measured diffuse emission based

on this fit.
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Figure 7.2: Errors in the polarized instrumental response model lead to significant observed
compact source power in Stokes Q (top row) and U (bottom row). In the left column we plot
the observed Stokes Q and U polarization fraction of the 2,000 brightest removed sources
for a single observation. The point size corresponds to the source intensity, and its color
corresponds to the apparent polarization fraction. In the center column we display a second-
order polynomial surface fit that we use to mitigate residual point source power in Stokes Q
and U. In the right column we combine the sources and surface fit.
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For every observation, we calculate the Stokes Q and U polarization components at each
of the locations of the 2,000 brightest sources removed. We then convert that measurement
into an apparent Stokes (Q and U polarization fraction. We use these values to fit a second-
order polynomial surface across the observation field-of-view; the fit is weighted by source
intensity, preferentially fitting to the brightest observed sources. Figure 7.2 presents the
result of this fit for an example observation.

We use the fit polynomial surface for each observation to modify the catalogs of sources
removed with FHD’s deconvolution. Each source is modified to reflect its apparent polar-
ization mode according to the surface fit, up to 40% polarization fraction each in Stokes
Q and U. We then model visiblities from those catalogs and subtract them from the data.
This technique effectively removes residual point source power from Stokes Q and U, yielding
cleaner polarized maps that better highlight diffuse emission.

At this point we could choose to use the same fit polynomial surface to modify the diffuse
maps themselves. However, this approach would make the diffuse maps highly sensitive to
small errors in the polarization leakage fit. The second-order polynomial surfaces represent
structure on angular scales equivalent to those of the diffuse emission, and errors could
significantly bias our diffuse measurement. Furthermore, as we capture Stokes I to Q and
U leakage only, this modification would not capture other forms of polarization leakage. By
averaging across observations taken with different instrumental pointings, we expect some

mitigation of the effects of polarized beam model errors in the measured diffuse power.

7.1.5 Normalization and Combining Observations

After removing unpolarized point sources and mitigating point source polarization leakage in
Stokes Q and U, we re-image each observation with short baselines only, omitting baselines
longer than 50 wavelengths. This re-imaging accomplishes two things. First, it highlights
diffuse emission by mapping large-scale structure only. Secondly, it limits the imaged data
to regions of the uv plane where the MWA samples virtually every uv point (see Figure 7.3).

Imaging in this regime of near-complete uv sampling is known as deconvolution-free imag-
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Figure 7.3: Plot of the uv measurement coverage for a zenith observation from the MWA
Phase I for the 167-198 MHz frequency range. The large dashed magenta contour has a
radius of 50 wavelengths, represented the longest baselines used in the diffuse map presented
in this paper. Across this 31 MHz frequency continuum, the MWA samples nearly every
uwv point below 50 wavelengths. The small dashed magenta contour has a radius of 6.1
wavelengths, representing the extent of our confidence in the diffuse map at large angular
scales. In the optimal mapmaking formalism, this measurement coverage is known as the
“uv weights” (see Barry et al. 2019a for further discussion).
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ing because it enables faithful reconstruction of the sky signal without deconvolving. This is
a necessary condition for accurately imaging diffuse emission. Deconvolution inherently re-
quires that the signal in sparse, with fewer components than independent measurements. For
example, the deconvolution algorithm we use to remove compact sources, described above
in §7.1.3, assumes that the signal is localized at discrete points on the sky. Diffuse emission
is not sparse and produces an independent measurement at all uv modes. A high-fidelity
measurement of diffuse emission therefore requires a measurement of nearly all uv modes.

For the MWA, achieving near-complete uv sampling below 50 wavelengths requires imag-
ing across a frequency continuum. The uv plane is not well-sampled at any single frequency
within our 31 MHz band. However, combining measurements across the full frequency range
fills the wv plane and offers improved uv measurement coverage.

By reconstructing diffuse emission in the deconvolution-free regime, we produce images
with well-defined normalization on angular scales of 1° to 9° (see §7.3). This normalization
is independent of the instrumental beam response (Byrne, thesis in prep.), and the resulting
maps can thereby be transferred to other instruments for visibility modeling. The images
are produced with FHD’s “optimal” weighting scheme, discussed in §2.2.2. We present the
resulting diffuse map in surface brightness units of Janskys per steradian (Jy/sr).

Next, we average all observations to produce a single polarized map across the observed
fields. The observations are averaged with a position-dependent tapered cosine (or Tukey)

weighting W,,(0) given by

;

L for |6 — 0, < 4°
Wi(0) = < cos (&0 — 0,] — =), for4° < |0 —8,] < 10° - (7.1)
0, for |6 — 6,,| > 10°
\

Here n indexes the observation and 6 represents the position on the sky. 6, denotes the
position of the beam center of observation n. This weighting reflects our greater confidence
near the beam center of each observation. Figure 7.1(b) depicts the total weight of each field

across the map.
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7.1.6  Correcting for Ionospheric Faraday Rotation

Propagation through intervening magnetized plasma induces Faraday rotation in linearly
polarized emission. In particular, the ionosphere induces time- and direction-dependent
Faraday rotation. This rotation mixes the Stokes Q and U polarization modes of measured
radiation and causes depolarization across the measured frequency continuum and observa-
tions in the combined map (Ord et al., 2010). To mitigate these effects, we measure and
correct for ionospheric Faraday rotation.

We assume that ionospheric Total Electron Content (TEC) is constant across an observa-
tion’s field-of-view. Gradients in the TEC induce positional offsets in compact sources (Loi
et al., 2015; Jordan et al., 2017), but we can safely ignore these effects when imaging diffuse
structure (Lenc et al., 2016). We therefore describe Faraday rotation from the ionosphere
with a single RM per observation, plotted in Figure 7.4. The electric field rotation angle
relates the the RM R according to the relationship

B =R\, (7.2)

where X\ denotes the wavelength.

We estimate the ionospheric RM values with RMEXTRACT?, which calculates the iono-
spheric TEC along each observation’s line-of-sight from Global Position System (GPS) and
World Magnetic Model (WMM) data (Mevius, 2018). We then correct the continuum Stokes
Q and U images for each observation according to the calculation in Appendix E. This correc-
tion consists of unwrapping the effective rotation angle given by Equation E.6 and boosting
the image power by a factor given by Equation E.7, which accounts for depolarization across
the full frequency continuum.

We further correct for Faraday rotation near the EoR-0 field centered at RA 0 h, Dec.
—27° using an ionospheric self-calibration approach based on that described in Lenc et al.

2017. For each observation n, we calculate an empirical correction Af, to the effective

‘https://github.com/lofar-astron/RMextract
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Figure 7.4: Histograms of the applied ionospheric Faraday rotation metrics. The RM is
calculated with the RMEXTRACT tool. Observations of the EoR-0 field include an additional
empirical correction, plotted in Figure 7.5. A single RM is calculated for each of the 173
2-minute observations, plotted in (a). Each RM corresponds to a rotation angle between the
Stokes Q and U parameters, as defined by Equation 7.2 for a single frequency and Equation
E.6 for a frequency continuum. (b) histograms the effective rotation angles applied to the
data. We find significant Faraday rotation, and all rotation angles are represented in the
data.
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rotation angle between Stokes Q and U that maximizes the agreement of that observation
to the average map. We minimize the cost function between the average Stokes Q and U
maps, Qavg(0) and U, (0), and the individual observation’s Stokes Q and U maps, @,,(0)
and U, (0):
2 . 2
(DG =Y ([Qavg(e) — Qu(6) cos(2A8,) — U, (6) sin(2A8,)]
6 (7.3)
+ [Ung(8) + Qu(6) sin(2A8,) — Un(8) cos(2A4,)]°) .
It follows that
_ 2260 [Qus(0)Un(0) — Ung(0)Q(8)]
26 [Quve(0)Qn(0) + Uavg(0)Un(6)]

After calculating this correction to the effective rotation angle we numerically invert Equation

tan(2A0,)

(7.4)

E.6 to calculate the associated RM. This conversion is not one-to-one as many RM values
correspond to the same effective rotation angle. We choose the closest solution to the initial
RM estimate before self-calibration. The results are plotted in Figure 7.5.

This self-calibration approach works well in fields with a strong linearly polarized signal.
We therefore apply this correction only to 19 observations in the EoR-0 field where we
measure particularly strong polarized emission. We do not apply ionospheric self-calibration
to the map outside of EoR-0.

After correcting for ionospheric Faraday rotation, we repeat the averaging procedure
described in §7.1.5 to combine the corrected observations. The results are presented below

in §7.2 and plotted in Figures 7.6-7.10.

7.2 Results

Figures 7.6-7.9 present the polarized mapped diffuse emission. Figure 7.6 presents the un-
polarized (Stokes I) emission, Figure 7.7 presents the Stokes Q linearly polarized emission,
Figure 7.8 presents the Stokes U linearly polarized emission, and Figure 7.9 presents the
Stokes V circularly polarized emission. The Stokes parameters are defined by Equation 6.1.
The map is presented as a pixelated image with the HEALPix equal-area pixelation scheme

(Gorski et al., 2005).
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Figure 7.5: We estimate an empirical self-calibration correction to the RMs of 19 observations
near the EoR-0 field. (a) histograms the change in the RM of those observations from this
correction. The correction is small compared to the typical RM magnitudes calculated from
RMEXTRACT (note that the horizontal axis in (a) has a significantly smaller extent than
that of Figure 7.4(a)). (b) presents the associated change in the rotation angles from the
RM correction.
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Figure 7.10 replicates the map with further annotations. The map covers much of the
fields of interest on the sky for EoR science with the MWA and HERA. The solid cyan
contours in Figure 7.10 denote the “EoR-0” and “EoR-1" fields, regions that have been the
focus of the MWA'’s EoR analyses (Beardsley et al., 2016; Barry et al., 2019b; Li et al., 2019;
Trott et al., 2020). The contours are defined as the full width at half maximum (FWHM) of
the MWA zenith-pointed beam, averaged across frequencies and polarizations. The dashed
cyan lines denote the North and South extents of the FWHM of HERA’s beam. Figure 7.10
also marks two notable bright soures: Fornax A, centered at RA 3.378 h, Dec. —37.21°; and
Pictor A, centered at RA 5.330 h, Dec. —45.78°. The red plus sign marks the South Galactic
Pole at RA 0.857 h, Dec. —27.13°

As the map presented here is an interferometric image, we do not measure the absolute
amplitude of emission. The map is mean-zero in all polarization modes. This presents a
number of limitations for our analysis. Although we can confidently measure Stokes polar-
ization across the interferometric modes given by the array design, we cannot calculate the
emission’s polarization fraction in the image domain. Likewise, we cannot determine the
emission’s polarization angle.

Even in light of these limitations, we can conclude that the diffuse structure we mea-
sure is predominantly unpolarized. Note that the Stokes I image in Figure 7.6 displays an
order of magnitude greater range than the other polarization modes in Figures 7.7-7.9. We
nonetheless measure high levels of linearly polarized diffuse emission. Near RA 0 h, we see
very strong polarized signal, consistent with other results in the field (Bernardi et al., 2013;
Lenc et al., 2016). This structure is particularly concentrated in the MWA’s EoR-0 field,
suggesting that it could be a significant contaminant in EoR analyses such as Beardsley et al.
2016, Barry et al. 2019b, Li et al. 2019, and Trott et al. 2020.

We expect the diffuse circularly polarized signal to be very weak and below the sensitivity
threshold of this map (Enfllin et al., 2017; Lenc et al., 2018). Indeed, Stokes V appears
largely featureless in Figure 7.9. The observed features—mnotably at the locations of Fornax

A, Pictor A, and at RA > 8 h—are imaging artifacts and not true polarized structure. These
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Figure 7.10: Polarized diffuse map with annotations. (Caption continued.)
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Figure 7.10: Here we reproduce the diffuse map presented in Figures 7.6-7.9 with annotations.
The dashed cyan lines span the FWHM of the HERA’s field-of-view across its observing band,
centered at a declination of —30°. The solid cyan contours represent the FWHM of the MWA
beam at two primary observing fields: EoR-0 is centered at an RA of 0 hours and EoR-1 is
centered at an RA of 4 hours. The EoR-0 field contains significant linearly polarized diffuse
structure. We label two bright sources, Fornax A and Pictor A, with yellow “X” symbols.
The red plus sign denotes the Southern Galactic Pole (SGP).

artifacts amount to poorly deconvolved sources due to limitations in calibration precision and
polarized beam modeling.

We measure agreement between overlapping observations by evaluating the standard
deviation of each pixel value across contributing observations, plotted in Figure 7.11. Because
the map is mean-zero, we cannot directly compare the standard deviation to the map power
to, for example, calculate a signal-to-noise metric. Instead, we present the standard deviation
plots in Figure 7.11 alongside the maps in Figures 7.6-7.10 as a qualitative assessment of
observation agreement. Features that appear in the standard deviation plots but do not
correlate with diffuse structure indicate systematic error. See §7.5 for further discussion of

field-dependent imaging systematics.
7.3 Defining Measured Angular Scales

In this section we discuss the scales over which we are confident this map gives accurate
results. Across those scales, we expect this map to improve visibility modeling for a wide
range of instruments. We show that diffuse emission is a significant component of the total
sky signal at these scales.

The angular scales reconstructed by the map presented in Figures 7.6-7.10 are dictated
by the MWA’s baseline locations. The array’s shortest baselines measure large angular scales
on the sky, while longer baselines measure small angular scales.

We plot the MWA’s uv measurement coverage in Figure 7.3. Nonzero regions of the plot

correspond to points in the uv plane that contribute to one or more visibilities. We see that,
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Figure 7.11: Plots of the standard deviation in the mapped diffuse emission across inde-
pendent observations. For each Stokes parameter and map pixel we calculate the standard
deviation across observations that contribute to that pixel measurement via the weighted
average described in §7.1.5. High standard deviation values that do not correlate with true
diffuse structure indicate systematic errors in the analysis.

below 50 wavelengths (denoted by the large dashed magenta contour in Figure 7.3), nearly
every uv point is measured. This is a result of the MWA’s many closely-spaced antennas
and pseudo-random configuration (Beardsley et al., 2012). It also benefits from the large

frequency continuum, as baselines measure different uv modes at different frequencies.

As noted in §7.1.5, we image only visibility measurements from baselines shorter than
50 wavelengths in order to image in the “deconvolution-free” regime. This means that we
reconstruct a minimum angular scale of 1.1°. The map presented in this chapter does not

include information on angular scales smaller than 1.1°.

The largest angular scales in the map are limited by the MWA'’s shortest baselines. The
MWA'’s shortest baseline is centered at 7.7 m in length, equal to 4.7 wavelengths at 182 MHz.
However, because of the size of the baseline response kernel, the MWA samples uv modes
below the center of this shortest baseline. From Figure 7.3, we find that short baselines
sample the uv plane down to ~ 2 wavelengths. However, all visibilities that sample the uv
plane at 2 wavelengths derive from longer baselines. A well-measured uv location is measured
by an assortment of baselines distributed around the point itself. We therefore expect that

measurements of the uv plane at 2 wavelengths experience bias.

Reflecting this sampling bias near the origin of the uv plane, we make a conservative
estimate of the uv modes that are well-measured. We use the threshold down to which all wv
locations are sampled (2.2 wavelengths) and add the radius of the baseline response kernel
(3.9 wavelengths at 182 MHz) to derive an expectation that the uv plane is well-measured
above 6.1 wavelengths. This corresponds to angular scales up to 9.4°. However, as we do not

filter scales above 9.4°; the map includes some information from larger angular scales that
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could be of limited utility in certain simulation applications (see §7.5 for further discussion
of using this diffuse map in simulation).

We are confident that the map presented in this paper accurately captures angular scales
between 1.1° and 9.4° (50 — 6.1 wavelengths). The map can be used to reconstruct the uv
plane for visibility simulation on those scales. We note that, when simulating the map’s
boundaries, the uv plane reconstruction can experience bias from aliasing effects. The map
may not allow for accurate visibility simulation of observations near its boundaries.

Diffuse emission is a significant component of the total sky power at large scales. Figure
7.12 compares the diffuse map power to that of an MWA observation. The observation,
one of the 173 that contribute to this map, is zenith-pointed and centered on the “EoR-0”
field (centered at RA 0 hours, Dec. —27° and plotted in Figure 7.10). The dashed black
lines present the frequency-averaged angular power spectra of that data. The solid blue lines
in Figure 7.12 represent the power spectra of the diffuse map presented in §7.2. Here the
include Stokes I, Q, and U emission but omit Stokes V. The shaded grey regions of the plots
represent scales outside our confidence region of 1.1° to 9.4°. Figure 7.12(a) depicts power
spectra from the East-West aligned (or p) dipoles, and Figure 7.12(b) depicts power spectra
from North-South aligned (or ¢) dipoles.

The dotted black lines correspond to the power spectra of the compact source model
described in §7.1.2 and based on the GLEAM catalog (Hurley-Walker et al., 2017). We
see a clear discrepancy between this model and the data at large scales, corresponding to
the absence of diffuse structure in the model. The solid cyan line represents the sky model
derived from combining the diffuse map and the compact source model. We find that the
diffuse map recovers the power missing in the compact source model, producing a power

spectrum that well-approximates that of the data.
7.4 Evaluating Map Accuracy

The diffuse map is intended to enable accurate visibility modeling for calibration. The

most comprehensive validation of the diffuse map’s agreement with data is to quantify the
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Figure 7.12: Angular power spectrum comparison. (Caption continued.)
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Figure 7.12: Comparison of the angular power spectra of data and three simulated sky
models. The power spectrum represents the frequency-averaged (often denoted k-parallel = 0
or kj = 0) power at different angular scales on the sky (often denoted k-perpendicular or &, ).
The dashed black line corresponds to a single zenith-pointed observation from the MWA of
the EoR-0 field. The other three lines correspond to simulations of the same observation
based on three different sky models. The dotted black line corresponds to the compact
source model derived from the GLEAM catalog (Hurley-Walker et al., 2017) and commonly
used in calibration (see §7.1.3). The blue line corresponds to the polarized diffuse model
presented in §7.2, and the cyan line corresponds to the combined model derived by adding
the compact model to the diffuse map. (a) corresponds to the Fast-West aligned dipoles, and
(b) corresponds to the North-South aligned dipoles. We find that the diffuse map recovers
power at large scales on the sky that is missing from the compact source model. The shaded
gray regions represent scales on which we do not have confidence in the diffuse map. On the
right side of each plot, angular scales measured by baselines longer than 50 wavelengths are
omitted from the diffuse map presented in this chapter. On the left, measurements shorter
than 6.1 wavelengths are expected to exhibit bias.

discrepancy between measured visibilities and those modeled from the map.

We define a metric of model accuracy as

(7.5)

, , RMS [Grid (vq — vm)]
fraction of signal modeled = 100% x [ 1 —

RMS [Grid (vd)}
Here vy are the measured visibilities and v, are the modeled visibilities derived from a
sky model. The differenced values vq — v,, capture the discrepancy between the data and
model and are often called “residual” visibilities (Barry et al., 2019a; Byrne et al., 2019).
“Grid” denotes the gridding operation, which transforms the visiblities into a reconstructed
wv plane, and “RMS” denotes evaluating the RMS across uv pixels. We calculate the RMS
in bands of baseline length to derive a metric of modeling accuracy as a function of baseline
length, or angular scale. Values of 100% would indicate that the modeled visibilities exactly
equal the measured visibilities; values of 0% would indicate very poor agreement, where the
discrepancy between the measured and modeled visibilities has equivalent magnitude to the
measured visibilities.

In Figure 7.13 we use this metric to evaluate the accuracy of modeling a single observation.
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Figure 7.13: Modeling accuracy comparison. (Caption continued.)
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Figure 7.13: Comparison of the modeling accuracy of one observation with three distinct
sky models. The observation is the zenith-pointed and centered on the “EoR-0” field. The
fraction of signal modeled is defined by Equation 7.5 and quantifies agreement between the
measured and modeled visibilities as a function of baseline length. Larger values indicate
better modeling accuracy. The magenta lines represent a sky model with compact sources
only, the light blue lines include unpolarized diffuse emission in the sky model, and the dark
blue lines include polarized diffuse emission. We find that the polarized diffuse map improves
modeling accuracy of short baselines to approximately that of long baselines.

We use the same zenith-pointed observation of the “EoR-0” field plotted in Figure 7.12. The
plots in Figure 7.13 present the results from three sky models: the magenta lines correspond
to the compact source model discussed in §7.1.2 and based on GLEAM (Hurley-Walker
et al., 2017); the light blue lines additionally include unpolarized diffuse emission, plotted
in Figure 7.6; and the dark blue lines include polarized Stokes () and U emission as well
(Figures 7.7 and 7.8), which we have corrected to account for the observation’s ionospheric
rotation measure, as discussed in §7.1.6. Figure 7.13(a) presents results from the East-West
aligned dipoles, and Figure 7.13(b) presents results from the North-South aligned dipoles.
The shaded grey regions represent scales outside our range of confidence for the diffuse map
(see §7.3).

The magenta line in Figure 7.13 indicates that, for a sky model consisting of compact
sources only, modeling accuracy degrades significantly at short baselines. This metric mo-
tivates calibrating with only baselines longer than 50 wavelengths, as discussed in §7.1.2.
We find that the diffuse map recovers a significant fraction of the power at large scales,
particularly when including polarized emission. For baselines of length 6.1-50 wavelengths,
where we are confident in the accuracy of the diffuse map (see §7.3), the polarized diffuse

map improves modeling accuracy to levels commensurate to those of long baselines.

Figure 7.13 shows that the diffuse map models a larger fraction of the data in the East-
West polarization (Figure 7.13(a)) than in the North-South polarization (Figure 7.13(b)).

This effect is most pronounced for baselines shorter than 6.1 wavelengths and may be at-
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tributable to the modeling bias discussed in §7.3. However, we also expect that this effect
emerges from the diffuse map’s finite extent on the sky. The “EoR-0” field is at zenith for
this observation, and the bright galactic center is visible above the horizon to the west. The
MWA'’s North-South aligned dipoles are sensitive to low-elevation emission to the east and
west and could therefore detect power from the galactic plane that is not captured in our sky
model. This points to the diffuse map’s limitation in modeling widefield observations near
the edges of the mapped region. Future work could measure the galactic plane and other

regions beyond the limits of the map presented here.
7.5 Discussion

The map presented in this chapter is intended to enable accurate visibility simulations for
a wide range of low-frequency radio instruments, with the particular goal of facilitating sky
modeling for precision calibration of 21 cm cosmology measurements. In this section we
discuss the process of implementing this map for visibility simulation and calibration.

We have removed compact sources using to the FHD deconvolution algorithm discussed
in §7.1.3. To enable accurate visibility modeling, the map must be combined with a source
catalog such as the modified GLEAM catalog discussed in §7.1.2 or the Long Baseline EoR
Survey (LoBES; Lynch et al. in review). The success of precision calibration for 21 cm
cosmology depends on highly accurate and complete modeling of pointlike and compact
extended sources (Carroll et al., 2016; Line et al., 2020; Zhang et al., 2020).

The diffuse map has physical surface brightness units of Jy/sr, which can be converted to
brightness temperature units such as Kelvin. Many visibility simulators represent pixelated
images as a series of point sources at the pixel centers. To enable proper normalization, the
map must then be converted into units of flux density by multiplying the given values in
Jy/sr by the pixel area.

In order to properly model polarized emission in the widefield limit, the visibility simula-
tor must properly convert between the Stokes polarization parameters, defined in Equation

6.1, and the instrumental response using the full direction-dependent instrumental Jones
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matrix. In the absence of a fully polarized simulator, only the unpolarized Stokes I emission
should be used.

As demonstrated in §7.4, inclusion of Stokes Q and U emission significantly improves
visibility modeling in the EoR-0 field, where we observe bright linearly polarized structure.
We expect simulations of other fields to benefit less from polarized modeling. In fields with
very faint polarized emission, Stokes Q and U could be dominated by imaging errors, in which
case visibility simulators could benefit from omitting Stokes Q and U emission entirely. We
do not expect modeling Stokes V emission to improve visibility simulations in any field.

The apparent Stokes Q and U emission is highly dependent on ionospheric conditions.
If a simulation models this polarized emission, it should account for Faraday rotation from
propagation through the ionosphere. At minimum, this should consist of measuring a single
ionospheric RM per snapshot observation.

The diffuse map represents continuum observations across a frequency range of 167-198
MHz. It will most accurately represent observations at or near the central frequency of 182
MHz. We have not measured the spectral index or RM of this emission, and it is unclear
how to interpolate the map far from this frequency.

Since the map does not capture the diffuse emission’s variation across frequency, it cannot
accurately model frequency-dependent structure. Emission with high RM amplitude depo-
larizes across this map’s 31 MHz bandwidth, its polarized features reflect only structure with
low RM amplitude (we estimate that emission with RM amplitude > 6 rad/m? depolarizes
in this map). There has been significant work in the field exploring the impact of polarized
emission with high RM amplitude on the cosmological measurement (Jeli¢ et al., 2010; Moore
et al., 2013; Nunhokee et al., 2017; Spinelli et al., 2019; Cunnington et al., 2021), but that
emission is not captured in this map.

As discussed in §7.3, the map accurately models angular scales of 1.1° — 9.4°, or wv
modes between 6.1 and 50 wavelengths. The map does not include information from modes
beyond 50 wavelengths. It can be used to accurately simulate visibilities from short baselines

that only sample uv modes above 6.1 wavelengths. Below 6.1 wavelengths, reconstruction
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of the uv plane is susceptible to measurement bias, as discussed in §7.3. This bias can
affect visibility simulations from baselines that sample uv modes below 6.1 wavelengths even
when the center of the baseline response lies above 6.1 wavelengths. The impact of this
bias is highly instrument-specific and could be minimal in certain situations. For example,
instruments with large antennas have baselines that sample large swaths of the uv plane.
Simulations of these arrays will likely be less vulnerable to this sky model measurement bias.

The diffuse map presented here has a finite extent on the sky. Unmodeled emission could
introduce errors in the simulated visibilities of widefield observations that exceed the map’s
boundaries. Even if emission in an instrument’s primary beam is well-modeled, modeling
error in the far sidelobes can introduce frequency-dependent calibration errors at a level that
is significant for EoR science (Barry et al., 2016; Pober et al., 2016; Byrne et al., 2019). As
noted in §7.4, the bright galactic center, slightly west of the westernmost extent of the map,
is of particularly concern for observations of the EoR-0 field. These errors are mitigated by
ensuring that any observational fields simulated with this map are well-contained within the
map extent.

As mentioned in §7.3, Fourier aliasing effects from the map boundaries can also contam-
inate simulated visibilities. For simulation of observations near the map boundaries, this
aliasing can introduce errors in the reconstructed uv plane.

Imaging artifacts from poorly deconvolved compact sources can produce errors in simu-
lated visibilities. These errors could be mitigated with improved polarized beam modeling
and calibration. Of particular concern are imaging errors near Fornax A and Pictor A that
appear predominantly in Stokes QQ and U. In order to reduce aliasing in the reconstructed
uwv plane, we do not mask those regions. In certain simulation applications, mitigation ap-
proaches such as masking, interpolation over the affected regions, and/or omitting polarized
emission from the simulation could be beneficial. The appropriate implementation of these
techniques depends on the specific instrumental response and simulation procedure.

Other field-dependent systematic errors are illuminated by the standard deviation plots

in Figure 7.11. These plots suggest that some observations perform relatively poorly. Most
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notably, an observation just east of Pictor A shows significant standard deviation structure in
Stokes U and V. This is likely related to poor calibration and could potentially be improved
with better modeling of the widefield polarized beam and Pictor A. We also observe high
standard deviation values in regions of low observational coverage (as plotted in Figure
7.1(a)). This is apparent at the north edge of the Stokes I standard deviation plot and the
top right corner of the Stokes Q and U plots. Furthermore, the high standard deviation
values in the lower left corner of the Stokes Q and U in Figure 7.11 suggest Stokes I to
Q and U polarization leakage in the vicinity of the Vela supernova remnant. Once again,
visibility simulation could benefit from avoiding these fields, although masking runs the risk
of introducing aliasing errors.

If implemented properly, we expect this diffuse map to improve calibration precision for
cosmological measurements. Results presented in §7.4 indicate that this map enables accurate
visibility modeling for baselines as short as 6.1 wavelengths in length. This significantly
expands the baseline range available for calibration. As a result, this diffuse map can allow
for better calibration signal-to-noise, enable precision calibration of highly compact arrays,
and mitigate the frequency-dependent calibration errors inherent to long baseline calibration
(Ewall-Wice et al., 2016). Improved calibration sky models that include this map could
facilitate the next generation of EoR power spectrum results, allowing for highly sensitive

measurements of the the cosmological 21 c¢m signal.
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Chapter 8

LOOKING AHEAD: THE NEXT GENERATION OF 21 CM
ANALYSES

The work contained in this thesis enables the next generation of 21 cm cosmology mea-
surements by tackling the problem of calibration error, a dominant limitation of previous 21
cm analyses. Here we discuss next steps for achieving improved calibration performance and

increasing analysis precision for EoR science.

8.1 Calibration with a Map of Polarized Diffuse Emission

In Chapter 7 we present a map of polarized diffuse emission covering much of the Southern
Hemisphere sky, including most of the fields of interest for EoR science with the MWA and
HERA. This map was enabled by a new polarized imaging pipeline developed with FHD and
described in Chapter 6.

Currently the best limits in the field were produced by calibrating to compact sources only
(Barry et al., 2019b; Li et al., 2019; Trott et al., 2020). The omission of diffuse emission means
that these maps can only properly model long baselines. Short baselines must therefore be
omitted from calibration. The diffuse map presented in this thesis expands the calibration
sky model, making it accurate over a wider range of angular scales. Calibration can then
make full use of much shorter baselines. This is important for a number of reasons. First,
using a larger fraction of the data improves calibration signal-to-noise. This is particularly
important for compact arrays, such as HERA and the MWA Phase II, with a high fraction
of short baselines. In addition, short baseline calibration improves spectral power leakage

(Ewall-Wice et al., 2016).

To test the impact of this new diffuse map on calibration performance, we use it to
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Figure 8.1: 2-D power spectrum of difference visibilities. The data corresponds to a single
night of observations from the MWA Phase I, taken in August 2013. Visibilities calibrated
with the polarized diffuse map presented in Chapter 7 with baselines of all lengths are
subtracted from those calibrated to compact sources only using only baselines longer than
50 wavelengths. The overall normalization of the gain amplitudes between the two calibration
approaches is constrained to be equal. The EoR window region of each plot is predominantly
positive (blue), indicating that calibration with the diffuse map reduces contamination of the

EoR window.
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analyze one night of data from the MWA Phase I. This data was taken on August 23, 2013
and is part of the data set used to produce the EoR limits in Beardsley et al. 2016 and Barry
et al. 2019b. It covers the EoR-0 field, centered at RA 0 h and Dec. —27°. We use simple
per-frequency and per-antenna calibration and calibrate both with and without modeled
diffuse emission.

For the first processing run, we calibrate without diffuse emission. The sky model consists
of the GLEAM catalog (Hurley-Walker et al., 2017) supplemented with additional compact
source models. This is the catalog used to calibrate data in the diffuse map and described
in detail §7.1.2. As this sky model does not include diffuse emission, we use only baselines
longer than 50 wavelengths to calibrate.

For the second processing run, we supplement the compact source catalog with the po-
larized diffuse map presented in Chapter 7. We include linearly polarized (Stokes Q and
U) emission but omit Stokes V emission. For each two-minute observation, we estimate an
ionospheric rotation measure with the RMEXTRACT package. The calibration sky model is
then adjusted for ionospheric Faraday rotation to better align with the observation’s appar-
ent polarized measurement. For this run, we calibrate with baselines of all lengths. We also
constrain the average amplitude of the gains for each observation and polarization to match
that of the first run. This is important for enabling direct comparison between the two runs.
Changes in the sky model and calibration procedure can introduce low-level overall normal-
ization offsets that can make it difficult to compare results, and constraining the amplitude
of the gains to match eliminates this effect.

Figure 8.1 presents results from these two runs. We calculate 2-D power spectra from
each run and subract them, producing differenced, or jackknifed, power spectra. Here the
power spectra from the second run, calibrated to the diffuse map, are subtracted from those
of the first run. On the left, Figure 8.1(a) presents results from the east-west instrumental
polarization and 8.1(b) presents results from the north-south instrumental polarization. For
each polarization, we note that the EoR window at low k, is predominantly blue, indicating

that calibration with the diffuse map reduces power in the EoR window. This is a promising
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indication that the diffuse map can improve calibration performance, reducing foregrounds’
contamination of the EoR window and enabling good calibration with a wide range of baseline
lengths.

The calibration test presented here is a very basic implementation of calibration. State
of the art calibration approaches in the field are not per-frequency and instead impose some
bandpass calibration constraint to reduce frequency-dependent calibration error by, for exam-
pling, using the autocorrelation visibilities to constrain the instrument’s bandpass response
(Barry et al., 2019b; Li et al., 2019). One of the primary aims of these approaches is to
overcome calibration limitations related to calibrating with long baselines only. We expect
that high-performance calibration with the diffuse map presented in this thesis will likewise
benefit from sophisticated bandpass calibration approaches, but these techniques may differ
from those optimized for compact source calibration. Further work is necessary to deter-
mine if calibration with a diffuse map will benefit from autocorrelation calibration or other

advanced bandpass calibration techniques.
8.2 New Calibration Approaches with Unified Calibration

In recent years there has been great effort towards overcoming calibration error in EoR power
spectrum analyses (Liu et al. 2010; Kazemi et al. 2011; Carroll et al. 2016; Dillon et al. 2018;
Barry et al. 2019b; Li et al. 2019; Sob et al. 2020; Kern et al. 2020; and many others).
However, until the arrival of unified calibration, presented in Chapter 4, the paradigm in
the field delineated between sky-based and redundant calibration as separate and distinct
classes of calibration. Unified calibration offers a method of combining these approaches or
working in an intermediate regime between the two.

In Chapter 4, we show that this intermediate regime more accurately captures the real-
ity of the interferometric measurement. Sky-based calibration assumes very good a priori
models of the sky and instrument response. It further assumes independent visibility mea-
surements, neglecting visibility covariance from baseline response overlap in the uv plane.

On the other hand, redundant calibration assumes that baselines within a redundant set
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are perfectly redundant both in antenna positions and response shapes, that baselines from
different redundant baseline sets exhibit no covariance, and that a sky model can accurately
constrain the absolute calibration parameters. The literature shows that violating these as-
sumptions introduces calibration errors that contaminate the measurement. For example,
Barry et al. 2016 shows that sky model incompleteness leads to sky-based calibration errors,
Joseph et al. 2018 and Orosz et al. 2019 explore redundant calibration errors from antenna
position offsets and response irregularities, and Byrne et al. 2019, replicated in large part
in Chapter 3, examines the effect of sky model errors on the absolute calibration step of
redundant calibration. Through unified calibration, we can relax the assumptions of each
sky-based and redundant calibration and achieve a more physically-motivated calibration
model. In Chapter 5, we demonstrate in a simplified simulation that this improves calibra-
tion performance.

Unified calibration situates calibration within a rigorous statistical framework. By relat-
ing the calibration problem to a Bayesian likelihood function, we can directly incorporate
measured uncertainty of calibration parameters into the calibration model. This vastly ex-
pands our capability to build high performance calibrators for a wide variety of instruments.

The unified calibration framework is not a specific calibration implementation nor a pre-
scription for optimal calibration. Instead, it represents a broad framework for how to concep-
tualize and define the calibration problem. In this way, it is the first radically new calibration
framework since the development of redundant calibration (Wieringa, 1992; Liu et al., 2010).
In the coming years, implementation of unified calibration will require significant exploration,
determining the appropriate models to best represent calibration of various instruments. In
a field where calibration precision is of the utmost importance, unified calibration offers a

roadmap for the next generation of high performing calibration implementations.
8.3 Looking Toward an EoR Detection

This thesis is one step towards the elusive goal of measuring the EoR power spectrum. It

provides tools and techniques for improving calibration performance, yet calibration remains
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a formidable challenge for 21 cm cosmology. How will we overcome these challenges and
achieve a detection?

Precision calibration requires an excellent sky model. As shown in Chapter 3, low-
level errors in the sky model used in calibration significantly contaminate the EoR window.
Along with the polarized diffuse map presented in Chapter 7, the field requires continued
commitment to developing accurate and complete sky models.

In the same vein, redundant calibration does not eliminate—or even substantially reduce—
these sky model requirements. Regular array layouts can be beneficial for EoR analyses be-
cause their redundant measurements improve sensitivity. However, the field is currently not
limited by measurement sensitivity. We show in Chapter 3 that non-regular arrays with high
uv coverage, despite not being redundantly calibratable, deliver better spectral calibration
performance than redundantly calibrated regular arrays.

In Chapter 5, we demonstrated in simulation that using a statistically rigorous, physi-
cally motivated calibration model produces measurable improvements. In the future, 21 cm
analyses must adopt state of the art calibration frameworks, potentially based on unified cal-
ibration. This also requires investment in measuring and quantifying error in various aspects
of the calibration model—the accuracy of the sky model across angular scales, the agree-
ment of redundant baselines, the accuracy of antenna positions, the error associated with
beam response models, and more. Incorporating these metrics into the calibration model
will improve measurement precision.

Finally, controlling the uniformity and spectral features of the instrument’s response
continues to be of critical importance for precision calibration. The best way to eliminate
errors in calibrating fast spectral structure is to eliminate the structure itself. Ultimately,
advances in antenna design and signal processing could substantially reduce the degrees of

freedom required in calibration, thereby eliminating avenues for calibration error.
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Appendix A
COMPARING ABSOLUTE CALIBRATION APPROACHES

In §3.2 we calculate the absolute calibration parameters directly from the gains calculated
with sky-based calibration according to Equations 3.1 and 3.3. In this section we replicate
the results of §3.2 with another, more practical approach to absolute calibration that we
call “optimal absolute calibration.” We show that, while these two absolute calibration
approaches are not exactly equal, they deliver equivalent results.

Optimal absolute calibration calculates the absolute calibration parameters by minimizing
the following cost function:

. PN 2
LIAANAN A= > ‘Ujk—AQG_Z(A+A“$Q+Ayy“)hthma . (A.1)
a {j,k}ina

Here a indexes redundant baseline sets and j and k index antennas. m denotes the model
visibilities and h denotes the relatively calibrated gains. z, and y, are the coordinates of
the baseline vectors in redundant set a.

To isolate the effect of sky model error on redundant calibration, we simulate the case
that relative calibration is perfect. In simulation, the true gains are equal to 1, so perfect
relative calibration means h = 1. We also require that the overall phase of the gains A = 0.

We then get that
LA AL D) =D 37 Joge — Aoty [ (A2)
a {j,k}ina
We can calculate the absolute calibration parameters analytically by minimizing this

expression. Taking derivatives with respect to A gives

aL(A7 AI’ Ay) 2 2 * —i(Aztat+Ayya)
oA = 4AZ{.; A%lm,|° — Re <vjke Y ma> : (A.3)
a {j,k}ina
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Imposing the condition % =0, we get

A=A N =AL 0 =4,

A2 Z Z{] k} ina Re < ]ke ~H Ixa+Ayya)ma>
Z Z{],k} ina |ma‘2

Now taking derivatives of Equation A.2 with respect to the gain phase gradient terms,

(A.4)

we get
OL(A, A, A .
( a’A ) = 2A? Z T, Z [sm(Axa:a + Ayya) Re(vj,ma)
! o  {jk}ina (A.5)
—cos(Azxq + Ayya) Im(v;fkma)}
and
OL(A, AL, A _ .
( o y) =242 Z Ya Z [sm(Axxa + Ayya) Re(vjm,)
v @ {ikina (A.6)
—cos(Ayzq + Ayya) Im(v;kma)} .
Using the extrema  conditions W A A A X = 0 and
OL(A,Az,Ay) —0 ¢ 7 7
OBy A=A A=Ky Ay=K, e 8¢

Z Tq sin(AAxxa + Ayya) Z Re(vjm,) = Z Tq COS(AAI% + AAyya) Z Im(vjm,)

{j;k}ina a {j,k} ina
(A.7)
and
Z Ya sin(Azxa + Ayya) Z Re(vjym,) = Z Ya cos(Axxa + Ayya) Z Im(v5my).
a {j,k}ina a {j,k} ina
(A.8)

If we assume A, and Ay are small, we can Taylor expand these expressions to get

A, Zmi Z Re(vj,ma) + Ay Z Tala Z (Vjma) = Z Tq Z Tm (v}, ma)

{j,k} ina a {j,k} ina {j,k} ina
(A.9)
and
Aw Z TalYa Z Re<v}<kma> + Ay Z yz Z gkma Z Ya Z Im ]kma>'
a {j,k}ina a {j,k} ina a {j,k}ina

(A.10)
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This is simply a system of linear equations that we can solve to calculate A, and ﬁy.

We now replicate the absolute calibration of the simulation presented in §3.2 using Equa-
tions A.4, A9, and A.10. The results are plotted as dashed blue lines in Figures A.1-A.3.
The solid blue lines represent the solutions presented in Chapter 3 and plotted in Figures 3.2
and 3.3. We find that the two absolute calibration methods are effectively equivalent, and
that discrepancies between the two methods are at least two orders-of-magnitude less than

the errors in the absolute calibration parameters from sky model incompleteness.
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Figure A.1: Comparison of the overall gain amplitude calculated with two different absolute
calibration approaches. The calculation is based on the simulation presented in §3.2, explor-
ing the impact of missing sources in the calibration sky model. The top panel overplots the
two solutions and the bottom panel plots their discrepancy. We see that the discrepancy
between the two calculations’ results is very small compared to the error from missing sky
model sources.
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Figure A.2: Comparison of A,, the east-west gain phase gradient, calculated with two dif-
ferent absolute calibration approaches. The top panel overplots the two solutions and the
bottom panel plots their discrepancy, which is much smaller than the phase gradient’s char-
acteristic error.
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Figure A.3: Comparison of A,, the north-south gain phase gradient, calculated with two
different absolute calibration approaches. The top panel overplots the two solutions and
the bottom panel plots their discrepancy. Once again, two methods give roughly equivalent
results.
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Appendix B
WORKING WITH SINGULAR COVARIANCE MATRICES

In this section we explain how to use Singular Value Decomposition (SVD) to resolve
the problem of non-invertible covariance matrices by remapping the calibration parameters
to a well-defined basis. This approach is fully general and can be applied to any singular
covariance matrix, not just those corresponding to traditional redundant calibration as de-
scribed in §4.2.2. It remaps an initial calibration parameter basis wis, where the associated

covariance matrix Cyforig = COV|[Uopig, ul ] is singular, to a new basis u with an invertible

orig]
covariance matrix Cy = cov|u, uf].

All covariance matrices have eigenvalues A\; > 0 and eigenvectors that span the space.
We can therefore transform ui, into the basis of eigenvectors of Cyorig. We define a new

vector Ugiag aS Uorig €Xpressed in the orthogonal eigenbasis of Cy orig:

Udiag = Euorig (Bl)
where _ _
el
e}
E=| (B.2)
ej\/vorig

and e; are the orthogonal eigenvectors of Cyrorig. Here Nyig is the length of wgge. The

associated covariance matrix is
CM diag — COV[udiaga ULiag] = ECM origE_1 = dlag ([)\1 )\2 s )\Norig:|> ) (B3)

where \; are the eigenvalues of Cyy orig-
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If Cyporig s singular than it will have A\; = 0 for some j. This has physical meaning. If
A; = 0 then var[ugiag ;] = 0. It follows that those elements of ug;ae must take their expectation

values: Udiag; = (Udiagj). We assume that (Uerig) = Morig, SO likewise (Udiag) = Mdiag Where
Mdiag = EMgyig. (B.4)

Therefore Ugiag j = Madiag; for all j where A\; = 0. Those calibration parameters simply take
on their modeled values; they are no longer fit during the calibration process.

We can now restrict the basis of the calibration parameters to only those that can vary
in calibration. The number of independent calibration parameters is N,.q, which is equal to

the rank of Cytaig. The new basis of calibration parameters is given by
u = E'ugyg. (B.5)

Here E’ is

m
I

(B.6)

e]Vred

where we use only e; for \; # 0. Cy = cov|u, u'] is now diagonal and invertible.

To develop physical intuition for this remapping we can consider the case of a perfectly
redundant array as described in §4.2.2, where i, correspond to the full set of visibilities.
Here cov(Uorig j, Ujyig k] = Var[uorg ] if baselines j and k belong to the same redundant set and
COV[Uorig j, Upyig ) = 0 otherwise. In this case, eigenvectors e; for A; # 0 represent the average
visibilities from redundant baseline sets. Eigenvectors e; for A\; = 0 represent visibility
differences within redundant baseline sets.

E' is a rectangular matrix with linearly independent rows. This means that a right
pseudoinverse E'” exists such that E'E™” = 1. However, it does not follow that E”E’ = 1,

so inverting Equation B.5 is not straightforward. Rather, we get the somewhat unwieldy
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expression
— E” i B.7
Uorig = u + mdjagj|e |2. ( . )
j for all J
)‘j =0

This expression simplifies when we assume that mgiag; = 0 when A\; = 0 — in other words,

that the model values M, are orthogonal to the null space of Cyjorig. We then get that
Uorig = EPu. (B.8)

This is a physically-motivated assumption. For the case of a perfectly redundant array,
requiring that my,;, is orthogonal to the null space means requiring that model visibilities
from different baselines within redundant baseline sets are equal. Components of 14, in
the null space indicate a disagreement between the instrument models used to produce Mg

and CM orig-
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Appendix C
EXPLORING GAIN AMPLITUDE BIASES

In Chapter 5 we demonstrate that, in simulation, traditional sky-based and redundant
calibration methods fit gain solutions g that are on average biased low in their amplitudes.
This is also consistent with simulation results presented in Chapter 3. Unified calibration
solutions do not exhibit this effect. In this appendix we explore the gain amplitude bias using
analytic techniques. We show that suppression of the average gain amplitude in redundant
and sky-based calibration stems from decoherence between the measured visibilities and the
model visibilities in the presence of sky model error. We compare analytic predictions to

results from the simulations in Chapter 5, demonstrating agreement.

C.0.1 Sky-Based Calibration

From Chapter 2 and Equation 2.28, sky-based calibration gains are given by

I *
. Eb;ﬁcgbmbcvbc

= A . (C.1)
C D e [P e
For a redundant array, we can rewrite this as
A Za Zb for {b,c}ea gbmavlfc (CQ)

gc = =
‘ Za Zb for {b,c}ea |gb|2‘m0¢’2 ’

where « indexes redundant baseline groups and ), . - (bcyea denotes the sum of antennas b
such that baseline {b, ¢} belongs to redundant group a.
We define a the variable A to be equal to the average gain amplitude,

1
A= 5 Z 19el, (C.3)
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and we parameterize the gains as g = Ah. Plugging this into equation C.2, we get

142 . 1 Z ‘Za Zb for {b,c}ea Ultch'bma (C 4)
Nant c Za Zb for {b,c}€a |hbma’2

where N, is the number of antennas.

At this point we make a series of simplifying approximations. We allow that the true

gains are equal to 1, and we can therefore make a first-order approximation of A by setting

~

h=1:

29 1 ‘za Zb for {b,c}ea UZcmOé
A2~ > a . (C.5)
Nant c Za |ma|
This can be rewritten as
i L] (C.6)
(Im[?)
where () denotes the average across redundant baseline sets.
We describe the model visibilities m as a ‘true’ visibility Wy With error ny:
Mo = Utruea T MM a- <C7)
Likewise, we represent the data as
Upe = Utruea T NT be (08)

where nr represents the thermal noise and baseline {b, c} belongs to redundant set a. If
we assume that ny;, nr, and wuy,e are uncorrelated with one another, then the average

quantities

(v'm) = (|tirel’) (C.9)

and
(Imf*) = (Jtwel*) + (Jnu ). (C.10)

We thereby estimate that

([tirue|?) + (Innl?) —

. 2
A \/ Qumel®) (C.11)
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Decoherence of the sky model error and thermal noise means that we expect suppression of
average amplitude of the fit gains.

We can compare this approximation to the results of the simulation in §5.2. Across all
trials in that simulation we calculate that (Juwwel?) = 38.45 Jy* and (|ny|*) = 0.31 Jy*.
Plugging these into Equation C.11, we estimate A ~ 0.9960. The average gain amplitude

from the sky-based calibration simulation is 0.9964.

C.0.2 Redundant Calibration

The overall amplitude of the gains is fit in absolute calibration. From Appendix A and

Equation A.4 we get that

Re (v? efi(AJrAAzanrAAyya)iLbil*ma
Za Z{b,c}Ea be c
Za Z{b,C}Ea |h’b|2’h0|2|m0¢’2

A? (C.12)
where h have been calculated from relative calibration.

As in §C.0.1, we take the first-order approximation that h = 1. We also let A = 0,
A, = 0, and Ay = 0. This gives

A2~ PN Z{b,e}ea Re(vj.ma) ~ <Re(v*m)). (C.13)
Za Z{b,c}&a |Tn04|2 <|m|2>

Using the decompositions in Equations C.7 and C.8, and once again assuming no correlation

between ny, nr, and e, We get a result identical to Equation C.11:

A~ <|utrue’2>
' \/<|utme|2> ) = e

We expect redundant calibration to return approximately the same average gain amplitude as

sky-based calibration. Indeed, in the simulation presented in §5.2, the average gain amplitude

is 0.9964 for each sky-based and redundant calibration.
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C.0.3 Unified Calibration

From Equation 5.5, the unified calibration framework explored in simulation in this chapter

consists of minimizing the negative log-likelihood
Z D Jone — gugiual® + Z Z —ma)(ut —m?), (C.15)
a {bclea

where o and v index redundant baseline sets and (Cy')., represents elements of the inverse
correlation matrix C;{l. For the purposes of this discussion we will approximate Cg ~ 1,
neglecting the covariance between redundant baseline sets. The negative log-likelihood then

simplifies to

22 Y sl + o Zm Ml (C.16)

o {bclea
. oy OL(g,u) _ 9L(g,u) — :
Solving the extremum conditions ] =0 and aIm( I gmgucs 0 gives
Ao Za Zb for {b,c}€a U;cgbaa (C 17)
‘ Za Zb for {b,c}ea ’gbaaP ’
from which it follows that the average gain amplitude is
~ ’Z Zb for {b,c}ea Ulfcgbaa
A= (C.18)
ant Z Zb for {b,c}€a |gbua|
We have a further extremum conditions from the fit visibilities w: gﬁg&”)) =0
¢ 1g=g,u=1
and 2E9:4) = 0. Solving gives
GIm(u ) g=gu—i )
1 Ak A 1
O Z{b,c}Ea UbeGpJe + 72, Ma (C.19)

é Z{b,c}éa |gbg>ck|2 + %
If we again let g = Ah and take the first-order approximation h~1, we get

‘Za Zb for {b,c}ea U;cﬁa ‘ <’U*’£l,>

A% ~ - N
Nant ZC: Za |ua|2 <|’U,|2>

(C.20)
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and .
1 A2 1
a’% A Z{b,c}ea Upe + o'l%/[ Mq

. C.21
S AN, + & (©21)
T M

Y

where N, is the number of baselines in redundant set «.
We can explore the opposing limits that o,y — 0 and oy — o0. For oy — 0, Equation

C.21 gives u, = m,. We then get that

~

2 }(v*mﬂ

~ {ImP)

which is identical to the solution for sky-based calibration in §C.0.1. In the opposite limit

(C.22)

that oy — oo, Equation C.21 becomes

Vpe
4, o 2tbchen e (C.23)
AN,

Following Equation C.8 and again assume no correlation between nt and e, we find that

~ =5 () + () (24

and

— (([imel?) + (fnrl?) - (C.25)

We therefore get that A? » AQ, reflecting that the overall amplitudes of the gains is degen-
erate in the relative calibration step of redundant calibration.

In unified calibration o)y is finite and nonzero. In order to evaluate the average gain
amplitude, we make the approximation that NV, is constant across redundant baseline sets.
This is a non-physical assumption—for the simulation in Chapter 5 the number of baselines
in each redundant set varies from 1 to 30—but is useful for simplifying Equation C.20 and
deriving a rough approximation of the average gain amplitude in unified calibration. Under

this approximation, we evaluate

| AP + o) | (AN + 3 ) bon?) + A2 e
vu)| - ~ A
| (v"a) LAYN) + & S AYN) +

(C.26)
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and
LAYNY(J0?) + 2 (Im?) + 22 A2(N)(Re(v*m))
N 2
(UAQA4<N> + Uig)

N 2 A
(A2 + ) (uenel®) + ZA N () + - (Imaf?)

(%214(]\0 + Uiz)Q ’

M

(C.27)

where (V) is the average number of baselines in a redundant set. Combining these, we get

i ( FANN) + ) (FA) + ) () + A2
_ + _
2 2 ~ 2 ~ !
o ) (AN + ) () + AN ) + e (lmal?)
(C.28)

which can be solved numerically to evaluate A.

As noted in §C.0.1, in the simulation presented in §5.2 we have <|utrue|2> = 38.45 Jy?
and (Jny|?) = 0.31 Jy*. We also have (|nr|?) = 0.08 Jy*, on = 0.4 Jy, op = 0.2 Jy, and
(N) = 10.5. Plugging in these values and numerically solving, we get A ~ 1.0009. In the

simulation presented in §5.2, unified calibration returns an average gain amplitude of 1.0005.
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Appendix D
THE PARALLACTIC ANGLE

The parallactic angle defines the transformation between RA/Dec and azimuth/zenith
angle coordinate systems. Equation 6.4 presents the coordinate transformation. In this
appendix, we present a derivation of the parallactic angle.

We consider a location on the sky €, and we define zenith as 6,,. In the RA/Dec
coordinate system

ezen = Qlyen €q T 6zen €s (Dl)

and

0 = (0 + Qyen) €4 + d €5, (D.2)

where e, is a unit vector in the RA direction and es is a unit vector in the Dec direction.

We now define a Cartesian coordinate system with the origin at the center of the sphere
and the z-axis aligned with an RA of a,.,. We define the radius of the sphere to be 1.
The RA/Dec coordinates are defined such that at zenith RA increases in the +y direction
and Dec increases in the +z direction. The zenith angle increases away from zenith and
azimuthal angle increases clockwise from the +y direction at zenith.

We can now represent 6 and 0,., in our Cartesian coordinate system:
0 = cosacosde, +sinacosde, +sinde, (D.3)

and

ezen = COS 5zen e, + sin 5zen €., (D4)

where e, e,, and e, are unit vectors in the z, y, and z directions.
At 0, the azimuth/zenith angle coordinate system is aligned with the plane that includes

0, 0,.., and the center of the sphere. A vector normal to this plane can be calculated by
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North Pole

South Pole

Figure D.1: Diagrammatic representation of the parallactic angle ¢ for a location on the sky

0.

taking the vector cross product between @ and 6,.,:

0,en X 0 =sind,e, cosdsina e,
+ (SIn d4en COS 0 COS (¥ — COS Oyen SINJ) €, (D.5)

~+ €OS Oyen COS O SIN (X €,

To normalize, we find the amplitude of this vector:

0,0 X 0]* = c08? 000 (COS § tan d,e, — sin § cos a)? 4 cos? Gyep sin” @, (D.6)

so the unit vector normal to the plane is

0,., x 0 B 1

10,00 x 0] \| cos? Szen(COS & tan 8oy — Sin 6 cos )2 + €os2 §,en sin?
. . . | (D.7)
X [sm Ozen COS 0 SIN (v €, + (SINL Oyen COS O COS A — COS J,en SINA) €,

+ €08 00 COS I Sin v e,] .

This vector is aligned in the negative azimuth direction.
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At 0, the RA /Dec coordinate system is aligned with a plane that includes 6, the center

of the sphere, and a point on the equator that we will denote 8.4:
7
0. = (a + Qe + 5) €. (D.8)
In our Cartesian coordinate system,
0., = —sinae, + cosae,. (D.9)

A vector normal to this plane can be calculated by taking the vector cross product between
0 and 0.:

0 x 0., =—sindcosae, —sindsinae, + cosde,. (D.10)

Normalizing, we find that

0 x 0% =1, (D.11)

so the unit vector normal to the plane is

0 x0, ) . .
|0><—0q] = —sgindcosae, — smésmaey + cosd e,. (D-12)
eq

This vector is parallel to the positive Dec axis.

. 0x6
We now need to evaluate the angle between the unit vectors |zz°“§z| and |9§9*"q‘. The
zen eq

parallactic angle ¢(8) is defined as the angle that rotates the negative zenith angle axis into

the positive Dec axis. It follows that

0, X0 0 x0
C Ouen X 0] |0 % 0|

— sin ¢(0) (D.13)

Evaluating, we find that

- 52 n I
sin ¢(6) = €08 Ozen SR A , (D.14)
\/ 082 6 en (COS 6 taN Gy — SiN 0 COS @0)2 + €082 ey SiN% 0

and simplifying gives
—sinao

tan ¢(0) = (D.15)

cosdtan d,e, — sind cosa’
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¢(0) lies in quadrants III and IV when o > 0 and quadrants I and II when a < 0. We
can therefore evaluate the parallactic angle with a four-quadrant inverse tangent function

arctan2 such that

$(0) = arctan2 [—sina, cosdtan d,e, — sindcosa] . (D.16)
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Appendix E

FARADAY ROTATION CORRECTION OVER A FREQUENCY
CONTINUUM

Given an estimate of the RM R, we can use Equation 7.2 to relate observed polarized
signal to true emitted signal across a frequency continuum.

At a single frequency f, observed Stokes Q and U power Q'(f) and U’(f) relates to true
emitted power Q(f) and U(f) via the relationship

Q| _ [cosl28(r)] —sin28(0)] || -

U'(f) sin[26(f)]  cos[26(f)] | |U(S)
Faraday rotation does not affect Stokes I and V emission.
Continuum images combine signal across a frequency range (fiin, fmax). The observed

continuum Stokes Q and U power Q. .. and U . is given by

I P e e ] s
Jmin Jrmin

U! U'(f) sin[26(f)]  cos[2B(f)] | |U(f)

cont

We now assume that frequency evolution of the observed signal is dominated by Faraday
rotation along the propagation path, such that the emitted signal can be approximated as
frequency-invariant. Neglecting the frequency dependence of the emitted signal, we approx-

imate the continuum emitted signal as

Qcont /fmax Q(f) Q
Uecont Smin U(f)

df = (fmax - fmin) 5 (EB)
U

where () and U represent the emitted Stokes Q and U signal at any frequency within the
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observed frequency range. Plugging this approximation into Equation E.2, we get

df . (E.4)
U’ (fmax = fuin) | Jpuw | sin28(f)]  cos[28(f)] Ucont

cont

i:ont 1 /fmax COSBB(f)] - Slnpﬁ(f)] Qcont

Evaluating, we find that

/cont - D COS(Qﬁeﬁ) _Sin(Z/Beff> Qcont

= (E.5)
Uéont Sin<256ff) COS(2ﬁeﬂ) Ucont
Here g is the effective rotation angle, given by
)\max SlH(QR)\Q)d)\
. 2
Begr = tan ™! | 52— . (E.6)
max COS(2R>\2)
)\min )\2 dA

D is a factor that accounts for the decoherence of the signal across the frequency range. It

is equal to

- (L) ([

)\min — Amax min min
The integrals evaluate to

/Amax sin(2R\?) " Csin(2RAL;,)  sin(2RA,)
A

min

/\2 >\min >\max (E8)
~ 3VTR [V R Thwin) ~ C(2V/ R [T

and

cos(2RN2 )

max

Amax ¢o5(2RA?) cos(2RN2. )
e ey A
Amin A min max (Eg)

+2VIR [S(zx/R/mmm - S(2«/R/7r)\max)] ,
where S and C' are the Fresnel integral special functions:
S(z) = / cos(mt? /2)dt (E.10)
0

and

C(z) = /OZ sin(7t?/2)dt. (E.11)
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